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Abstract

In this thesis, we have extensively worked on the nature of the ground state of dif-
ferent frustrated magnets, especially on kagome lattice and the possible magnetic
long-range order state in those systems. Due to low dimensionality, a higher degree
of frustration and larger quantum fluctuations makes kagome Heisenberg antiferro-
magnet(KHAF) a suitable candidate to host a quantum spin liquid ground state. In
the isotropic case, i.e., in the absence of DMI, the ground state of kagome Heisenberg
antiferromagnet is argued to be a Zs, chiral topological spin liquid. We have mainly
focused on the effect of anisotropies like Dzyaloshinskii-Moriya interaction(DMI) on
the ground state manifold of kagome Heisenberg antiferromagnet. So, the presence
of DMI can be identified as a perturbation to the Heisenberg Hamiltonian. So, it is
expected that the DMI can potentially destroy the spin liquid state and induce mag-
netic order in the system through a quantum phase transition. DMI is a special kind
of anisotropy that arises in a lattice where there is a lack of inversion symmetry and
originates from the spin-orbit coupling. Up to what extent DMI induces magnetic
order in the system and understanding the zero temperature magnetic structure is

the objective of the present thesis.

Since there is a possibility of a magnetic long-range order state, induced by
DMI, we have used Schwinger boson mean-field theory(SBMFT) to study the above
problems. SBMFT is an elegant way to study both the long-range ordered state as
well as spin liquid state. Magnetic long-range order is induced by the condensations
of Schwinger bosons. Now, the effect of the in-plane component and out-of-plane
component of DMI is quite different. The planar component favors the canting of the
spins from the kagome plane leading to the non-coplanar spin structure, whereas the
out-of-plane component favors the planar spin structure. Thus, we have considered
two separate problems when the in-plane component is small compared to the out-of-
plane component of DMI, and the other one, when both are comparable or in-plane

component, is dominant over the out-of-plane component.

In our first work, we have calculated the ground state phase diagram when the in-
plane component is quite small compared to the out-of-plane component, and that is
the case of Herbertsmithite. This material does not show any sign of freezing down
to very low temperatures, but the experimental results predict the presence of DMI.
It was not very clear why this material does not freeze, and the possible explanation
was the presence of a quantum critical point. Thus we have computed the ground-

state phase diagram using SBMFT. We have calculated properties associated with
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each of the phases to interpret the experimental result of Herbertsmithite.

In the next work, we investigate the possible regular magnetic order(RMO) for
the spin models based on group theoretical approach for kagome and triangular
lattices. The main reason to study these RMOs is that they are the good vari-
ational candidates for the ground states of these kinds of frustrated magnets. In
this thesis, we followed the prescription introduced by Messio et al. (L. Messio, C.
Lhuillier, and G. Misguich, Phys. Rev. B, 2011, 83, 184401) for p6m group and
extended their work for different subgroups of p6m, i.e., p3, p31m, p3ml1, and p6 in
Hermann-Mauguin notations. We have listed all the possible classical ground state
spin configurations for these groups.

In our last work, we consider the case where the in-plane component is dominant
over the out-of-plane component, which is the case of vesignieite. Motivated by
the experimental result of vesignieite that the ground state in ) = 0 magnetic
long-range order state, we looked at the mean-field Ansatz, which mimics the above
ground state in the large S-limit. We have obtained the ground-state phase diagram
of this model and calculated properties of different phases. In order to have better
insight into the problem, we have also studied the above model numerically using
ezact diagonalization(ED) up to a system size N = 30. We have compared the
obtained results from these two approaches. We have made an attempt to interpret

the experimental of vesignieite result from our calculation.
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Chapter 1

Introduction

Understanding the ground state of different quantum magnets, especially, the frus-
trated antiferromagnets is a long-sought goal in condensed matter physics. For a
magnetic material of those kinds, the degrees of freedom are magnetic moments,
completely localized on a given lattice. The macroscopic magnetic properties are
remarkably different from those of atoms and molecules, though the fundamental
constituents remain the same. This is due to the fact the macroscopic properties
are collective in nature and purely quantum mechanical, involving a huge number
of particles. Typically, when a magnetic material is cooled below a critical tem-
perature, the magnetic moments tend to align in a particular pattern like, parallel
or anti-parallel to minimize their free energy. These two patterns correspond to
a well-known ferromagnet or antiferromagnet depending on their sign of exchange
coupling J. As we lower the temperature, thermal fluctuations become smaller
and smaller. Typically, lower thermal energy leads to an ordered ground state.
However, there are magnetic materials where there exist multiple competing mag-
netic interactions, and the ground states tend to deviate from the usual magnetic
long-range order. The most familiar example is edge-sharing triangular lattice and
corner-sharing kagome lattice, where the magnetic interactions are frustrated by the
triangular geometry of the lattice. The ground state becomes disordered due to large
quantum fluctuations for low values of spin [1]. Materials with such a completely
disordered zero-temperature phase are termed as quantum spin liquids (QSL) [2].
However, QSL is not merely a disordered state, and there are other exciting features
that make the study of quantum spin liquids even more fascinating. The quantum
spin liquids are highly entangled states with no spontaneous symmetry breaking at
absolute zero. Hence they can not be explained in the paradigm of Landaus sym-

metry breaking theory [3, 4]. Another exciting feature of quantum spin liquid is the
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fractional excitations. The spin liquids are classified based on the topological order
introduced by Wen [5]. Because of the frustration induced by the geometry with
vertex sharing triangles, the Heisenberg antiferromagnetic model on kagome lattice
(KHAF) is considered as the best candidate to host the spin liquid ground states.
However, the presence of anisotropy plays a vital role in deciding the fate of the
ground states, especially if the ground state is disordered. There is a special kind
anisotropy that appears if there is a lack of inversion symmetry in the crystal, known
as the Dzyaloshinskii-Moriya(DM) interaction [6, 7], which arises from the spin-orbit
coupling. Up to what extent this DM interaction influences the disordered ground
state and establishes long-range order in the spin system is the focus of the present
thesis. We use the Schwinger boson framework and exact diagonalization to study

the above problem.

We must mention that the quantum spin liquids possess very rich physics, and
each of those phases is interesting in their own way since these phases emerge with
unconventional orders and excitations. It turns out the magnetically ordered phases
of those materials can also be non-trivial. Specifically, the classical ground state
of those quantum magnets may appear with “accidental degeneracies” that may be
lifted by quantum fluctuations. In that case, quantum fluctuations induce order in
the system, known as “order form disorder” [8-10]’. Therefore, a systematic study
of possible long-range order states for a given lattice is highly relevant. Based on
symmetry consideration, applying a group theoretical approach, we investigate the
possible “regular magnetic order”, in kagome and triangular lattice, which falls into

the category of wallpaper group p6, p3, p3m1, and p31m.

1.1 Spin models and magnetic long-range roder

Theoretical models of many insulating crystals with localized electrons typically

starts with the Heisenberg Hamiltonian with interacting spins
1
(]

where ¢ and j are the site index. The model can be defined on any lattice. Here,
we will mainly concentrate on kagome and triangular lattice. S; and S; are the spin
operators at i-th and j-th site respectively. The components of spin operators on

the same lattice sites obey the standard angular momentum commutation relations
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[S§, Sf] = iZeam S70jx where a, B,y = {r,y,z} (1.2)

>
and the spins sitting at different site will commute with each other. €, is the Levi-
Civita symbol. All the spin operators wall have spin S and S? have the eigenvalue
S(S+1). The spin interaction of the form S; - S; as referred in Eqn. 1.1 is known as
exchange interaction and the coupling constant J;; is known as exchange integral.
Now, we can define the operator total spin as S* = Zf\il S¢. If then Hamiltonian
commutes with this operator, then we can say that the Hamiltonian is SU(2) in-
variant. It can be shown that each of the three components of total spin S = > S,
commutes with the dot product S; - 5'] ie. [S, S 5_*;] = 0.

The spin-half anti-ferromagnetic Heisenberg model also arises as a limit of the
Hubbard model at half-filling for large onsite Coulomb repulsion [11, 12]. When
the electrons are not localized to the lattice sites, then a better description of the
problem is given by the Hubbard model, which also includes charge fluctuations.

The Hamiltonian for the Hubbard model is given by

Hyubbarda = — Z t;ClCla + UZ(nZ = n (1.3)
i, i

where CI and Cj, are creation and annihilation operators respectively and o
can be j:% on site ¢ and n; is the occupation density. The operators satisfy anti-
commutation relations, given by {C’;ra, Cjg} = 6ap0i;. The coupling t;; represents
the hopping ampilitude from site ¢ to j and U is the Coulomb energy cost to occupy
the same site for two electrons. In the U >> ¢ limit, there is on avergae one electron
per site and the charge fluctuations become negligible. It can be shown that at
Jij ~ 4t2. /U, the Hubbard model reduces to the above Heisenberg model. However,

j
when the strength of U and ¢ are comparable, then the two models are inequivalent.

Heisenberg Hamiltonian can successfully capture the physics of low-temperature
magnetic structure and still a cherished model to understand the collective behavior
of many spins arranged in a lattice. However, despite deceptive simplicity, exact
solutions are extremely difficult to obtain. Even the most sophisticated techniques
are used to get the approximate ground states of frustrated magnets. In the present
thesis, we will mainly focus on the Heisenberg model to study the ground states of
quantum antiferromagnets.

In a conventional ferromagnet, the ground state is where all the spins are aligned

in the same direction, resulting in a spontaneous magnetization. However, the anti-
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ferromagnetic ground state is a bit more complicated and exactly known for few
spin systems like a 1D spin chain. In that case, for bipartite lattices, the possible
ground state consists of two sublattices with mutually antiparallel spins is known
as Neel state. But it turns out that Neel state is not an eigenstate of Heisenberg
Hamiltonian. So, the Neel state can be considered as a trial ground state for the

variational approach.

Even though the interaction between the spins is short-ranged interactions, there
exists a correlation between the spins situated at each site of the lattice, separated
by a distance that is larger than the effective distance between nearest neighbors.
Magnetic long-range orders are characterized by such correlations. Different macro-
scopic properties are the manifestation of such correlations. Spin-spin correlation
length gives a measure of the magnetic long-range order in quantum spin systems.
The correlation length is basically the effective distance at which the spin-spin corre-
lation is not zero. The correlation length is infinite if the system is perfectly ordered.
As temperature increases, the thermal fluctuations wash out these orderings, and
the correlation length becomes finite. At sufficiently high temperature, the spins be-
comes uncorrelated and stabilizes the paramagnetic state, are in some sense liquid

of spin. This order-disorder transition occurs at a critical temperature 7.

From the symmetry point of view, one of the most remarkable properties of
long-range order in the ground always posses lower symmetry than the Hamiltonian
describing the system. For example, let us consider the Heisenberg Hamiltonian,
which is SO(3) symmetric. If the ground state is ferromagnetic, i.e., the spins
are aligned in a preferred direction. Then, SO(3) symmetry is reduced to SO(2).
This phenomenon is known as spontaneous symmetry breaking. The phenomenon of
broken symmetry has a deep impact on the ground state. Goldstone theorem states
that spontaneous breaking of continuous symmetry implies that the low energy
excitations of the ground state can be viewed as massless bosons known as Goldstone
bosons or Goldstone modes. In quantum spin systems, the Goldstone bosons are

called magnons or spin waves.

One of the most remarkable properties of these quantum magnets that in three
dimensions, they exhibit spontaneous symmetry breaking and magnetic long-range
order at finite temperature, but in the lower dimension, that is not the case. Ac-
cording to the Mermin-Wagner theorem, no long-range order is possible in 1D and
2D [13]. It has been found that in the case of 1D and 2D, the critical tempera-
ture T, = 0. The introduction of infinitesimal temperature may lead to the finite

correlation length, consistent with Mermin-Wagner Theorem.

4
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Figure 1.1: Geometric frustration on a triangular geometry for Ising spins. When the
anti-parallel arrangement of two spins is fixed, the third one experiences conflicting pref-
erences of orientation, which can never be simultaneously satisfied. The unsatisfied bonds
are shown by a dashed red line, whereas the satisfied bonds are shown by a solid black
line.

1.2 Frustration

The phenomenon of magnetic frustration occurs in a quantum spin system when
the spins interact antiferromagnetically with each other. For the antiferromagnetic
interaction, the interaction energy is minimized when the spins are aligned anti-
parallel with respect to its neighbors. However, there are situations when the spins
can not satisfy all interactions simultaneously. In that case, the interactions compete
with each other in such a way that satisfaction of one of them leads to dissatisfaction
of others. Frustration arises mainly due to the nature of the lattice geometry or due
to the internally conflicting nature of a set of multiple couplings that acts in different
ranges. The first one is often termed as geometric frustration and while the second
one is called exchange frustration To illustrate the geometrical frustration, let us
consider a lattice where the elementary plaquette is a triangle. Now consider, three
Ising spins which are interacting antiferromagnetically are situated at the vertices of
the triangle. The most energetically favorable configuration for a spin of one vertex
will be anti-parallel to the others. But the very nature of the geometry makes it
impossible to satisfy all three interactions simultaneously. Spins on the two vertices
can be anti-parallel, but the remaining spins can not be anti-parallel to both of
them simultaneously, leading to the frustration. There is a total of eight possible
states. Among them, two are high energy states where all the spins are pointing
in the same direction. The remaining states are six-fold degenerate, are described
by 2 : 1 ratio of anti-parallel versus parallel spins, as shown in the Fig. 1.1. The

minimum of total energy does not correspond to the minimum of each bond present
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Figure 1.2: Exchange frustration on a square geometry for Ising spins. There are two
types of couplings. The ferromagnetic coupling which acts between the nearest neighbor
spins and the anti-ferromagnetic coupling, which acts between the next nearest neighbor
spins. There is no way to satisfy all the interactions simultaneously, hence frustrated.
The above diagram shows the two possible spin configurations with the same ground state
energy. Here also, the unsatisfied bonds are shown by a dashed red line, whereas the
satisfied bonds are shown by a solid black line.

in the system. In the case of exchange frustration, there is a conflicting preference
between several competing interactions present in the system. For instance, let us
consider the square geometry as shown in the Fig. 1.2. By the nature of square
geometry, this is not frustrated by a single type of interaction. Now, if we consider
ferromagnetic coupling between the nearest neighbor and antiferromagnetic between
coupling between the next nearest neighbor. In this case, it is impossible to satisfy
all these competing interactions to satisfy simultaneously, hence frustrated. In both
types of frustration, the simultaneous satisfaction of all the competing interactions is
not limited to these basic configurations. Rather, it is spanned over the entire lattice
that has those elementary “plaquettes”. The higher degree of frustration leads to

greater quantum fluctuation, and the ground state often becomes disordered.

One of the most remarkable properties of these frustrated magnets is the depen-
dence of magnetic susceptibility y on temperature 7. Ramirez introduced a simple
prescription to measure frustration empirically that is widely used in literature [14].
At high temperature, magnetic susceptibility x of a local-moment magnet often

follows the Curie-Weiss form, given by
X' o (T = Ocw) (1.4)

Where T is the temperature and ©cw be the Curie-Weiss constant, provides the
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natural estimate of sign and the energy scale of exchange interactions. For example,
Ocw negative implies that the interactions are antiferromagnetic and it gives a

qualitative scale of magnetic ordering for the unfrustrated magnet.

1/x

Spin liquid

Ocw 0TN —Ocw T

Figure 1.3: Characteristic Succeptibilty behaviour in frustrated system. The suscepti-
bility follows a Curie-Weiss law much below the Curie-Weiss temperature Ogw.

Without frustration, magnetic ordering is supposed to be at a temperature scale
set by |©cw|. But in case of highly frustrated magnets, the spins do not order at
much lower temperature and even some cases at absolute zero. Now, to extract
the O¢w, it is convenient to plot x~* vs T'(see Fig. 1.3) . Let, T, be the critical
temperature at which the magnetic moment freezes, then the frustration parameter
f can be obtained from f = |O¢w|/Te. It turns out that the frustration parameter
greater than five indicates a lack of magnetic ordering due to frustration. The spin
liquid regime is found to be in the temperature range T, < T' < |Ocw|. Some

selected example of frustrated magnetic materials is listed in the Table 1.1 .

Material Lattice Spin | Ocw(K) | Reference
k-(BEDT-TTF)y Cug(CN)s | Triangular : -375 [15]
EtMesSb[Pd(dmit),]s Triangular 5 | -(375-325) [16]
Volborthite Kagome 2 -115 [17]
Herbertsmithite Kagome 5 -314 (18]
Vesignieite Kagome 2 77 [19]
NayIr3Og Hyperkagome | 2 -650 [20]
CsoCuCly Triangular 2 -4 [21]

Table 1.1: Examples of frustrated magnetic material.

1.3 Unconventional phases

The most ‘conventional phases’ hosted by the Heisenberg model are those who pos-

sess magnetic order. These phases which break the transnational and spin rotational
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symmetry are termed as conventional phases due to the following reasons. The or-
der parameters are well defined; experimentally measurable quantities are readily
accessible by existing theories, and excitations are known to be the ‘magnons’ with
bosonic character. On the other hand, the unconventional phases are those ground
state remains disordered mainly due to the frustration and strong quantum fluc-
tuation. In the case of classical magnetic order, the spin behaves as well-defined
classical vectors. First, let us consider the unfrustrated case in 1D, 2D, and 3D,
i.e., linear spin chain, square lattice, and cubic lattice. For Neel order, the binding
energy per site will be given by —J/4,—J/2 and —3J/4 for spin-1/2. Now, if we

consider the singlets with spin expectation value zero at each site.

1

V2

In this case, the binding energy per bond can be calculated quantum mechanically.

Wiy = —=(Tady 1) — | 4i1y)) (1.5)

It turns out that in one dimension for S = 1/2, the formation of singlets is more
energetically preferable as the binding energy per spin case singlet is —gJ and —}LJ
for Neel state. The one-dimensional spin chain can be solved exactly and turns out
to be a useful example to understand the physics of quantum spin liquid in 2D.
The exact solution of the 1D chain was done by Bethe [22], the obtained ground
state energy per spin is found to be —0.443.J much lower than the nearest neighbor
singlet(—2J) and Neel state (—5.J ). The possible explanation was the formation
of the singlet is not restricted to the nearest neighbor, and the ground state is the
macroscopic superposition of all possible singlet pairings. This was identified as the
quantum spin liquid in 1D.

In the case of 2D, the Mermin-Wagner theorem discards the possibility of mag-
netic long-range order. So, to find the nature of the ground state of the 2D system,
especially frustrated magnets, is a long-sought goal in condensed matter physics.
There is no complete theory which decides the fate of the ground states of these
frustrated magnets in contrast to metals, which is well described by Fermi liquid
theory [23]. Quantum spin liquids and valence bonds solids are a typical example

of unconventional phases in quantum magnets.

1.3.1 Quantum spin liquids

The idea of ‘quantum spin liquids’ was first introduced by P Anderson [2] in 1973. He
proposed that the ground state of two-dimensional quantum antiferromagnets may

not be magnetically long-range ordered. Instead, there can be more exotic states
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which do not break any symmetry and remain ‘disordered’ even at absolute zero.
According to Anderson’s picture, the ground state wave function consists of linear
superposition of a large number of singlets and widely known as “resonating valence
bond(RVB)” wave function. Over the years, the idea of quantum spin liquid(QSL)
has been conflated with the usual notions of liquid in the classical sense. The main

features of quantum spin liquid as follows.

Absence of magnetic long-range order : Quantum spin liquid is a state in which the
spin-spin correlation <SZ~aSjB ) decays to zero at a large distances, |R; — R;| — oc.
This definition is rather very simple, inadequate, and has several limitations. Ac-
cording to the Mermin-Wagner theorem, any system having dimension D < 2 with
a continuous spin rotation symmetry can not be ordered even at 7' = 0. The spin
nematic state [24], which satisfies the above criterion but breaks the spin rotation
symmetry. This spin nematic states tend to show long-range order in the four-spin
correlations [25-27]. A valence bond crystal (VBC) also has short-range spin-spin
correlations and also satisfies the above criterion. But VBC shows the signature of
ordering in the four-spin correlations also breaks lattice symmetries; hence, it can
not be classified as the quantum spin liquid. QSLs do not possess any conventional
magnetic order but possess a different type of ordering termed as topological order,
originally introduced by X-G Wen [28].

No broken symmetry even at zero temperature : Quantum spin liquid is a state
without any spontaneously broken symmetries even at 1" = 0; hence it can not be
explained in the paradigm of Landau’s symmetry breaking theory. This definition
excludes the VBC ground state. But this definition is also not adequate to describe
quantum spin liquid.

Quantum spin hquid is a state with fractional excitations : These factional excita-
tions are called ‘spinons’. These spinons carry quantum numbers (usually the total
spin), which are fractions of the local elementary degrees of freedom. The spinons
are said to be deconfined if it is possible to separate these quasi-particles infinitely

away from each other at the cost of only a finite amount of energy.

Quantum Entanglement : Quantum spin liquid is a highly entangled quantum ob-
ject. In general, quantum entanglement is the property of some special states where
the measurement of one observable affects the outcome of the measurement of oth-
ers. In mathematical language, those states can not be written as the direct product
of the pure states even under an arbitrary local change of basis. In quantum spin
liquid, we characterize the entanglement of the phases, not the individual quantum

states. So, we are talking about a phase in which no representative member of the

9
TH-2582_126121017



Chapter 1. Introduction

phase is not entangled. Thus the ground state can not be continuously deformed
into product state while staying in the state. Here, the continued deformation can
be interpreted as a continuous change in the ground state wave function while slowly
varying the local Hamiltonian parameters. The continuous change can be made in
such a way that a non zero gap is maintained above the ground state throughout the
process. In a many-body system, the entanglement is often studied by calculating

what is called entanglement entropy.

1.3.2 Valence bond solids

A valence bond is a natural building block of the non-magnetic ground states of
these frustrated magnets. Valence bond refers to a pair of spin that, owing to
antiferromagnetic coupling, forms a spin-0 singlet object. A valence bond is a non-
classical object with maximum entanglement between the pairing spins(see Fig. 1.4).
The ground state becomes non-magnetic with spin-0 when all the spins in a spin
system become the part of these valence bonds, which are static and localized. In a
mathematical language, the ground state can be described by the direct product
of each valence bonds, and each of the spins is highly entangled to its valence
bonds partner. This ground state is known to be the valence bond solids(VBS) and
found to be the ground state of different material [29-31]. Valence bond solids are
of particular interest since Bose-Einstein condensation of magnons can be realized

experimentally in a material that hosts this kind of ground state [32].
JAVAVAVAVAVAVAVA 1 +
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______________________________________________

Figure 1.4: Pictorial representation of valence bond states. Entangled pairs in the
valence bonds are shown by ovals on triangular lattice. (Figure is taken from Ref. [1] )

As discussed earlier, VBS can not be classified as the quantum spin liquid as
the arrange of spins are not unique; hence, it breaks lattice symmetries. To build
the quantum spin liquid, the valence bond solid should enjoy strong quantum fluc-
tuations. In that case, the ground state becomes a superposition of different con-

figurations of the valence bonds, i.e., different ways of partitioning the spins into
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\VAVAY Y VavaVaVaY VAL YAY Y Vi YAVAVAY A\

Figure 1.5: Resonating valence bond states where the wave function is superposition of
different valence bond states. Here, valence bonds are short ranged and is restricted to
nearest neighbor. (Figure is taken from Ref. [1] )

Figure 1.6: Spins in long range valence bond states, where the spins are less tightly
bound and therefore can be easily excited in to a state with non-zero spin. (Figure is
taken from Ref. [1] )

valence bonds. Thus, there will be a resonance between different valence bond parti-
tions. This is the picture suggested by Anderson [2] and argued to be the underlying
physics of high-temperature superconductivity. This type of ground state appropri-
ately termed as the resonating valence bond(RVB) analogous to Benzene. So, RVB
can be regarded as more of a liquid rather than solids.

