DISCRETIZATION IN SPACE AND TIME OF
SUBDIFFUSION EQUATIONS WITH MEMORY

by

Shantiram Mahata

DEPARTMENT OF MATHEMATICS
INDIAN INSTITUTE OF TECHNOLOGY GUWAHATI
GUWAHATI-781039, INDIA
November, 2021

TH-2891 156123015



TH-2891_156123015



DISCRETIZATION IN SPACE AND TIME OF
SUBDIFFUSION EQUATIONS WITH MEMORY

A thesis submitted
i partial fulfillment of the requirements

for the degree of

DOCTOR OF PHILOSOPHY

by
Shantiram Mahata

(Roll No.: 156123015)

DEPARTMENT OF MATHEMATICS
INDIAN INSTITUTE OF TECHNOLOGY GUWAHATI
GUWAHATI-781039, INDIA
November, 2021

TH-2891 156123015



TH-2891_156123015



DECLARATION

It is certified that the work contained in this thesis entitled “ Discretization in
space and time of subdiffusion equations with memory” has done by me, under
the supervision of Dr. Rajen Kumar Sinha, Professor, Department of Mathematics,
Indian Institute of Technology Guwahati, for the award of the degree of Doctor of

Philosophy and this work has not been submitted elsewhere for a degree.

November, 2021 Shantiram Mahata

Roll No. 156123015
Department of Mathematics
Indian Institute of Technology Guwahati

Assam, India

TH-2891 156123015



TH-2891_156123015



CERTIFICATE

It is certified that the work contained in this thesis entitled “ Discretization in
space and time of subdiffusion equations with memory” by Shantiram Mahata
(156123015), a student of Department of Mathematics, Indian Institute of Technology
Guwahati, for the award of the degree of Doctor of Philosophy has been carried out

under my supervision and this work has not been submitted elsewhere for a degree.

November, 2021 Dr. Rajen Kumar Sinha

Professor
Department of Mathematics
Indian Institute of Technology Guwahati

Assam, India

1l

TH-2891 156123015



TH-2891_156123015



To my

Parents and family members

TH-2891 156123015



TH-2891_156123015



Acknowledgements

There was no way to bring out this thesis but a great deal of help and support from

some wonderful people around me.

I would first like to express my deepest gratitude to my thesis supervisor Prof. Rajen
Kumar Sinha, for his continuous support, encouragement, and guidance during my PhD
at the Indian Institute of Technology (IIT) Guwahati. He introduced me to the beauty
of fractional calculus and fractional differential equations and discussed all the ideas in
this thesis. His insightful feedback and expertise helped me tremendously in my research
to understand mathematics in a better way and overcome many difficulties. Being a
generous and well-behaved person, he always listened and answered my infinite number
of questions with patience. Despite having a tough schedule with various academic
responsibilities, he has paid a tremendous effort in this thesis. His support was crucial

in my work, and I want to continue with his noble thoughts.

I would like to express my profound gratitude to the doctoral committee chairman,
Prof. S. N. Bora, and the committee members Prof. N. Srinivasan and Prof. B. Deka
for their insightful comments, suggestions, and encouragements, which have improved

my work.

[ want to thank II'T Guwahati for providing all facilities and the Ministry of Human
Resource Development for financial assistance during my research period. I also want
to thank the CIMPA Summer School organized by IIT Kanpur in 2017, from where I

learned numerical experiments.

My sincere thanks to all professors at II'T Guwahati who taught me during my PhD
coursework, namely, Prof. P. Kumar, Prof. B. K. Sarma, Prof. B. Deka, Prof. J. C.
Kalita, Prof. S. Bandopadhyay, and Prof. S. Kamal. I wish to heartfelt gratitude to
Prof. A. K. Chakrabarty, whose many courses I attended during my PhD and I learned
mathematics a lot. He listened to all my questions and answered with great patience
inside as well as outside the classrooms. I thank the Head, Department of Mathematics

for providing educational atmosphere and all facilities in the Department. I take this

vii

TH-2891 156123015



opportunity to thank all faculty members of Mathematics Department, II'T Guwahati,
for their help and cooperation. I would also like to thank all office staff members of the

Department for their official and technical help.

I want to convey my gratitude to seniors for sharing their research experiences and
suggestions. Thanks to Tamal da, Tanushree di, and Ram for their help and support. I
must thank my friends for their company, discussions, lots of fun, and tortures! I owe a
word of thanks to all the research scholars and friends (inside and outside the campus)
who helped me explicitly or implicitly.

Finally, I am wholeheartedly obliged to my parents for their blessings and uncondi-
tional love and highly indebted to my brother and sisters for their love, encouragement,

and patience.

November, 2021 With regards,

(Shantiram Mahata)
Department of Mathematics

Indian Institute of Technology Guwahati

viil

TH-2891 156123015



Abstract

The main objective of this thesis is to investigate the numerical analysis of finite element
method for the subdiffusion equations with memory. Both smooth and singular kernels are
considered covering smooth and nonsmooth initial data.

Prior to the development of numerical schemes, we first study the existence, uniqueness,
and stability results of the continuous solution with respect to various Sobolev regularity as-
sumptions on the problem data, i.e., the initial data and the source function. For both smooth
and singular kernel cases, we show that the solution corresponding to the homogeneous prob-
lem is infinitely differentiable with respect to time variable when the initial data is simply an
element of L?(£2). In each case, we study the semidiscrete as well as the fully discrete schemes
and carry out the convergence analysis for both smooth and nonsmooth initial data. Error
bounds are expressed directly in terms of the problem data. We discretize the spatial variable
based on Galerkin finite element method (GFEM) by using piecewise linear functions. The
temporal discretization is performed by convolution quadrature with the generating function
given by the backward Euler (BE) and the second-order backward difference (SBD) schemes
and the L1 scheme. For the smooth kernel case, we derive optimal order error bounds for
smooth initial data and almost optimal order for nonsmooth data in both L?(2)- and H'(2)-
norms for the spatially discrete scheme. For a particular choice of the kernel operator in the
memory term, we have achieved optimal error estimates for nonsmooth initial data. In ad-
dition, we study the convergence analysis with nonsmooth data by energy arguments which
enables us to recover optimal order error bounds even for a more general kernel in the mem-
ory term. For the temporal discretization, we demonstrate error bounds of first-order and
second-order accuracy in time for the BE and SBD schemes, respectively. In the singular
kernel case, we prove optimal error bounds for the GFEM to the spatial discretization and an
error estimate of order O(k) in time for the L1 scheme. In all cases, we validate our theoretical

convergence rates of the approximate solutions by extensive numerical experiments.
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Introduction

In this chapter, we introduce fractional diffusion with memory and state some existing
well-posedness results and numerical methods available for such class of problems. For
future purposes to this thesis, we introduce some notations and discuss some preliminary
results. To start with, we first introduce standard diffusion, standard diffusion with
memory, and then fractional diffusion. In the end, we present the summary of the thesis

with our contributions to the literature.
Standard diffusion. It is one of the most important equations in partial differential

equations and mathematical physics. It describes diffusion phenomena in nature such
as heat conduction, chemical concentration etc.. Mathematically, the initial-boundary
value problem (IBVP) of the standard diffusion reads

Owu(z,t) + Au(z,t) = f(z,t) in Q 0<t<T,
(1.1) w(z,t)=0 on 80, 0<t<T,
u(z,0) = ug(x) in Q.

Here © is a bounded domain in R%(d > 1) with boundary 09, T is a positive fixed value,
and u = u(x,t) is the unknown which describes the temperature or the concentration at
the point x at time t. Further, 0; = % denotes partial derivative with respect to time,
—A= Z;.lzl 8872? is the Laplacian, and the source f = f(x,t) and initial data wuy(z) are
given functions. It is well-known that there is a close relationship between the diffusion
model and the Brownian motion. In model (1.1]), the displacement of the particles

follows linear power law in time, i.e.,
(AX)?) ~t,

where ((AX)?) stands for the mean-squared displacement of the particle. This process

is known as Gaussian process.
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CHAPTER 1. Introduction 2

Standard diffusion with memory. Although the model describes success-
fully the evolution process of the density of some physical quantities in homogeneous
and isotropic media, there are some physical phenomena in nature where it is not. For
example, while describing the situations like heat conduction in materials with mem-
ory, the theory of nuclear reactors, the theory of viscoelasticity, and the compression in
porous media at a given time, it does not include the effect of the previous history. This
fact invites an integral term (the memory term) in the system and we obtain an integro-
differential equation. A particular model for the standard diffusion with memory, also

known as the parabolic integro-differential equation (PIDE) is of the form
Owu(z,t) + Au(x,t) = f(x,t) + /OtB(t, s)u(z,s)ds in Q 0<t<T,
(1.2) u(z,t)=0 on 09, 0<t<T,
u(z,0) =up(x) in €,

where the memory kernel B(t,s) is a second-order partial differential operator of the
form

d

d
0
(1.3) Za—(thsax)—l—izlbzxts -+ bo(3 1, 5),

with smooth coefficients b;;(z;t, s), bi(x;t,s), and by(x;t,s) for our purposes. We re-
fer the interested readers to Yanik and Fairweather [73], Chen and Shih [8], and the

references listed therein for further details.
Fractional diffusion. We now introduce the fractional diffusion. In the last two

decades, several experimental results demonstrate that there are various interesting situ-
ations where the mean-squared displacement of the diffusing particles follows a fractional

order power law in time rather than the Gaussian process. Mathematically, we write
(AX)?) ~t*, a>0.

Such diffusion processes are known as anomalous diffusion. When « lies in (0, 1), the dif-
fusion processes are called subdiffusion and for 1 < a < 2, they are called superdiffusion.
The prototype of the IBVP for the subdiffusion equations (SE) is of the form

O u(z,t) + Au(x,t) = f(z,t) in Q, 0<t<T, 0<a<l,
(1.4) w(z,t)=0 on 80 0<t<T,

u(z,0) =up(x) in £,
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CHAPTER 1. Introduction 3

where 0fu(x,t) denotes the Caputo time fractional derivative [55, Chapter 2] of order

a defined by
t
Fu(zx,t) = / 1ot — s)u' (z,5)ds,  kKa(t) ==tV /T(a), v/ (z,s) = dyu(z, s).
0

In the limiting case, i.e., when o — 17, the term 0fu(x,t) in becomes the usual
integer order partial derivative dyu(x,t) and we have standard diffusion model ([L.1)).
Over the last two decades subdiffusion describes with huge success in many interesting
phenomena of various fields of science and engineering. These applications include,
for example, diffusion phenomenon in medium with fractal geometry [53], underground
environmental problem [I9], highly heterogeneous aquifer [2], for a detailed list, see
Metzler et al. [49]. We refer our readers to Henry et al. [2I] for an introduction to

fractional diffusion and [77] for the numerical methods for fractional diffusion problems.
Fractional diffusion with memory. In this part, we introduce the subdiffusion

equations with memory (SEM). The kernel function considered here in the memory term

will be of the form (1.3)) or of the form

(t—s)"
I'(p)

i.e., a weakly singular kernel. In the former case, the IBVP for SEM reads

B(t,s) = — A=:—rg(t—s5)A, s<t, 0<p <1,

Hu(z,t) + Au(x,t) = f(z,t) + /OtB(t,s)u(:c,s) ds in Q 0<t<T,

(1.5) u(z,t) =0 on 02, 0<t<T,
u(z,0) = ug(x) in €Q,
and in the latter case
O u(z,t) + Au(z,t) + /t kg(t — s)Au(z,s)ds = f(z,t) in Q, 0<t<T,
0
(1.6) u(z,t)=0 on 00, 0<t<T,
u(z,0) =up(x) in €Q,

where a € (0,1). The motivations in the study of SEM problems (1.5)-(1.6) and non-
linear variants of them are concerned with a wide range of applications in nature. For
example, heat conduction in materials with memory, in the theory of viscoelasticity, the

theory of nuclear reactors, and compression in porous media, see [4, [5 [7, 8, 12, 22], 3T,
32}, 33, 56, 58], 62] for further details.
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1.1 Existing Well-posedness Results and Numerical
Schemes for SEM

The study of both theory and numerics of SEM has become of paramount importance
due to their applications in various fields of science and engineering. In the theory
direction, Krasnoschok et al. [32] have investigated the solvability of the following
linear SEM

t
Gfu(:c,t)—Llu(x,t)—/Kl(t—s)L2u(x,s)ds:f(:c,t) i Q 0<t<T
0

with the initial condition u(x,0) = ug(x) and the boundary condition of the following

type:
u(z,t) = v(z,t) on IQ x [0,T],
or
t
Miu(z,1) + / Ks(t — ) Myu(z, s)ds = vi(z,£) on 0Q x [0, T].
0

In the above, for ¢ = 1,2, L; are second-order linear elliptic operators with time-
dependent coefficients, M; are first-order operators, the memory kernels K; are summable
on (0,7), and f, ug, v, v; are given functions. They have studied the well-posedness
and regularity of the solution in the class of smooth functions. The same authors have
proved the well-posedness of the semilinear SEM problems in one and multi-dimensional
spatial domain €, respectively, in [31] and [33]. Very recently, Abadias and Alvarez [I]
have studied the Cauchy problem for semilinear SEM in a Banach space setting and in-
vestigated the existence and uniqueness of local and global mild solutions and blow-up
of the mild solutions. In addition, they have also proved the existence and uniqueness of
strong solutions for the linear problem. In [56], Ponce has established a subordination
principle for SEM in a Banach space. Here, the author has first derived a subordination
formula for the solution and then studied the existence of mild solution. Ponce also
studied in [57], a discrete SEM. Based on the backward operator and the fractional
resolvent families, he has expressed the solution to the discrete problem as a variation

of parameter formula.
On the other hand, in the numerics direction, many authors have developed several
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CHAPTER 1. Introduction 5

methods for numerical solutions of the following SEM and their nonlinear variants
(1.7)
t
Diu(x,t) + pAu(z,t) —i—/ ke(t — s)Au(z, s)ds = f(x,t), 0 <a,f <1, t,u>0,
0

where the time fractional differential operator Dy is defined either in the Riemann-
Liouville sense or Caputo sense. For finite difference schemes, including alternating
direction implicit (ADI) schemes, we refer to [50, 59, [60] 74, [76] and the references
quoted therein. In [50], the author has considered the problem ([1.7) with a particular
B(= 1/2) and has developed a high-order unconditionally stable and convergent finite
difference scheme. In [59], Qiao et al. have discussed a new numerical approximation
to the problem with multi-term time-fractional derivative. The authors have used
high-order orthogonal spline collocation method for the spatial discretization and the
L1 approximation along with ADI method in time to establish an optimal order error
estimates. The same authors have provided a fast and efficient numerical scheme by
employing finite difference approach for spatial discretization and an ADI method com-
bined with convolution quadrature and the L1 scheme to derive the error estimates. In
[74], Zaeri et al. have proposed an approximate solution by applying a second-order
time difference approximation followed by fractional integral operator to the homoge-
neous problem (f = 0 in (1.7))) with a specific choice of 8 = 1/2. They have considered
the stability of the method in the sense of von Neumann analysis. In [76], Zhou and
Xu have obtained an optimal order error estimate for an ADI difference scheme, where
they have used the L1 scheme and the convolution quadrature to discretize the Caputo
derivative and the integral term, respectively. More recently, Wang et al. [70] have
established a fully discrete scheme for a nonlinear variant of based on the weak
Galerkin finite element method in the spatial direction and the L1 scheme in the tem-
poral direction. The authors have investigated the stability and the convergence of the

scheme.
At all of the above numerical studies, the stability estimates of the solution are not

discussed. In addition, the convergence analysis is carried out under the assumption
that the continuous solution u is sufficiently smooth with respect to both space and
time variables, including the time at ¢ = 0, which is not realistic even for smooth initial
data, see Theorem . Further, the well-posedness results of SEM with respect
to different Sobolev regularity assumptions on the problem data, i.e., the initial data
and the source function are yet to be proved and the numerical analysis of such problems
by means of finite element method is to be explored. This thesis attempts to provide

answers to some of the above issues.
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The model problems — at one hand can be interpreted as a perturbation of
SE perturbed by the Volterra integral term, and on the other hand it can be viewed as
a more general PIDE involving the Caputo fractional derivative in time. It is, therefore,
natural to see how the well-posedness results of [63] and [75] and the error analysis [77]
and [75] of the SE and PIDE can be applied to SEM. We wish to emphasize that due
to the presence of the Volterra integral term and the Caputo fractional derivative, such
extensions are not straightforward. Although, literature for SE and PIDE is very vast,
the above mentioned issues are not addressed for SEM and this thesis fills up some of
the gaps. Before discussing our contribution to the literature and organization of the
thesis, we now introduce some notations and recall some preliminaries which will be

used throughout the thesis.

1.2 Notations and Preliminaries

This section introduces some notations and preliminary results which will be useful

in this thesis. For a non-negative real number r, introduce the Hilbert space
H'(Q) = {v € L)Y Ni(v, ;) < oo}
j=1
supplied with the norm

0 1/2
ol = (Zxﬂv,@)?) |
j=1

where (-, -) represents the usual L?(Q)-inner product, {);}32, is an increasing sequence
of positive eigenvalues of A with A\; — oo when j — oo, and {¢;}32, is the corresponding
eigenfunctions which form an orthonormal basis of L?(Q2). Thus, for example, the space
HO(Q) (= L*(Q)) is equipped with the norm [|v]|, =|jv|| = (v,v)2, H(Q) is equipped
with the norm ||v||;, and H?(Q) has the norm ||v||,. The norms ||v||, and |[v||,, respec-
tively, are equivalent to the norms on the standard Sobolev spaces H'(Q) and H?(Q)
when v = 0 on 91 [68, Lemma 3.1]. Throughout the thesis C', with or without subscript,
denotes a positive generic constant (gets some constant value after some finite number
of steps) and it is free from the initial data ug, the mesh size h, the time step size k,
and the solution u, but may depend on «, 3, and the time T.

Next, we recall the definition and some properties of the Mittag-Leffler function. The
two-parameter Mittag-Leffler function E, s(-), where o € C with Re(a) > 0, § € C, is
defined by (cf. [30, p. 42])

(1.8) E.p5(z) = Z F(jaz—j%—ﬁ)’ z€C,

Jj=0
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plays a vital role in studying fractional differential equations. Note that, witha = g =1,
Ey1(z) = e*. Therefore, E,3(z) is a generalization of the exponential function e?.
Further, the family of functions E, s(z) are entire functions in z of order [Re(a)] ™ .
In particular, the functions E,;(z) and E,,(z) are proved to be convenient for our

analysis.
The following lemma provides a bound for E, 3(2). For a proof, we refer to [30] 55].

Lemma 1.2.1. Let a € (0,2) and [ be an arbitrary real number. Assume that ri be a
real number with % < ri < min{m,ar}. Then there exists a constant C' = C(a, B,711) >
0 such that, for z € C with r < |argz| <,

o
o _ Z_
AT
a,f e~
T4’ otherwise .
z

We also need the following space-time valued function spaces:
C(L*(R2)) = C([0,T); L*(Q)) = {f 10, T] — L*(Q) | fis continuous}
supplied with the norm
[fle@ea@y = sap [IF@OI-
0<t<T
Similarly, we define
CHL*(Q)) = {f 0,T) — L*(Q) | fis continuous}

equipped with the norm

1l 2y = I llewe@y) + 1 Nea@y »

where [ = %. For g € (0,1), we now introduce the space
t —
CP(L*(Q)) :{f : [0, T] — L*(R) is continuous such that sup 150 = Fs)ll < oo}
o<s<t<T |t —s|?
supplied with the norm
1/ (&) = f(s)ll
= + su .
1o 2y = 1 leamy) 0§s<1lt)§T it — s|?

In an analogous way, we can define the functions spaces L>(0,T; L*(2)) and L*°(0,T};
H}(Q)), where the space L>(0,T) is defined by

L>=(0,T) ={f:(0,T) — R such that |f(¢)| is bounded almost everywhere on (0,7")}
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supplied with the norm
[ £l oo 0.y = Inf{C : [f ()| < C almost everywhere on (0,7)}.

In the stability and regularity estimates of SEM ([1.5]), we shall make use of the following
important inequality. For a proof, see [8, p.23].

Lemma 1.2.2 (Gronwall’s lemma). Let Go(t) and G(t) be two non-negative integrable
functions over [0,t], where t € (0,T]. Further, let a non-negative integrable function
V(t) be related by

V(t) < Golt) + /O "GV (s) ds.

Then
V(t) < Golt) + / Go(5)G(s) exp( / G(r) dr) ds.

0

Throughout our analysis, we shall make the following assumption:

(A) The operator B(t,s) is dominated by operator A, i.e., for D(A) and D(B(t,s)),
the dense domains of A and B(t, s), respectively, the following two conditions are
satisfied:

D(A) C D(B(t,s)) = D(B*(t,s)) C L*(Q), 0<s<t<T,
and there is a positive constant C' such that for all ¢» € D(A),
(1.9) 1B(t, s)ll + |1 B(t, s)v| < C | A,

where B*(t, s) is the adjoint operator of B(t, s). In addition to B(t, s), we assume
the time derivative By(t, s) of B(t, s) is also dominated by A.

As an example, we have for the operator A = —A, D(A) = H*(Q) N H}(Q) and
D(B(t,s)) = H*(Q) for the general operator B(t,s) as in ([1.3)). For simplicity, in the

rest part of the thesis we will write u(z,t) as u(t) and there will not be any confusion.

1.3 Contributions and Outline of the Thesis

The present dissertation first investigates the well-posedness of the SEM for different
Sobolev regularity assumptions on the problem data, i.e., the initial function uy and the
source function f. Then, we derive error estimates for both semidiscrete as well as fully
discrete schemes which cover both smooth and nonsmooth initial data, including ug €
L*(2). The semidiscrete error analysis includes Galerkin finite element method (GFEM)
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and computes the errors in both L*(0,T; L*(Q?)) and L*°(0,T; H'(Q)) norms. The
fully discrete error analysis is based on the convolution quadrature with the generating
function given by the backward Euler (BE), the second-order backward difference (SBD)
schemes and the L1 scheme, and calculates the error in the L>(0,T; L*(€2)) norm. We
validate our theoretical results in each case by extensive numerical illustrations. The

summary of this thesis is described below.
In Chapter 2, we prove the existence and uniqueness of the solution to problem

(1.5) and establish a priori bounds for the solution under various regularity assumptions
on the initial data and the source function. The main tools used for the well-posedness
results are the eigenfunction expansion, theory of Volterra integral equation, and Banach
fixed point theorem. Our study includes the initial data in the spaces H2(Q), H}(Q),
and L*(Q) while the source function belongs to the class of Holder continuous and
bounded functions. It is shown that the solution of the corresponding homogeneous
problem (f = 0 in (1.5))) is infinitely differentiable with respect to time ¢ when the
initial function is an element of L?(12) (see Theorem [2.3.1)). That is, it is shown that for
ug € L*(Q) and i = 0,1, we have

|AD ()| < Ot |||, ¢ >0, neNU {0}

Further, for the analysis of numerical schemes it is also crucial to establish stability
estimates for the Caputo fractional derivative 0fu(t) and the usual partial derivative
u'(t) = 815—?) of the continuous solution u(t). In this regard, we derive some general
stability results for the solution of the homogeneous and nonhomogeneous problems, see

respectively, Theorems [2.4.1], [2.4.2], and 2.4.3} For ¢ > 0,

Ou(t)|| < Ot 0+ |y, 0<p<qg<2,
L P q

o7 u(®)ll, < C (2 [uolly + IF O] + I fller 2@y ), P =12,

and for p =1, 2,

[l (@)1, < C (P2 fully + eV [ FO)] oy] + £ N fllr gro-niayy )-

Chapter [3| discusses the Galerkin finite element approximation for problem and
derive error estimates. Both smooth and nonsmooth initial data cases are considered
and analyzed. In the error analysis, with u as a suitable projection of u, we split the
error u — uy, (u being the exact solution and uy, be its semidiscrete approximation) in a

canonical way as for parabolic problems

u(t) — un(t) = (u(t) —a(t)) + (a(t) —un(t)) =: p(t) + 0(t)
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and then proceed to estimate p and € in a suitable Sobolev norm. The estimation of 6
relies on the bound of 05 p(t), the Caputo fractional time derivative of p, which is crucial
to our error analysis. With the choice of @ = Rju, the Ritz projector of u (cf. (3.11])),
and observing the fact that the operators 9y and Rj; commute, i.e., 05 R), = R0, we
have the following optimal order error estimates (see Theorem [3.2.1)):

i) = @l + B IV () = )] < CH (ol + 1 lon gz )» 0T,

where h is the mesh size. We would like to emphasize the fact that the finite element error
analysis for the standard PIDE involves an elegant use of the Ritz-Volterra projection
[6, B6] to simplify the complication arising from the Volterra integral term. An attempt
has been made in this chapter to investigate the error analysis with u as Vju, the Ritz-
Volterra projector of u (cf. (3.14)). Since the Caputo fractional derivative operator 02
and the operator V},, in general, do not commute, i.e., 07V}, # V},05, the bounds for ||0]]
and ||V0)|| are not straightforward from the approximation property of V}. Therefore,
we first establish bounds for 9 p(t) (see Lemma [3.2.2)) which lead to the following error

estimates (cf. Theorem [3.2.2):
Ju(t) — sl + 1 9 (ult) — ) < CR2(lally + W fllcr gy ) 0 << T

In the case of nonsmooth initial data (i.e., uy € L*(2)), we use the L?-projection to
derive almost optimal order error estimates for the semidiscrete scheme (cf. Theorem
3.2.3)):

(1.10) lu(t) — un(@®)]] + 21|V (u(t) = un(@)Il < CR* I At [uol|, ¢ > 0.

In the last section of this chapter, we remove the log-factor |In k| in the estimate ((1.10)
and obtain optimal order error bounds with nonsmooth initial data for a particular
choice of the kernel operator ,i.e., B(t,s) = —A. The analysis is based on an operator

trick introduced by Fujita and Suzuki [I5]. The nonsmooth data error estimates read

(cf. Theorem [3.3.1):
lu(t) = un(@®)] + 2|V (u(t) = un(t)[| < CR* |Juol|, ¢ > 0.

In the end of this chapter, we perform extensive numerical tests to validate the theoret-

ical results.
In Chapter 4] we investigate the a priori error analysis of a semidiscrete GFEM for

problem (1.5) by energy arguments. Since the energy method is the most elementary
technique in the a priori analysis, therefore, it is natural to study the a priori error anal-

ysis for SEM ((1.5)) by energy arguments. The convergence analysis covers both smooth
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and nonsmooth initial data. Since the continuous solution u of has singularity at
t = 0 even for smooth initial data, we use t/, j = 1,2, type of weights along with time
integral operator in the error analysis. The use of energy arguments enable us to prove
optimal order error estimates in both L?(Q2)- and H'(Q2)-norms with respect to both
convergence order of the approximate solution and regularity of the initial data. The
present approach gets rid of the log-factor | In 4| from the nonsmooth data error estimate
(cf. (L.10)) even for general second-order operator B(t,s) as in (1.3). In addition, we
also establish a quasi-optimal pointwise in time error bound in the maximum norm for
smooth initial data. We provide ample numerical experiments to confirm our theoretical
findings.

The fifth chapter of this thesis concerns the error analysis for the fully discrete finite
element approximation of problem with B(t,s) = —A. The convergence analysis
is based on the convolution quadrature generated by the BE and the SBD schemes. The
main advantage of using the convolution quadrature is that it allows the discretization
of the time derivative and the integral term in simultaneously. We derive error
estimates of first and second order accuracy in time for both BE and SBD schemes,
respectively. For the nonhomogeneous problem with smooth initial data uy, the BE
error estimate reads (see of Theorem : For t,, positive,

lu(ta) = Ugll < CR*(luolly +£,° [fllr, , ) + Chtn = (lluolly + 1 O + ta 1 oz )

where f is the Laplace transform of f and the number ||J?||r19 is given by (3.64). In

the case of homogeneous problem with nonsmooth initial data, we prove (see (5.11)) of

Theorem |5.2.1)):

(1.11) |u(tn,) — Ur|| < C(R** + Kt 1) |lug||, . > 0.

The estimate ((1.11)) has the following features similar to the case of SE [27]:

e Robust with respect to data regularity, i.e., for ug € L*(€2) and t,, fixed, the scheme

is second-order accurate in space and first-order in time.

e When ¢, is too close to zero, the estimate deteriorates. The term ¢, ! in this case

reveals the singularity behavior.

