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ABSTRACT

Rayleigh-Bénard convection (RBC) is an ideal model used to study thermal convection, where a

layer of fluid confined between two horizontal plates is heated from below and cooled from the

top. With the purpose of facilitating a better representation of thermal convection processes in

nature, the conventional RBC setup is modified to take into account surface asperities in direct

numerical simulations (DNS). Taking a cue from nature, we have employed multi-scale irreg-

ular roughness on the isothermal plates, where no bias towards any particular length scale of

roughness elements is present. The presence of rough surfaces adds to turbulence in the system

with the emission of extra thermal plumes, which augments the heat transfer rate. The rough

surfaces consist of triangular elements in 2D, while conical ones are incorporated in 3D.

Using DNS in 2D with air as working fluid, we have explored the efficacy of the irregular

surfaces containing triangular elements for a very high 108 ≤ Ra ≤ 1011 range in sustaining the

enhanced heat transfer scaling exponent. It is observed that the varied response of the rough-

ness elements at different Ra allows retention of the enhanced heat transfer scaling (γ = 0.41)

throughout the explored Ra range. The plume emission process is triggered by the taller rough-

ness elements at a lower Ra, while smaller elements contribute significantly at a higher Ra.

The activation of small-scale roughness elements is seen to play a pivotal role in sustaining an

augmented heat transport at higher Ra. Detailed analysis of the near-wall dynamics unveils the

complex role of the roughness elements and the associated throat, valley, and tip regions in in-

fluencing dominant flow structures and heat transport mechanism. The extent of transformation

of vertical profiles of mean temperature passing through different valley regions from flat linear

into steeper ones with increasing Ra bears close connection with the effectiveness of the given

throat region in the higher Ra regime.

Incorporating the effect of Pr in the 2D roughness framework for 107 ≤ Ra ≤ 5× 109 and

0.1 ≤ Pr ≤ 100, a monotonic increasing behavior of Nu as a function of Pr is observed. The

v
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result is in contrast to the near invariant behavior shown by Nu with Pr in smooth cells. In case

of the 3D roughness setup with Ra = 108 and 1 ≤ Pr ≤ 50, Pr is not seen to influence the

global heat transport, though Nusselt number is observed to be around 50% higher compared to

its smooth counterpart. The projection of the strength of angular rotation of fluid flow, calcu-

lated about the geometric center of the cell, onto the chosen directions reveals that roughness

elements alter the preferred orientation of large-scale circulation (LSC). For Pr ≤ 10, the large-

scale rotational tendency is found to be highest in a Cartesian horizontal direction. The result

is in contrast to the observation made for the smooth cubic cell, where the large-scale flow has

a strong inclination to reside in one of the two diagonal planes. Quantitatively, the roughened

cells are observed to have a higher volume fraction of plumes along with the associated ther-

mal dissipation rate in comparison to the smooth case. Amplified fluctuations in both bulk and

near-wall regions also corroborate increased turbulent intensity for the roughened cells.
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1
INTRODUCTION

1.1 Rayleigh-Bénard convection

Natural convection is ubiquitous in nature and finds application in various engineering and in-

dustrial applications [1–3]. It occurs in the Earth’s outer core, atmosphere, and oceans, inside

the Sun, and in other stellar bodies. Figure 1.1 schematically shows the application of natural

convection in Earth’s mantle, circulation of sea and land breezes, and boiling of water. Convec-

tive motion inside the Earth’s mantle is responsible for tectonic drift and volcanic activities. The

heated mantle close to the Earth’s hot core rises to the top, while the cooler mantle near the litho-

sphere sinks, and thus, a convection current is created in the Earth’s Mantle. The same principle

also governs the development of sea and land breezes. During the day, the sea is surrounded by a

hotter land, leading to a convection current where the cool air from the sea replaces the hot rising

air of the land surface. This phenomenon is called the “sea breeze”. In the nighttime, the land

surface cools down quickly in comparison to the sea. It results in a cool breeze flowing from land

towards the sea, which is defined as the “land breeze”. The heating of water is another classic

example where the convection current sets up. In addition to the above applications, thermally

driven turbulence plays a vital role in various industrial applications, such as in heat exchangers,

fluid storage, nuclear reactors, solar heating devices, cooling of electronic components, and the

metal solidification process.

Rayleigh-Bénard convection (RBC) [8–11] is an ideal model used to study thermal convec-

tion in which a thin layer of fluid is heated from the bottom. Figure 1.2 shows the schematic of

RBC inside (a) cylindrical and (b) Cartesian cells along with the prevalent coherent structures.

At a sufficiently high temperature difference between the isothermal plates, thermal-convective

instabilities set the flow in the system, where hot fluid rises to the top and cold fluid sinks to the

bottom. While viscous force acts as a stabilizing agent, buoyancy force introduces instability

in the system. The relative strength of buoyant force over viscous force is expressed in a non-

1
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(a) (b)

(c)

Figure 1.1: Schematic representation of natural convection in (a) Earth’s mantle [4], (b) forma-

tion of sea and land breezes [5], and (c) boiling of water [6].

dimensional number termed as Rayleigh number, Ra = βg∆TH3/να. Here, β is the thermal

expansion coefficient, ∆T is the temperature difference between the bottom and top plates, g is

the acceleration due to gravity, H is the height of the fluid layer, ν is the kinematic viscosity,

and α is the thermal diffusivity of the fluid. In addition to Ra, Prandtl number (Pr) is another

important parameter that governs the flow dynamics in RBC. It is defined as the ratio of kine-

matic viscosity to thermal diffusivity of a fluid.

In response to the control parameters (Ra, Pr), Rayleigh-Bénard convection develops in the

system, which is characterized by the transport of momentum and thermal energy in terms of

Reynolds and Nusselt numbers, respectively. The Reynolds number gives the relative measure

of inertial and viscous forces, whereas the Nusselt number signifies the relative contribution of

convection over conduction. Mathematically, they are defined in the following manner

Re =
UH

ν
, Nu =

Q

k(∆T/H)
,

where U is the characteristic velocity, k is the thermal conductivity of the fluid, and Q is the

total heat flux through the top and bottom walls.

In Fig. 1.3, various stages involved in the transition of the system into a turbulent state with

increasing Ra are shown. Above the fixed critical Rayleigh number (Rac), instability sets in

the RBC system, resulting in fluid motion and an augmented heat transfer rate. The critical
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1.1. Rayleigh-Bénard convection 3

Figure 1.2: Schematic shows the setup of Rayleigh-Bénard convection [7] inside (a) cylindrical

and (b) Cartesian cells along with the prevalent coherent structures. The hot thermal plumes

originated from the bottom boundary layer (BL) rise to the top while cold plumes descend from

the top boundary layer, thus forming a large-scale circulation (LSC).

Rayleigh number (Rac) is independent of the Prandtl number but depends on the boundary con-

ditions. For a box geometry, Rac assumes 657.5 and 1707 for free slip and no-slip boundary

conditions, respectively. It is clear from Fig.1.3 thatRac, signifying the transition from conduc-

tion to convection state, is constant (1707) for all Pr. In Fig. 1.3, region above curve I marks

the onset of convection with steady two-dimensional rolls. The region between curves II and III

exhibits steady three-dimensional cellular flow, whereas between curves III and V, the flow is

time-dependent and three-dimensional. Beyond curve V, flow becomes turbulent.

For moderate (Pr ≈ 1) and high Prandtl number (Pr > 1) fluids, two-dimensional rolls are

realized up toRa ≈ 2×104, beyond which (see curve II in Fig. 1.3) the steady two-dimensional

rolls undergo a transition to steady three-dimensional ones. With further increase in thermal

forcing, flow first becomes periodic in time (above curve III) owing to time-dependent insta-

bilities and subsequently loses its temporal coherence (above curve IV) and becomes chaotic.

Beyond curve V, the flow exhibits turbulent behavior with randomness in both space and time.

However, above a certain threshold Ra, statistical coherence is restored with the appearance of

“large-scale circulation” ( shown by ‘∼’ in Fig. 1.3) in which on an average flow rises from one

side of the lateral wall and descends from the opposite side wall. For low Pr fluids, Pr << 1,

the transition to the convective state is quite different from high Pr fluids. Here, secondary in-

stabilities appear time-dependent, whereas, for high Pr fluids, three-dimensional convection is

observed. Also, for the low Pr regime, the region of the stable two-dimensional state shrinks
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Figure 1.3: Schematic showing various regimes observed for thermal convection as a function of

Ra and Pr (adapted from Krishnamurti and Howard [12]). Curves I and II indicate the onset of

steady rolls and three-dimensional steady convection patterns, respectively. The region between

curves III and V represent time-dependent three-dimensional cellular flow, whereas above V

flow becomes turbulent.

considerably. In summary, above the critical Ra, flow undergoes various transitional stages be-

fore it becomes fully turbulent.

In turbulent Rayleigh-Bénard convection, constant efforts are made to understand the preva-

lent heat transport mechanism and its implication on Nu relation as a function of the input pa-

rameters (Ra, Pr,Γ). The chronological development of heat transport theories and their main

results are presented in the next section. Later, we discuss the importance of studying roughness-

aided RBC along with the review of existing studies in the literature. Further, the effect of Pr

on flow structures and heat transport mechanism is discussed for both rough and smooth cell

configurations.

1.2 Scaling theories on heat transport

Various heat transfer theories have been proposed in the past to explain the heat transfer mech-

anism in RBC, which essentially try to establish the relation of Nu with Ra. One of the oldest

scaling theories was given by Malkus [13], where the thermal boundary layer is assumed to be
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marginally stable such that Ra calculated based on conditions in the thermal boundary layer

denotes a critical Rayleigh number (Rac). This implies

Rac ≈ Ra(λθ) = βg∆Tλ3
θ/να

=⇒ Rac ≈ (λθ/H)3Ra

Further, on using Nu ∼ H/λθ in the above relation yields Nu ∼ Ra1/3. With γ = 1/3, Nu

scaling is termed as “classical” scaling. Priestley [14] proposed an alternate way to obtain the

same Nu scaling where convective heat flux (qconv) is treated independent of the height of the

container (H). The steps are as follows

Nu ∼ Raγ

=⇒ qconv/qcond = qconvH/k∆T ∼
(
βg∆TH3/να

)γ
=⇒ qconv ∼ k∆T

(
βg∆T/να

)γ
H3γ−1

From the above step, it is clear that γ should be 1/3 for qconv to be independent of H . Thus,

it can be inferred that realization of 1/3 scaling inherently involves the decoupling of top and

bottom boundary layers.

Kraichnan and Spiegel [15, 16] proposed that in the limit of a very high Rayleigh number,

boundary layers (BLs) undergo a transition from being laminar to turbulent. As BLs become

turbulent, heat transport process receives negligible resistance from them. In other words, heat

flux is solely determined by the bulk dynamics. This high Ra regime is known as the “ulti-

mate” or asymptotic regime. The scaling in this regime is termed as “ultimate scaling” where

the scaling exponent has a value of 1/2. The scaling can be derived using the “free fall” ar-

gument [16], where vertical velocity (v) is obtained by the balance of inertia and buoyancy

acceleration, v2/H ∼ βg∆T . As contribution of diffusion process in heat transfer is negli-

gible, effective vertical heat flux is given as qconv ∼ vδT . This implies Nu ∼ qconv/qcond ∼

H∆T
√
βg∆TH/α∆T ∼ (RaPr)1/2.

Later, Castaing et al. [17] proposed the mixing layer theory based on the assumption that

thermal plumes exist. They characterized the whole domain into three distinct zones/layers hav-

ing different physical properties. The first layer is the thermal boundary layer, close to top and

bottom isothermal plates, with temperature gradient ∆T/2. Here, plumes of size comparable

to the TBL thickness are generated and expelled into the second layer. The Second layer is

called the mixing region, whose thickness is greater than the TBL thickness but smaller than the

size of the cell height H , where plumes are accelerated due to buoyancy effect. The third layer

comprises the central region of the cell with size comparable to the size of the system, where
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6 Chapter 1. Introduction

advection of thermal plumes takes place at constant velocity. Based on this physical picture of

the RBC system, Nu scaling exponent of 2/7 is obtained. Shraiman and Siggia [18] also came

up with the same 2/7 scaling law but they envisaged different physical picture for RBC. They as-

serted that the onset of mean flow happens due to plumes rising from the unstable boundary layer.

Figure 1.4: Schematic adopted fromAhlers et al. [10] showsRa−Pr phase diagram. The dashed

line represents λu = λθ, dotted line represents the critical shear Reynolds number (Re∗s = 420)

abovewhich kinetic BL is expected to become turbulent (regions IIl’, IVl’ and IVu’ have turbulent

kinetic BL), topmost solid line represents Re = Rec and the parallel solid line just below it

represents εu,BL, and the curved solid line signifies εθ,BL = εθ,bulk.

With the developments in RBC, various experimental and numerical works suggested dif-

ferent Nu(Ra, Pr) scalings but no single theory could provide a bigger picture explaining the

different scalings. It led Grossmann and Lohse [10, 19] to develop a unifying scaling theory

(also known as GL theory) which states that there exists no pure scaling law but rather scaling

laws are a function ofRa and Pr. One of the basic assumptions in theGL theory is the existence

of the large-scale wind which creates a viscous boundary layer around the walls and also stirs

the flow in the bulk. In this theory, global dissipation rates (εu, εθ) are decomposed into their

boundary layer (εu,BL, εθ,BL ) and bulk contributions (εu,bulk, εθ,bulk ) which then dividesRa−Pr

space into four regions depending on whether bulk or boundary layer contributions dominate the

dissipation rates. As shown in Table 1.1, the four different regimes can be characterized as
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1.2. Scaling theories on heat transport 7

Regime I: Both εu and εθ are dominated by their BL contributions.

Regime II: εθ is dominated by εθ,BL, whereas εu is dominated by εu,bulk.

Regime III: εu is dominated by εu,BL, whereas εθ is dominated by εθ,bulk.

Regime IV: Both εu and εθ are dominated by their bulk contributions.

Further, a regime is subdivided into two zones depending on whether viscous boundary layer

thickness (λu) is thicker or thinner than λθ. Zone with λu < λθ is represented by subscript l and

zone where λu > λθ is represented by subscript u. From theoretical point of view, GL theory has

managed to identify different regimes and predict the associated Nu(Ra, Pr) and Re(Ra, Pr)

scaling in those regimes. Further, the GL theory also predicts the existence of the ultimate

regime (shown as IVl in Fig. 1.4), which is the most sought after regime among the research

community. For Pr ≈ 1, the transition to the ultimate regime is predicted to occur atRa around

1013 − 1014. Despite the theoretical prowess of the GL theory, it has some limitations

1. It is built on Prandtl-Blasius boundary layer theory where temperature is treated as a pas-

sive scalar, and only global effect of the plumes is taken into account in the form of large-

scale wind.

2. Three-dimensional dynamics of the large-scale wind are not considered.

3. It is not yet conceptualized for RBC with rotation.

Table 1.1: Power laws for Nu and Re for different regimes in GL theory.

Regime Dominance of regime BL Nu Re

Il εu,BL, εθ,BL λu < λθ 0.27Ra1/4Pr1/8 0.037Ra1/2Pr−3/4

Iu λu > λθ 0.33Ra1/4Pr−1/12 0.039Ra1/2Pr−5/6

IIl εu,bulk, εθ,BL λu < λθ 0.97Ra1/5Pr1/5 0.047Ra2/5Pr−3/5

IIu λu > λθ (∼ Ra1/5) (∼ Ra2/5Pr−2/3)

IIIl εu,BL, εθ,bulk λu < λθ 6.43× 10−6Ra2/3Pr1/3 5.24× 10−4Ra2/3Pr−2/3

IIIu λu > λθ 3.43× 10−3Ra3/7Pr−1/7 6.46× 10−3Ra4/7Pr−6/7

IVl εu,bulk, εθ,bulk λu < λθ 4.43× 10−4Ra1/2Pr1/2 0.036× 10−4Ra1/2Pr−1/2

IVu λu > λθ 0.038Ra1/3 0.16Ra4/9Pr−2/3

The realization of the ultimate regime has been an outstanding issue in turbulent Rayleigh-

Bénard convection as it is believed to confer the highest possible heat transfer rate with minimum
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8 Chapter 1. Introduction

resistance from the boundary layers. Also, it holds the key to the understanding of the highly

turbulent flows prevalent in stellar convection where Ra is as high as 1020. The existence of the

ultimate regime has perplexed the scientific community for a very long time and is the most de-

bated topic. In various experiments [20–22], a transition to the ultimate regime has been reported

at Ra ∼ 1014, while others [23–25] denied any sign of ultimate regime. Zhu et al. [26] through

numerical investigations also ascertained the transition to the ultimate regime at Ra ∼ 1013.

The computational and experimental difficulties in attaining very high Ra pose great challenges

in confirming the existence of the ultimate regime. Researchers with the motive of finding a

way around developed various strategies to reach the ultimate regime that includes numerical

studies involving periodic boundary conditions [27] in all directions to experimental work where

radiative heating [28] is introduced to heat the bulk fluid directly, and thus the effect of the BLs

is negated. Surface roughness is one of the adopted strategies meant to introduce turbulence in

the BLs to seek the realization of the ultimate regime and the associated 1/2 scaling. In the next

section, the role of surface roughness and its impact on heat transfer rate in RBC is introduced.

1.3 Employment of surface roughness in RBC

For a comprehensive understanding of natural convection, it is important to observe the boundary

layer dynamics and flow structures over rough surfaces. The study of thermal convection over

rough surfaces is inevitable at very high Ra (as in ‘ultimate regime’) [15]. Any wall roughness

becomes influential when the thermal boundary layer thickness becomes smaller than the height

of a rough surface. With increasing Ra, the thickness of the thermal boundary layer decreases

monotonically, and eventually, it becomes smaller than the height of a rough surface above a

particular Ra. Thus, rough surfaces are influential at high Ra, and hence, it becomes essential

to study natural convection over them. Thermal convection over rough surfaces is one of the

possible ways to achieve enhanced heat transfer. Shen et al. [29] first observed enhancement

of heat transfer on using regularly spaced identical pyramids as rough surfaces at the top and

bottom plates such that height of the roughness elements is greater than the thermal boundary

layer thickness. The increased heat transfer was due to the increase of the prefactor A by 20%

in the relation Nu = ARaγ . However, no change in the scaling exponent γ was observed. Du

and Tong [30] also observed enhanced heat transfer with the increase of prefactor A by 76%.

Increase in heat transfer was observed because of the enhanced plume emission frequency from

the tip of the roughness elements. This deviation of heat transfer could not be explained by a
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1.3. Employment of surface roughness in RBC 9

simple increase in area argument [31] since in terms of area variation, Nu could only increase up

to 41% instead of 76%. This observation quantitatively confirmed a change in the flow dynam-

ics with rough surfaces. Although an increase in heat transfer was observed, no change in the

scaling exponent γ was reported. Later in various experiments, change in the scaling exponent

γ was observed.

Roche et al. [33] conducted experiment in a cylindrical container with linear V-shaped

Figure 1.5: Variation of the normalized Nusselt number Nu(h)/Nu(0) as a function of (a) nor-

malized roughness height h/δ◦th for Ra = 108, and (b) roughness height h for different Ra.

Nu(0) and δ◦th represent Nusselt number and thermal boundary layer thickness for the smooth

wall case, respectively. Figure reproduced from Zhang et al. [32].

grooves on both the horizontal plates and sidewall. ForRa > 2×1012, Nu(Ra) dependence was

investigated for three different Pr, and γ value was reported as 0.5. Qui et al. [34] also obtained

a change in γ value from 0.28 for the smooth walls to 0.35 in the rough surfaces. Xie and Xia [35]

experimentally investigated the effect of roughness geometry on turbulent thermal convection in

a cylindrical container. On the top and bottom plates, periodically distributed pyramid-shaped

roughness elements were considered. Rawas covered in the range 7.5×107 ≤ Ra ≤ 1.31×1011,

and Pr varied from 3.57 to 23.34. They considered a parameter λ, defined as the ratio of the

height of a roughness element to its base width. Four values of λ (0.5, 1, 1.9, 4) were consid-

ered, and the obtained Nu(Ra) scaling was classified into three regimes. In regime I, Nu(Ra)

scaling was not affected due to the rough surfaces. This regime was observed for Ra < 4× 108

where thermal boundary layer thickness was greater than roughness height. However, with an

increase inRa, roughness height became greater than the thermal boundary layer thickness, and

enhancement of heat transport was observed in regime II and III, which were distinguished based

on differentNu(Ra) scaling. ForPr = 4.34, regime II was observed for 4×108 ≤ Ra ≤ 4×109,

while regime III for Ra > 4× 109. Increase of λ from 0.5 to 4 brought a change in γ from 0.36

to 0.59 in regime II and 0.3 to 0.5 in regime III. There was a transition from regime II to III,
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10 Chapter 1. Introduction

where viscous boundary layer thickness eventually became smaller than the roughness height

which was highlighted as the possible cause for different scalings in regimes II and III.

Wei et al. [36] studied the effect of individual plates on heat transfer by considering dif-

ferent combinations of rough/smooth surfaces. They found that the heat transport property of

individual plate differs significantly with dependence on temperature boundary conditions and

nature of the opposite plate. Results showed that smooth plates are insensitive to the terrain

and temperature boundary condition of the opposite plate. On the other hand, rough plates are

found to depend on both nature of the opposite plate and its temperature boundary condition.

Tisserand et al. [37] introduced roughness (square plots) at the bottom plate, while top plate

was kept smooth. Due to the asymmetry of the plates, temperature drop across the rough plate

(TH − Tbulk) and smooth plate (Tbulk − TC) were different, which were then used to calculate

the Nusselt number at the respective plates. Further, it was observed that the scaling exponent

(γ) was 1/2 and 1/3 for rough and smooth plates, respectively. Various studies have addressed

the effect of rough elements on the local dynamics of the turbulent RBC. Du and Tong [38] have

shown that enhancement of heat transport is due to the interaction between the large-scale circu-

lation and secondary flow formed inside the cavities of the roughness elements. This interaction

enhances the detachment of the thermal boundary layer from the tips of the rough surfaces lead-

ing to increase in plume emission. Thus, the enhancement of heat transfer is due to the changed

near-wall dynamics because of the rough surfaces.

Direct numerical simulations (DNS) also corroborate experimental findings that an increase

in Nu scaling exponent is obtained in rough cells. Stringano et al. [40] performed DNS on a

cylindrical container of aspect ratio Γ = D/H = 1/2 with grooves on the top and bottom

plates. Rayleigh number covered was in the range 2×106 ≤ Ra ≤ 2×1011 with fixed Pr = 0.7.

Above a threshold Rayleigh number Rath, scaling exponent γ for grooved surfaces increased

from 0.31 to 0.37. Various studies on rough cells indicate that the heat transport maximizes on

tuning the geometry of the roughness elements via choosing suitable height and wavelength of

the roughness elements. Zhang et al. [32] performed 2D simulations for 107 ≤ Ra ≤ 1011 with

constant Pr = 1, where they varied the height of the roughness elements (h) and wavelength

was kept fixed as 2h. This study highlighted that beyond a critical height (hc) of the roughness

elements, enhanced heat transport is perceived. Further, two regimes were identified using hc.

As shown in Fig. 1.5a, below a critical height hc for a particular Ra, heat transport is reduced

(first regime), and above hc, enhancement in heat transport is obtained (second regime). Reduc-

tion of heat transport at roughness heights smaller than hc is a result of the entrapment of the
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Figure 1.6: Scaling exponent β, in the relation Nu − 1 = A × Raβ , is shown as a function of

roughness wavelength. Optimal Wavelength signifying maximum value of scaling exponent is

λopt = 0.1. For λ << λopt or λ >> λopt, planar wall case is retrieved. Figure reproduced from

Toppaladoddi et al. [39].

fluid in the roughness facilitated cavities, which makes the bulk flow ineffective in mobilizing

the trapped fluid. This accumulation of fluid inside the cavity makes the thermal boundary layer

thicker, which causes the heat transfer to reduce. On increasing thermal forcing i.e.,Ra, the crit-

ical height of the roughness elements follow a decreasing trend, as shown in Fig. 1.5b. It also

implies that a certain height of the roughness elements, which decreases heat transfer at a low

Ra, may enhance it at a higher Ra. Thus, the heat reduction regime becomes less pronounced

at a higher Ra. Moreover, maximal relative enhancement of heat transfer is more for a higher

Ra due to the stronger plume emissions.

Toppaladoddi et al. [39] studied two-dimensional RBC, where roughness elements were

of sinusoidal shape on both the top and bottom plates with a fixed amplitude of h = 0.1. They

performed simulations with fixed Pr = 1 and Ra in the range 4× 106 ≤ Ra ≤ 3× 109. It was

observed that varying wavelength of the roughness elements causes a change in heat transport,

which implies that the scaling exponent of Nu depends on the wavelength of the roughness ele-

ments. Heat transport scaling exponent β, in the relationNu−1 = A×Raβ , was calculated from

least-squares fit to theNu(Ra) as a function of wavelength λ of the roughness elements. Optimal

wavelength λopt which yields maximum value of the scaling exponent β was found out as λopt
= 0.1. For λopt, least-squares fit revealed heat transport scaling as Nu − 1 = 0.0042 × Ra0.483.

As shown in Fig. 1.6, when λ << λopt or λ >> λopt scaling exponent β attains the planar
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Figure 1.7: Variation of Nu(Ra) for nearly unity aspect ratio of roughness elements (λ/h ≈ 1)

at different heights of the roughness elements. Two regimes are demarcated on the basis of Nu

scaling with Ra (Nu = ARaγ) when comparing with smooth wall case, where γ = 0.29± 0.01.

Regime I, where scaling exponent is γ = 0.50± 0.02, and regime II, where γ = 0.33± 0.01. L

denotes height of the domain, whereas h and λ are the height and wavelength of the roughness

elements, respectively. Figure reproduced from Zhu et al. [41].

wall value. They have also analyzed optimal wavelength, which characterized maximum heat

transport at a particular Ra. As Nusselt number was a function of λ for a given Ra, the λ,

for which Nu becomes maximum, was termed as optimal wavelength and corresponding Nu

was termed as optimal Nusselt number Nuopt. Least squares fit revealed Nuopt(Ra) scaling as

Nu− 1 = 0.01×Ra0.444, and variation of λopt with Ra revealed that for higher Ra (above 109),

it settles at λopt = 0.1.

Zhu et al. [41] performed 2D simulations with sinusoidal roughness elements on both top

and bottom plates for even higher Ra in the range 108 ≤ Ra ≤ 1012 with Pr = 1. Both height

and wavelength of the roughness elements were manipulated to facilitate increased heat trans-

port. As shown in Fig. 1.7, nearly unit aspect ratio of the roughness elements λ/h was taken for

three different heights of the roughness elements. They chose a unit aspect ratio for roughness

elements as it provided maximum Nu scaling exponent among different aspect ratios considered.

Based on the Nu scaling with Ra, two regimes were identified. At lower Ra, the first regime,

where local scaling exponent of Nu withRa reached up to 1/2, was observed. Higher the height

of the roughness elements was, earlier the system stepped into the first regime. However, at

higher Ra, the second regime, where scaling exponent saturated back to a value close to the
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Figure 1.8: Variation of the mean dimensionless temperature in the vertical direction for unit

aspect ratio (λ/h = 1) and h/Ly = 0.1 of sinusoidal rough surface at (a) the beginning of the

regime I (Ra = 2.2 × 108), (b) the end of the regime I (Ra = 2.2 × 109), and (c) regime II

(Ra = 7.3×1011). Here, ∆ represent temperature difference between the top and bottom plates,

and θt is the temperature of top plate. The inset shows secondary vortices in different regimes.

In regime I, there is only one roll, whereas in regime II, multiple rolls are present. Two black

vertical lines depict the vertical position of the tip of the roughness elements. Figure reproduced

from Zhu et al. [41].

smooth wall case, was observed. In the second regime, the effect of roughness geometry was

lost as Nu for different roughness geometries collapsed onto a single curve. Enhancement of

the heat transport in the first regime was attributed to the protrusion of the roughness elements

through the thermal boundary layer, which supposedly introduces perturbations in near-wall re-

gions. In this regime, secondary vortices developed inside the cavities were weak and hence,

viscosity still dominated the flow inside them, as shown in Fig. 1.8, which did not effect strong

mixing of fluid inside the cavities. Reemergence of classical scaling in the second regime was

explained with the fact that there was increased strength of the secondary vortices inside the

cavities, which mixed the fluid efficiently inside them, leading to the formation of a cascade of

smaller vortices. The stronger mixing inside the cavities led to the formation of a thin boundary

layer uniformly covering the entire rough surface, which perfectly mimicked an enlarged wet sur-

face area, and this whole process was explained as a reason why rough surfaces lost their effect

in the second regime. To further distinguish both the regimes, variation of thermal dissipation
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(i)
(ii)

Figure 1.9: (i) Comparison of Nusselt number scaling withRa for mono-scale roughness, multi-

scale roughness and smooth wall case. Mono-scale roughness reference data taken from [41]

with roughness height h = 0.1. Scaling exponent for the multi-scale roughness was 0.49±0.01

and saturation of the scaling exponent was not achieved. (ii) Schematic shows how multi-scale

roughness delays the onset of saturated scaling regime, from (a) to (d) Ra number increases.

Figures are reproduced from [42].

rate across the height of the container was observed. In the first regime, bulk contribution in the

thermal dissipation dominated, while in the second regime, boundary layer contribution in the

thermal dissipation dominated. This result is counterintuitive as one expects bulk contribution

to dominate in thermal dissipation rate at a higherRa, but in this study, boundary layer contribu-

tions dominated at higherRa regime (second regime) and bulk contributions dominated at lower

Ra regime (first regime). Thus, it was argued that roughness-facilitated scaling exponent of 1/2

does not imply the onset of the ultimate regime. The regime I with 1/2 scaling was recognized

as a crossover zone, where bulk contributions dominated, and it was emphasized that the actual

transition to the ultimate regime may only be achieved at an even higher Ra.

Zhu et al. [42], introduced multi-scale roughness of the sinusoidal form in two-dimensional

RBC. Explored Ra range was 108 ≤ Ra ≤ 1011 with constant Pr = 1 for aspect ratio Γ = L/H

= 2. With three different distinct length scales of the roughness elements, obtained local 1/2

scaling regime extended for a wider range of Ra, as shown in Fig. 1.9(i), and saturation of the

local 1/2 scaling was not observed for the explored range. To explain how they could manage

to extend the 1/2 scaling regime, it was hypothesized that with increasing Ra, as shown in Fig.

1.9(ii), different roughness length scales perturb the thermal BL in an order, starting from the

largest (at low Ra) to the smallest (at high Ra), due to which the system stays in the local 1/2

scaling range for a wider range ofRa. In Table 1.2, the main findings of the important roughness

TH-3222_176103006



1.3. Employment of surface roughness in RBC 15

studies are summarized.

Another fascinating avenue for studies on roughness driven convection is to incorporate the

effects of Pr. The close connection of Pr in determining the TBL thickness has the potential

to control the activating mechanism of roughness elements in enhancing the plume emission.

In the next section, the role of Pr in roughness facilitated convection cell is discussed from the

perspective of dominating flow structures and heat transport mechanism.

Table 1.2: Literature review of RBC with rough surfaces

Reference Cell and roughness

geometry

Numerical details Conclusions

Du and Tong [38] • Cylindrical cell

• Γ = 1 and 0.5

• V-shaped grooves on

both top and bottom

surfaces

• Two rough surfaces

were considered with

heights h = 9 and 3.2

mm, where wavelength for

both cases was λ = 2h

• Experimental

• 109 ≤ Ra ≤ 1011

•Working fluid is distilled water

• In the Nu scaling with Ra ( Nu ∼ ARaγ ),

power law amplitude A increased by 76%

• Interaction between the large-scale circu-

lation and secondary flow inside the groove

region enhances the detachment of the plumes

near the tip of the roughness elements

Stringano et al.

[40]

• Cylindrical cell

• Γ =D/H = 1/2

• V-shaped groove ele-

ments with a tip angle of

90◦

• 2× 106 ≤ Ra ≤ 2× 1011 and

Pr = 0.7

• Non-uniform mesh

• Immersed boundary method

used to solve governing equations

with adiabatic side walls, and all

surfaces were no-slip

• Value of scaling exponent γ obtained as

0.37 which reflects an increase of 19% from

smooth cell

• The presence of grooves not only enhanced

plume generation but also their penetration

into the bulk

Shishkina and

Wagner [43]

• Rectangular cell (2D)

with Γ =1

• Roughness elements are

rectangular

• Numerical validation of the

model developed to check the

influence of wall roughness on heat

transfer

• Ra = 107, 108 and 5 × 107

with Pr = 1

• Nusselt number deviations for rough walls

can not be solely quantified by the relative

increase of area due to rough elements

• Heat transport enhanced for slender rough-

ness elements

Toppaladoddi

et al. [39]

• Rectangular cell (2D)

with Γ = 2

• Roughness elements

geometry is sinusoidal

• 4 × 106 ≤ Ra ≤ 3 × 109 and

Pr= 1

• Lattice Boltzmann method used

to solve the governing Boussinesq

equations

• Height of the roughness elements

was fixed as h = 0.1

• At fixed height of the roughness elements,

wavelength of the roughness elements can be

tuned to get higher heat transport

• Nu scaling with Ra for optimal wavelength

is (Nu− 1) ∝ Ra0.483

continued . . .
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. . . continued

Reference Cell and roughness

geometry

Numerical details Conclusions

Zhu et al. [41] • Rectangular cell (2D)

with Γ =2

• Sinusoidal roughness

elements

• 108 ≤ Ra ≤ 1012 and Pr = 1

• Both h and λ of the roughness

elements varied independently

• h/Ly = 0.05, 0.1 and 0.15

• For each h, wavelength of rough-

ness elements λ/Ly varied from

0.05 to 0.7

• For Ra = 7.3 × 1011, grid

resolution is 14336× 7168

• Two regimes were identified, regime I,

where Nu(Ra) scaling exponent γ increases

up to 1/2 and regime II, where γ saturates

with value close to smooth wall case

• In regime I, tuning of h and λ enhances

Nu(Ra) scaling exponent (γ), while in

regime II, saturation of the γ is obtained

• Higher the roughness, earlier the system

steps in to regime I

Xie and Xia [35] • Cylindrical cell

• Pyramid shaped rough-

ness elements

• Experimental

• 7.5× 107 ≤ Ra ≤ 1.31× 1011

• 3.57 ≤ Pr ≤ 23.34

• Regime I, for Ra < 4 × 108, exhibited

classical scaling

• Beyond regime I, effect of roughness ge-

ometry, taken into account via different

roughness aspect ratios (λ= 0.5 to 4), was

conceived

• In regime II (transitional regime), rough-

ness height exceeded thermal boundary layer

thickness, and showed an increase of γ from

0.36 to 0.59 with λ increasing from 0.5 to 4.

• At further high Ra, regime III obtained,

where even viscous boundary layer thickness

was exceeded by roughness height, and γ

increased from 0.30 to 0.50 with the increase

in λ

Xu et al. [44] • Rectangular cell (2D)

• Γ = L/H =1

• Roughness elements are

rectangular fins

• 107 ≤ Ra ≤ 1010

• Spectral element method used for

solving the governing equations

• Effect of both Pr and number of

fins on flow structures is observed

• In all roughness configurations, heat trans-

port enhanced significantly when Ra exceeds

a critical value

• Presence of fins greatly influenced the flow

structures and dynamics of plumes

• For Pr ≥ 1 and Ra < 5 × 108 range,

Nusselt number at a particular Ra increased

monotonically with Pr

Zhang et al. [32] • Rectangular cell (2D

and 3D)

• Γ = 1 (2D)

•H,L = 1,W = 1/4

(3D)

• Triangular roughness

elements considered with

height h, width 2h, and

Vertex angle = 90◦

• 107 ≤ Ra ≤ 1011 (2D)

• Ra = 108 (3D)

• Pr = 0.7

• Immersed boundary method

used to keep track of the roughness

elements

• Grid resolution for Ra = 1011

is 2560×3456 and Ra = 108 (3D)

is 512×128×624

• Identified a critical height hc, above which

heat transport enhanced and below which it

reduced.

• hc decreased with Ra as hc ∼ Ra−0.6

• Decrease of hc with Ra also explained why

heat reduction in rough cell was not observed

in previous studies at high Ra

continued . . .
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1.4. Prandtl number effect in RBC 17

. . . continued

Reference Cell and roughness

geometry

Numerical details Conclusions

Jiang et al. [45] • Rectangular 3D cell

with Γ(= L/H) = 1

• Roughness elements are

ratchet shaped

• Both experimental and numerical

• Ra = 5.7× 109 and Pr = 4.3

• For Ra = 5.7 × 109, grid

resolution is 1280× 1280× 256

• By introducing a small tilt of 3.2◦in clock-

wise or anticlockwise direction, orientation of

large-scale circulation was locked

•With ratchet surfaces at the top and bottom

plates, Nu(Ra) scaling exponent γ increased

from smooth cell (around 26%). However,

for the two different tilt orientations, different

scaling exponents were obtained, for one case

γ was 0.38 and for other 0.39

Zhu et al. [42] • Rectangular 2D cell

with Γ(= L/H) = 2

• Periodic sinusoidal

roughness of three length

scales

• 108 ≤ Ra ≤ 1011 and Pr = 1

• For Ra = 1011, grid resolution

is 10240× 5120

• Usage of multi-scale roughness was shown

to extend local 1/2 scaling regime to an even

higher Ra range.