However, the RVB wave functions in principle should contain the valence bonds
of all possible lengths, not necessarily restricted to only nearest neighbor or short-
ranged. Considering the distribution of weights on valence bond configuration of
short lengths, we obtained short-range RVBs(see Fig. 1.5) such as gapped Z, spin
liquids, and for long lengths, we obtain long-range RVBs(see Fig. 1.6) such as alge-
braic spin liquids. More interestingly, we can have more intermediate states between
the above two extreme cases. One can use the gauge structure and symmetries two
classify these spin liquids as pioneered by Wen [5]. U(1) analogs of these Z, spin lig-
uids phases, are termed as U(1) spin liquids. These U(1) spin liquid states support
gapped spinons, gapped monopoles, and gapless photons [33, 34]. Experimentally,

these phases are easier to probe since the gapless photons will appear in the low-
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energy physical properties of the system. For example, an additional 7" contribution
to the specific heat from photons could easily be observed. There have been recent
theoretical studies of three-dimensional models in which possible U(1) spin liquid
states are reported [35-37].

Finally, the study of quantum spin liquid is fascinating as it is associated with rich
physics also may host the underlying physics of high-temperature superconductivity.
In addition to that quantum spin liquid also posses great application potential, for
instance, the long-range entanglement of the spins are the essential ingredient for

quantum communication [38] and also topological quantum computation [39]

1.4 Anisotropies

In real spin systems, several perturbations come into play, which could, in principle,
alter the low-temperature magnetic structure. There are cases where the exchange
interaction is not restricted to the nearest neighbor, and the next-nearest neighbor
and next-next-nearest neighbor may become significant [40]. The most obvious one
is the distortion, where some of the bonds may differ from each other. In addition to
that, Even for the undistorted network, there are other interactions that come into
play. Below we discuss the main perturbations, which play a vital role in deciding

the fate of the ground state.

1.4.1 Dzyaloshinskii-Moriya interaction

Weak ferromagnetism of antiferromagnet of antiferromagnetic crystal such as a-
Fe;O3 and the carbonate of Mn and Co was a controversial problem from a long time.
So, the question was asked whether the origin of weak ferromagnetism is an intrinsic
property of the crystal. Dzyaloshinskii first gave a phenomenological explanation
that the weak ferromagnetism is possible without breaking the symmetry of the
original state [6]. Since this theory is a phenomenological one and does not clarify
how this interaction arises and also the strength of the interaction. Later, Moriya
showed that the interaction occurs naturally in the perturbation theory due to the
spin-orbit coupling with low symmetry [41]. Moriya’s approach was an extension
of anisotropic superexchange theory already introduced by Anderson [42] to include
the spin-orbit coupling. Moriya argued that the spin-orbit coupling generates the
excited state in one of the magnetic ions, and hence, the process of virtual transition

leads to an anisotropic correction to the isotropic part. Moriya concluded that the
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coupling constant is linear in spin-orbit coupling. Using second order perturbation
theory, Moriya showed that the general effective spin Hamiltonian describing the

interaction between the two spins S, and S is given by
N A o JUVERN A N A
Hspin:JSk'Sl—l-Sk' A S+ Dy - Sk xS (16)

The first term denotes the isotropic symmetric exchange. The second and the
< —

third term represents the symmetric A, = A and anti-symmetric Dy = Dy

anisotropies respectively. The anti-symmetric Dzyaloshinskii-Moriya (DM) interac-

tion has the following form

—

Hyy =Dy~ (Sk x S) (1.7)

For a given spin configuration, the allowed component of DMI is restricted by
the symmetry of the crystal. As mentioned in Ref.[7], the rules for the DM vectors
are following. Let us consider two magnetic ions are located at points A and B,

respectively. If C be the point bisecting the bond, then.

e When a center of inversion is located at C, D =0.

e When a mirror plane perpendicular to AB passes through C, D lies in the
mirror plane or D1 AB

e When there is a mirror plane including A and B, D is perpendicular to the

mirror plane

e When a two-fold rotation axis perpendicular to AB passes through C, D is

perpendicular to the two-fold axis.

When there is an n-fold axis n > 2 along AB, D||AB

These symmetry rules have immediate consequences. For instance, in the case of
square lattice and triangular lattice, the center of every bond is the center of in-
version. So the first rule implies that in those cases, DM interaction should not
exist. But in the case of kagome lattice, every midpoint of a bond is not a center
of inversion, so DM interaction is allowed. For a perfect two dimensional lattice, if
the lattice plane is itself a mirror plane, then the in-plane component should vanish

according to the third rule.
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Since this interaction term has the directional sense due to the presence of vector
cross product, we must follow a convention whether the bond is taken i — j or j — 1.

Our conventions for the bonds will be presented where appropriate.

1.4.2 Dipole-dipole interactions

In general, the dipole-dipole interactions are long ranged and weak, typically do not
decide the fate of magnetic ordering and related physical observables [43]. From the
knowledge of electrodynamics, the dipole-dipole interaction can be written in the
following form
. 1 o . .
=53 [ 3(8:- Rij)(S, - Ry) = (8:-8))| (18)
0,507 ]

A

where the sums are sites ¢ and j. R,;; is the unit vector in the direction of
R;; = R; — R;. The magnetic moment associated with spins are denoted by u
where 1 = gup, g is the effective g-factor and up be the Bohr magneton.

Interestingly, the contribution of this anisotropy becomes vital if the isotropic
exchange does not allow magnetic ordering at finite temperature. According to
the Mermin-Wagner theorem, in the presence of SU(2) symmetry, there will be no
magnetic long-range order in 2-D quantum magnets at finite temperature. Inclusion
of dipole-dipole interaction breaks the SU(2) symmetry may lead to the possibility
of magnetic long-range ordering. The addition of the above anisotropy may result

in a nonzero gap in the excitation spectrum.

1.4.3 Single ion uniaxial anisotropies

Single ion uniaxial anisotropies are induced by the local crystal field through the
spin-orbit coupling. This type of anisotropy generally appears in kagome, and tri-

angular lattice due to the layered nature of the materials has the following form

H =-D Z(s;)? (1.9)

Where D is the strength of the coupling. For the pure Heisenberg model on kagome
and triangular lattices, the ground states typically involve coplanar spin configura-
tion. However, the presence of this type of anisotropy may lead to the collinear spin
arrangement. There are several rare-earth quantum magnets where the single ion

uniaxial anisotropies are quite dominant. For instance, the quantum kagome anti-
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ferromagnet Nd-langasite(Nd3GasSiO14) where D ~ 10K and J ~ 1.5K [44]. The

classical ground state of such collinear spin arrangement becomes highly degenerate.

1.5 Kagome lattice spin systems : theoretical review

Quantum Kagome Heisenberg antiferromagnet with spin-1/2 is a potential candi-
date to host a quantum spin-liquid ground state. Corner sharing triangles with a
high degree of frustration and small spin, with large quantum fluctuations make it
a suitable candidate for quantum spin liquids [45, 46]. So, the quantum kagome
Heisenberg antiferromagnet has been studied extensively over the years. However,
the fate of the ground state is still undecided [1, 45, 47, 48]. The proposed ground
state includes valence bond solids [49-53], gapless quantum spin liquids [54-56] and
gapped spin liquids [57-62]. Very early on, Elser et al. [63] suggested that the ground
state of nearest neighbor Heisenberg Hamiltonian with antiferromagnetic interaction
is nonmagnetic, which might be a QSL [59] or a VBS. Then, Lecheminant et al. [64]
predicted a gapless QSL ground state based on exact diagonalization studies up to
a system size of 27 spins. In 2007, Y Ran et al. [65], based on Gutzwiller projected
fermion variational calculation argued that the ground state is a gapless U(1) Dirac
spin liquid. Based on the series expansion calculation by Rajiv R. P. Singh [66]
predicted a VBS state as a ground state. The VBS state was leading numerical
candidate as a ground state of kagome Heisenberg antiferromagnet for several years,
Then, S Yan et al. [48] came up with a pioneering DMRG calculation and conclu-
sively demonstrated the lack of VBS order and strongly suggested a gapped QSL
state, which was supported by other DMRG calculation [67]. A finite spin gap in
the thermodynamic limit is also reported from DMRG calculation [48, 67, 68]. It
turns out that the magnitude of the spin gap is method dependent and qualita-
tively in agreement with the gapped Zs topological spin liquid theory [59]. The
large scale numerical diagonalization results for a system size N = 42 predicts the
ground state to be gapless spin liquid in the thermodynamic limit [69], consistent
with U(1) Dirac spin liquid theory [65] and variational method [70, 71]. Schwinger
boson mean-field theory predicts the chiral topological spin liquid as the ground

state of kagome Heisenberg natiferromagnet [72].

The ground state of spin-1/2 quantum kagome Heisenberg antiferromagnet is
still an open problem as the present techniques are not enough to resolve the issue
in the thermodynamic limit. Even when the most sophisticated methods are used

to get the approximate ground state.
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1.5.1 Role of DM interaction

The introduction of DM interaction has a deep impact on the ground state man-
ifold [73]. Hermele et al. [54] argued that an infinitesimal strength of DMI may
induce long-range magnetic order and hence can not be neglected. Exact diago-
nalization results predict the presence of quantum critical point D, = 0.1J where
there is moment free phase at one side and Neel phase on the other as suggested by
Cepas et al. [74]. Huh et al. has proposed a quantum critical theory [75] about the
presence of quantum critical point, already suggested by Cepas. Schwinger boson
formalism also agrees qualitatively about the presence of the critical point as shown
by L Messio et al. [76]

One of the challenges of the search for QSL among materials is the presence of
anisotropies like DMI. Typically, DMI reduces symmetry and quantum fluctuations

and leads to magnetic long-range order.

1.6 Quantum spin liquids in experiment

It should be noted that to probe quantum spin liquids, the experiments should be
performed ideally at absolute zero temperature, but that is not achievable. In prac-
tice, the measuring temperature 7" must be very less than the characteristic temper-
ature of the exchange couplings of the material. So, the properties at the measuring
temperature can be interpreted as the properties of the zero temperature state, pro-
vided that there is no further phase transition below the temperature. The detection
of quantum spin liquids in experiments is still a challenging problem because of its
peculiar properties like unbroken lattice symmetries and the absence of local order
parameters. The search for quantum spin liquids necessarily involves frustrated spin
systems where the spin-spin interaction dominantly antiferromagnetic, which does
not freeze to the lowest achievable temperature. The measurement of magnetic sus-
ceptibility provides useful insights into this aspect. One can perform Curie-Weiss
fit to the high-temperature susceptibility to calculate the Curie-Weiss temperature
Ocw that characterizes the strength of antiferromagnetic exchange coupling. In
Table 1.1 we have listed the O¢w for few frustrated magnets.

Measurement of specific heat also provides useful information to probe the mag-
netic freezing. Magnetic ordering at low temperature shows a A- type peak in specific
heat vs. temperature plot. For quantum spin liquids, such a sharp peak does not

generally appear unless there is topological phase transition [77]. Furthermore, it
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1.6 Quantum spin liquids in experiment

can provide information about low-temperature magnetic excitations. One can cal-
culate the residual magnetic entropy by subtracting the phonon contribution. The
possibility of magnetic ordering at low temperature can be estimated by examin-
ing the released entropy at the measuring temperature [78, 79]. Apart from the
above macroscopic measurements, one can perform the microscopic measurements
like muon spin relaxation (©SR) and Nuclear magnetic resonance(NMR) to probe
the spin liquid ground states. These microscopic probes are very sensitive to the
local magnetic environment, thus can be used to detect the spin freezing [80-82].
Inelastic neutron scattering experiments give better insights to the magnetic or-
dering in a spin system. The inelastic neutron cross-section is proportional to the
dynamical spin structure factor; hence there is a direct connection between theory

and experiment.

One of the unorthodox features of quantum spin liquids is fractional excitations
and long-range quantum entanglement. Since the later one is hard to characterize, so
the identification of QSL’s is mostly based on the former, for instance, the predictions
of spinons in RVB model [2|. These spinons are charge-neutral carrying a fractional
spin S = 1/2, are deconfined in the lattice. For a particular type of spin liquid,
for example, U(1) gapless spin liquids where the low energy effective model has a
U(1) gauge symmetry. In that case, the spinons form a Fermi sea, very similar
to that formed by electrons in a metal [83]. To identify the presence of fractional
excitations, the techniques which are sensitive to the magnetic excitations such
as inelastic neutron scattering, thermal conductivity, Nuclear magnetic resonance,

electron spin resonance, as well as terahertz spectroscopies are used extensively.

The search for the realization of quantum spin liquids in Heisenberg quantum
antiferromagnet has several rare earth materials, listed below. However, each of

them suffers from anisotropies or some distortion.

Herbertsmithite: This material is strongly suspected of hosting the quantum spin
liquid ground state. In Herbertsmithite(ZnCus(OH)gCly), the spin-1/2 Cu™™ forms
a perfect kagome structure [18, 84-87]. The high temperature susceptibility is well
described by the spin-1/2 Heisenberg model with nearest-neighbor coupling. More
interestingly, in addition to that, there is the presence of Dzyaloshinskii-Moriya in-
teraction (DMI), which is around 10% of the exchange coupling. This material does
not show any sign of freezing down to 50 mK as predicted from SQUID magne-
tometry, and the specific heat follows a T'“ behavior with @ ~ 1. In contrast, a
higher power law is found for the magnons in the case of ordered antiferromagnets.

Inelastic neutron scattering experiments on single-crystal reveals diffusive dynamic
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structure factor for a broad range of momenta and energy down to 2 K, in contrast
to that sharp Bragg peaks appear in magnetically long-range ordered state [88].
This indicates the existence of deconfined fractional excitation in contrast to S =1

spin-wave excitation in the case of ordered magnets.

Vesignieite : The mineral vesignieite (BaCuzV,0g(OH)2) [19] is also an interest-
ing case. This material has the kagome structure with minute 0.07% bond-length
difference due to two inequivalent Cu™? sites [89]. The magnetism of this material is
mainly dominated by the nearest neighbor antiferromagnetic interaction J = 53K.
In this material, the magnetic ordering is found surprisingly at a very large tem-
perature of 7' = 9K, unlike Herbertsmithite. Electron spin resonance(ESR) spectra
reveal that there is a strong presence of DM anisotropy, which may lead to the mag-
netic ordering [89-92]. Unlike Herbertsmithite, in this case, the dominant anisotropy
is an in-plane component of DMI, which is estimated to be D, = 0.19.J, whereas the
out-of-plane component is D, = 0.07.J. The ground state is found to possess ) = 0
magnetic long-range order with canted structure, and the canting angle is found to
be 3° < ¢ < 9° [93]. However, a recent NMR study predicts that the ground state
posses hexagonal multi-K structure with dominant third neighbor antiferromagnetic
interaction, and the magnetic ordering temperature is also reported to be 9K [94].

So, the true nature of the ground state is yet to be understood.

Volborthite : Volborthite(CusV,07(OH)2-2H50) is magnetic insulator with dis-
torted kagome structure with inequivalent exchange couplings [95-97]. Naturally, it
is expected that the lattice distortion may play a vital role in the determination of
magnetism in this material. The freezing temperature of 1K is much lower than the
measured Curie-Weiss temperature of 140K, which indicates the strong presence
of frustration. Nuclear magnetic resonance experiment shows a series of distinct

magnetic phases with the increase of external magnetic field [97-99]

Kapellasite : The mineral Kapellasite(ZnCus(OH)gCly) is a polymorph of Her-
bertsmithite that means they have the same chemical formula but different crys-
tallographic structures [100, 101]. This material has a structurally perfect kagome
structure [102] but suffers from a large amount of disorder. It turns out that ~ 27%
of Zn™ lies in the kagome plane and ~ 12% of Cu™ occupies the Zn sites [101].
Above all, there exists third neighbor exchange interaction, which is as strong as the
first neighbor coupling [103]. No spin freezing is found down to 20 mk, so it remains
a potential candidate for quantum spin liquid [103]
18
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1.7 Overview of the thesis

In this thesis, we extensively study the effect of DM interaction on the ground state
of kagome Heisenberg antiferromagnet. We use the Schwinger boson mean-field
theory and exact diagonalization to study the said problem. We also investigate the
possible regular magnetic order in p6, p3, p3m1, and p31m wallpaper group, which
includes the kagome and triangular geometry. We use a simple group theoretical
approach to obtain the possible regular magnetic order for each of the wallpaper

groups. In the following, we briefly describe the outline of the thesis.

e In Chapter-1, we introduce the motivation and underlying basic concepts of
quantum spin liquids. Particularly, we focus on the key features of quantum
spin liquids, which makes the underlying physics of the quantum spin system
fascinating. We discuss factors like frustration, low dimensionality, and quan-
tum fluctuation, which promote this unconventional ground state. We also
briefly introduce the Heisenberg model and the anisotropies, which can spoil
the spin-liquid phase and establish magnetic long-range order. In this context,
the impact of the Dzyaloshinskii-Moriya interaction on the ground state is the
main focus of the present thesis. We present a brief survey of literature about

the work done on this topic so far.

e In Chapter-2, we introduce the basics of Schwinger boson formalism and
why we use this framework. We discuss the gauge redundancy associated
with the framework. Now, to construct the mean-field theory, we define bond
operators accordingly. For this mean-field treatment, the choice of the mean-
field Anstze comes from the group-theoretical analysis, known as the projective
symmetry group(PSG) analysis. We briefly introduce the PSG analysis and all
the possible Ansdtze for p6m wallpaper group. In the discussion, we include
all the symmetric Ansdtze, which do not break any lattice symmetry or spin
rotation symmetry as well as the chiral Ansdtze, which breaks the time-reversal
symmetry (and also minimal lattice symmetry). These Ansdtze will serve as

the trial ground state in the SBMFT calculation, as discussed later.

e In Chapter-3, we study the ground-state phase diagram of the Heisenberg
model with added Dzyaloshinskii-Moriya interaction, using the Schwinger bo-
son mean-field theory framework. Following the experimental result of Her-
bertsmithite, we consider the DM interaction as a staggered one, which only

has an out-of-plane component. In our mean-field treatment, we consider the
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chiral Ansdtze as well as the symmetric Ansdtze to calculate the ground-state
phase diagram. We also present the details of our constrained optimization
algorithm to calculate the mean-field parameters. We draw the phase dia-
gram in the space of parameters S(spin) and 6 where § = D/J, D be the
strength of DM interaction. We calculated the properties associated with each
of the phases present in the phase diagram and interpreted our results with

the experimental result of Herbertsmithite.

e In Chapter-4, we study a family of spin configurations, termed as regular
magnetic order(RMO), specifically in kagome and triangular lattices. These
special spin configurations respect all the symmetries of the given lattice mod-
ulo global spin transformation. We calculate the RMOs for the wallpaper
group p6, p3, p3dm1, and p31m, which includes kagome and triangular lattice.
Here, we present the definition of RMOs and the notations needed for the
group theoretical approach. We present the algebraic structure of each of the
group and explain how to construct the RMOs. Then, we list all the possible

RMOs in triangular and kagome lattice for each of the groups.

e In Chapter-5, we study the effect of both the in-plane(D, ) and out-of-plane(D,)
component of DMI on the ground state of kagome Heisenberg antiferromag-
net using SBMFT framework. To construct the mean-field theory, we first
looked at the possible classical ground state of the model and considered the
mean-field Ansatz, which mimics the classical ground state in the large S limit.
Since the experimental results predict that the ground state of vesignieite pos-
sesses () = 0 magnetic order, we mainly focus on the ground state with Q = 0
magnetic order. We present the ground-state phase diagram in the parameter
space of D,, and D, for different values of spins. We have calculated properties

associated with each of the phases present in the phase diagram.

e In Chapter-6, we study the effect of both the in-plane(D,) and out-of-plane(D,)
component of DMI on the ground state of kagome Heisenberg antiferromag-
net, numerically using exact diagonalization and compared the results from
SBMFT as well as the classical case. We briefly demonstrate the details of
the matrix-vector product and Arnoldis method. We calculate various physi-
cal quantities to investigate the zero-temperature magnetic structure up to a
system size N = 30 for different shapes and extrapolated to obtain the result

in the thermodynamic limit. We calculate the ground-state phase diagram for
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the above model and properties associated with each of the phases. We have

interpreted the experimental result of vesignieite.

e In Chapter-7, we conclude with a summary of the essential outcomes of the

thesis. We also describe the possible extensions of our work.
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Chapter 2

Schwinger Boson Framework

A general framework to study the spin-liquid states of quantum magnets is the ap-
plication of effective theories where the building blocks are quasi-particles associated
with fractional quantum numbers. In that case, the description of spin-liquid states
involves deconfined spinons, whereas the long-range order implies glued spinons.
There are two distinct approaches, one with chargeless fermions and the other with
Schwinger bosons.

In the first approach, the spin is represented by spin-half charge-neutral fermions
with a constraint on the number of fermions per site, and then a mean-field theory
is constructed. This mean-field treatment can be viewed as a variational calculation
where the spin-wave function can be obtained after the projection to remove the
empty or doubly occupied sites. Wen came up with the idea of classifying the

spin-liquid states based on the concept of the projective symmetry group(PSG) [5].

Another way to describe the spin liquid state is to use the Schwinger boson for-
malism, where the spin at each site is represented by bosons. One of the advantages
of Schwinger boson formalism is that it enables us to describe a disordered state as
well as a magnetically ordered state. Magnetic long-range order is induced by boson
condensation, and the spin liquid states will have gapped bosonic spinons. The idea
of classifying the spin liquid state using PSG analysis was introduced by Wen [5]
for the fermionic case was extended by Wang and Vishwanath in case of bosonic
spinons [61]. In these two works, the definition of the spin-liquid states(strictly
symmetric spin liquids) was restricted to the spins systems that do not break any
symmetries like lattice symmetries, spin rotation symmetry, and time-reversal sym-
metry, hence we miss out the whole family of chiral spin liquids. Later, L. Messio
et al. [104] extended their work for time-reversal symmetry breaking mean-field

Ansdtze on kagome and triangular lattice.
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Within the SBMFT, Messio et al. argued that the ground state kagome Heisen-
berg antiferromagnet in the absence of DMI is possibly a chiral topological spin
liquid [72]. It breaks the time-reversal symmetry and is gapped. So, in this chapter,
we briefly describe the Schwinger boson formalism and how to construct the chiral

Ansdtze for kagome lattice.

2.1 Schwinger boson mean-field theory

SBMF'T provides an approximate way to treat the problem where the approximate
ground state is supposed to capture the basic features of the ground state, which
are not known a-priori. In this thesis, we mainly concentrate on the Heisenberg
model. Let, N is the total number of sites, and S be the length of each spin. The
Hamiltonian is invariant under a list of symmetries, e.g., lattice symmetries, spin

rotation symmetry, time reversal, etc. that form a group, the symmetry group.

2.1.1 Schwinger boson representation of spin

In Schwinger Boson formalism, the spin operators are mapped into two ’flavors’

Schwinger bosons via following relation [91]

sp = 5 (af #f)or <b> (2.1)

where ¢ is the site index and a = z,y, 2. ¢ are the Pauli matrices. The operator a
and b follows the usual bosonic commutation relation
[ai, af) = [bi, b]] = 63

The relation in Eqs.(2.1) ensures that the commutation relation [S®,S7] =
i€*# 8% is preserved. The total spin satisfies the relation S? = % (L 4+ 1) where
n; = a}ai + bg b; is the number operator, gives the total number of bosons at each site
7. This mapping has immediate consequences. First, the Hilbert space is enlarged,
which may result in unphysical states. Second, to restore the physical Hilbert space,
one must introduce the single occupancy constraint for the spin-1/2 case. For a faith-

ful representation of the Hilbert space, the single-occupancy constraint is written as

ala; +blb; =25 Vi (2.2)
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The above constraint is implemented by using the Lagrange multiplier, which can

be thought of as a scalar potential.

