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ABSTRACT

The main objective of this thesis is to develop high-order numerical schemes for the
various simplified models that approrimate Mazwell’s equations involving the curl and
divergence operators. In these problems, one has to deal with vector-valued function
spaces H(div) and H(curl), which offers many consequences for the numerical tech-
niques as a whole. The collection of the existing literature has suggested that finite
element methods (FEMs) are one of the most accurate, efficient, and reliable approxi-
mation schemes in scientific computing due to their significant applications for real-world
physical phenomena. Besides these advantages, the limited choices for the approximating
spaces, underlying finite element partitions, low global reqularity of the exact solutions,
and interfaces having geometric singularities compromise the consistency of classical
FEMs. So, there is still a scope to design cost-efficient higher order methods for H(div)
and H(curl) problems for the general polygonal/polyhedral meshes. In an implemen-
tation, the finite partition which allows arbitrary shape elements provides additional
flexibility in numerical methods and mesh generations such as general hybrid meshes,
polygonal/polyhedral meshes, and meshes with hanging nodes. In recent years, newly
developed weak Galerkin finite element methods (WG-FEMs) and least-squares weak
Galerkin finite element methods (LSWG-FEMs) are much more appreciated in compu-
tational fields to solve different kinds of partial differential equations (PDEs). In this
thesis, high-order accurate weak Galerkin finite element schemes to the PDEs having
curl and divergence operators on the general polygonal/polyhedral domains have been
designed and further, the convergence analysis is also extended for grad-div and curl
curl-grad div interface problems with non-homogenous jump conditions. An additional
attempt has been made to improve the order of convergence for the WG-FEMs. For this
purpose, the least-squares weak Galerkin finite element approximations have been per-
formed on a system of equations. The theoretical analysis of high-order convergence for
the system of equations with polygonal/polyhedral meshes and meshes with hanging nodes
adds more challenges than one could imagine. The first problem in this thesis deals with
high-order WG-FEMs for H(div)-elliptic problems with variable physical parameters.

The key feature of this approach is that the usual divergence operator is approximated
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by its weak form as distributions for generalized functions. The optimal order error es-
timates in discrete H' and L? norms are established with weak Galerkin approzimation
space ([Pk(T)}d, [Pk(aT)}d, Pk_l(T)>, where d = 2,3, k > 1 is an integer and T is an
arbitrary shape polygonal/polygonal domain. The next problem considers the WG algo-
rithm for the H(curl)-elliptic problems with variable physical coefficients in the general
polygonal/polyhedral domain. The proposed algorithm is based on the discrete weak curl
operator with appropriately defined stabilizations that enforce a weak continuity of the ap-
proxzimating functions. The optimal order error bounds for discrete energy and L? norms
are holds for the weak Galerkin space <[Pk(T)}d, [Pk(aT)}d, [qu(T)]?d_?’). The third
problem concerns the weak Galerkin finite element methods for the H(curl, div)-elliptic
problems. In most of the existing literature, the well-posedness of div-curl models has
been established with the help of two or more additional penalty terms, but this study
jJustifies the uniqueness of the WG algorithm with one extra stabilizer term, which re-
duces the computational cost significantly and simplifies the weak formulation. The op-
timal order convergence for both H' and L? norms have been discussed with WG space
([Pk(T)]d, [Pk(aT)}d, [Pr—1(T)]2%3, Pk_1(T)). Next, the focus has been shifted to
study some interface problems due to their more practical relevance in various physical
phenomena. The WG algorithm requires special treatment near the interface because
of discontinuities in the exact solution and corresponding flux variables. In the fourth
problem, the high-order weak Galerkin finite element methods for the H(div)-elliptic
interface problems with non-homogenous jump conditions have been studied. Then at-
tention has been paid to discuss the WG algorithm for the H(curl, div)-elliptic interface
problem with non-homogeneous jump conditions. The optimal order error estimates with
respect to discrete energy and L? norms for the both aforementioned interface problems
are derived with suitable weak Galerkin spaces. Further, from the previously existing
work one can predict that super-convergence error bounds can be derived from the least-
square techniques. In the sixth problem, the development of least-squares weak Galerkin
finite element methods is discussed for time-harmonic Maxwell’s equations. The super-
convergence of order one is achieved for the discrete energy norm. Finally, LSWG-

FEMs have been studied for Maxwell’s equations. For the discrete energy norm, the

xi
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super-convergence of order one has been derived for the proposed algorithm.

Several numerical experiments have been performed to justify the accuracy, efficiency,
flexibility, and robustness of each proposed algorithm. All the mesh generations and

computations are carried out by using MATLAB software.

X1l
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Introduction

Electromagnetic phenomena are very pivotal in most modern technologies. The design
and analysis of numerical schemes for electromagnetic field models are major concerns
in numerical mathematics and scientific computing. In electromagnetism, the governing
spatial partial differential operators are mainly the curl and divergence operators. As
a mathematical foundation of electromagnetism, the well-known Maxwell’s equation is
the set of partial differential equations in terms of these two operators [31]. The nu-
merical solution of the full system of Maxwell’s equations can be extremely expensive
in terms of computer time. In some cases, however, it is possible to use a simpli-
fied model which approximates Maxwell’s equations in some sense and which can be
solved in a more economical way. The main purpose of this thesis is to develop and
inspect the high-order weak Galerkin finite element methods (WG-FEMs) for various
Maxwell’s equations in polygonal/polyhedral meshes. Several numerical experiments
in two-dimensional (2D)/three-dimensional (3D) have been described and analyzed to
establish the efficiency of WG-FEMs in scientific computing. Our numerical results
broadly cover the scope of various applied problems under one umbrella, including dis-
continuous coefficients, variable coefficients, and meshes with hanging nodes, aiming to

fill the gap in the existing literature.

1.1 Modeling Framework

Maxwell’s model equations are one of the most important phenomena in modern physics.
Maxwell’s equations were first introduced in 1861, which leads to the theoretical exis-
tence of the electromagnetic (EM) wave, especially after the first ever experimental
observation of the EM wave in 1886 by Hertz. The construction of these equations
is the fundamentals of light communication, photonics, wireless communication, fluid-

structure interactions, and so on. Further, it is discovered that Maxwell’s equations

1
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are also very useful to understand the theory of optic sciences and the power output
of nano-generators. The theory of EM waves is a direct result of Maxwell’s equations,

which is our general understanding of their practical implications. One of the greatest
aD
ot
in Ampere’s law, in order to satisfy the conservation law of charges, which resulted in

creative ideas by Maxwell in 1861 was the introduction of displacement current,

the unification of electricity and magnetism, where D is called the electric displacement

vector, based on which Maxwell proves the equivalence of electricity and magnetism.
In mathematical formulation, the fundamental governing equations of electromag-

netism are Maxwell’s equations, which are encountered in the form of coupled magnetic

and electric equations given by

Faraday’s law: V X E = —iwb in ),

(1.1.1)
Ampere’s law: V xH =1iwd+jin Q,
with the constitutive relations:
d=¢E, j=0E+j. and b= pH, (1.1.2)

where 0 C R%(d = 2,3) is a bounded polyhedral domain with a Lipschitz continuous
boundary 0€2. Here, E is the electric field intensity, b is the magnetic flux density, H is
the magnetic field intensity, d is the electric displacement flux density, j is the electric
current density, 11 = {p;;(x) }axa is called permeability, j. is the external current density,
o is real-valued and is known as the electric conductivity, and € = {€;;(x)}axa is the

material parameter which is called permittivity.
Combining the above three equations, we get

VxE = —iwuH in 2,
(1.1.3)
VxH = iweE+cE+j. in (),

where w is a constant in the domain 2.
For the electric field intensity E, we first apply the differential operator V x p~! to

the first equation in (1.1.3), and then use second equation to obtain
V x (u'V x E) = (w?e — iwo)E — iwj, in Q. (1.1.4)

For the magnetic field intensity H, we apply V x (iwe + o)~! to second equation in

(1.1.3), and then use first equation to obtain

V x ((iwe +0)'V x H) = —iwpH + V X (iwe + )" 'j, in Q. (1.1.5)
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Above equations (1.1.4)-(1.1.5), involving curl-curl operator, are known time-harmonic

Maxwell equations for E and H, respectively.
In electromagnetism, the governing spatial partial differential operators are mainly

the curl operator and the divergence operator. The models related to these operators

are H( div)-elliptic, H(curl)-elliptic and H(curl, div)-elliptic problems.

1.1.1 Problem Description

In this subsection, we introduce various Maxwell problems that are to be studied in this
thesis. It also contains a brief overview of the occurrence of these problems and their

applications in the fields of science and engineering.
H(div)-Elliptic Problem: In this thesis, we consider a H(div)-elliptic problem of the

form

—V(@V-p)+9p = finQ, (1.1.6)
p-n = Oon 09, (1.1.7)

where Q@ C R? (d = 2,3) is a bounded polygonal /polyhedral domain with Lipschitz
continuous boundary 02 and i stands for outward unit normal vector to the boundary
0. Further, we assume that « and 7 are uniformly positive coefficients in L>°(£2), and

f:QcCRY— [L2()])4 is the given source function.
H(div)-elliptic problems are ubiquitous in solid as well as fluid mechanics (cf. [8, 10,

65, 107]). H(div; Q)-elliptic problems like (1.1.6)-(1.1.7) arise from, e.g., the first-order
system least-squares formulation of second-order elliptic problems [25], the stabilized
formulations of the Stokes equations [21], preconditioning for the mixed methods using a
gradient formulation of the Dirichlet problem [4], or the implementation of the sequential

regularization method for the nonstationary incompressible Navier-Stokes system [95].
H(curl)-Elliptic Problem: Let Q € R? (d = 2, 3) be a bounded polygonal /polyhedral

domain with Lipschitz continuous boundary 9f2. The H(curl)-elliptic problem reads as
Vx(BVxp)+yp=1£finQ (1.1.8)

with Dirichlet boundary condition
pxn =0 on oS (1.1.9)

Here, f € [LQ(Q)}d, v is a d x d positive constant matrix, and 3 is a (2d — 3) x (2d — 3)
symmetric matrix with the assumption that there exist two positive constants A\, A > 0
such that A(*¢ < ¢'B¢ < A for all ¢ € R?*=3. Further, 7 is the unit outward normal
vector to 0f).
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When ~ > 0, the semi-discretizations of the electric fields in time-dependent Maxwell
problems are closely related to (1.1.8)-(1.1.9). Specifically, problems such as (1.1.8)-
(1.1.9) must be solved at each time step for the eddy current model, which arises from
Maxwell’s equations as a magneto-quasi-static approximation by dropping the displace-
ment current (see, e.g., [14, 22, 48|). [ denotes magnetic susceptibility in this context,
while «y relates to conductivity. The boundary condition (1.1.9) represents walls that
conduct electricity properly. For v < 0, model problem (1.1.8)-(1.1.9) is associated with

the time-harmonic Maxwell equations (see, e.g., [17, 19]).
Time-Harmonic Maxwell’s equation: In this study, we consider the classical time-

harmonic Maxwell’s equation with a perfectly conducting boundary, which seeks the

unknown electric field function p that satisfies

Vxu'Vxp) —7e¢p = g inQ, (1.1.10)
pxn = 0 on 0%, (1.1.11)

where Q C R? (d = 2,3) is bounded polygonal /polyhedral domain with Lipschitz con-
tinuous boundary 0€2. Here, the relative magnetic permeability and electric permittivity
are considered in the vacuum, i.e., (u, ! = €, = 1). The source term g € [L*(Q)]¢. In
order to establish the well-posedness of the aforementioned problem, we assume that
wave number v > 0 which should not be the eigenvalue of Maxwell’s system (more

precisely, 7y is not an eigenvalue of the differential operator £: V x (V x p)).
The time-harmonic Maxwell’s problems are often encountered in several engineering,

electromagnetic, telecommunications, medicine, biology, and defence phenomena such as
frequency single, antenna designs, radar, satellite modeling, nano-photonic devices, the
detection of hidden targets, micromodel design, and medical imaging. For an extensive
discussion on the applications for time-harmonic Maxwell’s equations, please see [17, 19,
68, 99].

H(curl, div)-Elliptic Problem: The H(curl, div)-elliptic problem is given by

Vx(BVxp)—aV(V-ap)+yp=1f in Q, (1.1.12)
pxn=0, V-ap=0 on 0, (1.1.13)

where Q@ C RY (d = 2,3) is a bounded polygonal/polyhedral domain with Lipschitz
continuous boundary J€2. Let f € [LZ(Q)}d, v is a d x d positive constant matrix, « is
a d X d symmetric matrix with the assumption that there exist two positive constants
A, A > 0 such that A(*¢ < ¢fa¢ < X('¢ for all ¢ € R? and 8 is a (2d — 3) x (2d — 3)

symmetric matrix with the restriction that there exist two positive constants 6, 8 > 0
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such that 0C'¢ < ¢*B¢ < O¢CHC for all ¢ € R?*3. Further, i is the unit outward normal

vector to 0f).
Equation (1.1.12) is highly generic, as it applies to a vast array of models in numerous

physical phenomena involving div and curl operators. The physical problem referenced
by (1.1.12) encompasses several model problems in the fields of electromagnetism and
fluid-structure mechanics in heterogeneous/homogeneous media (cf. [15, 31, 43, 100,

102, 109, 110, 112]).
Maxwell’s Equations with Lagrange Multiplier: We can relate (1.1.12) with vector

potential Maxwell model problem as given below (cf. [50])
Vx (BVxp)+yp=Ff & V-(ap)=0in Q. (1.1.14)

To relax the divergence condition, as usual, we introduce a Lagrangian multiplier ¢;

hence, we consider the following general system (cf. [37])

VX (BVxp)+yp—aVg=Ff & V- =g in (),
(BV xp) +9p — aVq (ap) =g in (1.115)

pxn=0 and ¢=0 on 0.

H(div)-Elliptic Interface Problem: Given a polygonal/polyhedral domain Q C
R? (d = 2,3) with a Lipschitz continuous boundary 9 and a closed smooth inter-
face I' which separates ) into two non-intersecting open sub-domains §2; and 5 (see,
Fig. 1.1.1 for an illustration) having different physical properties. In this thesis, we

consider following H(div)-elliptic interface problem:

—V(aV -p)+yp=1f in Q, (1.1.16)
p-n =0 on 09, (1.1.17)

with non-homogeneous interface jump conditions

[avp] = ¢OH Fa
P-m = ¢ onl.

(1.1.18)

Here, notation n stands for the unit outward normal vector to I' or the unit outward
normal vector to J2. For vector-valued function v, we denote [v - 1] := v-n|q, —v-n|q,

and for scalar function v, we denote, [v] := v|q, — v|q,. Further, f € [L%Q)}d and

aq n Ql,
a = (1.1.19)
(0] n QQ,
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is a discontinuous function with assumption that there exist two constants «, @ with
0 < a < asuch that a < a < @ ae. in Q. Along with this, we consider v to be

piecewise positive constant, i.e.,

in
o= ' (1.1.20)

Y2 in

Figure 1.1.1: Domain 2 and its subdomains €2, Qy with interface I' in R? (left) and
R? (right).

Interface problems occur in various fields of applied sciences such as electromagnetic
spectrum field, bio-medical models, and coupled thermoelastic theory. Most of the
phenomenon arises in fluid dynamics and hydrodynamic fields are governed by partial
differential equations with discontinuity in the physical coefficients along the interface.
H(div)-elliptic interface model (1.1.16)-(1.1.18) can be obtained from the least-square
formulation of the system of the elliptic interface models [24], gradient formulation of
saddle point elliptic interface problems by using mixed finite element methods [72, 115]

and regularization technique for the non-stationary Navier-stokes models [60, 94].
H(curl, div)-Elliptic Interface Problem: We consider a H(curl, div)-elliptic interface

problem in Q = Q,UQ, € R? (d = 2, 3) filled with different anisotropic non-homogenous
physical properties i.e., permeability and permittivity of the materials in the case of
electromagnetism are discontinuous along the interface I' = ; N Qs (cf. Fig. 1.1.1).

The second order H(curl, div)-elliptic interface system is read as follows:

VX (BVxp)—V(aV-p)+yp=1{ in Q,
V-p=0, xn=0 011,

P prr=1on (1.1.21)
pxnl=p, [(BVXxp)xn=x on I,

pP-n=¢ [aV-p]=1¢ on T,

\

TH-3217_186123013



CHAPTER 1. Introduction 7

where the symbols [v-m|, [v] and n are defined as in the model problem (1.1.16)-
(1.1.18). In addition, jump [v x 1] is defined as [v x 0] := v X ], — vV X N|q,. Setting
¢ € {a,B,v}, we assume that

¢ = (1.1.22)

is a discontinuous function with the assumption that there exist two constants pi, po
with 0 < p; < po such that p; < ( < py a.e. in Q and f € [L2(Q)}d. For the detailed

discussions, we refer to [50].

1.2 Notations and Preliminaries

This section concerns some standard notations and preliminary materials, which are
crucial for the construction of this thesis. All the scalar and vector functions used in
this thesis are real-valued. Let 2 be a convex polygonal/polyhedral bounded domain
in R? (d = 2,3) with boundary 9. Let @ = (x1,--- ,24) € Q and dz = dx, - - - dwg.
Further, let 6 = (6;,-- - ,05) be a non negative integer with d-components and the order
of 6 is defined as |0] = 0; + -+ + 0,. Then, the 6-th derivative of v is denoted by D%v

given as follows
v
8/0191 [ 8/Ud9d ’

Next, we recall some basic functional spaces. For any domain C C €2 with 1 < p < oo,

Dby =

LP(K) be the normed linear space of equivalence classes of measurable functions v in K

with [|v||zr () < o0.

1
D
ol = ([ Pda)’ 1< 0 <
K
|lvl|zecy = esssup |v| < oo.
xek

For simplicity, we write the norm || - ||zrcy on LP(K) by || - ||x and when K = €, then

we omit the subscript K.
In particular, for p = 2, L*(K) is a Hilbert space with the norm induced from the

inner product given as follows
(V1,02) = / vivedx ¥ vi, vy € LA(K).
K

The support of a function v is denoted by supp(v) defined as the closure of a set of all
points z such that v(z) # 0.
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For any integer m > 0, C™(Q) is a space of all functions with continuous derivatives
up to and including order m in Q. C™(Q) C CF*(2) is a subspace consisting of all the
functions with compact support in € and C5°(€2) is a space of all infinitely differentiable
functions with compact support in 2. For any integer £ > 0 and 1 < p < oo, the stan-
dard Sobolev space denoted by W*P(K) is a space of all functions whose distributional

derivatives of order upto k are in L”(K). More precisely,
WkP(KC) = {v € LP(K) : D’v € LP(K) for 0 < |0] < k}.

The norm associated to W*P(K) is given as follows

[ollep = (Z 1D ]I ) 1 <16} < oo.

0<0<k

[olleoeic = gmax |1Dvllzey, p= oo,

and the semi-norm on W*?(K) is defined as
Wlkpie = Y 1D 0l ogr)-

In particular, for p = 2, we denote W*2(K) by H?(K) with the norm || - [[ax = || - [|2
and when K = 2, we omit the subscript K from the norm and inner product.
The space H*(K) is a Hilbert space with the inner product given by

(v1,v2)pc = / Dbv Dvyda ¥ vy, vy € HY(K).
0<6<k

We now define the following usual vector valued Sobolev spaces

H*(div; 6; Q) {veHQ), V-ive H(Q)}.

He(curl; 6;Q) = {veH'(Q): V xdv e [H(Q)]*?},

H; (div; 6; ) {v € H*(div; ;) : 0v - m = 0 on 00},

Hj(curl; 6;Q) = {v € H(curl; §;Q) : v x 7 = 0 on 00},

where ¢§ is any weight function and s > 0 is an integer. Note that for 6 = 1, we have
H(div; Q) = H(div; 1;Q) and H(curl; Q) = H(curl; 1;Q). Further, we write H*(U) =
[H?*(U)]**=3. Here we don’t distinguish H*(U) and H*(U) for standard Hilbert spaces
for simplicity. In addition, the norms on H?*(div; Q) and H*(curl; Q) can be introduced

as follows

1
2

%{S(Q) +[|V - v %IS(Q))

()

Vllsav = (lIv] ,
%

Vllseunt = (VI + 1V x ]
()
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When 2 = Q;UQ,NT, where Q; (i = 1,2) are two subdomains of 2 and I is an interface
such that I' = €y N Qy, then we define the following Sobolev spaces

H*(div; ©24,8%) = {veH(Q): V-ve H(Q), i=1, 2},
He(curl; Q1,Q,) = {veH(Q): Vxve[H Q)3 i=1, 2},
Hj(div; Q1,Qy) = {v € H*(div;Q1,Q9) : v-1n =0 on 00},
Hi(curl;©,Q) = {veH (curl;2,8s): v xn=0on0dN}.

2

In two dimensions, for the vector-valued function v = (v, v9)", the curl of v defines as

_81)2 8'111
VXxv= o 9y

and for scalar-valued function v, the curl of v read as

ov v\’
Vxv=|—,——7] .
(8y 83@)
For more detailed discussions on Sobolev spaces, we refers to [1, 99].
We end this section by introducing the variational formulations for some aforemen-

tioned model problems. The variational formulation of (1.1.6)-(1.1.7) can be defined as

follows: Seek p € Ho(div; €2) such that

/adivp-divvdaz+/7p'vd$:/f~vd.7; Vv € Ho(div; ©2). (1.2.1)
Q Q Q

Existence and uniqueness of the solution of (1.2.1) is ensured by the Lax-Milgram

Lemma [39].
Now, the variational formulation of the problem (1.1.8)-(1.1.9) is read as: Find

p € Hy(curl; Q) such that

/ Beurl p - curl vdx + / yp - vdx = / f-vdr Vv € Ho(curl; 2). (1.2.2)
Q Q Q

Existence and uniqueness of the solution of (1.2.2) can be found in [61].
The variational formulation of (1.1.16)-(1.1.18) seeks p € Ho(div; €2) such that

/adivp-div Vd:1:+/’yp-vdx:/w(v-n)d8+/f~vdx Vv € Ho(div; 2). (1.2.3)
Q Q r Q

Next, the variational formulation of the problem (1.1.12)-(1.1.13) can be obtained
by finding p € Hy(curl; Q) N H(div, curl; Q) such that

/ div ap - div avd:v/ Beurl p - curl vdzr + / vp - vdxr = / f-vder, (1.2.4)
Q Q Q Q
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for all v.e Hy(curl; Q)NH(div; €2), and finally, the variational formulation of the problem
(1.1.21) seeks p € Hy(curl; ) N H(div, curl; ©2) such that

/ div ap - div avdr + / Beurl p - curl vdx + / vp - vdr
Q Q Q

:/I—‘X_Vds_‘_/rq/J(V.n)ds_F/Qf.vdx’ (1.2.5)

for all v e Hy(curl; 2) N H(div; §2). For the existence and uniqueness of the solutions of
(1.2.4)-(1.2.5) one can see in [61].

1.3 Background and Motivation

This section briefly explains the existing relevant literature including our contributions

with the rationale behind the present study.
Most modern technology is inconceivable without harnessing electromagnetic phe-

nomena. Hence the design and analysis of schemes for the approximate solution of
electromagnetic field problems can claim a rightful place as a core discipline of numer-
ical mathematics and scientific computing. Finite element discretizations of Maxwell’s
equations are not as simple as they look, though. Finite element methods for Maxwell’s
equations are highly sensitive to the conformity of approximation spaces (see [47]). By
the continuous finite element method, an incorrect solution may be obtained the contin-
uous finite element solution converges to a function of [H(2)]¢, but not to the solution
which does not belong to [H'(Q2)]¢, see [47]. For instance, whenever the domain has re-
entrant corners/edges, the solution u is typically not in [H'(Q2)]¢ but rather in [H"(Q)]?
for some r < 1, ( see, e.g., [47]). This low regularity of solution is what makes the im-

plementation of the finite element method to Maxwell problems extremely challenging.
The significance of H(div)-elliptic problems has caused robust research into coher-

ent numerical schemes. Classical finite element approximations for H(div; Q)-elliptic
problems have been studied extensively in the existing literature. For more details,
we refer to [4, 20, 67, 69, 73, 95, 108]. In recent past years, there are different types
of discontinuous Galerkin (DG) method has been developed for elliptic and system of
equations due to the flexibility in the choices of approximation spaces. H(div; 2)-flux
reconstruction for DG approximation of elliptic problem has been discussed in [56].
The stable DG method for time-harmonic Maxwell’s equations has been discussed in
[59]. H(div; Q)-conforming DG method for the Stokes equation has been discussed in
[83]. DG discretizations of H(curl; Q2)-elliptic partial differential equations have been
discussed in [76]. The hybridizable DG method for linear elasticity has been discussed
in [113]. Interior penalty DG method for H(div; Q)-elliptic method has been discussed

TH-3217_186123013



CHAPTER 1. Introduction 11

in [126]. Over the last two decades, for H(curl) and H(curl, div) Maxwell problems,
many alternative approaches have been developed which include H(curl; Q) conform-
ing edge element methods [50, 99], H! conforming nodal finite element methods with
weighted regularization [44, 53|, the singular complement/field method [66], interior
penalty methods [19], nonconforming finite element methods [17, 18, 19], mixed finite
element method [54]. For the recent relevant works, we refer to [52] and the references

therein.
Numerous electromagnetic phenomena are of interest, primarily at a single frequency,

in which case, they are governed by the time-harmonic Maxwell’s equations. The finite
element method is amongst the most popular numerical techniques used to solve such
problems. The time-harmonic Maxwell’s equations and related problems have been
studied extensively in literature by using various finite element methods. A natural
choice is to utilize H(curl)-conforming elements, known as edge element approaches.
We refer to Nédélec [104], Jin [82], Monk [98, 99], Hiptmair [68] for more details of these
conforming methods. Edge elements have several desirable properties that make them
ideally suited to solve these problems. However, the use of low-order edge elements
often lead to the discrete systems with large numbers of unknowns, especially for elec-
tromagnetic problems at high frequencies. On the other hand, the implementation of
high-order edge element method is still challenging (cf. [16]). For an extensive discussion
on high-order edge elements for Maxwell’s equations, please see [2, 62, 111]. Using the
discontinuous functions in the finite element technique provides extra flexibility in the
selection of mesh partitions and finite element spaces. Numerous research articles have
been published over the years using the finite element spaces approximating by discon-
tinuous functions, such as local discontinuous Galerkin (DG) methods [3, 30], interior
penalty DG methods [59, 74|, mixed DG methods [75, 80], hybrid mixed DG method
[55], hybridizable DG methods [58, 105, 127], Trefftz-DG method [71]. The Maxwell’s
operator is strongly indefinite for high wave number, which brings difficulties to both
in theoretical analysis and numerical simulation. In literature, least-squares-based fi-
nite element method is also applied for solving the indefinite time-harmonic Maxwell’s
equations. The least-squares finite element method (LS-FEM) is a general numerical
method, which is based on the minimization of a quadratic functional, and we refer
to [13] for an overview to this method. The resulting system arising from most of the
Galerkin finite element methods are indefinite with a large wave number, while the LS-
FEM can provide a positive definite linear system [6, 32, 33, 77, 91]. In last two decades,
the LS-FEM has been successfully implemented for various physical phenomena using

discontinuous elements (cf. [9, 11, 91, 93], to name a few).
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Despite the fact that conforming finite element methods have simple formulations
with significantly fewer unknowns, the construction of conforming finite element spaces
of any order is virtually impossible in the most of the practical problems. In the past few
decades, significant progress has been achieved in the development of improved finite
element methods for many classes of problems, which has become an active topic of
research for applied mathematicians. The capacity of this method to handle a large
class of problems with complex structures in a straightforward and systematic manner
makes it preferable to other numerical procedures in numerous scientific and technical
disciplines. Keeping in mind the applicability of higher-order numerical methods with
polygonal meshes, recent efforts have been made to develop technologies that enable
the use of polygonal meshes, for more details see in [26, 45] for virtual element methods
and [42] for discontinuous Galerkin methods. Polygonal meshes are compatible with
numerous complex geometries, allowing them to be utilized with finite element methods.
A more recent development in the family of DG methods is the hybrid high-order method
(HHO) [23, 41, 49, 63]. In [40], the authors have proposed an HHO method for the
indefinite time-harmonic Maxwell’s equations and evaluated its numerical performance.
The theoretical convergence analysis of HHO method for the Maxwell problem (1.1.10)-

(1.1.11) is still open.
The past few decades have witnessed intensive research activity in interface prob-

lems. Finite element method (FEM) is an another class of important approaches for
interface problems and a wide variety of FEM approaches have been proposed in the
literature. There are two major classes of FEM depending on the choice of the dis-
cretization, namely, interface fitted FEMs and unfitted FEMs. In fitted FEMs, the
discretization is made in such a way that the grid line either follows the actual interface
or is an approximation of the smooth interface. In unfitted FEMs, the discretization is
independent of the location of the interface. Owing to its mathematical complexity and
essential importance in a number of application areas, the study of interface problems
has evolved into a well-defined field in applied and computational mathematics. Elliptic
interface models were first studied in [5]. Since then in FEMs with smooth interfaces,
several different kinds of works have been done on elliptic interface models, for more
details, we refer to [7, 27, 28, 38, 46, 79, 88, 89, 106, 118]. The accuracy and effective
implementation of the FEMs depend on various factors such as variational formulation
of the problem, finite element discretization and interface fitted discretization. The dis-
continuity of flux can be encountered in the variational formulations of the interface
problems in the case of classical FEMs. But the discontinuity occurs in solution across

the interface neither incorporated in FEM solution space nor arises in the variational
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formulation.

For interface problems, the development of high-order cost-efficient numerical meth-
ods is always paid more attention. If the interfaces are smooth enough, then optimal
high-order convergence can be obtained with body-fitted FEMs (see [89]). The body-
fitted finite element methods (FEMs) are one of the effective numerical approximation
techniques to deal with various mathematical models such as elliptic interface models
and bio-heat electric interface models, etc. In most of the physical model problems,
interfaces occur with geometric singularities (due to edges, cusps, and tips), not Lips-
chitz continuous and have low global regularities. To keep this in mind, discontinuous
Galerkin FEMs [81], hybridizable DG method [81], [35] for virtual element methods
with fitted interface discretization has been developed for general polygonal meshes. A
main difficulty for solving even interface Maxwell problems stems from the low regular-
ity of the exact solution. In a practical setting with the geometry singularities result
the solutions in H'(Q;) N H(Q) (I > 1) regularity (e.g., [18, 50]. The low regularity of
the solutions makes many existing analysis techniques developed for H?(Q;) N H?(y)
solutions unavailable. Classical FEM for H(div)-elliptic problems has been studied in
[69]. Optimal error estimate for H(div)-norm is obtained for C* smooth interface with
homogeneous jump conditions. Recently, interface-penalty FEMs are proposed to solve
H(div)-elliptic interface problem in [96] using unfitted tetrahedral meshes. Error esti-
mates of optimal orders are derived in energy norms assuming three transmission condi-
tions. Although interface-penalty FEMs is able to achieve accuracy near the interfaces,
the stabilizer needs one more penalty term to maintain the stability. In addition, im-
mersed virtual element techniques have been developed for Maxwell interface problems
in 3D in [27]. Optimal convergence results have been derived with homogenous jump
conditions. More recently, high-order discontinuous Galerkin finite element method for
solving the H(div) elliptic interface problems (1.1.16)-(1.1.18) on unfitted meshes has
been discussed in [92]. The optimal and suboptimal convergence rates under the energy
norm and L? norm are derived in [92]. For other types of Maxwell interface problems,

we refer to [26, 34, 37, 50, 64, 123].
More recently, the weak Galerkin finite element methods (WG-FEMs) has gained

attention in the field of numerical partial differential equations. The WG-FEMs refer to
the numerical algorithms for differential equations which are derived from weak formula-
tions of the problems by replacing the involved differential operators by their weak forms
and adding parameter free stabilizers [120]. The HHO method is closely related to weak
Galerkin finite element method (or skeletal DG methods [29]) as the reconstruction op-
erator in the HHO method corresponds to the weak operator in WG methods. The only
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difference between HHO and WG methods lies in the choice of the discrete unknowns and
in the pattern of stabilization. WG-FEM is a member of the class of hybridized Galerkin
methods. The approach decomposes the space in polygonal /polyhedral elements of close
to arbitrary shape and introduce polynomial approximation in the interior as well as on
the boundary of each element (cf. [121]). By discretizing the PDE in each cell, with
a reconstructed or weak operator and using the face degrees of freedom to ensure the
physical transmission conditions between the cells a local-global separation is obtained.
It is then possible to eliminate local element degrees of freedom in a procedure known as
static condensation and solve a linear system for the face degrees of freedom only. The
WG formulation uses totally discontinuous functions to approximate solutions and their
derivatives, which seems to be the key point in the WG-FEM. Many other characteris-
tics are included in the WG method, such as symmetric positive definite formulation,
higher order of convergence, and most vital, the capability to employ general meshes
including hanging node meshes, polygonal, and polyhedral meshes, and hybrid meshes.
The WG-FEMs have been implemented successfully for several Maxwell problems. We
refer to [90, 102, 114, 116, 117, 125] for full scale study of the theory and algorithm of
WG-FEMs applied to Maxwell’s equations. Some advantages of the WG method over

traditional FEM are as follows:

e Flexibility in constructing approximation spaces: For instance, high-order WG
spaces are usually built more conveniently than the conforming FEM spaces since

there is no continuity requirement on the approximation spaces.

e Flexibility on approximation functions: For example, the polynomial P can be
used on cubic element in this method. There is no need to construct particular

elements such as Q.

e Adaptability on mesh generation: Hybrid meshes, polygonal mesh, or meshes with

hanging nodes are allowed in this method.

Due to the use of the RT and BDM elements, the weak Galerkin finite element for-
mulation of [120] was limited to classical finite element partitions of triangles (d = 2)
and tetrahedra (d = 3). In [121], a WG-FEM was developed for the second-order ellip-
tic equation in mixed form. The use of stabilization for the flux variable in the mixed
formulation is the key to the WG mixed finite element method of [121]. The resulting
WG mixed finite element schemes turned out to be applicable for general finite element
partitions consisting of shape regular polytopes, and the stabilization idea opened a
new door for weak Galerkin method. At first, we extend the work in [121] by ana-

lyzing a numerical study on weak Galerkin finite element method for H(div)-elliptic
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problems. Optimal orders of convergence are established for the WG approximations
in both discrete energy norm and L? norm. Then the analysis has been extended for
H(div)-elliptic interface problems (1.1.16)-(1.1.18). In this work, we have discussed the
fitted WG-FEM for H(div)-elliptic interface model problem (1.1.16)-(1.1.18) based on
polygonal (in 2D)/polyhedral (in 3D) meshes. In both L? and H' norms, the error
estimates of the optimal orders are discussed for the proposed WG algorithm. More-
over, Several numerical experiments have been carried out that also involve complicated

interfaces and solutions having low regularity to justify the theoretical results.
Next, WG-FEMs for H(curl; ) and H(curl, div; 2)-elliptic problems are investigated

in this thesis. The WG method as applied to curl-curl and grad-div problems uses
two operators: discrete weak curl and discrete weak divergence, with appropriately
defined stabilizations that enforce a weak continuity of the approximating functions.
This WG method is highly flexible by allowing the use of discontinuous approximating
functions on the arbitrary shape of polyhedra and, at the same time, is parameter-
free. The optimal order of convergence is established for the WG approximations in
discrete H! norm and L? norm. In fact, theoretical convergence analysis holds under
low regularity requirements of the analytical solution. Results of numerical experiments
that corroborate the theoretical results are also presented. There are a few finite element
methods for stationary Maxwell interface problems (e.g., [26, 50, 51, 70, 92]). It is
worthwhile to note that all existing works for Maxwell interface problems have been
developed for homogeneous jump conditions. On the other hand, discontinuity of the
solution along the interfaces adds more challenges than one would imagine. Therefore,
we propose to develop higher order weak Galerkin finite element schemes for static
Maxwell’s equations involving curl, grad and div operators with non-homogeneous jump
conditions. Related theoretical convergence analysis has been carried out in this thesis.
At the same time, the method would be able to accommodate very irregular interfaces

and low regular solutions.
WG-FEMs for Maxwell’s equations were first studied in [102]. Optimal order error

estimates were derived by analyzing saddle point problems. In this thesis, we intro-
duce weak Galerkin least-squares method for solving Maxwell’s equations (1.1.10) and
(1.1.15). Compared to existing researches, our work has a quite simple theoretical anal-

ysis with very low regularity requirement.

