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Abstract

Performance of diversity receivers over various slow and flat fading channels is analyzed. The clas-

sical PDF based approach has been followed to derive the performance measures of three basic

diversity combiners namely Selection combining (SC), Equal gain combining (EGC) and Maximal

ratio combining (MRC) receiver over Hoyt, η− µ and κ− µ fading channels. The analysis is car-

ried out for both independent and correlated fading channels for various coherent and noncoherent

modulation schemes. For independent diversity receivers the analysis has been carried out for arbi-

trary number of input branches. The effect of diversity order and fading parameters on performance

measures is studied with the help of the numerical evaluation of the obtained expressions. For dual

correlated receivers the analysis is carried out for arbitrary correlation, whereas for L diversity re-

ceivers it is for two most important practical correlation models, equal and exponential correlation.

An equal correlation is observed in diversity reception by an array of three antennas placed on an

equilateral triangle or by closely placed antennas (other than linear arrays) [1]. Exponential corre-

lation is used to model the system when the receiving antennas are placed in a linear array [1, 2].

The effect of correlation on the receiver performance is studied for all the systems. To validate the

derived expressions Monte carlo simulation is performed and also the obtained expressions are com-

pared with the special case results available in the literature. For the expressions with infinite series

the convergence is observed and where ever possible expressions for upper bound on truncation error

have been provided.

TH-985_0761210



Contents

List of Acronyms xv

List of Symbols xvii

1 Introduction 1

1.1 Diversity Combining . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Multipath Fading Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Literature Survey . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.4 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.5 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.6 Thesis Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.7 Organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2 Performance Analysis Overview 13

2.1 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.1.1 Selection Combining . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.1.2 Maximal Ratio Combining . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.1.3 Equal Gain Combining . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.2 Correlated Fading Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

viTH-985_0761210



Contents

2.3 Analytical Methods for System Performance Evaluation . . . . . . . . . . . . . . . 20

2.3.1 Probability Density Function Based Approach . . . . . . . . . . . . . . . . 20

2.3.2 Moment Generating Function Based Approach . . . . . . . . . . . . . . . 21

2.3.3 Characteristic Function Based Approach . . . . . . . . . . . . . . . . . . . 22

3 Performance Analysis in Hoyt Fading Channels 24

3.1 Selection Combining in Independent Fading Channels . . . . . . . . . . . . . . . . 25

3.1.1 PDF of Combiner Output Signal-to-Noise Ratio . . . . . . . . . . . . . . . 25

3.1.2 Moments of Combiner Output Signal-to-Noise Ratio . . . . . . . . . . . . 27

3.1.3 Outage Probability of Combiner . . . . . . . . . . . . . . . . . . . . . . . 28

3.1.4 Average Bit Error Rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.1.5 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.2 Maximal Ratio Combining in Independent and Identical Fading Channels . . . . . 35

3.2.1 PDF of Combiner Output Signal-to-Noise Ratio . . . . . . . . . . . . . . . 35

3.2.2 Average Output Signal-to-Noise Ratio . . . . . . . . . . . . . . . . . . . . 36

3.2.3 Outage Probability of Combiner Output Signal-to-Noise Ratio . . . . . . . 37

3.2.4 Amount of Fading of Combiner Output Signal . . . . . . . . . . . . . . . 37

3.2.5 Average Bit Error Rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.2.6 Upper Bound on Truncation Error . . . . . . . . . . . . . . . . . . . . . . 40

3.2.7 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.3 Dual Diversity in Correlated Hoyt Fading channels . . . . . . . . . . . . . . . . . 45

3.3.1 Maximal Ratio Combining Receiver . . . . . . . . . . . . . . . . . . . . . 45

3.3.2 Maximal Ratio Combining for Unequal Fading Parameters . . . . . . . . . 55

3.3.3 Equal Gain Combining Receiver . . . . . . . . . . . . . . . . . . . . . . . 64

3.3.4 Selection Combining Receiver . . . . . . . . . . . . . . . . . . . . . . . . 72

3.4 Maximal Ratio Combining with Arbitrary Order Diversity . . . . . . . . . . . . . 82

viiTH-985_0761210



Contents

3.4.1 Equal Correlation Model . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

3.4.2 Exponential Correlation Model . . . . . . . . . . . . . . . . . . . . . . . . 90

3.5 Performance Comparison Among the Diversity Schemes . . . . . . . . . . . . . . 99

3.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4 Performance Analysis in η−µ Fading Channels 101

4.1 Selection Combining in Independent Fading Channels . . . . . . . . . . . . . . . . 101

4.1.1 PDF of Combiner Output Signal-to-Noise Ratio . . . . . . . . . . . . . . . 102

4.1.2 Moments of Combiner Output Signal-to-Noise Ratio . . . . . . . . . . . . 103

4.1.3 Average Bit Error Rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

4.1.4 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

4.2 Selection Combining in Exponentially Correlated Channels . . . . . . . . . . . . . 109

4.2.1 Joint PDF of Exponentially Correlated η−µ Random Variables . . . . . . 109

4.2.2 Outage Probability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

4.2.3 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

4.3 Maximal Ratio Combining Receiver in Equally Correlated Fading Channels . . . . 116

4.3.1 PDF of Combiner Output SNR . . . . . . . . . . . . . . . . . . . . . . . . 116

4.3.2 Moments of the Combiner Output SNR . . . . . . . . . . . . . . . . . . . 118

4.3.3 Outage Probability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

4.3.4 Average Bit Error Rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

4.3.5 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

5 Performance Analysis in κ−µ Fading Channels 126

5.1 Independent Fading Channels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

5.1.1 PDF of Combiner Output Signal-to-Noise Ratio . . . . . . . . . . . . . . . 126

5.1.2 Moments of Combiner Output Signal-to-Noise Ratio . . . . . . . . . . . . 128

viiiTH-985_0761210



Contents

5.1.3 Average Bit Error Rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

5.1.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

5.2 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

6 Conclusions and Future Work 135

6.1 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

Appendix 137

A 137

A.1 Complex Gaussian Model of Hoyt Random Variables . . . . . . . . . . . . . . . . 137

A.2 Characteristic Function of Sum of Hoyt Square RVs . . . . . . . . . . . . . . . . . 138

A.3 Joint Characteristic Function of Dual Correlated Hoyt RVs . . . . . . . . . . . . . 139

A.4 Joint PDF of Dual correlated Hoyt RV . . . . . . . . . . . . . . . . . . . . . . . . 142

A.5 Characteristic Function of Hoyt RV with Unequal q . . . . . . . . . . . . . . . . . 143

A.6 Correlation Coefficient of Hoyt RV with Unequal q . . . . . . . . . . . . . . . . . 144

A.7 PDF of Sum of Exponentially Correlated Gamma RVs . . . . . . . . . . . . . . . 145

A.8 Power Correlation Coefficient of η−µ RVs . . . . . . . . . . . . . . . . . . . . . 145

A.9 Joint PDF of Generalized Rayleigh RV . . . . . . . . . . . . . . . . . . . . . . . . 146

A.10 Upper Bound on Truncation Error . . . . . . . . . . . . . . . . . . . . . . . . . . 146

A.10.1 Equation 3.6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

A.10.2 Equation 3.28 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

A.10.3 Equation 3.34 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

A.10.4 Equation 3.78 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

A.10.5 Equation 3.113 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

A.10.6 Equation 3.118 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

A.10.7 Equation 4.28 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

ixTH-985_0761210



Contents

B List of Formulas 154

Publications 165

xTH-985_0761210



List of Figures

2.1 Block diagram of a diversity receiver system . . . . . . . . . . . . . . . . . . . . 15

2.2 Block diagram showing principle of operation of the Selection Combiner . . . . . 17

2.3 Block diagram showing principle of operation of a Maximal Ratio combiner . . . . 18

3.1 Outage probability of L independent SC receiver. . . . . . . . . . . . . . . . . . . 33

3.2 ABER of L-independent SC receiver for CPSK and CFSK modulations. . . . . . . 33

3.3 ABER of L-independent SC receiver for NCFSK and DPSK modulations. . . . . . 34

3.4 SNR gain per branch vs. L for CPSK and DPSK modulations as a function of q. . . 34

3.5 Outage probability vs. γ̄N as a function of L and q. . . . . . . . . . . . . . . . . . . 42

3.6 Amount of fading vs. L as a function of q. . . . . . . . . . . . . . . . . . . . . . . 42

3.7 ABER vs. γ̄ for CPSK (a = 1) and BFSK (a = 0.5) modulations as a function of L, q. 43

3.8 ABER vs. γ̄ for DPSK (a = 1) and NCFSK (a = 0.5) modulations as a function of

L and q. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.9 Diversity gain vs. L for average output SNR, CPSK and DPSK modulations. . . . . 44

3.10 Truncation error for ABER in Equation 3.34 as a function of K. . . . . . . . . . . 44

3.11 Outage probability vs. γ̄N for correlated dual-MRC receiver. . . . . . . . . . . . . 52

3.12 ABER vs. γ̄ for correlated dual-MRC receiver with coherent modulation. . . . . . . 53

3.13 ABER vs. γ̄ for correlated dual-MRC receiver with noncoherent modulation. . . . . 53

3.14 Excess SNR vs. correlation coefficient for CPSK and DPSK modulations. . . . . . 54

xiTH-985_0761210



List of Figures

3.15 Probability of outage for an ABER of 10−3 and average fading power decay factor

δ = 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.16 Probability of outage for an ABER of 10−3 and average fading power decay factor

δ = 0.5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.17 ABER vs. γ̄ for correlated dual-MRC receiver with binary coherent modulations. . 63

3.18 ABER vs. γ̄ for correlated dual-MRC receiver with binary noncoherent modulations. 63

3.19 ABER vs. γ̄ for EGC receiver with coherent modulations. . . . . . . . . . . . . . . 70

3.20 ABER vs. γ̄ for EGC receiver with noncoherent modulations. . . . . . . . . . . . . 71

3.21 Excess SNR vs. correlation coefficient for EGC receiver for CPSK and DPSK mod-

ulations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.22 Outage probability of correlated dual-SC receiver. . . . . . . . . . . . . . . . . . . 80

3.23 ABER of correlated dual-SC receiver for CPSK and CFSK modulations. . . . . . . 80

3.24 ABER of correlated dual-SC receiver for NCFSK and DPSK modulations. . . . . . 81

3.25 Excess SNR required for an ABER of 10−3 for dual-SC receiver. . . . . . . . . . . 81

3.26 Outage probability of the L-MRC receiver with equal correlation. . . . . . . . . . . 88

3.27 ABER vs. γ̄ for L-MRC receiver with binary coherent modulations. . . . . . . . . 88

3.28 ABER vs. γ̄ for L-MRC receiver with binary noncoherent modulations. . . . . . . 89

3.29 Outage probability vs. γ̄N as a function of L and q. . . . . . . . . . . . . . . . . . . 97

3.30 ASER vs. γ̄ for some coherent modulation scheme as a function of L,ρ and q. . . . 97

3.31 ASER vs. γ̄ for some noncoherent modulation scheme as a function of L,ρ and q. . 98

3.32 EKASER vs. K for 8PSK modulation scheme as a function of L,ρ and γ̄ with q = 0.5. 98

4.1 ABER vs. γ̄ for SC receiver with CPSK and CFSK modulations. . . . . . . . . . . 108

4.2 ABER vs. γ̄ for SC receiver with DPSK and NCFSK modulations. . . . . . . . . . 108

4.3 Outage probability of SC receiver in exponentially correlated η−µ fading channels. 115

4.4 Outage probability of the L-MRC receiver with equal correlation. . . . . . . . . . . 123

4.5 ABER of L-MRC receiver with equal correlations for binary coherent modulations. 123

xiiTH-985_0761210



List of Figures

4.6 ABER of L-MRC receiver with equal correlations for binary noncoherent modulations.124

4.7 Upper bound of truncation error of Equation 4.28 for η = 0.5, µ = 1 and ρ = 0.8. . 124

5.1 ABER vs. γ̄ for SC receiver with CPSK and CFSK modulations. . . . . . . . . . . 133

5.2 ABER vs. γ̄ for SC receiver with DPSK and NCFSK modulations. . . . . . . . . . 133

xiiiTH-985_0761210



List of Tables

2.1 Conditional BER of coherent and noncoherent modulation schemes with instanta-

neous SNR γ [3] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.1 Number of terms (N) required for an accuracy at 7th place of decimal digit in the

numerical evaluation of Equation 3.50. . . . . . . . . . . . . . . . . . . . . . . . . 52

3.2 Number of terms (N) required for an accuracy at 7th place of decimal digit in the

numerical evaluation of Equation 3.62 for δ = 0. . . . . . . . . . . . . . . . . . . . 61

3.3 Number of terms (N) required for an accuracy at 6th place of decimal digit in the

numerical evaluation of Equation 3.74. . . . . . . . . . . . . . . . . . . . . . . . . 70

3.4 Value of N for an accuracy at 7th place of decimal digit in the numerical evaluation

of Equation 3.100 for q = 0.5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

3.5 Values of a and b for some coherent and noncoherent modulations. . . . . . . . . . 93

3.6 SNR (dB) of dual MRC, EGC and SC at an ABER of 10−3. . . . . . . . . . . . . . 99

4.1 Number of terms (N) required for an accuracy at 7th place of decimal digit in the

numerical evaluation of Equation 4.11 for η = 2,µ = 1. . . . . . . . . . . . . . . . 109

5.1 Number of terms (N) required for an accuracy at 7th place of decimal digit in the

numerical evaluation of Equation 5.14 for κ = 0.55,µ = 2. . . . . . . . . . . . . . 132

xivTH-985_0761210



List of Acronyms

ABER Average bit error rate

ASER Average symbol error rate

AWGN Additive white Gaussian noise

ASEP Average symbol error probability

AFD Average fade duration

ASNR Average SNR

ABEP Average bit error probability

BER Bit error rate

BDPSK Binary differential phase-shift-keying

BFSK Binary frequency-shift-keying

BPSK Binary phase-shift-keying

CF Characteristic function

CDF Cumulative distribution function

CFSK Coherent FSK

CPSK Coherent PSK

DPSK Differential phase-shift-keying

dB Decibel

EGC Equal gain combiner

FSK Frequency-shift-keying

xvTH-985_0761210



List of Acronyms

i. i. d. Independent and identically distributed

LCR Level crossing rate

LOS Line of sight

L-SC L- branch SC

L–MRC L- branch MRC

L–EGC L- branch EGC

ML Maximum likelihood

MDPSK M-ay DPSK

MPSK M-ary PSK

MFSK M-ary FSK

MQAM M-ary QAM

MRC Maximal ratio combiner

MGF Moment generating function

MSK Minimum-shift-keying

NCFSK Non-coherent frequency-shift-keying

OSTBC Orthogonal space time block coding

PDF Probability density function

PSK Phase-shift-keying

QAM Quadrature amplitude modulation

RV Random variable

RVs Random variables

SEP Symbol error probability

SC Selection combiner

SNR Signal-to-noise ratio

xviTH-985_0761210



List of Symbols

FA (·; ·; ·; ·) Appell hypergeometric function [4].
¯(·) Statistical average





a

n




 Binomial coefficient.

B(·, ·) Beta function

1F1(·, ·; ·) Confluent hypergeometric function [4].

E[·] Expectation operator.

exp[·] Exponential.

η−µ Eta-Mu fading channels.

er f (· · ·) Error function.

er f c(· · ·) Complementary error function.

∀ For all.

2F1(·, ·; ·; ·) Hypergeometric function.

Γ(·) Gamma function.

G(·) Meijers G-function.

g(a,x) =
x

R

0
ta−1e−tdt Lower incomplete gamma function

Γ(a,x) =
∞
R

x
ta−1e−tdt Upper incomplete gamma function

xviiTH-985_0761210



List of Symbols

rFs






a1 a2 . . . ar z

b1 b2 . . . bs




=

∞
∑

n=0

(a1)n(a2)n...(ar)n
(b1)n(b2)n...(bs)n

zn Generalized hypergeometric function.

γsc Output SNR of SC receiver.

γegc Output SNR of EGC receiver.

γmrc Output SNR of MRC receiver.

I0(·) Modified Bessel function

of first kind order zero.

Iv(·) Modified Bessel function

of first kind order v.

∈ Set membership.

ℑ{·} Operator of imaginary part.

κ−µ Kappa-Mu fading channels.

Kv(·) vth order modified Bessel function

of the second kind.

ln(·) Natural log.

log10(·) Logarithm with base 10.

| · | Absolute value or modulus.

Max(·, ·, . . ., ·) Maximum.

QM [·] Marcum Q function.
n
∏
i=1

Product.

(x)n Pochhammer’s symbol [5, (6.1.22)].

Q(·) Q function

ℜ{·} Real-part operator.
n
∑

i=0
Summation.

xviiiTH-985_0761210



List of Symbols

∞
∑

k1,k2,...,kn=0

∞
∑

k1=0

∞
∑

k2=0
. . .

∞
∑

kn=0
.

∞
∑

ki|n1=0

∞
∑

k1=0

∞
∑

k2=0
. . .

∞
∑

kn=0
.

t Time

var[·] Variance.

xixTH-985_0761210



Chapter 1

Introduction

Propagation of a signal in mobile wireless channels results in a received signal with time vary-

ing strength, a phenomena known as fading. It occurs as multiple copies of the transmitted signal

travel through different paths as a result of being scattered and redirected several times from vari-

ous man-made and natural objects before getting combined with different attenuations and unequal

propagation delays, at the destination. This effect is also attributed as the time-varying impulse

response of the wireless channel. The time varying signal at a desired receiver affects its various

performance measures among which signal-to-noise ratio (SNR) and average bit error rate (ABER)

are prominent. The penalty in receiver performance varies with the severity of fading which may

change with the location of the mobile and may be highly unpredictable due to irregular environment

structure.

A known effective counter measure which can alter derogatory effects of fading on the receiver

performance is the Diversity Combining. Multiple copies of non-identically, attenuated and time

delayed received signals, when weighted suitably and equiphased before combining is likely to

decay the rate of variation and hence would be able to defy the fading effects. In principle, diversity

combining can be explained as the effect of reducing the probability of error p of a system when a

single copy of the signal is received, to pL when L independent fading copies of the same signal are
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Chapter 1 Diversity Combining

present. Certainly, the probability of error reduces significantly since p ≤ 1 [2].

1.1 Diversity Combining

Diversity combining is a well known approach to mitigate the effect of fading in wireless channels. A

diversity combining operation improves the receiver performance by processing preferably a number

of statistically independent copies of the same information-bearing signal over two or more fading

channels and combining these multiple replicas efficiently. The intuition behind this concept is to

exploit the low probability of concurrence of deep fades in all the diversity channels at the same

time, hence reduce the probability of error or outage. The possible ways by which independent

fading signals can be obtained are enumerated below.

1. Spatial Diversity: By receiving signals from a source by different antennas placed sufficiently

apart statistically independent fading signals can be received [2, 6, 7]. The minimum antenna

spacing for a mobile unit can be at least half wavelength [6]. For a base station, which is

stationary with elevated antennas, the required antenna spacing to receive independent faded

signals can be much wider than the mobile unit antenna spacings [6]. An experimental value

of 30 to 50 wavelength for stationary receivers can restrict the correlation below 0.3 between

faded signals is also reported in [7].

2. Frequency Diversity: Signal may be transmitted through different modulation frequencies

which are sufficiently apart to induce independent fading channels. The minimum frequency

separation should be at least the coherence bandwidth of the channel [8, 9].

3. Time Diversity: The same information signal transmitted at different time intervals can be re-

ceived as independent fading signals. The minimum time interval should exceed the coherence

time of the channel [8, 9].
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4. Polarization Diversity: Independent fading path may also be realized by simultaneous hori-

zontal and vertical polarizations transmission of signals [8, 9].

5. Angle Diversity: Angle of arrival in case of beam forming antennas can also be used to gen-

erates independent fading channels [8, 9].

6. Multipath Diversity: By resolving multipath components at different delays by using direct

sequence spread spectrum signaling along with a RAKE receiver [6, 8, 9].

1.2 Multipath Fading Models

The multipath fading also known as small scale fading occurs due to multipath propagation of the

signal in a wireless channel [2,6,10]. Depending on the signal and channel characteristics the fading

can be modeled as flat or frequency non-selective, frequency selective, fast and slow fadings. The

frequency selectivity is the characteristic of the multipath time delay spread whereas fast or slow

fading is related to the Doppler spread of the channel.

It is difficult to have an accurate mathematical model of fading because of the complexity in-

volved. However, in last few decades, extensive work has been carried out to model this complicated

effects statistically and as a result a number of mathematical models have been evolved for fading

channels.

In different environments multipath fading can be modeled with different statistical distributions.

It is as described below.

Rayleigh

Rayleigh distribution is used to model the multipath fading when independent scatterers are suffi-

ciently large with approximately identical energy and no line of sight component is received by the

receiver. In this case the probability density function (PDF) of channel fading amplitude α can be
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given as [2]

pα(α) =
2α
Ω

exp(−α2

Ω
), α ≥ 0, (1.1)

where Ω = Eα2 and E(·) is the expectation operator. A Rayleigh RV α can be modeled as α = |Z|=

|X + jY |, where X and Y are independent Gaussian RVs with zero mean and equal variances.

Nakagami Fading

1. Nakagami-m: The Nakagami-m distribution often gives the best fit to land-mobile and indoor-

mobile multipath propagation, as well as scintillation of ionospheric radio links [2]. Also, the

Nakagami-m distribution is widely used to model the urban environment and the PDF of the

envelop is given by [2]

pα(α) =
2mmα2m−1

ΩmΓ(m)
exp
(

−mα2

Ω

)

, α ≥ 0, (1.2)

where m ≥ 0.5 is the parameter which determines the severity of fading. For m = 1, the PDF

of Nakagami-m distribution simplifies to Rayleigh distribution and for m = 0.5, it becomes

the one-sided Gaussian distribution.

2. Nakagami-q (Hoyt): The Nakagami-q distribution [11] or the Hoyt distribution is commonly

observed in satellite links subject to strong ionospheric scintillation and in a heavily shadowed

environments [2,12]. It includes the Rayleigh (q = 1) and one sided Gaussian (q = 0) as special

cases. The PDF can be given as [2]

pα(α) =
(1+q2)α

qΩ
exp
(

−(1+q2)2α2

4q2Ω

)

I0

(
(1−q4)α2

4q2Ω

)

, α ≥ 0, (1.3)

where q is the fading parameter and I0(·) is the modified Bessel function of first kind and zero

order. A useful complex Gaussian modeling of Hoyt RV is given in [13] and is reproduced in

Section A.1 in Appendix.
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3. Nakagami-n (Rice): The Nakagami-n distribution is also known as the Rice distribution. It is

used to model propagation paths consisting of one strong direct line-of-sight (LOS) compo-

nent and many multipath components. The PDF of α is given as [2]

pα(α) =
2(1+n2)e−n2α

Ω
exp
(

−(1+n2)α2

Ω

)

I0

(

2nα

√

1+n2

Ω

)

, α ≥ 0, (1.4)

where n is the rice fading parameter. A Rice RV α can be modeled as α = |Z| = |X + jY |,

where X and Y are independent Gaussian RVs with non-zero mean µ and variances σ2.

Weibull Fading

The Weibull distribution is another mathematical description of a probability model for characteriz-

ing amplitude fading in a multipath environment associated with mobile radio systems operating in

the 800/900 MHz frequency range. The Weibull PDF is given by [2]

pα(α) = c

(

Γ
(
1+ 2

c

)

Ω

)c/2

αc−1 exp
[

−
(

α2

Ω
Γ
(
1+ 2

c

)
)c/2]

, α ≥ 0, (1.5)

where c is the Weibull fading parameter.

η−µ Fading

The η-µ fading model is suitable for modeling small scale fading channels without LOS components

[14], [15]. Non-homogeneous physical characteristics of the surroundings is taken into account in

the mathematical modeling of this channel. It best fits to the practical scenario and experimental

data. Commonly used fading models such as Rayleigh, Hoyt, Nakagami-m etc., can be realized as

special cases of this channel model [14]. The PDF of the η-µ distribution can be given as [14]

pαl (αl) =
4
√

πµµ+
1
2 hµα2µ

l

Γ(µ)Hµ−1
2 Ω

µ+
1
2

l

e
− 2µh

Ωl
α2

l I
µ−1

2

[
2µH
Ωl

α2
l

]

, (1.6)
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where the parameters h and H are function of η. The parameter µ (> 0) is defined as

µ =
E2(α2

l )

2V (α2
l )

[

1+

(
H
h

)2
]

, (1.7)

where V (·) represents the variance operator. There are two formats available for η-µ fading channels,

which represent two distinct physical models. In Format1, 0 < η < ∞ is the scattered-wave power

ratio between the in-phase and quadrature phase components of each cluster of multipath. In such

case h = 2+η−1+η
4 and H = η−1−η

4 . In Format2, −1 < η < 1 is the correlation coefficient between

the scattered-wave in-phase and quadrature phase components of each cluster of multipath. In such

a case, h = 1
1−η2 and H = η

1−η2 . However, mathematically, one format is related to the another by

the formula, ηFormat2 = 1−ηFormat1
1+ηFormat1

.

κ−µ Fading

The κ-µ models have been found to be suitable for modeling small scale fading in mobile radio chan-

nels with LOS components [14], [16]. Non-homogeneous physical modeling has been considered in

the mathematical modeling of this channel, hence best fits to the practical scenario and experimental

data. Also, commonly used fading models Rayleigh, Nakagami-m, Nakagami-n (Rice) etc., can be

realized as special cases of this fading model [14]. The PDF of the κ-µ distribution is given as [14]

pαl (αl) =
2µ(1+κ)

µ+1
2 αµ

l e
− µ(1+κ)

Ωl
α2

l

κ
µ−1

2 exp(µκ)Ω
µ+1

2
l

Iµ−1



2µ

√

κ(1+κ)

Ωl
αl



 , (1.8)

where the parameter κ is defined as the ratio between the total power of the dominant component

and the total power of the scattered waves and the parameter µ = 1
V (α2

l )
1+2κ

(1+κ)2 denotes the number

of multipath clusters and Iv(·) is the modified Bessel function of the first kind and vth order.
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1.3 Literature Survey

Performance of diversity receivers over independent Hoyt fading channels are discussed in [17–26].

ABER performance of EGC receivers are analyzed in [17] and [18], where ABER expressions for

coherent and noncoherent modulations are presented. Binary modulations are employed in [17]

using the PDF based approach whereas in [18] analysis is for MFSK modulation. ABER expres-

sions, for coherent and non-coherent modulations for a conventional receiver (i.e. without diversity

combining) are derived in [19]. ABER performance of a MRC receiver for continuous phase modu-

lation scheme is presented in [20] and exact ASEP expressions for MPSK and MQAM modulation

schemes are obtained in [21]. A direct approach is used in [20] whereas [21] uses the MGF based

approach. Further, the obtained final ABER expression in [20] is in the form of an integral with

finite limits. Channel capacity of MRC receivers over Hoyt fading channels are analyzed in [22]

and [23]. Error performance of orthogonal space time block coding (OSTBC) schemes, theoreti-

cally equivalent to MRC, are studied for M-ary modulations in [24–26]. Average BER expression

is derived in [24] and in [25] capacity analysis is presented besides ABER performance. In [26],

exact closed-form symbol error rate expressions for coherent and noncoherent M-ary modulations

are presented.

The performance of a SC receiver is analyzed for Rayleigh, Nakagami and Weibull fading chan-

nels using either the PDF or the MGF based approaches for both independent and correlated fading

cases in [27–31]. Closed-form expression for the average signal-to-noise ratio (ASNR) for a dual-

SC receiver over correlated Nakagami-m fading channels is presented in [27] using the MGF based

approach. A number of performance measures such as PDF, CDF, moments, outage and ABER for

coherent and non-coherent M-ary modulations of a dual-SC receiver over correlated Weibull fad-

ing channels are obtained in [28]. In [29], outage and ABER performance over equally correlated

Nakagami-m fading channels is derived whereas an analysis for a three branch SC receiver over

correlated Rayleigh fading channels is presented in [30]. In [31], outage and ABER performance

of a dual-SC receiver over correlated Nakagami-m fading channels are presented for non-identical
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fading parameters.

For dual correlated Hoyt fading channels, the second order statistical properties such as level

crossing rate (LCR) and average fade duration (AFD) are derived for different diversity systems

in [32–34]. The outage probability performance of a dual-SC receiver over correlated Hoyt fading

channels is studied in [35] and for MRC and EGC receivers are presented in [36]. Analysis of di-

versity combining receivers with arbitrary number of branches over correlated fading channels is

challenging and may not be always possible as because obtaining an expression for the joint PDF of

multivariate faded signals in a suitable form is not easy. Thus, three correlated models of practical

importance namely equal or constant correlation, circular correlation and exponential correlation

have been suggested in [1, 2, 37] which are also convenient from the analysis point of view. Perfor-

mance analysis of MRC receiver for constant and exponential correlations over Nakagami-m fading

channels is presented in [1]. For equal and circular correlation models, PDF of the combiner output

SNR, outage, ABER performance for binary coherent modulations and channel capacity measures

are given in [37]. Recently, [38] also presented closed-form expressions for ASER of a dual-MRC

receiver over correlated Hoyt fading channels for a number of coherent and non-coherent modula-

tions using a novel decorrelation transformation technique.

For independent η− µ and κ− µ fading channels, performance studies are presented in [39–

47]. Outage and ASEP performance of a multi-branch MRC receiver for coherent and noncoherent

digital modulation schemes over κ−µ fading channels are given in [39] whereas ASEP expressions

only for noncoherent modulations are presented in [40]. In [41], closed-form expressions for the

ASEP of a multi-branch MRC are presented for η− µ fading channels for both coherent and non-

coherent modulations including asymptotic expressions. LCR and AFD over η−µ fading channels

are presented in [42–44] of which [42] addresses a conventional receiver. LCR and AFD for SC,

EGC and MRC receivers are presented in [43] whereas it is only for MRC and EGC receivers in [44]

which further provides an expression for phase crossing rate. For a multi-branch EGC receiver,

outage and ABEP for differential binary coherent modulations is derived in [45]. Performance of
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receivers in η− µ and κ− µ channels without employing diversity are treated in [46, 47], using the

MGF based approach. In [46], ASER expressions for QAM modulation is presented and in [47] it is

given for the BPSK modulation. Recently, [48] also presented closed-form expressions for outage

probability of a MRC receiver over η−µ fading channels for a number of coherent and non-coherent

modulations.

1.4 Motivation

In the literature survey, we noticed that for independent Hoyt fading channels, performance studies

are available for MRC and EGC receivers, but the SC receiver has not received enough attention. For

correlated Hoyt fading channels, analysis is available only for outage probability of dual diversity

receivers [35,36,38]. For η−µ and κ−µ fading channels, performance analysis is known for MRC

and EGC receivers with arbitrary number of independent branches but an analysis is not available

for SC receiver. To the best of our knowledge, performance analysis of diversity receivers over

correlated η−µ or κ−µ channels are not reported in the literature.

1.5 Problem Formulation

Based on the discussion presented in the previous section, we feel that analysis of diversity receivers

over correlated Hoyt fading channels for arbitrary number of branches can be a potential area of re-

search. Further, analysis of SC receivers is due for independent and correlated Hoyt fading channels.

For η− µ and κ− µ fading channels, analysis of SC receiver for independent channels needs to be

investigated. Again, analysis for all diversity receivers for correlated η− µ and κ− µ channels can

be of interest to the research community. Hence, in this report, we consider the following problems

for analysis, as stated below.

1. For independent and correlated Hoyt fading channels, performance analysis of MRC, EGC
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and SC receiver for arbitrary number of branches.

2. For η−µ and κ−µ fading channels,

(a) performance of SC receiver over both independent and correlated fading channels with

arbitrary number of branches.

(b) performance of MRC and EGC receiver over correlated fading channels, with arbitrary

number of branches.

For the above stated problem, we focus on the mathematical analysis of the diversity receivers. To

be specific we stress in obtaining expressions for various performance measures of these receivers,

mathematically in the best possible compact form.

1.6 Thesis Contributions

The important contributions of the thesis are stated below:

1. For Hoyt fading channels:

(a) L-SC and L-MRC receivers are analyzed over independent channels. Mathematical ex-

pressions for average output SNR, outage probability and ASER are obtained.

(b) Mathematical expressions for outage probability and ABER for are obtained for dual

correlated SC, MRC and EGC receivers.

(c) For the MRC receiver, the analysis in (b) is extended to arbitrary number of branches

with equal and exponential correlation models.

2. For η−µ and κ−µ fading channels:

(a) Analytical expressions for average output SNR and ABER have been obtained for a L-SC

receiver with independent branches.
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(b) Outage probability of L-SC receiver has been derived for η− µ fading channels with

exponential correlation among fading branches.

(c) For L-MRC receiver, mathematical expressions are derived for average output SNR, out-

age probability, and ASER, for equally correlated η−µ channels.

1.7 Organization

There are six chapters in the thesis. Brief description about the contents of each chapter is given

below.

Chapter 2 gives an overview of the diversity combining systems. It describes the system model,

apprises receiver performance measures and analysis techniques of diversity combiners, and pro-

vides definitions of some useful notations to be used in subsequent chapters.

Chapter 3 presents performance analysis of diversity receivers over Hoyt fading channels. It

is divided into two sections under the headings ‘Independent’ and ’Correlated’ channels. In the

‘Independent’ section, the performance analysis of SC and MRC receiver with arbitrary diversity

order are presented. In ‘Correlated’ section performance of dual correlated SC, EGC and MRC

receivers and L correlated MRC receiver are obtained followed by numerical and simulation results

are presented.

Chapter 4 presents performance of the diversity receiver over η−µ fading channels. The chapter

is divided in two sections under the headings ‘Independent’ and ‘Correlated’ channels. Performance

of L-SC receiver is presented in the ‘Independent’ section. In ‘Correlated’ section, the performance

analysis of L-MRC receiver for equal correlation and L-SC for exponential correlation model is

presented followed by numerical and simulation results and discussion.

Chapter 5 presents performance of L-SC receiver over independent κ−µ fading channels. In the

result section, the effect of diversity order and the fading parameter on system performance have

been discussed in details.
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Chapter 6 presents the conclusion of the thesis with a brief summary of the work presented.

Besides, it introduces some research problems for future work.
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Performance Analysis Overview

Analytical ABER performance analysis approach of a diversity combining receiver depends primar-

ily on three important factors such as the combining technique, the fading model and the modu-

lation scheme. For each diversity combining type the analytical approach can be different since

principles of operation of combiners are different. The approach changes with fading channel types

since a particular fading model may impose some restriction on the analysis. For a given fading

model, approaches may not be same for all parameter values of the model too. For example, for

the Nakagami-m fading model, analytical approaches may be different for integer and real values of

m. For independent and correlated fading channels, analyses are different which is relatively less

complex for independent fading compared to correlated case. The approach also depends on the

order of diversity and the complexity of analysis goes up with the order. In literature, there are many

presentations which analyze only for the dual diversity receivers as because an analysis for arbitrary

order of diversity involves huge complexity. The approach is different for coherent and non coherent

modulations.

There are some known approaches used in the literature for the ABER performance analysis

of diversity receivers such as the PDF based approach, the characteristic function (CF) based ap-

proach and the moment generating function (MGF) based approach. The PDF based approach is
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the straightforward one and can be applied if the PDF of the combiner output SNR is known [2].

