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Abstract

The main objective of this thesis is to derive a posteriori error estimates for finite element
discretizations of optimal control problems governed by parabolic partial differential equa-
tions. Both distributed and boundary parabolic optimal control problems are considered and

analyzed.

We first study L>(0,T; L?(Q))—a posteriori error analysis for parabolic optimal control
problem (POCP) with distributed control. To discretize the state and co-state variables we use
the piecewise linear and continuous finite elements, while the piecewise constant functions are
used to discretize the control variable. The backward Euler scheme is applied for the time dis-
cretization. An elliptic reconstruction technique in conjunction with energy argument is used
to derive a posteriori error estimates for the state and costate variables in the L>°(0, T'; L?(£2))-
norm. The first-order necessary optimality condition is used to derive the error estimate for the
control variable in the L>®(0,T; L?(2))-norm. The second problem considers the POCP with
distributed control and discusses a posteriori error analysis for both semi-discrete and fully
discrete finite element method. The variational discretization is used to approximate the state
and co-state variables with the piecewise linear and continuous functions, while the control
variable is computed by using the implicit relation between the control and co-state variables.
The temporal discretization is based on the backward Euler method. The key feature of this
approach is not to discretize the control variable but to implicitly utilize the optimality condi-
tions for the discretization of the control variable. We use the elliptic reconstruction technique
in conjunction with heat kernel estimates for linear parabolic problem to derive a posteriori
error estimates for the state, co-state and control variables in the L°(0,T"; L*°(£2))-norm. Use
of elliptic reconstruction technique greatly simplifies the analysis by allowing us to take the
advantage of existing elliptic maximum norm error estimates and the heat kernel estimate.
Our next problem focuses on finite element approximations of the POCP with controls act-
ing on a lower dimensional manifold. The manifold considered here is either a point, or a
curve or a surface which is lying completely in the space domain. In addition, the manifold
is assumed to be either time independent or evolved with the time. The state and co-state

variables are approximated by the piecewise linear and continuous finite elements whereas the

X
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piecewise constant functions are employed to approximate the control variable. Moreover, the
discrete-in-time scheme is based on the backward Euler method. We derive a posteriori error

estimates for the various dimensions of the manifold.

We next turn our attention to study local a posteriori error estimates for the space-time
finite element approximations of parabolic boundary control problem (PBCP). In many engi-
neering applications, it is often useful to study the behavior of the state and co-state variables
in a small neighborhood of the boundary. Therefore, a posteriori error estimators in some
suitable local norms have become more useful, and the derivation of these estimates is not
straightforward. Therefore, an attempt has been made in this thesis to derive local a pos-
teriori error estimates for the PBCP. The space-time discretization is accomplished by using
the piecewise linear and continuous finite element approximations for the state and co-state
variables while the piecewise constant function spaces employed for the control variable. We
use the backward Euler method to approximate the time derivative. We derive three different
reliable local a posteriori error estimates for Neumann boundary control problems with the
observations of the boundary state, the distributed state and the final state. Our derived
estimators are of local character in the sense that the leading terms of the estimators depend
on the small neighborhood of the boundary. These new local a posteriori error bounds can be
used to study the behaviour of the state and co-state variables around the boundary and pro-
vide the necessary feedback in terms of the error indicators for the adaptive mesh refinements
in the finite element method. Our last problem is devoted to study finite element approxima-
tion for nonlinear PBCP. The error analysis is carried out by using the piecewise linear and
continuous finite elements for the approximation of the state and co-state variables whereas
the approximation of the control variable is done with the piecewise constant functions. The
backward Euler method is used to approximate the time derivative. The reliable type local
a posteriori error bounds for the state, co-state and control variables in the L2(0,T; L*(T))-
norm are derived, while the a posteriori error estimates for the control variable is established

by assuming the second-order optimality condition.

Computational results are presented to illustrate the performance of the derived estima-

tors.
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Final time

Q% (0,17

Boundary of €2

00 x [0, T
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operator of the form —V - (AV) + ag

Adjoint of the operator A

Coefficient matrix corresponding to the operator A
Bilinear form corresponding to the elliptic operator A
Continuity constant for a(-,-)

Coercivity constant for af(,-)

A regularization parameter

Exact state
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Exact control
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desired state

Lower bound of the control variable for POCP/PBCP
Upper bound of the control variable for POCP/PBCP
Cost functional for POCP/PBCP

Reduced cost functional for POCP/PBCP
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s Positive constant related to second-order optimality
condition
(%) Lower dimensional manifold

L'(Q), 1<p<oco Standard Lebesgue space of order p over €

RS Norm on space L"(£2)

|- ez =1 - |l Norm on space L*(12)

|- |l Norm on space & = L’ (T)

(-7) Standard L*inner product on {2

(s )ar L?-inner product on Qp

() L?-inner product on I'

WHkP((Q) Standard Sobolev space of order (k,p) over 2
|- [lwro@y = || - Ixp, Norm on space W*?(€)

H*(Q) Hilbert space WH2(Q)

Hi () Space of functions in H'(f2) that vanish on

the boundary of € in the sense of trace
CF(Q) Space of functions with continuous derivatives

up to and including order k in
CH(Q) Space of all C*(€) functions with compact support in
Cse(€2) Space of all infinitely differentiable functions with

compact support in €2

supp(o) Support of ¢
T Shape regular, conforming triangulations of the domain 2
T Shape regular, conforming triangulations of domain 2

at time level t = ¢,

Tz Triangulations of the boundary
Ty Triangulations of the boundary at time level t = t,,
diam(K) Longest side of the element K
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n-th sub-interval of [0, 7]

Time step size

L?-projection operator

L2-projection operator onto the piecewise constant space
Py(1,,) for each time interval I,

Clément-type interpolation operator

Standard Lagrange interpolation operator

Average interpolation operator

Space of polynomials with degree less than or equals to m
Finite element space for the state and co-state variables
Set of admissible controls

Finite element space of U,q
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Finite element space for the control at time t = ¢,

Space error estimator for the state variable

TH-2632_156123016

XV




62,n
51,71
52,71

éRIL_]

%pyi‘]

84

603,5

449 P40

~ ~
n n n

4,99

63,117 54,n7 53,n7 54,n

i=1,2

Temporal error estimator for the state variable
Space error estimator for the co-state variable
Temporal error estimator for the co-state variable
Data approximation error estimators
Elementwise error indicator for K € .,

with 1 <p<oocand j >0

Global error estimator corresponding to &, _;
Elementwise error indicator for K € Z,, A J,
with 1 <p<oocand j>0

Global error estimator corresponding to SEEP,,]-
Initial data estimator

Spatial error estimator of the state variable

for POCP with distributed control

Temporal error estimator of the state variable
for POCP with distributed control

Spatial error estimator of the co-state variable
for POCP with distributed control

Temporal error estimator of the co-state variable
for POCP with distributed control

Error estimator of the control variable

for POCP with distributed control

L°°- type error estimator of the state variable
for POCP with distributed control

L°°- type error estimator of the co-state variable
for POCP with distributed control

Control error estimators on the set of triangulations

M7 for POCP with control acting on LDMF

TH-2632_156123016

XVv1




n An
£4,37 54,3

~

n n
44> @44

n A’FL
54,5’ g4,6

n n
éa4,57 @@4,6

n n An ATL
604,0’ éa4,7ﬁ éa4,7’ (’?4,87

n n n
4,00 “4,0» éa4,8

(53571, (’?5,17 (’?5,1
gf),?a 85,25 £5,2

(’505,3a (gg5,37 (g)5,3
55,47 55,47 (505,4
&5, 55

£75,67 C’%,ﬁ

(g%,ﬁa (’?5,77 605,77

Spatial error estimator of the co-state variable
for POCP with control acting on LDMF
Temporal error estimator of the co-state variable
for POCP with control acting on LDMF
Spatial error estimator of the state variable

for POCP with control acting on LDMF
Space-time error estimator of the state variable
for POCP with control acting on LDMF

Data approximation errors of the state variable
for POCP with control acting on

lower dimensional manifold

Control error error estimators for PBCP
Approximation error estimator of the co-state
variable for the PBCP

Temporal error estimator of the co-state
variable for the PBCP

Approximation error estimator of the co-state
variable for the PBCP

Approximation error estimator of the state
variable for the PBCP

Temporal error estimator of the state

variable for the PBCP

Temporal error estimator of the state

variable for the PBCP

Approximation error estimator of the state

variable for the PBCP

TH-2632_156123016

XVvil




&6,3

6.4

£6,57 é'aﬁ,Qa 56,10

Data approximation error estimators of the

state variable for the PBCP

Control error error estimators for nonlinear PBCP
Approximation error estimator of the co-state
variable for the nonlinear PBCP

Temporal error estimator of the co-state variable
for the nonlinear PBCP

Approximation error estimator of the co-state variable
for the nonlinear PBCP

Temporal error estimator of the state variable

for the nonlinear PBCP

Approximation error estimator of the state variable
for the nonlinear PBCP

Approximation error estimator of the state variable
for the nonlinear PBCP

Data approximation error estimator of the state

variable for the nonlinear PBCP

TH-2632_156123016

Xvili




2.1
2.2
2.3
2.4
2.5
2.6

2.7

3.1
3.2

3.3

4.1
4.2

4.3

4.4

TH-2632_156123016

List of Figures

Uniforon gt . . . A . ... 9. "~ . 50
Adaptive mesh Step (1) (left) and Step (II) (right) at time T =0.1 . . . 50
Adaptive mesh Step (1) (left) and Step (II) (right) at time T =0.5 . . . 50
Adaptive mesh Step (1) (left) and Step (1) (right) at time T =1 . . . . 50
Approzimate state solution surfaces on adaptive mesh (Step-(11)) at T' =

0.1, T=0.5 and T' = 1.0, respectively. . . . . . . . . .. ... ... ... 51

Uniform mesh and adaptive meshes (Step (I) and Step (II)) generated
via indicators at initial nodes N =150. . . . . . .. . ... 52

Profiles of approzimated controls on uniform mesh and adaptive meshes

(Step (I) and Step (II)). . . . . . . . e e 52
Uniform mesh, adaptive mesh step-(1) and adaptive mesh step-(1I) . . . 84
Plots of discrete solution on uniform mesh, adaptive mesh step-(I) and
adaptive mesh step-(II), respectively. . . . . . . . . .. ... .. 84
Approximate controls corresponding to uniform mesh, adaptive mesh
step-(1) and adaptive mesh step-(11), respectively. . . . . . . . . . .. .. 84
Uniform mesh . . . . . . o . Lo 116
Adaptive meshes (i) — (iv) (Step-(11)) at the different time levels t =
0.3333, 0.5632, 0.7219, 0.9889 for Example 4.1. . . . . . . . . ... ... 117

Profiles of the approximate state solutions (i) — (iv) on the corresponding
adaptive meshes (Figure 4.2 (i)-(iv)) at the different time levels t =
0.3333, 0.5632, 0.7219, 0.9889 for Example 4.1. . . . . . . . . . . . ... 118
Uniform mesh (i) and Adaptive meshes (ii) — (vi) (at Step-(I1I)) at dif-
ferent time levels t = 0.0625, 0.1875, 0.325, 0.450,0.500, for Fxample
L2 120

Xix



4.5 Profiles of the approzimate solutions (i) — (v) corresponding to the adap-
tive meshes (Figure 4.4 (ii)—(vi) ) at different time levels t = 0.0625, 0.1875,
0.325, 0.450, and 0.500, respectively, for Example 4.2. . . . . . . . . .. 121

5.1 (a) 3" corresponding to €2; (b) J! corresponding to ;. . . . . . . .. 132

XX

TH-2632_156123016



List of Tables

2.1 Numerical results on uniform and adaptive mesh (Step-(II)). . . . . . .. 49

2.2 Numerical results on uniform and adaptive mesh . . . . . . . . . . . ... 52

3.1 Comparison of data on uniform mesh, adaptive mesh step-(1) and adap-
tive mesh step-(Il) for the initial mesh N =180. . . . . . . . . ... ... 85

4.1  Error estimates for the state and co-state variables in the L*(0,T; L*(2))-
norm whereas the error for the control variable in the L*(0, T; R™)-norm,
on the uniform mesh, adaptive mesh Step-(I) and adaptive mesh Step-
it Wy . W& BN WY P 116
4.2 Error estimates for the state and co-state variables in the L*(0,T; L*(2))-
norm, and the control error in the L*(0,T; L*(y(t)))-norm, on the uni-
form mesh, adaptive mesh Step-(I) and adaptive mesh Step-(I1I). . . . . . 119

5.1  Comparison of the results on uniform mesh " and adaptive mesh with

[ =0.1 and tolerance e = 107%. . . . . . . . .. ... ... ... .. ..., 159
5.2 Mesh information and values of leading terms of the estimators on g

withl=03. C 5 . o ra. - - 8. e AN L 159
5.3  Mesh information and values of leading terms of the estimators on g

with 1 =0.2. . . . . . 160
5.4 Mesh information and values of leading terms of the estimators on g

with T=0.1. . . . . . 160
5.5 Comparison of the results on uniform mesh " and adaptive mesh with

[ =0.1 and tolerance e = 1074, . . . . . . . .. ... ... ... .. ... 161
5.6 Mesh information and values of leading terms of the estimators on g,

with 1 =0.3. . . . . . 162

xxi

TH-2632_156123016



5.7  Mesh information and values of leading terms of the estimators on I

with 1 =10.2. . . . . . 162
5.8  Mesh information and values of leading terms of the estimators on I

with L =10.1. . . . . . 163
5.9  Comparison of the results on uniform mesh " and adaptive mesh with

[ =0.1 and tolerance e = 1075. . . . . . . . . . ... ... ... ... 164
5.10 Mesh information and values of leading terms of the estimators on g

with 1 =10.3. . . . . . 164
5.11 Mesh information and values of leading terms of the estimators on g

withl=02. . ... . 7.8y . | . . & 5% . ... ... .. ... 165
5.12 Mesh information and values of leading terms of the estimators on I

with 1 =0.1. . AN . il . " L 165

6.1 Comparison of the results on uniform mesh 7" and adaptive mesh with

[ =0.1 and tolerance e = 1075, . . . . . . . ..o 194
6.2 Mesh information and values of leading terms of the estimators on g

with =0.28. ... S Y . . .. .. ... W . 194
6.3 Mesh information and values of leading terms of the estimators on g,

with 1 =10.2. . . . . . 195
6.4 Mesh information and values of leading terms of the estimators on I

withf =lll. . . . . . . " . . . . . % . . 195

xxil

TH-2632_156123016



INTRODUCTION

This chapter is introductory. At the outset we describe the model equations to be
investigated in the thesis. More precisely, we introduce the optimal control problems
governed by parabolic partial differential equations with distributed controls as well as
boundary controls. Some useful notations and the preliminary materials to be used
throughout the thesis are presented. It also contains a brief survey of the relevant
literature and motivation for the present study. The last section of this chapter describes

the structure of the thesis.

1.1 Description of the problems

In this section, we describe the parabolic optimal control problems (POCPs) with dis-
tributed and boundary controls. In addition, we also discuss a special case of the dis-
tributed optimal control problem where the controls are acting on a lower dimensional

manifold. The model equations considered in this thesis are described below.
Model Equation I. Consider the following POCPs with distributed control:

min J(u,y) = min {G(y) +H(u)} (1.1)

u€Uqq

subject to the state equation

%—Ayzf—i—Bu in Qr,
q y(z,0) = yo(x) in Q, (1.2)
Yy = 0 on FT>

\

and the control constraints

ug < ulz,t) <wup ae. in Qr, (1.3)
1

TH-2632_156123016



CHAPTER 1. Introduction 2

where € is a convex bounded domain in R? with Lipschitz boundary I' := 9Q, Qp =

Q% (0,7] and FT = 00 x (0,T] with T' < co. The second order Laplacian operator A is
o2
defined as A := Z pres Here, y = y(z,t) represents the state variable and u = u(x,t)

is the control Varlable The set of admissible controls is defined by
Uad:{ueX: U, <u < u, a.e. in QT}

with u,, up € R fulfill u, < wu,. Further, U,y is a nonempty closed convex set in
X = L*(0,T; L?(Q2)). We shall make the following assumptions on the functionals G, H
and the operator B:

A1. The functionals G and H are continuously differentiable on the state space (V') and
the control space (X), respectively. In addition, G and H are strictly convex on
V and X, respectively with H(u) — 400 as ||u||x — +oco. Further, G is bounded

below and G’ is locally Lipschitz continuous.

A2. B is a continuous and linear operator from X to X.

The functionals G and H are of the form

1

T s a T )
0w =5 [ Iy valieodt and Hw) =5 [l
0 0

where the constant o > 0 which can be viewed as a measure of the energy costs needed
to implement the control uw. Mathematically, this term is known as a regularization
parameter. The control problem (1.1)—(1.3) arises in many engineering and physical
processes such as heat conduction [61], fluid mechanics [89], and material sciences [83].
The functional J in (1.1) is to be minimized over the subject to the state equations
which satisfies the control constraints. Further, the functional J in (1.1) is referred
as the cost functional or the performance measure. An optimal control problem reads:
Find an input control variable u such that the cost functional [J is minimized, and
the pair (u,y) is subjected to satisfy the state equation and the constraints inequality.
Note that the second term of the functional J(u,y), i.e., H(u) := § fo HuHL2 dt is
proportional to the consumed energy. Thus, the functional j to be mlmmlzed is a
compromise between the energy consumption and finding the control variable (u) such

that the state variable (y) is close to the desired state (yqs).
Model Equation II. Let Q be an open bounded domain in R? (d = 2, 3) with

Lipschitz boundary I'" := 0¢2. We now consider the following control problem with

controls acting on lower dimensional manifold:

min J(u,y) = mln {Q )+ H(u)} (1.4)

u€Ugq
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subject to state equation

r o .

(% — Ay = u(z,t)0y(z) in Qp,

y(-,0) = yo in Q, (1.5)
y=10 on I'p,

\

where Qp = Q x (0,7] and I'r = 0Q x (0, 7] with T' < co. In the above, the initial state
Yo € H(Q), the desired state yqs € L*(0,T; L*(Q2)), y = y(x,t) represents the state
variable and u = u(x,t) refers the control variable. The set of admissible controls Uy,
is defined by

Ug = {u € X 1 u, <u(z,t) <wy ae. on y(t) aa. t€[0,7}, (1.6)

where u,, wu, are real constants with u, < wu; or constant vectors according to the
dimension of the manifold (¢). Here, () C €2 is an r—dimensional manifold in Q with
0<r<d-—1(d=2,3)forallte|0,T]. If r=0, v(t) represents a single point or
a finite number of points for each ¢ € [0,7]. When r = 1, y(t) is a C*-curve for each
t € [0,T]. For r = 2, v(t) refers to a C*>-surface for each ¢ € [0, 7. The control space X
may be considered as L*(0,T;R™) if r = 0, and X = L*(0,T; L*(v(¢))) for r > 1. For
the existence and uniqueness of the control problem (1.4) — (1.6), we refer to [33].

The control problems of the form (1.4) — (1.6) with Dirac measure are used in the
design and management of wastewater treatment systems, the disposal of sea outfalls
discharging polluting effluent from a sewerage systems [67]. There are also applications
in inverse problems [3, 52]: For example, in environmental data simulation one seeks
to determine the magnitude of pollutant emissions at some fixed locations from mea-
surements. Another application in this context concerns control of pollution sources in

industrial areas, ensuring required air and/or water quality in populated areas [104].
Model Equation III. In this problem, we consider the boundary control problem

governed by parabolic partial differential equations (PDEs) of the form:

min 7 (u,y) = min {G(y) +H(u)} (L7)

u€Ugyq

subject to the state equation

(0

a_:i -+ Ay = f n QT,

y(x,0) = yo() in Q, (1.8)
\(AVy) ‘ng = Bu+ x on I'p,
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and the control constraints
Uy < ulx,t) <wup ae. in I'p, (1.9)

where 2 is a convex bounded domain in R? with Lipschitz boundary I' := 0Q, Qp =
Qx (0,7) and I'r = 09 x (0,T] with T" < co. The operator A is a second order elliptic

partial differential operator of the form
Ay = =V (A(x)Vy) + ao(z)y (1.10)

with A(") = (a;j(2))axa € (WH*(Q2))¥*? and ag(x) € L>=(£2). Further, we assume that
the coefficient matrix A(+) is a symmetric and positive definite such that there exists a

positive constant ¢g satisfying ag(x) > co, Va €  and the following ellipticity condition

d
Z a; ;(7)x%; > col|x||2a, VX ERY z€Q, (1.11)
ij=1
where || - [|ga denotes the standard Euclidean norm on d-dimensional Euclidean space

R?. Note that the control variable u appears in the Neumann boundary condition, and
ng is the unit outward normal to the boundary. The set of admissible controls is defined
by

Uadz{ueX: Ug < U < Uy a.e. inFT}

with u,,up € R fulfill u, < up. Further, U, is a nonempty closed convex set in X =
L*(0,T; #) with 2 = L*(T"). We assume that
f S L2(07T7 L2(Q))7 Yo € HI(Q)J Xp € %)

and the operator B is a linear and continuous operator from X to X. Moreover, the

functionals G and H satisfy the following assumptions:

B1. The functionals G and H are continuously differentiable on the observation space
O,, (the space Oy, may be L*(0,T; L*(Q2)) or L*(0,T; L*(T")) or L*(Q2)) and the

control space X.

B2. The functionals G and H, respectively are strictly convex on the spaces O, and X
with H(u) — 400 as ||ul]|x — +o0. Further, G is bounded below, and G’ satisfies

the locally Lipschitz continuity condition.

We shall investigate local a posteriori error estimates for the problem (1.7) — (1.9) with

three different choices of observation spaces. This leads to the following three cases.
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To begin with, we first discuss the case for the observation space of the boundary
O,p, = L*(0,T; B).

Case I (Observation space Oy, = Oy, ). In this case, we consider the control problem
(1.7)-(1.9) with observation of the boundary state. Define

// Ydsdt and H(u // w)ds dt,

where ¢(-) and h(-) are strictly convex and continuously differentiable functions so that
our conditions on G(+) and H(-) are fulfilled. Note that, both functionals G(-) and H(-)

are defined on the boundary. For example, functionals G and H are

1

e ) a T )
0w =3 | - valsdt, and H(a) =5 [ ulfyi
0 0

where a > 0 is a fixed constant.

Next, we consider the problem (1.7) — (1.9) with observation of the distributed state,
i.e., the observation space Oy, = L*(0,T; L*(2)).

Case II (Observation space O, = Oy, ). This case considers the parabolic boundary
control problem (PBCP) (1.7) — (1.9) with observation of the distributed state. Again,

let g(-) and h(-) be strictly convex and continuously differentiable functions on O

// Ydzdt and H(u // w)ds dt

be such that our assumptions on G(-) and #H(-) are fulfilled. For example, we may think
of the functionals G and H as:

1 [T ) ok 1% ,
J 0
The last case considers PBCP (1.7) —(1.9) with observation of the final state y(x,T').

That is, the observation space is O,,, = L*().
Case III (Observation space Oy = Oy, ). This is a very vital and factual case. In

sp, and

X, respectively. Let

this case, the co-state equation for the control problem (1.7) — (1.9) with observation of

the final state turns out to be different from the previous ones. Let us define

G@%ILMM%ﬂwadH /l/ u)ds .

where again ¢(-) and h(-) are strictly convex and continuously differentiable functions.

For example, G and H are given by

1 a [T
G(0) = 50(.T) = sy and ) =5 [l
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CHAPTER 1. Introduction 6

respectively.
Note that g(-) and h(-) satisfies the following convexity assumptions:

(' (v1) = ¢'(v2),01 — v2)o,, 0 Yoy, vy € O, (1.12)
(h’(wl) - h’(wg),wl — wg)gg Z Cle - w2||2% le, Wy € AB. (113)

A%

The convexity condition (1.12) is satisfied in all three cases with O,, = O, for the

Case I, O,, = Oy, for the Case II and O, = Oy, for the Case III, respectively.
The boundary control problem of the form (1.7)—(1.9) are generally considered to

be physically more realistic because the control is applied only through the boundary.
From physical point of view, the actuators and sensors are often applied through the
boundary in the thermal process; food processing and packaging systems; industrial
processes; heating/cooling process. In the thermal process, boundary controls are known
as actuate heat flux. Thermal flow sensors are used in the detection of boundary layer

separation (flow separation) and reattachment on airfoils [6, 90].
Next, we consider the boundary control problem governed by nonlinear PDEs, where

G(y) and H(u) are defined as

1

T Q T
6w =5 [ ly—ualdt, and Hw =3 [ ulad
0 0

respectively, where 28 = L*(T').
Model Equation IV. In this problem, we consider the following nonlinear PBCP:

min 00) = min 5 [y = sl + ool (114

UEU4q u€Ugq

subject to the state equation

(

dy
ot

y(x,0) = yo(z) in @, (1.15)

+ Ay +p(y) = f in Qr,

\ (AVy) -ng = Bu+x, on [,
and the control constraints
ug <ulx,t) <wup ae. in I'p, (1.16)

where © is a convex bounded domain in R? (d < 3) with Lipschitz boundary I' := 9.
Further, we set Qp = Q x (0,7] and I'r = 9Q x (0, 7] with fixed T' < oco. The operator
A is given by (1.10) and ng is the unit outward normal to the boundary. Here, the
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unknown functions y = y(z,t) and u = wu(x,t), respectively, represent the state and
control variables. We shall make the following assumptions on y4s (the desired state),

f (the source function), yo (the initial data) and x, (the boundary function):
yo € C(Q), yas € L=(0,T; L=(T)), f € L¥(0,T;L¥(Q)), x € L=(I).

Let B be a linear and continuous operator from L*°(0,7; L>(T")) to L>(0,T; L>(I")).

The nonlinear function ¢ satisfies the following conditions:

C1. Let ¢ : Qr x R — R be a measurable function with respect to (z,t) and twice

continuously differentiable with respect to y € R.

C2. Moreover, ¢ is a monotone non-decreasing with respect to y € R and for all
(z,t) € Qp, ie., p,(z,t,y) >0, V(z,t) € Q.

C3. There exists a positive constant C; such that
|90(x>t7 )‘ + |<,0y(17,7f, )‘ + ‘(pyy(%t? )‘ < Cu forall (xat) € Qr,

where ¢, (z,t,-) and @, (z, t, -) denote the first and second order partial derivatives

of ¢ with respect to y, respectively.

C4. For all L > 0 and all y1, yo € R with |y; — ya| < L, there exists a positive constant
C'1, such that

|g0yy($,t,y1) - QOyy(ZE,t,yQ” S CL|y1 - y2| for all (:E7t) € QT'

Note that, the control variable u presents in the Neumann boundary conditions. The

set of admissible controls is defined by
U = {u € X: u, <u(x,t) <uy, ae (z,t)€ FT}

with ., up € R fulfil u, < wu,. Furthermore, U,; is a nonempty closed convex set in
L>(0,T; L>(T)).

Many applications of nonlinear parabolic boundary control problems arise in stefan-
like problems, thermo-chemical flow phenomenon, solidification/ dissolution of crystals
from a solution of their own liquid. Some other applications of nonlinear parabolic
control problems include heat transfer in large reservoirs; heat transfer in porous media
and frost propagation. For a more detailed discussion on mathematical formulation for
this kind of problem, we refer to [27, 72].
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1.2 Notations and preliminaries

This section introduces some standard notations and preliminary materials, which
are important in the set-up of the thesis. All the functions considered in the thesis are
real-valued. Let € be a convex bounded domain in R%. We denote the boundary of
by I' := 09Q. Let i = (i1, ..., 1q) be a non negative integer with d-components and the
order of u is denoted by |u| = p1 + ... + pg. Further, let x = (21, 29,...,24) € Q and
dr = dxy,...,dry. Then, the u-th derivative of a function ¢ is denoted by D*v with

|
Dty = o

e 5 Hd
Oory" . ..0xy

We now recall some standard function spaces. Let LP(£2), 1 < p < oo, be the linear
space of equivalence classes of measurable functions v in €2 such that the measure of

Jo, [P dz exists and finite. Moreover, the associated norm on LP(2) with 1 < p < oo,

Y|z = (/Qlwlpdx>;.

For p = oo, L*°(2) is a Banach space of all Lebesgue measurable and essentially bounded

1S

functions, equipped with the norm
|¥]| oo (@) := esssup |¥| < oo.
€S
Again, for p =2, L*(Q) is a Hilbert space equipped with the inner product
(ite) = [ dndads, W, v € Q).
Q

We denote the support of a function ¢ by supp(¢) which is a closure of all points x with
) £0, Le.

supp(v) = {x: P(x) £0}.

Let C*(Q) be the collection of all functions with continuous derivatives upto and includ-
ing order k in Q, where k is a non-negative integer. Further, let C¥(Q2) be the space
of all C*¥(Q) functions with compact support in 2. Moreover, the space C5°(Q2) consists
of all infinitely differentiable functions with compact support in 2. For a non-negative
integer k, let W*P(Q) (1 < p < 00) be the collection of all equivalence class of functions
in LP(Q) such that the distributional derivatives upto order k are also belongs to LP({2),
ie.,

WhP(Q) := {¢ € LP(Q) : D' € LP(Q) for 0 < || < k}.
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CHAPTER 1. Introduction 9

The space W*P(Q) is known as the Sobolev space of order (k,p) on  and is endowed

with the norm

ollewi= ([ 30 Dol ae)’, 1<p <o

0<|ul<k

For p = 0o, we define the norm on W**(Q) by

[$llk.co := max || D] poe(q)

0<|ul<k

Further, we denote the semi-norm on W*?(Q) by | - |yr.n(q) which is defined as

[lwrs@) = Z [ D¥ ]| Lo ()
|ul=k
When p = 2, we denote W"P(Q2) = H*(Q2). Moreover, if k = 0 and p = 2 then we have
Wo2(Q) = HO(Q) = L*(Q). Let H*(Q) be the Hilbert space with inner product

(1, o)y = / DPyu Dy de, v, s € HNQ).

0<|ul <k
Observe that the Sobolev space H(2) and H} (), respectively, are defined to be the

closure of C*(Q2) and C5°(2) with respect to the norm ||-||; and semi-norm |- |;. Further,
we shall denote the space H!(Q) as the dual of H}(Q) with the norm

Y1, ¢
[y = sp o)
waem (@), varo |92l (@)
For 1 < p < oo, we now define the standard Bochner spaces L?(0,T; B), where B is a

real Banach space equipped with the norm || - ||z, consisting of all measurable functions

¥ :[0,T] — B for which

T 1

[Wlsors = ([ I100Ed) <0 for 1<p<c
0

||| Looo,rp) = ess sup |[P(t)]|s < oo for p = oc.
te(0,7)

In the succeeding chapters, we use the following spaces. For a given Banach space B,
the space H'(0,T;B) consisting of all the measurable functions ¢ : (0,7) — B, such

that
Wl = ([ (1o + |Se0]}a)* <o
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Furthermore, let C(0,7;B) be the space of continuous functions ¢ : [0,7] — B and
the norm on C(0,7'; B) is defined as ||¢||c(o,r;8) := maxscjo.r] [|¢(t)||s < co. For a more
detailed discussion on Sobolev spaces, one may refer to Adams and Fournier [1], and

Grisvard [36].
Time to time we need the following inequalities for our analysis. For a proof, see

Hardy et al. [37].

Young’s inequality. For all non-negative real numbers a, b, and 1 < p < oo, ¢ > 1

with % + % =1, the following inequality

aP  Dbe
ab< — 4 —
p q

holds.

Young’s inequality with e-form. For all non-negative real numbers a, b and every

e > 0, the following inequality

b < o i €b?
a PR R
= 2 2
holds.
Discrete version of Holder’s inequality. Let a;, b;, i = 1,...,d be the positive real

numbers. Then

d d 1 d 1
Dl < (D fail)" (o Ioil")
=1 =1 =1

where p > 1 and % + % = 1. In particular, for p =2 and q = 2, the above inequality is

known as the Cauchy-Schwarz inequality in RY.

Integral form of the Holder’s inequality. Let 1 < p, ¢ < oo with % —1—5 = 1. For
real valued functions ¢ € LP(2) and ¢, € L(2), we have

[ vl do < ol aln
Q
For p = q¢ = 2, the above inequality is known as the Cauchy-Schwarz inequality.

The following lemma is proved to be convenient for later use.
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Lemma 1.2.1 ([48]). Given a = (ap,a1,...,a4) € R b= (bg,by,...,by) € R and
¢ € R such that

then we have the following
8] < [b] +[¢],
where | - | and & - b denote the standard Euclidean vector norm and inner product on
R respectively.
In this thesis, we shall use the Poincaré inequality which is stated below.

Lemma 1.2.2 (Poincaré inequality). Assume that the Q C R? is a convex bounded

domain. Then there exists a constant C > 0 such that

[l 2@) < ClIVY| L2, for every v € Hy(€),
where the constant C depends on the domain €.

The above inequality implies that, for any ¢ € H{(f2), the L?-norm is bounded by
the semi H'-norm.
We now borrow some useful definitions from F. Troltzsch [96].

Definition 1.2.1 (Directional derivative). Assume that X and Y are two Banach
spaces. Let Xy be a non-empty open subset of X and £ be a given map from X, to
Y. If the limit

0f(x,v) := lim f(x + hv) — £(x)

lim . for x€ Xy and v € X,

exists in Y, then it is called the directional derivative of f at x in the direction of v.
If this limit exists for all v € Xy, then the mapping v 0f(x,v) is termed the first

variation of £ at x.

Definition 1.2.2 (Gateaux derivative). Suppose that the first variation at x € X

exists, and suppose there exists a continuous linear operator T : Xo — Y such that
of(x,v) =Tv Vv e X,.

Then £ is said to be Giteauz differentiable at x € Xo, and T is referred as the Gateaux
derwative of f at x. We write T = f'(x).
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Definition 1.2.3 (Fréchet derivative). Assume that X and Y are two Banach spaces,
and Xy is a non-empty open subset of X. A mapping f : Xo = Y is said to be Fréchet
differentiable at x € X, if there exists an operator T € L(X,Y) and a mapping Z(x, -) -
Xo — Y with the following properties: for all v € X such that x +v € X,, we have

f(x+v)=1£f(x)+Tv+R(x,v),

where the remainder R satisfies the condition

R -~
IRy o 45 vz -0
Ivllx

Then operator T is called the Fréchet derivative of £ at x, and we write T = f'(x).
If T is Fréchet differentiable at every point of x € Xo, then T is said to be Fréchet
differentiable in X,.

Definition 1.2.4 (Convex functional). Let X, be a non-empty conver subset of R (d =
2,3). A functional F from Xy to R is said to be convex if it satisfies the following
property: For all v € [0,1] and x1,Xs € X, such that

Frxi + (1 —v)ze) < vF(x1) + (1 — v)F(x2).

A functional F s said to be strictly convex, if it satisfies the above condition with strict

inequality whenever x; # X, v € (0,1).
Before introducing the auxiliary problems, we first collect some function spaces which
will be useful in our subsequent analysis. For simplicity, we set
Wi(0,T) = L2(0,T; H*(Q) N Hy(Q)) N H'(0,T; L*(2)),
W,(0,T) = L*0,T; Hy(Q)) N H (0, T; H'()).
We observe that W, (0,T) < C(0,T; H}(2)) and W5(0,T) < C(0,T; L*(Q2)) (cf., [55]).
We now introduce some auxiliary problems. For any f € L?(0,T; L*(Q)), let U, ® €
Wi (0, T) be solutions of the following forward and backward in time standard parabolic

problems

(

\Ijt + A\I] = f in QT,
U(-,0)=0 in Q. (1.17)

v =0 on FT;
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and
(
_®t ‘I‘ .A*@ = f in QT,
(-, T)=0 in Q, (1.18)
\CD =0 on ['p,
respectively.

The solutions ¥ and ® satisfy the following regularity results [55].

Lemma 1.2.3. For a given function f € L*(0,T; L*(Q)), let ¥, ® € W;(0,T) be the
solutions of the problems (1.17) and (1.18), respectively. Then there exists a positive

generic constant Cr such that

IN

Vel 20,m22)) + [ 220,722 Cr|| fllL20,m302(92))

N

1@t L20.m220)) + | @l 220,mm200) < Crll fl|L20,1:02(92))

and

1V, T)lla@) < Crllfllzzomze@y, and ||2(-,0)||a1@) < Crllfllz20,m20)-

Throughout the thesis, we assume that (2 is convex polygonal bounded domain in
R? with Lipschitz boundary I' := 92, where the dimension d will be specified in each
chapter.

1.3 Background and motivation

This section provides a brief survey of the relevant literature pertaining to the POCPs
with distributed and boundary controls. It also elucidates the motivation for the present

study.
The goal of any optimal control problem is to switch the input control variable u in

such a way that the output state variable y(u) optimizes the cost functional J. If the
input control variable u is distributed all over the domain, it is known as the distributed
control. When the control is prescribed on the boundary, it is known as the boundary
control. The output state variable y is the solution of the given state equation. One can
make some assumptions and restrictions on the control or state variables due to physical
and technical limitations. Theory for the optimal control problems governed by PDEs
are extensively discussed by J. L. Lions and F. Troltzsch in [53, 96]. It is known that

the finite element method is a widely used numerical technique for the approximations
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of optimal control problems. In the following section, we provide a brief survey of the

relevant literature concerning finite element method for POCPs.
Finite element method for POCPs. The numerical analysis of control problems

is very challenging due to the presence of control constraints which leads to stronger
restriction on the regularity of the optimal solution. We refer to [50] for a discussion
on the regularity of the solution of POCPs with control constraints. The numerical
treatment of control problems by means of finite element method has gained popularity
among the researchers [39, 40, 84, 96]. The advantage of finite element method over other
numerical techniques lies in its capability to handle complex geometry in a systematic
way and it has a rigorous mathematical foundation. The error analysis of finite element
method is grouped into two categories: A priori error analysis and a posteriori error

analysis. In the a priori error analysis, one predicts the error estimates of the form
lly = Yallx < C(y,data) h", (1.19)

where || - || x is a specified norm on X, y is the exact solution and Y}, be its finite element
approximation. The constant C(y, data) in (1.19) depends on the exact solution y and
the given data. In the above, h denotes the mesh parameter and r refers to the order
of convergence of the finite element method. In general, a priori error bound (1.19) is
not practically usable as the constant C'(y, data) depends on the exact solution y, which
is unknown for most of the problems. The estimate (1.19) only provides asymptotic
order of convergence as h — 0, and it fails to quantify the actual error. This brings to
a new approximation technique of error estimation, which characterizes the accuracy of
approximate solutions and is known as a posteriori error estimation technique. An a

posteriort error estimate predicts a bound of the form
||y_Yh||X S fr](Yh,hrK,data), (120)

where the estimator 7(Y}, b, data) is a computable quantity which depends on finite
element solution Y},, given data and the mesh parameter hx. The estimator reduces with
optimal order as the mesh parameter hy decreases. The a posteriori error estimator
provides an important feedback for the design of adaptive algorithm. The use of adaptive
method based on a posteriori error estimation is well accepted in the context of finite
element discretizations of partial differential equations [24, 25] and [97]. The adaptive
finite element method (AFEM) can save substantial computational work and ensures
a higher density of nodes in a specific area of the given domain where the solution is
more difficult to approximate. A posteriori error estimates provide crucial information

to the adaptive algorithm whether further refinement of the meshes is needed or not to
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achieve the desired accuracy. This is accomplished via a posteriori error indicators. We
now give a brief account of the relevant literature concerning a priori and a posteriori

error analysis of POCPs.
A priori error estimates for POCPs. There are wide range of articles available

in the literature regarding a priori error estimates for POCPs. The time-dependent
optimal control problems play an important role in many applications in engineering
and sciences. The numerical treatment of these problems has been an active research
topic in recent years. The pioneering work of [18, 30, 43, 68, 77, 85] and [100] consider
numerical approximation of POCPs by finite element method. In [30], Gong and Hinze
have presented a priori error estimates for the POCP with control and state constraints.
They have used piecewise linear and continuous finite elements to discretize the state
variable, while the time discretization is based on the backward Euler method. The
authors of [70] have employed the space-time finite element discretizations of POCPs
with pointwise inequality constraints on the control variable to derive a priori error es-
timates. The conforming finite element space is used to approximate the state variable,
whereas the discontinuous Galerkin method is used for the time discretization. Subse-
quently, Meidner and Vexler have applied Petrov-Galerkin Crank-Nicolson scheme for
the discretization of POCPs in [71]. However, these articles are concentrating on dis-
tributed control problems. There are many real-life applications for the optimal control
problems where the control is acting locally on the finitely many points of the region.
For instance, the problems arise in the environmental sciences [67, 104] such as air pollu-
tion and wastewater treatment problems. This type of controls are known as pointwise
control. Chryssoverghi [14] has analyzed the convergence properties for the state and
control variables of the POCPs with pointwise controls. For the semilinear POCPs
with pointwise controls, we refer to [22]. The authors of [31] and [51] have derived
the a priori error estimates for finite element approximations to POCPs with pointwise
control. Recently, a priori error estimates for the sparse POCPs which utilizes a formu-
lation with control variable in measure spaces can be found in [11]. The authors of [94]
have considered the control problem with mixed boundaries and derived the existence
and uniqueness of the optimal controls. Further, they have also proved the first-order

optimality conditions in terms of the adjoint state and the related convergence results.
A posteriori error estimates for POCPs. We now provide some relevant litera-

ture in the context of a posteriori error analysis for POCPs. A posteriori error analysis
for POCP has been extensively studied by various researches in [49, 59, 91, 92, 93] and
[101]. Most of the a posteriori error estimates can classify into the residual and recovery

types. In the residual type error estimates, various residual quantities such as element
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and jump residuals are enclosed in the error. In the recovery type error estimates, a
gradient recovery (post-processing) operator is applied to the finite element solution
and then it is compared with the gradient of the exact solution to assess the error.
Further, a posteriori error estimates can also be derived by using the hierarchic bases
or equilibrated residuals, see [2]. The residual type a posteriori error estimates of finite
element methods for POCPs are discussed in [59] and [101]. Later, Tang and Chen [92]
have studied a recovery type a posteriori error estimates for fully discrete finite element
approximation to POCPs. Subsequently, Sun et al. have established both lower and
upper bounds for the errors for POCP in [91]. In [93], Tang and Hua have derived a
reliable type a posteriori error bounds in the L>(0, T'; L*(£2))-norm using elliptic recon-
struction for the semi-discrete finite element approximations to POCPs. The authors of
[28] have established the a posteriori error estimates for the POCPs using the method
of lumped masses for the approximation of convex optimal control problems. Moreover,
they have discussed a reliable type a posteriori error estimates for both the state and
control variables in the L>(0, T; L*(Q2))-norm. Recently, Hou et al. [42] have discussed
the semilinear POCP using the variational discretization and derived the residual type a
posteriori error estimates. For a functional type a posterior: error estimates for POCPs,
we refer to [49], where the authors have derived a posteriori upper bounds for state and

co-state errors as well as for the cost functional.
Finite element method for PBCPs. The boundary control problems governed

by parabolic PDEs arise in modeling of processes of the thermal conductivity, diffusion
and filtering, see [9, 23, 54, 76]. In [65], Mackenroth has derived necessary optimality
conditions for convex parabolic boundary control problems with control constraints and
pointwise state constraints. Moreover, the author has shown the existence of an optimal
solution to the dual problem. The authors of [29] have considered nonlinear parabolic
boundary control problems with control constraints and the state constraints, and de-
rived the sufficient second-order optimality conditions. Later in [44], Kowalewski and
Krakowaik have analyzed necessary and sufficient optimality conditions for the Neu-
mann boundary control problem governed by retarded parabolic equations. Recently,
Gong et al. [32] have studied boundary control problems governed by parabolic PDEs
on convex polygonal domains. The authors have used both piecewise linear, continu-
ous finite element approximation and variational discretization for the approximation
of the control problem. They have derived a prior: error bounds for the state, co-state
and control variables in the L?(0,T; L*(T"))-norm. Some studies on a posteriori analysis
for boundary control problems are discussed in [34, 56, 57, 60, 63]. Liu and Yan [56]

have derived a posteriori error estimates for the model boundary control problems on
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polygonal domain. They have derived reliable type of a posteriori error estimates for
convex boundary control problems in [57]. Subsequently in [60], the same authors have
discussed both upper and lower a posteriori error estimates for the finite element ap-
proximations of elliptic boundary control problems with two different observations: The
observation of the boundary state and the observation of the distributed state. They
have obtained a posteriori error estimates for the co-state and the control variables in the
L*(T')-norm for both the observations, while error bound for the state variable is proved
in the L?(T")-norm or L?*(2)-norm according to the observation spaces. In the context
of PBCP, Gong and Yan [34] have studied the boundary control problems governed by
parabolic differential equations and derived a posterirori error bounds in three different
observations namely, observation of the boundary state, observation of the distributed
state, and observation of the final state. Later on, Lu et al. [63] have discussed reliable
type a posteriori error analysis for the parabolic Nuemann boundary control problems.
Moreover, the authors have derived the upper bounds for the state and co-state vari-
ables in the L*(0,T; H'(Q))-norm while the error bound for the control variable in the
L*(0,T; L*(T))-norm. The author of [62] has considered nonlinear quadratic PBCP and
obtained reliable type a posteriori error estimates for the state and co-state variables in

the L(0,T; H'(Q))-norm, while the control error in the L*(0,7T; L*(T))-norm.
Our contributions. In order to put the results of this thesis into a proper prospec-

tive, we present here the related literature that motivate us for the present study. For
parabolic problem without controls, Picasso and Verfiirth [82, 98] have used energy
method to derive a posteriori error estimates in the L>(0,T; L?(2))-norm. These es-
timates provide suboptimal rates of convergence in the L>(0,T; L*(f2))-norm. Since
energy method is the most elementary technique for estimating the error in the a priori
error analysis, it is therefore a natural to raise a question that whether one can recover
optimal a posteriori error estimates in the norm L°°(0,7T; L*(Q2)). Subsequently, Makri-
dakis and Nochetto in [66] have successfully addressed this issue by introducing a novel
elliptic reconstruction operator Ry, : Vi, — Hg (L), where V}, is the finite element space.
This operator is an a posteriori dual analogue of Wheeler’s elliptic projection operator
[99] introduced in the context of a priori error analysis to restore the optimality in the
norm L>(0,T; L*(Q)). The idea behind the introduction of elliptic reconstruction oper-
ator is to extend the traditional energy method in a priori error analysis to a posterior:
error analysis to obtain optimal order estimates in the L>°(0, T’; L*(©2))-norm. To restore
the optimality, the usual strategy is to split the total error e := y — Y}, into two parts
e:=(y—RuYn) + (RpYs — Y,), where

e the term y — R, Y} refers to as the parabolic error and satisfies the original partial
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differential equation with a right hand side quantity which can be bounded a

posterior: in an optimal way,

e the difference R,Y), —Y), refers to as the elliptic reconstruction error which can be

controlled by using some well established results for the elliptic problem.

