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Synopsis

The present dissertation deals with a variety of topics in gravitation, such as, stellar

structures of white dwarfs and quark stars, as well as reheating following the inflationary

phase of the cosmos. Studies in these areas are important in the contemporary times as

there have been various unsettled issues in the recent literature in these areas of gravitation.

For example, the well-known Chandrasekhar’s limit has been proved to be non-existent

in the current literature as the effect of quantum gravity via the generalized uncertainty

scenario is taken into account. However, many astrophysical observations are based on the

assumption of the existence of Chandrasekhar’s limit. In this thesis, by employing general

relativity, it is proved that Chandrasekhar’s limit robustly exists even when the quantum

gravity effects are included.

Furthermore, there have been various astronomical observations on pulsars which are

thought to be neutron stars. Recent observations suggest that their masses can be as high

as ∼ 2 M⊙. However, calculations based on general relativity give rise to maximum stable

mass configurations substantially lower than 2 M⊙, the exact value of the maximum mass

depends on the equation of state used. In this thesis, an extended gravity model with

gravity-matter coupling is employed along with the assumption that the massive pulsars

are mostly composed of quark-gluon plasma. With these assumptions, it is proved that

such massive stars can reach a maximum stable mass ∼ 2 M⊙. Thus the extended gravity

scenario is able to explain observations at the scales of neutron stars. It would therefore

be interesting to study the consequences of the extended gravity scenario at a different

scale such as in the inflationary phase of the Universe.

With this motivation, this thesis employs an extended gravity model to study the

reheating phase following the inflationary phase in the early Universe. The dynamics

of evolutions in different stages in the reheating phase are studied in detail. Since the

available literature in the area of reheating is not substantial, this work is expected to find

importance in the scientific community.

In the following, we present brief summaries of the Chapters in the thesis together

with a few illustrations for convenience in reading.

In Chapter 1, we present introductions to the background concepts that are useful in

the subsequent chapters.

Chapter 2 considers the Generalized Uncertainty Principle (GUP) that carries the im-
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print of quantum gravity and introduces a minimal length scale [100] into the description

of space-time. It effectively changes the invariant measure of the phase space [53] through

a factor (1+βp2)−3 so that the equation of state for an electron gas undergoes a significant

modification from the ideal case. It has been shown [180] that the ideal Chandrasekhar’s

limit ceases to exist when the modified equation of state due to the generalized uncertainty

is taken into account. To assess the situation in a more complete fashion, we analyze in de-

tail the mass-radius relation of Newtonian white dwarfs [132] whose hydrostatic equilibria

are governed by the equation of state of the degenerate relativistic electron gas subjected

to the generalized uncertainty principle. As the constraint of minimal length imposes a

severe restriction on the availability of high momentum states, it is speculated that the

central Fermi momentum cannot have values arbitrarily higher than pmax ∼ β−1/2. When

this restriction is imposed, it is found that the system approaches limiting mass values

higher than the Chandrasekhar mass upon decreasing the parameter β to a value given

by a legitimate upper bound. Instead, when the more realistic restriction due to inverse

β-decay is considered, it is found that the mass and radius approach the values 1.4518 M⊙
and 601.18 km [132] near the legitimate upper bound for the parameter β. The result is

illustrated in Figure 2.4.

Moreover, the equation of state of the electron degenerate gas in a white dwarf is usu-

ally treated by employing the ideal dispersion relation. However, the effect of quantum

gravity is expected to be inevitably present and when this effect is considered through a

non-commutative formulation, the dispersion relation undergoes a substantial modification

[27]. In Chapter 3, we take such a modified dispersion relation and find the corresponding

equation of state for the degenerate electron gas in white dwarfs. Hence we solve the

equation of hydrostatic equilibrium and find that this leads to the possibility of the ex-

istence of excessively high values of masses exceeding the Chandrasekhar limit although

the quantum gravity effect is taken to be very small. It is only when we impose the addi-

tional effect of neutronization (inverse β-decay) that we obtain white dwarfs with masses

close to the Chandrasekhar limit with nonzero radii at the neutronization threshold. We

demonstrate these results by giving the numerical estimates for the masses and radii of

Helium, Carbon, and Oxygen white dwarfs [133]. Figure 3.3 illustrates the mass-radius

relation obtained from this formulation.

As stated earlier, various recent theoretical investigations suggest that gravitational

collapse of white dwarfs is withheld for arbitrarily high masses if the equation of state is

described by the generalized uncertainty principle (GUP). There have been a few attempts

to restore the Chandrasekhar limit but they are found to be inadequate from different

perspectives and some of them led to unphysical mass-radius relations [156, 157]. In

Chapter 4, we rigorously resolve this problem by analyzing the dynamical instability in

general relativity. We confirm the existence of Chandrasekhar’s limit as well as stable

mass-radius curves that behave consistently with astronomical observations. Moreover,
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this stability analysis suggests gravitational collapse beyond the Chandrasekhar limit [136]

signifying the possibility of compact objects such as neutron stars and black holes. Figure

4.3 illustrates the eigenfrequency curves determining the instability of white dwarfs higher

than the Chandrasekhar mass limit.

In addition, Chapter 5 carries out a general relativistic instability analysis of white

dwarfs governed by an equation of state coming from a modified dispersion relation. As

previously described in Chapter 3, Newtonian gravity predicts the existence of white dwarfs

with masses far exceeding the Chandrasekhar limit when the equation of state of the de-

generate electron gas incorporates the effect of quantum spacetime fluctuations (via a

modified dispersion relation) even when the strength of the quantum gravity fluctuations

is taken to be very small. In Chapter 5, we show that this Newtonian “super-stability”

does not hold true when the gravity is treated in the general relativistic framework. Em-

ploying dynamical instability analysis, we find that the Chandrasekhar limit can be re-

assured even for a range of high strengths of quantum spacetime fluctuations with the

onset density for gravitational collapse practically remaining unaffected [135]. Figure 5.1

illustrates the eigenfrequency curves determining the instability of white dwarfs higher

than Chandrasekhar’s limit.

We propose a form of gravity-matter interaction in Chapter 6 given by ωRT in the

framework of f(R, T ) gravity and examine the effect of such interaction in spherically

symmetric compact stars. Treating the gravity-matter coupling as a perturbative term

on the background of Starobinsky gravity R+ αR2, we develop a perturbation theory for

equilibrium configurations. For illustration, we take the case of quark stars and explore

their various stellar properties. We find that the gravity-matter coupling causes an increase

in the stable maximal mass [137] which is relevant for recent observations on binary pulsars

[16, 57, 64, 71]. Figure 6.5 illustrates the mass-radius relations for quark stars in this

extended gravity model.

Thus the extended gravity scenario is able to explain observations at the scales of

compact stars. It would therefore be interesting to study the consequences of the extended

gravity scenario at a different scale such as in the inflationary phase of the Universe.

Consequently, in Chapter 7, we employ a viable f(R) gravity model capable of giving an

inflationary phase in order to study the subsequent reheating phase due to particle creation

at the expense of energy in the scalaron field. Since quantum mechanics is expected to

play a dominant role in particle creation, we formulate a plausible scenario of reheating

obeying Heisenberg’s uncertainty principle that imposes constraints on the particles that

can be created in the configuration space. We show that, so long as the energy available

in the scalaron field is sufficient to populate the entire configuration space, the energy

density of the particles grows, attaining a maximum value giving an efficient reheating.

Beyond this maximum, the available energy becomes insufficient to populate the entire

configuration space leading to a declining energy density [134].
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We further find that there is a negligible growth of energy density in the inflationary

phase that lasts for ∼ 102 tP, although particles are constantly created in this phase. The

subsequent reheating phase spans for ∼ 1011 tP and it begins with a well-defined preheating

stage lasting for ∼ 105 tP, making a cross-over to a thermilization regime. The temperature

at the cross-over is found to be Tx ∼ 1012 GeV corresponding to a temperature of Tr ∼ 1013

GeV [134] at the end of reheating. Figure 7.8 illustrates the growth in energy density in

the reheating phase.

Finally, Chapter 8 presents a brief conclusion of the thesis together with a few open

problems. In addition, two Appendices A and B analyze the implication of the extended

gravity models in the solar system and on the Jeans instability of the interstellar gas

clouds, respectively. It is found that the extended gravity models of Chapters 6 and 7 are

consistent with solar system tests and the typical free-fall time scale for star formation,

respectively.
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P̃ (ξ) for large values of ξ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

2.2 Four choices of the maximum value of
√
βp as suggested by Figure 2.3 beyond which the

momentum states have small contributions. Different choices of β0 correspond to different

values of ξmax. The corresponding values of the dimensionless number density ñ(ξmax)
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Chapter 1

Introduction

In this Chapter, we introduce the general concepts applicable to a variety of physi-

cal systems. This chapter represents a survey across a wide variety of the existing

literature useful for the subsequent chapters on specialized topics that represent new

research contributions in astrophysics and gravitation in systems such as white dwarfs

and quark stars, and the cosmological phenomena of inflation and reheating.

1.1 Generalized uncertainty principle

In recent years we find in the literature a contrasting perspective on the Heisenberg prin-

ciple of uncertainty. Quantum theories of gravity, namely, string theory [8, 112], black

hole physics [123, 124, 189], path-integral quantum gravity [161–164], and lattice quan-

tum gravity [77], predict the existence of a fundamental observable length scale in contrast

with the Heisenberg uncertainty principle. Long ago, the existence of a fundamental length

was shown by Mead [140] by considering the uncertainty in measuring the position of a

particle when it is observed through a Heisenberg microscope by a photon with which

the particle is assumed to interact both electromagnetically and gravitationally. More

recently, Pedram [171, 172] suggested a possible variant of deformed commutation rela-

tion that admits a non-zero minimum uncertainty in position and a maximal observable

momentum. Garay [74] has reviewed various routs in quantum gravity theories through

which a minimal length uncertainty can be established.

1.1.1 Heisenberg uncertainty relation

The Heisenberg uncertainty principle is based on the interaction between the test particle

and photons observed through a classical apparatus. This is evident from the Gedanken-

Experiment, where a photon is allowed to scatter off an electron into the Heisenberg’s

microscope so that the position of the electron could be observed. The precision with

which one can measure the position has an uncertainty ∆x which is connected to the

1
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uncertainty in momentum ∆px via the Heisenberg uncertainty principle [86, 87, 177]

∆x∆px ≥ h

4π
. (1.1)

The origin of this principle can be understood by the above-mentioned Gedanken-Experiment

of observing the electron through the Heisenberg microscope. In the processes of measure-

ment of position, the photon incident on the electron must get scattered (due to electro-

magnetic interaction) into the microscope with a cone of half-angle θ. The uncertainty in

the measurement of position ∆x can therefore be estimated as

∆x = 1.22
λ

2µ sin θ
(1.2)

where λ is the wavelength associated with the photon and µ is the refractive index of the

medium (here, µ = 1). The uncertainty in momentum transferred to the electron can be

estimated as ∆px ≈ p sin θ, where p is the momentum of the photon given by p = hν
c = h

λ .

Thus we have

∆px ≈ h

λ
sin θ (1.3)

The Heisenberg uncertainty relation (1.1) follows directly from equations (1.2) and (1.3).

1.1.2 Modification in the uncertainty relation due to Newtonian gravity

The next obvious question would be how the Heisenberg uncertainty relation is modified

when the gravitational interaction between the electron and the photon is considered

in addition to the electromagnetic interaction. A heuristic estimate of the gravitational

contribution could be obtained using Newtonian gravity by considering the photon as a

point particle with mass p
c . If the electron is in a region of characteristic size L, inside of

which it interacts with the photon, it experiences a gravitational acceleration estimated

as [1]

|~g| ≈ G(p/c)

L2
. (1.4)

During this interaction, which occurs within the characteristic time scale L/c, the

electron acquires a velocity and moves a distance ∆xgrav, that can be estimated as

∆xgrav =
1

2
|~g|
(

L

c

)2

=
G

c3
p ≈ ℓ2P

~
∆px (1.5)

which is the uncertainty created solely by the gravitational interaction. Thus the total

uncertainty in position will be given by

∆x = ∆xHeisen +∆xGrav ≈ ~

∆px
+
ℓ2P
~
∆px. (1.6)

2
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1.1 Generalized uncertainty principle

This leads to the modified uncertainty relation

∆x∆px ≈ ~+
ℓ2P
~
(∆px)

2. (1.7)

As one would expect, the relevance of gravitational interaction in the quantum regime

would be appreciable only at high energy scales where such modified uncertainty relation

is expected to show its signatures.

The above modification automatically implies the existence of a minimal length ∆xmin =

2ℓP. The existence of this minimal length is an automatic consequence of quantum grav-

ity that can be connected to a grainy or foamy structure of space-time perceptible at

ultra-high energy scales.

The simplest generalized uncertainty relation that incorporates minimal length has the

form [100]

∆x∆p ≥ ~

2

[

1 + β(∆p)2
]

(1.8)

where β ∼ ℓ2P/~
2. This relation admits a minimal uncertainty in position ∆xmin = ~

√
β

in contrast with the standard quantum mechanics where the position uncertainty can

be made arbitrarily small by making uncertainty in momentum arbitrarily large. Any

pair of observables represented by Hermitian operators A and B satisfies the inequality

∆A∆B ≥ |〈[A,B]〉|. Therefore the commutation relation that leads to the above relation

is obtained as [xi, pj ] = i~ δij
(

1 + βp2
)

.

1.1.3 Modification in the uncertainty relation due to general relativity

Similar result is obtained in a more rigorous treatment based on general relativity [1], where

the motion of the electron is disturbed by the perturbations generated by electromagnetic

radiation moving in the Minkowski metric. Consider a plane electromagnetic wave moving

in the x-direction generating small perturbations on the metric given by gµν = ηµν + hµν ,

where |hµν | ≪ 1. Imposing Lorentz gauge condition and retaining linear order terms, the

Einstein field equations reduce to

2

(

hµν −
1

2
ηµνh

)

= −16πG

c4
Tµν (1.9)

with

2 =
1

c2
∂2

∂t2
− ∂2

∂x2
− ∂2

∂y2
− ∂2

∂z2
and h = ηµνhµν . (1.10)

The energy-momentum tensor Tµν of the electromagnetic field is given by

Tµν = FµαF
α
ν +

1

4
ηµνFαβF

αβ (1.11)

where Fµν is the electromagnetic field tensor. For electromagnetic radiation moving in

3
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the x-direction, with the electric field E in the y-direction and the magnetic field B in the

z-direction, the energy-momentum tensor reduces to

Tµν =
E2 +B2

2













1 1 0 0

1 1 0 0

0 0 0 0

0 0 0 0













= u













1 1 0 0

1 1 0 0

0 0 0 0

0 0 0 0













where u =
E2 +B2

2
(1.12)

with Sx = cu being the only non-vanishing component of the Poynting vector, while the

Maxwell stress tensor,

σij = EiEj +BiBj −
1

2

(

E2 +B2
)

δij (1.13)

has one non-vanishing component, σxx = −u. The reduced form of the energy-momentum

tensor in this case implies a perturbation in the metric tensor of the form

hµν = φ(x− ct, y, z)













1 1 0 0

1 1 0 0

0 0 0 0

0 0 0 0













. (1.14)

Substituting equations (1.12) and (1.9) in the field equation, we obtain

2φ(x− ct, y, z) = −32πG

c4
u(x− ct, y, z). (1.15)

If the energy density can be expressed by the product of two functions, u(x−ct, y, z) =
u‖(x − ct)u⊥(y, z), we expect the metric potential to take a similar form, that is, φ(x −
ct, y, z) = φ‖(x− ct)φ⊥(y, z), further reducing the field equation to

1

φ‖

(

1

c2
∂2

∂t2
− ∂2

∂x2

)

φ‖(x− ct)− 1

φ⊥

(

∂2

∂y2
+

∂2

∂z2

)

φ⊥(y, z) = −32πG

c4
u‖(x− ct)

φ‖(x− ct)

u⊥(y, z)
φ⊥(y, z)

(1.16)

The above equation is separable in the case u‖(x − ct) = φ‖(x − ct), whence the field

equation becomes
(

∂2

∂y2
+

∂2

∂z2

)

φ⊥(y, z) =
32πG

c4
u⊥(y, z) (1.17)

with the function φ‖(x− ct) satisfying the one-dimensional homogeneous wave equation.

To solve equation (1.17), consider a cylindrical envelop of length L and radius R for the

radiation field with constant energy density within the envelop given by u0 = pc/πR2L,

where p is the momentum of the radiation field. In cylindrical coordinates (r, ϕ), and by

4
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1.1 Generalized uncertainty principle

assuming axial symmetry, equation (1.17) becomes

1

r

∂

∂r

(

r
∂φ⊥(r)
∂r

)

=
32πG

c4
u0. (1.18)

With proper boundary conditions on the curved surface of the cylinder, the solution

of the above differential equation becomes

φ⊥(r) =
8Gp

c3L

(

r2

R2

)

. (1.19)

Including proper boundary condition on the flat surfaces of the cylinder, the potential is

obtained as

φ(x, r) =
8Gp

c3L

(

r2

R2

)

θ(x− ct) θ(ct− x− L), (1.20)

where θ(ξ) is the Heaviside step function.

Thus the distorted metric inside the radiation field is obtained as

ds2 = c2dt2 −
(

dx2 + dr2 + r2dϕ2
)

+

(

8Gp

c3L

)(

r2

R2

)

θ(x− ct) θ(ct− x− L) (cdt− dx)2

(1.21)

Since the ratio r2/R2 ∼ 1 just inside the cylinder, the deviation of the metric from the

flat Minkowski metric is of the order ∼ 8Gp/c3L. Moreover, it can be seen that the

above metric is a good approximation outside the cylinder so long as we do not go very

far from it in order to maintain the approximate cylindrical symmetry involved in the

equations. Thus the exterior solution for r > R is obtained from equation (1.20) with the

right-hand side set equal to zero, giving φ⊥(r) =
8Gp
c3L

+ c1 ln
r
R , where c1 is an integration

constant. Thus the metric remains approximately the same in the vicinity of the cylinder

(r/R ∼ 1) in the exterior region. Therefore an electron in the vicinity of the radiation field

would experience a gravitationally induced motion due to which there is an uncertainty

in its position. One may estimate this uncertainty by deriving the geodesic equation in

the above metric. For the electron moving with non-relativistic velocities, the geodesic

equation reduces to
d2xi

dt2
= −Γi00c

2, (1.22)

where i = (1, 2) represent the longitudinal and transverse directions (x, r) respectively.

The corresponding uncertainty in position in both these directions are obtained by

integrating the equation of motion in the time interval of passage of the radiation field. It

is found that the change in position in both directions are of the same order, given by

∆xgrav ≈ ℓ2P
p

~
and ∆rgrav ≈ ℓ2P

p

~
. (1.23)

These values agree well with the previous estimate given by equation (1.5). Consequently

5
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the same modification occurs in the Heisenberg uncertainty principle as in equation (1.7)

1.1.4 Modification in the uncertainty relation due to quantum gravity

It appears that the existence of a minimal length is a common attribute of any quantum

theory of gravity. For instance, the measurement of proper length in the quantum confor-

mal gravity predicts the existence of a minimal length when the Planck scale is approached

[151, 161, 162]. Quantum conformal gravity can be thought of as an approximate theory

of quantum gravity with a conformal quantum degree of freedom φ(x), represented by the

metric

gµν = [1 + φ(x)]2ḡµν , (1.24)

where φ(x), being a quantum mechanical field, introduces quantum fluctuations in the

metric. The path integral

K =

∫

Dgµν eiS[gµν ] with S[gµν ] =
c3

16πG

∫

R
√−g d4x =

1

12ℓ2P

∫

R
√−g d4x

(1.25)

yields the propagator from state |1〉 to |2〉 as

K1→2 =

∫

Dφ exp

{

− i

2ℓ2P

∫ {

∂µφ∂µφ− 1

6
R̄(1 + φ)2

}√−ḡ d4x
}

, (1.26)

where R̄ is the Ricci scalar corresponding to the classical metric. Assuming that the

conformal fluctuations are coupled to the Minkowski metric ḡµν = ηµν , the propagator

reduces to

K1→2 =

∫

Dφ exp

{

− i

2ℓ2P

∫

∂µφ∂µφ d
4x

}

(1.27)

where

S[φ] = − i

2ℓ2P

∫

∂µφ∂µφ d
4x (1.28)

This leads to the probability of obtaining a given conformal fluctuation φ = φ(x)

starting initially from φ = 0 as

P[φ(x)] = N exp

{

− 1

4π2ℓ2P

}∫

d3x d3y
∇φ(x) · ∇φ(y)

|x− y|2 (1.29)

We shall see that the measurement of proper length is affected by the conformal fluctu-

ations. Since the spacetime is affected by the conformal fluctuations, we have to measure

those fluctuations in order to measure the proper distance. Let the measuring apparatus

has spatial resolution of L with a sensitivity profile f(x). The measured average value of

the field φ over a volume of the order L3 can be expressed as

Φ(x) =

∫

φ(x+ r) f(r) d3r (1.30)

6
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1.1 Generalized uncertainty principle

The probability of obtaining a particular value Φ = Φ0 is given by

P0[Φ0] =

∫

Dφ(x) δ(Φ− Φ0)P[φ(x)]. (1.31)

Employing Fourier transform of equation (1.29) in (1.31) obtains

P0[Φ0] =

(

1

2π∆2

)1/4

e−Φ2
0/4∆

2
, where ∆2 = ℓ2P

∫

d3k

(2π)2
|f(k)|2
2|k| =

ℓ2P
4πL2

(1.32)

with the resolution length L defined as

L−2 =
1

4π

∫

d3k
|f(k)|2
|k| . (1.33)

If the resolution of the apparatus is much larger than the Planck scale ℓP , ∆ ≈ 0,

whence the probability sharply peaks at Φ0 = 0. In this case the quantum fluctuation are

unimportant so that length measurement is unaffected by the conformal fluctuations of

spacetime. On the other hand, the length measurement is significantly affected when the

sensitivity scale L of the apparatus approaches the Planck scale ℓP .

The proper length between two points x and x + dx measured at the same time is

defined by the vacuum expectation value

〈0|dℓ2|0〉 = 〈0|gij |0〉dxidxj = (1 + 〈0|φ2(x)|0〉)ηijdxidxj , (1.34)

However since 〈0|φ2(x)|0〉 diverges, it can be calculated by taking the limit xµ → yµ,

〈0|φ2(x)|0〉 = lim
x→y

〈0|φ(x)φ(y)|0〉. (1.35)

The vacuum expectation value on the right hand side can be expressed by path integrals

as

〈0|φ(x)φ(y)|0〉 =
∫

Dφ φ(x) φ(y)eiS[φ]
∫

Dφ eiS[φ] . (1.36)

Employing the action S[φ] given by equation (1.28) in equation (1.36), we obtain from

equation (1.34)

〈0|dℓ2|0〉 = lim
x→y

(

1 +
ℓ2P
4π2

1

|x− y|2
)

|x− y|2 = ℓ2P
4π2

(1.37)

Thus we see that the proper length between two infinitesimally separated events mea-

sured at the same time has a minimum value determined by the Planck scale ℓP. This

suggests the emergence of a grainy or foamy structure of spacetime even in a simple quan-

tum theory such as conformal quantum gravity.

This has given rise to various phenomenological scenarios, one of them being the ex-
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Chapter 1. Introduction

istence of minimal length in the simultaneous position and momentum measurement of

an electron that interacts with the illuminating photons both electromagnetically and

gravitationally as discussed earlier.

1.1.5 Minimal length in string theory

The minimal length scenario also follows from the string theory. The Nambu-Goto action

for a string [236] is written as

S = − 1

2πα′

∫

dτ

∫

dσ

√

(Ẋ ·X ′)2 − (Ẋ)2(X ′)2 (1.38)

where X(τ, σ) is the string coordinate parametrized by τ and σ on the world sheet swept

by the string. The slope parameter α′ is related to the string tension T0 as α′ = 1
2πT0

with

the characteristic string length ℓs =
√
α′.

Extremizing the above action and employing proper parametrization, the following

field equation obtains

Ẍµ −Xµ′′ = 0, (1.39)

which has the same form as the wave equation. The solution of this equation can be

represented by

Xµ =
1

2

{

fµ(τ + σ) + fµ(τ − σ)

}

(1.40)

with the Neumann boundary condition Xµ′ = 0 at the end points σ = 0, π and Ẋµ(0, τ) =

0 so that fµ is a periodic function, giving the solution

Xµ(τ, σ) = xµ0 + 2α′pµτ − i
√
2α′

∞
∑

n=1

(

aµ∗n e
inτ − aµne

−inτ) cosnσ√
n

(1.41)

where pµ is the total momentum and xµ0 is an integration constant (or zero mode). Defining

αµ0 =
√
2α′pµ and αµn = aµn

√
n, (αµn)∗ = αµ−n = aµ∗n

√
n, the above solution can be rewritten

as

Xµ(τ, σ) = xµ0 +
√
2α′αµ0τ − i

√
2α′

∞
∑

n=1

1

n

(

αµ−ne
inτ − αµne

−inτ) cosnσ. (1.42)

In the light-cone gauge with the first two coordinates defined as X± = (X0 ±X1)/
√
2

with the solution X+(τ, σ) = 2α′p+τ , the dynamics is determined by the transverse coor-

dinates Xi with i = 2, 3, ..., D, so that

Xi(τ, σ) = xi0 +
√
2α′αi0τ + i

√
2α′
∑

n

1

n
αine

−inτ cosnσ. (1.43)

Upon quantization, the amplitudes obey the commutation relations [αim, α
j
n] = mηijδm+n,0

and [xi0, p
j ] = iηij .
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1.1 Generalized uncertainty principle

The longitudinal coordinate has the mode expansion

X−(τ, σ) = x−0 +
√
2α′α−

0 τ + i
√
2α′
∑

n 6=0

1

n
α−
n e

−inτ cosnσ. (1.44)

Using appropriate constraints, X− can be written in terms of Xi and p+, and α−
n in terms

of αin, so that √
2α′α−

n p
+ = L⊥

n =
1

2

∑

m

αin−mα
i
m, (1.45)

where L⊥
n are the transverse Virasoro operators. Thus the above expression can be written

as

X−(τ, σ) = x−0 +
√
2α′α−

0 τ +
i

p+

∑

n 6=0

1

n
L⊥
n e

−inτ cosnσ. (1.46)

The transverse Virasoro operators obey the commutation relation

[L⊥
m, L

⊥
n ] = (m− n)L⊥

m+n +
D − 2

12
m(m2 − 1)δm+n,0. (1.47)

Defining the transverse displacement as ∆Xi = Xi − xi0, the dispersion can be calcu-

lated as

(∆X⊥)2 =
∑

i

〈∆Xi∆Xi〉 ∼ α′∑

n,m

1

n

1

m
〈[αin.αim]〉 (1.48)

Employing the commutator [αim, α
j
n] = mηijδm+n,0 leads to

(∆X⊥)2 ∼ α′
N
∑

n=1

1

n
∼ α′ {lnN + γ +O(N−1)

}

∼ ℓ2s lnN, (1.49)

where the sum is carried out upto a large integer N and γ is the Euler constant. The sum

diverges like lnN for large N . However, to probe the string we can supply only a finite

amount of energy E for a time τ ∼ 1/E, so that maximum number of modes excited will

be given by N ∼ ℓs/τ ∼ ℓsE. This gives

(∆X⊥)2 ∼ ℓ2s ln(ℓsE), (1.50)

implying the existence of a minimal length due to the transverse excitations.

On the other hand, the longitudinal displacement ∆X− = X−−x−0 gives the dispersion

(∆X−)2 = 〈∆X−∆X−〉 ∼ 1

(p+)2

∑

n,m

1

n

1

m
〈[L⊥

n , L
⊥
m]〉. (1.51)

Employing the commutation relation among the transverse Virasoro operators (1.47), the
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above dispersion can be estimated as

(∆X−)2 ∼ 1

(p+)2

∑

n

n ∼ 1

(p+)2
N(N + 1) ∼ ℓ2s

(p+)2
E2 (1.52)

This estimate for the longitudinal minimal length is exponentially larger than the estimate

of transverse minimal length.

Thus string theory predicts the existence of a minimal length in a fundamental way.

1.2 Non-commutative Geometry and Modified Dispersion

Relation

The Hawking-Wheeler foam [85, 228] of quantum space-time fluctuations can be accounted

for by a non-commutative spacetime geometry. Such quantum fluctuations of spacetime

would indicate that the space and time coordinates may be treated as operators obeying

nontrivial commutation relations.

A long time ago, Snyder [207] showed that non-commutative geometry results from

changing the notion of space-time coordinates from continuum variables to Hermitian op-

erators in such a way that the spectra of space-time operators maintain Lorentz invariance.

The space-time operators were constructed out of coordinates of a de-Sitter space of con-

stant curvature with an invariant quadratic form and by introducing a natural unit of

length a. This construction leads to a discrete spectrum for the space operators with pos-

itive or negative integer multiples of the characteristic length, whereas the time operator

has a continuous spectrum. Thus a discrete Lorentz invariant space-time emerges out of

this construction. This procedure also allowed for the construction of the infinitesimal op-

erators of the Lorentz group, Li and Mi. The main interesting feature of this construction

was that the space-time operators followed the noncommutative algebra,

[xi, xj ] =
ia2

~
ǫijkLk, (1.53)

and

[t, xi] =
ia2

~c
M i. (1.54)

The general definition of angular momentum operators Li = ǫijk x
jpk requires that

the momentum operators pi commute with one another and they have continuous spectra.

However, the Heisenberg-like commutation relations do not hold any longer; for example,

[xi, pj ] = i~

{

δij +
(a

~

)2
pipj

}

. (1.55)

Snyder [206] also demonstrated how the notion of quantized spacetime can be employed

to modify Maxwell field equations by treating the fields as operators and by replacing the
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partial derivatives with suitable commutators in a consistent manner.

Doplicher et al. [65, 66] considered the uncertainties in the measurement of spacetime

coordinates of an event in the Minkowski space. The energy density required to localize

an event and the corresponding energy-momentum tensor can thus be associated with a

gravitational potential so that the spacetime quantization can be assumed to follow from

classical gravity. The uncertainties involved in the space-time coordinates can then be

obtained via promoting them to space-time operators that do not commute with each

other. A few simplifying conditions, together with the Lorentz invariant operators, could

be employed to rederive the approximate uncertainty relation. The consistency of the

uncertainty relation in fact leads to the notion that classical gravity can induce space-time

quantization. They also applied this formalism to quantum fields in the non-commutative

spacetime. This replaces the local interactions by effective non-local interactions.

Ho and Kao [91] considered a non-commutative space with the time assumed to be

commutative. This allowed them to formulate non-commutative quantum mechanics for

multi-particle systems. It was found that particles of opposite charges have opposite non-

commutativity that made no change in the two-body Hydrogen atom problem. However,

for a multi-particle system, the non-commutativity remains in the description, although

it is small compared to the size of the system.

Rovelli [186] argued that a material reference system needs to be included in the

description in order to have a meaningful interpretation of local observables in general

relativity. He further argued [185] that operators in quantum gravity can be defined by

the quantum properties of the constituents of the reference frame.

Amelino-Camelia [9, 10], on the basis of limitations due to quantum mechanics and

general relativity, proposed that the uncertainty in the measurement of distance between

two objects (for example, between a clock and a mirror, the clock emitting a photon

towards the mirror and receiving it back registering the time delay) cannot be made

arbitrarily small but it will depend on both, the distance between the two objects and

the size of the measuring device (the clock), together with the Planck scale ℓP. He also

concluded that this limitation of measurement of distance defined by the material reference

system is an evidence for unconventional commutation relations between local observables

defined by the material reference frame in quantum gravity. He observed that the κ-

deformed Poincaré algebra for the Minkowski space [11]

[xi, xj ] = 0, (1.56)

and

[xi, t] = iλxi, (1.57)

where λ ∼ tP, leads to similar bounds on the measurability of distance between two

points using the same clock-mirror arrangement. These non-commutativity relations for
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the spacetime degrees of freedom suggest that the space and time coordinates cannot be

defined simultaneously with arbitrarily high precision, although it is possible to do so with

the three commuting space coordinates.

Amelino-Camelia and Majid [15] speculated that very high energy particles could be

affected by the Hawking-Wheeler spacetime foam [85, 228] around the Planck scale. They

further discussed an effective description of the quantum gravity vacuum based on the

non-commutative geometry of the Minkowski spacetime given by (1.56) and (1.57). They

considered translation invariant calculus of differentials spanned by dxi, dt along the lines

of Ref. [155]. As a consequence, the partial derivatives of a field ψ(x, t) take the forms

∂i :ψ(x, t) : = :
∂

∂xi
ψ(x, t) :, ∂0 :ψ(x, t) : = :(iλ)−1 (ψ(x, t)− ψ(x, t− iλ)) : (1.58)

where the symbol : : represents normal ordering. They further considered a non-Abelian

Fourier transform to the non-commutative Minkowski spacetime using quantum group

methods [126, 127]. The corresponding momentum space is commutative and non-Abelian.

This led to the Fourier transform

T (:ψ :)(k, ω) =

∫

d3x dt eik·xeiωtψ(eλωx, t), (1.59)

so that the other Fourier transforms can be written as

T (∂iψ) = −T (ψ)ikie−λω, T (∂0ψ) = −T (ψ) i 1− e−λω

λ
. (1.60)

For a natural plane wave of the form ψk, ω = eik·xeiωt, an appropriate dispersion

relation was obtained by considering the rotation and boost generators of the Lorentz

group [128] in the non-Abelian momentum space, which are

Mi = −ǫimn km
∂

∂kn
, Ni = ki

∂

∂ω
−
(

λ

2
k2 +

(1− e2λω)

2λ

)

∂

∂ki
+ λkikj

∂

∂kj
. (1.61)

This led to a deformed dispersion relation of the form

~
2κ2(eE/~κ + e−E/~κ − 2)− p2c2e−E/~κ = m2c4. (1.62)

where E = ~ω and κ = λ−1. This deformed dispersion relation (with m = 0) implies that

the speed of a photon depends on its energy.

Amelino-Camelia et al. [13] further inferred that the vacuum can be pictured as a

quantum gravitational medium with quantum fluctuations occurring at scales on the order

of the Planck energy.

In this context, it may be noted that there are no fundamental scales of velocity

or length in Galilean relativity. On the other hand, a fundamental velocity scale c was
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introduced by Einstein to construct special relativity that preserves the Lorentz invariance

of classical electrodynamics. The granular structure of space-time near the Planck scale

demands the inclusion of a fundamental length scale in the physical laws. By noting this,

Amelino-Camelia [12] constructed a deformed special relativity where both the speed of

light c and the Planck length ℓP are constrained to be invariant with respect to all inertial

observers. This is consistent with a deformed dispersion relation of the form

E2 − p2c2 + F (E, p,m, ℓP ) = m2c4. (1.63)

In this dispersion relation, the function F (E, p,m, ℓP ) is an undetermined function

which is usually chosen phenomenologically.

Magueijo and Smolin [125] constructed a similar modification of special relativity with

the condition that the standard theory of relativity is recovered at low energies or large

length scales. This required the construction of a modified Lorentz group that acts nonlin-

early in the momentum space and it led to the modified invariant ||p||2 = ηµνpµpν
(1−ℓP p0)2 = m2,

with m the rest mass of the particle, implying that the ideal dispersion relation E2 =

p2 +m2 is deformed in the modified relativity.

It may be worth noting that Pavlopoulos [169] first considered the consequence of the

presence of an intrinsic length-scale ℓ to obtain an extended wave equation that implied

a wavelength dependent small change in the velocity of light. He also suggested a general

dispersion relation of the form ω2 = k2c2[1 + f2(ℓk)], connecting frequency ω and wave

number k. He speculated that the consequent varying speed of different frequencies could

be observed in γ-ray bursts.

Ellis and coworkers [67] proposed that the dispersion of electromagnetic radiation from

γ-ray bursts can be explained by a deformed dispersion relation c2p2 = E2(1 + f(αE)).

This is a consequence of quantum gravity effects, where the energy scale α−1 can be of

the order of the Planck energy EP ∼ 1019 GeV for the propagation of photons through

vacuum. For energies E ≪ α−1, the dispersion relation can be approximated as c2p2 =

E2[1+αξE+O(α2E2)], which essentially implies that the velocity v (= ∂E
∂p = c[1−αξE]) of

high energy photons (propagating through vacuum) will be energy dependent. The change

in velocity introduces a time delay ∆t = αξEL/c for a photon of energy E travelling a

distance L, for a positive sign ambiguity ξ. This time delay is expected to be significant

for a γ-ray burst because both E and L are large making the time delay ∆t not very small.

The time delay in the signals observed from various data including TeV γ-rays associ-

ated with Markarian 421 [30] and various classes of γ-ray bursts [193] further confirm the

existence of non-commutative geometry. Another sensational observation was the high

level emission observed from Markarian 501, showing a spectrum beyond 10 TeV [178]. It

was long thought that γ-rays of energy in the range of TeV and beyond could not travel

much farther though the intergalactic space due to strong absorption by the infra-red

background [208]. This claim was discarded as the data analyzed from the High Energy
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Gamma Ray Astronomy (HEGRA) experiment suggested an energy spectrum much be-

yond 10 TeV [2]. It was suggested by Kifune [106] and later by Protheroe [178] that the

modified dispersion relation obtained as a consequence of non-commutativity of space-time

actually reduces the absorption in the intergalactic space, making it more transparent to

high energy photons.

1.3 Einstein Field Equations

The Einstein field equations can be obtained from the extremum of the Einstein-Hilbert

action. The gravitational part of the action is expressed as

Sgrav =
c3

16πG

∫

d4x
√−g R, (1.64)

where R is the Ricci scalar and g the determinant of the metric tensor gµν . The variation

of this action is

δSgrav =
c3

16πG

∫

d4x

{

Rδ(
√−g) +√−g δR

}

, (1.65)

with the variation of
√−g as

δ(
√−g) = −1

2

√−g gµν δgµν , (1.66)

and the variation in R is given by

δR = δ(Rµν g
µν) = gµν δRµν +Rµν δg

µν , (1.67)

where Rµν is the Ricci tensor, which is related to the Riemann curvature tensor as Rµν =

Rαµαν . The Riemann tensor is defined as

Rβ
µαν = ∂αΓ

β
νµ − ∂νΓ

β
αµ + Γβ

αλΓ
λ
νµ − Γβ

νλΓ
λ
αµ, (1.68)

and its variation is given by

δRβµαν = ∂α δΓ
β
νµ − ∂ν δΓ

β
αµ + δΓβαλ Γ

λ
νµ + Γβαλ δΓ

λ
νµ − δΓβνλ Γ

λ
αµ − Γβνλ δΓ

λ
αµ. (1.69)

Since δΓβµν is a tensor, its covariant derivative is

∇λ(δΓ
α
µν) = ∂λδΓ

α
µν + Γα

σλ δΓ
σ
µν − Γσ

µλ δΓ
α
σν − Γσ

νλ δΓ
α
µσ. (1.70)

Using this expression, we can rewrite the variation of the Riemann tensor (1.69) as

δRβµαν = ∇α (δΓ
β
νµ)−∇ν (δΓ

β
αµ), (1.71)
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so that the variation of the Ricci tensor is

δRµν = ∇λ (δΓ
λ
νµ)−∇ν (δΓ

λ
λµ), (1.72)

and the variation of the Ricci scalar (1.67) is obtained as

δR = gµν
(

∇λ δΓ
λ
νµ −∇ν δΓ

λ
λµ

)

+Rµν δg
µν . (1.73)

Substituting the above expressions and rearranging, the variation of the gravitational

action (1.65) takes the form

δSgrav =
c3

16πG

{∫

d4x
√−g

(

Rµν − 1

2
Rgµν

)

δgµν +

∫

d4x
√−g ∇λ

(

gµνδΓλ
µν − gµλδΓν

µν

)

}

.

(1.74)

Since the second integral contains a divergence, it can be reduced to a surface integral,

and therefore it vanishes at the surface. Thus the variation of the gravitational action

reduces to

δSgrav =
c3

16πG

∫

d4x
√−g

(

Rµν −
1

2
Rgµν

)

δgµν . (1.75)

The total action of the gravitational field created by matter is written as S = Sgrav+Sm,

where the matter part of the action can be expressed as

Sm =

∫

d4x
√−gLm. (1.76)

The variation of the integrand in equation (1.76) is given by

δ(
√−gLm) = − 1

2c

√−g Tµν δgµν (1.77)

where the energy momentum tensor Tµν is defined as

1

2

√−g Tµν =
∂

∂gµν
(
√−gLm)−

∂

∂xλ

√−gLm
∂ ∂g

µν

∂xλ

. (1.78)

The variation δSm of the matter part of the action (1.76) is thus

δSm = − 1

2c

∫

d4x
√−g Tµν δgµν . (1.79)

Thus the variation of the total action is

δS = δSgrav + δSm =
c3

16πG

∫

d4x
√−g

(

Rµν − 1

2
gµνR− κTµν

)

δgµν (1.80)

where κ = 8πG
c4

.

From the extremum principle δS = 0, and noting the arbitrariness of the variation
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δgµν , we obtain the equation of motion

Rµν −
1

2
gµνR = κTµν , (1.81)

the celebrated Einstein field equations. The corresponding trace equation is

R = −κT (1.82)

where T is the trace of the energy-momentum tensor, given by T = gµνTµν

1.4 Static solution of Einstein Field equations for spherical dis-

tribution of matter

For spherical distribution of matter, the static solution of the Einstein field equations can

be obtained by assuming the line element of the form [217]

ds2 = eνdt2 − eλdr2 − r2dθ2 − r2 sin2 θdφ2 (1.83)

with the metric potentials ν and λ functions of radial coordinate r only. For our purpose,

the matter content is taken to be that of a perfect fluid, given by the energy-momentum

tensor

Tµν = (ε+ P )uµuν − Pgµν . (1.84)

The components are given in terms of proper energy density ε, proper pressure P and four

velocity uµ = dxµ

ds . Thus the non-vanishing components of the field equations (1.81) are

e−λ
(

λ′

r
− 1

r2

)

+
1

r2
=

8πG

c4
ε, (1.85)

e−λ
(

ν ′′

2
− ν ′λ′

4
+
ν ′2

4

)

− ν ′λ′

2r
=

8πG

c4
P, (1.86)

e−λ
(

ν ′

r
+

1

r2

)

− 1

r2
=

8πG

c4
P. (1.87)

Two of the above three equations are of interest as the third equation gives no additional

information. However, the vanishing covariant divergence of the energy-momentum tensor,

∇µT
µν = 0, provides an additional dynamical equation. For a perfect fluid, this reduces

to
dP

dr
= −1

2
(ε+ P )

dν

dr
(1.88)

Thus we have three differential equations for four unknowns. A solution is realized when a

fourth independent equation is given. For a realistic situation, this additional information

is obtained in the form of an equation of state describing the relation between the pressure
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1.5 Dynamical instability in general relativity

P and energy density ε of the fluid in consideration [159, 217].

The boundary of the matter distribution is set at r = R for which P = 0, such that

for r < R, the proper pressure P > 0. Thus the interior gravitational field depends on the

equation of state of the fluid. On the other hand, an analytical expression of the exterior

solution is immediately obtained by setting P = ε = 0 in the field equations, leading to

e−λ(r) = 1− 2GM

c2r
and eν(r) = 1− 2GM

c2r
, (1.89)

where M is the mass of the fluid sphere. Using the equation of state P = P (ε) and

the boundary conditions, we integrate the field equations in the interior of the matter

distribution to obtain

eν(r) =

[

1− 2GM

c2r

]

exp

[

−
∫ P (r)

0

2dP

P + ε

]

and e−λ(r) = 1− 2Gm(r)

c2r
, (1.90)

where m(r) can be identified as the mass enclosed within a sphere of radius r. Using this

definition of m(r), the field equations and covariant divergence of the energy-momentum

tensor are cast into the celebrated Tolman-Oppenheimer-Volkoff (TOV) equations [159,

217], namely,

dP

dr
= −G

c2
(ε+ P )

r(r − 2Gm/c2)

[

4πPr3

c2
+m

]

and
dm

dr
=

4π

c2
εr2. (1.91)

In the Newtonian limit, the TOV equations reduce to

dP

dr
= −Gmρ

r2
and

dm

dr
= 4πρr2, (1.92)

where ρ is the rest mass density of the matter. These differential equations are integrated

simultaneously with initial conditions P = Pc and m = 0 from r = 0 until the boundary

of the matter distribution is reached at r = R, where P (R) = 0.

1.5 Dynamical instability in general relativity

For the matter interior to the star, the equilibrium values of the pressure P (r) and energy

density ε(r) are determined by the Tolman-Oppenheimer-Volkoff (TOV) equations (1.91)

and the interior Schwarzschild metric potentials satisfying the Einstein field equations

(1.85) [159, 217]. However it is important to know whether such equilibrium configurations

are dynamically stable so that small perturbations about these solutions do not bring about

a collapse of the star.

Dynamical stability analysis consists of the investigation of the time evolution of ho-

mologous (with respect to the radial coordinate) infinitesimal perturbation about the

equilibrium configuration [50–52]. In the framework of general relativity, this corresponds
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to a time-dependent interior solution of the form

ds2 = eν+δνc2dt2 − eλ+δλdr2 − r2(dθ2 + sin2 θ dφ2), (1.93)

where ν(r) and λ(r) are the equilibrium metric potentials and the perturbations δν(r, t)

and δλ(r, t) are due to small radial Lagrangian displacements ζ(r, t). This induces per-

turbations δP (r, t) and δε(r, t) to the equilibrium pressure P (r) and energy density ε(r).

The smallness of the perturbation allows one to consider sinusoidal displacements ζ(r, t) =

r−2eν/2ψ(r)eiωt. The corresponding equation for the radial oscillation can be obtained in

the Sturm-Liouville form [23]

d

dr

(

U
dψ

dr

)

+

(

V +
ω2

c2
W

)

ψ = 0, (1.94)

satisfying the boundary conditions ψ = 0 at r = 0 and the Lagrangian change in pressure

δP = −eν/2 γP
r2

dψ
dr = 0 at r = R. In the above equation,

U(r) = e(λ+3ν)/2 γP

r2
, (1.95)

V (r) = −4
e(λ+3ν)/2

r3
dP

dr
− 8πG

c4
e3(λ+ν)/2

r2
P (P + ε) +

e(λ+3ν)/2

r2
1

P + ε

(

dP

dr

)2

,(1.96)

W (r) =
e(3λ+ν)/2

r2
(P + ε), (1.97)

with the adiabatic index γ, given by

γ =
ε+ P

P

(

dP

dε

)

s

. (1.98)

Integrating Eq. (1.94) upon left-multiplying by ψ, one obtains the integral

J [ψ] =

∫ R

0

{

Uψ′2 − V ψ2 − ω2

c2
Wψ2

}

dr (1.99)

where ψ′ = dψ/dr, and the boundary conditions eliminate the surface term. It can be

shown that Eq. (1.94) is reproduced from the variational principle δJ [ψ] = 0. Thus the

lowest characteristic eigenfrequency of the normal mode is obtained from

ω2
0

c2
= min

ψ(r)

∫ R
0

{

Uψ′2 − V ψ2
}

dr
∫ R
0 Wψ2dr

. (1.100)

The star remains in stable equilibrium so long as this equation yields positive values

of ω2
0. On the other hand, a negative ω2

0 signifies unstable equilibrium. A power series

solution of Eq. (1.94) about r = 0 gives ψ(r) ∝ r3 in the leading order for which ζ(r)

and ζ ′(r) are finite. A good approximation for the trial function of the fundamental mode
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can be taken as the simple form ψ(r) = c0r
3 [50, 51, 229]. With this choice, the onset of

instability, hence the critical density ε∗c for gravitational collapse, can be identified with a

zero eigenfrequency solution of Eq. (1.99).

