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Abstract

The present work is mainly deals with the development of a class of higher-order com-

pact (HOC) finite difference formulations to tackle the circular geometries both for the

continuous and discontinuous cases. Depending upon this, the contains of the present

work can be divided into two parts. The first part concerned with the development of

HOC schemes for convection-diffusion equations in general and incompressible viscous

flows in particular on nonuniform polar coordinate system. The basic difference be-

tween the proposed scheme and the earlier HOC schemes is that the proposed schemes

are able to handle variable coefficients of the second order derivatives while the previ-

ous schemes could deal only with unit diffusion coefficients on cartesian or cylindrical

polar coordinate on uniform grid. A fourth order accurate HOC scheme for the steady

state convection-diffusion equations on non-uniform polar grid has been developed first.

The scheme produces highly accurate results even in coarser grids for different fluid flow

problems. An HOC treatment for the streamfunction-vorticity (ψ-ω) formulation of the

two-dimensional unsteady, incompressible, viscous Navier-Stokes equations on polar grid

has been developed next, specifically designed for the motion past circular cylinder prob-

lems. The scheme is second order accurate in time and at least third order accurate in

space. The HOC treatment is also used to discretize the Neumann boundary conditions.

The scheme is then used to solve the flow past an impulsively started circular cylinder

problem for a wild range of Reynolds numbers (Re) and to solve the flow past rotating

cylinder problems for wild range of both Re and rotation parameter (α). Present numer-

ical results are then compared with the existing experimental and standard numerical

results. In every case an excellent agreement has been found. In this process, some new

properties have been found and some extended works have been carried out which have

not been studied earlier.

The second part of the present work deals with the development of finite difference

algorithms which are obtained by clubbing the existing HOC methodology with a special

treatment to tackle the immersed interfaces for problems having discontinuities along the

TH-787_04612303



ii

circular interfaces. Firstly, a new methodology for numerically solving one-dimensional

(1D) elliptic equations with discontinuous coefficients, fluxes and singular source terms

and the corresponding unsteady parabolic equations on nonuniform space grids have

been developed. Stability and convergence analysis of the newly developed scheme have

been carried out next. Then, this 1D idea has been extended for the 2D elliptic problems

with same type of discontinuities. For both the 1D and 2D cases, numerous numerical

studies on a number of problems have been done and compared present results with

those obtained by well known methods. In all cases, our formulation is found to produce

better results on relatively coarser grids.
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with best fit r values and ||Ê||∞; interface point is x = 1

3
. . . . . . . . . 154

TH-787_04612303



Chapter 1

Introduction

1.1 Background

When a fluid flows past a stationary body or, equivalently, when a body moves in

a fluid at rest, a region of disturbed flow is always formed around the body. The

extent of the disturbed flow region is largely dependent on the shape, orientation, and

size of the body, the velocity and viscosity of the fluid, and may be influenced by a

wide variety of small disturbances. This type of fluid flow problems frequently arise in

the field of aerospace, civil, hydraulic, electric transmission lines, mechanical, nuclear,

offshore, and wind engineering. Most of the bluff bodies having different shapes used

in engineering applications have circular geometries. Due to the highly complex flow

structures generated by them, this class of problems has attracted a great deal of research

in all the three approaches in fluid dynamics: pure experimental, pure theoretical and

computational.

The third approach, namely, Computational Fluid Dynamics (CFD) involves describ-

ing the fluid flow in terms of mathematical models that include convective and diffusive

transport of some variables. These models consist of the governing equations in the

form of ordinary or partial differential equations (ODEs or PDEs). As a great number

of such model equations like the Navier-Stokes (N-S) equations do not possess analytical

solutions, one has to resort to numerical methods. Amongst the popular methods that

has been used quite frequently in CFD is the finite difference method. Here, the basic

methodology involves discretizing the problem domain by setting up a grid (preferably

structured) and then approximating the derivatives appearing in the governing equa-

tions by difference quotients at each grid point. Such approximation yields a system of

algebraic equations which can then be solved by some matrix solution algorithm.

Over the years, the second order central difference schemes, because of their easy

and straight-forwardness in application, have for quite some time been a popular choice

for discrete approximation of partial differential equations. Such methods are known

to yield quite good results on reasonable meshes if the solution is well behaved. But
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for certain problems, such as the convection dominated flows, the solution may exhibit

oscillatory behaviour if the mesh is not sufficiently refined. However, mesh refinement

invariably brings in additional points into the system resulting in an increased system

size and consequently more memory and CPU time are required to solve such problems

on a computer. Again discretization on a non-compact stencil (generally associated

with higher-order accurate methods) increases the band-width of the coefficient matrix

arising out of the discretization process. Both mesh refinement and increased matrix

band-width ultimately lead to increased arithmetic operations. Thus neither a lower-

order accurate method on a fine mesh nor a higher-order accurate one on a non-compact

stencil could be computationally cost-effective. Therefore, of late, the Higher Order

Compact (HOC) finite difference schemes for the computation of incompressible viscous

flows are gradually gaining popularity because of their high accuracy and advantages

associated with compact difference stencils. A compact finite difference scheme is one

which utilizes grid points located only directly adjacent to the node about which the

differences are taken. In addition, if the scheme has an order of accuracy greater than

two, it is termed a higher-order compact method.

There exists several mechanisms through which finite difference schemes can achieve

higher-order compactness. To get higher order compactness Gupta et al. [51] apply series

expansion to the differential equations. Dennis and Hudson [39] employ a transformation

that involves expanding the exponential of a definite integral of the convective coefficient

of the PDE. Gartland [49] uses discrete weighted mean approximation to get higher order

compactness while Noye and Tan [87] apply weighted modified PDE method.

Another way of obtaining higher-order compactness is by using the original differ-

ential equation to substitute for the leading truncation error (TE) terms of the stan-

dard central difference approximation. This is the mechanism that has been adopted

throughout the present work. Most of these schemes were developed for equations of

the convection-diffusion type and were well equipped to simulate incompressible viscous

flows governed by the Navier-Stokes equations as well. Lax and Wendroff [70] first use

this idea to raise the temporal accuracy from one to two. They use this idea on tran-

sient hyperbolic PDEs and use the original PDE to approximate the second-order time

derivative in a Taylor series expansion. Later on, Mackinnon and Carry [79] use the

same idea to increase the spatial accuracy. Mackinnon and Johnson [80] develop an

O(h4) HOC scheme (h is the grid spacing) for the two dimensional (2D) steady-state

convection-diffusion problems using the same idea. At the same time, in a different way

Abarbanel and Kumar [16] develop a higher order scheme for the Euler equations which

is 4th order accurate in space and 2nd order accurate in time. These schemes are similar

to those developed by Dukowicz [41] and Wong [117] though they were achieved in a

different manner. The idea of Mackinnon and Johnson [80] is extended by Spotz and
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Carey [106] to the steady-state stream-function vorticity (ψ-ω) formulation of the N-S

equations and by Kalita et al. [61] to its unsteady counterpart. However majority of

these HOC schemes developed so far are mostly on uniform grids [51, 61, 74, 106]. The

very few attempts that have been made to develop HOC scheme on nonuniform grids

for the convection-diffusion equations [91, 98, 107, 121] use the conventional transfor-

mation technique from the physical plane to the computational plane. Later on Kalita

et al. [62, 64] extended this work for convection-diffusion equations as well as for the

transient stream-function vorticity formulation of the Navier-Stokes equations on non-

uniform grids in cartesian coordinate system. They showed that clustering the grids

on the region where complexity is more, very accurate results can be achieved through

HOC schemes with significantly small number of grid points.

It may be mentioned that all the above approaches result in formulations where

the dependent variable is explicitly present in the formulation unlike the higher order

schemes described by Lele [72] and others [17, 55, 101, 103, 112] on compact stencils.

These schemes [17, 55, 72, 101, 103, 112] are based on Padé [6] approximation, which

is an implicit relation between the derivatives and functions at adjacent nodal points.

They include information not only from the adjacent points to the node about which

the differences are taken, but also includes information from nodal points located at

distance two or three steps away from that node.

1.2 Motivation

A careful study of the works discussed so far reveals a plethora of issues concerning

HOC schemes and their applicability to convection-diffusion problems in general and

incompressible viscous flows in particular. The differential equation based HOC schemes

discussed earlier do not cover problems on irregular geometries described in curvilinear

coordinate system involving variable diffusion coefficients of the second order derivatives.

Very few attempts have been made to handle these variable coefficients on nonuniform

grids, that too in transformed planes only. In particular, no HOC scheme has been

developed to solve the complex flow problem like flow past circular cylinders. This

type of flow problems frequently arise in various engineering fields which offer tough

challenges particularly at high Reynolds numbers. Also the idea of using this type of

HOC schemes has not been explored for problems having various kinds of discontinuities

present in the governing differential equation and problems involving domains having

circular interfaces. Thus, work in the development and application of HOC algorithms

for these problems is a challenging one and is replete with many interesting possibilities.

These are the major motivating factors behind this work.
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1.3 Objectives

The objective of the present work is to develop some new HOC finite difference al-

gorithms for the 2D linear and nonlinear convection-diffusion equations in curvilinear

coordinate system without transforming the original physical domain, more specifically

for the Navier-Stokes equations in circular geometries. In the process, we aim to validate

these algorithms by applying them to complex flow problems like the flow past circular

cylinders. Also intended is to explore the possibility of extending some existing HOC

algorithms to tackle problems having discontinuities around circular interfaces.

1.4 The Work

The present work is mainly divided into two parts. The first part deals with the develop-

ment of HOC finite difference algorithms for the two-dimensional (2D) linear and nonlin-

ear convection-diffusion equations, more specifically for the N-S equations in curvilinear

coordinate system and the second part deals with the development of finite difference al-

gorithms for problems having discontinuities along circular interfaces which are obtained

by clubbing some existing HOC methodologies with special interface treatments.

In the first part, we develop a class of HOC schemes on non-uniform cylindrical polar

coordinate system. The basic difference between the proposed scheme and the earlier

HOC schemes is that the proposed schemes are able to handle variable coefficients of the

second order derivatives while the previous schemes could deal only with unit diffusion

coefficients. This perhaps is the reason that majority of the earlier endeavors to develop

HOC schemes on cylindrical polar coordinates were confined to the Poisson equation on

uniform grids [52, 59, 60, 68, 69, 123]. Here, firstly we develop a fourth order accurate

HOC scheme for the steady state convection-diffusion equations on non-uniform polar

grids and show the way for its extension to curvilinear coordinate systems. We then

employ the proposed scheme on three different problems. The first of these problems

has an exact solution and we compare our numerical results with the exact ones; in the

process, we also demonstrate the fourth order accuracy of our scheme. Next we compute

the steady flow past a circular cylinder which is governed by the N-S equations. We

compare our computed solutions with existing experimental and numerical results and in

each case our results agree very well with the benchmark results. Finally, we numerically

solve the driven polar cavity flow. Here also, we obtain excellent agreements with the

existing experimental and numerical results.

Next, we develop an HOC scheme for the ψ-ω formulation of the unsteady N-S

equations in polar grids, specifically designed for the motion past a circular cylinder

problem. The scheme is second order accurate in time and at least third order accurate
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in space. Its extension to the curvilinear coordinate system is also straightforward.

To validate the proposed scheme, we apply it to the famous problem of unsteady

flow past an impulsively started circular cylinder for a wide range of Reynolds numbers

(Re) ranging from 10 to 9500. In the process, we have also developed transient HOC

approximation for the Neumann boundary condition for vorticity. For moderate and

low Re, we compute the flow until steady state or till the flow becomes periodic. For

the higher range of Re, we compute the solution in the initial stages of the flow. For

all the Reynolds numbers, detailed discussions on the flow structure and comparison

with experimental and numerical [2, 10, 12, 14, 18, 26, 34, 35, 44, 46, 47, 77, 78, 86,

100, 111, 116] results are provided. In each case, our solution agrees very well, both

qualitatively and quantitatively with established numerical and experimental results,

confirming the efficiency of the proposed scheme. The robustness of the scheme however

is better realized when it captures the periodic nature of the flow for Re = 60 and 200

characterized by vortex shedding represented by the von Kármán street and also by the

fact that it very accurately captures the so called α and β-phenomena for higher Re.

We then extend the applicability of the newly developed transient HOC scheme to

capture the more complex phenomena of unsteady flow past a rotating and translating

cylinder for Reynolds numbers 200, 500 and 1000 for the range of rotational parameters

0.5 ≤ α ≤ 3.25. We not only compute the flow for the early stages of the flow, but also

for long enough time to investigate the vortex shedding phenomenon as well. We provide

quantitative comparison between our numerical results with the existing theoretical and

experimental [19, 20, 21, 29, 30, 31, 36, 57, 58, 66, 82, 84, 98] results in terms of the

lift and drag coefficients, vorticity profile on the solid cylinder, the path of the first and

second vortex centers, the radial and tangential velocities for certain combinations of

Re and α values. We also compare the simulations of the flow patterns computed by

us with the experimental flow visualizations and numerical results that are available in

the literature. In all the cases, our numerical results are in excellent agreement with

the existing results. It is worth mentioning that for both the impulsively started and

rotating cylinder problems, the flow simulations from our computations are much closer

to the experimental visualization than any other existing numerical simulation available

in the literature.

The second part of the PhD work is concerned with the development of HOC al-

gorithms for problems having discontinuities along circular interfaces in Cartesian co-

ordinates. Here, we firstly develop a new methodology for numerically solving one-

dimensional (1D) elliptic equations with discontinuous coefficients, fluxes and singular

source terms and the corresponding unsteady parabolic equations on nonuniform space

grids. This higher order compact formulation is at least third order accurate for the

points far from the points of discontinuities (termed regular points) and exactly third
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order accurate at points just next to the discontinuity (termed irregular points). We

perform stability and convergence analysis, and conduct numerous numerical studies

on a number of problems [23]. We then extend our 1D methodology to the 2D elliptic

equations on uniform space grids where the equation has discontinuous coefficients and

singular source terms along circular interfaces. This higher order compact formulation

is fourth order accurate at regular grid points and second order accurate at irregular

points. For both the 1D and 2D cases, we conduct numerous numerical studies on a

number of problems and compare our results with those obtained with immersed inter-

face [73] and other well known methods. In all cases our formulation is found to produce

better results on relatively coarser grids.

1.5 Organization of the work

This thesis work is organized in eight chapters. In Chapter 2, we develop an HOC

scheme for 2D steady-state convection diffusion equations that can be easily applied to

the 2D steady-state N-S equations. Chapter 3 describes the extension of this scheme to

unsteady N-S equations. In Chapter 4, we make a comprehensive study of the motion

past an impulsively started circular cylinder with the help of the scheme developed in

Chapter 3. Chapter 5 studies the rotating counterpart of this problem. In Chapter 6, we

develop a new methodology for numerically solving one-dimensional elliptic equations

with discontinuous coefficients, fluxes and singular source terms and the corresponding

unsteady parabolic equations on nonuniform space grids. Chapter 7 discusses the ex-

tension of this 1D methodology to 2D interface problems on uniform Cartesian grids.

Finally, Chapter 8 summarizes the whole work and throw some light on the scope for

future work.
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Chapter 2

A transformation-free HOC scheme
for steady incompressible viscous
flows on nonuniform polar grids

2.1 Introduction

The steady two-dimensional (2D) convection-diffusion equation in cartesian coordinate

system (x, y) for a transport variable φ in some continuous domain with suitable bound-

ary conditions can be written as

−∇2φ + c1(x, y)
∂φ

∂x
+ c2(x, y)

∂φ

∂y
= f(x, y), (2.1)

where c1 and c2 are the convection coefficients, and f is a forcing function. In equation

(2.1), the magnitude of the convection coefficients determines the ratio of convection

to diffusion and is sometimes referred to as the Reynolds number (Re). The equation

becomes convection dominated for large Re and diffusion dominated for small Re. Most

of the steady 2D flows are expressed in this form. It represents the convection-diffusion

of many fluid variables such as mass, heat, energy, vorticity etc. With proper choice of

c1, c2 and f , it can also be used to represent the complete Navier-Stokes (N-S) equations.

In polar coordinate system (r, θ), equation (2.1) takes the form

−∇2φ + c1(r, θ)
∂φ

∂r
+ c2(r, θ)

∂φ

∂θ
= f(r, θ). (2.2)

The direct implementation of the existing HOC approaches ([51, 53, 61, 62, 74, 106, 107,

108]) on polar coordinates are not possible because of the fact that the second order

partial derivatives of the transport variable representing the phenomenon of diffusion

invariably come with variable coefficients. All these schemes were equipped to deal

with variable convection coefficients only. This is where the need of develop a new

HOC approach to solve the equation of type (2.2) arises. Though equations (2.1) and

(2.2) are identical, the Laplacians appearing in the two equations are different in terms
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of coefficients of the second order partial derivatives with respect to the independent

variables. Assorting derivatives of different orders, (2.2) may be written as

−∂2φ

∂r2
− 1

r2

∂2φ

∂θ2
+

(
c1(r, θ)− 1

r

)
∂φ

∂r
+ c2(r, θ)

∂φ

∂θ
= f(r, θ). (2.3)

In this chapter, we extend the philosophy outlined in reference [62] to develop a

transformation-free HOC scheme for 2D convection-diffusion equations on nonuniform

cylindrical polar grids 1. This is accomplished by considering the coefficients of all

the partial derivatives appearing in equation (2.3) as variables, thus making way for

a straightforward extension of the proposed formulation to orthogonal curvilinear co-

ordinate system as well. It may be mentioned that majority of the earlier endeavors

to develop HOC schemes on cylindrical polar coordinates were confined to the Poisson

equation on uniform grids [25, 52, 59, 60, 69, 83, 123]. Even the very few attempts

that have been made to develop HOC scheme on nonuniform grids for the convection-

diffusion equations [90, 91, 97, 107, 121] use the conventional transformation technique

from the physical plane to the computational plane. The solution is then computed on

a rectangular uniform grid on the computational plane and eventually transformed back

to the physical plane. This inevitably brings in the complications of having to deal with

some new cross-derivative terms in the transformed partial differential equations (PDE)

in addition to the increase in terms of arithmetic operations.

To validate the proposed scheme, we first apply it to a problem of pure diffusion in

polar coordinates with known analytical solution and also carry out error analysis. In

the process, we also establish the theoretical rate of convergence of the scheme. The

robustness of the scheme however is better realized when it is applied to the problems

of flow past an impulsively started circular cylinder and the driven polar cavity. Both

these flows are governed by the steady-state incompressible N-S equations. We have

used the streamfunction-vorticity formulation of the N-S equations for computing the

flows. For the pure diffusion problem, our numerical results are extremely close to the

analytical results, whereas for the cylinder and cavity problems, our solution agree very

well, both qualitatively and quantitatively with established numerical and experimental

results. The scheme is also seen to handle both Dirichlet (in the first problem) and

Neumann boundary conditions with ease (in the other two).

The chapter has been arranged in four sections. Section 2.2 deals with the math-

ematical formulation and discretization, Section 2.3 with the solution of the algebraic

system of equations, section 2.4 with the numerical test cases and finally, Section 2.5

summarizes the whole work.

1Part of this work has been published in International Journal for Numerical Methods in Fluids [95].
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2.2 Mathematical Formulations and Discretization

Procedures

A more generalized form of equation (2.3) in an annular region [r1, r2]× [θ1, θ2] may be

written as

a(r, θ)
∂2φ

∂r2
+ b(r, θ)

∂2φ

∂θ2
+ c(r, θ)

∂φ

∂r
+ d(r, θ)

∂φ

∂θ
= f(r, θ). (2.4)

Constructing on it, a nonuniform polar mesh (see a typical stencil in figure 2.1), the

higher order compact approximations for the first and second derivatives appearing in

(2.4) at the (i, j)th node [62] can be obtained as follows:

Figure 2.1: The non-uniform HOC stencil on polar coordinates.

∂φ

∂r

∣∣∣∣
i,j

= δrφi,j − 1

2
(rf − rb)δ

2
rφi,j − rfrb

6

∂3φ

∂r3

∣∣∣∣
i,j

− 1

24
rfrb(rf − rb)

∂4φ

∂r4

∣∣∣∣
i,j

+ O

(
r5
f + r5

b

rf + rb

)
,

(2.5)

∂2φ

∂r2

∣∣∣∣
i,j

= δ2
rφi,j − 1

3
(rf − rb)

∂3φ

∂r3

∣∣∣∣
i,j

− 1

12
(r2

f + r2
b − rfrb)

∂4φ

∂r4

∣∣∣∣
i,j

− 1

60
(rf − rb)(r

2
f + r2

b )
∂5φ

∂r5

∣∣∣∣
i,j

+ O

(
r5
f + r5

b

rf + rb

)
. (2.6)

The derivatives with respect to θ can be obtained in a similar way; here, rf = (ri+1−ri),

rb = (ri − ri−1) and θf = (θj+1 − θj), θb = (θj − θj−1). The details of the non-uniform

central difference operators δr, δ2
r , δθ, and δ2

θ can be found in Appendix-A. In view of
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the above equations, equation (2.4) may be approximated at the point (i, j) as

[
aδ2

r + bδ2
θ + c{δr − 0.5(rf − rb)δ

2
r}+ d{δθ − 0.5(θf − θb)δ

2
θ}

]
φi,j + τi,j = fi,j, (2.7)

where τi,j is the truncation error given by

τi,j = −H1
∂3φ

∂r3
−K1

∂3φ

∂θ3
−H2

∂4φ

∂r4
−K2

∂4φ

∂θ4
+ (rf − rb)(r

2
f + r2

b )φ1

+(θf − θb)(θ
2
f + θ2

b )φ2 + O

(
r5
f + r5

b

rf + rb

,
θ5

f + θ5
b

θf + θb

)
, (2.8)

with φ1, φ2 being the leading truncation error terms and

H1 =
1

6
{2a(rf − rb) + crfrb}, H2 =

1

24

{
2a(r2

f + r2
b − rfrb) + crfrb(rf − rb)

}
,

K1 =
1

6
{2b(θf − θb) + dθfθb}, K2 =

1

24

{
2b(θ2

f + θ2
b − θfθb) + dθfθb(θf − θb)

}
.

Successive differentiation of (2.4) with respect to r and rearranging terms yield

∂3φ

∂r3
= −1

a

{
(ar + c) δ2

rφ + crδrφ + dδrδθφ + bδrδ
2
θφ + drδθφ + brδ

2
θφ− fr

}
, (2.9)

∂4φ

∂r4
= L1δ

2
rφ + L2δrφ + L3δrδθφ + L4δrδ

2
θφ−

d

a
δ2
rδθφ− b

a
δ2
rδ

2
θφ + L5δθφ + L6δ

2
θφ

− 1

a2
(2ar + c)fr +

1

a
frr, (2.10)

with

L1 =
1

a2
(2a2

r + 3car + c2)− 1

a
(arr + 2cr),

L2 =
cr

a2
(2ar + c)− crr

a
,

L3 =
d

a2
(2ar + c)− 2dr

a
,

L4 =
b

a2
(2ar + c)− 2br

a
,

L5 =
dr

a2
(2ar + c)− drr

a
,

L6 =
br

a2
(2ar + c)− brr

a
.

Likewise,

∂3φ

∂θ3
= −1

b

{
(bθ + d) δ2

θφ + dθδθφ + cδrδθφ + aδ2
rδθφ + cθδrφ + aθδ

2
rφ− fθ

}
, (2.11)
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∂4φ

∂θ4
=

{
1

b2

(
2b2

θ + 3dbθ + d2
)− 1

b
(bθθ + 2dθ)

}
δ2
θφ +

{
dθ

b2
(2bθ + d)− cθθ

b

}
δθφ

+

{
c

b2
(2bθ + d)− 2cθ

b

}
δrδθφ +

{
a

b2
(2bθ + d)− 2aθ

b

}
δ2
rδθφ− a

b
δ2
rδ

2
θφ−

c

b
δrδ

2
θφ

+
{cθ

b2
(2bθ + d)− cθθ

b

}
δrφ +

{aθ

b2
(2bθ + d)− aθθ

b

}
δ2
rφ

− 1

b2
(2bθ + d)fθ +

1

b
fθθ. (2.12)

Using (2.9) to (2.12), equation (2.8) can be written as

τi,j =
[
E1i,jδ

2
r + E2i,jδ

2
θ + E3i,jδr + E4i,jδθ + E5i,jδrδθ + E6i,jδrδ

2
θ

+E7i,jδ
2
rδθ + E8i,jδ

2
rδ

2
θ

]
φi,j − F1i,j (2.13)

where,

E1i,j =
(ar + c)

a
{H1 − H2

a
(2ar + c)}+

H2

a
(arr + 2cr) +

aθ

b
{K1 − K2

b
(2bθ + d)}+

K2aθθ

b
,

E2i,j =
br

a
{H1 − H2

a
(2ar + c)}+

H2brr

a
+

(bθ + d)

b
{K1 − K2

b
(2bθ + d)}+

K2

b
(bθθ + 2dθ),

E3i,j =
cr

a
{H1 − H2

a
(2ar + c)}+

H2crr

a
+

cθ

b
{K1 − K2

b
(2bθ + d)}+

K2cθθ

b
,

E4i,j =
dr

a
{H1 − H2

a
(2ar + c)}+

H2drr

a
+

dθ

b
{K1 − K2

b
(2bθ + d)}+

K2cθθ

b
,

E5i,j =
d

a
{H1 − H2

a
(2ar + c)}+

2H2dr

a
+

c

b
{K1 − K2

b
(2bθ + d)}+

2K2cθ

b
,

E6i,j =
b

a
{H1 − H2

a
(2ar + c)}+

2H2br

a
+

K2c

b
,

E7i,j =
H2d

a
+

a

b
{K1 − K2

b
(2bθ + d)}+

2K2aθ

b
,

E8i,j =
bH2

a
+

aK2

b
,

and

F1i,j =

[
1

a
{H1 − H2

a
(2ar + c)}δr +

H2

a
δ2
r +

1

b
{K1 − K2

b
(2bθ + d)}δθ +

K2

b
δ2
θ

]
fi,j.

Substituting (2.13) in (2.7), the HOC approximation of equation (2.4) on nonuniform

polar grids can be written as

[
Ai,jδ

2
r +Bi,jδ

2
θ +Ci,jδr+Di,jδθ+Gi,jδrδθ+Hi,jδrδ

2
θ +Ki,jδ

2
rδθ+Li,jδ

2
rδ

2
θ

]
φi,j = Fi,j (2.14)

which is at least third order accurate in space. Note that the order of accuracy is exactly

four on uniform grid. Here the coefficients are given by

Ai,j = ai,j + E1i,j − 0.5(rf − rb)ci,j
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Bi,j = bi,j + E2i,j − 0.5(θf − θb)di,j

Ci,j = ci,j + E3i,j, Di,j = di,j + E4i,j, Gi,j = E5i,j

Hi,j = E6i,j, Ki,j = E7i,j, Li,j = E8i,j, Fi,j = fi,j + F1i,j.

Letting (r, θ) replaced by (u1, u2), where u1 and u2 are the coordinate curves of an

orthogonal curvilinear coordinate system, (2.14) also represents the HOC scheme on

nonuniform grids for equation (2.4) in curvilinear coordinate system (u1, u2). Thus the

extension of the current scheme from polar coordinates to general orthogonal curvilinear

coordinate system in 2D is a mere formality.

It is important to note that while simulating flows on curvilinear geometries by

solving equations of the form (2.4), one may come across terms of the form 0/0. In

such cases, one may resolve the 0/0 form by using the L’Hospital rule whenever possible

or employ a local Cartesian mesh at the point of singularity [9]. Other strategies for

handling such singularities can be found in references [33, 83, 123].

2.3 Solution of algebraic systems

We now discuss the solution of algebraic systems associated with the newly proposed

finite difference approximations. The system of equations (2.14) can be written as

1∑

k1=−1

1∑

k2=−1

ηi+k1,j+k2 φi+k1,j+k2 =
1∑

k1=−1

1∑

k2=−1

ξi+k1,j+k2 fi+k1,j+k2 , (2.15)

where η, ξ’s are functions of the coefficients a, b, c and d appearing in equation (2.4),

their derivatives and the step lengths rf , rb, θf and θb. In matrix form, the system of

algebraic equations given by (2.15) can now be written as

AΦ = F (2.16)

where the coefficient matrix A is an asymmetric sparse matrix with each row containing

at most nine non-zero entries. For a grid of size m × n, A is of size mn ×mn, and Φ

and F are mn-component vectors.

The next step now is to solve equation (2.16); as the coefficient matrix A is not gener-

ally diagonally dominant, conventional solvers such as Gauss-Seidel cannot be used. On

uniform grids in cartesian coordinates, some of the associated matrices are symmetric

and positive definite, which allows algorithms like conjugate-gradient (CG) [5, 105] to be

used. As nonuniform grid and variable coefficients a, b, c and d of equation (2.4) invari-

ably leads to non-symmetric matrices, in order to solve these systems, we use the hybrid

biconjugate gradient stabilized method BiCGStab(2) [5, 105] without preconditioning.
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It may be noted that for the coupled nonlinear PDEs (such as the ψ-ω form of

the N-S equations), an iterative solution procedure must be adopted. These iterations

may be termed as outer iterations. We use a decoupled algorithm where vorticity and

stream functions are solved iteratively and sequentially through hybrid BiCGStab(2)

and lagging the appropriate terms. The latter iterations may be termed inner iterations

which must be carried out at every outer iteration with updated data. We utilize a

relaxation parameter γ for the inner iteration cycles for both ω and ψ. In general, for

larger values of Reynolds number, we needed smaller values of γ.

