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Abstract

The main objective of the thesis is to introduce the fractional Sobolev spaces with variable-
order s(-,-) € C(RY x R¥ (0,1)) and variable exponent p(-,-) € C(RY x RV (1,00))
and to study some non-local elliptic problems involving the variable-order fractional p(-)-
Laplacian, defined as

A0 T | u(z) —u(y) P2 (u(@) — u(y)) N
(=A)yyule) = o RN\B,(0) | z — y [NFsley)pley) B o=t

up to a normalized constant. We also study here some doubly non-local problems involving

the operator (—A);((; and Choquard type of non-local nonlinearity defined as

([ i) o ute)

where u(-,-) € C(RYN x RN, (0, N)), f € C(RY x R,R), and F(z,t) is the anti-derivative
of f. Furthermore, we explore non-local elliptic system involving fractional p(-)-Laplacian
_ s
( A)p(-)'
In the first chapter, we discuss the motivation and the main objectives of the thesis. We
also recall some definitions and results from the literature which are used in the subsequent
chapters of the thesis. Then we briefly describe the salient features of our main problems

and the significance of our works.

In the second chapter, we introduce the variable order fractional Sobolev spaces with
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vi ABSTRACT

variable exponents and explore basic properties of these spaces. Here we also establish
continuous and compact embedding from these spaces to some appropriate variable expo-
nent Lebesgue spaces. Such spaces describe the solution spaces for the non-local elliptic

s(-)

problems involving the operator (—A)p(.), which we study in the subsequent chapters.

Our third chapter of the thesis deals the existence of weak solutions of a class of elliptic
equations involving the variable-order fractional p(-)-Laplacian and generalized Choquard
type (also called Hartree type) nonlinearity in a bounded domain Q2 ¢ RY with Lipschitz
boundary, given below:
(-a) ;& LUy feuta), v

r € RV\ Q,

(21) ( ) \fv = y\“"”’y
0,

=
a
I

with some appropriate assumptions on f. For studying the problem (7)), first we establish
a Hardy-Littlewood-Sobolev type inequality result suitable for the variable order fractional
Sobolev spaces with variable exponents and then apply it to the problem (£7;). In addition,
we also discuss the combined effect of concave and convex nonlinearities on the multiplicity

of solutions of the following Choquard problem:

(-89ule) = Au@l ™ 2ufa) + ([

u =0, r e RN\ Q,

(1) |x_y,p(z,y)dy) f(z,u(r)), z € Q,

where A > 0 is a real parameter, f and F are as in problem (&), and the variable
exponent a(-) : Q@ — R is a continuous function satisfying some appropriate assumption.
In the forth chapter of the thesis, we study the following Kirchhoff-Choquard problem

involving the variable-order fractional p(-)-Laplacian and generalized nonlinearity:

(Lo Lo s o )’><> dxd“/ ” ’W‘“)
(Z2) [( A+ V(@) [ufP@ 2y (/ |:c—y|“ 7y) y) flz,u), z€Q,

r € RV \ Q,

3

where m(-) : Rf — R{ and V(-) : R — R{ are two continuous functions. Here the
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reaction term f does not satisfy the well known Ambrosetti-Rabinowitz type condition.
First we show the existence of non-trivial weak solution of the problem (%%;) using the
mountain pass theorem with Cerami condition. Then we ensure the existence of the ground
state solution of the problem (%) using Nehari manifold and fibering map analysis. In
addition, we study existence of infinitely many solutions with unbounded critical energy
and with negative critical energy of the problem (£%;) using fountain theorem with Cerami

condition and dual fountain theorem with Cerami* condition, respectively.

The fifth chapter of the thesis is dedicated to the study of the regularity results for
a class of doubly non-local equations involving fractional p-Laplacian and Choquard type

nonlinearity:

> flz,u), x€Q,

(25) <Q!x—y!*‘
0, reRN\Q,

IS
I

where Q € RY is a bounded domain with C! boundary, 1 < p < oo and 0 < s < 1 such
that sp < N, 0 < p < min{N, 2sp}, and the nonlinearity f € C(2 x R,R) is having at
most critical growth in the sense of Hardy-Littlewood-Sobolev inequality. Next, for p > 2,
we discuss the Sobolev versus Holder minimizers of the energy functional associated to
this problem, and hence establish the existence of the local minimizer of the associated

energy functional.

Finally, the last chapter of the thesis deals with the multiplicity result of the weak so-
lutions of the following elliptic system involving the fractional p(-)-Laplacian and concave-

convex nonlinearity:

(—A)u = A a(m)\ur@—?u - %c(m)!u\a@*zuwww, reQ,
u=v =0, z € RN\ Q,

where \,( > 0 are the parameters, s € (0,1). Here r(-),a(-),3(-) € C(Q,(1,00)) are
the variable exponents and a(-),b(+),c(+) : @ — [0,00) are the non-negative weight func-

tions satisfying some suitable integrability assumptions. We establish the existence of two
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non-trivial and non-negative weak solutions to the problem () using Nehari manifold

approach and analysis of the associated fibering map.
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Introduction

1.1 Objective of the thesis

The main objective of this thesis is to introduce the variable order non-local Sobolev
spaces with variable exponents for studying some non-local elliptic problems involving the
associated variable-order fractional p(-)-Laplacian, as well as, to discuss the qualitative
properties of the weak solutions to the doubly non-local problems involving non-local

nonlinearity.

TH-2705_156123025



2 INTRODUCTION

1.1.1 Motivation of the thesis: Real world application and

mathematical significance

In recent years, problems involving non-local operators have gained a lot of attentions
due to their occurrence in real-world applications, such as, the thin obstacle problem,
optimization, finance, phase transitions and also in pure mathematical research, such as,
minimal surfaces, conservation laws (see for e.g., [22] and the references therein for more
details), etc. The non-local fractional p-Laplacian (see [30]) is defined as

: | u(@) = u(y) P2 (u(z) = u(y)) N
—AYu(z) =21 d R 1.1.1
(ZAJpule) =21, RN\ B (0) |z —y |Vt S

up to a normalized constant.

Consider the following prototype of non-local equation:

(-Apu=f(r,u), r€Q, u=0,x¢€ RV \ Q, (1.1.2)
where Q ¢ RY is a smooth bounded domain. The celebrated work of Nezza et al. [30]
provides the necessary functional set up to study these non-local problems using variational
method. For p = 2, we refer to [15] and references therein for more details on problems
involving semi-linear fractional Laplace operator. In continuation to this, the nonlinear
problems involving fractional p-Laplacian are extensively studied by many researchers
including Squassina, Palatucci, Mosconi, Brasco, Parini, Sreenadh, Radulescu et al. (see
[16, 17, 40, 48, 71, 76, 77] ), where the authors studied various aspects, viz., existence,

multiplicity, and regularity of the solutions of the quasi-linear non-local problem of type

(1.1.2) involving fractional p-Laplacian.

One salient feature of the problem involving (1.1.1) is the non-locality, in the sense
that the value of (—A)ju(z) at any point € Q depends not only on the values of u on
2, but actually on the entire space RV, which makes the equation of type (1.1.2) with the
operator (1.1.1) to be no longer a point-wise identity. Therefore, the Dirichlet datum is
given in RY \ Q (which is different from the classical case of the local p-Laplacian) and

not simply on 0f2. Hence, it is often called non-local problem. This makes the study of

TH-2705_156123025



1.1 OBJECTIVE OF THE THESIS 3

such a problem interesting.

On the other hand, in the last decades, problems involving variable exponents have been

center of attraction. The variable exponent p(x)-Laplacian (see [32]) is defined as
(—A)p(x)u = (|Vu|p($)_2Vu), r e RV, (1.1.3)

Investigation of structure properties, as well as, operator theoretic aspects of variable ex-
ponent spaces interest many researchers for not only having a rich and interesting mathe-
matical structure but also due to their major appearances in various mathematical models
in the study of some non-homogeneous materials (such as electrorheological fluids), image

restoration ( see for e.g., [1, 27]), etc.

The notion of variable exponent Lebesgue spaces started by Orlicz in [83]. Then the
theory of modular function and modular spaces was developed, which provides the re-
quired framework for discussing various types of function spaces, viz., classical (weighted)
Lebesgue spaces, Orlicz spaces, and variable exponent Lebesgue spaces. The properties
of these modular spaces were extensively investigated by many authors like Nakano [81]-
[82], Hudzik, Kaminska, and Musielak [80]. For further development on the study of such
spaces, associated variable exponent Laplacian, and problems involving it, we refer to

[32, 37, 38, 90, 93] and references there in.

Hence, the idea of replacing fractional p-Laplacian, as defined in (1.1.1), by its variable
version sparks to expect some better mathematical modeling. Also, the presence of the
variable exponents makes the mathematical structure more complex. In this aspect, Kauf-
mann et al. [57] first introduced fractional p(-)-Laplacian (—A) (> defined as

s
p

dy, =eRN, (1.1.4)

s o | u(x) — u(y) P72 (u(z) — u(y))
(_A)p()u(x) T 61_1>Ié’l+ RN\ B, (0) ’ r—y |N+sp(:c,y)

up to a normalized constant. In [57], the authors also defined the fractional Sobolev spaces

with variable exponents associated to (1.1.4). Then Radulescu et al. [10], Bahrouni [9],

TH-2705_156123025



4 INTRODUCTION

Ho and Kim [50] studied the extensive properties of these spaces and associated problems

involving fractional p(-)-Laplacian.

Now a days a great attention has been devoted to the study of variable order derivatives
and corresponding variable order fractional spaces. The study of the problems involv-
ing variable-order fractional Laplacian (—A)*() associated with variable order fractional
Sobolev spaces, defined as

CAYOu(z) = 1 u(z) — uly) N
(=AY u(z) = el—l>%l+ B0 | T — g [N 2ED) dy, reR", (1.1.5)

up to some normalized constant is attributed to Zhang et al. [114]. The fractional variable
order derivatives were proposed by Lorenzo and Hartley [68], which have wide applications
in the study of nonlinear diffusion processes reacting to temperature changes, see also [69]
for more details. Especially, in [94] the authors considered some Gaussian processes de-
fined by elliptic pseudodifferential equations, in which the inner product of a fractional
Sobolev space of variable order defines the covariance function of these random processes.
For application of variable order fractional model in efficient modeling of variable memory
property and hereditary property of complex systems, we refer to [103]. Interested read-
ers may also see [58, 59] and references therein for some more studies on variable order

derivatives in different areas.

1.2 Preliminaries

In this section, first we briefly discuss some basic properties of the variable exponent
Lebesgue spaces and fractional Sobolev spaces, which have been used as tools to study
our results. First we fix some notations as follows: For any real valued function ®, defined
on any set D, we set

o = i%fq)(ac) and ®* := sup ®(x). (1.2.6)
D

TH-2705_156123025



1.2 PRELIMINARIES 5

We also define the function space

Cy(D):={®cC(D,R):1<d <d" < 0}.

1.2.1 Variable exponent Lebesgue spaces

Let @ C RY be an open set. For © € C,(Q), the variable exponent Lebesgue space
L90)(Q) is defined as

Le(')(Q) = {u : Q0 = R is measurable : / ]u(w)|@(x) dr < oo},
0

which is a separable, reflexive, and uniformly convex Banach space (see [32, 38, 93]) with

respect to the following Luxemburg norm

O(z)

[ull pocr(qy = inf{77>0:/9‘@’ dx < 1}.

From [38], we have that C§°(Q) is dense in the space (L) (Q), || - | Loy (q)) With respect

to the norm | - [| Le() (). Define the modular function pg : L9O)(Q) — R as
pe(u) :=/ [u|®@ dz, for all u e LOV)(1Q).
Q

Lemma 1.2.1. ([38])Let u € LOO(Q) \ {0}, then the following properties hold:

(i) Form >0, n=|[ulpec)q) if and only if ,0( )=1.

(i) p(u) > 1 (=1; <1) if and only if llull ecr gy > 1 (= 1; < 1), respectively
)
)

(@1) If |ull Locy(q) > 1, then ”UHLO() @) S p(u) < HUHLe( Q"

(i) If |lullpoc iy < 1, then [[ullDoc) q) < p(w) < Jullfor -
Lemma 1.2.2. Let u,u, € Le(')(Q), n=1,2,3,---. Then the following statements are
equivalent:

() T = ooy = 0.

(i7) ngr}raoop@(un —u) =0.

(#i7) uy converges to u in §) in measure and hI_’I_l po(uy) = po(u).
n—

TH-2705_156123025



6 INTRODUCTION

Let ©" be conjugate function of O, that is, % + @%(m) =1.

Lemma 1.2.3. (Holder inequality) ( [38]) For any v € L®V(Q) and v € L (Q), we

have
| [ wode] < 2lullzo0 o Il ooy

Lemma 1.2.4. ([32, Corollary 3.3.4]) Let a(-), 3(-) € C+(Q) such that a(z) < B(x), for
all z € Q. Then we have

[ull oty < 2[1 +meas(Q)]llull ooy, for all u e L*O(Q) N LFO(Q).

We recall the next lemma from [47].

Lemma 1.2.5. Let ¥1(z) € L>®(Q) such that ¥; > 0, 91 # 0. Let ¥3 : @ — R be a

measurable function such that 91(z)d2(x) > 1 a.e. in Q. Then for every u € LV1(#)72(2)(Q),

91 (- 97 97
| ful 10) ”Lﬁz(l)(Q)SH o ‘|L:1l91(x)192(x)(ﬂ) + [l w HL]1-91(96)192(32)(Q) :

1.2.2 Fractional Sobolev spaces

Here we collect some known results about the fractional Sobolev spaces (see [15, 30]). Let
Q C RY be any open set. Then for 0 < s < 1 and 1 < p < oo, constants, the fractional
Sobolev space W*P(Q) is defined as

WoP(Q) :={u € LP(Q) : /Q ; dedy < oo}

endowed with norm

I P 1/p
lullweray = lull oy + ( /Q [ Mdmy> |

|z — y|N+op

Next, we recall the following embedding result for the space W*P():

Proposition 1.2.1. ([30]) Let @ C RY be an open and bounded set with Lipschitz bound-

ary. Also, let s € (0,1) and p € (1,00) be such that sp < N. Then W*P(Q) — L7()

continuously, for 1 <~ < pk:= N]\i[;p.

Moreover, this embedding is compact for v < pk.

TH-2705_156123025



1.2 PRELIMINARIES 7

Here p? denotes the Sobolev type critical exponent in the fractional framework. The space

(W=P(Q), || [lws»(q)) is separable, reflexive, and uniformly convex Banach space (see [30]).

Proposition 1.2.2. ([30]) Let s € (0,1) and p € (1,00) be such that sp < N. Then there
exists a positive constant C = C(N,p,s) such that, for any measurable and compactly

supported function u : RN — R, we have

)P 1/p
||UHLP§(RN) < c (/R /RN |$ ¥ |N+sp da:dy .

Let Q c RY be an open bounded set. Then we define the following space:
WeP(Q) = {u € WPRY) : u=0inRY\ Q}

equipped with the norm

1

|u(z) = u(y)” / / y)I” v

e [ M) Z )P, MAZ) = YT vy )"
Hu” P ( Q ’.’B—y|N+8p ray RN JRN |117— ‘N-{-sp ray

where Q = RV \ (RV\ Q) x (RV\ Q)). When p = 2, we denote the norm in the above as
| - I|s- The set C§°(€2) is dense in W () with respect to the norm || - |5, (see [15, 30]).

Proposition 1.2.3. ([30]) Let Q be a bounded open set in RN with Lipschitz boundary and
let v € [1,p%]. Then for u € Wi*(Q), there exists a positive constant C = C(N,p, s,7)
such that

Jullsp < CHUHLW(Q)-
Moreover, this embedding is compact for each vy € [1,pk).

The best constant Ss for this embedding is given below:

Ji S ! W dxdy

S,=  inf (1.2.7)
weWgP OO} ([, Julpt )PP
The space (W5P(Q),] - ||s,p) is separable, reflexive, and uniformly convex Banach space

(see [30]). The dual of the space W (Q) is denoted by W~ () with the norm ||-|| s,

TH-2705_156123025



8 INTRODUCTION

where p/ = p%l is the conjugate to p.

The next lemma states the monotonicity property of the fractional p-Laplacian for p > 2.

Lemma 1.2.6. ([54, Lemma 2.3]) Let p > 2. There exists C = C(p) > 0 such that, for
all w,v € WP () N L>®(Q2) and all ¢ > 1

pta—1||P

-

<@ H(=A)u = (A, (u—v) ) wer (o)

S7p

The strong maximum principle for fractional p-Laplacian is given as follows:
Lemma 1.2.7. ([76, Lemma 2.3]) (Strong Mazimum Principle) Let u € WP () satisfy

(-A)ju >0 weakly in Q,

(1.2.8)
u >0 inRY\Q.

Then u has a lower semi-continuous representative in €, which is either identically 0 or

positive.

Next we recall some weighted Holder spaces. Let the distance function d : Q — R be

defined by
d(z) == dist(z, RNV \ Q), = € Q. (1.2.9)
The weighted Holder type spaces are defined as follows:

cYQ) := {u € C°(Q) : u/d® admits a continuous extension to Q},

C’g’a Q) = {u € C°(Q) : u/d* admits a o -Holder continuous extension to Q}
equipped with the norms

[ull oy = llu/d*llLe= (),

|u(x)/d*(x) — u(y)/d*(y)|

|z — y|*

lull ooy = llullco +  sup
a ®) 4@ z,y€eQ, vy

9
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1.3 A BRIEF OUTLINE OF THE THESIS 9

respectively. The embedding Cg’a(ﬁ) < C9(Q) is compact, for all a € (0,1).

We have the following result from [19]:

Theorem 1.2.1. (Brezis-Lieb) Let @ C RN be a bounded domain, {u,} C LP(2), 1 <

p < 00 be such that ||uy||rr < C for some C >0 and u, — u a.e. in Q. Then

REI_EOO[Hun — u”’iP(Q) - HunH]zp(Q) I HUHIZ,P(Q)] =0.

Let us now recall the well known Simon’s inequalities (see [99]). For all (,& € RY, we

have the following:

P
2

c—eP <[ (cP2c—ler=2€) . (c =9 | gk + 1) =" 1< p<2,

(1.2.10)
c—¢P <2(IcP2—lgP2).c-8 , pz2.

We also recall the following standard inequalities which follows from [17, Lemma A.2] for

g(t) =t". Forall a > b and 1 < p < oo, there exists some constant C},, > 0 such that
laT = TP < (a—b)P " at —bT) and (a — b)P~ < Cp(aP! — b7 1), (1.2.11)
Another important inequality which is used repeatedly in this thesis is given below.

1+ <al+a2b, 0<p<l1, 21,29 >0,
(214 22) i b b (1.2.12)

(z14z2)P < 207Y(ah +28), p>1, z1,20 > 0.

1.3 A brief outline of the thesis

In this section, we give a brief discussion regarding our works, as well as, relevance and
novelty of our findings. Now we assume that the variable order s(-,-) and the variable

exponent p(-, ) satisfy the following hypotheses throughout this thesis:

(S1) s:RNY xRN — R is a continuous and symmetric function, that is, s(z,y) = s(y, z),
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for all (z,7) € RV x RN with 0 < s~ < st < 1.
(P) p e Cy (RN x RY) is continuous and symmetric function, that is, p(z,y) = p(y, x),
for all (z,y) € RY x RY.

We also set p(x) := p(x,z) and 5(z) := s(x,z), for all z € RV,

1.3.1 Variable order fractional Sobolev spaces with variable

exponents

Considering complex mathematical structure of variable order derivative, as well as, its
significant amount of applications in various fields, it is interesting to explore the rich
mathematical structure of the fractional p(-)-Laplacian by imposing variable growth on
its order s, and expect more accurate mathematical modeling. In this aspect, to the
best of our knowledge, this is the first work on the problems driven by the variable-
order fractional p(-)-Laplacian. Motivated by the work of Kaufmann et al. [57], for any

measurable function v € RY — R, we define the variable-order fractional p(-)-Laplacian

s()
(_A)p(') as
AV s | u(z) = uly) P92 (u(z) - u(y)) N
(—A),(yulz) = lim o o =y e dy, zeRY, (1.3.13)

up to a normalized constant. Note that, such operator is non-homogeneous in nature.

In the second chapter, we define the variable order fractional Sobolev spaces with variable
exponents equipped with some appropriate norm to study the problem involving the op-
erator of type (1.3.13). Moreover, we define the associated modular function and establish
its interplay with the norm. We also prove some important embedding results from these
spaces to the appropriate variable exponent Lebesgue spaces. Then we discuss the impor-
tant properties, viz., completeness, reflexivity, separability, density, etc., of these normed

linear spaces.
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1.3.2 Non-local problems involving generalized Choquard

type nonlinearity

In the third chapter, we study the following non-local Choquard problem involving variable

order and variable exponents:

() i ) flauta)), @€

r€RV\Q,

(21) <QW—MMW
0,

=
H
I

where Q € RY is a bounded domain with Lipschitz boundary, s(-,-) and p(-,-) satisfy
(S1) and (Pp) respectively, with sTp* < N, and u(-,-) € C(RY x RN, (0,N)). Also,
f € C(2 x R,R) with the anti derivative F(z,t) given by

F(z,t) ::/0 f(z,7)dr

The main feature of the problem (£7;) is the presence of both the non-local operator and
the non-local nonlinearity of Choquard type together, due to which the problem (%)
remains no longer a point wise identity. Hence, it is categorized as a doubly non-local
problem. The Choquard type equation (Z7;) is motivated by the work of Pekar [84],

studying the following nonlinear Schrédinger-Newton equation:
—Au+ V(x)u = (K, * u?)u+ Mf(z,u), (1.3.14)

where K, denotes the Riesz potential, defined as

PO N G )
B N Neo
[ (§)7z20|zg|N-«

Now we recall the following result from [63], which is very much crucial for handling
the non-local Choquard type (also called Hartree type) of nonlinearity in the constant

exponent set up:
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Proposition 1.3.1. (Hardy-Littlewood-Sobolev inequality) Let g, t > 1 and 0 < p < N
with 1/q+p/N+1/t =2, g € LYRN) and h € LY(RYN). Then there exists a sharp constant
C(q,t, N, ), independent of g,h such that

9(x)h(y)
I — yle < t . eJ.
/]RN /RN |z — y|~ dxdy < C(q, t, N, )| gll awm)l12ll e wr) (1.3.15)

Remark 1.3.1. Note that, by the Hardy-Littlewood-Sobolev inequality, the following inte-

// @U@ g0
RN JRN |x—y|

is finite whenever |u|” € LIRN), for some q > 1, satisfying

gration

Hence, by the fractional Sobolev embedding W*P(RYN) < LI"(RN), for u € WP(RYN), the

last integration is finite provided qr € [p,pk]. Hence, v has to satisfy

— = 1.3.16
5K 2N 2(N — sp) Ps.pu ( )

Here pg , 1s called the lower critical exponent and p;M 18 said to be the upper critical

ezponent in the sense of the Hardy-Littlewood-Sobolev inequality. Observe that pj, ; =

5}; < pi. From now on wards, by critical Choquard exponent, we mean the exrponent

2N —p

3
Ds,p-

This Hartree type of nonlinearity describes the self gravitational collapse of a quantum
mechanical wave function (see [85]) and also plays a key role in the Bose-Einstein con-
densation (see [28]). For V(z) = 1, A = 0, the equations of type (1.3.14) were extensively
studied in [62, 65, 73, 74].

In the fractional Laplacian set up, Wu [110] investigated existence and stability of solutions

for the equation

(=A)u +wu = (K * [u|")|ul""2u+ \f(z,u) in RY, (1.3.17)
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where r =2, A =0 and pu € (N — 2s, N). In the critical case, that is, r = 27, ;1= (2N —
211/2) /(N — 2s), Mukherjee and Sreenadh [78] obtained existence and multiplicity results
for solutions of (1.3.17) in a smooth bounded domain, for w = 0 and f(z,u) = u. Recently,
Gao et al. [45] discussed the existence of ground state solution of Pohozaev type and
existence of infinitely many solutions for the following problem with V € C1(RY, [0, c0))

and F' satisfying general Berestycki—Lions type assumptions:
(=A)u+ V(x)u = (K * F(u))F'(u) in RY, (1.3.18)

For more results on Choquard problem in local and non-local set up involving constant

exponents, we refer to [73-75, 78, 79, 106, 107] and references therein.

Concerning the Choquard type nonlinearity in the variable exponents frame-work, we first
recall the introductory works of Samko (see [95, 96]) regarding the convolution operators
of the form K(f) := [z~ k(z—y)f(y)dy in the variable exponents setting. Though, in [95],
the author investigated Young’s theorem for variable exponents set up to have appropriate

estimations of the potential type operators with the kernel m, but these estimates

|
are not applicable in the study of the doubly non-local problems like (£7;). Recently in

[4], Alves et al. introduced a new kernel given by the formula

._ 1 N o N
Uil — W’(%w € R x RY,

where p(-,-) : RY x RN — R is a continuous two-point function with some appropriate
assumptions. Then using the properties of this kernel the authors established Hardy-

Littlewood-Sobolev type inequality (see [4, Proposition 2.4]) for variable exponents.

Motivated by all the above works, in our work, we first establish a Hardy-Littlewood-
Sobolev type result following the approach as in [4] for the functions in fractional Sobolev
spaces with variable order and variable exponents as defined in the Chapter 2. Then
using this result, we study the problem (Z;). Moreover, we further discuss the combined

effect of concave and convex nonlinearities on the multiplicity of solutions of the following
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Choquard problem:

(=),

) sou@) = Au(@) ) 2u() + ( /Q Wdy) flau(x), z €Q,
1

’[1; — y’u(m,y)
u =0, zeRN \ Q,
(1.3.19)

where A > 0 is a real parameter, the exponent pu(-,-) and the nonlinearities f and F' are
as in problem (&), and the variable exponent a(-) : 2 — R is continuous and satisfies
some appropriate assumption. The doubly non-local feature of the problems (£;) and

()

(27]) due to the presence of non-local operator (—A);(:) and the Choquard term involving
variable exponents makes the problem mathematically rich and further challenging. To
the best of our knowledge, this is the first work addressing the variable order non-local
Choquard problem with variable exponents. In this work, we use the standard variational

tools as given below:

Definition 1.3.1. (Palais-Smale condition) Let X be a Banach space and X* be its topo-
logical dual. Suppose that ® € CY(X,R). We say that ® satisfies the Palais-Smale con-
dition at the level ¢ € R (the (PS)c-condition for short) if any sequence {u,} C X such
that ®(uy,) — ¢ and

® (up) = 0 in X* as n — 400

admits a strongly convergent subsequence. If this condition holds at every level c € R, then

we say that © satisfies the Palais-Smale condition (the PS-condition for short).

Theorem 1.3.1. ([108]) (Mountain pass theorem with Palais-Smale condition) Let X be
a real Banach space and X* be its topological dual. Suppose that ® € C*(X,R) satisfies
the condition

max{®(0), ®(ug)} <i<j< inf &(u),
l[ullx=e0
for some i < j, o9 > 0 and ug € X with ||ugl|x = 0o. Let ¢ > j be characterized by
c = irelgorgtz%(l)(u(t)), where I' = {v € C(]0,1],X),v(0) = 0,v(1) = ug} is the set of
continuous paths joining 0 and uy. Then there exists a Palais-Smale sequence {u,} C X

such that ®(u,) — ¢>j and |9’ (uy)|x» = 0 as n — +oo.

Theorem 1.3.2. ([35]) (Ekeland’s variational principle) Let (X, dx) be a complete metric
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space and ® : X — RU{+o0} lower semi-continuous function that is bounded below. Then

for every € > 0, there exists v. € X such that
inf® < P(v,) <infd + e
X X

and for all w # v,
O (ve) < P(w) + edx (ve, w) .

1.3.3 Kirchhoff-Choquard equations without Ambrosetti -

Rabinowitz type condition

The fourth chapter of the thesis deals with the study of the following Kirchhoff-Choquard

type problem:

1 Jule) — u(y) e [ () =)
m</RN /RN 2(@,9) [ — g oG T T | V@) Ry

(72) [(—A);E:;u—i— V(az)\u]ﬁ(x)_Qu] = (/ﬂ Md@/) flz,u), xeqQ,

’(L’ — y’ﬂ(@Q)

~—

u =0, r € RV\ Q,

where Q C R¥ is a bounded domain with Lipschitz boundary, s(-,-) and p(-,-) sat-
isfy (S1) and (Py) respectively, with sTpt < N, m(-) : Rf — R, V() : Q@ — R,
p(-,-) : RV x RN — (0, N) are continuous functions. The nonlinearity f: Q x R — R is

continuous function, and F' is the primitive of f.

The Kirchhoff type problems arise in various models of physical and biological systems
and hence, have received more attentions in recent years. Precisely, Kirchhoff established

a model given by the following equation:

du
ot

82’& Po E L
2L ),

2 2
o0°u
df“)azﬁo’

which extends the classical D’Alembert wave equation by taking into account the effects

of the changes in the length of the strings during the vibrations, where the constants
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P, Po, h, B, L represent physical parameters of the string. A typical prototype of Kirchhoff
function m(-) in (25) is given as m(t) = a+bt’~1, a > 0,b > 0. Here a = 0 represents the
degenerate Kirchhoff equation and a > 0 represents non-degenerate Kirchhoff equation.
In the case of the degenerate Kirchhoff problems, the transverse oscillations of a stretched
string, with non-local flexural rigidity, depends continuously on the Sobolev deflection
norm of u via m(-). The fact m(0) = 0 means that the base tension of the string is zero, a
very realistic model from a physical point of view. For the first time, in [39], Fiscella and
Valdinoci studied a fractional stationary Kirchhoff model in a bounded domain Q c RN

as follows:
m(|u)(-A)Yu=f inQ, andu=0 in RV \Q, (1.3.20)

where m(t) = mg + 2bt with mg > 0,0 > 0 and f is the external force field. In the
equation (1.3.20) the authors considered the non-local aspect of the tension arising from
non-local measurements of the fractional length of the string. For some recent works
regarding degenerate and non-degenerate Kirchhoff type problems, we refer to [8, 14, 86—

88, 112, 113] and the references therein for more details.

Subsequently, using the Nehari manifold and the concentration compactness principle in

[70], L studied the Kirchhoff-Choquard type equation
( —a+ b/ |Vu]2dac> Au+Va(@)u = (K * [u|?)|u|7?u in R, (1.3.21)
R3

where a € RY, b € R, q € (2,6—pu), Va(xz) = 1+Ag(z), A > 0 and ¢ is a continuous poten-
tial function. Recently, Pucci et al. [89] extensively studied the existence and asymptotic
behavior of entire solutions of the following superlinear Kirchhoff-Schrodinger-Choquard

equation involving fractional p-Laplacian:

m(|[ullfyop o) (= A)pu + V(@) ulP~2u) = Af (2, u) + (K JulPio) fulPis "0 in RY,
(1.3.22)

where m(-) : Rf — R{ is degenerate type Kirchhoff function, V(-) : RV — R* is a scalar
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potential, f : RN x R — R is a Carathéodory function with superlinear growth. Further,
Liang and Réadulescu [61] studied the existence of infinitely many solutions of (1.3.22)

using symmetric mountain pass lemma under some appropriate assumptions on f.

Inspired by all the above works, in problem (%), we consider the study of non-local
Kirchhoff-Choquard type problems with variable order and variable exponents. We men-
tion that in our work, we explore both the degenerate and non-degenerate cases for the

problem ().

Another salient feature of the problem (%) is that the nonlinearity f does not satisfy
Ambrosetti-Rabinowitz type condition (see [7]). In [7] the Ambrosetti and Rabinowitz

studied the following Laplace equation in a smooth bounded domain € in RY:

(=A)u=g in, u=0 on ON.

Here the authors assumed the following condition on the nonlinearity g(z,t) which is later
on known as Ambrosetti-Rabinowitz type condition ((A.R.) in short).

(A.R.) There exists w > 2, tp > 0 such that

0 < wG(z,t) < tg(x,t), for all [t| > tg, x € Q,

where G is the primitive of g. Note that the Ambrosetti-Rabinowitz type condition ensures
the boundedness of the Palais-Smale sequence of the functional and plays a pivotal role
in proving the compactness result. Observe that the function, g(z,t) = tlog(1 + [¢|) does
not satisfy (A.R.) condition. Therefore, relaxing the condition of type (A.R.) not only
includes a larger class of nonlinearities but also calls for delicate analysis to establish the
compactness results and hence, interests many studies (see for e.g., [2, 60, 66, 104] and

references therein).