1.4 Prandtl number effect in RBC

Prandtl number is one of the input control parameters in RBC that influence the global heat flux

[19, 46, 47] along with the thermal forcing given byRa and the cell aspect ratio Γ. It has a strong

effect on the prevalent dominating flow structures and the heat transfer mechanism. Verzicco and

Camussi [48] demarcated two types of flow regimes in their study inside a cylindrical cell cov-

ering 0.022 ≤ Pr ≤ 15 for Ra ≤ 2× 107. The first regime was observed for Pr ≤ 0.35, where

large-scale circulation dominates and is the major benefactor in vertical heat transfer. Owing to

the remarkable contributions, LSC is considered as the “engine” for low Pr convection. Also,

in this case, Nu was found to increase with Pr. The second regime was observed for Pr > 0.35,

where thermal plumes emerge as the major contributor in heat transfer and the role of large-

scale circulation is largely diminished. Here, Nu becomes independent of Pr with the scaling

exponent being 2/7. In general, for low Pr fluids, a thicker thermal boundary layer is formed,

due to which there is more tendency of diffusive heat transfer, and hence, fewer and weak plume

structures are formed. However, with an increase in Pr, the thermal boundary layer becomes

thinner, favoring the formation of a greater number of stronger and finer plumes.

Malevsky [49] also highlighted the influence of Pr by observing PDF of θ fluctuation

along with its spectra. The PDFs, as shown in Fig. 1.10, exhibit exponential-like concave peaks

for small-scale fluctuations, while large-scale fluctuations follow a wide Gaussian-like convex

shirt. For high Pr flows, the central peaks of θ PDFs are more pronounced, implying a larger
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Figure 1.10: PDFs of normalized temperature fluctuations at the midplane for Ra = 107 at

Pr = 0.7 (dotted line), Pr = 7 (short-dash line), and Pr = ∞ (long-dash line). Note, the

figure is reproduced from Malevsky [49].

probability of the mean temperature. Also, it suggests thinning of the plumes along with the

reduced occupied space by them. However, for low Pr, the increasing dominance of large-

scale θ fluctuations with decreasing Pr is observed from the Gaussian-like skirt of the PDFs.

Their observations are in line with that of Yakhot [51], Solomon and Gollub [52, 53], where the

predominance of large-scale structures is credited in giving Gaussian shape to the PDFs while

small-scale structures enforce the exponential shape. As discussed earlier, small Pr flows are

dominated by LSC, which explains the Gaussian-like shape of the PDFs. However, high Pr

flows are dominated by small-scale isolated thermal plumes, explaining the transformation of

the PDFs into exponential. Effect of Pr was also investigated from the spectra of temperature

fluctuations measured at different horizontal planes where they were found to be steeper with

decreasing Pr. Another interesting feature discovered by Malevsky [49] is the increasing ten-

dency of inverse kinetic energy transfer with the amplification of Pr. The same was manifested

from the steeper kinetic energy spectra at higher Pr with the slope of the inertial subrange being

close to -11/5 (BO59 scaling [54, 55]). In the literature, BO59 scaling has been shown to be
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Figure 1.11: Comparison of Nu(Pr) dependence in 2D and 3D cases for Ra = 106 and Ra =

108. Downward and upward filled triangles are for 2D cases, whereas square and black circles

for the 3D cases, and solid lines represent the prediction of the GL theory. Note, the figure is

reproduced from van der Poel et al. [50].

closely connected to inverse energy transfer [56, 57].

Huang and Zhou [58] in their 2D study reported anomalous Nu(Pr) relation in comparison

to a 3D cylindrical case for a moderate Ra ≤ 109 and Pr ≈ 2 ∼ 3 range, where Nu settles for

a minimum value rather than attaining maxima as in the 3D case. The reason for the anomaly

was attributed to the competition between the corner rolls and LSC creating counter-gradient

heat transport, which is a striking feature of 2D convection as the fluid lacks the third direction

to escape. Further, heat transfer dependency on Pr was found to diminish with increasing Pr.

At higher Ra ≥ 3 × 109, Pr dependency was qualitatively similar to that observed for the 3D

case. van der Poel et al. [50] also highlighted the similar behavior of Nu(Pr) in 2D and 3D

cases for a large Pr. The same observation is evident from Fig. 1.11, where Nu(Pr) depen-

dence is shown for both 2D and 3D simulations at Ra = 106 and 108. For high Pr, Nu data

for 2D and 3D cases seems to converge, especially for Ra = 108. The largest difference in Nu

is seen at intermediate Pr, which is associated with the difference in LSC dynamics in 2D and

3D cases. In the 2D case, there is an emergence of a stronger LSC with corner rolls, whereas in

the 3D case, LSC is less pronounced with smaller rolls. They also observed the Pr dependence
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of the global Re, indicating flow strength, based on the rms of the vertical velocity. The flow

strength was observed to be monotonically decreasing with growing Pr such that it is always

higher for 2D than 3D. However, for a higher Pr, Re for both 2D and 3D converged, which

again highlights similar behaviors in both the modes. For a fixed thermal forcing, elevated flow

strength with decreasing Pr is a result of the augmented Grashof number (Gr = Ra/Pr) which

indicates the relative strength of buoyancy over viscous force acting on a fluid. Pandey et al.

[59] also reported the similarities between 2D and 3D for large Pr convection. On observing

the first ten most dominant Fourier modes, close resemblances between 2D and 3D convection

were revealed. Similar scaling for kinetic (Eu(k) ∼ k−13/3) and temperature spectra (∼ k−2)

further highlighted the behavior in both the cases to be alike. Effect of Pr on Nu(Ra) scaling

has also been reported for a rough cell by Xie and Xia [35], where for a larger Pr, higher heat

transfer enhancement for roughness elements of larger aspect ratio is observed. The reason for

the same was anticipated to be linked with the stronger clustering of thermal plumes.

Yang et al. [60] while working with a 2D square rough cell, observed the effect of Pr on the

critical height (hc) of the roughness elements above which an enhancement in heat transfer with

respect to a smooth cell can be obtained. They explored 107 ≤ Ra ≤ 109 and 0.01 ≤ Pr ≤ 100,

where hc(Pr) revealed three distinct regimes, as shown in Fig. 1.12. The regime at low Pr

(shaded in yellow) dominated by LSC shows a decrement of hc with increasing Pr. Here, the

thermal boundary layer (TBL) is thicker, which obstructs the bulk fluid to wash out the fluid

inside the roughness cavities. However, augmented Pr leads to thinning of TBL, facilitating

disruption of TBL by the roughness elements, which leads to a decrease of hc. Note, this regime

exhibits weaker and fewer plumes due to the large thermal diffusivity of the fluid. The regime

at moderate Pr (shaded in pink) exhibits an increasing trend of hc with Pr. It is characterized

by strong competition between the corner rolls and the LSC with the advent of thermal plumes.

Here, as Pr increases, the strength and size of corner rolls grow, which introduces counter-

gradient heat transport, ultimately leading to suppression of global Nu. In order to suppress the

effect of corner-rolls, roughness elements of higher amplitudes are required, which explains the

increment of hc with Pr in this regime. Lastly, the regime at high Pr (shaded in cyan) is domi-

nated by plumes with the weakening of large-scale flows due to higher fluid viscosity. Here, hc
is seen to decay with growing Pr. Thermal boundary layer being thinner allows roughness ele-

ments to cause perturbations in the near-wall region leading to the emission of stronger plumes

capable of sustaining their thermal energy for a long time. The same is evident from Fig. 1.13,

where for Pr = 100 fine plumes can be seen to erupt from the tips of the roughness elements
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Figure 1.12: Variation of critical roughness height (hc) as a function of Pr reveals three flow

regimes (shaded in distinct colours), where Prt1 and Prt2 are the transitional Prandtl numbers.

The low Pr regime is LSC dominated, the moderate Pr regime features strong corner-LSC

competition, and the high Pr regime manifests domination by thermal plumes. The figure is

adopted from Yang et al. [60].

Figure 1.13: Snapshots of the instantaneous temperature field superimposed with velocity vector

field shown by Yang et al. [60] for the central part of the lower plate at Ra = 108 for (a) Pr = 1

and (b) Pr = 100 with the amplitude of the rough plate being h = 0.0625.
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as opposed to the Pr = 1 case. For Pr = 1, the cavity fluid is trapped with no significant

contributions in plume emission. Thus, higher Pr flows present favorable conditions to trigger

plume emission from the roughness elements, which strengthens the heat transport process. It

also explains the decreasing trend of hc in this regime.

1.5 Motivation and objectives

Consideration of rough surfaces in turbulent RBC is inevitable to enhance the understanding

of thermal convection occurring in real-life flows. Further, they also seem promising in stim-

ulating turbulence even at a lower Ra and thus, paving the path for realizing an efficient heat

transfer mechanism. To date, the effect of only simplified roughness geometry has been ex-

plored, the most complex being sinusoidal roughness with three-length scales [42]. However,

thermal convection in nature occurs over complex rough surfaces. Taking that into account, we

have introduced a complex texture (both in 2D and 3D) that incorporates multiple length scales

to emulate such real flow situations. The fascinating flow physics for RBC is revealed in the

highRa range, where flow is highly turbulent. The fact that realizing highRa in 3D simulations

is computationally prohibitive, a number of roughness studies are carried out in 2D in the lit-

erature. The choice of 2D simulations with roughness is justified by their ability to explain the

dominating heat transfer mechanism and its implication on the Nu scaling exponent. For multi-

scale triangular roughness, we explore a high Ra range in 2D simulations to test its efficacy in

enhancing heat flux. Further, different regions close to the rough plates are explored to unravel

the active flow mechanisms and their implication on the heat transfer rate.

In the case of a smooth convection cell, the Prandtl number is shown to have a negligible

effect on the global heat transfer rate for moderate to high Pr. However, the study by Xie and

Xia [35] argued that Pr might assume a proactive role in deciding the heat flux in the presence

of rough surfaces. For the cylindrical cell with periodically distributed pyramid elements, they

observed an interesting result where Nu corresponding to Pr = 23.34 exceeds that observed at

a lower Pr = 3.57. The result is quite remarkable and unexpected, as in the case of the smooth

case, Nu peaks around Pr ∼ 3 to 4. However, the increment was only observed for the cases

where the ratio of amplitude to width of the roughness elements was high (h/λ = 1.9 and 4). It

further emphasizes the fact that it takes a specific combination of geometric parameters of the

roughness elements to trigger Pr to play a dominant role in deciding the global heat transfer

rate. Taking the motivation from this study, we decided to delve into exploring the combined
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1.6. Outline of the thesis 23

effect of Pr and the novel multi-scale roughnesses (2D and 3D) adopted in the present work.

The main objectives of the present work are as follows:

1. To test the effectiveness of the employed novel multi-scale roughness for a higherRa range

in the 2D set-up.

2. Explore near-wall dynamics, which holds the key for the persistent realization of the en-

hanced Nu scaling exponent.

3. Understand bulk dynamics, sufficiently away from the walls, which holds close relation-

ship with the perturbed near-wall regions

4. Distinguish the prevalent flow mechanisms between the rough and smooth cells.

5. Elucidate the role of Pr in influencing flow structures and heat transfer mechanism in the

presence of the roughness for both 2D and 3D set-ups.

1.6 Outline of the thesis

The remainder of the thesis is organized as follows. In chapter 2, important relations in Rayleigh-

Bénard convection are discussed. The discussion concerns the characteristic length scales in tur-

bulent flows, Nusselt number calculations based on different measures, theoretical and numerical

estimates of thermal and viscous dissipation rates, and the implication of different scalings as-

sumed by structure functions. In chapter 3, the details of mathematical formulation, construction

of roughness geometries, numerical procedure, grid generation and parallelization, diffuse in-

terface immersed boundary method to handle rough surfaces, and validation of numerical setup

are presented. Subsequently, in chapter 4, we study the effect of multi-scale roughness in 2D

in sustaining the roughness facilitated enhanced heat transfer scaling exponent in the higher Ra

range. The special focus is on understanding the near-wall regions to unveil the dominant flow

mechanism in the throat, tip, and valley regions and its possible effect on the heat transfer rate.

The changes brought up by the introduction of rough surfaces in the flow structures and statis-

tics are also taken up by analyzing instantaneous temperature fields, plume statistics, turbulence

kinetic energy budget, temporal PDFs and power spectra of temperature and vertical velocity,

and orthogonal decomposition of the flow field.

In chapter 5, we incorporate the effect of the Prandtl number on the flow structures and

heat transfer mechanism in the 2D roughness setup. Relation of global quantities, Nu(Pr,Ra)
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and Re(Pr,Ra), instantaneous flow fields, plume volume fractions, temperature and vertical

velocity fluctuations, and boundary layer profiles are looked at to ascertain the role of Pr in

a roughness facilitated convection cell. In chapter 6, with conical roughness elements on the

isothermal plates of a cubical box, the Pr effect is considered for a fixed thermal forcing of

Ra = 108. We observe Nu(Pr) and Re(Pr) relations, dominating heat transport mechanisms

functioning at different Pr, role of roughness in disrupting the preferred orientation of the large-

scale structures, plume statistics, and different statistical measures quantifying and describing

the nature of fluctuations. Finally, we conclude the thesis and present some possible directions

for future work in chapter 7.
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2
IMPORTANT RELATIONS IN RAYLEIGH-BÉNARD CONVEC-

TION

This chapter contains the details of the important results in Rayleigh-Bénard convection. We

first introduce the important characteristic length scales in turbulent RBC, which is followed by

a discussion on the theoretical framework for heat transport calculations, where relations for

Nusselt number based on thermal and viscous dissipation rates are derived. Further, estimates

of theoretical and numerical dissipation rates are presented, followed by a discussion on the

Bolgiano scaling and the structure function relations which support its existence.

2.1 Characteristic scales

Turbulent motion exhibits a broad range of length scales, which characterize the size of the

eddies. The largest length scales, which are bounded by the physical dimensions of the flow,

extract energy from the mean flow. Due to the interaction among eddies at various scales, the

energy from the large scales is transferred to successively smaller scales, and finally, at the small-

est length scales where viscosity dominates, the energy is dissipated in the form of heat. This

smallest length scale where viscous dissipation takes place is known as the Kolmogorov length

scale (η). Similarly, for thermal dissipation, the smallest length scale is the Batchelor scale (ηB).

Mathematically, these length scales are estimated as

η =

(
ν3

εu

)1/4

, ηB =

(
να2

εu

)1/4

,

where εu is the kinetic dissipation rate. Resolving the smallest length scales (Kolmogorov

and Batchelor scales) is important to obtain accurate results from a turbulent flow simulation.

For turbulent RBC, the theoretical estimate of global viscous dissipation is 〈εu〉V = ν3(Nu −

1)RaPr−2H−4[18] (derived later in section 2.3), where 〈...〉 represents volume-average. On

25
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substituting this value of εu in the above relations, one obtains

η

H
=

Pr1/2

(Nu− 1)1/4Ra1/4
, (2.1)

ηB
H

=
1

(Nu− 1)1/4Ra1/4
(2.2)

From the above equations, it is clear that for Pr < 1, Kolmogorov scale η is the smallest dissi-

pative scale, and when Pr > 1, Batchelor scale ηB is the smallest scale.

Other important length scales in RBC are the measure of viscous and thermal boundary layer

thickness. Viscous boundary layer develops as a result of shearing of the large-scale circulation

(LSC), while thermal boundary layer develops due to the presence of the walls offering thermal

resistance to the heat transport. Near the top and bottom plates, conductive heat transport (qcond)

takes place which is given as

qcond =
k∆T

H
(2.3)

Since almost entire imposed temperature gradient is lost in the thermal boundary layers, total

heat transport (qtotal) can be written as,

qtotal ≈
k∆T

2λθ
(2.4)

where λθ denotes thermal boundary layer thickness and k thermal conductivity. Now, Nusselt

number is defined as the ratio of total heat flux to conductive heat flux. Thus, on using Eq. 2.3

and Eq. 2.4, Nusselt number (Nu) can be written as

Nu ≈ H

2λθ
(2.5)

or λθ can be written as

λθ ≈
H

2Nu
⇒ λθ

H
≈ 1

2Nu
(2.6)

Since Nusselt number is a response parameter, thermal boundary layer thickness (λθ) cannot be

known a priori. However, an estimate of λθ is possible if the value of the Nusselt number for the

same input parameter range is available from the previous simulations. From Eq. 2.5, it is also

clear that Nu and λθ are inversely proportional to each other.

2.2 Theoretical Framework for heat transport calculations

To get the estimates of global heat transport in Rayleigh-Bénard convection, calculation of Nus-

selt number is important. Constant property (density ρ, specific heatCp and thermal conductivity
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K) energy equation can be cast into the heat flux form as

∂(ρCpT )

∂t
+∇ · (ρCpuT ) = k∇2T (2.7)

⇒ ∂(ρCpT )

∂t
+∇ · (ρCpuT − k∇T ) = 0 (2.8)

⇒ ∂(ρCpT )

∂t
+∇ · q = 0 (2.9)

where total heat fluxwhich is sum of convective and conductive fluxes, is given by q = ρCpuT−

k∇T and velocity field u = (u, v, w). Considering heat transport in the vertical direction (z),

Nusselt number being the ratio of convective and conductive heat fluxes can be estimated as

Nu =
qconv
qcond

=
ρCpwT − k ∂T∂z
−k(∂T

∂z cond
)

=
ρCpwT − k ∂T∂z

k∆T
H

=
wT − α∂T

∂z

α∆T
H

(2.10)

where ∆T is the temperature difference between the hot and cold plates (∆T = TH−TC) and H

is the height of the container. Let us consider the domain (rectangular or cylindrical) over which

governing equations for RBC are solved has volume V and bounding surface S. If ensemble is

considered as Area-time average then average Nusselt number at any arbitrary vertical height (z)

is obtained as

〈Nu〉A,t =
〈wT 〉A,t − α〈∂T∂z 〉A,t

α∆T
H

(2.11)

Now let us consider a slab of fluid confined between horizontal planes z = z1 and z = z2 which

has volume V and bounding surface S. For this fluid slab, after taking volume average of the

energy equation (Eq. 2.9) one obtains

d

dt

(
1

V

∫
V
ρCpTdv

)
+

1

V

∫
V
∇ · qdv = 0 (2.12)

Under the assumption of steady state flow

d

dt

(
1

V

∫
V
ρCpTdv

)
= 0

and thus, Eq. 2.12 reduces to ∫
V
∇ · qdv =

∫
S
q · n̂ds = 0 (2.13)

Lateral walls do not contribute in the expression
∫
S
q · n̂ds and thus, one get

q(z2) = q(z1) (2.14)

where q(z1) and q(z2) denotes the total heat flux over the horizontal planes z = z1 and z =

z2, respectively. This also implies that under a steady state the total heat flux averaged over
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horizontal planes are equal i.e., 〈Nu〉A,t is independent of z. Owing to no-slip velocity boundary

condition at the top and bottom plates, there is no contribution from convective heat transfer in

the total heat flux i.e.,〈wT 〉A,t = 0. Another consequence of the above arguments is that planar

and volume averaged heat transport are equal under steady state flow assumption. This can be

shown as

〈Nu〉V,t =
1

H

∫ H

0

〈Nu〉A,t dz

but 〈Nu〉A,t is independant of z and thus,

〈Nu〉V,t =
1

H
〈Nu〉A,t

∫ H

0

dz = 〈Nu〉A,t (2.15)

Following the argument that total heat flux is independant of z, Nusselt number averaged over

Area and time is obtained as

〈Nu〉A,t =
〈wT 〉A,t − α〈∂T∂z 〉A,t

α∆T
H

=
−H
∆T

〈
∂T

∂z

〉
z=0,t

=
−H
∆T

〈
∂T

∂z

〉
z=H,t

(2.16)

For Volume-time average ensemble, 〈· · ·〉V,t written as 〈· · ·〉, Nusselt number is obtained as

〈Nu〉 =
〈wT 〉 − α〈∂T

∂z
〉

α∆T
H

(2.17)

but 〈
∂T

∂z

〉
=

1

V

∫
V

∂T

∂z
dv =

1

V

∫
V

(∇T · k̂ + T∇ · k̂)dv =
1

V

∫
V

∇ · (T k̂)dv

where k̂ is the unit vector in z direction and overbar denotes time averaging. Now using the

divergence theorem

1

V

∫
V

∇ · (T k̂)dv =
1

V

∫
S

T k̂ · n̂ds =
1

V

∫
z=0

−THds+
1

V

∫
z=H

−TCds = −∆T

(
A

V

)
where A is the surface area of bottom (top) plate.

⇒
〈
∂T

∂z

〉
= −

(
∆T

H

)
(2.18)

On using the above result, one gets

〈Nu〉 = 1 +
〈wT 〉
α∆T

H

(2.19)

Now let us consider non-dimensional energy equation

∂θ

∂T
+∇ · (uθ) = αT∇2θ (2.20)
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where θ = (T − TC)/(TH − TC) is the normalized temperature having value 1 and 0 at bottom

and top plates, respectively. Above equation can also be cast into heat flux form as

∂θ

∂T
+∇ · (uθ − αT∇θ) = 0

⇒ ∂θ

∂T
+∇ · q = 0

where αT depends on the choice of velocity scale. Thus, considering heat transport in vertical

direction (z), Nu can be estimated as

Nu =
qconv
qcond

=
wθ − αT ∂θ∂z
−αT (∂θ

∂z cond
)

(2.21)

In the conduction state, non-dimensional temperature θ varies linearly in vertical direction (z)

as

θcond = 1− z ⇒
(
∂θ

∂z cond

)
= −1 (2.22)

This implies

Nu =
1

αT
(wθ)− ∂θ

∂z
(2.23)

If velocity scale is chosen as the diffusive velocity V r = α/H , thenαT = 1. Now let us consider a

fluid particle of volume v subject to a density difference ∆ρ (buoyant force ∆ρvg) attains kinetic

energy equivalent to ∆ρvgH as it moves a height H . Thus, a velocity scale can be obtained as√
∆ρvgH/ρv. Introducing the isobaric compressibility β = −(1/ρ)(∂ρ/∂T )p, velocity scale

is obtained as V r =
√
ρβ∆TvgH/ρv =

√
gβ∆TH . Owing to its origin from buoyancy, this

scale is termed as the “free fall velocity” and when used it results in αT =
√

1/(RaPr). Thus,

local heat transfer is obtained as

Nu = wθ − ∂θ

∂z
(V r = α/H) (2.24)

Nu =
√
RaPr(wθ)− ∂θ

∂z
(V r =

√
gβ∆TH) (2.25)

On considering ensemble as Area-time average, Nusselt number is obtained as

〈Nu〉A,t = 〈wθ〉A,t −
〈
∂θ

∂z

〉
A,t

(V r = α/H) (2.26)

〈Nu〉A,t =
√
RaPr〈wθ〉A,t −

〈
∂θ

∂z

〉
A,t

(V r =
√
gβ∆TH) (2.27)

Further, on considering ensemble as Volume-time average, Nu can be written as

〈Nu〉 = 〈wθ〉 −
〈
∂θ

∂z

〉
(V r = α/H) (2.28)

〈Nu〉 =
√
RaPr〈wθ〉 −

〈
∂θ

∂z

〉
(V r =

√
gβ∆TH) (2.29)
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Now, 〈
∂θ

∂z

〉
=

1

V

∫
V

∂θ

∂z
dv =

1

V

{
θ|z=1 − θ|z=0

(z = 1)− (z = 0)

}
V = −1

This implies

〈Nu〉 = 1 + 〈wθ〉 (V r = α/H) (2.30)

〈Nu〉 = 1 +
√
RaPr〈wθ〉 (V r =

√
gβ∆TH) (2.31)

where Rayleigh number Ra = gβ∆TH3/να and Prandtl number Pr = ν/α.

2.2.1 Nusselt number based on thermal and viscous dissipation rates

The non-dimensional energy equation can be written as

∂θ

∂t
+∇ · (uθ) = αT∇2θ (2.32)

where αT = 1 or (RaPr)−1/2 for V r = α/H and
√
gβ∆TH , respectively. Owing to the nor-

malization θ|z=0 = 1 and θ|z=1 = 0 while∇θ · n̂ = 0 on lateral (vertical) walls due to adiabatic

condition. Note, in case of periodic boundary condition, ∇θ is same but n̂ is opposite in sign.

If the above equation is multiplied by θ and each term is simplified as θ∂θ/∂t = ∂(1/2θ2)/∂θ,

θ∇·(uθ) = θu·∇θ = u·∇(1/2θ2) = ∇·(1/2uθ2) and θ∇2θ = θ∇·(∇θ) = ∇·(θ∇θ)−|∇θ|2

one obtains the following form

∂(1
2
θ2)

∂t
+∇ · (1

2
uθ2) = αT{∇ · (θ∇θ)− |∇θ|2} (2.33)

Integrating it over the volume V surrounded by the surface S gives

d

dt

∫
V

(
1

2
θ2)dv +

∫
V

∇ · (1

2
uθ2)dv = αT

{∫
V

∇ · (θ∇θ)dv −
∫
V

|∇θ|2dv
}

(2.34)

as V does not change with t. Using the divergence theorem it further reduces to

d

dt

∫
V

(
1

2
θ2)dv +

∫
S

(
1

2
uθ2) · n̂ds = αT

∫
S

(θ∇θ) · n̂ds− αT
∫
V

|∇θ|2dv (2.35)

Owing to u = 0 on the no-slip walls and uθ2 same but n̂ opposite on periodic boundaries∫
S

(
1

2
uθ2) · n̂ds = 0

Also on adiabatic wall ∇θ · n̂ = 0 and on periodic walls ∇θ is same but n̂ being opposite, the

first integral on the right hand side reduces to the surface integrals at top and bottom walls∫
S

(θ∇θ) · n̂ds = θ|z=1

∫
z=1

∂θ

∂z
ds− θ|z=0

∫
z=0

∂θ

∂z
ds =

∫
z=0

−∂θ
∂z
ds (2.36)
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as θ(z = 0) = 1 and θ(z = 1) = 0. Thus, Eq. 2.35 becomes

d

dt

∫
V

(
1

2
θ2)dv = −αT

∫
z=0

∂θ

∂z
ds− αT

∫
V

|∇θ|2dv (2.37)

Now multiply Eq. 2.32 by z and simplify the resulting terms as z∂θ/∂t = ∂(zθ)∂t, z∇· (uθ) =

∇ · (zuθ)− (uθ) · ∇z = ∇ · (zuθ)−wθ since∇z = (0, 0, 1) and finally z∇2θ = z∇ · (∇θ) =

∇ · (z∇θ)−∇z · ∇θ = ∇ · (z∇θ)− ∂θ/∂z to obtain

∂(zθ)

∂t
+∇ · (zuθ)− wθ = αT{∇ · (z∇θ)−

∂θ

∂z
} (2.38)

Integrating Eq. 2.38 over the volume V yields∫
V

∂(zθ)

∂t
dv +

∫
V

∇ · (zuθ)dv −
∫
V

wθdv = αT

{∫
V

∇ · (z∇θ)dv −
∫
V

∂θ

∂z
dv

}
(2.39)

According to the Leibiniz theorem, if we consider any function f(x, t) such that both function

and its partial derivatives ∂xf(x, t) are continuous in x and t, then,

d

dx

(∫ b(x)

a(x)

f(x, t)dt

)
=

∫ b(x)

a(x)

∂f(x, t)

∂x
dt+ f [x, b(x)]

d{b(x)}
dx

− f [x, a(x)]
d{a(x)}
dx

If limits of integration are constant then the above rule reduces to

d

dx

(∫ b

a

f(x, t)dt

)
=

∫ b

a

∂f(x, t)

∂x
dt

That is, integral and differential operators can interchange if limits of integration are constant.

Here, volume of the domain V is constant which implies∫
V

∂(zθ)

∂t
dv =

d

dt

∫
V

zθdv

On using the the the divergence theorem∫
V

∇ · (zuθ)dv =

∫
S

(zuθ) · n̂ds∫
V

∇ · (z∇θ)dv =

∫
S

(z∇θ) · n̂ds

By the virtue of no-slip boundary conditions on horizontal plates and no-slip/periodic boundary

condition on lateral walls, ∫
S

(zuθ) · n̂ds = 0

Now, S is a piece-wise continuous surface and owing to adiabatic or periodic boundary condi-

tions ∇θ · n̂ = 0 on the lateral walls. Thus, one obtains∫
S

(z∇θ) · n̂ds = 1

∫
z=1

∂θ

∂z
ds− 0

∫
z=0

∂θ

∂z
ds =

∫
z=1

∂θ

∂z
ds
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Thus, Eq. 2.39 reduces to

d

dt

∫
V

zθdv −
∫
V

wθdv = αT (

∫
z=1

∂θ

∂z
ds−

∫
V

∂θ

∂z
dv) (2.40)

In addition, on integrating energy equation (Eq. 2.32) over the volume results in∫
V

∂θ

∂t
dv +

∫
V

∇ · (uθ)dv =

∫
V

αT∇2θdv (2.41)

For constant V, ∫
V

∂θ

∂t
dv =

d

dt

∫
V

θdv (using Leibiniz theorem)

and on using the the divergence theorem∫
V

∇ · (uθ)dv =

∫
S

(uθ) · n̂ds∫
V

αT∇2θdv = αT

∫
S

∇θ · n̂ds

Thus, Eq. 2.41 reduces to

d

dt

∫
V

θdv +

∫
S

(uθ) · n̂ds = αT

∫
S

∇θ · n̂ds (2.42)

Owing to no-slip boundary conditions on horizontal plates and no-slip/periodic boundary con-

dition on the lateral walls, ∫
S

(uθ) · n̂ds = 0

Thus, Eq. 2.42 reduces to

d

dt

∫
V

θdv = −αT
∫
z=0

∂θ

∂z
ds+ αT

∫
z=1

∂θ

∂z
ds (2.43)

Adding Eq. 2.37 and Eq. 2.41 and subtracting from the above Eq. 2.43 results in

d

dt

∫
V

(θ − 1

2
θ2 − zθ)dv +

∫
V

wθdv = αT

∫
V

∂θ

∂z
dv + αT

∫
V

|∇θ|2dv (2.44)

Now let u consider a bounded function f(t) such that

|f(t)| ≤ C <∞

where C is any real constant. Time average of derivative of the bounded function f(t) can be

written as

df

dt
= lim

T→∞

1

T

∫ t+T

t

df(t′)

dt′
dt′ = lim

T→∞

1

T
(f(t+ T )− f(t))

Maximum value of this function can be obtained as

max{f(t+ T )− f(t)} = max{f(t+ T )} −min{f(t)} = C − (−C) = 2C
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Thus ,

df

dt
≤ lim

T→∞

2C

T
= 0 (2.45)

On taking time average of the Eq. 2.44, one gets

d

dt

∫
V

(θ − 1

2
θ2 − zθ)dv +

∫
V

wθdv = αT

∫
V

∂θ

∂z
dv + αT

∫
V

|∇θ|2dv (2.46)

where,

d

dt

∫
V

(θ − 1

2
θ2 − zθ)dv = 0 (using the result from Eq. 2.45)∫

v

∂θ

∂z
dv =

θ|z=1 − θ|z=0

(z = 1)− (z = 0)
V = −V

∂θ/∂z when summed up over the volume reduces to the above as the intermediate values get

cancelled out. Thus, Eq. 2.46 can be written as∫
V

wθdv = αT (−V ) + αT

∫
V

|∇θ|2dv (2.47)

Dividing by V on both sides of Eq. 2.47 gives

1

V

∫
V

wθdv = αT (−1 +
1

V

∫
V

|∇θ|2dv) (2.48)

〈wθ〉 = αT (−1 + 〈|∇θ|2〉) (2.49)

If V r = α/H then αT = 1 and Nu = 1 + 〈wθ〉. Thus,

Nu = 1− 1 + 〈|∇θ|2〉 = 〈|∇θ|2〉 (2.50)

On the other hand, for V r =
√
gβ∆TH , αT = (RaPr)

−1
2 and Nu = 1 + (RaPr)

1
2 〈wθ〉. Thus,

Nu = 1 + (RaPr)
−1
2 (RaPr)

1
2 (−1 + 〈|∇θ|2〉) = 〈|∇θ|2〉 (2.51)

Now consider the non-dimensional momentum equation

∂u

∂t
+ u · ∇(u) = −∇P + αu∇2u+ αbθδiZ (2.52)

Here, for V r = α/H , αu = Pr and αb = RaPr while αu = (Pr/Ra)1/2 and αb = 1 for

V r =
√
gβ∆TH , and δ is the kronecker delta. Above equation is contracted by u and first term

of left hand side ∂tu becomes,

u · ∂u
∂t

=
∂(1

2
U2)

∂t
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where U is the magnitude of the velocity vector u. Contraction of u · ∇u is as follows

u · {u · ∇u} = uiuj
∂ui
∂xj

=
∂(u2

iuj)

∂xj
− ui

∂(uiuj)

∂xj
=
∂(u2

iuj)

∂xj
− ui

{
uj
∂ui
∂xj

+
∂uj
∂xj

}
But since

∂uj
∂xj

= 0,

uiuj
∂ui
∂xj

=
∂(u2

iuj)

∂xj
− uiuj

∂ui
∂xj
⇒ uiuj

∂ui
∂xj

=
∂(1

2
u2
iuj)

∂xj
⇒ u · {u · ∇u} = ∇ · (1

2
U2u)

∇P is contracted in the following manner

u · ∇P = ∇ · (up)− p∇ · u = ∇ · (up),

whereas for∇2u following steps used

u · ∇2u = ui
∂2ui

∂xk∂xk
= ui

∂

∂xk
(
∂ui
∂xk

) =
∂

∂xk
(ui

∂ui
∂xk

)− ∂ui
∂xk

∂ui
∂xk

= ∇ · (u · ∇u)− |∇u|2

and finally, αbθδiz after contraction follows

u · αbθδiz = αbwθ

Thus, the above equation simplifies to

∂(1
2
U2u)

∂t
+∇ · (1

2
U2u) = −∇ · (up) + αu∇ · (u · ∇u)− αu|∇u|2 + αbwθ (2.53)

Integrating the above equation over the entire volume V gives∫
V

∂(1
2
U2u)

∂t
dv +

∫
V

∇ · (1

2
U2u)dv =−

∫
V

∇ · (up)dv +

∫
V

αu∇ · (u · ∇u)dv (2.54)

−
∫
V

αu|∇u|2dv +

∫
V

αbwθdv

With the constant V and using the the divergence theorem we get

d

dt

∫
V

(
1

2
U2)dv +

∫
S

(
1

2
U2u) · n̂ds =−

∫
S

(up) · n̂ds+

∫
S

αu(u · ∇u) · n̂ds (2.55)

−
∫
V

αu|∇u|2dv +

∫
V

αbwθdv

Owing to no-slip boundary conditions on horizontal plates and no-slip/periodic boundary con-

dition on the lateral walls, ∫
S

(
1

2
U2u) · n̂ds = 0∫
S

(up) · n̂ds = 0∫
S

αu(u · ∇u) · n̂ds = 0
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Thus,
d

dt

∫
V

(
1

2
U2)dv = −

∫
V

αu|∇u|2dv +

∫
V

αbwθdv (2.56)

Taking time average and subsequently dividing it by the volume results in

1

V

d

dt

∫
V

(
1

2
U2)dv = − 1

V

∫
V

αu|∇u|2dv +
1

V

∫
V

αbwθdv (2.57)

However, using the result from Eq. 2.45

1

V

d

dt

∫
V

(
1

2
U2)dv = 0

This implies,

〈wθ〉 =
αu
αb
〈|∇u|2〉 (2.58)

For V r = α/H, αu = Pr, αb = RaPr, and from Eq. 2.30

〈Nu〉 = 1 + 〈wθ〉

⇒ 〈Nu〉 = 1 +
1

Ra
〈|∇u|2〉 (2.59)

On the other hand, for V r =
√
gβ∆TH, αu = (Pr/Ra)1/2, αb = 1, and from Eq. 2.31

〈Nu〉 = 1 +
√
RaPr〈wθ〉

⇒ 〈Nu〉 = 1 + Pr〈|∇u|2〉 (2.60)

2.3 Theoretical estimates of thermal and viscous dissipation

The dimensional governing equations for turbulent RBC are written as

∂ui
∂t

+
∂(uiuj)

∂xj
= − ∂p

∂xi
+ ν

∂2ui
∂xj∂xj

+ βg(T − TC)δiz (2.61)

∂T

∂t
+ uj

∂T

∂xj
= α

∂2T

∂xj∂xj
(2.62)

∂ui
∂xi

= 0 (2.63)

When momentum equation is contracted by ui it results in

∂(1
2
uiui)

∂t
+
∂(1

2
uiuiuj)

∂xj
= −∂(pui)

∂xi
+ ν

∂

∂xj

(
ui
∂ui
∂xj

)
− ν ∂ui

∂xj

∂ui
∂xj

+ βgui(T − TC)δiz

After taking volume-time average of the above equation, one obtains〈
∂(1

2
uiui)

∂t

〉
+

〈
∂(1

2
uiuiuj)

∂xj

〉
=−

〈
∂(pui)

∂xi

〉
+ ν

〈
∂

∂xj

(
ui
∂ui
∂xj

)〉
− ν
〈
∂ui
∂xj

∂ui
∂xj

〉
+ βg

〈
w(T − TC)

〉
(2.64)
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As volume V is constant, on applying Leibiniz theorem one obtains〈
∂(uiui)

∂t

〉
=

d

dt

〈
1

2
uiui

〉
If flow is assumed to be in statistically stationary state then

d

dt
〈·〉V,t = 0.

