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Abstract

A string is a finite or infinite sequence of letters drawn from an alphabet. A string
v is said to be factor of another string s if there exists strings v and w such that
s = wvw. of This thesis investigates properties of strings that have the same multiset
of factors of certain length. Two strings u and v are called k-abelian equivalent if the
frequency of every factor of length < k are the same in u and v. Alternatively, the
set of strings with identical multiset of factors of length up to k are said to k-abelian
equivalent. The existing characterization of the permutations that are required to
transform a string to a different string having the same multiset of factors of length
k are used for showing that it is sufficient to check k and (k — 1)-length factor
multiset of two strings to identify if they are k-abelian equivalent. A necessary and
sufficient condition has been given for two strings to be k-abelian equivalent. The
number of strings having identical multiset of k-length factors can be computed using
the existing technique for finding the number of Eulerian cycles in a multidigraph.
We use a variation of this theory to find a lower bound for the maximum number
k-abelian equivalent strings for £k = 2. Also the maximum number of strings of
length n that are \_%J -abelian equivalent is given. A generalization of k-abelian
equivalence of words, k-precedence data equivalence, that takes into account the
order of appearance of two same length factors is investigated. We study the related
permutation that are required to transform one string to the other having the same k-
precedence data. It is shown that the strings with length n can be transformed under
some specific rules to a different string with the same k-precedence data if and only
if k> L"T’IJ + 1. We refine the definition of [-modular factor composition of words,
which is a generalization of composition of a word given by the multiset of factors
of certain length. A relation with k-abelian equivalence of words in this context
is established. We introduce [-modular factor precedence data as a generalization
of both [-modular composition and [-precedence data of a word. A lower bound

of (é/ logn) on [ is given to have different [-modular factor precedence data for

every n-length string. We reduce the problem of finding non zero discrepancy with
respect to partial coloring on a particular kind of [-regular hypergraph to the problem

of finding different [-modular compositions, a restricted version of [-modular factor
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composition, in a pair of strings. Then the existing bounds on [ to generate different
[-modular composition for every n length string is used for obtaining the bounds
on [ to have non zero discrepancy in [-regular hypergraph with respect to a partial

coloring.
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Chapter 1

Words and its Factors: An

Introduction

Let X be a finite set of symbols. By a “word” or “string” we mean a sequence of sym-
bols drawn from Y. Here the sequence may be finite or infinite. A finite subsequence
of a word where the indices of the subsequence are consecutive is called a substring or
factor. Combinatorics on words is an extensively studied topic and there are several
books available on different aspects of finite and infinite word combinatorics, see for
example [5,6,18,31-33]. We focus on finite words and this thesis is concerned with
the investigation of properties various compositions of a string based on its multisets

of factors.

One of the focus of combinatorics on words is the study of the relation of words
and its factors. Ilie and Smyth [25] have studied minimum unique factors of a string
and explores its relation with most repeated factors. They have given algorithms
to compute one from the another. An algorithm to efficiently compute a shortest
word which is not a factor of a given word is given in [58]. Such words are referred
to as minimal absent words and have applications in several areas of bioinformatics
such as in preventive and curative medical applications where they can be used as
biomarkers [1,19,21].

All these problems are related to some composition of a word given by its factors.

Finding some unique property in a string from a collection of strings from some



2 Chapter 1. Words and its Factors: An Introduction

composition based on their factors is related to data compression and complexity of
strings. Complexity of a word is a measure how much space is necessary to describe
the string uniquely. Kolmogorov-Chitin complexity of words [30] is the size of the
shortest pair including a Turing machine description and an input such that the
Turing Machine gives output the given string on the input string. The alternative
definitions of word complexity are also explored which relates a word with various
models of computation. Shallit and Wang [52] explores the automatic complexity of
a word z € X" which is defined as the smallest number of states in any deterministic
finite automata M such that the set of words of length n that are accepted by M is
equal to the set {x}.

Factor complexity of an infinite word is the number of different n-length factors of
the infinite word. T'wo words are called k-abelian equivalent if and only if multisets of
factors of length up to k is the same for those two words. The number of equivalence
classes formed by this equivalence relation on the n length factors of an infinite string
is the k-abelian complexity [29] of that infinite word.

Generating different k-abelian equivalent words of any string is computing all
possible reconstructions from the given string’s multiset of factors of length up to
k. Now, reconstruction of a string from the multiset of factors of length k is a
well studied problem that has its origin in bioinformatics. A similar problem is
to reconstruct a genome sequence from short fragments. The process of physical
mapping of a DNA actually starts with breaking into small pieces. One such problem
is Shortest Superstring Problem. This problem also has application in the area of
data compression [55]. The problem of computating shortest superstring for a set of
strings is known to belong to NP-Complete complexity class even when restricted to
binary alphabet [15]. A special case of shortest superstring problem is Sequencing
by Hybridization (SBH) [4,11,34,53] in which the lengths of the factors in the input
multiset are identical. Ukkonen [56] introduced this problem. Difference between the
multisets of factors of a fixed length of two strings is then used to define the notion
of distance between the strings. In [56], a set of transformation rules were proposed
and it was conjectured that they can used to generate the set of words that have

the same multiset of factors. The conjecture was proved later in [39] using graph

2



theoretic approach.

If a string u of length n is given along with its multiset of [-length factors then
the reconstructed strings may not be the same as w. In that case it is called an
ambiguous reconstruction of v from its multiset of [-length factors.

The number of reconstructions (the original string and ambiguous ones) of u
is given by the number of Eulerian paths (or cycles) in the directed multigraph
whose construction is similar to that of the De Bruijn Graph [9,16]. We call this
multigraph a Rauzy multigraph and is defined in Chapter 3. Here, unlike in the
case of De Bruijin graph where the nodes are all possible strings of a fixed length,
the nodes are all possible (I —1)-length factors of the string under consideration and
the edges correspond to the multiset of [-length factors. This approach has been
discussed in [39].

The formula that gives the number of Eulerian cycles in a digraph is known as
BEST theorem [14]. The number of Eulerian paths in a digraph can be obtained
with a minor modification in the formula in BEST theorem.

The SBH problem is known to be solvable in polynomial time [38] [28, Chapter 2].
But the ideal case of SBH demands the information about [-tuple composition of a
string or the multiset of all [-length factors of the DNA string to be known precisely.
In a real life situation we may not get the exact [-tuple composition. Usually while
reading DNA sequences, due to mechanical and chemical errors, either some less
information about the multiset is obtained or some erroneous extra information
is received. The combinatorial problem to reconstruct a string from such type of
information on [-tuple composition has been proved to be NP complete [3].

To resolve the problem of ambiguity of a solution in SBH, alternatives have
been investigated, that attempts to specify position of a factor as part of input.
One such attempt is Sequencing by Nested Strand Hybridization(SNSH) which has
been developed in [7,43]. This procedure uses not only multiset of factors of fixed
length of a word but also the information of their pairwise order or precedence data.
Rubinov and Gelfand [49] investigated a version of this problem where the aim is
to reconstruct a single string. But their reconstruction did not take multiplicity of

order information into consideration and also reconstruction length is arbitrary.

3



4 Chapter 1. Words and its Factors: An Introduction

Availability of positions of each k-length factors in the multiset of k-length factors
of a string leads to Positional Sequencing By Hybridization (PSBH) [20]. In SBH
problem the information available about a string is factors of a certain length and
their frequencies. Problems such as SNSH, PSBH add some more information to
the factors of the same length. Another way to have additional information to the
multiset factors of a certain length is having multiset of factors of all the lengths up
to that length. This idea was discussed in [29] and [40]. They have independently
came to few common conclusions.

Every reconstruction process separates strings from all other strings up to am-
biguity. A dual of this problem is to find unique characteristic of a string that
distinguishes it from given other strings. If two strings are given the problem of
distinguishing them with the help of various characteristics of the strings is known
as Separating Words problem. One such problem is to find automatic complexity
where the target set is a singleton set of a string [52].

The problem of separating words by a Deterministic Finite Automata (DFA) has
been introduced by Goraléik and Koubek [17]. They asked the question: For two
arbitrary strings, what is the minimum number of states required in a DFA which
will accept one and reject the other string? They have proved an O(logn) bound for
any pair of strings with maximum length n. They also investigated the minimum
number of states needed for DFA’s separating any pair of strings of length at most
n. They came up with an O(n) bound. Later Robson [46,47] reduced the bound to
O(n3 log% n). In [47] for a particular class of DFA’s, the bound was proved to be

O(vn).

1.1 Organization of the Thesis
The following problems are investigated in this thesis.

Problem 1.1. Can we find a pair of strings u and v whose multiset of k-length and

(k — 1)-length factors are the same and u is not k-abelian equivalent to v?

The problem was given as an open question in [40]. A related result that we

4
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prove is about the nature of suffix and prefix of k-abelian equivalent words using the
idea of Eulerian paths [39]. We also find the relation between the cardinality of the
set of words which are k-abelian equivalent and the cardinality of the set of words
where they all have the same multiset of k-length factors. The former cardinality
gives a measure of the complexity of a word from that set. It is natural to ask how
much complex a word can get in this regard. As a first step, we have solved the

following problem:

Problem 1.2. What is the maximum cardinality of the set of k-equivalent n-length

words where k = 2 and k = 27

Consider the set of ordered pairs of a factors of a word and give that set a miltiset
structure by combining frequencies to each member of the set. The frequency comes
from the number of ways the first member of the ordered pair appears first and then
the second member appears in the word as factors if we index the letters of the word
from left to right. We call this multiset k-factor precedence data if the factors in this
context are all of length k. It leads to a generalization of k-abelian equivalence. So,
it is natural to ask the following question for which we give heuristics. Polynomial

time algorithm for this problem is not known yet.
Problem 1.3. How can we reconstruct a string from its k-precedence data?

Two different words can have the same k-precedence data. So the process of
reconstruction of a word from its k-precedence data can result in a different word.
In most of the cases we have more than one different reconstructions of a word. We

partially solve the following problem

Problem 1.4. What is the structure and minimum length of the string pairs having

the same k-precedence data?

We found the structure and minimum length of the string pairs which are obtained
by applying a specific kind of transformation. This transformation keeps the k-
precedence data on a string intact. If we define a relation on the words such that

two words are related if and only if they are obtained from each other by using
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this transformation. It is yet unknown whether a set of all strings having the same
k-precedence data is different from the transitive closure of the relation mentioned
above. Also we checked experimentally that for the value of k up to 10, there is
no difference between the answers to the Problem 1.4 and the the problem we have
solved in this regard.

We investigate the relation between partial coloring of hypergraph and modular
composition of words which was introduced by [57] in 2014. We give a tight bound

for a special class of hypergraphs.

Problem 1.5. What is the lower and upper bound of discrepancy of a hypergraph

with respect to a partial coloring?

In, [57] modular composition of a word has been generalised and used as a tool
for making finite automata for separating words. We have further generalised the
idea by using arithmetic progression and precedence data on k-tuple notation of a
word and found few results on separating word problem.

The rest of the chapters in this thesis are organised as follows:

e Chapter 2: We discuss the k-abelian equivalence and the solution to Problem

1.1.

e Chapter 3: We present the relation between k-abelian equivalence and Eule-

rian path and their enumeration and solution to Problem 1.2 is given.

e Chapter 4: We introduce the idea of k-factor precedence data of a string and
relate it to k-abelian equivalence. We discuss the difficulties on reconstructions
from k-precence data of a string. We present a solution to Problem 1.4 for a

particular class of reconstruction.

e Chapter 5: We discuss separating words using multisets of factors and the
Deterministic Finite Automata (DFA) that can be created using the properties

of factors. We relate it to discrepancy theory and solve Problem 1.5.

e Chapter 6: We draw conclusions from our work and then present few related

open problems.



Chapter 2

k-Abelian Equivalent Words

2.1 Multiset of Factors and k-transformations

Let X be a finite alphabet. A string or a word is a finite sequence of letters chosen
from an alphabet Y. The length of a string u is denoted by |u|. The string with
length 0 is referred to as € or empty. The set of all finite length strings including e
is denoted by X*. The set of all strings of length n formed by the letters from the
alphabet X' is denoted by X™.

If two finite strings u and v are put one after another like vu the s = vu is
again a finite string. s is called the concatenation of the strings v and u respectively.
Sometimes s is written as v - u also. If v = v then s is written as S = uu = .
Similarly we say s = u! if u is juxtaposed with u [ — 1 times. A string z is said to be
a factor of another string y if and only if y = pxs, where p and s are some strings in
2. If p = e then x is said to be a prefix of y. Similarly, if s = € then x is said to be
a suffix of y. A prefix and suffix of length [ of string y (0 <[ < |y|) are denoted by
pref;(y) and suff;(y), respectively. We define prefy(y) = suffy(y) = €.

Let v and x be two non empty words. The number of times x appears as a
factor in u is denoted by |ul,. For example, |[1010101|;9; = 3. We define a relation
L as follows: u = v if and only if my(u) = my(v), where my(u) and my(v) are
multisets of k-length factors of u and v, respectively. This is an equivalence relation

and let us call it k-factor equivalence relation. We define M (u) as the set of strings

7



8 Chapter 2. k-Abelian Equivalent Words

whose k-length factor multisets are equal to my(u). Based on this relation we define

L if and only m;(u) = m;(v) Vi €

v} and mpp(u) = U m;(u).

r<i<k

. .k
another equivalence relation = as follows: u
T T

{rr+1,... k= 1,k}. We say M y(u) = {v]u

=

The special case where r = 1 the words u and v with the property u % v are called
k-abelian equivalent. The k-abelian equivalence has been introduced in [29]. The
main result of this chapter has been proved later in [29] independently.

Note that my(u) = mg(v) < u tre M (1) = Mg(v).

When my(u) = my(v) for strings u and v, we have k-length factors of u changing
order in v. We can think of writing k-length factors of u sequentially as they occur
in v and then have a permutation on the sequence of k-length factors and merge

them to get v. Let us define k-tuple notation of a string.

Definition 2.1 (k-tuple notation of a string). Let u = ujus...u, be a string of
length n where u; € X' Vi € {1,...,n} and ¥ is an alphabet. We define Ty (u) to
be the k-tuple notation of u as the string ¢its...% where t; € X' Vi € {1,...,1} and
| = (n—k+1)k and t;_1)kr1t-1yk42 - - - Lik = Ul(it1) - - - UG-y Vi € {1, ..., n—k+1}.

u=[c]a]c]c]|T][C]T]

o uou U u u,

TLw=[c|Alc]A[c|c]cle[T[c]|T[c[T]|Cc|T]
t t t t t t t t t t t., t, 6 t, t, t

1 2 3 4 5 6 7 8 9 10 11 12 713 14 715

k=3,n=71=k(nk+1) =15

Figure 2.1: The 3-tuple notation of string u represented by T3(u).

When a string v is reconstructed from my(u) then some rules are required to be
followed. Ukkonen [56] conjectured that u and v always can be transformed to each
other by some Transpositions and Rotations when they are written in (k — 1)-tuple
notation. Pevzner [39] proved this conjecture. We present the definitions of those

transformations here:

Definition 2.2 (k-transposition [56]). Let y and y’ be two strings that can be

expressed as either of these two forms given below.

8



2.2. Effects Due to k-transformations 9

T(k—l)(y) = Y121Y222Y321Y422Y5

(15" form)
T(kfl)(y/) = Y121Y422Y321Y222Y5
or
T = Y12Y22Y3%
@ form) | ¢ 0(y) = y1zy22y32
T(k—l)(y/) = Y1RY32Y22Y4
where |z1] = |22| = |z| = k—1 and y; € X* and |y;| = ji(k— 1) for some non negative

integers j;, Vi € {1,2,3,4,5} . Then the two strings y and y’ are k-transpositions of

each other.

Definition 2.3 (k-rotation [56]). Let y and 3’ be two strings that can be expressed
as Tir-1)(y) = 2101 22y221 and Tp—1)(y') = 22y221y122 Where, |z1| = |22| = k — 1 and
y1,y2 € X and |yi| = j1(k — 1), |ya| = ja2(k — 1) for some non negative integers j;

and js. Then the two strings y and " are k-rotations of each other.

As these transformations preserve k-length multiset of strings we shall call them
k-transformations. We will denote the first and second form of transpositions be-
tween two strings y and y’ by k-tr; and k-trs, respectively. Similarly, we will refer

to rotations with z; # 25 and z; = 25 by k-rt; and k-rts, respectively.

Lemma 2.4 (The Ukkonen’s conjecture [56] (Proved by pevzner) [39]). Let u and
v be two distinct strings such that « 2. Then, v and v can be transformed into

each other by application of one or more k-transpositions and k-rotations.

2.2 Effects Due to k-transformations

Any permutation on a multiset can be expressed as effect of applying several basic
permutations on the multiset. In particular every permutation can be written as
product of transpositions.

If v € Mg(u) then Ty(v) is also a permutation on 7Tj(u). But any arbitrary
permutation on T (u) resulting the string s does not guarantee existence of a v such
that T(v) = s. We have this constraint because while incorporating such special

type of permutation, a k-tuple cannot be placed arbitrarily unless the the next (if

9



10 Chapter 2. k-Abelian Equivalent Words

at all exists) or previous (if at all exists) k-tuple forms a (k — 1)-overlap with the
k-tuple in consideration.