Therefore, to discuss the existence of nontrivial weak solution and ground state solution
of problem (%), we use variant of mountain pass theorem with Cerami condition and

Nehari manifold technique, respectively. For that, we recall the following:
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Definition 1.3.2. (Cerami condition) Let X be a Banach space and X* be its topological
dual. Suppose that ® € C1(X,R). We say that ® satisfies the Cerami condition at the
level ¢ € R (the (C)c-condition for short) if any sequence {un} C X such that ®(u,) — ¢
and

(14 Jun) x)® (un) = 0 in X* as n — 400
admits a strongly convergent subsequence. If this condition holds at every level c € R, then
we say that ® satisfies the Cerami condition (the C-condition, in short).

Now we state the following version of mountain pass theorem which uses Cerami condition:

Theorem 1.3.3. (Mountain pass theorem with Cerami condition) Let X be a real Banach

space and X* be its topological dual. Suppose that ® € C'(X,R) satisfies the condition

max{®(0),®(ug)} <i<j< inf ®&(u),

llullx=e0

for some i < j, oo >0 and up € X with ||ug||x = 00. Let ¢ > j be characterized by

— inf d(v(t
C=puh e (v(t)),

where I' = {v € C'([0,1], X),v(0) = 0,v(1) = up} is the set of continuous paths joining 0
and ug. Then there exists a Cerami sequence {u,} C X such that

S (u,) = c>7 and (1+ ||unl|x)||® (un)||x+ = 0 asn — +oo.

Furthermore, for the odd nonlinearity f, we investigate the existence results of infinitely
many solutions using fountain theorem with Cerami condition and dual fountain theorem

with Cerami* condition, as stated below. We first recall the following lemma from [36]:

Lemma 1.3.1. Let X be a reflexive and separable Banach space. Then there exist se-

quences {e,} C X and {f}} C X* such that

X =span{e, :n=1,2,3..}, X" =span{fr:n=1,2,3..},

TH-2705_156123025



1.3 A BRIEF OUTLINE OF THE THESIS 19

and
. L af i=y,
<fz 7€j>X =
0 i i#7.
Let us denote
k 00
X, = span{e,}, Yi= @Xn, and Z), = @Xn. (1.3.23)

n=1 n=~k

Now we state the following version of fountain theorem from [2], which is motivated by

the fountain theorem of Bartsch [12, Theorem 2.5]; (see also [108, Theorem 3.6]).

Theorem 1.3.4. (Fountain theorem with Cerami condition) Let X be a real Banach space
and X* be its topological dual. Assume that ® € C1(X,R) satisfies the Cerami condition
(C)e and ®(—u) = ®(u). If for each sufficiently large k € N, there exists o, > O > 0 such
that

(#1) b :=nf{®(u) : u € Z, |ullx =0x} - +00 as k — +oo,

(%2) ap :=max{®(u): u €Yy, |lu|lx =o0r} <0,

then ® has a sequence of critical points {ug} such that ®(ug) — +o0o as k — +oc.

Next, inspired by Bartsch-Willem dual fountain theorem (see [108] Theorem 3.18), we
state a variant of dual fountain theorem with Cerami* condition for studying problem

(P2).

Definition 1.3.3. (Cerami* condition) Let X be a Banach space and X* be its topological
dual. Suppose that ® € C'(X,R). We say that ® satisfies the Cerami*condition ( the
(C)E condition in short) (with respect to (Yy,) in (1.3.23) ) if any sequence {u,} in X with

C

un, €Y, such that
®(up) — ¢ and H<I>'Yn (un)|lx+ (1 + |lunllx) = 0 as n — +oo,

contains a convergent subsequence.

Theorem 1.3.5. (Dual fountain theorem with Cerami* condition) Let X be a real Banach
space and X* be its topological dual. Assume that ® € C*(X,R) such that ®(—u) = ®(u).
If for each k > ko, there exist o > 0 > 0 such that
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(@) ar =inf{®(u) :u € Z, |lullx = o} =0,

() b =sup{®(u) : u € Yy, [lullx =dk} <0,

(o) di, = inf{P(u) :u € Zk, |ullx < or} — 0 as k — 400,
(ey) @ satisfies the (C)} condition for every c € [dy,, 0],

then ® has a sequence of negative critical values converging to 0.

Remark 1.3.2. Here we would like to mention that in [108], assuming that ® satisfies
(PS)% condition the dual fountain theorem is proved using deformation theorem under the
Palais-Smale condition which is also true under Cerami condition. Therefore, we see that

the dual fountain theorem is true under (C)% condition.

It is to be noted that, due to the presence of variable order and variable exponents,
problem (&%) possess non-homogeneous nature. This fact together with doubly non-
local feature of the problem (£23) induces further mathematical complexities for adapting
classical methods of nonlinear analysis. According to best of our knowledge, the equation of
type (Z2) involving the operator (—A)Z((g is studied for the first time in this work and also,
the same results hold in the case of variable-order fractional Laplacian, as well as, fractional
and local p(-)-Laplacian, which are also new in the literature. The main novelty of this
work lies in relaxing the Ambrosetti-Rabinowitz type assumption on the nonlinearity f
and to the best of our knowledge, the conditions we impose on f are attempted for the
first time for the Choquard type nonlinearity even in the case of fractional, as well as,
local p-Laplacian. It is also worth mentioning that, as far as we are aware, there are
only few results on Choquard type equations involving fractional p-Laplacian (or local p-
Laplacian) without Ambrosetti-Rabinowitz type condition in the literature, which mostly
deal with Palais-Smale sequence (see for e.g., [56, 73]). But in our work, we establish the
compactness results via Cerami sequence with the assumptions (f1)-(f4), which require

delicate analysis.

1.3.4 Regularity results for doubly non-local problems

In the fifth chapter, we discuss the regularity of weak solutions of the following p-fractional

Choquard equation :
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u =0, r € RV\ Q,

where Q € RY is a bounded domain with C! boundary, 1 < p < co and 0 < s < 1 such
that sp < N, 0 < p < min{N,2sp} and f : Q@ x R — R is a continuous function with
at most critical growth condition (in the sense of Hardy-Littlewood-Sobolev inequality

(1.3.15)). Here F(z,t) = [ f(x,7)dr is the primitive of f.

The regularity of weak solutions has been one of the most interesting topics since years
and the literature available on the regularity of weak solutions for both local and non-local
problems is quite vast. For the regularity results of the local elliptic problems, we refer to
[31, 64, 105]. A systematic study on the regularity results of the non-local elliptic problems
started with the pioneering work of Caffarelli and Silvestre in [23]. Consider the following
non-local problem:

(—APu=ginQ, u=0inRY\Q. (1.3.24)

When p = 2, in [23], Caffarelli and Silvestre established the interior C1*® regularity for
viscosity solutions to (1.3.24). The authors also proved interior C?**¢ regularity for the
convex equation (see [24]). For the regularity of weak solutions to free boundary problem
involving the fractional Laplacian (p = 2), we refer to [98]. Concerning the boundary
regularity for the solution of (1.3.24), for p = 2 and g € L>®(Q), we refer to the work
of Ros-Oton and Serra in [91]. Here the authors used a barrier function and the interior
regularity results for the fractional Laplacian to show that any weak solution w of (1.3.24)
belongs to C*(RY) and Zlo € C%, up to the boundary 912, for some o € (0,1). In [92],
the authors discussed the high integrability of these weak solution by using the regularity
of Riesz potential established in [101]. The regularity results for the non-local quasi-linear
problem is explored by Squassina et al. in [52], where the authors studied the global Holder
regularity for the weak solutions to (1.3.24), for p > 1 and g € L*°(f2). Also, regarding
the fine boundary regularity results for the problems of type (1.3.24), for the degenerate
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case (p > 2), we cite [53]. Here the authors exhibited a weighted Holder regularity up to
the boundary, that is, Jx|o € C% up to the boundary 99, for some o € (0,1). We would
like to mention that the fine boundary regularity for the singular case (1 < p < 2) is still

an open problem.

Concerning the regularity of the Choquard equations, we refer to [43], in which Gao and
Yang studied the Dirichlet problem involving local Laplacian and the critical Choquard
type nonlinearity (in view of (1.3.15)). Moroz and Schaftingen [73] established the VVE)(? (RM)-
regularity (¢ > 1) of the weak solutions to the following Choquard problems involving local

Laplacian :
~Au+u= (K, * F(u)f(u) in RN, (1.3.25)

where

N+
[tf(t)| < C(|t|% + ]t|N7J2L), for some constant C > 0.

Although an extensive research is done on the existence of solutions for the doubly non-
local problems, there are very few results present in the literature regarding the regularity
of weak solutions to such problems. By generalizing the idea of [72], in [34], for the
fractional Laplacian framework, the authors established the regularity results for solutions

of the following Choquard equation :
(=A)u +wu = (K, * [u|")u| "%y, ue  HRY),

where w > 0, N > 3, p € (0,N), s € (0,1), and é:,u <r <25, In [102], the authors
studied the L>°(R"™) bound of the non-negative ground state solution to some Kirchhoff-
Choquard equation driven by the fractional Laplacian with critical Choquard term (in
view of (1.3.15)). Very recently, Giacomoni et al. [46] studied the regularity result for the

following generalized doubly non-local problem in a smooth bounded domain € in R¥V:

(—A)u = g(xz,u) + </Q Mdy> f(u)(x) in Q, u=0 in RV \ Q, } (1.3.26)
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where f: R — R is a continuous function such that there exists a constant C' > 0,
2N —pu 2N—p
(tf @) < Ot~ + [t v=2+)

and g : QxR — R is a Carathéodory function satisfying Sobolev type critical (or singular)
growth assumption.

We mention that the techniques used in [46, 73] cannot be implemented straightforward
to problem (Z3) due to lack of Hilbert nature of the solution space associated to the
problem. The regularity result for the quasilinear Choquard equations involving the local
(or fractional) p-Laplacian are very few. For instance, consider the following equation
studied in [13]:

(=A)u + wu = (ﬁ *F(u)) f(u) in RY, (1.3.27)

where w > 0 is a real number and f has sub-critical growth in terms of (1.3.15). For
the case s = 1, we cite [5], in which the authors studied (1.3.27) in the local p-Laplacian
set up. In both the aforementioned works, the authors proved local Holder regularity of
the weak solutions of (1.3.27) with some restrictive conditions, viz., u < sp and p < p,

respectively.

Inspired by all these works, by using a unified boot-strap technique for 1 < p < oo, first we
investigate a priori bound for the weak solutions to the problem (£?3) which covers a large
class of nonlinearities (up to the critical level in the sense of Hardy-Littlewood-Sobolev
inequality (1.3.15)). After achieving L°°(Q2) estimate on the weak solution to problem
(A3), we use the result by Squassina et al. [52] along with Hardy-Littlewood-Sobolev
inequality (1.3.15), to infer the Holder regularity result. To the best of our knowledge,
the L>°(2) bound on the weak solutions to the doubly non-local problem of type (#3)
involving critical Choquard type nonlinearity is established for the first time in this work.

Next, we discuss the Sobolev versus Holder minimizers for the energy functional as-
sociated to the problem (Z3). We show that local minimizers of the energy functional

associated to (#73) with respect to C(€2)-topology are also local minimizers of the same
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energy functional with respect to W (Q2)-topology. In variational problems, this result
plays an important role in establishing the multiplicity of solutions. In the local frame-
work, Brezis and Nirenberg [20] were the first to study this type of result, where the
authors showed that the local minima of the associated energy functional in C' topology
and in H', topology coincides. In the fractional framework (p = 2), the analogous result
is proved in [51]. In [54], this result is further generalized for the fractional p-Laplacian
set up for p > 2. For non-local nonlinearity, Gao and Yang [44] studied such result for
the following Brezis-Nirenberg type Critical Choquard problem involving local Laplacian

under some appropriate assumptions on f:
2*
—Au = Af(u) + / Mdy lu(@)*2u in Q, u=0 in 09,
o lz—yl

where Q € RV, N > 3 is a bounded domain having smooth boundary, A >0, 0 < < N

2N

and 2, = ==& is the critical Choquard exponent in view of (1.3.15). In the case of doubly

non-local equation, Giacomoni et al. [46] investigated H® versus C°- weighted minimizers

of the functional associated to (1.3.26).

But, to the best of our knowledge, there is no such work regarding Sobolev versus
Holder minimizers for the problems involving the fractional p-Laplacian and critical (or
sub-critical) Choquard type nonlinearity. Also, the tools used in [44, 46] to prove this
result can not be adapted for the general case of 1 < p < co. Therefore, we establish this

result for the problem (#3) considering the degenerate case (p > 2).

Finally, we show that if problem (£?3) has a weak sub-solution and a weak supersolu-
tion, then it attains a solution in between the sub-super solutions pair, which also appears
as a local minimizer of the associated energy functional to the problem (£5) in W;*()

topology.

For doubly non-local problems like (£3), the main difficulty arises due to the non-Hilbert
nature of the solution space and the presence of the nonlinear operator (—A)%, as well as,

the non-local nonlinearity of Choquard type. Hence, most of the results and techniques
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that were used in establishing the similar kind of regularity results in the fractional Lapla-
cian or in the local Laplacian set up (for instance, see [43, 46, 73]) are not applicable to
our problem (Z3). Therefore, we need to carry out some extra delicate analysis in our
proofs to overcome the stated difficulties. In [100], the regularity of solutions of critical
Choquard equations involving the p-Laplacian is posed as an open problem and in this
work, we come up with the answer to it. In this regard, we would like to remark that the
regularity results we establish for the problem (£73) are also valid in the local p-Laplacian

framework, which are also new to the literature.

1.3.5 Non-local elliptic system involving fractional p(-)- Lapla-
cian

The last chapter of the thesis encompasses the study of the following non-local elliptic

system involving variable exponents:

(=) = A a(@)ul"®2u + 28 (@)l @ 2o, 2 € 0,
(24) (—A)3v = ¢ b(@)o @2 + S (@) |v] 2@ 2o[ulf®), e Q,
u=v =0, ZL‘ERN\Q,

where Q ¢ RY, N > 2, is a bounded domain with Lipschitz boundary, \,¢ > 0 are the
parameters, s € (0,1), p(-,-) € C(RN x RY, (1, 00)) with sp*™ < N. Here r(-),a(-), B(:) €
C(9,(1,00)) are the variable exponents and a(-),b(:),c(:) : @ — [0,00) are the non-

negative weight functions with some appropriate integrability assumption.

Using the Nehari manifold and the fibering map, in the case of local p-Laplacian, Brown
and Wu [111] obtained multiple solutions of an elliptic system with sign changing weight
functions and concave-convex nonlinearities. In the non-local set up, Sreenadh and Goyal
[49] studied the same for the single fractional p-Laplacian equation . Also, we cite [26]
where the authors studied the fractional p-Laplacian system involving concave-convex
nonlinearities via Nehari manifold and fibering map. In [42], Pucci et al. modified the def-

inition of Nehari manifold and fibering map for the fractional (p, ¢)-Laplacian system and
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studied the corresponding Dirichlet problem. Recently Alves et al. [3] used this Nehari
manifold method to prove the multiplicity of solutions for local p(-)-Laplacian problems

in the whole of RV .

Motivated by the above works, we address the multiplicity of the solutions of the non-
local elliptic system with variable exponents involving concave and convex nonlinearities
using the analysis of the fibering map and Nehari manifold. We also show that the solu-
tions are non-negative. We note that the Nehari manifold approach through the fibering
map analysis for the functional involving variable exponents is interesting due to the non-
homogeneity that arises from the variable exponents. It is also worth mentioning that due
to the presence of the variable exponents, most of the estimates do not hold immediately,
unlike in the constant exponent set-up. Hence, in our present work, we need to carry out
some extra careful analysis to overcome this issue. To the best of our knowledge, this is the
first work dealing with existence of non-negative solutions of a fractional p(-)-Laplacian

system involving concave and convex nonlinearities, using fibering map approach.

Note: Throughout this thesis, C, C;, K;, ¢ € N, are considered to be generic positive

constants, which may vary from line to line and chapter to chapter.
Organization of the Thesis

We present the entire work of this thesis in six chapters as described below.

e Chapter 1: Introduction

e Chapter 2: Variable order fractional Sobolev spaces with variable exponents

e Chapter 3: Non-local problems involving generalized Choquard type nonlinearity

e Chapter 4: Kirchhoff-Choquard equations without Ambrosetti-Rabinowitz type
condition

e Chapter 5: Regularity results for doubly non-local problems

e Chapter 6: Non-local elliptic system involving fractional p(-)-Laplacian
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Variable order fractional Sobolev spaces

with variable exponents

2.1 The spaces

In this chapter, we introduce variable order fractional Sobolev spaces with variable expo-
nents and the associated norms. We further establish the embedding results and funda-
mental functional properties of these spaces which are used in the subsequent chapters.
Assume that s(-,-) and p(-,-) satisfy (S1) and (P;), respectively. Let 8(-) € C(Q) be
any variable exponent. Then, recalling the definition of the Lebesgue spaces with variable

exponents in [32, 38] and the definition of the fractional Sobolev spaces with variable ex-

ponents in [57], for any open subset € in R we introduce the variable order fractional

27
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Sobolev space with variable exponents as follows:
WS('v')vﬁ(')vp( )(Q

= uELﬁ( uly )‘px,y dxdy < oo, for some 1 >0 5.
Q np(zy ‘.’IJ y‘N—i-s(z,y) p(z,y) ’

For simplicity in notation, we denote W*:)-80)2()(Q) as W, in short. We set

[ ]s(x WPEY) . e n>0: u(y)P=) dxdy < 1
Q np(x ) ’[1; — y’N-S-s z,y)p(z,y) ’

which defines a semi-norm on W. The norm on W is defined as

el = flull oo gy + ™"

On W, we also define the following norm:

: U
|lullw = inf {n >0 pw (5) < 1}’
y)|PEy) .
// lz —y |N+s(x,y) p(2:) xdy+/9|ﬂ| dx

defines a convex modular on W. It is not difficult to show that ||-|lw and |- | are equivalent

where

norms on W with the relation
1
§Hu||W < |ulw < 2||lu|lw, for all u e W. (2.1.1)

Remark 2.1.1. If Ay C Ay are two bounded open sets in RN, then it is easy to check that

[u]S(x,y)p(%y) < [U]S(Ly)p(a‘,y)'

A1 A2

The next two results establish the relation between the norm and the modular functions

on W, as defined above. The proofs follow adapting the similar arguments as in [38].

Proposition 2.1.1. For u € W\ {0}, we have the following:
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(1) Form >0, n=|ullw if and only if pE( ) =1.
(@) pw(u) >1 (=1; <1) if and only if |ullw >1 (=1; < 1), respectively.
+
(iid) If lullw > 1, then [lullfy, < pw (u) < [|ullfy -
(i) If fulw <1, then [[ullfy < pw (u) < [[ulffy .

As a consequence of the above proposition, we can derive the following result:

Proposition 2.1.2. Let u,u, € W,n € N. Then the following statements are equivalent:

() lim_[lun — ullw = 0.

(9) lim pw(up —u) = 0.

n—-+00

2.1.1 Embedding results

Here first we prove the Sobolev type embedding theorem for W = W*(:):80):2(+)(Q), when
the set Q(C RY) is open and bounded. In the proof, we follow the approach as in [57],
in which the authors studied this result for s(-,-) = s, constant. Also, we would like to
mention that we improve the result by including the case 3(x) = p(z), unlike in [57], where

the authors considered S(z) > p(z).

Theorem 2.1.1. Let Q be an open and bounded set in RN, N > 2., with Lipschitz bound-
ary. Assume that s(-,-) and p(-,-) satisfy (S1) and (Py), respectively, with stp™ < N and
B(-) € CL(Q) such that p(x) < B(x), for all x € Q. Then for any y(-) € C(Q) with 1 <
v(z) < pi(x) = #x)px), for all x € Q, there exits a constant C = C(N,s,p,3,7,) >0
such that, for every u € W,

[ull 7 ) < Kllullw
Moreover, this embedding is compact.

Proof. Since p(+), B(:), ¥(-), s are continuous on the compact set Q, it follows that

. Np(x) _
;IE%{W - 'y(:c)} = ko > 0. (2.1.2)

Using (2.1.2) and continuity of the functions p(-,-), 5(-),v(-), and s(-,-), we get a finite
family of disjoint open balls {B’ *_, with radius € = €(p, 3,7, s, ko) satisfying Q C U | B!
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such that

Np(z,y)
N —s(z,y)p(2,y

§ =@ =5 >0 (2.1.3)

for all (z,y) € B; x B; and for x € B;, i = 1,2,...,k, where B; = QN B}, for each
i=1,2,... k. Set

;= inf ). 2.1.4
s (z,y)lenBixBis(z Y) (2.1.4)

Again by using continuity of p(-,-), 5(-), (), and s(-,-), we can choose § = d(kg), with
0<d0<p —1,t €(0,s), and € > 0 such that (2.1.3)-(2.1.4) give us

i, = NJ\_[—]ZM > % + () (2.1.5)
and
B(z) = p(z) > pi, (2.1.6)
forallz € B;,1=1,2,...,k, where
pi = inf  (p(z,y) — 9). (2.1.7)

(2,9)€B; X B;

Indeed, since by (2.1.7), p; = inf  p(z,y) — d(ko) < p(z) < B(x), for each = € By,
(Zvy)EBZXBZ
we have (2.1.6). Using the continuous embedding Wi (B;) < L (B;) (see Proposition

1.2.1), we get a constant C = C (N, p;, t;, €, B;) > 0 such that

1
pz ZTZ
| w HLp,’;i (Bi)S C(]uHLm( (/ / 7= |N+ML dmdy) ) (2.1.8)

k
Since |u(z)| = Z x)|xB,, we have
=1

k
”uHLW(‘>(Q) < Z HUHL’Y(‘)(B,L-)' (2.1.9)
i=1
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Now in the rest of the proof, we consider Kj;, i € N, to be generic positive constants which
may vary from line to line but depends only on p, s, 3,v,¢,Q and B}, where B] denotes
the open ball centered at the origin with radius € > 0.

From (2.1.5), we get that 7(1‘) < p;, forall z € B;, i = 1,...,k. Hence we can choose
a;(-) € C+ () such that ﬁ = o + ( 5- By applying Lemma 1.2.3, we obtain

ooy < Kellul g,y Wlmogay < Kallll o (2:1.10)
Hence, from (2.1.9) and (2.1.10), we deduce
k
o) < Ka Y ol (21.11)
1=
Now using (2.1.6) and arguing in a similar way as above, we obtain
Z lullzri 8,y < Ksllull sy a)- (2.1.12)
Next, for each i = 1,..., k, we can choose b;(-,-) € C;(B; X B;) such that
-4 . (2.1.13)
pi p(x,y)  bi(w,y) -
We define a measure dji on B; x B; as
dxd
o4y (2.1.14)

dii(z,y) = |z — y [N+ (t—s(@m)pi

Also, we define the function U : B; x B; — R as U(z,y) = %, x # y. Using
Holder’s inequality combining with (2.1.13) and (2.1.14), it follows that there exist some

constants Kg, K7 > 0 such that

|pl )\ pi dzdy B
|x _ ‘N-Hlpz |x _ y| |z — y|N+(trS(w,y))p¢
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(/ / (z,9))" dfi(x, y)>pli

< Ks ||U||LP(-~>(,1, B; xB;) ||1HLbz‘(‘!')(ﬁ7 B;xB;)

< Ko Ul o, povy (2.1.15)
Now let X > 0 be such that
/ / 7% 7%6 yﬁi’v) ﬁ((ji)p(r,y) dady < 1. (2.1.16)
Choose
d; := sup {1, sup |z — y\s(’”’y)ti} and \; = Nd,. (2.1.17)
(z,y)EB; X B;

Combining (2.1.16) and (2.1.17), we deduce

U x’ p(w,y) _
/ / <(y>> dfi(x, y)
)| p(z,y) dwdy
A \m _ |s(z,y & — | Vs )ps
_/‘/ o= yCED I fufa) — D
) ; d.P(%y) (/\/)P(xvy) |.T - y|N+s(a:,y)p(x,y)

(y)|p(w,y)
/ / dxdy < 1.
(\)P p(z y) \x |N+s(z,y)p(rﬂ,y)

Thus from the last relation, we obtain ||Ul| ¢z, B,xp,) < A = Nd;, which together

with Remark 2.1.1 implies that
WUl oo, By < Kslul g™ < Kslulg ™7, (2.1.18)

where Kg = {rlnzax }{d i} > 1. Taking into account (2.1.15) and (2.1.18), we get
i€ ) 7

1
pl Py s(x x
Ol Y = IV gedy ) < Kglu]2®9) 2@y 2.1.19
‘w_ ’N-i—tp Q

From (2.1.19), we infer that
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m

)" " () p(,9)
e dady | < Kolug Y. (2.1.20)
‘x_y‘N%pz Q

=1

Thus, using (2.1.8), (2.1.11), (2.1.12) and (2.1.20), we deduce

k
lull ooy < Ka 3l ot
i=1
1
- Ju@) —uy)P N\
< Ko || ppi(B;) + (/ ——==dxdy
;(u gy, !
< Ku (llull oo + G 7) = Clullw, (2.1.21)

where the constant C' := C(N, s, p, 8,7,2) > 0. This proves that the space W is continu-
ously embedded in L7)(Q).

Now for showing the compactness of the embedding (2.1.21), let us consider u,, — u
weakly in W as n — +oo. Since by (2.1.5) and (2.1.19), W — WPi(Q);), we have
u, — u weakly in W'Pi(Q;) as m — +o0o. Now using continuous embedding W'-Pi(B;) —
LPh (B;) (see Proposition 1.2.1), it follows that up to a sub-sequence, still denoted by {u,},
un — u strongly in LP% (B;) which eventually, together with (2.1.21) yields that u, — u
strongly in LY)(Q) as n — +o0. Hence, W << LY)(Q). This completes the proof of
the theorem. O

Next, we have the Sobolev type embedding theorem for W = Ws(:):A0)p() (RN,
The proof follows using the similar arguments as in [50], in which the authors considered
the case s(z,y) = s, constant and B(z) = p(x). But here we refine the result by taking
B(x) > p(x) and s(-,-) to be of variable growth.

Theorem 2.1.2. Let Q = RY and s(-,-) and p(-,-) be uniformly continuous functions

satisfying (S1) and (P1), respectively, with stpt < N. Assume that y(-) € CL(RY) is uni-

formly continuous function such that y(z) > p(x), for allz € RY and inf (ps(z) —y(x)) >
z€R
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0. Then there exists a positive constant C := C(s,p, N,~, ) such that, for every u € W,
[ullw < Cllull pro @y (2.1.22)

Moreover, if v(-) € C+(RN) satisfies y(x) < pi(x), for all x € RN, we have the compact
embedding

W s LTORN). (2.1.23)

loc

Proof. It is sufficient to prove the theorem for the case inf, g~ (7(z) —p(z)) > 0. Now we
can express RV as RY = U2, Qi, where Q; is the cube parallel to the co-ordinate axes of

side length e >0 for i =1,2,3,---. Set

C o= inf T,Y), S; = inf s(x,y), v; := inf + .= su x).
Pi (I:y)GQiXQip( v) ‘ (2,9)EQi X Q; () i IEQzV( z), i a:GCIQ)i,Y( )

Using the uniform continuity of p(-,-) and (-), we can choose € > 0 sufficiently small and

€ (0,s; ) such that, on every @, the following holds:

Nn.
= #, for all = € Q;. (2.1.24)
N —tip;

Let w € W\ {0}. Set v :=

. Then using Proposition 2.1.1, we obtain

|v\ﬁ da + () dady = 1 (2.1.25)
RN JRN |g; — y]NJrS(fU,y)p(x Y) / o

The last relation implies that

B@)q WD <1, for all
|v| T+ | |N+( s dedy < 1, or alli € N. (2.1.26)
T — s(z,

Here in the rest of the proof, we consider C' to be a generic positive constant which may
vary from line to line but depends only on p, s, 3,7, € and ()1, where (1 denotes the cube

centered at the origin with sides of length ¢ > 0 and parallel to the coordinate axes. By
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Lemma 1.2.4, we get

vl @iy < Clivll, ¢ o (2.1.27)
Again using Lemma 1.2.4 and (2.1.24), we have
10007 g, = ClVlLso @0 (2.1.28)
Set W; := W*(:):B8002()(Q;). Then, arguing in a similar way as obtained in [50, (3.22)]
and using (2.1.28), we deduce
1ol ez gy = CllYlIw- (2.1.29)

Arguing as in [30, Proof Theorem 5.4] with a translation, we can find an extension v €

WitPi (RV) with compact support in R such that ¥ = v on @, and the following holds:

< _ . 2.1.
150t gy < Cloly oo (2:1.30)
Now from Proposition 1.2.2, it follows that
7 _ < C oy _ ,
||UHL<pti)*(RN) — ”vHWti,Pi (RN)
which implies that
< . 2.1.31
Wl o = CIPlpenr gy (2.1.31)

By taking into account (2.1.27)-(2.1.31), there exists a positive constant C' such that
vl 26 (s < Cllvllw,,  foralli € N. (2.1.32)

Now for further estimating (2.1.32), we require to consider the following two cases:
Case ||v|[+()(q,) = 1: Then using Lemma 1.2.1, Proposition 2.1.1, (2.1.26), and (2.1.32),

we get

+ +
e < ol g < € il
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'y+

L_)'_
<C”Yz |v|ﬂ(‘” dx + y)P dzdy "
o \x—y\Nﬂ )
i Be) )]
<C (/ ] da:—i—/l/l‘:B ‘N+s oD (xy)dazdy>.

Case |[|v[|;()(g,) < 1: Then again combining Lemma 1.2.1, Proposition 2.1.1, (2.1.26),

and (2.1.32), we obtain

[ e < 0l g < O il

o 5(z) )] "
<O / |v] dw+/ / ‘x_ ‘N+s(r,y) o) 104

o 5(a) )l
< C% |v| dw—{—/ / \x—y\]\“rs P (my)dl‘dy .

Therefore, in both the cases, for any 7« € N, we have

+(2) Lot B) Y
/QZM da:ﬁ(C +C (/ v dl‘+/ / \x—y\N“ ’y)(ﬁy)dwdy>.

Summing up the last inequality over all i € N and using (2.1.25), we obtain

/ lw[@de < 07 4+ 7.
RN

Thus, by closed graph theorem we infer that W — LY()(RY) and hence, we get (2.1.22).

Next, we prove the compactness of this embedding. Let B be any ball in RY. Let
Uy, — 0 weakly in W*¢:)B8026)NRN) and hence, u,, — 0 weakly in W5(:).80)2()(B) as
n — +o0. Now applying Theorem 2.1.1, we get u, — 0 in L) (B). This completes the

proof of the theorem. ]

Remark 2.1.2. Note that the exponent p%(x) := #:E))(r) is termed as the Sobolev type

critical exponent with variable order and variable exponent in the fractional framework.
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2.1.2 Functional properties of the spaces

In this sub-section, we discuss the completeness, uniform convexity, separability, and den-

sity properties of the space W.
Lemma 2.1.1. (W,|| - |lw) is a Banach space.

Proof. Let {u,} be a Cauchy sequence in W. For any € > 0 there exists N, € N such that
if n,k > N,

lun — ugllw <e. (2.1.33)

Now using Theorem 2.1.1, (2.1.33), and the fact that (L#0)(Q), ]| - [180) () is a Banach
space, we get that there exists u € LA()(Q) such that u, — u in L?()(Q) strongly as
n — +o0. So, there exists a subsequence {u,,} such that u,, () — u(x) a.e. x € . By

Fatou’s lemma, (1.2.12), and (2.1.33) with € = 1, we obtain

y)[P(ey)
/ /Q o — y\N+s(x,y) by W

B |t () — un () P&V
<
= E&i{,l;f/ |z — y|Nt+s(@v)p(y) Gy

< liminf
n—-+00

< 2r" 1iminf // (lun(®) — un, (®)) — (un(y) _uN1(y))’p(m’y) dady
QJQ

n——+o00 ll' i y’NJrs(x,y)p(x,y)

|un, (z) = un, (y)[P@Y)
b /Q a |z —y/Nts@ypy) dmdy]

JRECETEE () - () - () — )P

_ (z.y)
pt |uN1 (LL’) UN, (y)’p
<2 [1 +/Q e G dmdy] < 0. (2.1.34)

Therefore, u € W. Now again (2.1.33) together with Fatou’s lemma implies that, for all

ny 2 N67
pw (un — u) < liminf py (up — up,) < e (2.1.35)
j—00
Finally, from Proposition 2.1.2, we infer that u,, — win W as n — +o0. Hence, (W, | - |lw)

TH-2705_156123025



3&VARIABLE ORDER FRACTIONAL SOBOLEV SPACES WITH VARIABLE EXPONENTS

is a Banach space. O
Lemma 2.1.2. The space (W, | - |lw) is uniformly convez, reflexive, and separable.