This implies

d

dt

〈
1

2
uiui

〉
= 0

According to the divergence theorem〈
∂(uiuiuj)

∂xj

〉
=

1

V

∫
V

∂(uiuiuj)

∂xj
dv =

1

V

∫
S

uiuiujnjds

−
〈
∂(pui)

∂xi

〉
=

1

V

∫
V

∂(pui)

∂xi
dv =

1

V

∫
S

−puinids〈
∂

∂xj

(
ui
∂ui
∂xj

)〉
=

1

V

∫
V

∂

∂xj

(
ui
∂ui
∂xj

)
dv =

1

V

∫
S

ui
∂ui
∂xj

njds

Owing to no-slip boundary condition on horizontal walls and no-slip/periodic boundary on lat-

eral walls

1

V

∫
S

uiuiujnjds = 0,
1

V

∫
S

−puinids = 0, and
1

V

∫
S

ui
∂ui
∂xj

njds = 0

Now Eq. 2.64 reduces to

ν〈|∇u|2|〉 = βg〈w(T − TC)〉 (2.65)

This implies

〈εu〉 = βg
{
〈wT 〉 − 〈wTC〉}

But it is known that 〈w〉 = 0 and thus,

〈εu〉 = βg〈wT 〉 (2.66)

Further,

〈Nu〉 = 1 +
〈wT 〉
α∆T

H

⇒ 〈wT 〉 =
{
〈Nu〉 − 1

}
α

∆T

H

Now on putting this value in Eq. 2.66 we get

〈εu〉 = βgα
∆T

H

{
〈Nu〉 − 1

}
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After further simplification,

〈εu〉 =
ν3

H4
(Nu− 1)RaPr−2 (2.67)

where Nu represents global heat transport and is equal to 〈Nu〉V,t or 〈Nu〉A,t. Now let us consider

dimensional energy equation
∂T

∂t
+ uj

∂T

∂xj
= α

∂2T

∂xj∂xj

On contracting the above equation with temperature T

∂(1
2
T 2)

∂t
+ uj

∂(1
2
T 2)

∂xj
= αT

∂2T

∂xj∂xj

⇒
∂(1

2
T 2)

∂t
+
∂(1

2
T 2uj)

∂xj
= α

{
∂

∂xj

(
T
∂T

∂xj

)
− ∂T

∂xj

∂T

∂xj

}
(2.68)

On taking volume-time average of the above equation, we get

d

dt

〈
1

2
T 2

〉
+

〈
∂(1

2
T 2uj)

∂xj

〉
= α

{〈
∂

∂xj

(
T
∂T

∂xj

)〉
−
〈
∂T

∂xj

∂T

∂xj

〉}
(2.69)

Now due to assumption of statistically stationary state

d

dt

〈
1

2
T 2

〉
= 0

After applying the divergence theorem and invoking no-slip boundaries on horizontal walls, and

no-slip/periodic boundaries on lateral walls〈
∂(1

2
T 2uj)

∂xj

〉
=

1

V

∫
V

∂(1
2
T 2uj)

∂xj
dv =

1

V

∫
S

1

2
T 2ujnjds = 0

Now Eq. 2.69 reduces to

α〈|∆T |2〉 = α

〈
∂

∂xj

(
T
∂T

∂xj

)〉
(2.70)

This implies

〈εT 〉 =
α

V

∫
V

∂

∂xj

(
T
∂T

∂xj

)
dv =

α

V

∫
S

T
∂T

∂xj
njds (2.71)

Now S is a piecewise continuous surface and net contribution of lateral walls in the above ex-

pression is zero. This implies

〈εT 〉 =
α

V
A

{
− TH

〈
∂T

∂z

〉
z=0,t

+ TC

〈
∂T

∂z

〉
z=H,t

}
(2.72)

where A is the surface area of top (bottom) wall. It is known that area-time averaged Nusselt

number over any horizontal plane is same and thus,

〈Nu〉A,t =
〈wT 〉A,t − α〈∂T∂z 〉A,t

α∆T
H

=
−H
∆T

〈
∂T

∂z

〉
z=0,t

=
−H
∆T

〈
∂T

∂z

〉
z=H,t
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This implies 〈
∂T

∂z

〉
z=0,t

=

〈
∂T

∂z

〉
z=H,t

= −Nu
(

∆T

H

)
On using the above result, Eq. 2.72 becomes

〈εT 〉 =
α

H
(NuTH − NuTC)

∆T

H

⇒ 〈εT 〉 = α

(
∆T

H

)2

Nu (2.73)

2.4 Dissipation rates calculations

Dissipation rates of kinetic and thermal energy are estimated numerically as

〈εu〉 = ν〈|∇u|2〉 (2.74)

〈εT 〉 = ν〈|∇T |2〉 (2.75)

while theoretical estimates [18] (discussed in Section 2.3) are given as

〈εThu 〉 = ν3H−4(Nu− 1)RaPr−2 (2.76)

〈εThT 〉 = α(∆T )2NuH−2 (2.77)

Comparison of numerical and theoretical estimates of εu and εθ provides information of spatial

resolution of the simulations. Non-dimensionalizing the numerical estimate of εu,

〈εu〉 = ν〈|∇u|2〉

〈εu〉 =
ν(V r)2

H2
〈|∇u∗|2〉

If velocity scale is chosen as V r=
√
βg∆TH then

HV r

ν
=

√
Ra

Pr

which implies

〈εu〉 =
(V r)3

H

√
Pr

Ra
〈|∇u∗|2〉

But (V r)3/H is the dimensional scale of viscous dissipation rate and thus, non-dimensional

kinetic energy dissipation is obtained as

〈ε∗u〉 =

√
Pr

Ra
〈|∇u∗|2〉 (2.78)
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Numerical estimate of εT can be non-dimensionalized as

〈εT 〉 = α〈|∇T |2〉 (2.79)

〈εT 〉 = α
∆T 2

H2
〈|∇θ|2〉 (2.80)

As (HV r)/α =
√
RaPr for free fall velocity scale,

〈εT 〉 =
∆T 2V r

H

1√
RaPr

〈|∇θ|2〉

But since (∆T 2V r)/H represents dimensional scale of thermal dissipation rate, non-dimensionalized

thermal dissipation can be written as

〈εθ〉 =
1√
RaPr

〈|∇θ|2〉 (2.81)

Similarly, non-dimensionalized theoretical estimates of dissipation rates are obtained as

〈ε∗Thu 〉 =
(Nu− 1)√
RaPr

(2.82)

〈εThθ 〉 =
Nu√
RaPr

(2.83)

Thus, the ratio of the numerical to theoretical estimates of the non-dimensionalized dissipation

rates is

〈ε∗u〉
〈ε∗Thu 〉

=
〈|∇u∗|2〉Pr

(Nu− 1)
(2.84)

〈εθ〉
〈εThθ 〉

=
〈|∇θ|2〉
Nu

(2.85)

To check for spatial resolution, 〈εu〉 and 〈εθ〉 are calculated at different mesh sizes and are com-

pared with the theoretical estimates. Stevens et al. [61] observed that for fully resolved simu-

lations the thermal dissipation rates are higher and for under-resolved simulations the gradients

are smeared out and thus 〈εu〉 and 〈εθ〉 are underestimated.

2.5 Bolgiano scaling

In turbulent thermal convection, scaling of the velocity and temperature fluctuations in the in-

ertial range is of immense importance as it reveals the nature of the flow and also provides the

physical picture explaining energy cascade. From literature, it is known that for homogenous

and isotropic thermal convection, temperature acts as a passive scalar and small scale fluctu-

ations follow Kolmogorov (1941) scaling [62] where dominant energy balance is between the
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kinetic energy transfer and viscous dissipation, whereas for anisotropic flow, temperature acts

as an active scalar and Bolgiano scaling [63] is expected where dominant balance is between the

kinetic energy and buoyant production. Yakhot [64] has given the following expressions

〈δv//(r)3〉 =
−4

5
εur +

2βg

r4

∫ r

0

r′4〈δT (r′)δv//(r
′)〉dr′ + 6ν

∂

∂r
〈δv(r)2〉 (2.86)

〈δv//(r)δT (r)2〉 =
−4

3
εθr +

2

r2

∫ r

0

y2〈δT (y)δvz(y)〉dy∂θ
∂z

+ 6α
∂

∂r
〈δT (r)2〉 (2.87)

where εu and εθ are the mean rate of energy dissipation and temperature dissipation, respectively,

whereas δv//(r) and δT (r) are the velocity and temperature fluctuations, respectively, which are

defined as

δv//(r) = [v(x+ r)− v(x)] .r

δT (r) = T (x+ r)− T (x)

First-term on the right-hand side of the Eq. 2.86 and Eq. 2.87 contribute to the homogeneous and

isotropic behavior of the flow. However, the second term contribute to the anisotropic behavior of

the flow. Hence, Eq. 2.86 and Eq. 2.87 act as a useful guideline to distinguish the flow, whether

it is homogeneous and isotropic, or anisotropic. If one neglects the intermittency effects from

Eq. 2.87, a scaling relation is obtained as

δv(r)δT (r)2 ' εθr (2.88)

In Eq. 2.86, depending on whether the first or second-term on the right-hand side dominates,

two different regimes are unveiled. For the latter case, the following balance is obtained

δv3(r) ∼ βgδT (r)δv(r) r (2.89)

Now, using Eq. 2.88 one obtains

δv2(r) ∼ βgrδT (r) ' βgr

(
εθr

δv(r)

)1/2

(2.90)

Further, Eq. 2.90 can be rephrased as

δv(r)5/2 ' βgr(εθr)
1/2

=⇒ δv ' (βg)2/5ε
1/5
θ r3/5 (2.91)

Using the result of Eq. 2.91, and putting it in Eq. 2.88, one obtains temperature fluctuations

scaling in the following manner

δT (r) '
(
εθ r

δv(r)

)1/2

=⇒ δT (r) '
(

εθ r

(βg)2/5ε
1/5
θ r3/5

)1/2

' (βg)−1/5ε
2/5
θ r1/5
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Hence, one gets

δT (r) ' (βg)−1/5ε
2/5
θ r1/5 (2.92)

The scaling represented by the Eq. 2.91 and Eq. 2.92 is termed as Bolgiano scaling. Using the

Bolgiano scaling, the second term of the right-hand side of Eq. 2.86 can be written as

2βg

r4

∫ r

0

r′4〈δT (r′)δv//(r
′)〉dr′ ' βgδT (r)δv(r) r

' (βg)
{

(βg)−1/5ε
2/5
θ r1/5

}{
(βg)2/5ε

1/5
θ r3/5

}
r

=⇒ 2βg

r4

∫ r

0

r′4〈δT (r′)δv//(r
′)〉dr′ ' (βg)6/5ε

3/5
θ r9/5 (2.93)

Now, we know that the Bolgiano scaling exists when the second term of the right-hand side in

Eq. 2.86 dominates over the first term, which gives a consistency condition in terms of the scale

r = LB. Now for Bolgiano scaling to exist

(βg)6/5ε
3/5
θ L

9/5
B > εLB (2.94)

This gives

LB ≡
ε5/4

ε
3/4
θ (βg)3/2

(2.95)

where LB is the Bolgiano length scale. For r < LB, the scaling is obtained as

δv(r) ' ε1/3u r1/3 (2.96)

δT (r) ' ε
1/2
θ ε−1/6

u r1/3 (2.97)

where Eq. 2.96 represents the Kolmogorov (1941) scaling and Eq. 2.97 is the scaling of a passive

scalar. Further, global Bolgiano length scale can be obtained on using theoretical estimates of

global kinetic and thermal energy dissipation rates [18] as follows

〈εT 〉V = α

(
∆T

H

)2

Nu

〈εu〉V = ν3H−4Pr−2Ra(Nu− 1)

=⇒ LB,global =

{
ν3H−4Pr−2Ra(Nu− 1)

}5/4{
α

(
∆T

H

)2

Nu

}−3/4

(βg)−3/2

= (Nu− 1)5/4Nu−3/4Ra5/4Pr−5/2

{
α

(
∆T

H

)2}−3/4

(βg)−3/2

(
ν3

H4

)5/4

On further solving, one gets

LB,global = (Nu− 1)5/4Nu−3/4(RaPr)−1/4 (2.98)
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which is a theoretical estimate to calculate the global Bolgiano length scale. Numerical estimate

of the Bolgiano length in non-dimensionalized form can be obtained as follows

LB =

{
ν〈|∇u|2〉

}5/4{
α〈|∇T |2〉

}−3/4

(βg)−3/2

Now, the velocity u is normalized by Vr =
√
βg∆TH , and temperature T is normalized by

θ = (T − TC)/(TH − TC). This leads to

LB = ν5/4

(
Vr
H

)5/2

α−3/4

(
∆T

H

)−3/2

(βg)−3/2〈|∇u∗|2〉5/4〈|∇θ|2〉−3/4

On solving further, one gets

L∗B =
LB
H

= PrRa−1/4 〈|∇u∗|2〉5/4

〈|∇θ|2〉3/4
(2.99)

Now, non-dimensionalized numerical estimates of thermal and viscous dissipation rates (for free

fall velocity scale Vr =
√
βg∆TH ) are already known as

〈ε∗u〉 =

√
Pr

Ra
〈|∇u∗|2〉

〈εθ〉 =

√
1

RaPr
〈|∇θ|2〉

On using the above values in Eq. 2.99, one gets

L∗B =
〈ε∗u〉5/4

〈εθ〉3/4
(2.100)

.

It is to be noted that the global Bolgiano length scale cannot be used as a reliable indicator

of the presence of the Bolgiano scaling in RBC, as significant variation in dissipation rate is

observed between the boundary layer and bulk region. Kunnen et al. [65] and Kunnen and

Clercx [66] proposed that LB should be considered locally, taking into account the fact that

dissipation rate is significantly higher in the boundary layer regions compared to the bulk. They

reported that LB exhibits smaller values in proximity to the isothermal walls and larger ones in

the bulk region. As a result, when assessing the existence of Bolgiano scaling, it is essential to

consider both the global and local perspectives of LB. Confirming Bolgiano scaling is further

complicated by the prevalent occurrence of large-scale circulation [63] in RBCwhich introduces

additional complexity and inhomogeneity to the system.
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Table 2.1: Scaling laws expected for the small scale statistics in the K41 and BO59 scaling.

Temperature Velocity

K41 BO59 K41 BO59

Spectra ∼ k
−5/3 ∼ k

−7/5 ∼ k
−5/3 ∼ k

−11/5

SF ∼ r
p/3 ∼ r

p/5 ∼ r
p/3 ∼ r

3p/5

2.6 Scaling of structure function and spectra in thermal con-

vection

To describe small scale dynamics in thermal convection, scaling properties of structure func-

tions and spectra are analyzed. As discussed in Section 2.5, classical view of the scaling in

inertial range is that when temperature acts as a passive scalar, Kolmogorov scaling (K41) [62]

is expected for velocity fluctuations, while temperature fluctuations follow Obukhov and Cor-

sine (OC) [67, 68] scaling, which is a result of generalization of the Kolmogorov’s K41 scaling.

However, when temperature behaves as an active scalar, Bolgiano and Obukhov scaling (BO59)

[54, 55] is observed for both velocity and temperature fluctuations above a length scale LB (Bol-

giano length) where buoyancy force becomes dominant. According to K41 scaling, velocity and

temperature structure functions of a pth order can be described as

Spu(r) = 〈|u(x+ r)− u(x)|p〉 ∼ εp/3u rp/3,

Spθ (r) = 〈|θ(x+ r)− θ(x)|p〉 ∼ ε
p/2
θ ε−p/6u rp/3,

while BO59 scaling is tagged with the following scaling laws

Spu(r) = 〈|u(x+ r)− u(x)|p〉 ∼ ε
p/5
θ r3p/5,

Spθ (r) = 〈|θ(x+ r)− θ(x)|p〉 ∼ ε
2p/5
θ rp/5,

where r is the separation vector, r = |r|, and 〈· · · 〉 represents volume-time average. In terms of

Fourier transform, K41 scaling, observed for wavenumber k >> 1/LB, describes kinetic energy

and temperature spectra by k−5/3 decay law, whereas in the BO59 scaling (k << 1/LB) energy

and temperature spectra obey k−11/5 and k−7/5 scaling laws, respectively. Above described scal-

ing laws are summarized in Table 2.1

In turbulent RBC, realization of BO59 scaling is of particular interest to the research commu-

nity. Camussi et al. [69] characterized the flow dynamics via spectra and SFs scaling for different
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regions of a cylindrical cell with Γ = 1/2 for Pr = 0.7 and Ra = 2 × 1010 and 2 × 1011. For

lateral walls Kolmogorov -5/3 decay law was obtained for both velocity and temperature spectra,

while central region exhibited -7/5 law for both temperature and velocity spectra, i.e., only tem-

perature spectra followed Bolgiano scaling in the central region. Kunnen et al. [65] performed

DNS in a cylindrical cell of aspect ratio D/H = 1 for 108 ≤ Ra ≤ 109 where Pr was either 4

or 6.4. They measured SFs of velocity and temperature in the centre of cell and in the analysis

local Bolgiano length scale (for central region), which increases with Ra, was considered rather

than its global estimate. Consistent with the above argument, Bolgiano scaling regime reduced

with an increase in Ra and K41 scaling became more pronounced at high Ra. Kaczorowski

and Xia [70] evaluated SFs for vertical velocity and temperature via DNS in the central region

of a cubic box for 3 × 105 ≤ Ra ≤ 3 × 109 where Pr = 0.7 and 4.38. To estimate the ex-

istence of the BO59 scaling, the local Bolgiano length scale volume averaged over the central

region (LB,centre) was calculated. It was observed that velocity SFs in the buoyancy direction ap-

proach K41 scaling with an increase inRa, while temperature SFs approached BO59 scaling for

r > LB,centre. Also, mixed vertical velocity-temperature SFs obeyed 4/5 scaling for Pr = 4.38

above r > LB,centre. It was concluded that BO59 scaling might be observed vividly at moderate

Ra and high Pr. Lohse and Xia [63] highlighted the main obstacle in realizing clear separa-

tion between Kolmogorov scaling (r < LB) and Bolgiano scaling (r > LB) simultaneously at

the same location. It was pointed out that with an increase in Ra, Kolmogorov length scale (η)

decreases with an increase in Ra whereas local Bolgiano length scale increases. This opposite

dependence on Ra poses difficulties in realizing both scalings simultaneously. Hence, it was

proposed that one should choose suitableRa and Pr range, aspect ratio of the cell, and different

regions of the convection cell should be analyzed for different scalings. To realize BO59 scaling,

near boundary region should be analyzed, whereas for K41 scaling central (bulk) region should

be considered.
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3
NUMERICAL DETAILS

This chapter presents the mathematical formulation of Rayleigh-Bénard convection along with

the necessary numerical details required for the simulations. We start with describing the gov-

erning equations in the non-dimensionalized form along with the details of the flow domain and

prescribed boundary conditions. This is followed by discussion on the construction of rough

surfaces, numerical procedure to solve the governing conservation laws, grid generation and

parallelization techniques, and diffuse interface immersed boundary method to handle the rough

surfaces. Lastly, the validation of the numerical setup with existing roughness studies is shown.

In addition, we show that the global heat transport properties do not change for different flow

realizations.

3.1 Mathematical formulation

Governing non-dimensional continuity, momentum and energy equations for incompressible

buoyancy driven flows using the Boussinesq approximation are given as

∂ui
∂xi

= 0 (3.1)

∂ui
∂t

+
∂(uiuj)

∂xj
= − ∂p

∂xi
+

√
Pr

Ra

∂2ui
∂xj∂xj

+ θδib (3.2)

∂θ

∂t
+
∂(ujθ)

∂xj
=

1√
RaPr

∂2θ

∂xj∂xj
(3.3)

where ui is the non-dimensional velocity in xi direction, b is the buoyancy direction, p is the

pressure, and θ = (T − TC)/(TH − TC) is the non-dimensional temperature with TH and TC
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46 Chapter 3. Numerical details

Figure 3.1: Schematic of RBC in (a) 2D rectangular cell, (b) 3D cubic cell with applicable

boundary conditions.

are the temperatures of the bottom and top plates, respectively. The above set of equations are

non-dimensionalized using reference scales for length, velocity, temperature, and time as verti-

cal height H , free-fall velocity
√
βg∆TH , ∆T = TH − TC , and (H/βg∆T )1/2, respectively.

Typical schematics of RBC in 2D rectangular and 3D cubic cells are shown in Fig. 3.1 with the

boundary conditions. Top and bottom plates are maintained at constant temperatures with no-

slip velocity boundary condition, while lateral walls are either treated as adiabatic with no-slip

velocity or considered periodic. Usually lateral walls are treated periodic when the focus is on

realizing higher turbulent intensity with minimal boundary effects in the domain.

We have carried out roughness facilitated simulations in a 2D rectangular box of aspect

Figure 3.2: Schematic of 2D convection cell comprising (a) both fluid and rough surfaces, (b)

effective volume covered by fluid in a smooth cell.

ratio Γ = 2, while 3D flows are investigated in a cubical box. Due to the introduction of rough

surfaces on the isothermal plates, effective volume covered by the fluid decreases. Hence, the
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3.2. Construction of rough surfaces 47

characteristic length scale for the rough case is computed as the height of the equivalent hypo-

thetical smooth cell for the same volume of fluid, as shown in Fig. 3.2. The calculation ofHeff

is given as

Heff =
Net volume occupied by fluid in the rough cell

Base area of the smooth cell
(3.4)

Based on Heff , we have calculated effective Rayleigh number (Raeff ) as

Raeff = Ra

(
Heff

H

)3

(3.5)

To handle rough surfaces while solving the governing conservation laws, we have employed

diffuse interface immersed boundary method (DIIBM), the details of which are described later

in section 3.5.

3.2 Construction of rough surfaces

Figure 3.3: Schematic of (a) triangular roughness used in the 2D rectangular cell of aspect ratio

2, and (b) conical roughness employed in the 3D cubic cell.

Introduction of rough surfaces is identified in the literature as a viable means to enhance

the global heat transfer rate [29, 30, 33]. Majority of the studies in the past considered uni-

form or mono-scale rough surfaces, which cease to confer augmented heat transport scaling in

the higher Ra range [41, 42]. With the idea of facilitating natural selection and incorporating

multiple length scales of the roughness elements on the isothermal plates, we have employed

the standard random number generator available. It allows randomly assigning the values of

different geometric attributes of the roughness elements. The rough surfaces used in 2D and

3D frameworks are shown in Fig. 3.3. In 2D setup, roughness elements are isosceles triangles

such that their height or amplitude (h) and width or wavelength (λ) are set to vary independently
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between 1% to 10% of the height of the cell. This arrangement allows continuous fuelling of

plumes in the system, such that taller elements are predominantly active at a lower Ra, while

smaller elements perturb TBL in the higher Ra range. In case of 3D setup, we have employed

conical shaped roughness elements in the cubical cell. The aspect ratio of a conical element,

defined as the ratio of its height to radius, is kept unity. Using the random number generator,

the amplitude and location of the centroid of the base of cone is assigned. The amplitude of the

conical elements vary within 5% to 10% of H . The chosen range of elements allows sufficient

penetration of TBL by them for the fixed Ra = 108. The addition of further smaller roughness

elements (h < 0.05H) is avoided as they hinder heat transport for the chosen thermal forcing.

The cones are populated in such a way that a minimum clearance of 0.01H is established be-

tween them. Further, the maximum change in heat transfer area due to the addition of conical

elements is restricted to 20% of the base area for each isothermal plate.

Note that though the construction of the rough surfaces in 2D and 3D is accomplished using

the random number generator imparting uniform distribution of roughness elements, the spec-

trum of height/base is random only to a limited extent owing to the finite axial length of the cell.

As a result of which the number of elements that can be accommodated are also finite. Never-

theless, the rough surfaces employed are fairly good representation of the ones encountered in

real life flows containing multiple length scales.

3.3 Numerical Procedure

The governing equations are solved using a non-staggered finite volume approach in conjunc-

tion with a diffuse interface immersed boundary method (DIIBM) [71] to handle the roughness

elements. Boundary of the object (roughened plates) is first linearized in order to ascertain its

relation with the computing cells surrounding it. Computing cells are classified into fluid or

body cells based on the volume fractions, which is the fraction of a computing cell lying inside

an object. Since DIIBM does not essentially demarcate the body surface from the fluid region,

a universal momentum equation, which smoothly blends the Navier-Stokes equations with the

velocity boundary conditions, is solved in the entire physical domain regardless of whether the

computing cell belongs to fluid or solid body. Buoyancy, pressure and diffusive terms in the

momentum equation are handled using the 2nd order implicit Crank-Nicolson scheme while

the non-linear convective term is approximated using the explicit Adams-Bashforth scheme.

The aforementioned treatment of different terms confers the stability and robustness of the time
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marching procedure. A two-step predictor-corrector technique is employed in the solver. In

the first step, the provisional velocity field is calculated using the known pressure field, and in

the second step, it is corrected by solving the pressure Poisson equation, which enforces mass

balance indirectly. All the resulting sparse linear systems are solved using the BiCGSTAB tech-

nique preconditioned by a highly scalable block diagonal version of the modified strongly im-

plicit (MSI) procedure. The solver used for the computations is parallelized with standard MPI

libraries to speed up the calculations. For further details of the numerical technique, Peter and

De [72] and De et al. [73] can be referred.

To ensure adequate spatial resolution, Kolmogorov length scale [η = Pr1/2(RaNu)−1/4]

is resolved such that maximum grid spacing is always smaller than η (∆xmax/η,∆ymax/η,

∆zmax/η < 1). For sufficient resolution of the rough surfaces, a refined mesh in the verti-

cal direction close to the isothermal plates is employed. Also, the resolution of the rough-

ness elements is kept comparable to that of the grid. Time increment (∆t) for a stable time

marching is kept smaller than the Kolmogorov time scale (τη), which is analytically obtained as

τη =
√
Pr/(Nu− 1). Further, the value of maximum Courant number never exceeds 0.2.

3.4 Grid generation and parallelization

X

Y

Z

(a)

Figure 3.4: Schematic of the sample non-uniform grid in vertical direction y is shown for (a) 2D

rectangular and (b) 3D cubic boxes. The sample grid for 2D is decomposed into 8 sub-domains,

while for 3D, the number of divisions of the domain are 27.

We have employed a structured grid, non-uniform in the vertical direction to allow refinement

near the isothermal plates. As a consequence of which minimum vertical grid spacing is present
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close to the isothermal plates, while the maximum spacing prevails in the center of the domain.

Let us suppose that a grid containing Nx points and spanning length L is created in x direction,

then its (i+ 1th) coordinate is given by [74]

xi+1 = L
(β + 2α)(β+1

β−1
)
η−α
1−α − β + 2α

(1 + 2α)(1 + (β+1
β−1

)
η−α
1−α )

(3.6)

Here, η
(
(i − 1)/(Nx − 1)

)
corresponds to the uniform grid, and α and β are the parameters

which control refinement of the grid. The parameter α decides the region where refinement is

applied, while β controls the level of refinement. The value of β is always greater than 1. The

closer the value of β is to 1, greater is the refinement. When the value of α is specified as 0,

then the refinement is applied only near x = L. To enforce equal refinement at both end of the

domain (x = 0 and x = L), α is specified as 0.5. Due to the presence of rough surfaces on both

top and bottom isothermal plates, grid refinement is required near both the walls. Thus, α is set

as 0.5 in the simulations for the vertical direction. For sufficient resolution of the rough surfaces,

β is assigned a value closer to 1 (β ≈ 1.1). To avoid the loss of spatial resolution due to heavy

refinement close to the walls, a very fine grid is used so that the maximum grid spacing in the

center of the domain does not exceed the Kolmogorov length scale.

The parallelization of the numerical code is based on the distributed memory allocation.

To speed up the calculations, the computational domain is decomposed into sub-domains, such

that each of them is uniquely assigned to a processor. Each processor performs computations

independently and has no knowledge of its neighbours. The task of establishing communica-

tion of solution variables at the interfaces of the sub-domains is accomplished using Message

passing interface (MPI) protocols to coordinate computations among the processors. In Fig.

3.4, we show sample grids in 2D and 3D configurations distributed over 8 and 27 processors,

respectively. It is a convention to denote the processors by rank, starting from 0. Note that the

processors are assigned equal number of computing cells to ensure identical load distribution on

them. For 2D simulations in a rectangular cell, the most demanding case ofRa = 1011 consisted

of 40 million computing cells distributed over 162 processors. For 3D simulations in a cubical

box, we have used a grid consisting of 27 million computing cells spread over 100 processors

to simulate Ra = 108. The exploration of higher Ra in 3D, demanding higher spatial and tem-

poral resolutions, is extremely prohibitive. This is the reason we restricted 3D simulations to

Ra = 108.
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3.5 Diffuse interface immersed boundary method

x

x

x x

Fluid cell

Solid cell

Interfacial cell

x

(a) (b) 

Solid

x

B

A

C

D

Figure 3.5: (a) Characterization of computing cells into fluid, solid and interfacial based on level

set function and (b) computation of volume fraction.

Consistent with the idea of the diffuse interface immersed body method, the relation of the

computing cells surrounding the linearized rough surface is determined using the volume frac-

tion criterion, which categorizes the cells into three types. The volume fraction (φ) of a cell

specifies the fraction of it that lies inside the object/body (here, rough surfaces). Mathemati-

cally, φ is represented as φ = Vs/Vp, where Vs is the portion of the cell volume covered by the

body, and Vp is the total volume of the computing cell. The three types of computing cells are

distinguished based on φ as fluid (φ = 0), body (φ = 1), and interfacial (0 < φ < 1) cells,

as shown in Fig. 3.5. Accurate and efficient calculation of volume fractions holds the key in

the reconstruction of body surfaces [71]. The rendered volume of the surfaces using zero-level

set function, Vbody =
∑
cell

φiVpi is checked with the original volume of the linearized surfaces.

The lesser the difference between the two is, better is the reconstruction of the body. A univer-

sal equation combining momentum conservation and rigid body motion obtained through the

volume fraction is solved in the entire domain,

(1− φ)[
un+1
i,P − uni,P

∆t
VP + ℵ(

∂(uiuj)

∂xj
) + ℵ(

∂p

∂xi
)−

√
Pr

Ra
ℵ(

∂2ui
∂xj∂xj

) + θδib]−

φ
un+1
i,P − ui,B

∆t
VP = 0, (3.7)

where ℵ denotes the numerical approximation, φ represents volume fraction of a computing cell

denoted by P and having volume VP , i is the Cartesian component, ui,B is the i-th component
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of body velocity and n+ 1 is the desired time step index. The boundary conditions are enforced

indirectly through the global equations in a volume average sense such that their scope is limited

to a computational cell. It implies that on reducing the size of a computing cell, identical results

as obtained with the sharp interface method are approached. In other words, a sufficiently refined

mesh in the wall normal direction is required to resolve the rough surfaces sufficiently.

Figure 3.6: (a-c) Grid resolution of three extreme roughness elements extracted from the rough

bottom plate at the lowest Ra = 108. As one moves from left to right, the amplitude of the

selected roughness elements increases. Note, frames (a-c) are not shown on the same scale.

Adequate spatial resolution near the roughness elements is ensured with at least 13 cells (Nmin)

containing in the vertical direction for the shortest element. For the highest Ra = 1011 (not

shown), Nmin is 50. In (d) A portion of the bottom surface using linearized elements is shown

while (e) shows volume rendering of the roughness geometry using the zero-level set function.

It can be seen that nuances of the roughness geometry are identically reproduced. The error in

the reconstructed volume (using volume fractions) with respect to the original one (linearized)

is as low as 0.08% for Ra = 108 and 0.05% for Ra = 1011.

In Fig. 3.6(a-c), grid resolution for the three roughness elements of extreme dimensions in

2D rectangular cell at the lowest Ra = 108 is shown. The choice of this Ra for the grid repre-

sentation is in line with the fact that a smaller thermal forcing (Ra) demands coarser resolution

and thus, there is a possibility of under-resolution of the near-wall roughness elements. Here,

the element with the smallest amplitude is in the left frame, while the tallest one is on the right.

A minimum of 13 cells (Nmin) is always placed inside the roughness elements. The aforemen-

tioned provision other than satisfying the Kolmogorov length scale criterion ensures a spatial
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Figure 3.7: (a,c,d) Grid resolution close to three extreme conical elements of the bottom plate

of the cube, such that height of the elements is increased sequentially. In (b), magnified view of

the highlighted conical region in (a) shows triangular elements used for the construction of the

surface.

Figure 3.8: (a) Triangulated conical rough surface on the bottom isothermal plate is shown along

with its b) zero-level set function representation. For simplicity and better visualization, only

bottom surface is shown.

resolution close to the roughness elements which is more than reasonable. The excellent resolu-

tion of the elements is reflected from the volume rendering of zero-level set function, see frame

(e), reproducing identically the exact linearized rough bottom plate as shown in frame (d). Note,
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Table 3.1: Error in reproduction of linearized rough surfaces using volume fractions (∆Verror)

for the 2D and 3D simulations. Note that Nmin represents the number of grid points inside the

smallest roughness element in the vertical direction.

Case Ra Mesh Nmin ∆Verror(%)

2D

108 1201× 601 13 0.080

109 2201× 1101 15 0.030

1010 5041× 2521 30 0.007

1011 9001× 4501 50 0.050

3D 108 300× 300× 300 20 0.247

for simplicity in representation, only a small portion of the bottom plate is shown in frames (d)

and (e). The error in reconstruction is calculated by ∆Verror =

∣∣∣∣1 − Vbody
Vanalytical

∣∣∣∣. In 2D frame-

work, the error in reconstruction of the rough surfaces is always less than 0.08%, refer Table

3.1. Further, as we have kept the resolution of the rough surfaces comparable to that of the grid,

the error in reconstruction of the rough surfaces is diminished with increasing Ra. It results in

highly precise and accurate identification of the rough surfaces. At Ra = 1010 and Ra = 1011,

the above mentioned error diminishes to 0.007% and 0.05%, respectively. It emphasizes the ex-

cellent spatial resolution used for the larger Ra cases. Note that in case of Ra = 1010, the ratio

of body to grid resolution is 1.26, while for Ra = 1011, it is 2.25. The slight increase of the

error for Ra = 1011 may be attributed to the above mentioned reason. For further details of the

simulation parameters, refer chapter 4.

In the same line, we have ensured adequate grid resolution close to the conical roughness

elements in the 3D cubical box at Ra = 108, refer Fig. 3.7. In addition to satisfying the Kol-

mogorov length scale criterion, a minimum of 20 computing cells in the vertical direction are

contained in the conical elements, which highlights the excellent spatial resolution close to the

rough surfaces. In Fig. 3.8, the excellent reproduction of conical surfaces using their zero-level

set function representations is readily evident. The error in reconstruction of the rough surfaces

for a grid size of 300× 300× 300, refined close to the isothermal walls, is 0.247%. It highlights

the robustness of the present set-up in resolving rough surfaces with deviations in the rendered

volume being trivial. Note that the numerical set-up employed in the present work has been

successfully used to solve a variety of complex flow problems that involve stationary [75, 76]

and moving boundaries [77, 78].
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3.6 Validation of the numerical setup and flow realizations
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Figure 3.9: Comparison of (a) mean Nu(Ra), and (b,c) vertical mean temperature
(
〈θ〉A,t

)
pro-

files for the sinusoidal roughness case (h = λ = 0.1) reported by Zhu et al. [41]. Note, the height

of the shaded portions is representative of the maximum amplitude of the roughness elements.

Figure 3.10: Schematic showing rough surfaces employed on top and bottom plates such that

range of values admissible for width and height of the roughness elements is kept same (from 1

to 10% of H) for different flow realizations at Ra = 1.5× 109.

To check the ability of the present numerical set-up, results reported by Zhu et al. [41] (nu-

merical study) for sinusoidal roughness, both amplitude (h) and wavelength (λ) being 0.1, on

horizontal plates are reproduced. As shown in Fig. 3.9(a), Nu(Ra) agrees well with an average

and maximum variation of 3% and 7%, respectively, which is reasonable given the complexity of

the problem, difference in the numerical methods and a large range of Nu data. The comparison
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of Nu is limited to Ra = 1010 due to the higher computational cost involved. Moreover, vertical

mean temperature profiles for Ra = 2.2 × 108 and 2.2 × 109, shown in Figs. 3.9(b) and (c),

respectively, compare accurately with the reference data which highlights the effectiveness of

the present set-up in dealing with the rough surfaces.

The present work incorporates irregular rough surfaces on the isothermal plates. To identify

Table 3.2: Global Nusselt number and variance of temperature fluctuations observed for different

realizations in the 2D setup at Ra = 1.5 × 109 is listed along with the total wetted area (Awet)

of the top and bottom rough surfaces.

Realization 〈Nu〉V,t Awet 〈σ2
θ〉V

(×10−3)

R1 96.05 10.01 3.447

R2 95.74 9.74 3.439

R3 94.04 9.64 3.604

R4 94.80 10.19 3.476

whether the arrangement of the irregular roughness elements plays a role in deciding the global

heat transport properties, we observe global Nu and variance of the temperature fluctuations

corresponding to different flow realizations. For the 2D setup, we observed four different flow

realizations for R1, R2, R3, and R4 rough surfaces at Ra = 1.5× 109. In Fig. 3.10, the top and

bottom rough surfaces employed for different flow realizations are shown. The details of the

obtained global Nu and variance of the temperature fluctuations, 〈σ2
θ〉V , are listed in Table 3.2.