All of our computations were carried out on a Pentium 4 based PC with 512 MB

RAM. For the inner iterations, the computations were stopped when the norm of the

residual vector r̄ = F −AΦ arising out of equation (2.16) fell below 0.5× 10−6. For the

steady-state solution of the problems governed by the N-S equations, steady-state was

assumed to reach when the maximum ω-error between two successive outer iteration

steps was smaller than 1.0× 10−9.

2.4 Numerical experiments

In order to study the validity and effectiveness of the proposed scheme, it is applied

to three problems. These are (i) a problem of pure diffusion, (ii) the flow past an

impulsively started circular cylinder and (iii) the driven polar cavity flow problem. As

the first problem has analytical solution, Dirichlet boundary conditions are used, while

for the next two, both Dirichlet (for ψ) and Neumann (for ω) boundary conditions are

applied.

2.4.1 Test problem 1: a problem of pure diffusion

We consider the equation
∂2φ

∂r2
+

1

r

∂φ

∂r
+

1

r2

∂2φ

∂θ2
= 0 (2.17)

in the region [α, β]× [0, π
2
], with the boundary conditions

φ(α, θ) = θ
(π

2
− θ

)
and φ(β, θ) = 0 for 0 ≤ θ ≤ π/2

φ(r, 0) = φ
(
r,

π

2

)
= 0 for α ≤ r ≤ β

The analytical solution of (2.17) is given by

φ(r, θ) =
∞∑

n=1

2

π

1

(2n− 1)3

(α

r

)(4n−2)

sin(4n− 2)θ

(
r(8n−4) − β(8n−4)

α(8n−4) − β(8n−4)

)
(2.18)

We present our results computed on grid sizes ranging from 21 × 21 to 161 × 161 for

α = 1 and β = 10 in Figures 2.2 and 2.3 and Table 2.1. Figure 2.2 displays the analytical
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Table 2.1: Problem 1: Rate of convergence at selected grid points
Grid Size Location Computed solution Analytical solution. Abs. error Convergence Rate
[21× 21] 1.973200e-1 5.252619e-5

4.0070
[41× 41] (1.781165,0.863938) 1.973692e-1 1.973725e-1 3.267036e-6

4.0017
[81× 81] 1.973723e-1 2.039531e-7

3.9993
[161× 161] 1.973725e-1 1.275361e-8
[21× 21] 2.270335e-1 4.072842e-5

4.0085
[41× 41] (1.413912,0.392699) 2.270717e-1 2.270742e-1 2.530637e-6

4.0021
[81× 81] 2.270741e-1 1.579332e-7

4.0000
[161× 161] 2.270742e-1 9.871125e-9
[21× 21] 6.007732e-3 5.516783e-6

4.0046
[41× 41] (7.989783,0.785398) 6.012905e-3 6.013249e-3 3.437078e-7

3.9966
[81× 81] 6.013227e-3 2.153169e-8

3.8526
[161× 161] 6.013247e-3 1.490525e-9
[21× 21] 6.257496e-2 3.414488e-5

4.0069
[41× 41] (3.172549,0.785398) 6.260698e-2 6.260911e-2 2.123918e-6

4.0014
[81× 81] 6.260898e-2 1.326146e-7

3.9947
[161× 161] 6.260910e-2 8.319174e-9

and numerical contours of the solution. It is heartening to note that on a grid of size

21 × 21 only, one can hardly distinguish the numerical solutions from the exact ones.

This fact is also confirmed by Figure 2.3, where the surface plots of the errors are shown

on two different grid sizes 21 × 21 and 41× 41 for which the maximum absolute errors

are extremely small, namely 5.29× 10−5 and 1.03× 10−5 only.
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Figure 2.2: Contours of the analytical and numerical solutions on a 21 × 21 grid for
Problem 1.

In Table 2.1, we exhibit the analytical and computed solutions at four representative
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Figure 2.3: Surface plots of errors on 21 × 21 (top) and 41 × 41 (bottom) grids for
Problem 1.

points on the solution domain along with the absolute errors on four different grid sizes.

It is seen from the table that with grid refinement, the point-wise error decays with

O(h4), as expected. Here the rate of convergence is calculated as

M =
log( e1

e2
)

log(N2

N1
)
,

where e1, e2 are the absolute errors estimated at a particular point for two different grids

with N1+1 and N2+1 points in the either direction. It may be noted that the maximum

errors for different grids occur at different points and are not directly comparable.

2.4.2 Test problem 2: Flow past an impulsively started circular
cylinder:

Next we consider the steady, incompressible, viscous flow over an infinitely long cylinder

of circular cross-section. The flow is governed by the incompressible N-S equations. We

use the ψ-ω formulation of the N-S equations in cylindrical polar coordinates (r, θ). In

non-dimensional form, they are given by

∂2ω

∂r2
+

1

r

∂ω

∂r
+

1

r2

∂2ω

∂θ2
= Re

(
u
∂ω

∂r
+

v

r

∂ω

∂θ

)
, (2.19)
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∂2ψ

∂r2
+

1

r

∂ψ

∂r
+

1

r2

∂2ψ

∂θ2
= −ω. (2.20)

Here ψ is the streamfunction, ω the vorticity, u, v repectively are the radial and tan-

gential velocity components and Re =
UD

ν
is the Reynolds number with U being the

characteristic velocity, D the diameter of the cylinder and ν the kinematic viscosity. The

velocities u and v in terms of ψ are given by

u =
1

r

∂ψ

∂θ
and v = −∂ψ

∂r
, (2.21)

and the vorticity ω is given by

ω =
1

r

[
∂

∂r
(vr)− ∂u

∂θ

]
. (2.22)

We assume the cylinder to be of unit radius placed in an infinite domain. At the

r

θ

Figure 2.4: A typical 101× 101 mesh for the flow past a circular cylinder problem.

far-field, a potential flow is assumed with uniform free-stream velocity U∞ = (1, 0). A

typical computational grid of size 101×101 is shown in Figure 2.4. We employ a uniform

grid spacing along the θ- direction and nonuniform grid spacing in the r-direction with

clustering around the surface of the cylinder using the following functions:

θj =
2π

jmax

and ri = exp

(
λπi

imax

)
.

Here the parameter λ determines the outer radius of the computational domain. The

continuity conditions at θ = 0 and θ = 2π are taken as the boundary conditions along

those two lines.

We now derive the boundary conditions for stream function and vorticity. On the

solid surface r = R0, u = v = ψ = 0. In the far stream r = R∞, velocity becomes

uniform and equal to U∞ as r → ∞. In terms of stream function, this condition is

expressed as ψ → U0rsinθ as r →∞.
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For vorticity, the far-stream condition is given by ω = 0 at r = R∞. On the solid

surface r = R0, however, vorticity is not zero. Making use of the fact that ψ = 0,
∂ψ

∂r
= 0 on r = R0, we arrive at ω = −∂2ψ

∂r2
thereat. We proceed to obtain a compact

approximation of the vorticity on the solid boundary as follows:

−v0,j =

(
∂ψ

∂r

)

0,j

= δ+ψ0,j − rf

2

(
∂2ψ

∂r2

)

0,j

− r2
f

6

(
∂3ψ

∂r3

)

0,j

+ O

(
r3
f

)

so that we get the finite difference approximation as

0 =
ψ1,j

rf

− rf

2

(
− ω0,j

)
− r2

f

6

(
−

(
∂ω

∂r

)

0,j

)
,

0 =
ψ1,j

rf

+
rf

2
ω0,j +

r2
f

6

(
ω1,j − ω0,j

rf

)
,

yielding 2ω0,j + ω1,j = − 6

r2
f

ψ1,j (2.23)
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Figure 2.5: Steady-state stream-lines for Re = 10, 20, 40 and 60 for the motion past a
circular cylinder problem.

We present steady-state results for this flow for Reynolds numbers Re = 10, 20, 40

and 60 in Figures 2.5 to 2.8 and Tables 2.2 to 2.4. Simulation for higher Reynolds
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Figure 2.6: Steady-state vorticity contours for Re = 10, 20, 40 and 60 for the motion
past a circular cylinder problem.
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Figure 2.7: Geometrical parameters of the closed wake for the motion past a circular
cylinder problem.

Table 2.2: Problem 2: Effect of grid size on wake lengths and separation angles.

Re = 20 Re = 40
Grid 75 101 151 75 101 151
θs 43.2022 43.2805 43.3118 51.4521 51.5374 51.5411
L 1.8315 1.8294 1.8212 4.4061 4.3962 4.3906
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Table 2.3: Problem 2: Effect of far field boundary on the wake lengths and separation
angles.

Re = 20 Re = 40
R∞ 35.03 60.14 75.17 35.03 60.14 75.17
θs 43.4232 43.3155 43.2022 51.8811 51.6929 51.4521
L 1.8217 1.8288 1.8315 4.3957 4.4007 4.4061

Table 2.4: Comparison of the wake lengths and separation angles for different Reynolds
numbers.

Re Ref. [38] Ref. [111] Ref. [77] Ref. [44] Ref. [54] Ref. [97] Present
L 20 1.88 - 1.87 1.82 1.842 1.77 1.8315

40 4.69 - 4.27 4.48 4.49 4.21 4.4061
θs 20 43.7 - - 42.9 42.96 41.3277 43.2022

40 53.8 - - 51.5 52.84 51.0249 51.4521
CD 20 2.045 2.05 - 2.001 2.152 2.0597 2.0108

40 1.522 1.55 - 1.498 1.499 1.5308 1.5119

number was not considered because earlier numerical studies [38, 44] indicated that the

flow no longer remains steady for Res beyond 60. Therefore, we present flow profiles

for Reynolds numbers up to 60 only, more so for Re = 20 and Re = 40, for which

experimental and numerical results [38, 44, 54, 67, 77, 85, 97, 109] exists in plenty.

In Figure 2.5, we exhibit the streamlines from Re = 10 to 60. In all the cases, two

symmetrical, stationary circulating eddy develops behind the cylinder. With increase

in Re values, one can see the increase in the sizes of the vortices. The corresponding

vorticity contours for the same range of Reynolds numbers are shown in figure 2.6.

It is worth mentioning that though several studies [38, 44, 45] have presented the so

called steady-state results for this flow at Re = 60, many experimental and numerical

results have shown conclusively that eventually asymmetry sets in and the flow becomes

unsteady for this Reynolds number [2, 8, 10, 12, 14, 81, 111, 116]. This will be discussed

in details in our next chapter. Therefore, the results presented in this chapter for Re = 60
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may be termed as the simulated converged solution of the N-S equations governing the

flow.

We also compute the wake length L: the distance between the rear most point A of

the cylinder to the end B of the wake (figure 2.7), and the angle of separation θs, which

is the angle between the x-axis and the line joining the center of the cylinder and the

point of separation S on the cylinder (figure 2.7). These parameters are then compared

in table 2.2 in order to verify the grid-independence; the grid sizes range from 75×75 to

151×151. Table 2.3 shows the variation of the same parameters to check the dependence

of the computed solution on the assumed far-field where R∞s range from 35.03 to 75.17.

Here the grid size has been fixed at 75 × 75. From these tables, it is clear that a grid

#
#

#

#

#

#

# #

#

#

* *
*

*

*

*
* *

*

*
*

θ

S
ur

fa
ce

V
or

tic
ity

(ω
)

0 20 40 60 80 100 120 140 160 180
-1

0

1

2

3

4

5

6

7

8
Re=10

Re=20

Re=40

Re=60

Re=20 [Fornberg]

Re=40 [Fornberg]

Re=10 [Dennis & Chang]

Re=20 [Dennis & Chang]

Re=40 [Dennis & Chang]

#

*

Figure 2.8: Comparison of vorticities on the cylinder surface for different Re with the
results of references [38] and [44] for the motion past a circular cylinder problem.

of size 101 × 101 and a far-field given by R∞ = 75 are enough for accurate resolution

of the flow. In table 2.4, we present our computed L, θs and the drag coefficient CD

with those obtained by [38, 44, 54, 77, 97, 111]. We also compare the vorticities along

the surface of the cylinder for the range of Reynolds number considered here with those

of references [38, 44] in Figure 2.8. In all the cases, excellent comparison with the

established numerical results are obtained, both qualitatively and quantitatively.

2.4.3 Test problem 3: Driven Polar Cavity flow

Lastly, to validate our proposed HOC scheme, we apply it to solve the driven polar

cavity problem. Here also, the flow is governed by the N-S equations (2.19)-(2.21).

This problem was first studied both experimentally as well as numerically by Fuchs and

Tillmark [48]. A schematic diagram of the problem is shown in Figure 2.9. Here the
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Figure 2.9: Schematic diagram of driven polar cavity problem.

region ABCD is the domain of the problem. The inner circle DA is moving with an

angular clock-wise velocity v = v0 = 1 which drives the flow. All the other boundary

walls are fixed. Here, u and v are the radial and tangential velocities respectively; the

Reynolds number, Re, is given by
v0R0

ν
, where OD = OA = R0 is the radius of the

inner circle, v0 is the surface velocity of the rotating cylinder and ν is the kinematic

viscosity of the fluid. No slip boundary conditions are applied on the solid walls. Thus

boundary conditions for u and v are given by: u = 0, v = 1 on D̂A and u = v = 0 on

the other three walls. Using the normal velocity boundary conditions ([48]) we can get

ψ = 0 on all the boundary walls. Making use of the fact that

∂2ψ

∂r2
+

1

r

∂ψ

∂r
= −ω, ψ = 0 and v = −∂ψ

∂r
= 1

along the boundary D̂A, we obtain a third order accurate approximation of ω as:

⇒ ω0,j +
ω1,j

2
= − 3

h0

(
1 +

ψ1,j

h0

− h0

2r0

+
h2

0

6r2
0

)
(2.24)

as in problem 2, where h0 = (r1 − r0). In a similar way, one can approximate the

vorticities along the other three boundaries as:

along ÂB

ωi,0 +
ωi,1

2
=

3

r2
i ∆θ2

0

ψi,1 (2.25)
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Figure 2.10: A typical 41× 41 non-uniform grid for the driven polar cavity problem.

along B̂C:

ωn−1,j +
ωn−2,j

2
=

3

h2
n−2

ψn−2,j (2.26)

along ĈD :

ωi,m−1 +
ωi,m−2

2
= − 3

r2
i ∆θ2

m−2

ψi,m−2 (2.27)

where hn−2 = rn−1 − rn−2, ∆θ0 = θ1 − θ0, ∆θn−2 = θm−1 − θm−2 with n − 1 and

m−1 denoting the maximum index along r and θ-directions respectively. In their work,

Lee and Tsuei ([71]) observed that large solution errors propagate near the rotating

boundary. Therefore we cluster the region in the vicinity of the rotating boundary using

the same stretching functions used in problem 2; Figure 2.10 shows a typical 41 × 41

non-uniform mesh used for this problem.

We present our computed solutions in Figures 2.11 to 2.21 and Table 2.5. In Figure

2.11, we present streamlines obtained from our numerical simulation on a 81 × 81 grid

side by side with the one obtained from the experimental results of [48] for Re = 55.

The corresponding comparison for Re = 350 on a same grid size is shown in Figure 2.12.

In Figure 2.13 and 2.14 we respectively present the u and v velocity profiles along

θ = 0 on four different grid sizes 41× 41, 61× 61, 81× 81 and 101× 101 for Res 55 and

350 respectively. From these figures, it is clear that a 61× 61 grid is enough to achieve

grid-independence for Re = 55 while we needed an 81× 81 grid for Re = 350.

Figure 2.15 shows the vorticity contours for Re = 55 and Re = 350. In figure 2.16,

we show the streamlines and vorticity contours for Re = 1000; our streamline patterns
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(a)

(b)

Figure 2.11: Steady-state streamlines for the driven polar cavity problem for Re = 55:
(a) numerical and (b) experimental ([48]).

are very similar to those in reference [48]. In Figures 2.17(a) and 2.17(b), we exhibit

the variation of the vorticity along the rotating wall D̂A and the radial line θ = 0

respectively.

In figure 2.18(a), we present the u and v-velocities along the radial line θ = 0 obtained

through our computation on a 81 × 81 grid for Re = 55 along with the experimental

results of [48]. Similar comparison for Re = 350 is presented in Figure 2.18(b). In both

the cases we achieve an excellent agreement between the numerical and experimental

results. It may be mentioned that in [48], although the numerical results were close to

the experimental ones for lower Res, their high Re results, even on the finest grids were

not adequate enough to match the experimental results. The reason for this could be the

use of lower order (first or at most second order) approximation of the derivative terms.

The corresponding computed u and v-velocities along the radial line θ = 0 for Re = 1000

are shown in figure 2.19. In table 2.5, we present the optimal successive under-relaxation
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(a)

(b)

Figure 2.12: Steady-state streamlines for the driven polar cavity problem for Re = 350:
(a) numerical and (b) experimental ([48]).

parameter γ for the inner BiCGStab(2) iterations used in our computations for Re = 55

and 350 on three different grids along with the CPU times. For the outer iterations, the

γ value was fixed at 0.650 for both ψ and ω after a series of experiments. It is heartening

to note that on a relatively finer 81 × 81 grid, for Re = 350, steady-state solution is

obtained in less than 1.5 minutes.

We also exhibit the convergence history in figures 2.20 and 2.21 which provides a

clear picture of the fall of the inner BiCGStab(2) iteration number and the infinity

norm against the outer iteration number till steady-state. In figure 2.20, we present the

convergence history of the inner BiCGStab(2) iteration against the outer iterations for

ω and ψ for Re = 55 and 350; likewise in figure 2.21, we present the fall of the infinity

norm for the same flow variables and Reynolds numbers. These figures clearly indicate

that the convergence pattern is smooth in all the cases.
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Figure 2.13: The u- and v-velocity profiles on different grid sizes for the driven polar
cavity flow problem along θ = 0 for Re = 55.
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Figure 2.14: The u- and v-velocity profiles on different grid sizes for the driven polar
cavity flow problem along θ = 0 for Re = 350.

2.5 Conclusion

In this chapter, we extend a recently developed HOC scheme for the steady-state convec-

tion diffusion equations on nonuniform Cartesian grids to cylindrical polar grids; further

extension of the scheme to general curvilinear coordinate system is straightforward. To

bring out different aspects of the scheme, we first apply this new approach to a dif-

fusion equation having analytical solution, then to the motion past a circular cylinder

and finally to the driven polar cavity problem. In the process, we also demonstrate the
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(a) (b)

Figure 2.15: Vorticity contours for (a) Re = 55 and (b) 350 for the driven polar cavity
problem.

(a) (b)

Figure 2.16: The (a) streamlines and (b) vorticity contours for Re = 1000 for the driven
polar cavity problem.

fourth order spatial accuracy of our scheme. In the first problem, Dirichlet boundary

conditions are used and for the other two, compact higher order approximations have
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Figure 2.17: Vorticity (a) along the rotating wall, and (b) along the radial line θ = 0 for
the driven polar cavity problem.
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Figure 2.18: Comparison between experimental and present numerical u- and v-velocity
profiles for (a) Re = 55 and (b) Re = 350 along the radial line θ = 0.

been developed and successfully implemented for the Neumann boundary conditions.

The robustness of the scheme is illustrated by its applicability to the last two fluid flow

problems of varying physical complexities and their accurate computations. Also, the

use of the hybrid biconjugate gradient stabilized algorithm for solving the algebraic sys-

tems arising at every outer iteration step makes the solution procedure computationally

efficient in capturing the steady-state solutions. The results obtained in all the test

cases on relatively coarser grids are in excellent agreement with analytical, experimental
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Figure 2.19: u- and v-velocity profiles for Re = 1000 along the radial line θ = 0.

Table 2.5: Problem 3: Comparison of CPU times and under-relaxation parameter γ for
the BiCGStab inner ieratios on different grids for Re = 55 and 350.

Re Grid Size γ for ω γ for ψ CPU time (in seconds)
[21× 21] 0.305 0.650 0.408

55 [41× 41] 0.205 0.500 4.368

[81× 81] 0.150 0.350 40.011

[21× 21] 0.325 0.600 0.944

350 [41× 41] 0.225 0.500 7.516

[81× 81] 0.175 0.375 81.237

and established numerical results, underlying the high accuracy of the scheme. As our

scheme has the added advantage of being applicable to general orthogonal curvilinear

coordinate system, it has tremendous potential for efficient computation of more com-

plex problems of incompressible viscous flows. In the next chapter, we will develop an

extension of this formulation to transient flows.
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Figure 2.20: Convergence history: Outer iteration versus inner iteration of (a) ω for
Re = 55, (b) ω for Re = 350,(c) ψ for Re = 55 and (d) ψ for Re = 350.
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Figure 2.21: Convergence history: Outer iteration versus infinity norm of (a) ω for
Re = 55, (b) ω for Re = 350,(c) ψ for Re = 55 and (d) ψ for Re = 350.
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Chapter 3

A transformation-free HOC scheme
for unsteady incompressible viscous
flows on nonuniform polar grids

3.1 Introduction

In this chapter, we extend the steady-state formulation of incompressible Navier-Stokes

equations discussed in Chapter 2 to unsteady flows. This chapter has been arranged

in four sections. Section 3.2 deals with the governing equations, Section 3.3 with the

mathematical formulation and discretization procedure, and Section 3.4 the conclusion.

3.2 The governing equations

In non-dimensional form, the streamfunction-vorticity formulation of the two-dimensional

unsteady, viscous, incompressible Navier-Stokes equations in cylindrical polar coordi-

nates (r, θ) are given by,

∂2ω

∂r2
+

1

r

∂ω

∂r
+

1

r2

∂2ω

∂θ2
= Re

(
u
∂ω

∂r
+

v

r

∂ω

∂θ
+

∂ω

∂t

)
(3.1)

∂2ψ

∂r2
+

1

r

∂ψ

∂r
+

1

r2

∂2ψ

∂θ2
= −ω (3.2)

Here ψ is the streamfunction, ω the vorticity, u, v repectively are the radial and tan-

gential velocity components, t is the time and Re =
UD

ν
is the Reynolds number with

U being the characteristic velocity, D a characteristic length (like the diameter of a

cylinder) and ν the kinematic viscosity. The velocities u and v in terms of ψ are given

by

u =
1

r

∂ψ

∂θ
and v = −∂ψ

∂r
, (3.3)

and the vorticity ω is given by

ω =
1

r

[
∂

∂r
(vr)− ∂u

∂θ

]
. (3.4)
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3.3 Mathematical Formulation and Discretization Pro-

cedure

From the governing equations (3.1)-(3.4), it can be seen that, only equation (3.1) con-

tains a term involving time. So, the HOC discretization of the equations other than

equation (3.1) will be same as the steady state case discussed in Chapter 2. Here we

will primarily discuss about the HOC discretization procedure of equation (3.1). We

construct a nonuniform polar mesh (see a typical stencil at the n or (n + 1)th time level

in figure 3.1) on the annular region Ω = [R0, R∞]× [0, 2π] by the points (ri, θj) which

are not necessarily equally spaced. At a typical (i, j)th node, the forward and backward

step lengths in the r-direction are given by rf = (ri+1− ri), rb = (ri− ri−1) respectively.

Similarly in the θ-direction, θf = (θj+1 − θj), θb = (θj − θj−1).

r
b

r
f

∆ t θf

θb

θ

t

(i, j)

(i−1, j−1)

(i−1, j+1)

(i+1,j−1)

(i+1, j+1)

(i−1, j)
(i, j−1)

(i, j+1) (i+1, j)

(i−1, j+1)
(i−1, j)

(i−1, j−1) (i, j−1)

(i, j)

(i, j+1)

(i+1,j−1)

(i+1, j)

(i+1, j+1)

(n+1)−th time level

n−th time level

r

Figure 3.1: The unsteady HOC stencil on nonuniform polar grid.

Now, using the higher order compact finite difference approximations of the first and

second order partial derivatives given in equations (2.5) and (2.6), equation (3.1) can be

approximated at the (i, j)th point as

[
δ2
r +

1

r2
i

δ2
θ+c1{δr−0.5(rf−rb)δ

2
r}−d1{δθ−0.5(θf−θb)δ

2
θ}

]
ωi,j−(τ1)i,j = Re

(∂ω

∂t

)
i,j

(3.5)

32TH-787_04612303



where,

c1 =
1

ri

−Re ui,j, d1 =
Re vi,j

ri

,

(τ1)i,j = H11
∂3ω

∂r3
+ K11

∂3ω

∂θ3
+ H12

∂4ω

∂r4
+ K12

∂4ω

∂θ4
+ (rf − rb)(r

2
f + r2

b )φ11

+(θf − θb)(θ
2
f + θ2

b )φ12 + O

(
r5
f + r5

b

rf + rb

,
θ5

f + θ5
b

θf + θb

)
, (3.6)

with φ11, φ12 being the leading truncation error terms and

H11 =
1

6
{2(rf − rb) + crfrb}, H12 =

1

24

{
2(r2

f + r2
b − rfrb) + crfrb(rf − rb)

}
,

K11 =
1

6
{ 2

r2
i

(θf − θb)− dθfθb}, K12 =
1

24

{ 2

r2
i

(θ2
f + θ2

b − θfθb)− dθfθb(θf − θb)
}
.

To obtain a higher order spatial compact finite difference approximation (at least up

to third order spatial accuracy on nonuniform grids) for (3.1), the third and fourth order

derivatives appearing in τ1 are compactly approximated ([64]) to at least second order

spatial accuracy. In order to accomplish this, the original equation (3.1) is treated as

auxiliary relation that can be differentiated to obtain higher order derivatives. Successive

differentiation of (3.1) with respect to r and θ and rearranging terms yield

∂3ω

∂r3
= (Re u− 1

r
)
∂2ω

∂r2
+ (Re ur +

1

r2
)
∂ω

∂r
+

Re v

r

∂2ω

∂r∂θ
− 1

r2

∂3ω

∂r∂θ2

+
(Re vr r −Re v

r2

)∂ω

∂θ
+

2

r3

∂2ω

∂θ2
+ Re

∂

∂r

(
∂ω

∂t

)
(3.7)

∂4ω

∂r4
= T1

∂2ω

∂r2
+ T2

∂ω

∂r
+ T3

∂2ω

∂r∂θ
+ T4

∂3ω

∂r∂θ2
+

Re v

r

∂3ω

∂r2∂θ
− 1

r2

∂4ω

∂r2∂θ2

+ T5
∂ω

∂θ
+ T6

∂2ω

∂θ2
+ (Re u− 1

r
)Re

∂

∂r

(
∂ω

∂t

)
+ Re

∂2

∂r2

(
∂ω

∂t

)
(3.8)

where,

T1 =
(
Re u− 1

r

)2
+ 2

(
Re ur +

1

r2

)
, T2 =

(
Re u− 1

r

)(
Re ur +

1

r2

)
+

(
Re urr − 2

r3

)
,

T3 =
(
Re u− 1

r

)Re v

r
+ 2

(Re vr r −Re v

r2

)
, T4 =

4

r3
− (

Re u− 1

r

) 1

r2

T5 =
(
Re u− 1

r

)(Re vr r −Re v

r2

)
+

(Re vrr r2 − 2Re vr r + 2Re v

r3

)
,

T6 =
(
Re u− 1

r

) 2

r3
− 6

r4
.
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and

∂3ω

∂θ3
= Re v r

∂2ω

∂θ2
+ Re vθ r

∂ω

∂θ
+ (Re u r2 − r)

∂2ω

∂r∂θ
− r2 ∂3ω

∂r2∂θ

+ Re uθr
2∂ω

∂r
+ Re r2 ∂

∂θ

(
∂ω

∂t

)

∂4ω

∂θ4
= {(Re v r)2 + 2Re vθr}∂2ω

∂θ2
+ (Re2 vθv r2 + Re vθθr)

∂ω

∂θ

+ {Re v r(Re u r2 − r) + 2Re uθr
2} ∂2ω

∂r∂θ
−Re vr3 ∂3ω

∂r2∂θ

− r2 ∂4ω

∂r2∂θ2
+ (Re u r2 − r)

∂3ω

∂r∂θ2
+ (Re2uθv r3 + Re uθθ r2)

∂ω

∂r

+ Re2 v r3 ∂

∂θ

(
∂ω

∂t

)
+ Re r2 ∂2

∂θ2

(
∂ω

∂t

)

The approximations for the mixed derivatives such as
∂3ω

∂r2∂θ
,

∂3ω

∂r∂θ2
and

∂4ω

∂r2∂θ2
can

be found out by the successive applications of the approximations for the first and second

derivatives given in equations (2.5) and (2.6). Note that all the derivatives appearing

in τ1 being approximated are of the form
∂p+qω

∂rp∂θq
where p, q ≤ 2. Therefore the central

difference approximations of these derivatives do not extend beyond one mesh length

away from the point about which the finite differences are taken. As a result of this, the

HOC computational stencil is always restricted to a maximum of nine points as shown in

figure 3.1. Once all the approximations are substituted for the derivatives, the spatially

HOC approximation of equation (3.1) can be written as

[
A1i,jδ

2
r + A2i,jδ

2
θ + A3i,jδr + A4i,jδθ + A5i,jδrδθ + A6i,jδrδ

2
θ + A7i,jδ

2
rδθ

+ A8i,jδ
2
rδ

2
θ

]
ωi,j = Gi,j (3.9)

where the coefficients are given by

A1i,j = 1− 0.5c1(rf − rb)− (H12c
2
1 − c1H11)− 2H12

(
Re(ur)i,j +

1

r2
i

)
,

A2i,j =
1

r2
i

+ 0.5d1(θf − θb)− 2

r3
i

(H11 − H12c1) +
6H12

r4
i

−Re vi,jri(K11

+ Re vi,jriK12)− 2K12Re(vθ)i,jri,

A3i,j = c1 − (H11 − c1H12)
(
Re(ur)i,j +

1

r2
i

)−H12

(
Re(urr)i,j − 2

r3
i

)

− Re(uθ)i,jr
2
i (K11 + Re vi,jriK12)−K12Re(vθθ)i,jr

2
i ,
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A4i,j = −d1 − (H11 − c1H12)
(
(vr)i,jri − vi,j

)Re

r2
i

−H12

(
(vrr)i,jr

2
i − 2(vr)i,jri

+ 2vi,j

)Re

r3
i

−Re(vθ)i,jri

(
K11 + Re vi,jriK12

)−K12Re(vθθ)i,jri,

A5i,j = −d1(H11 − c1H12)− 2H12

(
(vr)i,jri − vi,j

)Re

r2
i

+ c1r
2
i (K11 + Re vi,jriK12)

− 2K12Re(vθ)i,jr
2
i ,

A6i,j = (H11 − c1H12)
1

r2
i

− 4H12

r3
i

+ c1K12r
2
i ,

A7i,j = −d1H12 + r2
i (K11 + Re vi,jriK12),

A8i,j =
H12

r2
i

+ K12r
2
i

Gi,j =

[
Re + Re(H11 − c1H12)δr + H12Reδ2

r + Re r2
i (K11 + Re vi,jriK12)δθ

+ K12Rer2
i δ

2
θ

]
∂ω

∂t
,

The details of all the spatial finite difference operators appearing in equations (3.9)

can be found in Appendix-A.