Lemma 2.4 proves that in spite of the constraint, one can express the permutation
involved in transforming Ty (u) to Ti(v) as the effect of applying several special and
basic permutations namely k-transposition and k-rotations defined in Definition 2.2
and Definition 2.3 respectively.

We denote the action of a k-rt; rotation by y % y’ where y and ¢ are strings
as given in Definition 2.3. Let u, v and w be three strings. A non-empty string, s, is
said to spread over a string uv if u = ujug, v = v1vy and s = uvy, where |ug|, |v1| > 0.
Similarly, s spreads over a string wvw if u = ujus, w = wiwsy, s = usvw; and both

U9, Wy are non-empty strings.

k

Lemma 2.5. Let u = v’ such that ' is obtained from u by applying any one of the

k-try, k-tro or k-rty transformation. Then,

(a) prefy_1(Tr_1(u))= prefy_1(Tp_1(v")) and suffy_; (Tx_1(u))= suffy_; (Tp_1(v)).
(b) Thor(u) = Ty () Vi < k.

Proof.

(a) This is straightforward from the Definitions 2.2 and 2.3. Observe that the prefix
y121 or y1 2 and the suffix zoy5 or 2y, of lengths at least k—1 in the k-transposition
remains the same. Also prefix (suffix) of u of length at least k£ — 1 is the same in
T(k—1)(u). Similarly, both the suffix and prefix of length k£ — 1 in a k-rt, rotation

does not change.

(b) Let s be any string of length I, where [ < k — 1. Assume that the strings u
and u’ are of the form as given in either Definition 2.2 or 2.3. We consider the
following three cases.

(i) sis a factor of any of the following strings: 1, ¥z, ¥s, Ya, Us, 21, 22, 23 O 2.

(i) s is spread over any of the following strings:

Y121, Y222, Y321, YaZa, Z1Y2, 22Y3, Z1Y4, 22y (In case of k-try transformation);

10



2.2. Effects Due to k-transformations 11

Y12, YaZ, Y32, 2Y2, 2Y3, 2ys (in case of k-try transformation);

2Y1, 2Y2, Y12, Yoz (in case of k-rty transformation, where z; = 2z, = 2).

(iii) s is spread over any of the following strings:
21YaZ2, ZoY321, Z1Ya22 (In case of k-trq transformation);
2yez, 2y3z (in case of k-try transformation);

212, 2y2z (in case of k-rty transformation, where z; = 2o = 2).

Apart from the above three cases s cannot be a factor of Tj_;(u) or Tp_;(v') in
any other possible way. For example, s cannot be spread over a segment y;21y»
as |z1] = k — 1. We note that in all the above three cases the segments are only
changing their positions in ' from w. Which means that the number of times
the segments appear in u and u' is the same. Thus, their frequencies remain
the same. This means that there cannot be any string s such that |s| < k and

ok
|Ti—1(u)|s # |Te—1(W)|s if u=1.
O]

To elaborate the last part of the above proof, let us consider an example where the
string X can be written as VW where V' and W are also strings. Let {wy,ws, ..., w,}
is the set of all the factors of W and {vy,vs, ..., v,,} is the set of all the factors of V.
Also let Y = VW. Then |X|,, = |Y|,, and |X|,, = |Y,, if w; and v; do not appear
as factors in the junction of W and V for both x and Y. for all i € {1,2,...,m}
and j € {1,2,...,n}. But if somehow the junctions also appear the same number of

times in X and Y, then the condition can be withdrawn.

Corollary 2.6. Let u £ o such that «' is obtained from u by applying any one of

the k-try, k-try or k-rty transformation. Then,
(a) prefy_i(u)= prefy_;(u') and suffy_;(u)= suffy_;(v).
(b) u=uVi<k.

Proof. As suffy_;(u) =suffy_;(Tx(u)) for any string u, the first result follows directly

from the first result of Lemma 2.5.

11



12 Chapter 2. k-Abelian Equivalent Words

The statement (b) can be proved in the same way as the statement (b) in Lemma
2.5 as any factor of u of size < (k—1) will be in the segments y; or z; and not going to
be spread over the junctions of those segments in Tj_;(u). In this way the frequency

of that factor also remains the same in T}_;(u') and subsequently in u’. O

The above results show k-transformations except k — rt;-rotation produces k-
abelian equivalent strings. If our goal is to keep the k-abelian equivalence after
repeated use of k-transformations to a string, then one may ask that if at all k —rt;-
rotation can ever be applied. The next result tells us that although applying only
once, k — rty-rotation may not keep the k-abelian equivalence, the change in the
multiset of factors up to length k — 1 of the resultant string is confined to the suffix

and prefix of the two strings.

Lemma 2.7. Let u %) v where Ty (u) and Ti(u') are of the form zyz'y'z and
—y
2"y zy7, respectively, where |z| = |2/| = k — 1. Let s be a string of length less than

k. Then, [T, ()]s — [Th-1(u)]s = |2]s = |2]s = |uls = [t/]s.

Proof. Let |z|s = A and |2'|s = v (# A). In addition to s being a factor of segments
y,y',z and 2', s can spread over the segments zy,yz’, 2'y/,y'z, zyz" and 2'y'z of u.
However, s cannot spread over the segment yz'y/ (and y/'zy) as |s| < |2/| = k—1. All
these segments (over which s can spread) are also present in Ty (') with the identical
frequency. If at all s is present anywhere else other than the strings z and 2/, the
application of k-transformation will only change their positions without changing its
frequency. Let the frequency of such s that do not occur in either z or 2z’ is § and

the frequency of s that occur at y and ¢’ only is §’. This implies

| Teo1(u)|s = 2X + v 40,
|1 (W)]s = A+ 27+,
luls = 2\ + v+ 40’ and
[u'|s = X+ 2y + 4.
Thus, |uls = [u']s = [The-1(u)ls = [Th-a(W)]s = A =7 = |z]s — |2]s.

12



2.2. Effects Due to k-transformations 13

The next result shows that even multiple application of the k — rt; rotation also
confines the changes in the multiset of factors up to length £ — 1 in the suffix and
prefixes of the starting and the resultant string.

Lemma 2.8. Let u; Z}:—“> w1 Vi € {1,2,...,d—1}, d > 1. Further s be any string
-1t
of size less than k. Then, |Ty_1(u1)|s — [Th—1(uq)|s = |u1]s — |uals = |prefe—i(u)|s —

|prefy_1(uq)|s-

Proof. We shall use Lemma 2.7 and apply mathematical induction on d.

From Lemma 2.7, we know that the statement is true for d = 2. Let the statement

be true for some n(> 2). Equivalently, if u; 22—113 w1 Vi€ {1,2,...,n—1} and s
iy
be any string of size less than k then:
|urls — [unls = |prefy_y (ur)]s — [prefy_; (un)ls (2.1)
Assume that there exists u,,1 such that u, zzz—":l) Up+1 Where |2,| = |zp41| =k — 1.
o
From Lemma 2.7, we have:
|tn|s = [unt1]s = [prefy_q (un)]s — [prefy_q (wni1)ls (2.2)

Adding both sides of the Equations (2.1) and (2.2) we get:

[wr]s = [unsals = [prefy_y (ur)]s — [prefy_; (unia)ls (2.3)

Thus the statement of this lemma is true for any value of d > 2.

Here k-rt; rotations are applied to each of uy, us, ..., uq_1. So, those u;’s are of the
form zy;2}yiz;, where |z;| = |2l = k—1Vi € {1,2,...,d—1}. Let, |zi|s = \i, |25 = v
Vie{1,2,...,d—1}. Also, for each u; where i € {1,2,...,d — 1}, by d; we express
the frequency of occurrences of s in u; barring those where s appears in z; or z..
Here we also see that Vi € {2,3,...,d} after applying k-rt; rotations u;’s are of the
form 2]_,y;_,2zi—1yi—1%;_,. Hence, the frequencies of s in each u; can be expressed as

follows:

13



14 Chapter 2. k-Abelian Equivalent Words

|uals = 2\ +m+a
|u2]s = 2 o+ 72+ 09 = 2+ N+
lusls = 2X\3+73+ 33 = 2m+ A +0o
[ug—2ls = 2 g2+7a2+06s2 = 2743+ A3+ a3
[ug—1ls = 2X1+Ya-1+61 = 2742+ A2+ 042
|uals = 29g—1 + Aa—1 + dg—1
As we know 2/ = z;41, which means v, = \jy; Vi € {1,2,...,d — 2}. Now, from

the above equations we have \; + &; = i1 + d;iv1 Vi € {1,2,...,d — 2}. Thus,

U s =2\ +7+ 4
:/\1+>\2+’72+52 (As)\1+51:72+52and71:>\2)
=M+ A3 +73+03 (As Ag + 0y = 73 + 03 and v, = A3)

=M+ A1+ 7a—1 + a1 (As A2 + 042 = Ya—1 + a—1
and v4_2 = A\g—1).

Now, |u1]s — |uals = A1 + Aa—1 + V-1 + 04—1 — (27a—1 + Aa—1 + da—1)
= A1 — Y4_1. Hence the proof.

Lemma 2.9. If u and v are two strings with my(u) = my(v) and

prefy_1(u) =prefy_;(v) then mg_1(u) = myg_1(v) and suffy_;(u) =suffy_;(v).

Proof. From Corollary 2.6 we know that if the transformations which are used for
getting v from u are of only these three forms k-try, k-try or k-rt, then mp y(u) =
mp ) (v). But if k-rt; is involved in those transformations then there is a possibility
that myg_1(u) # my_1(v). But here we have pref;_;(u) = prefy_;(v). From Lemma
2.8 we get that if k-rt; is applied on v any number of times to get v and s is any

string with length less than £ then

lpref,_ (u)]s — |pref,_; (v)]s = |uls — |v]s.

14



2.2. Effects Due to k-transformations 15

Let |s] = k — 1. As prefy_i(u) =prefy_1(v) then from the above equation we
have |uls = |v|s. Now in between k-rt; transformations any other types of k-
transformations will not change the multiset factors upto length k. Hence, we see
that any kind of transformations, if applied on u does not change the multiset of
factors up to length k if pref,_;(u) = pref,_,(v).

For the next part, the argument is that: all k—transformations act in a symmetric
way on (k — 1) suffix and prefix while they are applied on the string. After applying
a series of k—transformations if the prefix of size k — 1 remains the same means that

those transformations ensures the suffix of size k¥ — 1 remains the same.

m

k
Let v = v. In order to obtain v from u we may need to apply one or more
k-transformations. Assume 7' = (t1,ts,...,t,) be the sequence of k-transformations

that are needed to get v from w if they are applied in the given order. Further, let

R = (ri,rq,...,ry) be the subsequence of T' such that r;’s are all k-rt; rotations.

When a k-rt; rotation r; is applied on a string u;_; to get w;, by Definition 2.3, u;_;

and w; are of the form z;_1y,_12_,y,_,2z;—1 and z;y;21y}z;, respectively. We express
Zil1%

the action of r; as u —— 0.
k-rt1

Lemma 2.10. Let u £ v and u = v. Also, let T'and R be as defined in the previous

paragraph. If r; is a transformation of the form % then
-rt1

(a) Zz/' = Zi+1 Vi € {1727 e c ) W - 1)}
(b) 21 = 2z,

Proof. (a) This is an implication of the Corollary 2.6 (a). When a k-rt; rotation
r; is applied, the string z, becomes (k — 1)-length suffix and prefix of w;. From
Lemma 2.6 (b), we know that the application of other k-transformations between
any two k-rt; rotations, r; and 7,41, the string 2] will remain the (k — 1)-length
suffix and prefix of intermediate strings. Thus, when the k-transformation r;,4
is used, z; becomes 2z ;. This happens for all the transformations indexed i = 1

to ¢ —1in R.

15



16 Chapter 2. k-Abelian Equivalent Words

(b) From the first proof we see that whenever a k-rt; rotation of the form % is
applied, the frequency of z; is decreased by 1 and frequency of z;,; is increased
by 1. Now by Lemma 2.6, after the action of a k-rt; rotation any of the other
three k-transformations will not change [-length substring multiset where [ < k.
Whenever the next k-rt; rotation is applied it must be of the form %

Thus frequency of z;,; is restored. This is applicable for all transformations

indexed from ¢ = 1 to ¢ — 1 in R. Thus, starting from u, the frequency of every

of substring 2, 23, ..., 2y is restored in v. But z; and 241 = z:b has not been
restored yet. If 2y # 2,1 then the frequency of z; will remain one less in string

u than in string v. Similarly, the frequency of z,, will become one more in string

u than in string v. This cannot happen as it is assumed that = v. Hence,

z1 = 2, which means if u Ly and u "= v then prefy_1(u)= prefi_1(v).

]

The proof of Lemma 2.10 (b) gives us an idea about the relation between z; and

z,,- The contrapositive of the second part of the above lemma is as follows.

Corollary 2.11. Let u and v be two distinct strings such that prefy(u) # prefi(v)
or suffg(u) # suffy(v) and k > 1, then there exists a string = of length < k + 1 such
that |ul, # |v]..

This answers the question (see [40]) “Can we get two strings w = rfls and v = s0'r

such that r # s, [r| =|s| =k—1and v ZwVl<i< k, where k > 37" in negation.

Theorem 2.12. Let u and v be two words such that u = v for i = k,k — 1. Then,

u%vforalllgigk.

Proof. Here the assumptions are the same as in Lemma 2.10. Thus we have

prefy_1(u) = prefy_1(v) = z;. Let s be any string of length less than k. The other
three k-transformations that are applied in between any two k-rt; rotations will not
change the multiset of substrings of any length < k. We can apply Lemma 2.8 here
and hence we get |u|s — |v]s = |z1]s — |21]s = 0. This implies that there in no string

of length less than & — 1 whose frequency can be different in v and v. Also, the

16



2.2. Effects Due to k-transformations 17

assumption was u =y for i = k,k — 1. Combining this, we have u = v for all

1<t <k [l

This answers the question (see [/0]) “Does there exist two words w and v such

A k—2
that u = v for i = k,k — 1 and v # v?” in negation.
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Chapter 3

Enumeration of k-Abelian

Equivalent Words

3.1 Introduction

The relation between k-abelian equivalence and k-factor equivalence is discussed in
the previous chapter. The properties of pair of words which are equivalent in either of
the above two manner is studied. Karhumaki [29] introduced k-abelian equivalence
to measure complexity of infinite words. By complexity we mean the number of
equivalence classes created by the k-abelian equivalence relation on the set of a fixed
length string on a particular finite alphabet. For any string, the cardinality of the
corresponding k-abelian equivalence class gives the measure of its ambiguity with
regard to string-reconstruction from the multiset of its factors up to length k. That
cardinality is referred to as k-abelian ambiguity of the string. We shall investigate
two special values of k£ and try to find highest possible k-abelian ambiguity.

In this chapter X' will be used for an arbitrary finite alphabet of size > 2, u will
be used for an arbitrary string in 2™ unless otherwise mentioned.

For the trivial case & = 1, the two multisets my (), m x5 (u) are the same and
max M (u)]| = Orgxélncr which is in @(\2/—%) [13]. For k = 2 we shall find the asymp-
totic value of max |Mlj1,9) ()| using Hutchinson and Wilf’s theorem [24] on counting

multiset permutations with adjacency information. We also show that this theorem

19



20 Chapter 3. Enumeration of k-Abelian Equivalent Words

can be used to find the exact value of [M j(u)| using the information obtained from

m[l,k}(u).
It has been already shown in [40] that |Mjx(u)| = 1 for & > [§] + 1. The
other special case we will be considering is £ = |[2]. In [40] we also have the

2
characterization of the strings in an equivalence class for this value of k. We shall

improve upon these results and obtain max M, 2y (w)]-
uem

3.2 Background

3.2.1 De Bruijn Graph and Rauzy Multigraph

Definition 3.1 (De Bruijn graph [9] [16]). A directed graph Gy is said to be a De
Bruijn graph of order k if it has 2* vertices and each vertex is labelled as a k-length
binary string. No two vertices are to be labelled with the same binary string. The
graph has an edge from the vertex v; to the vertex v; if and only if the corresponding
binary string at v; has the same (k — 1)-length prefix as the (kK — 1) length suffix of
the binary string at v;.

Crmmy
G0
4 G@H—aD
D
A1) <
VY
R
<
G- Ga

Figure 3.1: De Bruijn graph of order 2 and 3.

The edges of the graph Gy, are labelled as (k+1)-length strings as shown in Figure
3.2. If e;; is an edge from the vertex v; to v; with strings s; and s; respectively then

b

e;; must be labelled with the binary string S(e;;) = s; - suffi(s;) where -’ is string

concatenation operation.