Figure 3.11: Schematic shows rough surfaces on a cubic box for different flow realizations at

Ra = 108 and Pr = 1. Admissible amplitude of the conical elements (0.05H ≤ h ≤ 0.1H)

and change in heat transfer area due to addition of the rough surfaces (20% of base area of the

isothermal plates) are kept same for the realizations.
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3.6. Validation of the numerical setup and flow realizations 57

It can be observed that 〈Nu〉V,t and 〈σ2
θ〉V converge for different realizations when total wetted

area (Awet) of the rough surface is comparable. The maximum variation between any two flow

realizations does not exceed 2.1% and 4.8%, respectively, for 〈Nu〉V,t and 〈σ2
θ〉V . The obtained

results are in agreement with that reported by Toppaladoddi et al. [79] for the fractal roughness,

where Nu was reported to converge while higher-order moments differed significantly for differ-

ent flow realizations.

In the same manner, we observed three different flow realizations for the 3D cubical box

Table 3.3: Global Nusselt number and variance of temperature fluctuations observed for different

realizations in the 3D cubical box at Ra = 108 and Pr = 1 is listed along with the total number

of conical elements Ncones on the isothermal plates.

Realization 〈Nu〉V,t Ncones 〈σ2
θ〉V

(×10−3)

R1 48.23 71 4.81

R2 48.48 72 4.962

R3 47.97 77 4.79
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Figure 3.12: Horizontally-averaged vertical profiles of (a) temperature (b) variance are shown

for different flow realizations. The insets show the magnified view of the highlighted profile

regions.

endowed with rough conical surfacesR1, R2, andR3 atRa = 108 and Pr = 1. In Fig. 3.11, the

top and bottom rough surfaces employed for different flow realizations are shown. From Table

3.3, the convergence of both 〈Nu〉V,t and 〈σ2
θ〉V is readily evident. It can be observed that the

maximum variation between any two realizations for 〈Nu〉V,t and 〈σ2
θ〉V does not exceed 1.05%

and 3.42%, respectively. Further, we compared vertical profiles of horizontally-averaged mean
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temperature and variance for the flow realizations, as shown in Fig. 3.12. It is clearly evident that

the profiles match quite well with trivial deviations in the bulk and near-wall regions, signifying

convergence of flow statistics for different flow realizations.
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4
ENHANCED Nu SCALING IN HIGH Ra REGIME

In this chapter, we present the results of a two-dimensional numerical study of turbulent Rayleigh-

Bénard convection with air as the working fluid over multi-scale randomly roughened surface in

a rectangular box of aspect ratio 2 over three decades of Rayleigh number (108 ≤ Ra ≤ 1011).

It is observed that the varied response of the roughness elements at different Ra allows the re-

tention of the enhanced heat transfer scaling (γ = 0.41) throughout the exploredRa range. The

plume emission process is triggered from the taller roughness elements at a lower Ra, while

smaller elements contribute significantly at higher Ra. Increased plume emission frequency

compared to smooth case is reflected from the enhanced volume fraction and thermal dissipa-

tion rate of plumes. Tip of the roughness elements exhibits the highest temperature and vertical

velocity fluctuations, while washing out of the trapped fluid in the throat region holds the key

to enhanced heat flux at higher Ra. Increased localized pockets of fluid at higher Ra indicates

better inter-scale energy transfer which is reflected in higher energy content at all scales in the

computed temperature spectra. The decomposition of the flow field into orthogonal modes re-

veals heat transfer enhancement at higher Ra is associated with multiple small-scale structure.

Owing to better energy transfer and intense localized fluctuations, modal distribution of energy

is less severe for higher Ra and stable twin large-scale rolls do not favor an efficient heat trans-

port process.

4.1 Introduction

One of the central issues in the study of the turbulent RBC is to determine the global heat trans-

fer mechanism and scaling law that describes it. For the scaling law of heat transfer, Nu(Ra)

is proposed in the form Nu = ARaγ [19]. One of the main motives of the ongoing research

is to increase heat transfer for a given Ra, which can be achieved with an increase in A, γ or

59
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60 Chapter 4. Enhanced Nu scaling in high Ra regime

both. Various heat transfer theories have been proposed in the past to quantify the heat transfer

mechanism, and nearly all of them focus strongly on the dynamics in the boundary layer (BL)

region. Malkus [13] assumed the marginal stability of the thermal boundary layers (TBLs) and

predicted γ = 1/3, which also suggests that heat flux is independent of H or in other words,

top and bottom TBLs do not communicate. Kraichnan [15] and Spiegel [80] predicted that at

extremely large Ra, BLs undergo a transition from laminar to turbulent state, which leads to

a regime known as asymptotic or ‘ultimate’ regime where γ = 1/2. In this regime, heat is

transported ballistically with negligible resistance from the diffusivities of a fluid. Following a

rigorous analysis based on the decomposition of the kinetic and thermal dissipation rates into

bulk and BL contributions, Grossmann and Lohse [19, 46] proposed a unifying scaling theory,

where scaling laws are dependent on the Ra and Pr regimes rather than being universal ones.

In this theory, ultimate regime is also predicted as one of the regimes. But whether the ultimate

regime exists or not, has perplexed the scientific community for a very long time and is the most

debated topic.

In various experiments [20–22], a transition to the ultimate regime has been reported at

Ra ∼ 1014, while others [23–25] denied any sign of ultimate regime. Zhu et al. [26] through

numerical investigations also ascertained the transition to the ultimate regime at Ra ∼ 1013.

Various strategies have been made to reach the ultimate regime that includes numerical studies

involving periodic boundary conditions [27] in all directions to experimental work where radia-

tive heating [28] is introduced to heat the bulk fluid directly, and thus the effect of the BLs is

negated. Surface roughness is also one of the adopted strategies meant to introduce turbulence

in the BLs to seek the realization of the ultimate regime and the associated 1/2 scaling.

Though roughness facilitates enhanced heat transport scaling, the effect is observed to be

transitional [41] as the classical scaling returns at a higher Ra range. The limitation is now

being challenged with the introduction of multi-scale rough surfaces [42] as opposed to simple

mono-scale and periodic ones, allowing sustenance of the enhanced scaling for an even larger

Ra range. It is well established that any wall roughness becomes influential (increases heat

transfer) only above a certain Ra when the TBL thickness is smaller than the height of a rough

surface. Enhancement of heat transfer due to rough walls may or may not lead to an increase

in the scaling exponent (γ). Shen et al. [29] and Du and Tong [30] reported an increase in heat

transfer but with no change in γ. The amplified heat transfer rate could not be solely attributed

to the increase in wetted area because of the rough surfaces [31]. Later in various experiments

[33, 34, 81], enhanced scaling exponent γ was observed.
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Direct numerical simulations (DNS) also corroborate experimental findings that an increase

inNu scaling exponent is obtained in rough cells. Stringano et al. [40] performed DNS in a cylin-

drical container of aspect ratio Γ = D/H = 1/2 with grooves on the top and bottom plates.

Rayleigh number covered was in the range 2×106 ≤ Ra ≤ 2×1011 with fixed Pr = 0.7. Above

a threshold Rayleigh number, scaling exponent γ for grooved surfaces increased from 0.31 to

0.37. Various studies on rough cells indicate that the heat transport maximizes on tuning the

geometry of the roughness elements via choosing suitable height and wavelength of the rough-

ness elements. Shishkina and Wagner [43] performed two-dimensional (2D) simulations with

surface roughness in the form of rectangular elements on the horizontal plates. Results revealed

that Nu does not solely depend on the wall surface area, and average heat flux was more for

slender roughness elements when the distance between them exceeded their height. For closely

spaced roughness elements, a decrease in heat transfer rate is observed as fluid becomes stagnant

in the space between them. Zhang et al. [32] performed 2D simulations for 107 ≤ Ra ≤ 1011

with constant Pr = 1, where they varied the height of the roughness elements (h) and wavelength

was kept fixed as 2h. This study highlighted that beyond a critical height (hc) of the roughness

elements, enhanced heat transport is perceived. They reported that hc decreases with an increase

in Ra as hc ∼ Ra−0.6, which also implies that a certain height of the roughness elements de-

creasing heat transfer at low Ra may enhance it at a higher Ra. Thus, the enhancement in heat

transfer due to roughness is more pronounced at higher Ra.

Toppaladoddi et al. [39] studied 2D RBC with sinusoidal roughness on both the horizontal

plates, where height of the roughness elements was kept fixed. For an optimum wavelength of

the roughness elements, γ = 0.483 was obtained on fitting the data in 4× 106 ≤ Ra ≤ 3× 109

range, which was misinterpreted as the onset of the ultimate regime. Later, Zhu et al. [41] ex-

tended the above study for an even higher Ra (108 ≤ Ra ≤ 1012) and clarified that the regime

with γ = 1/2 is transient as with a further increase in Ra, classical scaling regime (γ = 1/3)

is restored. Reemergence of the classical scaling regime was attributed to the strong mixing

of the fluid inside the roughness cavities. The vigorous mixing led to the formation of a thin

TBL, which uniformly covered the entire rough surface and perfectly mimicked an enlarged wet

surface area. Zhu et al. [42], introduced multi-scale roughness of the sinusoidal form in two-

dimensional RBC. Explored Ra range was 108 ≤ Ra ≤ 1011 with constant Pr = 1 for aspect

ratio Γ = L/H = 2. With three different distinct length scales of the roughness elements, the

local 1/2 scaling regime got extended and the restoration of the classical 1/3 scaling was put

off. While explaining the efficacy of the multi-scale roughness, it was hypothesized that with
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increasing Ra, different roughness length scales perturb the TBL in an order, starting from the

largest (at low Ra) to the smallest (at high Ra).

Emran and Shishkina [82] performed 3D DNS simulations with ring-shaped obstacles in a

cylindrical cell, where for an optimum height and gap between the obstacles, an increased γ was

observed. Recently, Toppaladoddi et al. [79] also reported increased γ with the application of

the fractal boundaries in a 2D cell. To the best of our knowledge, the effect of a complex rough-

ness on flow dynamics has not been studied extensively. In the present work, a complex random

roughness that incorporates multiple length scales, contrary to three scales employed by Zhu

et al. [42], is introduced in a 2D rectangular convection cell to emulate real flow-like situations

with an objective to unravel the heat transport mechanism and the associated flow dynamics in

different regions of the convection cell. The reason for choosing 2D simulations is the luxury

of exploring the flow physics at a higher Ra range which is computationally prohibitive for 3D

simulations [41, 42].

4.2 Numerical details

Figure 4.1: Schematic showing 2D rectangular convection cell with random triangular roughness

elements at the top and bottom plates. Here, h and λ denotes height and width (wavelength) of

the roughness elements, respectively.

The simulations are carried out in a 2D rectangular cell of aspect ratio Γ = L/H = 2 with air

as the working fluid (Pr = 0.7) for 108 ≤ Ra ≤ 1011. Top and bottom horizontal walls are

endowed with rough surfaces, consisting of random triangular elements with no-slip velocity

and isothermal temperature boundary conditions imposed on them, while the lateral walls are
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smooth and periodic, see Fig. 4.1.

Table 4.1: Details of simulation parameters starting from the left: Ra is the Rayleigh number;

Nuref the reference Nusselt number taken from Zhu et al. [42]; Nuc the calculated Nusselt num-

ber, η the Kolmogorov length scale estimated as η ≈ Pr1/2/(RaNu)1/4; ∆t/ητ the ratio of time

step to Kolmogorov time scale
(
ητ =

√
Pr/(Nu− 1)

)
; Nx and Ny are the grid resolution in x

and y directions, respectively; ∆ymax/η the ratio of maximum grid spacing in y direction to the

Kolmogorov length scale η;Nmin represents the no: of grid points inside the smallest roughness

element in the y direction; ∆body/∆xmax the ratio of resolution of the roughness elements to the

maximum grid spacing in x direction; tsampl represents the data sampling duration.

Ra Nuref Nuc η ∆t/ητ Nx ×Ny ∆ymax/η Nmin ∆body/∆xmax tsampl

108 20.8 28.06 3.92× 10−3 2.66× 10−3 1201× 601 0.611 13 1.08 1000

2.15× 108 30.1 38.80 2.95× 10−3 1.29× 10−3 1601× 801 0.609 18 1.12 1000

4.64× 108 43.6 54.60 2.22× 10−3 1.56× 10−3 1801× 901 0.604 14 1.08 1000

109 63.1 77.03 1.67× 10−3 1.88× 10−3 2201× 1101 0.624 15 1.10 660

2.15× 109 92.2 106.85 1.25× 10−3 1.14× 10−3 3001× 1501 0.591 19 1.20 500

4.64× 109 130.3 145.80 9.49× 10−4 6.80× 10−4 3801× 1901 0.616 24 1.14 280

1010 189.2 200.2 7.13× 10−4 3.28× 10−4 5041× 2521 0.604 30 1.26 135

2.15× 1010 273 261.2 5.38× 10−4 3.94× 10−4 6241× 3121 0.643 37 1.56 120

4.64× 1010 390.5 352 4.06× 10−4 2.36× 10−4 8065× 4033 0.657 37 2.02 100

1011 580.7 455 3.03× 10−4 2.88× 10−4 9001× 4501 0.775 50 2.25 100

A grid that is uniform in x and non-uniform in y is employed such that the regions close to

rough surfaces are resolved sufficiently. At a particularRa, maximum grid spacing in y (∆ymax)

is kept comparable to the global Kolmogorov length scale (η) estimated as Pr1/2(RaNu)−1/4

such that ∆ymax/η is always less than 0.8. Triangular elements are resolved in such a way that

their resolution is comparable to that of the grid. Further, at least thirteen computing cells in

the vertical y direction are kept inside the smallest roughness element (h = 0.01). Refer Table

4.1 for details of the simulation parameters. Time increment is chosen in such a way that it is

smaller than Kolmogorov time scale (ητ ) and the maximum Courant number is always less than

0.2. For simulation runs, the flow field of a lower Ra is linearly interpolated and subsequently

used as the initial condition for the next higherRa case to speed up attainment of the statistically

stationary state after which data is sampled. Details of the data sampling duration (tsampl) are

listed in Table 4.1. While for the highest Ra, the sampling time is kept as large as 1000 free-fall

time units to realize the fully developed turbulent state, a sampling of 100 units is found adequate

for the highly turbulent highest Ra case, which also involves a very high spatial resolution.
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To ensure adequate grid resolution, a mesh refinement study at Ra = 109 is carried out

by employing four progressively increasing grids (Mi, i = 1 to 4). The variation in the global

〈Nu〉V,t along with the variance of temperature fluctuations (σ2
θ ) is reported in Table 4.2. We ob-

serve that the variation in Nu and σ2
θ between any two successive grids never exceed 1 and 3.8%,

respectively. Note, the choice of mesh is strictly limited by the Kolmogorov length scale, and

thus, mesh resolution can not be coarsened arbitrarily. The refinement test clearly establishes the

requisite spatial resolution in the simulations and the robustness of the implemented numerical

code. Note,M3 is the grid whose results are reported in the present study. For more numerical

details, reader is referred to chapter 3.

Table 4.2: Details of the grid independence study performed atRa = 109 are in the order starting

from the left: MeshMi, Nx × Ny is the grid resolution, 〈Nu〉V,t is the calculated volume-time

averaged Nusselt number, and 〈σ2
θ〉V represents global variance of the temperature fluctuations.

Note, 〈σ2
θ〉V is calculated as

〈
φ(x, t)2 −

(
φ )2
〉
V
, where overbar represents temporal average,

and 〈· · · 〉V represents volume average.

Mesh (Mi) Nx ×Ny 〈Nu〉V,t 〈σ2
θ〉V

(×10−3)

M1 1801× 901 76.89 3.6302

M2 1981× 991 76.76 3.6076

M3 2201× 1101 77.03 3.6355

M4 2431× 1516 76.23 3.497

4.3 Heat transport mechanism

One of the key challenges in turbulent RBC is to understand the heat transport phenomena, where

thermal plumes and large scale circulation (LSC) serve as thermal carriers in transporting heat

from the bottom heated to top cooled plate. With the introduction of rough surfaces, flow dy-

namics in a thermal convection cell is believed to be altered which often favors augmented heat

transport at a sufficiently high thermal forcing. In Fig. 4.2, snapshots of the instantaneous tem-

perature field are shown for Ra ranging from 108 to 1011, where evolution of the flow structures

with increasing Ra can be observed. At the lowest Ra = 108, flow inside the cavities (formed

between the roughness elements) is still viscosity dominated which is evident from the entrap-

ment of fluid inside the cavities and thus, a thick TBL is seen to form. As a result of which
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significant enhancement in heat transport is not achieved. The major contribution to the plume

emission comes from the taller roughness elements as shorter elements are embedded inside the

TBL and are unable to perturb the BL region. With the increase in Ra, fluid trapped inside the

cavities becomes accessible to the bulk flow and is eventually washed away, resulting in bet-

ter mixing and a thin TBL. As the height of the smaller elements become comparable to TBL

thickness, they start to contribute to plume emission. At the highest Ra = 1011, the flow is

highly turbulent and homogeneous with the emergence of very fine flow structures. Large scale

diffuse structures are mainly seen to carry heat at the smaller Ra. This causes interdependency

between the plumes, which often deters heat transfer enhancement. However, as flow structures

become finer and intense, localized effects become important, and the plume emission process

is triggered even at the sloping sides. As nucleation sites multiply, heat transport also magnifies.

To further elucidate the heat transport process, local instantaneous heat flux is decomposed

Figure 4.2: Snapshots of instantaneous temperature field for (a) Ra = 108, (b) Ra = 109, (c)

Ra = 2.15× 1010, and (d) Ra = 1011.

into the contributions from diffusion and convection, defined as

Nu =
√
RaPr (vθ)︸ ︷︷ ︸
convection

+ (−∂yθ)︸ ︷︷ ︸
diffusion

= Hconv + Hdiff

which are shown in Fig. 4.3. As convective heat flux (Hconv) is associated with the product vθ,

it represents the transfer of heat by the vertical component of the fluid velocity. Hconv is positive

for the ascent of the fluid (v > 0), while it is negative for the descent (v < 0). Clearly, a larger

magnitude of vθ corresponds to a stronger convective effect. Diffusive heat flux (Hdiff ), on the
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Figure 4.3: Instantaneous local convective and diffusive heat flux fields are shown forRa = 108

(top row), Ra = 109 (middle row), and Ra = 1011 (bottom row). Here, Hconv =
√
RaPr vθ is

the convective flux, while Hdiff = −∂yθ is the diffusive flux. Note, the data sets correspond to

the same instances as in Fig. 4.2

other hand, takes into account the heat transfer due to vertical temperature gradient, ∂yθ. In the

expression for Hdiff , ∂yθ is preceded by a negative sign, which signifies that diffusive contri-

bution of the heat flux is positive in the direction of buoyancy. Near the BL regions, diffusive

contribution is predominant owing to the strong temperature gradient in comparison to the bulk

region. Also, plumes detaching from roughness elements exhibit high Hdiff at their interfaces,

which distinguishes them from the rest of the fluid. In view of this, it can be seen that at the

lowest Ra(= 108), there are fewer plume emitting spots, while at the highest Ra(= 1011), we

observe significantly increased plume emission sites with visibly finer plumes. As for convec-

tive contributions, they are expected to increase with increasingRa (prefactor
√
RaPr ofHconv

increases with Ra) and the same is evident in Fig. 4.3. At the highest Ra = 1011, maximum

convective heat flux is of the order of 105, which is nearly two orders of magnitude higher than

that at the lowest Ra = 108. Plume regions are clearly identified by highHconv. Thus, at all Ra,

plumes are observed to be the most potent coherent structures in enhancing the heat transfer.

Interestingly, the shape of these regions does not change even at the highest Ra. This clearly

indicates that though visibly plumes become finer at higher Ra, their spread and thus the con-

vective effects brought about by them increases in magnitude while they control the heat transfer
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Figure 4.4: (a) Nu(Ra) scaling is shown for three decades of Ra (108 ≤ Ra ≤ 1011). For

comparison, the data for smooth, mono-scale and fractal-like sinusoidal roughness taken from

Zhu et al. [42] are also shown. Using the least-squares fitting, the scaling relations for multi-

scale cases are obtained as Nu = 0.016Ra0.41 (present work), and Nuref = 0.003Ra0.48. (b)

Compensated NuRa−1/2 plots for the multi-scale cases.

away from the walls. Note, Hdiff contributions are trivial in comparison to Hconv in the flow

field, though high values of the former in the vicinity of the roughness elements show the sig-

natures of the plumes.

Next, we analyze how the global heat flux represented by 〈Nu〉V,t =
√
RaPr〈vθ〉V,t−〈∂yθ〉V,t

evolves with increasingRa, as shown in Fig. 4.4. Using the least-squares fit, heat transport scal-

ing relation is obtained as Nu = 0.016Ra0.41, which highlights the attainment of the augmented

scaling [41]. For comparison, Nusselt number reported by Zhu et al. [42] (numerical study) for

the smooth wall, mono-scale and fractal-like sinusoidal roughness are also shown. Least-squares

fitting to their data for fractal-like roughness revealed the scaling relation as Nu = 0.003Ra0.48.

It can be observed that for the first two decades, 108 ≤ Ra ≤ 1010, present roughness config-

uration yields higher Nu, while in the last decade 1010 < Ra ≤ 1011, it is comparable with

the reference Nu. Figure 4.4(b) clearly highlights the difference in the two scalings, where

NuRa−1/2 is plotted against Ra. The larger intercept on NuRa−1/2 axis for the present work

signifies a greater prefactor, while comparatively flatter fitting for the reference data implies the

exponent is closer to 1/2. Note, Zhu et al. [42] chose the optimized parameters (h/λ = 1) for

their roughness configuration to realize the maximum possible scaling exponent in comparison

to other combinations of the amplitude and wavelength of the roughness elements. However, in

the present work with the random roughness, there is no preference to any particular combina-

tion of the amplitude and wavelength of the roughness elements. The above argument highlights
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the possible reason for the difference in the scaling exponents. Nevertheless, this study corrobo-

rates the finding of Zhu et al. [42] that multi-scale roughness extends the Ra range up to which

augmented scaling (1/3 < γ ≤ 1/2) is realized. Also, it can be inferred that use of an optimized

and simplified roughness may overpredict the scaling exponent as opposed to its realistic version

where all possible responses of the roughness elements are present.

Next, we delve into the production and dissipation of the turbulent kinetic energy (TKE) to

see how they fare for the rough surfaces. Dynamical equation for the TKE budget is obtained by

contracting the equation of velocity fluctuation and then effecting a suitable ensemble average

(represented by overbar). The resulting TKE budget is

∂

∂t

(
1

2
u′iu
′
i

)
+ Uj

∂

∂xj

(
1

2
u′iu
′
i

)
︸ ︷︷ ︸

AK

=−u′iu′jSij︸ ︷︷ ︸
PS

+u′iθ
′δiy︸ ︷︷ ︸

PB

− 2

√
Pr

Ra
s′ijs

′
ij︸ ︷︷ ︸

ε

− ∂

∂xj

(
u′jp
′ +

1

2
u′iu
′
iu
′
j − 2

√
Pr

Ra
u′is
′
ij

)
︸ ︷︷ ︸

TK

,

(4.1)

where the terms (left to right) are cast as advection AK , shear production PS , buoyancy produc-

tion PB, dissipation ε, and transport TK of 1/2 u′iu
′
i. Production terms PS and PB feed energy

to the system to sustain turbulence, while ε denotes dissipation of energy due to viscous forces

in action at small scales. In buoyancy driven flows, PB is expected to be higher than PS as the

flow is driven by thermo-convective instabilities. An important insight about thermal convection

is revealed when global contributions of the different terms in the TKE budget are considered.

The volume-time averaged contributions of AK , TK , and PS being negligible result in an exact

balance between global buoyancy production (PB) and turbulent dissipation (ε). In Table 4.3,

a direct comparison is made between the present rough and the smooth surface [83] cases for

volume-time averaged PB, ε, and the Nusselt number. Note, in the present roughness configu-

ration, there is a slight digression from the expected balance between the global PB and ε. The

exact reasons contributing to the deviation could not be comprehended. However, it is suspected

that the nature of the roughness terrain plays a large role in determining how well the velocity

gradients at the interface of the fluid and rough surfaces are calculated. The complex roughness

terrain employed in the present study might be responsible for the observed slight imbalance.

From Table 4.3, it can be observed that both 〈PB〉V,t and 〈ε〉V,t are higher for the present study.

At the lowest Ra, PB, ε, and Nu are comparable with their smooth surface counterparts, imply-

ing no change is induced by the roughness. However, at Ra = 1010, both 〈PB〉V,t and 〈ε〉V,t are

approximately two times higher (highlighted in bold) than their smooth surface counterparts.

Increased PB is a clear indicator of the enhanced heat transport, which highlights the usefulness
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of employing roughness in RBC. It is important to address how roughness contributes to the

enhanced buoyancy production. Zhang et al. [84] reported that rising and falling plumes exhibit

high turbulent heat flux (v′θ′) as well as high turbulent dissipation rates. In the same line we

have shown above how plume emission multiplies at higher Ra. Thus, we may reason the aug-

mentation of plume emission frequency as the cause of enhanced heat transport at higher Ra

which appears through an increased buoyancy production.

Table 4.3: The effect of employing rough surfaces is highlighted by drawing a direct comparison

with smooth surface case [83] for volume-time averaged turbulent buoyancy production PB,

dissipation (ε), and the Nusselt number (Nu).

Smooth surface Rough surface (present study) Ratios (rough/smooth)

Ra 〈PB〉V,t 〈ε〉V,t 〈Nu〉V,t 〈PB〉V,t 〈ε〉V,t 〈Nu〉V,t PB ratio
εratio Nuratio

(×10−3) (×10−3) (×10−3) (×10−3)

108 2.87 −2.87 24.97 3.22 −2.84 28.06 1.12 0.99 1.12

3× 108 2.27 −2.28 34.14 3.09 −2.72 47.83 1.36 1.19 1.40

109 1.77 −1.73 47.37 2.87 −2.46 77.03 1.62 1.42 1.63

3× 109 1.42 −1.41 66.44 2.52 −2.20 122.95 1.77 1.56 1.85

1010 1.09 −1.01 93.28 2.38 −2.11 200.2 2.18 2.09 2.15

4.4 Plume statistics

Thermal plume is the coherent structure that contributes substantially in the heat transport pro-

cess. A number of visualization studies [85–87] have identified thermal plumes as either mush-

room or sheet-like structures. Plumes are formed near the isothermal walls from where they

drift to the bulk region while carrying heat with them. To detect plumes from the turbulent

background, the threshold technique suggested by Emran and Schumacher [88], where strong

positive correlation between the vertical velocity (v′) and temperature (θ′) fluctuations indicate

plume dominated regions, is implemented in the present work. Temperature fluctuation is de-

fined as θ′(x, t) = θ(x, t)−〈θ(x)〉A,t, while owing to 〈v〉A,t = 0, velocity fluctuation is taken as

v′(x, t) = v(x, t), where 〈 〉A,t denotes averaging over horizontal plane and time. In the present

study, decomposition of the whole domain, based on whether a region is dominated by plumes

or background, is carried out using the following criteria,
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70 Chapter 4. Enhanced Nu scaling in high Ra regime

Figure 4.5: Plume (black) and background (white) regions are identified using a threshold δ =

5% for (a) Ra = 1010, (b) Ra = 1011, and (c) Ra = 1010 for the plane surface case. Note,

frames (a) and (b) correspond to the same time instances as in Fig. 4.2.
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Figure 4.6: Ra and δ dependency of (a) volume fractions of plumes (Vpl) and background (Vbg) ,

(b) and (c) dissipation rates of plumes (εpl) and background (εbg). Note, εpl and εbg are shown for

δ = 0.1 and 1% in (b), whereas for δ = 5 and 10% in (c). Symbols in red and blue correspond

to plume and background, respectively, while solid black lines represent power law fittings.

Vpl = x ∈ V : v′θ′/Γ′ > δ

Vbg = x ∈ V : v′θ′/Γ′ ≤ δ.
(4.2)

Here, Vpl and Vbg are the volume fractions of the plume and background dominated regions,

respectively, Γ′ represents instantaneous global maximum of v′θ′, and δ is a free parameter that

imposes the threshold criterion. The idea behind using different threshold values is to observe

cut off dependency for plumes, if any. In the present work, four threshold values, δ = 0.1, 1, 5

and 10%, are used. In Fig. 4.5, instantaneously extracted plumes and background regions using

the above criteria with δ = 5% are shown for Ra = 1010 and 1011 along with a case for the

smooth surface at Ra = 1010. Plume regions are clearly seen to expand with the introduction

of roughness. While traces of remnant plumes are found near the roughened surface, they be-

come stretched and scattered at higher Ra. Dependency of the volume fractions for plume and

background regions on Ra for different threshold (δ) values is shown in Fig. 4.6(a). It can be

observed that irrespective of δ, a decreasing trend of plume volume fractions is obtained with
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Ra, while the background fractions compensate it. Clearly, a larger threshold turns out to be a

stricter condition for a region to qualify as a plume.
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Figure 4.7: A comparison is made for the variation of (a) Vpl and (b) εpl with Ra between rough

and smooth surfaces for δ = 1 and 5%. Symbols in red and blue represent data for smooth [83]

and present rough surfaces, respectively, and solid black lines represent power law fittings.

Table 4.4: Prefactor and exponent of the power-law fit, ARam, for the volume fractions and

dissipation contributions of the plume and background at different thresholds.

Volume fraction Thermal dissipation

δ (%) Apl mpl Abg mbg Apl mpl Abg mbg

0.1 0.597 −0.005 0.410 0.006 0.024 −0.096 0.018 −0.1

1 1.04 −0.045 0.329 0.028 0.02 −0.1 0.02 −0.091

5 3.67 −0.143 0.456 0.027 0.021 −0.132 0.026 −0.086

10 9.3 −0.22 0.615 0.018 0.027 −0.173 0.028 −0.085

A comparison of thermal dissipation rates, εθ = (RaPr)−1/2|∇θ|2, of plume (εpl) and back-

ground regions (εbg), which are obtained as

εpl =

〈∫
Vpl

εθ(x, t)dV

〉
t

and εbg =

〈∫
Vbg

εθ(x, t)dV

〉
t

,

indicate dominant heat transfer agent in the flow. Note, εpl and εbg represent total time-averaged

contributions in thermal dissipation from plumes and background dominated regions, respec-

tively. In Figs. 4.6(b) and 4.6(c), the variations of εpl and εbg are shown with increasing Ra.

It can be observed that for all threshold (δ) values, contributions of both εpl and εbg decline as

Ra increases. Interestingly, for δ = 0.1%, εpl exceeds εbg at all Ra, whereas for δ = 1, 5, 10%,

εbg exceeds εpl. On the other hand, at a given Ra, with the increase in δ, εbg grows while εpl
TH-3222_176103006
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decays. A larger δ allows larger background, which implies εbg contributions are incorporated

from larger regions. On the other hand, for plumes, a larger δ yields smaller Vpl and hence εpl
drops.

Further, using least squares fitting, power laws of the form ARam are obtained for both vol-

ume fractions and dissipation rate contributions of plumes and background at different δ values.

The obtained fitting parameters are shown in Table 4.4. We observe that for all δ, mpl is nega-

tive for Vpl, whilembg is positive for Vbg. It implies that with increase inRa, the effective region

covered by plumes diminishes which is taken up by the background. The scaling exponents

for both εpl and εbg are negative, implying reduced thermal dissipation at higher Ra. Note, the

non-dimensional thermal dissipation rate (εθ) should not be confused with the dimensional one.

The global dimensional thermal dissipation rate, denoted as εT = α(∆T/H2)Nu, augments

with increasing Ra owing to the elevated ∆T and Nu. However, the former obeys the follow-

ing relation, 〈εθ〉V = 〈Nu〉V /
√
RaPr, which explains the observed diminution of net thermal

dissipation rate (εpl + εbg) on amplification of the thermal forcing. For δ = 0.1%, the scaling

exponents for volume fractions are very low indicating negligible variation of the volumes of

plumes and background with increasing Ra, which is also evident from Fig. 4.6(a). It can be

observed that with increase in δ, the scaling exponents for both Vpl and εpl increase in absolute

sense, while for Vbg and εbg, they appear to be more stable. Further, to explain how roughness

alters plume regions, variation of Vpl and εpl withRa is compared with smooth surface case [83]

for δ = 1 and 5% in Fig. 4.7. It is clear that irrespective of δ, both Vpl and εpl are higher for the

roughened surface with slower decay over increasing Ra. This re-emphasizes the effectiveness

of rough surfaces in enhancing the plume emission process. Also, a slower decay rate of Vpl and

εpl indicate that effect of roughness is sustained even at higher Ra. Though at higher threshold,

plume regions follow a near identical behavior, dissipation contribution continues to dominate

for the rough surface configuration.

4.5 Near-wall dynamics

Rough surfaces significantly alter the BL dynamics, which is responsible for the augmented heat

flux above a threshold Ra. The ability of a rough surface in facilitating extra plume generation

spots is its biggest asset in influencing flow structures and dynamics. In smooth surfaces, plume

eruption is purely driven by buoyancy, whereas for rough surfaces, sharp edges promote flow

separation and act as the active source of plume emission [40]. Three types of localized re-
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Figure 4.8: (a) A Schematic diagram showing tip, throat, and valley regions associated with

a rough surface. (b) Location of numerical probes chosen in the vicinity of the bottom rough

surface and bulk region shown in a magnified view.

gions with distinct flow features can be associated with a rough surface; above the tips, between

two roughness elements (throat) and the lower point between them (valley). These regions are

schematically shown in Fig. 4.8(a).

The region above the tip of the roughness elements (especially sharp ones) records high heat

flux due to frequent emission of plumes whereas the throat and cavity regions exhibit the lowest

heat flux due to immobility of the trapped fluid. Motion of fluid inside the cavities is enhanced

with the increase in Ra and eventually the fluid becomes accessible to the bulk flow. Note, if

the cavity region is too closely packed then fluid remains struck at even higher thermal forcing

(Ra). To effectively study flow dynamics in the near-wall and bulk region, we have considered

a total of 24 probes, half near the bottom rough surface and rest in the bulk region, as shown in

Fig. 4.8(b). At the probes, time series data is recorded at a non-dimensional sampling rate of

100 units (after every ∆t = 10−2).

The transition of the flow states with increasing Ra in the throat and tip regions can be iden-

tified using the temperature and velocity fluctuations. In Fig. 4.9, time series of vertical velocity

and temperature are shown for regions near the bottom rough surface for a small window of 5

time units at three different Ra = 108, 1010, and 1011. At the lowest Ra = 108, we observe both

temperature and velocity fluctuations are minimum, with low vertical velocity and high mean

temperature for both the tip and throat regions. It essentially indicates that the flow is nearly stag-

nant near the rough surface. With an increase in thermal forcing, the fluctuations increase for

both the regions as bulk fluid approaches near-wall regions more effectively. Also, note that in

general, both vertical velocity and temperature show larger fluctuations near the tips than throat

regions at allRa explored, which suggests that the major source of plume emission is the tip area

of the roughness elements. At one extreme, deep down the throat, large-scale inhomogeneity is
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Figure 4.9: Time series of vertical velocity (left column) and temperature (right column)

recorded from probes placed near the bottom rough surface are shown at Ra = 108, 1010, and

1011 for a small window of 5 time units. Location of the probes (magnified view) is shown in

the inset of frame (e).

evident as circulating fluid cannot reach there (see frames g and h). On the other extreme, near

the tip of taller roughness, large oscillations are recorded owing to the interaction between newly

formed plumes and large-scale rolls (see frames c and d). Greater mixing at the higher Ra is

clearly seen through large fluctuations in vertical velocity with lower mean temperature. Thus,

different relative locations near the wall do not contribute to plume emission and mixing with

the same intensity. It indicates varied responses of the elements at different Ra owing to their
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relatively distinct geometric features that essentially occur on a random surface texture.

In Fig. 4.10, PDFs (probability density functions) of temperature and vertical velocity, com-

Figure 4.10: Columns from left to right shows PDFs of θ, v, θ′/σθ and v′/σv for probes placed

near the bottom plate at different Ra. Note, each row represents the data for a particular probe,

the inset in frame (n) shows the magnified view, and for location of the probes, Fig. 4.8(b) can

be referred.

puted from the above signals, are shown in frames (a-h), while for their normalized fluctuations

in frames (i-p). Note, to normalize the fluctuations their rms are used, which for a quantity φ

is defined as σ2
φ = φ(t)2 −

(
φ
)2, where overbar denotes temporal average. From temperature

PDFs, it can be observed that, in general, at the lowest Ra = 108, higher mean temperature (es-

pecially in throat region) is expected as peaks of the temperature PDFs are skewed towards high
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temperature. However, with increase in Ra, there is increased probability of the lower tempera-

ture readings, and at the highestRa = 1011, the peaks are skewed towards the lower temperature.