The MGF and CF based approaches are used when the either the MGF or CF of the combiner out-

put SNR is known. The Gil Palaez Lemma based approach, a CF based approach, is applicable to

coherent receivers only [49]. Another CF based approach is available using Parseval’s theorem can

be applied for both coherent and non coherent modulations as well as independent and correlated

channels [3]. MGF based approach can be applied to all types of systems and modulation schemes

and requires the MGF of the combiner output SNR and parameters of modulation schemes [2]. This

approach has been widely applied in the ABER analysis of diversity communication systems.

2.1 System Model

A diversity combining receiver as shown in the Figure 2.1 is considered for analysis. The combiner

may be either a SC or EGC or a MRC combiner with L receiving antennas. The antenna spacing

although should be sufficient enough to receive independent fading signals in some situations it is

close enough to violate the independent assumption. Under mutipath propagation of a modulated

signal s(t), the received faded signals in an additive white Gaussian (AWGN) channel are {rl(t)}L
l=1.

The combiner can be a predetection or a post detection type [6]. The combiner is followed by

a detector which employs detection rules as per the modulation scheme used in s(t). A standard

operation in a receiver assumes that a demodulated signal should be fed to the detector [8, 9]. To

meet this requirement it is assumed that the demodulation operation is performed in the combiner

itself.

Let the the energy of the signal s(t) over a symbol or bit duration Ts (or Tb) be Es (orEb) which

can be chosen depending on whether the modulation scheme is a M-ary or binary. We Assume a

slow and flat fading channel throughout this presentation. The received complex baseband signal at

the lth received antenna of the combiner can be expressed as

rl(t) = αle
jϕl s(t)+nl(t), 0 ≤ t ≤ Ts, (2.1)
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L
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Detector
Output bitsDiversity 

Combiner
(SC, EGC,  MRC)

1

y(t)

rL(t)

rl(t)

rl(t)

Figure 2.1: Block diagram of a diversity receiver system

where αl is the fading amplitude, ϕl is the phase, nl(t) is the complex Gaussian noise with zero

mean and two sided power spectral density 2N0. The statistical distribution of the αl and phase ϕl

depends on the nature of the radio propagation environment. Some distributions such as Rayleigh,

Nakagami, Weibull etc., which are observed in wireless channels are presented in Section 1.2. From

Equation 2.1 the instantaneous and average value of the received SNR at the l th antenna can be given

as γl =
α2

l Eb
N0

and γ̄l = E[γl] = Eb
N0

E[α2
l ], respectively.

The output of the combiner y(t), can be mathematically expressed from the principle of operation

of the combiner. For linear diversity combining, a general expression for y(t) can be given as [7]

y(t) = a1r1(t)+a2r2(t)+ . . .+aLrL(t) =
L

∑
l=1

alrl(t), (2.2)

where the combining coefficients als, assume values corresponding to the combining rule employed.

Below we discuss basic combining techniques in detail.
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2.1.1 Selection Combining

For a SC combiner, als in Equation 2.2 can be given as

al =







1, for l = k

0, for l 6= k
. (2.3)

Thus, at any point of time only one signal out of L available signals is selected for processing which

is the the signal with the highest SNR, among all L. From the implementation point of view this

is the simplest of all diversity combiners. The block diagram is shown in Figure. 2.2. Assuming

identical noise power in all the received branches, the output of the combiner can be given by

y(t) = αe jθs(t)+ z(t), (2.4)

where α = max{α1,α2, . . . ,αL}. The combiner output SNR can be given as

γ =
α2Eb

N0
= max{γ1,γ2, . . . ,γL}. (2.5)

With uncorrelated fading at the input receiving antennas, the cumulative distribution function (CDF)

of the combiner output Pγ(γsc) can be expressed as

Pγ(γsc) = Pr{γ < γsc} =
L

∏
l=1

Pγl(γsc), (2.6)

where Pγl(γsc) is the CDF of the received signal at the lth antenna. For i. i. d. receiving branches,

the joint CDF can be given as Pγ(γsc) = [Pγ1(γsc)]
L. Thus, the PDF can be given as

fγsc(γsc) = L fγ1(γl)[Pγ1(γsc)]
L−1. (2.7)

Another version of SC combiner is the Switching and Stay combining. In this scheme once a branch

is selected it remains connected to the output for demodulation processing until its SNR falls below

a predefined threshold. The performance observed for this combiner is close to that of the selection

combiner where as the required switching among the branches reduces significantly compared to

that of SC.
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rL(t)

y(t)

Figure 2.2: Block diagram showing principle of operation of the Selection Combiner

2.1.2 Maximal Ratio Combining

In MRC combiner all the received signals are co-phased and then multiplied by a weight factor

proportional to the branch SNR before summing up to form the combiner output. A block diagram

of the MRC combiner is shown in Figure 2.3. The combiner output is given by y(t) =
L
∑

i=1
αiri(t).

Weights to be the conjugate of channel gain [must be estimated]

y(t) =
L

∑
i=1

αie
− jθiri(t) =

L

∑
i=1

αie
− jθi [αie

jθis(t)+ni(t)]

=

(
L

∑
i=1

α2
i

)

s(t)+
L

∑
i=1

αie
− jθini(t) (2.8)

The SNR of the combined signal is

γ =

L
∑

i=1
α2

i Eb

N0
=

L

∑
i=1

γi (2.9)

Maximal ratio combiner provides optimum performance and needs all channel fading information

at the receiver. Thus, complexity of a communication receiver with MRC combining is high.

17TH-985_0761210



Chapter 2 System Model
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.

α2e jφ2

αLe jφL

α1e jφ1

rL(t)

r2(t)

rl(t)

Figure 2.3: Block diagram showing principle of operation of a Maximal Ratio combiner

2.1.3 Equal Gain Combining

In an EGC combiner, received signals from all L receiving antennas are co-phased and multiplied

by an unit weight factor before being added together to form the output signal of the combiner. For

an EGC combiner, the combining coefficients als in Equation 2.2 can be given as

al = 1,∀l = 1,2, . . . ,L. (2.10)

The combiner output signal can be mathematically expressed as

y(t) =
L

∑
i=1

e− jθiri(t) =

(
L

∑
i=1

αi

)

s(t)+
L

∑
i=1

e− jθini(t). (2.11)

The SNR at the EGC output can be given as

γ =

(
L

∑
i=1

αi

)2
Eb

LN0
. (2.12)
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The performance of a EGC is very close to MRC, whereas the complexity is less. So in the commu-

nication system EGC is widely used.

The combiner output is fed as input to a detector to decide which one of the symbol from the

transmitter signal set was transmitted. Thus, the complexity of the detector depends on the modula-

tion scheme used. For example, for a BPSK modulation scheme which has only two symbols in its

signal set, the detector has to decide whether a ‘1′ or ‘0′ was transmitted. Hence, the detection rule

is the threshold value in the middle of the signal constellation for ML detector [2].

2.2 Correlated Fading Models

Diversity receivers having independent fading channels as input give the best performance. How-

ever, in practical scenario obtaining an independent fading channels are difficult due to space con-

strain of mobile portable devices [1,2]. The analysis for L correlated diversity receivers is not handy

as an expression for the joint PDF of multivariate fading RVs is not possible to obtain in each case.

Hence, the analysis is carried out for two useful correlation models namely equal correlation and

exponential correlation. Below these two correlation models are described.

Equal Correlation

Equal or constant correlation model is one in which the correlation coefficient is defined as [1, 2]

ρi, j = ρ,∀ i 6= j,1 ≤ i, j ≤ L, (2.13)

where ρi, j is the correlation coefficient between the fading signals received at the ith and the jth

receiving antennas. In practice, this correlation model is observed in diversity reception by an array

of three antennas placed on an equilateral triangle or by a closely spaced set of antennas [50].
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Exponential Correlation

In exponential correlation model the correlation coefficient between ith and jth received received

fading signals is defined as [1, 2, 51]

ρi, j = ρ|i− j|, i, j = 1,2, . . . ,L (2.14)

The exponential correlation is observed when the receiving antennas are placed in a linear array.

2.3 Analytical Methods for System Performance Evaluation

There are some standard methods used in literature to analyze various performance of a diversity

receiver. These methods are discussed below.

2.3.1 Probability Density Function Based Approach

The PDF based approach is a straightforward approach for performance analysis which requires the

knowledge of the PDF of the combiner output SNR. Formulas for obtaining various performance

measures are mentioned below.

1. Average output SNR: Average output SNR can be obtained by averaging the instantaneous

SNR over its PDF. It can be given as

γ =

∞
Z

0

γ fγ(γ)dγ (2.15)

where, γ̄ is the average SNR and fγ(γ) is the PDF of γ.

2. Outage Probability: Outage probability is an important performance measure of any com-

munication receiver. For the output SNR, it is defined as the probability that the output SNR
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γ, falls below a certain threshold value γth [2]. Mathematically, it can be given as

Pout(γth) =

γth
Z

0

fγ(γ)dγ. (2.16)

3. Average Bit Error Rate: The average bit error rate (ABER) of a digital communication

system for various modulations can be obtained by averaging the conditional BER (condi-

tioned on SNR) corresponding to the modulation scheme over the PDF of the receiver output

SNR [2]. Mathematically, it can be given as

Pe(γ) =

∞
Z

0

pe(ε |γ) fγ(γ)dγ, (2.17)

where pe (ε |γ) is the conditional BER corresponding to the modulation scheme used.

4. Amount of fading: Amount of fading is an important statistical characteristic of the fading

channel, also known as the fading figure. It is generally associated with the PDF of the fading

[2]. It can be mathematically obtained from the first and second moments of the SNR as

AF =
var[γ]
(E[γ])2 =

E(γ2)− (E[γ])2

(E[γ])2 , (2.18)

where var[·] represents the variance and E[·] is the expectation operator.

2.3.2 Moment Generating Function Based Approach

In a number of cases it is not possible to obtain the PDF of the combiner output SNR in a suitable

mathematical form. MGF method is an alternative method for a large number of such cases [2]. It

requires an expression for the MGF of the combiner output SNR. Performance measures using the

MGF of the combiner output SNR can be obtained as below.

1. Average output SNR: The average output SNR of a diversity combiner can be given by

γ =
d
ds

[
Mγ(s)

]
|s=0 (2.19)
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where, Mγ(s) is the MGF of the combiner output SNR and d
dt [·] is the differential operator.

2. Outage probability: The outage probability can be given by [2]

Pout(γth) =
1

2π j

σ+ j∞
Z

σ− j∞

Mγ(−s)

s
eγthsds, (2.20)

where σ is chosen in the region of convergence of the integral in the complex s-plane.

3. Average BER: The formula for the average BER in MGF approach is given by [2]

Pe(γ) =
1

2π j

σ+ j∞
Z

σ− j∞

MD(−s)
s

ds. (2.21)

2.3.3 Characteristic Function Based Approach

In this approach characteristic function (CF) of some of the variables of the receiver is used to obtain

performance measures. This approach is discussed below.

1. Coherent Receivers: For a coherent receiver with BPSK modulation, the ABER can be ob-

tained using the following formula (Gil-Palaez lemma) [49]

Pe(γ) = Pr(D1 < 0) =
1
2 − 1

2π

∞
Z

−∞

ℑ{ΦD1( jω)}
ω

dω, (2.22)

where ΦD1 is the characteristic function of the receiver output decision variable D1 assuming

a ‘1’ was transmitted.

2. Non-coherent Receivers: For receivers with noncoherent modulations, the CF based formula

for ABER can be given as (using Parseval’s theorem) [3]

Pe(γ) =
1
π

∞
Z

0

ℜ{G∗(s)Φα(s)}ds, (2.23)

where Φα(s) is the CF of the combiner output instantaneous amplitude, G(s) the Fourier

transform of the conditional error probability and ∗ is the complex conjugate operator. This
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Table 2.1: Conditional BER of coherent and noncoherent modulation schemes with instantaneous
SNR γ [3]

Modulation Conditional BER

MPSK 1
π

π− π
M

R

0
exp

(

−γsin2
(π/M

)

Sin2θ

)

dθ

MDPSK 1
π

π− π
M

R

0
Exp

(

−γSin2
(π/M

)

1+Cos
(π/M

)

)

dθ

NCMFSK M−1
2 Exp(−γ

2 )

MSK er f
(√

γ/2
)

−0.25er f c2
(√

γ/2
)

π
4 DQPSK with gray coding 1

2π

∞
R

0
exp
(√

−2γ
2−

√
2Cosθ

)

dθ

Square QAM 2qer f c
(√

pγ
)
−q2er f c2 (√pγ

)

q = 1− 1√
M

and p = 1.5
M−1

method has been found to be appropriate for ABER performance of EGC receiver. Since,

the Equation 2.23 requires only the combiner output CF, this formula can be safely used both

for coherent and noncoherent modulation schemes. Besides, it can also be used to analyze

combiners with both independent and correlated fading branches.

The conditional BER for different modulation schemes are listed in Table 2.1. For coherent

binary signaling, the expression for the conditional BER can be given by putting M = 2 for the entry

for MPSK in the table which can be simplified as

pe,coh (ε |γ) = Q
(√

2aγ
)

, (2.24)

where a = 0.5,1 for CFSK and CPSK modulations. For noncoherent modulations, the simplified

form of conditional BER can be given as

pe,ncoh (ε |γ) =
1
2 exp(−aγ), (2.25)

with a = 0.5,1 for NCFSK and DPSK modulations.
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Performance Analysis in Hoyt Fading

Channels

Performance analysis related research works on diversity receivers in Hoyt fading channels are avail-

able in [17, 18, 20, 22–26]. These analyses provide studies on the performance of MRC and EGC

receivers over independent fading channels. Apart from issues covered in these presentations many

other useful performance measures also need attention. Performance analysis of SC receiver over

Hoyt fading channels is not available in literature. Selection combiner having the least complexity

among known diversity combiners can be of interest from the implementation point view. As it is

well known that practical diversity receivers have to operate in correlated fading environments [1],

analysis of diversity receivers for correlated fading channels can provide actual performance of these

systems.

In this chapter, analysis of SC, MRC and EGC receivers are presented for Hoyt fading channels.

For SC receiver the analysis is provided for independent channels. Available analysis for MRC

receiver over independent fading channels are extended further to obtain performance measures

such as outage probability and amount of fading. For correlated Hoyt fading channels, the analysis
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are presented for dual diversity combiners. Further, performance of correlated MRC receiver results

are extended to arbitrary order of diversity.

3.1 Selection Combining in Independent Fading Channels

Analysis of the SC receiver using the PDF based approach as discussed in Section 2.3.1 requires

an expression for the PDF of the combiner output SNR. For independent Hoyt fading channels we

derive an expression for this PDF fγsc(γsc) and use it further to obtain moments expression for the

combiner output SNR, outage probability and ABER for binary, coherent and noncoherent modula-

tion schemes.

3.1.1 PDF of Combiner Output Signal-to-Noise Ratio

As discussed in Section 2.1, the combiner has L independent input faded signals whose SNRs are

given as γl = Eb
N0

α2
l , l = 1,2, . . . ,L. The RVs αls are Hoyt distributed having a PDF expression given

in Equation 1.3. For the convenience of analysis Equation 1.3 can be expressed in another form as

shown in Equation A.2 of Appendix A.1 and is reproduced below.

fαl (αl) =
αle

− 1
2q2 α2

l

q 1F1
(

1
2 ;1; 1−q2

2q2 α2
l

)

. (3.1)

Since, αls are independent RVs an expression for the joint PDF of fading envelopes at the combiner

input can be given by the product of L PDFs as

fα1,α2,...,αL(α1,α2, . . . ,αL) =
1
qL

L

∏
i=1

αie
− 1

2q2 α2
i

1F1

(
1
2

;1; 1−q2

2q2 α2
i

)

. (3.2)

The combiner output envelope α depends on the input envelopes as per the switching rule of the

SC combiner discussed in Section 2.1.1. An expression for the CDF of output envelop α can be
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obtained by integrating Equation 3.2 w. r. t. αls as

Fα(α) =
1
qL

L

∏
l=1







α
Z

0

αle
− 1

2q2 α2
l
1F1

(
1
2;1; 1−q2

2q2 α2
l

)

dαl






. (3.3)

The integral in Equation 3.3 can be solved by expressing 1F1(·; ·; ·) in infinite series applying [4,

9.14.1] (reproduced in Equation B.11) and then solving the resulting integral using [4, (3.381.1)]

(reproduced in Equation B.6). The final expression after integration can be obtained as

Fα(α) =
1

2L−1qL−2

[
∞

∑
k=0

(1
2
)

k

(k!)2
(
1−q2)k

g

(

k +1,
α2

2q2

)]L

. (3.4)

The PDF of α can be obtained by differentiating Equation 3.4 w.r.t. α, which after simplification

can be given as

fα(α) = LqL−2
∞

∑
k j=0

j=1,2,...,L

(
1−q2)

L
∑

i=1
ki

α2kL+1e
− α2

2q2

(√
2q
)2kL

{
L

∏
i=1

(1
2
)

ki

ki!2

}{
L−1
∏
i=1

g

(

ki +1,
α2

2q2

)}

(3.5)

The instantaneous output SNR of the combiner is γsc = α2Eb/N0 and its average values is

γ̄ = (1 + q2)Eb/N0 (from Equation A.3). Applying the concept of the transformation of RVs, the

PDF of γsc can be obtained from Equation 3.5 as

fγsc(γsc) = L

(
1+q2

2γ̄q

)L

γL−1
sc e

− L(1+q2)

2γ̄q2 γsc
∞

∑
k j=0

j=1,2,...,L

{
L

∏
i=1

(1
2
)

ki

(ki!)
2

}(
1−q4

2γ̄q2 γsc

)
L
∑

i=1
ki

×







L−1
∏
i=1

1F1
(

1;ki +2; 1+q2

2γ̄q2 γsc

)

ki +1






. (3.6)

The expression in Equation 3.6 can be verified for Rayleigh fading channels which is a special case

of Hoyt fading (q = 1). Substituting q = 1 followed by some algebraic manipulations it can be

shown that Equation 3.6 reduces to

fγsc(γsc) =
L
γ̄

e
−γsc

γ̄
(

1− e−
γsc
γ̄
)L−1

, (3.7)

which is the same as [10, (7.60)].
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Upper Bound on Truncation Error

It can be observed that Equation 3.6 consists of L number of infinite series. In the numerical eval-

uation of these series we take a finite number of terms of each infinite series, ensuring a desired

accuracy, in the sum. This results in a truncation error of the expression. Considering equal number

of terms ‘K’ for each infinite series in the evaluation, it can be shown that the truncation error has

an upper bound. A derivation of an expression for this upper bound is shown in A.10.1 of Appendix

and can be given as

EK ≤ Le
− L(1+q2)

2γ̄q2 γsc

[
(1−q4)K+1

(1−q2)q2K+1

]L

2F2






1 1
2 +K (1−q4)γsc

2γ̄q2

K +1 K +1






×






1F1

(

1;K +2; 1+q2

2γ̄q2 γsc

)

3F3






1 1
2 +K K +1 (1−q4)γsc

2γ̄q2

K +1 K +1 K +2












L−1

. (3.8)

3.1.2 Moments of Combiner Output Signal-to-Noise Ratio

The Nth order moment associated with the combiner output instantaneous SNR γsc can be given,

mathematically, as

E[γN
sc] =

∞
Z

0

γN
sc fγsc(γsc)dγsc, (3.9)

Putting fγsc(γsc) from Equation 3.6, Equation 3.9 can be rewritten as

E[γN
sc] = L

(
1+q2

2γ̄q

)L ∞

∑
k j=0

j=1,2,...,L

{
L−1
∏
i=1

(1
2
)

ki

ki!2(ki +1)

} (1
2
)

kL

kL!2

(
1−q4

2γ̄q2

)
L
∑

i=1
ki

×
∞

Z

0

γ
L+N+

L
∑

i=1
ki−1

sc e
− L(1+q2)

2γ̄q2 γsc

{
L−1
∏
i=1

1F1

(

1;ki +2; 1+q2

2γ̄q2 γsc

)}

dγsc. (3.10)
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The integral in Equation 3.10 can be solved by applying the identity [3, (C.1)], (reproduced in

Equation B.15). After integration the moment expression can be given as

E[γN
sc] =

qL+2N

LL+N−1

(
2γ̄

1+q2

)N ∞

∑
k j=0

j=1,2,...,L

Γ(L+N +
L
∑

i=1
ki)

{
L−1
∏
i=1

(ki +1)

}

{
L

∏
i=1

(1
2
)

ki

(ki!)2

}(
1−q2

L

)
L
∑

i=1
ki

×FA







L+N +
L

∑
i=1

ki; 1,1, . . . ,1;
︸ ︷︷ ︸

(L−1),numbers
k1 +2,k2 +2, . . . ,kL−1 +2; 1

L , 1
L , . . . , 1

L
︸ ︷︷ ︸

(L−1)numbers







. (3.11)

The average output SNR of the SC combiner γ̄sc, can be obtained by putting N = 1 in Equation 3.11

and can be given as

γ̄sc =
qL+2

LL

(
2γ̄

1+q2

) ∞

∑
k j=0

j=1,2,...,L

Γ(L+1+
L
∑

i=1
ki)

{
L−1
∏
i=1

(ki +1)

}

{
L

∏
i=1

(1
2
)

ki

(ki!)2

}(
1−q2

L

)
L
∑

i=1
ki

×FA







L+1+
L

∑
i=1

ki; 1,1, . . . ,1;
︸ ︷︷ ︸

(L−1),numbers
k1 +2,k2 +2, . . . ,kL−1 +2; 1

L , 1
L , . . . , 1

L
︸ ︷︷ ︸

(L−1)numbers







.(3.12)

For the case of Rayleigh fading which is a special case of Hoyt fading (q = 1), the average output

SNR of a dual-SC combiner can be obtained by substituting q = 1 and L = 2 in Equation 3.11 as

γ̄sc = 3
2 γ̄, which is same as the expression in [31, (12)].

3.1.3 Outage Probability of Combiner

The outage probability Pout(γth) of a combiner is defined in Section 2.3 and a mathematical ex-

pression for the same is given in Equation 2.16. Putting the expression for the PDF of γsc from

Equation 3.6 into Equation 2.16 and expressing the involved hypergeometric function in infinite

series [4, 9.14.1] (reproduced in Equation B.11) and rearranging the terms, an expression for the
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outage probability can be given as

Pout(γth) = L

(
1+q2

2γ̄q

)L ∞

∑
k j=0

j=1,2,...,L

{
L

∏
i=1

(1
2
)

ki

ki!2

}
(

1−q4

2γ̄q2

)
L
∑

i=1
ki

{
L−1
∏
i=1

(ki +1)

}

∞

∑
tp=0

j=1,2,...,L−1

(
1+q2

2γ̄q2

)
L−1
∑

i=1
ti

{
L−1
∏
i=1

(ki +2)ti

}

×
γth

Z

0

γ
L+

L
∑

i=1
ki+

L−1
∑
j=1

t j−1

sc e
− L(1+q2)

2γ̄q2 γsc
dγsc. (3.13)

The integral in Equation 3.13 can be solved by applying the identity [4, (3.381.1)], (reproduced in

Equation B.6). For the convenience of presentation, which is used very often in the related literature,

defining a new variable i.e., Normalized Average Branch SNR as γ̄N
4
= γ̄

γth
, an expression for Pout(γth)

as a function of γ̄N can be given as

Pout(γ̄N) =
qL

LL−1

∞

∑
k j=0

j=1,2,...,L

{
L

∏
i=1

(1
2
)

ki

(ki!)2

}
(

1−q2

L

)
L
∑

i=1
ki

{
L−1
∏
i=1

(ki +1)

}

∞

∑
tp=0

p=1,2,...,L−1

g

(

L+ kL +
L−1
∑

i=1
(ki + ti),

L(1+q2)
2γ̄Nq2

)

L

L−1
∑

j=1
t j
{

L−1
∏
i=1

(ki +2)ti

}
.

(3.14)

3.1.4 Average Bit Error Rate

ABER performance of diversity communication systems is defined in Section 2.3 and a general

mathematical expression for ABER, as a function of conditional BER for modulation scheme and

the PDF of received SNR, is given in Equation 2.17. To obtain an expression for ABER of a SC

receiver in Hoyt fading channels, the obtained expression for the PDF of the output SNR γsc in

Equation 3.6 and an expression for the conditional BER pe,coh (ε |γ) corresponding to the employed

modulation scheme is required. Expressions for the conditional BER of a communication system

for different digital modulation schemes are listed in Table 2.1. Thus, ABER expressions for binary,

coherent and noncoherent modulations can be obtained as discussed below.
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Binary Coherent Modulations

For binary coherent modulations (CPSK or BPSK and CFSK or BFSK), an expression for pe,coh (ε |γ)

can be obtained by evaluating the entries for MPSK and MFSK modulations for M = 2 in Table 2.1.

A simplified combined expression for conditional BERs is also given in Equation 2.24. Thus, putting

pe,coh (ε |γ) from Equation 2.24 and fγsc(γsc) from Equation 3.6 into Equation 2.17, binary coherent

ABER expression can be written as

Pe,ch(γ̄) = L

(
1+q2

2γ̄q

)L ∞

∑
k j=0

j=1,2,...,L

{
L

∏
i=1

(1
2
)

ki

ki!2

}
(

1−q4

2γ̄q2

)
L
∑

i=1
ki

{
L−1
∏
i=1

(ki +1)

}

×
∞

Z

0

Q
(√

2aγsc

)

γ
L+

L
∑

i=1
ki−1

sc e
− L(1+q2)

2γ̄q2 γsc

{
L−1
∏
i=1

1F1

(

1;ki +2; 1+q2

2γ̄q2 γsc

)}

dγsc. (3.15)

The Q(·) function in the Equation 3.15 can be expressed using incomplete gamma function applying

the identity [1, A-(8a)] (reproduced in Equation B.14). Also, the hypergeometric function can be

written in series form using [4, 9.14.1] (reproduced in Equation B.11). After these modifications the

obtained integral can be solved using the identity [1, A-(6)]) (reproduced in Equation B.13) and an

expression for ABER can be obtained as

Pe,ch(γ̄) = L(qη1)
L+1
√

aγ̄
2π(1+q2)

∞

∑
k j=0

j=1,2,...,L

{
L

∏
i=1

(1
2
)

ki

(ki!)2

}

[(1−q2)η1]

L
∑

i=1
ki

L−1
∏
i=1

(ki +1)

∞

∑
tp=0

p=1,2,...,L−1

η

L−1
∑

j=1
t j

1

×
Γ

(

L+ 1
2 +

L
∑

i=1
ki +

L−1
∑
j=1

t j

)

{
L−1
∏
j=1

(
k j +2

)

t j

}(

L+
L
∑

i=1
ki +

L−1
∑
j=1

t j

)2F1

(

1,L+ 1
2 +

L

∑
i=1

ki +
L−1
∑
j=1

t j;

L+1+
L

∑
i=1

ki +
L−1
∑
j=1

t j;Lη1

)

, (3.16)

where η1
∆
= 1+q2

L(1+q2)+2aγ̄q2 .
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Binary Non-coherent Modulations

Noncoherent binary modulation includes BDPSK and BFSK schemes. For these modulations, ex-

pressions for conditional BERs can be obtained by evaluating the entries in Table 2.1 for MDPSK

and NCFSK, for M = 2. A simplified combined expression for both the modulations is given in

Equation 2.25. Putting pe,ncoh (ε |γ) from Equation 2.25 and fγsc(γsc) from Equation 3.6 into Equa-

tion 2.17, an expression for noncoherent ABER can be written as

Pe,nch(γ̄) =
L
2

(
1+q2

2γ̄q

)L ∞

∑
k j=0

j=1,2,...,L

{
L

∏
i=1

(1
2
)

ki

ki!2

}
(

1−q4

2γ̄q2

)
L
∑

i=1
ki

{
L−1
∏
i=1

(ki +1)

}

×
∞

Z

0

γ
L+

L
∑

i=1
ki−1

sc e
− L(1+q2)+2aγ̄q2

2γ̄q2 γsc

{
L−1
∏
i=1

1F1

(

1;ki +2; 1+q2

2γ̄q2 γsc

)}

dγsc. (3.17)

The integral in Equation 3.17 can be solved using identity [3, (C.1)] (reproduced in Equation B.15).

Thus, an expression for the ABER for binary non-coherent modulations can be obtained as

Pe,nch(γ̄) =
L
2

(qη1)
L

∞

∑
k j=0

j=1,2,...,L

{
L

∏
i=1

(1
2
)

ki

(ki!)2

} Γ
(

L+
L
∑

i=1
ki

)

{
L−1
∏
i=1

(ki +1)

}
[(

1−q2)η1
]

L
∑

i=1
ki

×FA




L+

L

∑
i=1

ki; 1,1, . . . ,1;
︸ ︷︷ ︸

(L−1)numbers

k1 +2,k2 +2, . . . ,kL−1 +2;η1,η1, . . . ,η1
︸ ︷︷ ︸

(L−1)numbers




 . (3.18)

It can be verified that for the case of Rayleigh fading, which is a particular case of Hoyt fading (for

q = 1), it can be shown that Equation 3.18 reduces to Pe,nch(γ̄) = 1
(2+aγ̄)(1+aγ̄) , for L = 2 which is

same as [52, (13)].

3.1.5 Results and Discussion

The outage probability expression obtained in Equation 3.14 is numerically evaluated and curves

are plotted for Pout(γ̄N) vs. γ̄N in Figure 3.1 for different values of L and q. In this figure, it can be
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observed that for a given value of γth (or γ̄N) and L, with the decrease in q the outage increases. It

is because the decrease in q indicates an increase in severity of fading resulting in an increase the

probability of outage. It can also be seen in the figure that an increase in L reduced the probability

of outage at the cost of increase in complexity of the diversity receiver. From the figure it can be

observed that the plot for L = 3 and q = 0.2 is almost overlapping the curve for L = 2 and q = 1,

which is counter intuitive. This indicates that the performance benefit expected from L = 3 over

L = 2 is nullified due to severity of the fadings i.e., q = 0.2 over q = 1. For binary, coherent and

non-coherent modulations, the expressions in Equations 3.16 and 3.18 are numerically evaluated

and curves for ABER vs. γ̄ per branch are shown in Figures 3.2 and 3.3, as a function of L. In these

figures it can be observed that fading severity conditions cause increase in the ABER. ABER of the

receiver decreases with the increase in L, as the combiner receives the signal from more number of

redundant input antennas. To further investigate the effect of L on the performance, we plotted the

magnitude of gain in output SNR vs. L in Figure 3.4 for an ABER of 10−4, for CPSK and DPSK

modulations. From this figure it can be observed that the gain in SNR is maximum for L = 2 and

decreases relatively with every increase in L. It can also be noticed that over modulation schemes,

the gain in output SNR per increase in L is small.
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Figure 3.1: Outage probability of L independent SC receiver.
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3.2 Maximal Ratio Combining in Independent and Identical Fad-

ing Channels

An expression for the output SNR γmrc of a MRC receiver is given in Equation 2.9. It is the sum

of the received branch SNRs γls. Using the definition of branch SNRs i.e., γl = Eb
N0

α2
l , γmrc can be

expressed, mathematically, as

γmrc =
Eb

N0

(
α2

1 +α2
2 + . . .+α2

L

)
=

Eb

N0
α2, (3.19)

where α2 = α2
1 +α2

2 + . . .+α2
L. Thus, the PDF of γmrc can be obtained from the PDF of the RV α2.

3.2.1 PDF of Combiner Output Signal-to-Noise Ratio

From Equation 3.19, it can be noticed that an expression for the PDF of γmrc can be derived from the

PDF of α2. The PDF of α2, under the assumption of independent αls can be given mathematically as

the L fold convolution of the PDFs of RVs α2
1,α

2
2, . . . ,α

2
Ls. But, using this method it is not possible to

obtain a compact expression for this PDF and the complexity of the numerical evaluation increases

exponentially with increase in L [53]. However, by using the complex Gaussian model for a Hoyt

distributed RV discussed in section A.1 [13], it is possible to obtain an expression for this PDF.

Using this model, an expression for the PDF of α2 is obtained as below.

Using the model for Hoyt distribution in [13], an expression for the CF of the sum of Hoyt square

RV is derived in Appendix A.2 and is given in Equation A.11. For convenience, it is reproduced

below.

Φα2
1,α

2
2,...,α

2
L
( jω1, jω2, . . . , jωL) =

1
(2σxσy)

L

L

∏
i=1

1
√(

1
2σ2

x
+ jωi

)(
1

2σ2
y
+ jωi

) , (3.20)

where σ2
x and σ2

y are variances of the inphase and quadrature phase components of the α in the Hoyt

model described in [13]. An expression for the PDF of α2 can be obtained by putting ω1 = ω2 =
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. . . = ωL = ω in Equation A.11 and subsequently applying inverse Fourier transform to the resulting

expression. This expression can be given as

fα2(α2) =
1

2L+1π(σxσy)
L

∞
Z

−∞

e jωα

[(
1

2σ2
y
+ jω

)(
1

2σ2
x
+ jω

)]L
2

dω. (3.21)

Solving the integration in Equation 3.21 (using [4, 3.384.8], reproduced in Equation B.8), an ex-

pression for fα2(α2) can be obtained as

fα2(α2) =
αL−1e

− 1
2σ2

y
α

(2σxσy)
L Γ(L)

1F1

[

L
2

;L; 1
2

(

1
σ2

y
− 1

σ2
x

)

α

]

. (3.22)

Performing a transformation of RV on α2 corresponding to the multiplying factor Eb/N0 and sub-

stituting Eb/N0 = γ̄/(1+q2) from Equation A.3, an expression for the PDF of γmrc can be obtained

as

fγmrc(γmrc) =
1

(L−1)!

(
1+q2

2γ̄q

)L

γL−1
mrc e

− 1+q2
2γ̄q2 γmrc

1F1

(
L
2 ;L; 1−q4

2γ̄q2 γmrc

)

. (3.23)

3.2.2 Average Output Signal-to-Noise Ratio

Average output SNR of MRC receiver can be obtained from Equation 3.23 as

E[γmrc] = γ̄mrc =
1

(L−1)!

(
1+q2

2γ̄q

)L ∞
Z

0

γL
mrce

− 1+q2
2γ̄q2 γmrc

1F1

(

L
2 ;L; 1−q4

2γ̄q2 γmrc

)

dγmrc, (3.24)

The above integral can be solved using the identity [4, (7.621.4)] (reproduced in Equation B.10).

After simplification γ̄mrc can be obtained as

γ̄mrc =
2Lγ̄qL+2

1+q2 2F1
(

L
2 ,L+1;L;1−q2)= Lγ̄. (3.25)

In the above equation the hypergeometric function is eliminated using the expression given in [54]

(reproduced in Equation B.17 in Appendix). This result is obvious from the definition of average

output SNR of the MRC combiner given in Equation 2.9 and hence is a verification of the correctness

of Equation 3.23.
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3.2.3 Outage Probability of Combiner Output Signal-to-Noise Ratio

Outage probability of the MRC output SNR can be obtained putting fγmrc(γmrc) from Equation 3.23

into Equation 2.16 as given below.

Pout(γth) =
1

Γ(L)

(
1+q2

2γ̄q

)L γth
Z

0

γL−1
mrc e

− 1+q2
2γ̄q2 γmrc

1F1

(

L
2 ;L; 1−q4

2γ̄q2 γmrc

)

dγmrc. (3.26)

The confluent hypergeometric function in the above expression can be expressed in infinite series

(using [4, 9.14.1], reproduced in Equation B.11) resulting in the expression

Pout(γth) =
1

Γ(L)

(
1+q2

2γ̄q

)L ∞

∑
k=0

(L
2
)

k

(L)k k!