Proof. For proving uniform convexity of W, we define the map T' : W — LB(')(Q) X
LG (Q x Q) as

T(u):@m,' Ju( — u(y)| )

€T — y|s(x’y)+;v(i\{y)
The norm on L) (Q) x LPC)(Q x Q) is given as
lull = llullzso @) + Il Lo @xa)-

Clearly T is an isometry. Hence, T'(W) is uniformly convex being a closed subspace of the
uniformly convex Banach space L#()(Q) x LPG)(Q x Q) (see [18, Proposition 3.20]) and
consequently, W is uniformly convex and hence, it is reflexive. Arguing similarly, we get

that W is separable (see [18, Proposition 3.25]). O

Next, we have the following density result. For proving this result, we adapt the approach
as in [10], in which the authors studied the same result for s(-,:) = s, constant. For

completeness, we give the proof here.
Lemma 2.1.3. If Q = RY| the space C°(RY) is a dense subspace of W.

Proof. Let u € W. Take o € C§°(RN) such that ¢ > 0 with supp(p) C A and

/Ago(a:)da; = 1.

We set u, as the mollifier of u, that is,

Ue 1= / pe(z —yuly)dy, = €RY,
RN
where ¢(z) = ¢ N (Z). Since u € LAO(RN) and Cg°(RVN) is dense in L) (RY), we get

[ue — ull sy mry = 0 ase—0. (2.1.36)
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We claim that

_ _ p(z,y)
/N /N b |xu >|N—&1—Ls€(xy))tr1;()y>‘ dedy -0 ase—0. (2.1.37)
RN JR - ’

First using Lemma 1.2.3 together with Tonelli’s theorem and Fubini’s theorem, we deduce

|u€ - U ) — uﬁ(y) + (y)|p(ac,y) dl'd
RN JRN — y|Ns(@u)p(@y) /

_ / fRN w(z —w) — u(y — w))pe(w)dw — u(x) + u(y)]p(x,y)
R

|z — gy|Nbs(zwp(z,y)

dxdy

N JRN
u(r — ew) —u(y — ew) —u(zr) + u(y))gp(w)dw]p(x’y) dod
RN JRN |z — y|N+s(@vp(.y) ray
< (meas(A))P~ P 1

[ 4 lu(z = ew) — uly — ew) — u(x) + u(y) PV PV (w)dw]
RN JRN |z — y|N+s(zv)p(zy)

dxdy

< (meas(fl))p_“ﬁ*1

X _ _ _ p(z,y) ,p(x,y)
[ [ e~ uly— ) ule) PP ),
RN JRN JA |z —

y|N+8(w7y)p(x,y)

< (meas(A))P" 7 1

/ / / u(z — ew) — uly — ew) — u(x) + u(y)PEY (P~ (w) + P (w))dxdydw
RN JRN JA |

|z — y|N+s(z)p(ay)

(2.1.38)

Next, we have

u(z — ew) — u(y — ezw) — u(z) + u(y)[P@Y)
/]RN /RN ’( ) ’:C(— y|N+8(lyy)p(ﬂ(E,yg ) drdy — 0 ase— 0. (2.1.39)

Indeed, we fix w € A and set z := (w,w) € RY xRN, Define the function v : RN xRN — R

as

o) = (D=t

1
p(z,y)
_ y|N+s(x,y)p(x,y)> ’ for all (1:, y) € RN X RN-

Clearly v € LPC)(RN x RN). Again using the fact that C$°(RY x RY) is dense in
LPC)(RN % RN we get that for a given € > 0, there exists h € C°(RY x RY) such
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that [|v — Al foc.) @y xry) < %/, which implies

[o(- = €2) = vl oty @y xrwy < Nlo(- = €2) = h(- = €2)l| ot @y xrvy

+ [|A(- —e2) — hHLP("')(RNXRN) + v — h”Lp(w->(RNxRN)

™M
~

<o+o+5=¢,

W | M
| M

3
for ¢ sufficiently small. Therefore we get (2.1.39). Furthermore, for a.e. w € A and for

any € > 0, using (1.2.12), we have

- + wz —ew) — u(y — ew) — u(x) + uly)[PEY)
(P (w) + P (w))/RN/RN’ ( ) = (y ) (z) +u(y)l ydxdy

_ y|N+s z,y)p(z,y)

_ _ _ p(z,y)
< ot L gp" / / lu(z — ew) — u(y — ew)]
¥ () v U |x_y|N+sxy> pa) oy
)|p$y)
/RN /RN oy \N+s(z,y> s L)
< P (P WP gy e 10 2.1.4
< 2" (@ (w) /RN/Rm—yw e dedy € L(A).  (2.1.40)

Therefore, combining (2.1.39) and (2.1.40) and using Lebesgue dominated convergence

theorem, we obtain

_ _ 4 _ (zy)
p(e.y) [u(z — ew) — uly — ew) — u(z) + u(y)
/A@ (w) /RN /RN z - gV e dxdydw — 0 as e — 0.

Hence, (2.1.37) holds true. Finally, we conclude the proof of the lemma from (2.1.36) and
(2.1.37). 0

2.1.3 Functional spaces for non-local Dirichlet BVP

To study non-local problems involving the operator (—A) E )) with Dirichlet boundary data
via variational methods, we define another new fractional type variable order Sobolev
spaces with variable exponents. One can refer to [15] and references therein for this type
of spaces in the fractional p-Laplacian framework. Let €2 be an open bounded subset of

RYN. Assume that (S7), (P1) hold true and the variable exponent 3(-) € C () such that
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B(x) > p(z), for all x € Q. Set Q := (RN x RV)\ (RV\ ) x (RN \ Q)) and define

XS(','),B(')vp('v‘) (Q) = {u . RN — R : U‘Q € Lﬁ() (Q)7

(@) — u(y) )
0 nP@Y) | — y|N+s(@y)p(.y)

dxdy < oo, for some 1 > O}.

The space X*:):80)()(Q) is a normed linear space equipped with the following norm:

,_ - : |u(z) — uly) P
[wll xs¢0.800000 ) = llull Locy(q) + inf {77 >0: /Q D g N EDPED) dzxdy < 1}.

Next, for any open and bounded set @ c RY, we define the following subspace of

Ws('v')vﬁ(')vp("') (RN)
x50POPEN(Q) = fu e W BOPCIRN) ¢y = 0 ae. in Q.

From now on wards, we denote Xg(”')’ﬁ(')’p("')(fl) by Xp, in short. By Lemma 2.1.3, it
follows that C§°(€2) is dense in Xj. It can be verified that the following defines a norm on

XQZ

) u
||lullx, := inf {17 > 0: px, (Z) < 1},

where px, : Xo = R is the modular function, defined as

)|p z,y)
pxol /]RN /RN |z — ‘N+S(w,y) p(z.y) dxdy, for u e Xo. (2.1.41)

The interplay between the norm in Xy and the modular function px, can be studied in

the following lemmas:

Lemma 2.1.4. Let u € Xg and px, be defined as in (2.1.41). Then we have the following
results:

(1) llullx, <U(=1;>1) <= px,(u) <1(=1;>1).

(@) If ullxo > 1, then [ully, < pxo(u) < [lulli).

+
(ii1) If llullx, <1, then [lulll, < px,(u) < ull,
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Lemma 2.1.5. Let u,u, € Xg, n € N. Then the following statements are equivalent:

() lim [l — ullx, = 0.

(@)  lm pxo(un —u) = 0.
The proofs of Lemma 2.1.4 and Lemma 2.1.5 follow in the same line as the proofs of
Theorem 3.1 and Theorem 3.2, respectively, in [38].
Now we study the following Sobolev type embedding theorem for the space Xy. The
proof of this theorem is motivated by [9], where the author studied the result, for s(-,) = s,

constant.

Theorem 2.1.3. Let Q be an open and bounded set in RN, N > 2, with Lipschitz bound-
ary. Assume that s(-,-) and p(-,-) satisfy (S1) and (Py), respectively, with sTpt < N and
B(-) € CL(Q) such that p(z) < B(x) < pi(x), for all x € Q. Then for any v € C(Q) with
1 < y(z) < pi(x), for all x € Q, there exits a constant C = C(N, s,p,7,3,Q) > 0 such
that, for every u € Xy,

[l vy ) < Cllullxo-

Moreover, this embedding is compact.

Proof. First we note that, using Tietze extension theorem, we can extend 5(-) and ()
on R¥ continuously, such that p(x) < B(z) < pi(x) and 1 < y(z) < pi(x), for all z € RY.

Next, we claim that there exists a constant C’ > 0 such that
1
HUHL»’J’(‘)(Q) < 5”U||X0, for all u € Xj. (2.1.42)

This is equivalent to proving that, for A := {u € Xo : |lullpsc) ) = 1}, 5161£||u||xo is
achieved. Let {u,} C A be a minimizing sequence, that is, ||u||x, 4 infuea ||ullx, := C’
as n — +oo. This implies that {u,} is bounded in Xy and LP()(Q) and hence, in W.
Therefore, up to a sub-sequence, still denoted by {u,}, un, — up in W as n — +oo. Now
from Theorem 2.1.1, it follows that u, — ug strongly in L?()(Q) as n — 400. We extend

up to RY by setting ug(z) = 0 on z € RV \ Q. This implies u,(z) — ug(z) a.e. z € RY as
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n — +o0o0. Hence by using Fatou’s Lemma, we have

[uo () — uo(y)[P"¥) () — 1 () [PEY)
<
/RN /RN |z — y|N+s(@y)py) drdy < lﬁgfolof ry Jry |z — y|NEs@y)p(e.y) dxdy,

which implies that ||uo||x, < liminf,—oolltn|x, = C" and thus, ug € Xo. Also, since

[uoll s ) = 1, we get that ug € A. Therefore, |luolx, = C’. This proves (2.1.42). and
hence, from (2.1.42), it follows that

z 1
leallw = el gy - [l ™) < | oy + llulloo < (14 ) el o

This implies that X is continuously embedded in W. As Theorem 2.1.1 gives that W is
continuously embedded in LV(')(Q), it follows that there exists a constant C'(N, s, p,, 3, 2)
> 0 such that

[ull 7oy ) < C(N, 8, 0,7, B, D) [ull x, - (2.1.43)

Next, we prove that the embedding given in (2.1.43) is compact. Let {v,} be a bounded
sequence in Xo. This implies that {v,} is bounded in . Hence using Theorem 2.1.1, we
infer that there exists vg € LY()(Q) such that, up to a subsequence, still denoted by {v,,},

vy, — o strongly in LY0)(Q) as n — +oo. This completes the theorem. O

Using Theorem 2.1.3 together with the fact that X is a closed subspace of the separable
reflexive Banach space W = W*(:):80)2() (RN with respect to the norm || - ||y, we have

the following proposition:

Proposition 2.1.3. (X, || - ||x,) s a uniformly convex, reflexive, and separable Banach

space.

Remark 2.1.3. From now on-wards, in the subsequent chapters, we consider f(x) = p(x)

and for brevity, we still denote the space XS(')’ﬁ(')’p("')(Q) by Xo.
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2.2 Conclusion

In this chapter, first we have defined a new type of variable order fractional Sobolev spaces
with variable exponents and then we have established the basic functional properties
such as, completeness, separability, reflexivity, density, etc., for these spaces. The main
highlight of this chapter is proving the continuous and compact embedding of the variable
order fractional Sobolev spaces with variable exponents into appropriate variable exponent
Lebesgue spaces, for sTp™ < N. Here we would like to mention that we have improved the
embedding results as proved in [50, 57] by imposing variable growth in the order s and by
considering 3(z) > p(x), for all 2 € RV, O
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Non-local problems involving generalized

Choquard type nonlinearity

In this chapter, we study the existence of solutions of the non-local problem involving
the operator —(A)ZE)) with Choquard type nonlinearity. First we establish a Hardy-
Littlewood-Sobolev type inequality appropriate for the functions belonging to variable
order fractional Sobolev spaces with variable exponents. Then using this inequality, we
study the existence and multiplicity of solutions for some generalized Choquard equations

involving variable-order fractional p(-)-Laplacian.

45
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3.1 Hardy-Littlewood-Sobolev inequality type re-
sult in W*()P0P0)(RY) framework

For studying Choquard type problem with non-local operator involving variable order
and variable exponents, we require the theorem stated below. We consider the variable

exponent pu(-, ) satisfying the following assumption:

(1) p: RY xRN — R is uniformly continuous and symmetric function, that is, u(x,y) =

w(y, x), for all (z,y) € RV x RN, with 0 < u~ < pu™ < N.

Theorem 3.1.1. Let s(-,-) and p(-,-) be uniformly continuous functions on RY x RN
satisfying (S1) and (Py), respectively, with stp™ < N and let p(-,-) satisfy (p1). Assume
that g € C (RN x RN) such that

2
+ wz.y) =2, for all (z,y) € RN x RY.

q(z,y) N

Set M = {r(-) € CL(RY) : p(z,z) < r(z)q~ < r(z)g" < pi(z), for allz € RN}. Then

for w e WeIPOXI(RY) and 7() € M, we have [ul® € LT ®Y) 0 LT RY) with
()] u( )|’"( ) r0) .
-1
/RN /]RN |z — y\u drdy < C <|Hu| HLq+ (RN) + |[ful™ ” ]RN)> (3.1.1)

where C' > 0 is a constant, independent of u.

To prove the above theorem, first we establish the following Hardy-Littlewood-Sobolev
inequality type result in the variable exponents framework for two-point functions p(-,-)
and q(-,-) defined in RY x RY. In [4], Alves et al. established the Hardy-Littlewood-
Sobolev type result for variable exponents taking p(-), ¢(-) as one-point functions defined

in RV,

Proposition 3.1.1. Let p(-,-), q(-,+) be any two uniformly continuous functions satisfying

(P1) and let p(-,-) satisfy (u1) such that the following relation holds:

1 1 z,
n w(z,y)

p(z,y) * q(z,y) N 2. (3.1.2)
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Assume that there exist two sequences {(zn,yn)} and {(x),y5)} in RN x RN such that

lim p(xn,yn) = pt, Jm q(an, ya) = q" and nli)gloop(ximy;) =p, ngrfmq(w%,yé) =

n—-+o00

¢ . Then for h e LP" (RN)YN LY (RN) and g € L1 (RN) N LY (RY), we have

h(z)g(y)
L L ey < 1 (10 oyl oy + Il oy Il e )
where C' := C(p,q,pu, N) > 0 is a constant, independent of h and g.

Proof. Using (3.1.2), first we obtain the following upper bound on x(-,-). We have

1 1
t = = 2N i 1— - <N (1—-———].
e HBY) n=so0 < 2p(x,y) QQ(:C,y)> - 2pt  2¢*

Also, from the continuity assumption on w(-,-), p(+,), and q(-, ), we get

1 1
li =2N i 1- -

_onf1- L L)
2pt  2q¢T

This implies that u+ = 2N (1 = 2’% = 2q+) Similarly, we have u= = 2N ( ﬁ — ﬁ) .

Now, using the Hardy-Littlewood-Sobolev inequality for constant exponent (see (1.3.15)),

we have the following estimate.

<C (HhHLp*(RN)||g||Lq+(RN) + HhHLp* (RN)HgHLq*(RNQ )

This completes the proof of the proposition. O

Proof of Theorem 3.1.1: Using Theorem 2.1.2, it is easy to check that for v €
Wst)POPCRNY ) we have |u"®) € LT (RN) N L7 (RY). Now the proof follows by
taking h(z) = g(z) = |u"® and ¢(z,y) = p(z,y) in Proposition 3.1.1. O
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Remark 3.1.1. From Theorem 8.1.1, we can define the variable order and variable expo-

nent Hardy-Littlewood-Sobolev critical exponent as

pi(z) _ plx) ( 2N — () ) ,

P =Ty = 5 \ N st

where G(x) = q(x,z) and fi(z) = p(z, ), for all z € RV,

3.2 Existence of solution of non-local problem with
purely Choquard type nonlinearity

In this section, we study the existence of the solution of the following variable order non-
local Choquard equation with variable exponents:

Capdue) = ([ FESy) jeuto), e

|z — y|r@) (3.2.3)

u =0, r € RV\ Q,

where (2 is a bounded domain in RY with Lipschitz boundary, s(-,-), p(,-), and pu(-,-)
satisfy (S1), (P1), and (u1), respectively. The nonlinearity f € C(2 x Q,R) and F(x,t) =

fo x,7)dr a.e. x € Q with the following assumptions:

(Fy) There exists a constant My > 0 and a function 7(-) € C; (RY) N M with r— > p*
such that
|f(z,t)| < Mo(|t]"® 1Y), for all (z,t) € 2 x R.

(Fy) There exist a constant v > p* such that 0 < vF(z,t) < 2tf(x,t), for all t € R\ {0}

and for a.e. £ € Q.

Definition 3.2.1. The energy functional 7 : Xo — R associated to (3.2.3) is defined as

p(x,y)
0 [ s L P
RN JRN P x Y ’x— ’N+S$y)P($7y ‘:L‘— ‘u(z,y

(3.2.4)
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Note that the first term in the definition of ¢ is C'. Set

// !w—y!“ 7U(y))’ we o

Now under the assumption (F}), we study the differentiability of the functional ¥. The

proof follows using the similar argument as in [4, Section 3|. For completeness, we give

the proof here.

Lemma 3.2.1. The functional ¥ is well defined and belongs to C*(Xo,R) with

for all u,v € Xo, where (-,-)x, denotes the dual pairing between Xy and its topological

dual X;.

Proof. By (F1) and Proposition 3.1.1, ¥ is well defined. Now we divide the proof into
three parts:
Step 1: First we show the existence of the Fréchet derivative. Let u,v € Xy and ¢ €

[—1,1]. Then we have

U(u+ tv) — ¥(u)

t
B AL RSO R BTG LRI P

t‘x — y‘#(w,y)
Set

F(z,u(r) + tv(z))(F(y, u(y) + tv(y)) — F(y,u(y))
'

F(y, u(y)) (F(z, u(z) + tv(z)) — F(z,u(z)))
t

+

By the mean value theorem, there exist 6(x,t),&(y,t) € [0,1] such that

Fy,u(y) +tv(y)) — F(y,u(y)) = f(y, u(y) + &y, t)tv(y))v(y)t
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and

F(z,u(z) + tv(z)) — F(z,u(z)) = f(z,u(z) + 0(z, t)tv(x))v(x)t.

From (3.2.5), we have

\I/(u—i—tv 33 u u(y))v(y)dl'd < ‘At| + |At‘
|$—y|”xy AR 1 210

where

¢ F(z, u(z) + to(2)) f(y, uly) + £(y, tv(y))v(y) = Fz, u(@) f(y, uly))v(y)) ,
=L 2oy o

and

= [ [ FIG00) o) 0 DnaDite) - s ) ),

2|;p — y|#(xyy)

Using (u1) and Fubini’s Theorem, we deduce

//quyx_yymy) iy _//Fy, !x—ylﬂ(ygﬂ)» D iyda
//F% ].r—y]#(ygﬂ))) iz
/JRN /RN = |:L‘—y|#(:vg 2 (x)dxdy-

Therefore, A} can be rewritten as

AL = ;/ / F(ym(y))f(%lt(x)+9(w7t)tv(w))v($)—F(%U(y))f(%U(Jf))v(x)dxdy'

’x — y’#(%w

Then using Proposition 3.1.1, we obtain

| 45] < CIFC )l ot o I (o u+ 00 )v)o = f(u)v]l o+
+ CIEC )l o Il F Cu+ 00, v)o = - u)oll o= (o)

where the constant C' > 0 is independent of u, v, 6. Since 0(x,t) € [0,1] and t € [—1, 1], by
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(FY), we get

+

|f (@, u(@) + 0t z)to(x))v(z) — f(z, u(@))o(z)|?
< C(Ju(@)|” @O D)7 + [o(@)|7 ), (3.2.6)

where C' > 0 is some constant that does not depend on u,v,0. Now Theorem 2.1.3 en-
sure that the right-hand side of the inequality (3.2.6) is integrable. Thus, the Lebesgue

dominated convergence theorem implies that
IfCu+0(,t)v)v — f(-,u)v||Lq+(Q) -0 as t—0.
Similarly, we get
£ (-, u+6(-, t)tw)v — f(',u)UHLq—(RN) —0 as t—0.

The last two limits yield that A% — 0 as ¢ — 0. Now we have the following estimation on

A’i:

g 'l |F'(, w(@))]| f(y, u(y) + &y, tv(y))v(y) — f(y,v(y))v(y)|
4% <5 /Q /Q dady

‘x — yl/‘(xay)
1 £ (Y, uly) + £(y, )tv(y)) o) F(z, u(@) + to(z)) — F(z, u(z))|
7 /Q/Q | — y|ry) e

Arguing as above, we deduce

// |F(:c,u(a:))||f(y,U(y)+£(y,t)tv(y))v(y)—f(y,v(y))v(y)ldxdy_m
QJQ

’CL‘ — y|#(5’3:y)

as t — 0. Again, by the Lebesgue dominated convergence theorem, we have that
||F(-,u—|—tv)—F(-,u)HLq+(Q) —0ast—0 (3.2.7)

and

| F(-,u+tv) = F(-, u) —0ast— 0. (3.2.8)

@
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As in (3.2.6), ||f(-,u + {(-,t)tv)v\|Lq+(Q) and || f(-,u + 5(-,t)tv)v||Lq—(Q) are uniformly
bounded by a constant which is independent of ¢ € [—1,1]. Thus, Proposition 3.1.1,
(3.2.7), and (3.2.8) give us

// [ (v, uly) + &y, v @) v W) F (2, u(z) + to(z)) — F(, u(z ))’dxdy—>0

’:L‘ — y’ﬂ(l’ay)

as t — 0, and so, A} — 0 as t — 0. Therefore, from the above discussion, we get

gy L)) [ G0 .,

t—0 |1' — y|ﬂ(f’37y

O (u)

Hence, the last relation shows the existence of the Fréchet derivative =

Step 2: Next, we prove that 8(\91/((.1;) € X§, for all u € X .

Clearly 1()“) is linear at v for each fixed u. Next, we aim to show that
ov
‘ GE)U) < Cyllv||, for all v € X, (3.2.9)

where C, > 0 is a constant, independent of v € Xy. From (F}) and Proposition 3.1.1, we

obtain

Fa, u(@))f (y, w(y))v(y)

‘x — y‘#(zzy

da:dy‘ < CIIEC wll o o 1 (vl o+ o (3.2.10)

+ C||F (-, U)HLq*(Q) (- U)UHLq*(Q)a

where C' > 0 is a constant that does not depend on u,v. If ||v]|x, < 1, then using Lemma

1.2.1, Lemma 1.2.3, Lemma 1.2.5, (F}), and Theorem 2.1.3, we deduce

ol @y = [ 17wl dy

+
_fll\ O o R o
LTO-1(Q)

rt—1) gt (r——1)
<5 (I a5 e+ Il o ) Il

(rt-1) -1
< K (Jull," 70 + el %0 ol

< Cuy, (3.2.11)
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where C,,, = K (H HXO T Jull%, - )) and K is a positive constant that does not

depend on u and v. Similarly,
Hf(-,u)vHqu(Q) < Cy,, for all v e Xy with |lv|lx, <1, (3.2.12)

where Cy, = Kj <HUH§;;(T+_1 + [lullk, i _1)) and Ky is a positive constant that does
not depend on u and v. Now combining (3.2.10), (3.2.11), and (3.2.12), we get (3.2.9).

Therefore, for each u € X, %(.)u) € X;, that is, the map v — (‘Négu) is a continuous
linear functional.

Step 3: Finally, we claim that if for any sequence {u,} in Xo, u, — u strongly in Xp,

then

oY (un) 0¥(u)

_ 3.2.13

ollxg<t| 09 v (3:243)
Consider v € X with ||v||x, < 1 and note that

OV (up) |F' (2, un(2)) = F(z, u(@))||f(y, un(y))v(y)]
o= o= e o
//»qu . )0 (w) = o u @),
|z — y|r@y) ’

= A;ﬁ + A%,
By Proposition 3.1.1, we get

A} SCIF(G,un) = FCu)ll ot (o1 G un)vll ot g
+ CIF(C un) = FCw)ll o o) 1F G un)vll o )

where C' > 0 is a constant that does not depend on wu, v, 0. Using the continuity of the
function F' along with (F}), Theorem 2.1.3, and Lebesgue dominated converges theorem,

we obtain
IECy ) = Pl s IFCotn) = o)y g = 0 as n— +oc.

Since {u,} is bounded in X, arguing similarly as obtained in (3.2.11) and (3.2.12), we get
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that the sequences {||f(',un)vHLq+(Q)} and {||f(-,un)v||Lq-(Q)} are bounded. Therefore,

using the last two limits, we have

sup 1Py t) = FCo )l s gy L)l oy = 0 (3.2.14)
ol <1
and
Seu)? | (-, un) — F(‘aU))HLq*(Q)Hf('aUn)”HLq*(Q) —0 (3.2.15)
Iolxg <1
as n — 4o00. Thus,
Al -0 as n— +oo. (3.2.16)
Now we estimate A’%. Note that by Proposition 3.1.1, we get
[ [ eI ) 1l
o — e
S COIFC Wl par oI (G un) = £ u)oll ot g
+ ClIEC u)ll o= @I (F G un) = £ )l pe- g
< C (I un) = FC )0l gt ) + NGy tm) = £ w)oll o ) (3:2.17)

where C' > 0 is some constant, independent of v, u,,n. Now for v € Xy with ||v||x, < 1,

using (F1) together with Lemma 1.2.3, Lemma 1.2.5, and Theorem 2.1.3, we deduce

/Q (F (s tun(9)) — F (s u(@)))o(@)|7 dy

SC(Huan’““H o M o) + a0 e
L™0O)-1(Q) L70)

(rt-1) qt(r——1) (rt-1) r——1)

/\

i

IN

0

+
H!vlq !m-m))

< O (Il 2575 + Taall s + Nl 900 0+l €87 )||v||qq+r()()

(3.2.18)

where the constants C,Cy > 0 do not depend on v, up, n. Thus, using the continuity of f

and Lebesgue dominated convergence theorem, together with (3.2.18), we have
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sup 1 Crun) = fCu)vll o+ ) = 0 as n— 400 (3.2.19)
Ve
ollx, <1

Likewise

su)I() f(un) — f(',u))vHqu(Q) — 0 as n — +oo. (3.2.20)
ve
ol <1

Taking into account (3.2.17), (3.2.19) and (3.2.20), it follows that

| (2, w(@)|[(f (y, un(y) = [y, uly))v(y)|
sup / /Q dxdy — 0 (3.2.21)

vEXy |gj — y|//f(93»y)
llvllx, <1

as n — +oo. Thus, using (3.2.14), (3.2.15), and (3.2.21), we get (3.2.13). Hence, the proof

of the lemma is complete. ]

Thus, using Lemma 3.2.1, we have that _# is well-defined and C! on X with the derivative

J': Xo— X, given as

) [PED=2 (y(z) — u(y))(w(z) — w(y))
S /RN /RN |z — y[Ns@)py) dzdy
/ / F(y,u s u())w(z) dxdy, for u,w € Xj. (3.2.22)
]x — y’# z,y)

We define the weak solution of problem (3.2.3) in the functional space Xy (defined in
Chapter 2) as follows:

Definition 3.2.2. A function u € X is called a weak solution of (3.2.3), if for every

w € X, we have

/ / |p(w:y ?(u(z) — u(y))(w(z) — w(y))dxdy
RN JRN

|z — y|N+s(@y)p(ey)

/ / F(z, u|$ _W 7(5))’!0(@/) drdy.

Now by the standard critical point theory, the weak solutions of (3.2.3) are characterized

by the critical points of ¢ . Now we have the following existence result for the non-trivial

solution of (3.2.3):
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Theorem 3.2.1. Let Q be a bounded domain in RN with Lipschitz boundary. Let u(-,-),
s(-,), p(,+) satisfy (p1), (S1), (P1), respectively, with sTp™ < N and q(-,-) be as in
Theorem 3.1.1. Also, assume that f satisfies (F1) and (Fy). Then (3.2.3) admits a non-

trivial weak solution.

First we show that ¢ admits the mountain pass geometry. Precisely, we have the following

lemma:

Lemma 3.2.2. (Mountain pass geometry for ¢ ) Let the assumptions in Theorem 3.2.1
hold. Then we have the following assertions:

(i) There exists 6 > 0 such that #(u) > R > 0, for all u € Xo with ||u||x, = 6.

(17) There exists ¢ € Xo with ||¢||x, > 0 such that #(¢) < 0
Proof. (i) Using (F1), Lemma 2.1.4 and Theorem 2.1.3, we note that for u € Xy, F'(z,u(z)) €

L(Q) N LY (). Indeed, from (Fy), we have F(z,0) = 0 and thus, using Lemma 1.2.5
and Theorem 2.1.3, we get

1/q*"
HF("U('))||L‘1+(RN) = ||F(7u())”Lq+(Q) <C; (/ I’U/(Q?)lr(x)(ﬁda?)

< Gt (Il gy + Il 00t )

< Oy (Hull - HUHX0> : (3.2.23)

where the constant C7, C > 0 are independent of u. Similarly for u € Xy, we have that

F(z,u(z)) € LT (Q) and

IF GO o vy = IFC () o gy < Cs (lulliy + lull, ) (3.2.24)

for some constant C3 > 0, independent of u. Hence, from Theorem 3.1.1, (3.2.23), and
(3.2.24), we infer that

/ Fa, u(@))F(y, u(y))
RN JRN

‘Q’j — y‘u(a:,y da:dy‘ =C (HF(’ ( ))||Lq+ (RN) + HF(v ( ))” RN)>

<Oy (Ilull”+ + IIull?ﬂf) : (3.2.25)
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where the constants C,Cy > 0 are independent of u. Using Lemma 2.1.4 and (3.2.25), for

lu|lx, < 1, we obtain

p(x,y
RN rN p(z,y |m— |N+s z,y)p(z,y) 2 Jo Ja |z — y|r(@y)

+ —
zﬁnunp = G5 (%, + llul%, )

1
> Fllﬂllp — Cslull%,

where the constant C5 > 0 is independent of u € Xy. Now noting that »~ > p*, we can
choose § > 0 sufficiently small such that #(u) > R > 0, for all u € X with |lul/x, = d.
(17) Recalling [97, Lemma 4] and using (F3), it follows that there exist two constants [y,
l5 > 0 such that

F(x,t) > L|t]"/?, (3.2.26)

for all z € Q and [t| > lo. Now for £ € Xy with £ > 0 and ¢ > 0 sufficiently large, using
Lemma 2.1.4 and (3.2.26), we deduce

(i) = /RN/RN |t (z) — t&(y) P=Y) / F(z, té(x (té( D) gy

gj Y |1; — |N+5 J;y)p(x,y |SU — y|ﬂ

l2t1/ l//2 V/2
< e [ e
p Iﬂc—yl“ 2.9)

Since p* < v in (F), it follows that J(t£) — —oc as t — +o0o. This guarantees the
existence of ¢ € X with ||¢||x, > ¢ such that J(¢) < 0. O

Now we show that the energy functional ¢ satisfies Palais-Smale condition.

Lemma 3.2.3. Let the assumptions in Theorem 3.2.1 hold. Then for any ¢ € R, the
functional # satisfies the Palais-Smale ( in short (PS).) condition.