This also hints that at lower Ra, either plume emission frequency is lower or fluid is stuck. On

the other hand, at higher Ra, hot plumes are emitted frequently and cold fluid rushes towards

the plume emitting spots, which explains the lower mean temperature. PDFs of the normalized

temperature fluctuations are seen to collapse onto one another in the core, while the tails show

deviation. However, the PDFs have overall different shapes for different regions, implying tem-

perature fluctuations are locally influenced by the roughness elements.

Vertical velocity PDFs being narrower at the lowest Ra = 108 clearly signify immobility of

the fluid. However, with the increased Ra, occurrence of events with large vertical velocity is

augmented. The PDFs for the tip regions have longer positive tails which further extend with

increase in Ra, whereas in the throat regions, they are symmetric about the zero-mean. Also,

they exhibit nearly equal affinity for both positive and negative vertical velocity in the throat

regions such that the maximum absolute v is less than that is observed in the tip regions. Peak

regions which are surrounded by the roughness of different aspect ratio show clearly different

flow behavior. Though probes 3 and 10 are closer to the bulk, the slender one (probe 10) exhibits

a near-symmetric Gaussian distribution for v, while at location 3, no extreme events for v < 0

are recorded. This again indicates the varied response of the peaks to the nearest large-scale

roll. Similarly different cavity regions evolve differently with Ra. For instance, probes 4 and 5

exhibit totally contrasting PDFs for both θ and v. Fluid region depicted by probe 5 is too closely

packed between the neighboring elements such that it is inaccessible to the bulk flow even at a

higher Ra whereas probe 4 is accessible to the bulk flow at higher Ra. Also, the role played by

the tip regions in emitting plumes is highlighted from the PDFs of the vertical velocity exhibit-

ing a higher probability for the positive fluctuations. Thus, we show that a randomly distributed

roughness has a varied influence on the flow dynamics, and it cannot be characterized unilater-

ally.

Use of rough surfaces is desired to yield enhancement in heat transport which is not easily

achieved at a lower Ra. Improvement of plume emission process is reflected in the increased

temperature and vertical velocity fluctuations. In Fig. 4.11, rms of temperature and vertical ve-

locity fluctuations, denoted by σθ and σv, respectively, are shown for the throat and tip regions

in the explored Ra range. It can be observed that, in general σθ and σv are higher near the tips.

While velocity fluctuation is seen to increase monotonically, temperature fluctuation peaks at an

intermediate Ra (≈ 2.15× 109) followed by a drop at a higher Ra. The reason for the decrease
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Figure 4.11: Root mean square of fluctuations of temperature (σθ) and vertical velocity (σv) are

shown for probes in throat and tip regions as a function of Ra. At the lowest Ra = 108, σθ is

lowest as rough surfaces are embedded inside the thermal boundary layer (TBL). As they start to

perturb TBL, increase in σθ is perceived. However, enhanced penetration of the bulk flow inside

the near-wall regions at higher Ra damps out σθ. For σv, a consistent increasing trend with Ra

is observed, signifying mobility of the flow in the cavities.

of σθ in throats is attributed to the effective bulk-BL interaction where a nearly homogeneous

bulk fluid is now accessing and mixing well with the fluid in the cavity regions. With increasing

influence of the bulk-BL interaction, temperature fluctuations are damped out, though vertical

velocity fluctuations continue to amplify as fluid now can move quickly in or out of the cavity

regions. In the higher Ra range, drop in σθ is more prominent in the throats as tip regions con-

tinue to be the preferred spots for nucleation of the plumes, which explains why σθ for tips is

higher even at the higher Ra range. For vertical velocity fluctuations, near-tip regions corre-

sponding to taller roughness elements (probe 10), and spacious throat regions (probe 12) yield

higher σv owing to the greater mobility in these regions. Note, the fluid region corresponding to

probe 5, which is closely packed between the neighboring roughness elements, shows negligible

vertical velocity fluctuations, whereas temperature fluctuations are enhanced above Ra = 1010.

It implies that fluid is severely trapped in this region, and only in the higherRa range significant

temperature fluctuations are observed.

We observe that more spacious the throat region is, sooner σθ attains the peak. It indicates

why maximum σθ for probe 12 is attained at Ra = 4.64 × 108, while for probes 4 and 7 it is
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Figure 4.12: Vertical mean temperature
(
〈θ〉t
)
profile passing through three different valley

regions V1, V2, and V3 near the bottom plate shown in frames (a), (b), and (c), respectively,

with increasing Ra. In frame (d), 〈θ〉t profiles for the valley regions are compared for the two

extreme Ra (108 and 1011). Note, frames (a-c) follow the same legends.

delayed to Ra = 2.15× 109. It is to be noted that closely packed regions can only be ventilated

effectively by the bulk fluid at a higher Ra, where temperature fluctuations are damped. This

is the reason why σθ monotonically increases for probe 5. At the higher end of Ra, bulk fluid

finally washes out the trapped fluid from the throat region of probe 5 and effects strong mix-

ing leading to a decrease in temperature fluctuations. Further, it can be observed that flow near

smaller peaks ( 2 and 11) have lower values of σθ at Ra = 108, but with the increase in Ra, σθ
increases such that for Ra > 109, it becomes comparable to that observed for taller roughness

elements (3 and 10). This implies that small-scale roughness elements are particularly activated

at a higherRa, causing increased temperature fluctuations because of the increased plume emis-

sion.

Next, we attempt to bring out the effect of different cavity regions on flow behavior by ana-

lyzing vertical time-averaged temperature, 〈θ〉t, profiles. In Fig. 4.12, mean temperature profiles

at different valleys (V1, V2 and V3) near the bottom plate are shown with increasing Ra. The

region corresponding to valley V3 is most spacious, while valley V2 is highly confined. It can

be observed that the mean temperatures for V1 and V2 valleys, atRa = 108, are nearly unity for

a layer of fluid close to the wall. Note, the fluid layer with nearly zero temperature gradient is
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thicker in V2 than V1. However, for V3, this layer is hardly visible as fluid is least confined, and

hence, heat is diffused effectively in the vertical direction. Due to the severe confinement of fluid

near the valley region, such a layer is observed. In the absence of confinement, a linearly varying

thin layer is observed where temperature drops sharply. With the increase in Ra, temperature

gradient increases significantly resulting in a very thin layer over which practically half of the

net imposed temperature drop occurs.

Note, in the succeeding discussion, the layer with a steep temperature gradient is discussed

Figure 4.13: Schematic showing geometrical construction of TBL thickness (λθ). Note, pro-

files of temperature fluctuation starts on the surface of a roughness element and λθ is measured

accordingly.

for the valleys, while the layer with trivial temperature gradient is not taken into consideration.

It can be observed that 〈θ〉t is steepest for V3, while for V2, it is flattest for any Ra. At the

highest Ra = 1011, 〈θ〉t profiles for V1 and V3 are nearly same, as shown in frame (d) of Fig.

4.12, while V2 still exhibits smaller temperature gradients. This implies that as V1 is effectively

washed out at Ra = 1011, the flow characteristics become similar to V3, which is least confined

and ventilated effectively by bulk fluid even at lower Ra. However, as V2 is severely confined,

heat is diffused slowly in the vertical direction even at Ra = 1011 with the cavity region is just

starting to get washed out, resulting in flattest 〈θ〉t.

In the present work, 〈θ〉t profiles passing through three different valleys of the bottom plate

illustrates the effect of roughness wavelength on the heat transfer. It has been observed that flow

structures are dependent on both Ra and wavelength of the roughness elements [32, 39, 41, 42].

When elements are well spaced, and thermal forcing is strong enough to effect mixing in the
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(c)

(e)

(b)

(a)

(d)

Figure 4.14: Variation of TBL thickness (λθ) over the bottom rough surface with increasing Ra

where λθ is shown by black solid lines. At the lowest Ra = 108, only taller roughness elements

protrude TBL, but with the increase in Ra, smaller elements start to protrude. At the highest

Ra = 1011, a thin uniform TBL, except at the valleys, is seen to cover the rough surface.

cavities, steeper 〈θ〉t similar to the one in smooth surfaces is observed early. But for closely

packed cavities, effective mixing of fluid is achieved at a much higher Ra, and hence, steeper

〈θ〉t profiles are achieved late. Highly confined cavity regions do not assist in enhancing heat

transfer at low to moderate Ra owing to the lack of mobility of the fluid inside them. However,

in the higher Ra range, as flow structures become finer, mobility is increased and hence, these

regions start to augment heat transfer. The same observation can be made from 〈θ〉t profiles for

V2. As the profiles, even at the highest Ra = 1011, are still making the transition to a steeper

smooth-surface like profiles, flow behavior in these regions is still influenced by the rough sur-

faces. It is also known that when cavities are only partly washed by the bulk flow, enhanced heat

transport scaling is achieved [41]. This explains why closely packed regions yield favorable re-

sults in the higher Ra. The cavities which are dormant (stagnant fluid) at lower Ra range starts

to get washed away by the bulk fluid in the higher Ra range. This implies that at the higher Ra,

roughness elements of smaller amplitude (small tips) or smaller wavelength (highly confined

regions) are useful in retarding the arrival of the classical 1/3 scaling. Note, it is expected that

for a very high thermal forcing Ra >> 1011, the effect of the regions with smaller wavelength
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Figure 4.15: Instantaneous temperature field for near-wall region corresponding to the hot bot-

tom plate for (a)Ra = 108, (b) 109, (c) 1010, and (d) 1011. At the lowestRa, plumes are of larger

size with a few emitting spots, however, as Ra increases there is a surge in plume emitting spots

with visibly finer flow structures. Also, the ability of the bulk fluid to invade highly confined

cavity or tip regions of the smaller roughness elements is significantly enhanced at a higher Ra,

which augments heat transfer.

or severe confinement would also cease to exist, where 〈θ〉t profiles for V1, V2, and V3 will

become identical. Thus, inclusion of very small wavelength elements acts as a remedy to cast

away the classical scaling and thus, extending the range of the augmented heat transfer scaling.

In thermal convection role of TBL (λθ) is pivotal. The transition of TBL attached to the

isothermal plate to turbulent state is still believed to have links with the so-called 1/2 scaling

regime. For the smooth plates, BL dominated flow at low Ra makes a transition to bulk dom-

inated flow [10, 19] at high Ra, rendering 1/2 scaling regime. This idea has recently been

modified. With the addition of roughness, bulk-dominated flow at lower Ra was reported [41]

to change to BL based at high Ra, reviving the classical 1/3 scaling. It also implies that the

roles of BL and bulk are reversed. A thin covering of TBL in the higher Ra range was reasoned

to explain the fallback to 1/3 scaling [41] after a stint in 1/2 scaling [39]. In the current work,

λθ is calculated by taking the edge of the TBL at the position where temperature fluctuations

are maximum [89], as shown by a schematic in Fig. 4.13. The computed BL profile along the

x direction is shown in Fig. 4.14 where roughness elements are also placed for better visibility

of λθ. At the lowest Ra = 108, taller roughness elements protrude the TBL and thus are the

major benefactor in enhancing heat transfer. With an increase in Ra, λθ becomes thinner, and

smaller roughness elements start to protrude TBL. The smaller elements play an important role
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in sustaining the plumes emission at higherRa. At the highestRa = 1011, a nearly thin uniform

TBL, except at the valleys, is formed along the rough surface. Note that for the valley regions,

where the fluid is least mobile, a higher λθ is obtained. It is interesting to note that more the

confinement is, thicker λθ is. Previously, Zhu et al. [42] predicted that the formation of a thin

uniform TBL would lead to the classical 1/3 scaling. Remarkably, in spite of a thin covering

of the TBL with increasing Ra, the Nu(Ra) scaling does not saturate to the classical 1/3 law

at a very high Ra when random roughness is used. This again indicates the complex role of

multi-scale roughness in turbulent convection.

To visualize local flow structures, instantaneous temperature field in the near-wall region of

the bottom hot plate is shown in Fig. 4.15. It is evident that atRa = 108, the roughness elements

are covered by a thick layer of hot fluid, implying flow is stagnant near the surface. Also, plumes,

which are emitted from the taller elements, are of larger size. With the increase in Ra, the layer

of hot fluid covering the surface starts to become thinner, and the fluid inside the cavities starts to

move out of it. Also, plumes become finer with a surge in nucleation sites owing to the increased

contributions from the smaller elements. At the highest Ra = 1011, plumes are extremely fine,

and almost all the elements are actively participating in plume emission. Further, penetration

of the bulk fluid inside the cavities is maximized, due to which highly confined regions also

start to become accessible to the bulk. Though flow structures become finer, enhancement in

heat transfer occurs with the increase in plume emission sites at the highestRa, which primarily

contributes in sustaining the enhanced heat transport regime.

Enhancement in heat transfer depends on the amplitude [32] and wavelength [39] of rough-

ness elements. When the amplitude is of the order of the TBL thickness enhancement in heat

transfer is perceived, which is observed in the present study from instantaneous temperature

contours, PDFs, and time series of temperature and vertical velocity. This explains why smaller

roughness elements play an important role in sustaining heat transfer at the higher Ra range.

Previously, Toppaladoddi et al. [39] explored the effect of the wavelength through sinusoidal

roughness on the scaling exponent, where it was observed that too large or small wavelength

yields the scaling exponent close to 1/3. However, the range (4 × 106 ≤ Ra ≤ 3 × 109) ex-

plored by them was not high to realize the propitious results of the rough surface with a small

wavelength. Later, Zhang et al. [32], in their study with mono-scale triangular roughness, estab-

lished the efficacy of the rough surfaces with smaller amplitude by highlighting that the critical

height (hc) of the rough surfaces signifying enhanced heat transfer in comparison to smooth sur-

faces decreases with Ra as hc ∼ Ra−0.6. Zhu et al. [41, 42] took into account the effect of both
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the parameters together by introducing roughness aspect ratio defined as the ratio of amplitude

to the wavelength of roughness elements. Also, they ran different tests to ascertain the opti-

mum roughness aspect ratio yielding maximum scaling exponent, which was reported as unity.

This implies that rough surfaces with smaller amplitude and wavelength are highly effective at

a higher Ra. The results obtained for our multi-scale random roughness configuration are in

agreement with the above observations. Hence, the inclusion of random roughness has proved

to be highly beneficial in sustaining enhanced heat transfer even at the higher Ra range owing

to the creation of different local regions which get activated at different thermal forcings.

The attempt of incorporating multi-scale roughness paid off outstandingly such that differ-

ent relative locations contributed differently in the plume emission process to avoid saturation

of the increased heat transfer scaling. Taller roughness elements exhibited large temperature

fluctuations at lower Ra while throat regions were dormant initially. However, with increasing

thermal forcing, contributions from the throat regions further propelled the separation of the

plumes from the tip regions. Though a thin TBL is formed at a higher Ra, increased contribu-

tions from the small-scale elements and the activation of the highly confined regions continued

to amplify the overall perturbations in the near-wall regions leading to enhanced heat transport.

TBL envelopes roughness elements hierarchically, starting from the tallest to the shortest with

increasing thermal forcing. However, the complex texture of the roughness acts as a deterrent to

uniform covering of TBL over it. Thus, the earlier reported state where the rough surfaces were

practically reduced to smooth only with extended wetted surface area is deferred.

4.6 Bulk dynamics
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Figure 4.16: Variation of horizontally averaged root mean square of fluctuations of (a) temper-

ature (σθ) and (b) vertical velocity (σv) at mid-height of the cell (y = 0.5) as a function of Ra.

For comparison, the data corresponding to the smooth surface [83] is also shown.
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Figure 4.17: PDFs of (a,e) temperature (θ), (b,f) vertical velocity (v), normalized fluctuations

of (c,g) temperature (θ′/σθ) and (d,h) vertical velocity (v′/σv) for probes in bulk. Note, top row

corresponds to the lowest Ra = 108 while bottom row is for the highest Ra = 1011, the solid

lines in the last two columns represent the Gaussian function, and location of the probes can be

referred from Fig. 4.8(b).

We now turn our attention to the flow dynamics away from the rough surfaces. With plumes

emitting from the rough surfaces and moving into the bulk region, the fluctuations are brought

about by them. In line with the results of a number of studies [40, 90], the increased temperature

fluctuations in comparison to the smooth case are observed in the present study. In Fig. 4.16,

horizontally averaged rms of temperature (σθ) and vertical fluctuations (σv) at midheight of the

cell (y = 0.5) are shown along with the smooth case counterparts [83] as a function of Ra. It

is clearly evident that σθ is magnified in the presence of the rough surfaces, while σv is com-

parable to that observed in smooth case. Also, distinct nature of v′ and θ′ is unveiled with σθ
decreasing monotonically with increasing Ra, while large amplitude v′ are marked by the peak

in σv at higher Ra. Surprisingly, σv, as opposed to σθ, increases monotonically before reaching

a peak near Ra = 2.15 × 1010. The difference in the trend for σv and σθ can be attributed to

the interaction of the high-intensity rolls with the background, which causes large-amplitude

vertical velocity fluctuations at a higher Ra while temperature oscillations are damped out due

to vigorous mixing of the fluid.

The scattered and skewed distribution of θ′ is not expected in the bulk as polarized fluctua-

tions near the wall give way to oscillations about the bulk mean temperature. In Fig. 4.17 we

observe that the PDFs, corresponding to different probes in bulk, overlap with each other at a

particular Ra, signifying that the overall flow behavior is nearly the same at different horizontal
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locations in the bulk. At the lowestRa = 108, they are wider about the mean (θ = 0.5), but with

the increase in Ra, they become narrower, implying the probability of occurrence of the struc-

tures with large temperature gradient is diminished, and at the same time, bulk fluid approaches

a uniform temperature (θ = 0.5). Non-obeyance of the Gaussian distribution [2, 91, 92] near

the tails of the PDFs of v′ and θ′ at Ra = 1011 reflects the intermittent appearance of the large

amplitude events in the bulk, which are significantly enhanced with the introduction of the ran-

dom rough surface.

Power spectra of the vertical velocity and temperature in the bulk can be analyzed to evalu-

ate energy cascade and the associated small-scale dynamics. The slope in the inertial subrange

[63, 93] is of particular interest to the research community. The classical view of the scaling in

the inertial subrange is that for a homogeneous and isotropic flow, temperature and velocity fluc-

tuations follow Kolmogorov’s (K41) [62, 67, 68] scaling. Obeyance of the K41 scaling implies

that temperature is a passive scalar. However, for an anisotropic flow, BO59 scaling proposed

by Bolgiano [55] and Obukhov [54] is expected for the fluctuations where temperature exhibits

characteristics of an active scalar. According to the K41 scaling, the slope in the inertial sub-

range for both velocity and temperature spectra is −5/3, while for the BO59 scaling, the slope

becomes −7/5 for temperature as opposed to −11/5 for velocity.

In Fig. 4.18, power spectra of temperature and vertical velocity are shown for three probes

in the bulk, one above a throat region while remaining two are directly above the tips, at three

different Ra = 109, 1010 and 1011. It can be observed that both temperature and velocity follow

BO59 scaling as the slope in the inertial subrange is close to −7/5 and −11/5 for temperature

and velocity, respectively. The same observation is also evident from compensated plots of tem-

perature and vertical velocity spectra in frames (d-f) and (j-l) of Fig. 4.18, respectively. It is

evident that with the increase in Ra, the inertial range obeying BO59 scaling also widens. Pre-

viously, Stringano et al. [40] in their study in a cylindrical cell with grooved surfaces reported

BO59 scaling for temperature and K41 scaling for vertical velocity in the bulk of the flow. How-

ever, in the present study, we observe that temperature behaves as a pure active scalar. Also, the

spectra for the present work are compared with that observed for the smooth surface case [83] at

Ra = 108 and 1010 at mid-height of the cell, as shown in Fig. 4.19. AtRa = 108, both tempera-

ture and velocity spectra are comparable with that observed for the smooth case, which signifies

nearly same level of fluctuations. However, at Ra = 1010, both the spectra show increased en-

ergy at all scales of the flow in comparison to smooth surface, highlighting the effectiveness of

the roughness at higher Ra. Thus, the presence of the random roughness is perceived in the
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Figure 4.18: Power spectra of temperature (a-c) and vertical velocity (g-i) for the bulk at three

different Ra = 109, 1010 and 1011. The corresponding compensated plots of temperature (d-f)

and vertical velocity (j-l) spectra are also shown. Note, the dashed line represents Bolgiano and

Obukhov’s (BO59) scaling [54, 55] whose slope is−7/5 and−11/5 for temperature and vertical

velocity spectra, respectively. Further, the dash-dot line serving as a reference for Kolmogorov’s

(K41) scaling is shown. For location of the probes refer Fig. 4.8(b).

bulk through increased temperature fluctuations in comparison to the smooth cell. Though flow

homogeneity in temperature sense increases with Ra, its fluctuations continue to be higher than

the smooth cell due to the increased presence of plumes emitted from the rough surfaces in the

bulk.
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Figure 4.19: Power spectra of temperature (a-b) and vertical velocity (c-d) for the rough cell are

compared with that observed for the smooth surface case [83] at Ra = 108 and 1010 for probes

considered at mid-height of the cells at three different horizontal locations (x = 0.5, 1, 1.5).
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Figure 4.20: Variation of horizontally-time averaged Bolgiano length scale 〈LB〉A,t =

〈εu〉5/4A,t 〈εθ〉
−3/4
A,t as a function of vertical distance y in (a) the present roughness set-up and (b)

smooth surface case [83] for different Ra. (c) Global Bolgiano length scale LgB and LAB as a

function of Ra. Also, LgB for smooth plates [83] is shown. Note, LgB = 〈εu〉5/4V,t 〈εθ〉
−3/4
V,t , while

LAB is obtained by taking vertical average of 〈LB〉A,t. The vertical extent of the shaded regions

in frame (a) represents the maximum height of the roughness elements.

In turbulent RBC, the imposed temperature difference between the plates induces buoyancy

force, which sets the fluid in motion. According to Richardson [94], the energy from the large-

scale eddies is passed on to the smaller eddies till it is dissipated at small scales where molecular

diffusivity becomes predominant. The process of transfer of energy in the inertial subrange holds

the answers to various scaling laws followed by velocity and temperature fluctuations [63, 65,

69, 70]. In view of homogeneous and isotropic flow [62, 67, 68], temperature is treated as a

passive scalar and the effect of buoyancy force at small scales is neglected. The scalings for

the fluctuations can be found out by invoking energy balance between the energy transfer and
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dissipation

εu ∼
(δu)3

l
, εT ∼

δu(δT )2

l

=⇒ δu ∼ ε1/3u l1/3, δT ∼ ε−1/6
u ε

1/2
T l1/3,

where δu and δT are the difference in velocity (u) and temperature between two points separated

by a distance l, respectively, εu is the viscous dissipation while εT represents thermal dissipa-

tion. Another viewpoint for scaling in the inertial subrange was proposed by Bolgiano [55] and

Obukhov [54], where above a characteristic length scale, defined as the Bolgiano length scale

(LB), buoyancy forces become important. Now the scaling for the velocity fluctuations are found

out by invoking energy balance between the down-scale energy transfer and buoyancy produc-

tion, while for temperature fluctuations, the energy transfer is again balanced by the thermal

dissipation

(δu)3

l
∼ βg δu δT, εT ∼

δu(δT )2

l

=⇒ δu ∼ (βg)2/5ε
1/5
T l3/5, δT ∼ (βg)−1/5ε

2/5
T l1/5

Ideally, for scales η � l � LB, the Kolmogorov’s K41 scaling should be realized while for

LB � l � H , Bolgiano and Obukhov’s BO59 scaling is expected [63], where η and H are the

Kolmogorov length scale and height of the cell, respectively. The cross-over between these two

scalings yields the Bolgiano length scale, which implies

ε1/3u L
1/3
B = (βg)2/5ε

1/5
T L

3/5
B or ε−1/6

u ε
1/2
T L

1/3
B = (βg)−1/5ε

2/5
T L

1/5
B

=⇒ LB = (βg)−3/2ε5/4u ε
−3/4
T

In the non-dimensionalized form, LB is found as

LB = ε5/4u ε
−3/4
θ (4.3)

where εu, εθ are computed from the non-dimensional field. In turbulent RBC, simultaneous

existence of both the scalings is usually not observed [63]. Also, whether BO59 scaling, which

was first proposed for stably stratified flows, exists for RBC is still unresolved. Kunnen et al.

[65] and Kunnen and Clercx [66] addressed the relation between mean Bolgiano length scale

(using global values of the dissipation rates) and BO59 scaling. They proposed that LB should

be considered locally while looking for BO59 scaling as the order of magnitude of the dissipation

rates is substantially high in the near-wall regions in comparison to the bulk. Local LB attains

small values close to the isothermal walls, while it has large values in the bulk region. Further,
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it increases with an increase inRa in the bulk region, while mean/global LB decreases withRa.

This highlights the subtleties to consider while deducing the relationship between the order of

LB and the possible scaling for the fluctuations.

To verify the existence of the Bolgiano scaling in the bulk region, as observed from Fig.

4.18, we explore different measures of LB. In Fig. 4.20(a), vertical variation of horizontally

time-averaged Bolgiano length 〈LB〉A,t = 〈εu〉5/4A,t 〈εθ〉
−3/4
A,t as a function of Ra is shown. It

can be observed that in general 〈LB〉A,t increases with Ra in the bulk region. However, the

maximum value is of the order ofH/10 which is far separated fromH . This partly supports the

existence of the Bolgiano scaling observed earlier in v and θ spectra. Further, for comparison,

〈LB〉A,t for smooth surface case [83] is shown in Fig. 4.20(b). The trend and the order of LB
are comparable to what is observed in the present work away from the walls. Clearly, owing to

a high εθ near the walls, local measure of LB drops there significantly. However, in the bulk it

shows global maximum as the flow is nearly homogeneous. We observe a consistent trend both

in the rough and smooth geometry with LB increases marginally with Ra.

Theoretically, global estimate of LB can be approximated by using global estimates of ther-

mal and kinetic dissipation rates [18] in Eq. (4.3), as shown below

〈εu〉V,t =
Nu− 1√
RaPr

, 〈εθ〉V,t =
Nu√
RaPr

=⇒ LgB = 〈εu〉5/4V,t 〈εθ〉
−3/4
V,t =

(
Nu− 1√
RaPr

)5/4 ( Nu√
RaPr

)−3/4

=⇒ LgB ≈ Nu1/2/(RaPr)1/4 (for Nu >> 1) (4.4)

A second global measure of LB can also be obtained by vertically integrating 〈LB〉A,t

LAB =

∫ H

0

〈LB〉A,t(y)dy

While LgB includes the spatial inhomogeneity of εθ arising from bulk-plume interaction, LAB
strikes a compromise between the gap in 〈LB〉A,t in the bulk and near-wall region. We show

their variation in Fig. 4.20(c) as a function of Ra. With Nu ∼ Ra1/2 scaling, the above scaling

predicts an Ra−invariant LgB. Both the global measures nearly conform to this argument. Fur-

ther, we note both LgB and LAB have smaller magnitudes than 〈LB〉A,t as they are not as sensitive

to εθ as the local measure is. Also, LgB for smooth surface [83] is appended in Fig. 4.20(c),

where it is seen to drop with increasing Ra. The classical Nu ∼ Ra1/3 scaling when inserted

in Eq. (4.4), one obtains LgB ∼ Ra−1/12. The power law fitting of Ra−1/12 closely follows

the smooth surface data. In the current work, LB is found to be in the admissible limits (not

greater than H) for the realization of the Bolgiano scaling for the explored Ra range, which is
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in agreement with the spectra obtained for temperature and velocity fluctuations in the bulk. In

addition, global Bolgiano length appears to support the classical 1/3 scaling for the smooth sur-

face data, while the much elusive 1/2 scaling shows encouraging signs of consistency with the

estimate LgB ≈ Nu1/2/(RaPr)1/4. Note, in spite of substantial evidence in favour of existence

of the BO59 scaling from different estimates of LB, the result can only be claimed incontestable

when complemented by the results of the spatial structure functions of temperature and velocity.

Also, the two-dimensionality of the problem introduces further complications due to the effect

of inverse energy cascade [95]. Thus, in view of the above considerations, a caution is to be

exercised while invoking the BO59 scaling.

4.8 Decomposition into orthogonal modes

In order to identify the dominant organized mode of heat transfer mechanism and the much elu-

sive coherent structure, we have decomposed the flow field into a number of orthogonal modes.

The basic principle behind proper orthogonal decomposition (POD) [96] is to seek an optimal

basis of orthogonal spatial modes or eigenfunctions for a vector field U(r, t) based on its en-

ergy content
∫
〈U(r, t)2〉t dr. The vector field U(r, t) can be written as a superposition of the

spatial modes φn(r) scaled by their temporal amplitudes an(t) in the following manner

U(r, t) =
∞∑
n=1

an(t)φn(r). (4.5)

Note, the POD modes are arranged in the decreasing order of their energy indicated by the

eigenvalues of an algebraic problem discussed below. To represent the vector field U(r, t) in a

low-dimensional subspace, the decomposition can be restricted to the first few modes encapsu-

lating a large portion of the energy of U(r, t). While applying POD to the natural convection

problem, one needs to decide whether to treat velocity and temperature jointly or independently

[97–99]. The former treatment takes into account the coupling of temperature and velocity

with the introduction of a scaling factor γ. In the present work, the vector field considered is

U(r, t) = [u, v, γθ], where γ is calculated as

γ =

〈
∫

[u2(r, t) + v2(r, t)]dr∫
θ2(r, t)dr

〉
t


1/2

, (4.6)

which essentially allows the energy of both temperature and velocity fields to be equal. The

value of γ is obtained as 1.303.
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Themost energeticmodes of PODhave been consistently looked up to observe the large-scale

structures and determine their role in the heat transfer process. A better understanding of these

structures holds the key to achieve a greater heat transfer rate. Verdoold et al. [100] observed the

primary mode consists of a single roll covering the entire width of the cell atRa = 6×108, while

fluctuating modes revealed two types of flow patterns. In the first type, higher-order modes had

an increased number of rolls. However, for the second type, second and third-order fluctuating

modes depicted diagonal flow patterns. Both types of fluctuating modes appeared randomly in

repeated experiments for the same thermal forcing. Podvin and Sergent [101] using the LES data

predicted that the first two most energetic modes, major benefactors in the vertical heat trans-

fer, consist of rolls aligned in the transverse dimension, while for the subsequent modes they

align in the longitudinal direction. Later, Podvin and Sergent [98, 102] used the POD modes

to investigate the flow structures to seek reasons for the observed flow reversals and cessations.

2D geometry was preferred as it locks the LSC allowing the disentanglement of the different

mechanisms involved in flow reversals. The first three POD modes revealed the dominant struc-

tures as large-scale circulation consisting of a single-roll, symmetry breaking two rolls, and a

quadrupolar flow. They observed that flow reversals are associated with the instability of the

transient double-roll symmetry breaking mode. So far the POD has mainly been used as a tool

to study the features of LSC and its reversals, notably in the low Ra range.

To extract the POD modes, we have implemented the method of snapshots [103], which

essentially allows the modes to be written as a linear combination ofN instantaneous snapshots

of the vector field U(r, t) taken at different time instances ti

φn(r) =
N∑
i=1

U (r, ti)ϕ
i
n (4.7)

The vectors ϕn are followed from the algebraic eigenvalue problem

Cϕn = λnϕn (4.8)

where C is the temporal correlation matrix of the snapshots, calculated as

Cij =
1

N

∫
V

(
u(r, ti) · u(r, tj) + γ2θ(r, ti)θ(r, tj)

)
dr (4.9)

For the lowest Ra(= 108), a total of 400 snapshots are extracted at an interval of 2.5 time

units, while for the highest Ra(= 1011) case nearly 100 discrete temporal frames recorded at

an interval of 0.5 time units are used to construct the eigen modes. Such a choice is driven

by collection of adequate number of time frames to include all possible random events without
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Figure 4.21: Normalized POD eigenspectrum (filled symbols), where ΣNλj = 1, is shown

along with the associated cumulative spectrum (unfilled symbols) for Ra = 108, 109, 1010 and

1011. The difference in energy content between the first and higher-order modes indicates better

mixing and inter-scale energy transfer at higher Ra.

significant overlap. In Fig. 4.21, POD eigenspectrum normalized by ΣNλi is shown along with

the cumulative spectrum for Ra = 108, 109, 1010 and 1011. Note, owing to such normalization

the cumulative sum Σiλi approaches unity as one moves towards the right end of the spectrum.

It can be observed that the first mode captures most of the energy. For Ra = 108, the energy

captured by the first mode is 77%, while for Ra = 1011, it is 62%. The cumulative spectrum

indicates that with increase in Ra energy content in higher order modes is non-trivial. This

occurs owing to the enhanced inter-scale energy transfer and complexity of flowmodes at higher

thermal forcing.

Temperature field superimposedwith velocity vectors is shown for the first and secondmodes

for Ra = 108, 1010 and 1011 in Fig. 4.22. The first mode is seen to weakly represent the mean

flow field, where a layer with very hot (bottom plate) or cold (top plate) fluid covering the rough

surfaces is revealed. Also, the layer enclosing large temperature gradients diminishes with in-

creased thermal forcing, though not uniformly, due to the intricate texture of the rough surfaces.

It also signifies thinning of the TBL. In the bulk, the mean temperature field is nearly homoge-

neous with higher θ at Ra = 108 in comparison to Ra = 1010 and 1011, where it approaches

0.5. The temperature field corresponding to the second mode is at first inhomogeneous, but at

the highest Ra = 1011 we observe increased homogeneity. In the dominant mode, nearly half

of the total temperature drop is noticed near the isothermal walls with a large homogeneous
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bulk region. The second mode is clearly underdeveloped whose contribution in heat transport is

rather insignificant. Interestingly, the covering of TBL on the rough surface is only detected in

the dominant first mode while the subsequent mode only exhibits trapped fluid scattered around

the throats of the roughness.

Figure 4.22: First (left column) and second PODmodes (right column) representing temperature

field superimposed with velocity vectors for Ra = 108 (top row), 1010 (middle row) and 1011

(bottom row). The bulk region clearly assumes a better homogeneous state with near bulk-mean

temperature in the first mode while underdeveloped and unmixed hot (or cold) plumes constitute

the second mode.

From velocity vector field shown in Fig. 4.22, dominant double roll structure (DRS) at

Ra = 108, readily observed from the first mode, are seen to transform into multiple small-

scale rolls at the higher Ra. Increased turbulence with emergence of the small structures from

numerous sites near the rough surfaces supports disintegration of the large-scale rolls leading

to the formation of the local vortices. The second POD mode for both Ra = 108 and 1010

correspond to the double roll state while at Ra = 1011 multiple small-scale rolls are evident.

The above observation hints that with increasing thermal forcing, organization of the flow with

multiple small-scale rolls becomes the natural choice. While DRS at smaller Ra induces a

stronger lateral motion, multiple small rolls at higher Ra promotes direct injection of plumes
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Figure 4.23: Normalized Nusselt number Nun calculated from the first (left column) and second

mode (right column) are shown for Ra = 108 (top row), 1010 (middle row) and 1011 (bottom

row). Note, maximum value of Nu is used for its normalization. Dominant mode of heat trans-

fer occurs with multiple unstable structures while the secondary mode mainly shows the stable

double-roll state.

into the bulk, causing an increased vθ correlation responsible for enhanced heat flux. In Fig.

4.23 we show normalized Nusselt number given by Nu = (RaPr)1/2vθ − ∂yθ computed from

the first two modes for the selected Ra. Note the global maximum of Nu is used to normalize

it. In agreement with our previous observation, at the lowest Ra, dominant flow structures

carrying a large amount of thermal energy are larger in size, while at higher Ra, fine structures

are responsible for the transport of heat. A greater vertical motion induced by multiple small-

scale plumes improves the Nu distribution at higher Ra, which is seen to be confined at smaller

Ra. Thus, stable DRS as a principal carrier of heat does not favor an enhanced heat flux regime

while multiple small pockets of intense plume distribute thermal energy efficiently and also

create numerous nucleation sites for plumes. Break down of DRS into multiple rolls is triggered

by the sharp peaks and uneven valleys near the isothermal surfaces.
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4.9 Summary

The present work explored the effect of random triangular roughness on the flow dynamics and

heat transport properties in a two-dimensional rectangular cell. The inclusion of varied elements

enriched the flow physics such that they and the associated regions assumed distinct roles to en-

able the sustenance of the enhanced heat transfer scaling throughout the explored three decades

of Ra. At lower Ra, only taller elements are active in enhancing plume emission from their

tips, while at higherRa, substantial contributions from the smaller elements are received, which

play a pivotal role in casting aside the saturation of the enhanced heat transport scaling. Plume

regions are clearly identified by high convective heat flux and are observed to be the most potent

coherent structures in enhancing the heat transfer at all thermal forcings. Increased plume emis-

sion frequency in comparison to the smooth surface case is quantified from turbulent buoyancy

production and dissipation, and volume fraction of plumes. Detailed analysis of the near-wall

dynamics reveals the complex role of the roughness elements and the associated throat, val-

ley, and tip regions. Throat regions are inaccessible to the bulk flow at lower Ra. However,

with increasing thermal forcing, penetration of the bulk fluid improves, which is also reflected

through increased velocity fluctuations. Similarly, tip regions associated with smaller roughness

elements get activated at higher Ra such that they start to protrude the TBL and incite plume

emissions which are recorded from temperature fluctuations.