1.4 Layout of the Thesis

This thesis is composed of nine chapters, which are listed below.
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Chapter 1 contains the description of the problems, notations and preliminary
materials to be used in the thesis. It also provides a brief survey on the relevant literature
concerning the problems and their numerical solutions. Further, motivations for the

present study is discussed.
In Chapter 2, we discuss high-order WG-FEMs for H(div)-elliptic problems with

variable coefficients. The optimal order convergence results are derived with suitable
weak Galerkin space. The numerical experiments are consistent with the theoretical

results. Results and findings of this chapter are published in [86].
Chapter 3 is concerned with the higher order weak Galerkin finite element meth-

ods for the H(curl)-elliptic equations on the general polygonal /polyhedral meshes. The
optimal order theoretical error estimates are discussed for the approximation space
([Pk(T )}d, [Pk(GT)}d, Pr (T )) Numerical tests are conducted to justify the the-
oretical convergence results. Results and findings of this chapter are communicated in
[85].

In Chapter 4, we describe the WG algorithm for the H(curl, div)-elliptic problems
with variable physical coefficients for the general polygonal/polyhedral partitions. The
error estimates of optimal orders are illustrated for the enmergy and L? norms with
appropriate WG space. Further, numerical studies confirm the theoretical estimates.

Results and findings of this chapter are communicated in [85].
Chapter 5 is devoted to study the WG methods for the H(div)-elliptic interface

problems with non-homogeneous jump conditions for the general polygonal /polygonal
meshes. The theoretical optimal error estimates are obtained in discrete H! and L?
norms. Numerical simulations justify the accuracy, efficiency, and robustness of the

WG algorithms. Results and findings of this chapter are published in [87].

In Chapter 6, we discuss the high-order WG methods for the H(div, curl)-elliptic
interface problems with non-homogeneous jump conditions with polygonal/polyhedral
meshes. Error estimates of O(h*) in energy and O(R*™1) in L? norms are established
with weak Galerkin space <[79k(T)]d, [Pk(f)T)}d, [Pr_1(T))473, 'Pk_1(T)>.

Chapter 7 explores the least-squares weak Galerkin finite element method for time-
harmonic Maxwell’s equation on general polygonal/polyhedral meshes. The error esti-
mate in energy norm is derived for the proposed algorithm. Several numerical experi-

ments are illustrated that are consistent with theoretical estimates.
In Chapter 8, we have discussed the least-squares weak Galerkin finite element

method for Maxwell’s equation with Lagrange multiplier on general polygonal /polyhedral
meshes. The error estimate in energy norm is obtained for the LSWG algorithm. Nu-

merical simulations are conducted that confirm the theoretical finding.
Finally, Chapter 9 discusses the critical interpretation of the results, trying to
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emphasize the contributions made by this thesis and the scope for future studies.
For clarity of presentation we have repeatedly mentioned the problems and relevant

preliminary materials at the beginning of each chapter.
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WG-FEMs for H(div)-Elliptic Problems

This chapter provides the weak Galerkin (WG) finite element schemes for H(div; 2)-
elliptic problems with general polygonal/polyhedral meshes. Optimal orders of conver-
gence are established for the WG approximations in both discrete energy norm and
L? norm. Numerical experiments are conducted to justify the accuracy, flexibility, and
robustness of the proposed WG algorithm. Further, two numerical experiments have
been performed for the H(div; 2)-elliptic interface problem with homogenous jump con-
ditions and H(div; 2) convection-diffusion problem, which predicates the optimal order

error estimates with respect to aforementioned norms.

2.1 Introduction

To begin with, first, we recall the H(div; 2)-elliptic problem of the form

—V(@V-p)+9p = finQ, (2.1.1)
p-n = 0on 0%Q, (2.1.2)

where Q C R? (d = 2,3) is a convex polygonal /polyhedral domain with boundary 95
and 1 stands for outward unit normal vector to the boundary 0€). Further, we assume
that a and «y are uniformly positive coefficients in L>(Q2), and f : Q C R? — [L*(Q)]¢ is
the given source function.

The significance of H(div; 2)-elliptic problems have caused robust research into co-

herent numerical schemes. So, the aim of this work is to develop the convergence
results of the WG finite element method for the H(div; Q)-elliptic problem with polygo-
nal/polyhedral meshes and meshes with hanging nodes. Classical finite element approx-

imations for H(div; (2)-elliptic problems have been studied extensively in the existing

Results of this Chapter are published online in [86], https://doi.org/10.1002/zamm.202200207

18
TH-3217_186123013
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literature. For more details, we refer to [4, 20, 67, 69, 73, 95, 108]. But in the case
of conforming finite element methods, there are certain restrictions on the selections
of finite spaces and partitions of the domain, which makes them less consistent. To
overcome these challenges, the various types of discontinuous Galerkin (DG) meth-
ods have been developed for elliptic and system of equations due to flexibility in the
choices of approximation spaces. For more details see, the interior penalty DG method
for H(div; Q)-elliptic method has been discussed in [126] and the references therein.
The accuracy and computational complexity of the corresponding WG scheme are sig-
nificantly impacted by the selection of such polynomials. In the present chapter, we
derive the optimal error bounds in the discrete H' norm and L? norm for a stabilizer-
based weak Galerkin algorithm. More precisely, error estimates of O(h¥) in energy
norm and O(A*™!) in L? norm are obtained for the WG method with weak Galerkin
space ([Pk(T)]d, [Pk((?T)}d, Pk,l(T)>. Numerous numerical experiments have been
conducted to justify the theoretical results for the both two-dimensional and three-

dimensional proposed algorithms.
The rest of the chapter is divided as follows. In Sec.2.2, we discuss the weak Galerkin

finite element discretization and recall a few theoretical results which will be used in this
article. Sec.2.3 discusses the error estimates for the stabilizer-based WG-FEM. Sec.2.4

focuses on numerical examples.

2.2 Weak Galerkin Discretization and Spaces

In this section, we shall describe the weak Galerkin finite element discretization for the

problem (2.1.1)-(2.1.2) and review the definition of the weak divergence operator.
Let T, be a partition of domain € consisting of polygons (in 2D)/polyhedrons (in

3D) satisfying shape regularity assumptions described in [121, 122|. Denote by &, the
set of all edges/faces in Ty, and let £ = £,\00 be the set of all interior edges/faces. For
every element T' € T, we denote by |T'| the measure of 7" and by hyp its diameter, and

mesh size h = maxyper;, hr.
Let T be any polygonal /polyhedron domain with interior 7° and boundary 0T. A

weak function on the region T refers to a pair of vector valued functions v = {vg, v;}
such that vy € [L3(T)]? and v, - € L*(OT), where n is the outward normal direction
to L*(OT). The first component vy can be understood as the value of v in the interior
of T, and the second component v, represents v on the boundary of 7. Note that v

may not necessarily be related to the trace of vy on 97T For e € 9T, we define n, = n|e.
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For k£ > 1, we now introduce two discrete weak Galerkin spaces as follows:

Vi = {vi={vo,vs}: vo|r € [Pe(D)]%, vi, = vsm., vs € Pi(e), e € 0T, T € Tp},
Vi = {vi={vo,ve} €V : vy -1 =0 on dQ}.

Note that the only differential operator which is involved in the weak formulation (1.2.1)
is the divergence operator. Therefore, we proceed to define the discrete weak divergence
operator. For any v, = {vg, v,} € V}, the discrete weak divergence operator, denoted
by V - Vi, defined as the unique polynomial V, - v, € P,_1(T) that satisfies the
following equation

<vw-vh,¢>T=—/

ik

vo - (V)dT + / vy, - Npds Yo € Pr_1(T). (2.2.1)

or
A parameter-free stabilizer based WG-FEM for the problem (2.1.1)-(2.1.2) has the fol-
lowing form: find py, = {po, ps} € V} such that

(Ve Prs Vo - Vi) + (7P0, Vo) + S(pr, vi) = (£, vo) Vvi = {vo, v} € V), (2.2.2)
where
S(pn,vi) = Z hz' {((Po — Ps) - M, (Vo — V) - M) (2.2.3)
TETh
Here, (-,-)or denotes the L? inner product on T and we write
<'7 '>3T F— Z <'7 '>e7
eCOT

where (-, ), denotes the L? inner product on e € &j,.

Note that, S(-,-) is known as a stabilizer and it is often chosen in such a way that
it fits well into the theory and implementation of the WG numerical scheme. Further,
stabilizer S(-,-) in (2.2.2) is necessary to guarantee the well-posedness and convergence

of the methods. For examples, we refer to (cf. [119, 124]).
In addition, we introduce a bilinear map A : V}, x V;, — R to be used in this section

as follows

A(Pn, vi) = (aVa - Py V- Vi) + (YPo; Vo) + S(Ph, Va)- (2.2.4)

It is easy to verify that the weak finite element space V9 is a normed linear space

with respect to following the triple-bar norm given by

1 1 _
Ivall® = > llezVu - vallz + vz vollz + > htll(vo = vo) - nll3r
TeTh TeTh
- A(Vh,Vh), VvV = {Vo,Vb} S V2 (225)
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For each element T € Ty, denote by Q) the usual L? projection operator from [L*(T))]¢
onto [P;(T)]%. For each edge/face e € &, denote by Q] the L? projection operator
from L?(e) onto Pj(e). We shall combine Q) with Qi by writing Q,p = {Q)p, Q{;p},
where Q{,p = Q{)(p -1n,) - M,. Apart Qy, projection, let Qi be the usual L? projection
operator from L*(T)) onto P;(T), where j is a non-negative integer. For both projection
operators, the following identity holds (cf. [122])

MUV V) =V, - (Qrv) Vv € H(div; Q), (2.2.6)
where Qv = {Qfv, Qiv} with Qfv = Qf(v-n,) - n,.

Now, we recall the following crucial approximation properties for local projections
QF and Q7. For details, we refer to ([121, 122]).

Lemma 2.2.1. Let T;, be a finite element partition of Q0 satisfying the shape reqularity
assumption as specified in [121]. Then, for w € [HIT1(Q)]¢ and z € [H™T1(Q)], we have

> llw = Qiwliz < CRE w2y, 0<s <,

TeTh

S IV (w - Qiw)li} < CR*|wlPy, 0<s <

T€ETh

> {lls = @izl + 13 19( ~ QeI } < CRV ||y, 0<s <
T€ETh

Let T be an element with e¢ as an edge/face. For any function ¢ € HY(T), the
following trace inequality holds true (see, [121] for details)

lelle < Clhz'llelz + hrllVelT)- (2.2.7)

For any piecewise polynomial ¢ of degree p on Ty, there exists constant C' = C'(p) such
that (cf. [121])

IVelr < C)hs'llellr VT € T (2.2.8)
Lemma 2.2.2. The semi-norm ||-||| is a norm on V9.
Proof. To prove the semi-norm is indeed a norm, it is sufficient to show that ||v,|| =0

if and only if v, = 0 for all v, € VY. Suppose [|vs]| = 0, then the definition (2.2.5)
implies that v =0 on T € T, and vy - = v, -  on 9T, which together with the fact
Vp|e = vpm yields v, = 0 on OT. On the other hand v, -1 = 0 on 9. This completes the
proof. O]
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Weak Galerkin Algorithm . A numerical approximation for (2.1.1)-(2.1.2) can be
obtained by seeking p, = {po, po} € V) such that

A(pn, vi) = (£, vo) Vvi, = {vo, Vs } € V). (2.2.9)

2.3 Error Analysis for the WG-FEMs

Now, we turn our discussion toward error analysis. The optimal error estimates in
discrete energy norm and L? norm have been derived in this section. First, we split our

error into two components using an intermediate operator. We write

p—pr=(p— Qup) + (Qup — P1),

where Q;p = {Q4p, QFp}. For simplicity, we introduce following notation

en = (Qup — pr) = {QGP — Po, QP — P} (2.3.1)
Before proceeding further, we derive following results for our later analysis.

Lemma 2.3.1. For any v, = {vo, vy} € V},, we have

> IV voliz < Clivall®. (2.3.2)

TeT

Proof. For v, = {vq, vy} € Vj, using the integration by parts and weak divergence

operator, we obtain

(V-vo, Vevo)r = —(vo, V(V-vo))r + (vo -1,V vo)ar
= —(vo, V(V-vo))r+ (v - 1,V - vo)ar
+((vo —vp) 1, V- vo)ar
= (Vi vi,V-vo)r+ ((vo—vs) - 1M,V - vo)or.

Then, trace inequality (2.2.7) and inverse estimate (2.2.8) yields
IV oy < C(IVu - vallzllV - vollz + bz 21 (vo = Vi) - mllarllV - vollz),

which leads to Lemma 2.3.1. ]

Now, we are in a position to derive the crucial error equation for ey,.
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Lemma 2.3.2. Let e, be the error function given by (2.3.1). Then, for each v, =

{vo,vs} € VY, we obtain

A(eh,Vh) = Rl(p7vh) + RQ(p,Vh) + S(thvvh)7

where bilinear maps Ry(+,-) and Ra(-,-) are given by

Ri(p,vih) = Z (aV-p— @Z_IOZV p), (Vo — Vi) - mar,

TeT,

Ry(p,vi) = D (a@Qy(V-p) = Qi (aV-p), V- Va)r.

T€Th

Proof. For vj, = {vo, vy} € VY, testing equation (2.1.1) by v, we arrive at

— Y (V(aV - p),vo)r + (Q§(yu), vo) = (£, Vo).

TeT,

Then, apply integration by parts to obtain

(f7 VO) = (VQSPJ VO) + Z (Oév P, V. VO)T
TeTh

— Y (vo— Vs, (@V - p)n)or

TET,

Here, we have assumed that v is piecewise constant and the fact that

> {(aV -p)n, vi)or = 0.

TET,

Now, using the definition (2.2.1) for v, with [ = k — 1, we obtain

( z_l(@v “P), V- Vi)
—(vo, V(Qi H(aV - p)))r + (v, Q@ (aV - p)n)or
= (V-vo, @y (aV - p))r — (@ (aV - )1, Vo)ar
HQy H(aV - p)n, vi)ar
= (V-vo, @y (aV - p))r — (@ (aV - )1, Vo — Vi)ar
= (V- vo,aV - p)r — (@~ (aV - p))n, Vo — Vo)or-

(2.3.3)

(2.3.4)

(2.3.5)

(2.3.6)

(2.3.7)

(2.3.8)
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Then, combine (2.3.8) and (2.3.7) to obtain

(f,vo) = (YQip.vo) + (@ (V- D),V - V)
=Y ((aV-p-Qf ' (aV-p)n,vo— Vi)or

TeT
= (vQ§p,vo) + (aQ; (V- p), Vy - vp)
—(aQ,(V-p) — Q@ (aV - p), Vu - Vi)
=Y (aV-p—Q ' (aV -p), (vo— Vi) - m)or

TETh
- (Vngpa VO) + (O[vw . (th)a vw : Vh)
—Ry(p,vi) — Ra(p, vi). (2.3.9)

In the last equality, we have used identity (2.2.6).
Next, by adding S(Qpp, vi) both sides to (2.3.9), we obtain

A(Qup, vi) = (f,vo) + Ri(p, vi) + Ra(p, vi) + S(Qup, V1) (2.3.10)
Finally, subtracting (2.2.9) from (2.3.10) leads to desire result. O

Next result deals with the bounds for the terms in error equation (2.3.3).

Lemma 2.3.3. Let p € [H*(Q)]¢ and a € WH®(Q). Then, for any vy, = {vo, vy} €

VY we obtain

[Rip, Vi)l < Clllallkee) P llesallvall, (2.3.11)
[Ro(p,vi)l < Clllallioo) ™ Iplksalllvall, (2.3.12)
S(Qup, Vi)l < ChE[[pllkallvall. (2.3.13)

Proof. For the estimate (2.3.11), we use the Cauchy-Schwarz inequality and trace in-

equality (2.2.7) along with Lemma 2.2.1 and Lemma 2.3.1 to obtain

[Ri(p,vi)l = | D (a(V-p)— Qi (aV ), (Vo — Vo) - m)or
TeTs
< O a(V-p) =@ (V- p)larl(vo — Vi) - nllor
TeTs
< C( Z hrlla(V -p) — Q' (aV - P)H?)T)
=
x ( > hrtl(vo = vi) - nHaT>
TeT;
< Cllellkco) P* Pkl vall- (2.3.14)
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It follows from Lemma 2.2.1 and Lemma 2.3.1 that

|Ro(p,vi)| = [(@Q {(V-p)—aV-p,V,-vy)|
< }@’“V p)~ V- p, (0= @)V, i)
< Oledlie)h (@ 1V P) = VP, Vi - V)|
< O(”O‘Hl,OO>hk+lHp||k+l”|vh|”- (2.3.15)

Here, & denotes the average of o and on each element T € Tj, following inequality holds
true (see, [121]).

HO_z — OéHLoo(T) S ChHVOéHLoo(T). (2.3.16)
To estimate the stabilizer term, we use (2.2.3), inequality (2.2.7) and Lemma 2.2.1 to
arrive at
_ —1/(YF k
S(Qup.vi)l = | D b ((Qfp — Qip) - M, (Vo — vb) - mor
TET,
< [ h((Qfp =) m. (Vo — Vi) - mar
TET,
= Z hz' {((Q6p — ) -, (Vo — Vi) - Mor
TET,
< Y hAIQEp = pllorll(vo — vi) - llor
TET,
3
< ( > (h2*1Q6p - pllF + | V(QEp - p)H?r))
TeTy
%
& < >~ htl(vo = ve) - n||zT>
TEeTs,
< CR*|pllesllvall-
This completes the proof of Lemma 2.3.3. ]

Theorem 2.3.1. Let p € [H*1(Q)]¢ be the exact solution for (2.1.1)-(2.1.2) and py, €
VY be the weak Galerkin finite element solution of (2.2.9). Then, there exists a constant
C such that

1Q:p — pull < CR*||p|lks1- (2.3.17)

Proof. By letting v, = e, in the error equation (2.3.3), we have

llewll® < [Ri(p.en)| + |Ra(p.en)| + S(Qup, en)]. (2.3.18)
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Here, ey, is as defined in (2.3.1). Then the desired estimate (2.3.17) follows immediately
from Lemma 2.3.3 and above estimate (2.3.18). O

Now, we are in a position to derive the L? norm error estimate for the error function

e,. To do so, we need following space
By = {¢ € Hy(div; Q) : p|r € [Pe(T)]%, VT € Tr}. (2.3.19)

It is well known that there exists a global finite element interpolation operator II; onto

the space By, (see, page 124 in [99]).

Lemma 2.3.4. (/99], Theorem 5.25 and Remark 5.26) For any ¢ € H*(Q2) and V-¢ €
H*(QY), s € (%,k] , we obtain

| — nolls.aiv < CR([|@ls + IV - &1l5).
Lemma 2.3.5. For any ¢ € By, we have
(avw : ehav ' ¢) + <7e07¢> = ( zil<v : p) -V p, (Oé - @)V : ¢)

Proof. Testing equation (2.1.1) against ¢ and using the definitions of L? projections
yield

(f,¢) = —(V(aV-p),9)+ (7P, 9)

= (@ (V-p),V ) +(1Qop, )

— (a(Qy (V- p) -Q (aV-p), V- ¢)

= (a(Vu - (Qup)), V- ) (vQop, @)

— (@ YV -p)=V-p,(a—a)V-o). (2.3.20)

Next, we set ¢, = {@,, P,} € VY, where ¢, = ¢ and ¢, = (¢ - 7)1, and note that
V- ¢, =V -¢@. Then by putting v, = ¢, in (2.2.9), we get

(f,¢) = (aVy - Pr, V- @) + (YP0, ). (2.3.21)
Finally, equations (2.3.20)-(2.3.21) leads to the desired result. O
Now, we proceed to derive the following optimal L? norm estimate.

Theorem 2.3.2. Let p,, € VY be the weak Galerkin finite element solution of (2.2.9).

Assume the exact solution p € [H*1(Q)]?. Then, we have

1Q5P — poll < CR* [l
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Proof. Let ¢ € H(div; Q) N Ho(div; ) be the solution of the dual problem (cf. [69])

—V(aV ) +7p =e infl,
Y-n=0 on 0.

(2.3.22)

Here €y = Qfu — uy is the restriction of e; inside of each element. Further, we assume

following a priori estimate (see, [69])
[plls + IV - 9]ls < Clleo]|. (2.3.23)

Then multiply the first equation of (2.3.22) with e, to arrive at

(€0,€0) = —(V(aV - 1), &)+ (72, &)
= (aV -9,V -e) — Z (aV -1, (eg — &) - mar + (71, e0),
TET,
= (V- V, -en) + (12, e)
— > {aV - —Qf (V- ), (eg — &) - Mor (2.3.24)
TET,

where we have used the fact that Y ;. (aV -, e, - m)or = 0. Further, using Lemma
2.3.5 with ¢ = II,% in the equation (2.3.24), we obtain

leol? = (aV - (¢ — 1), Vi - €n) + ((¢ — 1), €))
= > (aV - — QT H(aV - ), (e — €) - M)or

TE Ty,

+HQFY(V p) =V p,(a—a)V - ()

< Ol — Wtplrallenll + 3 1oV - o =@ @V - 9)llorleo — esllor
TeT,
+Ch(edho) 3 1QE (V- p) = V- pllrlIV - (Tatp) - (2.3.25)

TET,

Next, from trace inequality (2.2.7) and inverse inequality (2.2.8), we note that

hrllaV -9 — Qi @V -9)ir < Cllav- 4 — Q@ (aV - 9)|7
< Ch?|laV - ylli

< Cl?llollsoll®ll asvs (2.3.26)

which together with estimate (2.3.25), Lemma 2.2.1, Lemma 2.3.4 and a priori estimate
(2.3.23) yield

leoll* < Chll9lliawllenll + CR* [[pllarille]l1.aiv
< Chlleollllenlll + Ch* [Pl leoll.
Finally, Theorem 2.3.1 leads to the desired estimate. [
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2.4 Numerical Section

In this section, we have tested various numerical examples for the H(div; Q)-elliptic
problem (2.1.1)-(2.1.2) in Q, where Q C R? (d = 2,3). In 2D, finite element parti-
tions with different kinds of configurations like triangular, rectangular, and meshes with
hanging nodes are used for solving H(div; Q)-elliptic problems to confirm the flexibility
of WG method. In addition, we have also validated both algorithms for the 3D domain
with cubical meshes also. These numerical results demonstrate that the scheme is robust

and accurate.
For a given finite number of successive iterations (indexed by i), let e; be the error

corresponding to the suitable norm on the i-th iteration, and h; is the corresponding

mesh size. Then expected order of convergence (EOC) can be defined by

)
>

Example 2.4.1. Convergence test for H(div;2)-elliptic problem on mixed
mesh: Consider the problem (2.1.1)-(2.1.2) in Q = (0,1)?. The exact solution of the

given problem is defined as

log (
EOC(e;) =
log (

p=(p1,p2) = (sin(x + y) + cos(z + y), exp(x) cos(wy)).

The right-hand side f can be evaluated from the exact solution p and the coefficients
a=2*+y*+1and v = zy+ 3.

1

08[

06

04}

02f

0

0 02 o4 s 08
Figure 2.4.1: Initial mixed mesh.

Mixed meshes are used in this example, which is depicted in Figure 2.4.1. The
errors, for the weak Galerkin algorithm, with respect to L? norm and discrete H' norm
are reported in Table 2.4.1. WG solutions are shown in Figures 2.4.2 for k£ = 2 with
h =1/64.
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Table 2.4.1: Errors and convergence profile for WG solution in Example 2.4.1.

k z llenll Order lleol| Order
4 4.53e-01 — 4.75e-02 —
8 2.27e-01 0.99 1.16e-02 2.02
16 1.13e-01 0.99 2.89¢-03 2.01
1 32 5.67e-02 1.00 7.21e-04 2.00
64 2.83e-02 1.00 1.80e-04 2.00
128 1.41e-02 1.00 4.50e-05 2.00
4 1.08e-01 — 8.97e-03 —
8 2.75e-02 1.97 1.12e-03 2.99
16 6.91e-0 1.99 1.40e-04 3.00
2 32 1.73e-03 1.99 1.75e-05 3.00
64 4.33e-04 1.99 2.18e-06 3.00
128 1.08e-04 2.00 2.73e-07 3.00
4 1.17e-02 = 8.50e-04 =
8 1.48e-03 2.98 5.34e-05 3.99
3 16 1.86e-04 2.99 3.33e-06 3.99
32 2.32e-05 2.99 2.08e-07 4.00
64 2.91e-06 2509 1.30e-08 4.00

1

2
08 I

1

06
0

04
I

0.2
-2

0 |

0 02 04 06 08 1

Figure 2.4.2: (Test Example 2.4.1) Component-wise surface plots of WG solution pj, for
WG algorithm. Plot for the first-component of p;, (left) and plot for second-component
of py, (right).

Example 2.4.2. Convergence test for H(div;(2) convection-diffusion problem
on rectangular mesh with hanging nodes: In this example, we will discuss the
numerical experiments for a H(div; ) convection-diffusion problem on the non-uniform

rectangular mesh with hanging nodes. The initial mesh is shown as in Figure 2.4.3 (left).

TH-3217_186123013



CHAPTER 2. WG-FEMs for H(div)-Elliptic Problems 30

The mesh on the right in Figure 2.4.3 is generated by uniform refinement procedure. It
should be pointed out that the initial mesh has hanging nodes P, @, R, and S. For the
finite element partition 7, with hanging nodes, we notice that the WG algorithm still

holds on to these refinements. We consider following convection-diffusion equation
V@V -p+v-p)+yp=1f inQ, (2.4.1)

with Dirichlet boundary condition, and o = 2+sin(x+y), v = x+y+ 1 and convection
speed v = (—y, z). We select the data in (2.4.1) such that the exact solution p is given
by

P = (p1,p2) = (exp(a + y) sin(ry), sin(7z) sin(ry)).

The WG solution for the WG scheme is compared with the exact solution of the

0 0.‘2 0“4 0.‘6 0.‘8 1 0 0.‘2 0“4 0.‘6 0.‘8 1
(a) (b)

Figure 2.4.3: An initial rectangular mesh with hanging nodes in (a) and its refinement

in (b).

Figure 2.4.4: (Test Example 2.4.2) Component-wise surface plots of WG solution py, for
WG algorithm. Plot for the first-component of p, (left) and plot for second-component

of py, (right).
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H(div; ) convection-diffusion problem. Convergence results are presented in Table

2.4.2, which confirms the optimal order convergence for the proposed algorithm.

Table 2.4.2: Errors and convergence profile for WG solution in Example 2.4.2.

k z llenll Order lleol| Order
2 5.51e-01 — 6.42e-02 —
4 2.75e-01 1.00 1.60e-02 2.00
8 1.37e-01 1.00 3.99¢-03 2.00
1 16 6.87e-02 1.00 9.99¢-04 2.00
32 3.43e-02 1.00 2.49e-04 2.00
64 1.71e-02 1.00 6.24e-05 2.00
2 4.66e-02 — 4.04e-03 -~
1.17e-02 1.99 5.06e-04 2.99
8 2.93e-03 1.99 6.32e-05 3.00
2 16 7.34e-04 1.99 7.90e-06 3.00
32 1.83e-04 1.99 9.87e-07 3.00
64 4.58e-05 2.00 1.23e-07 3.00
2 2.49e-03 — 1.84e-04 —3
3.13e-04 2.99 1.15e-05 3.99
3 8 3.92e-05 2.99 7.21e-07 4.00
16 4.90e-06 2.99 4.50e-08 4.00
32 6.13e-07 3.00 2.81e-09 4.00

Example 2.4.3. Convergence results on L-shape domain: To demonstrate the ef-
ficiency and robustness of the weak Galerkin methods on a non-convex L-shaped domain
Q=1[0,1]*\[3,1] x [0, 3], we consider the H(div; Q)-elliptic problem (2.1.1)-(2.1.2) with

'3
constant coefficients a = 1 and v = 1. In general, singularities arise for the non-convex
domains. However, we choose our data selectively so that the solution is not singular
at the corners. The data appeared in the problem (2.1.1)-(2.1.2) are selected by setting

the exact solution as

P = (p1,p2)
= ((wy(z = 0.5)(x = 1)((y — 0.5)(y — 1))*, zy(z — 0.5)(z — 1)(y — 0.5)(y — 1)).

Numerical experiments are carried out for triangular partitions. The first two meshes

are shown in Figure 2.4.5. Approximate solutions are shown in Figure 2.4.6 for k = 3
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(a) Triangular mesh with A = 1/2. (b) Triangular mesh with h = 1/4.

Figure 2.4.5: Initial mesh and its refinement.

Figure 2.4.6: (Test Example 2.4.3) Component-wise surface plots of WG solution py, for
WG algorithm. Plot for the first-component of p;, (left) and plot for second-component

of py, (right).

with h = 1/32. Through the Table 2.4.3, we follow the rate of convergence for both the

WG algorithms with various polynomial spaces.

Example 2.4.4. Convergence test for H(div; 2)-elliptic interface problem with
homogenous jump conditions: This numerical example is devoted to WG-FEM for
H(div; Q)-elliptic interface problem with homogenous jump conditions on mixed meshes
as shown in Figure 2.4.1. We consider following H(div; Q2)-elliptic interface problem (cf.
[69])

—V(@V-p)+p=1f inQ, (2.4.2)
with Dirichlet boundary condition and following jump conditions on interface I"

m-pl=mn1-Plo, + M3 Plo, =0 onl, (2.4.3)
@V -p] =a1V-plg, —a2V -plg, =0 onT, (2.4.4)
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Table 2.4.3: Errors and convergence profile for WG solution in Example 2.4.3.

k z llenll Order lleol| Order
2 2.67e-01 — 2.77e-02 —
4 1.43e-01 0.90 7.47e-03 1.89
8 7.31e-02 0.96 1.91e-03 1.96
1 16 3.68e-02 0.98 4.84e-04 1.98
32 1.84e-02 1.00 1.21e-04 1.99
64 9.23e-03 1.00 3.03e-05 2.00
2 1.92e-02 — 1.24e-03 —
4 5.03e-03 1.93 1.62e-04 2.93
8 1.28e-03 1.96 2.06e-05 2.97
2 16 3.25e-04 1.98 2.61e-06 2.98
32 8.16e-05 1.99 3.28e-07 2.99
64 2.04e-05 2.00 4.11e-08 3.00
2 7.47e-04 — 4.46e-05 p—
4 9.34e-05 2.99 2.79e-06 4.00
3 8 1.16e-05 2.99 1.74e-07 4.00
16 1.46e-06 2.99 1.08e-08 4.00
32 1.82e-07 2.99 6.80e-10 4.00

where 0y = [}L, ﬂ X [;11, ?J, Q; = Q\ Qy and interface ' = O N Qy. Further, n; and
1, denote unit outward normals of €; and €2y, respectively. Here, Dirichlet boundary
condition and load term f are chosen so that the exact solution is
(sin(47m:) sin(4my), sin(mrz) sin(my) cos(2mx) cos(27ry)) in Q,
p=(piy (3sin(47z) sin(47y), 3sin(mz) sin(my) cos(2mx) cos(2my))  in Oy,
with large variation in the discontinuous coefficient . We set alg, = 10° + z and
alg, = . Due to the low global regularity of the exact solution, it is challenging to
obtain higher order of convergence for H(div; Q)-elliptic interface problem (cf. [69]).
Table 2.4.4 represents the numerical solution errors and convergence rates in both L?
and discrete H* norms for higher order WG finite element spaces. Note that the higher
order WG finite element spaces are chosen to emphasize the fact that our numerical
schemes are consistent for the problems with low global regularity. It is clear from
the aforementioned table that we have achieved higher order of convergence in both L?
and discrete H' norms which consolidates our theoretical findings. Here, we have used
interface-fitted discretization as discussed in [103]. For exterior domain and interior
domain, we have used triangular meshes and rectangular meshes, respectively. WG

solutions are shown in Figure 2.4.7 for k = 1 with h = 1/64.
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Figure 2.4.7: (Test Example 2.4.4) Component-wise surface plots of WG solution p, for
WG algorithm. Plot for the first-component of py, (left) and plot for second-component

of py, (right).

Table 2.4.4: Errors and convergence profile for WG solutions in Example 2.4.4.

2

v

= 4

b

-

k | & lenll Order lleo] Order
4 1.28e-01 — 1.44e-02 —
8 6.41e-02 1.00 3.60e-03 2.00
16 3.20e-02 1.00 9.01e-04 2.00
1 32 1.60e-02 1.00 2.25e-04 2.00
64 8.01e-03 1.00 9.63e-05 2.00
128 4.00e-03 1.00 1.40e-05 2.00
4 1.23e-02 — 1.07e-03 —
8 3.09e-03 1.99 1.33e-04 3.00
16 7.74e-04 1.99 1.66e-05 3.00
2 32 1.93e-04 1.99 2.08e-06 3.00
64 4.84e-05 1.99 2.60e-07 3.00
128 1.21e-05 2.00 3.25e-08 3.00
4 4.13e-04 — 3.04e-05 —
8 5.18e-05 2.99 1.90e-06 3.99
3 16 6.49e-06 2.99 1.19e-07 3.99
32 8.12e-07 2.99 7.45e-09 4.00
64 1.01e-07 3.00 4.65e-10 4.00

Example 2.4.5. Convergence test for 3D H(div; )-elliptic problem on cubic
mesh: Consider the problem (2.1.1)-(2.1.2) in Q = (0,1)*. The exact solution of the

given problem is taken as [90]

p(z,y,2) = (p1,p2,p3)" =

y(1 —y)z(1 - 2)
z(l—2)z(1—2)

(1 —z)y(l —y)

Y
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The coefficients are chosen as @ = v = 1. The initial mesh is shown in Figure 2.4.8 (left).
Numerical errors in Table 2.4.5 justify the theoretical results. First two components of
WG solutions are shown in Figure 2.4.8 (middle)-(right) for & = 1 with h = 1/32.

0.06 0.06
1 005 0.05
1
05 00
05
) 003
1 0
002 1
05
0
09

0.04
Figure 2.4.8: Initial cubic mesh (left) and component-wise surface plots of WG solution

0.03

0.02
0.01
05

0

00

pn for Example 2.4.5. Plot for the first-component of p; (middle) and plot for second-
component of p, (right).