Proof. Let {u,} C Xo be a (PS). sequence for the functional _#, that is, #(u,) — ¢

and || 7" (un)|lx; — 0 as n — +o00. Note that, {u,} is bounded in Xp. Indeed, if {u,} is

unbounded in X, there exists some constant dg > 0 such that, for sufficiently large n € N,
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using Theorem 2.1.3, Lemma 2.1.4, together with (F»), we deduce

do + dollunllx,
1
> /(un) - 7<j,(un)vun>Xo
_ p 73/
/ / |un(z) — un(y)| // (@, un (@) F'(y, un(y ))dacdy
RN JRN P x y ‘x—y‘N"‘s x,y)p( ,y) ‘x_y‘u x,y)

RN JRN ‘:L’—y‘N"'S(Ly) p(z,y) |.CU—y|“ (z,y)
|un () — up(y) PV
/RN /RN 7 — gty

£ (@, un(@))un(@) — 5 (@ un (=)
3 g lovun(o)

F(y, un(
/ / =y
> (o = )l

Since 1 < p~ < pt < v in (Fy), from the above expression, we get a contradiction

and hence, the sequence {u,} is bounded in Xj. Since Xj is a reflexive Banach space
(Proposition 2.1.3), it follows that there exists ug € X( such that up to a sub-sequence
(still denoted by wuy,), un — ug weakly in X and wu,(7) — ug(z) point-wise a.e. z € RY
as n — +o00. We claim that w,, — ug strongly in Xy as n — +o0o0. We define I : Xo — X

as

y) e (u(z) — u(y)) (w(z) = w(y))
< w>X0 /]RN /]RN dxdy,

|z — y|N+s@ypy)

(3.2.27)

where u, w € Xo. Since || _#"(un)||x; — 0 as n — oo, taking w = u,, — uo, in (3.2.22) and

using (3.2.27), we get

= (I(un), (un —up)) / / (2, un( ‘xyi“y’"“sg?y(“”_“0)(y)dxdy. (3.2.28)

Now using Lemma 1.2.5, (1.2.12), Theorem 2.1.3 and Proposition 3.1.1, we estimate the
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second term in the right-hand side of (3.2.28) as follows: First we note that

[ Pt ) - i)

|z — ylr@y)
< CIFCttn () 0 1FC () wn () = w0 (D ot
o+ CIFCtn (D) o g0y 1 ) () = 200Dl -
< Co (lun st iy + tnlsrat g ) 1 G () () = (Dl ot
o+ Co (ol cram gy + 101700 ) 1 Gt (D) @ 4) = 0 (D)o
< Cr (llunll5, + llun, )

(1 () (tm () = 0Dl gt gy + LG 0m (D) () = w0 - gy ) (3:2.29)

where the constants C,Cg, C7 > 0 are independent of n,u,. Combining (F}), together
with Lemma 1.2.3 and Lemma 1.2.5 and the fact that u, — uo strongly in L4 "0)(Q) as

n — 400, we have

e

7¢O un() =t
5 /Q (@, tn () () — v0(2))|* e
<M /Q [n ()| "DV [ () = uop(2))|7" de

< Csllug( )—1)g*

+
i N —u0)? || roy )
1 Q)

+—1)q —1)q +
< Gy (uwunrr;()q+ el ) M =)

a—1l r——1)q +
< Co (flua%y ™+ G 707 ) e = 00) %, g

< O (un, — UO)H = op(1). (3.2.30)

Latr()(Q)

Here Cg, Cy, C1g and C7; are non-negative constants which do not depend on n, u,. Again

arguing similarly as above, we obtain

1 un())(un () = o))l o= (g) = 0n(1)- (3.2.31)
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Thus, combining (3.2.28)-(3.2.31), we deduce lir}rrl (I(un), (un, — uo))x, = 0. Also, one
n—-+0o0
can check that for any v € Xy, (I(uo),v)x, defines a linear functional. Hence, using the
fact that u, — ug weakly in Xy, we get lirf (I(ug), (un, —up))x, = 0. From the last two
n—-+0o0

limits, it follows that

((I(un) = I(uo)), (un — u0)) , = 0n(1). (3.2.32)

We denote v, := u, — ug and define Q; := {(z,y) € RY xRN : 1 < p(a,y) < 2},
Qo = {(z,y) € RV x R¥ : p(x,y) > 2}. Then we have the following estimate:

[on () — vy, (1) |PEY
poen) /RN /RN |z — y[Ns(e)py) dady

[ o) — ey Py [0ul) — vy
= Al ‘x _ y‘N+s(m,y)p(x7y) dxdy + /;22 |.T — y|N+s(x,y)p(:€,y) dxdy (3233)

Let us set the following;:

¢W%w:Pwm—wmwwm%mw—%@m%M—w@»

L’L’ — y|N+s(:E,y)p(m,y)

_ Juo(x) — uo(y) P@Y 2 (ug(x) — uo(y)) (vn(2) — va(y))].
|z — y|N+s@y)py) i

|un( ) — un(,y)|p(m,y)' g(3) (.T y) ot IUO('r) — uO(y)|p(m,y).
|z — y|N+s@ypy) * o 40 |z — y|N+s@yp(ey)

9P (z,y) =

For all n € N, using (1.2.10), we obtain

/ / gtV (z,y)dxzdy > 0,
RN JRN

which together with (3.2.32) implies that

lim / / (z,y)dzdy = 0. (3.2.34)
n—+00 JpN RN

Now for (z,y) € 4, taking into account Lemma 1.2.3, Lemma 1.2.5, Simon’s inequality

(1.2.10), (1.2.12), Lemma 2.1.4, and (3.2.34), we deduce
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_ p(z,y)
Q

) ‘1' — y‘N-‘rs(:L’,y)p(a:,y)

1 p(u;y) 5 27”5“’)
oo (gm 0)F (@) o) e
<o [ [ {6055 @75 ) 4 ()5 () ) |dady

RN RN
< Cua[ll(g) 5 2 )

217() —n(:
(3)
(21520, g IR )]

L
< Cl2|:(Hgn H 21 N xRN) + ||gn ||L1 RNXRN)>

pt 2—

P pt 2-p
x (Mo by + 1982 sy + 1952 ey & 1989 )]

= on(1), (3.2.35)

where C13 > 0 is a constant, independent of n,u,. Next, for (z,y) € Qq, taking into

account Lemma 1.2.3, Lemma 1.2.5, (1.2.10), (1.2.12), Lemma 2.1.4, and (3.2.32), we get

() — v (y) [PEY)
/Q ||x (_ Z)/|N+s(gv,y))|p(x,y) dxdy < 2p+<(I(un) — I(ug)), (un — u0)>XO =o,(1). (3.2.36)
2

Thus, from (3.2.33), (3.2.35), and (3.2.36), we have ll)ril px,(v,) = 0. This implies that
n (0.9}

lim |vnllx, = lim ||un—uol/x, =0, thanks to Lemma 2.1.5. Hence, u,, — uo strongly
n—-+oo n——+0oo
in Xg as n = 4+o00. This completes the lemma. O

Now we give the proof of Theorem 3.2.1.

Proof of Theorem 3.2.1: From Lemma 3.2.2 and Lemma 3.2.3, it follows that _# satis-
fies the mountain pass geometry and Palais-Smale condition. Therefore, by using mountain
pass theorem (Theorem 1.3.1), we infer that there exists ug € Xo, a critical point of Z,

with

F(up) =2 > 0. (3.2.37)

Since #(0) = 0, thanks to (F7), we get that ug(# 0) is a non-trivial weak solution of
(3.2.3). O
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3.3 Existence of multiple solutions of non-local
Choquard problem with nonlinearity of con
cave-convex type

Motivated by the pioneer work of Cerami et al. [6] on problems involving concave and
convex nonlinearities in the case of local operator and [11] in the case of non-local operator,
we study the existence of multiple solutions for variable order non-local Choquard problem
with variable exponents involving concave-convex nonlinearities. Consider the equation

(-8ute) = Au@)l @ 2ua)+ ([ L0y ) fou(w), o €

’gj — y’#(mvy)
u =0, z € RV\ Q,
(3.3.38)

where A\ > 0 is a real parameter, the functions s(-,-), p(+,), u(:, ), and the nonlinearities
f and F are as in Theorem 3.2.1, and the variable exponent a(-) € C(Q2) with some

appropriate assumption.

Definition 3.3.1. A function u € Xy is called a weak solution of (3.3.38), if for every

w € X, we have

(W) PEY 2 (u(z) — uly))(w(z) — wly))
/RN /RN |z — y|N+s(@ y)p(:p,y) dzdy

Definition 3.3.2. The energy functional Jy : Xo — R associated to (3.3.38) is defined as

u(x) — u(y) [Py / Ju| (™)
/]RN /]RN (z,y \x— !N“ sanptea W A o o)

_ / / |x —y|“ y;) uly ))d:xdy.

Note that in view of Lemma 3.2.1, Jy € C'(Xp, R) and the weak solutions of (3.3.38) are

characterized by the critical points of Jy. Now we state and prove the existence of two

weak solutions of (3.3.38).
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Theorem 3.3.1. Let Q be a bounded domain in RN with Lipschitz boundary. Let u(-,-),
s(-,), p(,+) satisfy (p1), (S1), (P1), respectively, with sTp™ < N and q(-,-) be as in
Theorem 3.1.1. Also, assume that the variable exponent a(-) € C(Q) such that at < p~
and f satisfies (Fy) — (Fy). Then there exists A > 0 such that, for all X € (0,Ay), (3.3.38)

admits at least two distinct non-trivial weak solutions.
For proving Theorem 3.3.1, we require the following two results:

Lemma 3.3.1. (Mountain pass geometry for Jy) Let the assumptions in Theorem 3.3.1

hold. Then we have the following assertions:

(i) There exists Ay > 0 such that for every X € (0, ), there exist Ry > 0 and 0 < §) << 1
such that Jy(u) > Ry > 0, for all u € Xo with ||ul|x, = dx.

(i3) There exists ® € Xo with ||®||x, > dx such that Jy(P) < 0.

(1i1) There eists 1 € Xg, ¥ > 0 such that Jy(t) < 0, for all t — 0.

Proof. (i) Using Lemma 1.2.5, Theorem 2.1.3, Theorem 3.1.1, (3.2.25), together with

(F1) and (Fy), for |jul|x, < 1, we have

- [ [ = PP gy [ 1
’LL RN JRN D £L‘ y ‘.%— ’N—l—s(m,y) p(zy e Q Oé(ﬂ?)

// |x_y|,u,3;g uly ))da:dy

]' T 7"+
> el = 2= (Tl + ko ey) = Cua (%, + lul)
1 /\014 =
> ety = Caallul%,
1 )\014 X T =
2<w‘ Jull, " = Cualuly ) Il (3.3.30)

where the constants Ci3,C14 > 0 are independent of u. Now for each A > 0, we

define the function, T : (0,+00) — R as
A a —pt 2~ —pt
T)\(t) == 014;75 P + Clgt p .

Since we have 1 < o~ < p™ < r7, it follows that lim 7y(¢) = lim T)(¢) = +oc.
t—0 t—o0
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Thus, we can find infimum of 7). Equating
/ o _'pJr €T —a~
Ty(t) = ————XCus + Ciz(2r™ —p" )t =% =0,
e
L 1/(2r——a™)
we note that ¢y := (AM : %g is the critical point of T)(t).

Clearly to > 0. Also, it can be checked that 7% (tp) > 0 and hence, the infimum of

T\ (t) is achieved at ty. Now observe that

T(to)
C o Gy + M N
N W Cia - Cra [P~ L) e
o ( (2r= —ph)a~ 013 a3 (2r——pta- Cis
2r~ —pTt
=X\ Oy —> 0as A — 0%, (3.3.40)

where C15 > 0, is a constant that is independent of w. Therefore, we infer from
(3.3.39) that there exists A, > 0 such that for any A € (0, A,), we can choose Ry > 0
and 0 < §) << 1 such that

Jx(u) > Ry > 0, for all u € Xy with [Ju|x, = Jx. (3.3.41)

(73) For £ € Xo,& > 0, we obtain

< (@) — te ()P |ts|”
JA“&)‘/RN/RN 2(@,9) |as—y|N+s s W A/
_v/ Pz, t6(2)) F(y, t€(y ))dxdy

’1747y|ﬂ z,y)

ZQtV V/2 V/2
fllﬁllp / / £ | ) ||i Ol dxdy — —oo as t — +o0.
p -y

| /\

Thus, there exists t, > 0 with ® = ¢,£ € X such that

|®]|x, > dx and J(P) < 0. (3.3.42)

(7it) For ¢ € X, ¢ > 0, and for ¢ > 0 sufficiently small, we have [|ty||x, < 1. Then from
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(F») and Lemma 2.1.4, we obtain
W *WJ( )\p”) / [ta)] )
dzdy — A d
// (z w y,twdxdy
|z — y|r(ey)
" A a(z)
< TH"LZJH o | W@)|"de
Q

Since a™ < p~, it follows that Jy(t)) < 0 ast — 0F.

O

Lemma 3.3.2. Let the assumptions in Theorem 3.8.1 hold. Then for any ¢ € R, the

functional Jy satisfies the Palais-Smale condition.

Proof. Let {w,} C Xo be a (PS). sequence for the functional Jy. So, J)(wy,) — ¢ and
[J3(wn)llxz — 0 as n — +o00. We claim that {w,} is bounded in Xp. Indeed, if not,
|wn|lx, = +o0 as n — +oo. Therefore, there exists some constant C'jg > 0 such that for

large n € N, using (F3), Lemma 1.2.5, Theorem 2.1.3, and Lemma 2.1.4, we obtain

Ci6 + Cisllwn | x,

Z Jx(wn) — —<J§(wn) n) Xo
|wn () — wa(y) [P@Y) / |U\a”
/RN /RN x;y ‘x - ‘N+S(z7y) ( ,y d dy )\
!w = y!“ =)

’“’n wn (1) POV N
/RN /]RN !JJ — ]N+8 z,y)p(z,y) drdy + v p |u| ™ da

T — ‘M(Ly

) — wn(y) P !
v /RN /RN 7 — g WA (HUHLam + lull Fac, ))

Pl )| o ) () = 5 F )|

v
/ / - yw(%y) dxdy

1 1
> (o = 2 )llunll, = 2 (1 )l (3:3.43
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where Cy7 is a positive constant, independent of u. Since 1 < a®™ < p~ < p* < v in (F)
and we have assumed ||wy,||x, — +00, from (3.3.43), we get a contradiction. Hence, the
sequence {wy} is bounded in Xj. Since X is reflexive, there exists wy € Xy such that

wy, — wo weakly as n — +oc. Since ||/} (wy )| x; — 0 as n — 400, using (3.2.27), we have

On(l) = <J$\(wn)a (wn - w0)>X0
= (I(wn), (w, — wo>>X0 P / [wn ()" wy (@) (wn — wo) (2)da
/ / (@, wn () f (y, wn(y)) (wn — wo)(y) dzdy. (3.3.44)

Il‘ — y[pEy)

Now we estimate the second term in the right hand side of (3.3.44). Taking into account

Lemma 1.2.3, Lemma 1.2.5, and Theorem 2.1.3, we deduce

/ 0 ()|, () (10, — w0) (&)
Q

< w07 oy 7210 (g llwn — woll ety

< (Ilwnllgitgy + Il Saita ) lon = woll oo o)

= on(1). (3.3.45)

Thus, combining (3.2.28)-(3.2.31), (3.3.44), and (3.3.45), we obtain (3.2.32). Hence, as in

the proof of Lemma 3.2.3 , it follows that w, — wp strongly in Xy as n — 4o00. O

Proof of Theorem 3.3.1. Note that by (F}), Jx\(0) = 0. From Lemma 3.3.1(4), (i7), it
follows that there exists A, > 0 such that for A € (0,A,), J) admits a mountain pass
geometry. Also, by Lemma 3.3.2, the functional J satisfies the Palais-Smale condition
(PS), for any ¢ € R. Hence, by applying mountain pass theorem (Theorem 1.3.1), we
infer that for A € (0, A,), there exists a non-trivial weak solution, uj) (say) of (3.3.38)
with Jy(uqx) > 0.

Next, we prove the existence of the second weak solution of (3.3.38). From Lemma

3.3.1(417), it yields that

inf  Jy(u) =¢ <0, (3.3.46)
uEBg)\ (0)
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where By, (0) = {u € Xy : ||ul]|x, < d»}. Now by applying Ekeland’s variational principle

(Theorem 1.3.2), for given any € > 0, there exists 1w, € B, (0) such that

Ia(we) < inf Jy(u) +e€ (3.3.47)
’LLEB(S)\(O)
and
Ia(e) < Jy(u) + €llu — we|| x,, for all u € Bs, (0), u # . (3.3.48)

Using Lemma 3.3.1(¢) and (3.3.46), we choose gy > 0 such that

0< < inf  Jy(w)— inf Jy(uw). 3.3.49
e u€dBs, (0) A(w) u€Bs, (0) A(u) ( )

Putting together (3.3.47) and (3.3.49), we obtain J (@) < 6i£f " Jx(u), which implies
ue 5y

W, € By, (0). By taking u = . +tv in (3.3.48) with ¢ > 0 and v € Bs, (0) \ {0}, we deduce

J)\(ﬁ)e) — J)\(IDE + tU) < 5)\tHU||X0-

Thus,
. JIn(we) — Ix(we + tv)
<
lim t NS
that is, for all v € Bg, (0), we have
(—J3(We), ) x, < Sxllollxo- (3.3.50)
Replacing v by —v in (3.3.50), we get
(4, ) < allv]lx,. (3.3.51)

Taking into account (3.3.50) and (3.3.51), we obtain

|75 (e) | x5 < . (3.3.52)
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From (3.3.52), it follows that there exists a sequence {w,} C Bs, (0) such that Jy(w,) —
¢ and Jy(w,) - 0 in X§ as n — 4o0. Therefore, from Lemma 3.3.2 and (3.3.46), we
infer that there exists ugy € B, (0) C Xo such that @, — ugy strongly in Xg as n — +o0

with
J)\(UQ)\) =c<0. (3.3.53)

Thus, we get that ugy is a non-trivial weak solution of (3.3.38). Now from (3.2.37) and
(3.3.53), we have Jy(uix) > 0 > Jy(us2)), and hence uyy # ug). This completes the proof
of the theorem. ]

3.4 Conclusion

In this chapter, we have discussed the existence of non-trivial solution of a class of doubly
non-local problems involving variable-order fractional p(-)-Laplacian and Choquard type
of nonlinearity. Here the crucial step of proving the C'-smoothness of the associated
energy functional has been achieved by establishing a Hardy-Littlewood-Sobolev type
inequality appropriate for the variable order fractional spaces with variable exponents.
We have further studied the combined effect of the concave type perturbation term and
the Choquard type nonlinearity with sub-critical growth on the multiplicity of solutions.

The multiplicity result for the problem with concave type perturbation term and crit-
ical Choquard type nonlinearity (in view of Remark 3.1.1) involving variable order and
variable exponents is an open problem in this direction. Here we would like to mention
that the attainment of the best constant for Hardy-Littlewood-Sobolev inequality for both
local and non-local framework, for p # 2, is yet to be explored. Also, it will be interesting
to study (3.2.3) involving singular type perturbation term, together with the Choquard

type of nonlinearity. O
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Kirchhoff-Choquard equations without
Ambrosetti-Rabinowitz type condition

The purpose of this chapter is to study the following Kirchhoff-Choquard type problem:

1 (P u(a) P
(Lo Lo s gt <w>ddy+/apv($) )
[Cayus violre ] = ([ D) fa, aeo,

‘w — y’ﬂ(z )

u =0, r € RN\ Q,
(4.0.1)
where Q C R is a bounded domain with Lipschitz boundary, s(-,-), p(-,-), and u(-,-)

satisfy (S1), (P1), and (u1), respectively, with sTp* < N. The function V(-) satisfies the

69

TH-2705_156123025



KIRCHHOFF-CHOQUARD EQUATIONS WITHOUT AMBROSETTI-RABINOWITZ
70 TYPE CONDITION

following:
(V1) V() € C(R,R) such that V(z) > 0, for all x € Q.
Next, the assumption on the Kirchhoff function m(-) in (4.0.1) is given as follows:

(M) m(): RaL - RSL is defined as m(t) = a+bt’~1, a > 0,b > 0 such that 6 € 1, 2172757(11),

where pt > 2, pt~ = #p:p_, and q(-,-) € Cy(RY x RY) verifies
2 1z, y) N
+ =2, forallz,yeR". 4.0.2
q(z,y) N (402
Let M (t fo 7)d7 denote the primitive of m(t). We have the following remarks from

the assumption (M 1):

Remark 4.0.1. When a = 0, we have the following observations:
(1) For any T > 0, there exists mg := mo(7) > 0 such that m(t) > mo, whenever t > 7.
(13) OM(t) — m(t)t is non-decreasing in t > 0 and OM (t) — m(t)t =0, for all t > 0.
(#ii) M(t) = M(1)t%, where M(1) = &.

Remark 4.0.2. When a > 0, the following results hold:
(i) m(t) =a+bt'"1 a>0 and m(t) > %ggm(t) =a>0.
(1) @M (t) — m(t)t is non-decreasing in t>0 and OM(t) —m(t)t >0, for all t>0.

(#i7) For each t > 0, we have

(1), for allt € 0,1],
(1), for allt > 1, (4.0.3)
< M)A +1t%),  forallt >0,

where M (1) = a +

IS

The hypotheses that we consider on the nonlinearity f in (4.0.1) are as follows:
(f1) f € C(Q x R,R) such that |f(z,t)| < C (1+ [¢["®~1), where C > 0 is a constant,
r(-) € O (RY) satisfies 1 < r(x)q~ < r(x)q™ < pi(z), forall z € RN, 7~ > % and
q(-,-) € C (RN x RN) verifies (4.0.2).
(f2) f(z,t) (t! 7 > as |t| — 0, uniformly in z € Q.
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() Jim E2:D

[t| =400 ‘t‘%

= 400 uniformly in z € Q, where F(x,t) := fg f(x,s)ds is the

primitive of f.
(f1) There exists ¥ > 1 such that 9F(z,t) > F(z,7t), for (z,t) € 2 x R and 7 € [0, 1],
where F(z,t) = 2tf(z,t) — OpT F(x,t).
The condition (fy) is originally due to Jeanjean [55] in the case p(-,-) = 2, and is used in
[67] for p-Laplacian equations in bounded domain. Note that the assumptions (f1)-(fs)
allow us to consider the nonlinearities which do not satisfy the following Ambrosetti-
Rabinowitz type condition ((AR) condition, in short):
(AR) There exists w > fp™ such that

0 <wF(z,t) <2tf(z,t),t #0, for all z € Q.
An example of a function which does not satisfy (AR) but satisfies (f1)-(f1) is

opt
Fla,t) = tlt] "= 2 log(1 + [¢]).

Next, we make following remark about f :

Remark 4.0.3. Since f(z,0) =0 = F(z,0), thanks to (fa), from (fa) we get
F(x,t) =2tf(x,t) — OpT F(z,t) >0, forall (z,t)€QxR. (4.0.4)

The following remark is studied in [66] for local p-Laplacian.

Remark 4.0.4. F(z,t) > 0, for all (z,t) € Q x R.

Proof. For t > 0, using (4.0.4), we have

opt opt
d Fla,t)  t5 flat) = B4 'F(a,t)  Flat) .-
[N tor* o, T

F(x,t
Furthermore, from (f;), we can easily deduce that lim (z,1) = 0. Using the above

6p+
t—0t tT

two facts, it follows that F'(z,t) > 0, for all (z,t) € Q x R, ¢ > 0. Similarly, for ¢ < 0,
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F(x,t
proceeding as above, we get lim L;pz = 0, and therefore, F(x,t) > 0, for all (z,t) €
t—0— (—t)T
QOxR, t<0. O

In view of the above remark, we have the following assertion:

Remark 4.0.5. From Remark 4.0.3 and Remark 4.0.4, we obtain f(x,t) > 0, for all (x,t) €
QxR, t>0 and f(x,t) <0, forall (z,t) € Q@ xR, t < 0. Therefore, for all x € Q, we

have that F(x,t) is non-decreasing in t > 0 and is non-increasing in t < 0.

4.1 Functional settings

In this section, we give the suitable functional setting to study (4.0.1). We assume that

(V1) holds and define the following space:

p(z)
E:{UGX(): de<+oo, for some77>0}.
0 np(x)

We note that E is a normed linear space equipped with the norm

|lu|| g = inf {17 >0:pg <77> < 1}

where

/ / u(y)P dazdy+/V(a:)|u|p(x)dx
RN JRN }x—y[NJrS z,y)p(,y) Q

defines a convex modular on E. We can also define another norm on F as follows:

ule = [ulv + [lull x,,

where
p(z)
[u]y = inf {77 >0: / V(m)%c& < 1}.
(9] ’]’/p(x)

One can easily verify that || - |z and | - |g are equivalent norms on E with the relation

1

SlullE < |ulp < 2||ul|p, 1Tor all u . 1.

Sllulle < lulp < 2llullg, forallue B (4.1.5)
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Next, we study the interaction between || ||g and pg(-) in the next two results. The proofs

of these results follows using the similar arguments as in [38].

Proposition 4.1.1. For u € E \ {0}, we have the following:

(1) Formn>0,n=|ullg if and only if pE(%) =1

(i1) pe(u)>1(=1; <1) if and only if ||ul|g > 1 (=1; < 1), respectively.

- +

(#ii) If [lulle = 1, then |lully < pe(u) < |ullf -
)

. + -
(iv) I fulle < 1, then [ully < pr(u) < [lull;
As a consequence of the above proposition, we have the following result:

Proposition 4.1.2. Let u,u, € E,n € N. Then the following statements are equivalent:
() lim_Ju — ull =0,
(i) lim pg(u, —u) =0.

n—-+oo

In the following lemma, we derive the separability and reflexivity of the space E.
Lemma 4.1.1. (E,|| - ||g) is a reflexive, separable Banach space.

Proof. First we show that (E, || - ||g) is a Banach space. For this, let {u,} be any Cauchy

sequence in E. Therefore, for any ¢ > 0, there exists N € N such that, if n, k > N,
lun — ugllp < e. (4.1.6)

Since ||ullg > |lu|lx, and (Xo, | - |/x,) is a Banach space, there exists u € Xy such that
u, — u in Xo strongly as n — +oo. So, there exists a sub-sequence {uy,,} such that
un, (z) = u(z) a.e. x € RY. Now using Fatou’s lemma, (1.2.12), and (4.1.6) with e = 1,

we have

/V(JE)IU(x)’p(x)dq;gliminf/ V(x)’un(x)\ﬁ(x)dx
Q n—oo  Jo

< lim inf/ V() |un(z) — un, () — un, (:U)|ﬁ(f”)d:£
Q

n—oo

< 9P lim inf [/Q V(2)|un(z) — un, (x)|ﬁ(x) + /Q V(x)|un, (x)|ﬁ(ff)dx

n—oo

<or' [1 +/ V(a:)]uNl(a:)\?(x)dx} < 0.
Q
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Therefore, u € E. Now again by Fatou’s lemma and (4.1.6), we get

pE(Un —u) <liminf pg(uy, — un;) <, for all n,n; > N.. (4.1.7)
Jj—+oo
Thus, from Proposition 4.1.2, we infer that w,, — w in E as n — +o0. Hence, (E,|| - ||g)

is a Banach space.

For proving reflexivity of E, we define the map T : E — LPO)(Q) x LPG) (RN x RY) as

T(u) = (Vl/p(x)u7 |u(z — u(y)] >

|z — y|8(m,y)+ﬁ

The norm on the product space LP()(Q) x LPG)(RN x RY) is given by

Jul = HUHLFH(Q) o Hu||LP('w)(RN><RN)'

Since T(E) is a closed subspace of the reflexive Banach space LP()(Q) x LPC)(RY x RY),
by [18, Proposition 3.20], we have that T'(F) is reflexive and consequently, E is reflexive.
Arguing similarly, we get that E is separable (see [18, Proposition 3.25]). O

Using Theorem 2.1.3 and the fact |lul|z > |lu||x,, we have the following Sobolev type

embedding theorem for the space E:

Theorem 4.1.1. Let Q be a bounded domain in RN, N > 2, with Lipschitz boundary.
Let V(-), s(+,+), and p(-,-) satisfy (V1), (S1), and (Py), respectively, such that sTp™ < N.
Then for any v(-) € C+(Q) with 1 < y(x) < pi(x), for all x € Q, there exits a constant
C = C(N,s,p,7,Q) > 0 such that, for every u € E, |[ull1-0)(q) < Cllullg. Moreover, this

embedding is compact.

Now we give the weak formulation for (4.0.1). For u € E, we set

/RN /]RN :U y |x—g)/|f_st( ?ﬁp?:)dwdy+/gV(x)de‘
// |ar— ‘M(g;/ uly ))dq:dy,

— Mj dy | f(z, u(@))u(z)de.
//<|x y|Ht >
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Definition 4.1.1. The energy functional J : E — R associated to (4.0.1) is defined as

Lemma 4.1.2. The functional J as defined in the Definition 4.1.1 is of class C' and for

allu,w € E,

p“”y)Q )= w(x) —w
. [/RN/RN p)PE2(u(z) — u(y)) (w(2) @))dxdy

|z — |N+s z,y)p(z,y)
!w v y!“ o

Proof. Clearly, J is well defined. Also, it is easy to see that M(o(-)) is Gateaux-

differentiable in £ and the derivative function at v € E is given as

/ / I (u(e) — u() (w@) = w) ;40
RN JRN

|z — y|N+s(zlp(zy)
+/ V |ufP@)= uwdx},
Q

for all w € E. Let {uy} be any sequence in F such that u,, — wu strongly in E' as n — +o0.

Thus, u,(z) — u(z) a.e. in RY. Let p’ and 7 denote the conjugate of p and P, respectively.
Then the sequences { \un(m)—un(y)\p(:c,y)ﬁ(un(ﬂf)—un(y))} and {[V( )]1/p ) |up (2 )‘ﬁ(m)—zun(@}

|x_y\(N+S(z,y)P(r»y))/P (z,y)

are bounded in LPC:)(RN x RN) and in L' ()(Q), respectively, and as n — 400,

[n (@) — un(y) P2 (un () — un(y))

Unlw,y) = === (N rGmnEn) @)
(@) = u) P2 (u(@) = u(y)) N
—U(z,y) = | e e for a.e. z,y € R,
and

V() P @, (2) PO 20, () — V(@) Y7 @ |u(z) PO 2u(z), for ae. z € Q.

Thus, by [109, Proposition 5.4.7], letting n — -+oo, we have U,, — U weakly in
LZEIRN x RYN) and V()7 Ofuy () PO-2u, () = V(Y7 Ou()PO-2u() weakly in
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LP()(Q). Hence, for any w € E, by Theorem 4.1.1 and the definition of weak conver-

gence, we have the following:

: [tn () — un(y) |p(x’y)72(un(l‘) —un(y))(w(x) — w(y))
”EIEOO /RN /RN |z — y|NFs(@y)p(@y) drdy
)P 2 (u(x) — uly)) (w(z) — w(y))
/RN /]RN ‘.fU— ‘N—l-s(a:,y)p(r,y) dl’dy, (418)
and
im )|t () [P 2y (@) w () da = o) |u(z) P@ 20 (2)w(z)dz. 1.
Jim [ V@l @P @) = [ V@l P u@ueds. (@419

Next, using (f1), Theorem 4.1.1 and arguing similarly as in Lemma 3.2.1, we get that ¥

is of class C! such that the Gateaux derivative of ¥ is given as

E_/lﬂpwwﬂ e, wyw (@) dudy,

for all w € E, where (-,-)p defines the dual pairing between E and E*. Moreover, by

letting n — 400, we get

//N_'Z’,ff",y I, dwd?fﬁ//mm_yw oy (@ ww(z)dedy.  (4.1.10)

Finally, combining (4.1.8)-(4.1.10), we obtain

1T (up) = T (W)= = sup [T (un) — T (u),w)g| — 0 as n — oc.

weE,||w||g=1

This completes the proof. O

Definition 4.1.2. A function u € E is said to be weak solution of (4.0.1), if for allw € E

Y)[PEN 2 (u(z) — u(y)) (w(z) — w(y))
/RN /]RN |z — ’N+5 z.9)p(2y) dxdy
x)|u(z) P x (y, u Ju(@)w(z)
+AVUHN o] - [ [ Fpsolf iyt ,

The weak solutions of (4.0.1) are characterized as the critical point of the associated
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energy functional 7.

4.2 Existence of solution via mountain pass the-
orem with Cerami condition

In this section, we state and prove the existence of non-trivial weak solution of (4.0.1)

using mountain pass theorem with Cerami condition.

Theorem 4.2.1. Let Q) be a bounded domain in R™N with Lipschitz boundary. Let s(-,-) and
p(-,+) satisfy (S1) and (Py), respectively, such that stpt < N. Assume that (1), (V1), and
(My) hold. Also, let f satisfy (fi1)-(fa). Then (4.0.1) admits a non-trivial weak solution.

To give the proof of Theorem 4.2.1, we first show that the functional J achieves the

mountain pass geometry and then we prove that J satisfies the Cerami condition.

4.2.1 Mountain pass geometry

Lemma 4.2.1. Let the assumptions in Theorem 4.2.1 hold. Then there exist some positive

constants R and § such that J(u) > R, for all u € E with ||u||g = 0.