(
1−q4

2γ̄q2

)k γth
Z

0

γL+k−1
mrc e

− 1+q2
2γ̄q2 γmrc

dγmrc. (3.27)

This integral can be solved applying [4, (3.381.1)] (reproduced in Equation B.6) and a final expres-

sion can be given as a function of γ̄N (defined in Section 3.1.3), as

Pout(γ̄N) = qL
∞

∑
k=0

(
L
2
)

k

(
1−q2)k

k!Γ(L+ k)
g

(

L+ k,
1+q2

2γ̄Nq2

)

. (3.28)

It can be verified that for q = 1, which is the Rayleigh fading case, Equation 3.28 reduces to

Pout(γth) =
g
(

L, γth
γ̄

)

Γ(L)
, (3.29)

which is same as the expression [1, (40), for m = 1]. The infinite series involved in Equation 3.28

can be upper bounded on truncation error as shown in Section 3.2.6.

3.2.4 Amount of Fading of Combiner Output Signal

The amount of fading of a combiner is defined in Section 2.3 and a mathematical expression for the

same is given in Equation 2.18 which needs expressions for the first and second order moments of

γmrc for evaluation. First order moment is given in Equation 3.25. An expression for the second
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order moment can be obtained as below.

E
[
γ2

mrc

]
=

1
Γ(L)

(
1+q2

2γ̄q

)L ∞
Z

0

γL+1
mrc e

− 1+q2
2γ̄q2 γmrc

1F1

(

L
2 ;L; 1−q4

2γ̄q2 γmrc

)

dγmrc

=
L(L+2)(1+q4)+2Lq2

(1+q2)2 γ̄2, (3.30)

where we solved the integral in the above equation using the identity [4, 7.621.4] (reproduced in

Equation B.10). Thus, putting E[γmrc] from Equation 3.25 and E[γ2
mrc] from Equation 3.30, in Equa-

tion 2.18 and simplifying the resulting expression, AF can be obtained as

AF =
2
(
1+q4)

L(1+q2)2 . (3.31)

The amount of fading expression in Equation 3.31 can be verified for L = 1
(

AF =
2(1+q4)

(1+q2)
2

)

which

is same as it is given in [2, (2.14)].

3.2.5 Average Bit Error Rate

ABER performance of a diversity communication system is defined in Section 2.3 and a general

mathematical expression for the ABER is given in Equation 2.17. To obtain an expression for the

ABER of a MRC receiver, the obtained expression for the PDF of γmrc in Equation 3.25 and the

conditional bit error rate pe,coh (ε |γ) for different modulation schemes tabulated in Table 2.1 are

used. For binary, coherent and noncoherent modulations we obtain expressions for ABER as below.

Binary Coherent Modulations

For binary coherent modulations (BPSK or BFSK), expressions for the conditional BERs pe,coh(ε |γ)

can be obtained by evaluating the entries for MPSK and MFSK modulations for M = 2 in Table 2.1.

A simplified combined expression for this conditional BER is also given in Equation 2.24. Putting
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pe,coh (ε |γ) and fγmrc(γmrc) into Equation 2.17, ABER can be given as

Pecoh(γ̄) =
1

Γ(L)

(
1+q2

2γ̄q

)L ∞
Z

0

γL−1
mrc Q

(√

2aγmrc

)

e
− 1+q2

2γ̄q2 γmrc
1F1

(
L
2

;L; 1−q4

2γ̄q2 γmrc

)

dγmrc. (3.32)

The integral in Equation 3.32 can be solved by modifying it applying [1, A-(8a)] (reproduced in

Equation B.14) to the Q(·) function involved. Further, expressing the confluent hypergeometric

function in series form [4, 9.14.1] (reproduced in Equation B.11), Equation 3.32 can be rewritten as

Pecoh(γ̄) =
1

2
√

πΓ(L)

(
1+q2

2γ̄q

)L ∞

∑
k=0

(L
2
)

k

k!(L)k

(
1−q4

2γ̄q2

)k

×
∞

Z

0

γL+k−1
mrc e

− 1+q2
2q2 γ̄

γmrcΓ
(

1
2
,aγmrc

)

dγmrc. (3.33)

Integral in Equation 3.33 can be solved using [1, A-(6)] (reproduced in Equation B.13) and an

expression for ABER can be obtained as

Pecoh(γ̄) = qL+1λL+ 1
2

√

aγ̄
2π(1+q2)

∞

∑
k=0

(
L
2
)

k Γ(L+ k + 1
2)

k!(L+ k)!

×
[
λ(1−q2)

]k
2F1

(

1,L+ k +
1
2

;L+ k +1;λ
)

, (3.34)

where λ ∆
= 1+q2

1+q2+2aq2 γ̄ . Equation 3.34 can be verified for Rayleigh fading case (q = 1) for which it

reduces to [1, (30), for m = 1]. This verifies the correctness of the obtained analytical expression.

Binary Non-coherent Modulations

For binary noncoherent modulations, a simplified expression for the conditional BER from Table

2.1 is given in Equation 2.25. Substituting pe,ncoh (ε |γ) and fγmrc(γmrc) into Equation 2.17, an

expression for the noncoherent ABER can be given as

Pencoh(γ̄) =
1

2Γ(L)

(
1+q2

2γ̄q

)L ∞
Z

0

γL−1
mrc e

− 1+q2+2aγ̄q2
2γ̄q2 γmrc

1F1

(

L
2 ;L; 1−q4

2γ̄q2 γmrc

)

dγmrc. (3.35)

The integral in Equation 3.35 can be solved using [4, (7.621.4)] (reproduced in Equation B.10)

and [1, A-(5)] (reproduced in Equation B.12). A closed-form expression for the ABER can be
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obtained as

Pencoh(γ̄) =
1
2

[

1+q2
√

(1+q2 +2γ̄aq2)(1+q2 +2γ̄a)

]L

(3.36)

Equation 3.36 can be verified for Rayleigh fading case (q = 1) which reduces to the result in [1, for

m = 1].

3.2.6 Upper Bound on Truncation Error

The expressions obtained for the outage probability and the ABER for coherent modulations in

Equations 3.28 and 3.34 contain infinite series. In the numerical evaluation of these expressions, a

finite number of terms K, of the infinite series are included. This results in a truncation error. An

expression for the upper bound on the truncation error can be obtained by applying the technique

discussed in [55]. Below we present error bounds for the outage probability and the ABER.

Outage Probability

The upperbound on truncating the infinite series in Equation 3.28 is derived in in Equation A.53 of

Appendix. The upper bound can be given as

ẼKout ≤
(

1+q2

2γ̄Nq

)L

1F1

(

L+K;L+K +1;−1+q2

2γ̄Nq2

) (L
2
)

K

K!(L+K)!

×
(

1−q4

2γ̄Nq2

)K

2F2






1 L
2 +K 1−q4

2γ̄Nq2

K +1 L+K +1




 . (3.37)

ABER for Coherent Modulation

A derivation for the upper bound in the truncating error of the Equation 3.34 is shown in Equation

A.56. This expression can be given as

ẼKABER ≤
√

aγ̄
2π(1+q2)

qL+1λL+ 1
2
(L

2
)

K Γ
(
L+K + 1

2
)

K!(L+K)!
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×
[
λ(1−q2)

]K
2F1

(

1,L+K +
1
2

;L+K +1;λ
)

×3F2






1 L
2 +K L+K + 1

2 λ(1−q2)

K +1 L+K +1




 . (3.38)

3.2.7 Results and Discussion

Analytically obtained expressions have been numerically evaluated and plotted for illustration. Out-

age probability Pout(γ̄N) vs. γ̄N has been plotted in Figure 3.5 for different values of L and q. It can

be observed that with the decrease in q the receiver suffers more outage for a fixed value of γth (or

γ̄N and L. Also an increase in L with fixed γN and q, reduces the probability of outage, as expected.

Amount of fading vs. L curves have been shown in Figure 3.6 for different values of q. The figure

shows that the maximum and minimum value of AF are 2 (for L = 1 and q = 0) and 1 (for L = 1 and

q = 1), respectively and it decreases with increase in L. It can also be observed that the effect of q

on AF is more for L ≤ 4 and approaches fast to zero for large L, irrespective of q. ABER vs. γ̄ for

binary, coherent and noncoherent modulations have been shown in Figures 3.7 and 3.8, respectively.

It can be observed that the ABER degrades with a decrease in q, as expected and the degradation

rate can be seen to be high for q ≤ 0.5 than otherwise. To investigate the effect of L on the ABER

performance, the magnitude of the gain in SNR vs. L has been plotted in Figure 3.9 for an ABER

of 10−3, for CPSK and DPSK modulations. From this figure it can be seen that the gain magnitude

increases with increase in L. Although the curves for CPSK is very close to DPSK at low L they are

quite apart at high L. Also, in the Figure 3.9 the diversity gain at the output of the MRC receiver

has been shown as a function of L. Further, the upper bound on the truncation error obtained for

Equation A.56 for CPSK modulation has been plotted in Figure 3.10. It can be seen that the error

bound decreases very fast with K and we observed in the numerical evaluation that a maximum of

15 terms is enough to achieve an accuracy at 7th place of decimal digit of the sum.
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3.3 Dual Diversity in Correlated Hoyt Fading channels

Correlation among received fading signals cannot be avoided due to reasons discussed in [1, 2].

Analysis of diversity receivers for correlated channels is relatively more complicated compared to

the independent fading case. For Hoyt fading channels, some analysis are available for correlated

cases in literature [32, 35, 36, 56, 57]. In this section, performance of dual -MRC, - EGC and -

SC receivers are analyzed for correlated Hoyt fading channels. For MRC receiver an analysis for

unequal fading parameters is also presented in addition to the equal fading parameter case. Unequal

channel fading parameters may be observed in urban fading environments where diversity channels

may have different characteristics [58]. In the analysis presented here the PDF based approach is

used.

3.3.1 Maximal Ratio Combining Receiver

In this analysis correlation between the fading envelopes αls (l = 1,2) is assumed. A general ex-

pression for the combiner output SNR γmrc is given in Equation 3.19. It can be expressed for the

dual diversity case as

γmrc =
Eb

N0

(
α2

1 +α2
2
)
. (3.39)

An expression for the PDF of γmrc i.e. fγmrc(γmrc), when α1 and α2 are correlated with correlation

coefficient ρ can be obtained using the complex Gaussian model of Hoyt RV in [13]. Using the PDF

fγmrc(γmrc), performance measures such as average output SNR, outage probability and ABER for

binary, coherent and non-coherent modulations are derived.

PDF of Combiner Output Signal-to-Noise Ratio

From Equation 3.39, it can be observed that an expression for the PDF of γmrc can be obtained from

the PDF of the RV α2
1 + α2

2. Using the complex Gaussian model for Hoyt distribution in [13], an
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expression for the joint CF of RVs α2
1 and α2

2 is derived in Appendix A.2 as given in Equation A.26.

For the convenience of presentation, it is reproduced below.

Φα2
1,α

2
2
( jω1, jω2) =

1
(1−ρ2)(2σxσy)2

∞

∑
k=0

∞

∑
t=0

(2k−1)!!(2t −1)!!

k!t!
[(

1
2(1−ρ2)σ2

x
+ jω1

)(
1

2(1−ρ2)σ2
x
+ jω2

)]k+ 1
2

×
[

ρ√
8σ2

x(1−ρ2)

]2(k+t) 1
[(

1
2(1−ρ2)σ2

y
+ jω1

)(
1

2(1−ρ2)σ2
y
+ jω2

)]t+ 1
2
.(3.40)

An expression for the PDF of α2 = α2
1 + α2

2 can be obtained by substituting ω1 = ω2 = ω in Equa-

tion 3.40 and subsequently taking the inverse Fourier transform to the resulting expression. This can

be given as

fα2(α2) =
1

8π(1−ρ2)(σxσy)2

∞

∑
k=0

∞

∑
t=0

(2k−1)!!(2t−1)!!
k!t!

[
ρ√

8σ2
x(1−ρ2)

]2(k+t)

×
∞

Z

−∞

e jωα
(

1
2(1−ρ2)σ2

x
+ jω

)2k+1( 1
2(1−ρ2)σ2

y
+ jω

)2t+1 dω. (3.41)

The integration in Equation 3.41 can be solved using [4, 3.384.8] (reproduced in Equation B.8) and

hence an expression can be obtained as

fα2(α2) =
1

(2σxσy)2(1−ρ2)

∞

∑
k=0

∞

∑
t=0

(2k−1)!!(2t −1)!!α2(k+t)+1e
− 1

2(1−ρ2)σ2
y

α

k!t!Γ(2(k + t +1))

×
[

ρ√
8σ2

x(1−ρ2)

]2(k+t)

1F1

[

2k +1;2(k + t +1);
(

1
σ2

y
− 1

σ2
x

)

α
2(1−ρ2)

]

. (3.42)

The combiner output SNR can be given as γmrc = Eb
N0

α2. Thus, the PDF of γmrc can be obtained

by scaling Equation 3.42 corresponding to the multiplying factor Eb/N0, applying the concept of

transformation of RVs. For identical branch average power i.e. Ω1 = Ω2 = Ω (equivalently, γ̄1 =

γ̄2 = γ̄), it can be shown that Eb/N0 = γ̄/(1+q2) (given in Equation A.3). Substituting this relation,

subsequent to the transformation of RV, an expression for fγmrc(γmrc) can be obtained as

fγmrc(γmrc) =

(

1+q2

2q
√

1−ρ2γ̄

)2 ∞

∑
k=0

∞

∑
t=0

(2k−1)!!(2t −1)!!
k!t!Γ(2(k + t +1))

[

ρ
(
1+q2)

√
8(1−ρ2) γ̄

]2(k+t)
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×γ2(k+t)+1
mrc e

− 1+q2
2q2(1−ρ2)γ̄

γmrc
1F1

{

2k +1;2(k + t +1); 1−q4

2q2(1−ρ2)γ̄
γmrc

}

.(3.43)

Average Output Signal-to-Noise Ratio

Average output SNR of the combiner for the correlated fading channels can be obtained by sub-

stituting fγmrc(γmrc) into Equation 2.15. Subsequently, solving the integral applying the identity [4,

(7.621.4)] (reproduced in Equation B.10) and simplifying an expression for γ̄mrc can be obtained as

γ̄mrc =

[
2q2(1−ρ2)

]2 γ̄
1+q2

∞

∑
k=0

∞

∑
t=0

(2k−1)!!(2t −1)!!(k + t +1)

k!t!

×
(

ρq2
√

2

)2(k+t)

2F1
{

2k +1,2k +2t +3;2(k + t +1);1−q2} . (3.44)

For independent channels i.e., for ρ = 0, Equation 3.44 can be simplified further to γ̄mrc = 2γ̄, which

is as expected.

Outage Probability

Outage probability for a diversity receiver is defined in Section 2.3 and a mathematical expression

for this is given in Equation 2.16. Putting fγmrc(γmrc) from Equation 3.43 into Equation 2.16, an

expression for the outage probability for correlated dual-MRC receiver can be expressed as

Pout(γth) =

(

1+q2

2qγ̄
√

(1−ρ2)

)2 ∞

∑
k=0

∞

∑
t=0

(2k−1)!!(2t −1)!!
k!t!Γ(2(k + t +1))

[
ρ(1+q2)√
8γ̄(1−ρ2)

]2(k+t)

×
γth

Z

0

e
− 1+q2

2γ̄(1−ρ2)q2 γmrcγ2k+2t+1
mrc 1F1

{

2k +1;2(k + t +1); 1−q4

2q2γ̄(1−ρ2)
γmrc

}

dγmrc,

(3.45)

where γth is the threshold value of the combiner output SNR. The integral in Equation 3.45 cannot

be solved in the given form. By expressing the hypergeometric function in infinite series using [4,

9.14.1] (reproduced in Equation B.11), Equation 3.45 can rewritten as
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Pout(γth) =

(

1+q2

2qγ̄
√

(1−ρ2)

)2 ∞

∑
k=0

∞

∑
t=0

(2k−1)!!(2t−1)!!
k!t!

[
ρ(1+q2)√
8γ̄(1−ρ2)

]2(k+t)

×
∞

∑
r=0

(2k +1)r

r!(2k +2t + r +2)!

(
1−q4

2q2γ̄(1−ρ2)

)r γth
Z

0

γ2k+2t+r+1
mrc e

− 1+q2
2γ̄(1−ρ2)q2 γmrc

dγmrc.

(3.46)

Equation in 3.46 can be solved using [4, (3.381.1)] (reproduced in Equation B.6). Thus, an expres-

sion for the outage probability can be obtained as

Pout(γ̄N) = (1−ρ2)q2
∞

∑
k=0

∞

∑
t=0

(2k−1)!!(2t−1)!!
k!t!Γ(2(k + t +1))

(
ρq2
√

2

)2(k+t)

×
∞

∑
r=0

(2k +1)r (1−q2)r

r!(2(k + t +1))r
g

(

2k +2t + r +2,
1+q2

2γ̄N(1−ρ2)q2

)

, (3.47)

where γ̄N is defined in Section 3.1.3.

Average Bit Error Rate

ABER for a diversity receiver is defined in Section 2.3 and an expression for ABER is given in

Equation 2.17. Equation 2.17 can be evaluated using the expression for the PDF of γmrc in Equation

3.43 and the conditional BER expression pe,coh (ε |γ). Expressions for conditional BER for different

digital modulation schemes are listed in Table 2.1. ABER expressions for binary, coherent and

noncoherent modulations are derived below.

1. Binary Coherent Modulations

A combined expression for conditional BER for coherent BPSK and BFSK modulations ob-

tained from Table 2.1 is given in Equation 2.24. By putting pe,coh (ε |γ) from Equation 2.24

and fγmrc(γmrc) from Equation 3.43 into Equation 2.17, the ABER expression can be given as

Pe,ch(γ̄) =

(

1+q2

2qγ̄
√

(1−ρ2)

)2 ∞

∑
k=0

∞

∑
t=0

(2k−1)!!(2t−1)!!
k!t!Γ(2(k + t +1))

(
ρ(1+q2)√
8γ̄(1−ρ2)

)2(k+t)
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∞
Z

0

γ2k+2t+1
mrc Q

(√

2aγmrc

)

e
− 1+q2

2γ̄(1−ρ2)q2 γmrc

1F1

(

2k +1;2(k + t +1); 1−q4

2q2γ̄(1−ρ2)
γmrc

)

dγmrc. (3.48)

The integration in Equation 3.48 can be solved applying [1, A-(8a)] (reproduced in Equation

B.14) and expressing the hypergeometric function in series form [4, 9.14.1] (reproduced in

Equation B.11). Thus, Equation 3.48 can be rewritten as

Pe,ch(γ̄) =
1

8
√

π

(

1+q2

qγ̄
√

(1−ρ2)

)2 ∞

∑
k=0

∞

∑
t=0

(2k−1)!!(2t−1)!!
k!t!Γ(2(k + t +1))

×
(

ρ(1+q2)√
8γ̄(1−ρ2)

)2(k+t) ∞

∑
r=0

(2k +1)r

r!(2(k + t +1))r
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1−q4

2q2γ̄(1−ρ2)
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×
∞

Z

0

γ2k+2t+r+1
mrc e

− 1+q2
2γ̄(1−ρ2)q2 γmrcΓ

(
1
2
,aγmrc

)

dγmrc. (3.49)

Solving the above integral using [1, A-(6)] (reproduced in Equation B.13), an expression for

ABER can be given

Pe,ch(γ̄) = λ
5
2 q3

√

aγ̄(1−ρ2)

2π(1+q2)

∞

∑
k=0

∞

∑
t=0

(
λρq2
√

2

)2k+2t
(2k−1)!!(2t −1)!!
k!t!Γ(2(k + t +1))

×
∞

∑
r=0

Γ
(
2k +2t + r + 5

2
)

r!(2k +2t + r +2)

(2k +1)r

(2(k + t +1))r

[
λ(1−q2)

]r

×2F1

(

1,2k +2t + r +
5
2;2k +2t + r +3;λ

)

, (3.50)

where λ 4
=
(
1+q2)/

[
1+q2 +2q2aγ̄

(
1−ρ2)].

2. Binary Non-coherent Modulations

A combined expression for conditional BER for DPSK and noncoherent BFSK modulations

obtained from Table 2.1 is given in Equation 2.25. By putting pe,coh (ε |γ) from Equation 2.25

and fγmrc(γmrc) from Equation 3.43 into Equation 2.17, the ABER expression can be given as

Pe,nch(γ̄) =

[

1+q2
√

8qγ̄
√

(1−ρ2)

]2 ∞

∑
k=0

∞

∑
t=0

(2k−1)!!(2t−1)!!
k!t!Γ(2(k + t +1))

[

ρ(1+q2)

γ̄
√

8(1−ρ2)

]2(k+t)
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×
∞

Z

0

γ2k+2t+1
mrc e

−
(

1+q2
2γ̄(1−ρ2)q2 +a

)

γmrc

×1F1

(

2k +1;2(k + t +1); 1−q4

2q2γ̄(1−ρ2)
γmrc

)

dγmrc (3.51)

Solving the integral in the above expression using [4, (7.621.4)] (reproduced in Equation

B.10), an expression for noncoherent ABER can be obtained as

Pe,nch(γ̄) =
(λq)2(1−ρ2)

2

∞

∑
k=0

∞

∑
t=0

(2k−1)!!(2t −1)!!
k!t!

(
λq2ρ√

2

)2(k+t)

×2F1
(
2(k + t +1),2k +1;2(k + t +1); [1−q2]λ

)
. (3.52)

For independent Rayleigh fading channels i.e. for ρ = 0 and q = 1, it can be verified that

Equations 3.50 and 3.52 reduces to

p̄e(γ̄) =
3
√

aγ̄
16

(
1

1+ γ̄a

)5
2

2F1

(

1,
5
2;3; 1

1+ γ̄a

)

(3.53)

and

P̄e (γ̄) =
1
2

(
1

1+aγ̄

)2
, (3.54)

respectively, as in [1, for m = 1 and M = 2].

Results and Discussion

Obtained mathematical expressions have been numerically evaluated and plotted against parameters

of interest. In Figure 3.11, Pout(γ̄N) vs. γ̄N has been plotted for different values of ρ and q. The effect

of branch correlation on the outage can be observed by comparing the outage values for ρ = 0.5 and

ρ = 0.8 against the values for ρ = 0 (uncorrelated case). Clearly, with the increase in ρ the receiver

suffers more outage, for any value of γth. These results can be verified against the results in [2],

which is a special case of the results presented here, and is found to be matching closely. For binary,

coherent and noncoherent modulations, ABER vs. γ̄ curves have been plotted in Figures 3.12 and

3.13, respectively. It can be observed that the ABER performance degrades with the increase in ρ.
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For the purpose of illustration and further investigation on the effect of ρ on the ABER performance,

we have tabulated the excess SNR 1 required to achieve an ABER of 10−3, for CPSK and DPSK

modulations, in Figure 3.14. From the figure it can be observed that for CPSK modulation, the

excess SNR is close to 0.5 dB for ρ = 0.5 whereas it is nearly 2 dB for ρ = 0.8, which is certainly a

very high penalty. Since, the excess SNR demands more transmitter power, in power limited cases

this is not a suitable option to maintain the receiver ABER performance at a desired value, when ρ

varies. An alternate solution in this case could be to rely on the spatial configuration of receiving

antennas so as to restrict2 ρ at smaller values < 0.5. There can also be a trade-off between the

transmitter power and the antenna configuration depending on the maximum excess SNR that the

transmitter can support. For example, from Table 3.1 for the CPSK case, if the transmitter supports

a maximum excess SNR of 0.5 dB, then the ABER of 10−3 can be maintained by the transmitter as

long as ρ ≤ 0.5 beyond which it needs to be maintained by antenna spacing. Similar conclusions

can also be drawn for other modulation schemes from the expressions obtained for ABER.

In the numerical evaluation of expressions involving infinite series we have truncated them suit-

ably so as to achieve an accuracy in ABER at least at 7th place of decimal digit. In Table 3.1, we

have illustrated the number of terms required to achieve this accuracy in the evaluation of Equation

3.50 as a function of γ̄ and ρ. It can be observed that for ρ = 0.5 the maximum number of terms to

be included for this accuracy is 20 only.

1We define ‘excess SNR’ as the SNR required in excess over the uncorrelated case, i.e. ρ = 0
2ρ decreases with increase of antenna separation
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Table 3.1: Number of terms (N) required for an accuracy at 7th place of decimal digit in the numer-
ical evaluation of Equation 3.50.

SNR (dB) ρ q = 0.5 q = 1
N BER N BER

0 0.5 26 0.0671340 5 0.0633901
0.8 43 0.0635529 12 0.0745122

8 0.5 10 0.0061955 2 0.0045822
0.8 16 0.0089991 4 0.0074228
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Figure 3.11: Outage probability vs. γ̄N for correlated dual-MRC receiver.
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Figure 3.12: ABER vs. γ̄ for correlated dual-MRC receiver with coherent modulation.
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Figure 3.13: ABER vs. γ̄ for correlated dual-MRC receiver with noncoherent modulation.
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Figure 3.14: Excess SNR vs. correlation coefficient for CPSK and DPSK modulations.
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3.3.2 Maximal Ratio Combining for Unequal Fading Parameters

The analysis presented in the previous section is valid for a scenario where the fading parameter q

and the average input SNR γ̄l (l = 1,2) of both the diversity branches are identical. However, in

practice the branch fading parameters may be different for each branch due to several reasons such

as surface irregularities, and strength of the line-of-sight signal component, reported in [58] and

the references therein. The branch SNRs may also be different as the channels corresponding to

branches are different from each other. In this presentation we analyze the effect of unequal branch

statistics and fading parameters on the receiver performance. The system here is same as considered

in the previous section with nonidentical statistics for αls.

PDF of Output Signal-to-Noise Ratio

The approach used in the Section 3.3.1 does not yield to an expression for the PDF of α2 = α2
1 +α2

2

as the inverse Fourier transform is not possible in this case. So, an alternative method is used to

obtain the PDF of γmrc here. It is presented below.

In MRC receiver, the PDF of the combiner output SNR γmrc, is the sum of input SNRs i.e. γmrc =

γ1 +γ2. Using the complex Gaussian model for Hoyt RVs with unequal inphase and quadrature phase

powers, an expression for the joint CF of α2
l and α2

2 is derived in Equation A.35 in Appendix. Also,

the correlation coefficient between α1 and α2 can be obtained as shown in Section A.6 of Appendix.

The inverse Fourier transform of this expression which is the joint PDF of α2
1 and α2

2, can be given

as

fα2
1,α

2
2
(α2

1,α
2
2) =

1
4σx1σx2σy1σy2(1−ρ2)

∞

∑
k1=0

∞

∑
k2=0

(2k1 −1)!!(2k2 −1)!!
k1!k2!(σx1σx2)

2k1

[
ρ
√

α1α2√
8(1−ρ2)

]2(k1+k2)

× e
− 1

2(1−ρ2)σ2
y1

α1
e
− 1

2(1−ρ2)σ2
y2

α2

(σy1σy2)
2k2 Γ2 (k1 + k2 +1)

1F1

(

k1 +
1
2;k1 + k2 +1;

σ2
x1 −σ2

y1

2(1−ρ2)σ2
y1σ2

x1

α1

)

×1F1

(

k1 +
1
2;k1 + k2 +1;

σ2
x2 −σ2

y2

2(1−ρ2)σ2
y2σ2

x2

α2

)

. (3.55)
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Now, applying the concept of transformation of RVs for the multiplying factor Eb/N0 and substitut-

ing Eb/N0 = γ̄l/(1+q2
l ), an expression for the joint PDF of γ1 and γ2 can be obtained as

fγ1,γ2(γ1,γ2) =
(1+q2

1)(1+q2
2)

4q1q2γ̄1γ̄2(1−ρ2)

∞
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∞
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×
[

γ1γ2ρ2(1+q2
1)(1+q2

2)

8γ̄1γ̄2(1−ρ2)2
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e
− 1
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[
1+q2

1
γ̄1q2

1
γ1+

1+q2
2

γ̄2q2
2

γ2

]
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(
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1
2;k1 + k2 +1;

(1−q4
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2γ̄1(1−ρ2)q2
1

γ1
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(
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1
2;k1 + k2 +1;

(1−q4
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2γ̄2(1−ρ2)q2
2

γ2

)

. (3.56)

The PDF of γmrc i.e., the sum of γ1 and γ2, can be derived from Equation 3.56 using the convolution

approach [59, (6.44)], and can be obtained as

fγmrc(γmrc) =
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1F1
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1
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{

k1 +
1
2;k1 + k2 +1;

(1−q2
2)(1+q2
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2γ̄2(1−ρ2)q2
2

γ2

}

dγ2. (3.57)

The hypergeometric function in Equation 3.57 can be expressed in infinite series form [4, 9.14.1]

(reproduced in Equation B.11). Then, solving the resulting integral using [4, 3.383.1] (reproduced

in Equation B.7), we get

fγmrc(γmrc) =
(1+q2

1)(1+q2
2)

4q1q2γ̄1γ̄2(1−ρ2)

∞

∑
k1=0

∞
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∞
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∞
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(2k1 −1)!!(2k2 −1)!!
{

4
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ki!
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1

γ̄1q2
1

]k3 [1−q4
2

γ̄2q2
2

]k4
(
k1 + 1

2
)

k3

(
k1 + 1

2
)
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mrc e
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1
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1
γmrc

[2(1−ρ2)]k3+k4 Γ(2k1 + k2 + k4 +2)

×1F1

(
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2(1+q2
1)− γ̄1q2

1(1+q2
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1γ̄2q2

2
γmrc

)

. (3.58)
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Outage Probability

An expression for the outage probability of the dual MRC receiver in correlated Hoyt fading chan-

nels can be obtained by substituting fγmrc(γmrc) from Equation 3.58 into Equation 2.16. It can be

expressed as

Pout(γth) =

=
(1+q2

1)(1+q2
2)

4q1q2γ̄1γ̄2(1−ρ2)

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

(2k1 −1)!!(2k2 −1)!!
{

4
∏
i=1

ki!
}

[q1q2]
2k2

[
ρ2(1+q2

1)(1+q2
2)

8γ̄1γ̄2(1−ρ2)2
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×
[
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1

γ̄1q2
1

]k3 [1−q4
2

γ̄2q2
2

]k4
(
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2
)

k3

(
k1 + 1

2
)

k4

[2(1−ρ2)]k3+k4 Γ(2k1 + k2 + k4 +2)
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Z

0

γ2k1+k2+k4+1
mrc e

− 1+q2
1

2(1−ρ2)γ̄1q2
1

γmrc

×1F1

(

k1 + k2 + k4 +1;2k1 + k2 + k4 +2;
γ̄2q2

2(1+q2
1)− γ̄1q2

1(1+q2
2)

2(1−ρ2)γ̄1q2
1γ̄2q2

2
γmrc

)

dγmrc. (3.59)

The integral in Equation 3.59 can be solved by expressing the hypergeometric function in infinite

series form [4, 9.14.1] (reproduced in Equation B.11) and then applying [4, (3.381.1)] (reproduced

in Equation B.6). An expression for the outage probability can be obtained as

Pout(γth) =
q3

1(1−ρ2)τ
q2

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

∞

∑
k5=0

(2k1 −1)!!(2k2 −1)!!q4k1+2k2+2k4
1 τk1+k2+k4

{
5
∏
i=1

ki!
}

q2k2+2k4
2

×
(

1− q2
1τ

q2
2

)k5(ρ2

2

)k1+k2 (1−q2
1)

k3(1−q2
2)

k4
(
k1 + 1

2
)

k3

(
k1 + 1

2
)

k4

Γ(2k1 + k2 + k5 +2)

×
(

k1 + k2 + k4 +
1
2

)

k5

g

(

2k1 + k2 + k5 +2,
1+q2

1
2γ̄1(1−ρ2)q2

1
γth

)

, (3.60)

where τ ∆
=

γ̄1(1+q2
2)

γ̄2(1+q2
1)

.

The outage probability in Equation 3.60 is given as a function of γth and not as a function of γ̄N

as it is in Section 3.1.3. It is because in this analysis a non-identical branch fading is assumed for

which it was possible to express the outage as a function of γ̄N . In the numerical evaluation, we have

evaluated the outage probability by obtaining the γth for a particular value of ABER as in [1]. The

average input branch SNRs can be related with the help of a decay factor δ by γ̄2 = γ̄1e−δ [2].
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Average Bit Error Rate

ABER performance of a diversity communication system is defined in Section 2.3 and a general

mathematical expression is given in Equation 2.17. To obtain an expression for the ABER of a

correlated MRC receiver, the obtained expression for the PDF of γmrc in Equation 3.58 and an

expression for the conditional BER pe,coh (ε |γ) corresponding to the employed modulation scheme

are required. Expressions for the conditional BER of a communication system for different digital

modulation schemes are listed in Table 2.1. Thus, we obtain the ABER expression for binary,

coherent and noncoherent modulations as discussed below.

1. Binary Coherent Modulations

For binary coherent modulations such as BPSK and BFSK, expressions for pe,coh (ε |γ) can

be obtained from the Table 2.1 by evaluating the entries for MPSK and MFSK modulations

for M = 2. A simplified combined expression for conditional BERs is also given in Equation

2.24. Thus, putting pe,coh (ε |γ) from Equation 2.24 and fγmrc(γmrc) from Equation 3.58 into

Equation 2.17, an expression for binary coherent ABER can be given as

Pe,ch =
(1+q2

1)(1+q2
2)

4q1q2γ̄1γ̄2(1−ρ2)

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

(2k1 −1)!!(2k2 −1)!!
{

4
∏
i=1

ki!
}

[q1q2]
2k2 [2(1−ρ2)]k3+k4

×
(

1−q4
1

γ̄1q2
1

)k3(1−q4
2

γ̄2q2
2

)k4 [ρ2(1+q2
1)(1+q2

2)

8γ̄1γ̄2(1−ρ2)2

]k1+k2
(
k1 + 1

2
)

k3

(
k1 + 1

2
)

k4

Γ(2k1 + k2 + k4 +2)

×
∞

Z

0

γ2k1+k2+k4+1
mrc e

− 1+q2
1

2(1−ρ2)γ̄1q2
1

γmrc
Q
(√

2aγmrc

)

1F1 (k1 + k2 + k4 +1;

× 2k1 + k2 + k4 +2; γ̄2q2
2(1+q2

1)− γ̄1q2
1(1+q2

2)

2(1−ρ2)γ̄1q2
1γ̄2q2

2
γmrc

)

dγmrc. (3.61)

The integration in Equation 3.61 can be solved using [1, A-(6), A-(8a)] (reproduced in Equa-

tions B.13 and B.14, respectively ) after expressing the hypergeometric function in an infinite

series [4, 9.14.1] (reproduced in Equation B.11). Thus, an expression for ABER can be ob-
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tained as

Pe,ch =

√
aγ̄

3
2
1 q4

1ψ
√

2πζq2γ̄2(1−ρ2)

∞

∑
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∞
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∞

∑
k3=0

∞
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2
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∏
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}
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2 ζk3+k5
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(

γ̄1ρ2q4
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(
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2
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(2k1 + k2 + k5 +2)Γ(2k1 + k2 + k5 +2)

[
τ(1−q2

2)
]k4

×Γ
(

2k1 + k2 + k5 +
5
2

)
[
(1+q2

1)(q
2
2 −q2

1τ)
]k5

×2F1

(

1,2k1 + k2 + k5 +
5
2

;2k1 + k2 + k5 +3; 1+q2
1

ζ

)

, (3.62)

where ζ ∆
= 1+q2

1 +2aγ̄1q2
1(1−ρ2) and ψ ∆

=
(1+q2

1)(1+q2
2)

ζ2 .