Also, distinct flow dynamics in different throat regions are revealed through vertical profiles

of mean temperature passing through the associated valleys. Evolution of the flatter linear pro-

files to the steeper ones, identical to that observed in a smooth cell for highly confined cavities

from the lowestRa to higherRa, marks the washing away of the cavities. When profiles become

identical to that of the smooth cell, effect of the cavity regions in perturbing the nearby flow is

largely diminished. Depending on whether throat regions are spacious or confined, the transi-

tion to enhanced local heat flux regime undergoes at different thermal forcings. It implies that

the propitious effect of the roughness elements is not lost altogether. Activation of small-scale

roughness elements and highly confined regions at higher Ra promotes the sustenance of the

enhanced heat transfer scaling. Further, the effect of perturbations induced by the roughness

elements in the near-wall regions is felt in the form of increased temperature fluctuations, which

are substantially higher than the smooth surface case. Also, increased movement of the plumes

in the bulk is observed from the long tails of the PDFs of temperature and vertical velocity. From

temporal power spectra of temperature and vertical velocity, increased energy at nearly all scales

of the flow is seen in comparison to the smooth cell at sufficiently high Ra.

TH-3222_176103006



96 Chapter 4. Enhanced Nu scaling in high Ra regime

In the previous fractal roughness studies [42, 79], the effect of the roughness parameters on

the global quantities, Nu and Re, are observed. However, the present study not only deals with

the global parameters but also explores the varying local flow dynamics related to the distinct re-

gions associated with the rough surface. The distinct flow dynamics and their evolution withRa

shed light on the applicability of the small-scale elements at a higher thermal forcing. Thus, the

possible mechanism responsible for sustenance of the enhanced heat transfer scaling at higher

Ra is explored in detail. Also, the various facets pertaining to the altered flow dynamics and

structures with respect to smooth surface case are investigated from different perspectives to es-

tablish a clear distinction between the two cases.

In all, the random multi-scale roughness alters the flow dynamics with diverse responses

of the roughness elements, ultimately aiding in retaining the enhanced heat transfer scaling by

pushing off the arrival of the classical 1/3 scaling. Also, presence of multi-scale random rough-

ness is clearly a better manifestation of the real-life rough surfaces and thermal convection over

them. Hence, the observations from the above study are expected to provide deeper insights into

understanding of real-life flows occurring in nature.
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ROLE OF THE PRANDTL NUMBER IN AUGMENTING Nu

The present study numerically investigates the effect of Prandtl number (0.1 ≤ Pr ≤ 100) on

the flow structures and heat transport mechanism in a two-dimensional rectangular rough cell

of aspect ratio 2, for more than two decades of Rayleigh number (107 ≤ Ra ≤ 5× 109). Large-

scale diffuse structures transform into finer ones with either increase inRa or Pr. The height of

roughness elements relative to the thermal boundary layer (TBL) thickness establishes the level

of perturbations introduced into the system. A stronger thermal forcing or larger Pr facilitates

a thinner TBL which triggers a quicker response from the elements in the emission of plumes.

In comparison to the smooth case, heat transport is enhanced significantly with the introduction

of roughness. The near invariance of Nu with Pr in smooth cells is overcome in the rough

cell, where a monotonically increasing heat flux is obtained. A greater presence of plumes in

the domain is identified by an augmented volume fraction and thermal dissipation from plumes.

Flow intensity measured in terms of global Reynolds number (Re) shows significant improvement

for 108 ≤ Ra ≤ 5 × 109 and 5 ≤ Pr ≤ 100 in comparison to the smooth case. Stagnation

of the fluid inside the roughness cavities is responsible for a lower Re at a smaller Ra or Pr.

The strength of velocity and temperature fluctuations are observed to decay with increasing Pr.

However, in comparison to the smooth cell, greater fluctuations are observed for the rough cell,

especially in the bulk region.

5.1 Introduction

In addition to thermal forcing, Prandtl number has a strong effect on the prevalent dominating

flow structures and the heat transfer mechanism [19, 46, 47]. Verzicco and Camussi [48] demar-

cated two types of flow regimes in their study inside a cylindrical cell covering 0.022 ≤ Pr ≤ 15

for Ra ≤ 2 × 107. The first regime was observed for Pr ≤ 0.35, where large-scale circulation
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(LSC) dominates and is the major benefactor in vertical heat transfer. Owing to the remarkable

contributions, LSC is considered as the “engine” for low Pr convection. Also, in this case, Nu

was found to increase with Pr. The second regime was observed for Pr > 0.35, where thermal

plumes emerge as the major contributor in heat transfer and the role of large-scale circulation is

largely diminished. Here, Nu becomes independent of Pr with the scaling exponent being 2/7.

In general, for low Pr fluids, a thicker thermal boundary layer (TBL) is formed, due to which

there is more tendency of diffusive heat transfer, and hence, fewer and weak plume structures are

formed. However, with an increase in Pr, the thermal boundary layer becomes thinner, favoring

the formation of a greater number of stronger and finer plumes.

Malevsky [49] also highlighted the influence of Pr by observing PDF (Probability density

function) of θ fluctuation along with its spectra. For low Pr, the increasing dominance of large-

scale structures with decreasing Pr leads to the Gaussian-like skirt of the PDFs, while at high Pr,

the emergence of the small-scale structures in the form of isolated fine plumes is responsible for

the exponential-like shape. The above observation is in line with that of Yakhot [51], Solomon

and Gollub [52, 53], where the predominance of large-scale structures is credited in giving Gaus-

sian shape to the PDFswhile small-scale structures enforce the exponential shape. The spectra of

temperature fluctuations measured at different horizontal planes also revealed thePr dependence

where they were found to be steeper with decreasing Pr. Another interesting feature discovered

by Malevsky [49] is the increasing tendency of inverse kinetic energy transfer with the amplifi-

cation of Pr. The same was manifested from the steeper kinetic energy spectra at higher Pr with

the slope of the inertial subrange being close to -11/5 (BO59 scaling [54, 55]). In the literature,

BO59 scaling has been shown to be closely connected to the inverse energy transfer [56, 57].

Huang and Zhou [58] in their 2D study reported anomalous Nu(Pr) relation in comparison

to a 3D cylindrical case for a moderate Ra ≤ 109 and Pr ≈ 2 ∼ 3 range, where Nu settles for a

minimum value rather than attaining maxima as in the 3D case. The reason for the anomaly was

attributed to the competition between the corner rolls and LSC creating counter-gradient heat

transport, which is a striking feature of 2D convection as the fluid lacks the third direction to

escape. Further, heat transfer dependency on Pr was found to diminish with increasing Pr. At

higher Ra ≥ 3× 109, Pr dependency was qualitatively similar to that observed for the 3D case.

Yang et al. [104] also obtained a lack ofPr dependence in heat transfer rate for their experimental

investigation inside a cylindrical cell for 2.63×108 ≤ Ra ≤ 3.89×1010 and 3.58 ≤ Pr ≤ 9.40.

However, Reynolds number showed significant dependence on Pr (Re = Ra0.47Pr−0.72) such

that its value dropped with an increase in Pr. They also observed that the local temperature
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fluctuations weaken with increasing Pr.

van der Poel et al. [50] also highlighted the similar behavior of Nu(Pr) in 2D and 3D cases

for a large Pr, where Nu data for both the cases converged. The largest difference in Nu is seen at

intermediate Pr, which is associated with the difference in LSC dynamics in 2D and 3D cases.

In the 2D case, there is an emergence of a stronger LSC with corner rolls, whereas in the 3D

case, LSC is less pronounced with smaller rolls. They also observed the Pr dependence of the

global Re, where the flow strength was observed to be monotonically decreasing with growing

Pr such that it is always higher for 2D than 3D. However, for a higher Pr, Re for both 2D and

3D converged, which again highlights similar behavior in both the modes. Pandey et al. [59]

reported the similarities between 2D and 3D for large Pr convection. On observing the first

ten most dominant Fourier modes, close resemblances between 2D and 3D convection were re-

vealed. Similar scaling for kinetic (Eu(k) ∼ k−13/3) and temperature spectra (∼ k−2) further

highlighted the behavior in both the cases to be alike. Li et al. [105] experimentally investigated

the effect of Pr on heat transport and flow structures in a quasi 2D rectangular convection cell

for 6× 108 ≤ Ra ≤ 3× 1010 and 11.7 ≤ Pr ≤ 650.7. It was observed that a well-defined LSC

exists for Pr up to 145.7. In this range, the increase of Pr is accompanied by a lesser number of

thermal plumes traversing through the central region of the cell. For the two extreme Pr = 345.2

and 650.7, LSC disappears, and in place of that, slender thermal plumes that move randomly in

the cell emerge. The breakdown of LSC also resulted in a regime transition in the Re(Ra,Pr)

scaling law.

Zhang et al. [106] simulated 2Dflowwith uniform triangular roughness for 107 ≤ Ra ≤ 1011

with constant Pr = 1. It was reported that it takes a critical height (hc) of the roughness ele-

ments to realize enhancement in heat transport. Below hc, rough surfaces inhibit heat transport.

However, hc was observed to decrease with Ra, which explains the prevalence of augmentation

of heat transfer rate at higher Ra. Toppaladoddi et al. [39] using optimized roughness parame-

ters for sinusoidal roughness in a 2D cell of double aspect ratio obtained a heat transfer scaling

exponent of 0.483 for 4 × 106 ≤ Ra ≤ 3 × 109. They interpreted it as the attainment of

the ultimate scaling. However, Zhu et al. [41], refuted the above claim by exploring a wider

108 ≤ Ra ≤ 1012 range. They reported that the roughness facilitated 1/2 scaling is temporary,

and the classical 1/3 scaling returns at a higher Ra range. To overcome the saturation of the

much sought after 1/2 scaling, Zhu et al. [42] introduced three scales of roughness. The above

provision allowed them to sustain 1/2 scaling for a wider Ra range, 108 ≤ Ra ≤ 1011. It was

hypothesized that different roughness length scales introduce thermal boundary layer perturba-
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tions at different Ra. Large scale elements are activated at a lower Ra, while smaller elements

require a larger thermal forcing to assist enhancement in heat transport. To investigate the in-

fluence of spatial arrangement of roughness elements on heat transport mechanism and flow

structures, Dong et al. [107] performed 2D simulations in a square cavity with rough horizon-

tal walls. They observed that the Nu scaling exponent varies depending on how the roughness

elements are populated (dense/sparse). However, the Reynolds number was observed to be in-

sensitive to the spatial arrangement in the employed roughness models.

Xie and Xia [35] experimentally explored Pr influence on Nu(Ra) scaling in a cylindri-

cal rough cell with periodically distributed pyramid-shaped elements for 7.5 × 107 ≤ Ra ≤

1.31 × 1011 and 3.57 ≤ Pr ≤ 23.34. They classified three regimes based on Nu(Ra) scaling.

Regime I experienced no influence of the roughness on Nu(Ra), whereas regimes II and III

revealed enhanced heat transport scaling. The transition from regime I to II happens with the

TBL becoming thinner than the roughness height, whereas the transition from regime II to III is

accompanied by the viscous boundary layer (BL) becoming thinner than the roughness height.

Further, they reported that the larger the Pr is, the higher the enhancement in heat transfer is

possible when a larger aspect ratio of the roughness elements is considered. The reason for the

same was anticipated to be linked with the stronger clustering of thermal plumes.

Recently, Yang et al. [60] while working with a 2D square rough cell, observed the effect

of Pr on the critical height (hc) of the roughness elements above which an enhancement in

heat transfer with respect to a smooth cell can be obtained. They explored 107 ≤ Ra ≤ 109

and 0.01 ≤ Pr ≤ 100, where hc(Pr) revealed three distinct regimes. The regime at low Pr

dominated by LSC shows a decrement of hc with increasing Pr. The regime at moderate Pr,

characterized by strong competition between the corner rolls and the LSC with the advent of

thermal plumes, experiences an increment of hc with the magnified Pr. Lastly, the regime at

high Pr features fine plumes with the weakening of the large-scale flows, where hc follows a de-

creasing trend with Pr. To the best of our knowledge, the effect of Pr in a multi-scale roughness

setup has not been explored, which calls for an in-depth study exploring how flow structures

evolve and are altered at different Ra and Pr in the rough cell.

5.2 Numerical details

All the simulations are carried out in a 2D rectangular cell of aspect ratio Γ = L/H = 2 cov-

ering 107 ≤ Ra ≤ 5 × 109 for 0.1 ≤ Pr ≤ 100. Figure 5.1 shows the schematic diagram of
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Figure 5.1: Schematic of the 2D rectangular convection cell featuring irregular triangular rough-

ness on the horizontal plates. A blown up view of a small portion of the bottom plate depicts

peak, throat and valley regions associated with the roughness elements. Here, h and λ are height

(amplitude) and width (wavelength) of the roughness elements, respectively.

the convection cell with the applied boundary conditions and the detailed roughness geometry

implanted on the top and bottom plates. The horizontal plates consist of irregular rough surfaces

with triangular elements. All the walls admit the no-slip velocity boundary condition. While the

lateral walls are kept adiabatic, the top and bottom horizontal plates are maintained at constant

temperatures.

A grid that is uniform in the horizontal and non-uniform in the vertical direction is em-

ployed such that the regions close to rough surfaces are resolved sufficiently. For adequate spatial

resolution, Kolmogorov length scale (η ≈ Pr1/2/(RaNu)1/4) is resolved. Also, grid indepen-

dence of the simulations, which is discussed later, is ensured for the accuracy of the results. In

Table 5.1, details of the simulation parameters are listed for the rough cases. Note, we have also

performed adequately resolved simulations for the smooth case for the same input parameters

to enable a direct comparison with the rough cases. From Table 5.1, it can be observed that for

Pr = 0.1 cases, the flow adequately resolves Kolmogorov length scale such that for the most

demanding case,Ra = 5×109, ∆xmax/η and∆ymax/η are 0.97 and 1, respectively. ForPr ≥ 1

cases, the resolutions in the horizontal and vertical direction are kept at least 0.85 times of the

Kolmogorov length scale. Note, the reference Nusselt number for calculation of η is taken from

Chand et al. [76]. For temporal resolution, time increment (∆t) is chosen in such a way that it

is smaller than the Kolmogorov time scale
(
ητ =

√
Pr/(Nu− 1)

)
and the maximum Courant

number is always less than 0.2. For the most demanding case (Ra = 5× 109 and Pr = 0.1), the

ratio ∆t/ητ is as small as 8.78× 10−6, and it never exceeds 0.01 for all simulations. The simu-

lations are started from the conduction state, and once a statistically stationary state is reached,
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Table 5.1: Details of simulation parameters for different Ra cases starting from the left: Pr

is the Prandtl number, Nx and Ny are the grid resolution in the x and y directions, ∆xmax/η

and ∆ymax/η are the ratio of maximum grid spacing in x and y directions, respectively, to

the Kolmogorov length scale (η ≈ Pr1/2/(RaNu)1/4), and 〈Nu〉V,t is the calculated global

Nusselt number. Note, for Pr ≥ 1, the Nu is listed for the increasing order of Pr i.e., for

Pr = 1, 5, 10, 20, 50, 100, respectively.

Pr Nx ×Ny ∆xmax/η ∆ymax/η 〈Nu〉V,t

Ra = 107

0.1 1321× 1081 0.49 0.43 10.5

≥ 1 1001× 601 0.20 0.25
(10.9, 13.75, 15.52,

17.31, 18.86, 19.31)

Ra = 108

0.1 1561× 1081 0.85 0.89 23.64

≥ 1 1201× 601 0.38 0.55
(27.40, 31.57, 38.32,

39.15, 44.60, 47.2)

Ra = 109

0.1 3241× 2281 0.84 0.86 55.02

≥ 1 2041× 1081 0.52 0.70
(77.34, 81.21, 90.28,

101.135, 114.05, 120.65)

Ra = 5× 109

0.1 4681× 3241 0.97 1 105.57

≥ 1 2521× 1561 0.73 0.85
(147.63, 165.28, 170.161,

177.36, 190.21, 204.05)

sampling of the data is carried out.

To check the effect of resolution on the solution, four progressively refined meshes (Mi, i =

1 to 4) are tested for convergence of global Nu, and variance of temperature fluctuations, 〈σ2
θ〉V ,

at Ra = 5× 109 for Pr = 1 and 100. The global Nusselt number and variance are calculated as

〈Nu〉V,t =
√
RaPr〈vθ〉V,t − 〈∂yθ〉V,t and 〈σ2

θ〉V =
〈〈
θ(x, t)2

〉
t
−
〈
θ(x, t)

〉2

t

〉
V
. The details of

the mesh refinement study are listed in Table 5.2. It can be observed that for Pr = 1 case, the

maximum variation in 〈Nu〉V,t and 〈σ2
θ〉V between any two successive grids does not exceed 1.4

TH-3222_176103006



5.3. Nusselt number dependence on Ra and Pr 103

and 7.6%, respectively. For Pr = 100, the maximum variation is 1.76 and 7.2% in 〈Nu〉V,t and

〈σ2
θ〉V , respectively. A slightly higher variance of higher order moments is also observed by Top-

paladoddi et al. [79] while considering different flow realizations with fractal roughness. Note,

mesh M3, the chosen one for the simulations, is a perfect blend of adequate spatial resolution

and accuracy of the solution. The mesh refinement study clearly establishes the employment of

requisite spatial resolution of the flow field along with the robustness of the current numerical

setup.

Table 5.2: Details of the grid independence study performed at Ra = 5 × 109 for Pr = 1 and

100 are listed. Here, M3 is the adopted mesh, Nx × Ny is the grid resolution, 〈Nu〉V,t is the

calculated mean Nusselt number, and 〈σ2
θ〉V is the global variance of temperature fluctuations.

Pr = 1 Pr = 100

Mesh (Mi) Nx ×Ny 〈Nu〉V,t 〈σ2
θ〉V 〈Nu〉V,t 〈σ2

θ〉V

(×10−3) (×10−4)

M1 2101× 1381 147.12 2.36 200.64 7.036

M2 2301× 1453 149.18 2.318 200.52 6.832

M3 2521× 1561 147.63 2.494 204.05 7.324

M4 2771× 1681 148.64 2.389 203.98 7.192

5.3 Nusselt number dependence on Ra and Pr

Scaling relation of the global heat transfer rate with imposed thermal forcing is at the heart of

thermal convection. It is calculated as 〈Nu〉V,t =
√
RaPr〈vθ〉V,t−〈∂yθ〉V,t. In Fig. 5.2, Nusselt

number dependence on Pr is explored for both the rough and smooth cells at different Ra. We

observe that the heat transfer rate is lowest for Pr = 0.1. Distinct heat transport mechanism

prevalent in the rough cell is manifested in Nu(Pr) relation. For the smooth cell, Nu is invariant

for Pr ≥ 1. This observation is in line with that reported in various previous studies [48, 50, 58].

Also, for comparison, we have plotted the data of van der Poel et al. [50] (numerical study) and

Li et al. [105] (experimental study). It can be observed that the present data agree well with the

reference data of van der Poel et al. [50] for a smooth cell of unit aspect ratio at Ra = 108 and

0.1 ≤ Pr ≤ 20. Also, the data of Li et al. [105] (quasi 2D study), exhibit weak Pr dependence
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(Ra = 109), but the value of Nu is slightly higher. The slightly higher value can be attributed

to the quasi 2D nature of the problem as Nu is observed to have a higher value in 3D than 2D

[48, 50, 58]. In contrast to the trend followed by Nu(Pr) for the smooth cell, the heat transfer

rate in the rough cell does not saturate for high Pr flows. Here, higher Pr flows are seen to offer

an augmented heat transfer rate. It is quite an interesting result, where the roughness configura-

tion is seen to alter the role of Pr in the heat transfer process. Also, it is clearly evident that Nu

in the rough cell is higher in comparison to the smooth cell except for the low Pr cases at the

lowest Ra = 107.

To establish a Nu(Pr) = APrm relation for Pr ≥ 1, the least-squares fitting is applied to

the data. Note, the data for low Pr (< 1) is not included because of lack of enough data points to

reveal the flow behavior, which is different from the one observed for moderate to large Pr flows.

The details of the fitting parameters are listed in Table 5.3 for both the rough and smooth cells. It

can be observed that the prefactorA amplifies with increasingRa, whereas the scaling exponent

m drops for both rough and smooth cells. Note, the scaling exponent m is a measure of how

rapidly Nu varies with Pr. The drop ofm with increasing Ra is an indicator of declining effect

of Pr on Nu for higher Ra. However, m being significantly higher for the rough case indicates

that the state ofNu becoming invariant ofPr is largely deferred in comparison to the smooth cell.

Table 5.3: Prefactor and exponent of the least-squares fit Nu(Pr) = APrm at different Ra are

listed below for Pr ≥ 1 for both the smooth and rough cells.

Rough Smooth
Ra A m A m

107 11.215 0.129 12.856 0.029

108 27.267 0.123 25.775 0.017

109 73.247 0.106 50.919 0.008

5× 109 146.91 0.067 79.896 0.009

Next, the relation of Nu as a function of Ra is observed at different Pr. In Fig. 5.3(a) and

Fig. 5.3(b), the Nusselt number variation as a function of Ra is presented for rough and smooth

cells, respectively. Further, the compensated plot of NuRa−1/3 for the rough and NuRa−2/7 for

the smooth cell are shown as a function of Ra in Fig. 5.3(c) and Fig. 5.3(d), respectively. Note

the solid lines in frames (a) and (b) of Fig. 5.3 represent the power-law fitting to Pr = 0.1, 1 and

100. The lines of best power fit are not shown for other Pr cases to avoid clutter. From frames

(a) and (b), again, distinct Nu behavior in rough and smooth cells is evident. For the rough case,
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Figure 5.2: Variation of Nu as a function of Pr is shown at differentRa for both the smooth and

rough cells. Note, the power-law fit for Pr ≥ 1 is indicated by solid and dashed lines for rough

and smooth cells, respectively. Data taken from the studies by van der Poel et al. [50] and Li

et al. [105] is also plotted for comparison.

Nu exhibits Pr dependence. For a higher Pr at a given Ra, a greater value of Nu is evident,

whereas for the smooth case, Nu is nearly the same for Pr ≥ 1. To gain insights into the growth

rate of Nu(Ra), the details of the scaling exponent and prefactor for Nu(Ra) = BRan are listed

in Table 5.4. It can be observed that the scaling exponent n is least for Pr = 0.1, while for

Pr = 1, it is highest (valid for both smooth and rough cells). Further, it can be observed that

the scaling exponent n is always higher for the rough cases at any Pr. For smooth surfaces, n

assumes a value close to 2/7. In the higher end of Pr, the scaling exponent, n, is observed to

be nearly constant and invariant of Pr in both cells. The compensated plots shown in frames

(c) and (d) reveal how closely the scaling laws Ra1/3 and Ra2/7 are followed at different Pr

for the rough and smooth cells, respectively. The flatter the data points are at a particular Pr,

the better is their agreement with the perceived scaling exponent. From frame (d), it is evident

that for the smooth cell, the scaling exponent of n = 2/7 is followed closely. However, the

data points for the rough cell at a fixed Pr follow an increasing trend with the increasing Ra

(see frame b), which reveals that n is higher than 1/3. The above observations highlight that Pr

assumes an active role in the presence of roughness to significantly enhance the heat transfer rate

in comparison to the smooth case where Nu is lower and nearly invariant for moderate to large

Pr. Further, note that in frames (a) and (c), experimental Nu(Ra) data reported by Xie and Xia
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Figure 5.3: In (a) and (b), Nu variation with Ra is shown at different Pr for the rough and

smooth cells, respectively. Note, the solid lines, representing power-law fit, are shown only for

Pr = 0.1, 1 and 100 to avoid clutter. The compensated plots of NuRa−1/3 and NuRa−2/7 as a

function of Ra are shown in (c) and (d) for the rough and smooth cells, respectively. In (a) and

(c), Nu data reported by Xie and Xia [35] for pyramidal roughness elements with h/λ = 1 and

h/λ = 1.9 is also shown for comparison at Pr = 4.3.

[35] for pyramidal-shaped roughness elements is shown for cases with aspect ratio, h/λ = 1

and 1.9, of the roughness elements at Pr = 4.3. Similar to our observation, they have also

reported an augmented heat transfer scaling exponent in the presence of roughness. A higher

value of the Nu scaling exponent is observed for a roughness configuration with a greater h/λ.

van der Poel et al. [50], in their study involving the comparison of 2D and 3D results, reported

a higher heat flux in 3D for the same input parameters, Ra and Pr. Lower Nu in the present

2D simulations compared to that reported by Xie and Xia [35] (experimental study) agrees well

with the observation of van der Poel et al. [50] (numerical work).

Note that the scaling exponent obtained in the present study is greater than 1/3, but the

ultimate 1/2 scaling is not realized. In contrast to the roughness studies by Zhu et al. [42]

and Toppaladoddi et al. [39], where scaling exponent close to 1/2 is achieved, the roughness

parameters (h and λ) are not optimized in the present study. Here, irregular roughness elements
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5.4. Flow topology and heat transfer mechanism 107

are incorporated such that there is no bias for any particular combination of h and λ. It highlights

the possible reason for Nu scaling exponents deviating from 1/2.

Table 5.4: Prefactor and exponent of the least-squares fit Nu(Ra) = BRan at different Pr are

listed for both the smooth and rough cells.

Rough Smooth
Pr B n B n

0.1 0.026 0.37 0.171 0.268

1 0.012 0.423 0.097 0.301

5 0.021 0.4 0.144 0.284

10 0.032 0.384 0.157 0.279

20 0.038 0.379 0.145 0.284

50 0.044 0.377 0.145 0.284

100 0.040 0.383 0.152 0.282

5.4 Flow topology and heat transfer mechanism

Prevalent flow structures in RBC have a close connection with the primary heat transfer mecha-

nism. In addition to the applied thermal forcing, which is represented byRa, the Prandtl number

serves as an important input parameter that influences flow structures [19, 46]. It is a widely

accepted notion that in a rough convection cell, flow dynamics and structures are altered in

comparison to a smooth convection cell [30, 38, 41, 42], which enhances the heat transfer rate

when thermal boundary layer thickness becomes comparable with the height of the rough sur-

face. The efficacy of employing rough surfaces is recently concluded to be dependent on thermal

forcing [41]. For periodic rough surfaces, enhanced heat transport scaling exponent ceases to

exist at higherRa range when flow perturbations due to rough surfaces diminish. Efforts to pro-

long the propitious effect of rough surfaces in enhancing heat transfer led to the introduction of

multi-scale rough surfaces [42], which provided augmented heat transport for an even larger Ra

range. The success of the multi-scale surfaces at large thermal forcing is attributed to the ther-

mal plumes triggered by small-scale elements. Till now, majority of roughness studies explored

the response of a rough cell for varying Ra. However, there are only a few studies in a rough

cell that take into account the role of Pr in connection to the flow structures and heat transfer

mechanism.

In Fig. 5.4(I), snapshots of instantaneous temperature field are shown for the rough cell for

Ra = 108, 109, and 5 × 109 at Pr = 0.1, 10, and 100. The evolution of flow structures with
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Figure 5.4: Snapshots of the instantaneous temperature field for the (I) rough convection cell are

shown at Ra = 108 (a-c), Ra = 109 (d-f) and Ra = 5 × 109 (g-i) for Pr = 0.1, 10 and 100.

In (II), temperature field is shown for the smooth cell at Ra = 108 (a-b), Ra = 109 (c-d) and

Ra = 5× 109 (e-f) for the extreme Pr = 0.1 and Pr = 100.

increasing Ra and Pr can be observed from the temperature fields. For low Pr = 0.1, a thick

thermal boundary layer (TBL) over the rough surface is evident atRa = 108 (see frame a). There

are only a few plumes, which are of larger size, emanating mainly from the taller roughness el-

ements. There is no significant contribution from small-scale elements as they are buried deep

inside the thermal boundary layer, incapable of promoting plume emission. AsRa increases, the

fluid layer of very high/low temperature on the bottom/top surface becomes thinner (see frames
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Figure 5.5: Variation of mean vertical velocity of plumes (vplm) as a function of Pr is compared

between the rough and smooth cells for Ra = 108 and Ra = 5× 109.

d and g). It leads to more number of roughness elements now protruding the TBL, the effect of

which is evident in terms of a surge in plume nucleation sites. At Ra = 5 × 109, flow struc-

tures appear to be extremely fine and are highly localized. It can be observed that nearly all the

roughness elements are involved in the plume nucleation and emission process.

It can be observed that for a given thermal forcing, an increase in Pr leads to the emergence

of finer flow structures with a thinner TBL (see frames b, e, and h). For Pr = 100 (frames c,

f, and i), there is strong clustering of fine mushroom-shaped plumes near the rough surfaces. It

is interesting to note that for a thermal forcing as low as Ra = 108 (frame c), plume emission

sites are significantly higher for Pr = 100 in comparison to lower Pr cases (see frames a-c).

The reason for the increased plume nucleation sites can be attributed to the activation of the

small-scale roughness elements. The thinner TBL, in case of large Pr, allows early activation

of the small-scale elements. Hence, stronger and increased flow perturbations are perceived in

the flow at higher Pr even for a lower Ra. Another interesting observation is that though flow

structures become finer with increasing Ra, they still manifest contrasting features for varied

Pr. For instance, at the highest Ra = 5 × 109 and Pr = 100, plumes are visibly finest and

immensely localized in comparison to other Pr cases.

To compare the flow structures with a smooth convection cell for the same input parameters,

we observe the snapshots of instantaneous temperature field data for the two extreme Pr (= 0.1

and 100), as shown in Fig. 5.4(II). The progression of large-scale flow structures into fine-scale

intense structures is evident here also when either thermal forcing or Pr is increased. How-

ever, the intensity of the emitted plumes is relatively weaker than observed for the rough cells.
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Also, there is trivial plume-bulk interaction in contrast to the rough cells, where the localized

emission of plumes, i.e., from the tips of the roughness elements, promotes better plume-bulk

interaction. The existence of a strong temperature gradient at the tip of roughness elements is

responsible for the stimulation of intense plume emission. In line with the general expectation,

it can be observed that bright detached flow structures (plumes) visibly span a larger portion of

the convection cell for the roughened cells. The prominent presence of plumes in a rough cell,

which are comparatively more energetic than that observed in a smooth cell, is an indication of

enhanced heat transfer.

An estimate of the intensity of thermal plumes can be obtained by observing mean instanta-

neous vertical velocity of the plumes. The procedure for demarcation of the fluid volumes into

plume or background dominated regions is described in detail in section 5.5. The mean vertical

velocity (vplm) is obtained by taking volume average of the absolute vertical velocity over the

plume regions as described below

vplm =
1

VΩ

∫
Ω

|v|dv such that Ω : |v′θ′|/Γ′ > δ (5.1)

Note, Ω refers to the regions which satisfy the plume criterion, VΩ is the volume of the plume

regions, Γ′ signifies the instantaneous global maximum of |v′θ′| and δ is the threshold parameter

whose value is chosen as 5% for identifying plumes. In Fig. 5.5, vplm is shown as a function of

Pr atRa = 108 and 5×109 for both smooth and rough cases. It can be observed that, in general,

vplm is comparable for the rough and smooth cases at Ra = 108. At a lower Ra, viscous forces

remain largely stronger that hinder the emergence of the energetic plumes even from the rough

surfaces. For the flow at the lowest Pr = 0.1, there is clearly a significant reduction in vplm
because of the formation of a thicker TBL, which not only obstruct the motion of flow inside the

roughness cavities but also the formation of potent plumes. The true benefits of roughness are

realized with the increase of thermal forcing, where the protrusion of roughness elements over

the TBL yields stronger and greater number of plumes. The same is evident for 5× 109, where

vplm is found to be significantly higher for the rough case. A higher vplm serves as an indicator

of the increased plume strength, which is realized with roughness at a higher thermal forcing.

5.5 Plume statistics

Thermal plumes are one of the most important flow structures that act as thermal carriers in

transporting heat in bottom heated configuration. The introduction of rough surfaces is inti-

mately linked to augmenting the emission of extra thermal plumes, which ultimately manifests
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Figure 5.6: Variation of volume fraction of plumes (Vpl) and background (Vbg) as a function of

Ra is explored for different Pr at threshold (a) δ = 5% and (b) δ = 10% for the rough cell.
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Figure 5.7: Plume volume fraction (Vpl) as a function of Ra is compared between the rough and

smooth cells for different Pr at (a) δ = 5% and (b) δ = 10%.

in the form of enhanced heat transfer compared to the smooth case. To detect plume-dominated

regions from the turbulent background, Emran and Schumacher [88] suggested that plumes are

associated with a strong correlation between vertical velocity (v′) and temperature (θ′) fluctua-

tions. Temperature fluctuation is calculated as θ′(x, t) = θ(x, t) − 〈θ(x)〉A,t, whereas vertical

velocity fluctuation is defined as v′(x, t) = v(x, t) as 〈v〉A,t = 0. The criteria for detection of

plume and background regions employed in the present study is modified as,

Vpl = x ∈ V : |v′θ′|/Γ′ > δ

Vbg = x ∈ V : |v′θ′|/Γ′ ≤ δ.
(5.2)
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as a function of Ra at different Pr. Top row shows the data based on δ = 5% criterion, while
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Here, Vpl and Vbg represent the volume fractions of plume and background dominated regions,

respectively, Γ′ is the instantaneous global maximum of |v′θ′|, and δ is a free parameter control-

ling the threshold scale. Note, to account for the previously ignored yet significant anomalous

motion of the plumes, i.e., the downwardmotion of hot plumes or upwardmotion of cold plumes,

the absolute value of |v′θ′| is used as opposed to the signed correlation proposed by Emran and

Schumacher [88]. This provision is important as a 2D configuration lacks an extra direction for

the fluid to escape. It explains the need to incorporate the non-intuitive motion of plumes. If

the conventional plume detection method is used, then plumes exhibiting anomalous motion, in

other words, negative v′θ′, go undetected and are misinterpreted as background regions.

In Fig. 5.6, the variation of volume fractions of plume (Vpl) and background (Vbg) regions as

a function of Ra is shown for different Pr at thresholds δ = 5 and 10%. Note, the two different

thresholds identifies plumes reasonably well and are used to see their effect on the volume frac-

tions. It can be observed that for all Pr cases, irrespective of δ, Vpl drops with increasing Ra,

while Vbg climbs in order to compensate for the diminishing Vpl. The results are in agreement

with the general consensus that higher the thermal forcing is, greater is the extent and role of the

turbulent background. Note, in general, higher the Pr is, smaller is the value of Vpl, which is in

line with the observation that plume structures emerge finer as Pr is increased and are likely to

cover a relatively smaller fraction of the cell volume.

The increased plume emission in the rough case is expected to exhibit a higher Vpl than the

smooth counterpart. In Fig. 5.7, a direct comparison is made between Vpl of smooth and rough

cells for different Pr as a function of Ra at δ = 5 and 10%. It is clearly evident that the rough

cases have significantly higher Vpl for all Pr when Ra ≥ 108. At Ra = 107 and Pr = 0.1

and 1, the heat transfer rate remains comparable in both the cells. However, for Pr = 50 and

100, Nu is significantly higher in the rough cases. At the lower Pr, owing to a thicker TBL,

fluid is stuck inside the cavities and is unable to effect perturbations in the flow, which explains

the inability of a rough cell in augmenting the heat transfer. However, at a higher Pr, a greater

number of roughness elements introduce perturbations in the system because of a thinner TBL,

which ultimately yields a larger Nu.

Further, the variation of thermal dissipation, εθ = (RaPr)−1/2|∇θ|2, contributed by the

plume (εpl) and background (εbg) regions with Ra is explored in Fig. 5.8, for different Pr at

δ = 5 and 10%. The dissipation contributions are calculated as

εpl =

〈∫
Vpl

εθ(x, t)dV

〉
t

and εbg =

〈∫
Vbg

εθ(x, t)dV

〉
t

,
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114 Chapter 5. Role of the Prandtl number in augmenting Nu

where, εθ(x, t) is the local non-dimensional thermal dissipation rate. We observe plume and

background regions tend to contribute less to εθ as Ra is increased. The same is evident from

the monotonic decrease of both εpl and εbg with increasing Ra for all Pr. Note, the decay of

the net thermal dissipation rate (εpl + εbg) is in accordance with the exact relation 〈εθ〉V =

〈Nu〉V /
√
RaPr. For a fixed thermal forcing, a lower Pr flow exhibits higher εpl and εbg, while

they drop significantly as Pr increases. Another observation is that irrespective of δ or Pr, εbg
is higher than εpl. It is a general expectation that a higher Vbg should yield a higher εbg. Now, if

we refer Fig. 5.6, it can be readily observed that Vbg exceeds Vpl almost for all cases irrespective

of δ, which explains the perceived dominance of εbg. Also, a direct comparison between smooth

and rough cells is made for εpl as a function of Ra and Pr at δ = 5 and 10%, as shown in

Fig. 5.9. It can be observed that in line with the higher Vpl in the rough cell, εpl is found to

be substantially higher than the smooth cell at all Ra and Pr. Note, the decay rate of εpl in the

rough cell is smaller than that observed for the smooth cell. It essentially highlights that the extra

plume contributions received from roughness elements are sustained for the entire explored Ra

range.

5.6 Reynolds number dependence on Ra and Pr
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Figure 5.10: Re-dependence on Pr is explored for different thermal forcings in rough and

smooth cells.

Flow strength developed in the convection cell due to the applied thermal forcing exhibits

a strong dependence on the type of fluid used and has close links to the heat transport process.
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Figure 5.11: Variation ofRewithRa is shown at different Pr for (a) rough and (b) smooth cells.