Note that the expression Gi,j in equation (3.9) has a temporal derivative term
∂ω

∂t
.

We use forward difference to discretize this term and then a weighted average param-

eter value of 1
2

for this derivative ([61, 64, 91]) to arrive at a Crank-Nicolson type of

approximation for equation (3.9)

[
A11i,jδ

2
r + A12i,jδ

2
θ + A13i,jδr + A14i,jδθ + A15i,jδrδθ + A16i,jδrδ

2
θ

+ A17i,jδ
2
rδθ + A18i,jδ

2
rδ

2
θ

]
ωn+1

i,j =

[
A21i,jδ

2
r + A22i,jδ

2
θ + A23i,jδr

+ A24i,jδθ + A25i,jδrδθ + A26i,jδrδ
2
θ + A27i,jδ

2
rδθ + A28i,jδ

2
rδ

2
θ

]
ωn

i,j (3.10)

where,

A11i,j = (H12Re− 0.5∆tA1i,j), A21i,j = (H12Re + 0.5∆tA1i,j),

A12i,j = (r2
i K12Re− 0.5∆tA2i,j), A22i,j = (r2

i K12Re + 0.5∆tA2i,j),

A13i,j =
(
Re(H11 − c1H12)− 0.5∆tA3i,j

)
, A23i,j =

(
Re(H11 − c1H12) + 0.5∆tA3i,j

)
,

A14i,j =
(
r2
i Re(K11 + riRe vi,jK12)− 0.5∆tA4i,j

)
,

A24i,j =
(
r2
i Re(K11 + riRe vi,jK12) + 0.5∆tA4i,j

)
),

A15i,j = −0.5∆t A5i,j, A25i,j = 0.5∆tA5i,j,
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A16i,j = −0.5∆t A6i,j, A26i,j = 0.5∆tA6i,j,

A17i,j = −0.5∆t A7i,j, A27i,j = 0.5∆tA7i,j,

A18i,j = −0.5∆t A8i,j, A28i,j = 0.5∆tA8i,j.

Thus (3.10) is the HOC approximation of the vorticity equation (3.1) which is at

least third order accurate in space and second order accurate in time. It may be noted

that on a uniform grid, the spatial accuracy of (3.9) is exactly four.

3.4 Conclusion

In this chapter, we have developed a transformation free HOC scheme for the unsteady,

viscous, incompressible N-S equations on nonuniform polar grids. The scheme is second

order accurate in time and at least third order accurate in space. In the next two

chapters, we will discuss about the implementation of the scheme to the complex flows

past (a) impulsively started and (b) rotating cylinders respectively.
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Chapter 4

A comprehensive study of the
unsteady incompressible viscous
flow past an impulsively started
circular cylinder

4.1 Introduction

The classical problem of the evolution of incompressible viscous flow induced by an

impulsively started circular cylinder is one of the most widely studied problems in com-

putational fluid dynamics. It has continued to generate tremendous interest amongst

researchers over the last century mainly because of the fact that it displays almost all the

fluid mechanical phenomena for incompressible viscous flows in the simplest of geomet-

ric settings. However, the flow structure is very complex, especially for large Reynolds

numbers, thus making the computation of the flow even more challenging and intriguing.

Because of its popularity, a plethora of experimental, theoretical and numerical results

are readily available for this problem in the literature.

The theoretical studies related to this problem can be dated back to the work of

Blasius [24] in 1908 which was generally based on the boundary layer theory. This was

further persisted by Goldstein et al. (1936) [50], Schuh (1953) [99], Wundt (1955) [118]

and Watson (1955) [114] all of whom considered the limiting case of infinite Reynolds

number. Later on, Wang (1967) [113] and Collins and Dennis (1973) [32] extended this

work for finite but higher Reynolds numbers. In all the cases, results could be found

only for short span of time in the early stage of the flow after the start.

Besides these theoretical works, for a better understanding of the phenomena of

the unsteady wake formation, several experimentalists [26, 34, 35, 47, 86, 111, 116]

performed a series of tests based on the visualization the flow for various Reynolds

numbers. These experimental works have been of immense help to the computational

fluid dynamics community; new computational methods are being developed and conse-
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quently improved upon to solve this complex flow problem [18, 22, 38, 40, 44, 45, 46, 54,

67, 75, 77, 78, 94, 97, 100, 104, 119]. We now have enough experimental data that can

be compared with the outcome of the numerical results, paving the way for computing

complicated and extended flow phenomena for Reynolds numbers hitherto unexplored

by experimentalists.

In this Chapter, we apply the newly developed HOC scheme in Chapter 3 to this

well known problem for a wide range of Re ranging from 10 to 9500 1. In the process, we

have also developed transient HOC approximation for the Neumann boundary condition

for vorticity. For low and moderate Re, we compute the flow until steady state or till

the flow becomes periodic. For the higher range of Re, we compute the solution in the

initial stages of the flow. For all the Reynolds numbers, detailed discussion on the flow

structure and comparison with experimental and numerical results are provided. In each

case, our solution agrees very well, both qualitatively and quantitatively with established

numerical and experimental results, confirming the efficiency of the proposed scheme.

The robustness of the scheme however is better realized when it captures the periodic

nature of the flow for Re = 60 and 200 characterized by vortex shedding represented

by the von Kármán street and also by the fact that it very accurately captures the so

called secondary phenomena for moderate Re, and α and β-phenomena for higher Re.

The chapter has been arranged in eight sections. Section 4.2 deals with the prob-

lem and the governing equations, section 4.3 with the approximation of the boundary

conditions. In section 4.4 and Section 4.5 we discuss about the calculation of drag and

lift coefficients, and the grid used. Section 4.6 deals with the solution of the algebraic

system of equations, section 4.7 deals with the numerical results and discussion and

finally, Section 4.8 summarizes the whole work.

4.2 The problem and the governing equations

We consider the unsteady, incompressible flow over an infinitely long cylinder of circular

cross-section of radius R0 (see the schematic diagram in figure 4.1). The flow is governed

by the incompressible N-S equations. In non-dimensional form, the ψ-ω formulation of

the N-S equations in cylindrical polar coordinates (r, θ) are given by,

∂2ω

∂r2
+

1

r

∂ω

∂r
+

1

r2

∂2ω

∂θ2
= Re

(
u
∂ω

∂r
+

v

r

∂ω

∂θ
+

∂ω

∂t

)
(4.1)

∂2ψ

∂r2
+

1

r

∂ψ

∂r
+

1

r2

∂2ψ

∂θ2
= −ω (4.2)

Here ψ is the streamfunction, ω the vorticity, u, v respectively are the radial and tan-

gential velocity components, t is the time and Re =
UD

ν
is the Reynolds number with

1Part of this work has been published in Journal of Computational Physics [65].
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Figure 4.1: Schematic diagram of the flow around a circular cylinder.

U being the characteristic velocity, D the diameter of the cylinder and ν the kinematic

viscosity. The velocities u and v in terms of ψ are given by

u =
1

r

∂ψ

∂θ
and v = −∂ψ

∂r
, (4.3)

and the vorticity ω is given by

ω =
1

r

[
∂

∂r
(vr)− ∂u

∂θ

]
. (4.4)

We assume the cylinder to be of unit radius placed in an infinite domain. At the

far-field, a potential flow is assumed ([18]) with uniform free-stream velocity U∞ = 1.

Thus

(u∞(r, θ), v∞(r, θ)) =

(
U∞

(
1− R2

0

r2

)
cos θ,−U∞

(
1 +

R2
0

r2

)
sin θ

)
. (4.5)

The initial and the boundary conditions are as follows:

ω(r, θ, 0) = 0 R0 ≤ r ≤ ∞, 0 ≤ θ ≤ 2π, (4.6)

(u(r, θ, t), v(r, θ, t)) = (u∞(r, θ),−v∞(r, θ)) r →∞, 0 ≤ θ ≤ 2π, (4.7)

On the surface of the cylinder r = R0, 0 ≤ θ ≤ 2π

(u(r, θ, t), v(r, θ, t)) = (0, 0) (4.8)
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The boundary conditions for ψ on the surface of the cylinder can be derived from those

of the velocities in (4.8) as

ψ(r, θ) = 0,
∂ψ

∂r
(r, θ) = 0 0 ≤ θ ≤ 2π, (4.9)

At the far field where r →∞,

ψ(r, θ) =

(
r − R2

0

r

)
sin θ,

∂ψ

∂r
(r, θ) =

(
1 +

R2
0

r2

)
sin θ 0 ≤ θ ≤ 2π, (4.10)

4.3 Approximation of the Boundary Conditions

The numerical implementation of the boundary conditions for u, v and ψ are straight-

forward. The vorticity ω at the far field is zero. At the solid boundary, making use of

equation (4.2) and (4.9), for all θ at r = R0, we have

ω = −∂2ψ

∂r2
(4.11)

thereat. We proceed to obtain a compact approximation of the vorticity on the solid

boundary as follows:

Employing a Taylor series expansion, we get

0 = −∂ψ

∂r

∣∣∣∣
0,j

= −δrψ0,j +
rf

2

∂2ψ

∂r2

∣∣∣∣
0,j

+
r2
f

6

∂3ψ

∂r3

∣∣∣∣
0,j

+ +
r3
f

24

∂4ψ

∂r4

∣∣∣∣
0,j

+ O(r4
f ) (4.12)

Using (4.11) in (4.12), we get the fourth order accurate expression

0 = −δrψ0,j −
(

rf ω0,j

2
+

r2
f

6

∂ω

∂r
+

r3
f

24

∂2ω

∂r2

)∣∣∣∣
0,j

+ O(r4
f ) (4.13)

Making use of the fact that on the solid wall u = 0, v = 0, equation (4.1) yields,

∂2ω

∂r2
= Re

∂ω

∂t
− 1

r0

∂ω

∂r
− 1

r2
0

∂2ω

∂θ2
(4.14)

Using (4.14) in (4.13) and after some simplifications we get,

0 = −δrψ0,j − rf

2
ω0,j +

(
r3
f

24r0

− r2
f

6

)
∂ω

∂r

∣∣∣∣
0,j

− r3
fRe

24

∂ω

∂t

∣∣∣∣
0,j

+
r3
f

24r2

∂2ω

∂θ2

∣∣∣∣
0,j

(4.15)

Using forward difference for the temporal derivative and second order one-sided difference

for the derivatives along r-direction, we finally get

ωn+1
0,j =

24∆t

r3
f Re

[{
r3
f Re

24∆t
− rf

2
−

(
r3
f

24r0

− r2
f

6

)(
(r2 − r0)

2 − r2
f

rf (r2 − r0)(r2 − r1)

)

− r3
f

24r2
0∆θ

(
1

θf

+
1

θf

)}
ωn

0,j +
r3
f

24r2
0θb∆θ

ωn
0,j−1 +

r3
f

24r2
0θf∆θ

ωn
0,j+1

+

(
r3
f

24r0

− r2
f

6

)(
(r2 − r0)

2ωn
1,j − r2

fω
n
2,j

rf (r2 − r0)(r2 − r1)

)]
(4.16)
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4.4 Calculation of Drag and Lift coefficients

In the case of viscous flows for bluff bodies immersed in fluids, the forces that are being

exerted on the body come from surface pressure distribution and surface friction. The

surface pressure distribution can be calculated from the tangential momentum equation

at the surface of the body. To calculate the lift (CL) and drag coefficients (CD), we use

the following formulas [67, 104] respectively,

CL =
1

Re

∫ 2π

0

[(
∂ω

∂r

)

R0

− ωR0

]
cosθ dθ (4.17)

CD =
1

Re

∫ 2π

0

[(
∂ω

∂r

)

R0

− ωR0

]
sinθ dθ (4.18)

The integral over θ along the cylinder is numerically computed using Trapezoidal rule.

4.5 The Grid used

As in Chapter 2, employ a uniform grid spacing along the θ- direction and nonuniform

grid spacing in the r-direction with clustering around the surface of the cylinder using

the following functions:

θj =
2π

jmax

and ri = exp

(
λπi

imax

)
,

with the parameter λ determining the outer radius of the computational domain. Again,

the continuity conditions at θ = 0 and θ = 2π are taken as the boundary conditions

along those two lines. A typical computational grid for this flow has already been shown

in Figure 2.4.

4.6 Solution of algebraic systems

We now discuss the solution of algebraic systems associated with the newly proposed

finite difference approximations. The system of equations arising out of (2.14) and (3.10)

can be written as

1∑

k1=−1

1∑

k2=−1

η1i+k1,j+k2 ψi+k1,j+k2 =
1∑

k1=−1

1∑

k2=−1

ξ1i+k1,j+k2 gi+k1,j+k2 , (4.19)

and

1∑

k1=−1

1∑

k2=−1

η2i+k1,j+k2 ωn+1
i+k1,j+k2

=
1∑

k1=−1

1∑

k2=−1

ξ2i+k1,j+k2 ωn
i+k1,j+k2

, (4.20)
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where η1, ξ1 and η2, ξ2’s are functions of the coefficients appearing in the corresponding

equations (4.2) and (4.1), their derivatives and the step lengths rf , rb, θf , θb and ∆t.

In matrix form, the system of algebraic equations given by (4.19) or (4.20) can now be

written as

AΦ = B (4.21)

where the coefficient matrix A is an asymmetric sparse matrix with each row containing

at most nine non-zero entries. φ is the unknown vector ψ or ω and B is the known

(source) term. For a grid of size m × n, A is of size mn × mn, and Φ and B are

mn-component vectors.

The next step now is to solve equation (4.21); as the coefficient matrix A which has

the same structure as the one appearing in equation (2.16) of Chapter 2. However, in

order to solve these systems, we use the hybrid biconjugate gradient stabilized method

BiCGStab(2) [5, 105] without preconditioning, which is known to be more robust [105]

than the BiCGStab solver that had been used for the steady-state case.

It may be noted that for the coupled nonlinear PDEs (such as the ψ-ω form of the

N-S equations), an iterative solution procedure must be adopted to solve the matrix

equation of the type (4.21) at each time step. Both the vorticity (4.20) and stream

function (4.19) equations are solved using hybrid BiCGStab(2) which may be termed

inner iterations. We utilize a relaxation parameter γ for the inner iteration cycles for

both ω and ψ. For larger values of Reynolds number, we needed smaller values of γ.

All of our computations were carried out on a Pentium 4 based PC with 512 MB

RAM. For the inner iterations, the computations were stopped when the norm of the

residual vector r̄ = B − AΦ (φ being either ω or ψ) arising out of equation (4.21) fell

below 0.5 × 10−6. For the cases where steady-state solution is obtained with a time

marching strategy, the steady-state is assumed to reach when the maximum ω-error

between two successive time steps is smaller than 0.5× 10−7.

4.7 Results and Discussion

We have used the proposed HOC scheme to visualize and analyze the flow patterns for

Reynolds numbers ranging from 10 to 9500. Different grid sizes and outflow boundaries

are used to capture the gradually increasing complex flow patterns. The flow regime has

been divided into four parts depending upon the almost identical flow characteristics

observed within each range. In the first part we discuss about the flow structures for

10 ≤ Re ≤ 40; available experimental and the numerical results [26, 34, 35, 38, 44, 78, 97]

show that steady-state is possible for this range. In the second part we discuss about the

flow structures for Re = 60 and 200; here the wake behind the cylinder becomes unstable.

Oscillations in the wake grow in amplitude and finally forms a trail of vortices known as
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von Kármán vortex street. For the next higher Reynolds numbers being discussed here,

we consider only the early stage of the flow in the laminar regime. The first of these are

Re = 300 and 550; for these Re, the flow properties are unsteady; secondary vortices

develop at the initial stages, but do not split up further. The flow is characterized by

the secondary phenomena: (i) bulge phenomenon and (ii) isolated secondary eddy. In

the last part, we discuss the range 1000 ≤ Re ≤ 9500 having the most complicated flow

properties associated with the so called α- and β-phenomena ([26, 78, 97]).
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Figure 4.2: Steady-state stream-lines (left) and vorticity contours (right) for Re = 10,
20 and 40 for the motion past a circular cylinder problem.

4.7.1 Flows for 10 ≤ Re ≤ 40

As stated earlier, for the flow past an impulsively started circular cylinder, steady-state is

possible up to Re = 40. So, in this section, we compare our time-marching steady-state

results with existing numerical and experimental results [35, 38, 44, 45, 54, 67, 77, 97, 111]

for Reynolds numbers Re = 10, 20, and 40 in Figures 4.2-4.4 and Tables 4.1-4.3.
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In Figure 4.2, we exhibit the streamlines and vorticity contours from Re = 10 to

40. In all the cases, two symmetrical, stationary circulating eddy develops behind the

cylinder. With increase in Re values, one can see the increase in the sizes of the vortices.

We also compute the wake length L and the angle of separation θs(refer to figure 2.7).

Table 4.1: Effect of grid size on wake lengths and separation angles.

Re = 20 Re = 40
Grid 75 101 151 75 101 151
θs 42.9248 43.2756 43.4224 51.3012 51.5342 51.7018
L 1.8331 1.8276 1.8226 4.4135 4.3988 4.3921

Table 4.2: Effect of far field boundary on the wake lengths and separation angles.

Re = 20 Re = 40
R∞ 35.03 60.14 75.17 35.03 60.14 75.17
θs 43.6248 43.2156 42.9248 51.9612 51.6342 51.3012
L 1.8177 1.8253 1.8331 4.4044 4.4101 4.4135

These parameters are then compared in table 4.1 in order to verify the grid-independence;

Table 4.3: Comparison of the wake lengths and separation angles for different Reynolds
numbers.

Re Ref. [38] Ref. [111] Ref. [77] Ref. [44] Ref. [54] Ref. [97] Present
L 20 1.88 - 1.87 1.82 1.842 1.77 1.8331

40 4.69 - 4.27 4.48 4.49 4.21 4.4135
θs 20 43.7 - - 42.9 42.96 41.3277 42.9248

40 53.8 - - 51.5 52.84 51.0249 51.3012
CD 20 2.045 2.05 - 2.001 2.152 2.0597 2.0193

40 1.522 1.57 - 1.498 1.499 1.5308 1.5145
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the grid sizes range from 75×75 to 151×151. Table 4.2 shows the variation of the same

parameters to check the dependence of the computed solution on the assumed far-field

where R∞s range from 35.03 to 75.17. Here the grid size has been fixed at 75×75. From

these tables, it is clear that a grid of size 101× 101 and a far-field given by R∞ = 75 are

enough for accurate resolution of the flow. In table 4.3, we present our computed L, θs

and the drag coefficient CD along with those obtained by [38, 44, 54, 77, 97, 111].
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Figure 4.3: Comparison of (a) angle of separation and (b) wake length, for low Re values
with the results of references [35] for the motion past a circular cylinder problem.

*

*

*
* * * * *

time

D
ra

g
C

oe
ff

ic
ie

nt

0 2 4 6 8 10
0

2

4

6

8

10
Re=10
Re=20
Re=40
Re=40 (Koumoutsakos & Leonard)*

(a)

#
#

#

#

#

#

# #

#

#

* *
*

*

*

*
* *

*

*
*

θ

S
ur

fa
ce

V
or

tic
ity

(ω
)

0 20 40 60 80 100 120 140 160 180
-1

0

1

2

3

4

5

6

7

8
Re=10

Re=20

Re=40

Re=20 [Fornberg]

Re=40 [Fornberg]

Re=10 [Dennis & Chang]

Re=20 [Dennis & Chang]

Re=40 [Dennis & Chang]

#

*

(b)
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for the motion past a circular cylinder problem.
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Figure 4.5: Streamlines (left) and vorticity contours (right) at Re = 60 for flow past a
circular cylinder at : (a) t = 20, (b) 70, (c) 329, (d) 363, (e) 428 and (f) 468.

In figures 4.3(a) and 4.3(b), we compare the evolution of the angles of separation

and wake lengths at the earlier stages of the flow for 10 ≤ Re ≤ 40 with the results

of [35]; figure 4.4(a) shows the time evolution of the computed drag coefficients in the

range 10 ≤ Re ≤ 40 along with those of [67]. We also compare the vorticity values
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along the surface of the cylinder for the range of Reynolds numbers considered here

with those of references [38, 44] in Figure 4.4(b). In all the cases, we obtain excellent

comparisons with the established numerical and experimental results, both qualitatively

and quantitatively.

4.7.2 Flows for Re = 60 and 200:

The flow around a impulsively started circular cylinder for Re = 60 and 200 eventu-

ally becomes periodic and is known to develop vortex shedding represented by the von

Kármán vortex street [10, 14]. The basic difference between the flow patterns of this Re

range with the previous one is that, the velocities increase with time more rapidly in the

recirculating zone and the secondary vortices develop in this region. In these Re values,

flow becomes unsteady. Careful flow visualization reveals that the flow in the early stage

of development in the laminar wake region is still two-dimensional and symmetric about

the axis θ = 0. Therefore, quite a few number of studies [18, 38, 44, 45, 78] have used

only the upper half circular annular region to compute the flow. However use of the

complete annular region for computational purpose enabled us to capture the unsteady

periodic nature of the flow for Re = 60 and 200 as well. For these two Reynolds num-

bers, we have used a 181× 181 grid and R∞ is taken as around 35 times of the cylinder

radius.
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Figure 4.6: For Re = 60, (a) time history of the lift and drag coefficients for the
temporally periodic solution.
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Figure 4.7: For Re = 60, (a) streamline and (b) vorticity contours (corresponding to the
peak value of the lift coefficient) for the temporally periodic solution.

In figure 4.5, we show the evolution of streamlines and vorticity contours for Re = 60

from t = 20 having a symmetric pattern and leading to the onset of asymmetry in

the streamlines at a later time around t = 329. The asymmetry in vorticity becomes

apparent only when t reaches a value around 428. In figure 4.6, we show the time histories

of the lift and drag coefficients for Re = 60, and in figures 4.7(a) and 4.7(b), we show the

streamfunction and vorticity fields for the temporally periodic solution corresponding to

the peak value of the lift coefficient. Our observations are consistent with ones found

in [81]. More details are presented for the next Reynolds number 200, where we exhibit

our numerical results for Re = 200 from an early to a periodic stage in figures 4.8 to

4.10. In Figure 4.8, solution profiles are presented for various values of t till the onset

of periodicity. As seen from the figure, a symmetric flow was observed at the beginning

(figure 4.8(a)-(c)), but the flow became unstable later on, and finally the flow lost its

symmetry (figures 4.8(d) onwards). Eventually, the flow settled into a periodic nature

(figure 4.8(n)). We present the temporal evolution of streamlines and vorticity over one

complete vortex shedding cycle of duration T in figures 4.9 and 4.10 respectively. The

evolution of an impressive von Kármán vortex street, which is a regular feature for the

Reynolds numbers considered here, is clearly seen in these figures.

From Figure 4.9, one can see the formation of eddies just behind the cylinder; these

eddies are then washed away into the wake region. Two eddies are shed just behind

the cylinder within each period (see also Figures 4.8(n) and 4.9(a)). Figures 4.9(a) and

4.9(b) are half a vortex-shedding cycle apart, and middle figure 4.9(b) is a mirror image
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Figure 4.8: Streamlines at Re = 200 for flow past a circular cylinder at : (a) t = 12, (b)
34, (c) 100, (d) 229, (e) 280 (f) 300, (g) 305, (h) 316, (i) 324, (j) 350, (k) 360, (l) 364,
(m) 372 and (n) 400.

of Figures 4.9(a) and 4.9(c).

The corresponding vorticity contours are depicted in figures 4.10(a)-(c). The stag-

gered nature of the Kármán shedding is clear from these plots. The crests and troughs

of the sinuous waves in the streamlines reflect the alternatively positive and negative

vorticities of the eddies. Apart from figures 4.9 and 4.10, the periodic nature of the

flow is apparent from figure 4.11 where we have depicted the time evolution of the drag
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Figure 4.9: The streamfunction contours depicting the wake behind three successive
instants of time over one vortex shedding period for Re = 200. (a) t = t0, (b) t = t0 + T

2

and (c) t = t0 + T

and lift coefficients for this Reynolds number. In figure 4.12(a), we compare the radial

velocity values obtained by our computations at earlier stages along the axis of flow with

those of the experimental results of Bouard and Coutanceau ([26]). Note that u∗ =
u

U∞
and x∗ =

x

D
here. Our results match excellently with the experimental ones. In figure

4.13(b), vorticity distribution along the solid surface are shown for the same interval of

time. We also calculate the Strouhal St number for Re = 60 and 200, which charac-

terizes the vortex shedding process and is estimated from the periodic variation of the

lift coefficient. It is defined as St =
nD

U∞
[111], where n is the dominant frequency of

the lift variations, which we compute by a spectral analysis of a time sample of the lift

coefficients. The power density spectra of this analysis is shown in figure 4.13(a). Figure

4.13(b) displays the phase-plane of u-v velocity at the monitoring point (1.260,−0.067)

for the same time sample; it clearly establishes the periodic nature of the flow for these

two Reynolds numbers. In table 4.4, we compare our computed Strouhal numbers, drag
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Figure 4.10: The vorticity contours depicting the wake behind three successive instants
of time over one vortex shedding period for Re = 200. (a) t = t0, (b) t = t0 + T

2
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and lift coefficients for these two Re with established experimental and numerical results;

for both Re, we obtain very close comparisons.
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Table 4.4: Comparison of Strauhal numbers, drag and lift coefficients of the periodic
flow for Re = 60 and 200.

Re Reference St CD CL

Williamson (exp.)[116] 0.135
Tritton [111] 0.137 1.387

Re = 60 Norberg (exp.) [86] 0.140
Friehe [47] 0.135

Mittal and Raghuvanshi[81] 0.142 1.489±0.002 ±0.144
Present Study 0.140 1.464±0.003 ±0.151

Williamson (exp.) [116] 0.197
Le et al. [75] 0.187 1.34±0.030 ±0.43

Re = 200 Linnick and Fasel [75] 0.197 1.34±0.044 ±0.69
Frank et al. [46] 0.194 1.31 ±0.65

Berthelsen and Faltinsen [22] 0.200 1.37±0.046 ±0.70
Present Study 0.210 1.35±0.053 ±0.53

4.7.3 Flows for 300 and 550:

For these two Reynolds numbers, the flow eventually becomes three-dimensional. For

computational purpose, we have used a 181× 181 grid for both Re and R∞ is taken as

around 35 times of the cylinder radius for Re = 300, and 20 times for Re = 550. We

present the flow patterns for Re = 300 and Re = 550 at different instances of the early

stages of the development of the wake in figures 4.14 and 4.15 repectively. Both these

figures show the gradual increase in the length and width of the wake as time progresses.

However, no development of secondary vortex is seen for Re = 300 at this initial stage

which is visible for Re = 550 at t = 2.0. The equivorticity contours in these figures

are also in close agreement with the ones available in literature [22]. The length of the

wake for Re = 300 is larger than that of Re = 550 for the same instants of time; also

for Re = 550, for t > 1.5, the width of the wake is larger than the cylinder. All these

observations are consistent with the experimental studies of [35].

In figures 4.16(a) we compare our numerical results with the experimental results

([26]) for Re = 300 and in 4.16(b), the same for Re = 550 at t = 2.5. These figures

clearly depict the extreme closeness of our numerical results with the experimental ones,

thus demonstrating the efficiency of our scheme. They also represent the secondary

phenomena ([26]): (i) the bulge phenomenon and (ii) isolated secondary eddy. In figure

4.16(a) (top), the streamlines near the cylinder wall which are almost halfway between

the stagnation and separation points show some distortion. The fluid particles passing

through this region deviate from the cylinder which cause a bulge in the streamline

pattern. This is known as the bulge phenomenon. On the other hand, for greater values

of Re (500 ≤ Re ≤ 800), this bulge gives rise to closed streamlines which form a small
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Figure 4.14: Stream lines and vortcity contours for Re = 300 at different instants of
time.

secondary eddy (see figure 4.16(b) (top)).