1.6 Extended Theories of Gravity

In formulating the general theory of relativity, Einstein postulated that the field equa-

tions may have only second derivatives of the metric tensor, leading to the field equa-

tions, Gµν = κTµν . This equation can be derived from the Einstein-Hilbert action

S = c3

16πG

∫

d4x
√−gR + Sm that contains the Ricci scalar R at linear order. However,

inclusion of quantum vacuum polarization can change the linear form. In principle, since

the action is a scalar, the Lagrangian can contain any scalar constructed from the Riemann

curvature tensor — the Ricci scalar happens to be only one such scalar.

Such non-linear extension of the form of the Lagrangian was postulated by Penchlaner

and Sexl [170] drawing analogy with quantum electrodynamics. When quantum vacuum

polarizations are included, the classical electrodynamic Lagrangian Lclass =
1
2(E

2 − H2)

acquires vacuum polarization corrections leading to the effective Lagrangian Leff = 1
2(E

2−
H2) + 2α2

45m4 [(E
2 −H2)2 + 7(E ·H)2] + . . ., which involves the two invariants E2 −H2 and

E ·H of the electromagnetic field. Proposing analogous arguments, they postulated that

quantum vacuum fluctuations could generate the higher order geometric invariants R2,

RµνR
µν and RµναβRµναβ in the effective Lagrangian. One of them could be excluded since

the Gauss-Bonnet term R2 − 4RµνR
µν +RµναβRµναβ determines a topological invariant,

the Euler characteristic of the 4-dimensional manifold. For simplicity, one more term was

neglected leading to the model R+αR2 for the effective gravitational Lagrangian. On the

other hand, Buchdahl [37] considered a general function f(R) for the effective Lagrangian,

with the requirement that the conservation law ∇µT
µν = 0 is preserved.

On a more fundamental level, it was shown by Shore [202] that quantum fluctuations of

scalar fields in a de-Sitter spacetime can give rise to an effective potential in the Lagrangian

from the vacuum expectation value 〈Tqm
µν 〉 in the Einstein field equation. Moreover, Birrell

and Davies [31] calculated the one-loop corrections to 〈Tqm
µν 〉 due to vacuum fluctuations

of scalar fields living in a Robertson-Walker spacetime. This approach of obtaining the

functional form of f(R) is more fundamental in nature since we expect that the vacuum

fluctuation of the standard model particles must be present.

The basic idea can be illustrated by taking a Lagrangian of a scalar field,

L =
1

2
∂µφ∂

µφ− 1

2
m2φ2, (1.101)

minimally coupled to gravity. In order to deal with such a theory, one has to consider

the vacuum expectation value of 〈0|φ2(x)|0〉, which is a divergent quantity. To treat this
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divergence one considers the two-point propagator

G(x, x′) = 〈0|φ(x)φ(x′)|0〉, (1.102)

which will be evaluated in the limit x′ → x. Calculation shows that the ultraviolet

divergence appears in a Laurent series as

G(x, x′) =
A

ε
+B ln ε+ C (1.103)

where A, B, C are well-behaved functions of x and x′ and ε = |x− x′|.

The vacuum expectation value of the energy-momentum tensor is given by

〈0|Tµν |0〉 =
1

2

[

∂µ∂
′
ν −

1

2
gµν∂λ∂

′λ

]

G(x, x′) (1.104)

The above form depends on the direction of the vector x − x′. Averaging over the

directions gives

〈0|Tµν |0〉 = C1
gµν
ε2

+ C2
Gµν
ε

+ (C3Pµν + C4Qµν) ln ε (1.105)

where Ci=1,2,3,4 are constants and Gµν is the Einstein tensor. The covariantly conserved

tensors Pµν and Qµν can be obtained by the following variations

Pµν =
1√−g

δ

δgµν
(√−gR2

)

(1.106)

and

Qµν =
1√−g

δ

δgµν
(√−gRρσRρσ

)

. (1.107)

Since these terms are produced as one-loop corrections, we must start with the action

SGrav =
1

16πG0

∫

(R− 2Λ0 + α0R
2 + β0RρσR

ρσ)
√−g d4x, (1.108)

so that the bare field equation has the form

Gµν + Λ0gµν + α0Pµν + β0Qµν = 8πG0 〈0|Tqm

µν |0〉 (1.109)

where Tqm
µν is the energy-momentum tensor of the scalar field.

Inserting the one-loop contributions of the vacuum expectation value 〈0|Tqm
µν |0〉, and
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defining renormalized quantities as

1

8πG
=

(

1

8πG0
− C2

ε

)

,
Λ

8πG
=

Λ0

8πG0
− C1

ε2
,

α

8πG
=

α0

8πG0
− C3 ln ε,

β

8πG
=

β0
8πG0

− C4 ln ε, (1.110)

one obtains the renormalized field equation

Gµν + Λgµν + αPµν + βQµν = 0 (1.111)

where G, Λ, α and β are physically measurable parameters.

A further extension of such a modified gravity model was suggested by Harko [81] by

considering a function f(R, T ) as the Lagrangian in the gravitational action. Since the

Lagrangian itself involves the trace T of the energy-momentum tensor, the conservation

law ∇νT
µν = 0 is now violated. Moreover the particle trajectories will no longer follow the

geodesics. It was suggested that such an extension may arise due to quantum mechanical

corrections and exotic matters, although the origin of such an extension is not very clear

at the outset. It may however be visualized as a gravity-matter interaction if a coupling

between the scalars R and T is present in the functional form f(R, T ).

1.6.1 f(R) gravity

New challenges raised by recent cosmological observations lead to the consideration of

modified Einstein-Hilbert action to include higher order curvature invariants in the gravi-

tational Lagrangian. In this context, we present here the simplest form of this modification

known as f(R) gravity [62, 83], with an action given by

Sgrav =
c3

16πG

∫

f(R)
√−g d4x (1.112)

where f(R) is an arbitrary analytical function of the Ricci scalar R that possesses a Taylor

series expansion. Thus f(R) gravity is equivalent to a Brans-Dicke theory with ω = 0 in

the Einstein frame.

For any gravitational system, the full action is therefore given by

S =

∫

d4x
√−g

{

1

2κ
f(R) + Lm

}

, (1.113)

where Lm is the matter Lagrangian density.

The variation of the action Sgrav is obtained as

δSgrav =
1

2

∫

d4x δ(
√−g)f(R) + 1

2

∫

d4x
√−gδf(R) (1.114)
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with variation of
√−g given as

δ
√−g = − 1

2
√−g δg. (1.115)

Since ln(detA) = tr(lnA), where A is a matrix, an infinitesimal change is δ detA
detA =

Tr(A−1δA). Thus we obtain δg = ggµνδgµν . Using gµνδgµν = −gµνδgµν we immediately

obtain

δ
√−g = −1

2

√−g gµν δgµν . (1.116)

The variation in f(R) is not straight forward as in the case of the original Einstein-Hilbert

action, where f(R) = R. Here, the variation leads to

δf(R) = fRδ(Rµνg
µν) = fRg

µνδRµν + fRRµνδg
µν , (1.117)

with fR = ∂f/∂R. The variation of Ricci tensor is straight forward from its definition,

that is, δRµν = ∇λ(δΓ
λ
νµ)−∇ν(δΓ

λ
λµ). This reduces the above equation to

δf(R) = fRg
µν
(

∇λδΓ
λ
νµ −∇νδΓ

λ
λµ

)

+ fRRµνδg
µν . (1.118)

Variation of the Christoffel symbols is gµν(∇λδΓ
λ
νµ−∇νδΓ

λ
λµ) = −∇µ∇νδg

µν+gµν2δg
µν .

Using this, the variation in f(R) reduces to

δf(R) = fR (Rµνδg
µν + gµν2δg

µν −∇µ∇νδg
µν) (1.119)

The variation of the gravitational action thus becomes

δSgrav =
1

2

∫

d4x
√−g

{(

fRRµν − 1

2
f(R)gµν

)

δgµν + fR (gµν2δg
µν −∇µ∇νδg

µν)

}

, (1.120)

which, on integration by parts, leads to

δSgrav =
1

2

∫

d4x
√−g

{

fRRµν − 1

2
gµνf(R) + (gµν2−∇µ∇ν) fR

}

δgµν (1.121)

Together with the variation of the matter Lagrangian Lm with respect to the metric tensor

gµν , we obtain the field equation

fRRµν −
1

2
gµνf(R) + (gµν2−∇µ∇ν) fR = κTµν . (1.122)

The above field equation corresponds to a fourth-order partial differential partial equation

in gµν , whereas the Einstein-Hilbert action leads only to a second-order partial differential

equation. For fR = 1, the above field equation reduces to the Einstein field equation.

The trace of above equation is

fRR− 2f(R) + 32fR = κT, (1.123)

which is different from the original trace equation R = −κT . This means, for the case

T = 0, the modified trace equation (1.123) does not necessarily imply R = 0. In other
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words, T = 0 does not necessarily lead to a vacuum solution as in the original theory of

general relativity. For the case R = const and T = 0, the trace equation (1.123) reduces

to

fRR− 2f(R) = 0 (1.124)

The form of the function f(R) will tell us the type of the maximally symmetric solutions

as follows. If f(R) is chosen such that R = 0 is a root of equation (1.124) and we introduce

this solution in equation (1.122), then we obtain Rµν = 0, and the maximally symmetric

spacetime will be Minkowskian. When the form of f(R) leads to the root R = ±R0 from

equation (1.124), it follows that Rµν = 1
4gµνR0, in which case the maximally symmetric

solutions will be de-Sitter (+R0) or anti-de-Sitter (−R0) spacetime, analogous to general

relativity with a cosmological constant Λ.

1.6.1.1 Conformal Transformation

We have defined the action (1.112) for f(R) gravity in the Jordan frame. It may be

worthwhile to note that any general form of f(R) gravity can be transformed into the

Einstein frame by means of a conformal transformation

g̃µν = Ω2 gµν , (1.125)

where Ω2 is the conformal factor connecting the metric gµν in the Jordan frame with the

metric g̃µν in the Einstein frame. Consequently, the scalar curvatures in the two frames

are related by

R = Ω2 {R̃+ 6�̃φ− 6g̃µν∂µφ∂νφ} (1.126)

where φ = ln Ω and symbols with a tilde represent quantities in the Einstein frame.

The action (1.112) can be rewritten in the form

Sgrav =

∫

d4x
√−g

(

1

2κ2
fRR− V

)

(1.127)

where V (R) = 1
2κ2

(fRR− f).

Using Eq. (1.126) and the relation
√−g = Ω−4

√−g̃, the action (1.127) becomes

Sgrav =

∫

d4x
√

−g̃
[

1

2κ2
fRΩ

−2(R̃+ 6�̃φ− 6g̃µν∂µφ∂νφ)− Ω−4V

]

(1.128)

The matter action Sm =
∫

d4x Lm(gµν ,Ψm) therefore transforms as

Sm =

∫

d4xLm(Ω−2 g̃µν ,Ψm) . (1.129)

For the choice Ω2 = fR, and since the integral
∫

d4x
√−g̃ �̃φ vanishes on account of
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the Gauss theorem, one obtains the total action in the Einstein frame as

SE =

∫

d4x
√

−g̃
[

1

2κ2
R̃− 1

2
g̃µν∂µΦ∂νΦ− U(Φ)

]

+

∫

d4xLm(f−1
R (Φ)g̃µν ,Ψm) , (1.130)

where Φ =
√
6φ/κ and the new potential U is defined as

U(Φ) =
V

f2R
=
fRR− f

2κ2f2R
. (1.131)

The choice Ω2 = fR is consistent with the condition fR > 0 [62].

The matter in the Einstein frame is directly coupled to the scalar field Φ. Variation of

the action (1.130) with respect to the scalar field Φ gives

�̃Φ− U,Φ +
1√−g̃

∂Lm
∂Φ

= 0, (1.132)

and the functional derivative of the matter Lagrangian with respect to Φ is

∂Lm
∂Φ

=
δLm
δgµν

∂gµν

∂Φ
=

1

fR(Φ)

δLm
δg̃µν

∂(fR(Φ)g̃
µν)

∂Φ
= −

√

−g̃ f,Φ
2fR

T̃ (m)
µν g̃µν . (1.133)

Thus the equation of motion of the scalar field Φ becomes

�̃Φ− U,Φ − fR,Φ
2fR

T̃ = 0 . (1.134)

The strength of the coupling between the scalar field Φ and matter can be quantified

by

q = − fR,Φ
2κfR

= − 1√
6

(1.135)

which is a constant in f(R) gravity. This makes the field equation in the Einstein frame

as

�̃Φ− U,Φ + κqT̃ = 0, (1.136)

showing that the field Φ is directly coupled to matter.

For a massless scalar field Φ such that U(Φ) = 0, there exist a long range additional

force with a large coupling q. This is not be consistent with experimental tests in the solar

system. However, this situation need not occur in f(R) gravity when U(Φ) 6= 0. Thus it

is possible to formulate f(R) gravity consistent with solar system tests [35, 103, 104].
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1.6.2 f(R, T ) gravity

In this section ,we briefly present the preliminary details of f(R, T ) gravity needed for our

later developments. The action of the most general f(R, T ) gravity is given by [84]

S =
c3

16πG

∫

d4x
√−g f(R, T ) +

∫

d4x
√−g Lm, (1.137)

where Lm is the Lagrangian density of matter. The stress-energy tensor Tµν is obtained

from the matter Lagrangian Lm as

Tµν = gµνLm − 2
∂Lm

∂gµν
. (1.138)

Field equations following from Eq. (1.137) are

fRRµν −
1

2
fgµν + (gµν∇α∇α −∇µ∇ν)fR = κTµν − fTTµν − fTΘµν (1.139)

where Θµν = gαβ
δTαβ

δgµν , fR = ∂f
∂R , fT = ∂f

∂T .

The covariant divergence of the above field equation with the identity [110]

∇µ

[

fRRµν −
1

2
fgµν + (gµν∇α∇α −∇µ∇ν)fR

]

= 0 (1.140)

leads to

∇µTµν =
fT

κ− fT

[

(Tµν +Θµν)∇µ ln fT +∇µΘµν

]

(1.141)

This shows that the stress-energy tensor of the matter distribution is no longer conserved

covariantly,∇µT
µν 6= 0. Consequently, the particles of matter do not follow geodesic paths.

This can be illustrated for the simple case of a prefect fluid with Θµν = −2Tµν + Pgµν ,

giving

∇µTµν =
1

κ− fT

[

Tµν∇µfT + gµν∇µ(fT P )

]

(1.142)

By introducing the projection operator Jµν = gµν−uµuν , one directly obtains the geodesic

equation as
d2xµ

ds2
+ Γµνλu

νuλ = κ
∇νP

(ε+ P )(κ+ fT )
Jµν . (1.143)

The gradient on the right-hand side can be expressed as the covariant derivative of a

scalar, ∇ν ln
√
Q. Thus we have

d2xµ

ds2
+ Γµνλu

νuλ = Jµν∇ν ln
√

Q. (1.144)

Since Jνµu
µ = 0, the force on the right-hand side is orthogonal to the four velocity uµ.

Moreover, for a pressure-less fluid, we obtain the original geodesic equation.
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Constraints coming from solar system tests give an upper bound on the extra-acceleration

aE generated by the extended f(R, T ) theories of gravity. The change in the precession

angle ∆φ of the perihelion of Mercury is given by

∆φ =
6πGM⊙
a (1− e2)

+
2πa2

√
1− e2

GM⊙
aE , (1.145)

where a is the semi-major axis and e is the eccentricity of the orbit. The first term is the

contribution from general relativity and the second term originates from f(R, T ) gravity.

For Mercury, a = 57.91× 106 km, and e = 0.205615. The standard general relativistic

value for the precession angle is (∆φ)GR = 42.962 arcsec per century, while the observed

value is (∆φ)obs = 43.11± 0.21 arcsec per century [195]. Therefore the difference

(∆φ)E = (∆φ)obs − (∆φ)GR =
2πa2

√
1− e2

GM⊙
aE ∼ 0.358 arcsec per century, (1.146)

which may be identified with effects due to an extended gravity such as the f(R, T ) sce-

nario. Hence the observational constraints requires that the value of the extra acceleration

aE must satisfy the condition aE . 10−9 cm/s2.

1.7 Friedmann Equations

Our Universe contains many galaxies that form clusters and superclusters. While a spi-

ral galaxy such as the Milky Way is of the size ∼ 30 kpc, typical sizes of clusters and

superclusters are ∼ 5 Mpc and ∼ 50 Mpc, respectively. There are large empty spaces or

voids ∼ 100 − 200 Mpc in the distribution of superclusters [152]. At length scales much

larger than this, the distribution of matter can be considered to be uniform. Observations

suggest that the Universe is spatially homogeneous and isotropic in the distribution of

matter. Moreover, the cosmic microwave background radiation, originating around ∼ 105

years after the Big Bang, also is observed to be spatially homogeneous and isotropic.

These facts suggest that a model for the Universe ought to be homogeneous and

isotropic in space implying that the space part of the metric should be the same at all

points and in all directions. Friedmann was the first to consider an isotropic cosmological

model in 1922.

In discussing the geometry of the homogeneous isotropic space, we shall follow Landau

and Lifshitz [113]. A General line element for spatial separation is given by

dl2 = γijdx
idxj , (1.147)

where γij is the three-dimensional metric tensor. Analogous to the Riemann tensor, curva-

ture of space is completely determined by the three-curvature tensor Ki
jkl. For an isotropic
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1.7 Friedmann Equations

manifold, the curvature tensor can be expressed in terms of the metric γij as

Ki
jkl = λ

(

δikγlj − δilγkj
)

(1.148)

where λ is a constant. Consequently, the Ricci tensor and scalar curvature are

Kij = 2λγij (1.149)

and

K = 6λ, (1.150)

respectively. Thus the characteristics of an isotropic space are determined by a single

parameter λ. There are in general three different possibilities, (1) space of constant positive

curvature (2) space of constant negative curvature and (3) space of null curvature (λ = 0).

We shall now consider the geometry of an isotropic three sphere as the geometry on

a hypersurface in a fictitious four dimensional space. The equation of a hypersphere of

radius a in the four dimensional Euclidean space is

x21 + x22 + x23 + x24 = a2 (1.151)

and the line element has the form

dl2 = dx21 + dx22 + dx23 + dx24 (1.152)

Eliminating the fictitious coordinate x4, we get

dl2 = dx21 + dx22 + dx23 +
(x1dx1 + x2dx2 + x3dx3)

2

a2 − x21 − x22 − x23
(1.153)

In spherical coordinates, the line element takes the form

dl2 =
dr2

1− r2

a2

+ r2(dθ2 + sin2 θ dφ2), λ =
1

a2
, (1.154)

dl2 = dr2 + r2(dθ2 + sin2 θ dφ2), λ = 0, (1.155)

dl2 =
dr2

1 + r2

a2

+ r2(dθ2 + sin2 θ dφ2), λ = − 1

a2
, (1.156)

where the last line element corresponds to a space of constant negative curvature, obtained

from the geometry of a pseudosphere of imaginary radius (that is, by replacing a by ia).

On the other hand, the line element for λ = 0 corresponds to a flat geometry.

Using the coordinate transformation r = aξ and introducing a parameter k for the
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sign of the space curvature, one can write a general form of the above line elements as

dl2 = a2
{

dξ2

1− kξ2
+ ξ2(dθ2 + sin2 θ dφ2)

}

, (1.157)

where the curvature parameter k = +1, 0,−1 for positive, null and negative curvature,

respectively.

The isotropy in space suggests that g0i components of the metric must vanish due to

equivalence of different directions. Thus the spacetime line element must have the form

ds2 = g00 c
2 dt2 − dl2 (1.158)

where g00 is a function of time t only, which can be set equal to unity by a proper

redefinition of the time coordinate. Thus the four dimensional line element becomes

ds2 = c2dt2 − a2(t)

{

dξ2

1− kξ2
+ ξ2(dθ2 + sin2 θ dφ2)

}

, (1.159)

where a(t) is represented as a function of time in order to describe the dynamics of the

Universe.

The non-vanishing components of the metric tensor are

g00 = 1, g11 = − a2(t)

1− kξ2
, g22 = −a2(t) ξ2, g33 = −a2(t) ξ2 sin2 θ. (1.160)

Employing these line elements in the Einstein field equations (1.81) with energy-

momentum tensor (1.84), the following dynamical equations are obtained,

(

ȧ

a

)2

=
8πG

3c2
ε− kc2

a2
, (1.161)

ä

a
= −4πG

3c2
(ε+ 3P ) , (1.162)

which are known as the Friedmann first and second equations, respectively. Moreover,

conservation of energy-momentum tensor, ∇µT
µν = 0, gives the equation of continuity

ε̇+ 3

(

ȧ

a

)

(ε+ P ) = 0. (1.163)

1.8 Inflationary Cosmology and Reheating

Inflation was proposed to address the fundamental issues associated with the Standard

Model Big Bang of Cosmology, which based on the Friedmann-Lemaitre-Robertson-Walker

(FLRW) model. These issues are known as the flatness problem, the horizon problem, the

magnetic monopole problem, and the origin of large-scale structures in the universe. The
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cosmic microwave background (CMB) radiation, that carries the imprint of the early uni-

verse since the period of recombination, is found to be homogeneous and isotropic having a

temperature 2.725 K [131] with a nearly perfect black-body spectrum and the anisotropies

are almost negligible. This uniformity is found to exist over causally disconnected regions

of the sky. Such large-scale correlation is impossible to obtain from the causal processes

in the FLRW metric after the Big Bang.

The particle horizon is defined as

η =

∫ t2

t1

dt

a(t)
=

∫ a2

a1

da

a2H(a)
, (1.164)

(with c = 1) since light travels a comoving distance of dr = dt/a(t) in a time interval dt.

For the equation of state given by p = ωρ, the Hubble rate goes like H ∝ a−3(1+ω)/2, so

that

η =

∫ a2

a1

da

a(1+3ω)/2
= a

1+3ω
2

∣

∣

∣

∣

a2

a1

(1.165)

Thus the particle horizon since the Big Bang to the period of recombination is roughly

∼ 284 Mpc and the particle horizon from the recombination to the present epoch is 14.4

Gpc. We can therefore expect a correlation over an angular spread ∼ 284/14400 = 1.1◦.

On the contrary, the CMB exhibit a nearly perfect correlation over the entire sky. This

contradiction between the standard model and observation is known the Horizon Problem.

Observations suggest that the density parameter Ω = ρ/ρc is very close to unity Ω ≈ 1.

Since the curvature parameter k = 0 is at the boundary between the open and closed

universe models, this implies that nearly flat universe. However from Friedmann equation,

one obtains |Ω− 1| = k
a2H2 ∝ ka

1+3ω
2 , which represents a universe that was extremely flat

in the early epoch. For a non-zero curvature parameter k, the consistency with observation

would require an extra-ordinary fine tuning of the initial conditions. This is gives rise to

the Flatness Problem.

Super-symmetric grand-unified theories (GUT) suggest that the three coupling con-

stants of electromagnetic, weak, and strong interactions approach the same value at

the grand-unification energy scale of ∼ 1016 GeV. This corresponds to the unification

U(1) × SU(2) × SU(3) → G. Thus a spontaneous symmetry breaking can occur as the

universe cools to a critical temperature of Tc ∼ 1016 GeV. This phase transition is capable

of producing topological defects such as magnetic monopoles. This can be illustrated by

a simple SO(3) gauge theory which is spontaneously broken to U(1) by the Higgs mech-

anism [111]. In this process, two of the gauge bosons acquire mass and there may arise

a solution of hedgehog configuration, for the Higgs field Φa → σr̂ and the gauge boson

Aaµ → ǫµabr̂b/er as r → ∞, where σ is the minima of the Higgs field.

The magnetic field

Ba
i =

1

2
ǫijkF

a
jk =

r̂ir̂
a

er2
(1.166)
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resembles the configuration of a magnetic monopole. Thus a magnetic monopole is gen-

erated with a mass 4πσ
e = MV

α . Since the mass of the vector boson MV = eσ ∼ 1016

GeV, the magnetic monopole is extremely heavy with mass 1018 GeV which is also the

characteristic critical temperature Tc of this phase transition.

The number density of such monopoles created in this phase transition can be estimated

as

nM ∼ H3 ∼
(

ρ

m2
P

)3/2

∼
(

π2g∗

30

)3/2
T 6
c

m3
P

, (1.167)

assuming the formation of one single monopole per Hubble volume. Dividing it by entropy

density s ∼ g∗T 3, we get
nM
s

∼
(

Tc
mP

)3

. (1.168)

Thus the number of monopoles per baryon number is

nM
nB

=
nM
s

s

nB
∼ 10−3 × 1010 ∼ 107, (1.169)

which is obviously an unphysical number. Needless to say, we do not find any magnetic

monopoles around us in contradiction to the above estimate from the Standard Model

of Cosmology. Several magnetic monopole searches, for example in iron and other ferro-

magnetic ores, have consistently given negative results. This is the Magnetic Monopole

Problem

The Standard Big Bang model predicts that the universe remains homogenous and

isotropic in its evolution. Since it does not have any mechanism to introduce inhomo-

geneity, it cannot predict the formation of inhomogeneous structures such as galaxies and

clusters that we observe today. On the other hand, high resolution observations show that

there are very small inhomogeneities (∼ 10−5) in the CMB radiation which are basically

the seeds to the formation of large-scale structures. These observed inhomogeneities can-

not follow from the Big Bang model, giving rise to yet another problem with the Standard

Model of Cosmology.

As shown by Guth [79], the above problems are solved by an inflationary model where

the universe undergoes an exponentially fast expansion in the beginning. It is then imme-

diately obvious that the magnetic monopoles formed via the GUT phase transition would

be diluted away exponentially quickly, so that we practically find no magnetic monopoles

in the present epoch, solving the Monopole problem. Since the scale factor goes like

a ∼ eHt in the inflationary phase, |Ω − 1| approaches zero very quickly giving negligi-

ble contribution from the curvature k dependent term in the evolution, thus solving the

Flatness Problem. Moreover, quantum fluctuations in the inflationary phase act as seeds

to anisotropy that form inhomogeneous structures like galaxies and clusters in the later

stages of the evolution. In addition, an inflationary theory should also include a mecha-

nism for particle production and its thermalisation in order to give rise to the observed
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1.8 Inflationary Cosmology and Reheating

correlation in the CMB radiation, hence solving the Horizon Problem.

1.8.1 Inflationary Phase

In the (new) inflationary model, the main contribution to the energy-momentum tensor

comes from a scalar field φ (dubbed inflaton) with the Lagrangian density

L(φ) = 1

2
∂µφ∂

µφ− V (φ), (1.170)

where V (φ) is the potential of the scalar field. Ignoring the spatial dependence, the energy

density and the pressure is obtained as ρ = φ̇2

2 + V (φ) and p = φ̇2

2 − V (φ), respectively.

Consequently, the evolution of the Friedmann-Lemaitre-Robertson-Walker metric [73, 182,

222] is obtained from Einstein field equation as

H2 =
8π

3m2
P

ρ =
8π

3m2
P

{

φ̇2

2
+ V (φ)

}

, (1.171)

and
ä

a
= − 4π

3m2
P

(ρ+ 3p) = − 8π

3m2
P

{

φ̇2 − V (φ)
}

, (1.172)

where H is the Hubble parameter defined as H = ȧ
a . The evolution of the scalar field, on

the other hand, is given by the Klein-Gordon equation,

φ̈+ 3Hφ̇+ V,φ= 0. (1.173)

Inflation requires ä > 0 so that the universe undergoes an accelerated expansion. This

condition in turn requires ρ + 3p < 0 or φ̇2 < V (φ) as seen from equation (1.172). For

sufficient inflation, the appropriate condition is φ̇2 ≪ V (φ) that allow one to defines the

well-known slow-roll parameters measuring the number of e-foldings during the inflationary

phase. The first slow-roll parameter ǫ is obtained from

ǫ = − Ḣ

H2
, (1.174)

that measures the change in Hubble rate per e-folding. For a large inflation, the parameter

ǫ ≪ 1, whereas for a sufficiently long inflation, one requires ǫ to remain small for a long

time, measured by a second parameter η, given by

η =
ǫ̇

ǫH
. (1.175)

For a prolonged inflation, one requires η ≪ 1.

Using Friedmann equations (1.171) and (1.172), the slow-roll parameters can be ex-
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pressed in terms of the inflaton potential as

ǫ =
m2

P

16π

(

V,φ
V

)2

and η =
m2

P

8π

V,φφ
V

. (1.176)

For illustration, we shall consider the chaotic inflationary model with the potential

V (φ) = 1
2m

2φ2. In this case, the slow-roll conditions give ǫ = η = m2
P/(4πφ

2) ≪ 1,

implying a large initial value φ ≫ mP. However, towards the end of inflation these

parameters approach unity, where φ ∼ mP/
√
4π.

As the inflaton rolls down, it reaches the minimum of the potential V (φ) where the

scalar field undergoes a damped oscillation, given by

φ̈+ 3Hφ̇+m2φ = 0. (1.177)

The oscillation is damped due to the expansion of the universe represented by the term

3Hφ̇. Together with equation (1.171), the above equation yields

φ(t) =
mP√
3πmt

sin mt. (1.178)

After the first oscillation, mt = 2π, so that the amplitude of the oscillation drops

significantly, φ ∼ 0.05mP. Substituting equation (1.178) in equation (1.171), we can

estimate the Hubble rate during this phase,

H ≈ 2

3t
, (1.179)

so that

a(t) ≈ a0t
2/3, (1.180)

and the energy density of the inflaton field is given by

ρ ≈ m2
P

6π

(

a

a0

)−3

. (1.181)

Thus the energy density of the inflation field decreases similar way as a dust-filled universe.

1.8.2 Reheating Phase — Perturbative Treatment

If we allow the inflaton to interact with the standard model fields, the inflaton can decay

to produce particles of those fields. This process will make the amplitude of the inflaton

oscillation decay faster than that determined by the Hubble expansion. This phase after

inflation is called the Reheating Phase where ultra relativistic particles are created.

Following Kofman et al. [109], we demonstrate the reheating phase in the following.

Assuming that the inflaton field φ interacts with only a boson field χ, the Lagrangian
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density can be written as

L =
1

2
∂µφ∂

µφ− 1

2
m2φ2 +

1

2
∂µχ∂

µχ− 1

2
m2
χχ

2 − 1

2
g2φ2χ2, (1.182)

wheremχ is the mass of a χ-particle and g is the coupling constant. Now the Klein-Gordon

equation for the inflaton takes the form

φ̈+ 3H(t)φ̇+ [m2 +Π(ω)]φ = 0, (1.183)

where Π(ω) is the self-energy due to vacuum polarization giving correction to m2 for

the case ω = m ≪ 2mχ. For the opposite case, m ≫ 2mχ, the correction acquires an

imaginary part, Im Π(ω) = mΓ, where Γ is the decay rate of the inflaton. The latter case

is relevant to reheating, for which the solution of equation (1.183) takes the form

φ(t) = φ0e
− 1

2
(3H+Γ)teimt, (1.184)

assuming a constant expansion rate H. Thus the decay of the inflaton amplitude is now

enhanced by a factor of e−
Γt
2 due to particle production.

Including spontaneous symmetry breaking by φ → φ − σ, the true minima of the

potential occurs at φ = σ. This leads to an additional interaction term, namely, g2φχ2,

giving rise to the decay channel φ→ χχ. The corresponding decay rate is given by

Γ(φ→ χχ) =
g4σ2

8πm
. (1.185)

We have seen above that the damping of the inflaton is determined by the Hubble

rate H and the decay rate Γ. The corresponding solution can be obtained by adding a

damping term Γφ̇ in the dynamics of the inflaton field [4], so that

φ̈+ 3H(t)φ̇+ Γφ̇+m2φ = 0. (1.186)

Now Substituting φ(t) = Φ(t) eimt in the above equation, we obtain

Φ̈ + [3H(t) + Γ]Φ̇ = 0. (1.187)

and

2Φ̇ + [3H(t) + Γ]Φ = 0. (1.188)

Rewriting the latter equation, the amplitude Φ satisfies the differential equation

1

a3
d

dt
(a3Φ2) = −ΓΦ2. (1.189)

Since the energy density of the inflaton field is related to its amplitude as ρ = 1
2m

2Φ2, we
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obtain
1

a3
d

dt
(a3ρ) = −Γρ, (1.190)

implying that the comoving energy density of the inflaton field decreases exponentially

due to particle production.

The decay of the inflaton field gives rise to production of χ-particles with the source

Γρ. Since this energy density ρ is related to the number density nφ as ρ = mnφ, the time

evolution for the number density nχ is given by

1

a3
d

dt
(a3nχ) = +2Γnφ, (1.191)

where the factor 2 accounts for the creation of two χ-particles out of a single φ-particle in

the decay channel φ→ χχ. In terms of densities this equation becomes

1

a3
d

dt
(a3ρχ) = +

(

2mχ

m

)

Γρ. (1.192)

Since m ≫ mχ, the energy density ρχ increases at a much slower pace than the rate of

decrease of ρ given by equation (1.191)

Reheating occurs so long as H > Γ and it stops when the condition H ∼ Γ is reached.

The created particles cannot thermalize when H < Γ. This condition gives an estimate

for the reheating energy density ρr as

ρr ≃
3Γ2m2

P

8π
, (1.193)

which corresponds to a reheating temperature

Tr ≃
(

45

4π3g∗

)1/4
√

ΓmP, (1.194)

where g∗ is the number of degrees of freedom. For the standard model particles g∗ ∼ 100

[95].

1.8.3 Reheating via Parametric Resonance

In the previous subsection, we described the perturbative theory of reheating induced

by a constant inflaton field σ. However, reheating can happen via parametric resonance

induced by the oscillating inflaton field.

To demonstrate this, we consider the Lagrangian

L =
1

2
∂µφ∂

µφ− 1

2
m2(φ− σ)2 +

1

2
∂µχ∂

µχ− 1

2
m2
χ,0χ

2 − 1

2
g2φ2χ2. (1.195)

The classical χ field, when quantized, can be represented in the Heisenberg picture by the
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field operator

χ̂(x, t) =
1

(2π)3/2

∫

d3x
{

âkχk(t)e
−ik·x + â†kχ

∗
k(t)e

ik·x
}

, (1.196)

where ak and a†k are the annihilation and creation operator for a χ-particle of momentum

k and χk is the corresponding mode function. In the FLRW metric with zero spatial cur-

vature, the time evolution of the mode function χk(t) is given by the differential equation

χ̈k + 3Hχ̇k +

(

k2

a2
+m2

χ,0 + g2φ2
)

χk = 0, (1.197)

where k/a is the physical momentum. The differential equation represents a damped

oscillator with a time varying frequency that depends on the inflation field φ(t) and the

scale factor a(t). Making the transformation (φ − σ) → φ in equation (1.195), we obtain

the Lagrangian

L =
1

2
∂µφ∂

µφ− 1

2
m2φ2 +

1

2
∂µχ∂

µχ− 1

2
m2
χχ

2 − 1

2
g2φ2χ2 − g2σφχ2 (1.198)

where m2
χ = m2

χ,0 + g2σ2, with the interaction Lagrangian

Lint = −g2σφχ2 − 1

2
g2φ2χ2. (1.199)

These interactions represent two decay channels, φ→ χχ and φφ→ χχ. The transformed

Lagrangian given by (1.198) gives the time evolution of the mode function as

χ̈k + 3Hχ̇k +

(

k2

a2
+m2

χ,0 + g2σ2 + 2g2σφ+ g2φ2
)

χk = 0. (1.200)

In the following discussion, we shall consider mχ,0 ≪ g2σ2 so that it can be neglected.

Moreover, we shall consider the spacetime to be Minkowskian so that we can set a = 1

which amounts to neglecting the effect of the expansion of the universe.

1.8.3.1 Narrow Resonance

We shall first consider the case φ ≪ σ so that the amplitude of the inflaton field is very

small compared to its vacuum expectation value σ. Consequently, the time evolution of

the mode function can be written as

χ̈k +
(

k2 + g2σ2 + 2g2σΦsinmt
)

χk = 0, (1.201)

where k = |k| and the time varying frequency of the oscillator is

ω2
k(t) = k2 + g2σ2 + 2g2σΦsinmt. (1.202)
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It may be recalled that the term 2g2σφ comes from the interaction term −g2σφχ2 in the

Lagrangian given by (1.198). Consequently, the decay channel φ→ χχ is dominant in this

case.

Making a change of variable mt = 2τ − π/2, the well known Mathieu Equation is

obtained,

χ′′
k + (Ak − 2q cos 2τ)χk = 0, (1.203)

with Ak = 4(k2 + g2σ2)m−2 and q = 4m−2g2σΦ.

The Mathieu equation admits solutions of exponential instability χk ∝ eµ
(n)
k τ within a

continuous range of momenta ∆k(n), where n labels the band. This instability corresponds

to particle production with the occupation number growing exponentially, nk ∝ |χk|2 ∝
e2µ

(n)
k τ .

For the case gΦ ≪ gσ ≪ m, we have q ≪ 1. In this case, resonance occurs in a narrow

band ∆k(n) ∼ mqn near A
(n)
k = n2 +O(q), where n = 1, 2, 3, . . . (as observed in stability-

instability chart). Thus the band-width is negligible for n = 2, 3, . . .. Consequently we

shall consider only the first band, n = 1, with the approximation A
(1)
k ∼ 1 ± q. The

corresponding instability parameter is given by

µ
(1)
k =

√

(q

2

)2
−
(

2k

m
− 1

)2

, (1.204)

which is real for k = m
2 (1 ± 1

2q). This represents a region of resonance in the band

∆k = 1
2mq. This band is narrow as q ≪ 1. Within the same band, the maximum

instability occurs at k = m
2 , corresponding to a growth nk ∝ eqmt/2.

1.8.3.2 Broad Resonance

In the simple chaotic inflation, we have seen that the initial amplitude Φ & mP, so that

sufficient inflation can be achieved. This means that the amplitude satisfies the condition

φ ≫ σ together with gφ ≫ m. Thus in this case, the terms g2σ2 and 2g2σφ can be

neglected in comparison to g2φ2 in equation (1.200). Consequently, in the Minkoviskian

approximation, equation (1.200) reduces to

χ̈k +
(

k2 + g2Φ2 sin2mt
)

χk = 0. (1.205)

It may be recalled that the term g2φ2 comes from the interaction term −1
2g

2φ2χ2 in the

Lagrangian given by (1.198). Consequently, the decay channel φφ → χχ is dominant in

the present case.

As compared to the previous case of narrow resonance, now we find a parametric

oscillator with a different time dependency in frequency given by

ω2
k(t) = k2 + g2Φ2 sin2mt. (1.206)
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Since the effective mass mχ(t) = gφ(t) ≫ m, a large number of oscillations occur in each

mode χk within one period of oscillation of the inflaton field.

Using the change of variable τ = mt and rearranging, equation (1.205) reduces to the

Mathieu equation,

χ′′
k + {Ak − 2q cos 2τ}χk = 0, (1.207)

with Ak = k2/m2 + 2q and q = g2Φ2/4m2. Since gΦ ≫ m, we have q ≫ 1 in this case, in

contrast with the case of narrow resonance where q ≪ 1.

The Mathieu equation given by (1.207) admits solution of exponential instability of

the form χk ∝ eµkτ . The corresponding stability-instability chart [108] gives significant

values of the instability parameter, namely, 2πµk ∼ O(1). The resonant modes k lie above

the line k2

m2 = Ak − 2q within every instability band. Along the line Ak = 2q, that is for

the vanishing mode, µk ∼ ln 3
2π in the instability band.

The frequency of the χ-field given by (1.206) changes slowly near the peak φ = ±Φ

occurring at mt = (2l + 1)π2 , with l an integer. Near the peak, χk oscillates with a

frequency ωk ≈
√

k2 + g2Φ2, whereas the inflaton field oscillates with a frequency m.

Since gΦ ≫ m, the inflaton field varies very slowly compared to the time period of χk

near the peak. This slow variation allows one to invoke the adiabatic hypothesis, leading to

an adiabatic invariant I = E/ω, where E is the energy of the system and ω is its frequency

[115]. The energy is given by the first integral of the equation of motion (1.205), so that

Ek =
1

2
χ̇k

2 +
1

2
ω2
kχ

2
k, (1.208)

and the adiabatic invariant is thus obtained as

nk =
Ek
ωk

=
1

2ωk
χ̇k

2 +
1

2
ωkχ

2
k. (1.209)

Thus nk is expected to be almost constant around the peaks of the inflaton fields.

On the other hand, the inflaton field changes rapidly around φ = 0, when mt = lπ,

with l an integer. This leads to the possibility of particle production in a narrow window

when the condition |ω̇| > ω2 is satisfied. Using equation (1.206), this condition translates

to

mg2Φφ & (k2 + g2φ2)3/2, (1.210)

where we have used φ̇ = mΦcosmt ∼ mΦ, around φ ∼ 0. Rearranging, we have

k2 . (mg2Φφ)2/3 − g2φ2. (1.211)

The right-hand side of the above expression has the time dependence φ = Φsinmt. Con-

sequently, the above condition can be met only up to a certain value of φ, say φ∗. This

means that the above condition holds in the window −φ∗ < φ < φ∗. The band in which
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the resonance occurs can be defined as 0 . k . k∗, where

k2∗ = (mg2Φφ∗)
2/3 − g2φ2∗ (1.212)

The estimate for φ∗ and k∗ can be obtained from the condition (1.211) by noting that

the right-hand side has three zeros, at φ = 0, ±
√

mΦ
g . The maxima k∗ occurs at

φ∗ =
1

33/4

√

mΦ

g
=

1

33/4
√
2
Φq−1/4, (1.213)

with the value

k∗ =

√
2

33/4

√

gmΦ =

(

2

3

)3/4

mq1/4. (1.214)

In the interval between the maxima, that is in the range −φ∗ ≤ φ ≤ φ∗, the momenta

of the created particles lies in the range 0 ≤ k ≤ k∗. As seen from equation (1.214), this

range is broad as q ≫ 1. A typical value of momentum can be taken as k∗/2. We can say

that the momenta of the created particles occur in the range m ≪ k∗ ≪ gΦ in the broad

resonance regime.

The inflaton field spends a time ∆t∗ in the range −φ∗ ≤ φ ≤ φ∗ giving the estimate

2φ∗ ≈ φ̇∆t∗, or

∆t∗ ≈
2φ∗
mΦ

=
2

33/4
1√
gmΦ

=

(

2

3

)3/2

k−1
∗ ∼ 0.54 k−1

∗ . (1.215)

As φ is small during this time interval, we have ω ≈ k∗, so that ω∆t∗ ∼ 1. This means

that particle production happens within one time-period of oscillation of the χ-field. This

relation is consistent with the uncertainty relation ∆E ∆t ≥ 1
2~.
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Chapter 2

Newtonian white dwarfs with

generalized uncertainty EoS

.

As we have seen in Chapter 1, Generalized Uncertainty Principle carrying the imprint

of quantum gravity, introduces a minimal length scale. Thus it is important to look for

physical systems where its effect can be demonstrated. Since GUP effectively changes

the invariant measure of the phase space through a factor (1+ βp2)−3 the equation of

state for an electron degenerate gas undergoes a significant modification from the ideal

case. It has been shown in the literature [180] that the ideal Chandrasekhar limit ceases

to exist when the modified equation of state due to the generalized uncertainty is taken

into account. To assess the situation in a more complete fashion, we analyze in detail

the mass-radius relation of Newtonian white dwarfs whose hydrostatic equilibria are

governed by the equation of state of the degenerate relativistic electron gas subjected to

the generalized uncertainty principle. As the constraint of minimal length imposes a

severe restriction on the availability of high momentum states, it is speculated that the

central Fermi momentum cannot have values arbitrarily higher than pmax ∼ β−1/2.

When this restriction is imposed, it is found that the system approaches limiting mass

values higher than the Chandrasekhar mass upon decreasing the parameter β to a value

given by a legitimate upper bound. Instead, when the more realistic restriction due to

inverse β-decay is considered, it is found that the mass and radius approach the values

1.4518 M⊙ and 601.18 km near the legitimate upper bound for the parameter β.

Assuming that the Generalized Uncertainty Principle (described in Section 1.1) con-

siders the effects of quantum gravity correctly, we expect an observable deviation from

the contemporary physics at ultra-fine length scales or ultra-high densities. Thus the best

The content of this chapter is published: A. Mathew, M. K. Nandy, Ann. Phys. (N. Y.) 393, 184
(2018)
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Chapter 2. Newtonian white dwarfs with generalized uncertainty EoS

systems to search for such an anomaly are the ultra-dense compact stars that have offered

themselves as model systems to investigate upon the fundamental principles of physics.

To study the properties of such systems, it is necessary to formulate the problem based

on generalized commutation relations admitting a minimum observable length without any

bound on the momentum. This was extensively studied by Maggiore [123], Kempf et al.

[100] and Hossenfelder [92]. Moreover, utilising the generalized commutation relations

[x̂i, p̂j ] = i~δij(1 + βp̂2), [p̂i, p̂j ] = 0, (2.1)

[x̂i, x̂j ] = 2i~β(p̂ix̂j − p̂j x̂i), (2.2)

Chang et al. [53] considered a classical analogue (Liouville theorem) of the time evolution

and demanded invariance of the phase volume under infinitesimal time-translation. The

invariant measure of the phase volume thus turned out to be (1 + βp2)−3 d3x d3p.

The magnitude of the quantum gravity parameter β in the generalized uncertainty

principle is presently unknown and there exist estimates for upper (and lower) bounds.

Brau [33] calculated a correction to the Hydrogen atom energy levels due to GUP and

compared the corresponding change in the 1S-2S transition with the experimental un-

certainty in the frequency of the transition, yielding an uncertainty of ∆x0 ≤ 0.01 fm.

Subsequently, Brau and Buisseret [34] compared the first-order perturbation due to GUP

in the energy spectrum of a neutron in a gravitational quantum well with the error bars in

the energy spectrum obtained in the GRANIT experiment [153] and obtained the upper

bound for ~2β as 2× 10−5 fm2. These estimates correspond to an upper bound for

β0 = βM2
P c

2 (2.3)

to be 7.6564× 1034, where MP is the Planck mass.

Das and Vagenas [58] obtained a few upper bounds on the GUP parameter β0 by con-

sidering simple quantum mechanical systems. They showed that the accuracy of precision

measurements of the Lamb shift in hydrogen atom predicted the upper bound β0 < 1036,

which is compatible with the bound β0 ≤ 1034 set by the electroweak length scale. On the

other hand, the accuracy in the measurements of Landau levels using a scanning tunneling

microscope (STM) suggested a higher value for the upper bound, namely, β0 < 1050. How-

ever, it may be noted that the accuracy in an STM is about 1 part in 103, and therefore

this higher value of the bound is not as reliable as in the case of Lamb shift measurements

where the accuracy is about 1 part in 1012. In fact, they showed that if the GUP induced

excess current in the tunnelling of electrons in an STM cannot be measured in a time-scale

of one year, the upper bound shifts to β0 < 1021, whereas if this time-scale is chosen to be

1 second, the upper bound is β0 < 1029. There is also an estimate, namely β0 = 82π/5,

from a calculation based on black hole thermodynamics [192].
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On the basis of Hagedron temperature for relativistic strings, Wang et al. [224] sug-

gested a lower bound for β0, namely, β0 > 104. In addition, they considered the case

of ultra-relativistic (E = pc) Fermi gas at T = 0 and, approximating the density to be

constant, obtained corrections in the leading order of the parameter β. They found that

the GUP correction resists gravitational collapse as it tends to raise the mass of white

dwarfs by a small amount, namely, ∆M ∼ 10−10M⊙ for β0 = 1036. They further showed

that the radius tends to diverge for low and high values of β0 whereas a minimum radius

β0ℓP occurs in between implying the absence of a singularity (zero radius), which is of

course a consequence of the minimum length uncertainty.