Above all, there is an emergent, local U(1) gauge symmetry a; — €**"a; and b; —
e?@b; where ¢ € [0,2n] which leaves any physical observable invariant. Therefore
the description of spins via slave particle necessarily has the bosons are coupled to
the gauge field. This will result in two drastically different types of phases. First, the
gauge field may be confined in that case; the quasi-particle operators do not represent
the particle that can move freely across the lattice. So the enlarged Hilbert space
is not a good approach. On the other hand, if the gauge field is deconfining, then
the low energy excitations are not spins, but some emergent particles are called ’
spinons.” These spinons are deconfined and associated with the fractional quantum
number. For example, in the case of the Heisenberg model, the excitations for
magnetically ordered states involves a spin-flip. This results in a change of spin
quantum number by 1A, whereas the spinon excitations can carry fractional spin

quantum number A/2.

2.1.2 Definition of bond operators

In standard mean-field treatment, the mean-field parameters are often used as order
parameters such as magnetization. The mean field Hamiltonian breaks few sym-
metries of the original Hamiltonian. In this mean-field treatment, we do not want
to break any symmetries to describe the quantum spin liquids. Thus we want to
rewrite the Hamiltonian in terms of quadratic boson operators with global spin rota-
tions. Normally SU(2) symmetric Hamiltonian can be decoupled in terms of SU(2)

invariant bond operator, given by

N 1 . 1
Aij = §€aﬁciacj5 and Bij = 561040]‘06 (23)

The indices of ¢, a and [ can take values 1 and 2, indicate the type of boson a
and b respectively. ¢+ and j are the lattice sites. These bond operators satisfies the
following equations
o s 1.
: BZTJBU . +AI]A7J] = an(nj — 5z]) (24)
where :: means the normal ordering of the operators.

The Heisenberg Hamiltonian can be decoupled in terms of these bond operators
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in the following way

= 2:B.B;: —5° 2.6
= S?—24LA; (2.7)

The first equation is valid for any boson number, but the last two are valid when
the occupation constraint is obeyed strictly. The bond operator AL creates singlet
at the bond 77 whereas EJJ is responsible for coherent hopping of the Schwinger

bosons from the site ¢ to site j.

2.1.3 Mean-field approximation

Now we make two approximations to make the resulting Hamiltonian solvable. Im-
plementation of occupation constraint strictly implies solving the problem exactly,
which is a difficult problem to solve. So first, we relax the constraint and implement
it on the average sense, that is

(n;) = (2.8)

Where (-) implies the expectation value over the mean-field states and the average
boson density x can take any value, not necessarily be an integer. This continuous
parameter £ can be varied with two extreme limit k — oo (classical limit) and
k — 0 (extreme quantum limit). The constraint can be implemented by introducing
a Lagrange multiplier \; at each site (A can be thought as chemical potential)

Second, we use the standard mean-field decoupling scheme, and the fluctuation

of the bond operators are neglected

AL A = (ALYAy+ AL(Ay) — [(Ag)P (2.9)
Bl.B;; = (Bl)By+ BL(By) — |(B;)? (2.10)

We replace the <Am> and (ém by complex number A;; and B;; where A;; = —Aj;
and Bj; = B, . The set of mean field parameters {.A;;, B;;} appearing in the mean
field Hamiltonian are called mean field Ansatz. For transitionally invariant states,
the chemical potential u; = p is taken to be uniform and the bond parameters have
same magnitude on symmetry related bonds.

This mean-field decoupling can be identified as the first term of a large N ex-

pansion of Sp(N) theory [105]. The mean-field Hamiltonian can be regarded as
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a saddle-point solution of the Sp(N) action after Hubbard-Stratonovich transfor-
mation [106]. This mean-field Hamiltonian is quadratic in bosonic operator can
be diagonalized. The mean-field Hamiltonian, after Fourier transformation can be

written in the following form
Hyp = Z ¢$Mq¢q +€o (2.11)
q

where M, is a complex matrix with dimension 2m X 2m, ¢, is a constant which
depends on the mean field parameters A;;, B;; and Lagrange multiplier A and ¢g =
[alq, ...... ainq, b1, —gal N - bm,_q] with m be the number sites within the unit cell. The

mean field parameters can be obtained from the following self consistency equations

A

Ay = (Ay) & By = (By) (2.12)

which are equivalent to extremization of free energy Fyp

8FMF 6FMF
=0 d =0 2.13
0A; W a8, (2.13)
And the constraint o
. MF
- — 2.14
() = =0 (2.14)

These conditions implies that we need to figure out the saddle point of the free
energy Fyr(Aij, Bij, Ai). Each Ansatz describes a particular ground state up to an
equivalence relation described in the next section. Next, we focus on the possible

mean-field Ansdtze based on the projective symmetric group(PSG) analysis.

2.2 Search for possible mean-field Ansatze

The number of mean-field parameter increases rapidly with system size even for
nearest neighbor coupling only. The presence of the Lagrange multiplier makes it
even more difficult as we will be dealing with constraint optimization. G Misguich et
al. [107] has calculated the mean-field parameters for square and triangular lattice
without applying any symmetry assumption up to a system size N = 36. The
obtained mean-field solutions turned out to be highly symmetric, but the excited
mean-field solution is highly inhomogeneous. Therefore the search for quantum spin
liquid ground state is remarkably simplified if we demand that the mean-field Ansatz

is invariant under some of the symmetries(if not all the symmetries of the original
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Hamiltonian). Since this prescription has some gauge redundancy, symmetries can
act on the quasi-particle operators projectively, keeping the physical observables
invariant. Here we briefly describe how to find all the possible mean-field Ansdatze

for kagome lattice.

2.2.1 Gauge redundancy and Flux

In Schwinger boson representation, there is a U(1) gauge redundancy characterized
by an angle @ € [0,27] at each site. Let G ~ U(1)" be the set of gauge transforma-

tion, and G be the operator that implements the associated gauge transformation.

Then
b — €90b, =GM,,G (2.15)
of, — e 0l = Gbl G (2.16)
where G is given by
G = exp (Z Z bigbrae(r» (2'17)

Equivalent action of G on the mean field Ansatz is given by

Ay = AyefOOH6) (2.18)
By — Byei0®-00) (2.19)

So that the mean-field Hamiltonian Hyp is unchanged by the action of G. The
physical observables are gauge independent, but the mean-field parameters A;; and
B;; are not. Now, when we choose an Ansatz, eventually, the gauge symmetry is
broken. If two mean-field Hamiltonian leads to the same physical properties, then
the mean-field Ansatz must be linked by a gauge transformation. There are two
physical observables that are directly connected to the mean-field Ansatz. Mean-
field parameter modulii which are related to the scalar product of two spins and
are thus one of the physical observable [104]. Another one is the flux. The flux
is defined by the arguments of the Wilson loop operators such as (fll-jA}kflMA»
and (B;; B, By;). The flux can be used to distinguish different Ansdtze. The gauge
invariance of flux requires two conditions. First, each site index ¢ must appear in an
even number of times. Second, the set of operators with site index ¢ can be grouped
in pairs such that their products of each pair remain gauge invariant. It is also to

be noted that one can mix Aij and éij operators while defining the flux such as
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Arg(AijA;kB};l/llmALi) In this formalism, averages of products of the operators
are replaced by the product of averages of the operator as an approximation. This

can be justified in large N limit i.e. N — oo. For example

The physical meaning of this flux can be found in Ref [104]. They have shown that
in the classical limit, fluxes are related simple geometrical quantities corresponding

to the orientation of the spins.

2.2.2 Projective symmetry group

Let x be the group of lattice symmetries of the original Hamiltonian. If we take any
element X € y, then
X : bjg = bx(j)g (221)

And X acts on the Ansatz in the following way
Ajie = Axyxwy  and - Bjr = Bx)x ) (2.22)

Now, we will focus on the lattice symmetries. As we discussed earlier, that phys-
ical properties are gauge invariant. Similarly, if the mean-field Ansatz before and
after the action of X will lead to the same physical properties, then they must be
related by a gauge transformation. So, we can say that there exists at least one
gauge transformation G'x corresponding to X such that G x X leaves the mean-field
Ansatz invariant. The set of all transformations of G x x that leaves the mean-field
Ansatz invariant is known as the projective symmetry group(PSG) of the Ansatz.
However, there are some elements of PSG that are purely local transformation and
also form a subgroup. This subgroup is known as the invariant gauge group(IGG).
This emergent gauge group describes the spin-liquid phase obtained. For each lattice
symmetry X € y and GxX € PSG, then Gx X must be isomorphic to IGG.

2.2.3 Algebraic projective symmetry group

A mean-field Ansatz is characterized by its IGG as well as the PSG, and also from
the group structure, we know which symmetries it preserves. Reversely, if we want
to figure out all the Ansdtze by imposing the lattice symmetries, we do the following
steps. First, figure out the set, which is known as algebraic PSG [5, 61]. These are

the subgroups of G x x that obeys the algebraic constraints involving the generators
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of the group. The second step is to find the all compatible Ansdtze with the algebraic
PSG for a given lattice.

The symmetry group x is characterised by its generators xi, zs,.....7,. A gener-
ator =, has an order n, € N so that 2}, becomes identity. For any element X € ¥,

there exists a unique ordered product such that
X =af ok z* where 0 < k, < n, (if n, is finite), k, € Z (if not) (2.23)

For any unordered product, the algebraic constraints between the generator can be
used to order the product. Each of the constraint between the generators implies
that a constraint on the gauge transformation G,, corresponding to the generator
z,. Basically, the subgroup of G x x that respects all the algebraic constraints
between the generators are the desired algebraic PSG.

To explain this concept, let us consider a simple example where the group y
is generated by two translation 7 and T5. Both of these generators has the order
ny = ng = oo. As discussed earlier, X € y can be written as a product of the
generator as X = 1"V T T3 ... And we want to write X as the ordered
product X = TP'TY?. The associated algebraic relation between these generator is
given by T\Ty, = T5T,. Thus we have p; = mq + m3 + .... and py = mgy + my + .....
This implies constraint on the gauge transformation G, and G, associated with
the generators 717 and 75. Now, if we have an Ansatz which is unchanged by Gp,
and Gr, . Then their inverse 77 'G5 and Tz_lG}; will also be an element of PSG.

Accordingly, the product GTlTlGTQTQTl_lGilT{lG}; € PSG. Thus,

GrnTGr, LT 'GH' Ty Gyl e PSG

G TG, (T ') TT (T, ' To)GA Ty Gy € PSG
Gr (TG, Ty VT T ' Ty (TG T, )Gy € PSG
Gr (TG, TT ) (TG Ty )Gy € PSG

This is pure gauge transformation and hence we can write

Gr (TG, T ) (TGH Ty Gy € IGG (2.24)

2

If we consider the IGG to be Zs. Then we can write in term of phases of the gauge

transformation

¢T1 (Z) + ¢T2 (Tl_ll) - ¢T1 (T2_1i) - ngz (Z) =pr (2'25)
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where p can take values either 0 or 1. Once all the PSG classes are known then
the remaining work is to find the compatible Ansatz corresponding to each class.
To check compatibility, we must have A;; = Ax;)x(;). If this is satisfied then the
Ansatz respects all the lattice symmetries by construction. Finally, for a complete
definition of the Ansatz it is sufficient to provide the algebraic PSGs and the value

of the mean-field parameters.

2.2.4 Chiral spin liquids

The family of co-planar states is obtained from the strictly symmetric(respects all
lattice symmetries, spin rotation symmetries, and time-reversal symmetry) Ansdatze.
Hence, we miss out on the chiral spin liquid states. This prompts us to construct
the chiral Ansdtze, which breaks the time-reversal symmetry and some of the lat-
tice symmetries. These chiral Ansdtze leads to the non-coplanar spin orientation
via Bose-condensation. The time-reversal symmetry acts on the mean-field Ansatz
through complex conjugation of the mean-field parameters [5]. No transition is
yet to know where the chiral ordered state is induced from time-reversal symmet-
ric Ansatz through the Bose condensation process. These chiral Ansdtze involves
complex-valued fluxes, which evolves continuously with boson density. To obtain
the possible chiral spin liquid states, one has to break the time-reversal symmetry
at the mean-field level.

In the case of classical magnetic order with SO(3) symmetry, any lattice trans-
formation X from yx can be compensated by global spin rotation. But for O(3)
states, an inversion S; — —S; is required in addition to that. This led us to define
the parity ex to be +1 if no spin inversion is required and —1 otherwise. Similarly, in
the case of chiral spin liquids, the parity can be defined from the effect of X € y on
the fluxes. If the flux is unchanged under the action of X, then the parity is defined
to be +1 and —1 otherwise. With this idea, we define the weakly symmetric(WS)
Ansatz as the Ansatz, which respects lattice symmetries up to time-reversal 7 and
the Ansatz which respects the lattice symmetries as well as time-reversal symmetry
is termed as strictly symmetric(SS) Ansatz.

The construction of weakly symmetric Ansatz is based upon the concept of even
and odd symmetries. Even and odd symmetries are termed on the basis of parity
€x, as defined above. Let x. be the subgroup of x, which are even. The subgroup x.
includes at least all the squares of the elements of the group x as exy2 = €% = 1. Once

we figure out x., we define chiral algebraic PSGs of x as the algebraic PSGs of ..
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Chapter 2. Schwinger Boson Framework

Similarly, we can define x,, as the set of transformation which are odd (x, = x —xe)-

The group ¥, contains all the transformation which has undetermined parities.

Now, we want to extract the possible weakly symmetric Ansatze from the com-
patible chiral PSGs. To do this, we have to take care of the transformation of x,. We
have the following constraints. First, The mean-field parameters (A and B) linked
by a transformation of x, must have the same magnitude. The second constraint
comes from the flux. Flux is a gauge-invariant quantity, but the phases are not.
Fluxes are sent to their opposite by the action of the elements of x,, much like 7,

whereas it is unchanged by the elements of ..

2.3 Chiral algebraic PSGs of lattices with triangular

Bravias lattice

Let us consider the model Hamiltonian H that respects all the lattice symmetries as
shown in Fig. 2.1(a). The wallpaper group is p6m but the actual(spin) lattice can
be triangular, kagome, honeycomb etc. Let (z,y) be the co-ordinate of an arbitrary

point, then the effect of the generators on the co-ordinate are given by

Ty : (z,y) — (z+1,y) (2.26a)
Ty:(v,y) — (z,y+1) (2.26Db)
Rs: (z,y) — (v—y,x) (2.26¢)

o:(x,y) — (y,x) (2.26d)

The algebraic relation between the elements of y are given by

ol =T, (2.27a)
T\Rs = ReTy! (2.27b)
ThRs = R¢T\T; (2.27¢)
Tio = ol (2.27d)
ol = Tho (2.27¢)
Rg' = [Re) (2.271)
ol = o (2.27g)
Rso = o[Rg) (2.27h)
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2.3 Chiral algebraic PSGs of lattices with triangular Bravias lattice

Figure 2.1: (a) Generators of the group x and (b) generators of the group x. where T;
is the translation, o is the reflection and R; is the rotation of the order i.

Now, we have to determine the x. and y,. By construction y. includes the
transformation which are even. So, it includes 77, T3 and R = R;. However, there
exist more even transformation in y.. From Eq. 2.27(c) we get ep,€r, = €rger €n,,
which implies e; = +1. Similarly, from Eq. 2.27(b) we get e, = +1. So, the
elements of x. are given by T;, To and R3. The algebraic relations between the

generators of the group y. are given by the following equations

BEN=NE T, (2.28a)
T\R; = RsT,! (2.28Db)
ThRs = RsT\T, (2.28¢)
R, =1 (2.28d)

Each of these relations enforces constraint on the gauge transformations associated
with each of the generators of the group. Let, ¢ be the site index, then Eqn. 2.28

implies

b1, (TY) — o1, (1) = pu (2.29a)

Ory (i) + O, (Rsi) + ¢r,(R3i) = porr (2.29b)

bry (1) — Ory(Ty 1) — ¢, (i) = psm (2.29¢)

G, (T 10) + Gy (Ty YY) + b1, (ToR31) — g, (1) = pam (2.29d)

Here, the parameter pq,ps, ps and p; can take values either 0 or 1. If [x] be the

33
TH-2582_126121017
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integer part of z, then we define * = = — [z]. Solving Eqn. 2.29 we get

or(z,y) = 0 (2.30a)
¢ (2, y) = pimx (2.30b)
PRy (T,y) = plm[y—x;l} + 9r, (2", Y") (2.30¢)

where the last term in Eqn. 2.30(c) involves the spin lattice, given by

9rs (2", ¥7) = grs ((=9)", (x = 9)") + gry ((y — 2)", (=2)") = porr (2.31)

2.3.1 Weakly summetric Ansdtze on kagome lattice

In kagome lattice, the number of sites within the unit cell is three. Let us fix
the origin at the center of the hexagon, then the co-ordinates of the three sites
will be at (%, 0), (0, %) and (%, %) For simplification, we apply the following gauge
transformation to the Eqn. 2.30

Gi:(z,y) = —prmya”
We get the following equations

or(@,y) = 0 (2.32a)
o1, (x,y) = miml] (2.32b)

B o] +onetar) (232

¢R3<I7y) = plﬂ'[l’] [?j]_ 9

As shown in the Ref. [104], using proper gauge transformation we can set gr, = 0.
Finally we are left with two sets of algbraic PSGs which are characterized by p; = 0,1
as shown in Eqn. 2.32 with gr, = 0. Now, we can find all the compatible Ansdtze
for corresponding to these algebraic PSGs. We have focused on the nearest neighbor
interaction in this thesis. So, we will only look for nearest neighbor Ansdtze only
but it can be extended for further neighbor also. To generate the whole lattice,
two bonds are required which are denoted by red and blue color as shown in the
Fig. 2.2. The Ansatz for the remaining bonds can be obtained using the PSG. To
begin with, for chiral Ansdtze the mean field parameters are complex. Now, using
gauge freedom, we can choose the A;; to be real for the reference blue bond. The
mean men-field parameters for the chiral Ansatz are as shown in the Fig. 2.2. The

general unit cell becomes twice large than the usual unit cell of kagome lattice is
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[

Figure 2.2: Description of the Ansdtze that respects x. symmetry. In general, mean-field
parameters A;; and B;; are complex. On the blue bonds the mean-field parameters A and
B has modulus A; and B; with the phase zero and ¢p, respectively. Whereas, on the red
bonds A and B has modulus A} and Bf with the phase ¢ A, andgp: respectively. An extra
phase pi7 is to be added on the dashed bonds for A;; and B;;.

due to the nonzero value of the parameter p;.

Now, we can simplify things. So, we have got the mean field Ansdtze with the
parameter p;, moduli Ay, A}, B; and B] and the arguments ¢,,, ¢p, and ¢p;.

Now, we will consider the symmetries of the group x,. Rg rotations puts the
following constraints on the moduli of the mean-field parameters A; = A} and
B; = Bj. The effect of Rg and o on the flux gives constraint on the phases of
the mean-field parameters. If we assume that both the mean field parameter are
nonzero then, the effect of Rg and ¢ on the flux through an elementary hexagon
Arg( Ay A5 A Al A As;) and through an elementary triangle Arg(A;; B Ax:)

gives us the following constraints

(€rg + €5)p5, = 0 (
€rRs®B = OB (2.33b

(€rs +1)pa, = 0 (2.33¢

(e +1)pay = 0 (2.33d

Solving these, we get the following possibilities
o (ery €o) = (1,1) : ¢p, = ¢p =0or mand ¢pu =0 or 7
® (€rg €)= (1,—1): ¢p, = dp, and g4y =0or 7
® (€re;€r) = (=1,1): ¢p, = —dp; and p4r =0 or 7
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® (€re€o) = (—1,-1): ¢p, = qui and ¢B; =Qorm

Finally, we are left with twenty different weakly symmetric mean-field Ansdatze for

kagome lattice as shown in the table below.

No. | p1 | ¢ar | ¢, | ¢35
1 0
2 QZ)Bi ™
3 0 Any
4 -¢p; | Any
o |, 0
6 QSBi ™
7 s Any
8 -¢p; | Any
9 0
10 Any | ¢p s

Table 2.1: List of weakly symmetric Ansdtze for kagome lattice. Depending upon the
value of pj(can be either 1 or 0), we get total twenty different Ansdtze.

2.4 Diagonalization of mean field Hamiltonian

In this section, we will briefly describe how to get the eigenmodes of the mean-field
Hamiltonian given by Eqn. 2.11. Now construct new bosonic operator qg, which
is the linear combination of elements of ¢ to obtain the new diagonal matrix M.
The Hamiltonian must be a positive definite matrix, to posses the ground state.
In other words, the spectrum must be bounded from the below. So, the diagonal
elements must be positive or zero. This can achieved through standard Bogolioubov
transformation [11]. For periodic Ansdtze, a Fourier transform led to the block-
diagonal form of the M matrix, which has the dimension 2m x 2m where m is
the number of sites within the unit cell. We must mention that for 2 x 2 matrix,
the diagonalization can be performed analytically but, if m > 1, then numerical
calculations are required.

Consider the most general case, where the dimension of M matrix is arbi-
trary [108]. Let us define the transformation matrix ¢ = P¢ where P has the
dimension 2N x 2N, is known as the transformation matrix. Now we can put sev-
eral condition on P. The most obvious one is that M must be a diagonal matrix.

Secondly, the first N element of the ¢ must be annihilation operators and the rest
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2.4 Diagonalization of mean field Hamiltonian

will be creation operators and we have the following equations
PMP=M and P'JP=1J (2.34)

where J is a diagonal matrix with dimension 2N x 2N. First N elements of the
diagonal matrix is —1 and the last IV diagonal elements are +1. This is often termed

as paradiagonalization. We follow the following steps as prescribed in Ref [108]

e Matrix M must be positive definite which guarantees the unique ground state.
Now if the eigenvalues comes out to be zero then the ground state exists but

it is not unique.

e Perform the Cholesky decomposition of M and find the complex upper trian-
gular square matrix K such that M = K'K.

e Look for an unitary matrix U, so that L = UTKJK'U becomes diagonal. First

N element of L will become positive and rest of them will be negative.
e The solution is given by M = JL and P = K UM"/2

The ground state energy is given by

N
1
Eo=3 le +eg (2.35)
The elementary excitations are spinons with energies wy, wo, ws.......... WH -
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Chapter 3

Role of Out-of-plane Component of
DMI on the Ground State of KHAF

3.1 Introduction

Quantum spin liquids (QSL) [2] are the exotic states of matter without any broken
symmetries even at T = 0, the states of matter which cannot be explained in the
paradigm of Landaus’s symmetry breaking theory [1, 1, 3, 4, 109]. The most promis-
ing candidate to possess spin liquid ground states is spin-1/2 kagome Heisenberg
antiferromagnet (KHAF) due to its low-dimension, small-spin, and strong geometri-
cal frustration [48, 55, 65, 110]. One of the challenges of the search for QSL among
materials is the presence of anisotropies like the Dzyaloshinskii-Moriya (DM) inter-
action. Such interactions reduce symmetry and quantum fluctuations and lead to
magnetic ordering. The Dzyaloshinskii-Moriya interaction [6, 7], arises when there
is a lack of inversion symmetry in the lattice.

The mineral, Herbertsmithite, is an example where the spin-1/2 copper atoms
form a kagome lattice. No magnetic order has been found down to 50 mK, with the
exchange coupling being 170K [47, 84]. To explain the spin susceptibility enhance-
ment of Herbertsmithite [111]at low temperature, a small value of Dzyaloshinskii-
Moriya interaction has to be considered. The presence of DM interaction is also
confirmed by paramagnetic resonance [112], where the DM interaction of strength
of 0.08J is needed to explain the line width. Small values of DM interaction can
produce long-range order in a spin system, especially in spin liquid ground states.
So it was not clear why spins do not freeze in Herbertsmithite at low temperatures.