4.7.4 Flows for Re = 1000, 3000, 5000 and 9500:

Flow around a cylinder at these Reynolds numbers eventually becomes three-dimensional

and turbulent, and we do not intend to cover that regime. We only want to focus on the

early stage of the flow development in which the two-dimensional laminar assumption
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Figure 4.15: Stream lines and vortcity contours for Re = 550 at different instants of
time.

has been justified by experiments. Another important feature of this flow range is that,

the flow exhibits the so called α- and β-phenomena ([26]).
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Figure 4.16: Comparison of streamlines for (a) Re = 300 and (b) Re = 550, at time
t = 2.5: (top) numerical; (bottom) Experimental ([26]).
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Figure 4.17: Streamlines for Re=1000 at (a) t = 1.25, (b) t = 1.75, (c) t = 2.50, (d)
t = 3.50, (e) t = 4.50 and (f) t = 6.00.
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Figure 4.18: Vorticity contours for Re=1000 at (a) t = 1.25, (b) t = 1.75, (c) t = 2.50,
(d) t = 3.50, (e) t = 4.50 and (f) t = 6.00.
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Figure 4.19: (a) Radial velocity along the axis of flow and (b) Vorticity along the solid
surface, for the motion past a circular cylinder for Re = 1000 at the earlier stages of the
flow.
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Figure 4.20: Streamlines (left) and vortcity contours (right) for Re = 3000 at different
instants of time.
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Figure 4.21: Streamlines (left) and vortcity contours (right) for Re = 3000 at different
instants of time.

Experimental results [26] suggest that the α-phenomenon is distinctly visible in the

range of Reynolds numbers 800 < Re < 5000. As such, we start with Re = 1000 to

depict this phenomenon through our numerical results. Figure 4.17(a) shows that at

t = 1.25, the secondary vortex is yet to appear. Its appearance can be seen at t = 1.75

(figure 4.17(b)). When the primary vortex is still stable, the secondary vortex grows

enough in size for its exterior boundary to touch the boundary of the main recirculating

zone (figures 4.17(c) and (d)). Thus the main eddy is split into two parts and the region

in the wake next to the separation point gets isolated and another secondary eddy is
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Figure 4.22: Development of secondary vortices behind the cylinder for Re=3000 at (a)
t = 1.0, (b) t = 1.5, (c) t = 2.0, (d) t = 2.50.
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Figure 4.23: Comparison of streamlines for Re = 3000 at time t = 2.5: (a) numerical
and (b) Experimental ([26]).

formed. These two secondary eddies thus formed are equivalent in strength and size and

constitute a pair of secondary eddies (figures 4.17(e) and (f)). This is what is known as

the α-phenomenon. The corresponding vorticity patterns for this time period are shown

in figures 4.18(a) to (f) which are very close to the ones presented in [18, 67, 94, 104].

In figure 4.19(a), we show the distribution of our computed radial velocity values at

the initial stages of the flow and in figure 4.19(b), vorticity distribution along the solid
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Figure 4.24: (a) Radial velocity along the axis of flow and (b) Vorticity along the solid
surface, for the motion past a circular cylinder for Re = 3000 at the earlier stages of the
flow.

surface for the same interval of time for Re = 1000. In figures 4.20 and 4.21, we show

the temporal evolution of the stream-function and vorticity values side by side for the

initial stages of flow for Re = 3000 from t = 0.5 to t = 5.0. This evolution of streamlines

along with the close-up of the secondary vortices in the upper part of the cylinder shown

in figure 4.22 clearly exhibit the development of α-phenomenon for Re = 3000. The

comparison of the streamlines captured by our scheme at t = 2.5 with the experimental

result of reference [26] is shown in figure 4.23. Again the experimental and numerical

results are extremely close, thus demonstrating the robustness of our scheme.

The accuracy of our results can also be seen from figure 4.24(a), where we compare

the radial velocity values for Re = 3000 obtained by our computations at earlier stages

of the flow with those of [26]; like the previous comparisons, the graphs demonstrate

excellent agreements between the experimental and our numerical results. In figure

4.24(b), we show the corresponding vorticity distribution along the solid surface for the

same Reynolds number.

In table 4.5, we present comprehensive data of the parameter values used for the

Reynolds numbers considered for computation in the early stages of the flow. Here γ

represents the under-relaxation parameter and Nin is the upper limit of the number of

inner iterations required for the residual to fall below the tolerance limit as described

in section 4.6. As can be seen from the table, computational complexity increases with

higher Reynolds numbers.

In table 4.6, the effect of the grid size and the far field boundary conditions are
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presented for Re = 9500 at time t = 1. Figure 4.25 compares the streamlines for

R∞ = 5 and R∞ = 10 at the same instant on a grid of size 241 × 401. The table and

the figures suggest that the influence of grid size and the domain of computation on the

flow structure induces a slight variation. The percentage change in both L and θs were

0.8 as R∞ was increased to 10 from 5.

Figures 4.26 and 4.27 show the comparison of the experimental ([26]) and our com-

puted results for the streamline patterns at time t = 0.75 and t = 1.00 respectively.

In both the cases the match is very close. These two figures represent the so called

β-phenomenon: at a very early stage of the flow (at around t = 0.5 [26]), a very thin

recirculating wake (fitting exactly the cylinder shape) is formed; but soon afterwards at

t = 0.75 (figure 4.26), the core of this recirculating zone rotates in one piece, much faster

compared to the other part of the separated zone, forming a vortex which increases in

size and strength with time.

Table 4.5: Parameter values used for different Reynolds numbers at the initial stage of
the computation.

Re ∆t R∞ Grid size λ Iterations
ω ψ ω ψ

200 0.001 35×R0 181× 181 0.6 1.0 100 800
0.005 60×R0 281× 281 0.4 0.6 150 1000

300 0.001 35×R0 181× 181 0.6 0.8 350 800
550 0.001 20×R0 181× 181 0.6 0.8 500 1000
1000 0.005 20×R0 241× 241 0.6 0.8 1000 1200
3000 0.005 10×R0 251× 251 0.4 0.6 1500 1700
5000 0.005 10×R0 301× 301 0.4 0.6 2000 1800
9500 0.01 5×R0 401× 241 0.18 0.4 3000 2500

0.01 10×R0 401× 241 0.1 0.4 3000 2500

Table 4.6: Effect of far field and grid size on the wake lengths and separation angles for
Re = 9500 at t = 1.0.

Grid Size R∞ L θs

201× 201 5
301× 301 10 0.1809 75.601
241× 401 5 0.1841 72.45
241× 401 10 0.1851 73.04
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Figure 4.25: Far field effect for the motion past a circular cylinder, streamlines for
Re = 9500 at time t = 1.00: (a) R∞ = 5, (b) R∞ = 10.
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Figure 4.26: The motion past a circular cylinder, streamlines for Re = 9500 at time
t = 0.75: (left) Numerical, (right) Experimental ([26]).

Figure 4.27: The motion past a circular cylinder, streamlines for Re = 9500 at time
t = 1.00: (left) Numerical, (right) Experimental ([26]).
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Figure 4.28: Streamlines (left) and vortcity contours (right) for Re = 5000 at different
instants of time.

At time t = 1.00 (figure 4.27), this vortex separates the initial wake into two parts.

The one situated near the point of separation S (as had been detailed in figure 2.7) is

occupied by a pair of secondary vortices whose nature is similar to those that had been

described for Re = 1000 and 3000, but differing in details. Interestingly, while only

the β-phenomenon is observed for Re = 9500 at the very initial stage of the flow, for

Re = 5000, both α and β phenomena are observed one after another ([26, 77, 78]). One
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Figure 4.29: Streamlines (left) and vortcity contours (right) for Re = 5000 at different
instants of time.

can visualize the evolution of stream-function and vorticity contours for early stages of

flow at Re = 5000 from our simulations in figures 4.28 and 4.29. From figure 4.28 and the

close-up view of the streamlines in figure 4.30, one can observe the β-phenomenon up to

t = 1.25; after some time, the vortices behind the cylinder starts to change its shape and

at around t = 1.5 (figures 4.29 and 4.30), the streamlines begin to exhibit the so-called

α-phenomenon; we show this phenomenon till t = 2.5. Next, we compare side by side,
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Figure 4.30: Development of secondary vortices behind the cylinder for Re=5000 at (a)
t = 0.75, (b) t = 1.0, (c) t = 1.25, (d) t = 1.75, (b) t = 2.0, (c) t = 2.5.

our simulation of this flow at t = 1.0 and 1.5 with the experimental results of Bouard

and Coutanceau [26] in figure 4.31. In the figures that follow, namely 4.32 and 4.33, we

not only compare our numerical simulations at t = 2.0 and 2.5 with the experimental

results of Bouard and Coutanceau [26], but also with the numerical simulations of [100]

and [97] for this Reynolds number. These comparisons clearly show that our numerical

results for this Reynolds number are closest to the experimental ones compared to the

other two studies cited here.
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Figure 4.31: The motion past a circular cylinder, streamlines for Re = 5000 at time (a)
t = 1.00 and (b) t = 1.50: (top) Numerical, (bottom) Experimental ([26]).
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Figure 4.32: Streamlines comparisons for Re = 5000 at time t = 2.0: (a) Experimental
([26]), (b) present, (c) Sengupta and Sengupta ([100]), (d) Sanyasiraju and Manjula
([97]).

4.8 Conclusion

In this chapter, the scheme developed in Chapter 3 is applied to simulate flows in the

classical problem of unsteady incompressible viscous flow past an impulsively started
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Figure 4.33: Streamlines comparisons for Re = 5000 at time t = 2.5: (a) Experimental
([26]), (b) present, (c) Sengupta and Sengupta ([100]), (d) Sanyasiraju and Manjula
([97]).

cylinder. In the process, we have also developed compact higher order approximations

for the Dirchlet boundary conditions for vorticity. We computed the flow for a wide

range of Reynolds numbers ranging from 10 to 9500. The flow features which are typical

of certain sub-ranges of the Re considered are discussed in details. We compare our

results with established experimental and numerical results, and excellent comparison is

obtained in all the cases, both qualitatively and quantitatively. The robustness of the

scheme is highlighted when it captures the periodic nature of the flow for Re = 60 and

200 which is characterized by vortex shedding represented by the von Kármán street and

also by the fact that it very accurately captures the so called secondary phenomena for

moderate and α and β-phenomena for higher Re. The scheme also very efficiently and

accurately captures the flow past a rotating cylinder, which will be discussed in the next

chapter. The strength of our scheme is exemplified by the fact that flow simulations from

our computations are much closer to the experimental visualization than other existing

numerical simulations ([97], [100]) available in the literature, particularly for the higher

Reynolds numbers.
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Chapter 5

Simulation of unsteady
incompressible viscous flow past a
rotating circular cylinder

5.1 Introduction

Flow past a rotating cylinder is a prototypical problem in the study of unsteady flow

separation. It is also of considerable practical importance in boundary-layer control

on airfoils and related structures. Unlike the flow past a translating circular cylinder

where the flow becomes asymmetric only at higher Reynolds numbers and larger time,

in the rotating cylinder case, the flow is asymmetric even for small Reynolds numbers

as well as for times just after the start due to the impulsive rotation of the body. This

asymmetry introduces different complex behaviors in the fluid flow. Because of these

reasons, this problem is gradually gaining popularity amongst the computational fluid

dynamics community in the last few decades. This is reflected in recent growth in the

experimental, theoretical and numerical investigations done on this problem [21, 29, 30,

31, 66, 82, 84, 89, 98].

The study of the flow past a rotating cylinder was first initiated by Prandtl and

Tietjens [2, 11, 93] in the middle of the first half of the past century. With the devel-

opment and growth of computers, the problem gradually became popular amongst the

researchers in the second half of the century; experimental works also continued side by

side. In 1975, Loc [76] investigated the steady flow past a rotating cylinder for small

Reynolds numbers at lower values of the rotational rate α; Ingham in 1983 [57] studied

this problem for Re = 5, 20 and 0 ≤ α ≤ 0.5. Coutanceau and Menard, in 1985 [36],

investigated the unsteady flow past a rotating cylinder experimentally for Re = 200 and

0.5 ≤ α ≤ 3.25. In the same year, Badr and Dennis [19] provided numerical compar-

isons of the experimental results given by Coutanceau and Menard for Re = 200 and

α = 0.5 and 1.0. In the same paper, they also numerically investigated the flow patterns
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for Re = 500 with the same α values. In 1989, Badr et al. [20] threw some lights on

the steady-state limit for this flow. In 1990, Ingham and Tang [58] studied the steady

two-dimensional flow past a rotating cylinder for Re = 5, 20 and 0 ≤ α ≤ 3. In the very

next year, they investigated the same for Re = 60 and 100 and 0 ≤ α ≤ 1. In 1990,

Badr et al. [21] investigated the unsteady flow past a circular cylinder for Re = 103

and 104, which starts translating and rotating impulsively from rest in a viscous fluid;

this study was both theoretical and experimental in the range of α between 0.5 and

3. They found good agreements between numerical and experimental results except for

the highest rotational velocity where they observed three-dimensional and turbulence

effects.

There are two basic parameters in the problem. Apart from the Reynolds number,

another important parameter is the ratio of the peripheral to translation speed which is

known as rotational parameter, denoted by α =
ω0R0

U∞
, where ω0 is the angular speed of

the cylinder. When α = 0, the motion is symmetrical about the direction of translation.

When α is non-zero, many important effects which are otherwise absent appear.

The basic interest in this problem is to determine the value of α for a particular

Re, beyond which the process of vortex shedding disappears. In other words, the main

issue is to investigate whether cylinder rotation can suppress vortex shedding. The

vortex shedding and wake development of a two-dimensional viscous incompressible flow

generated by a circular cylinder starting its rotation and translation impulsively in a

stationary fluid was investigated by Chew et al. in 1995 [30] for Re = 1000 and 0 ≤ α ≤
6. This was followed by several investigators for various combinations of Re and α, both

numerically and experimentally. Some of the most recent numerical and experimental

work that may be cited are by Nair et al. [84], Kang et al. [66], Chou [31], Mittal et

al. [82], and Padrino and Joseph [89], Sanaysiraju and Manjula [98].

In this chapter, we explore the possibility of extension of the scheme discussed in

Chapter 3 to even more complex flows by applying it to capture this unsteady flow past

a rotating and translating cylinder for Reynolds numbers Re = 200, 500 and 1000 for

the range of rotational ratios 0.5 ≤ α ≤ 3.25 1. We not only compute the flow for

the early stage of the flow, but also for long enough duration of time to investigate the

vortex shedding phenomenon as well. We provide qualitative comparison between our

numerical results with the existing theoretical and experimental results in terms of the

drag coefficients, vorticity profile on the solid cylinder, the path of the first and second

vortex centers, and the radial and tangential velocities for certain combinations of Re

and α values. We also compare the simulations of the flow patterns computed by us

with the experimental flow visualizations and numerical results that are available in the

1Review of parts of this work are in progress in (i) Journal of Scientific Computing and (ii) Computers
and Fluids.
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literature. In all the cases, our numerical results are in excellent agreement with the

existing results.

The chapter is arranged in the following way. In section 5.2, we discuss about the

governing equations. Section 5.3 deals with the approximation of Boundary Conditions.

In section 5.4, we provide detailed discussions on our numerical results and comparisons

with existing experimental and numerical results. In the last section we summarize our

observations in the conclusions.

5.2 The Governing Equations

The governing equations and boundary conditions for the rotating counterpart of the

flow past an impulsively started circular cylinder are the same (equations (4.1)-(4.4))

except on the surface of the cylinder where r = R0, 0 ≤ θ ≤ 2π and the velocities are

given by

(u(r, θ, t), v(r, θ, t)) = (0, α). (5.1)

The boundary conditions for ψ on the surface of the cylinder can be derived from those

of the velocities in (4.7) and (5.1) as

ψ(r, θ) = 0,
∂ψ

∂r
(r, θ) = −α. (5.2)

The initial conditions and boundary conditions at the far field are same as in the im-

pulsive cylinder case (equations (4.5)-(4.7) and (4.10)).

5.3 Approximation of Boundary Conditions

The numerical implementation of the boundary conditions for u, v and ψ are straight-

forward. The vorticity ω at the far field is zero. At the solid boundary, making use of

equation (4.2) and (5.2), for all θ at r = R0, we have

ω =
α

R0

− ∂2ψ

∂r2
(5.3)

thereat. In what follows, we obtain a compact approximation of the vorticity on the

solid boundary.

Employing a Taylor series expansion about a point on the solid surface and assuming

that ri is the radial distance of the ith point from the surface, we get

α = −∂ψ

∂r

∣∣∣∣
0,j

= −δrψ0,j +
r1

2

∂2ψ

∂r2

∣∣∣∣
0,j

+
r2
1

6

∂3ψ

∂r3

∣∣∣∣
0,j

+
r3
1

24

∂4ψ

∂r4

∣∣∣∣
0,j

+ O(r4
1) (5.4)
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Using (5.3) in (5.4), we get the fourth order accurate expression

α = −δrψ0,j +
α r1

2R0

− α r2
1

6R2
0

+
α r3

1

12R3
0

−
(

r1 ω

2
+

r2
1

6

∂ω

∂r
+

r3
1

24

∂2ω

∂r2

)∣∣∣∣
0,j

+ O(r4
1) (5.5)

Making use of the fact that on the solid wall u = 0, v = α, equation (4.1) yields,

∂2ω

∂r2
= Re

∂ω

∂t
− 1

R0

∂ω

∂r
− 1

R2
0

∂2ω

∂θ2
+

α Re

R0

∂ω

∂θ
(5.6)

Using (5.6) in (5.5) and after some simplifications we get,

α = −δrψ0,j − r1

2
ω0,j +

(
r3
1

24R0

− r2
1

6

)
∂ω

∂r

∣∣∣∣
0,j

− r3
1Re

24

∂ω

∂t

∣∣∣∣
0,j

+
r3
1

24r2

∂2ω

∂θ2

∣∣∣∣
0,j

− r3
1 Re α

24R0

∂ω

∂θ

∣∣∣∣
0,j

+
r1α

2R0

− r2
1α

6R2
0

+
r3
1α

12R3
0

(5.7)

Using forward difference for the temporal derivative and second order one-sided difference

for the derivatives along r-direction, we finally get

ωn+1
0,j =

24∆t

r3
1 Re

[{
r3
1 Re

24∆t
− r1

2
−

(
r3
1

24R0

− r2
1

6

)(
(r2 −R0)

2 − r2
1

r1(r2 −R0)(r2 − r1)

)

− r3
1

12R2
0(∆θ)2

}
ωn

0,j +

(
r3
1 Re α

48R0∆θ
+

r3
1

24R2
0(∆θ)2

)
ωn

0,j−1

+

(
r3
1

24R2
0θ1∆θ

− r3
1 Re α

48R0∆θ

)
ωn

0,j+1 +

(
r3
1

24R0

− r2
1

6

)(
(r2 −R0)

2ωn
1,j − r2

1ω
n
2,j

r1(r2 −R0)(r2 − r1)

)

+

(
r1

2R0

− 1

)
α− r2

1α

6R2
0

+
r3
1α

12R3
0

]
. (5.8)

Here ∆t is the uniform temporal step length and ∆θ is the uniform spatial step length

along the θ-direction.

NOTE: Three parameters used in the computation are of utmost importance for

obtaining accurate numerical solution of this flow. The first one is the Reynolds number

Re, the second parameter is the non dimensional angular rectilinear speed α and most

importantly, the non-dimensional time scale t = U∞t∗/R0, with t∗ being the actual

time. From the computational point of view, this third parameter plays a vital role

in the exact time matching of the numerical results with the existing experimental

ones. The convergence criteria used to solve the matrix equation resulting from the

discretization of the governing equations and the successive under-relaxation parameter

used for the inner iterations are different for different numerical schemes. This invariably

leads to a constant time-lagging between the numerical and the experimental solutions

([104]). Therefore, one must re-scale the numerical time, particularly for higher Reynolds

numbers. In this chapter, we adopt the same time scale that was used by Badr and

Dennis (1985) [19]; our dimensionless time is two times the ones used by Coutanceau

and Menard (1985) [36].
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5.4 Results and Discussion

We employ the HOC scheme developed in Chapter 3 to simulate the flow past a ro-

tating and translating circular cylinders for Reynolds number 200, 500 and 1000, and

for rotational parameter α ranging from 0.5 to 3.25. The combinations of Re and α

values are chosen in such a way that enough experimental and numerical results exist

in the available literature for comparing our results. We present detailed comparison

of our results, both qualitatively and quantitatively with the existing experimental and

numerical results and excellent comparison is obtained in all the cases. For Re = 200,

a 181 × 181 grid is used and far field is fixed at a distance 35 times the radius of the

cylinder; the time increment ∆t is fixed as 0.001. For Re = 500 and 1000, the grid size,

∆t and R∞ are fixed as 181× 181, 0.001, 20 and 256× 256, 0.005, 20 respectively. The

procedure for solving the system of algebraic equations arising out of discretization of

the governing equations are the same as that of the impulsively started circular cylinder

(section 4.6) except for the fact that we use 1.0× 10−5 as a tolerance limit for the inner

BiCGSTab(2) iterations.

5.4.1 Flow at Re = 200

In this section we will make observations and detailed discussions on the effect of in-

creasing rotational parameter α on the flow for Re = 200 so that insightful comments

can be made on the flow for subsequent higher Reynolds numbers, namely 500 and 1000.

5.4.1.1 Re = 200 and α = 0.5

We start with the case α = 0.5; soon after the impulsive start of the motion, at time

t = 1 (figure 5.1(a)), the first vortex starts to grow behind the cylinder above axis

of flow (the positive x-axis). After a while, a second vortex forms (at around t = 2,

shown in figure 5.1(b)) below the x-axis. During the next few instants of time, the

second vortex slowly moves up and grows in size while the first vortex begins to detach

from the cylinder surface and moves downstream (figures 5.1(c) and 5.1(e)). Figure

5.1(c) is our computed result at t = 4, which agrees very well with the corresponding

experimental result (figure 5.1(d)) of Coutanceau and Menard ([36]). At around t = 7,

the first vortex totally opens up and sheds into the downstream and the second vortex

begins to detach from the cylinder surface (figure 5.1(f)). At the same time, a pair of

tertiary vortices start to form above and below the axis of flow. As time progresses,

these tertiary vortices grow in size and the secondary vortex slowly opens up and sheds

into the downstream (figures 5.2(g) and 5.2(i)). After some times, the tertiary vortex

below the x-axis moves toward the other tertiary vortex; they come closer and closer

and coalesce with each other at around t = 12 (figure 5.2(k)). Identical flow patterns
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Figure 5.1: Instantaneous streamlines for Re = 200, α = 0.5 at various times. (a) t=1.0,
(b) t=2.0, (c) t=4.0, (d) t=4.0 ([36]), (e) t=5.0, (f) t=7.0.

can be seen from the experimental visualizations (figures 5.2(h), 5.2(j), and 5.2(l)) of

Coutanceau and Menard ([36]). This common vortex then starts to grow with time and

starts to move into the downstream (figure 5.3(m)). Around this time, a new vortex

forms on the cylinder wall below the axis of flow. It starts to move upwards increasing

in size and slowly gets detached from the cylinder wall as time progress (figures 5.3(m)

and 5.3(n)). At around t = 18, another pair of vortices begin to form above and below

the x-axis (figure 5.3(n)) like the ones observed at time t = 7. The same flow pattern

between t = 7 and t = 12 gets repeated for a while and the two vortices club into a single

vortex and grows bigger and bigger and shed into the downstream with time (figures

5.3(o) to 5.3(r)). Our computations in the time interval 0 ≤ t ≤ 24 are in excellent

agreement with the experimental works of Coutanceau and Menard [36] for 1 ≤ t ≤ 13

and the computed results of Badr and Dennis [19] for 1 ≤ t ≤ 12, Chen et. al. [29] for

0 ≤ t ≤ 24 and Sanyasiraju and Manjula [98] for 0 ≤ t ≤ 23.

Figure 5.4 shows the evolution of vorticity contours (the dotted and solid lines respec-

tively depict negative and positive vorticity contours) for the same Re-α combination.
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Figure 5.2: Instantaneous streamlines for Re = 200, α = 0.5 at various times. (g) t=8.0,
(h) t=8.0 ([36]), (i) t=10.0, (j) t=10.0 ([36]), (k) t=12.0, (l) t=12.0 ([36]).

Here one can see the difference between the flow patterns for the rotating and non-

rotating (α = 0.0) cases. As rotation of the cylinder divides the cylinder surface into

upstream (0 < θ < π) and downstream (π < θ < 2π) moving parts, the symmetry

associated with a T -periodic flow given by

ω(r, θ, t) = −ω(r,−θ, t− t0)

(where 0 < t0 < T is a phase difference) is lost ([29]). For this lower value of α, the

shedding of vortices of opposite rotational direction is connected with the contraction

and detachment of the stretched out vorticity contours emanating from opposite sides of

the cylinder. This is similar to the purely non-rotational case of α = 0.0. As is observed

for α = 0.0, vortices of different orientation lie on the opposite sides of the so called von

Kármán street; however the midline of the street, instead of being parallel to the axis

of translation, is now shifted upwards due to rotation.

We also make further quantitative comparisons for the velocity profiles in several

locations. Figures 5.5(a) and 5.5(b) show the time development of the u and v ve-
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Figure 5.3: Instantaneous streamlines for Re = 200, α = 0.5 at various times. (m)
t=15.0, (n) t=18.0, (o) t=20.0, (p) t=22.0, (q) t=23.0, (r) t=24.0.

locity profiles along θ = 0 line and their comparisons with the experimental results

of Coutanceau and Menard ([36]). In figure 5.6(a), we show the time development of

the u velocity profile on the line θ = 900 and its comparison with the corresponding

experimental results of [36]. Here u∗, v∗, x∗, y∗ are the same dimensionless variables

defined in [36]. In all the cases we get excellent agreements between our computed and

the experimental results. In figure 5.6(b), we show the vorticity values on the cylinder

surface at different time levels. It is obvious from the figure that the variation in the

separated region where the cylinder is moving upstream (0 < θ < 40o) is different from

the variation in the downstream direction (320o < θ < 360o).

5.4.1.2 Re = 200 and α = 1.0

To observe the effect of the increment in the rotation parameter on the flow structure, we

then compute the flow for α = 1. There is a noticeable change in the vortex formation

below the x-axis. While the second vortex (below the positive x-axis) for α = 0.5 was

observed at around t = 2, here it makes its appearance (much above the positive x-axis)

only at around t = 6 (figure 5.7(f)). Before that, the first vortex starts to form much

above the x-axis (figure 5.7(a)) and continues to grow in size and simultaneously moves
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Figure 5.4: Vorticity contours for Re = 200 and α = 0.5 at (a) t=12.0, (b) t=15.0, (c)
t=22.0, (d) t=24.0.

towards the downstream till t = 5 (figures 5.7(b), 5.7(c) and 5.7(e)). Figure 5.7(c) is

our computed result at t = 4, which again agrees very well with the experimental result

(figures 5.7(d)) of Coutanceau and Menard ([36]). At around t = 6, a small secondary

vortex starts forming at angle 70 degrees from the positive x-axis. Immediately after

that, at time t=6.5 another vortex forms just below the secondary vortex, but much

above the positive x-axis ([98]). After a while, this third vortex having detached from

the cylinder, starts opening up and moves towards the downstream. During this time, the
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Figure 5.5: Time development of velocity profiles and comparison with the experimental
results of [36] for Re = 200, α = 0.5. (a) u-velocity on θ = 0, (b) v-velocity on θ = 0.
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Figure 5.6: (a)The time development of the u-velocity and with the experimental results
of [36] on θ = 900 and (b) computed results for solid surface vorticity for the same time
levels, for Re = 200, α = 0.5.

second vortex grows in size without changing its position (figures 5.8(g), 5.8(i), 5.8(k)).

We present the corresponding experimental results at the same instants of time side by

80TH-787_04612303



(d)

x

y

-1 0 1 2 3 4 5

-1

0

1

2
(f)

x

y

-1 0 1 2 3 4 5

-1

0

1

2
(b)

x

y

-1 0 1 2 3 4 5

-1

0

1

2
(a)

x

y

-1 0 1 2 3 4 5

-1

0

1

2
(c)

x

y

-1 0 1 2 3 4 5

-1

0

1

2
(e)

Figure 5.7: Instantaneous streamlines for Re = 200, α = 1.0 at various times. (a) t=1.0,
(b) t=2.0, (c) t=4.0, (d) t=4.0 ([36]), (e) t=5.0, (f) t=6.0.

side these figures (figures 5.8(h), 5.8(j), 5.8(l)) and excellent match is obtained here as

well. At around t = 11, the second vortex also starts to detach from the cylinder surface

and gradually opens up and moves towards the downstream (figure 5.9 (m), 5.9(n),

5.9(o)). Meanwhile, at around t = 13, the fourth vortex stars to form just below the

positive x-axis (figures 5.9(n)). As time progresses, this new vortex gradually increase in

size and moves upward (figures 5.9(o)). At around t = 17, a pair of vortex appear on the

cylinder surface just above and below the fourth vortex (figure 5.9(p)). During the next

few instants, these pair of vortices increase in size, come closer and closer and coalesce

with each other to form a single vortex (figures 5.9(q) and 5.9(r)) while the fourth vortex

opens up and sheds into the downstream. The present computations performed for the

time interval 0 ≤ t ≤ 24 again show excellent agreements with the experimental works

of [36] for 1 ≤ t ≤ 13 and the computed results of [19] for 1 ≤ t ≤ 12, [29] for 0 ≤ t ≤ 24

and [98] for 0 ≤ t ≤ 23.