Ali [6], on the other hand, used a different uncertainty relation that corresponds to

a commutative space and obtained an invariant measure of the phase volume, namely

(1−αp)−4d3x d3p, along the lines of Chang et al. [53]. In a successive work, Ali and Tawfik

[7] considered the case of white dwarfs assuming uniform density with ultra-relativistic

Fermi gas. In a similar manner to Wang et al. [224], they calculated the mass of the

white dwarf and found the GUP correction to be higher, namely ∆M ∼ 10−5M⊙ for

αMP c = 1017, whereas the radius decreases with increasing Fermi energy.

There is an alternative approach through which a high energy scale (or a small length

scale) can enter into the description. This constitutes the postulate of a non-commutative

space-time breaking Lorentz invariance and leading to a deformed dispersion relation (be-

tween energy and momentum) involving the high energy scale. Following this approach,

Camacho [41] obtained the mass-radius relation of white dwarfs assuming their densities

to be uniform. For a negative definite deformation parameter occurring in the dispersion

relation, he predicted the existence of white dwarfs with very large radii and masses close

to the Chandrasekhar mass. Gregg and Major [78] considered the realistic case of white

dwarfs of non-uniform density and reported results that were quite distinct from the pre-

vious predictions. They arrived at new limiting masses about 10% higher (lower) than the

Chandrasekhar mass limit for positive (negative) deformation parameter occurring in the

dispersion relation. Amelino-Camelia et al. [14] analyzed the problem of employing both

the deformed dispersion relation and deformed momentum space measure to obtain the

mass-radius relation. This method introduced a shift in the deformation parameter that

did not bring in any qualitative change in the mass-radius relationship.

Rashidi [180], on the other hand, considered the case of Helium white dwarfs assuming

an ultra-relativistic (E = pc) Fermi gas and, using the generalized uncertainty invariant

measure (1+βp2)−3d3x d3p, obtained the equation of state in the ideal degenerate case. He

further considered the hydrostatic equilibrium with a non-uniform density and analyzed a

generalized version of the Lane-Emden equation as an initial value problem. In the limit

of infinite central Fermi momentum, the differential equation reduces to the Lane-Emden

equation of index zero, immediately leading to the mass and radius behaving as M ∼ p
3/2
fc

and R ∼ p
1/2
fc . It follows that both mass and radius of white dwarfs increase unboundedly
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Chapter 2. Newtonian white dwarfs with generalized uncertainty EoS

with an indefinite increase in central Fermi momentum pfc so that the ideal Chandrasekhar

limit ceases to exit.

In this Chapter, we shall examine in detail the effect of generalized uncertainty on

Helium white dwarfs with invariant measure (1 + βp2)−3d3x d3p. We shall take the full

equation of state for a completely degenerate electron gas with the relativistic dispersion

relation (E2 = p2c2 +m2
ec

4) and study the implication of the quantum gravity parameter

β (or β0 = βM2
P c

2) on the mass-radius relation. We first perform a heuristic analysis by

taking the density to be uniform and consider the effect of increasing the Fermi momentum

pf unboundedly. We find that the mass and radius behave as M ∼ p
3/2
f and R ∼ p

1/2
f .

To analyze the problem in somewhat more detail, we approximately solve the equation

of hydrostatic equilibrium relaxing the previous assumption of uniform density. We find

that, in the asymptotic limit of high central Fermi momentum, the white dwarf has a

core of approximately uniform density and an envelope where the density falls off. It is

interesting to note that the mass and radius of the core behave as ∼ p
3/2
fc and ∼ p

1/2
fc . Thus,

in both of these analyses, the mass and radius approach the same asymptotic behavior as

obtained by Rashidi [180].

In the next program of our calculations, we take the realistic case of varying density

and use the exact equations of hydrostatic equilibrium. We first solve these equations

numerically and determine the mass-radius relation for different values of the GUP pa-

rameter β0 to assess the situation of the mass-radius relationship. It is found that, with

increase in the central Fermi momentum, the radius approaches a minimum value while

the mass increases slowly. However, beyond this minimum radius value, the mass and

radius start to increase unboundedly. This latter regime is identified with the previous

asymptotic analysis for infinitely large Fermi momentum.

We next note that the GUP factor (1 + βp2)−3 puts a severe restriction on the avail-

ability of ultra-high momentum states as this factor reduces to a small value for
√
βp = 1.

We thus consider four different cases with the maximum value (
√
βp)max =1.0, 1.25, 1.5,

and 3.0. In each of these cases we calculate the mass and radius for different choices of β0.

Within these restrictions we find that both mass and radius are finite if the upper bound

of β0 is taken to be 1036. However, if (
√
βp)max is increased unboundedly, the mass and

radius values also increase unboundedly.

In a white dwarf, a realistic upper bound for the central Fermi energy is the threshold

energy for inverse β-decay. We therefore next take the central Fermi momentum to be

the neutronization threshold given by E2
N = p2Nc

2 +m2
ec

4. Consequently we take different

cases corresponding to β0 ranging from 1044 to 1036. We find that both mass and radius

approach approximately constant values, namely, 1.4518 M⊙ and 601.18 km, as the GUP

parameter β0 is decreased to 1036. However, if β0 is increased unboundedly, both the mass

and radius values also increase unboundedly.

The rest of the Chapter is organized as follows. In Section 2.1, we find the expression
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for density and pressure in terms of the Fermi momentum for an electron gas with the

GUP invariant measure, where we also analyze the asymptotic behavior of these quantities

and discuss the restriction on momentum states by the GUP. In Section 2.2, we consider

the equation of hydrostatic equilibrium for a white dwarf with Newtonian gravity and

work out a few approximate solutions for the mass and radius, where we also report an

exact solution by a numerical scheme. In Section 2.3, we numerically solve the equation

of hydrostatic equilibrium with restrictions due to GUP and neutronization. Finally,

discussion and conclusion are given in Section 2.4.

2.1 Fermi gas GUP equation of state

In this section, we derive the expression for the number density n of electrons and its

pressure P in a degenerate electron gas using the grand canonical partition function. The

effect of GUP commutation relation is taken into account by considering the modified

invariant measure. The asymptotic behavior for n and P are analyzed in Section 2.2. The

GUP modification of density of states puts a severe restriction on the high momentum

states which is discussed in the Section 2.3, where we also lay out the assumption on the

maximum momentum.

2.1.1 Grand canonical ensemble

The Grand partition function [114] for a Fermi gas at temperature T can be written as

Z =
∏

p







∑

np

exp

(

− (Ep − µ)np
kBT

)







g

(2.4)

where Ep =
√

p2c2 +m2
ec

4, np is the number of fermions in the momentum state |p〉
with degeneracy g, µ is the chemical potential, and kB is the Boltzmann constant. Since

np = 0, 1 and g = 2 for electrons, the grand potential Ω = −kBT lnZ turns out to be

Ω = −2kBT
∑

p

ln

{

1 + exp

(

− (Ep − µ)

kBT

)}

. (2.5)

so that the number of electrons is given by

N = −∂Ω
∂µ

= 2
∑

p

{

exp

(

Ep − µ

kBT

)

+ 1

}−1

. (2.6)

Since the GUP formalism demands that the number of states available be transformed

according to
∑

p

≡
∫

V d3p

h3
1

(1 + βp2)3
(2.7)

where h is the Planck’s constant, we therefore obtain the number density n = N/V as

n =
2

h3

∫ ∞

0

4πp2dp

(1 + βp2)3

{

exp

(

Ep − µ

kBT

)

+ 1

}−1

. (2.8)
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Figure 2.1: Dimensionless density (ρ/K)(mec
2/µemu) versus dimensionless Fermi momentum pf/mec

for various values of β0.

Since Ω = −PV , we readily obtain the pressure as

P =
2kBT

h3

∫ ∞

0

4πp2dp

(1 + βp2)3
ln

{

1 + exp

(

−Ep − µ

kBT

)}

(2.9)

As we can treat the electron gas in white dwarfs to be completely degenerate, we take the

limit T → 0 in the above integrands and obtain

n =
8π

h3

∫ pf

0

p2dp

(1 + βp2)3
(2.10)

and

P =
8π

h3

∫ pf

0

p2dp

(1 + βp2)3
(Ef − Ep) , (2.11)

where Ef =
√

p2
f
c2 +m2c4 is the Fermi energy (or the chemical potential µ at T = 0),

and pf is the Fermi momentum.

Integrating the above two equations, Eqs (2.10) and (2.11), we obtain

n(pf) =
π

(h
√
β)3

{

tan−1(
√

βpf)−
√
βpf(1− βp2f)

(1 + βp2f)
2

}

(2.12)

and

P (pf) =
π

(h
√
β)3

√

p2
f
c2 +m2

ec
4

{

tan−1(
√

βpf)−
√
βpf

(1− βm2
ec

2)(1 + βp2
f
)

}

+

tanh−1

(

pf
√

1−βm2
ec

2√
p2f+m

2
ec

2

)

(1− βm2
ec

2)
3
2

. (2.13)

Using the dimensionless quantities ξ = pf/mec and α = mec
√
β, we can express the

above equations as

n(ξ) =
K

mec2
ñ(ξ) (2.14)
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Figure 2.2: Dimensionless pressure P/K versus dimensionless Fermi momentum pf/mec for various
values of β0.

and

P (ξ) = KP̃ (ξ) (2.15)

with K = πm4
ec

5/h3 = 1.8007× 1022 N/m2 having the dimension of pressure and

ñ(ξ) =
1

α3

{

tan−1(αξ)− αξ(1− α2ξ2)

(1 + α2ξ2)2

}

, (2.16)

P̃ (ξ) =

√

1 + ξ2

α3

{

tan−1(αξ)− αξ

(1− α2)(1 + α2ξ2)

}

+

tanh−1

(

ξ
√
1−α2√
1+ξ2

)

(1− α2)
3
2

. (2.17)

Knowing the electron number density n, the mass density ρ can be written as ρ = µemun.

Consequently

ρ(ξ) = K

(

µemu

mec2

)

ñ(ξ) (2.18)

with µe = A/Z representing the number of nucleons per electron and mu = 1.6605×10−27

kg is the atomic mass unit.

The quantum gravity parameter
√
β =

√
β0/MP c is determined by the dimensionless

parameter β0 and the Planck mass MP =
√

~c/G = 2.1765 × 10−8 kg. We shall choose

different values of β0 to tune the parameter β. Table 2.1 shows different values of α

corresponding to β0. Figure 2.1 shows how the density ρ changes with respect to ξ =

pf/mec for different values of the parameter β0. It is noticed that the density saturates

to different constant values for large values of ξ corresponding to different choices for β0.

As β0 is decreased, the density resembles more closely to the β0 = 0 case and the (higher)

saturation value of ρ shifts to higher values of ξ. Figure 2.2 displays the variation of

pressure P with respect to ξ = pf/mec for different value of β0. It is seen that, for higher

values of ξ, pressure varies proportionally to ξ. The β0 = 0 line corresponds to P ∼ ξ4
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Table 2.1: Different values of β0 and the corresponding α values with asymptotic values of ñ(ξ) and
P̃ (ξ) for large values of ξ.

β0 α/4.1854 ñ(∞)/2.1425 P̃ (ξ) = ñ(∞)ξ +B(α)

1044 10−1 1001 2.1425× 1001 ξ − 7.0071× 1001

1042 10−2 1004 2.1425× 1004 ξ − 6.5232× 1005

1040 10−3 1007 2.1425× 1007 ξ − 6.5176× 1009

1038 10−4 1010 2.1425× 1010 ξ − 6.5176× 1013

1036 10−5 1013 2.1425× 1013 ξ − 6.5176× 1017

which is true for higher values of ξ. We see that, as β0 is decreased, the linear regime

shifts to higher and higher values of ξ.

2.1.2 Asymptotic behavior

The above expression for number density approaches a constant value n(∞) = π2m3
ec

3/2h3α3

as the function ñ(ξ) approaches a constant

ñ(∞) =
π

2α3
(2.19)

in the limit ξ → ∞. This situation is unlike the HUP electron number density nhup(ξ) =

8πm3
ec

3ξ3/3h3 that approaches infinity in the same limit. The saturation values ρ(∞) can

be clearly seen in Figure 2.1 for different value of β0.

Minimum distance between the particles is expected to be dmin = (16π)1/3∆x0 where

∆x0 is the minimum uncertainty in position imposed by the GUP. This minimum distance

will be approached in an electron gas of extremely high density which will be the case when

the Fermi momentum is extremely high . This is consistent with the fact that the GUP

number density given by Eq. (2.14) approaches a constant value n(∞) in the limit ξ → ∞.

The original degenerate case is expected to be reproduced in the limit α → 0, corre-

sponding to low values of β9. The leading order term in the expansion of the function ñ(ξ)

for finite values of ξ gives ñ(ξ) → 3ξ3/8 yielding n(ξ) → nhup(ξ) = 8πm3
ec

3ξ3/3h3 which is

the original degenerate case. Since n(ξ) approaches the same limit in the limit ξ → 0, the

number density n(ξ) approaches nhup(ξ) for low values of ξ. This behavior can be seen in

the plot for ρ(ξ) in Figure 2.1 for various values of β0 in the region of low ξ.

In a similar manner, the original degenerate pressure is recovered in the limit α → 0,

yielding P (ξ) → Phup(ξ), namely

Phup(ξ) =
K

3

{

ξ
√

1 + ξ2(2ξ2 − 3) + 3 sinh−1 ξ
}

(2.20)

For moderately large values of ξ, the HUP pressure behaves as Phup(ξ) ∼ 2Kξ4/3.

However, for large values of ξ, the GUP pressure given by Eq.(2.15) goes asymptotically

as

P (ξ) → K {ñ(∞)ξ +B(α)} (2.21)
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Figure 2.3: Variation of the GUP deformation factor f = (1+βp2)−3 with respect to the dimensionless
quantity

√
βp showing suppression of the high momentum states. The abscissa is plotted in logarithmic

scale in order to accommodate a wide range of
√
βp.

where

B(α) =
tanh−1(

√
1− α2)

(1− α2)3/2
− 1

α4

(2− α2)

(1− α2)
. (2.22)

This linear behavior of the GUP pressure (with respect to ξ) can clearly be seen in

Figure 2.2 where the curve departs from the ξ4 regime to an ξ regime changing its slope

from 4 to 1. Thus, unlike the HUP pressure, the GUP pressure increases more slowly for

large values of ξ. It may also be noted that, in a linear plot for Eq. (2.21), the slope and

intercept both will depend on the value of α.

2.1.3 GUP restriction on momentum

The center of a white dwarf is expected to have a high value of Fermi momentum. However,

the GUP deformation factor f(p) = (1+βp2)−3 imposes a severe restriction on the allowed

values of momenta. Figure 2.3 shows the variation of f(p) with respect to the dimensionless

quantity
√
βp. It is seen that this factor suppresses the high momentum states as the

curve decreases strongly for high values of momenta. For example, for
√
βp = 1, this

factor reduces to f = 0.125; for
√
βp = 1.25, which corresponds to log10

√
βp = 0.097,

f = 0.059; for
√
βp = 1.50, or log10

√
βp = 0.176, f reduces to 0.029, and for

√
βp = 3.00,

or log10
√
βp = 0.477, f reduces to 0.001. Consequently there is less or even negligible

contribution from momentum states belonging to momentum values higher than these

values. In fact, this behavior suggests that the integral in momentum space has an effective

cutoff pmax ∼ β−1/2 and thus there is negligible contribution from momenta higher than

pmax. It is thus important to take values of Fermi momentum pF equal to or lower than

pmax. We shall therefore choose the maximum Fermi momentum pF (at the center of white

dwarf) corresponding to these four maximum values of (
√
βp)max. These four choices for
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Table 2.2: Four choices of the maximum value of
√
βp as suggested by Figure 2.3 beyond which the

momentum states have small contributions. Different choices of β0 correspond to different values of ξmax.
The corresponding values of the dimensionless number density ñ(ξmax) and pressure P̃ (ξmax) are also
shown.

√
βpmax β0 ξmax ñ(ξmax) P̃ (ξmax)

1044 2.389× 100 1.071× 1001 7.951× 1000

1.00 1040 2.389× 102 1.071× 1007 9.300× 1008

1034 2.389× 105 1.071× 1016 2.146× 1020

1044 2.986× 100 1.368× 1001 1.482× 1001

1.25 1040 2.986× 102 1.368× 1007 1.663× 1009

1034 2.389× 105 1.363× 1016 1.663× 1021

1044 3.584× 100 1.583× 1001 2.329× 1001

1.50 1040 3.584× 102 1.583× 1007 2.548× 1009

1034 3.584× 105 1.583× 1016 2.548× 1021

1044 7.168× 100 2.031× 1001 8.935× 1001

3.00 1040 7.168× 102 2.031× 1007 9.278× 1009

1034 7.168× 105 2.031× 1016 9.278× 1021

the maximum values are shown in Table 2.2 that also shows the maximum values ξmax,

ñ(ξmax) and P̃ (ξmax) corresponding to different choices of β0.

2.2 White Dwarfs with GUP

In this section we obtain the mass-radius relation of Helium white dwarfs in the Newtonian

gravity employing the modified equation of state following from the generalized uncertainty

principle as obtained in the previous section. The condition of hydrostatic equilibrium for

a spherical distribution of matter is given by

Substituting Eqs. (2.18) and (2.15) in Eq. (1.92) yields

1

4πGK

(

mec
2

µemu

)2
[

1

r2
d

dr

(

r2P̃ ′(ξ)

ñ(ξ)

dξ

dr

)

+ ñ(ξ)

]

= 0 (2.23)

where P̃ ′(ξ) = dP̃ /dξ. Using the dimensionless variable x = r/R0, whereR0 =
1√

4πGK

(

mec2

µemu

)

,

the above equation reduces to

1

x2
d

dx

(

x2P̃ ′(ξ)

ñ(ξ)

dξ

dx

)

+ ñ(ξ) = 0. (2.24)

From Eqs. (2.17) and (2.16), we find P̃ ′(ξ) = ξ√
1+ξ2

ñ(ξ), so that the above equation

reduces to
1

x2
d

dx

(

x2
d
√

1 + ξ2

dx

)

+ ñ(ξ) = 0. (2.25)

Before considering the complete solution, we shall first analyze the problem heuris-

tically and then consider the asymptotic behavior of the above equation in the extreme

limits ξ → 0 and ξ → ∞.

48

TH-2525_136121003



2.2 White Dwarfs with GUP

2.2.1 Heuristic treatment

We first analyze the problem heuristically by assuming the density to be uniform (that

is, a uniform value of Fermi momentum) and obtain an approximate mass-radius relation

as follows. Using n = K
mec2

ñ(ξ) and n = 3
4π

mec2

µemu

M
R3 , and expanding ñ(ξ) as ñ(ξ) =

π
2α3 + 8

3α6
1
ξ3

− . . . for large values of ξ, we obtain

ξ3 =
16

3πα3

(

1− mec
2

µemu

3

4πK

M

R3

)−1

=

(

16

3πα3

)

(

1− 6α3

π

M̃

R̃3

)−1

(2.26)

where M̄ =M/M0 and R̄ = R/R0 with M0 =
1√
4πK

(

1
G

)3/2
(

mec2

µemu

)2
.

The pressure can be estimated from equating the work done in compressing the star

from infinite dilution to a radius R in the absence of gravity and by equating it with the

gravitational self-energy, yielding [94]

P =
γ

4π

GM2

R4
= Kγ

M̄2

R̄4
(2.27)

where γ is a constant of O(1). Expanding P̃ (ξ) in the limit of large ξ, we have

P̃ =
π

2α3
ξ +B(α) +

π

4α3

1

ξ
+ . . . (2.28)

Eliminating ξ from Eqs. (2.26) and (2.28), and using (2.27), we obtain

γ
M̄2

R̄4
= C(α)

(

1− 6α3

π

M̄

R̄3

)−1/3

+B(α) +A(α)

(

1− 6α3

π

M̄

R̄3

)1/3

(2.29)

where A(α) = π
4α2

(

3π
16

)1/3
and C(α) = π

2α4

(

16
3π

)1/3
. A solution to the above equation can

be obtained in parametric form by defining
(

1− 6α3

π
M̄
R̄3

)1/3
= z and M̄2

R̄4 = y
z so that it

can be written in the form

γy = A(α)z2 +B(α)z + C(α) (2.30)

The z2 term is negligible compared to the other terms for z < 1. For example, for

α = 0.4185, A(α) = 3.7590, B(α) = −70.0968 and C(α) = 61.0878. Thus y is related to

z almost linearly with a negative slope.

Since ñ(ξ) < π
2α3 , it follows that 6α3

π
M̄
R̄3 < 1, so that z > 0. Moreover the above

definition of y suggests that y > 0. For the case α = 0.4185, this condition is fulfilled for

0 < z < 0.9165.

Thus the solutions for M̄ and R̄ are obtained in terms of z as

M̄ =

(

6
√
γα3

π

)2{
y(z)

z(1− z3)4/3

}3/2

(2.31)

and

R̄ =

(

6
√
γα3

π

){

y(z)

z(1− z3)2

}1/2

(2.32)
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These expressions hold good for large ξ or small z. As z → 0, we find M̄ ∼ z−3/2

and R̄ ∼ z−1/2. Since z ∼ ξ−1, it follows that M̄ ∼ ξ3/2 and R̄ ∼ ξ1/2. Thus this

simple treatment suggests that both mass and radius increase unboundedly with indefinite

increase in the Fermi momentum.

2.2.2 Asymptotic solutions

In the limit ξ → 0, that is for low values of ξ, we see that ñ(ξ) ∼ 3ξ3/8. We thus obtain

1

x2
d

dx

(

x2
d
√

1 + ξ2

dx

)

+
3

8
ξ3 = 0. (2.33)

Letting
√

1 + ξ2 = c0φ(x) and using the new dimensionless radius defined by η = (
√
3c0/2

√
2)x,

the above equation becomes

1

η2
d

dη

(

η2
dφ

dη

)

+

(

φ2 − 1

c20

)3/2

= 0 (2.34)

where c0 is related to the central value ξc by c0 =
√

1 + ξ2c , when φ(0) = 1. Chandrasekhar

[49] obtained the above equation for the case of ideal degenerate white dwarfs. For small

values of ξc we thus expect the mass-radius relation obtained with GUP equation of state

to be the same as that obtained by Chandrasekhar. Since the above equation does not

involve the parameter α, this indicates that the effect of quantum gravity is imperceptible

at low densities.

On the other hand, for the asymptotic limit ξ → ∞, the leading order term in ñ(ξ)

becomes a constant. Thus Eq.(2.25) behaves like

1

x2
d

dx

(

x2
dξ

dx

)

+
π

2α3
= 0. (2.35)

Putting ξ/ξc = φ(ζ) in the above equation and redefining the dimensionless radius ζ =

πx/2α3, we get the zeroth order Lane-Emden equation whose solution is well known,

namely, φ(ζ) = c1 − c2
ζ − ζ2

6 , giving

ξ(ζ)

ξc
= c1 −

c2
ζ

− ζ2

6
. (2.36)

The undetermined constants can be fixed using the boundary condition ξ(0) = ξc. Ac-

cordingly we get c1 = 1 and c2 = 0, so that

ξ(x) = ξc

{

1− π

12ξcα3
x2
}

. (2.37)

Similarly, the asymptotic behavior of the mass can be obtained from the integral

expression obtained from the mass equation in (1.92), namely,

M = 4π

∫ R

0
ρ(r)r2dr = 4πK

(

µemu

mec2

)∫ R

0
ñ(ξ)r2dr, (2.38)

50

TH-2525_136121003



2.2 White Dwarfs with GUP

so that

M̄ =

∫ R̃

0
ñ(ξ)x2dx. (2.39)

Since in the limit ξ → ∞, ñ(ξ) approaches the constant value π/2α3, and since it is

nearly true in the central region, we can define a core of approximately constant density.

This is because of the fact that ñ(ξ) already becomes 99.9% of π/2α3 when αξ ≈ 10.88.

Above this value, ñ(ξ) ≈ π/2α3. Thus we can calculate the mass of the core M̄core

from the asymptotic limit ñ(ξ) tending to π/2α3. This approximation will be no longer

valid in the outer region. Assuming that the core extends up to a radius R̄core, we get

M̄core = ñ(∞)R̄3
core/3.

An estimate for the pressure inside the core can be obtained as

P =
γ

4π

GM2
core

R4
core

(2.40)

where γ is a constant of order unity. Thus using Eq. (2.21) we obtain

K {ñ(∞)ξc +B(α)} =
γ

4π

GM2
core

R4
core

(2.41)

Converting mass and radius into dimensionless quantities, we obtain

M̄core

R̄2
core

=
1√
γ

{ π

2α3
ξc +B(α)

}1/2

(2.42)

From Eq. (2.37), we can identify the radius of the core as ξ(R̄core) = ξs, so that

R̄core =

(

12α3

π
ξc

)1/2(

1− ξs
ξc

)1/2

(2.43)

where ξs is the value of ξ such that ñ(∞) drops to 99.9% of the central value ñ(∞).

It is noticed from the N(ξ) curve (Figure 2.1) that the density reaches approximately

constant values [99.9% of ñ(∞)] for values of ξ such that αξ ≥ 10.88, so that we can take

ξs = 10.88/α.

The above two relations lead to the mass of the core as

M̄core =

(

12α3

π
ξc

)

1√
γ

{ π

2α3
ξc +B(α)

}1/2
(

1− ξs
ξc

)

(2.44)

Thus for ξc ≫ ξs, M̄core ∼ ξ
3/2
c and R̄core ∼ ξ

1/2
c . This implies that the mass and

radius of white dwarfs increase unboundedly with unbounded increase in the central Fermi

momentum. These results, including the scaling exponents with respect to the central

Fermi momentum, are consistent with the results of Rashidi [180]. They are also consistent

with our previous heuristic analysis. In other words, the core dictates the mass-radius

relation for excessively large central values of Fermi momentum ξ = pf/mec.
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Figure 2.4: Mass-radius curves for Helium white dwarfs with the GUP equation of state for different
values of β0. The inset displays the mass-radius curve for β0 = 1044 up to very large values of the Fermi
momentum ξc. The marked points on the mass-radius curves correspond to αξc = 0.50 (open circles), 1.0
(solid circles), 1.25 (solid squares), 1.5 (solid triangle), 3.0 (solid inverted triangle). If the corresponding
values are chosen as ξmax (= jMP

me

1√
β0

, where j = 0.5, 1.0, 1.25, 1.5, and 3.0), the curves would terminate
at the marked points after beginning from the right hand part of the plots.

2.2.3 Exact solution

Now we shall consider the full equation of state (instead of asymptotics) in the Newtonian

gravity. Thus, after substituting Eqs. (2.18) and (2.15) and using the definitionsm =M0u

and r = R0x in Eq. (1.92)
dξ

dx
= − ñ(ξ)

P̃ ′(ξ)

u(x)

x2
(2.45)

and
du

dx
= ñ(ξ)x2 (2.46)

Since P̃ ′(ξ) = ξ√
1+ξ2

ñ(ξ), Eq. (2.45) reduces to

dξ

dx
= −

√

1 + ξ2

ξ

u(x)

x2
(2.47)

Using Eq. (2.16) in Eq. (2.46), we obtain

du

dx
=

1

α3

{

tan−1(αξ)− αξ(1− α2ξ2)

(1 + α2ξ2)2

}

x2 (2.48)

We integrate the above two equations, namely, Eqs. (2.47) and (2.48), simultaneously

with the boundary condition ξ(0) = ξc and u(0) = 0 until the surface defined by ξ(R̄) = 0

is reached. The result of the numerical integration for different values of ξc and β0 are

shown in Figure 2.4. For comparison, Chandrasekhar’s ideal degenerate case is also shown

in the same figure.

We see that, for large values of β0, the mass-radius relation departs more strongly from

the ideal case than for smaller values. This is not a surprise since we expect the effect of
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GUP to be stronger for large values of β0. Further, we note that the Chandrasekhar limit

does not exist for any non-zero value of β0 because the effect of quantum gravity takes

over at large values of Fermi momentum ξ. Since the value of β0 has a lower bound of 104,

α can be as low as 4.1854× 10−21, so that the effect of GUP can be almost imperceptible.

However to assess the GUP effect, we took an exaggerated value of β0, namely, 1044. This

situation is shown in the inset of Figure 2.4.

Thus, for the case of β0 = 1044 (or equivalently α = 0.4185), it is observed from the

right-hand part of Figure 2.4 that the mass-radius curve coincides with Chandrasekhar

curve for low vales of ξc. As ξc is increased, the mass increases slowly and the radius

decreases, reaching a minimum value ∼ 7853 km, as can be seen in the inset of Figure 2.4.

On further increasing ξc, the mass and radius both increase boundlessly which is consistent

with the asymptotic analysis presented in Section 3.2, where we found that there exists

a core of uniform density whose mass and radius are determined by the central value

ξc.This is unlike the ideal case where the radius decreases to zero and the mass increases

and approaches the Chandrasekhar limit for increasing ξc. Thus it suggests that quantum

gravity effect plays a significant role in determining the mass-radius relation.

It may also be worth noting that a star of exceedingly high mass can have the same

radius as a lower mass star as seen from the inset of Figure 2.4. The modified GUP

equation of state can make the higher mass star stable against gravitational collapse as a

result of developing a core of almost constant density because the availability of the high

momentum states are restricted with the increase in the Fermi momentum. This situation

is unlike in the theories of spontaneous scalarization [54, 90], constructed by means of

including a scalar field φ in the Einstein-Hilbert action. Spontaneous scalarization is

realized when the minimum of the effective potential shifts from zero to a non-zero value

of φ at a critical value of the matter density. The theory may be constructed in such

a way that the effective strength of the gravitational field at high densities is reduced

[146] allowing for a more dense matter that can exist without undergoing gravitational

collapse. Thus in the GUP case the stability of massive stars is governed by the modified

structure of the phase space, the gravity remaining unaffected, whereas in the spontaneous

scalarization case, the effective gravity is weakened and the structure of the phase space

remains unmodified.

2.3 Mass and radius with restrictions

The above study suggests an unrestricted increase in the mass and radius with unrestricted

increase in the central value of the Fermi momentum ξc = pfc/mec. However, the above

analysis was performed without any restrictions that may otherwise alter the situation. In

this section, we consider this and perform detailed analyses of the equations of hydrostatic

equilibrium, namely Eqs. (2.47) and (2.48), by numerical means.
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2.3.1 GUP Restriction

As we discussed in Section 2.3, the GUP factor f = (1+βp2)−3 imposes a severe restriction

on the availability of momentum states as it effectively puts an ultraviolet cutoff around

pmax ∼ β−1/2 (or equivalently ξmax ∼ α−1). Thus it may not be appropriate to consider the

central values for the Fermi momentum much higher than pmax. Consequently, as discussed

earlier in Section 2.3, we shall take four different cases corresponding to (
√
βp)max =

(αξ)max = 1.00, 1.25, 1.50, and 3.00. For these cases, f reduces to 0.125, 0.059, 0.029 and

0.001, respectively, signifying the fact that momentum states corresponding to the higher

values of αξ are scarcely available . We shall thus consider the central values of Fermi

momentum such that pfc ≤ pmax (or equivalently ξc ≤ ξmax) for different choices of β0 (or

α). Moreover, as indicated in Section 1, there have been suggestions for lower and upper

bounds for the parameter β0, the extreme limits being β0 > 104 and β0 < 1050. These

bounds are equivalent to α > 4.1854×10−21 and α < 4.1854×102. Since the upper bound

1050 is less reliable compared to the other upper bounds such as 1036 or 1034, we shall

therefore consider cases when β0 value is decreased through 1036 (which we shall consider

to be a legitimate upper bound) for which α becomes very small. It will be noticed that

α becomes so small that we would even describe it as the limit α→ 0.

It may however be noted that the equation of state connecting ρ(ξ) and P (ξ) via

Eqs. (2.18) and (2.15) reduces to the ideal equation of state for the limiting case αξ ≪ 1.

The ideal case (α = 0) is recovered in this way for which we would expect the Chan-

drasekhar limit. This is indeed the case when we solve equations following from the

approximation αξ ≪ 1 in Eqs. (2.47) and (2.48), that results in

dξ

dx
= −

√

1 + ξ2

ξ

u(x)

x2
(2.49)

and
du

dx
=

8

3
ξ3x2 (2.50)

which are exactly the same as those in the ideal case (α = 0). Solving these two equations

numerically for increasingly higher values of the central Fermi momentum ξc we obtain

the Chandrasekhar limiting mass as 1.4562 M⊙ and zero radius. (The slight departure

from the well-known value of 1.44 M⊙ is due to a slightly different numerical accuracy in

the present computation.)

On the other hand, the ideal (α = 0) case is different from the case of a low value of α,

however small. This is because the GUP equation of state reduces to the ideal case only

when both limits α≪ 1 and ξ ≪ 1 are taken simultaneously so that the condition αξ ≪ 1

is met to obtain Eq.(2.50) from (2.48). However, in a massive white dwarf, high values of

ξ are expected in the central region so that the condition αξ ≪ 1 may not be met even

when α≪ 1. In fact, for ξ ≫ 1, it is possible to have values of αξ ∼ 1 or higher even when

α ≪ 1. We thus expect quite different solutions from the ideal case from Eqs. (2.47) and

(2.48) for low values of α and hence the limit α → 0 does not coincide with the solution
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of Eqs. (2.49) and (2.50). This can be seen by employing the transformations ξ̃ = αξ and

x̃ = x/α in Eqs. (2.47) and (2.48), giving

dξ̃

dx̃
= −

√

α2 + ξ̃2

ξ̃

u(x̃)

x̃2
(2.51)

and
du

dx̃
=

{

tan−1 ξ̃ − ξ̃(1− ξ̃2)

(1 + ξ̃2)2

}

x̃2. (2.52)

Thus taking the limit α→ 0 in Eqs. (2.51) and (2.52) yield equations quite different from

Eqs. (2.49) and (2.50). Consequently, these differential equations do not reduce to the

ideal differential equations even for very small values of α, that is α → 0. Eq. (2.52) will

truly reduce to the ideal form du
dx̃ = 8

3 ξ̃
3x̃2 only when ξ̃ ≪ 1, which is not generally valid

and we would expect ξ̃ ∼ 1 or higher in the central region of massive white dwarfs.

We solve the above two differential equations, namely, Eqs. (2.51) and (2.52), for the

central values of ξ̃c running from 3.0 to 0.1, for different decreasing values of α. Mass

versus the scaled radius R/α are shown in Figure 5(a) for a few representative values of

α, namely, 0.4, 0.1, 0.05 and 0.01. As we can see, the curves do not collapse, which is a

consequence of the presence of α in Eq. (2.51). The tendency of the curves to collapse

in the limit α → 0 can also be seen in Figure 5(a). However, we see that the curves are

well-separated in Figure 5(b) where the mass is plotted with respect to the actual radius

R. In all cases, including the α = 0.001 case, we see that the mass of the white dwarf can

be as high as ∼ 14 M⊙.

Table 2.3 shows the masses and radii for different central values, namely, ξ̃c = αξc =

1.0, 1.25, 1.5 and 3.0. For each case, the parameter α is decreased down to 10−6 (which

corresponds to β0 = 5.7085× 1032). It is apparent that, as α → 0, the radius approaches

zero, while the mass approaches a value that depends weakly on the choice of α but

strongly on the value of ξ̃c =
√
βpfc. This indicates that the maximum value of the

allowed momentum plays a dominant role in determining the mass of the white dwarf.

Moreover the limiting mass values so obtained do not seem to yield the Chandrasekhar

limit even in the limit α→ 0.

The above behavior is connected with the fact that Eq. (2.52), obtained from the GUP

equation of state, does not reduce to the standard non-GUP equation du
dx̃ = 8

3ξ
3x̃2 for ξ̃ ∼ 1

or higher even in the limit α → 0, so that we do not expect the Chandrasekhar limit. In

fact, for very high values of ξ̃, we have already seen that Eqs. (2.51) and (2.52) yield

the Lane-Emden equation of index zero whose solution, given by Eqs.(2.43) and (2.44),

indicate the behaviorsM ∼ ξ̃
3/2
c and R ∼ αξ̃

1/2
c . Although these are asymptotic solutions,

we expect the same trend to be followed by the solution of Eqs. (2.51) and (2.52). We thus

expect that the radius would approach zero while the mass would approach a constant

value in the limit α→ 0. We indeed see these behaviors to emerge for a few given choices

of ξ̃c, namely, ξ̃c = 1.0, 1.25, 1.5 and 3.0, when we plot the mass and radius as functions of

55

TH-2525_136121003



C
h
a
p
te
r
2
.

N
ew

to
n
ia
n
w
h
it
e
d
w
ar
fs

w
it
h
g
en
er
a
li
ze
d
u
n
ce
rt
a
in
ty

E
o
S Table 2.3: Four choices of ξ̃c and the corresponding values of mass and radius as β0 decrease from 7.94292× 1043 to 5.70857× 1032.

β0 α
ξ̃c = 1.0 ξ̃c = 1.25 ξ̃c = 1.5 ξ̃c = 3.0

R (km) M (M⊙) R (km) M (M⊙) R (km) M (M⊙) R (km) M (M⊙)

7.94292× 1043 0.373015 7380.5923 2.1168 7193.0451 2.9803 7186.8669 4.0253 8364.3115 14.1001

6.30929× 1042 0.105130 2673.1655 2.7424 2472.1223 3.5955 2377.6702 4.6455 2517.7272 14.8649

3.16223× 1041 0.023536 675.0628 2.8436 604.2194 3.6820 569.0310 4.7251 576.9071 14.9451

9.99812× 1039 0.004185 124.3514 2.8498 110.1106 3.6871 103.0309 4.7297 103.1906 14.9494

3.97865× 1037 0.000264 7.9054 2.8500 6.9834 3.6872 6.5253 4.7298 6.5187 14.9495

1.64978× 1035 0.000017 0.4990 2.8500 0.4407 3.6872 0.4118 4.7298 0.4113 14.9495

5.70857× 1032 0.000001 0.0396 2.8500 0.0350 3.6872 0.0327 4.7298 0.0327 14.9495
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Figure 2.5: (a) Mass versus R̃ for different values of α showing the tendency of curve-collapse for low
values of α. The curves are obtained for the central values of ξ̃c running from 3.0 to 0.10. (b) Mass versus
Radius R for different values of α.
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Figure 2.6: (a) Mass vs α and (b) Radius vs α for four different choices: ξ̃c = 1.0, 1.25, 1.5, and
3.0.

α obtained from the numerical solutions of Eqs. (2.51) and (2.52) as displayed in Figures

6(a) and 6(b). It is interesting to note from Figure 6(a) that the mass values depend

only on the given value of ξ̃c with a very weak dependence on α whereas Figure 6(b)

demonstrates that the radius decreases to zero as the α value approaches zero.

In Figure 2.7, we display the mass-radius relation holding ξ̃c (= αξc) at four constant

values. Each curve corresponds to solutions of Eqs. (2.51) and (2.52) with the parameter α

decreasing continuously from right to left (down to 10−6). The constancy of the mass value

with respect to the radius for a given value of ξ̃c immediately follows from Figures 6(a)

and 6(b) because the mass being approximately constant with respect to α and the radius

being approximately proportional to α would imply that the mass would be approximately

constant with respect to the radius.
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Figure 2.7: Mass-radius curves for four choices of ξ̃c (or αξc). The value of α decreases from right to
left. A few representative numerical values are displayed in Table 2.3.

2.3.2 Restriction due to Neutronization

Inverse β-decay (AZX + e −→ A
Z−1Y + νe), or neutronization, sets in at a sufficiently high

density when the condition on the Fermi energy EF > εZ is satisfied, where εZ is the

difference in binding energies of the parent and daughter nuclei. The threshold density

ρN for the ideal degenerate case was calculated by Salpeter [187] by setting EF = εZ .

Following Salpeter, we obtain the neutronization threshold Fermi momentum pN as

ξN =
pN
mec

=

√

ε2Z + 2mec2εZ
m2

ec
4

. (2.53)

The inverse β-decay energy εZ for Helium can be found from Table II of Rotondo et al.

[184]. The β-decay energies εZ for various isotopes of different elements were obtained from

least square fits to the experimental data by Wapstra and Bos [225]. For 4
2He, εZ = 20.596

MeV and the corresponding ξN = 41.2932.

Since in the GUP framework, the equations for hydrostatic equilibrium are expressed

by Eqs. (2.51) and (2.52) in term of ξ̃ = αξ, the neutronization threshold value ξ̃N = αξN

takes different values for different choices of α, or equivalently β0. Consequently we solve

the full equations Eqs. (2.51) and (2.52) numerically for different values of α taking the

central value as ξ̃N . Table 2.4 gives the values of ξ̃N corresponding to different deceasing

values of α. The corresponding mass and radius of the white dwarfs are shown in the last

two columns. One may notice that both mass and radius approach finite limiting values.

For excessively large values of β0, such as 1044 (and higher), both mass and radius increase

to very high values. However, as the β0 value is decreased to 1040, the mass and radius

are 1.4898 M⊙ and 601.34 km.

Although a high value of the upper bound such as 1050 has been suggested on the basis

of inaccuracy in STM measurements of Landau levels, this upper bound is not reliable
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because STM measurements are accurate only up to 1 part in 103. On the other hand,

the accuracy of Lamb shift in the hydrogen atom is at the level of 1 part in 1012, and

therefore the corresponding upper bound of 1036 is more reliable. We see from Table 2.4

that the mass and radius values are 1.4518 M⊙ and 601.18 km for the legitimate choice of

β0 = 1036.

We also see from Table 2.4 that as β0 value is decreased to 1034, α reduces to a very

small number ∼ 10−6 and ξ̃N reduces to ∼ 10−4, so that α≪ ξ̃N . On further decreasing β0

to 1032, we get α ∼ 10−7 and ξ̃N ∼ 10−5, and it becomes very difficult to solve Eqs. (2.51)

and (2.52) numerically. Thus for β0 ≤ 1032, we solve Eqs. (2.51) and (2.52) approximately

by assuming α≪ ξ̃N , obtaining
dξ̃

dx̃
= −u(x̃)

x̃2
(2.54)

and
du

dx̃
=

8

3
ξ̃3x̃2, (2.55)

since ξ̃N becomes very small as indicated above. It may however be noted that these

approximate equations are based on the assumption that α ≪ ξ̃ and ξ̃ ≪ 1 throughout

the star. Although the approximation α ≪ ξ̃ is valid near the center, it will not be valid

near the surface. We may however analyze these equation to get an approximate picture of

the situation. Combining Eqs. (2.54) and (2.55), and defining a new dimensionless radius

η =
√

8
3 ξ̃cx̃, and defining θ = ξ̃/ξ̃c, we obtain

1

η2
d

dη

(

η2
dθ

dη

)

+ θ3 = 0 (2.56)

with boundary conditions θ(0) = 1 and θ(ηR) = 0, where ηR corresponds to the radius

of the white dwarf. Eq. (3.34) is the Lane-Emden equation of index 3, whose numerical

solutions are already known. From Eq. (2.55) we obtain the mass of the white dwarf in

terms of the new coordinate as

M̃N = −
√

3

8
η2R

(

dθ

dη

)

η=ηR

(2.57)

Numerical solution for the Lane-Emden equation of index 3 can be found in Weinberg

[226]. For n = 3, −η2R
(

dθ
dη

)

η=ηR
= 2.01824, thus giving

MN =M0M̃N = 1.4563 M⊙. (2.58)

We also obtain the radius of the white dwarf as

R̃N =

√

3

8

α

ξ̃N
ηR =

√

3

8

1

ξN
ηR (2.59)

where, for n = 3, ηR = 6.89685, thus

RN = R0R̃N = 648.81 km. (2.60)
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We note that the factors of α in the expression for radius given by Eq.(2.59) get

canceled making it independent of α. This appears to be the feature when the α value is

low. These approximate mass and radius values are close to the exact values shown in the

last few rows of Table 2.4.

It may be important to analyze the nature of approximation just stated in the above

paragraph. Since we have chosen a finite value of the central Fermi momentum ξc =

ξN = 41.2932, this implies ξ̃c ∼ 10−5 for a low value of α such as α = 10−6. Thus

the approximation α2 ≪ ξ̃2 or

√

α2 + ξ̃2 ≈ ξ̃, and hence Eq. (2.54), will be valid near

the center of the star. However, as ξ approaches very small values near the surface, the

approximation α2 ≪ ξ̃2 does not hold and Eq. (2.54) cannot be taken as an approximation

for Eq. (2.51). This is not the case with Eq. (2.55) which is a good approximation of

equation Eq. (2.52) because ξ̃ ≪ 1 throughout the star for these choices of ξc and α. In

fact Eq. (2.54) amounts to the approximation
√

1 + ξ2 ≈ ξ making the electron gas ultra-

relativistic throughout the star. This is the main reason that the Lane-Emden equation of

index 3 is obtained approximately throughout the star that yields the mass and radius as

1.4563M⊙ and 648.81 km when the central Fermi momentum is taken as the neutronization

threshold value ξN .

As we have already remarked, the Chandrasekhar limit is truly obtainable with van-

ishing radius for infinite central Fermi momentum with the standard (non-GUP) equation

of state. In the standard (non-GUP) case the index of the Lane-Emden equation varies

from 3 to 3/2 from the center to the surface. As stated earlier, when the non-GUP equa-

tions of hydrostatic equilibrium, namely, Eqs. (2.49) and (2.50), are solved numerically

for increasingly higher values of the central Fermi momentum (beyond the neutronization

threshold), we obtain the Chandrasekhar limiting mass as 1.4562 M⊙ and zero radius.

The slight departure from the well-known value of 1.44 M⊙ is due to a slightly different

numerical accuracy in the present computation.

On the other hand, in the present analysis with neutronization threshold, a mass

slightly different from the Chandrasekhar mass 1.4562 M⊙ and a non-zero radius are

obtained for α ≪ 1. When we solve the full GUP equations of hydrostatic equilibrium,

namely, Eqs (2.51) and (2.52), with the central Fermi momentum as ξN = 41.2932 and

α = 10−6, we obtain MN = 1.4518 M⊙ and RN = 601.18 km. These values, and the

results of numerical integration for lower values of α, are shown in the last three rows of

Table 4. The mass value is slightly lower than the Chandrasekhar limit 1.4562 M⊙ and

the radius does not change as the α value decreases below 10−6.

We further obtained the mass and radius values of white dwarfs at the neutronization

threshold by numerically solving the full equations, Eqs (2.51) and (2.52), for decreasing

values of α and displayed them as functions of α in Figures 8(a) and 8(b). We observe

that the mass and radius values become independent of the α value and approach constant

values for very low values of α. This is confirmed by numerical computation below α =
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Table 2.4: Mass and radius for different values of β0 when the central Fermi momentum is taken to be
the neutronization threshold ξN = 41.2932. The third entry, β0 = 7.9 × 1041, corresponding to ξ̃N ≈ 1.5,
has been included to make a comparison with the GUP restriction ξ̃max = 1.5.