Proof. First we estimate W(u) appearing in the expression of J (see Definition 4.1.1). Note
that, using (f1) and Theorem 4.1.1, one can easily check that F(-,u) € LY ()N LY ().

Hence, by Proposition 3.1.1, we get

// |$_y|uy W) 4y

so[nF( W2 s o T IFC I, o] (12.11)

Lat(Q

where the constant C' > 0 does not depend on u. From (f1), (f2) and the definition of

F(x,t), we deduce that, for any € > 0, there exist some constant C'(¢) > 0 such that

N
|F(2,8)] < elt| ™ + CO[t]™@, for all t € R and for a.e. z € Q. (4.2.12)

TH-2705_156123025



KIRCHHOFF-CHOQUARD EQUATIONS WITHOUT AMBROSETTI-RABINOWITZ
78 TYPE CONDITION

Using Lemma 1.2.5, (1.2.12), and (4.2.12), we have

HF(-,U)HLqu( )S [/ < lu(z )’M + C(€)|u(x )‘r(x)>q+dx} 1/q"
/ u(@)| 7 dz) "+ I O e o)

< [||uu +(mw(){nunm e I o ] (42.13)

/\

Similarly, we deduce

+

7‘+ B
IEC )l po- () < 2 [HuHLW (Q)+C(e){|\u\|m,>q(Q)+Hu\|m>q(m}} (4.2.14)
Plugging (4.2.13) and (4.2.14) into (4.2.11), we derive
_
U(u) < C [{ lu) ™ ot +(Q)+o(e)2(uuuir<,)q+( + e ))}
2 bp
+{e ”“HL@QQ) C(e)? (H ull2 0 iy + 00 ))H (4.2.15)

where C1 > 0 is a constant, independent of u. Now by applying Theorem 4.1.1, from
(4.2.15) we obtain

() < Gy [l + Ce? {IlulF " + NulF}], (4.2.16)

where the constant C > 0 does not depend on u. Let u € E, ||u||g < 1. Therefore, using
(4.2.16), Remark 4.0.1(4i%), for a = 0 in (M;) (or Remark 4.0.2(zii), for a > 0 in (My)),

and Proposition 4.1.1, we get

Tw) = MU){o )}’ = Cz [l ®” + @ {ullF + lulF }]

> M) w))? — Colful % — 205 ()l

+ + -
> M) Coc? )l — 20502 ullZ (4.2.17)

(pt)?

By taking 0 < ¢ < [M(1)/(2C5(p™)0)]"/? in (4.2.17), since |lu|z < 1 and %" < r—,
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we can choose 0 < § < 1 sufficiently small so that (4.2.17) implies that there exists some
R > 0 such that J(u) > R > 0, for ||u||g = 0. O

Lemma 4.2.2. Let the assumptions in Theorem 4.2.1 hold. Then there exists e € Xg with
llellx, > 0 such that J(e) < 0, where § is as given in Lemma 4.2.1.
n

pt 6p
| x)lT\U(yNT

Proof. Choose u € E,u > 0 such that [jullz =1 and [, [, dzdy > 0. Now
for ¢t > 1 large, using Remark 4.0.1(éi7), for a = 0 in (M;) (or Remark 4.0.2(¢i7), for a > 0

in (M;)), and Proposition 4.1.1, we get

T (tu) < (pr@E@m> ()
M(1
(p%b (o (w))? — W(tu)
M(l) Opt U
= oyt~ ). (4.2.18)

It follows from (f3) that for any [ > 0, there exists a real number C; > 0 such that
op™
F(z,tu(z)) > ltu(x)| 2,

whenever |tu(z)| > Cj, for a.e. z € Q. Therefore, using the above inequality in (4.2.18),

we deduce that

Tty < MW opr —t(’p //'“ 0" fuy) % dxdy). (4.2.19)

()’ o — i)

After taking 0 < | < [ (J‘;_(Q(fg T ) i ()| i dady)” 1]1/2 in (4.2.19), we can

‘x y|ﬂ(z y)

choose t, > 0 large enough so that |t,u(z)| > Cj, for a.e. x € Q with [[t,u| g > J such
that J(t.u) < 0. Thus, by fixing e = t,u, the result follows. O

4.2.2 Cerami compactness condition

Proposition 4.2.1. Let the assumptions in Theorem 4.2.1 hold. Then the functional J

satisfies the Cerami condition (C). for any c € R.
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Proof. Let {u,} C E be a Cerami sequence for J at level ¢ € R. Then by Definition 1.3.2,
J(up) = ¢ and (1 + |lunll &) | T (un)|| g+ — 0 as n — +o0, (4.2.20)

which implies that
(T (un),un)g — 0 asn — +oo, (4.2.21)

where (-, ) denotes the duality pairing between E and its dual E*.

First we discuss the degenerate case, i.e., a = 0. We divide the proof into two parts.

(I) ian |lun||g = d« > 0: First we prove that the sequence {u,} is bounded in E. Indeed,
ne

arguing by contradiction, we assume that {u,} is unbounded in F, that is,

lunl|lE — 400 as n — +o0. (4.2.22)

Without loss of generality, we assume ||u,||z > 1. Set wy, := HuZnIIE' Then w, € FE with

|lwn ||z = 1 and since E is reflexive, w, — w weakly in E and w,(z) — w(z) a.e. x € RV
for some w € E. Now by applying Theorem 4.1.1, for any v(-) € C(Q) with y(z) < p%(x),

we have

w, — w strongly in LY)(Q) as n — +oc. (4.2.23)
Let Qp := {xz € Q: w(z) # 0}. Thus, we get

|un(z)| = 400 a.e. z €y as n — 4oo. (4.2.24)

When z € Qp, we have |w,(z)| > 0 for large n € N. Therefore, using this fact together
with (f3) and (4.2.24), for each = € Qp and sufficiently large n € N, we get

F n L+
m LU (4.2.25)
[un (z)]—+o0 [un ()72
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Using Remark 4.0.4, (4.2.25) and Fatou’s lemma, we derive

F (g un() lon(0)] 5

opt

|z — y|rEw) |uy (y)| 2

lim inf
n—-+oo

Y

> lim inf F(y, un(y))|wn(y
n—-+00

(y)|
Q |z — y|r(zy) |un(y)\
Q0 "0 g — y\“(“”y lun(y)|

= +o0. (4.2.26)

ERERE R

Combining (4.2.25) and (4.2.26), for each x € Qp, we obtain

9p+

F s U n 2 F y Y'n E
(. tn(y)) [ (?J)|6p+ d (z,u gi))|wn(:n)| T - 400 as n — +0o0,

Uz — |8 fun(y)] 2 |un ()| 2

that is,

1 F(y, uy,
Un E

We claim that meas(€p) = 0. Indeed, if not, then using the definitions of pg(-) and o(-),
(4.2.20), (4.2.22), (4.2.27) and Remark 4.0.1(¢7i), and Remark 4.0.4 along with Fatou’s

lemma, we get

1 ¥ o 1 [PE(UH)]G
(p)? = =0 (07)7 a1 9B°

> lim jnf 1200

= +
n—>+oo ||“ HGP
1 [J(un) + V(u)]
= Mt e
llunllg

> limjnf —— = =1
e M(1)||unll g

1 1 F(y, un(y))
> hmmf/ (/ dy | F(x,un(x))dzr — 1
M(1) n=+20 Jog |lu, |2 \Ja [z — y|ry) (# ()

[\
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1 / o 1 </ F(y, un(y)) )
> lim inf dy | F(x,up(z))dr — 1

= —|—OO’
which gives contradiction and hence, meas(£y) = 0. Therefore,
w(x) =0 ae. z €. (4.2.28)

In the rest of the proof we consider C' > 0 to be a generic positive constant, independent
of n, un, wy, which may vary from line to line.

Given any real number x > 1, by (f1), it follows that there exists some real number
C > 0 such that F(z,xt) < C (|st| + |st|"®), for any € Q and for all ¢ € R, which
together with Theorem 4.1.1 yields that |F(z, kwn(2)|? < h(z), |F(z, sw,(2)]? < h(z)
a.e. x € €, for some h, h € L'(Q2). Note that, from (4.2.28), we have w,, — 0 strongly in
LYO(Q), for all 1 < () < pi(x), and w,(z) — 0 a.e. in Q. Hence, using the continuity of
F, we deduce that nEIfoo F(z, kwy(x)) = F(z,0) = 0 a.e. © € Q. Therefore, by Lebesgue
dominated convergence theorem, we have

lim ||F(-,/-iwn(-))\|Lq+(Q) =0 and nETOO ||F(-,/£wn(-))||Lq—(Q) = (g (4.2.29)

n—-+o0o

Using Proposition 3.1.1 and (4.2.29) and letting n — +o0, we get

0 < W(swa) < CIFCmwa()] s gy + IFC O, o] 0. (4.230)

Lat

Since J (tuy,) is continuous in ¢ € [0, 1], for each n € N, there exists ¢, € [0, 1] such that

tn n) — t n)- 4.2.31
T (tva) = mae Tt (1231)
We claim that

J (tnun) = 400 as n — +00. (4.2.32)
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For any real number Cy > 1, choose k = [Cp/(min {1, 753 )V/P7. Using (4.2.22), we

have m € (0,1), for n € N, sufficiently large. Thus, by (M), Remark 4.0.1, (4.2.30),
(4.2.31), and Proposition 4.1.1, we get

Fw) > T (250 ) = T ) = Mol) - W)

[unlle
1
= ém(a(ﬁwn))a(/ﬁwn) +o,(1)
> %pE(nwn) + o,(1)

mo —
> epﬁ(/ﬁ)p +on(1) > Cy+ o, (1).

This proves the claim in (4.2.32). Since J(0) = 0 and J(up) — ¢ as n — 400, we have

€ (0,1) and (T (thun), tntn) g = ty % . J (tuy,) = 0. (4.2.33)

Combining Remark 4.0.1, Remark 4.0.4 and Remark 4.0.5 with (f4), (4.2.20), (4.2.21),
and (4.2.33), we obtain

1 1,

== 5 [j(tnun) L F(j (tnun)atnun>E}
1
Y

[M(U(tnun))— ;+m(0(tnun))p}3(tnun)} +1/ (/Q F(y,tnun) J )]-"(x,tnun)dx

— [M(U(tnun)) 7 L7’”‘(0'(%“71)) E(t nun / / (, uny F(x, un(x))dzdy
9 + 29p+ Q|l‘—y|”xy )
1 |thun(z) = thun(y )|p(‘r’y
[ /RN /RN (x,y) ‘x — ‘N"'SP z,y) dxdy>
’tnun(x) - tnun(yﬂp(%y) 1 -
1 |un 7) — up(y )|p(9&,y) 0—1
1)(/RN /RN p(z,y) |z —y[Nte@y) dxdy)
|un( )_ un(y) |p(x,y) 1 -
) /RN /RN p(z ) |z — y|NFsp(e.y) dmy} ~ Wun) + g ()
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which contradicts (4.2.32). Hence, the sequence {u,} is bounded in E. Therefore, from
Theorem 4.1.1, up to a sub-sequence (still denoted by w,), we have u,, — u weakly in
E, un(z) — u(z) a.e. in RY and u, — u strongly in LY0)(Q), for all v € C(Q) with
1 < y(z) < pi(z). Now to prove that {u,} converges strongly to v in E as n — 400, we
define the following functional. Let ¢ € E be fixed and let By denote the linear functional
on F defined by

) = PEY)=2(¢(z) — v(z) —v
o) = [ [ [0S0 0] o)l ),

+/ V(2)|p(x) PP 2¢(z)v(x) dx, for all v € EB.
Q

For (x,y) € RY x RY, let us denote

[v(z) —v(y)]

+s(z,y)

|JI _ y|%+5(af'7y)

and Ul(x,y):=

& — y| 7w

Then from Lemma 1.2.3 and Lemma 1.2.5, it follows that

By (v)] < CUHT‘]D(".)_l HLP’(-,-)(RNxRN) ”UHLp(w)(RNx]RN)

VTGO oy |1V 1P s g
< C [ (61, + 911%™ ) ol + (161~ + [0l ) [olv ]

. AF—
< C [lglty = + ol ol

Thus, for each ¢ € E the linear functional By is continuous on E. Note that for v, :=

Uy — u, we have v, — 0 weakly in £ and hence, by Theorem 4.1.1,
v, — 0 strongly in LYO(Q), 1 <~(x) < pi(z), for all z € RY, (4.2.34)
as n — 4o00. This implies that

lim By(v,) =0. (4.2.35)

n—-+0o
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Since {m(o(u,)) —m(o(u))} is a bounded sequence in R, from (4.2.35), we get

lim [m(o(un)) —m(o(u))]By(v,) = 0. (4.2.36)

n—-+00

Now using the boundedness of {u,, } in E, (f1) and Theorem 4.1.1, we obtain f(-, u,())vn(+) €
Lq+(Q), for each n € N. Furthermore, by Lemma 1.2.3; (1.2.12), Theorem 4.1.1, and
(4.2.34), we have

Hf(7 un('))vn(‘)HLq*(Q)

<[ ([ lunta uq*d:c) (/ ()| 70D [ ) dx)ﬂ

< Cfoall sy + I Tl DN ol o)
| L,

(rt=1)

< Ol gt ey + (2 gy F Ninl s ) Mol oot |

I rT—1 r——1)
< C|lvnll v @y + (Iuall§ =2 + lunll§™ 2 loall ot oy = 0a(1)- (4:2:37)

Similarly, we can deduce that f(-, u,())v,(-) € LT () and

Hf('vun('))vn(‘)HLq*(Q) = on(1). (4.2.38)

Therefore, using (f1), (1.2.12), Proposition 3.1.1, Theorem 4.1.1 with (4.2.37) and (4.2.38),

we get

<c( /Q P(aun () dm)”‘ﬂf(-,un<->>vn<->|rm+(m
([ 1FGan@)r ) )6 o]
< C (lunll s @y + I lunl™ ) ) 17 G ()0 ot g
+C (Jwnll o gy + 1 Tl W= @y ) 17 un()0() | o= g
< C[{lunll o o + (lunll s ) + lunl s ) FIFCoun)onCll ot
el oy + (laml s ) + Nunlcra ) } 17Ctn()onOl - o
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< C|llunlle + {llunllz + lunllz }]
= o,(1). (4.2.39)

s [ O)on Ol g + 1 o)l e ] =
Now again from (f1), it follows that f(-,u(-))vn(-) € L9 (Q) N LY () and hence, by

arguing similarly as above, we obtain

< c[{uqu " (HuHE + Jlullz ) }
PG uE)onCO)ll et gy + 1FCu0)on() o oy }| = 0n(1).  (42.40)

Since {u,} is bounded, combining (4.2.34), (4.2.36) ,(4.2.39), and (4.2.40), we get

on(1)

= (T (n) = T'(w), vn) e
) = m(o(w))] Bu(va)

)Bun(vn)—m(( n))Bu(vn) + [m(o(us
f(@, un(2))vn(2) F(y,u(y))f (@, u(x))va(z)

m
F(y, un(y
’{13 — y’.u z,y)

= m(a(un))[Bun (vn) = Bu(vn)] + on(1),

that is,
lim [m(o(un)) (Bu, (vn) — Bu(vy))] = 0. (4.2.41)

n—-+00o

Using Remark 4.0.1 (i), we have in particular
(4.2.42)

lim [By, (vn) — Bu(vn)] = 0.

n—-+400o

Note that by Proposition 4.1.2, v, — 0 strongly in E is equivalent to pg(v,) — 0 as
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n — 4o00. First we derive the following estimates required to obtain li_)m pE(vy). Set
n—oo
gn(@) = V(@) (Junl"2up — [l 2u ) v, ().

For all n € N, using (1.2.10), we have / / gn(x)dx > 0, which together with (4.2.42)
. RN JRN
yields that

lim [ gp(x)dz =0. (4.2.43)
Q

n—-+o0o
Next, to handle the variable exponents p(-,-) and p(-) we divide the domains RY x R¥

and 2 into four subdomains as follows:

Ar = {(z,9) e RV xRN 1 1 < p(z,9) <2} Az :={(2,y) e RV xRN : p(z,y) > 2};

Al ={zeQ:1<px)<2); Ay = {z eQ:p(z) > 2}

(i) Case (z,y) € Aj: Since {uy} is bounded in E, arguing similarly as for obtaining

(3.2.35), we have

= |Un () — v (3)|PEY) B
= /Al |z — y|N+s(@w)p(zy) dxdy = on(1). (4.2.44)

(73) Case (z,y) € Ag: In this case also, using the arguments similar to (3.2.36), we obtain

S @) e
R /A2 iz — g|NFs@y)py) drdy = 0,(1). (4.2.45)

(iii) Case = € Ay: Since {u,} is bounded, Lemma 1.2.3, Lemma 1.2.5, (1.2.10), (1.2.12),
and (4.2.43) imply

Ty— /z V(@) |on (@) P®) do
1 p(x p(x Pl 273(@
< oy [, @@ V@ @P + @)} e
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<[ [ (0ua) ™ Vi) ua ) 5 o+ [ ()5 (V@) E ]

( ) 2*5(') _ 2*5(')

< Cll(gn) > IILﬁ( [II(Vlun\p ) T

L2—25(-> (Q) LQ—%(') (Q)]

< C|llgnll;

p_ 2
21 + HgnHL21(Q):|
- +

()2 B ()| %
< [V PO gy + 1V han POl gy + 1V PO gy + 1V POy

= on(1). (4.2.46)
(iv) Case z € Ay: Using Lemma 1.2.3, (1.2.10), (1.2.12), and (4.2.43), we deduce

L= | V(@) | (2)PDde < 27" / W (z)dz = on(1). (4.2.47)
Ao Q

Now taking into account (4.2.42) and (4.2.44)-(4.2.47), we get

() — 1) P2 .
Un /RN /RN |.’L'— ’N-‘,—s (z,y)p(z,y) d.’L‘dy—|— Qv<l’)”0n(.’lj)| dx

=L+L+L+1, =op(1).

Hence v, — 0 strongly in E, thanks to Proposition 4.1.2, which implies u,, — u strongly

in £ as n — 4-o00.

(I1) ing |lun ||z = 0: If O is an isolated point for the sequence {||u,|/z} then there exists a
ne

sub-sequence {uy, } of {u,} such that
inf =d 0
7ILEN ”unkHE *>

and therefore, we can proceed as before. Otherwise, 0 is an accumulation point of the
sequence {|luy, ||} Hence, there exists a sub-sequence {uy, } of {uy,} such that w,, — 0
in E strongly. This completes the lemma in the degenerate case, i.e. a = 0.

Next, we consider the non-degenerate case, i.e., a > 0. Hence, the above proof reduces
to Case (I). Then using Remark 4.0.2 and (4.0.3) in place of Remark 4.0.1 in Case (I)

and arguing similarly, the result follows. O

Now we give the proof of the Theorem 4.2.1.
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Proof of Theorem 4.2.1: Since J satisfies Lemma 4.2.1 and Lemma 4.2.2, by Theorem

1.3.3, there exists a Cerami sequence {uy} for J in E such that

J(un) e and (14 [Jun]£)| T (un)]

g+ — 0 as n — oo,
where ¢, > 0 is the mountain pass level defined by

¢y := inf sup J (v(t)).
G (v(t))

Now Proposition 4.2.1 implies that wu,, — us strongly in F, for some u, € E, and hence,
J’ (ux) = 0. This yields that wu, is a critical point of 7 and therefore, a weak solution to

4.0.1. Also, J(u«) = ¢« > 0 and since J(0) = 0, we conclude that u, # 0. O

4.3 Existence of ground state solution via Nehari
manifold and fibering map

In this section, we study the existence of ground state solution of (4.0.1) using Nehari

manifold and fibering map approach. Here we consider the assumption:

(fa) % is increasing in ¢t > 0 and decreasing in ¢t < 0, for all x € Q.

[t~z 2t
Note that the conditions (f2), (f3), (f1)" are weaker than (AR). We say u € F is a ground

state solution of (4.0.1), if
J(u) =inf{J(v) : v € E\ {0} is a weak solution of (4.0.1)}.

Theorem 4.3.1. Let Q be a bounded domain in RN with Lipschitz boundary. Let s(-,-)
and p(-,-) satisfy (S1) and (Py), respectively, such that stpt < N. Assume that (u1), (V1),
and (M) hold. Also, let f satisfy (f1)-(fs) and (f1)'. Then (4.0.1) admits a non-trivial

ground state solution.

Proof. First we note that the condition (fy) is the consequence of (fy). Indeed, for to >
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t1 > 0, (f4)" implies that

.F(:B,tQ) — f(.%',tl)

— 09" [ 25 U ta)ta — fasti)n) — (Pl ) = Pl )]

t t t + t2
_ 9p / f xz, 2 Gp fgj;: I)TBPT_ICZT _ f(p )TT_1d7{|
0 4oz 1 ty TT—l
1

& f(iU ta)  flz, )\ et "f(ata)  flat)y et
_ + ) ) —1 ) 3 p
=6p [/ ( T T M_) dT—I—/ ( T | @_1)72 dT:|

3] 1.2 T 2 0 1.2 .2

2 2 1

> 0.

Similarly, for 0 > ¢; > t2, we can deduce F(z,t2) — F(z,t1) > 0, that is, F(-,t) is
increasing in ¢t > 0 and decreasing in ¢ < 0. Hence, (f4) follows. Therefore, there exists a
weak solution v, # 0 of (4.0.1), thanks to Theorem 4.2.1, with J'(v.) = 0 and J (v.) = bs,
where b, is given as

= 1t e S,

where I' = {u € C([0,1], E) : v(0) = 0, J(v(1)) < 0}. We claim that v, is a ground state

solution of (4.0.1). The Nehari manifold associated with the functional 7 is defined as

N:={ue E\{0}: (T (u),u)p = 0}.

Since v, is a critical point of 7, we have v, € N. Let ay = injf\‘[j(u). Hence, oy < by.
ue.

Therefore, it is left to show that b, < au. For u € N, define the fibering map H : [0, +o0) —

R by H(t) := J(tu). Then H is differentiable with respect to ¢ and

H(t) = (T (tu),u

tU tp x,y)—1 |'LL ) ( )‘pxy dedy
RN JRN |z — y|NFs(@y)p@y)

/tp 2 =1y () ufP@) dx // (v, tu)f (@, tu)u (x)d:zdy. (4.3.48)

|g; — y|ﬂ z,y)
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In addition, we have (J'(u),u)g = 0, that is,

m(o(u))pr(u // ’x_y’# ) @) dray, (4.3.49)

Now we discuss the degenerate and non-degenerate cases separately as follows:

Case I (a =0): From (M), Remark 4.0.1, (4.3.48) and (4.3.49), for t > 1, it follows that

H'(t)

Y)
= p(z,y)—1 ‘U ) ( )|p R plz)—1 P(x)
=mio () /RN /RN t i — e W [ TV dw}

- [ I D gy — 09 (o st + 71 )

|z — y|u($,y

< blo(tw))’ 7 " pp(u) — 7 blo(w)]) pr(u) + G(1)
<ot O D [o(u)) P pp(u) — 17 o)’ pp(u) + G(1) = G(),  (4.3.50)

where

_ - 1// // (y, tu) f (@, tu)u (w)dxdy'
\fv—y\“ =) |z — y|p(@y)

Since F(z,7) = 27 f(z,7) — Opt F(x,7) > 0, for all z € R, 7 € R, it follows that

i
d F(x,tu) tepr(ac,tu)u(x) +L‘GL_IF(:U tu)
dt P - t0p*
f (@, tu)tu(z) — 25° F(x, tu)
= >0
5~ \

Thus, % is increasing function in ¢ > 0, for all uw € E. Now for ¢ > 1, using (f4) and

)
Remark 4.0.4, we deduce

g(t)

opt opt
t0p+ 1 // 33 U)|’LL‘ 2 da:d _// yatu :E tu)|u‘ 2 dxdy
2|z — y!“("’“"’y ful "5 ~2u 2 g — ylpen)t 5 ] 2
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opt
o] [ [ Lt u>|u\ : w- [ | Fly, tu)f (@, mlg‘y; dedy|
2z - y!“(x’y ful %5 @z — yr@ent™> u| 2 " u
Fly,u) - F‘;/,;i“>
:tap+1[/ (/ t T gy ) fla,u)u dag} <0. (4.3.51)
a\Ja |z -y

Combining (4.3.50) and (4.3.51), we get H'(t) <0, for ¢ > 1. Arguing similarly as above,
we can deduce that H'(t) > 0, for ¢t < 1. Therefore, 1 is the maximum point of H, that is,
J(u) = max J(tu). Next, we define the map v : [0,1] — E as v(t) = (tou)t, where tg > 1

satisfies J (tou) < 0. This map is well-defined due to Lemma 4.2.2. So, v € I". Hence,

i< Jnax J(v(t) < e J(tu) = J(u).

Since u € N is arbitrary, we get b, < a,. Therefore,

inf J( ) = e = by = J(vy).

ueN

Case II (a > 0): By replacing Remark 4.0.1 with Remark 4.0.2 in (4.3.50) and arguing in

a similar way as in the Case I, we conclude the proof. ]

4.4 Existence of infinitely many solutions

In this section, we consider the nonlinearity f of odd nature and exploit this property to
establish the existence of infinitely many solutions of (4.0.1) with unbounded energy and

negative energy.

4.4.1 Solutions with unbounded critical energy

Here we establish the existence of a sequence of solutions to (4.0.1) with unbounded energy

(in the limiting sense) using the fountain theorem with Cerami condition (Theorem 1.3.4).

Theorem 4.4.1. Let Q be a bounded domain in RN with Lipschitz boundary. Let s(-,-)
and p(-,-) satisfy (S1) and (Py), respectively, such that stp™ < N. Assume that (u1), (V1),
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and (My) hold. Also, let f satisfy (f1)-(fa) with f(x,—t) = —f(x,t). Then (4.0.1) has a

sequence of non-trivial weak solutions {v,}, n € N such that J(v,) — +00 as n — +oo.

Proof. For the reflexive, separable Banach space F, define Y, and Z; appropriately, fol-
lowing (1.3.23). The functional J satisfies Cerami condition (C), for all ¢ € R, thanks
to Proposition 4.2.1, and J is even. Now we verify the conditions (#)-(%) in Theorem
1.3.4.

Verification of (%) : For k € N large enough, let us denote

O = sup ||U||Lw(~)(g)a (4.4.52)
u€Zy, ||lul|p=1

where v(+) € C(Q) such that 1 < y(z) < p%(z), for all z € Q. Then we have

lim ai =0. (4.4.53)

k—+o00

If not, supposing to the contrary, there exist ¢g > 0,kp > 0 and a sequence {u} in Zj
such that

lugllz = 1 and ||Uk||m(-)(g) > €0,

for all k& > ko. Since {ux} is bounded in F, there exists @y € E such that up to a sub-
sequence, still denoted by {ux}, we have up — @y weakly in E as k — +oo. Now by

Lemma 1.3.1, we get

<f;,ﬁ0>E = limoo<f;‘,uk>E = 0, for ] = 1,2,3, e

k—+

Thus, we have g = 0. Furthermore, using Theorem 4.1.1, we obtain

< i : = ||u ‘ =0
€= am [kl vy @y = ll@oll prer @y = 0,

which is a contradiction to the fact ¢y > 0. Hence, (4.4.53) holds true. Let u € Zj with
|lu||g > 1. By using Remark 4.0.1 (¢i¢), for a = 0 in (M) (or Remark 4.0.2 (7i7), for a > 0
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in (My)), and Proposition 4.1.1, we have

M(1)
(pt)?

(o)}’ — () > é‘]ﬁiﬁ Jal % = w(w). (4.4.54)

J(u) =

Now from (4.4.53), we infer that oy < 1, for large k € N. Therefore, using (f1), Lemma
1.2.5, (1.2.12), Proposition 3.1.1, and (4.4.52), for sufficiently large k € N, we get

() < C {1l g + (lulZr0m o + 20 ) } (4.4.55)

- +
LUl g+ (1270000 ) + il ) 1]
- + +
s2c{uuu%az+ (Il a™ + Julz o)}

+
< Coylu[

where C is a positive constant, independent of k, u. Thus, (4.4.54) and (4.4.55) give us

M(1 _ —~
T() > (pf)guuu%’ _ Conllul” (4/456)

Consider the real function G : R — R,

M(1)
(p+)?

G(t) = " — Coyt?".

Then from the elementary calculus, it follows that G attains its maximum at

1
- (2rt—6p—)
5, = (Mo
2r+(pt)PCay

and the maximum value of G is given by

__6p— 2t
o = MW (Mo~ \ETD 5 M@y )T
(pH)? \ 2r+(pt)?Cay, 2r+(pt)0Cay,

ort 6p Op—
(M(1) @) 1 \@T-o) (fp~ \ @ri-t) . Op~
IRNCK Cay 2t 2t )
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4.4 EXISTENCE OF INFINITELY MANY SOLUTIONS 95

Since Op~ < 2r* and o — 0 as k — +o00, we have
G(0r) = +00 as k — +oo. (4.4.57)

Again, using (4.4.53), we get 0y — +00 as k — +oo. Thus, for u € Zj with ||u||g = O,
combining (4.4.56) and (4.4.57), it readily follows that

by, = inf J(u) = 400 as k — +o0.

UEZ,||ul| E=0k

Verification of (#2) : Due to the presence of Choquard type nonlinearity, here we use an
indirect argument. Suppose the assertion (#3) of Theorem 1.3.4 does not hold true for

some given k € N. Then there exists a sequence {u,} C Yj such that

lunlle — +o0,  J(us) > 0. (4.4.58)

Let us take w,, := Huuﬁ’ then wy, € E and ||wy||g = 1. Since Y} is of finite dimension, there

exists w € Y\ {0} such that up to a sub-sequence, still denoted by {w,, }, w,, — w strongly

in Y and wy(z) = w(z) a.e. € RY as n — +oo. If w(x) # 0 then |u,(z)| — +oco as

n — +oo. Similar to as obtained in (4.2.27), for each = € €2, it follows that

(/ F(y,un(y))|wn(y)|0%+dy> F(z, un(z)) ]wn(l’)’% — +00. (4.4.59)
2 o — gD, ()| 5/ Jun(@)| 5

Thus, using (4.4.58), (4.4.59) with Remark 4.0.4 and applying Fatou’s lemma, we get

0p+
U(uy, 1 F(y, un)|wn(y)| 2 F(x,u, opT
(67;:2/ (/ ( JIwn(y) Mdy) ( é\wn(:v)\ 2 dx (4.4.60)
el @I g — y[@Y) fup (y)] 2 un ()| 2

— 400 as n — +00.

Since, for large n € N, |lu,||g > 1, using Remark 4.0.1 (i), for a = 0 in (M;) (or Remark
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4.0.2 (zi1), for a > 0 in (M7)), Proposition 4.1.1, and (4.4.60), we deduce that

M(l) opt _ u
I (un) < E=yallunl™ = ¥(un)

. M(l) . 1 u u 9p+ S
- (@—)9 ||Un||%o+ \II( n))” nHE - >

as n — +oo. This contradicts (4.4.58). Thus, for sufficiently large k£ € N, we can have
ok > O > 0 such that, for u € Yy, with |lu||g = ok, the assertion (%) follows.
Hence, by Theorem 1.3.4, there exists a sequence of solutions {v,}, n € N, of (4.0.1) such

that J(vy,) — +00 as n — 400.

4.4.2 Solutions with negative critical energy

For the reflexive, separable Banach space E, define Y; and Z; by following the argument
as in (1.3.23). Now we establish the existence of a sequence of solutions to (4.0.1) with

negative energy using the dual fountain theorem with Cerami* condition (Theorem 1.3.5):

Theorem 4.4.2. Let Q be a bounded domain in RY with Lipschitz boundary. Let s(-,-)
and p(-,-) satisfy (S1) and (Py), respectively, such that stpt < N. Assume that (1), (V1),
and (M) hold. Also, let f satisfy (f1)-(fa) with f(x,—t) = —f(x,t). Then (4.0.1) has a
sequence of non-trivial weak solutions {wy}, n € N such that J(wy,) <0 and J(wy) — 0

asn — +0o0o.
First we prove the following lemma:

Lemma 4.4.1. Suppose that the hypotheses in Theorem 4.4.2 hold, then [J satisfies the
(&)

¥ condition.

