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Abstract

Performance of diversity receivers over various slow and flat fading channels is analyzed. The clas-
sical PDF based approach has been followed to derive the performance measures of three basic
diversity combiners namely Selection combining (SC), Equal gain combining (EGC) and Maximal
ratio combining (MRC) receiver over Hoyt, N — Ul and K — [ fading channels. The analysis is car-
ried out for both independent and correlated fading channels for various coherent and noncoherent
modulation schemes. For independent diversity receivers the analysis has been carried out for arbi-
trary number of input branches. The effect of diversity order and fading parameters on performance
measures is studied with the help of the numerical evaluation of the obtained expressions. For dual
correlated receivers the analysis is carried out for arbitrary correlation, whereas for L diversity re-
ceivers it is for two most important practical correlation models, equal and exponential correlation.
An equal correlation is observed in diversity reception by an array of three antennas placed on an
equilateral triangle or by closely placed antennas (other than linear arrays) [1]. Exponential corre-
lation is used to model the system when the receiving antennas are placed in a linear array [1, 2].
The effect of correlation on the receiver performance is studied for all the systems. To validate the
derived expressions Monte carlo simulation is performed and also the obtained expressions are com-
pared with the special case results available in the literature. For the expressions with infinite series
the convergence is observed and where ever possible expressions for upper bound on truncation error

have been provided.
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Chapter 1

| ntroduction

Propagation of a signal in mobile wireless channels results in a received signal with time vary-
ing strength, a phenomena known as fading. It occurs as multiple copies of the transmitted signal
travel through different paths as a result of being scattered and redirected several times from vari-
ous man-made and natural objects before getting combined with different attenuations and unequal
propagation delays, at the destination. This effect is also attributed as the time-varying impulse
response of the wireless channel. The time varying signal at a desired receiver affects its various
performance measures among which signal-to-noise ratio (SNR) and average bit error rate (ABER)
are prominent. The penalty in receiver performance varies with the severity of fading which may
change with the location of the mobile and may be highly unpredictable due to irregular environment
structure.

A known effective counter measure which can alter derogatory effects of fading on the receiver
performance is the Diversity Combining. Multiple copies of non-identically, attenuated and time
delayed received signals, when weighted suitably and equiphased before combining is likely to
decay the rate of variation and hence would be able to defy the fading effects. In principle, diversity
combining can be explained as the effect of reducing the probability of error p of a system when a

single copy of the signal is received, to p- when L independent fading copies of the same signal are

TH-985 0761210 1



Chapter 1 Diversity Combining

present. Certainly, the probability of error reduces significantly since p <1 [2].

1.1 Diversity Combining

Diversity combining is a well known approach to mitigate the effect of fading in wireless channels. A
diversity combining operation improves the receiver performance by processing preferably a number
of statistically independent copies of the same information-bearing signal over two or more fading
channels and combining these multiple replicas efficiently. The intuition behind this concept is to
exploit the low probability of concurrence of deep fades in all the diversity channels at the same
time, hence reduce the probability of error or outage. The possible ways by which independent

fading signals can be obtained are enumerated below.

1. Spatial Diversity: By receiving signals from a source by different antennas placed sufficiently
apart statistically independent fading signals can be received [2,6,7]. The minimum antenna
spacing for a mobile unit can be at least half wavelength [6]. For a base station, which is
stationary with elevated antennas, the required antenna spacing to receive independent faded
signals can be much wider than the mobile unit antenna spacings [6]. An experimental value
of 30 to 50 wavelength for stationary receivers can restrict the correlation below 0.3 between

faded signals is also reported in [7].

2. Frequency Diversity: Signal may be transmitted through different modulation frequencies
which are sufficiently apart to induce independent fading channels. The minimum frequency

separation should be at least the coherence bandwidth of the channel [8,9].

3. Time Diversity: The same information signal transmitted at different time intervals can be re-
ceived as independent fading signals. The minimum time interval should exceed the coherence

time of the channel [8, 9].

TH-985_0761210 2



Chapter 1 Multipath Fading Models

4. Polarization Diversity: Independent fading path may also be realized by simultaneous hori-

zontal and vertical polarizations transmission of signals [8,9].

5. Angle Diversity: Angle of arrival in case of beam forming antennas can also be used to gen-

erates independent fading channels [8,9].

6. Multipath Diversity: By resolving multipath components at different delays by using direct

sequence spread spectrum signaling along with a RAKE receiver [6, 8,9].

1.2 Multipath Fading Models

The multipath fading also known as small scale fading occurs due to multipath propagation of the
signal in a wireless channel [2,6,10]. Depending on the signal and channel characteristics the fading
can be modeled as flat or frequency non-selective, frequency selective, fast and slow fadings. The
frequency selectivity is the characteristic of the multipath time delay spread whereas fast or slow
fading is related to the Doppler spread of the channel.

It is difficult to have an accurate mathematical model of fading because of the complexity in-
volved. However, in last few decades, extensive work has been carried out to model this complicated
effects statistically and as a result a number of mathematical models have been evolved for fading
channels.

In different environments multipath fading can be modeled with different statistical distributions.

It is as described below.

Rayleigh

Rayleigh distribution is used to model the multipath fading when independent scatterers are suffi-
ciently large with approximately identical energy and no line of sight component is received by the

receiver. In this case the probability density function (PDF) of channel fading amplitude o can be

TH-985_0761210 3



Chapter 1 Multipath Fading Models

given as [2]

Pa(@) = = exp(—=), a>0, (1.1)

where Q = Ea? and E (-) is the expectation operator. A Rayleigh RV o can be modeled as o = |Z| =

X+ jY

, where X and Y are independent Gaussian RVs with zero mean and equal variances.

Nakagami Fading

1. Nakagami-m: The Nakagami-m distribution often gives the best fit to land-mobile and indoor-
mobile multipath propagation, as well as scintillation of ionospheric radio links [2]. Also, the
Nakagami-m distribution is widely used to model the urban environment and the PDF of the

envelop is given by [2]

omMo2m-1 mo2
Pa(a) = 7er(m) exp <_T> ,  a>0, (1.2)

where m > 0.5 is the parameter which determines the severity of fading. For m = 1, the PDF

of Nakagami-m distribution simplifies to Rayleigh distribution and for m = 0.5, it becomes

the one-sided Gaussian distribution.

2. Nakagami-g (Hoyt): The Nakagami-q distribution [11] or the Hoyt distribution is commonly
observed in satellite links subject to strong ionospheric scintillation and in a heavily shadowed
environments [2,12]. It includes the Rayleigh (g = 1) and one sided Gaussian (q = 0) as special

cases. The PDF can be given as [2]

1 2 1 2\2~2 1— 4\ ~2
pa(a)=<zig)aexp (—( Z(?zg))u )'O(< 4q2§;a ) o >0, (1.3)

where ¢ is the fading parameter and lo(-) is the modified Bessel function of first kind and zero
order. A useful complex Gaussian modeling of Hoyt RV is given in [13] and is reproduced in

Section A.1 in Appendix.

TH-985_0761210 4



Chapter 1 Multipath Fading Models

3. Nakagami-n (Rice): The Nakagami-n distribution is also known as the Rice distribution. It is
used to model propagation paths consisting of one strong direct line-of-sight (LOS) compo-

nent and many multipath components. The PDF of o is given as [2]

2\n—n? 2\ 2 2
o (a) = 2(LTM)e Gexp(_w)b(ma ””), a>0,  (14)

Q Q Q

where n is the rice fading parameter. A Rice RV a can be modeled as a = |Z| = |X + jY

B

where X and Y are independent Gaussian RVs with non-zero mean  and variances 02.

Weibull Fading

The Weibull distribution is another mathematical description of a probability model for characteriz-
ing amplitude fading in a multipath environment associated with mobile radio systems operating in
the 800/900 MHz frequency range. The Weibull PDF is given by [2]

/2
ra+2)\°
pd<o(>=c<—<9+ °)> @ exp

02 c/2
_<5r(1+%)) ] a>0, (1.5)

where C is the Weibull fading parameter.

n —u Fading

The n-U fading model is suitable for modeling small scale fading channels without LOS components
[14], [15]. Non-homogeneous physical characteristics of the surroundings is taken into account in
the mathematical modeling of this channel. It best fits to the practical scenario and experimental
data. Commonly used fading models such as Rayleigh, Hoyt, Nakagami-m etc., can be realized as

special cases of this channel model [14]. The PDF of the n-y distribution can be given as [14]

Po, (a)) = (1.6)

s

1

- 2

SIS T [2uH az}

1 1 -5 | Q ’
rH 202 2L
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where the parameters h and H are function of n. The parameter [ (> 0) is defined as

_ EX(o) H)’
h= 2V(0(||2) [1+ (F) ] , (1.7)

where V () represents the variance operator. There are two formats available for n-y fading channels,

which represent two distinct physical models. In Formatl, 0 < n < o is the scattered-wave power

ratio between the in-phase and quadrature phase components of each cluster of multipath. In such

-1 71— . . .
case h = wfm and H =1 T 1 In Format2, —1 < N < 1 is the correlation coefficient between

the scattered-wave in-phase and quadrature phase components of each cluster of multipath. In such

acase, h = 2 _1n2 and H = 1—nr12' However, mathematically, one format is related to the another by
1—
the formula, NFormat2 = %

K — W Fading

The K-J models have been found to be suitable for modeling small scale fading in mobile radio chan-
nels with LOS components [14], [16]. Non-homogeneous physical modeling has been considered in
the mathematical modeling of this channel, hence best fits to the practical scenario and experimental
data. Also, commonly used fading models Rayleigh, Nakagami-m, Nakagami-n (Rice) etc., can be

realized as special cases of this fading model [14]. The PDF of the K-l distribution is given as [14]

o (1 +K)'7 ot m e (1+K)

U K)2 aje @ K(1+K

poy (@) = = |2 5|, (18)
K Z exp(HK) Q, > '

where the parameter K is defined as the ratio between the total power of the dominant component

1 142K

\T‘%) (14K)? denotes the number

and the total power of the scattered waves and the parameter p =

of multipath clusters and |(+) is the modified Bessel function of the first kind and vt order.
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1.3 Literature Survey

Performance of diversity receivers over independent Hoyt fading channels are discussed in [17-26].
ABER performance of EGC receivers are analyzed in [17] and [18], where ABER expressions for
coherent and noncoherent modulations are presented. Binary modulations are employed in [17]
using the PDF based approach whereas in [18] analysis is for MFSK modulation. ABER expres-
sions, for coherent and non-coherent modulations for a conventional receiver (i.e. without diversity
combining) are derived in [19]. ABER performance of a MRC receiver for continuous phase modu-
lation scheme is presented in [20] and exact ASEP expressions for MPSK and MQAM modulation
schemes are obtained in [21]. A direct approach is used in [20] whereas [21] uses the MGF based
approach. Further, the obtained final ABER expression in [20] is in the form of an integral with
finite limits. Channel capacity of MRC receivers over Hoyt fading channels are analyzed in [22]
and [23]. Error performance of orthogonal space time block coding (OSTBC) schemes, theoreti-
cally equivalent to MRC, are studied for M-ary modulations in [24-26]. Average BER expression
is derived in [24] and in [25] capacity analysis is presented besides ABER performance. In [26],
exact closed-form symbol error rate expressions for coherent and noncoherent M-ary modulations
are presented.

The performance of a SC receiver is analyzed for Rayleigh, Nakagami and Weibull fading chan-
nels using either the PDF or the MGF based approaches for both independent and correlated fading
cases in [27-31]. Closed-form expression for the average signal-to-noise ratio (ASNR) for a dual-
SC receiver over correlated Nakagami-m fading channels is presented in [27] using the MGF based
approach. A number of performance measures such as PDF, CDF, moments, outage and ABER for
coherent and non-coherent M-ary modulations of a dual-SC receiver over correlated Weibull fad-
ing channels are obtained in [28]. In [29], outage and ABER performance over equally correlated
Nakagami-m fading channels is derived whereas an analysis for a three branch SC receiver over
correlated Rayleigh fading channels is presented in [30]. In [31], outage and ABER performance

of a dual-SC receiver over correlated Nakagami-m fading channels are presented for non-identical
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fading parameters.

For dual correlated Hoyt fading channels, the second order statistical properties such as level
crossing rate (LCR) and average fade duration (AFD) are derived for different diversity systems
in [32-34]. The outage probability performance of a dual-SC receiver over correlated Hoyt fading
channels is studied in [35] and for MRC and EGC receivers are presented in [36]. Analysis of di-
versity combining receivers with arbitrary number of branches over correlated fading channels is
challenging and may not be always possible as because obtaining an expression for the joint PDF of
multivariate faded signals in a suitable form is not easy. Thus, three correlated models of practical
importance namely equal or constant correlation, circular correlation and exponential correlation
have been suggested in [1,2,37] which are also convenient from the analysis point of view. Perfor-
mance analysis of MRC receiver for constant and exponential correlations over Nakagami-m fading
channels is presented in [1]. For equal and circular correlation models, PDF of the combiner output
SNR, outage, ABER performance for binary coherent modulations and channel capacity measures
are given in [37]. Recently, [38] also presented closed-form expressions for ASER of a dual-MRC
receiver over correlated Hoyt fading channels for a number of coherent and non-coherent modula-
tions using a novel decorrelation transformation technique.

For independent N — 4 and K — [ fading channels, performance studies are presented in [39—
47]. Outage and ASEP performance of a multi-branch MRC receiver for coherent and noncoherent
digital modulation schemes over K — U fading channels are given in [39] whereas ASEP expressions
only for noncoherent modulations are presented in [40]. In [41], closed-form expressions for the
ASEP of a multi-branch MRC are presented for N — [ fading channels for both coherent and non-
coherent modulations including asymptotic expressions. LCR and AFD over N — |l fading channels
are presented in [42-44] of which [42] addresses a conventional receiver. LCR and AFD for SC,
EGC and MRC receivers are presented in [43] whereas it is only for MRC and EGC receivers in [44]
which further provides an expression for phase crossing rate. For a multi-branch EGC receiver,

outage and ABEP for differential binary coherent modulations is derived in [45]. Performance of
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receivers in N — J and K — [ channels without employing diversity are treated in [46,47], using the
MGTF based approach. In [46], ASER expressions for QAM modulation is presented and in [47] it is
given for the BPSK modulation. Recently, [48] also presented closed-form expressions for outage
probability of a MRC receiver over N — [l fading channels for a number of coherent and non-coherent

modulations.

1.4 Motivation

In the literature survey, we noticed that for independent Hoyt fading channels, performance studies
are available for MRC and EGC receivers, but the SC receiver has not received enough attention. For
correlated Hoyt fading channels, analysis is available only for outage probability of dual diversity
receivers [35,36,38]. For N — U and K — [ fading channels, performance analysis is known for MRC
and EGC receivers with arbitrary number of independent branches but an analysis is not available
for SC receiver. To the best of our knowledge, performance analysis of diversity receivers over

correlated N — W or K — [ channels are not reported in the literature.

1.5 Problem Formulation

Based on the discussion presented in the previous section, we feel that analysis of diversity receivers
over correlated Hoyt fading channels for arbitrary number of branches can be a potential area of re-
search. Further, analysis of SC receivers is due for independent and correlated Hoyt fading channels.
For n — M and K — {4 fading channels, analysis of SC receiver for independent channels needs to be
investigated. Again, analysis for all diversity receivers for correlated N — [ and K — [ channels can
be of interest to the research community. Hence, in this report, we consider the following problems

for analysis, as stated below.

1. For independent and correlated Hoyt fading channels, performance analysis of MRC, EGC
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and SC receiver for arbitrary number of branches.
2. For n —p and K — Y fading channels,

(a) performance of SC receiver over both independent and correlated fading channels with
arbitrary number of branches.
(b) performance of MRC and EGC receiver over correlated fading channels, with arbitrary

number of branches.

For the above stated problem, we focus on the mathematical analysis of the diversity receivers. To
be specific we stress in obtaining expressions for various performance measures of these receivers,

mathematically in the best possible compact form.

1.6 Thesis Contributions

The important contributions of the thesis are stated below:

1. For Hoyt fading channels:
(a) L-SC and L-MRC receivers are analyzed over independent channels. Mathematical ex-
pressions for average output SNR, outage probability and ASER are obtained.

(b) Mathematical expressions for outage probability and ABER for are obtained for dual

correlated SC, MRC and EGC receivers.

(c) For the MRC receiver, the analysis in (b) is extended to arbitrary number of branches

with equal and exponential correlation models.
2. For n —J and K — Y fading channels:

(a) Analytical expressions for average output SNR and ABER have been obtained fora L-SC

receiver with independent branches.
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(b) Outage probability of L-SC receiver has been derived for n — [ fading channels with

exponential correlation among fading branches.

(c) For L-MRC receiver, mathematical expressions are derived for average output SNR, out-

age probability, and ASER, for equally correlated n — {4 channels.

1.7 Organization

There are six chapters in the thesis. Brief description about the contents of each chapter is given
below.

Chapter 2 gives an overview of the diversity combining systems. It describes the system model,
apprises receiver performance measures and analysis techniques of diversity combiners, and pro-
vides definitions of some useful notations to be used in subsequent chapters.

Chapter 3 presents performance analysis of diversity receivers over Hoyt fading channels. It
is divided into two sections under the headings ‘Independent’ and ’Correlated’ channels. In the
‘Independent’ section, the performance analysis of SC and MRC receiver with arbitrary diversity
order are presented. In ‘Correlated’ section performance of dual correlated SC, EGC and MRC
receivers and L correlated MRC receiver are obtained followed by numerical and simulation results
are presented.

Chapter 4 presents performance of the diversity receiver over N — [ fading channels. The chapter
is divided in two sections under the headings ‘Independent’ and ‘Correlated’ channels. Performance
of L-SC receiver is presented in the ‘Independent’ section. In ‘Correlated’ section, the performance
analysis of L-MRC receiver for equal correlation and L-SC for exponential correlation model is
presented followed by numerical and simulation results and discussion.

Chapter 5 presents performance of L-SC receiver over independent K — [ fading channels. In the
result section, the effect of diversity order and the fading parameter on system performance have

been discussed in details.
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Chapter 6 presents the conclusion of the thesis with a brief summary of the work presented.

Besides, it introduces some research problems for future work.
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Chapter 2

Perfor mance Analysis Overview

Analytical ABER performance analysis approach of a diversity combining receiver depends primar-
ily on three important factors such as the combining technique, the fading model and the modu-
lation scheme. For each diversity combining type the analytical approach can be different since
principles of operation of combiners are different. The approach changes with fading channel types
since a particular fading model may impose some restriction on the analysis. For a given fading
model, approaches may not be same for all parameter values of the model too. For example, for
the Nakagami-m fading model, analytical approaches may be different for integer and real values of
m. For independent and correlated fading channels, analyses are different which is relatively less
complex for independent fading compared to correlated case. The approach also depends on the
order of diversity and the complexity of analysis goes up with the order. In literature, there are many
presentations which analyze only for the dual diversity receivers as because an analysis for arbitrary
order of diversity involves huge complexity. The approach is different for coherent and non coherent
modulations.

There are some known approaches used in the literature for the ABER performance analysis
of diversity receivers such as the PDF based approach, the characteristic function (CF) based ap-

proach and the moment generating function (MGF) based approach. The PDF based approach is
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the straightforward one and can be applied if the PDF of the combiner output SNR is known [2].
The MGF and CF based approaches are used when the either the MGF or CF of the combiner out-
put SNR is known. The Gil Palaez Lemma based approach, a CF based approach, is applicable to
coherent receivers only [49]. Another CF based approach is available using Parseval’s theorem can
be applied for both coherent and non coherent modulations as well as independent and correlated
channels [3]. MGF based approach can be applied to all types of systems and modulation schemes
and requires the MGF of the combiner output SNR and parameters of modulation schemes [2]. This

approach has been widely applied in the ABER analysis of diversity communication systems.

2.1 System Model

A diversity combining receiver as shown in the Figure 2.1 is considered for analysis. The combiner
may be either a SC or EGC or a MRC combiner with L receiving antennas. The antenna spacing
although should be sufficient enough to receive independent fading signals in some situations it is
close enough to violate the independent assumption. Under mutipath propagation of a modulated
signal s(t), the received faded signals in an additive white Gaussian (AWGN) channel are {r;(t)}-_,.
The combiner can be a predetection or a post detection type [6]. The combiner is followed by
a detector which employs detection rules as per the modulation scheme used in s(t). A standard
operation in a receiver assumes that a demodulated signal should be fed to the detector [8,9]. To
meet this requirement it is assumed that the demodulation operation is performed in the combiner
itself.

Let the the energy of the signal s(t) over a symbol or bit duration Ts (or Ty) be Es (orEp) which
can be chosen depending on whether the modulation scheme is a M-ary or binary. We Assume a
slow and flat fading channel throughout this presentation. The received complex baseband signal at

the I received antenna of the combiner can be expressed as

n(t) = oel®s(t) +n(t), 0<t<Ts, 2.1)
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n(t)

n(t)

2
® Di VerS-i ty y(t) Output bits
o Combiner Detector [

(SC, EGC, MRC)

I’L(t)
L

Figure 2.1: Block diagram of a diversity receiver system

where Q) is the fading amplitude, ¢ is the phase, n|(t) is the complex Gaussian noise with zero
mean and two sided power spectral density 2Ng. The statistical distribution of the o} and phase ¢,
depends on the nature of the radio propagation environment. Some distributions such as Rayleigh,
Nakagami, Weibull etc., which are observed in wireless channels are presented in Section 1.2. From

|th

Equation 2.1 the instantaneous and average value of the received SNR at the I antenna can be given

2
asyy = u,'\l—? andyy =Ey| = E—EE[O(%], respectively.
The output of the combiner y(t), can be mathematically expressed from the principle of operation

of the combiner. For linear diversity combining, a general expression for y(t) can be given as [7]
L
y(t) =air(t) +apra(t)+...+acr(t) = 5 an(t), (2.2)
I=1

where the combining coefficients a;s, assume values corresponding to the combining rule employed.

Below we discuss basic combining techniques in detail.
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2.1.1 Selection Combining

For a SC combiner, a;s in Equation 2.2 can be given as

1,forl =k

a (2.3)

0, forl #k

Thus, at any point of time only one signal out of L available signals is selected for processing which
is the the signal with the highest SNR, among all L. From the implementation point of view this
is the simplest of all diversity combiners. The block diagram is shown in Figure. 2.2. Assuming

identical noise power in all the received branches, the output of the combiner can be given by
y(t) = ael¥s(t) +z(t), (2.4)

where 0 = max{0j,0y,...,0}. The combiner output SNR can be given as

o’E
V=R = maxdy vk 25)

With uncorrelated fading at the input receiving antennas, the cumulative distribution function (CDF)

of the combiner output Py(Ysc) can be expressed as

L
Py(Vsc) =Pr{y<Vs} = |_| Py (Ysc), (2.6)
I=1

|th

where Py, (Vsc) is the CDF of the received signal at the I'" antenna. For i. i. d. receiving branches,

the joint CDF can be given as Py(Ysc) = [Py, (Ysc)]"- Thus, the PDF can be given as
fye (Yso) = Ly (1) [Py, (vse)] - 2.7

Another version of SC combiner is the Switching and Stay combining. In this scheme once a branch
is selected it remains connected to the output for demodulation processing until its SNR falls below
a predefined threshold. The performance observed for this combiner is close to that of the selection

combiner where as the required switching among the branches reduces significantly compared to

that of SC.
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F1(t) SNR Monitor
! & Select Max.

) (t)\(

r.(t)

Figure 2.2: Block diagram showing principle of operation of the Selection Combiner

n,

. 5\. y(t)

B S N S

2.1.2 Maximal Ratio Combining

In MRC combiner all the received signals are co-phased and then multiplied by a weight factor

proportional to the branch SNR before summing up to form the combiner output. A block diagram
L

of the MRC combiner is shown in Figure 2.3. The combiner output is given by y(t) = 5 airi(t).
i=1

Weights to be the conjugate of channel gain [must be estimated]

' 2 aie”Omi(t) = i aie” 1 aie!s(t) + ni(t)]
i= i=1
- (i a?) s(t)+ 5 aie %ni(t) (2.8)
= i

The SNR of the combined signal is

L
3 e
Y= —

Yi (2.9)

M~

No

1
Maximal ratio combiner provides optimum performance and needs all channel fading information

at the receiver. Thus, complexity of a communication receiver with MRC combining is high.
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{2 A
orjej‘pL

Figure 2.3: Block diagram showing principle of operation of a Maximal Ratio combiner

2.1.3 Equal Gain Combining

In an EGC combiner, received signals from all L receiving antennas are co-phased and multiplied
by an unit weight factor before being added together to form the output signal of the combiner. For

an EGC combiner, the combining coefficients a;s in Equation 2.2 can be given as

a =122 "L (2.10)

The combiner output signal can be mathematically expressed as

y(t) = i e 0iri(t) = (i cxi) s(t) + i e 1%in;(1). 2.11)
i i=1

i=1 i=1

The SNR at the EGC output can be given as

L 2 Eb
y= i;ai NG (2.12)
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The performance of a EGC is very close to MRC, whereas the complexity is less. So in the commu-
nication system EGC is widely used.

The combiner output is fed as input to a detector to decide which one of the symbol from the
transmitter signal set was transmitted. Thus, the complexity of the detector depends on the modula-
tion scheme used. For example, for a BPSK modulation scheme which has only two symbols in its
signal set, the detector has to decide whether a ‘1’ or ‘0’ was transmitted. Hence, the detection rule

is the threshold value in the middle of the signal constellation for ML detector [2].

2.2 Correlated Fading Models

Diversity receivers having independent fading channels as input give the best performance. How-
ever, in practical scenario obtaining an independent fading channels are difficult due to space con-
strain of mobile portable devices [1,2]. The analysis for L correlated diversity receivers is not handy
as an expression for the joint PDF of multivariate fading RVs is not possible to obtain in each case.
Hence, the analysis is carried out for two useful correlation models namely equal correlation and

exponential correlation. Below these two correlation models are described.

Equal Correlation

Equal or constant correlation model is one in which the correlation coefficient is defined as [1,2]
Pi,j=p,Vi# 1 <0, j<L, (2.13)

where pj j is the correlation coefficient between the fading signals received at the it and the jt"
receiving antennas. In practice, this correlation model is observed in diversity reception by an array

of three antennas placed on an equilateral triangle or by a closely spaced set of antennas [50].
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Exponential Correlation

In exponential correlation model the correlation coefficient between it and jth received received

fading signals is defined as [1,2,51]

pij=p" i j=12,...L (2.14)

The exponential correlation is observed when the receiving antennas are placed in a linear array.

2.3 Analytical Methods for System Performance Evaluation

There are some standard methods used in literature to analyze various performance of a diversity

receiver. These methods are discussed below.

2.3.1 Probability Density Function Based Approach

The PDF based approach is a straightforward approach for performance analysis which requires the
knowledge of the PDF of the combiner output SNR. Formulas for obtaining various performance

measures are mentioned below.

1. Average output SNR: Average output SNR can be obtained by averaging the instantaneous

SNR over its PDF. It can be given as
V= [ viy(dy (2.15)
0

where, Y is the average SNR and f,(y) is the PDF of y.

2. Outage Probability: Outage probability is an important performance measure of any com-

munication receiver. For the output SNR, it is defined as the probability that the output SNR
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Y, falls below a certain threshold value i, [2]. Mathematically, it can be given as

Yth

Pout(Yth) = / fy(y)dy. (2.16)
0

3. Average Bit Error Rate: The average bit error rate (ABER) of a digital communication
system for various modulations can be obtained by averaging the conditional BER (condi-
tioned on SNR) corresponding to the modulation scheme over the PDF of the receiver output

SNR [2]. Mathematically, it can be given as

00

Po(7) = [ pelely) fy(y)dy. (2.17)
0

where pe (€]y) is the conditional BER corresponding to the modulation scheme used.