β0 α ξ̃N RN (km) MN (M⊙)

1044 0.4185393 17.28244 21374.79 294.7161

1042 0.0418539 1.72824 972.63 5.8438

7.9× 1041 0.0373024 1.54030 885.73 4.9054
1041 0.0132354 0.54652 614.74 1.8457

1040 0.0041854 0.17282 601.34 1.4898

1038 0.0004185 0.01728 601.18 1.4521

1.3× 1036 0.0000474 0.00194 601.18 1.4518

1034 4.2× 10−6 0.00017 601.18 1.4518

5.7× 1032 1.0× 10−6 6.1× 10−5 601.18 1.4518

5.7× 1028 1.0× 10−8 4.1× 10−7 601.18 1.4518
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Figure 2.8: Variation of (a) mass and (b) radius of white dwarfs when the central Fermi momentum is
taken to be the neutronization threshold ξN = 41.2932 as the α value decreases down to 10−6.
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10−6 that yields the same valuesMN = 1.4518 M⊙ and RN = 601.18 as displayed in Table

2.4. This feature was also observed in the approximate solutions given by Eqs. (2.57) and

(2.59).

We analyze the above limiting values by reconsidering Eq. (2.52) with the central

Fermi momentum as ξN = 41.2932 and α = 10−6. The central value ξ̃c ∼ 10−5 implies

ξ̃ ≪ 1 throughout the star and Eq. (2.52) reduces to Eq. (2.55) in this approximation.

However, since ξ becomes very small near the surface, the approximation α2 ≪ ξ̃2 is not

valid throughout the star. Consequently we have to consider Eq. (2.51) coupled with

Eq. (2.55). Transforming back to the variables ξ = ξ̃/α and x = αx̃, we see that α scales

out of both equations giving the ideal equations, namely, Eqs. (2.49) and (2.50). We

note that this reduction is possible only for finite values of the central Fermi momentum

(such as ξc = ξN ) coupled with extremely low values of α. With these conditions, since α

disappears from the description, we expect the mass and radius values to be independent

of α. We observe exactly the same feature as described in the previous paragraph based

on solutions of the full GUP Eqs. (2.51) and (2.52) where we saw that the mass and

radius approach constant (α independent) values, namely, 1.4518 M⊙ and 601.18 km.

These results are also confirmed by independent numerical solution of Eqs. (2.49) and

(2.50) that yield exactly the same mass and radius values for the choice ξc = ξN . The

Chandrasekhar limiting value with zero radius does not follow since the central Fermi

momentum is not taken to be infinitely large.

2.4 Discussion and Conclusion

In this Chapter, we considered the effect of generalized uncertainty principle on the mass-

radius relationship of Helium white dwarfs. The generalized uncertainty is believed to have

its origin in quantum gravity and such uncertainty relations have been framed in string

theory. The generalized uncertainty relation we have considered modifies the measure

of the phase space integral by introducing a factor of (1 + βp2)−3. As a consequence,

the expressions for the density and pressure of the degenerate electron gas assume forms

different from the ideal case and they now depend on the parameter β. We saw that

the density now approaches a constant value whereas the pressure increases linearly in

the region of ultra-high Fermi momentum. This is quite unlike the ideal case (β = 0)

where both these quantities increase boundlessly with respect to the Fermi momentum.

In consequence, the equation of state connecting the density and pressure has a completely

different behavior from the ideal case. Since the stability of a star is determined by the

equation of state of the matter it contains, we expect a different mass-radius relation for

white dwarfs from the ideal case.

Assuming the density to be uniform, we first carried out a heuristic analysis and derived

an approximate mass-radius relation in a parametric form. This yielded the behavior
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M ∼ ξ3/2 and R ∼ ξ1/2 for ultra-high values of the Fermi momentum. Thus this simple

analysis suggested that the mass and radius increase boundlessly in the limit of high Fermi

momentum.

To obtain a better picture, we carried out an asymptotic analysis of the hydrostatic

equilibrium (incorporating density variation) in the limit of high Fermi momentum. This

analysis suggested that a white dwarf with ultra-high central Fermi momentum ξc will

have a core of constant density determined by the Fermi momentum ξs above which the

density remains constant. Both the mass and radius of the core are determined by the

onset value ξs and the central value ξc. However, for arbitrarily high values of the central

Fermi momentum ξc ≫ ξs, the core mass and radius acquire negligible contribution from

ξs, yielding Mcore ∼ ξ
3/2
c and Rcore ∼ ξ

1/2
c . The same behavior was obtained by Rashidi

[180] in the limit ξc → ∞. These analyses suggest that the mass and radius increase

boundlessly with unbounded increase in the central Fermi momentum.

To get a full picture of the mass-radius relationship, we obtained an exact solution of

the hydrostatic equation of equilibrium by a numerical scheme. It was observed that, for

β0 = 1036 (corresponding to α = 4.1854 × 10−5), the mass-radius relation follows closely

the original relation (without GUP) down to ∼ 100 km. The same situation occurs for any

value of β0 < 1036. For β0 = 1040 (corresponding to α = 4.1854× 10−3), the mass-radius

curve diverges for low values of radii. Thus for the case β0 = 1036 also we expect the

same kind of divergence to occur towards a much lower value of radius. The mass-radius

relation can be analyzed in a better way by looking at the behavior for large values for

β0. Thus, for the case β0 = 1044 (correspondingly to α = 0.4185), it is observed from the

right hand part of Figure 2.4 that the mass-radius curve coincides with the Chandrasekhar

curve for low values of ξc. As ξc is increased, the mass increases slowly and the radius

decreases, reaching a minimum value ∼ 7853 km as can be seen in the inset of Figure 2.4

(moving from right to left). On further increasing ξc, both the mass and radius increase

boundlessly, which is consistent with our previous asymptotic analysis where we found

that there exists a core of uniform density whose mass and radius are determined by the

central value of ξc. Thus, this ultra-high region of Fermi momenta corresponds to a the

behavior M ∼ ξ
3/2
c and R ∼ ξ

1/2
c , which was also obtained by [180].

We also noted that the GUP factor (1 + βp2)−3 imposes a severe restriction on the

allowed values of momentum as this factor effectively puts an ultraviolet cutoff pmax ∼
β−1/2 in the momentum integral. Thus, it appears that the center of a white dwarf

cannot have an arbitrarily high value of Fermi momentum. To address this problem, we

took four representative values, (
√
βpf)max = 1.00, 1.25, 1.50, and 3.00. Noting that the

GUP parameter β0 (or equivalently α) can be as low as 104 (or equivalently α as low

as 4.1854 × 10−21), we obtained the limiting mass in each case by decreasing the value

of β0 down to 1032 (or equivalently α ∼ 10−6). We note that, for a particular choice of

(
√
βpf)max the mass appears to converge to a limiting value whereas the radius approaches
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zero, which can be seen already at β0 ∼ 1032 when the β0 value is gradually decreased from

β0 ∼ 1043. As demonstrated in Table 2.3, such GUP restrictions lead to different values

of limiting mass that are higher than the Chandrasekhar limit. On the other hand, if the

GUP restriction is relaxed, and the central value of
√
βpf is allowed to take arbitrarily

high values, the mass increases boundlessly as demonstrated in Figure 5(a).

Since Inverse β-decay puts a realistic restriction on the extremal values of the mass

and radius of a white dwarf, we next considered the maximum value of the central Fermi

momentum to be determined by the neutronization threshold. However, since the value

of the parameter β0 is presently unknown, we considered different values of β0 ranging

from 1044 to 1034. We solved the equations of hydrostatic equilibrium numerically with

these β0 values. For the case β0 = 1044, the mass and radius turn out to have large

values, ∼ 295 M⊙ and ∼ 21375 km. On the other hand, for β0 = 1042, the mass is ∼ 6

M⊙ and radius is ∼ 970 km, whereas for β0 = 1040 , we obtained ∼ 1.5 M⊙ and ∼ 601

km, respectively. Although an upper bound of 1050 for β0 was suggested on the basis

of STM measurements of Landau levels, this upper bound is not reliable because STM

measurements have a low accuracy of 1 part in 103. On the other hand, measurements on

Lamb shift in a Hydrogen atom with a much higher accuracy of 1 part in 1012 yielded an

upper bound of 1036. Consequently we take this more reliable upper bound for granted.

We thus considered the value β0 = 1036 and performed the numerical calculations with

the neutronization threshold ξN as the central Fermi momentum. We found that the

mass and radius now turn out to be 1.4518 M⊙ and 601.18 km, respectively. We also

considered the value 1034 and lower and the numerical solutions yielded the same values

of mass and radius. Since in stable Helium white dwarfs, the central Fermi energy is

expected to be lower than the neutronization threshold value of 20.596 MeV, they are

expected to have masses lower than 1.4518 M⊙ and radii larger than 601.18 km. This

can be confirmed by solving Eqs. (2.47) and (2.48) with central Fermi energy less than

20.596 MeV and β0 ≤ 1036. Moreover, for stable white dwarfs with core composition

other than Helium the neutronization threshold value is much lower than 20.596 MeV.

For example, for 12
6 C, 16

8 O, and 20
10Ne, the neutronization threshold values are 13.370 MeV,

10.419 MeV, and 7.026 MeV, [184, 225] respectively. Consequently white dwarfs with

these compositions are expected to have central Fermi energies lower than these values.

Since most white dwarfs occurring in Nature have their cores composed of these elements,

they are expected to have masses much lower than 1.4518 M⊙ and radii much larger than

601.18 km. These conclusions are consistent with the observations of non-magnetic white

dwarfs that are usually found to be in the mass range from 0.17 M⊙ [107] to 1.33 M⊙
[101, 129, 219, 220] with radii ranging from 0.0153 R⊙ (10644 km) to 0.0071 R⊙ (4939

km) [32, 199–201].

We conclude by noting that the above discussions based on inverse β-decay threshold

suggest that the range of mass and radius values of white dwarfs observed in Nature are
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dictated by the neutronization threshold even in the presence of the effects of quantum

gravity.
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Chapter 3

Newtonian white dwarfs with

noncommutative EoS

In this Chapter, we consider an alternative scenario of quantum gravity, namely, the

modified dispersion relation as described in Section 1.2 of Chapter 1. The equation of

state of the electron degenerate gas in a white dwarf is usually treated by employing

the ideal dispersion relation. However, the effect of quantum gravity is expected to be

inevitably present and when this effect is considered through a non-commutative formu-

lation, the dispersion relation undergoes a substantial modification. In this Chapter,

we take a modified dispersion relation and find the corresponding equation of state for

the degenerate electron gas in white dwarfs. Hence we solve the equation of hydrostatic

equilibrium and find that this leads to the possibility of the existence of excessively high

values of masses exceeding the Chandrasekhar limit although the quantum gravity effect

is taken to be very small. It is only when we impose the additional effect of neutron-

ization that we obtain white dwarfs with masses close to the Chandrasekhar limit with

nonzero radii at the neutronization threshold. We demonstrate these results by giving

the numerical estimates for the masses and radii of Helium, Carbon, and Oxygen white

dwarfs.

We discussed in Chapter 2 that the generalized uncertainty scenario of quantum grav-

ity leads to excessively massive stable white dwarfs. However, when the condition of

neutronization was imposed together with a legitimate upper bound for β, a mass value

close to the Chandrasekhar mass was obtained.

Since there are various alternative descriptions of quantum gravity, it becomes a natural

question whether the above feature is preserved in an alternative formulation. It is thus

important to analyze the problem in an alternative perspective of quantum gravity. Our

The content of this chapter is published: A. Mathew, M. K. Nandy, Res. Astron. Astrophys. 18, 151
(2018)
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Chapter 3. Newtonian white dwarfs with noncommutative EoS

discussion on quantum spacetime fluctuations in Section 1.2 suggests that the dispersion

relation is substantially modified from the ideal case due to the effect of quantum gravity

through non-commutative relations (1.56) and (1.57). A general phenomenological form

of the modified dispersion relation was motivated in equation (1.63).

With a modified dispersion relation of the form E2 − p2c2f(E) = 0, Alexander and

Magueijo [5] addressed the horizon and flatness problems in a Friedmann cosmology with

three different choices: f(E) = (1 + λE)2, f(E) = 4λ2E2/(1 − e−2λE)2 and f(E) =

(1 + λE)2γ . Bertolami and Zarro [27], considering the form f(E) = (1 + λE)2, employed

the deformed dispersion relation, E2 = p2c2(1+λE)2+m2c4, for massive particles. Taking

the approximate form E = λp2c2 +
√

p2c2 +m2c4 for low values of λ, they employed it

to study the stellar structure of astrophysical objects such as main sequence stars, white

dwarfs and neutron stars. In particular, they found that theO(λ) correction to the electron

degenerate pressure enhances the stability of white dwarfs.

Since the modified dispersion relation E2 = p2c2(1 + λE)2 + m2c4 is different from

the ideal dispersion relation, E2 = p2c2 +m2c4, we expect a modification in the equation

of state of the electron degenerate gas in a white dwarf. This is expected to alter the

stability of the star. Consequently in this Chapter, we take this modified dispersion

relation to find the equation of state of the degenerate electron gas in a white dwarf and

hence we solve the equation of hydrostatic equilibrium employing Newtonian gravity. We

find that white dwarfs of excessively high values of masses beyond the Chandrasekhar mass

are supported although the quantum gravity parameter λ is taken to be very small. It is

only when we impose neutronization into the problem, we get the mass values close to the

Chandrasekhar limit. It is thus evident that whichever way we take the effect of quantum

gravity, we reach the same conclusion: unbounded mass limits for white dwarfs although

the effect of quantum gravity is taken to be very small. Since the effect of quantum gravity

is inevitably present, it suggests that neutronization may be is responsible for the limiting

mass being nearly the Chandrasekhar mass.

We note that the effect of noncommutative dispersion relation was considered earlier for

white dwarfs by [41] and [78]. The latter study reported slight increase or decrease in the

limiting mass depending on the sign of the parameter λ, whereas the alternative approach

via the generalized uncertainty relation formalism predicted an unbounded increase in mass

and radius ([180]). On the other hand, in this work we analyze the effect of the modified

dispersion relation in detail revealing features such as the possibility of excessively high

values of masses of white dwarfs and the effect of neutronization that limits the mass of

the white dwarf as indicated in the previous paragraph.

In the present scenario, we further note that the behavior of the density ρ with respect

to the Fermi momentum pf remains the same as in the ideal case (ρ ∼ p3
f
) and the

non-commutative dispersion relation has no effect on it. This feature is quite unlike the

behavior found with the generalized uncertainty relation where the density approaches
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a constant value as pf → ∞. Despite this disparity in the two approaches, we still

find in the present case of non-commutative dispersion relation that white dwarfs can

acquire arbitrarily high values of masses and radii similar to that in the case of generalized

uncertainty relation. However, when we consider the role of neutronization together with a

feasible value for the parameter λ, we find that the maximum possible masses for different

white dwarfs (for example Helium, Carbon and Oxygen) are close to the Chandrasekhar

limits.

The outline of the chapter is as follows. In Section 3.1, we derive the equation of state

for a degenerate electron gas where we also analyze the related asymptotic behaviors. In

Section 3.2, we consider the equations of hydrostatic equilibrium and discuss its asymptotic

and exact solutions. In Section 3.3, we consider the limitation due to neutronization.

Finally, we present a discussion and conclude the chapter in Section 3.4.

3.1 Non-commutative Equation of State

In this section, we obtain the number density n and pressure P of a degenerate electron

gas employing the modified dispersion relation. The asymptotic behavior of pressure P in

the limits of low and high Fermi momenta are also analyzed.

3.1.1 Modified Thermodynamic Behavior

We employ the grand canonical ensemble ([114]) for the electron gas, for which the grand

potential can be expressed as

Ω = −PV = −kBTV
~3π2

∫ ∞

0

dp p2 ln

[

1 + exp

{

− (Ep − µ)

kBT

}]

. (3.1)

The pressure P can be immediately obtained from the above integral. In addition, the

identity N = −∂Ω/∂µ gives the number density as

n =
N

V
=

1

~3π2

∫ ∞

0

dp p2
[

exp

{

Ep − µ

kBT

]

+ 1

}−1

. (3.2)

Since the electron gas in white dwarfs is completely degenerate to a very good approx-

imation, we take the limit T → 0 in the above expressions and obtain

n =
1

~3π2

∫ pf

0

dp p2 and P =
1

~3π2

∫ pf

0

dp p2 (Ef − Ep) , (3.3)

where pf is the Fermi momentum and Ef is the Fermi energy.

Since the number density n given by Eq. (3.3) remains unaffected by the modified dis-

persion relation, non-commutativity has no effect on it and we obtain the same expression

as in the ideal case. We rewrite it in terms of the dimensionless variable ξ = pf/mec to

obtain n(ξ) = m3
ec

3ξ3/(3~3π2) and hence the mass density

ρ(ξ) = µemun(ξ) = K

(

µemu

mec2

)

ξ3

3
, (3.4)
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Figure 3.1: (a) Non-commutative dispersion relation Ep/mec
2 (orange curve) as a function of p̃ = p/mec

for the case α = 0.01 so that p̃max = 1/λmec
2 = 1/α = 100. Ideal dispersion Ep,ideal/mec

2 (red curve)
is also shown. The inset compares the two curves for low values of momentum. (b) Comparison of the
noncommutative pressure P (blue curve) with approximate Papprox (cyan curve), and ideal Pideal (green
curve) expressions given by Eqs. (3.8), (3.14) and (3.13), respectively, for pfmax/mec = 1/α = 100.

with µe = A/Z the number of nucleons per electron, K = m4
ec

5/~3π2, and mu = 1.6605×
10−24 g is the atomic mass unit.

It has been shown that the noncommutative formulation of quantum gravity leads to a

dispersion relation more complicated than the ideal one [12, 15]. [27] employed a simplified

form of the dispersion relation

E2
p
= p2c2(1 + λEp)

2 +m2c4 (3.5)

where the parameter λ quantifies the effect of quantum gravity.

Unlike the number density, the pressure P is modified due to the modification in the

dispersion relation. This dispersion relation can be rearranged to obtain

Ep =
λp2c2 +

√

p2c2 +m2c4(1− λ2p2c2)

1− λ2p2c2
(3.6)

This dispersion relation imposes a momentum cutoff at pmax = (λc)−1 beyond which Ep

becomes unphysical (cf. Figure 3.1a). We may rewrite it in terms of p̃ = p(mec)
−1 as

f(p̃) =
Ep

mec2
=
αp̃2 +

√

(1− α2)p̃2 + 1

1− α2p̃2
. (3.7)

where α = λmec
2. The behavior of f(p̃) is shown in Figure 3.1a. For comparison, the ideal

dispersion relation Ep,ideal =
√

p2c2 +m2
ec

4 is also plotted in the same figure. We note that

if we make the approximation Ep ≈
√

p2c2 +m2c4+λp2c2 by neglecting the O(λ2) terms,

the intrinsic momentum cut-off will be lost. We therefore avoid making this approximation

to treat the high momentum region carefully. It may also be noted that this modified

dispersion relation dictates the existence of a maximum density ρmax = Kµemu/(3mec
2α3)

corresponding to the maximum cutoff in momentum pmax. For example, for α = 10−3,

ρmax = 1.9478× 1015 g cm−3, and for α = 10−4, ρmax = 1.9478× 1018 g cm−3.
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Figure 3.2: Comparison of the noncommutative equation of state (for different values of α) given by
Eqs. (3.4) and (3.8) with the ideal equation of state given by Eqs. (3.4) and (3.13). Also shown are the
polytropic equations of state P = Knρ

1+1/n with n = 3/2 and 3.

We obtain the pressure P from Eq. (3.3) employing the complete noncommutative

dispersion relation, given by Eq. (3.6), as

P (ξ) = K

{

f(ξ)

∫ ξ

0

p̃2dp̃−
∫ ξ

0

f(p̃)p̃2dp̃

}

= K

{

f(ξ)
ξ3

3
− g(ξ)

}

= Kh(ξ) (3.8)

with

g(ξ) =
1

α4

{

2 tanh−1 αξ + tanh−1 ξ(1− α2)

α+
√

1 + (1− α2)ξ2
− (2− α2)

2
√
1− α2

sinh−1 ξ
√

1− α2

}

− ξ

3α3

{

3 + α2ξ2 +
3α

2

√

1 + (1− α2)ξ2
}

.(3.9)

The behavior of P (ξ) is shown in Figure 3.1b. We see that momenta higher than ξmax,

determined by the cutoff pmax of the noncommutative dispersion relation (3.6), are for-

bidden and the curve does not go beyond this limit. In Figure 3.2, we compare the

noncommutative equation of state given by Eqs. (3.4) and (3.8) with the ideal equation

of state and the polytropic equations of state P = Knρ
1+1/n with n = 3 and 3/2, where

K3 = 1
4

(

3
K

)1/3
(

mec2

µemu

)4/3
and K3/2 = 1

5

(

3
K

)2/3
(

mec2

µemu

)5/3
. The noncommutative equa-

tion of state clearly indicates that the density cannot exceed the maximum values ρmax

for different values of α. This implies that the effect of quantum gravity forbids the star

to have an infinite density (at the center).

Consistency of the equation of state connected by the above noncommutative expres-

sions for P (ξ) and n(ξ) follows immediately as they satisfy the well-known thermodynamic

relation dP/dµ = n, where µ is the chemical potential. The left-hand side of this relation,
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in terms of the dimensionless parameter ξ, becomes

dP

dµ
=

K

mec2
dh

dξ

1

df/dξ
, (3.10)

where we have used µ = mec
2f(ξ), which is the modified expression for the Fermi energy.

The differentials in the above equation can be obtained from Eqs. (3.7), (3.9) and (3.8) as

df

dξ
= ξ

{

(1 + α2ξ2) + (1− α2ξ2)α2 + 2α
√

1 + (1− α2)ξ2

(1− α2ξ2)2
√

1 + (1− α2)ξ2

}

(3.11)

and
dh

dξ
=
ξ3

3

df

dξ
. (3.12)

Using Eq. (3.12) in (3.10), it immediately follows that dP/dµ = (K/3mec
2)ξ3 = n, ensur-

ing consistency with the thermodynamic relation.

We thus see that, in noncommutative geometry, the equation of state undergoes a

drastic modification due an intrinsic momentum cutoff inherent in the modified disper-

sion relation. This situation is quite unlike the scenario following from the generalized

uncertainty principle where the equation of state undergoes a drastic modification due to

a change in the measure of the phase space despite the dispersion relation remains ideal.

A detailed analysis of this latter scenario is given in Ref. [132].

3.1.2 Ideal and Asymptotic Behaviors

It is easy to show that, in the limit α → 0, the parametric forms of the pressure corre-

sponding to the ideal degenerate case can be recovered. The leading order terms in the

expansion of Eq. (3.8) are obtained as

Pideal(ξ) =
K

24

{

√

1 + ξ2(2ξ3 − 3ξ) + 3 sinh−1 ξ
}

. (3.13)

Figure 3.1b compares the noncommutative pressure P (ξ) given by Eq. (3.8) with the

ideal pressure Pideal(ξ) given by Eq. (3.13). It may be noted that there is a large deviation

between the two expressions for higher values of Fermi momentum. In the noncommuta-

tive case, the pressure increases faster and approaches infinity as the Fermi momentum

approaches pmax. This behavior is quite different from the ideal case where the energy

density approaches infinity at a slower rate beyond pmax.

A first correction to the ideal case can be obtained by a Taylor expansion about λ = 0

and by retaining the O(λ) term. In this approximation, Ep,approx = λp2c2+
√

p2c2 +m2c4.

The corresponding pressure turns out to be

Papprox(ξ) = K

{

1

24

√

1 + ξ2(2ξ3 − 3ξ) +
1

8
sinh−1 ξ + 2α

ξ5

15

}

= Pideal +
2

15
Kαξ5, (3.14)

This approximate expression is also compared with the other cases in Figures 3.1b. We

see that the noncommutative momentum cutoff pmax (or ξmax = α−1) of the complete dis-

persion relation is not respected by the approximate expression Papprox(ξ) and it deviates
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strongly from the noncommutative expression P (ξ). This indicates that the approximate

form Papprox(ξ) is not a good approximation for high values of Fermi momentum near

ξmax. This is due to the fact that the approximate dispersion relation given by Ep,approx

does not impose any restriction on the momentum values. On the other hand, the com-

plete noncommutative dispersion relation Ep constrains momentum values by imposing a

momentum cutoff pmax. The importance of our present analysis lies in the fact that we

use the complete noncommutative dispersion relation without making any approximations

so that its basic feature of a maximum attainable momentum pmax is retained.

We next analyze the asymptotic behavior of the noncommutative pressure P (ξ) given

by Eq. (3.8) in the low and high momentum limits, ξ → 0 and ξ → ξmax. For low values

of ξ, it is obtained as

Plow(ξ) = K(1 + 2α)
ξ5

15
. (3.15)

It is important to note that, even in this limit, the effect of noncommutativity persists due

to the presence of the term proportional to α at the order ξ5. We shall see this feature

to be present when we analyze the mass-radius relation for low values of central Fermi

momentum ξc. Moreover, Eqs. (3.4) and (3.15) imply Plow ∼ ρ5/3 which can be seen in

Figure 3.2 where the noncommutative and the ideal equations of state coincide in the low

momentum region.

In the high momentum region ξ ∼ ξmax, we expand the noncommutative expression

for pressure P assuming the momentum to be close to pmax (or ξmax), to obtain

Phigh(ξ) =
K

α4

{

1

1− αξ
− ln

(

2α2

1− αξ

)

− C(α)

}

(3.16)

where

C(α) = tanh−1

(

1− α2

1 + α2

)

− sinh−1 1

α
− 11

6
(3.17)

Thus, when the central Fermi momentum ξc is close to ξmax = α−1, the central pressure

approaches infinity. This boundless increase in the pressure for very high values of ξ

should be able to counteract gravitational pull in very massive white dwarfs. This feature

will show up more explicitly later when we analyze the mass-radius relation for high

values of the central Fermi momentum. Moreover, this feature can be seen in Figure 3.2

where the pressure approaches infinity and the density approaches constant values ρmax =

Kµemu/(3mec
2α3) as implied by Eq. (3.4). Unlike the ideal case, where Phigh ∼ ρ4/3, the

behaviour is remarkably different in the high momentum region of the noncommutative

equation of state.

3.2 Noncommutative white dwarfs

In this section, we obtain the mass-radius relation of Helium white dwarfs with the equa-

tion of state obtained in Section 3.1.1 from the noncommutative dispersion relation. In the
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framework of Newtonian gravity, the condition of hydrostatic equilibrium for a spherical

distribution of matter is given by Eqs. (1.92). Substituting Eqs. (3.4) and (3.8) and using

the dimensionless variable x = r/R0 in Eq. (1.92) yield

1

x2
d

dx

(

x2f ′(ξ)
dξ

dx

)

+
ξ3

3
= 0 (3.18)

where R0 = (4πGK)−1/2
(

mec
2/µemu

)

= 2242.77 km.

3.2.1 Asymptotic Solutions

In the limit ξ → 0, that is, for low values of ξ, it can be shown that f ′(ξ) = (1 + 2α)ξ.

Thus Eq. (3.18) can be rewritten as

(1 + 2α)

2

1

x2
d

dx

(

x2
dξ2

dx

)

+
ξ3

3
= 0 (3.19)

Now, taking ξ2(x)/ξ2c as θ(x), with ξc the central dimensionless Fermi momentum, and

defining a new dimensionless coordinate η =
√

2/3
√

ξc/(1 + 2α) x, we reduce the above

equation to
1

η2
d

dη

(

η2
dθ

dη

)

+ θ3/2 = 0 (3.20)

which is the Lane-Emden equation of index 3/2. The numerical solution for this differential

equation is given in [226]. For the boundary conditions θ(0) = 1 and θ′(0) = 0, one can

immediately obtain the radius of the white dwarf as

R =

√

3

2ξc
(1 + 2α)1/2R0ηR (3.21)

where ηR = 3.65375 is the first zero of the Lane-Emden function θ(η) of index 3/2.

Similarly the asymptotic behavior of the mass of the white dwarf can be obtained from

the integral expression of mass from equation (1.92), namely,

M = 4π

∫ R

0

ρ(r)r2dr = 4πK

(

µemu

mec2

)∫ R

0

ξ3

3
r2dr. (3.22)

Using M̃ = M/M0 and R̃ = R/R0 with M0 = (4πK)−1/2G−3/2
(

mec
2/µemu

)2
=

0.41659 M⊙ in the above equation, we get M̃ = 1
3

∫ R̃
0 ξ3x2dx. We rewrite this equation in

the new dimensionless variable η, yielding

M̃ =

√

3ξ3c
8

(1 + 2α)3/2
∫ ηR

0

θ3/2η2dη, (3.23)

thus obtaining the mass of the white dwarf as

M = −
√

3ξ3c
8

(1 + 2α)3/2M0η
2
R

(

dθ

dη

)

η=ηR

(3.24)

The value of
(

−η2dθ/dη
)

η=ηR
is 2.71406 ([226]). Thus the above asymptotic analysis

predicts that R ∼ (1 + 2α)ξ
−1/2
c and M ∼ (1 + 3α)ξ

3/2
c indicating the persistence of the
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effect of noncommutativity through the presence of the parameter α even for very low

values of the central Fermi momentum. The presence of α (or λmec
2) in these expressions

suggests increase on the order of α in mass and radius of white dwarfs. We also note that

for α = 0, the above mass-radius relation approaches the Chandrasekhar relation for low

values of central Fermi momentum.

On the other hand, in the limit ξ → ξmax = α−1, f ′(ξ) = (1/α2) (ξ − 1/α)−2, so that

Eq. (3.18) reduces to
1

x2
d

dx

(

x2

(ξ − 1
α )

2

dξ

dx

)

+
1

3α
= 0 (3.25)

Letting φ = α/(1− αξ) yields

1

x2
d

dx

(

x2
dφ

dx

)

+
1

3α
= 0 (3.26)

Defining (φ(x) − α)/(φc − α) = θ(x), where φc = α/(1 − αξc) and redefining the

dimensionless radius as x =
√

3α(φc − α)ζ, the above equation takes the form

1

ζ2
d

dζ

(

ζ2
dθ

dζ

)

+ 1 = 0, (3.27)

which is the Lane-Emden equation of index zero whose numerical solution is already

known. Thus the radius of the white dwarf is given by

R = α

√

3αξc
1− αξc

R0ζR (3.28)

where ζR =
√
6 is the zero for the Lane-Emden function θ(ζ) of index zero.

The mass of the white dwarf can be obtained from Eq. (3.22) by taking the appropriate

limit ξ → ξmax and using the above dimensionless coordinate ζ, we get

M̃ =
1

9

(

3αξc
1− αξc

)3/2

ζ3R. (3.29)

Consequently the mass of the white dwarf is obtained as

M =
M0

9

(

3αξc
1− αξc

)3/2

ζ3R. (3.30)

Since Eqs. (3.28) and (3.30) were obtained with the assumption of the central Fermi

momentum ξc approaching the maximum value α−1, they are valid near ξmax (= α−1). In

this limit the quantity (1 − αξc) approaches zero so that the mass and radius diverge as

M → (1−αξc)−3/2 and R ∼ (1−αξc)−1/2 as ξc tends to ξmax. In fact, the largeness of the

mass and radius will depend on how close is ξc with respect to α−1. Thus, both mass and

radius increase unboundedly as the central Fermi momentum ξc approaches the maximum

cutoff value ξmax = α−1.

From Eqs. (3.28) and (3.30) we obtain MR−3 = Const. Since those expressions are

valid for excessively high values of the Fermi momentum, this implies M ∼ R3. Since
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Figure 3.3: Mass-radius relations for Helium white dwarfs. (a) Solid curve (noncommutative equation
of state with α = 10−2) and dot-dashed curve (ideal equation of state). The inset shows slight departure
of the noncommutative curve from the ideal curve for low ξc. (b) Plots with noncommutaive equation of
state for different values of α. The inset shows the behavior near the “turning points” where the symbols
represent the neutronization threshold points: M = 2.5734 M⊙, R = 753.24 km (up-triangle) for α = 10−2,
M = 1.5495 M⊙, R = 613.28 km (down-triangle) for α = 10−3, and M = 1.4614 M⊙, R = 602.35 km
(up-triangle) for α = 10−4. In the inset of (b), the x-axis denotes the radius R (in km) and the y-axis
denotes the mass M (in M⊙).

a solid sphere of uniform density has its mass proportional to its volume (∼ R3), this

suggests an approximately constant density in most part of the star. In an alternative

description ([132]) based on the generalized uncertainty principle of quantum gravity, the

same features were observed although with a completely different equation of state.

3.2.2 Exact Solutions

We employ the noncommutative equation of state obtained in Section 3.1.1. Substituting

Eq. (3.12), and using the definitions m =M0u and r = R0x in Eqs. (1.92), we obtain

dξ

dx
= − 1

f ′(ξ)

u(x)

x2
(3.31)

and
du

dx
=

1

3
ξ3x2. (3.32)

The above two first-order differential equations are integrated simultaneously employ-

ing the fourth order Runge-Kutta method with the boundary conditions ξ(0) = ξc and

u(0) = 0 until the surface defined by ξ(R̃) = 0 is reached. The results of numerical

integration are shown in Figures 3.3a and 3.3b.

In Figure 3.3a, we notice that for large central Fermi momenta ξc, the mass-radius

relation of the noncommutative case departs considerably from the ideal (commutative)

case. On the other hand, the two mass-radius curves come very close to each other (without

coinciding) for lower values of the central Fermi momentum, as shown in the inset of Figure

3.3a. Our numerical data indicate an increase of about 3.2% in the mass for a white dwarf

of 0.17 M⊙ for α = 10−2, whereas this increase is about 0.03% for α = 10−4.
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Figure 3.4: Mass-radius curves for Helium white dwarfs with the noncommutative equation of state
for α = 0.01. The dashed curve represents the exact solution. The solid curve (Low ξc) represents the
approximate solutions (3.24) and (3.21). The inset shows slight departure of the asymptotic (High ξc)
solutions (3.30) and (3.28) from the exact solution.

It is important to note that, for small values of the central Fermi momentum, the mass-

radius relation due to the noncommutative dispersion relation does not coincide with the

ideal degenerate case, which is shown in the inset of Figure 3.3a. This behavior can be

seen from the asymptotically obtained mass and radius expressions given by Eqs. (3.24)

and (3.21). The persistence of the deformation parameter α even in the low momentum

regime exhibits this disparity on the right-hand part of the mass-radius curve. This result

leads to the implication that the value of the deformation parameter λ due to the effect of

quantum gravity may possibly be observed via high precision measurements on naturally

existing white dwarfs.

In Figure 3.3b, we display the mass-radius relations with the noncommutative equation

of state given by Eqs. (3.4) and (3.8) for different values of α, namely, α = 0.0001, 0.001,

0.01, and 0.1. We see that, for large values of α, the mass-radius relation departs from

those of smaller values. This is expected since the effect of quantum gravity is expected to

be stronger for large values of α. Besides this, we also note that the Chandrasekhar limit

is never attained for a nonzero value of α and large values of central Fermi momentum.

One can truly obtain Chandrasekhar’s limiting mass by completely neglecting the effect

of quantum gravity by setting α = 0 as shown in Figure 3.3a. Thus the noncommutative

situation is quite unlike the standard theory of white dwarfs where one can reach the

Chandrasekhar mass in the limit ξc → ∞.

Although the deformation parameter α is expected to be small, we presume that the

effect of Planck scale physics (quantum fluctuation of space-time) provides an effective

large-distance description which would alter the dynamics of large-scale systems existing

on such backgrounds. Moreover, it is difficult to tackle numerical values with high precision

for very small values of α. Consequently, to assess the effect, we take α = 0.01, the result
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Table 3.1: Masses and radii of Helium white dwarfs with noncommutative equation of state for α = 0.01.
The columns marked “Asymptotic” correspond to the approximate Eqs. (3.24), (3.21), (3.30), and (3.28).
The columns marked “Exact” represent the exact solutions of Eqs. (3.31) and (3.32).

Low Asymptotic Exact High Asymptotic Exact

ξc R [km] M [M⊙] R [km] M [M⊙] ξc R [km] M [M⊙] R [km] M [M⊙]

0.09 33786.90 0.0193 33777.13 0.0192 95.0 414.76 292.7555 473.68 242.6950

0.10 32053.07 0.0225 32041.25 0.0225 96.0 466.15 415.6153 518.51 350.0674

0.11 30561.40 0.0260 30547.46 0.0259 97.0 541.06 649.9058 586.17 558.8757

0.12 29260.31 0.0296 29244.17 0.0295 98.0 666.07 1212.4638 702.76 1072.0714

0.13 28112.40 0.0334 28093.96 0.03321 99.0 946.79 3481.9895 972.68 3205.1357

of which is shown in Figure 3.4. For low values of ξc, it is observed from the right-

hand part of Figure 3.4 that the mass-radius curve approaches the asymptotic behavior

M/M⊙ = 4.6475(1 + 2α)3(R0/R)
3 as obtained from Eqs. (3.24) and (3.21), which is also

shown on the right hand part of the figure. As ξc is increased, the mass increases slowly

and the radius decreases, reaching a minimum value ≈ 326 km, as can be seen in the inset

of Figure 3.4. On further increasing ξc, the mass and radius both increase boundlessly

and behave similar to the asymptotic expression M/M⊙ = 0.04628 (R/αR0)
3 obtained

from Eqs. (3.30) and (3.28), as shown in the inset of Figure 3.4. However for large ξc,

the asymptotic expression does not coincide exactly with the exact solution because the

exact solution has a core of approximately uniform density and the density falls off outside

this core whereas the asymptotic was based on the approximate Lane-Emden equation of

order zero implying a constant density throughout the star. These features are displayed

in Table 3.1 where it is shown that the asymptotic values are in better agreement with

the exact ones for low values of ξc than for high values of ξc.

Although these conclusions are based on not very small value of α (= 0.01), we expect

the same qualitative behavior for lower values of α. This is in fact clear from the mass-

radius curves shown in Figure 3.3b where the mass is seen to diverge for very large values

of ξc even for the case α = 10−4. To get an approximate idea, we calculate mass and

radius values from the asymptotic relations given by Eqs. (3.30) and (3.28) with central

Fermi momentum close to ξmax. If we take ξc = (1 − δ)ξmax = (1 − δ)/α, then the

asymptotic values of mass and radius turn out to be M = {18(1 − δ)/δ}3/2M0/9 and

R = α{18(1 − δ)/δ}1/2R0. Table 3.2 demonstrates that the mass and radius values can

be excessively large when the central Fermi momentum ξc approaches ξmax sufficiently

closely, when α is made very small.

Thus for very low values of α we do not expect the Chandrasekhar limit even when the

central Fermi momentum is taken to be very large. This behavior is in contrast with the

ideal (commutative) case where the radius decreases to zero and the mass increases and

approaches the Chandrasekhar limit as ξc → ∞. Thus it suggests that quantum gravity

plays a significant role in determining the mass-radius relation.
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Table 3.2: Asymptotic values of masses and radii of Helium white dwarfs with noncommutative equation
of state following from Eqs. (3.30) and (3.28) when ξc is close to ξmax such that ξc = (1 − δ)ξmax, with δ
small.

α = 1.0× 10−05 α = 3.0× 10−10 α = 5.0× 10−22

δ R [km] M [M⊙] δ R [km] M [M⊙] δ R [km] M [M⊙]

10−6 9.4× 1001 3.1× 1010 10−12 2.9× 1000 3.1× 1019 10−30 4.7× 10−3 3.1× 1046

10−12 9.4× 1004 3.1× 1019 10−18 2.9× 1004 3.1× 1028 10−40 4.7× 1002 3.1× 1061

10−18 9.4× 1007 3.1× 1028 10−26 2.9× 1007 3.1× 1040 10−50 4.7× 1007 3.1× 1076

3.3 Limitation due to Neutronization

The preceding analysis suggests that the inclusion of quantum gravity (via a noncommu-

tative geometry) in the dispersion relation and hence into the equation of state affects

the existence of the Chandrasekhar limit significantly. It predicts white dwarfs with mass

exceedingly larger than the Chandrasekhar mass with large radii. This obviously is in

disagreement with observed non-magnetic white dwarfs that are found only in the mass

range 0.17 M⊙−1.33 M⊙ ([107, 129, 199–201, 219, 220]). In this section, we propose a re-

alistic model of white dwarfs by including neutronization which can actually resolve these

difficulties.

It is well-known that neutronization, or inverse β-decay (AZX + e −→ A
Z−1 Y + νe),

takes place at a sufficiently high density. Since the density determines the Fermi energy

EF , condition of inverse β-decay is satisfied when EF > εZ , where εZ is the difference

in binding energies of the parent and daughter nuclei. Following [187], we calculate the

threshold density ρβ by setting EF = εZ (excluding the electron rest mass) and obtain ξβ

(= pβ/mec) as

ξβ =
εZ
mec2

{

1 + 2
mec

2

εZ

}1/2{

1 + α

(

1 +
εZ
mec2

)}−1

(3.33)

using the noncommutative dispersion relation given by Eq. (3.6). For Helium, εZ = 20.596

MeV, as obtained from Table II of [184].

In the noncommutative framework, the equations for hydrostatic equilibrium are ex-

pressed by Eqs. (3.31) and (3.32). Since Eq. (3.31) contains the parameter α through its

dependence on the noncommutative dispersion function f(ξ), their solution yields different

values for different choices of α, or equivalently λ. Consequently, we solve Eqs. (3.31) and

(3.32) numerically for different values of α taking the central value as the neutronization

threshold ξβ . It may be noted that ξβ also depends on the choice of the α value through

Eq. (3.33). The inset of Figure 3.3b shows the neutronization points for α = 10−2, 10−3,

and 10−4 (triangle, square, and circle, respectively).

Table 3.3 gives the values of ξβ corresponding to different deceasing values of α, or λ. It

is clear that it is not possible to have an exceedingly large central value ξc corresponding to

these values of α due to the neutronization threshold. The mass and radius of white dwarfs
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obtained via exact solution of Eqs. (3.31) and (3.32) are shown in the last two columns

of Table 3.3. We note that both mass and radius take finite values. For large values of

α, such as 10−2 (and higher), the mass increase to values higher than the Chandrasekhar

mass. However, as the α value is decreased to 10−3, the mass is 1.5495 M⊙, and the radius

613.2817 km. On gradually decreasing α, we see that the mass appears to approach the

limits 1.4518 M⊙ and the radius 601.1821 km, which are obtained for the case α = 10−7.

This is not a very low value for α, because if we speculate that λ ∼ 1/MP c
2, where

MP =
√

~c/G is the Planck mass, α = λmec
2 ∼ me/MP ∼ 10−23. We see that the

α = 10−7 values are close to the ideal (α = 0) values of 1.4518 M⊙ and the radius 601.18

km for ξβ = 41.2932. However when we disregard the neutronization threshold for the ideal

case and seek solutions for very large value of ξc (beyond ξβ) we obtain the Chandrasekhar

limiting mass as 1.4562 M⊙ with zero radius. The slight difference from the quoted value

of 1.44 M⊙ is because of a slightly different numerical accuracy in our computation.

An estimate of the quantum gravitational parameter EQG ∼ λ−1 (defined in Section

3.4) was obtained from the observed time-delay in the arrival of TeV-scale photons from

γ-ray flares in a distant galaxy, the AGN Markarian 421. This suggested a lower bound

of EQG ∼ 1016 GeV (or λ ∼ 10−20 MeV−1) ([30]). On the other hand, a value of EQG ∼
1018 GeV (or λ ∼ 10−21 MeV−1), was suggested from the compatibility between data

obtained from AGN Markarian 501 and PKS 2155-304 ([68]). This latter value of λ gives

α ∼ 5× 10−22, suggesting the limit α≪ 10−7.

We see from Table 3.3 that α ≪ ξβ for low values of α and we thus make use of

this limit to solve Eqs. (3.31) and (3.32) approximately. Eq. (3.11) gives f ′(ξ) ≈ 1 for

extremely low values of α, so that Eq. (3.18) approximates to

1

η2
d

dη

(

η2
dθ

dη

)

+ θ3 = 0, (3.34)

where θ = ξ/ξc and η = ξc x/
√
3 is a dimensionless radius. This equation is solved with

boundary conditions θ(0) = 1 and θ(ηR) = 0, where ηR corresponds to the radius of the

white dwarf. Eq. (3.34) is the Lane-Emden equation of index 3, whose numerical solution

is given in [226].

From Eq. (3.22) we obtain the dimensionless mass and radius and using Eq. (3.33) in

the limit α≪ 10−7, we obtain the dimensionless radius of the white dwarf as

M̃β =
√
3

(

−η2 dθ
dη

)

η=ηR

and R̃β =
mec

2

εZ

√

3

1 + mec2

εZ

ηR (3.35)

giving the mass as Mβ = M0M̃β = 1.4563 M⊙ and the radius as Rβ = R0R̃β = 648.809

km, using ηR = 6.89685 and −η2 (dθ/dη)η=ηR = 2.01824 for n = 3. These mass and radius

values, being approximate, do not coincide with the numerical solutions given in the last

few rows of Table 3.3. We also note that for values of ξc lower than the ξβ , lower values

of masses with higher values of radii are possible solutions (for any value of α) as shown

in the right-hand part of Figure 3.3b.

80

TH-2525_136121003



3.4 Discussion and Conclusion

Table 3.3: Masses and radii of Helium white dwarfs with the noncommutative equation of state for
different values of α when the central Fermi momentum is taken to be the neutronization threshold ξβ ,
Eq. (3.33), the corresponding neutronization density ρβ is given by Eq. (3.4). The displayed results
represent exact solutions of the equation of hydrostatic equilibrium, Eqs. (3.31) and (3.32).

α λ [MeV−1] ξβ ρβ [g/cm3] Rβ [km] Mβ [M⊙]

2.0× 10−2 3.91× 10−2 22.613 2.252× 1010 948.55 3.9954

1.0× 10−2 1.96× 10−2 29.223 4.861× 1010 753.24 2.5736

1.0× 10−3 1.96× 10−3 39.655 1.214× 1011 613.28 1.5495

1.0× 10−4 1.96× 10−4 41.123 1.355× 1011 602.35 1.4614

1.0× 10−5 1.96× 10−5 41.276 1.370× 1011 601.30 1.4527

1.0× 10−7 1.96× 10−7 41.293 1.371× 1011 601.18 1.4518

Table 3.4: Masses and radii of Carbon and Oxygen white dwarfs with the noncommutative equation
of state for different values of α when the central Fermi momentum is taken to be the neutronization
threshold ξβ , Eq. (3.33), the corresponding neutronization density ρβ is given by Eq. (3.4). The displayed
values of masses and radii represent exact solutions of the equation of hydrostatic equilibrium, Eqs. (3.31)
and (3.32).