Proof. Since F is reflexive separable Banach space, using Lemma 1.3.1 we define Y} and
Zy as in (1.3.23). Let ¢ € R and {uy} be any sequence in E such that u; € Y}, for all
keN, J(ur) — ¢ and Hj/\yk (uk)‘

(14 [lugl|g) — 0 as k — +o0. Therefore, we have

c= j(uk) + Ok(l) and <._7’(uk), uk)E = Ok(l).
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Analogously to the proof of Proposition 4.2.1, we can show that {ug} is bounded in
E. Hence, there exists a sub-sequence, still denoted by {ux}, and v € E such that

ur — u weakly in E as k — +00. On the other hand, Lemma 1.3.1 implies £ = UpY: =

span{ey : k > 1} and thus, we can choose vy € Y} such that vy — u strongly in E as
k — +4o0o. Therefore, using the facts j’|Yk (ug) — 0 and ug — v — 0 in Yy, (see [18,
Proposition 3.5]), we achieve

I , b Ly / B 1; / . —0.
k—1>1—i1-100<‘-7(Uk)7Uk u)E k_l}ll@(](uk),uk Uk>E+k_1>Iiloo<j(Uk)aUk u)p =0

Again recalling the proof of Proposition 4.2.1, we can deduce u; — wu strongly in E as
k — +o00. Then, we conclude that J satisfies the (C')} condition. Thus, we obtain that
T (ug) = J'(u) as k — +o00. Let us prove J'(u) = 0. Indeed, taking w; € Yj, for k > j,
we have

(T (u),wj)g = lim [(J'(u) — T (uk),w;j)g + (T (ur),w;) el

k—+o00

= lim [(j’(u) = j'(uk),wj>E + <jl|yk (Uk),w]‘>E] = 0.

k—+o00

Therefore, J'(u) = 0 in E* and hence, J satisfies the (C)% condition, for every c € R. [

Proof of Theorem 4.4.2: Note that the fact that J is even and Lemma 4.4.1 ensures
that J satisfies Cerami* condition (C)Z, for all ¢ € R. So, to prove Theorem 4.4.2; it is
enough to verify the conditions (#})-(4%) of Theorem 1.3.5.

Verification in (24 ): For all u € Zy, with ||u||g < 1, arguing in a similar fashion as obtained

in (4.4.55), we can derive
U(u) < Csagllullg, (4.4.61)

which together with Remark 4.0.1 (i), for a = 0 in (M;) (or Remark 4.0.2 (¢i7), for a > 0

in (Mj)), and Proposition 4.1.1 imply

M(1)
(pt)?

+
T (u) > ul®" — Caay||ul g, (4.4.62)
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where C3 > 0 is a constant, independent on &, u. Let us choose g, = [(p™)?Csay,/ M (1)]Y/ @71

Since OpT > 1, (4.4.52) yields that
or — 0 as k — +o0. (4.4.63)

Thus, for u € Zj with ||ul|g = or and for sufficiently large k € N, from (4.4.62), we get
J(u) > 0.
Verification of (#2): Suppose the assertion (.2%) of Theorem 1.3.5 does not hold true for

some given k € N. Then there exists a sequence {u,} C ¥} such that
[unllg — +00, T (uz) > 0. (4.4.64)

Now arguing similar to Verification of (%2) in the proof of Theorem 4.4.1, we obtain
(4.4.59) and (4.4.60) which together with Remark 4.0.1(#i), for a = 0 in (M7)(or Remark
4.0.2(i7i), for @ > 0 in (M;)), and Proposition 4.1.1 imply that as n — +oo

u M(l) N 9p+ _ u
T (un) < gotglunl " = Waw)
. M(l) . 1 u y 9p+ o
- <<p‘>0 D "))” s = =

Hence, we get a contradiction to (4.4.64). Thus, there exists kg € N such that, for all
k > ko, we have 1 > g > 0 > 0 so that for u € Y}, with ||u||g = Jk, the assertion (o)
follows.

Verification of (#3): Since Yy N Zy # 0, we get di, < by, < 0. Now for u € Zy, ||ul|lg < ok,

using (4.4.61), we have

J(u) > —=Csay|lul|g > —Csai0-

Therefore, using (4.4.52) and (4.4.63), we obtain

di > —Csapor — 0 as k — +o0.
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Since di < 0, we finally conclude that lim di = 0. This completes the proof of the

k—+o0
theorem. O

4.5 Conclusion

In this chapter, we have studied a class of doubly non-local Kirchhoff type Choquard equa-
tions involving variable-order fractional p(-)-Laplacian in a bounded domain with Lipschitz
boundary. The salient feature of the problem is relaxing the Ambrosetti-Rabinowitz (AR)
type condition on the reaction term and hence covering a more general class of non-
linearities. We mention that the (AR)-condition on the reaction term guarantees the
boundedness of the Palais-Smale sequence for the associated functional which is not pos-
sible for the nonlinearities without (AR)-condition. Therefore, here we have worked with
the Cerami sequences and established the compactness result which provides us a weak
solution in the form of the weak limit of the Cerami sequence. Next, we have obtained the
ground state solution of the problem using the Nehari manifold approach and the analysis
of the associated fibering map. We have also shown the existence of a sequence of solu-
tions with unbounded energy and a sequence of solutions with negative energy converging
to zero by additionally taking the odd nature on the nonlinearity f(x,t) with respect to
the variable ¢t and considering the fountain theorem with Cerami condition and the dual
fountain theorem with Cerami* condition, respectively. Another important feature of the
problem is that here we have covered both the degenerate and the non-degenerate cases
of the Kirchhoff function.

The research in this chapter has risen up some open questions to be further investi-
gated. Here we have assumed the continuity and non-negativity of the potential function
V(z). It will be interesting to explore the results obtained in this work under the weaker
integrability and the sign changing assumptions on V() in the whole of R™. In this case,
one of the main challenges would be the application of the associated fibering map due
to the non-homogeneous feature of the problem, together with sign changing potential
V(-). Also, establishing compactness result (Cerami type) for such problem calls for the

attention. m
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Regularity results for doubly non-local

problems

In this chapter, we study the regularity of weak solutions of the following class of p-

fractional Choquard equations :

(5.0.1)

u =0, z e RN\ Q,

where Q C RY is a bounded domain with C! boundary, 1 < p < oo and 0 < s < 1 such

that sp < N, 0 < p < min{N,2sp}, and f : Q@ x R — R is a continuous function with

101
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102 REGULARITY RESULTS FOR DOUBLY NON-LOCAL PROBLEMS

at most critical growth condition (in the sense of Hardy-Littlewood-Sobolev inequality
(1.3.15)). Here F(z,t) fo x,T)dr is the primitive of f. We also study W*P(2) versus

C9(£2) local minimizers result for (5.0.1).

Definition 5.0.1. A4 function uw € W5*(Q) is said to be weak solution of (5.0.1), if for
allw e WiP(Q)

PP (u(z) — u(y))(w(z) — w(y))
/RN /RN |z — y‘NJrsp dxdy
Fly,w)f(z,u)
/ / |x - y|# w(z) drdy. (5.0.2)

Definition 5.0.2. The energy functional J : W5*(Q) — R associated to (5.0.1) is given

by

5w = Shullap =5 [ [ FEEE dra, (5.03

Motivated by the inequality (1.3.15), we assume the following hypothesis on f:

(H) There exists some constant K such that, for a.e. x € Q and for all ¢ € R,

[f(@, t)] < Ko (1+[4")

with 1 <7 < pj, ., where pj, ; := %71’;/)2) denotes the critical exponent in the sense of

Hardy-Littlewood-Sobolev inequality (see Remark 1.3.1). Note that (1.3.15) ensures that
(5.0.3) is well defined.

5.1 L bound and Holder smoothness of weak so-

lution

In this section we derive a priori-L°° bound and establish the Holder regularity of weak

solutions to (5.0.1).

Theorem 5.1.1. Let Q be a bounded domain in RN with CY' boundary and 1 < p <
00, s € (0,1) such that sp < N. Assume that (H) holds. Then for any weak solution
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u € WyP(Q) of (5.0.1), there exists a € (0,s] depending upon s,p, N,Q such that u €
L®(RN) 0 CO(RN).

In order to prove Theorem 5.1.1, we first recall the following inequalities:

Lemma 5.1.1. ([16, Lemma C.1]) Let 1 < p < oo and > 1. For every a,b,t > 0, it
holds that

B+p—1 B+p—1|P
p P
ay —b

Bp?

P TORRTTYON ST N/
la — bP~2(a — b)(d} bt)z(ﬁ_i_p_l)p

where a; = min{a,t} and by = min{b, t}.

Lemma 5.1.2. ([17, Lemma A.1]) Let 1 < p < oo and ¢ : R — R be a differentiable

convez function. Then

la —bP~2(a —b) [c |¢/(a) P3¢ (a) — t |¢/ (D) [P~/ (b)]
> |p(a) — (b)[P*((a) — (b)) (c — t),

for every a,b € R and every c,t > 0.

We also recall [53, Theorem 1.1], which deals with the regularity of the solution for the
following problem:

(=ABu =g x€9,

P (5.1.4)
u =0, zeRV\Q.

Proposition 5.1.1. Let Q be a bounded domain in RN with CY! boundary and 2 < p < oo,
s € (0,1) such that sp < N. Assume that g € L*°(2). Then there exist constants C' and
a, both positive and depending upon s,p, N, such that, any weak solution u € Wg’p(Q)
of (5.1.4) satisfies

1
”uHc‘gv"‘(ﬁ) < CHgHz;}(Q)
In the next result, we derive a-priori L> bound on the weak solution of (5.0.1).

Lemma 5.1.3. Let the assumptions in Theorem 5.1.1 hold. Then any weak solution

u € WP (Q) of (5.0.1) belongs to L>°(2). Moreover, there exist two positive constants C.

TH-2705_156123025



104 REGULARITY RESULTS FOR DOUBLY NON-LOCAL PROBLEMS

and C* depending upon s,p, i, N, Q such that

1 p—1

lull ey < (C)Pis =P (05) VP Pias = VB )

Proof. First from the given assumption on u, we have pj, - > p. Now for every 0 < e << 1,

we define the smooth convex Lipschitz function
he(t) = (€ +12)2

and take the test function ¢ = 9|hL(u)[P~2hL(u) in (5.0.2), where 1 € C°(Q),% > 0. In
addition, by choosing a = u(z), b = u(y), ¢ = ¥(z), and t = ¥(y) in Lemma 5.1.2, we

obtain

[ Jpedate)) =l rle(a) ) O) =) 1,
RN RN

]x— ’N+8p

< [ [l P i) dody. (519

Since he(t) converges to h(t) = |t| as € — 0T and |h.(t)| < 1, using Fatou’s lemma in

(5.1.5), we get

[/ [1u(@)] = u(v)] (u(x)\—ru<y>r)(w<x>—w<y>)dxdy

|z — y|NFsp
[F(y, w)| [ f (2, )]
/ / |$ — Y(x) dzxdy. (5.1.6)

Since C2°(9) is dense in W;*(Q), (5.1.6) holds true, for 0 < ¢ € W;*(Q). Next, for I € N,
we define

w; = min{l, |u(x)|}.

Clearly u; € WP (Q). For k > 1, let us set

B:=kp—p+1.
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So, 8 > 1. Choosing ¢ = ulﬁ in (5.1.6) and using Lemma 5.1.1, we obtain

B+p—1 Btp—1|P

(w(x)) = (w(y) >
5+p—1 /]RN /RN \x—y‘N-i-Sp dxdy
// ‘F ’g;_Hg’ux N(2))? dady. (5.1.7)

By observing that

-1
5 <B+_p_1)p < <—5+p_1>p , for large 3
B p p

and using the the relation k = ﬁ%i along with continuous embedding W (Q) < L= ()

(see Proposition 1.2.3), from (5.1.7), we get

e e e MR R

i) = Ia: —y|#
where the best Sobolev constant Ss is as given in (1.2.7). Now we will estimate the

right-hand side in (5.1.8). Using the inequality (1.2.12), (H), Proposition 1.3.1 with

g=1t= %, and the fact u; < |u|, we deduce

// | F(y, w)] £ (2, u)‘(ul(:z:))ﬁ dudy

!w — yl~

2N —p

_2N 2N
< e AR
<O, p, WIECuC)I 2 - (/Q (!f(rv,u)l | ()] ) )
= ( L7 <Q>>

2N 2N 22,1;#
X (/ |ul|2Nud:z+/ (|u\pw 2|uuf |)2N " da >
Q Q

P P
=C4 ||uH i + Hu”iij ©) / |ul|'8pﬁ,s dx —|—/ |ul|'8p7§,s dx
L7 () Qn{ul<A} Qn{lul>A}

"
Pu,s

zz * z: Ps
+/ (’u|pu,s*2’u ulﬁ‘) Phys do —|—/ <|u’p,‘,s*2|u ulﬁ|) Pis o
an{ful<Ay Qn{jul>A}

-
Q)
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*

Pl,s . Plis
S Boes " i +B8—1 P%iss "
<C |u| " Pis dx + |u|Phs * dx
QNflul<A} QN{lul>A}
N T—’;;S . z,s
Ds Ps . bBs Ps
+ / (yu\pz,ﬁﬁ—l)%s dv |+ / (\u\msﬂf—l)w dx
QN{lul<A} QN{lul>A}
Pli,s
- P3
<C

*

p5
Al—p / <’u‘p+ﬁ—l> Ph,s dx
QN{|u|<A}
* Pus
_Ps Py
4 APrs~P / (]u|p+5_1> .
QN{jul<A}
* p:l,s
275 P3
+9 / (‘U’p“’s_p ]u|p+5—1) Pis
QO {|ul>A}
Plis

Py Ps
< C[(AIP £ A [ul Ty 42 ( Lo (e ) dx>
() QO {|u|>A}

£3
L Pu,s

]

(5.1.9)

where A > 1 will be chosen later, C; > 0is a constant, and C' = C' <Hu|| o+ ||u||i‘*;£(m> .
LPins (Q)

By plugging (5.1.9) into (5.1.8) and applying Fatou’s lemma, we get

kp—1

k = - . k
s oy S C g | (4774 A7) Ll
N LPhs (Q)

s PE
+2 / (|u[p;7$_p ]u|kp) s g . (5.1.10)
on{lul=A)

Now we estimate the second term on the right-hand side in (5.1.10). For this, using Holder

inequality for constant exponents, we obtain
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*

Pu,s
. 1;: P
/ (|u]pu,s_p|u]kp> Pies dy
Qn{Jul>A}
* *
. Pu,s Pu,s—P
. P, P T Phs
*
(p. _p)Pis Pp,s—P
< Oy / <|UI e P dz
QN{lul=A}
r Phs  p
Pu,s P3 ’Pﬁ,s

e
: / (lul’””’“) X
QN{|u|>A}
Pl,s—P
< ( / |u|P?dx>
QN{|u|>A}

= C(A)||u|"® (5.1.11)

Ps
()
Q
LFP5 (Q)’

) *‘"d

b
Pu,s—P

where Cy > 0 is a constant and C(A) = Cs (fﬂm{\u|>A} |u|Ps da:) P> Combining (5.1.10)
and (5.1.11), we have

~
>
3
*
e
—
n
~
]

(AT 4 APRrP) ] iy +2C(A)Hu||’2§p;(m] . (5.112)
L Pis (@)

Now by applying Lebesgue dominated convergence theorem in (5.1.11), we can choose

P
A > 1 large enough such that C(A) < % and hence, from (5.1.12), it follows that
1
2\ B gl
ol @y < (CF)7 6D il s (5.1.13)
LPhs (Q)

2C (AP 4+ APis—P)
S
Choose k =k := pf‘T’S > 1 as the first iteration. Thus, (5.1.13) yields that

where Cy = > 1. Next, we start bootstrap argument on (5.1.13).

P

ol oy < (€))7 Nl (5.1.14)
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Dls
P

Again by taking k = ko := Ky as the second iteration in (5.1.13) and then inserting

(5.1.14) in (5.1.13), we get

1 p—1

2\ » 175
ol oy < (€2) [025] 7 Nl

p—1

1
11N\ 5
< <c+) [(kl)ﬁ.(kz)%} " Nl - (5.1.15)

*
Pu,s

In this fashion, taking k = k, = k,_1 m

as the n'” iteration and iterating for n times,

we obtain
1
=\7 By =
el sty < (c) ()] 7 ll -t
11 > 1 1 11%
w e T E, . .
< | Cs ! 2 i (kl) oy (kZ) k. (kn) Fen HuHLpé‘ Q)
1
- i b p—1
i [;; n VIk\ P
=1 \/1/k; J
=|Ci <k§ J) ull g2 ) (5.1.16)
j=1

p* ] p* \/ l/k]
where k; = (%) . Since s> 1, we have k; > 1, for all j € N and

1/k:
lim k. /J:L

Jj—+o0

Hence, it follows that there exists a constant C* > 1, independent of j,n € N such that

1/k;
k; < C* and thus, (5.1.16) gives

n

S sy

j=1 " * j=
[ull s ) < | C5 Ccri=1 el 1oz - (5.1.17)
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Observe that

ii "( )j_ p/Pjs P
= k‘ — pu,s 1_p/pz,s pz,s_p

J]=

ooi_n 2 j_ \/ﬁ

pu/73 »S

and

from (5.1.17), we get that

1 —1
[ ul| Lo () < (Cu)Prs ™ p“s \UHLP @) (5.1.18)

where v, := k,p%. Note that, v, — 400 as n — +o00. Therefore, we claim that

1 p—1
lull ooy = lull @y < (€)PRs ~P () VEWPhs = VP e 0 (5.1.19)

Indeed, if not, let us assume ||ul| () > Csllull () Where

1 p—1
C3 = (C*)pz,s - P (C*)\/i)( PZ,s - \/ﬁ)

Then there exists C4y > 0 and a subset S of  with meas(S) > 0 such that
u(z) > Csllul| oz o) + Cs, forz € 8.
The above implies

lim inf (/ |u(x)|”"dx> " > liminf </ |u(z |””dx>
Vnp—>+00 0 Vn—++00

o 1
> timinf (Gl s o) + Ca ) (meas(S))

= limind (Clull o) + Ci)

a contradiction to (5.1.18). Therefore, (5.1.19) holds and hence, u € L*°(Q). O
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Proof of Theorem 5.1.1. Now for proving Hélder regularity, we first claim that

(/Q Fly,u) dy> F(z,u) € Lo(Q). (5.1.20)

|z — yl~

Indeed, by Lemma 5.1.3, we get u € L*°(Q) and thus, by (H), we have f(-,u(:)), F(-,u(-))
€ L*(R), which imply that

F(y,u dy dy
[ B ) < e | [ W W
o lz—yl an{jz—y|<1} 1Z — Yl an{ja—y[>1} 1 — Yl

/ VIR dE 419
on{r<1}

and since 0 < p < N, (5.1.20) holds. Now by applying Proposition 5.1.1, we finally can

< NFC w9 < 00,

conclude that there exists some a € [0,s) such that v € C%%(Q). Hence, the proof is

complete. ]

5.2 Sobolev versus Holder minimizers

In this section, using the L*° regularity and Holder regularity of the weak solutions to
(5.0.1), as obtained in Theorem 5.1.1, we study the following result about the Sobolev

versus Holder minimizers for the energy functional J:

Theorem 5.2.1. Let Q be a bounded domain in RN with C*' boundary and 2 < p < oo,
s € (0,1) such that sp < N. Suppose that (H) holds. Then for any wo € WP (), the
following assertions are equivalent:

(i) There exists o > 0 such that J(wo +w) > J(wp), for allw € WP (Q) N CY(Q) with

[wllco@ < e

(ii) There exists § > 0 such that J(wo+w) > J(wo), for allw € WP (Q) with |wl|s, < 6.

Proof. We divide the proof into two cases depending on r in (H) .

(a) Critical Case: v = pj, , in (H):

First, we show that (i) implies (i¢). From (), it follows that (J'(wyp), P)wer(o) = 0, for all
¢ € W5P(Q) N CY(Q), where (-, Jwgr(q) denotes the dual pairing between W3*(Q2) and
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5.2 SOBOLEV VERSUS HOLDER MINIMIZERS 111

WP (Q). Since WP(Q) N CY(Q) is a dense subspace of W;P(Q), we have
(7' (wo), By = 0, for all € WP (Q).

Therefore, by Theorem 5.1.1, we infer that wy € C9(Q) N L>(2). Here we argue by
contradiction. Suppose (i7) does not hold. Then there exists a sequence, say {w,} in
WP (Q) such that w, — wy strongly in W (Q) as n — 400 and J(wy,) < J(wy), for all
n € N. Now we introduce a suitable truncation to the nonlinearity f to handle its critical
growth (in the sense of Hardy-Littlewood-Sobolev inequality (1.3.15)). For each j € N,
we define f; : @ xR =+ R as

fi(a,t) = max{f(z, —j), min{ f (z, j), f (x, 1) }}

We define the corresponding truncated energy functional J; : W;*(Q) — R as

_ |UH y,u)
J;(u) |ac = y|u dxdy,

where Fj(z,t) = f(f fi(x,7) dr. One can check that J; € C1(W5"(Q),R). Note that, by
(H), we get that

|[fi(a,t)| < Cj = Ko (14 j7m=1), |Fy(a, )] < KG(1+|¢])

are of sub-critical growth (in the sense of Hardy-Littlewood-Sobolev inequality (1.3.15)),
where C'j,Kj, J € N, are positive constants. Now by applying Lebesgue dominated

convergence theorem, for all u € W (2), we have

lim Fj(z,u) = lim / fi(z,t)dt = F(x,u). (5.2.21)

J—+oo j—)-‘rOO
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For fixed n € N and 0 < &, < J(wg) — J(wy,), using (5.2.21), we can find j, >
C(llwoll oo (q)) + 1 > 0 such that

n ) n F n ) ~TL
‘/ / Jn 'T w ]n(y w dzdy — / :U uw y w )d:cdy‘ < &,. (5.2.22)
|z — y|» |z — y[~

For all n € N, let us set
on = |[Wn = woll ot )y Bow = {u € WeP(Q) : Jlu—woll 1oz ) < on}-

Using the continuous embedding WP (Q) < LPs(Q) (see Proposition 1.2.3), we have
on — 0 as n — +oo. Now B, is a closed convex subset of W;*(Q) and hence, weakly
closed subset of W;"P(2). Therefore, .J;, is sequentially weakly lower semi-continuous and

coercive on B,, . Thus, for any n € N, there exists w,, € B,,, such that

I (wn) = inf J;, (u). (5.2.23)

’U,eBo'n

In view of (5.2.22) and by the choice of &, and j,, we get
Jjn(wn) < Jjn(ﬁ)n) < J(?I)n) + &, < J(’wo) = Jjn(’wo). (5.2.24)
We claim that there exists m,, > 0 such that

(8wt (= w0t = ([ 2y o), (5225)

Ifc —yln

Since wy, € By,,, while proving our claim we encounter two possible cases as following:
Case ||w, — wol| (@) < on: Then (5.2.23) yields that w, is a local minimizer of J;, in

WP (Q) and hence, J; (w,) = 0. Thus, (5.2.25) holds with m,, = 0.

Case |lwyn — wol| 1z () = on: We define the functional T : WiP(Q) — R as

”U - wOHZsz Q)

D3
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One can check that Z € C1(W;P(2),R). Next, we consider the following C'-manifold in
Wyt ()

My, = {u e WP (Q) : Z(u) := (Z‘: }

Now (5.2.23) yields that w, is a global minimizer of J;, on .#,. Therefore, by the method

of Lagrange’s multipliers, there exists m,, € R such that in W57 (Q),

Jj{n (wn) + mpT' (wn) =0,

the PDE form of which is (5.2.25). Furthermore, using (5.2.23) again, we can derive

(], (wn), wo — wn) s q)
(T’ (wn ), wo — wn>WOS”’(Q)

>0

myp = —

such that, possibly m,, — 400 as n — +oc. Hence, our claim is proved. As per the
construction, w, — wy strongly in LPs(Q) as n — +o0o. Moreover, applying Lemma 5.1.3

for (5.2.25), we have that w,, € L*(Q), for all n € N. Next, we show
wy, — wo strongly in L°°(Q2) as n — +o0. (5.2.26)

Subtracting (5.0.1) from (5.2.25), for all n € N, we get

(—A)5 wn — (—A)5 wo + M (wn, — wo)?*

p :/Q(Mdy) fjn(x,wn)/Q<F—(Mdy) fle,wo).  (5.2.27)

|z =yl |z =yl
We set vy, := w, —wy € WEP(Q)NL®(Q). For B := kp—p+1, k > 1, taking vl € WP()
as a test function in the weak formulation of (5.2.27), we get
(=80 w0 = (=A)p w0 Doy +mn [ [0+ o

/ / in (s wn) £, (2, wy) — F(y, wo) f(z, wo) (vn(x))ﬁ dxdy. (5.2.28)

|z —y|#
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114 REGULARITY RESULTS FOR DOUBLY NON-LOCAL PROBLEMS

In the rest of the proof, we consider C' > 0 to be positive constant which may vary from
line to line but is independent of n, j, k, 8, vy, Wwy,.

Using Proposition 1.2.3 and Lemma 1.2.6, from the left-hand side of (5.2.28), we deduce
that

L
/\v 75 do] % < o

Now we estimate the right-hand side in (5.2.28). For that, first observe that by the

p+B—1

P
n

< C B (= A)5 w — (—A)5 wo, v ) qy- (5:2.29)

S’p

construction, for (z,t) € Q x R, we have |Fj, (z,t)| < |F(x,t)| and |f;, (x,t)] < |f(z,t)].
Therefore, using (H) and the fact wg € L*°(£2) together with (1.2.12), we have

1B (y,00) () = F (3, w0) f(a, w0)
< |F(y,wa)] | £y wn)| + |F (g wo)] |f (. wo)
<O |1+ (1+(n +wo) )P ) 1+ +wo)@)Ph )|
< 2701+ { (14 [ou@)PP + fwo(y)[P )
X (1 + [on(@) i + fwo(@)Pie) 1]

<K [1 + (1 + [on(y) ypii,s) (1 + () ypiysfl)} (5.2.30)

for some constant K > 0 (independent of 7,n). Let us denote §(z,t) := 1 + [t[Pks"! and
G(z,t) := 1+ |t[Phs. Therefore, using (5.2.28)-(5.2.30) along with m,, > 0 and Proposition
1.3.1, for all n € N and k, 8 > 1, we obtain

anHLkp (Q)

*
Ph,s
>k >k

<cpr! [(/ o] 7 dx)
Q
* M5 * Puys
_Ps Py ~ _Ps pa
([t e ae) © (16 a) "} e2a
Q Q
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Next, using similar the arguments as obtained in the proof of Lemma 5.1.3, we deduce

that

[onl|zoe () < Cllvnll Loz ),

which yields that v, — 0 strongly in L>°(Q) being v, — 0 strongly in LP: (Q) as n — +o0.
Thus, (5.2.26) follows. Now for sufficiently large n € N, (5.2.25) can be rewritten as

Fy, wn)

Q |z —yl dy) f (@, wn) = my(wy = wo)"~H in WTP(Q). (5.2.32)

(-8, =

From (5.2.26), we infer that the sequence {wy,} is bounded in L*°(€2) and hence by (H), it
follows that the sequence { ( /& %dy) fG, wn)} is also uniformly bounded. Therefore,
again taking v as test function in the weak formulation of (5.2.27) and applying Lemma

1.2.6, for all sufficiently large n € N, we achieve

mp, / v, [P2 AL da:gC'/ v |P daz
Q Q
pE—1

B
< C[/ [o[P* 0 der| 7 (meas(Q)) 7T
Q

The above implies

ps—1

LSp§+/3—1(Q) < C(meas(§2))rs+8-1.

Letting k — +00, we have 8 — 400 and hence, from the last relation, we deduce that

*—1
mn ||UnHisoo(Q) <C,

that is, {my, (w, — wo)P>~1} is a bounded sequence in L>(2). Hence, from (5.2.32)
and Lemma 5.1.1 we infer that {wy,} is bounded in C$(Q). By the compact embed-
ding C$(Q) —< C(Q), passing to a sub-sequence, still denoted by {w,}, we have
wy, — wp strongly in CY(Q) as n — +o00. So, for all n € N large enough, we infer that
||wn, — oncg < p. Also, since {wy} is bounded in L*>(Q2), we get that J;, (w,) = J(wy,)
for sufficiently large n € N. Hence, from (5.2.24), it follows that J(w,) < J(wp). But this
contradicts (7). Therefore, (i) implies (7i).

Next, we show (i7) implies (i). By (ii), we have (J'(wo), v)ysr (o) = 0, for all v € W (Q).
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Therefore, Lemma 5.1.3 and Proposition 5.1.1 imply that wg € C’do (9). Supposing the con-
trary, let there exist a sequence {a,} in WP () N CY(Q) such that @, — wy in CY(Q) as
n — +oo and J(a,) < J(wp), for all n € N. Thus, we have u,, — wq strongly in L*>(Q)
as n — +oo. Hence, by the continuity and (H), the sequence {F(-,u,)} is bounded in

L*>°(Q) and
F(-,t,) — F(-,wg) strongly in L°(Q) asn — +00. (5.2.33)

Observe that

n) F (Y, Un, F(z,wo)F(y,
Iy : / / (&, @n) F(y, @ )dmdy—/ / (, wo) Fy wo)da:dy
|z —yl|* aJa |z —yl#

=1, + I, (5.2.34)

where

I, _// (2, @n) [F(y, @n) = F(y,wo)]

W—yw
M—yW

By Proposition 1.3.1 and (5.2.33), we observe that

1] < OIEC )| e PG ) = FCu)] g

—0 asn— +oo. (5.2.35)

Arguing similarly, as n — 400 we obtain |I,| — 0, which together with (5.2.34) and
(5.2.35) implies that Iy — 0, that is,

n ) n F ’
/ / (@, tn ) F(y, @ dxdy _>/ (@, wo) F(y wo)d:cdy asn — +oo.  (5.2.36)
o =yl ==yl
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Using (5.2.36), we obtain

~ p ~
lim sup lnlisn _ = limsup [ / / (, @n) y’un)d:vdy
n—r+00 p n—r+00 |z =yl
< J(wo) / / (z, wo) y’wo)dxdy
|z —y|#
_ llwollzp (5.2.37)
p )

that is, {u,} is bounded in W (). Hence, passing to a sub-sequence, still denoted by
{@y}, we have @, — wy weakly in W5?(Q) as n — +oco. Therefore, using the lower

semi-continuity property of the norm, we get
tim i [inlls > o]l . (5.2.38)

which together with the fact that W (Q2) is uniformly convex, gives us ||y ||sp = ||wols,p
as n — +o0o0. Consequently, by Theorem 1.2.1, ||&, — wollsp — 0 as n — +o0. So for
n € N, sufficiently large enough, we have ||@, — wollsp, < 6 with J(@,) < J(wp), which
contradicts (i¢). Therefore, (i) holds.

(b) Sub-critical Case: v < pj, ; in (H):

In this case, the proof follows using the similar arguments as in the Critical Case, discussed
above, by taking f;(z,t) = f(z,t) for each j € N and using the compact embedding
WiP(Q) —— L7(Q), 1 <~ < p: (see Proposition 1.2.3). This completes the proof of
the theorem. O

5.3 An application

Finally, we discuss the following theorem as an application of Theorem 5.2.1. First we

consider the following definition:

Definition 5.3.1. Let u € W;P(Q). Then

(i) u is a super-solution of (5.0.1), if u > 0 in RN \ Q and for all v € W3P(Q) with
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v >0 a.e. in§Q, we have

(=80 = [ [ P,

(i3) w is a sub-solution of (5.0.1), if u <0 in RN\ Q and for all v € WP (Q)with v > 0

a.e. in 0, we have

(= A)2u, v ey // ‘x_yw Fly, Wil

Theorem 5.3.1. Let Q be a bounded domain in RN with C*' boundary and 2 < p < oo,

€ (0,1) with sp < N. Let (H) hold and f(z,-) be non decreasing function in R, for
all z € Q. Suppose v,v € WiP(Q) are a weak sub-solution and a weak super-solution,
respectively, to (5.0.1), which are not solutions. Then there exists a solution vg € WP (Q)

to (5.0.1) such that v < vy <o a.e in Q and vg is a local minimizer of J in WP (€2).

Proof. First, we define the following truncated function f(m, t): QxR — R as

flz,v(@) ift <o),
f@,t) =9 f(z,1) if u(z) < t < v(x),

f(z,o(x)) ift >o(x).

Clearly by (H), fis continuous and there exist constants C5,Cs > 0 such that

~

[f(z )] < Cs(1+ o~ + o],

- L (5.3.39)
Fle,t) = |fi o, )dr| < ColL+ o= + a1,

for a.e. x € Q and for all t € R. We define the operator T : WP (Q) — W=7 (Q) as

F(y, u) [ (2, u)o(z) s,
(T'(u),v) / / \:v - y,u dxdy, for all u,v € Wi*(Q).