4. Amount of fading: Amount of fading is an important statistical characteristic of the fading
channel, also known as the fading figure. It is generally associated with the PDF of the fading

[2]. It can be mathematically obtained from the first and second moments of the SNR as

ar _ VAl EP)—END? o1

(ElV)? (E[V)?

where var|-] represents the variance and E|[-] is the expectation operator.

2.3.2 Moment Generating Function Based Approach

In a number of cases it is not possible to obtain the PDF of the combiner output SNR in a suitable
mathematical form. MGF method is an alternative method for a large number of such cases [2]. It
requires an expression for the MGF of the combiner output SNR. Performance measures using the

MGEF of the combiner output SNR can be obtained as below.

1. Average output SNR: The average output SNR of a diversity combiner can be given by

. d
V= g5 Mv(8)] ls=0 (2.19)
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where, My(s) is the MGF of the combiner output SNR and % [-] is the differential operator.

2. Outage probability: The outage probability can be given by [2]

O+ joo
1 My(—s
Pout(\/th)zz—nj / %eythsds, (2.20)
0—joo

where 0 is chosen in the region of convergence of the integral in the complex S-plane.

3. Average BER: The formula for the average BER in MGF approach is given by [2]

0+ joo
_ 1 Mp(—s
PelY) = 37 / 7'32 ) ds. 2.21)
0—joo

2.3.3 Characteristic Function Based Approach

In this approach characteristic function (CF) of some of the variables of the receiver is used to obtain

performance measures. This approach is discussed below.

1. Coherent Receivers: For a coherent receiver with BPSK modulation, the ABER can be ob-

tained using the following formula (Gil-Palaez lemma) [49]

0{®p, (jw)}
[0V

) 11 [
Pe(y):Pr(D1<O):§—E[/

—00

dow, (2.22)

where @p, is the characteristic function of the receiver output decision variable D assuming

a ‘1’ was transmitted.

2. Non-coherent Receivers: For receivers with noncoherent modulations, the CF based formula

for ABER can be given as (using Parseval’s theorem) [3]
I R
Pe(7) =~ [ {6 (5)als)ds, 2.23)
0

where @ (S) is the CF of the combiner output instantaneous amplitude, G(S) the Fourier

transform of the conditional error probability and * is the complex conjugate operator. This
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Table 2.1: Conditional BER of coherent and noncoherent modulation schemes with instantaneous

SNR y[3]

T DQPSK with gray coding

Modulation Conditional BER
Lt v —ysin? TPM
MPSK }Tof exp( Sin(ze >)de
RENETEE
1
MDPSK = ({ Ex 1+Cos(T9M) de
NCMFSK M1Exp(5Y)
MSK erf (, /Y 2) —0.25erfc2< V/2>

00
1 T
2n0f exp < 3\/2Cos0

Square QAM

2ger fc (/py) — ger fc? g\/W)

q:l—ﬁandp:

5

M—1

method has been found to be appropriate for ABER performance of EGC receiver. Since,

the Equation 2.23 requires only the combiner output CF, this formula can be safely used both

for coherent and noncoherent modulation schemes. Besides, it can also be used to analyze

combiners with both independent and correlated fading branches.

The conditional BER for different modulation schemes are listed in Table 2.1. For coherent

binary signaling, the expression for the conditional BER can be given by putting M = 2 for the entry

for MPSK in the table which can be simplified as

Pe.coh (EIV) = Q (v/2ay)

(2.24)

where a = 0.5, 1 for CFSK and CPSK modulations. For noncoherent modulations, the simplified

form of conditional BER can be given as

1
pe7ncoh (8 ‘V) = E eXp(—ay),

with a = 0.5, 1 for NCFSK and DPSK modulations.

(2.25)
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Perfor mance Analysisin Hoyt Fading

Channels

Performance analysis related research works on diversity receivers in Hoyt fading channels are avail-
able in [17,18,20,22-26]. These analyses provide studies on the performance of MRC and EGC
receivers over independent fading channels. Apart from issues covered in these presentations many
other useful performance measures also need attention. Performance analysis of SC receiver over
Hoyt fading channels is not available in literature. Selection combiner having the least complexity
among known diversity combiners can be of interest from the implementation point view. As it is
well known that practical diversity receivers have to operate in correlated fading environments [1],
analysis of diversity receivers for correlated fading channels can provide actual performance of these
systems.

In this chapter, analysis of SC, MRC and EGC receivers are presented for Hoyt fading channels.
For SC receiver the analysis is provided for independent channels. Available analysis for MRC
receiver over independent fading channels are extended further to obtain performance measures

such as outage probability and amount of fading. For correlated Hoyt fading channels, the analysis
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are presented for dual diversity combiners. Further, performance of correlated MRC receiver results

are extended to arbitrary order of diversity.

3.1 Selection Combining in Independent Fading Channels

Analysis of the SC receiver using the PDF based approach as discussed in Section 2.3.1 requires
an expression for the PDF of the combiner output SNR. For independent Hoyt fading channels we
derive an expression for this PDF fy (Ysc) and use it further to obtain moments expression for the
combiner output SNR, outage probability and ABER for binary, coherent and noncoherent modula-

tion schemes.

3.1.1 PDF of Combiner Output Signal-to-Noise Ratio

As discussed in Section 2.1, the combiner has L independent input faded signals whose SNRs are
given as y| = E—ga |2, | =1,2,...,L. The RVs ;s are Hoyt distributed having a PDF expression given
in Equation 1.3. For the convenience of analysis Equation 1.3 can be expressed in another form as

shown in Equation A.2 of Appendix A.1 and is reproduced below.

_ L g2
oe 27! 2
oy (01) = TIFI (%;1;127‘30(,2). (3.1)

Since, as are independent RVs an expression for the joint PDF of fading envelopes at the combiner

input can be given by the product of L PDFs as

L

1 — Lo 1 1-9 ,
fcx170(27...70(|_(0(1,a2,---,GL>:Jﬂaie 2R (5;1;2—q2°‘i>‘ (3.2)

The combiner output envelope o depends on the input envelopes as per the switching rule of the

SC combiner discussed in Section 2.1.1. An expression for the CDF of output envelop a can be
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obtained by integrating Equation 3.2 w. 1. t. Os as

a
= — 520 1-¢? (2
Fu((x):a[! /a.e 227 F (2 1; 2q2 aj |daj p. (3.3)
— o
The integral in Equation 3.3 can be solved by expressing 1F(-;-;-) in infinite series applying [4,

9.14.1] (reproduced in Equation B.11) and then solving the resulting integral using [4, (3.381.1)]

(reproduced in Equation B.6). The final expression after integration can be obtained as

w (1 st
Fa(a) = 2L—11qL—2 [Z ((k')) (1—q ) g(k+1 ;—(12)] . (3.4)

The PDF of a can be obtained by differentiating Equation 3.4 w.r.t. o, which after simplification

can be given as

L

3 ki il 1
B o l_qz),:1 a2kitlg 2 [ L (i)k- L-1 a2
fo(0) = Lot 2 ( : g <ki+1,—) (3.5)
| k,-Zo (ﬁq)2kL e 1 2¢?

The instantaneous output SNR of the combiner is Y5 = a’E, /No and its average values is
¥= (14 g%)Ep/Np (from Equation A.3). Applying the concept of the transformation of RVs, the

PDF of Vs can be obtained from Equation 3.5 as

L ) 1 z ki
O (g g Sy LG L (1-g* \&
fysc(ySC> = L < 2Vq ) V'S_C e Z 1 (k |)2 2yq2 Ysc

L-11F; <1 Ki +2; 12—;[?2 Vsc) 26
X . .
r e (3.6)

The expression in Equation 3.6 can be verified for Rayleigh fading channels which is a special case
of Hoyt fading (q = 1). Substituting q = 1 followed by some algebraic manipulations it can be

shown that Equation 3.6 reduces to
L —wsc L—1
fyee (Yoc) = §e Y (1 —e v ) ; (3.7)

which is the same as [10, (7.60)].

TH-985_0761210 26



Chapter 3 Performance of SC in Independent Hoyt Fading Channels

Upper Bound on Truncation Error

It can be observed that Equation 3.6 consists of L number of infinite series. In the numerical eval-
uation of these series we take a finite number of terms of each infinite series, ensuring a desired
accuracy, in the sum. This results in a truncation error of the expression. Considering equal number
of terms ‘K’ for each infinite series in the evaluation, it can be shown that the truncation error has
an upper bound. A derivation of an expression for this upper bound is shown in A.10.1 of Appendix

and can be given as

1 (1—q4)Vsc
1 3 + K W

L(1+q2) A\ K+1
— =7 Ysc (1 q )
Exk < Le 2w {—(1_q2)q2K+1

L
]2'32

K+l K+1
| (1-q*)x -
1+0? I s+K K+1 —&
x 9 1F (1;K+2;2_—2vsc>3F3 ? i . (3.8)
v K+l K+1 K42

3.1.2 Momentsof Combiner Output Signal-to-Noise Ratio

The N order moment associated with the combiner output instantaneous SNR Ysc can be given,

mathematically, as

E] = /Vycfvsc(VSC)stm (3.9)
0
Putting fy, (Ysc) from Equation 3.6, Equation 3.9 can be rewritten as
L
o0 _ 1 1 ki
E[VN] - L 1+q2 ; L1 (i)ki (?)kL 1_q4 igl
j=12,..L
00 L+N—|—_§lki—l _|_(1_+(212)ysc L—-1 1+q2

X J Ysc¢ e |I:|1 1k <1;ki+2; 2_—yq2Vsc) dYsc. (3.10)
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The integral in Equation 3.10 can be solved by applying the identity [3, (C.1)], (reproduced in

Equation B.15). After integration the moment expression can be given as

F(L+N-+ % ki)

S . SR (L (1, 1o 2
Bl = LqLL:NZNl(liqu)Nj%?.,L {LI'I (k.+1)} {Ilj(é!)kz}(l qu)

L
XFa [LAN+ Y kis L1l Ki+2,ke+2,0 ko1 +2; Liot |.aan
i=1 b —
(L—1),numbers (L—1)numbers

The average output SNR of the SC combiner Ys¢, can be obtained by putting N = 1 in Equation 3.11

and can be given as

Yoo = qII:—IZ(%) k,io r{(l'j+1+2k}>{.ﬁ l }(l_qz)i;ki

j:1,2,...,|_ |:1

L
XPa | L+14+ Y kis L1, 15 ki+2,ke 42,00 kot +2; Lttt |61
i=1 N ——
(L—1),numbers (L—1)numbers
For the case of Rayleigh fading which is a special case of Hoyt fading (q = 1), the average output
SNR of a dual-SC combiner can be obtained by substituting q = 1 and L = 2 in Equation 3.11 as

Vsc = %V, which is same as the expression in [31, (12)].

3.1.3 Outage Probability of Combiner

The outage probability Pyyi(Ytn) of a combiner is defined in Section 2.3 and a mathematical ex-
pression for the same is given in Equation 2.16. Putting the expression for the PDF of ys; from
Equation 3.6 into Equation 2.16 and expressing the involved hypergeometric function in infinite

series [4, 9.14.1] (reproduced in Equation B.11) and rearranging the terms, an expression for the
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outage probability can be given as

gt 2 Ki L) 3t
Pout(Ytn) = L<1+qz)L % {L (%)k,} 2\7(12)'_1 % <ﬁ 2
) i o il:! i {L 1 i+1)}j L=0 {L Y

J=1.2,0L iDI k =12, iDI (kl+2)ti}
Vih L+zk.+zt, 1 (l+q)
/Vsc e stc (3.13)
0

The integral in Equation 3.13 can be solved by applying the identity [4, (3.381.1)], (reproduced in
Equation B.6). For the convenience of presentation, which is used very often in the related literature,
defining a new variable i.e., Normalized Average Branch SNR as y\ = yV , an expression for Poyt(Yin)

as a function of yy can be given as

L—1 L >
oL+t )

N———

o (%)k.
Pout(Wn) = {1 kZO ]_!(k,) {Ll

tp=0 2t (L1
n (ki +1)} p=1.2 L1 L=t {_n (ki +2),,

(3.14)

3.1.4 AverageBit Error Rate

ABER performance of diversity communication systems is defined in Section 2.3 and a general
mathematical expression for ABER, as a function of conditional BER for modulation scheme and
the PDF of received SNR, is given in Equation 2.17. To obtain an expression for ABER of a SC
receiver in Hoyt fading channels, the obtained expression for the PDF of the output SNR Ys in
Equation 3.6 and an expression for the conditional BER Pe.coh (€]y) corresponding to the employed
modulation scheme is required. Expressions for the conditional BER of a communication system
for different digital modulation schemes are listed in Table 2.1. Thus, ABER expressions for binary,

coherent and noncoherent modulations can be obtained as discussed below.
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Binary Coherent Modulations

For binary coherent modulations (CPSK or BPSK and CFSK or BFSK), an expression for pg ¢op (gly)
can be obtained by evaluating the entries for MPSK and MFSK modulations for M = 2 in Table 2.1.
A simplified combined expression for conditional BERs is also given in Equation 2.24. Thus, putting
Pe.coh (€]y) from Equation 2.24 and fy.(Ysc) from Equation 3.6 into Equation 2.17, binary coherent

ABER expression can be written as

i 1+\" 2 (L) )
Pecn(V) = L( 2V ) I?ZO {I] kit? }{ _1( )}

j=1,2,...L

00 L+zk. I . L-1 i 2
X /Q <\/ 2a\/sc) Ysc - R {rl 1F1 (1;ki +2; 2_—2\/30) } dysc. (3.15)
0 = 4

The Q(-) function in the Equation 3.15 can be expressed using incomplete gamma function applying
the identity [1, A-(8a)] (reproduced in Equation B.14). Also, the hypergeometric function can be
written in series form using [4, 9.14.1] (reproduced in Equation B.11). After these modifications the
obtained integral can be solved using the identity [1, A-(6)]) (reproduced in Equation B.13) and an
expression for ABER can be obtained as

ki Lot

% L s 2,4
o LN ay ki )nl] =1
Pecn(Y) = L(ani) m kz {H ki!)2 } L_l( tZO r]i
=0 »
p:

=l L
L
<L+ +Z )
L—
{_ k,+2 }(
=

L+1+Y ki+ tJ,Lm), (3.16)
> ,Zl

1+¢?
L(1-+02)+2ay0?

HM|

X

HMl—

3

L L—-1
1 >2F1 (1,L+%+Zki+ > t:
i= j=1

A
where N| =
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Binary Non-coherent Modulations

Noncoherent binary modulation includes BDPSK and BFSK schemes. For these modulations, ex-
pressions for conditional BERs can be obtained by evaluating the entries in Table 2.1 for MDPSK
and NCFSK, for M = 2. A simplified combined expression for both the modulations is given in
Equation 2.25. Putting P ;,¢op (€]y) from Equation 2.25 and fy(Yysc) from Equation 3.6 into Equa-

tion 2.17, an expression for noncoherent ABER can be written as

L

[igele 1 % iglki
Pench(Y) = %(1;\732) _k,Zo {ﬁ(kz");l}{giw) }

=120 T (ki+1)

i=1

L
T Lty kol L(1+q?)+2ay? = 1+¢2
x | Ve i=1 e 2y92 Y {I_l IFI <l,k| +2; _2_ c; ySC) } dysc. (317)
0 IS ¥

The integral in Equation 3.17 can be solved using identity [3, (C.1)] (reproduced in Equation B.15).

Thus, an expression for the ABER for binary non-coherent modulations can be obtained as

: } r (L+él ki) [(1 —qz)nd‘iki

(0e]

i L =
I:)e,nch( s E(qnl)L Z {rl (ki!)2 L1
ki=0 1= ) .
j:1f2,...,|_ {ﬂl (k'+1)}
L
xFa | L+ Elki; L., L ki+2,ka+2,....kk—1+2;01,N1,-..,Nn1 |- (3.18)

& —— ~—

(L—1)numbers (L—1)numbers

It can be verified that for the case of Rayleigh fading, which is a particular case of Hoyt fading (for
q = 1), it can be shown that Equation 3.18 reduces to Pg nch y) = m, for L = 2 which is

same as [52, (13)].

3.1.5 Resaultsand Discussion

The outage probability expression obtained in Equation 3.14 is numerically evaluated and curves

are plotted for Poy¢(YN) vs. Y in Figure 3.1 for different values of L and g. In this figure, it can be
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observed that for a given value of Vi, (or Yn) and L, with the decrease in ( the outage increases. It
is because the decrease in ( indicates an increase in severity of fading resulting in an increase the
probability of outage. It can also be seen in the figure that an increase in L reduced the probability
of outage at the cost of increase in complexity of the diversity receiver. From the figure it can be
observed that the plot for L = 3 and q = 0.2 is almost overlapping the curve for L =2 and q = 1,
which is counter intuitive. This indicates that the performance benefit expected from L = 3 over
L = 2 is nullified due to severity of the fadings i.e., q = 0.2 over = 1. For binary, coherent and
non-coherent modulations, the expressions in Equations 3.16 and 3.18 are numerically evaluated
and curves for ABER vs. Y per branch are shown in Figures 3.2 and 3.3, as a function of L. In these
figures it can be observed that fading severity conditions cause increase in the ABER. ABER of the
receiver decreases with the increase in L, as the combiner receives the signal from more number of
redundant input antennas. To further investigate the effect of L on the performance, we plotted the
magnitude of gain in output SNR vs. L in Figure 3.4 for an ABER of 10~*, for CPSK and DPSK
modulations. From this figure it can be observed that the gain in SNR is maximum for L = 2 and
decreases relatively with every increase in L. It can also be noticed that over modulation schemes,

the gain in output SNR per increase in L is small.
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Figure 3.1: Outage probability of L independent SC receiver.
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Figure 3.2: ABER of L-independent SC receiver for CPSK and CFSK modulations.
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Figure 3.3: ABER of L-independent SC receiver for NCFSK and DPSK modulations.
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Figure 3.4: SNR gain per branch vs. L for CPSK and DPSK modulations as a function of g.
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3.2 Maximal Ratio Combining in Independent and Identical Fad-

ing Channels

An expression for the output SNR ymnrc of a MRC receiver is given in Equation 2.9. It is the sum
of the received branch SNRs y;s. Using the definition of branch SNRs i.e., Y| = E—gulz, Ymrc can be
expressed, mathematically, as

Eb Ep
Ymre = No (of +aj+...+af) = N—Oaz, (3.19)

where 02 = O(% + O(% +...+ GE. Thus, the PDF of ymc can be obtained from the PDF of the RV aZ.

3.2.1 PDF of Combiner Output Signal-to-Noise Ratio

From Equation 3.19, it can be noticed that an expression for the PDF of Y can be derived from the
PDF of a?. The PDF of a?, under the assumption of independent 0js can be given mathematically as
the L fold convolution of the PDFs of RVs o %, 0(%, o Es. But, using this method it is not possible to
obtain a compact expression for this PDF and the complexity of the numerical evaluation increases
exponentially with increase in L [53]. However, by using the complex Gaussian model for a Hoyt
distributed RV discussed in section A.1 [13], it is possible to obtain an expression for this PDF.
Using this model, an expression for the PDF of a? is obtained as below.

Using the model for Hoyt distribution in [13], an expression for the CF of the sum of Hoyt square
RV is derived in Appendix A.2 and is given in Equation A.11. For convenience, it is reproduced

below.

1

1 L
----- (20x0y)" Il:l \/<ﬁ + jwi) (2%,% + jooi)

where 0)2( and G>2, are variances of the inphase and quadrature phase components of the o in the Hoyt

: (3.20)

model described in [13]. An expression for the PDF of a2 can be obtained by putting w; = @) =
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... =y = win Equation A.11 and subsequently applying inverse Fourier transform to the resulting

expression. This expression can be given as

fo(0?) = ! /m el do. (3.21)
2Lt m(oyay)- /- Kz_lzﬂ.w) <2—12+jw)]%
oy a2

Solving the integration in Equation 3.21 (using [4, 3.384.8], reproduced in Equation B.8), an ex-

pression for f,2(0a?) can be obtained as

nga—e ™ L TfL 1
fo(a?) = (20X0_y)|_I_(L)1F1 lz,L,z (03 0%> 0(] ) (3.22)

Performing a transformation of RV on a? corresponding to the multiplying factor Ey, /Ny and sub-
stituting Ep, /No = y/(1 + q2) from Equation A.3, an expression for the PDF of Yy can be obtained

as

L 2
1 1+ 2 — —lf—q mrc L 1-— 4
ferc(erc) = (L— 1)! ( 2\_/3 ) Y|r_nrcle zyqzy 1F (E;L; 2_—yq(iymrc) . (3.23)

3.2.2 Average Output Signal-to-Noise Ratio

Average output SNR of MRC receiver can be obtained from Equation 3.23 as

L ® 2
Y 1 i q2 — L Ymre L K= q4
E [Vmrc] = Ymre = ( - ) /Vlfnrce 29 1F1 | 3L === Ymrc d¥mre, (3.24)
L-1)! 2 2y0?
(L—1) va/ 7

The above integral can be solved using the identity [4, (7.621.4)] (reproduced in Equation B.10).
After simplification Ymrc can be obtained as

Yinre = 2';2’:'—;225 (5,L+ 1L 1—g?) =Ly. (3.25)
In the above equation the hypergeometric function is eliminated using the expression given in [54]
(reproduced in Equation B.17 in Appendix). This result is obvious from the definition of average
output SNR of the MRC combiner given in Equation 2.9 and hence is a verification of the correctness

of Equation 3.23.
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3.2.3 Outage Probability of Combiner Output Signal-to-Noise Ratio

Outage probability of the MRC output SNR can be obtained putting fy, . (Ymrc) from Equation 3.23

into Equation 2.16 as given below.

1 1 +q2 L 1 —ﬂymrc L 1 — q4
Pout(Yth) = m < 2vd ) /VlrﬁFc e 2 TR (j; L; Wymrc) dYmre- (3.26)
0

The confluent hypergeometric function in the above expression can be expressed in infinite series

(using [4, 9.14.1], reproduced in Equation B.11) resulting in the expression

k Yth

L L 4 2

1 1—|—q2 3 1—q = e

Pout(¥n) = r(L)( 2 ) 2 (Eik)ltv ( 2Vq2) [t e 327)
=i : /

This integral can be solved applying [4, (3.381.1)] (reproduced in Equation B.6) and a final expres-

sion can be given as a function of yy (defined in Section 3.1.3), as

% L 2\k D
e Gh(1-9%) 1+q

It can be verified that for q = 1, which is the Rayleigh fading case, Equation 3.28 reduces to

Eh 5
Pout(Yth) = %, (3.29)

which is same as the expression [1, (40), for m = 1]. The infinite series involved in Equation 3.28

can be upper bounded on truncation error as shown in Section 3.2.6.

3.2.4 Amount of Fading of Combiner Output Signal

The amount of fading of a combiner is defined in Section 2.3 and a mathematical expression for the
same is given in Equation 2.18 which needs expressions for the first and second order moments of

Ymrc for evaluation. First order moment is given in Equation 3.25. An expression for the second
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order moment can be obtained as below.

L ® 2
. 1 1+q2 +1 —l;—qzymrc L.y. 1_q4
E[yrznrc] = O (—ZVC] ) O/V,I;m:e ¥ 1F Z,L,—qu Ymrc | dYmrc
4 2
_ L(L+2)(1+q;+2Lq ?, (3.30)
(1+0?)

where we solved the integral in the above equation using the identity [4, 7.621.4] (reproduced in
Equation B.10). Thus, putting E [ymrc] from Equation 3.25 and E[y2 ] from Equation 3.30, in Equa-

tion 2.18 and simplifying the resulting expression, AF can be obtained as

2(1+q*
AF — (7(”2 (3.31)
L(1+0?)
: Yy . . 2(1+9%) .
The amount of fading expression in Equation 3.31 can be verified forL=1 | AF = (¢ )2 which
+q

is same as it is given in [2, (2.14)].

3.25 AverageBit Error Rate

ABER performance of a diversity communication system is defined in Section 2.3 and a general
mathematical expression for the ABER is given in Equation 2.17. To obtain an expression for the
ABER of a MRC receiver, the obtained expression for the PDF of Yy in Equation 3.25 and the
conditional bit error rate pg oop (e]y) for different modulation schemes tabulated in Table 2.1 are

used. For binary, coherent and noncoherent modulations we obtain expressions for ABER as below.

Binary Coherent Modulations

For binary coherent modulations (BPSK or BFSK), expressions for the conditional BERs pe con (gly)
can be obtained by evaluating the entries for MPSK and MFSK modulations for M = 2 in Table 2.1.

A simplified combined expression for this conditional BER is also given in Equation 2.24. Putting
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Pe.coh (€]Y) and fy,  (Ymrc) into Equation 2.17, ABER can be given as

o 1 1+ 2 - — —ﬂ mrc L 1—
Peeon (V) = =75 ( -q ) /Vrlﬁrle <\/ 2a\/mrc) e " (2 L; 2ch; erc) dYmre.  (3.32)
0

(L) \ 2w

The integral in Equation 3.32 can be solved by modifying it applying [1, A-(8a)] (reproduced in
Equation B.14) to the Q(-) function involved. Further, expressing the confluent hypergeometric

function in series form [4, 9.14.1] (reproduced in Equation B.11), Equation 3.32 can be rewritten as

e ~ v () Syiicn ()

k—1 _H—qymrc 1
X/yrlﬁr_c_ SR (Eaaymrc) dYmre- (3.33)
0

Integral in Equation 3.33 can be solved using [1, A-(6)] (reproduced in Equation B.13) and an
expression for ABER can be obtained as

ay @ (5),F(L+k+1)
21(14-02) 2 Z k!(L+k)!

Peen (1) = q-TIALES

x[)\(l—qz)} »F1 (1,L+k+%;L+k+1;A), (3.34)

1492

A
where )\ = quzv

Equation 3.34 can be verified for Rayleigh fading case (q = 1) for which it

reduces to [1, (30), for m = 1]. This verifies the correctness of the obtained analytical expression.

Binary Non-coherent Modulations

For binary noncoherent modulations, a simplified expression for the conditional BER from Table
2.1 is given in Equation 2.25. Substituting p, n.opn (€]Y) and fy  (Ymrc) into Equation 2.17, an

expression for the noncoherent ABER can be given as

_ 1 1+ 1+q2 +2ayy2 e 1— 4
Pepcon (V) = r ( a ) /Vrlﬁrce B lFl( ;L 2_—yqqzymrc) dYmre- (3.35)

The integral in Equation 3.35 can be solved using [4, (7.621.4)] (reproduced in Equation B.10)

and [1, A-(5)] (reproduced in Equation B.12). A closed-form expression for the ABER can be
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obtained as

1+q?
V(1 +02+2yag?) (1 + 9% +2ya)

1
Peran (V) = 5 (3.36)

Equation 3.36 can be verified for Rayleigh fading case (q = 1) which reduces to the result in [1, for

m=1].

3.2.6 Upper Bound on Truncation Error

The expressions obtained for the outage probability and the ABER for coherent modulations in
Equations 3.28 and 3.34 contain infinite series. In the numerical evaluation of these expressions, a
finite number of terms K, of the infinite series are included. This results in a truncation error. An
expression for the upper bound on the truncation error can be obtained by applying the technique

discussed in [55]. Below we present error bounds for the outage probability and the ABER.