20



3.2. Background 21

A walk in a directed graph G = (V, F) is an alternating sequence of edges and
vertices starting and ending with a vertex such that left side and right side vertices of
an edge are the starting and ending vertices of the edge. The walk is of length [ if the
number of edges in the sequence is [. Let W; = ajwy, asws, ..., qywa;1 be an walk
where {wy,ws,...,w;} and {ay,as, ...,a;11} are multisets and each w; € E,a; € V
such that the suffix of S(w;) is the same as prefix of S(w;1) Vi € {1,...,1—1}. A
walk E; in a graph Gy, gives us a string s(W;, G) of length (I + k). We can express:

s(W, Gg) = S(wy) - suffy (S(ws)) - suffy (S(ws)) - ... - suffy (S(wy)).

If the multiset {wy, ws, ..., w;} and the set E are equal, then the walk is known

to be an Fulerian walk. There are two types of Eulerian walks:
1. Eulerian cycle or Eulerian circuit: Here pref, (S(w;)) = suffy(S(wy)).

2. Eulerian path: Here pref, (S(w;)) # suffy(S(wy)).

If we have an Eulerian walk Waki1 on the graph Gy then S(Waki1, Gy) is called
binary De Bruijn sequence [50] of order (k+ 1). An m-ary De Bruijn sequence
of order k has all possible k-length words (from an alphabet of size m) as
factors with frequency exactly 1 for each of them. In Figure 3.2 we have De
Bruijn graph G3 with 4-length binary string labelled edges and an Eulerian
walk Fig on G3 gives a binary De Bruijn sequence 1100101101000011(110) of
order 4. Here the De Bruijn sequence is of length 19 but as we can see its
3-length suffix and prefix are the same which is due to the nature of De Bruijn
graph where an Eulerian walk becomes an Eulerian cycle. Thus a binary De
Bruijn sequence of order k is usually expressed as a 28*!-length binary string
removing the k-length suffix of the (2! + k)-length string we get from an

Eulerian walk on Gj,.

From a De Bruijn graph G a De Bruijn sequence can easily be constructed
but it may not be unique. Also we get back the De Bruijn graph G}, from any
binary De Bruijn sequence of order (k + 1) (without removing the k-length
suffix).

21
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Start

An Eulerian Walk: E ¢

Figure 3.2: De Bruijn graph G5 and an Eulerian walk Fig4

Now consider an arbitrary string v € X* with |X| = « and also the multiset of
(k + 1)-length factors of u, i.e., mgiq1(u). Consider construction of a directed
graph G with all £ length factors of u as a vertex with an edge from vertex v;
to vertex v; if and only if S(e;;) is in my4q(w). (Here the notation has the same
meaning as discussed previously). As myq(u) is a multiset and there may be
multiple occurrences of S(e;;) in my41(u), we shall put as many edges from
vertex v; to vertex v; as the number of occurrences of S(e;;) is in myq(uw).
Hence the graph becomes a multigraph. We denote this graph as G**1. Let us
call it Rauzy multi graph of the word u; a generalization of Rauzy graph [42].

If u is a binary De Bruijn sequence of order (k + 1)(without removing the
k-length suffix) then G**! is a De Bruijn graph of order k. Now if u is an
arbitrary string in X* then from G*! having an Eulerian walk will give us a

string v which is of the same length as of w.

In addition my 1(u) = mge1(v). So w is an arbitrary binary string and the only

information we have about the string is my,1(u). This is a way to reconstruct u

and is the ideal version of DNA Sequencing By Hybridization (SBH) and this idea

is discussed in [39)].

3.2.2 Words with Given Adjacency Patterns

Finding number of Euler circuits in a graph is a well known problem. This problem

was first discussed by Aardenne-Ehrenfest and de Bruijn [12] in 1951 and the formula

22



3.2. Background 23

for enumerating number of Eulerian circuits in a graph is known as BEST theorem.

For a simple digraph different Eulerian paths always start at same vertex and
also end at same vertex. An Fulerian circuit ends at the vertex where it started.
These two properties were proved by I. J. Good [16] in 1946. The following two

results are stated and proved [45]:

(i) A multidigraph D has an Eulerian cycle if and only if D is weakly connected up

to isolated vertices and for every vertex, the in-degree equals the out-degree.

(ii) A multidigraph D has an eulerian path but no Eulerian cycle if and only if D
is weakly connected up to isolated vertices and for all vertices with the possible
exception of two, the in-degree equals the out-degree, and for those two vertices

((in-degree) — (out-degree)) will be exactly 1 and —1.

Finding the number of elements in the equivalence class generated by the relation =
(introduced in 2.1), i.e. finding |Mj(u)|, as we have seen, can be done using BEST
theorem which involves finding rooted trees in a multidigraph. Counting Spanning
Out-trees in Multidigraphs is done in an unpublished work [37]. Hutchinson and Wilf
used BEST theorem to find the number of strings having the same given multiset
of symbols with adjacency information. We will show in the next section that their
result is useful in finding [Mp ()| directly. We are stating their result in this regard
in the following theorem:

Theorem 3.2. [24] Let P = {p1,...,p:} be a given set of positive integers, and let
Q = {q(i7j)]i,j e {1,... ,t}} be a given set of non-negative integers. If N'(P,Q, 1)
is the number of strings that can be constructed from an ordered alphabet X =
{o1,...,0:} of t letters, in such a way that VI € {1,2,... t} the letter o, € ¥
appears exactly p; times in the string and exactly q(; ;) times the letter o; is followed

by the letter o; Vi,j € {1,2,...,t} then:

N(P, Q,t) = (H(pz - 1)') (H Q(m‘)!> det [L(P, Q, t)]

i=1 ij=1
Here L(P,Q,t) is a matrix (L;;):x; defined by L;; = (pidi; — ¢;j) and 6;; is Kro-
necker delta function Vi, j € {1,...,t}
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24 Chapter 3. Enumeration of k-Abelian Equivalent Words
3.3 Relation between |Mj(u)| and |My j(u)|

The information we obtain on a string w from mg(u) can also be obtained from
mp g (u). In addition to that my 4(u) has much more information on u. Naturally
the number of ambiguous reconstructions of u are same or fewer when my y(u) is
provided in stead of m,(u) as a composition of u. The problem of reconstructing
a string u using mp ) (u) is in fact more or less similar to that of using my(u). An
Eulerian walk in a Rauzy multigraph G* gives us v which is an ambiguous recon-
struction of u having the property my(u) = my(v). Using a brute-force approach we
consider all such graphs G and to find Eulerian walks in all of them and check if
there is a common reconstruction which is appearing as Eulerian walk in every graph
G". But the following result gives us simple condition which in addition with my(u)
gives us an equivalent information to mp k(). At the time of writing this chapter
we found that this result has also been proved in [29]. We are giving an alternative

proof.

Lemma 3.3. If u and v are two strings with my(u) = my(v) and

pref,_,(u) = pref,_;(v) then mp g(u) = mp g (v).

Proof. From Theorem 2.12 we get for two strings u and v if my(u) = mg(v) and
mp—1(u) = my_1(v) then mp g (u) = mp g (v).
It is also shown in Lemma 2.9 that under the given conditions we have my_;(u) =

my_1(v). Hence using these two results we have the proof. O

Given my(u) and mp g (u) for a string u € L™ the reconstruction, as we have seen,
may not be unique. We use Eulerian walks on graphs to find these reconstructions.
We see that there is a one-to-one relation between an Eulerian walk on multidigraph
G* and a reconstruction of u from My (u). So, enumeration of different Eulerian
paths in G* gives us the number of possible reconstruction of u from my(u).

In both the cases where G¥ has an Eulerian cycle or Eulerian path, the number
of Eulerian circuit starting at the node which is induced by (k — 1)-length prefix of

u will give us the number of reconstructions of u from myp y(u) as for the case of
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3.3. Relation between |M,(u)| and [Mp g (u)| 25

Eulerian path the above two theorems ensure that all Eulerian paths in a multigraph

will start at the same vertex and end at the same vertex.
Theorem 3.4. Given two strings u,v € X™:

(a) If suffy_i(u) # prefy_i(v) and my(u) = my(v) then mpy g(u) = mpg(v) and
Ml ()] = My g (0)]

(b) If suffy_1(u) = prefy_i(u) then |Mj(u)| = n|Mj g (v)| where 7 is the number of
distinct (k — 1)-length factors of w.

Proof. (a) If a string uw € X* is given with mp y(u) then we construct the Rauzy
multi graph Gj. Any Eulerian path in G} will give us a reconstruction of u. The
condition suffy_;(u) #prefy_;(u) forces the Eulerian walk in G} to be Eulerian path
and not an Eulerian cycle. This also restricts every Eulerian path to start with
the node induced by prefy_;(u) and to end with the node induced by suffy_(u).
The reconstruction v of u will not only have the property my(u) = mg(v) but also

mp kg (u) = mp g (v) by Lemma 3.3. So, we have |Mj(u)| = M 4 (v)|.

e1e2eze6e5e4 e ese6e2e3e
. , ezezeée e e esese2eze4el
Set of eulerian cycles E ceee.ee, cecece | Setof eulerian cycles E”
L4 e6e561e1e2e3 e2e3e4e1e5e6 .
(rotations of each other) | ... ceeeece | (rotations of each other)
e e ee.e.e e e e eee

4717273765 623

Any eulerian cycle in E’ is not a rotation of any eulerian cycle in E”

Figure 3.3: Two equivalence classes of Eulerian cycles with respect toa rotation.

(b) The condition suffy_;(u) = pref;_;(u) implies that every Eulerian walk in G}

will be an Eulerian cycle. But two different Eulerian cycles may be rotations of each

25



26 Chapter 3. Enumeration of k-Abelian Equivalent Words

other. The set of Eulerian cycles which are rotations of each other contains only
one Eulerian cycle which will correspond to a reconstruction from my y(u). Every
such set contains exactly n elements. But every element in those sets correspond to

a different reconstruction from my(u). Hence the result follows. O

If a string u is given with mp x(u) then we know both my(u) and my_;(u) and
vice versa by Theorem 2.12. If we consider the (k — 1)-tuple notation of u which
is T(x—1)(u) then any reconstruction v of u from mp y(u) will have its (k — 1)-tuple
notation 7(;—1)(v) and will be a permutation of T{;_1)(u) if we view Ti;_1)(u) and
T{k-1)(v) as strings in alphabet X7 ) formed by different (k — 1)-length factors of
u. Here we can think my_q(u) is expressing P in Theorem 3.2 if we replace X by
Xj.—1)- Similarly my(u) is expressing () in Theorem 3.2 as adjacency information
of (k — 1)-length factors of u with multiplicity is embedded in my(u). Hence using

Theorem 3.2 we get the number of reconstructions of a string w from m y(u).

3.4 Asymptotic value of max M} 9 ()]
ueXm ’

Let us denote max My 3y (u)| as A(X, n, k). We already know the values of A(X,n, k)
for k =1and k > |5 +1. We investigate the value of A(X, nk) for the intermediate
values of k. In this section we consider the case £k = 2. Using Theorem 3.2 we
can calculate the M | but to find A(X,n,2) we need to consider every u in X",
We shall use the constraints given by Rauzy multigraph to take into consideration
every possible u in X' = {0,1} to give a lower bound on A(X,n,2) for any X.But
before discussing that we shall prove the following combinatorial result which uses

the maximum value of binomial coeflicient and its conditions.

Theorem 3.5. max { ('Zfbﬁ)! (decf)! |a+2b+d=4m and a,b,d,m € NU {O}} is in

n .
O (27) and maximum value occurs when a = b=d =m.

Proof. Let the maximum value occurs for some ny,ny € NU{0} such that a+b = n,

(a+b)!
alb!

and b+ d = ny. Now, h; = max a+b= nl} is attained when a = b if n; is

even or a,b € {|%], %] + 1} with a # b when n, is odd.
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il
b,d e {["%], "] + 1} with b # d when ny is odd. It is to be noted that n; and n,

Similarly, hy = max{ ’b +d= ng} is attained when b = d if n, is even or

has to be simultaneously even or odd as n; + ns is even.

Let both ny and ny both are even. In that case to attain the maximum the relation

ny = ng has to satisfy. Otherwise (atb)t (D)l i) be < hyhy which is attained when

albl ol
atb)l (btd)l 1(2m)!
(a!bl? (bb'dgf) is hihy = % and

= b = d = m. Hence, maximum value of

a=b=d=m.

Let, both n; and ny be odd. Without loss of generality let ny < my. Then to
attain hihy we will have a = [%],b= %] + 1= [%],d = |%]| + 1. Which means
a=m—1,b=m,d=m-+ 1. Then

(2m—1)1(2m+1)!

hihs _ (m=D!m!m!(m+1)! 2m? +m 21
—(2"(17)715?) —(27735)21”)! 2m? + 2m

Hence the maximum is attained only when a = b = d = m. Now from the
- s @( =) [13].

We conclude that asymptotic value of # is @(7) which is ©(%-). O

asymptotic value of central binomial coefficient we have
m'm

Theorem 3.6. A(X,n,2) is Q(%) for all finite alphabet X' with [X| > 2.

Proof. As u € {0,1}" the Rauzy multigraph G2 will have at most two nodes with
label 0 and 1. Having only one node will lead us to the trivial case of unique
reconstruction. Let G2 is given by the Figure 3.4 where a, b, ¢, d are multiplicities of

the edges (0,0),(0,1),(1,0), (1,1) respectively and hence a +b+c+d=n — 1.

C
s e
b

Figure 3.4: Rauzy multigrpah G2

From Theorem 3.2 if p; corresponds to the symbol 0 and p, corresponds to the

27



28 Chapter 3. Enumeration of k-Abelian Equivalent Words

symbol 1 then the matrix

- —b
L2 =|"""
—c  py—d

Now G2 has to satisfy certain conditions to have an Eulerian path or Eulerian circuit.
For that we must have b = ¢ or |b — ¢| = 1. There is no other restriction on a and d
other than them being non negative integers.

Case b=rc:

Without loss of generality, let the Eulerian walk starts from the node labelled by 0.
Applying Theorem 3.2, we have |u|g = p; = a+b+1 (asb = c) and |u|; = p2 = b+d.

From Theorem 3.2, the number of reconstructions will be

(pr — 1)!(p2 — 1! _(a+D)! (b+d—1) b+1 —b
i et (L(P.Q.2) = — pa
_(a+b)! (b+d—1)
At =1

We have from Theorem 3.5

b (b+d—1)! o
max{(a;!“b!) ((b+—1)!d!) a,b,deNU{O}anda+2b+d:n—1} isin@(E)

Using symmetry we shall have the same result if we start the Eulerian walk from the

node labelled as 1.

Case |b—c|=1:
Let b = ¢+ 1. In this scenario the eulerian walk has to start from the node labelled

as 0. Then py =a+c+1 and ps = d+ ¢+ 1. The matrix

—a —b c+1 —c—1
L(P,Q,2) = [ -
—c  py—d —c  c+1

28
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From Theorem 3.2 the number of reconstructions will be:

— Dl(pe — 1)! ! d)! +1 —c—1
(pr—Dl(p2 — 1) det (L(P.Q,2)) = (a+c) (c+d) det 1€ c
al(c+ 1)lcld! alcl(c+1)  cld! —¢  c4+1

(a+c)! (c+d)!
alc! cld!

Now similarly from Theorem 3.5 we have the maximum number of reconstructions
in 0 (2),

Thus, we have for any binary string u, the highest number of reconstruction from
mp 2 (u) will be in © (%) Naturally if we extend this result it to any arbitrary
alphabet X with | 2| > 2 we have A(X,n,2) is Q(2). O

3.5 Finding max |M, ;(u)| for k = {@J
uedn ’

For any string u, let us express the reverse of u by u. Intuitively as k increases,

M 5 (u) will decrease. Pifia and Uzcategui proved in [40] that if & > L%J + 1 then

M 4 (u) = 1. They have also characterized the strings in M yj(u) for k = ['—g'j by

the two following theorems:

Theorem 3.7. [40] If u,v € X% and v € My ,j(u) with u # v for some alphabet X

then u will be of the form rabr for some a,b € X, r € {a,b}!~! and v = 4.

Theorem 3.8. [40] If u,v € Y**! and v € M ,(u) with u # v for some alphabet
2 then w and v will be of the form:
(i) v =wcand v = wcwhere w € {a,b}? with a,b,c € X and mp y(w) = mp p(0).
(i) v = cw and v = c where w € {a, b}? with a,b,c € X and mp p(w) = mp p(W).
(i) u = rabcr and v = 4 where r € {a, b, c}? with a,b,c € X.
(iv) u = rabes and v = rcabs where r, s € {a, b, c}? with a,b,c € X.

(v) u = rabcs and v = rbcas where r, s € {a,b, c}? with a,b,c € X.
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30 Chapter 3. Enumeration of k-Abelian Equivalent Words

Lemma 3.9. [40] If u,v € Y**! for some alphabet £ and v € My (u) with
u = rabcs and v = rbca where r,s € X! and a,b,c € X then the following

conditions hold:

(a) r,s € {a,b,c}P!