Table 2.4.5: Errors and convergence profile for WG solution in Example 2.4.5.

k 3 llenll Order lleoll Order
2 7.63¢-01 — 8.64e-02 —
4 3.80e-01 1.00 2.14e-02 2.00
8 1.90e-01 1.00 5.35e-03 2.00
1 16 9.50e-02 1.00 1.33e-03 2.00
32 4.75e-02 1.00 3.34e-04 2.00
64 2.37e-02 1.00 8.36e-05 2.00
2 6.91e-02 — 5.93e-03 —
1.74e-02 1.98 7.42e-04 2.99
8 4.36e-03 1.99 9.27e-05 3.00
2 16 1.09e-03 1.99 1.15e-05 3.00
32 2.73e-04 1.99 1.44e-06 3.00
64 6.82¢e-05 2.00 1.81e-07 3.00
2 3.99e-03 — 2.93e-04 —
5.05e-04 2.98 1.85e-05 3.98
3 8 6.34e-05 2.99 1.15e-06 3.99
16 7.93e-06 2.99 7.23e-08 4.00
32 9.92e-07 3.00 4.51e-09 4.00
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WG-FEMs for H(curl)-Elliptic Problems

Weak Galerkin finite element methods (WG-FEMs) for H(curl)-elliptic problems are
investigated in this chapter. This WG method is highly flexible by allowing the use of
discontinuous approximating functions on the arbitrary shape of polyhedra and, at the
same time, is parameter-free. The optimal order of convergence is established for the
WG approximations in discrete H' norm and L? norm. In fact, theoretical convergence
analysis holds under low regularity requirements of the analytical solution. Results of

numerical experiments that corroborate the theoretical results are also presented.
3.1 Introduction

Let Q C R? (d = 2,3) be a bounded polygonal/polyhedral domain with Lipschitz

continuous boundary d52. The H(curl)-elliptic problem reads as
VX (BV xp)+yp={ inQ, (3.1.1)
with Dirichlet boundary condition
p xn =0 on JN. (3.1.2)

Here, f € [LQ(Q)]d, v is a d x d positive constant matrix, and [ is a (2d — 3) x (2d — 3)
symmetric matrix with the assumption that there exist two positive constants A\, A > 0
such that A(*¢ < ¢*B¢ < ACC for all ¢ € R?3. Further, 7 is the unit outward normal

vector to Of).
Finite element discretizations of all these equations are not as simple as they look,

though. Finite element methods for Maxwell’s equations are highly sensitive to the
conformity of approximation spaces (see [47]). Over the last two decades, many alterna-

tives approaches have been developed which include H(curl) conforming edge element

Results of this Chapter are submitted (revised) to Computers and Mathematics with Applications.

36
TH-3217_186123013



CHAPTER 3. WG-FEMs for H(curl)-Elliptic Problems 37

methods [99], H' conforming nodal finite element methods with weighted regularization
[44, 53], the singular complement/field method [66], interior penalty methods [19], non-
conforming finite element methods [17, 18, 19], mixed finite element method [54]. For

the recent relevant works, we refer to [52] and the references therein.
In this study, we have proposed the WG-FEMs for model problems (3.1.1)-(3.1.2).

In the case of H(curl)-elliptic problem, error estimates of O(h*) in the energy norm and
O(h**1) in the L? norm are obtained for the WG-FEMs with typical local weak Galerkin
space ([Pk(T)]d, [Pk(aT)}d, [Pr_1(T )]2d_3>. Further, the loss in convergence in case
of classical FEMs for linear elements can be recovered in WG-FEMs under the same
regularity assumption of p (see, Remark 3.3.2). Several numerical experiments are also

carried out to validate the theoretical findings.
The rest of the chapter is organized as follows: In Sec. 3.2, we shall discuss the weak

Galerkin discretization, discrete weak operators, and L? projection operators. The WG
algorithm and error estimates have been discussed for the H(curl)-elliptic problem in
the Sec. 3.3. Some numerical experiments have been discussed for both model problems
in Sec.3.4.

3.2 Weak Galerkin Spaces

In this section, we shall discuss the weak Galerkin spaces for the model problems
(3.1.1)-(3.1.2). First, we borrow the finite element partition from Chap. 2. For three-
dimensional case, let T be any polyhedral domain with boundary 0T. Then for any face
e € JT, suppose t; and ty be the two unit vectors on the face e such that set {t;,t,n}
is an orthogonal set. For any weak function v = {vq,v;}, where vo € [L?(Q2)]* and
vy, € [L?(e)]?, we can write vy|, = vit; + vaoto + v,n. Define v, = vit; + voty as the
projection of the v, in the tangential plane. Hence, we have v;, X n = v;, X n. In similar
manner, for 2D case, let t; be the unit vector along the edge e such that the set of
vectors {t;,n} is an orthogonal set. Then for any weak function v = {vq, v} where
vo € [L*()]? and vy, € [L*(e)]?, we can rewrite vy|. = vit; + v,n. Let v, = vty be
the projection of v, on the edge e. Then, we get v, X n = v, X n. Since, the quantity
of interest for the approximation space corresponding to p is v, X n not v;,. Due to
this reason in both 2D and 3D cases, we assume v, = Vv,, that will reduce reduces the

computationally cost significantly.
Next, we define the following WG space

Zh = {O'h = {0'0,0'1) = O'ltl + (d — 2)0’2t2} 10p € [Pk(T)]d, g1,09 c Pk(e),e c GT,T < 771},

where k£ > 1 is an integer. For the well-posedness of the WG approximation, o defined

on each interior edge/face e € & must be single valued (cf. [121, 122]). Hence, the
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global weak finite element space for the vector-component is defined as

\ {a’h ={o¢, 04} € Zh : o], =0 Ve € 5,?}.
Here,
(03], = oblorine — Tblor;ne (3.2.1)

is the jump of o} across e € 5,?, where o7, is the value of o, on the edge/face e as

seen from the element T, s =14, j. Subsequently, we define

V) ={o, ={00,0,} €V,: o, xn =0 ondN}.
For any v, = {vo, v;,} € > ,, the discrete weak curl operator, denoted by (V,, x (-)), is
a unique polynomial V,, X v, € [Py,_1(T)]?*¢=3 defined as

(Vi X Vi, @)1 = /

T

vo - (V X )dT — / vy, X N - pds Ve € [Pp_1(T)]*73. (3.2.2)
or

Now, for T € T, and e € &,, we define some important usual local L? projection

operators given as follows:
Qp ¢ [L¥(e)) = [Pu(e)]” & Q" « [LAT)P*™ — [Preca (D).

For p € [HY(Q2)]4, we define Qup = {QEp, Qfv = QF(p1)t1 + (d — 2)QF (p2)t2}. Now,
for the stabilized WG schemes, we define a stabilizer S : V, x V;, — R given by

S(vp, wy) Z hH{(vo — vi) X 1, (Wo — Wp) X M)ar Vvi, Wy, € V. (3.2.3)
TeTh

For later analysis, we require the following approximation properties associated with

the standard L? projection operators.

Lemma 3.2.1. (cf. [102, 121]) Suppose T, is a polygonal/polyhedral partition of Q C R?

with some shape-regularity constraints mentioned in [121]. Then, for w € [H*t1(Q)]¢,

we have
o Qew — wlif < B2V w2, (3.2.4)
TeTh
SS9 (V x W)~V x wlid < B¥wl,, (325)
TeT

where 1 < s < k.

Lemma 3.2.2. The L? projection operators Qy,, and QZﬁl entertain the following com-

mutative properties

QI YV xw) = V,x(Quw) Yw e H(curl; Q). (3.2.6)
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3.3 Convergence Analysis

In this section, we have proposed a WG-FEM for the H(curl; Q)-elliptic model problem
(3.1.1)-(3.1.2) with local weak Galerkin space (73,?, P P,fif). Further, we establish

optimal error estimates in discrete energy norm and L? norm.
We introduce a bilinear map A; : V,, X V;, = R to be used in this section

.A1<Vh7Wh) = (va X Vp, Vw X Wh) + (’YVO,W()) + S(Vh,Wh) VVh,Wh € Vh. (331)

Note that WG space V¥ is a normed linear space with the triple-bar norm given as

2 1 1 o
IVally = > 1182V X vallz + 2 voll7 + D hz'll(vo — vi) x nll3r
TET TeT
= ./41<Vh,Vh), Vi = {Vo,Vb} - Vg (332)

Weak Galerkin Algorithm 1. A WG approximation for (3.1.1)-(3.1.2) can be devel-
oped by finding ps, = {po, ps} € V) such that

A1 (pn,vi) = (£,vo) Vv, = {vo, vy} € Vg. (3.3.3)

For the purpose of error analysis, we introduce error function e, given by

ey = {eg, e} = Qup — Pr = {Q4P — Po, QIP — P} (3.3.4)

To capture the error function e, we introduce following bilinear maps

Ri(p,vi) = Y {((BV xp— Q' (BV xp)) xn,v0— Vi)or, (3.3.5)

TeTh

Ro(p,vi) = Y _(BQ ' (Vxp)—QF ' (BV xDp),Vuy xVi)r.  (3.3.6)

TeT,

Then, we derive the following error equation.
Lemma 3.3.1. For each v, = {vo, vy} € V), we have
Ai(en, vi) = Ri(p,vn) + Ra(p, Vi) + S(Qup. Vi)
= RS(pv Vh>7 R3('7 ) = Rl(’? ) + R2('7 ) + S(Qh'7 ) (337)

Proof. For any v;, = {vg, vy} € VY, inspect equation (3.1.1) with v to obtain

S (V% (BY % p),vo)r + (yp, vo) = (£, Vo). (3.3.8)

TeT,
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Now, apply integration by parts to arrive at

(f,vo) = (YQEP,vo) + > (BV X P,V x vo)r

T€TH

=) (vo— v, (BY x ) X )ar-. (3.3.9)

TET),

Here, we assume 7 to be a piecewise constant and the fact that Y ((BV xp)xn, vy)or =
TeTh

0. Next, by using the definition (3.2.2) for v, we obtain

(21 (BY X P),Vu X Vi)r
= (vo, V x (Q BV x p)))r — (v x 11, @ (BV X p))or
= (vo, V x (5 (BY x P)))1 + (v, @3 (BV x p) X Mar
= (V x v0, Q3 1 (BV x p))r — ((Q5 ' (BY X P)) X 0, Vo)ar
+(Qp ' (BY X p) X 0, Vp)or
= (V x v, @371 (BY x p))r — (2371 (BV X P)) X 1, V0 — Vi)ar
= (V x vo, BV x p)r — {(QF BV x p)) X 1, Vo — Vi)ar- (3.3.10)

Equations (3.3.9)-(3.3.10) together with commutative property (3.2.6) lead to

(f.vo) = (YQEP, Vo) + (9 (BY X P), Vi X Vi)
— > {(BY xp— Q)1 (BY x p)) X 1, V0 — Vi)or

T
= (YQbp; vo) + (B 1(V X p), Vi X Vi)
—(BQ; ' (V xp) — Q) 1BV x p), Vy X V)
- Z ((BV xp — Qi_l(ﬁv X P)) X M, Vo — Vi)or

TeT,
= (’YQSP,V()) N (6vw X (th)a vw X Vh)
—Ry(p,vy) — Ra(p, vh). (3.3.11)

Next, adding S(Qpp, vi) to both sides of (3.3.11) yields

Ai(Qnp, vi) = (£,vo) + Ri(p, vi) + Ra(P, Vi) + S(Qnp; va). (3.3.12)
Finally, subtracting (3.3.3) from (3.3.12) leads to desire identity (3.3.7). O

Next result establishes crucial bounds for bilinear maps R;(+,-) (i = 1,2) and stabi-
lizer S(-,-).
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Lemma 3.3.2. Suppose p € [H*™(Q)]%. Then, for any vy, = {vo, vy} € VY, we have

[Ri(p, Vi)l < CUIBlkeo) A [Pk allvally, (3.3.13)
[Ro(p,vi)l < OBl R P lksallvally, (3.3.14)
[S(Qup, Vi)l < ChE[Ipllllvall,- (3.3.15)

Proof. For (3.3.13), use Cauchy-Schwarz inequality, trace inequality (2.2.7) and Lemma
3.2.1 to obtain

[Bi(,va)l < DBV x p = Q57 (B x b)) x mllar|vo — Villor
TeT,

2

IA

C (Z hr||BY x p — Q5 (BV x p)”%T)

TeTh

1
3
X ( > bt lvo _Vb||<29T>

TeT,

C(1BIlkco) P Il vl -

IN

To estimate (3.3.14), we use Lemma 3.2.1 and use inequality (2.3.16) to obtain

[Ra(pva)| = | D (B (V xp)— Q5 (BY x p), Vi X Vi)r

TET

= Z (BQI™H(V x p) = BV x P,V X Vi)r

TeT,

= |3 (QF UV x )~V xp, (8~ B)Vau x i)z

TeTh
< C([1Bll,00)h (Z 19571V x p) — V x pH?r)
TeTh
X (Z [V X VhH?r)
TeT

< C1BIe) A H Pl vall,-
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Similar arguments yield

S(Qnp,vi)| = Z h' (Q6P — QEP, Vo — Vb)ar
TeT
< Y 22'1Q6p - pllorlvo — vallor
TeT,
3
< (Z (hz?1Q6p — pllF + IV(Qip — p)l\%))
TET,,
1
2
X (Z hztllvo — Vb”?;’T)
TET,,
< Ch¥(Ipllksllvall;-
This completes the proof of Lemma 3.3.2. m

As an immediate consequence of the above result, we obtain the following optimal

error estimates in discrete H' norm.
Theorem 3.3.1. Let p € [H*1(Q)]? be the ezact solution of (3.1.1)-(3.1.2) and p;, €
VY be the WG solution of (3.3.3). Then, we have

1Qxp — pall; < CR®|[pll1+1. (3.3.16)

Proof. We inspect the error equation (3.3.7) with v, = e, to obtain

llenllly < [R1(p,en)| + [Ra(p, en)| + |S(Qrp;en)|- (3.3.17)
The estimate (3.3.16) directly follows from (3.3.17) and Lemma 3.3.2. O

Remark 3.3.1. Suppose the problem (3.1.1)-(3.1.2) has the [HH‘S(Q)}d—regulam'ty prop-
erty in the sense that the solution p of (3.1.1)-(3.1.2) belongs to [HH‘S(Q)}C[ for some
)€ (%, 1} . Such low reqularity is common for the solutions of Mazwell’s equations in the
non-convexr domain (cf. [19]). Then, assuming the following approximation properties

for the standard L? projection operators

() BV xp— Qi (BY x p)|; +h¥ |V x p— Qi (BV x p)|;,
< Chy |BY % pl57 < CRP|IPIR 451+ (3.3.18)

2(1+5
(b)  1QEp — %+ h2|Qkp — 2 < CRI || 50 (3.3.19)

and the trace result (2.2.7) yields

|Bs(p, va)| < Ch[[p]l14s:
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Then, arguing as in (3.3.17), we arrive at

llealll, < CR°[[p]l1+s. (3.3.20)
Remark 3.3.2. Assuming BV x p € [HY(Q)]**? (see in [19] for two-dimensional curl-
curl problems), it is easy to prove that
|R1(p, va)l + | B2(p, va)| < C[|Bll100) IV X Pl @ I[Vall;- (3.3.21)
Hence, the estimate (3.3.20) is expected to be optimal for the WG-FEMs without a
stabilizer, which we will report in another article. In fact, for stabilizer-free WG-FEMs
with V x p € [H*(Q)]* 3, we note that
!
llenll; < RV x pllae@) fora > 3 (3.3.22)
Now, by using the duality argument, we shall find the L? norm error estimate. For
this, we consider the auxiliary problem with H' regularity in which unknown function
1) satisfy the following equations
V x (BV x ¢) + v = ¢y in Q, (3.3.23)
P xn=0 on Jf, (3.3.24)

and 7 also satisfy the priori bound given by (see, [70])
[l + IV x 4l < Clleol| (3.3.25)

Let N, = {¢ € Hy(curl; Q), ¢|r € [Pr(T)]¢, VT € T} be the second Nedelec edge
element space. We define the IT;, be the interpolation operator onto the space N}, (see
[99]).

Lemma 3.3.3. (/99], Theorem 5.41) For any ¢ € H*(Q) and V x ¢ € [H*(2)]*473, s €
(%,k} , we obtain

Hd) - Hh(JbHs,curl < ChS(HQbHS - ”V X ¢HS)
Lemma 3.3.4. For any ¢ € N}, we have

(aVy x e, V x @) + (Bey, @) = (QFH(V xp) =V x p, (e —a)V x ¢).
Proof. Testing equation (3.1.1) against ¢ and using the definitions of L? projections
yield

(f,9) = (Vx (ﬁV xp), )+ (1p, P)
(B(2371(V xp)),V x ¢) + (7Qgp; ¢)
— (B(Q(V xp)— Q' (BV x p),V x )
(B(V X (Qup)), V X ¢) + (1Qip, )
(

QN V xp)—V xp,(B—PH)V x ). (3.3.26)

TH-3217_186123013



CHAPTER 3. WG-FENMs for H(curl)-Elliptic Problems 44

Next, we set @, = {¢pg, ¢} € Vj, with ¢y = ¢ and ¢, = (¢ xn) xn = ¢ — (¢ - n)n,
and note that V,, x ¢, =V X ¢. Then by putting v, = ¢, in (3.3.3), we get

(f, @) = (BVw x P, V X @) + (7P, ). (3.3.27)
Finally, equations (3.3.26)-(3.3.27) leads to the desired result. O
Theorem 3.3.2. Let p € [H*1(Q)]? be the exact solution of (3.1.1)-(3.1.2) and py, €
VY be the WG solution of (3.3.3). Then, we have

1Q5P = poll < CR* [Pl (3.3.28)
Proof. Multiply the first equation of (3.3.23) with eg to arrive at
(eo,eo) = (V X (BV X 170)790) g (’Y'I,b,eo)
= (BV x %,V xeg) = > _(BV X9, (e — e0) X Nar + (72, ),

TeTh
= (BV x4, Vy x &) + (79, €)
— ) (BY xp— QF ' (BV x 9), (e, — &) X N)or, (3.3.29)

T€Th
where we have used the fact that ZTGT}L(ﬁV X 1, e, X Mar = 0. Further, using Lemma
3.3.4 with ¢ = IT 9 in the equation (3.3.29), we deduce

leol* = (BY x (¢ — Iuap), Vy, x €p) + (v(¢ — Ipep), o)
— > BV x 1 — Q1 (BY - ), (e, — €0) X Mor

TeTh

+HQF Y (V-p)=V:p, (8- BV - (Iy3))

< Ol = Wby cunlllenll, + Y 18V x 9 — Q5 (BV x )llor|l (€0 — €b) x mllor
TeT
+Ch([1Bll1ee) D IIQHH(V x P) = V X P2V x (TT43p)]z. (3.3.30)

TeT,

Next, from trace inequality (2.2.7) and inverse inequality (2.2.8), we note that
hollBV x b — Q1 (BYV x )57 < ClBV x ¢ — QyH(BV x 4)|[7
< OBV x 9|}

< Ch2||5||1100”¢||%,cur17

which together with estimate (3.3.30), Lemma 2.2.1, Lemma 2.3.4 and a priori estimate
(3.3.25) yield

leol < Chllgbllvcunllenlll, + CRH [P llksal# )1 cur
< Chlleolllllenll, + Ch**[Ipllx+1]leoll-

Finally, Theorem 3.3.1 leads to the desired estimate. [
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Remark 3.3.3. Now we relax the reqularity of the global solution p in Theorem 3.3.2
and require only p € [HH(S(Q)}d for some § € (3,1]. If the solution v of the auziliary
problem (3.3.23)-(5.3.24) has [H***(Q)]" regularity for some s € (3,1], then

1Q5P — Poll < Ch°**|[p|[1+s. (3.3.31)

3.4 Numerical Experiments

In this section, we have demonstrated the accuracy of the WG method by solving several
H(curl)-elliptic problems for which the analytical solutions are available. We have used
various kinds of configurations like triangular meshes, rectangular meshes with hanging
nodes in 2D, and cubical meshes in 3D. Moreover, we have also validated the numerical

scheme for H(curl)-elliptic convection-diffusion problem.

Example 3.4.1. H(curl)-elliptic problem on non-uniform rectangular mesh
with hanging nodes: The purpose of this example is to exhibit high order convergence
of the proposed WG approximation for sufficiently smooth solutions and coefficients.
Consider the the H(curl; Q)-elliptic problem 5V x (V x (8p)) +vp = f with boundary
condition (3.1.2) in Q = (0, 1)?. The exact solution to the given problem is defined as
P = (p1,p2)' = (exp(z + y) sin(n (@ +y)), exp( +y) cos(n( +y)))",

) ) 2r+3 y+1 r+y+4 3z+4
with coefficients § = and v =

y+1 zy+1 3xr+4 zxy+5
In this example, we will deal with the non-uniform rectangular mesh with hanging

nodes. The initial mesh, as shown in Figure 3.4.1 (left), has hanging nodes denoted by
A, B, C and D. Convergence results for the weak Galerkin algorithm 1 with respect
to triple-bar norm ||-||; and L? norm are presented in Tables 3.4.1-3.4.2, which clearly
validates our theoretical convergence results for weak Galerkin algorithm 1. Component-
wise surface plots for the exact solution and WG solution are shown in Figures 3.4.2-
3.4.3.

Example 3.4.2. Convection-diffusion problem on mixed mesh: We consider the

following convection-diffusion equation

BY % (V x (8p)) + V x (¢ x p) +7p = in 2= (0,12,

N i, . 41yt
with Dirichlet boundary condition. The coefficients are chosen as = ,
yP4+1 ay+4
r4+y+4 z+3 . ' ,
c=(z,y) and v = . The analytical solution of the given problem

T+3  2y+3
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Figure 3.4.1: An initial non-uniform rectangular mesh with hanging nodes (left) and its

next refinement (right).

Figure 3.4.2: (Example 3.4.1) Surface plots for first component of exact solution (left)
and WG solution (right).

Figure 3.4.3: (Example 3.4.1) Surface plots for second component of exact solution (left)

and WG solution (right).

defined as

3 t
p=(p,m) = (x?’ cos(my) + y* sin(rx), —gy5 cos(rx) — —a° sin(ﬁy)) :
7r
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Table 3.4.1: Convergence and error results for the Example 3.4.1.

k Level lenlll; Order lleol| Order
1 1.30e+-01 — 3.03e+4-00 —
2 6.80e+00 0.93 8.34e-01 1.86
3 3.40e+00 0.99 2.11e-01 1.98

1 4 1.70e+00 1.00 5.29e-02 1.99
5 8.50e-01 1.00 1.32e-02 1.99
6 4.25e-01 1.00 3.31e-03 1.99
1 6.25e+00 — 1.07e+00 —
2 1.70e+-00 1.87 1.46e-01 2.87
3 4.36e-01 1.97 1.84e-02 2.98

2 4 1.09e-01 1.99 2.31e-03 %99
5 2.74e-02 1.99 2.89e-04 3.00
6 6.86e-03 1.99 3.61e-05 3.00

A sequence of mixed meshes (an initial mesh is presented in Figure 3.4.4) is generated
for domain €. On the basis these meshes, the discrete H! errors and L? errors for WG
solution are reported in Tables 3.4.3-3.4.4. Both components of the analytical solution

and WG solution are shown in Figures 3.4.5-3.4.6 for k£ = 2 and mesh level 5.

Figure 3.4.4: Initial mixed mesh in Example 3.4.2.

Example 3.4.3. H(curl)-elliptic problem with low regular solution: In this
example, we investigate the performance of the WG method for low regular solution in

a three-dimensional domain © = (0, 1)3. We have extracted the following exact solution
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Table 3.4.2: Convergence and error results for the Example 3.4.1.

k Level lenlll; Order lleol| Order
1 1.86e+00 — 2.70e-01 —
2 2.55e-01 2.86 1.86e-02 3.86
3 3.26e-02 2.96 1.19e-03 3.96

3 4 4.11e-03 2.99 7.47e-05 3.99
5 5.14e-04 2.99 4.67e-06 3.99
6 6.43e-05 2.99 2.92e-07 3.99
1 4.01e-01 — 5.15e-02 %
2 2.73e-02 3.87 1.76e-03 4.86
3 1.74e-03 3.96 5.65e-05 4.96

4 4 1.09e-04 3.99 1.77e-06 4.99
5 6.88e-06 3.99 5.56e-08 4.99
6 4.30e-07 3.99 1.73e-09 4.99

Figure 3.4.5: (Example 3.4.2) Surface plots for first component of analytical solution
(left) and WG solution (right).

from Example 2 in [90]

y(1—y)z(1 - 2)
p(z,y,2) = z(l—x)z(1 —2) ;
r2/3sin(20)(1 — z)(1 — y)

where r = /2% 4+ y? and 6 = arctan(y/z). The coefficients are chosen to be § =~y = 11in
Q. Note that p € [H'2/3(Q2)]? and the suitable WG space is ([731 (T)] ? [Pl(ﬁT)]?’, PO(T)).
The initial mesh and its next refinement are shown in Figure 3.4.7. As expected, for

the lowest order WG finite element space, we have achieved O(h%%) in the energy norm
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Figure 3.4.6: (Example 3.4.2) Surface plots for second component of analytical solution

(left) and WG solution (right).

Table 3.4.3: Convergence and error results for the Example 3.4.2.

k Level llenlll; Order lleo]| Order
1 1.16e+00 g 1.82e-01 —
2 7.00e-01 0.73 5.17e-02 1.81
3 3.74e-01 0.90 1.35e-02 1.92
1 4 1.91e-01 0.96 3.45e-03 1.97
5 9.62e-02 0.99 8.68e-04 1.99
6 4.82e-02 0.99 2.17e-04 1.99
1 3.56e-01 — 4.44e-02 =
2 9.84e-02 1.85 5.93e-03 2.90
3 2.55e-02 1.94 7.516e-04 2.98
2 4 6.50e-03 1.97 9.43e-05 2.99
5 1.64e-03 1.98 1.18e-05 2.99
6 4.11e-04 1.99 1.47e-06 2.99

Table 3.4.4: Convergence and error results for the Example 3.4.2.

k Level llenlll Order lleo]| Order
1 6.22e-02 = 7.73e-03 —
2 8.90e-03 2.80 5.46e-04 3.82
3 1.15e-03 2.94 3.49e-05 3.96
3 4 1.46e-04 2.97 2.19e-06 3.99
5 1.84e-05 2.99 1.37e-07 3.99
6 2.31e-06 2.99 8.57e-09 4.00
1 1.19e-02 — 1.38e-03 —
2 8.08e-04 3.88 4.65¢-05 4.89
3 5.17e-05 3.96 1.48e-06 4.97
4 4 3.25e-06 3.98 4.66e-08 4.99
5 2.04e-07 3.99 1.46e-09 4.99
6 1.27e-08 3.99 4.57e-11 4.99
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and O(h'%?) for the L? norm, which are presented in Table 3.4.5.

==L

A
: ‘\’

AV ATV ATV A

AVNAVYAV.YAYY;

ANNS

Figure 3.4.7: Cubical initial mesh (left) and its refinement (right) in Example 3.4.3.

Table 3.4.5: Errors and convergence profile for WG solution in Example 3.4.5.

Level Nenll; Order lleo]] Order
1 1.00e+-00 — 1.02e+4-00 —
2 6.87e-01 0.55 3.91e-01 1.38
3 4.50e-01 0.60 1.36e-01 1.52
4 2.90e-01 0.63 4.54e-02 1.58
5t 1.85e-01 0.64 1.48e-02 1.61
6 1.18e-01 0.65 4.85e-03 1.62
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WG-FEMs for H(curl,div)-Elliptic Problems

In this chapter, the weak Galerkin finite element methods for the H(div, curl)-elliptic
equations in general polygonal/polyhedral domains have been discussed. The optimal
order error bounds in appropriate norms are derived for the proposed algorithms. More-

over, several numerical experiments are performed to justify the theoretical results.
4.1 Introduction

Let Q@ € R? (d = 2,3) be a bounded polygonal /polyhedral domain with Lipschitz
continuous boundary 9€2. The H(curl, div; Q)-elliptic problem is given by

Vx(BVxp)—aV(V-ap)+yp =1 in Q, (4.1.1)
pxn=0, V-ap=0 on 0. (4.1.2)

Other symbols are as defined in Chapter 1. The equation (4.1.1) is highly generic, as
it applies to a vast array of models in numerous physical phenomena involving div and
curl operators. The physical problem referenced by (4.1.1) encompasses several model
problems in the fields of electromagnetism and fluid-structure mechanics in heteroge-

neous/homogeneous media (cf. [15, 31, 43, 100, 102, 109, 110, 112]).
The objective of this chapter is to extend the work of Brener et al. [18] and Duan

et al. [50] for WF-FEMs in two and three-dimensional settings. In [18], the authors
have discussed a linear nonconforming FEM for a two-dimensional curl-curl and grad-
div problem. Optimal convergence rates (up to an arbitrary positive €) in both the
energy norm and the L? norm have been established on graded meshes under the regu-
larity assumption that solution p € H>7¢(Q) to (4.1.1)-(4.1.2) satisfies following a priori
estimate

IV % planoy + IV - Pl < CE]l (4.1.3)

Results of this Chapter are submitted (revised) to Computers and Mathematics with Applications.

51
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Later, Duan et al. [50] developed a linear continuous finite element for curl-curl and
grad-div vector second-order elliptic problem in a three-dimensional polyhedral domain
with discontinuous coefficients. An error estimate O(h") in energy norm has been es-

tablished assuming analytical solution u € H"(Q) for some r € (3, 1].
In this chapter, we have developed the WG-FEMs for the model problems (4.1.1)-

(4.1.2). The optimal error estimates of O(h*) in the energy norm and O(h**1) in the
L? norm are obtained for the WG-FEMs with local weak Galerkin space ([Pk(T O)YI,

[Pk(GT)]d, [Pr_1(T)]%473, Pk—l(T)). Moreover, numerical experiments have been per-
formed to validate the theoretical error estimates.
The rest of the chapter is presented as follows. In Sec.4.1, we shall discuss the weak

Galerkin discretization, discrete weak operators, and L? projection operators. The WG
algorithm and error estimates have been discussed for the H(curl,div)-elliptic problem
in the Sec.4.2. Several numerical experiments have been discussed for the proposed

model problems in Sec.4.3.

4.2 Error Analysis

We have proposed a WG-FEM for the H(curl, div)-elliptic model problem (4.1.1)-(4.1.2)
with local WG space (P,f, Pl ”P,fﬁ?’, Pk,l) Further, optimal error estimates in the
L? norm and discrete energy norm are established. WG spaces and other notations are

as defined in Chap. 3.
For the WG approximation, we define a bilinear map Ay : V, X V;, = R to be used

in this section as follows

Ag(Vh,Wh) = (Vw - QVyp, Vw . OéWh) + (5Vw X Vi, Vw X Wh)
+(’}/V0,W0) + S(Vh, Wh) VVh,Wh < Vh. (421)

Note that As(+, ) induces the following triple-bar norm in WG space V9

2 1
vally = > IVu - avallz+ Y 1182V0 x villz
TETh TET,
1 _
Hlravollz+ Y hrtll(vo — i) x i3y
TeT
— .AQ(Vh,Vh), VvV = {Vo, Vb} S V2 (422)

It is easy to observe that

Ivally < Clivally, ¥va € Vi (4.2.3)
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Weak Galerkin Algorithm 2. A WG approximation for (4.1.1)-(4.1.2) can be devel-
oped by seeking p, = {po, Po} € V) such that

As(pr, vi) = (£,vo) Vvi = {vo, vy} € V. (4.2.4)

Now, we are in the position to discuss the error equation for

e, = Qup — Pu,

where p is the exact solution for (4.1.1)-(4.1.2) and py, is the WG approximation given

by (4.2.4). Due to the presence of a divergence operator in the curl-curl and gard-div
system, we require an additional bilinear map defined as

Ri(p,vi) = Y ((V-ap—Q ' (V-ap))m,a(vo —vs))or. (4.2.5)
TeTh
Lemma 4.2.1. For each v, = {vo, vy} € V), we have
AZ(eha Vh) = Rl (pa Vh) + RQ(pa Vh) + R4(p7 Vh) - S(thv Vh)
= Rs(p,vn), (4.2.6)
where the bilinear maps R; (i = 1,2) and S are as defined in chapter 3.
Proof. For vj, = {vo, vy} € VY, testing (4.1.1) by v, gives
(£,vo) =— > (aV-ap,vo)r+ Y _(Vx (BV xp),vo)r + (yp.vo).  (4.2.7)
TeTh TeT,
Then, integration by parts yields
(f> VO) = (7ngp7 VU) + Z (v - ap, % aVO)T
TET
+ > (BY xp,V xvo)r = Y {(V-ap)n,a(ve = v))or
TeTh TeTh
- Z ((BV x p) xn,vo— Vi)or. (4.2.8)
T€ETh

Here, we assume v and « to be piecewise constants and the fact that

Z (V-ap)n,avy)or = 0.

TeT,
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Now, by using the definition (2.2.1) for avy,, we obtain

(Q4YV - ap), V- avy)r
~(avo, V(Q; (V- ap)))r + (avy, @71V - ap)n)or
= (V-avy, Q¥ (V- ap))r —
HQ (V- ap)n, avi)ar
= (V- avo, Qi (V- ap))r — (@ (V - ap))n, avy — avy)ar
= (V-avy,V-ap)r — (QF (V- ap))n, a(ve — vi))ar- (4.2.9)

<( ho (V-ap))n,owob:r

Then, equations (3.3.10) and (4.2.8)-(4.2.9) leads to

(£,vo) = (YQEP,vo) + Y (BLh ' (V x p), Vi X Vi)

TET,
+> (V- (@Qup), Vi - (@v))r
TeT,
= Y (B (V xp) — @BV x ), Vu x Vi)
TET,
= > {(V-ap ~ QH(V - ap))m, a(vo = vi))or
TET,
3 Z ((BV x p— Q)71 (BV x p)) X m,vo — Vi)ar
TeT,,
= (vQpp,vo) + Z (BVw X Qup, Vi X V)1
TET,
+ Z (aQup), Vu - (avi))r — Ra(P, Vi)
TET
w— R4(p, Vh) — Rl (p, Vh>. (4210)

Adding and subtracting S(Qpp, vi) to the equation (4.2.10) yields

AQ(thv Vh) = (f7 VO) -+ Rl (p7 Vh) + RZ(pa Vh)
+R4(p,Vh) +S(th,vh). (4211)

Finally, subtracting (4.2.4) from (4.2.11) leads to desire error equation. O

Lemma 4.2.2. Assume p € [H*Y(Q)]9. Then, for any v, = {vo, vy} € VV, we obtain

[Ra(p, Vi)l < Clllellkoo) B [P [l vally- (4.2.12)

Proof. The proof follows from Lemma 3.2.1, Cauchy-Schwarz inequality and trace-
inequality (2.2.7). We omit the details. O
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Theorem 4.2.1. Let p € [H*1(Q)]? be the exact solution of (4.1.1)-(4.1.2) and py, €
VY be the WG solution of (4.2.4). Then, we have

1Qwp — Palll, < CR*[Pll1t1- (4.2.13)

Proof. We inspect the error equation (4.2.6) with v, = e, to obtain

llenll, < |Ri(p.en)| + |Ra(p,en)| + |Ra(p,er)| + |S(Qup, )| (4.2.14)

The estimate (4.2.13) directly follows from (4.2.14), Lemma 4.2.2 and Lemma 3.3.2
along with (4.2.3). This completes the Theorem 4.2.1. O

Next, we shall derive the L? error estimate for the weak Galerkin algorithm 2 with
the help of the duality-argument. To do so, we consider an auxiliary problem with H?

regular solution @ satisfying

—aV(V-ah)+V x (BV x ) + 7 = ¢ in €, (4.2.15)
P xn=0, V-ayp =0 on 0N. (4.2.16)

Under the assumptions in the present geometric setting, we have (see, [18])

[[h]]2 < [leoll- (4.2.17)

Theorem 4.2.2. Let p € [H*1(Q)]? be the exact solution of (4.1.1)-(4.1.2) and py, €
VY be the WG solution of (4.2.4). Then, we have

1QEP — ol < CL*|p k1. (4.2.18)

Proof. For the equation (4.2.15), analogue to (4.2.10), we have

(€0, vo) = (YQ{W,vo) + Z (BVy x Qptp, Vo X Vi) 1

TETh
- Z (aQn), Vo - (avy))r — Ri(1, va)
TETh
—Ry(h, vi) — Ra(9p,va) Vv € {vo,vs} € V}, (4.2.19)

where Qp1p = {Qf), QFp}. Then, add S(Qu1, e,) to both sides of (4.2.19) to arrive

at

leol? = Az(en, Quip) — Rs(vp, ep)
= R5(p7 Qh’lp) - RB(wa eh)
=+ . (4.2.20)
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It follows from a priori bound (4.2.17), Lemma 4.2.2, Theorem 4.2.1, Lemma 3.3.2 and
inequality (4.2.3) that

| 1o < Chlplallenll, < Chlleollllenll, < CA*[[pllislleoll-

For the term J;, we need some preparations. Definition of the QF, estimate (2.3.16),

trace inequality (2.2.7) and a priori bound (4.2.17) leads to

[Ri(p, Qup)l = | D BV xp— Q) 1BV x p)) x 0, Qbvp — Qfp)or

TeT

< D 1BV xp— Qi (BY x b)) X nllor| Q5 — Yllor

TeTh

IA

c (Z hrl|BV x p — Q5 (AV p)H%T)

TeT,

X (Z ht||Qhep — w\%T)

TETh

CUIBlkso) P llistll2pl2
< C1Bllkoo) A P llk+1lleol (4.2.21)

IA

Next, using commutative property (3.2.6), we have

|R2(p7 Qh¢)|
- Z (B "V x p) — BV x P, Vi X Qup)7
TeT),
= > (2 (Vxp) =V xp, (8= B)QN (VX ¢)r
TeT),
=D (Vxp) =V xp, (BB (VX ) =V xp+V x )7
TETh
<D (@Y xp) =V xp, (8- BV x4p) =V xah)r
TETh
D (@ YV xp) =V xp.(B-B)(V x9))r
TETh
= Ly + L. (4.2.22)

For L, we use Lemma 3.2.1, Cauchy-Schwarz inequality, a priori bound (4.2.17) and
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estimate (2.3.16) to get

L < Y IV xp) — V x pllrll(8 — B)(QE Y x ) — V x )|

TeTh
< Ch([|Bll1,) (ZIIQ (Vxp)- VXP||2T>
TeT
(Z 1QE(V x 1) — V x wn%)
TeTh
< CE2(||B1hco) I ks 2]l
< CR*2(||Blh.00) 1Pl 5+1lleoll- (4.2.23)

Similar arguments yields

[Lo] < CR™([18]l1.c0) IPllisalleoll- (4.2.24)

Combining the estimates (4.2.22)-(4.2.24), we arrive at

| Ra(p, Qup)| < CH([|Bll1,00) I[P l-+1]leoll (4.2.25)

Next, for the stabilizer S(-,-), we obtain

‘S(QhP, Qh¢)|

=Y heH(QEp — Q) x 1. (QfY — Q%) x M)or
TET,

< 3" 12'1Qkp — pllorlQkw — o
TeT,

2

<C (Z hy' (h'|Qsp — plIF + hr || V(Qp — p)IIQT))

TeTh

(SIS

x (Z h (it Qe — w113+ hr |V (Qep — ¢)|\%>>

TET,
< G Ypllsral[9]l2
< CR* Y |p ks [leol. (4.2.26)

For R4, we use Lemmas 3.2.1-2.2.1, Cauchy-Schwarz inequality, trace-inequality
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(2.2.7) and a priori bound (4.2.17) to have

]R4(p, QrY)|
=[SV ap — @V - ap))m. Qe — Qfep))or
TeTh
<> IV-ap — QY - ap)lor [ a(Qbe — %) or
TeT,
< (z hr||V - ap — Q (V- ap)HgT) (Z h e Qlp — w>||§T)
TET;, TeTh

< C(llalleo) 2 Ipllksall9l2
< Cllallio) 2 1Pl leo]l-
Finally, we arrive at
|| < O pllksalleoll-
This completes the rest of the proof for Theorem 4.2.2. O

Remark 4.2.1. Let p € [H™(Q)]* for some 6 € (3,1]. Then, as in Remark 3.3.1 and

Remark 3.5.3, we have following estimates

1Q:p — pull, < CR|IP|l1+s,
1Qtp — pol < Cho|p||1 s,

for some s € (%, 1}.