Note, the solid black lines correspond to the least-squares fit to the data.

Table 5.5: Prefactor and exponent of the least-squares fit Re(Ra) = ARan at different Pr are

listed for both the smooth and rough cells.

Rough Smooth
Pr A n A n

0.1 0.895 0.51 12.176 0.382

1 3.358× 10−3 0.679 9.158× 10−3 0.629

5 1.477× 10−4 0.741 5.798× 10−4 0.670

10 3.377× 10−5 0.777 3.708× 10−4 0.640

20 5.764× 10−6 0.816 4.751× 10−5 0.697

50 1.007× 10−6 0.841 2.458× 10−6 0.783

100 7.937× 10−8 0.928 6.119× 10−7 0.798

Intensity of the flow is usually described in terms of the Reynolds number [50, 106], which can

be quantified as

Re =
√
〈u · u〉V,tRa/Pr

In Fig. 5.10, Reynolds number dependence on Pr is shown for both smooth and rough cells at

different Ra. It can be observed that for a fixed Pr, a higher Ra yields a stronger flow strength.

However, for a fixedRa, increasing Pr is seen to attenuate the flow intensity. On comparingRe

between smooth and rough cells, enhanced flow strength in the rough cell is clearly evident for

108 ≤ Ra ≤ 5 × 109 and 5 ≤ Pr ≤ 100. For lower Pr = 0.1 and 1, the enhancement of Re

due to rough surfaces is observed only in the higher Ra range (≥ 109). The reason for not real-

izing an enhanced Re for lower Ra is associated with the immobility of fluid inside the cavities,

where the flow is largely viscosity dominated. However, at higher Pr, owing to the thinner TBL,
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cavity regions are easily ventilated by the bulk flow, promoting stronger fluid motion, which is

responsible for an increased Re. Note, contrary to our previous observation that Nu loses its

dependence on Pr in the smooth cell, Re(Pr) dependence is not lost in either of the cells.

In Fig. 5.11,Re dependence onRa is observed for both the rough and smooth cell configura-

tions. The increasing trend of Re with Ra is clearly evident here for both the smooth and rough

configurations. From Fig. 5.11, it is easy to observe that at the highest Ra = 5× 109, a higher

Re exists for the rough cell at all Pr when compared to the smooth cell. To establish a relation

of the form Re(Ra) = ARan, we have applied the least-squares fitting to the data. The de-

tails of the scaling exponent and prefactor are listed in Table 5.5. In general, it can be observed

that the scaling exponent, n, increases as Pr is increased, while the prefactor (A) diminishes

with Pr in both the cells. Most importantly, at any fixed Pr, n is higher for the rough cells.

Increased exponent highlights that the flow strength is largely influenced by the introduction of

rough surfaces.

5.7 Statistics of temperature and vertical velocity fluctuations

Figure 5.12: (a) Schematic diagram representing tip, throat and valley regions corresponding to

a rough surface. (b) Location of numerical probes selected in the vicinity of the bottom surface

and bulk region is shown in a magnified view.

Observing fluctuations of temperature and velocity reveal a great deal of information about

the dominating flow structures and dynamics in different regions of a convection cell. Distinct

flow regions associated with a rough surface can be mainly categorized as above the tips, be-

tween two roughness elements (throat) and the area deeply embedded between them (valley).

The regions are shown schematically in Fig. 5.12(a). To unravel flow characteristics of different

regions in the cell, we have chosen numerical probes at suitable locations, shown in Fig. 5.12(b).

Note, time series data is recorded at a non-dimensional sampling rate of 100 units, i.e., data is

stored after every 10−2 non-dimensional time units.
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Figure 5.13: Time series of temperature for a short interval of time is shown for probes in the tip

(a-b), throat (c-d), and bulk (e-f) regions for Ra = 109 at different Pr. Location of the probes

can be referred from Fig. 5.12(b).

In Fig. 5.13 and Fig. 5.14, time series of temperature and vertical velocity, respectively, are

observed for the selected probes above the tips (Probes 1 and 2), in the throat (Probes 3 and 5),

and in the bulk (Probes 6 and 7) for Ra = 109 over a short span of time. It is easy to observe

that probes close to the wall regions exhibit greater temperature fluctuations than the ones in the

bulk where flow is nearly homogeneous. For a fixed region, both temperature (θ′) and vertical

velocity (v′) fluctuations exhibit large magnitude for the lowest Pr = 0.1. As Pr is increased,

they are largely diminished, and the flow becomes quieter. In contrast to θ′, v′ is large in the

bulk and it diminishes in the near-wall regions. The distinct nature of v′ and θ′ in the bulk is

because of the nearly homogeneous temperature field, while v is position-dependent. It other

words, temperature fluctuations always fluctuate around the mean θ ∼ 0.5. However, mean ver-

tical velocity varies with horizontal direction in the bulk because of the influence of the multiple

large scale rolls present in the system.

To compare the intensity of the fluctuations between rough and smooth cells, variance of

temperature (σ2
θ ) and vertical velocity (σ2

v) fluctuations as a function of vertical height (y) is

observed for Ra = 5 × 109 at different Pr, as shown in Fig. 5.15. Note, the variance of a

quantity φ at a given vertical height (y) is calculated as σ2
φ(y) =

〈〈
φ(x, t)2

〉
t
−
〈
φ(x, t)

〉2

t

〉
A
,
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Figure 5.14: A segment of time traces of vertical velocity is shown for probes in the tip (a-b),

throat (c-d), and bulk (e-f) regions for Ra = 109 at different Pr. For location of the probes,

refer Fig. 5.12(b).
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Figure 5.15: A comparison is made between the rough and smooth cells for variance of (a)

temperature (σ2
θ ) and (d) vertical velocity (σ2

v) as a function of the vertical height at the highest

Ra = 5 × 109. Frames (b) and (c) show the magnified view of the variation of σ2
θ in the bulk

and near-wall region of the bottom plate, respectively.

where 〈〉A represents horizontal line average. As evident from Fig. 5.15(a), σ2
θ is higher for the

rough cell at all Pr. In Fig. 5.15(b), magnified view of the variation of σ2
θ for the bulk region

is shown, where amplification of temperature fluctuations is easily evident in the rough cell. A

close up view close to the bottom plate shown in Fig. 5.15(c) also corroborates the finding of
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Figure 5.16: Power spectra of temperature (b,d,f,h) and vertical velocity (a,c,e,g) are shown for

probes in the near-wall (a-d) and bulk regions (e-h) forRa = 5×109. For location of the probes

refer Fig. 5.12(b).

10
­2

10
­1

10
0

10
1

10
­11

10
­9

10
­7

10
­5

10
­3

10
­1

(b)

10
­2

10
­1

10
0

10
1

10
­11

10
­9

10
­7

10
­5

10
­3

10
­1

(c)

10
­2

10
­1

10
0

10
1

10
­11

10
­9

10
­7

10
­5

10
­3

10
­1

(d)

10
­2

10
­1

10
0

10
1

10
­11

10
­9

10
­7

10
­5

10
­3

10
­1

(a)

SmoothRough  

Pr 0.1       100      0.1     100

Figure 5.17: Power spectra of temperature (a-b) and vertical velocity (c,d) are compared between

the rough and smooth cells in the bulk region at mid-height of the cell at Ra = 108 and Ra =

5× 109.

the increased θ fluctuation for the rough case. Note, θ fluctuations in the bulk are maximum for

the lowest Pr = 0.1, and the increase of Pr results in diminishing of strength of the fluctuation

for both the smooth and rough cells. However, in contrast to the bulk region, the maximum

fluctuation for the rough cell is observed for the highest Pr = 100. As Pr decreases, there is a

reduction in intensity of θ fluctuation. For the smooth cell, θ fluctuation follows a similar trend

as observed in the bulk region, i.e, temperature fluctuation is maximum for the lowest Pr. The

reverse role of Pr close to the rough walls is associated with the activation of plume emission

sites. A large Pr flow with a thinner TBL expedites the activation of the roughness elements in

emitting energetic plumes, which is responsible for the increased θ fluctuation. The strength of

vertical velocity fluctuations, as shown in Fig. 5.15(d), is also significantly enhanced with the

introduction of the rough surfaces. In agreement with our previous observation that the lower
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Figure 5.18: Evolution of temporal PDFs of temperature is observed for the probes in the throat

regions for varying Pr and Ra. Frames (a-c), (d-f), and (g-i) represent data for probes 3, 4, and

5, respectively. For a given probe, the effect of increasing Pr can be observed by comparing the

frames from left to right. Refer Fig. 5.12(b) for location of the probes.

Pr flows are highly turbulent, the maximum values of σ2
θ and σ2

v are obtained corresponding to

the lowest Pr = 0.1 in the bulk region, while they are substantially dampened at the highest

Pr = 100. The increased strength of temperature fluctuation close to the rough surfaces at a

higher Pr flow is a result of the increased perturbations from the roughness elements.

Power spectra of velocity and temperature fluctuations reveal information about the energy

cascade and the associated small-scale dynamics prevalent in the system. In Fig. 5.16, power

spectra of temperature and vertical velocity are shown for probes near the bottom plate and in

the bulk region at Ra = 5× 109 for different Pr. It can be observed that the energy content for

both v and θ fluctuations are particularly higher for a lower Pr, and with the increase in Pr, it

diminishes. The observation is in line with our previous discussion based on vertical profiles of

variance of the fluctuations.

Further, we compare the spectra for rough and smooth cases in Fig. 5.17 at Ra = 108 and

5× 109 for the lowest and highest Pr = 0.1 and 100, respectively. It can be observed that the v
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5.7. Statistics of temperature and vertical velocity fluctuations 121

Figure 5.19: Snapshots of instantaneous temperature field for near-wall region close to the bot-

tom plate are shown for (a-b) Pr = 0.1 and (c-d) Pr = 100 at Ra = 108 and 5× 109.

and θ spectra for smooth and rough cases are comparable at Ra = 108. However, at the highest

Ra = 5× 109, the spectra corresponding to rough surfaces show significantly increased energy

levels at nearly all scales of the flow. The increased energy content for the rough cell is attributed

to the activation of the small-scale roughness elements at a higher Ra in emitting plumes. At

a lower Ra, the immobility of fluid due to stronger viscous force hinders the introduction of

roughness facilitated perturbations in the system, which is responsible for the comparable en-

ergy content between smooth and rough cells.

In Fig. 5.18, the evolution of temporal PDFs of temperature for probes 3, 4, and 5 (throat

regions of the rough bottom surface) is observed as a function of Ra for three different Pr. At

any fixed Pr, we observe that the mean temperature is maximum for the lowest Ra = 107,

where fluid is trapped inside the roughness cavities. As thermal forcing increases, flow mobility

leads to ventilation inside the cavities, which is reflected from the reduced mean temperature

as the peaks of the PDFs shift towards the lower temperature. Also, the PDFs acquire a wider

skirt/base as Ra is increased. For the lowest Pr = 0.1 (first column of Fig. 5.18), though in-

crease in Ra leads to a wider skirt yet no clear peak of the PDFs is perceived. However, for the

highest Pr = 100, a wider skirt and a distinct peak of the PDFs are observed with increasing

Ra. It again highlights the distinct flow dynamics prevalent in the near-wall regions at different

Pr. At a fixed thermal forcing, varying Pr from 0.1 to 100 results in augmented occurrence of

low temperature events. The most probable temperature or the peak of the PDFs starts to shift
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towards θ = 0.5, which is an indicator of a stronger penetration of the bulk fluid inside the throat

regions. The result can also be understood from the fact that for higher Pr flows, TBL is thinner,

which allows a quicker invasion of the cavity regions by the bulk in comparison to a lower Pr

flow.

Distinct evolution of temporal PDFs with Ra, as observed above for the throat regions at

different Pr, can be explained by observing instantaneous temperature field close to the bot-

tom plate. In Fig. 5.19, snapshots of instantaneous θ field are shown for Pr = 0.1 (a-b) and

Pr = 100 (c-d) atRa = 108 and 5×109. It can be observed that atRa = 108, throat regions are

covered by a thick layer of high-temperature fluid, which is responsible for a higher mean tem-

perature. It is clearly evident that TBL is thinner for Pr = 100. For the highest Ra = 5× 109,

the flow is highly homogeneous for Pr = 100 with very fine flow structures in comparison to

Pr = 0.1. Also, the cavity regions are largely invaded by the bulk fluid. This is the reason for

the realization of a mean temperature close to θ = 0.5 in the form of clearer peaks in the θ-PDFs.

Note the plume contributions from the roughness elements are still present for Pr = 100, but as

plumes are finer in size and highly streamlined while moving into the bulk region, their effect in

stimulating θ fluctuations is not perceived appreciably in the cavity regions. The time-series data

shown in Fig. 5.13 also substantiates the above finding. However, for Pr = 0.1, the flow even at

the highestRa = 5×109 exhibits relatively larger thermal structures emanating from the rough-

ness elements, which periodically makes their way inside the roughness cavities. In other words,

the intermittent burst of relatively large hot thermal structures from the roughness elements adds

to the inhomogeneity in the cavities and thus, responsible for the occurrence of high temperature

events inside them. Owing to the above reasons, we still observe an augmented weightage to the

high-temperature events. Hence, the distinct peaks of the PDFs are not pronounced even at the

highest Ra = 5× 109.

5.8 Boundary layer profiles

Thermal boundary layer bears a strong relationship with the heat transport mechanism in natural

convection. The oldest scaling theory given by Malkus [13] relates the decoupling of top and

bottom TBLs with the classical scaling law, Nu ∼ Ra1/3. Later, Kraichnan and Spiegel [15, 16]

proposed that in the limit of a very high Ra, BLs undergo a transition from laminar to turbu-

lent state, resulting in an enhanced heat transport with negligible resistance due to momentum

and thermal diffusivities. The aforementioned high Ra regime is known as the “ultimate” or
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Figure 5.20: (a) Schematic shows the procedure employed for the estimation of local TBL thick-

ness (λθ). Note, the vertical distance away from the walls with maximum temperature fluctuation

gives λθ.

“asymptotic” regime with the scaling law, Nu ∼ Ra1/2. In the roughness context, it is now

well established that the augmented heat transport is realized with the thickness of TBL being

comparable to the amplitude of the roughness elements. Since both Ra and Pr influence the

behavior of different scales of roughness elements, it is interesting to observe the connection

between TBL thickness and the level of perturbations introduced into the system by rough sur-

faces.

In Fig. 5.20, the procedure employed to determine the edge of TBL is illustrated, where the

vertical location of maximum temperature fluctuation away from the wall [89] gives local λθ. In

Fig. 5.21(a-b), variation of TBL along the horizontal direction is observed as a function of Pr

at Ra = 108 and 5 × 109, respectively. From frame (a), it can be observed that TBL thickness

decreases with increase in Pr. For Ra = 5× 109, TBL is thinner and is starting to envelope the

rough surface. The differences in TBL thickness at different Pr are largely diminished as ther-

mal forcing is increased. Further, from Fig. 5.21(c-d), horizontal variation of TBL is observed

for differentRa at Pr = 0.1 and Pr = 100, respectively. It is clearly evident that TBL is thickest

for the lowest Ra = 107 and Pr = 0.1. The reason for the same can be attributed to a weaker

buoyancy force, which is responsible for the immobility of the fluid inside the cavities. TBL

for Pr = 100 cases is comparatively thinner than Pr = 0.1 with a better conformity with the

rough surface texture. A thinner TBL at a higher Pr allows stronger participation of roughness

elements in emitting plumes, which is responsible for significant enhancement in heat transfer

rate.

Further, we have computed the global TBL thickness using the horizontally-time averaged
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Figure 5.21: Horizontal variation of local TBL thickness is shown as a function of Pr in (a) at

Ra = 108 and (b) Ra = 5× 109, while in (c) and (d), the variation is shown with Ra for fixed

Pr = 0.1 and Pr = 100, respectively. Note, for simplicity in presentation, only a portion of the

bottom surface is shown.
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Figure 5.22: Variation of global TBL thickness as a function of Pr is shown for differentRa for

both smooth and rough cases.

rms profile of temperature fluctuation. In Fig. 5.22, variation of λθ as a function of Ra and Pr

can be observed for both the smooth and rough cells. At a fixed Pr, the decrease of λθ with in-

creasing Ra is clearly evident here. Note, for the rough case, λθ is significantly thicker because

of the fluid entrapment inside the cavities. For the rough cell, it can be observed that, in general,

λθ decreases with Pr. In the higher Pr range, the change in λθ is observed to be marginal. For

the smooth case, λθ is observed to be nearly invariant for Ra ≥ 108 in Pr ≥ 5 range. From the

above discussion, it can be inferred that the choice of the input parameters,Ra and Pr, is seen to

influence the growth of TBL. As the effectiveness of the rough surfaces depends on the relative

size of the roughness elements and TBL thickness, the flow dynamics can be largely controlled
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by Ra and Pr to realize an enhanced heat transfer rate.

5.9 Summary

The present work attempts to find the role of Pr in influencing flow structures and the prevalent

heat transport mechanism in a two-dimensional rough rectangular convection cell. We show

the importance of the choice of fluid, in addition to the applied temperature forcing, in real-

izing augmented heat transfer rate from the roughened cell. The distinct role played by Pr in

the presence of roughness is evident in the form of a monotonic increase of Nu with increasing

Pr. The result is a significant improvement to the nearly invariant Nu observed in the smooth

cell. At a lower Pr, a thick layer of hot/cold fluid is observed above the top/bottom plate, while

a higher Pr is associated with a thinner thermal boundary layer (TBL). For the former, large-

scale diffuse structures are prevalent, while for the latter, fine mushroom-shaped structures are

discharged from the near-wall regions. At a lower Ra, since roughness elements are embedded

beneath the TBL, plume emission from them is thwarted. The creation of numerous nucleation

sites and subsequent frequent plume emission is observed at higher Pr as more and more rough-

ness elements penetrate the TBL. At a given Ra, since a high Pr flow boasts of a thinner TBL,

roughness elements become thermally active quickly. This results in augmented Nu at higher

Pr.

In comparison to the smooth case, plumes are observed to span a wider extent of the do-

main in the rough cell. Also, they are more localized and intense, which finally yield greater

heat transport. The level of flow perturbations effected by rough surfaces can be controlled by

either increasing Ra or Pr or both. A direct comparison of flow intensity measured in terms

of the global Reynolds number between rough and smooth cells reveal that Re is superior for

the rough cell for a larger Ra or Pr. The diminished flow intensity for extremely low Ra or

Pr can be attributed to the entrapment of fluid inside the roughness cavities, where the flow is

largely viscosity dominated. Further, the comparison of variance of temperature and vertical

velocity between the smooth and roughened cells shows that the fluctuations are strengthened

in the bulk in the presence of roughness. The increased energy of the fluctuations in the rough

case is also substantiated by their power spectra. At a given thermal forcing, the fluctuations at-

tenuate on increasing Pr, which is an indicator of the flow becoming quiescent. Temporal PDFs

of temperature in the throat regions highlight the distinct flow behavior at varying Pr. The ap-

pearance of a distinct sharp peak of the PDFs around θ = 0.5 for the highest Ra = 5 × 109 at
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Pr = 100 indicates effective penetration of the bulk fluid inside the cavities. However, for the

lowest Pr = 0.1, an intermittent burst of large plumes from the roughness elements continue

to mark their presence in the throat regions, which does not allow the development of a distinct

peak in the PDF, and the mean temperature is still quite higher than the bulk mean temperature

(0.5).

Lastly, distinct behavior of TBL over rough and smooth surfaces at different Pr is explored.

Global TBL thickness is observed to be relatively thicker for the rough case and follows a de-

creasing trend with Pr. In the smooth cell, the invariant nature of global λθ is observed in the

higher Pr and Ra range. Further, we observe that the ability of rough surfaces to influence

flow structures depends on the geometric parameters of the roughness elements and the input

parameters, Ra and Pr. At the lowest Pr = 0.1 and Ra = 107, TBL is thickest with nearly

no interaction with the rough surfaces. However, as Ra and Pr are increased, thickness of the

TBL becomes comparable with the height of the roughness elements, which assists detachment

of thermal structures from the rough surfaces and enhances the heat transfer rate.

TH-3222_176103006



6
DOMINANT HEAT TRANSFER MECHANISM WITH CONICAL

ROUGHNESS

In this chapter, the effect of Prandtl number in heat transfer mechanism in turbulent Rayleigh-

Bénard convection is explored in a cubical box endowed with conical roughness elements on the

isothermal plates. The simulations are carried out at the fixed Ra = 108 with Pr varying from

1 to 50. It is observed that the trends followed by Nu in 2D and 3D configurations are different.

In contrast to the monotonic increasing trend of Nu (Nu ∼ Pr0.27) in the 2D roughness explored

previously in chapter 5, Nu assumes an invariant behavior (Nu ∼ Pr0.012) as a function of Pr

though it is approximately 50% higher than its smooth counterpart. Flow intensity, measured

in terms of Reynolds number, shows comparatively lower values for the 3D configuration with a

general decreasing trend with Pr. The addition of the roughness elements is observed to have

an effect on the preferred orientation of LSC. The effect is predominant for low Pr, where the

roughness interferes most with the natural bias of LSC towards the diagonal planes of the cubical

box. Further, we have distinguished the active flow mechanism in different Pr using plume

statistics, temporal PDFs, power spectra, and variance of vertical velocity (v) and temperature

θ, thermal and viscous dissipation rates, and cross-correlation of v and θ fluctuations.

6.1 Introduction

Though 2D simulations reveal a great deal of information about global heat transport scaling

laws prevalent in high Ra flows, they are not the actual representation of the flows occurring in

nature. Real-life flows are innately predisposed to 3D. To enhance our understanding of real-life

flows, we carry out 3D simulations in a rectangular cell at Ra = 108 with 1 ≤ Pr ≤ 50, where

both the top and bottom plates are populated with cones as roughness elements, as shown in

Fig. 6.1. The location, geometric parameters, amplitude and radius, of a roughness element are

127
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128 Chapter 6. Dominant heat transfer mechanism with conical roughness

randomly assigned on both the plates such that the ratio of amplitude to radius of all the elements

remains unity.

Distinct flow behavior in 2D and 3D smooth cells has been previously highlighted in various

studies [50, 58, 59]. The differences are divulged in LSC behavior, plume dynamics, heat trans-

fer mechanism, flow intensity as well as in the energy cascade process. Huang and Zhou [58],

while comparing their 2D data with the 3D results in a cylindrical cell, observed anomalous

Nu(Pr) relation. They found that for a moderate Ra ≤ 109 and Pr ≈ 2 ∼ 3 range, Nu attains a

minimum value rather than a maximum as observed in the 3D case. The reason for this behavior

was attributed to the manifestation of a strong competition between corner rolls and LSC, which

creates a strong counter gradient heat transport and, thus, results in a diminished overall heat

transfer rate. With the increase in Pr, the difference in heat transfer rate between 2D and 3D

cells is diminished [50]. In the higher Ra range, Pr dependency is observed to be qualitatively

similar in both 2D and 3D cases [50]. The lack of extra direction in 2D promotes stronger LSC

[50] with corner rolls. The effect of which is evident in a stronger flow strength in comparison

to a 3D case where plumes are not confined in a particular plane. The behavior of fluctuations

in 2D and 3D cases in the inertial subrange is also observed to be distinct. It is observed that

2D flows mainly exhibit the inverse energy cascade process [63, 95]. In other words, energy is

transferred from smaller eddies to larger ones, and not the other way around.

In the above discussion, the effect of dimensionality on fluid turbulence emerges without

Figure 6.1: Roughness setup in the cubical convection cell is shown.
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considering the effect of addition of rough surfaces. It is a general understanding that rough

surfaces, whether linked to 2D or 3D convection cells, promote enhancement in heat transfer

when their amplitude becomes comparable to or smaller than the thermal boundary layer thick-

ness [35, 39–42, 79, 82, 108, 109]. In both 2D and 3D roughness studies, the importance of the

choice of the geometrical attributes of roughness elements is clearly established. Plume contri-

butions from taller roughness elements are perceived early at a lower Ra, while it takes a larger

thermal forcing to expose smaller roughness elements to the edge of the TBL and effect pertur-

bations into the system. The width of the roughness elements or the spacing between them is also

an important parameter that decides whether the roughness facilitated cavity regions are washed

by the bulk fluid. When the elements are crowded too closely, fluid gets trapped in the cavity

regions and thus, hinders heat transport. On the other hand, when elements are too sparsely

populated, the flow mechanism resembles that of a smooth cell, and no significant enhancement

in heat transfer rate is achieved. It takes an optimum spacing/width of roughness elements to

maximize plume emission. Note that in 2D configuration, fluid gets severely trapped inside the

roughness cavities at a lower Ra. However, in the case of 3D, the availability of an extra direc-

tion promotes relatively better fluid mobility inside the cavities [108]. This is the reason that in

a 3D roughness configuration, modest or no reduction in heat transfer rate is observed at a lower

thermal forcing, whereas in the 2D rough cells, reduction in Nu is more pronounced.

The choice of fluid, marked by Pr, plays a pivot role in the evolution of dominant flow struc-

tures in the system [19, 46, 47]. Low Pr fluids exhibit disposition for large-scale structures,

whereas high Pr flows are accompanied by fine thermal structures. It is quite interesting that in

spite of varying prevalent flow structures at different Pr, the heat transfer rate in the moderate to

high Pr range is nearly the same [48]. In other words, Nu is invariant of Pr. However, in recent

studies [35, 60], it has been shown that Pr may assume an active role in controlling Nu when

roughness is introduced in the system. Xie and Xia [35] conducted their study inside a cylindri-

cal cell with periodically distributed pyramid elements for 7.5 × 107 ≤ Ra ≤ 1.31 × 1011 and

3.57 ≤ Pr ≤ 23.34. They considered different aspect ratio (λar = h/λ = 0.5, 1, 1.9, 4) of the

roughness elements. They observed an interesting result whereNu corresponding toPr = 23.34

is observed to be significantly higher than that at Pr = 3.57. The result is quite remarkable and

unexpected, as in case of a smooth cell, Nu peaks around Pr ∼ 3 to 4, and beyond that Nu

becomes invariant of Pr. However, the increment in Nu at the highest Pr = 23.34 showed

a stronger dependence on λar. The increment in Nu at λar = 4, 1.9, 1 and 0.5 is recorded as

50%, 34%, 4% and −8%, respectively. In other words, a higher aspect ratio of the roughness
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elements yielded a greater heat transfer rate, whereas a lower λar did not confer a greater en-

hancement in Nu. The study showed evidence of Pr assuming an active role in deciding the

global heat transfer rate. Recently, Yang et al. [60] performed 2D simulations in a rough square

cell, where they highlighted the role of Pr in deciding the critical height (hc) of the roughness

elements above which Nu increases with respect to a smooth cell. For 107 ≤ Ra ≤ 109 and

0.01 ≤ Pr ≤ 100, they observed three distinct regimes for hc(Pr). The regime at low Pr,

which is dominated by LSC, exhibits a decreasing hc trend with increasing Pr. The moderate

Pr regime sees an advent of thermal plumes and thus, creating strong competition between cor-

ner rolls and LSC. This regime experiences an increase of hc with increasing Pr. The high Pr

regime is characterized by very fine plumes such that the strength of large-scale flows is largely

diminished. Here, hc decreases with the increment of Pr. The above-mentioned study again

brought about the nuances that decide the effectiveness of Pr in enhancing Nu in a roughness

facilitate cell. Bhattacharya et al. [110] carried out 3D simulations inside a cubical box, where

they investigated the effect of Prandtl number (0.02 ≤ Pr ≤ 100) on the small-scale properties

at the fixed Ra = 107. It was observed that kinetic energy spectra obey the Kolmogorov scaling

of ∼ k−5/3 for low Pr (≤ 1), while for high Pr (� 1), a steeper scaling (∼ k−2.5) was noticed.

The increase of Pr was linked to damping of amplitudes of kinetic energy spectra and those of

the velocity structure functions. Through PDFs of local convective heat flux, they observed that

the strength of heat flux fluctuations augments with increasing Pr. The reason for the same was

attributed to different plume morphology at low and high Pr flows.

Note that though computationally favorable 2D roughness studies are quite lucrative, espe-

cially in exploring the prevalent heat transfer scaling laws in the high Ra range, the underlying

flow mechanism in various real-life flows is quite different than revealed in 2D. To imitate 3D

real-life flows occurring in nature, we introduce irregular conical-shaped roughness structures on

both the top and bottom isothermal plates with random locations in a cubical cell. The idea of a

random selection of the roughness elements is consistent with the rough surfaces encountered in

nature. So far, majority of the studies in literature involvedmono-scale or other simple roughness

structures, which is a rather simplified/unrealistic version of thermal convection taking place in

real-life flows. Thus, with the present 3D-roughness setup, we aim to gain an in-depth knowl-

edge of the role of Pr in altering flow structures and global heat transport in a highly complex

and realistic roughness texture.
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6.2 Numerical details

The simulations inside a cubic box provided with irregular conical roughness elements on the

isothermal plates are solved for a fixed Ra = 108 with Pr varying from 1 to 50. All the walls

admit no-slip velocity boundary condition. While the top and bottom roughened plates are main-

tained at constant temperatures, lateral walls are kept adiabatic. Using a standard randomnumber

generator, the amplitude and location of the centroid of the base of cone is assigned. The aspect

ratio of a conical element, defined as the ratio of its height to radius, is kept unity. The amplitude

of the conical elements vary within 5% to 10% of H . The cones are populated in such a way

that a minimum clearance of 0.01H is maintained between them. Further, the maximum change

in heat transfer area due to the addition of conical elements is restricted to 20% of the base area

of the isothermal plates. Note that for a direct comparison with the rough case, we have also

performed sufficiently resolved simulations in a cubic box with smooth surfaces.

Table 6.1: Details of the grid independence study performed at Ra = 108 for Pr = 1 and 50

are listed. Here, M3 is the adopted mesh, N3 is the grid resolution, 〈Nu〉V,t is the calculated

mean Nusselt number, and 〈σ2
θ〉V is the global variance of temperature fluctuations. Note that

alongside 〈Nu〉V,t and 〈σ2
θ〉V , their absolute relative changes (in parenthesis) with respect to the

preceding coarse mesh are also listed.

Pr = 1 Pr = 50

Mesh (Mi) N3 〈Nu〉V,t 〈σ2
θ〉V 〈Nu〉V,t 〈σ2

θ〉V
(×10−3) (×10−3)

M1 2403 48.9 5.007 51.3 2.77

M2 2603 48.83(0.143%) 5.001(0.12%) 51.3(0%) 2.739(1.2%)

M3 3003 48.23(1.23%) 4.815(3.72%) 50.96(0.66%) 2.68(2.15%)

M4 3203 48.39(0.33%) 4.832(0.35%) 51.1(0.27%) 2.677(0.11%)

A grid that is uniform in the horizontal directions and non-uniform in the vertical direction

is used to sufficiently resolve the boundary layer regions. A Mesh refinement study, the details

of which are presented in Table 6.1, is conducted to ensure the results are independent of the

adopted grid resolution. It can be observed that both the global Nu and variance of temperature

fluctuations 〈σ2
θ〉V converge quite well for the four progressively refined meshes (Mi, i = 1− 4)
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Figure 6.2: Vertical profiles of variance of temperature (σ2
θ ) obtained at different mesh resolu-

tions are shown for (a-c) Pr = 1 and (d-f) Pr = 50. The insets in (a) and (d) show blown-up

view in the bulk region, while (b,c,e,f) show the same close to the walls.

used for Pr = 1 and 50 cases. For Pr = 1 case, the maximum variation in 〈Nu〉V,t and 〈σ2
θ〉V

between any two successive grids does not exceed 1.4 and 3.8%, respectively. For Pr = 50,

the maximum variation is 0.7 and 3.3% in 〈Nu〉V,t and 〈σ2
θ〉V , respectively. Further, we compare

vertical profiles of horizontally-averaged variance of temperature for the selected mesh resolu-

tions in Fig. 6.2. The profiles match quite well with maximum deviations of 5.29% and 4.285%

for Pr = 1 and Pr = 50 cases, respectively. The adopted grid (M3) of 300 × 300 × 300 en-

sures adequate spatial resolution such that the maximum grid spacing in the vertical direction is

smaller than the Kolmogorov length scale.

To ensure adequate time resolution, time increment is kept lower than the Kolmogorov time
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Figure 6.3: Comparison of global Nu with that reported by Kaczorowski and Xia [70] for the

smooth cubical box. Also, deviation in the Nusselt number, ∆Nu =
∣∣(Nu/Nuref ) − 1)

∣∣, from
the reference case is reported.

TH-3222_176103006



6.3. Heat transport mechanism 133

scale with the maximum Courant never exceeding 0.2. Turbulent statistics are collected for at

least 250 free-fall time units once the statistically stationary state is realized. To confirm the

convergence of the statistics, we compare the mean global Nu obtained from the complete sam-

pling range and from the last half of it. We observe a maximum deviation of 1% in Nu among

the Pr cases, refer Table 6.2, which confirms the statistical convergence of the simulations. The

present numerical setup has been validated in the past for smooth cells in both cubic and cylin-

drical geometries. The comparison of the global heat fluxes with that reported by Kaczorowski

and Xia [70] (numerical work) for a smooth cubic cell at Ra = 108 for Pr = 0.7 and 4.3 match

quite well with a maximum deviation of 0.62%, refer Fig. 6.3.

Table 6.2: Global Nusselt number Nu averaged over the entire sampling duration is compared

with NuII obtained from the last half of the sampling.

Pr Nu NuII ∆Nu =
∣∣1− (NuII/Nu)

∣∣
1 48.22 47.74 1.00%

4.3 51.47 51.39 0.15%

10 51.55 51.37 0.35%

20 50.91 50.93 0.03%

50 50.90 51.00 0.20%

6.3 Heat transport mechanism

Nusselt number and its scaling lie at the heart of thermal convection. In smooth cells Nu asymp-

totically reaches the exponent 5/12 for 2D and 1/2 for 3D [41]. However, the addition of rough-

ness imparts the same asymptotic scaling of 1/2 in both 2D and 3D [35, 39, 41, 42, 82, 109].

In addition to 3D simulations being computationally expensive to unravel flow physics at high

Ra, the above observation led to extensive 2D simulations with rough surfaces. The effect of

flow dimensionality is that a 2D flow manifests a stronger large-scale circulation driven by the

ordered motion of the thermal plumes. It contrasts with a 3D flow, where plumes have the lux-

ury of escaping through the extra lateral direction. As most flows in nature are 3D, a thorough

understanding of their dominant heat transfer mechanism is needed.

In Fig. 6.4(a), the variation of Nu with Pr is shown for both 2D and 3D rough cells at

Ra = 108, while Fig. 6.4(b) represents the relative change in Nu with respect to the smooth cell,
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defined as ∆Nu = Nu/Nus− 1. It can be observed that the trends followed by Nu in 2D and 3D

configurations are different. Nusselt number is nearly invariant of Pr (Nu ∼ Pr0.012) in case

of the 3D cell, while in the 2D rough case, Nu obeys an increasing scaling law, Nu ∼ Pr0.127.

It is interesting to note that there is only a difference of about 2% between 2D and 3D data for

Nu at Pr = 50. The result bears a strong resemblance to the observation in smooth cells [50]

where Nu in 2D and 3D tend to converge at a high Pr. The relative increase in Nu with respect

to the smooth case for 3D rough configuration is about 50% for all Pr, while for the 2D case,

it is 86% for Pr = 50 and 1.4% for Pr = 1. The reason for the reduced effectiveness of the

roughness in 2D flows at lower Pr can be attributed to the greater confinement of fluid inside the

cavities. In the case of 3D, roughness cavities are not covered from all directions, allowing fluid

to escape them. Hence, greater mobility inside the roughness cavities for 3D allows achieving

an augmented Nu even at a low Pr.

Reynolds number is used to quantify flow intensity developed in the system in response to

the applied temperature gradient between the horizontal isothermal plates. Mathematically, it is

defined in terms of dimensional variables as

Re =
UH

ν

The non-dimensional variable version of the Reynolds number obtained using the free-fall ve-

locity (
√
βg∆TH) and height of the cell (H) as the reference scales is obtained as

Re = U∗
√
βg∆TH H

ν
=⇒ Re = U∗

√
βg∆TH3

να

√
α

ν

=⇒ Re =

√
Ra

Pr
U∗

Here, U∗ signifies the suitable velocity for calculating Re. In our calculations, the velocity is

chosen such that it represents the maximum of rms (horizontally averaged) of fluctuations [84].

The Reynolds number based on maximum values of rms of u′ and v′ andw′ is termed asReurms,

Revrms, and Rewrms, respectively. In Fig. 6.5, variation of Re with Pr is shown. For a better

comparison, data for the 3D smooth case and 2D rough cell is also shown. It can be observed

that irrespective of the choice of the velocity scale, flow intensity drops with the increase in

Pr. Among the compared cell configurations, Re at a fixed Pr is highest for the 2D rough cell,

followed by the 3D rough and smooth cases. The reason for the higher flow intensity in 2D con-

figuration can be attributed to a more coherent and constrained flow of plumes. Further, it can

be observed that for a fixed Pr, the maximum deviation in flow strength between the 2D and 3D
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Figure 6.4: Nusselt number (Nu) and its relative change with respect to the smooth cell, ∆Nu =

(Nu/Nus) − 1, as a function of Pr are shown at Ra = 108. Here, R and S signify rough and

smooth cases, respectively. The solid lines in (a) show least-squares fitting for the rough cells,

while dashed ones correspond to the smooth cases.
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Figure 6.5: Variation of different measures of Re as a function of Pr. Note solid lines represent

power law fittings to the 3D roughness data.

rough cases is observed from Reurms estimate. For the 3D configurations, it can be observed

that Reurms and Rewrms are comparable, while Revrms is slightly on the higher side. Least-

squares fit to the data reveals a Re(Pr) = APrm relation. The details of the fitting parameters

for different cell configurations are listed in Table 6.3. Comparison ofm between the 3D rough

and smooth cases clearly illustrates that Re for the former decays slowly with increasing Pr.