Subsequently, Lakkis and Makridakis [48] have studied the fully discrete backward
Euler approximation via reconstruction approach and obtained optimal order estimates
in the L>(0,T; L*(©2))-norm. Our first work in this thesis is to extend the idea of [48]
to study the a posterior: error analysis for the optimal control problems. We consider
the fully-discrete finite element approximations to the optimal control problems of the
form (1.1) —(1.3) with distributed control. To discretize the state and co-state variables,
we use the piecewise linear and continuous finite element while the piecewise constant
functions are used to approximate the control variable. The backward Euler scheme is
applied for the time discretization. Optimal order a posterirori error estimates for the
state, co-state, and control variables are established in the L>(0,T’; L*(Q2))-norm using
an elliptic reconstruction technique in conjunction with energy arguments. Numerical

experiments are carried out to illustrate the performance of the derived estimators.
Our next goal is to study a posteriori error analysis for the POCP (1.1)-(1.3) with

distributed control in the L°°(0,7"; L>(§2))-norm. In many situations, it is natural
to ensure the good pointwise approximation of the exact solution. For instance, the
pointwise error control is a natural goal while computing the free boundaries. Recently,
for purely parabolic problem, Demlow et al. [21] have proved a posteriori error estimates
in the L>(0,7; L>(2))-norm for both semi-discrete and fully-discrete finite element
approximations. The elliptic reconstruction technique is essential to their error analysis
for both semi-discrete and fully discrete case. In our second problem, an attempt has
been made to extend the analysis of [21] to POCP of the form (1.1) — (1.3). Both the
semi-discrete and fully-discrete finite element approximations of the control problem
(1.1) — (1.3) have been analyzed. The variational discretization is used to approximate
the state and co-state variables with the piecewise linear and continuous functions, while
the control variable is computed by using the implicit relation between the control and
co-state variables. The temporal discretization is based on the backward Euler method.
The key feature of this approach is not to discretize the control variable but to implicitly
utilize the optimality conditions for the discretization of the control variable. We have
derived a reliable type a posterior: error estimates for the state, co-state, and control
variables in the L>°(0,T"; L>°(2))-norm. The results presented in this work are rigorously

proven and do not appear to be reported elsewhere in the literature. Numerical tests
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are conducted to study the effectiveness of the derived estimators.
Our next problem focuses on POCP with controls acting on lower dimensional man-

ifold. In this work, we address different a posteriori error estimates for the control
problem (1.4) — (1.6) for various dimension of the manifold. There are many real life
applications for the optimal control problem where the state variable exhibits less reg-
ularity due to the pointwise controls. Some applications can be found in the inverse
problems, e.g., in the environmental model such as air pollution and wastewater treat-
ment problems. Most of the achievements are made by assuming that the control is
acting on the entire domain (cf. [69, 70]), or on a subdomain Q; C Q (cf. [58, 59]),
or only on the boundary of the domain Q (see, [12, 32]). Essentially, the support of
the controls requires to be very small compared to the actual size of the domain € if
we are restricted by the cost of controls. This fact motivates us to consider such kind
of control problems where the controls are located in the lower dimensional manifold.
Few of the relevant work can be found in [12, 32, 39] for the Dirichlet and Neumann
boundary control problems with controls acting on the boundary of the domain. Castro
and Zuazua [13] have considered a heat equation with the Dirichlet boundary condi-
tions in a bounded domain with a control acting on a lower dimensional time-dependent
manifold. They have provided several controlablity results for a large class of lower di-
mensional moving controls and proved the convergence results for the rapidly oscillating
controllers. Further, Nguyen and Raymond have considered the semilinear parabolic
and convection-diffusion equations in [79] and [78], respectively. The authors of [79]
have proved the existence of solutions for the control problem and computed the deriva-
tive of the functional with respect to deformations of the manifold. Whereas in [78], the
authors have considered an optimal control problem for convection-diffusion equation
with a pointwise control or a control localized on a smooth manifold and derived the
regularity results. Subsequently, Leykekhman and Vexler have considered POCPs with
a pointwise (Dirac type) control in a convex polygonal domain 2 C R? (cf., [51]) and
obtained the order of convergence almost O(h?+ k) in the L?(0, T; L*(2))-norm but not
in the L?(0,T; L*(Q))-norm. Casas et al. have considered an elliptic optimal control
problem in [10], where the control measure is approximated by a linear combination of
Dirac measures. Moreover, they have proved the convergence of the discretized problems
to the continuous one. The same authors have discussed POCP in [11], and they have
derived the convergence results for POCP. Some recent works on a priori error analysis
of elliptic optimal control problems with measure data in space can be found in [46] and
for POCP with measure data in time, we refer to [88]. Further, the authors of [87] have

considered a POCP with measure data in space as well as measure data in time and de-
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rived a posteriori error estimates. Moreover, Gong et al. have studied the finite element
approximations to the POCP with pointwise control in [31], where they have considered
the control acting only on the finitely many points (which are time-independent). The
authors of [33] have extensively discussed the finite element approximations to elliptic
control problems with controls acting on the lower dimensional manifold. Thereafter,
Gong and Yan [35] have generalized the a priori error analysis results for the optimal
control problem governed by parabolic partial differential equations where the manifold
evolves with time. Motivated by the work of [35], we have made an effort to investigate
the a posteriori error analysis for the control problem (1.4) — (1.6) with controls acting
on the lower dimensional manifolds. We employ the piecewise linear and continuous
finite elements for the state and co-state variables whereas the piecewise constant func-
tions are used to approximate the control variable. We have proved different types of a
posteriori error estimates for the state variable in the L?(0,T; L*(€2))-norm while error
for the control variable in the L?(0,7; R™)-norm or L*(0,T; L*(v(t)))-norm according
to dimension of the manifolds. To the best of authors’ knowledge this work is reported

for the first time in the literature.
Our next attention of the thesis work is to investigate local a posteriori error anal-

ysis for the optimal control problems (1.7) — (1.9). Liu and Yan [56] have investigated
a posteriori error estimates for both the state and control variables for model boundary
control problems governed by elliptic PDEs on a polygonal domain. The authors have
proved reliable type of a posteriori error estimates for convex boundary control prob-
lems using global Sobolev norms in [57]. Later on, the authors of [41] have considered
boundary control problems governed by elliptic equations, and derived related a pos-
teritori error estimates. The discretization of the control problem is done by using the
continuous, piecewise linear finite elements for the state and the co-state variables, and
elementwise constant approximations of the control variable. They have derived the
residual-type a posteriori error estimates for the global discretization errors in the state,
co-state and control variables. In [34], Gong and Yan have considered the boundary
control problems governed by parabolic differential equations and proved three different
types a posteriori error estimates in the L?(0,7; H'(Q))-norm with observations of the
distributed state, the boundary state, and the final state. In many engineering appli-
cations, it is often useful to study the behavior of the state and co-state variables in a
small neighborhood of the boundary. Therefore, a posterior: error estimators in some
suitable local norms have become more useful, and the derivation of these estimates is
not straightforward. Subsequently, in [60], they have derived local a posteriori error

estimates for finite element approximation of elliptic boundary control problems using a
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duality argument. Further, it is known that a posteriori error estimates provide impor-
tant feedback for adaptive mesh refinement procedures. These observations motivate
us to make an effort to derive local a posteriori error estimates for the control problem
(1.7)—(1.9). The space-time discretization is accomplished by using the piecewise linear
and continuous finite elements to approximate the state and co-state variables while the
piecewise constant function spaces are used for the control variable. We employ the
backward Euler method for approximating the time derivative. We derive a reliable
type local a posteriori error estimates for fully discrete finite element approximation of
boundary control problem in three different observations: observations of the boundary
state, the distributed state, and the final state. The key ingredients for deriving a reli-
able type local a posteriori error estimates for the aforementioned observations include
cutoff function, duality technique, and the trace result to prove the a posteriori error
estimates. Further, the derived a posteriori estimators are local in character because

the leading terms of the estimators depend on the small neighborhood of the boundary.
Our last problem concerns local a posteriori error estimates for the finite element ap-

proximation of nonlinear parabolic boundary control problems (1.14) — (1.16). In many
engineering applications, it is often useful to study the behavior of the state and co-state
variables in a small neighborhood of the boundary. In the boundary control problem
(1.14) — (1.16), the control and the objective functionals are defined on the boundary
['. The main difficulty associated with this problem is that the cost functional 7 is not
differentiable in L*(T") and hence it fails to satisfy the first-order optimality condition.
This difficulty is overcome by observing the fact that 7 is differentiable in L>°(T"), which
is necessary for the existence of the control variable. The error analysis is carried out
by using the piecewise linear and continuous finite elements for the approximation of
the state and co-state variables whereas the approximation of the control variable is
done with the piecewise constant functions. The backward Euler method is used to ap-
proximate the time derivative. The reliable type local a posteriori error bounds for the
state, co-state and control variables in the L*(0,T; L?(T'))-norm are derived, while the a
posteriori error estimates for the control variable is established by assuming the second-
order optimality condition. Numerical results are provided to support the theoretical

findings.

1.4 Organization of the thesis

This thesis consists of seven chapters and is organized as follows.
Chapter 1 introduces the model equations. It contains some basic notations and

preliminary materials to be used in the thesis. A brief survey of the relevant literature
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and motivation for the present study are also presented.
Chapter 2 considers the optimal control problems governed by parabolic equations

(1.1)—(1.3) with distributed control. We derive a posteriori error estimates for the state,
co-state, and control variables in the L>(0,T; L*(£2))-norm using the elliptic reconstruc-
tion technique and energy argument. Numerical results are presented to illustrate the

performance of the derived estimators.
In Chapter 3, we address the control of maximum norm errors for the control problem

(1.1) — (1.3). We use the variational discretization for the finite element approximation
for the control problem (1.1) — (1.3). The discretization of the state and the co-state
variables are done by using the piecewise linear and continuous finite elements while
the control variable is evaluated by using the implicit relation between the control and
co-state variables. The temporal discretization is based on the backward Euler method.
We derive a posteriori upper bound for the state, co-state and the control variables in
the L>(0,7; L>(2))-norm. Essential to our error analysis is the elliptic reconstruction
technique introduced by [66] which greatly simplifies the error analysis. The use of ellip-
tic reconstruction technique allow us to take advantage of the existing elliptic maximum
norm error estimators and the heat kernel estimate. Numerical tests are conducted to

study the effectiveness of our estimators.
Chapter 4 concerns a posteriori error analysis for the state, co-state, and control

variables to the fully discrete finite element approximations of the control problem
(1.4) — (1.6) with controls acting on a lower-dimensional manifold. We use the piecewise
linear and continuous elements to discretize the state and co-state variables, while the
piecewise constant function spaces are used to discretize the control variable. The im-
plicit backward Euler scheme is employed to discretize the time-derivative. We derive a
posteriori error estimates for the state variable in the L?(0,T; L*(Q2))-norm while error
for the control variable is established in the L?(0,T;R™)-norm or L?(0,T; L*(y(t)))-
norm according to the dimension of the manifold v(¢). Numerical assessments of the

error estimators are provided.
In Chapter 5, we study the finite element approximations of the boundary control

problem (1.7) — (1.9). This chapter analyzes three different types of local a posteriori
error estimates for the Neumann boundary control problems with the observations of the
boundary state, the distributed state, and the final state. More precisely, a posteriori
error bounds for the state, co-state and control variables in the L?(0,T; L*(T'))-norm
for the observation of the boundary state as well as for the final state. In addition, for
the observation of the distributed state, a posteriori error bound for the state variable

is derived in the L?(0,T; L*(2))-norm. Moreover, error bounds for the co-state and
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control variables are proved in the L?(0,T; L*(T'))-norm. Our derived estimators are
of local character in the sense that the leading terms of the estimators depend on the
small neighborhood of the boundary. These new local a posterior: error bounds can
be used to study the behavior of the state and co-state variables near the boundary,
and provide the necessary feedback in terms of the error indicators for the adaptive
mesh refinements in the finite element method. Computational results are presented to

validate the theoretical analysis.
In Chapter 6, we devote our attention to study a posterior: error analysis for the

finite element approximation of nonlinear PBCP (1.14) — (1.16). The local a poste-
riori error bounds for the state, co-state, and control variables are established in the

L?(0,T; L*(T))-norm. Numerical results are provided to support the theoretical findings.
Finally, Chapter 7 discusses the critical evaluation of the results highlighting the

contributions made by this thesis and scope of future investigations.
For clarity of the presentation we have repeatedly recall the set of equations (1.1) —

(1.3) or (1.4) — (1.6) or (1.7) — (1.9) or (1.14) — (1.16) and define the cost function J
at the beginning of the subsequent chapters.
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L>®(L?)—A POSTERIORI ERROR ESTIMATES FOR

POCP

In this chapter, we derive space-time a posterior: error estimates of finite element method
for POCP (1.1) — (1.3) in a bounded convex polygonal domain. Here we consider the
functionals G(-) and H(-) as

1

T o [T
G(y) := 5/ ly — yas|® dt and H(u) := 5/ (||| dt.
0 0

For simplicity, we assume that the regularization parameter a = 1. To discretize the
control problem (1.1) — (1.3), we use piecewise linear and continuous finite elements
for the approximations of the state and costate variables, while the piecewise constant
functions are employed for the control variable. The temporal discretization is based on
the backward Euler implicit scheme. An elliptic reconstruction technique in conjunction
with energy argument is used to derive an optimal order a posteriori error estimates for
the state, costate and control variables in the L>°(0,7T’; L*(2))-norm. Numerical results

validate the theoretical analysis.

2.1 Introduction

Let 2 be a bounded convex polygonal domain in R? (d > 1) with Lipschitz boundary
[':=00. Set Qr =Qx(0,T], ['r =00 x (0,7] with T" < co. We consider the following
POCP:

. e
min J(y,u) i= - / {ly = vl + ]2} e (2.1)
u€Uqq 2 0
25
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subject to the state equation

%—Ay=f+u in Qr,
y(x,0) = yo(x) in Q, (2.2)
y=20 on I'p,

and the control constraints
Uy < u(z,t) <wup ae. in Qr, (2.3)

where the initial state yo € H}(Q2) and the source function f € L?(0,T; L*(2)). Here
y = y(x,t) denotes the state variable, u = u(z,t) is the control variable. We denote

the partial derivative y with respect to time ¢ (i.e., %) by v in the subsequent analysis.

The set of admissible controls is defined by
. = {u € L*(0,T; L*(Q)) : ug <u < up ae. in QT}
with u,,u, € R fulfill u, < u,. Further, we shall take the space for the state variable
by V = L>(0,T; H}(Q)) n HY(0,T; L*(2)). We now define the bilinear form a(-,-) on
H; () by
a(v,w) = /Vv-dea: Vo, w € Hy(S2),
Q

where H}(Q) = {v € H(Q): v =0o0n 0Q}. It follows that the bilinear form a(-,-) is

bounded and coercive on Hj (), i.e., 3 ap, a; > 0 such that
la(v,w)] < alvllflwll, Vv, w € Hy(Q),
and
a(v,v) > o]}, Vv € HL(Q).
The weak formulation of (2.1) — (2.3) is to seek a pair (y,u) € V x U,q such that

1 (7T
win 5 [ {lly - va + ulP} 2.0
0

ueUad 2

subject to

(Y, v) +aly,v) = (f +u,v) Yo e Hy(Q),
(2.5)

y(-,0) = yo(x) =z €

Using standard energy techniques we have the following a priori bounds for the state
variable y (cf., [55]).
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Proposition 2.1.1. For every u € L*(0,T; L*(2)), the state equation (2.5) admits a

unique solution y € V', and the following a priori estimate

Yl 20,5 m2(0)) + 19l 220,722 < C (H%HL?(Q) + 1 fll 22 0,7, 0200)) + HUHLQ(O,T;LZ(Q)))
holds.

It is well known [53] that the convex optimal control problem (2.4) — (2.5) has a
unique solution (y,u) if and only if there exists co-state variable p such that (y,p,u)

satisfies the following optimality conditions for ¢ € [0, T7:

(y,v) + aly,v) = (f+u,v) Vo€ Hy(f), (2.6)
y(z,0) = yolz) z€Q, (2.7)

—(pr,v) +a(p,v) = (Y—yasv) Yo Hy(Q), (2.8)
p(z, T) = 0 z€Q, (2.9)
(u+p,w—u) > 0 VYw € Uy. (2.10)

We introduce the reduced cost functional
§:L*0,T;L*(Q)) =R as
u = j(u) = J(u,y(u)),

where y(u) is the solution of (2.5). Hence the optimal control problem (2.4) — (2.5) can
be equivalently reformulated as

b

This chapter studies a posteriori error analysis of fully discrete finite element approxi-
mation to POCP. Some relevant work in this direction can be found in [59, 91, 92, 93].
The authors of [59] have considered the finite element approximation for the distributed
control problem governed by linear parabolic equations and derived a residual type a
posteriori upper bounds for the state and co-state variables in the C(0,T’; L*(€2))-norm,
and the control error in the L>(0,T; L?(2))-norm. Later, Tang and Chen [92] have dis-
cussed a recovery type a posteriori error estimates using the superconvergence properties
of finite element solutions for fully discrete finite element approximation to POCP. Sub-
sequently, Sun et al. [91] have analyzed the control problem by means of multi-meshes
finite element approximation in the backward Euler scheme. They have proved a poste-
riori error bounds for both the state and the co-state variables in the L>(0,T; L?(2))

and L*(0,T; H'(2)) norms, respectively, and the error for the control variable in the
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L*(0,T; L*(Q))-norm. The authors of [93] have considered finite element approximations
of the control problem governed by parabolic equation with integral control constraints
and derived a reliable type a posteriori error bounds in the L*°(0, T'; L*(€))-norm using
elliptic reconstruction for the semi-discrete problem. In this chapter, our emphasis is on
the fully-discrete control problem with distributed control allowing mesh modification
in time which is natural in adaptive schemes for time-dependent problems. Our main
technique in deriving the error estimates is a legitimate adaptation to the fully discrete
analogue of the elliptic reconstruction technique introduced by Lakkis and Makridakis
in [48]. We study residual-based energy estimates for space-time POCP (2.1) — (2.3).
A main characteristic of this approach, in contrasts with other direct techniques in the
literature is that we can virtually use any available a posteriori estimates for elliptic
problem to control the main part of the spatial error. We derive upper bounds of the

errors for the state, co-state and control variables in the L>°(0, T; L*(£2))-norm.
The layout of this chapter is as follows. In Section 2.2, we discuss finite element

approximation of POCP (2.1) — (2.3). We derive a posteriori error estimates in Section
2.3. Section 2.4 is devoted to the numerical experiments to illustrate the performance

of the derived estimators. Finally, a concluding remark is presented in the last section.

2.2 Discrete optimal control problem

This section considers the space-time finite element discretizations of optimal control

problem (2.4) — (2.5) and formulate the discrete optimal control problem.
Let ., be a family of regular triangulations of Q such that Q = Uge 4 K. For each

element K € .7,, we denote parameter p(K) as the diameter of the element K and the
mesh size by h = m}gxp(K). Let 0 =ty < t; < ... <ty = T be a partition of the
interval [0, 7], with I,, = (t,—1,t,] and k,, := t,, — t,_1. We now make the following
assumptions on the triangulation 7" := {K}(0 < n < N) of Q at time level ¢, (cf.
[48]):

D1. If K1, Ky € 93" and K; # Ko, then either K1N K, = ), or KN K, share a common

edge, or a common vertex.

D2. Two simplicial decompositions 7;"~! and Z;* of Q are said to be compatible if
they are derived from the same macro triangulation .7, = Z,° by an admissible
refinement procedure which preserves the shape regularity (cf. [8]) and assures
that for any elements K € 7! and K’ € ", either KN K' = @, K C K', or
K’ C K. There is a natural partial ordering on a set of compatible triangulations

namely, 7' < " if " is a refinement of Z""!. Then, for a given pair
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of successive compatible triangulations ZZ”_I and 7", we define naturally the
finest common coarsening ,?Ah" = " A 7! with local mesh sizes are given by
izn := max{h,_1, h,}. These conditions allow us to bound the elliptic errors which

lie in two adjacent finite element spaces, see [48].

We shall also need the following notations for future use. For 0 <n < N, let &, := {E}
be the set of all edges of the triangles K € .7, which do not lieon I', and ¥,, := Ugeg, E.
Furthermore, we will also use the sets f)n =3, N, ;and ¥, :=%, UY, ;. For each
n = 0,..., N, we consider the finite element spaces V,' and U, corresponding to the

triangulation .7, as follows:
Vo= {x€Hy(Q): xlxk ePi(K) VK € F'},
o= {X € Uaq : X|x = constant VK € ZL"},

where P1(K) is the space of polynomials of degree less than or equal to 1 on K. We
shall use the following notations for our subsequent analysis:
2 1 — niain 1 n n _/n—
¢" = o ty), 0" = k—(fb" —¢"™h), and Lp(9¢") := k—(¢ — Lio" ),
where £} is the L*-projection from L?*(Q) to V;*.

Representation of the bilinear form: For a function v, € V;* (0 < n < N), the bilinear

form a(vp,w) can be represented as

a(vp, w) = — Z (Avp, w) g + Z (Ji[on),w)g  Vw € Hy(Q).
Keg Eecén
Here, Ji[v,] denotes the spatial jump of the field Vo, across an element side E € &,
and is defined as

Ti[valls(x) == [[Vorlle(z) = lim (Vvh(x teng) — Vou(z — enE)) np,

e—0

where ng is a unit normal vector to E at the point x.
For v, € V', let A v;, be the regular part of the distribution Awy,, which is defined

as a piecewise continuous function such that

(Aqvn,w) = = Y (Avy,w)x  Yw € Hy(9Q).

Kegy

Thus, we can represent our bilinear form a(-,-) as

a(vp, w) = (Aqun, w) + (Ji[vn), w)s,  Yw € Hy(Q). (2.11)

n
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Definition 2.2.1. (Discrete elliptic operator). The discrete elliptic operator asso-

ciated with the bilinear form a(-,-) and the finite element space V) is the operator
Ar s HYN(Q) — Vi such that for v € H3(Q2) and 0 < n < N,

(Apv,wy) = a(v,w,)  Yw, € Vi (2.12)

The fully discrete finite element approximation of (2.4) — (2.5) is defined as follows:
For n > 1, find (y;,uy) € V;* x U2, such that

N
min ) 5/} {lvh — villiz@ + luhlZz) } dt (2.13)
n=1 n

n n
upelUr,

subject to

Oy, on) + alyp,vn) = (f* +ufl,on) Vo, € VP,
(2.14)

0 __
yh - yh,07

where yj, o is the suitable approximation of yo in V2.

The optimal control problem (2.13) — (2.14) admits a unique solution (y}, u}) if and

1

only if there exists a co-state variable p;~" € V;* such that the following optimality

conditions are satisfied

(Oyr vn) +alyy,vn) = (f"+up, o) Vo, €V, (2.15)

Yh = Uno, (2.16)

—(0py,vn) + alpy = on) = (W — Y, ve)  Von € V' (2.17)

oy = 0, (2.18)

(up +pptwp =) > 0 Yup eUl. (2.19)

Given a sequence of discrete values {y;'}, n = 0,1,..., N, we associate a continuous

function of time defined by the continuous piecewise linear interpolant Y (t), t € I,, as

(t - tnfl) n
k—nyh'

Similarly, we define P,(t), t € I,, from the set of values {p}'}, n =0,1,..., N as

(t _ tn—l) n
k—ph’

and
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Then the optimality conditions (2.15) — (2.19) can be rewritten as

OV vp) +a(Y vn) = (f"+Upvn) Yo, € V) (2.20)

Yy = yno (2.21)

— (0P vp) +a(Pr o) = (Y —ylh,on) Vo, € V) (2.22)
PN = 0, (2.23)

(Up+ P wy—U,) > 0 YupeUl. (2.24)

Analogous to the continuous case, we reformulate the discrete optimal control problem
(2.13) — (2.14) as
min j; (Up) = J(Un, Yi(Up))-

Uneur,

2.3 A posteriori error analysis

In this section, we first derive some intermediate error estimates for the state and
co-state variables in the L>°(0,T; L*(Q))-norm which will be used to prove our main
results. This is accomplished by introducing elliptic reconstructions for the state and
co-state variables as intermediate objects in the error analysis. For this, we introduce

some intermediate variables.

~

For 4 € U,q, let the pair (y(a),p(u)) € V x V be the solutions of the following

equations:

) = (f+a,v) Ve Hy(9), (2.25)
y(@)(-,0) = w(x) =z€Q, (2.26)
) = (y(@) —yas,v) Vv Hy(), (2:27)
) 0 zef. (2.28)

For the purpose of error analysis, we shall define the errors for the state and co-state
variables as

ey =Y, —y(Uy), and e, := P, — p(Uy),
respectively. From (2.20), (2.22) and (2.25), (2.27) with @ = Uj,, we derive the following
error equations for t € I,,, n=1,... N and v € H}(Q):

(e v) +aley,v) = 1) + (b, (Lhyy ™" — v ),v) + a(Ya =y, v)

_(ep,ty ’U) + a’(epv U) = 7";(“) - (k}:l(ﬁzpz_l - pz_l)a U) + a(Ph - p2_17 ’U)
+(Y3" = y(Un);v) — (Yis — Yas, ), (2.30)
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where
ry(v) = (Lh(0yp),v) +alyy, v) = (f" + Un,v),
rp(v) = (L4(0ph),v) +a(py " v) = (Ui — yas, v)-
We now define the elliptic reconstructions at t = t,,, n € [1 : N] as follows: For given
yr, ppt, seek g, prt € HY(Q) satisfying
a(gy —yp,v) = — T;L(U) Vv € Hy(S2), (2.31)
a(ﬁZ‘l —pZ_l,v) = T;‘(v) + (g —yn,v) Vv e H&(Q). (2.32)

Since 1y (vy) = 0 and ry(vy) = 0, Yo, € V;', we observe that y; denotes the elliptic

projection of g} at time level ¢t = t,. Using a sequence of discrete values {g)'} for n =

0,1,..., N, we set a continuous function of time defined by piecewise linear interpolant
g(t), t €[0,7T] as

j(t) = (t”k—_t)g;}‘l + (t_k#l)yg tho1 <t<t,, n=1,..., N.
Similarly, we define p(t), t € [0, T], from the set of values {p}}, n=1,..., N as

pt) = wﬁz‘l an @_k#l)ﬁg, tp1 <t<tm, n=1,..., N.

We note that functions § and p satisfy, for each ¢ € [0, T, the following equations:
a(f—Yi,v) = —r,(v) Yue H)Q),
a(p— Pp,v) = —rp(v) + (§—Yn,v) Vo€ Hy(Q),

. . . . n N n N .
where 7, and 7, are piecewise linear interpolant of {ry},_; and {r}},_;, respectively.

Using elliptic reconstruction, we split the errors as follows:
ey = (F—yUn) =G —Ya) = & —my,
ep = P—=p(Uh) = (0= Pu) = & —1p-
Using (2.31) — (2.32) in (2.29) — (2.30), we find that
(&) +aly,v) = (o) +alf = Gh ) + (k' (L = Dy 0)
+(f" = f,v) Yo e HyQ), (2.33)
—(&ptsv) T a6, v) = —(Mpe,v) +alp— By "yv) — (ky (Lh — Dy, 0)

— (Yds = Yas;v) + (G —y(Un),v) Vv € Hy(9Q). (2.34)
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Note that

~ ~n th —1 ~n ~n— ~  sn— t—thy ~n ~n—
T 2 Jgp -t and p-F = (k—)(ph—ph Y.

Moreover, the equations (2.33) — (2.34) can be written as

(Eytsv) +al§y,v) = (mye,v) — (tnk—_t)“(%l — g o) + (kN (Lh = Dyp~ )
+(f* = fiv) Vv e Hy(Q), (2.35)
(t=tn1)

(s 0) + 6 0) = — (1) + (R — B 0) = (L5 — D)

— (Yds — Yas;v) + (G — y(Un),v) Vo € Hy (). (2.36)

We need the following two propositions for future use (cf. [86]). The first one is
about the interpolation error estimate for the Clément-type interpolation operator. The
second proposition is related to the approximation property which reflects the change

of behaviour for the finest common coarsening of 7" and 7" .

Proposition 2.3.1. Let IT,, : H}(Q) — V;* be the Clément-type interpolation operator.
Then, for sufficiently smooth 1 and finite element polynomial space of degree l, there
exist constants Cy; and Cy; depending only upon the shape-reqularity of the family of
triangulations such that for j <[+ 1

1h2? (¥ = )|l < Cuslls, (2.37)

and

1277 (¢ — )|z, < Cagll;. (2.38)

Proposition 2.3.2. Let I, : X — Vh”ﬁVh"_1 be the Clément-type interpolation operator
with respect to the finest common coarsening of " and "', i.e., T = AN A
corresponding to the finite element space Vh”ﬂVh"_l with mesh size ﬁn = max{hy, h,_1}.

Then the following inequality holds:

127 (¢ = Tl s, < Cagledly,

where the constant Cs ; depends on the shape regularity of the family of triangulations and
on the number of steps required to move from <7h”_1 to . Further, the approzimation
properties (2.37) and (2.38) hold true in the finite element space V;* O V"™t with hy,
replacing h,,.
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In the following lemma, we provide the bounds for the elliptic reconstruction errors

associated with the state and co-state variables.

Lemma 2.3.1 (Elliptic reconstruction errors). Let (g2, p; ') € HE(Q) x HY () satisfy
(2.31) — (2.32). Then, 0 < n < N, the following estimate holds:

19 = yill < Crahi (AR = Aa)yiill + Cozh (11 [y7] |5, (2.39)
Forn € [1: N|, we have
7 = ol < Coahi (AL = A)ph™ |+ Coald | iy s, + 157 — vall, (2.40)
where the constants 6172 and 02,2 are defined in Proposition 2.5.1.

Proof. The proof of the lemma will proceed by the duality argument. Let w : [0,7] —
H;(2) be the solution of the elliptic problem in the weak form as

a(v,w(t)) = (Jr —ylv) Yve Hy(Q), ae te[0,T), (2.41)
Further, the solution w of (2.41) satisfies the following regularity result
lwl2 < Crllgr —unll; (2.42)

where Cr denotes to the regularity constant. Setting v = g — yp € V, in (2.41) and
use of (2.31), (2.11) and (2.12) yields

I*

7 —unll® = algy — g, w)

= a(gy =y w — Iw)
= ((Ar = Aa)yp, w = ILw) — (Ji[y], w — Hw)s, .
An application of the Cauchy-Schwarz inequality, Proposition 2.3.1 and (2.42) implies
i — vl < Cuahdll (AL — Ayl + Cozhi | 1[4

which proves (2.39).
Next, we shall prove the inequality (2.40). Setting v = p " —pi~' € V" in

a(v,w) = (pp " —pp ),
we obtain
Iph "t = 1P = a(pp =it w),

~n—1 ~n—1
h

= a(py ' —p) w—yw) +a(py " —pp ' Lw),

= ( sz_l - Aelpz_lv w — Hnw) + (172 - y;zla Hnw)

TH-2632_156123016



CHAPTER 2. L>~(L?)—A posteriori error estimates for POCP 35

An application of Proposition 2.3.1 and the Cauchy-Schwarz inequality with w = 152_1 —
pp ! yields

" =it < Crahpll (A = Aa)wi | + Coh | I lph s, + 195 — wil:
and this completes the proof. O

In the following lemma, we derive the bound for &,.

Lemma 2.3.2 (Parabolic error for the state variable). Let &, satisfy (2.35). Then the
following estimate holds, 1 < m < N:

=

(max e+ 200 [ lgliar)” < 1601 +4(82,+52)

te[0,tm]

where

gl,m = Z 51n+62n+64n)

and -
Eam = YB3 kn
n=1
Here, for n € [1: N|, 1, is the space error estimator and is defined by
P = (6_'12”3,215}%;“ + C_'Q,QHiLi/QgJ;Hgn + 6_'372||ibi/25(];||2n\2n>,
Ba.n 15 the temporal error estimator defined by
Pan = HknéfZH,
and the data approrimation error estimators are defined by

Ban = Capllhnky (Lh— Dyp

1 [
Bun = o [ 7 = Al
n tn—1

The constants Cisliz123 and Csy are positive and independent of the discretization

parameters.

Proof. By setting v = ¢, in (2.35) and using the coercive property of the bilinear form,

we obtain
1d by —t) . pe
e o e U e )
+ (/fﬁl(LZ - [)92_1751,/) + (f" = f,&)- (2.43)
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Integrating (2.43) with respect to time from 0 to ¢,,, m € [1 : N|, and using the fact
(tT,; DI < 1in I, it follows that

1 1 tm
§||5y<tm>||2 = 51601+ o [ g

<> {|77yt,€y)|+|a( = Gn L&) 1k (Lh = Dy, &)

n=1"7tn-1
H( = Fedt = > (G H G+ EE+E) = Cme (2.44)
n=1

Since ,(t) is continuous in [0, ¢,,], there exists ¢,,» € [0, t,,] for which

max @Ol = &)l = lE"

te[0,tm

(2.45)
Integrate (2.43) with respect to time from 0 to ¢,,» to have

1 s 1 2 4 2

16y ()~ SO +an [ il de

0
b
< [T e8I +la -7 6)
+ !(’fﬁl(ﬁ" — Dy &)+ 1" = f.6)[}dt
S Z {| nyt7£y>’+’a< ~n 17£y)|

n=1Ytn-1

+ |0 (L7 = Dy~ &) + (5 = £,6) ) dt
= O ERGRR —: Gn.

n=1

In view of (2.45), we have

1, o 1 b

16 P = SI O o [ IRt < G (2.46)
Combining (2.44) and (2.46), it now leads to

- b

SIE 1P +041/0 €13 dt < 11&y (O)1* + 2 G- (2.47)

Now, we estimate (', 7 = 1,...,4. To estimate the term ¢!, which measures the
space error and mesh change, we will exploit the orthogonality property of the elliptic

reconstruction definition (2.31). Observe that for each n € [1 : N], we have

tn tn
G o= [ el = k[ G )
tn—1 tn—1
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Since gy —yi is orthogonal to V;* with respect to a(-, ), the first term inside the brackets
is orthogonal to V;* NV, 1.
Let ¢ : [0,T] — H}(Q) be such that

a(x, (1) = (&(t).x) Vx € Hy(Q), t €0, 7).
Using the interpolation operator I1,, defined in Proposition 2.3.2, we write
Gr =0 —yn oy &) = aliy — 5" —uh +un ()
= a@h =G " —vh () — L),
With an aid of (2.31) and Green’s formula, we have

@ =~y &) = (B — Ry () — ()
+(‘]g7 - J;_17¢(t) - ﬂnd](t))z}ﬁ (248)

where

R! = L (0yy) — div(Vyy) — " — Uy and J' = Ji[y}].

)

Equation (2.48) can be expressed as
(G =5 = yh +yh &) = ka(OR),9(1) — ILp(t)) + ka(8T5, () — L (1))ss, -
By Proposition 2.3.2, it follows that
a<(f " Oldr) x (Coal IR + Coallk205 s, + Coall 205, ).
net
Use of elliptic regularity result, ||z < [|€,]], yields
G < max|lg, ()| (Coal B2OR; | + Conllh/ 207 5, + Coallf0; s, 5, )

and hence,

ST < 1€ ka Brae
n=1 n=1

In order to estimate ¢, which accounts for the time discretization error, we use the

definition of elliptic reconstruction (2.31) to obtain

tn
¢ = / oy — g6, dt. (2.49)
tn—1
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From (2.31), we have
a(yy,v) = —7y(v), (2.50)

Y

where 7(v) = (L (9y;),v) — (f™ + Un,v). Altogether (2.50) with (2.49) yields

tn B tn _
G = [ womea < [ Inonlig) d,
th—1 tn-1

and hence,

DG <G En Ban.
n=1 n=1

We now bound the term ¢3. Since V;* C ker(L} — I), we have

tn
- / (k7 (Ch — Dy &) de

tn—1

i / CENLE — Dypl e, — ILE)| de

tn—1

— [ b = D B~ L)

tn—1

tn
< / Ik (L8 = D= A ME, — L&) dt

tn—1

tn 1
< bk 2= DU ([ Tl ar)”

tn—1

Thus, we have

ifﬁ < iﬁs,nk}/2</t
n=1 n=1 tn

To estimate ¢}, we first note that

¢t < (mleol) [ 10 pla

lell3 dt)”.
1

te€l, -
and hence,
m m tn
Soa< gy [ s
n=1 n=1Ytn-1
Combining the estimates of (', i =1, ..., 4, together with (2.47), we obtain
- b 1 I
SIET P+ an /O &l dt < S1&0)" +211E™ | > kn(Bra + Bom + Bin)
n=1

2kt ( [ et a)”
n=1

tn—1
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Now, we use a standard inequality due to [48]. For a = (ag,ay,...,a,) € R* b=

(bo, b1, ..., b,) € R™ and ¢ € R, if
la*> < Z+a-b,

then, we have
jal < e]+[bl.

Finally, for 1 <n < m, we take

Ly ([ ledzar)”, &= Zig0l
ap ‘= —= ) Qp = 5 C = —= ,
' \/§ 4 lp—1 o \/§ Y
bo = 22 kn (Bun + B + Bin), b = 23 K/,
n=1
to complete the rest of the proof of the lemma. n

The following lemma provides a bound for §,.

Lemma 2.3.3 (Parabolic error for the co-state variable). Let &, satisfy (2.36). Then
the following estimate holds, 0 < m < N:

2 g 2 1/2 2 2 % g
(o 160l + 201 [ NglBar)” <a(82,+82,)" + [ el
tm tm

tE€[tm,T]
where .
éaS,m = Z kn (51,71 + 52,71 == 64,77,)’
n=m-+1
and v
Etm = Y 03, kn.
n=m-+1

In the above, forn € [0: N|, 61, represents the space error and is defined by

Oln = (01,2%%532“” + ConllBP0T7 s, + (73,21\;12/25J5Hin\2n) + [0y,

)

and the temporal error is defined as

Oom = k(07 + Omy I,

Y

and the data approzimation error estimators are defined by
Oz = Canllhaky (Lh — Dph ™|
1 [
64,n = _/ ||y(7ils _deH dt.
kn tn—1

The constants 01’2’7;:1’273 and (7371 are positive and independent of the discretization

parameters.
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Proof. Choose v = §, in (2.36) and use the coercive property of the bilinear form to

obtain
1d
56l + aull I
<~ + i — ) — 2 - Dei )
- (ygs - deagp) + (gg - y(Uh)vgp)‘ (251)

Integrating (2.51) with respect to time from t,, to 7', we find that

1 2 g 2
16t +ar [ IR

tn—l)

< 16@P+ [ {= oot + S et - 56

m

— (k5 = DA™ &) — (W — Yans &) + (57 — y(Un), &) pdt

N

Z /t | (Mp.t5 Ep)| + |a(Dy, _1)7519)‘

n=m-+1

1025~ D &) + 10— vaen &)+ |G — (03, 6)/} o
N
=Y {19;+19,3+192+19i+193} —- o, (2.52)

n=m-+1

IA

Since &, is a continuous in [t,,, T], there exists t,,» € [t,,, 1] such that

max |6 = [|& )l = (1€

$€ [t T
As Lemma 2.3.2, we deduce that

Lo -
& !\2+a1/ 1517 dt < O (2.53)
t

m*

Consequently, from (2.52) and (2.53), it follows that

T
/ 16, 12dt < 20, (2.54)

*

]. m*
Sle;

tm

Now we estimate each of the summands 19;]1:1 5 appearing on the right hand side of

(2.54). To estimate the term 9}, we write

.....

tn tn
o= [ el = 5[ G )
tn—1

tn—1
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Let W : [0,7] — Hj(Q) such that a(x, ¥(t)) = (&, x), Vx € H} (). A similar argument
as in the case of the state variable and use of interpolation operator II,, defined as in

Proposition 2.3.2 leads to
B — B —oh Py &) = alph — Py —ph oy L)
= a(py —py ' —pp+ oy - 11,0)
+alpy — " — o+ oL ILD).

By the definition of elliptic reconstruction (2.32) and use of integration by parts formula

leads to
B — Bt = pr AP ) = —ka(ORST U — 11, 0) = k(95,0 — I, V)5,
kn (O, 71, W0),
where
Ry = —Ly(9py) — div(Vph ™) — (U — yis),
Jy = Ji[pp]-

An application of Proposition 2.3.2 yields
tn B F e .l
9 ([ 1Wadt) x (Crallb20RE I+ Coall 05N, + Calli 2073 s, 5,
n—1
+ F | Oy |

Using elliptic regularity and summing n = m + 1 to N, we obtain

N N
> o) > kin i

n=m-+1 n=m-+1

To estimate 92, use (2.32) together with the definition of 7} to have

N
> v < Z b | (972 + D) | Z b G,

n=m-+1 n=m-+1 n=m-+1

where
ry ==Ly 0pk) — (Y — vis)-
Now, we estimate 92 and ¥2. Arguing as in Lemma 2.3.2, we arrive at

N N tn 1
Soas S wa( [ lgltar)

n=m+1 n=m+1 in—1
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Note that ‘
0 < (macleo@1) [ o - val e
tel, tn—1

and hence
tn

N N
S < g Y

n=m+1 n=m+1 " tn-1

Finally, for 92, we find that

Iy — sl ).

N N tn
Son < g Y [ lgla).
n=m+1 n=m+1"tn—1
Proceed as in Lemma 2.3.2 to complete the rest of the proof. O

We are now in a position to present the main intermediate results for the state and

co-state variables which will be used to derive the main result.

Theorem 2.3.1 (Intermediate error estimates). Let (Y, Pn,Usn) and (y(Uy),p(Uy)),
respectively, be the solutions of (2.20) — (2.24) and (2.25) — (2.28) with 4 = U,. Then,

for each 1 < m < N, the following a posteriori error estimate holds:

~ 1/2
max[¥i(t) ~ y(U) (| < IR = w0l +2 max Z + (824 62) . (259)

and

1/2 r
e |[Pu(t) = p(U) Ol < 2 max Fp+4(82,+62,) "+ [ Igl1dt, (250
t

[tm,T] ne€[m:N]

with

m

Fyn = Crahpl(A; = Aa)ypll + Co2hl || L[yl ,
Fon = Crali||(A; — Aa)phll + Cool 2oy s, + Fyns

and & pliz12, & nlizsa are defined in Lemma 2.5.2 and Lemma 2.3.3, respectively.