2. Binary Non-coherent Modulations

For binary noncoherent modulations, expressions for the conditional BERs can be obtained

by evaluating the entries in Table 2.1 for MDPSK and NCFSK, for M = 2. A simplified com-

bined expression for both the modulations is given in Equation 2.25. By putting pe,ncoh (ε |γ)

from Equation 2.25 and fγmrc(γmrc) from Equation 3.58 into Equation 2.17, an expression for

noncoherent ABER can be given as

Pe,nch =
(1+q2

1)(1+q2
2)

8q1q2γ̄1γ̄2(1−ρ2)

∞

∑
k1=0

∞

∑
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∞
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∞
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[q1q2]
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∏
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ki!
}

×
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ρ2(1+q2
1)(1+q2

2)

8γ̄1γ̄2(1−ρ2)2

]k1+k2 [1−q4
1

γ̄1q2
1

]k3 [1−q4
2

γ̄2q2
2

]k4
(
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2
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k3

[2(1−ρ2)]k3+k4
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∞
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1+2a(1−ρ2)γ̄1q2
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2(1−ρ2)γ̄1q2

1
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×1F1

(

k1 + k2 + k4 +1;2k1 + k2 + k4 +2;
γ̄2q2

2(1+q2
1)− γ̄1q2

1(1+q2
2)

2(1−ρ2)γ̄1q2
1γ̄2q2

2
γmrc

)

dγmrc.

(3.63)

Solving the integral in Equation 3.63 using [4, (7.621.4)] (reproduced in Equation B.10), the
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ABER for binary non-coherent modulations can be obtained as

Pe,nch =
γ̄1q3

1q2η(1−ρ2)(1+q2
1)

2ζ

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

(2k1 −1)!!(2k2 −1)!!
(
k1 + 1

2
)

k3
{

4
∏
i=1

ki!
}

ζk1 (q1q2)
2k2

×
[

ρ2γ̄1q4
1q2

2(1+q2
1)η

2

]k1+k2(

k1 +
1
2

)

k4

(
1−q4

1
)k3 [γ̄1q2

1(1−q2
2)η
]k4 (3.64)

where η ∆
=

1+q2
2

[γ̄2q2
2ζ−γ̄2q2

2(1+q2
1)−γ̄1q2

1(1+q2
2)]

. For ρ = 0 and q = 1, which corresponds to the

independent Rayleigh fading channels, Equations 3.62 and 3.64 can be simplified to [1, (32)]

and [1, (26)] for m = 1 and M = 2, respectively. This verifies the correctness of the derivation.

Results and Discussion

Obtained mathematical expressions have been numerically evaluated and plotted against parameters

of interest. In the numerical evaluation, δ is the average fading power decay factor [2]. In Figures

3.15 and 3.16, Pout(γth) vs. γ̄1 has been plotted for different modulation schemes, for different

values of ρ, q1 and q2, for δ = 0 and δ = 0.5, respectively. In these plots γth has been calculated

using the formula given in [1, (43)] for an ABER of 10−3. The effect of branch correlation on the

outage can be observed by comparing the outage values for ρ = 0.7 against the values for ρ = 0 (i.e.

uncorrelated case). Clearly, with the increase in ρ the receiver suffers more outage, for a fixed value

of γth and δ. Increase in δ produces more outage in the receiver for all modulation schemes, which

can be seen in the plots. These results have been verified against the results in [2], which is a special

case of the results presented here, and is found to be matching closely.

For binary, coherent and non-coherent modulations, ABER vs. γ̄ curves have been plotted in

Figures 3.17 and 3.18, respectively. It can be observed that the ABER performance degrades with

the increase in ρ and δ for both the modulation schemes presented here. In the numerical evaluation

of expressions involving infinite series we have truncated them suitably so as to achieve an accuracy

in ABER at least at 7th place of decimal digit. In Table 3.2, we have illustrated the number of terms

required to achieve this accuracy in the evaluation of Equation 3.62 as a function of γ̄1, ρ, q1 and q2
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Table 3.2: Number of terms (N) required for an accuracy at 7th place of decimal digit in the numer-
ical evaluation of Equation 3.62 for δ = 0.

γ̄1 ρ q1 = 0.5, q2 = 0.6 q1 = 0.9, q2 = 0.8
(dB) N ABER N ABER

6 0.2 14 0.0102545 4 0.0084477
0.7 16 0.0150131 4 0.0121738

12 0.2 4 0.0009440 2 0.0007164
0.7 7 0.0015787 3 0.0012323

with δ = 0.

In each figure, result obtained by Monte Carlo simulations has also been shown and it can be

observed that the simulation results are in close agreement with the numerical results.
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3.3.3 Equal Gain Combining Receiver

The practical importance of EGC receiver is more due to its closeness of performance to the optimum

MRC receiver [3]. For Hoyt fading channels, performance of EGC receiver is presented in [17]. For

dual correlated Hoyt fading channels second order statistics and outage probability performance

have been presented in [32] and [36], respectively. However, the ABER is the most important

performance measure for any communication system [60]. In this section, ABER performance

analysis of a dual correlated EGC receiver over Hoyt fading channels is presented.

PDF of EGC Output Signal-to-Noise Ratio

A mathematical expression for the output SNR γegc of a dual EGC combiner can be given from the

Equation 2.12 as γegc = Eb
2N0

(α1 +α2)
2. An expression for the joint PDF of correlated α2

1 and α2
2 is

derived in Appendix and is given in Equation A.29. From this PDF, an expression for the joint PDF

of α1 and α2 can be derived by applying the concept of transformation of RVs as

fα1,α2(α1,α2) =
α1α2

(σxσy)2(1−ρ2)

∞

∑
k1=0

∞

∑
k2=0

(2k1 −1)!!(2k2 −1)!!
k1!k2!Γ2(k1 + k2 +1)

[
ρα1α2

σ2
x

√
8(1−ρ2)

]2(k1+k2)

×P(α1)P(α2)e
− (α2

1+α2
2)

2(1−ρ2)σ2
y , (3.65)

where P(αl)
4
= 1F1

(

k1 + 1
2 ;k1 + k2 +1; (σ2

x−σ2
y)α2

l
2(1−ρ2)σ2

yσ2
x

)

. For ρ = 0 and σx = σy, it can be shown that

Equation 3.65 becomes the product of two Rayleigh PDFs, which is as expected. From Equation

3.65, an expression for the PDF of α = α1 +α2 can be obtained by using the formula [59, (6.44)] as

fα(α) =
1

q2(1−ρ2)

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞
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ρ2(k1+k2)(2k1 −1)!!(2k2 −1)!!
{

4
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ki!
}

23k1+2k2+k4(1−ρ2)2k1+k2+k4

×
(
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k1 + 1

2
)
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k1 + 1

2
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e
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2(1−ρ2)q2

Γ2(k1 + k2 +1)(k1 + k2 +1)k3
(k1 + k2 +1)k4

×
α

Z

0

α2(k1+k3)+1
1 (α−α1)

2(k1+k2+k4)+1e
− 1

(1−ρ2)q2 α2
1e

h
(1−ρ2)q2 α1dα1. (3.66)
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Expressing the exponential terms in Equation 3.66 in infinite series [61] and applying Binomial

expansion to (α −α1)2(k1+k2+k4)+1 by [4, 1.111] (reproduced in Equation B.5), an expression for

the PDF of α can be given as

fα(α) =
1
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∞
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∞
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Performing the integration in Equation 3.67 using [4, 3.381.1] (reproduced in Equation B.6), an

expression for fα(α) can be given as

fα(α) =
α
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where ζ ∆
= 1

q
√

(1−ρ2)
. From Equation 3.68, an expression for the PDF of γegc = α2Eb/2N0 can be

obtained as
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(
k1 + 1

2
)

k3
{

5
∏
i=1

ki!
}

2k3− k5−k6
2

×
(

ρq2

2

)2k1+2k2






2k1 +2k2 +2k4 +1

k6






(
k1 + 1

2
)

k4

(
1−q2)k3+k4 e−

(1+q2)ζ2
γ̄ γegc

Γ(k1 + k2 + k3 +1)Γ(k1 + k2 + k4 +1)
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×
(

γegc(1+q2)ζ2

γ̄

)k1+k2+k4+
k5−k6

2

g

(
2k1 +2k3 + k5 + k6 +2

2 ,
2(1+q2)ζ2γegc

γ̄

)

.

(3.69)

Average Bit Error Rate

ABER performance of a diversity communication system is defined in Section 2.3 and a general

mathematical expression is given in Equation 2.17. To obtain an expression for the ABER of a

correlated EGC receiver, the obtained expression for the PDF of output SNR γegc in Equation 3.69

and an expression for the conditional BER pe,coh (ε |γ) corresponding to the employed modulation

scheme are required. Expressions for the pe,coh (ε |γ) of a communication system for different

digital modulation schemes are listed in Table 2.1. Thus, we obtain the ABER expression for binary,

coherent and noncoherent modulations as discussed below.

1. Binary Coherent Modulations

For binary coherent modulations such as BPSK and BFSK, expressions for pe,coh (ε |γ) can

be obtained from the Table 2.1 by evaluating the entries for MPSK and MFSK modulations,

for M = 2. A simplified combined expression for both the conditional BERs is obtained and

is given in Equation 2.24. Thus, putting pe,coh (ε |γ) from Equation 2.24 and fγegc(γegc) from

Equation 3.69 into Equation 2.17, an expression for ABER can be given as

Pe,ch(γ̄) =
(1+q2)

2γ̄

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

∞

∑
k5=0

2(k1+k2+k4)+1

∑
k6=0

(−1)k6 (2k1 −1)!!
{

5
∏
i=1

ki!
}

22k1+k2− k5−k6
2

×
(2k2 −1)!!ρ2k1+2k2

(
1−q2)k3+k4 (k1 + 1

2
)

k3

(
k1 + 1

2
)

k4
qk6−k5

(1−ρ2)k1+k2+k4−k3+
k5−k6

2 Γ2(k1 + k2 +1)(k1 + k2 +1)k3
(k1 + k2 +1)k4

×






2(k1 + k2 + k4)+1

k6






(
1+q2

γ̄

)k1+k2+k4+
k5−k6

2
∞

Z

0

γk1+k2+k4+
k5−k6

2
egc

×e
− (1+q2)

γ̄(1−ρ2)q2 γegc
Q
(√

2aγegc

)

g

(

k1 + k3 +
k5 + k6

2 +1,
2(1+q2)

(1−ρ2)γ̄q2 γegc

)

dγegc.
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(3.70)

Expressing Q(·) function in terms of incomplete gamma function (using [1, A-(8a)]) (repro-

duced in Equation B.14), Equation 3.70 can be rewritten as

Pe,ch(γ̄) =
(1+q2)

4
√

πγ̄

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

∞

∑
k5=0

2(k1+k2+k4)+1

∑
k6=0

(−1)k6 (2k1 −1)!!
{

5
∏
i=1

ki!
}

22k1− k5−k6
2

×
(2k2 −1)!!

(
1−q2)k3+k4 ρ2k1+2k2

(
k1 + 1

2
)

k3

(
k1 + 1

2
)

k4
qk6−k5

(1−ρ2)k1+k2+k4−k3− k6−k5
2 Γ2(k1 + k2 +1)(k1 + k2 +1)k3

(k1 + k2 +1)k4

×






2(k1 + k2 + k4)+1

k6






(
1+q2

γ̄

)k1+k2+k4+
k5−k6

2
∞

Z

0

γk1+k2+k4+
k5−k6

2
egc

×e
− (1+q2)

γ̄(1−ρ2)q2 γegcΓ
(

1
2
,aγegc

)

g

(

k1 + k3 +
k5 + k6

2
+1,

2(1+q2)

(1−ρ2)γ̄q2 γegc

)

dγegc.

(3.71)

The incomplete gamma function g(a,x) can be expressed in terms of confluent hypergeometric

function using [5, (6.5.12)] which can further be expressed in infinite series form using [4,

9.14.1] (reproduced in Equation B.11). The resulting integral can be solved using [1, A-(6)]

(reproduced in Equation B.13). Thus, an expression for the coherent ABER be obtained as

Pe,ch(γ̄) =
q7ρ2ψ

9
2

(1−ρ2)
3
2

√

aγ̄
π(1+q2)

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

∞

∑
k5=0

2(k1+k2+k4)+1

∑
k6=0

∞

∑
k7=0

(−1)k6(2k1 −1)!!

×
(2k2 −1)!!Γ

(
2k1+2k2+k3+k4+k5+k7+5

2

)(
k1 + 1

2
)

k3

(
k1 + 1

2
)

k4

2k1+k2+k5+k7

{
5
∏
i=1

ki!
}

Γ2(k1 + k2 +1)(2(k1 + k2 + k3 +1)+ k5 + k6)

×
(
1−q2)k3+k4ψk3+k4+k5+k7

(k1 + k2 +1)k4
(k1 + k2 +1)k3






2(k1 + k2 + k4)+1

k6






×
2F1
(

1, 2k1+2k2+k3+k4+k5+k7+5
2 ;2k1 +2k2 + k3 + k4 + k5 + k7 +3;3ψ

)

(2k1 +2k2 + k3 + k4 + k5 + k7 +2)
(

2(k1+k2+k3+2)+k5+k6
2

)

k7

,

(3.72)
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where ψ ∆
= (1+q2)

3(1+q2)+aγ̄(1−ρ2)q2 .

2. Binary Non-coherent Modulations

For binary noncoherent modulations, the conditional BER is given in Equation 2.25. By

putting pe,ncoh (ε |γ) and fγegc(γegc) from Equations 2.25 and 3.69 into Equation 2.17, an

expression for noncoherent ABER can be given as

Pe,nch(γ̄) =
1+q2

4γ̄

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

∞

∑
k5=0

2(k1+k2+k4)+1

∑
k6=0

[−1]k6 (2k1 −1)!!(2k2 −1)!!
{

5
∏
i=1

ki!
}

2
2(k1+k2)+k3−(k5−k6)

2

×
(
1−q2)k3+k4 (k1 + 1

2
)

k3

(
k1 + 1

2
)

k4

Γ(k1 + k2 + k3 +1)Γ(k1 + k2 + k4 +1)

(
γegc(1+q2)ζ2

γ̄

) 2(k1+k2+k4)+k5−k6
2

×
(
ρq2)2(k1+k2)






2(k1 + k2 + k4)+1

k6






∞
Z

0

γ
2(k1+k2+k4)+k5−k6

2
egc e−

(1+q2)ζ2+aγ̄
γ̄ γegc

×g

(
2(k1 + k2 + k3)+ k5 + k6 +2

2 ,
2(1+q2)ζ2γegc

γ̄

)

dγegc. (3.73)

The integral in the above expression can be solved using [4, (6.455.2)] (reproduced in Equation

B.9). Thus, an expression for the noncoherent ABER can be obtained as

Pe,nch(γ̄) = q2(1−ρ2)ψ2
∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

∞

∑
k5=0

2(k1+k2+k4)+1

∑
k6=0

(−1)k6 (2k1 −1)!!(2k2 −1)!!
{

5
∏
i=1

ki!
}

2k1+k2−k5

×
Γ(2k1 +2k2 + k3 + k4 + k5 +2)

(
k1 + 1

2
)

k3

(
k1 + 1

2
)

k4

Γ2(k1 + k2 +1)(k1 + k2 +1)k3
(k1 + k2 +1)k4

(2(k1 + k2 + k3 +1)+ k5 + k6)

×






2(k1 + k2 + k4)+1

k6






[
ρq2]2(k1+k2) ψ2(k1+k2)+k3+k4+k5

[
1−q2]k3+k4

×2F1

(

1,2k1 +2k2 + k3 + k4 + k5 +2; 2(k1 + k2 + k3 +2)+ k5 + k6
2

;2ψ
)

.

(3.74)
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Results and Discussion

Obtained mathematical expressions of ABER Equations 3.72 and 3.74 have been numerically eval-

uated and plotted for parameters of interest. For CPSK and CFSK modulations, ABER vs. γ̄ curves

have been plotted in Figure 3.19. As expected, ABER degrades with increase in ρ when q is kept

constant. The ABER decrease with decrease in q, which indicates increase in fading severity, as

expected . These numerical results are compared with the available special case results in [62] and

found to be matching. The ABER plot for DPSK and NCFSK modulations are shown in Figure 3.20

and similar effect of q and ρ on the ABER performance can be observed. To compare the closeness

of the ABER performance, between EGC and MRC we obtained the difference in SNR (compared

Figure 3.12 with Figure 3.13) receivers to achieve a given ABER. Over a range of ABER values we

found that the average difference in SNR is around 0.56 dB.

A Monte Carlo simulation of the EGC receiver has been performed and the simulation results are

plotted in respective figures for coherent and non-coherent modulations. The numerical results are

in close agreement with the simulation results. In addition, we have studied the effect of correlation

on the excess SNR3 required for a desired ABER and a plot is given in Figure 3.21. It can be

observed that similar to MRC receiver [63], the required excess SNR is relatively small for ρ lying

below 0.5 than it is otherwise. In the numerical evaluation of expressions involving infinite series

we have truncated them suitably so as to achieve an accuracy at least at 6th place of decimal digit.

In Table 3.3, we have illustrated the number of terms (N) required to achieve an accuracy of 10−6 in

the evaluation of Equation 3.74 as a function of γ̄ and ρ.

3Defined in the footnote of Section 3.3.1.
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Table 3.3: Number of terms (N) required for an accuracy at 6th place of decimal digit in the numer-
ical evaluation of Equation 3.74.

γ̄(dB) ρ q = 0.5 q = 1
N ABER N ABER

8 0 14 0.015953 11 0.011849
0.5 15 0.018654 12 0.014372

16 0 5 0.000600 4 0.000396
0.5 5 0.000777 4 0.000518
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Figure 3.19: ABER vs. γ̄ for EGC receiver with coherent modulations.
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Figure 3.20: ABER vs. γ̄ for EGC receiver with noncoherent modulations.
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Figure 3.21: Excess SNR vs. correlation coefficient for EGC receiver for CPSK and DPSK modu-
lations.
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3.3.4 Selection Combining Receiver

Analysis of SC receiver has been presented for independent fading channels in Section 3.1. Due to

the infeasibility of placing receiving antennas wide apart on mobile terminals, analysis of diversity

receivers with correlated branches becomes necessary. The analysis of a SC receiver with correlated

input signals requires the knowledge of the joint PDF of the correlated input signals. Below we

explain analytical steps to obtain the PDF of the output SNR from the joint PDF which enables to

carry out the performance analysis by the PDF based approach as given in Section 2.3.1.

PDF of Combiner Output SNR

An expression for the joint PDF of bivariate Hoyt RVs α1 and α2 with correlation coefficient ρ is

obtained in Equation 3.65. The CDF of the output envelope α of the combiner can be obtained from

this correlated joint PDF of α1 and α2, w.r.t. α1 and α2, as

Fα(α) = P(α1 ≤ α,α2 ≤ α) =

α
Z

0

α
Z

0

fα1α2(α1,α2)dα1dα2. (3.75)

Putting Equation 3.65 into Equation 3.75 and expressing the involved hypergeometric functions in

infinite series [4, 9.14.1] (reproduced in Equation B.11), the above expression can be written as

Fα(α) =
1

σ2
xσ2

y(1−ρ2)

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

ρ2k1+2k2(2k1 −1)!!(2k2 −1)!!
{

4
∏
i=1

ki!
}

(σ2
x(1−ρ2))2k1+2k2+k3+k4

×
(
k1 + 1

2
)

k3

(
k1 + 1

2
)

k4

23k1+3k2+k3+k4Γ2(k1 + k2 +1)(k1 + k2 +1)k3
(k1 + k2 +1)k4

(

σ2
x −σ2

y

σ2
y

)k3+k4

×
α

Z

0

α2(k1+k2+k3)+1
1 e

− 1
2(1−ρ2)σ2

y
α2

1
dα1

α
Z

0

α2(k1+k2+k4)+1
2 e

− 1
2(1−ρ2)σ2

y
α2

2
dα2. (3.76)
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Solving the integral using [4, (3.381.1)] (reproduced in Equation B.6), the above expression can be

given as

Fα(α) = q2(1−ρ2)
∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

(2k1 −1)!!(2k2 −1)!!
(
k1 + 1

2
)

k3

(
k1 + 1

2
)

k4
{

4
∏
i=1

ki!
}

Γ2(k1 + k2 +1)(k1 + k2 +1)k3

×
(

ρq2

2

)2(k1+k2)
(
1−q2)k3+k4

(k1 + k2 +1)k4

g

(

k1 + k2 + k3 +1,
α2

2q2(1−ρ2)

)

×g

(

k1 + k2 + k4 +1,
α2

2q2(1−ρ2)

)

. (3.77)

An expression for the PDF of α can be obtained by the differentiation of F(α) in Equation 3.77 w.r.t.

α. From the relation γsc = Eb
N0

α2, the PDF of the combiner output SNR fγsc(γsc) can be obtained by

the transformation of RV. Putting the values of σx, σx and Eb
N0

as discussed in Section A.1 followed

by necessary algebraic manipulations, an expression for the PDF of the correlated dual-SC output

SNR γsc, can be given as

fγsc(γsc) =
1+q2

2πq2γ̄

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

ρ2(k1+k2)ζ2k1+2k2+k3+k4
1 γ2k1+2k2+k3+k4+1

sc e
− 2ζ1

q2 γsc

{
4
∏
i=1

ki!
}
(
k1 + k3 + 1

2
)

k2+
1
2

(
k1 + k4 + 1

2
)

k2+
1
2

×
(

1−q2

q2

)k3+k4






1F1
(

1;k1 + k2 + k3 +2; ζ1
q2 γsc

)

k1 + k2 + k3 +1

+
1F1
(

1;k1 + k2 + k4 +2; ζ1
q2 γsc

)

k1 + k2 + k4 +1






, (3.78)

where ζ1
∆
= 1+q2

2γ̄(1−ρ2)
. For ρ = 0 and q = 1, Equation 3.78 can be shown reduces to fγsc(γsc) =

2
γ̄ e−

γsc
γ̄
(

1− e−
γsc
γ̄
)

which is same as the result in [10, (7.60)]. Also, for independent fading channels

i.e., ρ = 0, Equation 3.78 can be simplified to the obtained expression in Equation 3.6 for L = 2.
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Upper Bound on Truncation Error

It can be observed that Equation 3.78 consists of four infinite series. In the numerical evaluation, it is

practicable to include a finite number of terms for each series in the sum. This results in a truncation

error of the expression. Considering equal number of terms ‘K’ of each infinite series in the sum, it

can be shown that the truncation error thus occurs has an upper bound. This upper bound is derived

in Section A.10.4 in Appendix. This expression can be given as

EK ≤ 2(1−ρ2)[(1−q)ρ2]2KB2 (2K + 1
2 ,K + 1

2
)

π(3K +1)q2K+2(K!)4Γ2(K + 1
2)

ζ6K+2
1 γ6K+1

sc e
− 2ζ1

q2 γsc

×1F1






1 ζ1(1−q2)γsc

q2

K +1






2

1F1
(

1;3K +2; ζ1γsc
q2

)

1F1






1 (ρζ1γsc)
2

K +1






×1F3






1 (ρζ1γsc)
2

K +1 K + 1
2 K + 1

2




 . (3.79)

Moments of Output Signal-to-Noise Ratio

The definition of moment is given in Equation 3.9. Putting Equation 3.78 into Equation 3.9, an

expression for the Nth moment of γsc can be given as

E[γN
sc] =

ζ2
1(1−ρ2)

πq2

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

ρ2(k1+k2)ζ2k1+2k2+k3+k4
1

{
4
∏
i=1

ki!
}
(
k1 + k3 + 1

2
)

k2+
1
2

(
k1 + k4 + 1

2
)

k2+
1
2

×
(

1−q2

q2

)k3+k4






1
k1 + k2 + k4 +1

∞
Z

0

γ2k1+2k2+k3+k4+N+1
sc e

− 2ζ1
q2 γsc

×1F1

(

1;k1 + k2 + k4 +2; ζ1
q2 γsc

)

dγsc +
1

k1 + k2 + k3 +1

×
∞

Z

0

γ2k1+2k2+k3+k4+N+1
sc e

− 2ζ1
q2 γsc

1F1

(

1;k1 + k2 + k3 +2; ζ1
q2 γsc

)

dγsc






. (3.80)

The integration in Equation 3.80 can be solved using [4, 7.621.4] (reproduced in Equation B.10).

Thus, an expression for the Nth moment of the output SNR of the dual correlated SC combiner can
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be obtained as

E
[
γN

sc

]
=

q2N+2(1−ρ2)

2N+2πζ1
N

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

[
ρq2]2(k1+k2)Γ(2k1 +2k2 + k3 + k4 +N +2)
{

4
∏
i=1

ki!
}
(
k1 + k3 + 1

2
)

k2+
1
2

(
k1 + k4 + 1

2
)

k2+
1
2

×
(
1−q2)k3+k4

{

2F1
(
1,2k1 +2k2 + k3 + k4 +N +2;k1 + k2 + k4 +2; 1

2
)

k1 + k2 + k4 +1

+
2F1
(
1,2k1 +2k2 + k3 + k4 +N +2;k1 + k2 + k3 +2; 1

2
)

k1 + k2 + k3 +1

}

. (3.81)

It can be verified that for ρ = 0, Equation 3.81 simplifies to Equation 3.11 with L = 2. For N = 1,

Equation 3.81 gives γ̄sc, the average SNR for dual correlated SC receivers. It can be shown that for

q = 1 and ρ = 0 i.e for Rayleigh fading case, γ̄sc simplifies to [31, (12)] (γ̄sc = 3
2 γ̄).

Outage Probability

The outage probability is defined in Section 2.3. Thus, substituting Equation 3.78 in Equation 2.16,

an expression for the outage probability for correlated dual-SC combiner can be given as

Pout(γth) =
ζ2

1(1−ρ2)

πq2

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

ρ2(k1+k2)ζ2k1+2k2+k3+k4
1

{
4
∏
i=1

ki!
}
(
k1 + k3 + 1

2
)

k2+
1
2

(
k1 + k4 + 1

2
)

k2+
1
2

×
(

1−q2

q2

)k3+k4







γth
R

0
γ2k1+2k2+k3+k4+1

sc e
− 2ζ1

q2 γsc
1F1
(

1;k1 + k2 + k4 +2; ζ1
q2 γsc

)

dγsc

k1 + k2 + k4 +1

+

γth
R

0
γ2k1+2k2+k3+k4+1

sc e
− 2ζ1

q2 γsc
1F1
(

1;k1 + k2 + k3 +2; ζ1
q2 γsc

)

dγsc

k1 + k2 + k3 +1







. (3.82)

Expressing the hypergeometric function in infinite series, the integrations in Equation 3.82 can be

solved applying [4, (3.381.1)] (reproduced in Equation B.6). Thus, an expression for the outage
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probability can be given as

Pout(γth) =
q2(1−ρ2)

4π

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

[
ρq2]2(k1+k2)(1−q2)k3+k4

{
4
∏
i=1

ki!
}

22k1+2k2+k3+k4
(
k1 + k3 + 1

2
)

k2+
1
2

× 1
(
k1 + k4 + 1

2
)

k2+
1
2







∞

∑
k5=0

g
(

2k1 +2k2 + k3 + k4 + k5 +2, 2ζ1
q2 γth

)

2k5(k1 + k2 + k4 +1)(k1 + k2 + k4 +2)k5

+
∞

∑
k6=0

g
(

2k1 +2k2 + k3 + k4 + k6 +2, 2ζ1
q2 γth

)

2k6(k1 + k2 + k3 +1)(k1 + k2 + k3 +2)k6






. (3.83)

Average Bit Error Rate

ABER is given in Equation 2.17, which need the of PDF of γsc and the conditional bit error rate

pe,coh (ε |γ) for evaluation. The conditional bit error rate (conditioned on the received SNR) for

different digital modulation schemes are listed in Table 2.1. In this work, for binary coherent and

noncoherent modulations, we obtain expressions for ABER.

1. Binary Coherent Modulations

For binary coherent modulation i. e., BPSK and BFSK, an expression for pe,coh (ε |γ) can be

obtained by evaluating the entries for MPSK and MFSK modulations in Table 2.1, for M = 2.

A simplified combined expression for this conditional BER is also given in Equation 2.24.

Thus, putting pe,coh (ε |γ) from Equation 2.24 and fγsc(γsc) from Equation 3.78 into Equation

2.17, binary coherent ABER can be given as

Pe,ch(γ̄) =
ζ2

1(1−ρ2)

πq2

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

ρ2(k1+k2)ζ2k1+2k2+k3+k4
1

(
1−q2

q2

)k3+k4

{
4
∏
i=1

ki!
}
(
k1 + k3 + 1

2
)

k2+
1
2

(
k1 + k4 + 1

2
)

k2+
1
2

×







∞
R

0
γ2k1+2k2+k3+k4+1

sc Q(
√

2aγsc)e
− 2ζ1

q2 γsc

1 F1
(

1;k1 + k2 + k4 +2; ζ1
q2 γsc

)

dγsc

k1 + k2 + k4 +1
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+

∞
R

0
γ2k1+2k2+k3+k4+1

sc Q(
√

2aγsc)e
− 2ζ1

q2 γsc

1 F1
(

1;k1 + k2 + k3 +2; ζ1
q2 γsc

)

dγsc

k1 + k2 + k3 +1







.

(3.84)

Expressing the hypergeometric function in infinite series [4, 9.14.1] (reproduced in Equation

B.11) and Q(·) function in terms of incomplete gamma function (using [1, A-(8a)], reproduced

in Equation B.14 ) the above equation can be written as

Pe,ch(γ̄) =
ζ2

1(1−ρ2)

2q2π
√

π

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

ρ2(k1+k2)ζ2k1+2k2+k3+k4
1

{
4
∏
i=1

ki!
}
(
k1 + k3 + 1

2
)

k2+
1
2

(
k1 + k4 + 1

2
)

k2+
1
2

×
(

1−q2

q2

)k3+k4
{

1
k1 + k2 + k4 +1

∞

∑
k5=0

(
ζ1
q2

)k5 1
(k1 + k2 + k4 +2)k5

×
∞

Z

0

γ2k1+2k2+k3+k4+k5+1
sc e

− 2ζ1
q2 γscΓ

(
1
2 ,aγsc

)

dγsc +
1

k1 + k2 + k3 +1

∞

∑
k6=0

(
ζ1
q2

)k6

× 1
(k1 + k2 + k3 +2)k6

∞
Z

0

γ2k1+2k2+k3+k4+k6+1
sc e

− 2ζ1
q2 γscΓ

(
1
2 ,aγsc

)

dγsc






. (3.85)

Solving the integral (using [1, A-6]) (reproduced in Equation B.13), an expression for ABER

can be given as

Pe,ch(γ̄) =

=

√
aζ1

2q3(1−ρ2)

2π
√

π(aq2 +2ζ1)
5
2

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

[
ρq2]2(k1+k2)(1−q2)

k3+k4

{
4
∏
i=1

ki!
}
(
k1 + k3 + 1

2
)

k2+
1
2

(
k1 + k4 + 1

2
)

k2+
1
2

×
(

ζ1
aq2 +2ζ1

)2k1+2k2+k3+k4
{

∞

∑
k5=0

Γ
(
2k1 +2k2 + k3 + k4 + k5 + 5

2
)

ζk5
1

(k1 + k2 + k4 +1)(k1 + k2 + k4 +2)k5

×
2F1
(

1,2k1 +2k2 + k3 + k4 + k5 + 5
2 ;2k1 +2k2 + k3 + k4 + k5 +3; 2ζ1

aq2+2ζ1

)

(2k1 +2k2 + k3 + k4 + k5 +1)(aq2 +2ζ1)
k5

+
∞

∑
k6=0

Γ
(
2k1 +2k2 + k3 + k4 + k6 + 5

2
)

ζk6
1

(k1 + k2 + k3 +2)k6
(k1 + k2 + k3 +1)(2k1 +2k2 + k3 + k4 + k6 +2)(aq2 +2ζ1)

k6
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×2F1

(

1,2k1 +2k2 + k3 + k4 + k6 +
5
2

; 2k1 +2k2 + k3 + k4 + k6 +3; 2ζ1
aq2 +2ζ1

)}

.

(3.86)

It can be shown that for independent channels i.e., ρ = 0, Equation 3.86 simplifies to Equation

3.16 with L = 2.

2. Binary Non-coherent Modulations

As discussed in previous sections, substituting pe,nch (ε |γ) from Equation 2.25 and fγsc(γsc)

from Equation 3.78 into Equation 2.17, the ABER expression can be given as

Pe,nch(γ̄) =
ζ2

1(1−ρ2)

2πq2

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

ρ2(k1+k2)ζ2k1+2k2+k3+k4
1

{
4
∏
i=1

ki!
}
(
k1 + k3 + 1

2
)

k2+
1
2

× 1
(
k1 + k4 + 1

2
)

k2+
1
2

[
1−q2

q2

]k3+k4







∞
R

0
γ2k1+2k2+k3+k4+2

sc e
− 2ζ1+aq2

q2 γsc

k1 + k2 + k4 +1

×1F1

(

1;k1 + k2 + k4 +2; ζ1
q2 γsc

)

dγsc +

∞
R

0
γ2k1+2k2+k3+k4+2

sc e
− 2ζ1+aq2

q2 γsc

k1 + k2 + k3 +1

× 1F1

(

1;k1 + k2 + k3 +2; ζ1
q2 γsc

)

dγsc

}

. (3.87)

The integral can be solved using [4, (7.621.4)] (reproduced in Equation B.10), and the ABER

expression can be obtained as

Pe,nch(γ̄) =

=
(1−ρ2)

2π

(
qζ1

aq2 +2ζ1

)2 ∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

∞

∑
k4=0

ρ2(k1+k2)Γ(2k1 +2k2 + k3 + k4 +2)
{

4
∏
i=1

ki!
}
(
k1 + k4 + 1

2
)

k2+
1
2

(
k1 + k3 + 1

2
)

k2+
1
2

×
(

q2ζ1
aq2 +2ζ1

)2k1+2k2+k3+k4






2F1
(

1,2k1 +2k2 + k3 + k4 +2;k1 + k2 + k4 +2; ζ1
aq2+2ζ1

)

k1 + k2 + k4 +1
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+
2F1
(

1,2k1 +2k2 + k3 + k4 +2;k1 + k2 + k3 +2; ζ1
aq2+2ζ1

)

k1 + k2 + k3 +1







(
1−q2

q2

)k3+k4

. (3.88)

For independent Rayleigh fading channels i.e., ρ = 0 and q = 1, Equation 3.88 can be simpli-

fied to Pe,nch(γ̄) = 1
(2+aγ̄)(1+aγ̄) as in [52, (13)].

Results and Discussion

The outage probability expression Equation 3.83, is numerically evaluated and the curves for Pout(γ̄N)

vs. γ̄N are shown in Figure 3.22. In the figure, the variation in the outage probability for different

values of ρ can be observed. The variation is more for ρ → 1 relative to ρ = 0. In Figures 3.23 and

3.24, ABER vs. γ̄ for coherent and noncoherent modulations are plotted, as a function of ρ and q.