Further, we demonstrate an improved second-order accurate in time for the SBD scheme.

Numerical illustrations are presented to support our theoretical results.
Chapter [6]is devoted to the systematic study to the weakly singular case where the

memory kernel is given by B(t,s) = —(t — 5)7 71 /T(B)A = —rp(t —s)A, 0 < B <
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1. We first establish the Sobolev regularity of the solution to and then develop
the semisdiscrete GFEM with piecewise linear functions and fully discrete L1 scheme.
Our analysis uses the Laplace transform to represent the solution as a contour integral
along a suitably chosen contour in the complex plane. Then, we establish the following
smoothing properties of the solution to problem (1.6)) with respect to both nonsmooth
and smooth initial data (cf. Theorem [6.2.2)): For t > 0, j € {0,1}, and m € N, we have

(a) for ug € L*(Q),

~

[T ™ ()]} < O (D Jlug|| + ¢~ D=0V | 7

Fe,':.‘?)7
(b) for uy € H*(Q),

~

[A7 (@) < C (D fuglly + ¢ VUV f

| AP )

Next, we propose the spatially discrete GFEM for problem (1.6) and derive optimal
order error bounds for both homogeneous and nonhomogeneous problems in L?(2)-

and H'(2)-norms. For the homogeneous problem, the semidiscrete error estimates (cf.
Theorem [6.3.1)) read: For ¢ > 0,

(1.12) lu(t) = un(O)]] + BV (u(t) = un(®)]| < CR*E=D2 |Juoll,, ¢ =0,2.

In addition, the following error estimates hold for the nonhomogeneous problem with
zero initial data (cf. Theorem [6.3.2)): For ¢ > 0,

lu() = un()]| + 2 [V (a(t) = un@)]l < CREH Iy, -

Next, we concentrate on the time discretization by the L1 scheme to the problem (1.6)).
The L1 scheme is the simplest and widely used numerical method for discretizing the
Caputo fractional derivative in time. For the homogeneous problem, we obtain the
following error bounds (see Theorem [6.4.1)): For n > 1,

lun(tn) = Uil < Okt 92wl g = 0.2,
which combine with estimate (|1.12]) produces the fully discrete error estimate: Forn > 1,
(1.13) u(t,) — Uyl < C (R, 207 4 ket 1992) |lu |, ¢ =0,2.

Further, we also derive the fully discrete error estimate for the nonhomogeneous problem
with zero initial data (see Theorem [6.4.4) which is stated as: For n > 1,

~

luttn) - Uzl < ¢ (h3: 1

o FHET IO+ [ (6= 0] )
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We perform extensive numerical tests to support theoretical analysis.
Finally, Chapter [7| presents the summary of the results highlighting the contributions

of the thesis to the literature and discusses possible extensions for future work.
All the numerical computations in this thesis are carried out by using the software

FreeFem++ [20].
The pictorial representation of the our study to SEM problems (|1.5))-(1.6]) is given

below.

(QrnT)
SEM
y
‘ Weakly singular
[Smooth kernels}
kernels
Y
Well-posedness: Regularity results:
Chapter Chapter [0]
Y y
{Error analysis} [Error analysis}
s A 7
Semidiscrete error b/ Y
Fully discrete error 4 Fully discrete error
analysis for Semidiscrete error
analysis for analysis for
GFEM: analysis for
convolution quadrature: L1 scheme:
Chapter [3] GFEM: Chapter [0]
Chapter Chapter [0]
and Chapter
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Well-posedness and Regularity Results

In this chapter we prove the existence and uniqueness of the solution to problem (1.5)
and establish a priori bounds for the solution under various regularity assumptions
on the initial data and the source function. The main tools used for the well-posedness
results are the eigenfunction expansion, theory of Volterra integral equation, and Banach
fixed point theorem. Our study includes the initial data in the spaces H2(Q), HL(Q),
and L*()) while the source function belongs to the class of Holder continuous and
bounded functions. It is shown that the solution of the corresponding homogeneous
problem (f = 0 in (1.5))) is infinitely differentiable with respect to time ¢ when the
initial function is an element of L*(2). For the analysis of numerical schemes it is
also crucial to have stability estimates for dfu(t) and dyu(t) of the continuous solution
u(t). In this regard, we prove some more general stability results for the solution of the
homogeneous and nonhomogeneous problems. In the end, we present some examples to

illustrate our theory.

2.1 Introduction

We now recall the problem ([1.5)), i.e.,

Hu(t)+ Au(t) = f(t) + Bu(t) in Q, 0<t<T, 0<a<l,
(2.1) w(t)=0 on 09, 0<t<T,
u(0) = up(z) in Q,
where Bu(t) = fot B(t, s)u(s) ds, Q is a bounded convex polygonal domain in RY, u(t) is

the unknown function of x and ¢, dfu(t) is the a-th order Caputo fractional derivative

15
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of u(t) with respect to t and it is defined by

O u(t) = /0 Fia(t — $)U(s)ds, ka(t) =tV /T(a), u'(s) = Osu(s),

where I'(+) denotes the standard Gamma function. Here,

is the Laplacian, f: ©Q x (0,7] — R and uy: € — R are given functions, and 7" > 0 is a
constant. Further, the operator B(t, s) under the integral sign is a second-order partial

differential operator of the form
d d

0 0 0
Blt;s) = = Y o (bylwsts)5—) + D biwit, s)5— + bo(ws )1,
(9] zjzl O i(i4:9) ox; " il (734, 5) Ox; T ho(zit,5)
where the coeflicients b;;(z;t, s), b;(2;t, s), and by(x;t, s) are assumed to be sufficiently
smooth. Note that when a@ — 17, the operator 9% in (2.1) becomes the usual integer

order partial derivative J; and we have the standard PIDE.
The present study is motivated by the work of Sakamoto and Yamamoto [63]. In

[63], the authors have established the well-posedness results to SE (i.e., B(t,s) = 0 in
(2.1))) with respect to various Sobolev regularity assumptions on the initial data and the
source function. Thus, it is natural to see how the well-posedness results of [63] of the
SE can be generalized to SEM. We wish to emphasize that due to the presence of the

Volterra integral term, such an extension is not straightforward.
The outline of this chapter is as follows. Section 2.2 is devoted to the study of

existence and uniqueness of the solution and proves a priori bounds for the solution
under various regularity assumptions on the problem data. Section 2.3 discusses the
infinite differentiability of the solution with respect to time to the corresponding homo-
geneous problem. In Section 2.4, we establish some more general stability results for the
solutions of the homogeneous and nonhomogeneous problems which are crucial for the

development of the numerical scheme and provide some examples to illustrate Theorems

221 and 2.2.2]

2.2 Existence, Uniqueness and Stability Results

This section concerns existence, uniqueness and stability of the solution of problem
. The stability estimates are proved under various regularity assumptions on the
initial data uy and the source function f. First, we prove the existence of solution of
(2.1) with zero initial condition, i.e., ug = 0. Subsequently, this result will be used to

establish the uniqueness and the stability results.
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Lemma 2.2.1. There exists a solution to the problem

O u(t) + Au(t) = f(t) + Bu(t) in Q, 0<t<T, 0<a<l,
(2.2) u(t)=0 on 0, 0<t<T,
u(0)=0 in £,

where Bu(t) = [} B(t, s)u(s) ds.

Proof. Let ¢;(z) be the eigenfunction of A corresponding to the eigenvalue A; on €.
Multiply Eq. (2.2)) by ¢;(z) and integrate with respect to z. Then use Green’s formula
with ¢; = 0 on 0L to have

Qf“uj(t) + )\jUj(t) = f]<t> + Gj(t), t>0,
(2.3)

Here u;(t) = (u(t),d;(x)), f;(t) = (f(t), ;) and G;(t) = (Bu(t),$;). Arguing as in
[30L 55, 63], the solution of (2.3) has the representation

Q1) ulet=3 { L)+ G0 =7 Bl — 7)) d7}¢j<x>,
j=1
where E, ,(-) is given by and this proves the lemma. O

In the following, we present a proof of an important result which will be useful in
the subsequent analysis. To start with, we introduce the operators E(t) and E(t) be
defined by

(2.5) E(t)uy = Z Eo1 (=t”) (uo, ¢5) (),

oo

(2.6) E(ty) =Y 17 B o =Mt (0, ¢;)¢;(x), t> 0,9 € L*(Q),

j=1
where E,1(-) and E, ,(-) respectively, are one and two parameters Mittag-Leffler func-
tions. It follows from the boundedness of E, ;(—A;t*) (cf. Lemma [1.2.1]) that
IE@)uoll < Clluol -
Lemma 2.2.2. Let the operator R: C(H*(Q) N HJ () — L*(0,T; H*(Q) N Hy(2)) be
defined by
t
Rf() = [ Bt~ )Bf(r)dr
0
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where Bf(t) fo ) dr and E( ) is defined by . Further, assume that
(-) holds for the opemtors B and By;. Then there exists a positive constant C' such
that for 0 <t <T,

JARF()] < © / 1A dr.

Proof. Let g € C'(L*(Q2)) with ¢g(0) = 0. By the change of order of integration we write

:/tE(t—T)g(T)dT
/E(t—T)/O e dsdr—// (t — 1) drg.(s) ds.

An easy calculation shows that [* E(t —7)dr = A~Y(I — E(t — s)) (see Eq. (2.21)).
Since E(t) is bounded, ({2.7) implies

(2.7)

JAB@)g(t)] < C / lg- | dr.

And hence,
~ t
[ARf()]| = [AE@)Bf ()]l < C/O [Af(I dr,
where we have used the fact that the operators B and B; are dominated by A. O

The following theorem presents the existence of unique solution of (2.1) and the

stability properties of the solution for smooth initial data.

Theorem 2.2.1. Let ug € D(A) = H?(Q) N HY(Q) and f € CP(L2(N)), B € (0,1).
Then problem has a unique solution u in C(D(A)) such that 0%u € C(L*(Q)).

Furthermore, there exists a positive constant C' such that

[l + 107 u(?)

Proof. We first decompose problem (2.1)) in two parts: (I) homogeneous SE with non-
zero initial data (f = 0, B(t, s) = 0,up # 0); (II) nonhomogeneous SEM with zero initial
data (f # 0, B(t,s) # 0,uo = 0). For (I), the solution u;(x,t) is given by Sakamoto and

Yamamoto [63], where

o0

uy(t) = E(t)uo = Z Eoa(=At") (uo, 5)9;(x),

with

luillogmziy + 105wl orz@) < Clluoll,
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and the solution of (II) is given by (2.4]). Thus, combining the above solutions we have
the formal representation of the solution of (2.1 as

(2.8) u(t) = E(t)ug + / E(t —71){f(r) + BU(T)} dr.

0

Now rewriting the above equation as

~ ~

u(t) = (E(t)uo +/0 E(t—7)f(7) dr) +/O E(t — 7)Bu(r)dr

= Q(x,t) + Ru(t),

(2.9)

=

where Ru(t) = [ E(t — 7)Bu(t) dr and Q(x,t) is the solution of the problem
Q)+ AQ() = f(t) in Q, 0<t<T, 0<a<l,
Qt)=0 on 00, 0<t<T,
Q0) =up in Q.

It now follows from [63, Theorem 2.4] that @ € C(D(A)) with 9°Q € C(L?*(Q2)), and
for 0 <t <T,

(2.10) IAQ@I + 107 Q@I < C(lluolly +[1fllesz2cy) )-

The uniqueness of the solution of (2.1)) is a consequence of Lemma and the standard
argument for the existence of unique solution for Volterra integral equation. Using ([2.10)

and Gronwall’s lemma, we obtain
lu)ll, < [ARu()] + | AQ()]
t
<C [ Al ds +C(luoll + I leszzcon)

< O Nuolly + 1 Flloszzy )

Thus, Bu + f belongs to C?(L?(2)). Therefore, u € C(D(A)) with 0%u € C(L*(Q))
is the unique solution of 1) a SE problem with the source Bu + f. Furthermore, it

follows from (2.1)) and ((1.9)) that

loru@)ll < [ Au®)l + | Bu@)ll + ILF@N < C(Nuolly + 1 flloazamy )-
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As an immediate consequence of Theorem for the homogeneous SEM (f = 0)
with ug € D(A), we have

1) Ju(®)l, < Clluoll, and  [3u(t)] < C llugll,. 0<t<T.

Next, we discuss the existence of a unique solution of for comparatively less
smoothness assumption on data in comparison to Theorem In the following theo-
rem, we consider the initial data ug € H}(2) and the source function f € L>(0,T; L*(9)).
In view of [63, Theorems 2.1 and 2.2], the solution @ of the SE (defined as in (2.9))
belongs to L*(0,T; H*(Q) N H}(Q)) such that 0fu € L?(0,T; L*(Q)) when ug € Hj ()
and f € L>(0,T; L*(2)). Moreover, the following a priori estimate holds:

(2.12) 1@ 1201200 + 197 Qll p20,7:22(0)) < C ([uoll, + 1Nl 2207220 ).

Under the same regularity assumptions on the initial function ug and the source term
f, we have the following theorem for SEM (2.1)).

Theorem 2.2.2. Assume that f € L>=(0,T;L*(Q)) and ug € HL(Q). Then there is
a unique solution u € L*(0,T; H*(Q) N HY(Q)) to with 0%u € L*(0,T; L*(Q)).
Moreover, for some constant C' > 0, the following estimate holds:

(213) ||u||L2(O,T;H2(Q)) = ||aféu||L2(07T;L2(Q)) < C( ||U0||1 + Hf”LZ(O,T;LQ(Q)) )

Proof. To prove the theorem we first note that the estimate of Lemma is still
valid even if we choose the domain of the operator R as L*(0,T; H*(2) N H}(2)) and
g € H'([0,T); L*(Q)) with g(0) = 0. Then the uniqueness of the solution follows from

the contraction principle of a suitable map. With the definition of R as in ([2.9), we have
R?u(t) = /Ot E(t — 7)BRu(r) dr,
and by Lemma followed by the change of order of integration
AR < [ AR dr < © [ - 5)lAu)] ds

Repeated applications of the above lead to

k c [ k-1 crt
@) AR < [ [ 69" Au) ] ds < S [ Au) ds
I'(k) Jo I'(k) Jo
where in the last step we have used the fact (t —s) < T. Now, set a, = CFT(I;T. Squaring

(2.14) and then integrating over (0,7, it follows that

T T
| 1ar I de < (@r? [ )P as
0 0
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i.e.,

(2.15) HARkuHL2(O,T;L2(Q)) < aT HAUHL2(0,T;L2(Q)) :
Since I'(k) goes to co as k — oo, we obtain

CTH!
(k)

(2.16) lim Tap =T lim = 0.
k—o0 k—o0

Therefore, there exists a natural number ky such that for all k& > kg, |T'ax| < 1. Next,
set Ru = Q 4+ Ru and let vy, v, € L2(0,T; H*(Q) N H} (). Then, an easy computation
shows that

(217) Rk’Ul — Rk'UQ = Rk’Ul - Rkvg = Rk(?}l = ’1}2), k € N.

Then by virtue of [@.15)-[2.17), B* : L2(0,T; HX(Q) N H(Q)) — L2(0,T; HX(Q) N
H}(Q)) is a contraction map. Consequently, the map R* has a unique fixed point @ in
L2(0,T; H*(Q) N HL(Q)), ie., R0 = 4. Also, note that R*(Ra) = Ri and therefore
Ri=1a= @ + Ru by the uniqueness of 4. Hence there exists a unique solution to the
representation u = ) + Ru, and by , we obtain

lull 22011200y < C Q20,1120 < C(lluoll, + 1V 20,1220 ).

From ({2.1)), since B(t, s) is dominated by A, we have

Hagu“LQ(O,T;LQ(Q)) < C( Juoll, + ”f“LQ(O,T;LQ(Q)) )
This proves the theorem. O

Remark 2.2.1. The idea of the proof of Theorem |2.2.4 is taken from Gorenflo et al.
[16, Theorem 4.2], where the authors have studied the well-posedness of a more general

SE problem with ug = 0 and f € L*(0,T; L*(2)).

Now we study the stability properties of the homogeneous SEM with nonsmooth

initial data.

Theorem 2.2.3. Assume that ug € L*(2) and f = 0 in (2.1). Then the homogeneous
problem has a unique solution u in C(L*(Q)) N C((0,T]; H*(2) N H () with 0fu €
C((0,T); L3(2)). Furthermore, there exists a positive constant C' such that

[u@)ll < Clluoll, 0<t<T,

and u(t)]l, + |07 u(t)]| < Ct™ |lugl|, 0 <t <T.
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To prove the above theorem, we need the following two lemmas.

Lemma 2.2.3. Consider the integral BE(t fo T)ug dt, where E(t)ugy is
given by (-) Assume that the operator A dmmnates B. Then for0 <t <T,

IBE(t)uo|l < Clluoll-

Proof. We have

oo

= (u0, ¢;) Ea (= Ajt*);(2) and AE(t ZAJ o, §7) Ba1 (= Ajt*) ().
j=1

Then we have
(2.18) |AE (t)uol|| < Ct=*|Jugl|, t > 0.

Since B is dominated by A, we get
t t
IBE@®ul < [ 1B nE@ ] dr < O [ JAET)w] dr < Cluol, 0T,
0 0

and this completes the proof. O
Lemma 2.2.4. With the operator R as in , consider the integral

RE(t)ug = /0 tﬁ?(t—r) /0 TB<T, s)E(s)uo ds dr.

Let the assumption (@ holds for the operators B and B;. Then for 0 < t < T, we
have

[ARE@)uol| < C'lluoll -
Proof. From (2.6)), an easy calculation shows that

IE@xI < Ct ix]l, t>0,

which combine with Lemma [2.2.3 yields
IRE@ull < / 1B =7) [ Blr.s) sy ds] ar
<0/ s 1H/ (7. 8) E(s)uo ds]| dr < Cluoll.

Thus, RE(t)ug € C(L*()). Next, we need to estimate | ARE(t)uo||. Before that we
need a relation between the operators E(t) and E(t). We know that the Mittag-Leffler
functions E, 1(-) and E, ,(-) are related by (see Sakamoto and Yamamoto [63] p.432])

1d

2.1 -
(2.19) N dt

Eop(=Aj(t =7)%) = (t = 1) Ba (=Xt = 7)%)
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and

(2.20) %%Em(—)\j(t 1)) = (= ) B (= A — 7)),

Using the relations and ([2.20)), we get

Bt = 1)x = Y (= 1) Faal=Xi(t = 7)°) (6 01)65 ()
e Y
= Z _)\_jEEa,l(_/\j(t L T)a>(X7 ¢j)¢](x)
. 1d
=3 3 g Baal Al = T 00042,
Hence
>, d
t—T :Zd— Ai(t = 1)) (X ¢5)d5(2)
(2.21) = % (t—7)x

We apply integration by parts to obtain
t T
ARE()uy — / AB(t - 7) / B(r, 5)E(s)uo ds dr
0 0

_ /t dilTE(t —7) /OTB(T,S)E(S)UO ds dr

= BE(t)ug — /0 E(t—1) /OT B.(1,8)E(s)ugds dr
= /0 E(t — 7)B(r, 7)E(r)up dr.

Using Lemma [2.2.3] the boundedness of E(t) and the fact B;, B are dominated by A,

we conclude that
[ARE(t)uoll < Clluol] -

Thus, RE(t)ug € C(D(A)). This completes the proof. O

Now we are ready to prove the theorem.

Proof of Theorem[2.2.3 Let v(t) = u(t) — E(t)up. Then v(0) = 0, and

07 v(t) + Av(t) = Bu(t) + BE(t)uy.
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The equality that gives solutions
t
o(t) = / B(t — )(Bo(r) + BE(r)uo) dr
0
(2.22) = Ru(t) + RE(t)uy.

We now show that (2.22) is a well-posed Volterra type equation in the Banach space
C(D(A)). Using Lemmas [2.2.2| and [2.2.4] we conclude that Eq. (2.22) has a unique
solution in C'(D(A)), and

t
[Av(@)] < C/O [Av(T)|| dr + C lluol| < Cluo]| -

Also, [[v(t)|| < Clluo|, for 0 < ¢ < T. Therefore, using we find that for t > 0,
(2.23) [Au@®)]| < [Av@)] + [AE@)uol| < Ct™ [Juoll,

and

(2.24) lu@ < lo@ + [ E@)uoll < Cluol -

Remark 2.2.2. [t is known that [65, Corollary 2.6], for the homogeneous SE with the
initial condition uy € L*(Q), the solution u € C([0,00); L*(2)) N C((0,00); H*(2) N
H}(Q)) . However, in the case of SEM the solution u € C(L*(2)) N C((0,T]; H*(2) N
Hi(2)). Further, the inequality reveals the smoothing property of homogeneous
SEM with respect to space for positive time when ug € L*().

2.3 Infinite Differentiability of the Solution

It is known that the solution of the homogeneous SE is infinitely differentiable with
respect to time ¢ when ug € L*(Q2) for t > 0 (cf. [63, Corollary. 2.6]). We would like to
see whether this property is valid in the case of SEM. In fact, we shall demonstrate that
this infinite differentiabilty with respect to time holds true when uy € L%*(€2). For this,
we now introduce some operators and a sequence of lemmas involving these operators.

Let us define operator M : C(L*(Q)) — C(L*(Q)) by

t

t /2 R
(Mf)(t):/o E(t—T)f(T)dT:/O E(t—T)f(T)dT+/t/2E(t—T)f(T)dT

= M, f(t) + Maf(t), 0<t<T,

where f € C(L*()). Also, let f@)(t) = Dif(t) be the i-th derivative of f with respect

to time ¢.
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Lemma 2.3.1. Fori € {0,1} and n € NU {0}, we have A'D}M,f € C((0,T]; L*())
and the following estimates hold true for 0 <t < T,

n—141 t

|A'D AL f (1)) r<OZt —a=nd || £0)(¢/2)]|+C / (1)@= | fD ()| g,
t/2

Proof. We first prove this assertion for ¢ = 0. Note that,
t
e e e LT
t

Now, since DtE(t —T)x = —DTE(t — 7T)X, integration by parts gives

Danf() = | DEG—n)f(r)ar— 3/

_ _lé(t/z)f(t/m — | D.E(t—1)f(r)dr

t/2
t

= —ZE(t/2)f(t/2) + E(t/2)f(t/2) + /WE@ —7)f () dr

N | —

13
(2.25) = SE/2)f(/2) + M, fO®).
Operating D" * in (2.25)), we obtain

Dy M f(t) ZDm i t/2 [ (/2)) + Maf™(t)

(2.26) -y (5)7”7 1(7”; Y wiEyam ) <

m=1 7=0

We know that for ¢t > 0, |E(t)x|| < Ct*!||x||. By Lemma 3.2 of [63]

DB = 3 G Bl )65
227) =3 R () (006 ).
Therefore, 7
IDE)ON < Iy, >0,
Similarly, we have for ¢ > 0,
229) DB = 3 BNt )04
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and

(2.29) I(DFE) ()X < Ot~ |Ix ]|

With the help of (2.29), (2.26)) provides

n m—1

IDPMuf ()| < C Y Y e U e 2))| + C / (t =) ™) dr

ml]O

(2.30) < czta w3 || FO (/) + C / J £ (1) dr,

which proves the lemma for i = 0. Next, for i = 1, operating A in (2.28), we have for
t>0

(2.31) ADPE)t)x =Y Mt "V By o n(=Mt) (X, 665 ()
j=1

and hence,

(2.32) IA(D} E)(t)x|| < Ct= x|

Now operating A in ([2.26)), we get

AD} My £ (1) i() m( ) A(DIE)(t/2) f"5V(t/2) + AMyf"(1).

m=1 7=0
Then by (2.32),
IAD; Mz f (D]} < C D Z T D@ /2)]| + | AMa ()
m=1 j=0
—1
(2.33) SC O+ 1AM O]

=0

In order to bound the second term on the right-hand side of ([2.33)), we use (2.21)) and
then integrate by parts to have

t

AMQf(t):/ AE(t—T)f(T)dT:/t/2(DTE(t—T))f(T)d7‘

t/2
t

— f(t) — E(t/2)£(t/2) - / E(t —r)f'(r) dr

t/2

t

t

— (1 - E(t/2))/(t/2) - [/2 B—n)f)dr+ | £
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The boundedness of the operator E(t) implies
¢
(2.34) IAMef O @) < CIIF™(E/2)] + C// LFE D ()] dr.
t/2

Using (2.34) in ([2.33)), we have

t

IADFMaf ()] < C Yt || (/2] + C/t2 LFED ()| dr,

=0 /
and this yields the desired bound for ¢ = 1. O
In the following lemma, we derive a similar bound for the operator Mj.

Lemma 2.3.2. Fori € {0,1} and n € NU {0}, we have A"D} M, f € C((0,T]; L*(Q))

and the following estimates

n—1
|ADEMf()] < C Y 072 || £ /2) | + 9" max || f(r)[|, 0 <t <T,

j=1
hold.

Proof. Analogous to Lemma [2.3.1] we first prove for the case i = 0. We have

t/2
M) < C/O (=) f ()] dr < Ct° max |.f ()|

Differentiating M; f(t) with respect to t, we get

N 2
(2.35) DM, f(t) = %E(t/Q)f(t/Z) +/O DE(t — 7)f(7) dr.

Operating D"~ * in both sides of (2.35)), it follows that

DpMf() = 5 S0 D ((DF "Bt /2) 7 (1/2)

m=1

(2.36)
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Now using m we obtain

n m—1

DM < 030 S i)+ C / (t — )0 || £ ()| dr
m=1 j=0
n—1
a—n+j ) a—n
O N + O g SO
J:

which proves the lemma for i = 0. Next, operating A in both sides of (2.36) and using

(2.32)), we have for i =1
n—1

|ADEMf (D] < C )t (IfD /)] + Ct " max||f(7)]
=1 ~
and this completes the proof. O
The following lemma plays an important role in proving the infinite differentiability

with respect to time of the solution of the homogeneous problem.

Lemma 2.3.3. Let u; be the solution of with f =0, B(t,s) =0, and uy € L*(Q).
Then for each natural number n, ADfuy € C((0,T); L*(2)). Further, the following

estimate
|ADuy (£)]| < Ct= 4 |lug]|, ¢ > 0,

holds.

e}

Proof. Since u;(t) = ZEml(—)\jto‘)(uo, ¢;)¢j(x), it follows from [63, Lemma 3.2] that

forn € N,

(2.37) Dpu(t) = =Mt " Eaania (= Mt®) (uo, 6;)6;(x).
j=1

Then

ADjuy(t) = Y =Xt " By anir (=A%) (o, ¢7);(x).
j=1
Now, the boundedness of the two-parameter Mittag-LefHer function E, (-, -) (cf. Lemma

21) yields
© 2
JADFu (1) =~ { = A2 Bt (= A3t) (0, 05) }

<c {- A?t“‘”(ﬁ)(umj)}g

(oo}
£ N g, )2 < O |
7j=1
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which proves the desired bound. O]

We are now ready to state the theorem regarding infinite differentiability of the
solution of the homogeneous equation (f = 0 in (2.1))) with respect to time. Below, we
use the notations B™(¢,7) = D"B(t,7) and B f(t) = [ B (t, 1) f(T) dr.

Theorem 2.3.1. Assume thatug € L*(Q), f =0 in , and let u be the corresponding
solution. Then we have for i € {0,1} and n € NU {0}, A'D'u € C((0,T]; L*(Q)).
Further, assume that holds for the operators Bt(n)(t,T) and Bﬁ"“)(t,f), Then, for
t>0

| A" DR u(t)]| < Ot ||ug|

Proof. The proof is based on the induction hypothesis. Analogous to the proof of
Theorem let v(t) = u(t) — E(t)up. Then

(2.38) v(t) = My Bu(t) + MyBu(t).

Also, we know from Theorem that, for t > 0

(2.39) | A"u(®)|| < Ct=* ||lu||, i=0,1.

Let us assume that for : = 0,1, and 1 < m < n,

(2.40) | A D u(t)|| < Ct=F™) |lug||, t > 0.

We now show that (2.40) is valid for m = n as well. Applying Lemma 2.3.7 [75, p.25],
induction hypothesis (2.40)) and (2.39)) with ¢ = 1, we have for m <n

m—1
(2.41) 1D Bu(t)|| < C > |AD{u(@)|| + | Bfru(®)|| < Ct= ™1 ||u]| .