(b) s1 € {a,b}

() rpei=ces,=0Vie{l,....,p—1}

d) rpmi=a<es;=aVie{l,...,p—1}

() rpmi=ce g =bVie{l,....p—2}

(f) s =beriq €{a,c} Vie{l,...,p—2}

(8) Th—i =a < 1h_im1 €{a,c} Vie{l,...,p—2}

From Theorem 3.7 it is clear that max [Mj ;) (u)| = 2 because mirror image or re-
u€X*P
verse of a string is unique. In Theorem 3.8 the existence of ambiguous reconstruction
of u from M y(u) proves that Moy M1 ) (w)] > 2.

We investigate if there can be a situation where oax Mgy (u)| > 2.

In Theorem 3.8 all the five different forms of the pair v and v actually expresses
five different permutations v of the symbols of the string w such that mp y(u) =
mp i (v) for k = [%J If uw and v is in the form (7) then let us say v is permutation
m(u), if w and v is in the form (47) then let us say v is permutation m(u) and so on.

If v, € Mp p(u) and v = mj(u) and = # v and & # v then = # 7;(u). So only
5 possible permutation of symbols in the string u are probable candidates to be a
member of My ) (u).

Theorem 3.10. For p > 2, max |[Mp p(u)| = 3 and if [Mp p(u)| = 3 then u is a

ueX2ptl
binary string.

We shall be needing the following few results to prove Theorem 3.10.

Lemma 3.11. Let o # u,u # v,z # v with v,2 € Mp,(u) and v = 71 (u) then

x = mo(u) with all three strings being binary.
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Proof. From Theorem 3.7 and the form (¢) in Theorem 3.8, let

u = qi Rgaabga Ry c
V= CI1RC]25GQ2RQ1C

where ¢, ¢ € {a,b} and R € {a,b}’3 and a,b,c € X.
If p = 2 then u will be of the form gabgc and v is in the form gbagc where
q € {a,b} and a,b,c € X.

Case 1: (x = my(u))

Sub case 1.1: As z is in the form (ii) of Theorem 3.8, z must be ¢; RgzagzbRqy ¢
by using Theorem 3.7. But from Theorem 3.7 this would not be possible

if ¢ & {a,b}. Here is an example with u,v and x in this form:

T = a aaaa ab aaaa
u = aaaa ab aaaa a

v = aaaa ba aaaa a

Sub case 1.2: If p = 2 then x has to be of the form gbgac. By Theorem 3.7,

c also needs to be in {a,b} to have z in this form.
Case 2: (z =m3(u))

Sub case 2.1: Aszisin the form (7i7) of Theorem 3.8, z must be cq; Rgobags Ry .
So ¢1 Rqs = cq; R which means ¢; = ¢o = ¢ and hence u = x = ’bcP, which

is not possible.

Sub case 2.2: For p =2, x = qqbac
Let ¢ = a then u = z, which is not possible.

Let ¢ = b then = ¢ M, (u), which is also not possible.

Case 3: (x = my(u))
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32 Chapter 3. Enumeration of k-Abelian Equivalent Words

Sub case 3.1: Asz isin the form (iv) of Theorem 3.8,  must be ¢, ngqgabéqlc.

Let go = a. Then we have

u = ¢ Raa ba Rgc

uw=¢q Raa ab Rqic

Clearly = € my(u) and this situation has already been considered in the

previous case.

Now, let go = b. Then = v, which is not possible.

Sub case 3.2: For p =2, x = qqabc.
Let ¢ = a then = ¢ M,(u) which is also not possible.

Let ¢ = b then v = x, which is not possible.
Case 4: (x = m5(u))

Sub case 4.1: Asx isin the form (iv) of Theorem 3.8, z must be ¢, ngbqgaﬁiqlc.
Let g = a then x = v, which is not possible.
Let ¢ = b then x = w3(u) and this situation has already been considered
in previous case.

Sub case 4.2: For p = 2, x = gbqgac.
Let ¢ = a then v = x, which is not possible.

Let ¢ = b then = ¢ M, (u), which is also not possible.

Hence the only possible option for existence of u,v and x under given condition is

x = mo(u) with all the three stings being binary. O

Lemma 3.12. Let u,v and z are three distinct strings with v,z € My ,)(u) and

v = mo(u). Then x = 7 (u) with all three strings being binary.

Proof. Cases where © = m(u) are already taken care of in previous Lemma and

x # mo(u) as x # v.
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Case 1: (z = m3(u))

We have [miyp)(u) = mi1)(v)] < [my1p) (@) = myiy(0)]. Thus

(v, x € M p)(u) and v = mo(u) and x = 73(u)]
if and only if

[0, & € Mp (%) and © = 71 (%) and & = m3(@)]

The later part is already taken care of and we have existence of different w, v
and T means 0 € w1 (1), & € mo(u) which implies v € mo(u),z € m(u). Also u,v
and x are binary strings if and only if %, and ¥ are binary strings.

Case 2: (v = my(u))

We have [my1)(u) = mj1)(v)] € [m(1) (@) = my,p(0)]. Thus

(v, x € M p)(u) and v = me(u) and x = 74(u)]
if and only if

[0, & € M (%) and © = 71 (%) and & = 75(@)]

The later part has already been taken care of and we have existence of different
4,0 and & means 0 € m(u), T € mo(u) which implies v € mo(u), z € m(u). Also
u,v and x are binary strings if and only if @, v and & are binary strings.

Case 3: (z = m5(u))

We have [my p)(u) = mp ) (v)] < [mpp (@) = mpy (0)]. Thus

[v, 2 € M p)(u) and v = mo(u) and z = 75(u)]
if and only if

[0, & € M () and © = 71 (%) and & = my(@)]

The later part is already taken care of and we have existence of different u, v

and T means 0 € m (@), T € mo(u) which implies v € my(u),x € m1(u). Also u,v
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34 Chapter 3. Enumeration of k-Abelian Equivalent Words

and x are binary strings if and only if @, v and 2 are binary strings.
O

Lemma 3.13. Let u,v and x are three different strings with v,z € Mp (u) and
v = m3(u). Then v must be in the form of either 7 (u) or me(u) and x = my(u) or

x = m(u) with all three strings being binary.

Proof. Cases where & = m(u) or x = m(u) were already taken care of and x # m3(u)

as r # v.

Case 1: (z = my(u))

(v, x € Mp ) (u) and v = 73(u) and x = my(u)]
& [u,x € My (v) and v = m3(v) and & = my(v)]
& [, 2 € M p(0) and & = m(0) and @ = 73
& [u, v € Mpy(v) and v = m(v) and & = my(v)]

(
(
(0
= [, & € M (0
(
& [v,2 € Mp(u) and v = 71 (u) and z = m3(u
(

) () (
) (v) (
) (2) (
v) and T = m(0) and 4 = m(0
) (v) (
) () (
) (u) (

= [v, 2 € M p)(u) and v = 71 (u) and & = mo(u)],

Case 2: (z = m5(u)

~—

(v, 2 € My )(u) and v = w3(u) and @ = 75(u)]
(v
(v
1 (u
(

= [v,x € Mp(u

& [u, € Mpy(v) and v = m3(v) and z = m(v)]
= [u,x € M, )
p]

& [v,x € M and v = my(u) and = = w4 (u

) () (
) (v) (
) and u = mo(v) and x = my(
) (u) (
) () (

]

Lemma 3.14. Let u,v and z are three different strings with v,z € Mp )(u) and
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v = m4(u). Then v must be in the form of either m (u) or mo(u) and x = my(u) or

x = m(u) with all three strings being binary.

Proof. Cases where x = m(u) or x = mo(u) or x = m3(u) are already taken care of and
x # my(u) as x # v. So x = m5(u). From Theorem 3.8, we have u = rabes, v = rcabs
and x = rbcas. Also we have v € M (u) and x = 75(u). From Lemma 3.9,
wegetr,;, =ce s, =bandr,; =a< s =aVi=1{1,2...,p—1}. Here
v € Mpp(z) and v = 75(x). So using Lemma 3.9, we have r,_; = a < s; = ¢ and
rpi=bes;=b0Vi={1,...,p—1}.

Let for some ¢, s; = a. So, 7,_; = a but that means s; = a. Hence ¢ = a and
u, v, x are binary strings. Also if ¢ = a then z = 7 (u) and v = 7 (v).

Let for some 7, s; = b. So, rp,—; = ¢. Also So, r,_; = b. Hence, b = c and u, v,z are
binary strings. Also if b = ¢ then = m3(u) and v = 7 (u) which means x = m(u)
and v = 71 (u) as u # v,v # x and x # u.

Let for some i, s; = ¢. So, r,—; = a. Which means s; = a. Hence ¢ = a and

u, v, x are binary strings. Also if ¢ = a then z = 7 (u) and v = 7 (v). O

(Proof of Theorem 3.10) So, we have found that whenever we are choosing three
different strings w, v and x of length 2p + 1 such that mp ,(u) = mp g (v) = mpy(x)
then there is only two types of permutations of symbols of u are allowed to be v and
x. Also all the three strings needed to be from an alphabet of size 2 to be in those

forms. Hence we have the proof of Theorem 3.10.

3.6 Lower bound of max [M j(u)| for k = ©(y/n)

uedn

We have an idea of the maximum number of reconstruction from mj; ) for two special
values of k. Here we have example of a class of strings which gives an idea about
the maximum number of reconstructions when k is in ©(y/n), which extends the
investigation for the intermediate values of £ in between 1 and ['—;lj + 1. Here also

we have used Theorem 3.2.

No
Lemma 3.15. A(X,n, k) is Q ((4) ’ ) when £ is in O(y/n).
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36 Chapter 3. Enumeration of k-Abelian Equivalent Words

Proof. We are creating an example of a string in {0, 1}".
Consider the string « = (0*™1)™0?™ of length 2m? + 3m. From Table 3.6 we

have multiset of factors. (m — 1)-length factor multiset of u can be considered as

m- length factors (m — 1)- length factors

factors | frequency || factors frequency
om (m+1)? 0=t | (m+1)(m+ 2)

0m-11 m 0m=21 m
0m=210 m o310 m
0m=3102 m 0m=410? m
0m=1103 m 0m=5103 m
0310m* m 0310m~° m
0210m-3 m 0%10m4 m
0102 m 010m—3 m

10m1 m 10m—2 m

Table 3.1: Multiset of m and (m — 1)-length factors of (0™1)™(0*™

P in Theorem 3.2 and the adjacency information depicted by ) in Theorem 3.2,
can be found in m-length factor multiset of u. Adjacency information which cannot
be found in the multiset is taken as 0. For example 10™ 21 is not in u. So the
corresponding value regarding adjacency of 10™2 and 0™ 21 is zero.

The matrix L(P,Q,t) will be:

(m -m 0 0 0 O 0 0]

0 m -m 0 0 0 0 0

0 0 m -m 0 0 0 0

0 0 0 m -m 0 0 O

O 0 0 0 0 —m 0 0

0O 0 0 0 0 m -m 0

0 0 0 0 0 0 m  —m
-m —m 0 0 0 0 0 m |

Here t = m and the determinant of the matrix is 2m™ and
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~1
t
(H( 1! ) ( 1T a6 ) can be written as:
i=1 i,j=1

(m2 +3m+ )Y (m— 1y T e
((m2+2m+1))( Hm ml.mm=1
ﬁ(m—i—Q—l—%) _—
= I (m—1)! ~ (m—1)! € (1)

as (m— 1) € O(m™)

. Hence the total number of reconstructions of (02"1)™0?™ will be in Q(m™). Now,

from n = 2m? + 3m we get:

8n+9 3
= 4/ - L A P 1
m T6 1N \/7 > Vn> 3. (3.1)
t t -1 vn
i=1 ij=1
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Chapter 4

Multiset of k-length Factors with

Full Precedence Information

4.1 Introduction

A generalization of k-abelian equivalence of words was recently done in [44] where
the composition of words based on factors is given by multiset of all scattered sub
words of length < m. The corresponding relation is called m-binomial equivalence.

We consider yet another extension of the idea of k-abelian equivalence where k-
length factors are not only making permutation among themselves to give a different
equivalent word but also keep the relative positions intact upto considering multiplic-
ities of occurrences in the string as ordered pairs. In the context of DNA sequencing
a similar problem has been studied. Using the idea of SBH, SNSH (Sequencing by
Nested Strand Hybridization) has been developed [7,43]. This procedure uses not
only k-gram profile of a word but also their precedence order information. Rubinov
and Gelfand [49] investigated a version of this problem where the aim is to recon-
struct a single string. They gave a polynomial time algorithm to this problem. But
their reconstruction did not take multiplicity of order information into consideration
and also reconstruction length is arbitrary. Our approach to this problem is mainly
combinatorial. The problem can also be visualized as a generalization of topological

sorting where instead of a DAG (Directed Acyclic Graph) we are provided with a
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40 Chapter 4. Multiset of k-length Factors with Full Precedence Information

directed multigraph which may contain cycles and loops.

4.2 Definitions and Notations

If s € 2™ for some finite alphabet X', we denote the set of all distinct k-length factors
of s as F¢, with factors ordered lexicographically so that we can refer to i k-length
factor of s, F}¥(i), without ambiguity.

A factor can appear multiple number of times in a string. As mentioned in
Chapter 2, the multiset of all factors of length k of a string s is denoted by my(s). We
can also think of organising the elements of my(s) by sorting them lexicographically
and without writing any element multiple times by attaching the frequencies with
each element of F}{ and denote the frequency array by m; where mj (i) = |w|s is used
to indicate the frequency of a factor w = F(i) in a string s.

As we have seen Chapter 2, Ty (u) is the k-tuple notation of any given string u of
length > k. We also write T, '(U) = u if there exists a string u such that Ty (u) = U.

Let w; and wy (not necessarily distinct) be factors of a string s that appears at
location ¢ and j in s, respectively. We say w; appears before ws in s if 7 < j.

For example, let u = ababc then ab appears before ba (and also ab and bc) in wu.

In this chapter we shall use the term appears before in the following sense:

Suppose u is a finite string from X* where Y is a finite alphabet. If u can be
written as u = ujus...u, where u; € ¥ Vi € {1,2,...,n}. If v and w are two
strings such that v = wpupyr ... Upyp—1 and w = ugugyy ... Ugp—1 and p < g, then
we say that v appears before w in u as factors. Note that here |[v| = k < n and
lw| =1 < n. Also, given v,w and u we may get multiple different ordered pairs
(p1,q1), (P2, G2), - - - (pr, q-) similar to that of (p, q). In that case we say that v appears
before w in u in r ways. Alternatively, we can say that v and w occur in u as ordered

pair in 7 ways. An example is demonstrated in Figure 4.1.

Definition 4.1. Let s be a finite string over a finite alphabet Y. Then, the k-factor
precedence data or simply k-precedence data of s, OFy(s), is the multiset of ordered
pairs (u,v) where u,v are factors of s and the frequency of (u,v) is defined as the

number of different ways u appears before v in s.
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u =100110010, v =100, w =001

u [1]ofofr]rfofof1]o]

3times < [ =====* — |

Occurrence of v ==mmm=
Occurrence of w

v appears before w in u three times

Figure 4.1: An example of a string v appears before w in .

Two strings u and v are called k-precedence data equivalent if and only if O P, (u) =
OPg(v).

The frequency of (u,v) in OPy(s) is denoted by OF;(u,v) or OF; (i, j) or |5,
where u = F{(i) and v = F (7).

Clearly we can express the frequencies by a matrix OF; of size r X r where
r = |F¢|. In other words the multiset OP;(s) can be expressed by the ordered pair
(OPg, Fy). For example, consider the string s = 100111. Then F3 = {00,01, 10, 11}

and

010 2
000 2
110 2
000 1)

OP; =

By precedence data we shall mean 1-precedence data.

4.3 Properties of Factor Precedence Multiset

In this section we explore various properties of OF;.

Lemma 4.2. Let u and v be two strings from X*. Then, OFy(u) = OF(v) implies

my(u) = mg(v).
Proof. OPY = OPY = Vs € X% OP!(s,s) = OP{(s,s). Observe that OP{(s, s) is
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42 Chapter 4. Multiset of k-length Factors with Full Precedence Information

nothing but the number of ways to choose two distinct occurrences of s as a factor

(lulo)*~Juls

in u from |uls such occurrences. So, OP}(s,s) = 5

Case OP}(s,s) > 0: In this case, |u|s = |v|s = 1+y/148:0P (55)

2

Case OP}(s,s) = 0: If there exists a string s’ such that either OP}(s,s’) > 0 or
OPY(s',s) > 0, then |u|s = |v|s = 1. Otherwise, |u|s = |v|s = 0.

This also shows that we can derive my(u) from O P} and hence we have the proof. [

Theorem 4.3. Let u and v be two strings from X*. Then, O P (u) = O Py (v) implies
OP;(u) = OP;(v) Vi € {1,...,n}.

We prove the claim after proving the following results.