Outage Probability

The upperbound on truncating the infinite series in Equation 3.28 is derived in in Equation A.53 of
Appendix. The upper bound can be given as

L
- 14¢? 1492
Bow = ( q) 1Fi (L+K;L+K+1;— q)K,

()«

2Nd 2Wg* ) KI(L+K)!
4
1—a*\ K 1 Lyk L1
x (2_ qz) 2F 2 W | (337)
WG K+1 L+K+1

ABER for Coherent Modulation

A derivation for the upper bound in the truncating error of the Equation 3.34 is shown in Equation

A.56. This expression can be given as

ay QoA (L), M (L+K+1)
211+ Q) KI(LLK)!

EKABER <
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X P\(l—qz)}KzFl (1,L+K+%;L+K—|—1§)\)

1 LK L4+K+1 A1—-¢?
x3F 2 2 A ) . (3.38)
K+l L+K+1

3.2.7 Resultsand Discussion

Analytically obtained expressions have been numerically evaluated and plotted for illustration. Out-
age probability Poyt(Yn) vs. YN has been plotted in Figure 3.5 for different values of L and q. It can
be observed that with the decrease in ( the receiver suffers more outage for a fixed value of Yy, (or
yn and L. Also an increase in L with fixed Yy and ¢, reduces the probability of outage, as expected.
Amount of fading vs. L curves have been shown in Figure 3.6 for different values of . The figure
shows that the maximum and minimum value of AF are 2 (forL=1and g=0)and I (forL =1 and
g = 1), respectively and it decreases with increase in L. It can also be observed that the effect of
on AF is more for L < 4 and approaches fast to zero for large L, irrespective of 4. ABER vs. Y for
binary, coherent and noncoherent modulations have been shown in Figures 3.7 and 3.8, respectively.
It can be observed that the ABER degrades with a decrease in (], as expected and the degradation
rate can be seen to be high for q < 0.5 than otherwise. To investigate the effect of L on the ABER
performance, the magnitude of the gain in SNR vs. L has been plotted in Figure 3.9 for an ABER
of 1073, for CPSK and DPSK modulations. From this figure it can be seen that the gain magnitude
increases with increase in L. Although the curves for CPSK is very close to DPSK at low L they are
quite apart at high L. Also, in the Figure 3.9 the diversity gain at the output of the MRC receiver
has been shown as a function of L. Further, the upper bound on the truncation error obtained for
Equation A.56 for CPSK modulation has been plotted in Figure 3.10. It can be seen that the error
bound decreases very fast with K and we observed in the numerical evaluation that a maximum of

15 terms is enough to achieve an accuracy at 7™" place of decimal digit of the sum.
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Figure 3.5: Outage probability vs. Yy as a function of L and @.

2 T T T T T T
18} , N
\ Amount of Fading 88* .
16 '
214
Bl
S 1
c
308
5 0.6
0.4
0.2
0 | | | | | | L |

1 2 3 4 5 6 7 8 9 10
Number of Diversity branches, L

Figure 3.6: Amount of fading vs. L as a function of q.

TH-985_0761210 42



Chapter 3

Performance of MRC in Independent Hoyt Fading Channels

Average Bit Error Rate

0N
N
L N\AN ||

Figure 3.7: ABER vs

10 15 _
Average SNR per branch, Y dB

. Yfor CPSK (a = 1) and BFSK (a = 0.5) modulations as a function of L, Q.

Average Bit Error Rate

T T T T T T T T T T T T T T T T T T T
Non Coherent Modulation
q =

Average SNR per branch, Y dB

Figure 3.8: ABER vs. yfor DPSK (a = 1) and NCFSK (a = 0.5) modulations as a function of L and

g.

TH-985_0761210

43



Chapter 3

Performance of MRC in Independent Hoyt Fading Channels

30

Gain (dB)
o S v
I I

—_
el
T

02 - -
a={

05 —

T T
Diversity Gain

Gain in SNR per branc3h -]
foran ABERof 10~ __--—===

A DPSK
CPSK

Average output SNR

3 4
Number of Diversitybranches, L

Figure 3.9: Diversity gain vs. L for average output SNR, CPSK and DPSK modulations.

—_
(en)]

|
B
[

Truncation Error of AB

—_
(e]]

—

(e]]
[o)
(=]

N
(=]
T

Tru_ncelltion Error olf ABER I ]
Y=10dB ]

gy =
L‘{sw—f S

I I I I 1
10 15 20 25 30
Number of terms in infinite series, K

Figure 3.10: Truncation error for ABER in Equation 3.34 as a function of K.

TH-985_0761210

44



Chapter 3 Performance of MRC in Correlated Hoyt Fading Channels: Dual Diversity

3.3 Dual Diversity in Correlated Hoyt Fading channels

Correlation among received fading signals cannot be avoided due to reasons discussed in [1, 2].
Analysis of diversity receivers for correlated channels is relatively more complicated compared to
the independent fading case. For Hoyt fading channels, some analysis are available for correlated
cases in literature [32, 35, 36, 56, 57]. In this section, performance of dual -MRC, - EGC and -
SC receivers are analyzed for correlated Hoyt fading channels. For MRC receiver an analysis for
unequal fading parameters is also presented in addition to the equal fading parameter case. Unequal
channel fading parameters may be observed in urban fading environments where diversity channels
may have different characteristics [58]. In the analysis presented here the PDF based approach is

used.

3.3.1 Maximal Ratio Combining Receiver

In this analysis correlation between the fading envelopes a;s (I = 1,2) is assumed. A general ex-
pression for the combiner output SNR Ve 1s given in Equation 3.19. It can be expressed for the

dual diversity case as
Ep
Ymre = N_O (G% + U%) . (3.39)

An expression for the PDF of Ymrc i.e. fy,(Ymrc), when O and 0 are correlated with correlation
coefficient p can be obtained using the complex Gaussian model of Hoyt RV in [13]. Using the PDF
fymre (Ymre), performance measures such as average output SNR, outage probability and ABER for

binary, coherent and non-coherent modulations are derived.

PDF of Combiner Output Signal-to-Noise Ratio

From Equation 3.39, it can be observed that an expression for the PDF of ymc can be obtained from

the PDF of the RV O(% + a%. Using the complex Gaussian model for Hoyt distribution in [13], an
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expression for the joint CF of RVs o % and a% is derived in Appendix A.2 as given in Equation A.26.

For the convenience of presentation, it is reproduced below.

o 1 ® o (2k—1)11(2t — 1)1
Dga g2 (jr, jon) (1_p2>(20xoy)2k;)t; - 1 _ o
k!t! [<7Z(I—p2)0% + J(*)1> < 2= pz)oz +J(U2)}
2(k+t)
0 1
y 3.40
Mo&(l—pﬂd (340

An expression for the PDF of a2 = 0(% +a % can be obtained by substituting W; = W, = W in Equa-

tion 3.40 and subsequently taking the inverse Fourier transform to the resulting expression. This can

be given as
foe(0?) . e « k=1)n2t—1)! o r(kﬂ)
81(1 — p?)(0x0y)? | &, &y kit! VB(1—p)
w e
X/ 2kt _ sdo. (3.41)
“ (armtio) (o)

The integration in Equation 3.41 can be solved using [4, 3.384.8] (reproduced in Equation B.8) and

hence an expression can be obtained as

f (02 (2k —1)1(2 1)!!0(2<'<+t)+1e_2“**1’2”’3(x
a(07) = (20X0y ) & m% k't'r( (k+t+1))
2(k+t)
p | 1 a
X | A - k+1:2(k+t+1); | 5 —= | =——=|. (342
L/go)%(l—pz)} ( ) <0§ 0%) 2(1—pz>] (342

The combiner output SNR can be given as Ymre = E—gaz. Thus, the PDF of Yy can be obtained
by scaling Equation 3.42 corresponding to the multiplying factor Ep /Ny, applying the concept of
transformation of RVs. For identical branch average power i.e. Q; = Q) = Q (equivalently, y; =

— ¥), it can be shown that Ey /N = y/(1+¢?) (given in Equation A.3). Substituting this relation,

subsequent to the transformation of RV, an expression for fy,,.(Ymrc) can be obtained as

) 2 o 2 2(k+t)
() = 1+q 5 Z 2k—D1et—DN | p(1+9?)
e TS 20\/1-p%) &% Kt 2(k+t+1)) | V8(1-p?)y
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2 4
(k+t)+1 —71+ﬂ = Ymrc . ) 1—¢
X¥Ymrc e 262(1-p2)y 1F1 2k + 1,2(k +t+ 1), W_pz)vymrc (343)

Average Output Signal-to-Noise Ratio

Average output SNR of the combiner for the correlated fading channels can be obtained by sub-
stituting fy(Ymrc) into Equation 2.15. Subsequently, solving the integral applying the identity [4,

(7.621.4)] (reproduced in Equation B.10) and simplifying an expression for Yy can be obtained as

262(1-pH)]’y & & (2k— DN@Rt— D)1 (k+t+1)

ymrc e 1+q2 k=0t=0 k't'
g2 2(k+t)
X (ﬁ) 2F1{2k+1,2k+2t+3;2(k+t+1);1—qz}. (3.44)

For independent channels i.e., for p = 0, Equation 3.44 can be simplified further to Ymrc = 2Y, which

is as expected.

Outage Probability

Outage probability for a diversity receiver is defined in Section 2.3 and a mathematical expression
for this is given in Equation 2.16. Putting fy, . (Ymrc) from Equation 3.43 into Equation 2.16, an

expression for the outage probability for correlated dual-MRC receiver can be expressed as

A T 2 0 (2k—1)!!(2t—1)!!{ o(1+q?) r(kﬂ)
2qyy/(1-p?) k;,t;) KT 2(k+t+1)) | vVaY(1—p2)

i ——Q—Zqu Ymre 1- q4
X /e 2(1-p%)q mkré'zt+11|:1 {2k—|— L2(k+t+1); zz_—zymrc} dYmre,
/ a*y(1—p?)

Pout(Vth) = (

(3.45)

where Vi, 1s the threshold value of the combiner output SNR. The integral in Equation 3.45 cannot
be solved in the given form. By expressing the hypergeometric function in infinite series using [4,

9.14.1] (reproduced in Equation B.11), Equation 3.45 can rewritten as
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2
1+¢° ) © 2 (2k—1) ”2t—1)”[ p(1+0?) r“‘m

20vV/(1—p?) ) & m% k!t! V8Y(1—p?)
Yth

E ( l)r r/ k—|—2t+r—|—l 5 qi 5o Ymre
2 2 m V(1-p=)q d

(3.46)

Pout(Vth) = (

Equation in 3.46 can be solved using [4, (3.381.1)] (reproduced in Equation B.6). Thus, an expres-

sion for the outage probability can be obtained as

Pout(In) = (k—1)!12t—1)! p_qz 2(k+t)
outtW) = q Z kit!r 2(k+t+1)) \ 2

(2k+1)r( —q°) ( 1+¢? )
2k + 2t 2, — . 3.47
XrZo nek+tr), S\ A T e O

where Yy is defined in Section 3.1.3.

Average Bit Error Rate

ABER for a diversity receiver is defined in Section 2.3 and an expression for ABER is given in
Equation 2.17. Equation 2.17 can be evaluated using the expression for the PDF of ymy¢ in Equation
3.43 and the conditional BER expression Pe.coh (€]y). Expressions for conditional BER for different
digital modulation schemes are listed in Table 2.1. ABER expressions for binary, coherent and

noncoherent modulations are derived below.

1. Binary Coherent Modulations

A combined expression for conditional BER for coherent BPSK and BFSK modulations ob-
tained from Table 2.1 is given in Equation 2.24. By putting p, .o, (€]Y) from Equation 2.24

and fy . (Ymrc) from Equation 3.43 into Equation 2.17, the ABER expression can be given as

Pech(Y) = 1+—qz Zi 2 (2k—1) H(zt_1)u( p(1+0?) )2(k+t)
N 20y/(1-p?) ) &% KT 2(k+t+1)) \v8Y(1 —p?)
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1+ 2
K+2t+1 2 > Ymrc
/ernr?:L * Q \/zanrc> 2v-p7)a

1— 4
1k (2k+1 2(k+t+1); ngz)ymrc) dYmre- (3.48)

The integration in Equation 3.48 can be solved applying [1, A-(8a)] (reproduced in Equation
B.14) and expressing the hypergeometric function in series form [4, 9.14.1] (reproduced in

Equation B.11). Thus, Equation 3.48 can be rewritten as

1 1= ® (2k—1)N2t—1)!
8vVTU\ qy/(1 —p?) kit!r (2(k+t+1))

p(1+?) 0w (2k+1), 1—q*
. (\/gv(l—pZ)) S 2k+t+1)), (2q2\7<1—p2))

- 1
% /Vrznli‘—gzt+r+19 2V<17p2)q2ercr (E,ayer> dVimre. (3.49)
0

I:)e,ch (_)

™M

Solving the above integral using [1, A-(6)] (reproduced in Equation B.13), an expression for

ABER can be given

i 5 1-p2) & 2 /Apg?\ X (2k— )12t — 1)1
Poar(®) = A3 v( P?) Z (pq> (2k— 12t —1)
k=0t=

m(1+9?) &L kit!r 2(k+t+1))
- 2k+2t+r+§) (2k+1)y A=)
Z ri2k+2t+r+2) 2(k+t+1)),
><2F1(1,2k+2t+r+§;2k+2t+r+3;)\), (3.50)

where A 2 (1+6?)/[1 +¢2+2¢2ay (1 — p?)].
2. Binary Non-coherent Modulations

A combined expression for conditional BER for DPSK and noncoherent BFSK modulations
obtained from Table 2.1 is given in Equation 2.25. By putting p .}, (€|y) from Equation 2.25

and fy, . (Ymrc) from Equation 3.43 into Equation 2.17, the ABER expression can be given as

2 2(k+t)
Pencn(]) = 1+0? X 2 k-DNt-D!"| p(l1+g?)
e V8ay/(1-p?) kzo tzo kIt (2(k+t+1)) |y/8(1—p?)
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[oe]

(e
X/y2k—|—2t+le 2y(1—-p2)2 mre

mrc
0

1-q*
X 1Fp (2k+ L2(k+t+1); mymrc) d¥Ymre (3.51)

Solving the integral in the above expression using [4, (7.621.4)] (reproduced in Equation

B.10), an expression for noncoherent ABER can be obtained as

o (@P1-pY) & & (2k—DuEt- D1 (Agip) Y
Pl < g 7 vi)

xoF1 (2(k+t+1),2k+ 1;2(k+t+1);[1 —g*]A) . (3.52)

For independent Rayleigh fading channels i.e. for p =0 and q = 1, it can be verified that

Equations 3.50 and 3.52 reduces to

5|
e _3\/61_\7 1 2 5. 1
pe( )_T<ﬁ> 2F (175,3,m) (3.53)
and
A N
Pe ( )_5(1+av> : (3.54)

respectively, asin [1, form =1 and M = 2].

Results and Discussion

Obtained mathematical expressions have been numerically evaluated and plotted against parameters
of interest. In Figure 3.11, Pyt (Yn) vs. YN has been plotted for different values of p and g. The effect
of branch correlation on the outage can be observed by comparing the outage values for p = 0.5 and
p = 0.8 against the values for p = 0 (uncorrelated case). Clearly, with the increase in p the receiver
suffers more outage, for any value of yin. These results can be verified against the results in [2],
which is a special case of the results presented here, and is found to be matching closely. For binary,
coherent and noncoherent modulations, ABER vs. Y curves have been plotted in Figures 3.12 and

3.13, respectively. It can be observed that the ABER performance degrades with the increase in p.
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For the purpose of illustration and further investigation on the effect of p on the ABER performance,
we have tabulated the excess SNR ! required to achieve an ABER of 103, for CPSK and DPSK
modulations, in Figure 3.14. From the figure it can be observed that for CPSK modulation, the
excess SNR is close to 0.5 dB for p = 0.5 whereas it is nearly 2 dB for p = 0.8, which is certainly a
very high penalty. Since, the excess SNR demands more transmitter power, in power limited cases
this is not a suitable option to maintain the receiver ABER performance at a desired value, when p
varies. An alternate solution in this case could be to rely on the spatial configuration of receiving
antennas so as to restrict> p at smaller values < 0.5. There can also be a trade-off between the
transmitter power and the antenna configuration depending on the maximum excess SNR that the
transmitter can support. For example, from Table 3.1 for the CPSK case, if the transmitter supports
a maximum excess SNR of 0.5 dB, then the ABER of 103 can be maintained by the transmitter as
long as p < 0.5 beyond which it needs to be maintained by antenna spacing. Similar conclusions
can also be drawn for other modulation schemes from the expressions obtained for ABER.

In the numerical evaluation of expressions involving infinite series we have truncated them suit-
ably so as to achieve an accuracy in ABER at least at 71" place of decimal digit. In Table 3.1, we
have illustrated the number of terms required to achieve this accuracy in the evaluation of Equation
3.50 as a function of y and p. It can be observed that for p = 0.5 the maximum number of terms to

be included for this accuracy is 20 only.

IWe define ‘excess SNR’ as the SNR required in excess over the uncorrelated case, i.e. p =0
2p decreases with increase of antenna separation
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Table 3.1: Number of terms (N) required for an accuracy at 7" place of decimal digit in the numer-

ical evaluation of Equation 3.50.

Outage Probability

Figure 3.11: Outage probability vs. Yy for correlated dual-MRC receiver.

g=0.5 g=1

SNRWB) | P T BER [N | BER
0 0526 | 0.0671340 | 5 | 0.0633901
0.8 |43 [ 0.0635529 | 12 | 0.0745122
8 0.5 | 10 | 0.0061955 | 2 | 0.0045822
0.8 | 16 | 0.0089991 | 4 | 0.0074228

Normalized SNR per branch, VN dB
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Figure 3.12: ABER vs. ¥ for correlated dual-MRC receiver with coherent modulation.
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Figure 3.13: ABER vs. Y for correlated dual-MRC receiver with noncoherent modulation.
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Figure 3.14: Excess SNR vs. correlation coefficient for CPSK and DPSK modulations.
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3.3.2 Maximal Ratio Combining for Unequal Fading Parameters

The analysis presented in the previous section is valid for a scenario where the fading parameter q
and the average input SNR y; (I = 1,2) of both the diversity branches are identical. However, in
practice the branch fading parameters may be different for each branch due to several reasons such
as surface irregularities, and strength of the line-of-sight signal component, reported in [58] and
the references therein. The branch SNRs may also be different as the channels corresponding to
branches are different from each other. In this presentation we analyze the effect of unequal branch
statistics and fading parameters on the receiver performance. The system here is same as considered

in the previous section with nonidentical statistics for Os.

PDF of Output Signal-to-Noise Ratio

The approach used in the Section 3.3.1 does not yield to an expression for the PDF of o> = 0(% + a%
as the inverse Fourier transform is not possible in this case. So, an alternative method is used to
obtain the PDF of ym¢ here. It is presented below.

In MRC receiver, the PDF of the combiner output SNR Ymyc, is the sum of input SNRs i.e. Ymre =
Y1 + V2. Using the complex Gaussian model for Hoyt RV's with unequal inphase and quadrature phase
powers, an expression for the joint CF of o |2 and 0(% is derived in Equation A.35 in Appendix. Also,
the correlation coefficient between 01 and 0 can be obtained as shown in Section A.6 of Appendix.

The inverse Fourier transform of this expression which is the joint PDF of 0(% and O % can be given

as
2 2 1 © 2k1—1 ”(2k2—1)” pm 2(ky+k2)
fe(ai,o) = 2 Z x 2
Oy, Ox, Oy, Oy, (1 =0ki=0 ky'ka! (O, Ox,) \/g(l—p)

- a — a
7 Ul 7 U2
e 2(1—;)2)cryl e 2(1—;)2)cry2

1 o; —O;
F1<k1+§;k1+k2+1 L a)

X 1
(0y,0y,)2 T2 (ki +ko + 1) 2(1 - p?)oy, 0%
1 oy, — Oy
x1F (ki + =3k + ko + 15 L2 0 |. (3.55)
( 2 2(1—p?)ay, 03,
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Now, applying the concept of transformation of RVs for the multiplying factor Ep /Ng and substitut-
ing Ep/No = i/ (1 +¢?), an expression for the joint PDF of y; and y» can be obtained as

(1+g)(1+093) & i (2k; — 1)11(2ky — 1)1
4010V1Y2(1 = P?) &g ki ko T2 (kg 4k + 1) (q102)

vy (Y1, ¥2)

1+q1

ki +k 1
. {V1Vzpf(_1+q%)(l+q%)} B el aad
8y12(1—p?)?

x1F <k1+ sKi ko + 15 u_—qi‘)z\h)
2y1(1—p?)ay

1 (1-a3) )
Fi( ki +=:ky+kp+1; — 3.56
X1 1< 155 kidke 2y2<1_p2)q%v (3.56)

The PDF of Yy i.e., the sum of y; and Y, can be derived from Equation 3.56 using the convolution
approach [59, (6.44)], and can be obtained as

+ad+a) o & (k=D
4010291 V2(1 = P?)  Eoreo ki tha!T2 (ki + ko + 1) (0162) ™

fVm rc (ym rc )

_ ' e i
V2 (Ymre — yz)]kl +ha g 201-p2)y 0] (Ymre—Y2)

ki-+k, Ymrc 2
x [p<1+q%><1+q%>] e
812 (1 —p?)?

1+q2

—ap)(1 +a7)
2(1— p2y2q F {k k k 1 ( ql)( 1 Sy }
Xe 2 1 1{ 1—|— 1+ K+ (1 — P2\ (Ymre —Y2)

(1-63)(1+9)) }
Fiqk ki +ky+1; d 3.57
X1 1{ 1+ 5 kitke+ (1 — )2 Y2 ¢ dYa. (3.57)

The hypergeometric function in Equation 3.57 can be expressed in infinite series form [4, 9.14.1]
(reproduced in Equation B.11). Then, solving the resulting integral using [4, 3.383.1] (reproduced
in Equation B.7), we get

(1+6D)(1 +63) % b <2k1—1>n<2k2—1>u{p2<1+q%><1+q%>}kl+k2
4q102Y1 V2 ( 1—p2 oo ek {ﬁ ki!}[ql(h]Zkz 8v1v2(1 — p2)2

fVm rc (ym rc )

1+q
[l [ b by i s
via? V203 201 —p2)] R T 2Ky 4Ky + ks +2)
V03(1+0a}) —viaf(1+qd)
2(1 - p)Vi07Y203

x1F <k1 +ko + kg +1;2k + ko + Ky +2; erc) . (3.58)
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Outage Probability

An expression for the outage probability of the dual MRC receiver in correlated Hoyt fading chan-
nels can be obtained by substituting fy, . (Ymrc) from Equation 3.58 into Equation 2.16. It can be

expressed as

Pout(Yth) =
(%) (%) (o) (%) K k
(I +ap)( 1+q2 2 S\Y s (2k1—1)!!(2k2—1)!!{p2(1+q%)(1+q§)} 1
Aqyiv2(1-p =okEokSok=o {ﬁki!}[qlCIz]Zkz 8y1vy2(1— p2)2
i=1

k Ky 1 Yth 142

o [1 —qéf] 3 {1 —q‘ﬂ (ki + 2) (ki + 3 /yzmkrlc+k2+k4+1 21— qu)v g Yre
via V03 | 2(1-p2)e T (2K +k2+k4+2

Vg3 (1+qi) _qul(l +93)
2(1 - P?)V197Y203

x1F1 (k1 + ko + kg + 152K + Ko + kg + 25 erc) dYmre- (3.59)

The integral in Equation 3.59 can be solved by expressing the hypergeometric function in infinite
series form [4, 9.14.1] (reproduced in Equation B.11) and then applying [4, (3.381.1)] (reproduced
in Equation B.6). An expression for the outage probability can be obtained as

Pout(Yth) = T Z Z Z Z: Z: {Hki!}q%kﬁm

Ki=0ks=0k;=0ki=0

i=
o1 Y YRR - b ()

q% 2 I (2k; + ko + ks +2)
X (k +k +k4+1> g(zk +ky +ks+2 L Vi ) (3.60)
1 t+K s 1 +K2+Ks yE—im = p. 3 fth .
2/, 21— P2t
V1(1+q2)
where T = BT

The outage probability in Equation 3.60 is given as a function of yip and not as a function of Yy
as it is in Section 3.1.3. It is because in this analysis a non-identical branch fading is assumed for
which it was possible to express the outage as a function of yy. In the numerical evaluation, we have
evaluated the outage probability by obtaining the Vi, for a particular value of ABER as in [1]. The

average input branch SNRs can be related with the help of a decay factor d by y» = y;e 2 [2].
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Average Bit Error Rate

ABER performance of a diversity communication system is defined in Section 2.3 and a general
mathematical expression is given in Equation 2.17. To obtain an expression for the ABER of a
correlated MRC receiver, the obtained expression for the PDF of Yy in Equation 3.58 and an
expression for the conditional BER Pe.coh (g|y) corresponding to the employed modulation scheme
are required. Expressions for the conditional BER of a communication system for different digital
modulation schemes are listed in Table 2.1. Thus, we obtain the ABER expression for binary,

coherent and noncoherent modulations as discussed below.

1. Binary Coherent Modulations

For binary coherent modulations such as BPSK and BFSK, expressions for Pe.coh (g]y) can
be obtained from the Table 2.1 by evaluating the entries for MPSK and MFSK modulations
for M = 2. A simplified combined expression for conditional BERs is also given in Equation
2.24. Thus, putting Pg o (e|y) from Equation 2.24 and fy,(Ymrc) from Equation 3.58 into
Equation 2.17, an expression for binary coherent ABER can be given as

 (1+ah)(1+ad) % S (2ky — 1)!1(2ky — 1)
e.c F— =——
401921 V2(1 - p?) ki=0ky=0k3=0k;=0 { ﬁ ki!} [ai02]2 201 _pz)]k3+k4
i=1

) (1 —Q‘l‘>k3 (1 —Q‘z‘)k“ {p2(1+q%)(l+q%)}k‘+k2 (ki+3)y, (kit3),,
Viai Y203 8V1V2(1 —p?)? [ (2K +ko +ks +2)

o 1+97
———>5.——5 Ymrc
% /yrzﬂl(r%+k2+k4+le i T Q ( v 2"J‘erc) 1F1 (ki ko kg + 1
0
Vai(1+a}) —viaf(1+ad)

x 2K + ko + kg +2; — =
2(1—p?)V107Y203

erc) d¥mre- (3.61)

The integration in Equation 3.61 can be solved using [1, A-(6), A-(8a)] (reproduced in Equa-
tions B.13 and B.14, respectively ) after expressing the hypergeometric function in an infinite

series [4, 9.14.1] (reproduced in Equation B.11). Thus, an expression for ABER can be ob-

TH-985_0761210 58



Chapter 3 Performance of MRC in Correlated Hoyt Fading Channels: Dual Diversity

tained as

3
o eSS 55 g Gl D),
’ V2% (1 - p?) keokEokEorkEokso { 3 k! } 2~k 2k s ) 7k e

(lezqi‘w)k”kz (ki+1),, (l—q‘l‘>k3(k1+k2+k4+1)k5
2y2 (2K + ko +ks 2T (2K ko 1K 2)

( [T(1—g3)]"
r (2kl +ka +Ks + g) [(1+a7)(a3 q%f)}k

5 149}
x2F (1,2k1+k2+k5+§;2k1+k2+k5+3; Z ), (3.62)

where £ 2 142 +2ay,62(1 —p?) and P 2 Wq?gﬂ

2. Binary Non-coherent Modulations

For binary noncoherent modulations, expressions for the conditional BERs can be obtained
by evaluating the entries in Table 2.1 for MDPSK and NCFSK, for M = 2. A simplified com-
bined expression for both the modulations is given in Equation 2.25. By putting P, ncoh (gly)
from Equation 2.25 and fy, . (Ymrc) from Equation 3.58 into Equation 2.17, an expression for

noncoherent ABER can be given as

p. . — (1Ta)(+a) % S < < (Zk-DUk -1
ench = ==
80102¥1¥2(1 = P?) wororoko [Q1Qz]2k2{ 4 .'}

x {F’z<1+q%><1+q%>r+k2 {l_qqu {1—%‘}“‘ (ki + 1),
[2(

8Viva(1—p2)? wek | Lvdd | pa-p) e
1+q +2a(1-p2)y, 97
(ki + y2k1+k2+k4+1 Wymm
[ (2k; + ko + k4 +2)/ "™

Vai(1+0a) —viai(1+qd) )d
Ymrc-

x1Fp <k1+k2+k4+1;2k1+k2+k4+2; ———
2(1 - p2)V163Y203

(3.63)

Solving the integral in Equation 3.63 using [4, (7.621.4)] (reproduced in Equation B.10), the
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ABER for binary non-coherent modulations can be obtained as

naen(l-p)(1+q) & & & & (2ki— D2k = (ki +3),

I:)e,nch = ZZ z Z

ki =0k,=0k3=0ks=0 4 . 2ko
TR {_l_l1 kul}zkl (d102)
1=

_ ki +k
x Pszi‘q%(Hq%)ﬂ ‘“(
2

ki +—)k (1-9) (1 —n]“  (3.64)

1+03
V2030203 (1+a3) 107 (1+03)]°
independent Rayleigh fading channels, Equations 3.62 and 3.64 can be simplified to [1, (32)]

where n For p =0 and q = 1, which corresponds to the

and [1, (26)] form =1 and M = 2, respectively. This verifies the correctness of the derivation.