§=0

Now, by Lemma with ¢ = 0 and (2.41)), we find that

n—1
1Dy My Bu)|| < € @) || DY Bu(t/2)]| + Cte" max | Bu(r)||
(2.42) T

n—1
< O3 eIy | CEE fugl| < CE g
j=1

Similarly, Lemma with ¢ = 0 and (2.41)) leads to

(2.43)
n—1 ‘ t
1Dy My Bu(t)]| < €Y @7 DY Bu(t/2)|| + C max ||DfBu(r)|| [ (t—7)"tdr
= t/2<r<t t/2
n—1
< O e g | 4 O g | £ < CE gl
j=1
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With an aid of (2.42)) and (2.43)), we obtain

(2.44) IDPv() < CE luoll -

Again, using (2.37)) we have for uy € L*(Q)
(2.45) [DFur ()] < CE [Juo]| -
The combination of (2.44]) and (2.45)) completes the proof for ¢ = 0, as
IDPu(t)|| < IDFur ()] + |1 Do) < CE™ Jluoll + Ct™H ffugll < Ct™ Jluo|| -

Next, we prove (2.40) for i = 1. Putting ¢ = 1 in Lemma and with the help of
(2.41)), we obtain

IAD} M, Bu(®)]| < Ct "=+ [lug| + C~" max || Bu(r)|

(2.46) < Ct" M Jlugl| + Ot Jug| < Gt~ g

Analogously, using Lemma [2.3.1| and ([2.41)), we find that

t

(2.47) |ADP M,y Bu(t)|| < Ct=" = Juol| + C/ | DU Bu(r)|| dr.

t/2
Now, for the time being assume that ADMv(t) € C((0,T]; L*(Q2)). Arguing as (2.41)
and by Lemma we obtain

IDE D Bu(r)|| < Cr= 4= Jlug|| + C | AD}u(r)|
< O D lug|| + C|ADFus ()] + C | ADY o (7)]|

(2.48) < O™ |lu|| + C | AD™(7) || -

Application of (2.48) in (2.47) yields

t
ADE M Bu()] < O @ o] + O uo]) + C [ | ADRo(r)] dr
t/2
t
(2.49) <Ct @ g+ [ D7) dr.

t/2

Therefore, by (2.46) and (2.49)), we have

t

JADP ()| < CE @D |luo| + C / |AD o (r)]| dr.
2

t/
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Hence,

D A < C ol + € [ 7D ADR(r)
0

Invite Gronwall’s lemma to obtain

(2.50) eV ADFu(t)]| < C luol -

Now, in view of Lemma and , we obtain for ¢ = 1,

IADfu(t)] < €t~ Jlug|| + Gt~V jug|| < Ct* Jlu|.

Thus, the relation (2.40]) holds for m = n. O

Remark 2.3.1. Theorem|2.3.1| shows the regularity property in time of the homogeneous
SEM with the initial data ug € L*(Q). Observe that when o — 1=, the presented result
is similar to the standard PIDE [75, Theorem 2.3.4].

2.4 General Stability Results

In this section, we establish some more general stability estimates of the Caputo frac-
tional derivative and the usual partial derivative of the solution of the homogeneous and

nonhomogeneous problems. We also present examples of SEM to illustrate Theorems

2.2 1 and 2.2.2]
The following stability results hold.

Theorem 2.4.1. Let u satisfies with f = 0. Then fort > 0,

(2.51) lu(t)]], < Ct=C=) Jugll,, 0<g<p<2,
and
(2.52) JoFu(ll, < OO+ g, 0<p<g<2

Proof. The proofs are based on the interpolation of estimates corresponding to the
homogeneous problem. First, we shall prove (2.51). For uy € L?*(f2), Theorem m

yields

(2.53) lu(®)]] < Cluoll
and

(2.54) [u()[l, < T Juol| -
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Also, we have from ([2.11])
(2.55) [u(®)lly < Cluoll, -

For 0 < p < 2,q = 0, the estimate (2.51]) follows from the interpolation of estimates
(2.53)) and (2.54). Again, interpolation of (2.54)) and (2.55) gives (2.51)), for p = 2,0 <
¢ < 2. Finally, we invite interpolation of (2.53)) and (2.55)) to obtain (2.51)) for 0 < ¢ =

p<2
Next, to estimate [|0fu(t)||, for different real number p, 0 < p < 2, we first show that

[0fu ()], makes sense for p = 2. The estimates of ||97u(t)|, for p = 0 are contained in
Theorems [2.2.1] and [2.2.3| when the data uo belongs to H2(Q) and L?(£2), respectively.

Then, we apply interpolation of estimates to obtain ([2.52)).
Putting f = 0 in (2.8)) and taking the Caputo fractional derivative of order «, we

have

Z —Aj(uo, @) Ea (=A%) 05 (x) + Bu(t)
7=l

o0

(2.56) —Z( [ A~ T B A= 1 Butr), ) i )oto),

0

where 07 E(t Z Aj(uo, @) Ean(—Ait*)g;(z). Setting
I

Fy = / At = 7)Y Baa (<t — 7)) (Bu(r), &) dr.

using (|2.20)) and integrating by parts, we first note that
g g g

F= [ ot =) (Bu(r).0,) dr
— (Bul(t), é;) - / Eor(=Xi(t — 7)) (Bru(r)., 6;) dr
- / B (= Ay(t — 7)) (B(r,7), 6) dr

The last term of the right-hand side of (2.56|) can be expressed as

oo o0

Y Fibi(x) = Bu(t) - </O Ea1(=X(t = 7)) (Bru(r) + B(r, m)u(r), 6;) dT) ¢j ().

J=1 Jj=
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From (2.56)), we can write

(2.57)
pult) = 3= =As(u0.05) Ean(At*)03(a) + [ Bt = 7)(Boadr) + Brulr) dr
=51 +95

The quantity ||AS;|| is meaningful only when the data uy € H?(Q). Following Jin et
al. [25, Theorem 2.2, ¢ = 1], we have ||AS;|| < Ct™ |lugll,- Now we show that || ASs||
makes sense for uy € H2(Q2). Since B, and B are dominated by A (cf. ), we obtain

using (2-1T)

148, < / JAE(t — 7)(Bru(r) + B(r, 7)u(r))| dr

t
<C [ =n (1B + 1B ()] ) i
< Clluolly, < O [uoll, -
It follows from (2.57) that
(2.58) 4G5 u(t)]| < 01 [uoll.

Further, the L?(2)-estimates of 0%u(t) for nonsmooth and smooth data wg, are respec-
tively (see Theorems [2.2.3[and [2.2.1]),

(2.59) O u(t)|| < Ct™ ||uol|, t >0,
and
(2.60) 107 u(t)]] < C |lugll, -

Interpolation of the estimates ([2.59)) and (2.60)) gives (2.52]) for p = 0 and 0 < ¢ < 2. The
estimates for 0 < p = ¢ < 2 follow from (2.59) and (2.58). Finally, again interpolation

of the estimates and yields , for 0 < p < ¢ < 2. This completes the
proof. O]
Remark 2.4.1. (i) By Theorem[2.4.1} for the homogeneous problem with uy € H3($),
we get ||u(t)||, + |08ut)|| < Ct=%/2 |jugl|,, t > 0, which is an immediate consequence of
the interpolation of estimates for ¢ =0 and q = 2.

(ii) The estimate wnwites the restriction p < q. Such restriction do present for
SE (see [25, Theorem 2.2]). This shows that like SE, SEM also has a narrow smoothing
property.

TH-2891 156123015



CHAPTER 2. Well-posedness 34

In the following, we prove some stability results for the solution of the nonhomoge-
neous problem. The first theorem presents stability estimates for the Caputo derivative
while the second one describes those for the usual partial derivative of the continuous

solution. These results will be useful in the semidiscrete error analysis.

Theorem 2.4.2. Assume that ug € H*(Q) and f € C*(L*(Q)). With the assumption
(A), we have

(2.61) [u(®)l, < O( [[uoll, + ||f||cl(L2(Q)) )a 0<t<T,
and
(2.62)  [lofu®)ll, < CElluolly + IF O + 1 fllorzoy ): p=12,t>0.

Proof. The proof of (2.61)) is given by Theorem and the proof of (2.62)) follows
from Theorem 2.4.11 O

Remark 2.4.2. We remark that the a priori bound remains valid for Holder

continuous source functions f. However, the differentiability of f is needed only to

estimate . The singularity t=*?/2, p = 1,2, on f(0) in can be removed if we
consider f(0) is an element of the space HI(Q) forp=1 and f(0) in H2(Q) forp=2.

Theorem 2.4.3. Assume that uy € H*(Q) and f € CY(H'(Q)). With the assumption
(A) and p = 1,2, we have for positive time t,

Il @)1, < C (P fuglly + P2 F0) ] )] + 72 1f e -1y )-
Proof. To prove the assertion, we decompose the problem (2.1)) in two parts as
ov(t)+ Av(t)=Bu(t) in Q, 0<t<T, 0<a<l,
(2.63) v(t)=0 on 09, 0<t<T,
v(0) =up(z) in €Q,
where Bu(t) = fot B(t, s)v(s) ds and
Kw(t)+Aw(t)=f(t) in Q 0<t<T, 0<a<l,
(2.64) w(t)=0 on 00, 0<t<T,

w(0)=0 in €.
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Following Theorem [2.3.1] for smooth initial data we can obtain |[v/(¢)]] < Ct=' ||uyll,
and ||v'(t)||, < Ct ! |Jug||, for ¢ > 0. By interpolation we get

2.65 V)|, < CHFY2 e, t > 0.
1 2

Now, the solution for problem (cf. [24]) is given by
t t

(2.66) w(t) = / Bt — 8)f(s) ds = / Bs) f(t — ) ds,
0 0

where the operator E (t) is defined by

E<t)X = ZtailEa,a(_)‘jta)(Xv (bj)(bj(x)? t> 07 X € LQ(Q)a
j=1

with Eg o(=2t%) = > 277 (F_(j’\éii; Differentiating (2.66)) with respect to time to have

t t
w'(t) = / E(s)f'(t —s)ds+ E(t)f(0) = / E(t—s)f'(s)ds+ E(t)f(0).
0 0
Invoking Lemma 2.2 [24, p. 565] with p = 1,q = 0, we obtain for ¢ > 0
t
[w' (@B, < / 1E( = s)f'(s)ll; ds + [[E@)fO)];
0
t
(2.67) < [[- 9RO ds+ CE R 1)
0
< Ct | fllergzy + CH2FO)]) -
In view of (2.65)) and (2.67]), we get for ¢ > 0
(268) [l @)l, < o' @l + 'Ol < St 2 (uolly + 1FO)D) + Ot | fll o ey -
Similarly, putting p = 2,¢ = 1, in Lemma 2.2 [24, p. 565], we obtain
[’ ()lly < CE2 (| fllen gy + CEH2F O]t > 0.
Thus, for positive time t,
(2.69) [/ (), < V')l + ' ()|, < CEH(Nuolly + 11O ) + Ct2 | Fll s gy -

The estimates ([2.68)-(2.69) complete the proof of the assertion. ]

In the following, as applications to Theorems [2.2.1| and [2.2.2] we provide two exam-

ples of SEM in one and two space dimensions.
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Example 2.1. Let Q = (0,1) and T > 0 be a fized value. Consider the SEM (cf. [75])
PPt
O0x?

uw(0,t) =u(l,t) =0, 0<t<T,

t
O u(t) = f(t) +/ e u(s)ds in Q, 0<t<T, O0<a<l,
0

u(z,0) =sin(mrz) n .
Here A = —88—;2 and B(t,s) = e 1. In addition, B(t,s) is dominated by A. Choose
the source function f as

eyl — a,t)
0=y

where (1 — a, t) is an incomplete gamma function [25, [44]. Then f is a Hélder contin-

sin(rx) + n%e! sin(ra) — te' sin(mz),

wous function. The ezact solution u is given by u(z,t) = e’ sin(rz) and Theorems[2.2.1]
and [2.2.2 hold.
Example 2.2. Let Q = (0,1)%. Fora € (0,1) and T < oo, consider the following IBVP

in u(z,y,t):
t
oult) - du(t) = JO + [ IBuls)ds i 9, 0<i<T,
0
(2.70) u(z,0,t) =u(z,1,t) =0 for 0<zx<1, 0<t<T,

u(0,y,t) =u(l,y,t) =0 for 0<y<1, 0<t<T,
where A = aa_; + 53—;2. Here we see that A = —A and B(t,s) = e*=*A. Consider the

source function f as

F(z,y,1) _(l—at)

I'l—a)

+ 2! (z(1— ) + y(1 — y)) + 2te'(x(1 — ) + y(1 — y)).

(1 —2)y(1—y)

Then, it is not so hard to verify that the function u(z,y,t) = e'z(1 —x)y(1 —y) satisfies
problem and the estimates of Theorems [2.2.1] and [2.2.9 hold for the solution u.

At the end, we remind our readers that our analysis of (2.1)) is still valid when the

operator A is a more general elliptic operator of the form:

A=— i: %(C”($)%> + co(x) 1.

1,7=1

Here, the coefficients ¢;; = ¢;; and ¢y > 0 are smooth functions of the space variable

only and ¢;; form a uniformly positive definite matrix on .
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2.5 Concluding Remarks

In this chapter, we have studied the well-posedness results of SEM with a
smooth kernel with respect to different Sobolev regularity assumptions on the initial
data and the source function. The proofs use the idea of the eigenfunction expan-
sion, theory of Volterra integral equation, and Banach fixed point theorem. We have
demonstrated that the solution corresponding to the homogeneous problem is infinitely
differentiable with respect to time when the initial data is an element of L?*(). In
addition, we have also established some more general stability results for the solutions
of both homogeneous and nonhomogeneous problems which are crucial for the develop-
ment of the numerical schemes. Finally, some examples are provided to illustrate our

theory.
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Semidiscrete Error Analysis

This chapter deals with the semidiscrete error analysis to problem . The GFEM is
considered and analyzed by using piecewise continuous and linear finite elements. The
convergence analysis is carried out for both smooth and nonsmooth data cases. We
prove optimal order error bounds in both L?(Q)- and H'(Q)-norms for smooth initial
data by using both Ritz and Ritz-Volterra projections. Moreover, almost optimal order
nonsmooth initial data error estimates are proved using the L2-projection. Finally, for
a special choice of the kernel operator B(t,s), namely, B(t,s) = —A, we demonstrate

that the almost optimal error bounds can be converted to optimal order.

3.1 Introduction

To start with, we recall the following IBVP for the SEM of the form
t
O u(t) + Au(t) = f(t) +/ B(t,s)u(s)ds in Q, 0<t<T, 0<a<l,
0
(3.1) u(t)=0 on 90, 0<t<T,

u(0) = up(x) in €Q,

where the symbols are defined as in the previous chapters.
Here, we study the spatially discrete finite element approximation to problem ({3.1)

and derive the error estimates for both smooth and nonsmooth initial data. The prop-
erties of the operator E;, (see ) and the inverse inequality play an important role
in the error analysis. While both Ritz and Ritz-Volterra projections are employed to
estimate the errors for smooth initial data, nonsmooth data error estimates rely only on
the L%-projection. In the absence of the memory term, i.e., when B(t,s) = 0 in (3.1)),
Jin et al. [24] 25] studied semidiscrete GFEM using piecewise linear finite elements

and established the convergence analysis. In this chapter, an effort has been made to

39
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generalize the convergence analysis of the SE [24] 25] to problem . For smooth data
error estimates, in addition to the Ritz projection we have used a novel Ritz-Volterra
projection [0, B6] which greatly simplifies our error analysis. We conclude this section
by introducing an operator B(t, s) : H}(2) — L*(Q) defined by

(B(t, s)v,w) = B(t,s;v,w), Yv,w € Hy(Q),

where B(t, s;-,+) is the bilinear form associated to the operator B(t, s), i.e.,

d

B(t, s;v,w) = /(mext(s%g;u bet
) J i1

i,7=1

(x;t s)vw) dz.

Note that, the operator B(t, s) is well-defined on H}(Q2) and will be used in the error

analysis.
This chapter is organized as follows. In Section [3.2] we develop the semidiscrete

GFEM and derive error bounds for both smooth and nonsmooth initial data. Finally, in
Section [3.3] for a special choice of B(t, s), namely, B(t, s) = —A, we recover the optimal
order error bounds in the L*(Q)- and H'(2)-norms for the nonsmooth data. Numerical

tests in Section confirm the theoretical rates of convergence.

3.2 Standard Galerkin Finite Element Method

Let T, be a quasi-uniform triangulation of the domain 2. Consider the finite element

space Sy = S,(Q2) given by
Sy = {x € Hy(): x is a linear polynomial on each element of 7,}.

The semidiscrete GFEM for (3.1)) is to seek a function uy, : [0,7] — S such that

(0P un(t), x) + (Vun(t), Vx) = (f(£),X) +/0tB<t75§uh(3)7X> ds, VX € Sh,

(3.2)
uh(O) = Ugp € Sh,
where
8u 8)( d
h
B(t, s;un(s / (Hzlbzg rit, s 8% ij iZb z;t, ) X+b0(x,t7S)UhX) dx.
Define the discrete Laplacian Ay : S, — Sy by
(33) (Ahw7X) = (V¢,VX), v¢7X € Sh
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Let By(t,s) : S, — Sh, the discrete version of the operator B(t, s), be defined by

(Bn(t, ), x) = B(t, s;9, x),

for 0 < s <t <T and 9, x € S,. Then semidiscrete problem (3.2)) can be written as

@auh(t) + Ahuh(t) = fh<t) -+ E’huh(t), t > 0,
(3.4)

up(0) = uop,
where Byuy(t) = fot By(t, s)up(s) ds and fj, = P, f is the L?-projection of f. The solution
up(x,t) of (3.4) has the representation given by
t
(35) uh(t) — Eh(t)ugh + / Eh(t - T)(fh(T) B Bhuh(T)) dT,
0

where the operators Ej,(t) and Ey(t) are the discrete analogues of E(t) and E(t) (see
Chapter , respectively. For x € S}, these discrete operators are defined by

N
(3.6) Ey(t)x =Y Eaa(=Xt*)(x, ¢}) ¢l (2),
j=1
and
(3.7) En(t)x =t Eaal=Xit")(x, ¢} (z), t>0,

where {)\?, (b?}, j=1,..., N are the Dirichlet eigenpairs of A; on €.
Now, for all x € S, and for any p € (—o0, 00), we define

N
(3.8) XN = > NP O 67)%
j=1
It can be shown that ||| - |||, is a norm on S,,. For x € S,, we have |||x]||lo = ||x|| and

Il =il
In the following, we present the stability estimates of the operator E,(t). For a proof,

see [25], p.452].

Lemma 3.2.1. Let E(t) be defined by and let x be any element of Sy,. Then for
any t >0,

Ct= ST Xy, if p—2<q<p,
(3.9) IEL®)x I, <

Ctlxll, if p<q
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Further for x € Sy, the following inverse estimate holds:

(3.10) IVl < Ch7Hx| -

We now recall some well-known projection operators and their approximation prop-
erties. Let the L%-projection Py,: L?(Q) — S}, and the Ritz projection Ry,: H}(Q) — Sh
be defined by

(P —wv,x) =0, Vx € Sy, veL*Q),

and
(3.11) (V(Rpv —v),Vx) =0, Vx € S, v € Hy(Q),

respectively. It is known that P, and Rj, satisfy the following approximation properties
[13, 68]: For v € HP(Q), p=1,2,

(3.12) 1250 =]l + hl[V (Pro = 0)|| < CR?||v]],,,
(3.13) |Rhv — vl| + B[V (Ryv — v)|| < ChP|Jo]], .

We also need the Ritz-Volterra projection V;,: C(H}(Q2)) — C(S;,) be defined by

(3.14) (V(Vv —v)(t),Vx) = /0 B(t, s; (Vav —v)(s), x)ds, Vx € Sy,

with the following approximation property [6, [36]:
¢
315)  [Vialo) —ole)] + A9 olt) @) < O3 (ol + [ (o)l ds).

for v(t) € H*(Q).

3.2.1 Smooth Data Error Estimates

In this section, we focus our attention to derive error estimates for smooth initial data,
ie., ug € H*(Q).

Error estimates using the Ritz projection. Using the Ritz projection as the
comparison function, we split the error u(t) — u,(t) as usual way like for parabolic

problems
(3.16) u(t) —up(t) = p(t) + 6(t), p=u— Ryu, 0 = Rpyu — uy,.

From the approximation property (3.13|) and the stability estimate (2.61)), we have the
bounds for p(t) as

(3.17) le1 + R IVe@)] < CR?* [lu(®)lly < CB* (lluolly + I fller z2ay) )-
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Now it remains to estimate ||0(¢)|| and ||[VO(t)||. It is easy to verify that 6 satisfies the

following error equation

070(t) + Ap(t) = —Pyop(t) + P /tIEB(t, s)p(s)ds + /t By(t,8)0(s) ds
(3.18) 0 0

= —P07p(t) + PuBp(t) + Buo(t),
where (Bp(t) fo s)ds, x) fo (t,s;p(s),x)ds, for x € Sy,. With ug, =
up(0) = Rhuo, we have 9(0) = 0. By Duhamel’s prmmple (3.5), we write

(t) :—/ Eh(t—T)(Phé?ﬁ‘p(T))dT—i—/ Eh(t—T)PhIB%p(T) dr
(3.19) S ; .
+/ ]Eh(t—T)Bhe(T) dr =: ]1+]2+[3.

We first estimate the L*(Q)-norm of §(¢) and then its gradient. Applying (3.9) with

p = ¢ = 0, the L*stability of P,, (3.13)), and the estimate (2.62) with p = 2, we have
for the term I;

t
nhuscla—vw*meﬂWh
i
gcm{éa—TVIWfMﬂMdf
t
gcm{Aa—Tw4@ﬂwwm+wﬂmm+nm@@mm)m

(3.20) < CR*(JJuolly + 1 Flerr2 o) )-

Now we proceed to estimate the term I. Following [69], we define the discrete solution

operator T}, : L? — S}, of the elliptic problem by

(vThf7 vX) = (f7 X)7 VX € Sh-

Here the operator T}, is self-adjoint, positive definite on S) and positive semidefinite on
L?(2). Therefore T}, : S, — Sy is invertible and it is bounded on S;. By Bounded
Inverse Theorem T, 1.8, — S, is bounded. Thus, for each y € S, there exists a
unique 1 € Sy such that Ty = x imply ¢ = Th_lx, and

I lF < 1T X -

With x = Ty, we note that

@ﬂ)(ABwW@wa{£MMM$®Ew=AB@w@ﬂwws
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Invoking [69, Lemma 2.1}, (3.13)) and (2.61)), we find that

B(t, s p(s), Twp) < C(R[[Vp(s)]| + [lp(s) D) [[4]
< C(CP* [lu(s)lly + CR* [lu(s) 1) 1T, I

(3.22) < CR*(luolly + 1fllor 22y ) X -
It follows from (3.21]) and (3.22) that
(3.23)
| [ Bt 90t o = sup BBV < gy i)
XS x|

where || - |jo, denotes the discrete L?*(Q)-norm. With p = 0, ¢ = 0 in the stability
estimate (3.9) of the operator Ej(t) and (3.23), we get

T t
IL| <C / (t— ) / B(r, s)p(s)dslo dr
0 0

t
(3.24) SC{A(t—7QWJCh%HUdb‘?”fhﬂ@%ﬁ»)dT
< Ch2( l|luolly + ||f||cl(L2(Q)) )

To estimate I3, we proceed as in the case of Iy and apply the inverse estimate and the

change of order of integration to obtain
Il <€ [ =) [ B )006) dsfdr

<c [-rr (/ {1oc >H+huve<s>u}ds) &r
(3.25) <o [u—nr( [ 10l as) ar

<c/ (/ — e 60| dr)ds

e / (t— 5)° 6(5)]] ds.

Using (3.20)), (3.24)), (3.25) and applying Gronwall’s lemma, we obtain

(3.26) 1O < CR*(luolly + 1 lcr 22y )-
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Our next task is to bound HV@ || Puttingp=1,¢g=01in 1' the L2-stability of P,

(3-13)), and (2.62)), we have
VL) <C / D oe o) dr
(3.27) <cn / (t =7/ oru(r)l, dr
0
t
< Chllluolly + I FO)I] / (t— )2 1rol2 gy
t
T Ch I flexzaay / (t — ) dr

< Ch uolly B(@/2, =a/2 + 1) + Ch | fllor zoien

(3.28) < Ch( [[uolly + Hf||cl(L2(Q)) )>

where B(-,-) is the Beta function. Again, with p = 1,¢ = 0 in (3.9)) and (3.23)) yield

SChZ(HuOI\ZﬂLHfHCl L Q)))/O(t_T)Ha/ng

(3.29) < Ch*(luolly + 1 ller(z2(@yy )-

Arguing as I3, we estimate ||V ;]| as

V1] < c/ 1+a/2”/ Bu(r, )6(s) dsllon d
(3.30) < C/O (t=5)*216(s)| ds < CR?(luolly + I Fllon z2ay) )
where we have used ([3.26). Altogether (3.28)-(3.30]) now lead to

VO < Ch(lluolly + 1 fllor 22y )-

Combining the estimates for p and 6 we have the following theorem for smooth data

error estimate.

Theorem 3.2.1. Let u and uy, be the solutions of and (3.9), respectively. With
uy € H2(Q), f € CYL*(Q)) and uop, = Ryug, frn = Puf, we have for 0 <t <T,

lu(t) = un®)] + A IV (u(t) = un@)I] < Ch* (Nluolly + 1 fller z2ey )-
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Remark 3.2.1. (i) One can improve the estimate of ||[VO(t)| to O(h*) with an addi-

tional factor t=*/% by using the estimate
107 p(T)Il < Ch* (|97 u(r)]l, < Ch* (7~ [luolly + 1 O] + 1/ ller (2 )

in together with the estimates (3.29)- .

(i3)  When the initial data wy € HY(Q), the Ritz projection Ryug is well-defined.
Arguing as in Theoremm it is easy to show that for the homogeneous problem (Eq.

with f =0), by Theorem [2.4.1]
IV (ut) = un()]| < Cht= |juoll, , ¢ > 0.
Error estimates using the Ritz-Volterra projection. In this part we provide

an alternate approach to derive error estimates for smooth initial data, where the Ritz-

Volterra projection is used as an intermediate solution to split the error as
(3.31) u(t) —un(t) = (u(t) — Vau(t)) + (Vau(t) — ua(t)) = p(t) + 0(t).

Using the approximation property of the Ritz-Volterra projection (3.15)) and the stability
estimate (2.61)), the bounds of p(¢) are obtained as follows:

(3.32) A + 2 IV A0 < CR (Tluolly + 11 fllr 22 )-

It remains to bound #(¢) in the L*(Q) and gradient norms which relies on a bound for
the term [|0fp(t)]|. Unlike the Ritz projection, in this case 07V}, # V08, in general. As
a result, the bounds for § in both L?(Q)- and H'(Q)-norms are not straightforward from
the approximation properties of the Ritz-Volterra projection V;,. The following lemma

provides a bound for |95 p(t)]|.
Lemma 3.2.2. Let p(t) be defined as in . Then
107 60| + RIIVOFAWIN < Ch* (™ [luolly + 1F O] + [1fllcr 2y ) > 0.