In Fig. 6.6, isosurfaces of temperature are shown for instantaneous data close to the bottom

heated plate for different Pr. The change in flow dynamics with increasing Pr can be readily

observed. At Pr = 1, flow structures emitted from the roughness elements are thicker with a
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Table 6.3: Prefactor and exponent of least-squares fitRe(Pr) = APrm are listed for the different

cell configurations.

Study U∗ A m

(×103)

Rough (3D)

urms 1.122 −0.844

vrms 1.486 −0.767

wrms 1.025 −0.847

Smooth (3D)

urms 1.030 −0.926

vrms 1.261 −0.842

wrms 1.058 −0.942

Rough (2D)
urms 3.050 −0.888

vrms 2.922 −0.901

stronger mixing among them. However, with the increase inPr, they emerge finer and columnar.

It is generally perceived that large-scale circulation is dominant in low Pr flows [48, 51–53] and

with increasing Pr, its strength diminishes with the emergence of finer and distinctive plumes.

To observe dominating flow structures and their orientation in the present roughness setup, we

chose four different planes represented as HP, VP, D1, and D2 to analyze isosurfaces of temper-

ature, as shown in Fig. 6.7. Here, HP represents the horizontal plane taken at mid-height of the

cell, VP is the vertical plane at z = 0.5, and D1 and D2 are the diagonal planes. In Fig. 6.8,

instantaneous temperature fields for the selected planes are shown, where transformation of large

flow structures into finer ones on increasing Pr is readily evident. At Pr = 1, see frames (a-d),

we can observe a large-scale mean flow in VP, D1, and D2 planes. However, with the increase

in Pr, there is an emergence of isolated fine plumes with weakened mean flow. The result is

in agreement with the previous observations where the weakening of large-scale circulation is

reported for higher Pr flows.

Further in Fig. 6.9, we project the strength of angular rotation (ω) of fluid flow, calculated

about the geometric center of the cubic cell, onto the chosen directions (x, y, z and normals to

diagonal planesD1 andD2) to identify the preferred orientation of the large-scale mean flow in

both rough and smooth configurations. Large-scale circulation is one of the fascinating features

of turbulent Rayleigh-Bénard convection, where a nearly coherent roll structure of large length
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Figure 6.6: Isosurfaces of temperature at Pr = (a) 1, (b) 4.3, (c) 20, and (d) 50 are shown for

the bottom plate with θ = 0.6 and 1. Flow structures transform from thicker at low Pr to finer

and columnar with increasing Pr.

Figure 6.7: Schematic showing chosen planes to observe flow orientation and structures.

scale exists in the system with warm fluid rising and cold fluid sinking in a circular or elliptic

path. This large-scale circulation (LSC) is also known as the “wind of turbulence”. The genesis
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Figure 6.8: Temperature fields at different planes HP, VP, D1, and D2 are shown for (a-d) Pr =

1, (e-h) Pr = 4.3, (i-l) Pr = 20, and (m-p) Pr = 50. Note that HP is a horizontal plane taken

at mid-height of the cell, while the positions of vertical (VP) and diagonal planes (D1 and D2)

are shown in frame (a).

and sustenance of LSC are quite intriguing to the research community. In the literature [111],

thermal plumes are believed to be the ones that initiate and sustain LSC. It is observed that during

the course of motion of LSC, its plane can undergo significant angular shifts. This phenomenon

is called “reorientation”. It can occur in two ways. The first is rotation led, where reorientation

takes place without a change of amplitude of LSC, and the second is cessation led [112, 113],

where the amplitude of LSC vanishes during the reorientation. Reorientation of LSC is typically

known to cause flow reversals, which are of major interest to the scientific community.

In the case of a smooth cubic cell, it is observed that LSC is locked in one of the diago-

nal planes [114] and has strong implications on the heat flux. In the following, we attempt to

observe the relative rotational strength of large-scale flow structures in the chosen directions
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Figure 6.9: Mean Angular velocities along different axes passing through the center of the (a)

rough and (b) smooth cells are shown as a function of Pr. Note that ωD1 and ωD2 (refer Fig.

6.7) are along the axes perpendicular to D1 and D2 planes, respectively.

for the rough and smooth cubical cells. Time series data of mean angular velocity 〈ω〉V about

geometric centre of the cube is recorded at fixed intervals of 0.01 non-dimensional time units.

The measure of angular rotation about the Cartesian directions x, y, and z is termed as ωx, ωy,

and ωz, respectively, while about the diagonal planes, D1 and D2, it is defined as ωD1 and ωD2,

respectively. To obtain rotational strength in a given direction, we project 〈ω〉V onto it. In the

following, the procedure employed for quantification of ω in the chosen directions is described

ω(x, t) = ω1(x, t)̂i+ ω2(x, t)ĵ + ω3(x, t)k̂ (6.1)

ωx = 〈|〈ω1〉V |〉t =

〈∣∣∣∣〈w(x, t)

y − 0.5
− v(x, t)

z − 0.5

〉
V

∣∣∣∣〉
t

(6.2)

ωy = 〈|〈ω2〉V |〉t =

〈∣∣∣∣〈 u(x, t)

z − 0.5
− w(x, t)

x− 0.5

〉
V

∣∣∣∣〉
t

(6.3)

ωz = 〈|〈ω3〉V |〉t =

〈∣∣∣∣〈 v(x, t)

x− 0.5
− u(x, t)

y − 0.5

〉
V

∣∣∣∣〉
t

(6.4)

ωD1 = 〈|〈ω · n̂D1〉V |〉t (6.5)

ωD2 = 〈|〈ω · n̂D2〉V |〉t (6.6)

where, n̂D1 and n̂D2 are the unit normal vectors to the D1 and D2 planes, respectively. It can be

observed from Fig. 6.9 that, in general, large-scale rotational tendency drops with an increase in

Pr for both rough and smooth configurations. Compared to the smooth case, ω is augmented for

the roughened cell. The general drop in ω with increasing Pr signifies attenuation of turbulent

mixing of the fluid, which is in agreement with our previous observations made from isosurfaces

of temperature in Fig. 6.8. From Fig. 6.9(a), it can be observed that for the roughened cubic

cell, ωz is relatively higher than both ωD1 and ωD2 for Pr ≤ 10. It hints that the preferential
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direction of rotation of large-scale structures is altered with the addition of rough surfaces. From

Fig. 6.9(b), it is readily evident for the smooth configuration that, in general, either of ωD1 or

ωD2 dominates. The result follows the general agreement, where a higher rotational tendency is

expected along the diagonal planes because of LSC residing in them. In the higher Pr regime,

the advent of the isolated and columnar flow structures weakens the strength of the large-scale

circulation. As a result of which, we observe that deviations among ω in the chosen directions

diminish significantly, which is more apparent for the smooth case. It suggests that the bias of

large-scale structures towards any particular direction is diminished with the amplification of

Pr. In a nutshell, it can be summarized that at low Pr, flow orientation is largely influenced by

roughness such that the natural bias of LSC towards diagonal planes is interrupted. However,

at higher Pr, the emergence of finer isolated plumes moving randomly into the bulk suppresses

the bias of flow towards any particular direction.

6.4 Plume statistics

In this section, we attempt to explore the role of plume and background regions in controlling

heat transfer rate as a function of Pr. The identification of plume and background regions

involves choosing a suitable threshold that demarcates them based on the strength of correlation

of v′ and θ′. The fluctuations are computed as

θ′(x, t) = θ(x, t)− 〈θ(x)〉A,t (6.7)

v′(x, t) = v(x, t) as 〈v〉A,t = 0 (6.8)

Also, we have distinguished the contributions coming from hot and cold plumes such that posi-

tive temperature fluctuations are linked with the former, while negative ones are the hallmark of

the latter. It has enabled us to further decompose plumes into hot and cold ones. The criterion

employed for the detection of plume and background regions is described below

Ωpl = x ∈ V : |v′θ′|/Γ′ > δ (6.9)

Ωplc = x ∈ V : |v′θ′|/Γ′ > δ and θ′ < 0 (6.10)

Ωplh = x ∈ V : |v′θ′|/Γ′ > δ and θ′ > 0 (6.11)

Ωbg = x ∈ V : |v′θ′|/Γ′ ≤ δ. (6.12)

Here, Ωpl and Ωbg signify volume occupied by plume and background regions, respectively.

Decomposition ofΩpl into hot and cold plume regions provide their volume coverage asΩplh and
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Figure 6.10: Threshold dependence of (a) absolute mean vertical velocities, (b) mean tempera-

tures, and (c) volume fractions of hot and cold plumes are shown as a function of Pr.
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Figure 6.11: Variation of (a) Vpl and Vbg along with their (b) contributions in thermal dissipation

rate, εpl and εbg, respectively, is shown as a function of Pr at different thresholds.

Ωplc, respectively, Γ′ denotes instantaneous global maximum of |v′θ′|, and δ is a free parameter

that is used to define the threshold limit for plume identification. The threshold limits used in

this study are δ = 1, 3, 5, 7 and 10%. For the calculation of volume fractions, the volumes of

different regions are normalized by the effective net volume of the cell. The volume fractions of

hot, cold, and entire plume regions are represented as Vplh, Vplc and Vpl, respectively, while for

the background region, it is Vbg.

The intensity of hot and cold plumes can be revealed by analyzing their vertical velocity and

mean temperature. Hot plumes are expected to have a higher mean temperature than the mean

bulk temperature (θ = 0.5) of the fluid, while cold ones have a lower mean temperature. Thermal

plumes being energetic fluid parcels possess high vertical velocity during their movement into the

bulk. It is natural for cold plumes to follow the downward motion and for hot plumes to ascend.

Thus, in the following discussion, to compare the strength of vertical velocity associated with hot
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and cold plumes, we only consider v in the absolute sense. In Fig. 6.10, the variations of absolute

mean vertical velocity (vplh/vplc), mean temperature (θplh/θplc) and volume fraction (Vplh/Vplc)

associated with hot and cold plumes are shown as a function of Pr at different thresholds. The

quantities are calculated in the following manner

vplc =

〈
1

Ωplc

∫
Ωplc

v(x, t)dV

〉
t

(6.13)

vplh =

〈
1

Ωplh

∫
Ωplh

v(x, t)dV

〉
t

(6.14)

θplc =

〈
1

Ωplc

∫
Ωplc

θ(x, t)dV

〉
t

(6.15)

θplh =

〈
1

Ωplh

∫
Ωplh

θ(x, t)dV

〉
t

(6.16)

From Fig. 6.10(a), it is evident that the absolute mean vertical velocity of both hot (vplh) and cold

(vplc) plumes diminish with increasing Pr. It is in agreement with flow becoming quiescent at

an augmented Pr. Further, it can be observed that both vplc and vplh are comparable irrespective

of the choice of δ. From Fig. 6.10(b), we can observe that for δ > 1%, mean temperature

of hot/cold plumes (θplh/θplc) increases/decreases with the increase in Pr. It substantiates that

the plumes emerge brighter and more intense (temperature sense) such that they do not diffuse

quickly for a largePr. From Fig. 6.10(c), it can be observed that the volume fraction of hot (Vplh)

and cold (Vplc) plumes are comparable for δ > 1%. It is in agreement with general expectation

of equal volume coverage by hot and cold plumes.

In Fig. 6.11, variation of volume fractions of plume (Vpl) and background regions along

with their contributions, εpl and εbg, respectively, in thermal dissipation rate is shown with Pr.

Note that in the following discussion, when we refer to plume regions, we collectively consider

contributions from hot and cold plumes. The calculations for εpl and εbg are described below

εpl =

〈∫
Ωpl

εθ(x, t)dV

〉
t

and εbg =

〈∫
Ωbg

εθ(x, t)dV

〉
t

,

From Fig. 6.11(a), it can be observed that as Pr is increased the effective net volume occu-

pied by the plumes (Vpl) drops with the increasing Pr, whereas for the background-dominated

regions (Vbg) rises. The diminishing coverage of plumes in the domain results from their emer-

gence as finer and distinct flow structures with increasing Pr. As evident from Fig. 6.11(b), the

trends followed by εpl and εbg are similar to that followed by Vpl and Vbg, respectively. Plumes

are known to be associated with higher thermal dissipation rates [86]. Since plumes cover a

relatively smaller portion of the domain as Pr increases, their net contribution to the net ther-

mal dissipation rate also diminishes, while for the background, it is the other way around. As

TH-3222_176103006



6.5. Statistics of fluctuations 143

a consequence of which, it can be observed that at the highest explored Pr = 50, the differ-

ence between εpl and εbg is maximum. An interesting observation is that εpl becomes so small at

Pr = 50 that it appears to converge for the different thresholds.

In Fig. 6.12, a direct comparison between plume statistics of the 3D rough and smooth cells

is made for the explored Pr cases at δ = 5% and 10%. It can be observed that for Pr > 1,

both vplc and vplh are higher for the rough case. It signifies that plumes are energized in the

presence of rough surfaces. Further, a higher θplh or a lower θplc, in comparison to the smooth

case, highlights that plumes emerge brighter in the roughened cell. Interestingly, θplc is lower

than that observed for the smooth cell at all the explored Pr, while θplh assumes higher values

for Pr ≥ 1. From frames (c) and (f), it is evident that volume fractions of hot and cold plumes

are higher than that for the smooth counterparts for all Pr. It substantiates the emission of extra

plumes in the roughness configuration.

20 40

0.4

0.42

0.44

20 40
0

0.1

20 40

0.05

0.1

0.15

20 40
0.56

0.58

0.6

20 40
0

0.1

20 40

0.05

0.1

0.15

Figure 6.12: Comparison between 3D rough and smooth cells for mean vertical velocity (left

column), temperature (middle column) and volume fraction (right column) associated with hot

and cold plumes.

6.5 Statistics of fluctuations

The study of the behavior of fluctuations promises to reveal insightful information about the

dominating heat transport mechanism in the system. The transformation of larger flow structures
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to finer ones with increasing Pr or Ra can be observed from PDFs of temperature and verti-

cal velocity. Yakhot [51], Solomon and Gollub [52, 53] observed that dominance of large-scale

structures imparts Gaussian shape to temperature PDFs. However, the prevalence of small-scale

structures over larger ones yields an exponential shaped θ-PDF. The same can also be observed

from Fig. 6.13, where θ−PDFs at higher Pr show a clear, distinct peak with exponential shape,

and at lower Pr, PDFs obey Gaussian-like distribution. The appearance of sharp peaks of the

PDFs with a large amplitude around θ ≈ 0.5 signifies the robustness of the mean flow tem-

perature state. In general, we can observe that as Pr increases, tails of the PDFs get shortened.

Further, due to squeezing of the skirts at higher Pr, amplitude of the PDFs rises around the peak,

while around the tails it subsides. It also hints at the diminishing strength of θ fluctuations at

higher Pr. In the case of vertical velocity PDFs, events with zero-vertical velocity become more

pronounced with increasing Pr. Also, it can be observed that the probability of high amplitude

velocity events drops substantially with the increase of Pr. Information regarding the variations

of symmetry and shape of the PDFs of θ and v observed at different vertical locations is re-

vealed from the skewness and flatness of the distributions. In Figs. 6.14(a-b), vertical variations

of skewness of temperature (Sθ) and vertical velocity (Sv), respectively, are shown for different

Pr. In Figs. 6.14(c-d), the variation is shown for flatness of θ (Fθ) and v (Fv), respectively. The

calculations for skewness and flatness are performed in the following manner

Sθ =
〈θ′3〉A,t
〈θ′2〉3/2A,t

, Sv =
〈v′3〉A,t
〈v′2〉3/2A,t

Fθ =
〈θ′4〉A,t
〈θ′2〉2A,t

, Fv =
〈v′4〉A,t
〈v′2〉2A,t

(6.17)

Recall that skewness, the third-order moment, is a measure of the asymmetry of a distribu-

tion around its mean value. Flatness, the fourth-order moment, indicates the peakedness of a

distribution that is the degree to which data is concentrated about the mean. A higher value of

flatness of distribution is associated with a distinct peak around the mean, while a lower value of

flatness indicates a flat top near the mean with no clear or distinct peak. Note that for a perfectly

symmetric distribution, skewness is zero, and flatness for the normal distribution is three. It can

be observed that values of both Sθ and Sv are nearly zero in the center of the cell, which is in

agreement with the symmetry of the temporal PDFs of θ and v observed above. Significantly

higher values of Sθ and Sv close to the isothermal plates are an indicator of anisotropic behav-

ior, which is expected because of the emergence of thermal plumes. The emergence of sharper

peaks with increasing Pr in the distribution of temperature and vertical velocity in the bulk, as
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Figure 6.13: Temporal PDFs of (a) temperature and (b) vertical velocity are shown for the probe

placed at the geometric center of the cubic cell as a function of Pr.
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Figure 6.14: Vertical variations of (a-b) skewness of θ (Sθ) and v (Sv), respectively, are shown

as a function of Pr, whereas in panels (c-d), the variation is shown for flatness of θ (Fθ) and v

(Fv), respectively.

observed above, can also be verified by observing flatness [115]. Note, at Pr = 1, Fθ has the

lowest value, while at Pr = 50, Fθ is the highest. Amplification of Fθ supports the emergence

of sharp peaks in θ distribution. Also, it can be noted that the flatness of temperature distribution

(Fθ > 3) deviates significantly from that observed for the Gaussian distribution (Fθ = 3) as Pr

is increased. In the case of vertical velocity, Fv follows a general increasing trend in the bulk.
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Figure 6.15: Power spectra of (a) temperature and (b) vertical velocity are shown for the probe

chosen at the geometric center of the cell at different Pr.
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Figure 6.16: Power spectra of (a) temperature and (b) vertical velocity are compared between

3D rough and smooth cells for the probe chosen at the geometric center of the cell at different

Pr.
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Figure 6.17: Vertical variation of variance of (a) temperature, (b) vertical velocity, and (c) hor-

izontal velocity are shown as a function of Pr.

However, the values of Fv are lower, such that Fv ≈ 2.4 at Pr = 1 and Fv ≈ 2.62 at Pr = 50. It

indicates that with increasing Pr, Gaussian-like distribution is approached for vertical velocity
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Figure 6.18: Horizontally area-time averaged variance of vertical velocity and temperature at

mid-height of the cell are shown as a function of Pr. For better comparison, 2D multi-scale

roughness and 3D smooth data are also included. The least-squares fitted lines corresponding

to 3D rough (solid), 3D smooth (dash-dot), and 2D rough (dash) configurations reveal the decay

law followed by σ2
θ and σ2

v as a function of Pr.

in the bulk region, while for temperature, the PDF deviates significantly from the Gaussian.

In Fig. 6.15, temporal spectra of temperature and vertical velocity are shown for a probe

placed at the geometric center of the cell. It is clearly evident that temporal energy content is

highest for the lowest Pr = 1. As Pr is increased, the energy content for both vertical veloc-

ity and temperature fluctuations diminishes. It again highlights the quiescent nature of flow at

higher Pr, where fluctuations relatively subside. The effect of addition of conical roughness el-

ements on the spectral energy content in the bulk can be observed from Fig. 6.16, where a direct

comparison is made with the smooth case for Pr = 1 and 50. It is clearly evident that spectra

of both v and θ corresponding to the 3D rough case show increased energy levels, especially for

the small-scale frequencies, at both Pr = 1 and Pr = 50. Thus, it confirms the ability of rough

surfaces to elevate the strength of fluctuations.

The waning strength of fluctuations with increasing Pr can also be observed from the verti-

cal variation of the variance of u (σ2
u), v (σ2

v) and θ (σ2
θ ), as shown in Fig. 6.17. The amplitude

of σ2
θ , σ2

v , and σ2
u is maximum at the lowest Pr = 1, and with the increase in Pr, it is seen to

attenuate. It is in agreement with our previous observation, where we linked higher fluctuations

with lowerPr. Further, it can be observed that both velocity and temperature fluctuations exhibit

different behavior close to the walls and in the bulk region. From Fig. 6.17(a), it is evident that

θ fluctuation has a higher value close to the walls, which is mainly because of the emission of

thermal structures carrying large gradient from the TBL. As these thermals move into the bulk,

they are diffused, rendering them ineffective in producing large fluctuations. This is the reason
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as one moves away from the walls, θ fluctuation is attenuated. For vertical velocity, it is the other

way around, i.e., the maximum of v fluctuation is observed in the bulk region, while near-wall

regions exhibit a lower magnitude of the fluctuation. Large-amplitude vertical velocity fluctua-

tions in the bulk are a result of the interaction of high-intensity rolls with the background. The

same is responsible for the vigorous mixing of fluid that damps out temperature fluctuations.

To observe variation of θ (σ2
θ ) in the bulk region for different Pr, we refer to the inset in Fig.

6.17(a). It is readily seen that θ fluctuation is highest for the lowest Pr = 1, while for the highest

Pr = 50, it is least. The profiles of σ2
v shown in Fig. 6.17(b) also depict the same trend. It,

therefore, corroborates the observation that θ and v are attenuated with increasing Pr. Further,

in Fig. 6.17(c), we explore how u fluctuation varies as a function of Pr. Similar to v and θ

fluctuations, the magnitude of u fluctuation diminishes with increasing Pr. Comparing bulk

and near-wall regions reveal that u fluctuation has a higher value close to the walls, and in the

bulk it drops. The reason for a higher value of u fluctuation is because of the strong horizontal

motion of fluid close to the isothermal plates.

In Fig. 6.18, variation of σ2
θ and σ2

v calculated at mid-height of the cell is observed as a

function of Pr. For comparison, the data for the 3D smooth case and 2D rough cell is also

plotted. It can be observed that at a fixed Pr, the order of magnitude of σ2
θ and σ2

v differs sig-

nificantly, with the latter being higher. Both σ2
θ and σ2

v for the 3D rough case are augmented

in comparison to their smooth counterparts. However, in comparison to the 2D rough case, the

intensity of fluctuations is lower for the present 3D rough case. As discussed previously, the lack

of an extra direction promotes a stronger mean flow in a 2D cell, and hence, stronger fluctuations

are recorded. Further, we observe power scaling laws for σ2
v and σ2

θ for the rough 3D case as

a function of Pr, where σ2
v ∼ Pr−0.5338 and σ2

θ ∼ Pr−0.2839. It implies that vertical velocity

fluctuations decay significantly faster than temperature fluctuations. At the highest Pr = 50, we

observe that the difference between the intensity of θ and v fluctuations is significantly reduced.

Next, in Fig. 6.19 we observe vertical variation of horizontally averaged thermal (εθ) and

viscous dissipation (εu) rates as a function of Pr. The dissipation rates are calculated as

〈εu〉A,t =

√
Pr

Ra
〈|∇u|2〉A,t, 〈εθ〉A,t =

√
1

RaPr
〈|∇θ|2〉A,t (6.18)

It is clearly evident that both εθ and εu diminish with the increase in Pr. Based on the order

of magnitudes of the dissipation rates, flow dynamics in the near-wall and bulk regions can be

easily distinguished. The insets in Fig. 6.19(a), showing a magnified view of εθ in the bulk and

near-wall region of the hot plate, confirm the same. The profiles of εu, shown in Fig. 6.19(b), also

depict the same observation. In close proximity to the isothermal walls, high dissipation rates

TH-3222_176103006



6.5. Statistics of fluctuations 149

Figure 6.19: Vertical variation of horizontally area-time averaged (a) thermal (εθ) and (b) viscous

dissipation rates are shown for different Pr. The insets in frame (a) show the magnified view

for the regions in bulk and close to the bottom heated plate.

can be observed. The promotion of diffusive structures like thermal plumes from the boundary

layer regions is responsible for the same. However, in the bulk, where the dominant mode of heat

transfer is convection, fluid is well mixed, and thus, relatively lower dissipation rates are seen.

An important observation is that viscous dissipation dominates thermal dissipation in nearly all

parts of the cell, especially in the bulk. The only region where εθ dominates εu is close to the

isothermal plates. In the bulk, εu is approximately ten times greater than εθ.

To further investigate flow behavior at different Pr, we calculate cross-correlation Cvθ(τ)
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Figure 6.20: Cross-correlation of vertical velocity and temperature fluctuations for different Pr

is shown for the probe located at the geometric center of the cell.
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of vertical velocity and temperature fluctuations at the geometric center of the cell, as shown in

Fig. 6.20. The calculations are performed as

Cvθ(τ) =
v′(t) θ′(t+ τ)

σv σθ
(6.19)

, where overbar denotes temporal average, τ is the delay time, and σv and σθ denote standard

deviation of vertical velocity and temperature, respectively. From Fig. 6.20, it can be readily

observed that Cvθ is least correlated for Pr = 1, while for the highest Pr = 50, the correlation

is highest with the slowest decay rate. Lower Pr flows being more turbulent are responsible

for a lower cross-correlation coefficient. High Pr flows, on the other hand, are comparatively

quiescent and exhibit lower thermal diffusivity, as a result of which we observe a long-time

correlation between vertical velocity and temperature fluctuations. Another way of looking at

the result is from the point of view of thermal plumes. As already discussed, high Pr fluids

have lower thermal diffusivity because of which thermal plumes are able to traverse the bulk

region without losing their energy. Now, because of the relatively quiescent nature of high Pr

flows, when a thermal plume passes through a point in the bulk region, a higher v′θ′ correlation

is sustained for a longer time. However, for the low Pr flows, both high thermal diffusivity

and turbulent intensity are responsible for the weakened correlation. Because of high thermal

diffusivity, thermal plumes relatively lose their energy as they enter the bulk region, and thus,

they do not confer stronger v′θ′. The swift and speedy motion of plumes while traversing the

bulk region further shortens the duration of high v′θ′ correlation. Thus, varying decay rates of

the cross-correlation coefficient of v′θ′ with Pr essentially highlight different flow dynamics.

6.6 Summary

In this work, we have focussed on the role played by Pr in deciding the heat transport and flow

mechanism in a rough 3D cubic box. Thermal forcing is kept fixed at Ra = 108 while Pr is

varied as 1 ≤ Pr ≤ 50. The addition of irregular conical roughness elements enhances the

heat transfer rate by about 50% compared to the smooth cell case. Contrary to the monotonic

increasing trend of Nu(Pr) observed in 2D irregular roughness, Nu becomes nearly invariant

in the 3D roughened cell. Flow intensity, measured in terms of the Reynolds number, shows

comparatively lower values for the 3D configuration with a general decreasing trend with Pr.

The availability of an extra direction in the 3D configuration does not allow plumes to be con-

tained in a particular vertical plane, leading to a comparatively less coherent and organized flow

of plumes.
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The analysis of flow structures through isosurfaces of temperature in two lateral and diagonal

planes reveal the presence of large-scale mean flow at Pr = 1, whereas, for higher Pr, isolated

plumes emerge with the debilitated mean flow. Further, we project the strength of angular rota-

tion of fluid flow, calculated about the geometric center of the cell, onto the chosen directions.

It is observed that roughness alters the preferred orientation of the large-scale mean flow. For

Pr ≤ 10, large-scale rotational tendency is found to be highest in the horizontal direction z.

The result is in contrast to the observation made for the smooth cubic cell where large-scale flow

has a strong inclination to reside in one of the two diagonal planes. For Pr = 50, as the flow

structures become finer, they do not follow a particular direction, which is reflected in nearly

comparable strength of angular rotation in the chosen directions.

The investigation of plume statistics reveals that though the volume fraction of plumes de-

creases with increasing Pr, the brightest plumes are associated with high Pr. Temporal PDFs

of temperature in the geometric center of the box reveal a distinct peak with the exponential

shape at a higher Pr, while for a lower Pr, Gaussian-like distribution is followed. From tempo-

ral power spectra and variance of temperature and vertical velocity, decreasing strength of the

fluctuations with increasing Pr is observed. The quiescent and homogeneous nature of high Pr

fluids is substantiated by lower values of horizontally averaged thermal and viscous dissipation

rates. Another manifestation of the quiescent nature of the flow at higher Pr, exhibiting lower

thermal diffusivity, is realized through a stronger cross-correlation between fluctuations of ver-

tical velocity and temperature. For low Pr, thermal plumes being swift and highly diffusive do

not retain the strong correlation.
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CONCLUSIONS AND FUTURE SCOPE

The present thesis contains results of the direct numerical simulations, where different aspects

of turbulent Rayleigh-Bénard convection in the presence of roughened surfaces are explored

for both 2D and 3D configurations. For 2D studies, irregular triangular elements are used,

while for 3D simulations, conical elements are introduced. We have tested the efficacy of novel

irregular multi-scale roughness used in 2D in sustaining enhanced heat transport scaling for

higher 108 ≤ Ra ≤ 1011 range. Further, the effect of Pr in conjunction with roughness on heat

transfer mechanism and flow structures is taken up in both 2D and 3D configurations. In this

chapter, we briefly summarize the main findings of the work and discuss the prospects for future

work on turbulent Rayleigh-Bénard convection with rough surfaces.

7.1 Conclusions

Roughness-facilitated Rayleigh-Bénard convection has been identified as a means to augment

heat flux and introduce turbulence in the boundary layer regions. In the present work, we have

employed multi-scale irregular rough isothermal plates to obtain a greater global heat flux rate.

It is in contrast to the previous roughness studies, where only a limited number of roughness

length scales were incorporated. We have attempted to include a wider range of length scales

with no bias towards any particular length scale. This rough texture is motivated by the real-

life rough surfaces seen in nature and various industrial applications. In a 2D rectangular box

of aspect ratio 2 with air as working fluid, we establish the efficacy of the irregular triangular

roughness in sustaining enhanced heat transport scaling exponent for a wider Rayleigh range

(108 ≤ Ra ≤ 1011). The 2D roughness setup is further used to study the effect of Pr on flow

mechanism and structures, though for a relatively lower range, 107 ≤ Ra ≤ 5 × 109. Also, we

have conducted 3D simulations with rough surfaces containing conical elements to observe the
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Pr effect at a fixed thermal forcing of Ra = 108. In the following, main findings of the work

are summarized.

Considering air as a working fluid, we have explored the effect of irregular triangular rough-

ness on the flow dynamics and heat transport properties in a two-dimensional rectangular cell

for 108 ≤ Ra ≤ 1011. The inclusion of roughness elements with multiple scales has enabled

sustenance of the enhanced heat transfer scaling throughout the explored three decades of Ra.

At lower Ra, only taller elements are active in enhancing plume emission from their tips, while

at higherRa, substantial contributions from the smaller elements are received, which play a piv-

otal role in casting aside the saturation of the enhanced heat transport scaling. Detailed analysis

of the near-wall dynamics reveals the complex role of the roughness elements and the associated

throat, cavity, and tip regions. Throat regions are inaccessible to the bulk flow at lower Ra.

However, with increasing thermal forcing, penetration of the bulk fluid improves, which is also

reflected through increased velocity fluctuations. Similarly, tip regions associated with smaller

roughness elements get activated at higherRa such that they start to protrude the TBL and incite

plume emissions which are recorded from temperature fluctuations.

Vertical profiles of mean temperature passing through different valley regions also reveal

distinct flow dynamics. The transformation of flat linear profiles into steeper ones with increas-

ing Ramarks the washing away of the cavities. The transitional phase of the profiles, where the

cavities are partially washed, confers the augmented heat transfer rate. As the profiles complete

the transformation to steeper ones, rough surfaces lose their effectiveness in influencing heat

transport. Depending on whether throat regions are spacious or confined, transition to the en-

hanced local heat flux regime occurs at different thermal forcings. Thus, the addition of a variety

of roughness elements ensures that there are enough active spots in higher Ra that can sustain

the augmented heat transfer rate. In other words, activation of small-scale roughness elements

and ventilation in the highly confined regions at higherRa promotes sustenance of the enhanced

heat transfer scaling.

The role of Pr in influencing flow structures and the prevalent heat transport mechanism in

2D roughness configuration is observed for 107 ≤ Ra ≤ 5 × 109 and 0.1 ≤ Pr ≤ 100. The

distinct role played by Pr in the presence of roughness is evident in the form of a monotonic

increase of Nu with increasing Pr. The result is a significant improvement to the nearly invari-

ant Nu observed in the smooth cell. At a lower Pr, a thick layer of hot/cold fluid is observed

above the top/bottom plate, while a higher Pr is associated with a thinner thermal boundary

layer (TBL). For the former, large-scale diffuse structures are prevalent, while for the latter, fine
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mushroom-shaped structures are discharged from the near-wall regions. At a lower Ra, since

roughness elements are embedded beneath the TBL, plume emission is thwarted. The creation

of numerous nucleation sites and subsequent frequent plume emission is observed at higher Pr

as roughness elements penetrate the TBL. At a given Ra, since a high Pr flow boasts of a thin-

ner TBL, roughness elements become thermally active quickly. This results in augmented Nu

at higher Pr. A direct comparison of flow intensity measured in terms of the global Reynolds

number between rough and smooth cells reveal that Re is superior for the rough cell for a larger

Ra or Pr. Further, the comparison of variance of temperature and vertical velocity between the

smooth and roughened cells shows that the fluctuations are strengthened in the bulk in the pres-

ence of roughness. The increased energy of fluctuations in the rough case is also substantiated

by their power spectra.

We have also investigated the effect of Pr on the flow structures and dominant heat transfer

mechanism in a rough cubical box at Ra = 108 and 1 ≤ Pr ≤ 50. The addition of irregular

conical roughness elements is seen to augment the heat transfer rate by about 50% compared

to the smooth case. Contrary to the monotonic increasing trend of Nu(Pr) observed in 2D ir-

regular roughness, Nu becomes nearly invariant in the 3D roughened cell. The analysis of flow

structures through isosurfaces of temperature in two lateral and diagonal planes reveals the pres-

ence of large-scale mean flow at Pr = 1, whereas for higher Pr, isolated plumes emerge with

the debilitated mean flow. The rough surfaces are seen to alter the preferred orientation of the

large-scale mean flow. For Pr ≤ 10, we have observed a higher rotational tendency of the flow

in a Cartesian direction. The result is in contrast to the smooth cubic cell, where the large-scale

flow has a strong inclination to reside in one of the two diagonal planes.

The investigation of plume statistics reveals that though volume fraction of plumes dimin-

ishes with increasing Pr, the brightest plumes are associated with high Pr. Temporal PDFs of

temperature in the geometric center of the box reveal a distinct peak with the exponential shape

at a higher Pr, while for a lower Pr, Gaussian-like distribution is observed. From temporal

power spectra and variance of temperature and vertical velocity, decreasing strength of fluctua-

tions with increasing Pr is observed. The quiescent and homogeneous nature of high Pr fluids

is substantiated by lower values of horizontally averaged thermal and viscous dissipation rates.

Another manifestation of the quiescent nature of the flow with higher Pr, exhibiting lower ther-

mal diffusivity, is realized through a stronger cross-correlation between fluctuations of vertical

velocity and temperature. For low Pr, thermal plumes being swift and highly diffusive do not

retain the strong correlation.
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7.2 Future scope

In addition to the roughness-facilitated variant of Rayleigh-Bénard convection, we list some av-

enues for future research which are other possible variants of standard RBC. Thermal convection

in nature is subjected to various factors, such as rotation, magnetic field, tilt, rough surfaces, etc.,

which are responsible for highly complex flow dynamics. Incorporating these factors in standard

RBC is essential to enhance understanding of various flows occurring in nature. Some of the

possible and meaningful issues that can be looked at in future are discussed below.

• Combined effect of rotation and roughness: In various geo- and astrophysical flows, the

effect of rotation [116, 117] plays an important role in deciding the dominating flow struc-

tures and heat transport mechanism. Also, the surfaces in natural flows are rough, so

it becomes a natural choice to consider the effect of both rotation and roughness when

analyzing such a system. It will be interesting to explore how irregular roughness and

rotation rates influence the heat transport mechanism and which combination of the input

parameters yields an augmented heat transfer rate.

• Effect of Pr on global heat transfer rate for a roughened RBC cell with inclination: In

the present work, we have explored the effect of Pr in 2D and 3D roughened cells. The

study can be further extended to incorporate tilt [118, 119], which has the potential to

alter the flow features, LSC dynamics, and heat transport mechanism. The choice of the

Pr is expected to influence the rate at which flow makes a transition to laminar with in-

creasing inclination. Varying plume dynamics as a function of Pr might play an essential

role in deciding the dominant flow structures in the tilted cell and, thus, the heat transfer

mechanism.

• Vibration-induced thermal convection in a roughened cell: Introducing instability via vi-

brations [120, 121] of suitable frequency is expected to alter the flow dynamics inside the

roughness cavity regions. At lower Ra, as the fluid gets stuck inside the cavity regions,

vibration-induced instability would extract out the otherwise immobile fluid and promote

a stronger interaction with the bulk. It also promises a greater plume emission from the

roughened surfaces. Thus, an augmented heat transfer rate, even at a lower thermal forc-

ing, can be realized by facilitating vibration-induced instability in the RBC setup.
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