The effect of DM interaction on the kagome Heisenberg antiferromagnet has been
studied by several groups [54, 74, 76, 113-115]. From exact diagonalization(ED)
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Cepas et. al [74], they found that there is a critical point at D, = 0.1J, where there
is moment free phase at the lower side and Neel phase on the other. This result is
consistent with experiments since the estimated DM interaction strength is about
0.08J in Herbertsmithite. Sachdev has proposed a quantum critical theory [75]
about the critical point suggested by Cepas. Messio et al., [76] using Schwinger-
boson mean-field theory (SBMFT), have calculated the phase diagram and showed
that the results are qualitatively similar to the ED studies in small boson density
region.

The purpose of this chapter is two-fold. In 2013, Messio et al. [72] showed
that in the SBMFT framework, that the ground state of the Kagome Heisenberg
antiferromagnet is chiral Zy spin liquid. In their study of DM interaction, they had
not considered the time-reversal breaking Ansdtze [76]. This would change the phase
diagram for a small strength of DM interaction. Secondly, they have considered
only bond creation mean-field A. However, the inclusion of a second boson hopping
mean-field, B field, improves the quantitative agreement of the bandwidth in the
excitation spectrum of the Heisenberg model on triangular lattice [116]. Flint and
Coleman showed that these two fields together give a better description of these
frustrated systems [106]. Thus, we, in this work, have considered chiral spin liquid

Ansatz and also included the hopping mean-field.

The outline of the chapter is as follows. In Sec.II, we present the model and
the brief of the Schwinger boson mean-field theory with two bond operators. In
Sec.III, we have described the detailed algorithm for the numerical search of the
optimum points. In the Sec.IV, we present the zero-temperature ground state phase
diagram with properties associated with it and the effect of DM interaction on the
QSL ground state. We have discussed the connection between the prediction of our
model with experimental results. We have also calculated the dynamical structure

factor of the different Ansdtze in relevant phases in the Sec.V.

3.2 Model and formalism

The Hamiltonian for the nearest neighbor Heisenberg model with Dzyaloshinskii-

Moriya interaction is given by
H=Y [JS;-S;+ Dy (S x S)] (3.1)
(ig)
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Figure 3.1: Bond directions for Dzyaloshinskii-Moriya interaction where the DM vector
D (shown at the center of triangle) is staggered between up to down triangles.

with (ij) stands for a pair of neighbouring sites i and j. The pairs are directed due
to the DM interaction and the directions are shown in Fig. 3.1. The Heisenberg
coupling is assumed to be antiferromagnetic ( J > 0 ). The DM vector is taken to
be perpendicular to the plane of the lattice as shown in in Fig. 3.1 with constant
magnitude D. The planar component of DM vector can be taken care of by rotating
the spins appropriately as long as the planar component is small [74]. Introduction
of the DM interaction reduces the global symmetry of the Heisenberg hamiltonian
from SU(2) to U(1). However, the wallpaper group remains P6m.

It is expected that the DM interaction will induce long range order and hence
using SBMFT approach is appropriate since it elegantly treats both ordered and spin
liquid phases. In Schwinger boson representation the spin operators are mapped to

the bosonic operators as follows,

- %(aj bj) o° (Z) (3.2)

where 7 is the site index and o = z, y, 2. ¢ are the Pauli matrices. This mapping
is faithful only when the number of bosons is equal to 25, that is, (ala; +bb;) = 2S.
This constraint, in principle, must be satisfied at each site. However, it is interesting
to study the properties of the bosonic system by implementing this constraint on an
average basis by treating 25 as a parameter. Let k = (n;/2) be the boson density
per flavor. The spin-wave function is then obtained by applying an appropriate

projection operator.

We define bond creation operators as AL = (e a;rb} — e Wi b;fa;r-) and Bj] =

%(aia; + bib;) with 6;; = D;;/J. The operator Ajj creates a mixture of a singlet
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) :A (5 :A
KAK KX
V ¥

Figure 3.2: Grey lines mark the three-site unit cell for the (0,0),(7,0) Ansatz in the Fig.
(a) and six-site unit cell for cubocl Ansatz in Fig. (b). The mean fields are defined as
(Ai;) = |Ale’4 and (B;;) = |Ble's. In the Fig. (a), for (0,0) Ansatz ¢4 = 0 for both the
red (down) triangles and blue (up) triangles. For (m,0) Ansatz ¢4 = 0 for red triangles
and ¢4 = 7 for blue triangles. For both the Ansdtze ¢ = 7 for all bonds. In the Fig.
(b), for cubocl Ansatz, (¢pa,¢p) = (¢, 7) for blue triangles where ¢ is arbitrary. For red
triangles, for undashed lines (¢4, ¢p) = (0,7) and for dashed lines (¢4, ¢pp) = (7,0) .

(a b

and a triplet on the bond, while ng is represents coherent hopping of the bosons
between the sites. These definitions are slightly different from those used by Manuel
et al [117]. We can rewrite the Hamiltonian in terms of these bond operators with

an approximation that D/J is very small as,

~

(ig)

where :: means normal order. We decouple the quartic term by introducing mean
fields A;; = <121U> and B;; = <BU> Then the mean field hamiltonian is given by

Hyr = Z J[BUBZTJ‘ - AijAZj] +H.C. — Z Aifi + € (3.4)
(ig) i

where €9 = 3 J(Ay|* — [Bijl?) + 2530, Ai. The Lagrange multiplier ); has
been added to constrain the mean boson number at each site.

The PSG analysis of Zs spin liquids on kagome lattice was carried out by Wang
and Vishwanath and they have shown that there are only four symmetric Ansatze
possible [61]. They have labeled these Ansdtze as (0,0), (7, 0),(0,7) and (7, 7),
based on the fluxes through the hexagon and the rhombus. These Ansdtze respect
time reversal symmetry and lead to planar long range order. However, Messio et
al have shown that ground state of Heisenberg antiferromagnet on kagome lattice
is possibly a chiral spin liquid which is termed as cuboc! [72]. A systematic enu-

meration of weakly symmetric spin liquids shows that there are 20 families of spin
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liquid Ansdatze on kagome lattice [104]. We restrict our choices to the four symmetric
spin liquids since DM interaction prefers planar LRO and cubocl spin liquid since
it energetically most favorable in absence of DM interaction. In all Ansdtze, the
magnitudes of A;; and B;; are same on all bonds, that is, |A4;;| = A and |B;;| = B.
A and B are complex numbers and their phases are summarized in the caption of
the Fig. 3.2. But Messio et. al [118] pointed out that one more Ansatz, termed as
A4(0,1) results in a stable phase. So we also include A4(0, 1) in our calculation.
We assume that the Lagrange multiplier is independent of sites and is equal to

A. Using Fourier transformation, the Hamiltonian can be written as

Hyp = ¢iN,d, + N[A(25 +1) + 2(A° - B°)] (3.5)

q

where N is the number of sites and ¢} = [a],, ......al,,, b1 g, ......b;—g]. The first
index p in a,, and b, is the sublattice index. p can have values 1 to m where m is
the number of sites per unit cell (m = 3 for the (0,0), (7,0) Ansdtze and m = 6 for
cubocl Ansatz) and N, is a 2m x 2m matrix.

This N, matrix can be diagonalised by Bogoliubov transformation ¢, = M,&,,

where fg = [aiq, ...... ajnq, B1,—qy ceeees ﬂmy_q}. The transformation matrix must satisfy
]\4,17'M;r = 7 where 7 = 03 ® I,,,, We must find M, such that MJNqu = (2, where
: 8 . U, Xg
Qy = diag(wg,. - enoe- , Wy, ). The form of the M, -matrix is given by M, = vy
a Tq

where Uy, V,, X, and Y, are the m X m matrix.

The diagonalised hamiltonian is given by

Hyr = > Y (w000 + 9 BuB,) + N[A2S +1) +2(42 = B)]  (3.6)
q u

where wj, and wﬁq are the excitation energies of 2m spinon modes. Note that for

chiral Ansatz wy, # wffq. The ground state energy is given by

E=) wi +N[A2S+1)+2(A° - B)] (3.7)

a1

Bogolioubov matrix is computed using the procedure outlined in Ref. [108]. The
mean field parameters A, B, A\, and ¢ are found by extremizing the ground state
energy E. The positive definiteness of the Hamiltonian puts several conditions on
the domain of these parameters. The method used for searching the saddle points

is outlined in the next section. The complex link variables 4;; and B;; satisfies the
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Figure 3.3: Optimum points (u0,v0, w0) in the rotated frame (u,v,w) for Ansatz (m,0)
at S = 0.366 and 6§ = 0.21

self consistency equations
Ay = (Ay) & By = (By) (3.8)

which are equivalent to extremization of free energy as

OF O0F OFE OF

3.3 Numerical search for saddle points

The bosonic mean field Hamiltonian is diagonalizable if N, is positive definite for
all g. We begin the search by finding the valid domain in parameter space {A, B, \}
where this conditions is true. The gapless LRO phases emerge as the corresponding
saddle point approaches the boundaries, thus closing the gap in the spinon spectrum.
These points are difficult to find since the eigenvalues of the Hessian has drastic
varying magnitudes at the saddle point(see Fig. 3.3). As an example we have given

the Hessian matrix of Ansatz (7,0) at S = 0.366,60 = 0.21 and N = 20

0.9230 —0.5794 —1.0186
h=1 —0.5794 —3.6344 —0.3558
—1.0186 —0.3558 —9.9997 x 10!
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Figure 3.4: Ground state phase diagram

The eigenvalues of h are given by {—9.9997 x 10!, —3.7069,0.9955}. Thus in LRO
phases, we rotate co-ordinate axes which are nearly parallel to the eigenvectors of
the Hessian, two of which are parallel to the boundary surface. The main hurdle
in this procedure is to finding boundary surfaces. However these can be guessed
by examining the classical orders. Thus analyzing eigenvalues of IV, at few high
symmetry points in reciprocal lattice is enough. For v/3 x v/3 phase, the boundary
plane is given by

V3| coslA+ B+ X =0 (3.10)

The boundary surfaces in cubocl state are not planner but then it is still possible
to search for saddle point along the surfaces and then perpendicular direction. This
way we have been able to achieve much better accuracy where the sum of squares

of gradients is of the order of 104

3.4 Properties and the phase diagram

We have computed energies for various values of (0 to 0.5) and 6 (0 to 7/6) for all
Ansdtze. Based on the energy and the gap in the spinon spectrum, our proposed
ground state phase diagram is shown in the Fig. 3.4. As expected, for low values of
k and also small strengths of DM interaction, the phases are gapped spin liquids.
For 6 < 0.5, the gap in the spinon spectrum closes at about x = 0.39 indicating a
second ordered transition from gapped liquid phase to gap-less cuboctahedral LRO.
For large strength of DM interaction, that is for 8 > 0.2, the system enters Q = 0
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LRO phase at # = 0.2. Fig. 3.5 shows that the gap closes at k = 0.18 for § = 0.3. To
illustrate the nature of various phases we also have calculated static spin structure

factor

57 (Q) = >

= Z qu'(Ri_RJ)<0|SZ9‘S]‘?‘|O>

1]
where o = z,y,2, R; and R; are the positions of the site ¢« and j. Due to DM
interaction, the global spin rotation symmetry is reduced to U(1), and hence one
must calculate both S and S*?. The expression for XX-component of static spin

structure factor is given by

xTT 3 * * * *
S (Q) = 16_N [[XQ—FqY(g-i-q]ltV [Y—qXTqLW = [XQ—&—ng—i-qLW [Y—qY—Tq]MV
q,pv
(" [Vqu]W[UfoqV—TQ—q]W + [V—Q—CIV—TQ—q]#V[UqUJ]lW] (3-11)

The ZZ- component of structure factor has the form

zZZ 3 * £
SHQ) = 1o O | KareXGedilUaUflus] + Voa-oViq- X2, X7

q7/"[’7’/

[XaJqungq]uv [UqVqT]uv . [V—Q—qUiQ_q],uy [Y,*qXTq]W (3.12)

where p, v are the sublattice index.

3.4.1 Spin liquid phases

The phases of the isotropic Heisenberg model (# = 0) have been studied by Messio
and our results are matching with them. For x > 0.39, the spinon spectrum is gap-
less at Q = %K At k < 0.39, the gap opens up and the system enters chiral spin
liquid phase and remains in this phase down to x = 0. Fig. 3.5 shows the variation
of energy gap as a function of k. However it is interesting to note that the short
range correlations are cuboctahedral near the phase transition but as x is decreased
the peak in static structure factor becomes broad but also shift towards K point
(Fig. 3.7(a)) before flattening out at k = 0.1. Thus the short range correlations
become more like v/3 x v/3 type as x is decreased which is consistent with ¢; = —¢»
spin liquid state obtained by Sachdev [75].

For small values of boson density, x(< 0.15), the quantum fluctuations prevent
any sort of long range order in the system even in presence of strong DM interaction.

For very small values of 6, the system persists in cubocl spin liquid phase before
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Figure 3.5: Variation of energy gap with « for cuboc! Ansatz at 6 = 0 and (0, 7) Ansatz
at 6 = 0.30

making a first order transition to (0,7) spin liquid phase. In this phase, the static
structure factor again shows a very broad peak at K point. As the strength of the
DM interaction is further increased the system enters (7, 0) spin liquid phase with
the short range correlations of type @ = 0 showing a broad peak in spin structure
factor at M, point. Comparison with the phase diagram obtained by Messio, this
transition occurs at much smaller values of DM interaction. This indicates the
inclusion of B fields helps stabilizing (7, 0) spin liquid against (0, 7) phase. We have
also found a new time reversal symmetry breaking phase A4(0, 1), which is stable
in small x and in the small 6 region of the phase diagram sandwiched between the
chiral spin liquid and T'SLy r) phase. In a recent work by Messio et al. showed that
Its low energy excitations reproduce the inelastic neutron scattering measurements
on Herbertsmithite [118]

3.4.2 Neel ordered phases

For very small values of DM interaction and x > 0.39, all three Ansdtze (0,0), (0, )
and cubocl are all in gapless phases corresponding to classical orders v/3 x v/3 |
Q = 0 and cuboctahedral respectively [119]. However the lowest energy in cuboc1
Ansatz. In this phase, the soft modes in spinon spectrum are at %K points in ex-
tended Brillouin zone. Even though the Ansatz is still symmetric, the mechanism
of symmetry breaking leading to emergence long range order through bose conden-
sation is well understood and is described in Sachdev [59] and Messio [104]. The
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Figure 3.6: Condensate fraction x4, as a function of 6 (a) at K = 0.366 the red points
shows cubocl Ansatz and black points shows (7,0) Ansatz (b) for (7,0) Ansatz at S = 0.2

spin structure factor in this phase shows strong peaks at %K point which confirms
the cuboc! LRO phase (see Fig. 3.7(c)). At x = 1, the system is in cuboc! LRO
phase for 6 < 0.0173 and then enters Q = 0 phase with a first order phase transi-
tion. This width of cubocl LRO decreases as k — oo where even infinitesimal DM
interaction immediately orders the system in planar configuration. For # > 0.1, the
(7,0) spin liquid shares a phase boundary with the Q = 0 phase, which is favored
by DM interaction. Across this boundary, the gap closes at Q) = 0. The signature
sharp peaks in static structure factor at M, point. The condensate fraction x( in

soft mode at ¢y can be computed using

1 _ Vii(9)]?
Ezi:(”z) =z, N+ ) —g

an
Fig. 3.6(a) shows the emergence of the condensate fraction as a function of 6 along
the K = 0.366 horizontal line in the phase diagram. condensate fraction is zero in
the cubocl Ansatz and becomes nonzero for the (m,0) Ansatz via first order phase
transition at # =~ 0.03. In the Fig. 3.6(b), for S = 0.2 the second order phase

transition occurs near 6 = 0.15 for (7, 0) Ansatz.

3.4.3 Discussion

The ground-state phase diagram obtained here is qualitatively similar to that of
Messio [76] except that the cubocl Ansatz replaces the (0,0) Ansatz in the phase

diagram. The results obtained at k = 1/2, however, are not in agreement with
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Figure 3.7: (a) XX component of static structure factor along the high-symmetry line
I'=M.— K.—T for the cubocl Ansatz for different values of x at 6 = 0. The XX component
of the static structure factor for the cubocl Ansatz at (b) k = 0.366 and 6 = 0, and (c)
k=05and §=0

earlier studies for spin 1/2 system [74, 75, 120] which predict a moment-free phase
for small values of 6 and a second ordered phase transition to Q = 0 phase. However,
the nature of the short-range correlations in the liquid phase is unclear. Cepas et
al. argue that short-range correlations of type Q = 0, whereas Huh et al. showed
it to be of V3 x v/3 type. However, Messio [72] has argued that, in SBMFT,
since n; = 25 constraint is implemented only in an average sense, spin 1/2 system
may not be correctly represented by £ = 1/2. Due to the fluctuations in n;, the
(8?) is overestimated to be 2S(S + 1) at § = 0. If we treat (S?) to be a good
quantum number, then the spin 1/2 system is approximated by the bosonic system

at Kk = 0.366. At this value of k, our proposal shows that the system is Zs chiral
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spin liquid till # < 0.03 with short-range correlations of a cuboctahedral kind. For
6 > 0.03, the DM interaction forces the spins to be in planar arrangement with
Q@ = 0 long-range order.

It is also possible that the best representation may be at smaller values of &,
where we have noted that the short range correlations tend to be more like V3 x V3
type as argued by Messio et al. Even though at k = 0.366 shows a first order
transition from spin liquid to Q = 0 LRO, it may not be adequate in reconciling
with the experimental results. The strength of the DM interaction is estimated to
be 0.08.J in ZnCuz(OH)gClz. This compound does not exhibit freezing of magnetic
moments to very low temperatures [84]. In the present mean field theory, at k =
0.366, the critical D, = 0.03J. The optimized value of mean field parameters and
energy for S = 0.366 is as given in the table below.

Ansatz | 6 A B A 0] energy
cubocl 0 | 0.4036 | 0.1185 | -0.5803 | 1.9847 | -0.2976
(r,0) | 0.21 | 0.4226 | 0.1340 | -0.6700 | - | -0.3213

Table 3.1: Optimized values and energies for different Ansdtze

3.5 Dynamical spin structure factor

Since in neutron scattering experiment the inelastic neutron scattering cross sec-
tion is proportional to the dynamical spin structure factor, we have calculated the

dynamical spin structure factor defined by
$9%(Q, w) — / (0157 ()55 (0)[0) e™"dt (3.13)

where @ = z,y,z and |0) is the ground state of the system .The expression for

XX-component of dynamical spin structure factor is given by

Q) = 233 03Vl + UL Vi hl?
+ HY—thHQ]/W + [YQ+quq]Vu‘2 X 6(w — wp) (3.14)

where pu, v are the sublattice index. The expression for ZZ-component of dynamical

spin structure factor reduces to
S#(Q,w) =27 Z Z | [U;XQ—HJ]W - [V;YQ-&-q} W|2 X 0w — wp) (3.15)
q pv
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Figure 3.8: XX-component of dynamical structure factor for (a) cubocl Ansatz at S =
0.366 and @ = 0 (b) (m,0) Ansatz at S = 0.366 with § = 0.21 (c¢) ZZ-component of
dynamical structure factor for (m,0) Ansatz at S = 0.366 and 6 = 0.21. In LRO phase we
choose scale to be very small such that the spinon continuum is visible.

where w, = w, +w_q—4. At Q = 0 the ZZ component will straight way will give zero
because it is just the dot product of the two columns of the M-matrix(para orthog-
onalization), consistent with the figure. For numerical purpose, the delta function
is approximated by Lorentzian function. The results are qualitatively similar to the
results obtained by Messio. In Fig. 3.8, we illustrate the evolution of the dynami-
cal structure factor across the phase transition from spin liquid to LRO phase for
k = 0.366. The dynamical structure factor is shown along the high symmetry line
I' - M, — K. — I'. The dynamical structure factor of cubocl Ansatz at 6 = 0 in
Fig. 3.8(a) shows sharp onset of spinon continum at 3K with very small gap. This

is due to the proximity of critical point at x = 0.39 beyond which there is cuboc1
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long range order.

Since the DM interaction reduces the global spin rotation symmetry from SU(2)
to U(1), there is notable difference between XX and ZZ component of dynamical
structure factor. In Fig. 3.8(b) and Fig. 3.8(c), we show the dynamical structure
factor of Ansatz (0,7) at @ = 0.21 which is Q = 0 LRO phase. In the XX-component
of dynamical structure factor, the magnon branches are quite strong, and in the
density plot, it is visible as three lines of bright dots corresponding to three magnon
branches. These magnon branches are obtained by considering the pair of spinons,
one in the soft modes, and another one from the excited state. The elastic peak
(along w = 0 line) appears with largest intensity at M, point which is the I" point of
the next Wigner- Seitz cell. In the ZZ-component of dynamical structure factor the
magnon branches are of very low intensity and suppressed, as the spins are forced
to lie in the XY plane due to the DM interaction.

3.6 Conclusion

We have computed the ground-state phase diagram of Heisenberg Kagome anti-
ferromagnet with DM interaction using the SBMFT approach. We have included
the time-reversal symmetry breaking chiral Ansatz proposed by Messio [72]and also
considered hopping mean-field B. For large S, even with small DM interaction, the
spins are forced to in-plane and in Q = 0 long-range order. For small S, the quantum
fluctuations induce a series of spin liquid phases with increasing DM interaction. In
this region, the inclusion of the hopping field seems to stabilize (7,0) spin liquid
phase over (0, ) spin liquid.

Since the constraint of boson density is implemented strictly, (S?) = % at
k = 0.366 due to the fluctuations in boson density. We find that, at k = 0.366,
the model shows a first ordered phase transition from chiral cubocl spin liquid to
Q = 0 Neel phase at D = 0.03J. Even though this result is qualitatively in agree-
ment with other studies, it is not adequate in explaining the moment free phase of
Herbertsmithite [84] since the estimated DM strength is 0.08J. Probably, one may
need to consider even smaller values of  to obtain better numerical agreement with
other studies and experiments. We have also calculated the static and dynamical

structure factor at the representative x = 0.366 point.
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Chapter 4

Regular Magnetic Order in Triangular

and Kagome Lattice

4.1 Introduction

Finding the ground state of different frustrated magnets is a long-sought goal in
condensed matter physics. The interest is triggered by the possibility of disordered
state and their relationship to high-temperature superconductivity [121]. Each of
those disordered phases is interesting in their own way and appears with different
types of order and excitations associated with unusual quantum numbers. But, it
turns out that the magnetic structure of the ordered phases of such magnets becomes
non-trivial. For example, the classical ground of many such frustrated spin systems
has “accidental degeneracies” which are lifted by quantum fluctuations. In those
cases, quantum fluctuations induce magnetic order in the spin system, known as
“order from disorder” [8-10].

In general, finding the classical ground state of such a spin system is a chal-
lenging problem to solve. For instance, there exists no general method to figure
out the ground state spin configuration of a non-Bravais lattice described by simple

Heisenberg Hamiltonian with O(3) symmetry given by

H=7 J(R —R)S;- 5 (4.1)
ij

where J is the exchange integral. S; and §J are the classical spin vectors at i-th and
7-th site, respectively.
In this chapter, we construct a family of spin configurations that respect all the

lattice symmetries of a given lattice modulo global spin transformations. Such spin
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Chapter 4. Regular Magnetic Order in Triangular and Kagome Lattice

configurations are dubbed as the regular magnetic order(RMO). The most simple
example is the Neel state in one dimension. In that case, any lattice transformation
can be compensated by appropriate spin rotations.

By construction, the family of RMOs only depends on the symmetries of the
model, i.e., lattice symmetries and spin transformations(rotations and spin flips),
and does not rely on the strength of the couplings present in the model. These
RMOs become very interesting in case of frustrated magnets, as these are the good
variational candidates for many spin models. For example, for Heisenberg spins on
kagome lattice, the ground state is found to possess non-coplanar spin structures
with first, second, and third neighbor exchange interactions. [119]. Apart from that,
these RMOs can provide useful insights into the experimental data of magnetic
materials where the information about the lattice is known, but the values of the
couplings present in the material are unknown. In that case, the magnetic correlation
can be directly compared to these states, and if these two correlation matches, we
can extract some useful information about the couplings present in the material.