12
6C, εZ = 13.370 MeV 16

8O, εZ = 10.419 MeV

α ξβ ρβ (g/cm3) Rβ (km) Mβ (M⊙) ξβ ρβ (g/cm3) Rβ (km) Mβ (M⊙)

2.0× 10−2 17.590 1.060× 1010 1206.20 2.9795 14.964 6.527× 1009 1406.70 2.5994

1.0× 10−2 21.347 1.895× 1010 1028.13 2.1463 17.601 1.062× 1010 1236.10 1.9783

1.0× 10−3 26.428 3.595× 1010 895.22 1.5100 20.919 1.783× 1010 1105.41 1.4903

1.0× 10−4 27.072 3.865× 1010 883.98 1.4525 21.320 1.888× 1010 1093.92 1.4453

1.0× 10−5 27.139 3.893× 1010 882.89 1.4468 21.361 1.898× 1010 1092.79 1.4409

1.0× 10−7 27.146 3.896× 1010 882.77 1.4462 21.366 1.899× 1010 1092.67 1.4404

As noted earlier in Table 3.2, the noncommutative equation of state allows for ex-

tremely high values of mass and radius if the effect of neutronization is neglected so that

the central Fermi momentum could approach ξmax = 1/α. However, due to the constraint

of neutronization, the ξc value cannot approach a value higher than ξβ . Together with

the neutronization constraint on ξc, when we take α≪ 10−7 as suggested by observations

from γ-ray bursts, the mass and radius values approach finite values as we see in Tables

3.3 and 3.4.

3.4 Discussion and Conclusion

The effect of quantum gravity, although very small, is inevitably present everywhere.

We thus expect that it will modify the stability of astrophysical objects such as white

dwarfs. In particular, it is already well-known that the noncommutative formulation of

quantum gravity modifies the dispersion relation of any particle. To study the effect of

such modification on the stability of white dwarfs, we employed a modified dispersion

81

TH-2525_136121003



Chapter 3. Newtonian white dwarfs with noncommutative EoS

relation of the form E2
p = p2c2(1 + λEp)

2 + m2c4 and observed that the equation of

state of a degenerate electron gas undergoes a substantial modification as a result of the

emergence of a cutoff momentum pmax = 1/λc inherent in the dispersion relation. As a

consequence, the possible values of masses and radii of white dwarfs change from the ideal

case.

We have analyzed the situation in two different ways in the framework of Newtonian

gravity. First, we employed the equation of hydrostatic equilibrium to obtain an approxi-

mation in the limit of low central Fermi momentum resulting in the Lane-Emden equation

of index 3/2. On analyzing the solutions we found that both the mass and radius are

affected by the parameter λ indicating the persistence of the effect of noncommutative

equation of state even for low mass white dwarfs. Next, we analyzed the problem when

the central Fermi momentum pFc approaches pmax = 1/λc. On working out the asymp-

totics, the Lane-Emden equation of index zero is obtained that clearly indicated that both

mass and radius would approach infinity when the central Fermi momentum approaches

pmax = 1/λc.

Finally, we solved the equations of hydrostatic equilibrium exactly by numerical means

with the noncommutative equation of state without making any approximations to the

modified dispersion relation. We found that the modified mass-radius curve did not co-

incide with the ideal degenerate curve even in the low central Fermi momentum region.

This can be associated with the previous asymptotic solution in the low momentum limit

where the masses and radii were found to have small departures in terms of the non-

commutative parameter λ. On the other hand, we observed a strong departure from the

ideal mass-radius curve for high values of the central Fermi momentum even for a low

value such as α = λmec
2 = 10−4. This trend is expected to be qualitatively the same for

values of α lower that 10−4. Since it is difficult to handle very low values of α numerically,

we assessed the situation for a few higher values of α such as 10−1, 10−2, 10−3, and 10−4.

For all these cases, we found masses excessively larger than the Chandrasekhar bound.

The approach to high mass values is delayed (with respect to increase in central Fermi

momentum) when the α value is decreased. It was clear that even for lower values of α,

the mass would approach very large values higher than the Chandrasekhar limit with large

values of radii. This was confirmed from our asymptotic analysis for any low magnitude

of α when ξc approaches ξmax.

The above situation is remarkably different from observations on non-magnetic white

dwarfs because they are found in the mass range from 0.17 M⊙ ([107]) to 1.33 M⊙
([101, 129, 219, 220]) with radii ranging from 0.0153 R⊙ (10644 km) to 0.0071 R⊙ (4939

km) ([199–201]). This disagreement can be reconciled by noting that the central Fermi

momentum of white dwarfs cannot take arbitrarily high values as it is limited by the

neutronization threshold. In addition, the quantum gravity parameter λ is also not large.

Consequently we solved the equations of hydrostatic equilibrium with a few values of α
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ranging from 10−2 to 10−7 with the central Fermi momentum taken as the neutronization

threshold. Although the case α = 10−2 yielded a mass as large as 2.5736 M⊙ for Helium,

as the α value is decreased to 10−5, we found the mass as 1.4527 M⊙ with a radius 601.29

km. On further deceasing the α value these values did not change appreciably.

The parameter λ may be inversely proportional to the quantum gravity parameter

EQG that occurs in the dispersion relation c2p2 = E2[1 + σE/EQG + . . .] for propagation

of photons through vacuum. In particular, [68] predicted the time delay in receiving γ-ray

photons from distant active galaxies that suggested the value EQG ∼ 1018 GeV. This value

of EQG translates to α ∼ 5 × 10−22 if we assume λ ∼ E−1
QG. We thus expect that the α

value to be lower than 10−5. In our numerical calculation, when we decreased the α value

from 10−4 to 10−7, we saw that the mass and radius approach the limiting values of 1.45

M⊙ and 601 km (for Helium) at the neutronization threshold. For values of the central

Fermi momentum lower than the neutronization threshold, we obtained lower values of

masses with larger values of radii.

It may however be noted that the above observations are for photons from γ-ray bursts

propagating through vacuum. Equivalent data for massive particles, such as electrons,

do not exist in the literature and it is difficult to guess the value of α for electrons.

Consequently, we have shown the neutronization threshold values for the masses and radii

of some white dwarfs (42He, 12
6C, and 16

8O) for values of α ranging from 2.0 × 10−2 to

1.0 × 10−7 in Tables 3.3 and 3.4. We note that the neutronization threshold value for a

pure 16
8O white dwarf should be the same as that of a carbon-oxygen white dwarf because

the core of the latter is expected to be purely 16
8O and neutronization is expected to begin

at the center ([42]). The top row of Table 3.4 for α = 2.0× 10−2 indicates that a carbon-

oxygen white dwarf would have a critical mass of 2.5994 M⊙. There have been a few

observations of over-luminous type Ia SNe (SN 2003fg, SN 2006gz, SN 2007if, SN 2009dc)

([89, 93, 188, 203, 230]) that produced a high amount of 56Ni ranging from 1.2 M⊙ to 1.7

M⊙ suggesting their progenitors to be super-Chandrasekhar white dwarfs ranging from

2.2 M⊙ to 2.8 M⊙.

However, [89] argued that the type Ia SN 2006gz was a double degenerate (DD) merger

of two sub-Chandrasekhar white dwarfs as supported by the unusually low and slowly de-

clining Silicon velocity which is also predicted by DD models. [203] speculated that SN

2009dc was very likely due to the merger of two white dwarfs as supported by simula-

tions. [55] considered a single-degenerate white dwarf supported by differential rotation

accreting at a low rate from a normal companion. With an initial 1.2 M⊙, they found the

possibility of having a super-Chandrasekhar SNe Ia event. However, white dwarfs with

mass exceeding 1.7 M⊙ was predicted to be not likely. [59] indicated that the presence of

a strong magnetic field (∼ 1015 Gauss) in a white dwarf can support a mass of 2.3–2.6 M⊙
due to the role of Landau levels. On the other hand, pointing to various disagreements

among the existing SNe Ia models, [218] argued that SNe Ia events generally happen due
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to the merger of two carbon-oxygen white dwarfs.

Thus it appears that the super-Chandrasekhar scenario is not possible in the case of

a normal white dwarf (without rotation or magnetic field). We are thus led to infer that

it is neutronization that would constrain white dwarfs within the Chandrasekhar limit.

This implies that α should be very small (∼ 10−7 or lower) so that a mass close to the

Chandrasekhar limit is obtained as a consequence of the neutronization threshold. If this

was not the case, that is, in the absence of neutronization, the modified dispersion relation

would support excessively high mass values (beyond the Chandrasekhar mass) even for

very low values of α such as 10−7 or lower. It is only when we impose the condition of

neutronization (on the top of the effect of quantum gravity) that we get mass limits close

to the Chandrasekhar mass.

We further note that since the effect of quantum gravity must be inevitably present,

we should consider it in the analysis. There are two simple ways to take the effect of

quantum gravity into account. One way is to take this effect through noncommutativity

that modifies the dispersion relation as presented in this Chaper. Another way is to take

this effect through a generalized uncertainty relation as discussed earlier in [132]. Based

on these two differing approaches, we may state that whichever way we attempt to include

the effect of quantum gravity in the description, we find that white dwarfs with excessively

high masses (beyond the Chandrasekhar mass) would be supported although the quantum

gravity parameter is taken to be extremely small. In both approaches, we find that it is

only when we impose the condition of neutronization that we obtain mass limits close to

the Chandrasekhar mass. Thus, in realistic situations, such mass limits exist because of

the neutronization threshold that destabilizes the white dwarf due to the onset of inverse

β-decay.

Since the above discussion applies to white dwarfs when the equilibrium is governed by

Newtonian gravity, the situation is expected to alter when general relativity is employed

for the hydrostatic equilibrium. It is already known that the gravitational instability sets

in before the neutronization instability for 4
2He and 12

6C white dwarfs, whereas, for 16
8O

white dwarfs, it is the instability due to neutronization that sets in before the gravitational

instability ([196]). However, in the present case of noncommutative equation of state,

the neutronization threshold depends on the noncommutative parameter α according to

Eq. (3.33). Consequently, it would be interesting to analyze the problem in the general

relativistic framework to see to what extent the above situation changes in determining

the competition between the two kinds of instabilities. We leave this motivation as an

interesting research problem for the future.
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Chapter 4

Relativistic white dwarfs with

generalized uncertainty EoS

.

As described in Chapter 2, various recent theoretical investigations suggest that gravi-

tational collapse of white dwarfs is withheld for arbitrarily high masses beyond Chan-

drasekhar’s limit if the equation of state incorporates the effect of quantum gravity via

the generalized uncertainty principle (GUP). There have been a few attempts to re-

store the Chandrasekhar limit but they are found to be inadequate. In this Chapter, we

rigorously resolve this problem by analyzing the dynamical instability in general rela-

tivity. We confirm the existence of Chandrasekhar’s limit as well as stable mass-radius

curves that behave consistently with astronomical observations. Moreover, this stabil-

ity analysis suggests gravitational collapse beyond the Chandrasekhar limit signifying

the possibility of compact objects denser than white dwarfs.

The existence of Chandrasekhar’s limit has played various decisive roles in astronomi-

cal observations for many decades. It is well-known that the existence of Chandrasekhar’s

limit results in Type Ia supernovae (SN Ia) from the explosion of carbon-oxygen (de-

generate core) white dwarfs due to accretion from a companion star. Such supernovae

have well-defined light-curves with nearly the same peak brightness and their maximum

brightnesses have a definite correlation with their light curve decline rates. This property

makes them standard candles in astronomy, facilitating measurements on high-redshift

Type Ia supernovae, and revealing the accelerated expansion of the Universe [176, 181].

Importantly, this ground-breaking finding is based on the existence of Chandrasekhar’s

limit.

However, it has recently been argued that the generalized uncertainty principle (GUP)

removes the Chandrasekhar limit [149, 156, 157, 180]. This is due to the fact that the

The content of this chapter is published: A. Mathew, M. K. Nandy, R. Soc. open sci. 8, 210301 (2021)
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inclusion of GUP via the equation of state gives white dwarfs of excessively high masses,

irrespective of the smallness of the parameter β. In other words, the mass is no longer

bound from above, so that

MGUP = 12
√
2

(

~c

G

)3/2 1

(µemu)2
(βp2Fc)

3/4, (4.1)

in the high momentum limit. This implies that the GUP-enhanced equation of state

prevents gravitational collapse and halts the formation of compact astrophysical objects

denser than white dwarfs. This prediction contradicts astronomical observations that

confirm the existence of pulsars [57, 88, 142] and black holes [40, 122, 223]. Moreover,

it has been observed that the masses of white dwarfs fall well within the Chandrasekhar

limit [107, 199, 201],

MCh = 2.0182

√
3π

2

(

~c

G

)3/2 1

(µemu)2
≈ 5.76

µ2e
M⊙, (4.2)

apart from the super-Chandrasekhar white dwarfs, that may well be double-degenerate

mergers [89, 203, 218].

A solution to the problem was proposed in Chapter 2 by imposing a cutoff in the Fermi

momentum at the neutronization threshold [132]. Since the process of neutronization is

not built into the dynamical equations, and it is imposed by hand, this solution is not a

dynamical consequence of the theory. A more satisfying solution ought to be based on a

theory where a collapse happens as a dynamical consequence of the underlying equations

of the theory.

It is important to note that there exists sign ambiguity in the quantum gravity param-

eter β and it appears to be related with the nature of physical system under consideration.

In particular, the sign of β plays a very important role in determining the stellar structure

of white dwarfs. The excessive mass of white dwarfs results when the GUP parameter β

is considered to be positive. The minimum uncertainty in length in one of the the GUP

scenarios is given by ∆xmin = ~
√
β
√

1 + β〈p〉2 [100]. Although this implies that β is a

positive quantity due to ∆xmin being real valued, there have been various other scenarios

[98, 190, 191] which suggest that β may as well be a negative quantity.

For example, a comparison between GUP corrected black hole temperature with that

following from a deformed Schwarzschild metric suggested a negative value of the GUP

parameter β [190, 191]. The same suggestion was made [98] by a comparison between

the non-commutative space-time correction to the black hole temperature with the GUP

corrected black hole temperature.

However, the sign ambiguity of the GUP parameter β is still an unresolved problem.

For example, on the basis of horizon quantum mechanics [48], it was suggested that β

should be negative. On the other hand a corpuscular scenario of gravity, where a black
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hole is pictured as a Bose-Einstein condensate of gravitons, led to a positive value of β

[39]. It may also be noted that a lattice model with Planckian lattice constant resulted

in a negative sign for the GUP parameter β [97]. On the other hand, a string theoretic

consideration with a length scale ℓ∗ leads to an uncertainty in position of the order of

ℓ2∗∆p/~ [8, 112], implying β is positive, which consistent with the thought experiment

described earlier. In addition, measurement of the radius of an extremal black hole by

dropping a photon into it and by observing the remitted photon gives a similar (positive)

estimate for the uncertainty [74, 123, 124].

Importantly, it has been shown that a negative GUP parameter β gives rise to an

unphysical mass-radius relation for white dwarfs [156]. Consequently, we include the effect

of quantum gravity on white dwarfs via the GUP with a positive sign for β. However, this

poses the well-known problem that the Chandrasekhar limit ceases to exist. It was in fact

suggested in Ref. [156] that a consistent solution of the problem could be obtained within

the framework of general relativity. Since white dwarfs respect the Chandrasekhar limit,

it is extremely important to solve this problem posed by GUP. A satisfactory model of

white dwarfs ought to be based on a rigorous treatment of the gravitational field so that

the gravitational collapse for a sufficiently massive white dwarf is well-represented.

In this Chapter, we present a complete and rigorous approach to resolve this problem.

We take the framework of general relativity (GR) and calculate the stellar structure of

white dwarfs for positive GUP parameter β. We carry out a dynamical stability analysis

of the equilibrium configurations so that the maximal stable configuration is identified.

In this framework we rigorously confirm the existence of Chandrasekhar limit within the

electroweak upper bound [58] of the GUP parameter β. More precisely, we find that the

Chandrasekhar limit robustly exists even when the value of β is made four orders higher

than the electroweak bound.

The remainder of the Chapter is organized as follows. In Section 4.1 we present the

fermionic equation of state following from GUP. In Section 4.2 we give details of the mass-

radius relation in the framework of general relativity. Section 4.3 presents the dynamical

stability analysis confirming the Chandrasekhar limit. A discussion and conclusion is

presented in Section 4.4.

4.1 Generalised uncertainty principle and fermionic equation of

state

The inclusion of quantum gravitational fluctuations via the generalized uncertainty prin-

ciple in the equation of state of a degenerate electron gas was studied earlier in different

contexts [132, 148, 154, 224, 234]. In this section, we present the number density n,

pressure P and energy density ε of the electron degenerate gas. With the modified phase
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volume, we employ the standard method of statistical mechanics to the relativistic electron

gas assuming T = 0, yielding

n =
8π

h3

∫ pF

0

p2dp

(1 + βp2)3
, (4.3)

and

P =
8π

h3

∫ pF

0

p2dp

(1 + βp2)3
(EF − Ep), (4.4)

leading to

n(ξ) =
K

mec2
ñ(ξ), and P (ξ) = KP̃ (ξ), (4.5)

where

ñ(ξ) =
1

α3

[

tan−1(αξ)− αξ(1− α2ξ2)

(1 + α2ξ2)2

]

(4.6)

and

P̃ (ξ) =

√

1 + ξ2

α3

{

tan−1(αξ)− αξ

(1− α2)(1 + α2ξ2)

}

+
1

(1− α2)3/2
tanh−1 ξ

√
1− α2

√

1 + ξ2

(4.7)

with ξ = pF /mec, pF being the Fermi momentum, α2 = βm2
ec

2 = β0m
2
e/M

2
P (MP =

√

~c/G = 2.1765× 10−5 g) and K = πm4
ec

5/h3.

The internal kinetic energy εint(ξ) of the electron gas for T = 0 is given by

εint(ξ) =
8π

h3

∫ pF

0

p2dp

(1 + βp2)3

{

√

p2c2 +m2
ec

4 −mec
2
}

. (4.8)

In the dimensionless quantities, the above equation becomes

εint(ξ) =
8πm4

ec
5

h3

∫ ξ

0

ξ′2dξ′

(1 + α2ξ′2)3

{

√

ξ′2 + 1− 1
}

, (4.9)

leading to

εint(ξ) =

{

ξ
√

1 + ξ2[1 + (2− α2)ξ2]

(1− α2)(1 + α2ξ2)2
− 1

(1− α2)3/2
tanh−1 ξ

√
1− α2

√

1 + ξ2

}

− ñ. (4.10)

The rest mass density ρ0(ξ) = muµen(ξ) is related to the energy density as ε(ξ) = ρ0(ξ)c
2+

εint(ξ), where mu = 1.6605× 10−24 g is the atomic mass unit and µe = A/Z, with A the

mass number and Z the atomic number. Thus the energy density

ε(ξ) =
K

q
ε̃(ξ), (4.11)
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where q = me/µemu and the dimensionless energy density ε̃(ξ) is given by

ε̃(ξ) = (1− q)ñ+ q

{

ξ
√

1 + ξ2[1 + (2− α2)ξ2]

(1− α2)(1 + α2ξ2)2
− 1

(1− α2)3/2
tanh−1 ξ

√
1− α2

√

1 + ξ2

}

, (4.12)

In the high Fermi momentum limit, that is ξ → ∞,

ñ(ξ) −→ π

2α3
= k1, (4.13)

P̃ (ξ) −→ k1ξ − k2 (4.14)

and

ε̃ −→ k1(1− q) + qk2 = 3κ (4.15)

with

k2 =
1

α4

(2− α2)

(1− α2)
− tanh−1

√
1− α2

(1− α2)3/2
. (4.16)

where k1, k2 and κ are constants. These high momentum limits are drastically different

from the ideal case due to the role of the generalized uncertainty principle.

Moreover, the relativistic adiabatic index γ for the degenerate electron gas is obtained

as

γ =
ε+ P

P

(

dP

dε

)

s

=
1

8

(

ñ2

P̃

)

(1 + α2ξ2)3

ξ
√

1 + ξ2
, (4.17)

so that γ → π
16α

3 in the limit ξ → ∞, unlike the ideal case (γideal =
4
3).

4.2 Mass-radius relation

We study mass-radius relation of the equilibrium configurations in the framework of gen-

eral relativity in this section. For the matter interior to the star, the equilibrium values

of the pressure P (r) and energy density ε(r) are therefore determined by the Tolman-

Oppenheimer-Volkoff (TOV) equations [159, 217], gives by equations (1.91)

It may be observed that the equation of state is in a parametric form where the Fermi

momentum pF of the electron degenerate gas occurs in the expressions for pressure and

energy density given by equations (4.5), (4.7), (4.11) and (4.12). We express the TOV

equations (1.91) in terms of the dimensionless quantities ξ = pF /mec, v = m/m0 and

η = r/r0, where m0 = (qc2)2/G3/2
√
4πK and r0 = (qc2)/

√
4πGK. Thus we obtain

dξ

dη
= −1

η

√

1 + ξ2

ξ

(

1− q + q
√

1 + ξ2
) v + qP̃ η3

η − 2qv
(4.18)

and
dv

dη
= ε̃η2. (4.19)
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Figure 4.1: (a) Exact mass-radius relations for white dwarfs with GUP equation of state for β0 = 1042,
1041 and 1040. (b) Exact mass-radius relations (dashed curves) for β0 = 1044 in comparison with the
corresponding analytically obtained asymptotic solution (smooth curve) given by Eqs. (4.24) and (4.27)
in the high ξc limit. The open circle represents the maximum values of mass Mmax and radius Rmax.
The lower left region of the exact mass-radius curve is blown up (dashed curve) in the inset where it is
compared with the analytically obtained asymptotic solution in the low ξc limit (smooth curve).

4.2.1 Asymptotic solutions

For a preliminary idea about the mass-radius relation, we study the asymptotic solutions

of the TOV equations in the low and high Fermi momentum limits.

4.2.1.1 Low momentum limit, ξ → 0

For low values of ξ, it can be shown that equations (4.18) and (4.19) reduce to

ξ
dξ

dη
= − v

η2
(4.20)

and
dv

dη
=

8

3
ξ3η2. (4.21)

which can be combined to form a second order differential equation, given by

3

16

1

η2
d

dη

(

η2
dξ2

dη

)

+ ξ3 = 0. (4.22)

Defining ξ2(η)/ξ2c as θ(ζ), with ξc the central dimensionless Fermi momentum, and ζ

is a new dimensionless coordinate ζ =
√

16ξc/3 η, we reduce the above equation to

1

ζ2
d

dζ

(

ζ2
dθ

dζ

)

+ θ3/2 = 0, (4.23)
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4.2 Mass-radius relation

which is the Lane-Emden equation of index 3/2. Numerical solution for this differential

equation is given in Weinberg [226]. For the boundary conditions θ(0) = 1 and θ′(0) = 0,

one can immediately obtain the radius of the white dwarf as

R =

√

3

16ξc
r0ζR (4.24)

where ζR = 3.65375 is the first zero of the Lane-Emden function θ(ζ) of index 3/2.

Similarly the asymptotic behavior of the mass of the white dwarf can be obtained from

the integral expression dm/dr in Eq. (1.91), namely,

M =
4π

c2

∫ R

0
ε(r)r2dr =

4π

c2
A

q

8

3

∫ R

0
ξ3r2dr. (4.25)

We rewrite this equation in the new dimensionless variable ζ, yielding

M =

√

3ξ3c
64

m0

∫ ζR

0
θ3/2ζ2dζ, (4.26)

thus obtaining the mass of the white dwarf as

M = −
√

3ξ3c
64

m0ζ
2
R

(

dθ

dζ

)

ζ=ζR

(4.27)

The value of
(

−ζ2dθ/dζ
)

ζ=ζR
is 2.71406 [226].

Thus the above asymptotic analysis predicts that R ∼ ξ
−1/2
c and M ∼ ξ

3/2
c , giving the

mass-radius relation R ∼M−1/3, implying that the radius decreases as the mass increases.

It is important to note that, these expressions of mass and radius are independent of

the GUP parameter α (or, equivalently β). Thus for low mass white dwarfs the GUP has

insignificant effect on the mass-radius relation and we expect that the mass-radius curve

would coincide with that of Chandrasekhar’s for low values of central Fermi momentum

ξc (or, equivalently low central density ρc).

4.2.1.2 High momentum limit, ξ → ∞

For high values of ξ, the TOV equations reduce to

dξ

dη
= −k1

3

η

1− 2qκη2

(

1− q + qξ

)(

1− q + 3qξ − 2q
k2
k1

)

(4.28)

and

v = κη3. (4.29)

Since typically α ∼ 0.1, the ratio k2/k1 ∼ (4/πα), hence the last term in the second

bracket can be ignored if αξ ≫ 8/3π. Since we are looking for the solutions of ξ → ∞, we
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shall ignore this term, obtaining

dξ

dη
= −k1

3

η

1− 2qκη2
(1 + qξ) (1 + 3qξ) , (4.30)

where we have used the fact that q ∼ 10−4. The solution of the above equation is given

by
1 + 3qξ

1 + qξ
=
(

1− 2qκη2
)−k1/6κ + const. (4.31)

Using the boundary conditions we can immediately obtain the integration constant and

hence the radius of the star as

ηR =
1√
2qκ

{

1−
(

1 + qξc
1 + 3qξc

)6κ/k1
}1/2

. (4.32)

Since 6κ/k1 ≈ 2, we have

ηR =
1√
2qκ

{

1−
(

1 + qξc
1 + 3qξc

)2
}1/2

(4.33)

Thus from Eq. (4.29) the mass become

vR =

(

1

2q

)3/2 1√
κ

{

1−
(

1 + qξc
1 + 3qξc

)2
}3/2

(4.34)

As the the central Fermi momentum approaches larger and larger values, we see that

the radius and mass approach maximum values, given by

Rmax =
2

3

r0√
qκ
, and Mmax =

8

27

m0√
κq3/2

(4.35)

4.2.2 Exact solutions

In this section we obtain exact solutions of the TOV equations (4.18) and (4.19) employing

the GUP equation of state expressed by equations (4.7) and (4.12) in parametric form. The

numerical integrations are carried out with the boundary conditions ξ(0) = ξc, v(0) = 0

and ξ(ηR) = 0, where ηR denotes the dimensionless radius of the star. The resulting

mass-radius relations for different strengths of the dimensionless GUP parameter β0 are

shown in Figures 4.1 and 4.2.

It is apparent from Figures 4.1 and 4.2 that, for large values of β0, the mass-radius

relations given by the GUP equation of state deviate significantly from the ideal case,

whereas for smaller values of β0, such deviations are smaller.

In Figures 4.1(a) and 4.1(b), we display the mass-radius curves for higher magnitudes

of the GUP parameter such as β0 = 1044, 1042, 1041 and 1040. We see that the mass-
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Figure 4.2: (a) Exact mass-radius relations for β0 in the range 4.50 × 1039 ≤ β0 ≤ 6.30 × 1039. The
mass-radius relation for β0 = β̄0 = 5.38×1039 demarcates these curves into two classes. For β0 > β̄0, there
occurs no maximal point whereas for β0 < β̄0 maximal points (R∗, M∗) exist (shown by open circles).
(b) Exact mass-radius relations for β0 = 1039 and 1038 in comparison with that of the ideal case, β0 = 0.
Proximity of the maximal points (R∗, M∗) are shown by open circles (for β0 = 1039 and 1038) with that
of the ideal case, shown as a solid triangle (β0 = 0).

radius curves coincide with the Chandrasekhar’s curve only for low values of the central

Fermi momentum ξc, as shown in the right-hand part of the inset in Figure 4.1(b). This

is evident from the fact that the TOV equation reduces to Newtonian equation in the

low density regime. Moreover, we see from the right-hand part of Figure 4.1(a) that all

curves nearly coincide irrespective of the strength of the GUP parameter β0. This is due

to the fact that β0 disappears from the asymptotic equations in this regime as we have

seen earlier in Section 4.2.1.1.

For higher ξc values, the exact mass-radius curve reaches a point where the radius is

minimum Rmin. The Rmin value is smaller for smaller β0 values as seen in Figure 4.1(a).

On further increasing ξc, both the mass and radius increase reaching terminal values as

shown in Figure 4.1(b) denoted by a open circle. In this regime, we see that analytically

obtained high momentum solution (Section 4.2.1.2) coincides with the exact mass-radius

curve as shown in Figure 4.1(b). Moreover, the terminal values of radius Rmax and mass

Mmax given by equation (4.35) are found to be nearly the same as given by the exact

solutions. However these terminal values are excessively high, as evident from Figure

4.1(b).

Exact mass-radius curves for intermediate strengths of the GUP parameter β0 (in the

range 4.50 × 1039 ≤ β0 ≤ 6.30 × 1039) are shown in Figure 4.2(a). We see a cross-over

in the behavior of the curves around the value β0 = β̄0 = 5.38 × 1039. For β0 > β̄0,

the mass-radius curves do not have a maximal point, whereas for β0 < β̄0, there exist

maximal points. Figure 4.2(b) compares the mass-radius relation for smaller values of β0

(= 1039 and 1038) with the ideal case (β0 = 0). We see that the maxima of the mass-radius

curves for these values of β0 nearly coincide with the maxima of the ideal case. It is also
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Figure 4.3: Eigenfrequency of the fundamental mode ω2
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the GUP parameter β0.

important to note that the maxima shifts slightly towards the right [Figure 4.2(a)] as the

value of β0 is decreased until the maxima coincide with the ideal value [Figure 4.2(b)].

A more rigorous treatment is required to assert whether these maxima correspond to

the onset of gravitational instability. Although Newtonian gravity gives the stellar struc-

ture of low-mass white dwarfs in the ideal case (with β = 0), the correct mass-radius curve

and the dynamical instability for high-mass white dwarfs is determined by general relativ-

ity. Consequently, it is critical to analyze the role of GUP parameter in determining the

dynamical instability of white dwarfs. In the following section we perform a rigorous sta-

bility analysis of the equilibrium configurations by investigation the dynamical instability

in the framework of general relativity. It consists of studying dynamics of time dependent

infinitesimal radial perturbation about the equilibrium configuration at every point inside

the star in a homologous manner [50]. The time evolution of these perturbations deter-

mined by the central Fermi momentum ξc and the GUP parameter β0 establish whether

the system is stable or otherwise.

4.3 Eigenfrequency of the fundamental mode

Using equations in (1.90), the interior Schwarzschild metric potentials can be written in

dimensionless variables as

e−µ(η) = 1− 2q
v

η
(4.36)

and

eν(η) =

(

1− 2q
vR
ηR

)

(

1

1− q + q
√

1 + ξ2

)2

, (4.37)
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where the expression for eν is obtained from the equation of state given by equations (4.7)

and (4.12).

The solution of the TOV equations (4.18) and (4.19), and equations (4.36) and (4.37)

give all quantities necessary for the evaluation of the functions U(r), V (r) and W (r) in

(1.95). We may rewrite Eq. (1.100) in dimensionless form as

ω2
0 =

(

qc2

r20

) I + J
K , (4.38)

where

I =

∫ ηR

0
e(µ+3ν)/2 γP̃

η2
ψ′2dη, (4.39)

J =

∫ ηR

0

e(µ+3ν)/2

η2





4

η

dP̃

dη
+ 2qeµP̃ (ε̃+ qP̃ )− q

ε̃+ qP̃

(

dP̃

dη

)2


ψ2dη, (4.40)

and

K =

∫ ηR

0
e(3µ+ν)/2

ε̃+ qP̃

η2
ψ2dη. (4.41)

We thus numerically evaluate the integrals in Eq. (4.39)—(4.41) with the trial function

ψ = c0η
3, where c0 a disposable constant, for different choices of the GUP parameter β0.

Consequently we obtain the eigenfrequency of the fundamental mode ω2
0 from equation

(4.38). As stated earlier, stable configurations correspond to positive values of ω2
0 whereas

a zero frequency solution indicates the onset of a dynamical instability signifying the onset

of a gravitational collapse.

We display the results of the numerical integrations in Figure 4.3, where the eigenfre-

quency ω2
0 is plotted with respect to the central density ρc (= εc/c

2) for different values

of β0. We observe that for low mass white dwarfs with central densities ρc . 109 g cm−3,

the pulsation frequencies overlap signifying the irrelevance of the effect of GUP in this

range of central densities. The pulsation frequencies start to deviate from each other in

the higher density regime depending on the value of β0.

For β0 ≤ β̄0 = 5.38×1039, there exist zero eigenfrequency solutions at central densities

ρ∗c , suggesting the onset of gravitational collapse. The existence of imaginary eigenfre-

quency solution corresponding to unstable configuration is possible only for β0 < β̄0. For

β0 > β̄0, zero eigenfrequency solutions are not possible even for arbitrarily high central

densities ρc, signifying stability of excessively massive white dwarfs. We also see that the

curve for β0 = 1038 nearly coincides with that for the ideal case (β0 = 0). This means

that all curves in the range 0 ≤ β0 ≤ 1038 overlap (to a good approximation) giving rise

to approximately the same onset density ρ∗c for gravitational collapse. A legitimate upper

bound is given by the electroweak limit β0 ∼ 1034 [58] which is well within the range

0 ≤ β0 ≤ 1038. Since this onset density is nearly 2.3588 × 1010 g cm−3, Chandrasekhar’s
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Table 4.1: Critical values of the central density ρ∗c , mass M∗, and radius R∗ for different values
of the GUP parameter β0 ( or alternative GUP parameter α =

√
β0

me

MP
) at the onset of dynamical

instability determined by the vanishing eigenfrequency of the fundamental mode.

β0 α ρ∗c (g cm−3) M∗ (M⊙) R∗ (km)

5.38× 1039 3.07× 10−3 1.0105× 1011 1.4244 655.5629
5.00× 1039 2.96× 10−3 5.8618× 1010 1.4235 776.3669
1.00× 1038 4.19× 10−4 2.3801× 1010 1.4165 1021.6162
1.00× 1034 4.19× 10−6 2.3588× 1010 1.4164 1024.3821

general relativistic mass ∼ 1.42 M⊙ is easily recovered in this range which extends four

orders of magnitude beyond the electroweak bound.

The above discussions lead to parallel observations from Figure 4.2 (a) where β0 =

β̄0 demarcates a change in behavior of the mass-radius curves. The non-existence of a

maximal point in the mass-radius curve for β0 > β̄0 is evident from the fact that there

exists no critical density ρ∗c corresponding to a zero eigenfrequency solution. On the other

hand, for β0 < β̄0, the existence of maximal points (R∗, M∗) in the mass-radius curves

are consequences of zero eigenfrequency solutions at ρ∗c . The branches towards the right

of the maximal point (R∗, M∗) correspond to lower central densities ρc < ρ∗c and thus the

stability of this branch is confirmed by the fact that ω2
0 is positive, as shown in Figure

4.3. On the other hand, the branches towards the left of the maximal point (R∗, M∗)

correspond to instability as ω2
0 becomes negative (not shown in Figure 4.3) and they

correspond to ρc > ρ∗c .

As β0 is deceased towards 1038, the maximal points (R∗, M∗) approach closer to each

other and nearly coincide at β0 = 1038. The corresponding critical values are displayed in

Table 4.1 where it is evident that the critical mass approaches the limit 1.416 M⊙ and the

radius 1024 km.

Thus in addition to asserting the existence of the Chandrasekhar limit, the stabil-

ity analysis confirms the fact that the radius decreases as the mass increases for stable

configurations of white dwarfs.

4.4 Discussion and Conclusion

There have been a few recent attempts to restore the Chandrasekhar limit when white

dwarfs are described by GUP-enhanced equation of state. As we have discussed earlier,

there are various scenarios [98, 190, 191] pointing to the possibility of β being negative.

As shown in [156], a choice of a negative GUP parameter β gives rise to the mass-radius

relation

R =
√

|β| Mm
1/3
e c

√

M
2/3
Ch −M2/3

ℓP , (4.42)
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in the relativistic limit, giving the Chandrasekhar massMCh as an upper bound. However,

this mass-radius relation has inconsistencies with observations, namely, (i) as the mass M

increases, the radius R also increases, and (ii) the radius diverges as the mass approaches

the Chandrasekhar limit, preventing the formation of more compact objects as the density

would be infinitely diluted. In fact, observations indicate that the radius decreases with

increase in mass of white dwarfs. Moreover we expect the formation of highly dense

objects such as neutron stars or black holes when the mass exceeds the Chandrasekhar

limit. These inconsistencies do not appear when we take β to a positive quantity.

In an alternative approach to circumvent the problem of non-existence of the Chan-

drasekhar mass, an extended GUP [157] was suggested by incorporating the effect of

cosmological constant Λ, so that

∆x∆p ≥ ~

2

{

1 + β(∆p)2 − λ
(∆x)2

L2
Λ

}

, (4.43)

with L2
Λ = λ/Λ which is positive for de-Sitter expansion of the Universe (λ = +3).

Although the observed value of Λ is very small, namely Λ ∼ 10−52 m−2, they showed that

this reformulation of GUP leads to a mass-radius relation whose physically acceptable

solution is strongly dominated by the cosmological terms and the contribution from β

is insignificant, making the sign of β irrelevant. This mass-radius relation clearly shows

that the Chandrasekhar mass is the upper bound. However, this mass-radius relation also

suffers from the same inconsistencies as described above.

Because of this inconsistencies, it is essential to resolve the issue of non-existence of

Chandrasekhar’s limit in a cogent fashion so that all assumptions in the theory lead to

results in agreement with observations. We therefore formulated the problem in a rigorous

manner by adopting general relativity vis-à-vis GUP-enhanced equation of state with the

assumption of positive a GUP parameter β. Importantly, we find that the Chandrasekhar

mass is assured for β0 values below β̄0, due to the onset of gravitational collapse. We also

note that the electroweak upper bound for β0 is much below β̄0 so that physical existence

of Chandrasekhar’s limit is guaranteed.

The above conclusion stems from a rigorous stability analysis of the equilibrium con-

figurations as displayed in Figure 4.3, where the eigenfrequency of the fundamental mode

ω2
0 is plotted with respect to the central density ρc for different values of β0. We see that

a vanishing eigenfrequency exists when β0 ≤ 5.38× 1039 = β̄0, giving rise to a dynamical

instability at critical central densities ρ∗c . However, for β0 > β̄0, no dynamical instabil-

ity occurs because of the nonexistence of a zero eigenfrequency solution, implying that

these configurations remain stable for arbitrarily high values of ρc leading to excessively

massive white dwarfs. However, these solutions are physically unacceptable because the

corresponding β0 values are well above the electroweak bound.

An important point to observe from Figure 4.3 is that the eigenfrequencies for β0 = 1038
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practically coincides with that of the ideal case, β0 = 0. Thus in the range 0 < β0 < 1038,

the critical density ρ∗c for the onset of gravitational collapse (determined by the vanishing

eigenfrequency) remains practically unaltered. We find ρ∗c = 2.3801 × 1010 g cm−3 for

β0 = 1038, which is nearly the same as Chandrasekhar’s critical value of 2.3× 1010 g cm−3

(for β0 = 0). It is thus evident that Chandrasekhar’s general relativistic critical mass of

1.42 M⊙ [52] remains practically unaffected. Moreover, since this critical density ρ∗c is

much below nuclear matter density, ∼ 1014 g cm−3, our consideration of a free fermionic

equation of state remains valid throughout the stable regime of white dwarfs.

In the context of the stability analysis, we can analyse the mass-radius curve obtained

in Section 4.2. Since the Chandrasekhar limit exists only below β̄0 = 5.38×1039, all mass-

radius plots in Figure 4.1 above this value would not correspond to reality. This is also

evident from the fact that β̄0 is much higher than the electroweak bound β0 ∼ 1034. For

β0 < β̄0, the mass-radius curves develop maximal points [see Figure 4.2 (a)] at which the

eigenfrequencies ω2
0 vanish as shown later in Section 4.3. These maximal points correspond

to limiting Chandrasekhar mass lying below ∼ 1.425 M⊙. It is important to note that the

radius decreases as the mass increases in the part of a mass-radius curve towards the right

of the maximal point that corresponds to the stable branch. The mass-radius behavior in

the stable branches is consistent with several astronomical observations of white dwarfs

[101, 107, 129, 199–201, 219, 220]. Moreover, our stability analysis suggests that upon

reaching beyond the Chandrasekhar mass the star would collapse to form highly dense

compact objects such as neutron star or black hole.

The present scenario of describing white dwarfs in terms of general relativity and

GUP-enhanced equation of state with a positive GUP parameter β rigorously leads to the

existence of Chandrasekhar mass as well as the correct behavior of the mass-radius relation

consistent with astronomical observations. Moreover, it suggests the onset of gravitational

collapse beyond the Chandrasekhar mass. It is now well-known that the degenerate core

of a Type II supernova progenitor undergoes a gravitational collapse with a mass of about

1.4 M⊙, leading to the formation of a neutron star or a black hole.

It is important to note that the non-relativistic limit of equations (4.18) and (4.19)

leads to Newtonian equations (2.47) and (2.48) of Chapter 2, that predicted the existence of

“super-stable” white dwarfs of excessively high masses beyond the Chandrasekhar limit.

The Chandrasekhar limit, 1.4518 M⊙ and a radius of 601.8 km, could be recovered by

imposing the restriction due to neutronization together with β0 = 1034, coming from

the electro-weak bound. In contrast, general relativity alone (without having to impose

neutronization) recovers the Chandrasekhar limit for β0 values up to 1038 due to the

dynamical instability inherent in general relativity. This dynamical instability property of

general relativity will be lost by taking the non-relativistic limit.
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Chapter 5

Existence of Chandrasekhar’s limit

with modified dispersion relation

As we have seen in Chapter 3, Newtonian gravity predicts the existence of white dwarfs

with masses far exceeding the Chandrasekhar limit when the equation of state of the

degenerate electron gas incorporates the effect of quantum spacetime fluctuations (via

a modified dispersion relation) even when the strength of the fluctuations is taken to

be very small. In this Chapter, we show that this Newtonian “super-stability” does not

hold true when the gravitational pull is treated in the general relativistic framework.

Employing dynamical instability analysis, we find that the Chandrasekhar limit can be

reassured even for a range of high strengths of quantum spacetime fluctuations with

the onset density for gravitational collapse practically remaining unaffected.

We have seen in Chapter 3 that a modified dispersion relation leads to a modified

equation of state (EoS) so that the stellar structure of white dwarfs governed by its electron

degenerate gas undergoes a measurable change. We found that white dwarfs with modified

EoS can support masses much higher than the Chandrasekhar limit that become “super-

stable” when the hydrostatic equilibrium is governed by Newtonian gravity.

However, the possibility of the existence of excessively massive white dwarfs is unlikely

as it is inconsistent with an extensive amount of astronomical observations [107, 129, 199–

201, 219, 220]. Although there have been speculations about super-Chandrasekhar white

dwarfs, it has been argued [89, 203] that they are in fact double degenerate merges of two

sub-Chandrasekhar white dwarfs. It is thus extremely important to investigate whether the

above-mentioned “super-stability” prevails in general relativity (GR). It may be recalled

that general relativity has a profound effect in determining the stability of massive stars

The content of this chapter is published: A. Mathew, M. K. Nandy, Gen. Relativ. Gravit. 52, 38
(2020)

99

TH-2525_136121003

https://doi.org/10.1007/s10714-020-02686-y
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against gravitational collapse although it may have an insignificant effect on their stellar

structure.

We thus anticipate that a dynamical instability would set in at a critical value of the

central density as generally predicted for relativistic stars [23, 50–52, 216, 229]. Follow-

ing this standard method, we calculate the eigenfrequencies of the normal mode of radial

oscillations with respect to various central densities of white dwarfs with the electron de-

generate gas treated in the framework of modified dispersion relation. The existence of a

vanishing eigenfrequency corresponds to the maximum central density in stable configu-

ration. We identify the onset density of dynamical instability with respect to a parameter

characterizing the strength of quantum spacetime fluctuations.

In this Chapter, we use the modified dispersion relation (3.5) and we analyze the

stability of white dwarfs by calculating the eigenfrequencies of normal modes of small

radial oscillations in the first order of perturbation. We find that general relativity is

capable of causing a gravitational collapse even for high strengths of quantum spacetime

fluctuations characterized by the parameter α = λmec
2. However, when this strength is

very high (α > 3.7×10−3), the quantum space-time fluctuations become strong enough to

hold up against a gravitational collapse. A legitimate bound on such parameters occurring

in equivalent formulations of quantum spacetime fluctuations indicate an upper bound for

α much lower than 3.7× 10−3 for which we find that the Chandrasekhar critical limit can

be realized in the quantum gravitational regime.

The remainder of the Chapter is organized as follows. In Section 5.1, the dynamical

instability is explored for white dwarfs with the equation of state governed by a modified

dispersion relation to account for the effect of quantum spacetime fluctuations on the

instability. Finally, we Conclude the chapter in Section 5.2.

5.1 Dynamical instability in white dwarfs with modified disper-

sion relation

As we have seen Chapter 3, in the Newtonian framework, white dwarfs can exist in exces-

sively large masses beyond the Chandrasekhar limit, when quantum spacetime fluctuations

are included in the equation of state of the electron gas. This “Newtonian super-stability”

persists although the strength of quantum spacetime fluctuations is taken to be very small.

However, it is well-known that, in the conventional problem of stability of white dwarfs,

a dynamical instability sets in [51, 52] when the gravity is treated in the framework of

general relativity. It is thus natural to speculate that a similar general relativistic insta-

bility may set in when the small effect of quantum spacetime fluctuations is included in

the equation of state of the electron gas.

100

TH-2525_136121003
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5.1.1 Modified equation of state

We shall take the modified dispersion relation (3.5) to model the effect of quantum space-

time fluctuations. This imposes a momentum cutoff at pmax = (λc)−1 above which the

energy becomes unphysical. For small values of momentum it coincides with the ideal dis-

persion relation, but it deviates strongly for high values of momentum, becoming infinite

at the cutoff pmax.

Since the electron gas in white dwarfs is completely degenerate, we evaluate the pres-

sure P , internal energy εint, and mass-density ρ0 at absolute zero from the grand partition

function as shown in Section 3.1.1. For convenience, we express we modified equation of

state as

P = AP̃ (ξ), ρ0c
2 =

A

q
ξ3, ε = ρ0c

2 + εint =
A

q
ε̃(ξ) (5.1)

where

P̃ (ξ) = ξ3f(ξ)− 3g(ξ), ε̃ = (1− q)ξ3 + 3q g(ξ), (5.2)

ξ =
pF
mec

, A =
8πm4

ec
5

3h3
, q =

me

µemu
= 2.74297× 10−4, (5.3)

f(ξ) =
[

αξ2 +
√

(1− α2)ξ2 + 1
]

[

1− α2ξ2
]−1

, (5.4)

and g(ξ) given by equation (3.9) with α = λmec
2.

Employing the relativistic expression γ = ε̃+qP̃

P̃

(

dP̃
dε̃

)

s
for the adiabatic index γ, and

using Eqs. (5.1–5.4 and 3.9), we obtain

γ =
ε̃(ξ) + qP̃ (ξ)

P̃ (ξ)

(

ξ

3

)(

1− q + q
dg

dξ

)−1(df

dξ

)

(5.5)

for the electron gas with the modified equation of state.