It can be observed that ABER increases with increase in ρ, for any value of q. The required excess

SNR (The difference in SNR between the cases ρ 6= 0 and ρ = 0) vs. ρ for an ABER of 10−3 is also

plotted in Figure 3.25, for CPSK and DPSK modulations. From this figure it can be observed that

the excess SNR increases slowly for ρ < 0.4 but the rate of increased becomes high for ρ > 0.4. For

example, for CPSK modulation, the excess SNR is close to 0.3 dB for ρ = 0.4 whereas it is nearly

2 dB for ρ = 0.8. It can also be observed from Figure 3.23 for ρ = 0.8, the ABER curve of the PSK

modulation coincides with ρ = 0 ABER curve of FSK modulation, above the SNR of 15dB. It may

be due to the high correlation which nullifies the performance advantage of PSK.
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Figure 3.22: Outage probability of correlated dual-SC receiver.
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3.4 Maximal Ratio Combining with Arbitrary Order Diversity

In literature on the performance evaluation of diversity receivers, an analysis for the general case of

arbitrary order of diversity with arbitrary correlation is rare due to the non-availability of a suitable

mathematical expression for the joint PDF of the received arbitrary number of fading amplitudes

for an arbitrary correlation coefficient among them. Hence, particular cases of practical importance

have been analyzed in the literature. In this section, analysis of a MRC receiver with arbitrary order

of diversity with equal and exponential correlation models are presented.

3.4.1 Equal Correlation Model

In this section performance of MRC receiver is analyzed for equally correlated MRC receiver for ar-

bitrary number of branches L. Equal or constant correlation model is discussed in Section 2.2, where

the correlation coefficient ρm,n = ρ for ∀ m 6= n and 1 ≤ m,n ≤ L. In practice, this correlation model

is observed by an array of three antennas placed on an equilateral triangle or by a closely spaced

set of antennas [50]. A PDF based analysis is used to obtain expressions for different performance

measures.

PDF of Combiner Output Signal-to-Noise Ratio

From Equation 3.19, the PDF of γmrc can be obtained from the knowledge of the PDF of the RV α2,

which is the sum of L Hoyt square RVs, α2
l . As a standard approach for the derivation of the PDF

of α2, we require the joint density function or CF of αls. But this is not available in literature for

correlated Hoyt RVs. However, using the Hoyt RV model in [13] and the expression for the sum of

PDF of squared multivariate Gaussian RVs by Gurland in [64], it is possible to derive the PDF of α2

for the special case of equally correlated αls. It is presented below.

From the Gaussian model of Hoyt RV in Section A.1 we can express α2 = X2 +Y 2, where

X2(= X2
1 + X2

2 + . . . + X2
L) and Y 2(= Y 2

1 +Y 2
2 + . . . +Y 2

L ) are independent RVs while Xl(Yl)s are
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correlated with correlation coefficient ρm,n, 1 ≤ m,n ≤ L.

In [64, (4)] Gurland has presented an expression for the arithmetic mean of L equally correlated

Gaussian square RVs in [64, (4)]. It is reproduced in Appendix Equation B.18 for convenience.

Thus, the PDF X2 being the sum of L correlated Gaussian square RVs, can be obtained from Equation

B.18 with suitable substitutions (i.e., λ = 1/2 and k = L), and then performing a scaling on the PDF

corresponding to the factor L. So, the PDF of X 2 can be given as

fX2
(
x2)=

x
L
2−1e

− x
2(1−ρ) 1F1

(
1
2 , L

2 ; Lρx
2σ2

x(1−ρ)(1+(L−1)ρ)

)

(2σ2
x)

L
2 (1−ρ)

L−1
2 Γ(L/2)

√

1+(L−1)ρ
. (3.89)

The PDF of Y 2, ( fY 2
(
y2)) can be obtained by substituting x by y in Equation 3.89 can be given as

fY 2
(
y2)=

y
L
2−1e

− y
2(1−ρ) 1F1

(
1
2 ; L

2 ; Lρy
2σ2

y(1−ρ)(1+(L−1)ρ)

)

(
2σ2

y

) L
2 (1−ρ)

L−1
2 Γ(L/2)

√

1+(L−1)ρ
. (3.90)

Since, RVs X2 and Y 2 are independent, the PDF of α2 = X2 +Y 2 can be obtained by convolving the

PDFs fX2(x2) and fY 2(y2). This expression can be given as

fα2(α2) =
e
− α

2q2(1−ρ)

(2σxσy)
L Γ2

(L
2
)
(1−ρ)L−1(1+(L−1)ρ)

α
Z

0

x
L
2−1 (α− x)

L
2−1 e

(1−q2)

2q2(1−ρ)
x

×1F1
(

1
2 ; L

2 ; ρLx
2(1−ρ)(1+(L−1)ρ)

)

1F1
(

1
2 ; L

2 ; ρL(α−x)
2q2(1−ρ)(1+(L−1)ρ)

)

dx. (3.91)

The integral in Equation 3.91 cannot be solved in this present form. Expressing the hypergeometric

functions in series form [4, 9.14.1] (reproduced in Equation B.11) and solving the integration using

[4, 3.383.1] (reproduced in B.7), the PDF of α2 can be given as

fα2(α2) =
αL−1e

− α
2q2(1−ρ)

(2q)Lπ(1−ρ)L−1(1+(L−1)ρ)

∞

∑
k1=0

∞

∑
k2=0

Γ
(
k1 + 1

2
)

Γ
(
k2 + 1

2
)

k1!k2!q2k2Γ(L+ k1 + k2)

×
[

ρLα
2(1−ρ)(1+(L−1)ρ)

]k1+k2

1F1

(
L
2

+ k1;L+ k1 + k2; 1−q2

2q2(1−ρ)
α
)

.(3.92)

The PDF of γmrc can be obtained by scaling the PDF in 3.92 by the transformation of RV corre-

sponding to the multiplying factor (Eb/N0). The ratio (Eb/N0) can be expressed as Eb/N0 = γ̄
1+q2
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(Refer Equation A.4). Thus, the final expression for the PDF of γmrc can be written as

fγmrc(γmrc) =
(1−ρ)(qη′)L γL−1

mrc

π [1+(L−1)ρ]

∞

∑
k1=0

∞

∑
k2=0

Γ
(
k1 + 1

2
)

Γ
(
k2 + 1

2
)

k1!k2!q2k2Γ(L+ k1 + k2)eη′γmrc

[
Lρη′q2γmrc

1+(L−1)ρ

]k1+k2

1F1

{
L
2

+ k1;L+ k1 + k2;(1−q2)η′γmrc

}

, (3.93)

where η′ ∆
= 1+q2

2q2 γ̄(1−ρ)
.

Moments of Combiner Output Signal-to-Noise Ratio

Using Equation 3.93, the moments of the combiner output SNR γmrc can be expressed as

E[γN
mrc] =

(1−ρ)(qη′)L

π{1+(L−1)ρ}
∞

∑
k1=0

∞

∑
k2=0

Γ
(
k1 + 1

2
)

Γ
(
k2 + 1

2
)

k1!k2!q2k2Γ(L+ k1 + k2)

[
Lρη′q2

1+(L−1)ρ

]k1+k2

×
∞

Z

0

γL+N+k1+k2−1
mrc e−η′γmrc1F1

{
L
2 + k1;L+ k1 + k2;(1−q2)η′γmrc

}

. (3.94)

Solving the above integral using [4, (7.621.4)] (reproduced in Equation B.10), an expression for

E[γN
mrc] can be obtained as

E
[
γN

mrc

]
=

(1−ρ)qL

π [1+(L−1)ρ]η′N

∞

∑
k1=0

∞

∑
k2=0

Γ
(
k1 + 1

2
)

Γ
(
k2 + 1

2
)
(L+ k1 + k2)N

k1!k2!q2k2

(
Lρq2

1+(L−1)ρ

)k1+k2

×2F1

(
L
2 + k1,L+N + k1 + k2;L+ k1 + k2;1−q2

)

. (3.95)

The average output SNR can be obtained by putting N = 1 in Equation 3.95. It can be given as

γ̄mrc =
qL(1−ρ)

π [1+(L−1)ρ]η′

∞

∑
k1=0

∞

∑
k2=0

q2k1Γ
(
k1 + 1

2
)

Γ
(
k2 + 1

2
)
(L+ k1 + k2)

k1!k2!

×
(

Lρ
1+(L−1)ρ

)k1+k2

2F1
(

L
2 + k1,L+ k1 + k2 +1;L+ k1 + k2;1−q2) . (3.96)

Equation 3.96 is a general expression valid for L-MRC receiver operating in equally correlated Hoyt

fading environments. For the particular case of ρ = 0 (independent fading channels), it can be shown

that Equation 3.96 reduces to γ̄mrc = Lγ̄, as expected.
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Outage Probability

Putting fγmrc(γmrc) from Equation 3.93 to Equation 2.16, an expression for outage probability can be

expressed for a threshold γth as

Pout(γth) =
(qη′)L (1−ρ)

π(1+(L−1)ρ)

∞

∑
k1=0

∞

∑
k2=0

q2k1Γ
(
k1 + 1

2
)

Γ
(
k2 + 1

2
)

k1!k2!Γ(L+ k1 + k2)

(
ρη′L

1+ρ(L−1)

)k1+k2

×
γth

Z

0

γL+k1+k2−1
mrc e−η′γmrc

1 F1

{
L
2 + k1;L+ k1 + k2;(1−q2)η′γmrc

}

dγmrc. (3.97)

The integral in Equation 3.97 can be solved by expressing the hypergeometric function in infinite

series form [4, 9.14.1] (reproduced in Equation B.11) and using [4, (3.381.1)]. An expression for

the outage probability can be obtained as

Pout(γth) =
qL(1−ρ)

π [1+(L−1)ρ]

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

q2k1Γ
(
k1 + 1

2
)

Γ
(
k2 + 1

2
)(

L
2 + k1

)

k3
(1−q2)k3

k1!k2!k3!Γ(L+ k1 + k2 + k3)

×
[

ρL
1+(L−1)ρ

]k1+k2

g

(

L+ k1 + k2 + k3,
1+q2

2q2γ̄N(1−ρ)

)

. (3.98)

Average Bit Error Rate

ABER is given in equation Equation 2.17, which need an expression for the PDF of γmrc and the

conditional bit error rate pe,coh (ε |γ). The conditional bit error rate (conditioned on the received

SNR) for different digital modulation schemes are listed in Table 2.1. For binary coherent and

noncoherent modulations we present expressions for ABER are presented below.

1. Binary Coherent Modulations

For binary coherent modulations (i.e BPSK and BFSK), the expression for the conditional

BER is given in Equation 2.24. Putting pe,coh (ε |γ) and fγmrc(γmrc) from Equations 2.24 and

3.93 into Equation 2.17, the ABER expression can be given as

Pe,ch(γ̄) =
(1−ρ)(qη′)L

π(1+(L−1)ρ)

∞

∑
k1=0

∞

∑
k2=0

q2k1Γ
(
k1 + 1

2
)

Γ
(
k2 + 1

2
)

k1!k2!Γ(L+ k1 + k2)

[
ρLη′

1+ρ(L−1)

]k1+k2
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×
∞

Z

0

γL+k1+k2−1
mrc Q

(√

2aγmrc

)

e−η′γmrc1F1

{
L
2

+ k1;L+ k1 + k2;(1−q2)η′γmrc

}

.

(3.99)

The integral in Equation 3.99 can be solved by expressing 1F1 (·, ·; ·) in infinite series [5] and

using [1, A-(6), A-(8a)] (reproduced in Equations B.13 and B.14, respectively). Thus, an

expression for ABER can be given as

Pe,ch(γ̄) =

√
a

a+η′
(1−ρ)qL

2π
3
2 [1+(L−1)ρ]

∞

∑
k1=0

∞

∑
k2=0

∞

∑
k3=0

q2k1Γ
(
k1 + 1

2
)

Γ
(
k2 + 1

2
)

k1!k2!k3!(L+ k1 + k2 + k3)!

×
(

η′

η′ +a

)L+k1+k2+k3

Γ(L+ k1 + k2 + k3 +
1
2)

(
L
2 + k1

)

k3

[
ρL

1+(L−1)ρ

]k1+k2

×
(
1−q2)k3

2 F1

(

1,L+ k1 + k2 + k3 +
1
2

;L+ k1 + k2 + k3 +1; η′

a+η′

)

. (3.100)

2. Binary Noncoherent Modulations

For binary noncoherent modulations, the conditional BER is given in Equation 2.25. By

putting pe,ncoh (ε |γ) and fγmrc(γmrc) from Equations 2.25 and 3.93 into Equation 2.17, an

expression of noncoherent ABER can be given as

Pe,nch(γ̄) =
(1−ρ)(qη′)L

2π(1+(L−1)ρ)

∞

∑
k1=0

∞

∑
k2=0

q2k1Γ
(
k1 + 1

2
)

Γ
(
k2 + 1

2
)

k1!k2!Γ(L+ k1 + k2)

(
Lρη′

1+ρ(L−1)

)k1+k2

×
∞

Z

0

γL+k1+k2−1
mrc e−(η′+a)γmrc1F1

{L
2 + k1;L+ k1 + k2;(1−q2)η′γmrc

}
dγmrc.

(3.101)

Solving the integral in Equation 3.101 using [4, (7.621.4)], an expression for ABER can be

obtained as

Pe,nch(γ̄) =
(1−ρ)(qη′)L

2π [1+(L−1)ρ] [(a+η′q2)(a+η′)]
L
2

∞

∑
k1=0

∞

∑
k2=0

(
q2

a+η′q2

)k1

×Γ
(
k1 + 1

2
)

Γ
(
k2 + 1

2
)

k1!k2!(a+η′)k2

[
ρη′L

1+(L−1)ρ

]k1+k2

. (3.102)
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For ρ = 0 and q = 1, i.e., for independent Rayleigh fading channels, Equations 3.100 and

3.102 simplifies to the result in [1].

Results and Discussion

Obtained mathematical expressions have been numerically evaluated and plotted against parameters

of interest. Also, Monte Carlo simulations results have been included in the figures. It can be

observed that the simulation results are in close agreement with the numerical results. In Figure

3.26, Pout(γth) vs. γ̄N has been plotted for different values of L, ρ and q. The effect of branch

correlation on the outage can be observed by comparing the outage values for ρ = 0.8 against the

values for ρ = 0 (uncorrelated case). Clearly, with the increase in ρ, the receiver suffers more outage,

for a fixed value of γ̄N and L. Again, as expected, increase in L reduces the probability of outage.

These results have been verified against the results in [2], which is a special case of the results

presented here, and are found to be matching. For binary, coherent and non-coherent modulations,

ABER vs. γ̄ curves have been plotted in Figures 3.27 and 3.28, respectively. It can be observed that

the ABER performance degrades with the increase in ρ. Also, for the modulation schemes under

consideration, bit error rate degrades with decrease in q, as expected. The effect of number of input

branches on the ABER, curves are shown as a function of L.

In the numerical evaluation of expressions involving infinite series, we have truncated them suitably

by including finite number of terms N ensuring to achieve an accuracy in ABER at least at 7th place

of decimal digit. In Table 3.4, we have illustrated the number of terms required to achieve this

accuracy in the evaluation of Equation 3.100 as a function of γ̄, L and ρ for q = 0.5. It can be

observed that for a given SNR the value of N is increasing with increase in ρ and L.

87TH-985_0761210



Chapter 3 Performance of MRC in Correlated Hoyt Fading Channels: Arbitrary Order Diversity

10

10

10
−2

−1

10
−3

10
−4

10

0

−5

0.8ρ =

ρ = 0

γ−NNormalized SNR per branch, dB

{0.2
0.5
1.0

q = 

= 2L

= 5L

O
ut

ag
e 

Pr
ob

ab
ili

ty
, 

ou
t

P Simulation

Outage probability

 0  5  10  15  20

Figure 3.26: Outage probability of the L-MRC receiver with equal correlation.
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Figure 3.27: ABER vs. γ̄ for L-MRC receiver with binary coherent modulations.
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Figure 3.28: ABER vs. γ̄ for L-MRC receiver with binary noncoherent modulations.

Table 3.4: Value of N for an accuracy at 7th place of decimal digit in the numerical evaluation of
Equation 3.100 for q = 0.5.

γ̄ (dB) ρ L = 2 L = 5
N ABER N ABER

0 0.5 33 0.0716715 34 0.0108255
0.8 65 0.0834794 66 0.0221059

8 0.5 10 0.0062631 8 0.0000454
0.8 18 0.0096621 16 0.0003301
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3.4.2 Exponential Correlation Model

The exponential correlation, which is observed when the receiving antennas are placed in a linear

array [1, 2, 51] as discussed in Section 2.2. The system model considered for analysis is similar to

the previous one except that the input branch signals are exponentially correlated. An approximate

closed form mathematical expression for the PDF of the combiner output SNR (γmrc,) is obtained

using the useful expression given in [65] with necessary modifications.

PDF of MRC Output Signal-to-Noise Ratio

In the model described for equal correlation in Section 3.4.1, it is assumed that X 2
l s (Y 2

l s) are expo-

nentially correlated, for which the correlation matrix is given as [51] Σi j = ρ2|i− j|, where

ρ =
cov(X1,X2)

√

var(X1)var(X2)
, 1 ≤ i, j ≤ L , i 6= j.

From Equation A.18, it can be shown that the correlation matrix for α2
l s is also Σi j = ρ2|i− j|.

Extending the useful formula given for exponentially correlated sum of gamma RVs in [65], (putting

r = 1/2 and θ = 2σ2
x) which is discussed in section A.7, the distribution of X =

L
∑

l=1
X2

l can be closely

approximated by

fX(x) =

(
τ

σ2
x

)Lτ xLτ−1e
− τ

σ2
x

x

Γ(Lτ)
, (3.103)

where τ , L

2
[

L+ 2ρ
1−ρ

(

L− 1−ρL
1−ρ

)] .

Similarly, the PDF of Y =
L
∑

l=1
Y 2

l can be given as

fY (y) =

(

τ
σ2

y

)Lτ
yLτ−1e

− τ
σ2

y
y

Γ(Lτ)
. (3.104)

Since, RVs X and Y are independent, the joint PDF of X and Y can be obtained by multiplying fX(x)
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and fY (y). Thus, using the joint PDF of X and Y and [59, (6.44)], the PDF of α2 can be written as

fα2(α2) =

(
τ

σyσx

)2Lτ e
− τ

σ2
y

α

Γ2(Lτ)

α
Z

0

xLτ−1(α− x)Lτ−1e
σ2

x−σ2
y

σ2
y σ2

x
τx

dx. (3.105)

Solving the integral in Equation 3.105, using [4, (3.383.1)]( reproduced in Appendix B.7) the sim-

plified equation can be given as

fα2(α2) =

(
τ

σyσx

)2Lτ α2Lτ−1e
− τ

σ2
y

α

Γ(2Lτ) 1F1

(

Lτ;2Lτ;
σ2

x −σ2
y

σ2
yσ2

x
τα

)

. (3.106)

Performing transformation of RV corresponding to the multiplying factor Eb/N0 on Equation 3.106,

the expression for the PDF of γmrc can be obtained as

fγmrc(γmrc) =

(
N0τ

σyσxEb

)2Lτ γ2Lτ−1
mrc e

− N0τ
Ebσ2

y
γmrc

Γ(2Lτ) 1F1

{

Lτ;2Lτ;
(

σ2
x −σ2

y

σ2
yσ2

x

)

τN0
Eb

γmrc

}

(3.107)

Putting the value of σx = 1, which results in σy = q and Eb/N0 = γ̄/(1+q2) as given in Section A.4.

Thus the PDF of γmrc can be finally given as

fγmrc(γmrc) =
(qς)2Lτ γ2Lτ−1

mrc e−ςγmrc

Γ(2Lτ) 1F1
(
Lτ;2Lτ;ς(1−q2)γmrc

)
, (3.108)

where ς ∆
= (1+q2)τ

γ̄q2 .

Moments of Combiner Output SNR

Using Equations 3.108 and 3.9, the Nth moment of the MRC output SNR can be given as

E
[
γN

mrc

]
=

(qς)2Lτ

Γ(2Lτ)

∞
Z

0

γ2Lτ+N−1
mrc e−ςγmrc1F1

(
Lτ;2Lτ;ς(1−q2)γmrc

)
dγmrc (3.109)

The integral in Equation 3.109 can be solved by applying [4, (7.621)]. The final expression for the

Nth moment can be obtained as

E[γN
mrc] =

q2Lτ (2Lτ)N

ςN 2F1
(
Lτ;2Lτ+N;2Lτ;1−q2) . (3.110)
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The average SNR at the output of the MRC, γ̄mrc, can be obtained from Equation 3.110 by putting

N = 1 as

γ̄mrc =
2Lτq2Lτ

ς 2F1
(
Lτ;2Lτ+1;2Lτ;1−q2) . (3.111)

Outage Probability

Putting fγmrc(γmrc) from Equation 3.108 to Equation 2.16, the expression for the outage probability

can be expressed for a threshold γth as

Pout(γth) =
(qς)2Lτ

Γ(2Lτ)

γth
Z

0

γ2Lτ−1
mrc e−ςγmrc1F1

(
Lτ;2Lτ;ς(1−q2)γmrc

)
dγmrc. (3.112)

The integral in Equation 3.112 can be solved by expressing the involved hypergeometric function in

infinite series form [4, 9.14.1] and then using [4, (3.381.1)] (reproduced in B.11 and B.7, respectively

), the outage probability can be given as

Pout(γ̄N) =
q2Lτ

Γ(2Lτ)

∞

∑
t=0

(Lτ)t (1−q2)tg(2Lτ+ t, ςγ̄
γ̄N

)

t!(2Lτ)t
. (3.113)

It can be shown that for q = 1, the Rayleigh fading channels, Equation 3.113 becomes Pout(γ̄N) =
g
(

L,
γth
γ̄

)

Γ(L) , which is same as the result in [1, (40), for m = 1]. The infinite series involved in Equation

3.113 is a convergent series and an upper bound on its truncation error is given in Equation A.65.

Average Symbol Error Rate

The ASER of a digital communication system for various M-ary modulations can be obtained by

averaging the conditional SER corresponding to the modulation over the PDF of the receiver output

SNR [2]. Mathematically, ASER can be given as

Pe(γ) =

∞
Z

0

pe(ε |γ) fγmrc(γmrc)dγmrc, (3.114)
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Table 3.5: Values of a and b for some coherent and noncoherent modulations.
b

a

0.5 1 4(
√

M−1)√
M

M−1
2

0.5 NBFSK - - -
1 CBFSK/NDBPSK - - NMFSK
2 - DBPSK - -

2sin2(π/M) - MPSK - -
3

M−1 - - Rect. QAM -

where pe (ε |γ) is the conditional SER corresponding to the modulation scheme used. The condi-

tional symbol error rate for different digital M-ary modulation schemes available in literature are

given in Table 3.5. Below we obtain expression for ASER for some modulation schemes.

1. Coherent Modulations

For coherent modulations, the expression for the conditional BER can be given as

pe,coh (ε |γ) = aQ
(√

bγmrc

)

, (3.115)

where parameters a and b are given in Table 3.5 for different modulation schemes of interest.

Putting pe,coh (ε |γ) and fγmrc(γmrc) into Equation 3.114, ASER for coherent modulation can

be expressed as

Pecoh =
[qς]2Lτ

Γ(2Lτ)

∞
Z

0

γ2Lτ−1
mrc e−ςγmrcQ(

√

2aγmrc)1F1
(
Lτ;2Lτ;ς(1−q2)γmrc

)
dγmrc. (3.116)

Using [1, A-(8a)] (reproduced in Equation B.14), the Q(·) function can be expressed in terms

of an incomplete gamma function, and the expression of ASER can be rewritten as

Pecoh =
1

2
√

π
[qς]2Lτ

Γ(2Lτ)

∞

∑
t=0

(Lτ)t

[
ς(1−q2)

]t

t!(2Lτ)t

∞
Z

0

γ2Lτ+t−1
mrc e−ςγmrcΓ

(1
2 ,aγmrc

)
dγmrc (3.117)

The integral can be solved using [1, A-(6)] (reproduced in Equations B.13). Thus, an expres-
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sion for ASER can be obtained as

Pecoh =
a
2

√

b
π(b+ ς)

[
qς

a+ ς

]2Lτ ∞

∑
t=0

(Lτ)t Γ
(
t + 1

2
)

t!2

[
ς(1−q2)

b+ ς

]t

×2F1

(

1, t +
1
2

; t +1; ς
b+ ς

)

. (3.118)

2. Noncoherent Modulations

For noncoherent modulations, the conditional BER for MRC receiver can be given as [3]

pe,nch (ε |γ) = aexp(−bγmrc), (3.119)

where the values of a and b are given in in Table 3.5. By putting pe,ncoh (ε |γ) and fγmrc(γmrc)

into Equation 3.114, an expression for the ASER for noncoherent modulations can be given

as

Pench =
[qς]2Lτ

2Γ(2Lτ)

∞
Z

0

γ2Lτ−1
mrc e−(ς+a)γmrc1F1

(
Lτ;2Lτ;ς(1−q2)γmrc

)
dγmrc. (3.120)

Solving the integral using [4, (7.621.4)] and [1, A-(5)] (reproduced in B.10 and B.12, respec-

tively), a closed-form expression for ASER can be obtained as

Pench = a

[

qς
√

(ς+b)(b+ ςq2)

]2Lτ

. (3.121)

For q = 1 and ρ = 0, can be shown that Equations 3.118 and 3.121 are matching with the

result given in [1, (40)] and [1, (39)] for m = 1 and ρ = 0, respectively.

Evaluation of Truncation Error for Expressions Involving Infinite Series

The expressions obtained in Equations 3.113 and 3.118 for the outage probability and coherent

ASER contain infinite series. A finite number of terms are considered for numerical evaluation of

these expression, due to which a truncation error may occur. Upper bounds on truncation errors

for these expressions have been derived applying the approach in [55] from which the accuracy of

numerical evaluation can be verified. We present expression for the upper bound of the above two
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expressions.

1. Error Bound for Outage Probability: The error bound for Equation 3.113 is derived in

Section A.10.5 in Equation A.65. It can be given as

EKout ≤ q2Lτ(ςγth)
2Lτ+K(1−q2)K (Lτ)K

K!(2Lτ+K)Γ(2Lτ)(2Lτ)K
1F1(2Lτ+K;1+2Lτ+K;−ςγth)

×2F2






1 Lτ+K ςγth(1−q2)

K +1 2Lτ+K +1




 . (3.122)

2. Error Bound for ASER for Coherent Modulation: The error bound for Equation 3.118 is

derived in Section A.10.6 in Equation A.68. It can be given as

EKASER ≤ a
2K!φ!

√

b
π

[
q

a+ ς

]2Lτ (Lτ)K Γ
(
φ+ 1

2
)

ς2Lτ+K
(
1−q2)K

(b+ ς)K+
1
2

×2F1

(

1,φ+
1
2;φ+1; ς

b+ ς

)

3F2






1 φ+ 1
2 Lτ+K ς(1−q2)

b+ς

K +1 φ+1




 , (3.123)

where φ ∆
= 2Lτ+K.

Results and Discussion

Analytically obtained expressions have been numerically evaluated and plotted for illustration.

Outage probability Pout(γ̄N) vs. γ̄N has been plotted in Figure 3.29 for different values of L, ρ and

q. It can be observed that with the decrease in q the receiver suffers more outage, for a fixed value

of γN , ρ and L, as decrease in q indicates severe fading. The outage degrades with increase in ρ for

all values of L, ρ and q, for a fixed γ̄N . ASER vs. γ̄ for some coherent and noncoherent modulations

have been shown in Figures 3.30 and 3.31, respectively. In Figure 3.30 plot for coherent PSK has

been included. From the plot of BPSK and 8PSK, it can be observed that the ASER performance

degrades with a decrease in q and increase in ρ, as expected. Also ASER degrades with increase in

the constellation size of the modulation scheme. In Figure 3.31 plots for noncoherent FSK has been

shown, for noncoherent BFSK and 4FSK modulations. The observations are similar to the coherent
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modulations. From these figures one important observation is that, the effect of q is strong enough to

counter the performance advantage expected out of L. In the numerical evaluation of expressions

involving infinite series we have truncated them suitably to K terms so as to achieve an accuracy in

outage and ASER at least at 7th place of decimal digit. Further, the bound on the truncation error

has been obtained for outage probability as well as for ASER. In Figure 3.32, EKASER vs. K has been

plotted for 8PSK modulation scheme as a function of L, ρ and γ̄ with q = 0.5. It can be observed

that the error bound decreases very fast with K and a maximum of 20 terms is enough for numerical

evaluation for the above accuracy.
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Figure 3.29: Outage probability vs. γ̄N as a function of L and q.

0.8
0.0{ρ =    q = 0.5

 q =1

γ dB−Average SNR per branch, 

10

10

10
−2

−1

10
−3

10
−4

10

0

−5
{2

3=L

A
SE

R

BPSK

8PSK

 0  5  10  15  20

Figure 3.30: ASER vs. γ̄ for some coherent modulation scheme as a function of L,ρ and q.
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Figure 3.31: ASER vs. γ̄ for some noncoherent modulation scheme as a function of L,ρ and q.
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Table 3.6: SNR (dB) of dual MRC, EGC and SC at an ABER of 10−3.

ρ MRC EGC SC
q = 1 q = 0.8 q = 1 q = 0.8 q = 1 q = 0.8

CPSK 0 11.06 11.16 11.67 11.80 12.54 12.61
0.7 12.38 12.51 13.02 13.15 13.84 13.99

DPSK 0 13.17 13.35 13.86 13.94 14.73 14.83
0.7 14.6 14.73 15.2 15.32 16.16 16.23

3.5 Performance Comparison Among the Diversity Schemes

A Comparison of ABER performance of SC, EGC and MRC diversity schemes is given in Table 3.6.

It is obtained for the SNR of dual correlated receivers for different values of q and ρ at an ABER

of 10−3. From the table it can be observed that the SNR remains almost same for fixed values of ρ

and q for MRC and EGC receivers. Further, the difference in SNR between SC and EGC is more

compared to the difference between MRC and EGC, as expected.

3.6 Summary

In this chapter, performance analysis of SC, EGC and MRC receivers over independent and corre-

lated Hoyt fading channels are presented for dual and L order of diversity. Performance measures

such as ASNR, outage probability and ABER have been considered. Mathematical expressions for

these performance measures have been provided. Numerical and simulation results have been pro-

vided with discussion. The diversity receivers for which analyses have been provided are enumerated

below.

1. Dual correlated and L independent SC receiver.

2. L independent, equally correlated and exponentially correlated MRC receiver.

3. Dual correlated MRC receiver with equal and unequal fading parameters.
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4. Dual correlated EGC receiver.
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Chapter 4

Performance Analysis in η−µ Fading

Channels

A η−µ is a generalized fading channel model, which best fits to the experimental data with no line-

of-sight path [14]. Commonly used fading channel models such as Rayleigh, Hoyt, Nakagami-m

etc. can be realized as special cases of this model. In this section, performance parameters of L -SC

and -MRC receivers are derived over η−µ fading channels. For SC receiver, the outage probability

is obtained from the joint PDF of the input SNRs γl|Ll=1, for exponential fading correlation fading

models. For the MRC receiver, a PDF based approach discussed in Section 2.3.1 is used to obtain

moments of the combiner output SNR γmrc, outage probability and ABER for binary, coherent and

non-coherent modulations.

4.1 Selection Combining in Independent Fading Channels

Performance of an L-SC receiver is analyzed over independent η-µ fading channels using a PDF

based approach discussed in Section 2.3.1. An expression for the PDF of the combiner output SNR
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is to be obtained in this approach. The analysis is carried out in two parts; first part deals with the

derivation of an expression for the PDF of the combiner output SNR fγsc(γsc) and in the second

part using the obtained PDF expression, mathematical expression for the moment and the ABER

performance are derived.

The CDF of η− µ distribution is known in closed form in terms of Yacoub integral [14]. A

general solution of which is recently presented in [48]. But, we observed that it is difficult to used in

this form to obtain the PDF of the γsc. In order to obtain desired performance measures for a general

case we have obtained this CDF expression in an infinite series form using which it is possible to

obtain the PDF of γsc. It is explained below.

4.1.1 PDF of Combiner Output Signal-to-Noise Ratio

An expression for the PDF of SNR in η−µ fading channels is given as [14]

fγl(γl) =
2
√

πhµ

Γ(µ)

[
µ
γ̄l

]µ+
1
2 [ γl

H

]µ−1
2 e

− 2µhγl
γ̄l I

µ−1
2

(
2µHγl

γ̄l

)

, (4.1)

where the parameters H,h and µ are explained in Equation 1.6. An expression for the CDF of the l th

branch SNR can be obtained, by integrating Equation 4.1 w. r. t. γl as

Fγl (γl) =
2
√

πhµ

Γ(µ)

[
µ
γ̄l

]µ+
1
2
[

1
H

]µ−1
2

γsc
Z

0

γ
µ−1

2
l e

− 2µhγl
γ̄l I

µ−1
2

[
2µHγl

γ̄l

]

dγl

=

√
π

Γ(µ)

∞

∑
t=0

H2tg
(

2µ+2t, 2µh
γ̄l

γl

)

t!Γ(µ+ t + 1
2)22µ+2t−1hµ+2t

. (4.2)

The integration in the above expression is solved by expressing the Iµ(·) in infinite series [54] (repro-

duced in Equation B.17) and using [4, (3.381.1)] (reproduced in Equation B.6). For independent and

identical branch powers i.e. for γ̄l = γ̄,∀l, the CDF of γsc can be written as the product of L-CDFs

of L branch SNRs, as

Fγsc (γsc) = P(γ1 ≤ γsc,γ2 ≤ γsc, . . . ,γL ≤ γsc) =
L

∏
l=1

Fγl(γl)

102TH-985_0761210



Chapter 4 Performance of SC in Independent η−µ Fading Channels

=





√
π

Γ(µ)

∞

∑
t=0

H2tg
(

2µ+2t, 2µh
γ̄ γsc

)

t!22µ+2t−1Γ(µ+ t + 1
2)hµ+2t





L

. (4.3)

Differentiating Equation 4.3 w. r. t. γsc, the PDF of γsc can be given as

fγsc(γsc) =
2LLπL/2hLµ

ΓL(µ)

∞

∑
t1=0

∞

∑
t2=0

. . .
∞

∑
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H
2
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∑
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2
)
}

(
µ
γ̄
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ti)
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1F1
(
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γ̄ γsc
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2µ+2ti






. (4.4)

For Rayleigh fading channels, which is a special case of η−µ fading model (µ = 0.5, η = 1), it can

be shown that Equation 4.4 reduces to [10, (7.60)].