Proof. We first prove the gradient norm estimate, and then L?(2)-norm estimate follows
by duality argument. Taking a-th order Caputo fractional time derivative to (3.14)), we
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have
(3.33)
d t ~
o B 1 o op(r) , Ox
(Vat p(t)7VX) - Z]XZ:I(F(]_ - Oé) A (t T) bl]<x7 ) ) axz d 7833])
d t T A
W ob;; 9p(s) ox
—l—i;(r(l_a)/o(t 7) ( . or (x;7,$) o ds) dr, 5 ])

e /O (t = 7) " bo(x; 7,7)p(7) d7, X)

+ (ﬁ /Ot(t - T)_o‘( OT %(m; 7,8)p(8) ds) dr, X)

= J1+J2+J3+J4+J5+J6.
It is easy to check by the Cauchy-Schwarz inequality that
111 < Ch(lluolly + £l zayy ) IVXI
| J2]| < Ch(|uolly + Hf”cl(m(ﬂ))) IVl -
Since x € Sy, by the Cauchy-Schwarz inequality and the Poincaré inequality we have
1731 + N1 Jall < CR(Nuolly + 11 fllcrz2(y) ) 1VXI
and
1511+ Wl J6ll < CR? (lluolly + | flloaczzgay ) IVXI -
Hence, by (3.33)), for any x € S, we have
(3.34) (Vo p(t), Vx) < Ch(luolly + 1 fllerzagqy ) VX -
We now split the term 07p(t) as
07 p(t) = (O u(t) — 0 Ryu(t)) + (0F Ryu(t) — 07 Viu(t)) =: p1 + 6.
By (3.34) and the Cauchy-Schwarz inequality, we obtain
IVara* = (Vo a(t), Vor p(t))
= (Vo7 p(t), V(1)) + (VI (1), Vin (1))

(3.35) < Ch(lluolly + 1/l er gz ) IVOL+ IV AN IV A ()]
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Note that,
Vo (Ol = 11V (0 u(t) = Brdfu®)| < Ch(t[luolly + ILF O] + [1fller 2y )-

Since ||V (1)|| < [Vp1(b)]| + |[VO¥p()|), an application of Young’s inequality to (3.35)
yields

oA 2 —a
IV p)I* < CR* (lluolly + [ fllerzayy )™ + CR (= [lluolly + 11£ (0]
2 2/ ,—« 2
+ 1 ler gy )+ CR*(E luolly + £ O] + 1 ler 2y )
_d 2
< CR* (¢ [uolly + 1S O+ [fller 22y )
from which the desired estimate for ||[VOfp(t)|| follows immediately. Next, to estimate

92p(t) in the L%*(Q2)-norm, we proceed by duality argument. For ¢ € L*(Q), let g €
H?(Q) be the solution of the auxiliary problem

Ag=¢ in Q,

g=0 on 09,

satisfying the regularity estimate ||g||, < C'||¢||. For g, € Si, we have

(07 0(t), ) = (VO p(t), V)
(3.36) = (Vo7 p(t), V(g — gn) + (VOA(t), V)

= L1 + LQ.

With g, = Rpg, the Ritz projector of g, we apply the Cauchy-Schwarz inequality and

the gradient norm estimate of 0 p(t) to obtain
(3.37) IL1 ]l < CB2 (& (luolly + 1 O] + 1 fller zay ) ol -
In view of (3.33)), the term Ly can be expressed as

Lo=Ji+Jo+ s+ Jy+ J5 + Jg,

TH-2891 156123015



CHAPTER 3. Semidiscretization

49

where

Ji = Z(—F(l 1_ ) /o (t —7) % (x; T, T)ﬁgg) dr, g—i};)

N L ey (g O0() Agn—9),
(338) _mz_l F<1_a>/0(t ) (blj< » 4 ) 81‘1 ) 8xj )d

=3 w0l e s ) S e

=; Jl1 o J12.

Since g, = Ryg, an easy calculation shows that

17 < th( [[uoll, + ||f||cl(L2(Q))) ol

111 < CR* (lluolly + 11/ llcx 2y ) el
Using (3.38), it now follows that

11l < CR* (lluolly + f ler(zaay) ) el -
Analogous to J;, we can show that

I ll < CR* (Nluolly + 1/ lorzay ) el
Similarly, we split J; as J; = J} + J? for i = 3,4,5,6. Using the facts

lgn = gll < CR?|lgll, < CR*[lll, IVl < Cliglly, and [lg] < Clgll,
we have for 7 = 3,4, 5,0,
1l < T+ N2 < CR2 (Hluolly + I fllorragey ) llell -

Thus,

6
(3.39) IZall < DIl < CR2(Nluolly + 11 Flleazay ) el

i=1
Utilizing (3.37)), (3.39), and (3.36¢)), it now leads to
(3.40) 1071 < CR* (™ lluolly + LF OV + 11 £llor 220 )

and this completes the proof.
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We are now ready to bound f(t) and its gradient in the L2(€) norms. It is easy to

verify that 6 satisfies the relation
(3.41) O(t) + An(t) = —P,0%p(t) + BuO(t).

With ug, = Viug, we have é(O) = 0. Then the solution é(t) for the above equation is
represented by

0(t) = /O En(t — 7)(—Pod%p(7)) dr + / Ey(t — 7)Bu(7) dr

0

= I4—|—I5.

Using (3.9) for p = 0 = ¢, the L*-stability of P, and Lemma we obtain
t
< ¢ [ =t ospl dr
0

< Ch*[lluoll, + ||f(0)||]/ (t=71)" " dr
(3.42) 0

t
+ Ch? 1 Flerze o) /0 (¢ =7 dr
< CR?(luolly + | Fllerzzcqy) )-

Similarly, taking p = 1,¢ = 0 in (3.9), using the L%stability of P, and Lemma [3.2.2] it
follows that

t
IVL < C [ (=0 oxpr)| ar
0

< CR{Juoll, + [/ (O)]] / (t — ) o dr
(3.43) 0

t
R  llor gy / (t— )2 dr
0

< CRA (= [luoll, + I F O] + 1 Fller a2y )-

The bounds for I5 and its gradient in the L?(Q)-norms are analogous to those of the

Ritz projection and hence, they are obtained as

(3.44) L < C / (t - ) [6(s)]] ds
and
(3.45) VL) < / (t — )2 |1d(s)]| ds.
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To bound (t) in the L2(Q)-norm, we take the help of (3.42), (3.44) and Gronwall’s

lemma to obtain

(3.46) 161 < B2 (lluolly + 11 llea 2y )

and for the gradient norm estimate, we use inverse estimate (3.10]) and ([3.46)) to obtain

(3.47) VoI < Ch I < Ch(lluolly + I fllerzay )-

Altogether these estimates lead to the following theorem.

Theorem 3.2.2. Let u be the solution of with f € CYLA(Q)) and uy € H*(Q).
Further, let uy, be the solution of the discrete problem with wop, = Viyug and fr, =
Py, f. Then there exists a positive constant C' such that

lut) — un @l + 21|V ((t) —un(@)Il < CR*(luolly + 1 flcr ey ), 0<t<T.

Remark 3.2.2. (1) The main advantage of using the Ritz-Volterra projection as a com-
parison function is that the term fOtIB%(t, s)p(s) ds does not appear in the error equation

ofé(t) (cf. ) in contrast to that of the Ritz projection (cf. ), which greatly

simplifies the analysis.

(ii) The gradient norm error estimate for 0 in can be improved to O(h?) with
an additional factor t=°/? by utilizing (I3.4§|), (3.4@), (|3.4§|), and we obtain

IV < CR? (=2 lluolly + ILF O + 1 fllos 22y )-

3.2.2 Nonsmooth Data Error Estimates

This section explores the error analysis for the homogeneous SEM with nonsmooth
initial data, i.e., when f = 0 and ug € L*(Q2). Instead of the Ritz projection, we use this
time the orthogonal L?-projection P,. As before, we decompose the error u(t) — uy(t)

in the following way:

u(t) — un(t) = (u(t) — Pou(t)) + (Phu(t) — un(t)) = p(t) + 6(1)
With the help of and ([2.51)), p(t) is estimated as
(3.48) 1A+ hIVADI < CR* [lu@)]l, < CR* [luoll, > 0.

It now remains to find a bound for the expression ||6(t)||+h||VA(t)||. Using the relation
ARy, = P, A, an easy calculation shows that for ¢ > 0,

8?‘5(15) + Ahé(t) = —Ah(RhU — Phu) (t) + Ph]]éﬁ(t) + Bhg(t)
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Choose g, = Pou(0) so that (0) = 0. By Duhamel’s principle

é(t) =— /Ot En(t — 7)(An(Rpu(r) — Pyu(r))) dr + /Ot En(t — T)Phléﬁ(T) dr

En(t — 7)Buf() dr =: I + I; + I.

(3.49)
+

S—

Following Jin et al. [25, Section 3.3], the bounds for the term I in both L?*(Q) and

gradient norms are given by
(3.50) |6l + 2 |V Is]| < CR*|Inhlt=* ||Juel|, t > 0.

Next, we are going to estimate the terms I; and Ig separately. Since the discrete L?(£2)-
norm of fOtIB(t, s)p(s) ds is bounded by

(3.51) ||/ (t, $)A(s) dsllo < CH2 o],

with p=0,¢ =0 in (3.9) and ( - we have for the term I

|17]] < 0/ 1+O‘H/ (7, 8)p(s) ds|lon dT

< Ch2 [Jug / (t = 1) g < OR2 [Jug | .
0

We apply (3.9) with p=1,¢ =0 and n to obtain

(3.52)

(3.53) VI < Ch? ||u0||/ “ltal2=a gr < O3 ||ug]| -
Arguing as in the case of smooth data error estimate, it is easy to show that
t
(3.54) IE < [ (=) 1) as
and
(3.5) Vil < 0 [ (6= S 1) ds,
0

Now, using (3.50)), (3.52)), (3.54), and Gronwall’s lemma we conclude

(3.56) 10()]| < Ch?*[In AJt™ |Juo|| , > 0.

Similarly, with the help of (3.50)), (3.53), (3.55)), and (3.56) we find that

t
IVO()]| < ChlInhlt= [Juo|| + CR*"2 [lug | +C/ (t—5)*2(|6(s)]| ds
0
t
< Ch|In bt~ |jug|| + Ch?|In h) HuOH/ t9257 ds
0

(3.57) < Ch|Inhlt= ||uo|[, t >0
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Combining the above estimates for 6(t) and j(t), we obtain the following almost optimal

order error estimate for the homogeneous problem with nonsmooth data.

Theorem 3.2.3. Let u and uy be the solutions of and , respectively with

f=0. Assume that ug, = Pnug. Then, we have

lu(t) = un()]] + 2 IV (u(t) = un())]| < CR?[In bt [|uo|l, t > 0.

3.3 Optimal Error Estimates for Nonsmooth Data

In this section, we derive optimal error bounds for the semidiscrete Galerkin approx-
imation of for a particular choice of B(t, s), namely, B(t,s) = —A, in both L*(Q)-
and H'(Q)-norms. We use the Laplace transform method to represent the solution of
this problem as a contour integral along a suitably chosen contour I' in the complex
plane. In doing so, we can get rid of the log-factor |In h| in Theorem by applying
an operator trick introduced by Fujita and Suzuki [15] and which was later adapted in

[5, 27]. To begin with, we introduce the sector
Sy ={z€C:|argz| <9}, 0<I<m,
and for € > 0, the contour (see Fig. |3.1])
(3.58) Tey={2€C:|z| =¢|argz| <I}U{2€C:2=reT? r > ¢}
=1y UTIs.

Moreover, we shall need the following well-known estimate for the resolvent of —A = A.
For 0 < v < 7/2,

(3.59) |(zI+ A7 < Clz| ™, 2 € Sps.

Now, the Laplace transform to (3.1)) with B(¢,s) = —A produces

(=1 + 0+ 1)A) (2) = 22 g + 1(2),

z

~

where u(z) = L{u(t)} and f(z) = L{f(t)} denote the Laplace transforms of u(t) and
f(t), respectively. Therefore,

1) = D)+ 4w+ a4,
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N

Figure 3.1: Contour I'¢ »

where

Za+1

z+1

(3.60) I(2) =

Hence, by inverting @(z), the contour integral representation of the solution is

-~

(3.61) u(t) = —— /F et [@(z(@um—luwli—i)(Z(z)HA)—l (z)] dz,

27 z

where 7/2 < 9] < ¥ with § = - Clearly, 0 € (r/2,7) and hence the sector S

contains the right half-plane along with to some extent of the left half-plane of the
complex plane. For further development towards the error analysis, it is important to

obtain a bound of the function [. The following lemma provides a bound of I(z).

Lemma 3.3.1. Let the function | be as in , and let z € Sy with V= Tra- Then

l(z) € S
Furthermore,
()] < Cmin{2[7, |71}, for 2 € S;.

Proof. We borrow the idea of [5]. Let z € Sj with z = re®”. Then 9| < 9. Now,

sa+l T,a—&-lei(a—&—l)ﬁ T.a-i—lei(oz-l—l)ﬂ 4 rat2eiad

= - = =:1 [5(2).
z+1 re? +1 1+ 2rcosd + 12 1(2) + 1a(2)

I(z) =
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Using the fact 0 < a < 1, it is obvious that [1(z) + l2(2) € S;. Next, we show the
estimate of [. Since [J| < ¥,

|2+ 1)> = (14 rcos?)? +r2sin?9 > (14 rcosd)? + r2sin® 9 > r?sin® 9,

and hence,
B ’Z|o¢+1 ’Z|a+1 _ ‘Z|o¢

= < — = — .
|z + 1 |z|sin®  sind

1(2)]

Again, note that
lz4+ 1> =1+ 2rcosd + 12> 1+ 2rcosv + r°.

Since cosd is a constant, it is easy to see that the minimum value of the expression
1+ 2rcosd + r? is sin? ). Therefore,

|Z|oc+1 |Z|a+l

|z 41 sind

|1(2)]
which completes the proof of the lemma. O

Now, Lemma together with the resolvent estimate (3.59) yields
(3.62) (1) + A)7Y < Cli(=)|Y, 2z €Sy

Next, following the approach of Fujita and Suzuki [I5] and Bazhlekova et al. [5], we
remove the |Inh| factor in Theorem [3.2.3] For this purpose, the following lemma is

crucial for the rest of our work.

Lemma 3.3.2. Assume that z € Sy and ¥ € H (). Then

LI + (V) < CHE) 1)1 + (V).

Proof. Let z € Sj. Then by Lemma [3.3.1] I(z) € S;. We apply [15, Lemma 7.1] to
complete the proof. O

Set v = (I(2)I + A)~lug and its discrete analogue by v, = (I(2)I + Ap) ™! Pyug, where
A, = —A,. Also, set W = (I(z)I + A)~'f(2) and W, = (I(z)] + A,) "' Pof(2), z € Sj.
Proceeding as in [B, Lemma 3.4], the difference between v and v,, W and W), in the
L*(Q)) and gradient norms are estimated in the following lemmas. The details are thus

omitted.
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Lemma 3.3.3. Assume that z € Sy and the initial data ug € L*(Q). Then

lv = vall + 2 IV (v = wn)[| < Ch? [luo]|.

Lemma 3.3.4. For z € Sy, the following estimate holds:

W = Wall + R [V (W = W)l < CR* [|£(2)]] -
Analogous to the continuous case, the discrete solution wuy(t) is given by

(3.63) wy(t) = L/r e [m(( )+ Ap)~ uh(O)—i-li—z)(l(z)I+Ah)_1th(z) dz

271 z

where u;,(0) is an approximation of uy and 7/2 < [J| < 9.
In the following theorem, we prove the error estimates which are independent of the

factor | In hl.

Theorem 3.3.1. Assume thatug € L*(Q) and f = 0. Let u and uy, be the corresponding
solutions given by (3.61) and (3.65), respectively. Then

lu(t) — un(®)| + RV (u(t) = un(®))]] < CR*t Juol|, t > 0.

Proof. By virtue of 1) and 1) for ]?: 0, we have

271 z

u(t) —up(t) = L/F e“M(v —vp) dz,

where v = (I(2)] + A)'ug and v, = (I(2)I + Aj,) "' Pyug. With e = 1, an application of
Lemma [3.3.3| and Lemma yield

Ju(t) — un(t)]| < OB o] ( /|Zt |d|+/|2t [1dz1)

v 1
S Ch2 ||UO|| (/ cosa( ) d0+/ ro lertcosﬁd )
— 1/t

< R ||| .

Similarly, we can show that ||V (u(t) — up(t))]| < Cht=* |Jug||. The above two estimates
constitute the proof of the theorem. n

In the following, we provide an intermediate error bounds for the nonhomogeneous

problem where the bounds are expressed in terms of frather than f.
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Let X :=T.y + R, be the right-hand side part of the contour I'c y (see Fig. in

-~

the complex plane. We assume that the Laplace transform f(z) of f(¢) is analytic and
bounded on X. For ¥ € (7/2,7) and X C S, we define

11l = sup | f(2)] -
zeX

Then, by the maximum principle, we conclude that

~

(3.64) 1fllx = IIf

Theorem 3.3.2. With uy € HQ(Q) and ugp, = Ryug, the Ritz projector of ug, let u and
up, be represented by (3.01) and (3.65), respectively. Then for t > 0, we have

Fe,ﬁ ¥

lu(t) = un (O]l + BV (u(t) = un@)l < CH*(Juolly + ¢ | fllr,., ):

where the contour I'cy is given by .
Proof. In view of (3.61]) and (3.63]), the difference u(t) — uy(t) is given by

u(t) —up(t) =Ty + T,

where
1 { 1 )
T, = — e”ﬁ(v —vp)dz, and T =— e“ﬂ(W — Wh) dz,

271 i o z 21 T 72

o~

where v = (I(2)I + A) tug, vy, = (I(2)] + Ap) ' Ruyup and W = (I(2)I + A)~1f(2),
Wy, = (l(2)I + Ah)_lphf(z). To bound the term T}, we use the following identities:

B a1+ a7 = L - a1+ 41 4)

z z

and
ApRy, = B A.
Following the arguments of Theorem [3.3.1] it is easy to show that
ITull+ BT < O fluglly, 1Tl + BV Ts]) < CR2 il

The result follows from the estimates of T and 75. O

Remark 3.3.1. The order of singularity in Theorem can be reduced from t=2 to
t=1 by choosing |I(2)| < C|z|* in Lemma|3.5.1. Then, one obtains ||Ty|| + h ||VTy| <
ont |y, -
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3.4 Numerical Illustrations

In this section, we verify numerically our theoretical rates of convergence of the finite
element solution for the semidiscrete scheme. Numerical experiments presented below
include both smooth and nonsmooth initial data cases. Let ¢t; = jk, j = 0,1,...,N
be a uniform partition of the time interval [0, 7] with time step size k, where T is the
time of interest. We take the time step size k small during the spatial discretization
to negligible the temporal discretization error. For our numerical experiments, we take

Q) = (0,1)? and consider the following two cases:

(a) Smooth initial data: ug(x,y) = sin(7z) sin(7y) and the source function f(z,y,t) =
1.

(b) Nonsmooth initial data uo(x,y) = x(1/2,1)x(0,1) and f(z,y,t) = 0, where xg denotes

the characteristic function on the set S.

Table 3.1: The L%*(Q2) and H!'(Q)-errors and CRs for the case (a) at T = 0.01 with

k=5 x 10~* for various mesh size h and for different o

INa =1/10 L*(Q)-norm H'(Q)-norm L*(N)-CR H'(N)-CR
1/20 8.27206e-03 3.47017e-01 — —
1/40 2.09455e-03  1.88804e-01 1.98161 0.87811
1/80 5.25322e-04  9.96484¢-02 1.99536 0.92196

1/160 1.31436e-04 5.23127e-02 1.99884 0.92968
7.26200e-03  3.83680e-01 — —
a=>5/10
1.82977e-03  2.03989¢-01 1.98870 0.91141
4.58347e-04 1.06323e-01 1.99715 0.94003
1.14644e-04  5.54443e-02 1.99929 0.93935
5.83103e-03  3.08148e-01 — —
a=9/10
1.46916¢e-03 1.61058e-01 1.98876 0.93604
3.68020e-04  8.26353e-02 1.99713 0.96275
9.20512e-05  4.28593e-02 1.99928 0.94715
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To verify the spatial convergence rates (CRs) of the semidiscrete solution, we fix time

step size k = 5 x 107*, and perform numerical experiments for the case (a) with mesh

size h = 1—10, %, 4%, %, 1(15—0 and for the case (b) with h = 21—0, %, %, %, ﬁ. Tableshows
the CRs for the errors in L*(Q2) and H'(Q)-norms for different values of the fractional
order derivative v at time 7" = 0.01. From Table 3.1 we observe that the numerical CRs
agree with the theoretical CRs of Theorems [3.2.1] [3.2.2] and Table contains
the results for the case (b). Optimal CRs for the errors in both L*(Q) and H'(Q)-norms
at the time of interest 7' = 0.01 and 7" = 0.001 with o = 0.5 are demonstrated which

validate the theoretical CRs of Theorems B.2.3 and 3.3.11

Table 3.2: The L*(Q2) and H'(Q2)-errors and CRs for the case (b) for « = 0.5 at T' = 0.01

and T = 0.001 with &£ = 5 x 10~* for various mesh size h

PN\T = 0.01 L*Q)norm H'Y(Q)-norm L*(Q)-CR HY(Q)-CR

1/40 7.49812e-03  3.24271e-01 . <
1/80 2.31520e-03  1.78410e-01 1.69539 0.86200
1/160 6.44194e-04  9.15200e-02 1.84557 0.96304
1/320 1.68894e-04  4.57219e-02 1.93138 1.00120

1.72270e-03  6.77893e-02 = -

T = 0.001

4.84994e-04  3.60570e-02 1.82863 0.91077
1.28071e-04 1.81201e-02 1.92102 0.99269
3.26725e-05  9.00333e-03 1.97080 1.00906

3.5 Concluding Remarks

In this chapter, we have studied the convergence analysis based on the GFEM by
using piecewise linear functions of the SEM problem in a bounded convex polygonal
domain. The error analysis is carried out for both smooth and nonsmooth initial data
cases. For smooth initial data, we have derived optimal error bounds in both L?(Q)-
and H'(Q)-norms by employing both Ritz and Ritz-Volterra projections. In the case of
nonsmooth initial data, relying only on the L?-projection, almost optimal error bounds
are established for the homogeneous problem. Further, we recover optimal order error

bounds in both L?(Q)- and H'(Q)-norms for nonsmooth initial data for a particular
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choice of the kernel B(t, s), namely, B(t,s) = —A. Numerical tests confirm the theoret-

ical rates of convergence.
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Error Analysis by Energy Arguments

In this chapter we investigate the a priori error analysis of a semidiscrete GFEM for
problem by energy arguments. Since the energy method is the most elementary
technique in the a priori analysis, therefore, it is natural to study the a priori error
analysis for SEM by energy arguments. The convergence analysis covers both
smooth and nonsmooth initial data. Since the solution u of has singularity at
t = 0 even for smooth initial data, we use t/, j = 1,2, type of weights along with
time integral operator in the error analysis. The use of energy arguments enable us to
prove optimal order error estimates in both L?(2)- and H'(Q)-norms with respect to
both convergence order of the approximate solution and regularity of the initial data.
The present approach gets rid of the log-factor |Inh| from the nonsmooth data error
analysis (cf. Theorem even for a general second-order operator B(t, s) as in ([1.3)).
In addition, we also establish a quasi-optimal pointwise in time error bound in the

maximum norm for smooth initial data.

4.1 Introduction

To begin with, we first recall the IBVP for the SEM, i.e.,
O u(t) + Au(t) = /tB(t,s)u(s) ds+ f(t) in Q, 0<t<T, ac(0,1),
0
(4.1) u(t)=0 on 09, 0<t<T,
u(0) =up(z) in Q,

where the notations have the same meanings as in the previous chapters.
This chapter investigates convergence analysis of the semidiscrete GFEM using en-

ergy arguments. Optimal order error bounds for both smooth and nonsmooth initial

data are derived. We also prove a quasi-optimal pointwise in time error bound in the

61
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maximum norm for smooth initial data. A novel Ritz-Volterra projection is used to
derive optimal error estimates. For the SE, i.e., when B(t,s) = 0 in ([4.1]), Karaa et
al. [29] and Mustapha [5I] have studied the energy arguments and derived optimal
error bounds in both L?(Q2)- and H'(Q)-norms covering both smooth and nonsmooth
initial data cases. Further, when o =1 in (4.1]), i.e., for the PIDE, Goswami et al. [17]
have derived optimal L?(§2)-norm error estimate based on energy arguments in conjunc-
tion with repeated use of time integration operator for the semidiscrete GFEM with
nonsmooth initial data. However, developing energy arguments for , i.e., in the
presence of both integral term and Caputo fractional derivative, is not straightforward.
This chapter attempts to extend the analysis of [29] to SEM (4.1). To the best of

authors’ knowledge, this work is reported for first time in the literature.
The plan of this chapter is as follows. In Section we introduce some notations

and preliminaries which are useful in the convergence analysis. The error analysis is
carried out in Section [£.3] Section contains numerical experiments to support the

theoretical rates of convergence.

4.2 Notations and Preliminary Results

Let Riemann-Liouville fractional integral operator Z of order a € (0, 00) be defined
by
t a1
Z%(t) = /0 ko(t —T)g(T)dr, ko(t) = m.
The properties of the above operator play a vital role in the convergence analysis. In the
subsequent parts of this chapter we use Z'=?u/(t) for the Caputo fractional derivative
Ofu(t) in . For the integral operators Z¢ and Z”, the following semigroup property

T°7% = 1°M8 o, B € (0, 00)

holds. Next, we recall some interesting properties of the operator Z%, « € (0,1). Let
g : [0,T] — L*(f) be a piecewise time continuous function. Then, by [52, Lemma
3.1(ii)], the following positivity property holds for Z¢:

T T
(4.2) / (Z%g,g)dt > C’a/ ||7,'O‘/Qg||2 dt >0, a€(0,1), C, = cos(am/2).
0 0

Set ¢’ = 0,9. For piecewise time continuous function ¢’ : [0,7] — L?*(Q), we have the
following important functional inequality between g and ¢’, follows from [34, Lemma
2.1] and the positivity property (4.2) of Z'~:

t
(4.3) lo(t) — g(0)]? < Gt / (Tg ) ds, >0,
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In addition to the above, we require the following continuity property of Z¢ [52, Lemma
3.1(iii)]: For g, ¢ € L?(0,T; L*(Q)) and any positive e,

' —a ! —a 1 ' e
(44) /(;(Il ga¢)d5 SE/O (Il gag)ds—i_m% (Il ¢7¢)d8

For notational convenience, we set g;(t) = tg(t) and go(t) = t2g(t). The following three

identities will be used in our subsequent analysis. For a proof, one may refer to [29, [51]:
(45)  tI%(t) =I°q:(t) + oI g(t),

(4.6)  tI%'(1) = I%(91)'(t) + (@ = DIg(t) — tha(t)g(0),

(47)  £I%'(t) = I%(g2)'(t) + 2(a = DI (t) + ala = DI*g(t) — tka(t)9(0).

We now state some relations among the integer order integral operators. We introduce

the symbols

g(t) =T?g(t) = /0 t /0 S g(7) dr ds

(t) =Tg(t) = /Ot /0 /OTg(u) dydr ds.

Then, we have the following identity

Qs>

(4.8) tg(t) = gi(t) + 9(t).

Observe that when a@ — 17, coincides with . Further, with the help of ,
it is easy to obtain

(49) £4(t) = 4a(t) + 241(8) +29(0).

For w and v in H{ (), it is easy to obtain

(4.10) |B(t, s;u,v)| < C||Vul|l [|[Vv]], 0<s<t<T,

where B(t, s; -, -) is the bilinear form associated to the operator B(t, s). For convenience,
we recall from Chapter [3| the following semidiscrete problem and approximation prop-
erties of the Ritz-Volterra projection. The semidiscrete GFEM reads: Find uy(t) € Sy,
such that for 0 <t < T,

(0F un(t), x) + (Vun(t), Vx) = /t B(t, s;un(s), x) ds + (f(),x) Vx € Sh,
(4.11) 0

uh(O) = Ugp, € Sj.
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Here ugy, is an approximation of uy in S, and in the convergence analysis, we take
uon, = Ppug, where Py, : L>(Q) — Sy, is the standard L?-projection defined by

(Pyv,x) = (v,x) for all y € S.

We also need the Ritz-Volterra projection Vj,: C(H}(Q)) — C(S),) defined by

(V(Viv —0)(t),Vx) = /0 B(t, s; (Vv —v)(s), x)ds, Vx € Sh,

with the following approximation properties [6, 36}, 54]: For p = 1,2

@12) Vo) = o0+ IV Vialt) =u)l) < v (ool + | o)l ds),

and
(4.13)

[(Via(t) = o)+ h IV Vio(®) = w(®) | < C2 (1Ol + 10O, + | o), ds)

In addition to the above, for the maximum norm estimate, we need the following discrete

Sobolev inequality

(4.14) X0 oo (@) < ClInA|Y? Vx| for all x € Sh.