In figure 5.10, we show the time evolution of vorticity contours depicting a periodic

nature as in the case of α = 0.5. However, the midline of the vortex street moves further
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Figure 5.8: Instantaneous streamlines for Re = 200, α = 1.0 at various times. (g) t=6.5,
(h) t=6.5 ([36]), (i) t=8.0, (j) t=8.0 ([36]), (k) t=9.0, (l) t=9.0 ([36]).

above the x-axis. Our observations are similar to those in [29]. In figures 5.11(a) and

5.11(b), we compare the time development of u and v velocity profiles along θ = 0 line

with the experimental results of Coutanceau and Menard [36]. In both the cases, we

obtain very good agreements. Figure 5.12(a) depicts the time development of the u

velocity profile along the line θ = 900; our results are very similar to the ones obtained

by Badr and Dennis ([19]). In figure 5.12(b), we show the vorticity values on the cylinder

surface at different time levels. As in the case of α = 0.5, the variation in the separated

region where the cylinder is moving upstream (0 < θ < 40o) is different from the variation

in the downstream direction (320o < θ < 360o).

5.4.1.3 Re = 200 and α = 2.07

With further increase in the value of α, substantial changes are observed in the flow

patterns; the flow structure becomes more complex. Badr and Dennis [19] pointed out

that as the value of α increases, the vorticity layer generated at the upstream-moving

side of the cylinder intensifies, resulting in even larger radial derivatives. As a result of
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Figure 5.9: Instantaneous streamlines for Re = 200, α = 1.0 at various times. (m)
t=11.0, (n) t=13.0, (o) t=16.0, (p) t=17.0, (q) t=19.0, (r) t=22.0.

this, more grid points are required in the radial direction in the vicinity of the cylinder

surface for accurate resolution of the flow. To tackle this problem, some studies (as

in [29]) had to resort to using finer grids and smaller time steps. However, the use

of clustered grids on the surface of the cylinder coupled with the implicitness of our

formulation allows us to handle this issue very efficiently even without increasing the

grid size and reducing the time step. This will be clear from our simulations for this

Re-α combination that follows.

Time evolution of streamline contours for α = 2.07 have been shown in figures 5.13

to 5.15. Here, the primary vortex forms above the axis of flow at around t = 1 (figure

5.13(a)). Gradually, this vortex grows in size, detaches from the cylinder surface and

and moves into the downstream (figures 5.13(b) to 5.13(e)). Our numerical result shown

at t = 5 is very close to the experimental result of Coutanceau and Menard ([36]) at the

same instant (figure 5.13(f)). Till t = 6.5, no development of secondary vortex is seen

(figures 5.14(g) and 5.14(h)). At around t = 7, a small secondary vortex appears on the

cylinder surface much above the positive x-axis (figure 5.14(i)). This secondary vortex

then grows in size but does not move (figure 5.14(k)). Exactly same flow patterns can be
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Figure 5.10: Vorticity contours for Re = 200 and α = 1.0 at (a) t=8.0, (b) 10.0, (c)
14.0, (d) 20.0.

seen from the experimental results of [36] at time t = 7 and t = 9 (figure 5.14(j), 5.14(l)).

As time progresses, the first vortex moves into the far downstream and sheds slowly, but

the second vortex stays at the same location for some time and then disappears without

shedding into the downstream (figure 5.15(m) to 5.15(r)). All our computed results

show excellent agreements with the experimental results of [36] as well as the numerical

results of [19] and [98].

In figure 5.16, we show the time development of the vorticity contours for this α
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Figure 5.11: For Re = 200, α = 1.0, along θ = 0, comparison with the experimental
results of [36], evolution of (a) u-velocity and (b) v-velocity.
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Figure 5.12: For Re = 200, α = 1.0, evolution of (a) u-velocity on θ = 900 and (b) solid
surface vorticity.

value. No vortex street is observed here, which means that the periodic nature of the

flow no longer exists. Our observations are consistent with Coutanceau and Menard [36]

and Badr and Dennis [19].

Figure 5.17(a) shows the evolution of u-velocity profiles on θ = 0, which shows that

unlike α = 0.5 and 1, the u values are almost positive for all the time levels considered
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here. Figure 5.17(b) depicts the vorticity values on the cylinder surface at different time

levels, which significantly differ from the ones obtained for the previous α values (figures

5.5(b) and 5.11(b)).
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Figure 5.13: Instantaneous streamlines for Re = 200, α = 2.07 at various times. (a)
t=1.0, (b) t=2.0, (c) t=3.0, (d) t=4.0, (e) t=5.0, (f) t=5.0 ([36]).

5.4.1.4 Re = 200 and α = 3.25

Finally we consider the case for α = 3.25. This large rotational parameter value at

larger time invokes the three-dimensional as well as sidewall boundary effects in the flow

[36]. Chen et al. [29] reported errors in the numerical solutions for this large α value at

greater t values. However, our computation on a time range 0 ≤ t ≤ 20 was free of such

errors.

For α = 3.25, much more different flow patterns are observed than the previous three

α values. In this case the first vortex appears much above the positive x-axis at time

t = 1 (figure 5.18(a)). During next few instants, the vortex grows in size and starts to

detach from the cylinder surface (figures 5.18(b) to 5.18(e)). Our computed results at
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Figure 5.14: Instantaneous streamlines for Re = 200, α = 2.07 at various times. (g)
t=6.0, (h) t=6.5, (i) t=7.0, (j) t=7.0 ([36]), (k) t=9.0, (l) t=9.0 ([36]).

t = 9.0 shown in figure 5.18(e) is in excellent agreement with the experimental result

of [36] (figure 5.18(f)) at the same instant. This vortex slowly moves and sheds into

the downstream till it reaches the end of our computational time range at t = 20.0.

Throughout our computation, no other vortex was seen to develop (figures 5.19(g) to

5.19(i)), which had also been observed by other studies ([36, 98]). Our computed results

show excellent agreements with those of experimental results of Coutanceau and Menard

[36] in the range 0 ≤ α ≤ 13 and the numerical results of Sanyasiraju and Manjula [98]

for 0 ≤ α ≤ 25, but differ from the results of Chen et. al. [29] from t = 13 onwards.

We show the evolution of the vorticity contours in figure 5.20 for 5 ≤ t ≤ 20 which are

in conformity with the formation of the single vortex depicted in the streamlines of the

preceding figures.

In figure 5.21(a) we show the u-velocity profiles along θ = 0 line for the same time

levels that had been considered for the previous α values. Here, the u-velocity profiles

for the initial time stations are totally different from the corresponding lower α-values.
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Figure 5.15: Instantaneous streamlines for Re = 200, α = 2.07 at various times. (m)
t=10.0, (n) t=12.0, (o) t=15.0, (p) t=18.0, (q) t=22.0, (r) t=24.0.

Figure 5.21(b) shows the vorticity values on the cylinder surface. Though the difference

in variation is apparent from the upstream (0 < θ < 40o) to the downstream direction

(320o < θ < 360o), it is on a lesser scale compared to the ones observed for lower values

of α.

5.4.1.5 Influence of α

From the above discussions, it is clear that rotation strongly influences the near-wake

formation. This influence of rotation strongly effects the formation of the secondary and

other vortices at the next level (tertiary, quaternary etc.). When α ≤ 1, i.e. when the

wall speed is less than or equal to the free stream, the flow shows periodic nature but

for α > 1, i.e. when the wall speed becomes greater than the free stream velocity, the

flow loses its periodic nature slowly.

For Re = 200, four different α values, i.e. α = 0.5, 1.0, 2.07, 3.25 are considered.

From the flow visualization, it can be seen that with the increase in α value, there is a

decrease in the number of eddies behind the cylinder (see figure 5.22), i.e., rotation of

the cylinder controls the vortex formation. For α = 2.07, only two vortices form, out
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Figure 5.16: Vorticity contours for Re = 200 and α = 2.07 at (a) t=5.0, (b) t=9.0, (c)
13.0, (d) 19.0.

of which only the primary vortex sheds into the downstream. For α = 3.25, only one

vortex forms and sheds into the downstream. No secondary vortex is seen to appear till

t=20, the upper limit of the present computational time range. It is also noticed that

the movement of primary vortex into the downstream is much slower for higher α values.

To observe the influence of α, comparisons between the vorticity contours (vortex

street) have been shown in figure 5.22 for Re = 200 and α-values varying from 0 to

2.07. In this figure, the vorticity contours for α = 0 is equivalent to the flow past an
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Figure 5.17: (a) u-velocity profile on θ = 0 and (b) solid surface vorticity at different
time levels for Re = 200, α = 2.07.

impulsively started circular cylinder. It is obvious from the figure that, increase in α

value displaces the midline of the street upward from θ = 0 line (the line of symmetry

or the positive x-axis); for α ≥ 1.0, the flow gradually loses its periodic nature with

corresponding decline in the frequency of vortex shedding.
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Figure 5.18: Instantaneous streamlines for Re = 200, α = 3.25 at various times. (a)
t=1.0, (b) t=2.0, (c) t=4.0, (d) t=6.0, (e) t=9.0, (f) t=9.0 ([36]).
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Figure 5.19: Instantaneous streamlines for Re = 200, α = 3.25 at various times. (g)
t=10.0, (h) t=15.0, (i) t=20.0.
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Figure 5.20: Vorticity contours for Re = 200 and α = 3.25 at (a) t=5.0, (b) t=9.0, (c)
t=15.0, (d) t=20.0.
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Figure 5.21: (a) u-velocity profile on θ = 0 and (b) solid surface vorticity at different
time levels for Re = 200, α = 3.25.
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Figure 5.22: Influence of α on the vortex street for Re = 200.

5.4.2 Results for Re = 500 and α = 0.5, 1 and 3

In this section, we present our numerical results for Re = 500 for three different non-

dimensional rotation parameters α = 0.5, 1 and 3.
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We start with the case α = 0.5; soon after the impulsive start of the motion, at

time t = 1 (figure 5.23(a)), the first vortex starts to grow behind the cylinder above the

axis of flow (the positive x-axis). After a while, a secondary vortex forms and starts

to grow below the x-axis along with the first vortex at around t = 2 (figures 5.23(b)

and 5.23(c)). During the next few instants of time, the first vortex grows in size and

begins to detach from the cylinder surface and moves downstream and the secondary

vortex slowly moves up and grows in size (figures 5.23(d) and 5.23(e)). At the same time

a small tertiary vortex appears between the secondary vortex and the cylinder surface

below the x-axis and continues till t = 6 (figures 5.23(e)) approximately. At around

t = 8 (figure 5.23(f)), a new vortex starts to form above the x-axis. Simultaneously, the

secondary vortex gets detached from the surface of the cylinder and moves downstream.

In the next few instants, the tertiary vortex and the newly formed vortex above the

x-axis starts growing and moves towards each other. They come closer and closer and

coalesce with each other at around t = 11 (figure 5.23(g) and 5.23(h)). This common

vortex then starts to grow with time and starts to move into the downstream (figure

5.24(i)). At around t = 14, a new vortex forms on the cylinder wall below the x-axis

and it starts moving upwards growing in size at the same time and slowly gets detached

from the cylinder wall as time progresses (figures 5.24(j) and 5.24(k)). At around t = 18,

another pair of vortices begins to form, one above the x-axis and the other below it (see

figure 5.24(l)) like the one observed at time t = 9. The same flow pattern seen between

t = 9 and t = 12 gets repeated for a while and the two vortices club into a single vortex

and grows bigger and bigger with time and shed into the downstream (figures 5.24(m)

and 5.24(n)).

Figure 5.25 shows the evolution of vorticity contours for the same Re-α combination.

As in the case Re = 200, α = 0.5, the difference in flow patterns between the rotating

and non-rotating (α = 0.0) cases is apparent. The vortex shedding follows the same

pattern as in the case of Re = 200 and α = 0.5. In figures 5.26 and 5.27, we compare

the streamlines at different instants of time side by side with the simulations of Badr

and Dennis ([19]) and excellent comparison can be seen from these figures as well.
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Figure 5.23: Instantaneous streamlines for Re = 500, α = 0.5 at various times. (a)
t=1.0, (b) t=1.5, (c) t=2.0, (d) t=5.0, (e) t=6.0, (f) t=8.0, (g) t=9.0, (h) t=11.0.
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Figure 5.24: Instantaneous streamlines for Re = 500, α = 0.5 at various times. (i)
t=12.0, (j) t=14.0, (k) t=16.0, (l) t=18.0, (m) t=20.0, (n) t=22.0.
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Figure 5.25: Evolution of vorticity contours for Re = 500, α = 0.5 at (a) t=12.0, (b)
t=17.0, (c) t=22.0.
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Figure 5.26: Comparison of streamline contours between present results and computed
results of Badr and Dennis [19] for Re = 500 and α = 0.5 at t=2.0 (top), and t=6.0
(bottom).
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Figure 5.27: Comparison of streamline contours between present results and computed
results of Badr and Dennis [19] for Re = 500 and α = 0.5 at t=8.0 (top), and t=9.0
(bottom).
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Figure 5.28: Instantaneous streamlines for Re = 500, α = 1.0 at various times. (a)
t=1.0, (b) t=2.0, (c) t=3.0, (d) t=5.0, (e) t=6.0, (f) t=7.0, (g) t=8.0, (h) t=10.0.
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Figure 5.29: Instantaneous streamlines for Re = 500, α = 1.0 at various times. (i)
t=11.0, (j) t=13.0, (k) t=15.0, (l) t=16.0, (m) t=18.0, (n) t=20.0.
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Figure 5.30: Evolution of vorticity contours for Re = 500, α = 1.0. (a) t=8.0, (b)
t=10.0, (c) 14.0, (d) t=20.0, (e) 24.0.
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Figure 5.31: Comparison of streamline contours between present results and computed
results of Badr and Dennis [19] for Re = 500 and α = 1.0 at t=5.0 (top), and t=6.2
(bottom).
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Figure 5.32: Comparison of streamline contours between present results and computed
results of Badr and Dennis [19] for Re = 500 and α = 1.0 at t=6.7 (top), and t=7.0
(bottom).

Now we move to α = 1 where a noticeable change in the vortex formation below the

x-axis can be seen. While the first appearance of the vortex below the x-axis for α = 0.5

was observed at time t = 1.5, here it makes its appearance only at around t = 8.0 (figure

5.28(g)). Before that, the first vortex starts to form much above the x-axis, grows in size

and simultaneously moves towards the downstream till t = 5 (figures 5.28(a) to 5.28(d)).

At around t = 6, two small secondary vortices form very close to each other at angles

400 and 800 approximately to the cylinder surface (figure 5.28(e)). At time t = 7, the

vortex between and below the two secondary vertices grows in size and gets detached

from the cylinder (figure 5.28(f)). Then at around t = 8, a small tertiary vortex appears

just below the x-axis. During next few instants, the upper one of the two secondary

vortices and the tertiary vortex get closer to each other and ultimately get coalesced at

around t = 10 (figures 5.28(h)). Then it starts to grow in size and slowly detaches from

the cylinder (figures 5.29(i) and 5.29(j)). At around t = 14, a new vortex starts to grow

just below the x-axis and starts to moves upwards (figure 5.29(k)); meanwhile, another
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Figure 5.33: Instantaneous streamlines for Re = 500, α = 3.0 at various times. (a)
t=1.0, (b) t=2.0, (c) t=4.0, (d) t=6.0.

vortex appears at the top of the cylinder (figure 5.29(l)). This new vortex grows in size

and the former vortex slowly detaches from the cylinder surface and gets diffused at

around t = 18. Afterwards the flow patterns observed between t = 8.0 and t = 11 get

repeated (figure 5.29(m), 5.29(n)).

We present the vorticity contours for the same duration of time in figures 5.30(a) to

5.30(e). The trajectories of the shed vortices are similar to that of α = 0.5 with the

exception that the vortices due to the downstream moving part of the cylinder remains

above the θ = 0 line. This continues in subsequent times (see the dotted vorticity

contours of figures 5.30(d) and 5.30(e)) on account of the anticlockwise fluid motion

generated by rotation in the vicinity of the cylinder surface. In figures 5.31 and 5.32, we

compare the streamlines at different instants of time side by side with the simulation of

Badr and Dennis ([19]) and again, excellent comparison is obtained.

For α = 3.0, the flow patterns observed are much more different than the previous

two α values. Here the first vortex appears much above the x-axis at time t = 1 (see

figure 5.33(a)). While growing in size, it also moves backwards till t = 6 (figures 5.33(b)

to 5.33(d)). At time t = 6, the vortex reaches the top of the cylinder surface and then

it starts to move away from the cylinder in the forward direction. In subsequent times,
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Figure 5.34: Instantaneous streamlines for Re = 500, α = 3.0 at various times. (e)
t=8.0, (f) t=12.0, (g) t=16.0, (h) t=20.0.

this vortex moves towards downstream (figures 5.34(e) to 5.34(h)). It is worthwhile

mentioning that at this particular α value, even till t = 20, no secondary vortex is seen.

This is also corroborated by the vorticity contours presented in figure 5.35 where no

vortex shedding of opposite rotational direction is seen. The vorticity contours shown

in the region near the cylinder and further downstream all bear negative values. This

also indicates that increasing the value of α suppresses vortex shedding.
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In figures 5.36(a) and 5.36(b) we present the evolution of the drag coefficients and the

paths of the centers of the first vortex for different α values. While a periodic pattern is

observed for α = 0.5 and α = 1.0, it is not so for α = 3.0 (figure 5.36(a)). Figure 5.36(b)

clearly indicates that with the increase in α value, the centers move to higher positions.

It can also be seen from the trajectory for α = 3 in figure 5.36(b) that the center of

the first vortex for this α moves in the backward direction first and then moves in the

forward direction, which is consistent with our earlier discussion on streamline patterns

for this Re-α combination. Figures 5.37 and 5.38 compares our computed vorticity

distributions along the surface of the cylinder at different time stations side by side with

the numerical results of Badr and dennis ([19]) for α = 0.5 and 1 respectively. These

comparisons exhibit excellent agreements between the two results. It is obvious from

these figures that the variation in the separated region where the cylinder is moving

upstream (0 < θ < 40o) is different from where it is moving in the downstream direction

(320o < θ < 360o).

In figures 5.39(a) and 5.39(b), we show the u-velocity distribution along the axis of

the flow for α = 0.5 and 1 respectively. However, the pattern is different for α = 3.0 for

larger t-values as can be seen from figure 5.40(a) and 5.40(b), where we have shown the

u-velocity distribution along the axis and the solid surface vorticity distribution of the

flow for α = 3. These figures are in conformity with the sense of rotation and formation

of the vortices in the early stages of the flow depicted in figures 5.23(a) to 5.23(e), 5.28(a)

to 5.28(d) and 5.33(a) to 5.33(d) respectively for α = 0.5, 1.0 and 3.0.
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Figure 5.35: Evolution of vorticity contours for Re = 500, α = 3.0. (a) t=5.0, (b) t=8.0,
(c) t=12.0, (d) t=16.0, (e) t=20.0.
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Figure 5.36: Time evolution of (a) drag coefficient and (b) path of the center of first
vortex for Re = 500 and different α values.
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Figure 5.37: Comparison of vorticity on the cylinder for Re = 500 and α = 0.5, (a)
present, (b) Badr et.al. ([36]).
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Figure 5.38: Comparison of vorticity on the cylinder for Re = 500 and α = 1.0, (a)
present, (b) Badr et.al. ([36]).
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Figure 5.39: u-velocity profiles on θ = 0 for Re = 500 and (a) α = 0.5, (b) α = 1.0 at
different time levels.
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Figure 5.40: (a) u-velocity profile on θ = 0 and (b) solid surface vorticity for Re = 500,
α = 3.0 at different time levels.
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Figure 5.41: Instantaneous streamlines for Re = 1000, α = 0.5 at various times. (a)
t=1.0, (b) t=2.0, (c) t=3.0, (d) t=3.0 ([36]), (e) t=4.0, (f) t=4.0 ([36]), (g) t=6.0, (h)
t=11.0.
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Figure 5.42: Instantaneous streamlines for Re = 1000, α = 0.5 at various times. (i)
t=12.0, (j) t=13.0, (k) t=15.0, (l) t=17.0, (m) t=18.0, (n) t=20.0.
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Figure 5.43: Instantaneous streamlines for Re = 1000, α = 1.0 at various times. (a)
t=1.0, (b) t=2.0, (c) t=4.0, (d) t=5.0, (e) t=7.0, (f) t=7.0 ([36]).
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Figure 5.44: Instantaneous streamlines for Re = 1000, α = 1.0 at various times. (g)
t=9.0, (h) t=11.0 (i) t=13.0, (j) t=15.0, (k) t=18.0, (l) t=20.0.
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Figure 5.45: Instantaneous streamlines for Re = 1000, α = 3.0 at various times. (a)
t=1.0, (b) t=2.0, (c) t=3.0, (d) t=3.0 ([36]), (e) t=4.0, (f) t=4.0 ([36]), (g) t=4.2, (h)
t=4.4.
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Figure 5.46: Instantaneous streamlines for Re = 1000, α = 3.0 at various times. (i)
t=6.0, (j) t=6.0 ([36]), (k) t=10.0, (l) t=15.0, (m) t=20.0.
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Figure 5.47: Evolution of vorticity contours for Re = 1000 and α = 0.5. (a) t=8.0, (b)
t=12.0, (c) t=18.0, (d) t=24.0.
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Figure 5.48: Evolution of vorticity contours for Re = 1000 and α = 1.0. (a) t=5.0, (b)
t=9.0, (c) t=12.0, (d) t=16.0, (e) t=20.0.
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Figure 5.49: Evolution of vorticity contours for Re = 1000 and α = 3.0. (a) t=5.0, (b)
t=9.0, (c) t=12.0, (d) t=16.0, (e) t=18.0, (f) t=20.0.
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Figure 5.51: (a) u-velocity profile on θ = 0 and (b) solid surface vorticity for Re = 1000,
α = 0.5 at different time levels.
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Figure 5.52: (a) Comparison of u-velocity profile on θ = 0 and (b) solid surface vorticity
for Re = 1000, α = 1.0 at different time levels.
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Figure 5.53: (a) u-velocity profile on θ = 0 and (b) solid surface vorticity for Re = 1000,
α = 3.0 at different time levels.
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Figure 5.54: Trajectories of (a) the first vortex for α = 0.5 and 1.0 and (b) both first
and second vortices for α = 3.0 for Re = 1000.
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5.4.3 Results for Re = 1000 and α = 0.5, 1 and 3

In this section, we discuss the effect of the rotating parameter over a slightly high

Reynolds number Re = 1000. As in the case for Re = 500, we take three different

rotating parameter values α = 0.5, 1 and 3.

For α = 0.5, soon after the impulsive start, the first vortex starts to form above

the x-axis, growing in size. At the same time, a secondary vortex develops just below

the x-axis (see fig 5.41(a) and 5.41(b)). At around t = 3, two small tertiary vortices

start to form almost at the same time, one just behind the first vortex and other one

between the second vortex and the cylinder surface. Figure 5.41(c) is our computed

result at t = 3, which is almost same as the corresponding experimental result of Badr

et al. [21] (figure 5.41(d)). Till this moment, the flow patterns are almost same as that

of the experimental results of Bouard and Coutanceau [26]. At around t = 4, the first

vortex reaches its maximum size; the second vortex moves upwards and grows in size,

and the lower tertiary vortex starts to change its shape. Figures 5.41(e) and 5.41(f) are

the corresponding numerical and experimental ([21]) results at t = 4. Both the figures

5.41(c) and 5.41(e) are very close to the corresponding experimental results (figures

5.41(d) and 5.41(f)). At around t = 6, the first vortex starts to move downstream

and the second vortex increases in size and moves upwards (see figure 5.41(g)). During

subsequent times, the secondary vortex grows in size and detaches from the cylinder

surface and sheds in the downstream. In the mean time the two tertiary vortices get

close to each other to form a single vortex and a small quaternary vortex develops below

the lower tertiary vortex (figure 5.41(h)). The single tertiary vortex then starts to grow

in size with time (figure 5.42(i)). At around t = 13, that single vortex starts detaching

from the cylinder surface and the small quaternary vortex starts growing (figure 5.42(j)).

As time progresses, the single vortex opens up and shed to the downstream and the small

vortex grows in size and starts to move upwards through the solid surface (figures 5.42(k)

and 5.42(l)). After some time, this vortex also detaches from the cylinder wall and shed

in the downstream. At the same time, a pair of vortices start to form above and below

the positive x-axis and next to the cylinder wall. Afterwards the flow patterns observed

between t = 11 and t = 13 get repeated (figures 5.42(m) and 5.42(n)).

For α = 1, we get almost similar patterns for first few time steps. After the impulsive

start, the first vortex starts to grow above the x-axis. In a few moments, the secondary

vortex starts to develop below the x-axis and simultaneously another small vortex forms

in front of the first vortex (figures 5.43(a) and 5.43(b)). At around t = 4, this small vortex

disappears and the first vortex starts to open up and move towards the downstream

(figure 5.43(c)). During this time, the secondary vortex starts to sink and at around

t = 5, this vortex disappears (figure 5.43(d)). At around t = 7, two new vortices

come into the picture. One is much above the x-axis and other one is below the x-axis.
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Meanwhile, the secondary vortex starts to move up and grows in size. We compare the

numerical and the corresponding experimental ([21]) results of the flow pattern at t = 7

in figures 5.43(e) and 5.43(f); as can be seen from the figures, a very good agreement

is obtained. After a very short time, the secondary vortex open up and shed into

the downstream (figure 5.44(g)). During next few instants of time, the twin vortices

approach each other and coalesce (figure 5.44(h)). At around t = 13, this new vortex

starts to shed into the downstream and another vortex develops at the middle of the

cylinder surface (figure 5.44(i)). During subsequent times, flow patterns which was seen

after t = 7 onwards (figures 5.44(e), 5.44(g), 5.44(h)), get repeated (figures 5.44(j) to

5.44(l)). This indicates that periodic pattern is carried over for α = 1 as well.

Finally, we consider the case for α = 3; as was the case for Re = 500, a noticeable

change is observed in the flow patterns. Unlike the previous α values, no vortex is seen

till t = 1 (fig 5.45(a)). At around t = 2, the first vortex starts to grow from the top of

the cylinder (figure 5.45(b)). Soon after that, at around t = 3, another vortex starts to

grow above the x-axis (see fig 5.45(c)). The patterns shown in the experimental result of

[21] in figure 5.45(d) are almost identical with our computed result. These two vortices

then start to move in opposite directions. The first vortex starts to move along the

rotational direction and the second vortex starts to move along the main flow direction

(figure 5.45(e)) at t = 4.0. The experimental result of [21] shown in figure 5.45(f) is very

close to the numerical result in figure 5.45(e). The first and second vortices then move

further in the same direction; the first vortex starts to sink while second vortex grows in

size. At around t = 6, the first vortex totally vanishes and the second vortex starts to

open up (figures 5.45(g), 5.45(h) and 5.46(i)). As time progresses, the secondary vortex

sheds into the downstream but no further vortex develops (see fig 5.46(k) to 5.46(m)).

Figures 5.45(d) and 5.45(f) and 5.46(j) show the corresponding experimental results at

time t = 3.0, t = 4.0 and t = 6.0. In all the cases our numerical results are pretty close

to the experimental ones; however, at t = 6.0, the closeness is less apparent. This is

due to the fact that around this time, the effects of three-dimensional instability become

pronounced, specially in the wake. Our observations are consistent with the ones given

by Badr et al. [21].

In figures 5.47, 5.48, and 5.49, we present the evolution of the vorticity contours

for α = 0.5, 1.0 and 3.0 respectively for the same time intervals as the streamline

patterns shown in figures 5.41 to 5.46. One can see a similar pattern for the contours

corresponding to their counterparts for Re = 500. The only difference is that the

contours are more stretched out and the midlines dividing the von Kármán streets lie

slightly above the θ = 0 line compared to the ones for Re = 500.

Figure 5.50 shows the variation of drag coefficients for the three rotational parameters

discussed above. As in the case for Re = 500, the periodic nature of the flows is evident
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for the first two α values, which no longer persists for α = 3. Figures 5.51((a),(b)),

5.52((a),(b)) and 5.53((a),(b)) depict the distribution of u-velocity along θ = 0 and the

vorticity along the cylinder wall side by side for α = 0.5, 1.0 and 3.0 respectively for

different times. These figures again show the difference in the variations in regions where

the cylinder is moving in upstream and downstream directions. In figure 5.51(a), we also

compare our computed u-velocity distribution at different times with the experimental

ones of Badr et al. [21] for α = 0.5. Again our computed results are excellent match with

the experimental ones. In figure 5.54(a), we show the time variation of the computed

centers of the first vortex with that of the experimental results of Badr et al. [21] for α =

0.5 and 1; our results are much closer to the experimental results than their numerical

results. Finally, in figure 5.54(b), we show the time variation of the computed centers of

first and second vortex for α = 3. This figure clearly shows the opposite movements of

these two vortices which is consistent with our earlier discussion on streamline patterns

for this Re-α combination.