4.1.2 Moments of Combiner Output Signal-to-Noise Ratio

Using Equations 4.4 and 3.9, the Nth moment of the γsc over η-µ channels can be expressed as

E
[
γN

sc

]
=

2LLπL/2hLµ

ΓL(µ)

∞

∑
t1=0

∞

∑
t2=0

. . .
∞

∑
tL=0

H
2
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i=1
ti

{
L
∏
i=1

ti!Γ
(
µ+ ti +

1
2
)
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L−1
∏
i=1

(2µ+2ti)

}

(
µ
γ̄

)2(Lµ+
L
∑

i=1
ti)

×
∞

Z

0

γ
2(Lµ+

L
∑

i=1
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sc e−
2Lµh

γ̄ γsc

{
L−1
∏
i=1

1F1

(

1;2µ+2ti +1; 2µh
γ̄

γsc

)}

dγsc. (4.5)

The involved integration in Equation 4.5 can be solved using [3, (C.1)] (reproduced in Equation

B.15) and an expression for E[γN
sc] can be given as

E[γN
sc] =

=
2L−Nπ

L
2

LN−1ΓL(µ)

(
γ̄

hµ

)N ∞

∑
t1=0

∞

∑
t2=0

. . .
∞

∑
tL=0

Γ
(

N +2(Lµ+
L
∑

i=1
ti)

)

h
Lµ−2(Lµ+

L
∑

i=1
ti)

H
2
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i=1
ti

(2L)
2(Lµ+

L
∑

i=1
ti)
{

L−1
∏
i=1

(2µ+2ti)

}{
L
∏
i=1

ti!Γ
(
µ+ ti + 1

2
)
}
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×FA




N +λ, 1,1, . . . ,1;

︸ ︷︷ ︸

(L−1)numbers
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

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(4.6)

An expression for the average output SNR γ̄ can be obtained from Equation 4.6, substituting N = 1

as

γ̄sc =
2L−1π

L
2 γ̄hLµ−1

µΓL(µ)

∞

∑
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∞

∑
t2=0

. . .
∞
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L
∑
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)
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2
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∑

i=1
ti

(2hL)
2(Lµ+
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∑

i=1
ti)
{
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ti!Γ
(
µ+ ti + 1

2
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}{
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(2µ+2ti)

}

×FA
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i=1

ti), 1,1, . . . ,1;
︸ ︷︷ ︸
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1
L
, . . . ,

1
L

︸ ︷︷ ︸

(L−1)numbers







. (4.7)

4.1.3 Average Bit Error Rate

A general expression to obtain the ABER is given in Equation 2.17 which needs the PDF of γsc and

the conditional bit error rate pe,coh (ε |γ), for evaluation. The conditional bit error rate (conditioned

on the received SNR) for different digital modulation schemes are listed in Table 2.1. In the work

presented here, we obtain expressions for ABER for binary, coherent and noncoherent modulations

as discussed below.

Binary Coherent Modulations

For binary coherent modulations (BPSK and BFSK), an expression for the conditional BER is given

in Equation 2.24. Putting pe,coh (ε |γ) and fγsc(γsc) from Equations 2.24 and 4.4 into Equation 2.17,
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an expression for ABER can be written as

Pech(γ̄) =
L
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∞
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∞
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(4.8)

The integral in Equation 4.8 cannot be solved in this form. Hence, expressing the hypergeometric

function in Equation 4.8 in an infinite series [4, 9.14.1] (reproduced in Equation B.11) and express-

ing, above expression for the coherent ABER can be rewritten as
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2LLπL/2
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The integral in Equation 4.9 can be solved after expressing the Q(·) function in incomplete gamma

function using [1, A-(6)] (reproduced in Equations B.13 ) as below
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Solving the integral in 4.10, using [1, A-(8a)] (reproduced in Equation B.14), an expression for

ABER can be obtained as

Pech(γ̄) =
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(4.11)

where Φ ∆
= µ

2Lµh+aγ̄ .

Binary Non-coherent Modulations

For binary noncoherent modulations, an expression for the conditional BER is given in Equation

2.25. By putting pe,ncoh (ε |γ) and fγsc(γsc) from Equations 2.25 and 4.4 into Equation 2.17 an

expression for the noncoherent ABER can be given as
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Solving the integral in Equation 4.12 using [3, (C.1)] (reproduced in Equation B.15) expression for

the noncoherent ABER can be obtained as
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. (4.13)

4.1.4 Results and Discussion

ABER vs. γ̄ for binary coherent and non-coherent modulations over η-µ fading channels are shown

in Figures 4.1 and 4.2, respectively. The η-µ fading model is applicable to non line-of-sight fad-

ing channel communications and similar to κ-µ fading channels, here µ is also proportional to the

number of multi-path clusters. So, the effect of µ on system performance is similar to κ-µ fading

channels. Also, the performance is directly proportional to L for fixed, η and µ. The parameter η

depends on the variance of the in-phase and the quadrature phase components of clusters. Hence,

as expected, increase in η degrades the ABER performance. It can be observed from Figures 4.1

and 4.2, that for an increase in diversity order from 2 to 3 a diversity gain of 3.49 dB and 4.57 dB,

respectively, can be achieved at an ABER of 10−4. The corresponding values of diversity gain for

non-coherent modulations are observed to be 1.23 dB and 1.89 dB, respectively. In the numerical

evaluation of expressions involving infinite series, we have truncated them suitably so as to achieve

an accuracy at least at 7th place of decimal digit. In Table 4.1 we have illustrated the number of

terms (N) required to achieve an ABER of 10−7 in the evaluation Equation 4.11 as a function of γ̄.
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Figure 4.1: ABER vs. γ̄ for SC receiver with CPSK and CFSK modulations.

NCFSK
DPSK

Simulation

γ− dB Average SNR per branch, 

A
B

ER

L=3

L=2

η=2, µ=0.5

η=2, µ=1

−1

−3

−5

10

10

10

10

10

−2

−4

10
0

0 5 15 2010

Figure 4.2: ABER vs. γ̄ for SC receiver with DPSK and NCFSK modulations.
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Table 4.1: Number of terms (N) required for an accuracy at 7th place of decimal digit in the numer-
ical evaluation of Equation 4.11 for η = 2,µ = 1.

γ̄ (dB) Modulation L = 2 L = 3
N ABER N ABER

5 CPSK 6 0.0209453 8 0.0025874
CFSK 10 0.0515436 13 0.0080392

10 CPSK 5 0.0032608 5 0.0002074
CFSK 6 0.0104652 6 0.0010341

4.2 Selection Combining in Exponentially Correlated Channels

In this section, an expression for the outage probability of an L-SC receiver is derived for an expo-

nentially correlated η− µ fading channel. An expression for the joint PDF of exponentially corre-

lated multivariate η−µ RV is obtained which is further used to derive the expression for the outage

probability. Monte Carlo simulation has been performed to validate the obtained mathematical ex-

pression. Numerical and simulation results are plotted and the effects of correlation, number of

diversity branches and fading parameters on the outage probability of the receiver are studied.

4.2.1 Joint PDF of Exponentially Correlated η−µ Random Variables

From [14], η− µ distributed RVs Zl (l = 1,2, . . . ,L) can be modeled as Z2
l = X2

l +Y 2
l =

n
∑

i=1
Xl,i

2 +

n
∑

i=1
Yl,i

2, where Xl,i and Yl,i are independent Gaussian RVs with zero mean and variances σ2
x and

σ2
y , respectively. In this representation the PDF Zl is as given in Equation 1.6, where the fading

parameter η = σx
2

σy
2 . An expression for the joint PDF of exponentially correlated (for which the

correlation matrix is given as Σi j =
√ρ|i− j|, where ρ = cov(x2

1,x
2
2)/
√

var(x2
1)var(x2

2),1 ≤ i, j ≤ L

and i 6= j) RVs Xl, can be obtained extending the useful formula given for generalized Rayleigh RVs
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in [66] as (Section A.9)

fX1,X2,...,XL(x1,x2, . . . ,xL) =
xm−1

1 xm
L e
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)}

,xk ≥ 0, (4.14)

where m = n/2. Joint PDF of {X1,X2, . . . ,XL}s obtained in Equation 4.14 cannot be used in this

format as it is not possible to derive X 2
l +Y 2

l , to evaluate the joint PDF of exponentially correlated

η− µ envelopes (Zls). Expressing the Bessel function in infinite series [4, (8.455)], Equation 4.14

can be expressed as
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1

2σ2
x (1−ρ)

− (1+ρ)

2σ2
x (1−ρ)

L−1
∑

k=2
x2

k

×
∞

∑
t1=0

∞

∑
t2=0

. . .
∞

∑
tL−1=0

ρt1+t2+...+tL−1x2t1
1 x2t1+2t2

2 . . .x2tL−2+2tL−1
L−1 x2tL−1

L

(σ2
x (1−ρ))

2t1+2t2+...+2tL−1

{
L−1
∏
i=1

4titi!Γ(m+ ti)

} .

(4.15)

Thus, the joint PDF of exponentially correlated RVs X 2
l can be derived from Equation 4.15 as

fX2
1 ,X2

2 ,...,X2
L
(x2

1,x
2
2, . . . ,x

2
L) =

(x1,x2, . . . ,xL)
m−1

2LmΓ(m)
[

σ2L
x (1−ρ)L−1

]m e
− xL+x1

2σ2
x (1−ρ)

− (1+ρ)

2σ2
x (1−ρ)

L−1
∑

k=2
xk

×
∞

∑
t1=0

∞

∑
t2=0

. . .
∞

∑
tL−1=0

ρt1+t2...+tL−1xt1
1 xt1+t2

2 . . .xtL−2+tL−1
L−1 xtL−1

L

{σ2
x (1−ρ)}2t1+2t2...+2tL−1

{
L−1
∏
i=1

4titi!Γ(m+ ti)

} .

(4.16)

An expression for the joint PDF of exponentially correlated RVs Y 2
l s can be obtained by putting y in

place of x in Equation 4.16. It can be given as

fY 2
1 ,Y 2

2 ,...,Y 2
L
(y2

1,y
2
2, . . . ,y

2
L) =

(y1 . . .yn)
m−1

2mLΓ(m)
[

σ2L
y (1−ρ)L−1

]m e
− y1+yL

2σ2
y (1−ρ)

− (1+ρ)

2σ2
y (1−ρ)

L−1
∑

k=2
yk
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×
∞

∑
l1=0

∞

∑
l2=0

. . .
∞

∑
lL−1=0

( √ρ
σ2

y(1−ρ)

)2(l1+l2...+lL−1)
yl1

1 yl1+l2
2 . . .ylL−2+lL−1

L−1 ylL−1
L

{
L−1
∏
j=1

4l j l j!Γ(m+ l j)

} .

(4.17)

Since X2
l and Y 2

l are independent RVs, applying convolution operation [59, 6.44], an expression for

the joint PDF of exponentially correlated RVs Z2
l = X2

l +Y 2
l , can be derived as

fZ2
1 ,Z2

2 ,...,Z2
L
(z2

1,z
2
2, . . . ,z

2
L) =

=
(1−ρ)2m(1−L)

4LmΓ2 (m) [σxσy]
2Lm

∞

∑
t1=0

∞

∑
t2=0

. . .
∞

∑
tL−1=0

∞

∑
l1=0

∞

∑
l2=0

. . .
∞

∑
lL−1=0

z2m+t1+l1−1
1 B(m+ t1,m+ l1)

{
L−1
∏
i=1

4ti+liti!li!Γ(m+ ti)Γ(m+ li)

}

×
( √ρ

1−ρ

)2(tT +lT ) e
− z1

2σ2
y (1−ρ)

σ4tT
x σ4lT

y
1F1

(

m+ t1;2m+ t1 + l1;
σ2

x −σ2
y

2σ2
xσ2

y (1−ρ)
z1

)

×
{

L−1
∏
k=2

e
− (1+ρ)zk

2σ2
y (1−ρ)

B
(
mt

k,m
l
k

)

z
1−mt

k−ml
k

k

1F1

(

mt
k;mt

k +ml
k;
(
σ2

x −σ2
y

)
(1+ρ)

2σ2
xσ2

y (1−ρ)
zk

)





e
− zL

2σ2
y (1−ρ)

×B(m+ tL−1,m+ lL−1)z2m+tL−1+lL−1−1
L 1F1

(

m+ tL−1;2m+ tL−1 + lL−1;
σ2

x −σ2
y

2σ2
xσ2

y (1−ρ)
zL

)

,

(4.18)

where, jT , j1 + j2 . . .+ jL−1, s j
k , s+ jk−1 + jk. The power correlation co-efficient of Zls can also

be shown as ρ [67]. It is shown in Section A.8.

4.2.2 Outage Probability

To obtain an expression for the outage probability of a SC receiver with L input branches, the joint

PDF of the input branch SNRs is required to be known. From Equation 4.18, the joint PDF of input

SNRs γl of SC receiver can be obtained by applying the concept of RV transformation on γl = z2
l

Eb
N0

.

Assuming σ2
y = 1 in the resulting expression, for the convenience of presentation and without loss

of generality, which results in σ2
x = η and Eb

N0
= γ̄

2µ(1+η) . Also, from [14] parameter µ = n/2, where
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n is the number of multipath cluster, hence, in this we can write m=µ. After these substitutions and

some algebraic manipulations, the expression for the exponentially correlated joint PDF of γls, can

be given as

fγ1,γ2,...,γL(γ1,γ2, . . . ,γL) =

=
(1−ρ)2µ(1−L)

4LµΓ2 (µ)ηLµ

∞

∑
t1=0

∞

∑
t2=0

. . .
∞

∑
tL−1=0

∞

∑
l1=0

∞

∑
l2=0

. . .
∞

∑
lL−1=0

B(µ+ t1,µ+ l1)1F1 (µ+ t1;2µ+ t1 + l1;λγ1)

η2tT

{
L−1
∏
i=1

(
4ti+liti!li!Γ(µ+ ti)Γ(µ+ li)

)
}

×
( √ρ

1−ρ

)2(tT +lT )

ξ2µ+t1+l1γ2µ+t1+l1−1
1 e

− ξγ1
2(1−ρ)







L−1
∏
k=2

B
(
µt

k,µ
l
k

)

1F1
(
µt

k,µ
t
k +µl

k;λ(1+ρ)γk
)

γ1−(µt
k+µl

k)

k e
ξ(1+ρ)γk
2(1−ρ) ξ−(t

kµ+l
kµ)







×ξ2µ+tL−1+lL−1B(µ+ tL−1,µ+ lL−1)γ2µ+tL−1+lL−1−1
L e

− ξγL
2(1−ρ) 1F1 (µ+ tL−1;2µ+ tL−1 + lL−1;λγL) ,

(4.19)

where λ ∆
=

µ(η2−1)
ηγ̄(1−ρ) and ξ ∆

=
2µ(1+η)

γ̄ . The joint CDF of γls can be obtained by integrating Equation

4.19, w.r.t γ1,γ2, . . . ,γL. Then, expressing the hypergeometric function in infinite series [4, 9.14.1]

(reproduced in Equation B.11) the CDF can be given as

Fγ1,γ2,...,γL(Γ1,Γ2, . . . ,ΓL) =

=
1

4LµΓ2 (µ)ηLµ(1−ρ)2µ(L−1)

∞

∑
t1=0

∞

∑
t2=0

...
∞

∑
tL−1=0

∞

∑
l1=0

∞

∑
l2=0

...
∞

∑
lL−1=0

∞

∑
p1=0

∞

∑
p2=0

...
∞

∑
pL=0

×
( √ρ

1−ρ

)2(tT +lT ) B(µ+ t1,µ+ l1)(µ+ t1)p1
ξ2µ+t1+l1λp1

p1!
{

L−1
∏
i=1

(
4ti+liti!li!Γ(µ+ ti)Γ(µ+ li)

)
}

Γ1
Z

0

γ2µ+t1+l1+p1−1
1 e

− ξγ1
2(1−ρ) dγ

×1







L−1
∏
k=2

ξµt
k+µl

k
(
µt

k

)

p1
B
(
µt

k,µ
l
k

)
(λ(1+ρ))pk

(
µt

k +µl
k

)

pk
η2tT (2µ+ t1 + l1)p1

pk!

Γk
Z

0

e−
ξ(1+ρ)γk
2(1−ρ) γµt

k+µl
k+pk−1

k dγk






ξ2µ+tL−1+lL−1λpL

×
(µ+ tL−1)pL

B(µ+ tL−1,µ+ lL−1)

pL!(2µ+ tL−1 + lL−1)pL

ΓL
Z

0

e
− ξγL

2(1−ρ) γ2µ+tL−1+lL−1+pL−1
L dγL. (4.20)

Solving the integral using [4, 3.381.1] (reproduced in Equation B.7), the CDF can be expressed as

Fγ1,γ2,...,γL(Γ1,Γ2, . . . ,ΓL) =

112TH-985_0761210



Chapter 4 Selection Combining Receiver in Exponentially Correlated η−µ Fading Channels

=
1

4µ(L−2)Γ2 (µ)ηLµ (1−ρ)2µ(L−3)

∞

∑
t1=0

∞

∑
t2=0

...
∞

∑
tL−1=0

∞

∑
l1=0

∞

∑
l2=0

...
∞

∑
lL−1=0

∞

∑
p1=0

∞

∑
p2=0

...
∞

∑
pL=0

×
2t1+l1+tL−1+lL−1(η−1)p1+pL (1−ρ)tL−1+lL−1+t1+l1−2(tT +lT ) g

(

2µ+ t1 + l1 + p1,
ξΓ1

2(1−ρ)

)

p1!pL!Γ(2µ+ t1 + l1 + p1)η2tT +pT +pL

{
L−1
∏
i=1

(
4ti+liti!li!Γ(µ+ ti)Γ(µ+ li)

)
}

×
{

L−1
∏
k=2

2µt
k+µl

k Γ
(
µt

k + pk
)

Γ
(
µl

k

)
(η−1)pk

pk!Γ
(
µt

k +µl
k + pk

)

(
1−ρ
1+ρ

)µt
k+µl

k

g

(

t
kµ+l

k µ+ pk,
ξ(1+ρ)Γk

2(1−ρ)

)}

×ρtT +lT Γ(µ+ l1)Γ(µ+ t1 + p1)Γ(µ+ tL−1)Γ(µ+ tL−1 + pL)

Γ(2µ+ tL−1 + lL−1 + pL)

×g

(

2µ+ tL−1 + lL−1 + pL,
ξΓL

2(1−ρ)

)

. (4.21)

Mathematically, outage probability can be expressed as Pout (γth) = Fγsc(γth). For the SC receiver,

an expression for the Pout (γth) can be obtained by evaluating Equation 4.21 at γi = γth,∀ i. The final

expression can be given as

Pout (γN) =

=
1

4µ(L−2)Γ2 (µ)ηLµ (1−ρ)2µ(L−3)

∞

∑
t1=0

∞

∑
t2=0

...
∞

∑
tL−1=0

∞

∑
l1=0

∞

∑
l2=0

...
∞

∑
lL−1=0

∞

∑
p1=0

∞

∑
p2=0

...
∞

∑
pL=0

×
2t1+l1+tL−1+lL−1(η−1)p1+pL (1−ρ)tL−1+lL−1+t1+l1−2(tT +lT ) g

(

2µ+ t1 + l1 + p1,
ξγ̄

2γ̄N(1−ρ)

)

p1!pL!Γ(2µ+ t1 + l1 + p1)η2tT +pT +pL

{
L−1
∏
i=1

(
4ti+liti!li!Γ(µ+ ti)Γ(µ+ li)

)
}

×
{

L−1
∏
k=2

2µt
k+µl

k Γ
(
µt

k + pk
)

Γ
(
µl

k

)
(η−1)pk

pk!Γ
(
µt

k +µl
k + pk

)

(
1−ρ
1+ρ

)µt
k+µl

k

g

(

t
kµ+l

k µ+ pk,
ξ(1+ρ) γ̄
2γ̄N (1−ρ)

)}

×ρtT +lT Γ(µ+ l1)Γ(µ+ t1 + p1)Γ(µ+ tL−1)Γ(µ+ tL−1 + pL)

Γ(2µ+ tL−1 + lL−1 + pL)

×g

(

2µ+ tL−1 + lL−1 + pL,
ξγ̄

2γ̄N (1−ρ)

)

. (4.22)

4.2.3 Results and Discussion

The expression for the outage probability given in Equation 4.22 has been numerically evaluated

and plotted for illustration. In Figure 4.3, Pout(γ̄N) vs. γ̄N has been plotted for different values of
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η, µ, ρ and L. As described in Section 1.2 η is the ratio of power (variance) between the inphase

and quadrature phase components of the channel (Format 1). Hence, increase in η means a poor

channel and as expected it can be observed that the probability of outage is high for higher value of

η in Figure 4.3. Increase in µ indicates more number of clusters, hence, a better channel. This can

be seen from the outage probability in Figure 4.3. The outage probability degrades with increase

in ρ for all values of η, µ and L, for a fixed γ̄N . We observed that the for fixed η and µ the outage

probability is small for L = 2 with ρ = 0 compared to L = 3 and ρ = 0.8 for lower γ̄N . The crossover

point for µ = 0.5 and η = 0.75 is at γ̄N = 12dB and is increasing with increase in µ. Hence, an

important conclusion can be drawn from these observation is that it is better to go for a lower order

diversity with sufficient antenna spacing instead of higher order diversity in space and power limited

scenario. To validate the obtained results, the outage probability has been also obtained by Monte

Carlo simulation. Simulation results are also shown in Figure 4.3. It can be been observed that the

numerical results are in close agreement with the simulation results. In the numerical evaluation, an

accuracy at least at 7th place of decimal digit has been maintained by suitably truncating the infinite

series in Equation 4.22 to finite number of terms.
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Figure 4.3: Outage probability of SC receiver in exponentially correlated η−µ fading channels.
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4.3 Maximal Ratio Combining Receiver in Equally Correlated

Fading Channels

For L correlated MRC receiver, performance measures like outage probability, moments and ABER

for coherent and nocoherent modulations are obtained for equal correlation model discussed in Sec-

tion 2.2. For MRC receiver it is mentioned in Section 2.1.2 that the PDF of output SNR is the sum of

all input branch SNRs. From this relation, by obtaining the sum of equally correlated η− µ square

RV, it is possible to obtain the PDF of the output SNR. The approach is explained below.

4.3.1 PDF of Combiner Output SNR

For a MRC receiver, the PDF of output SNR, γmrc can be obtained by obtaining the PDF of combiner

output envelope α. From input envelopes αls (l = 1,2, . . . ,L), α can be obtained from the relation

α2 = α2
1 +α2

2 + . . .+α2
L, from which an expression for the PDF of output SNR γmrc can be obtained

by a scaling it corresponding to the factor (Eb/N0). As a standard approach to obtain the PDF of

α2, the joint density function of αls is required. But it is not available for correlated η− µ RVs in

literature. However, using the η− µ RV model in [14] and the expression for the sum of PDF of

squared multivariate Gaussian RVs by Gurland in [64], it is possible to derive the PDF of α2 for the

special case of equally correlated αls. It is presented as below.

The η− µ RV model explained in Section 1.2 is considered here with envelopes are equally

correlated with correlation coefficient ρ. From the η− µ RV model in [14], we can express α2 =

X2 +Y 2, where X2 =
n
∑

i=1
X1i

2 +
n
∑

i=1
X2i

2 + . . .+
n
∑

i=1
XLi

2 and Y 2 =
n
∑

i=1
Y1i

2 +
n
∑

i=1
Y2i

2 + . . . +
n
∑

i=1
YLi

2

are independent RVs while Xli (Yli)s are correlated with correlation coefficient ρmi,ki, 1 ≤ m,k ≤ L

and 1 ≤ i ≤ n. The method described for Hoyt fading channels in Section 3.4.1 can be extended to

obtained the PDF of RV X 2 (by increasing the number of Gaussian RV) and the expression can be
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given as

fX2
(
x2)=

x
Ln
2 −1e

− x
2σ2

x (1−ρ) 1F1
(

n
2 ; Ln

2 ; ρLx
2σ2

x(1−ρ)(1+(L−1)ρ)

)

Γ
(

Ln
2
)
(2σ2

x)
Ln
2 (1−ρ)

n(L−1)
2 (1+(L−1)ρ)

n
2

. (4.23)

Similarly, fY 2
(
y2) can be obtained by substituting x by y in Equation 4.23 as

fy2(y2) =
y

Ln
2 −1e

− y

2σ2
y (1−ρ)

1F1
(

n
2 ; Ln

2 ; ρLy
2σ2

y(1−ρ)(1+(L−1)ρ)

)

Γ
(Ln

2
)(

2σ2
y

)Ln
2 (1−ρ)

n(L−1)
2 (1+(L−1)ρ)

n
2

. (4.24)

Since, RVs X2 and Y 2 are independent the PDF of the RV α2 = X2 +Y 2 can be obtained by con-

volving the PDFs fX2(x2) and fY 2(y2) which can be obtained as

fα2(α2) =
1

(2σxσy)
LnΓ2

(
nL
2
)
(1−ρ)n(L−1)[1+(L−1)ρ]n

e
− α

2σ2
y (1−ρ)

×
α

Z

0

x
L
2 n−1(α− x)

L
2 n−1e

σ2
x−σ2

y

2σ2
xσ2

y (1−ρ)
x
1F1

(
n
2; nL

2 ; ρLx
2σ2

x(1−ρ)(1+(L−1)ρ)

)

×1F1

(

n
2

; nL
2

; ρL(α− x)
2σ2

y(1−ρ)(1+(L−1)ρ)

)

dx. (4.25)

Expressing hypergeometric functions in Equation 4.25 infinite series [4, 9.14.1] (reproduced in

Equation B.11) we can rewrite it as

fα2(α2) =
e
− α

2σ2
y (1−ρ)

(2σxσy)
Ln(1−ρ)n(L−1)(1+ρ(L−1))nΓ2

(Ln
2
)

∞

∑
t1=0

∞

∑
t2=0

(n
2
)

t1

(n
2
)

t2

t1!t2!σ2t1
x σ2t2

y
(

nL
2
)

t1

(
nL
2
)

t2

×
[

ρL
2(1−ρ)(1+(L−1)ρ)

]t1+t2
α

Z

0

x
Ln
2 +t1−1(α− x)

Ln
2 +t2−1e

σ2
x−σ2

y

2σ2
x σ2

y (1−ρ)
x
dx. (4.26)

Performing the above integration we get

fα2(α2) =
e
− α

2σ2
y (1−ρ)

(2σxσy)
Ln(1−ρ)n(L−1)(1+ρ(L−1))nΓ2

(
Ln
2
)

∞

∑
t1=0

∞

∑
t2=0

(
n
2
)

t1

(
n
2
)

t2

t1!t2!

×
[

ρL
2(1−ρ)(1+(L−1)ρ)

]t1+t2 B
(

L
2 n+ t2, L

2 n+ t1
)

αLn+t1+t2−1

σ2t1
x σ2t2

y
(

nL
2
)

t1

(
nL
2
)

t2

×1F1

(

L
2n+ t1;Ln+ t1 + t2;

σ2
x −σ2

y

2σ2
xσ2

y(1−ρ)
α

)

. (4.27)

117TH-985_0761210



Chapter 4 Maximal Ratio Combining Receiver in Equally Correlated η−µ Fading Channels

The PDF of γmrc can be obtained by scaling Equation 4.27 (applying concept of transformation

of RV) by the multiplying factor (Eb/N0). The obtained expression can be further simplified by

assuming σ2
y = 1 as explained in Section . Also, relation between n and µ is given in Section as

µ = n/2 . Thus, finally the PDF of γmrc can be expressed as

fγmrc(γmrc) =
1

(1−ρ)2(Lµ−µ) [1+(L−1)ρ]2µ

[
µ(1+η)

γ̄
√

η

]2Lµ ∞

∑
t1=0

∞

∑
t2=0

(µ)t1 (µ)t2

t1!t2!ηt1

×
[

Lρµ(1+η)

γ̄(1−ρ)(1+(L−1)ρ)

]t1+t2 γ2Lµ+t1+t2−1
mrc e

− µ(1+η)
γ̄(1−ρ)

γmrc

Γ(2Lµ+ t1 + t2)

×1F1

(

Lµ+ t1;2Lµ+ t1 + t2; µ(η2 −1)

η(1−ρ)γ̄
γmrc

)

. (4.28)

Upper Bound on Truncation Error

The error bound for Equation 4.28 is derive in Section A.10.7 in Equation A.72. It can be given as

EK ≤ Γ2 (µ+K)ℑ2(Lµ+K)(1−ρ)2µ(Lργmrc)
2K

Γ(2(Lµ+K))K!2Γ2(µ)ηLµ+K γ2Lµ−1
mrc e

− µ(1+η)
γ̄(1−ρ) γmrc

×1F1

(

Lµ+K;2(Lµ+K); µ(η2 −1)

η(1−ρ)γ̄
γmrc

)

×2F2






1 µ+K Lργmrcℑ
η

K +1 Lµ+K




 2F2






1 µ+K Lργmrcℑ

K +1 Lµ+K




 , (4.29)

where ℑ ∆
=

µ(1+η)
γ̄(1−ρ)(1+(L−1)ρ) .

4.3.2 Moments of the Combiner Output SNR

The moments associated with the γmrc can be expressed as E[γN
mrc] =

∞
R

0
γN

mrc fγmrc(γmrc)dγmrc. Putting

Equation 4.28 in it we obtain

E
[
γN] =

1
(1−ρ)2(Lµ−µ)[1+(L−1)ρ]2µ

[
µ(1+η)

γ̄
√

η

]2Lµ ∞

∑
t1=0

∞

∑
t2=0

(µ)t1

t1!

×
(µ)t2

t2!ηt1Γ(2Lµ+ t1 + t2)

[
Lρµ(1+η)

γ̄(1−ρ)(1+(L−1)ρ)

]t1+t2
∞

Z

0

γ2Lµ+N+t1+t2−1
mrc
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×e−
µ(1+η)
γ̄(1−ρ) γmrc

1F1

(

Lµ+ t1;2Lµ+ t1 + t2; µ(η2 −1)

η(1−ρ)γ̄
γmrc

)

dγmrc. (4.30)

Solving the integral (using [4, (7.621.4)], reproduced in B.10), the N th moment can be obtained as

E
[
γN

mrc

]
=

1
ηLµ

[
1−ρ

1+(L−1)ρ

]2µ ∞

∑
t1=0

∞

∑
t2=0

(µ)t1(µ)t2Γ(2Lµ+N + t1 + t2)

t1!t2!ηt1Γ(2Lµ+ t1 + t2)

[
Lρ

1+(L−1)ρ

]t1+t2

×
[

γ̄(1−ρ)

µ(1+η)

]N

2F1

(

Lµ+ t1,2Lµ+N + t1 + t2;2Lµ+ t1 + t2; η−1
η

)

. (4.31)

The average value of the combiner output SNR can be obtained, by putting N = 1 in Equation 4.31,

as

γ̄ =
1

ηLµ

[
1−ρ

1+(L−1)ρ

]2µ ∞

∑
t1=0

∞

∑
t2=0

(µ)t1(µ)t2Γ(2Lµ+ t1 + t2 +1)

t1!t2!ηt1Γ(2Lµ+ t1 + t2)

[
Lρ

1+(L−1)ρ

]t1+t2

× γ̄(1−ρ)

µ(1+η)
2F1

(

Lµ+ t1,2Lµ+ t1 + t2 +1;2Lµ+ t1 + t2; η−1
η

)

. (4.32)

4.3.3 Outage Probability

Putting fγmrc(γmrc) from Equation 4.28 to Equation 2.16, the expression for the outage probability

after expressing the hypergeometric function in series form [4, 9.14.1] (reproduced in Equation

B.11) can be expressed for a threshold γth as

Pout(γth) =

[
µ(1+η)

γ̄
√

η

]2Lµ

(1−ρ)2(Lµ−µ)[1+(L−1)ρ]2µ

∞

∑
t1=0

∞

∑
t2=0

∞

∑
t3=0

(µ)t1
(µ)t2

(Lµ+ t1)t3

t1!t2!t3!ηt1Γ(2Lµ+ t1 + t2 + t3)

×
[

µ(1+η)

(1−ρ)γ̄

]t1+t2+t3[ Lρ
1+(L−1)ρ

]t1+t2[µ(η−1)

η

]t3
γth

Z

0

γ2Lµ+λ+t1+t2−1
mrc

×e
− µ(1+η)

γ̄(1−ρ) γmrcdγmrc (4.33)

The integral in the above expression can be solved by using [4, (3.381.1)] (reproduced in Equation

B.6). The final expression for the outage probability can be obtained as

Pout(γN) =
1

ηLµ

[
1−ρ

1+(L−1)ρ

]2µ ∞

∑
t1=0

∞

∑
t2=0

∞

∑
t3=0

(µ)t1
(µ)t2

(Lµ+ t1)t3

t1!t2!t3!Γ(2Lµ+ t1 + t2 + t3)
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×(η−1)t3

ηt1+t3

[
Lρ

1+(L−1)ρ

]t1+t2

g

(

2Lµ+ t1 + t2 + t3,
µ(1+η)

γ̄N(1−ρ)

)

. (4.34)

4.3.4 Average Bit Error Rate

ABER is given in equation Equation 2.17, which need the of PDF of γmrc and the conditional bit error

rate pe,coh (ε |γ) for evaluation. The conditional bit error rate (conditioned on the received SNR) for

different digital modulation schemes are listed in Table 2.1. In this work, for binary coherent and

noncoherent modulations, we obtain expressions for ABER.

1. Binary Coherent Modulations

For binary coherent modulation i. e. BPSK and BFSK, an expression for pe,coh (ε |γ) can

be obtained by evaluating the entries for MPSK and MFSK modulations in Table 2.1, for

M = 2. A simplified combined expression for this conditional BER is also given in Equation

2.24. Thus, putting pe,coh (ε |γ) from Equation 2.24 and fγmrc(γmrc) from Equation 4.28 into

Equation 2.17, binary coherent ABER can be given as

Pe,ch(γ̄) =
1

(1−ρ)2(Lµ−µ)[1+(L−1)ρ]2µ

[
µ(1+η)

γ̄
√

η

]2Lµ ∞

∑
t1=0

∞

∑
t2=0

(µ)t1
(µ)t2

t1!t2!ηt1Γ(2Lµ+λ)

×
[

Lρµ(1+η)

γ̄(1−ρ)(1+(L−1)ρ)

]t1+t2
∞

Z

0

Q
(√

2aγmrc

)

γ2Lµ+t1+t2−1
mrc e

− µ(1+η)
γ̄(1−ρ) γmrc

×1F1

(

Lµ+ t1;2Lµ+ t1 + t2; µ(η2 −1)

η(1−ρ)γ̄
γmrc

)

dγmrc. (4.35)

Expressing 1F1 (·, ·; ·) in infinite series [5] and Q(·) function in incomplete gamma function

(using [1, A-(6)], reproduced in Equations B.13) Equation 4.35 can be rewritten as

Pe,ch(γ̄) =
1

2
√

π(1−ρ)2(Lµ−µ)[1+(L−1)ρ]2µ

[
µ(1+η)

γ̄
√

η

]2Lµ ∞

∑
t1=0

∞

∑
t2=0

∞

∑
t3=0

(µ)t1(µ)t2

t1!t2!t3!

×
(Lµ+ t1)t3

ηt1Γ(2Lµ+ t1 + t2 + t3)

[
µ(1+η)

(1−ρ)γ̄

]t1+t2+t3[ Lρ
1+(L−1)ρ

]t1+t2[η−1
η

]t3

×
∞

Z

0

γ2Lµ+t1+t2+t3−1
mrc Γ

(
1
2
,aγmrc

)

e
− µ(1+η)

γ̄(1−ρ)
γmrcdγmrc. (4.36)
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Using [1, A-(8a)] (reproduced in Equation B.14), the above integration can be solved and an

expression for ABER can be given as

Pe,ch(γ̄) =
1
2

√

aγ̄(1−ρ)

πµ(1+η)

ζ2Lµ+ 1
2

η2Lµ

[
1−ρ

1+(L−1)ρ

]2µ ∞

∑
t1=0

∞

∑
t2=0

∞

∑
t3=0

(µ)t1
(µ)t2

t1!t2!t3!ηt1

×
Γ
(
2Lµ+ t1 + t2 + t3 + 1

2
)
(Lµ+ t1)t3

ζt1+t2+t3

(2Lµ+ t1 + t2 + t3)!