5.1.2 Stability Analysis

The Einstein field equation for the static interior Schwarzschild metric can be solved

[159, 217] to obtain the metric components

e−µ = 1− 2q
m̃

η
(5.6)

and

eν =

(

1− 2q
M̃

ηR

)

× exp

{

−2q

∫ η

0

P̃ ′

(ε̃+ qP̃ )
dη

}

, (5.7)

101

TH-2525_136121003



Chapter 5. Existence of Chandrasekhar’s limit with modified dispersion relation

where m̃ = m/m0 and η = r/r0 are dimensionless variables with

r0 =
qc2√
4πAG

and m0 =
q2c4√
4πA

1

G3/2
. (5.8)

The dimensionless quantities M̃ =M/m0 and ηR = R/r0 correspond to the mass M and

radius R of the fluid sphere. Using Eqs. (5.1–5.4 and 3.9), Eq. (5.7) can be simplified to

eν =

(

1− 2q
M̃

ηR

)

(

1

1− q + qf(ξ)

)2

. (5.9)

The dependence of the above field quantities on the radial coordinate η correspond to

the Tolman-Oppenheimer-Volkoff equation [159, 217] of hydrostatic equilibrium expressed

here as
dP̃

dη
=

(

df

dξ

)

ξ3
dξ

dη
= −

(

ε̃+ qP̃

η

)(

m̃+ qP̃ η3

η − 2qm̃

)

(5.10)

with the mass equation
dm̃

dη
= ε̃η2. (5.11)

The functions U(η), V (η) and W (η) in the Sturm-Liouville equation (1.94) are readily

obtained from Eqs. (1.95–1.97) employing Eqs. (5.6), (5.9) and (5.10). In consequence,

Eq. (1.100) yields the eigenfrequency

ω2
0 =

(

qc2

r20

) I + J
K , (5.12)

where

I =

∫ ηR

0
e(µ+3ν)/2 γP̃

η2
ψ′2
0 dη, (5.13)

J =

∫ ηR

0

e(µ+3ν)/2

η2





4

η

dP̃

dη
+ 2qeµP̃ (ε̃+ qP̃ )− q

ε̃+ qP̃

(

dP̃

dη

)2


ψ2
0dη, (5.14)

and

K =

∫ ηR

0
e(3µ+ν)/2

ε̃+ qP̃

η2
ψ2
0dη, (5.15)

with ψ0 the eigenfunction associated with the fundamental mode that minimizes the right-

hand side of Eq. (1.99).

As stated earlier, we make the choice ψ0 = η3 as a trial function and evaluate the

integrals I, J , and K given by Eqs. (5.13–5.15) for different values of the central Fermi

momentum ξc. The corresponding eigenfrequencies are obtained from Eq. (5.12). Figure

5.1 displays the eigenfrequency against the central density ρc [related to ξc through ρ =

(A/qc2){(1 − q)ξ3 + 3qg(ξ)}] for different strengths of quantum spacetime fluctuations

parametrized by α, namely, α = 10−2, 10−3, 10−4, and 10−5, including the ideal case

(α = 0).
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Figure 5.1: Eigenfrequency for normal modes against central density of relativistic white dwarfs for
various values of the parameter α that characterizes the strength of quantum spacetime fluctuations. The
scale of this plot cannot accommodate the cases α = 10−2 and 10−3. It will be evident from Figure 5.2
that the case α = 10−3 gives a zero eigenfrequency solution whereas for the case α = 10−2, the curve
reaches a terminal point without giving a zero eigenfrequency solution.

We observe from Figure 5.1 that for α = 10−5, the characteristic eigenfrequencies are

close to the ideal values. As the strength is increased to α = 10−4, the eigenfrequencies

depart from the ideal values but they follow a trend similar to the ideal case, and gravi-

tational instability can set in dictated by general relativity by virtue of the existence of a

vanishing eigenfrequency and a corresponding critical central density ρ∗c . This signifies the

dominance of gravitational pull determined by general relativity over the effect of quantum

spacetime fluctuations on the equation of state.

However, for higher strengths of α, such as α = 10−3 and 10−2, the scale of the ordinate

in Figure 5.1 is not adequate to analyze their behaviors. For an adequate analysis of the

situation, we show a log-log plot in Figure 5.2. It is clear from Figure 5.2 that, for α > 3.7×
10−3, the curves follow a trend completely different from the ideal case because they reach

terminal points at non-zero eigenfrequencies and thus zero eigenfrequency solutions do not

exist. This signifies the non-existence of any gravitational instability or collapse and the

white dwarfs remain “super-stable”. The central densities at which the curves terminate

are higher than Chandrasekhar’s value of 2.3× 1010 g cm−3. From this super-stability, we

conclude that quantum spacetime fluctuations are sufficiently strong for α > 3.7×10−3 so

that the gravitational pull determined by general relativity is incapable of bringing about

any instability.

On the other hand, for α ≤ 3.7 × 10−3, the trends of the eigenfrequencies are similar

to that of the ideal case and general relativistic instabilities can set in due to the existence

of vanishing eigenfrequencies of the normal mode. This obviously means that, for α ≤
3.7 × 10−3, the gravitational pull determined by general relativity is strong enough to

bring about an instability or collapse. Thus the value α = 3.7 × 10−3 marks a transition
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Figure 5.2: Eigenfrequency for normal modes versus central density of relativistic white dwarfs for
various strengths of α higher than those in Figure 5.1. For α ≤ 3.7×10−3, the curves indicate the existence
of zero eigenfrequency solutions leading to gravitational collapse. For α > 3.7 × 10−3, the curves reach
terminal points and zero eigenfrequency solutions do not exist excluding the possibility of gravitational
collapse.

point for strength of quantum gravitational fluctuations competing against gravity pull

that leads to the general relativistic instability.

Since the general relativistic instability (corresponding to the zero eigenfrequency)

occurs at a critical central density ρ∗c determined by the parameter α, it is worth studying

the behavior of the corresponding critical values of the central Fermi momenta ξ∗c with

respect to the parameter α. We see from the right-hand part of Figure 5.3 that as the

strength of α is increased from 10−5 to 10−4, the critical value ξ∗c (or equivalently ρ∗c)

remains approximately constant. In fact, our calculation shows that there is negligible

variation in the value of ξ∗c in the range 0 < α < 10−5 (which is also evident from Figure

5.1 from the near-coincidence of the two ρ∗c values). Thus in the range 0 < α < 10−4, we

expect that general relativistic instability would yield nearly the same critical masses. In

this range, we find ρ∗c = 2.3−2.9×1010 g cm−3 which is in the vicinity of Chandrasekhar’s

value of 2.3 × 1010 g cm−3 [52]. This indicates that Chandrasekhar general relativistic

critical mass of 1.42 M⊙ is negligibly affected in this range of the parameter α.

We thus see that the effect of general relativity is robust enough to cause an instability

against the effect of quantum spacetime fluctuations even for strengths such as α = 10−4.

Experimental bounds on such parameters occurring in equivalent formulations of quantum

spacetime fluctuations is available in the literature. For example, Das and Vagenas [58]

discussed various experimental bounds on the generalized uncertainty parameter β0. Tak-

ing the bound β0 ∼ 1034, which is a legitimate upper bound coming from the electroweak

theory, it translates to α ∼ 10−6 in our case. Thus α = 10−4 is in fact a large value for

the strength of quantum spacetime fluctuations. If the strength of α is increased beyond

10−4, we see from Figure 5.3 that the critical central Fermi momentum ξ∗c also increases.
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Figure 5.3: Critical value of the central Fermi momentum for the onset of gravitational instability versus
the parameter α. The dashed straight line represents ξ = ξmax = α−1. The inset shows the intersection of
the two curves at α = 3.7× 10−3.

However, after reaching a maximum it eventually falls off due to increased role of gravitat-

ing pressure in comparison to the gravitating mass. Finally, the curve approaches the line

ξ = α−1 = ξmax until it makes an intersection at α = 3.7×10−3, the maximum strength of

α for the existence of a vanishing eigenfrequency and hence a gravitational collapse. This

intersection is shown in the inset of Figure 5.3 by an open circle where ξ∗c = 2.7 × 102.

It is obvious that the curve cannot cross the line ξ = α−1, having reached the maximum

value ξ∗c = α−1.

5.2 Conclusion

The modified dispersion relation is one of the scenarios in which the effect of quantum

gravity is phenomenologically taken into account. We expect the effect of quantum gravity

to have some signature when the density of the matter is very high. In this context it

is worthwhile to recall that the standard Chandrasekhar limit of 1.44 M⊙ is approached

when the density of the electron degenerate gas in white dwarfs approaches infinity in

the framework of Newtonian gravity. The problem thus calls for taking account of the

effect of quantum gravity at very high densities of the electron degenerate gas. When this

notion is followed and the electron gas is treated via a modified dispersion relation making

the equation of state more stiff than the ideal one, it is found that white dwarfs become

“super-stable” and higher masses beyond the Chandrasekhar limit are possible [133] when

the gravity is treated in the Newtonian framework. However, as noted in the introduction

and in more detail below, white dwarfs are most likely to exist below the Chandrasekhar

limit. It is thus extremely important to resolve this paradoxical situation.

It is known from Chandrasekhar’s study [50, 52] that a dynamical instability sets in

when the gravity is treated general relativistically. Consequently it is natural to ask the
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question whether general relativity would be capable of resurrecting the Chandrasekhar

limit when the effect of quantum space-time fluctuations is included in the equation of

state. Motivated by this query, we analyzed the problem of stability of white dwarfs

governed by general relativity and incorporating quantum space-time fluctuations in the

electron degenerate gas via a modified equation of state.

To analyze the stability, we followed the standard methodology of perturbations gen-

erating radial pulsations in spherically symmetric white dwarfs and calculated the corre-

sponding eigenfrequencies of the radial oscillations. The corresponding eigenvalue equa-

tion is in the Sturm-Liouville form whose eigenfrequencies can be related to a variational

principle. With an appropriate trial function for the Lagrangian displacement, we cal-

culated the eigenfrequencies for various strengths of the quantum space-time fluctuations

parametrized by α.

We find that, for large values of α such that α > 3.7 × 10−3, white dwarfs remain

“super-stable” as they do not exhibit any zero eigenfrequency in the normal mode. Such

white dwarfs can support maximum masses determined by the maximum values of the

central density ρc where the curves terminate as shown in Figure 5.2. These values of ρc

are higher than the critical density obtained by Chandrasekhar suggesting the possibility

of white dwarfs of masses higher than Chandrasekhar’s general relativistic value of 1.42

M⊙. However, these cases are unlikely because we do not expect that the strength α

of spacetime fluctuations to be as large as or higher than 0.0037, as discussed earlier on

the basis of bounds on similar parameters. It may however be noted that there have

been observations of some type Ia SNe events (SN 2003fg, SN 2006gz, SN 2007if, SN

2009dc) [89, 93, 188, 203, 230] which produced a high amount of 56Ni ranging from 1.2

M⊙ to 1.7 M⊙. This suggested that the progenitors of these SNe events had masses in

the super-Chandrasekhar range from 2.2 M⊙ to 2.8 M⊙. However the unusually low and

slowly declining Silicon velocity in SN 2006gz indicated that it is a double degenerate (DD)

merger of two sub-Chandrasekhar white dwarfs as argued by Hicken et al. [89]. Moreover,

Silverman et al. [203] argued, basis on simulations, that SN 2009dc was most likely due

to the merger of two white dwarfs. Chen and Li [55] considered a single-degenerate white

dwarf with differential rotation and accreting matter slowly from a normal companion.

They predicted that white dwarf masses in excess of 1.7 M⊙ are very much unlikely. On

the other hand, in the presence of a strong magnetic field of the order of ∼ 1015 Gauss, Das

and Mukhopadhyay [59] predicted that a white dwarf can support a mass of 2.3–2.6 M⊙
due to the existence of Landau levels. However, pointing to various disagreements among

the existing SNe Ia models, van Kerkwijk [218] argued that SNe Ia events generally take

place due to the merger of two carbon-oxygen white dwarfs. Thus, for normal white dwarfs

(without rotation or magnetic field), a super-Chandrasekhar mass seems to be unlikely.

For smaller strengths of quantum spacetime fluctuations, such that α ≤ 3.7 × 10−3,

we find that general relativity is capable of bringing about an instability at finite central
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densities ρ∗c because of the existence of a vanishing eigenfrequency in the normal mode as

shown in Figure 5.2. This signifies that gravity governed by general relativity is strong

enough to cause a gravitational collapse when the strength α of quantum spacetime fluc-

tuations is α ≤ 3.7 × 10−3. Thus the special value α = 3.7 × 10−3 marks a transition

point between two regimes — gravity dominating over quantum spacetime fluctuations

and vice-versa. It is important to note that, unlike Newtonian gravity, general relativity is

robust enough to bring about a gravitational collapse for strengths of quantum spacetime

fluctuations such as α ≤ 10−3.

We have also seen from Figures 5.1 and 5.3 that in the range 0 < α < 10−4, general

relativistic instability yields comparable critical central densities, namely, ρ∗c = 2.3−2.9×
1010 g cm−3. This range is in the vicinity of Chandrasekhar’s value of 2.3× 1010 g cm−3

[52]. This indicates that the stellar structure of relativistic white dwarfs is hardly affected

in this range of the parameter α where the critical mass is about 1.42 M⊙.

We may recall from Chapter 3 that when gravity was treated in the Newtonian frame-

work, masses far exceeding the Chandrasekhar limit were found to be “super-stable” even

for very low values of α such as 10−5. However, by constraining the central Fermi momen-

tum with the neutronization threshold, a mass nearly equal to the Chandrasekhar value

(1.45 M⊙) was obtained for α ≤ 10−7. It is thus obvious that Newtonian gravity alone

cannot dominate over the stiffness of the equation of state generated by quantum space-

time fluctuations. On the other hand, as we have seen in this Chapter, general relativity

alone, by virtue of the inherent property of dynamical instability, without having to im-

pose neutronization, does possess the capacity to overcome the stiffness of the equation of

state that can lead to a gravitational collapse, so that Chandrasekhar’s general relativistic

limit of 1.42 M⊙ is recovered.

Moreover, even for a high value of α, such as 10−4 or 10−5, the onset density ρ∗c
for gravitational collapse is practically unaffected (with respect to the ideal case) when

the gravity is treated general relativistically in spite of the effect of quantum spacetime

fluctuations opposing gravitational collapse. This is of direct relevance to the core collapse

supernovae where the degenerate core of the progenitors are found to have a mass of about

1.4 M⊙. However it may be recalled that there may be no clear distinction between the

gravitational core collapse and fast β-capture that may occur nearly simultaneously at the

onset, effectively making no difference in the impending supernova explosion [229]. Thus

our study suggests that when the inevitable effect of quantum spacetime fluctuations is

included in the process, the situation practically remains indistinguishable from the ideal

core collapse scenario.
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Chapter 6

Stellar structure of quark stars in an

extended gravity scenario

As we have seen in Section 1.6, there have been various proposal for extended gravity

scenarios. In this Chapter, we propose a form of gravity-matter interaction given by

ωRT in the framework of f(R, T ) gravity and examine the effect of such an interaction

in spherically symmetric compact stars. Treating the gravity-matter coupling as a

perturbative term on the background of Starobinsky gravity, we develop a perturbation

theory for equilibrium configurations. For illustration, we take the case of quark stars

and explore their various stellar properties. We find that the gravity-matter coupling

causes an increase in the stable maximal mass which is relevant for recent observations

on binary pulsars.

Modern day scenarios such as inflation [211, 221], late-time cosmic acceleration [61,

176, 181], flat rotation curves [22, 158, 205, 235] etc. are incompatible with the standard

prescription of general relativity (GR). Although the predictions of GR in the weak-field

regime are precise, it falls short in the higher curvature regime in the sense that it predicts

singularities such as the big bang and the black hole singularities. It has been shown

that quantum corrections generate higher order self-coupling curvature in addition to the

original scalar curvature [38, 60]. This motivates one to consider non-linear curvature

theories to see if they provide a better descriptions of gravitation phenomena.

A nonlinear curvature theory of gravity was proposed by Starobinsky [210] in order to

address the issue of the big-bang singularity. He considered the Einstein field equations

Gµν = κ〈Tµν〉 where the right hand side gives quantum mechanical contributions due to

coupling between quantum matter fields (having different spins) with classical gravitational

The content of this chapter is published: A. Mathew, M. Shafeeque & M. K. Nandy, Gen. Eur. Phys.
J. C 80, 615 (2020)

109

TH-2525_136121003

https://doi.org/10.1140/epjc/s10052-020-8130-4


Chapter 6. Stellar structure of quark stars in an extended gravity scenario

field, with the assumption of isotropy and homogeneity and absence of radiation field. In

one-loop approximation, and upon regularization, 〈Tµν〉 was found to be a function of

the Riemann geometric quantities. Based on these findings, Starobinsky exhibited the

existence of a one-parameter family of non-singular solutions of the de-Sitter type which

could be analytically continued into the region t < 0. The de-Sitter phase naturally

explains the inflation scenario without having to include any inflaton field.

However, another approach involves a generalization of the Einstein-Hilbert action

where an arbitrary function f(R) represents the Lagrangian density [37]. In the Starobin-

sky model, namely, f(R) = R + αR2, and its other generalizations, inflation has been

explained to obtain increasingly better fits the observational data [19, 46]. Moreover,

various forms of f(R) gravity have been able to explain the late-time cosmic acceleration

[19, 99]. In addition, a simple power-law form of f(R) gravity is able to explain [43, 44]

rotation curves in the spiral galaxies. The power-law form has been explored [24, 26, 141]

to find a basis for the modified Newtonian dynamics (MOND) which is the most successful

scenario in explaining rotation curves in many different types of galaxies [25, 138, 139, 145].

Inclusion of the effect of classical matter with f(R) gravity came in two different forms,

namely, f(R,Lm) and f(R, T ), where Lm is the matter Lagrangian and T is the trace of

energy-momentum tensor. While f(R,Lm) gravity has been studied extensively in various

contexts [81, 82], f(R, T ) gravity entered the literature somewhat recently [84]. It was

noted that the T dependence may arise due to exotic imperfect fluid or quantum effects.

Thus it is natural to expect that f(R, T ) gravity may be a suitable candidate for compact

objects such as neutron stars and quark stars where quantum effects are expected to play

a significant role.

Models of extended gravity have been employed to study the stellar structure of dif-

ferent compact objects. Starobinsky gravity with f(R) = R + αR2 has been applied to

neutron stars treating αR2 as perturbation with well-known models for the equation of

state [18]. It was found for some cases that the maximal mass could approach ∼ 2 M⊙ only

for negative values of α. Moreover the logarithmic model, f(R) = R+αR2+αγR2 ln(R/µ2)

[3], was also studied perturbatively for neutron and quark stars that exhibited simi-

lar trends for different γ values. The Starobinsky model was further explored non-

perturbatively for neutron stars [45]. They observed that, for positive values of α, GR

yielded higher maximum mass values than the Starobinsky case. They also studied the

model f(R) = R + αR2(1 + γR) which exhibited low sensitivity on the γ value. On the

other hand, for their model R1−ǫ, GR gave the lowest maximum mass and the mass value

increased to very high values approaching 2.5 to 3 M⊙.

Yazadjiev et al. [231] solved for the stable configurations of neutron stars in the

Starobinsky model f(R) = R + αR2 for increasing values of the parameter α. By

constructing an equivalent scalar-tensor theory, they obtained the stellar structure non-

perturbatively and compared their results with perturbative estimates. While the pertur-
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bative result was unphysical because it gave a decreasing mass with respect to the radial

distance in a region interior to the star [160], no such unphysical behaviour was observed in

the non-perturbative framework. Staykov et al. [213] included a slow rotation in neutron

and strange stars in a non-perturbative framework of Starobinsky gravity. While the slow

rotation does not affect the mass and radius with respect to the static Starobinsky case,

they found a measurable increase in the moment of inertia with respect to GR.

The Starobinsky model R+αR2 was further studied for neutron and quark stars non-

perturbatively [21]. For positive and non-zero values of α, they observed that the scalar

curvature does not decrease to zero at the surface (unlike the perturbative results) and

it exponentially falls off outside the star. The stellar mass contribution until the surface

plus the gravitational mass contribution outside the star constitute the total mass which is

actually observed by a distant observer. The gravitational redshift for the distant observer

will be determined by the total (stellar + gravitational) mass. The gravitational mass

contribution from the outside of the star is remarkable in distinction with the perturbative

approaches where the exterior solution is assumed to be Schwarzschild. For negative values

of α, they [21] found that the Ricci scalar executes a damped oscillation beyond the surface

of the star and the gravitational mass contribution increases indefinitely. In an earlier

works, the same authors [20] compared the prediction of the Starobinsky model and the

corresponding scalar-tensor theory. Their non-perturbative analysis indicated that the

star is surrounded by a dilaton sphere whose contribution to the mass is negligible.

Models of f(R, T ) gravity and its generalisations were studied for equilibrium configu-

rations of compact stars. Carvalho et al. [47] considered the model f(R, T ) = R− 2λT to

find the equilibrium configurations for white dwarfs. The maximum mass limit obtained

was slightly above the Chandrasekhar limit. In comparison to GR and f(R) predictions,

the white dwarfs were found to have larger radii as the λ value was increased from zero.

Deb et al. [63] considered the same model to obtain the equilibrium stellar structure of

quark stars. They demonstrated that the M-R curves are different for positive, negative

and zero λ values.

It is important to note that, in the Starobinsky model R+ αR2, a maximum value of

2 M⊙ or beyond is reached only when the α value is chosen to be negative [21]. However,

this leads to an issue, namely, the Ricci scalar executes a damped oscillation and the

gravitational mass contribution increases indefinitely in the exterior region. On the other

hand, the Ricci scalar smoothly decreases to zero at infinity for positive α values, for which

the star can support a maximum mass lower than 2 M⊙. Thus a physical theory based on

Starobinsky model requires a positive α value whence the Ricci scalar behaves properly

everywhere. However, in order to reach 2 M⊙ or beyond, the Starobinsky model requires

modification. We therefore consider the model f(R, T ) = R + αR2 + ωRT with α > 0.

This modification implies inclusion of gravity-matter interaction in the description via the

term ωRT . It would be sufficient to show that the maximum mass attainable is greater
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than the Starobinsky prediction even if we take a simple form R(1+αR+ωT ), and treat

ωT perturbatively on the background of non-perturbative Starobinsky solution.

In this Chapter, we obtain the field equations for spherically symmetric distribution

of matter for f(R, T ) = R + αR2 + ωRT to O(ω). With this, we solve for equilibrium

configurations of quark stars with the equation of state given by the bag model, namely,

p = k(ε−4B), where B = 60 MeV/fm3 is the bag constant, and we take the physical value

k = 0.28 which is valid for strange quark massms = 250 MeV/c2. For the pure Starobinsky

case, a maximum mass of 1.832 M⊙ is obtained for α = 10r2g , whereas GR gives a maximum

mass of 1.764 M⊙ [20]. On the other hand, the present model yields a maximum mass

∼ 2 M⊙, which is consistent with different observations of binary millisecond pulsars,

namely, J0348+0432, J1614-2230, and J0740+6620, with pulsar masses 2.01 ± 0.04 M⊙
[16], 1.93± 0.017 M⊙ [64, 71], and 2.14+0.20

−0.18 M⊙ [57], respectively.

The Chapter is organized as follows. In Section 6.1, we present the details of calcu-

lation for the proposed model with gravity-matter interaction. There, we also develop a

perturbative treatment as the gravity-matter interaction is expected to be small. We thus

obtain the stellar equation for equilibrium configurations in spherically symmetric stars.

We apply these equations to quark stars in Section 6.2 and obtain the stellar properties.

Section 6.3 contains a discussion on the obtained results and the main conclusions are

given in Section 6.4.

6.1 Present model

In this section we define the present model of gravity-matter interaction in f(R, T ) gravity.

We derive the corresponding field equations, the modified TOV equations and also discuss

the far-field solution.

6.1.1 Gravity-matter interaction

We consider gravity-matter interaction in a modified gravity represented by

f(R, T ) = R+ αR2 + ωRT, (6.1)

where the last term represents the gravity-matter interaction. This form reduces the field

equation (1.139) to

φGµν +
1

2
αR2gµν + 2α(gµν∇α∇α −∇µ∇ν)R = κTµν

+ ω

[

R(Tµν − pgµν)−GµνT − (gµν∇α∇α −∇µ∇ν)T

]

(6.2)

where φ = 1 + 2αR.

The corresponding trace equation is

6α∇µ∇µR+ [2αR− φ]R = κT + ω [2(T − 2p)R− 3∇µ∇µT ] (6.3)
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6.1 Present model

Since the gravity-matter interaction is expected to be small, we shall take a perturba-

tive approach about the exact solutions of R + αR2 by assuming |ωT | ≪ 1. To the first

order in ω, we get

Gµν +
αR2

2φ
gµν +

2α

φ
(gµν∇α∇α −∇µ∇ν)R = κ

Tµν
φ

+
ω

φ0

[

R(T0µν − pg0µν)−G0µνT − (g0µν∇α∇α −∇µ∇ν)T0

]

(6.4)

where the subscript “0” indicates unperturbed quantities when ω = 0, so that φ0 =

1 + 2αR0. The corresponding trace equation (6.3) is obtained as

6α∇µ∇µR+ [2αR− φ]R = κT + ω [2(T0 − 2p0)R0 − 3∇µ∇µT0] (6.5)

up to O(ω).

Since we are interested in the spherically symmetric and static case, we assume the

metric

ds2 = −eν(r)c2dt2 + eλ(r)dr2 + r2dΩ2 (6.6)

along with φ = φ(r) and T = T (r), and dΩ2 = dθ2 + sin2 θ dϕ2. Thus the above trace

equation reduces to

6α

[

d2

dr2
+

(

ν ′

2
− λ′

2
+

2

r

)

d

dr

]

R−Reλ = κTeλ

+ ω

[

2(T0 − 2p0)R0e
λ0 − 3

(

ν ′0
2

− λ′0
2

+
2

r

)

T ′
0 − 3T ′′

0

]

(6.7)

up to O(ω).

The tt-component of the field equation (6.4) yields

λ′ =
1− eλ

r
+

1

6

reλ

φ
(2 + 3αR)R− γν ′ +

κ

3

reλ

φ
(3ε+ T )

+ ω

[

reλ0

3φ0
(3ε0 − p0 + 2T0)R0 −

1

φ0

(

rT ′
0

ν ′0
2

+ T0λ
′
0

)

+
1− eλ0

rφ0
T0

]

(6.8)

up to O(ω). The rr-component yields the following equation

ν ′ =
1

1 + γ

[

κ
reλ

φ
p+

eλ − 1

r
− α

2

reλ

φ
R2 − 4

r
γ

]

− ω

1 + γ0

[

1

φ

(

T0 +
rT ′

0

2

)

ν ′0 +
1

φ

(

1− eλ0

r

)

T0 +
2

φ
T ′
0

]

(6.9)

up to O(ω), where γ = r
2(lnφ)

′.
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6.1.2 Extended TOV equation

Covariant divergence of the field equation (1.141) yields

(κ+ fT )∇µTµν = fT

[

(pgµν − Tµν)∇µ ln fT + gµν∇µp

]

(6.10)

Substituting fT = ωR, we obtain

∇µT
µν =

ωR

κ+ ωR

[

(pgµν − Tµν)∇µ lnR+ gµν∇µp

]

(6.11)

For the spherically symmetric static metric (6.6), we obtain from Eq. (1.138)

∇µT
µν = e−λp′ + (ε+ p)

ν′

2
e−λ. (6.12)

Since Ricci scalar R and pressure p are functions of r alone, the conservation equation

(6.11) becomes

p′ = −(ε+ p)

(

κ+ ωR

κ

)

ν ′

2
(6.13)

To the first order in ω, we obtain

p′ = −(ε+ p)
ν ′

2
− ω

κ
(ε0 + p0)R0

ν ′0
2
. (6.14)

For the case of vanishing ω, we recover the original TOV equation. For ω 6= 0, we

designate Eq.(6.14) as the extended TOV (ETOV) equation, where the pressure gradient

depends on the value of ω as well as the Ricci scalar R. It is thus evident from Eq. (6.14)

that the pressure gradient inside a spherically symmetric star will change as compared to

the standard GR case. However, similarly to GR, the cumulative mass m(r) is related to

the metric potential λ(r) as

m(r) =
c2r

2G

[

1− e−λ(r)
]

. (6.15)

6.1.3 Far field solution

In the region exterior to the star, the trace equation (6.5) takes the form

6α∇µ∇µR−R = 0. (6.16)

which is identical to that obtained for f(R) = R+ αR2 gravity in vacuum. This suggests

that the exterior solution has an identical form in both Starobinsky gravity and for the

given particular form of f(R, T ).

For spherically symmetric static metric (6.6), this equation takes the form

e−λ
{

R′′ +

(

ν ′

2
− λ′

2
+

2

r

)

R′
}

− R

6α
= 0 (6.17)
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6.2 Quark stars with gravity-matter coupling

We note that the Starobinsky correction αR2 is a very weak contribution as one ap-

proaches infinity. This is also immediately obvious from the above equation because the

last term dominates in the limit α → 0 giving us back R = 0. Thus the choice of the

Starobinsky form R+αR2 has to coincide with the solution of Einstein gravity at infinity.

In order to see how the Einstein limit is approached at infinity, we must do an approx-

imate analysis of Eq. (6.17). Since ν and λ and their first derivatives are expected to

approach zero on approaching infinity (also confirmed by exact numerical calculations),

we can approximate Eq. (6.17) to the form

R′′ +
2

r
R′ − R

6α
= 0 (6.18)

Solution of this equation is given by

R(r) = c1
e−r/

√
6α

r
+ c2

√
6α

2

er/
√
6α

r
(6.19)

Since R→ 0 as r → ∞, we have to set the integration constant c2 = 0, giving

R(r) = c1
e
− r√

6α

r
, (6.20)

which approaches zero faster than r−1 as r → ∞ for positive value of α. However, for

negative values of α, the far field solution given by (6.19) is oscillatory in nature implying

that negative α values are unphysical.

6.2 Quark stars with gravity-matter coupling

In this section, we examine in detail the stellar structure of quark stars in the modified

gravity model f(R, T ) = R+αR2+ωRT that incorporates gravity-matter interaction. In

massive compact stars (such as quark stars and neutron stars), we expect the gravitational

field to be strong enough so that the gravity-matter coupling has a appreciable contribu-

tion. With the above choice of f(R, T ) gravity, Sections 6.1.1 and 6.1.2 give a perturbative

solution on the background of unperturbed Starobinsky gravity given by f(R) = R+αR2.

The field equations (6.8), (6.9), (6.14), together with the trace equation (6.7), are reduced

to a set of five first order differential equations, given by

R′ = Ψ, (6.21)

Ψ′ = −2

r
Ψ+

κ

6α
Teλ +

eλ

6α
R+

λ′ − ν ′

2
Ψ

+
ω

6α

[

2(T0 − 2p0)R0e
λ0 − 3

(

ν ′0
2

− λ′0
2

+
2

r

)

T ′
0 − 3T ′′

0

]

, (6.22)
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λ′ =
1− eλ

r
+

1

6

reλ

φ
(2 + 3αR)R− γν ′ +

κ

3

reλ

φ
(3ε+ T )

+ ω

[

reλ0

3φ0
(3ε0 − p0 + 2T0)R0 −

1

φ0

(

rT ′
0

ν ′0
2

+ T0λ
′
0

)

+
1− eλ0

rφ0
T0

]

, (6.23)

ν ′ =
1

1 + γ

[

κ
reλ

φ
p+

eλ − 1

r
− α

2

reλ

φ
R2 − 4

r
γ

]

− ω

1 + γ0

[

1

φ0

(

T0 +
rT ′

0

2

)

ν ′0 +
1

φ0

(

1− eλ0

r

)

T0 +
2

φ0
T ′
0

]

, (6.24)

p′ = −(ε+ p)
ν ′

2
− ω

κ
(ε0 + p0)R0

ν ′0
2
, (6.25)

where we have defined a new field variable Ψ = R′.

To complete the solution of the above equations, we take the equation of state of

the quark star as that of quark-gluon plasma given by the bag model [96, 204], namely,

p = k(ε − 4B), where B = 60 MeV fm−3 (or B1/4 ≈ 147 MeV) is the bag constant and

the value of the constant k is associated with the choice of the QCD coupling constant

(αc) and the mass (ms) of strange quark; k = 0.33 if ms = 0 and k = 0.28 for the realistic

value ms = 250 MeV/c2. The values B1/4 ≈ 147 MeV and ms = 250 MeV correspond to

the QCD coupling constant αc = 0, as seen from Figure 1 in Ref. [69].

Consistency of the perturbation theory requires |ωT | ≪ 1 at all densities. This con-

dition is satisfied throughout the star if one requires that |ωT | ≪ 1 is true at the center.

By defining

ω =
β

4B
, (6.26)

this condition becomes (1− 3k)β εc
4B + 3βk ≪ 1. For the choice of β ∼ 10−2 and εc

4B ∼ 10,

|ωTc| ≈ 4.48× 10−2, thus ensuring the validity of the perturbative approach.

We solve field equations (6.21)–(6.25) numerically upon making them dimensionless

by defining η = r/rg, χ = Rr2g , χ0 = R0r
2
g , ξ = Ψr3g , p̃ = p/4B, p̃0 = p0/4B, ε̃ = ε/4B,

ε̃0 = ε0/4B, T̃ = T/4B and T̃0 = T0/4B, where rg = GM⊙/c2 = 1.4766×105 cm, is taken

as the scaling parameter.

The numerical integrations of the above set of differential equations are carried out by

requiring that the metric is asymptotically flat at infinity for the initial conditions λ(0) = 0

and ν(0) = νc. Since the metric potential ν(r) enters the field equations only through its

derivatives, the central value νc remains arbitrary and fixed by specifying a value that

satisfies ν → 0 for r → ∞. The same initial conditions are imposed on the unperturbed

metric, that is, λ0(0) = 0 and ν0(0) = ν0c. The central value of pressure p(0) = pc is

assigned by the equation of state for a given central density ρc. Correspondingly, the

unperturbed pressure takes the value p0(0) = pc. The surface of the star is identified at a
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Figure 6.1: Radial profile of pressure p(r) for different values of β (β = 4Bω) with central density
ρc = 2.5414 × 1015 g cm−3. The inset shows the pressure profile near the stellar radius rs for different
values of β.

radial distance rs (stellar radius) for which the pressure p vanishes. Moreover, since the

value of the scalar curvature is maximum at the center, and it gradually decreases towards

the surface, we have the boundary condition Ψ(0) = 0.

A unique choice for the central value of the scalar curvature in both the unperturbed

scenario (Starobinsky gravity) and the actual case requires the knowledge of the exterior

solution. This requires one to continue the integration outside the star with boundary

conditions λ(rs) = λs, ν(rs) = νs, R(rs) = Rs and Ψ(rs) = Ψs at the surface, obtained

from the interior solution for an initial guess for Rc. To set the above initial conditions,

we first carry out a numerical integration for the unperturbed case, with similar boundary

conditions λ0(rs) = λ0s, ν0(rs) = ν0s, R0(rs) = R0s and Ψ0(rs) = Ψ0s, imposed for an

initial guess R0c.

For convenience, the initial guess in both the cases are taken to be the GR value
ERc = κ(ρcc

2−3pc) since this value is not too far from the required values. The integration

is carried out several times for different initial guesses until the required conditions R→ 0

and |Ψ| → 0 as r → ∞ and R0 → 0 and |Ψ0| → 0 as r → ∞ are satisfied. This procedure

gives the correct central values Rc and R0c, which are found to be lower than the GR

value. For the sake of accuracy, we fine-tune χc (= Rcr
2
g) and χ0c (= R0cr

2
g) up to twelve

decimal figures by taking the exterior solution as far as ηmax (= rmax/rg), where ηmax

satisfies χ(ηmax) ∼ 10−12 and χ0(ηmax) ∼ 10−12.

In the original framework of general relativity, the Ricci scalar vanishes immediately

outside the surface, the trace equation being R = −κT . In our present case, the vacuum

solution is given by Eq. (6.16) and the Ricci scalar does not vanish but decays exponentially

outside the star, as also implied by the far-field solution, Eq. (6.20). This gives rise to

two distinct masses [20], namely, the stellar mass Ms = m(rs), the mass within the stellar
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Figure 6.2: Radial profile of scalar curvature R(r) for different values of β (β = 4Bω) with central
density ρc = 2.5414× 1015 g cm−3. The inset shows the scalar curvature profile for the Starobinsky model
(β = 0) with two different central densities ρc (in g cm−3).

radius rs, and the mass M as seen by a sufficiently distant observer, estimated as

M =
c2

2G
rmax

{

1− e−λ(rmax)
}

(6.27)

Since the numerical calculations are sufficiently accurate with a sufficiently large value of

rmax, this estimate for M is expected to be close to the one for r → ∞.

In the following subsections, we analyze the exact numerical solutions of the field

equations given by Eqs. (6.21)–(6.25) with the boundary conditions discussed above for

quark stars with the equation of state given by the bag model. We also compare these

results with the Starobinsky case, ω = 0. We take α = 10r2g = 2.1804 × 1011 cm2 (that

is,
√
α = 3.16rg = 4.6694 × 105 cm), which is smaller than the estimated upper bound

√
α < 7× 107 cm as predicted by binary pulsar data [150].

6.2.1 Interior and exterior solutions

In this sub section we elaborate upon the interior and exterior solutions by looking at the

radial profiles for pressure p(r), mass m(r) and Ricci scalar R(r).

Figure 6.1 plots pressure p as a function of the radial coordinate r for the central

density ρc = 2.5414× 1015 g /cm3 for β = 0.025, 0.01, −0.01 and −0.025. We see that the

magnitude of pressure gradient increases (decreases) with respect to the pure Starobinsky

case (β = 0) for positive (negative) value of β (or ω) due to the additional term in the

extended TOV equation (6.25). This in fact pushes (pulls) the stellar boundary outward

(inward) as compared with the pure Starobinsky case. The slight increase (decrease) in

stellar radius rs for positive (negative) values of β (or ω) can be seen in the inset of Figure

6.1.

Radial profiles of the scalar curvature R(r) for different values of β with central density
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Figure 6.3: Radial profile of total mass m(r) for different values of β (β = 4Bω) with central density
ρc = 2.5414× 1015 g cm−3. The inset shows the interior mass profile up to the stellar radius rs.

ρc = 2.5414× 1015 g /cm3 are shown in Figure 6.2. It may be observed that the choice of

the central scalar curvature Rc is strongly correlated with β (or equivalently ω) in that the

value of Rc increases with increasing values of ω. On the other hand, when we fix β = 0

and vary ρc, the central value Rc is found to be higher for a higher value of ρc as shown

in the inset of Figure 6.2. Although there is an increase in the value of Rc when ρc is

increased, the scalar curvature R falls off rapidly for higher value of ρc than for the lower

one. In the former case (with fixed ρc and varying β), the Ricci scalar maintains higher

values throughout the star for higher value of β.This is consistent with the fact that the

perturbative ω terms in Eq.(6.22) add with the term κ
6αTe

λ, so that the effective value of

T changes which is equivalent to a changed value of matter content with respect to the

Starobinsky case. Since these perturbative terms disappear outside the star, they act as

if they were an additional matter content in Starobinsky gravity.

Figure 6.3 shows the total mass profile m(r) with ρc = 2.5414 × 1015 g /cm3 for

different values of β. The inset represents the mass profile up to the stellar surface r = rs.

In comparison with Starobinsky gravity (β = 0), we observe a slight increase (decrease)

in the stellar mass Ms and stellar radius rs when β is positive (negative). Further we

observe that these changes in stellar mass Ms and radius rs are larger for β = ±0.025

than β = ±0.01. On the other hand, we see that the mass M measured by a distant

observer increases appreciably with increasing β.

As seen from Figure 6.2, the scalar curvature does not decrease to zero at the surface

of the star and it falls off outside the star. This fall-off is similar to a Yukawa function

(as shown in Section 6.1.3). There is a gravitational mass contribution due to the non-

vanishing scalar curvature outside the star. The mass profiles shown in Figure 6.3 contains

both contributions, stellar plus gravitational. The inset shows only the stellar mass con-

tribution that does not extend beyond the stellar radius rs ∼ 10 km. The main graphs in
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Figure 6.4: Mass-radius relation (between stellar mass Ms and stellar radius rs) for different values of
β.

Figure 6.3 show both contributions (stellar plus gravitational) extending beyond rs ∼ 10

km. We see that the combined mass profiles approach asymptotic values for large r (∼ 60

km). A sufficiently distant body experiences the gravitational field of the combined mass.

6.2.2 Mass-radius relations

In this section we study the mass-radius (M−R) relations obtained from the field equa-

tions for a continuous range of central density ρc or equivalently the central Ricci scalar

Rc. In addition, we verified that all energy conditions are satisfied.

Fig. 6.4 represents the relation between stellar mass Ms and stellar radius rs for

different values of β. We see that for a particular value of Ms, rs increases with increase

in β in the higher mass regime. In the same regime, if we fix rs, Ms is found to increase

with increasing β. This fact signify that the presence of the ω terms strengthens the effect

of gravity to balance the increased pressure gradient as inferred from the pressure profiles

studied in Section 6.2.1.

Figure 6.5 presents the mass M measured by a distant observer against the stellar

radius rs for different values of β. As noted earlier, the mass M consists of contributions

from both the stellar mass and non-vanishing scalar curvature extending beyond the stellar

radius rs. This mass was calculated up to a sufficiently high radial distance (rmax) until

the scalar curvature approached very close to zero with the condition given by Eq. (6.27).

The relationship between the curves in Figure 6.5 bear similarity with those in Figure 6.4

giving qualitatively similar conclusion. However we note the important fact that maximum

observed mass M∗ are appreciably higher than those in Fig. 6.4.
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Figure 6.5: Total mass M measured by a distant observer versus stellar radius rs for different values of
β.

6e+14 9e+14 1e+15 2e+15 3e+15 5e+15 7e+15

ρ
c
  [g cm

-3
]

0.4

0.6

0.8

1

1.2

1.4

1.6

M
  
[M

su
n
]

β = + 0.025

β = + 0.010

β =     0.000

β = − 0.010

β = − 0.025

Figure 6.6: Stellar mass Ms versus central density ρc for different value of β, where the mass M∗
s is

shown by open circle.

6.2.3 Stability and energy conditions

In this section, we study mass versus central density to find the maximal mass from the

stability of equilibrium configurations. The stable configuration corresponds to the region

in the mass-central density curve where ∂M
∂ρc

> 0, whereas the unstable region is given by
∂M
∂ρc

< 0 [197]. The onset of instability is identified as the point where ∂M/∂ρc = 0, and

the mass corresponding to this point is the maximal.

To study the stability, we first examine stellar mass Ms versus central density ρc in

Fig. 6.6 for different values of β. We see that the maximal stable massM∗
s (corresponding

to the maximal total mass M∗) increases as β increases from β = −0.025 to β = +0.025.

A similar trend is observed in Fig. 6.7, where the mass M observed by a distant

observer is plotted against the central density ρc. Here we see that the maximal mass M∗
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Figure 6.7: Total mass M versus central density ρc for different value of β, where the maximal mass
M∗ is shown by open circle.

(denoted by the open circle in the figure) shift to appreciably higher value with respect to

the stellar values M∗
s .

Table 6.1 displays maximal mass valuesM∗ observed by a distant observer for different

values of β. The corresponding stellar mass values M∗
s , stellar radius r

∗
s , central Einstein

Ricci scalar ER∗
c , central Starobinsky Ricci scalar R∗

0c, central Ricci scalar R
∗
c , and central

density ρ∗c are also displayed. We see that the maximal mass value M∗ increases and

approaches ∼ 2 M⊙ as β is increased. We note that this increase is appreciable even

for very small magnitudes of β, suggesting a measurable effect played by gravity-matter

interaction.

We verify the validity of the perturbative results by estimating the maximal value of

ωT corresponding to the maximal mass. For β = 0.025 (or ω = 0.025/4B) and central

density ρ∗c = 2.4173× 1015 g/cm3, we get |ωTc| = (1− 3k)βρcc
2/4B + 3βk = 4.36× 10−2.

Thus the maximum value of ωT is of the order of 10−2, giving assurance to the validity

of the perturbative results.

Figure 8 displays the energy conditions [215], namely, null energy condition (ε ≥ 0),

weak energy condition (ε + p ≥ 0), strong energy condition (ε + 3p ≥ 0), and dominant

energy condition (ε−|p| ≥ 0). We see that all energy conditions are satisfied because they

are positive in the entire region of the star. These energy conditions are valid to a good

approximation since they are large throughout the star (lying between ∼ 1 and ∼ 10 in

the units of 4B) compared to the highest perturbation (∼ 10−2 at the centre).

6.3 Discussion

In the original case of Einstein’s gravity, the Ricci scalar is a linear function of the central

density, expressed as χ = κr2g{(1 − 3k)ρc2 + 12kB}. One might expect such a linear
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Table 6.1: Maximum stable mass M∗ for different values of ω. The corresponding values of stellar mass M∗
s , stellar radius r

∗
s , central Einstein Ricci scalar ER∗

c ,
central Starobinsky Ricci scalar R∗

0c, central Ricci scalar R∗
c and central density ρ∗c are also displayed.

β ρ∗c (g cm−3) ER∗
c (10−2r−2

g ) R∗
0c (10−3r−2

g ) R∗
c (10−3r−2

g ) r∗s (km) M∗
s (M⊙) M∗ (M⊙)

− 0.025 2.6526× 1015 3.189908 5.81876 4.286802 10.2686 1.46058 1.70031

− 0.01 2.6098× 1015 3.162040 5.81296 5.209743 10.3482 1.50937 1.77659

0.0 2.5242× 1015 3.106321 5.80072 5.800721 10.4265 1.54080 1.82725

0.01 2.5029× 1015 3.092391 5.79744 6.375852 10.4790 1.57427 1.87787

0.025 2.4173× 1015 3.036672 5.78384 7.180354 10.5851 1.62390 1.95371

123

TH-2525_136121003



Chapter 6. Stellar structure of quark stars in an extended gravity scenario

0 2 4 6 8 10

2

4

6

8

E
n

er
g

y
 C

o
n

d
it

io
n

  
 [

4
B

]

(dashed)  β = - 0.025

(smooth)  β = + 0.025

ε

ε + p

ε + 3p

ε - |p|

Figure 6.8: Radial profiles of energy conditions (ECs): null energy condition (ε ≥ 0), weak energy
condition (ε+ p ≥ 0), strong energy condition (ε+ 3p ≥ 0), and dominant energy condition (ε− |p| ≥ 0).

relationship in the Starobinsky model in the low density regime where αR ≪ 1. Besides,

the same behaviour is expected in the present model for low central densities where the

term R dominates over αR2 and ωRT . However, the situation is completely different in

the high density regime in both Starobinsky and the present model. In the Starobinsky

model, we found that at higher central densities, the central Ricci scalar R0c varies slowly

as a function of ρc, as shown in Figure 6.9. On the other hand, in the present model,

depending on the sign of β (or ω), we find that the central Ricci scalar Rc would either

increase or decrease with respect to the Starobinsky case. Figure 6.9 shows the variation of

central Ricci scalar with respect to central density for different values of β. For positive β,

we see that the Rc value increases compared to the Starobinsky model in the higher density

regime. This was expected since the additional terms in the present model contribute at

higher densities as previously noted in Section 6.2.1. The opposite is true for the case

of negative β values where we found that the central Ricci scalar Rc values lie below the

Starobinsky values for higher densities as shown in Figure 6.9. This happens because O(ω)

term gives a negative contribution in this case.

For any positive β, the curve in Figure 6.9 lies above the Starobinsky case, so that

maximum mass values higher than the Starobinsky case would be obtained. On the other

hand, the curve for any negative β lies below the Starobinsky case implying that the

maximum mass values lower than the Starobinsky case would be obtained.