Results and Discussion

Obtained mathematical expressions have been numerically evaluated and plotted against parameters
of interest. In the numerical evaluation, O is the average fading power decay factor [2]. In Figures
3.15 and 3.16, Pgyut(Vth) vs. Y1 has been plotted for different modulation schemes, for different
values of p, q; and (, for d = 0 and & = 0.5, respectively. In these plots Y has been calculated
using the formula given in [1, (43)] for an ABER of 10~3. The effect of branch correlation on the
outage can be observed by comparing the outage values for p = 0.7 against the values for p =0 (i.e.
uncorrelated case). Clearly, with the increase in p the receiver suffers more outage, for a fixed value
of Vi and &. Increase in O produces more outage in the receiver for all modulation schemes, which
can be seen in the plots. These results have been verified against the results in [2], which is a special
case of the results presented here, and is found to be matching closely.

For binary, coherent and non-coherent modulations, ABER vs. Y curves have been plotted in
Figures 3.17 and 3.18, respectively. It can be observed that the ABER performance degrades with
the increase in p and 0 for both the modulation schemes presented here. In the numerical evaluation
of expressions involving infinite series we have truncated them suitably so as to achieve an accuracy
in ABER at least at 7" place of decimal digit. In Table 3.2, we have illustrated the number of terms

required to achieve this accuracy in the evaluation of Equation 3.62 as a function of Y, p, q; and Q>
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Table 3.2: Number of terms (N) required for an accuracy at 7th place of decimal digit in the numer-
ical evaluation of Equation 3.62 for & = 0.

Vi 0 1 =05,02=06 [ q;=09,0,=0.8
(dB) N ABER N ABER
6 0.2 | 14| 0.0102545 | 4 0.0084477
0.7 116 | 0.0150131 4 0.0121738
12 02] 4 0.0009440 | 2 0.0007164
0.7 7 0.0015787 | 3 0.0012323

with 6 = 0.
In each figure, result obtained by Monte Carlo simulations has also been shown and it can be

observed that the simulation results are in close agreement with the numerical results.
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Figure 3.15: Probability of outage for an ABER of 10> and average fading power decay factor
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Figure 3.16: Probability of outage for an ABER of 1073 and average fading power decay factor
0=0.5.
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Figure 3.17: ABER vs. Y for correlated dual-MRC receiver with binary coherent modulations.
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Figure 3.18: ABER vs. Y for correlated dual-MRC receiver with binary noncoherent modulations.
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3.3.3 Equal Gain Combining Receiver

The practical importance of EGC receiver is more due to its closeness of performance to the optimum
MRC receiver [3]. For Hoyt fading channels, performance of EGC receiver is presented in [17]. For
dual correlated Hoyt fading channels second order statistics and outage probability performance
have been presented in [32] and [36], respectively. However, the ABER is the most important
performance measure for any communication system [60]. In this section, ABER performance

analysis of a dual correlated EGC receiver over Hoyt fading channels is presented.

PDF of EGC Output Signal-to-Noise Ratio

A mathematical expression for the output SNR Yege of a dual EGC combiner can be given from the
Equation 2.12 as Yegc = ZE—,\?O(O( 1+ az)z. An expression for the joint PDF of correlated o % and O(% is
derived in Appendix and is given in Equation A.29. From this PDF, an expression for the joint PDF

of a; and 0, can be derived by applying the concept of transformation of RVs as

ad»r o 2k1 =3 l ”(Zkz = 1)” paa, 2k +ka)
foy.a, (01, 02) 2) Z Z ki tka ! 2(k; + K ) 2
(0x0y)*(1 = P?) \ Zoiep ki tka!M2 (ki +ka +1) [0Fv/8(1 —p?)
 (a}+03)
xP(ap)P(ag)e 21-pHoy, (3.65)
(og—0y)af
where P(O(|) =F ki + 2,k1 +ky +1; m . For p =0 and 0y = 0y, it can be shown that

Equation 3.65 becomes the product of two Rayleigh PDFs, which is as expected. From Equation
3.65, an expression for the PDF of o = 0| 4 05 can be obtained by using the formula [59, (6.44)] as

1 i > 22 pHlatk)ok; —1)11(2k — 1!
*(1-p?)

fa0) = > 4
ki=0k,=0k3=0k4=0 { I—l k||} 23k1+2k2+k4(1 _ p2>2k1+k2+k4
i=1

a2
=g\ (ki) (kitg) e 2o
X
< ¢? ) M2(ki o+ 1) (ki ko + Dy (ki ko + Ty,

a
1 2 h
y / o2t (g gy 2kt (i Mg M g, (3.66)
0
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Expressing the exponential terms in Equation 3.66 in infinite series [61] and applying Binomial
expansion to (00 — (3(1)2("1+"2+‘<4)Jrl by [4, 1.111] (reproduced in Equation B.5), an expression for
the PDF of o can be given as

o o 2(kitkatky)tl Kit2k (oky — 1)11(2ky — 1)!!

ke P
P B A Sl
0ky=0k3z=0k4=0 ke=0 { |—| ki!}23k1+2k2+k4
i=1
(k1 + l) (kl + %)k4 1—q? Kotk
(1 —p?)2kitkotkar2 (kg 4-kp + 1) (ki + ko + 1)k3 (ki +ko + 1)k4 < g )
k a
2(ky +ky +ka) + < 1 ) > e—ﬁaz(kﬁkﬁhﬂksﬂ—kﬁ
(1-p?)0?
a 5
S /a k1+2k3+k5+k6+1e (- p12)q2 dal. (367)
0

Performing the integration in Equation 3.67 using [4, 3.381.1] (reproduced in Equation B.6), an

expression for fy(0) can be given as

o oo o o oo 2k+2ky+2ks+1 (2k—1)!!(2k2—1)!!(k1—|—l)
@ ke AL 2/ky
> 30 Dess U3

1=0ky=0k3=0ks=0ks=0 6=0 {ﬂl ki!} (ki +k2—|—1)k3

1=

(pqz)Z(k1+k2) (1 o q2> k3 +ky (kl + %)k3 (Za)2(k1+k2+k4)+k5_k6
X

—8 2 I'2(k1+k2+1)(k1+k2+1)k4e(10‘)2/2

2k1 +2ka +2ks +1
« 1 2 4 g 2K; +2k3 + ks + kg +2 (ZCX)Z (3.68)
2 Y )
Ke
where ( 2 q\/ﬁ From Equation 3.68, an expression for the PDF of Yegc = aEp /2Np can be

obtained as

1
1+ 2 o o oo oo 2kj+2ky+2kg+1 ) (2ky — )12k — 1)1 (ki + 3),
fyege (Yege) = (—=1)ks 3
? 2y kzw2 okgzomZOkszo kéz_o {Igl ki!}2k3_k52k6
k +92)22 -
" <[:)_(:]2)2k1+2k2 2Ky +2ky +2kg + 1 (kl—f—%)m(l—q ) H—k“ vy Yeg
2 Ke [ (ki +ko+ks+1)T (ki +ky+kg+1)
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ks ke
(Ve (L GZN T 0k 42k ks Ko £2 214+ 08 Yege
v ’ 2 v )
(3.69)

Average Bit Error Rate

ABER performance of a diversity communication system is defined in Section 2.3 and a general
mathematical expression is given in Equation 2.17. To obtain an expression for the ABER of a
correlated EGC receiver, the obtained expression for the PDF of output SNR Yegc in Equation 3.69
and an expression for the conditional BER Pe.coh (€]y) corresponding to the employed modulation
scheme are required. Expressions for the Pe.coh (€]y) of a communication system for different
digital modulation schemes are listed in Table 2.1. Thus, we obtain the ABER expression for binary,

coherent and noncoherent modulations as discussed below.

1. Binary Coherent Modulations

For binary coherent modulations such as BPSK and BFSK, expressions for p, ;o (€]y) can
be obtained from the Table 2.1 by evaluating the entries for MPSK and MFSK modulations,
for M = 2. A simplified combined expression for both the conditional BERs is obtained and
is given in Equation 2.24. Thus, putting P, ¢op (¢]y) from Equation 2.24 and fy,(Yegc) from

Equation 3.69 into Equation 2.17, an expression for ABER can be given as

B 1 + q o o o oo 2(Ki+kyt+ks)+1 ) (2k1 - 1)”
Pech(Y) = (—1)%
IZOkzZ Okgz ok;okz— kﬁz_o { |§| ki!} e

k
(2k2_ )”p2k1—0—2k2 (1 _q2> 3+ky (k1+%>k3 (k1+%)k4qk6_k5
(1 p2>k1+kz+k4 k3 + 5 rz(k1+kz+1)(k1+kz+l)k3 (k1+k2+1)k4

X

[oe]

k57
2(ki +k2 +ks) +1 <1+q2)k‘+k2+k“Jr 2 / ki oy -+ K55k

Yegc

_ ) ks +k 2(1+¢?
x@ Vi-p2)g? Ve Q(,/Zayegc>g<k1+k3+ 5_; 6—%—1,(1(_;_2;1\_/32%@) dYegc-

TH-985_0761210 66



Chapter 3 Performance of EGC in Correlated Hoyt Fading Channels: Dual Diversity

(3.70)

Expressing Q(-) function in terms of incomplete gamma function (using [1, A-(8a)]) (repro-

duced in Equation B.14), Equation 3.70 can be rewritten as

] (1+¢?) @ o Atk 2k — 1)
Pech(Y) = (=1)%
e,c 4\/ﬁv |<20|onk320k420k5z k(,z—o {ﬁki!}ZZkl_M
=1

(2ky — 1)!! (1 v qz) k3+kg p2k1+2k2 (kl i %>k3 (kl + %)M q
X

ke —k
(1 - p2)kitletke =02 12 (k) ko 1) (ki + ko + 1)y, (ki +ka + 1)y,

ks—k6
2(k1—|—k2—|—k4)+1 <1+q2)k1+k2+k4+ 7 / K -+ho+ky+5-K6 ks— k6
— Yegc

_ g v (1 ks +k 2(1+¢?
xe Vi-p2)e e <§,avegc) g (kl k34— 5 S 41, (lgpz?vgzyegc) dYegc-

(3.71)

The incomplete gamma function g(a, X) can be expressed in terms of confluent hypergeometric
function using [5, (6.5.12)] which can further be expressed in infinite series form using [4,
9.14.1] (reproduced in Equation B.11). The resulting integral can be solved using [1, A-(6)]

(reproduced in Equation B.13). Thus, an expression for the coherent ABER be obtained as

G - e Luz S 5SS G
o — 1)k (2k; — 1)1
ech 1+q2 zokzok3z 0k4Z Oksz k6z—0 kZO l

2k2—1 ”r< k1+2k2+k3+k4+k5+k7+5) (kl +%)k (kl _|_%)k4
3
X

5
2kiHko+ks+kg { M k.v} F2(ky +ky+1) (2(ky +ka +k3 +1) +ks +ke)

(1 _q2>k3+k4wk3+k4+k5+k7 2(ky4+ko+ky)+1
X
(ki +ka + 1)y, (ki +ko + 1)y ke

2F <1, 2klHkﬁigJ§k4+k5+k7+5;2k1 +2ky + k3 + Ky +Ks + k7 +3; 3ll—'>

X
(21 + 2Ky + K3 + kg +Ks +k7 +2) (2<k1+k2+k32+2>+k5+k6) k
7

Y

(3.72)
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(1+¢%)
3(1+9%)+ay(1—p?)g?

where Y 2

2. Binary Non-coherent Modulations

For binary noncoherent modulations, the conditional BER is given in Equation 2.25. By
putting P, ncon (ElY) and fy (Yege) from Equations 2.25 and 3.69 into Equation 2.17, an

expression for noncoherent ABER can be given as

1+q o 0o 2(Kj+ka+kg)+1

Pesen(V) =~ kz S Seats 2= 1)’ {

~—~

2k, — 1)11(2ky — 1)1

2(ky+ko)+k3—(ks—ke)
Ki !} 2 2
1

0k=0k3=0ks=0k5=0 Ko 20

T—]w

¥ ) 2 ey s~
(1—-9%) 3+4<k1+ ) (ki +73) <Vegc 1+q Zz) 1k Ha) s ks
M(ki+ko+ks+1)F k1+k2+k4+1
« (pq2)2(k1+k2) (kl +k2+k4 +1 y;gl;1+k2+k4 +kg— k6e %yzzm/yegc
0
2(Ki +Ka +K3) +Ks +k 2 2(1+62)
g( (ky +ka + 32)+ s+ ke + +quvegc)dyegc. a7

The integral in the above expression can be solved using [4, (6.455.2)] (reproduced in Equation

B.9). Thus, an expression for the noncoherent ABER can be obtained as

o o 2(kj+kytks)+1 —_1\N —1\N"
Poncn(§) = )2 z S S S - pye (20— D10 - DY
=0ky=0k3=0k;=0ks=0 ke=0 {I—l ki!}2k1+k2—k5

[ (2K) +2ka + ks +ka +ks +2) (ki +3), (ki+3),,
F2(ky +ka + 1) (ki +ka + 1)y, (ki +ko + 1)y, (2(ki +ko +Kk3 +1) +ks +Ke)

2(k; +ky+kg)+1
ke

[pqz} 2(ki+k2) $2(k1+k2)+k3+k4+k5 [1 _ qz} Ks+k4

2(ky + ko +ks 4+2) +ks +k
= (1,2k1+2k2+k3+k4+k5+2; (kithkatks +2)+ks+ 6;2L|J).

2
(3.74)
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Results and Discussion

Obtained mathematical expressions of ABER Equations 3.72 and 3.74 have been numerically eval-
uated and plotted for parameters of interest. For CPSK and CFSK modulations, ABER vs. ¥ curves
have been plotted in Figure 3.19. As expected, ABER degrades with increase in p when ( is kept
constant. The ABER decrease with decrease in ¢, which indicates increase in fading severity, as
expected . These numerical results are compared with the available special case results in [62] and
found to be matching. The ABER plot for DPSK and NCFSK modulations are shown in Figure 3.20
and similar effect of q and p on the ABER performance can be observed. To compare the closeness
of the ABER performance, between EGC and MRC we obtained the difference in SNR (compared
Figure 3.12 with Figure 3.13) receivers to achieve a given ABER. Over a range of ABER values we
found that the average difference in SNR is around 0.56 dB.

A Monte Carlo simulation of the EGC receiver has been performed and the simulation results are
plotted in respective figures for coherent and non-coherent modulations. The numerical results are
in close agreement with the simulation results. In addition, we have studied the effect of correlation
on the excess SNR? required for a desired ABER and a plot is given in Figure 3.21. It can be
observed that similar to MRC receiver [63], the required excess SNR is relatively small for p lying
below 0.5 than it is otherwise. In the numerical evaluation of expressions involving infinite series
we have truncated them suitably so as to achieve an accuracy at least at 6th place of decimal digit.
In Table 3.3, we have illustrated the number of terms (N) required to achieve an accuracy of 1076 in

the evaluation of Equation 3.74 as a function of y and p.

3Defined in the footnote of Section 3.3.1.
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Table 3.3: Number of terms (N) required for an accuracy at 6" place of decimal digit in the numer-
ical evaluation of Equation 3.74.

- q=0.5 q=1
(dB) ABER | N | ABER
. 0.015953 | 11 | 0.011849

0.5 | 15| 0.018654 | 12 | 0.014372
0 | 5 |0.000600 | 4 | 0.000396
0.5 5 | 0.000777 | 4 | 0.000518
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Figure 3.19: ABER vs. Y for EGC receiver with coherent modulations.
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Figure 3.20: ABER vs. Y for EGC receiver with noncoherent modulations.
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Figure 3.21: Excess SNR vs. correlation coefficient for EGC receiver for CPSK and DPSK modu-
lations.
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3.3.4 Selection Combining Receiver

Analysis of SC receiver has been presented for independent fading channels in Section 3.1. Due to
the infeasibility of placing receiving antennas wide apart on mobile terminals, analysis of diversity
receivers with correlated branches becomes necessary. The analysis of a SC receiver with correlated
input signals requires the knowledge of the joint PDF of the correlated input signals. Below we
explain analytical steps to obtain the PDF of the output SNR from the joint PDF which enables to

carry out the performance analysis by the PDF based approach as given in Section 2.3.1.

PDF of Combiner Output SNR

An expression for the joint PDF of bivariate Hoyt RVs a; and o, with correlation coefficient p is
obtained in Equation 3.65. The CDF of the output envelope o of the combiner can be obtained from

this correlated joint PDF of a1 and 0, w.r.t. a1 and 0>, as
a o
Fa(a) =P(a; < 0,0, <a) ://fcm2 ap,0)dadas. (3.75)
0 0

Putting Equation 3.65 into Equation 3.75 and expressing the involved hypergeometric functions in

infinite series [4, 9.14.1] (reproduced in Equation B.11), the above expression can be written as
1 00 (o]

i p2kit2ka 2k — 1)11(2ky — 1)!!
0202 —p?) z Z Z 2k +2ky +k3+k
k1:0k2:0k3:0k47 { M k;! }( ( = p2>) 12K K3 +Ky

(k1 +3)y, (1 + 1)y, ()k“

Fa(a) =

X 3K+ 3k K ke F2(ki ko +1) (ki +ka 4 1)y, (ki +ko + 1), oy
a a
x/a (kitka-ths) 1, T dO( / 2(ki+kotka)+1 W dGz (3.76)

0 0
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Solving the integral using [4, (3.381.1)] (reproduced in Equation B.6), the above expression can be

given as

O )
@) = C0-)S 5SS (2K — 1)11(2ka — 1)1 (ki + 3, (ki + 2,

4
ki=0ky=0k3=0k4=0 { M ki!} I'2(k1 +ko+ 1) (ki + ko + 1)k3
i=1

. (P_qz) ) (1 —gt)" ™
2 (k; + ko + 1)k4

a2
J (kl+k2+k3+l’2q2(1 —p2>)

a2
xg (k1+kz+k4+1,m)- (3.77)

An expression for the PDF of O can be obtained by the differentiation of F (a) in Equation 3.77 w.r.t.
o. From the relation Ysc = E—ga 2, the PDF of the combiner output SNR fy.. (Ysc) can be obtained by
the transformation of RV. Putting the values of Oy, Oy and E—g as discussed in Section A.1 followed
by necessary algebraic manipulations, an expression for the PDF of the correlated dual-SC output

SNR Ysc, can be given as

_2%
1+q2 o) 00 0 00 p2(kl+k2)sz1+2k2+k3+k4y§(|:(1+2k2+k3+k4+le 2 Ysc

Fyee (Vsc) 3
= 2R (o okoko [ 1 )
= = = = - | = )
1=0ky=0k3=0kj4 iDIkl. (k1+k3+2)k2+% (k1+k4+2)k2+%
1 _q2 k3+k4 lFl <1,k1+k2+k3+2, é—iysc)
X
< q2 ) ki +ko+ks+1
1F <1;k1+k2—|‘k4+2;(%y30) 3.78
/ ’ 7
Ki +ky+ky+1 ( )
where ; £ 2\‘/%?_(];232)- For p =0 and g = 1, Equation 3.78 can be shown reduces to fy,(Ysc) =

_Yse _¥sc
%e y (1 —e v ) which is same as the result in [10, (7.60)]. Also, for independent fading channels

i.e., p =0, Equation 3.78 can be simplified to the obtained expression in Equation 3.6 for L = 2.
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Upper Bound on Truncation Error

It can be observed that Equation 3.78 consists of four infinite series. In the numerical evaluation, it is
practicable to include a finite number of terms for each series in the sum. This results in a truncation
error of the expression. Considering equal number of terms ‘K’ of each infinite series in the sum, it
can be shown that the truncation error thus occurs has an upper bound. This upper bound is derived

in Section A.10.4 in Appendix. This expression can be given as

201 = P)[(1 ~ PP B? (2Kt 3. K+ 5) pgicya pic o1 o Ve
1 SC

E
“ (3K + 1)K 2 (K2 (K + 1)

2
Zl(l—qz)ysc )
1 SIS Yse 1 Z
K+1 K41
1 Z 2
x1F; (PC1Ysc) ‘ 5.79)

K+l K+1 K+
Moments of Output Signal-to-Noise Ratio

The definition of moment is given in Equation 3.9. Putting Equation 3.78 into Equation 3.9, an

expression for the N moment of Ysc can be given as

) ) % 0 2k +2ky +k3+k
Zz(l pZ) p2(k1+k2)zl 12Ky +K3+Ky

EfY) = L2y Sy

4
ki=0k,=0k3=0k;=0 ki' b (ky ks L Ki +ks+ L
(e} b, vy,

k3 +k 2
» 1-— qz 3+Kq 1 y2k1+2k2+k3+k4+N+le_2qi21VSC
q2 Ki +ky+ks+1 ¥
0

4 )
Fi(1;kj+k +kyg+2; = d
X1 1( 1+ K2+ Kg + qzysc ysc+k1+k2+k3+1

[oe]

_& SC
X /y§(|:<1+2k2+k3+k4+N+1e 2 % 1F (1;k1 +k2+k3+2;%ysc) dvsc ¢ - (3.80)
0

The integration in Equation 3.80 can be solved using [4, 7.621.4] (reproduced in Equation B.10).

Thus, an expression for the N moment of the output SNR of the dual correlated SC combiner can

TH-985_0761210 7



Chapter 3 Performance of SC Receiver in Correlated Hoyt Fading Channels: Dual Diversity

be obtained as

W o= S s s s S g2 I (2K, + 2Ky ks kg N £2)

¢ NN e Gz [ : 3
_|-|1k,. (k1+k3+2)k2+%(k1+k4+2)k 1
i=

2+§

avkarke | 2F1 (1,2K1 4 2Ka + K + kg + N + 25k ko + ke +25 5)
<(1-q7)
Ki+ky+ks+1

+2F1 (1,2Ky + 2k + k3 + K + N + 25Ky + ko + ks +2;7)
Ki +ky+ks+1

(3.81)

It can be verified that for p = 0, Equation 3.81 simplifies to Equation 3.11 with L =2. For N =1,
Equation 3.81 gives Ysc, the average SNR for dual correlated SC receivers. It can be shown that for

g =1 and p = 0 i.e for Rayleigh fading case, Ysc simplifies to [31, (12)] (Ysc = %V).

Outage Probability

The outage probability is defined in Section 2.3. Thus, substituting Equation 3.78 in Equation 2.16,

an expression for the outage probability for correlated dual-SC combiner can be given as

ZZ( ) p2(k1+k2)sz1+2kz+k3+k4

Pout(Vth) = 2 Z Z Z Z

=0k,=0k3=0k4=0 {l_l kl }(k1+k3+%)k2+% (kl+k4+%)k2+%

Yth
y2k1+2k2+k3+k4+1e qz Vschl <1; Ki + ko +Kkg +2; %VSC> d¥se

1 k3 +kyg
X
( P ) Ki +ko+ks+1
Yth
f yit2ketkathtlg q2 e 1F <1 ki +k2 +ks +2; qzVSC) dYsc
L0 . (3.82)

ki +ko+ks+1

Expressing the hypergeometric function in infinite series, the integrations in Equation 3.82 can be

solved applying [4, (3.381.1)] (reproduced in Equation B.6). Thus, an expression for the outage
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probability can be given as

q2(1 N p2> 0 00 0 0 [qu} 2(ky+k) (1 . q2> k3-+kg

2

4
ki=0k,=0k3=0k4=0 { |—| kl 1} 22k1+2k2+k3+k4 (kl + k3 + %) 1
i=1 ko+73

Pout (Yth) a7t

1 0 g<2k1+2k2+k3+k4+k5+272q%\/th)
X
i D,y |kt ke T2

o g (2 + 2k ks +Ka +ks 2, By
k()z_o zkﬁ(kl +ko +ks+1)(ky +ko+k3 +2)k6

+ (3.83)

Average Bit Error Rate

ABER is given in Equation 2.17, which need the of PDF of ysc and the conditional bit error rate
Pe.coh (E]y) for evaluation. The conditional bit error rate (conditioned on the received SNR) for
different digital modulation schemes are listed in Table 2.1. In this work, for binary coherent and

noncoherent modulations, we obtain expressions for ABER.

1. Binary Coherent Modulations

For binary coherent modulation i. e., BPSK and BFSK, an expression for p, ¢op, (€]y) can be
obtained by evaluating the entries for MPSK and MFSK modulations in Table 2.1, for M = 2.
A simplified combined expression for this conditional BER is also given in Equation 2.24.
Thus, putting P, cop (€]Y) from Equation 2.24 and fy,(Ysc) from Equation 3.78 into Equation
2.17, binary coherent ABER can be given as

2(ky +k2)zzk1+2k2+k3+k4 <1__2qz) k3+ky

B-p) 2 228 :

Pe7ch(_) = T -5 Z 4
0 i o+ ) (e by
iI=1

2(1
o ——5 Ysc
[y ettt dar)e, TR (Tiki ke ke + 25 See ) e
0
X

Ki+ky+ks+1
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2(1
© ——Ysc
[ygitHetetiitlo  mave, © R <l;k1+k2+k3 12 g—;ysc> dysc
0

- ki +ko+ks+1

(3.84)

Expressing the hypergeometric function in infinite series [4, 9.14.1] (reproduced in Equation
B.11) and Q(-) function in terms of incomplete gamma function (using [1, A-(8a)], reproduced

in Equation B.14 ) the above equation can be written as

G- p) plt g3k ks

Pech(_) T A A z
) 202 4
VI 00200 {1t (a +a +Higpy (4 +a+Dy
1=

() i ) e
g ki+ke+ka+1, S0 \02/) (ki +ka+ks+2)y

[ee]

V2 2k s s 41 - Veo o 1 q 1 =\
e d —.a a1l
x/ s (2, Vsc) Ysc + 6+ &, Bk lkézo (qz)
5 +Ko+K+ 1, &

1 r ki +2ky+k3+ks+kg+1 _ZZ_QIVSC d

e © T | 5,ay)d . (3.85

><(|<1—|—k2+k3+2)k6 /y?c 5 &Ysc | OYsc (3.85)
0

Solving the integral (using [1, A-6]) (reproduced in Equation B.13), an expression for ABER

can be given as

Pe,ch(V) =
0 00 0 0 2(kq +k ks +k
B \/5112(13(1 _p2) Z z Z z [qu} (ki + 2)(1 _qZ) 3+Kg
o 5 4
210/T(ag? + 241 ) 2 ki=0k,=0k3=0ki=0 { M ki!} (k1 +k3+%>k | (k1 +k4+%) 1
i=1 213 ko+3

X( Zl )2k1+2k2+k3+k4 0 F(2k1+2k2+k3+k4+k5+%) ZI;S
ag?+27, =0 (ki +ka +Kg + 1) (ki +ka +ka +2),

2F (1,2k1 +2k2+k3+k4+k5+%;2k1 +2k2+k3+k4+k5+3;aq22§—12Z1)
(2Ky + 2k + k3 + kg +Ks + 1) (ag?2 +221)"
N % r(2k1+2k2—|—k3+k4—|—k6—|—%)1|;6
o (ki + ko + ks +2), (ki + ko +ka + 1) (2K + 2k + k3 + ks + ke +2) (g2 + 22, ¥

X
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5 2
x> Fy <1,2k1—|—2k2+k3+k4+k6+§; 2k1+2k2+k3+k4+k6+3;aqTZ12Z1)}'

(3.86)

It can be shown that for independent channels i.e., p = 0, Equation 3.86 simplifies to Equation

3.16 with L =2.