[
Lρ

1+(L−1)ρ

]t1+t2[η−1
η

]t3

×2F1

(

1,2Lµ+ t1 + t2 + t3 +
1
2;2Lµ+ t1 + t2 + t3 +1;ζ

)

, (4.37)

where ζ ∆
=

µ(1+η)
aγ̄(1−ρ)+µ(1+η) .

2. Binary Non-coherent Modulations

For binary noncoherent modulations, the conditional BER is given in Equation 2.25. By

putting pe,ncoh (ε |γ) and fγmrc(γmrc) from Equations 2.25 and 4.28, into Equation 2.17 an

expression for noncoherent ABER can be given as

Pe,nch(γ̄) =
1
2

[
1−ρ

1+(L−1)ρ

]2µ[ µ(1+η)

γ̄(1−ρ)
√

η

]2Lµ ∞

∑
t1=0

∞

∑
t2=0

(µ)t1(µ)t2

t1!t2!Γ(2Lµ+ t1 + t2)

× 1
ηt1

[
Lρµ(1+η)

γ̄(1−ρ)(1+(L−1)ρ)

]t1+t2
∞

Z

0

γ2Lµ+t1+t2−1
mrc e

− µ(1+η)+aγ̄(1−ρ)
γ̄(1−ρ) γmrc

×1F1

(

Lµ+ t1;2Lµ+ t1 + t2; µ(η2 −1)

η(1−ρ)γ̄
γmrc

)

dγmrc. (4.38)

Solving the integral (using [4, (7.621.4)], reproduced in B.10), an expression for ABER can

be obtained as

Pe,nch(γ̄) =
1
2

[
1−ρ

1+(L−1)ρ

]2µ[ ζ2

η− (η−1)ζ

]Lµ ∞

∑
t1=0

∞

∑
t2=0

(µ)t1
(µ)t2

t1!t2![η− (η−1)ζ]t1

×
[

Lρζ
1+(L−1)ρ

]t1+t2

. (4.39)

For ρ = 0 and q = 1, i.e., for independent Rayleigh channels, Equations 4.37 and 4.39 simplify

to the results in [1].
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4.3.5 Results and Discussion

Obtained mathematical expressions have been numerically evaluated and plotted against parameters

of interest for. In Figure 4.4, Pout(γ̄N) vs. γ̄N has been plotted for different values of L, ρ, η and

µ. The effect of branch correlation on the outage can be observed by comparing the outage values

for ρ = 0.8 against the values for ρ = 0 (uncorrelated case). Clearly, with the increase in ρ the

receiver suffers more outage, for a fixed value of γ̄N , L and fading parameters η and µ. Again as

expected, increase in L reduces the probability of outage. These results have been verified against

the results in [1], which is a special case of the results presented here, and are found to be matching.

For CFSK and NCFSK modulations, ABER vs. γ̄ curves have been plotted in Figures 4.5 and

4.6, respectively. It can be observed that the ABER performance degrades with the increase in ρ

with constant L and fading parameters η and µ. Increases in parameter µ indicates more number

of clusters in the fading model and as expected gives better performance, whereas increases in η

increases the difference of variance between in-phase and quadrature phase components and hence,

degrades ABER performance. To show the effect of number of input branches on the ABER, curves

are shown as a function of L. A Monte Carlo simulation of the EGC receiver under analysis has

been performed and simulation results have been plotted in the respective figures. In Figure 4.7 we

have plotted the upper bound of truncation error for fγmrc(γmrc). It can observed from the figure that,

as the number of turns and/or average input SNR increases the accuracy in the sum is very high. In

the numerical evaluation of expressions involving infinite series we have truncated them suitably by

including finite number of terms ensuring to achieve an accuracy in ABER at least at 7th place of

decimal digit.
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Chapter 4 Summary

4.4 Summary

In this chapter, we derived the PDF of output SNR and the expressions of performance measures

over η−µ fading channels for

1. L independent SC receiver.

2. L exponentially correlated SC receiver.

3. L equally correlated MRC receiver.

125TH-985_0761210



Chapter 5

Performance Analysis in κ−µ Fading

Channels

5.1 Independent Fading Channels

Performance of an L-SC receiver has been analyzed over η-µ fading channels. A PDF based ap-

proach discussed in Section 2.3.1 is used to obtain moments of the SC receiver output signal-to-

noise ratio and ABER for binary, coherent and non-coherent modulations. Simulation results have

been presented to validate the obtained mathematical expressions.

5.1.1 PDF of Combiner Output Signal-to-Noise Ratio

The PDF of combiner output SNR γsc, which is essential to evaluate the performances of receiver in

PDF based approach. The CDF of κ− µ distribution is known in closed form in terms of Marcum

Q function [14]. But we observed that this expression cannot be used in this form for our purpose

as it is difficult to integrate the Marcum Q function. In order to obtain performance measures for
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a general case we have obtained this CDF expression in series form using which it is possible to

obtain PDF of γsc. It is explained below.

In a L-branch SC receiver, the PDF of fading envelope αl at the lth branch is distributed according

to the κ− µ distribution as given in Equation 1.8. In the same branch, PDF of SNR γl can be given

from [14] as

fγl (γl) =
µ(1+κ)

µ+1
2 γ

µ−1
2

l e
−µ(1+κ)γl

γ̄l

κ
µ−1

2 γ̄
µ+1

2
l eµκ

Iµ−1

(

2µ

√

κ(1+κ)γl

γ̄l

)

. (5.1)

From Equation 5.1, the CDF of γl can be obtained by integrating Equation 5.1 w.r.t. γl as

Fγl (γl) =
µ(1+κ)

µ+1
2

κ
µ−1

2 eµκγ̄
µ+1

2
l

γsc
Z

0

γ
µ−1

2
l e

−µ(1+κ)γl
γ̄l Iµ−1

(

2µ

√

κ(1+κ)γl

γ̄l

)

dγl. (5.2)

Expressing the involved Bessel function in Equation 5.2 in infinite series using [54] (reproduced

in Equation B.17) we can rewrite the CDF of γl as

Fγl (γl) =

[
µ(1+κ)

γ̄l

]µ 1
eµκ

∞

∑
t=0

1
t!Γ(µ+ t)

[
µ2κ(1+κ)

γ̄l

]t γsc
Z

0

γµ+t−1
l e

− µ(1+κ)γl
γ̄l dγl. (5.3)

The integration in Equation 5.3 can be solved using [4, (3.381.1)] (reproduced in Equation B.7), and

CDF of γl can be given as

Fγl (γl) =
1

eµκ

∞

∑
t=0

(κµ)t

t!Γ(µ+ t)
g

(

µ+ t,
µ(1+κ)

γ̄l
γl

)

. (5.4)

Thus, assuming input signals are statistically independent and γl = γ, ∀l, the CDF of SNR at the

output of SC receiver can be written as the product of CDFs of all L received SNRs. It can be given

as

Fγsc (γsc) =

[

1
eµκ

∞

∑
t=0

(κµ)t

t!Γ(µ+ t)
g

(

µ+ t,
µ(1+κ)

γ̄
γsc

)]L

. (5.5)

Now differentiating Equation 5.5 w. r. t. γsc using [5, (6.5.25)] (reproduced in Equation B.2), the

PDF of the SNR at the output of the SC can be given as
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fγsc(γsc) =
L

eLµκ

[
µ(1+κ)γsc

γ̄

]Lµ ∞

∑
t1=0

∞

∑
t2=0

. . .
∞

∑
tL=0

1
{

L
∏
i=1

ti!Γ(µ+ ti)

}

[
κµ2(1+κ)

γ̄

]
L
∑

i=1
ti

×γ

L
∑

i=1
ti−1

sc e−
Lµ(1+κ)

γ̄ γsc







L−1
∏
i=1

1F1
(

1;µ+ ti +1; µ(1+κ)
γ̄ γsc

)

µ+ ti






. (5.6)

For µ = 1 and κ→ 0 (Rayleigh fading case), it can be shown that Equation 5.6 reduces to [10, (7.60)].

5.1.2 Moments of Combiner Output Signal-to-Noise Ratio

Using Equations 5.6 and 3.9, the Nth moment of γsc can be expressed as

E[γN
sc] =

∞
Z

0

γN
sc fγsc(γsc)dγsc, (5.7)

Putting fγsc(γsc) from Equation 5.6 into Equation 5.7 we obtain

E[γN
sc] =

L
eLµκ

[
µ(1+κ)

γ̄l

]Lµ ∞

∑
t1=0

∞

∑
t2=0

. . .
∞

∑
tL=0

1
{

L
∏
i=1

ti!Γ(µ+ ti)

}{
L−1
∏
i=1

µ+ ti

}

(
κµ2(1+κ)

γ̄l

)
L
∑

i=1
ti

×
∞

Z

0

γ
Lµ+

L
∑

i=1
ti+N−1

sc e
− Lµ(1+κ)

γ̄l
γsc

{
L−1
∏
i=1

1F1

(

1,µ+ ti +1,
µ(1+κ)

γ̄l
γsc

)}

dγsc. (5.8)

The integral in equation 5.8 can be solved using [3, (C.1)] (reproduced in Equation B.15) and the

final expression can be given as

E[γN
sc] =

1
LLµ+N−1eLµκ

[
γ̄

µ(1+κ)

]N ∞

∑
t1=0

∞

∑
t2=0

. . .
∞

∑
tL=0

[Lκµ]

L
∑

i=1
ti
Γ
(

N +Lµ+
L
∑

i=1
ti

)

{
L
∏
i=1

ti!Γ(µ+ ti)

}{
L−1
∏
i=1

µ+ ti

}
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×FA












N +Lµ+
L

∑
i=1

ti; 1, . . . ,1;
︸ ︷︷ ︸

(L−1)numbers

µ+ t1 +1, . . . ,µ+ tL−1 +1; 1
L
, . . . ,

1
L

︸ ︷︷ ︸

(L−1)numbers












.

(5.9)

The average SNR at the output of the SC can be obtained from Equation 5.9, by substituting N = 1

in it as

γ̄out =
γ̄

µ(1+κ)LLµeLµκ

∞

∑
t1=0

∞

∑
t2=0

. . .
∞

∑
tL=0

[Lκµ]

L
∑

i=1
ti
Γ
(

Lµ+1+
L
∑

i=1
ti

)

{
L
∏
i=1

ti!Γ(µ+ ti)

}{
L−1
∏
i=1

µ+ ti

}

×FA












Lµ+1+
L

∑
i=1

ti; 1, . . . ,1;
︸ ︷︷ ︸

(L−1)numbers

µ+ t1 +1, . . . ,µ+ tL−1 +1; 1
L
, . . . ,

1
L

︸ ︷︷ ︸

(L−1)numbers












.

(5.10)

5.1.3 Average Bit Error Rate

A general expression to obtain the ABER is given in Equation 2.17 which needs the PDF of γsc and

the conditional bit error rate pe,coh (ε |γ), for evaluation. The conditional bit error rate (conditioned

on the received SNR) for different digital modulation schemes are listed in Table 2.1. In the work

presented here, we obtain expressions for ABER for binary, coherent and noncoherent modulations

as discussed below.

1. Binary Coherent Modulations

For binary coherent modulations BPSK and BFSK, the expression for the conditional BER is

given in Equation 2.24. Putting pe,coh (ε |γ) and fγsc(γsc) from Equations 2.24 and 5.6 into
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Equation 2.17, binary coherent ABER can be given as

Pe,ch(γ̄) =
L

eLµκ

(
µ(1+κ)

γ̄

)Lµ ∞

∑
t1=0

∞

∑
t2=0

. . .
∞

∑
tL=0

1
{

L
∏
i=1

ti!Γ(µ+ ti)

}{
L−1
∏
i=1

µ+ ti

}

×
(

κµ2(1+κ)

γ̄

)
L
∑

i=1
ti ∞

Z

0

e−
Lµ(1+κ)

γ̄ γscγ
Lµ+

L
∑

i=1
ti−1

sc Q
(√

2aγsc

)

×
{

L−1
∏
i=1

1F1

(

1,µ+ ti +1,
µ(1+κ)

γ̄
γsc

)}

dγsc. (5.11)

The integral in Equation 5.11 cannot be solved in the present form. Using [1, A-(6)] (repro-

duced in Equations B.13 ) we can write the Q(·) function in incomplete gamma function and

thus Equation 5.11 can be rewritten as

Pe,ch(γ̄) =
L

2
√

πeLµκ

(
µ(1+κ)

γ̄

)Lµ ∞

∑
t1=0

∞

∑
t2=0

. . .
∞

∑
tL=0

1
{

L
∏
i=1

ti!Γ(µ+ ti)

}{
L−1
∏
i=1

µ+ ti

}

×
(

κµ2(1+κ)

γ̄

)
L
∑

i=1
ti ∞

Z

0

γ
Lµ+

L
∑

i=1
ti−1

sc Γ
(

1
2 ,aγsc

)

e−
Lµ(1+κ)

γ̄ γsc

×
{

L−1
∏
i=1

1F1

(

1,µ+ ti +1,
µ(1+κ)

γ̄
γsc

)}

dγsc (5.12)

The integration in 5.12 can be simplified by writing the hypergeometric function in infinite

series using [5] as

Pe,ch(γ̄) =
L

2
√

πeLµκ

(
µ(1+κ)

γ̄

)Lµ ∞

∑
t1=0

∞

∑
t2=0

. . .
∞

∑
tL=0

∞

∑
k1=0

∞

∑
k2=0

. . .
∞

∑
kL−1=0

[κµ]

L
∑

i=1
ti

{
L
∏
i=1

ti!Γ(µ+ ti)

}

× 1
{

L−1
∏
i=1

(µ+ ti)(µ+ ti +1)ki

}

(
µ(1+κ)

γ̄

)
L
∑

i=1
ti+

L−1
∑

i=1
ki

∞
Z

0

γ
Lµ+

L
∑

i=1
ti+

L−1
∑

i=1
ki−1

sc

×e−
Lµ(1+κ)

γ̄ γscΓ
(

1
2 ,aγsc

)

dγsc. (5.13)

Solving the integral in Equation 5.13 using [1, A-(8a)] (reproduced in Equation B.14), an

130TH-985_0761210



Chapter 5 Performance Analysis in κ−µ Fading Channels

expression for ABER can be obtained as

Pe,ch(γ̄) =
L

2eLµκ

√

aγ̄β
πµ(1+κ)

∞

∑
t1=0

∞

∑
t2=0

. . .
∞

∑
tL=0

∞

∑
k1=0

∞

∑
k2=0

. . .
∞

∑
kL−1=0

βζΓ
(
ζ+ 1

2
)
[κµ]

L
∑

i=1
ti

ζ
{

L
∏
i=1

ti!Γ(µ+ ti)

}

× 1
{

L−1
∏
i=1

(µ+ ti)(µ+ ti +1)ki

}2F1

(

1,ζ+
1
2;ζ+1;Lβ

)

, (5.14)

where ζ ∆
= Lµ+

L
∑

i=1
ti +

L−1
∑

i=1
ki and β ∆

=
µ(1+κ)

aγ̄+Lµ(1+κ) .

2. Binary Non-coherent Modulations

For binary noncoherent modulations (NCFSK and DPSK), the conditional BER is given in

Equation 2.25. By putting pe,ncoh (ε |γ) and fγsc(γsc) from Equations 2.25 and 5.6 into Equa-

tion 2.17, an expression for noncoherent ABER can be given as

Pe,nch(γ̄) =
L

2eLµκ

(
µ(1+κ)

γ̄

)Lµ ∞

∑
t1=0

∞

∑
t2=0

. . .
∞

∑
tL=0

(
κµ2(1+κ)

γ̄

)
L
∑

i=1
ti

{
L
∏
i=1

ti!Γ(µ+ ti)

}{
L−1
∏
i=1

µ+ ti

}

×
∞

Z

0

γ
Lµ+

L
∑

i=1
ti−1

sc e−
Lµ(1+κ)+aγ̄

γ̄ γsc

{
L−1
∏
i=1

1F1

(

1,µ+ ti +1,
µ(1+κ)

γ̄
γsc

)}

dγsc.

(5.15)

Solving the integral (using [3, (C.1)], given in Equation B.15 in Appendix), an expression for

ABER can be obtained as

Pe,nch(γ̄) =
LβLµ

2eLµκ

∞

∑
t1=0

∞

∑
t2=0

. . .
∞

∑
tL=0

Γ
(

Lµ+
L
∑

i=1
ti

)

[κµβ]

L
∑

i=1
ti

{
L
∏
i=1

ti!Γ(µ+ ti)

}{
L−1
∏
i=1

µ+ ti

}FA




Lµ+

L

∑
i=1

ti; 1,1, . . . ,1
︸ ︷︷ ︸

(L−1)numbers

;

µ+ t1 +1,µ+ t2 +1, . . . , µ+ tL−1 +1; β, . . . ,β
︸ ︷︷ ︸

(L−1)numbers




 . (5.16)
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Table 5.1: Number of terms (N) required for an accuracy at 7th place of decimal digit in the numer-
ical evaluation of Equation 5.14 for κ = 0.55,µ = 2.

γ̄ (dB) Modulation L = 2 L = 3
N ABER N ABER

5 CPSK 13 0.0160112 16 0.0121210
CFSK 19 0.0593464 15 0.0604053

10 CPSK 10 0.0006925 10 0.0001977
CFSK 12 0.0052614 13 0.0029356

5.1.4 Results and discussion

Analytically obtained expressions have been numerically evaluated and plotted for parameters of in-

terest. For κ-µ fading channels, ABER vs. γ̄ for binary coherent and non-coherent modulations have

been shown in Figures 5.1 and 5.2, respectively. As expected, the performance is directly propor-

tional to the diversity order L for given values of κ and µ. The κ-µ model is applied for line-of-sight

fading communications and the parameter κ indicates the power of the dominant component. Hence,

the ABER performance improves with the increase in κ for fixed values of L and µ. The parameters µ

is the real extension of number of clusters n [14]. As expected, the increase in parameter µ improves

the performance of the system. In the numerical evaluation of expressions involving infinite series,

we have truncated them suitably so as to achieve an accuracy at least at 7th place of decimal digit.

In Tables 5.1 we have illustrated the number of terms (N) required to achieve an ABER of 10−7 in

the evaluation of Equation 5.14 as a function of γ̄.
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Figure 5.1: ABER vs. γ̄ for SC receiver with CPSK and CFSK modulations.
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Figure 5.2: ABER vs. γ̄ for SC receiver with DPSK and NCFSK modulations.
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5.2 Summary

In this chapter, we have derived the PDF of output SNR and the expressions of performance mea-

sures over κ−µ fading channels for L independent SC receiver.
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Chapter 6

Conclusions and Future Work

Performance of SC, EGC and MRC diversity receivers are analyzed over Hoyt, η− µ and κ− µ

fading channels. Focusing on the analytical approach, mathematical expressions for various perfor-

mance measures such as ASNR, outage probability and ABER/ASER of diversity receivers have

been obtained. The PDF based analytical approach has been preferred in all analyses for these per-

formance measures, wherever possible. It is stressed to analyze diversity receivers with arbitrary

order of diversity with correlated fading channels since these cases are encountered frequently in

the field deployment of diversity receivers. The mathematically obtained performance parameter

expressions are numerically evaluated, plotted and the the effect of different parameters on the re-

ceiver performance is studied. Numerically obtained results have been compared with the Monte

Carlo simulations results and have been found to be closely matching. The obtained expressions

have been verified with the available published results which are special cases of the problems un-

der analysis. Receiver systems with the particular configurations analyzed are enumerated below.

i) Expression of PDF of output SNR for independent fading channels:

(a) L-MRC receiver over Hoyt fading channels.

(b) L-SC receivers over Hoyt fading channels.
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(c) L-SC receivers over η−µ fading channels.

(d) L-SC receivers over κ−µ fading channels.

ii) Expression of PDF of output SNR for correlated fading channels:

(a) L-MRC receiver over equally correlated Hoyt fading channels.

(b) Dual EGC receivers over Hoyt fading channels.

(c) Dual SC receivers over Hoyt fading channels.

(d) L-MRC receiver over equally correlated η−µ fading channels.

The obtained expressions for performance measures are obtained in terms of Gamma, incomplete

Gamma, Beta, Bessel and Hypergeometric functions. Numerical expressions have been numerically

evaluated using software packages like MATLAB and MATHEMATICA. In some analysis the ob-

tained expressions are in the form of infinite series. These series have been truncated suitably by

including finite number of terms ensuring to achieve an accuracy in ABER at least at 7th place of

decimal digit. Also wherever possible, we have derived expressions for upper bound on truncation

errors.

6.1 Future Work

A few research problems that can be taken up for analysis are enumerated below:.

• Performance of L-MRC receivers over correlated Hoyt fading channels with arbitrary fading

parameter

• Performance of L -EGC, SC receivers over correlated Hoyt fading channels

• Performance of L -EGC, SC receivers over correlated η−µ fading channels

• Performance of diversity receivers over correlated κ−µ fading channels
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Appendix A

A.1 Complex Gaussian Model of Hoyt Random Variables

The complex Gaussian model of Hoyt RV αl = |Zl| for lth (l = 1,2, . . .,L) branch can be given

as [13]

Zl = Xl + jYl, l = 1,2, . . . ,L (A.1)

where j =
√
−1, Xl ∼N

(
0,σ2

xl

)
and Yl ∼ N

(
0,σ2

yl

)
. In this representation, the Hoyt RV αl = |Zl| has

the PDF given in Equation 1.3. For the convenience of presentation but without loss of generality,

we assume σxl = 1, this result σyl = q. Assuming σ2
xl

= σ2
x and σ2

yl
= σ2

y ∀ l, from Equation A.1, we

can obtain Ωl = E
[
α2

l

]
= 1+q2 hence, Ωl = Ω∀ l. Substituting this value of Ωl in Equation 1.3 and

expressing I0(·) in terms of confluent hypergeometric function [54], Equation 1.3 can be rewritten

as

fαl (αl) =
αle

− 1
2q2 α2

l

q 1F1
(

1
2 ;1; 1−q2

2q2 α2
l

)

. (A.2)

For equal branch average power i.e. Ω1 = Ω2 = . . . = ΩL = Ω (equivalently, for γ̄1 = γ̄2 = . . . =

γ̄L = γ̄), Eb/N0 can be expressed in terms of the fading parameter q as

γ̄ = Ω
Eb

N0
= (1+q2)

Eb

N0
. (A.3)

137TH-985_0761210



Appendix A

Thus,

Eb

N0
=

γ̄
(1+q2)

. (A.4)

A.2 Characteristic Function of Sum of Hoyt Square RVs

In the mathematical model of Hoyt RVs in [13] i.e. α2
l = X2

l +Y 2
l the RVs Xl ∼ N

(
0,σ2

x

)
and

Yl ∼ N
(
0,σ2

y

)
are independent. So the joint CF of α2

l can be given as

Φα2
1,α

2
1,...,α

2
L
( jω1, jω2, . . . , jωL) = ΦX2

1 ,X2
2 ,...,X2

L
( jω1, jω2, . . . , jωL)ΦY 2

1 ,Y 2
2 ,...,Y 2

L
( jω1, jω2, . . . , jωL),

(A.5)

the notation for Φh1,h2,...,hL( jω1, jω2, . . . , jωL) is the joint CF of RVs hl,h2, . . . ,hL.

An expression for ΦX2
1 ,X2

2 ,...,X2
L
( jω1, jω1, . . . , jωL) can be derived as shown below:

From the PDF of Xl, performing transformation of random variable operation, PDF of a X 2
l can

be obtained as

fX2
l
(x2

l ) =
1

√

2πσ2
xxl

e
− xl

2σ2
x . (A.6)

From Equation A.6 CF of X 2
l can be obtained as

φX2
l
( jωl) = E[e jωlxl ] =

1
(2πσ2

x)
1/2

∞
Z

0

1√
xl

e
−
(

1
2σ2

x
+ jωl

)

xl
dxl. (A.7)

Performing the integration we obtain

φX2
l
( jωl) =

1
√

2σ2
x

(
1

2σ2
x
+ jωl

) . (A.8)

Since Xls are independent their joint CF is the product of individual CFs, hence

φX2
1 ,X2

2 ,...,X2
L
( jω1, jω2, . . . , jωL) =

1
(2σ2

x)
L/2

L

∏
i=1

1
√
(

1
2σ2

x
+ jωi

) . (A.9)
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Similarly the joint CF of RVs Y 2
1 ,Y 2

2 , . . . ,Y 2
L can be obtained as

φY 2
1 ,Y 2

2 ,...,Y 2
L
( jω1, jω2, . . . , jωL) =

1
(
2σ2

y

)L/2

L

∏
i=1

1
√(

1
2σ2

y
+ jωi

) . (A.10)

Hence, the joint CF in Equation A.5 can be obtained as

Φα2
1,α

2
2,...,α

2
L
( jω1, jω2, . . . , jωL) =

1
(2σxσy)

L

L

∏
i=1

1
√(

1
2σ2

x
+ jωi

)(
1

2σ2
y
+ jωi

) . (A.11)

A.3 Joint Characteristic Function of Dual Correlated Hoyt RVs

Hoyt fading model is given in [13], where α2
l is given as

α2
l = X2

l +Y 2
l , l = 1,2, (A.12)

where Xl, Yl are independent zero mean Gaussian RVs with variances σ2
x and σ2

y , respectively. In

this representation the Hoyt RV αl has the PDF given in Equation 1.3, where the fading parameter

q =
σy
σx

. In this analysis to simplify the analysis procedure, we assume σ2
x = 1 resulting in σ2

y = q2.

However, this representation is not affecting the generality of the fading channel.

When X1(Y1) and X2(Y2) are correlated with correlation coefficient ρ, it can be shown that RVs

α1 and α2 are also correlated with correlation coefficient ρ. In complex form Hoyt RV can be

modeled as Zl = Xl + jYl , where αl=|Zl| and the correlation coefficient between Z1 and Z2 can be

written as,

ρZ1,Z2 =
E [(Z1 − Z̄1)(Z2 − Z̄2)

∗]
√

Var(Z1)Var(Z2)
=

E[Z1Z∗
2 ]

σ2
x +σ2

y
, (A.13)

where Z̄l represents the mean and from definition it can be shown to be zero. The variance of αl can

be derived as

Var(Zl) = E(Z2
l )− [E(Zl)]

2 (A.14)

= E(ZlZ
∗
l )−0

139TH-985_0761210



Appendix A

= E(X2
l +Y 2

l )

= σ2
x +σ2

y .

Hence we can write

ρ =
E [(X1 − X̄1)(X2− X̄2)]
√

Var(X1)Var(X2)
=

E[X1X2]

σ2
x

(A.15)

E[X1X2] = σ2
xρ.

Similarly,

E[Y1Y2] = σ2
yρ. (A.16)

Now we can write E(αlα∗
l ) as,

E[α1α∗
2] = E[(X1 + jY1)(X2− jY2)] (A.17)

= E[X1X2 +Y1Y2 + j(Y1X2−X1Y2)]

= E[X1X2 +Y1Y2] = E[X1X2]+E[Y1Y2]

= ρσ2
x +ρσ2

y = ρ[σ2
x +σ2

y ].

Applying values of E[Z1Z∗
2 ] from Equation A.17 to Equation A.13,

ρZ1,Z2 =
ρ[σ2

x +σ2
y ]

σ2
x +σ2

y
= ρ. (A.18)

Joint Characteristic Function

From the model given in Equation A.12 α2 can be written in terms of square Gaussian distribution

as

α2 = X2
1 +X2

2 +Y 2
1 +Y 2

2 . (A.19)
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Since, RV X2
l and Y 2

l are independent from Equation A.12 the joint CF of RVs α2
1 and α2

2 can be

obtained by multiplying joint CF of X 2
l and Y 2

l as

Φα2
1,α

2
2
( jω1, jω2) = ΦX2

1 ,X2
2
( jω1, jω2)ΦY 2

1 ,Y 2
2
( jω1, jω2), (A.20)

where Φhl ,gl(hl,gl) is the joint CF of hl and gl . The joint density function of the correlated Gaussian

distribution X1 and X2 with variance σ2
x is given in [59] as

fX1X2(x1,x2) =
1

2πσ2
x

√

1−ρ2
e
−X2

1−2ρX1X2+X2
2

2(1−ρ2)σ2
x . (A.21)

Performing the operation of transformation of RV in Equation A.21 joint PDF of X 2
1 and X2

2 can be

written as

fX2
1 X2

2
(x2

1x2
2) =

1
4πσ2

x

√

1−ρ2√x1x2

[

e
− x1−2ρ√x1x2+x2

2(1−ρ2)σ2
x + e

− x1+2ρ√x1x2+x2
2(1−ρ2)σ2

x

]

. (A.22)

From Equation A.22 the joint CF of X 2
1 and X2

2 can be given as

ΦX2
1 X2

2
( jω1, jω2) =

1
4πσ2

x

√

1−ρ2

∞
Z

0

∞
Z

0

1√
x1x2

[

e
− x1−2ρ√x1x2+x2

2(1−ρ2)σ2
x + e

− x1+2ρ√x1x2+x2
2(1−ρ2)σ2

x

]

×e− jx1ω1e− jx2ω2dx1dx2. (A.23)

Solving the integration in Equation A.23 Φx2
1x2

2
( jω1, jω2) can be written as

Φx2
1x2

2
( jω1, jω2) =

1
2σ2

x

√

1−ρ2

∞

∑
k=0

ρ2k(2k−1)!!

k!8k(1−ρ2)2kσ4k
x

(
1

2(1−ρ2)σ2
x
+ jω1

)k+1
2

× 1
(

1
2(1−ρ2)σ2

x
+ jω2

)k+1
2
. (A.24)

Similarly joint CF of Y 2
1 and Y 2

2 , ΦY 2
1 ,Y 2

2
( jω1, jω2) can be obtained as

ΦY 2
1 Y 2

2
( jω1, jω2) =

1
2σ2

y

√

1−ρ2

∞

∑
t=0

ρ2t(2t −1)!!

t!8t(1−ρ2)2tσ4t
y

(
1

2(1−ρ2)σ2
y
+ jω1

)t+1
2
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× 1
(

1
2(1−ρ2)σ2

y
+ jω2

)t+1
2
. (A.25)

Thus, the joint CF in Equation A.20 can be present as

Φα2
1,α

2
2
( jω1, jω2) =

1
4σ2

xσ2
y(1−ρ2)

∞

∑
k=0

∞

∑
t=0

1
k!t!

(
ρ√

8σ2
x(1−ρ2)

)λ1 (2k−1)!!(2t−1)!!
(

1
2(1−ρ2)σ2

x
+ jω1

)k+1/2

× 1
(

1
2(1−ρ2)σ2

x
+ jω2

)k+1/2 [( 1
2(1−ρ2)σ2

y
+ jω1

)(
1

2(1−ρ2)σ2
y
+ jω2

)]t+1/2 ,

(A.26)

where for the convenience of presentation we have used λ1
4
= 2(k + t).

A.4 Joint PDF of Dual correlated Hoyt RV

In Equation A.26, the joint CF of Hoyt square RVs α2
1 and α2

2 is given as

Φα2
1,α

2
2
( jω1, jω2) =

1
4σ2

xσ2
y(1−ρ2)

∞

∑
k1=0

∞

∑
k2=0

(2k1 −1)!!(2k2 −1)!!
k1!k2! [σ2

x]
2k1
[
σ2

y

]2k2 8λ12

× ρ2λ12

(1−ρ2)2λ12 (F(x,1)F(x,2))k1+
1
2 (F(y,1)F(y,2))k2+

1
2
, (A.27)

where λst
4
= (ks + ks+1 + · · ·+ kt), t > s, s > r and F(z, i)

∆
= 1

2(1−ρ2)σ2
z
+ jωi. By taking the inverse

Fourier transform of Equation A.27 the joint PDF of α2
1,α

2
2 can be given as

fα2
1,α

2
2
(α2

1,α
2
2) =

1
4σ2

xσ2
y(1−ρ2)

∞

∑
k1=0

∞

∑
k2=0

ρ2λ12(2k1 −1)!!
k1!k2!8λ12(1−ρ2)2λ12

× (2k2 −1)!!
4π2(σ2

x)
2k1(σ2

y)
2k2

∞
Z

−∞

1

(F(x,1))k1+
1
2 (F(y,1))k2+

1
2

e jω1s1dω1

×
∞

Z

−∞

1

(F(x,2))k1+
1
2 (F(y,2))k2+

1
2

e jω2s2dω2. (A.28)
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The integration in Equation A.28 can be solved using [4, (3.384.8)] and an expression for the joint

PDF of α2
1 and α2

2 can be obtained as

fα2
1α2

2
(α2

1α2
2) =

1
4σ2

xσ2
y(1−ρ2)

∞

∑
k1=0

∞

∑
k2=0

ρ2λ12(2k1 −1)!!(2k2 −1)!!
k1!k2!8λ12(1−ρ2)2λ12σ4λ12

x

× e
− α1

2(1−ρ2)σ2
y

Γ2(λ12 +1)
αk+t

1 1F1

(

k1 + 1
2 ;λ12 +1;

(

σ2
x −σ2

y

2(1−ρ2)σ2
xσ2

y

)

α1

)

×e
− α2

2(1−ρ2)σ2
y αk+t

2 1F1

(

k1 + 1
2 ;λ12 +1;

(

σ2
x −σ2

y

2(1−ρ2)σ2
xσ2

y

)

α2

)

. (A.29)

A.5 Characteristic Function of Hoyt RV with Unequal q

From Equation A.20 the joint CF of bivariate RVs α2
1 and α2

2 can be obtained as by obtaining the

joint CF of square Gaussian random variable.

Joint density function of correlated bivariate Gaussian RVs X1 and X2 is given in [59, 6.23] as

fX1X2(x1,x2) =
1

2πσx1σx2

√

1−ρ2
e
− 1

2(1−ρ2)

(
X2

1
σ2

x1
− 2ρX1X2

σx1 σx2
+

X2
2

σ2
x2

)

. (A.30)

Performing transformation of random variable in Equation A.30 the joint PDF of X 2
1 ,X2

2 can be

obtained as

fX2
1 ,X2

2
(x2

1,x
2
2) =

e
− 1

2(1−ρ2)

(

x1
σ2

x1
− 2ρ√x1x2

σx1 σx2
+

x2
σ2

x2

)

+ e
− 1

2(1−ρ2)

(

x1
σ2

x1
+

2ρ√x1x2
σx1 σx2

+
x2

σ2
x2

)

4π
√

σ2
x1σ2

x2x1x2(1−ρ2)
. (A.31)

From Equation A.31 the joint CF of X 2
1 ,X2

2 can be given as

ΦX2
1 ,X2

2
( jω1, jω2) =

1
2πσx1σx2

√

1−ρ2

∞
Z

0

1
2√x2





∞
Z

0

1√
x1

e
− 1

2(1−ρ2)

(

x1
σ2

x1
− 2ρ√x1x2

σx1 σx2

)

× e− jx1ω1dx1 +

∞
Z

0

1√
x1

e
− 1

2(1−ρ2)

(

x1
σ2

x1
+

2ρ√x1x2
σx1 σx2

)

e− jx1ω1dx1





×e
− x2

2(1−ρ2)σ2
x2 e− jx2ω2dx2. (A.32)
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Solving the integration in Equation A.32 ΦX2
1 ,X2

2
( jω1, jω2) can be expressed as

ΦX2
1 ,X2

2
( jω1, jω2) =

1
2σx1σx2

√

1−ρ2

∞

∑
k=0

ρ2k(2k−1)!!

k!
(

2
√

2σx1σx2(1−ρ2)
)2k

× 1
(

1
2(1−ρ2)σ2

x1
+ jω1

)k+1
2
(

1
2(1−ρ2)σ2

x2
+ jω2

)k+1
2
. (A.33)

Similarly ΦY 2
1 ,Y 2

2
( jω1, jω2) can be derived as

ΦY 2
1 ,Y 2

2
( jω1, jω2) =

1
2σy1σy2

√

1−ρ2

∞

∑
k=0

ρ2k(2k−1)!!

k!
(

2
√

2σy1σy2(1−ρ2)
)2k

× 1
(

1
2(1−ρ2)σ2

y1
+ jω1

)k+1
2
(

1
2(1−ρ2)σ2

y2
+ jω2

)k+1
2
. (A.34)

Thus, from Equation A.20 the joint CF of α2
1, α2

2 can be expressed as

Φα2
1,α

2
2
( jω1, jω2) =

1
4σx1σx2σy1σy2(1−ρ2)

∞

∑
k1=0

∞

∑
k2=0

(2k1 −1)!!(2k2 −1)!!
k1!k2! [σx1σx2 ]

2k1 [σy1σy2 ]
2k2 8λ12

× ρ2λ12

(1−ρ2)2λ12 (F(x,1)F(x,2))k1+
1
2 (F(y,1)F(y,2))k2+

1
2
, (A.35)

where for the convenience of presentation we define the terms as given below:

F(z, i)
∆
=

1
2(1−ρ2)σ2

zi

+ jωi

λmn
4
= (km + km+1 + · · ·+ kn),n > m.