In this chapter, we mainly focus on the Heisenberg model, and we treat each
spin as a three-dimensional unit vector. We use a simple group theoretical approach
to investigate the possible regular magnetic order in triangular and kagome lattice.
So, we have considered the wallpaper groups, which includes the triangular and
kagome geometry. There is a total of seventeen wallpaper groups in 2-dimension.
Among them, there are five wallpaper groups that include the triangular and kagome
geometry. The wallpaper group p6m is already done by Messio et al. [119]. We have
extended their work and mainly focused on the rest of the four wallpaper groups
p6, p3,p3m1 and p31m in Hermann-Mauguin notations. We will consider each of
them separately and list all the possible regular magnetic orders for each of those

groups.

4.2 Notations and definitions

Let us denote the lattice by £ which contains a pattern of sites. In mathematics,
the lattice in E2 is defined as {md+ nb | m,n € Z} and @,b are two non-colinear
vectors. Here L is a lattice with basis as commonly defined by physicists. Now,
we denote the group of transformation G, on £ as G, = {0 : L — L}. Let H be
the spin configuration space that is H = {¢|¢ : L — E?}. There are two types of

transformation on the .

(i) Lattice transformation : For each o € G, there is O, : H — H such that
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O,¢(i) = ¢(c71(7)). Since this group is isomorphic to G, we will refer to this group

as G, hoping that there is no confusion.

(ii) Spin rotations : There can be two types of spin rotations; local and global.
For each g € O(3), we have R, : H — H such that (R,¢)(i) = g¢(i). We will refer
to this group of global spin rotations by the same symbol O(3).

The group of transformations G on H, is a direct product of G, x O(3).

4.2.1 Stabilizer group of spin transformation

Let ¢ be a spin configuration. The set of all transformation that leave the spin
configuration ¢ invariant is denoted by G,. So, Gy, = {g € G | g¢ = ¢}. Then
Gy is a subgroup of G and is called the stabilizer group of the spin configuration
¢. Let G = O(3) N Gy that is the G is a subgroup of O(3) that leaves the spin

configuration ¢ invariant.

Example : To illustrate the concept, let us consider the 1D lattice as shown in
Fig. 4.1. The group of transformation G, is generated by translation 7 : 47— i+ 1

and mirror m : ¢ — —i where ¢ is the site index.

Mirrors, m

| |
—@ @ @ @ @ o —
T

Translation,

Figure 4.1: Group of transformations in 1D lattice

(a) Let ¢(i) = n ¥V ¢ as shown in Fig. 4.2(a)

e Lattice transformation : ¢ is invariant under all transformation in G..

e Global spin rotations : ¢ is invariant under O(2) (rotations about n and mirrors
containing 7).

e Stabilizer group : Then G4 = G, x O(2).
(b) Let ¢(i) = (—1)" 7= Vi as shown in Fig. 4.2(b)

e Lattice transformation : ¢ is invariant under translations 72* where k € Z and

mirrors passing through the sites 7.

e Global spin rotations : ¢ is invariant under O(2). Therefore G% = O(2)

5}
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e Stabilizer group : It is the direct product of lattice transformation and global
spin rotations. The group G also contains elements like g72**! where g € O(3)
and g(n) = —n (all 7 rotations about any axis L n, all mirrors L 7 and
inversion multiplied by G‘;’)), also the mirrors passing through the mid point

between the neighboring sites.

JIIIILJIII '

OV VR VA
VoV ol &l b

I

Figure 4.2: Examples for symmetry group of configurations

(c) Let ¢(i) = 2 if i is even and @(i) = 32 + %gi as shown in Fig. 4.2(c)

e Lattice transformation : ¢ is invariant under translations 72* where k € Z and
mirrors passing through the sites .

e Global spin rotations : 5= {I, M,.} where M,, is a mirror operation in the
xz plane.

e Stabilizer group : Let n = %24—73& Then ¢ is invariant under 72**' R, (7) and
72+ M where mirror M contains 7 and . (same for mirrors passing through

the midpoint between neighboring sites)
(d) Let ¢ be a spin configuration as shown in Fig. 4.2(d)

e Lattice transformation : ¢ is invariant under translations 72* where k € Z.
e Global spin rotations : G = {I, M,.} where M,, is a mirror operation in the
xz plane.

e Stabilizer group : ¢ is not invariant under 7 or 72 and any global rotations.

4.2.2 Regular structures

Definition : A spin configuration ¢ € H is called regular if for every o € G, there
is g, € O(3) such that g,(o(¢)) = ¢
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Example : To illustrate the concept, let us consider the case of 1D lattice

(a) This spin configuration is regular because it is anyway invariant under G..

(b) This spin configuration is not invariant under 7 but it is invariant under Mr

where M is the mirror in the zy plane. (infinitely many possibilities instead of M)
(c) This case is similar to (b) but only two choices for gr.

(d) This spin configuration is not regular since 7 € G, there is no g € O(3) such
that g7(¢) = ¢
For a regular structure, we can prove the following theorem which states that

Theorem : If a spin configuration ¢ is reqular then the group Gg/G; is isomorphic
to Qﬁ.

The proof is given in the appendix. This theorem is central to the idea of the
algebraic symmetry group presented in the next section. It is difficult to list out
all the RMOs of a system. However, we can find all RMOs by using a systematic

procedure based on algebraic symmetry groups.

4.2.3 Algebraic symmetry groups

Definition : A subgroup of O(3) x G, that is homomorphic to G, is called an

algebraic symmetry group.

If ¢ is a regular structure, then it has one of the algebraic symmetry groups.
The idea is to find the entire list of such groups. However, if ¢ is regular then for
any g € O(3), g¢ is also regular and G, = gG4g~*. Then Gg¢/G;¢ is isomorphic
to Gy/Gy. Then we only need to list the equivalence classes of algebraic symmetry

groups, and loosely we will call the equivalence classes also by the same name.

Let us consider three elements 01,09 and o3 of G, with the algebraic relation
o109 = 03. The algebraic constraint imposes constraints on g, € O(3) for each o €
Gr. To begin with, we will assume that there exist a compatible spin configuration
¢ corresponding to each mapping. Then by construction, if G,, be the image of
o1, we must have G501 € Gj. Similarly, G,,01G,,00 € Gj. This implies that
Go,01Goy0005 Gl € G,

Gy 01Gy,0005 Gy, € Gy, Vo0 € G (4.2)

Since the elements of G, and g, commutes, we have
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Go, GU20'10'20'3_1G;31 € G
GG, Gl € G,
Gy GrGTl € G,

o102

So, we have started with the algebraic relation between the elements of G, and we
end up with a pure spin transformation. If the above condition is not satisfied, then
the mapping must be excluded from the algebraic symmetry group as it will not
result in a RMO.

We must mention that the algebraic symmetry group only depends on the spin
rotation group, the subgroup G, and the algebraic relation between the generators

of the G, but there is no direct dependence on the lattice L.

4.2.4 Compatible states

An algebraic symmetry group G is compatible with a spin configuration ¢ if G ¢ = ¢.
Now, the next step is to find all the compatible states corresponding to each of the
algebraic symmetry groups. This step is explicitly dependent on the lattice £. To
construct the compatible states with a given algebraic symmetry group, we first fix
the direction of the spin at site ¢. Then we apply all the elements of lattice symmetry
group G, to extract the spin arrangement of all other sites. Here we must mention
that two elements of lattice symmetry group X,Y € G, leads to the same site i i.e
X (i) = Y (7), then we must have Gx (i) = Gy (i). This will result in a constraint on
the direction of the spin at site 7 or indicate that there exist no compatible sates for

the given mapping.

4.2.5 Construction of regular magnetic order

To construct the regular magnetic orders, we have the following steps. First, we
fix the spin symmetry group Gj. Then we look for the algebraic relation between
the generators of the G,. These algebraic relation imposes constraint on g, € O(3)
for each 0 € G,. In the second step, we have to determine the spin configuration
compatible with each of the algebraic symmetry group if there exist at all.

The spin rotation group for Heisenberg spins is O(3) group. Now the possible
unbroken spin symmetric group G = {I} can be isomorphic to any of the group
{I},Z5 and O(2) which leads to the non-coplanar, coplanar and collinear spin con-
figuration respectively. The first case, G5 = {I} is the most interesting one and will

consider for each of the wallpaper group p6, p3, p31m and p3m1.
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4.3 p6 group

Figure 4.3: Generators of pg wallpaper group. (a) Triangular lattice (b) Kagome lattice

Let us denote the lattice by £ and (ry,r3) be the oblique co-ordinates with
respect to the basis @ = (1,0) and b = (3, %g) The lattice symmetry group G is
generated by the three generators 77,75 and Rg where T',T; are two translations,
Ryg is the six fold rotation about the origin as shown in the Fig. 4.3. The action of

each of the generators on the lattice sites is given by

Ty : (ry,m) — (r1+1,r9) (4.3a)
Ty : (r1,m2) — (r,ma+1) (4.3b)
Re: (ri,m2) — (r1—12,71) (4.3c)

Let us consider the mapping G from G, to g, that is compatible with some spin
configuration ¢.The mapping G can be constructed from the images of the generators
of G, using Eq. 4.2. Since, different combinations of the generators of G, may lead to
the same element of lattice symmetry group G, the images by G of the generators of
the lattice symmetry group must satisfy the same algebraic constraints. Now, we can
write product of generators in the following form R;T}'T,* where r = 0,1,2,3,4,5

and t1,ty € Zy. The relation between the generators of p6 group are following

T, = TT (4.42)
T'\ReTy = Rs (4.4b)
RsVT, = ToRq (4.4c)

R =1 (4.44)

Now, the images by G of the generators of the lattice symmetry group must satisfy
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the same algebraic constraints. So, we have the following equations.

G1Gy = GG, (4.5)
G1GeGy = G (4.6)
GoGs = GGGy (4.7)
G =1 (4.8)

Each element Gx, corresponding to the elements X € G, is characterized by its
determinant ex = £1 and a rotation R;.p, by an angle x € [0, 7] about an axis
nx such that Gx = exR

given below

hx0x- For the p6 group we get total twelve solutions as

(i) Gp=1,Gp, =1, and Gpr, = €yl (4.9a)
(i) Gy =1I1,Gp =1, and Gr, = ep,R(R, §> (4.9b)
2
(i) Gy =1,Gp, =1, and Gp, = ep,R(n, §7T> (4.9¢)
(iv) Gp,=1,Gr, =1, and Gg, = €g,R(n, ) (4.9d)
2
(v) Gp = Grp, = R(n, g), and G, = ep, Rlitg, 7),n6 L n (4.9¢)
2
(vi) Gp, = R(#,1),Gp, = R(§,7) and Gr, = ep, R(i, ;),ﬁ = (1,1,1) (4.9f)

where ep, can take values +1.

4.3.1 RMOs in triangular lattice

The position vector for any arbitrary point is given by 7 = ma + nb where m,n € Z.
Let us consider that the spin configuration at starting point is ¢(0,0). So, the spin

configuration at any arbitrary site is given by
p(m,n) = G, G7,$(0,0) (4.10)
Under 6-fold rotation, we must have,
d(m,n) = Gryp(n,n —m) (4.11)
After some manipulation we get,
GT.G7,9(0,0) = G G, Grg¢(0,0) (4.12)

60
TH-2582_126121017



4.3 pb6 group

This implies that ¢(0,0) must be an eigenvector of G g, with an eigenvalue +1. Now
we can list all the possible RMOs corresponding to each of the mapping given in

Eq, 4.9 for the triangular lattice.

(i) This is the trivial case where all the symmetry elements are identity. For
ers, = +1, all the eigenvalues of G, are positive. So, any linear combination of
the eigenvectors can be taken as ¢(0,0). The resulting RMO is the well known
ferromagnetic state, as shown in Fig. 4.7.

For ep, = —1, all the eigenvalues of G, are negative. So, there is no RMO

possible for this mapping.

(ii) In this case, we choose 7 to be in the (1, 1,1) direction. For ez, = +1 case, the
positive eigenvalue of G, appears with the eigenvector (1,1,1). So, ¢(0,0) can be
taken as (1,1,1). The resulting RMO is ferromagnetic state.

For e, = —1, all the eigenvalues of Gr, are negative. So, there is no RMO

possible for this case.

(iii) Here too, we choose n to be in the (1,1,1) direction. For eg, = +1 case, the
positive eigenvalue of G, is associated with the eigenvector (1,1, 1). The resulting
RMO is ferromagnetic state.

For ep, = —1, all the eigenvalues of G, are negative. So, there is no RMO

possible for this case.

(iv) This is also similar to the previous case. Here for both the case eg, = £1 we

get the ferromagnetic state.

(v) Since in this case ng L n, we choose n = (1,1,1) and ng = (1,—1,0). For
€r, = +1 case, the positive eigenvalue of G, appears with the eigen vector (-1, 1,0).
So, the ¢(0,0) can be taken as (—1, 1, 0) and the resulting RMO is a planar structure,
containing three sub-lattices, as shown in the Fig. 4.8.

For er, = —1 case, we have two eigenvalues of G, which are positive and the
associated eigenvectors are (1,1,0) and (0,0, 1). So, any linear combination of these
two vectors can be taken as ¢(0,0). In this case, we get a non-coplanar structure

with three sub-lattices, as shown in Fig. 4.9.

(vi) Here, n is taken in the (—1, —1, —1) direction. For ez, = +1, positive eigenvalue
of Gg, appears with the eigenvectors (1,1,1) and hence ¢(0,0) can be taken as
(1,1,1). In this case the RMO obtained is tetrahedral which has four sub-lattices
as shown in the Fig. 4.10.

For ep, = —1, all the eigenvalues of G, is negative. So, there will be no RMO
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corresponding to this algebraic symmetry group.

4.3.2 RMOs in kagome lattice

Since, the lattice symmetry group G, of kagome lattice is isomorphic to the lattice
symmetry group of triangular lattice, the algebraic solutions remains same for both
the lattice. Let the three sublattices A, B and C are located at 1@, %Z_{ and —%(EL’—H;).
Consider a lattice point of sublattice index p in a unit cell with left bottom corner

at ma + nb. Clearly
o(m,n, B) = Gyd(n — m, —m, A) (4.13)
After few steps of algebra we get,
GT'G3(0,0, B) = G{'G5G3,.6(0,0, A) (4.14)
Thus we get, the relation between the three sublattices,
$(0,0,A) = G%,0(0,0,C) = G5, 4(0,0, B) = G%,.6(0,0, A) (4.15)

But we also have the condition that ¢(0,0, A) = G1G3¢(0,0, A). For each possibili-
ties of RMQ’s , spins at each site must follow the above conditions. We can choose

#(0,0, A) as the eigenvector of GIG%G corresponding to the positive eigenvalue.

(i) This is the trivial case where all the symmetry operations are identity. For
€r, = +1, all the eigenvalues of G;G% , are positive. So, any linear combination of
the eigenvectors can be taken as ¢(0,0, A). The resulting RMO is the well known
ferromagnetic state, as shown in Fig. 4.11.

For e, = —1, all the eigenvalues are negative. So, in this case there will not be
any compatible RMO.

(ii) This case is very similar to the previous one. We choose n to be along (1,1, 1)
direction. For ep, = +1 case, the positive eigenvalue of GlGi‘)’%6 appears with the
eigenvectors (1,1, 1). The resulting RMO is ferromagnetic state.

For ep, = —1, there are two eigenvalues of GIG%G which are positive and the
corresponding eigenvectors are (—1,0,1) and (—1,1,0). So we can take any linear
combination of these two vectors as ¢(0,0, A). In this case, the resulting RMO is
() = 0 planar state, which is shown in the Fig. 4.12.
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(iii) Here too, we choose n to be along (1,1, 1) direction. For eg, = +1 case, all the
eigenvalue of GlG%6 appears with positive sign. So, any linear combination of the
eigenvectors can be taken as ¢(0,0, A), and the resulting RMO is a @) = 0 umbrella
state as shown in Fig. 4.13.

For e, = —1 case, all the eigenvalue of GlG?jzﬁ appears with a negative sign, so

there will not be any compatible RMO for this mapping.

(iv) In this case, we choose 1. to be along (1,1,1) direction. By looking at the
positive eigenvalues of GlG?;{G we choose ¢(0,0, A). Here we get ferromagnetic state
for both ep, = 1.

(v) Since in this case ng L n, we choose n = (1,1,1) and ng = (1,—1,0). For
€r, = +1 case, the positive eigenvalue appears with the eigen vector (—1,0,1). So,
$(0,0, A). can be taken as (—1,0,1) and we get v/3 x /3 planar state with three
sub-lattices as shown in Fig. 4.14.

For €r, = —1 case, the positive eigenvalues of G1G%, , appears with the eigenvec-
tors (1,0,1) and (0,1,0). So we can take linear combination of these two vectors as
$(0,0, A). Here we get, non-coplanar v/3 x v/3 umbrella state with three sub-lattices
as shown in the Fig. 4.15.

(vi) In this case n is taken to be (—1,—1,—1). For eg, = 1 case, the positive
eigenvalue of G1G%, appears with the eigen vector (1,0,0). So, ¢(0,0,A) can be
taken as (1,0,0) and the resulting RMO is the octahedral state state which has six
sub-lattices and the spins are pointing towards the corner of an octahedra as shown
in the Fig. 4.16. The magnetic unit-cell contains 12 sites.

Now, er, = —1 case is the most interesting one. Positive eigenvalues of G1G3R6
appears with the eigenvectors (0,0,1) and (0,1,0). So, any linear combination
of these two vector can be chosen as ¢(0,0,A). Here, we choose ¢(0,0,A) =
(0, cos(mc), sin(mc)) where ¢ is a continuous parameter. As we increase the value
of ¢, starting from —1 to +1, we get a series of regular structures. For ¢ = 0,
the RMO corresponds to octahedral state with six sub-lattices as shown in the
Fig. 4.16. As we increase the value of ¢ to 1/4 we get cubocl state as shown in
the Fig. 4.17. If we change the value of ¢ further at ¢ = —1/4 or 3/4, we get the
cuboc? state, as shown in Fig. 4.18. If we change the value of ¢ further and take
#(0,0,A) = (0, cos(P),sin(P)) where ® is the golden ratio, we get the icosahedronl
structure as shown in the Fig. 4.19. Now, if we change the value of ¢ to —®/x
or 1 — ®/m, we have icosahedron2 structure as shown in the Fig. 4.20. Finally, at

¢ =1/2 and ¢ = 1 the octahedral structure is restored. Now, we list all the possible
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RMOs corresponding to each of the algebraic symmetry groups in case of triangular
and kagome lattice for the wallpaper group p6. Details of these states are given in
the Discussion section. (‘x’ mark implies there is no RMO corresponding to the

algebraic symmetry group)

No. G, Go Gg n Triangular Kagome
I Any F F
L ! ! -I Any X X
9 I I R(n,%) Any F F
R(,5) | Any < g=0")
3 I I R(ﬁ,%ﬂ) Any F Q=0U),F
-R(n,=F) Any >< X
4 I I R(n, ) Any F F
-R(n, ) Any F F
A 2n ~ony | Rlfg,m) | g LA P V3 x /3
5| BT | B S) R Ge ) | e L # U V3% /3 (0)F
; =T
6 | R@ ) | R, R( A,7r) ﬁ(l,l,l) T @)
_R(n7 7T) 75(17 17 1) X O7 Cl; [17 C27 [2

Table 4.1: List of regular magnetic orders in p6 wallpaper group.

4.4 p3 group

For this wallpaper group, the lattice symmetry group G, is generated by the three
generators given by 77,75 and R3 where 17,75 are two translations, R3 is the three
fold rotation about the origin as shown in the Fig. 4.4. Like previous case the spin
rotation group remains O(3) and the unbroken spin symmetry group G3 is also

chosen to be {I}. The action of R3 on lattice site (r1,rs) is given by
Ry : (7“177’2) — (—7”2,7“1 - 7“2) (4.16)

Now, we can write the product of generators in the following form R;T}'Ty> where
r = O, 1,2 and tl,tg € ZQ.

T1T2 - T2T1 (417)

R3T1 - T2R3 (418)

RsTy = Ty 'T'Rs (4.19)

R, =1 (4.20)
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Figure 4.4: Generators of p3 wallpaper group. (a) Triangular lattice (b) Kagome lattice

Now, the images by G € G4 of the generators of the lattice symmetry group must

satisfy the same algebraic constraints. So, we have the following equations

Grn,Gp, = GpGr (4.21a)
Gr,Gr, = Gr,Gg, (4.21Db)
Gr,Gr, = G Gr'Gp, (4.21c)

Gh, =1 (4.21d)

Here e, can only be +1. Solving the above equations we get the following solutions

() Gp=1I,Gr—1I, and G =1 (4.222)
(i) Gp=1,Gn—1, and G, = R(h, %”) (4.22D)
() Gr, = (ﬁ,%”),GTQ - R(ﬁ,%ﬂ), and G, = I (4.22¢)
(iv) Gn = R(h, %”), Gr, = R(h, %”), g, —. i 2?”) (4.22q)
) Gn = R(h, %”), G, = R(i, %”), and Gp, = R(—, 2?”) (4.22)
(vi) G = R(3,7), Gry, = R(j, ) and G, — R(h, %”), Ao (L11) (4.226)

4.4.1 RMOs in triangular lattice

Let us consider that the spin configuration at starting point is ¢(0,0). So, the spin

configuration at any arbitrary site with oblique co-ordinate (m,n) is given by

¢(m,n) = Gy, Gr,¢(0,0) (4.23)
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Under Rj3 rotation, we must have,
d(m,n) = Gryp(n —m, —m) (4.24)
After some algebra we get the following condition
Gr.G71,0(0,0) = G G, G R, ¢(0,0) (4.25)

In the last step we have used the fact that GR3GT1G]}31 = G, and Gg,GR,Gp, =
GilGT;l. Thus ¢(0,0) becomes the eigenvectors of G g, with eigenvalue +1. Now,

we can list the possible RMOs for p3 group in case triangular lattice

(i) G, = G, = Gr, = I. Then, ¢(m,n) = ¢(0,0) ¥V m,n € Z, thus the spin

arrangement is ferromagnetic. Because G, = I, ¢(0,0) can be any vector.

(ii) Gy, = G, = I. Then, ¢(m,n) = ¢(0,0) ¥ m,n € Z, thus the spin arrangement
is ferromagnetic. Because Gg, = R(n,27/3), ¢(0,0) = £n

(i) Gr, = Gy, = R(n,27/3). Because Gr, = I, ¢(0,0) can be any vector. Let,
$(0,0) = pi + gt where ¢ L 7 then

o(m,n) = R(,2/3)™"  $(0,0) = pir + qR(f, 27/3)™ "

The resulting RMO is a umbrella state which also includes ferromagnetic state.

(iv) Since Gg, = R(n,27/3), $(0,0) = £n. Then
é(m,n) = R(n, 21 /3)™"  ¢(0,0) = +n

So, the spin arrangement must be ferromagnetic.
(v) This case is similar to the previous one. The spin arrangement must be ferro-
magnetic.

(vi) Since G, = R(w,27/3), Thus ¢(0,0) = £w. Then, ¢(m,n) = R} Ryw

1,1,1) for m,n even

(
(=1,1,-1) for m even n odd
(1,—-1,—1) for m odd n even
(=1,-1,1) for m,n odd

¢(m,n) =

S s s g

\ 3

This implies tetrahedral spin arrangement.
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4.4.2 RMOs in kagome lattice

—,
—

Let us consider three sublattices A, B and C are located at %a, %l; and —%(c‘i—i— b)
Consider an arbitrary lattice point with sublattice index p in a unit cell with left

bottom corner at ma + nb. Clearly
¢(m,n, B) = Gr,¢(n —m,—m, A) = Gr,G7, "G 9(0,0, A) (4.26)
After doing some algebra we get,
7GR 60,0, B) = G G Gy $(0,0, A) (4.27)
Thus we get,
$(0,0, A) = Gg,9(0,0,C) = G%,6(0,0, B) = G}, 6(0,0, A) (4.28)

This implies that ¢(0,0, A) must be an eigenvector of G%,, which is identity in all
cases. Therefore there is no restriction on ¢(0,0, ). Using this, we can calculate
the spin arrangement for the entire lattice.