Lemma 4.4. Let X be a finite alphabet, p,q € X*~! and v € X*. Then,

OP_\(p.q) = Y OP{(pa,bg) + OL,(p, q)

a,bey’

Ulpsuftyq,  if suffy_o(p) = pref,_s(q
where, O g) = | el T2 (5) = pre (o)

0, otherwise

Proof. The ordered pair (p, ¢) can be in the string v in the form pa and bq as k-length
factors where pa is appearing before bq for all possible a,b € 3. The only other way
(p,q) is in v, where that occurrence of (p, q) cannot be captured by precedence data
of factors of length k, is when pref;_o(p) = suffy_2(¢). In that case p.suff;(q) contains
(p,q). So counting all possible (pa,bq) € OPY and |v|,sufm,q in case of prefy_o(p) =
suffy_2(q) gives us OPY_{(p,q). Here, OL,(p, q) gives the frequency of p.suff;q only
when pref,_s(p) = suffx_2(q). O

Example. If v = 1001, then we can easily verify that OP/(1,0) = 2. But
OPy(10,00) + OPY(10,10) + OPY(11,00) + OP(11, 10)

= 14+0+0+0
=1
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4.3. Properties of Factor Precedence Multiset 43

Another occurrence of 1 appearing before 0 is hidden in the occurrence of the factor
10 as prefy(1) = suffy(0) = e. This is captured by OL,(1,0) = 1 and hence we get
the correct value of OP/(1,0) =1+ OL,(1,0) = 2.

Lemma 4.5. Let X be a finite alphabet. Let p,q € %! and v € ¥*. Then,

OP_y(p,q) = > OP{(ap,bg) + PR,(p,q)

a,beX

V] if p is prefix of v and p # ¢
where, PR,(p, q) = ||, — 1, if pis prefix of v and p = ¢

0, otherwise

Proof. The ordered pair (p, ¢) can be in the string v in the form ap and bq as k-length
factors where ap is appearing before bq for all possible a,b € 3. The only other way
(p,q) is in v, where that occurrence of (p,q) cannot be caught by occurrence of
(ap,bq), is when p is a prefix of v. In that case the number of occurrences of (p, q) is
missed the same number of times ¢ is appears in v without being a prefix, which is
|v]g if p # ¢ and |v|, — 1 if p = ¢. So adding this number of missed cases with count

of (ap,bq) in v, for all a,b € X' gives us OFY {(p, q). O

Example. If v = 1000010001’ then

OPY(00,01) = 8 =
OPY(000,001) + OPY(000,101) + OPY(100,001) + OFPY (100, 101)
= 54+0+34+0=28.

But

OPY(10,01) = 3 #
OP}010,001) + OP}(010,101) + OP(110,001) + OPY(110,101)

= 1+04+0+0=1.

Here if we add |v]g; = 2, then we get the right answer.
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44 Chapter 4. Multiset of k-length Factors with Full Precedence Information

Again,

OPY(10,10) = 1 #
OP{010,010) + OPY(010,110) + OPY(110,010) + OPY(110, 110) + |}

= 0+0+0+0+2=2.

Here we have to subtract 1 from the obtained result as we are counting the prefix

also while counting the occurrence after the prefix.

Lemma 4.6. Let X be an alphabet. Let p,q € X*~! and v € X*. Then,

OP_\(p,q) = Y, OF{(pa,qb) + SF.(p,q)

a,be X’

|v]p, if ¢ is suffix of v and p # ¢
where, SF,(p,q) = § |v], — 1, if ¢ is suffix of v and p = ¢

0, otherwise

Proof. The ordered pair (p, ¢) can be in the string v in the form pa and ¢b as k-length
factors where pa is appearing before ¢b for all possible a,b € 3. The only other way
(p,q) is in v, where that occurrence of (p,q) cannot be caught by occurrence of
(pa, qb), is when ¢ is a suffix of v. In that case the number of occurrences of (p, q) is
missed the same number of times p is appears in v without being a suffix, which is
|v|, if p # ¢ and |v|, — 1 if p = ¢. So adding this number of missed cases with count

of (pa, qb) in v, for all a,b € X gives us OPY_;(p, q). [

An example to demonstrate this result can be easily constructed by taking the

reverse of the string which was taken to demonstrate the previous lemma.

Lemma 4.7. Let X be a finite alphabet. Let p,q € X*~! and v € ¥*. Then,

OPY ,(p.q) = Y OP(ap,qb) + PRy(p.q) + SF.(p.q) — MDy(p, q)

a,beX’
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4.3. Properties of Factor Precedence Multiset 45

B—0—v+v, ifp=gq
where, MD,(p,q) = Iy

B, otherwise
1, if pis prefix of v 1, if g is suffix of v
where, § = , and, vy =
0, otherwise 0, otherwise

1, if pis prefix and ¢ is suffix of v
and, § =

0, otherwise

where SF,(p, q) and PR,(p,q) are as defined in Lemma 4.5 and 4.6, respectively.

Proof. The ordered pair (p, ¢) can be in the string v in the form ap and ¢b as k-length
factors where ap is appearing before ¢b for all possible a,b € X.

As we have seen in Lemma 4.5 and Lemma 4.6 we have to add both PR,(p, q)
and SF,(p, q) to get the result as in this case count can be affected for p being prefix
and ¢ being suffix of v. But if p = ¢ then we are counting (p, ¢q) twice while p is
at prefix position and ¢ be at suffix position. So, we need to subtract 1 thereafter.

There are further terms to be subtracted. While calculating Z OP;(ap, gb) we
a,bex
have added the cases where for each occurrence of p (= ¢) we have added some

(ap, pb) to the list but here p and ¢ coincides and cannot create a pair (p,q). Thus
we have to subtract the number of such occurrences of p in v, that is, |v|,, except

the cases where p (= q) is either suffix or prefix or both. These cases are taken care

of by ¢ and v and £. n

In Figure 4.2 and Figure 4.3 we present a demonstration of the Lemma 4.7 show-

ing different cases that may occur while finding OP* — 1(p, q) from OP¥.

Proof. (of Theorem 4.3)

From Lemma 4.4 we get that for every p, ¢ € X*1, OP? ,(p, q) can be determined
unambiguously from OP}. Hence we get OP;_1(v) from OP;(v) and then we get
OP;_5(v) from OP;_1(v) and so on. Hence we get OP;(v) from OP;;(v) V1 < i <
(k —1). Also we have OP;(u) = OP;(v). So, in a similar manner we get OP_1(u)
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Figure 4.2: Examples of finding O
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v =1001101001001100100
p =100

0P2(100,100) = 1

pisa pisa | |vly| PR(0.p) | SF(p) | B| 8 | v | MDy(p,p)
prefix of | suffix of

v? v?

v v 5 4 4 111 4 0P}(0100,1000) = 0
0P}(0100,1001) = 5
0P}(1100,1000) = 0
0P}(1100,1001) = 1

0010
001
100

=
o

0010
0011
0100 0P} =
0110
1001
1010
1100
1101

001
010
011
100
101
110

=
15

op} =

s 0 (<))
& w N & w N 010
h ok oA w N s 110

m ok Ak N os 011
o b o
ok, ko =~ 101

B O Rk & BN B e 0011
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Wk wo &0 s N 1001
» O O B B O B O 1010
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s W

N RN WWw W e

S

Figure 4.3: Examples of finding OP*1(p, q) from OP* where p = ¢ and p is both
suffix and prefix of v.

from OPg(u) and then we get OP;_s(u) from OP;_1(u) and so on. Hence we have

the result. O

Corollary 4.8. Let u,v € X* for some finite alphabet X, then OP) = OF} implies

for all mp g (u) = mp g (v).

Proof. By Theorem 4.3, Vi € {1, ...,k} we have OP? = OP? and by Lemma 4.2 we

have now my ) (u) = mp g (v). O

Corollary 4.9. Let u and v be two strings from X*. Then, OP;(u) = OP(v)

implies prefy_;(u) =prefy_1(v) and suffy_; (u) =suffy_; (v).

Proof. Lemma 4.2 and Corollary 4.8 together gives us the result. An alternative way

to prove it is to look for a p, ¢ € X*~! such that OP" ,(p,q) # Z O Py (ap, bq) Such
a,beX
p will be prefix of u. The same can be done with v and as O P, (u) = O Py(v) we shall

get the same prefix.
For suffix part, we need to look for again p,q € X*°! such that OP® |(p,q) #
Z O Py (pa, qb) Then ¢ will be suffix for both v and v. ]

a,bey’
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48 Chapter 4. Multiset of k-length Factors with Full Precedence Information

Lemma 4.10. Let u € ¥* and v, w € X* with v # w. Then,
OP!(v,w) + OP!(w,v) = |u|y|uly

Proof. The value OP(v,w) is the number of ways v appears before w in w, and
OP!(w,v) is the number of ways w appears before v in u. Together they form the
statement number of ways v and w occurs anywhere in u as an unordered pair which

is nothing but |u|, |u,. O

The above results are all necessary conditions of a given precedence information

to be valid but we have not arrived at any sufficient condition.

4.4 Reconstruction of u from OP;(u)

The reconstruction of a word from the multiset of its factors is already discussed in
Chapter 3. We have seen in the previous section that the same k-factor precedence
data of two words implies their k-abelian equivalence. We shall use the existing
algorithm to reconstruct a word from the multiset of factors and develop heuristics
to reconstruct a word from the factor precedence data of k-length factors.

The first step is to form the Rauzy multigraph from the given precedence data
which is straight forward from Lemma 4.2. We shall modify the Hierholzer algo-
rithm [22] discussed in [28] for finding all Eulerian paths (or cycles) in the Rauzy
multigraph. One way to find the reconstructions from k-precedence data is to scan
through all these strings in My, (u) and match the given k-precedence data. But that
may take exponential time complexity as we have seen in Chapter 3 that number
of reconstructions from k-length factor multiset can be exponential. Using the nec-
essary conditions of a matrix to be the k-precedence data of a valid string we can
modify the Eulerian path (cycle) finding algorithm. After forming the Rauzy multi-
graph from the given k-precedence data we can easily check in polynomial time if
there is an Eulerian path or not. Now from the k-precedence data we can find the
initial vertex of the Rauzy multigraph and then start removing one edge at a time

and at each step modify the precedence matrix accordingly. We can check for the
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4.4. Reconstruction of u from OPy(u) 49

validity of the precedence data using the necessary conditions. This process also may
take exponential amount of time in the worst case but it may perform better when

it is already known that |[My(u)| is exponential.

An interesting question is if there is any polynomial time computational proce-

dure to verify that a given matrix represents k-precedence data of some string.

To deal with this problem we have to look into the more basic problems of

reconstructing a word from 1-precedence data.

For any (n X n)-matrix M, if it corresponds to a string u such that OP = M

then from Lemma 4.10 it must obey:
Mi]’ a5 Mji =1; X Ifj where QM“ = t? -t (41)

But only having this property does not ensure the existence of such a string. For

example the matrix:

6 28 0
0 21 35
20 0 10

does not correspond to any string of length 16 and alphabet size 3.

But if we have any 2 x 2 matrix with the property mentioned above then it will

correspond to a string. It can be easily verified that the matrix of the form:

c A
B D

where 2C = a?> — a and 2D = b? — b, will be a 1-precedence matrix of the string
197P=1091097917 where p = |A/a] and ¢ = A mod a. A given r X r matrix M,
together with a lexicographically ordered set S of k-length strings with |S| = r, may
not correspond to any string s such that OPf = M, F; = S and |F| = r. We call

such a matrix invalid with respect to k and S.

An invalid matrix with respect to given k£ and S may also satisfy Equation 4.1.

One interesting question is how to compute in polynomial time if a matrix is invalid
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50 Chapter 4. Multiset of k-length Factors with Full Precedence Information

with respect to given &k > 1 and S. Answering this will immediately lead us to the
method reconstruction of a string s from OP(s) in polynomial time.

If we assume that a given matrix M is valid and there is a string s corresponding
to M, then the matrix OF;_, formed using M following the result given by Lemma
4.4. In case of an invalid matrix M with respect to a given k and S, the matrix
M’ if constructed using the same way OP;_; was made then M’ will be invalid with
respect to k—1 and S’ but may satisfy Equation 4.1 where S’ is the lexicographically
ordered set of (k — 1)-length strings constructed from S using Lemma 4.4.

To summarize this section, if precedence data is used as as extra check in the
process of reconstructing a string from its multiset of factors of lengths up to k, then
we shall get a better performance. But if we proceed to reconstruct a string from its
k- precedence data only, then exponential running time may arise as it is unknown
that if checking a validity of a matrix from the context of k-precedence data can the

done in polynomial time.

4.5 Permutation in Multiset with the Same Prece-

dence Data

For any two strings u and v, whenever we have OP;(u) = OP;(v), there is a per-
mutation involved in the k-tuple representation of u to obtain another k-tuple rep-
resentation which gives us v. But these permutations are of special kind apart from
being on a multiset. They also keep the precedence data identical in the elements
of the multiset. To get an insight about these permutations we consider the simple
case of K = 1. The following results gives sufficient conditions for a pair of strings to

have the same precedence data.

Lemma 4.11. If u,v € X" for some finite alphabet X and v = UU’ and v = V'V’
for some U, U, V,V' € X* such that OP,(U) = OP(V) and OP,(U’) = OP(V')
then OP(u) = OP;(v).

Proof. Consider any pair of symbols or 1-length strings s,r € Y. They occur in u

as an ordered pair in three different ways. These are
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(i) s,r are both in U,
(ii) s,r are both in U’,
(iii) s in U and r in U".

So, OP}(s,1) = OPY(s,1) + OPY' (s,7) + |U|s x |U'|,.

Similarly, OP}(s,7) = OPY(s,r) + OPY'(s,r) + |V|s x |V'|,. According to the
given conditions OPY(s,r) = OPY (s,7) and OPY'(s,7) = OPY'(s,r) and also from
Corollary 4.8 we have |U|; = |V|s and |U’|, = |V’|,. Hence OP,(u) = OP,(v). O

Lemma 4.12. If u,v € X" for some finite alphabet X' with u being in the form:
u = UOW1U1W2U2W3U3W4U4
and v is in any of the following forms:
(a) VoW3ViW{VaWiVaW3V, (¢) VoWsViW{VaW{VaW3Va,
(b) VoWsViW{VaW Vs W5 Va, (d) oWsVilW VoW Vs WiV
for some U;, Vi, W;, W! € X* and satisfying the following conditions:
(i) m(Ur) = ma(Us) (iv) O~ (U;) = OP(V;)
vie {0,1,2,3,4}
(i) ma(Wh) = ma(Wa)
(v) OP(W;) = O (W)

(iil) mq(Wy) = mq(W3) Vie {1,2,3,4}

then OP;(u) = OP;(v).

Proof. From the given conditions we have OP;(V}) = OP(Uy) = m1(Vy) = my(Uy) =
ml(Ug). AISO, O.Pla/é) = OPl(Ug) = ml(V},) = ml(U3). SO, we have

mi(Vs) = m(Us) = ma (V1) = ma(Uh) (4.2)
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52 Chapter 4. Multiset of k-length Factors with Full Precedence Information

Similarly from (i), (¢i7) and (v) we have

Now let,

u/ = W1U1W2U2W3U3W4
A LAAAAIA

where py,pe € {1,4} and ¢, ¢2 € {2, 3} with p; # pa, 1 # ¢o.
Let r,s € 2. Then

OPY(r,s) = OP/'(r,;s)+ Y OP"(rs)
=1,2,3 =1,2,3,4

+|W1|r< Uil + Y |W|>
i=1,2,3 i=2,3,4

1 |W2|r < |Uz|s + Z |Wz|s> + |W3|7'(|U3|s + |W4|s)
1=2,3 1=3,4

+ |UAly ( Uils+ Y [Wils ) + |Us], Wil
1=2,3 1=2,3,4

ﬂw{%wijg

i=3,4

:>OP“r5 ZOPV’TS—l—ZOPW’TS

1=1,2,3 1=1,2,3,4
+ [Whly 2loils + [va]s + [Wils + 2[Wal,)
+ [Walr 2uils + |v2]s + 2[Whls + [Wals)
+ Vil (loals + |vals + 2[Wals 4 2|Wals)
+ [Vl (lorls + [Whls + [Wals)
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Now,

OPY (r,s) Z OP/i(r,s) ZOPIVV‘;i(T,S)—FZOPfV‘;i(T,S)

1=1,2,3 1=1,2 1=3,4

Wil ( STVile+ Y Wl + r%u)
1=1,2,3 1=1,2
+ |Wp1|T (Z H/’L|S + |W};2|3 £= \Wt;‘s) + |W]£2|7"(|‘/3|S + |W(;2|3)

i=2,3
+ Vil (Z Vile + > Wy ls + W, )+|‘/3lr!Wq2!s
i=2,3 i=1,2

+ [Vl ([Vsls + [Whyls + +[We, )

= OPY (r, ) Z OP/i(r, s) Z OPYi(r, s)

i=1,2,3 i=1,2,3,4

+ [Wilr (ua]s + [v2]s + [Whls + 2| Wals)

+ [Wale (2vi]s + [v2]s + 2[Wals + [W2l,)

+ WValr (Jorls + [v2]s + 2[Wils + 2[Wal,)

+ [Valr (Jv1ls + [Wals + [Wals)

[Using the given conditions and Equations (4.2), (4.3) and (4.4)]

So, we have OP;(u') = OP;(v"). Again u = Uyn'Uy and v = Vo'V with OP,(Up) =
OP;(Vy) and OP;(Uy) = OP;(Vy). Applying Lemma 4.11 we have OP;(u) = OP;(v).