A.6 Correlation Coefficient of Hoyt RV with Unequal q

Hoyt fading model is described Section 3.3.1 in terms of square Gaussian distribution, where Xl

and Yl are independent zero mean Gaussian RVs with variances σ2
xl

and σ2
yl

. With this the fading

parameter of lth branch can be given as ql =
σyl
σxl

.

Again assuming X1(Y1) and X2(Y2) are correlated with correlation coefficient ρ, the correlation
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coefficient between RVs α1 and α2 can be given as

ρα1,α2 =
E [(α1 − ᾱ1)(α2− ᾱ2)∗]
√

Var(α1)Var(α2)
=

E[α1α∗
2]

√(
σ2

x1 +σ2
y1

)(
σ2

x2 +σ2
y2

) . (A.36)

Now, E[α1α∗
2] can be given as

E[α1α∗
2] = E[(X1 + jY1)(X2− jY2)] = E[X1X2]+E[Y1Y2]. (A.37)

From the definition of correlation coefficient E[X1X2] and E[Y1Y2] can be evaluated as ρσx1σx2 and

ρσy1σy2 , respectively. Putting these values ρα1α2 can be obtained as

ρα1α2 =
ρ(1+q1q2)

√
(
1+q2

1
)(

1+q2
2
) . (A.38)

A.7 PDF of Sum of Exponentially Correlated Gamma RVs

Let the PDF of RVs Xis (i=1, 2, . . . , n) are given by

f (xi) = [Γ(r)θr]−1 e−xi/θxr−1
i . (A.39)

In [65], it is given that, the approximate sum of exponentially correlated RVs Xis can be obtained by

replacing r and θ by rn and θn, respectively, where rn and θn are given as

rn =
{

n2/
[

n+ 2ρ
1−ρ

(

n− 1−ρn

1−ρ

)]}

r, (A.40)

and

θn =
{[

n+ 2ρ
1−ρ

(

n− 1−ρn

1−ρ

)]

/n
}

θ. (A.41)
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A.8 Power Correlation Coefficient of η−µ RVs

From the model of η−µ RV given in section the power correlation coefficient can be given as

υ =
Cov[z2

1z2
2]

√

Var[z2
1]Var[z2

2]
. (A.42)

In this correlation model we are assuming that the Gaussian RVs Xls (Yls) are correlated with a

power correlation coefficient ρ. Hence, using [67, (15)] the variance of Z2
1 ,Z2

2 can be given as

Var[Z2
1] = Var[Z2

2] = 2n(σ4
x +σ4

y). (A.43)

The covariance of Cov[z2
1z2

2] can be obtained form [67, (18)] as

Cov[Z2
1Z2

2 ] = 2ρn(σ4
x +σ4

y). (A.44)

Therefore, using Equations A.43 and A.44 it can be shown that υ = ρ.

A.9 Joint PDF of Generalized Rayleigh RV

For p-dimensional column vectors Y1,Y2, . . . ,Yn which are independent and identically normally

distributed with mean zero and positive definite covariance matrix M. Let W = M−1 = (wkk′)1≤k,k′≤p

have the property that wkk′ = 0 for |k− k′| > 1. Let rk be the norm of the n-dimensional vector Xk

composed of kth component of Y j. Let R = {r1,r2, . . . ,rp} be the p-dimensional vector of norms.

Then the frequency function g(R) of R is

g(R) =
|W |n/2

2(n−1)/2Γ(n/2)
r(n−1)/2

1 rn/2
p exp

(
−wppr2

p/2
)

{
p−1

∏
k=1

∣
∣wk,k+1

∣
∣

−(n−1)/2

rk

× exp
(
−wkkr2

k/2
)

I(n−1)/2
(∣
∣wk,k+1

∣
∣ rkrk+1

)}
rk ≥ 0,1 ≤ k ≤ p. (A.45)
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A.10 Upper Bound on Truncation Error

A.10.1 Equation 3.6

The PDF of the γSC is in the form of infinite series. Hence to test the convergence of Equation

3.6 we have obtained an upper bound of error on truncation following a similar approach in [55].

Considering only K terms are used in the evaluation of PDF, the error involved in the PDF can be

written as

EK =
LqL−2(1+q2)

2γ̄
e
− L(1+q2)

2γ̄q2 γSC

(
γSC(1+q2)

2γ̄q2

)L−1 ∞

∑
t=K

(1
2
)

t

(t!)2

(
γSC(1−q4)

2γ̄q2

)t

×
[

∞

∑
k=K

(1
2
)

k

(k!)2 (k +1)

(
γSC(1−q4)

2γ̄q2

)k

1F1

(

1;k +2; 1+q2

2γ̄q2 γSC

)]L−1

. (A.46)

The above expression can be rewritten as

EK =
LqL−2(1+q2)

2γ̄
e
− L(1+q2)

2γ̄q2 γSC

(
γSC(1+q2)

2γ̄q2

)L−1 ∞

∑
t=K

(1
2
)

t

(t!)2

(
γSC(1−q4)

2γ̄q2

)t

×
[

∞

∑
k=K

(1
2
)

k

(k!)2 (k +1)

(
γSC(1−q4)

2γ̄q2

)k

e
1+q2
2γ̄q2 γSC

1F1

(

k +1;k +2;−1+q2

2γ̄q2 γSC

)]L−1

.(A.47)

The hypergeometric function involved in Equation A.47 is in the form of 1F1(r;1 + r;−z), can be

shown to be monotonically decreasing over all positive values of r and z. Hence the upper bound on

truncation error can be written as

EK ≤ LqL−2(1+q2)

2γ̄
e
− L(1+q2)

2γ̄q2 γSC

[
γSC(1+q2)

2γ̄q2

]L−1[

e
1+q2
2γ̄q2 γSC

1F1

(

K +1;K +2;−1+q2

2γ̄q2 γSC

)]L−1

×
[

∞

∑
k=K

(1
2
)

k

(k!)2 (k +1)

(
γSC(1−q4)

2γ̄q2

)k
]L−1 ∞

∑
t=K

(1
2
)

t

(t!)2

(
γSC(1−q4)

2γ̄q2

)t

. (A.48)

Equation A.48 can be simplified to

EK ≤ LqL−2(1+q2)

2γ̄
e
− L(1+q2)

2γ̄q2 γSC

[
γSC(1+q2)

2γ̄q2

]L−1[

e
1+q2
2γ̄q2 γSC

1F1

(

K +1;K +2;−1+q2

2γ̄q2 γSC

)]L−1

×
[ (1

2
)

K

(K!)2 (K +1)

(
γSC(1−q4)

2γ̄q2

)K

+

(1
2
)

K+1

(K +1!)2 (K +2)

(
γSC(1−q4)

2γ̄q2

)K+1
+ . . . .+∞

]L−1
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×
[ (1

2
)

K

(K!)2

(
γSC(1−q4)

2γ̄q2

)K

+

(1
2
)

K+1

(K +1!)2

(
γSC(1−q4)

2γ̄q2

)K+1
+ . . .+∞

]

. (A.49)

After some algebraic manipulations Equation A.49 can be simplified to

EK ≤
LqL−2(1+q2)

[(1
2
)

K

]L

2γ̄(K +1)L−1 (K!)2L e
− (1+q2)

2γ̄q2 γSC

[
γSC(1−q4)

2γ̄q2

]LK

1F1

(

K +1,K +2,−1+q2

2γ̄q2 γSC

)L−1

×
[

γSC(1+q2)

2γ̄q2

]L−1

3F3






1 1
2 +K K +1 γSC(1−q4)

2γ̄q2

K +1 K +1 K +2






L−1

×2F2






1 1
2 +K γSC(1−q4)

2γ̄q2

K +1 K +1




 . (A.50)

A.10.2 Equation 3.28

The error in truncating Equation 3.28 can be given as

ẼKout =

(
1+q2

2γ̄Nq

)L ∞

∑
k=K

(
L
2
)

k

(L+ k)!k!

(
1−q4

2γ̄Nq2

)k

1F1

(

L+ k;L+ k +1;−1+q2

2γ̄Nq2

)

. (A.51)

The hypergeometric function involved in Equation A.51 which is in the form of 1F1(r;1 + r;−z),

where r = L+k and z = 1+q2

2γ̄Nq2 can be shown to be monotonically decreasing over all positive values

of r and z. Thus, Equation A.51 can be upper bounded by

EKout ≤
(

1+q2

2γ̄Nq

)L

1F1

(

L+K;L+K +1;−1+q2

2γ̄Nq2

) ∞

∑
k=K

(
L
2
)

k

k!(L+ k)!

(
1−q4

2γ̄Nq2

)k

. (A.52)

After some algebraic manipulation Equation A.52 can shown to be

ẼKout ≤
(

1+q2

2γ̄Nq

)L

1F1

(

L+K;L+K +1;−1+q2

2γ̄Nq2

) (L
2
)

K

K!(L+K)!

×
(

1−q4

2γ̄Nq2

)K

2F2






1 L
2 +K 1−q4

2γ̄Nq2

K +1 L+K +1




 . (A.53)

148TH-985_0761210



Appendix A

A.10.3 Equation 3.34

Similarly, error on the truncation of Equation 3.34 for coherent ABER can be expressed as

ẼKABER =

√

aγ̄
2π(1+q2)

qL+1λL+ 1
2

Γ(L)

∞

∑
k=K

(
L
2
)

k Γ(L+ k + 1
2)

k!(L+ k)(L)k

(
λ(1−q2)

)k

×2F1

(

1,L+ k +
1
2;L+ k +1;λ

)

, (A.54)

where λ ∆
= 1+q2

1+q2+2aq2 γ̄ . The hypergeometric function involved in Equation A.54 can be shown to be

monotonically decreasing over all values of k, hence error can be upper bounded as

ẼKABER ≤
√

aγ̄
2π(1+q2)

qL+1λL+ 1
2

Γ(L)
2F1

(

1,L+K +
1
2;L+K +1;λ

) ∞

∑
k=K

Γ(L+ k + 1
2)
(L

2
)

k

k!(L+ k)(L)k

×
[
λ(1−q2)

]k
. (A.55)

After some algebraic manipulation, the infinite expression given in Equation A.55 can be expressed

in terms of generalized hypergeometric function. The final expression for the upper bound on error

can be given as

ẼKABER ≤
√

aγ̄
2π(1+q2)

qL+1λL+ 1
2
(

L
2
)

K Γ
(
L+K + 1

2
)

K!(L+K)!

×
[
λ(1−q2)

]K
2F1

(

1,L+K +
1
2;L+K +1;λ

)

×3F2






1 L
2 +K L+K + 1

2 λ(1−q2)

K +1 L+K +1




 . (A.56)

A.10.4 Equation 3.78

Since the expression of output SNR contains infinite series we have obtained an expression for upper

bound on truncation error considering a finite K terms in the evaluation of infinite series present in

Equation 3.78. After some algebraic manipulation the expression due to the truncation of infinite
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series can be written as

EK =
ζ2

1(1−ρ2)

q2

∞

∑
k1=K

∞

∑
k2=K

∞

∑
k3=K

∞

∑
k4=K

ρ2λ12ζλ12+λ14
1 B

(
k1 + k3 + 1

2 ,k2 + 1
2
)

{
4
∏
i=1

ki!
}

Γ2(1/2)Γ2(k2 +1/2)

×B

(

k1 + k4 +
1
2 ,k2 +

1
2

)

γλ12+λ14+1
sc e

− 2ζ1
q2 γsc

(
1−q2

q2

)λ34






1F1
(

1;λ12 + k4 +2; ζ1
q2 γsc

)

λ12 + k4 +1

+
1F1
(

1;λ13 +2; ζ1
q2 γsc

)

λ13 +1






. (A.57)

Modifying above expression using [5, 13.1.27] we can write

EK =
ζ2

1(1−ρ2)

q2

∞

∑
k1=K

∞

∑
k2=K

∞

∑
k3=K

∞

∑
k4=K

ρ2λ12ζλ12+λ14
1 B

(
k1 + k3 + 1

2 ,k2 + 1
2
)

{
4
∏
i=1

ki!
}

Γ2(1/2)Γ2(k2 +1/2)

×B

(

k1 + k4 +
1
2 ,k2 +

1
2

)

γλ12+λ14+1
sc e

− ζ1
q2 γsc

(
1−q2

q2

)λ34

×







1F1
(

λ12 + k4 +1;λ12 + k4 +2;−ζ1
q2 γsc

)

λ12 + k4 +1 +
1F1
(

λ13 +1;λ13 +2;−ζ1
q2 γsc

)

λ13 +1






.(A.58)

The term

B
(
k1 + k3 + 1

2 ,k2 + 1
2
)
, B

(
k1 + k4 + 1

2 ,k2 + 1
2
)

and






1F1
(

λ12 + k4 +1;λ12 + k4 +2;−ζ1
q2 γsc

)

λ12 + k4 +1 +
1F1
(

λ13 +1;λ13 +2;−ζ1
q2 γsc

)

λ13 +1







are monotonically decreasing with positive values of ki (i = 1,2,3,4). Hence an upper bound on

truncation error can be written as

E ≤ ζ2
1(1−ρ2)γsc

q2Γ2(1/2)







1F1
(

3K+;3K +2;−ζ1
q2 γsc

)

3K +1 +
1F1
(

3K +1;3K +2;−ζ1
q2 γsc

)

3K +1







×B
(
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2 ,K + 1
2
)

B
(
2K + 1

2 ,K + 1
2
)

e
− ζ1

q2 γsc
∞

∑
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(ρζ1γsc)
2k1

k1!

∞

∑
k2=K

(ρζ1γsc)
2k2

k2!Γ2(k2 +1/2)

×
∞

∑
k3=K

1
k3!

(
1−q2

q2 ζ1γsc

)k3 ∞

∑
k4=K

1
k4!

(
1−q2

q2 ζ1γsc

)k4

. (A.59)
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Finally arranging the series in terms of hypergeometric function an expression of upper bound on

truncation error can be given as

E ≤
2ζ2

1(1−ρ2)B2 (2K + 1
2 ,K + 1

2
)
(ρζ1γsc)

4K
1F1
(

3K +1;3K +2;−ζ1
q2 γsc

)

(K!)4Γ2(K +1/2)q2Γ2(1/2)(3K +1)
γsce

− ζ1
q2 γsc

×
(

(1−q2)ζ1γsc

q2

)2K

1F1






1 (ρζ1γsc)
2

K +1




1F1






1 1−q2

q2 ζ1γsc

K +1






2

×1F3






1 (ρζ1γsc)
2

K +1 K + .5 K + .5




 . (A.60)

A.10.5 Equation 3.113

Expressing the incomplete gamma function in terms of confluent hypergeometric function (using [5,

(6.5.12)]), Equation 3.113 can be rewritten as

Pout(γth) =
q2Lτ

Γ(2Lτ)

∞

∑
t=0

(Lτ)t (1−q2)t(ςγth)
2Lτ+te−ςγth

t!(2Lτ)t (2Lτ+ t) 1F1(1;1+2Lτ+ t;ςγth). (A.61)

Considering K number of terms in the evaluation of infinite series, the error can be expressed as

EKout =
(qςγth)

2Lτe−ςγth

Γ(2Lτ)

∞

∑
t=K

(Lτ)t (ςγth(1−q2))t

t!(2Lτ)t (2Lτ+ t) 1F1(1;2Lτ+ t +1;ςγth). (A.62)

Using [5, 13.1.27] an expression for the upper bound on truncation error can be written as

EKout =
(qςγth)

2Lτ

Γ(2Lτ)

∞

∑
t=K

(Lτ)t (ςγth(1−q2))t

t!(2Lτ)t (2Lτ+ t) 1F1(2Lτ+ t;2Lτ+ t +1;−ςγth). (A.63)

The hypergeometric function involved in Equation A.62 can be shown to be monotonically decreas-

ing over all positive values of (2Lτ+ t). Thus, Equation A.62 can be upper bounded as

EKout ≤ q2Lτ(ςγth)
2Lτ+K(1−q2)K (Lτ)K

K!(2Lτ+K)Γ(2Lτ)(2Lτ)K
1F1(2Lτ+K;1+2Lτ+K;−ςγth)

×
∞

∑
t=K

(Lτ)t

[
ςγth(1−q2)

]t

t!(2Lτ+ t)(2Lτ)t
. (A.64)
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After some algebraic manipulation the above expression can be shown to be

EKout ≤ q2Lτ(ςγth)
2Lτ+K(1−q2)K (Lτ)K

K!(2Lτ+K)Γ(2Lτ)(2Lτ)K
1F1(2Lτ+K;1+2Lτ+K;−ςγth)

×2F2






1 Lτ+K ςγth(1−q2)

K +1 2Lτ+K +1




 . (A.65)

A.10.6 Equation 3.118

From Equation 3.118, the truncation error of ASER can be written as

EKASER =
a
2

√

b
π(b+ ς)

[
qς

a+ ς

]2Lτ ∞

∑
t=K

(Lτ)t (2Lτ+ t)1
2

t!(2Lτ+ t)

[
ς(1−q2)

b+ ς

]t

×2F1

(

1,2Lτ+ t +
1
2

;2Lτ+ t +1; ς
b+ ς

)

. (A.66)

The hypergeometric function involved in Equation 3.118 can be shown to be monotonically decreas-

ing, hence the error can be upper bounded as

EKASER ≤ a
2K!(2Lτ+K)

√

b
π(b+ ς)

[
q

a+ ς

]2Lτ

2F1

(

1,2Lτ+K +
1
2;2Lτ+K +1; ς

b+ ς

)

×ς2Lτ+K (Lτ)K (2Lτ+K)1
2

[
1−q2

b+ ς

]K ∞

∑
t=K

(Lτ)t (2Lτ+ t)1
2

t!(2Lτ+ t)

[
ς(1−q2)

b+ ς

]t

. (A.67)

After some algebraic manipulation the above expression can be shown to be

EKASER ≤ a
2K!φ!

√

b
π

[
q

a+ ς

]2Lτ (Lτ)K Γ
(
φ+ 1

2
)

ς2Lτ+K
(
1−q2)K

(b+ ς)K+
1
2

2F1

(

1,φ+
1
2

;φ+1; ς
b+ ς

)

×3F2






1 φ+ 1
2 Lτ+K ς(1−q2)

b+ς

K +1 φ+1




 , (A.68)

where φ ∆
= 2Lτ+K.
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A.10.7 Equation 4.28

The mathematical expressions obtained for the PDF of output SNR γmrc Equation 4.28 is in the

form of an infinite series. An expression for upper bound of error on for the PDF of output SNR

considering a finite number (K) of terms in the infinite series, following an approach in [55] can be

given as

EK =

[
(1−ρ)

(1+(L−1)ρ)

]2µ [ µ(1+η)

γ̄(1−ρ)
√

η

]2Lµ ∞

∑
t1=K

∞

∑
t2=K

(µ)t1
(µ)t2

γ2Lµ+t1+t2−1
mrc e

− µ(1+η)
γ̄(1−ρ)

γmrc

t1!t2!ηt1Γ(2Lµ+ t1 + t2)

×
[

Lρµ(1+η)

γ̄(1−ρ)(1+(L−1)ρ)

]t1+t2

1F1

(

Lµ+ t1;2Lµ+ t1 + t2; µ(η2 −1)

η(1−ρ)γ̄
γmrc

)

. (A.69)

After some algebraic manipulation the expression can also be written as

EK =

[
(1−ρ)

(1+(L−1)ρ)

]2µ [ µ(1+η)

γ̄(1−ρ)
√

η

]2Lµ γ2Lµ−1
mrc e

− µ(1+η)
γ̄(1−ρ)

γmrc

Γ2(µ)

∞

∑
t1=K

∞

∑
t2=K

×Γ(µ+ t1)Γ(µ+ t2)B(Lµ+ t1,Lµ+ t2)
t1!t2!Γ(Lµ+ t1)Γ(Lµ+ t2)ηt1

[
Lρµ(1+η)γmrc

γ̄(1−ρ)(1+(L−1)ρ)

]t1+t2

×1F1

(

Lµ+ t1;2Lµ+ t1 + t2; µ(η2 −1)

η(1−ρ)γ̄
γmrc

)

. (A.70)

Even for moderate average input SNR it can be shown that µ(η2−1)
η(1−ρ)γ̄γmrc ≤ 1 for which it can be shown

that the value of confluent hypergeometric function monotonically decreasing over all positive values

of t1 and t2, hence an expression for upper bound on truncation can be written as

EK ≤
[

(1−ρ)

(1+(L−1)ρ)

]2µ [ µ(1+η)

γ̄(1−ρ)
√

η

]2Lµ γ2Lµ−1
mrc e

− µ(1+η)
γ̄(1−ρ) γmrcB(Lµ+K,Lµ+K)

Γ2(µ)

1F1

(

Lµ+K;2Lµ+2K; µ(η2 −1)

η(1−ρ)γ̄
γmrc

) ∞

∑
t1=K

Γ(µ+ t1)
t1!Γ(Lµ+ t1)

[
Lρµ(1+η)γmrc

ηγ̄(1−ρ)(1+(L−1)ρ)

]t1

×
∞

∑
t2=K

Γ(µ+ t2)
t2!Γ(Lµ+ t2)

[
Lρµ(1+η)γmrc

γ̄(1−ρ)(1+(L−1)ρ)

]t2

. (A.71)
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Writing the series in terms of hypergeometric functions an expression of truncation on upper bound

can be given as

EK ≤ Γ2 (µ+K)γ2Lµ−1
mrc e

− µ(1+η)
γ̄(1−ρ)

γmrcℑ2δ(1−ρ)2µ

Γ(2δ)(Lργmrc)−2KK!2Γ2(µ)ηδ 1F1

(

δ;2δ; µ(η2 −1)

η(1−ρ)γ̄
γmrc

)

×2F2






1 µ+K Lργmrcℑ
η

K +1 δ




2F2






1 µ+K Lργmrcℑ

K +1 δ




 , (A.72)

where δ ∆
= Lµ+K and ℑ ∆

=
µ(1+η)

γ̄(1−ρ)(1+(L−1)ρ) .
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List of Formulas

1.

g(a,x) = a−1xae−xM(1,1+a,x)

= a−1xaM(a,1+a,−x) (B.1)

2.

∂g(a,x)
∂x

= −∂Γ(a,x)
∂x

= xa−1e−x (B.2)

3.

Iv(z) =
( z

2

)v ∞

∑
k=0

(
z2/2

)k

k!Γ(v+ k +1)
(B.3)

4.

M(a,b,z) = ezM(b−a,b,−z) (B.4)

5.

(a+ x)n =
n

∑
k=0






n

k




xkan−k (B.5)
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6.
u

Z

0

xv−1e−µxdx = µ−vg(v,µu) [Rev > 0] (B.6)

7.
u

Z

0

xv−1(u− x)µ−1eβxdx =B(µ,v)uu+v−1
1F1 (v,µ+ v;βu) [Reµ > 0,Rev > 0]. (B.7)

8.
∞

Z

−∞

(β+ ix)−µ(γ+ ix)−ve−ipxdx =0 f or p > 0;

=
2πe−γp(−p)µ+v−1

Γ(µ+ v) 1F1 (µ;µ+ v;(β− γ)p) f or p < 0;

[Reβ > 0,Reγ > 0,Re(µ+ v) > 1] (B.8)

9.
∞

Z

0

xµ−1e−βxg(v,αx)dx =
αvΓ(µ+ v)

v(α+β)µ+v 2F1

(

1,µ+ v;v+1; α
α+β

)

[Re(α+β) > 0,Reβ > 0,Re(µ+ v) > 0]. (B.9)

10.
∞

Z

0

e−sttb−1
1F1 (a,c,kt)dt = Γ(b)s−bF(a,b;c;ks−1) [|s|> |k|]

= Γ(b)(s− k)−bF

(

c−a,b;c; k
k− s

)

[|s− k| > |k|]

[Reb > 0,ReS > max(0,Rek)] (B.10)

11.

pFq(α1,α2, . . . ,αp;β1,β2, . . . ,βq;z) =
∞

∑
k=0

(α1)k(α2)k . . .(αp)k

(β1)k(β2)k . . .
(
βq
)

kk!
zk (B.11)
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12.

2F1 (a,b;b;z) = (1− z)−a (B.12)

13.
∞

Z

0

xs−1e−βxΓ(a,x)dx =
Γ(s+a)2F1

(

1,s+a;s+1; β
1+β

)

s(1+β)s+a ,Re(β),Re(s) > 0 (B.13)

14.

Q(
√

2ax) =
1

2
√

π
Γ
(1

2 ,ax
)

(B.14)

15.
∞

Z

0

xv−1e−bx
n

∏
k=1

1F1 (ak;bk;ckx)dx

= b−vΓ(v)FA

(

v;a1, . . . ,an;b1, . . . ,bn; c1
b

, . . . ,
cn

b

)

[
bk > 0,v > 0,∑ck < b

]
. (B.15)

16.

FA (α;β1, . . . ,βn;γ1, . . . ,γn;z1, . . . ,zn) =
∞

∑
m1=0

∞

∑
m2=0

. . .
∞

∑
mn=0

(α)m1+...+mn
(β)m1

. . .(β)mn

(γ)m1
. . .(γ)mn

m1! . . .mn!
×zm1

1 . . .zmn
n (B.16)

17.

Iv(z) =
zv

2vezΓ(v+1)
1F1
(
v+ 1

2 ;2v+1;2z
)

(B.17)

18.

p(x) =
1
c

xkλ−1 exp
[ −kx

θ(1−ρ)

]

1F1

(

λ,kλ,
ρk2x

θ(1−ρ)(1−ρ+ρk)

)

, (B.18)

where, c = (θ/k)λk (1−ρ)λ(k−1) (1−ρ+ρk)λ Γ(λk)
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[13] G. Fraidenraich, O. Lévêque, and J.M. Cioffi. On the MIMO channel capacity for the dual and asymp-

totic cases over Hoyt channels. IEEE Commun. Lett., 11(1):31–33, Jan. 2007.

[14] M.D. Yacoub. The κ− µ distribution and the η− µ distribution. Antennas and Propagation Magazine,

IEEE, 49(1):68–81, Feb. 2007.

[15] M.D. Yacoub. The η−µ distribution: a general fading distribution. In IEEE VTS-Fall VTC 2000. 52nd,

volume 2, pages 872–877, 2000.

[16] M.D. Yacoub. The κ−µ distribution: a general fading distribution. In Vehicular Technology Conference,

2001. VTC 2001 Fall. IEEE VTS 54th, volume 3, pages 1427–1431, 2001.

[17] A. Baid, H. Fadnavis, and P. R. Sahu. Performance of a predetection EGC receiver in Hoyt fading

channels for arbitrary number of branches. IEEE Commun. Lett., 12(9):627–629, Sep. 2008.

[18] R.M. Radaydeh and M.M. Matalgah. Average BER analysis for M -ary FSK signals in Nakagami-q

(Hoyt) fading with noncoherent diversity combining. IEEE Trans. Veh. Technol., 57(4):2257–2267, Jul.

2008.

[19] R. M. Radaydeh. Average error performance of M-ary modulation schemes in Nakagami-q (Hoyt) fading

channels. IEEE Commun. Lett., 11(3):255–257, Mar. 2007.

159TH-985_0761210



Bibliography

[20] I. Korn and J. P. Fonseka. M-CPM with MRC diversity in Rician-, Hoyt-, and Nakagami-fading chan-

nels. IEEE Trans. Veh. Technol., 50:1182–1189, Jul. 2001.

[21] T. Q. Duong, H. Shin, and E. K. Hong. Error probability of binary and M-ary signals with spatial

diversity in Nakagami-q (Hoyt) fading channels. Eurasip Journal on Wireless Commun. and Networking,

4:1–8, Oct. 2007.

[22] J. Cheng and T. Berger. Capacity of Nakagami-q (Hoyt) fading channels with channel side information.

In Communication Technology Proceedings, 2003. ICCT 2003. International Conference on, volume 2,

pages 1915–1918, Apr. 2003.

[23] S. Khatalin and J. P. Fonseka. On the channel capacity in Rician and Hoyt fading environments with

MRC diversity. IEEE Trans. Veh. Technol., 55:137–141, Jan. 2006.

[24] G. A. Ropokis, A. A. Rontogiannis, and P. T. Mathiopoulos. Performance analysis of orthogonal space

time block coding over Hoyt fading channels. In Proc. Globecom 2007, pages 3416 – 3420, Nov. 2007.

[25] G. A. Ropokis, A. A. Rontogiannis, and P. T. Mathiopoulos. Quadratic forms in normal RVs: theory and

applications to OSTBC over Hoyt fading channels. IEEE Trans. Wireless Commun., pages 5009–5019,

Dec. 2008.

[26] X. Feng, Y. Dian-Wu, and Q. F. Zhou. Performance analysis of orthogonal space-time block codes over

Nakagami-q (Hoyt) fading channels. In IEEE ICC 2008, pages 3966–3970, May. 2008.

[27] Young-Chai Ko, M.-S. Alouini, and M.K. Simon. Average SNR of dual selection combining over

correlated Nakagami-m fading channels. IEEE Commun. Lett., 4(1):12–14, Jan. 2000.

160TH-985_0761210



Bibliography

[28] N.C. Sagias, G.K. Karagiannidis, D.A. Zogas, P.T. Mathiopoulos, and G.S. Tombras. Performance

analysis of dual selection diversity in correlated Weibull fading channels. IEEE Trans. Commun.,

52(7):1063–1067, Jul. 2004.

[29] Y. Chen and C. Tellambura. Distribution functions of selection combiner output in equally correlated

Rayleigh, Rician, and Nakagami-m fading channels. IEEE Trans. Commun., 52(11):1948–1956, Nov.

2004.

[30] Yunxia Chen and C. Tellambura. Performance analysis of three-branch selection combining over arbi-

trarily correlated Rayleigh-fading channels. IEEE Trans. Wireless Commun., 4(3):861–865, May. 2005.

[31] J. Reig, L. Rubio, and V. M. Rodrigo Pe narrocha. Performance of dual selection combiners over

correlated Nakagami-m fading with different fading parameters. IEEE Trans. Commun., 54(9):1527–

1532, Sep. 2006.

[32] G. Fraidenraich, J.C.S. Santos Filho, and M.D. Yacoub. Second-order statistics of maximal-ratio and

equal-gain combining in Hoyt fading. IEEE Commun. Lett., 9(1):19–21, Jan. 2005.

[33] N. Youssef, W. Elbahri, M. Patzold, and S. Elasmi. On the crossing statistics of phase processes and

random FM noise in Nakagami-q mobile fading channels. IEEE Trans. Wireless Commun., 4(1):24 –

29, Jan. 2005.

[34] G. Fraidenraich, M.D. Yacoub, J.R. Mendes, and J.C.S.S. Filho. Second-order statistics for diversity-

combining of non-identical correlated Hoyt signals. IEEE Trans. Commun., 56(2):183–185, Feb. 2008.

[35] R. de Souza and M.D. Yacoub. Bivariate Nakagami-q (Hoyt) distribution. In Communications, 2009.

ICC ’09. IEEE International Conference on, pages 1–5, Jun. 2009.

161TH-985_0761210



Bibliography

[36] R.A.A. de Souza and M.D. Yacoub. Maximal-ratio and equal-gain combining in Hoyt (Nakagami-q)

fading. In Vehicular Technology Conference, 2009. VTC Spring 2009. IEEE 69th, pages 1–5, Apr. 2009.

[37] M. S. Alouini, Ali Abdi, and Mostafa Kaveh. Sum of gamma variates and performance of wireless

communication systems over Nakagami fading channels. IEEE Trans. Veh. Technol., 50(6):1471–1480,

Nov. 2001.

[38] Kasun T. Hemachandra and Norman C. Beaulieu. Simple expressions for the SER of dual MRC in

correlated Nakagami-q (Hoyt) fading. IEEE Commun. Lett., 14(8):743–745, Aug. 2010.

[39] M. Milisic, M. Hamza, and M. Hadzialic. Outage and symbol error probability performance of L-branch

maximal-ratio combiner for generalized κ−µ fading. In 50th International Symposium ELMAR, Zadar,

Croatia, pages 10–12, Sep. 2008.

[40] M. Milisic, M. Hamza, N. Behlilovic, and M. Hadzialic. Symbol error probability performance of L-

branch maximal-ratio combiner for generalized η−µ fading. In IEEE VTC Conf. 2009, pages 1–5, Apr.

2009.

[41] K. Peppas, F. Lazarakis, A. Alexandridis, and K. Dangakis. Error performance of digital modulation

schemes with MRC diversity reception over η− µ fading channels. IEEE Trans. Wireless Commun.,

8(10):4974 –4980, Oct. 2009.

[42] D.B. da Costa, M.D. Yacoub, and G. Fraidenraich. Second-order statistics for the envelope and phase

of η− µ generalized fading channels. In Telecommunications Symposium, 2006 International, pages

923–928, Sep. 2006.

162TH-985_0761210



Bibliography

[43] D.B. da Costa and M.D. Yacoub. On the second order statistics of η− µ fading channels in diversity

systems. In Microwave and Optoelectronics Conference, 2007. IMOC 2007. SBMO/IEEE MTT-S Inter-

national, pages 799–803, Nov. 2007.

[44] D.B. da Costa, J.C. Silveira Santos Filho, M.D. Yacoub, and G. Fraidenraich. Second-order statistics

of η−µ fading channels: theory and applications. IEEE Trans. Wireless Commun., 7(3):819–824, Mar.

2008.

[45] D. B. da Costa and M. D. Yacoub. Accurate closed-form approximations to the sum of generalized ran-

dom variables and applications in the performance analysis of diversity systems. IEEE Trans. Commun.,

57(5):1271–1274, may. 2009.

[46] N.Y. Ermolova. Useful integrals for performance evaluation of communication systems in generalised

η−µ and κ−µ fading channels. IET Commun., 3(2):303 –308, Feb. 2009.

[47] N. Ermolova. Moment generating functions of the generalized η− µ and κ− µ distributions and their

applications to performance evaluations of communication systems. IEEE Commun. Lett., 12(7):502

–504, Jul. 2008.
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