Proof. By the triangle inequality, we have

ley DI < &I + lny O, ¢ € L

< . 2.
< max [l&,(0)] + max n,(1)] (2.57)
For t € I,,, we note that
(tn=1) o, (E=tuo) ,
Iy ()] = ||yt

< N+ Il < 2 mac {1
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Again, for t € [0,t,,], use of Lemma 2.3.1 yields

Bl < 2 <2 Ty 2.58
(0l < 2 max ] <2 max 7, (2:58)

Altogether (2.57), (2.58) and Lemma 2.3.2 yield the first inequality (2.55). The second
inequality (2.56) is proved in a similar way by using Lemma 2.3.3. This completes the
rest of the proof. |

Let (y,p,u) and (Y, Py, Uy) be the solutions of (2.6) — (2.10) and (2.20) — (2.24),
respectively. In order to derive a posteriori error bounds for the state, co-state and

control variables, we decompose the errors as follows:

Vi—y = (Ya—yUn) + U —y) =1 ey — &,
Py—p = (Py—p(Ur)) + (p(Us) — p) =: ¢, — &,
From (2.6), (2.8) and (2.25), (2.27), we derive the following error equations:
(Eyr,v) +a(éy,v) = (u—Up,v) Vv € Hy(Q), (2.59)
—(Eps,v) + alép,v) = (6,v) Vv e Hy(R). (2.60)
We now provide the bounds for €, and é,.

Lemma 2.3.4. Let (y,p,u) and (y(Up), p(Uy)), respectively, be the solutions of (2.6) —
(2.10) and (2.25) — (2.28) with u = Uy. Then, for m € [1 : N|, we have

tm tm
18, (ta)l? + / I&,2dt < Con / it — Un 2oy . (2.61)
and
e T
RO / l6l2dt < Cos / it = U2y . (2.62)
tm tm

where Cy 1 and Ca 5 are the positive constants depend on the Poincaré inequality constant

C and the coercivity constant ;.

Proof. Set v = é, in (2.59) and use the coercive property of the bilinear form to obtain

1d, . . -
S TEl +arlley < 1w Ui &)l

Apply the Cauchy-Schwarz and the Young’s inequality to have

1d, . - 1 1,
Sol@ + anllg IR < Slle— O+ Sl
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Integrating the above with respect to time from 0 to t,,, and use the fact that é,],—o =0

to have

tm

tm tm
IIéy(tm)||2+2a1/ eyl at < / ||U_Uh||2dt+/ I8 1* dt.
0 0 0

An application of the Poincaré inequality yields the first inequality (2.61).
To prove (2.62), choose v = €, in (2.60). Then, using the coercive property of bilinear

form, the Cauchy-Schwarz inequality and the Young’s inequality to obtain

1d, . 5 sl 1. .
—§£||€p”2+a1“€p”% < §||€y\|2+§”€p”2- (2.63)

Integrating (2.63) from ¢,, to T and using the fact that é,|,—r = 0, it follows that

T T T
12 (ta) I + 20 / 6,2 dt < / 16,12 dt + / 16,1 dt.
tm tm t’m

An application of the Poincaré inequality together with (2.61) completes the rest of the
proof. O]

The following lemma presents the a posteriori error estimate for the control variable
in the L?(0,T; L*(2))-norm.

Lemma 2.3.5 (Control error estimate). Let (y, p,u) and (Yy, Py, Uy) be the solutions of
(2.6) —(2.10) and (2.20) — (2.24), respectively. Assume that U, C Uug, (Un+PP )|k €

HY(K) and wy, € U, and there exists a positive constant Cy3 such that

T T
’/ (Uh+P,?‘1,wh—u)dt‘ < 02,3/ > hi|Un + P i aollu — Unllzax) dt.
0 g Kegn

(2.64)

Then, we have

T
lu=UnlZ200 7:12()) < Coa (/ Z Wl Un+ B o sy dt—"HP}?_l_p(Uh)||%2(0,T;L2(Q))>7

0 Kegn

where Cay = 3max{C3 4,1}, and (y(Uy),p(Un)) is the solution of (2.25) — (2.28) with
u = Up.

Proof. From (2.10) with w = U},, we have

(U,’LL— Uh) S - (p>u_ Uh)>
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using the above inequality, we find that

T
lu = Unll720.7:0200)) = / (u — Up,u—Up)dt
0

i {—=(p,u—Uy) = (Up,u—Uy)}dt

IN

T T
= —/ (P£_1+Uh,u—wh)dt—/ (Uh+P,?_1,wh—Uh)dt
0 0

+/0 (Pﬁl—l_p(Uh),u—Uh)dt—i-/o (p(Uh)_p;U—Uh)dt.

With an aid of (2.24), we get

T T
= UnlZaiomzaay < / (U4 PPy — ) di + / (Br = p(Un),u— Up) dt
0 0

T
o 6 ~pu=va
0
=5 El ar E2 + Eg.
In view of the assumption (2.64), it follows that

T
Bl = | [ B o)t
0

T
< 02,3/ > iU+ Py il — Unllzoge) dt
0

Kegn

302273

T
77— 1
<3 (/O Y hlUn+ By ll%ll(K)dt)+Z|Iu—Uh||%2(OyT;L2(Q)),

Kegyr

The term F5 is bounded as
&
Bl = | [ (B p(t) =iy
0

3 e |
< ZHP}L Y= p(Un)1Z2 012200y + ZHU — UnllZ20.1:22¢00))-
It now remains to estimate the term FE3. For this, we first note that

Utilizing (2.6) and (2.25), we write Ej as

T

E; = (w — Up, p(Uyp) — p) dt

{ = (=), p(Un) = po) + aly = y(Un), p(Un) — p) } dt,

/OT
f

(2.65)

(2.66)

(2.67)
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which combine with (2.8) and (2.27) yields

T
By = — / ly - y(U[2dt < o. (2.68)
0

Altogether (2.65) — (2.68) yields the desired estimate. This completes the proof. O

Remark 2.3.1. The assumption (2.64) refers to the auziliary finite element solution
for the control variable, which help us in simplifying the proof of Lemma 2.3.5 for the
control variable. It is easy to verify this condition for many applications (cf., [57]).

By collecting Theorem 2.3.1 and Lemmas 2.3.4 — 2.3.5, the main results of this

chapter are presented in the following theorem.

Theorem 2.3.2 (L°°(L?)—error estimates). Let (y,p,u) and (Yy, Py, U) be the solutions
of (2.6) — (2.10) and (2.20) — (2.24), respectively. Then, for each m € [1 : N|, the
following a posteriori error estimates

_ 1/2
max [V, (1) = 5| < 18 = wnoll+ 2 max. Fy+4(62, + 57,

+ (/Otm | — Uh||2dt>é,

1/2 T
maas [Pu(6) — (O] < 2 max F+ 4(88+ 62) + [ 1] d
tm

[tm T] ne [1 m]

+ ([ h-vilpar)’

and
2 n—1)2 1%
IﬂaXHU() Uh || < 024 Z hK’Uh—i‘Ph |H1(K)dt>
[0,£m] 0 Kean
. 5 \ /2 T
+2 rﬁ?x}/pn+4<é3n+£4 ) +/ 1€y dt
ne Y t'm
hold, where

Fyn = Crah2| (A — Ayl + Conhd* |1 Wil 5.,
Fom = Crahi (AR = Aa)phll + Coah Il [pi s, + Fyn,
and &, 1 = 1,2, and &, © = 3,4, are defined in Lemma 2.5.2 and 2.3.3, respectively.

Proof. From (2.10) and (2.3), we obtain

u(w,t) = I, ub]( p(z, t)), (2.69)
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where Ilj,, ) (u(z,t)) := max(ue, min(uy, —p(z,t)) (cf. [96]). Similarly, we have
Up = Mgy (— P71, (2.70)
Using (2.69) and (2.70), we obtain

[ = Unllp=omi20) < llp— szl_1HL°°(07T;L2(Q))‘

Inviting Theorem 2.3.1 together with Lemmas 2.3.4—2.3.5 leads to the desired estimates.
This completes the proof of the theorem. n

2.4 Numerical assessments

This section presents some numerical experiments to illustrate the performance of

the derived a posteriori error estimators. We use this loop
SOLVE — ESTIMATE —- MARK — REFINE

to achieve a refinement from the initializing triangulation. For simplicity, all constants
involved in the estimators are taken to be 1. All computations are carried out using the
software FreeFem++ [38].

Note that, for the solution of the minimization problem, we use the projection gradi-
ent method. In Algorithm 2.1, we first decrease the time step size to keep the time error
estimator below the tolerance €;;,,. in Step 2 while keeping the space mesh unchanged.
In Step 3, the refinement procedure is carried out until the time and space error esti-
mators satisfy the desired tolerances. In the last step, if the time error estimator is very
less than the prescribe time tolerance €;;,,. then we increase the time step size by multi-
plying a factor oy. For marking and refinement of the elements K € .7, we follow the
strategy of Morin, Nochetto and Siebert, see [75]. For both the test example problems,
we choose tolerances for time and space as €ie = .01 and €gpace = 001, respectively.

We now consider the optimal control problem (2.1) — (2.3). Then u, f and yg4s are

easily evaluated by

u = max {ug,, min{uy, —p}}, (2.71)
Oy
= — —Ay— 2.72
f =2 "2-u (2.72)
Op
= A . 2.
Yds ot +Ap+y (2.73)

Numerical results are based on the a posterior: error indicators developed in Section

2.3. We implement the space-time adaptive Algorithm 2.1 to illustrate the efficiency of
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Algorithm 2.1 (Space-time adaptive algorithm)

Given parameters o1 € (0,1), o2 > 1, 61 € (0,1), 62 € (0,61), and the space tolerance €spqee

and time tolerance €4me. Suppose that (yg_l,pz, uz_l) is evaluated on mesh Zln_l at time

tn—1 and time step size k,_1.
Step 1. Set ;" := ZL”_I, kn = kpn_1, tn:i=tn_1+ kn.
Evaluate the discrete problem (2.15) — (2.19) for (y7, py~ ', u}) on J;".
Compute error estimators fj,, and 6, j = 1,...,4 on F".
Step 2. While 2?22(6j,n + 0jm) > 01 - €time, do
kn = 01kp_1, tn :i=tp_1+ kny.
Evaluate the discrete problem (2.15) — (2.19) for (yi,p} ™', u}) on F;".
Compute error estimators 3;,, dj,, and j =1,...,4 on J".
End while.
Step 3. While 1, + 01,0 > €space, dO
Refine mesh 7" generate a new modify mesh ;" .
Evaluate the discrete problem (2.15) — (2.19) for (y,’;,pz_l, up) on Jl.
Compute error estimators (3j,, djn, and j =1,...,4 on J".
While Z?ZQ(BJ',” + 6jn) > 01 - €time, do
k;z =o1kp_1, tp i =tn_1+ k:;Z
Evaluate the discrete problem (2.15) — (2.19) for (yg,pz_l, uy’) on ,Z;ik;
Compute error estimators 3, d;,, and j =1,...,4 on lek;
End while.
End while.
Step 4. If Z?ZQ(Bj,n +0jn) < 02 €time, do
Set k‘;l = o9kp_1, tp i =tn_1+ k;z

End if.
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the a posteriori error indicator. The adaptive meshes generated via the error estimators
Bims B2y Ban, Ban, 01m,02n,03, and d4, enable us to save convincing computational
work in comparison to the uniform meshes. In each example, we present some mesh
information at the final time 7" = 1.0 for the state, co-state and the control variables
and their errors in the L>(0,T; L*(©))-norm.

In the first example we have considered the problem where the solution is continuous

whereas in the second example the solution is discontinuous.

Example 2.1. This ezample considers the continuous solution of problem (2.1) — (2.3)
with the following data:

y=0.1x (1—exp{—10000(t — 0.5)*}) x exp { — [(z1 —t +0.5)* + (22 — t +0.5)?] /0.04},

p=(t—1)xy, u, = —0.0125 and w, = 0.0025. The control u, the source function f
and the desired state yus are determined by (2.71) — (2.73).

Numerical results on uniform and adaptive meshes at the final time 7" = 1.0 are
listed in Table 2.1. From Figure 2.5, we observe that the time-step size drops in an
interval around ¢t = 0.5 and remains constant away from this interval due to the term
(1 — exp{—10000(¢ — 0.5)%}). We can easily see that the term (1 — exp{—10000(¢t —
0.5)?}) falls exponentially around the time interval ¢ = 0.5. Note that the term (1 —
exp{—10000(¢t—0.5)?}) changes exponentially from 1 to 0 and 0 to 1 in the neighborhood

Table 2.1: Numerical results on uniform and adaptive mesh (Step-(1I)).

uniform mesh | adaptive mesh

Ddin 0.0100 0.00613

Mesh [ — 0.0100 0.75025
Info. f elements 23556 4708
# nodes 11979 2375

y— Y 1.2002e-2 1.1953e-2

L=®(L*)-| p- B, 2.1053e-2 2.0760e-2

Error u— Uy 2.1398e-2 2.1230e-2
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Figure 2.1: Uniform mesh
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Figure 2.4: Adaptive mesh Step (I) (left) and Step (II) (right) at time T =1
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Figure 2.5: Approzimate state solution surfaces on adaptive mesh (Step-(I1)) at T = 0.1,
T =0.5 and T = 1.0, respectively.

of t = 0.5. Further, we observe that the mesh moves at constant speed away from the
neighborhood of ¢ = 0.5 but the shape of the solution remains unchanged. Figures
2.1 — 2.4 show that the mesh adapt very well by our derived error estimators. We plot
the approximate solutions on the adaptive meshes (Step-(I1)) at the time level T'= 0.1,
T = 0.5 and T' = 1.0, respectively.

Example 2.2. In this example, we consider the discontinuous solution to problem (2.1)—
(2.3) with the following data:

T=1, Q=10,1]x[0,1],

(

tsin(2rxy) sin(2wxe) @ +xa <1,

2t sin(27xy) sin(2mxe) + a9 > 1,
\
4

(t —1)sin(2mzy) sin(2mas) o1 + 29 < 1,

2(t — 1) sin(27xy) sin(2wxs)  x + 29 > 1

\

with u, = —0.25 and u, = 0.25.

We approximate the time derivative by the backward Euler method. We choose the
time step-size At ~ 6.6 x 1073, N = T/At(= 150) € Z*, t, = nAt,n = 1,2,...N in
[0,1]. Table 2.2 shows that the number of nodes required for adaptive meshes is much
less in comparison to the uniformly meshes in our numerical experiment. Figure 2.7
depicts the approximate controls on the uniform, adaptive meshes at Step (I) and Step
(IT). From Figure 2.6, it is clear that the mesh adapts very well in the neighborhood

of the discontinuous line x1 + x5 = 1. The higher density of the nodes are distributed
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Table 2.2: Numerical results on uniform and adaptive mesh

uniform mesh

adaptive mesh

Romin 0.0066 0.00041
Mesh Pomaz 0.0066 0.30601
Info. f elements 37796 25615
f nodes 19350 14354
y—Y 2.7410e-2 1.6924e-2
L>(LY-| p—P, 2.8644e-2 1.9767e-2
Error u — Uy, 1.4049e-2 1.1989e-2

Figure 2.6: Uniform mesh and adaptive meshes (Step (I) and Step (II)) generated via

indicators at initial nodes N = 150.

Figure 2.7: Profiles of approximated controls on uniform mesh and adaptive meshes

(Step (1) and Step (II)).
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along the line x1 + x9 = 1. It is clear from Table 2.2 that the adaptive mesh generated

via the error indicators yields promising numerical results.

2.5 Concluding remarks

In this chapter, we studied the fully discrete finite element approximation for linear
POCP (2.1) — (2.3) using elliptic reconstruction technique. We derived L>°(0, T’; L*(Q))
a posteriori upper bounds for errors in the state, co-state and control variables. Our
main technique in deriving the error estimates is an appropriate adaptation of the fully
discrete elliptic reconstruction technique introduced by Lakkis and Makridakis in [48].
The main feature of the proposed technique, in contrast to the direct approach in the
literature, is that we can essentially use any available a posteriori error estimates for
elliptic equation to control the main part of the spatial error. The present work extends

the analysis of [48] from standard parabolic problem to POCP.
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L>*(L>*)—A POSTERIORI ERROR ESTIMATES FOR

POCP

This chapter devotes for the space-time a posteriori error estimates of finite element
method for linear POCP (1.1) — (1.3) in a bounded polyhedral domain. For clarity, we
define the functionals G(-) and H(-) as

e a [T
6w)i= | ly=valPdt and ) =5 [ ul*dr
0 0

with the regularization parameter @ = 1. The variational discretization is used to ap-
proximate the control problem (1.1) — (1.3). The error analysis is carried out by using
the piecewise linear and continuous finite elements for the approximation of the state
and co-state variables, while the control variable is computed using the implicit relation
between the control and co-state variables. The temporal discretization is based on the
backward Euler method. The key feature of this approach is not to discretize the control
variable but to implicitly utilize the optimality conditions for the discretization of the
control variable. We use the elliptic reconstruction technique introduced by Makridakis
and Nochetto [STAM J. Numer. Anal., 41(2003), pp. 1585-1594] in conjunction with
heat kernel estimates for linear parabolic problem to derive a posteriori error estimates
for the state, co-state and control variables in the L>(0,7"; L>(2))-norm. Use of ellip-
tic reconstruction technique greatly simplifies the analysis by allowing us to take the
advantage of existing elliptic maximum norm error estimates and the heat kernel esti-
mate. Numerical experiments are conducted to illustrate the performance of the derived

estimators.

25

TH-2632_156123016



CHAPTER 3. L*>(L*)—A posteriori error estimates for POCP 56

3.1 Introduction

Let © be a convex bounded polyhedral domain in R¢(d = 2, 3) with Lipschitz
boundary I' =: 9€2. Set Qp = Q x (0,7, I'r = 092 x (0,T] with T" < co. We consider
the following POCP:

min T (u,y) - / [y — sl + [l dt (3.1)

u€Uqq

subject to the state equation

(gg; Ay=f+u in Qp,
y(@,0) = yo(z) in Q, (3.2)
(Y= 0 on I'p,
and the control constraints
ug < u(x,t) <wup ae. in Qp, (3.3)

where the initial state yo € L®(Q2), the desired state yqs € L>°(0,7; L>(£2)) and the
source function f € L>(0,7T; L>(R2)). Here y = y(z,¢) and u = u(x,t) denote the state

and the control variables, respectively. The set of admissible controls is defined by
Uyd = {u € L>(0,T;L2(Q)) : ug <u<u ae. in QT}

with u,,u, € R fulfill v, < wu,. Moreover, we shall denote the state space V =
L>=(0,T; L>(Q)) N HY(0,T; H'(Q2)). Observe that V' C C(0,7; L>(Q2)). The bilin-
ear form a(-,-) on Hy () is defined by

a(v,w) = /Vv-dex Yo, w € H (),
0

where Hg () = {v e H(Q): v=0ondQ}. We assume that the bilinear form a(, -)

satisfies the continuity and the coercivity properties, i.e., 3 g, a; > 0 such that

IN

la(v,w)l < aollvllifwlh, Vv, w e Hy(),

and
a(v,v) > alﬂva, Yv € Hg(Q).
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The weak form of POCP (3.1) — (3.3) is defined as follows: Find a pair (y,u) € V X Uyqg
such that

u€Uqq 2

min / (ly = vasll? + lul®) de (3.4)

subject to

(@ U) +ay,v) = (f+uv) YveHN(Q),
(3.5)

y(,0) =w(z) z€Q.

It is well known that the convex optimal control problem (3.4) — (3.5) has a unique
solution (y, u) if and only if there exists a co-state variable p such that the triplet (y, p, u)
satisfies the following optimality conditions for ¢ € [0, T (cf. [53]):

0
(50:0) +av) = (F+uv) WoeHYQ), (3.6)
y(x,0) = yolz) z€9, (3.7)
8p _ 1
at (pav) - (y_yd87v) Vv € HO (Q)7 (38)
p(z, T) = 0 z€q, (3.9)
(u+p,w—u) > 0 VYwe Uy (3.10)
Let IIj,, ., be a pointwise projection on the admissible set Uyq, and is defined as
M ) (X (2, 1)) := min{uy, max{uq, x(z,t)}}.
Following [73], it is easy to express the equivalent form of (3.10) as

Introducing the reduced cost functional
Jj: L0, T;L*(Q) — R
wr ju) = J(uy(u)),

where y(u) is the solution of (3.5), the optimal control problem (3.4) — (3.5) can be

equivalently reformulated as

min j(u).

u€Ugyq

We now collect some lemma for the pointwise a posteriori error estimates of elliptic

problems and heat kernel estimate for the parabolic problem.
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Elliptic a posteriori estimates. For ¢ € L>(Q), let ® € H} () be the solution of

—Ad = ¢ in €,

® =0 on T,
where 2 C R? (d = 2, 3) is a convex polyhedral domain. Let .7, be a regular trian-
gulation of  such that Q = UKeth_(, and if Ky, Ky € 9}, and Ky # Ko, then either
KiNK, =0, or K;NK, share a common edge, or a common vertex. Associated with .7,
is a finite dimensional subspace V}, of C(£2), such that vy|x is the polynomial of degree

less than or equal to 1, for all v;, € Vj,. Now we set V}! = V;, N H}(Q). Let @), € V)2 be

the finite element approximation to ® such that

/V@thhdx:/wvhd:c, Vo, € V2
Q Q

For K, K5 € 7, let E be the edge or face of the element such that £ = K; N Ky. We

now define the jump residual across an element edge E as
[[V(I)h]]E<I) = 11_1}01 (V(I)h(x aF GI’IE) — V(I)h(x — enE)) ‘g,

where ng is a unit normal vector to E at the point x. Let hx be the diameter of the

element K. For 1 < p < oo and j > 0, we define the elementwise error indicator as

: JHI+1
R, (K) = h3? ||y + A®pllrery + Ry "IV e (om0,

and the global estimator as

1/p
Y my] T 1<p<os,
Rp,—j(Pp, ) = § KT (3.12)
max R _;(K) p = 00.

Ke,

We state an elliptic pointwise error estimate from [81].

Lemma 3.1.1. Let Q be a convex bounded polyhedral domain in R? (d = 2, 3), and
h = [I(nqul hi. Then the following a posteriori error estimate
[SH78

||(I) — (I)hHLOO(Q) < 0371 (ln B)zt@oo,()(q)ha 1?);

holds, where the constant Cs; depends on the domain €.
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To bound some of our fully discrete a posteriori error estimates of the form &; —
Oy — (D, — Pyp,,), where ®p,, and Py, are related to different finite element spaces defined

on meshes at adjacent time steps, we recall the following results from [21].
Let V) and V;2 be the finite element spaces associated on different meshes .7, and

Thy- Let @, € Vi) and @, € V2 be the finite element approximations of ®; and ®,,

respectively and satisfy

—AdP; =1; in Q and ;=0 on T,
and

—AdPy =1y in Q and & =0 on TI.

For 1 < p < oo and j > 0, we define the elementwise error indicator for K € 95, A },
by

~j+14d

R (K) = D27 [y — g + APy — Pyl oy + iy NIV (@i = Pl o)

K

where X = (3, U X)) N K (31 and X5 be the collection of all edges of elements 7,
and 9},,, respectively) and the global estimator is defined by

- A 1/p
D D0 o) IS B R
'@Pa—j(q)hl R cI)hQ? ¢1 - ¢2; %1, %2) = Ke‘th/\ghz
Ny e SEEp,—j<K> p = 0.
I{EL%LI/\(%12

Lemma 3.1.2. Let Q C R? (d = 2, 3) be a convex bounded polyhedral domain, and
let F,, and ), be compatible triangulations with h = mi(rll min{hy(z), ho(z)}. Then we
xre

have
||(I)1 - (I)2 - (q)hl — (I)h2>HL°°(Q) S C'3,2 (11’1 B>2=@?oo,0(q)h1 T (I)hzal/)l - d}27 ‘-%le %2)7

where Cs o depends on the number of refinement steps used to pass from Ty, to F,.

As our analysis depends heavily on the properties of the Green’s function for the
heat equation, we invoke the necessary results in the following two lemmas. The proof

of first lemma can be found in [64], and for the second lemma, we refer to ([5, 21]).

Lemma 3.1.3. With F € L*(0,T; L*(Q)), let ¥ € W) be the solution of

U, — AU = F in Qp, (3.13)
U(x,0) = ¥y in £, (3.14)
UV =0 on (3.15)
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Moreover, we have the following a priori estimate

1| 20020y < Cr (IIFllz20c2)) + 1Woll22@)
where C is the regularity constant.

Lemma 3.1.4. Let Q C R? (d = 2, 3) be a convex bounded polyhedral domain. Then
there exists a Green’s function §(x,t;w,s) for the problem (3.13) — (3.15), i.e., there
exists a kernel §, for (x,t) € Q x (0,T], the solution V(z,t) for (3.13) — (3.15) is given
by

t
U(x,t) = /S(x,t;w,O)\Ilo(w) dw+/ /S(z,t;w,s)F(w,s) dw ds. (3.16)
Q 0o Ja
Moreover, s < t, § satisfies the bound

I5(@, ;- 8) [ < 1. (3.17)

Our goal in this work is to study pointwise a posterior: error estimates for the control
problem (3.1) — (3.3). Many applications only require knowledge of exact solution on
some subset of the given domain Q x (0,7]. For example, one may consider a thermal
evolution problem in which one desires to monitor the temperature evolution at a single
point (i.e., z* x (0,7] for a given z* € Q) or to calculate the temperature distribution
accurately only at the final time 7. The pointwise error control is also a natural goal
when computing free boundaries. Some relevant literature on maximum norm error for
controlling pointwise errors for elliptic and parabolic problems are contained in [17, 19,
20, 80, 81] and [7, 21, 26], respectively. We acknowledge the work of Demlow et al. [21],
where the authors have used known a posteriori error estimates for elliptic problems and
the heat kernel estimate to derive L>°(0,7"; L*°(£2))-norm error estimates for the purely
parabolic problem. This chapter extends the work of [21] from purely parabolic problem
to POCP with distributed controls. The variational discretization is used to approximate
the control problem (3.1) — (3.3). Both semidiscrete and fully discrete control problems
are considered and analyzed. The state and co-state variables are approximated by using
the piecewise linear and continuous functions, while the control variable is computed by
using implicit relation between the control and co-state variables. We derive a posteriori
error estimates for the state, co-state and control variables in the L>(0,T"; L*°(2))-norm
for both the semidiscrete and fully discrete variational discretization approximations.
Our error analysis rely on the known elliptic reconstruction error estimates and the heat

kernel estimate for linear parabolic problem.
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The chapter is organized as follows. In Section 3.2, we discuss variational discretiza-
tion approximation for the control problem (3.1) — (3.3) and derive a posteriori error
estimates for the semidiscrete problem. Section 3.3 is devoted to the fully discrete
approximations of the control problem (3.1) — (3.3) and related a posteriori error esti-
mates are established. Numerical results are provided to illustrate the performance of
the derived estimators in Section 3.4. Some concluding remarks are presented in the

last section.

3.2 Analysis for semidiscrete control problem

This section is devoted to the spatially discrete optimization problem and a pos-
teriori upper bounds for the state, co-state and control variables are derived in the
L>(0,T; L*>*(£2))-norm.

The semidiscrete variational discretization approximations of (3.4) — (3.5) is to seek
a pair (yn, up) € C(0,T;V?) x U,q such that

mi —/ {llyn = yas |l + lunll*} dt (3.18)
up€Uqq
subject to
Oy _ v 0
(E’UO + a(yn,vn) = (f + un,vp) vy € Vy,

(3.19)
yn(-,0) = ynolz) €l
where y;,0 € V0 is a suitable approximation or projection of yo.
It follows from [53] that the convex optimal control problem (3.18) — (3.19) has a
unique solution (yp, uy,) if and only if there exists a co-state variable p, € C(0,T;V,?)
such that the triplet (yp, pn, un) satisfies the following optimality conditions for ¢ € [0, T'):

oy,
( gt ) + Cl<yh7 Uh) = (f + up, Uh) Yoy, € Vho, (320)
Yr(,0) = Yno, (3.21)
Opn .
_( 5 ) +a(pn,vn) = (Yn — Yas,vn) Yon €V}, (3.22)
p(T) =0 (3.23)
(un +pnywon —un) 2 0 Yy € Usa. (3.24)

Similar to the continuous case, we can express (3.24) equivalently to

up(z,t) = My, ( — pr(z,t)). (3.25)

Equation (3.25) reveals that the control variable wy, is the projection of a finite element

function (approximate co-state variable) onto the admissible space Ugg.
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Definition 3.2.1 (Discrete elliptic operator). The discrete elliptic operator associated

with the bilinear form a(-,-) and the finite element space V¥ is the operator —A;, :
H3(Q2) — V2 + Ly, f such that for w € H} () and t € (0,T],

(—Apw,vp) = alw,vy), Yo, € V2,

where Ly, be the L?-projection onto the finite element space V.
Therefore, we have the following pointwise form of (3.20) and (3.22)

ayh

ot

pn
ot’

—Anyn = Lpf +up —
—Awpn = Yn — LrYas +

respectively.
To begin with, we first establish some intermediate error estimates for the state and

co-state variables in the L>°(0,7"; L*(€2))-norm which will enable us to prove the main
results of this section. This is accomplished by introducing elliptic reconstructions for
the state and co-state variables. For this, we now introduce some auxiliary problems.

For @ € U,g, let the pair (y(a),p(a)) € V XV be the solutions of the following equations:

Suld
<$w) a(y(a),v) = (f+a,v) Yoe Hy(Q), (3.26)
y(@)(,0) = w(zr) 2€Q, (3.27)
_(8%(:>, o) +alp(i).v) = (@)~ yav) Vo€ HY(Q), (3.28)
p(a)(-,T) = 0 zeq. (3.29)

Define the errors for the state and co-state variables as follows:
éy = yn —y(up) and &, := pp — p(up). (3.30)

From (3.20), (3.22), (3.26) and (3.28) with @ = u;, we obtain the following error equa-
tions for v € H(Q):

oé
<%’U> taléy,v) = —(%,v) + (Vyn, Vv), (3.31)
oé
_ <%7 U) + CL(ép, U) = —(gp, U) + (Vphy V'U) —+ (éy7 'U), (332)
ayh aph

where ¢, = f+uw,— =~ and ¥, =y — yas +

ot
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For ¢t € (0,T], we now define the elliptic reconstructions for the state and co-state

variables as follows: For given y, pn, seek ¢, p € Hi(Q) such that
aG0) = &v)  Voe HAQ), (3.33)
a(p,v) = (%,,v) + (4 — yn,v) Vv € Hy (). (3.34)

With the help of elliptic reconstructions ¢ and p as an intermediate object, we split the

eIrors:

&y = (F—y(wn) = (G —yn) = & iy,

& = (B—p(un)) — (p—pn) =& =1

Using (3.31) — (3.34), for all v € Hj(f2), we obtain
O¢ . /00
(a—ty,v> +a(é, ) = (a_ty’”)’ (3.35)
. o .
~( ;tp v) +alv) = — (S2,0) + (o). (3.36)

As a consequence of elliptic error estimate in Lemma 3.1.1, we obtain the following

bounds for the elliptic reconstruction errors.

Lemma 3.2.1 (Elliptic reconstruction errors). Let (g,p) € Hg(Q) x Hy(Q) satisfy
(3.33) — (3.34) and let Lemma 3.1.1 be valid. Then, for each t € [0,T], the following

estimates hold:

1y (O)ll=(@) < Csz(Inh)*Zoco(yn(t), %y (1)),

and
1)l @) < Coa (I h)*Roso(pn(t), %p(t)) + 171y (1) oo ),
where the constants Cs3 and Cs 4 depend on the constant Cs ;.

We next turn our attention to derive the bounds for éy and fp.

Lemma 3.2.2 (Parabolic errors for the state and co-state variables). Let &, and &,
satisfy (3.35) and (3.36), respectively. Then, for any t € [0,T), the following estimates

hold:
Dy, 09,

1€, @) < 1€ (0)I L) + Cas (Inh)? || Zoc (- % Bt — o

and
. Opn, 0%,
1€p(0) | ) < O (I h)?||Zoc o ath )| + 1€ ()l =@,

where Koo 15 the L -type residual estimator deﬁned in (3.12). The constants Cs5 and

Cs are positive and depend on the domain €.
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Proof. We know that &, satisfies (3.35). For any (z,t) € Q x (0, T], use of (3.16) leads

to

/SxtwO@dew—l—//Sxtws —(w, s)dw ds.

An application of the Holder’s inequality yields

A

. > Oy
1€y D0y < I18(w, 5w, 0)|nr @) 1€y (O) o= @) + 18 (@, £ w, ) [[12(y | 5 20,5200

With an aid of (3.17), we have

. . an
&l < 16Ol + 152 I 0z

which combine with Lemma 3.1.1 to obtain

oy, 09,

16y lz~) < 11€(0 th«2-FC%5Unh)H3ano(at 5 Mo,

where the constant C5 5 depends on (2, and this proves the first inequality. The proof of
the second inequality can be treated in a similar manner using the fact that ép(T) = 0.

This completes the proof of the lemma. ]

Let (y,p,u) and (yp,pn,un) be the solutions of (3.6) — (3.10) and (3.20) — (3.24),
respectively. In order to derive a posteriori error bounds for the state and the co-state

variables, we decompose the errors as follows:

y—yn=(y—ylun) + (y(un) — yn) == 7y — &y,
and
p—pn=(p—p(un)) + (p(un) — pr) == 7p — &,

where 7, = y — y(up), 7p = p — p(up) and é,, é, are defined in (3.30). With the help of
(3.6), (3.8), (3.26) and (3.28), we derive the following error equations for each ¢ € (0, T7:

(%,v) +a(fy,v) = (u—upv) Yve Hi(Q), (3.37)
and
(%? ) valf,v) = (70) Yo e HYSQ). (3.38)

In the following lemma, we derive the bounds for 7, and 7,.
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Lemma 3.2.3. Let (y,p,u) be the solution of (3.6) — (3.10), and let (y(un),p(up)) be
the solution of (3.26) — (3.29) with & = uy,. Then the following estimates hold:

|17yl Le0mszeo@) < Carllu— unl| Lo o,m;02(02))

and

|7pll oo o, )) < Csgllu — un|| Lo 0.1:22()),
where the constants Cs7 and Csg depend on the regularity constant Chg.

Proof. Note that, for any ¢ € [0, T

17y )llzo@) < 17y (O)llcm)-

Using the embedding result H?(Q2) < C(Q) and Lemma 3.1.3 we obtain

||72y||L°°(O,T;L°°(Q)) < ||fy||Lw(o,T;H2(Q)) < 03,7 ||u_uh||L°°(O,T;L2(Q))7

where we have used the fact 7,(0) = 0, and this proves the first inequality.
Similarly, the second inequality can easily be proved for 7, by using the fact 7,(7) =

0. This completes the rest of the proof. n

The following lemma presents the a posteriori error estimate for the control variable
in the L>(0, T; L*(Q2))-norm.

Lemma 3.2.4. Let (y,p,u) and (Yn, pr, up) be the solutions of (3.6) —(3.10) and (3.20)—
(3.24), respectively. Assume that (up, + pi)|lx € H'(K) and there exists a positive

constant Cs g, and wy, € Uyq Such that

‘(uh +ph,wh—u)| < 0379 Z hK’Uh —i—ph]Hl(K)Hu—uhHLz(K). (339)
Ke9y,

Then, we have

IN

1/2
03710 [( max Z h%|uh +ph|§{1(K)>

te[0,T
[0.7] Ke,

lu = un|| Lo 0m522(0))
+ llpn — p(Uh)llLoo(o,T;Bm»] )

where C3 19 = \/g max {1,Cs9}, and (y(4), p(@)) is solution of the system (3.26)—(3.29)

with 4 = uy,.
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Proof. Note that

lu— uh”%%m = (u—up,u—up)

= (u,u—up) — (up, u — up).
An application of (3.10) and a simple calculation with an aid of (3.24) yields

lu = unllfz) < —(pyu—un) = (un,u— up)
= —(un + pn,u — wy) — (Up + pr, Wy — up)
+(pn — p(un), u — up) + (p(un) — p,u — up)
(pn = p(un), v — up) + (p(un) — p,u — up)
+(up, + pr, wp — )
= FE1+ E,+ Es. (3.40)

IA

To bound E;, we use the Cauchy-Schwarz inequality and the Young’s inequality to have

By < lpn = plun)lz2@ llu — unll 22
3 1
< A_LHPh — p(uh)”%%m + ZHU - Uh||%2(9)- (3.41)

Setting v = p(up) — p in (3.37), and integrate the resulting equation from 0 to 7. Then,
an integration by parts formula with 7,(0) = 7,(T") = 0 leads to

T R o T N T
/ (ry, %) dt — / a(ty, ) dt = / (v — up, p(un) — p) dt. (3.42)
0 0 0

Again, choose v = y(up) — y in (3.38) and integrate with respect to time from 0 to T to

obtain

/OT <%7 fy> dt — /OT a(rp, 7)) dt = /OT(y —y(up),y(up) —y) dt. (3.43)

Use of (3.42) and (3.43) leads to

Ey = (u—up,p(up) —p)
= (y—y(un),y(un) —y)
= —Hy—?/(uh)||2L2(Q) < 0. (3.44)

Finally to bound of Ej3, we use (3.39) and the Young’s inequality to have

Ez < (s Z hrc|un + Pl eyl — wnll 22

Key,
3 1
< 208 S iunt pulinge + gllu— wilay (3.45)
Keg,
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Altogether (3.40), (3.41), (3.44) and (3.45) yields
3
= unllZ2g0) < 5 max{1, C:?,g}[ > Biclun + Pl ey + low = plun) [72(0)
Ke7,

Taking both side maximum over the time domain [0, T'], we achieve the desired estimates.

This completes the proof. O

By collecting Lemmas 3.2.1 — 3.2.4, we finally derive the main results for the state
and co-state variables in the L>°(0,T’; L*>°(€2))-norm.

Theorem 3.2.1 (L*°(L>)—error estimates for the state and co-state variables). Let
(y,p,u) and (yn, pr, up) be the solutions of (3.6) —(3.10) and (3.20) — (3.24), respectively.
Let f € L°(0,T;L>°(Q)) N WHH0,T; L>°(R2)). Then the following a posteriori error
estimates hold for each t € (0,T):

1/2 b
lu = unllieorizry < Chnn |( max A hK\uwph\Hl(K) +1€,(0)l=(0)

te[OT]
. - oyn, 09,
+ 1178 o=y + (0 ) { | 2o (G, S 0
Opy, 0%,
+ Rooo (P(1): %y () + |10 (G, S a0}

where Cs 11 depends on the domain 2 and the constant Cs 1o as defined in Lemma 3.2.4,

ly — ynll=ori=@) < 1Yo — Ynollze@) + Caiz2 (Inh)? [@oo o(yr(0),%,(0))

+ B n (1), 4y(0) + | B 2, 20 |01

+ Cs7||lu— uh||L°°(O,T;L2(Q))7
I = pullz=ioiz=@) < llgo = ynollz=(e) + Cas (0 R)2| Zucio(pa(), % (1))

Ipn 09, SO w01 + oo (41(0). %,(0))

ot’
8yh 8%
A AORAC ( )+ 1% S S0 o

+ [ Zoon(—

+ Css [lu — Uh||L°°(O,T;L2(Q))7

where the constants Cs 12 and Cs 13 depend on the domain €2, and the constants Cs 7,
Csg are defined in Lemma 3.2.3.

Proof. The first inequality follows from Lemmas 3.2.1, 3.2.2 and 3.2.4. To prove the
second inequality, we decompose the error in the state variable as

~

Yy—Yn = (y - y(uh)) + (y(uh) - Z]) + (7 —yn) = Ty — (gy - ﬁy)
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For any ¢ € (0,7, we have

1y = yn) D@y < 17y ()o@ + 1€ ) |y + 17y (8| 2.

An application of Lemma 3.2.1 yields

17y ()| o) < Cs,3 (I h)>Roo o (yn(t), (1))

By using Lemma 3.2.2, it now follows that

1Ol < llyo = ynolle@) + Cas(Inh)*Zeo(yn(0), %,(0))

Oy, 09,
+Cas(In )[R (S5t S 00

Altogether these estimates and Lemma 3.2.3 leads to the desired result, where Cs 19 =
HlaX{Cg,g, 03’5}.

Similarly for the co-state variable, we use the triangle inequality to write

1P = )|y < 7@ |z + 1Oz + (1) || (o)

Again, by using Lemmas 3.2.1 — 3.2.3 and a similar argument as above, we conclude
that

(P = pr) Dl < Yo = Ynoll=@) + (Ink)? [03,3 Koo0(yn(0),%,(0))

—|—C373 %oo,o(yh( ) Gl ( )) + 03,4 f%m,o(ph(t) ¢, (t))

Oyn 09, Opn 09,
+Cly | Zoe( s S 0.0 + ool Zoeo (G S0 100

+Cs8 ||u — Uh||Loo(o,T;L2(Q))~
Setting Cs 13 = max{Cs 3, C34,Cs5,C56}, we complete the rest of the proof. O

Theorem 3.2.2 (L°°(L>)—error estimate for the control variable). Let (y,p,u) and
(Yn, P, un) be the solutions of (3.6) — (3.10) and (3.20) — (3.24), respectively. Assume
that all the conditions in Theorem 3.2.1 are valid. Then, for each t € (0,T], there exists

a positive constant Cs 14 such that the following error estimate

lw = unl|zoe ooy < Csia {||y0 — Ynollz=() + (Inh)? [%oo,0<yh,07 Gy(0))

+Zo0.0(Yn(t), Gy (1)) + Zoo 0 (Pr(t), G (1))

oy, 09, opn, 09,
%o S S0 + [ Bon(FE )30

1/2
s 2 hK‘th'm) J

holds, where the constant Cs14 depends on the domain Q, the regularity constant Cg
and the constant Cs 11 as defined in Theorem 3.2.1.
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Proof. From (3.11) and (3.25) we obtain

lw = wnllz=o @) = M) (=P) = W) (=Pw) |20 732 (00)
< Alpn = pllzeomz= @),

where we have used the Lipschitz continuity of Ilj,, ,,) with Lipschitz constant 1. An

application of Lemma 3.2.1 and Theorem 3.2.1 completes the rest of the proof. O

3.3 Analysis for fully discrete control problem

This section concerns the fully-discrete variational discretization approximations of
POCP (3.18) — (3.19). Let 0 =ty < t; < ... <ty = T, be a partition of [0,7] with
I, = (th-1,t,) and k, :=t,, — t,—1. Let " := {K} (0 < n < N) be the triangulation
of Q at the time level t,. We assume that " satisfies the conditions D1 and D2 of
Section 2.2 of Chapter 2. Now we introduce the following notation for the fully discrete
error analysis. For 0 < n < N, let &, := {E} be the set of all edges of the triangles
K € .7," which do not lie on 0%, and ¥,, := Ugeg, E. Furthermore, we will also use the
sets f]n =Y, N%, ;and %, := %, U, ;. For each n = 0,...,N, we consider the

finite element spaces V" corresponding to the triangulation .7, as follows:
V' = {x€C): x|k € Pi(K), VK c.F"},

where P;(K) is the space of polynomials of degree less than or equal to 1 on K. Set
Var = V"NH{(Q). For the purpose of fully discrete approximation, we need the following

notation

¢ = B tn), "= ki(gb"—w—l) and L1D¢") = ki((pn_ ngnly.

where L} is the L*-projection from L?*(Q) to V™.