It may be recalled from the discussion in Introduction that, in the Starobinsky gravity

(ω = 0), the star is surrounded by a gravitational halo since the Ricci scalar is non-

vanishing outside the star. In fact we see the same behaviour from Figure 6.2 in the

present model (ω 6= 0) as well. The far-field solution (given by equation 6.20) shows that

the Ricci scalar (and the gravitational halo) falls off exponentially as r → ∞.

Moreover, it is evident from Figure 6.2 that this fall-off is faster for higher values of the
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Figure 6.9: Central value of Ricci scalar χc (= Rr2g) versus central density ρc for different values of β,
namely, β = ±0.025 and β = 0.

central density ρc. Figure 6.10 plots an effective radius rH of the gravitational halo (defined

by χ(ηH) = 10−7) with respect to the central density ρc until the onset of gravitational

instability at ρ∗c . (Densities beyond the threshold ρ∗c are outside the scope of the present

theory for equilibrium configurations.) It is seen from the right-hand part of the graphs

in Figure 6.10 that the radius of the halo rH decreases with increasing central density ρc.

At the same time, the value of rSch = 2GM
c2

increases with increasing central density ρc, as

seen from Figure 6.7. These two opposite behaviours (shrinking and expansion) continue

as ρc increases. Thus it is apparent that, when the star collapses to a black hole (with

an infinite central density), the gravitational halo would shrink and will be well inside the

horizon, leading to a vanishing Ricci scalar outside the horizon. This scenario is consistent

with the fact that when the coefficient of R2 term is positive, the only static spherically

symmetric solution of a black hole with a regular horizon is the Schwarzschild solution, as

shown in Ref. [143].

6.4 Conclusion

In this Chapter, we considered a form of f(R, T ) gravity that includes a coupling between

gravity and matter on the background of the Starobinsky model. While the Starabinsky

model takes account of quantum fluctuations [210] and f(R, T ) gravity may arise due to

quantum effects [84], a coupling between matter and gravity is expected to bring about

the features in quark stars where the gravitational field is extremely strong. In particular,

the stellar structure of quark stars, with equation of state coming from the bag model, is

expected to undergo an measurable change due to this coupling. Moreover, we speculate

that the maximum mass limit would change appreciably so that astrophysical observations

on binary pulsars could be given a theoretical basis.
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Figure 6.10: The radius of gravitational halo rH versus the central density ρc until the onset of gravita-
tional instability at ρ∗c . The inset shows that the radial profiles for the scalar curvature χ (corresponding
to the points denoted by the open circle in the main graph) falls off faster for a higher density, similar to
the Starobinsky case (β = 0), as shown in the inset of Figure 6.2.

The Starobinsky model has been applied to quark stars by other authors [20, 21] to

find their stellar structure. This produced a different stellar structure from the pure GR

case and it was found that the maximum mass limit increased from the GR case due to

an additional contribution from gravitational mass enveloping the stellar mass. In the

present case, we find that this mass is further increased due to additional contribution

from the coupling between gravity and matter (for positive values of ω).

To assert the above features, it was sufficient to treat the gravity-matter coupling

as a perturbation keeping in mind that the coupling constant is sufficiently small for

the validity of the perturbation treatment. We adopted this perturbation treatment in

the background of unperturbed solutions of the Starobinsky case. Remarkably, such a

treatment gives physically acceptable solutions for both signs of the coupling constant ω

representing the strength of gravity-matter interaction.

The gravity-matter coupling term increases (decreases) the magnitude of the pressure

gradient p′(r) for positive (negative) values of ω pushing (pulling) the stellar boundary

outward (inward) as compared to the pure Starobinsky case. Moreover the strength ω of

the gravity-matter coupling determines the central value of the scalar curvature Rc for a

given central density ρc. The scalar curvature maintains higher (lower) values throughout

the star compared to the pure Starobinsky case for positive (negative) values of ω as the

effective matter content increases (decreases) within the star. It is interesting to see that,

although there is small increase (decease) in the stellar mass Ms for positive (negative)

values of ω, the gravitational mass contribution enveloping the star increases (deceases)

appreciably with respect to the Starobinsky case. This is because of the increased (de-

creased) scalar curvature exterior to the star contributing a greater (lesser) gravitational

mass than the Starobinsky case. Consequently the quark star can support higher values
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of maximal total mass (M∗) than the Starobinsky case for positive values of ω.

Recent observations of binary millisecond pulsars, have yielded the pulsar masses to

be ∼ 2 M⊙ [16, 57, 64, 71]. Such a high value of mass cannot be explained by models

based on hyperon or boson condensate equations of state for neutron stars, leading to

their possibility of being quark stars. We see that our present model with gravity-matter

coupling, although treated as a perturbation, is capable of supporting high values of masses

of quark stars.

In Chapters 4 and 5, we have seen that general relativity works very well at the scale

of white dwarfs because of the fact that the observed Chandrasekhar’s limit could be

explained well within the framework of general relativity. On the other hand, we have

seen in this Chapter that extended gravity works well at the scale of neutron stars or

pulsars. This implies that the extended gravity scenario is a better formulation for higher

energy scales. We may thus guess that the extended gravity scenario should give reliable

estimates for physical processes with even higher energy scales such as in the inflationary

and reheating phases of the Universe. We shall pursue this motivation in the next Chapter.
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Chapter 7

Reheating after inflation in an

extended gravity scenario

We have seen in the previous chapter that the extended gravity scenario is capable of

explaining observations at the scale of compact stars such as neutron stars and pulsars.

This implies that the extended gravity scenario works well at high energy scales.

It would therefore be interesting to study the consequences of the extended gravity sce-

nario at very high energy scales such as in the inflationary and reheating phases of the

Universe. With this motivation, in this chapter, we employ a viable f(R) gravity model

capable of giving an inflationary phase in order to study the subsequent reheating phase

due to particle creation at the expense of energy in the scalaron field. Since quantum

mechanics is expected to play a dominant role in particle creation, we formulate a

plausible scenario of reheating obeying Heisenberg’s uncertainty principle that imposes

constraints on the particles that can be created in the configuration space. We show

that, so long as the energy available in the scalaron field is sufficient to populate the

entire configuration space, the energy density of the particles grows, attaining a max-

imum value giving an efficient reheating. Beyond this maximum, the available energy

becomes insufficient to populate the entire configuration space leading to a declining

energy density.

We further find that there is a negligible growth of energy density in the inflationary

phase that lasts for ∼ 102 tP, although particles are constantly created in this phase.

The subsequent reheating phase spans for ∼ 1011 tP and it begins with a well-defined

preheating stage lasting for ∼ 105 tP, making a cross-over to a thermalization regime.

The temperature at the cross-over is found to be Tx ∼ 1012 GeV corresponding to a

temperature of Tr ∼ 1013 GeV at the end of reheating.

The standard Friedmann model of cosmology [173, 227] has explained several ob-

served features of our Universe such as primordial nucleosynthesis [70], abundances of

The content of this chapter will be available as arXiv preprint: A. Mathew & M. K. Nandy, Primordial
reheating in f(R) cosmology by spontaneous decay of scalarons, (preprint December 2020).

129

TH-2525_136121003



Chapter 7. Reheating after inflation in an extended gravity scenario

the light elements [194], the cosmic microwave background (CMB) radiation [130, 174],

the Hubble expansion [214], apart from the fact that it has the well-known problem of

the Big-Bang singularity. Moreover, after the observation of CMB radiation [175], the

standard Friedmann model failed in several aspects giving rise to the monopole problem,

the horizon problem, the flatness problem and the problem of large-scale structure forma-

tion [111, 227]. To solve these problems, it was suggested by Guth [79], Linde [116–118],

Albrecht and Steinhardt [4] and others [209] that the universe underwent a fast exponen-

tial expansion, dubbed inflation, prior to the radiation dominated phase. A lot of efforts

have been expended in understanding the inflationary era [120]. While Guth connected

it to a first-order phase transition in a Grand Unified Theory, Linde and others [119–121]

proposed slow-roll models with one or more inflaton fields driving the inflationary phase.

Moreover, these theories can explain the subsequent radiation era via a reheating phase

where the inflation field decays to generate Standard Model particles [102, 108, 109]. It

is however not clear at the outset the intrinsic origin of the postulated inflaton field. Al-

though initially the inflation field was understood to be the Higgs field of the Standard

Model, it was later realized that observational data did not fit this assumption [29].

Interestingly, Satrobinsky [210] proposed a higher order theory of gravity that ad-

dressed the problem of Big-Bang singularity. He considered the Einstein field equation

Gµν = κ〈Tqm
µν 〉 with the right-hand side given by the vacuum expectation value due to

quantum matter fields (having different spins) in the background of the classical gravita-

tional field, with the assumption of isotropy and homogeneity in the absence of radiation

field. The vacuum expectation value 〈Tqm
µν 〉 is determined by Riemann geometric quan-

tities in the one-loop approximation [31, 38, 60]. The ensuing solution was found to be

of non-singular de-Sitter type that analytically continues to the region t < 0. Thus an

inflationary scenario, in the form of a de-Sitter phase, follows without the need for an

inflaton field in the theory.

In addition, it is important to understand the origin of the radiation dominated era

following the inflationary phase. In fact, there have been a few studies on particle creation

due to varying gravitational field [36, 165–167, 232, 233]. Importantly, it was found that the

particle production rate depends on the invariants of the Riemann curvature tensor for the

creation of massless scalar particles in a weak Bianchi type-one metric [233]. For instance,

the production rate of massless scalar particles in a weakly anisotropic metric goes like

CαβγσC
αβγσ, where Cαβγσ is the Weyl tensor. An analogous rate for the production

of photons and neutrinos also holds true [233]. It was further shown that the graviton

production rate in an isotropic metric is proportional to the square of the Ricci scalar

[233]. Moreover, in the Starobinsky scenario, it is demonstrated that particles are created

via decay of scalarons during the rapid oscillatory phase following the inflationary regime

[212], giving rise to a thermalized radiation dominated era [221].

Ford [72] considered creation of particles due to a transition from a de-Sitter phase
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to another Robertson-Walker universe. He suggested that gravitational particle creation

could be a dominant mechanism when the damping of the inflaton field is inefficient in the

new inflation models that suffer from the difficulty of inefficient reheating in order to meet

two conflicting criteria, namely, a sufficient inflation along with small density fluctuations,

requiring a weak coupling between the inflaton and matter fields.

Mijic et. al. [144] considered a gravitational Lagrangian augmented by a quadratic

term ǫR2. This leads to a rapid oscillatory phase following the inflationary phase that may

be viewed as coherent oscillations [221], collectively called scalarons, which are responsible

for the creation of particles by exciting the matter fields. Considering a scalar matter

field, it was found that the amplitude of the wave function follows a Schrödinger-like

equation with the potential determined by the scale factor and the Ricci scalar [144]. An

approximate solution for the particle production rate due to transition between initial

and later stages turned out to be proportional to R2/
√
ǫ having a π/2 phase shift in R.

Identifying the reheating temperature with the energy density created in the early few

oscillations led to bounds on the parameter ǫ by requiring that the reheating temperature

must lie between two extremes determined by baryogengesis and GUT phase transition.

This leads to a wide window for the value of ǫ which has the possibility of being narrowed

down by considering perturbations in the inflationary phase.

Recently, Appleby et al. [17] considered dark energy f(R) models that suffer from

the weak singularity problem with the issue of the scalaron mass overshooting the Planck

mass. They considered curing these pathological conditions by adding a term quadratic

in the Ricci scalar so that a primordial inflationary phase could be invoked along with a

late-time de-Sitter phase. However, such combined models were found to give insufficient

reheating with a different primordial power spectrum index. Despite the additional R2

term, the behaviour in the primordial period is entirely different from the original R2

inflationary model. This suggests a profound influence of such modified dark energy

models on the dynamics in the primordial phase. Their numerical solutions show abrupt

jumps and very few oscillations following the de-Sitter phase which is a completely different

behaviour from the standard oscillatory phase of the pure R2 model. Moreover, this regime

indicates inadequate reheating and the growth rate goes like a ∼ t1/2. This may signal

that the universe goes into the present de-Sitter phase after an inflationary phase without

a radiation or matter dominant era. However, upon considering the back-reaction, the

behaviour was found to be significantly different from those without back-reaction, but

the conclusions remained almost the same as before. Whereas their work was carried

out in Jordan frame, Motohashi and Nishizawa [147] analyzed the same problem in the

Einstein frame and gave constraints on the parameters involved.

In this Chapter, we consider the modified gravity model f(R) = R+αR2+βR2 lnR/µ2

in the Jordan frame. This functional form originates from considering one-loop vacuum

fluctuations for a scalar field coupled to an electromagnetic field living in a de-Sitter
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spacetime [202]. This functional form nearly corresponds to a Robertson-Walker space-

time (with varying curvature) upto a good approximation for α ≫ β [221]. Following

Starobinsky [212], we implement particle creation via spontaneous decay of the scalaron

field. Moreover, we employ the Heisenberg uncertainty principle to estimate the maximum

number of particles that can be created in the configuration space of the Universe. We

find that the energy available in the scalaron field is sufficient to completely populate the

configuration space in the inflationary and reheating regimes, giving rise to an approx-

imately constant rate of energy source in these phases. It turns out that the reheating

phase ends when the Hubble rate approaches the decay rate of the scalaron field.

Our present formulation leads to a well-defined preheating stage where the created

particles cannot attain thermal equilibrium as their collision rate, determined by their

mean free path, lags behind the Hubble rate. When these two rates equalize, transition to a

thermilization regime occurs. In subsequent times, the particles attain thermal equilibrium

as their collision rate exceeds the Hubble rate.

The reheating temperature Tr is expected to lie between two bounds given by the

energy scales of Grand Unified Theory (GUT) [75, 76, 168] and baryogengesis. Magnetic

monopoles are expected to be created in the phase transition GUT → SU(3) × SU(2)

× U(1) by spontaneous symmetry breaking around 1015 GeV [105]. Consequently, the

reheating temperature should be well below 1015 GeV in order to avoid the creation of

magnetic monopoles in the reheating phase. On the other hand, the reheating temperature

should be above 1010—1012 GeV in order that baryogengesis can happen [144]. Conse-

quently, we take 1013 GeV as a typical value for the reheating temperature. With this

choice for the end-of-reheating temperature, we find that the thermilization process starts

with a temperature of ∼ 1012 GeV, following a preheating stage of time-span ∼ 105 tP.

The entire reheating stage is found to span over a period of ∼ 1011 tP, with an extremely

short preheating stage.

The reminder of the chapter is organized as follows. In Section 7.1, we describe the

field equations following from a relevant f(R) gravity model that is capable of giving an

inflationary phase. In Section 7.2, we formulate a model of particle creation based on

Heisenberg’s uncertainty principle. There, we also formulate the source term responsible

for the growth of energy density following from the model of particle creation. We present

in Section 7.3 an analysis of the inflationary phase. The main focus of the work is given

in Section 7.4 where a detailed analysis of the reheating phase is given that follows from

the present f(R) gravity model coupled with the model of particle creation. There, we

investigate the region of reheating in detail in three different stages, namely, the beginning,

the intermediate, and the end stages of the reheating phase. Moreover, in Section 7.4, the

preheating and thermilization stages are identified by estimating the growth in the collision

rate between the particles created in the reheating process. Finally, Sections 7.5 and 7.6

give discussion and conclusion in relation to the findings in this Chapter.
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7.1 A relevant f(R) gravity model

In this Chapter, we shall consider an effective gravitational action in the form of f(R)

gravity, given by

Sgrav =
c3

16πG

∫

d4x
√−g f(R), (7.1)

where R is the Ricci scalar. Although the functional form of f(R) can be arbitrary, we shall

restrict its form suggested by quantum field theoretical calculations in curved spacetime

[31, 38, 60, 202]. Since we are interested in the inflationary and reheating phases, it is

important to choose a functional form of f(R) which is relevant, albeit approximate, for

these phases of the Universe.

For a de-Sitter spacetime with constant curvature, where a minimal conformal scalar

field is coupled to an electromagnetic field, it was shown by Shore [202] that the one-loop

vacuum fluctuations give rise to an effective potential that may be equivalently written as

f(R) = R+ αR2 + βR2 ln
R

µ2
, (7.2)

where µ is the scale of renormalization. Although this form is obtained for a strictly de-

Sitter spacetime, it has approximate correspondence to the vacuum fluctuations calculated

in a Robertson-Walker metric, namely, that giving rise to the vacuum expectation value

of the energy-momentum tensor 〈Tqm
µν 〉 due to quantum fluctuations of free, massless,

conformally invariant scalar fields, as shown in the Refs. [31, 38, 60]. This gives rise

to an effective Einstein field equation, Gµν = κ〈Tqm
µν 〉, with 〈Tqm

µν 〉 = k1 H
(1)
µν + k3 H

(3)
µν

where κ = 8πG/c4, k1 is an arbitrary constant and k3 is determined by the number of

quantum degrees of freedom. In fact, H
(1)
µν can be directly obtained from the R2 term in

f(R), whereas, H
(3)
µν cannot be obtained by varying the action. Importantly, Vilenkin [221]

showed that the functional form of f(R) given by (7.2) is approximately correct for α≫ β

for the case when the curvature of the background spacetime is not constant. Whereas

the parameter α depends on the renormalization scale µ, the parameter β can be related

to k3 as β = (8πk3)ℓ
2
P /6, where 8πk3 = 1.8 [221].

The field equation for a general f(R) gravity with a matter Lagrangian takes the form

fRRµν −
1

2
fgµν + (gµν∇α∇α −∇µ∇ν)fR = κTµν , (7.3)

where fR = ∂f/∂R and Tµν is the energy-momentum tensor of matter given by Tµν =

(ρ + p)uµuν − pgµν , with ρ and p being the proper energy density and proper pressure,

respectively. Substituting the functional form of f(R) from equation (7.2) in equation

(7.3), we obtain the modified field equation as

Gµν+βRRµν+

{

αR+ βR ln
R

µ2

}{

2Rµν − 1

2
Rgµν

}

+(gµν2−∇µ∇ν)

{

2αR+ βR+ 2βR ln
R

µ2

}

= κTµν ,

(7.4)
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where Gµν = Rµν − 1
2gµνR is the Einstein tensor.

It was shown by Vilenkin [221] that a long quasi-de-Sitter (or inflationary) phase can

be obtained when the parameters are such that α ≫ β. Employing this approximation,

the above field equation reduces to

Gµν + βRRµν + αR

(

2Rµν −
1

2
Rgµν

)

+ 2α(gµν2−∇µ∇ν)R = κTµν , (7.5)

with the corresponding trace equation as

6α2R+ βR2 −R = κT. (7.6)

We shall assume a Friedmann-Lemâıtre-Robertson-Walker metric [113, 226] given by

ds2 = −dt2 + a2(t)

[

dr2

1− kr2
+ r2(dθ2 + sin2 θ dϕ2)

]

, (7.7)

where k is the curvature parameter.

The 00-component of the field equation (7.5) yields the dynamics of the Hubble rate

H = ȧ
a as

3

{

H2 +
k

a2

}

− 18β

{

Ḣ + 2H2 +
k

a2

}

{

Ḣ +H2
}

− 18α

{

Ḣ + 2H2 +
k

a2

}{

Ḣ − k

a2

}

+ 36αH

{

Ḧ + 4HḢ − 2H
k

a2

}

= κρ. (7.8)

Since we are interested in a long de-Sitter phase in the initial part of the evolution

(which is also implied by the approximation α ≫ β), this signifies an exponential growth

of the scale factor a(t). This implies that the k-dependent terms in equation (7.8) are

insignificant in determining the dynamics. Neglecting these terms, equation (7.8) further

reduces to

3H2 − 18β
(

2H4 + 3ḢH2 + Ḣ2
)

+ 18α
(

2ḦH + 6ḢH2 − Ḣ2
)

= κρ, (7.9)

which will be referred to as the field equation in the following.

The covariant derivative of the field equation (7.5) gives ∇νT
µν = 0, which in the

metric (7.7), yields

ρ̇+ 3H(ρ+ p) = 0. (7.10)

Further, we shall assume that the matter is described by the equation of state p = ωρ,

reducing the above equation to

ρ̇+ 3H(1 + ω)ρ = 0. (7.11)

This equation expresses conservation of matter in the absence of any source. Since we start
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with an action without a non-trivial interaction between the curvature field and matter,

the source term is not included in the dynamics.

We shall see that the scalar curvature falls off quickly in the inflationary phase and

thereafter it performs a damped oscillation. This oscillation, dubbed scalaron, is coherent

in nature [221], and it is a consequence of the αR2 term in the Lagrangian. As shown

by Birrell and Davies [31], the αR2 term is an effective contribution from the quantum

vacuum fluctuations of matter fields coupled to the Ricci scalar. Moreover, as shown by

Starobinsky [212], the energy density of the scalarons acts like a source for spontaneous

creation of particles.

In the next Section, we shall model this spontaneous decay of scalarons together with

constraints due to the Heisenberg uncertainty principle.

7.2 A Model of Particle creation

Assuming the inflation to start near the GUT scale ∼ ℓgut, the Universe undergoes a

quasi-de-Sitter expansion so that the size of universe grows as ℓ(t) = ℓgut e
N(t), where

N(t) is the number of e-foldings. The corresponding volume of the universe V (t) ∼
ℓ3(t) also undergoes a similar expansion. Eventually, at time t = te, when N(te) ≈ 60,

the inflationary phase ends and an oscillatory phase begins, where the Hubble rate H(t)

and the scalar curvature R(t) undergo damped oscillations. Starobinsky showed that

particles are created by means of decay of scalarons in this oscillatory phase. The average

energy density of the scalaron field 〈ρR〉 was found to be 〈ρR〉 = αm2
P〈R2〉 (see discussions

following equation (38) in Ref. [212]).

It may be emphasized that the particle creation is essentially a quantum mechanical

process. Although our present formulation is classical in nature, the quantum nature

of particle production must be taken into account, albeit in an approximate fashion.

To formulate the particle production, we employ the Heisenberg uncertainty principle,

∆x ∆px ≥ 1
2~. If an ultra-relativistic particle of energy ε is created, the corresponding

momentum uncertainty ∆p ∼ ε
c gives a minimum position uncertainty ∆x ∼ ~

∆p ∼ ~c
ε .

Such particle production is expected to happen throughout the volume V (t) of the Uni-

verse. For simplicity, we may assume that all such particles are created with the same

energy ε so that we may partition the volume V (t) into N (t) = V (t)/(∆x)3 cells. If suffi-

cient energy is available in the scalaron field, N (t) particles can be created occupying all

N (t) cells within a time-span of Γ−1, where Γ is the decay rate of scalarons. It is important

to note that no more than N (t) particles can be created within the time scale Γ−1 even

if an excessive amount of energy resides in the scalaron field. This restriction is a direct

consequence of quantum mechanics via the Heisenberg uncertainty principle. The number

density of such created particles is given by n(t) = N (t)/V (t) ∼ (∆x)−3 ∼
(

ε
~c

)3
with

the corresponding energy density ε n(t) ∼ ε4

~3c3
. Since particles are created from scalarons
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with the decay rate Γ, the production rate λ(t) of the energy density, setting ~ = c = 1,

is given by

λ(t) = Γ ε n(t) = Γ ε4, (7.12)

so long as sufficient energy density ρR is available in the scalaron field. The corresponding

sufficiency condition ρR ≥ ε4 translates to

αm2
PR

2 ≥ ε4. (7.13)

The assumption of the created particles having the same energy ε is expected to give

reasonable estimates for macroscopic quantities. Within every decay time Γ−1, the volume

V (t) is populated with particles of different energies ε̃ with a probability determined by

quantum mechanics. In the present formulation, we are interested in the time evolution

of the macroscopic energy density ρ(t), which is assumed to be uniform throughout the

volume V (t) by the postulate of homogeneity and isotropy of the Universe. Consequently,

it is reasonable to take the average energy ε of all particles created within the time-span

of inverse decay rate Γ−1.

Since the scalar curvature R(t) decreases in the course of evolution, the sufficiency

condition (7.13) will not be satisfied at some point of time t∗. From that time onwards

the available energy in the scalarons will be insufficient, and only a fraction ζ(t) of the

N (t) cells could be occupied, given by

ζ(t) =
αm2

PR
2

ε4
, (7.14)

so that the particle production rate becomes

λ(t > t∗) = Γε4ζ(t) = Γαm2
PR

2. (7.15)

In order to account for the particle creation in the macroscopic dynamics, the energy

density equation (7.11) has to be modified by including the particle production rate λ(t)

as a source, leading to

ρ̇+ 3H(1 + ω)ρ = λ(t). (7.16)

The corresponding back-reaction is accounted for by modifying the trace equation (7.6)

to

6α(R̈+ 3HṘ)− βR2 +R = κ
λ(t)

H
− κT, (7.17)

for the case of Friedmann-Lemâıtre-Robertson-Walker metric, where T = (3ω− 1)ρ is the

trace of the energy-momentum tensor.

Due to the above modification in the dynamics, particles will be created both in the

inflationary and reheating phases. However, the contribution due to particle production is

expected to be insignificant in the inflationary phase due to the quasi-de-Sitter expansion.
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7.3 Analysis of the inflationary phase

In this section, we investigate the region of inflation by imposing the slow-roll approx-

imation in the field equation (7.9). In this region, the value of the Hubble parameter

is expected to be large and is a slowly varying function given by the slow-roll condition

|Ḣ| ≪ H2. Defining a time-scale τ as ρ/τ ∼ λ, or τ ∼ ρ/λ, then |Ḣ| ∼ H/τ ∼ Hλ/ρ≪ H2

implies Hρ≫ λ. This implies ρ̇+ 3H(1 + ω)ρ ≈ 0 in the slow roll regime so that there is

no significant growth in the energy density and thus its back-reaction on the background

spacetime is negligibly small. Under these considerations, the field equation (7.9) reduces

to

Ḣ − 1

3

β

α
H2 +

1

36α
≈ 0. (7.18)

For a pure de-Sitter phase, the scalar curvature is a constant, say RS , which in this case

represents a constant Hubble rate HS . From equation (7.18), we obtain 12H2
S = 1/β.

Thus, for a quasi-de-Sitter phase, the second and the third terms are of the same order.

Consequently, the solution is given by

H(t) =
1√
12β

tanh

(

√

12βc1 −
√
12β

36α
t

)

, (7.19)

where the constant c1 is determined by the initial condition. Rewriting the above solution

in terms of HS , we obtain

H(t) = HS tanh

(

c1
HS

− t

36αHS

)

. (7.20)

The validity of the above expression is well-founded so far as the slow-roll condition |Ḣ| ≪
H2 is satisfied.

Using equation (7.20), the slow-roll condition gives 1/(6HS
√
α) ≪ sinh(c1/HS −

t/36HSα). Since, the right-hand side is a decreasing function of time, we may guess

that at some later time te, the inequality is no longer valid. This inequality is valid as

long as the condition c1 ≫ t/36α is satisfied and one could identify 36αc1 = te. Hence the

condition |Ḣ| ≪ H2 is satisfied for t ≪ te. Consequently, the end of inflation, given by

|Ḣ| ≈ H2, is met when t ≈ te. The expression for Hubble rate in the region of inflation

[211] is thus obtained as

H(t) = HS tanh

(

te − t

36αHS

)

. (7.21)

From the above equation, one may immediately obtain te, if the initial value of the Hubble

parameter H0 at t = t0 is known. For convenience, we shall set t0 = 0 in the following.

This yields

te = 18αH0 ln

(

HS +H0

HS −H0

)

. (7.22)

The period of inflation te thus depends on the initial value of the Hubble rate H0, and
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also on the values of the constant parameters α and HS = 1/
√
12β.

Substituting equation (7.21) in R = 6(Ḣ+2H2), we obtain the scalar curvature during

inflation as

R = 12H2 +
1

6α

(

H2

H2
S

− 1

)

. (7.23)

The arbitrariness in the parameter α can be fixed by fixing the number of e-foldings

during inflation. Number of e-foldings between time t0 and t is given by

N(t) =

∫ t

t0

H(t) dt. (7.24)

Consequently, the number of e-foldings during the period of inflation Ne is obtained by

substituting equation (7.21) in (7.24) so that

Ne = HS

∫ te

0
tanh

(

te − t

36HSα

)

dt, (7.25)

which gives

Ne = 36αH2
S ln

{

cosh

(

te
36HSα

)}

. (7.26)

Using equation (7.22), one may obtain a constraint relation connecting all parameters

of the theory with the initial Hubble value H0,

H0 = HS

√

1− e−
2β
3α
Ne . (7.27)

The corresponding value of the scalar curvature R0 can be obtained by substituting this

value in equation (7.23). We shall take Ne = 60 [179] and tune the initial value H0 by

tuning α and β. Since the quantity βNe/α occurs in the exponent, it can make a significant

contribution to H0 only when 10−2 . βNe/α . 1. This implies that 10−4 . β/α . 10−2

can give an initial value of the Hubble parameter somewhat different from the pure de-

Sitter value. This may also suggest an estimate for the value of α in terms of β as

102β . α . 104β, or

30 ℓ2P . α . 3000 ℓ2P, (7.28)

in Planck units.

As stated earlier, the end of inflation is marked by the condition |Ḣ| ∼ H2 so that

He ∼
1

6
√
α
, (7.29)

and the corresponding scalar curvature is obtained by substituting (7.29) in (7.23), giving

Re ∼
1

6α
. (7.30)
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Thus, during the inflationary phase, the scalar curvature decreases from R0 to Re and the

Hubble rate decreases from H0 to He.

The scalaron energy density αm2
PR

2 at the end of inflation, αm2
PR

2
e ∼ 2.7×10−4m4

P, is

much larger than the energy density ε4 ∼ 10−24m4
P required to create a particle of energy

ε ∼ 1013 GeV. This indicates that, during the course of inflation, the decay rate λ would

take the form λ = Γε4 = const, so long as the sufficiency condition (7.13) holds. Thus

from (7.16), we can immediately write the solution as

ρ(t) =

{

ρ0 + u(t)

}

exp

{

−3(1 + ω)

∫ t

0

H(t′)dt′
}

, (7.31)

where ρ0 is the initial seed density at t = t0 = 0 and u(t) is given by the integral

u(t) =

∫ t

0

λ(t′) exp

{

3(1 + ω)

∫ t′

0

H(t′′) dt′′

}

dt′. (7.32)

The evolution of density during the inflationary phase can be obtained by substituting

equation (7.21) in (7.31), so that the integral u(t) can be expressed as

u(t) = Γε4
∫ t

0

dt′ exp

{

3(1 + ω)HS

∫ t′

0

tanh

(

te − t′′

36αHS

)

dt′′

}

, (7.33)

giving

u(t) = Γε4
[

HS

HS −H

]γ ∫ t

0

{

1− tanh

(

te − t′

36αHS

)}γ

dt′, (7.34)

where γ = 9α
β .

Substituting this expression in equation (7.31), we obtain

ρ(t) = ρ0

(

HS −H0

HS −H(t)

)γ

+

(

HS

HS −H(t)

)γ

×Γε4
∫ t

0

{

1− tanh

(

te − t′

36αHS

)}γ

dt′. (7.35)

By the end of inflation, the Hubble rate He ≪ HS , since α/β ≫ 1. Consequently, the

first term becomes insignificant by the end of inflation even when the initial seed density

ρ0 6= 0. Thus any energy distribution (or seed) present initially is diluted infinitely in

the inflationary era. On the other hand, the second term, coming from the source λ,

contributes to the energy density during the inflationary phase. Thus the expression for

energy density at the end of inflation t = te can be approximated as

ρ(te) = Γε4
(

2HS

HS −H(te)

)γ ∫ te

0

(

exp

[

te − t′

18αHS

]

+ 1

)−γ

dt′, (7.36)

so that

ρe = 3βHSΓε
4

(

2HS

HS −He

)γ

e
− (te−t)

3βHS × 2F1

(

γ, γ; γ + 1;−e−
(te−t)
18αHS

)

∣

∣

∣

∣

te

0

, (7.37)

where 2F1 is the hypergeometric function. Since He ≪ HS and setting Ne = 60, we obtain

an approximate value for ρe as

ρe ≈
√
3β

2
Γε4 =

1

4

(

Γ

HS

)

ε4, (7.38)
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Figure 7.1: Hubble rate H(t) in the inflationary phase for β/α = 9 × 10−2 and 10−2, with Ne = 60.
The time axis (t − t0) is shown in the units of τosc = 2π

√
6α with t0 indicating the time when inflation

begins. We have set t0 = 0 throughout the Chapter.

Since the particle production rate Γ is expected to be much smaller than the excessively

large Hubble rate HS in the de-Sitter phase, ρe is negligibly small. This will be clear from

further discussion in the later sections.

To this end, we seek an exact solution in the inflationary phase 0 ≤ t ≤ te by nu-

merically solving the field equation (7.9) coupled with the density growth equation (7.16)

employing the source λ from equation (7.12). We apply the initial condition H0 coming

from equation (7.27) with Ne = 60 and for different choices of β
α . In addition, we supply

a second initial condition, Ḣ(0) = 0, to begin the quasi-de-Sitter phase with an initial

energy density ρ(0) = 0.

The inflationary phase with different values of the ratio β/α, namely, β/α = 9× 10−2

and 10−2, are shown in Figure 7.1. For the ratio β/α = 9 × 10−2, the initial value

H0 = 0.99HS , which is closer to the pure de-Sitter value HS . Consequently, a plateau

region prescribed by equation (7.21) is observed. This plateau is wider than that for

β/α = 10−2 for which H0 = 0.57HS . Numerically, the end of inflation is identified using

the slow-roll condition |Ḣ|/H2 = 1. The value of the Hubble rate H satisfying |Ḣ|/H2 = 1

is found to be nearly the same as given by the analytical expression He ∼ 1/
√
36α. For

instance, our numerical solution indicates that He = 0.055HS for β/α = 10−2. This value

compares well with analytical values He = 0.058HS .

Figure 7.2 displays the evolution of the scalar curvature R(t) in this phase for β/α =

9 × 10−2 and 10−2. We see that the scalar curvature R falls off more rapidly than the

Hubble rate in the inflationary phase. This is evident due to the fact that the scalar

curvature is determined by the square of Hubble rate as given by analytical expression

(7.23). Figure 7.3 plots the evolution of the density ρ(t) in the inflationary phase for

β/α = 9× 10−2 and 10−2. We see that the growth in density is insignificant in this phase.

140

TH-2525_136121003



7.4 Analysis of the reheating phase

0 1 2 3 4 5

(t-t
0
)/τ

osc

0

3

6

9

12

15

18

0
.5

α 
R

β/α = 1.0 × 10−2

β/α = 9.0 × 10−2

Figure 7.2: Scalar curvature R(t) in the inflationary phase for β/α = 9× 10−2 and 10−2, with Ne = 60.
The time axis (t− t0) is shown in the units of τosc.

7.4 Analysis of the reheating phase

In the previous section, we saw that the inflationary phase given by equation (7.21) ends

as t approaches te and the Hubble parameter falls to a very small value He. At this time,

the growth in density given by equation (7.38) is insignificant. Comparing the expansion

term 4Hρ and the source term λ in the density equation (7.16), we see that 4Heρe ≪ λ,

as He ≪ HS . Since the expansion term is negligible compared to the source term, it gives

the right condition for growth in density implying the beginning of reheating at a time

ti ∼ te.

The Hubble parameter is small during the reheating phase, and initially H ∼ He.

Moreover, since β ≪ α, the field equation (7.9) reduces to

2HḦ + 6H2Ḣ − Ḣ2 +
H2

6α
=

κ

18α
ρ, (7.39)

for t > ti, where ti marks the initial time of the reheating phase.

7.4.1 Beginning of Reheating

At the beginning of reheating, the initial density is negligible, ρi ∼ ρe ≈ 0. We can

therefore write

2HḦ + 6H2Ḣ − Ḣ2 +
H2

6α
≈ 0, (7.40)

in the beginning of reheating.

As the Hubble parameter is small, the term 6H2Ḣ is smaller compared to the other
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Figure 7.3: Density ρ(t) in the inflationary phase for β/α = 9× 10−2 and 10−2, with Ne = 60.

terms. Neglecting this term, we write

2HḦ − Ḣ2 +
H2

6α
= 0 (7.41)

The solution of this equation can be immediately obtained as

H(t) = ψ cos2
(

t

2
√
6α

+ φ

)

, (7.42)

where ψ represents the amplitude and φ the initial phase. The phase of the above oscilla-

tion can be fixed by fixing the initial value of the Hubble parameter as H(ti) = Hi at the

initial time t = ti of the reheating phase. Substituting this initial condition in equation

(7.42), we have Hi = ψ cos2(ti/2
√
6α+φ). Now, if we set the initial phase φ = −ti/2

√
6α,

we obtain

H(t) = ψ cos2
(

t− ti

2
√
6α

)

. (7.43)

This expression obviously implies a Universe oscillating forever. This is an artefact of

neglecting the term 6H2Ḣ, whose contribution in determining the correct behaviour of

the expansion rate is thus crucial. The effect of the neglected term can be obtained by

promoting the amplitude ψ to a function of time, so that

H(t) = ψ(t) cos2
(

t− ti

2
√
6α

)

= ψ(t)µ(t). (7.44)

Since 6H2Ḣ is small, we expect the amplitude ψ(t) to be a slowly varying function of

time.
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Substituting ψ(t)µ(t) for H in equation (7.40), we obtain

µ

(

2ψ̈ − ψ̇2

ψ

)

+ 2µ̇ψ̇ + 6µψ
(

µψ̇ + µ̇ψ
)

= 0. (7.45)

Neglecting the small contribution from the terms ψ̇2/ψ, we obtain the solution

ψ(t) = 4

[

3t− 4c2 + 3
√
6α sin

(

t− ti√
6α

)]−1

. (7.46)

This leads to the Hubble rate

H(t) =
4

3

cos2
(

t−ti
2
√
6α

)

t− 4c2
3 +

√
6α sin

(

t−ti√
6α

) , (7.47)

in the beginning of reheating phase.

The integration constant c2 can be fixed from the initial value H(ti) = Hi, giving

4c2 = 3ti − 4/Hi. Thus the Hubble parameter takes the form

H(t) =
4

3

cos2
(

t−ti
2
√
6α

)

(t− ti) +
4

3Hr
+
√
6α sin

(

t−ti√
6α

) (7.48)

in the beginning of reheating, t & ti. It is important to note that the amplitude of the

Hubble rate varies approximately as C + (t− ti)
−1, implying a damped oscillation in this

region.

Using the above expression for the Hubble rate, the scalar curvature R is obtained

as R = −
√

6/αH tan[(t − ti)/2
√
6α] + 3H2. Since the first term dominates, we can

approximate this as

R(t) =

√

8

3α

sin
(

t−ti√
6α

+ π
)

(t− ti) +
4

3Hi
+
√
6α sin

(

t−ti√
6α

) (7.49)

Note that the frequency of oscillation 1/
√
6α is twice that of the Hubble rate.

Estimate for the end of reheating

An approximate estimate for the end of reheating occurring after a sufficiently long time

t ∼ tr can be obtained from the expression (7.49). From the sufficiency condition (7.13), a

cross-over happens when the left-hand side is approximately equal to the right-hand side,

that is

α〈R2〉 ≈ ε4

m2
P

, (7.50)
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where we have taken average quantities, since the time period of oscillation τosc = 2π
√
6α

is expected to be much smaller than the time span t− ti.

During the phase ti . t . tr, the scalar curvature goes approximately as R ∼
√

8
3α

1
t−ti sin

(

t−ti√
6α

)

, and the above condition (7.50) is satisfied at a later time tr, lead-

ing to

1

tr − ti
≈
√

3

4

ε2

mP
(7.51)

or

tr − ti ≈
√

4

3

(mP

ε

)2
tP. (7.52)

For a reheating temperature of Tr ∼ ε ∼ 1013 GeV, we thus obtain

tr − ti ≈ 6.85× 1010 tP ∼ 1011 tP, (7.53)

which is much larger than the time period τosc ∼ 103 tP.

Growth in density near the beginning of reheating

Since the sufficiency condition (7.13) is satisfied in the initial oscillations for t > ti, the

particle production occurs at a constant rate λ = Γε4. Substituting the Hubble rate from

equation (7.48), the integral u(t), given by (7.32), is expressed as

u(t) = Γε4
∫ t

ti

dt′ exp

{

4(1 + ω)

∫ t′

ti

dt′′ cos2
(

t′′ − ti

2
√
6α

)[

(t′′ − ti) +
4

3Hi
+
√
6α sin

(

t′′ − ti√
6α

)]−1
}

.

(7.54)

Performing the inner integration, this reduces to

u(t) =

(

3Hi

4

)2(1+ω)

Γε4
∫ t

ti

{

(t′ − ti) +
4

3Hi
+
√
6α sin

(

t′ − ti√
6α

)}2(1+ω)

dt′. (7.55)

The first term in the above integrand is the only growing term compared to the other

terms. Further, we see that the second and third terms are of the same order. Since the

last term is oscillatory about zero, we shall drop its effect while taking the area under the

curve. In this approximation, we obtain

u(t) ≈
(

3Hi

4

)2ω+2 Γε4

2ω + 3

{

t− ti +
4

3Hi

}2ω+3

(7.56)

Since the evolution of density in any region is given by the expression (7.31), we obtain

ρ(t) ≈ 3

11
Γε4

{

t− ti +
4

3Hi

}

(7.57)

It is interesting to note that if we take the temperature as ∼ 150 GeV corresponding to the electro-
weak scale, the time-span turns out to be tEW − ti ∼ 1032tP, which is approximately the correct time-span
for the electro-weak transition to occur in the early Universe.
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Figure 7.4: Hubble rate H(t) (upper panel) and scalar curvature R(t) (lower panel) in the reheating
phase for β/α = 10−2 with λ = 0 and λ = Γε4. In both panels, the curves for λ = 0 and λ = Γε4 nearly
coincide, signifying negligible back-reaction. The periods of oscillations are close to 2π

√
6α (upper panel),

4π
√
6α (lower panel).

In obtaining the above expression from (7.31), we dropped the effect of the initial density

ρ0, as the exponent exp
{

−4
∫

Hdt′
}

makes this term insignificant as the Universe expands.

On the other hand, there is a significant effective growth in density coming from u(t)

although the exponential factor attenuates with the expansion of the Universe. Thus to a

good approximation, we find that the density grows linearly in this region.

In continuation with the previous numerical solution in the inflationary phase, we also

obtain the exact solution in the beginning phase of reheating, t ≥ ti, from equations (7.9),

(7.16) and (7.12) with the same initial conditions at t = t0 = 0.

Figure 7.4 displays the evolution of the Hubble rate (upper panel) and the scalar

curvature (lower panel) in the initial phase of reheating for λ = 0 and λ = Γε4 with

β/α = 10−2. In this region, we find that the Hubble rate (upper panel) performs a

damped oscillation with the amplitude decaying like ∼ (t − ti)
−1, where ti marks the

beginning of the reheating phase. We have seen an identical behaviour in the analytical

expression (7.48), when the back-reaction due to particle production is insignificant.

Using the expression R = 6(Ḣ+2H2), we plot the time evolution of the scalar curvature

R in Figure 7.4 (lower panel). We see that the Ricci scalar performs damped oscillation

about a vanishing mean value. This can be easily seen from the trace equation (7.17),

that represents a damped harmonic oscillator with frequency 1/
√
6α and with a damping

factor 3H(t) in the limit R ≪ β−1 and Γ ≪ H with T = 0 for ω = 1/3. An approximate

solution given by equation (7.49) indicates such oscillations about zero with the amplitude

decaying like (t− ti)
−1.

Figure 7.5 shows the time evolution of the density ρ(t) in the inflationary and the

beginning of the reheating phases. We see that the density grows negligibly in the infla-
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Figure 7.5: Evolution of density ρ(t) for β/α = 10−2 in the inflationary and the subsequent initial phase
of reheating with λ = Γε4. The time (t− t0) is in the units of τosc. The inset shows the time evolution up
to t− t0 = 12τosc.

tionary phase. On the other hand, the average density grows linearly with time in the

beginning phase of reheating. The oscillatory growth of density is due to the oscillations

in the Hubble rate and we shall discuss this behaviour in more detail later on.

7.4.2 Intermediate Region

The back-reaction of the particle creation on the background metric can be analyzed by

considering the trace equation (7.17) with the production rate given by equation (7.12).

Since the scalar curvature R ≪ β−1 during reheating, we shall drop the quadratic term

giving

R̈+ 3HṘ+
R

6α
=

κ

6α

Γε4

H
. (7.58)

The above equation represents a forced damped oscillator with a time dependent damping

coefficient 3H(t) and a force inversely proportional to the Hubble rate. To solve this

differential equation, the time average of the Hubble parameter obtained in the initial

phase of reheating given by equation (7.48) can be employed. Since the amplitude of the

Hubble rate is slowly varying compared to the rapidly oscillating term, its time average

can be approximated as 〈H〉 ≈ 2
3(t− ti)

−1, leading to

R̈+
2

(t− ti)
Ṙ+

R

6α
=

Γ

4α

ε4

m2
P

(t− ti). (7.59)

This gives the solution

R =
3

2

Γε4

m2
P

{

(t− ti)−
12α

(t− ti)

}

+M
sin
(

t−ti√
6α

+ φ
)

t− ti
. (7.60)

The first term proportional to Γ represents the effect of back-reaction whereas the second

term with the integration constant M represents the behaviour in the absence of back-

reaction. Soon after one oscillation, the term t − ti becomes larger than 12α(t − ti)
−1.
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Moreover, in the absence of back-reaction, the oscillatory term should represent an approx-

imation for the expression given by (7.49). Thus, to a good approximation, the integration

constant M must coincide with
√

8/3α, leading to

R ≈ 3

2

Γε4

m2
P

(t− ti) +

√

8

3α

sin
(

t−ti√
6α

+ φ
)

t− ti
. (7.61)

Thus, the back-reaction of particle production on the scalar curvature becomes impor-

tant when

t− ti &

√

16π

3

(

Γ−1

τosc

)1/2

1012 tP (7.62)

An estimate for Γ can be obtained from the uncertainty relation ∆E∆t ∼ ~, giving

εΓ−1 ∼ ~, so that Γ ∼ ε. Thus Γ−1 ∼ mP
ε tP = 2.435 × 105 tP, with the reduced Planck

mass mP, and ε ∼ 1013 GeV. Since Γ−1/τosc ∼ 102, the back-reaction becomes important

long after the end of reheating, tr − ti ∼ 1011tP. Thus, the back-reaction on the curvature

field is insignificant.

The Hubble rate in this region can be obtained by using equation (7.57) in (7.39),

yielding

2HḦ + 6H2Ḣ − Ḣ2 +
H2

6α
=

Γ

66α

ε4

m2
P

(t− ti). (7.63)

For vanishing right-hand side, the solution is given by equation (7.48) which has the

form H(t) = µ(t)ψ(t). As a solution of equation (7.63), we shall assume an approximate

form H(t) = ψ(t)µ(t) + φ(t), with the same functional forms for ψ(t) and µ(t) as before.