In view of Proposition 1.3.1 and (5.3.39), T" is well posed. We show that T is strongly
continuous (see [25, Definition 2.95 (iv)]). Indeed, let {u,} be a sequence in W;"”(2) such
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that w, — u, weakly in WJ(Q2) as n — 4+o00. Now using Proposition 1.2.3 passing to a
sub-sequence, still denoted by {u,}, we have u,, — u, strongly in L7(£2), u,(x) — u(x)
as n — +oo and hence, there exists some h € L%(Q) with |u,(z)| < h(zx), for a.e.
x € Q. Moreover, for a.e. = € , we have f(w,un(aﬁ)) — f(ac,u*(x)) and F(z, un(z)) —
F(z,u.(z)) as n — +oo and the sequence {F(-,u,)} is bounded in L%(Q) Thus,
ﬁ(-, Up) — F\(, uy) weakly in L%(Q) as n — +oo. Consider the linear continuous map

S Lo () — R, defined as

/ / fl@ u)v(z) dedy, for v e L7 (Q).

|z —y|#

Then by letting n — +o00, we get E(ﬁ(y,un)) — Z(F\(y,u*)) in R, that is,

y,un :E u* d:vdy _> y, U* fL‘ U*) (x)da:dy. (5'3_40)
|z —y|~ ==yl

Therefore, for any v € W;*(Q), using Proposition 1.2.3, Proposition 1.3.1, (5.3.39),

(5.3.40) and Lebesgue dominated convergence theorem, we obtain

(D)~ Tw) o] < ‘/ / F(y, un) |(f(2,un) — f(:ﬂ,u*))v] dxdy’

\w —yl~

~

Py, un) = Fy,u.)| Fla,u)o

|z —y|#

da:dy’

~ ~

<|IF(, un) )H(f( un) = fCu))oll

’ / / Py un) - Fly, )] A(sr uo d;dy

|z — y|#

— 0 asn— +oo. (5.3.41)

This implies T'(u,) — T(u,) in W= () as n — +oc and thus, T is strongly continuous.
Hence, [25, Lemma 2.98 (i7)] yields that T is pseudomonotone.

Next, using Lemma 1.2.6 and arguing as in [41, Lemma 3.2] we get that (—A), : W5P(Q) —
W% (Q) is pseudomonotone. Therefore, (=A), + T is a pseudomonotone operator.

On the other hand, again using the continuous embedding W3*(Q) — L7(Q), 1 <~ < p¥
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(Proposition 1.2.3), Proposition 1.3.1, (5.3.39), we deduce that

(y,w) f(z,u)v(z)
IT@)| ey = sup / / dady
T ollepst |$—y|"

< Grllf ool e HF( u)ll | g

2
<G (1 i Hyn’“:lm el ) ,
L 2N-1(Q) L 2N-1(Q)

where C7,Cy are positive constants and do not depend on w,v. Again arguing as in [41,

Lemma 3.2], it follows that (—A); + 7' is bounded.

Finally, we show that (—A)z + T is coercive. Indeed, using Proposition 1.2.3, Proposition
1.3.1, and (5.3.39), for all u € WP(Q2) \ {0}, we have

(=4)p (w) + T(w), wywer )

IIUIls,p

(y,u
= iz - = [ / o uul@) o
HuHs,p ‘37 — |

> p—1 ( r—1
- ”UH&p “ H op @ + HQHLTQJ%IIX;L @ ”UHL%(Q)
—r—1
+ ||v||Lr2]2&( ol 2 o)
> |lullByt ~ sp 00 as lullsp = +oo,

where Cg, C1g > 0 are the constants, independent of u. Applying [25, Theorem 2.99], we

get that there exists a solution vy € W;*(2) to the following equation:
(—A)3 (u) + T(u) = 0 in W= (Q), (5.3.42)

that is,
Jwo) = min J(u ,
( 0) ueWy () ( )

where J € CHWSP(£2),R) is the energy functional associated to (5.3.42) and is defined as

= !UHp,p //F 1)
J(u) = |x—y|“ dxdy.
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Now we claim that

0<T in Q. (5.3.43)

\ c

Observe that, (5.3.43) holds in RY \ Q. Taking (vo — 0)" € W3P(Q) as test function in
the weak formulation of (5.3.42) and using the fact that v is a super-solution of (5.0.1),
we deduce

(=A)pu, (vo — V) wer) = / / |:c y,vo Fz,v0)(vo — 0) T (2) dady

— yl“

/ /Q |z — y|# 2,7)(vo — )" (x) dedy

)p ;s (vo — U)+>W5’P(Q)-

Therefore, we get
(=A)pvo — (=A), v, (vo — 6)+>W5,p(9) <0. (5.3.44)

Using (1.2.11) along with (5.3.44), we obtain

o |(vo(x) — ()" — (vo(y) —T(y)) " " .
[(vo =) () = (vo = D) (P~ [(vo — V) (2) = (v0 — V) (y)]
< /RN /RN dxdy

l[(vo — )

|z — y|Ntsp
=G /RN /RN L N lgvﬁy;@iﬁ e
N — ()"~ (vo =) " (x) = (vo —9)* (y)] N
% fo fu PR oy

= Cp((=A)pvo — (—A), 7, (vo — 5)+>Wos,p(m

<0

Y

and thus, we have (vg — v)™ = 0 which implies that v9 < ¥ in Q. Similarly, using
(vo —v)~ € WyP(Q) as a test function in the weak formulation of (5.3.42), we can prove

that vg > v and hence, (5.3.43) holds true.
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Next, we show that vy is a local minimizer of .J in Wg P(Q). By exploiting the monotonicity

and the definition of f along with (5.3.43), we obtain that

o = ([ T a) s - ( i f:(%;,”j dy> Pl o)

>0

weakly in €. Also, by definition, T — vg > 0 in RN \ Q. In view of the fact that ¥ is not
a solution to (5.0.1), we have vy # ©. Therefore, by the strong maximum principle for
fractional p-Laplacian (Lemma 1.2.7), it follows that 7 — vy > 0 in §2. Similarly vo —v > 0
in . Thus, it follows that vy € WP(€2) is a weak solution to (5.0.1). Again, using Lemma
1.2.7 and Hopf’s lemma for fractional p-Laplacian (see [29, Theorem 1.5]), we can have
U — g > Rd® in Q, for some R > 0, where d is the distance function, defined as in (1.2.9).
Likewise, vg — v > Rd® in 2, for some R > 0. Also, from Proposition 5.1.1 and Lemma

5.1.3, we get that vy € CY*(Q). Let us denote
B?%/Q(UO) = {u e W5P(Q) : [lu—wlloa < R/2}.

For each w € B%/Q(vo), we have

v—w V—1vy Vg—w
aeadi >

v | 3

:E in Q.
2

The last relation implies that ¥ — w > 0 in ). On a similar note, we have w —v > 0
in . Therefore, in WJP(Q) N Bé/Q(U()), J agrees with J and thus, vy emerges as a local
minimizer of J in W3 (£2) N B%/Q(vo). Finally, Theorem 5.2.1 implies that vy is a local

minimizer of J in W;*(Q). Hence, the proof of the theorem is complete. O

5.4 Conclusion

In this chapter, we have established a global uniform bound and global Hélder bound on

the weak solutions of a class of doubly non-local equations involving fractional p-Laplacian
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(1 < p < oo) with the Choquard type nonlinearity up to critical growth assumption in
the sense of Hardy-Littlewood-Sobolev inequality. Then for p > 2, we have proved the
analogous ‘Sobolev versus Holder minimizers’ type result. Finally, we have applied these
two results to show the existence of a weak solution of (5.0.1) which is also a local minimizer
of the associated energy functional. Here it is worthy to note that the non-Hilbert nature
of the associated solution space have restricted us applying the many important tools and
results as applied for the case p = 2. Also, to the best of our knowledge, this is the first
work dealing with the regularity result for p-fractional critical Choquard equation.

The fine boundary regularity for the non-local problem involving fractional p-Laplacian
is still an open question for 1 < p < 2. Provided the answer for this is affirmative, Theorem
5.2.1 could be proved using the similar approach for the singular case (1 < p < 2) using
[54, Lemma 2.4] instead of Lemma 1.2.6. Also, studying the regularity of the solutions of
(5.0.1) by considering the critical perturbation of the form |u|Ps ~2u in the right-hand side
will be an interesting problem. Here we remark that the approaches, used in [43, 46, 73] for
studying these type of problem, for the case p = 2, will not be applicable for any general
1 < p < oo and hence, sought for developing new techniques to address such problems.

Next, considering the variable order and variable exponents in (5.0.1) opens new prob-

lem to be explored. O
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Non-local elliptic system involving

fractional p(-)-Laplacian

In this chapter, we consider the following non-local elliptic system with variable exponents:

(_A);(.)u = X a(z)|u[" @2y + #‘”ﬁ)(@c@”u‘a(m)—zuw‘g(m)? zeQ,
(—A IS)()’U = C b(l’)’fu’r(x)*Qv 4 %C(x)‘U’04(36)72,0|u’5(36)7 = 97 (601)
u=v =0, z e RN \ Q,

where Q is a bounded domain in RY with Lipschitz boundary, \, ¢ > 0 are the real param-
eters, s € (0,1), p(-,-) satisfies (P;) with sp™ < N. We assume that the variable exponents
r(+),a(), 5(-) and the weight functions a(-), b(+), c¢(-) satisfy the following hypotheses:

125
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(A1) The variable exponents 7(-), a(-), B(:) € C4(Q) verify the following:
l<r <rf<p <ph<a +8 <at+87 <),

Np~
N—sp—*

where (p¥)~ =
(A2) It holds that

% p~ —r" a” +p7 —r"
Observe that, when all the exponents are constants, the above inequality is equiva-

lent to the condition 0 < p < a + .
(A3) The non-negative weight functions a(-),b(-) € L™)(Q), where

(A4) The non-negative weight function ¢ € L*°(Q).

For brevity, we still denote X := Xg’ﬁ(')’p("')(ﬁ) by taking f(x) = p(x) and s(-,-) = s,
constant (see Chapter 2). We define & := Xy x Xy as the solution space corresponding
to (6.0.1), equipped with the norm |[|(u,v)| = max{||u| x,, [[v|x,}. Clearly (&, ||(-,-)]) is
a reflexive, separable Banach space. Now we define the weak solution of (6.0.1) in the

functional space & as follows:

Definition 6.0.1. We say that (u,v) € & is a weak solution of (6.0.1) if for all (¢p,v) € &,

we have

[/ [u(z) = uly) PP 2(u(a) ~ u(w) (6) =S,
RN JRN

|z — y|N+sp@y)

[v() — () P2 (v(2) — v(y) (W(z) — b(y))
+/sz /]RN dxdy

’(E — y’N""SP(mvy)
_ / ()l 4 o)l @2 ) da
Q
+ / _ @) o2y ] g
o a(x)+ Bz

i /Q oz(a:ﬁ(@xC(f”)|vla(”“’)_QUIUI5(z)wdx . (6.0.2)
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The energy functional J) ¢ : & — R associated to (6.0.1) is defined as

Inc(u,v) 7) — uly )‘pﬂcy dxd
)\C RN JRN P gj y ‘x_ ‘N‘f‘Sp( 71’/) Y

7) = o(y) P
dzxd
/RN/RN ) o =Pt

- /Q (@) (M@l @ + ¢b(@) o] @) da

e ® 8@ g
| s @lel @ . (6.03)

By a direct computation, it can be checked that Jy . € C1(&,R) and for any (¢,¢) € &

we have
p(:r,y) 2(ulz) — u 2
(o, v), () /R ) /R | ) |x_< |§V )= u)H) =9,
y)PEV2(u(z) — o(y)) (@) — P (y))

/]RN /]RN |z — y|N+sp(@y) dxdy

_/ <)\a(;(;)|u|7’($ = U¢+<b(l‘)|’0|r($)_2v’¢))daj
Q

— —&c T Ua(m)72uvﬁ(m) "
| 2o @l 2l g

_ Lcm vo‘(‘”)_%uﬁ(ff) "
/Qa(x)—l—ﬁ(x) e jul?@yda. (6.0.4)

Therefore, the weak solutions of (6.0.1) are the critical points of the functional J ¢. Note

that Jy ¢ is not bounded below on &. The main result in this chapter is stated as follows:

Theorem 6.0.1. Let  be a bounded domain in RN with Lipschitz boundary. Let s €
(0,1), and p(-,-) satisfy (P1) with sp™ < N. Assume that the hypotheses (A1) — (A4) hold.
Then there exists a positive constant Ag = Ao(N, s,p,r,«, 5,a,b,¢,Q) such that, for any

pair of positive parameters (X, () with X + ¢ < Ag, (6.0.1) admits at least two non-trivial,

non-negative weak solutions.

6.1 Nehari manifold and fibering map analysis

The nehari manifold for the functional J) ¢ is a subset of &, defined as
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M ={(u,v) € E\{(0,0)} = (J3((u,v), (u,v))s = 0}

Now by (6.0.4), (u,v) € A3 ¢ if and only if

|p(:!:7y dudy ‘pxy)d J
/RN /RN |x—y|N+8p:vy) +/]RN /]RN |x_y|N+sp z,y) ray

— /Q ()\a(a:)|u]T(x + Cb(z)|v|" x)>dw — /Qc(:c)\u]a 2@ dz = 0. (6.1.5)

The Nehari manifold is closely associated with the behavior of the fibering maps ¢y, :
R* — R, defined as ¢, ,(t) = Jx¢(tu, tv), where (u,v) € &. These maps were first given
by Drabek and Pohozaev in [33] and are discussed in details in [21] and [49]. For (u,v) € &,

we have the following:

gouﬂ}( ) JAC tu tv)

z) —u(y)P@Y  |u(z) —v(y) PV
/RN /RN < lx —y |N+sp z,y) i |w_y‘N+sp(x,y) dzdy
~ (@) [u"@ + Cb(z)|o|r@ dx_/—cx @ (8@ g
/m()(mr\ ) e — | L e

(6.1.6)

Puw(t) = (I3 ¢ (tu, 1), (u,v)) s
z,y) _ p(a,y)
pxy —1 ) ( )|p Y |’U(IL') U(y)|
/RN /RNt < |g;_ |N+Sp96y) + |x_y|N+5p(x,y) dxdy
/ @7 (Na@)ul" @ + Cba)fel) ) da — / 1 @HE@ () ]2 [ @) iy
Q2 Q
(6.1.7)

_ (z,y) _ p(z,y)
play)—2 [ 1w(@) — u(y)P [v(z) —v(y)
et = [, [ Wte e+ oy e
= @) = e (Na@lal® + b)) d
Q
- / () + B(z) — D) @HBE) =203 y[0) | [®) g (6.1.8)
Q
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Hence, for any (u,v) € A ¢, from (6.1.5), (6.1.7), and (6.1.8), we deduce

2) —u()PED) | o(z) — o(y) Py
o= [ [ e (e + e oty
a(z)|u|"®) z)|o]"®) ) da
/Q()(A()H + Q@) )d
- [ (a(e)+ B@))ela)uf o, (6.1.9)

Now using the fact that ¢, ,(t) = (J} (tu,tv), (u,v))s, We can see that (tu,tv) € Ax¢
if and only if ¢, ,(t) = 0. In particular, (u,v) € A3 if and only if ¢, (1) = 0. Thus, it
is natural to split .4} ¢ into three parts corresponding to the points of local minima, local

maxima and inflection of the function ¢, , as following:
M= {w,0) € Mot ¢l (1) > 0} = {(tu, tv) € E\{(0,0)} = ¢, ,(t) = 0, vy, (1) > 0};

Mo ={(w,v) € M+ g,(1) <0} = {(tu, tv) € E\{(0,0)} : ¢y, (t) =0, ¢, (1) < 0}

e = {(w,v) € Mgt o, (1) =0} = {(tu,tv) € E\{(0,0)} : #y,,(1) =0, ¢y, (1) = 0}.

6.1.1 Functional settings

For a given pair of functions (u,v) € &, we set

P | ols) v
o= [ fo (e + T2 petoar

Qu, v) = /Q (ae) ul"® + b)) da

and

R(u,v) ::/c(x)|u|a($)\v|ﬂ(m)dx.
Q

In the next lemma, we obtain some estimations on P, and R.

Lemma 6.1.1. Let (u,v) € &. Then we have the following:
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0 G, )P [l (w, )| <1 < Pluv) < 2[[(w, )P, fI(w,0)] <1

- +
[(w, )P, [[(w,v)] > 1 2| (w, 0)[P7, [[(u, 0)[| > 1.
(ii) There exists a constant C1 = C1(N, s,p,7,a, B3,a,b,Q) > 0 such that

Q(u,v) < Cr(A+ ) max{[|(u, v) ", | (w,v)[”"}.
(iii) There exists a constant Cy = Ca(N, s,p,, 3,¢,9Q) > 1 such that
R(u,v) < Comax{]|(u,0)|"", [l(u,v)|"" }.
Proof. (i) Clearly P(u,v) = px,(u) + px,(v). Hence, we have
max{px, (), px,(v)} < P(u,v) < 2max{px,(u), px,(v)}- (6.1.10)

For ||(u,v)|| > 1, we have two cases.

Case I. |lu|lx, > 1 and ||v||x, > 1: Then from Lemma 2.1.4 , we obtain
- + = +
lullf, < pxo(w) <llull, and ol <px,() < vl (6.1.11)
Thus, from (6.1.10) and (6.1.11), we get

+ + +
P(u,v) < 2max{lull,, lvll%,} = 2l(uw, v)IP,

P(u,v) > max{|lullk,, llvll5,} = ll(w, )" .

Case II. Without loss of generality, let ||v||x, < 1 < [Ju||x,: Then ||(u,v)| = ||u| x,. Now

Lemma 2.1.4 implies that
lull, < pxo(u) < llull’, and |lvlfi, < px,(v) < o, (6.1.12)
Combining (6.1.10) and (6.1.12), we deduce

+ + +
P(u,v) < 2max{|lully,, 0], } = 2[l(u, v)[[”" and
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P(u,v) > max{|Jul%,, [ol%,} = [ 0)[P".

Next, for ||(u,v)|| < 1, we have ||u||x, <1 and |jv|x, < 1. By Lemma 2.1.4, we obtain
+ - + -
lullk, < pxo(u) < lull, and ||, < pxo(v) < o[l (6.1.13)

Hence, from (6.1.10) and (6.1.13), it follows that P(u,v) < Qmax{HuHZ)’(;,Hng(;} =
— i + .
2[|(u, v) 7" and P(u,v) = max{|ull%,, [[o]%,} = (s, 0)["". Thus, we get (i).

(74) Using Lemma 1.2.3, Lemma 1.2.5, and Theorem 2.1.3, we obtain

Qo) = [ (Nala)luf ™) + Qoa)lol") dz

¢) )
< 2)|al| precy gyl u]? HL%B(.)(Q)+2CHb”Lm(~)(Q)WU’q HLaqﬂ(‘)(Q)

< 2)‘||a||LT*(')(Q) (||UH7L?&+/3)(')(Q) + IIUIlﬂaw)(»(g))
+ 208 o) (Il esmrir @y + 01 essringey )
< KMl + el ) + ¢ (ells + 1015 )]
CiA+ Q) max { Jull, llullX,s 0], vl |
1O+ Q) maix { maxx {[lull, 1ol b max { i, l10l%, } }

T+ Qmax { I (w,0) ™, Nlw, I},

Il IA
Ql

where Rl =2 <”aHLT*(')(Q) + ”M‘L’"*()(Q)) max{(C(N,s,p,a,ﬁ,Q))r_, (C(N787p704767
Q))r+} and 61 = 4&1

(7i7) Using Young’s inequality, Lemma 1.2.5 and Theorem 2.1.3, we deduce
R(u,v) :/Qc(az)]u|a(z)|v|ﬁ(m)dx
<llellzmioy | ool o
< el | (gl e +
< Nellzoeoy [ (18000 + el @)

+48t BT
+ (ol oy * 101500

e f) o ‘v‘a(x)-&-ﬁ(x))d:r
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| (Jlully, "+ Nl ™) + (ol ™ + 0%, )]
— +5+ +45+
gcmx{nun;zo el ol el )
— +48+ +48+
= Cyma { ma { %, 7, ol *7 7} mas {Jull ", ol 7}

_ o8- atagt
G mac { |, )|+, ()],

~ a~+p8~ a
where Ko=||c||1(q) maX{(C(N,S7p7a,B,Q)) ,(C(N,s,p, o, 8,)) ++@+} and
62 = 4K2 + 1. ]

6.2 Some technical results

Lemma 6.2.1. Let {uy},{vn} be any two bounded sequences in Xo and c(-),a(-), B(-) be
as in Theorem 6.0.1. Then

lim C(-’L")|un|a(””)|vn|ﬁ(x)d$: / C($)|U|a(x)|v|ﬂ(x)dx_
Q

n—oo Q

Proof. Since {uy} and {v,} are bounded sequences in Xy and X is reflexive, up to sub-
sequences, still denoted by {u,} and {v,}, u, — v and v,, — v weakly in X, respectively,

as n — +oo. First we claim that

lim / un — ul*® v, — v]#@)dg

n—-+00

~ fim / 1 2@ [, P@) —/ [ PO (6.2.14)
For ¢t € (0,1), we note that

/ / @) |un — tu]*@ 72 (u, — tu)u|v, |P@ dadt
- / / B(x)|un — u|*® v, — t0]P @2y (v, — tv)dadt
QJOo
= / |t | @) 03, [P i — / tun, — u|*® |0, — 0[P @ dz., (6.2.15)
Q Q
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Set

fulz,t) 0 = |uy — tu|*®=2(u, — tu)|v, @
gn(z,t) = |up — u|*@|v, — tv|P®2(v, — tv).

Now from the given assumptions, we have

fn(z,t) = (1 — )@ =1y 2@ =29y ae. in RN x (0,1) as n — +o0,

gn(z,t) = 0 ae. in RN x (0,1) as n — +o0.

(6.2.16)
Next, using Lemma 1.2.3 and Theorem 2.1.3, we obtain
// | fn \Jwﬁgfmfldxdt
| +8 . ;
< letn — w1 TEFIOY 1500 onlPOll et a0
L 20O-1 (Qx(0,1)) L B0 (ax(0,1))
<y, (6.2.17)
and
a(z)+B(x)
// ’g ‘a(ﬂf)-%ﬂ(w) 1Tdxdt
< Nn = ul®GHFTIOY arasron o — | @D 7= N otatyes
L o0 (@x(0,1) FO-1 - (@x(0,1))
< Cy, (6.2.18)

where C7,C9 are two positive constants independent of n,u,,v,. Hence, the sequences
a()+B(")
{fn} and {g,} are uniformly bounded in L=O+50-1(Q x (0,1)) and thus we have, up to

sub-sequences, as n — 00

o()+B()
fo = (1 — )@ =1y 0(®) =24 |y |P@) weakly in LD (Q x (0,1)) and

a()+A()
gn — 0 weakly in LeO+50-1(Q x (0,1)).

(6.2.19)
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Using (6.2.19), we deduce

lim // x) fou dedt = lim // x) fu dedt = hm /|u]0‘x)\v]5
n—+oo n—+o00

(6.2.20)

and

1
li nv dxdt = 0. 22.21
n_l)gloo/g/o B(x)gnv dxdt =0 (6.2.21)

Thus, plugging (6.2.20) and (6.2.21) into (6.2.15), we obtain (6.2.14). Note that, from

Lemma 1.2.2 and Theorem 2.1.3, we get
/ |ty — u|* @@ dy — 0 and / o — 0| *@FB@) gz 5 0 as n — +o0. (6.2.22)
Q Q

Now using (6.2.22) and Young’s inequality, we have

Q
S/( ( O‘(l‘) |un_u|a(m)+5(m)+ OZ(SL') |U U|a m)+ﬂ(m)}d

)+ B(z) ( ) + B(z)
< m/ |’LL . u|a :vc)—l—ﬁ(m)dz ‘|‘ / |’U |oz(z +B(x )d
— 0 asn — +o0. (6.2.23)

Thus, inserting (6.2.23) into (6.2.14), we obtain

lim / i | 2® 0 [P@) iy = / 0] 0] ) . (6.2.24)
Q

n—-+400o Q

Now

[ w0 [ o
Q Q

< HCHLOO(Q) /Q “un‘a(x)‘vn‘ﬁ(x) — ‘U’a(x)”l)’ﬁ(x) dx

(6.2.25)
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Define
W = [t | [0, [P® 4 u|*@ [05E) |, | Y@ |0, [F@) — || @)]8@)] > 0.
Since uy,(z) — u(z) and v, (z) — v(z) a.e. in RY as n — 400, we have
Wy () = 2Ju()|*@ |o(2)|P® ae. in RN as n — +oo.
Thus, by Fatou’s Lemma, we get

liminf/ wy(x)dr > 2/ |u|*®) |v]P@) dg. (6.2.26)
Q Q

n——+oo

Again from (6.2.24), we find

limsup/ wy,(z)dx
Q

n—-+0o

T n—oo

< lim / |t |0, | 2@z + lim / |u|*@|v]P®) dz
0 n—ro0 Q

i limsup/ ‘|un|a(w)‘vn|5(x)dx_ |u|a(m)|v|ﬂ(x) da
Q

n—-+o00

= 2/ |u|a(x)|v|'8(x)da:—limsup/ ‘|un|a<ff>|vn|ﬁ<x> — |u|*@|v|f@)] dg: (6.2.27)
Q Q

n—-+o00

Combining (6.2.26) and (6.2.27), we have

1nnsuph/’Munvﬂzwvnvﬂx>-—ru<“x>hwﬁ“0 da <0,
Q

n—-+o0o

that is, lim / ‘\un]“(x)\vn\ﬁ(x) — u|*®|p|f@) | dz = 0. Thus, combining this together
n—oo Q
with (6.2.25), we get our final result. O

Lemma 6.2.2. Let {uy}, {vn} be any two bounded sequences in Xo and c(-),a(-), B(-) be
as in Theorem 6.0.1. Then
1

1
im [ (@) [un] @ o, @) d — /
0«

= () ulf@ B g
A ale) 1 5 @) 1 B T
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The proof of the above lemma follows similarly as in Lemma 6.2.1 and using the fact that

a(), B() € C(9). O
In the following lemma, we characterize the critical points of .J) ¢ as the local minimizers

of Jy ¢ on ‘/V>\+C (or A ¢)-

Lemma 6.2.3. Let (u*,v*) € JVXE (or A7) be a local minimizer for Jx¢ on </V)\+C (or

‘/V;C) Then (u*,v*) is a critical point of Jy .

Proof. First assume that (u*,v*) € c/V;z is a local minimizer for Jy ¢ on ‘/VA—E Let
I¢(u,v) = (J (w,v), (u,v))s. Note that for (u,v) € &\ {0} with I) ¢(u,v) = 0, we
have ¢y (1) > 0 if and only if (I .(u,v), (u,v))s > 0. Since (u,v") is a local minimizer

for Jy ¢ on JV{Z, using Lagrange’s multiplier theorem, we get a real number 7 such that
Iy, v%) = 71, (u*,v),
Therefore,
0= (Jyc(w v"), (W, v"))e = T(I ((u",v"), (u", 0%))g = Ty o+ (1)-

Since (u*,v*) € Ji/)\Jz, we have ¢’(’u* v*)(l) > 0 and hence, 7 = 0. This completes the proof.
Similarly we can prove the result when (u*,v*) € ‘/V>\_C is a local minimizer for Jy ¢ on

M- 0

Next, we show that the set of points of inflection of the function ¢, , is empty for certain

values of the parameters A and (.

Lemma 6.2.4. There exists 6 > 0, given by

pt—r—
5_1<a_+5_—p+>< p~ —rt >a+ﬁp+
Ci\a + 8 —r )\ Caylat + f+ —rt)

such that, for any pair of (\,¢) € RT x RT with A\ + ¢ < §, we have ‘/VA?C = (0, where the

positive constants C1,Cy are given as in Lemma 6.1.1.
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Proof. We prove this lemma by contradiction. Let us assume that there exist A\, > 0
with A 4 ¢ < 0 such that </V/\0< # (. Hence, there is (u,v) € </V>\?<.
Now, if ||(u,v)|| < 1, then using (6.1.5), (6.1.9) and Lemma 6.1.1 (¢), (i7), we obtain

0= (P/(lu,v)(l) < p+P(u,v) - TﬁQ(uﬂ}) - (ai + ﬁi)R(uvv)
=" —(a” +87)Pluv) +(a” +5 —r7)Qu,v)

< (" = (@ + )@ )P + (@™ + 8" —r)C1A+ Oll(w,0)[" .

This implies

I o) < Qo)

S a1 5 _p+>€1(>\ +¢). (6.2.28)

Again using (6.1.5), (6.1.9), and Lemma 6.1.1 (7), (ii), we deduce

0= ¢f,0 (1) = p~ Plu,v) =17 Q(u,v) — (@ + BT)R(u,v)

(p~ —rH)P(u,v) — (at + BT — ") R(u,v)

> (p~ =)l 0)IP" = (@t + BT =r")Cs ||(w,0)|*

This yields that

a4+~ —pt (pi - TJF)
2 f o)l e (6.2.20)

Putting together (6.2.28) and (6.2.29), we get
AtC> 1(0“+5‘—p*>( p—rt )“p”ar_ﬁ,
C1 o+ BT —r- CQ(OK++/B+—T+)
which is a contradiction.

Next, if ||(u,v)|| > 1, combining (6.1.5), (6.1.9), and Lemma 6.1.1 (4), (4¢), we find

0=¢l.(1) < (" = (@™ + B DN )[” + (@ + 87 =r )T+ Oll(w,0)|"".
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This implies

(o) < (OB )

< (Oé_—i-ﬂ_—p"')Cl()\—i_C)' (6.2.30)

On the other hand, by taking into account (6.1.5), (6.1.9) and Lemma 6.1.1 (4), (4i7), it
follows that

0=9l,(1)> @ —r5)|wo)” = (aF + 57 =)0y [[(u,v)|* 7",

that is,
i -t
T i e ) N (6.2.31)
Thus, combining (6.2.30) and (6.2.31), we obtain
+ + e
- L - _ ot 1At —p—
A+c21<o‘ 5 b )<_ wr ) S (6.2.32)
Ci\a™ + 57 —r7 J\Caat + p+ —r¥)
Since 0 P 1 and — 2 2L from (6.2.32) we inf
ince 0 < Colat + B — 1) <land HFogr—= < =55+ from (6.2.32) we infer
that
pt—r=
)\+C2_L<oz_+ﬂ_—p+><_ p- —rt >a_+/3_—p+
Ci\a™ + 87 —r=J\Ca(at + 5+ —rT)
which is a contradiction. Hence, the lemma is proved. ]

In the next result, we discuss the behavior of the functional Jy ¢ on A4} ¢.

Lemma 6.2.5. Let 6 be as in Lemma 6.2.4. Then for X+ ( < 6, Jy¢ is coercive and
bounded below on N (.

Proof. Let (u,v) € A3 ¢. Then for ||(u,v)|| > 1, from (6.0.3) and (6.1.5) and Lemma 6.1.1

(13), we deduce

Ine(u,v) > %P(u,fu) - TL_Q(U,’U) - a——lkﬁ—R

(u, v)
p
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= (i — 16_>P(u,v) - (i_ - #)Q(u,v)

pt a + r o + [~
1 1 R 1 1 +
> (5= g )@l =T+ O (= = e Il

(6.2.33)

Since from (Ap), we have 1 < r~ < rt < p~ < pt < a™ + 87, (6.2.33) yields that
Iac(u,v) = 400 as ||(u,v)|| = +o00. Therefore, Jy ¢ is coercive and bounded below on

M O

Lemma 6.2.6. We have the following results:

(1) If (u,v) € JV)\JE, then Q(u,v) > 0.
(i) If (u,v) € Ay ¢, then R(u,v) > 0.

Proof. (i) Since (u,v) € C/V/\tu, we have gb’(’u »(1) > 0. Thus, using (6.1.5) and (6.1.9),

we obtain

0 < @l (1) < Pt Pw,0) =17 Q(u,v) — (@ + B7)R(u, v)

={p" —(a” +B7)}P(w,v) + (&~ + 5~ —r7)Q(u,v).