Representation of the bilinear form: For a function v, € V' (0 < n < N), the

bilinear form a(v,,w) can be represented as

a(vy, w) = Z < —div(Vu,),w >k + Z < Ji[vp),w >p,  Yw € Hy(Q),

Kegn Ecén

where Ji[vy] denotes the spatial jump of the field Vv, across an element side E € &,

and is defined as

Ji[vp|p(x) == ll_r% (Vvh(:ic + eng) — Vo (o — enE)) ‘ng,
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where ng is a unit normal vector to F at the point x.
Let £y and L}, be the L*-projections onto V™ and Vi* such that

(Lhsthn) = (&, ¢n) Vibn € V", and (Lj o0, Un) = (9,9n) V¥ on € V7"

Discrete elliptic operator: The discrete elliptic operator associated with the bilinear
form a(-,-) and the finite element space V' is the operator A7 : H3(Q) — V' + L1 f"
such that for v € H}(Q) and 0 < n < N,

(—Apv,wp) = a(v,wy), Vw, € V3"
The fully discrete variational discretization approximations of the problem (3.18) —
(3.19) is defined as follows: Find (yy, u}) € Vi* X Ugq, for n € [1 : NJ, such that

N

. 1 n n n

win 37 / [l — oy + 102 20 } (3.46)
n=1 n

up€Ugq 2

subject to

(Oyp,vn) + a(yl,vn) = (f" +uft,vp) Vo, € V',
(3.47)

0 __
Y, = Yn0,

where y, ¢ is the suitable approximation or projection of yo in Vy.
The optimal control problem (3.46) — (3.47) admits a unique solution (y, u}) if and

only if there exists a co-state pZ_l € Vi such that the following optimality conditions
are satisfied: For each n € [1: N],

Oy, vn) +aly)l,vn) = (f*+ul,vn) Vo, € Vg, (3.48)

Y = Uno (3.49)

~(ppvon) +alpy " on) = (W = Yo ve)  Yon € Vg (3.50)

Py = 0, (3.51)

(upp +pp L wp —u) > 0 V) € U (3.52)

Given a sequence of discrete values {y/'}, n = 0,1,..., N, we associate a continuous

function of time defined by the continuous piecewise linear interpolant Y} (t), t € I,, as

(tn B t) n— (t B tn_l) n
Yall) = S
Similarly, we define P, (t), t € I,,, from the set of values {p}}, n =0,1,..., N as
tn—1) noy, (E—ta1) ,
Py(t) == i Py, L k—npha
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and

Un(t)|ier, = up.
Finally, we define Y, = %Lt’ﬂ 1, and By, = 8{%| 1,- Further, we note that the values of
Y, (t) and Py (t) at the nodal point t = ¢,, n =1, 2,..., N are coincided with y;' and p},

respectively.
The weak-form of fully discrete schemes (3.48) and (3.50) can be easily transformed

into the pointwise form as

n n n—1
Yp — Eh,Oyh

S g = L,
B 1 ihp A = g L
This implies
Vi — Ak = Lo b U s (3.59)
— Py — Apph ™ =y — Ly — EZ’OPZ: _p;;—17 n>1 (3.54)

Then the optimality conditions (3.48) — (3.52) can be stated as follows:

O, vp) + a(Y%,vn) = (f*+Up,vn) Vo, € Vg, (3.55)

Yy = wuno, (3.56)

— (0P, vp) +a(Pr7 o) = (V' —yh,on) Vo € VY, (3.57)
PN = 0, (3.58)

(Up+ PP wy—U) > 0 Ywp € Uyg. (3.59)

Analogous to the continuous case, we reformulate the discrete optimal control problem
(3.46) — (3.47) as
Ufngnadjg([]") 1= J(Un, Ya(Un))-
As in the case of semidiscrete error analysis, we first derive some intermediate error
estimates for the state and co-state variables in the L*>(0,7; L>(€2))-norm. Here, the
fully discrete analogue of elliptic reconstructions for the state and co-state variables are

treated as intermediate objects in the error analysis.
For the purpose of error analysis, we shall define the errors for the state and co-state

variables as follows:

ey =Y, —y(Uy) and e,:= P, —pUp,).
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From (3.26), (3.28), (3.55) and (3.57) with @ = Uj,, we have the following error
equations for v € H}(Q):

)
(g’ ”) +taley,v) = —wj(v) +a¥y =y, 0) + (" = fv), (3.60)
)
%%’”) +a(ep,v) = wy(v)+a(Py—py )+ (h — y(Un),v)
+(Yas — Yas: V), (3.61)

where

n—1 n n—1
Yo = ~noYn
kn Y Y
n—1

—1 n
— LpoPp v)
k,, i

We now define the elliptic reconstructions at t = ¢,, n € [1 : N]| as follows: For given

wp(v) o= (f7 = pfm o) +

wp(v) =y — Lhyie ) + (

yr, ppt, seek g, ppt € HY(Q) satisfying

a(gp,v) = (947,v) Yve Hy(Q), (3.62)
and
a(ﬁz_l,v) = (%p”, v) 4+ (Jr — yp,v) Vv € Hy(S2), (3.63)
where
A SO LRf =0
g =
J"tuy =Y n>1,
and
g =
Using a sequence of discrete values {gy'} forn = 0,1,..., N, we set a continuous function

of time defined by piecewise linear interpolant g(t) as

tn_t,vf t_tn— ~
i(t) ::gyn 1+My,’; th 1 <t<t, n=1,...

N.
kn " Ky, ’
Similarly, we define p(t) from the set of values {p}'}, n=1,..., N as
tn - t . t - tn— ~
ﬁ(t):z( 2 >pzl+%pz tho1 St <1y, nzl,...,N.
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We note that functions § and p satisfy, for each t € [0, T], the following equations:

a(y — Yn,v) = wy(v) Yv € H&(Q),
a(p— Ppv) = —wp(v)+ (4 —Yi,v) Yo Hy(Q).

From (3.53) and (3.54), we obtain

n

n n n n n,n n n fn Eh,O
g = [PHu, =Yy =-Ayyy + - L -

yt—yn!
k,, ’
n n—1
‘Ch,Oph — DPn
ky, ’

G = Yn—Yis+ Doy =—Apn T+ Lhyi — ya, +
Using elliptic reconstruction, we decompose the errors as
ey =G —yUn) -G —Ya) = &—ny, and €, = (P—p(Up)) = (0= Fn) = & —1p-
Note that

g=gr = — (=)@ —v,) and p—p" = 1@ -0, ),

where [(t) = ==L Using (3.62) — (3.63) in (3.60) — (3.61), for all v € HZ} (), we obtain
kn 0

(Z0) +alg) = (Z0) +(f" = fo0) + (1= 1E)G" =% 0)(3.69)

ot ot ’
0 o i
- (%’”) +alv) = = (%7“) + (Yas — Yo 0) + (T — y(Un), v)
+U(t)(G) — 4 ). (3.65)

The fully discrete analogue of Lemma 3.2.1 is stated in the following lemma.

Lemma 3.3.1 (Elliptic reconstruction errors). Let (g, py ") € HE(Q) x H} (Q) satisfy
(3.62) — (3.63). Then, 0 <n < N, we have

lon — ynllLe@) < Cs15(In i) R0 (Y 9.
Moreover, for n € [1: N|, we have
||]5Z_1 — pZ_IHLoo(Q) < Csq6(In ]Aln)2*%oo,0(p2_la g + NGn — v llz=(0),

where the constants Cs15 and Cs 16 depend on the domain €.

In the following lemma, we derive the bounds for &, and &,.
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Lemma 3.3.2 (Parabolic error estimates for the state and co-state variables). Let
& and &, satisfy (3.64) and (3.65), respectively. Then, for any 1 < m < N with

h, = min min hi, the following estimates hold:
1<n<m Keg»

. n kn n— n
1€y (Er)[| oo () < ||§y(0)||Loo<n>+Z/ If —fIILoo<n>ds+7||% "= G o)

+ G317 (10 Zk%o _yh G =G T T,

(3.66)
n kn n n+1
1€p(tm) l) < & (Em)llze(o) + Z “yds_ydsHLoo(Q)ds—}_?“gp — G | L)
n=m-+1
+ C5 15 ( hlh Z k '@000 ph gn gan;an_lwghn)-
n=m-+1
(3.67)

In the above, the constants Cs 17 and Cs 13 are positive and depend on the constant Cs .

Proof. Note that &, satisfies (3.64). For any ¢, € [0,7] and a fixed z,, € €, an applica-
tion of (3.16) leads to

& (emt)] < / 18 (@t 0, 0) &, 0)] v

tm
/ /lg Loy by W, 3) It ("LU s)|dwds
+Z//|3xﬁh maws)( )‘dU)dS
n=1

#3208t ) (=57 = ) s,

using the Hélder’s inequality and (3.17) with |§, (2, tm)| = [|€y(tm) ||l L) (since @, is

fixed), we obtain

e talimmy < 16O imiey + 122 s orpimo +Z / 17 = fllzeay d

kn n— n
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Use of Lemma 3.1.2 leads to
- n kn n— n
1€ (Em) |l < ||§y(0)!|L°°(Q)+Z/ | f —fHLoom)dSJr?H% b= G| Lo
+Cs.17 (In Fuy Zk; 92000(% gr — gt g T,
n=1 n

and this completes the proof of (3.66).
To prove (3.67), we first note that &, satisfies (3.65). For any t,, € [0,7] and fixed

Ty € (2, a similar argument as before leads to

& (@mtn)| < / 1§ (st w1, T) &, (w0, T)|duw

T
+/ /|3($m,tm§w78)%(w,8)|dwd(§

/ / ’g xmv my W S) (yds yds)dw| ds
In

n=m-+1
n=m+1 In JQ
N
+ D, //ls(xm,tm;w,S)l(s)(%p"—éfp”“)\dwds.
n=m-+1 I, JQ

An application of the Hélder’s inequality and (3.17) with |&§,(Zm, tm)| = [|&p(tm)] o)
yields

N
1€p(Em)ll o) < (1€p(T) |z () + H HL (e, Thz@) F D i 1Yas = sl oo @) ds
n=m-+1%-"'n
3 U s+ B e
n=m++1
Utilization of Lemma 3.1.2 and &,(7") = 0 imply
m n—1 n
7 2 p —-p n n n— n
&t oy < Cos () S by (e =P g — gt 7t )
n=1 n
DS | Mo = s+ S = 7 m + ) e,
n=m-+1
which completes the rest of the proof. m
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Let (y,p,u) and (Y}, Py, Uy) be the solutions of (3.6) — (3.10) and (3.55) — (3.59),
respectively. In order to derive a posteriori error bounds for the state and co-state

variables, we decompose the errors as follows:
y=Yn = (y—yUh) + (y(Un) = Ya) =11y — ey,

p—Pn = (p—p(Un)) + (p(Un) — P) =115 — €.

From (3.6), (3.8), (3.26) and (3.28) with u = Uy, we derive the following error equations:

(%,v) +a(ry,v) = (u—Uv) Vove Hy(Q), (3.68)
_<%,v) Fa(rpv) = (r,v)  Wo€ HYQ). (3.69)

The following lemma provides the bounds for r, and r,,.

Lemma 3.3.3. Let (y, p, u) be the solution of the problem (3.6)—(3.10), and let (y(@), p(u))
be the solution of the problem (3.26) — (3.29) with & = Uy,. Then, for any 1 < m < N,

we have

7y (tm)llLo@) < C3a9[lu — Upllzeo,r:22(0)), (3.70)

and

[ro(tm)llzo@) < Csz0 lu = Unllzeo,7;020) (3.71)
where the constants Cs 19 and Cs o depend on the regularity constant Cr.

Proof. Following the lines of argument of Lemma 3.2.3, the proof of inequalities (3.70)
and (3.71) can easily be obtained. The details are thus omitted. ]

In the following lemma, we derive the a posteriori error estimate for the control
variable in the L?(0,T; L*(©))-norm.
Lemma 3.3.4. Let (y, p,u) and (Ys, Py, Up) be the solutions of (3.6)—(3.10) and (3.55)—
(3.59), respectively. Assume that (U, + P )|k € H'(K) and wy, € U,q, and there exists
a positive constant Cs 91 such that

’(Uh + P;:_l, Whp — U)| S 03721 Z hK‘Uh =+ Pg_l\Hl(K)Hu — UhHLQ(K)'
Kegn

Then, we have

_ 1/2
||U— Uh”Loo(Oj”;L?(Q)) S 03722 [( Iél?’)]f” Z h%dUh—l—P]? 1|§{1(K)>

n [ n
KeF;

+ [Pt — p(Uh)HLOO(O,T;LOO(Q))},
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where Cy99 = 1/ 2 max {1,091}, and (y(@), p()) is defined by the system (3.26)—(3.29)
) 2 s

with 4 = Uh.

Proof. From (3.10) with w = U, we have

(u,u—Up) < —(p,u—"Uy).

Using the above inequality, it follows that

Ju — Uh||2L2(Q)

Inviting (3.59) we obtain

lJu — Uh||2L2(Q)

IN

<

(u— Up,u —Up)

—(p,u=Up) = (Un,u — Up)

— (B + Uyu— wp) — (Up + Pyt wy — Up)
+(PPt = p(Un),u — Uy) + (p(Up) — p,u— Uy).

(Un+ By wn —w) + (B! — p(Un),u— Uy)
+(@(Un) —p,u—Un)
E, + By + F;.

Following the idea of Lemma 3.2.4, it is easy to bound the term E, i=1, 2,3. So, we

omit the details. This completes the proof. O

By collecting Lemmas 3.3.1 — 3.3.4, we finally derive the main results of this section.

Theorem 3.3.1 ( L°(L*)—error estimates for the state and co-state variables). Let
(y,p,u) and (Yn, Py, Up) be the solutions of (3.6)—(3.10) and (3.55)—(3.59), respectively.
Then there exists positive constants Cs a4, Cs05 (depend on ), for each t € (0,T], and

anylgmgNwithfzm

min min hg, the following estimates

1<n<m KeJ"

1/2
lu = Ullz~izzey < Coas | max > WklUn+ P o))

nelL.N] Kegn
“h

18l + Impll o oiriaoecan (3.72)

where the constant Cs 93 depends on the domain 1 and the constant Cs 99 as defined in
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Lemma 3.3.4,

Hy - Yh”LOO(O,T;LOO(Q)) < Hyo - Z/h,oHLoo(Q) + 03,24 (hl iLm)Q
%[ oo (900 99) + R 4")

n—1

- % yn_y n n— n— n
+ 3 koo (B g — g 70 70|
=1 n

7 n k" n— n
+Z . Hf _fHLOO(Q) dS—F?Hgy 1—gy HLoo(Q)
+Cs,19 || — Upllzso0.7:L2(0)) (3.73)
and

Hp - PhHLoo(o,T;Loo(Q)) < ”yo a yh,oHLoo(Q) + 03,25 (hl iLm)2 [%oo,ﬂ(ygla gym>
+<%oo,0 (yh,07 gO) + t@oo,() (lea gpm)

Y

e n__ ,n—1
N Z knt@oo,[)(yh U ’gyn _ gynfl; %nil, thn)

kn
n=1
E Y ko (BT gn g T a0
n= m+1
n k’ﬂ n n+1
+ Z Hde - yds||L°°(Q)dS + ?ng - gp HLOO(Q)
n=m-+1

n kn n— n
‘|‘Z ’ Hf _f"LOO(Q)dS+7"gy 1—gy ”LOO(Q)
n=1 0
+Cs.90 | = Unl| Lo (0,7;22(02)) (3.74)

hold, where the constants Cs 19 and Cs o are defined in Lemma 3.3.5.

Proof. The first inequality (3.72) follows from Lemma 3.3.4. Next, to prove error esti-

mate for the state variable, we write

y=Yn = (y—yUn) + WUn) = 9) + (5 = Ya) =1y — (& —my)-
For a fix z,,, € Q and t,, € (0,7, we have

1y = Ya) (tm )l < M7y (Em)ll @) + 16y (Em)ll oo ) + 1y (Em) [ L= (@)
Using Lemma 3.3.1, the last term of the right hand side is bounded as

H77y(tm)||L°°(Q) < Cz15(In ilm)%%)oo,l)(y}?vgym)'
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By Lemma 3.3.2, we have

16y ()|l Lo < HyO_?JhOHLOO(Q)‘i‘CSH(lniL )’ Poo0(Yn0, %))

+Ch17 (1 oy, Zk: Hr o % gr — gl I g
n=1 n

+Z/l 17" = Fllem ds + 195" = G o).
n=1 n
An application of Lemma 3.3.3 yields

|7y ()l Le@) < Csag ||u = Upl| Lo 0,7:02(0))-

Combining the above estimates and setting C594 = max{Cj515,C5 17}, we accomplish
(3.73).
Next, we estimate the error for the co-state variable. By the triangle inequality, for

any tm, € (0,7], we have

(2 — Pu)(tm)lee@) < rp(tm)llzee@) + 1€p(Em) o) + |75 (Em) | 2o () -

We apply Lemmas 3.3.1 — 3.3.3 to arrive at

(0 = Pr)(tm)lee < (In ilm)Q [03,15 %oo,()(y;??gym) + C3,16 Zoo o (i »9,")

N n—1__ n
+C3,18 Z kn@m’o(]%jgpn _ganrl; ’?hrhl’ thn)]

n=m+1

n kn n n
+ Z ||yds = Yasll=@yds + %'~ 95 Bl P
n=m+1

+H€yHL°° ©o.1:2(0)) T C3.20 [|[u — U || L 0,1;22(02)) -

Substituting the bound of gy and setting 03,25 = maX{03,15, 03,167 03’17, 03,18}7 we COIl-
plete the rest of the proof. m

Theorem 3.3.2 (L*°(L*)—error estimate for the control variable). Let (y,p,u) and
(Ys, Pn, Up) be the solutions of (3.6) — (3.10) and (3.55) — (3.59), respectively. Assume
that all the conditions in Theorem 3.3.1 are valid. For each t € (0,T], there exists a

TH-2632_156123016



CHAPTER 3. L*(L*)—A posteriori error estimates for POCP 80

positive constant Cs o6 such that the following error estimate

|lu = UpllLeorize@) < Cso6 [H?/o — Ynollze@) + (In ilm)Q{%oo,O(yh,Oagyo)
+%oo,0 (y}Ta gym) + %oo,() (p;lna gpm)

m n __ ,n—1
+ Z knf%?oo,o(yh kyh 7gyn o gyn—l; <7hn—17 <7hn)
n=1 n

LY k(BT g G g ) b

n= m+1

n kn n— n
+Z W= Tl 17 = o

n kn n n
+ Z ”yds—yds”LOO(Q)dS—i_?ng _gp+1HL°°(Q)
n=m-+1
2 n— 1 1/2
+<nr§?>1%] Z hy|Un + P, )dt> }

holds, where the constant Cs 6 depends on the domain €Y, the regularity constant Chg,
and the constant Cs 93 as defined in Theorem 3.5.1.

Proof. Use of pointwise projection of u and U}, leads to

lu = Unllzeorize@) = M) (—P) = M ,up (=B~ )l o 0,15250(9)
< o= P Mo orsn ()

In the above, we have used the Lipschitz continuity of IIj,, ,,) with Lipschitz constant

1. Inviting Theorem 3.3.1, we complete the rest of the proof. m

3.4 Numerical assessments

This section performs a numerical experiment to illustrate the theoretical results of
the previous section. For the purpose of adaptive refinement, we need the following

error estimators:

e Initial data estimator &31 = ||yo — YnollL=(0)
e spatial estimator for the state &35 = (In ﬁm)Qﬁw’o(ygl, g,

e temporal error estimator for the state

S n k” n— n
gs,s = Z/j ||f - f||L°°(ﬂ) ds + 7”{% t— gy ||L°°(Q)
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e spatial estimator for the co-state &34 = (In ﬁm)Qﬁwo(p}?, %pm),

e temporal error estimator for the co-state

n kn n n
S | = i lemionds + 3195 = G o)

n=m+1

1/2
e a control error estimator &34 = ( max Z R \Un + PP i (K) dt) , and
né€[l:N] Kea,

e [ —type residual error estimators

Esr = (Inhy Zk: oo % g — g gL T,

53,8 = lIlh Z k %000 ph gn ngH_l; %ln_l,%n).

n=m+1

The numerical simulation is carried out with the help of the software FreeFem++ [38]
and all the constants involved in the estimators are taken to be 1. We use the following

loop

SOLVE — ESTIMATE — MARK — REFINFE

to achieve a refinement from the initializing triangulation. The role of Step 2 in Al-
gorithm 3.1 is to reduce the time step size to keep the time error estimator below the
tolerance €4, while keeping the space mesh unchanged. In Step 3, the refinement
procedure is carried out until the time and space error estimators satisfy the desired
tolerances. In the last step, if the time error estimator is much less than the prescribe
time tolerance €, then we increase the time step size by multiplying a factor d,. For
marking and refinement of the elements K € .7,", we follow the strategy of Morin, No-
chetto and Siebert, see [75]. For both the test example problems, we choose tolerances

for time and space as €;me = €space = 0.0001.

Example 3.1. We consider the spatial domain 2 = [0,1] x [0,1] and the time interval
[0,7] = [0,1]. We shall use the following data for the optimal control problem (3.1) —
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Algorithm 3.1 (Space-time adaptive algorithm)

Given space and time tolerances €gpqce, €time and the parameters 6; € (0,1), d2 > 1, Ay € (0, 1),

n—1

A2 € (0,A1). Suppose that (yzfl,pz, up ) is computed on the mesh 9}1”*1 at time level t,_1
with time step size k,_; by using the variational discretization algorithm (see, [92]).
Step 1. Set T := "1, ky = ko1, tni=ta_1+kn.
Compute (yﬁ,pz_l,uZ) from the problem (3.48) — (3.52) on .7,".
Compute the estimators &35, j =1,...,8 on 7"
Step 2. While (Zje{?,,s} éagJ) > A\ - €time, do
kn = 01kn_1, tn :=tn_1+ kn.
Compute (yﬁ,pz_l,ug) from the discrete problem (3.48) — (3.52) on .7;".
Compute the estimators &35, j =1,...,8 on F".
End while
Step 3. While (Zj€{172’476?778} £’3,j) > Espace; 4O
Refine mesh 7" generate a modified mesh (say) 7.
Compute (y7, pp~ ", up) from the problem (3.48) — (3.52) on T -
Compute the estimators &35, j=1,...,8 on J".
While (Zje{3,5} é"g,j) > A - €time, doO
ki = 01kn1, tpi=tn_1+k,.
Compute (y7, pi~ ", uf) from the problem (3.48) — (3.52) on ng;
Compute the estimators &3 j =1,...,8 on Z:lkil
End while
End while
Step 4. If (Zje{3,5} gg}j) < Ao €time, do
Set k, := 0okp_1, tn =ty 1+Kk,

End if
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(3.3):
)
tsin(27may ) sin(27mz;) T+ a9 <1,
yla,t) =
2t sin(2mzy) sin(27zs) 1+ 29 > 1,
)
(t — 1) sin(27m2 ) sin(27z,) T+ 19 <1,
p(z,t) =
2(t — 1) sin(27xy) sin(27as) r1+x2 > 1,
\

with u, = —0.125, and u, = +0.125.

Note that functions f, yss and u are easily determined from the control problem
(3.1)-(3.3) as

9
¥ . -
f=oay-u, (375)
dp
=P A -
yas = 5 AP+, (3.76)
u = min {w, max{u,, —p}}. (3.77)

We partition the time interval [0, 1] with the step-size k, = At & 5.56 x 107 such that
tn, = nAt, n = 1,2,...N with the initial mesh N = T//At(= 180). In the variational
discretization, we use piecewise linear and continuous functions for approximations of
the state (y) and co-state (p) variables whereas the control variable (u) is computed by
using implicit relation between uw and p. The time derivative is approximated by the
backward Euler method. The variational discretization algorithm is used to solve the
fully discrete optimal control problem (3.46)—(3.47). The adaptive meshes are generated
via the error estimators &3;, 7 =1, 2, ..., 8. We present some computational results
by setting tolerances 0.0001 and the time step size k, = At = 5.56 x 1073, In Figures
3.2 and 3.3, the plots of approximate solutions of y and u are depicted on uniform
mesh, adaptive mesh step-(I) and adaptive mesh step-(II), respectively, at final time
T = 1.0. Table 3.1 presents mesh information and errors for the state, co-state and
control variables in the L>(0,7"; L>(2))-norm. This table also reveals that the number
of nodes required for adaptive mesh is much less in comparison to the uniform mesh. It
is clear from Figure 3.1 that the mesh adapts very well in the neighbourhood of the line
21 + 29 = 1 where the solution is discontinuous. The higher density of the node points
are distributed along the line z; + x5 = 1 enable us to save convincing computational

work in comparison to uniform mesh.
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Figure 3.1: Uniform mesh, adaptive mesh step-(1) and adaptive mesh step-(11)

w B W

Figure 3.2: Plots of discrete solution on uniform mesh, adaptive mesh step-(I) and

adaptive mesh step-(11), respectively.

VYVYY

Figure 3.3: Approzimate controls corresponding to uniform mesh, adaptive mesh step-(I)

and adaptive mesh step-(II), respectively.
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Table 3.1: Comparison of data on uniform mesh, adaptive mesh step-(1) and adaptive

mesh step-(11) for the initial mesh N = 180.

On uniform mesh | On adaptive mesh-(I) | On adaptive mesh-(II)

Romin 0.00666 3.5126e-04 3.0408e-04

Mesh [ —— 0.00666 3.0645¢-01 1.9218e-01
Information # nodes 17715 8879 7047
# elements 31835 15929 12549

y— Yy 2.0341e-02 2.1958e-02 2.8827e-03

L>°(L>°)-Error p—F, 1.6870e-02 3.3837¢e-03 1.2073e-03

u— Uy 3.0998e-03 3.0750e-03 2.1170e-04

3.5 Concluding remarks

In this chapter, we have derived maximum-norm a posteriori error estimates for
variational discretization approximations of POCP (3.1) — (3.3). The variational dis-
cretization is used to discretize the control problem. The state and co-state variables are
approximated by using the piecewise linear and continuous functions, and the control
variable is computed using the implicit relation between control and co-state variables
(see, (3.11)). The salient feature of the technical tools include elliptic reconstruction
technique and heat kernel estimate. Interestingly, the constants involved in Theorems
3.3.1 and 3.3.2 are independent of time but may depend on the domain 2. In fact, some
of the constants are stemming from the use of elliptic a posteriori error estimates. The
proposed method does not require the discretization of the admissible control set but to
implicitly utilize the optimality conditions for the discretization of the control variable.
Our theoretical analysis is supported by numerical experiments which reveals that the

adaptive scheme is able to save the substantial computational work.
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A POSTERIORI ERROR ESTIMATES FOR POCP wiTH
CONTROLS ACTING ON LOWER DIMENSIONAL

MANIFOLDS

This chapter concerns space-time a posteriori error analysis to the finite element ap-
proximation of POCP (1.4) — (1.6) where the control is acting on a lower dimensional
manifold. The manifold considered in this chapter may be a point, a curve or a surface
which is lying completely in the space domain. Further, the manifold is assumed to
be either time independent or evolved with the time. The space discretization consists
of piecewise linear and continuous finite elements for the state and co-state variables,
and the piecewise constant functions are employed to approximate the control variable.
Moreover, the time derivative is approximated by using the backward Euler scheme. We
derive a posteriori error estimates for the various dimensions of the manifold. Numerical

experiments exhibits the effectiveness of the derived error estimators.

4.1 Introduction

This section considers POCP (1.4) — (1.6) with the functionals

«

1
Gly) == §Hy - deH%Q(O,T;LQ(Q)) and  H(u) = 5”“”%@

where « is a regularization parameter. The model control problem is stated as follows:

) 1
min 7 (y,u) := §{||y - yds”%Q(O,T;L?(Q)) + 04||U||§(} (4.1)

u€Ugyq

87
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subject to the state equation

(0

a—‘:{ — Ay = u(x,t)0yp(x) in Qr,

y(-,0) =y 1in Q, (4.2)
(v = 0 on I'p,

where 2 is an open bounded domain in R? (d = 2 or 3) with Lipschitz boundary I' := 99

and I = [0,7] (a fixed real T' < 00). Moreover, we denote 2y = Q x [ and I'r = 0Q x I.

In the above, the initial state yo € Hj () and the desired state y4s € L*(0,T; L*(Q)).

Later on, we will specify the control space X. Further, we denote the state variable
9y

by y = y(z,t), control variable v = u(x,t) and denote 3/ = y;. The set of admissible

controls U,y is defined by
U ={u€eX: u, <u(z,t)<u, ae. on y(t) aa tel}, (4.3)

where u,, u, are real constants with u, < u; or constant vectors according to manifold’s
dimension, and 6, is a Dirac measure on (t). Assume that, for all £ € [0, 77, the lower
dimensional manifold ~y(¢) is precisely contained in §2. Note that the lower dimensional
manifold represents a point, or a curve if d > 2, or a surface if d = 3 which can be
time independent or evolves in the time horizon. For the well-posedness of the problem

(4.1) — (4.3), we refer to [13, 35].
We now assume that the control variable wu(z,t) € L*(0,T;R™) or u(z,t) €

L*(0,T; L*(~(t))) with norm
| o)

T
/ / lu(z,t)Pdedt < co if 7#0,
0 Jr()

respectively, where the norm || - ||[g= denotes the standard Euclidean norm on m-

Endt < oo if 7 =0,

or

dimensional Euclidean space. Henceforth, we denote the control space as X :=

L*0,T;U) withtd = R™if r =0 (or U := L*(y(t)) if r > 1), and the inner product

(-, ) x is a duality pairing between X and (X)’. Here (X)" denotes the dual space of X.
We now define the inner products on L*(Q2) and L*(0,T; L*(Q2)) as

(. 6) = /waa:, Vi, 6 € TA(Q),

TH-2632_156123016



CHAPTER 4. Controls acting on lower dimensional manifolds 89

and
T
(0, By — / / Godedt = | Godedt, Vi, ¢ € L2(0,T; LA(Q).
0 Q Qr

respectively. The bilinear forms a(-,-) and a(-, -)q, are defined as
a(v,w) = / Vu-Vwdr, Yv,we Hy(Q),
Q

and

a(v,w)e, = Vu-Vwdzdt, Yv,we L*(0,T;Hy(Q)),
Qp

respectively. Then there exists ag, a3 > 0 such that a(-, -) the bilinear form satisfies
la(v,w)] < aollvllallwl,  Vo,w € Hy(Q),

and
a(v,v) > anlvlli, Vv € Hy(Q),
respectively, i.e., a(-,-) is bounded and coercive.
Next, we discuss the well-posed property for the state equation (4.2) (cf., [35]).
In order to state the existence and uniqueness result for the problem (4.2), we define

following notation:

HY(Q) ifd—r=1, H(Q) ifd—r=1,
HOZ and HQ =

LX(Q)  ifd—r>1; H2 Q) NHNQ) ifd—r> 1.

For ® € L?*(0,T; Hy), we define

m T
> [ wose,@.0a it r=o
(u(, )0y, @)y = 4 =1
/ / u(z, t)P(z,t) dedt if r>1.
0 Jy()

Note that

m

T
1> / wy ()@ (0), 1) dt| < lull 20w |9l 2@y i =0,
0

i=1

and

T
‘/ / u(:L‘,t)CI)(ZL',t) dfbdt{ S ||U||L2(0,T;L2(7(t)))||®||L2(O,T;L2(7(t))) if r Z 1.
0 Jr(t)
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From the trace theorem and the standard embedding result H?(Q2) N H(Q) — C(Q) we
know that

||CI)|fy(t)<'>t)||L2(w(t)) S 0471”(1)(-,25)”]{01(9) fOI“ d = 2, 3 and d— r = 1,

and
||¢’||L2(0,T;L°°(Q)) < 04,2||¢’||L2(0,T;H2(Q)0H3(Q))7

respectively, where Cy; and Cy5 depend on the manifold (). Hence,

C4,1||(I)||L2(0,T;H3(Q)) ifd=2,3; d—r=1,
1]l z207:22(+(0))) <

Cusll®llz20.r20(0) < Caall®llz20mm2@nmi) Hd=3;7=1,

with 0474 = 04720473. ThUS, we find that

C4,5HU||L2 0,T;R™ ||‘I)||L2 0,T;H. if r=0,
(u(z, 8)8, ), B); < Tl (4.4)

Cusllull 20,20 | Pl 20, i 721,

where Cy 5 and Cy 6 depend on the manifold (). Since (-, -); denotes the duality pairing
between L*(0,T; Hy) and L*(0, T (Hs)'), u(z,t)d,) € L*(0,T; (Hs)'), where (Hs)' is the
dual space of Hs.

The following lemma concerns the existence of a solution for the problem (4.2). The
weak solution of (4.2) can be defined by employing the transposition technique (cf. [53]
and [55]).

Lemma 4.1.1. Let f € L*(0,T; Hy), and let ® be the solution of (1.18). Then the
control problem (4.2) has a weak solution y € L*(0,T; (Hy)") with u € Uyq, if

W, flar = (Yo, ®(-,0)) + (ulz, 1)dy), )1, (4.5)
for ® € L*(0,T; Hy), where (Hy)' denotes the dual of Hy.

Invoking the well-known Lax-Milgram theorem, we can show that the control prob-
lem (4.2) admits a unique solution y € L*(0,T’; (Hp)') in the sense of (4.5). Following
theorem presents the regularity of the solution for the problem (4.2) in various dimension

of the manifold ~(¢). For a proof, we refer to [35].

Theorem 4.1.1. Assume that yo € H}(Q) and f € L*(0,T;Hy). Lety €
L*(0,T; L*(Q)) be the solution of the state equation (4.2) in the sense of (4.5), i.e.,

W, ar = (Uoyw), @)1 + (yo, (-, 0)).
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Then, we have the following reqularity results:
y € LX0,T; W (Q) N HY0,T; W=15(Q)), se (1, %) when 7 =0, d=2, 3:
y € L2(0,T; Wy’ (Q)) N H0,T; W=1(Q), ce(1,2) when r=1,d=3;

3—e¢

ye L*(0,T;Hz (QNHH))NHY(0,T; H

12+5(Q)), Ve>0 when r>1,d—r=1.

The weak formulation of the optimal control problem (4.1) — (4.3) is to seek a pair
(y,u) € L*(0,T; L*(Q)) X U, such that

o1
ufgllj?d §{Hy = yds”%%o,T;B(Q)) - O‘H“H%{} (4.6)
subject to
—(y,v)0r — (¥, Av)a, = (Uoy@w),v)1 + (Yo, v(-,0)) Yo e Wi(0,T). (4.7)

It is well known (cf. [53]) that the control problem (4.6) — (4.7) has a unique optimal
pair (y, u) iff there exists a co-state variable p € L*(0,T; H}(Q)) such that the following

optimality conditions are satisfied:

—(yv)ar — (1, Av)a, = (udy@,v)r + (yo,0(-,0)) YoeWi(0,T), (4.8)
—(pr;v)ar talp,v)or = (Y= Yas,v)or Vv € Wr(0,T), (4.9)
p(-,T) = 0, (4.10)
(cu+ply,,w—u)x > 0 Vw € Ugg, (4.11)

where p|, stands for the restriction of p on the manifold (¢). From (4.11), the control

variable u can be expressed in terms of the co-state variable p as follows: For ¢ € [0, T,

Pua( =20 0)0) " o v =0,

u(t) =
QZUMZ( - ép(:v,t)“) for r>1,

where &y, is the orthogonal projection onto Ugg.

The following theorem collects the regularity results of the solutions (y, p,u) to the
control problem (4.8) — (4.11).

Theorem 4.1.2. Let (y,p,u) be the solution of the optimization problem (4.8) — (4.11).
Assume that yo € H (), then we have the following reqularity results:
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Case I (if r=0,d=2,3):

y € L2(I; Wy *(Q)) N HY(I; W=1(Q)) s€ (1, %),

p e L2 HX(Q) N HY Q) N HY(L; LX(Q)  ue LX(I;R™).
Case Il (if r=1, d=3):

y € LAH(I; Wy (Q) N HY(I; W=1o(9)) o€ (1,2),

p € LA(I; H*(Q) N Hy(Q) N H'(I; L2 () we L1 H (y(1))-

Case III (if r>1,d—r=1):

3—e¢

y € LI H(Q) N HA Q) N HY(I, H

2°(Q))  for any € >0,

p € LA(L; HA(9) N HY(Q) N HY(I; L) we LA(I; Hi(3(1).

In this direction, for time-independent control problem, Gong et al. [33] have ex-
tensively discussed the finite element approximations to elliptic control problems with
controls acting on the lower dimensional manifold. They have derived a priori error
estimates for the state variable in the L?(2)-norm while the error for the control vari-
able in the U-norm with U = L?*(y(t)) or U = R™ according to the dimension of the
manifold. Gong et al. [31] have studied a priori error analysis for the control problem
governed by parabolic equations, where the control acts only on finitely many points
which are time-independent. Thereafter, Gong and Yan [35] have generalized the a pri-
ort error analysis results for the optimal control problem governed by parabolic partial
differential equations where the manifold evolves with time. In all of the above studies,
a priori error estimates are derived and the support of the controls requires to be very
small compared to the actual size of the domain €2 if we are restricted by the cost of
controls. To the best of author’s knowledge, the a posteriori error analysis are yet to be
explored. This chapter attempts to study a posteriori error analysis of the fully discrete
finite element approximations to the state, co-state and control variables for the control
problems (4.1) — (4.3) with controls acting on a lower dimensional manifold. We derive
a posteriori error estimates for the state variable in the L?(0,T; L?(2))-norm while er-
ror for the control variable in the L?(0,T;R™) or L?(0,T; L*(y(t)))-norm according to

dimension of the manifold.
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The layout of the chapter is as follows. Section 4.2 is devoted to the fully discrete
finite element approximation of the model problem (4.1) — (4.3). A posteriori error
estimates for the state, co-state and control variables are derived in Section 4.3. We
perform numerical tests to illustrate the performance of the derived estimators in Section

4.4. In the last section, we present some concluding remarks.

4.2 Discrete optimal control problem

This section is devoted to the finite element approximation of the optimal control
problem (4.1) — (4.3). To discretize the space variable, we employ the piecewise con-
tinuous and linear finite elements whereas the piecewise constant functions are used to
discretize the control variable. The backward Euler scheme is applied to approximate

temporal derivative.
Let .7, be a shape regular triangulations of Q such that Q = UKE% K. Let &, be

the collection of all interelement edges or faces in the interior of the mesh. The jump of

Vv across an element edge or face F € &, is measured as

[f)an_‘;] = (VV)k, - ni, + (VV)k, - ik, (4.12)

with E = K; N K.

Let V}, be a finite dimensional subspace of C(Q) associated with .7,, such that ¥y €
Vi, Xlx € Pi(K), i.e., x|k are piecewise linear functions with respect to K € .7,. Set
Vi, = ‘N/hﬂH&(Q). We approximate the control variable with piecewise constant functions

and the corresponding finite dimensional space U4, be given by
Usip = {u€Usi: ulx €Py, VKE T},

where Py denotes the space of piecewise constant functions. Clearly, U,q 5, C Ugg.
For the purpose of fully discrete case, we consider time points 0 = t5 < ... <

ty—1 < ty = T in the time domain I = [0,7] with time subintervals I,, = (t,_1,t,]
of size k, = t, — t,_1. Clearly, I = UN_,I,. Let " = {K}(0 < n < N) be the
triangulation of ) at the time level t,, and let M7 be the collection of all triangles
K € " such that K lying on the manifold v(¢). Further, let V;*, n=1,2, ..., N, be

the finite dimensional spaces (similar to V},) with respect to .7,", and let
z?d,h = {U €U : ulg €Py, VK€ ,7,1”}

be a finite dimensional control space corresponding to the triangulation .7,". We define
&, similar to &, the union of the interelement edges or faces £ of K € Z". For a
sequence of function {¢"} in L*(Q), we set 0¢" := é(qﬁ" —o" Y, n>1
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Then the fully discrete finite element approximation of the optimal control problem
(4.6) — (4.7) is to seek a pair (yj,up) € V;' x Uz, forn=1,2,..., N, such that

N
min 53" [l v + ol de (4.13)
up €Uy ), 2 gy
subject to
(Qyp, vn) + alyp,vn) = (Updyy, vn)1, Yo, € V),
(4.14)
92 = Yn,0;

where vy, o is a suitable projection or approximation of yy.
The control problem (4.13) — (4.14) admits a unique pair (yp,uy) for each n =

1, ..., N iff there exists a co-state p} ' € V* such that (y?,p} ', u}) satisfies the

following optimality conditions, for each n € [1: NJ:

(Oyn,vn) +alyn,vn) = (updoey, vn)r,  You € Vi, (4.15)

Yh = Uno, (4.16)

—(Oph,on) +alpyon) = (W —vieon) VYo €V, (4.17)

pn = 0, (4.18)

(ccuy, +pZ’1lv<thn>vwﬁ —upu = 0 Vwy € Uggp- (4.19)

Given a sequence of discrete values {pi'}, n = 0, 1, ..., N, we associate a continuous

function of time defined by the continuous piecewise linear interpolant Py (t) as

(tn - t) n— (t — tn—l) n
Py(t)|ter, = Tk D = TR P
Forn=1,2,..., N, we define Y}(t) and Uy(t) as Yy(t)|ser, =y and Up(t)|ier, = u},
respectively.
Then the optimality conditions (4.15) — (4.19) can be stated as follows:

OV, o) + a(Yyvn) = (Unbywy, i), Yo, € Vi, (4.20)

Yy = uno. (4.21)

— (0P vp) +a(Pr o) = (Y5 =yl vn) Y, € V) (4.22)

PN = 0, (4.23)

(@Un+ By sy wh = Unu > 0 Vwp € Upy,,. (4.24)
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From (4.24), for t € I,,, n=1,..., N, the control variable Uj(t) can be expressed as
Poa(= 2 05)) " for r =0,
Uh(t) = Jj=1
'@Uad( - épfflh(ﬂ,n)) for r>1.

Analogous to the continuous case, we reformulate the fully discrete optimal control
problem (4.13) — (4.14) as:

min J;'(uy), for n=1,..., N, where J; :=J(up,yn(up)).
up€UZy

4.3 A posteriori error analysis

In this section, we derive a posteriori error estimates for the state, co-state and the
control variables when ~(¢) is a r-dimensional manifold with » = 0, 1, 2. The following
two lemmas are proved to be convenient. The first lemma is about the interpolation

approximation properties and the second one refers to the trace inequality.

Lemma 4.3.1 ([16]). Let II;, : C(Q) — V2 be the standard Lagrange interpolation

operator. Then for m =0, 1, we have
v = Th0llmgx < Crmha ™vlex Vv € HY(K).
For all v e WH1P(K)
v — ol mex < C’Lg(meas(K))(l/q_l/p)h’?l_m|v\k+1,p71{,

and
v = Mpolloex < Crochs lvlox Vv e HYK).

Lemma 4.3.2 ([45]). For allv € WH(Q), 1 < p < oo,

Il < Crs(h ol + i olipic )

In order to derive a posteriori error estimates for the optimal control problem
(4.1) — (4.3), we first define the auxiliary problem: To find a pair (y(us),p(d)) €
L*(0,T; L*(Q)) x L*(0,T; H}(Q)) such that

= ((an), vi)or = (y(an), Av)a, = (Undyw),v)r + (Yo, v(,0)) Yo € Wi(0,T), (4.25)

—(pe(an), v)ar +a(p(in), v)or = (Y(in) = Yas, v)a, Yo € WH(0,T), (4.26)

p(up)(z, T) = 0 Ve Q. (4.27)
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Before developing the error analysis, we collect some stability results for the state vari-
able. Since y and y(uy,) satisfy equation (4.5), the following stability results hold for the

state variable.

Lemma 4.3.3. Let (y,p,u) and (y(un),p(ay)) with 4, = Uy, be the solutions of the
problems (4.8) — (4.11) and (4.25) — (4.27), respectively. Then there exists positive
constants Cy;, 1 =7, 8, 9 such that the following estimates hold:

(i) Forr =0 andd =2 ord =3, we have

1y = (Ul 2wy < Carllw = Unll2 i) (4.28)

(ii) Forr =1 and d = 3, we have

1y =y Ul 2w = )) + 19 = 3 (Un)l 2w 1o @)y < Cas lu = Unll L2se2:00)-
(4.29)

(iii) Ford—r =1, r=1or 2, we have

Ny =3O 21,25 s oy TN H U oy == o)) < Cao lu=Unllzzrizziropy-
(4.30)

The constants Cyr, Cyg and Cyg denote the stability constant.