4.3 Numerical Examples

In this section, we have conducted specific numerical experiments for the both 2D and
3D H(curl, div; Q2)-elliptic problem (4.1.1)-(4.1.2) using the weak Galerkin finite ele-
ment method. In our numerical experiments, we shall perform the WG algorithm with
a higher degree finite element space V. For 2D experiments, a finite sequence of trian-
gular meshes whereas for 3D tests, cubic meshes have been used. In addition, we have
also validated the proposed algorithm for H(div, curl)-elliptic interface problem with

homogenous jump conditions.

Example 4.3.1. H(curl, div)-elliptic problem on deformed triangular mesh:
Consider the problem —aV(V - ap) + V x (V x (fp)) + yp = f with boundary
condition (4.1.2) in the domain Q = (0,1)?. We set the analytical solution as

p=(p,p) = ((a:2 + ) sin(7(x + 7)), (2* + y + 6) cos(nx) cos(ﬂy))t ,
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. _ 2+’ +1 3y+2 xy + 2 3
with coeflicients o = , = and v =
3y+2 22 +1 3 z+y+1
r+1 (z+1)y+1)

We again examine the high-order convergence of
(x+1)(y+1) v+ 1

the WG method by considering the deformed triangular meshes. An initial mesh is
shown in Figure 4.3.1 (left). We report the numerical errors in Tables 4.3.1-4.3.2. For
k = 3 and mesh level 6, component-wise surface plots of analytical solution and WG

solution are shown in Figures 4.3.1 (middle-right)-4.3.2.

1

\‘ 02

08

06

04

02

0

1
|12
1

0 0.2 04 0.6 08

Figure 4.3.1: (Example 4.3.1) Initial deformed triangular mesh (left), surface plots for
first component of analytical solution (middle) and WG solution (right)

1 1

| |

0.6 0.6

04 04

— . —
! 00 0.2 04 0.6 08 1

0 0.2 04 0.6 0.8 1

Figure 4.3.2: (Example 4.3.1) Surface plots for second component of analytical solution

(left) and WG solution (right).

Example 4.3.2. H(curl, div)-elliptic interface problem: We consider the following
H(curl, div; Q)-elliptic interface problem (cf. [50])

—aV(V-ap)+ BV x (V x (Bp)) +p f in Q,
pxn=0 V-ap = 0 on 09,
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Table 4.3.1: Convergence and error profiles for the Example 4.3.1.

k Level llenlll, Order lleo]] Order
1 1.31e400 — 1.59e-01 —
2 6.62¢-01 0.99 4.06e-02 1.97
3 3.31e-01 1.00 1.01e-02 1.99

1 4 1.65e-01 1.00 2.55e-03 1.99
5 8.27e-02 0.99 6.37e-04 1.99
6 4.13e-02 0.99 1.59e-04 1.99
1 3.67e-01 =T 3.14e-02 —
2 9.47e-02 1.95 4.00e-03 2.97
3 2.38e-02 1.98 5.01e-04 2.99

2 4 5.97e-03 1.99 6.26e-05 3.00
5 1.49e-03 1.99 7.83e-06 3.00
6 3.73e-04 1.99 9.79e-07 3.00

Table 4.3.2: Convergence and error profiles for the Example 4.3.1.

k Level Nlenll, Order lleo]] Order
1 6.67e-02 — 4.87e-03 —
2 8.60e-03 2.95 3.13e-04 3.95
3 1.08e-03 2.98 1.97e-05 3.99

3 4 1.359e-04 2.99 1.23e-06 3.99
5 1.70e-05 2.99 7.71e-08 3.99
6 2.12e-06 2.99 4.81e-09 4.00
1 1.26e-01 — 1.62e-02 3
2 8.71le-03 3.86 5.62e-04 4.85
3 5.58e-04 3.96 1.80e-05 4.96

4 4 3.51e-05 3.99 5.68e-07 4.99
) 2.20e-06 3.99 1.77e-08 4.99
6 1.37e-07 3.99 5.56e-10 4.99

with homogeneous jump conditions along the interface I'. Here, a L-shaped domain

is embedded in the domain = (0,1)2. Interface T' and two sub-domains €; and €2,

are shown in Figure 4.3.6 (left). In this example, we have used non-uniform fitted
10

triangular meshes with high contrast coefficients. We set a|q, = a; = in
01
107 0 ) ) ]
and alg, = ag = in )y, and § = v = [ in €. Then the exact solution
0 z+4+y+1

p = (p1, p2) is chosen as

10°(exp(r(y — 0.60)(x — 0.50)) — 1) sin(4rx) sin(4mry) for (z,y) € O,

b1
(exp(m(y — 0.60)(z — 0.50)) — 1) sin(4wx) sin(4my) for (z,y) € ,
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and

10°(y — 0.60)2(x — 0.50)2 sin(47x) sin(4my)  for (x,y) € Q,

D2
(y — 0.60)*(z — 0.50)? sin(4rx) sin(4my) for (z,y) € Qa.

The discrete H* errors and L? errors of weak Galerkin algorithm 2 are listed in Tables
4.3.3-4.3.4. In Figures 4.3.4 (middle-right)-4.3.5, component-wise surface plots (in 2D

view) for exact solution and WG solution are depicted with £ =1 and mesh level 6.
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Figure 4.3.3: (Example 4.3.2) Domain with interface (left) and surface plots for first

component of exact solution (middle) and WG solution (right).
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8000 8000
6000 6000
4000 4000

2000 2000

Figure 4.3.4: (Example 4.3.2) Surface plots for first component of exact solution (left)
and WG solution (right).

Example 4.3.3. H(curl, div)-elliptic problem in three dimensional L-shaped
domain: In Example 3.4.3, we have demonstrated the convergence of weak Galerkin
approximation for a non-smooth solution in a convex polyhedral domain. This numer-
ical example illustrates the convergence of the WG scheme in a non-convex polyhedral
domain ©Q = (0,1)3\(1/2,1) x (0,1/2) x (0, 1). The exact solution is set as (see, Example
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Figure 4.3.5: (Example 4.3.2) Surface plots for second component of exact solution (left)

and WG solution (right).

Table 4.3.3: Convergence and error results for the Example 4.3.2.

k Level llenlll, Order lleoll Order
1 2.63e+00 = 6.20e-01 —
y 1.34e+00 0.97 1.64e-01 1.91
3 6.67e-01 1.00 4.13e-02 1.99

1 4 3.33e-01 1.00 1.03e-02 2.00
5 1.66e-01 1.00 2.58e-03 1.99
6 8.32e-02 1.00 6.45e-04 1.99
1 1.30e+00 — 2.25e-01 —
2 3.68e-01 1.82 3.19e-02 2.82
3 9.50e-02 1.95 4.09e-03 2.96

2 4 2.39e-02 1.98 5.13e-04 2.99
5 6.00e-03 1.99 6.42e-05 2.99
6 1.50e-03 1.99 8.03e-06 2.99

Table 4.3.4: Convergence and error results for the Example 4.3.2.

k Level llenlll; Order lleo] Order
1 4.67e-01 — 6.86e-02 —h
2 6.68e-02 2.80 4.92e-03 3.80
3 8.63e-03 2.95 3.17e-04 3.95

3 4 1.08e-03 2.98 1.99e-05 3.99
5 1.36e-04 2.99 1.24e-06 3.99
6 1.70e-05 2.99 7.80e-08 3.99
1 1.26e-01 — 1.63e-02 —
2 8.72e-03 3.86 5.64e-04 4.85
3 5.59e-04 3.96 1.81e-05 4.96

4 4 3.51e-05 3.99 5.71e-07 4.98
5 2.20e-06 3.99 1.78e-08 4.99
6 1.37e-07 3.99 5.58e-10 4.99
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1 in [90])
y(1 —y)z(1 - 2)
P(z,9,2) = | 2(1 —2)2(1 — 2)
z(1—z)y(l—y)
The coefficients are set as & = f = v = 1 in (2. The initial mesh is shown in Figure 4.3.6.
The errors and orders of convergence for the WG method are shown in Table 4.3.5. For

a smooth solution, it is clear from Table 4.3.5 that we have achieved optimal orders of

convergence in a domain with the corner.

Figure 4.3.6: An initial mesh (left) and its refinement (right) in Example 4.3.3.

Table 4.3.5: Convergence and error profiles for the Example 4.3.3.

kE | Level llen]l,  Order lleo] Order
1 1.11e-01 — 2.46e-01  —
2 5.65e-02 0.97 6.32e-02  1.96
3 2.84e-02 0.99 1.59e-02  1.99
1 4 1.42e-02 0.99 3.98e-03  1.99
3 7.11e-03 0.99 9.95e-04  1.99
6 3.55e-03 1.00 2.48e-04 199
1 1.99e-02 — 3.3%e-02  —
2 5.13e-03 1.95 4.33e-03  2.95
3 1.29e-03 1.98 5.44e-04  2.99
2 4 3.24e-04 1499 6.80e-05  2.99
5 8.11e-05 1.99 8.50e-06  3.00
6 2.02e-05 1.99 1.06e-06  3.00
1 2.29e-03 — 3.31e-03  —
2 2.92e-04 2.96 2.12e-04  3.96
3 3.68e-05 2.99 1.33e-05  3.99
3 4 4.61e-06 2.99 8.33e-07  3.99
5 5.77e-07 2.99 5.20e-08  4.00
6 7.21e-08 2.99 3.25e-09  4.00
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WG-FEMs for H(div)-Elliptic Interface Problems

A fitted weak Galerkin (WG) finite element scheme has been demonstrated in the present
chapter for solving H(div)-elliptic equation with discontinuous coefficients and interface.
In both L? norm and H' norm, error estimates of optimal orders are discussed for the
H(div)-elliptic interface problems. High-order convergence rates have been achieved
by using suitable WG approximation spaces of higher degrees. We have performed
some typical numerical tests to confirm the theoretical findings of the proposed WG
algorithm. Moreover, numerically it is shown that the proposed WG algorithm is able
to accommodate geometrically complicated and very irregular interfaces having sharp

edges, cusps, and tips.
5.1 Introduction

Let © be a polygonal /polyhedral domain in R%(d = 2, 3) with Lipschitz boundary 95
and ©; C Q is an open domain with C? smooth boundary I' = 9€; and Qy = Q\Q; (see
Fig. 1.1.1 for an illustration). In €2, we now recall the H(div)-elliptic interface problem

of the form

—V(aV-p)+yp=1f in Q, (5.1.1)
p-n =0 on 09, (5.1.2)

with non-homogeneous interface jump conditions

aV-p]l=¢ & [p-m = —¢ on I. (5.1.3)

Other symbols are as defined in Chapter 1.

Results of this Chapter are published in J. Comput. Appl. Math.,
https://doi.org/10.1016/j.cam.2023.115269.
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Classical FEM for H(div)-elliptic problems has been studied in [69]. Optimal error
estimate for H(div)-norm is obtained for C? smooth interface with homogeneous jump
conditions. Recently, interface-penalty FEMs are proposed to solve H(div)-elliptic in-
terface problem in [96] using unfitted tetrahedral meshes. Error estimates of optimal
orders are derived in energy norms assuming three transmission conditions. Although
interface-penalty FEMs is able to achieve accuracy near the interfaces but the stabilizer
needs one more penalty term to maintain stability. In addition, immersed virtual el-
ement techniques have been developed for Maxwell’s interface problems in 3D in [27].

Optimal convergence results have been derived with homogenous jump conditions.
From the analysis in [69], it is evident that high-order convergence depends on the

fact that how appropriately the interface settled by the finite element mesh, and sub-
sequently, WG-FEM provides a scope due to the flexibility of mesh generation in WG-
FEMs. In this work, we have discussed the fitted WG-FEM for H(div)-elliptic interface
model problem (5.1.1)-(5.1.3) based on polygonal (in 2D)/polyhedral (in 3D) meshes.
In both L? and H' norms, the error estimates of the optimal orders are discussed for the
proposed WG algorithm. Moreover, several numerical experiments have been carried
out that also involve complicated interfaces and solutions having low regularity to jus-
tify the theoretical results. As per our literature survey, it seems that there has been no
work until now on high-order FEMs for H(div)-elliptic interface problems with general

polygonal /polyhedral meshes.
The rest of the chapter is organized as follows. In Sec.5.2, we have described reg-

ularity results for the H(div)-elliptic problem. The weak Galerkin discretization, L>-
projections, and weak Galerkin algorithm are described in Sec.5.3. Error equation and
error estimates are derived in Sec. 5.4. In Sec.5.5, we demonstrate specific numerical

experiments that confirm the theory established in the previous sections.

5.2 Regularity Results

In this section, the existence and uniqueness of the weak solution to the aforemen-
tioned interface problem have been discussed. For this purpose, we introduce the weak
formulation of the model problem (5.1.1)-(5.1.3).

Definition 5.2.1. A function p € Hg(div; 4, ) is known as a weak solution of (5.1.1)-
(5.1.3) if [p - n] = —¢ and satisfy

(aV -p,V:-v)+ (vp,v) = (£,v) + (¢, v-n)r Vv € Hy(div; Q). (5.2.1)

Here, (-, -)r denotes the L? inner product on T.
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Theorem 5.2.1. Formulation (5.2.1) has a unique solution p € Hy(div;$2y,$s). In

addition, we have

Pl ) < C {IEI+ 1910, + Il -

Proof. Using Lax-Milgram Lemma, for f € [LZ(Q)]d and ¢ € H%(F), it is easy to justify
that there must exists a unique solution w € Hy(div; Q) satisfying

A

(aV-w,V-v)+ (yw,v) = (£,v) + (¢, v-n)r Vv € Hy(div; ). (5.2.2)
Above problem can be realized as the weak formulation to the model problem given by
—V(aV-w) = f inQ,
[aV - w] = ¢ on T, (5.2.3)
[W - n] = 0 on TI.

Again, as T is of class C?, we can determine a function p € Hy(div;Qy, Q) N
H!(div; Qy,€5) in such a way that satisfies

A

[p 1 77] =—¢ on I' and ||f)||H1(diV;Ql’Q2) = C”QbHH%(F) (5'2'4)

From Theorem 5.2.1, we observe that p = W + p solves the equation (5.2.1) with f
replaced as f + V(aV - p) — vp and integration by parts. The proof for the stability is
straightforward. O]

Remark 5.2.1. For the construction of p € Hy(div; Qy, Qy) N H! (div; Qy, Qs), we refer
to Remark 2.1 in [38].

To prove the existence of the strong solution for the interface model, we first derive

the following results.

Lemma 5.2.1. Let p € Hy(div;Qy, Q) N HY(div; Qy,Q) be the weak solution for
(5.1.1)-(5.1.3), then p is also a strong solution of (5.1.1)-(5.1.3).

Proof. For p € Hy(div; Qy, Q) N H(div; 24, ) and integration by parts give rise to
/ (=V(aV -p)+9p) vdz
Q;
= (vp, V), + (aV -p,V - -v)q, = (f,v)q, Vv € Hy(div; Q;),
which implies that

—V(aV - p)+yp =1 ae in Q, i=12.
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Next, we shall prove that p satisfies the jump conditions (5.1.3). Integration by

parts give rise to

0 = ZQ:/_(— vdm+2/ V(aV -p)+p) vde
if

V)q, + Z (@V-p,V-V)a, + > _(p.V)a,
i=1 i=1
—<[aV -p),v-m), Vv € Hy(div; Q).
Using the definition of weak solution and above relation leads to

(v-m,([aV-p]=¢)), =0 Vv € Hy(div; Q).

The arbitrariness of v shows that p satisfies the first jump condition in (5.1.3). From
the definition (5.2.1), the second condition directly follows. O

Lemma 5.2.2. For ¢ € H%(F), the interface problem (5.2.3) has an unique solution
w € Hy(div; Qy, Q) N HY(div; 4, Q) and satisfies the following apriori estimate

Wl aiwan0n < C LIEI+ 141, 0§ -

Proof. First, we consider the following elliptic interface problem

-V - (OéVU) =0 in Ql U QQ,
v =0 on 09, (5.2.5)
[v] = =4, [aVv-n] =0 on T.

Then, v € H*(Q;) N H%() (cf. [38, 84]) and satisfies following estimate
follaa, + ollza, < Clls
Next, consider following auxiliary elliptic problem

—Au; + oty =a; v inQy, =1, 2,
Vius-n =0 on 0, (5.2.6)

Uy —us =0, Vup-n—Vuy-n=0 on I

Due to the construction of u; in €; (i = 1, 2), it is clear that u = u; € H*(Q;) (see,

[78]). In fact, for sufficiently smooth coefficient «, we have

Au=a Hu—v) € H* () N H*(y).
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Then, trace result and interface conditions lead to
[aAu] = [u] = [v] =4 and [Vu-n] =0 onT. (5.2.7)
Then, p = Vu € Hy(div; Qy, Qe) N H!(div; Q1, Qs) and following estimate holds

<C

1Bl divia ) < C10l3 (5.2.8)

Again, the problem admits the unique solution given as follows: Find w € Hy(div; Q)N
H'(div; Qy,€y) such that (cf. [69])

—V(aV-w)+9w = f inQ,
[W - n] = 0 on T, (5.2.9)
[aV - w] = 0 on T,

with f = £+ V(aV-p) —p € [LA(Q)]". Further, w satisfies following weak formulation

(aV -w,V-v)+ (yw,v) = (f,v) Vv € Hy(div; Q). (5.2.10)

In order to use interface condition (5.2.7), we integrate in each subdomain to get

(f,v)=({f,v)=(vp,v) = (aV:-p,V-v)+ (¢, v-n)r Vv e Hy(div;2). (5.2.11)

Then, w = w + p € Hy(div; Q;, Q) N H(div; Q4,s) is a weak solution of (5.2.3).
Hence, due to previous Lemma 5.2.1, the interface problem (5.2.3) has a strong solution

w, and satisfies the desired apriori estimate. O

Hence, from Lemma 5.2.1, we can conclude that the existence of a strong solution
demands high regularity from weak solution, which justify by the following Theorem
5.2.2.

Theorem 5.2.2. Assume that £ € [L2(Q)]", ¢ € H2(T) and ¢ € H2(T'). Then, the

interface problem (5.1.1)-(5.1.3) has a unique strong solution.

Proof. Combining Theorem 5.2.1 and Lemma 5.2.2, we observe that p = W +p €
Hy (div; Q) N H'(div; Qy, Q) solves the equation (5.2.1) and [p-n] = [W-n|+ [p-n] =
—¢ on I'. Then, due to Lemma 5.2.1, we conclude that p is a strong solution to the
interface problem (5.1.1)-(5.1.3). O

Remark 5.2.2. If p € Hy(div; Qy, Qo)NH! (div; Qy, Q) is the strong solution for (5.1.1)-
(5.1.3), then p satisfies the apriori estimate given by

[Pl v < CLIEN+ 100130y + 16030 -
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5.3 Weak Galerkin Algorithm

Let 7, be a finite fitted mesh of domain €2 having mesh size h with some regularity
constraints mentioned in [121]. A simple cost-efficient fitted mesh generation algorithm
has been proposed in [36]. Elements in 7, can be any kind of polygons/polyhedra
instead of standard simplicies. Let &, be the set containing all edges/flat-faces of 7j,
and assume &) = &£,\00 be the set containing all the interior edges/flat-faces. Let |T|
and hr denote the measure and diameter of T' € Ty, respectively. With supplementary
computational cost, we shall generate body-fitted grids such that edges/flat-faces of &7

aligned along the interface I'. Thus, in a simplified way, we can write

T = {T€Th:TEQ or ITNT =0}
U{TeT,:TCQ and 9T NT # 0}
= TL1UTs. (5.3.1)

Note that, all the elements of €2y and non-interface elements of €, are contained in 7;.
We denote I', be the finite element partition of the interface I', which can be obtained

from the intersection of the 77 and 7.
Here, we have adopted the same definition of weak functions as defined in Chapter 2.

Let T be any polyhedra (in 3D)/polygons (in 2D) domain with interior 7° and boundary
JT'. A weak vector-valued function on the domain 7T refers to a vector-valued function
v = {vp, v} such that vy € [L*(T)]? and v, - € L*(9T), where n is unit outward
normal of 0T'. For each e € 9T, we define i, = m|.. Then, for each integer £ > 1, we
recall the following weak Galerkin (WG) spaces based on the partition 7, given by

Vi ={vi = {vo,Vs} : Volr € [Pk(T)]dNb\e =N, vy € Pr(e),e € OT, T € Ty},
and
V) ={vy={vo,vs} €V :v,-n=0 on 90}

For the well-posedness of the WG approximation, v, defined on each edge/flat-face
e € &, must be single valued (cf. [121, 122]). Now, for each v, = {vq,v,} € V},, we
recalls the weak divergence of it, denoted by V,, - v, is a unique polynomial in Pj_1(T")

which satisfy
(V- v, p)r = —(vo, Vp)r + (Vo - 1, p)ar Vp € Pr_1(T). (5.3.2)
Now, we define two bilinear maps S, A : V;, x V,, — R given by

S(wi,vi) = Y _ b7 {(wo — W) -0, (Vo — Vi) - m)or (5.3.3)
TeTh
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and
Awy,vi) = (aVy - Wi, Vi - Vi) + (YWo, Vo) + S(wWp, Vi), (5.3.4)

for all wy, = {wq, wp}, vi, = {vo, vs} € V.
Next, we introduce triple-bar norm on V9 given by

1 1 _
Ivall* = > a2V - valld + vz vollz + D b7 (vo = Vi) - mll3y
TeTh T€Th
= A(vp,vi) Yv, € VY. (5.3.5)
For any T' € T;, and e € &, , we introduce the local L?-projections given as follows:

QL LX) — [Pu(T))Y, QF 1 LA(T) — Pri(T), QF : L*(e) — Pi(e).

For w € [HY(T)]%, we define Q,w = {Qfw, Q¥ (w - n.)n.}. Now, we reintroduce some
important approximations results from ([121, 122]) for Q% and Q}".

Lemma 5.3.1. Assume T, be the partition of Q@ mentioned in [121]. Then, we get

S lw — Qw2 < Ch2 D lwl,,, 0<s <k,

TeT,

> IV(w = Qbw)ll} < Ch* w2, 0<s <k,

T€Th

> {lz— QR+ RV - QI < ORI, 0S s < k-1
TeTh

For e ¢ T, shared edge between two elements T; and T5, p|r,ne = P|1yne- Therefore,
Q¥(p-m,) is a single valued function on each e ¢ T, and Q;p = {Qfp, Q¥ (p-n.)n.} €
V. If e € Ty, Plryne # Plryne with Ty € ©Qq and Ty C Q. To ensure Qpp € Vi, e,
Q¥(p - m,) single valued on each e € ['y,, Q%(p - n,) defined in a way given below

Qi (Plrre - M) if eel,&TCy,
QP =19 Qf(Plrne M +Qfp if ecT) & T Cy, (5.3.6)
Qi (plrre - M) if e¢T,&TETh.

Next result set a relation between projection operators Qj and Q'ffl.
Lemma 5.3.2. Let p be an ezxact solution for (5.1.1)-(5.1.8). Then, for each q €
Pr_1(T), the following properties satisfy

(vw . tha Q)T = ( i—l(v . p)7 Q)T7 T e 717
(V- Qup.g)r = ( ];i_l(v “P), Q)7 + (&, Q)ornr, T € Ts.
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Proof. For q € Pr_1(T) and T € Ty, using (5.3.6) together with the definition (5.3.2),

we have

(V- Qup, )7 = —(Qop, V) + (Q5(P - m), @or
= —(p,Vg)r +(p 1 Qor
= (V:p,Or
= (@ Y(V-p), 9

In a similar way, for T" € 75 leads to

(Vo - Qup,@)r = —(QF. Vo)r +(Qs(p- 1), @)or
= —(p,V@)r + (P 1 Qor + (&, Q)ornr
- (v ‘P, Q)T + <¢7 Q>8Tﬁ1—‘
= ( Z_l(‘7' p)aQ)T’+’<¢7Q>8TﬂF-
This completes the Lemma 5.3.2. O]

For v, = {vo, vy} € V}, we define the bilinear forms as follow

<¢7 Vb - Ir’)r = Z (W Vb - n>67

ecl'y,
<¢7 aVy - Vh)F = Z <¢7 gV, - Vh|T>8TﬂFha
TeT:
= e, (Vo —v) -m)p = Z h~Ho, (Volr = vs) - Morar, -
TeT2

5.4 Error Equation and Error Analysis

In this section, we have studied a WG-FEM for the H(div)-elliptic interface problem
(5.1.1)-(5.1.3) with on local WG space (73,?, P, Pk_1>. Further, we shall derive error
estimates of optimal order in L? norm and discrete energy norm. We assume « and ~y

to be piecewise constants in theoretical analysis.

Weak Galerkin Algorithm. A weak Galerkin numerical approximation equation for
(5.1.1)-(5.1.3) can be derived by finding ps, = {po, ps} € VY such that

A(pn,vi) = (£,vo) + (¥, v -m)r + (¢,aVy - vi)r
—h_1<¢, (Vo — Vb> . 7’])1" Vv, = {Vo,Vb} € V?L (541)
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Next, we rigorously discuss the error equation and corresponding error estimates.

For this purpose, we define error function e, by

e, =Qyp—pPr= {eo,eb} = {QISP — Po, Q’g(p -n)n — Pb}-

Then, to capture the error e, we define two bilinear maps Ry (-, ) and Rs(-,

Ri(p,vi) = Z (@(V-p = Qy (Y -p))n,vo — Vi)ar,

TeT

Ry(p.vi) = > h7HQip-n—Qi(p-m).(Vo— Vvs) - m)or.
TET

Lemma 5.4.1. For v, = {vo,v,} € V), we obtain
Alen, vi) = Ri(p, vi) + Ra(p, Vi)
Proof. For any v, = {vq,v;} € VY, test equation (5.1.1) with v to get

—(V(aV - p), vo)
:_Z v pn)v08T+Zav p7v VO)

TeTh TET;,
- Z (a(V . p)n» Vo — Vb>8T + Z (Ofv P, V- VO)T
TeTh TET;,
=Y {a(V -p)m, V)
TET,
== Z <a(v i p)TI?VO - Vb>8T + Z (CVV -p, V- VO)T s <¢, Vp -
TeTh TET;,
- Z a@ ), V- vo)r — Z (a(V-p)n,vo — Vi)or
TeT), TETh
_<2/}7 A\ T,>F

Equation (5.3.2) and Q}~! operator give rise to

(aQi (V- p), Vi - V)7
—(vo, V (aQ (V- P)))p + (Vi - m,aQ " (V - p))or

— (V- vo,aQ ™ (V- p))r — ((vo — Vo) -1, 0@ (V - p))or-

n)r

(5.4.2)

1) as

(5.4.3)

(5.4.4)

(5.4.5)
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Above two equations together with Lemma 5.3.2 implies

—(V(aV -p),vy)
= Z (@Qp (V- p), Vi - Vi) — Z ((V-p—Qy H(V-p))n,vo — Vo)or

TeT, TeT
_<¢7 Vp - n>F

= Z (aVy - Qup, Vi - Vi)1 — Z (a(V-p—Q (V- p))n,vo— Ve)or
TeTh TeTh

_<w7 \ 77>F T <¢7 avw : Vh)F-

which yields

Z (aVy - Qup, Vi - Vi)7 + Z (YQwP, vo)r

TeTh, TETh,
= (f,vo) + Z ((V-p=Q; (V- p))n,vo— Vy)or
=
(b, v - m)r + (¢, @V, - V). (5.4.6)

Then, equation (5.4.6) leads to
AQrp.via) = (£,v0) + Bi(p, Vi) + S(Qup, Vi)
+(, vi - M)t + (9, AV - Vi1 (5.4.7)

The stabilizer term S(-,-) and (5.3.6) leads to

S(Qup,vi) = Y h7HQip -1 — Qi(plr-m), (vo — vb) - m)or

TeT,
—h N, (Vo — V) - 01 (5.4.8)

Substituting (5.4.8) in (5.4.7) yields

AQip,vr) = (£,vo) + Ri(p,vn) + Ra(p, Vi) + (¥, v - M)r
(¢, aVy - viyr — h e, (vo — Vi) - 0)r. (5.4.9)

The difference of (5.4.9) and (5.4.1) implies (5.4.5). O

Remark 5.4.1. Work of Mu et al. [103] and (5.4.9) motivate us to derive the approz-
imation equation (5.4.1). In a more precise manner, to avoid the residue in the error
we add the jump functions ¢ and ¢ to the WG formulation. [

Next result deals with the bounds for the terms in error equation (5.4.5), which are

based on Lemma 5.3.1.
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Lemma 5.4.2. For p € [H*(Q;)]¢ with i = 1,2, we have
[Ri(p,vi)l < CHF(Ipllkrra; + [Ples1g.) Ivall,
[Ro(p,vi)l < CBF(Ipllkrran + [P lesr0.) Ival,
for all vi, = {vo, vy} € V.

Proof. Trace inequality (2.2.7) and Cauchy-Schwarz inequality yield following estimate
for Ry

|Ri(p,vi)| = Z (a(V-p— @Zﬁl(v “P))N, Vo — Vp)ar
TET,
= | (a(V p—-Q VD)), (Vo— Vi) mor
TeT,
< C) eV-p=Q (V- p))llorll(vo — Vi) - mllor
TeT,
5 (zhTuaw-p—@z-%v-p»uzT)
TET,

X (Z h;IH(Vo — V) - "7HgT>

TeT,

IA

ChE(Iplle+e: + IPllksiea) lIvall:

By using the similar arguments, we obtain

[Ra(p,va)l = | D B7HQEP-m— Q5 (p-m), (Vo — V1) - Mar
TeT,
S Z h ((Qop — P) - 1, (Vo = Vi) - M)ar
TeT,

< C (Z (h7*1Qsp — Pl + IV(Qsp — p)ll%))

TET,

X <Z h;lﬂ(Vo — V) '77H<29T>

TeT,
< ChM(lIpllkrres + [IPllesran) VAl

This completes the Lemma 5.4.2. O

As an immediate consequence of the previous lemma and error equation (5.4.5), we

obtain the following error estimate in the discrete energy norm.
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Theorem 5.4.1. Let p, the WG solution of the problem (5.4.1). Assume the exact
solution p € [H*(Q;)]? with i = 1,2 of the problem (5.1.1)-(5.1.3). Then, we have

1Qrp — pall < CR* ([IPlk+ 1,00 + [IPllks10.) - (5.4.10)

Next, we will use the duality principle argument to estimate the error e, = Qrp—pn
in L? norm. To do so, we consider the dual problem that seeks ¥ € H'(div; €y, Q)

such that
.
—V(aV - -¥)+~1¥ = ¢ on (,
v.n = 0 on 09,
(5.4.11)
(@ - 7] = 0 on I,
| [oV - ¥] = 0 on I
Then, due to Remark 5.2.2, W satisfies following apriori estimate
1[0, + 1¥l0, + IV - ¥llie, + IV - ¥lle, < Cleoll. (5.4.12)

Moreover, we recalls the definitions of By, and interpolation operator Il (see, 2.3.19)
and Lemma 2.3.4 from the Chapter 2.

Lemma 5.4.3. For any ¢ € By, we have

(aVy - en, V- @)+ (veo, ) = 0.