4.3 Convergence Analysis

In this section we estimate the error between the semidiscrete solution and the contin-
uous solution in both L*(Q)- and H'(Q)-norms. The convergence properties are proved
allowing both smooth and nonsmooth initial data uy. We split the error u,(t) — u(t) in

a canonical way as follows
un(t) — u(t) = (un(t) = Vau(t)) — (u(t) — Viu(t)) = 9(t) — p(t).
Using (4.12)) with p = 2 and ([2.61)), the bounds of p(t) for smooth initial data are

(4.15) @1 + 21V o)l < CR* (Jluolly + [ ller 2y )-

Similarly, for nonsmooth data ug, (4.12)) with p = 2 and (2.51)) with p = 2,¢ = 0 lead to

(4.16) lo(®)]| + R [Vl < O Jjug] ¢ > 0.
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Thus, we are left with the job to bound ||| and ||[V#|| for both smooth and nonsmooth
initial data. It is easy to verify that ¥ = u, — V,u € S}, satisfies the following relation
for 0 <t <T,

t
(4.17) (Il‘aﬁ’,x)Jr(Vﬁ,Vx)=—(Il‘°‘p’,x)+/ B(t,s;9(s), x)ds, Vx € Sh,
0

where we have used Z'~*' = 90 and Z'~*p' = 9"p. For the convenience, we set

and state some lemmas involving ¥(t), ¥1(t), and ¥5(t). Below, we first prove a lemma

involving ¢ which will be used later.

Lemma 4.3.1. Let 9 satisfy (4.17). Then

t N A 2 t
/(Il‘”‘ﬁ,ﬁ)derHVﬁ(t)H go/(zl o5 p)ds, 0<t<T
0 0

Proof. To prove the assertion we will start from error Eq. (4.17). Integrate it with
respect to time, utilize the identity Z?=%¢/(t) = Z'~%g(t) — ks_o(t)g(0), and recall the

definition of the L?-projection to arrive at

(Z729, %) + (ZVY, Vx) = (T %p — ka-a(t)(p(0) — ¥(0), X)

// (s,7;0(7), x) dr ds
= (I'"%p, x // (s,7;0(7), x) dr ds.

Again integrate this with respect to time and then choose y = 19(15) to get

(4.18)

~

(T29,9(t)) + (VO, V(1)) = (Il—ap,&(t))+/o /U /OTB(T,M;ﬁ(,u),ﬁ(t))dudrds
= (T, 0(t)) + T1.

Now, we concentrate on the term 77. Observe that

[ B0, 90) i = B (0. 500 = [ Byl 80, 9(0)
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Integrating the above twice, we obtain

T, = /tB( L 0(s), D(t) ds—2// 7 0(7), D(1)) dr ds
/// By (r, s (1), 0(1)) dp dr ds

— Bt t;0(1),0(t)) - (jt( [ .5 530(s), 0(t)) d )+2/B(s,s;1§(s),1§(t))ds

—2— // 7'7'1;7,1; des // 2 1§ 5())d7’ds
2 / / / By 5 0(s), 0(8)) dpe dr s ).
M\ Jo Jo Jo

Insert this expression for T in (4.18)), integrate over (0,¢), use the continuity property
(4.4) of the operator Z'=* (with € = 1/2), invoke the bound (4.10)), and finally apply
Young’s inequality to yield

t t ~
/(Ilaé,ﬁ)d5+/<v§,Vﬁ>ds§%/<Il “0,0) ds+0/ (Z%p, p) ds

0 0 0

+C V@) +C / V)| ds.
0
Note that,

d A A
571(V9. V).

Choose C. such that (1 — C) > 0. An application of Gronwall’s lemma leads to

(VD, Vi) =

/(zl @, ) ds + [VI(1)] <c/ (T2, ) ds,

0

which completes the proof. O]

Lemma 4.3.2. Let ¥, = t0, p1 = tp, and p(t fo s)ds. Further, let ¥ satisfy the
equality . Then for 0 <t <T, we have

' t
/(Ilaﬁl,m)dsﬂlwl(t)!fﬁcf(Il " )d8+0/(zlapl’pl)ds'
0 0

Proof. Multiply both sides of (4.17) by ¢, use the identity (4.6, and the definition of

the L2-projection to obtain
(T2, x) + (Vh, VX) =a(Z79, x) + (7, — aZ'™"p, X)

t
—i—t/ B(t,s;9(s),x)ds, x € Sh,
0
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where (p(0) —9(0), x) = 0. Now, integrate the above equality in time and put x = 9;(¢)

to reach

(4.19)
(Z'201,91(t)) + (VOy, VOL (1) = (T 0,01 (8)) + (Z'“p1 — oL ~%p, 01(t))

// (5,71 9(7), 00 (1)) dr ds

= (T, (1) + (T p1 — aZ' P, 0 (1)) + T,

We now proceed to bound the term T5. Using the identity (4.8) we get

8/083(3,7;19(7'),191@)) dr :/OSB(S,T;ﬁl(T),ﬁl(t)) dr

+/05 /OTB(T,u;ﬁ(u),ﬁl(t))dudT.

Following the 77 term calculation as in Lemma [4.3.1| we obtain

Ty — // (5, 71 0u(F), Ou (1 drds+/// (5, 1 9(1), 01 (1)) ds dr ds

:/ Bls, s: 91(s), 0 (1) ds—// (s, 790 (), 01 (£)) dr ds

0

/B(ssﬁ( ), 91 (t ds—Q// 7 0(7), 91 (1)) dr ds
/// By, 15 0(0), 91(1)) iy d d

= — B(t, t;0:(t),0:(t)) + gt

// (5,702 (r). 1 (1)) dr ds) — B{L, 1 0(1). (1)

&/< 206,010 ds +2 [ Bt Do), (1) dr

4—// (). (1)) dr ds ) //MJMummwm
+§ /0/0/0Bw(sau;é(u),ﬁl(t))dudeS)-

Insert this expression for Ty in (4.19)), integrate over (0,t), use the continuity property
of the operator Z'~® with a suitable ¢, invite the bound (4.10]), and then apply Young’s

~

/B(s,s;ﬁl(s),ﬁl(t))ds+/0 B, (t,7;9,(7), 9, (t)) dr
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inequality to obtain

t t t t
/ (T'0,,9;) ds+ / (V,,V9,)ds < % / (Z'=0,,01) ds + C / (T2, D) ds
0 0 0 0
R 9 ¢ R 9 ¢ 2 2
+C V)] +c/ 179, (5)] d5+c/ IV0(s)|| ds.
0 0
Using the fact
(Vi Vo) = 2L (v, i)
1, 1) — 5% 1 1),

we choose the number C, such that (1—C,) > 0. Finally, an application of Lemma [£.3.1]

and Gronwall’s lemma completes the rest of the proof. O

Lemma 4.3.3. Let ¥ satisfy the identity (4.17). With 9; = t'0, p; = t'p fori = 1,2,
and p(t) = fot p(s)ds, we have fort > 0,

o)+ e 9ol < et ( f (@50 + @201, ) + @A) ds).

where AN(t) = p4y(t) — 2ap1(t) — a(l — a)p(t).

Proof. Multiply both sides of (4.17) by 2, use the identity (4.7), and the definition of

the L2-projection to reach
(Z'h, X) + (Vid, VX) = 2a(Z" 01, ) + (1 — a) (T, x) + (TN, x)
+t? /OtB(t,s;ﬁ(s),X) ds, for each x € Sy,
where A\(t) = py(t) — 2ap,(t) — a(l — a)p(t) and (p(0) — 9(0), x) = 0. Since the above

identity holds true for each x € Sy, choose x = 95(t), integrate from 0 to ¢ in time, and

use the continuity property of the operator Z'~ with a suitable € to obtain
t t 1 t t
/ (T, 9)) ds + / (Vis, Vi) ds < - / (T, 9,) ds + C / (T'=0,, 01) ds
0 0 0 0
t t t s
- C/ (Z'79,9) ds + C/ (Z'7°N\, \) ds +/ 32/ B(s, 7;9(7),95(s)) dr ds.
0 0 0 0
Using the fact

t
2/ (Vy, V) ds = || V4 (1)|?,
0
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the inequality (4.3)), and Lemmas 4.3.1 in the above inequality to have

(4.20)

o [95(0)]12 + [V 9a(0)]) <c/ (T ds+c/ (T py. ) ds

+c/0 (TN, \) ds+/0 32/0 B(s, 7:9(7), ¥y(s)) dr ds.

Now it is suffices to obtain a bound for the last term in (4.20). Let

t s
T, ::/ 32/ Bls, 7 9(7), 9,(s)) dr ds.
0 0

Integrating by parts we find that
t a s t s
T3 = / 82—</ B(s, m;9(1),92(s)) dT) ds — / 52/ Bg(s,7;0(7),05(s)) dr ds
o 9s\Jg 0 0
t
—/ s>B(s, 8;9(s), 9a(s)) ds.
0
Again integrating the first term by parts we obtain

(4.21)

T3:t2/ B(t, s;9(s), 9a(t) ds—zt// Vo(s)) dr ds
+2/ / / (7, 5 O(), Ia (T ))d,udes—/O 32/0835(3,7;19(7),192(3))des

—/ 2B(s, 5:9(s), a(s)) ds

0

=Ty +T5 +T5 + Ty +T5.

Utilizing the identity (4.9)) we get

T = /tB(tsﬁg()ﬁg( ds+2// (£, 7591 (7), 0a(t)) dr ds

+2/// (115 0(12), 9a(t)) ds .
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Repeating the steps of the term 77 as in Lemma we write

t

T} :/tB(t,s;ﬁg(s),ﬁg(t))ds+2/ B(t, s;01(s), 92(t)) ds

—Q/t/sB(t,T;ﬁl(T),q%(t))des—|—2/Ot/OSB(t,T;ﬁ(T),q%(t))drds
_2/ / / (13 0(1), 0a()) dpa dr ds

:/O B(t, 5;04(s), Vst ))ds+2/OtB(t,s;1§1(s),192(t))ds
—Q/t/sB(t,T;ﬁl(T),ﬁg(t))des+2/tB(t,s;1§(s),192(t))ds

_4// (), B (1) de3+2/// (s 0(), 9a(8)) dpr dr ds.

Now the estimate (4.10), Young’s inequality, and Lemmas lead to
t R 9 t N 2
T <C. ||V192(t)|]2+0/ IVd,(s)] ds+C/ IVi(s)| ds
0 0
t
<CAVB +0 [ @pp)ds+C [ prip)ds
0
Use the identity (4.8) to have
t s t s T
T; = —2/ s/ B(s, m;9(71),02(s)) dr ds — 2/ / / B(7, p;9(p), 92(7)) dp dr ds.
o Jo o Jo Jo
Similar calculations as of T term in Lemma [4.3.2| and Lemmas yield
T P ) . 9 t )
5= C [ IvheI dsc [ Vi) ds+c [ [vins)® as
0
t
< C/ (' %p A)ds—i—C’/ (Z'%p1, p1 ds—l—C/ V04(s)|) ds.
0

The computations of bounds for 75 and T} terms are analogous to Ty . Invoking Lemmas

1311432 it follows that
t N 2 t
T < C. Vs + C / IV ds < C. Vo) +C / (T, ) ds,
0 0
and

t t
T < CL [ Voa()|? + C / (T, p)ds + C / (T pr, py) ds.
0 0
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Finally, using the bound (4.10|) we obtain

t
T3 < C / 1795(s) ds.
0

Now we combine all the bounds for T4, i = 1,...,5 to have

t t t
1) < CVOOI +C [ V(o) ds+C [ (@ ppyds+C [ (@ prip)ds.
0 0 0

Insert the bound of T3 in (4.20)) and choose C. such that (1—C,) > 0. Invite Gronwall’s
lemma to complete (as ¥5(t) = t29(t)) the proof. O

Now, we are ready to bound the finite element term 9 in both L?(Q)- and H'(Q)-
norms for both smooth and nonsmooth initial data. In all cases, the bounds follow from
Lemma By the Cauchy-Schwarz inequality we get

(4.22)
:
91+ V901 < et [ (1Tl )+ Il on |-+ 12N 1A ) s
< it / (=l + 1=l + 1=l ) (121 + llxll + Y41 ) s
=:Tj.

For smooth initial data, using the approximation property (4.13) and Theorem
with p = 2 we find

t
a— 2 - 2
Ty < Ot (uolly + [ fllor i) / s ds < CR' (Jluolly + 1 llenny )

which implies
(4.23) 19|+t IV 96| < CB*(Nuolly + 1 fllca gy )-
Next, for nonsmooth initial data, by with p = 2 and Theorem we obtain
T, < Ct*4p? ||u0|]2 /t s@20)+(=0) g < Opt—2 HU0H2,
0
which yields

(4.24) [9(t) || +t22 | V9 (t)|| < CR*t ||ug||, t > 0.
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Again, for nonsmooth data, if we apply the estimate (4.13]) with p = 1, then we bound

the term 7T} as
t
T, < O p2 ||U0||2/ g(2=3a/2)+(1~a/2) gg < Ch2t—© ||U0||2,
0
which leads to

(4.25) IVO(t)| < Cht™ [Juol| -

With the above preparation, we are now ready to establish the error between the
continuous solution u to problem (4.1)) and its semidiscrete approximation u; for both

smooth and nonsmooth initial data.

Theorem 4.3.1. Assume that ug € H*(Q), f € CY(H") and uo, = Pyug, fr = Puf. Let
u be the solution of continuous problem , and let uy, be that of spatially semidiscrete

problem ({4.11). Then,
Ju(t) — un(®ll < O (lfaolly + | flles ny ), 0SS,
19 (u(t) — un(®)]| < Chmax{l, ht=*/2} (Jluolly + | Flosgny ) 0 <t < T,

Proof. The proof immediately follows from the triangle inequality and estimates (4.15))
and (4.23]). O

Remark 4.3.1. Since the triangulation is quasi-uniform, as a result of the inverse
estimate ||Vx|| < Ch™" ||x|l, we obtain ||V (u(t) — un(t))]| < Ch([Juolly + [1fllcr )

Theorem 4.3.2. Assume thatug € L*(Q) and ugy, = Puug. Letw and uy, be, respectively,
the solutions of continuous problem and spatially semidiscrete problem with
f=20. Then,

lu(t) = un(®)]| + BV (u(t) = un(®)]| < CH2E|lugll, 0<t<T.

Proof. Using the decomposition u, — u = 9 — p, the proof follows from the triangle

inequality and estimates (4.16)), (4.24]), and (4.25). O

Remark 4.3.2. Theorems extend the results of SE [29,[51)] to SEM. Further,
it is noteworthy that when o — 17, the L*(Q)-error estimate in Theorem is simalar
to that of [17, Theorem 1.1].

Maximum norm error estimate. In this section we derive a quasi-optimal pointwise
in time L>°(2)-error bound for the semidiscrete approximation (4.11]) for smooth initial
data. We assume that € C R2. Recall that

un(t) = u(t) = (un(t) — Vau(t)) — (u(t) = Vyu(t)) = 0(t) — p(t).
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Hence

lu(t) = un()l] () < IO zoe @y + 150 | ey -

In view of discrete Sobolev inequality (4.14)) and gradient estimate in (4.23) we obtain

for positive time
(426) (1)) < CHBY2 [TO@)] < O b2 ( gl + 1 fllen iy )-

Thus, it suffices to bound ||5(2)[[ (o). We use the results of [36] and interpolation

theory to arrive

t
||ﬁ(t)||Loo(Q) S Ceh2_€< ||u(t)||2—e,oo +/ ||u<8)||2—e,oo dS), € > Oa
0

where [-]|, ., denotes the norm of the standard Sobolev space WP>°(Q2). Using the

Sobolev embedding theorem ||u(t) < Cc [ul®)l g3y, we bound [|5(2) (] oo (o as

HZfe,oo

t
(4.27) 1P Loy < Ceh%E( ()] 730 +/O [w($) |73 ds)-

We now bound |[u(t)|| s (). From the elliptic regularity estimate, Eq. ‘} and 1}
we get

t
Hmwm@scmmwm@scmwmwﬁwwm+éHmmM@meﬂ
t
SCGW%wwﬁWﬂ®W+W%wm)HM®m+CAwammwk
t
SCFWW%M+CW%WM+CAHMWmmyM

Note that, the singularity in the above on f(0) can be removed (see Remark , as
£(0) € HY(Q). Invoking Gronwall’s lemma we obtain

()l oy < C ™ Mluolly + 1 fller sy ), t>0.
Inserting this bound in (4.27)) we reach
(4.28) 1A ooy < Ceh® (72" Nuolly + I fllo gy ) £ > 0.

With an aid of the bounds of 9(t) and j(t), we have the following theorem for the error

estimate in the L*°(€2)-norm.
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Theorem 4.3.3. Let Q C R2. Assume that ug € H2(Q), f € CY(H") and ug, = Pyug,
fn = Puf. Let u be the solution of continuous problem ({.1), and let ), be that of
spatially semidiscrete problem . Then, for 0 <t <T

u(t) = un ()| ooy < O |22 (Yo ly + 1l sy )-

Proof. The proof follows from the triangle inequality and estimates (4.26]) and (4.28]).
O

Remark 4.3.3. For nonsmooth initial data, i.e., ug € L*(Q), the L>(Q)-norm error
estimate with the Ritz-Volterra projection as a comparison function is not possible as we

need H3(Q) regularity of the solution to bound p = u — Vj,u, whereas the solution cannot
be smoother than H*(SY) for positive time, see Remark of Chapter @

4.4 Numerical Illustrations

In this part we perform some numerical experiments to validate the convergence
results established in Theorems In our computation, we consider Q = (0, 1)?
and carry out the numerical experiments with three test problems. Let t; = jk, j =
0,1,..., N be a uniform partition of the time interval [0,7] with time step size k,
where T' is the time of interest. We take the time step size k small during the spatial
discretization to negligible the temporal discretization error. Below, Examples and
[.2] respectively, verify numerically the convergence rate (CR) for L*(Q2)-, H'()-, and
L>(Q)-norms, and Example [4.3| validates the same for both L?(Q)- and H'(Q)-norms.

Example 4.1. Consider the following problem with the memory kernel as the identity
operator, i.e., B(t,s) = I:
O u(t) — Au(t) = /Otu(s) ds+ f(t) in Q, te€(0,T], a€(0,1),
w(z,0,t) =0=wu(z,1,t) for x€]0,1], te(0,T],
w(0,y,t) =0=u(l,y,t) for yel0,1], te(0,T],
u(z,y,0) = sin(mrx)sin(ry) in €,

where A = L5 + ;—;2. With the source function f(z,y,t) = (% +2m2 (2 +1) — (t+

ox
3

£))sin(mz) sin(my), the exact solution is given by u(z,y,t) = (t* + 1) sin(mz) sin(ry).

To compute the CRs of the discrete solution, we employ the backward Euler convo-

lution quadrature scheme to discretize both fractional derivative and Volterra integral
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term. We compute numerical solutions with mesh size h = 1/10,1/20,1/40,1/80 at the
time of interest T' = 0.1 with o = 0.55 and a constant time step size k£ = 0.0005. We
demonstrate the CRs for L*(Q)-, H*(Q)-, and L*(2)-norms. Table |4.1| shows the CRs
in L*(Q)-, H'(Q)-, and L>*(Q2)-norms which validate the theoretical CRs of Theorems

431 and [4.3.3]

Table 4.1: The L*(Q)-, H'(Q2)-, and L>=(Q2)-errors and CRs for Example 4.1]at T' = 0.1
with o = 0.55 and £ = 0.0005

hN\a = 0.55  L2-norm H'-norm L®mnorm  L[-CR HXCR L*-CR

1/10 8.88149e-03 3.46124e-01 2.22819e-02 — — —

1/20 2.26615e-03 1.75417e-01 5.61473e-03 1.97056 0.98049 1.98859
1/40 5.61455e-04 8.80081e-02 1.38677e-03 2.01300 0.99508 2.01749
1/80 1.32071e-04 4.40417e-02 3.25957e-04 2.08786 0.99876 2.08898

Example 4.2. Consider the following IBVP with B(t, s) = tsA in the unknown wu:

ofu(t) — Au(t) = /t tsAu(s)ds+ f(t) i Q, t€(0,T], ae(0,1),
0
uw(z,0,t) =0=wu(z,1,t) for x€][0,1], te(0,T],
uw(0,y,t) =0=wu(l,y,t) for yel0,1], te(0,T],

u(z,y,0) = sin(rz) sin(ry) in Q.

Choose the source function f(z,y,t) = (FQ(t;:Z) +27r2(t2+1)+27r2(§+§)) sin(mzx) sin(7y)
such that the ezact solution is gien by u(x,y,t) = (t* + 1) sin(7zx) sin(7y).

To compute the CRs of the semidiscrete solution, we apply the backward Euler
convolution quadrature scheme to discretize the fractional derivative and the (left) rect-
angular rule for the integral term. We perform numerical experiments with mesh size
h =1/5,1/10,1/20,1/40 with a constant & = 0.0005 at 7" = 0.01 and for the fractional
order &« = 0.35,0.55,0.75. The empirical CRs in Table for L*(Q2)-, HY(Q)-, and
L*°(2)-norms are consistent with the theoretical CRs of Theorems [4.3.1| and {4.3.3]
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Table 4.2: The L*(Q)-, H'(Q)-, and L>(2)-errors and CRs for Example at T'= 0.01

with a = 0.35,0.55,0.75 and k = 0.0005

hNa=0.35  L?*norm H'-norm L*®-norm  L*-CR H!}CR L>-CR
1/5 2.95865e-02  6.50904e-01  7.28892¢-02 — — —
1/10 8.14368e-03  3.42789%e-01 2.04331e-02 1.86119 0.92512 1.83480
1/20 2.10394e-03 1.73704e-01 5.21296e-03 1.95259 0.98069 1.97074
1/40 5.50182e-04 8.71456e-02 1.35893e-03 1.93511 0.99513 1.93963
2.49862e-02  6.52727e-01 6.18854¢e-02 — — —
6.78462e-03 3.43038e-01 1.70277e-02 1.88079 0.92811 1.86171
@ =09 1.74272e-03  1.73735e-01 4.31827e-03 1.96093 0.98147 1.97936
4.51392e-04 8.71492e-02 1.11495e-03 1.94889 0.99533 1.95348
1.69396e-02  6.58551e-01 4.26484e-02 — — —
4.49217e-03 3.43845e-01 1.12878e-02 1.91492 0.93753 1.91773
@m0 1.14382e-03 1.73839e-01 2.83516e-03 1.97356 0.98400 1.99326
2.92733e-04 8.71624e-02 7.23110e-04 1.96620 0.99597 1.97114

Example 4.3. Consider the following homogeneous IBVP with B(t,s) = e ™ "9 A in

the unknown wu:

t
O u(t) — Au(t) :/ e Au(s)ds in Q, te (0,T], ae(0,1),
0

uw(z,0,t) =0=wu(z,1,t) for x€]0,1], te(0,T],
u(0,y,t) =0=u(l,y,t) for yel0,1], te(0,7],
u(z,y,0) =uo(z,y) in £

where the initial condition ug(x,y) is given by

Uo(ﬂfa y) = X(1/2,1)x(0,1)-
Here the exact solution is unknown.

In order to compute errors for both L?(Q)- and H'(€)-norms and the related CRs,

we calculate the discrete solution (discretizing the fractional derivative and the integral
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term as in Example with mesh size h = 1/20,1/40,1/80,1/160, 1/320 with a fixed
time step size £ = 0.00002. Since the nonsmooth initial data error estimate reflects
a singularity at t = 0 (see Theorem , we particularly interested in the behavior
of the errors when T' is close to zero. For this purpose, we choose T" = 0.001 in our
computation. The empirical CRs of the errors in both L?(Q)- and H'(Q)-norms are
listed in Table [4.3] which validate the theoretical CRs of Theorem [4.3.2]

Table 4.3: The L*(Q2)- and H'(Q)-errors and CRs for Example 4.3[at 7' = 0.001 with
a = 0.35,0.55,0.75 and k£ = 0.00002

hNa =0.35  L?norm H'norm  L?-CR H!'-CR
1/40 1.19900e-03  4.48736e-02 - A
1/80 3.16727e-04 2.33723e-02 1.92052 0.94106
1/160 8.10442e-05 1.16394e-02 1.96646 1.00578
1/320 2.03453e-05 5.77652e-03 1.99401 1.01075
2.52952e-03  9.68415e-02 — —
6.85072e-04 5.08080e-02 1.88453 0.93057
gy 1.77321e-04 2.53730e-02 1.94989 1.00176
4.47661e-05 1.25941e-02 1.98588 1.01055
5.65607e-03 2.16012e-01 — —
1.57299e-03 1.14010e-01 1.84629 0.92194
7% N 4.08456e-04 5.67961e-02 1.94526 1.00530
1.03102e-04 2.81395e-02 1.98610 1.01320

4.5 Concluding Remarks

In this chapter, we studied the a priori error analysis of a semidiscrete GFEM by
energy arguments applied to the SEM in a bounded convex polygonal domain. The
present analysis deals with both smooth and nonsmooth data cases. Energy arguments
in conjunction with repeated application of the time integral operators are used to de-
rive optimal order error bounds in both L?*(Q)- and H'(£2)-norms. The derived results

are optimal with respect to the regularity of the initial function as well as the conver-
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gence order of the approximate solution for both L?(Q)- and H'(2)-norms. Further, we
have established a quasi-optimal pointwise in time error bound in the L*(€2)-norm for
smooth initial data. Extensive numerical illustrations confirm our theoretical conver-

gence results.
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Fully Discrete Schemes

This chapter studies the error estimates for the fully discrete finite element approxima-
tions for problem (3.1)) with B(¢, s) = —A. We consider two fully discrete schemes based
on the convolution quadrature, namely, the backward Euler (BE) and the second-order
backward difference (SBD). The convergence analysis is analyzed for both smooth and
nonsmooth data cases and optimal error bounds in time are derived in the L>°(L?)-norm

for both schemes.

5.1 Introduction

We first recall the SEM with B(t,s) = —A, i.e.,
t
O u(t) + Au(t) +/ Au(s)ds = f(t) in Q, 0<t<T, O0<a<l,
0
(5.1) u(t)=0 on 00, 0<t<T,

u(0) =up(z) in Q.

We now briefly discuss the convolution quadrature. This numerical method was first
introduced by Lubich in [38], 9] and subsequently used by many authors in [5] 1] 27,
28, 140}, 4T], [61), [©64]. The main advantage of using the convolution quadrature is that it
allows the discretization of the derivative and the integral term in (5.1)) simultaneously.
However, this is not the case for the standard temporal discretization where the deriva-
tive and the integral terms are discretized separately. This procedure requires a higher

temporal regularity of the solution u in the error analysis which problem (5.1 does not

possess even for smooth initial data (see Theorems [2.4.1] [2.4.2] and [2.4.3). The con-

volution quadrature framework provides excellent stability properties and higher order
accuracy in time. It also permits omission of the term corresponding to ¢ = 0 during

discretization keeping the convergence rate unchanged.

79

TH-2891 156123015



CHAPTER 5. Fully discretization 80

Our study to is motivated by the works of Bazhlekova et al. [5] and Jin et
al. [27]. In [5], the authors have studied the Rayleigh-Stokes problem for a generalized
second-grade fluid. Both semidiscrete and fully discrete schemes are discussed and
optimal order error bounds are established covering both smooth and nonsmooth initial
data cases. The semidiscrete scheme is based on the piecewise linear GFEM in space
and the fully discrete scheme is based on the convolution quadrature in time with the
generating functions given by the BE and SBD methods. In [27], the authors have
considered and analyzed the fully discrete BE and SBD schemes for the SE and derived
error estimates of first-order and second-order accuracy in time, respectively, for both
smooth and nonsmooth initial data. In this chapter, we have made an attempt to extend

these results to SEM.
Next, we describe the convolution quadrature framework. Let K be a complex-

valued or operator valued analytic function in the sector S;_y = {z € C : |arg z| <
¥},0 < ¥ < /2 and satisfies

(5:2) K ()] < Mo|z|77,

for some real numbers My, and for all z € S;_y. Then there exists a distribution x(t)
on the real line R such that K(z) = L£{k(t)}, the Laplace transform of x(t). Here the

distribution x(t) for positive time is given by the following inversion formula

1
K(t) = 2—m/FK(z)ezt dz,

where ' is a contour in the sector S _y, parallel to its boundary and with imaginary part
increasing. Further, x(t) is zero on the negative real axis and it has singular support
empty or concentrated at the origin. Let us define K (D,) with D, = % as the operator of
(distributional) convolution with the kernel k: K (D) f 1= rx f = f(f k(t—7)f(7) dr, t >
0, for a suitable function f(¢). Let K; and K, be two operators of type K generated
by the kernels k1 and ko, respectively. Then we have the following relation using the

convolution rule

(5-3) Kl(Dt)K2<Dt)f(t) = (Kle)(Dt)f(t)'

Now consider a partition of [0, T] with equidistant points {t,}_, where t,, = nk,n =
0,...,N with £k = T/N. Let U} be the approximation of u(¢,). The convolution
quadrature of the continuous convolution K (D;)f(t) is denoted by K (Dy)f(t) and is
defined by (cf. [11, 39])

(5.4) K(Dp)f(t)= > wif(t—jk), t>0,

0<jk<t
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where the quadrature weights w;, j = 0,1, ... are determined by Z;io w;&l = K(&lf)), 4]

is the quotient of the generating polynomials of a stable and consistent linear multistep
method. For the BE method §(§) = (1 —¢) and for the SBD method §(§) = 2 — 2+ %
Further, similar to (5.3 the convolution quadrature satisfies the following relations:

(5.5) K1(Dy)Ko(Dy) f(t) = (K1K2)(Di) f(t), and Ky(Dy)(ko* f) = (K1(Dg)kz) * f.