2. Binary Non-coherent Modulations

As discussed in previous sections, substituting p, cp, (€]Y) from Equation 2.25 and fy, (Vsc)

from Equation 3.78 into Equation 2.17, the ABER expression can be given as

Z%(l . pZ) © 0 0 o0 p2(k1+k2)sz1+2k2+k3+k4

Pench(_) - — Z
: 2 g eoneoso [ !
B Mkt (kitks+ 7))

2Zl+aq2
k1+2k2+k3+k4+2e— Tysc

0
:| k3 +ky f V%c
0

y 1 {1 0>
(k1+k4+%)k2+% q? ki +ko +ky+1

2¢ +al 2
< K1 +2ko +k3+ks+2 _172(1\/%
[ Ysc e 49

x1F (l;kl +ky+ kg +2; é—;ysc) dysc + 0

ki +ko+ks+1
x 1F (1;k1 +ky + ks +2; %Vsc) stc} . (3.87)

The integral can be solved using [4, (7.621.4)] (reproduced in Equation B.10), and the ABER

expression can be obtained as

I:)e7nch (\_/) =

:(1—92)( 9 )2 C e - w p2kitk) I (2ky + 2Ky 4K +Kg +2)

2t \ag’+201) Eoeokeons [ 2
1=0ky=0k3=0k;=0 kit b (ki + kg + 4 ki +ks+ 1
iDI il o (ki + 4+2)k2+%< 1+ 3+2)k2+%

4! >
aqz+2¢;

g, et (R (1,2 42k ks a2k +ho K +2;
<aq2+2Z1) ki +ko+ky+1
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_|_

2F <1,2k1+2k2+k3+k4+2;k1+k2+k3+2;ﬁ> (l_qz)k3+k4 .

ki +ko+ks+1 g
For independent Rayleigh fading channels i.e., p = 0 and g = 1, Equation 3.88 can be simpli-
fied to Penen (V) = (71) as in [52, (13)].

2+ay)(1+ay

Results and Discussion

The outage probability expression Equation 3.83, is numerically evaluated and the curves for Poyt(YN)
vs. Yn are shown in Figure 3.22. In the figure, the variation in the outage probability for different
values of p can be observed. The variation is more for p — 1 relative to p = 0. In Figures 3.23 and
3.24, ABER vs. Y for coherent and noncoherent modulations are plotted, as a function of p and q.
It can be observed that ABER increases with increase in p, for any value of (. The required excess
SNR (The difference in SNR between the cases p # 0 and p = 0) vs. p for an ABER of 107 is also
plotted in Figure 3.25, for CPSK and DPSK modulations. From this figure it can be observed that
the excess SNR increases slowly for p < 0.4 but the rate of increased becomes high for p > 0.4. For
example, for CPSK modulation, the excess SNR s close to 0.3 dB for p = 0.4 whereas it is nearly
2 dB for p = 0.8. It can also be observed from Figure 3.23 for p = 0.8, the ABER curve of the PSK
modulation coincides with p = 0 ABER curve of FSK modulation, above the SNR of 15dB. It may

be due to the high correlation which nullifies the performance advantage of PSK.
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Figure 3.22: Outage probability of correlated dual-SC receiver.
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Figure 3.23: ABER of correlated dual-SC receiver for CPSK and CFSK modulations.
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Figure 3.24: ABER of correlated dual-SC receiver for NCFSK and DPSK modulations.

3 T T T

LW (02T
9105 —

[\

DPSK

Excess SNR, dB

—_—
T
|

0 0.2 0.4 0.6 0.8 1
Correlation coefficient, P

Figure 3.25: Excess SNR required for an ABER of 103 for dual-SC receiver.
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3.4 Maximal Ratio Combining with Arbitrary Order Diversity

In literature on the performance evaluation of diversity receivers, an analysis for the general case of
arbitrary order of diversity with arbitrary correlation is rare due to the non-availability of a suitable
mathematical expression for the joint PDF of the received arbitrary number of fading amplitudes
for an arbitrary correlation coefficient among them. Hence, particular cases of practical importance
have been analyzed in the literature. In this section, analysis of a MRC receiver with arbitrary order

of diversity with equal and exponential correlation models are presented.

34.1 Equal Correlation Model

In this section performance of MRC receiver is analyzed for equally correlated MRC receiver for ar-
bitrary number of branches L. Equal or constant correlation model is discussed in Section 2.2, where
the correlation coefficient pmpn =p forVm##nand 1 <m,n < L. In practice, this correlation model
is observed by an array of three antennas placed on an equilateral triangle or by a closely spaced
set of antennas [50]. A PDF based analysis is used to obtain expressions for different performance

measures.

PDF of Combiner Output Signal-to-Noise Ratio

From Equation 3.19, the PDF of Yimrc can be obtained from the knowledge of the PDF of the RV a2,
which is the sum of L Hoyt square RVs, O(,z. As a standard approach for the derivation of the PDF
of a2, we require the joint density function or CF of ays. But this is not available in literature for
correlated Hoyt RVs. However, using the Hoyt RV model in [13] and the expression for the sum of
PDF of squared multivariate Gaussian RVs by Gurland in [64], it is possible to derive the PDF of a?
for the special case of equally correlated s. It is presented below.

From the Gaussian model of Hoyt RV in Section A.1 we can express 0> = X2 +Y?2, where

X2(= X2+ X3+ ...+ X?) and Y2(= Y2 +Y} +... +Y?) are independent RVs while X;(Y)s are
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correlated with correlation coefficient pmp, 1 <m,n < L.

In [64, (4)] Gurland has presented an expression for the arithmetic mean of L equally correlated
Gaussian square RVs in [64, (4)]. It is reproduced in Appendix Equation B.18 for convenience.
Thus, the PDF X2 being the sum of L correlated Gaussian square RVs, can be obtained from Equation
B.18 with suitable substitutions (i.e., A = 1/2 and k = L), and then performing a scaling on the PDF

corresponding to the factor L. So, the PDF of X? can be given as

L
lee 1 P F ,L Gt
f)(2 (X2> — <2 2’ 202(1 p)(l+(L l)p)> . (389)

(202)% (1-p)"2'T (L/2) /T+(L—T)p

The PDF of Y2, ( f,> (yz)) can be obtained by substituting X by y in Equation 3.89 can be given as

1 Lo Lpy
y2 e 1 Pk <2 57 203 (1-p)(1+(L— 1)P)>

(203)% (1-p) 5 F (L/2) /T (L= D)p

fy2 (y*) = (3.90)

Since, RVs X2 and Y ? are independent, the PDF of a?> = X2 +Y 2 can be obtained by convolving the

PDFs fy2(x?) and fy2(y?). This expression can be given as

- o ()
fe(a?) = - £ /x% Hoa—x) 2 1e2qz<1q )
(20x0y)- T2 (5) (1 - p)--1(1+ (L o
o pLX pL(a—x)
xiF (35 g ) 1F (2 b e ) 9% (3.91)

The integral in Equation 3.91 cannot be solved in this present form. Expressing the hypergeometric
functions in series form [4, 9.14.1] (reproduced in Equation B.11) and solving the integration using

[4, 3.383.1] (reproduced in B.7), the PDF of o? can be given as

folet) = e S T hrior)
= gt )T (L Okzz kl'kz'q%r (Y
k+k
pLa 1 2 ( _q )
F ki:L+k k,io( .(3.92
. 2(1—p><1+<L—1>p)} Rl g thebtktlon oq e ) 692

The PDF of ymrc can be obtained by scaling the PDF in 3.92 by the transformation of RV corre-

sponding to the multiplying factor (Ey/Np). The ratio (Ep/No) can be expressed as Ep/No = %
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(Refer Equation A.4). Thus, the final expression for the PDF of ym ¢ can be written as

(1- Vrlﬁrc k1+ ) (k2+1) Lpn/qzymrc it
ferc(yer) = Z Z 2k
[ K=ok Okl'kz'q 2|_ L+k1+k2)eﬂvmrc I—I—(L—l)p
1F1{§+k1;L+k1+kz;(1—q2)n’vmrc}, (3.93)
2
where 1/ £ 2q21;(rf_p).

Moments of Combiner Output Signal-to-Noise Ratio

Using Equation 3.93, the moments of the combiner output SNR yp ¢ can be expressed as

(1-p)(q © (k41T (ky+ 1) [ Lon'e? r”‘z

E Ve = {1+ (L—1 p}kZOkzOkl'kz'qz"ZF (L+ki+ko) [ 1+ (L—=1)p

L
X /\/rlfr—c’\”rkﬁrk2 le" ymrchl {E +kisL+kp +ko; (1— qz)nlymrc} . (3.94)

Solving the above integral using [4, (7.621.4)] (reproduced in Equation B.10), an expression for
E [yNyc] can be obtained as

Ef] = ——4= © 2 M(k+l (k+d)(Ltkitk)y [ Lpg2 9™
mel T o+ (L ZOkZZ ki ko g2k 1+(L-1)p
L
><2F1(§+k1,L+N+k1+k2;L+k1+k2;1—q2). (3.95)

The average output SNR can be obtained by putting N = 1 in Equation 3.95. It can be given as

L(1—p) © 2 g (ki +4)T (ka+3) (L+ki +ko)

o q
Yore = n[1+(L—1)p]r]’kIZOk2_o Ky ko !

Lp ki +ko . ,
x(71+(L—1)p) 2Fi (54+ki,L+ki +ke+1;L+k +k;1—07). (3.96)

Equation 3.96 is a general expression valid for L-MRC receiver operating in equally correlated Hoyt
fading environments. For the particular case of p = 0 (independent fading channels), it can be shown

that Equation 3.96 reduces to Ymrc = LYV, as expected.
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Outage Probability

Putting fy, . (Ymrc) from Equation 3.93 to Equation 2.16, an expression for outage probability can be

expressed for a threshold Vtp, as

Pt (Yin) (@) -(1-p) & %qz"lr(kw%)r(kﬁ%)( pn'L )k1+k2
out M1+ (L—1)p) &%y kika!T(L+ki+ka)  \T+p(L—1)
Yth L
X/ m—ri:kﬁk21 nymrcFl{§+k1;L+kl+k2§(1_q2>nlymrc}dymrc- (3.97)
0

The integral in Equation 3.97 can be solved by expressing the hypergeometric function in infinite
series form [4, 9.14.1] (reproduced in Equation B.11) and using [4, (3.381.1)]. An expression for

the outage probability can be obtained as

qL(l—p) 0 o q2k1r(k1—}—%)r(k2—}—%) (%+k1>k3(1_q2>k3

P
out (Yth) m[l+(L—1)p] Eorso k32_0 Ky ko 'ka ! (L + ki + ko +Kk3)
k;+k 2
pL }1 : ( 1+ )
| — P L+ki +kp+K3, 50— . 3.98
L+(L—1)p : TR W (T-p) 399

Average Bit Error Rate

ABER is given in equation Equation 2.17, which need an expression for the PDF of Yy and the
conditional bit error rate P, .op (E]Y). The conditional bit error rate (conditioned on the received
SNR) for different digital modulation schemes are listed in Table 2.1. For binary coherent and

noncoherent modulations we present expressions for ABER are presented below.

1. Binary Coherent Modulations

For binary coherent modulations (i.e BPSK and BFSK), the expression for the conditional
BER is given in Equation 2.24. Putting p, .o (€]Y) and fy,  (Ymrc) from Equations 2.24 and

3.93 into Equation 2.17, the ABER expression can be given as

. (_) _ (1 0 2k1r(k1_|_ ) (k2+l> |: er]/ :|k1+k2
- ch 1T kXOkZO KoM (L ki 1 ko) |1 +pL—1)
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(o] - " L
X /lefr—ckﬁ—k2 'Q <\/ 2a\/mrc) e Ve, {5 +ki; L 4Ky +ko; (1 - qz)nlymrc} .
0
(3.99)
The integral in Equation 3.99 can be solved by expressing |F (+,-;+) in infinite series [5] and

using [1, A-(6), A-(8a)] (reproduced in Equations B.13 and B.14, respectively). Thus, an

expression for ABER can be given as

P 2 © (0 DT (o
e,ch N a—+ /2 %[ zOk;Okz kl'kz'k3 L+k1+k2+k3)!
n’ L+k1+k2+k3 1 /L pL ki+k
o n’ ) (L+k1+k2+k3+5)(5+k1>k3{H(L—l)p}
1 /
><(1 ) (1 L+k1+k2+k3+2L+k1+k2—|—k3+l ?_n/). (3.100)

2. Binary Noncoherent Modulations

For binary noncoherent modulations, the conditional BER is given in Equation 2.25. By
putting P, neoh (€1Y) and fy (Ymrc) from Equations 2.25 and 3.93 into Equation 2.17, an

expression of noncoherent ABER can be given as

(g = =PaEn)” 3 iqz"lr(kw%)r(kw%)( Lon' )k1+k2
Pe.nc 21(1+(L—1)p) Ki=0ks=0 Kitko!IT(L+Kp + ko) 1+p(L—1)

00

X /qu?ckl+k2_le_(nl+a)ymrclFl {% +ki L4k + ko (1— qz)nlymrc} dYmre-
0
(3.101)

Solving the integral in Equation 3.101 using [4, (7.621.4)], an expression for ABER can be
obtained as
B 1 _ / L () (%) 2 k]
Pench(Y) = (1-p)@an’) . Z Z <a+qn/q2)
211+ (L—1)p][(@a+n'g?)(a+n’)]2 \i=0k:=0

r(k1+%)r(k2+%){ pn'L ]k1+k2
kitko! (@a+n)fe  [1T+(L=1)p '

(3.102)
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For p =0 and q = 1, i.e., for independent Rayleigh fading channels, Equations 3.100 and

3.102 simplifies to the result in [1].

Results and Discussion

Obtained mathematical expressions have been numerically evaluated and plotted against parameters
of interest. Also, Monte Carlo simulations results have been included in the figures. It can be
observed that the simulation results are in close agreement with the numerical results. In Figure
3.26, Pout(Vtn) vs. YN has been plotted for different values of L, p and g. The effect of branch
correlation on the outage can be observed by comparing the outage values for p = 0.8 against the
values for p =0 (uncorrelated case). Clearly, with the increase in p, the receiver suffers more outage,
for a fixed value of Yy and L. Again, as expected, increase in L reduces the probability of outage.
These results have been verified against the results in [2], which is a special case of the results
presented here, and are found to be matching. For binary, coherent and non-coherent modulations,
ABER vs. ycurves have been plotted in Figures 3.27 and 3.28, respectively. It can be observed that
the ABER performance degrades with the increase in p. Also, for the modulation schemes under
consideration, bit error rate degrades with decrease in (, as expected. The effect of number of input
branches on the ABER, curves are shown as a function of L.

In the numerical evaluation of expressions involving infinite series, we have truncated them suitably
by including finite number of terms N ensuring to achieve an accuracy in ABER at least at 7" place
of decimal digit. In Table 3.4, we have illustrated the number of terms required to achieve this
accuracy in the evaluation of Equation 3.100 as a function of Yy, L and p for g = 0.5. It can be

observed that for a given SNR the value of N is increasing with increase in p and L.
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Outage Probability, Py

0 5 10 15 20
Normalized SNR per branch, VN dB

Figure 3.26: Outage probability of the L-MRC receiver with equal correlation.

0
10 g -
B1naryI coherent modulation
5 0.8,1.0 -
10} ) 0.8,0.5
P.9= 900,10 —
00,05 — —
10° d Simulation
=
m
aa) St
<10}
4
10
= =
10 1 . 1
0 5 10 15 20 25

Average SNR per branch, Y dB

Figure 3.27: ABER vs. Y for L-MRC receiver with binary coherent modulations.
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| N S % ;
5 10 15 20 25
Average SNR per branch, Y dB

Figure 3.28: ABER vs. Y for L-MRC receiver with binary noncoherent modulations.

Table 3.4: Value of N for an accuracy at gl place of decimal digit in the numerical evaluation of
Equation 3.100 for q = 0.5.

i [ = [=5
YUAB) | P T ABER | N | ABER
05 133 00716715 | 34 | 0.0108255
0.8 | 65 | 0.0834794 | 66 | 0.0221059
05110 | 0.0062631 | 8 | 0.0000454
0.8 [ 18 [ 0.0096621 | 16 | 0.0003301

0
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3.4.2 Exponential Correlation M odel

The exponential correlation, which is observed when the receiving antennas are placed in a linear
array [1,2,51] as discussed in Section 2.2. The system model considered for analysis is similar to
the previous one except that the input branch signals are exponentially correlated. An approximate
closed form mathematical expression for the PDF of the combiner output SNR (Ymrc,) 1s obtained

using the useful expression given in [65] with necessary modifications.

PDF of MRC Output Signal-to-Noise Ratio

In the model described for equal correlation in Section 3.4.1, it is assumed that Xlzs \ |Zs) are expo-

nentially correlated, for which the correlation matrix is given as [51] Zjj = p2|i_j|, where

X1, X .. ko
= COV( & 2) ) 1§|,J§L ) |7£J
V/var(X;)var(Xp)
From Equation A.18, it can be shown that the correlation matrix for O(lzs is also 2jj = pz“‘”.

Extending the useful formula given for exponentially correlated sum of gamma RVs in [65], (putting
L
r=1/2 and 6 = 203) which is discussed in section A.7, the distributionof X = § X/ can be closely
=1
approximated by

LT JL1—1,"o7%
T X e o«
f = S 3.103

L
(]

L
Similarly, the PDF of Y = ¥ le can be given as
I=1

1 Lt yLr—le_oL§y
f == —_. .104

where T £

Since, RVs X and Y are independent, the joint PDF of X and Y can be obtained by multiplying fx (X)
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and fy (y). Thus, using the joint PDF of X and Y and [59, (6.44)], the PDF of a2 can be written as

_ T

1 2Lt e 0)2/ a 0%70)2,_{)(
fo(02) = /LT_IG— Lt-lg ojog (. 3.105
@)= (5] g @0 e o 3.105)
0

Solving the integral in Equation 3.105, using [4, (3.383.1)]( reproduced in Appendix B.7) the sim-
plified equation can be given as

AT ol1-1, o2® 2 _ 2
T a e 9 02 -0
fo(02) = F (Lo 2 Yra ). 3.106

Performing transformation of RV corresponding to the multiplying factor E, /Ny on Equation 3.106,

the expression for the PDF of Yy can be obtained as

No'[

_q = 7 Ymrc 2 )
N()T 2Lt oLt le Ebcv)z, 0y —O TN()
f = forc Fi { LT;2LT; | =" 3.107
Ymrc (Ymre) (Oyobe> r(2LT) 1F1 0)2/0% Ex Ymre ¢ ( )

Putting the value of Ox = 1, which results in 0y = g and E,/No = y/(1+g?) as given in Section A.4.

Thus the PDF of yprc can be finally given as

(96)*" Yot Lo~ G

F(2L1) 1F1 (Lt 2Lts6(1 — 0%)Yinre) (3.108)

ferc (Vm I’C) =

A Za
where ¢ = (l%iqzﬁ.

Moments of Combiner Output SNR

Using Equations 3.108 and 3.9, the Nt moment of the MRC output SNR can be given as

2Lkt %
/y'gnl_rz—kN—le—Cerchl (LT;ZLT;C(1 - q2>erc) dYmrc (3.109)
0

(q¢)
E [Viee] = r(2L1)

The integral in Equation 3.109 can be solved by applying [4, (7.621)]. The final expression for the
Nt moment can be obtained as

2Lt L
E [Ynrel = qiiNT)NZFl (Lt;2Lt+N;2LT; 1 — ). (3.110)
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The average SNR at the output of the MRC, Ymrc, can be obtained from Equation 3.110 by putting
N=1as

2LTq2LT

mrc —

oF (LT2Lt+ ;2L 1 —g?). (3.111)

Outage Probability

Putting fy, . (Ymrc) from Equation 3.108 to Equation 2.16, the expression for the outage probability

can be expressed for a threshold Vi, as

2L ¥h
/ ml_rg—le—Cerclpl (LT;ZLT;C(1 = qz)erc> dYmre- (3.112)
0

(q¢

Pout(Yth) = m

The integral in Equation 3.112 can be solved by expressing the involved hypergeometric function in
infinite series form [4, 9.14.1] and then using [4, (3.381.1)] (reproduced in B.11 and B.7, respectively

), the outage probability can be given as

g?lt =2 (L) (1 - 9%)'g(2Lt +t, %)

Pout(W) = £33 2 t12L0), (3.113)

It can be shown that for q = 1, the Rayleigh fading channels, Equation 3.113 becomes Pqoyt(Yn) =
g(L 4
%, which is same as the result in [1, (40), for m = 1]. The infinite series involved in Equation

3.113 is a convergent series and an upper bound on its truncation error is given in Equation A.65.

Average Symbol Error Rate

The ASER of a digital communication system for various M-ary modulations can be obtained by
averaging the conditional SER corresponding to the modulation over the PDF of the receiver output

SNR [2]. Mathematically, ASER can be given as

[oe]

Pe(Y) = / Pe (€1Y) fypmre (Ymre)dYmre, (3.114)
0
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Table 3.5: Values of a and b for some coherent and noncoherent modulations.

b a
0.5 ) A/M-1) M1
: o Z
0.5 NBFSK - - -
1 CBFSK/NDBPSK - - NMEFESK
2 - DBPSK - -
2sin?(Tt/M) - MPSK - -
ﬁ - - Rect. QAM -

where pe (€|y) is the conditional SER corresponding to the modulation scheme used. The condi-
tional symbol error rate for different digital M-ary modulation schemes available in literature are

given in Table 3.5. Below we obtain expression for ASER for some modulation schemes.

1. Coherent Modulations

For coherent modulations, the expression for the conditional BER can be given as
Pe.coh (ely) =aQ <\/ bymrc) ; (3.115)

where parameters a and b are given in Table 3.5 for different modulation schemes of interest.
Putting p, .op (€]Y) and fy,  (Ymrc) into Equation 3.114, ASER for coherent modulation can

be expressed as

2LT

e e~ e Q(\/2aymrc)1Fi (LT 2Lt:¢(1—q )erc) dYmre. (3.116)

I:)ecoh

Using [1, A-(8a)] (reproduced in Equation B.14), the Q(-) function can be expressed in terms

of an incomplete gamma function, and the expression of ASER can be rewritten as

1 [qC]ZLT 00 (LT o
Pean = Nﬁr(zu)% / Ve 7T (5 8¥mec) BYre - (3.117)

The integral can be solved using [1, A-(6)] (reproduced in Equations B.13). Thus, an expres-
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sion for ASER can be obtained as

a+c¢ t; t12 b+¢
1
x2F1(1t+ tHbic) (3.118)

2. Noncoherent Modulations

For noncoherent modulations, the conditional BER for MRC receiver can be given as [3]
Pe nch (ely) = aexp(—Dbymrc), (3.119)

where the values of a and b are given in in Table 3.5. By putting p, cop (E]Y) and fy, (Ymrc)
into Equation 3.114, an expression for the ASER for noncoherent modulations can be given

as

ZLT

nch —

/ ml?g lo—(c+a) ercll:1 (L'[ 2LT; c( —0Q )ymrc) d¥mre- (3.120)

Solving the integral using [4, (7.621.4)] and [1, A-(5)] (reproduced in B.10 and B.12, respec-

tively), a closed-form expression for ASER can be obtained as

2Lt
q¢

v/ (c+b)(b+qo?)

For g =1 and p = 0, can be shown that Equations 3.118 and 3.121 are matching with the

(3.121)

I:)ench =

result given in [1, (40)] and [1, (39)] for m = 1 and p = 0, respectively.

Evaluation of Truncation Error for Expressions Involving Infinite Series

The expressions obtained in Equations 3.113 and 3.118 for the outage probability and coherent
ASER contain infinite series. A finite number of terms are considered for numerical evaluation of
these expression, due to which a truncation error may occur. Upper bounds on truncation errors
for these expressions have been derived applying the approach in [55] from which the accuracy of

numerical evaluation can be verified. We present expression for the upper bound of the above two
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expressions.

1. Error Bound for Outage Probability: The error bound for Equation 3.113 is derived in

Section A.10.5 in Equation A.65. It can be given as

o™ @K L,
Kot S K!(2Lt 4 K)F(2LT) (2L1),

1F (LT +K; 1+ 2LT 4+ K; —Gyn)

1 Lt +K 1 —q?
2Py Sl =) | (3.122)

K+1 2Lt+K+1

2. Error Bound for ASER for Coherent Modulation: The error bound for Equation 3.118 is

derived in Section A.10.6 in Equation A.68. It can be given as

a b q ZLT(LT) r((p+l)(2LT+K(1_q2>K
\/;{ ] K 2

E <
KASER = ZK'(p‘ a+c (b+C)K+%
2
1 1 @+i Lt+k S0
x2Fy (1,(p+§;([)+1;bi>3|:2 2 = , (3.123)
TG K+l o@+1

where (pé 2Lt +K.

Results and Discussion

Analytically obtained expressions have been numerically evaluated and plotted for illustration.
Outage probability Poyt(Yn) vs. Y has been plotted in Figure 3.29 for different values of L, p and
g. It can be observed that with the decrease in ( the receiver suffers more outage, for a fixed value
of YN, p and L, as decrease in ( indicates severe fading. The outage degrades with increase in p for
all values of L, p and ¢, for a fixed Y. ASER vs. y for some coherent and noncoherent modulations
have been shown in Figures 3.30 and 3.31, respectively. In Figure 3.30 plot for coherent PSK has
been included. From the plot of BPSK and 8PSK, it can be observed that the ASER performance
degrades with a decrease in ( and increase in p, as expected. Also ASER degrades with increase in
the constellation size of the modulation scheme. In Figure 3.31 plots for noncoherent FSK has been

shown, for noncoherent BFSK and 4FSK modulations. The observations are similar to the coherent
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modulations. From these figures one important observation is that, the effect of q is strong enough to
counter the performance advantage expected out of L.  In the numerical evaluation of expressions
involving infinite series we have truncated them suitably to K terms so as to achieve an accuracy in
outage and ASER at least at 7t" place of decimal digit. Further, the bound on the truncation error
has been obtained for outage probability as well as for ASER. In Figure 3.32, Ex ., vs. K has been
plotted for 8PSK modulation scheme as a function of L, p and y with g = 0.5. It can be observed
that the error bound decreases very fast with K and a maximum of 20 terms is enough for numerical

evaluation for the above accuracy.
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Figure 3.29: Outage probability vs. Y as a function of L and q.