U

The smallest pair of strings which can be obtained by applying transposition to
another is of the form ab and ba. It can be easily verified that the smallest pair of
distinct strings having the same precedence data is of the form abba and baab. One
may see that the sufficient condition in Lemma 4.12 is inspired by this form. Again
conditions (iv) and (v) in Lemma 4.12 are recursive in nature. They allow chunks of
the string to be different but with the same precedence data. We consider the case

where U; = V;, W; = W/ for all i and define the following:
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54 Chapter 4. Multiset of k-length Factors with Full Precedence Information

Definition 4.13 (Mirror transposition). If u,v € X for any finite alphabet X' and
u is of the form:

u = UOW1U1W2U2W3U3W4U4

then v is said to be obtained by using mirror transposition if and only if v is in the

form:

V= U()qu U1Wp1 UQWP2U3Wq2U4

for some py,ps € {1,4}, ¢1,¢2 € {2,3} with p; # ps and ¢; # ¢» and U;, W; € X*
satisfying

(1) ml(Ul) = ml(Ug) (11) ml(Wl) = ml(W4) (111) ml(Wg) = ml(Wg)

One can observe that if v can be obtained by applying mirror transposition on
u and vice versa. We say u = v if and only if v can be obtained by using mirror

m

transposition on u. The relation = is reflexive, symmetric but not transitive. We
m

denote the transitive closure of the relation by =. Whether the two sets {v|v 2 u}
m m

and {w|OP,(w) = OP;(u)} for any arbitrary finite string  is true or not is still not

known.

4.6 Smallest Pair of Strings with the Same k-Precedence
Data

In Chapter 3 we have seen smallest pair of k-abelian equivalent strings have length
2k + 1. In this section our goal is find an analogous result for pair of strings having
same k-precedence data. In order to do so we need to understand the specific types
of permutation a string undergo such that the resultant string will have the same
k-precedence data. Pevzner [38] has shown that in order to achieve permutation on
strings keeping k-length factor multiset the same, we need to consider the (k — 1)-
tuple representation of a string. Motivated by Definition 2.2 we define the following

transformation:
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Definition 4.14 (k-mirror transposition). Let y and ' be two strings that can be

expressed as either of these four forms given below.

T(k:—l)(y) = Y121Y222Y321Y422Y521Y6 22Y721Ys822Y9

T(kfl)(y/) = Y121Yq1 22Y321Yp, 22Y521Ype 22Y721Y g0 22Y9

(1)

To-—1)(y) = y12Y22Y32Ya2Y62Y72Ys Yo

T(k—l)(y) = Y12Y22Y42Y52Y6 2YsZY9

(3%)
To-)(Y) = Y12Yq1 2Yp1 2Y52Yps 2Yas 2Yo
(410 Tie-1)(y) = Y12Y22Y12Y62Ys2Yy
Too-)(Y') = Y12Yq1 2Yp1 2Yps 7Y ZY9
where |z1| = |z2| = |2| = k=1, y; € ¥*, |y;| = ji(k — 1) for some non negative

integers j; Vi € {1,...,9}, p1,p2 € {2,8}, ¢1,q2 € {4,6} with p; # p2, 1 # g2 and

the following three conditions are also satisfied:

Lo my(T, 2 (229321)) = ma(T, 2 (22721)) and ma(Ty 2 (2y52)) = ma (T, (2972))

2. my (T (z1y222)) = mu (T (21ys22)) and my (T, (2922)) = mi(T; 2 (2ys2))

3. mu(Ti 2 (219az2)) = mu (T (219622)) and my (T (29a2)) = mu (T (2962))
Then the two strings y and 3 are k-mirror transpositions of each other.

k
We say u = v if and only if u is obtained by applying k-mirror transposition

on v or vice-versa. Here also the relation u m%r v is reflexive and symmetric but
not transitive. One can see that we have only taken into account transpositions
but not something analogous to rotation in Definition 2.3. As OPy(u) = OF(v) =
mp ) (u) = mp g (v) from Chapter 2, the effect of two rotations keeping suffix and
prefix of length (k — 1) the same, can be done using transpositions.

Now we have the definition of the k-mirror transposition we must establish that

such transpositions will keep k-precedence data of a string.
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Lemma 4.15. If u = v then OPy(u) = OP;(v).

mTr

Proof. Consider the first form in Definition 4.14. Let us denote
o Y = Tk(T(Z;l_l)(ylZl)), Xy = Tk(T(;l_l)(Z1y2Z2))
o Yo =T(Tl ) (2ay321)), Xo = Th(Tl ) (210a22))
o Y5 = Tk(T(zl,l)(Zws)Zl)), X3 = Tk(T(;l,l)<zly622))
o Y= Tk(T(;1_1)<Z2y721))7 Xy = Tk(T(;l_U(ZlySZ?))

o Y5 = Tu(Tlyy(2290))

Then
Ti(y) = Y1 X1Y2 X0 Y3 X3V, X4 Y5
Tk(y) = }GXglszngXthXmY})
where
1 ifpr=2 2 if g =4
fl = ) g1 =
4 ifpy =38 3 ifg=6

with fi1 # fo, 1 # 92, 1, f2 € {1, 4} and g1, 92 € {2,3}.
Consider the second, third and fourth form in Definition 4.14. Let us denote

oY= Tk(T(;il)(ylz)), Xy = Tk(T(;;)(Z?hZ))

Yy = Tk(T(zl,l)(Zy?)Z))a Xy = Tk(T(zil)(zy4Z))

Yy = Tk(T@l—U(Z%Z))a Xy = Tk(T(Zl—n(zyGZ))

Vii= Tu(Tyly(0r2)), Xo =TTt (20s2)

Ys = Ti(T(, Ly (210))
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Then we have

1 = Y1 X1 Yo Xo X3V, X, Ys
2" form in Definition 4.14 () LALT2A2A3 74245

Tk(y) = Slegly&XleﬁY;leS/B

Te(y) =V1X1XoY3X3X,Y:
3" form in Definition 4.14 () LA1A283A32405

Tk(y) = }/ng1Xf1}/éXf2X921/})

Ti(y) =YiX1XoX3X,Y;
4™ form in Definition 4.14 k() 14142434415

Tk(y) = Ya-XnglefQXQQ}%

where, fi, g1, fo and g5 is same as defined earlier.

Here all X; and Y; have length multiple of k as they form k-tuple representation
of y and 3. We can think of T}, (y) and T}(y’) as strings in the alphabet X, ) formed
by k-length factors of y or /. X; and Y; are substrings. Here y and 3/ takes the
form given in Lemma 4.12 and so OP;(Ti(y)) = OPi(Ti(y')) when we consider

Ti(y), Tk(y') € X . Hence we have OP;(y) = OP(y'). O

Let us denote the transitive closure of the relation by %r . We say TRy (u) = {v |
v ]% u}. Next few results will give us the minimum length of a string u to have
|TRk (u)| > 2.

Lemma 4.16. If y,y’ € X for some finite alphabet X with y # ¢’ and ¥/ is obtained

from y by applying k-mirror transposition of the first and third form in Definition

4.14 then |y| = |y/| > 3k + 2.

Proof. Let the length of both the strings is n. So, |T(x-1)(y)| = |Tk-1)(¥')| = (k —
Dn—(k—=1)+1) = (k—1)(n—k+2). In case of the first and third form in Lemma

4.14 we have y and 3’ are in the form

T(k_l)(y) = UU’ and T(k_l)(y) = VV/
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58 Chapter 4. Multiset of k-length Factors with Full Precedence Information

such that

m[l,k}(T(;il)(U)) = m[l,k](T(;lfn(V))

and

mun(Tely(U) = mpg(TRL, (V)

where,
(i) (1*'form)
U = y121y222Y321Ya 22, U = Ys21Y622Y721Y822Y9
V= Y121Yq1 22Y321Yp, 22, V' = Ys521Ypa 22Y721Y g2 22Y9

(i) (3" form)

U=y12yp2ysz, U = ys2ys2yszyy

V = ylzytnzyplzv V/ = y52yp22yqzzy9

We know from [40] if two strings are k-abelian equivalent then their minimum length
is 2k. So, Uand V will have minimum length (k—1)(2k—(k—1)+1) = (k—1)(k+2).
Similarly U’ and V’ will have minimum length (k£ — 1)(k + 2). So,

T = (K =1)(n—k+2) > (k=1)(2k +4)
. This means n > 3k + 2. O

Lemma 4.17. If y, ¢y € X for some finite alphabet X with y # 3 and ¢ is obtained

from y by applying k-mirror transposition of the second or fourth form in Lemma

4.14 then |y| = || > 3k + 1.

Proof. Let the length of both the strings is 1. So, [T(x-1)(y)| = |Tu-1)(¥')| = (k —
Din—(k—=1)+1) = (k—1)(n—k+2). In case of second and fourth form in Lemma

o8



4.6. Smallest Pair of Strings with the Same k-Precedence Data

99

4.14 we have y and 3’ are in the form
T—1)(y) = UzU" and Ti_1y(y) = V2V’
such that |z| =k — 1 and

muw(Toly(Uz2) = mpg(TL, (V)

and

M1,k (T(ZI_D(U,Z)) M1 k) (T(Zl_l)(zv/))

where |
(i) (2" form)

U =y12y22ys2ys, U = Ys2Yr2yszyo

V = 012Yq 2Y32Yprs V' = Ypa 2Yr2Yge 2o
(ii) (4thf07’m)

U=uwyizyozys, U = yszyszyo

V = 012Yq 2Ypr, V' = Ypo2Uga 2Yo

We know from [40] if the two strings are k-abelian equivalent then their minimum

length is 2k. So, Uz and zV will have minimum length (k — 1)(2k — (k — 1) + 1)
= (k—1)(k+2). Similarly U’z and 2V’ will have minimum length (k — 1)(k + 2).

So,

T = (k=1 —k+2) > (k-1)(2k +4) — (k= 1).

This means n > 3k + 1.

]

Theorem 4.18. If u € X" for some finite alphabet X with | Y] > 2 then |TRy(u)| = 1

VE> |2 +1
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Proof. If v € TRy (u) and v # u then v is obtained from applying atleast one k-mirror

transposition. From Lemma 4.16 and Lemma 4.17 we have at least 3k + 1 as the

length of the string such applying k-transposition on the string results in different

strings. Hence we can have the value of k at most L”T_IJ to have two different strings

in TRy (u). Hence the result follows.

]

Although it seems that for a given &k the minimal string pairs having k-precedence

data same is 3k+ 1 but we can find more than two pairs. For example these following

pairs of strings with length 31 have the same 10-length precedence data pairwise:

000000000 10 000000000 01 000000000 101010101 10 101010101 01 101010101
000000000 01 000000000 10 000000000 101010101 01 101010101 10 101010101
000010000 10 000010000 01 000010000 101101101 10 101101101 01 101101101
000010000 01 000010000 10 000010000 101101101 01 101101101 10 101101101
001000100 10 001000100 01 001000100 110111011 10 110111011 01 110111011
001000100 01 001000100 10 001000100 110111011 01 110111011 10 110111011
010010010 10 010010010 01 010010010 111101111 10 111101111 01 111101111
010010010 01 010010010 10 010010010 111101111 01 111101111 10 111101111
010101010 10 010101010 01 010101010 111111111 10 111111111 01 111111111
010101010 01 010101010 10 010101010 111111111 01 111111111 10 111111111

Table 4.1: Examples of string pairs (u,v) where OPyo(u) = OPio(v) and |u| = |v| =

31.
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Chapter 5

Separating Words and Discrepancy
Theory

5.1 Introduction

The well known separating words problem is to find the smallest DFA to distinguish
between two words of length < n. In this chapter we generalize the idea of separating
words by modular factor composition and introduce precedence data on modular
factor composition of a word. We show that precedence data on [-modular factor
composition can be same for two strings of length O(1*logn). The result is similar to
which is obtained using l-modular factor composition introduced in [57]. We also use
[-modular composition of words to find asymptotic value of the smallest [ such that

a [-regular hypergraph has non-zero discrepancy with respect to a partial coloring.

5.2 Separating Words Problem and its Motivation

When two very long input strings are provided, it may be very difficult to distinguish
them when they cannot be scanned together. While scanning a single string with
very little memory (an amount far less than what is needed to store actual strings) we
should look for certain key characteristics of the string that can fit into that amount

of memory. Then hope for the second string to not satisfy that set of characteristics
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62 Chapter 5. Separating Words and Discrepancy Theory

to achieve separation. Given two strings if there is a need to separate them repeatedly
one can compute certain characteristics with the help of large memory and based
on that a rule is formed such that one string satisfies that rule but the other do
not while they are scanned individually. Here the rule separates those given pair
of strings. From the point of view of theory of computation those rules can be a
grammar, a finite automaton, a Turing machine etc.

Deterministic finite automaton (DFA) has been studied in this regard since 1986
[17]. The famous question under in this context is: given any two strings of length
< n, how many states forming a DFA are sufficient separating them?

A Deterministic Finite Automaton (DFA) is a 5-tuple M = (Q, X, 6, qo, F'), where
@ is a finite non-empty set of states, 3 is a non-empty input alphabet, § : @ x ¥ — @
is the transition function, ¢y € @ is the initial state, and F' C @ is a set of final
states. The language accepted by an automaton is the set {w € ¥* | 5(%, w) € F},
where 4 is the extension of transition function & over strings. For further details on
this topic, we refer to [23].

Let u and v be two distinct finite strings defined over an alphabet ». We say
that an automaton, M, separates strings u and v if M accepts u but rejects v. Given
two distinct strings v and v, let dsep(u,v) be the number of states in the smallest
DFA accepting u and rejecting v. Separating words problem is inverse of classical
problem wherein we seek smallest string that can distinguish two DFAs say with m
and n states, which can be done by a m +n — 1 length string [51].

We consider the question of finding smallest finite automaton that separates or
distinguish string v from v. This has been studied earlier in the context of data
encoding in [27] and independently in [10,17,46]. Demaine et. al. [10] and Currie
et. al. [8] have also studied separating words by non-deterministic finite automaton
and by context free grammar, respectively. In [51], the improvement of upper bound
O(n?/® logg/ ®n) for separating word by deterministic finite automaton is mentioned
as an open problem. Consider for example, the DFA having three states shown in
Figure 5.1 that separates 0010 from 0100. It can be shown by considering all possible
DFAs having two states, that no DFA with two states can separate these two strings.

Observe that dsep(u,v) = dsep(v,u) as the complement of an DFA can be obtained

62



5.2. Separating Words Problem and its Motivation 63

Figure 5.1: DFA that separates 0010 from 0100.

by interchanging the accept and reject states. Note that there may be more than
one non-equivalent DFA with the same number of states that separates u and wv.

We define S(n) = g dsep(u,v). The separating words problem is to determine

ul,[v|<n
upper and lower bounds on S(n) [17]. Let w and v be two strings with |ul, |v] < n.

If || =1 (unary alphabet) or |u| # |v| then a DFA with O(logn) states is necessary

and sufficient that accepts u but rejects v, or vice versa [17].

It is shown in [10,17] that the size of alphabet does not affect S(n). In other
words, if Si(n) is the maximum number of states needed to separate two length-
n strings over an alphabet of size k, then Si(n) = Sa(n) for all & > 2. Thus, it
suffices to consider binary alphabet for analysis. Since the strings of unequal size
are easy to separate, similar to [10], we focus on strings of equal length and redefine

S(n) = max dsep(u,v).

lwl,|z|=n

Although S(n) has the best known upper bound O(n3 logs n), restricting DFA
to be reversible automaton gives us O(y/n) to be the best known upper bound [47]
found by Robson. A reversible automaton is a finite (possibly incomplete) automaton
in which each letter induces a partial one-to-one map from the set of states into
itself [41]. Vyalyi and Gimadeev [57] generalized the idea and used modular factor
composition of words and their scheme gives a lower bound on [ to be Q(n% log_Tl n)
needed to have different [-modular factor composition between any pair of n-length
strings. In the next section we shall discuss modular factor composition of a word in
a broader perspective. In Section 5.4 we shall introduce precedence data in modular

factor composition.
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64 Chapter 5. Separating Words and Discrepancy Theory
5.3 Modular Factor Composition of a Word

In this section we shall modify the definition of [-modular factor composition of a
word and relate it to k-abelian equivalence of words and use similar techniques as
used in [57] to find the minimal length of a pair of strings having distinct {-modular
factor composition. The l-modular factor composition used in [57] is a subset of the

[-modular factor composition we shall define in this section.

Let s € X" for some finite alphabet X with |X| > 2. The set F}} is the lexico-
graphically ordered set of distinct k-length factors of s. The set ¢F} is the subset of
Fy and is the set of all distinct £ length factors of s appearing at positions congruent
to a mod d. ¢F} is also lexicographically ordered. The k-length factor multiset of
s at positions with index congruent to @ mod d is expressed by the vector [¢M¢]

where [¢M:](i) is the frequency of F3(i).