Proof. Testing equation (5.1.1) against ¢, using the definitions of L? projections and
Lemma 5.3.2 yield

(f,¢) = —(V(aV-p),d)— Y _ (aV-p,Por + (7P, })

TeT,

= (Oévw : (th)7 A ¢) T <¢, ¢ é T’)F - <¢> aV - ¢>F + (7Q§p7 ¢X5413)

Next, we set ¢, = {¢y, ®,} € V), where ¢, = ¢ and ¢, = (¢ - 7)1, and note that

Vw . ¢h = V . ¢
Then by putting v, = ¢, in (5.4.1), we get

(f,¢) = (aVy - up, V- @) + (yuo, @) — (1, ¢ - m)r — (¢, aV - P)r. (5.4.14)
Finally, equations (5.4.13)-(5.4.14) leads to the desired result. O

Theorem 5.4.2. Let p € [H*1(Q)]¢ with i = 1,2 be the exact solution for (5.1.1)-
(5.1.3) and pp, € VY be the WG solution for (5.4.1). Then, we have

1Q5P — pull < CH* ([Ipllksran + IPllks1.0.) (5.4.15)
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Proof. Testing first equation in (5.4.11) with ey gives rise to

(€0,€0) = —(V(aV-9),e) + (72, €)
= (aV-9,V-e) = > (aV -1, (eg—e) mor + (19, eo),
TeT,
= (V- 9,V ep) + (71, )
— Y (a9 - Qi (aV - 4), (eo — ) - Mor, (5.4.16)
TeTh

where we have used the fact that > . (@V - 1), €, - m)or = 0. Further, using Lemma
5.4.3 with ¢ = II,p in the equation (5.4.16), we obtain

leol> = (aV - (3 = uah), Vi - €n) + (Y(3 — [4ah), eo)
— > (aV -y - Q' (aV - 4), (e) — e) - N)or

TET,
< Clv — Opap||1.aiv el
+ Y llav -y — QY aV - 9)llorlleo — esllor (5.4.17)
TeT,

Next, from trace inequality (2.2.7) and inverse inequality (2.2.8), we derive that
Cllav -4 — Q7 (aV - )7

< Ch*laV -]}
< CPlaflioll®l asvs (5.4.18)

hrllaV -4 — Q7 (aV - 9|5y

IN

which together with estimate (5.4.17), Lemma 2.2.1, Lemma 5.3.1 and a priori estimate
(5.4.12) yield

leoll* < Chll#llawllenll + CRE Ipllksal#ll1,aiv
< Chlleollllexlll + CH**[[p]lks1]leoll.
Finally, Theorem 5.4.1 leads to the desired result. O]

5.5  Numerical Experiments

The main objective of the present section is to numerically validate the accuracy and ro-
bustness of the aforementioned WG approximation by solving specific standard H(div)-
elliptic interface problems in R? (d = 2, 3). To demonstrate high-order convergence, we

consider different kinds of Lipschitz continuous interfaces with complex structures in 2D
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model problems with sufficiently smooth analytical /exact solutions. Further, numerical
studies for non-convex geometries in 3D and low global regular solutions justify the ro-
bustness of the WG method. For the detailed discussions on computational procedure,
we refer to [28, 36, 87]

Example 5.5.1. We consider the 5-point star-shape interface embedded in Q = (—1,1)2.
The two subdomains and interface are shown in Figure 5.5.1 (left). The coefficients are
chosentobea=x+4,y=21in Q; and @« = y+4, v =1 in 5. The analytical solution
p = (p1, p2) is selected as

r—y*+10 for (z,y) € O,
p1 =
exp(x) cos(my) for (z,y) € (o,
and
10 — y? — 22 for (z,y) € Q,
P2 =

sin(7ry) sin(7x) for (z,y) € o,
where p; is taken from [103]. The non-uniform triangular meshes (see, initial mesh
Figure 5.5.1 (right)) aligned with interface I' have been taken for the WG algorithm.
The numerical errors with respect to L? norm and discrete H' norm are reported in
Table 5.5.1. For mesh level 6 and k = 2, component-wise analytical solution (left) and
WG solution (right) are shown in Figures 5.5.2-5.5.3, which indeed shows that numerical

solution does not differ from the analytical solution.

1 ‘ ‘ ‘
A
/\
b / \ & z
/0 \ &

- 0.5 0 05 1

Figure 5.5.1: The interface and subdomains (left) and the initial mesh (right) in Example
9.5.1.

Example 5.5.2. We next consider a 5-petals flower shape interface in the domain

Q = (—3,3)?, whose parametric equation is given as
z(0) = (sin(50) + 1.5) cos 0,

y(0) = (sin(50) + 1.5) sin 6,
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Figure 5.5.2: (Example 5.5.1) Surface plots for first component of analytical solution

(left) and WG solution (right).

54

Figure 5.5.3: (Example 5.5.1) Surface plots for second component of analytical solution

(left) and WG solution (right).

for § = [0,2n]. The subdomains and interface are demonstrated in Figure 5.5.4 (left).
In our example, the coefficients are taken as o = (z? —y* +3)?/7 and v = 22 + 1 in Oy,

and « = (xy+2)?/5 and v = y>+ 1 in Q. The exact solution p = (p;, p2) is set as [103]

10+ cos(z + y) +sin(z +y) for (z,y) € Q,

n
y+o+1 for (z,y) € Q,

and

sin(m(z +y)) + 15 for (x,y) € Qy,
P2 =
y? + 22— 10 for (x,y) € Qa.
A finite sequence of non-uniform triangular meshes (see, initial mesh 5.5.4 (right))
aligned with interface I' have been taken for the WG algorithm. The numerical errors

are reported in Table 5.5.2, which demonstrates the high-order optimal convergence rate
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Table 5.5.1: Convergence and error profiles for the Example 5.5.1.

k | Level h lleol| Order lllenll Order
1 4.876e-01 3.88e-01 — 1.45e+00 —
2 2.43e-01 9.81e-02 1.98 7.20e-01 1.01
3 1.21e-01 2.45e-02 2.00 3.58e-01 1.00
1 4 6.09e-02 6.13e-03 2.00 1.78e-01 1.00
) 3.04e-02 1.53e-03 2.00 8.94e-02 1.00
6 1.52e-02 3.83e-04 2.00 4.46e-02 1.00
1 4.87e-01 8.82e-02 — 5.06e-01 —
2 2.43e-01 1.14e-02 2.94 1.33e-01 1.92
3 1.21e-01 1.44e-03 2.98 3.37e-02 1.98
2 4 6.09e-02 1.80e-04 2.99 8.47e-03 1.99
) 3.04e-02 2.25e-05 2.99 2.12e-03 1.99
6 1.52e-02 2.82e-06 2.99 5.30e-04 1.99
3 1 4.876e-01 1.896e-02  — 1.289%-01  —
2 2.438e-01 1.254e-03 3.91 1.715e-02 2.91
3 1.219e-01 7.945e-05  3.98 2.179¢-03 297
4 6.095e-02  4.981e-06  3.99 2.735e-04  2.99
) 3.047e-02  3.115e-07  3.99 3.423e-05 299
6 1.523e-02  1.947e-08  3.99 4.280e-06  2.99
4 1 4.876e-01 3.296e-03  — 2.545e-02 —
2 2.438e-01 1.092e-04 4.91 1.687e-03 391
3 1.219e-01 3.463e-06 4.97 1.070e-04 3.97
4 6.095e-02 1.086e-07  4.99 6.714e-06  3.99
) 3.047e-02  3.398e-09  4.99 4.200e-07  3.99
6 1.523e-02 1.064e-10  4.99 2.626e-08  3.99

of the WG method for solving the model interface problems. For mesh level 5 and k = 2
component-wise surface plots of the exact solution (left) and WG solution (right) are
shown in Figures 5.5.5-5.5.6.

Example 5.5.3. Next consider the interface I' with parametric equation is taken as

[103]

where

r(t) = 0.2401256 cos(4t + 7/2) + 0.6012563, 6 = sin(4t) + t.

Domain 2 and its subdomains €2; and 2, along with interface I' are illustrated in Figure
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Figure 5.5.4: The interface and subdomains (left) and the initial mesh (right) in Example
5.5.2.

Figure 5.5.5: (Example 5.5.2) Surface plots for first component of exact solution (left)
and WG solution (right).

Figure 5.5.6: (Example 5.5.2) Surface plots for second component of exact solution (left)

and WG solution (right).

5.5.7 (left). The analytical solution p = (p1,p2) is chosen as

exp(z) cos(y) for (z,y) € Qy,

P
0 for (z,y) € Qy,
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Table 5.5.2: Convergence and error profiles for the Example 5.5.2.

k | Level h l|leol] Order el Order
1 2.54e-01 7.77e-02 — 4.45e-01  —
2 1.27e-01 1.03e-02 2.90 1.19e-01 1.89
3 6.36e-02 1.31e-03  2.98 3.04e-02 1.97
2 4 3.18e-02 1.65e-04  2.99 7.65e-03 1.99
d 1.59e-02  2.06e-05  2.99 1.91e-03 1.99
6 7.95e-03  2.58e-06  3.00 4.79e-04  1.99
1 2.54e-01 1.84e-02  — 1.25e-01  —
2 1.27e-01 1.24e-03  3.88 1.69e-02  2.89
3 6.36e-02  7.94e-05  3.97 2.16e-03 297
3 4 3.18e-02 4.98e-06  3.99 2.71e-04  2.99
5 1.59e-02  3.11e-07  3.99 3.39¢-05 299
6 7.95e-03  1.94e-08  3.99 4.25e-06  2.99

and

cos(m(z + y))? + sin(w(x + y))?

b2 =
0

The coefficients are set as o = 1+22+y? and v = z+3 in Q;, and @ = 1000 and v = y+3
in Q5. The non-uniform triangular meshes (see, initial mesh Figure 5.5.7 (right)) aligned
with interface I' have been taken for the WG algorithm. The numerical errors are listed
in Table 5.5.3. From this example, we observed the high-order optimal convergence
in the case of high-contrast coefficients. For the elliptic interface problem, for £ = 1
WG-FEM has been implemented in [103]. For mesh level 6 and k = 3 component-wise

surface plots of analytical solution (left) and WG solution (right) are shown in Figures

5.5.8-5.5.9.

05

o

U}

Figure 5.5.7: The interface and subdomains (left) and the initial mesh (right) in Example

5.5.3.

for (x,y) € y,

for (z,y) € .

1
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Figure 5.5.8: (Example 5.5.3) Surface plots for first component of analytical solution

(left) and WG solution (right).

Figure 5.5.9: (Example 5.5.3) Surface plots for second component of analytical solution

(left) and WG solution (right).

Table 5.5.3: Convergence and error profiles for the Example 5.5.3.

k | Level h lleol| Order el Order

3 1 1.82e-01 2.68e-04 — 1.83e-03 —
2 9.13e-02 1.69e-05 3.98 2.31e-04 299
3 4.56e-02 1.06e-06  3.99 2.89e-05  2.99
4 2.28e-02  6.65e-08  3.99 3.62e-06 2.99
) 1.14e-02  4.15e-09  4.00 4.53e-07  2.99

4 1 1.82e-01  6.55e-06  — 5.10e-05  —
3 9.13e-02  2.21e-07  4.88 3.42e-06  3.89
3 4.56e-02  7.05e-09  4.97 2.17e-07 397
4 2.28e-02 2.21e-10  4.99 1.36e-08  3.99
) 1.14e-02  7.07e-12  4.96 8.59e-10  3.98

Example 5.5.4. Consider the cardioid as an interface embedded in = (—1,1)?, whose
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parametric equation is defined as
x(t) =1/44 2a(1 — cos @) cos b,
y(t) = 2a(1 — cos @) sin 0,

with a = 1/6. The shape of the two subdomains and cardioid are shown in Figure 5.5.10

(left). The analytical solution p = (p1, pa) is set to be

/

5exp(y? + 2?) for (z,y) € Q,
P =
cos(y + z) sin(y + x) for (x,y) € Qa,
and
(
5+ 5(y% + 2?) for (z,y) € Q,
P2 = 9
\yQ +a? +sin(y +x)  for(z,y) € Qy.

The coefficients are taken as

2 +y?+1  for(z,y) € Q,
o =

y* + ! + 3 for (z,y) € Qa,

and

(y+3)(z+4) for(z,y)e N,
’y =

y? + 2 for (z,y) € Qa.
For mesh level 6 and k£ = 4, component-wise analytical solution (left) and WG solution
(right) surface plots are shown in Figures 5.5.11-5.5.12. A finite sequence of non-uniform
triangular meshes (see, initial mesh 5.5.10 (right)) aligned with interface I' have been
taken for the WG algorithm. The L? errors and discrete H' errors of WG algorithm are
reported in Table 5.5.4

Example 5.5.5. We consider a L-shaped type interface in three-dimensional domain
Q= (0,1)%. The two subdomain €, 2, and interface are depicted in Figure 5.5.13. The

exact solution p = (py, pa, p3) is taken as

zyx sin(my) sin(mx) for (z,y,2) € Q,

D1
zyz(1 —2)(1 —y)(1 —x)r=2*¢  for (z,y,2) € Q,
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1

05

Figure 5.5.10: The interface and subdomains (left) and the initial mesh (right) in Ex-
ample 5.5.4.
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Figure 5.5.11: (Example 5.5.4) Surface plots for first component of analytical solution
(left) and WG solution (right).

Figure 5.5.12: (Example 5.5.4) Surface plots for second component of analytical solution

(left) and WG solution (right).

exp(zyz) cos(mz) sin(mx) for (x,y,2) € O,

D2
sin(m(z4+y +x)) +cos(m(z+y+x)+3  for(x,y,2) € Qy,
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Table 5.5.4: Convergence and error profiles for the Example 5.5.4.

k | Level h ||leol| Order lllen]l Order
1 2.15e-01 6.17e-02 — 4.22e-01 —
2 1.07e-01  4.57e-03  3.75 6.17¢-02  2.77
3 5.39e-02  2.99e-04  3.93 8.09e-03  2.93
3 4 2.69e-02  1.89e-05  3.98 1.02e-03  2.98
5) 1.34e-02 1.18e-06 3.99 1.28e-04 2.99
6 6.74e-03  7.42e-08  3.99 1.60e-05  2.99
1 2.15e-01 9.62¢-03 — 7.48e-02  —
2 1.07e-01 3.75e-04  4.67 5.77e-03  3.69
3 5.39e-02 1.25e-05  4.90 3.84e-04  3.91
4 4 2.69e-02  3.97e-07  4.97 2.44e-05  3.97
) 1.34e-02 1.24e-08  4.99 1.53e-06  3.99
6 6.74e-03  3.99e-10  4.96 9.58e-08  3.99

Figure 5.5.13: The interface and subdomains in Example 5.5.5.

and

zo(l —x)(1 — z)r—2te

b3 =

yz(1 —y)(1 = 2)

for (z,y, z) € Qy,

for (z,y,2) € Qo,

where, r = (22 4+ y%)2 and ¢ € (0,1]. The coefficients are set to be o = v = 1 in Q.

Note that, p € [H'™7¢(Q)]3, where € is a very small positive real number. Here, the
P

suitable WG-space is ([P1]3, [P1]3,Py). We test this example with different values of

c=1/4, 1/2, 2/3, 4/5. The convergence and error results are shown in Table 5.5.5. It
is evident from Table 5.5.5 that the accuracy decreases as ¢ tends to zero. In addition,
we select higher order WG-space i.e., ([Ps]?, [Ps]?, P1), with ¢ = 1/4, 4/5. Since, the
regularity of the exact solution is [H'*7¢(Q)]3. So for any k > 1, we shall obtain the

same convergence rates corresponding to H' norm and L? norm. The Table 5.5.5 justify

the theoretical results.
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Table 5.5.5: Convergence and error profiles for the Example 5.5.5.

¢ | Level 1/h lleol| Order lenll Order
4 7.69e-01  — 3.34e+00  —
8 3.47e-01 1.14 2.97e+00  0.16
16 1.49e-01 1.21 2.55e+00 0.21
32 6.33e-02  1.23 2.16e+00  0.23
64 2.67e-02 1.24 1.82e400  0.24
128 1.12e-02 1.24 1.54e4+00  0.24
4 3.74e-01  — 1.64e+00  —

8 1.41e-01 1.40 1.22e+00  0.42
16 5.13e-02  1.46 8.89e-01 0.46
32 1.83e-02 1.48 6.37e-01 0.48
64 6.51e-03  1.49 4.53e-01 0.49
128 2.31e-03 1.49 3.21e-01 0.49
2.45e-01  — 1.07e4+00  —

8 8.13e-02 1.56 7.10e-01 0.59
16 2.63e-02 1.62 4.58e-01 0.62
32 8.42e-03 1.64 2.93-01 0.64
64 2.68e-03  1.64 1.87e-01 0.65
128 8.52e-04  1.65 1.18e-01 0.65
4 6.92¢-02  — 4.57e-01 e

8 2.05e-02 1.74 2.72e-01 0.74
16 0.97e-03  1.78 1.58e-01 0.78
32 1.72e-03  1.79 9.16e-02 0.79
64 4.96e-04  1.80 0.28e-02 0.80
128 1.42e-04  1.80 3.03e-02 0.80

—_
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WG-FEMs for H(curl,div)-Elliptic Interface Problems

We are concerned with the weak Galerkin (WG) finite element methods for the two di-
mensional (2D) and three dimensional (3D) H(curl, div)-elliptic interface problems. The
WG algorithm allows the general meshes such as hybrid meshes, polygonal/polyhedral
meshes and meshes with hanging nodes. Optimal order error estimates are established
for the discrete energy norm and L? norm. In addition, we have also performed some
numerical experiments for the model H(curl, div)-elliptic problems in 2D and 3D with

complicated interfaces to validate the theoretical estimates.
6.1 Introduction

We shall begin with first recalling the H(curl, div)-elliptic interface model problem of

the form
Vx(BVxp) —V(@V:-p)+9p = f inQ, (6.1.1)
V-p=0, pxn = 0 on 0, (6.1.2)
pxnl=p, [BVXxP)xn] = x onT, (6.1.3)
p-n=¢, [aV-p] = ¢ on T, (6.1.4)

where  is a polygonal /polyhedral domain in R%(d = 2, 3) with Lipschitz boundary 9
and ©; C Q is an open domain with C? smooth boundary I' = 9; and Qy = Q\Q; (see
Fig. 1.1.1 for an illustration). Other symbols and notations are as defined in Chapter 1.
Setting ¢ € {«, 5,7}, we assume that there exist two constants py, ps with 0 < p; < py
such that p;y < ( < pya.e. in Qand f € [L2(Q)}d. Further, the coefficient functions are
assumed to be discontinuous along I' and we write

Gi in

¢ = (6.1.5)
CQ n QQ.

87
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H(curl, div)-elliptic interface problems are non-standard elliptic problems occurs in
various areas of electromagnetism and fluid-structure interaction problems. In electro-
magnetism, vector potential Maxwell’s problem can be derived from H(curl, div)-elliptic
equation (for details see [15, 31]). In fluid-structure, grad-div elliptic problem with curl
free constraint can be obtained from H(curl, div)-elliptic equation, a model reads as (see
[100]). Finite element method for H(curl, div)-elliptic interface problem with homoge-
nous jump conditions have been discussed in [50]. However, as per our literature survey,
there has been no work in FEMs for H(curl, div)-elliptic interface problem with non-

homogenous jump conditions for general polygonal (in 2D)/polyhedral (in 3D) meshes.
In this chapter, we have discussed the WG-FEM for H(curl, div)-elliptic interface

problem with non-homogenous jump conditions. In this study, we consider the typical
local weak Galerkin space ([Pk(T)]d, [Pk(ﬁT)]d, [Pr_1(T))?43, Pkfl(T)>. Error esti-
mates of the optimal orders in both L? norm and energy norm have been established for
WG algorithm. To justify the theoretical results, we have performed several numerical
experiments with some complicated interfaces geometries. In addition, we have also per-
formed the numerical tests with low global regular solutions to validate the convergence

results, flexibility, and accuracy of the WG algorithm.
The layout of this chapter is as follows. A weak Galerkin discretization, discrete

curl and divergence operators and L? projections will be introduced in Section 6.2. WG
algorithm and convergence analysis for discrete energy norm will be presented in the
Section 6.3. In Section 6.4, we will discuss the error estimate for L? norm by using
duality argument. We conduct the several numerical tests to justify the accuracy and

efficiency of the proposed WG algorithm in Section 6.5.

6.2 Weak Galerkin Methodology

In this section, the weak Galerkin algorithm has been derived for the interface problem
(6.1.1)-(6.1.4). First, we have adopted the fitted finite element partitions 7, of the
domain 2 from the Chapter 5. Next, for each integer k£ > 1, we recall the weak Galerkin
(WG) finite element spaces based on the partition 75, form the Chapter 3 defined as

Vi, = {vi, = {vo, vy} : volr € [Pi(T)]%, Vol € [Pi(e)]?, e € OT, T € To}
and

Vg:{vh:{Vojvb} €EVy:vyxn=0 on 00}.
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Next, we introduce following two bilinear maps

51(Wh,Vh) = Z hil((Wo - Wb) ., (Vo - Vb) ) 77>6T7
TET

So(Wn, Vi) = Z h™H{(wo — wp) X 1, (Vo — Vb) X M)ar.
TET,

Based on above two stabilizers, we define an another bilinear map

AWy, vi) = (aVy Wi, Vi - vi) + (BVe X Wy, Vi X Vp)
+ Si(Wi, Vi) + So(Wi, vi) + (YWo, Vo) Vwy, vy, € V).

For the discrete curl and discrete divergence operators, we refer to Chapter 3.
Now, we introduce triple-bar norm on V| given as follows

1 1 1
Ivall> = > a2V - vallz + D 1182V x vallz + 2 vollz

TETh TeTh
+ > B HIvo = o) - mllzr + Y AT (Vo — va) x i3y
TET TeTy,
= A(vp,vi) Vvi, € V). (6.2.1)

For each T' € T;, and e € &, , we define the local L? projections given as follows:
Qs : [L2(D)])* = [Pu(D))Y, Q7" LX(T) — Pua(D),

h (LD = [Peaa(T)P° & Q- [L2 ()] — [Pale)”.

In addition, for w € [H*(T)]¢, we define Q,w = {Qfw, QFw}. Now, we review some
approximations results for QF, ﬁ_l, and @IZ’I, which will be necessary for the later

analysis.

Lemma 6.2.1. (c¢f. [102, 121]). For w € [H**1(Q)], we have

STIQEHV -w) = V- wll < b |lwl?,, (6.2.2)
TeTh
> IQw — w3 < h2 w2, (6.2.3)
TETs
S IQHY x w) = V x wl < h¥||wl2,, (6.2.4)
TeT

where 1 < s < k.
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Weak Galerkin Algorithm. A WG approximation for (6.1.1)-(6.1.4) can be acquired
by seeking p, = {po, Ps} € VY such that

Apn,vi) = (£,vo) + (W, v - 0)r + (¢, aVy - vi)r + (X, V)T
—h™Hp, (vo— i) -m)r +h((p x M) x M, (Vo — Vi) X M)r
+{(p xm) xm,BVy X vi)r, (6.2.5)

for all v, = {vo,v,} € V).

6.3 Error Analysis

In this section, we shall discuss error equation and derive optimal order error estimates

in discrete energy norm.
For e ¢ T';, be shared edges/flat-faces by two elements 7} and Ts, p|rre = Plryne-

Therefore, Qp is a single valued function on each e ¢ I';, and Q,p = {Qip, Q}p} € V..
If e € T, Pl7yne # Plryre With Ty € ©p and Ty C Q. Note that QFp is single valued on

each e € 'y, which follows from the following definition

Q; (plrne) if ecT&TC,
QP =1{ Qiplre) +Qlg if ecT &T C 0, (6.3.1)
Q5 (plrre) if e¢T&TeT,

where g = ¢ — p X 7.

Remark 6.3.1. For a vector function p, we can write p = (p-m)n+mn x (p x ). Let
Ty C © and Ty C €5 are two interface elements having a common edge/flat-face e € 5}? .

Then, using interface conditions [p X n| = pin (6.1.3) and [p - n] = ¢ in (6.1.4), we get

Pl =plo, —Plo, =9

Now, from the definition (6.3.1), we have

(pr)'Tlﬂe - (Ql]fp”Tzﬂe Qllf(p’ﬂﬁe) - Qllf(p’TQHQ) - Qllfg
= QN P|rre — Plmre) — Qrg
= Qg—-Qig=0.

From above equation, we observe that Q,p € V.
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Next, result sets relation between two projection operators Q; and Qi_l.

Lemma 6.3.1. For each element T € Ty, the following properties hold true

(V- Qup, )7 = (@ (V- p),q)r VT €T,

(Vo Qup, )z = (@ (VD). d)r + (&, Q)orrr VT € T,
for all g € Pr_1(T).
Proof. For each T € Ty, we get

(V- Qup, @)y = —(Qip, V), +((Qip) -1, q)or
= —(P,Vg)r +{p -n Qor
= (V-p,9)r = (@7 (V-P),0)

and for any T' € T, we reach at

(V- Qup, @)y = —(Qp, Va), + ((Q5p) -, q)or
= — (P, V) + (P 1 qor + (g1 Qorer
= (V-p.@)r +{(én—p xn) n.q)ornr
= (@7 (V- p), @7 + (¢, Q)ornr
This completes the Lemma 6.3.1.
Lemma 6.3.2. For each element T € Ty, the following properties hold true

(Vo x Qup,@)r = (Q5 YV xp),q)r VT € T,

(Vo x Qup,a)r = (Q37(V xp),a)r + ((px 1) X 0. Qorer VT € T,
for all q € [Pr_1(T)]?%3.
Proof. For each T' € T, we obtain

(Vw X thaq)T == (ngpv V X q)T = <(Q];p) X 77>q>5T
= (p,Vxq)r—(pxn,qor
= (Vxp,g)r = ( Z_I(V X p),a)r,

and for any T € Ts, we have

(Vo X Qup,@)r = (Qip,V x q)r — ((Qip) X 0, Qar

P,V X d)r — (P X 0, d)or — (g X N, A)arrr
V xp,q)r — ((¢n — p x ) X N, Q)ornr
Q11 (V x p),a)r + ((p X 1) X 0, Qornr.

(
(
(
(

This completes the Lemma 6.3.2.
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Next, we define the following error function
e, = {ep, e} = Qnp — Pu-
Lemma 6.3.3. For each v;, € VY, we have
Alen,vp) = =Ri(p, vi) — Ra(p, Vi) — R3(pP, Vi) — Ru(pP, Vi) := Rs(p, vi). (6.3.4)
Proof. For any v, = {vq,v;} € VY, we test (6.1.1) with v, to get
(V X (BV xp),vo) = (V(aV - p),vo) + (v, Vo) = (£, vo). (6.3.5)
Now, from Lemma 6.3.2, we reach at

(V X (ﬁv X p)>VO)
=D BV X,V xvo)r = > ((Vo = Vi, (BY X P) x n)or + (BY x p) x 0, Vy)ar)

TET TeT
= Z (BV X p,V X vo)r — Z (BV X P, (viy = Vo) X mar — (X, Vb)T
TeT, TeTs
— Y BV x p— B UV x p), (V4 — Vo) X M)ar
TeTh,
= > (BVuw X Qup, Vi X Vi) = (3, Vi) — ((p X 1) X 1, BV X Vi)r
TeTh
— Y (BV xp— BV x p), (vs — Vo) X M)or
TeTh
= > (BVuw x QuP, Va X Vi)7 — Ri(p, V1)
TeTh
— (x: vo)r = ((p x M) X, BV X Vi)r. (6.3.6)

Next, Lemma 6.3.1 yields

—(V(aV-p),vo)
= Z(aV-p,V-vo)T— Z(aV'Pa (Vo = Vo) - Mor — (aV - p, v, - Mor

TeETh TeT,
= Z (aV-p,V - vo)r — Z (aV - p, (Vo — Vi) - mar — (¥, vy - M1
TETh TeT,
= Z (Vi - Qup, Vi - Vi)r — (¥, v - m)r — (¢, aVy - Vi)r
TET,
~ Y (aV-p—aQi(V-p), (Vo — Vs) - m)or
TeT,
= D (aVu Qup, V- vi)r = Ra(p, va) = (4,3 - m)r
TET,
— (¢, aVy - V)1 (6.3.7)
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By substituting (6.3.6) and (6.3.7) in (6.3.5), we get

Z (Osz X th> vw X Vh)T + Z (va : tha Vw . Vh)T + ('YQ]SP, VO)

TETy, TET,
= (f, VO) + Rl(p,Vh) + R2(p7vh) + <1/}7 Vp - 77>F
+ (b, aVy - Vi)r + (X, Vo)r + ((p X 1) X M, BV X Vi)1. (6.3.8)

Now, for any T" € T;, we have

<(Q]§P - pr) -1, (Vo — Vo) - Mor = <(Q’5p - QIJ(P|T)) -, (Vo — Vb) : "7>8Ta

and for each T' € T3, we obtain

<(Q]5P F QIZP) -1, (Vo — Vp) - Mar
= ((Qtp — Qi(Plr) M, (Vo — Vb)) - m)or — (G- 1, (Vo — V3) - Marer
F— <(Q’5P — ng<p‘T>) -1, (Vo = Vy) - Mar — (&, (Vo — Vi) - M)arnr.

Next, we combine the above two equations to get

Sl(QhPth)
=) hH(Qfp — Qi (plr) - . (Vo — Vi) - Mar — h™{$, (Vo — Vi) - m)r
TeTh
= Rs(p,vi) — h Y, (vo — vi) - 0)r. (6.3.9)

Now, for each T' € T, we get

<(Q’5p - pr) x 1, (Vo —vy) X n)ar = <(QI§P - Q’;(pIT)) x 1, (Vo — Vi) X M)ar,
and for each T' € T3, we have
((Qfp — Qip) X M, (Vo — Vi) X M)or

= <<Q§P - Q’;(P‘T)) X1, (Vo — Vi) X M)ar — (g X N, (Vo — Vb) X M)arnr
(Qp — Qr(pl7)) x M, (Vo — Vi) X Mar + ((p X M) x M, (Vo — Vi) X M)orer-

Next, we combine the above two equations to get

S:(Qup,vi) = D b H(QEp — Q5(plr)) x M, (Vo — Vi) X M)ar

TeTh
+h™H(p xm) xn,(vo—vs) X )1
= Rulp,vi) +h H(pxn) xn, (vo—vy) X N)r. (6.3.10)
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From (6.3.8), (6.3.9), and (6.3.10), we have

AQrp,vi) = (£,v0) + Ru(p, Vi) + Ra(p, vi) + Rs(P, Vi) + Ra(p, Vi)
(W, v - e + (P, V4 - Vi)r + (X, V)T
—h7He, (vo = Vi) - m)r + h7H{(p x m) x M, (Vo = V3) X m)r
+{(p xm) xm, BV X Vi)r. (6.3.11)
Now, subtraction of (6.2.5) form (6.3.11) implies (6.3.4). This completes the Lemma
6.3.3. -
Lemma 6.3.4. For p € [H*Y(Q))]? (i = 1,2) and for each v;, = {vo, vy} € V9, we

have

[Ri(p, vi)| < CR* (|IPllks1.00 + [Pllesron) Ivall, 1<T<4. (6.3.12)

Proof. From trace inequality (2.2.7) and Cauchy-Schwarz inequality, we obtain

Ri(p,va)| = Z (B(V xp-— Qﬁfl(v X P)), (Vi = Vo) X m)or
TET,
< ) IVxp =V x p)llorll(ve = vo) x nllor
TeTh
< (Z he||V x p— Q7 (V % p)HéT)
TETh

x (Z he' | (Ve — Vo) X nll?)T>

TeTh

IA

ChE (Ipllk+ren + IPlksr0n) [IVall,

and by using the definition of Q’fb_l, we get

Ro(p.vi)l = | D (a(V-p—Q(V-p)),(Vo— Vi) Mor
TeTh
< CY NV -p=Q (Y -p)orll(vo = vo) - mllor
TeTh
< (Z hTuaw~p—@§—1<V-p>>\|%T>
TeTh
X (Z hll(vo — V) - nH%T)
TeTh

< CR*(Iplls+e: + IPllrr0.) lIvall-
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Similarly, using the definition of QF, we get
Ra(p,va)l = [ D P H{(Qfp — Q§(pIr) - 1, (Vo — vb) - Mor
TeT
= D (Qip-n—Qpm, (Vo — Vi) - mar
TeT
< D0 ha QP —p) 1. (Vo — Vi) - mor
TeTh
< Y h'lQsp = p) - nllarll(vo — vo) - nllor
TeTh
3
< C (Z (h7’ Q6P — plI7 + [IV(QGp — p)\l?r))
TeT,
>
% <Z hz'll(vo — vs) 'ﬂH%cp)
T€Tn
< CP*(Iplls+re: + IPllkri0.) lIvall,
and
Ra(p,va)l = | > h7H(QEp — Q5(plr)) X M, (Vo — V1) X N)or
TET
< Z he' ((Qop — Qip) X 1, (Vo — Vi) X M)or
TeT,
< > h'Q6p — p) x nllor | (Vo = Vo) x nllar
TeT,
%
< C (Z ho'[[(Qsp — P) X n\l%)
T€Tnh
%
X (Z hz'll(Vo — vs) x "7H§T>
TeT,
< CR*(Iplls+re: + Ipllrrr0.) lIvall-
This completes the proof. O

Then Lemmas 6.3.3-6.3.4 lead to the following result.

Theorem 6.3.1. Let p € [H*1()]¢ (i = 1,2) be the exzact solution for (6.1.1)-(6.1.4)
and pp, € VY be the WG-solution for (6.2.5). Then, we have

1Qrp = pulll < CL* ([IPllk+ 1.0 + IPllk+1.0.)

(6.3.13)
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6.4 L? norm Error Analysis

This section deals with the optimal L? norm error estimate, which is based on duality
principle.
For this purpose, we consider the following auxiliary problem

V x (BV x ) —=V(aV - ) +79 = ey, (6.4.1)
YPxn=0, V- = 0 on 09, (6.4.2)

Wxn) =0, [(BYx$)xn = 0 on T, (6.4.3)
[Y-m =0, [aV-¢] = 0 on I. (6.4.4)

Moreover, we assume that the dual problem is H?-regular, i.e., for any ey € [L?(2)]%,

there exist an unique ¥ € [H?(€;)]? for i = 1,2 such that

[ll2.0, + [[¥ 2.0, < Clleoll, (6.4.5)

which is a natural assumption in the present geometric setting (cf. [18]).

Theorem 6.4.1. Let p, € VY be the WG solution for (6.2.5) and p € [H*1(,)]¢ (i =
1,2) be the exact solution for (6.1.1)-(6.1.4). Then, we have

1Q5P — Pull < CR ([IPllksrs + IPllksin.): (6.4.6)

Proof. Examine the (6.4.1) with ey to obtain

(€0, €0) = (VX (BV x 9, e0) = (V(aV - ), e0) + (19, €0).

Now, by using the same argument as in (6.3.11), we get

(€0, €0) = A(Qn,en) —Rs(¥,en) = Rs(p, QnY) — Rs(,en)

Now, examine the Lemma 6.3.4 with £k = 1, p = %, v}, = e;, and use a priori bound
(6.4.5) to obtain
L] < Chlleo[[len]ll (6.4.8)

Next, we consider

Ll = Rl (pa th;) + RQ(p7 Qhw) + RB(pa Qh'l,b) + R4(p7 Qh¢)
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Before proceeding to estimate each term in the right hand side of (6.4.9), using definition

of QF, we note that

QG — Q) x mll3r < CII(QeY — %) x M5y,
Q5% — Qi) - mll3r < C(QGY — ) - nll3r-

Now, using standard trace inequality and approximation properties of L? projections

along with a priori estimate (6.4.5), we have

‘53‘ = |R1(P, th’)‘

|L4] = |Ra(p, Qh¢)|

\55\ = |R3(P, Qfﬂb)’

IN

IN

IN

IN

IN

IN

IN

IN

IN

IN

TeT,

C SV % p— @5V % ) ol (Q%p — %) x mlor

TeT,
(Z he||V x p— @~ (V x p)H<29T>
TeT
X (Z hz'[[(Qoe — ) x 77||§T>
TET

CHH (I llesr.n + P lles1.00) (1%l 20, + [¥]l2.0.)
CR (P lesr.y + [P es+1,02)lleoll,

> (B(V-p—Q; 'V p), (Qfp — Qi) - m)or

TeTh

¢S VP - Q'Y - pllor| Q% — ¥llor

i
CR (I llerron + [Pllarr0.) (19120, + [9]l2.0.)
CR L ([Ipllesr0n + [Pller1,0.) [leoll,

TeT,

> h7'|QEp — pllorllQhy — ¥ lor

TeT,

D=

C (Z (h7*1Qsp — Pl + IV(Qsp — p)H?r))

TeT

x (Z (hz*1Q6% — 17 + I V(Qp — w>u%>>

TeT,
CR ([l ren + IPllks10.) lleoll-

Y BV xp—i(V xp), (Qfw — Qi) x n)or

S (Qbp — QEplr) - 7 Q% — QU (lr)) - mar
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Similar arguments yield

o] = [Ra(p, Quep)| = | D> B7H(Qlp — Qi(plr)) x m, Qv — Qi) x Mar

TET,
< > h'IQEP = p) x nllorll Qb — ) x Mllor
TET,
< C (Z hitl|(Qkp — p) x n||?)T>
TeTh
X (Z ho' Qv — ) x nHE%)
TET,
< R (|Ipllrsror + IPlerin) (1% ]9 + 19 ]l2.0,)

< ChM([Ipllkrr0s + [IPllk+102) lleoll

Then, we substitute the bounds for £; (j = 3,4,5,6) in (6.4.9) to arrive at

|1£1] < O (P lksa,00 + [P llesr.) lleoll,

which together with estimate (6.4.8) and Theorem 6.3.1 completes the rest of the proof.
[

6.5 Numerical Experiments

We conduct several numerical experiments to verify the accuracy and efficiency of the
proposed WG algorithm by implementing it on both two dimensional (2D) and three
dimensional (3D) interface problem (6.1.1)-(6.1.4). The WG algorithm has been dis-
cussed for the WG space with k = 1,2,3,4. A finite sequence of non-uniform triangular
meshes for the 2D problems has been used for numerical studies. For 3D experiments,
the cubic and tetrahedral meshes are considered to justify the theoretical estimates.
High-order of convergence are achieved with complex interface geometries. In addition,
a numerical experiment has been performed with low regular solution to validate the

theoretical results.