(i) Gr, = Gr, = Gg, = I. Then, ¢(m,n, ) = (0,0, A) ¥V m,n, u € Z where p is the
sub-lattice index, thus the spin arrangement is ferromagnetic as shown in Fig. 4.11.
(ii) Gp, = G, = I. Then, ¢(m,n,pu) = ¢(0,0,A) ¥V m,n,u € Z

o(m,n, A) = ¢(0,0,A)

S(m,n, B) = Rl 5)6(0,0,4)
p(m,n,c) = R(ﬁ,%)gb(0,0,B)

YV m,n € Z thus arrangement is () = 0 umbrella state which includes ferromagnetic
and planar combinations.

(iii) Gy, = Gp, = R(7, ZF). As Gg, = I, (0,0, A) = ¢(0,0, B) = ¢(0,0,C) can be

73
any vector. Let, ¢(0,0) = pi + gt where ¢ L 7 then

¢(m,n, 1) = R(A, 27 /3)" " $(0,0, 1)

This gives rise to V3 x v/3 umbrella state which includes the planar state and as
well as ferromagnetic state.
(iv) Gr, = Gp, = G, = R(7, %). Here there is no restriction on ¢(0,0, A), so we

can choose any vector. In this case we found a new RMO, we call it type-I umrella
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structure as shown in the Fig. 4.21.
(v) Gr, = G, = Gr, = R(—n, %). Here also, there is no restriction on ¢(0,0, A),
so we can choose any vector. In this case we found a new RMO, we call it type-I1
umbrella structure as shown in the Fig. 4.22.
(vi) This case is most interesting. Lack of restriction on ¢(0,0, A) results in a series
of regular order in this case. For example, if we choose ¢(0,0, A) to be along the
(1,0,0) direction, then the resulting RMO is Octahedral. For (1,1, 1) direction we
have got tetrahedral. For (0,1, 1) case we have found cubocl whereas along (1,1, 0)
direction we have got cuboc2 state. If we take ¢(0,0, A) = (0, cos(P), sin(P)) where
® is the golden ratio, we get the icosahedron structure. We call it the icosahedronl
structure. As we discussed earlier in the case of pg, if we change the sign of ®, we
get another kind of icosahedron state. We call it icosahedron2 state.

Finally, we list all the possible RMOs corresponding to each of the mapping
G € G4 in case of triangular and kagome lattice for the wallpaper group p3. Details

of these states are given in the Discussion section.

No. Gr, Gr, Gr, Direction | Triangular Kagome
1 I I - F F
2 I I R(n, %”) Any F F,U
3 | R(n,%) | R(n, %) I Any F,U V3 x v/3(U)
4 | R(n, %’T) R(n, %’T) R(n, %’r) Any F Uy
5 | R(n, %’T) R(n, %’T) R(—n, %’T) Any F Us
6 | R(z,m) | R(y,m) R(@D,%") w=(1,1,1) T T,0,C1,Cs, 11, I

Table 4.2: List of regular magnetic orders in p3 wallpaper group

4.5 p3ml group

In this wallpaper group, the lattice symmetry group G, is generated by four genera-
tors 11, T, R3 and o where T}, T5 are two translations, Rs is the three fold rotation
about the origin as shown in the Fig. 4.5 and o is the reflection about plane which
is at 30° with respect to T3 axis. Like previous case the spin rotation group remains
O(3) and the unbroken spin symmetry group G, is also chosen to be {I}. The action

of o on lattice site (ry,r2) is given by

o:(ry,r) — (r,m —7r9) (4.29)
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Figure 4.5: Generators of p3ml wallpaper group. (a) Triangular lattice (b) Kagome
lattice

Now, we can write product of generators in the following form o*R;T}'T,* where

r=20,1,2, s=0,1 and t;,%5 € Zs. The relations between the generators are

BT = oIy (4.30a)
T\Rs = R3R;'R;! (4.30b)
TyR; = RsTh (4.30c)
Too = oTy! (4.30d)
Tio = o, (4.30¢)
Rso = oR; (4.30f)
R =1 (4.30g)
o =1 (4.30h)

Now, the images by G' € G4 of the generators of the lattice symmetry group must

satisfy the same algebraic constraints. So, we have following equations

G1Gy = GGy (4.31a)
Gi1Gs = GGGyt (4.31b)
GoGs = GGy (4.31c)
GGy, = G,G5! (4.31d)
GG, = G,G1G, (4.31¢)
GsG, = G,G3 (4.31f)
Gy =1 (4.31g)
G2 =1 (4.31h)
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Here, we see that €, can take values 1. In this case we get the following solutions

(i) Gp=1,Gp,=1,Gg, =1 and G, =¢,I (4.32a)
(11) GTl = [, GT2 = [, GR3 =171 and GU = EJR(ﬁU, 71') (432b)
(i) Gp, =1,Gp, =1,Gr, =1 and G, = €, R(n,,7) (4.32¢)
2
(iv) Gr, = G, = R(h, ?”), Gr, =1 and G, = e,R(iy,m) where ft, L@ (4.32d)
2
(v) Gr = R(i,7),Gr, = R(ij, 7), Gr, = R(1b, §7T> and Gy = e, R(i, ), (4.32¢)

where n=(-1,0,1) and w=(1,1,1)

4.5.1 RMOs in triangular lattice

Like previous cases, we can show that ¢(0,0) must be an eigenvector of not only
Gr, but also G, corresponding to the positive of eigenvalue. If the eigenvector does
not match, then there will not be any RMO. As prescribed in case of p6 and p3,
here we obtained ferromagnetic state, planar state, umbrella state and tetrahedral

state for different algebraic symmetry groups as shown in the Table. 4.3.

4.5.2 RMOs in kagome lattice

In case of kagome lattice we can show that ¢(0,0, A) must be an eigenvector of
G, GO-G%%3 associated with positive eigenvalue.
It is easy to see that Case(i) and case(ii) leads to the ferromagnetic state except for
the case(i) with G, = —I where all the eigenvalues of Gr,G,G%, are negative.
(iii) In this case, we choose 1 along the (1,1, 1) direction. Now as 7 L n,,, we choose
N along (0,1,-1) direction. For €, = +1, positive eigenvalue of G, GUG'%%3 associated
with the eigenvector (-1,1,0). So, we can take ¢(0,0, A)along the direction (-1,1,0).
So, the resulting RMO is V3 x+/3 state and it is planar containing three sub-lattices.
For e, = —1, we get two eigenvectors of GTIGUG%%3 with positive eigenvalues.
The eigenvectors are (0,0,1) and (1,1,0). Any linear combination of these two
vectors can be taken as ¢(0,0, A). The resulting RMO is the V3 x /3 umbrella
state which also contains planar spin configuration and also ferromagnetic state.
(iv) In this case, we take w to be along (1,1, 1) direction and n along the (—1,0,1)
direction. So, for ¢, = +1, we get positive eigenvalue of G, GUG%%3 matrix with
eigenvector (0,1,1). So, ¢(0,0, A) can be taken along (0,1, 1) direction. In this case
the resulting RMO is the cubocl state.
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Now, €, = —1 case is the most interesting one. Here the positive eigenvalues
of Gr,G,G%, appears with the eigenvectors (0,—1,1) and (1,0,0). So, any lin-
ear combination of these vectors can be taken as ¢(0,0, A). In this case, we take
$(0,0, A) = {cos(nc), —sin(mc) /v/2,sin(rc) /v/2}. Depending on the values of ¢, we
get a series of regular structures. For example, ¢ = —1,0 and 1 we get octahedral
state with six sub-lattices. For ¢ = —1/2, and 1/2 we get cuboc2 state where the
neighboring spins are at an angle 7/3 to each other. For ¢ = tan™!(¢)/m we get
icosahedronl state and for ¢ = —tan™'(¢)/7 we get icosahedron2 state, where ® is
the golden ratio. For ¢ = tan~!(1/2)/7 we have type-I extended tetrahedral state
with 4 sub-lattice and For ¢ = — tan~!(v/2)/7 we have type-II extended tetrahedral
state with 4 sub-lattice. Each of these structure has 12 site unit cell and each of the
sub-lattice is pointing towards the corner of tetrahedron.

Finally, we list all the possible regular magnetic order corresponding to each of
the algebraic symmetry group for p3m1l group. Details of these states are given in
the Discussion section. (‘x’ mark implies there is no RMO corresponding to the

algebraic symmetry group)

No. Gy Go G3 G, n Triangular Kagome
1 I I I ] - F F
-1 - p X
R(n,) Any F F
2 I L I -R(n, ) Any F F
R . R(Ag,m) | fg L7 P V3 x V3(p)
2 2 I o2) o
3 | B F) | B, ) Ry, 7) | g L0t U V3% V/3 (U)F
. . . R(n,m) | (-1,0,1) X &)
2m ) "y
] Rem | Re.m | RO R S T o) | T 0T TG

Table 4.3: List of regular magnetic orders in p3m1 wallpaper group

4.6 p3lm group

In this wallpaper group the lattice symmetry group Sy, is generated by four gen-
erators 17,71, Ry and o, where 17,75 are the translation, R3 is the 3-fold rotation
and o is a mirror plane parallel to 77 axis as shown in the Fig, 4.6. Here too, the
spin rotation group remains O(3) and the unbroken spin symmetry group G?, is also

chosen to be {I}.The action of o on lattice site (rq,79) is given by

o:(ri,r) — (r1—ry, —19) (4.33)
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Figure 4.6: Generators of p31m wallpaper group. (a) Triangular lattice (b) Kagome
lattice

Now, we can write product of generators in the following form o®R;T ' T3> where
r=20,1,2, s = 0,1 and t{,t5 € Z,. The relation between the generators are given

by the following equations

N = ToT (4.34a)
T3 = RyT'T,H (4.34b)
ThRs = R;Th (4.34c)
Too = oIy 'Ty ! (4.34d)
Tio = oT} (4.34e)
Rso = oR; (4.34f)
R, =1 (4.34g)
o =1 (4.34h)

Now, the images by G € G4 of the generators of the lattice symmetry group must

satisfy the same algebraic constraints. So, we have following equations

G1Gy = GGy (4.35a)
G1Gs = G3G7'Gy!t (4.35b)
GoG3 = GGy (4.35c¢)
GyGy, = G,G{'Gy? (4.35d)
GG, = G,Gy (4.35¢)
GsG, = G,G3 (4.35f)
Gy = 1 (4.35g)
G2 =1 (4.35h)
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Here, we see that €, can take values £1. For p31lm group we get the following

solutions
i) Gp=1,Gp,=1,Gg,=1 and G, =¢,[ (4.36a)
(i) G =1,Gr,—1Gn =1 and G, = e, R(iy, ) (4.36D)
(ii) Gp, =1,Gp, =1,Gr, =1 and G, = ¢, R(n,, ) (4.36¢)
(iv) Gr — R0, %”), G, — R0, %”), Gr =T and G, — e, R(iy, 7). (4.36d)
where n, =n
(v) Gn = R(#7),Gr, = R(§,7),Gr, = R(, 2?”) and G, — e, R(h,7),  (4.360)

where n = (0,—1,1) and w=(1,1,1)

4.6.1 RMOs in triangular lattice

Like previous cases, we can show that ¢(0,0) must be an eigenvector or linear
combination of the eigenvectors of not only Gg, but also G, corresponding to the
positive eigenvalues. If there are no common eigenvector between them, then there
will not be any RMO. For this p3m1 group, we obtained Ferromagnetic, umbrella
state, which includes planar structure as well as the ferromagnetic and tetrahedral

state for different algebraic symmetry groups as shown in the Table. 4.4

4.6.2 RMOs in kagome lattice

For kagome lattice we can show that ¢(0,0, A) can be chosen as the eigenvector of
G%S GgGgi corresponding to the positive eigenvalue.
It is easy to see that case(i), and case(ii) will lead to ferromagnetic spin arrangement
except for the first case where G, = —1I.
(iii) In this case we choose, n along (1,1,1) direction. Since Gg, and G, both
are identity, all the eigenvalues of G%SGUG;L; are positive for ¢, = +1. In this
case, we obtain the v/3 x v/3 umbrella state with planar spin configuration and also
ferromagnetic state.

Similarly, for ¢, = —1, all the eigenvalues of G%?)GUG]}; are negative. In this
there will not be any RMO.
(iv) Here, for €, = +1, positive eigenvalue of G7, GUG]}; appears with the eigenvec-
tors (1,1,1). The resulting RMO is ferromagnetic state.

For e, = —1, positive eigenvalue of G2R3GO'G}_{?1) appears with two eigenvectors
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(0,1,1) and (1,0,0). So, any linear combination of these two vectors can be taken
as the ¢(0,0, A). Here we get v/3 x v/3 umbrella state with planar spin configuration
and ferromagnetic state.

(v) In this case, ¢, = +1, positive eigenvalue of G%&G(,GI}; appears with the eigen-
vectors (0, —1,1). The resulting RMO is cuboc2 state.

For ¢, = —1, positive eigenvalues of G%S G,,G}}; are associated with the eigenvec-
tors (0,1,1) and (1,0,0). So we take the linear combination of these two vectors as
$(0,0, A). So, we take ¢(0,0,A) = {cos(nc),sin(re)/v/2,sin(re)/v/2}. Depending
on the values of ¢, we get a series of regular structures. For ¢ = —1,0 and 1 we
get the octahedral state. For ¢ = tan~'(v/2)/7 we have tetrahedral state with four
sub-lattices. Again for ¢ = 1/2 and —1/2 we get cubocl state with 12 sub-lattices.
Finally, For ¢ = tan=!(®) /7 we get icosahedronl state and for ¢ = — tan=!(®) /7 we
get icosahedron2 state, where ® is the golden ratio.

Finally, we list all the possible regular magnetic order corresponding to each of
the algebraic symmetry group for p31m group.Details of these states are given in
the Discussion section. (‘x’ mark implies there is no RMO corresponding to the

algebraic symmetry group)

No. Gy Go Gs G, n Triangular Kagome
1 I I I L ¥ d :
1 - X X
(R, ) Any F F
2 ;! ! L -R(n,) Any F F
. R I An U V3 x /3 (U),F
2n 2m Y ’
3 | R@.%) | R@,Z) | 1 = A - &
. b R(ng, ) Ng =N X F
2m 2m ) o
4| BT | RS I -R(fo,m) | Ng=1n U V3 x /3 (U),F
. s & R(n,m) | (0,-1,1) X Cy
27 ) ) )
5| R@m | Rem | R@F) Re S To=L) | T |0 oLk

Table 4.4: List of regular magnetic orders in p31m wallpaper group

4.7 Discussion

In this section, we will discuss the details of each of the states, found in all of the

wallpaper groups as presented earlier.

4.7.1 Triangular lattice :

For triangular lattice, we have found the following states
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(i) Ferromagnetic(F) state : In ferromagnetic state, all the spins are pointing

in the same direction as shown in Fig. 4.7. The unit cell contains one site.

Figure 4.7: Ferromagnetic(F) state

(ii) Coplanar state : This state contains three sub-lattices and in each triangle,
the spins are at an angel 120° to each other lying in a plane as shown in the Fig. 4.8.
Each of the sub-lattices are shown by different colors in the diagram and the unit

cell contains three sites as shown by the green line.

Figure 4.8: Coplanar state.

(iii) F umbrella state : This is a non-coplanar structure with three sub-lattices,
where the relative angle between the spins are the same and also < 120°. In this
case, the spin arrangements interpolate between the ferromagnetic state and the

coplanar state. Some intermediate state is shown in Fig. 4.9.

e »8 6 & & & @ -

Figure 4.9: F umbrella state.

(iii) Tetrahedral(T) state : The tetrahedral has four sub-lattices, pointing

towards the corner of a tetrahedron and the sub-lattices are shown by four different

75

TH-2582_126121017



Chapter 4. Regular Magnetic Order in Triangular and Kagome Lattice

colors in the Fig. 4.10. The sign of ¢(0,0) = #(1,1,1)/v/3 determines the chirality

of the spin configuration.

Figure 4.10: Tetrahedral state.

4.7.2 Kagome lattice :

For kagome lattice we have got the following states

(i) Ferromagnetic(F) state : In ferromagnetic state, all the spins are pointing
in the same direction as shown in Fig. 4.11. The unit cell contains three sites, as

shown by the green line in the diagram.

W8 «
(R R R L o o
o> o © o o

Figure 4.11: Ferromagnetic(F) state

(ii) @ = 0(P) state : @ = 0 planar state has three sub-lattices, and the spins
are at an angle 27/3 to each other as shown in the Fig. 4.12. The unit-cell contains
three sites, and the spins lie in the kagome plane. The unit cell is shown by the
green lines in the diagram.

(iii) @ = 0(U) state : () = 0 umbrella state has three sub-lattices and the relative
angle between spins are identical. The angle varies from 0 to 27 /3. If the relative
angle between the spins is zero, it becomes ferromagnetic, whereas it becomes ) = 0
planar when the angle becomes 27 /3. Some intermediate state is shown in Fig. 4.13.

Here too, the unit-cell contains three sites, shown by three different colors.
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o0 00000000
— o> 0 o ® o

Figure 4.12: @) = 0 planar state

0000000 O0O0
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Figure 4.13: ) = 0 umbrella state

(iv) V3 x /3 (P) state : V/3 x v/3 planar state has three sub-lattices and the
relative angle between the spins is 27/3. The unit cell contains nine sites as shown

by green lines in Fig. 4.14.

0000006000
— o> O ® ® o

Figure 4.14: /3 x v/3 planar state

(v) V3 x \/§(U) state : This state is non-coplanar v/3 x v/3 with three sub-
lattices. The unit cell contains nine sub-lattices as shown in the Fig. 4.15. In this
case, the spin arrangements interpolates between the ferromagnetic state and the
co-planar V3 x /3 state. Some intermediate state is shown in the Fig. 4.15.

(vi) Octahedral(O) state : The has six sub-lattices and the spins are pointing
towards the corner of an octahedra. The unit cell contains tweleve sites and it is
shown by green lines in the Fig. 4.16

(vii) Cubocl(C,) state : Cubocl state which has 12 sub-lattices and the spins
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Figure 4.16: Octahedral state

are pointing towards the corner of a cuboctahedron as shown in the Fig. 4.17. In
this case the relative angle between the neighboring spins are 120° and the magnetic
unit cell contains twelve sites. The sub-lattices are shown by different colors and

the unit cell is shown by green lines in the diagram.

Figure 4.17: Cubocl state

(viii) Cuboc2(C,) state : Cuboc2 state which has 12 sub-lattices and the spins
are pointing towards the corner of a cuboctahedron as shown in the Fig. 4.18. In this
case the relative angle between the neighboring spins are 60° in contrast to cubocl
state. The magnetic unit cell contains twelve sites.

(ix) Icosahedronl1(I;) state : The icosahedronl state has 12 sub-lattices, and the
spins are pointing towards the corner of an icosahedron. The unit-cell also contains

12 sites. The neighboring spins make an angle of 116.565° to each other. It has 30
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Figure 4.18: Cuboc2 state

edges, and 20 equilateral triangle faces with five triangles sharing a common vertex

as shown in the Fig. 4.19

edeseses e
~—eo> & o o o

Figure 4.19: Icosahedronl state

(x) Icosahedron2(I,) state : In icosahedron2 structure, the neighboring spins
are at 63.435° to each other. Here, too the unit cell contains 12 sites and all the

spins are pointing towards the corner of an icosahedron as shown in the Fig. 4.20

Vo \ s 8
eeieeesoese,
—eor @ ™ ® ®

Figure 4.20: Icosahedron2 state

(xi) Type-I umbrella(U;) state : This state has three sub-lattices and umbrella
kind of structure which includes planar structure and ferromagnetic state. The
relative angle between spins are identical, the angle varies from 0 to 27 /3. Each of
the sub-lattices occupy an up triangle as shown by different color in the Fig. 4.21.
The unit cell is quite large which contains 27 sites and shown by green lines in the

diagram.
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Figure 4.21: Type-I umbrella state

(xii) Type-II umbrella(U;) state : This state is similar to the type-I umbrella

state. Here each of the sub-lattices occupy an down triangle as shown by different

color in the Fig. 4.22

e \® o o @
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Figure 4.22: Type-II umbrella state

(xiii) Tetrahedral(T) state : This state has four sub-lattices and the spins are

pointing towards the corner of a tetrahedron. The unit cell contains 12 sub-lattices

as shown in the Fig. 4.23
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e e s o ¢
oo 0000000
e s s o o
o009 000900
L N
‘9900000060
«- oo s o

Figure 4.23: Tetrahedral state

(xiv) Type-I extended tetrahedral(T;) state :  This state has four sub-
lattices. Each of the sub-lattices occupy an up triangle as shown by different color
in the Fig. 4.24. The unit cell is quite large which contains 12 sites and shown by

green lines in the diagram.
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Figure 4.24: Type-I extended tetrahedral state

(xv) Type-1I extended tetrahedral(T,) state : This state is similar to type-II
extended tetrahedral state. Here, each of the sub-lattices occupy an down triangle

as shown by different color in the Fig. 4.25.
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Figure 4.25: Type-II extended tetrahedral state

In this work, we have started with the unbroken symmetry group HZ as {I}
but other possibilities like HZ = Zy or O(2) which leads to the co-planar state and
ferromagnetic state, is also included. So, one can easily do the exercise for other
choices of H? but that would not lead to any other new RMOs.

In our study, we have considered the manifold A = S; i.e., and the spins are
treated as three-dimensional unit vectors. But, in the same footing, one can study
other manifolds. For example nematic orders can be studied using the manifold

A = S5/7Z5 with spin symmetry group Ss = O(3).

4.8 Conclusion

Based on the group theoretical approach, we have constructed a family of classical
magnetic orders, termed as regular magnetic order in kagome and triangular lattice.
This approach is introduced by Messio et al. [119] and is analogous to the Wen’s
classification of quantum spin liquids based on projective symmetry group [5]. Such

RMOs can be constructed for any models on any lattice and hence a general method
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to construct classical magnetic orders. It turns out that these states are a good
candidate as a variational state to study the ground-state phase diagram for many
spin systems. It also provides useful insights to the couplings present in a magnetic
material by comparing the magnetic correlation where the range or strength of the
interactions is not known.

In this study, we have extended the work of Messio et al [5] for other wallpaper
groups, which includes kagome and triangular geometry. We have obtained a few
new classical orders which are not reported earlier. The realization of these states

as a ground state of specific spin models is the subject of future study.

4.9 Appendix

Theorem : If a spin configuration ¢ is reqular then the group g¢/g;; 18 1somorphic
to QE.

Proof : There are several steps in the proof.

(i) Define mapping : Let o € G, then, 3 g € O(3) such that go € G,. Define a
mapping £ : G — Gy /G? such that

§:0— (g90) Gy (4.37)

This is well defined mapping since if there are another g; € O(3) such that gjo € G
then, g10 € (go)G5,. To show this, note that (g10)~" € G and hence (g10)'g10 =
g1 'g1 € G5 Thus, g10 = 0g (g1g7"). Thus gi0 € (g0) G5,

(ii) To show that £ is a homomorphism : If o1 and o9 are two elements of G.. Thus if
g101 € Gy and g0 € G, then clearly (g101) (g202) € Gy. Thus clearly, £ preserves

the multiplication and hence it a homomorphism.