Definition 5.1 ([-modular k-factor composition). For s € X" with |Y| > 2, then
the ordered pair
modj(s) = {([¢M;],4Fs) [0<a<d <1}

is said to be [-modular k-factor composition of the string s.

Lemma 5.2. If mod(v) = mod}(w) then mod'(v) = mod}(w) V1 < i < [ if and only

if w and v are [-abelian equivalent words.

Proof. Let w and v be [-abelian equivalent words. Then suff;_;(v) =suff,_; (w).

Let u be any string of length A such that 1 < h < [. Frequency of v in v as a

factor at positions congruent a mod d is denoted by 2|v],.

Let {Uy,...,U;} be the set of distinct [-length factors of v such that u is a prefix
of every U; Vi € {1,...,t}. Then we have,

¢
Ay, = ZZ|U|U1' + |v;vj41 ... Vjyn_1|, Where, j =n —((n —a+1) mod d) +1
i=1
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5.3. Modular Factor Composition of a Word 65

As ([AMP]4FY) = ([2MP], 4FP) we have

t
alwl, =) dlw

=1

v, + [wjwiiq ... wjin—1]s where, j =n — ((n —a+ 1) mod d) + 1

The smallest value of j is n — [ 4+ 2 when d = [. As, suff;_;(v) =suff_;(w), we
have 0011 .. Vjyn_1lu = [wWjwjy1 ... wjpn_1|. So, 4v], =2 |w|,. Hence we have one
side of the proof.

Conversely, if modl(v) = mod}(w) and mod(v) = modi(w) V1 < i < I then
we have (M4 EY) = (BMPLAFP) and (M]3 Fr L) = (M4 F2,) which

means v and w are [-abelian equivalent words. O

Corollary 5.3. If mod}(v) = mod}(w) and mod!_, (v) = mod}_, (w) then mod.(v) =
mod(w) V1 <i <1

Definition 5.4 (I-modular factor composition). If u € XY™ with |¥| > 2 then [-

modular factor composition of u is defined as:
mod; (u) = mod}(u) Umod,_,(u)

We say the two words u and v are [-modular abelian equivalent if and only if

mod;(u) = mod;(v)

Theorem 5.5. The lower bound of [ such that any two strings u,v € X" are not

l-modular abelian equivalent words is Q(n3 log & n).

Proof. We shall prove the result by showing the existence of a pair of binary strings
of length O(I?log!) being I-modular abelian equivalent.

Consider strings € {0, 1}™ such that every pair of string w, s will give us mod’ (w) #

mod, (s). Expressing mod}(w) for every w requires at most (@

there are @ possible choices of a,d with 0 < a < d <[ and for each of them the

logm) bits as

frequency of number of ‘1’s in the binary string w we may require at most logm

(41
%logm

bits. Those bits can express 2 different configurations. Also there are 2™

different binary strings. We need to attach an unique configuration to each such
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66 Chapter 5. Separating Words and Discrepancy Theory

string. In order to achieve that we need WIOgm > morl = Q(m% log_T1 m).

If m = WIOgm + 1 then we have a pair of strings w,s € {0,1}™ such that
mod;(w) = mod;(s). Here m = O(I*log1).
We shall have a prime number p such that | < p < 2l by Bertrand-Chebyshev

Theorem. Consider the operation on any binary string of length m,

‘1", iff ¢ = pj for some j € N and u; = ‘1’

‘0’, otherwise

The operation 7, results in another binary string 7,(u) of length pm +p — 1 and the
letter with index ¢ in 7,(u) is denoted as 7,(u);. Choose a, d such that 0 < a < d <.

The possible factors of length [ of 7,(w) are:
-1
{0'} U <U{0‘I1ol—q—1}>
q=0

0710'"77! is at position starting with index ¢ in 7,(w)
& 1is at position with index ¢t + ¢ in 7,(w)
So, 09107 is at position starting with index a + di in 7,(w)

< 1 is at position with index a + ¢ + di in 7,(w)

a+q+di,

—
p

& 1 is at position with index congruent to (a + ¢)p~* mod d in w

< 1 is at position with index nw

Solving for z in linear congruence px = (a + ¢) mod d,

here p~! is the modular inverse of p mod d

& 1 is at position with index congruent to (a + ¢)p~* mod d in s
a+q+di’ .
— i

& 0710777 is at position starting with index a + di’ in 7,(s).

< 1 is at position with index ns

Hence, ¢|7,(w)|gsr0i-a-1 = 47(8)|gar0i-a—1 Vg € {0,1,...,1 — 1} and it also ensures
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5.3. Modular Factor Composition of a Word 67

Hro(w)lor = &l7p(8)]or
We have, mod}(7,(w)) = mod}(7,(s)).
Now, gl7,(w)lgng-a-2 = Glmp(w)loaigi-o—1 = &l7p(w)lgarg-a-1 = gl7(w)]oa1g1-a-2
Vg e {0,1,...,1—2}.
Also, g7, (w)lo-1 =4 |7 (w)lo+a17p(w)or-11 = 27 (s) o +al7p(8)|o-11 = 27 () o1
Hence, mod;_,(7,(w)) = mod}_,(7,(s)) and so we have mod;(7,(w)) = mod;(7,(s))

with |7,(w)] = |7,(s)| = O(*log1). O

Theorem 5.6. If two words u,v € X", are not [-modular abelian equivalent, then

they can be separated by a DFA with O(llogn) states.
Proof. The trivial cases are:

(i) Hul, # lvl, for some factor w with |w| =1 or |w| =1—1

(it) “Llul, # " o], for some factor w with |w] =1 — 1

These two cases are already discussed in [57] except the scenario where ! |ul,, # L [v],
and |w| = [ — 1, which can be taken care of using same idea of construction of DFA
used in [57].

Non trivial case: |ul, # 4|v|, with |w| = or |w| =1 — 1 but |w| > d. Also
0 <a<d<1l—1. The inequality ¢|u|, # ¢|v|, can be captured by 0 < ¢ < b =
O(logn) with only one of the sides of the inequality is congruent to ¢ mod b. Let
|w| = k. The following DFA will accepts only those strings which have w as a factor
at positions congruent to a mod d with frequency congruent to ¢ mod b.
Let the smallest period of w is p and lem(d, p) = g.
Consider the DFA with states:

o q(i,j) forie{0,1,....b—1},5€{0,1,2,...,d—1}
e s(i,j) forie {0,1,...,b—1},5€{1,... k}

So, the number of states is (d + k)b = O(llogn). The starting state is ¢(0,0) and

the final states are
e q(c,j)Vje{0,1,...,d—1}
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o s(c,j)Vje{l,....k—1}
e s((c+1) mod b, k)

The transition function ¢ is defined by the following equations:

q(i,(j +1) mod d), if (a—1)+# modd

6(q(i,5),0) = q s(i, 1), if uy =0 and j = (a — 1) mod d
q(i,a), if u # 0 and j = (a—1) mod d (5.1)
Let r=j — (j mod d) + 1 and ¢t = (j mod d) + 1
. \
s(i,j+1), if ujp1 =0
q(i,(j +a) mod d, if u;yy # o and
5(s(i,j),0) = Uptlpyy - - uj - 0 # prefy(u) ¢ V5 € {1,2,....k— 1}
s(i,t) mod d, if uj41 # o and
\ Uplytq - .. uj - 0 = pref,(u) |
(5.2)
'q((i—i— 1) mod b, (k 4+ a) mod d), if g >k
s((i+1) mod b,k — g + 1), if g <kand o =up_g11
0(s(i,k),0) = q q((i + 1) mod b, (k +a) mod d), if g <k and o # up_gir
s((i+ 1) mod b,1), ifg=Fkandu, =0
\q((i%—l) mod b, (k+ a) mod d), if g=kand u; #o (5.3)

The DFA consists of b levels (denoted by first component of the states) and each
level has two parts (¢(i, 7) and s(7,5)). We call them ¢-part and s-part respectively.
So, each level has d + k states. When the DFA encounters an occurrence of u the

transition function takes the execution of the DFA to the next level modulo b.
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Equation 5.1 ensures that for each level the execution of the DFA goes from g¢-
part to the s-part only when it encounters the first letter of u from the input string
at positions congruent to a mod d. The other cases in Equation 5.1 ensures that the
execution of DFA moves in a cyclic way and stays in the ¢-part.

Equation 5.2 ensures after reading one occurrence of w in the string at some
position congruent to a mod d, the execution of DFA remains at states s(i, k) for
every level related to 7. Equation 5.2 also makes the transition function to take
care of the possible self overlapping nature of u and due to that the possibility of
encountering the prefix of u at some position congruent to a mod d. Equation 5.2 also
ensures that the execution of the DFA moves back to ¢ part in each level whenever
u is not read or no self overlapping is encountered at a position congruent to a mod
d.

Equation 5.3 handles the transition to from one level to the next level modulo b
from the states s(i, k). Reaching at states s(i, k), the execution ensures an occurrence
of w in the string at a position congruent to @ mod d. The next occurrence of u at
a position congruent to a mod d may not need the transition function to start from
g-part of the next level due to self overlap and small period of u. The transition

function is made to take care of this scenario by Equation 5.3. O]

Example 5.7. Let v = 1011 1011 1011 1011 10. Clearly smallest period of u is
p=4. Let d =3,a =2 and ¢ = 0,b = 3. Then in the Figure 5.2 we have the DFA
accepting the strings with u occurring A times as a factor at positions congruent to

a mod d where A is congruent to ¢ mod b.

5.4 Precedence data in Modular factor composi-
tion

Let s € X" for some finite alphabet X with |X| > 2. The number of ways a k-
length factor appears as a factor at positions congruent to a mod d before another
k-length factor of s at positions congruent to b mod d is expressed by the matrix

[(a,lf)lOPZ] where [(a’b”)lOPZ]ij denotes the number of ways the string ¢F;(i) appears
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Figure 5.2: DFA accepting strings which has 1011 1011 1011 1011 10 occuring 0 mod
3 times as a factor at positions 2 mod 3.
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5.4. Precedence data in Modular factor composition 71

before {F;(j) as a factor in s.

Definition 5.8 (I-modular k-factor precedence composition). For any string s € X"

with |X] > 2 the collection of ordered triplet:
premod;,(s) = {([, OP], aF%, 0 F3) [0 <a<d <1,0<b<d <1}

is said to be the l-modular k-factor precedence composition of the string s.

Theorem 5.9. For any two strings v and w,

premod;(v) = premod}(w) = premod’ (v) = premod} (w) V1 < k < I

Proof. From the given conditions we have

([ 0, 01@731)], (I)Flva éFz ) = ([(O,O%O,P;U]v észa (1]Flw)
= OP(v) = OPF(w)
= m[1,1] (U) = mpy (w)

)

= suff,_;(v) = suff,_;(w)

If 2,y € X* then the number of ways x can appear as a factor in v at a position
congruent to a mod d before y as a factor in v at position congruent to b mod d is
given by (a7bc)l]v|(x7y). Let {X1,..., X} be the set of distinct [-length factors of v such
that x is prefix of X; Vi € {1,...,t} and {Yi,...,Y,} be the set of distinct I-length
factors of v such that y is prefix of ¥; Vi € {1,...,r}. Now, let 1 < k <[ then

d d d d
wltlen =1 2 @il | + a@aon Ve <a|“"|x><v<b>|“'|y>
i€{1,2,..,t}
je{1,2,...,r}
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where o« =n — [+ 2, 7 is defined as v(a) = (d — ((« — 1 — @) mod d)) mod d and

!/
V= VaUqsq - - Up

"
UV = U102 ...0q+k-2

As mypy(v) = mpg(w), {X1,..., X} is also the set of distinct I-length factors of
w such that x is prefix of X; Vi € {1,...,t} and {Y3,...,Y;} be the set of distinct
[-length factors of w such that y is prefix of Y; Vi € {1,...,r}. So we have,

d d d d d
@l@ley =1 20 @@y | + o@ao ey + (a|w"|$ K v(b)lw/|y)
ie{1,2,...t}
je{1,2,....,r}
where

/
W = WaWet] - - - Wy

w” = W1V2 ... Wat+k—2
As ([, b)OPl] ) = ([(mb'f@P}U], F") we have

Vie{l,2,...,t}
d d )’ < )
(a,b>|w|(xi,yj) - <a7b)|w|<xi,yj) (5.4)
Vje{1,2,...,r}

Also as suff;_;(v) = suff;_;(w), we have v = w’. We also have

(@)OPi] o F) = (0tyOPY) laa) F1°)

d d
ol = alw

=

//’
xT

Hence we have the proof. n

Definition 5.10 (/[-modular factor precedence data). If u € X" then l-modular

factor precedence data of u is premod,(u). We denote it by premod, ().
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5.4. Precedence data in Modular factor composition 73

We say two words u and v are [-modular factor precedence equivalent if and only

if premod,(u) = premod,(v)

Theorem 5.11. The least value of [ such that for any two strings u,v € L™ are not

[-modular factor precedence equivalent is Q(ni logfTl n)

Proof. We shall prove the result by showing existence of a pair of binary strings w
and s such that their lengths is O(I*logl) and they are I-modular factor precedence
equivalent. Consider strings in {0, 1} such that every pair of string u and v will

1(14+1)(21+1)
%~ logm

give premod! (u) # premod’. Expressing premod’ (u) require at most
bits. Following the same argument as in Theorem 5.5 we have m = O(I3logl)
such that Ju,v € X™ with premod}(u) = premod}. Also in a similar manner as
Theorem 5.5 we shall choose a prime p such that [ < p < 2p we shall show that

premod;(7,(u)) = premod,;(7,(v)). Hence we shall prove the desired result.

We know the possible [-lenth factors of 7,(u) are given by:

{0} u (U{oqlol—q—1}>

q=0
For any 0 < ¢,r < [ we have:

d d d
(a,b)|Tp(u)|(oq1ol—q—1,or1ol—r—1) = (a+q,b+r)|Tp(u)|(1,1) = (a’,b’)|u|(1,1) and

d d d
(a,b)’TP(U>|(0‘1101—‘1—1,0’“10Z—T—1) = (a+q,b+r)|Tp(U>|(l,1) = (a’,b’)‘U’(l,l)

where, @’ = ((a+¢)p™') mod d and ¥ = ((a+¢)p~*) mod d with p~! is the modular

inverse of p mod d.

The condition premod)(u) = premod) (v) means (a,yb,‘ﬂu (1) = (a’,b’(;llv’(l,l) which en-

d d
sures that (a,b)’Tp(u)‘(oqlol*qfl,orlol*rfl) = (a,b)‘Tp(v)’(04101*‘1*1,0T101*T*1)'
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Number of 0"’s in 7,(u) at positions congruent to a mod d is given by

d—1 d—1
Z|Tp ’01 = <Z ’u‘l a Z palad > _'_ (Zf‘uyof(aalapvlad)> + <Z(ﬂU‘Og(G,Z,p,l,d)>
1=0 =0

(P

Here,

fla i p,ld) = [

P%ﬂ ifl>p—t
» where, t =(a—i+p—1) mod d

g(a,i,p,l,d) =

[%‘l—“q otherwise

For any 0 < ¢ < [ we have:

d—1 d—1
d d .
(a,b)|Tp(u)|(ol’0qlol—q71) = (Z (i,b’)|u|(171)'f(a7zapa l: d ) (Z 1b’ |U| [) 1) f a, Zapa l) d))

=0 =0
d—1
+ ( (3,b") |U|(01 ((Li,p,l,d))
=0
Similarly,
d—1 d—1
d d . d .
(a,b)‘Tp(v)l(ol7oqlol—q—1) = (Z (i,b')|U|(1,1)-f(aa%palyd)> + <Z (i,b/)|v\(0’1).f(a,Z,p,l,d))
i=0 1=0
d—1
+ ( (3,b") |U|01) g(a,z,p,l,d))
=0
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Also,
d—1 d—1
i 7o) (ga10-1-1 01y = (Z @ty f (b1, d) ) + (Z w il o) F (b, i,p,l,d))
1=0 =0
d—1
+ ( (i,b’?|u‘(170)‘g(b7i7p7l7d>>
=0
plul+p—1-0b plul+1—10
+ Z|U|1 ({ d - ]
and,

d—1 d—1
(a7bc)i|7—p(v>|(0q101—q—1701) - <Z a z |U| 1, 1 f<b727p7l7d ) + <Z a 1, |U|(10 b7iup)l7d)>

1=0 1=0

d—1
d .
+ (Z (i,b’)lU’(lyo)‘g(ba LD, l? d))
=0

plul+p—1-10 plul+1—5
il (| = [ =)

d d
premod’ (u) = premod! (v) ensures that (@) T2 (W ot a10-0-1) = (@) 70 (0) | (01 ga101-0-1)

d d
and (a,b)|Tp(u)|(oqlol—q—1,ol) = (a,b)|TP(U)|(OQ10Z—Q—1,OZ)

Let U - 0P = 7,(u) and V - 0P = 7, (u).
d d d d d
So, (a,b) |Tp(u)‘(ol ol) = (a)b) ’TP(U)|(OZ70l) + (a,é)’op’(ol,ol) "‘a‘Tp(U)‘ol X E|Op‘0l
d d d d
and s1m11arly, |Tp( >|(ol7ol) = (a,b)|7p(v)|(ol,m) + (a,z})|0p|(ol,ol) + (Vg X 5107,

where @ = (d — (p|u|) mod d + a) mod d and b = (d — (p|u|) mod d + b) mod d.