Example 6.5.1. We consider the interface problem (6.1.1)-(6.1.4) in Q = (—1,1)? with
an arbitrary shape interface whose parametric equation in polar coordinate 6 is taken
as (cf. [103])

z(0) = (0.40178 4 (0.40178) cos(26) sin(66)) cos(h),

y(0) = (0.40178 + (0.40178) cos(26) sin(66)) sin(#),
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where 6 = [0, 27r]. The domain £, interface I, and subdomains ; and 5 are shown in
Figure 6.5.1. The analytical solution p = (p1, p2) to the H(curl, div)-elliptic problem is

chosen as

exp(y? + 2?) for (z,y) € O,

P
0.1(y* + 2%)? — 0.01 In(2+/y2 + 22) for (x,y) €
and
(p2|Q17 p2|Q2> - (SeprE(QQ + .',U2 Siny) + 2a O) .

The coeflicients are taken as

(a‘Qn a|92) = (:U+y2 + 2, 4) ) (6’917 5‘92) - (27 $+6)

and (7]a,, 7]a,) = (5, 10%) is piecewise constants with the large variation. For mesh
level 5 and & = 1 component-wise surface plots of analytical solution (left) and WG
solution (right) are shown in Figures 6.5.2-6.5.3. The numerical errors and rate of
convergence for linear WG method are demonstrated in Table 6.5.1, which justify the

theoretical estimates derived in Theorems 6.3.1-6.4.1.

1

05

05 0 \

- 05 0 0.5 1

Figure 6.5.1: Computational domain in Example 6.5.1.

Example 6.5.2. We next consider the model interface problem (6.1.1)-(6.1.4) in =

(—1,1)% with an astroid shape interface I' whose parametric equation is taken as
z(0) = rcos’(0) & y(0) = rsin’(0),

where r = 1/2 and 6 € [0,27]. The domain, interface and subdomains are illustrated

in Figure 6.5.4. The permittivity and permeability are set as, and exact solution p =

(p1, p2) are set as y+x+5, for (z,y) € O, 5, for (z,y) € Q,
o =

y+4, for (z,y) € O, x4+ 4, for (z,y) € Q.
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Figure 6.5.2: (Example 6.5.1) Surface plots for first component of analytical solution

(left) and WG solution (right).

~
~

\w | \w |

Figure 6.5.3: (Example 6.5.1) Surface plots for second component of analytical solution

(left) and WG solution (right).

Table 6.5.1: Convergence and error profiles for Example 6.5.1.

k | Level h lleol| Order lenl| Order
1 2.05e-01  3.60e-01  — 1.60e+00  —
2 1.02e-01  9.27e-02  1.95 8.05e-01 0.99
3 5.14e-02  2.35e-02 1.97 4.02e-01 0.99

1 4 2.57e-02  5.90e-03  1.99 2.01e-01 0.99
5 1.28e-02 1.47¢-03  1.99 1.00e-01 0.99
6 6.42e-03  3.69e-04  1.99 5.03e-02 0.99

The exact solution p with two components p; and p, are taken as

(pilas, pilo,) = (22 —y* + 10, exp(z) cos(27y)) ,
(p2lrs p2la.) = (exp(z)(a”sin(y) +y*) + 5, exp(z + y) cos(my)) -

In addition, we select v =1 in €.

TH-3217_186123013



CHAPTER 6. WG-FEMs for H(curl,div) Interface Problems 101

1

05

0

0.5

-4

- 05 0 0.5 1

Figure 6.5.4: The interface and subdomains in Example 6.5.2.

Table 6.5.2 illustrates the numerical error and rate of convergence for the WG solution
uy,. Optimal order of convergence O(h*) and O(h**1) for ||en|| and ||eo|| are observed,
respectively, which justify the theoretical estimates of the previous sections. For mesh
level 6 and k = 2 component-wise surface plots of exact solution (left) and WG solution
(right) are shown in Figures 6.5.5-6.5.6.

Table 6.5.2: Convergence and error profiles for Example 6.5.2.

k | Level h |leol] Order llerlll Order
1 4.95e-01 5.36e-01  — 3.38e+00
2 2.47e-01 6.58e-02 3.02 7.82e-01 2.11
3 1.23e-01  8.66e-03  2.92 2.05e-01 1.93
2 4 6.19¢-02  1.09e-03  2.97 5.18e-02 1.98
o 3.09e-02 1.37e-04  2.99 1.30e-02 1.99
6 1.04e-02  1.72e-05  2.99 3.25e-03 1.99
1 4.95e-01 9.65e-02  — 6.47e-01
2 2.47e-01 1.06e-02 3.17 1.50e-01 2.10
3 1.23e-01  6.83e-04  3.96 1.92e-02 2.96
3 4 6.19¢-02  4.30e-05  3.98 2.41e-03 2.99
d 3.09e-02  2.69e-06  3.99 3.02e-04 2.99
6 1.54e-02 1.68e-07  3.99 3.78e-05 2.99

Example 6.5.3. We consider the five-leaf shaped interface, whose parametric equation
is given by (cf. [57])

z(f) = r(1 4 (0.2)sin(50)) cos(f) & y(f) = r(1+ (0.2)sin(50)) sin(h),

where = 1/2 and 6 € [0,2x]. The interface and two subdomains with domain Q =
(—1,1)% are depicted in Figure 6.5.7.
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Figure 6.5.5: (Example 6.5.2) Surface plots for first component of exact solution (left)
and WG solution (right).

Figure 6.5.6: (Example 6.5.2) Surface plots for second component of exact solution (left)

and WG solution (right).

The analytical solution p = (p1, pa) of the interface problem (6.1.1)-(6.1.4) is selected

as

exp(z) cos(x + y) in Oy, sin(5x) cos(by) in Qy,
b1 = D2
cos(bx) sin(5y) in Qo, exp(y) cos(5x) in Q.

The coefficients are chosen as

2 .
2 . x® 4 5in €y,
- Y+ 27+ 21in =

y+5in Oy, 7 in €s.
Moreover, f =1 in 2 and 8 = 20 in {2s.

Component-wise surface plots of analytical solution (left) and WG solution (right)
with & = 3 on the refined mesh are shown in Figures 6.5.8-6.5.9. The numerical errors
for WG method with k& = 3,4 are depicted in Table 6.5.3. One can say that O(h¥) for

ller ]l and O(h*1) for ||ey]| are achieved in the numerical experiment.
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1
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- 05 0 0.5 1

Figure 6.5.7: Computational domain in Example 6.5.3.

Figure 6.5.8: (Example 6.5.3) Surface plots for first component of analytical solution
(left) and WG solution (right).

nw W[

0.5

0 0

0.5

1 .
-1 0.5 0 0.5 1 -1 0.5 0 0.5 1

Figure 6.5.9: (Example 6.5.3) Surface plots for second component of analytical solution

(left) and WG solution (right).

Example 6.5.4. We next consider the three-leaf flower shaped interface, whose para-

metric form is taken as

2(6) = (0.6 + (0.1)sin(30)) cos(8) & y(0) = (0.6 + (0.1) sin(36)) sin(8),

where 6 € [0,27]. Domain Q = (—1,1)?, and its subdomains Q; and 2, with interface
I' are illustrated in Figure 6.5.10.
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Table 6.5.3: Convergence and error profiles for the Example 6.5.3.

k | Level h lleol| Order lenll Order
1 2.75e-01 7.11e-02  — 4.89e-01  —
2 1.37e-01  4.78e-03  3.89 6.62e-02  2.88
3 6.89¢-02  3.08e-04  3.95 8.57e-03  2.95

3 4 3.44e-02 1.94e-05  3.99 1.08e-03  2.99
) 1.72e-02 1.21e-06 ~ 4.00 1.35e-04  3.00
6 8.61e-03  7.61e-08  4.00 1.69e-05  3.00
1 2.75e-01 1.41e-02  — 1.11e-01  —
2 1.37e-01  6.08e-04  4.53 9.47e-03  3.55
3 6.89e-02 1.98e-05  4.93 6.17e-04  3.93

4 4 3.44e-02  6.27e-07  4.98 3.90e-05  3.98
) 1.72e-02 1.96e-08  5.00 2.44e-06  4.00
6 8.61e-03  6.15e-10  5.00 1.52e-07  4.00

The exact solution p = (py, p2) is taken as

3+ 3(z% +y* + zy) in Q, 7— 2% — 2 in Oy,
pl - p2 =
2?2 4+ y* + cos(z + ) in Oy, 2sin(z + y) cos(z + y) in .

The permittivity and permeability coefficients are selected as

x+ 3in €y, 4 1in Qq,

y+ 4 in o, 100 in .

In addition, vy =1 in Q.

05 —

05 \\ ) ) /

- 05 0 05 1

Figure 6.5.10: Computational domain in Example 6.5.4.
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Figure 6.5.11: (Example 6.5.4) Surface plots for first component of exact solution (left)
and WG solution (right).

For mesh level 6 and k = 3 component-wise surface plots of exact solution (left) and WG
solution (right) are shown in Figures 6.5.11-6.5.12. As in Example 6.5.1, the numerical
errors ||ex]|, |leo|| converges to 0 with orders k and k+ 1, respectively, which are reported
in Table 6.5.4.

— o o = o

— o o = o
o = o~ oW e e -

Figure 6.5.12: (Example 6.5.4) Surface plots for second component of exact solution

(left) and WG solution (right).

Example 6.5.5. We examine the problem (6.1.1)-(6.1.4) in a 3D domain Q = (0,1)?
with its subdomains €; = (0.25,0.75)% and Qy = Q\ Q; (cf. Figure 6.5.13 (left)). The

three components of the exact solution p = (p1, p2, p3) is assumed to be

exp(zz + y) + sin(z + ) in Q, cos(zy + 2?) + (z + y)z in
p2 =
2y + 2% in O, 2% + 2y + 3 in Qo

y4!

sin(zyz) + cos(x + z) + 4 in Oy,
Dp3 =
22+ 22+ 21in Q.
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Table 6.5.4: Convergence and error profiles for Example 6.5.4.

k | Level h lleol| Order lenll Order
1 4.25e-01  6.66e-02  — 2.93e-01  —
2 2.12e-01 1.72e-02 1.94 1.49e-01  0.97
3 1.06e-01  4.36e-03  1.98 7.53e-02  0.99
1 4 5.32e-02 1.09e-03  2.00 3.77e-02 1.00
) 2.66e-02  2.73e-04  2.00 1.88e-02 1.00
6 1.33e-02  6.84e-05  2.00 9.43e-03  1.00
1 4.25e-01 3.52e-03  — 2.04e-02  —
2 2.12e-01  4.69e-04 291 0.42e-03 191
3 1.06e-01 5.94e-05  2.98 1.37e-03  1.97
2 4 0.32e-02  7.44e-06  3.00 3.45e-04  2.00
) 2.66e-02  9.31e-07  3.00 8.64e-05  2.00
6 1.33e-02 1.16e-07  3.00 2.16e-05  2.00
1 4.25e-01  6.26e-04  — 4.28e-03  —
2 2.12e-01  3.95e-05  3.98 5.39¢-04 299
3 1.06e-01 2.48¢-06  4.00 6.75e-05  3.00
3 4 5.32e-02 1.55e-07  4.00 8.44e-06  2.99
) 2.66e-02  9.68e-09  4.00 1.05e-06  3.00
6 1.33e-02  6.05¢-10  4.00 1.32e-07  3.00

We set the coefficients as a = f=1in Q; and a = 5 =10%in Qy, and v = 1 in Q.

Figure 6.5.13: Computational domains in Example 6.5.5 (left), Example 6.5.6 (middle)

and Example 6.5.7.

The numerical errors for WG method with & = 2,3 are reported in Table 6.5.5.
The order of convergence of O(h*) and O(h¥*1) for ||ep|| and |ley|| are obtained in the

numerical experiment, which justify the theoretical aspects of this study.
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Table 6.5.5: Convergence and error profiles for Example 6.5.5.

64 3.25e-08  4.00 3.66e-07  2.99
128 2.03e-09  4.00 4.58e-08  3.00

k| Level & lleol| Order llenll Order
1 4 1.29e-02  — 7.93e-03  —
2 8 1.71e-03  2.92 2.11e-03 1.90
3 16 2.15e-04 299 5.38e-04 1.97

2 4 32 2.68e-05  3.00 1.35e-04  1.99
D 64 3.35e-06  3.00 3.39e-05  2.00
6 128 4.18e-07  3.00 8.48e-06  2.00
1 4 1.93e-03  — 1.34e-03  —
2 8 1.30e-04  3.88 1.81e-04  2.89
3 16 8.32e-06  3.97 2.32e-05  2.96

3 4 32 2.21e-07  3.99 2.92¢-06  2.99
D
6

Example 6.5.6. We consider the H(curl, div)-elliptic interface problem in = (0, 1)3.
Here, the subdomain € is the sphere having center (0.5,0.5,0.5) with radius r = 0.25,
and Qo = Q\ ; as illustrated in Figure 6.5.13 (middle). The three components of the

exact solution is taken as

exp(z) sin(xy + 1) + 23 in exp(zyz) + x° + yz in Q,
D1 = b2 =
sin(zy) cos(y + z) + xy in Qy, sin(y + z) + cos(zy) + 3 in o,

exp(z +y+ z) +xy + 2, for (z,y,2) € 4,
p3 =
sin(y + z) + 4, for (z,y, z) € Q.
For this numerical example, we takeaa =y =1inQ,and f = x+3in Q; and f = y+2+1
in €25. The numerical error and convergence results are reported in Table 6.5.6, which

are consistent with Theorems 6.3.1-6.4.1.

Example 6.5.7. We consider the interface problem (6.1.1)-(6.1.4) on the domain Q =
(0,1)® with the L-shaped interface T' described in Figure 6.5.13 (right). The exact

solution of the problem is selected as

explz +y) +a?+yz for(v,y,2) €y,

b1 =PpP2=DP3
(vy + x2?)r—2te for (z,y, 2) € Qs.
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Table 6.5.6: Convergence and error profiles for Example 6.5.6.

k | Level h lleoll Order len]l Order
1 2.45e-01  6.78e-04  — 4.68e-03  —
2 1.22e-01 4.59e-05 3.88 6.32e-04  2.88
3 6.13e-02  2.92¢-06  3.97 8.08e-05  2.96

3 4 3.06e-02 1.83e-07  3.99 1.01e-05  2.99
) 1.53e-02 1.14e-08  3.99 1.27¢-06  2.99
1 2.45e-01 7.28e-05  — 2.70e-04  —
2 1.22e-01 2.53e-06  4.84 3.92e-05 3.86

4 3 6.13e-02  8.12¢-08  4.96 2.51e-06  3.96
4 3.06e-02  2.55e-09  4.98 1.58e-07  3.98
) 1.53e-02  8.00e-11  4.99 9.92e-09  3.99

The physical coefficients are chosen to be « = = v =1 in . It is easy to see that,

p € [H'7¢(Q)]?, where € is a very small positive real number. The WG space is chosen
to be ([P1]3, [P1]3, [Po]?, Po) . The numerical results obtained in Table 6.5.7 verifies that

the proposed algorithm is compatible with the global low regular exact solution.

Table 6.5.7: Convergence and error profiles for Example 6.5.7.

¢ | Level 3 lleol| Order lenll Order
| 4 7.90e-01  — 3.45e+00 —
2 8 3.50e-01  1.17  3.00e+00  0.20
3 16 1.49e-01  1.22 2.56e+00  0.22

. 4 32 6.34e-02  1.24 2.16e+00  0.24
5 64  2.67e-02 1.4 1.83e+00  0.24
6 128 1.12e-02  1.24 1.54e+00  0.24
1 4 2.18e-01  — 9.92e-01  —
2 8 6.45e-02  1.76 5.69e-01  0.80
3 16 1.86e-02  1.79 3.24e-01  0.81

: 4 32 5.35e-03  1.79 1.84e-01 081
5 64  1.53e-03  1.80 1.05e-01  0.80
6 128 4.42-04  1.80 6.04e-02  0.80
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Least-squares WG-FEMs for Time-harmonic

Maxwell’s Equations

In this chapter, we propose and analyze a least-squares-based weak Galerkin finite ele-
ment method for solving the indefinite time-harmonic Maxwell’s equations in R? (d =
2,3). Super-convergence of order one for the discrete H! like norm has been established.
Numerical simulations show that the approximate solutions converge to the exact so-
lutions with optimal rates in the L? norm on hybrid meshes. In addition, this method
is shown to be an absolutely stable under low regularity requirements with high wave

number.

7.1 Introduction

In this Chapter, we consider the following classical time-harmonic Maxwell’s equation

VX (u'Vxp)—7*¢p = gin (7.1.1)
pxmn = 0 on 09, (7.1.2)

where Q@ C R? (d = 2,3) is bounded polygonal (2D)/Polyhedral (3D) domain with
Lipschitz continuous boundary 092 (n is the unit outward normal vector on 0f2). Here,
the relative magnetic permeability and electric permittivity are considered in the vac-
uum i.e., (! = € = 1). The source term g € [L?(2)]%. In order to establish the
well-posedness of the aforementioned problem, we assume that wave number v > 0
which should not be the eigenvalue of the Maxwell’s system (more precisely, v is not an

eigenvalue of the differential operator £ : V x (V x p)).
The Maxwell’s operator is strongly indefinite for high wave number ~, which brings

difficulties to the both in theoretical analysis and numerical simulation. In this chapter,

we propose a least-squares weak Galerkin finite element method for equations (7.1.1)-

109
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(7.1.2). By introducing an another unknown q = %V X p, the Maxwell problem (7.1.1)-

(7.1.2) can be rewritten as

Vxp—vq = 0 in Q, (7.1.3)
Vxq—op = f in (), (7.1.4)
pxmn = 0 on oS (7.1.5)

where f = %g. The system (7.1.3)-(7.1.5) is known as the first order time-harmonic

system.
We aim to develop a LSWG method which is absolutely stable without any mesh

constraint for the mixed curl-curl formulation (7.1.3)- (7.1.5). In comparison to LS-DG
method [91], LSWG methods have a parameter-free positive definite symmetric system
and provide more accurate approximations for both p and q. In [91], the authors have
derived optimal convergence rate for the energy-norm and suboptimal convergence rate
for L? norm for the indefinite time-harmonic Maxwell’s equations. Under the same
regularity assumptions for the both primal variable (p) and auxiliary variable (q) as in
[91], there is a one-order superconvergence for the proposed algorithm in the triple-bar
norm, i.e., discrete H! like norm. At the same time, this method is capable of handling
very general geometries by allowing general polygonal /polytopal meshes and has low
regularity requirements. In addition, numerous numerical experiments are conducted
for 2D and 3D time-harmonic Maxwell’s equations that justify the super-convergence of

order one for the energy-norm and optimal convergence rate for L? norm.
The rest of chapter is organised as follows. In Section 7.2, we discuss the WG

discretization, weak curl and LSWG algorithm of the proposed problem. The error
equation and corresponding error estimates have been derived in Section 7.3. In Section

7.4, several numerical experiments have been conducted to justify the theoretical results.

7.2 Least-squares Weak Galerkin Algorithm

In this section, we introduce the LSWG algorithm for the problem (7.1.3)-(7.1.5). The
WG partitions 7, of the domain €2 is borrowed from the Chap. 2. Next, we introduce

two WG spaces corresponding to p and q, respectively (for more details, see Chap. 3)

Vh = {Vh = {Vo,Vb = Ultl + (d - 2)1)2t2} . V()|T S [Pk(T>]d,
v1, vy € Pi(e),e € OT, T € Tp},
Wi = {wn={wo,ws} : wolr € [Pu(D))', Wil € [Pule)]',e € OT,T € T},
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where k > 1 an integer and | = 2d — 3 (d = 2, 3). In addition, we introduce a subspace
of V;, defined as follows

VO ={v, ={vo,vs} €V, : v, x 1 =0 on 0Q}.

The discrete weak curl operator (V,, x (-)) for any v, € V}, is a unique polynomial

Vo X Vi, € [Pe(T)]?73 satisfying the following equation

(VX Vi, @)y = (Vo, V X @)y — (v x 1, oz Ve € [Pi(T)]*, (7.2.1)

and for each wj, = {wo, w,} € W, the discrete curl denoted by V,, x wy; is a unique

piecewise vector polynomial of degree k satisfying

(Ve X Wiy ) = (W0, V X ) — (Wi, X 0, %)or Vi € [P(T), VT €Ty (7.2.2)
For each T' € Ty, and e € &, , we define the following L? projections:

o Q: [LXT))" = [Pe(T)] Qp : [L2(e)l* — [Pr(e)]?, Q : L2(e) — Pule).

o Li: [T = [Pe(T)P7%, Ly : [L3 (€)= = [Pu(e)]* 72

o Q) [T — [Pu(T)P2& Ly [LA(T))* — [Pu(T))".

In addition, we define Q,v = {Qfv, Qv = QF(v1)t; + (d — 2)QF(v2)ty} for all v €
[H(T)]* and L,w = {Liw, Lfw} for all w € [H*(T)]**3, where a > 1/2.
To define the least-squares weak Galerkin (LSWG) scheme, we need the following

bilinear forms:

A(pp, on; wp,v,) = Z (Vi X pp — 700, Viy X W — Vo)
TETh
+ Z (vw X op — YPo, vw X Vp — fYWO)T
TET,

+Sl (Uha Vh) B 82(ph7 Wh)7

where
Si(on,ve) = > hr((eg—ay) x 0, (vo— Vi) X Mor,
TET

So(pp, W) Z h — Py, Wo — Wp)ar,

TeTh
for all p,,w, € Wy, o, v, € V;,. Moreover, we define a triple-bar semi-norm on

W,, x V}, given by
(wa, v lI* = A(Wn, Vi; Wi, Vi) Y(Wi, Vi) € Wi, X Vi (7.2.3)

Indeed, next result shows that [|-|| is a norm in the finite element space Wy, x V9.
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Lemma 7.2.1. The functional ||-|| in (7.2.3) defines a norm in W, x VY.
Proof. To justify the Lemma, it suffices to check the positivity property for ||-|||, i.e.,

(Wi vl = 0 iff wp = vy — 0.

We assume that

l(wh, va)II* = A(Wh, Vi Wi, Vi) = 0,

which leads to following system of equations

Ve XWp=79vy, Vexvy=9wy VT€ET,,

(7.2.4)
Vo XM=V X1, Wy = W, YOI, T €Ty
Then, set z;, = ywy — V X v and observe from (7.2.4) that
(ywo, zp,) = Z (vwo,z1)p = Z (Vo X Vi, 2p)
T€Th T€eTh
= > (v, VX 2h)p— Y (Vi X1, 20)ar
TeTy TeTh
= Z (V X V[);Zh)T = Z <<V0 i Vb) xXmn, Zh>6T
TeTy TETh
= (V X vg,zp).
As a consequence, we arrive at
YWy — V X vg =0 in Q. (7.2.5)
Similarly, testing the first equation in (7.2.4) by s, = vy — V X wy, we obtain
o —V X wg =0 in Q. (7.2.6)
Now, from (7.2.4), (7.2.5) and (7.2.6), we have
VXxwg—79vp=0 1in
Vxvyg—ywy=0 inQ, (7.2.7)

voxn=0 on 0f).

For the vy, we first apply the curl operator to the second equation in (7.2.7), and then
use first equation and boundary condition to obtain
Vx(Vxvy)—7*vp=0 inQ,
( 0) —7*Vo (7.2.8)
voxn=0 on 012,
which yields vo = 0 in €2 (see, [17]). Then, plug this information in the second equation

in (7.2.7) to arrive at wo = 0 in Q. This completes the lemma 7.2.1. O
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Now, we are in position to introduce the LSWG algorithm for the aforementioned

problem.

Least-squares Weak Galerkin Algorithm. A LSWG approximation for (7.1.3)-
(7.1.5) seeks (qn, pr) € Wy x V) satisfying

A(dn, Pr; Wi, vi) = (£,Vy X wp —9vy) V(wpg,vy) € Wi X Vg. (7.2.9)

Lemma 7.2.2. The LSWG approzimation (7.2.9) has a unique solution.
Proof. Let (g}, p:) and (q7, pi) be two pairs of solutions of the (7.2.9). Set U, = q;, —q7
and Pj, = p} — p;, then we have
AUy, Py wiy, viy) = 0 Y(wy, vi) € Wy, x VI
Now by letting w;, = Uy and v, = P, in the above equation gives rise to
(U, Pp)]| = 0.

Hence, we obtain U, = 0 and P;, = 0. This completes the Lemma 7.2.2. O
Lemma 7.2.3. For a > %, we have

ONV X V) = Vyux(Quv) Vv e [H*(Q)],

LYV xw) = V,x (Lyw) VYw e [H'(Q)]?3.

Proof. By using the definitions of Qz and discrete weak curl (7.2.1), we obtain
(Vw X (Quv),P)r = (QGv,V xp), — ((Q)v) X 1, p)or
= (v,Vxp)p = {vxn,por
= (Vxv,p)p=(Q;(V xv),p)r,
for all p € [P(T)]>* 3. Next, from the definitions of £} and weak curl (7.2.2), we have
(VX (Lpv),p)p = (Lgv,V x p), — ((Lyv) X 0, p)ar
= (V,VxXp)p = {vxn,por
= (Vxv,p)p = (L;(V xV),p)r,
for any p € [Px(T)]". O
Let us now end this section with a trace result to be used in the paper. Let T be an

clement with e as an edge/face. For any function ¢ € H*(T) (3 < o < 1), the following
trace inequality holds true (cf. [121])

lelle < € (7' lleliz + R IVellar) - (7.2.10)
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7.3 Error Analysis

In this section, we shall derive the error equation and establish the convergence under

the energy norm.
We first define the error functions given as follows:

e, =Qup—pn, € =Lyqg—q
Lemma 7.3.1. For each (wy,vy) € Wy, X VI we have

A(e}lmeh; Wh,Vh) = R(q, | Wh,Vh%
where

R(q,p; Wi, vi) = Si(QaP, Vi) + S2(Lng, wy).
Proof. From Lemma 7.2.3 and (7.1.3), we have

Vi X Qpp —7Lpg = (Vo x Qup — V x p) —y(Lrqg — q).

Now for (wy, vi) € W), x VY we have

D (VX Qup — VLEa, Viy X Vi — yWo)r
TeTh

=Y ((Vu x Qup — V x p) — (L§a — q), Vi X Vi — YWo)r
=

= > (@Y xp) =V x p) = (Lia — @), Vi X Vi, = yWo)r
TeT,

= Ri(q, P; Wp, Vp). (7.3.1)

From the L? orthogonality of the projection operator QF and L&, we observed that

Ri(q, p; wh, va) = 0.
Next, from Lemma 7.2.3 and (7.1.4), we obtain

VX Lyg—7Qup = LE(V xq) —~vQup
= f4+(L¥MV xq) -V xaq) —7(Qup —p).

Now again for (wy,,v;) € W), x V) we arrived at

Z (Vi X Lnd = 7Q5p, Vi X Wi, — Vo)

TeT,
= > ((L£5(V xq) =V xq) = ¥(Qfp — p), Vu X Wy, — yVo)r
TeTh
+ (f,V x w), — yvop)
= R2(qa P; Wp, Vh) + (fa Vw X Wp — ’YVU)- (732)
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From the L? orthogonality of the projection operator £} and QF, we can show that

Ra(q, P; Wi, vi) = 0.
Summing the (7.3.1) with (7.3.2) and, then adding &1 (Qpp, v) and S2(Qrg, wy) to

the both sides of the resultant equation to get
A(Lrg, Qup; W, vi) = Si(Qup, Vi) + Sa(Ling, wh)
+ (£, Vi X wj, — yvyp). (7.3.3)
The difference between (7.3.3) and (7.2.9) completes the Lemma 7.3.1. O
Lemma 7.3.2. Let q € [H*(Q)]**® and p € [H*T'(Q)]? (3 < a < k). Then, for each

(wh,vi) € Wy, x VI we have

S1(Qrp,vi) < CR TPl (W, va) [,
Sy(Lng, wr) < ChHallalll(wn, va) .

Proof. Using the trace inequality (7.2.10) and definition of Qf, we obtain

S1(Qnp, Vi)
= | > hr((Qfp — Qp) X 1, (Vo — Vo) X M)ar
TET,
- Z hr{(Q5p — P) X 0, (Vo — Vi) X M)ar
% 1/2 1/2
< (Z hrl[(Qsp — P) X 77||(29T> <Z hr||(vo — vs)) % "7H%T)
TeTy, TeT

< ChH|pllast [Ilvall-

In a similar fashion, we obtain

[So(Lna, wa)| = | Wi (Léa — Liq, wo — wi)ar
TeTh
< Z hiILsa — dllorllwo — willor
TeTh
< Ch*allall(wa, i)l
This completes the Lemma 7.3.2. [

Theorem 7.3.1. Assume that (q,p) € [H*(Q)]*3 x [H*(Q)]* (5 < a < k) is the
exact solution of the problem (7.1.3)-(7.1.5). Let (qn,pn) € Wy x V9 be the LSWG
solution of the equation (7.2.9). Then, we have

l(Lra — an, Qup — )l < Ch** ([IPllas1 + lldlla) - (7.3.4)
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Proof. By substituting v, = e} and wj, = €} in Lemma 7.3.1, we get
A(egv 853 e%? eg) =R(q,p; eg, eg)'
Then the desired estimate follows directly from the Lemma 7.3.2. m

Remark 7.3.1. For (q,p) € [H*(Q)]**3 x [H*(Q)]* (5 < o < 1), we note that

[51(Qnp, Vi)l + [S2(Lng, wa)| < Ch* ([Iplla + llalla) I (W, va)lll (7.3.5)

Then, from (7.3.5), the a priori error estimate (7.3.4) may be recaptured as
ll(ex, er)ll < Ch* (lIplla + llalla) - (7.3.6)

In fact, estimate (7.3.6) generalizes Theorem 3.7 in [91] in the sense that convergence

result therein required

(p,a) € [Hm“(Qﬂd % [Hm+1(9>]2d73 &
(Vxp,Vxq) € [Hm+1<Q)}2d—3 " [HmH(Q)]d

in order to maintain O(h™), m > 1, convergence rate in the energy norm.

7.4 Numerical Experiments

Below we will explore the practical performance of the proposed LSWG method through
the numerical approximation of the indefinite time-harmonic problems (7.1.3)-(7.1.5) in
two and three dimensions. We present a series of numerical experiments to justify the ac-
curacy, flexibility, and efficiency of the proposed algorithm. We demonstrate the conver-
gence and accuracy of the LSWG method on a sequence of unstructured meshes including
pentagons-quadrilaterals, hexagons-pentagons-quadrilaterals, and non-uniform triangu-
lar meshes. Uniform cubic meshes with P, polynomials are used for three-dimensional
problems. Particular attentions will be paid on verifying its high-order convergence with
high wave number and examining its robustness in dealing with low regularity solutions.
In the sequel, to verify the stability of our LSWG method with large wave number, we
will test the convergence rates for the relative errors in the L? norm which are defined
by

_lp—poll o pp . ld—dll

Ipll ! lal

All the mesh generations and computations are conducted in the MATLAB environment.

RE :
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Example 7.4.1. (The square domain problem) In this example, we will perform
the LSWG method for a sufficiently smooth solution in a unit square © = [0,1] x [0, 1]
with pentagons-quadrilaterals meshes. The initial mesh and its next two refinements
are depicted in Figure 7.4.1(a)-7.4.1(c). We set the exact solution as [74, 91]

p = (p1,p2)" = (sin(yy),sin(yx))" (7.4.1)

such that the source term and the boundary data are chosen accordingly. The numerical
errors and convergence results for £ = 1,2,3 with wave numbers v = 2,8 have been
demonstrated in the Tables 7.4.1-7.4.2. Here, we observe that approximation errors
lp — Poll and ||q — qo|| converge to zero at the optimal rate O(h**1), for each fixed
k and each 7, as h tends to zero. Further, from the numerical errors it can be seen
that the convergence under triple-bar norm |||(ef!, e})|| is of order O(h**1), which is
higher than the LS-DG method presented in [91] and as predicted by Theorem 7.3.1.
As the wave number ~ increases, we note that the errors in the approximation to the
exact solution also become larger under all error measurements. This observation is
consistent with the earlier works in [74, 91, 105]. The component-wise surface plots for
the exact solution and LSWG solution on the finest mesh (i.e., after the fifth refinement
of the initial mesh) with linear element are presented in Figures 7.4.2-7.4.3. In addition,
the solution field of the LSWG solution p, with quadratic element is plotted in Figure
7.4.4 for v = 1,4 on mesh level 4.

Example 7.4.2. (The L-shaped domain problem with nonsmooth solution)
In this test we investigate the performance of the LSWG method for dealing with a
problem that involves the singularity at the corner. Let Q = (—1,1)%\ [0,1) x (—1,0]
be the L-shaped domain (Figure 7.4.1(d)) and we choose the analytical solution p, in
terms of the polar coordinates (r,6), to be [74, 91, 105]

p(z,y) = (p1,p2) = V((y7)*sin(af)) + (sin(yy), sin(yx))", (7.4.2)

where o = 2/3. Hence, the exact solution p is nonsmooth and indeed singular at the
entrant corner (0,0), and p € H*¢(Q) for arbitrarily small ¢ > 0. Here we employ non-
uniform triangular mesh shown in Figure 7.4.1(d). The numerical errors and convergence
results corresponding to the variables p;, and q; on a sequence of successively finer
(quasi-uniform) unstructured triangular meshes for £ = 1 and 7 = 4,6 are presented in
Tables 7.4.3-7.4.4. As in the previous example, we clearly observe that the error under
triple-bar norm |||-, -||| converges to zero at the optimal rate O(h®) for each fixed ~, as

h tends to zero, and this convergence rate is in agreement with the rate predicted by
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Figure 7.4.1: The first 3-mesh levels (a)-(c) for the Example 7.4.1 and initial mesh level
(d) for Example 7.4.2.

estimate (7.3.6). Further, from the numerical validation we can see that the L? norm
error ||p — po|| also converges to zero at the same rate, and which is consistent with the
regularity of the exact solution p. On the other hand, for the variable q, the numerically
observed convergence rate is about O(h'3?) in terms of the L? norm (cf. Figure 7.4.5).

This numerical phenomenon may depend on the regularity of q and the fact
la — aoll = lla = Lall + [[L§a — aol| = O(r*) + O(r).