Average SNR per branch, Y dB

Figure 3.30: ASER vs. ¥ for some coherent modulation scheme as a function of L,p and q.
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105- | | 1 a g
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Figure 3.31: ASER vs. Y for some noncoherent modulation scheme as a function of L,p and q.
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Figure 3.32: Ex 5 vs. K for 8PSK modulation scheme as a function of L,p and y with q = 0.5.
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Summary

Table 3.6: SNR (dB) of dual MRC, EGC and SC at an ABER of 1073.

MRC EGC SC
P g=1|9g=08|qg=1{9q=08|g=1]9g=0.8
CPSK 0 | 11.06 | 11.16 | 11.67 | 11.80 | 12.54 | 12.61
0.7 | 12.38 | 12.51 | 13.02 | 13.15 | 13.84 | 13.99
DPSK 0 | 13.17 | 13.35 | 13.86 | 13.94 | 14.73 | 14.83
0.7 14.6 | 1473 | 152 | 1532 | 16.16 | 16.23

3.5 Performance Comparison Among the Diversity Schemes

A Comparison of ABER performance of SC, EGC and MRC diversity schemes is given in Table 3.6.

It is obtained for the SNR of dual correlated receivers for different values of  and p at an ABER

of 1073, From the table it can be observed that the SNR remains almost same for fixed values of p

and g for MRC and EGC receivers. Further, the difference in SNR between SC and EGC is more

compared to the difference between MRC and EGC, as expected.

3.6 Summary

In this chapter, performance analysis of SC, EGC and MRC receivers over independent and corre-

lated Hoyt fading channels are presented for dual and L order of diversity. Performance measures

such as ASNR, outage probability and ABER have been considered. Mathematical expressions for

these performance measures have been provided. Numerical and simulation results have been pro-

vided with discussion. The diversity receivers for which analyses have been provided are enumerated

below.

1. Dual correlated and L independent SC receiver.

2. L independent, equally correlated and exponentially correlated MRC receiver.

3. Dual correlated MRC receiver with equal and unequal fading parameters.
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4. Dual correlated EGC receiver.
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Chapter 4

Performance Analysisin n — 4 Fading

Channels

A n —is a generalized fading channel model, which best fits to the experimental data with no line-
of-sight path [14]. Commonly used fading channel models such as Rayleigh, Hoyt, Nakagami-m
etc. can be realized as special cases of this model. In this section, performance parameters of L -SC
and -MRC receivers are derived over N — | fading channels. For SC receiver, the outage probability
is obtained from the joint PDF of the input SNRs Yy, H-:l, for exponential fading correlation fading
models. For the MRC receiver, a PDF based approach discussed in Section 2.3.1 is used to obtain
moments of the combiner output SNR Ymc, outage probability and ABER for binary, coherent and

non-coherent modulations.

4.1 Selection Combining in Independent Fading Channels

Performance of an L-SC receiver is analyzed over independent n-j fading channels using a PDF

based approach discussed in Section 2.3.1. An expression for the PDF of the combiner output SNR
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is to be obtained in this approach. The analysis is carried out in two parts; first part deals with the
derivation of an expression for the PDF of the combiner output SNR fy (Ysc) and in the second
part using the obtained PDF expression, mathematical expression for the moment and the ABER
performance are derived.

The CDF of n — | distribution is known in closed form in terms of Yacoub integral [14]. A
general solution of which is recently presented in [48]. But, we observed that it is difficult to used in
this form to obtain the PDF of the ysc. In order to obtain desired performance measures for a general
case we have obtained this CDF expression in an infinite series form using which it is possible to

obtain the PDF of ys. It is explained below.

4.1.1 PDF of Combiner Output Signal-to-Noise Ratio

An expression for the PDF of SNR in n — p fading channels is given as [14]

1
R ez (2
H=7 f

fy(yi) = - e - (4.1)
n) F(w) L H Vi
where the parameters H, h and | are explained in Equation 1.6. An expression for the CDF of the |th
branch SNR can be obtained, by integrating Equation 4.1 w. 1. t. Y} as
1 1 s
72V41 L TR Ll S B Lo T 1 2pHy;
o = TR o T
rw v H J SRR
o HAg(2u+2t, %0y
_/m v 42)

(W) Sy tIM (Ut §)220 2t Lput2t”
The integration in the above expression is solved by expressing the I;,(-) in infinite series [54] (repro-
duced in Equation B.17) and using [4, (3.381.1)] (reproduced in Equation B.6). For independent and
identical branch powers i.e. for yj =V, VI, the CDF of ys; can be written as the product of L-CDFs

of L branch SNRs, as

L
Fr. (Yo) = PVi <Veo,¥2 < Vec,-- oYL < Vec) = I_l Fy (V1)
I=1
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L
Ui e HEg(2us2n Ay ) -
UG t;)t!22“+2t_lr(u+t+§)h“+2t ‘ :

Differentiating Equation 4.3 w. r. t. Ysc, the PDF of ysc can be given as

© Zzt. (L“+Ztl) L
=1 Ve E)Z(Lu+i§1tl)

tl_OtZZothZo { 4w (M+ti+%)} <\7
=1

_2Lph L lecrebS] <1§2U+2ti+1;2—ﬁysc>
x e y Ysc Y
2p+ 2

2tLmt/2htH 2 2
fye(Yec) = T(U)

4.4)

For Rayleigh fading channels, which is a special case of N — [ fading model (L = 0.5, n = 1), it can

be shown that Equation 4.4 reduces to [10, (7.60)].

4.1.2 Momentsof Combiner Output Signal-to-Noise Ratio

Using Equations 4.4 and 3.9, the Nt moment of the ys; over N-p channels can be expressed as

L
234 Lo
OLLTL/2pH » © ® H i m 2(Lu+i§1tu)
=0 = g 3237 = (5)
Rt = { M ti!F(u+ti+%)}{ M (2u+2t)}
i=1 i=1
o Lu+zt JAN+T i =L 2uh
/Vsc "~ e v ysc{rl 1F (1;2U+2ti—|— h%ysc)}dysc- 4.5)
i=1

The involved integration in Equation 4.5 can be solved using [3, (C.1)] (reproduced in Equation

B.15) and an expression for E[y}] can be given as

EY =
. L Lu—2(Lp+ S ) 25t
NE N e r(N+z<Lu+zti>)h“ SRR
2 'm [y i<l
“ e () 222

HS0ES 60 ) 2Lt Zl ){ |:|1 (2u+2t)} {_hlti!r(u+ti+%)}

i=1
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11 1
XFa | N+A, 11,001 2042t + 1, 2u+2t + 1, .., 2u+2t 1+ 1; DL
v —_——

L—-1 bers
(L—1) numbers (L—1) numbers

(4.6)

An expression for the average output SNR Y can be obtained from Equation 4.6, substituting N = 1

as

VSC -

L
ZZti

r<1+2(|_u+ zt)) =

L
=0t A 2Lp+ 3y t) (L L—1
e DR {|‘|tﬂ|’(p+ti+%)}{|‘|(2u+2ti)}
i=1 i

i=1

XFa | 14+2(Lp+ Zt oo L 202t 12U 42t 41, 2042t +
H/—/
(L—1)numbers

11 1
DL 4.7)
—_——

(L—1)numbers

4.1.3 AverageBit Error Rate

A general expression to obtain the ABER is given in Equation 2.17 which needs the PDF of ys; and

the conditional bit error rate p, .o, (€]Y), for evaluation. The conditional bit error rate (conditioned

on the received SNR) for different digital modulation schemes are listed in Table 2.1. In the work

presented here, we obtain expressions for ABER for binary, coherent and noncoherent modulations

as discussed below.

Binary Coherent Modulations

For binary coherent modulations (BPSK and BFSK), an expression for the conditional BER is given

in Equation 2.24. Putting p, .o (€]Y) and fy (Ysc) from Equations 2.24 and 4.4 into Equation 2.17,

TH-985_0761210

104



Chapter 4 Performance of SC in Independent N — 4 Fading Channels

an expression for ABER can be written as

L
2Lp © 0 (ﬂ)ziglti
Y
M) 553
t1:Ot2:0 tLZO {l—l tlyr (p’—i_tl_'_%)}

= 2u
2(Lpt 3 )= o L-11F (1 2U+2ti+1; 5 v Vsc)
Jo(vmmpet e[
0 i=1 2“+2t|

] L2y (uvh
Pen (V) = <|—|_\</$) (U

dysc.
4.8)

The integral in Equation 4.8 cannot be solved in this form. Hence, expressing the hypergeometric
function in Equation 4.8 in an infinite series [4, 9.14.1] (reproduced in Equation B.11) and express-
ing, above expression for the coherent ABER can be rewritten as

Lfl

(2n) 5

0{|‘|t.'|’(u+t. )}

Z

i
1

Lo i\ e e 2oe e
Pea(¥) = () ( V) ZOtzZ th(’klekzz

0

00
kLZ1

1 U 2;t.+§k|
{D (2u+2ti)(2p+2ti+1)ki}

5 23 )+ ILgllk.—l ey
X/Q 2a\/sc Yo o - v Ve dyee. 4.9)
0

The integral in Equation 4.9 can be solved after expressing the Q(+) function in incomplete gamma

function using [1, A-(6)] (reproduced in Equations B.13 ) as below

i (2\/ﬁ) L—1 L (\/ﬁu> 2Ly 0 o 0 o0 S 00 (
Pech - — e
v) rC() y zmzz t._ZOklz—Okz—O kLz—o { h

L
k 2 ti
2h)i Z ‘WA

!0 (L4t + )}

1
X

{L|:|1(2u+2ti)(2u+2ti+l)ki} (V

i=1

5 L b Lflk
U) i; H—|§1 !
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° 2Lp42 Z ti+ z ki—1 Mh
X/ < aVsc) Yo 0 Schs (4.10)
0
Solving the integral in 4.10, using [1, A-(8a)] (reproduced in Equation B.14), an expression for
ABER can be obtained as
Pech (V) =

L L1
av<2\/ﬁ)L—1LhLuq)2Lu+% © © ®  ® o of F(ZL“+2i§1ti+|§1k|+%)
Y (W et W) C 1
t1=0t=0 tL.=0 k]ZOkz:O kal::O {I_l t,'l_ (“+tl + z)}
i=1

L71 L=
ki Zzt. 2Ztu+2kl

(2h)l I (1 2Lp+2 zt.+ z ki+12Lp+2 t.+ z ki +1; 2Lh<D)
i=1 = =1 1=1

% L-1 F L=l ’
{.|'| (2u+2t) 2u+2ti+1), }<2Lu+22t. Iz k)
i=1 =1
4.11)

Le |1
where @ = m

Binary Non-coherent Modulations

For binary noncoherent modulations, an expression for the conditional BER is given in Equation
2.25. By putting p, hcon (€]Y) and fy (Vsc) from Equations 2.25 and 4.4 into Equation 2.17 an

expression for the noncoherent ABER can be given as
Pencn(y) = () ( y ) PAD S e L—1
6=0L=0 =0 { Mt'r (u—l—ti—i— %)} { M 2u+2ti}
i=1 i=1

« 2Lp+2 Z tl_l 2Lph+aVSc L-1 Zuh
Ve I_! (1;2p+2ti—|- 1;Tysc) dysc. (4.12)
|
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Solving the integral in Equation 4.12 using [3, (C.1)] (reproduced in Equation B.15) expression for

the noncoherent ABER can be obtained as

Pe,nch(V):
L 251
2L—1LT[L/2 Ap ® ® o0 r (ZLU+2|zltl> (QDH) =1 L
:W<\fhcb) Y .. - L Fa | 2042 3
D TTSTIY ey A G
i=1 i=1
1,1, 15 2042t +1,...2u42t 1 +1; 2hd,...2hd |. (4.13)
N—— S———
(L—1) numbers (L—1) numbers

4.1.4 Resultsand Discussion

ABER vs. ¥ for binary coherent and non-coherent modulations over N-j fading channels are shown
in Figures 4.1 and 4.2, respectively. The n-p fading model is applicable to non line-of-sight fad-
ing channel communications and similar to K-| fading channels, here | is also proportional to the
number of multi-path clusters. So, the effect of U on system performance is similar to K- fading
channels. Also, the performance is directly proportional to L for fixed, n and J. The parameter n
depends on the variance of the in-phase and the quadrature phase components of clusters. Hence,
as expected, increase in N degrades the ABER performance. It can be observed from Figures 4.1
and 4.2, that for an increase in diversity order from 2 to 3 a diversity gain of 3.49 dB and 4.57 dB,
respectively, can be achieved at an ABER of 10~*. The corresponding values of diversity gain for
non-coherent modulations are observed to be 1.23 dB and 1.89 dB, respectively. In the numerical
evaluation of expressions involving infinite series, we have truncated them suitably so as to achieve
an accuracy at least at 71" place of decimal digit. In Table 4.1 we have illustrated the number of

terms (N) required to achieve an ABER of 10~ in the evaluation Equation 4.11 as a function of ¥.
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CPSK
N CFSK

Simulation| T

ABER

Average SNR per branch,y dB

Figure 4.1: ABER vs. yfor SC receiver with CPSK and CFSK modulations.

DPSK

ABER

Average SNR per branch, Y 4B

Figure 4.2: ABER vs. Y for SC receiver with DPSK and NCFSK modulations.
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Table 4.1: Number of terms (N) required for an accuracy at 7th place of decimal digit in the numer-
ical evaluation of Equation 4.11 forn =2,u= 1.

L=2 L=3
N ABER N ABER
CPSK 6 | 0.0209453 0.0025874
CFSK 10 | 0.0515436 | 13 | 0.0080392
CPSK 5 | 0.0032608 0.0002074
CFSK 6 | 0.0104652 | 6 | 0.0010341

y (dB) | Modulation

oo

5

(91

10

4.2 Selection Combining in Exponentially Correlated Channels

In this section, an expression for the outage probability of an L-SC receiver is derived for an expo-
nentially correlated N — U fading channel. An expression for the joint PDF of exponentially corre-
lated multivariate N — L RV is obtained which is further used to derive the expression for the outage
probability. Monte Carlo simulation has been performed to validate the obtained mathematical ex-
pression. Numerical and simulation results are plotted and the effects of correlation, number of

diversity branches and fading parameters on the outage probability of the receiver are studied.

4.2.1 Joint PDF of Exponentially Correlated n — 1t Random Variables

n
From [14], N — W distributed RVs Z; (I = 1,2,...,L) can be modeled as Z|2 = Xl2 —|—Y|2 =3 X|7i2 +
i=1

EIYHZ, where X, j and Y| are independent Gaussian RVs with zero mean and variances 0% and
i=

05, respectively. In this representation the PDF Z; is as given in Equation 1.6, where the fading
parameter I = g—;i. An expression for the joint PDF of exponentially correlated (for which the
correlation matrix is given as Zijj = /p' I, where p = cov(x?,x3)/4/var(x3)var(x3),1 <i,j < L

and i # J) RVs X, can be obtained extending the useful formula given for generalized Rayleigh RVs
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in [66] as (Section A.9)

2,2 L-1
X (+p) 5 %2

xM—1lyma ™ 208(1-p)  207(1-p) & € (L1 9 —(m-1)
P o, X (X1 X, X)) = = —m 4[] (L)
2m-11 (m) [0%'—(1 —p) ] k=1 P)

p
X Xklm—1 (W\/:p)xkxkﬂ) } X >0, (4.14)

where m = n/2. Joint PDF of {X;,Xy,...,X_}s obtained in Equation 4.14 cannot be used in this

format as it is not possible to derive X|2 —|—Y|2, to evaluate the joint PDF of exponentially correlated
N — U envelopes (Z;s). Expressing the Bessel function in infinite series [4, (8.455)], Equation 4.14

can be expressed as

L—1

R >

242
= 2m—1 XX (Hp
2L(1 m) (X17X27 7XL) " 202 B
e 205 (1— 20%(1—
fxl,XQ,...,XL(X17X27-'-7X|_) = m € ox(1-p) GX P)

L—1
r(m) [63-(1—p)""']
© o) )+t 4.4t 120 2t1+2t2 2t 42t 1 2t
pl 2 L 1)(1 X2 XL— XL

t,=0t,=0 t ;=0 (O')% (1 . p))2t1+2t2+...+2t|_,1 { I_l 4t't|'|_(m—|—t|)}
=1
(4.15)

Thus, the joint PDF of exponentially correlated RVs X,2 can be derived from Equation 4.15 as

m—1 oo i) N
2 2 2y, (X17X27"'7X|-) 209(1—p) 20%(1—p) 2 %
feawz 2 (X1,%5,..., %) = e K2
X2 X2, X X1 X5 -, X[ - n L
2mr (m) [a3-(1 - p)|
0 o 0 t 4.t 1y bl tH—tz LI o VI s
p DD AT A )

<22

=R T — o)L \ Iy { 1 4titi!r<m+ti>}
i=1
(4.16)

An expression for the joint PDF of exponentially correlated RV's les can be obtained by putting y in

place of X in Equation 4.16. It can be given as

__Y1t (1+p

m—1 -
2.2 2\ (YI---yn) 204(1-p) 203 (1— Zyk
Fovz. veO1Y2- YD) = we 290 20701-0E

2L (m) |o3t(1 - )|
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1+|2 T T

2(|1+|2...+||_,1)
® o i ) y1y2 T YL

= (it
> z Z z L
1,=01,=0 IL_1=0 { |_| 4|J|J'F(m—|—|1)}
o

(4.17)

Since Xlz and le are independent RV, applying convolution operation [59, 6.44], an expression for

the joint PDF of exponentially correlated RVs Z,2 = X,2 +Y|2, can be derived as

2 2 -
fZ%,Z%, 22(217227 .o ZL) ==

(1 p)2m(1 L) 0 2m—+ty 4+l —1

Z1

f .

t|_, =01,=01,=0 IL_1 0{ I—l 4t|+||t||| lr(m+t> (m+|l>}

B(m+t1,m+|1)

z

1

20tr+lr) o 20501-9) 2 _ g2

\/ﬁ) y Oy — Oy

X| — 7= 715 m+t2m+t + i ossr—21
( 1-p oaoml 20202 (1—p)

L—1 _ _(+p)z t ml 2 __ =R 7
><{I—le 203 (1-p) B(m 7mk) (OX 0y>(1+p)zk> e 203 (1-p)

t t |
T | 1Fi My; My + My 2D
gl Zli mt ( 2050y (1-p)

2
o, — O
«B t 1. 22m+t|_,1+||_,1—1 F w ’2 t g : X y 7
(“l L—1,M L 1) L (k| m L—15<M L—-1 L-1 20_)%0_}2/(1 p) L >

(4.18)

where, jT1 £ ji+ ...+ ji_1, Sd £ 5+ jk—1 + jk. The power correlation co-efficient of Z;s can also

be shown as p [67]. It is shown in Section A.8.

4.2.2 Outage Probability

To obtain an expression for the outage probability of a SC receiver with L input branches, the joint

PDF of the input branch SNRs is required to be known. From Equation 4.18, the joint PDF of input

SNRs y; of SC receiver can be obtained by applying the concept of RV transformation on y; = leﬁ—g

Assuming 02 = 1 in the resulting expression, for the convenience of presentation and without loss

Eb_

of generality, which results in 0 =n and H( 1 +ﬂ

i Also, from [14] parameter L = n/2, where
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N is the number of multipath cluster, hence, in this we can write m=l. After these substitutions and

some algebraic manipulations, the expression for the exponentially correlated joint PDF of yjs, can

be given as

fyivon (Y1, Y2, - W) =
(1 p)Zp(l L) o o 00

_ - « o B(u+ty, U+|1) Fi (W4t2p+t 4+ 15Av)
~4Lr2 (p)nte Z Z Z Z Z Z
t;=0t,=0 tL_1=01;=01,=0 ||_ 1=0 nZtT{ I—l (4tl+|ltl'll'r<“+tl)r(u+II))}

><< VP )Z(tTHT)EZuH]+|1y2u+t1+|1 = 1 I:l B (ks i) | Fi (i Mk + A (1 +p) W)
1-o D ol y — (Mt E(1+P)Yk
k

e 20-p) £~ (TR
Ev
)G B (et p I VZMHL L1y 1P (Ut 20+t AW,

(4.19)

2
where A = ns(] pg and & = £ 2”(1”]) . The joint CDF of ;s can be obtained by integrating Equation
4.19, w.r.t y1,¥a,...,YL. Then, expressing the hypergeometric function in infinite series [4, 9.14.1]

(reproduced in Equation B.11) the CDF can be given as

Fovaon (MC15T2,0 L) =
1 o0 (o] (o0
- 4Lur2 (U)rll‘u(l 211 (L-1) z Z Z:

=0t,=0 _ 1,=01,

[oe]

£

T|M8
HMS

=0 _1=0 0 p2
M
x(—@)zm'” B+t i+ ) (1+t),, E”*‘ﬁ“”l [ypressientg:
— L
I=p pl{ﬂ(4t'+|'t'| T (U4t (u+ 1) }

&y
2(1-p) dy

X1

L +pc—1 U+t
de EU"’LI“’L])\pL

L|:|1 EMH (1) o, B (M- Hi) (A (1+p))™ /
b (M +HE) 2T 20+t 1), P!

M
X(M+tL—1)pLB(H+tL—1,u+|L—1)/e— 3] Byt P

dyi. 4.20
JRICTE R I Y n (420

Solving the integral using [4, 3.381.1] (reproduced in Equation B.7), the CDF can be expressed as

Foyeoy (M1, TL) =
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4u(L—2)r2(“)an( ZHL 3) Z Z Z Z Z

t1=0t=0 t._1=01;=01,=0

Selection Combining Receiver in Exponentially Correlated N — [l Fading Channels

[e¢] o0
DEPEP I
L-1=0p;=0pr= =

pL=0
2t (n — 1) 1+'°L(1—p)tL*1+'L*1“1+'1‘ “T+'T)9<2u+t1+|1+p1,z( ))
L1
pl!DL!r(2u+t1+I1+p1)q2tT+pT+pL{

M (45 (u+6)T (R 15)) }
i=1
|
x {L|:|1 2HCHT (i i) T () (n =

|
)pk(l—p)“tﬁ“k( £(1+ >rk)
g U‘f’ M+ Pk,
Ko P! (KL 41+ i) 1+p KE Tk 2(1—-p)
P (W4 1) T (4t +p) T (W4t )T (W+t 1 +pL)
F2u+t 1+l —1+pL)

r
xg (2U+tL—1 +1l -1+ P, ﬁ) :

Mathematically, outage probability can be expressed as Pqy¢ (Ven)

X

(4.21)

= Ry (Yth). For the SC receiver.
an expression for the Pqyy¢ (Vin) can be obtained by evaluating Equation 4.21 at y;

= Vth, Vi. The final
expression can be given as

Pout (Yn) =
1 o0

422 ()t (1 — p) M) Zot2 Z

(0e]

=0 1;=01=0 |L1 Oplz—()pzz— LZ—O
2t 1>p1+pt<1—p)tH“L*l*““l— <‘T+'”g(2u+t1+|1+p1,2y )

L—1
pl!pL!F(2u+t1+I1+p1)r]2tT+pT+pL{ M (4ti+'iti!|i!r(p+ti)r(p+|i))}
i=1
L—lzut+u'r t r | o
x{l‘l < (P T () (0

|
)pk(l p)“}ﬁ“k (t | E(1+p)\7)

(kM Tk H+P, 57— =
2 Pi!T" (W -+ + Py L8 T Al =P
P (I T (W4t 4+ p) T (4t )T (Ut +pL)

r(2u+tL_1+|L—1+pL)
&y

X0 (2p+tL_1+IL_1+DL,m)

X

(4.22)
4.2.3 Resultsand Discussion

The expression for the outage probability given in Equation 4.22 has been numerically evaluated
and plotted for illustration. In Figure 4.3, Pout(YN) vs. YN has been plotted for different values of
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N, 4, p and L. As described in Section 1.2 n is the ratio of power (variance) between the inphase
and quadrature phase components of the channel (Format 1). Hence, increase in N means a poor
channel and as expected it can be observed that the probability of outage is high for higher value of
N in Figure 4.3. Increase in | indicates more number of clusters, hence, a better channel. This can
be seen from the outage probability in Figure 4.3. The outage probability degrades with increase
in p for all values of n, | and L, for a fixed Y. We observed that the for fixed N and [ the outage
probability is small for L = 2 with p = 0 compared to L = 3 and p = 0.8 for lower yy. The crossover
point for p = 0.5 and N = 0.75 is at Yy = 12dB and is increasing with increase in JU. Hence, an
important conclusion can be drawn from these observation is that it is better to go for a lower order
diversity with sufficient antenna spacing instead of higher order diversity in space and power limited
scenario. To validate the obtained results, the outage probability has been also obtained by Monte
Carlo simulation. Simulation results are also shown in Figure 4.3. It can be been observed that the
numerical results are in close agreement with the simulation results. In the numerical evaluation, an
accuracy at least at 7th place of decimal digit has been maintained by suitably truncating the infinite

series in Equation 4.22 to finite number of terms.
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10 | T
Outage Probability
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Figure 4.3: Outage probability of SC receiver in exponentially correlated n — p fading channels.
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4.3 Maximal Ratio Combining Receiver in Equally Correlated

Fading Channels

For L correlated MRC receiver, performance measures like outage probability, moments and ABER
for coherent and nocoherent modulations are obtained for equal correlation model discussed in Sec-
tion 2.2. For MRC receiver it is mentioned in Section 2.1.2 that the PDF of output SNR is the sum of
all input branch SNRs. From this relation, by obtaining the sum of equally correlated n — [ square

RV, it is possible to obtain the PDF of the output SNR. The approach is explained below.

4.3.1 PDF of Combiner Output SNR

For a MRC receiver, the PDF of output SNR, Ymrc can be obtained by obtaining the PDF of combiner
output envelope a. From input envelopes as (I = 1,2,...,L), a can be obtained from the relation
a’=a % + cx% 4. - GE, from which an expression for the PDF of output SNR Y can be obtained
by a scaling it corresponding to the factor (Ep/Np). As a standard approach to obtain the PDF of
a2, the joint density function of ays is required. But it is not available for correlated n — pt RVs in
literature. However, using the N — L RV model in [14] and the expression for the sum of PDF of
squared multivariate Gaussian RVs by Gurland in [64], it is possible to derive the PDF of a? for the
special case of equally correlated ds. It is presented as below.