We can readily see that , ,[7,(w)] g g1y = (0|70 (V)] (gt oty 1f and only if {7, (U)] g1 o) =

d
(a,b) 7(V) ’(ol,ol)-
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Now,

d—1 d—

d
iy iy = (Z

1=

i
(%

d—1 d—
+ (

i=0 j=
+ (

+

Mi‘

(4,9) |U| (1,1)" f((l i pal7d) f(balapal7d)>

QU .
= o

d—1

(]

(Zyjc)l|U|(1,0)'f(av i7p7 la d)f(ba i7p7 la d))

0 j=
(d
i=0

(i,jc)l|U|(0 1) f(a i p7l7d) f(b,@,p,l,d))

~
- o
U

-1

_l_

(i,jC)lIU|(170)‘f(aa iypv l? d)g(bv i7p7 la d))

<.
Il
(=]

L IMT
- O —

d

1
Z (z,]c)l|U‘(0 0) f(a,z,p,l,d) f(b,Z,p,l,d))

(]

~

+
/—\O
SH

<.
= O
U

—1 d—1

(i,jﬁU‘(mo)'f(aa iypv l? d)g(bv i7p7 l? d))

=0

<.
Il
(=)

ML

(i,jc)l’U|(0 1) g(a,l,p, l>d) f(b7i7pa lvd>)

Q=
= O

d—1

(]

(i,jc)l|U‘(0 0)° g(a’ i p7l7d) f(b,'l,p,l,d)>
j:
d—

= O
U

-1

— °
<.
I
o
<.
I
o

(i,j§|U|(070)'g(av i7p7 la d)g(ba iap> la d))

Similarly, (a,b?lTp(V)l(ol,ol) can be expressed by substituting U by V' in the previous ex-
pression. Which again by using premod! (u) = premod’, (v), proves |Tp( W)y =

d
(a,b) |7(v)] (0L,00)"

Hence, we have shown that 3 w = 7,(u) and s = 7,(v) such that w,s € {0,1}"

with n = O(I1 log ) and premod,(w) = premod,(s). O
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5.5. Discrepancy of Hypergraph for Partial Coloring 7
5.4.1 Remarks

We have not found any upper bound on [ in terms of n such that for any two strings u
and v of length n we shall have premod,;(u) # premod,(u). An obvious upper bound
is Robson’s upper bound of O(y/n). Any improvement in the upper bound may give
us the improvement on the problem of Separating Words with DFA. Apart from
the relation with Separating words problem the structures mod,;(u) and premod;(u)
introduced by us have interesting properties related to k abelian equivalence of words.

They behave in quite similar way as my ) (u) and OPy j(u) respectively.

5.5 Discrepancy of Hypergraph for Partial Color-
ing
5.5.1 Definitions and Notations

Let (V,S) be a set system where V' = {v1,vs,...,v,} be a set of points and S =
{851, S, ..., S} be a collections of sets and S; C V Vi € {1,2,...,m}. We shall abuse
the notation and use v as {1,2,...,n}.

This set system gives us a hyper-graph with V' as vertex-set and S as set of
hyper-edges. We shall use (V,S) to mean both a set system and the corresponding
hyper-graph.

Definition 5.12 (k-uniform hypergraph). A hypergraph (V,.S) is called k-uniform
if S;] = & Vi € {1,2,....m}.

Definition 5.13 (k-regular hypergraph). A hypergraph (V,.S) is called k-regular if
every vertex appears exactly at k hyper-edges.

i.e if for a hypergraph (V,5)

o 1ifU¢ESj
(i, 5) =

0 otherwise,

7



78 Chapter 5. Separating Words and Discrepancy Theory

and Z 6(i,j) =k Vi € {1,2,...,n} then it is a k-regular hypergraph.
j=1

Let x : {v1,v2,..,0,} — {—1,0,1} be function which can be viewed as partial
2-coloring of vertices of the hypergraph (V,S) if x does not map to only 0. C be the
set of all partial colorings on {vy, va,..,v,}. A function x : {vy,vq,..,v,} — {—1,1}
can be viewed as total coloring of vertices of the hypergraph (V,S). Let Cr be the
set of all total colorings on {vy,vs, .., v,}. We can easily see that Cr C C.

For each subset S; of S, ideally not every v; will be in .S;. So Zvj cs. X(v5) gives us
the imbalance of partial coloring in each S;. This imbalance can be both in positive
and negative direction depending on either 1 or —1 is more in number respectively.
The value of this imbalance can be given as |-, cq x(v;)]-

For a given set system S, ma‘XSieslzijSi X(v;)| gives the maximum possible
imbalance of a set system with given partial color.

We define discrepancy of a hypergraph (V,S) with respect to a set of partial
colorings P C C by

Dp(V,S) = min max| Z

XEP S;eS
v; €ES;

We shall use Dp(S) to denote the discrepancy of the set system (V,.S) where V =
{1,2,...,n}. We say that the set system S on {1,2,...,n} have a perfect partial
coloring if Dp(S) = 0 i.e. there exists a partial 2-coloring y such that the number of
colors in each S; is equal. The following theorem gives us the necessary size of the

set system to have a perfect partial coloring in {1,2,...,n}.

Theorem 5.14. [54] If S be any set system on {1,2,...,n} and if

[Ja+ish <2

seS

then S always have a perfect partial coloring.

Non existence of perfect partial coloring on {1,2,...,n} is equivalent to having
Dc(S) # 0. The Theorem 5.14 does not give an estimate of the size of the set system

on {1,...,n} to have a non zero discrepancy. Roth [48] by his ;-theorem gives us
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5.5. Discrepancy of Hypergraph for Partial Coloring 79

a lower bound Q(ni) on discrepancy on arithmetic progressions on {1,2,...,n} for
total 2-coloring. The size of the set system is 0(y/n). D¢, (S) #0 = Dc(S) #0
but the converse is not true. So, there is no known lower bound on the number of

hyper-edges in a hypergraph for having non-zero discrepancy for partial 2-colorings.

log log k

Tog bog logk) sized set

For k-uniform hypergraphs it has been shown in [2] that €(

system is enough for having non zero discrepancy with total 2-coloring.

5.5.2 Relation with Modular Composition

Let n be a positive integer which expresses the length of the each equal length strings
u and v. We denote the set of first n positive integers by [n]. A finite arithmetic
progression on [n] is denoted as AP, (a,d) where the arithmetic progression looks

like {a,a +d,a+2d,...,a+ |"52]d}.

Theorem 5.15. The set system APC(k,n) = {AP,(a,d) | 1 <a < d < m} forms
a k-regular hypergraph on [n].

Proof. Let any number ¢ € [n] can be written as i = x + sd = y + rd for some
1<z,y<d<kanduzy,s r €N. Thenlet x > y which means z—y = d(r—s) > 0.
But that is not possible since d > z,y — d >z —y = d(r—s) >z —y.
Hence ¢ can be uniquely written as x 4+ sd when x and s are variables and =z < d.
In APC(k,n) there are exactly k options to choose from for every entry in [n]. So,
every entry in [n] occurs at exactly k sets in APC(k,n). Hence APC(k,n) forms a
k-regular hypergraph on [n]. O

Robson used permutation machine for separating binary words. The idea was to
look for odd number of ‘1’s at certain subsequence of two words. The elements of
the subsequence formed arithmetic progressions. An extension of that idea is to look
for total number of ‘1’s in certain arithmetic progressions related to these strings.

Here we shall show that the problem of finding non zero discrepancy with respect
to partial colorings to a hypergraph of the set system APC(k,n) can be reduced
to an instance of finding distinct k-modular compositions for every pair of n length

strings and vice versa.
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80 Chapter 5. Separating Words and Discrepancy Theory

If we consider two n length binary words and write one above another then we
can think of them as a collection of n 2 x 1 matrices. Each of them would be from

the column vectors of the following matrix:

1 000
0100

If we treat [0 1]* as —1, [1 0]* as 1, both [0 0]* and [1 1]* as 0 then for a certain
set of arithmetic progression A in two words, the number of ‘1’s are same in every
arithmetic progression means we have a perfect partial coloring x on A or D, (A) = 0.

Now the question is - what is the lower bound and upper bound on m such that

De(APC(m,n)) > 07

We have have one mathematical confirmation that if

IH1+%Y>2W

i=1

then existence of a perfect partial coloring is not guaranteed for APC(m,n).

Lemma 5.16. Let APC(m,n) be a set system on [n] then there exists m € 0(13{;)
such that De(APC(m,n)) > 0.

Proof. Robson [47] proved that there exists an arithmetic progression A € APC(m,n)
where m € O(%) such that number of ‘1’s in two arbitrary same length binary
strings will be different at the positions given by A. In fact he proved more specifi-
cally that number of ‘1’s in one string will be odd and in another will be even. This

proves the discrepancy D¢(APC(m,n)) > 0. O

Lemma 5.17. Let APC(m,n) be a set system on [n| then De(APC(m,n)) > 0 if

meQ(Jga.

Proof. In the first part of the proof of the Theorem 5.5 we have seen that to for any
pair of strings u, v € {0, 1}" with mod}(u) # mod!(v), [ has to be in Q < L ) It

logn
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also means for any partial coloring x € C D¢(APC(m,n)) > 0 if m € Q ( lngLn>'
[

5.5.3 Generalization to Arbitrary Alphabet

Although the idea of discrepancy in arithmetic progression can be used to separate
binary strings the idea can be used to separate words from any alphabet.

Let X be any alphabet and u,v are two strings with the same length. Now for
each letter ¢ € X and again consider a 2 x n matrix h where h{""(1,i) = 1 iff
u(i) =‘c’ and v(i) £ ‘¢, h{"(2,4) = 1 iff u(i) #% and v(i) =‘¢’, h{(1,4) =
0,h§“’”)(2,z') = 0 for all other cases. Once we have the matrix A" then we can
proceed as before and finding perfect partial coloring on the sequence Hc(u’v) where
HMY (@) = 13 h(1,4) = 1 and A(2,4) = 0, H™Y (i) = —1 iff h"V(1,4) = 0
and A""(2,4) = 1, H") (i) = 0 for all other cases. Finding a perfect partial coloring
in arithmetic progressions in H™" will ensure that there are same numbers of ‘¢’ in

u and v at indices given by those arithmetic progressions.

5.5.4 Remark

In this chapter we have used the existing result of the separating words problem
to find the condition on the set systems to have non zero discrepancy with respect
to partial colorings. Any arbitrary problem of finding non zero discrepancy with
respect to partial colorings will be helpful to formulate instance of separating word
problem if the set system can be made in such a way that every set from the set
system contains the elements from the set of points in a "regular” way. By "regular”
we mean that the set builder rule for constructing the set system must be in a form
such that a DFA can capture it. Any further improvement of such the lower bound
on Lemma 5.17 will automatically result in an improvement in the separating word

problem.
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Chapter 6

Summary and Related Open

Problems

We have investigated factors, more specifically multiset of factors upto length £, that
is my1 g (u) of a string wu.

A string u can be reconstructed from mp x)(u) ambiguously.. If the reconstructed
string is not u then that reconstructed string is called k-abelian equivalent to u or
an ambiguous reconstruction of u from mp g (u).

In Chapter 2 we have proved that it is enough to check k& and (k — 1)-length
factor multisets of two string to identify if they are k-abelian equivalent or not.

In Chapter 3, it is shown that the reconstruction of w from mp ) (u) is similar to
the process of reconstructing u from the multiset of k-length factors of u. We have
also shown the relation between the number of different ambiguous reconstructions
using these two methods. We give the lower bound of maximum number of ambiguous
reconstructions of any string for £ = 2. For the special value of k = L%J, the
maximum number of ambiguous reconstructions of any string is proved to be three.

In this context we can have a look at the following open problem:

Open Problem 6.1. Given an alphabet X where |Y| = a and a string length n

with a factor size k < n find max |Mj ()| in terms of n, k and |X.
ueln

Although BEST theorem and subsequently Theorem 3.2 gives us a way to

enumerate the reconstructions from mp x(u) it does not give the asymptotic formula
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84 Chapter 6. Summary and Related Open Problems

in terms of n and k. If we consider a particular kind of graph then we may look
for an asymptotic formula of the enumeration having some properties of the graph
as parameters. For example McKay and Robinson in [35] found the asymptotic
number of eulerian cycles in the complete graph. Isaev found in [26] asymptotic
number of Eulerian circuits in complete bipartite graphs. The asymptotic number
of eulerian cycles in a de Brujin graph G} on binary alphabet is known [9] to be
2F=1 — k. In [36] we get efficient randomized schemes to sample and approximately
count Eulerian orientations of any Eulerian graph. Also in [37] there is mention of
maximizing the number of aorborescences for graphs. The author has kept it as an
open problem for general multidigraph. This direction may give us the idea of what
kind of strings have maximum number of reconstructions.

In Chapter 4, a generalisation on k abelian equivalence of words has been intro-
duced. We can look my; ;) as different factors upto length % of the string u and the
number of ways each them can be in the string u as factors. By k-factor precedence
data of a string u we mean different ordered pairs of k-length factors of the string
u and for each of them the number of different ways the first component occur as a
factor before the second component as a factor in the string u. Different properties
of k-factor precedence data were investigated. The question of reconstruction of a
word from its k-factor precedence data has however remained a topic for further

investigation. We present an open problem in this context:

Open Problem 6.2. One can represent the 1-factor precedence data or precedence
data of a string s by the matrix OF; together with the ordered set F} of different
letters forming s. So, is there any polynomial time algorithm that can identify
whether for any given n x n matrix M, with n > 2 and an ordered set F' of n letters,

there is a string v such that OP = M and F} = F7?

We have tried to characterize the special type of permutations on a string wu,
that yields k-factor precedence equivalent strings. For a special subclass of such
permutations it is proved that two different strings needed to be of length at least
3k 4 1 such that one can apply that kind of permutation to obtain one string from

the other. On this note we present two open problems:
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Open Problem 6.3. If OF;(u) = OP(v) then is it guaranteed that v can be

obtained from u by applying one or several k-mirror transpositions?

Open Problem 6.4. Is there any example of a pair of different strings u and v with

lu| = |v| < 3k + 1 if OPy(u) = OPy(v)?

In Chapter 5, we have modified another generalization on k-abelian equivalence
of words. [-modular factor composition of a string u is the union of multisets of
factors of length up to [, which occur at u as factors at positions with congruent to a
mod d with 0 < a < d < [. We have investigated in different properties of l-modular
factor composition of a word and its relation with k-abelian equivalence of words.
We extended this idea to get yet another generalisation named [-modular factor
precedence composition of words. This composition of a given string u is the set of
ordered pairs of [ length factors of u occurring as factors of at positions congruent
to a mod d with 0 < a < d < [ and for each of them the number of different ways
the first component occur as a factor before the second component as a factor in
the string u. We have found an upper bound on the least length needed for a pair
of strings to have the same [-modular factor precedence data. In this context we

present another open problem:

Open Problem 6.5. Is there any improvement on I = O(y/n) such that mod;(u) #

mod;(v) or premod,(u) # premod,(v) for any pair of strings v and v of length n?

This problem is directly related to the famous open problem in the context of

separating words problem. We also mention that problem:

Open Problem 6.6. Is there any better upper bound than O(n3 log%(n)) in the

least number of states in a DFA separating any pair of strings of length n?

We already know from Chapter 2 that if mp x(u) = mpx(v) then u and v are
k
said to be in the same class generated by equivalence relation =on set of all strings.

In a similar manner, let us define the following relations:

prec

o (p%c> We say for two strings v and v, u = if and only if OPy(u) = OFy(v).
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o <m%od> We say for two strings u and v, u W%d v if and only if mody(u) = mody(v).

remod remod
° (p = ) We say for two strings « and v, u ! = v if and only if premod, (u) =
premod, (v).

From Chapter 4 we have u m%r v if and only if u can be obtained from v by applying

one or several k-mirror transpositions.

In general let two strings are related by Rj where the nature of the relation
depends on the value of k. Let s(u,v) = minimum value of k such that uRyv. By
uR,v we mean u and v does not belong to the same class formed by the relation
Ry on set of all strings. Also S(n) = max s(u,v). In Table 6.1 we summarize

ul<n,|v]<n
different compositions of strings based on its factors.

| Relation R, | Lower bound on S(n) | Upper bound on S(n) |
k n n
= 5] +1 5] +1
Ed S EE-
== =1+ no precise bound known I
= |55+ 1

3
g

no precise bound known f

no precise bound known

S
a
=[5 | =l
Qo
&
L N N
S
3
N N
*

*Results proved in this thesis.
1Best upper bound is L%J -1
TBest upper bound is Robson’s bound O(y/n).

Table 6.1: Comparison of different compositions of strings based on their factors
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