Such pleasant convergence phenomenon of the LS-FEM is consistent with the numerical
results in [91]. In addition, the vector plots of linear LSWG solutions py, for v = 6,8 on
the mesh level 4 are depicted in the Figure 7.4.5. These numerical results show that the
proposed algorithm is computationally effective for solving the time-harmonic Maxwell’s

equations.

Example 7.4.3. (Smooth solution in 3D) In this test we shall implement the al-
gorithm in a three-dimensional domain Q = (0,1)% with smooth solution. We solve

the test problem on a series of uniform cubic meshes for different weak Galerkin finite
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Table 7.4.1: Convergence profiles for Example 7.4.1 with v = 2

kLevel|| (e}, e})|[|Order| |lef|| Order| |ef| Order||Qkp — p||Order|||LEq — q| Order
1 [7.80e-02 —  [5.28e-02 — [4.30e-02 — 5.17e-01 —  4.09e-01 —
2 |1.95e-02 1.99 [1.33e-02 1.98 [1.17e-02 1.87 |1.26e-01  2.03 [1.04e-01 1.97
3 4.8%-03 1.99 [3.34e-03 1.99 (3.03e-03 1.95 [3.09¢-02  2.02 |2.62¢-02 1.99
1| 4 [1.22¢-03 1.99 [8.38e-04 1.99 |7.67e-041.98 |7.67e-03  2.01 |6.56e-03 1.99
5 3.05e-04 2.00 [2.09e-04 2.00 {1.92e-04 2.00 [1.91e-03  2.00 [1.64e-03 2.00
6 [7.64e-05 2.00 |5.23e-05 2.00 4.81e-05 2.00 4.78e-04  2.00 |4.10e-04 2.00
1 4.27e-03 —  6.34e-03 — |4.77e-03 — 16.95e-02 —  5.68e-02 —
2 [5.74e-04 2.89 |7.23e-04 3.13 [6.38e-04 2.90 {1.33e-02  2.38 |6.80e-03 3.06
3 |7.40e-05 2.95 [8.47e-05 3.09 [8.22e-05 2.95 [1.96e-03  2.76 |7.76e-04 3.13
2| 4 19.39¢-06 2.97 [1.02e-05 3.05 [1.04e-05 2.97 2.61e-04  2.91 [9.07e-05 3.09
5 [1.18e-06 2.99 |1.25e-06 3.02 (1.31e-06 2.99 |3.35e-05 2.96 [1.09e-05 3.05
6 [1.48e-07 3.00 |1.55e-07 3.01 [1.64e-07 3.00 4.23e-06  2.99 [1.33e-06 3.02
1 [2.16e-04 —  [6.57e-04 — [1.98e-04 — |2.48e-02 — |1.16e-02 —
2 |1.41e-05 3.93 [4.03e-05 4.02 (1.29e-05 3.93 {2.00e-03  3.62 |7.11e-04 4.03
3 19.03e-07 3.96 |2.49e-06 4.01 [8.27e-07 3.97 |1.36e-04 3.88 |4.35e-05 4.02
3 4 [5.70e-08 3.98 [1.55e-07 4.00 [5.22e-08 3.99 |8.81e-06  3.95 [2.69e-06 4.01
5 3.58e-09 3.99 [9.66e-09 4.00 (3.28e-09 3.99 5.59¢-07 3.98 [1.67e-07 4.00
6 [2.05e-10 3.99 [6.03e-10 4.00 [2.05e-10 4.00 3.51e-08  3.99 |1.04e-08 4.00
element spaces. The exact solution is selected as [91]
sin(yy) sin(vz)
p(x,Y,2) = (p1,p2,ps)’ = | sin(yz) sin(yz)
sin(yx) sin(yy)

The initial mesh is shown in Figure 7.4.6. Then we refine each cube into eight half-sized
cubes to get the next level grid. In the classical finite element method, one has to use
a Qp polynomial on a cubic mesh and a P, polynomial on a tetrahedron mesh. For
the proposed WG method, we can use P polynomials on any polyhedral mesh. To
demonstrate the flexibility of the method, we use P, polynomials, instead of traditional
Oy polynomials, on cubic meshes. The numerical errors with wave number v = 1, 10 for
the linear, quadratic and cubic LSWG methods are reported in Tables 7.4.5 and 7.4.6,
respectively. It can be seen that the theoretical superconvergence (i.e., O(h**1)) is

achieved under triple-bar norm in this numerical test. Moreover, a convergence O(h**+1)
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Table 7.4.2: Convergence profiles for Example 7.4.1 with v = 8.

klLevel|| (e, e})[|Order| |lef]| Order| [led|| Order||Qip — pl||Order||Liq — q|| Order
1 1.09e+00 —  1.20e+00 — [1.05e+00 — [2.11e-01 —  [3.24e+00 —
2 3.26e-01 1.74 [3.41e-01 1.81 3.13e-01 1.74 [5.19e-02 2.02 |8.91e-01 1.86
3 8.53e-02 1.93 [8.77e-02 1.96 8.22¢-02 1.93 |[1.28e-02  2.02 [2.36e-01 1.91
1] 4 [2.15e-02 1.98 2.20e-02 1.99 [2.08e-02 1.98 |3.18e-03  2.00 [6.05e-02 1.96
5 5.41e-03 2.00 |5.52e-03 1.99 [5.22e-03 1.99 |7.94e-04 2.00 |1.52¢-02 1.98
6 [1.35e-03 2.00 |1.38e-03 2.00 [1.30e-03 2.00 |1.98e-04 2.00 |3.82¢-03 1.99
1 12.69e-01 —  4.0le-01 — [2.74e-01 — [2.21e-02 — [8.49e-01 —
2 13.92e-02 2.77 5.32e-02 291 3.96e-02 2.78 |2.48e-03 3.15 |1.22¢-01 2.79
3 5.17e-03 2.92 16.06e-03 3.13 [5.22e-03 2.92 |2.71e-04  3.19 [1.58e-02 2.94
2| 4 16.60e-04 2.97 [7.07e-04 3.10 [6.66e-04 2.97 [3.05e-05 3.15 [1.98e-03 2.99
o 8.32e-05 2.98 [8.57e-05 3.04 [8.39e-05 2.98 [3.55e-06 3.10 |2.46e-04 3.00
6 [1.04e-05 2.99 [1.05e-05 3.01 [1.05e-05 2.99 4.27e-07  3.05 |3.06e-05 3.00
1 4.87e-02 — [1.41e-01 — |4.78e-02 — [3.23e-03 — [1.83e-01 —
2 13.30e-03  3.88 [9.66e-03 3.87 [3.27e-03 3.87 [2.04e-04 3.98 |1.39¢-02 3.71
3 2.13e-04 3.95 [6.05e-04 3.99 2.11e-04 3.95 |1.27e-05 4.00 [9.23e-04 3.92
3 4 [1.34e-05 3.98 [3.76e-05 4.00 [1.33e-05 3.98 [7.93e-07 4.00 [5.81e-05 3.98
o 8.48e-07 3.99 [2.34e-06 4.00 8.40e-07 3.99 |4.94e-08 4.00 [3.62¢-06 4.00
6 [5.31e-08 4.00 [1.46e-07 4.00 [5.26e-08 3.99 (3.08e-09 4.00 [2.26e-07 4.00
Table 7.4.3: Convergence profiles for Example 7.4.2 with v = 4.
klLevel||(e},e})[|Order| |lef|| Order| |lef]| Order||Qkp — pl|| Order||LEq — q| Order
1 [7.74e-01 —  4.19e-01 — |1.02e4+00 — |1.44e4+00 —  [4.02e-03 —
2 4.92e-01 0.65 [2.66e-01 0.65 [6.53e-01 0.64 9.23e-01  0.65 [1.40e-03  1.52
3 13.10e-01 0.66 |1.68e-01 0.66 4.12e-01 0.66 [5.85e-01  0.65 [3.90e-04  1.84
1| 4 [1.95e-01 0.66 [1.05e-01 0.66 [2.60e-01 0.66 3.69e-01  0.66 [1.00e-04  1.95
5 [1.23e-01 0.66 [6.67e-02 0.66 [1.64e-01 0.66 2.32e-01  0.67 [2.54e-05 1.99
6 [7.77e-02 0.67 [4.20e-02 0.67 {1.03e-01 0.67 |{1.46e-01  0.67 [6.39e-06  2.00

for both ||p — po|| and ||q — qo|| is observed for 1 < k < 3. These numerical results

are quite similar to those of the previous Example 7.4.1 with smooth solution. On the

contrary, the L? errors for the LS-DG method presented in [91] are shown to be sub-

optimal. In addition, we graph the analytic solution for v = 1 and its linear LSWG

approximation using mesh level 6 in Figures 7.4.6-7.4.7.
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Figure 7.4.2: (Example 7.4.1) First component (left) and second component (right) of

8§ 1

the analytical solution for 7 = 2 (top) and 7 = 8 (bottom).
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Figure 7.4.3: (Example 7.4.1) First component (left) and second component (right) of

8§ 1

the LSWG solution for v = 2 (top) and v = 8 (bottom).
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Figure 7.4.4: The LSWG solution fields for v = 1 (left) and v = 4 (right) of Example
7.4.1.

Table 7.4.4: Convergence profiles for Example 7.4.2 with v = 6.

HLevel[[ (e, eP)[[Order] [jeB]| Order] [led|  Orderf|Qfp — pl|Order][Liq — gff Order
1 3.66e+00 — 6.98¢-01 — [2.58e+00 — [1.56e+00 — [6.04e-03 —
2 [1.59e¢+00 1.19 |4.44¢-01 0.65 |1.41e+00 0.87 1.01e+00 0.63 [2.10e-03 1.52
3 19.00e-01 0.82 [2.80e-01 0.66 |8.79e-01 0.68 6.39e-01 0.65 5.86e-04 1.84
1| 4 5.56e-01 0.69 [1.76e-01 0.66 [5.53e-01 0.66 [4.03e-01 0.66 [1.51e-04 1.95
5 3.49e-01 0.67 [1.11e-01 0.67 |3.49e-01 0.66 [2.54e-01 0.66 [3.82e-05 1.98
6 [2.19e-01 0.67 [7.02e-02 0.67 [2.19¢-01 0.66 |1.60e-01 0.66 9.58e-06 2.00
10°
10
10?
10° e
+«::4
. $0(hlS3)

10

Figure 7.4.5: (Example 7.4.2) The LSWG solution fields for v = 6 (left) and v = 8
(middle) along with error plots (right).

Example 7.4.4. (Nonsmooth solution in 3D) We consider the three-dimensional
domain © = (0, 1)? with uniform cubic partition and select the low regular exact solution
p as (cf. [9, 90])

p(7,y,2) = V((2* + y* + 2%)*/?sin(a0)),
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Table 7.4.5: Convergence profiles for Example 7.4.3 with v = 1.

kLevel|| (e}, e})[|Order| |lef|| Order| |ef|  Order|||Qfp — p|| Order||LEq — q|| Order
2 [1.38e-02 — 16.95e-02 — [7.28e-02 — [2.55e-01 — [5.19e-01 —
3 13.48e-03 1.99 [1.73e-02 2.00 [1.83e-02 1.98 [6.33e-02  2.01 |1.50e-01  1.78
4 8.71e-04 1.99 [4.34e-03 2.00 |4.60e-03 1.99 [1.58e-02 2.00 3.91e-02 1.94
1l 5 [2.17e-04 1.99 [1.08e-03 1.99 |1.15e-03 1.99 [3.96e-03 1.99 9.88e-03  1.98
6 [5.44e-05 1.99 [2.71e-04 1.99 2.88e-04 1.99 [9.90e-04 1.99 [2.48e-03  1.99
7 [1.36e-05 2.00 [6.78e-05 2.00 |7.21e-05 2.00 2.47e-04  2.00 [6.20e-04  2.00
2 [1.85e-03 — [5.8le-03 — [5.22e-03 — |4.57e-02 — |1.6le-01 —
3 |2.31e-04 3.00 |7.28e-04 2.99 [6.53e-04 2.99 [6.59¢-03  2.79 [2.26e-02  2.83
4 2.89-05 3.00 [9.11e-05 2.99 [8.16e-05 2.99 [8.54e-04 2.94 291e-03  2.96
2| 5 [3.61le-06 3.00 [1.13e-05 2.99 [1.021e-05 2.99 1.07e-04  2.98 |3.66e-04  2.98
6 [4.52e-07 3.00 |1.42e-06 2.99 [1.27e-06 2.99 [1.35e-05  2.99 4.58e-05  3.00
7 15.65e-08 3.00 |1.78e-07 3.00 [1.59e-07 3.00 [1.68e-06  3.00 [5.73e-06  3.00
2 1.27e-04 — 3.29e-04 — |3.04e-05 — [1.19e-02 —  [1.29e-02 —
3 18.00e-06 3.99 [2.09e-05 3.97 (1.90e-06 3.99 [B.36e-04  3.83 [9.01e-04 3.84
4 15.00e-07 3.99 [1.31e-06 3.99 [1.19e-07 3.99 [5.36e-05  3.96 |5.77e-05  3.96
3 5 |3.13e-08 3.99 [8.23e-08 3.99 [7.45e-09 4.00 [3.37¢-06  3.99 [3.63e-06  3.99
6 [1.959e-09 4.00 |5.15e-09 3.99 4.65e-10 4.00 [2.11e-07  4.00 [2.27¢-07  4.00
7 1.22e-10 4.00 [3.22e-10 4.00 2.99e-11 4.00 [1.31e-08  4.00 [1.42e-08  4.00

05

05 0.5

Figure 7.4.6: (Example 7.4.3) Surface plots for the first component of analytical solution
(left) and its LSWG solution (middle) along with initial mesh (right).

where a € (0,1] and § = tan~'(y/x). The solution p is not in H'(Q), instead in
H*¢(Q) for small ¢ > 0. The numerical errors of the linear LSWG method for wave
number v = 1,6 are reported in Tables 7.4.7 and 7.4.8, respectively, for different values

of a. Under all error measurements, we observe that the convergence rate is O(h*). The
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Table 7.4.6: Convergence profiles for Example 7.4.3 with v = 10.

klLevel|| (e, e})[|Order| |lef]| Order| |eg| Order||Qtp — p||Order|||Liq — q|| Order
2 3.04e+00 —  [2.06e-01 — 2.92e-01 — 4.50e-01  — [R.78e-01 —
3 8.09e-01 1.91 [5.09e-02 2.01 [7.50e-02 1.96 (1.14e-01 1.98 [2.34e-01  1.90
4 2.05e-01 197 [1.27e-02 2.00 {1.90e-02 1.98 2.87e-02 1.99 5.98e-02  1.97
1} 5 [5.17e-02 1.99 [3.17e-03 2.00 4.77e-03 1.99 |7.21e-03 1.99 1.50e-02  1.99
6 |1.29e-02 1.99 [7.93e-04 2.00 [1.19e-03 1.99 |1.80e-03 1.99 3.76e-03  1.99
7 13.23e-03  1.99 [1.98e-04 2.00 2.99e-04 2.00 4.51e-04  2.00 9.42¢-04  2.00
2 B8.82e-01 — 3.91e-02 — [6.73e-02 — [7.74e-02 — [1.59e-01 —
3 |1.17e-01  2.91 [5.02e-03 2.96 9.13e-03 2.88 1.03e-02  2.90 2.24e-02  2.83
4 1.49e-02 297 [6.31e-04 2.99 |1.16e-03 2.96 [1.31e-03 2.97 2.90e-03  2.95
2 5 [1.87e-03 2.99 [7.90e-05 2.99 [1.46e-04 2.99 [1.65e-04  2.99 3.66e-04  2.98
6 [2.34e-04 3.00 [9.88e-06 2.99 [1.83e-05 2.99 [2.06e-05  2.99 4.59¢-05 2.99
7 12.93e-05 3.00 [1.23e-06 3.00 [2.29e-06 3.00 [2.58¢-06  3.00 [5.75e-06  3.00
2 (1.84e-01 —  [4.82e-03 — [1.16e-02 — |1.18e-02 — [1.0le-03 —
3 |1.19e-02  3.94 [3.03e-04 3.99 [8.25e-04 3.82 [8.33e-04  3.83 6.36e-05  3.99
4 17.60e-04 3.98 [1.89e-05 3.99 5.33e-05 3.95 [5.38e-05  3.95 [3.98¢-06  3.99
3 5 4.77e-05 3.99 [1.18e-06 4.00 [3.36e-06 3.98 [3.39¢-06  3.98 2.49¢-07  4.00
6 [2.98¢-06 4.00 |7.41e-08 4.00 2.10e-07 3.99 [2.12¢-07  3.99 [1.55e-08  4.00
7 |1.86e-07 4.00 [4.63e-09 4.00 (1.31e-08 4.00 [1.32e-08 4.00 [9.73e-10  4.00

solution plots of the LSWG solution p;, at mesh level 6 are demonstrated in the Figure

748 for a = and o = 2 with y = 1.

Example 7.4.5. (The L-shaped domain problem with smooth solution) In this
test, we consider a bench-mark example for the time-harmonic Maxwell’s equations
in a L-shaped domain Q = (—1,1)*\ [0,1) x (—=1,0], see in [2, 74, 105]. The exact
solution is selected as p = V x B, where B = Jg(yr) cos(80) with r = (22 + %)z
and 6 = tan"!(y/x). Here Jz is the Bessel function of the first kind of order 5. We
set 8 = 0 so that the exact solution is smooth. The hexagons-pentagons-quadrilaterals
meshes have been used for the proposed algorithm, see in Figure 7.4.10. We present in
Table 7.4.9 the approximation errors and corresponding convergence rates for the primal
variable p, and auxiliary variable q; with v = 20, from which we observe a convergence
rate of O(h*1) for both for both ||p — po|| and || — qo||. Our results agree very well
with the previous results reported in [105]. We also see that (g, ps) converges with

order k 4 1 under triple-bar norm. These results are similar to those of smooth domain
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Figure 7.4.7: (Example 7.4.3) The second component (left) and the third component
(right) of analytical solution (top) and its LSWG solution (bottom).
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Figure 7.4.8: (Example 7.4.4) Numerical solution fields for o = 1 (left) and o = 2
(right).

problems. The robustness and effectiveness of the scheme can be visualized from the
Figures 7.4.10 and 7.4.9 that illustrate the plots of V x p; and component-wise surface
plots of py, respectively, for v = 5, 10 and the same polynomial degree k = 2.

Example 7.4.6. (Relative errors with non-smooth solution) We revisit the L-

shaped domain problem described in Example 7.4.5 with f = 2/3 so that the exact
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Table 7.4.7: Convergence profiles for Example 7.4.4 with v = 1.

a|Level||[| (e}, eP)[| Order| ||ef]| Order| |led|| Order||Qkp — p|| Order
1.65e-01 —  [1.33e-01 — [7.88e-02 — |3.46e-02 —

1.40e-01  0.23 [1.12e-01 0.24 6.63e-02 0.25 |2.91e-02 0.25
1.18e-01  0.24 [9.46e-02 0.24 [5.57e-02 0.25 (2.45e-02 0.25
9.94e-02 0.24 [7.95e-02 0.24 |4.68e-02 0.25 |2.06e-02 0.25
8.36e-02 0.24 [6.68e-02 0.25 [3.94e-02 0.25 |1.73e-02 0.25
7.03e-02  0.25 (5.62e-02 0.25 3.31e-02 0.25 |1.45e-02 0.25
2.65e-01 —  [1.86e-01 — |1.39e-01 — |7.46e-02 0.50
1.89e-01  0.48 [1.32e-01 0.49 [9.84e-02 0.49 |5.27e-02 0.50
1.34e-01  0.49 [9.34e-02 0.49 [6.96e-02 0.50 |3.73e-02 0.50
9.56e-02  0.49 [6.60e-02 0.49 |4.92e-02 0.50 |2.63e-02 0.50
6.77e-02  0.49 [4.67e-02 0.49 |3.48e-02 0.50 |1.86e-02 0.50
4.79e-02  0.49 |3.30e-02 0.50 |2.46e-02 0.50 |1.31e-02 0.50
1.60e-01 —  |1.08e-01 — [7.26e-02 —  [8.00e-02 =

9.53e-02  0.74 [6.44e-02 0.74 |4.31e-02 0.75 |4.75e-02 0.75
0.67e-02  0.74 [3.83e-02 0.74 |2.56e-02 0.75 |2.82e-02 0.75
3.37e-02  0.74 |2.27e-02 0.75 |1.52e-02 0.75 |1.68e-02 0.75
2.00e-02 0.74 |1.35e-02 0.75 |9.08e-03 0.75 |1.00e-02 0.75
1.195e-02 0.74 [8.05e-03 0.75 [5.39¢-03 0.75 |5.94e-03  0.75

—_

IS,

B[SV N
S UL = W NN RO O R W NN RO Ot W

Figure 7.4.9: (Example 7.4.5) First component (left) for v = 5 and second component
(right) for v = 10 of the LSWG solutions. These are obtained using mesh level 6 and

the same polynomial degree k = 2.
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Table 7.4.8: Convergence profiles for Example 7.4.4 with v = 6.

a|Level||[| (e}, €})[| Order| ||ef]| Order| |led|| Order||Qkp — p|| Order
1 4.22e-02 — |4.77e-02 — |4.85e-02 — |1.20e-01 —
2 [3.87e-02 0.125 |4.37e-02 0.124/4.44e-02 0.125(1.10e-01 0.125
3 13.55e-02  0.125 |4.01e-02 0.125[4.07e-02 0.125/1.01e-01 0.125
% 4 13.26e-02  0.125(3.68e-02 0.125]3.74e-02 0.125(9.26e-02 0.125
5 2.99e-02 0.125|3.37e-02 0.125(3.43e-02 0.125|8.49e-02 0.125
6 [2.74e-02 0.1251(3.09e-02 0.125|3.14e-02 0.125(7.79e-02 0.125
1 8.33e-02 — 1.59e-01 — |1.73e-01 — |1.54e-02 —
2 15.25e-02 0.66 |1.00e-01 0.67 (1.09e-01 0.67 |9.71e-03 0.67
3 13.30e-02  0.67 [6.32e-02 0.67 [6.88¢-02 0.67 |6.12e-03 0.67
% 4 12.08e-02 0.67 |3.98e-02 0.67 |4.33e-02 0.67 |3.85e-03 0.67
5 [1.31e-02 0.67 |2.51e-02 0.67 (2.73e-02 0.67 |2.42¢-03 0.67
6 [8.26e-03 0.67 |1.58e-02 0.67 [1.72e-02 0.67 [1.53e-03 0.67
1 [6.59e-02 — [1.43e-01 — |1.58e-01 — |2.05e-02 =1
2 3.78¢-02  0.80 |8.25e-02 0.79 [9.12e-02 0.79 |1.18e-02 0.80
3 2.17e-02 0.80 |4.74e-02 0.79 [5.24e-02 0.80 |6.78e-03 0.80
% 4 11.25e-02 0.80 |2.72e-02 0.80 [3.01e-02 0.80 |3.89e-03 0.80
5 [7.18e-03 0.80 |[1.56e-02 0.80 [1.72e-02 0.80 (2.23e-03 0.80
6 [4.12¢-03 0.80 |8.98e-03 0.80 [9.93e-03 0.80 |1.28e-03 0.80

solution p € H3 () for € > 0 (cf. [105]). Hence, the exact solution is non-smooth and
indeed singular at the entrant corner (0,0). In this example, we follow [97] to verify the
stability of our LSWG method with large wave numbers for two different types of mesh
restrictions. Figure 7.4.11 depicts the relative errors RE, and REq for the linear LSWG
algorithm with different mesh conditions. The left graph of Figure 7.4.11 displays the
behavior of the relative errors with the wave number « under the mesh condition vh = 2.
We observe that the relative errors cannot be controlled by the restriction yh = 2 and
increase with v, which reflects the existence of the additional pollution error. Figure
7.4.11 (right) demonstrates the relative errors for the proposed algorithm with mesh
condition 72h? = 2. It displays that under this mesh restriction, the relative errors
do not increase with the wave number ~. This numerical phenomenon has also been

observed in Lu et. al. [97].
For any fixed wave number v, we present the relative errors RE, and REq for the

linear LSWG algorithm. The left graph of Figure 7.4.12 displays the relative error of
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1 05 0 05 1

(c) (d)

Figure 7.4.10: (Example 7.4.5) The first 2-mesh levels (a)-(b) for the proposed LSWG
algorithm. The plots of V x pj, for v = 5 (c) and for v = 10 (d). These results are

obtained using mesh level 6 and the same polynomial degree k = 2.

the LSWG solution pg for v = 60,90, 130, while the right one shows the relative error
RE, for the same values of 7. These results predict that the LSWG methods are robust
and stable for the time-harmonic Maxwell problems with high wave numbers. Figure
7.4.13-7.4.14 show that the errors ||p — po|| and ||q — qo|| always decrease significantly
for high-order polynomial approximations even in the case of low regular solution with

large wave number.
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Table 7.4.9: Convergence profiles for Example 7.4.5 with v = 20.

kLevell|(e}!, eP)[|Order| ||ef|| Order| |led| Order|||Qkp — p||Order||LEq — q|| Order
2 [1.44e400 —  [9.88e+00 — [7.23e-01 — [4.27e+00 — R.43e+03 —
3 3.83e-01 1.91 [2.66e+00 1.89 [1.74e-01 2.05 |1.14e+00 1.90 2.40e+03 1.81
4 19.73e-02  1.97 16.79e-01 1.97 4.31e-02 2.01 [2.93e-01 1.96 16.48¢+02 1.88
11 5 [2.44e-02 1.99 [1.70e-01 1.99 [1.07e-02 2.00 |7.38e-02 1.98 [1.67e+02 1.95
6 [6.12e-03 1.99 |4.26e-02 1.99 2.68e-03 2.00 [1.85e-02 2.00 4.22e4+01 1.98
7 |1.53e-03 2.00 [1.06e-02 2.00 |6.70e-04 2.00 [4.63e-03 2.00 1.05e+-01 2.00
2 [4.20e-01 —  [3.54e+00 — [2.28e-01 — [1.07e+00 — [2.69e+03 —
3 5.93e-02 2.82 |4.64e-01 2.93 [2.93e-02 2.96 [1.41e-01 2.92 4.27e402 2.66
4 17.61e-03  2.96 [5.90e-02 2.97 |3.69e-03 2.98 |1.79e-02 2.97 5.88e+01 2.86
2 5 [9.57e-04 299 |7.41e-03 2.99 [4.62e-04 2.99 2.25e-03 2.99 [7.59e4-00 2.95
6 [1.19e-04 2.99 [9.27e-04 2.99 5.77e-05 3.00 [2.82e-04  2.99 9.58e-01  2.98
7 |1.50e-05 3.00 [1.15e-04 3.00 [7.21e-06 3.00 |3.53e-05 3.00 |1.20e-01  3.00
2 [1.19e-01 —  |7.09e-01 — [3.28e-02 — [1.80e-01  — [7.30e+02 —
3 [7.62e-03 3.96 [5.14e-02 3.78 [2.59e-03 3.66 |1.26e-02 3.83 [6.64e+01 3.45
4 14.82e-04 3.98 [3.30e-03 3.96 [1.74e-04 3.89 [8.11e-04  3.95 [4.82e400 3.78
3| 5 3.02e-05 3.99 [2.07e-04 3.99 [1.10e-05 3.97 [5.10e-05 3.99 13.15e-01  3.93
6 [(1.89¢-06 4.00 |1.29e-05 3.99 [6.95e-07 3.99 [3.19e-06  4.00 [1.99e-02  3.98
7 [1.18e-07 4.00 [8.12e-07 4.00 [4.35e-08 4.00 [1.99e-07  4.00 1.25e-03  4.00

08 ; T T T 0.08
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Figure 7.4.11: (Example 7.4.6) The relative errors ||p — pol|/||p| and ||a — qol|/||ql|
for mesh condition vh = 2 (left) and mesh condition v*h* = 2 (right) by the LSWG

approximations.
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H
1=

The Relative errors
The Relative errors

H
1=

Figure 7.4.12: (Example 7.4.6) The relative errors ||p—pol|/||p|| (left) and ||lg—aqol|/||ql|
(right) for v = 70,90, 130.

Figure 7.4.14: (Example 7.4.6) The error ||q — qol| for v = 60 (left) and v = 100 (right).
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Least-squares WG-FEMs for Maxwell’s Equations

We present a least-squares weak Galerkin (LSWG) finite element method for the two di-
mensional (2D) and three dimensional (3D) Maxwell’s equations. The LSWG algorithm
allows the general hybrid, polygonal /polyhedral mesh partitions without compromising
the desire accuracy and efficiency of the scheme. Super-convergence of order one has
been derived for the energy norm, which is justified by the numerous numerical tests.

Further, the optimal error estimate for L? norm is predicted numerically.

8.1 Introduction

We will discuss a new numerical simulations for the Maxwell’s equations in this chapter.
The Maxwell’s equations are obtained from the coupling of Ampere’s law and Faraday’s

law given as follows

V-(E)=p and V- (uH) =0,

VXxE=-20 and VxH=20 /B,

(8.1.1)

where E is the electric field intensity, H is the magnetic field intensity, p is called
charge density, p is the permeability, € is the permittivity and o is known as electric

conductivity.
In time-harmonic fields, the time dependent variables are assumed to be harmonic.

In such cases, the Maxwell’s equations (8.1.1) can be rewritten as

V-(eE)=p and V. (uH)=0,
VXE=—-wuH and V x H =1iweE + cE.

(8.1.2)

Now, testing the operator V x ! to V x E = —jwuH, then from second equation of
(8.1.2), we have
V x (1 'V x E) = (W — iwo)E. (8.1.3)
131
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From above equation with V - (€E) = p, we can obtain the electric fields intensity E
with appropriate boundary condition. The magnetic fields intensity H can be obtained

from the (8.1.2) with suitable boundary conditions.
For our convenience, in this study we consider the models for electric field intensity

E with w = 0 in the domain @ C R? (d = 2,3). Hence, we reformulate the model

problem which seeks the vector-valued function p and ¢ satisfying

V x (BV xp) —7Vg=1f, and V- (fp) =g inQ, (8.1.4)
pxn=0 and ¢ =0 on 0, a

where 8 = ! and v = e.
Next, the vorticity vector 1) is a curl of p :

Y = —pV X p.

Then, the equivalent mixed formulation of the model (8.1.4) is given by

P+ 6V xp=0inQ and V- (fp) =g in Q,
Vxip+yVg=1f, inQ (8.1.5)
pxn=0 and ¢ =0 on 0f),

where f = —f;.

In this chapter, we discuss the weak Galerkin least-squares (WG-LS) finite element
method for the two dimensional (2D) and three dimensional (3D) Maxwell’s equations.
The super-convergence of order one has been achieved for the energy norm. To justify
the theoretical estimates several numerical experiments have been conducted for the 2D
and 3D proposed problems. In addition, optimal convergence rate for L? norm has also

been predicated from the numerical simulations.
The rest of the chapter is organised as follows. The WG-spaces and least-squares

algorithm have been described in the Section 8.2. In Section 8.3, the error equation
has been provided. We report several numerical tests to demonstrate and justify the

convergence analysis in Section 8.4.

8.2 Least-squares Weak Galerkin Methodology

In this section, we are concerned with the weak Galerkin spaces, discrete operators and
L? projections, which will be useful for our later analysis. First, we adopt the WG

partitions 7, of the domain 2 from the Chap. 2.
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Next, we define three WG spaces, namely, V;,, Wy, and Zj,, which are defined as

follows (for more details, see in Chap. 3)

Vi = {vi={vo,vs = vty + (d — 2)vaty} : vo|r € [Pr(T)]%,
V1,V € Prle),e € T, T € Tp},
W, = {wy={wo, Wy} : wWo|r € [Pu(T)]", Wo|r € [Pi(e)]', e c OT, T € T},
Zn = {zn=A{z0,2} : 207 € Pr(T), 2|7 € Prle), e COT, T € Tp}.

where, k > 1 is any non-negative integer and | = 2d — 3 (d = 2, 3). Let V) and Z} be

two subspaces of Vj, and Z;, respectively, given as follows

V) = {vi={vo,Vs} € Vs : vy, x 1 =0 on dQ},
7Z) = {zn={20,%} € Zy: 2 =0 ondQ}.

Now, for any z, = {z0, 24} € Zp, the discrete weak gradient is a piecewise polynomial of

the degree k satisfying

(Vowzn, @)1 = —(20, V- @)1 + (2, & - mor Vo € [Pr(T))°. (8.2.1)

Next, for any v, = {vg, vy} € Vj, the discrete weak divergence V,, - v, € [Pr(T)] is
defined by the equation

(Vu Vi, @)r = —(vo, Vo) + (Vi -, d)or Vo € Pr(T), (8.2.2)
and discrete weak curl of v, is a unique piecewise polynomial of degree k is given by
(Vw X VhaTh)T = (VU,V X Th)T — <Vb X 7’],Th>aT Y1), € [’Pk<T>]2d73. (823)

Finally, for any w;, = {wg, w;} € W), the discrete weak curl V,, x w;, € [P(T)]¢ is
defined as

(Vw X WhaTh)T = (Wo, V x Th)T — <Wb X 7777-h>8T VT, € [Pk<T)]d (824)
To define the LSWG algorithm, we need the following bilinear maps given as follows:

A((Vi, Wi, 20); (O, Thy 0n))

= Z ((Wo + BV X Vi, To + BV X 04) + (Vi - (BVn), Vi - (Bon))

TET
+(V X Wy +vVyzh, Vi X T + VVth)T) + Si(vh, oh)
+8o(Wh, Th) + S3(2h, 00) ¥ (Vi, Why 21), (Oh, Th,0n) € Vi, X W), X Zp,
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where

Si(vhon) = Y hr{(vo—vi) xm, (00— a4) X nar,

TETh
So(wp, T) = Z hi3-(Wo — W, To — Th)ar,
TET
Ss(zn,0n) = Z hi(zg — 2, 00 — Oy)or-
T€ETh

Moreover, we define the triple-bar semi-norm on 'V, x W, X Zy, given by
(Vs Wiy 20)II* = A(Vh Wi 28); (Vi Wi 28)) ¥ (Vi Wiy 1) € Vie X Wi X 2,

For each T € T;, and ¢ € £,; we define the following L? projections:

o Qf: [LA(D))! = [Pu(T))?, Q5 : [LA(D)]? — [Prle)]’, Qp : L*(e) — Pule).

o Lj: [LX(T)*% — [Pu(D)PP%, Ly« [LA(T)P9% — [Pa(e)]*2.

o R§: [L%(e)] = [Pu(T)], Ry : [L*(T)] — [Prle)].

o Qi : [LA(T)P4 — [Pu(T)P3, Lk : [LA(T)) — [Pu(T))".

o Ry [LX(D) = [Pu(T)* & Q7 : LA(T) — Pi(T).

In addition, we define Quv = {Qfv, Qv = QF(v1)t; + (d — 2)QF(v2)te} for all v €
[HA(T))?, Lyw = {Léw, Lfw} for all w € [HP(T)]**73, and Ryq = {Rbq, Riq} for all
z € H?(T), where 3 > 1/2.

Lemma 8.2.1. The functional ||-|| is a norm on V9 x W, x Z.

Proof. To prove norm, we need to justify that
|||(Vh,Wh, Zh)||| =0 iff Vp = W, = 0, Zh = 0.