(iii) To show that £ is one to one : If o7 and oy are two elements of G, and if

(glgl)G; = (9202)G§5
g101 = @§2029g

(9199, )(o105") = e

This can only happen when o, = 05 and then g; 'g must be in Gy
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Chapter 5

) = 0 Order in KHAF : A SBMFT
Study

5.1 Introduction

Geometrically frustrated magnets are the potential candidate to host exotic ground
states like quantum spin liquids, a state with fractional excitations, high entangle-
ment, and without any broken symmetries even at 7' = 0 [1, 2, 109, 122]. The
most promising candidate to possess spin liquid ground state is the spin 1/2 kagome
lattice with vertex sharing triangles. Antiferromagnetic ordering of the spins on a
kagome lattice is frustrated by the nature of the geometry of the lattice. The key
features which make it suitable for the spin liquid ground state are its low dimen-
sionality and a higher degree of frustration. The low value of spin leads to the large
quantum fluctuation, hence preventing the ordered ground state [48, 55, 65, 110].
However, in search of material realizing quantum spin liquid ground state, materials
tend to deviate from the perfect kagome structure due to the presence of disorder,
structural distortion, Dzyaloshinskii-Moriya interaction(DMI) or other long-range
interactions. However, a theoretical study reveals that the presence of minute per-
turbation may have a deep impact on the ground state manifold [73]. One of such
perturbation which is very sensitive to the low-temperature magnetic structure of
this frustrated magnets is DMI [6, 7]. DMI appears in a lattice where there is a
lack of inversion symmetry between the two magnetic sites, was first introduced to
explain the weak ferromagnetism in a-Fe;O3 [6]. The interaction term is of the
form Hj; = li-j . (§l X §]) where Bij is the Dzyaloshinskii-Moriya(DM) vector, the
strength of the coupling and ¢, j are the site index. The DM vector ﬁij lies on a

mirror plane bisecting the bond joining the two magnetic sites ¢ and j
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In the experimental side, several materials were thought to be potential can-
didates for the kagome antiferromagnet (KAFM) to host a quantum spin liquid
ground state like herbertsmithite [18], volborthite [95] and vesignieite [19]. Among
all these, the mineral Herbertsmithite is found to be a geometrically perfect de-
scription of quantum kagome Heisenberg antiferromagnet(KHAF), which has been
studied intensively [123]. This material does not show any sign of ordering down
to 50 mk, which is 3000 times lower than the characteristic exchange energy. Her-
bertsmithite is strongly suspected of hosting a quantum spin liquid ground state
with spinon excitations. [47, 84| Form ESR data, the measured value of the in-plane
component of DMI, comes out as 0.01.J, whereas the out-of-plane of DMI is much
larger 0.06.J [112, 124]. Exact diagonal results predict that there may be quantum
critical point D, = 0.1.J, at the one side D < D, there is moment free phase and on
the other side D > D, there is Neel ordered phase. [74]

Unlike herbertsmithite, vesignieite shows a magnetic transition to () = 0 mag-
netic order with the in-plane moments on the three sublattices oriented at 120° with
each other, at a surprisingly high temperature Ty = 9K. [19, 92, 93] ESR spec-
tra reveal the presence of large DMI anistropy [125]. So, it is expected that the
large value of DMI may lead to the @ = 0 magnetic structure i.e., the other side
of the quantum critical point [91]. In contrast to herbertsmithite, the dominant
anisotropy is the in-plane component of DMI. For vesignieite, the measured value
of the in-plane component is found to be 0.19.J, and the out-of-plane component is
0.07J, as indicated by ESR data analysis.

Apart from herbertsmithite, vesignieite, the compound Nd3Sh3Mg,0O5 is also of
much interest since it shows large canting angle n = 30.6° indicating the presence
of large in-plane DMI, D, = 0.8/ as predicted by Scheie et. al. [126]. However
Laurell et al. [127] argued that the predicted value should be D, > 1.5 to reproduce
such a large canting angle. There are also interesting cases with even larger DMI as

predicted from first principle calculation [128].

In this work, we study the ground state of the nearest neighbor Heisenberg model
with added Dzyaloshinskii-Moriya interaction using the Schwinger boson mean-
field theory(SBMFT) framework and numerically using exact diagonalization(ED)
method up to cluster size N = 30. There are several SBMFT studies as well as an
exact diagonalization study, which only focuses on the out-of-plane component od
DMI [74, 76, 118, 129, 130]. In the present study, we consider the in-plane and the
out-of-plane component of DMI both to study the ground-state phase diagram. We

have compared the results obtained from these two different approaches.
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The layout of this chapter is as follows. In sec. II, we discuss the model Hamil-
tonian and the orientation of the DM vector. In sec. III, we briefly describe the
classical ground state of this model. In sec. IV, we present the Schwinger boson
formalism. In sec. IV, we present the result obtained from the SBMFT approach.
In sec. V, we discuss the exact diagonalization results of the proposed model. In sec.
VI, we compare the results obtained from these two distinct approaches and discuss
their relevance in the experiment. Finally, in sec. VII, we make the concluding

remarks.

5.2 Model Hamiltonian

In this work, we have explored the model Hamiltonian of vesignieite, as obtained in
the Ref. [93]. For vesignieite, they found that the strength of symmetric anisotropic
exchange(AE) is comparable to the Dzyaloshinskii-Moriya interaction term and ar-
gued that since DMI results form the first order correction of J in the spin-orbit
coupling where as AE is the second order correction. Naturally DMI is supposed to
be more influential on the low temperature magnetic structure [93]. So, the effective

spin Hamiltonian for vesignieite is given by

(i)

where the isotropic exchange interaction strength J;; = J for the nearest-neighbour

pairs. The Dzyaloshinskii-Moriya vector, f)ij has D, and D, as the strengths of

the in-plane and out-of-plane components of DMI. (ij) indicates the interactions

are restricted to nearest neighbor only. The order of the cross product between ¢-th

and j- th site for given ﬁij are denoted by arrows as shown in the Fig. 5.1(a) .The
1 V3

lattice vectors are @ = a(1,0) and b = a(3,% ). The DM vector is given by

- Ao~ 2T

Dy = Rk, —?)Dm

— A~ 47T —

D23 - R(l{?, —?)Dgl (52)

where fx’(/%, 0) is the rotation operator that rotates a vector by an angle § about the
axis k. The orientation of the out-of-plane and in-plane components of DMI are
shown in the Fig. 5.1(a).
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Figure 5.1: (a) The orientation of DM vector, in-plane component D), is shown by the
black arrow and the out-of-plane component D, is uniform along 2. (b) Classical ground
state phase diagram for spin-1/2

The introduction of DMI reduces the symmetries of the isotropic Heisenberg
model. When f),-j — D.k, that is when D, = 0, then the global spin rotation
symmetry reduces to U(1) from SU(2) but the wallpaper group remains p6m. When
D, # 0, then there are global spin rotation symmetries, and the wallpaper group

reduces to p3m1.

5.3 Classical ground state

The classical ground state was discussed by Elhajal et al. [73]. We introduce their
results since it is relevant to the SBMFT used in the later sections. First, consider the
pure isotropic case i.e., the absence of Dzyaloshinskii-Moriya interaction. Based on
the projective symmetry group(PSG) analysis, Messio et al. [119] showed that there
is eight possible classical magnetic structure in a kagome lattice, termed as regular
magnetic order(RMO). They suggested that these states can be good variational
candidates to compute the ground-state phase diagram in the mean-field approach.
The states are given by (i) Ferromagnetic state (i) Q = 0 state (iii) v/3 x /3 states
(iv) octahedral states (v) cubocl state (vi) cuboc2 state (vii) @ = 0 umbrella state
and (viii) v/3 x v/3 umbrella states. Classical energies and the structure factor for
these states can be found in Ref. [119].

Motivated by the experimental result of vesignieite that there is a strong presence
of DMI and the ground state is found to be @ = 0 long-range order(LRO) state. In
the following, we discuss the ) = 0 classical ground state of KHAF with DMI. The
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Figure 5.2: (a) Positive chirality as D, < 0 and (b) Negative chiralty as D, > 0

classical ground state of kagome Heisenberg antiferromagnet is highly degenerate.
All the possible states, where the three spins respect the angle 27/3 with each
other to minimize the ground state energy. With the introduction of the DMI, the
symmetry is lowered, though the ground state is non-coplanar () = 0 LRO with
planar components of the spins making 27/3 angle with each other.

With lowered symmetries, the spin arrangements can now be classified using
the notion of chirality, which is the angle between the spins in a given triangle of
kagome lattice. If §1,§2 and S; are three spins in a given triangle located in a

counter-clockwise direction, then we define the spin chirality as
Xz = §1X§2+§2X§3+§3X§1]'f{ (53)

In addition, the spins are non-coplanar, all the spins make a canting angle of n with

the plane of the lattice. The energies for these spin configurations are given by

E J

_]\;r — 5[1 — 3cos(2n)] — V3(D. cos’ 1 + D, sin(2n) cos ¢)

E_ J

S 5[1 — 3cos(2n)] + V3D, cos’ (5.4)

where N is the total number of sites and F, (E_) is the energy of the configuration(as
shown in the Fig. 5.2) with positive(negative) chirality, and ¢ is the angle azimuthal
angle of S,.

From the energy expressions, we can describe the ground state spin configuration.
In the absence of in-plane component, the Hamiltonian is invariant under rotation

around the z-axis. The spins are forced to lie in the lattice plane with positive or
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negative chirality depending on the sign of D,. In a more interesting case, when
both in-plane and out-of-plane are present; there are two phases distinguished by
chirality. For large positive D,, the spins remain coplanar with negative chirality
irrespective of the value of D,. For negative D,, the spins have positive chirality

but make a canting angle

= - 2D, ] (5.5)
72 V3J + D,
giving rise to weak ferromagnetism.
The complete phase diagram is shown in Fig. 5.1(b). The two phases are sep-
arated by a first-order transition. For negative D,, the canting angle continues to

grow with the value of D), as shown by the color map in the phase diagram.

5.4 Schwinger boson formalism

One of the advantages of SBMFT formalism is that this approach can address both
the long-range ordered and the spin liquid state. Unlike the fermionic approach,
long-range order appears due to the condensation of the Schwinger bosons, and
hence the spin liquid states will have gapped bosonic spinons.

The model Hamiltonian Eq. 5.1 can be mapped to a simpler model with U(1)
symmetry up to terms second order in D,. This is due to the fact that the vector
sum of the in-plane components of DMI is zero in a triangle. So, for small values of
in-plane components of DMI, we can rotate the spins in such a way that the U(1)
symmetry is restored [74]. However, when the strength of the in-plane component
of DMI is comparable to or greater than the strength of the out-of-plane component
of DMI, then the above rotation will not work. In this case, we do the following.

We rotate the spins at i-th and j-th site by an angle 0; and 60; with 0; = —0;
about an axis (Ail-j i.e along the f)i]- vector. The rotated spin at site ¢ and j is given
by S, = R(d,;, 0;;)S; and S, = R(d;;, —6;;)S,. Applying this rotation [117], we can

write the above Hamiltonian in the following form

H=7Y S-S (5.6)
{ig)

where 0;; = \/ (D3)? +(Dj;)?/2J. We have used the assumptions that quadratic
terms in D, and D, are very small. The derrivation of Eq. 5.6 is given in the
Appendix. Now, if we fix the model parameters D, and D, then 6 is automatically
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fixed as ¢ depends only on the magnitude of D, and D.. So, 0;; can be taken as 6
throughout the calculation. Also note that S} is not same for each bond (ij) but for

each bond it differs since the rotation axis aij depends on the bond.

In Schwinger boson formalism, the spin operator at each site is represented by

two bosonic operators a and b, given by
S=&".0-® (5.7)

with @7 = (a,b) be the bosonic spinor and ¢ be the vector of Pauli matrices. The

component of spin along an arbitrary direction n is given by

S;, — %{)T(ﬁ -0)®
In Schwinger boson formalism there is an emergent U(1) gauge symmetry as a; —
W, and b; — Wb, The boson operators obeys the typical bosonic commuta-
tion relations [®;q, q); 5] = 0,;0q4p. This representation enlarges the Hilbert space. So,
to remain within the physical space, the total number of Schwinger boson at a par-
ticular is constrained to be 2S. In the standard mean field treatment the constraint
is implemented by taking the ground state average and a Lagrange multiplier A is
introduced which can be thought as chemical potential. Now we define two bond

operator in the following way
' 1
Ajj = 580, ®; and Bf, = @@, (5.8)

The bond operator AL- creates a singlet at the bond ij where as B;; helps the
Schwinger boson to hop from site i to site j. Since the form of Hamiltonian in Eq. 5.6
is invariant under global spin rotation, we can always decouple the Hamiltonian in

terms of two bond operator as given by
/ I pltpr . oAl

:: indicates the normal ordered product. The rotated bond operators can be written

in terms of unrotated bond operators as following

B = cos 6’B;rj + sin HC'Z-T]- and Ag = cos GAL —sin GDL. (5.10)

J
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with two additional bond operators, given by

1 . - 1
ijzicpj(idij-a)cbj and D], —§<I>T(aydm 0)®; (5.11)

With this bond operators we can identify two identities
di-(S;x8S,) =
2(dy; - S)(dyy - ;) —

1
5(: BJjCij + CZTjBij : +A;-erz'j + D;rinj)
S-S = C;rjcij : —Dijij)

The model Hamiltonian in terms of bond operators can be cast in the following way
H= ZJ BB}, — AlLAL) (5.12)

We can decouple the quadratic field Hamiltonian in terms of bilinear operators using
standard mean-field decoupling scheme. The form of the mean-field Hamiltonian is

as following.

HMF_ZJ[ /TB/ _A/TA/ + H. C} Z/\n,+eo (5.13)

with the mean fields corresponding to the bond operators is given by

<le]> = B;j and <BS> = BZ
Ar oy AN Ak
<A;‘j> & A;j and <Az‘j> = A;j

with € is constant which depends on the mean fields and A given by €g = >, [|A%;|*—
IBj;|* + 25>, Ai. Let § be the neighbor vectors, then the mean field Hamlltoman

is given by

Hyr = [[cos0B] . ;B'(0) +5in 0] B/(6) —cos 0A] . ;A'(0) +sin 0D]  A'(6)+H.C.| +eo
2,0

. (677
We define the Fourier transformation &, = \/LN Dok eilk'”fkw where &, ,, = <5k’“>
kg

with sub-lattice index p; and N be the total number of sites. Then above mean field

Hamiltonian reduces to a compact form, given by

Hyp = Zlﬁle?ﬂk + € (5.14)

k>0
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5.4 Schwinger boson formalism

We define W = (&1,€7, 1, 62,615, &3, €145 ) and the Dy matrix is given by

-A 0 Yiok)  Xok)  Yh(k)  XH(-k)

0 —-A Xio(=k)T Yio(=k)™T Xa(k)T Y (—k)T

5 Yie(k)! Xpo(—k)T —A 0 Yo (k) Xo3(k)

o Xt Ye(-RT 0 —A Xag(—R)1T Yag(—k)"t
Ya1(k) Xs1(k) Yos(k)T Xos(—k)" —A 0
Xa1(—=k)™ Yo (k)™ Xog(k)T Yas(—k)" 0 —A

where X;;(k) and Y;;(k) are are 2 x 2 matrix, given by

Xi(k) =1 (A; ST A gsiges ikrisses) g, <cos€ — ¢ sin Hd;-j . O’) (5.15)
Yi(k)~ =1 (B; —tkrig 4 B, ]+38—1km+3,j+3) (cos 0 + isin Qd;j : 0> (5.16)
The structure of the D, matrix is slightly different at the special points I', M and

K. Using the standard Bigoliouubov transfromation we can diagonalize the mean

field Hamiltonian 1, = M1y, where M is the Bigoliouubov matrix of the form
u v . o o o i iy
M = (X Y) and ¥} = <£k,17£T_k,17£k,27éT_k,Qagk,S;gT_k73> and £ = <~ )

k

The mean field energy is given by

Byp = > [whu(@hu i+ G Bu) + (25 + DN +2(A% - B?)| (5.17)

w,k>0

where wy,, is the dispersion relation of the p =1, ....... , 2m spinon modes with m be
the number sites within the unit cell. The ground state |0) is the vacuum of the

Bogoliubov bosons.

Choice of mean fields : In the large S limit the SBMF'T result should mimic the

classical ground state i.e the () = 0 umbrella state. In the classical limit we define

(a) = re

(b) = roe™ (5.18)

where 71, 75 is the modulus and 64, 6, be the argument of the average values of two

flavors of bosonic operator a and b in the classical limit. To obtain the ) = 0 spin
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Chapter 5. @ = 0 Order in KHAF : A SBMFT Study

configuration, we must have
(a;) = V2S5 cos (g) and  (b;) = V2Ssin (g) ibi

where 3 = %,52 =5 ,and B3 = —¢ and £ = /2 — . The mean fields we obtain

using these are summarized in Table. 5.1

Mean-fields | Bond-(1,2) | Bond-(2,3) | Bond-(3,1) | After Gauge

A | 5V/3sin(¢) -
Phase . — \ s 0

D || g (2Dp COS(f) + Dz Sln(f)) -
Phase rtil| @] -7 m

B | 2y/3cos?(§) + 1 -
Phase (I)B ‘ CI)B ‘ (I)B (I)B + 4?”

C || \/(Dz cos(&) — 2D, sin(€))? + 3D?2 1
Phase % ‘ D ‘ Do bo + =

Table 5.1: Phases and the magnitude( denoted by |.|) of different bond operators

One can immediately notice that a gauge transformation by angles %’r, 7T 5
at three sublattices will make both A and D fields real. At the same time, B and C
fields will acquire a constant phase of 47 /3. Thus, in the final calculation, we can
take A’ as a real number and B’ as a complex number. However, the optimization
of the mean-field parameters shows that for the symmetry of the spiral order, we
must have B’ = 0. We are left to optimize A’ field and A.

The mean field parameters can be obtained by extrimizing the mean field energy
with respect to the mean field parameters which is equivalent to the solve the self-

consistency equations.

oF oF
8A/ =0 and a =

Few optimized values of the mean field parameters and energies are given in Table 5.2

0 (5.19)

S |D,| D, A’ A Energy
0.20 | 0.2 | 0.05 | 0.26429 | -0.46458 | -0.13970
0.50 | 0.2 | 0.05 | 0.52736 | -0.92482 | -0.55622

Table 5.2: Optimized values of the mean field parameters and energies for N = 1200
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5.5 SBMFT results
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Figure 5.3: Ground state phase diagram for (a) S = 0.5 and (b) S = 0.2

We have computed the zero-temperature ground state phase diagram for this
model in the parameter space of 0 < D, < 0.5 and —0.5 < D, < 0.5 based on
chirality, the ZZ correlation at I" point and also the gap in the thermodynamic limit
for various values of S. Our proposed ground state phase diagram for S = 0.5
is quite similar to the classical phase diagram and is, as shown in Fig. 5.3(a). In
the phase diagram for S = 0.5, we found ) = 0 structure with two chiralities.
The boundary between two phases obtained from the chirality is shown by a black
line. The boundary obtained from SBMFT is not the same as obtained from the
classical case, but the qualitative features remain the same as shown in Fig. 5.3(a).
The boundary line is curved into the first quadrant of the phase diagram; that
is, the chirality changes at positive values of D, for a given larger D,, as shown
in Fig. 5.4(b). This is a result of the fact that the chirality selected by these two
components is not the same, and hence there is a competition between these two. In
the negative chirality phase, the spins are forced to lie in the kagome plane, resulting
in S* = 0, whereas for the positive chirality, the spins are canted and the canting
angle is shown by the color gradient. If we change the sign the in-plane component,
the effect of D, is to change the canting angle from positive to negative.

As the value of S is lowered, a gapped spin liquid phase opens up at the boundary
line at a critical value of S, which is very close to 0.2, and the spin-liquid phase

becomes wider with decreasing value of S. The ground-state phase diagram for
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Figure 5.4: (a) Gap as a function of D, and D, for S = 0.2. (b) Chirality as a function
of D, for S =1/2 for different values of D,

S = 0.2 is shown in the Fig. 5.3(b) At this value of S, the gapped spin liquid phase
is sandwiched between two ) = 0 LRO phases with two different chirality. The
boundary between the QSL and the LRO is obtained from the extrapolation of the
gap data. Gap as a function of D, and D, is shown in the density plot in Fig. 5.4(a).

Fig. 5.5 shows the quasi particle dispersion relations along the high symmetry
line I' - M - K -T', where I' = (0,0), M = (0,27/v/3), M, = (0,47/+/3) and K =
(1,/3)27/3, K, = (1,/3)4n/3. In Fig. 5.5(a) the spinon spectrum is shown at
S = 0.05 with D, = 0.05 and D, = 0.3. The spectrum is gapped indicating the
ground state is in the spin liquid state. The spectrum for S = 0.2 with D, = 0.2
and D, = 0.05 is as shown in the Fig. 5.5(b) where the spectrum is still gapped. In
Fig. 5.5(c) the spinon spectrum is shown for S = 0.5 with D, = 0.05 and D, = 0.1
which is gapless at [" indicating the ground state has acquired LRO. To investigate
the long range magnetic order, we calculate the static structure factor which is
defined as

SP(Q) = % Z el (=Bl (0 5257 0) (5.20)

)
where R; and R; is the site index and «, 8 € {z,y, z}. A magnetic long order state
produces a sharp discrete Bragg peak, whereas QSL produces continuous, diffusive
scattering spectra. Here, we have calculated both the transverse component and ZZ
component of the static structure factor for different points in the parameter space

to examine the magnetic structure. The XX-component of static structure factor
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Figure 5.5: Spinon spectrum in the spin liquid region (a) at S = 0.05 with D, = 0.05
and D, = 0.3 and (b) at S = 0.2 with D, = 0.2 and D, = 0.05 (c) in the LRO region
S = 0.5 with D, = 0.05 and D, = 0.1

for S = 0.20 at D, = 0.05 and D, = 0.05 is shown in the Fig. 5.6(a). This is a
representative point in the QSL region of the phase diagram. There is a broad peak
at M. supports the conclusion that the ground state is in the spin-liquid state. To
illustrate the canting of the spins, we show the static structure factor for S = 0.5
with D, = 0 and D, = 0.5 in Fig. 5.6(b). Sharp peaks appear at the M. point,
indicating a magnetic LRO of @ = 0 type. From Fig. 5.6(c), we see a peak at I'
point. This suggests that there is a ferromagnetic component along the z-direction,
which is the result of the spins tilting away from the XY plane. The canting angle

can also be estimated from this data.
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Figure 5.6: (a) XX-component of SSF at S = 0.2 with D, = 0.05 and D, = 0.05 (b)
XX-component of SSF at S = 0.5 with D, = 0.5 and D, = 0 (c) ZZ-component of SSF at
S = 0.5 with D, = 0.5 and D, =0

5.6 Discussion

For vesignieite, the measured value of in-plane component D, = 0.19J and the out-
of-plane component D, = 0.07J [93] which are the two dominant term compared to
other anisotropies like isotropic exchange anisotropy. The ground state is expected
to be influenced by both in-plane as well as the out-of-plane component of DMI. In
the classical limit, any small amount of D, will force the spin to lie in the kagome
plane. In the absence of the in-plane component, the critical value D. = 0.1J

predicted by ED result, there is a disordered state at one side and ordered state on
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the other. So, we expect that the presence of in-plane component D), will affect this
critical value. The presence of the in-plane component of DMI is responsible for the
tilting of the spins towards the z-axis. The measured value of the canting angle for
vesignieite is found to be 3° < ¢ < 9°; as obtained from NMR data analysis.

Since, in the previous SBMFT studies, it was argued that lower values of spin
(S = 0.366) is found to be a better description of the spin-1/2 case due to the fact
that the constraint n; = 25 is not implemented exactly rather implemented as an
average [72]. However, even at S = 0.366, the ground state is also in the magnetic
LRO region for all values of D, and D,. It seems the canted LRO nature of the
ground state of vesignieite is dictated by the presence of DM interaction with the

dominant component in the kagome plane.

5.7 Conclusion

We study the effect of in-plane and the out-of-plane component of Dzyaloshinskii-
Moriya interaction on the ground state of spin-1/2 kagome antiferromagnet using
Schwinger Boson mean-field theory. We found two chiralities of ¢ = 0 structure
in the phase diagram for the spin-1/2 case in both the approaches. In the case of
SBMFT, for the lower values of S, the spin liquid phase is sandwiched between the
above two chiralities. We also found that this spin-liquid region shrinks to the phase
boundary between the two chiralities in the large S limit. In the classical limit, our
SBMFT result is in agreement with the result obtained from the classical phase

diagram.