We now proceed to estimate the errors in the fully discrete approximations. This
is accomplished by reformulating the problem by transforming the Caputo fractional
derivative to the Riemann-Liouville, and then apply the convolution quadrature. It is
known fact that the Caputo and the Riemann-Liouville fractional time derivatives (cf.
[B0, p.91] or [27, p.A150]) are related as follows: For & € (m —1,m), m € N,

59 o0 =i (10 - Y- T,

where D& f(t) is the Riemann-Liouville fractional time derivative (left-sided) of order &
[55], defined by

. 1 am [t f(1)
5.7 Dy f(t) = ——
(57) e /() F(m—d)dtm/o (t — r)tra—m 7
In our analysis, we consider m = 1 in (5.6) and hence, 92 f(t) = DZ(f(t) — £(0)). Using
this identity and By (¢,s) = —A;, we can rewrite the semidiscrete approximation ((3.4))

as

(5.8)  wup(t) = (Df + (I + D[I)Ah>_1D§“u0h + (Df + (I + D;I)Ah) _1fh(t), t > 0.

As usual, the smooth data error analysis is carried out for the nonhomogeneous problem

whereas the homogeneous problem is considered for nonsmooth data error estimate.
The outline of this chapter is as follows. We study the BE and SBD schemes, respec-

tively, in Sections [5.2] and [5.3] In Section we present some numerical illustrations

to validate our theoretical findings.

5.2 Analysis for the BE Method

This section is devoted to error analysis for the fully discrete BE approximation to
(5.8). By the associativity of the convolution quadrature (5.5)), we can express (5.8) as:

Given U = ugp, compute U for n =1,..., N, such that
_ _ —1_ _ _ -1
(5.9) Uy = (Df: +(I+ Dgl)Ah) Dyup, + (Ds +(I+ D,;1>Ah) Fultn)-

We need the following lemma (cf. [39, Theorem 5.2]).
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Lemma 5.2.1. Let K(z) be analytic in Sy, /2 < [9| < 0 = e and satisfy (5
Then with f(t) = Ct*~, the following inequality holds by the com)olutzon quadrature for
the BE method:

- CtU 1k, 0<pu<l,
1K (D) f(t) — K(Dg) f(D)]] <
Ct 2k, 1< p.

We are now in a position to state the error estimate of the BE method for both

smooth and nonsmooth initial data.

Theorem 5.2.1. Let u be the solution of , and let U} be its fully discrete approzi-
mation given by . Then for ug € H2(Q), f' € C(L*(Q)), uon = Ryug and fr, = Py f,
we have at the nth time level t,, n > 1,

(5.10)

lu(ts) = Ul < CRZ(Jluoll,

r ) + Ok (Jlaolly + IF O + o 1 oz )

where the number Herl9 is given by (3.64)). Moreover, for the homogeneous problem

with ug € L*(Q) and ugy, = Pyu, we have

(5.11) lutn) = Upll < C(R** + k") luoll , ta > 0.

Proof. For the proof of both ( and (| -, we split the error u(t,) — U} as
u(tn) = Uy = (ultn) — un(ts)) + (un(ts) — Uy).

We first prove . The first term u(t,) — up(t,) is bounded as desired by Theorem
B-3.2l To bound the second term wuy(t,) — U}, we need the following identity

1) 1)+ Ap) ™ =T~ (1(2)I + Ap) LAy,

where 1(2) = 25, We set Fi(2) = (I(z)] + Ap)™" and Fi(2) = “2(1(z)I + A,)7,

z+1

z € Sy. Using (3.62)) and Lemma [3.3.1, we find that

c |1+z|
HFI( )H |l( )| _O| |a+l —

1R = "6+ a0 < o

2|

< O{l=] 7Y + |27},

Again, using (5.8), (5.9)), and the relation fi,(t) = f,(0) + (1 = f7)(¢), the difference
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up(t,) — U can be expressed as

un(tn) = Up = = (Fi(Dy) = Fi(Di)) AnRuo + (F1(Dy) = F1(Dy)) (fa(0) + (1 f)(tn))
= —(Fi\(Dy) — F1(Dy)) AnRiuo + (Fy(Dy) — Fi(Dy)) fu(0)
+ ((Fi(D) = Fy(D)1) * i (ta)
= T3+ Ty+ Ts,

where in the second step we have used (5.5)). Invoking Lemma with = 1 and

v = «, we obtain
IT5]l < Chty ™" lluolly, |1 Tall < Chty™ | £n(0)]] < CRE[I£(O)]

mms/"M@um—ﬁwmwm—amwws

0

tn
scw4<m—$QWﬁ@uw§OMMf%m@w

where we have used the relation A,R;, = P,A and the L2-stability of P,. Thus, for

smooth initial data we obtain

(5.12) lun(tn) = Upll < Chtg™ (lluolly + IF O + a1 lozay) )-

Now, the triangle inequality, Theorem together with (5.12)) provide the following

estimate: For ¢, > 0,

~

lu(ta) = URll < CR*(Jluolly + 1, || f

(5.13) reo)

+ Chty ™ ([lwolly + IF O + ta | leza@y )

which completes the proof of ([5.10]).
We next turn to nonsmooth data error estimate (5.11)). In view of Theorem [3.3.1] it

is enough to bound ||uy(t,) — U||. For this purpose, set
1 -1
Fy(z) = 2 (zo‘f +(1+ ;)Ah>
= 1(2)(I(2) ]+ Ap)7Y, z€ Sy, m/2 < |9] <D,
With an aid of (3.62]), we obtain

1F2(2)]| = (L) (U(=)] + An) | < C
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Subtracting (5.9) from (5.8]), we have

up(t,) — Uy = (Fo(Dy) — Fo(Dg))uon,
where ug, = Pyug. Now, by Lemma with 4 =1 and v = 0 we obtain
(5.14) lun(ta) — Uyl < Chty |uol| -
Use of the triangle inequality, Theorem , and estimate yield
(5.15) u(t,) = Upll < (0%, + kt,) ') lluoll, tn >0,

and this completes the proof of the theorem. O

Remark 5.2.1. (i) For the homogeneous problem (f = 0 in ) with uy € HI(Q),
0 < g < 2, winterpolation of estimates and yield the error estimate

_Jjn 2 _O‘@ -1
lu(ts) — Up| < CB2" % +kte ) |uoll,, to>0.

(77) Observe that even if for the smooth initial data g, estimate produces a
singularity of order t*~ ast — 0T. When a — 17, this bound similar to the standard
PIDE [3, Theorem 4.1].

5.3 Analysis for the SBD Method

In the previous section we have seen that the scheme (5.4]) yields first-order accuracy
in time provided f(0) # 0. This section considers a modification of the scheme ([5.4))

so-called the SBD method which leads to the second-order accuracy in time.
Following [11} 27], we introduce the notation D,”,p > 0 for the Riemann-Liouville

fractional integral of order p which is defined by

t
D, Pu(t) = —/ (t — 7)P tu(T) dr.
0
An easy calculation yields the following identity
-1 -1
(5.16) (Df +(I+ D;l)Ah) — Dy (Df‘ +(I+ Dt‘l)Ah> D; (I + DY) Ay

Using (5.16) and the identity f4(t) = fn(0) 4+ ¢f;(0) +t* f//, Eq. (5.8)) can be expressed
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as

(5.17)
un(t) = uon — (D +(I+ Dyt h) D71+ DY) Ap Do gy
+(DF+ T+ DAY ful0) + (Df (T4 D7) (1(0) + )
— o — (D +(I+ D;! Ah> (I + D7Y)D? D, D (Apuon)
+(Dp+ (T4 DA lDt(D L (0)
+ (Dg" +(I+ D;I)Ah> NOAOER )

Taking the convolution quadrature for the SBD scheme, we have forn =1,2,..., N,

(5.18)

U;; = Ugp — (Dg + (I G D,;l)Ah> D;a([ + D )Dng (Ahuoh)
+ (D5 + (1 + DA Datfu(0) + (D + (I + D))  (tF(0) + 1% 7).

with U = ug,. The presence of the operator D; ' in ([5.18) leads to the second-order
accuracy. Analogous to Lemma for the BE method, we have the following lemma
regarding the SBD scheme for the convolution quadrature (cf. [39, Theorem 5.2, p.144]).

Lemma 5.3.1. Let K(2) be analytic in Sy, /2 < |9] <0 = T and satisfy . Then
with f(t) = Ct*=1, the following inequality is satisfied by the convolution quadrature for

the SBD method:

- Ct k", 0<p<2,
1K (D) f(t) — K(Di) f@)]| <
COTH3K2 2 < .

The error estimates for the fully discrete SBD method for both smooth and nons-

mooth data are presented in the following theorem.

Theorem 5.3.1. Let u be the solution of , and let Uy be the solution of the fully
discrete scheme given by . Then for ug € H2(Q), f" € C(L*(R)), upn = Ryug and
fn = Pnf, we have fort, >0,

luta) = URll < CR*(lluolly + £, I Iy, )

+ R (lwolly + 1O+ ta LF O + 11 ez )

(5.19)

TH-2891 156123015



CHAPTER 5. Fully discretization 86

where the number ”an , s gwen by (3.64). Furthermore, for the homogeneous problem

with uy € L*(Q) and uon, = Pyug, we have
(5.20) [u(t,) = Uyl < C(R*t,% + k.2 [luol, tn > 0.

Proof. As before, we split the error u(t,) — U}’ at t,, as the sum of u(t,) — ux(t,) and
up(t,) — Ujr. For smooth initial data ug, a bound of the first term w(t,) — us(t,) is given
by Theorem [3.3.2] Thus, it remains to bound the term uy(t,) — Uy. Subtracting (5.18))

from and utilizing (5.5), we get
un(tn) — Uyt = (F5(Dy) — Fy(Dy)) Dy Apion(tn) + (F3(Dy) — Fs(Dy))(££x(0))

+ (Ea(Dy) = Fy(D)(t£3(0)) + (Fu(Dy) — Fa(Di))t) = fi)

= To+ Ty + Ts 4 To,
where for z € Sy, 7/2 < [9| <,
Fy(z) = 2(I(z)] + A) 7", Fy(z) = 2"70U2)(1(2)] + Ap) 7", Fu(z) = li—?(l(z)[ + Ap)7L
As before, using and we obtain

(1 +12)

I1F3(2)[| < Clzl/[i(2)] < C2| P C(l2l= =+ [2]' ),

IF5(2)l < Cl2]'=2, |Fa(2)]| < Cle =
We now invoke Lemma with v = a — 1 and p = 2 to have
(5.21) ITsll < CRE7 Juoll,, 1T7I < CR72 11 (0) ] < CR*E2 L F ()1

where we have used the fact AR, = P,A and the L2-stability of B,. Further, invoke
Lemma [5.3.1] with v = o and p = 2 to obtain

I < CRE RO < CRE 7))
522 IS [ I — BB — ) 6] ds
<8 [t = IO ds < R ooy
where we have used the L?-stability of P,. Using —, we get
Juntn) — U7l < ITall + 170 + T3] + 1751

< CR 7 (Nluolly + 1A O+ ta [LF O+ 1 ez )-

(5.23)
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Now, Theorem together with ([5.23)) yields
lutn) = URll < CR*(lluolly + .7 1 £, , )

(5.24)
+ CR* 7 ([luolly + 1F O+t 1LF O + 6 1 ey )

which proves the first assertion ([5.19)).
We next attempt to prove (5.20). In this case, a bound for the first term wu(t,,) —up(t,)

is given by Theorem [3.3.1] Further, in view of (5.17) and (5.18)), we have
un(tn) — Uy = (Fi(Dx) — Fi(Dy)) Dy uon (t),

where for z € Sy, /2 < [9] < 9,
Fi(z) = (z"‘] +(1+ 1)Ah) "L,
Z z% Z
= Z(Z(Z)I aF Ah)_lAh
=z —21(2)(1(2)] + Ap)™.

By (3.62), ||Fi(2)|] < C|z|. Now, inviting Lemma with v = —1 and p = 2 we

conclude

(5.25) lun(ta) = Upll < CR*6,% [luon|| < CE*,? [|uoll.

Finally, use of Theorem and estimate will lead to

(5.26) lutn) — Upll < Ot + E245%) [luol

and this completes the proof of the theorem. n

Remark 5.3.1. For the homogeneous problem (f = 0 in ), as a consequence of
interpolation to error estimates and , we have for ug € Hq(Q), 0<q<?2,

(a=2 ga
2,

oli=2) _
lu(ts) = UP| < Ch%n = + k%02 ) [Juoll,» tn > 0.

5.4 Numerical Illustrations

In this section, we verify numerically our theoretical results obtained in the fully
discrete schemes. Numerical experiments presented below include both smooth and
nonsmooth initial data cases. For our computation, the time discretization is done for
both BE and SBD schemes over an equidistant grid points ¢t; = jk, j = 0,1,2, ..., where
k being the time step size. We take a small spatial mesh size h during the temporal
discretization so that the spatial discretization error is negligible. For our numerical

experiments, we take 2 = (0,1) x (0,1) and consider the following two cases:
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(a) Nonhomogeneous equation with smooth initial data

uo(z,y) = sin(mx) sin(ny), and f=1.
(b) Homogeneous equation with nonsmooth initial data

0, for 0<z<1/2,0<y<1,
f=0, and ug(z,y) =

1, for 1/2<x<1,0<y<]1.

We now perform numerical tests for the BE and SBD methods for three different values
of  at T' = 0.1 (for the case (a)) and T = 0.01 (for the case (b)) with a fixed mesh

size h = - %, where N is the

100°
number of subintervals. For the BE method, Tables [5.1] and [5.2], respectively, show the

convergence rates (CRs) for the smooth data (case (a)) and the nonsmooth data (case

For this purpose, we choose the time step size k =

(b)), respectively. Our numerical experiments reveal O(k) accuracy in time as expected
from the theoretical results of Theorem (see Tables[5.1]and [5.2). Numerical results
for the SBD method are presented in Tables 5.3 and For both the cases, we obtain
O(k?) convergence which confirm our theoretical findings in Theorem [5.3.1]

Table 5.1: The L*(Q)-errors and CRs for the BE method for the case (a) for o =
0.25,0.5,0.75 at T = 0.1 with h = 10~2

NN\a a=0.25 a = 0.50 a=0.75
L*(Q)-norm L*CR  L*(Q)morm L*:-CR L?(Q)-norm L>-CR
2 2.34406e-01 — 2.08059¢-01 — 1.57457e-01 —
4 1.28886e-01 0.86291 1.14104e-01 0.86665 8.83437¢-02 0.83376
8 5.29829e-02  1.28249 4.77695e-02 1.25618 4.82901e-02 0.87139
16 2.65424e-02  0.99722  2.42926e-02 0.97557 2.33384e-02 1.04902

5.5 Concluding Remarks

In this chapter, we have considered and analyzed two fully discrete schemes based on

the convolution quadrature with the generating functions given by the BE and the SBD
schemes for SEM. The presented convergence analysis includes both smooth and nons-

mooth initial data cases. Optimal error bounds in time for both schemes are established,
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Table 5.2: The L?(Q2)-errors and CRs for the BE method for the case (b) for a =

0.25,0.5,0.75 at T = 0.01 with h = 102

NN\a a=0.25 a = 0.50 a=0.75
L*(Q)-norm L*-CR  L*(Q)-norm L*-CR  L*(Q)-norm L*CR
2 4.77180e-01  — 4.09861e-01 — 3.69959%¢e-01 —
4 2.34956e-01  1.02214 1.77235e-01  1.20947 1.85927e-01  0.99263
8 1.27223e-01  0.88502 1.05974e-01 0.74195 1.00724e-01 0.88432
16 5.50487e-02  1.20858 4.83068e-02 1.13341 3.92947e-02 1.35801

Table 5.3: The L?(Q2)-errors and CRs for the SBD method for the case (a) for a =

0.25,0.5,0.75 at T = 0.1 with h = 1072

N\a a=0.25 a = 0.50 a=0.75
L*(Q)-norm L*-CR  L*(Q)-norm L*:CR L?(Q)-norm L*CR
2 1.22933e-01 — 9.04593e-02 — 6.22231e-02 —
4 2.85011e-02 2.10878 2.39659e-02 1.91628 1.60547e-02 1.95446
8 7.64753e-03 1.89795 5.70285e-03 2.07123 3.92891e-03  2.03079
16 1.89314e-03  2.01421 1.39786e-03 2.02847 9.79432¢-04 2.00411

Table 5.4: The L?(Q)-errors and CRs for the SBD method for the case (b) for a =

0.25,0.5,0.75 at T = 0.01 with h = 102

N\a a=0.25 a = 0.50 a=0.75
L*(Q)-norm L*-CR  L*(Q)-norm L*:CR  L?*(Q)-norm L*CR
2 7.47078e-01 — 7.20421e-01 — 7.06709e-01 —
4 1.57776e-01  2.24338 1.95315e-01 1.88304 2.01472e-01 1.81054
8 3.65519e-02  2.10986 5.15920e-02 1.92058 5.47703e-02 1.87911
16 9.38070e-03  1.96218 1.30698e-02 1.98091 1.38370e-02 1.98486
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namely, for the BE scheme first-order accuracy in time and the second-order accuracy

in time for the SBD scheme. Finally, we have provided some numerical illustrations to

validate the theoretical findings.
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Cases with Weakly Singular Kernels

This chapter is devoted to the study of SEM in which the memory kernel is weakly sin-
gular. By means of the Laplace transform, we first represent the solution as a contour
integral along a suitably chosen contour in the complex plane. We establish the Sobolev
regularity results of the solution for the nonhomogeneous problem with respect to both
smooth and nonsmooth initial data ug, including ug € L*(Q2). The spatially semidis-
crete Galerkin scheme is then developed by using piecewise linear and continuous finite
elements. We derive optimal order error bounds with respect to the various regularity
assumptions on the initial data for both homogeneous and nonhomogeneous problems.
Moreover, the L1 scheme for the temporal discretization is analyzed and error estimates

of order O(k) for both homogeneous and nonhomogeneous problems are proved.

6.1 Introduction

We now recall the following IBVP for SEM (|1.6]) in the unknown u(t) = u(z,t):
t
O u(t) + Au(t) —l—/ ka(t —s)Au(s)ds = f(t) in Q, 0<t<T,
0
(6.1) w(t)=0 on 09, 0<t<T,
u(0) =up(xz) in €Q,

where 0 < a, f < 1. Here 0fu(t) denotes the Caputo fractional derivative defined by

O u(t) = /0 Fi_a(t — s)U'(s)ds, ka(t) ==tV /T(a), v/ (s) = dyu(s),

where I'(2) = [Ce “w*™" dw, Re(z) > 0 and A = -3¢ % with given source
function f(t) = f(z,t) and the initial data wuy.
91
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The present study is motivated by the interesting works of Lubich et al. [41], McLean
et al. [47], McLean and Mustapha [46], and Jin et al. [26]. In [41], the authors have stud-
ied the semidiscrete as well as the fully discrete approximations of an integro-differential
equation with a weakly singular kernel. Using the piecewise linear functions in space and
the BE and SBD schemes in time, the authors have derived optimal order error bounds
for the semidiscrete and fully discrete schemes for both homogeneous and nonhomoge-
neous problems for nonsmooth problem data. McLean et al. [47] have considered and
analyzed both semidiscrete and fully discrete schemes of a PIDE with a convolution type
memory term in a Banach space setting. By using the Laplace transform, the authors
have first represented the solution along a suitable contour in the complex plane and
established some stability and regularity results of the solution. They have applied a
quadrature formula for the time discretization and FEM in space variable to obtain fully
discrete method. In [46], the authors have discussed the discontinuous Galerkin method
with respect to time for SE and derived optimal error estimates for both smooth and
nonsmooth initial data cases. The authors of [26] have analyzed the L1 scheme in the
absence of memory term (SE) and derived error estimates of order O(k) for both smooth
and nonsmooth initial data. The same authors have extended the convergence theory
of the SE to space-time fractional diffusion problems. The L1 scheme is the simplest
and widely used numerical method for discretizing the Caputo fractional derivative in
time. For a survey of convergence results with the L1 scheme to discretize the Caputo

fractional derivative in the time-fractional problems, we refer the readers to [66].
Our work differs from the above studies in the simultaneous presence of both frac-

tional derivative and Riemann-Liouville fractional integral in problem (|6.1). The analy-
sis presented demands that the fractional derivative order o and the fractional integral

order 5 should not be arbitrary— their sum (a + () should always be bigger than or

equal to 1 (see Remark [6.2.1)).

The structure of the chapter is as follows. In Section [6.2] we establish the Sobolev
regularity results of the solution. In Section [6.3] we analyze GFEM and derive optimal
order error bounds for both homogeneous and nonhomogeneous problem in both L*((2)
and H'(Q)-norms. Next, the error analysis for the fully discrete L1 scheme is carried out
in Section [6.4] In the last section, we perform numerical tests to validate the theoretical

analysis.

6.2 Regularity Results of the Solution

This section establishes the Sobolev regularity results for the solution of (6.1]) with

respect to both smooth and nonsmooth initial data. For convenience, we recall some

TH-2891 156123015



CHAPTER 6. Weakly singular kernel 93

notations from Chapter [3] We introduce the sector
Sy={2€C:|argz| <9}, 0<9<m,
and for € > 0, the contour

Foy={2€C:|z| =¢|argz| <V}U{z€C:2=re r>¢}
(6.2)
U{z€C:z=re”r>¢}

Further, it is well-known that the resolvent of —A = A satisfies the following estimate:
For 4 € (0,7/2),

(6.3) |(zI +A)7H| < Clz|™!, 2z € Sqs.

Now, the Laplace transform to (6.1)) produces

[ 1 s _ a—1 iy
<z I+(1+ Z—B)A)u(z) = 2% uy + f(2),
where u(z) = L{u(t)} and f(z) = L{f(t)} denote the Laplace transforms of u(¢) and
f(t), respectively. Therefore,

() = @)+ A7 (g + B ),

where

( . ) (Z) = Zﬁ—_H-

Hence, by inverting (z), the contour integral representation of the solution is

(6.5) u(t) = —— /F e (U(2)] + A)~! (@uo v li—?ﬂz)) dz,

2w

€,9

where 7/2 < |0] < U = i With (a+ ) > 1. Clearly, ¥ € (7/2,7] and hence the
sector 3 contains the right half-plane along with to some extent of the left half-plane

of the complex plane.

Remark 6.2.1. Note that we cannot choose the numbers o and (8 arbitrarily in the
analysis but with the restriction (a+ ) > 1. For example, if « = 1/2, then § € [1/2,1).
If (a+ B) < 1, we cannot apply the resolvent estimate (see below) as in this case
[(2) will not be an element of the sector Sy_y, ¥ € (0,7/2).
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In order to proceed further to this work, it is important to obtain a bound of the
function [. In the following lemma, we establish a bound of I(z). The proof goes

analogous to Lemma [3.3.1| of Chapter (3| and hence the details are thus omitted.

Lemma 6.2.1. Let the function | be as in , and let z € Sy with 0 = (a_iﬁ) with
(a+ ) > 1. Thenl(z) € Sy. Moreover,

1(2)| < Cmin{|z|*, |2|**F}, for all z € S;.
Now, Lemma and the resolvent estimate (6.3)) yield
(6.6) I +A) < Cliz)] ™, 2 €85

Below, we first establish a stability estimate of the solution (|6.5).

Theorem 6.2.1. For the solution u(t) of (6.5), we have

lu@Il < C(lluoll +2°~* [ fllp,, ), ¢>0.

Proof. Let € = % In view of 1} the resolvent estimate , and Lemma we
find that

[1(2)]

s 7611 ) 1

e < [ e+ A (5 ul +
€,

9 00
C(/ ecosw dw —|—t/ ertcosﬂ d’f’) HUOH
0 :

9 o
+C</ taflecosw d¢+tal ertcosﬁdr> Hf Py < C(HUOH +ta—1 Hf”l"mg)v
t

IN

—9
and this completes the proof. O]

We now establish a more conventional stability estimate for solution (6.5). By the

convolution rule, we can write the solution u(t) as

(6.7) u(t) = H(t)ug + /0 F(t—s)f(s)ds,
where the operators H(t) and F'(t) are defined by
H(t) = 2imfp I A)—l@ iz,
(62) 1 6’ t ~11(2)
F(t) = 5 /F U+ A d
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Following the proof of Theorem [6.2.1], we can arrive at
(6.9) IH®)| < C and [|F(t)| < Ot

which together with (6.7]) give a familiar stability estimate

futo)l < ¢ (lll + [ =5 17 d5)

Below, we now present smoothness properties of solution (6.5]) of nonhomogeneous prob-
lem 1) Let u(™(t) := 6;5—12?) be the m-th order partial derivative of u(t) with respect

to time.

Theorem 6.2.2. Let j € {0,1}, m € N, and ug € L*(Q2). Then, for the solution u(t)
of , the following a priori estimates hold:

610) AU < O ] 4G Pl Y s 0.
Moreover, for uy € H*(Q), we have

~

611) AR < C(ETHI fuglly + ¢ HO=U-De f

Qﬂvt>0

Remark 6.2.2. (i) When o« — 1=, Theorem and Theorem respectively,
produce similar stability estimates as in Theorem 2.1 and Theorem 2.2 of [{7].

(17) Such smoothing properties were discussed in C’hapter@ for smooth kernel but with a
more general second-order partial differential operator under the integral sign. We wish
to emphasize the fact that similar to the standard PIDE, the smoothing properties with
respect to the spatial variable is limited to only one application of A.

(1i1) For the solution of the homogeneous problem, we have the following stability esti-

mates by the interpolation of and : Fort>0
m _(map=D
[u"™ @), < = Jluoll,, 0 <pog <2

Now, we present the proof of Theorem [6.2.2]

Proof of Theorem For both estimates 1) and lD we choose € = % We

first prove the estimate (6.10]). From (6.5) it is easy to see that

(6.12) Alu™ (1) = L/ 2"t AT (1(2) T + A)l(l(%)uo + li—z)]?(z)) dz.

o
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We first establish the estimate for 7 = 0 and m € N. By virtue of the resolvent estimate
(6.6) we obtain

o< [ e o+ a7 (FE

¥ o0
<Clull ([ memeaps [Tomreresar)

1
t

[1(2)]

ks

ol + L 7 ) e

oo

)
-+ C HfHFe,ﬂ (/ﬂt(erl)Jraecosw dw _|_/ ,rmfaertcosﬁ d?”)

1
Fe,'ﬂ )

Now, to prove for j = 1 and m € N, we use the identity A(I(2)I+A)™' = (I—1(2)(I(2)I+

1) and to have

C (7™ ||uol| + ¢~ ™D

lAQU)I +A)7H| < C.

Application of this bound and Lemma with |I(z)] < C|z|* to (6.12) lead to

) < [ faprerer (K2 juol + LR 1A ) o

19 (o]
< C”UOH (/ t—(m—i-a)ecosw dl/)—i-/ rm—i—a—lertcosﬁ d?”)
—v

1
t

19 o0
+ C Hf”Fe,ﬂ (/ﬂt—(m—i—l)ecosw d@b +/ rm—f—l—lertcosﬁ d?“)

1

< C(t= ) Jugll + ¢~V | . ),
which completes the proof for (6.10). Next, we turn our attention to prove assertion

(6.11)). We observe from (6.12)) that, for j = 1 and m € N, the estimate is similar to the
estimate (6.10) with j = 0 where vy is replaced by Aug, hence we obtain

JAut™ (1)) < O (¢

Ff,ﬁ)7 t>0.