The N — P RV model explained in Section 1.2 is considered here with envelopes are equally
correlated with correlation coefficient p. From the n — p RV model in [14], we can express a2 =

n n n n n n
X2 4+Y2, where X2 = 3 X;i* + by Xoi? + ...+ _zlxuz and Y2 = 3 Y%+ 'ZIYZiZ o 'z1YLi2
1= 1= 1= 1=

i=1 i=1
are independent RVs while Xji (Yi)s are correlated with correlation coefficient pmiki, 1 <m,k <L

and 1 <i < n. The method described for Hoyt fading channels in Section 3.4.1 can be extended to

obtained the PDF of RV X? (by increasing the number of Gaussian RV) and the expression can be
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given as
x7-lg~ mlFl <D~Q~ pLx )
2° 27 202(1-p)(I+(L-1
fy2 (x2 — n(HC)’ (1—p)(1+( )pi 4.23)
() e)?(1-p) 7 (1+(L—1)p)
Similarly, fy (y?) can be obtained by substituting X by y in Equation 4.23 as
Yy
y2 1e Zoyl p) Fl n.Ln. 221 pliy —
fa(y?) = ( T i PITH )p)n>. (4.24)
2

r (%) (202) (1-p) T (14 (L-Dp)
Since, RVs X2 and Y? are independent the PDF of the RV a? = X2 +Y? can be obtained by con-

volving the PDFs fy2(x?) and fy2(y?) which can be obtained as

1 ~2a0
fo(0?) = e 7Y
0(2< ) (20_X0_y>Lnr2(n7L) (l—p)n(L_l)[1+(L—l)p]n
o 03—
#x n nL pLX
n—1 n 1 20X0 (1-p)
0/xz (0 —x)2 e 1F1<2 2’ 202(1—p)(1+(L—1)P))
nnL pL(a —x)
1 Fi (5,7,20§(I_p)(1+(|__1)p)> dx. (4.25)

Expressing hypergeometric functions in Equation 4.25 infinite series [4, 9.14.1] (reproduced in

Equation B.11) we can rewrite it as

(o) = e 20701-p) S (), 3y,
a - el

(20x0y)"(1=p)" V(1 +p(L - 1) (§) EoSotiblox oy (%), (),

L ti+t a 0% CIy X
X D /x%ﬂl‘l(a—x) 2t ladoroyion gy (4.26)
2(1=p)(1+(L—-1)p)
Performing the above integration we get
e_20)2/8*9) n)

(20.XO.y)Ln<1 . p)n(L—l)(l + p(l_ n|—2 Ln ZOtzz tl'tZ'

2(1=p)(1+(L=1)p) o%‘lo%(nzt)tl(%)tz
x1F Eﬂ—l—hﬁ“—l—h—ktﬁﬂa . (4.27)
2 20305(1 —p)
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The PDF of ynre can be obtained by scaling Equation 4.27 (applying concept of transformation
of RV) by the multiplying factor (Ep/Np). The obtained expression can be further simplified by
assuming 0)2, =1 as explained in Section . Also, relation between n and U is given in Section as

U =n/2 . Thus, finally the PDF of Yy can be expressed as

! PP S 2
(1—p)2H- W1+ (L—1) ]2“{ Wh } Z Z tl'tz'n“
n)

=0t,=0
1+t y2|_|.l+t1+t2 le VE )erc

ferc(erc> -
[ Lpu(1+n) }
Y(1—p)(1+(L-1)p) FLp+t +to)

x1F (Lu+t1;2Lu+t1 +t2;Myer) . (4.28)
n(1—p)y

Upper Bound on Truncation Error

The error bound for Equation 4.28 is derive in Section A.10.7 in Equation A.72. It can be given as

M2 (u+ K) D1 — ) (Lpyme) ™ oyt - 0y

B = M (2(Lp+ K))K P2 (yntiekk e
x1Fp (Lu+K;2(LU+K)§%VWC)
Rt S ol P
K+1 Lp+K K+1 Lp+K
where [ & #0410

y(I-p)(1+(L-1)p)"

4.3.2 Momentsof the Combiner Output SNR

[ee]

The moments associated with the Ymrc can be expressed as E [YNyc] = [ Y fyure (Vmre)dYmre. Putting

(=]

Equation 4.28 in it we obtain

- 1 ) S S
"V = e ]Z“[ wh } =0t

ti+t s

/yzLu+N+t1+t2—1
mrc
0

y (W, { Lpu(1+n) ]
tLINtF(2Lu+t +t) [Y(1—p)(1+(L—1)p)
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2-1
%erc) dYmre- (4.30)

Solving the integral (using [4, (7.621.4)], reproduced in B.10), the Nt moment can be obtained as

I R el He (U)tl(U)tzr(ZLH—i—N—Fh—i—tz) Lp t+t
E[erc] - [1+ l)p} o L‘F( l)p}

—LHn)erc
xe WI-p) 1F (| LU+t 20+t + 1ty

I']L” (L — = tl!tz!l']tl F(2Lp+t1 —l—t2) L—
y(1—p) N —1
X ml +f]))} oF (Lu+t1,2Lu+N b 2Lp At b ”T) . 431)

The average value of the combiner output SNR can be obtained, by putting N = 1 in Equation 4.31,

as
. l=p *& 2 FRLu+t +t+1) Lp """
nte |1+ (L 1)p Zmzz tl'tz'r]tlr (2Lp+t; +1) l+(L-1)p
y(1 1
x“EHn))ZFI <Lu+t1 2Lp+t +tr+ 1 2Lu+t1+t2,nn ) (4.32)

4.3.3 Outage Probability

Putting fy, . (Ymrc) from Equation 4.28 to Equation 2.16, the expression for the outage probability
after expressing the hypergeometric function in series form [4, 9.14.1] (reproduced in Equation

B.11) can be expressed for a threshold yi, as

2Lp
) S 55 5 i,
(l_p)Z(LH—N)[1+ 2“ == tl'tz't3'r]t1 (CLp+1t +tr +13)
" {U(IJH])FWHB[ Lp ]tlHZ[ ] ?h Lyhtty -1
(1-p)y I+(L-Dp
u<1+n)
xe Vi Ymegy, o (4.33)

The integral in the above expression can be solved by using [4, (3.381.1)] (reproduced in Equation

B.6). The final expression for the outage probability can be obtained as

S o (W), (LH+t)y,

Pon) = [ ]*S
outt\N) = N [T+ (L—1)p e th tl'tz'tg,'l' (2Lp+1t; +tr +t3)
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(n—1)° Lp
nt+t |14 (L—

H(1+n)
W(l—p)

t -+t
1)[3} g <2L|J+t1 +t +13, ) . 434

4.3.4 AverageBit Error Rate

ABER is given in equation Equation 2.17, which need the of PDF of yn¢ and the conditional bit error
rate P, cop (€]Y) for evaluation. The conditional bit error rate (conditioned on the received SNR) for
different digital modulation schemes are listed in Table 2.1. In this work, for binary coherent and

noncoherent modulations, we obtain expressions for ABER.

1. Binary Coherent Modulations

For binary coherent modulation i. e. BPSK and BFSK, an expression for pg .o (€]y) can
be obtained by evaluating the entries for MPSK and MFSK modulations in Table 2.1, for
M = 2. A simplified combined expression for this conditional BER is also given in Equation
2.24. Thus, putting P, cop (¢|y) from Equation 2.24 and fy,(Ymrc) from Equation 4.28 into

Equation 2.17, binary coherent ABER can be given as

00

N 1 p(LEm) P 8 (K,
TR Ty ]2“{ Nl } 2 Ztl'b'ﬂ“r LA

=0t,=0
Lpu(1+r]) o Lty +t—1 o~ 2y
a1+ (L- /Q (V28 ) Vot e
2—1
x1F1 (LU—HI;ZLU-HI +t2;rl.;((T7_p))vymrc) dYmre- (4.35)

Expressing 1Fy (+,-;-) in infinite series [5] and Q(-) function in incomplete gamma function
(using [1, A-(6)], reproduced in Equations B.13) Equation 4.35 can be rewritten as

! R+ & 2
2y/T(1—p)? (Ln— u)[1+(|__1) ]ZH[ YW } Z 2 tl'tz'tg,

=0t,=0t3=
y (Lu+tl)t3 |:“(1+r]):|t1+t2+t3|: Lp :|t1+t2 |:r]_1:|t3
Nt 2Lu+t +t+1t3) | (1—p)Y I+(L—1)p

n
7 1 _u(+m
y /ﬁ%ﬁ+tl+t2+t3_lr (E,aymrc) e VI-p) ymmdymrc- (4.36)
0

Pe7ch(_) =
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Using [1, A-(8a)] (reproduced in Equation B.14), the above integration can be solved and an

expression for ABER can be given as

o (_) B l ay( )ZZLIH—Z l—p 20 © o
e,ch ) T[U(l"‘r]) n2Lu 1_|_(|__1)p tZOtz Ztl!t21t31nt1

=013
Xr(zLu+t1+tz+t3+%)(Lu+t1)t3z“+‘2+‘3[ Lp r“Z{n—lr
(Lp+t +t2 +1t3)! l+(L-1)p n
1
X2 F <1,2L|J.+t1 +1t +t3+§;2L|J.—{—t1 +tHh+t3+ I;Z) , 4.37)
u(1+n)

A
where { = Sr=pram

2. Binary Non-coherent Modulations

For binary noncoherent modulations, the conditional BER is given in Equation 2.25. By
putting P, neoh (€lY) and fy  (Ymrc) from Equations 2.25 and 4.28, into Equation 2.17 an

expression for noncoherent ABER can be given as

Ponen()) = l[ e r“[ M(1+n) r”‘ »3 Wy, (W,
. i 2|1+ (L-1)p] |y1-p)n 2o tl'tz'l' 2Lu+t1+t2)
xi[_ LPU(l—H] }tl+t2/y2Lu+t1+t2 1 Rty
Nt [yl —p) (1+(L
u(nz—l) )
x1Fp (| LU+t 2Lp+t +t; ————= dYmre- 4.38
1 1( M2l +h + 1 r](l_p)y\/mrc Ymrc ( )

Solving the integral (using [4, (7.621.4)], reproduced in B.10), an expression for ABER can

be obtained as

1] 1-p ™ ¢ e 2 (Pl)2
Pe,nch() - 5{1+(L—1)p} [n_(n_l)Z} ZOtzz t1|t2 1)Z]t1

Lpz ti -+t
X [71 T l)p] . (4.39)

For p=0and q =1, i.e., for independent Rayleigh channels, Equations 4.37 and 4.39 simplify

to the results in [1].
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4.3.5 Resultsand Discussion

Obtained mathematical expressions have been numerically evaluated and plotted against parameters
of interest for. In Figure 4.4, Poy(YN) vs. YN has been plotted for different values of L, p, n and
K. The effect of branch correlation on the outage can be observed by comparing the outage values
for p = 0.8 against the values for p = 0 (uncorrelated case). Clearly, with the increase in p the
receiver suffers more outage, for a fixed value of Yy, L and fading parameters n and J. Again as
expected, increase in L reduces the probability of outage. These results have been verified against
the results in [1], which is a special case of the results presented here, and are found to be matching.
For CFSK and NCFSK modulations, ABER vs. Y curves have been plotted in Figures 4.5 and
4.6, respectively. It can be observed that the ABER performance degrades with the increase in p
with constant L and fading parameters 1 and . Increases in parameter | indicates more number
of clusters in the fading model and as expected gives better performance, whereas increases in N
increases the difference of variance between in-phase and quadrature phase components and hence,
degrades ABER performance. To show the effect of number of input branches on the ABER, curves
are shown as a function of L. A Monte Carlo simulation of the EGC receiver under analysis has
been performed and simulation results have been plotted in the respective figures. In Figure 4.7 we
have plotted the upper bound of truncation error for fy, . (Ymrc). It can observed from the figure that,
as the number of turns and/or average input SNR increases the accuracy in the sum is very high. In
the numerical evaluation of expressions involving infinite series we have truncated them suitably by
including finite number of terms ensuring to achieve an accuracy in ABER at least at 7th place of

decimal digit.
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Figure 4.4: Outage probability of the L-MRC receiver with equal correlation.
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Figure 4.5: ABER of L-MRC receiver with equal correlations for binary coherent modulations.
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Figure 4.6: ABER of L-MRC receiver with equal correlations for binary noncoherent modulations.

Upper bound of truncation error

Figure 4.7: Upper bound of truncation error of Equation 4.28 forn =0.5, =1 and p=0.8.
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4.4 Summary

In this chapter, we derived the PDF of output SNR and the expressions of performance measures

over N — | fading channels for
1. L independent SC receiver.
2. L exponentially correlated SC receiver.

3. L equally correlated MRC receiver.
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Chapter 5

Performance Analysisin Kk — u Fading

Channels

5.1 Independent Fading Channels

Performance of an L-SC receiver has been analyzed over n-y fading channels. A PDF based ap-
proach discussed in Section 2.3.1 is used to obtain moments of the SC receiver output signal-to-
noise ratio and ABER for binary, coherent and non-coherent modulations. Simulation results have

been presented to validate the obtained mathematical expressions.

5.1.1 PDF of Combiner Output Signal-to-Noise Ratio

The PDF of combiner output SNR Vs¢, which is essential to evaluate the performances of receiver in
PDF based approach. The CDF of K — [ distribution is known in closed form in terms of Marcum
Q function [14]. But we observed that this expression cannot be used in this form for our purpose

as it is difficult to integrate the Marcum Q function. In order to obtain performance measures for
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a general case we have obtained this CDF expression in series form using which it is possible to
obtain PDF of ygc. It is explained below.

In a L-branch SC receiver, the PDF of fading envelope o at the It branch is distributed according
to the K — [l distribution as given in Equation 1.8. In the same branch, PDF of SNR y; can be given

from [14] as

ul+k) 2 y2e ¥ K(1+K)Y
fy (i) = s Iu+1 lu—1 | 2¢ (T) . (5.1
KT\_/'T o
From Equation 5.1, the CDF of y; can be obtained by integrating Equation 5.1 w.r.t. yj as
M VSC 1
14+K) 2 Bl p(+K)y 14K
Fp (i) = % i>e Vo lgof2u % dyi. (5.2)
KTeHKVIT 0

Expressing the involved Bessel function in Equation 5.2 in infinite series using [54] (reproduced

in Equation B.17) we can rewrite the CDF of y; as

14K 1 2 1 K(1+K) 1+K>
Py (W) = {M 7 )} = Zt'r TEEY {“ (Vu ] /y“+t 'e dyi. (5.3)

The integration in Equation 5.3 can be solved using [4, (3.381.1)] (reproduced in Equation B.7), and

CDF of yj can be given as

(kp)' M(1+K)
Fy (1) = euK t,ru+t)g(u+t, 7 w)- (5.4)

Thus, assuming input signals are statistically independent and y; =, VI, the CDF of SNR at the
output of SC receiver can be written as the product of CDFs of all L received SNRs. It can be given

as

L
1 & (kp)! 1+K
Fye. (Ysc) = [ewt;%g (LH—L“( ; )ysc)] . (5.5)

Now differentiating Equation 5.5 w. 1. t. Y5 using [5, (6.5.25)] (reproduced in Equation B.2), the

PDF of the SNR at the output of the SC can be given as
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L
L [l +Kyec]™ & 2 o 1 K2 (14+K) | "
) - { -
Ysc L¥sc LK y tl—OtZZO tI_ZO{hti!r(U+ti)}
i=1

DX (e T ) L-11Fy (1;H+ti + 1;—”(1—+K)Vsc)
=1 _%VSC y
X Ysc e v

| M+t

Y

(5.6)

For g =1 and K — 0 (Rayleigh fading case), it can be shown that Equation 5.6 reduces to [10, (7.60)].

5.1.2 Momentsof Combiner Output Signal-to-Noise Ratio

Using Equations 5.6 and 3.9, the N'" moment of ys; can be expressed as
ElV&] = / YAt Fyee (Ve )dVsc (5.7)
0
Putting fy, (Ysc) from Equation 5.6 into Equation 5.7 we obtain

L

EVel = e% {W} Lutliouio:.tio {ihlti!r(u—i—ti;} {t_ﬁjuﬂi} (KMZ(;JFK))E]M

P Lu+§t.+N U Wi+ g ¥y
Yo e W { I_l 1k <17U+ti+ 1, t - )Vsc) dVsc- (5.8)
2 = Yi

The integral in equation 5.8 can be solved using [3, (C.1)] (reproduced in Equation B.15) and the

final expression can be given as

% t L
{ [Lkp]i=t T (N + LU+ i§1 ti)

EV] = LLM+N—1eLUK[ I;rK } zoui) i’{h (U+ti>}{L_1 }

I u+t
=1
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L
1 1
x Fa N+Lp+Zti; 1,...,1; M+t + 1, i+t + 1 — ey
i=1 b and L L
(L — 1)numbers (L — 1)numbers
5.9)

The average SNR at the output of the SC can be obtained from Equation 5.9, by substituting N = 1

in it as

L
t
© " [LKp]izl r (Lu+1+ > t)

You = 0k LLueLuKtZOtzz ZO{ h ti!F(u+ti>} {LH1“+ti}
i=1 i=1

L
1 1
x Fa L“+1+21ti; I,...,1; U+t + 1, u+t g+ 1; AR
i= L —_——
(L — 1)numbers @ _ Youmbers

(5.10)

5.1.3 AverageBit Error Rate

A general expression to obtain the ABER is given in Equation 2.17 which needs the PDF of ys; and
the conditional bit error rate Pe.coh (g|y), for evaluation. The conditional bit error rate (conditioned
on the received SNR) for different digital modulation schemes are listed in Table 2.1. In the work
presented here, we obtain expressions for ABER for binary, coherent and noncoherent modulations

as discussed below.

1. Binary Coherent Modulations

For binary coherent modulations BPSK and BFSK, the expression for the conditional BER is

given in Equation 2.24. Putting p, .o (€]y) and fy (Ysc) from Equations 2.24 and 5.6 into
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Equation 2.17, binary coherent ABER can be given as
L “(1 + K) L|.l 00 ) ) 1
gLuk Y Z Z L L1
h=0L=0 1=0 { i} ti!r(u+ti)} { N M+ti}
i=1 i=1

I:>e7ch (_>

L
2

L
2 i % Lp+ ¥ ti—1
KU (1 +K) \is _ Lt iz
X (M) 1 /e v Yo 1 Q (\/ 2a\/sc)
0

Y

L—-1
(1 +K) )
X Fiol LLu+t+1, 2 dVse. 5.11
{Dl 1( 1 v Ysc Ysc ( )

The integral in Equation 5.11 cannot be solved in the present form. Using [1, A-(6)] (repro-

duced in Equations B.13 ) we can write the Q(-) function in incomplete gamma function and

thus Equation 5.11 can be rewritten as

L (u(1+K))L“ S Y .S 1
2\/ﬁeLuK y tl_OtZZO t,_Zo { h ti!r(u+ti)} {Lﬁlu—Hi}
i=1 e

L L
2 2% Lty -1
KU (1 +K)\is 2 1 Lu(14K)
X( N (_+ )) N F<—,aysc)e CUEIT
0

I:)e,ch (_)

y 2

X{I_llFl<17“+ti+lau( = )Vsc) dyse (5.12)
i= VY

The integration in 5.12 can be simplified by writing the hypergeometric function in infinite

series using [5] as

L

PR
: & F a1 VRIS A Ve A
) = g (LLEAYISTS 5080
2\/1_'[eLuK Y tIZOtZo t._ZOkIZ_Okzz_O kLZ—O { h ti!l_(u—i—ti)}
i=1
L L—1 . L L-1
1 U(l—f—K) i;tﬁ_ig]ki L“—i_iglti—i_iglki_1
- y Ve
{_I‘Il (U‘Hi)(U‘Hi"‘l)ki} 0
1=
_Lule),, 1
xe vV 5T E,aysc dysc. (5.13)

Solving the integral in Equation 5.13 using [1, A-(8a)] (reproduced in Equation B.14), an
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expression for ABER can be obtained as

Z i
) L aVB 0 0 0 0 00 00 BZI—(Z_'_% u]
Pe7ch( ) - e e
2ebi T (1 4-K) tZotZZo tL—Okl—Okzz—O kLzl—Oz{ h i (U A+t }
1 1
S oF (1,Z+§;Z+1;LB , (5.14)
{ 1 (u+t.)(u+ti+1)k}
i=1
Ly A p(l4x)
Wherez Lp.+ z ti+ z k| and B W(I-FK)

2. Binary Non-coherent Modulations

For binary noncoherent modulations (NCFSK and DPSK), the conditional BER is given in

Equation 2.25. By putting p, ,coh (€1Y) and fy (Vsc) from Equations 2.25 and 5.6 into Equa-

tion 2.17, an expression for noncoherent ABER can be given as

Pe,nch(_) —

L
K210 ) 2,
1 (u(1+K) (e

Ly o (o) 00
2eluk y ) tIZOtZZOWtLZO { h ti!r(M‘Hi)} {L|:|1u+ti}
i=1 i=1

- L
LU“'_Z ti— Lp(1+K)+ay 1+K
X [ Yse {n (17U+ti+1,u( v )Vsc) dysc.

(5.15)

Solving the integral (using [3, (C.1)], given in Equation B.15 in Appendix), an expression for

ABER can be obtained as

L

PR

BLM ) 00 00 (LU+ z t) [KMB]IZI

_ i=1
Pe.nch (V) gLk zmz zo — Fa Lp+IZt|, 1.1
2 Htl'r(“+t) _I_llu+ti (L—1)numbers
i=

U+t1+17u+t2+17~~7U‘HL—H’l; Bv 7B . (516)

(L—1 )numbers
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Table 5.1: Number of terms (N) required for an accuracy at 7" place of decimal digit in the numer-
ical evaluation of Equation 5.14 for K = 0.55,u = 2.

_ . L=2 L=3

y (dB) | Modulation N ABER N ABER
CPSK 13 1 0.0160112 | 16 | 0.0121210
CFSK 19 | 0.0593464 | 15 | 0.0604053
CPSK 10 | 0.0006925 | 10 | 0.0001977
CFSK 12 | 0.0052614 | 13 | 0.0029356

5

10

5.1.4 Resultsand discussion

Analytically obtained expressions have been numerically evaluated and plotted for parameters of in-
terest. For K-|l fading channels, ABER vs. Y for binary coherent and non-coherent modulations have
been shown in Figures 5.1 and 5.2, respectively. As expected, the performance is directly propor-
tional to the diversity order L for given values of K and . The K-J model is applied for line-of-sight
fading communications and the parameter K indicates the power of the dominant component. Hence,
the ABER performance improves with the increase in K for fixed values of L and [I. The parameters [
is the real extension of number of clusters n [14]. As expected, the increase in parameter [l improves
the performance of the system. In the numerical evaluation of expressions involving infinite series,
we have truncated them suitably so as to achieve an accuracy at least at i place of decimal digit.
In Tables 5.1 we have illustrated the number of terms (N) required to achieve an ABER of 10~7 in

the evaluation of Equation 5.14 as a function of V.
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ABER

i Simulation &

10 5 10

Average SNR per branch, Y dB

Figure 5.1: ABER vs. yfor SC receiver with CPSK and CFSK modulations.

ABER

DPSK

Average SNR per branch, Y dB

20

Figure 5.2: ABER vs. yfor SC receiver with DPSK and NCFSK modulations.
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5.2 Summary

In this chapter, we have derived the PDF of output SNR and the expressions of performance mea-

sures over K — [ fading channels for L independent SC receiver.
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Chapter 6

Conclusions and Future Wor k

Performance of SC, EGC and MRC diversity receivers are analyzed over Hoyt, N — L and K — |
fading channels. Focusing on the analytical approach, mathematical expressions for various perfor-
mance measures such as ASNR, outage probability and ABER/ASER of diversity receivers have
been obtained. The PDF based analytical approach has been preferred in all analyses for these per-
formance measures, wherever possible. It is stressed to analyze diversity receivers with arbitrary
order of diversity with correlated fading channels since these cases are encountered frequently in
the field deployment of diversity receivers. The mathematically obtained performance parameter
expressions are numerically evaluated, plotted and the the effect of different parameters on the re-
ceiver performance is studied. Numerically obtained results have been compared with the Monte
Carlo simulations results and have been found to be closely matching. The obtained expressions
have been verified with the available published results which are special cases of the problems un-

der analysis. Receiver systems with the particular configurations analyzed are enumerated below.
1) Expression of PDF of output SNR for independent fading channels:

(a) L-MRC receiver over Hoyt fading channels.

(b) L-SC receivers over Hoyt fading channels.
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(c) L-SC receivers over N — [ fading channels.

(d) L-SC receivers over K — [ fading channels.
i1) Expression of PDF of output SNR for correlated fading channels:

(a) L-MRC receiver over equally correlated Hoyt fading channels.

(b) Dual EGC receivers over Hoyt fading channels.

(c) Dual SC receivers over Hoyt fading channels.

(d) L-MRC receiver over equally correlated N — |l fading channels.
The obtained expressions for performance measures are obtained in terms of Gamma, incomplete
Gamma, Beta, Bessel and Hypergeometric functions. Numerical expressions have been numerically
evaluated using software packages like MATLAB and MATHEMATICA. In some analysis the ob-
tained expressions are in the form of infinite series. These series have been truncated suitably by
including finite number of terms ensuring to achieve an accuracy in ABER at least at 7th place of

decimal digit. Also wherever possible, we have derived expressions for upper bound on truncation

CITOIS.

6.1 Future Work

A few research problems that can be taken up for analysis are enumerated below:.

e Performance of L-MRC receivers over correlated Hoyt fading channels with arbitrary fading

parameter
e Performance of L -EGC, SC receivers over correlated Hoyt fading channels
e Performance of L -EGC, SC receivers over correlated N — [ fading channels

e Performance of diversity receivers over correlated K — [ fading channels
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A.1l Complex Gaussian Model of Hoyt Random Variables

The complex Gaussian model of Hoyt RV a; = |Z;| for I (I = 1,2,...,L) branch can be given
as [13]

Z =X+ Y, = 1 2emmnl (A.1)

where j = /=1, X; ~N (0,05 ) and Y; ~ N (0,0y, ). In this representation, the Hoyt RV a; = |Z)| has
the PDF given in Equation 1.3. For the convenience of presentation but without loss of generality,
we assume Oy, = 1, this result Oy, = . Assuming O)%I = 0)% and G)Z,I = 032, Y |, from Equation A.1, we
can obtain Q| = E [0}] = 1+ hence, Q; = QV |. Substituting this value of Q; in Equation 1.3 and

expressing lo(-) in terms of confluent hypergeometric function [54], Equation 1.3 can be rewritten

as
~L0}
ae - 2
fa|(0|>=T1F1 (%;l;lzT‘ia%). (A.2)
For equal branch average power i.e. Q; = Q) =... = Q| = Q (equivalently, foryy =y =... =

YL = V). Ep/No can be expressed in terms of the fading parameter q as

V=02 =1+ (A.3)
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Thus,

= = . (A.4)

A.2 Characteristic Function of Sum of Hoyt Square RVs

In the mathematical model of Hoyt RVs in [13] i.e. 0(,2 = X|2 +Y|2 the RVs X| ~ N (0,0%) and

Y; ~ N (0,07) are independent. So the joint CF of aj can be given as

q)G%,G%,...,GE(jwl: Jw27 A’ J(*)L> - ¢X%7X227.,.7X5(jw17 J(*)Zv AR j(*)L)q)YE,YzZ,...,YLZ(jwh Jw27 AR J(*)L>7

(A.5)

the notation for @y p, . h (jor, joy,. .., joo) is the joint CF of RVs hy,hy,... he.
An expression for q’xf,xg....,xf(jwb jw, ..., juy ) can be derived as shown below:
From the PDF of X|, performing transformation of random variable operation, PDF of a X|2 can

be obtained as

fua(X}) = ———e 2%, (A.6)
x,2( ) 2m02%
From Equation A.6 CF of X|2 can be obtained as
. - L 71 (e
2(joy) =E[eI] = / e \¥%x dx. (A7)
™ (2mo3)'/? ) V&
Performing the integration we obtain
. 1
(pxlz(JwI) = ) (A.8)
208 G i)
Since X|s are independent their joint CF is the product of individual CFs, hence
(Px127x227m7x3(jw17jw27---7ij> - (Ag)

1 L 1 |
(209)"? II:! ‘ /(ﬁ—i—j(*)i)
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Similarly the joint CF of RVs Y12,Y22, e ,Yl_2 can be obtained as

o : 1k 1
G2z, y2(Jwr, joy,..., jo) = o wall : (A.10)
(205) 7" <2%§+jooi)
Hence, the joint CF in Equation A.5 can be obtained as
L
1

(A.11)

q’u%,u%,...,af(jwl:j(*)z,---,j(q_) = : - 1 -
207 3 Jwi> (2—0§ + Jwi>

1
(20x0y)" ll:l \/<

A.3 Joint Characteristic Function of Dual Correlated Hoyt RVs

Hoyt fading model is given in [13], where a |2 is given as

af =2 +Y2, l=1,2, (A.12)

where X, Y| are independent zero mean Gaussian RVs with variances G)% and 0)2,, respectively. In
this representation the Hoyt RV o has the PDF given in Equation 1.3, where the fading parameter
q= %. In this analysis to simplify the analysis procedure, we assume 0)2( = 1 resulting in 0)2, =0
However, this representation is not affecting the generality of the fading channel.