Let £, be the L%-projection operator onto the piecewise constant space Py(I,,) for

each time interval I,,. Define

L, P = i D dt.

kn Jr1,

Further, we define ®; such that ®;|;,, = II}(L,P) € V;* on each time interval I,,,
where II} is the standard Lagrange interpolation operator onto V}'. Note that ® €
L0, T; H*(Q)) — L?(0,T;C(Q)), thus Lagrange interpolation is well defined and the

following approximation properties

IN

1@ = L,®| e (riz2i)y < Craky? 194l 207022 (4.31)

and
| — TP 207 r2()) < Croli 1@l 2.2 (4.32)

hold. We now discuss the a posteriori error analysis for the optimal control problem
(4.1) — (4.3). We first discuss the case d —r =1 with r = 1 or 2.
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Theorem 4.3.1. Let v(t) be an r-dimensional manifold which is completely lying in-
side Q with d —r = 1, and let X = L*(0,T;L*(v(t))). Assume that (y,p,u) €
L*(0,T5 Hy(Q2)) x L*(0,T; Hy()) X Uag and (Yy, Po,Uy) € Vi x Vi x U2y, respec-
tively, be the solutions of the continuous problem (4.8) — (4.11) and (4.20) — (4.24).
Further, we assume that (P + Uy)|x € H'(K) and there exists positive constants
Cu10, Ca11 and wy, € Ugan such that

(Un+P ), wi—u) ) < 0410/ Z hic|Un+P0 i oy llu—Un || 2y dt. (4.33)
KeMy

Then, the following estimate holds:

I = Unli3so zizetun + Iy — YallEaomunay < 0411(£4o+2k Zézz)

n=1 i=1
with
(5"47?1 = _/{ Z h P”fl—l-Uhl%Il(K)}dt:
A 1
& o= - ({ % hiHUhH%z(K)}dt,
" Jin C KeMp
&g = Z hill = — P - Apl?il_yhn—i_ygsH%?(K)
Kegn
apn 1
+ 3 e [ [y
Eeep
<§47,l4 = th_Pn_1H%{1
AY," 1112
Els = Y Ml =AY +Zh3H[ X .
K ez OnglilLz(e)
547?6 = ||Yy =Y, 1||L2(Q)+ Z hy kllkn ( - Y, 1)||L2 (K)>
Kegn
n 1 n
&y = o ), |’yds_yds‘|%2(9)dt> and &9 = ”yO_YhOH%Q(Q)

- ] is defined in (4.12).

where the quantity [agh

Proof. First, we discuss error estimate for the control variable for the case d —r = 1
with » > 1. Without loss of generality, we take & = 1. From (4.11) with w = Uj,, we

have

(w,u — Un)x < —(plywy, v — Un)x
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Using the above, we find that

lu—Unll% = (u—Upu—U)x
< _(p‘v(t)au - Uh)X - (Uh,u — Uh)X
= —(Un+ Pfrzl_l"y(t)’u —wp)x — (Up + P;?_l"y(t),’wh —Un)x

+ (PP~ = p(Un) Iy, = Un)x + (p(Un) = p)lyty, w — Un) x-
With the help of (4.24), it now yields
lu = Unllx < =(Un + Py~ iy — wa)x + (Po — p(Un)) yaysu — Un)x

+ ((p(Ur) = p)l1@t), v — Un)x

= [1 + IQ + [3. (434)

Now, we estimate I, I and I3, separately. Using (4.33) we estimate the first term I;

as

IL] = |(Un+ By iy, v — wh) x|

N
04,102/ { Z hK|P}:L*1+Uh|H1(K)||U—Uh||L2(K)}dt
n=1

In ™ Kemp

IA

IN

N
3 - 1
120 [ { X WP 4 Ul J e+ e = Uil
n=1"In " Kemp

IN

N

3 o

102,10 Z knéiy + Z”u — Unl%- (4.35)
n=1

Next, we estimate I as follows:

L = | / / (B p(U) (0 = U ]

IN

1P~ — p(Un) || 20,7522(vo) [l — Unll x

IN

3 |
ZHP}L L= p(Un)1 2201250y + ZHU — Unllk- (4.36)

For I3, we note that y(z,0) — y(Up)(2,0) = 0 and p(z,T) — p(Up)(z,T) = 0. Using
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(4.8) and (4.25) with @, = U}, we obtain
T
L= [ ] (-t - p)dsai
0 Jy@®)

- / (0 — 9O U) — p1) + aly — y(U).p(Un) — p)} dt.

T
=~ [ o=@l <0, (437
Combining (4.35) — (4.37) with (4.34) yields
N
Ju — UhH_ZX < Cyrz (Z knéi’fl + ”Pi?il _p<Uh)H%2(O,T;L2(7(t)))>7 (4.38)
n=1

where Cy 19 = %maX{CZ,lm 1}.

Note that the estimation of the error in control variable depends on the co-state
error PI'""' — p(Uy) in the L*(0,7T; L?(v(t)))-norm. To estimate this error we introduce
the following auxiliary problem. Let v be the solution of

Py — A = (Ph_p(Uh))(sv(t)<I> in O,
¥(-,0) = 0 in Q, (4.39)

’(,b = 0 on FT.

3—e€ 14e€

It follows from Theorem 4.1.1 that ¢» € L*(0,T; H = (Q)NH;(Q)NH (0, T; H = (Q)),

for any € > 0, and there exists a positive constant C ;3 such that

1N 2 0 5= @y TIVE oo g4 () = Caas 1P —PUn)ll 201322101 (440)

Use of duality argument leads to
T
1Pn = p(U 220722, 0) = /O (e — Avp, Py — p(Up)) dt
T
= [ A= Pr=nl0).0) + P = (03, )}
T
= / { = (Puy — pe(Up), 0 — ty)
" T
ol = p(U). 0 = v}t = [ (P = pU).n)

T
_a(Pg_l_p(Uh)awI)}dt+/ a(Ph_P]?_law)dt?
0
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and hence,
1Py = U B0 sz / g — AP = (Y = ), — ) dt
Pn 1
EeE” 2

T
/ Yh —y Uh ¢)dt+/0 (yds_ygsadj)dt

+/0 a(P, — P ) dt

= [4—|—I5—|—]6+[7. (441)
Now, we estimate I;, j =4, 5, 6, 7. Inviting Lemma 4.3.1 and shape regularity of .7,",
we obtain
HE \Z J Ak =B - AR < - )
Pn 1
+ 3 / zp br) dz}dt)
Ecé&,
< Cramax{l,Ct E} Z/ Z h3. B
In " Kgegn

—1

2 1/2
~ Y7+ e + Z hEH[ T ”Lm) ath 9l o). (442)

With an aid of (4.40), we get

N
1] < e(€)C3aCt s max{L,C3 ot Y k{30 b - — )
n=1 Kegn
=12
n—1 n
— AP Y, +ydsHL2(K * Z hEH 8TLE } LQ(E)}
Eeep
+ €| Py _p(Uh)H%Q(O,T;L2('y(t))‘ (4.43)

We apply the Cauchy-Schwartz inequality and (4.40) to bound the terms I and I as

5] < 1Y = y(Un) || 20,7020 |1 €| L2 0,722

< AOCT IV = y(Un) 2200200 + €lPw = DU 12201120y (4.44)
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and

= 1 n |2 1/2
< (ki [ o= s loorat}) Wolloray
n=1 n n

N
< 00 Y b [ i = vilapit) + P = pUD sy (449
n=1 nJon
Finally,
1I7] < \|1Pw = By ez @ 191|201 <)
N
< )iy Y- all B~ B ey + ll P — P00 ooy (4.46)

Combining (4.42) — (4.46) with (4.41) and set Cy14 = 2¢(€)CF 13 max{C7,, C},C} 5, 1}
with € = 1/8, we find that

N
1P = 2O 20y S Coa D kn(Ells + &l + &)

n=1

+ C'i13 1Yy — y(Uh)”%Q(O,T;L2(Q))‘ (4.47)

The estimation of Y;* —y(Uy) in the L*(0, T; L*(2))- norm rely on the error of Y, —y(Uy,)
in the L?(0,T; L*(Q2))-norm. For this, let ® be a solution of the problem (1.18) with
f e L*0,T; L*f)). We apply duality argument and use the fact ® = 0 on 09,
N = &(-,T) = 0, to have

/0 (Y = y(Uh), f)dt / (Vs — y(U), ) — (Vi — y(U3), A®)} dt
- / (U, ®) = (Vy(Uh), V) dt
—Z {20 —a(¥ 9)) di

= —<Uh57(t (I)> _(yO_YhO?(I)(.’O))

+Z/ — Y o)+ a(Y) ,@)}dt. (4.48)
From (4.20), we note that
Z{ — Y ®)) + a(Y ,@I)} = S (Unby @)1, (4.49)
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Use of (4.49) in (4.48) yields

T
/0 (Y5 —y( Z/[ — Y et - By dt

+ Z_;/I a(Yy, ® — 1) — (yo — Yy, ©(+,0))

— (Unby), @ = @)y

= ]8 + ]9 + 110 a 111.

(4.50)

Now we estimate the terms I, 7 =8, 9, 10, 11. An application of integration by parts

formula and Lemma 4.3.1 leads to the estimation of Ig as

Iy = Z/ — YL e - £,0 4 £, (D — T1ID)) dt
In

_ Z/} / Ly — Y@ — £,0) de

il / k(Y =YL (9 — ) dx} dt.
Q

Using (4.31), (4.32) and Lemma 1.2.3 with f =Y}, — y(U;), we obtain

N
13| < max{Crp,Cr3} [an<||Yh” =Y Ty + Z hicllk
n=1

Kegn

X (Hq)tHL2(O,T;L2(Q)) r H‘P”L?(O,T;H?(Q)))

N
< Crmax{Cro, Cr5} [Z kn<||Yh” N A TR D 1 [

n=1 Keg

X |[Yn = y(Un)ll 20,7522 2))

and hence,

N
|Ms¢ﬁhmwm@92m@w—wwam
n=1

3 R O = Y e ) + ellY = yU 2oy
Kegnr

[NIES

— VB )|

Y = Y ) )|

(4.51)
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For the term Iy, the definition of L?-projection operator £, and Lemma 1.2.3 yields

N N
|Io| = ‘Z/ a(Yh”,QD—d)I)dt‘:‘Z/ (Y, ® — II°®) dt
n=1“In n=1YIn

N
= Z/ ( > = A |21 — 0| g2
n=11In Keg
oy,
. ¢ —II,® )dt
+ Z H[(‘?nE] Lz(E)H Rl L2(e)

Ee€p
N

S C']’omax{l,C'I,E}{an( Z h}l(H —AYhnH%z(K)

n=1 Keyh”
aY; 1112 /2
2] e )] % 12l
h

N
< A)CHCT max{1, CF} | S ka( D0 Akl — A3

n=1 Kegn
oYy
* 2 5,
Eegy Ong

2
)] + eIt — 4O 20 razcay (4.52)
Again using Lemma 1.2.3 with f =Y}, — y(U,) we estimate the term I, as

L2(E)

1ol = [(yo — Y3, ®(,0)| < llwo = Y llez@lI2(, 0)ll 2@
< c(€)Ckllyo = Y3 720 + €llYa — y(Un) 1720y (4.53)
From the structure of /;; and Lemma 4.3.1 with the fact d —r = 1 and r > 1, we obtain

N T
= |- [ @ -endei| < [ {3 (Ul @ - Bl ) d

KeM?

N
< Z/I { Z ||UhHL2(K)H(I)_(I)IHHI(K)}dt
n=1 n

KeMp

N
<X [ 1 Wilouohxl®lao} di
n=1

n o KeMD
N ) ) 1/2
< oY [ { 3wl fe] X 1@l ramo
n=17In " Kemyp
Invoking Lemma 1.2.3 with f =Y}, — y(Uy,), we find that

N
L] < 0(6)01220?,12/1 { Z h%{HUh”QH(K)}dt""?HYh_y(Uh)||2L2(0,T;L2(Q))- (4.54)
n=1v""  KeM}
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Combining (4.51) — (4.54) with (4.50) and setting Cy15 = 2¢(e)CE max{C7,, C7,C} 1,
C},,1} with e = 1/8, we obtain

N
1% = 9O Baorzay < Cuas {Ero+ D knll + &1 + E14) | (4.55)
n=1
It follows from the triangle inequality and (4.30) that

ly — YhH%Q(O,T;LQ(Q)) < ly - y(Uh)H%Q(O,T;LQ(Q)) + 1Y — y(Uh)H%Z(O,T;LQ(Q))
< Cug llw — UnllZeo 22y + 1¥e — U122 0 7220y (4-56)

Combining (438), (447), (455) and (456) with 04,11 = HlaX{C4’12(C479 + 1), 04,1204,14
(Cuo+1), (6’4,1205713(04,9 + 1)+ 1)Cy 15}, we complete the rest of the proof. O

The following theorem provides the error estimates for the case d —r > 1 with r =1
and d = 3. Here we use the control space as X = L*(0,T; L*(y(t))).

Theorem 4.3.2. Let y(t) be an r-dimensional manifold which is completely lying inside
Q with d —r > 1 when v = 1 and d = 3. Further, let (y,p,u) € L*(0,T;W,*(R)) x
L*(0,T; Hy(Q2)) X Uaq and (Yy, Py, Up) € V' x V¥ X U2y ), be the solutions of (4.8) — (4.11)
and (4.20) — (4.24), respectively. Assume that (Py'+Uy)|x € W' (K) and there exists

positive constants Cy 16, Caa7 and wy, € Uy, such that

3_1
(Up+ Pt +(t)> Wh — ’ - 0416/ Z h 2|p;?_1‘|'Uh|W17ff’(K)”u_Uh“LQ(K)dt'
0 Kemrp
(4.57)

Then, the following estimate holds:

N 7
lu = UnllZ2 02200 + 119 = Yall T2z < Caar (54,0 + Z o ( Z L ) (4.58)

n=1 =1
where

n 1 S1 one
8471 = k—/] { Z h;( ’Ph 1 + Uh|12/V1’UI(K)} dt7

KeMp

- 1 5_6
554,2 = 7 { Z hKUHUhH%?(K)}dtv

with £’~470 = &1 and ééfi = &, 1 =3,4,5,6,7. Here o' is a conjugate exponent of
oce(3,2).
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Proof. Here we discuss the case for r = 1 and d = 3. Arguing as Theorem 4.3.1, we
arrive at (4.34). We now estimate Ij(= 1), I(= Iy) and I3(= I3), separately. For I,

we note that

Il < [0+ B s w = wa)x

N
3_1
< C4,162/ { Z hi 2|P;?71+Uh|wlﬂa/(1<)||u_UhHL2(K)}dt
n=1"In " Kemp
3 o . o1 pnl1 2 1 2
< 104,162 { Z hi |Py " + U Wl,a'(K)}dtJFZHU—UhHL2(o,T;L2(W(t)))
n=1"In " gepmn
3 2 A on 1 2
< 104,162kng4,1+ZHU_Uh”L2(0,T;L2(7(t)))' (4.59)
n=1

We apply the Cauchy-Schwartz inequality with X = L?(0,T; L?(y(t)) to estimate I,

Bl = [P = pUn) o, w = Un)x
< C”Pf?_l o p(Uh>”L2(0,T;L2(v(t)))H“ - UhHLQ(O,T;LZ(—y(t)))
3 e 1
< ZHP}L 1_ p(Uh)Hiz(o’T;Lz(w(t))) + ZHU — UhH%2(O’T;L2(W(t))). (460)

The estimation of I is similar to (4.37). Altogether (4.34), (4.37), (4.59), (4.60) and

setting Cy15 = 3 max{C} 4,1} we conclude that

N
lu = Unl3sorzetuy < Cuas (D0 kndis + 1P = pU)3s0rizztiny ) (461)
n=1

To estimate the second term in the above we need the following auxiliary problem. Let
1) be the solution of

Y — AY = (Ph —p(Uh)>5w(t)($) in Qrp,

Y(-,0) = 0 in Q, (4.62)

Y =0 on 'y

\

It follows from Theorem 4.1.1 that ¢» € L2(0,T; W, °(Q)) N H'(0,T; W~17(Q)) with
o € (1,2) when r = 1, d = 3. Further, there exists a constant Cy ;9 > 0 such that 1

satisfies the following regularity result:

10l 20 mm0o ) T 1Well2orw-ro@) < Cano 1P = p(Un)ll2ri2 - (4.63)
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Following the arguments similar to the previous case (see the proof of (4.47) in Theorem

4.3.1, for d —r =1, r > 1) and using the regularity result (4.63) it is easy to obtain

N
1Ph = PO Loz S Crao k(63 + &1+ E)
n=1
+ C2%,19 1Y, = y(Un) H%?(O,T;LQ(Q))' (4.64)

Next, we estimate the intermediate state error V;, — y(U3) in the L*(0, T; L*(©2))-norm.
We proceed as in Theorem 4.3.1 to directly reach at (4.50) with Is(= Is), Io(= Iy),
flo(: Ip) and fn(: I11). Since the estimation of Iy, Iy and I are similar to Theorem
4.3.1, it is enough to bound the term I1;. An application of the trace theorem and the
approximation result ||® — @y < Cyo hg;{/273/0-”®”[—[2(ﬂ), o € (2,2) yields the
bound for jn as

Tl = | = Uiy, ® = @1)s

N
<
n=1

N

S‘Z// Uh(cp—@I)dxdt)
n=1 In J(t)

[ { S 10hlzoll® = Bilo }

n o KeMn
N
< 3 [ { X Mhllaaag 1@ = Brllyeeo
n=1"In "~ Kemp
L 5_6 5 1/2
< 04,21{2/ Z hKGHUhHL?(K) dt} ”(I)”LQ(QT;HQ(Q))
n=1"In Kempn
N o
< 0(6)02,212/ { Z hy U||UhH%2(K)}dt+€||(b||%2(o,T;H2(Q))' (4.65)
nEly

In = Kemn

Substituting (4.51), (4.52), (4.53), (4.65) in (4.50), we use Lemma 1.2.3 with f =
Y, — y(Up) and set € = 1/8 to have

N
1Y = y(Un) 2020y < Caoe {@@4,0 + > k(& + E5 + &) } (4.66)

n=1

Since

ly — YhH%Z(O,T;LQ(Q)) < ly - y(Uh)H%%o,T;L?(Q)) + [1Yn — y(Uh)”%Q(O,T;LQ(Q))v (4.67)

utilizing (4.29), (4.61), (4.64), (4.66) and (4.67), the desired result is obtained. This
completes the proof. O
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In the next theorem, we consider the case d — r > 1 with r =0, d = 2 or 3 and the
control space X = L?*(0,T;R™).
Theorem 4.3.3. Let y(t) be an r-dimensional manifold which is completely lying inside
Q withd —r > 1 whenr =0 and d = 2 or 3. Further, let (y,p,u) € L*(0,T; Wy*(Q2)) x
L*(0,T; Hy () X Uag and (Yy, Py, Uy) € Vi x V" x U2y, be the solutions of (4.8) — (4.11)
and (4.20) — (4.24), respectively. Assume that (P~ + Uy)|x € L®(K) and there exists

positive constants Cy o3 and wy, € U, adh such that

(Un + Py oy, wn — ‘ < Cy 23/ Pian I Pr ="+ Unll oo | — Up [[mmt.
0 Kemrp
(4.68)

Further, with yqs € L*(0,T; L>(Q)), there exists a positive constant Cyo4 such that the

following estimates hold:

lu = UnllZ20.2mmy + |19 = Yall 220 mir20)

N N
< Cana(Gro+ D kn(8it + El) + 3 kil (B + B + 81
n=1 n=1
N A~ ~ ~
> k(1 ) (Bl + B + EL)). (4.69)
where
&y = _/ ( Z p(dhK)“P;:_l + UhH%OO(K)) dt,
. \% | lOg hK’ d= 27
with P(dhg) =
h? d=3,
on 1 4—d 2
5’42 = k:_ f h}( ||Uh||Rmdt,
Ei3 = Z M — Py = AR =Y+ gz
Kegn
8Pn 1
aPIL |l S
@@47}4 = HP/:L - P}?AH%H(Q)?

s = IV =Y ey + Y Rk (V0 = Y )

Kegnr
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2

o]

8nE

Efg = Z il — AV 72 + Z h
Feep

?
L2(E
Kegn (E)

h

A?’L 1 n
‘9@4,7 = k_/l |Yas — ?/ds“%?((z)dt;

1 _
S

In

6047?8 =
o= (P + hie) llvoll 3 @),

Proof. We proceed as in Theorem 4.3.1 to obtain (4.34) with Iy (= 1), (= L), and I3(=
I3). To estimate I, use (4.68) to have

Tl < |+ B gy — wn)x|

N
< 04,232/ Z P(EhK)pr?il+Uh||L°°(K)H“_Uh
n=1

I,
n KeMp

Rm dt

IN

N
3 _ - 1
2> [ (3 AdollBr + Uillteq) e+ gl — Uali
n=1

n KeMp
3 AN |
< 102,23 Z knéi + Z”U — Unl%-
n=1
Moreover, it is clear that

|| = [((Pn = p(Un))ly@), v — Un)x|
3 1
< ZHPh - P(Uh)H%%o,T;Loo(Q)) + ZLHU — Unll%-

Now, it remains to estimate Is. Analogous to (4.37), and using the fact y(z,0) —

y(Up)(2,0) =0 =p(z,T) — p(Up)(x,T) we find that
I; < 0.

Substituting the bounds of fl, f27 and fg, in (4.34) we obtain

N
lu = Unlsoirgm < Caos (D kalls + 1Ph = pU) Baorizmiay s (470)
n=1

where Cyo5 = 2 max{C} s, 1}.
Note that we have found the estimate of ||u — Uy||r2(0r;rmy in terms of @3121 and

| P — p(Un)l| 22(0,7;(2))- By the triangle inequality, we have

1Py — DU 220120 () < N10(Un) = Tp(Un) 1220 2002y + 1126 = Trp(Un) | 220732 (2))-
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Using Lemma 4.3.1 and inverse estimate [|v||r) < Claog h;(d/QH'UhHLQ(Q), Yo, € VP

and the stability results from [51] to obtain

| Pr — p(Uh)”%Q(O,T;LOO(Q))
< Cl,oohAi(_de(Uh)H%2(0,T;H2(Q)) + 04,26h1_<dHPh - Hzp(Uh)H%Z(O,T;LQ(Q))
< Croohi PO 2000200 + Cazehix” (1Pa = p(Un)l| 7201200
+ [lp(Un) = Tp(Un) 1220122 (2)))
< Cuorhie {(1Unll720mmmy + 19asll72(07: 200 (23))
+ Caash 1B — p(U)|720.1:22 (000 (4.71)

where Cy 27 = Cf.oo(14Cy 26). Next, we estimate the error P,—p(Uy,) in the L*(0, T'; L*(Q))-
norm. Use of duality technique and setting f = P, — p(Uy,) it follows that

T
| 1B = DO
‘ T T T
- / (Ph— p(Un), U, — AW)dt — — / (Pos — po(Un), W)t + / a(Py — p(Uy), U)dt
0 . OT 0
_ = / (Prs — po(Un), W — 0,)dt + / (PP = p(Un), W — W) dt
OT T ° T
| / (Pos — po(Un), U1)dt + / a(PP = p(Uy), U))dt + / a(Py — P, W)t
TO ’ T y T
_ /0 (=P — Y7 4 o U —U,)di + /0 a(PI1 0 — Wy)dt + /0 (Y7 — y(Up), Bt

T T
+/ (Yas — y;;,\If)dt+/ a(P, — P W) dt. (4.72)
0 0

Thus we have

T T
[ IR = pO Bt = [ {(=Phe = AR =Y g - w)
0

op; ! L
+ ;hfﬂ[ 8;;,; ](qf—qff)dz}dwr/o (Y3 = y(Un), W)di

0
E
T
+ / (yas — Yljor W)t + / a(Py — PP, W)t
0 0
= 112+113+Il4+115. (473)

We now estimate each terms of the equation (4.73), separately. Application of the
Cauchy-Schwarz inequality, Lemmas 4.3.1 —4.3.2 and Lemma 1.2.3 with f = P, —p(Up)
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yield the estimate of I, as,

Iip = Z/ Z | =k (P" = P = AR =Y+ yillz o |9 — 1l 2k
I~ Kgegyp
apn 1
U0 }dt
+EZ€;h\\[ Hm)u Hlzeie)
<Z / {Cro 32 Wil =k (P" = Py = AP = i gl oo | Wi
Kegn
s 3 o
N
SC'(E)C%C'iomax{l,C?’E}an{ > bkl = kNP — P — AR - Y
n=1 Kegn

+ydsHL2(K) ™ Z h%H[ agE } ‘
Ee&y,

To estimate the term I3, we apply the Cauchy-Schwarz inequality to have

bt + €l Py — (U320 sy (474)

L2(E)

T
I3 < / ||Yhn_?J(Uh)||L2(Q)||\Il||L2(Q)d1’L
0

T
< C(e)C / 1Y = y(Un)1 22y dt + €ll P — p(Un) 7200, 2(0)- (4.75)
0
Arguing as I3, we estimate [14 as
N
Ly < C(e)Cf Z " [yas — ?JZH%?(Q)dt + €[l P, — p(Uh>H%2(O,T;L2(Q))' (4.76)
n=1 n

Finally, using the boundedness property of the bilinear form and ]tﬂi—:”] <1, Vt, €

I,,, n € [1: NJ, we estimate the last term as

T
115 S Oéo/ ”Ph—P};LilHHl(Q)H\I]HHI(Q)dt
0

N
< C(e)Chag Z knll By = P 13 oy dt + €l Ph = p(Un) 1200 112 (62))- (4.77)
n=1

Combining (4.74) — (4.77) with (4.73) and setting with Cyos = 2C(e)C max {Cy,
C1oCr,p, 03,1} with € = 1/8, we obtain

N
120 = p(Un) 22020y < Caas (Z ka{ 60y + 604+ &7}
n=1

+ 1V = 9O 2 0irszaqe)- (4.78)
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Combine (4.71) and (4.78) with Cy 29 = Cy 26 Cy 28 to have
HPh _P(Uhm%?(o,T;Loo(Q)) < C4,27h}1(7d(HUhH%Q(o,T;Rm) + HydsH%Q(O,T;LOO(Q)))
N
+ 04,29 Z knhz}d{gﬁg + 547,14 + <5"47?7}

n=1

+ 04729h1_<d||yhn - y(Uh)H%?(o,T;L?(Q))- (4.79)

Next we estimate the error Y;* — y(Uy) in the norm L?(0,T; L*(€2)). For this, we invoke

the duality argument to have

/0 (Yn — y(Un), fldt = /0 (Y, — y(Up), —®; — Ad)dt.

Note that ® = 0 on I'r and ®(-,7') = ®~ = 0. From (4.25) with @, = Uy, and integrating
by parts, it follows that

/O (Vi — y(Un), f)dt = / (), @) + (Vy(Un), Vo)t
- Z { (Y, ®,)dt — a(Y;®, ®)}dt
= — (Unbyw), @)1 — (9o — Yy, ®(-,0))
# 30 [0 =Y e a7 @)

We proceed as in (4.50) to arrive at

T
/ (Yh_ Z/ Yh Ynlq)nl (I)I dt+2/ Yh,CI) CI)I)
0 I,
— (%0 = Y3, ©(,0)) = (Undy(r), @ — @)
== [16+[17+[18+[19~ (480)

It remains to estimate I;, j = 16, 17, 18, 19. Following the arguments of I3 and Iy, and

using Lemma 1.2.3 with f =Y}, — y(U,) we estimate the terms I15 and 117 as
N
I < COCkmax{C, CEa} D ka1 = Vi ey
n=1

Y RO = Y ) + eV — yUD B rany, (481)

Kegr
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and
N

I, < C(e)CI%CLOmaX{l,C’iE}[an( Z il —AYhnH%%K)

n=1 Kegn
aY;" 1112
3 1[5, )] ¥ = O riain (4.82)
Eeep

Let £ be the L?-projection operator form L?*(2) to V)2 such that (LYv,w) = (v,w),
Vw € V2. Then the following approximation property holds:

||U — £2U||H—1(Q) o hKHU — £2U||L2(Q) S 04730 h%{”’U”Hl(Q) (483)

By setting V! = L)y, and using (4.83), we estimate the term I;g as

Lis < lyo = Y a2, 0]l iy
< C(G)CJZ{CZ,P,oh}l{HyOH%II(Q) + €| Yy — y(Uh)H%Q(Q)' (4.84)

Finally, for the last term, we use Lemma 4.3.1 to have

ho = -3 [ S0 - a)in o) dea

N
) 1/2
(32 10hndt) 12 — Brlzsomamay
n=1 i

. al 1/2
CraiZ®( X2 [ M0 ndt) " oo
=1 n

IA

IN

N
< CICRCE (Y / U 3mdt) + €llYa = y U)oz (4:85)
n=1 n

Combining (4.81) — (4.85) with (4.80), and by setting Cy 3 = 2C(e)C max{C7, Cfs,
C1oCle CT

7 oo Ciao} with € = 1/8, we arrive at

N
1Y% = 4O sz < Cuon (W lolidig + Y k(& + & + E5) ). (4.:86)
n=1
By the triangle inequality and (4.28), we have

Ju— UhH%%o,T;Rm) + lly — YhH%%O,T;L?(Q))
< lu— UhH%Q(O,T;Rm) + lly — y(Uh)H%?(O,T;LQ(Q)) + |ly(Un) — Yh”%2(O,T;L2(Q))

< Gz llu— UhH%Q(O,T;Rm) + [ly(Un) — Yh”%Q(O,T;LQ(Q))a
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with Cy30 = 1+ Cy7. Using (4.70), (4.79) and (4.86) in the above equation, and

adjustment of the constants yields

Ju— Uh||2L2(0,T;Rm) + [ly — YallZ2 0T~L2(Q))
N
< 04,24{(h4;(d+h4 H?JOHHl ‘*’Zk +@”y’18) anh;{d( i+ El + E)

n=1

N
+ > ka1 + A (81 + 85 + &) |
=1

where C4724 = 04725 04732 max{l, 04,287 04’29, 04,2804,31}‘ This completes the rest of the
proof. O]

4.4 Numerical assessments

In this section, we perform numerical experiments to illustrate our theoretical results
of the previous section. The simulation is carried out with the help of the software
FreeFem++ [38] and all the constants involved in the estimators are taken to be 1. We

have implemented the following steps
SOLVE — ESTIMATE - MARK — REFINE

to acquire the refinement from the initializing triangulation. The construction of time-
step size and the mesh refinement algorithm is based on the error equi-distribution

strategy. We now define some notations for the purpose of adaptive algorithm. Set

n — n n n mn n
Eopace = Gi1 T Ey + Efs+ Es + Ef,
n e n n
éifzme T + 4,61

éz‘nitial = éa4,0

for Theorem 4.3.1. Similarly, we set &, = ~4"1+@5 (5"4”3+é‘>4”5+(5’4”7, @?me = ~4744-
:ff@-, Eimitiat = &,, for Theorem 4.3.2, and Epace = ” 1+ 4”2 + &) + 6% + /:ff? +
Ei'ss Elime 34”4—#(5"4”5, Einitial = é" for Theorem 4.3.3. The space—time adaptive

algorithm is presented below.
The role of Step 2 in Algorithm 4.1 is to reduce the time step size to keep the time

error estimator below the tolerance €, _ while keeping the space mesh unchanged. In
Step 3, the refinement procedure is carried out until the time and space error estimators

satisfy the desired tolerances. In the last step, if the time error estimator is much less
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Algorithm 4.1 (Space-time adaptive algorithm)

Given tolerances €,,,.,, €,,. and the parameters 01 € (0,1), d2 > 1, Ay > 0, Ao € (0, \r).

Suppose that (yg_l,pz, uz_l) is computed on the mesh 9,1”_1 at the time level t,,_1 with time
step size k,_1.

Step 1. Set I := ZL”_I, kn :=kpn_1, tn :=tn_1+ kn.

Compute (y7!, pz_l, uy') by solving the discrete problem on .7,".

Compute all the estimators on .7,".

Step 2. While &7

time

€, .
> me do

kn = 01kn_1, tn :=tn_1+kn.

n—1

Compute (y;!,pp~ ", uj) by solving the discrete problem on .Z".
Compute all the estimators on 7"
End while

Step 3. While g;;gace > Ep%’ do

Refine mesh 7" and generate the new modified mesh (say) ;.

n—1

Compute (yy,p), ", up) by solving the discrete problem on " .

Compute all the estimators on 7" .

While &7

€, .
time > tT ) do
! !
kn = (51kn_1, t, ==th_1+ ]Cn.

n—1

Compute (y;,p, *,u;) by solving the discrete problem on 9}:;]“;
Compute all the estimators on ZZ’C;’
End while
End while

Step 4. If &7 <A\ Zme  do

Set k;l = Ookn_1, tn:i=t,_1+ k;t

End if
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than the prescribe time tolerance €,. ~ then we increase the time step size by multiplying

time

a factor do. We use MNS strategy [75] for marking the elements K € 7" in the

refinement process.
We have considered two test examples from [35] for numerical verification of our esti-

mators. The first example considers the optimal control problem with lower dimensional
manifold as a moving point v(¢) = (71(f),72(¢)) whereas the second one with moving
interval. For the space discretization, we use the piecewise linear and continuous finite
elements for the state and co-state variables, while piecewise constant functions are
employed for the control variable. Further, we approximate the time derivative using
the backward Euler method. We partition the time interval [0, 1] and set time step-size
k., = O(h3) to achieve the optimal order a posteriori error estimates. For both the
b ¢ = 10~*. Adaptive

time space

test examples, we choose time and space tolerances as €

meshes generated via Algorithm 4.1 show the effectiveness of our derived estimators.

Example 4.1. Consider the optimal control problem (4.1) — (4.3) with Qr = B(0,1) x
[0,1], where B(0,1) denotes the circle with radius 1 and center at the origin, (t) =
(71(t),72(t)) = (0.5 cos(2nt), 0.5 sin(2nt)) is a moving point (d = 2 and r = 0) in Q

and o = 1. The datum for the problem are taken as follow.

(e =)

y = “—Zlogle— ()],
>

p = (¢ = e)sin(rel’) cos (S]z = 1(1)]?),
u = Py (e —e),
with corresponding yqs. Here the control space is
Uwa := {u € L*[0,T] : uy < u(t) <wp, ae. t€[0,T]},

with u, = —0.005 and up, = 0.0125.

Table 4.1 shows the mesh information with error estimates for the state and con-
trol variable in the L?*(0,7T;L*(Q)) and L*(0,T;R™) norms, respectively, on the uni-
form mesh, adaptive mesh-(I) and adaptive mesh-(II). While Figure 4.1 contains the
uniform mesh, Figures 4.2 (i) — (iv) depict the adaptive meshes at the different time
levels ¢ = 0.3333, 0.5632, 0.7219, and 0.9889. From Figures 4.2 (i) — (iv), it is ob-
served that mesh adapts very well near the singularity and moves with the point ~(t)
at different time levels. We plot the approximate state solution at different time levels
t = 0.3333, 0.5632, 0.7219 and 0.9889 for the corresponding adaptive meshes (Step-(1I))
in Figure 4.3 (i) — (iv).
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Table 4.1: Error estimates for the state and co-state variables in the L*(0,T; L*(Q))-
norm whereas the error for the control variable in the L*(0, T; R™)-norm, on the uniform

mesh, adaptive mesh Step-(1) and adaptive mesh Step-(II), respectively.

Time levels | Meshes # Elements | # Nodes y—Yy p— Py u— Uy
Uniform 43200 21851 1.7791e-02 | 5.8776e-02 | 4.4918e-02
t =0.3333 | Adapt-(I) 14878 7488 1.7881e-03 | 9.3737e-03 | 3.0029e-03
Adapt-(II) 6821 3446 8.5483e-04 | 4.6054e-03 | 1.4060e-04
Uniform 43200 21851 1.2054e-02 | 1.7889e-02 | 1.3409e-02
t =0.5632 | Adapt-(I) 15395 7743 1.2209e-03 | 9.2882e-03 | 8.5660e-03
Adapt-(IT) 7059 3563 4.9037e-04 | 5.0179¢e-04 | 8.0788e-04
Uniform 43200 21851 1.7644e-02 | 3.8195e-02 | 1.3336e-02
t=0.7219 | Adapt-(I) 15130 7613 3.0903e-03 | 3.1066e-03 | 1.1632e-02
Adapt-(II) 7025 3547 7.5919¢-04 | 1.0676e-03 | 1.1193e-03
Uniform 43200 21851 2.9303e-02 | 8.0552e-02 | 1.3219¢-02
t =0.9889 | Adapt-(I) 15116 7606 5.5206e-03 | 1.3617e-02 | 1.4529e-03
Adapt-(II) 6873 3471 1.9250e-04 | 1.4022¢-03 | 1.2674e-03

Figure 4.1: Uniform mesh
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Figure 4.2: Adaptive meshes (i) — (iv) (Step-(II)) at the different time levels t =
0.3333, 0.5632, 0.7219, 0.9889 for Example j.1.

In the following example we consider the optimal control problem (4.1) — (4.3) with

manifold as a moving interval.

Example 4.2. We consider the optimal control problem (4.1)— (4.3) with spatial domain
Q= (—-1,1) x (=1,1) and ~(t) = {2t — 0.5} x [—0.25,0.25] be a moving interval (d = 2

and r = 1) strictly contained in the domain. Here, we set the following data

T=05, a=001, wu,=-0.025 u,=0.025,

Yas = Tsin(mt) sin (%xl) sin (%962), (x,t) € Q x [0,T],

with x = (1, 3).

Similar to Example 4.1, here we present the mesh information and errors. The state

and the co-state errors are computed in the L?(0,T; L*())-norm whereas the control
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(1) t =0.3333 (17) t = 0.5632

(idi) t = 0.7219 (iv) t = 0.9889

Figure 4.3: Profiles of the approximate state solutions (i) — (i) on the corre-
sponding adaptive meshes (Figure 4.2 (i)-(iv)) at the different time levels t =
0.3333, 0.5632, 0.7219, 0.9889 for Example 4.1.

error in the L?(0,T; L?(7(t)))-norm at the different time levels ¢ = 0.0625, 0.1875, 0.325
and 0.450. From Table 4.2, we observe that the number of nodes in adaptive meshes
at Step-(II) are very less in comparison to the uniform mesh. Figure 4.4 (i) shows the
uniform mesh and Figures 4.4 (i) — (vi) show the adaptive meshes at the different time
levels t = 0.0625, 0.1875, 0.325, 0.450 and 0.500, respectively. We observe from Figures
4.4 (i) — (vi) that the mesh is adopted along with the moving interval. The approximate
solutions of the state variable on the adaptive meshes (Step-(II)) at the different time
levels t = 0.0625, 0.1875, 0.325, 0.450 and 0.500 are respectively shown in Figures 4.5

(i) = (v).
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Table 4.2: Error estimates for the state and co-state variables in the L*(0,T; L*())-
norm, and the control error in the L*(0,T; L*(y(t)))-norm, on the uniform mesh, adap-

tive mesh Step-(I) and adaptive mesh Step-(1I).

Time levels | Meshes # Elements | # Nodes y—Y p— Py u — Uy,
Uniform 43526 22014 3.8642e-03 | 3.2087e-03 | 1.3517e-02
t =0.0265 | Adapt-(I) 17894 8796 6.3108e-04 | 4.7880e-04 | 1.3435e-03
Adapt-(IT) 11358 5716 5.9650e-04 | 1.3449e-04 | 3.9063e-04
Uniform 43526 22014 4.9392e-03 | 1.9437e-03 | 6.3116e-02
t =10.1875 | Adapt-(I) 17920 8996 1.4438e-03 | 2.6609e-04 | 6.5696e-03
Adapt-(I1) 9368 4710 7.0320e-04 | 2.5278e-04 | 6.2938e-04
Uniform 43526 22014 4.3590e-03 | 5.1341e-03 | 6.2876e-02
t=10.325 Adapt-(I) 17910 9000 8.0753e-04 | 6.6223e-04 | 2.2923e-03
Adapt-(IT) 9199 4631 7.6867e-04 | 6.1575e-04 | 1.3397e-04
Uniform 43526 22014 5.1942e-03 | 1.4087e-03 | 6.3117e-02
t = 0.450 Adapt-(I) 17902 8993 9.2268e-04 | 2.0554e-04 | 4.2844e-02
Adapt-(IT) 9204 4636 8.7283e-04 | 1.9590e-04 | 6.5842e-03

4.5 Concluding remarks

In this chapter, we have studied a posteriori error estimates for the finite element
approximations to POCP (4.1) — (4.3) with control acting on a lower dimensional man-
ifold. We derive a posteriori error estimates for various type of manifolds. The solution
of state equation for this kind of problems exhibits a low regularity due to the involve-
ment of Dirac measure on «(¢) in the source term. The development of the adaptive
finite element method provides necessary feedback to such kind of problems for sake
of accuracy enhancement. Our numerical results shows the effectiveness of the derived

estimators.
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Figure 4.4: Uniform mesh (i) and Adaptive meshes (ii) — (vi) (at Step-(1I)) at different
time levels t = 0.0625, 0.1875, 0.325, 0.450,0.500, for Example 4.2.
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(i) t = 0.0625

(ii) t = 0.1875 (idi) t = 0.325

(iv) t = 0.450 (v) t = 0.500

Figure 4.5: Profiles of the approzimate solutions (i) — (v) corresponding to the adaptive
meshes (Figure 4.4 (ii) — (vi)) at different time levels t = 0.0625, 0.1875, 0.325, 0.450,

and 0.500, respectively, for Example 4.2.

TH-2632_156123016



CHAPTER 4. Controls acting on lower dimensional manifolds 122

TH-2632_156123016



LocAL A POSTERIORI ERROR ESTIMATES FOR PBCP

In this chapter, we derive space-time local a posteriori error estimates of finite ele-
ment approximations to Neumann boundary control problems (1.7) — (1.9) governed by
parabolic partial differential equations in a convex bounded domain Q C R? (d < 3)
with Lipschitz boundary. The piecewise linear and continuous finite elements are used
for the approximation of the state and co-state variables, while the approximation of the
control variable is done by piecewise constant functions. The discrete-in-time scheme
is based on the backward Euler implicit scheme. We derive reliable type local a poste-
riori error bounds for the state, co-state and the control variables with three different
observations: Observation of the boundary state, the distributed state and the final
state. The a posteriori error analysis for the state and the co-state variables uses cutoff
function, approximation properties and duality argument, while the first-order necessary
optimality condition plays an important role for the development of the a posteriori er-
ror estimate for the control variable. The derived estimators are of local character in the
sense that the leading terms of the estimators are depending on the small neighborhood
of the boundary and the resulting mesh refinement is much concentrating around the

boundary.

5.1 Introduction

This chapter deals with local a posteriori error estimates for the following PBCP:

min 7 (u.y) = min {G(y) +H(u)} (5.1

u€Ugyq

123
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subject to the state equation

(O .

8_?2{ +Ay=f in Qrp,

(AVy) -n=Bu+x, on I'rp, (5.2)
Ly(2,0) = yo(x) in Q,

and the pointwise control constraints are given by
Uy < u(x,t) <wup ae. in I'p, (5.3)

where Q7 = Q x (0,7, I'r = 9Q x (0,7] with 7" < oo, and 2 is a convex bounded
domain in R? (d < 3) with Lipschitz boundary I' := 9Q. We now assume that

f e L*0,T;L*(Q)), yo € HY(Q), x, € B, ap € L=(Q),

and the operator B is a linear and continuous operator from X to X. The coefficient
matrix A(-) = (ai;(+))axa € (WH*(Q2))%*? is a symmetric and positive definite matrix
such that there exists a constant ¢y > 0 satisfying ag(z) > co, Va € Q and the ellipticity
condition

x'Ax > col|x||24, Vx € RY,

where x!

is the transpose of x and || - ||ge denotes the standard Euclidean norm on
d-dimensional Euclidean space. Here, y = y(z,t) is the state variable and the control
variable u appears in the Neumann boundary condition. Let U,; denotes the admissible

control set which is given by
Uad:{ueX: U, <u<u a.e. inFT}

with u, < wup, where u,,u, € R. Further, U,; is a nonempty closed convex set in
X = L*0,T; B) with = L*(T'). We define the inner product on L*(T") by

(v,w)g = /vwds, Vo, w € L*(T).
r

Moreover, we shall consider the state space W = L2(0,T; H*(Q) N'V) N HY(0,T;V*),
where V := H'(Q) = {v:v € L*(Q) and Vv € (L*(2))?}. In addition, we shall make

the following assumptions on the functionals G and H:

B1. The functionals G and H are continuously differentiable on the observation space
O, (the space Oy, may be L*(0,T; %) or L*(0,T; L*(2)) or L*(£2)) and the control
space X.
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B2. The functionals G and H, respectively are strictly convex on Oy, and X with
H(u) — 400 as ||ul]|x — +oo. Additionally, G is bounded below, and G’ satisfies

the locally Lipschitz continuity condition.

We now define the bilinear form a(-,-) on H'(Q) by
a(v,w) = /{(AVU) -Vw + aguw} dz, Yo, w € H'(Q),
0

where H'(Q) = {v:v € L*(Q) and Vv € L*(Q)}. We assume that the bilinear form

a(+,+) is bounded and coercive on H'(f), i.e., 3 ap, a; > 0 such that
a(w,w)] < aollelfulh,  Vo,we HY(Q),

and
a(v,v) > o]}, Vo€ HY(Q).

The weak form of PBCP (5.1) — (5.3) is defined as follows: Find a pair (y,u) € W x Uyq
such that

min 7(u,y) = min {G(y) +H(w)} (5.4)

u€Uqq

subject to the state equation

0
(570) +al.v) = (£,0) + Bu+xp,0)s  VoeV.

y(-,0) = yo(xr) =z €

(5.5)

We shall investigate local a posteriori error estimates for the above control problem
with three different choices of observation spaces (Os,) and optimality conditions, which

are described as follows.
Case I (Observation space O,, = O, ). This case considers the control problem

(5.1) — (5.3) with observation of the boundary state, i.e., the observation space is Oy, =
L*(0,T; A). Let

G(y) == /OT/Fg(y)det and H(u) := /OT/Fh(u)dsdt,

where g(-) and h(-) are strictly convex and continuously differentiable functions on Oy,
and X, respectively, so that our conditions on G(-) and H(-) are fulfilled. Note that,
both functionals G(-) and H(-) are defined on the boundary. For example, functionals
G and H are

17 a [T
0w = [ v valfydt and Hwi=5 [ fullae.
0 0

2
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It is known that the convex boundary control problem (5.4) —(5.5) has a unique solution
(y,w) iff there exists a co-state variable p € W such that the triplet (y, p, u) satisfies the
following optimality conditions for ¢ € [0,T] (cf. [53]):

<E’ v) +a(y,v) = (f,v)+ (Bu+xpv)g YveV, (5.6)
y(x,0) = yolx) x€Q, (5.7)

—<%,v> +a(p,v) = (d(y),v)e YveV, (5.8)
p(z,T) = 0 x€Q, (5.9)

(W (u)+ B'p,w —u)g > 0 Yw € Uy, (5.10)

where B* is the adjoint operator of B.