Now, we prove the estimate for j = 0 and m € N. Using the identity

AU + A~ = %(A1 — (1) +A)7)
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and (6.12]), we write

1 l
u™(t) = —/ et ATHI(2)T + A) (2) Aug dz
Fe,ﬁ

211 z

1 . L U(2) »
— me(1(2) ] + A) T =2 d
tom e AT
1 1
=5 - 2 Vetyg dz — 50 /1“6,19 2Dt (1(2)] + A) 7Y Aug dz
1 t _1l(2)
+— 2" (l(z) ] + A —=f(2)dz
2mi Jr_, P
1
= —-—— 2 Vet (1(2)] + A)~L Aug dz
211 Cey
1 y L U(2) »
— me*(I(z) + A)~ d
#om AT AT -
o [1 +127

where we have used the fact that 5= [, . e#tz(m=Y q> = 0 for m € N. The bound for
the term I, is same as before and thus it suffices to bound I;. By and from the
definition of I(2) as in (6.4) we get

(A +12%)

I(i(=)I + AT < C/liz)| < C P

< O([zl 8 #1217
With an aid of the above bound, we proceed as previous calculations to conclude

1l < C/ ||V eRB (27O - [2]72) | Auol| |dz| < C+7™ || Auo .
9

€,

Now combine the estimates of I; and I, to arrive at
[u™ O < NLJ+ 1Bl < O™ || Augll + ¢ D% |l ), >0,

and this completes the proof. U

6.3 Error Analysis for the Semidiscrete GFEM

In this section, we consider the spatial semidiscrete GFEM for problem and
derive optimal order error bounds for both homogeneous and nonhomogeneous problems.
Let {7} o<n<1 be a family of quasi-uniform triangulations of the domain €, where h is
the largest diameter among all finite elements. On 7Tj, construct the finite element

function space S;, = S,(Q) C H(Q) of continuous, piecewise linear functions:

Sn={x € Hy(2): x|, is a linear polynomial over 7 € T,}.
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We now state the semidiscrete Galerkin finite element approximation to (|6.1)) as follows:
Find up(t) € Sy such that for 0 <t < T,

(00 + A0+ [ Rt = ) (Awun(s),) ds = (70 1) € S
(6.13) 0

uh(O) = ugp, € Sy,.

Here ugy, is an approximation of ug in Sj, and the operator Ay, : S;, — Sj, is the discrete

version of the operator A defined by

(AM%X) = (Vw>VX) for all %X € Sh'

With f;, = By, f, the L*-projection of f on S, we can rewrite semidiscrete scheme (6.13)

as

O up(t) + Apup(t) + /t ket — s)Apun(s) ds = fn(t) Vx € Sp,
(6.14) 0

uh(()) = Ugy € Sh.

Analogous to the continuous case, the discrete solution wuy(t) is given by

I(z)

z

(6.15) up(t) L/F e (1(2)I + Ap)™? (@%h +

7)) d

= o

where 7/2 < |9] < 9. On Sy, we now introduce the following discrete norm
N
1y = SR04, x € Sh, p R

Jj=1

where {\"}7 are the eigenvalues with the corresponding eigenfunctions {¢/} ., of the
discrete operator A; on 2. With respect to this discrete norm, it is easy to establish
similar a priori estimates for semidiscrete solution (6.15]) as in Theorem [6.2.2] Thus, the

details are omitted.
In the error analysis, we take ug, = Pyug, where Py, : L?*(2) — S}, is the standard

L?-projection defined by
(Ppv,x) = (v,x) for all x € Sp.
We also use the Ritz projection Ry : Hg(2) — S;, defined by

(6.16) (VRuv,Vx) = (Vu,Vx) Vx € Sh,
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with the following approximation properties [68]:

(6.17) |Rwv — o] + 1 |[V(Ryw — 0)|| < CRP|lo],, v € HP(Q), p=1,2.

Now we are ready to state optimal error bounds for semidiscrete scheme (6.14) for
both homogeneous and nonhomogeneous problems. The first theorem is about the
homogeneous problem covering both smooth and nonsmooth initial data cases while the

second one related to the nonhomogeneous problem with zero initial data.

Theorem 6.3.1. Let u be the solution of continuous problem with f = 0, and
let uy, be its finite element approzimation given by . Then, for ug € L*(Q2) and
upn, = Prug, we have

(6.18) [u(t) = un(®)]| + h |V (u(t) = un(t)]] < CR* [, ¢ > 0.

Moreover, if ug € H2(Q) and wy, = Rpug, then

(6.19) lut) — un(@®)l + R IV (u(t) — un(@)I] < Ch? [luoll,, > 0.

Proof. The proofs of the above assertions are similar to Theorems |3.3.1 of Chapter
and hence we refrain from giving the details. O

We now state the semidiscrete error estimate of the nonhomogeneous problem with

zero initial data.

Theorem 6.3.2. Let u be the solution of continuous problem satisfying the zero

initial condition, and let uy be its finite element approximation. Then, fort > 0,

lu(t) — un(®)]| + B[V (u(t) = un®)] < CHE | flIr,

where the number ||f||r19 is given by (3.64]).

Proof. The proof of the theorem is analogous to Theorem of Chapter [3| with the
choice |I(z)] < Cz]* in Lemma[6.2.1] O

Remark 6.3.1. By linearity, Theorems|6.5.1 and|6.5.2 establish the semidiscrete error

estimate for .

Next, for the purpose of the fully discrete analysis, we set vy, (t) = up(t) — ugn. Then

vp(0) = 0. Further, v, satisfies the following identity

(6.20)

t t
O o (t) + Apon(t) + / ka(t — ) Apvn(s) ds = —Apuon — / kgt — ) Apuon ds + fr(t),
0 0
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where fp,(t) = Pof(t). Now, the Laplace transform to (6.20) yields

5o ~
ZBZ_|_ ful2) = —%Ahuozz + li_Z)fh(Z)-

«

. 1
(1) + Ap)on(2) = _;AhUOh +

By inverting v (2), we obtain the following contour integral representation for vy, (t):

621)  op(t) = — /F U+ A7 (- %Ahu()h + li—i)ﬁ(z)) dz.

o

6.4 Error Analysis for the L1 Scheme

This section considers the fully discrete L1 scheme for problem and derives the
related error estimates. Consider a uniform partition of the interval [0,7] with grid
points {t,}_,, where t, = nk, n=0,...,N and k = T//N, the time step size. The L1
approximation at t,, of the Caputo fractional derivative 0fu(t) is given by (cf. [37, 67])

n—1 ts
1 g+t _,ou(s)
fu(t,) = =——— t, —s) “ d
o) = pry 2 | (ta=9) " ds
J=0 "%
n—1 .
1 u(tj+1) — ult)) /t]+1 g
~ tn 2 “d
I['l—a) Jz:; k t ( 5) " ds
n—1
| d.“(tn—J) — utn—j—1)
i ke
7=0
n—1
(6.22) = (dou(tn) = duyult) + (d; — dj1)ultn;)) =5 Qulu),
i=1
where the weights d; are given by
1 l-aa _ ;1—«
dj:(3+) It o N1

['2-a)

For the integral term in (6.1]), we apply a quadrature formula of the form

n tn
(6:25) ) = Y Rt = [ ralt = s)ols) ds,

=0 0
where ¢/ = ¢(t;). In our case, rg(t) = % and the quadrature weights kg ; are

determined by the following generating function

> rss€! = K(O(©)/k),
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where K'(z) = L{rs(t)} = 5 and 6 is the quotient of the generating polynomials of a
stable and consistent linear multistep method. Here, we consider the BE method and
hence §(£) = (1 — &). Therefore, we get

g = () =#5 5y= (19 () torat

Following [41], we omit the term for j = 0, i.e., ¥° in (6.23) and rewrite it as ¢, (¢)) =
> i1 k¥, Let Up be the fully discrete approximation of u(t,). The fully discrete
L1 scheme thus reads: Seek Uy’ € Sy, for n =1,2,..., N such that

Qu(Un) + AUy + aa(ApUn) = fil,  with Uy = uon, fi = Puf(tn)-
Expanding this we get
(6.24)

n—1
[dol + (kP Bo + 1) AUR = dnaUg + Y [(dnj1 = dny) — k7B, ; AU} + K f,
=1

with U? = ugy, and f7' = P, f(¢,). We first decompose the error u(t,) — U as follows

u(ty) — Uy = (u(tn) — un(tn)) + (un(tn,) — Up).

For both homogeneous and nonhomogeneous problems, error bounds for the term w(t,)—
up(t,) are contained in Theorems |6.3.1] and [6.3.2l So, our next task is to bound the
term up(t,) — Up.

To analyze the fully discrete scheme ([6.24]), we first derive a discrete version of the
solution (6.21). Like before, in this case we set Wj* = Uy — UP, so that W = 0. Then

the fully discrete approximation W' satisfies for n =1,2,..., N,

(625) Qn(Wh) + Ath =+ Qn(AhWh) = _Ahuoh % qn(l)AhUOh + f;:, Wlth W}? =0.

Now, for a sequence (w;)32, define w(§) := Z;io w;&7 to represent a generating function
or a discrete Laplace transform. Multiply both sides of (6.25)) by {" and sum from 1 to

00 to obtain

(6.26)
Z Qn(Wi)E™ + AW (€) + Z Qn(AWR)E" = — 1 f éAhuOh - Z ¢ (1)€" Apuon
n=1 n=1 n=1
0+ Gae),
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where G, (t) = fn(t) — fr(0). Following [26], we have

S w_ KL= Lia (6 5
;@Awh)é = @G e )

where Li,_; denotes the polylogarithm function (cf. [14] 35]) defined by

o .
: 27
Lla_l(Z) :ZF, ‘Z| < 1.
j=1
Further, using W = 0 and the convolution property of the discrete Laplace transforms,

we obtain

kB

a=gp i)

an (AW)e" =37 (D kAW )€ = R(E)AWA(E) =

n=0 j=0

. o ; s - . o
Where R(E) = X ki€ = (12)5. Similarly, with 1, = (0,1,1,...), for which 1(§) =

T 5, it follows that

KPe
=0

Apuop.

> an(1)E" Apuon =
n=1

Inserting all these in (6.26)) and simplifying the resulting expression we arrive at
; 1-¢* (1-¢°
W =
n(8) <§ka1“(2 =8P 1P

¢ e (-gr (1-¢p
(- a —f)AhUOh+ -9 —§)5+kﬁfh(0) + mGh(§)>

|
Lin_1(E)] + Ah>

It is easy to see that Wh(f) is analytic at £ = 0 and hence the generating function
Wi(€) = Yo o WiE™ has a positive radius of convergence. Using Cauchy’s integral

formula, for small p we obtain

wn— b 1 ( (1-¢)? (1-¢)°
Pomi Jige, ENERT(2 — o) (1 — €8 + kP

-1
Lin_1(6)] + Ah>

-9 -

§ (1-¢)"
(1= A -8~ +k°

——Apuon, + fn(0) +

< §
1-¢)
A simple change of variable ¢ to z by the transformation £ = e~** leads to

wy :i/F ke*n (M(2)1 + Ap)

—1
211
—zk —zk

(= ey + (e RO+
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where 7(2) = a(2)/(1 + u(2)) with p(2) = (1 — e=)? /k?,
(1 o e—zk)2
e~ #kel(2 — )

M(z) = 7(#)Lia-1(e™*),

and Ty is the contour {z = —k~*In p+iy : |y| < m/k} oriented counterclockwise. Finally,
deform the contour I'y to the contour I'y = {z € I'cy : |Im(z)| < 7/k} and apply the
Cauchy theorem (see Fig. to reach

1 _

Wi =— [ ke (M(2)[ + Ay) 7"
2mi Jp,

(6.27) N, -

< M mAhUOh .a va(z)fh(O) + V(Z)éh(e_ZkD de

(1-

s
J

Figure 6.1: The integration contour

6.4.1 Auxiliary Results
In this section we shall derive fully discrete error estimates for the scheme (6.27). In

view of (6.21]) and (6.27)) we get

(6.28)
1 1
tn —Wnr = — ztnK d - ztn K . —szf d
Un(tn) hT 5 Fe,ﬁ\er 1(2)uon Z+2m’ er (Ki(2) —e 3(2))uon dz
1 t .
- 0y’ ¢ d
tos o 2(2) fu(2) dz
1 -~ -
b [ R URERG) — Ki)Ge™) - K(2)(0)) dz
I
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Here the kernels K;, 7 =1,...,5 are given by

Ki(2) = —%(l(z)] F A A, = %Ml(z),
Ky(z) = li—i)(l(z)l + Ap) 7t = li—i)Mg(z),
— e %k -1
(029) Kale) = ~ ey (U2 eleR  A) A= e M),
(1— b -1
Ka(2) = kv(2) (k—agp(zk)f v Ah) = ky(2) M (2),
Kal2) = et (U el o ) = (M),

where the function ¢ is defined by

(1)

mV(Z>Lia—1(€_Zk)-

p(2k) =

We first discuss the error analysis for the homogeneous problem and then treat the
nonhomogeneous problem separately. To compute the error vy (t,) — W} in (6.28)), we
now proceed to bound the functions K (z) and (K;(2) — e **K3(2)). Using the identity
(I(z)I + Ap) tA, =T —1(2)(I(2)] + A,)~! and the resolvent estimate (6.6) we obtain

(6:30) (=) = -5 (T + A~ Al = =5 (1 = 1A + A ] < Ol

It now remains to estimate ||(K;(z) — e **K3(2))||. For this purpose, we shall prove
below a series of lemmas. Let us recall the following estimates from [20, Lemma 3.1] of
the function g(z) := (1 — e **)/k on the contour I'y; there exist two positive constants
C; and C5 such that

(6.31) Cilz] < |g(2)| < Colz| and |g(2) — 2| < Okl

where C; = min{(e=“*? —1),3 — e}, ¥ € (7/2, 7).

Lemma 6.4.1. For u(z) = g(2)? = (1 — e )P JkP, there exist two positive constants
Cy and Cy such that

CPlzP < |w(2)| < CEl2° and |u(z) — 2°| < Ck|z|*™®  for all z € Ty,

Proof. We apply the first statement of (6.31]) to obtain the first assertion. Next, following

[28, Lemma 3.2], we can conclude

\u(z) — 2°| < Cklz|*™?  for all z €Ty,
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It is easy to see that the bounds of the function |g(z)| in (6.31) remain true if we
extend the contour I'y, to some extent to right in the complex plane. Precisely, now

onwards we consider for some small positive constant Cjy,
(6.32) |z| > ——=

for which Lemma [6.4.1| also remains valid. This technicality enables us to obtain upper
as well as lower bounds of the function v(z) = u(z)/(1 4+ u(z)), z € Tk in the next

lemma. In the error analysis, the bounds of the function |y(z)| play a crucial role.

Lemma 6.4.2. Let condition be satisfied. Then, for v(z) = p(z)/(1 + p(z)),

there exist two positive constants Cs and Cy such that

Cs < |y(2)| <Cy forall zeTy.

Proof. From Lemma an easy calculation shows

01|Z|ﬂ
>

which combine with (6.32)) completes the lower bound of |y(z)| on I'y. Next, we prove
the upper bound. In view of Lemma and (6.32]), we have for all z € T,

0| 2 G > (14 o = (W) =12 (1+Co)f —1=C
Thus,
(6.33) 114+ w(2)| > ||u(z)] — 1] > C for z € T}

Now apply (6.33) to get

|1 (2)] 1 1
V@)= =1l—- /7=l <1+ 5 <C,
R 5 R 7 e Ly«
which completes the proof of the lemma. n

Remark 6.4.1. From (6.39), it follows that |2 + 1| > ||z°| — 1| > C and hence we get
1/|1+4 2% < C. Further, applying this bound we get |2|°/|1+2°| = |1 -1/(1+2°)| < C.
An alternative way to bound the function |z|?/|1 + 2P| on Ty using Lemma with
1(2)] < C|z|* is

i)
|14 28| |2¢|

<C, forall z€Sj.

Since the contour I'y, lies in the sector Sj, the inequality follows.
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Remark 6.4.2. The restriction requires only to obtain a lower bound for the
function |1 + u(2)| on Ty. If we can find a lower bound of |1 4+ u(z)| on Ty by some

other means with no restriction on |z|, then we take € = 1/t,, in the error estimates (see
Theorem below) as in the case of the subdiffusion problems [20].

Let A(z) = kPe=#F (kP + (1 — e **)%)g(2)1=#). The following bounds are proved to

be convenient in the error analysis.

Lemma 6.4.3. With A(z) as above, we have

IA(2)| < C(k+ 1) and |\(2) — Iz) | < Ck for all z € Ty,
|Z| Zoc—‘rl
Proof. In view of the estimate (6.31]), Lemma[6.4.1] and the bound (6.33) we obtain
AE) =] . P e K
A = L
(kP + (1 —e~=*)P)g(2)1=F (1+u( )g(2)'—°
e~k 1-8|,|8 B
< 11 (I( ) g ) < 61‘ (k‘|21 || 1 G )
l9(2)' PN 1+ p(z)| |1+u I/ 7 PPN 1T+ p(2)] - Culz|? |1+ p(=)]
u(z)] 1 ju(2)l 1 1
Ck < (Ck|1 - + 1—
< (Ot amrae) S O - e aE - )
<Ck+ ——
Cilz|’

which completes the proof of the first assertion. We now proceed to prove the second
estimate. Inviting estimate (6.31), Lemma and Remark we arrive at

I(2) 1 etk 1 (= —1)+1

et TN = Sy T s ) A s P )

s O e R B a )
SO RE) T Pt e P T al))

Chlz| (9(2)'=F = 219)] 4 (o) Pu(z) — 2)]
SO AR T R gl ()]

Ck|z|*=#|z|° Ck|z|?>~? + Ck|z|?

S GOt A T P 2P Al
< Ck+ (Ck S P o i ) <ck
- 11+ 28] 1+ p(2)] 1+ 281+ p(z)|/) — 7

and this completes the rest of the proof. O

For subsequent use in our error analysis, we now calculate the error between the

functions 4= = Lo(zk) and 1(z).
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Lemma 6.4.4. For p(zk) = F(;ij)?(ll)gleii;;;fkﬁ)Ll-a_l(efzk) and 9 € (n)2,57/6), the
following estimate

(1—e2h) 2-a| |2 1+a—8

e w(ek) — 1) < C(R* | + k| 277) forz €Ty

holds.

ezk_ _efzk B . s ezk_ . s
Proof. Observe that ¢(zk) = F(;_a)((ll)fle,zk)ﬁlkﬁ)Lla_l(e M) = (1,(2_5))L1a_1(e v(z2),

where v(2) = pu(2)/1 4+ p(z) with p(z) = (1 — e=**)#/kP. Thus,

Eoe e = 16) (T =g b s(e ) = 7))

Using [26, Lemma 3.5] and Lemma we obtain
|I3] < CE* |z for 2 € T}.

Further,

ey gy Zow(z) 2P 2%(p(z) = 2P
li=2"92) =U2) = 0 5 ~ T8 ~ T p)) (A + )

Applications of Lemma Lemma and Remark yield

o _ B o+5+1 8 B
‘14‘ _ |Z (:u(z) Z )|5 < Ck|2’ > < Ck‘2|1+a_5 ’Z‘ |Z’ -
[(1+p(2)) (1 + 2%)] = [(1 4 p(2))(1 + 27)] [(L+ p(2))] 1 + 27|
< CkyzllJrafﬁ ‘:u(z)| ‘Z|ﬁ < C«k’2|l+a75_
- [(L+ p(2) 11 4 2] —
Combine the bounds of I3 and I, to complete the proof. O

From now onwards we take ¥ € (7/2,7). Now, let x(z) = (1—5_;2’“)90(2]{) Then, it

has the following sector-preserving property: For some ¥y € (7/2,7), x(2) € Sy, for all

z € Sy. This property plays a crucial role in the convergence analysis.

_e—zk . ek — —e—7k)B . —z
Lemma 6.4.5. For x(z) = “,C—a)go(zk) with @(zk) = F(Z(_a)((ll)i_zk)ﬁlkﬁ)Lza,l(e ),

there exists Vg € (w/2,7) such that

x(2) € Sy, for all z € Sy with ¥ close to /2.
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Proof. To prove the assertion, we rewrite the function x(z) as

ey !
X(Z) - (1 _ efzk),b’ + kﬁxl(z) - ’V(Z)XI(Z% where
A= et -y
x1(2) = T2 — o) Lig_1(e7%).

Now, when 9 is close to 7/2, by the virtue of [26], Remark 3.8] we get x1(z) € Sy,,
where the sector Sy, is contained in the sector Ss,/4_s for any positive 6. We choose
d = m/4 — 6; for some small positive d; so that xi(z) lies in the sector Sy o45,. Thus,
we write x1(z) = Rie?" with 9, € (7/2,7/2+ ;). Next, we find the representation for
the function y(z). When 9 is close to 7/2, by [I8, Lemma 3.4, Eqs (3.13)-(3.14)] we can
write

(1_]:# € Spg, with B < 7/2 — 6.

Using this fact we obtain

( ) Rgei&b Rgei&b(l = R26—i,3192)
Z) = - =
T = T Ryeido R;

With the help of the functions v(z) and x;(z) we arrive at

R 8192 1 —i892
x(z) = =2 ( ;Rﬁ )
2

where R3 = (R1Ry)/Rj and Ry = (R R5)/Rj5. Since (8Y2+91) < (7/2—61)+(7/2+6;) =
7, we conclude by the parallelogram law x(z) € Sy,, for some ¥y € (7/2, 7).

, where R = |(1 + Ry

Rle’iﬂl _ Rgei(ﬁﬁz-‘rﬁl) + R4€’i191’

]

Now, we are ready to calculate the error for the time discretization. For the homo-
geneous problem, in order to derive error bounds for both smooth and nonsmooth data
we need to bound the term ||/(z) — e **K3(z)| as in (6.28). In view of Lemmal6.4.1]
the boundedness of K; in (6.30), and the uniform boundedness of the function |e=**| on
I';, we obtain

1K1(2) — e K3(2)]| < C|(1— e ) [ K1 (2)]] + e | Ki(2) — Ks(2)|
(6.34)
< Ck+C||Ki(2) — K3(2)| -
In view of (6.34), it suffices to bound the term ||K;(z) — K3(z)||. By the triangle in-
equality, estimate (/6.31]), and the bound ||M;(z)|| < C' it follows that
1K1 (2) = Ks(2)Il < lg(2)| 7 [ Ma(2) = Ms(2)[| + 27" = g(2) 7' [ M ()]

(6.35)
< Cle|TH[Mi(2) = My(2)|| + Chk.
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Thus, we are left with finding a bound for ||M;(z) — M3(2)||. The following lemma
provides a bound for ||M;(z) — M3(z)]].

Lemma 6.4.6. Let the functions My(z) and M;(z) be defined as in (6.29). Then for
e <m/2k and 9 close to /2, we have

M (2) — Ms(2)|| < C(K**|2)>* + k[z|'?)  for all z € Ty,

Proof. With x(z) = (1—;:_;2’“)(’0(2]{)’ we can write from (|6.29

M(2) = =1 +1(2)1(2)I + Ap)™" and Ms(z) = —1 + x(2)(x(2)I + Ap) ™t

Now, utilizing [72, Lemma 2.6 (Eq. 24)] and Lemma |6.4.2, we obtain
(1 i e—zk) (ezk _ 1)

ke T(2-a)
Applications of Lemma and the above inequality yield

(6.36) Ix(2)] = | Lia-1(e™*)[lv(2)| = Cl2|*.

1 (2) — Ms(2)]|

= (1) (U + An) ™" = (X() + An) ) + (U=2) = x(2) (X ()] + Ap) 7|
< U+ AR) ™ = (& + An) 7+ [1(z) — X))+ An) 7l
< Cli(z) = x| (x()T + A) 7l + 11(2) = x(2) 1 (x(2)] + An) |

< Cli(2) — x(Ix ()7 < C(E* [ + k2 '7F),

which completes the proof of the assertion. n

Applying Lemma |6.4.6| and (6.35]) in (6.34)), we can obtain for z € T,

(637)  [|Ky(2) — e * K3(2)|| < Cla| ™ | My(2) — Ms(2)|| + Ck < C (k + k|2| ).

6.4.2 Error Estimates for the Homogeneous Problem

In this part we calculate the error for the homogeneous problem, ie., f = 0 in (6.1)).
The following theorem states the error estimates for the homogeneous problem for both

smooth and nonsmooth initial data.

Theorem 6.4.1. Assume that f = 0. Let u, be the solution represented by ,
and let U]’ be the solution of fully discrete problem . Then, for ug € L*(Q) and

uon, = Pruo,

(6.38) un(t,) — UP|| < Ckt; ugl|, n>1.
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Furthermore, for ug € HZ(Q) and ugp, = Ryug, we obtain
(6.39) [un(tn) = Upll < Ckty ™ luglly, n>1.

Proof. To prove (6.38) and (6.39)), we choose ¢ = (1 4+ Cp)/C; > 1 as in (6.32). We
first prove the nonsmooth data estimate (6.38). From (6.28), we have the following

representation of the error vy(t,) — W},

1 1
tn W= ztnK d | 175 K . 7sz d
n(tn) e e*" K1(2)uon dz + omi Jr, e (Ki(z) —e 3(2))uon dz
= [5 + I6-

Using the fact ||K;(2)]] < C|z|7! (see (6.30)) and the L*-stability of P, we obtain
e

rtncos?y. =1 g < Ot~ |lug|| .

15511 2 € lun]

/ksin
Now, the L2-stability of P, and estimate (6.37) yield
6]l < C luonll A e[| K1(2) — e ** Ky (2)|| |dz|
k

< Cuoll i e (k + Kl2[7) |dz] = [IZg]l + 1 55,
k

where

131 = C ol | ek lde] < ] (|
k

0

7 /k sin ¢
etnecoszp6 dw + / er‘tn cos 6 dT’)
— €

< Ok ||uo|| (eeeT n t;l) < CEt= luo| -
On the other-hand

wmzowmmﬁJMMm%ua
k

0
S CkHUoH (/ E—Betnecosw€d¢+/

[ €
(6.40) :

< Ck ||uy| (/ Elﬁetnecoswgdw_i_/ e T(tnC) ). (1-5)~1 dr)
—0 0

< Ch uo | (T +4571) < Chti™ |luol

w/ksind
ertn cos 07,—6 d?”)

and this implies

126ll < g1l + 161 < Cht fluoll + Chty ™" Juoll < Okt Jluoll
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Since vp(t,) — W' = uy(t,) — U, the proof follows by the triangle inequality and
appealing the bounds of Iy and Is. Next, we turn our attention to smooth data error
estimate 1’ In this case, ug € HQ(Q) and uop, = Rpug. Let

Ki(z2) = —z Y (I() + Ap) ™t =1 27 M (2),

K5(2) =~ (M + A = s M),

Following the proof of Lemma we obtain for all z € T,

(6.41) 1M7 (2) = M3(2)] = [[(U) + A) ™" = (x(2)] + An) 7"l
S C<k27a|z|272a L k,27a|z|2~2a76 + k|z|17a75 + k’z‘17a725)’

where we have used 1/|1(z)] < (1 + |2]%)/[z[**F < (|z|7 + |z|7*7?). Use of estimates
(6.31) and (6.41) leads to
1 (2) — K52 < |7 = g(2) " HIME ()] + lg ()| M7 (2) — M ()]

19() = 21 11 rac 21+ = g ) — g

< C(k|z|™® + k|2|7°7% + k|2|7*%F).
Now from ((6.28)), for the homogeneous problem we write
1

vp(tn) — Wi = i . e*n K3 (2) Apuop dz
€,9 k
1
+— [ e (K(2) — e K3 (2)) Apuon dz =: I + Is.
21 Jp,

Our next task is to bound the kernels K$(z) and (K{(2) — e **K3(2)). An easy cal-
culation shows that [|K;(2)|| < Clz|7/[l(2)] < C(|z|~0F®) + |2|~0FeF). Using this

bound, (6.31]), and (6.42]) we obtain

1K (2) — e K5 ()| < 11— e M) KT ()] + e | K5 (2) — K5(2)|
(6.43)
< C(klz| + k2|77 + k*|z|~*7%F).