When X;(Y;) and X»(Y2) are correlated with correlation coefficient p, it can be shown that RVs
o7 and O, are also correlated with correlation coefficient p. In complex form Hoyt RV can be

modeled as Z; = X| + jY|, where a;=|Z;| and the correlation coefficient between Z; and Z, can be

written as,

El(Z1-21)(Za—2Zy)*]  E[Z,Z5]
JVar(Z,Var(zZ;) ~ 0;+0;’

Pz,,z, = (A.13)

where Z) represents the mean and from definition it can be shown to be zero. The variance of 0| can

be derived as

Var(z))=  E(Z})-[E@)] (A.14)

=  E@ZZ;)-0
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=  EX+YP)
= oz+o.
Hence we can write
o= E [(X; —X1) (%2 —X2)] _ E[XiX2] (AL5)
v/ Var(X;)Var(X,) o} .
E [X1X,] = 02p.
Similarly,
E[Y1Y2] = oyp. (A.16)
Now we can write E (00) as,
Elogaz]  =E[(Xi+ jY1)(X2 = jY2)] (A.17)

=E [X1X2 +Yi1Yy + j(Y1X2 = Xle)]
= E[X1X2 +Y1Y2] = E[X1X2] aF E[Y1Y2]
= po; +poy = ploy +Ij].

Applying values of E[Z;Z;] from Equation A.17 to Equation A.13,

plox+oy] _

A.18
0% +0; (A18)

Pz,z, =

Joint Characteristic Function

From the model given in Equation A.12 a? can be written in terms of square Gaussian distribution

as

a2 =XZ+XI4+Y2+YE (A.19)
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Since, RV X|2 and Yl2 are independent from Equation A.12 the joint CF of RVs a % and O(% can be

obtained by multiplying joint CF of X? and Y/ as
q)q%u%(jwh J(*-)Z) = CDX127X22<j(*)17 ju)2)¢Yf7Y22(jwla J(*)Z)7 (AZO)

where @y, g, (1, ;) is the joint CF of hj and g). The joint density function of the correlated Gaussian

distribution X; and X, with variance 0)2( is given in [59] as

1  XP-20X X0 +X3
fy,x, (X1,X2) = ————86  20-PY)ox (A.21)

2102/ 1 — p?

Performing the operation of transformation of RV in Equation A.21 joint PDF of X12 and X22 can be

written as
f ( 2 2) 1 _X172p\/X2TX§2+x2 _X1+ZD\/X;X§;><2
2v2 ( XTX = e 2(1—-p*)ox —|—e 2(1-p*)ox :I (A'22)
X2x2\A172 4102 /—l_pz\/m{
From Equation A.22 the joint CF of X12 and X22 can be given as
X ZD\T#»XZ _X1+2p\/x217><22+x2
i i — 2(1-p2)oz 2(1-p~)og
Pyaxz (joor, jon) T > // = [ PR e P }
xg~ Xiorg— JXZ‘*’deldxz. (A.23)
Solving the integration in Equation A.23 CDX%X%(jool, jux ) can be written as
e 1 > p?K(2k — 1)1
¢X2X2(J(L)1,J(A)2> — Z
172 2031 -p* & \k+a
. k!8K(1 —p2)Zak < (1—p?)02 1)2)02 + Jw1>
1
> =5 (A.24)

k+§
< 20= pZ) 7+ J(U2>
Similarly joint CF of Y2 and Y7, ®, 2y 22(]001, jux) can be obtained as

p2t(2t— 1!

CDleYzz(jwl:ij) = 202\/@%

£18t(1 p2)2t0-4t< L

t+5
W“‘*’l) 2
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1
« - (A.25)

( 201 pz) 2"‘]0\)2)H_j

Thus, the joint CF in Equation A.20 can be present as

00 (o] )\
. B 1 D to(2k—1)NRt—1)N
Do gz (joor, jon) = 402021_p2 kXOtZ)k—(\foz >) ( 1 +jm)k+1/2
2(1-p%)07 !

1

< TE: p2>02+1‘°2)k+1/2 [(W“‘”O( 20— p2>02+1‘*’2)]

s 12

(A.26)
where for the convenience of presentation we have used A | 2 2(k+t).
A.4 Joint PDF of Dual correlated Hoyt RV
In Equation A.26, the joint CF of Hoyt square RVs 0(% and O % is given as
B . 1 S o (2kg—1)!1(2k, — 1)
P2 2 (J0u, jon) = 55—
% 40)%0-)2/(1 —p?) ki=0ky=0 K1 1ka! [G%]zkl [Oﬂ 22 ghis
X (A.27)

(1— P22 (F(x, 1)F (x,2))7 2 (F(y, )F(y.2))+2

where Agt = (ks +Ksr1+---+kt), t>s,s>randF(z,i) 2 =+ jwyi. By taking the inverse

1
2(1-p)o3
Fourier transform of Equation A.27 the joint PDF of a2, a % can be given as

o 2)\12(2k1_1)n

fo2(0f,03) =
a%,a%( 1,03) 40202 1_p2 ZO kzzo kq'ky 18712 1_p2)2)\12

(2ks — 1)1 /°° 1 joors

e lldwl
22\ 2K (22K 1 !

ATE(03)%(09) - (E(x 1))+ (F(y, 1)) 2

X / 11 eJ‘”252doo2 (A.28)
e (F(x,2))5%2 (F(y,2))*2
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The integration in Equation A.28 can be solved using [4, (3.384.8)] and an expression for the joint

PDF of a % and O % can be obtained as

(o)) = L5 5 Pk Dk -
2 prm—
T T 403051 07) i Eo ki Tk 18M2 (1 — p2) Ao

S
e 201-poy

k 0 — 0y
— o""YE kLA 1; a
XFZ()\12+1) 11 1( 1+5:A12+ (2(1_[32)0%0)2/) 1)

2T L o2 -2
xe 2078999 okt By Ky + 33 A00 + 15 z(—y az|. (A29)

A.5 Characteristic Function of Hoyt RV with Unequal g

From Equation A.20 the joint CF of bivariate RVs O(% and O(% can be obtained as by obtaining the
joint CF of square Gaussian random variable.

Joint density function of correlated bivariate Gaussian RVs X; and X; is given in [59, 6.23] as

1 (Xl 2pX1%Xp | X5 >
=S 5
fx,x, (X1,X2) = g 21-PINox % oy, ) (A.30)

2TOy, Ox, /1 — p?

Performing transformation of random variable in Equation A.30 the joint PDF of X12,X22 can be

obtained as

i X[E2PVXTXY X M0 /XD ¥
ok 2(1-p%) \ oz, 1% °><2 +e S 20-p?) \og, | %% oy,
fy2 2(X],%3) = (A.31)
XiXs \ D 22 7 2 >
4T[\/0X10X2X1X2(1 —p?)
From Equation A.31 the joint CF of X 12, X22 can be given as
(X_l me)
. . 2 2 Ox; OX
Py ya(joor, jon) = / / T\,
X X
DR 2T[0X10X2\/1—p2 2% VX1
I (x_1+2pm) _
X e Jxlwldx +/ 2(1-p?) 21 0x1 9% e—jxlwldxl
%
-
Xe 2<17p2)0)(2e JXZ(‘OdeZ‘ (A.32)
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Solving the integration in Equation A.32 CDXf x22<j('°17 jux) can be expressed as

o 1 > pZ(2k — 1)!!
Py2 x2(Joor, jun) =
) ’ 2 2k
%2 205,0x, V1 =P~ o k1 (2\/50)(10)(2(1 _ p2)>
1
X - : (A.33)
| . k+> X . k+>
(W y J‘*’l) (W * sz)
Similarly ®, 2y 22(]001, juy) can be derived as
N 1 @ p?K(2k — 1)!!
Py2y2(joor, jor) =
) 2 2 2k
gy 20y,0y,v/1 —p* k! (2\/§O'y10'y2(1 = pZ))
1
X : T (A.34)
. ) k+§ | 1 k+§
(W - le) (m i sz)
Thus, from Equation A.20 the joint CF of a %, O(% can be expressed as
= Ml 1 S (2ky — 1)!11(2ky — 1)1
Pz gz (joor, jun) =
i 405,050y, Oy, (1 = P?) 1o ki tka! [0, O, | [0y, 0y, 822
pZ)\u

X (A.35)

(1 )2 (F(x, 1)F (x, 2))72 (F(y, 1)F (1,2)) 2

where for the convenience of presentation we define the terms as given below:

A 1 .
W Al

A.6 Correlation Coefficient of Hoyt RV with Unequal g

Hoyt fading model is described Section 3.3.1 in terms of square Gaussian distribution, where X|

and Y| are independent zero mean Gaussian RVs with variances 0)% and 0>2,|. With this the fading

Gyl

parameter of It branch can be given as () = G
|

Again assuming X;(Y;) and X,(Y2) are correlated with correlation coefficient p, the correlation
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coefficient between RVs 0 and 0, can be given as

E N A * E *
Bar 0, = [(0(\1/ 0(1)(\(;2 az)*] (0105 ‘ (A.36)
v/Var(ai)Var(az) \/(0§1 +07,) (0%, +07,)
Now, E[0;a3] can be given as
E[alo(;] = E[(Xl o le)(Xz — jYz)] = E[X1X2] + E[Yle]. (A.37)

From the definition of correlation coefficient E[X;Xz] and E[Y;Y;] can be evaluated as poy, Ox, and

POy, Oy, , respectively. Putting these values pq,q, can be obtained as

P(1+0102)

pa1a2 — . (A38)
J+a) (1+6)
A.7 PDF of Sum of Exponentially Correlated Gamma RVs
Let the PDF of RVs X;s (i=1, 2, ..., n) are given by
f(xi) = [F(r)e"]te~%/8 1, (A.39)

In [65], it is given that, the approximate sum of exponentially correlated RVs Xjs can be obtained by

replacing r and 0 by r, and 8,, respectively, where I, and 6, are given as

o () 5 (- £ ) )1

and

60 ={ [n+ 25 (-5 )| /n}e. (A41)
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A.8 Power Correlation Coefficient of n — u RVs

From the model of N — L RV given in section the power correlation coefficient can be given as
252
Cov(z1z5]

Var[z3)Var(z3]

c
I

(A.42)

In this correlation model we are assuming that the Gaussian RVs Xs (Y|s) are correlated with a

power correlation coefficient p. Hence, using [67, (15)] the variance of Zf, Z% can be given as
Var(Z{] = Var[Z3] = 2n(oy +Gy). (A.43)
The covariance of Cov[z3Z3] can be obtained form [67, (18)] as
Cov[Z{Z3] = 2pn(0x + 0y). (A44)

Therefore, using Equations A.43 and A.44 it can be shown that U = p.

A.9 Joint PDF of Generalized Rayleigh RV

For p-dimensional column vectors Yi,Y>,...,Y, which are independent and identically normally
distributed with mean zero and positive definite covariance matrix M. LetW = M~ = (wyy) 1<kk'<p
have the property that Wy = 0 for |k —k’| > 1. Let ry be the norm of the n-dimensional vector Xi
composed of kth component of Yj. Let R = {ry,r,...,rp} be the p-dimensional vector of norms.

Then the frequency function g(R) of R is

g(R) |W|n/2 r(n—l)/zrn/zexp( W r2/2) [i:ll}w ‘—(n—l)/zr
) B ke+1 K
2(n—1)/2r(n/2) 1 p pplp M N

x exp (—Wil%/2) Uin—1)/2 (|Wicks-1| Fericen) n>0,1<k<p. (A45)
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A.10 Upper Bound on Truncation Error

A.10.1 Equation 3.6

The PDF of the Ysc is in the form of infinite series. Hence to test the convergence of Equation
3.6 we have obtained an upper bound of error on truncation following a similar approach in [55].

Considering only K terms are used in the evaluation of PDF, the error involved in the PDF can be

written as
_ L 2
£~ W) Mo (ol @)\ > 1
2y 2y9? t1)?
2 1 4 K L—-1
9 ; §2>k (VSC(l_ 2q )) (1 k+2 C; Vs ) . (A.46)
Kk (k)7 (k+1) 2y

The above expression can be rewritten as

g = W70+ e <Vsc<1+q2))“ = (3), (Vsc(l—q4))t
2y 2y9? tzk (t1)? 2y9?
(A4T)

d % ) ysc(1 -\ Ly 1+¢? !
2! o K
ol Py ( 2702 ) o 1(k+1’k+2’ 2y02 VSC)

The hypergeometric function involved in Equation A.47 is in the form of |F;(r;1+r;—2), can be

shown to be monotonically decreasing over all positive values of r and z. Hence the upper bound on

truncation error can be written as

Lo (1+0%) e Vsc(1+q) e 1+q?
o Fi(K+1;K42;—

PAVIE
°° § K ysc(1—g* ) 2 (3 <Vsc 1—-q ))t A4S
[Z )2 (k+1) < 2y ] tZ< N>\ 2w ) (49

Equation A.48 can be simplified to

Ex

L—1
Lg-2(1+q) -y [ysc (1407 | L 1+¢°
EK < 2y 2yq2 ezvq2 Fl K+1 K+2 zqu Ysc
L—-1
o Gk <VSC(1—q4))K+ (2)ks (Vsc(l—q4>)K+1+ +oo
(KN?(K+1) 2y9? (K+1D%(K+2) 2y9?
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(%)K Ysc (1 —q4> « (%)KH Ysc (1 —q4> AN -
X > e + 3 e +...+ .
(K1) o (K+11) o

After some algebraic manipulations Equation A.49 can be simplified to

Lat—2(1 402 [(1) 15 _ s _ghHe : -
Ex < q-—( q“(z)d e 22 ¥C {M} 1|:1<K+17K+2,—1+q Vsc)

(A.49)

29(K + 1)1 (KD 2y9? 2y9?
L—1
[ Yse(l+9%) - I 3+K K+l _yscz(\-l/q_z—q4)
ol o 3/
Ya K+1 K+1 K+2
1 l—l—K ysc (1-9%)
P 2 2507 _ (A.50)

K+1 K+1

A.10.2 Equation 3.28

The error in truncating Equation 3.28 can be given as

L L k
- 1+q2) = Gk (1—q4> ( 1+q2)
E = Fi{L+kL+k+1;—— . (A51
Kout ( ZVN q k; (L . k) 1k! ZVN q2 171 + +K+ 2yN q2 ( )

The hypergeometric function involved in Equation A.51 which is in the form of {F;(r;1+r;—2),

wherer=L+kandz= ;22 can be shown to be monotonically decreasing over all positive values

of r and z. Thus, Equation A.51 can be upper bounded by

L k
1+¢? 1+¢? h [(1-q*
E < Fi(L+K;L+K+1;— — . (A.52
o = (ZVNQ) : 1( TRETR TRy NG? z k! L+k 21N> (A-52)
After some algebraic manipulation Equation A.52 can shown to be

3 1+2\" 1+¢?
Ekow < ( Tq) 1k (L+K;L+K+1;— _+q) (5 )

PATNY 21nG% ) KI(L+K)!
1—g\ K 1 Lyk L
X(z— qz) 2P i e (A.53)
WG K+1 L+K+1
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A.10.3 Equation 3.34

Similarly, error on the truncation of Equation 3.34 for coherent ABER can be expressed as

ay gttt @ (5), M(L+k+3)

~ k
E = A1 —¢?
Kaser 2am(1+02) (L) & K(L+Kk)(L) (A1 -a)
1
X2 Fy <1,L+k+§;L+k+1;)\), (A.54)
where A 2 ﬁ% . The hypergeometric function involved in Equation A.54 can be shown to be

monotonically decreasing over all values of k, hence error can be upper bounded as

1
LL+K+;L+K+1;A

3 ay  q-tiIALts @ T(L+k+3)(5),
e = A\ omirqd) T 2F1< 2 )kZK k(L +K) (L)
x [A(1-g?)] . (A.55)

After some algebraic manipulation, the infinite expression given in Equation A.55 can be expressed
in terms of generalized hypergeometric function. The final expression for the upper bound on error
can be given as

ay AN (5), M (L+K+D)
2m(1+2) KI(L+K)!

EKABER <
1
X P\(l —qz)}KzFl (1,L+K—|—§;L+K+1§)\)

1 LK  L+K+1 M1—-¢?
3P 2 2 M1-0) : (A.56)
K+1 L+K+1

A.10.4 Equation 3.78

Since the expression of output SNR contains infinite series we have obtained an expression for upper
bound on truncation error considering a finite K terms in the evaluation of infinite series present in

Equation 3.78. After some algebraic manipulation the expression due to the truncation of infinite
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series can be written as

o0 o0 ) o0 2)\121)\12+)\14B<k1 +k3+%,k2_}_%)

Ex Z

=K ko=K k3=K k4=K {l—l kly}r2(1/2)r2<k2—|—1/2)
i=1

Aa R (1;?\12 +Kka+2; %Vsc)
Ao2+ke+1

(kl +k4—|— k2_|_ )V\12+)\14+le 3 Lysc (1 —qz)

q2

1F (1;)\13 +2; %Vsc)
Az +1

+ (A.57)

Modifying above expression using [5, 13.1.27] we can write

g = QUSRS § 3 SIPTRLETEB (vt o)
2 4

q ki =K k=K k3=K ky=K {nki!}r2(1/2)l‘2(k2+1/2)
i=1

. 1— 2 Azg
(k1+k4+ ko + 5 )\/‘IZH‘”HB @ ( q2q>

1Fi (7\12+k4+ 1;7\12+k4+2;—q—5Vsc> 1Fi <)\13 + L;A53 +2;—3—£Vsc>
X -+ (A.58)
Az2+ks+1 Aiz+1

The term

B(ki+ks+1,ka+1), B(ki+ket3,ko+1) and

1Fi (7\12+k4+ 1;)\12+k4+2;—g—§Vsc) 1F1 (7\13+ 1;7\13+2;—3—£Vsc)

_|_
A2 +ks+1 Aiz+1

are monotonically decreasing with positive values of ki (i = 1,2,3,4). Hence an upper bound on

truncation error can be written as

21—y [1F (BK+:3K+2:=%v)  1Fr (3K 13K 425~ Shyec )

E +

= 2r(1/2) 3K 41 3K 41
-4 o (pZIVsc)Zkl > F)Zl\/sc)ZK2
xB(2K+1 K+ 1)B(2K 4+ L K+ 1)e &
( 2 2) ( 2 2) kZK k;! z k21r2 k2+1/2)
k k
© 1 (1-¢? el (1-¢ !
1 Z ) L <_z . (A.59)
P k3!< e 1Ysc P ! P 1Ysc
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Finally arranging the series in terms of hypergeometric function an expression of upper bound on

truncation error can be given as

231 B2 (2K + 5K+ ) (pave) 1 Fy (3K + 13K +2-Syee) gy

= (KN4r2(K+41/2)g2r2(1/2)(3Kk+1) Vsc€ @
2
—? K 1 2 =
" ((1 qz)ZIVsc) F (PC1Ysc) F 7 (1 Yse
g K+1 K+1
1 2
<1 Fs (PC1Ysc) . (A.60)

K+1 K+.5 K+.5

A.10.5 Equation 3.113

Expressing the incomplete gamma function in terms of confluent hypergeometric function (using [35,

(6.5.12))]), Equation 3.113 can be rewritten as

Pty = O & (L0 (1) () e o
out(¥th) = F(ZLT)tZo t!(2LT), (2Lt +1)

P (114 2LT+t: Q). (A61)

Considering K number of terms in the evaluation of infinite series, the error can be expressed as

(agvin)*Te” M 2 (LT), (Gin(1—a%))"
reLn) & teLn) 2Lo+t) |

Eie? = 1(1;2LT+t+ 1;Q%n)- (A.62)

Using [5, 13.1.27] an expression for the upper bound on truncation error can be written as

_ qcvth P o (LD (Gn(1—a?))' -
o r(2Lr) t' 2|_r L

Ex 1(2LT+ 2Lt +t+ 1;—Qyn)-  (A.63)

The hypergeometric function involved in Equation A.62 can be shown to be monotonically decreas-

ing over all positive values of (2LT +t). Thus, Equation A.62 can be upper bounded as

O (Gyen) (1 — )€ (L)
K'(ZLT +K)I(2Lt) (2L1)¢

Jown(1 =)'
Z< £ 2LT+t ) (2L1),

Ekow < KR (2LT +K; 14 2LT+K; —Cyin)

(A.64)
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After some algebraic manipulation the above expression can be shown to be

q2Lr<Cyth)2Lr+K<1 . qz)K (LT)

K
F(2LT+K; 1+ 2LT +K; —
K1(2LT + K)F(2LT) (2L1) L)

EKout S

1 Lt+K 1 —0?
o Svn(1—9°) | (A65)

K+1 2Lt+K+1

A.10.6 Equation 3.118

From Equation 3.118, the truncation error of ASER can be written as

g Y. b qC AT o (LT)I(ZLT—H.')% (1—c?) t
Kaser 2\ (b+¢) |[a+¢ t; t!(2LT +1) b+¢

1 G
FHi{l2Lbt+t+ =2t +t+1;——— . A.66
X9 1( , + +2 +t+ b‘f‘C) ( )

The hypergeometric function involved in Equation 3.118 can be shown to be monotonically decreas-
ing, hence the error can be upper bounded as

a b q
2K!(2Lt+K) |/ m(b+¢) |a+¢g

2Lt 1 C
Fr{l2Lt+K+=;2Lt+K+1;——
] 2 1( , = +2, K 7= ’b—f—C)

EKASER <

K o (LT (2LT+1); .
5 [¢(1-0%)

tZk t!1(2LT +1) { ] (A.67)

b+¢
After some algebraic manipulation the above expression can be shown to be

_
w C2LTHK (Lt)x CLT+K) 1 H)ch}
2

a b 2T (L) T (04 1) 2LT+K (1 — g2 K 1
Ekaser < \/j : (Lo« ((P 2)( T ( q) 2F1 1,(P+—;(P+1;L
1 @+) Ltk SU-9)
<3Fy ¢72 b | (A.68)
K+1 o@+1

where q)é 2LT+K.
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A.10.7 Equation 4.28

The mathematical expressions obtained for the PDF of output SNR Yy Equation 4.28 is in the
form of an infinite series. An expression for upper bound of error on for the PDF of output SNR
considering a finite number (K) of terms in the infinite series, following an approach in [55] can be
given as

2Ly w0 mlf}é—Hl—Hz le yEl p)>erc

(1—p) 1T p(1+ |
v [ ) vl e

Lop(1+n) rﬂz F (L un’-1) )
ts2Lp b+t ————= . (A.69
{V(l—p)(1+(L—1)p) 151 LR+l 2Lt b n(l_p)yymrc (A.69)

After some algebraic manipulation the expression can also be written as

[ O-p) P[uan) PMdle e
o {<1+(L—1)p)} [V(l—pwﬁ} Em tIZKtZZK
r(““l)r(“+t2)B(LU+tlaLu+tz){ Lpy(1 +1)Vinre r*‘z
W )P)

t !t !M(Lp+t)F (Lp+t)nt V(I—p)(1+(L—1
x1F1 (Lu+t1;2Lu+t1 —f—tz;wymrc) . (A.70)
n(l-p)y

Even for moderate average input SNR it can be shown that ”(( )erc <1 for which it can be shown

PY
that the value of confluent hypergeometric function monotonically decreasing over all positive values

of t; and tp, hence an expression for upper bound on truncation can be written as

p(14
E { (1-p) H u(14n) rL“ 2L oS BB (L 1 K, Lyt -+ K)
“ = laFL-np)] v

‘(l—p)ﬁ M2 (W)
p(n®-1) (H+1y) { Lop(1+n)ymre "
Fi | Lu+K:2Lu+2K: _
: 1( g g n(l m”’) Zktl'r (Lu+tn) [ny(1—p)(1+(L—1)p)
(H+1) [ Lpu(1+n)vmrc r
. A.71
Zktz'r (Lu+tz) [Y(1-p)(14+(L-1)p) (7D
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Writing the series in terms of hypergeometric functions an expression of truncation on upper bound

can be given as

2 Lp—1 My 05 0 2
T+ K)yne e W OTIR0—p) o (5.25.u(n b, )
- [ (28)(LPYmre) ~2KK 122 ()nd TN -p)y
1 p+K LoD 1 p+K LpYmeD

x2F P P . (AT2)
K+1 o K+1 o

A A 14n
where d = Lu+K and 00 = V(l_pl;gl+(|_)—l)p).
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List of Formulas

g(a,x) = a X% *M(1,1+a,x)

= a x®M(a,1+a,—x)

2.
09(@x) _ or@x) _ .1
0x 0x
3.
k
(7~ /2)
l(z) = (= il Sl =4, 1L &
@=(3) 2 KWk D)
4.
M(a,b,z) =e’M(b—a,b,—2)
5.
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6.
u
/ X'~ le™dx = u~VYg (v, pu) [Rev > 0] (B.6)
0
7.
u
/x"‘1 (u—x)*"TePXdx =B (p, v)u" =1 Fy (v, +v; Bu) [Rep > 0,Rev >0].  (B.7)
0
8.
/(B+ix)‘“(y+ix)_"e‘ipxdx =0 for p>0;
zm—yp(_p)u+v—1
= F(u; v (B— for <0;
ray) 1 (IR (B-Y)P) p
[Ref > 0,Rey > 0,Re (L +V) > 1] (B.8)
9.
y T(u+v) a
Xt Te=Bxg (v, ax)dx _WTY) e <1, +V;V+ 1;—)
0/ g( ) V(G—FB)M—WZ 1 H G+[3
[Re(a+B) > 0,ReP > 0,Re(u+Vv) >0]. (B.9)
10.
/e‘Sttb‘llFl (a,c,kt)dt =T (b)sF(a,b;c;ks™!)  [|s| > |K|]
0
=T (b)(s—k)°F (c—a,b;c;&) [Is—k| > |k]]
[Reb > 0,ReS > max(0,Rek)] (B.10)
11.

) e (an)(a)y- - (ap)
pFg (01,02, ...,0p; B1, B2, - - ., Bgs 2) _k;) (Bl)k(BZ)k~-~<Bq)kk!Z (B.11)
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Appendix B
12.
oFi (a,b;b;z) = (1-2)72 (B.12)
13.
@ n M (s+a).F, (1 s+ a: S+1’1EB>
O/ X M (a,x)dx = e Re(B),Re(s) >0  (B.13)
14.
_ o
Q(v2ax) = 2\/ﬁr(z,ax) (B.14)
15.
00 n
/ x"le _bxl_l F1 (ak; by; cxx) dx
0 k=1
C
=b VI (v <v ai,...,an:by,.. bn, b’ ’Fn)
[bk>o,v>o,zck<b : (B.15)
16.
L o 2 (Dmyt.tmy B, - (B
Fa(o;Bi,. . BraVis e s YniZly-oosZn) = Lo ! n
(c: By UL n ) mlz—Omzz—O mnz—o Vi, -+ (Wi, M1!-..Mp!
xzy"...zqm (B.16)
17.
| (z):LlFl (V+4:2v+1;22) (B.17)
Y 2verr (v+1) 2’ ’ '
18.
1 o { —kx ] ( pk>x )
X) = =X Fi (A kA B.18
PR =0 e g | T Mgy —pren ) B

where, ¢ = (6/k))‘k (1

—p)M D (1= p 4 pk)* T (AK)
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