Next, we consider control problem (5.1) — (5.3) with observation of the distributed
state, i.e., the observation space is O, = L*(0,T; L*(12)).

Case II (Observation space O,, = O, ). In this case, we consider the control
problem (5.1) — (5.3) with observation of the distributed state. Assume that the func-
tions g(-) and h(-) are strictly convex and continuously differentiable on O, and X,

respectively. Define

G(y) = /OT/QQ(?J)dJEdt and H(u) := /()T/Fh(u)dsdt

be such that our assumptions on G(-) and H(-) are fulfilled. For example, we may think
of the functionals G and H as:

1 (T 4 > 4
G(y) =5 | Iy~ Yasllza@dt and H(u) == o | [lull5dt.
0 0
The optimality conditions in this case read: For ¢ € [0, T], the triplet (y,p,u) satisfies
dy
<§7U> —f-CL(y,U) = (f,?))—f-(BU—f—Xb,U)% Vv € ‘/7 (511)
y(z,0) = wlx) z€Q, (5.12)
0
~(500) +alpv) = (J)v) VeV, (5.13)
plz, T) = 0 z€Q, (5.14)
(W (u)+ Bp,w—u)g > 0 VYw € Uy, (5.15)

where B* is as defined before.
The only difference between the above two cases can be observed in their correspond-

ing co-state equations (5.8) and (5.13). More precisely, Neumann boundary condition
for the co-state equation in (5.8) is ¢’(y) compared to 0 in (5.13), and the source function

is changing from 0 to ¢'(y).
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The last case deals with control problem (5.1) — (5.3) with observation of the final

state y(x, T). That is, the observation space is O, = L*(9).
Case III (Observation space O,, = O, ). This is a very vital and factual case.

In this case, the co-state equation for the control problem (5.1) — (5.3) with observation

of the final state turns out to be different from the previous ones. Let us define

G(y) :Z/Qg(y(x,T))dx and H(u) := /OT/Fh(u)dsdt,

where again ¢(-) and h(-) are strictly convex and continuously differentiable functions.

For example, G and H are given by

1 a [T
G(y) = Sly(e,T) — Yaslliz2) and H(u) = 5/0 Jull%dt,

respectively. By Lagrangian approach, one may directly reach to the adjoint problem

o)
-~ — V- (AVp) +app =

0
ot
(AVp)-n = 0 on I,

in QT)

The optimality conditions for this case are as follows :

(%,v) +a(y,v) = (f,v)+ (Bu+xpv)g Yvel, (5.16)
y(x,0) = yolz) z€Q, (5.17)

dp
_<E’U) +a(p,v) = 0 YvelV, (5.18)
p(va) = gl(y(fL‘,T)) T €, (519)
(W (u)+ B*p,w —u)g > 0 Yw € Uy, (5.20)

where B* has the same meaning as before. Note that p(z,7) = 0 in previous two cases
but in the third case p(z,T) = ¢'(y)(T). In this case, we are required to pay more

attention to derive the a posteriori error estimate for the co-state variable.
In the above three cases, the convexity assumptions on ¢(-) and h(-) imply that

(g'(v1) — ¢ (v2),v1 — va)o,, 0 Yo, vy € O, (5.21)
(B (wy) — B (wa), w1 —w2)z > Csllwy —wsl|% Vwy, wy € B,  (5.22)

v

where C5; > 0 denotes the convexity constant.
Some previous work in this direction can be found in [34, 56, 57, 60]. Liu and Yan

[56] have derived a posteriori error estimates for the model boundary control problems
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on polygonal domain. They have derived reliable type of a posteriori error estimates
for convex boundary control problems in [57]. Subsequently in [60], the same authors
have discussed both upper and lower a posteriori error estimates for the finite element
approximations of elliptic boundary control problems with two different observations:
The observation of the boundary state and the observation of the distributed state. They
have obtained a posteriori error estimates for the co-state and the control variables in
the L?(T")-norm for both the observations, while error bound for the state variable is
proved in the L*(T')-norm or L?*(2)-norm according to the observation spaces. In the
context of PBCP, Gong and Yan [34] have considered the boundary control problems
governed by parabolic differential equations and derived a posterirori error bounds in
three different observations namely, observation of the boundary state, observation of
the distributed state, and observation of the final state. Using the energy argument,
Clémet type interpolation approximation properties and the trace result, they have
established a posteriori error estimates for the state and the co-state variables in the
L*(0,T; H'(Q))-norm whereas error for the control variable in the L?(0,7; %)-norm.
These estimates are not local in character. In many engineering applications, it is often
useful to study the behaviour of the state and co-state variables in a small neighborhood
of the boundary. Therefore, a posteriori error estimators in some suitable local norms
have become more useful and the derivation of these estimates are not straightforward.
In this chapter, we intend to investigate local a posteriori error analysis for the finite
element approximation to PBCP (5.1) — (5.3) with three different observations. We
derive local a posteriori upper bounds for the state, co-state and the control variables in
the L%(0,T; %)-norm for the observation of the boundary state as well as for the final
state. Moreover, the a posteriori error estimate to the state variable for the observation
of the distributed state is proved in the L*(0,T; L?(Q))-norm, whereas the error bounds
for the co-state and control variables in the L?(0,T;%)-norm. However, the global
influences can be seen by the higher order terms in the derived estimators. These
estimators can serve as indicators in the adaptive finite element method for the mesh

refinements. Our numerical results confirm the reliability of the derived estimators.
The outline of this chapter is as follows. Section 5.2 contains finite element approx-

imation to the control problem (5.1) — (5.3) and some basic results for our subsequent
use. We derive local a posterior: error estimates for the fully discrete finite element ap-
proximation of boundary control problem (5.1) —(5.3) with observations of the boundary
state, the distributed state and the final state in Section 5.3. Numerical results presented

in Section 5.4. The last section contains some concluding remarks.
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5.2 Discrete optimal control problems

This section describes the finite element approximation of convex boundary control

problem (5.4) — (5.5) and recall some interpolation approximation properties.
Let 25, be a polygonal approximation to 2 with a boundary I'j,. Let .7, be a partition-

ing of 2, into disjoint regular d-simplices K, so that ), = U Kgghk ,and if Ky, Ky € 9,
and K| # Ks, then either K1 N K5 = () or K1 N K, share a common vertex or a common
edge. Note that, when € # €, it is bit complicated to set up and analyze the problem
(cf., [57]). For simplicity, we investigate the problem with 2 = €. Associated with .7,
we consider a finite dimensional subspace Vj, of C(€;) consisting piecewise linear and

continuous polynomials, i.e.,
Vi = {o(t) € C(Qn) : v|x €Pi(K), VK € T, t € (0,T]},

where IP; is the space of polynomials of degree less than or equal to 1 on K € 7},.
Let us consider 73 be the partition of [', into disjoint regular d — 1 simplices 7

such that I'y, = U;ez,7, and if 74, 7y € T and 71 # Ty, then either 7, and 7, share
a whole edge, or a face, or one common vertex, or they are disjoint. Further, let %
be the finite dimensional subspace of L*(T';) consisting piecewise constant polynomials

associated with 7, that is,
By = {w(t) € L*(Ts) : w(t)|, = constant, Y7 € Ty, t € (0,T]}.

Now we set Upgp = Xp N Uyg with Xy, = L?(0,T; %). Let hg and h, denote the maxi-

mum diameters of the elements K € 7, and 7 € 4, respectively.

First, we shall discuss the finite element approximation for the boundary control

problem with observation of the boundary state, i.e., for Case 1.
The semidiscrete finite element approximation of (5.4) — (5.5) is to seek a pair

(yn,un) € L*(0,T; Vi) X Uzgp, such that

min J (up,yp) = min  {G(yn) + H(up)} (5.23)

up€Uqd,n up€Uqgd,n

subject to

0
<%’“h> +a(yn, vn) = (f,vn) + (Bup +xp,00) 5 Vou € Vi,

yh<'70) = yh,O(x) LS Qv

(5.24)

where yp, 0 € V} is a suitable approximation of y,.
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It is well known [53] that the convex optimal control problem (5.23) — (5.24) admits
a unique solution (yp,up) € L*(0,T;V3) X Uuap iff there is a co-state variable p, €
L*(0,T;V4) such that the triplet (yn, p,us) € L*(0,T; V) x L*(0, T; Vi,) X Ugq p, satisfies
the following optimality conditions, for t € [0, T]:

0
( E;Jth ) + Cl(yhy Uh) = (f, Uh) + (Buh + X, Uh)% Yo, € Vi,
( 0) = Yno,
0 /
_< Gih ) +a(pr,vn) = (9'(yn),vn)m  Vou € Vi,
(- T) = 0,

(W' (up) + B'pr,wp, —up)s > 0 Vwy € Usgp.

We now consider the space-time finite element discretization of boundary control
problem (5.23) — (5.24). The temporal discretization is based on the backward Euler
scheme.

Let 0 =ty < t; < ... <ty =T be a partition of [0,7] with I,, = (t,_1,t,] and
kp = t, —ty_1. Let Z" = {K}(0 < n < N) be the triangulation of Q, at the time
level ¢,,. For each n =0,..., N, we construct the finite element space V;" corresponding

to the triangulation .7, as
= {vecl(): vk e Pi(K), VK € J;'}.

Let .7} be a partition of I', at the time level ¢t = ¢,. For n = 0,..., N, the finite

element space U, associated with the mesh 7772 is given by Uy, = % N Uug, where
By = {w € L*(T}y) : wl|, = constant, V1 € T }.

Let hg, and h,, denote the maximum diameters of the elements K,, € 2" and 7,, € .7,
respectively. Now we define mesh size functions hg(-) and h.(-) associated with mesh

functions K(-) and 7(-), respectively, such that

hK(t)‘teIn = th h7'<t)|t€[n = th: K(t)|teln = K, and T(t)’teln = Tn-

For simplicity, frequently we use hi(t) = hg, h,(t) =h,, K(t) =K and 7(t) = T.

For the purpose of fully discrete approximation, we use the following notation

_ 1 B

"=+, t,) and OY" = k—(@b" — "),

The space-time finite element discretization of (5.23) — (5.24) is defined as follows:
To seek a pair (yp,up) € V' x Upy,,, for 1 <n < N, such that

N

min / /{g yi) + h(up) } ds dt (5.25)

n n
upelUny hoy
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subject to

Oy, ) + alyl,vn) = (f* vn) + (Bul + xp,0) Yo, € Vi, (5.26)

yp = Yn,0,
_ 1 (i
where " = . / f(t)dt and y; ¢ is a suitable approximation of yy in V;°.
n tn—1

The optimal control problem (5.25) — (5.26) has a unique solution (yj, u}}) iff there
is a co-state variable p;~' € V;" such that the triplet (y, pj~'u}) satisfies the following

optimality conditions, for 1 <n < N:

Oyt o) +alyl,vn) = (f%on) + (Bul +xp,01) Yo, € V), (5.27)
yg = Yno, (528)
—(0ph, o) +ay o) = (dWn),vn)s  Yun € V), (5.29)
i = 0, (5.30)
(W' (up) + B*pz_l,wz —up)g > 0 VYuwype€ . (5.31)
Forte I,, 1 <n <N, we define
(n=1) amq , E=ta1) o
Yh<t) = k—nyh L4 K ho
(tn ol t) n— (t — tn—l) n
Ph(t> = T by, - k. o
Un(t) == uyp.

Here Y} (t), Py(t) represent the continuous piecewise linear interpolant functions in
time, and Up(t) denotes the piecewise constant function in time. For any function
w e C(0,T; L*(Q)), we set

L:)(l‘, t)‘(tnflytn] = w(x, tn) and (IJ(iL‘, t)‘(tnq,tn] = w(x’ tnfl)'

Then the optimality conditions (5.27)-(5.31) can be stated as follows:

<%,vh) + a(ffh,vh) = (f" )+ (BU, +xp,00)z Yo, € V", (5.32)
Y= umo (5.33)

_<%,vh> +a(Pu,vn) = (§(Va),vn)z Yo, € VP, (5.34)
By =0, (5.35)

(W' (Uy) + B*Py,wy —Up)g > 0 Yuwj € e (5.36)

TH-2632_156123016



CHAPTER 5. Local a posteriori error estimates for PBCP 132

For the purpose of deriving local a posteriori error estimates we consider the set
Q= {z € Q| dist(z,T) < I} C

where [ > 0 is a constant, and independent of mesh parameters h and k. For each time
level t,, € (0,77, we first introduce the subset 7' of 7" as follows:

g ={Kegr| Rn+0).

For the purpose of understanding of the triangulations ;" and 7, a typical discretiza-
tion of Q C R? is shown in Figures 5.1 (a) and (b).

4 4

3 3

2 2 K

1 1

Oo 1 2 3 4 5@ 00 1 2 3 4 5@

Figure 5.1: (a) " corresponding to §; (b) ! corresponding to €

We now recall some important interpolation approximation properties and trace
result in the following lemmas. These lemmas will be useful in deriving the residual

type a postertori error estimates.

Lemma 5.2.1 ([15]). Form =0 or 1, ¢ > % and ¢ € W2(Q),

1Y — T |wmaayy < Cri B2 ™Ywzay),
where 11}, is the standard Lagrange interpolation operator.

Lemma 5.2.2. Form =0 or1, 1 < ¢ < oo and V¢ € Wh1(Qy,),

Y — Tyt wmagre) < Z Cra by ™Y wra(xn, (5.37)
K'NK#)

where 11, is the average interpolation operator as defined in [86].
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For t € I, let ¢ € C3°()) be a cut-off function with ¢ = 1 on I'. Set 1) = ¢*) and
! =TI, it follows from Lemma 5.2.2 that

S BRI = ey + 10 = gy € CRllbling < Crsllovling, (5.38)
K

where the constant 01,4 depends on the constant 61172.

Lemma 5.2.3 ([45]). For all ¢ € WH(Q) and 1 < g < oo,

~ -1 11
lelwoaer) < Cra (A Ibllwaauo + i Il )-

5.3 A posteriori error analysis

In this section, we shall derive local a posteriori error estimates for the control
problem (5.1) — (5.3) in three different observations (the boundary state, the distributed
state and the final state).

5.3.1 Control problem with observation space O,, = O,

We first consider the control problem (5.1) — (5.3) with observation of the boundary
state, i.e., observation space Oy, and derive reliable type local a posteriori error bounds
for the Case 1. To derive the main result we first need to establish some intermediate
a posteriori error estimates. For this purpose, we introduce the following auxiliary

problems.
For any control variable u* € U,4, we define that the pair (y(u*),p(u*)) € W x W

satisfies the following system:

(33/;16*)’ )+a( (u),v) = (f,v)+(Bu +x,v)s YoeV, (5.39)
y(w)(,0) = wlr) 2€Q, (5.40)

_((9])5? >’“) alp(u’),v) = (9 yW)),v)s YoV, (5.41)
<U*)( 7T) =0 x € Q. (5.42)

In the following lemma, we present the error estimate for the control variable in the

L*(0,T; #)-norm.

Lemma 5.3.1. Let (y, p,u) and (Yy, Py, Uy) be the solutions of (5.6)—(5.10) and (5.32)—
(5.36), respectively. Assume that Uy, C Usa, (B'(Up) + B*P,)|, € H'(7) and there
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exists a positive constant Cs o and wy, € Uy, such that

T T
/ (h'(Uh)—i-B*Ph,wh—U)%dt‘ < 05,2/ > bW (U)+B* Pal a2 () lu—Un | r2ry dit.
0 0 TET Y

(5.43)
Then, we have
lu — Uh|]%2(07T;%) < Csgs (55%1 + B — p(Uh)”%Z(O,T;ﬂ)>v

with A
&1 = / S" WUy + B*Bul2 ) dt.
0

rezn
In the above, Cs 3 = m max {C3,, 1} and the pair (y(Uy), p(Uy)) is a solution
of the problem (5.39) — (5.42) with u* = Uj,.
Proof. From (5.10) with w = Uj,, we have

(h'(u), u — Uh)gg < — (B*p, u — Uh)ﬂ

An application of convexity condition (5.22) yields

T T
05,1/ = Un|Bdt < / (W' () — K(Un), t — Un) it
0 0

IA

/OT{ — (B*p,u—Up) gz — (W' (Uy),u — Uh)%} dt

T

(B*Py + W (Uy), u — wp) g dt

=

(W(Uy) + B* Py, wy, — Up) g dt

+ [ (B*P, — B*p(Up),u — Uy) z dt

T

+ [ (B*(p(Un) — p),u — Up)zdt,

C\c\qo\do\»

using (5.36), it now follows that
T T ~
Cus [ u=Uiliydt < [ (8Pt (U wn = )
0 0
T ~
+/ (B*(Py, —p(Up)),u—Up)gmdt
0

T
—l—/ (B*(p(Up) —p)yu—Up)gdt
0
= Jl + Jg + Jg. (544)
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In view of (5.43), an application of the Young’s inequality leads to the bound of Jj,

T
Ji < 0572/ > el W (Un) + B Pal g llu — Unl| 2y dt

re7y

3 T . = 1 [T
< G / > BIH ) + B Pilip e + / lu— Upl|%dt.  (5.45)
0

0 TETH
To bound J,, we use the Cauchy-Schwarz inequality and the Young’s inequality to have
T
so< 1B = s allu — Ul
0

3

et A
< 5[ 1B p OB+ 5 [ u= Uil (5.46)
0 0

From (5.6) and (5.39) with u* = Uy, and v = p(U,,) — p, we obtain after integrating with

respect to time from 0 to 7T,

| (5t 000000 = p) -+ [ aty — y(@i,pii) - pie
4 /0 (B(u — Un), p(Un) — p)pdt = /0 (= Un, B (p(Un) — p))wdt.  (5.47)

Set v =y(Uy) —y in (5.8) and u* = U, in (5.41). An integration from 0 to 7" yields

— [ (5o~ p@D. @) — v) e+ [ alp = p(U), (@) ~ )t

- /0 (¢d'(y) — ¢ (w(U)), y(Up) — y)z dt.

Use integration by parts formula and the fact of (p — p(Up))(T) = 0 = (y — y(Ux))(0)

to have
/OT (P — p(Un), %(Q(Uh) = y))dt + /OT a(p — p(Uy), y(Uy) — y) dt

:/0 (') = ' (W(U), y(Un) —y)mdt.  (5.48)

From (5.47) and (5.48), we have

T T
o= [ B - Uad == [ 60) - 60Dy - yU)adr
0 0
use of convexity condition (5.21) implies

Js < 0. (5.49)

Putting (5.45), (5.46), (5.49) and (5.44) together, we choose C5; > 0 in such a way that
2C51 — 1> 0, and this leads to the desire result. O
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Before developing the next results, we first define the A-normal derivative jumps

quantities over an edge or face (F) as:
[AVY}, - np] = (AVY| ke — AVY|kr) - ng, (5.50)

and
[AV P, - ng] = (AVPy|e — AVPy|gp) - np, (5.51)

where ng is the outward unit normal vector to K¥ on E with F = KF n KF.

Lemma 5.3.1 shows that the error in the control variable depends on the intermediate
co-state error in the L?(0,7T;%)-norm. We now estimate this co-state error in the

following lemma.

Lemma 5.3.2. Let (Y, Py, Up) and (y(u*),p(u*)) be the solutions of (5.32) — (5.36)
and (5.39) — (5.42) with u* = Uy, respectively. Let the assumptions of Lemma 5.53.1 be
fulfilled, and let ¢'(+) be a locally Lipschitz continuous function in a neighborhood of y

with observation space O, . Then there exists a positive constant Cs 4 such that

T e T
| 10w — Pulisat < Coa( 3082+ [ Iw(T) - Yalldt ),

with

82, = /0
o
o

/ h2 LY dw(AVPh) — aoPh) dx dt
KeJy

/ hi([AV P, - ng))?ds dt
Em87"_@Ec7"

/hE AVPh ng — (Yh)) dsdt

ECT
B= [ X 1B Bl [ 3 1P - Bl
KE?" Kegn

/ K @ + div(AVB,) — aoPh) dz dt

2
>
0
/0 ENr=0

/ /h3 AVPh ng —4¢g (Yh)) det
0 Ecr

Keg

/hg AVPh nE}) dsdt
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where hg and hy are the diameters of E and K, respectively, and [Avph-nE] s given by
(5.51). The constant Cs 4 depends on o, o, the Lipschitz-constant Cp, the bound Cyy
of the cut-off function, the reqularity constant C'r and the constants élyj, j=1,...,5
defined in Lemmas 5.2.1 — 5.2.3 and the inequality (5.38).

Proof. From (5.34), Vv € V and v, € V}*, t € I, we have

(9Ph ~ o 8Ph D !
—(W,v> +a(Pp,v) = — <E7U - Uh> + a(Pp,v — o) 4+ (9" (Yn),vn) 2

0P ~ /
- <a_th’v — Uh) + a(Ph,U - Uh) + (g (Yh)vv)%

— (¢'(Ya),0 = vn). (5.52)

Subtracting (5.52) from (5.41) with u* = U}, we obtain

0

Py (&(p(Uh) - Ph)ﬂ) +a(p(Un) — P,v) = (

oB,
6t’v

== (g'(Yh), v — Uh)@ + a(f)h — Ph,U)

vh> - a(.ﬁh, v — vp)

~

+(9'(y(Un) =g (Yn),v)z.  (5.53)

Note that, e, = p(Uy) — P, and the defined cut-off function ¢ which is independent of
time imply the following identity

/ AV(ep) - V(¢?e,)dx = / AV (¢e,) - V(¢e,)dz — /(ep)QAngﬁ -Vodx.
Q Q Q

A simple calculation now leads to
ale,, d*e,) = a(pe,, de,) — /Q(ep)QAng -Vodz. (5.54)

Setting v = ¢?e, := w, and v, = I (¢%e,) := w! in (5.53), where w! is the interpolation

of w,, we arrive at

or,
ot’
+ (gl(Yh), wp — w,ﬁ)._% + (¢ (y(Un)) — g/(Yh)a wy) .

—(%,¢26p> + ale,, p*ey) = (

oy wy, — wé) — a(Py,w, — wll)) + a(Py, — Py, w,)
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Using (5.54) and then integrating from ¢, to t, with respect to time ¢, we have

1 ‘
§(H¢ep(t”*1)‘|%2(9) - ”¢€p(tn)“%2(g)) +/t a(pe,, pe,)dt
n—1
/OB, N )

:\/; {(8_;;101)_21];) ‘I’CL(P]—L,U}}I)—wp)_l_(g/(yh)’wp_w;)%}dt

tn ) . A

—l—/ a(Py, — Py, wy)dt +/ (¢ (y(Un) — ¢'(Vh), w,) it
tno1 -

tn
/ /ep AV ¢ - Vo dxdt.
tn—1

Summing up from 1 to N, we find that

1 T
3 (166, 0) 0y — e Tan) + [ aldey, oey)a
T 0P, . L
— /O {(W,wp — w{,) + a(Ph,wé —wy) + (¢'(Yn), w, — wll))g,»}dt
T 3 T .
+ [ B = Puwit+ [ (6 (0(U) ~ o/ (5h), wy)act
0 0
T
—|—/ /(ep)2AV¢V¢dxdt = Il+[2+[3+14-
0 Q

We now proceed to estimate I;, j =1, 2, 3, 4. For I, first we note that

& /OT { <6Ph w, — ) + a(By,w! —w,) + (g (Ya), w, — w;)gg}dt,

/ Z/ S div(AVBy) — ao Py ) (w, — wh) b dt

/O / [AV By, - ] (w, — w})ds dt

Enr=0

/0 /Avph ne — g/ (V) (w, — wp)ds dt.

Note that ¢ = 0 on Q \ €;. Thus, an application of Lemma 5.2.3, inequality (5.38) and

(5.55)

the Young’s inequality imply
L < ¢ C§5 / h2 “ 4 div(AVP,) — aOPh> dx dt
0 ke 7"

N /0 3 /E hi([AV B, - n])?dsdt

ENdTg =0,ECTS

T
/ hE AVD, -ng—g (Yh)>2d3dt} +5/ ||¢€p||H1 t,
0 pcr
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where CZ; = 6?5 max{é?ﬁ, 1}. By the continuity of the bilinear form and the Young’s

inequality, we have for I,

T
[2 = / CL(Ph — Ph, U)p)dt,
0

T T
=< 0(5)04305,6/0 > HPh—PhH?ql(de5/o IpepllFn iyt

Ke%ll

where C2¢ = C35/C%,. For I, we use the Lipschitz continuity of ¢'(-) and the Young’s

inequality to have

T
I; = / (¢ (y(Un)) — ¢ (Yn), wp) dt
0
T N T
< o(8)C2,C2 / ly(Uh) — ValZde + 6 / e |2 it

where C', > 0 is the Lipschitz constant. Now we estimate our last term I,. We have

T 7
I = / / (e’ AVS-Védzdt < 6] a / eyl .

Since ¢ is a predefined cut-off function, there exists a positive constant C'y; such that
|0]|1.00,0 < Cpr. Thus, we bound the term 1, as

T
Iy < 012\4/ lepl|72 gyt
0

Combining these bounds together with (5.55), e,(T") = 0 and the coercive property of

the bilinear, we obtain

1 T
§||¢€p(0)||%2(9) Jr‘11/ [ pepl|7 oy dt
0

T T
< c0)(Clobl+ iy [ 3 NP = Pulldt + C26CE [ Io(Uh) — Tilfyc)
0 Kegy 0
T

T
+ [Nl +35 [ ooyt
0 0
An application of the trace theorem with cut-off function ¢ implies

lepllzzo.r2) = ldepllrzorz) < lloepllrzo.r;m @) (5.56)

Setting Cs7 = max {¢(6)C2 5, ¢(0)afCi, c(6)C2sCE,C3 } with 6 = ay/6, and we use
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the standard kick-back argument and (5.56) to obtain

1 aq T ~
el + 5 [Nttt < Cor (04 [ 30 1~ Fulipet

0 n
Ke. ?Ql

T T
[l =%l + [ el 657
0

We now turn to estimate the term e, in the L?*(0,T; L*(Q))-norm. By using duality

argument, we have

T ) T a
| et = [ { (60 55) + ate 0 e
T a T
= / ep dt+/ a(ey, x)dt
0

- _/OT{—<%,X)+a(ph,x)}dt

n / a(By — Py x)dt + / Gy s (5.58)

Utilization of (5.52) in the above equation leads to

T T /OP . .
epl|2opdt = / —h,x—XI —a(Pr,x — XD+ (' (Yn), x — XD pdt
| et = [ {(Gt =) =alhx =)+ (¢ (Fi)x = X'
T B T N
4 [CatB - Pde+ [ 0) ()
0 0

V4
P . _
= / <Q + div(AV P,) — ag Py, x — XI> dt

ot
>
/0 EcT

" / a(Py — Pox)dt + / (¢ (4(U1)) — g/ (Fa), ) il

/AVPh ngl(x’ — x)ds dt

Enr=p

/ (AVE, - ns — g (V) (! — x)ds dt

where x! is the Lagrange interpolation of y as defined in Lemma 5.2.1. We apply
Lemmas 5.2.1 and 5.2.3, Lipschitz continuity of ¢/, the continuity property of the bilinear
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form and the Young’s inequality to obtain

/ lep eyt < <(5) G2 /
/0 ENI=0

/ /h3 AVP;L ng —4¢g (Yh)) det)
0 ECh

T
+C(5)a3/0 > IIPh—PhH?p(K)dHC(CS)Cf/O ly(Un) = Yl

Kegyr

T T
5 / |3 dt + 6 / N

where C24 = C?, max{C?,,1}. We first use trace theorem, Lemma 1.2.3 with ¥ = x
and f = p(Uy) — P,. Then, choose § > 0 such that 1 — 26C% > 0 and use the standard

kick-back argument we obtain

/ h4 a =+ div(AV ) —aOPh> dz dt

Keg

/h3 AVPh nE]) dsdt

[ ot < oot [ 3 1P Fulfpaytrt | o -Tallar), 6.59

KeIn

with C59 = = 2(52;2 max{CZ ¢, aj, C7}. Combining (5.57) with (5.59) and setting C54 =

Cs7(14+ Csy), we complete rest of the proof. O

It is evident from Lemma 5.3.2 that the estimation of p(Uy) — P, depends on the
error y(Up) — Y;,. Since the bound of y(Up) — Y, is controlled by estimating y(U,) — Y}
in the L?*(0,T; %)-norm, we estimate the error y(U;,) — Y}, in the following lemma.

Lemma 5.3.3. Let (Y, Py, Up) and (y(u*),p(u*)) be the solutions of (5.32) — (5.36)
and (5.39) — (5.42) with u* = Uy, respectively. Let the assumptions of Lemma 5.3.1 be
fulfilled, and let ¢'(-) be a locally Lipschitz continuous function in a neighborhood of y

with observation space Oy, . Then there exists a positive constant Cs 1o such that

T 9
| -yl < (S 62),
0

=5

with
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= [ %
0

/ h2 ff-—= + div(AVY},) — agY; > dx dt
Ke ?"

/0 /EhE([AVYh -ng|)3ds dt

Eﬁ(‘)yél—(b ECZ%I
/ /hE AVYh nE—BUh—Xb) det
0

ECT
G = [ 3 Wi Willodr+ [ 30 1 Vil
O KEeTZ Kegn
& = / /h4 f"——+dw(AVYh)—a0Yh> dx dt
0 Kegn
/ /h3 AVYh ng))’ds dt
O Enr—=g

/O ECr

&2 = / 1 = Pyt
0

/h3 AVYh nE—BUh—Xb) dsdt

1
Eig = §Hyo—yh,0|!%2(9)

where hg and hi be the diameters of E and K, respectively, and [AV)A/h-nE] is defined as
in (5.50). The constant Cs ¢ depends on «g, oy, the bound Cyy of the cut-off function,
the regularity constant C'r and the constants C~'17j, j=1,...,5 defined in Lemmas 5.2.1-
5.2.8 and the inequality (5.38).

Proof. For allv € V and v, € V}, t € I,,, we have from (5.32)

< oYy,

- oY, . _
W’U> + a(Yp,v) = (—h, v — vh> + a(Yy, v —vp) + (BUL + Xp,01) 2 + (f™, vp)

ot
_0Y] .
= —(fn — a—th,v — Uh> + CL(Yh,U — ?}h) + (BUh + Xb,Uh),%

+ (f" ). (5.60)

Using (5.60) and (5.39) with u* = U, we obtain
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0 Y .
(5 (U = i) v) +aly(Uh) = Yiv) = (F" = FE 0= w) = a(¥i,o - w)
+ (BUh + Xp, U — Uh)@ + a(Yh — Yh,v)

+(f = "), (5.61)

With e, = y(Uy,) — Y3, a cut-off function ¢ defined as earlier and using the identity

/Q AV(e,) - V(¢?e,)dr = /Q AV (¢e,) - V(ge,)dx — / (e,)2AV¢ - Vodz,

Q
we obtain
aley, d’e,) = aldey, pe,) — /(ey)2AV¢ -Vodx. (5.62)
0
Define v = ¢e, := w, and v, = II,(¢%e,) == w,. Thus, from (5.61), it follows that

9
(=%

+ (BUj + %, wy — W) + a(Yy, — Vi, wy) + (f — " wy),

Oe .
(Gese) +atey. ) = = u}) + alfi vl = w,)

with an aid of (5.62) we obtain

1d -, 0Y, ~
Sailoes e +aloe, o) = (F' = S, — w)) + (Vi) —w,)

L (BUh £ Xp, wy — w;)g 4 (L(Yh — Yh, wy)

H(f = w,) + /(ey)QAW) -Vodz.

Q

Integrating the above from t,,_; to t,, with respect to time t to have

1 tn
§(H¢ey(tn)lliz(m — llpey(tn1)l172(0) +/t a(opey, ey )dt

tn oY .
— / {(fﬂ _ 8_th’wy — wé) + a(Yh,wé — wy) + (BU, + xp, wy, — ’wé)gg}dt
tn 1

th tn - tn
—l—/ a(Yy —Yh,wy)dt~|—/ (f — f",wy)dt—l—/ /(ey)QAqu-ngdxdt,
th—1 JQ

tn—1 tn—1
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144
summing up from 1 to N, we obtain
1 2 2 g
§(H¢€y(T)||L2(Q) - ||¢€y(0>||L2(Q)) +/0 a(gey, pe,)dt
’ m Y}, I Y I I
=/ {(f — W wy> + a(Yh, w, — wy) + (BUy, + X3, 0y, — wy)%}dt
T T - T
—i—/ a(Yy, —Yh,wy)dt—i—/ (f — f",wy)dt—i—/ /(ey)QAngS-Vd)dxdt
0 0 0 Jo
= I5+[6+I7+Ig. (563)
We proceed to estimate the terms [;, j =5, 6, 7, 8. First, the term /5 may be written

/ Z/ (" ——+dzv(AVYh)—aoYh)( 5)}dxdt
/0 2 0/ [AVY}, - ng)(w, w;)dsdt
v /]

Since ¢ = 0 on 2\ ;, use of Lemma 5.2.3, the inequality (5.38) and the Young’s
inequality yield

/ (AVYy, - ng — BUy — %) (wy, — w))ds dt.

ECr

T
I < o8) Gy 63546 [ lloey iyt
For I, the continuity of the bilinear form and the Young’s inequality imply

T
]6 = / G,(Yh S Yh, wy)dt
0

(6) 02 C2,4 / S 19— Vil eydt + 0 / ey 2t

Ke?"

IN

To estimate I7, we use (5.38), the Cauchy-Schwarz inequality and the Young’s inequality
to obtain

T
I < / 1f = ol llwy o dt
0

T T
< o(8)C2, / 1 = FlZayd + 6 / ey 2t

Arguing as I, we finally estimate Ig as

T
L= G [ el
0
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Combining the above estimates with (5.63), and using the coercive property of the

bilinear form we conclude that

1 T
Sloes) ey + [ ey o
0

T
< ¢(9) C'52,5 5952,5 + ¢(9) 04(2) 052,6/0 Z 15, — Yh“%—ll(K)dt

n
Kegg

T 2

= C
+e(0)C2y [ 18 = I Bt + oo — ol
0

7 T
+012\4/O ||€y||%2(9)dt+35/0 l[peyll7 () dt.
Setting C11 = max{c(0)C% 5, ¢(0)agC3, c(0)C2 ¢, C7;} with & = a1 /6 and use the kick-

back argument by adjusting the constants to arrive at

§||¢ey(T)”L2(Q)+7 A eyl 7 )t

T T
< Con(&s+ [ 30 WWh~Yillngodt+ [ 1f = Pt

Keysgll

1 T
+ §||?Jo — ynoll? +/ ||€y||%2(9)dt)-
0
An application of the trace inequality with cut-off function ¢ implies

ley 202 = lloeyllzora < loeyllreomma @), (5.64)

using (5.64) in the above leads to
1 (0%} L
310es Dz + 5 [ eyt

T N
< Csi (55‘{5 + 625 + &2y +/ Z 1Y — Yallin ey dt +/ ||ey||%2(9)dt>. (5.65)
0 0

KE,ZZ

To estimate the error e, in the norm L*(0,T; L?(f2)), we employ duality trick and

integration by parts formula to have

T T aw
| ettt = [ (e =5 +ate v

= /OT { <%, w) + a(ey, w)} dt + (Yo — Yn0,¥(0))
_ /OT(f, V)dt + /OT(BUh + Xy, ) dt — /OT {(%ﬂﬂ) + a(?h,w)}dt

T
4 / a(ffh — Yy, )dt + (Yo — yn0,¥(0)).
0
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For any w € V, wy, € V;*, a similar argument as (5.52) yields

)
(o

w) +a(Yp,w) = (f”—— w — wh> + a(Yn, w —wp) + (f*, w)
+ (BUh —l—Xb,wh)@. (566)

Use of (5.66) in the above to have
T T .o oY, N
[ e = [ {0 = v =6 — alfiw - o)
0 0
T T _*
+/ (BUh—i-Xb,@/J—?,DI)@dt—i—/ (Z(Yh —Yh,i/i)dt
0 0

+ /0 (f = ™ 0)dt + (yo — Yn,o, ¥(0)).

Which may be rewritten as

T T, oY, ' N .
/ leyll72q)dt = / <f" — _8th + div(AVYy) — agYh, ¢ — ¢I> dt
0 0

/OEmFQ)

/ / AVY}L nE—BUh—Xb)(¢ w>d8dt
0 Ecr

/ [AVY}, - ng] (! — o)ds dt

+/ (Yh—Yh,¢)dt+/ (f = ", 9)dt + (o — yno, ¥(0)),
0 0

where 1! is the interpolation of 1, as defined in Lemma 5.2.1. An application of Lemmas
5.2.1 and 5.2.3, the continuity property of bilinear form and the Young’s inequality leads
to

[ eyt < @) (Catiy + b [ 3 1= Yallwessti + 17 = Pt

KeJr

1 T
+ 30 = olEat + S 16O+ [ IlEeardr
0

We apply Lemma 1.2.3 with & = v, f = y(U,) — Ys. Then setting 6 > 0 such that
1—20C% > 0 with Cs 15 = — 2502 max{c(0)C3 g, c(d)ag, 1}, and employing the standard

kick-back argument to obtain
T
[ et < Cons (G828t [ 3 W Yillot). (567
Kegr

Now we substitute (5.67) in (5.65), and set C5 10 = C511(1 + Cs12) to obtain the desire
result. O
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Now we are in the position to develop the main result of this section by collecting

Lemmas 5.3.1 — 5.3.3.

Theorem 5.3.1. Let (y,p,u) and (Y, Py, Uy) be the solutions of (5.6) — (5.10) and
(5.32) — (5.36), respectively. Let the assumptions of Lemma 5.5.1 be fulfilled, and let
g'(+) be a locally Lipschitz continuous function in a neighborhood of y with observation

space Oy, . Then there exists a positive constant Cs 13 such that

9
= UnlBs(oiry + 11 = YullZaan + P = Palldsozan < Coas (D 62),
=1

where é?,w t=1,...,9 are defined as in Lemmas 5.3.1 — 5.3.3. The constant Cj 13
depends on «g, oy, the Lipschitz-constant Cp, the bound Cy; of the cut-off function,
the stability constant Cr, the constant Cs 3 defined in Lemma 5.5.1, and the constants
él,ja j=1,...,5 defined in Lemmas 5.2.1 — 5.2.3 and the inequality (5.38).

Proof. It follows from the triangle inequality that

ly — YhH%?(o,T;ﬂ) < [ly— y<Uh)H%2(O,T;%) + ly(Un) — YhH%Q(QT;%)

C§,14HU - Uh”%Q(QT;%) + [ly(Un) — Yh”%%o,T;,@)? (5.68)

IA

and
Ip = Palleor < 0= p(Un)lli20.2.) + IUs) = Pall 2002
< Cilly = y(Onlli20.1.2 + I0(Un) = Ball1200.7,2)
< C31,C1llu = Unll20.r.2) + 1P(U) = PullZ2(0.7,2): (5.69)
where Cj 14 is a positive constant. We know that
ly(Un) = YallTeorm < IW(Un) = Yl 22,9 + 1Y = Yall 220081 0 (5.70)
Similarly,
Ip(Un) = Pullizor.m < 1p(Un) = PallZeomm + 1Ph = PallZzomm).  (5:71)

Combine (5.68) — (5.71) with Lemmas 5.3.1 —5.3.3 to complete the rest of the proof. [

Remark 5.3.1. (i) The a posteriori error estimate in Theorem 5.3.1 consists of three
parts. The estimators 55271-, i €42,4,5,7} are contributed from the approximation error

of the state and co-state equations, whereas £5271 reflects the approzimation error for the
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control variable which is derived from the variational inequality. Further, 675 and &g
denote the temporal error estimators for the state and the co-state variables, respectively.

Moreover, the data approzimation errors are given by 5’5%8 and 55%9.
(i7) For the sake of comparison, we refer to [34]. The derived estimators in Theorem

5.3.1 are different from the estimators of [34, Theorem 3.7]. Our estimators are of
local character, i.e., the leading terms of é?,i, i€41,2,3,5,6} depend only on the data
m a smaller neighborhood of the boundary. But, the global influences are reflected by
the higher order terms 55%4 and (5’5%7 which can not be ignored. By making € smaller
(i.e., reducing the distance 1), the resulting mesh refinement could be more concentrated

around the boundary.

5.3.2 Control problem with observation space O,, = O,

This section analyses the control problem (5.1) — (5.3) with observation space Os,,. We
derive a local a posteriori error bounds for the Case II. Similar to Section 5.3.1, use of
space-time finite element discretization for the boundary control problem (5.1) — (5.3)

leads to the following optimality conditions for 1 < n < N:

<%,Uh) +a(Yn,vn) = (F%on) + (BUL + xp,0n)  You € Vi, (5.72)

Y = tho, (5.73)

_<%’“h> +a(Pr,vn) = (¢ (Ya),vn) Von €V, (5.74)
B =0, (5.75)

(W' (Up) + B* By —Un)s > 0 Yl € ULy, (5.76)

To begin with, we first establish some intermediate error estimates for the state and
co-state variables which will enable us to prove the main results. For this purpose, we
now introduce some intermediate problems. Let (y(u*), p(u*)) € W x W with u* € Uyq

be the solutions of the following systems:

(242, 0) +aty(u). 0
y(u*)(-,0)
_(apé?)’ )*a( ("), 0) = (d(y(u)),v) YoeV,

= (f,v)+ (Bu" +xp,v)s YveV,
= y(z) x€Q,

Analogous to Lemma 5.3.1 the proof of the following lemma is easily obtained, and

hence we omit the details.
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Lemma 5.3.4. Let (y,p,u) and (Y, Py, Uy) be the solutions of (5.11) — (5.15) and
(5.72) — (5.76), respectively. Assume that Uy, C Uag, (h'(Up) + B*P,)|, € H' (1) and

there exists a positive constant Cs 15 and wy, € Uy, such that

T T
‘/ (h'(Uh)+B*Ph,wh—u)E@ dt‘ S 05,15/ Z h7—|h/(Uh)+B*Ph|H1(T)||U_UhHL2(7—) dt.
0 0

T€TG

Then, we have
Ju — UhH%Q(O,T;&?) < Csi6 (‘5}52,1 + |1Pn — p(Uh>”%2(O,T;%)>7

where Cs 16 = mmax{(?g’w, 1}, and &2, = &2, is defined in Lemma 5.3.1 and

the pair (y(Uy), p(Uy)) is a solution of the problem (5.77) — (5.80) with u* = U},

Lemma 5.3.5. Let (Y, Py, Uy) and (y(u*), p(u*)) be the solutions of (5.72) — (5.76)
and (5.77) — (5.80) with u* = Uy, respectively. Let the assumptions of Lemma 5.3.4 be
fulfilled, and let ¢'(-) be a locally Lipschitz continuous function in a neighborhood of y

with observation space Op,. Then there exists a positive constant Cs 17 such that

T 4 T
| 0@ = Pyt < Goao (324 [ 1(0) = Villaptt ).
0 i—2 0

with
. T . OP . N\ 2
‘5352,2 = / Z / h <g,(Yh) + 8—th+div(AVPh) —aOPh> dx dt
0 Keggy 7K

+/OT Z /EhE([AVPh-nE])stdt

ENoIg =0,ECTg

T
+/ Z/ hs(AVD, - ng)2ds dt,
0 E

EcCrl
T
5 - 0P . ~\2
&2, = / > / h%(g’(Yh)—i—a—th—l—div(AVPh)—aOPh> dz dt
0 Kegn/K

T

+ / > | BL(AVE, - ng))*ds dt
0 Brr=g’/E
T ~

+ / > | BL(AVE, - np)’dsdt,
0 Ecr/E

and 62, = &24, where &2, is defined in Lemma 5.5.2. Here, hy and hy be the diameters

of E and K, respectively, and [AV]sh -ng| is defined in (5.51).

TH-2632_156123016



CHAPTER 5. Local a posteriori error estimates for PBCP 150

In the next lemma, we provide an intermediate a posteriori error estimate for the

state variable. The proof follows from Lemma 5.3.3.

Lemma 5.3.6. Let (Y, Py, Up) and (y(u*), p(u*)), respectively be the solutions of (5.72)—
(5.76) and (5.77) — (5.80) with u* = Uy. Let the assumptions of Lemma 5.5.4 are ful-
filled, and let ¢'(-) be a locally Lipschitz continuous function in a neighborhood of y with

observation space Ogp,. Then there exists a constant Cs 15 such that

T 8
| 1@ = Yilsgydt < Caus (
U .

2
6‘75,1)7
5

with
T
&2, = / ST IV — Vil e,
0

Kegn

where &2, = 62,1, i =6, 7, 8, are defined in Lemma 5.3.5.
By collecting Lemmas 5.3.4 — 5.3.6, we now present our main result for this section.