Consequently, we seek a solution for the unknown function φ(t). Substituting in equation

(7.63), we obtain a differential equation for φ(t), given by

2µ2ψψ̈ + 2µµ̇ψψ̇ + ψ2

(

2µµ̈− µ̇2 +
µ2

6α

)

+ 2µψφ̈+ 6µ3ψ2ψ̇ + 6µ2µ̇ψ3

− ψ̇2µ2 + 2(µψ̈ + 2ψ̇µ̇+ ψµ̈)φ+ 2φφ̈+ 6(2ψµφ+ φ2)(ψ̇µ+ ψµ̇)

+ 6(ψ2µ2 + 2ψµφ+ φ2)φ̇− (2µψ̇φ̇+ 2µ̇ψφ̇+ φ̇2) +
1

6α
(2µψφ+ φ2) =

Γ

66α

ε4

m2
P

(t− ti)

(7.64)

Neglecting the term µ2ψ̇2, and using equation (7.44) and (7.46), a few terms in the above

equation cancel out, reducing it to

2(µψ̈ + 2ψ̇µ̇+ ψµ̈)φ+ 2φφ̈+ 6(2ψµφ+ φ2)(ψ̇µ+ ψµ̇) + 6(ψ2µ2 + 2ψµφ+ φ2)φ̇

− (2µψ̇φ̇+ 2µ̇ψφ̇+ φ̇2) +
1

6α
(2µψφ+ φ2) =

Γ

66α

ε4

m2
P

(t− ti) (7.65)

Since µ̇ = − 1
2
√
6α

sin
(

t−ti√
6α

)

and µ̈ = 1
12α(1 − 2µ), we have µ ∝ (τosc)

0, µ̇ ∝ (τosc)
−1,

µ̈ ∝ (τosc)
−2. Since the right hand side involves a larger time scale, the average evolution
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of Hubble rate is affected only in such time scales. Therefore we shall neglect the terms

that involve smaller time scales, namely τosc. Moreover, these terms average out to zero

since they are rapidly oscillating. Thus equation (7.65) reduces to

2µψ̈φ+2φφ̈+6(2ψµφ+φ2)ψ̇µ−2µψ̇φ̇−φ̇2+6(ψ2µ2+2ψµφ+φ2)φ̇ =
Γ

66α

ε4

m2
P

(t−ti) (7.66)

Substituting the time-averaged values of µ = 1
2 and ψ = 4

3
1

t−ti , and assuming a power-

like trial solution, φ = B(t− ti)
ν , we obtain

4

3

{

2B− 4B+2νB+ νB

}

(t− ti)
ν−3 +

{

2ν(ν − 1)B2 − 4B2 +8νB2 − ν2B2
}

(t− ti)
2ν−2

+ 6νB3(t− ti)
3ν−1 =

Γ

66α

ε4

m2
P

(t− ti) (7.67)

For ν ≤ 0, we observe that the powers on both sides of the above equation cannot

be equated. On the other hand, for ν > 0, it is possible to equate the powers on both

sides. For large times t− ti, the last term on the left-hand side dominates. Thus, equating

powers on both sides, we obtain

3ν − 1 = 1 =⇒ ν =
2

3
, (7.68)

and equating the coefficients, we have

B =

(

1

264

Γ

α

ε4

m2
P

)1/3

. (7.69)

Consequently, an approximate solution in the intermediate region has the form

H(t) = ψ(t)µ(t) +

(

1

264α

Γε4

m2
P

)1/3

(t− ti)
2/3. (7.70)

The effect of back reaction thus gives rise to an increasing component (on an average) in

the Hubble rate. We have previously seen a similar effect of back-reaction in the scalar

curvature that goes like t− ti.

The effect of back-reaction on the Hubble rate becomes important when

t− ti ≥
{

88

27π2

(

Γ−1τ2osc
t3P

)

(mP

ε

)4
}1/5

tP (7.71)

or

t− ti ≥ 2.6× 106 tP. (7.72)

Since tr − ti ∼ 1011 tP, the Hubble rate encounters the effect of back-reaction within the

reheating phase.
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Figure 7.6: Averaged Hubble rate 〈H〉 in the reheating phase for β/α = 10−2. The averaging is each
cycle of oscillation. The curves display the difference in behaviour between the cases λ = 0 (without
particle creation) and λ = Γε4 (with particle creation). The curves coincide so long as there is negligible
back-reaction. The Hubble rate approaches a non-zero value due to back-reaction from particle creation.

In this region, the density equation can be written as

ρ̇+ 4

{

2

3

1

t− ti
+B(t− ti)

2/3

}

ρ = Γε4 (7.73)

giving the solution

ρ(t) = Γε4
e−

12
5 B(t−ti)

5/3

(t− ti)8/3

∫ t

ti

(t′ − ti)
8/3e

12
5 B(t′−ti)

5/3

dt′ (7.74)

For t & ti, that is very close to the beginning of reheating, the above integration can

be evaluated by substituting unity for the exponential so that ρ(t) ≈ 3
11Γε

4(t− ti) which

corresponds well with equation (7.57) derived earlier in the beginning of reheating. The

slight mismatch in the initial time is due to the approximations involved in deriving the

above equation in the intermediate region.

For t ≫ ti, that is, in the intermediate region, we can evaluate the above inte-

gral by estimating the value of B obtained from equation (7.69), by writing it as B =
{

π2

11
t3P

Γ−1τ2osc

(

ε
mP

)4
}1/3

t
−5/3
P ∼ 1.4 × 10−11 t

−5/3
P . Taking t − ti ∼ 105 tP, we find that

12
5 B(t − ti)

5/3 ∼ 10−2, so that the exponent is a very small number. Consequently, for

t≫ ti, we can expand the exponential inside the integral, giving the approximate solution

ρ(t) ≈ 3

11
Γε4(t− ti)e

− 12
5 B(t−ti)

5/3

{

1 +
33

20
B(t− ti)

5/3

}

. (7.75)

This indicates that the density declines from the linear growth for t ≫ ti, that is in

the intermediate region of the reheating phase. We see the same behaviour in the exact

numerical solution displayed in Figure 7.7.
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Figure 7.7: Evolution of energy density ρ(t) for β/α = 10−2 with λ = Γε4 in the intermediate region of
reheating. The inset shows the oscillatory growth of the density for a time-span of 12τosc.

7.4.3 End of Reheating

According to the present scenario, at tr given by equation (7.52), the sufficiency condition

(7.13) no longer holds so that tr can be identified as the time when reheating ends. At

subsequent times t > tr, the available energy in the scalaron field becomes insufficient to

populate all available cells in the configuration space and hence the energy density of the

Universe will start declining. Thus ρ(t) will have a maxima at time tr where ρ̇(tr) = 0.

Consequently, the density equation (7.16) gives the maxima as

ρr =
Γ

4Hr
ε4, (7.76)

where Hr is the average Hubble rate at the end of reheating. Since the reheating tem-

perature can be identified as Tr ∼ ε, this immediately implies 4Hr ∼ Γ at the end of

reheating.

To this end, we shall analyze the period t . tr, that is, as the end of reheating is

approached. Since the Hubble rate approaches a value H ≈ Γ
4 at t ≈ tr, we suppose a

solution of the form H(t) = Γ
4 +χ(t) in the region t . tr, where χ≪ Γ

4 . Using the change

of variable ξ = tr − t, equation (7.39) reduces to

χ′′ − 3

4
Γχ′ +

1

6α
χ =

1

6α

Γ

8

(

16

3

ε2

m2
P

− 1

)

, (7.77)

up to linear order in χ. Here the primes denote differentiation with respect to ξ. Since

ε≪ mP, this equation can be approximated as

χ′′ − 3

4
Γχ′ +

1

6α
χ ≈ − 1

6α

Γ

8
, (7.78)
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giving the solution

χ(ξ) = −Γ

8
+ e

3Γξ
8

{

C1e
Ωξ + C2e

−Ωξ
}

(7.79)

where Ω =
√

9
64Γ−2 − 1

6α . Since τosc = 2π
√
6α ≪ Γ−1, we can neglect the Γ term and Ω

becomes imaginary, namely Ω = i√
6α
. This leads to

χ(ξ) = −Γ

8
+ Ce

3Γξ
8 sin

(

ξ√
6α

+ θ

)

, (7.80)

so that the Hubble rate becomes

H(t) =
Γ

8
+ Ce

3Γ
8
(tr−t) sin

(

tr − t√
6α

+ θ

)

. (7.81)

Using the condition H(t = tr) =
Γ
4 , the unknowns can be related as C = Γ

8 sin θ , leading to

H(t) =
Γ

8







1 + e
3Γ
8
(tr−t)

sin
(

tr−t√
6α

+ θ
)

sin θ







, (7.82)

in the region t . tr.

From the equation R = 6(Ḣ + 2H2), we thus obtain

R(t) = −3

4
Γ

{

3Γ

8
sin

(

tr − t√
6α

+ θ

)

+
1√
6α

cos

(

tr − t√
6α

+ θ

)}

1

sin θ
e

3Γ
8
(tr−t)

+
3

16
Γ2







1 + e
3Γ
8
(tr−t)

sin
(

tr−t√
6α

+ θ
)

sin θ







2

. (7.83)

Since Γ ≪ 1√
6α
, this can be approximated as

R(t) ≈ −3

4

Γ√
6α
e

3Γ
8
(tr−t)

cos
(

tr−t√
6α

+ θ
)

sin θ
(7.84)

As we have discussed earlier, the sufficiency condition (7.13) reaches the equality at

t = tr, that is, αm
2
PR

2 = ε4. Employing equation (7.84), this condition leads to

cot θ ≈
√

32

3

(

ε2

ΓmP

)

(7.85)

This implies cot θ ≪ 1, since Γ ∼ ε ≪ mP. Thus the phase θ is approximately given by

θ ≈ π
2 −

√

32
3

ε
mP

, so that

R(t) ≈ −3

4

Γ√
6α
e

3Γ
8 (tr−t) cos

(

tr − t√
6α

+
π

2
−
√

32

3

ε

mP

)

, (7.86)
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Figure 7.8: Long-time evolution of energy density ρ(t) for β/α = 10−2 with λ = Γε4.

in the region t . tr.

In addition, the Hubble rate given by equation (7.82) is obtained as

H(t) ≈ Γ

8

{

1 + e
3Γ
8
(tr−t) sin

(

tr − t√
6α

+
π

2

)}

(7.87)

in the region t . tr.

Thus we see that the amplitude of oscillation decreases exponentially with a time scale

of 8
3Γ as tr is approached from below. It is obvious that this behaviour continues after the

time tr is crossed, that is for t & tr.

7.4.4 Preheating and Thermilization

In the previous subsections, we described the details of the dynamical evolution in different

regions of the reheating phase. To this end, we identify and analyze the preheating stage

with the physical process of thermilization in the reheating phase.

The mean free path ℓmean(t) of the particles is related to the energy density ρ(t) as

ℓmean(t) ≈
{

3

4π

ε

ρ(t)

}1/3

. (7.88)

Since the particles are expected to be ultra-relativistic, an estimate for collision time-scale

is given by

τcoll(t) ≈ ℓmean(t), (7.89)

and the collision rate Γcoll(t) can be estimated as

Γcoll(t) ≈
1

τcoll(t)
. (7.90)
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It is important to note that the collision rate Γcoll(t) is a physically different quantity from

the particle creation rate Γ.

In the beginning of the reheating phase, that is for t & ti, an approximate estimate for

the energy density is ρ(t) ≈ 3
11Γε

4(t− ti), so that the collision rate is estimated as

Γcoll(t) ≈
{

4π

11

(t− ti)

Γ−1

}1/3

ε, (7.91)

and the average Hubble rate has the behaviour H(t) ≈ 2
3

1
t−ti in this region. These ex-

pressions indicate that Γcoll(t) ≪ H(t) for t & ti. Consequently, the collision rate cannot

catch up with the Hubble expansion rate and the system of particles cannot reach thermal

equilibrium. This stage is the preheating phase.

For longer times t > ti, the collision rate Γcoll(t) increases whereas the Hubble rate

decreases. At a time tx (say), the collision rate Γcoll(t) catches up with the Hubble rate

H(t). Consequently, Γcoll(tx) = H(tx) gives an estimate for the beginning of thermilization

at a time tx as

tx − ti =

(

22

27

Γ−1

πε3

)1/4

, (7.92)

from which we obtain an estimate tx − ti = 1.74× 105 tP.

This estimate for tx − ti is from the region when the back-reaction has a negligible

effect on the dynamics. As we have seen earlier, the back-reaction becomes effective in

the intermediate region of reheating. We can also obtain an estimate for tx − ti from the

intermediate region, where ρ(t) ≈ 3
11Γε

4(t− ti)e
− 12

5
B(t−ti)5/3 , leading to the expression for

the collision rate as

Γcoll(t) ≈
{

4π

11

(t− ti)

Γ−1

}1/3

εe−
4
5
B(t−ti)5/3 (7.93)

and the Hubble rate goes like H ≈ 2
3

1
t−ti + B(t − ti)

2/3 in this region. Thus an estimate

for tx − ti can be obtained from Γcoll(tx) = H(tx), leading to

{

(

4π

11

(tx − ti)
4

Γ−1

)1/3

εe−
4
5B(tx−ti)

5/3 −B(tx − ti)
5/3

}

=
2

3
(7.94)

This leads to an estimate tx − ti = 1.76× 105 tP.

The closeness of the above two estimates for tx − ti, obtained from the beginning

and intermediate regions of the reheating phase, indicates that the thermilization process

begins at around the same time when the back-reaction on the Hubble rate begins to be

effective. At this cross-over, the estimate for the temperature is Tx ∼ 6.3 × 1012 GeV.

For subsequent times t > tx, the condition Γcoll(t) > H(t) holds and the process of

thermilization continues.
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Figure 7.9: Evolution of 4Hρ for β/α = 10−2 and λ = Γε4. The upper panel shows the initial
50 oscillations of 4Hρ in the reheating phase. For comparison with Γε4 (horizontal dot-dashed lines),
both panels show the time-evolution of 4〈Hρ〉 (dashed curves), averaged over each cycle. Initially, when
4〈Hρ〉 < Γε4, the average 4〈Hρ〉 grows with the growth of density. The asymptotic approach of 4〈Hρ〉 to
Γε4 corresponds to the density approaching a maxima (ρ̇ = 0), that follows from equation 7.16.

7.5 Discussion

In the previous sections, we analyzed the different phases by making approximate ana-

lytical estimates for average quantities. They represent good approximations because of

the fact that the time scale of decay Γ−1 spans over many oscillations of the Hubble rate,

that is, Γ−1 ≫ τosc. In particular, since the source term in the density equation contains

the time scale Γ−1, the growth in density varies over the same time scale Γ−1, so that

the averaged Hubble rate yields a good approximation for the growth in energy density.

However, it may be worthwhile to assess the growth in density more accurately by exact

numerical solution of the field equation (7.9) coupled with the density equation (7.16) in

the inflationary and reheating phases.

Figure 7.3 displays the time evolution of the density ρ(t) for β/α = 10−2 and 9×10−2.

Despite the presence of a constant source λ = Γε4 in equation (7.16), we see that the

density undergoes negligible growth in the inflationary phase. This is due to the quasi-de-

Sitter expansion of the Universe in this phase.

As we see from Figure 7.5, the density starts to grow once the inflationary phase is

over and the reheating phase begins. Moreover, we see from Figure 7.4 that the Hubble

rate starts a damped oscillation in this phase. Consequently, the density grows in periodic

successions (as shown in Figure 7.5), happening in every cycle of oscillation of the Hubble

rate. This periodic growth in density originates from the fact that the condition 4Hρ ≪
Γε4 is satisfied in a periodic manner when 4Hρ passes through a minima (as seen in Figure

7.9) in every cycle of oscillation of the Hubble rate. Whenever this condition is met, the
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Figure 7.10: Evolution of the number of e-foldings N(t) = ln a(t)
a0

for β/α = 10−2 with λ = Γε4 in
the inflationary and reheating phases. N(t) increases in the reheating phase due to the back-reaction of
particle creation. The lower curve (for λ = 0) does not have such back-reaction.

expansion term becomes negligible and the density grows as ρ̇ ≈ Γε4 momentarily. In

fact, the amplitude of the humps in the periodic growth of density becomes progressively

smaller in size in successive periods of the density growth. This is because of the growing

magnitude of ρ itself so that the minimum value of 4Hρ increases in succession in every

cycle making its value slightly higher than that in the previous cycle.

We can analyze the growth in the density in an averaged fashion from Figure 7.9 that

shows 4Hρ undergoes a fast oscillation which has a decaying envelop. Due to asymmetry

of the oscillation, the time-averaged value 4〈Hρ〉 increases (7.9) so long as the density

continues to grow as a result of meeting the sufficiency condition (7.13). Eventually, 4〈Hρ〉
approaches a constant value Γε4 at long times (as shown in the lower panel of Figure 7.9).

This asymptotic approach to a constant value corresponds to the density approaching a

maxima ρr at a long time tr, so that ρ̇ approaches zero in equation (7.16), when the

expansion term compensates for the source term, stopping further growth in density. We

have seen in our analytical calculations that this condition is reached simultaneously with

4Hr ∼ Γ that marks the end of the reheating phase. At this moment, the sufficiency

condition (7.13) ends and a new phase begins with λ(t) given by equation (7.15). However,

we note that the maxima ρr cannot be accommodated within the time-span in Figure 7.8

because of the slow approach of the density towards ρr.

Figure 7.10 displays the number of e-foldings N(t) in the inflationary and reheating

phases. The quick growth of this number up to a value ∼ 60 marks the inflationary phase.

In the subsequent reheating phase, N(t) grows very slowly. It is clear that there is an

additional contribution to the growth in N(t) due to back-reaction on the Hubble rate

owing to particle creation in the reheating phase.
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7.6 Conclusion

In this Chapter, we considered a physically plausible scenario of reheating following the

inflationary phase of a modified gravity model f(R) = R + αR2 + βR2 lnR/µ2 in the

Jordan frame. Since particle creation is essentially a quantum mechanical phenomenon,

we formulated this scenario based on Heisenberg’s uncertainty principle as described in

detail in Section 7.2.

We find that although particle production happens in the inflationary phase, its con-

tribution to the energy density ρ is negligibly small at the end of inflation because of the

quasi-de-Sitter expansion. On the other hand, particle creation happening in the oscilla-

tory regime following the inflationary phase gives rise to a significant growth in the energy

density ρ. In the initial stage of this reheating regime, the average density grows linearly

with time, whereas the growth in density deviates from linearity at longer times. Even-

tually, the reheating period ends when the density ρ grows to a maximum value where

we find that the Hubble rate H attains a value of the order of the decay rate Γ. This

is marked as the end of reheating which follows directly from the sufficiency condition

determined by the availability of energy density in the scalaron field in comparison with

the available states in the configuration space within a time-span of the inverse decay rate.

In the present scenario, we find that the particle production happens in periodic suc-

cessions and lasts over several oscillations. This follows from an estimate for Γ obtained

from the uncertainty relation ∆E∆t ∼ ~, giving ∆t ∼ ε−1 ∼ Γ−1. We find that the decay

rate Γ ∼ ε≪ τ−1
osc , so that the time-scale of decay Γ−1 spans over many oscillations of the

curvature field. This is consistent with our treatment of the time-evolutions of the Hubble

rate and the curvature field in an averaged manner in our analytical calculations.

In the present scenario, the density continues to grow in periodic successions with

the amplitude becoming smaller in the successive oscillations and the density approaches

a maximum value after many oscillations of the Hubble rate. This behaviour in the

growth of density has a negligible back-reaction on the dynamics of the Hubble rate in the

initial period of reheating. However, the average Hubble rate decreases and approaching

a constant value at long times. This behaviour of the averaged Hubble rate is more

transparent in our analytical calculation signifying the effect of back-reaction at longer

times. However the effect of back-reaction is negligible in the scalar curvature.

In this scenario of reheating, we find a well-defined period of preheating where the

particles are unable to reach thermal equilibrium because their collision rate lags behind

the Hubble expansion rate. The end of this preheating stage is marked by the time tx

determined by the time when the collision rate Γcoll catches up with the Hubble expansion

rate H. We find from our calculation that the preheating stage spans over a time of

tx − ti ∼ 1.7 × 105 tP. Subsequently, themilization take place as the collision rate Γcoll

exceeds the Hubble expansion rate H for t > tx.

As the density keeps on growing beyond the time tx, thermilization keeps the sys-
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tem in thermal equilibrium. The reheating period continues so long as the inequality in

the sufficiency condition (7.13) holds, that is, when sufficient energy is available in the

scalaron field to completely populate the configuration space constrained by the Heisen-

berg uncertainty principle. At time tr, the equality in the sufficiency condition (7.13) is

reached when the available energy is just enough to populate the configuration space. We

identify this time tr as the end of reheating because, beyond tr, sufficient energy is no

longer available to populate the entire configuration space. Consequently, from this time

tr onwards, the energy density ρ starts declining. Thus density ρr is a maxima occurring

at time tr, implying ρ̇(tr) = 0. Consequently, we find from the density equation (7.16)

that the condition 4H(tr) ∼ Γ is simultaneously reached at the end of reheating.

In the present scenario, the inflationary phase is determined by the parameter α whose

value is set by the choice of 60 e-foldings in the inflationary phase. Although the reheating

depends on the parameter Γ and ε, we find Γ ∼ ε upon employing the energy-time uncer-

tainty relation. Our estimate indicates Γ−1 ∼ 105 tP and τosc ∼
√
6α ∼ 103 tP implying

Γ−1 is much larger that τosc. Consequently, the average behaviours of the macroscopic

quantities pick up weak dependence on the parameter α that determines τosc.

Our present scenario, based on Heisenberg’s uncertainty principle, facilitated a detailed

analysis of all stages of the reheating phase. This includes an analysis of the preheating

stage and the subsequent cross-over to the thermilization stage along with a proper iden-

tification of the end-of-reheating. It may be fair to say that the present scenario gives a

fundamental understanding of the physical processes in the reheating phase although it

rests on a few approximate but reasonable physical assumptions.
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Chapter 8

Conclusion

The main motivation in this thesis started with the exploration of Chandrasekhar’s limit in

white dwarfs. Although Chandrasekhar obtained this limit a long time ago, its importance

has prevailed many astronomical observations ever since. If we look at it in a simple way,

it would appear that this limit is important only for compact objects such as white dwarfs.

But, this limit has a far greater significance than the domain of compact objects like white

dwarfs themselves.

It is now well-known that the type Ia supernovae (SN Ia) occur from the explosion

of carbon-oxygen white dwarfs due to accretion from a companion star. Since the peak

brightnesses of SN Ia are correlated well with the decay of their light curves, they serve

the purpose of standard candles in observational astronomy. This remarkable property

of SN Ia has been utilized to measure the accelerated expansion of the Universe. This

conclusion could not have been reached without the existence of Chandrasekhar’s limit.

It has been questioned whether Chandrasekhar’s limit exists when quantum gravita-

tional fluctuations are incorporated in some way or other. Since the theory of quantum

gravity is still uncertain, it is usually more practical to account for quantum gravitational

fluctuations via phenomenological means. A few phenomenological formulations already

exist in the form of generalised uncertainty principle, non-commutative geometry, modified

dispersion relation, as discussed in Chapter 1.

It has been shown that Chandrasekhar’s limit ceases to exist giving rise to extraor-

dinarily large masses of white dwarfs far exceeding Chandrasekhar’s limit, even if the

quantum gravity parameter is made arbitrarily small. Since quantum gravity corrections

are inevitable, this leads to the conclusion that Chandrasekhar’s limit cannot exist. This

casts a big question mark on all astronomical observations relying on Chandrasekhar’s

limit made over several decades.

It thus becomes extremely important to find out whether Chandrasekhar’s limit does

not really exist. We therefore considered two different approaches, the generalized uncer-

tainty principle in Chapter 2 and the modified dispersion relation in Chapter 3, and found

their effects on the equation of state. We saw that this makes the equation of state more
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stiff than before. This leads to the formation of a hard core that becomes increasingly

larger with mass, with no signature of collapse, when Newtonian gravity is employed. This

very feature was the reason for the non-existence of Chandrasekhar’s limit.

We resolved this paradoxical situation in two different ways. We first considered the

effect of inverse β-decay (or neutronization) in Chapters 2 and 3 with Newtonian gravity.

As the density becomes higher, it is natural to expect the protons and electrons would

combine to give rise to neutrons and neutrinos. This sets a limit on the maximum stable

mass that we found to be close to the Chandrasekhar limit. However, the process of

neutronization should happen in a cascading manner to bring about the instability. In

order to ascertain the instability, it therefore calls for a better formulation, such that

the instability should be built into the equation of hydrostatic equilibrium. We thus

formulated the problem of instability in the general relativistic framework and performed

rigorous instability analyses in both scenarios, generalized uncertainty scenario in Chapter

4 and modified dispersion relation scenario in Chapter 5. Consequently, we saw that

Chandrasekhar’s limit is guaranteed even if we artificially enhance the energy scale four

(two) orders higher than the elctro-weak bound in the generalized uncertainty (modified

dispersion relation) scenarios. Thus we can rely on the astronomical observations including

the accelerated expansion of the Universe in a satisfactory manner.

Other interesting astrophysical observations are those of pulsars which are usually

thought to be neutron stars. However, some recent observations showed pulsars of rather

high masses, ∼ 2 M⊙. Commonly utilized equations of state for neutron matter, when

employed in general relativistic formulation, are unable to give rise to masses as high as

∼ 2 M⊙. It appears that both these assumptions need modification to resolve this issue.

At such high densities, we would expect that most of the interior region is made of quark-

gluon plasma. Moreover, at high densities, we expect that matter would be coupled to

gravity due to quantum effects. This implies that we should work in an extended gravity

framework such as f(R, T ) gravity in addition to employing the equation of state for

quark-gluon matter. Upon doing so, we could see in Chapter 6 that such quark stars can

approach masses as high as ∼ 2 M⊙. This explains that the observed pulsars of ∼ 2 M⊙
are basically quark stars.

The above finding indicates that the extended gravity scenario works satisfactorily at

the scale of compact stars. A natural question then arises how efficient would be the

extended gravity scenario at a higher energy scale such as in the inflationary cosmology.

This motivated us to employ an extended gravity scenario in order to analyze its predic-

tions in the reheating phase following the inflationary phase of the Universe. We have

seen in Chapter 7 that this enables us to formulate a plausible scenario of reheating with

constraints in particle creation due to Heisenberg’s uncertainty principle. This leads to

an efficient reheating in addition to a well-defined preheating stage. Thus an extended

gravity scenario is capable of explaining the physics at such high energy scales as well.
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As we waded through different problems in gravity at different energy scales, we showed

that general relativity works well at the scale of white dwarfs whereas extended gravity

works well at high energy scales such neutron stars or pulsars, or even at much higher

energy scales such as the inflationary and reheating phases of the Universe.

The above observations give us the motivation to explore problems in the future by

considering the energy scale of the system and by formulating the model accordingly.

There exist various quantum gravity scenarios in the framework of generalized uncertainty

and modified dispersion relation which could be employed to ascertain the validity of

Chandrasekhar’s limit in white dwarfs.

In this context, we note that Ali [6] proposed a different form of generalized uncer-

tainty principle with the commutation relation [xi, pj ] = i~[δij − α(pδij +
pipj
p )]. This

commutation relation will obviously lead to a different phase space structure than that

employed in Chapters 2 and 4. Consequently, this will lead to a different equation of state

for the electron degenerate gas. With this generalized uncertainty principle, it would be

interesting to study the limiting mass behavior of white dwarfs in the Newtonian gravity

as well as general relativity along the lines of Chapters 2 and 4, respectively.

Furthermore, there exist various phenomenologically motivated dispersion relations. A

few of them, such as E2−p2c24λ2E2(1−e−2λE)−2 = m2c4 and E2−p2c2(1+λE)2γ = m2c4,

were applied to solve the flatness and horizon problems of the Universe in Ref. [5]. These

dispersion relations are therefore good candidates to study their effects on the stellar

structure of white dwarfs. It would be worthwhile to study the instability behavior with

these dispersion relations in parallel with Chapters 3 and 5 in Newtonian gravity and

general relativity, respectively.

In addition, it would be interesting to explore inflationary and reheating phases and

neutron stars in different extended gravity scenarios. Harko et al. [84] discussed various

f(R, T ) models such as R+λT and R+λRT . It would thus be interesting to see whether

we can reach the observed ∼ 2 M⊙ for neutron stars and pulsars along the lines of Chapter

6 with these f(R, T ) models.

In a likewise manner, it would be worthwhile to study higher order corrections, such

as f(R) = R+αR2 + βR3, to study the inflationary and reheating phases of the Universe

along the lines of Chapter 7. In addition, it would be interesting to explore the effects of

generalized uncertainty principle and modified dispersion scenarios of quantum gravity in

inflationary and reheating phases of the Universe described by various extended gravity

scenarios.
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Appendix A

Implication of extended gravity in

the solar system

In this Appendix, we shall examine whether the f(R, T ) gravity model discussed in Chap-

ter 6 and f(R) gravity model discussed in Chapter 7 are consistent with the solar system

observations.

A.1 Implication of the present f(R, T ) model

As discussed earlier in Section (1.6.2), an f(R, T ) model generates an extra contribution

aE to the gravitational acceleration due to gravity-matter coupling. The term ωRT may

be relevant in the stellar structure of the star [84]. We shall quantify the magnitude of aE

by evaluating the potential Q.

The radiation pressure for a fully radiative star such as the Sun cannot be ignored due

to its high temperature. Therefore, the solar equation of state is comprised of both gas

pressure Pg and radiation pressure Pr,

P = Pg + Pr =
kB
µmH

ρ T +
1

3
aT 4, (A.1)

where the mean molecular weight µ ≈ 0.83, and mH is the atomic mass of hydrogen.

One can obtain the temperature as a function of density by defining the radiation

pressure as (1− ζ)P = 1
3aT

4 and the gas pressure as ζP = kB
µmH

ρ T , where (1− ζ) < 0.03

for the Sun. Eliminating the pressure P , we obtain

T =

{

kB
µmH

3

a

1− ζ

ζ

}1/3

ρ1/3. (A.2)

Substituting the above expression in P = 1
ζ
kB
µmH

ρ T , the total pressure P can be repre-
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sented in the form [49]

P =

{

(

kB
µmH

)4 3

a

1− ζ

ζ4

}1/3

ρ4/3. (A.3)

Thus the solar equation of state can be written in the polytropic form P = Kργ = Kρ1+
1
n

with index n = 3.

Since the fluid pressure is high, the right hand side of the geodesic equation (1.144)

gives a finite contribution. The fluid particles now experience a force given by

∇r ln
√

Q = κ
∇rP

(ε+ P )(κ+ fT )
. (A.4)

Taking non-relativistic approximation and substituting fT = ωR = β
4BR ≈ βκρc

2

4B , the

above equation reduces to

d

dr
ln
√

Q ≈ 1

c2

(

1− β
ρc2

4B

)

1

ρ

dP

dr
. (A.5)

Redefining the density as ρ = λθn, the polytropic equation of state transforms to P =

Kρ1+
1
n = Kλ1+

1
n θn+1. Substituting this expression in equation (A.5), we obtain

d

dr
ln
√

Q = (n+ 1)
Kλ

1
n

c2
dθ

dr
− (n+ 1)β

Kλ
1
n
+1

4B
θn
dθ

dr
. (A.6)

Integrating and setting n = 3, the potential Q is obtained in terms of density ρ as

√

Q(ρ) = exp

(

4K

c2
ρ

1
3 − β

K

4B
ρ

4
3 + C

)

, (A.7)

where the integration constant C can be set equal to zero.

The geodesic equation (1.144) can be obtained from the particle action [84]

Sp =

∫

√

Qgµνuµuν ds, (A.8)

which can be expressed as

Sp ≈
∫ (

1 +
φ

c2
− v2

2c2
+

4K

c2
ρ

1
3 − β

K

4B
ρ

4
3

)

dt (A.9)

in the non-relativistic approximation. Consequently, Hamilton’s principle of least action

yields the equation of motion as

d2r

dt2
= −dφ

dr
− 4K

d

dr
ρ1/3 + β

Kc2

4B

d

dr
ρ

4
3 = −dφ

dr
− 1

ρ

dP

dr
+ β

c2

4B

dP

dr
. (A.10)
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A.2 Implication of the present f(R) model

The extra acceleration generated by the gravity-matter interaction due to the term ωRT

is thus obtained as

|aE | = β
c2

4B

∣

∣

∣

∣

dP

dr

∣

∣

∣

∣

. (A.11)

A rough estimate for this acceleration can be obtained from |dPdr | = ρ̄⊙
GM⊙
R2

⊙
, so that

|aE | ∼ β

(

ρ̄⊙c2

4B

)

GM⊙
R2

⊙
∼ 10−13 cm/s2. (A.12)

The constraint coming from the observed value of the precession of mercury requires

that aE must satisfy aE ≤ 1.28 × 10−9 cm/s2, as discussed in Section 1.6.2. Thus it is

clear from the estimate (A.12) that the gravity-matter coupling in the present f(R, T )

gravity model does not contribute measurably to the observed precession of the perihelion

of mercury. The extreme smallness of the correction to the acceleration due to the term

ωRT seems to suggest that it does not violate the observational predictions of the solar

system tests.

This suggests that the term ωRT is irrelevant in weak gravity systems such as the

solar system. Ignoring this term, we may write the trace equation (6.5) as

6α∇µ∇µR−R = κT. (A.13)

To analyze the validity of the solar system tests, it is only necessary to examine the

vacuum solution of the field equation. An approximate solution for the scalar curvature R

in the weak field case such as the Sun is given by equation (6.20) giving an estimate for the

radius of the gravitational halo as rH ∼
√
6α. We thus have rH ∼ 11.48 km for α = 10 r2g .

This estimate for rH is extremely small compared to the solar radius R⊙ = 6.96×105 km,

so that the gravitational halo is well within the Sun. This also implies that the exponent

in equation (6.20) takes a very high magnitude & 104 outside the Sun, making the Ricci

scalar practically zero. This implies that the standard solar system tests are practically

unaffected due to the modified f(R, T ) gravity model of Chapter 6.

A.2 Implication of the present f(R) model

We shall examine the implication of the f(R) model discussed in Chapter 7 in the solar

system following the analysis in Ref. [56]. In this analysis, a time independent spherically

symmetric perturbation about an homogeneous isotropic (cosmological) background space-

time is considered. Consequently, the Ricci scalar can be written as R(r, t) = R0(t)+χ(r).

From (1.123), the trace equation for the background can be obtained as

f
(0)
R R0 − 2f (0) + 32f

(0)
R = κT0, (A.14)

with the background quantities labeled by “0”.
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Since the time-scale of variation in the cosmological background (FLRW) spacetime is

much longer than the time-scale involved in the solar system, all background quantities

are henceforth taken to be time-independent.

Taylor expanding the trace equation upon substituting T (r) = T0+Θ(r), the linearized

equation for the spherically symmetric perturbation χ(r) is obtained as

3f
(0)
RR2χ−

{

f
(0)
R − f

(0)
RRR0

}

χ = κΘ, (A.15)

where all derivatives of f(R) are well-defined in the background spacetime.

To solve the trace equation (A.15) and the corresponding field equation, a spherically

symmetric metric,

ds2 = −{1 + 2Ψ(r)} dt2 + {1 + 2Φ(r)} dr2 + r2dΩ2, (A.16)

is assumed in the weak field approximation. In this approximation, the trace equation

(A.15) reduces to the inhomogeneous Helmholtz equation, namely

(∇2 −m2)χ(r) = − κ

3f
(0)
RR

ρ(r), (A.17)

where

m2 =
1

3

(

f
(0)
R

f
(0)
RR

−R0

)

. (A.18)

The Green function G(r) for equation (A.17) is

G(r) =















−cosmr

4πr
, m2 < 0,

−e
−mr

4πr
, m2 > 0,

(A.19)

For the casemr ≪ 1, both Green functions reduce to the Green function of the Laplace

equation, namely, − 1
4πr . In this case, the exterior solution is given by

χ(r) =
κ

12πf
(0)
RR

M

r
, (A.20)

where M is the total mass of the source.

Since f(R) gravity contains an extra degree of freedom called the dilaton, m−1 can be

interpreted as the range of the dilaton field. The condition mr ≪ 1 can be written as

∣

∣

∣

∣

∣

1

3

(

f
(0)
R

f
(0)
RR

−R0

)∣

∣

∣

∣

∣

r2 ≪ 1. (A.21)

Provided this condition is true, equation (A.20) is the exterior solution to the trace equa-
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A.2 Implication of the present f(R) model

tion. The case mr ≪ 1, equivalently m−1 ≫ r, thus implies that the range of the dilaton

field spans over the entire exterior region of the system.

To determine the metric potentials appearing in (A.16), the field equations are ex-

panded to the linear order. Upon employing the solution (A.20), the field equations can

be expressed as

Ψ′(r) =
κ

6πf
(0)
R

Mr

r2
and Φ′(r) =

κ

12πf
(0)
R

d

dr

(

Mr

r

)

, (A.22)

whereMr is the mass enclosed within a sphere of radius r. With vanishing metric potentials

for r → ∞, the exterior solutions are thus given by

Ψ(r) = − κ

6πf
(0)
R

M

r
and Φ(r) =

κ

12πf
(0)
R

(

M

r

)

. (A.23)

These solutions clearly indicate that Ψ = −2Φ = −GM
r , provided the condition mr ≪ 1

holds true. Thus, with this condition, the post-Newtonian parameter γ is obtained as

γ = 1
2 . On the other hand, solar system tests require γ = 1 ± O(10−5) [28, 198]. This

indicates that γ = 1
2 , obtained for the case mr ≪ 1, is in contradiction with solar system

tests.

It is important to note that the arguments given above are centered around the validity

of the condition mr ≪ 1. This also implies that the f(R) model will be in contradiction

with solar system tests whenever the dilaton field spans over the entire system so that the

range m−1 ≫ the size of the solar system.

In the following, we shall analyze whether the above condition (mr ≪ 1) holds true for

the present f(R) model, when applied to the solar system. Consequently, we substitute

f(R) = R+ αR2 + βR2 ln R
µ2

in (A.18) and obtain

m2 =
1

6α

{

1− 2βR0

1 + 3
2
β
α + β

α ln R0
µ2

}

(A.24)

Since β
α ∼ 10−3, the second term in the denominator can be neglected. The background

curvature R0 is related to the present Hubble rate Hp as R0 = 12H2
p . Since Hp ∼ 10−42

GeV [183], therefore R0 ∼ 12H2
p ∼ 10−83 GeV2. Taking the mass scale µ ∼ 100 GeV, we

thus get R0
µ2

∼ 10−87, so that β
α ln R0

µ2
∼ 10−3 ln(10−87) ∼ −0.2. Thus the third term in

the denominator is subdominant. Moreover, taking α = 10ℓ2P implies β ∼ 10−2ℓ2P giving

βR0 ∼ 10−123, so that

m2 ≈ 1

6α
. (A.25)

In the solar system, we take three values of r, namely, the radius of the Sun, the semi-

major axis of Mercury orbit, and the size of the solar system. The corresponding values

of mr are shown in Table A.1. In all cases, we find that the above condition (mr ≪ 1) is
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Chapter A. Implication of extended gravity in the solar system

Table A.1: Values of mr = r√
6α

, with α = 102 ℓ2P , for different scales in the solar system.

Scales in the Solar System r mr

Radius of the Sun 6.963× 1010 cm 5.618× 1042

Semi-major axis of Mercury orbit 5.791× 1012 cm 4.672× 1044

Size of the solar system 2.875× 1016 cm 2.320× 1048

grossly violated and the opposite condition mr ≫ 1 is valid. This implies that the range

of dilation field m−1 =
√
6α ∼ 10−32 cm is extremely small compared to the system. Thus

the extra degree of freedom coming from the modified gravity model cannot give rise to

any observable effect in the solar system. We may therefore conclude that the modified

f(R) gravity model of Chapter 7 is consistent with the low-energy physics at various scales

of the solar system.
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Appendix B

Jeans instability in extended gravity

In this Appendix, we examine the modification in the Jeans instability due to the f(R, T )

gravity model employed in Chapter 6.

The f(R, T ) field equations (1.139) with the perfect fluid energy-momentum tensor

reduces to

fRRµν −
1

2
fgµν + (gµν∇α∇α −∇µ∇ν)fR = (κ+ fT )Tµν − fTPgµν . (B.1)

The Newtonian approximation to the above field equation is obtained by assuming a static

metric perturbation about the Minkowski spacetime, given by

g00 = −1− 2Φ and gij = δij −
2

3
δijΨ. (B.2)

In this approximation, the only significant component of the energy-momentum tensor is

T00 = ρc2. Moreover, we may expand f(R, T ) about the empty Minkowski spacetime.

Thus any deviation from R = 0 and T = 0 is assumed to be perturbation coming from

the metric perturbations. We shall thus Taylor expand f(R, T ) and its derivatives about

R = 0 and T = 0 to the linear order, giving

f(R, T ) = f̄ + f̄RR+ f̄TT, fR(R, T ) = f̄R + f̄RRR+ f̄RTT (B.3)

and

fT (R, T ) = f̄T + f̄TRR+ f̄TTT, (B.4)

where an overbar indicates that the quantity is evaluated at R = 0 and T = 0.
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Chapter B. Jeans instability in extended gravity

Thus the 00-component of the field equation becomes

[

f̄R + f̄RRR+ f̄RTT

]

R00 −
1

2

[

f̄ + f̄RR+ f̄TT

]

g00

+ (g00∇α∇α −∇0∇0)

[

f̄R + f̄RRR+ f̄RTT

]

=

[

κ+ f̄T + f̄TRR+ f̄TTT

]

T00

− g00

[

f̄T + f̄TRR+ f̄TTT

]

P (B.5)

Using the metric (B.2), the component of Ricci tensor in the linear order becomes

R00 = −1
2∇2g00 = ∇2Φ and Rij = −1

2∇2gij = 1
3δij∇2Ψ. Further, the scalar curvature

becomes R = −∇2Φ+∇2Ψ. For the current model, f(R, T ) = R+αR2+ωRT , the values

of f(R, T ) and its derivatives about R = 0 and T = 0 yield

f̄ = 0, f̄R = 1, f̄T = 0, f̄RR = 2α, (B.6)

f̄RT = f̄TR = ω, f̄TT = 0. (B.7)

Hence, the 00-component of the field equation (B.5) reduces to

{1 + 2αR+ ωT}R00−
1

2
Rg00+(g00∇α∇α−∇0∇0) {2αR+ ωT} = (κ+ωR)T00−ωRPg00. (B.8)

Using the approximate expression for R00 and R obtained above, and employing T ≈
−ρc2, the above field equation becomes

∇2(Φ + Ψ) + 4α∇4(Φ−Ψ) + 2ωc2∇2ρ = 2κρc2 (B.9)

up to linear order.

We expect that the correction due to gravity-matter coupling to be small, so that the

metric potentials Φ and Ψ are connected via the post-Newtonian parameter Γ as Ψ = ΓΦ

in the first approximation. This may be justified from the analogy of a similar connection

between the metric potentials in general relativity and f(R) gravity. This further reduces

field equation (B.9) to

(1 + Γ)∇2Φ+ 4α(1− Γ)∇4Φ+ 2ωc2∇2ρ = 2κρc2, (B.10)

which is the modified Poisson equation.

The dynamics of a self gravitating fluid in the non-relativistic approximation is gov-

erned by the Euler equation

∂v

∂t
+ v · ∇v = −∇P

ρ
−∇Φ, (B.11)
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and the equation of continuity
∂ρ

∂t
+∇ · (ρv) = 0, (B.12)

where v is the velocity of the fluid and Φ the gravitational potential.

To obtain the Jeans instability condition, we consider the behavior of small perturba-

tions about a uniform fluid. The background unperturbed fluid is assumed to be static

with uniform density ρ0 and pressure P0, and velocity v0 = 0. To account for perturba-

tions, we write the field quantities as

ρ(r, t) = ρ0+ρ̃(r, t), P (r, t) = P0+P̃ (r, t), v(r, t) = v0+ṽ(r, t), Φ(r) = Φ0+Φ̃(r). (B.13)

The gravitational potential is assumed to be static. Moreover, the zero order Euler equa-

tion implies ∇Φ0 = 0, so that Φ0 = constant. However, Poisson’s equation requires

∇2Φ0 > 0. This contradiction is sometimes called the Jeans swindle.

To the first order, the modified Poisson equation (B.10) becomes

{

(1 + Γ)∇2 + 4α(1− Γ)∇4

}

Φ̃ = 2c2(κ− ω∇2)ρ̃. (B.14)

with the gravitational potential generated by the density perturbation ρ̃. The fluid equa-

tions (B.11) and (B.12) yield

ρ0
∂ṽ

∂t
= −∇P̃ − ρ0∇Φ̃, (B.15)

and
∂ρ̃

∂t
+ ρ0∇ · ṽ = 0, (B.16)

up to the first order.

Combining equations (B.15) and (B.16), we obtain

{

∂2

∂t2
− c2s∇2

}

ρ̃ = ρ0∇2Φ̃ (B.17)

To analyze how each mode of the perturbation behaves, we shall use the plane wave

solution for ρ̃ and Φ̃, namely

ρ̃ = ρ̃ke
i(k·x−Ωt) and Φ̃ = Φ̃ke

i(k·x−Ωt), (B.18)

in equations (B.14) and (B.17). This yields

{

(1 + Γ)k2 − 4α(1− Γ)k4
}

Φ̃k = −2c2(κ+ ωk2)ρ̃k. (B.19)

and
(

Ω2 − c2s k
2
)

ρ̃k = k2ρ0Φ̃k. (B.20)
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Chapter B. Jeans instability in extended gravity

From the above equations, we thus immediately obtain Φ̃k as

Φ̃k = −2c2
κ+ ωk2

(1 + Γ)k2 − 4α(1− Γ)k4
ρ̃k. (B.21)

and the dispersion relation

Ω2 = c2s k
2 − 2c4

1 + Γ

κ+ ωk2
{

1− 4α
(

1−Γ
1+Γ

)

k2
}ρ0. (B.22)

For the case f(R) = R, we recover the original Jeans dispersion relation,

Ω2 = c2s k
2 − 2c4

(1 + Γ)
κρ0. (B.23)

For the present case f(R, T ) = R+αR2+ωRT , we obtain the modified Jeans wavenum-

ber kJ as

kJ =

(

c2

cs

)

√

√

√

√

2

1 + Γ

κ+ ωk2
{

1− 4α
(

1−Γ
1+Γ

)

k2
}ρ0 (B.24)

The corresponding free-fall time scale is thus obtained as

τfree =
2π

cs

1

kJ
=

(

2π

c2

)

√

√

√

√1 + Γ

2

[

1− 4α
(

1−Γ
1+Γ

)

k2
]

κ+ ωk2
1

ρ0
(B.25)

For estimating the free-fall time scale, we shall choose the observed value of post-

Newtonian parameter Γ = 3±O(10−5). Thus for Γ ≈ 3, the free-fall time becomes

τfree =
2
√
2π

c2

√

1 + 2αk2

κ+ ωk2
1

ρ0
. (B.26)

Both corrections, due to αR2 and gravity-matter coupling ωRT , in the free-fall time

depend on the wavelength λ = 2π
k of the perturbation. For long wavelengths, such as in

the interstellar gas cloud of size ∼ 10 pc [80],

2αk2 ∼ 10−26 and
ω

κ
k2 ∼ 10−27, (B.27)

for the representative values of parameters α = 10 r2g and ω = β
4B with β = 10−2 (in

Chapter 6). Consequently, there is insignificant contributions from the terms αR2 and

ωRT on the free-fall time scale of typical gas clouds that form stars of mass ∼ 10 M⊙.

Thus, for the typical density ρ0 ∼ 10−24 g cm−3, the free-fall time scale,

τfree =
2
√
2π

c2

√

1

κρ0
=

√

π

Gρ0
∼ 108 yr, (B.28)
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remains practically unaffected due to the modified gravity model considered in Chapter 6.
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