5.5 Conclusion:

In this chapter, we carry out a numerical investigation of the unsteady flow past an

impulsively started rotating and translating circular cylinder for Reynolds numbers Re =

200, 500 and 1000 in the range of the rotational parameter 0.5 ≤ α ≤ 3.25 using the

transient HOC scheme developed in Chapter 3. We present a detailed discussion on the

effect of the rotational parameters on the flow patterns. We observe that for all the

Reynolds numbers, a periodic pattern is seen for moderate values of α, namely, 0.5 and

1.0, while it no longer exists for α ≥ 2.0. We notice that higher the values of Re and α,

more complicated is the flow. For example, for Re = 1000, α = 3.0, after the emergence

of the first and second vortices, they begin to move in different directions; the first one

along the rotational and the second one along the translating flow directions. In all

the cases, increase in the rotation speed was seen to suppress the vortex shedding. We

compare our computed results with the existing experimental and numerical results and

excellent comparison is obtained in all the cases.
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Chapter 6

An efficient HOC scheme for
Parabolic Equations with
Discontinuities

In this chapter we propose a novel approach of clubbing an existing HOC idea with

specifically devised approximation of the derivatives at certain points of the problem

domain to tackle problems represented by elliptic and parabolic equations having dis-

continuities of different types 1. This approach for 1D equations will later be extended

to 2D elliptic equations with circular interfaces in Chapter 7.

6.1 Introduction

The 1D elliptic equation in the variable φ can be written as

(β(x)φ′(x))
′
+ κ(x)φ(x) = f(x) (6.1)

in a simple region Ω. We are interested in the situation where there is an irregular point

α in Ω across which β, κ, and f may be discontinuous or there may exist a point source

term thereat. As a result, the solution or its derivatives will be discontinuous across α.

For example, if β is discontinuous across the interface, while κ, and f are continuous,

then φ and β
∂φ

∂n
will be discontinuous if the normal derivative

∂φ

∂n
is discontinuous. A

dipole source may also occur, in which f contains the derivative of the delta function,

and as a result the solution φ itself becomes discontinuous across the interface. Equation

(6.1) with the above assumptions describes many situations that arise quite frequently in

science and engineering [1, 4, 18]. They include biochemical processing, solid mechanics,

porous media flow, heat transfer, multiphase flow, mining and many others. For example,

in problems involving dissimilar materials, at the interfaces, the material properties

(elastic moduli, permeability, conductivity, etc) are discontinuous.

1Review of this work is in progress in Journal of Applied Mathematics and Computation.
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The last few decades have seen several approaches for numerically solving the inter-

face equations [3, 23, 43, 79, 73]. Most of them were on uniform space grids and their

global order of accuracy was at most second. For example, Leveque and Li’s Immersed

interface Method [73] considered the interface which was typically not aligned to the

grid but rather cut between grid points. They used central difference approximation

for the points far from the point of discontinuity (termed regular points) and to tackle

the the discontinuity, special treatment was made for the approximation at the points

just next to the discontinuity (termed irregular points). This method is second order

accurate for the regular points and first order accurate for the irregular points. In their

work [56], Huang and Li have shown second order convergence of the immersed interface

method for a one-dimensional model problem. In [23], Beyer and Leveque discuss the

one-dimensional model for the Immersed Boundary Method. They use the idea of Pe-

skin’s Immersed Boundary Method [92] for incompressible fluid dynamics which applies

to the two or three dimensional version of (6.1). The idea was to solve the Navier-

Stokes equations on a uniform grid in a rectangular region containing the complicated

time-varying geometry like that of the heart wall. The one-dimensional analogue of this

numerical method is based on the notion of solving the difference equations only on the

uniform grid, obtaining the solution value at the point α via some form of interpolation.

Typically the point α will not lie exactly at a grid point, and therefore the delta function

must be replaced by inhomogeneous terms in the difference equations on the uniform

grid. One way to accomplish this is to replace the delta function δ(x) by a discrete

approximation dh(x). They introduced a new discrete delta function d4
h, which yielded

a second-order accurate approximation for any singular source function f . They further

provided a brief analysis of the one-dimensional Immersed Interface Method for both

steady and time-dependent problems. They had also shown that good accuracy (second

order) can be obtained through this method if certain amount of care is exercised in

designing this method.

As outlined in the introduction chapter, one way of obtaining higher order com-

pactness is the use of the original partial differential equation. Using this approach,

MacKinnon and Carey [79] developed an analysis of the material discontinuities in the

one-dimensional elliptic problem and a class of high order accurate formula to compute

derivatives for both 1D and 2D cases. But as uniform grids could not capture the mate-

rial properties (e.g., heat flux) properly at the interface on coarser grids, to reach higher

accuracy, they used some local correction terms. Their method mainly dealt with the

situation when there is a discontinuity in the coefficients of the partial derivatives but

they did not include the case where there could be a discontinuity in the source term or

there is a point source or both.

In the present study, we use a similar approach to discretize the most general form
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of (6.1) and its time-dependent variant which includes discontinuities of the dependent

variable, the flux, the convection coefficient and the source term. Our scheme is at

least third order accurate at the regular points and exactly third order accurate at the

irregular points. In our method we use nonuniform space grids in such a way that

grid points cluster around the point of discontinuity and the point of discontinuity or

the interface itself is not a node. We use different approaches to discretize the given

differential equation at the regular and irregular points. For the steady case, at regular

points, it is based on a recently developed HOC scheme [62] on nonuniform space grids

for two-dimensional convection-diffusion equations with variable, smooth and continuous

coefficients and for the time-dependent case it is based on the transient HOC scheme

[64] on nonuniform space grids for two-dimensional transient Navier-Stokes equations.

At the points just next to the discontinuity, the grids points are so clustered that the

interval formed by the two points on either side of it behaves almost like one single point.

We derive special schemes at those two points for both steady and transient cases, which

in conjunction with the scheme at the regular points produces excellent results for all the

cases which have been considered here. We also perform some convergence and related

analysis for the approximation of the steady-state case.

This chapter is organized in the following way: Section 6.2 deals with the mathe-

matical formulations and discretization procedures, Section 6.3 with convergence related

analysis for the steady state formulation, Section 6.4 with numerical examples, and fi-

nally Section 6.5, the conclusions.

6.2 Mathematical Formulations and Discretization

Procedures

6.2.1 Steady state case

The one dimensional elliptic equation (6.1) in conservation form may be put in the form

−(βφ
′
)
′
+ κφ = f + C2δ(x− α) (6.2)

where Ω is the interval [0, 1], δ is the Dirac Delta function and C2 is the value of the point

source at x = α. The boundary conditions for φ are given at x = 0 and x = 1. Here, the

function β(x) is allowed to be discontinuous at x = α. For simplicity, we assume that

they are smooth functions, although discontinuities in the functions b(x), κ(x) and f(x)

could be handled with minor modifications ([73]). We also allow an additional constraint

to be imposed on the solution: that the function φ should have a jump discontinuity at

x = α of specified strength C1. That is

[φ] = φ+ − φ− = C1 (6.3)
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with [.] denoting the jump and φ+ = lim
x→α+

φ(x), φ− = lim
x→α−

φ(x). From equation (6.2)

we can get another jump relation of flux at x=α of the form

[βφx] = β+φ+
x − β−φ−x = C2. (6.4)

We now divide [0, 1] with the nonuniform grid points 0 = x0, x1, x2,.....,xn−1, xn = 1.

We assume that α is not a grid point, that is xj < α < xj+1 with 0 < j < n for some

subinterval [xj, xj+1] of [0, 1]. The grid points are clustered about the point α in such a

manner that the subinterval [xj, xj+1] is extremely small. In other words the jump at α

will be the difference between the corresponding values at xj+1 and xj. So we can easily

express the jumps [φ] and [βφx] at x = α as follows

[φ] = φj+1 − φj = C1 (6.5)

and

[βφx] = βj+1(φx)j+1 − βj(φx)j = C2 (6.6)

Here we have used the following transformation to generate a nonuniform grid with

clustering near x = α [13]

xi = α

{
1 +

sinh(r(i−B))

sinh(rB)

}

where r is a parameter determining the intensity of clustering and

B =
1

2r
ln

[
1 + α(er − 1)

1 + α(e−r − 1)

]

with 0 ≤ i ≤ n. The grids generated with different values of r and n can be seen in

figures 6.1(a) and 6.1(b).

Let us first consider the points away from x = α (regular points [73]). For this,

firstly, we divide the interval [0, 1] into two subintervals [0, α) and (α, 1] together with

the two interface boundary conditions (6.3) and (6.4) at x = α. For i 6= j, j + 1 the

solution φ is smooth in the interval (xi, xi+1). The equation (6.2) will be jump free in

each of the subintervals [0, α) and (α, 1] and in each subintervals (6.2) can be written in

a more general form as

−β(x)
d2φ

dx2
+ b(x)

dφ

dx
+ κ(x)φ = f (6.7)

where, b(x) = −dβ(x)

dx
. To discretize equation (6.7) at the ith point, we use the 1D

version of the scheme proposed in reference [62]:

(−Aiδ
2
x + Biδx + C̃i)φi = Fi (6.8)
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Figure 6.1: Grids with (a) r-variation (n = 40) and (b) n-variation (r = 8) with clus-

tering about the point x =
1

2
.

for all i 6= j, j + 1, where,

C̃i =
1

β
((H1 − γH2){δx − 0.5(xf − xb)δ

2
x}+ H2δ

2
x)κ

Bi =

(
1 +

1

β
(H1 − γH2)δx +

1

β
{H2 − 0.5(xf − xb)(H1 − γH2)} δ2

x

)
b

+
1

β
((H1 − γH2) + 2H2

{
δx − 0.5(xf − xb)δ

2
x

})
κ

Ai = β +
1

β

(
(H1 − γH2){δxβ − 0.5(xf − xb)δ

2
xβ − b}+ H2δ

2
xβ + κ

)
+ 0.5(xf − xb)Bi

Fi =

(
1 +

1

β
(H1 − γH2)δx +

1

β
{H2 − 0.5(xf − xb)(H1 − γH2)}δ2

x

)
fi

H1 =
1

6
{2β(xf − xb)− bxfxb}

H2 =
1

24

{
2β(x2

f + x2
b − xfxb)− bxfxb(xf − xb)

}

133TH-787_04612303



γ =
1

β

{
2(δxβ − 0.5(xf − xb)δ

2
xβ)− b

}

Here at the ith point xf = xi+1−xi and xb = xi−xi−1, δx and δ2
x are the first and second

order central difference operators (see the appendix) and the local truncation error is of

order O

(
x5

f + x5
b

xf + xb

)
thereat.

For the points in the immediate neighborhood of x = α, namely, the points xj and

xj+1 (which we call irregular points), we may take xj+1−α = d2 → 0 and α−xj = d1 → 0

as these points are extremely close to α.

For the points x1, x2, ...., xj−1, xj+2, xj+3, ....., xn−1 equation (6.8) will give (n− 3)

equations in (n−1) unknowns. To find the solution of the linear algebraic system having

(n − 1) unknowns, we need further two relations that will enable us to determine the

solution vector uniquely. They can be easily found from the jump conditions (6.5) and

(6.6) at x = α.

Differentiating (6.7) with respect to x (assuming φ and the coefficients to be smooth

enough) we get

φxxx =

(
βx + b

β

)
φxx +

(
bx + κ

β

)
φx +

κx

β
φ− fx

β
(6.9)

Using onesided difference at the point xj+1 we have

(φx)j+1 = δ+
x φj+1 − xf

2
(φxx)j+1 −

x2
f

6
(φxxx)j+1 + O

(
x3

f

)

= δ+
x φj+1 − xf

2
(φxx)j+1 −

x2
f

6

{(
βx + b

β

)

j+1

φxx|j+1

+

(
bx + κ

β

)

j+1

(φx)j+1 +

(
κx

β

)

j+1

φj+1 −
(

fx

β

)

j+1

}
+ O

(
x3

f

)

= δ+
x φj+1 −

(
xf

2
+

x2
f

6

(βx)j+1 + bj+1

βj+1

){
bj+1

βj+1

(φx)j+1 +
κj+1

βj+1

φj+1 − fi

βj+1

}

−x2
f

6

(bx)j+1 + κj+1

βj+1

(φx)j+1 −
x2

f

6

(κx)j+1

βj+1

φj+1 −
x2

f

6

(fx)j+1

βj+1

+ O(x3
f )

⇒
{

1 +

(
xf

2
+

x2
f

6

(βx)j+1 + bj+1

βj+1

)
bj+1

βj+1

+
x2

f

6

(bx)j+1 + κj+1

βj+1

}
(φx)j+1

=
φj+2

xf

−
{

1

xf

+

(
xf

2
+

x2
f

6

(βx)j+1 + bj+1

βj+1

)
× κj+1

βj+1

+
x2

f

6

(κx)j+1

βj+1

}
φj+1

+
x2

f

6

(fx)j+1

βj+1

+

(
xf

2
+

x2
f

6

(βx)j+1 + bj+1

βj+1

)
fj+1

βj+1

+ O(x3
f )
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Hence,

(φx)j+1 =
1

Pj+1

{
φj+2

xf

− lj+1φj+1 +
x2

f

6

(fx)j+1

βj+1

+ mj+1fj+1

}
+ O(x3

f ) (6.10)

where

Pj+1 = 1 +

(
xf

2
+

x2
f

6

(βx)j+1 + bj+1

βj+1

)
bj+1

βj+1

+
x2

f

6

(bx)j+1 + κj+1

βj+1

(6.11)

lj+1 =
1

hj+1

+

(
xf

2
+

x2
f

6

(βx)j+1 + bj+1

βj+1

)
κj+1

βj+1

+
x2

f

6

(κx)j+1

βj+1

(6.12)

mj+1 =
1

βj+1

(
xf

2
+

x2
f

6

(βx)j+1 + bj+1

βj+1

)
(6.13)

On a similar line

(φx)j = δ−x φj +
xb

2
(φxx)j −

x2
f

6
(φxxx)j + O

(
x3

b

)

= δ−x φj +
xb

2
φxx|j − x2

b

6

{(
βx + b

β

)

j

(φxx)j +

(
bx + κ

β

)

j

φx|j +

(
κx

β

)

j

φj

−
(

fx

β

)

j

}
+ O

(
x3

b

)

= δ−x φj +

(
xb

2
− x2

b

6

(βx)j + bj

βj

){
bj

βj

(φx)j +
κj

βj

φj − fi

βj

}

− x2
b

6

(bx)j + κj

βj

φx|j − x2
b

6

(κx)j

βj

φj +
x2

b

6

(fx)j

βj

+ O(x3
b)

⇒
{

1−
(

xb

2
− x2

b

6

(βx)j + bj

βj

)
bj

βj

+
x2

b

6

(bx)j + κj

βj

}
(φx)j =

{
1

xb

+

(
xb

2
− x2

b

6

(βx)j + bj

βj

)

κj

βj

− x2
b

6

(κx)j

βj

}
φj − φj−1

xb

+
x2

b

6

(fx)j

βj

−
(

xb

2
− x2

b

6

(βx)j + bj

βj

)
fj

βj

+ O
(
x3

b

)

⇒ (φx)j =
1

Qj

{
rjφj − φj−1

xb

+
x2

b

6

(fx)j

βj

− tjfj

}
+ O(x3

b) (6.14)

where

Qj = 1−
(

xb

2
− x2

b

6

(βx)j + bj

βj

)
bj

βj

+
x2

b

6

(bx)j + κj

βj

, (6.15)

rj =
1

xb

+

(
xb

2
− x2

b

6

(βx)j + bj

βj

)
κj

βj

− x2
b

6

(κx)j

βj

, (6.16)

τj =
1

βj

(
xf

2
− x2

f

6

(βx)j + bj

βj

)
. (6.17)
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Using equations(6.6), equations (6.10) and (6.14) yield

C2 =
βj+1

Pj+1

(
φj+2

xf

− lj+1φj+1 +
h2

j+1

6

(fx)j+1

βj+1

+ mj+1fj+1

)
− βj

Qj

(
rjφj

− 1

xb

φj−1 +
x2

b

6

(fx)j

βj

− τjfj

)
+ O(x3

f , x
3
b) (6.18)

where Pj+1, lj+1, mj+1, Qj, rj, τj are as defined in (6.11)-(6.13) and (6.15)-(6.17).

Thus equations (6.5) and (6.18) are the two extra relations for grid points j and j+1.

With this, we have exactly (n− 1) equations in the same number of unknowns and φi’s

can be computed at all the specified points.

6.2.2 Unsteady case

For the unsteady case our 1D equation (6.2) in conservation form can be written as

η
∂φ

∂t
− (βφ

′
)
′
+ κφ = f + C3δ(x− α) (6.19)

where Ω is the interval [0, 1], δ is the Dirac Delta function and C3 is the value of the

point source at x = α. For the regular grids, we can express (6.19) in a more general

form like (6.7) as

η
∂φ(x, t)

∂t
− β(x, t)

∂2φ(x, t)

∂x2
+ b(x, t)

∂φ(x, t)

∂x
+ κ(x, t)φ(x, t) = f(x, t) (6.20)

where, b(x, t) = −∂b(x, t)

∂x
. We use the recently developed transient HOC method on

nonuniform grids (Kalita et al [64]) and for the irregular grids points we adopt the same

strategy as in the steady-state case. Now, for the regular points, HOC discretization of

(6.20) yields (− Aiδ
2
x + Biδx + C̃i

)
φn

i = Gi, ∀ i 6= j, j + 1 (6.21)

where the expressions for the terms Ai, Bi, C̃i, H1, H2 and ν are same as the corre-

sponding terms described in the steady-state case in section 6.2.1 with the exception of

β, b, κ and f being functions of both x and t now. Also

Gi =

(
1 +

1

β

(
H1 − νH2

)
δx +

1

β
{H2 − 0.5(xf − xb)(H1 − νH2)}δ2

x

)(
fi − η

∂φ

∂t

)
.

Applying forward differencing for the time derivative, (6.21) can be written as

Eiδ
+
t φn

i +
(− Aiδ

2
x + Biδx + C̃i

)
φn

i = Fi (6.22)

Where,

Ei = η

(
1 +

1

β
(H1 − γH2)δx +

1

β
{H2 − 0.5(xf − xb)(H1 − γH2)}δ2

x

)
,
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and Fi as defined in section 6.2.1. Here δ+
t denotes the forward difference operator

for time with uniform time step ∆t and n represents the time level; the coefficients Ai,

Bi, C̃i and Fi are to be evaluated at the nth time level. Now we introduce a weighted

average parameter µ through the approximation of the time derivative
∂φ

∂t
such that

tµ = (1− µ)t(n) + µt(n+1) where 0 ≤ µ ≤ 1; varying µ yields different time integrators.

Thus equation (6.22) reduces to

Eiδ
+
t φn

i +
(− Aiδ

2
x + Biδx + C̃i

)(
µφn

i + (1− µ)φn+1
i

)
= µF n

i + (1− µ)F n+1
i . (6.23)

Letting µ = 1
2

in (6.23) we get a scheme of the Crank-Nicolson type:

Ei

(φn+1
i − φn

i

∆t

)
+0.5

(−Aiδ
2
x+Biδx+C̃i

)
φn+1

i = 0.5
(
Aiδ

2
x−Biδx−C̃i

)
φn

i +0.5F n
i +0.5F n+1

i .

After some simplifications and making use of the spatial operators we get

0.5∆t

(
Bi

2h
− Ai

hxf

)
φn+1

i+1 + {0.5∆t

(
Ai

h
(

1

xf

+
1

xb

) + C̃i

)
+ Ei}φn+1

i

− 0.5∆t

(
Ai

hxb

+
Bi

2h

)
φn+1

i−1 = 0.5∆t

(
Ai

hxf

− Bi

2h

)
φn

i+1

+ {Ei − 0.5∆t

(
Ai

h

( 1

xf

+
1

fb

)
+ C̃i

)
}φn

i

+ 0.5∆t

(
Ai

hxb

+
Bi

2h

)
φn

i−1 + 0.5

(
F n

i + F n+1
i

)
∆t (6.24)

In short, (6.24) can be written as

1∑

k1=−1

Wi+k1φ
n+1
i+k1

=
1∑

k1=−1

W̃i+k1φ
n
i+k1

+ 0.5

(
F n+1

i + F n
i

)
∆t (6.25)

Where,

Wi+k1 = −0.5∆tpi+k1 + qi+k1 ,

W̃i+k1 = 0.5∆tpi+k1 + qi+k1 ,

with

pi+1 =
Ai

hxf

− Bi

2h
; pi = −Ai

h

(
1

xf

+
1

xb

)
− C̃i;

pi−1 =
Ai

hxf

− Bi

2h
; qi+1 =

η

2βh

(
H1−γH2

)
+

η

βhxf

{H2−0.5(xf −xb)(H1−γH2)};

qi = η +
η

βh

(
1

xf

+
1

xb

)
{H2 − 0.5(xf − xb)(H1 − γH2)};

qi−1 = − η

2βh
(H1 − γH2) +

η

βhxb

{H2 − 0.5(xf − xb)(H1 − γH2)};
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We may write the jump conditions at x = α as

φn
j+1 − φn

j = Cn
3 (6.26)

φx|nj+1 − φx|nj = Cn
4 (6.27)

for all n > 0. As in the steady-state case, using onesided difference at the points xj and

xj+1, equation (6.27) takes the form

(
φn

j+2 − φn
j+1

xf

− xf

2
φxx|nj+1

)
−

(
φn

j − φn
j−1

xb

− xb

2
φxx|nj

)
= Cn

4 + O(x2
f , x

2
b) (6.28)

Now using the original differential equation (6.20) in (6.28) for the second derivative

terms we get

− ηxf

2β∆t
φn+1

j+1 −
ηxb

2β∆t
φn+1

j = −
(

1

xf

− b

2β

)
φn

j+2 +

(
1

xf

− ηxf

2β∆t
− b

2β
+

κxf

2β

)
φn

j+1

+

(
1

xb

− ηxf

2β∆t
+

b

2β
+

κxb

2β

)
φn

j −
(

1

xb

− b

2β

)
φn

j−1 −
xf

2
fn

j+1 −
xb

2
fn

j + Cn
4 (6.29)

Now from (6.26), the relation between φj+1 and φj at the (n + 1)th time level will be

φn+1
j+1 − φn+1

j = Cn+1
3 (6.30)

Using this relation in (6.29) we get

−
(

ηxf

2β∆t
+

ηxb

2β∆t

)
φn+1

j = −
(

1

xf

− b

2β

)
φn

j+2 +

(
1

xf

− ηxf

2β∆t
− b

2β
+

κxf

2β

)
φn

j+1

+

(
1

xb

− ηxb

2β∆t
+

b

2β
+

κxb

2β

)
φn

j −
(

1

xb

− b

2β

)
φn

j−1 −
xf

2
fn

j+1 −
xb

2
fn

j

+ Cn
4 +

ηxf

2β∆t
Cn+1

3 (6.31)

Equations (6.30) and (6.31) yield the finite difference approximations of φ at the irregular

points. We calculate the flux at x = α using the formula

F (α) = ((xj+1 − α)F1 + (α− xj)F2)/(xj+1 − xj) (6.32)

with

F1 = βj
φj − φj−1

(xj − xj−1)
+

βj(xj − xj−1)

2
(φxx)j

F2 = βj+1
φj+2 − φj+1

(xj+2 − xj+1)
− βj+1(xj+2 − xj+1)

2
(φxx)j+1

It may be noted that the term φxx appearing in F1 and F2 is calculated by replacing it

with lower order terms appearing in the original differential equation.
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6.3 Convergence and Related Analysis

Consider the one dimensional elliptic problem

(β(x)φ
′
(x))

′
+ κ(x)φ(x) = f(x) + C2δ(x− α) (6.33)

on the domain Ω = [0, 1] with specific boundary conditions on φ at x = 0 and x = 1.

The function β(x) is allowed to be discontinuous at x = α. We also consider that κ(x)

and f(x) are smooth functions. Let us assume that u ∈ Cl+1[0, α)
⋃

Cl+1(α, 1] and

0 = x0 < x1 < x2 < ... < xj < xj+1 < ... < xn−1 < xn = 1 be a set of nonuniform grid

points on the domain Ω with grid spacing hi = (xi+1 − xi), i = 0, 1, 2...n − 1. Also

we assume that α ∈ (xj, xj+1). Then we construct a clustered grid around the point of

discontinuity α in such a way that the interval formed by the two adjacent points on

the either side of α behaves almost like a single point. In other words

φ+ = lim
x→α+

φ(x) = φ(xj+1) and φ− = lim
x→α−

φ(x) = φ(xj)

and d1 = (α−xj), d2 = (xj+1−α) are such that d1 → 0 and d2 → 0, where hj = d1 + d2

and hj << 1. We also assume that φ is (l + 1)th order differentiable except at the point

x = α. There may exist a jump discontinuity of the solution φ and it’s derivatives.

Now, using Taylor series expansion of φ+ (i.e. limx→α+ φ(x), which is differentiable up

to (l + 1)thorder) around the point xj+1 we get

φ+ = φ(xj+1)− d2φ
(1)(xj+1) +

d2
2

2!
φ(2)(xj+1)− d3

2

3!
φ(3)(xj+1) + ... (6.34)

where, φ(i)(x) denotes the ith order derivative of φ with respect to x. Similarly using

Taylor series expansion of φ− (i.e. limx→α− φ(x), which is also differentiable up to (l +

1)thorder) around the point xj we get

φ− = φ(xj) + d1φ
(1)(xj) +

d2
1

2!
φ(2)(xj) +

d3
1

3!
φ(3)(xj) + ... (6.35)

Now,

[φ(x)]α = lim
x→α+

φ(x)− lim
x→α−

φ(x)

= φ+ − φ−

=
(
φ(xj+1)− φ(xj)

)− (
d2φ

(1)(xj+1) + d1φ
(1)(xj)

)
+

(
d2φ

(1)(xj+1)

+ d1φ
(1)(xj)

)− ...

Our mesh structure allows us to let d1, d2 → 0 (see figure 6.1) which leads to

[φ(x)]α = φ(xj+1)− φ(xj). (6.36)

139TH-787_04612303



In a similar way one can prove that when d1, d2 → 0

[φ(1)(x)]α = φ(1)(xj+1)− φ(1)(xj) (6.37)

[φ(2)(x)]α = φ(2)(xj+1)− φ(2)(xj) (6.38)

and so on. Note that on uniform coarser grids or when the intensity of clustering is not

enough about x = α on nonuniform grids, we cannot take d1, d2 → 0. In such cases

[φ(x)]α =
(
φ(xj+1)− φ(xj)

)
+ O

(
d1, d2

)
(6.39)

Similarly,

[φ(1)(x)]α = φ(1)(xj+1)− φ(1)(xj) + O
(
d1, d2

)
(6.40)

Or

[φ(x)]α =
(
φ(xj+1)− φ(xj)

)− (
d2φ

(1)(xj+1) + d1φ
(1)(xj)

)
+ O

(
d2

1, d
2
2

)
(6.41)

Similarly,

[φ(1)(x)]α =
(
φ(1)(xj+1)− φ(1)(xj)

)− (
d2φ

(2)(xj+1) + d1φ
(2)(xj)

)
+ O

(
d2

1, d
2
2

)
(6.42)

Lemma-1: Considering the above assumptions, the following inequality holds

∣∣∣∣φ(xj+1)−
l∑

r=0

(hj)
r

r!
φ(r)(xj)−

l∑
r=0

(d2)
r

r!
[φ(r)(x)]α

∣∣∣∣ ≤
K

(l + 1)!
hl+1

j (6.43)

Where,

K = max

(
maxx∈[0,α)

∣∣∣∣(φ)(l+1)(x)

∣∣∣∣, maxx∈(α,1]

∣∣∣∣(φ)(l+1)(x)

∣∣∣∣
)

(6.44)

Proof: Using Taylor series expansion of φ(xj+1) around φ+ yields

φ(xj+1) =
l∑

r=0

(d2)
r

r!
(φ+)(r) +

(d2)
l+1

(l + 1)!
(φ)(l+1)(ζ1)

for some ζ1 ∈ (α, xj+1). Also

(φ+)(r) = (φ−)(r) + [φ(r)(x)]α.

Therefore,

φ(xj+1) =
l∑

r=0

(d2)
r

r!

{
(φ−)(r) + [φ(r)(x)]α

}
+

(d
(l+1)
2 )

(l + 1)!
φ(l+1)(ζ1). (6.45)
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Using Taylor expansion for (φ−)(r) around φ(xj),

(φ−)(r) =
l∑

p=r

(d1)
p−r

(p− r)!
φ(p)(xj) +

(d1)
(l−r+1)

(l − r + 1)!
φ(l+1)(ζr),

for some ζr ∈ (xj, α), where r = 0, 1, 2, . . . , l. Making use of these relations in (6.45), we

have

φ(xj+1) =
l∑

r=0

(d2)
r

r!

l∑
p=r

(d1)
p−r

(p− r)!
φ(p)(xj) +

l∑
r=0

(d2)
r

r!
[φ(r)(x)]α (6.46)

+
l∑

r=0

(d2)
r

r!

(d1)
l−r+1

(l − r + 1)!
(φ)(l+1)(ζr) +

(d2)
l+1

(l + 1)!
(φ)(l+1)(ζ1)

Now,

∑l
r=0

(d2)
r

r!

l∑
p=r

(d1)
p−r

(p− r)!
φ(p)(xj) = φ(0)(xj) +

(d1

1!
+

d2

1!
)φ(1)(xj) + (

d2
1

2!
+

d1d2

1!1!

+
d2

2

2!

)
φ(2)(xj) + ... +

(d2
1

l!
+

dl−1
1 d2

(l − 1)!1!
+

dl−2
1 d2

2

(l − 2)!2!
+ ... +

d1d
l−1
2

1!(l − 1)!
+

dl
2

l!