Theorem 5.3.2. Let (y,p,u) and (Y, Py, Up) be the solutions of (5.11) — (5.15) and
(5.72) — (5.76), respectively. Let the assumptions of Lemma 5.3.4 are fulfilled, and let
g'(+) be a locally Lipschitz continuous function in a neighborhood of y with observation

space Ogp,. Then there exists a positive constant Cs 19 such that

8
”U - Uh”%?(o,T;g?) + ||y - Yh”%?(o,T;L?(Q)) + ||p - Ph“%Q(o,T;g?) < 05,19 (Z 52,i>7
=1

where é?i, i = 1,...,8, are defined as in Lemmas 5.3.4 — 5.3.6, respectively. The
constant Cs 19 depends on ag, ay, the convexity constant Cs,, the Lipschitz-constant
Cp, the bound Cy of the cut-off function, the reqularity constant C'r, and the constants
C'Lj, j=1,...,5 defined in Lemmas 5.2.1 — 5.2.3 and the inequality (5.38).

5.3.3 Control problem with observation space O,, = O,,,

This section concerns our last case i.e., Case III which is very important. We shall
derive a posteriori error estimates for the control problem (5.16)—(5.20) with observation
of the final state (i.e. observation space Op,). Here the objective functional J(-,-)
consists of terms involving the functional G(-) at the final time 7" and the functional
H(-) on the boundary.
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In this case, for 1 < n < N, the optimality conditions read as:

(%, vh> +a(Yn,vn) = (f"un) + (BUy+xp,00)s Yo, € V7, (5.81)

Y = yho (5.82)

_<%,vh> +a(Pyvy) = 0 Yo, €V, (5.83)
Py = g (Y T))n, (5.84)

(W'(Un) + B*Py,wy, = Un) > 0 Vwy € Upy,. (5.85)

Note that, ¢'(Y4(-,T))n € V;¥ is an approximation of ¢'(V;(:,T)). We now derive some
intermediate a posteriori error estimates for which we need to introduce the following
auxiliary problem. Let (y(u*),p(u*)) € W x W with u* € U, satisfies the following

equations:
(ay(-;?*)av)"‘a(( o) = (f,v)+ (Bu" +xp,v)z YveV, (5.86)
yu)(,0) = () z€Q, (5.87)
(P 1) ) = 0 wev, (5.58)
pw)(,T) = ¢ yw)(,T)) =z (5.89)

Observe that we have non zero conditions for the co-state variable at final time t = T
which will play crucial role in our analysis. In the following lemma, we now estimate

error for the control variable in the L?(0,T; %)-norm.

Lemma 5.3.7. Let (y,p,u) and (Y, Py, Uy) be the solutions of (5.16) — (5.20) and
(5.81) — (5.85), respectively. Assume that Uy ), C Uaa, (B'(Up) + B*P,)|, € H'(1) and

there exists a positive constant Cs o9 and wy, € U} ad.h such that

T T
‘/ (h/(Uh)—FB*Ph,wh—u)ggdt‘ < 05,20/ Z hT‘h/(Uh)‘FB*Ph’Hl(T)Hu_UhHLQ(T) dt
0

T€ET Y

Then, we have

||lu — Uh||%z(07T;%) < Csm (59(052,1 + || P — p(Uh)HQLQ(O,T;%’))’

3 -
with Cs591 = mmax{cgzo, 1}. Here &2, = &2y is defined in Lemma 5.3.1,
51—

and (y(Uy),p(Uy)) is solution of the problem (5.86) — (5.89) with u* = U,

Proof. Arguing as in the proof of Lemma 5.3.1, we reach at (5.44) with the last term J3
is replaced by

J4 Z:/O (B*(p(Uh) —p),u—Uh)pgdt.
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Since the estimation of the first two terms of (5.44) is treated in a similar manner as in
Lemma 5.3.1, it is enough to estimate the term Jy. For this, we subtract (5.88) from
(5.18) with u* = U, and v = y(Uy) — y, then integrate the resulting equation from 0 to
T to have

o /OT <§t (p —p(Un)),y(Un) — y> dt + /OTa(p —p(Up),y(Uy) —y)dt = 0.

Use integration by parts formula with (y(u) — y(Ux))(0) = 0 and (p(u) — P(Up))(T) =
(¢'(y) — ¢'(y(U)))(T) to obtain

T

/O (p p(Un), aat( (Uh)_y)>dt+/0 alp — p(Uy), y(Uy) — y) dt
= ((¢'(y) — ¢/ WW)(T), (y(Un) = y)(T)). (5.90)

From (5.47) and (5.90), use of (5.21) leads to

Ji == (¢ )(T) = ¢ GUT), y(T) = y(Up)(T)) < 0. (5.91)
Altogether (5.45), (5.46), (5.91) with (5.44) completes the rest of the proof. O

Next, we bound the error P, — p(Uy) in the L?*(0,7T;%)-norm for the boundary
control problem (5.1) — (5.3) with observation of the final state y(x,T).

Lemma 5.3.8. Let (Y, Py, Up) and (y(u*),p(u*)) be the solutions of (5.81) — (5.85)
and (5.86) — (5.89) with u* = Uy, respectively. Let the assumption of Lemma 5.3.7 are
fulfilled, and let ¢'(-) be a locally Lipschitz continuous function in a neighborhood of y

with observation space O Then there exists a positive constant Cs 9o such that

SP3*

T 4
| 100 = Pt < Ca (30 88+ B + Iy UDT) =Dl ).
=2

with
—_—
>
0
—l_/
0 Ema._z;l:@,Ecm

0 ECF

/ h2 M 4 div(AVP,) — aoPh> dx dt
Kegg,

/ hi([AV P, - ng))?ds dt
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o2

>
0
/0 Enr=0

/ /h3 AVPh nE) det
0 Ecr

&0 = §||9/(Yh(T)) = 9 VM)l

/ h4 oy div(AV PB,) — aOPh) dx dt

Kegnr

/hs AVP}L ’I”LE])Qdet

and 505%3 = 605273, where 55273 is defined in Lemma 5.3.2 and the jump [ANV Py, -ng| is given by
(5.51). The constant Cs 9o depends on oy, oy, the Lipschitz-constant Cp, the bound Cyy
of the cut-off function, the regularity constant C'r and the constants él,j7 j=1,....5
defined in Lemmas 5.2.1 — 5.2.3 and the inequality (5.38).

Proof. From (5.83), for all v € V and v, € V), t € I,,, we have

_ <8Ph

z 3 _ <6Ph

el vh> + a(Py,v — vp). (5.92)

v> + a(P,,v) =

Subtracting (5.92) from (5.88) with u* = Uj,, we obtain

(L ow) = P)) + o)~ Buv) = (B0 w) - a(Byv—w)
+a(P, — Py, v). (5.93)

Set v = ¢?e, 1= w, and v, = 1,(¢%,) = w! in (5.93), then use of (5.54) leads to

(%

o’

+/(ep)2AV¢-V¢dx.
Q

5 dt ||¢€p||L2 @t a(gey, dep) Wy — wé) - a(-ﬁh, wy — wi) + a(f)h — Py, wp)

Integrating with respect to t from t,, to t,_1, we obtain
1 2 2 "
§(||¢ep<tn—1)HL2(Q) - H¢€p(tn)”L2(Q)) +/ a(pe,, pe,)dt
th—1

tn 0P, . tn .
:/f { (G =) *‘L(Ph’wfﬁ‘wp)}d”/t a(Py = Py, w,)dt

tn , |
+/tn1/9(6p) AV - Vo dx dt. (5.94)
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Summing up from 1 to N, we have
1 T
3 (166,00 0y = el + [ alvey, ey )t
T P B T N
= /O {(%, wy, — w{)) + a( Py, wé — wp)}dt + /0 a(Py, — P, wy)dt

+ /0 /Q (e,)2 AV - Vo da dt =: (I11), + (IT1)y + (I111)s. (5.95)

We now proceed to estimate (/11);, j = 1, 2, 3, separately. To bound (I/11);, we
argue as the term [; of Lemma 5.3.2 and we use inequality (5.38), the Cauchy Schwarz

inequality and the Young’s inequality to obtain

T
(IT1) < o(8)C25 82, +6 / el .

By the continuity of the bilinear form and the Young’s inequality, we have for the term
(I11)s,

T T
(I1); < c(8)adC2, / S 1B — Pullz eyt + 0 / lbepl2n it
0 Kegg 0

Finally, we estimate (I11)3 as

T T
(103 < 1612 un / leplZadt < C2, / lepllZa .

Substituting all the above estimates in (5.95) and using the coercivity of the bilinear

form, we obtain

1 T
Soes Oy + an [ el
0

T T
< 0(5)052,5552,2 + 0(5)043052,6/ Z | Ph — PhH%{l(K)dt o 012\4/ ||6p|‘%2(9)dt
0

C regg
Ch 2 ‘ 2
+ S pUNT) = PuT ey + 28 [ l0ep o
0
An application of the trace property (5.56) and the standard kick-back argument with
d = a1 /4 to obtain

S0es(0) ey + 2 [ Nl
0

T T
< 0(5)05?,555272 + c(5)a(2)052’6/ Z | Py — Ph”%[l(K)dt + CJZV[/ ||€p||%2(9)dt
0 Kegn 0
l

+ CTMHQI(?/(UIJ)(T) — d WD) Z20) + CTMHQI(Y;L(T)) — ' (Va(T))nll72(0-
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Using the Lipschitz continuity of ¢’ and set C 23 = max {c(d Cz5,c(6)adCsq,C3,C3,Chr }
with § = /4, then it follows that

1 (5] T ~ ~
6en Ol + 5 [ Nealitr < oo (4 Bt [ 3 17~ Pl

K€7"

+ SN0 =Dl + [ Nepliact).
(5.96)

Next, our requirement is to estimate the last term of (5.96) in the L?(0,T; L*(2))-
norm. Note that, the condition for the co-state variable at final time 7" is non zero.

Therefore, duality technique as (5.58) leads to
7
| Mealiaerdt = (U@ = § G40 x(D)

— /OT{ — (%m) i a(ﬁh,x)}dt + /OT a(Py, — Py, x)dt.

Use (5.92) to obtain

T ) 8 L
/0 lepll72()dt = / <E+dw(AVPh) —agPy, x — x )d

2
g2

. / a(Py — P )it + (¢ @(U) (T) — ¢ (Ya(T))n X(T)).

/[AVPh ng](x’ — x)ds dt

ENr=0)

/AVPh ng)(x' — x)dsdt

Again, we treat the last term (¢'(y(Un))(T) — ¢'(Ya(T))n, x(T)) as before, and use
Lemmas 5.2.1 and 5.2.3, the Lipschitz continuity of ¢’, the continuity property of the

bilinear form and the Young’s inequality to obtain

T T
/ ||6p’|%2(9)dt < «(9) <C52,8(g)52,4 + 21 —|—a§/ Z [ Ph||12ql(K)dt
0 0 Kegpr

T
+ CLlly(Un)(T) —Yh(T)IIZLzm)) + 0l (D)l (o) +5/0 X2 (et

We now apply Lemma 1.2.3 with ¥ = y and f = p(U,) — P,. Then, choosing §

appropriately such that 1—25C% > 0 and by setting Cs o4 = % max {C2g, 03, C3,1}
R b
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we conclude that

T T
/ leplZ2dt < Csas (552,4 +E21 +/ > Py = Pulli et
0 0

Kegyr
43I =~ YD)y ) (5.97)

Combining (5.96) with (5.97) and setting Cs90 = Cs95(1 + C524) the desired result
follows. O

Finally, collecting Lemmas 5.3.3, 5.3.7 and 5.3.8, we present the main theorem of

this section.

Theorem 5.3.3. Let (y,p,u) and (Y, Py, Up) be the solutions of (5.16) — (5.20) and
(5.81) — (5.85), respectively. Let the assumption of Lemma 5.3.7 are fulfilled, and let
g'(+) be a locally Lipschitz continuous function in a neighborhood of y with observation

space Ogp,,. Then there exists a positive constant Cs s such that

10
e = UnlBaoirn) + 1y — Yo + 1P = Plliaorsy < Csas (D2 62),
i=1

with 635271, éES%i,i = 2,3,4,10 and 62’521 = &, j = 5,...,9 are defined as in Lemmas
5.3.7, 5.3.8 and 5.5.3, respectively. The constant Cs o5 depends on o, oy, the Lipschitz-
constant C'p, the bound Cyy of the cut-off function, the stability constant Cg, the constant
Cs91 defined in Lemma 5.3.7 and the constants él,ja j =1,...,5 defined in Lemmas
5.2.1 — 5.2.3 and the inequality (5.38).

Proof. Set u* = Uy and v = y — y(Up) in (5.86) and (5.16). Then, subtracting one
from other and using integration by parts formula with an aid of the Cauchy-Schwartz

inequality leads to

1y(T) = y(Un) (D720 + a1lly — y(Un)lZ20 iy < Ciaslle = UnllZz01.9),

apply trace inequality to have

19(T) = y(U (D)) + rlly = y(Un)llizo s < Coosllu = Unllizoms)-  (5-98)
Similarly, using (5.18) and (5.88) with u* = U, and the Lipschitz continuity of ¢’ imply

c2?,.C?
220 L ly(T) — y(Uh)(T)H%Q(Q)'

2
lp — p(Un) HL2(0,T;H1(Q)) < 20

By the trace inequality and (5.98), we obtain

lp — p(Uh)H%Q(O,T;,%) < Csorllu— UhH%Q(O,T;%)’ (5.99)
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where C5 97 = Cgéfflc%, and Cj 96 is a positive constant. Note that

Iy = Yallizorm < 1Y = y(Ul 72002 + 19(UL) = Yall 2012 (5.100)
and

1D = PullZ20r < 10— p(UD 720002 + 12(Un) = PallZ2(07.9)- (5.101)

Also, by the triangle inequality

Hp(Uh) - ﬁh”%Z(o,T;,%) < Hp(Uh) — PhH%Q(O,T;,%) + th 5 Ph”%%o,T;Hl(Q))- (5-102)

Altogether (5.98) — (5.102) with Lemmas 5.3.3, 5.3.7 and 5.3.8 complete the proof of
the theorem. O

Remark 5.3.2. We observe that the leading terms of the derived estimators <§~"52;i, 1€
{1,2,3,5,6} are of local character because they depend only on the data in a smaller
neighborhood of the boundary, which differ from the estimators derived in [34, Theorem
3.10]. But, the global influences are reflected by the higher order terms cf‘ﬁw 1 =4,7,

which cannot be ignored.

5.4 Numerical assessments

This section reports numerical assessments of the estimators derived in Sections
5.3.1 — 5.3.3. We solve our optimization problem by inviting the projection gradient
algorithm. All the constants involved in the estimators are chosen to be one and for the
computations we use the software FreeFem++ [38]. In the first example, we consider

the Case I, i.e., the observation of the boundary state (O, = O, ).

Example 5.1. We consider the time interval I = [0,T] with T = 1 and the domain
Q= [0,1] X [0,1] C R? with T’ = Ihul, Ul UF4, where I'y = [O,l] X {0}, I'y =
{1} x [0,1], T3 =[0,1] x {1}, and Ty = {0} x [0,1]. Let

1

T a T
0w = [ Iy valydt and @) =5 [l
0 0

with yqs € L?(0,T; B) is given by
sin(27mxy) exp(—2t) rel Ul t>0,

Yds =
0 SCGFQUF4,Z€>O.
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We consider the problem (5.4) — (5.5) with observation on the boundary state, that is,

. e
win 7(u,y) = min 5 [ {ly = al’, + allul bt
0

u€Uqq u€Ugq
subject to
dy
(E,v> +a(y,v) = (f,v)+ (Bu+xp,v) YoeV,
y(+,0) = yo(x) x € Q.
For our computation, we take o« = 1, Bu = u, for any u € Uy, f = 0, yo =

sin(27xy) sin(27wzy) and

1 z € (35,3] x {0},
Xp =94 —1 z € (3,1] x {0},
\ 0 otherwise.

We take u, = —0.1 x |tsin(67z)| and upy = 2 + tcos(11mzy).

The adaptive meshes generated via the estimators &5;, ¢ = 1,...,9 reduce much
computational work in comparison to the uniform meshes. Results in Table 5.1 dis-
play the mesh information together with the state, co-state and control errors in the
L%(0,T; %)-norm at the final time 7' = 1. We have chosen the equal space and time
tolerances, i.e., €space = €time = € (say). Let éagfi, i = 1,2,3,5,6 denote the leading
terms of the estimators &5;, © = 1,2, 3,5, 6, respectively. Tables 5.2 — 5.4 provide in-
formation of the leading terms on the triangulations .7 with different values of [ (i.e.,
[ =0.3,0.2,0.1). Note that the number of elements (# Elements) presented in Tables
5.2 —5.4 is the sum of the interior elements and the boundary (Bdry) elements as shown
in Figure 5.1 (b). We observe that the number of elements and nodes on adaptive
meshes are very less with comparison to the uniform meshes. The values of the leading

terms 55%, 1 =1,2,3,5,6 are decreasing when the size of [ is decreasing.
In the next example, we perform numerical experiment for the Case II, i.e., the

observation of the distributed state (O, = O, ).

Example 5.2. In this example, we consider all the datum same as in Fxample 5.1

except G(y). We assume that

1

T
90) =5 [y =l
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Table 5.1: Comparison of the results on uniform mesh 7" and adaptive mesh with

I = 0.1 and tolerance e = 1072,

Uniform mesh | Adaptive mesh
Elements 23764 2824
y— Nodes 12083 1466
Mesh Bdry Elements 400 106
Information Elements 23764 806
of 7" p— Nodes 12083 441
Bdry Elements 400 74
Elements 23764 4163
U— Nodes 12083 2162
Bdry Elements 400 294
ly = Yallzeo.2) | 6.811 x 1072 | 5.076 x 107
Errors Ip — Pullz2or,) | 5.759 x 1072 | 1.365 x 1073
lu — Unllr2(012) | 1.040 x 1072 | 1.567 x 1073

Table 5.2: Mesh information and values of leading terms of the estimators on Jg with

[=0.3.
[1=0.3 Uniform mesh | Adaptive mesh

y— Elements 18414 2510

Mesh y— Nodes 9407 1308

Information p— Elements 18414 729

of T p— Nodes 9407 401

u— Elements 18414 3313

u— Nodes 9407 1732
@”5’?1 9.889 x 1073 2.063 x 1074
Values of the &b 1.629 x 1072 | 8.697 x 107°
leading terms on .7 £5L’3 4.897 x 1073 2.753 x 1074
& 1.662 x 1072 | 6.871 x 10~*
& 1.414 x 1073 | 1.952 x 10~*
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Table 5.3: Mesh information and values of leading terms of the estimators on Jg with

[ =0.2.

1=0.2 Uniform mesh | Adaptive mesh
y— Elements 13912 1898
Mesh y— Nodes 7156 1002
Information p— Elements 13912 603
of fgg p— Nodes 7156 338
u— Elements 13912 2834
u— Nodes 7156 1496
& 9.017 x 1073 | 4.661 x 107>
Values of the &y 1.877 x 1073 | 7.618 x 107°
leading terms on Zj! &l 4.602 x 1073 | 2.535 x 107
55’?5 1.093 x 1072 5.755 x 1072
&g 1.209 x 1073 | 2.320 x 107°

Table 5.4: Mesh information and values of leading terms of the estimators on Jg with

[ =0.1.

1=0.1 Uniform mesh | Adaptive mesh
y— Elements 8058 924
Mesh y— Nodes 4229 515
Information p— Elements 8058 392
of ZZ p— Nodes 4229 234
u— Elements 8058 2378
u— Nodes 4229 1268
& 2433 x 1073 | 3.452 x 1076
Values of the & 1.718 x 1073 | 9.265 x 1077
leading terms on Jj! &l 3.888 x 1073 | 5.284 x 1076
&y 1.611 x 1073 | 2.926 x 107°
&Ly 1.140 x 1072 | 1.066 x 10~°
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with ygs € L*(0,T; L*(QY)) which is defined as

tsin(27mx ) sin(272;) r1+2e <1, t>0,

Yds (xa t) =

2t sin(2mxy ) sin(27wz2) r1+x2>1, t>0.

Further, we consider f = 0, yo = 0, Bu = u, u, and u, as defined in the previous

example.

Similar to Example 5.1, we present some mesh information and errors on the uniform
mesh and the adaptive mesh (Step-II) with { = 0.1 in Table 5.5. Note that, the co-
state and control errors are presented in the L?(0,T; %)-norm while the state error is
computed in the L?(0,T; L?*(Q))-norm. Let égfi: 1 = 1, 2, 3 be the leading terms of
the estimators <5A"5,i, 1 = 1, 2, 3, respectively. From Table 5.6 — 5.8, we observe that
the values of the leading terms are decreasing when the distance [ is decreased. Tables

5.6 — 5.8 show the behaviour of the leading terms.

Table 5.5: Comparison of the results on uniform mesh 7" and adaptive mesh with

[ =0.1 and tolerance ¢ = 10~%.

Uniform mesh | Adaptive mesh

Elements 23764 4440
y— Nodes 12083 2324
Mesh Bdry Elements 400 276
Information Elements 23764 1548
of 71 p— Nodes 12083 847
Bdry Elements 400 173
Elements 23764 5686
u— Nodes 12083 2914
Bdry Elements 400 326

ly = Yallr2orz2c) | 4-856 x 1073 | 7.932 x 1074

Errors 1P — Prllz2(0,7.) 2.139 x 1073 | 8.288 x 1074

lu = Unllr2(0,7,) 1.442 x 1072 | 1.646 x 1073
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Table 5.6: Mesh information and values of leading terms of the estimators on g, with

[ =0.3.

[=0.3 Uniform mesh | Adaptive mesh
y— Elements 18976 2743
Mesh y— Nodes 9768 1421
Information p— Elements 18976 1069
of Z{; p— Nodes 9768 588
u— Elements 18976 3676
u— Nodes 9768 1958
Values of the c§’5L71 1.884 x 1072 5.700 x 1073
leading terms on ' &k, 7.037x 1072 | 3.359 x 10~°
&k, 9.522 x 1073 | 2.561 x 1075

Table 5.7: Mesh information and values of leading terms of the estimators on Jg; with

[ =0.2.
[=0.2 Uniform mesh | Adaptive mesh
y— Elements 14192 2556
Mesh y— Nodes 7096 1278
Information p— Elements 14192 924
of 9{;} p— Nodes 7096 441
u— Elements 14192 2183
u— Nodes 7096 1054
Values of the &h 1.096 x 1072 | 9.759 x 104
leading terms on .7} &k 4.603 x 1072 | 1.371 x 107
&L, 6.313x 1073 | 8.951 x 1076

)
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Table 5.8: Mesh information and values of leading terms of the estimators on I with

[=0.1.
[=0.1 Uniform mesh | Adaptive mesh

y— Elements 9180 2106

Mesh y— Nodes 4990 1216

Information p— Elements 9180 612

of QZZ p— Nodes 4990 285

u— Elements 9180 836

u— Nodes 4990 439
Values of the &4 8.092 x 1073 | 2.100 x 107°
leading terms on ! &k, 2.638 x 1073 | 2.708 x 1078
&k, 1.456 x 10=* | 5.890 x 107

For validating the Case I1I, we consider the following example with observation of
the final state (O, = Osp,).

Example 5.3. This example considers the same data as given in Fxample 5.1 except
G(y). Here, we take

1
G(y) = 5lly(@ T) = yas(@) 720,
with y(z,T) = 0.7, T = 1, and ygs(x) € L*(Q) is defined as

vl@) = T(1-a) (113, V() €D

Similar to the previous cases, the mesh information and the errors in the L*(0, T'; %)-
norm are presented in Table 5.9. Let the leading terms of the estimators é~a57i, 1=
1, 2, 3, 5, 6 be denoted as 35%, 1 =1, 2, 3,5, 6, respectively. Tables 5.10 — 5.12 show

the values of the leading terms which reveals the effectivity of the estimators.

5.5 Concluding remarks

In this chapter, we have derived local a posteriori error estimates of the finite ele-
ment approximation to the PBCP (5.1) — (5.3) in three different observations namely,
the boundary state, the distributed state and the final state. For the numerical dis-

cretization we have used the standard piecewise linear and continuous finite elements
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Table 5.9: Comparison of the results on uniform mesh 7, and adaptive mesh with

[ = 0.1 and tolerance e = 107°.

Uniform mesh

Adaptive mesh

Elements 23764 2580
y— Nodes 12083 1357
Mesh Bdry Elements 400 132
Information Elements 23764 681
of 7 p— Nodes 12083 377
Bdry Elements 400 71
Elements 23764 3568
uU— Nodes 12083 1863
Bdry Elements 400 156
ly — Yallr2orm | 1243 x 1072 | 4.676 x 107
Errors I — Pullr2ory | 1.005 x 1073 | 6.174 x 107°
lu — Unll 20,y | 5-561 x 1072 | 7.785 x 107°

Table 5.10: Mesh information and values of leading terms of the estimators on Jg with

[ =0.3.

1=0.3 Uniform mesh | Adaptive mesh
y— Elements 17438 1236
Mesh y— Nodes 8719 778
Information p— Elements 17438 642
of ZZ p— Nodes 8719 322
u— Elements 17438 2808
u— Nodes 8719 1624
&k 9.191 x 10-% | 2.080 x 10~*
Values of the &k, 3.020 x 1072 | 5.098 x 105
leading terms on ) &k, 1.114 x 1073 | 5.000 x 107°
&k 3.394 x 1073 | 3.871 x 107°
& 4.256 x 1072 | 1.661 x 10~
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Table 5.11: Mesh information and values of leading terms of the estimators on Jg with

[=0.2.

[=0.2 Uniform mesh | Adaptive mesh
y— Elements 11198 710
Mesh y— Nodes 5599 337
Information p— Elements 11198 492
of g p— Nodes 8719 246
u— Elements 11198 2258
u— Nodes 5599 1180
&4 1.568 x 1072 | 1.823 x 1075
Values of the & 2.746 x 1072 | 1.083 x 107°
leading terms on ! &k, 1.058 x 1073 | 4.267 x 10°
&k 3.146 x 1073 | 5.012x 1077
il 2.984 x 1072 | 9.902 x 10~°

Table 5.12: Mesh information and values of leading terms of the estimators on Jg with

[=0.1.

)

[=0.1 Uniform mesh | Adaptive mesh
y— Elements 7358 590
Mesh y— Nodes 3598 326
Information p— Elements 7358 324
of T p— Nodes 3598 167
u— Elements 7358 1612
u— Nodes 3598 970
&4 8.832 x 1073 | 2.065 x 1077
Values of the &k, 2.652 x 107% | 5.461 x 1077
leading terms on ! &k, 1.139 x 107* | 5.246 x 108
&k, 4.421 x 107* | 6.769 x 107°
Ee 3.677 x 107* | 1.406 x 1076
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for the approximations of the state and co-state variables. Whereas, the control variable
is approximated by employing the piecewise constant functions. The discrete-in-time
scheme is based on the implicit backward Euler method. Our derived estimators (see
Theorems 5.3.1 — 5.3.3) are local in character in the sense that the leading terms of the
estimators depend on the small neighborhood of the boundary. These estimators are
different from the estimators derived in [34] (see Remarks 5.3.1 and 5.3.2), and will be

useful for the adaptive mesh refinements in the finite element method.
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LocAL A POSTERIORI ERROR ESTIMATES FOR

NONLINEAR PBCP

In this chapter, we derive a reliable type local a posteriori error estimates for Neumann
boundary control problems (1.14)—(1.16) governed by nonlinear parabolic equations. To
discretize the boundary control problems, we use piecewise linear and continuous finite
elements for the approximations of the state and the co-state variables whereas piecewise
constant functions are employed for the control variable. The backward Euler method
is used to approximate the time derivative. We derive local a posteriori error estimates
in the L?(0,T; %)-norm. The key to our error analysis includes a technique from [102]
and [103], the cut-off function and interpolation approximation properties. The derived
estimators are of local character in the sense that the leading terms of the estimators are
depending on the small neighborhood of the boundary and the resulting mesh refinement
is much concentrating around the boundary. However, the global influences can be
seen by the higher order terms in the derived estimators. These derived estimators
can be implemented as indicators in the adaptive finite element method for the mesh

refinements.

6.1 Introduction

Let Qr = Q x (0,7] and I'r = 09 x (0, 7], where 2 is a convex bounded domain in
R? (d < 3) with Lipschitz boundary I' = 92 and T is a fixed real number (T < c0). We

consider the following nonlinear PBCP:
u€Uyq

min G = i 5 [ (= vl + ol } (6.1)

167
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subject to the state equation

( a ‘

8—3+Ay+sﬁ<y) = f in Qr,

y(x,0) = yo(z) in O, (6.2)
\ (AVy)-n=Bu+x, on I'p,

and the control constraints
Uy <u(x,t) <wup ae. in I'p, (6.3)

where # = L*(T'). Here y = y(z,t) and u = wu(x,t) denote the state and the control

variables, respectively. Further, we assume that

yas € L0, T; L)), f e L2(0,T: L%(Q)), o€ C[ ), xe L), ao € L2(S).

The coefficient matrix A = (a;;(-))axa € (WH*(Q))%? is assumed to be symmetric
and positive definite matrix, i.e., there is a positive constant ¢y > 0 satisfying ag(z) >

co, Vo € € and the following ellipticity condition
x'Ax > co||x|]2  Vx € RY

where x’ is the transpose of x. Moreover, the nonlinear function  satisfies the following

conditions:

C1. Let ¢ : Qr x R — R be a measurable function with respect to (x,t) and twice
continuously differentiable with respect to y € R.

C2. Moreover, ¢ is a monotone non-decreasing with respect to y € R and for all
(x,t) € Qp, ie., p,(z,t,y) >0, V(z,t) € Q.

C3. There exists a positive constant Cy; such that
lp(x,t, ) + loy (@, 1, )| + gy, t, )| < Cur, forall (z,t) € Qop,

where @, (z,t,-) and ¢, (2, t, -) denote the first and second order partial derivatives

of ¢ with respect to y, respectively.

C4. For all y1, yo € R and L > 0 with |y; — y2| < L, there exists a positive constant
éL such that

’@yy($7t7 yl) - ¢yy(x,t7y2)| S éL‘yl - y2|7 for all (.Z',t) S QT-
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Let B be a linear and continuous operator from L*>(0,7; L>(T")) to L>(0,T; L>=(I")).
Note that the control variable u presents in the Neumann boundary condition. The set

of admissible controls is defined by
Usg = {ue L0, T; L)) : us <ulz,t) <up ae. (z,t) €lr}

with u,, up € R fulfil u, < u,. Furthermore, U,4 is a nonempty closed convex set in
L>(0,T; L>(T)). Further, we shall use the state space W = W(0,T) N C(Qy) with
W(0,T) :={v € L*(0,T;V) such that % € L*(0,T;V*)}, where V* is the dual space
of V with V := HY{(Q) = {v : v € L*(Q) and Vv € (L*Q))¢}. Now we define the

bilinear form a(-,-) on H'(Q) as follows
a(v,w) = /{(AVU) -Vw + apvw}dr, Yo,weV.
Q0

We assume that the bilinear form a(:,-) is bounded and coercive on H'(Q), i.e., 3

g, a1 > 0 such that
la(v, w)| < aolvlvlwly, Vv,weV,

and
a(v,v) > alv]}, WVweV.

The weak formulation of the problem (6.1) — (6.3) is defined as follows: To find a pair
(y,u) € W x U,q such that

1T
win 5 [ A=l + ol } (6.4
subject to
dy
(57v) + a0 + (e@),0) = (£.0) + (Butxp,0)s VeV,

(6.5)
y(-,0) =yo(x) =z €

To ensure the existence of the control variable u, we introduce the reduced cost functional
J: L>(0,T;L>(")) - R by

J(u) = T (u,y(u)),

where y := y(u) is the solution of (6.5). Hence, we can reformulate our optimal control
problem (6.4) — (6.5) as
min j(u). (6.6)

u€Uyq

TH-2632_156123016



CHAPTER 6. Local a posteriori error estimates for nonlinear PBCP 170

Note that, the first order necessary optimality condition is characterize as follows:
Ju)u —u) >0, Vu" € Uy, (6.7)

where the derivative j'(u)(u* — ) is given by

T
Ju)(u —u) = / (au+ B*p,u" —u)gdt,
0

where B* is the adjoint operator of B and the co-state variable p := p(u) is a solution

of the problem

a /
_(8—72,1)) + a(p,v) 4 (@' ()P o) = U =as,v)z Vv EV,

p(z, T)=0 x€q.

(6.8)

Further, we assume the second-order optimality condition on j, i.e., for all u € Uy
and w € X, where X = L*(0,T; %), there exists a radius r(¢) > 0 (0 < € < 7)
corresponding to 7, (a positive constant) such that

/!

7" (W) (w, w) > vllwllkx  with  flu — w¥|| geogorzoo(ry) < 7(€). (6.9)

That is, j”(u)(-,-) satisfies the positive definiteness condition.
The existence of a unique weak solution for the state variable is now stated in the

following theorem. For a proof, we refer to [96].

Theorem 6.1.1. Assume that o satisfies the conditions C1— C4, and let u € Uyy, yo €

C(), yas € L=(0,T; L>(2)) and f € L>(0,T; L>(2)). Then, the state equation (6.2)

has a unique weak solution y € W' such that

(5. %) + aly,0) + (@), ) = o.0) + (f0) + (Butx,0)p VeV,
with v(-,T) = 0.

We now recall the following result from [96] concerning the existence of the control
variable.
Theorem 6.1.2. Assume that ¢ satisfies the assumptions C1 — C4. Assume that the
pair (y*,u*) complies with both the first order necessary optimality condition (6.7) and
the constraints (6.3) of the boundary control problem. Further, assume that there is a
constant s > 0 such that the positive definite condition (6.9) is fulfilled. Then there
exists constants € > 0 and o > 0 such that for every u € Uyq with ||u—u*|| Lo (0,110 (r)) <

r(e) and associated state y € W, the quadratic growth condition holds:
J(u,y) > J(u*,y") +oflu - U*H%Q(O,T;LQ(Q))'

In particular, u* € Uyq is the local optimal in the sense of L>°(0,T; L>°(T)).
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As a consequences of above Theorems 6.1.1 —6.1.2, the following theorem states that

the optimization problem (6.6) has a solution.

Theorem 6.1.3. There exists an optimal pair (y*,u*) € W x U, that satisfies the

optimization problem (6.6).

Earlier, Liu and Yan [60] have derived local a posteriori error estimates for finite el-
ement approximation of elliptic boundary control problems using the duality argument.
For linear parabolic boundary control problem, Gong and Yan [34] have derived a pos-
teriori error estimates with three different observations, i.e., observation the boundary
state, the distributed state and the final state. They have obtained L*(0,T; H*(Q))-
errors for the state and co-state variables whereas the error for the control variable in
the L?(0,T; L*(T"))-norm with the above observations. Later, the author of [62] has
considered nonlinear PBCP and derived reliable type a posteriori error estimates for
the state and co-state errors in the L?*(0,7; H'(Q2))-norm, while the control error in
the L?*(0,7; L*(T))-norm. Since in many applications it is often useful to study the
behaviour of the state and co-state variables in a small neighborhood of the boundary,
an effort has been made in this chapter to study local a posteriori error estimates for

the nonlinear PBCP (6.1) — (6.3) in a bounded convex domain.
The rest of the chapter is organized as follows. Section 6.2 contains finite element

approximation of the boundary control problem (6.1) — (6.3) and some basic prereg-
uisite materials for future use. The local a posteriori error estimates for fully discrete
nonlinear PBCP (6.1) — (6.3) is carried out in Section 6.3. In Section 6.4, we present
the numerical experiment which illustrates the performance of the derived estimators.

Finally, a concluding remark is presented in the last section.

6.2 Discrete optimal control problem and stability

results

In this section, we describe the finite element approximation for the optimal control
problem (6.4) — (6.5). Further, we collect some stability and interpolation results. Here

we allow only d-simplex conforming Lagrange elements.
Let €, be a convex polygonal approximation to €2 with a boundary I',. Let .7}, be

a partitioning of (2, into disjoint regular d-simplices K, so that Qj = Ugcz K, and if
K, Ky € 9, and K, # K, then either K; N Ky = (), or K; N K, share a common
edge, or a common vertex. Note that, when Q # (2, then it is bit complicated to set

up and analyze the problem (cf. [57]). For simplicity, we investigate the problem with
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Q = Q. Let Vj, be the finite dimensional subspace of C(£2;,) consisting piecewise linear

and continuous polynomials associated with .7, i.e.,
Vi, = {o(t) € C(W) :v|x € Pi(K), VK € F, t € (0,T]}.

Let 9% be the partition of I'j into disjoint regular (d — 1) simplices 7 such that
'y = Ureg,T, and if 7, o € T3 and 71 # 7o, then either 7y and 7, share a whole
edge, or a face, or one common vertex, or they are disjoint. Further, let U, be the finite
dimensional subspace of L>(T';) consisting piecewise constant polynomials associated
with 7% and is defined as

By, = {w(t) € L®(I'}) : w|, = constant, V1 € Ty, t € (0,T]}.

Now we set Uygp = L2(0,7; Bp) N Uug. Let hi and h, be the maximum diameter of

the element K € .7, and T € I, respectively.
We now consider the fully discrete finite element approximation for nonlinear bound-

ary control problem (6.4)—(6.5). The temporal discretization is followed by using the
backward Euler scheme. Let 0 =ty < t; < ... < ty = T, be a partition of the time
interval I = [0, T with I,, = (t,—1,t,] and k,, :==t,, —t,—1. Let F" :={K} (0 <n <N)
be the triangulation of Q at the time level t,,. For each n = 0,..., N, we construct the

finite element space V}* corresponding to the triangulation .7, as follows:
Vi = {vel(): vk €EPi(K), VK€ G},
where Py (K) is the space of polynomials of degree less than or equal to 1 on K.

Let .7 be the partition of I' at the time level t = ¢,,. Forn =0,..., N, we construct
the finite element space for the control variable as Uy, ; associated with the mesh 7
and is defined as Uy, , = %} N Uuq, where

By = {we L=(Ty): w|, = constant, V1€ T4}

Now we define the mesh size functions hg(-) and h,(-) with reference of the mesh

functions K'(-) and 7(-), respectively, such that

hK(t)‘teIn = hKM h7'<t)|t€[n = th: K(t)|teln = K, and T(t)’teln = Tn,

where hg, and h,, are the maximum diameters of the elements K, € 7" and 7, €

T, respectively. For simplicity, we will use hg(t) = hg, h.(t) = h,, K(t) =
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K and 7(t) = 7. For the purpose of fully discrete approximation, we use the following

notation: .
" = é(-,t,) and 09" = k—(gb” — ™).
The fully discrete finite element approximation of (6.4)—(6.5) is defined as follows:

Find (yy,up) € Vit x Uy, forn=1,..., N, such that

N
min Y o ' {llh = vasll% + allupll% } dt (6.10)

uieyn
h ad,h n=1

subject to the state equation

By, vn) + alyp,vn) + (W), vn) = (f" vp) + (Buy + xp,00) 2 Vi € V7, (6.11)

0 _
yh = yh,Ov

where ;¢ is the suitable approximation of y, in V0.
The optimal control problem (6.10) — (6.11) has a solution (y;,uy) € V' x Uz, if

and only if there exists a co-state variable pﬁ_l € V)" such that the following optimality

conditions are satisfied, for all v, € V)", wy € Uz, n=1,2,..., N:

(Oyr,vn) + alyp, vn) + (e(yR),von) = (f*,vn) + (Buf +xp,0),  (6.12)

Yr = Uno, (6.13)

~(Oppvn) +alph " on) + (P WIDh " on) = (W — Vi on)z, (6.14)
pp =0, (6.15)

(qup + B*py ' wi —uf)g > 0. (6.16)

Given a sequence of discrete values {y/'}, n =0,1,..., N, we associate a continuous

function of time defined by the continuous piecewise linear interpolant Y} (t), t € I,, as

(tn—1) oy (E—ta) ,
= . Yp 1+k—nyh'

Similarly, we define P, (t), t € I,,, from the set of values {p}'}, n=0,1,..., N as

n— (t_tnfl) n
R

and

TH-2632_156123016



CHAPTER 6. Local a posteriori error estimates for nonlinear PBCP 174

For any function w € C(0,T; L*(Q2)), we set

(':;(:L‘7 t)’(tn—lytn] = W(x, tn) and (I}(x7 t)|(tn—17tn} = w(m’ tn_l)‘

Then, the optimality conditions (6.12) — (6.16) can be stated as follows, for all v, €
th, U)ZE U(’l’ld,h 5 nzl,...’N:

<%’“h) +a(Yi,on) + (p(Vi), o) = (f"0n) + (BUw +x0,00) 0, (6.17)

Vi = yno (6.18)

_<%’U’”‘) + a(Pa,vn) + (' (V) Py on) = (Vi = v, v1) 2, (6.19)
B =0 (6.20)

(aUn + B* Py, wp — Un)gs = 0. (6.21)

Analogous to the continuous case, we now reformulate the optimal control problem
(6.10) — (6.11) as

UneU
We now introduce the following auxiliary problems: Given F' € L%(0,T; L*(2)), let

x and ¢ be the solutions of the two dual auxiliary problems

(0
a—jf YA+ WU x=F, in Qp t>0,
x(z,0)=0, in Q, (6.23)

x(+,-) =0, on I'p,

\

and
(—%—‘f+Aw+@¢_F, in Qp, t<T,
O, T)=0, in 9, (6.24)
o(-,) =0, on T,

respectively, where

Then we have the following stability results (cf., [47]).
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Lemma 6.2.1. Assume that Q) is a convexr domain. Let x and 1 be the solutions of the
problems (6.23) and (6.24), respectively. Then the following estimates hold for ® = x

or & =1,
[Pl zeomizz) < [Flr20m29),
H%_Cf L2(0,T5L2(%2)) < MFleorze,
IVl L2002y < 1 F 20,1200
2
Haig)xj L2(0,T5L2(9)) < NFleore@y, 1<t jsn

Let S;, be the finite element subspace of L*(Q) and is defined as Sj, = {w € L*(Q) :

w|g € LK), K € %} (cf., [74]). Then, we have
w(§) —w(n) = —a'(€)(n = &) = —a'(n)(n — &) +@"(€)(n - &)°, (6.25)
with
#©) = [ werrn-on,
' = [ (1= '+ ME— )i,
where functions @'(-) and @"(-) are bounded in 2.

It is very useful to have local a posteriori error estimate bounded by some local

norms which is not straight forward to derive. To accomplish this, we consider the set
Q = {zeQ] dist(z,]) <} CQ,

where [ > 0 is a constant independent of h. For each time level ¢, € (0,7, we first

characterize a subset g of 7} as follows:
Ty = {KGZ{W f(ﬂQl#@},
where [ > 0 is a constant and independent of the mesh parameters h and k.

6.3 A posteriori error analysis

This section is devoted to the a posteriori error analysis for the optimal control
problem (6.1) —(6.3). To begin with, we first establish some intermediate error estimates

for the state and the co-state variables which will enable us to prove the main results of
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this section. For this, we now introduce some auxiliary problems. For u* € U4, let the

pair (y(u*),p(u*)) € W x W be the solutions of the following equations:

(ayé?*) ’ U) +a(y(u”),v) + (e(y(u)),v) = (f,v)+ (Bu" +xp,0v)z YveV,(6.26)
y(w)(,0) = wolz) wel, (6.27)

_<8p(§:: )’”> +a(p(u”),0) + (¢'(y(u)p(u),v) = (Y(u") = yas,v)m Yo EV,  (6.28)
p(u)(,T) = 0 z €. (6.29)

In the following lemma, we derive local a posteriori error estimate for the control
variable in the L?*(0,T; %)-norm .

Lemma 6.3.1. Let u and U, be the solutions of (6.6) and (6.22), respectively. Assume
that Uy ), C Uaa, (aUp + B*]Bh)|7 € H'(7) and there exist a positive constant Cg ;1 and
wy, € Ugyy, such that

T T
’/ (aUp, + B* Py, wy, — ) dt‘ < 06,1/ > helaUy + B Pulirllu — Upll 2 dt.
0 TET Y

(6.30)
Further, we assume that the first-order necessary condition (6.7) and the second-order
sufficient condition (6.9) hold. Then, we have

Ju — UhH%?(o,T;@) < Cep (562,1 + | Pn _p(Uh)H%Q(O,T;%))v

with
T ~
&, = / S 12ali, + BBy dt,
T€ET G
where Cgo = mmax{l,cg’l} and (y(u*),p(u*)) is the solution of the problem

(6.26) — (6.29) with u* = Uy
Proof. From (6.9) with ( = Au+ (1 — \)Up, A € [0,1], we note that
T
o [ = Uiliade < Q) = U= U3)
= J'(w)(u—Un) = j'(Un)(u = Un).