This implies that Q(u,v) > %P(u,v) > 0.
(i) Since (u,v) € M, gf)’(’u »(1) < 0. Thus, taking into account (6.1.5) and (6.1.9), we

get

0> @)1 = p~ Plu,v) =1 Q(u,0) — (a + B7)R(u,v)

= (" —r")P(u,v) — (o + B —r")R(u,v),

. a8+ —p—
that is, R(u,v) > %P(u, v) > 0.

Remark 6.2.1. From Lemma 6.2.4 and Lemma 6.2.5, we conclude that, for any pair of
parameters (X, () € Rt x R with A+ { <6, ¢ = MU </VA+< and J ¢ is coercive and
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bounded below on JV;C and JI/)\JFC Therefore, we can define

Oye= inf Jye(u,v); 07, = inf Ie(u,v); 05 .= inf  Jy ¢(u,v).
¢ (uw)eM g ,§( ) M6 (u,v)ez/’//\z g( ) A (uv)EM C( )

The following two lemmas give the signs of 9; ¢ and 65 o respectively.
Lemma 6.2.7. Let § be as in Lemma 6.2.4. Then for A+ <9, Oy ¢ < 0:{C < 0.

Proof. Let (u,v) € JV/{E Then ¢f; (1) > 0. Now combining (6.1.5) and (6.1.9), we obtain

0 < ¢y ,(1) <pTP(u,v) — r=Qu,v) — (a~ + B7)R(u, v)

= (" —r7)P(u,v) — (o~ + B~ —r7)R(u,v),

that is,

" —r)
R(u,v) < (o 15 = 7a_)P(u, v). (6.2.34)

Using (6.0.3), (6.1.5), and (6.2.34), we deduce

1 1
Ing(u,v) < FP(U ) — —Q( v) — mR(u, v)
1 1 1
= (5 = 5 ) P+ (55 = e ) RO
1 1 1 1 (p* —r7)
§[<F’+ <r+a++5+>(a+ﬁ—r)]P(“’”)
(rt = p7) (ot + BY) +p (o + BT — ) 2L
[ o (ar LAY P(u,v). (6.2.35)

From (As), we have (r* —p~)(a™ + ) +p (o™ + 31 — T+)(a£]i8%r)*—) < 0. Hence,
(6.2.35) implies that Jy(u,v) < 0. Therefore, from the definition of 0, . and HIC, it
follows that 6, ; < 9;4 < 0. O

Lemma 6.2.8. Let § be as in Lemma 6.2.4. Then for A+ ( < (;—;)5, there exists a
positive constant K depending on N,s,p,r,a, 3,a,b, X\, (,Q such that 0;( > K.

Proof. Let (u,v) € Ay .. Then ¢y (1) < 0. Therefore, from (6.2.29) and (6.2.30), we
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obtain

( — 1/(a=+B8~—pt)
T o )| < 1
(u,0)| > { N

L et (6.2.36)
() L o))l > 1.

62 (Oz+ +3t —’r‘+)

Now for ||(u,v)|| < 1, plugging (6.1.5) into (6.0.3) and using Lemma 6.1.1 (7), (4¢) and
(6.2.36), we deduce

J)\7< (u, 'U)

> leFP(u,v) — TL_Q(%”) y =
= (i— y )P(u,v)— (i_— ! )Q(u,v)
1A+ Oll(w, v)lI™

w0l | (o = e P = (2 = =) T3+ 0)

T 1IN
\H
|

|
[S—

|

N——

—
=
&4

=

=
+
|

7~ N

\‘H
|

|
.

|

N———
Ql

pt a-+5 AR
>( (p~ —rt) )W:“’ﬂ[(i_ 1 )
~\Ca(at + 4+ —rF) prooantp
< (p~ —r*) )M_@- . )6(A+c>] = d. (62.37)
Calat + 8T — 1) o154 W
If
(pt=r7)
T \s_ (T 1 (o +8 —p" ("~ ") e
)\+<< <F>6_ (p—’_)él <a+ﬁ_r><02(a++6+—7‘+)) )
then
- _ T8 (o 4 8-y
Apc< OB _f)+< G >(a Tl afr 1
pta™+587) \Ca(at + B+ —rt) o FET TG
that is,

(pT-r7)

1 1 (p~—rT) (a=+p=—pF) 1 1 —
(F Ca —l—ﬁ*) (02(a+ + B+ —r*)) B (F o —I—B*)Cl()\—'—o >0,
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and thus, from (6.2.37), we get that dy > 0.
Similarly for ||(u,v)| > 1, again plugging (6.1.5) in (6.0.3) and using Lemma 6.1.1
(1), (#i) and (6.2.36), we obtain

I c(u,v)
> lerP(u,v) - —Q(u,v) o j—ﬁ_ R(u,v)
= (pl+ - iﬂ)P(u,v) - (ri’ v j—ﬁ)@(u’v)
> (o = o @l = (= = =) O+ Ol o) I
ol | (55 - =t Mol = (= )i+ 0
(= —17") [ 1 1 (p~ —r") wht
- (Cz(ozf + B+ —r+)>( o {(F e +B*> <02(af+5+ —r+)>( AT
- (=2 ﬁ)au + c)] . (6.2.38)

(p~—rt)

and Talat 15T )

.. ——rt +_r—
Combining the facts that (aier +_;,) < (a£p+6__;+)

into account (6.2.37) and (6.2.38), we deduce

-
(p~—=r") @+ [/ 1 1
stor) (Gt Taee) G- =5)

(p~ —r") o /1 Y &
<@<a++ﬁ+—r+>> - (- )T o)
(-t —r)

Foa__ gt (a—+B8——pF)
2( (p rt) >< +B p)d1::d2>0.

< 1, and taking

Finally by choosing K = min{d,ds2} > 0, the lemma holds. O

Next lemma describes the nature of the fibering map ¢, ,. We refer to [111] and [26] for
similar result in the case of local p-Laplacian and non-local p-Laplacian, respectively, and

[3, 37] for variable exponent Laplacian.

Lemma 6.2.9. For (u,v) € &\ {(0,0)}, there exists &' > 0 such that, for all \+ ¢ < ¢,

we have the following:
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(1) If Q(u,v) =0, then there exists a unique t~ =1t~ (u,v) such that (t"u,t"v) € A,
and Jy (7w, t7v) = sup Jy ¢ (tu, tv).
>0
(i7) If Q(u,v) > 0, then there exist t* > 0 and unique positive numbers t* = t+(u,v) <
t™ =t"(u,v) such that (t"u,t"v) € A, (ttu,ttv) € JVAE and

Iac(tTu, tto) = inf Jyc(tu, tv); Jye(t u, t™v) = sup Jy ¢ (tu, to).
7C 7C 7C 7C
0<t<t* >0

Proof. (i) Using the given assumption, for 0 < ¢ < 1 sufficiently small, we obtain

tp+ ta++5+
Pu,(t) > pTP(uv'U) - WR(U»U) >0
and for ¢ > 1 sufficiently large, we get
wt ot BT
t) < —P(u,v) — ————R(u,v) <0.
Pu,v(t) - (u, ) o + - (u;v)

Hence, ¢y, achieves its maximum at some point ¢~ (u,v) on [0,00). Thus, ¢, ,(t7) =
(Jyc(tust7v), (u,v))e = 0. Set (¢~ u,t7v) := (4, ). Then (J} -(@,), (4,7))s = 0, which
implies (@,?) € A, ¢. Thus, from (6.1.5), we get

P(@,%) = R(, D). (6.2.39)

Now we define the function @55 : [0,00) — R as Og45(t) = Jy¢(ta,t0). We know that

Ous(1) = Iy e(a,0) = n&)ax) Oa,5(t) and O ;(1) = (J3 (@, 0), (&, 0))s = 0. For t > 1, by
€[0,00 ’ ?

(6.2.39), we deduce

o5 ”(t) = <J§\,C(ta7 tf})? (’L~L, 6))6”

< 1P, v) — t* P IR(4,5) < 0,
and on the other hand, for ¢ € (0,1), again using (6.2.39), we obtain

QL () = (J, (i, t0), (1, 9)) e > P "LP(a, %) — t* TP 1 R(@, %) > 0.
A
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This shows that the point ¢~ is unique. Hence, the result follows.

(74) To prove this , first we set

L O R )
p(z,y) .
/RN /RNt < |l‘— |N+sp z,y) + |x_y|N+Sp($,y) dl‘dy,
ﬁﬂﬂrzb/t“”(Aa@ﬂUVr+CM$NMTm)dm

Q)
f3(t) 22/ta(mH'B(x)c(x)u|°‘(x)|v|5(x)da:

Q

Then f;’s are continuous and strictly increasing functions with f;(0) = 0, for i = 1,2, 3.

Also, we observe the following:

. f3(t)
0 tl—lf(g A 3
() limfo(t) = +oc.
(fr = f3)(t)
() Jim S =0,
(IV) f1 — f3 has unique point of maximum, say tnq. and (f1 — f3)(t) — —oo as t — +oc.

fi—f3

2

(V) There exists ¢ € (0, t,,4,) such that is strictly increasing on (0, 7).

From (I), we note that (f; — f3)(t) > 0, for ¢ — 0T sufficiently small. Hence, by
(V) and intermediate value theorem, for each choice of the pair (\,¢) € RT x Rt with

f2(t) < (f1 — f3)(1), there exists a unique tT = t+(), () € (0,%) such that

(fi = f3)(t7) _
G (6.2.40)
Since (fl f3) is strictly monotone increasing in (t*,7), from (6.2.40), we get
(=BT (= f)(0) -
1= ) < O for all t € (tT,1),
that is,
f2(t) < (f1 — f3)(t), forall te (tT,7). (6.2.41)

Now we can fix (A\*,¢*) € RT x RT such that, for all A € (0, \*), ¢ € (0,¢*), taking into
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account (6.2.41), we have

f2(t) < (fi — f3)(t), for all t € (7, tmax)- (6.2.42)

Since f1— f3 is strictly decreasing in (tmax, 00) and fs is monotonically increasing in (0, 00),

by (II) and (6.2.42), there exists a unique positive real number ¢t~ > ¢4, such that

fa(t™) = (fr = f3)(t7), forall (A,¢) € (0,A%) x (0,¢7). (6.2.43)

Hence, combining (6.2.40) and (6.2.43), we infer that the function ¢, ,(t) = (f1—fa—f3)(t)
has exactly two nontrivial zeroes, t* < ¢, that is, ¢t and ¢~ are critical points of ¢y, (t).
For ¢’ := \* + (*, we can choose \*,(* > 0 sufficiently small such that ¢’ < §, where 0
is given as in Lemma 6.2.4. Since ¢,,(0) = 0 and ¢, () < 0, for ¢ — 07 sufficiently
small, we get that ¢/, ,(t) <0, for all ¢ € (0,t") and ¢, ,(t) > 0, for all t € (t*, tyas) and
@0 (tT) = 0. Again, by the Lemma 6.2.4, we have Ny . = () and thus, we infer that ¢y,
attains a local minimum at t* and consequently ¢y, ,(t*) > 0. Hence, (t*u,t"v) € AT,

Similarly, since ¢}, ,(t) > 0, for all ¢ € [tyaz,t™), @h,(t) < 0, for all ¢ > ¢~, and
©,.0(t7) = 0, using the fact that N)(\{C = () from Lemma 6.2.4, it follows that ¢~ is the point
of global maximum for ¢, ,, and consequently ¢y, ,(t7) < 0. Hence, (t"u,t"v) € A#~. Now
by appealing Lemma 6.2.7 and Lemma 6.2.8, we obtain ¢, ,(t*) < 0 and ¢, ,(t7) > 0.
Also, by the above discussions, ¢, , is strictly increasing on [t*, ¢ | and strictly decreasing
in ¢t >t with ¢y, (t) = —oco0 as t = +oo. Thus, there exists a unique t* € (t*,¢7) such
that ¢y, (t*) = 0. Therefore,

Inc(tTu, tTv) = o (th) = ogi?gft* Gup(t) = ogi?gft* I (tu, tv);

Iac(tu, t7v) = @uu(t™) = sup ¢u o (t) = sup Jy ¢ (tu, tv).
>0 £>0

This completes the lemma. O
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6.3 Existence of non-negative multiple solutions

In this section, we prove the existence of at least two distinct non-trivial and non-negative
weak solutions of (6.0.1). The next two propositions ensure the existence of minimizers
for the functional J) ¢ in ’/V)\—E and L/V/\_C, respectively, which serve as the weak solutions of
(6.0.1). We set Ag := min { (;—1)5, 5’}, where ¢ and ¢’ are given as in Lemma 6.2.4 and

Lemma 6.2.9, respectively.

Proposition 6.3.1. For A+ ( < Ay, the functional Jy ¢ has a minimizer (ug,vo) in JV;Z,

which satisfies the following assertions:

(1) JIac(uo,v0) = Oy <05
(73) (uo,vo) is a solution of (6.0.1)

Proof. (i) Since J) ¢ is bounded below on .43 ¢ and hence on Q/VAJE, there exists a minimizing

sequence {(un,vy)} C JVAJZ such that

Iim Jy¢(up,v,) = inf  Jyc(u,v).
n——+00 7C( i n) (u,v)EJV)j'C 76( )

By Lemma 6.2.5, we have J, . is coercive on ,/V)\JZ, which yields that the sequence
{(tn,vy)} is bounded on &. Therefore, there exists (ug,v9) € & such that, passing to

a sub-sequence, still denoted by {(un,vn)},
Up — Uy, Up — Vg In Xy asn— +oo
and hence, using Sobolev type embedding (see Theorem 2.1.3), we have
Up — Uy, Up — vy strongly in L") (Q) and LEFAO(Q),

un(x) = up(z) and v, () — vo(z) a.e. in Q

as n — 4o00. Now by applying Lemma 1.2.2 and Lebesgue dominated convergence theorem,
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one can check that

I @) g = / OFMENT @) g = / b() o @) d
Jm Qa(ac)\u | dx Qa(x)\uol dzx, Jm Qb(ac)\v | dx ; (x)|vol x,
(6.3.44)

and

(@) (o) (@) @)
i a2 / @™ g m [ by g / ba) 0"
@ Q

n—+o0 Jq r(z) r(x) n—+o0 Jo r(x) r(z)
(6.3.45)
Also, by Lemma 6.2.1 and Lemma 6.2.2, we have
ngrﬁr—loo R(Um vn) = R(“Oy ’Uo),
: c(@)]un | |0n [P / c(@)[uo|*™ [uo| /)
and lim = dz, 6.3.46
e Jo ™ ale) + B@) o o)+ B) (6:3:40)

respectively. We claim that (ug, vg) #Z (0,0). Note that Q(ug,vg) > 0. Indeed, if not, then
from (6.3.44), we have

Q(un, vn) = Q(ug,v0) =0 as n — oo. (6.3.47)

Since (un,vn) € Ay, using (6.0.3) and (6.1.5), we get

1 1
pt a4+ 8-

1 1

)P(un,vn) — (7 *‘)Q(Umvn)-

> _
JA,C(unyvn) = ( — o+ B

Now letting n — +o0 in the both side of the last expression and using (6.3.47), we obtain

nhﬁ\ngo I (Un,vn) > 0. (6.3.48)
But Lemma 6.2.7 gives that lim Jy ¢(un,v,) =  inf = J) ¢(u,v) <0, which contradicts
n—oo

(uw)est,
(6.3.48). Thus, the claim is proved and we get that (ug,v9) € & \ {(0,0)}. Next, we claim

that

Up — ug and v, — vg strongly in Xy as n — +o0. (6.3.49)
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If not, then u,, 4 ug or v, 4 v in Xy as n — +o0o. Therefore, using uniform convexity of

Xo (see Remark 2.1.3), it follows that

1 _ p(z,y)
elther/ / [uo(@) — uo(y)| dxdy
rN Jry p(z,y) |x—y|N+5P z,y)
1 " — Up, p($7y)
<liminf/ / [un(@) = un(y)] dxdy
n—+oo Jpn Jrn p(z,y)  |x — y|NFsplEy)
1 — p )y
or / / [vo(z) — vo(y)| dxdy
'y Jry p(2,y) |z — y|Ntsp@y)

. 1 |un(z) —valy )|pmy)
¥ lfigl—&l-lgof /RN /RN (z,9) | — y’N"‘SP(ZHy) dwdy.(6.3.50)

Thus, combining (6.0.3), (6.3.45), (6.3.46) and (6.3.50), we obtain

ngl—ﬁr—loo I C(una Un)

R 1 (|un(z) = un()PEY Jon(@) = valy) PV
A [/]RN /RN p(x,y)< =gy o g )
1 1
— a(z)[un|™® + Cb(z)|v, |7 da:—/ S———— Y COITE B(x)d:c.]
| 555 (et + @l o ~ | —set@fun "o
— px,y

>hm1nf/ / L [un(@) — @),

n—+oo JpN JrN P xy ‘x—y‘N‘f‘SPa?y)

1 p(z,y)
—Himinf/ / [vn(z) — N( DI ey
n——+oo RN JRN D (L’ y |x— | +5p(a7y)

IR T L - % r(z) r(z)
ngrfoo o 7() ()\a(a:)]un| + ¢b(z) vy )da:
~ lim ;c(x)\un\a(m”vn\mx)da:

1 [uo(z) — uo()l”*) / / 1 vo(z) — vo(y)[P®y)
/RN /RN (z,y) |o— y|N+sr@y) dxdy + N A e R P e dxdy
/m(x) (M@)ol + o) oo ) ) da

_/QMc(x)‘uoya(x)‘voyﬁ(m)dxzJA,C(UO,U()) (6.3.51)

By Lemma 6.2.9 (ii), for (ug,v9) € & \ {(0,0)}, there exists a positive real number
tg = ta“ (up, vp) such that (taruo, t; vo) € JVXE Again, considering the assumption u, 4 ug

or v, /4 vy in Xg as n — 400, we have

pxo(tg o) < Hminf pix, (t un) or px, (fg vo) < liminf px, (g vn)- (6.3.52)
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Furthermore, using Lemma 1.2.2 and Lebesgue dominated convergence theorem, we get

Qtduo, tdvo) = lim Q(tdun, tdvn) (6.3.53)

n—-+oo
and by Lemma 6.2.1, we obtain
R(tfuo, tfvo) = lm  R(t{ un, tgvn). (6.3.54)
n

—>+00

Taking into account (6.1.7), (6.3.52), (6.3.53), and (6.3.54), we deduce

lim ., 0, (t5)

n—-+00

. (z,y)
= 1. 4 +p(:c,y)—1|“n(x) un (y) |
o (z,y)
+ p(x,y 1 lvn(z) —vp(y)|P
/RN/RN t |1'_ |N+pry) Y
_/Q(ta—)r(x)—l()\a(x)’un’T’(a: _i_Cb(x)‘vn‘T‘(w))dflf
Q

| \/

n—+oo

1
e lhm inf px, (tdun) + 11m41_nf px, (tdvn) — hm Q(to Uiy by Un)
0

n—-+00

— lim R(t§un,tg vn)]

1
> [pXo (tguo) + pxo (tg vn) — Q(tg uo, tg vo) — R(tg uo, tJUO)]
0
= P us(td) = 0. (6.3.55)

Thus, for sufficiently n € N, ¢/, (t7) > 0. Since (un, vy) € JK\JZ, for all n € N, we have
P on (1) = 0 and @i (1) > 0. Then using Lemma 6.2.9 (i), we get ¢, ,, (t) < 0 for
all t € (0,1) and therefore, from (6.3.55), we must have tJ > 1. Since (tdug, tgvo) € </V/\+<,
again by Lemma 6.2.9 (ii), we obtain that (., (t) is monotone decreasing on (0,#]).

Hence using (6.3.51), we achieve

+ + < : — inf )
Ia¢(tguo, tgvo) < Jac(uo,vo) < lim Jyc(un, vp) (u,vl)IElJi/)\+< g (u,v)
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This is a contradiction to the fact that (¢§ uo, g vo) € Ji/)\JZ Hence, the claim (6.3.49). So,
(Un,vn) = (up,vp) strongly in & as n — 400 and thus, (ug,vg) € A3 ¢. Since by Lemma
6.2.4, '/VA?C = () and from Lemma 6.2.7, we have Jy ¢(uo, vo) = ngr—ir-loo I (Un,vp) <0, we
infer that (ug,vg) € °/V>\+C

(77) Using Lemma 6.2.3, we conclude that (up,vg) is a solution of (6.0.1). O

Proposition 6.3.2. If A + ( < ¢, then Jx¢ has a minimizer (wo, 29) in ‘/VA_C such that

the following assertions hold:

(Z) J)\’C(wo, ZO) = 0;74 > 0.
(17) (wo, 20) s a non-semi trivial solution of (6.0.1).
Proof. (i) By Lemma 6.2.5, J) ¢ is bounded below on ‘/VA_C Hence, there exists a mini-

mizing sequence {(wn, 2)} C A} - such that

Iim Jy¢(wp,z,) = inf  Jy e (u,v).
Jm ¢ (wn, 2n) . ¢(u,v)

Again from Lemma 6.2.5, we have Jy ¢ is coercive, which implies that the sequence
{(wn, 2zn)} is bounded on & and thus, there exists (wo, 20) € & such that up to a sub-
sequence, (wp, zn) — (wo, 20) weakly and by Sobolev type embedding result (see Theorem

2.1.3), we get
Wy, —> Wo, 2n, — 2o strongly in LT(')(Q) and L(a+5)(~)(g)7

wp () = wo(x) and z,(z) — zp0(x) a.e. in

as n — 400. Using Lemma 1.2.2 and Dominated convergence theorem, we derive

lim a(a:)|wn]r(x)da::/a(x)\wo\T(m)daz; lim b(x)]znv(x)d:c:/b(x)|zo|r($)da:.
Q Q

n—-+o0o Q n—-+o0o Q

(6.3.56)

Also, Lemma 6.2.1 gives that

R(wp, zn) = R(wg, z9) as n — +o0. (6.3.57)
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Next, we have (wp, z9) #Z (0,0). Indeed, if (wy, z9) = (0,0), from (6.3.57), we obtain
R(wp, zn) = R(wog, z9) = 0 as n — +o0. (6.3.58)
Since (wp, 2n) € Ji{\_g, using (6.0.3), (6.1.5) and Lemma 6.2.7, we deduce

0 < K < Jy¢(wn, 2n)

<< (p1+ — %)P(wn,zn) + (% - ﬁ)R(wnazn) + om(1).

Now letting n — 400, from the last expression and (6.3.58), we get

0< K< lim Jy¢(wn,2zn) <0,

n——+oo

which is a contradiction. Thus, (wo, z0) € & \ {(0,0)}. If Q(wo,z0) = 0, then we use
Lemma 6.2.9 (i) and if Q(wo,20) > 0, then we use Lemma 6.2.9 (i7). In both the cases,
there exists a positive real number ¢, := ¢, (wo, 20) such that (¢, wo,t; 20) € 4} .. Next,

we claim that
wy, — wo strongly in Xy and 2, — 29 strongly in Xy as n — +o0. (6.3.59)

Suppose the claim does not hold true. Then tjw, /4 tywo or ty,z, # t;zo in Xo as

n — +o00. This implies that

either px,(tywo) < lrlgl}rg px,(ty wn) or px,(ty 20) < lﬁﬂﬂf Pxo(ty 2n)- (6.3.60)

Now using uniform convexity of Xy (see Remark 2.1.3), we have the following:

1 |t7 —t= p(z,y)
either/ / ‘ 0 wo(ﬂf) 0 wo(y)’ dxdy
'y Jry p(2,9) |z — y|NFsp(z.y)

1 “wp, (1) — towy(y)|PEY)
< liminf/ / [ty wn () Zt\?w W) dxdy
n—+co Jpn Jry p(T,Y) |z — y|NFep@y)
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/ / 1 !tSZO(m)—thO(y)lp(z’y)dxdy
gy Jry p(z,y) |z —y|NFep(@w)

1 |t5zn () — to 2 (y)|PEY)
< liminf/ / ltg 2n() oz Wy, (6.3.61)
n—+oo JpN JrN p($7y) |x—y| +sp(z,y)

Note that, using Lemma 1.2.2 and Lebesgue dominated converges theorem, we deduce

1
— = wp|"®) — yr(x)
nkffoo 0 (@) ()\a(:v)|t0 Wy | + Cb(2)|ty 2nl )dm
1
e —_— - r(z) - r(z)
/Q mE (Aa(m)ﬁo wo|" ) + Cb(z) |t 20 )d;v. (6.3.62)

Also, by Lemma 6.2.2, we have

1
4 — o) 14—, |B(z)
ngrfoo o a(x) +B($)c(x)‘t0 wn| ’tO z”’ dx

1
= [ ——————c(x)|ty wo|“@|tg 20|’ @ d. 6.3.63
| smraameelts ol izl da (636

Thus, combining (6.0.3), (6.3.61), (6.3.62), and (6.3.63), we obtain

ngr_"l_loo I C(to Wn, ty Zn)

IR TI |t6wn(x) — tawn(y)|p(a¢,y) |tazn(x) _ tazn(y”p(:c,y)

- | &= r(2) —, (=)

/Q (z) (A (2)|tg wa | + Cb(2) |t 2 )dx
1 J—
- / a(z) + B@) e() |ty wa|*@ [ty 25| dx]
— ¢ p(z,y)
> lim inf / / L [ty wn(2) =t wa(y)| dedy
n—+oo Jpn Jrn p(z,y) |z — y|N+sp(z.y)

_ 1 |tgzn(z) — tazn(y)‘p(z’y)
+lﬁ§i§of /RN /RN .T y |_jU — |N+3p(x:y) dl’dy

; R r(a e
= Jm [ s (@)l el @ 4+ )zl ) da

1
— lim (@) Ity 20| P d

n—+oo Jq Oé(.l‘) +B($)c(x)|tawn]a
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|z — y|N+sp(@y) |z — y|N+sp(z.y)

y / / 1 |tg wo(x) — tg wo(y) [P n [t z0(x) — tg 20(y) [P dzdy
RN JRN p(%y)

1 — (T — T
- | 5 (@il + ety )

1
_ N ts a(z) - ﬁ(w)d
/QCK(.T)) +6($)C($)| 0'UJ0| ‘ OZ0| €z

= JA,C(tawO’ taZO). (6364)
Again, using the facts that w,, — wo and z, — z¢ in LT(')(Q), we get

lim Q(tywn,ty zn) = Q(ty wo,ty 20) (6.3.65)

n—-+o0o

and Lemma 6.2.1 gives us

lim R(ty wn,ty 2n) = R(ty wo,ty 20). (6.3.66)

n—-+40o

Considering (6.1.7), (6.3.60), (6.3.65), and (6.3.66), we obtain

lim ¢/
Jm o,z (

to)
- (z.y)
_R. —\p(z,y)—1 ’wn<$) wn(y) ’p
. %g—i{g |:/RN /RN (to ) |:L' — y|N+SP(fE,y) dxdy

_ (z,y)
—\p(z,y)—1 ‘Zn(w) Zn(y)‘p
o e O

— [t (a@lwa ) + @)zl
Q

J <ta>a<f>+ﬁ<$>—1c<m>|wn|a<f>|2n!ﬁ(”dx]
Q

1
o ). . 1 kulli® o
2 [ggl inf px, (tg wa) + Um inf px (85 20) — lim Qg wn, £ 2n)

_ nggloo R(tgwn,tgzn)]

1 _ _ _ _ _ _
> |PXo (tg wo) + pxo(tg 2n) — Q(tg wo, tg 20) — Rty wo, g 20)

0
= Qoo (tg ) = 0. (6.3.67)
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For sufficiently large n € N, ¢, . (ty) > 0. Since (wn,2,) € M forall n € N,
we have ¢, . (1) = 0 and ¢y, . (1) < 0, for all n € N. Now using the Lemma 6.2.9,
we get oy, . (t) < 0, for all ¢ > 1. Then from (6.3.67), we must have ¢; < 1. Since
(to wo,ty 20) € A, again using Lemma 6.2.9, we obtain that 1 is the global maximum

point for ¢y, 2, (t). Therefore, from (6.3.64), it follows that

Ieltowo, t520) < lim Jy et wntas) € lm Db(w,z,) = inf  Jye(w,v).
A¢(tgwo, tgz0) < Hm Jy¢(tgwn,tgzn) < lm Jyc(wn, zn) R 2 (U, v)
This is a contradiction to the fact that (¢, wo,t, 20) € 4, . Hence, the claim (6.3.59) and
(Wn, zn) — (wo, 20) strongly in & as n — +oo and (wg, 20) € 4. Now using the fact that

</V/\0< = () from Lemma 6.2.4, and noticing that J) ¢(wo,20) = inf  Jy¢(u,v) > 0, we
’ (u,'u)e/i/):<

conclude that (wy, z9) € ‘/VA_C

(77) Using Lemma 6.2.3, we infer that (wo,zp) is a solution of (6.0.1). Now we show
that (wo, 20) is not semi-trivial, that is, (wo, zo) is not of the form (Wy,0) (or (0, z0)). The
proof follows adapting the similar approach as in [26]. If (wg, 0) (or (0, zp)) is a semi-trivial

solution of (6.0.1), then from (6.0.2) we get

[wo(x) — wo(y )|p($,y) _ r(z)
px, (wo) /RN /]RN z _y|N+8p(x,y) dxdy = )\/Qa(a:)|u| dx.

Therefore,

1 Jwo(a) — wo(y)[P@Y) 1 r(@)
Iy, ¢ (wo,0 —/N/N ) |x— Nrsp(aa) dxdy — )\/ T(x>a(ac)\w0\ dx

|wo(z) — wo(y) [P ’y) r(z)
/ /RN |x— |N+sp(z.y) T z)|wo["* dz

p-
(1 )PXO (wo) <0,

since by Lemma 6.2.8, J) ¢(wo, 2z9) > 0, it follows that (wo, 29) is not semi-trivial. O

| /\

Proof of Theorem 6.0.1. Let Ay be as in Section 6.3. Let (ug,vg) be obtained as

in Proposition 6.3.1. Now using Lemma 6.2.6 and the fact that (ug,vg) € Jl//\Jz, for
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(luols |vol) € &€\ {(0,0)}, we have Q(|uol, |vo]) = Q(up,v0) > 0, and thus by Lemma 6.2.9

i1), there exists t; > 0 such that (¢1|uo|,t1|vo|) € A45T.. This implies
AL

0= wiuo\,w(tl) < Qo (1)- (6.3.68)

Combining (6.3.68) with the facts that (ug,vg) € ‘/V>\+C’ Do (1) = 0, and again using
Lemma 6.2.9 (i7), we get ¢t > 1. This yields that

Iac(tiluol,tilvol) < Ja¢(luols [vol) < Jne(uo,vo) = inf  Jye(u,v).
(u)ette
Therefore, there exists a non-negative minimizer for Jy ¢ on C/V/\"'C, which is a solution of
(6.0.1) by Lemma 6.2.3. Next, we assert that there exists a non-negative minimizer for
Ir¢(w,z) on Ay .. Indeed, for (Jwol,|20]) € &\ {(0,0)}, by Lemma 6.2.9, there exists
tz > 0 such that (t2[wol,t2|20]) € A5, where (wo, 20) is as in Proposition 6.3.2. Since

(wo, 20) € ‘/VA_C’ again by Lemma 6.2.9, we get

g (t2lwol ta|20]) < Jac(tawo, t220) < Jac(wo,20) =  inf  Jyc(u,v).
(ww) ey,
Thus, we get a non-negative minimizer for Jy ¢ on </V>\_€, which is a solution of (6.0.1),
thanks to Lemma 6.2.3. Hence for all 0 < A + ¢ < Ay, (6.0.1) admits two non-trivial and
non-negative solutions in JV;Z and in Q/VA_C, respectively. Since JVfC N JVA} = (), these

solutions are distinct. This completes the proof. O

6.4 Conclusion

In this chapter, we have studied the existence of non-negative multiple solutions for a
non-local elliptic system involving fractional p(-)-Laplacian with the weighted concave
and convex nonlinearities, when the pair of the parameters (A, () is lying in a suitable
subset of RT™ x RT. We have also shown that one of the solutions is not semi-trivial,
that is, not of the form (u,0) or (0,u). Here we have used the technique of constrained

minimization over the Nehari manifold and the analysis of the associated fibering map.
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We would like to mention that the analysis of the fibering map involved very delicate
analysis due to the non-homogeneity arisen from variable exponents, unlike the constant
exponent case as in [26, 48, 111].

Next, we remark that it will be challenging to consider the sign changing weight func-
tions on the right hand-side of (6.0.1) due to the non-homogeneity coming from variable
exponents. Also, the doubly non-local system of type (6.0.1) with concave (or singular)
type nonlinearity, together with Choquard type nonlinearity will be an interesting problem

to be explored. O
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