)

× φ(l)(xj) = φ(0)(xj) +
hj

1!
φ(1)(xj) +

h2
j

2!
φ(2)(xj) + ... +

hl
j

l!
φ(l)(xj) (6.47)

Hence,
l∑

r=0

(d2)
r

r!

l∑
p=r

(d1)
p−r

(p− r)!
φ(p)(xj) =

l∑
q=0

hq
j

q!
φ(q)(xj) (6.48)

Using this relation in (6.46),

φ(xj+1) =
l∑

r=0

hr
j

r!
φ(r)(xj) +

l∑
r=0

(d2)
r

r!
[φ(r)(x)]α (6.49)

+
l∑

r=0

(d2)
r

r!

(d1)
l−r+1

(l − r + 1)!
(φ)(l+1)(ζr) +

(d2)
l+1

(l + 1)!
(φ)(l+1)(ζ1)

Let,

K = max

(
maxx∈[0,α) | φ(l+1)(x) |, maxx∈(α,1] | φ(l+1)(x) |

)

With this, (6.49) reduces to

∣∣∣∣φ(xj+1)−
l∑

r=0

hr
j

r!
φ(r)(xj)−

l∑
r=0

(d2)
r

r!
[φ(r)(x)]α

∣∣∣∣ ≤ K

l+1∑
r=0

(d2)
r

r!

(d1)
l−r+1

(l − r + 1)!

= K
(d1 + d2)

l+1

(l + 1)!

= K
hl+1

j

(l + 1)!
(6.50)
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Hence we get the required relation

∣∣∣∣φ(xj+1)−
l∑

r=0

hr
j

r!
φ(r)(xj)−

l∑
r=0

(d2)
r

r!
[φ(r)(x)]α

∣∣∣∣ ≤
K

(l + 1)!
hl+1

j (6.51)

Corollary: Putting l = 0 in the above relation (6.51) we get,

∣∣∣∣φ(xj+1)− φ(xj)− [φ(x)]α

∣∣∣∣ ≤ Khj (6.52)

This indicates that in this case the jump condition in φ at α is first order accurate.

Consider the problem (6.33) with β = −a < 0 is constant, κ(x) ≥ k > 0, C2 = 0

and f(x) has a discontinuity at x = α. Then the equation (6.33) can be written as a

self-adjoint two point boundary value problem

−aφ
′′
(x) + κ(x)φ(x) = f(x). (6.53)

Here κ(x), f(x) are sufficiently smooth on Ω\{α}. As f(x) is discontinuous at α, the

solution φ does not necessarily have a continuous second order derivative at the point

α. Thus, φ /∈ C2 but the first derivative of φ exists and is continuous.

Theorem-1: The problem (6.53), has a solution φ ∈ C1(Ω)
⋂

C2(Ω− ⋃
Ω+).

Proof: The proof is by construction method [42]. Let y1 and y2 be two particular

solutions of the differential equation

−ay
′′
1 (x) + κ(x)y1 = f(x), x ∈ Ω−

and

−ay
′′
2 (x) + κ(x)y2 = f(x), x ∈ Ω+

Let us consider two functions φ1(x) and φ2(x) which respectively satisfy the boundary

value problems

−aφ
′′
1(x) + κ(x)φ1(x) = 0, x ∈ Ω, φ1(0) = 1, φ1(1) = 0

−aφ
′′
2(x) + κ(x)φ2(x) = 0, x ∈ Ω, φ2(0) = 0, φ2(1) = 1

Now we construct a function

y(x) =

{
y1(x) +

(
φ(0)− y1(0)

)
φ1(x) + Aφ2(x), x ∈ Ω−

y1(x) + Bφ1(x) +
(
φ(1)− y2(1)

)
φ2(x), x ∈ Ω+

where A and B are constants to be chosen so that y(x) ∈ C1(Ω). Now on the open

interval (0, 1), 0 < φi < 1; i = 1, 2. Thus φ1, φ2 cannot have an internal maximum, or
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minimum. Hence φ
′
1 < 0 and φ

′
2 > 0, for all x ∈ (0, 1). Now we have to show that we

can find A, B for which y(x) ∈ C1(Ω). Now if y(x) ∈ C1(Ω), it will satisfy

y(α−) = y(α+) and y
′
(α−) = y

′
(α+).

These lead to

Aφ2(α)−Bφ1(α) = F1 (6.54)

where

F1 = (φ(1)− y2(1)φ2(α))− (φ(0)− y1(0))φ1(α).

and

Aφ
′
2(α)−Bφ

′
1(α) = F2 (6.55)

where

F2 =
(
φ(1)− y2(1)

)
φ
′
2(α)− (

φ(0)− y1(0)
)
φ
′
1(α).

Now A and B will have unique solutions if the determinant of the coefficient matrix
∣∣∣∣

φ2(α) −φ1(α)
φ
′
2(α) −φ

′
1(α)

∣∣∣∣ = φ1(α)φ
′
2(α)− φ

′
1(α)φ2(α)

is not equal to zero.

From the above relations we know that φ
′
1(α) < 0, φ1(α), φ2(α), φ

′
2(α) > 0. Therefore

φ1(α)φ
′
2(α)− φ

′
1(α)φ2(α) > 0

Hence, y(x) ∈ C1(Ω)
⋂

C2(Ω− ⋃
Ω+) is a solution of (6.53).

Lemma-2: Suppose that a function w ∈ C(0)(Ω̄)
⋂

C2(Ω− ⋃
Ω+) satisfies

w(0) ≥ 0, w(1) ≥ 0

lw(x) ≡ −aw
′′
(x) + κ(x)w(x) ≥ 0, ∀ x ∈ Ω− ⋃

Ω+;

[w(x)]α = 0, [w
′
(x)]α ≤ 0

Then w(x) ≥ 0 for all x ∈ Ω̄.

Proof: Let p be any point in Ω̄, at which w attains its minimum value. If w(p) ≥ 0,

there is nothing to prove. Suppose therefore that w(p) < 0, then the proof is completed

by showing that this leads to a contradiction. Now there are two possibilities, either

p ∈ Ω− ⋃
Ω+ or p = α. If p ∈ Ω− ⋃

Ω+, then w(p) is the minimum value implying that

w
′
= 0 and w

′′
(p) ≥ 0.

Also, a > 0 and κ(x) ≥ k > 0,∀x. Therefore,

lw(p) ≡ −aw
′′
(p) + κ(p)w(p) < 0.
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Hence a contradiction.

If p = α, then there again will be two cases; either w(x) is differentiable at p, or

w(x) is not differentiable at p. Let w(x) is differentiable at p. Since w(x) attains its

minimum value at p, w
′
(α) = 0 and w ∈ C1(Ω). As w(α) < 0, it follows that there exits

a neighborhood Nε = (α − ε, α) such that w(x) < 0 for all points x ∈ Nε. Now choose

a point x1 6= α and x1 ∈ Nε such that w(x1) > w(α). It follows from the mean value

theorem that, for some x2 ∈ Nε

w
′
(x2) =

w(α)− w(x1)

α− x1

< 0

and also that for some x3 ∈ Nε

w
′′
(x3) =

w
′
(α)− w

′
(x2)

α− x2

=
−w

′
(x2)

α− x2

> 0.

Again w(x3) < 0; since x3 ∈ Nε. Therefore,

lw(x3) ≡ −aw
′′
(x3) + κ(x3)w(x3) < 0

which is a contradiction.

If w is not differentiable at p, then [w
′
(x)]α 6= 0. Now since, w

′
(α−) ≤ 0 and

w
′
(α+) ≥ 0,

[w
′
]α = w

′
(α+)− w

′
(α−) > 0

which is again a contradiction. Hence w(p) ≥ 0 and if the minimum value of w(x) on Ω̄

is non-negative, it immediately follows that w(x) ≥ 0 for all x ∈ Ω̄.

An immediate consequence of the minimum principle is the following stability result.

Theorem-2: Let φ be a solution of (6.53), then

∣∣φ
∣∣
Ω̄
≤ max

(
|φ0|, |φ1|, 1

k
‖ f ‖Ω−∪Ω+

)
, (6.56)

Proof: Let ψ±(x) = M ±φ(x), where M = max

(
|φ0|, |φ1|, 1

k
‖ f ‖Ω−∪Ω+

)
. Then

clearly ψ±(0) ≥ 0, ψ±(1) ≥ 0 and for each x ∈ Ω− ⋃
Ω+,

Lψ±(x) = κ(x)M ± Lφ(x)

≥ kM ± f(x)

≥ 0 (6.57)

Also, since φ ∈ C1(Ω)

[ψ±]α = ±[φ]α = 0
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and,

[ψ
′
±]α = ±[φ

′
]α = 0.

Hence, it follows from the minimum principle that ψ± ≥ 0 ∀x ∈ Ω̄.

Hence, ‖ φ ‖≤ M That is,

∣∣φ
∣∣
Ω̄
≤ max

(
|φ0|, |φ1|, 1

k
‖ f ‖Ω−∪Ω+

)
(6.58)

Lemma-3: Let xj ≤ α < xj+1, d1 = α − xj, d2 = xj+1 − α. Suppose φ ∈
C3[xj−1, α)∩C3(α, xj+2], with derivatives extending continuously up to the boundary α.

Then the following approximations hold to O(h3) using the given differential equation

−βφxx + bφx + κφ = C2δ(x− α),

where coefficients are constants

φx(xj) ≈
(

1/Bj−1

){(
1

hj−1

+
hj−1κ

2β
− h2

j−1bκ

6β2

)
φj − φj−1

hj−1

− hj−1C2

2β

}

+O

(
h3

j−1

)
(6.59)

φx(xj+1) ≈
(

1/Aj−1

){
φj+2

hj+1

−
(

1

hj+1

+
hj+1κ

2β
+

h2
j+1bκ

6β2

)
φj+1

+
hj+1C2

2β

}
+ O

(
h3

j+1

)
(6.60)

where,

Bj−1 = 1− hj−1b

2β
+

h2
j−1κ

6β
− h2

j−1b
2

6β2

Aj+1 = 1 +
hj+1b

2β
+

h2
j+1κ

6β
+

h2
j+1b

2

6β2

Proof: It follows from the formulations involving equations (6.10) and (6.14) subject

to the conditions that d1, d2 → 0.

Lemma-4: If coefficients of the given differential equation are variables of x and

smooth (up to minimum second order) Lemma-3 can be written as the following with

the same order

φx(xj) ≈
(

1/Qj

){
rjφj − 1

hj−1

φj−1 − tjC2

}
+ O

(
h3

j−1

)
(6.61)

φx(xj+1) ≈
(

1/Pj+1

){
φj+2

hj+1

− lj+1φj+1 + mj+1C2

}
+ O

(
h3

j+1

)
(6.62)
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where

Pj+1 = 1 +

{(
hj+1

2
+

h2
j+1

6

(βx)j+1bj+1

βj+1

)
bj+1

βj+1

+
h2

j+1

6

(bx)j+1 + κj+1

βj+1

}

lj+1 =
1

hj+1

+

{(
hj+1

2
+

h2
j+1

6

(βx)j+1bj+1

βj+1

)
κj+1

βj+1

+
h2

j+1

6

(κx)j+1

βj+1

}

mj+1 =
1

βj+1

(
hj+1

2
+

h2
j+1

6

(βx)j+1bj+1

βj+1

)

Qj = 1−
{(

hj−1

2
− h2

j−1

6

(βx)jbj

βj

)
bj

βj

+
h2

j−1

6

(bx)j + κj

βj

}

rj =
1

hj−1

+

(
hj−1

2
− h2

j−1

6

(βx)jbj

βj

)
κj

βj

− h2
j−1

6

(κx)j

βj

tj =
1

βj

(
hj−1

2
− h2

j−1

6

(βx)jbj

βj

)

Proof: The proof is similar to that for Lemma 3 except that it is for variable coef-

ficients now.

Lemma-5: Using Lemma-4, the jump on φx at α can be approximated up to

O(h3) , where

h = max

{
hj−1, hj+1

}

.

[φx]α ≈ 1

Aj−1

{
φj+2

hj+1

−
(

1

hj+1

+
hj+1κ

2β
+

h2
j+1bκ

6β2

)
φj+1 +

hj+1C2

2β

}
(6.63)

− 1

Bj−1

{(
1

hj−1

+
hj−1κ

2β
− h2

j−1bκ

6β2

)
φj − φj−1

hj−1

− hj−1C2

2β

}

where Aj+1, Bj−1 are as in Lemma 3.

Proof: This immediately follows on using onesided Taylor series expansion of φ at

xj+1 and using the jump on the flux at x = α.

Lemma-6: Using Lemma-5, jump on (φx) at α can be approximated up to O(h3),

where h = max

{
hj−1, hj+1

}

[φx]α ≈ 1

Pj+1

(
φj+2

hj+1

− lj+1φj+1 +mj+1C2

)
− 1

Qj

(
rjφj− 1

hj−1

φj−1− tjC2

)
(6.64)

where Pj+1, Qj, lj+1, mj+1, rj, tj are as in Lemma 4.

Proof: The proof is similar to that of Lemma 5.

146TH-787_04612303



Theorem-3: Suppose Φ̂i satisfies the third order accurate difference equation

Œ(Φ̂i) ≡ γi+1Φ̂i+1 + γiΦ̂i + γi−1Φ̂i−1 = −Ci−(j−1)(δi,j + δi,j+1) (6.65)

where Œ is a linear operator, [xj, xj+1] is the interval of infinitesimal length containing

the point α as described in section 6.2.1, C1 and C2 are same as in equations (6.5) and

(6.6), δi,j the Kronecker delta and Φ̂0 = Φ̂N = 0; assume further that (6.65) is third

order accurate discrete equation of

φxx = −C2δ(x− α). (6.66)

Let φ̂(x) be the true solution of given differential equation i.e

φ̂(x) =

{
C2x(1− α) , x ≤ α
C2α(1− x) , x ≥ α.

then

Φ̂i = φ̂(x) + O(h3).

Proof: Let G(x; α1) be the Green’s function for the given problem with a unit

strength source at α1,

G(x; α1) =

{
x(1− α1) , x ≤ α1

α1(1− x) , x ≥ α1.

Then the function G satisfies

Gxx = −δ(x− α1).

Setting a nonuniform grid over the interval [0, 1] with clustering around the point α such

that d1 = (α − xj) → 0 and d1 = (xj+1 − α) → 0, then it is easy to check that G also

satisfies

Œ(G(xi, xj)) = −(δi,j + δi,j+1).

Now taking α1 = α, the right hand side of (6.65) can be written as

−Ci−(j−1)(δi,j + δi,j+1) = Ci−(j−1)Œ(G(xi, xj)).

By linearity, the solution Φ̂i of the the given difference equation (6.65) can be expressed

as

Φ̂i = Ci−(j−1)Œ(G(xi, xj))

at each grid point xi, This can be considered as the exact solution of the given difference

equation (6.65) at the grid points. But this difference equation is third order accurate

approximation of the actual differential equation (6.66) at every grid point from which

it immediately follows that

Φ̂i = φ̂(x) + O(h3). (6.67)
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6.4 Numerical Examples

We now apply the scheme proposed in section 6.2 to four problems: three steady and

one unsteady, all having analytical solutions which allows us to compute the numerical

errors. In all the cases the problem domain is taken as 0 ≤ x ≤ 1.

6.4.1 Problem 1

Consider a differential equation with discontinuous coefficient. Here the equation [79] is

− (βφx)x = 1 (6.68)

with homogeneous Dirichlet boundary data φ(0) = 0 and φ(1) = 1. The analytical

solution of the problem is

φ(x) =

{
a1

x2

2
+ b1x, 0 ≤ x ≤ 1

2

a2
x2

2
+ b2x + c2,

1
2
≤ x ≤ 1

where ai = − 1

βi

, b1 = −1

4
(3a2 + a1)

(
β2

β1 + β2

)
, b2 =

β1

β2

b1 and c2 = −
(
b2 +

a2

2

)
. The

equation has a discontinuity in β and it take values β = β1 = 0.1 for 0 ≤ x <
1

2
and

β = β2 = 1.0 for
1

2
< x ≤ 1.

Since all derivatives of the analytical solution higher than φxx are zero, it can easily

be concluded that the finite difference equations resulting from (6.5), (6.8) and (6.18) will

yield the same solutions as its analytical representations. Therefore the finite difference

solution to (6.68) using our scheme will be exactly same as the analytical ones at the

nodes.

Table 6.1: Problem 1: the computed values, analytical values of φ and corresponding
absolute errors at the grid points for n= 8, r=36 and interface at x = 0.5

grid points computed analytical abs.err
0.000000e+00 0.000000 0.000000 0.000000e+00
4.970795e-01 0.233204 0.233204 2.909573e-07
4.999829e-01 0.227307 0.227308 2.926567e-07
4.999999e-01 0.227273 0.227273 2.926667e-07
5.000001e-01 0.227273 0.227273 6.978987e-08
5.000171e-01 0.227269 0.227269 6.978750e-08
5.029205e-01 0.226671 0.226671 6.938224e-08
1.000000e+00 0.000000 0.000000 0.000000e+00

In table 6.1 we show the computed values and corresponding analytical results at

the grids when number of grid points are 8 and the clustering parameter r = 36. It is
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Table 6.2: Problem 1: Flux σ∗ (for r=27) and σh Evaluated at x= 0.5; σanalytical =
0.204545

h σ∗ σh |σh − σanalytical| |σ∗ − σanalytical|
1/3 0.204520 0.181818 0.022727 2.523980e-05
1/7 0.204544 0.200372 0.004173 1.890747e-06
1/11 0.204545 0.202854 0.001691 8.945325e-07
1/15 0.204545 0.203971 0.000911 6.328821e-07
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Figure 6.2: Problem 1: computed flux and corresponding analytical solution at x = 1
2

for (a) different n when r = 18 and (b) different r when n = 4.

heartening to note that with only 8 nodal points our scheme produces a maximum error

that is as low as 2.9×10−7. Table 6.2 exhibits the comparison of the flux values at x =
1

2
for different values of n with a fixed r = 36 using our scheme with those obtained by

MacKinnon & Carey [79]. Here σ∗ and σh respectively denote the computed flux values

using our scheme and those of reference [79]. To compute the flux, we have used the

formula given in (6.32). In all the cases, our scheme produces significantly better results

as can be seen from the last two columns of Table 6.2.

We also compute the flux values at x =
1

2
for a fixed value of r with n-variation

and vice versa. The computed values of the flux with the analytical ones are plotted

in figures 6.2(a) and 6.2(b) along with the variations of d1 and d2 with respect to n

and r. Figure 6.3 shows the absolute errors in the flux at x =
1

2
using our scheme for

varying n and r variations. From the figures, it is clear that with increasing r and n,
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Figure 6.3: Problem 1: absolute errors in flux at x = 1
2

using our scheme for different
values of n fixing r at 18 and for different values of r fixing n at 4

the solution becomes more accurate as expected. Interesting, however is the role played

by r; with a higher value of r, one can obtain much more accurate results on a coarser

grid with better computational economy than on a finer grid with a lower value of r.

This is due to the fact that the values of d1, d2 do not decrease proportionately with

increasing grid size while d1, d2 decrease at a much faster rate with slight increase in the

value of r. These observations are in conformity with the development of the scheme

where the condition d1, d2 → 0 is a prerequisite for accurate solutions by our scheme.

This is also reflected in the errors presented in Table 6.2; on a uniform grid with 4 grid

points d1 = d2 = 0.166667 whereas on the same grid with a moderate value of r = 22

yields d1 = d2 = 0.000326 and as such in all the cases, the flux calculated by our scheme

on a 4-point grid produces much less error than the flux computed in reference [79] on

a 16-point grid.

6.4.2 Problem 2.

Now we consider a problem where the differential equation has a singular source term.

Here we take the equation

φxx = −cδ(x− α), 0 < x < 1 (6.69)

with Dirichlet boundary conditions φ(0) = φ(1) = 0 and a discontinuous source term at

x = α. The analytical solution of (6.69) is

φ(x) =

{
cx(1− α) , 0 ≤ x ≤ α
cα(1− x) , α < x ≤ 1
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where α and c are constants. We have computed our solutions with α =
1

2
and c = 1.

Table 6.3 shows the computed values of φ at different points along with the analytical

ones and the corresponding absolute errors for n = 14, and r = 8. As in Problem 1,

since
dkφ

dxk
= 0 ∀ k ≥ 3, the finite difference solution of (6.69) should be exactly same

with the analytical solution at the nodes. This is also observed in table 6.3 where it is

seen that our computed solutions at all the grid points are almost exact. In figure 6.4,

we plot the infinity norm ||e||∞ of the error for varying n and r and their effect on the

solution is similar to that Problem 1.

Table 6.3: Problem 2: the computed values, analytical values of φ and corresponding
absolute errors at the grid points for n= 14, r= 8; interface point is x = 0.5

grid points computed analytical abs.err
0.000000 0.000000 0.000000 0.00000e+00
0.230003 0.115002 0.115002 3.787585e-08
0.354492 0.177246 0.177246 5.759830e-08
0.422115 0.211057 0.211057 6.740169e-08
0.459301 0.229650 0.229650 7.182279e-08
0.480581 0.240291 0.240291 7.336235e-08
0.494273 0.247137 0.247137 7.336235e-08
0.505727 0.247137 0.247137 7.336235e-08
0.519419 0.240291 0.240291 7.238501e-08
0.540699 0.229650 0.229650 6.992188e-08
0.577885 0.211057 0.211057 6.474363e-08
0.645508 0.177246 0.177246 5.458977e-08
0.769997 0.115002 0.115002 3.541925e-08
1.000000 0.000000 0.000000 0.00000e+00

Problem 3. Now we consider the problem in which the differential equation contains

both discontinuous coefficient as well as singular source term. Consider the equation

(βφx)x = δ(x− α) (6.70)

where, α = 1
3
, β = β− = 1 in 0 ≤ x < α and β = β+ = 100 in α < x ≤ 1. The boundary

conditions are taken from the analytical solution

φ(x) =

{
Bx(1− α), 0 ≤ x ≤ α
Bα(1− x), α < x ≤ 1

where B = −1/
(
β+α + β−(1− α)

)
.

Table 6.4 shows the computed results, analytical solutions and corresponding abso-

lute errors using our scheme for n = 10 and r = 28. From the table 6.4, it is clear that

our numerical results are almost exact. The graphical results are shown in figure 6.5

151TH-787_04612303



n

er
ro

r-
in

f-
no

rm

8 16 24 32 40 48

0

0.005

0.01

0.015

0.02

0.025

r = 4

r = 8

r = 12

r = 16

r =24

r
er

ro
r-

in
f-

no
rm

4 8 12 16 20 24 28

0

0.003

0.006

0.009

0.012

0.015

n = 12

n = 16

n = 20

n = 24

n = 28

Figure 6.4: Problem 2: absolute errors in flux at x = 1
2

using our scheme for different
values of n with r = 20 and for different values of r with n = 4.

Table 6.4: Problem 3: the computed values and analytical values of φ and corresponding
absolute errors at the grid points for n= 10, r= 28; interface point is x = 1

3

grid points computed analytical abs.err
0.000000 0.000000 0.000000 0.000000e+00
0.318483 -0.006245 -0.006245 2.606880e-07
0.332672 -0.006523 -0.006523 2.723020e-07
0.333304 -0.006536 -0.006535 2.728256e-07
0.333332 -0.006536 -0.006536 2.728670e-07
0.333336 -0.006536 -0.006536 2.745877e-07
0.333392 -0.006536 -0.006535 2.745647e-07
0.334657 -0.006523 -0.006523 2.740441e-07
0.363034 -0.006245 -0.006245 2.623557e-07
1.000000 0.000000 0.000000 0.000000e+00

with fixed n = 10, but with a different r = 12 so that the grid points are not clustered as

in the table. It is clear from the figure that our computed results are much better than

those produced by the smoothing method [7] and qualitatively as good as the computed

results of Li and Ito [7]. It is also heartening to note that both those schemes in reference

[7] used 41 grid points while our scheme produced almost exact result using 10 points

only.
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Figure 6.5: Problem 3: The computed values, analytical values with n = 10 and r = 12.

Problem 4. Consider the time dependent problem

φt = φxx + c(t)δ(x− α) (6.71)

where

c(t) = −[φx]α = −3

2
π exp(−9

4
π2t)− 3π exp(−9π2t).

We have taken α = 1
3

and the boundary conditions are taken from the analytical solution

φ(x, t) =

{
sin(3πx) exp(−9π2t), 0 ≤ x ≤ 1

3

sin(3
2
π(1− x)) exp(−9

4
π2t), 1

3
≤ x ≤ 1

Note that φ(α, t) = 0 for all t.

Table 6.5 shows the computed solution, analytical solution and corresponding ab-

solute errors using our scheme for n = 10 and r = 18 at t = 1. Table 6.6 shows the

comparison between the infinity norm of error for the same number of grid points using

our scheme and the scheme used by Beyer and Leveque ([23]). Here ||E||∞ is the error-

infinity-norm using our scheme and ||Ê||∞ is the same based on the best results of [23].

Here we have used the best possible combination of n and r to minimize the error. In

all the cases our results are much better than those reported in [23].

It may be noted that although our computed results show huge improvements over

the results obtained by earlier schemes for all the problems considered here, the errors

tabulated in tables 6.2 and 6.6 do not reflect the true rate of convergence outlined in

section 6.3. This is because of the fact that in reality the two step lengths around

the point of discontinuity (d1 and d2) can never actually become zero and therefore
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Table 6.5: Problem 4: the computed values and analytical values of φ and corresponding
absolute errors at the grid points for n= 10, r= 18; interface point is x = 1

3

grid points computed analytical abs.err
0.000000 0.000000 0.000000 0.00000e+00
0.276996 0.505395 0.505416 2.135778e-05
0.323814 0.088354 0.088365 1.053413e-05
0.331740 0.013784 0.013761 2.269228e-06
0.333153 0.000785 0.000433 3.522289e-04
0.333831 0.000785 0.001083 2.979453e-04
0.336544 0.013865 0.013872 6.243955e-06
0.353276 0.088386 0.088389 2.654588e-06
0.446009 0.505447 0.505452 5.339823e-06
1.000000 0.000000 0.000000 0.00000e+00

Table 6.6: Problem 4: The comparison between the infinity norm of errors ||E||∞ with
best fit r values and ||Ê||∞; interface point is x = 1

3

n ||E||∞ ||Ê||∞
10 0.246e-03 0.219e-01
20 0.112e-03 0.637e-02
40 0.955e-04 0.155e-02
80 0.490e-04 0.393e-03
160 0.110e-04 0.978e-04

the truncation errors in expressions (6.39), (6.40) and (6.52) would not tend to zero.

Similar observations were also made in reference [104] where due to the possible lack of

regularity of the solution, the expected higher rate of convergence could not be achieved

on nonuniform grids.

6.5 Conclusion

In this chapter, we propose an HOC scheme for the 1D elliptic and parabolic equations

with discontinuous coefficients and singular source terms on nonuniform space grids.

As against earlier schemes which were at most second order accurate, this scheme is

at least third order accurate at regular points. Moreover, use of nonuniform grids and

clustering in the neighbourhood of the point of discontinuity enables the scheme to

capture the flux thereat more accurately. We also perform some convergence and related

analysis to substantiate our claims. To bring out the different aspects of the scheme it

is applied to four problems (i) a steady state problem with discontinuous coefficient,
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(ii) a steady state problem with singular source term, (iii) a steady state problem with

discontinuous coefficient as well as singular source term and (iv) an unsteady problem

with discontinuous source term. In all the cases our numerical results are in excellent

agreement with the analytical ones. Particularly, in capturing the flux at the point

of discontinuity, our approach is seen to be more efficient than the existing ones ([23],

[79]). In the next chapter, extension of the formulation to two-dimensional cases will be

discussed.
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Chapter 7

An efficient HOC scheme for 2D
Elliptic Equations with
Discontinuous Coefficients and
Singular Source Terms

7.1 Introduction

In this chapter, we borrow some of the ideas developed in Chapter 6 to propose a new

approach for numerically solving 2D elliptic equations with discontinuous coefficients

and singular source terms on uniform space grids.

Consider a 2D elliptic equation

(βφx)x + (βφy)y + κ(x, y)φ = f(x, y) , (x, y) ∈ Ω , (x∗, y∗) ∈ Γ (7.1)

with some specified boundary conditions, where β, κ and f are piecewise continuous,

but may have a finite jump discontinuity across some interface (a curve in 2D case) Γ

within the domain Ω; along with it f may have a delta function singularity.

Two physical jump conditions involving the unknown variables and its first deriva-

tives (i.e. flux here) are required to solve this problem numerically. These jump condi-

tions across the interface can be defined as

[φ] = u+ − u− = Ĉ (7.2)

[βφn] = β+∂φ+

∂n
− β−

∂φ−

∂n
= σ, (7.3)

where the jump discontinuities in φ and the flux (along the outward normal direction to

the interface) across the interface with specific strengths are given as Ĉ and σ respec-

tively.

Problems governed by equations of type (7.1) arises frequently in multiphase flow,

composite materials, potential theory and many fields. With some minor adjustments,
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complex flow problems like flow past bluff bodies can easily be accommodated into

this type. For example, many researchers have tackled the flow past circular cylinder

problem as an immersed interface problem ([15, 27, 75, 119]) by assuming the surface of

the cylinder to be a circular interface enclosed in a closed domain. Here also, our interest

will be mainly focussed on developing an HOC scheme in rectangular domains having

circular interfaces in the same vein as in chapters 2 and 3. We rope in some aspects

of the Alternating Direction Implicit (ADI) method [1, 4, 13] along with some of the

1D ideas developed in Chapter 6 to formulate this 2D extension; here we use the same

assumptions considered in the 1D case but on uniform grids. This HOC formulation is

fourth order accurate at regular grid points and second order accurate at irregular grid

points. We then apply the formulation to two problems and compare our results with

those obtained with immersed interface and other well known methods. In all the cases

our formulation is found to produce reasonably accurate results on relatively coarser

grids.