5.8 Appendix

Here, we provide the proof for Eq. 5.6. Let us consider the triangle A = (123) as
shown in the Fig. 5.1(a). So, the Hamiltonian for this part is given by

Ha = Hip + Ho3 + H3y (5.21)
where Hi5 has the following form
H12 = J§1 . §2 + 5{32 . (§1 X gg) + ﬁfz . (S: X §2) (522)
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Similarly, we can write the expressions for the other two bonds. Now, consider
the bond-12. We treat each of the spins as a three dimensional classical unit
vectors. Then, we rotate the spins by #;5 and —6;5 around the axis 0?12 where,
01 = —V(D{Z)Q?(DW. For small values of 65, the relation between the rotated and

unrotated spins is as given below

§1 = S_q + 912 (5;1 X CZH)
§2 = gé — 012 (S’; X CZlg)

3 g - ;o 1 P z 7
where, S| and S} be the rotated spins and djy = M[Dlz j + Dj, k.
Then we can also write dip = 557 [DF; j+ D3, k]. Now, if we neglect 67, term, then

the Heienberg term for the bond-12 reduces to
S8 =88 4+20 dy- (5, xS (5.23)
The cross product of the DM interaction term in Eq. 5.22 reduces to
Sy x Sy =8 x Sy + 012 [2 dua (S} - Sb) — S (dia- Sh) — Sy (2~ Sy)]  (5.24)
Using Eq. 5.23 and Eq. 5.24 in Eq. 5.22 we get,
Hyp = J S} - S+ (203, Jdya) - [2 dyz (5] - §5) — S} (dia - S) — S (drz - 57)]

The second term in the RHS is second order in 615 and hence, can be neglected. So,

we finally have
Hy=J5 .8, (5.25)

Similar excercise can be done for bond-23 and bond-31 to get the following form

Ha = J[8, -S4+ 50§+ 50 5] (5.26)
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Chapter 6

() = 0 Order in KHAF : An Exact
Diagonalization Study

6.1 Introduction

In the last chapter, we studied the Heisenberg antiferromagnet on kagome lattice
with DM interaction using the Schwinger boson mean-field theory. The main fo-
cus was to study the effect of a large planar component of DM interaction. While
SBMFT is a great tool for extracting qualitative features of spin systems, the con-
straint of boson number per site can not be implemented. Usually, this constraint
is enforced at an average level, leading to fluctuations of boson number at each site.
This makes the qualitative results at S = 0.5 untenable.

To obtain a better insight into this problem, we have employed the method of
exact diagonalization of finite size systems. As the name suggests, the method is
exact but for finite systems only. Despite its exactness, the technique suffers from
other drawbacks. First, the finite size can not imitate the full symmetry group
of the infinite system, and the results are shape-dependent and also depends on
the boundary conditions. This makes the extrapolations harder if we don’t have
large enough systems. Since the dimension of Hilbert space grows exponentially, the
system size is typically small. Especially in the 2D case, it is not possible to consider
more than a few unit cells. Thus, one needs to be very careful while extrapolating
and interpreting the results.

In this chapter, we use exact diagonalization to study the ground state of kagome
Heisenberg antiferromagnet with added Dzyaloshinskii-Moriya interaction. We have
computed the ground-state phase diagram and also the properties associated with
each phase. We have compared the obtained results with the SBMFT results, as
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discussed earlier in Chapter-5.

6.2 Implementation details

Exact diagonalization(ED) is a numerical tool to compute the ground state and first
few excited states of a Hamiltonian matrix on a finite cluster of spins. The method

exact diagonalization conceptually straight forward, involves the following steps.

e The first step is to identify the invariant subspaces of the Hamiltonian by

taking into account the symmetries.

e Choosing the appropriate sub-spaces and corresponding basis. This requires

considerations of computation cost and storage.

e Diagonalize the Hamiltonian numerically using some algorithms like conjugate
gradient, Davidson algorithm, and Lanczos algorithm to obtain the ground

state and few relevant excited states.
e (Calculate various physical quantities using the obtained eigenvectors.

This method is exact and widely used to study the ground state of different frus-
trated magnets though it is limited by small system size due to the huge computa-
tional requirement. The estimation of the computational requirement for the present

problem is given in the section below.

6.2.1 Estimation of computational resources

We know that the Hilbert space for a spin-1/2 particle is # = C?, and for a many-
body system containing N spin-1/2 particle, the Hilbert space will be C2". There-
fore, the exponential scaling of the Hilbert space dimension turns out to be a big
challenge. For an example, the basis for N = 30 spins has a size 23° ~ 10°. So,
a double complex vector needs a memory of 16G B, which is a big requirement.
The memory needed to represent the basis states, and the Hamiltonian matrix will
quickly exceed the capacity. The Hamiltonian matrix we encounter in the spin sys-
tem problems is sparse. We have at most O(N?) terms in the Hamiltonian and thus
only O(N?) non-zero matrix elements per row and column.

Therefore the memory required to store the sparse matrix is still large O(N?2Y).
The memory requirement for an exact diagonalization calculation without any sym-

metry for KHAF with DM interaction is given in Table. 6.1. Here, we have used
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the package PARPACK to diagonalize the sparse Hamiltonian matrix. We have
considered two states, the ground state and the first excited state, and hence the
memory required for those associated with two eigenvectors is taken into account. ¢
is the resulting column vector obtained from the matrix-vector product Ab. Details

of the matrix-vector product are discussed in the section below.

No. | Spins | Hamiltonian | PARPACK | Eigenvectors c Total
1 24 36.875 3 0.5 0.25 | 40.625
2 27 331 24 4 2 361
3 30 2936 192 32 16 3176
4 33 25792 1536 256 128 | 27712
5 36 224768 12288 2048 1024 | 240128

Table 6.1: Memory estimation in GB for a typical exact diagonalization calculation for
kagome Heisenberg anti-ferromagnet with Dzyaloshinskii-Moriya interaction

6.2.2 Parallelization and computational strategies

For parallel computation, to perform the matrix-vector multiplication Ab = ¢, one
has to distribute the not only the matrix A but also the vector b and the resulting
vector c¢. The vector elements can be copied and distributed to all the processors
of the multiprocessor computer system. For a multiprocessor computer system con-
sisting of n processors, any vector v can be distributed in such a way that v = kn,
where each processor contains the continuous sequence of k-vector elements. To
illustrate the concept, let us consider the algorithm matrix-vector product based
on a row-wise block-striped decomposition scheme. To perform the multiplication,
we have to ensure that each processor must contain the corresponding row of the
original matrix A and the copy of vector b. The multiplication scheme is shown
schematically for a 3 x 3 matrix A and column vector b with dimension 3 x 1, in
the Fig. 6.1. The components of the resulting vector ¢ are to be collected from each
of the processors of the multiprocessor computer system. To collect the elements of
the vector ¢, we have to perform the all gather operation(MPI_Allgather). This
operation allows each processor to transfer its compound element of the resulting
vector ¢ to all the other processors.

To maximize the system size, which can be fit in the available memory, we need
various strategies to handle the Hamiltonian matrix. The strategies are based on
the fact that the Lanczos algorithm only requires the computation of matrix-vector

products but not the entire matrix. We can generate the matrix elements on-the-fly
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Figure 6.1: Pictorial representation of matrix-vector product in parallel computation

during multiplication. This way, we can maximize the system size at the cost of a

much larger time of calculation.

6.2.3 Diagonalization

We have used the package PARPACK to diagonalize the sparse Hamiltonian matrix.
Arnoldi’s method is very much similar to the usual Power method, and the extremal
eigenvalues converge first. The lowest eigenvalues converge to the ground state
energy exponentially fast. We start from an initial random vector, which iteratively
builds an orthonormal basis of the Hilbert space in which the given Hamiltonian
becomes tri-diagonal. It turns out that the number iterations required to obtain
the ground state energy are much much smaller than the Hilbert space dimension.
Typically, the first two eigenvalues converge around 100-200 iterations for a sparse
matrix of size 10°.

Here we briefly describe the Arnoldi method for exact diagonalization [131, 132].
The method of Arnoldi was introduced to reduce the matrix into the Heisenberg
form. But it turns out that we can get good approximate eigenvalues if we stop
before completion. Let us consider a square matrix of order n, which is to be diago-
nalized. Now, after n steps of Arnoldi’s method, we have an orthogonal reduction of
Heisenberg form, i.e., AV =V H, where H is an upper Heisenberg matrix, and V'

is an orthogonal matrix. The matrices V' and H are uniquely determined by the first
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column of V', a unit vector v = Vey, called the initial vector. If Arnoldi’s method

fails after m steps for some initial vectors, then we have the condition
AVy—=VaHy, =0 (6.1)

where H,, is the Heisenberg matrix of order m and V,, is a n X m matrix with
orthogonal columns. Typically when the algorithm does not break down after m

steps, we have the following relation
AV, —-V,H, = fe,, (6.2)

where f is known as the residual of the m-step Arnoldi factorization. If the algorithm
breaks down after m steps, then the residual is zero. However, this situation never
appears in practice because of the finite precision of the arithmetic. In order to
maintain the orthogonality, Gram-Schmidt orthogonalization is used iteratively. The

computed basis vectors are the columns of V,, matrix, known as Arnoldi’s vectors.

Now, by construction, V.* f = 0, then form from Eq. 6.2 we have
VAV, = Hp, (6.3)

So, this H,, represents the orthogonal representation of A onto the Krylov subspace.
Now we can use Rayleigh-Ritz approximation of the eigenpairs of A. Let (\;,y;) be
the eigenpairs of H,,, then the Ritz value \; and the Ritz vector x; = V,,y; can
be approximated to be an eigenpaiar of A. Typically only a small percentage of m
turns out to be good.

In practice, to obtain a good approximation, we require a large number of steps
m. So, the memory requirement and also the computational cost becomes an issue.
For this reason, a restarted version of the algorithm is implemented. The basic idea
is that once we calculate V,, for a fixed value of m, a new Arnoldi process is started.

In the sequel, m denotes the maximum number of vectors allowed for the basis.

6.3 Application to KHAF with DMI

Here we explore the model Hamiltonian of vesignieite as discussed in Chapter-5.
The effective spin Hamiltonian of vesignieite, consists of two term, first one is the
Heisenberg term and the second one the Dzyaloshinskii-Moriya interaction term.
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Figure 6.2: Kagome clusters of different sizes and shapes as implemented in the exact
diagonalization calculation. The thick brown line is the boundary of the shapes. The
maximum number encoded in the solid sphere of each of the shapes is the number spin.

104
TH-2582_126121017



6.3 Application to KHAF with DMI

Figure 6.3: The orientation of DM vector, in-plane component D), is shown by the black
arrow and the out-of-plane component D, is uniform along Z.

The model Hamiltonian is given by

— —

(]

where J;; is the strength of the exchange coupling, restricted to nearest neighbor only
and ﬁij is the DM vector with D,, and D, be the strength of the in-plane and out-
of-plane component. The orientation of the out-of-plane and in-plane components
of DMI are shown in the Fig. 6.3(a). The DM vector is given by

Dy = D,j+ D.k

Dy = R(l%,—g)Dgl
. A A 47 -
Doy = R(k, —?)Dgl (6.5)

where fi(l%, 0) is the rotation operator that rotates a vector by an angle § about the
axis k. The main focus of the study is to investigate the impact of a large planar
component of DM interaction. We compute the ground-state phase diagram and
various physical quantities to examine the magnetic structure of each of the phases
present in the phase diagram of the above model. The absence of the global spin
rotation symmetry, due to the presence of DM interaction, the Hilbert space could
not be decomposed into the invariant sub-spaces, restricting the size of the system to
30. We have applied periodic boundary conditions to reduce the finite size effect. We
consider different shapes with a total number of spins N is 12,15, 18,21, 24, 27, 30
as shown in the Fig. 6.2. We have obtained the ground-state phase diagram of the
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Figure 6.4: Ground state phase diagram

model only for the positive D,. We must mention that the conclusion is made by
looking at the trends of data points and extrapolation, so the accurate location of
the critical point largely depends on the extrapolation function as well as cluster

size and shape.

6.4 Results

We have computed the ground state phase diagram in the parameter range 0 <
D, <1and —1 < D, <1 based on the chirality as well as looking at the value of
Z7Z-component of structure factor at I' point. The ground state phase diagram of
the present model is presented in the Fig. 6.4. The ground state is in ) = 0 long
range order through out the parameter space. The phase boundary, shown by thick
black line, is drawn on the basis of chirality. We have calculated the spin chirality

that is the expectation value of
XZ:[§1X§2+§2X§3+§3X§1:|'R (66)

where §1, 52, Sy are the spins at any arbitrary triangle. The variation of chirality as
a function of D, for fixed D, is as shown in the Fig. 6.5(a). At Dp = 0 the chirality
is negative for D, > 0 and is postive when D, < 0. When D, is increased the
transition point shifts by small amount towards the positive D,. For D, = 0 case is

discussed by Cepas et al. [74] and they give evidence for spin liquid below D, = 0.1.J
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Figure 6.5: (a) Chirality as a function of D, for different values of D,, for N=27 (b)
Canting angle(in degree) as a function of D,, for D, = —0.1

using the idea of tower of states. However, as soon as D, is added, the global U(1)
symmetry vanishes and hence the same idea cannot be used to determine existence
of spin liquid. Away from the isotropic point, the ground state is in Q = 0 LRO.
The ground state is planar with negative chirality when D, > 0. With D, < 0,
the state is an umbrella state with positive chirality. In this case, the canting angle
varies from zero to 62.23° as D,, changes from zero to J as shown in the Fig. 6.5(b).
These results are in agreement with the SBMFT results presented earlier. In order
to establish the the ground state spin configuration we have calculated the static

spin structure factor. The static structure factor is defined as
3 .
of — i[Q-(Ri—R;)] agh
Q) =gy 2 ¢ (0ls¢'5710) (67)

where R; and R; is the site index and a, 5 € {x,y, z}. The Fig. 6.6 show structure
factors for a representative point D, = D, = 1 along the high-symmetry line of the
Brilliouin zone, for the right side of the phase diagram. The XX component of static
structure shows a peak at M., the height of which diverges in the N — oo limit as
shown in the inset of Fig. 6.6(a) . This is a clear signature the long range magnetic
order of () = 0 type. In this case, the ZZ-component of static structure factor does
not show any such peak(see Fig. 6.6(b)) indicating the planar arrangement of the
spins i.e the spins lie in X-Y plane.

In the left part of the phase diagram (D, < 0) we have taken the representative
point to be D, = —1 and D, = 1. Here too, from Fig. 6.7(a), we see that the XX

component of static structure shows a peak at M, showing a long range magnetic
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Figure 6.6: (a) XX component of static structure factor (b) ZZ component of static
structure factor for D, = D), = 1

order of () = 0 type. The divergent behavior of the height of the peak is shown in
the inset. But the ZZ component of static structure shows a peak at I' showing a
long range ferromagnetic order which is increasing as we increase N as shown in the
inset in Fig. 6.7(b). The canting angle is calculated from this data in the following
way and is shown in the Fig. 6.5(b).

(6.8)

S7ZZ(T) ]

= tan [\/SXX(Me) T+ SV (M,)

Non zero canting angle implies umbrella kind of the structure of the ground state.
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Figure 6.7: (a) XX component of static structure factor (b) ZZ component of static
structure factor for Dz = —1 and D, =1
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6.5 Discussion

For vesignieite, the measured value of in-plane component D, = 0.19J and the out-
of-plane component D, = 0.07J [93] which are the two dominant term compared to
other anisotropies like isotropic exchange anisotropy. The ground state is expected
to be strongly influenced by the out-of-plane component of DMI. In the classical
limit, any small amount of D, will force the spin to lie in the kagome plane. In the
absence of the in-plane component, the critical value D. = 0.1J predicted by ED
result, there is a disordered state at one side and ordered state on the other. So,
we expect that the presence of in-plane component D, will affect this critical value.
The presence of the in-plane component of DMI is responsible for the tilting of the
spins towards the z-axis and giving rise to ferromagnetism. The measured value of
the canting angle for vesignieite is found to be 3° < ¢ < 9°, as obtained from NMR
data analysis.

In our phase diagram, for the spin-1/2 case, the ground state is in the magnetic
LRO state. For negative values of D., we get the canted magnetic structure, and
the canting angle increases with the increase of D,. For D, = 0.2J and D, = —0.1J,
the estimated value of the canting angle is 6.98°, which is very close to the canting
angle measured in vesignieite as reported by Zorko et al. [93]. It seems the canted
LRO nature of the ground state of vesignieite is dictated by the presence of DM
interaction with the dominant component in the kagome plane.

In the case of SBMFT, for large boson density, the ground-state is also in the
magnetic LRO region for all values of D, and D,. The ground-state phase diagram
consists of two phases with different chiralities separated by a phase boundary. So,
the ED results are in agreement with the SBMFT results.

6.6 Conclusion

We study the effect of in-plane and out of plane component of Dzyaloshinskii-Moriya
interaction on the ground state of spin-1/2 kagome antiferromagnet using exact
diagonalization Lanczos method up to system size N = 30. We found two chiralities
of @ = 0 structure in the phase diagram for the spin-1/2 case. Positive chirality
appears with a canted structure, whereas the negative chirality appears with a planar
structure. For positive chirality states, the canting increases with an increase of D,,.
For D, = 0.2 and D, = -0.1, the estimated value of the canting angle is 6.98°, which
is in agreement with the canting angle measured in vesignieite. The obtained results

are in agreement with the classical ground state and also SBMFT results.
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Chapter 7

Conclusions

In this dissertation, we have extensively studied the effect of Dzyaloshinskii-Moriya
interaction on the ground state of kagome Heisenberg antiferromagnet and the pos-
sible regular magnetic order in kagome and triangular lattice. Here in this chapter,

we will briefly discuss the concluding remarks chapter-wise.

In Chapter-3, we study the ground-state phase diagram of kagome Heisenberg
anti-ferromagnet with added Dzyaloshinskii-Moriya interaction using Schwinger bo-
son mean-field theory. The construction of our mean-field theory is based on the
assumption that the planar component of DMI is much smaller than the out-of-plane
component. We have included the time-reversal symmetry breaking chiral Ansdatze
as well as the symmetric Ansdtze. In previous mean-field calculations, only the A
field which creates singlet at a given bond, was considered. But, here we have in-
cluded the hopping field B in our calculation. We have computed the ground-state
phase diagram for the present model. For a large value of S, even for even with
small DM interaction, the spins are forced to lie in the plane, which leads to ) = 0
long-range order. For small S, the quantum fluctuations induce a series of spin
liquid phases with increasing DM interaction. In this region, the inclusion of the
hopping field seems to stabilize the (7, 0) spin liquid phase over the (0, 7) spin liquid
phase. Since the constraint of boson density is not implemented strictly, in SBMFT
the spin-1/2 system can be approximated by the bosonic system at S = 0.366, due
to the fluctuations in boson density. We find that at S = 0.366, the model shows a
first-ordered phase transition from chiral cubocl spin liquid to () = 0 Neel phase at
D = 0.03J . Even though this result is qualitatively in agreement with other stud-
ies, it is not adequate in explaining the moment-free phase of herbertsmithite [112],
since the estimated DM strength is 0.08.J. Probably, one may need to consider

even smaller values of to obtain better numerical agreement with other studies and

111
TH-2582_126121017



Chapter 7. Conclusions

experiments.

In Chapter-4, we study the possible regular magnetic order in wallpaper group
p6, p3,p3m1, and p31m, which includes kagome and triangular geometry. These
states can be a very good candidate to study the ground-state phase diagram of
many specific spin models. We list all the possible RMOs for each of the wallpaper
groups. We found new RMOs that were not reported earlier. For example, for the p6
wallpaper group, we have found two icosahedron states, namely icosahedronl and
icosahedron2, where the spins point towards the corner of a regular icosahedron.
These two states contain 12 sub-lattices, and the unit-cell contains 12 sites. In these
two cases, the relative angle between the neighboring spins is different. For p3m1
group, we found two new structures, namely type-I extended tetrahedral structure
and type-I extended tetrahedral structure, where the spins are pointing towards
the corner of a tetrahedron. In these two structures, the spins at each triangle
become ferromagnetic, and it is a twelve site unit cell. For p3 group, we have found
two similar states, namely type-I extended ) = 0 state. Both of them have three
sub-lattices and an umbrella kind of structure. The realization of these states as a

ground state of specific spin models will be interesting to study.

In Chapter-5, we study the effect of Dzyaloshinskii-Moriya interaction on the
ground state of kagome Heisenberg antiferromagnet using Schwinger boson for-
malism. We obtained the ground-state phase diagram in the parameter space of
Dp(planar component of DMI) and D, (perpendicular component of DMI). Since in
SBMFT, the spin S can be taken as a nonzero positive continuous parameter. For
S = 0.5, we found a ¢ = 0 magnetic long-range order throughout the parameter
space. The phase diagram consists of states of two different chiralities, separated by
a phase boundary where there is a canted structure at one side and planar structure
on the other. But at S = 0.2, we get a gapped topological spin liquid sandwiched
between these two chiralities. By looking at the trends of data points, it seems that
the gapped spin liquid region vanishes to become the phase boundary in the large
S limit. Our results are in agreement with the classical ground state obtained for

the present model.

In Chapter-6 Since, SBMFT is an approximate tool to identify the possible
phases in the phase diagram; hence it only provides the qualitative results, not
quantitative. So, to verify the results of SBMFT, we employ the exact diagonaliza-
tion method to study the ground state of kagome Heisenberg antiferromagnet with
added DM interaction. Here too, we found two chiralities of () = 0 structure in the

phase diagram for the spin-1/2 case, separated by a phase boundary that is drawn
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on the basis of chirality. Positive chirality appears with a canted structure, whereas
the negative chirality appears with a planar structure. The canting angle increases
with the increase of the planar component of DMI for the positive chirality state.
For D, = 0.2J and D, = 0.1J, the estimated value of the canting angle is 6.98°,
which is in agreement with the canting angle measured in vesignieite. The obtained

results are in agreement with the classical ground state and also SBMFT results.

7.1 Scopes of Future Work

The ground state of quantum kagome Heisenberg antiferromagnet is still an open
problem to solve. The conclusions made from different approaches are not conclusive
enough, and the ground state remains elusive, as discussed in Chapter-1. However,
in this regard, we address some of the future prospects of this dissertation.

In the Schwinger boson formalism, we have described how to construct the chiral
Ansatze. Using this formalism, the ground state of kagome Heisenberg antiferromag-
net was argued to be a chiral topological spin liquid [72]. For the chiral Ansdtze,
we break the time-reversal symmetry and the minimal of lattice symmetries. In
that case, the wallpaper group p6m is reduced to p3. But there is no way one can
exclude the possibilities from the other sub-groups of p6m. Construction of mean-
field Ansdtze from other sub-groups and the computation of the ground-state phase
diagram remains an interesting topic to study.

In Chapter-4, we have listed all the possible regular magnetic orders in case
of different sub-groups of p6m. Understanding those regular magnetic orders as a
ground state of specific models remains an interesting extension of the present work.

Recent experimental results of vesignieite predict a different type of magnetic
structure instead of () = 0 order. Using neutron scattering results, D Boldrin
et al. [94] argued that the ground state is possibly a multi-k co-planar variant of
triple-k octahedral structure and the most dominant interaction is found to be the
anti-ferromagnetic third neighbor exchange .J;3. So, Understanding the ground state
of vesignieite appears to be a fascinating problem.

In this thesis, we have only concentrated on the anisotropy Dzyaloshinskii-Moriya
interaction. However, other anisotropies like single-ion anisotropy or dipole-dipole
interaction may have an impact on the ground state manifold. Up to what extent

these anisotropies influencees, the ground state is a potential problem to work out.
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