Since ||(vn, Wp, z,)|| = 0 implies

(8.2.5)

V- (Bvy) =0, Vy X Wy =—=yVyzn, YV X vy =—wo VT €T,
Vo XN =V, XM, Wog=W,, zg=25 VYOI, T €T},

We deduce from the first equation of (8.2.5) and the definition (8.2.2) that

0= (Vu-(BVn),2)p = —(Bvo,Vz)p+ (Bvs-n,2)or
= (Vu:(Bvo),2)r +(B(Vo— Vi) M, 2)ar
= (V- (Bvo),2);y Vze Pu(T),
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where we have used the fact that v x n = vy, x ponV 9T, T € T,. Thus, the above

equation leads to
V- (Bvg) =0. (8.2.6)

Since

va X Vh”%ﬁ = Z (5Vw X vh,Vw X Vh)T
Te€Th

= Z ((5Vw X Vp + Wq, Vw X Vh)T — (Wo, Vw X Vh)T)
TeT,

= = Z (W07vw X Vh)T

TeT

= Z (— (vo, V X wq) + (vy X 1, Wo)ar)
TETy,

= D (= (V xvo,Wo) — ((vo = V3) X 7, Wo)or) - (8.2.7)

TeT,

From the definition (8.2.4), we get

Z (Vw X Wp,vo)p = Z ((V x vo,Wo)p — (Wp X 17, Vo)or)

TeTh TeTs,
3 Z ((V X vo, Wo)p + (Vi X 1, Wo)or)
TET,
y Z ((V x vo, wo)p — (Vo — V) X 1, Wp)ar) -
TET;,

Now, substituting the above equation into (8.2.7) and using the facts that voxn = v, xn
on each dT', z, = 0 on 02, and V,, x w,, = —yV,, 25, in each T', we get

”vw X Vh”%“,g - - Z (vw X Wp, i vaZthO)T -1 (7vwzha VO)T
TeTh

= (’vazh,Vo)T
= — Z (= (V- (vv0), 20)p + (26, 7V - Mor)

TeTh
— 0 (8.2.8)

Hence it follows from equation (8.2.8) and the definition (8.2.3) that

0= (Vuxvpz)y = (vo,V2z)r — (Vi X 0, 2Z)ar
= (Vw X Vo, Z)T + <(V0 — Vb) xXn, Z>8T

= (VyxXvo,2); Vze€ [Pk(T)]Zd_?’_
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From above equation, we obtain

V, X v = 0. (8.2.9)

It follows from (8.2.5), (8.2.6), (8.2.9) and vo x m = 0 on 0N that vo = 0. Hence,
vy, = 0. The third equation in (8.2.5) gives us wy, = 0. Next, from the second equation

in (8.2.5), we have V,z, = 0.
Using the definition (8.2.1) and the fact that zp = 2, on each 0T, we obtain

Z (vwzhv Z)T = Z <_ (207 \E Z)T i <Zb7Z : 77>3T)

TET, T€Tn
= Y (V2. 2)r — (20— =), 2 m)ar)
TeTh
= Y (Vz,2); Vze [PUT)]
TeT

From above equation, we have Vzy = 0 on each 17" € 7,. This implies ¢y = constant.

Since zy = z, = 0 on 0f). Hence z, = 0. This completes the rest of the proof. n

Now, we are in position to derive the LSWG algorithm for the (8.1.5).

LSWG Algorithm. A LSWG approximation for (8.1.5) which seeks (pn, ¥, qn) €
V) x Wy, x Z))

APy Y1, an) s (Vis W, 2)) = (£, Vi x Wi, + 7V21)
+ (9, V- (BVh)), (8.2.10)

for all (vy,, wy,2,) € VI x W), x Z7.

Lemma 8.2.2. The LSWG algorithm (8.2.10) has a unique solution.

Now, we derive the commutative properties of some L? projections and discrete

operators in the following Lemma.

Lemma 8.2.3. For o > 1/2, we have

Vo X Quv = QF(V xv) Vv e [HYN)],
V- Qv = Q1,(V-v) Vv e [H Q)

Ve xLyw = LFH(V xw) VYw € [H*(Q)]*3,
Vo(Rpz) = RE(Vz2) Vze HY(Q).
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8.3 Error Analysis

To derive the error equation, we introduce the following error functions

ez = th 2 e’;f) = Lh'@b - 1/’7 6% - th —dq. (831)
Moreover, the coefficients 5 and v are assumed to be piecewise constants.

Lemma 8.3.1. For each (v, Wy, z,) € Vi, x Wy, x Z7, we have

A((eD,e?n el); (vi, Wi, 2)) = Si1(Qup, Vi) + Sa(Lptp, wi) + S3(Rug, 2n)
= R<<p7 ,‘pu Q>7 (Vh7 Wh, Zh))-

Proof. From the equation (8.1.5), we have
Lpp + 8V x Qup = Ln¥ — % + BV, x Qpp — fV X p.

Testing the above equation against (v, wy,) € V9§ x W), and then using Lemma 8.2.3,

we obtain

> (Lutp + BV X Qup, AV X Vi + W)y

TET
= Z (Lh’l.b_":b"i_ﬁvw X th_ﬁv X paﬁvw X Vh+W0)T
TET
= > (Lup — ¢ + BQ}(V X p) — BV X P, BV X Vi + Wo)
TET
= Ri(¢, p; Vi, Wp). (8.3.2)

Next, from the second equation (8.1.5), we get
Vi X Lptp + 7V (Rig) = Vi X Inth =V X ¢+ 9V (Rig) — Vg + £

Testing the above equation with (,q) € W), x V¥ and using the Lemma 8.2.3, we

achieve

> (Vi x Lytp + 7V (Riq), Vi X Wi + V27

TeT

=Y (Vo x Ly =V x ¢ + BV, (Ragq) — BVq + £, Vi x Wy, + BV u2)7
TeT,

= > (Vo X Lyth =V X ¢ + BV, (Riqg — BVq + £, Vi, X Wiy + BV024);
TeTh

=Ra (¢, q;Wn, 21) + (£, Vi X Wi, + BV 21) . (8.3.3)
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Finally, from equation (8.1.5), we have

V- (BQrP) = Vu - (BQup) — V- (BP) + 9. (8.3.4)

Testing the equation (8.3.4) with v;, € V¥ and using the Lemma 8.2.3, we arrive at

> (Vu - (BQiD), V- (BVi))p

TEeTy,
= (V- (BQup) = V- (6p) + ¢,V - (Bvi)y
TET,
=Y (V- (Bp) = V- (8P) + 9, V- (BVh)),,
TET,
=Rs(P,va) + (9, V- (Bva)) - (8.3.5)

From the L? orthogonality of the projection operators Ly, Qi, K b [, and ’RZ, we
have Ry =0, Ro = 0 and R3 = 0. Next, by summing (8.3.2), (8.3.3), (8.3.5), and then
adding S§1(Qnp, va), S2(Lptp, wy) and S3(Rpq, z,) to the resultant equation, we reach
at

A((Qrp, Lut, Ruq); (Vi Wiy 2)) = — (£, Vi X Wi + 8Vy21) + (8, V- (BVa))
+ S1(Qup, Vi) + So(Lnth, wp) + 53(th7 Zh)-
Subtracting the above equation from (8.2.10) completes the Lemma 8.3.1. O
Lemma 8.3.2. Let p € [H*Y(Q)]Y, ¢ € [HF(Q)]?*T2 and ¢ € H*(Q)). Then, we have
the following estimates
S1(Qup,vi) < CRMpllarill(va, wa, zn)ll,
So(Lntp,wr) < CHM [l | (Vi wa, 2l
S3(Rua zn) < CH M qllkll (Vi Wi, 20
for all (vi,wp,zn) € Vi, X Wy X Zp,.

Proof. From the Cauchy-Schwarz inequality, trace inequality (2.2.7) and by the defini-
tions of QF, and QF, we get

S1(Qup.va)l = | D hr((Qfp — Qfp) X 1, (Vo — V) X Mar
=
< > bl Qip — pllarll(vo — vb) x nllar
=
< <Z hr||Qsp — PH%) (Z hr|lvo — vs) X "7”%)
TeTh TeT,

< Chk+1||p“k+1|H(Vh,Wh,Zh)’”~
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Using the definitions of L§ and L¥ to obtain

[So(Lntp, wa)| = | > hip(Lip — Ligp, wo — wy)or
=
< Y WRILEY — Yllor|wo — wilor
T,
; ;
< (3 abinto w1 ) (3 st -t
TeTh, T€eTh

< Ch* Y[l (va, W, 20) I

In similar ways, we have

|S5(Rua, zn)| = Z h3T<R§CI - ng% 20 — 2b)ar
TETs
< Z hy | R$q — allorl|zo — zllor
TET,
1 1
2 2
< (Z hilRbq — C]HT> (Z hillzo0 — Zb”T)
TETy, TETh

< CH*Hlgllkll(va, wa, 20l

O

Theorem 8.3.1. Assume that (p,,q) € [H*1(Q)]4 x [H*(Q)]??2 x H* () is the exact
solution of the problem (8.1.5). Let (pn, ¥y, qn) € VY x Wy, x Z be the LSWG solution
of the equation (8.2.10). Then, we have

QP — Pr, Lt — 4y, Rig — qn)lll < CHEF (I[Pl + [l + llalle) -

Proof. By substituting v, = e}, wy, = e}f’ and z;, = e} in Lemma 8.3.1, we get
A((ef. ey ef); (e el ef)) = R((p, 4, q); (e}, e, ef)).
Now, from Lemma 8.3.2, we get

(e

‘ < CRM (1Pl + 19l + llallx) -

This completes the proof of the Theorem 8.3.1. m
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8.4 Numerical Experiments

In this section, we will perform some numerical experiments for the Maxwell” equations
(8.1.5). The main focus is to verify the accuracy, efficiency, flexibility and robustness
of the proposed LSWG algorithm. For two dimensional (2D) problems quadrilaterals,
pentagons and hexagons meshes, whereas uniform cubic meshes have been used in three
dimensional (3D) problems. In addition, tests have been conducted for the non-convex

domains for the 2D and 3D problems.

Example 8.4.1. In this example, we first consider the 2D Maxwell’s equation on the
unit square domain 2 = (0, 1)%. The analytical solution (p, ¢) is taken as ([101], Example
5.1.1)

102%(z — 1)%y(y — 1)(2y — 1)

p(z,y) = (u1, uz)" =

—10z(z — 1)(2z — 1)y*(y — 1)?
and ¢ = 10(2z — 1)(2y — 1). Coefficients are chosen to be § = v = 1. We have used
the pentagons-quadrilateral meshes, shown in Figure 8.4.1. The surface plots for the
analytical solution and least-squared WG solution with £ = 1 and mesh-level 6 are
depicted in the Figures 8.4.2-8.4.4. We listed all the computational results in Table

8.4.1, which confirms the theoretical justifications.

1 1 1

08 08 08
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SR>
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02 02 02
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Figure 8.4.1: First 3-levels for the pentagons-quadrilateral mesh for Example 8.4.1.

Example 8.4.2. To validate the least-squares WG algorithm, we consider the 2D
Maxwell” equation on the domain ©Q = (0,1)? having finite sequence of the hexagons-
pentagons-quadrilaterals meshes, shown in Figure 8.4.5. The exact solution (p,q) is
selected as ([101], Example 5.2.1)

pla.y) = (uug)t = | Pl +sinly)
exp(z)y sin(y)
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Figure 8.4.2: (Example 8.4.1) First component surface plots for the analytical solution

p (left) and its LSWG solution (right).

Figure 8.4.3: (Example 8.4.1) Second component surface plots for the analytical solution

p (left) and its LSWG solution (right).

10

L

0.8

1 10
r

0.8

0.6 0.6

04

02

0

=)
I=3
r~
=
-~
o=
o>
1=
=SS
—_
=)
I=3
r~
=
-~
o=
o>
1=
=SS
—_

Figure 8.4.4: (Example 8.4.1) Surface plots for the analytical solution ¢ (left) and its
LSWG solution (right).

and q(z,y) = 2exp(z) sin(y). Coefficients are assumed to be § =y = 1. For k = 2 with
mesh-level 6, the exact solution and WG solution surface plots are shown in the Figures
8.4.6-8.4.8. Table 8.4.2 validates the theoretical results of WG approximation.
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Table 8.4.1: Numerical Convergence and error profiles for Example 8.4.1.

k|Level (eg, e, eZ) Order| ||eP| Order| |lef|| Order| |[ed| Order
1 | 5.62e-02 —  4.66e-02 — |4.45e-01 — [5.28e-02 —
2 | 1.45e-02 1.95 [1.25e-02 1.88(1.16e-01 1.93(1.25e-02 2.06
3 | 3.68e-03 1.98 13.23e-03 1.95(2.96e-02 1.97(3.10e-03 2.02
11 4 | 9.24e-04 1.99 8.16e-04 1.98|7.44e-03 1.99(7.72e-04 2.00
o | 2.31e-04 1.99 2.04e-04 2.00|1.86e-03 1.99(1.93e-04 2.00
6 | 5.78e-05 2.00 5.11e-05 2.00(4.65e-04 2.004.82e-05 2.00
1 | 5.31e-03 —  |6.14e-03 — 3.31e-02 — 4.23e-03 —
2 | 6.52e-04 3.02 |7.66e-04 3.00]4.23e-03 2.96|4.60e-04 3.19
3 | 7.75e-05 3.07 19.29e-05 3.04(5.29¢-04 2.99|5.13e-05 3.16
2| 4 | 9.34e-06 3.05 [1.13e-05 3.03]6.60e-05 3.0015.93e-06 3.11
5 | 1.14e-06 3.02 |1.40e-06 3.01(8.24e-06 3.00|7.08e-07 3.06
6 | 1.41e-07 3.01 |1.75e-07 3.00{1.02e-06 3.00|8.63e-08 3.03
1 | 8.76e-04 —  9.11e-04 — [3.55e-03 — [4.08e-04 —
2 | 5.80e-05 3.91 16.03e-05 3.91|2.24e-04 3.98|2.57e-05 3.98
3 | 3.59e-06 4.01 |3.74e-06 4.00|1.39e-05 4.00|1.60e-06 3.99
3| 4 | 2.21e-07 4.02 |2.31e-07 4.01|8.71e-07 4.00(1.00e-07 4.00
5) 1.36e-08 4.01 |1.43e-08 4.01]5.43e-08 4.00/6.26e-09 4.00
6 | 8.50e-10 4.00 |8.93e-10 4.00|3.39e-09 4.00|3.91e-10 4.00

Figure 8.4.5: First 3-levels for the hexagons-pentagons-quadrilaterals mesh for Example

8.4.2.

Example 8.4.3. In this example, we have considered the 2D Maxwell’s equation on
non-convex L-shaped domain Q = (—1,1)?\ (0,1) x (—1,0). The analytical solution
(p, q) is chosen as ([12], Example 3)

p(z,y) = (ur,ug)" = exp(z) Cof(y) + sin(y)
—exp(x)sin(y) +1 — 2?
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Figure 8.4.6: (Example 8.4.2) First component surface plots for the exact solution p

(left) and its LSWG solution (right).
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Figure 8.4.7: (Example 8.4.2) Second component surface plots for the exact solution p

(left) and its LSWG solution (right).
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Figure 8.4.8: (Example 8.4.2) Surface plots for the exact solution ¢ (left) and its LSWG

solution (right).

and q(z, y) = sin(y) cos(x) + xy? — § —sin(1)(1 — cos(1)). Note that 3 = = 1. A finite
sequence of the hexagons-pentagons-quadrilaterals meshes (see, Figure 8.4.9) have been

used for the computational purpose. For k& = 2 with mesh-level 6, the exact solution
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Table 8.4.2: Numerical Convergence and error profiles for Example 8.4.2.

k|Level (eg, e, e%) Order| ||eP| Order| |lef|| Order| |[ed| Order
1 | 5.95e-02 —  3.84e-02 — |3.20e-02 — |2.47e-02 —
2 | 1.60e-02 1.88 19.85e-03 1.96(8.85¢-03 1.85(7.63e-03 1.69
3 | 4.15e-03 1.95 2.48e-03 1.98|2.33e-03 1.92(2.07e-03 1.88
11 4 | 1.05e-03 1.98 16.23e-04 1.99(5.97e-04 1.96(5.32e-04 1.95
o | 2.64e-04 1.99 [1.56e-04 1.99|1.50e-04 1.99(1.34e-04 1.98
6 | 6.61e-05 2.00 13.90e-05 2.00|3.76e-05 1.99|3.36e-05 1.99
1 | 2.96e-03 —  |2.78e-03 — 6.42e-03 — [1.95e-03 —
2 | 4.33e-04 2.77 |3.57e-04 2.96|8.82e-04 2.86(3.14e-04 2.63
3 | 5.82e-05 2.89 |4.53e-05 2.97|1.15e-04 2.93|4.41e-05 2.83
2 4 | 7.54e-06 2.94 15.71e-06 2.98|1.46e-05 2.97|5.82e-06 2.92
5 | 9.59e-07 297 |7.17e-07 2.99|1.85e-06 2.98|7.48e-07 2.96
6 | 1.20e-07 2.99 8.98e-08 3.00|2.32¢-07 2.99|9.48e-08 2.98
1 | 9.20e-05 —  [1.61e-04 — [7.85e-04 — [5.39e-05 —
2 | 6.17e-06 3.89 19.94e-06 4.02|5.33e-05 3.87|3.49e-06 3.94
3 | 4.01e-07 3.94 16.14e-07 4.01(3.47e-06 3.93|2.24e-07 3.96
3| 4 | 2.55e-08 3.97 |3.81e-08 4.00|2.21e-07 3.97|1.42¢-08 3.97
5 | 1.61e-09 3.99 12.37e-09 4.00{1.39¢-08 3.99|8.98e-10 3.99
6 | 1.0le-10 3.99 [1.48e-10 4.00(8.77e-10 3.99/5.65e-11 3.99

and WG solution surface plots are shown in Figures 8.4.10-8.4.12 . Table 8.4.3 validates

the theoretical results of WG approximation.

-,

Figure 8.4.9: First 2-levels for the pentagons-quadrilateral mesh for Example 8.4.3.

Example 8.4.4. We consider the 3D Maxwell’s equation on the unit cube domain
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Figure 8.4.10: (Example 8.4.3) First component surface plots for the analytical solution
p (left) and its LSWG solution (right).

1

05

Figure 8.4.11: (Example 8.4.3) Second component surface plots for the analytical solu-

tion p (left) and its LSWG solution (right).

Figure 8.4.12: (Example 8.4.3) Surface plots for the analytical solution ¢ (left) and its
LSWG solution (right).

Q= (0,1)3. The exact solution (p,q) is selected as ([102], Example 2)
cos(mz) sin(my)

sin
p(z,y,2) = (u1,u2,u3)" = | sin(mz) cos(my) sin(rz) | ,
sin(mx) sin(my) cos
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Table 8.4.3: Numerical Convergence and error profiles for Example 8.4.3.

k|Level (eg, e, e%) Order| ||eP| Order| |lef|| Order| |[ed| Order
1 | 5.53e-02 — 4.82e-02 — ]5.39e-01 — |5.52e-01 —
2 | 1.43e-02 1.94 1.27e-02 1.92(1.35e-01 1.99(1.39e-01 1.98
3 | 3.64e-03 1.97 13.26e-03 1.96(3.39¢-02 1.99(3.51e-02 1.99
11 4 | 9.17e-04 1.99 |8.22e-04 1.98(8.50e-03 1.99(8.79¢-03 1.99
o | 2.29e-04 1.99 2.06e-04 1.99\2.12e-03 1.99(2.20e-03 1.99
6 | 5.74e-05 2.00 15.15e-05 2.00|5.31e-04 2.005.50e-04 2.00
1 | 2.17e-03 —  16.93e-03 — |7.36e-02 — 16.86e-02 —
2 | 3.01e-04 2.84 |8.88e-04 2.96(8.60e-03 3.09(7.93e-03 3.11
3 | 3.94e-05 293 |1.12e-04 2.98|1.00e-03 3.09(9.09e-04 3.12
2 4 | 5.04e-06 2.96 |1.41e-05 2.98|1.19e-04 3.07|1.06e-04 3.09
5 | 6.36e-07 298 |1.77e-06 2.99|1.44e-05 3.04|1.27e-05 3.05
6 | 7.99e-08 2.99 |2.22e-07 3.00{1.77e-06 3.02|1.55e-06 3.03
1 | 1.01e-04 —  0.68e-04 — [8.05e-03 — [8.83e-03 —
2 | 6.46e-06 3.96 [3.58e-05 3.99(5.04e-04 3.99|5.60e-04 3.97
3 | 4.08e-07 3.98 2.24e-06 3.99(3.12e-05 4.01|3.46e-05 4.01
3| 4 | 2.56e-08 3.99 [1.40e-07 4.00{1.93e-06 4.01|2.14e-06 4.01
5 | 1.60e-09 3.99 |8.74e-09 4.00{1.20e-07 4.00{1.32e-07 4.01
6 | 1.00e-10 4.00 [5.46e-10 4.00|7.51e-09 4.00|8.26e-09 4.00

and ¢(z,y, z) = sin(27x) sin(27y) sin(27z). Note that § = v = 1. We compute the WG

solution on the uniform cubical meshes, shown in Figure 8.4.13. The surface plots for

the analytical solution and least-squared WG solution with £ = 1 and mesh-level 5 are
depicted in the Figures 8.4.14-8.4.17. We listed all the computational results in Table

8.4.4, which confirms the theoretical justifications.

e e
~
L

Figure 8.4.13: Initial mesh for the Example 8.4.4 (left) and Example 8.4.5 (right).
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Figure 8.4.14: (Example 8.4.4) First component surface plots for the exact solution p
(left) and its LSWG solution (right).
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Figure 8.4.15: (Example 8.4.4) Second component surface plots for the exact solution p

(left) and its LSWG solution (right).
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Figure 8.4.16: (Example 8.4.4) Third component surface plots for the exact solution p
(left) and its LSWG solution (right).

Example 8.4.5. We next consider the 3D Maxwell’s equation on the non-convex L-
shaped domain on the Q@ = (—1,1) x (—1,1) x (0,1) \ (0,1) x (=1,0) x (0,1) having
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Figure 8.4.17: (Example 8.4.4) Surface plots for the exact solution ¢ (left) and its LSWG
solution (right).

Table 8.4.4: Numerical Convergence and error profiles for Example 8.4.4.

k|Level (eg, el e?l) Order| ||eP|| Order| |le?| Order| |e]| Order
1 | 1.73e-01 —  3.80e-02 — [2.52e4+00 — |7.43e-01 —
2 | 4.36e-02 1.98 9.77e-03 1.96(6.49e-01 1.95(1.93e-01 1.94
1| 3 | 2.73e-03 1.99 16.18e-04 1.99(1.64e-01 1.9814.90e-02 1.97
4 | 6.82e-04 1.99 [1.54e-04 1.99[4.12e-02 1.99(1.23e-02 1.99
5 | 1.70e-04 2.00 |3.87e-05 2.00|1.03e-02 1.99|3.08e-03 1.99
1 1.98e-02 —  |4.56e-03 — [5.72e-01 — [1.40e-01 —
2 | 2.27e-03 3.12 |5.46e-04 3.06|7.23e-02  2.98|1.73e-02 3.02
3 | 2.67e-04 3.09 [6.66e-05 3.03|8.54e-03 3.08|2.07e-03 3.06
20 4 | 3.23e-05 3.04 8.23e-06 3.01|1.00e-03  3.08|2.48e-04 3.05
o | 3.98e-06 3.02 |1.02e-06 3.00|1.19¢-04  3.06(3.02e-05 3.03
6 | 4.94e-07 3.01 |1.27e-07 3.00|1.45e-05 3.04|3.72e-06 3.02
1 | 2.59e-03 —  3.98e-04 — [1.14e-01 — [2.04e-02 —
2 | 1.61e-04 4.00 |2.47e-05 4.00|7.90e-03  3.85|1.35e-03 3.91
3 3 | 9.96e-06 4.01 [1.53e-06 4.01[5.00e-04  3.98(8.49¢-05 3.99
4 | 6.19e-07 4.00 19.54e-08 4.0013.09e-05 4.01/5.26e-06 4.01
5 | 3.85e-08 4.00 |5.95e-09 4.00(1.91e-06  4.01|3.26e-07 4.01

uniform cubic partition, shown in Figure 8.4.13 (right). The exact solution is taken as

exp(z +y) + 2°
p(z,y,2) = (u1,u,us)’ = | exp(z +y+2) +zy |
exp(y + z) + 22

and q(z,y, z) = exp(zy)sin(nz). The coefficients are chosen as § = v = 1. Table 8.4.5

confirms the theoretical justifications.
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Table 8.4.5: Numerical Convergence and error profiles for Example 8.4.5.

k|Level (el,z, ey, e%) Order| |€?|| Order| |le¥| Order| ||el| Order
1 1.07e-01 — 4.99e-02 — [1.19e-02 — [4.09¢e+00 —
2 | 2.68e-02 1.99 [1.31e-02 1.92|2.95e-03 2.01|1.09e+00 1.90
3 | 6.71e-03 1.99 [3.35e-03 1.96|7.42e-04 1.99|2.81e-01 1.95
11 4 | 1.67e-03 1.99 [8.44e-04 1.98|1.86e-04 1.99|7.09e-02 1.98
5 | 4.19¢-04 1.99 2.11e-04 1.99/4.66e-05 1.99|1.77e-02 1.99
6 | 1.04e-04 2.00 15.29e-05 2.00(1.16e-05 2.004.45e-03  2.00
1 | 3.75e-03 — 3.01e-03 — [7.19e-04 — |2.23e-01 —
2 | 4.32e-04 3.11 |4.22e-04 2.83|8.02e-05 3.16]2.73e-02  3.03
3 | 5.11e-05 3.07 15.59e-05 2.91(9.38e-06 3.09(3.33e-03  3.03
2| 4 | 6.18e-06 3.04 |7.19e-06 2.95|1.14e-06 3.034.12¢-04 3.01
5 | 7.60e-07 3.02 19.12e-07 2.98|1.42e-07 3.00/5.12¢-05 3.00
6 | 9.41e-08 3.01 |1.14e-07 2.99|1.78e-08 3.00(6.38¢-06  3.00
1 1.75e-04 . 1.20e-04 — [1.00e-04 — |2.41e-02 —
2 1.07e-05 4.02 |7.90e-06 3.93|6.51e-06 3.94|1.46e-03 4.04
3 | 6.63e-07 4.01 |5.05e-07 3.96|4.10e-07 3.98(8.88e-05 4.04
3l 4 | 4.12e-08 4.01 [3.20e-08 3.98|2.56e-08 3.99/5.43e-06 4.02
5 | 2.56e-09 4.00 |2.01e-09 3.99|1.60e-09 4.00(3.35e-07 4.01
6 1.60e-10 4.00 |1.26e-10 3.99|1.00e-10 4.00(2.08e-08  4.00
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Summary and Future Scopes

In this chapter, we highlight the significance of current thesis work and the corresponding
results and techniques to derive them. We also provide information for the scope of

possible extensions and future investigations.

9.1 Summary of results

This thesis discussed the high-order weak Galerkin finite element methods for Maxwell’s
equations. The main emphasis of the thesis is to derive the optimal order error bounds
in suitable Sobolev norms for the Maxwell problems. Moreover, several numerical ex-

periments have been performed which supported the theoretical findings.
In Chapter 2, we have discussed high-order WG-FEMs for H(div)-elliptic problems

with variable coefficients. The divergence operator is approximated by weak form as dis-
tributions for generalized functions. The optimal order error estimates in discrete energy
norm and L? norms are established with WG space ([Pk(T)}d, [Pk(ﬁT)}d, Pk_l(T)>,
where d = 2,3, k > 1 is an integer and 7T is an arbitrary shape polygonal/polygonal
domain. Our results are intended to extend the numerical analysis of WG-FEMs for
elliptic problems [121] to H(div)-elliptic problems. Numerous numerical experiments
have been conducted to justify the theoretical results for the both two-dimensional and
three-dimensional proposed algorithms. In addition, the numerical test is also performed
for the H(div)-elliptic interface for the homogenous jump conditions to validate the WG

algorithm.
In Chapter 3, we proceed to develop the high-order WG algorithms for H(curl)-

elliptic problems (1.1.8)-(1.1.9) with variable physical parameters under hybrid meshes.
The error estimates of optimal order in discrete H' and L? norms are established for
the approximation space ([Pk(T )}d, [Pk((?T)}d, [Pk,l(T)]M_S). More precisely, error

estimates of O(h*) in energy norm and O(h¥1) in L? norm (see, Theorem 3.3.1 and

150
TH-3217_186123013



CHAPTER 9. Summary and Future Scopes 151

Theorem 3.3.2) are obtained for the WG method. Numerical results are performed
for the smooth/low regular exact solutions for the proposed problems to justify the

theoretical results.
In Chapter 4, we are concerned with the WG-FEMs for the H(curl, div)-elliptic

problems. In most of the existing literature, the well-posedness of div-curl models has
been established with the help of two or more additional penalty terms, but this study
justifies the uniqueness of the WG algorithm with only one stabilizer term, which re-
duces the computational cost significantly and simplifies the weak formulation. The
optimal order convergence for energy norm and L? norms have been discussed with
WG space <[73k(T)]d, [Pk(aT)]d, [Pr_1(T)]%473, Pk_l(T)>. Moreover, numerical ex-
periments have been carried out to justify the theoretical results.

In Chapter 5, we have extended the results derived in chapter 2 for interface prob-
lems. For this purpose, we consider H(div)-elliptic interface problems (1.1.16)-(1.1.18)
with non-homogeneous jump conditions. The optimal order error estimates for discrete
energy norm and L? norm (see, Theorem 5.4.1 and Theorem 5.4.2) are derived for the
WG space ([Pk(T)] ‘ [Pk(aT)]d, Pk_l(T)). The numerical experiments are performed
with the geometrically complicated and very irregular interfaces having sharp edges,

cusps, and tips that confirmed the theoretical findings of the proposed WG algorithm.
In Chapter 6, we have studied the weak Galerkin finite element method for the

H(div, curl)-elliptic problems with non-homogenous jump conditions on the general
polygonal /polyhedral meshes. The error estimates of O(h*) in energy and O(h**!) in L?
norms are obtained for the WG method with weak Galerkin space ([Pk(T )] ‘ [P(0T)] ‘

[Pr_1(T)]473, Pk_l(T)>. The results derived in this chapter are extensions of the work
described in chapter 4. In addition, numerical simulations confirm the theoretical re-

sults.
In Chapter 7, we discussed the least-squares WG-FEMs for time-harmonic Maxwell’s

equations on general polygonal/polyhedral meshes. The super-convergence of order one
is obtained for the discrete energy norm (see, Theorem 7.3.1). The various numeri-
cal experiments are conducted for the (1.1.10)-(1.1.11) with smooth/low regular exact
solutions to justify the theoretical results. These experiments confirm the proposed

method’s robustness, reliability, and accuracy.
In the last chapter, we designed and analyzed the LSWG-FEMs for Maxwell’s equa-

tions in two-dimensional and three-dimensional settings. For the discrete energy norm,
the super-convergence of order one has been derived for the proposed algorithm. An
ample amount of numerical experiments are performed that are consistent with the

proposed algorithm.
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9.2 Future Scopes and Remarks

In this section, we have described some possible extensions of our thesis work. Here,
we are briefly presented some uninvestigated models that can be demonstrated as the

future scopes of our findings.
WG-FEMs for the Maxwell eigenvalue interface problems with divergence

free constraint: We can extended the weak Galerkin algorithm to the following
Maxwell eigenvalue interface problems with divergence free constraint (see, in Michel
and Duan et al. [31]) which seeks (w?, p) such that

Vx (BV xp)—wyp = ~f in Q, (9.2.1)
V.p = 0inQ, (9.2.2)

subject to the boundary condition:
pxn=0, V.-p=0 on 99, (9.2.3)

and the jump conditions at the interface I':

[p X 77] = f1 on F,
[(BV xp) xn] = f5 on T, (9.2.4)
[p -7 = fs on T,

where Q@ C R? (d = 2,3) is a bounded domain with Lipschitz continuous boundary
0f) and a closed smooth interface I' which separates 2 into two non-intersecting open
sub-domains ; and Qy (see, Fig. 1.1.1 for an demonstration). Here, notation 1 stands
for the unit outward normal vector of I having direction from 2; to {25 or unit outward
normal vector of 9€). The coefficient function (5,7 are assumed to be positive and
piecewise constant across I'. Along the interface I', the source function f : Q — R? can

be singular. Jump functions f;, f5 : I' — R?3 and f; : I' — R are given functions.
WG-FEMs for the generalized Maxwell eigenvalue interface problems: The

present work can be extended for the following generalized Maxwell eigenvalue interface

problems (see, in Roger and Ping et al. [51]) which seeks (w?, p) such that
~V - (aVp)+ V x (BV x p) — w?yp =1f in Q, (9.2.5)
subject to the boundary conditions:

pxn=0, V.-p=0 on 09, (9.2.6)
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and the jump conditions at the interface I':

[p x 7] = fy on I,
(BV xp)xn] = f, on T, 0.27)
[p -7 = fson T,
[aV - p] = fyon T,

where, the coefficient function «, £, are assumed to be positive and piecewise constant

across I'. Jump functions f;, f, : ' — R??=3 and f3, f; : ' — R are given functions.
LSWG-FEMs for the H(curl)-elliptic interface problems: It would be interesting

to extend the proposed least-squares weak Galerkin schemes for the H(curl)-elliptic

interface problems which seeks p such that
Vx(BVxp)+yp=1f in (9.2.8)
with Dirichlet boundary condition
pxn=0 on 0%, (9.2.9)
and the jump conditions at the interface I' :

[V xp] = f; on T, (9.2.10)
pxn] = £ onT, B

where the coefficient function (3,7 are assumed to be positive and piecewise constant

across I'. Jump functions f;, £, : I' — R?¥3 are given.
WG-FEMs for time-dependent Maxwell’s equations with discontinuous coef-

ficients: The Maxwell’s equations in a dielectric medium with permeability parameter

p and the permittivity parameter ¢ can be read as follows (cf. [37])

(
eZ_VxH = JinQx(
pE 4LV XE = 0inQx ( (9.2.11)
V- (cE) = pinQx(
(

V- (uH) = 0in Q x

where Q C R? (d = 2,3) is bounded polygonal (2D)/polyhedral (3D) domain with Lip-
schitz continuous boundary ). Further, E and H are the electric and magnetic fields,
and J and p are the current density and charge density. For the recent relevant works,

we refer to [91] and references therein. In most real applications, however, Maxwell’s
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equations are imposed in heterogonous media (see in [26, 37, 50, 70, 92]). Due to het-
erogeneity of the underlying medium, media parameters may have jump discontinuities
across interfaces in the domain of interest and which leads to a solution in [H"(Q)]? for
some r < 1. It is this very low regularity that causes enormous difficulties in the finite

element solution of (9.2.11).
We assume that the permittivity parameter ¢ and the permeability parameter p of

the medium are discontinuous across an interface I', where I' is the boundary of domain
Q; with Q; € Q and Qy = Q \ ;. Further, we assume that permittivity parameter and

permeability parameter are piecewise constant in in €2, namely,

g1 in Qy, g1 in €,

E9 in QQ, E9 in QQ,

and e;, p; (i =1, 2) are positive constants.
Then the system of equations (9.2.11) is completed with the following physical interface

conditions across the interface I' (cf. [37])

[Exn]=¢, [E-n|=g¢, (9.2.12)
[H xn]=¢, [pH-n]=¢.

Here, n denotes the outward unit normal vector to I' pointing into {2,; and we denote
by [v] := vi — vy the jump of a vector-valued quantity v across the interface I (or by
[v] := v — vy the jump of a scalar v) with v; = v|q, (v; = v|g,), ¢ = 1,2. Further, we

supplement equations (9.2.11)-(9.2.12) with the initial conditions
E(z,0) = Eo(z), H(z,0) = Hy(z), = €. (9.2.13)

Most of the continuous finite element methods either are not directly applicable or
become inefficient for the interface problem (9.2.11)-(9.2.12), due to low global regularity
of the true solution. There are a few finite element methods for stationary Maxwell
interface problems (e.g., [26, 50, 51, 70, 92]). Surprisingly, there has been less work on
the finite element methods for the time-dependent Maxwell interface problems with non-
homogeneous jump conditions. In future, we propose to develop higher order WG-FEMs
for the interface problem (9.2.11)-(9.2.13) along with suitable boundary conditions. At
the same time, the method would be able to accommodate very irregular interfaces and

low regular solutions.
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