This chapter is organized in the following way: Section 7.2 deals with the mathemat-

ical formulations and discretization procedures, Section 7.3 with numerical examples,

and finally Section 7.4, the conclusions.
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Figure 7.1: two dimensional 41× 41 mesh in uniform grid with circular interface.
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7.2 Mathematical Formulation and Discretization Pro-

cedure

Without loss of generality, we consider the solution domain to be the square [−1, 1] ×
[−1, 1] with a circular interface (see figure 7.1). A uniform Cartesian grid is generated

by drawing vertical and horizontal lines through the points

xi = −1 + ih1, yj = −1 + jh2, i = 0, 1, 2, ..., n− 1 and j = 0, 1, 2, ..., m− 1,

such that the origin of the coordinate system is located at the center of the circular inter-

face. The uniform grid spacings along x- and y-directions are denoted as h1 =
2

(n− 1)

and h2 =
2

(m− 1)
respectively. A typical uniform mesh along with the circular interface

is shown in figure 7.1.

As in 1D case, the grid points are categorized into two types: regular and irregular

grid points. Any point which is within one step length of the interface (either in x or

y-direction) is termed as irregular point (see figure 7.2). All other points are termed as

regular points. The treatment of the points on the interface that are grid points will be

discussed at appropriate juncture.

For the regular grid points, the equation 7.1 is smooth enough and it can be written

as

β
∂2φ

∂x2
+ β

∂2φ

∂y2
+ c(x, y)

∂φ

∂x
+ d(x, y)

∂φ

∂y
+ κ(x, y)φ = f(x, y) (7.4)

where all the variables are smooth enough and c(x, y) =
∂β(x, y)

∂x
and d(x, y) =

∂β(x, y)

∂y
.

We use the HOC formulation on uniform grids by Kalita et al. ([61]) to discretize

equation (7.4), which at the (i, j)-th point is given by

[−Aijδ
2
x−Bijδ

2
y+Cijδx+Dijδy+Gijδxδy−Hijδxδ

2
x−Kijδ

2
xδy−Lijδ

2
xδ

2
x+Mij]φij = Fi,j (7.5)

with,

Aij = β +
c2h2

1

12β
− h2

1

12
κ, Bij = β +

d2h2
2

12β
− h2

2

12
κ,

Cij = c− ch2
1

12β
κ +

h2
1

6
κx, Dij = d− dh2

2

12β
κ +

h2
2

6
κy,

Gij = −
(

cdh2
1

12β
+

h2
2dc

12β

)
, Hij = −

(
ch2

1

12
+

h2
2c

12

)
,

Kij = −
(

dh2
1

12
+

h2
2d

12

)
, Lij = −

(
βh2

1

12
+

h2
2β

12

)
,

Mij = − ch2
1

12β
κx − dh2

2

12β
κy +

h2
1

12
κxx +

h2
2

12
κyy,
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Fij =
h2

1

12
fxx +

h2
2

12
fyy − h2

1c

12β
fx − h2

2d

12β
fy + fij.

where δx, δy and δ2
x, δ2

y are the first and second order central difference operators along

the x and y directions respectively.

Figure 7.2: The geometry at an irregular point (i, k) along x-direction. (x∗, y∗) is the
interface point.

At irregular grid points, we cannot use central difference oriented HOC approxima-

tion (7.5) directly because of possible discontinuity of φ, f and their first derivatives on

the interface. Using the jump conditions (7.2) and (7.3) along with the original differen-

tial equation (7.1), one can get higher order accurate approximation of the differential

equation at the irregular points. In figures 7.2 and 7.3, we show the geometry at an

irregular grid point (i, k) or (l, j), where the jump on the flux, σ acts along the normal

to the interface. In order to rope in the 1D approach described in Chapter 6, we need

to find jumps in φ and its flux (βφn) along x and y directions separately. This can be

accomplished by splitting the jumps along along x and y directions. From the figure 7.2,
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jump condition (7.3) can be resolved along x and y directions respectively as

[βφx] = β+∂φ+

∂x
− β−

∂φ−

∂x
= σ cosθ, (7.6)

[βφy] = β+∂φ+

∂y
− β−

∂φ−

∂y
= σ sinθ, (7.7)

where θ is the angle made by this normal with the x-axis.

Now, we are ready to club an ADI type of approach with the 1D concept developed in

Chapter 6 for the irregular points. Note that, despite the problem under consideration

being a 2D problem, we do not use the regular nine point HOC stencil to discretize

equation (7.1) at the irregular points. Instead, an algorithm is developed in such a way

that it identifies the irregular points making a sweep first along the horizontal lines (call

it x-sweep) through the grid points and once done with the horizontal lines, sweeps will

be performed along the vertical lines (y-sweep). In an x-sweep, at an irregular point, for

equation (7.1), firstly, partial derivatives with respect to y will be approximated using

the φ values from previous y-sweep iterations or from the regular points whatever may

be case and then (7.1) will be solved as an 1D equation. Similar procedure will be

repeated for the y-sweep. This will result in two finite difference relations at the same

point, once in x-direction at a particular y-level and the other one in y-direction at a

particular x-level. However, at the regular points, formulation (7.5) will be used at each

x- or y-sweep. Once all the sweeps in both x- and y-directions are over, the process is

subjected to more iterations till desired accuracy is achieved.

In what follows, we discuss the development of these two finite difference relations.

7.2.1 Irregular points along x-direction (at a fixed y-level)

In this case, the irregular points on a particular y-line (i.e., for a fixed y-value) are

those points which are directly adjacent to the interface (lying either to the left or right)

and the points of intersection between the interface and that y-line will be the interface

points for that particular y-line. In figure 7.2, (i, k) and (i+1, k) are the irregular points

on y = k line and (x∗, y∗) is an interface point. Unlike the 1D case, an interface point

here may be a grid point. However, an interface point in that case will not be considered

as a regular point and the two grid points on either side in the horizontal direction will

be considered as irregular points. The value on that particular grid point exactly lying

on the interface will then be calculated by interpolation.

7.2.1.1 (a) Interface point is not a grid point:

To rope in the 1D approach of Chapter 6, we assume that the irregular points (i, k) and

(i + 1, k) (see figure 7.2) are very close to the interface point (x∗, y∗), so that we can
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write the jump conditions as

φi+1,k − φi,k = Ĉ cosθ (7.8)

(βφx)(i+1,k) − (βφx)(i,k) = σ cosθ (7.9)

Now using the one-sided Taylor expansion along with equation (7.1) we get
(

1+
h1ci+1,k

2βi+1,k

)(
φx

)

(i+1,k)

=
φ(i+2,k) − φ(i+1,k)

h1

−h1

2

(
−φyy+

d

β
φy+

κ

β
φ− 1

β
f

)

(i+1,k)

+O(h2
1)

(7.10)

Similarly,
(

1− h1ci,k

2βi,k

)(
φx

)

(i,k)

=
φ(i,k) − φ(i−1,k)

h1

+
h1

2

(
− φyy +

d

β
φy +

κ

β
φ− 1

β
f

)

(i,k)

+ O(h2
1)

(7.11)

Using (7.10) and (7.11) in (7.9) we get the second order accurate finite difference jump-

flux relation along x-axis as

a1i,ka2i,kσ cosθ = a1i,kβi+1,k

(
φi+2,k

h1

− L1i,kφi+1,k + L2i,kφi+1,k+1 +
h1

2h2
2

φi+1,k−1

+
h1

2βi+1,k

fi+1,k

)
− a2i,kβi,k

(
− h1

2h2
2

φi,k+1 + l1i,kφi,k − l2i,kφi,k−1

− 1

h1

φi−1,k − h1

2βi,k

fi,k

)
+ O(h2

1) (7.12)

where,

a1i,k =

(
1− h1ci,k

2βi,k

)
, a2i,k =

(
1 +

h1ci+1,k

2βi+1,k

)
, (7.13)

L1i,k =

(
1

h1

+
h1

h2
2

− h1

2

di+1,k

βi+1,kh2

+
h1

2

κi+1,k

βi+1,k

)
, (7.14)

L2i,k =

(
h1

2h2
2

− h1

2h2

di+1,k

βi+1,k

)
, (7.15)

l1i,k =

(
1

h1

+
h1

h2
2

+
h1

2h2

di,k

βi,k

+
h1

2

κi,k

βi,k

)
, (7.16)

l2i,k =

(
h1

2h2
2

+
h1

2h2

di,k

βi,k

)
. (7.17)

Relations (7.8) and (7.12) yield the required relations for φi,k and φi+1,k.

7.2.1.2 (b) Interface point is a grid point:

Let, (i, k) be the grid point which lies exactly on the interface. Then, (i − 1, k) and

(i + 1, k) will be the two irregular points. Therefore, the jump relations in this case will

be

φi+1,k − φi−1,k = Ĉ cosθ (7.18)
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(βφx)(i+1,k) − (βφx)(i−1,k) = σ cosθ (7.19)

and the equation (7.12) will reduce to

a1i−1,ka2i−1,kσ cosθ = a1i−1,kβi+1,k

(
φi+2,k

h1

− L1i−1,kφi+1,k + L2i−1,kφi+1,k+1 +
h1

2h2
2

φi+1,k−1

+
h1

2βi+1,k

fi+1,k

)
− a2i−1,kβi−1,k

(
− h1

2h2
2

φi−1,k+1 + l1i−1,kφi−1,k

− l2i−1,kφi−1,k−1 − 1

h1

φj−2,k − h1

2βi−1,k

fi−1,k

)
+ O(h2

1) (7.20)

where,

a1i−1,k =

(
1− h1ci−1,k

2βi−1,k

)
, a2i−1,k =

(
1 +

h1ci+1,k

2βi+1,k

)
, (7.21)

L1i−1,k =

(
1

h1

+
h1

h2
2

− h1

2

di+1,k

βi+1,kh2

+
h1

2

κi+1,k

βi+1,k

)
, (7.22)

L2i−1,k =

(
h1

2h2
2

− h1

2h2

di+1,k

βi+1,k

)
, (7.23)

l1i−1,k =

(
1

h1

+
h1

h2
2

+
h1

2h2

di−1,k

βi−1,k

+
h1

2

κi−1,k

βi−1,k

)
, (7.24)

l2i−1,k =

(
h1

2h2
2

+
h1

2h2

di−1,k

βi−1,k

)
. (7.25)

Relation (7.18) and (7.20) yield the required relations for φi+1,k and φi−1,k.

Now, in order to calculate the value at (i, k)th point we use a second order accurate

interpolation formula. We use three points each from the left and right of (i, k), i.e.,

(i + 1, k), (i + 2, k), (i + 3, k) and (i − 1, k), (i − 2, k), (i − 3, k) to get two one-sided

interpolated values, F̃1 and F̃2 of (i, k), where

F̃1 = 2.5φi+1,k − 2φi+2,k + 0.5φi+3,k + O(h2
1)

F̃2 = 2.5φi−1,k − 2φi−2,k + 0.5φi−3,k + O(h2
1).

Finally, we take the average of these two to get

φi,k =

(
F̃1 + F̃2

2

)
.

7.2.2 Irregular points along y-direction (at a fixed x-level)

Here, the procedure is analogous to the treatment of irregular points along x-direction.
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Figure 7.3: The geometry at an irregular point (l, j) along y-direction. (x∗, y∗) is the
interface point.

7.2.2.1 (a) Interface point is not a grid point:

In figure 7.3, (l, j) and (l, j + 1) are the irregular points on x = l line and (x∗, y∗) is an

interface point. Here, the jump relations are

φl,j+1 − φl,j = Ĉ sinθ (7.26)

(βφy)(l,j+1) − (βφy)(l,j) = σ sinθ (7.27)

Using one-sided Taylor expansion along with equation (7.1) and proceeding as in the
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x-direction case, the final difference relation will be

b1l,jb2l,jσ sinθ = b1l,jβl,j+1

(
φl,j+2

h2

−M1l,jφl,j+1 + M2l,jφl+1,j+1 +
h2

2h2
1

φl−1,j+1

+
h2

2βl,j+1

fl,j+1

)
− b2l,jβl,j

(
− h2

2h2
1

φl+1,j + m1l,jφl,j −m2l,jφl−1,j

− 1

h2

φl,j−1 − h2

2βl,j

fl,j

)
+ O(h2

2) (7.28)

where,

b1l,j =

(
1− h2dl,j

2βl,j

)
, b2l,j =

(
1 +

h2dl,j+1

2βl,j+1

)
, (7.29)

M1l,j =

(
1

h2

+
h2

h2
1

− h2

2h1

cl,j+1

βl,j+1

+
h2

2

κl,j+1

βl,j+1

)
, (7.30)

M2l,j =

(
h2

2h2
1

− h2

2h1

cl,j+1

βl,j+1

)
, (7.31)

m1l,j =

(
1

h2

+
h2

h2
1

+
h2

2h1

cl,j

βl,j

+
h2

2

κl,j

βl,j

)
, (7.32)

m2l,j =

(
h2

2h2
1

+
h2cl,j

2βl,j

)
, (7.33)

(7.26) and (7.28) are the required relations for φ at the grid points (l, j) and (l, j + 1)

respectively.

7.2.2.2 (b) Interface point is a grid point:

Let, (l, j) be a grid point which is on the interface. Then, (l, j − 1) and (l, j + 1) will be

the two irregular points. Therefore, the jump relations will be

φl,j+1 − φl,j−1 = Ĉ sinθ (7.34)

(βφy)(l,j+1) − (βφy)(l,j−1) = σ sinθ (7.35)

As before, equation (7.28) will get modified as

b1l,j−1b2l,j−1σ sinθ = b1l,j−1βl,j+1

(
φl,j+2

h2

−M1l,j−1φl,j+1 + M2l,j−1φl+1,j+1 +
h2

2h2
1

φl−1,j+1

+
h2

2βl,j+1

fl,j+1

)
− b2l,j−1βl,j−1

(
− h2

2h2
1

φl+1,j−1 + m1l,j−1φl,j−1

− m2l,j−1φl−1,j−1 − 1

h2

φl,j−2 − h2

2βl,j

fl,j−1

)
+ O(h2

2) (7.36)

where,

b1l,j =

(
1− h2dl,j−1

2βl,j−1

)
, b2l,j =

(
1 +

h2dl,j+1

2βl,j+1

)
, (7.37)
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M1l,j =

(
1

h2

+
h2

h2
1

− h2

2h1

cl,j+1

βl,j+1

+
h2

2

κl,j+1

βl,j+1

)
, (7.38)

M2l,j =

(
h2

2h2
1

− h2

2h1

cl,j+1

βl,j+1

)
, (7.39)

m1l,j =

(
1

h2

+
h2

h2
1

+
h2

2h1

cl,j−1

βl,j−1

+
h2

2

κl,j−1

βl,j−1

)
, (7.40)

m2l,j =

(
h2

2h2
1

+
h2cl,j−1

2βl,j−1

)
, (7.41)

Relation (7.34) together with (7.36) give the required expressions for φl,j+1 and φl,j−1.

As before, in order to calculate the value at (l, j)th point we use second order accurate

interpolation by making use of three points from both sides of (l, j), i.e., (l, j+1), (l, j+3),

(l, j + 3) and (l, j − 1), (l, j − 2), (l, j − 3) to get two one-sided interpolated values, F̃3

and F̃4 of (l, j), where

F̃3 = 2.5φl,j+1 − 2φl,j+2 + 0.5φl,j+3 + O(h2
2)

F̃4 = 2.5φl,j−1 − 2φl,j−2 + 0.5φl,j−3 + O(h2
2).

Finally, taking average of these two yields

φl,j =

(
F̃3 + F̃4

2

)
.

7.3 Numerical Examples

To validate our 2D formulation, we present two examples which were also used by

LeVeque and Li [73] to validate their second order IIM method. In both these examples,

Γ is the circle x2 + y2 = 1
4

inside the square −1 ≤ x, y ≤ 1.

Example 1: First we consider the problem ([73, 122]), where there is a singular

source term along Γ. The differential equation is:

φxx + φyy =

∫

Γ

2δ (x−X(s)) δ (y − Y (s)) ds. (7.42)

Dirichlet boundary conditions are specified along the boundary by using the analytical

solution

φ(x, y) =

{
1, r ≤ 1

2

1 + log(2r), r > 1
2

(7.43)

where r =
√

x2 + y2. The jumps conditions at all points of Γ can easily be determined

from equation (7.42) as

[φ]Γ = 0
[
∂φ

∂n

]

Γ

= 2
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Figure 7.4: Problem 1: Contour plots of (a) present numerical solution on 81× 81 grid
and (b) analytical solution.

X Y

Z

present
X Y

Z

analytical

Figure 7.5: Problem 1: Surface plots of present numerical solution on 81× 81 grid and
analytical solution.

Figure 7.4 shows the comparison of the two dimensional contour plots between the

analytical solution and the numerical solution computed by our scheme on a 81 × 81

grid. The surface plot of these two solutions are presented in figure 7.5. In both the

figures, the numerical and analytical plots are almost indistinguishable. In figure 7.6,

we plot the errors on 81 × 81 and 161 × 161 grids. The maximum absolute errors on

these two grids were 8.7 × 10−4 and 2.1 × 10−4 respectively, thus predicting an O(h2)
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Figure 7.6: Problem 1: Error contours computed by present scheme on (a) 81×81 and
(b) 161×161 grids.

convergence rate, which is lower than the theoretical convergence rate.
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Figure 7.7: Problem 2: Contour plots of (a) present numerical solution on 23× 23 grid
and (b) analytical solution.

Example-2: We now consider a problem which has discontinuous coefficients as well

as a singular source term ([73, 122]). The equation is

(βφx)x + (βφy)y = f(x, y) + C

∫

Γ

δ
(
~x− ~X(s)

)
ds (7.44)
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Figure 7.8: Problem 2: Surface plots of the present numerical solution on 23 × 23 grid
and analytical solution.
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Figure 7.9: Problem 2: Error contours computed by present scheme using (a) 23 × 23
and (b) 43× 43 grids.

with f(x, y) = 8(x2 + y2) + 4,

β(x, y) =

{
x2 + y2 + 1, x2 + y2 ≤ 1

4

b, x2 + y2 > 1
4

The value of b determines the magnitude of jump in β across the interface. Dirichlet

boundary conditions are determined from the analytical solution

φ(x, y) =

{
r2, r ≤ 1

2

(1− 1
8b
− 1

b
)/4 + ( r4

2
+ r2)/b + C log(2r/b), r > 1

2

(7.45)
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Figure 7.7 shows the comparison of the two dimensional contour plots between the

analytical solution and the numerical solution computed by our scheme on a 23 × 23

grid for b = 10.0 and C = 0.1. It is worth mentioning that, with a grid as coarse as

23× 23, our computed solutions are reasonably close to the analytical ones. The surface

plots shown in figure 7.8 reconfirms this fact. In figure 7.8, we present the contour

plot of the errors on 23 × 23 and 43 × 43 grids. The maximum absolute errors of the

numerical solution on these two grids were 4.1× 10−3 and 5.6× 10−4 respectively, which

are comparable to the studies of [73, 122].

7.4 Conclusion

In this chapter, we propose an HOC scheme on uniform grids for 2D elliptic equations

with discontinuous coefficients and source term by borrowing some ideas from the 1D

approach developed in Chapter 6. To validate our numerical scheme, it is applied to (i) a

problem having singular source term and (ii) a problem having discontinuous coefficients

as well as a singular source term. Though reasonably accurate results are obtained in

both the cases, the scheme’s theoretical rate of convergence could not be established

completely. There is still some room for improvement in the scheme and its application

to problems governed by the N-S equations is another area which has not been explored

here as it is beyond the scope of this PhD work. However, this novel approach has the

potential for extension to 3D problems as the 2D flux splitting strategy can be easily

extended to three dimensions.
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Chapter 8

Conclusion

8.1 Observations and Remarks

This dissertation is concerned with the development of Higher Order Compact (HOC)

schemes for convection-diffusion equations on nonuniform grids in general and incom-

pressible viscous flows for tackling circular geometries in particular. Firstly, a class of

new HOC schemes are developed in cylindrical polar coordinates, whose extension to

curvilinear coordinate system is straightforward. In contrast to the earlier HOC schemes

which were able to handle only unit diffusion coefficients in Cartesian coordinates, this

new class of HOC schemes are able to handle variable coefficients of the second or-

der derivatives appearing in convection-diffusion type of equations: both in cartesian

and other orthogonal curviliear coordinate systems. The second part of the PhD work

is concerned with clubbing some existing HOC methodology with novel discretization

strategies at certain points of the physical domain in order to capture discontinuities

and to solve circular interface problems in Cartesian coordinates. All the schemes are

then employed to different complex physical flow situations to examine their accuracy,

efficiency and robustness. Extensive validation exercise is carried out by comparing the

present results with existing analytical, numerical and experimental results. In what

follows, we firstly summarize the PhD work and then the achievements in line with

the objectives that were set at the outset of the dissertation. Finally, some insightful

comments are made on the possible extension of this work in the near future.

• Scheme 1: An HOC scheme for the 2D convection-diffusion equations on Cartesian

coordinates [62] is extended to cylindrical polar coordinates on nonuniform grids

and more specifically to the steady 2D incompressible viscous flows governed by

the Navier-Stokes equations. The formulation is first applied to a problem having

analytical solution and its fourth order spatial accuracy is demonstrated. It is then

applied to the flow past an impulsively started circular cylinder problem and finally

to the driven polar cavity problem. Comparison of the numerical results with
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established numerical, and, analytical and experimental results produces excellent

match in all the cases.

• Scheme 2: Next, a Crank-Nicolson type of implicit HOC scheme is developed for

the unsteady two-dimensional Navier-Stokes equations on nonuniform polar grids

specifically designed for the incompressible viscous flow past circular cylinders.

The scheme is second order accurate in time and at least third order accurate in

space. The proposed scheme is validated by first applying it to the well-known

problem of unsteady flow past an impulsively started circular cylinder for a wide

range of Re ranging from 10 to 9500. In the process, a transient HOC approxi-

mation for the Neumann boundary condition for vorticity is also developed. For

moderate and low Re values, we compute the flow until steady state or till the

flow becomes periodic. For the higher range of Re, we compute the solution in

the initial stages of the flow. Then, the newly developed transient HOC scheme is

applied to capture the more complex phenomena of unsteady flow past a rotating

and translating cylinder for Re = 200, 500 and 1000 for the range of rotational

parameters 0.5 ≤ α ≤ 3.25. The flow is computed not only for the early stages,

but also for long enough time to investigate the vortex shedding phenomenon as

well. For all the Reynolds numbers, detailed discussion on the flow structure and

comparison with experimental and numerical results are provided. In each case,

the computed solution agrees very well, both qualitatively and quantitatively with

established numerical and experimental results, confirming the efficiency of the

proposed scheme.

• Schemes 3 and 4: Next, an at least third order spatially accurate compact scheme

is developed for numerically solving one-dimensional (1D) elliptic equations with

discontinuous coefficients, fluxes and singular source terms on nonuniform grids;

this is accomplished by the intelligent clubbing of an existing HOC methodology

with specific approximation of the derivatives in the neighbourhood of the points of

discontinuities. Stability and convergence analysis of this newly developed scheme

is carried out in detail. The scheme is then extended to its transient parabolic

counterpart with a Crank-Niolson type of temporal discretization yielding a second

order temporal accuracy.

• Scheme 5:Then, this 1D idea is extended to the 2D elliptic problems in rectangular

domains having circular interfaces on uniform cartesian grids. As in the 1D case,

the regular points were handled with an existing HOC scheme while a noval stat-

egy was adopted to handle the irregular points in the vicinity of the interface to

tackle the discontinuities on the interface. This strategy was seen to handle very

effectively the elliptic interface problems that was chosen for the validation of the
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proposed scheme. This scheme also has the potential for easy extension to higher

dimensional problems as well.

8.2 Achievements:

The work therefore, achieves with great success the major objectives set at the begin-

ning, namely, development of some new HOC algorithms for computation of steady and

unsteady viscous flows on curvilinear coordinates, more specifically for the flow past

circular cylinders. The development of these new algorithms along with the modifica-

tion of some existing ones to enhance their strength has clearly broadened the scope

of applicability of HOC schemes. In what follows the major achievements of the thesis

will be highlighted in the form of observations and comments, further substantiating the

claim of objectives having been achieved.

• Most of the earlier HOC schemes could deal only with unit diffusion coefficients

in Cartesian coordinates with uniform grids on the computational plane; this con-

straint restricted the application of the HOC schemes developed on cylindrical

polar coordinates to Poisson equation equations only. Scheme 1 removes this de-

bilitating constraint by easy handling of the variable coefficients that appear in the

second order derivative terms of convection-diffusion type of equations and thus

paves the way for easy extension of the scheme to general orthogonal curvilinear

coordinates. Morever, the scheme does not use transformation from the physi-

cal plane to the computational plane. In the process, the formulation avoids the

complexities invariably associated with transformations. Even the few attempts

which were made to develop HOC schemes on geometries beyond recatangular

used transformations from the physical to the computational plane at the expense

of additional computational cost.

• For the flow past an impulsively started circular cylinder problem, flow is simulated

in the range of Reynolds number 10 to 9500. Present computed solutions are in

excellent agreement with existing experimental and standard numerical results. To

the best of our knowledge, the HOC simulations from our computed solutions for

the higher Reynolds numbers are much closer to the experimental visualizations

than any numerical results found in literature. The robustness of the scheme

however is better realized when it captures the periodic nature of the flow for

Re = 60 and 200 characterized by vortex shedding represented by the von Kármán

street and also by the fact that it very accurately captures the so called α and β-

phenomena for higher Re values.
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• For the rotating circular cylinder problem also, our computed solutions are in excel-

lent agreement with existing experimental and standard numerical results, where

Reynolds numbers in the range of 200 to 1000 are considered. It is worth repeating

that for both the impulsively started and rotating cylinder problems, the flow sim-

ulations from our computations are much closer to the experimental visualization

than any other existing numerical simulation available in the literature.

• HOC schemes on nonuniform grids for the one dimensional elliptic and parabolic

problems with different types of discontinuities have been developed in the work.

This novel approach is seen to produce better results than the Immersed Interface

Method (IIM) and other existing methods. In this way, the present work has con-

tributed significantly towards the enrichment of the existing HOC methodologies.

• The two dimensional extension of the 1D idea is also an important addition to

the existing HOC schemes. The idea used to tackle the discontinuities along the

interface can be extended easily for higher dimensional problems. Satisfactory

comparison is obtained with problems having analytical solutions.

• Another point worth mentioning is that advance iterative solvers like BiCGStab,

hybrid BiCGStab are extensively used to solve the discrete algebraic systems

throughout the present work. This gives additional strength to the methods to

efficiently solve the complex flow problems without much difficulty.

8.3 Scope for Future Works

This dissertation has been an attempt to develop and expand the field of application of

HOC schemes, particularly for incompressible viscous flows on circular geometries; but

the potential still remains to explore many more areas and the floodgates can open up

even further. The followings are the probable areas that could be taken up in future.

• The HOC schemes which are developed here to solve the problems in curvilinear

coordinate systems are used on the cylindrical polar coordinate systems only. This

opens up the possibility to use these schemes on general curvilinear coordinate

system other than those involving circular geometries.

• The present HOC schemes can be used to solve the complex flow problem like the

uniform shear flow past a circular cylinder.

• Most of the HOC scheme are developed to solve the two dimensional problems.

Only a few attempts have been made to solve real three dimensional (3D) problems.
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So, there is a huge possibility to develop and implement HOC schemes to solve 3D

problems.

• Extension of the HOC approach for the 2D interface problems have opened up the

possibility of using HOC schemes to tackle flows in random geometries governed

by the Navier-Stokes equations and moving interface problems.

• 3D extension of the present 2D interface method can be an interesting and impor-

tant area of research.

• Existing HOC scheme are developed on finite difference setup only, but possible

attempt can be made to implement this HOC idea with some modifications, on

finite volume setup. This may also be an important area of research.
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Appendix A

Details of the Finite Difference
Operators

The expressions for the finite difference operators appearing in the various equations in chapters
2, 3, 4 and 5 are as follows:

δrφi,j =
φi+1,j − φi−1,j

2∆r

δθφi,j =
φi,j+1 − φi,j−1

2∆θ

δ2
rφi,j =

1
∆r

{
φi+1,j

rf
− ( 1

rf
+

1
rb

)
φi,j +

φi−1,j

rb

}

δ2
θφi,j =

1
∆θ

{
φi,j+1

θf
− ( 1

θf
+

1
θb

)
φi,j +

φi,j−1

θb

}

δ2
rδθφi,j =

1
2∆r∆θ

{
1
rf

(
φi+1,j+1 − φi+1,j−1

) − ( 1
rf

+
1
rb

)(
φi,j+1 − φi,j−1

)

+
1
rb

(
φi−1,j+1 − φi−1,j−1

)}

δrδ
2
θφi,j =

1
2∆r∆θ

{
1
θf

(
φi+1,j+1 − φi−1,j+1

) − ( 1
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+
1
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)(
φi+1,j − φi−1,j

)

+
1
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(
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δ2
rδ

2
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}
.
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Here rf = (ri+1 − ri), rb = (ri − ri−1) are the forward and backward step lengths
respectively in the r-direction and θf = (θj+1 − θj), θb = (θj − θj−1) are the forward and
backward step lengths respectively in the θ-direction for (i, j)th node with ∆r = (rf + rb)/2
and ∆θ = (θf + θb)/2.
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