Utilizing the bound of K?(z), AR, = P, A, and the L2-stability of P, we get

o0 o0

ertncosﬁ,r,—(l—i-a) d?"+/

ertn cos 19T—(1+oc+ﬁ) dT)
w/ksin

520 < € wa [

w/ksin

S thgil HAthUOH -+ Cklﬁgtgil HAthuoH S thgil HUOHZ
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It follows from ([6.43) and similar calculations as in ((6.40)) that
s < C ||AhUOh||/F e[| K3 (2) — e K5 (2)]| |de]
k
< C[|ApRyuo|| kty ™ < Chty™ luoll, ,

where we have used the relation A,R;, = P, A and the L%-stability of P,. Since vy(t,) —
Wp = uy(t,) — U, the proof of (6.39) follows from the triangle inequality and the
bounds of I; and Ig. O

Remark 6.4.3. Theorem[6.4.1] produces an error estimate of order O(k) for both smooth
and nonsmooth initial data. This is in contrast to the result obtained in [71, Theorem
3.1/, where the author has established a suboptimal error estimate with a general second-
order memory kernel and a particular 5, namely, 5 = 1/2. Moreover, our smooth data
error bound is similar to the result proved in [9, Theorem 3] for the standard
PIDE (v =1).

6.4.3 Error Estimates for the Nonhomogeneous Problem

In this part we calculate the error for the nonhomogeneous problem with zero initial
data, i.e., up = 0 in (6.1)). Recall Eq. (6.28)):

n 1 zZ N
vp(tn) — Wy == - e Ky (2) fu(z) dz

i 3 e (Ks(2) fu(2) — Ka(2)Gn(e™™) = Ks(2) fu(0)) dz,

27 Jr,

(6.44)

where the kernels K5, Ky, and K5(z) are given by (6.29). Since, f,(t) = fr(0)+(1*f/(t)),
we first carry out the error analysis when f,(t) = f,(0), i.e., fu(t) is time-independent
and then fi,(t) = 1% f;(¢). By linearity, these estimates will serve the error etimate for
the nonhomogeneous problem. In the first case, i.e., for f,(t) = fn(0), we obtain the

following error estimate.

Lemma 6.4.7. Let uy, be the solution represented by with ug = 0 and U}’ be the
solution of fully discrete problem with U = 0. With f, = B,f(0), the following
error estimate

lun(ta) = Ul < CRtg= [ FO)]], > 1

holds.
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Proof. For this choice f,(t) = fn(0), the representation of vy(t,) — W in (6.44) takes

n

the form
vp(tn) — Wy = = eZt"M(l(z)] + Ap) " fr(0) dz
h 27TZ Fe,ﬂ\Fk Za+1
+ L et [M(l(z)[ + Ap) 7= A=) (X(2)] + Ap) 7] fr(0) dz
omi Jp. O Lzt h X o LIh
k
=: Iy + Iy,
where \(z) = Ll Thus, it suffices to bound the terms Iy and Ig.

(- (1—e==F)P)g(x) =P
Similar to I5 bound we obtain

1Io]] < Ckty = [ £(0)]]-

To bound I, let n(z) = Zl,g—i)l(l(z)f + Ap) 7t = A2)(x(2) + Ap)7Y, 2 € Ty Our next

aim is to bound 7(z). By the triangle inequality we write
In(2)ll = (2) /2 (U + An) ™" = M) (x(2k)] + An) 7|
(6.45) = [ M2)(Ma(2) — Ma(2)) + (I(2) /27" = M2)) Ma(2)]]
< M) [Ma(2) = Ma(2)l + [1(2) /2 = A=) I M2(2)]]

where the functions My(z) and My(z) are defined in ([6.29). Now, analogous to ((6.41))
we find for z € I';, that

1Ma(2) = Ma(2)|| < C(K* o732 + k272 7207F £ k|2 7077 + k2| 7077).
By the resolvent estimate , we get
ML < O/ < C(12 +[217P), 2 €Ty
Using the above two bounds and Lemma [6.4.3]in ([6.45]) it now leads to
In(2)I] < C(kl2|™ + kl2|777 + k|z[7*727),

where we have used k|z| < 7/sind < C. Utilizing this bound, we proceed as in ((6.40))

to obtain
[ F10ll < C/F e [n()HIfa(O)] dz] < Chtg= [1F(0)]] -
k
Altogether the bounds of Iy and ¢ yield

lun(tn) = Ul < C (Rt LFO)] + B3~ [ FO)) < CReg™ [[F(O)]]-
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The following lemma derives error estimate when the source term f, is of the form

fn = 1% f] with f,(0) = 0.

Lemma 6.4.8. Let uy, be the solution represented by with ug = 0, and let U} be
the solution of fully discrete problem satisfying U = 0. Then, with f, = P,f,
f(0) =0, and ' = %, we have

\WA%%JﬁHSCkAnmrwW”Hf@Wd&

Proof. Since f,(0) = 0, we write f5(t) = fn(0)+ (1% f/(t)) = 1* f; (t). The error analysis
for this situation proceeds as follows. For uy = 0, we have by ((6.7))

(6.46)  un(tn) = /0 F(ta — ) fuls) ds = (F x (1% £1))(t2) = ((F % 1) * f3) (),

where the operator F(t) is given by

Flt) = —— /F Ky dz = —— [ a1+ 4 dz

= . . o
2mi 2mi Jr_, z

Now, using the generating function f, (&) = > o1 fult;)€ and Un() := F(x(€))fn(€) =

(l(jé_)—g)fkﬁ(x(f)l + Ap) " fu(€), we write the fully discrete solution U as

Up = E;Fs‘jfh@j) with F(x(€)) = 2% B

An easy calculation to the above yields

k (1 — e~2%)B
Fn = — ztn [ A _q ‘
b 27 Jp, pF (1 — k)8 + kB (x(2)I + Ap) " dz

In addition to the above, using the facts [(1—e=*¥)?/((1—e **)% +k#)| < C and Lemma

[6.4.9) we get
(6.47) |E2| < Okt

Let o be a number in (0, k). Also, let d;, _, be the Dirac delta function at ¢, ,. With
the function Fy () = >~ F{dt,—o(t), we rewrite the fully discrete solution U; as

(648) Uy = (e * fu)(tn) = i (Fig (15 f1))(t) = (1 (Fio % 1) % i ) (0)
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By the discrete Laplace transform, the discrete convolution rule, and Cauchy’s integral

formula we deduce that

1 ke #k(1 — e=#F)P
lim (F) 1 = — #n I+ A)!
Uli%( ko * )(tn) 270 /I‘k € ((1 _ e,zk)g + k’ﬁ)(l _ 67’2’{) (X(Z) + h) dz
1
=5 . e \(2)(x(2)I + Ap) "' dz.

From this relation and the definition of F'(¢) it follows that

lim ((F — Fyo) *1)(t,) = L/F (¥ — 1)@(1(2)1 + Ap)tdz

o0 o zotl

1

~ gt o CAGG + A e
1 1, L(2) A

— (- v~ (I(N] + A d
(2m' /re,a\rk ‘ za+1( (2)I + Ap) ™" dz
o [ e[ )4 4 - M+ 407 d2)
27”' r, Za+1

1 I(2)

y a+1
21 Jr_, %

=: Iy + Iz,
Following Lemma [6.4.7, we conclude that
11| < Chty ™.

Next, by resolvent estimate and choosing ¢ = 1/ k+ we obtain

Mol < C / 2z
Fe,'ﬁ

() — )
= C(/ R Ny /kﬂ rdr + ke / 03 d¢> < Ck.

T - -9
ko sind ko
Thus,
(6.49) [1im ((F = Fro) * 1) (ta)ll < ]l + 2]l < Okt~

In order to bound the error, we need estimate (6.49) to valid for all ¢ € (0,7"). For this
purpose, we use the Taylor expansion of ((F — Fy,) * 1)(t) at t = ¢, to get

«F_QH*Q@:«F_QH*H@J_ZYF_@HQM&
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Therefore,

tn

(Lm(F — Fip) % 1)(t) = (im(F — Fi,) % 1) (t,) + lim

o—0 o—0

tn
Fio(s)ds — / F(s)ds
t t
=: I13 + T4 + I15.
The term ;3 is bounded by (6.49). Now, using (6.47) we obtain
[l = |1 FZ |l < Chtg ™
Finally, by
tn e
s g/ IF(s)]| ds < 0/ 01 ds < Chto1.
t t

Altogether the bounds of I3, I14, and I;5 lead to

(6.50) [(Um(F — Fip) + 1) ()] < Chto 1.

o—0

With the above preparation, we now proceed to derive the error bound. In view of the

representations (6.46) and (6.48)), we write

un(tn) — Ul = (lim ((F = Fip) % 1) * f,;) (t).

o—0

Application of (6.50)) and the L?-stability of P, lead to

Hm@%ﬂﬂﬁéﬂmuw—manwwwWW@wm

o—0
tn
SC@/(%—$WWW@Wd&
0

which completes the proof of the assertion. O

Now, Lemmas|6.4.7]and [6.4.8| constitute the error estimate for the time discretization

for the nonhomogeneous problem with zero initial data.

Theorem 6.4.2. Let uy, be the solution represented by with up = 0, and let Uy
be the solution of fully discrete problem satisfying U = 0. With f, = P,f and

f = %, the following error estimate

un(t,) — Upll < CE(t2 || £(0)]| + /0 (= 9" ()] ds)

holds.
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We are now ready to state the fully discrete error estimates for scheme ((6.24)) for

both homogeneous and nonhomogeneous problems.

Theorem 6.4.3. Assume that f = 0 in and let u be the corresponding solution

given by . Further, let UJ} be the fully discrete solution given by with fr, = 0.
Then, for ug € L*(2) with ug, = Pyug, we have

(6.51) lu(t,) — U < C(th;a + kt;l) |lwoll, n>1.
Moreover, if we choose uy € H2(Q) with ugn, = Rpug, then
(6.52) |lu(tn) — U] < C(h2 + ktiil) lluoll,, m > 1.
Proof. We split the error u(t,) — U}’ in a canonical way as follows
u(tn) = Uy = (u(tn) — un(tn)) — (Uy — un(tn)).
Now, estimate follows from the triangle inequality, , and . The second

assertion (6.52)) is obtained by using the triangle inequality, estimates (6.19)) and (6.39)).
]

Theorem 6.4.4. Assume that ug = 0 in and let u be the corresponding solution
given by . Further, let U} be the fully discrete solution given by with Uy = 0
and fr = P,f. Then, with f' = 2L we have for n > 1,

= 517

Juta) = U2 < € (265 Wl + K 15O + [ (6= 5 1£5)] )

where the number HJ?Hrﬁ is given by (3.64).

Proof. Since u(t,) — U’ = (u(t,) — un(t,)) — (U — un(t,)), the desired result follows
from the triangle inequality and Theorems [6.3.2| and |6.4.2] O

6.5 Numerical Illustrations

In this section, we perform numerical experiments to validate the convergence results
established in Sections 3 and 4. For numerical simulation, we consider = (0,1)? and
triangulate it first by dividing it into small equal squares and then connecting the
diagonal of each square. Next, in the temporal direction, let ¢; = jk, j = 0,1,..., N
be a uniform partition of the time interval [0, 7] with time step size k = T'/N, where T

is the time of interest. We take the time step size k (or the mesh size h, respectively)
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small during the spatial discretization (or the temporal discretization) to negligible the
temporal discretization (or the spatial discretization) error. To compute the convergence
rates (CRs) of the discrete solution, we employ the L1 scheme to discretize the fractional
derivative and the BE convolution quadrature scheme for the Volterra integral term.

Below, we carry out the numerical tests on the following three set of data:

(a) Smooth initial data: ug(z,y) = sin(27x) sin(27y) and the source function f(x,y,t) =
0.

(b) Nonsmooth initial data: ug(x,y) = xa/2,1)x0,1) and f(z,y,t) = 0, where yg de-

notes the characteristic function on the set S.

(¢c) Zero initial data: ug(z,y) =0 and f(z,y,t) = 1.

We first report CRs for the spatial discretization and then the same for the temporal

discretization for the cases (a), (b), and (c).

For the semidiscrete scheme with the case (a), we take the mesh size h € {55, 55, 15+ &

407 807
ﬁ} with a fixed time step size k = 10~* and the time of interest 7" = 0.1. The computed
errors and related CRs are listed in Table[6.1] From Table , we see that the empirical
CRs are consistent with the theoretical CRs of the estimate of Theorem m
For the case (b), we perform the numerical tests for h € {2—0, ioRRaE ﬁ, 320} with a fixed
time step size k = 1075. Since the nonsmooth initial data error estimate reflects the
singularity at ¢ = 0 (see the estimate ), we particularly interested in the numerical
experiments while 7" is near zero. Thus, with 7" = 0.001, numerical results listed in
Table [6.2] show an O(h?) CR for the L?(Q2)-norm and an O(h) CR for the H'(Q)-norm,
which are consistent with the theoretical CRs of the estimate . For the case (c),
we fix k = 107° and h € {1—0, 207 4—0, %, 160} The empirical CRS are hsted in Table
which are compatible with the theoretical results of Theorem [6.3.2]

Next, we now report the CRs of the discrete solutions for the time discretization.

We compute the errors and the related CRs with a fixed mesh size h = 1072 at T' = 0.1
with different values of «, 3, and the time step size k = {1/10,1/20,1/40,1/80,1/160}
for the cases (a), (b), and (c). Table [6.4] shows the convergence results for the case (a)
for various values of a and [ which are consistent with the theoretical CR of Theorem
6.4.1| (see (6.39))). The empirical CRs for the cases (b) and (c), respectively, are provided
in Tables 6.5 and [6.6| which agree with the theoretical CRs of Theorem [6.4.1] (see (6.38)))
and Theorem [6.4.2]
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Table 6.1: The L*(Q)- and H'()-errors and CRs for the case (a) at T = 0.1 with

a = 0.55,0.7,0.85, 3= 0.5 and k = 10~*

Na =0.55 L*(Q)norm H'(Q)-mnorm L*Q)-CR HY(Q)-CR
1/10 1.91298e-03  3.25344e-02 — —
1/20 5.13069¢-04  1.73565e-02  1.89860 0.90649
1/40 1.24948e-04  7.83976e-03 2.03782 1.14659
1/80 2.58016e-05 4.00651e-03 2.27580 0.96846

1.91478e-03  3.16654e-02 — —
5.15012e-04  1.68597e-02  1.89450 0.90932
¥ 2 1.25501e-04 7.61218e-03 2.03691 1.14720
2.58853e-05  3.88944e-03 2.27749 0.96874
1.58259e-03  2.38837e-02 — —
4.29018e-04 1.26321e-02 1.88318 0.91892
=02 1.04728e-04  5.69472e-03 2.03438 1.14940
2.15234e-05  2.90775e-03 2.28267 0.96972

6.6 Concluding Remarks

In this chapter, we have studied systematically the SEM problem with a weakly
singular kernel in a bounded convex polygonal domain. The Sobolev regularity results
for the solution to the nonhomogeneous problem are established. The semidiscrete
GFEM is developed by using piecewise linear functions, and optimal order error bounds
In addition, the L1

scheme for the temporal discretization is analyzed, and error estimates are demonstrated

are derived for both smooth and nonsmooth initial data cases.

for both homogeneous and nonhomogeneous problems. In the end, we have shown some
numerical examples to support our theoretical convergence rates of the approximate

solutions.
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Table 6.2: The L*(Q)- and H'(Q)-errors and CRs for the case (b) at 7' = 0.001 with

B =04, a=0.650.750.85and 3= 0.8, a =0.250.45 and k = 107°

N (o, B) = (0.65,0.4) L*Q)-norm HY(Q)-norm L?(Q)-CR H'(Q)-CR
1/20 5.03082e-03  1.67357e-01 — —
1/40 1.34471e-03  8.48954¢-02 1.90350 0.97917
1/80 3.30587e-04  3.97480e-02 2.02419 1.09481
1/160 6.83889¢-05 1.88514e-02 2.27320 1.07621
7.56082e-03  2.54268e-01 — —
2.04288e-03  1.28264e-01 1.88794 0.98723
(o, B) = (0.75,0.4)
5.02653e-04  5.99218e-02 2.02297 1.09796
1.03892¢-04 2.83494¢-02 2.27448 1.07977
1.14046¢-02  3.90995e-01 — =
3.12474e-03  1.95023e-01 1.86781 1.00350
(e, B) = (0.85,0.4)
7.69996e-04  9.07585e-02 2.02081 1.10354
1.58860e-04  4.28499¢-02 2.27709 1.08274
1.04293e-03  3.19134e-02 — —
2.68402e-04 1.63742¢-02 1.95818 0.96273
(e, B) = (0.25,0.8)
6.48996e-05  7.71133e-03 2.04812 1.08637
1.33296e-05  3.71386e-03 2.28357 1.05406
2.29698e-03  7.55259¢-02 — —
6.01139e-04  3.85926¢-02 1.93397 0.96864
(e, B) = (0.45,0.8)
1.46876¢e-04 1.81341e-02 2.03309 1.08962
3.03333e-05 8.67674e-03 2.27563 1.06348
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Table 6.3: The L*(Q)- and H'(Q2)-errors and CRs for the case (c) at T = 0.001 with
a=04,06,08 f=07and k=10

INa=04 L?(Q)-norm H'(Q)norm L*Q)-CR H'(Q)-CR

1/10 6.87249e-04  2.45035e-02 — —
1/20 1.73573e-04  1.31078e-02 1.98529 0.90255
1/40 4.21269e-05  5.95246e-03  2.04273 1.13887
1/80 9.25867e-06  2.92131e-03  2.18587 1.02687
4.35642¢-04  1.6812e-02 - —
1.12377e-04  9.07483e-03 1.95480 0.88955
Y A 2.75457e-05  4.15377e-03  2.02845 1.12745
6.13600e-06  1.97698e-03  2.16646 1.07113
2.81522e-04  1.11887e-02 — —
7.61341e-05  6.23212¢-03 1.88663 0.84425
v 1.89479¢-05  2.89203e-03  2.00650 1.10764
4.25725e-06  1.33948¢-03  2.15405 1.11041

Table 6.4: The L*(Q)-errors and CRs for the case (a) at T' = 0.1 for different values of
a and 3 with h = 1072

N| (a,8) | L*(Q)norm  CR (a,8) | L*(Q2)-norm  CR
10 | (0.4,0.7) | 2.81925e-03 — (0.5,0.8) | 2.61072e-03 —
20 1.40439¢-03  1.00537 1.30813e-03  0.99694
40 6.99180e-04 1.00621 6.53997e-04 1.00015
80 3.48320e-04  1.00525 3.26774e-04  1.00099
(0.8,0.5) | 2.89131e-03 — (0.9,0.4) | 2.87150e-03 —
1.42304e-03  1.02275 1.40469¢-03  1.03155
6.99825e-04 1.02391 6.83546e-04 1.03914
3.45034e-04  1.02026 3.33751e-04  1.03426
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Table 6.5: The L*(Q)-errors and CRs for the case (b) at T'= 0.1 for different values of
a and B with h = 1072

N | (o) | L*(Q)-norm CR (a, B) | L*(©))-norm CR
10 | (0.4,0.7) | 1.10984¢-03 — (0.5,0.8) | 1.65363e-03 —
20 5.27448e-04  1.07325 7.67213e-04 1.10794
40 2.56676e-04 1.03908 3.67264e-04 1.06281
80 1.26397e-04  1.02198 1.78739¢-04  1.03896
(0.8,0.5) | 6.14450e-03 = (0.9,0.4) | 7.86486e-03 -
2.90823e-03 1.07915 3.93304e-03  0.99977
1.38139e-03 1.07402 1.94045e-03  1.01925
6.59978e-04 1.06563 9.52214e-04 1.02703

Table 6.6: The L*()-errors and CRs for the case (c¢) at T' = 0.1 for different values of
a and B with h = 1072

N | (a,8) | L*(2)-norm CR (o, 8) | L*(Q)-norm CR
10 | (0.4,0.7) | 1.62634e05  — | (0.5,0.8) | 1.92113¢-05  —
20 9.05574e-06  0.844727 7.86503e-06  1.28843
40 4.74119e-06  0.933582 3.50824e-06 1.16471
80 2.42118e-06  0.969539 1.64207e-06  1.09523
(0.8,0.5) | 1.09577e-04  — | (0.9,0.4) | 2.34236e-04  —
4.10268e-05 1.41731 1.02514e-04 1.19214
1.65956e-05  1.30577 4.61151e-05 1.15251
7.08484e-06  1.22800 2.12135e-05 1.12026
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Conclusions and Future Scope

This chapter summarizes the results highlighting the contributions made in this thesis

and presents some research problems for future study.

7.1 Summary of the Results

The study of both theory and numerics of SEM has become of paramount interest
due to its wide range of applications in science and engineering. There are not many
literature available till date on the study to SEM. A few of them investigate the well-
posedness results in the class of smooth functions. On the other hand, the existing
convergence analysis in the numerical studies are carried out under the assumption that
the exact solution is sufficiently regular with respect to both space and time variables,
including the time at ¢ = 0, which is not realistic even for smooth initial data. In
addition to the above, the well-posedness results of SEM with respect to different
Sobolev regularity assumptions on the problem data, i.e., the initial data and the source
function are not proved and the finite element error analysis is not studied. Here, we
fill up some of these gaps. Our study includes both smooth and weakly singular kernels

in the memory term and covers both smooth and nonsmooth initial data cases.
In Chapter [2] we study the well-posedness results for smooth kernel case. We prove

existence, uniqueness, and stability results for the solution under several Sobolev reg-
ularity assumptions on the initial and the source functions. The main tools used for
the well-posedness results are the eigenfunction expansion, theory of Volterra integral
equation, and Banach fixed point theorem. For nonsmooth initial data ug, i.e., when wug
simply is an element of L?*(f2), we demonstrate that the solution corresponding to the
homogeneous problem is infinitely differentiable with respect to time (Theorem [2.3.1)).
Further, for the development of the GFEM, it is essential to establish some stability

estimates for the Caputo fractional derivative and the usual partial derivative of the
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continuous solution u(t). In this regard, we prove such stability results for the solution

and expressed directly in terms of the problem data (Theorems [2.4.2] and [2.4.3]). This

chapter concludes with some examples to illustrate our theory.
In Chapter [3| we have considered and analyzed the standard GFEM by using piece-

wise linear and continuous finite elements. We have derived a priori error bounds for
both smooth and nonsmooth initial data cases in L*(Q2)- and H'(Q)-norms. An use of
suitable projection (Ritz, Ritz-Volterra, and L?-projections) as an intermediate solution
we split the error as u(t) — up(t) = (u(t) — a(t)) + (a(t) — un(t)) =: p(t) + 6(t) and
then proceed to estimate p(¢) and 6(t) in a suitable Sobolev norms. The estimation
of 6 relies on the bound of 97 p(t), the Caputo fractional time derivative of p, which is
crucial to our error analysis. With the choice of u = Rj,u, the Ritz projector of u, and
observing the fact that the operators 0§ and Rj, commute, i.e., 05 Ry, = R0, we derive
optimal error bounds for smooth initial data (Theorem . Further, a novel use
of the Ritz-Volterra projection greatly simplifies the error analysis for the semidiscrete
case. It is important to noteworthy that unlike the Ritz projection, the Ritz-Volterra
projection does not posses the commutative property, i.e., 05V}, # V,0;. Therefore,
it is not a straightforward exercise to bound ||6|| and ||[V|. The bounds for 9§ p(t)
in both L?(Q)- and H'(Q)-norms (Lemma are the key technical tools to bound
|0|| and ||V@]|. These bounds together with the approximation property of the Ritz-
Volterra projection lead to optimal error estimates for the smooth initial data (Theorem
3-2.2). The nonsmooth data (i.e., ug € L*(2)) error estimate relies on the L?-projection
and almost optimal order error estimates are obtained (Theorem . However, for
a special choice of the kernel B(t,s), namely, B(t,s) = —A, we are able to recover
the optimal order error bounds in both L*(Q)- and H'(2)-norms for nonsmooth initial
data (Theorem . Numerical experiments are provided to illustrate the theoretical

results.
Chapter {4] deals with the a priori error analysis of a semidiscrete GFEM by energy

arguments for SEM . Since the energy method is the most elementary technique
in the a priori analysis, therefore, it is natural to study the convergence analysis by
energy arguments. The error analysis covers both smooth and nonsmooth initial data.
Since the solution u has singularity at ¢ = 0 even for smooth initial data, we use t7,
j = 0,1, type of weights along with time integral operator in the error analysis. We
simply use energy arguments to prove optimal order error estimates in both L*(Q)- and
H'(Q)-norms with respect to both convergence order of the approximate solution and
regularity of the initial data (Theorems [4.3.14.3.2)). The present approach removes the
log-factor |In h| from the nonsmooth data error analysis (Theorem[3.2.3)) even for general
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second-order operator B(t, s) as in (|1.3]). In addition, we also establish a quasi-optimal
pointwise in time error bound in the maximum norm for smooth initial data (Theorem

4.3.3). We provide ample numerical experiments to confirm our theoretical findings.
Based on the convolution quadrature generated by the BE and SBD schemes, we

discuss the a priori error analysis for the fully discrete schemes in Chapter [5] Optimal
order error bounds in time in L*(L?(Q))-norm are demonstrated for both schemes
covering both smooth and nonsmooth initial data (see respectively, Theorems and

5.3.1)). We validate the theoretical findings by extensive numerical tests.
Chapter [0]is devoted to the systematic study to the weakly singular case. By means

of the Laplace transform, we first represent the solution as a contour integral along a
suitably chosen contour in the complex plane. Then, we establish the Sobolev regularity
results of the solution for the nonhomogeneous problem with respect to both smooth
and nonsmooth initial data u, including uy € L*(2) (Theorem [6.2.2). The spatially
semidiscrete Galerkin scheme is then developed by using piecewise linear and continu-
ous finite elements. We derive optimal order error bounds with respect to the various
regularity assumptions on the initial data for both homogeneous and nonhomogeneous
problems (Theorems . Moreover, the L1 scheme for the temporal discretiza-
tion is considered and analyzed. We prove error estimates of order O(k*),0 < a < 1
for both homogeneous and nonhomogeneous problems (Theorems ) In the
end, extensive numerical illustrations verify the theoretical convergence rates of the

approximate solutions.

7.2 Future Scope

This section proposes some interesting research problems to be taken up in future.

e Analysis of the fractional evolution equations with a positive-type mem-

ory term. Consider the model problem of the form

t
0 u(t) +/ kg(t —s)Au(s)ds = f(t) in Q, 0<t<T, 0<a<l,
0
(7.1) u(t)=0 on 09, 0<t<T,

u(0) = up(xz) in Q.

Here O0fu(t) denotes the Caputo fractional derivative defined by

O u(t) = /0 Kia(t — 8)U'(s)ds, Ka(t) :=t@"Y/D(a), u'(s) = Osu(s),
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where I'(z) = [[C e " w*™ dw, Re(z) > 0 and A = — Zle ;—;5 with given source
function f(t) = f(x,t) and the initial data wy. Further, xz(t) is a real-valued
positive definite kernel. If (o + ) > 1, then model describes phenomena
in viscoelasticity and heat conduction in materials with memory, see MacCamy
[42], 43], Jin Choi and MacCamy [10], and for (o + ) < 1, it represents fractional

diffusion (cf. Schneider and Wyss [65]).

Numerical treatments by FEM to problem have been analyzed by McLean
and Thomee [48], Lubich et al. [41], and McLean and Mustapha [45] for the case
a = 1. We strongly believe that the analysis of Chapters [5] and [6] would be useful
to study this problem. It would be interesting to investigate both theory and

numerics of ([7.1)) in future.

e Analysis of the L1 scheme for weakly singular case on a nonuniform
time mesh. We have considered and analyzed the .1 scheme on a uniform time-
stepping for SEM problem in Chapter [f] and derived an O(k) error estimate
for both smooth and nonsmooth initial data. Since the solution to problem ([1.6))
exhibits a singular behavior near ¢ = 0 even for smooth initial data, it is also
an excellent open question to rigorously establish error analysis on a nonuniform
time step size for both smooth and nonsmooth data cases. This problem would

be considered in future.

e Study of the Crank-Nicolson scheme to the weakly singular case: One of
the exciting and highly challenging works is to study the higher time discretization
scheme namely, Crank-Nicolson scheme for both smooth and nonsmooth initial
data for weakly singular model ([L.6]).

e Analysis of the superdiffusion equations with memory: When the frac-
tional derivative order o in model problems (1.5))-(1.6) lies in (1,2), we call these
models superdiffusion equations with memory. Both theory and numerical analysis

for such models are interesting open questions for research.
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