Applying the first-order optimality condition (6.7) for the first term and the definition
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of the derivative j(-) for the second term, we obtain
T T
v [l Uilde < = [ (U + B, Ui de
0 0
T ~
= —/ (B*Ph + aUh,u — wh)@dt
0
T ~
—/ (aUh + B*Ph, Wh — Uh)@ dt
0
T ~
+/ (B*Ph -, B*p(Uh),u - Uh)gg dt.
0
Again, the condition (6.7) implies — fDT(aUh + B*P,, wy, — Un)# dt <0, and hence
T r .
%/ lu = Unl|Zdt < —/ (B* By + aUp, 1 — wp) s dt
0 0
T ~
+ / (B*Py, — B*p(Up),u — Up) z dt.
0

To estimate the term FEj, we use assumption (6.30) and the Young’s inequality to have

T
|Ei| < 0671/ > helalUn + B Byl usr)|[u — Unl| 2 dt
0

TET %

3 T . 1 [T
< ZCg{l/ > h3|aUh+B*Ph|%,1(T)+Z/ |u— Up||%dt.  (6.32)
0 TETH 0

To bound the term Ejs, use of the Cauchy-Schwarz inequality and the Young’s inequality
yields

1
By < [ BB~ o0l - Uil
0

3 [T 5 } 1 (" )
< 2 [ NB -3t + 5 [ flu— Ut (6.3
0 0
Combining (6.32), (6.33) with (6.31), the desired estimate follows. This completes the
rest of the proof. O

Before deriving the intermediate a posteriori error estimates for the state and co-
state variables, we first define the jumps quantities [AVY}, - ng| and [AV P, - ng] over

the edge (or face) F as:

[AVY}, - np] = (AVY e — AVYir) - ng, (6.34)
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and
where np is the unit outward normal vector to KF on E with E = KF N KF.

In Lemma 6.3.1, the error in the control variable relies on the estimate of p(Uy,) — P,
in the L2(0,T; %)-norm. Since the bound of error p(U,) — P, is the sum of the error

p(Up) — Py, and the temporal error P, — ]5h, the error p(Up) — 15h is controlled by esti-
mating the error p(U,) — Py, in the L?(0, T; %)-norm.

The following lemma represents the intermediate error estimates for the co-state

variable.

Lemma 6.3.2. Let (Yy, Py, Up) and (y(u*), p(u*)) with u* = U, be the solutions of the
problems (6.17)—(6.21) and (6.26)—(6.29), respectively. Assume that all the assumptions
of Lemma 6.3.1 are fulfilled, then there exists a positive constant Cg3 such that the

following estimate holds:

6
Ip(Un) = PullZ20.0:) < 06,3(Z@@62,z'+”y(Uh)_YhH%Q(O,T;L?(Q))'}_Hy(Uh)_YhHQLQ(O,T;%))

1=2

with

P A%
&gy = / h Q + div(AV B,) — agPy, — GDI(Yh)Ph> dx dt

0 KeTg,

/0 > / his([AV P, - ny))2ds dt

EO&Z;L—O) EG?”
/ /hE AVPh nE—Yh+yd8) det
0

ECTl
o= [ 0B Rl + X 1B Bl b
0 " Kezy Kegr
N ~ \ 2
é362,4 = / /h4 ——i—dlU(AVPh)—aoPh— ,(Yh)Ph) dx dt
0 Keg

>

/ / W (AV P, -ng — Y, + yi)2ds dt,
0 Ecr

/h3 AVPh nE]) dsdt

ENr=0

6362,5 - / Hyds - yds”i?dt)
0
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T
&= [ { X W=Vl + 3 I¥— Yillno ot

Kegg, Keg

where hx and hg be the maximum diameter of K and E, respectively, and the jump
[AV P, - ng) is given by (6.35).
Proof. From (6.19), Vv € V, t € (0,T], we obtain

0P ~ N
—(Sv) + alP,v) + (¢ (9) Payv)
aph D (Y \ D ¥ n
= _<W’ v — Uh) +a(Pp,v —vp) + (¢ (Yn)Pryv — vp) + (Yh — yis: V)2
0P N ~ 3
= _<8_th — ' (Y3) Py, v — vh> +a(Pp,v—vp) — (Yn — Y, v — Uh) 2
+ (Y — Y v) 2. (6.36)

Subtracting (6.36) from (6.28) with u* = Uy, it follows that

0

~ (532U = Pi),v) + alp(Us) = Prv) + (& (y(Un)p(Un) = ¢'(V2) P, v)

0P, S " .
= (a_th — ’(Yh)Ph,v — Uh> — a(Ph,v — Uh) == (Yh - ychstv - Uh)gg

+(y(Un) — Yh, V) + (Ygs — Yas, V)3,

and hence,
— g(p(Uh) — Py),v) +a(p(Up) — Pr,v) = O _ "(Yi)Pa, v —vp, ) — a( Py, v — vp)
ot ot
+ (Y = Yo v — W)z + (Yl — Yas v)z + a(Py, — Poyv) + (y(Up) — Ya, v)2
— (&' (W(UR)(Un) — &' (Yn) P, v). (6.37)

Setting e, = p(Uy) — P, and using the cut-off function ¢ defined in Chapter 5 (which is

independent of time t) defined earlier, we compute the following identity

/Q AV(e,) - V($2e,)dz = /Q AV (de,) - V(de,)dz — / (6,2 AV - Vb dz.

Q
That is,
ale,, d*e,) = a(pe,, de,) — /Q(ep)2AV¢ -Vaodzx. (6.38)
With v = ¢?e, := w, and v, = [,¢%, = w), equation (6.37) implies
Oe OP N -
— (8—:, ¢26p> + aley, p’ey) = <8_th — @' (Yh) P, wp — wé) — a(Py,w, — w;)

+ (Yh = Yeis» Wp — wb% + a<]5h — Py, wp) + (y(Un) — }A/fw W)z + (Yis — Yds: Wp) 2

— (¢ (y(UW)p(Un) — ¢ (Y) Pu, wy).
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Using the identity (6.38), we obtain
1d 2 8Ph ~ ~
- 5%”‘15%” + a(dey, gep) = ( ot — ' (Yn) P, wy

— wé) — a(Ph, wy — w{,)
+ (Vi — Yl wp — wh) iz + a(Py — P, wy) + (y(Uy)

- YAVh; wp)% + (ygs — Yds; wp)@
(G U)DU) — & (T) Py + / (e, AV - Vo da.

Q
Integrating from ¢

1 2 2 %
_(||¢€p(tn—1)|| - Hﬁbep(tn)H )"‘/t a(gep, pep)dt

OP, . N )
_ / {( 6: "(Yn) Py, wp — w{,) — a( Py, wy, — wl) + (Vs — ylf,, wp — w{,),%}dt

w7 alB= Pt~ [ (OB = 50 Prsy )

tTL t’fL
+/ y(Up) — Yh,wp jdt‘{’/ / ep) V2AV - ngd:vdt—l—/ (Yigs — Yds, Wp) dt.
-1 tn—1 tn—1

Taking summation from 1 to N, we find that

1

e = [oes(TII") + [ atoep el
T (/0P y _ .

/0 {<8_th — @' (Ya) P, wp — wZ{) — a(Py, w, — w!) + (Y

» h_ygsawp_w;{>%}dt

" / a(B, — Pyyw,)dt - / (¢ WU)PU) — & (V) Baywy) dt
+ /0 (W(U) — Vi, w0,) st + /O /Q (e,)2AVé - Vb dz dt + /

(ygs = Yds, wp)%dt
0

n—1 to t, with respect to time t to have

\)

. ]1+]2+13+I4+]5+]6.

(6.39)

We now estimate the terms I;, j =1, 2,...,6. For I;, we find that

T 0P _ .
= [ { (G = ¢ 0P, — uh) - alBawy = w)) + (5
0

s~ sy Y

P o
/ / ﬂ + div(AVB,) — agBy — ’(Yh)Ph> (w, — w!)da dt
0

Kegn

/0 / [AV Py, - ] (w, — w;)ds dt

ENr=0

/ / AVPh ng — Yh + yds)( w,{)ds dt.
0 Ecr
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Note that ¢ = 0 on Q \ ;. Thus, use of Lemma 5.2.3, the inequality (5.38) and the

Young’s inequality leads to

L < ¢(0 0624 / h2 —hy dzv(AVPh) — agP, — © (Yh)Ph) dx dt
0 KeJg,
/ / he([AVP, - ng))?ds dt
0 Emaz;_@ Begy o F
T
/ hE (AVD, - np — Y, + yj,) ds dt} 3+ 5/ Ipep |7 ) dt
0 pcr
where 062,4 = 01275 max{é?’g,l}. Using the continuity of the bilinear form and the

Young’s inequality, we have for I,

T
IQ = / a(]5h — Ph,wp)dt,
0

T
< c0)aiCts [ 3 1B~ Pl o0 el

Kegg

with C2; = C%5/C},. Next, utilizing (6.25), we estimate I as
T T
1Is] < / | (' (w(UR) (p(Un) = ), w,) |dt +/ | (¢'W(Un)) — &' (Ya)) P, wp) |t
0 0

+/0 \((SOI(Yh)—wl(?h))Phawp)\dt+/O | (&' (V) (P — Br), wy) |t

IN

A\w@mmmmw4wwmﬁ+A;@mwwmmAQ&MMﬁ

+/0 \((gp’(Yh)—@’(?h))Ph,wp)\dt+/0 | (&' (V) (P — Pr), wy) |dt,

and hence

T T
1l < c(0)Cls Caof [ 100 = Pullsgydt + | lo(U) = Vil

T T
+/0 Z ||Yh_YhH12ql(K)dt+/ Z HPh_PhH?ql(K)dt}

KeJg 0 Ke7g,
T

+6/|w%mmmw, (6.40)
0

where C’gﬁ = max{é%, C’%} To estimate Iy, we apply the Cauchy inequality and the

T
/uwm#@w
0

Young’s inequality to obtain

T
Aécww&/“mwm—n%
0
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The term I5 may be estimated as

T T
/0 / (e, AVVodrdt < |62 n / lep2a ot

Since ¢ is a cut-off function, there exists a positive constant Cj; such that ||¢]]1 0 <

Chr, thus we obtain

T
I < ¢ / lep2a 0.

Finally, we apply the Cauchy inequality and the Young’s inequality to estimate the last

term Ig as

T T
Is < c(6)C2, / I — vt 48 [ e

Combining the above estimates with (6.39), and using the coercive of bilinear form and

ep(T) = 0, we arrive at

T
e, (0)]3 m+a1 / el edt

< 067 / ]’L2 a h aF dZU(AVPh) — aoPh - (Yh)Ph> dx dt

0 n
Keﬂﬂl
/0
/0

T T
[ o) = Pl + [ @)= Vil + [~ vl

T T
b [T I Tallngtton [ @) Tillat) 455 [ oey e

0 Ke?”

/ he([AV P, - ng))?ds dt

En@?” 7(2) Ecﬁ"

/hE AVPh nE_Yh+yds)2det+/ Z ||Ph_PhHH1 )dt

ECIl KE?"

where Cg7 = ¢(6) max{Cg,, C35, 5 Cs 5, C45Cf 6, Cir}. Setting § = a;/10 and using

standard kick-back argument to obtain
T

1
SO+ 5 [ el
<Cﬁ7{5622+5625 / 1Py — Pullz )dt+/ Z |yYh—Yh||H1
0 KeJg Kegg,
T T T .
[ 1) = Pullsydt + [ 10 = illadt+ [ lo(U) = Villsat}.

(6.41)
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An application of the trace inequality with cut-off function ¢ implies

lepllz20.m2) = lloepllzzomz) < lloepllL2,mm @)

and utilizing the above inequality in (6.41) we obtain

1 2 ap [T 2
SI9en(O)za@) + 5 i [lep | Zdt

2
T B T .
<Cor {6+ 8%+ [ 3 1P=Pullgodi+ [ 3 1 = Yillgods
O KET, 0 Kegy
T T T .
= [ o0 = Pullsydt+ [ I0) =it + | IO = Villsat}.
(6.42)

Perusing equation (6.42), we need to estimate the term p(Uy,) — Py, in the L*(0,T; L*(Q))-

norm. For this, we shall use the duality trick. Thus, we have

T T

/0 Ip(Un) = PullZ2iqdt = /0 (p(Un) — Py, F)dt
T aX
— [ {(p0) = P 55) + alpl03) = Pax) + (OB = Fa)o) e
’ T a T
= —/ (a(P(Uh) — P), X) dt +/ a(p(Un) — P, x)dt
0 0
T T
[ (@) = ¢ DB+ [ (GBS,
0P,

= —/OT{ - (W’X> +a(Br, X) + (w’(Yh)Ph,X)}dt + /OT(y(Uh) e, X) gt

T T
+ / a(Ph 5 Ph7 X)dt + / (QOI(Y}JP]L - gpl(y(Uh))wa X)dtv
0 0
use of (6.25) and (6.36) lead to
T
| 1p() = Pl
T
oP \ N . .
N / {(_h — &' (Yn) Pa, x — XI> — a(Pu, x = x") + (Ya = ¥ X — XI)@}dt
0 ot
T T X T o
+ / a(Py — Py, x)dt + / (y(Un) = Yn, x) zdt + / (¢'(Ya)(Pr — Pp), x)dt
0 0 0

T / ((¢(Va) — & (Ya)) P x) i + / (¢ (Ya) — ¢ (Un)) Pan X dt

T
+ / (?Jgs — Yds, X)I’Z"dta
0
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and hence,

r 2 aPh 1N\ D I
/ 1p(Un) = Pallz2ydt = / (— + div(AVE,) — ag P, — (Yh>Ph) (x —x")dt
0

ot
gips
/0 ECT

; / (' (Ta)(By — By, x)dt + / (¢ (Fh) — & (Ya)) P ) e

/AVPh ngl(x’ — x)dsdt
ENr=0

T
/ AVPh ng — Yh + yds)(x — X)dsdt +/ a(Py, — Py, x)dt
0

T e T
+ / (" (Ya) (Vi — y(Un)) Py X )t + / (W(U) — Vs x) it + / (U — i X) it
0 0 0

where x! is the interpolation of y. Application of Lemmas 5.2.1 and 5.2.3, continuity
property of the bilinear form, the Young’s inequality and arguing as (6.40) to obtain

T
/ Ip(Un) — Ph||%2(mdt

~  ~\2
068 / h4 v —|— dZ?J(AVPh) - CLoPh - (,D/(Yh)Ph> dx dt
0 Kegp

/h3 AVPh nE]) ds dt + /h3 AVPh nE—Yh+de) det}

/0

ENC=0 0 Ecr

T
)(ag + 02 Z 1 Pn — Ph“%-ll(K)dt + 0(5)054/ ly(Un) — Yh||2L2(Q)dt

T
0 [ 3 19 = Vil eyt + <) / ly(Us) — Vol %t

0 Ke?"
T T
(6 / o — s Pyt + 6 / Ixll3dt + 6 / N

where Cgs = C7, max{C%,1}. For the last two terms on the right hand side, use the
trace result and the stability result of Lemma 6.2.1 with ® = y, F = p(U,) — P,,. Then,
choose § = 1/4 and set Cg = 2¢(0) max{Css, a2 + C%,,C%,, C?,1} to obtain

T
[ 1000 - Rl < Cuof@tirase [ 3 1A - Rl

Kegnr

T T T
3 I Vil dt [ () = Vil de+ [ (@) Vil de
0 0

0 Kegpr

(6.43)
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Combining above with (6.42) with (6.43) and adjusting the constants we complete the
rest of the proof. n

It is evident from the above lemma that our intermediate error estimate of p(Uy) — P,
is depending on the error y(Uy) — Y}, in the norms L?(0,T; L*(Q2)) and L?(0,T; %). In

the following lemma, we present an intermediate error estimate for the state variable.

Lemma 6.3.3. Let (Y}, Py, Uy) and (y(u*), p(u*)), respectively, be the solutions of (6.17)—
(6.21) and (6.26) — (6.29) with u* = Uy. Assume that all the assumptions of Lemma
6.3.1 are fulfilled. Then there exists a positive constant Cg 19 such that the following

estimate holds:

10

ly(Un) = YallZzor:2 < Cono (Z 562,i)»
=6
with

= [ ZHMmewyFZHM—li}

KGQ" KGQ"
2 _
&2 = /
0

/0 /EthAVYh -ngl)’ds dt

ENO7y, _(/) Begg
A
2
2y = /
0
A
/0' EcCTl

2, = A|u—fw;@ﬁ

| w2
/ h2 " —|— div(AVY,) — agYs, — go(Yh)) dx dt

KE?"

/ hE AVYh ng — BUh — Xb) ds dt

ECT

N2
/ h4 == —|— div(AVYy) — aoY), — gp(Yh)> dx dt

Kegnr

/ W ([AVY, - ng)?ds dt
ENr=0

/h3 AVY}L TLE—BUh—Xb) det

1
(/?62,10 = §||y0 _yh,OHQLQ(Q)a

where hx and hg be the marimum diameters of K and E, respectively, and the jump

[AVY), - ng) is defined as in (6.34).
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Proof. For all v € V and t € (0,T], we have from (6.17)

Y .
(S50) +a(virv) + (p(¥i).v)
(8832 Uh) +a(Yi, v —on) + (p(Ya),v — vn) + (BUy + %5, v) 2 + (", 0n)
—(f” — % — (f/h),v — vh> +a(Y;)" v — )
+ (BUh + Xp, 'Uh)@ + (fn, U). (644)

With the help of (6.26) and (6.44) with u* = Uy, we get

(8816( (Un) = Ya),v) + ay(Un) — Y, v)

oY) -
= (5= T = (Fa), v = ) = @Y 0 = ) + (BU+ 30,0 — )y

+a(Yh = Ya,v) + (f = 7, 0) = (2(y(Un)) — o(Ya), v).

Setting v = ¢%e, = w, and v, = I,(¢%e,) = w,, with e, = y(U,) — Vi, where w] is

interpolation of w,, we obtain

(%r,6%,) + aley, 6%6,) = (£ = 2 — o0, w, = wh) — al¥i, wf ~w,)

+ (BU + %y, wy — wy) gz + a(Yy — Ya, wy) + (f — ™, wy)

— (e(y(Un)) — @(Ya), wy). (6.45)

Using the definition of cut-off function ¢, we have the following identity:

/Q AV (e,) - V(dPe,)dw = /Q AV (de,) - V(de,)dz — /Q (e,)? AV - Vi,

ie., (ey, d%e,) = a(pe,, de,) —/(ey)QAV¢~V¢dx.
Q
Applying the above identity in (6.45) we have
aYh - .
= el + aloey oe,) = (£ = T — (T w, — wl) — a(Fi, w) —w,)

+ (BUh + Xp, Wy — wy)% + a(Yh - Yha wy) + (f - fnva)

— (p(y(Un) — @(Yn), wy) + /Q (e,)2AV¢ - Vo da.
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Integrate the above from t,_; to t,, with respect to time to have

1ot = [oey(tnlP) + [ ator e, )

= [ {0 G - et ud) — i - w,
+ (BU, + %y, w, — wé)@}dt + /tt a(f/h Y w, )t + /t:nl(f — 7w, )dt
[ o) - et

Summing up from 1 to N, we get

e = locy(OV1%) + [ aoey, ey

/(ey)QAVQb -Vodzdt.
Q

tn—1

! n aYh > I ~ I s
= /0 {(f T p(Yn), wy — wy> — a(Yy, w, — wy) + (BU, + xp, wy — wy)@}dt

+ /0 a(Yy — Vi, wy)dt + /0 (f — f™, wy)dt — /0 (p((Un)) — o(Ya), w,)dt

T
+/ /(ey)gAqu V¢dl‘dt = [7+Ig—|—]9+[10—|-[11. (646)
0o Ja
We need to bound the terms [;, j = 7,..., 11, separately. First, we rewrite I as
* n aYh Y I Y I I
{28 )t

g

/ . l + div(AVYr) — aoVh — (f@) (wy — w!) da dt

Keg

Jip>
o)

Since ¢ = 0 on Q\ €, applying Lemma 5.2.3, the inequality (5.38) and the Young’s

/ [AVY), - ng(w, — w)ds dt

ENTr=0
/ (AVY), - ng — BU, — %) (w, — w))ds dt.

ECr

inequality, we arrive at

~ 2
I7 < C 0624 / h2 n - Q= + d’LU(AVYh> - CL()Yh - gO(Yh)> dx dt

0 Ke qn
/O
/0
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Next, for Ig, the continuity of the bilinear form and the Young’s inequality imply

T T
Iy < (6)C2ya / S 1V = Vil gyt + 6 / e 2 .
0

O n
Kezg

An application of the Cauchy-Schwarz inequality for Iy leads to

T T
ho= [ G=rmwa< 17 = Pl ol
0 0

T
< [ = Flwloe o
0

With the help of the Young’s inequality we obtain

T T
I < 6)C2, / 1 = Faeydt + 6 / ey 12 .

To estimate I, we use (6.25) to have

Loy = /O (gp(Yh)—w(Yh)),wy)dtJr/O (#(Ya) = (y(Un)), wy)dt

_ /0 (& (V) (Y — Ya), w,)dt + /0 (& (Ya) (Y — y(Un), w,)dt,

an application of the Chaucy-Schwarz inequality and the Young’s inequality leads to

T T
~ 2 A
he < OO [ X W= Villuuodt+ [ 10T - Yilldt)
0 Kezy 0

T
5 /0 ey 12 . (6.47)

Finally, arguing as I5 we estimate the last term [,

T
I < 012\4/ lley 172y dt.
0

Combining bounds for I;, j = 7,..., 11, with (6.46) and using the coercivity of the
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bilinear form we conclude that

1 T
—||¢ey<T>u2+a1 / e 12 oyt

Y, N2
< CG 11 / h2 f - Q + dlU(AVYh) — (IoYh - (Yh)> dz dt

0 n
Keyszl

/0 /EhE([Afoh -ng))’ds dt

EN0Tg, @ Eedg,
/0 ECT

e n 1
b [ W Vil [ 1= i+ Sl — wnol?
0 0

KEEZZ

T T
+ [ W00 = Vilayde} +48 [ e,

/hE AVYh TLE—BUh—Xb) ds dt

with Cp 11 = max{c(6)C2,, c(0)C2 502, ¢(8)C25, c(5)C25C3;,C3,}. Choose § = a1 /8 and
then use the standard kick-back argument to have

1 (05} T
§H¢€y(T)H2+7/O [dey 7 oydt < 0611 567+/ Z Vi = Yall3p eyt

Keﬁ”

b [0~ Pt = ol + [ @)~ Yallair}. (649

An application of the trace inequality with the cut-off function ¢ implies

leyllz20m2) = lloeyllr20mz < lloeyllL2o.r:m ),

which combine with (6.48) yields

1 o
sloes I+ % [l < Con {6+ [ 30 W= Villos

Ke7g
T 1

+/ Hf—fn|’%2(9)dt+§”yo —yh,0\|2+/ ly(Un) _YhH%Q(Q)dt}' (6.49)
0 0

Next, our requirement is to evaluate the term (y(Uy) — Y3) in the L?(0,T; L*(Q))-norm.
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A standard duality argument leads to

JRECARS AT

= [ { (00 == F) + alolU) = Yiw) + (2 (0) ~ Yi),0) e
= [ {(G o) =) + @) = Vi)

(UW) = ¢(Ya), ) ft + ((y(Un) = Y2)(0), %:(0))

(B2 ) +a0m+ ey i+ [

( )

T
BUh + Xy, Qﬂ %dt i / a(Yh” — Yh,w)dt
0

+ (ol
+ [ C
n /0 (9(V3) — (Ya), &)t + (3o — Yo, ¥(0)),

which together with (6.44) and (6.25) imply

JRECARS AN
T o R
= [{ (- T — et 0~ 97) —alih. v = 4)
T T
+ (BU+ 30— ) fit+ [ a7 = Vi wiat+ [ (F = 7,00
T
- /0 (¢/<Yh>(?h — Yu),9)dt + (yo — Yno,%(0)),

- /T (f” — %—Y + div(AVY}) — agYy, — (Yh)> (¢ —¢7)dt

>
g

T
T /0 AV — Vi )it + /0 (F = )t

" /0 (¢’ (V) (Ya — Ya), %) dt + (Yo — Yo, %(0)),

/ [AVY}, - ng](p! —)ds dt

ENr=0

/ AVYh ng — BUh - Xb)(iﬁ @/})ds dt

where ! is the interpolation of ¢). By continuity of the bilinear form, the Young’s
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inequality, Lemmas 5.2.1 and 5.2.3, and arguing as (6.47), we find that

T
/ ly(U) — Yhu%m)dt

~ 2
< ¢( 0628 / h4 ff—— + dZU(AVYh) — CL()Yh - SO(Yh)) dz di

0 Kegn
/o

/ W3 ([AVY;, - ng))2ds dt + / / W3(AVY}, - n — BU, — x3) dsdt}

ENI'=0 EcCT
+e(8)(ad + C2)) / S Vh — YalZngedt + c(6) / 1 = oyt
Kegy

1 1 T
+ 30— vhalla it + 3160 e +8 | 11

Invoking stability results from Lemma 6.2.1 with ® = ¢, F' = y(U,) — Y}, and setting
Cs12 = 4max{c(0)Cgg, c(0)(ag + C2)),¢(8),1} with 6 = 1/4, the standard kick-back

argument leads to

T
/ ly(Un) = YallZ2(ydt < 0612 éﬁaﬁ/ D IYh = YallZn g dt

e
3 1
+ [N = PRt + Sl = ollit). (650
0
Putting (6.49) and (6.50) together, and then adjusting the constants the desire result
follows. This completes the proof. O

We are now in a position to establish the main result by collecting the Lemmas
6.3.1 —6.3.3.

Theorem 6.3.1. Let (y,p,u) be the solutions of (6.5) — (6.8), and let (Y, Py, Uy) be
the solution of (6.17) — (6.21). Further, we assume that Lemma 6.3.1 holds. Then there

exists a positive constant Cg 13 such that

10
lu = Unll 22012 + 1y = YallZeorm + 10 = Prlli2ors < Coas (Z 562),1-)7
=1

where &1, 65 i =2,...,6 and &;, 1 =1,...,10 are defined in Lemmas 6.3.1, 6.3.2
and 6.3.3, respectively.

Proof. An use of stability results in [95] leads to

|y — y(Uh)H%?(O,T;,%?) < ly - y(Uh)H%Q(O,T;Hl(Q)) < 03,14 |u — Uh”%2(o,T;,~%)a
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and

Ip = p(UZ2078 < 112 = DU Z2 0000 ()

2
6,15

IN

@ ly — y(Un)220.0.2) < Ciaz It = UnllZ20.1.),
062,1403,15

where Cf |, = =102

and Cg 14, Cg,15 are positive constants. Thus, we have

1y = Yallizorz < 1y = v(U)lZ20rm + 19(Un) = Yall 2201

< C'62,14 Ju— Uh”%%o,:r;@) + ly(Un) — Yh”%?(o,T;gg)a (6.51)
and
lp — Ph“%%o,:r;@) < |lp— p(Uh)Hiz(o,T;%’) + [|p(Un) — Ph||2L2(0,T;@)
< 062,17““ - Uh||2L2(0,T;%’) + [|p(Un) — PhH%Q(O,T;%)' (6.52)
Further,
Ip(Un) = Pullzzor.m < 1p(Un) = Pallf2omsm) + 1Pn — Pall2i0.7m (@) (6.53)

Altogether (6.51) — (6.53) and Lemmas 6.3.1 — 6.3.3 complete the rest of the proof. [J

Remark 6.3.1. For the sake of comparison, we refer to [62]. The derived estimators in
Theorem 6.3.1 are different from the estimators of [62, Theorem 3.4]. Our estimators
are of local character, that is, the leading terms of 5’&, 1 =1,2,3,6,7 depend only
on the data in a smaller neighborhood of the boundary. But, the global influences are
reflected by the higher order terms 5"6274 and 562,8 which can not be dislodged. By making
Q, smaller (i.e., reducing the distance 1), the resulting mesh refinement could be more
concentrated around the boundary.

The a posteriori error estimate in Theorem 6.5.1 consists of three parts. The esti-

mators é%%i, 1=2,4,7, 8 are contributed from the approximation error of the state and
co-state equations, whereas éaﬁ%l reflects the approximation error for the control variable
which is derived from the variational inequality. Further, &34 and &g denote the tem-
poral error estimators for the state and the co-state variables, respectively. Moreover,
the data approzimation errors are given by &gs, &g and &fyy. The positive constants
Ces,3, Cs10 and Cg 13 depend on the Lipschitz-constants C’L, distance 1, and the bound
Cr of the nonlinear function and it’s derivatives, the bound Cyy of the cut-off function
and the constants C‘Lj, J,...,5 defined in Chapter 5.
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6.4 Numerical assessments

This section carry out numerical experiment to implement the a posteriori error
estimators derived in the previous section. All computation is carried out using the
software FreeFem++ [38]. Here, all constants appearing in the estimators are taken to

be one.

Example 6.1. Here we consider the optimal control problem (6.1) — (6.3) with the
following data:

Q=[0,1] x[0,1], T"=1.0 and o =1,
Yas = exp(2z1t) sin(27xy) on I'p,

f=0, x%=0 and y(z,0)=0,
A=B=1 wu,=-050 and u, = 0.50,

with p(y) = y*.

For our computation, we have used the piecewise linear and continuous finite element
approximation for the state and co-state variables and piecewise constant functions are
used for the control variable. The time derivative is approximated by the backward
Euler scheme. This experiment shows the reliability of the a posterior: error indicators.
The adaptive meshes generated via the error estimators &,, ¢ = 1,...,10 enable us
to save convincing computational work in comparison with the uniform mesh. Table
6.1 contains the mesh information of 7", error in the L%(0,T; %)-norm for the state,
co-state and the control variables at the final time 7" = 1.0. Note that, the estimators
are reducing with the increase of degrees of freedom. Compared to the uniform mesh,
the adaptive meshes require much less number of nodes which shows the effectiveness
of our estimators. Let é%ﬁ-, i =1, 2,3, 6, 7 denote the leading terms of the estimators
&, © = 1,2, 3,6, 7, respectively. Further, we measure the behaviour of the leading
terms <5"6L7i, i =1,2,3,6, 7, respectively, on the set Jg with [ = 0.3, 0.2, 0.1 which is
prescribed in Tables 6.2 — 6.4. Results of the Table shows that the values of the leading
terms are decreasing when the distance [ is reducing. That is, numerical results of Tables

6.2 — 6.4 show the effectiveness of the leading terms of the estimators.

6.5 Concluding remarks

In this chapter, we have derived local a posteriori error estimates for the finite ele-

ment approximation to the boundary control problem (6.1) — (6.3). The main difficulty
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Table 6.1: Comparison of the results on uniform mesh 7" and adaptive mesh with

[ = 0.1 and tolerance e = 107°.

Uniform mesh | Adaptive mesh

Elements 31226 2654
yY— Nodes 15844 1403
Mesh Bdry Elements 460 150
Information Elements 31226 4638
of 7 p— Nodes 15844 2423
Bdry Elements 460 206
Elements 31226 8963
u— Nodes 15844 4620
Bdry Elements 460 275

ly = Yallz2omz) | 1517 x 1073 | 9.183 x 107°

Errors I — Pullrzory) | 4559 x 1073 | 7.522x 107°

lw — Unllr2(02) | 2.796 x 1072 | 5.797 x 1072

Table 6.2: Mesh information and values of leading terms of the estimators on I with

[ =0.3.
[=0.3 Uniform mesh | Adaptive mesh

y— Elements 21876 2569

Mesh y— Nodes 11238 1384

Information p— Elements 21876 4066

of I p— Nodes 11238 2165

u— Elements 21876 6098

u— Nodes 11238 3160
&h 1.581 x 1072 | 8.579 x 1073
Values of the & 2.837 x 1072 | 1.844 x 1074
leading terms on 96; b65 2.398 x 1073 4.669 x 10~
& 1.314 x 107% | 2.999 x 10~°
& 3.745 x 107* | 5.841 x 1076
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Table 6.3: Mesh information and values of leading terms of the estimators on I with

[=0.2.

Table 6.4: Mesh information and values of leading terms of the estimators on Jg with

[=0.1.

[=0.2 Uniform mesh | Adaptive mesh
y— Elements 14656 2014
Mesh y— Nodes 7658 1125
Information p— Elements 14656 3671
of LZZ p— Nodes 7658 1988
u— Elements 14656 4110
u— Nodes 7658 2214
& 5210 x 1073 | 6.517 x 1074
Values of the & 9.925 x 107* | 3.235 x 1077
leading terms on Jgj! &y 1.645 x 107 | 6.176 x 1077
& 1.121 x 107* | 5.888 x 107©
& 2.380 x 1074 | 3.133 x 10~7

[=0.1 Uniform mesh | Adaptive mesh
y— Elements 9948 1132
Mesh y— Nodes 5414 625
Information p— Elements 9948 1341
of 7 p— Nodes 5414 807
u— Elements 9948 3080
u— Nodes 5414 1739
& 1.132x 107* | 7.177 x 107°
Values of the & 6.600 x 107 | 6.809 x 107
leading terms on I & 1.995 x 107° | 5.942 x 1077
& 1.051 x 107° | 3.369 x 1078
& 8371 x 1076 | 2472 x 1078
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associated with this problem is that the cost functional J is not differentiable in %
and hence it fails to satisfy the first-order optimality condition. This difficulty is over-
come by observing the fact that J is differentiable in L>°(I"), which is necessary for the
existence of control variable. Further, assuming the second-order optimality condition,
we have derived the a posteriori error estimates for the control variable. Our derived
estimators (see, Theorems 6.3.1) are of local in character, i.e., the leading terms of the
estimators depend only on the small neighborhood of the boundary. They also serve
as important ingredients for adaptive algorithm. We have noticed that the refinement

meshes are effectively reduced for the state and co-state variables.
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SUMMARY AND FUTURE EXTENSIONS

In this chapter, we summarize the results highlighting the contributions made by this
thesis and the techniques involved in deriving these a posterior: error bounds. It also

contains some information on the scope for the possible extensions and future works.

7.1 Summary of the results

This thesis studied a posteriori error analysis of finite element approximations for
POCPs with distributed and boundary controls. The main emphasis is on deriving
reliable type a posteriori error estimates in suitable Sobolev norm. The a posteriori
error bounds for the state, co-state and the control variables are derived for POCPs and

PBCPs. Moreover, the theoretical analysis is supported by the computational results.
In Chapter 2, we have considered the finite element approximations of POCP (2.1) —

(2.3) with distributed control. The spatial discretization uses the piecewise linear and
continuous finite elements for approximations of the state and co-state variables, and
the piecewise constant functions are employed for the control variable. The time dis-
cretization is based on the backward Euler method. We have established a posterior:
error estimates for the state, co-state and control variables in the L*°(0,T; L*(9))-
norm (Theorem 2.3.2) by using elliptic reconstruction technique and energy arguments.
The basic idea is to split the main errors for the state and co-state variables into two
parts namely, elliptic reconstruction error and the parabolic error. While Lemma 2.3.1
contains elliptic reconstruction error estimates, the parabolic errors for the state and
co-state variables are established in Lemma 2.3.2 and Lemma 2.3.3, respectively. These
lemmas are then utilized to prove intermediate a posteriori error bounds for the state
and co-state variables (Theorem 2.3.1), which are crucial for obtaining the main results.
With the help of first-order optimality condition we prove error for the control variable

(Lemma 2.3.5). The key technical tools used in this chapter include elliptic reconstruc-
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tion, approximation properties, first-order optimality condition and energy arguments.

Numerical results are provided to illustrate the theoretical analysis.
Chapter 3 is devoted to L>(0,T; L>(£2))—type a posteriori error analysis for finite

element approximations of POCP (3.1) — (3.3) with distributed control. In this chapter,
we have considered both semidiscrete and fully discrete finite element approximations of
the control problem. The variational discretization is used to approximate the state and
co-state variables with the piecewise linear and continuous functions, while the control
variable is computed by using the implicit relation between the control and co-state
variables. The key feature of this approach is not to discretize the control variable
but to implicitly utilize the optimality conditions for the discretization of the control
variable. The time derivative is approximated by the backward Euler method. We have
used the elliptic reconstruction technique introduced earlier by Demlow et al. [21] in
conjunction with heat kernel estimate (3.17) as main technical ingredients. We derive
reliable type a posteriori error estimates for the state, co-state and control variables in
the L>°(0,T"; L*(€2))-norm for both the semidiscrete approximations (Theorems 3.2.1 —
3.2.2) and fully discrete approximations (Theorems 3.3.1—3.3.2). Numerical experiments

show the effectiveness of the derived estimators.
Chapter 4 deals with a posteriori error analysis of fully discrete finite element ap-

proximation to POCP (4.1) — (4.3) with controls acting on lower dimensional manifolds.
The manifold is assumed to be a point, a curve or a surface which is lying completely in
the space domain, and it is either time independent or evolved with the time horizon.
The space discretization consists of piecewise linear and continuous finite elements for
the state and co-state variables, while the piecewise constant functions are employed to
approximate the control variable. The discrete-in-time scheme is based on the backward
Euler implicit scheme. We have derived different types of a posteriori error estimates for
the state variable in the L?(0,T; L*(2))-norm (Theorems 4.3.1 — 4.3.3) whereas errors
for the control variable are demonstrated in the L?(0,T; R™)-norm or L?(0, T’; L*(y(t)))-
norm according to the dimension of the manifolds (Theorems 4.3.1—4.3.3). The essential
technical tools involve interpolation approximation properties, trace inequality, inverse
estimate, duality argument and the first-order optimality condition. Numerical results

validate the theoretical analysis.
Chapter 5 discussed local a posteriori error analysis for finite element approxima-

tions of PBCP (5.1) —(5.3) in three different observations: Observations of the boundary
state, the distributed state and the final state. The piecewise linear and continuous fi-
nite elements are used for the approximation of the state and co-state variables, while

the piecewise constant function spaces are employed for the control variable. Moreover,
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we have used the backward Euler method to approximate the time derivative. The
development of intermediate a posteriori error estimates for the state and the co-state
variables rely on the use of cutoff function, the inequality (5.38), approximation prop-
erties and duality argument. The a posterior: error bound for the control variable is
established by using first-order optimality condition along with the convexity condition
(5.22) (Lemmas 5.3.1, 5.3.4 and 5.3.7). More precisely, a posteriori error bounds for the
state, co-state and control variables are derived in the L?(0, T; %8)-norm for the observa-
tion of the boundary state as well as for the final state (see, Theorem 5.3.1 and Theorem
5.3.3). In addition, for the observation of the distributed state, a posteriori error bound
for the state variable is established in the L?(0,T; L?(£2))-norm, whereas error for the
co-state and control variables in the L?(0,7;%)-norm (Theorem 5.3.2). Further, the
derived a posteriori estimators are of local in character means that the leading terms
of the estimators depend on the small neighborhood of the boundary. These new local
a posteriori error bounds can be used to study the behavior of the state and co-state
variables near the boundary. The derived error indicators can be used as a guide to show
how the refinement might be accomplished most efficiently in the adaptive algorithm.

Computational results are presented to validate the theoretical analysis.
Finally, Chapter 6 considered a nonlinear PBCP (6.1) — (6.3) and derived reliable

type local a posteriori error estimates for the fully discrete finite element approximations.
For the error analysis, we have employed the standard space-time discretization as in
Chapter 5. Using the second-order optimality condition, we have obtained the control
error in the L?(0,T;%)-norm. Moreover, the cutoff function, duality technique, and
trace result are the key ingredients of the error analysis. The a posteriori error estimates
for the state, co-state and the control variables are derived in the L*(0,7; %)-norm

(Theorem 6.3.1). The numerical results are provided to support the theoretical analysis.

For the computational aspects, we have used the software FreeFem++ [38] which
illustrate the theoretical analysis of the Chapters 2 — 6. Further, the projection gradient
algorithm is used for solving the optimization problems. Numerical experiments reveal

the effectiveness of derived estimators by saving considerable computational efforts.

7.2 Extensions and remarks

This section makes some informal observations of the possible extensions of our
results to new research directions. Many applications of control problems are naturally
arising in engineering and sciences. The convergence analysis of these problems is one

of the greatest challenges in computational mathematics today and has attracted a lot
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of attention over the past years. To the best of the author’s knowledge, the results
presented in this thesis are reported for the first time in the context of POCPs and
PBCPs. Here, we shall briefly outline some interesting problems to be persuaded in the

future.

1. A posteriori error analysis of POCP in a non-conver domain. Consider the fol-

lowing optimal control problem:

min 7 (u,y) - / {1y = sy + allul2ay bt (7.1)

u€Ugyq

subject to the state equation

(

0 :

83 Ay=f+u in Qr,

y(-,0) = yo(z) in Q, (7.2)
v = 0 on I'p,

and the control constraints
Uy < u(z,t) < wup ae. in Qp, (7.3)

where u,, u, € R fulfills u, < u, and the regularization parameter o > 0 is a fixed
constant. Further, y = y(z,t), yas = yas(z,t) and u = u(z,t) denote the state,
desired state and control variables, respectively. Assume that €2 is a non-convex
polygonal domain in R?. For non-convex domain, the solutions of the state and
co-state variables possess low regularity, i.e., y, p € L*(0,T; H'*5(Q)), s € (1/2,1)
(cf. [4]). Tt is therefore interesting to investigate a posterirori error analysis for
the problem (7.1) — (7.3). We strongly believe the techniques used in Chapters 2
and 3 will be useful to study these problems.

2. The a posteriori error analysis developed in Chapters 5 and 6 can be extended to

deal with boundary control problems on a non-convex domains.

3. Optimal control problems governed by time-fractional diffusion equation: Let € be
a bounded domain in R?(d = 2,3) with sufficiently smooth boundary I' := 9.
Further, let Q7 = Q x (0,7] and T'y = 092 x (0,7]. We consider the following

time-fractional optimal control problem:

min 7 (u,y) - / [y = sy + allulZaoy (7.4)

u€Uqq
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subject to
(
oDfy — Ay = f+u in Qr,
y(-,0) = yo(x) in €, (7.5)
y=0 on I,
and

ad_{gbeL(OTL(Q / /gbdmdt<e} (7.6)

where 0 < 0 < 1 and a real number € > 0. Further, the left and right Riemann-

Liouville fractional derivatives are defined as follows:

by LT wn)
P S i fy

and

A )/tT(w(T) dr.

'l — o« T —t)°

The a posteriori error analysis for the control problem (7.4) — (7.6) is not straight-
forward due to the presence of time-fractional derivative. It would be challenging

to investigate such problems in future.

. A posteriori error analysis for optimal control problems governed by hyperbolic
PDEs: Let Q € R? (d = 2 or 3) be a bounded convex domain with boundary
[':= 09, and set Qp = Q x (0,7], 'y = 002 x (0,T]. We consider the following

control problem

min 7 (u, 97 t/{m sl + ollul 2oy b dt (7.7)

u€Uqq

subject to the state equation

02y
el —Ay=f+u in Qp,

y(-,0) =y(z) in Q,

W 0) =) i 0 "
ot ! ’

y=0 on I'p,
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and the control constraints
ug <ul(x,t) <wup ae. in Qp, (7.9)

where u,, u, € R fulfills u, < u,. Assume that the given function yo, y; € H'(Q)
and f, yss € L*(0,T; L*(Q)). The constant a > 0 stands for the regularization

parameter. The set of admissible controls is given by
Uya = {u € L*(0,T; L*(Q) : e <u<uy ae. (v,t)€ QT}.

The analysis developed in Chapters 2 and 3 can be extended to treat the hyperbolic
optimal control problem (7.7) — (7.9). We wish to investigate both theory and

numerics of a posteriori error analysis for the above optimization problem in future.

5. A posteriori error analysis for Dirichlet boundary control problems governed by
parabolic partial differential equations: We consider the following problem on a
bounded domain in R¢ (d = 2, 3) with Lipschitz-continuous boundary I' := 9

. e
min J (u,y) := 5/0 {Ily — yasll T2 () + allullZ }dt (7.10)

u€Uyq

subject to the state equation

(

0 :

a_gz _ Ay = f m QT?

y(-,0) =yo(z) in Q (7.11)
y=u on I'p,

\

and the control constraints
ug <u(x,t) <wup ae. in Ip, (7.12)

where Q7 = Q x (0,T], 'y = 9Q x (0,T], Z = L*(I') and u,,u, € R fulfills
Ug < up. Assume that the desired state yqs € L?(0,7;L*(€2)) and the source
function f € L*(0,T; L*(Q)). Further, y = y(z,t) and u = u(z,t) denote the state
and control variables, respectively. The analysis of Chapters 5 and 6 can be applied
to study the a posteriori error analysis for the finite element approximations to the
Dirichlet boundary control problem (7.10) — (7.12), which is an interesting future

project.
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