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Abstract

This thesis addresses three research problems based on quantum light propaga-
tion and generation, suitable for advanced integrated photonics. We have chosen the
quantum dots(QDs) as a quantum emitter platform to observe the light-matter inter-
action. The properties of the QD also satisfy various requirements, such as robust
fabrication, tiny footprint, and low power consumption for scalable quantum photonic
circuits required for quantum computation and information.

In Chapter 1, we present the basic theories, elementary concepts, and fundamental
definitions of various topics required for the thesis work. We start with the classical
and quantum descriptions of the electromagnetic radiation. Then, we discuss the
concept of artificial atoms and quantum dots and their quantized energy levels, which
are similar to those of atoms. The radiation-matter and electron-phonon interaction
Hamiltonian is derived from the fundamental principle. To study any interacting
quantum systems, the density matrix formalism is introduced and discussed for a
two-level system. We also describe the pulse propagation equation inside a medium
derived from the Maxwell equations. Further, we thoroughly analyze the four-wave
mixing process and associated nonlinear optical effects. Additionally, we display the
definition of the vector beams in terms of Laguerre-Gaussian(LG) modes. After that,
the full quantum theory of radiation-matter interaction describes the quantum theory
of laser and rate equation. Finally, we introduce the concept of quantum entanglement
and the Duan-Giedke-Cirac-Zoller (DGCZ) criterion.

In Chapter 2, we demonstrate the self-induced transparency (SIT) in an inhomo-
geneously broadened semiconductor QD medium at ultra-low temperatures. In the
SIT process, an optical pulse can propagate through the two-level absorbing medium
without experiencing any deformation in its pulse shape. Selecting the high biexciton
binding energy, we make an effective two-level QD system with additional phonon in-
teraction corresponding to the crystal vibration. Our calculation relies on the recently
developed Polaron master equation, which includes all orders of phonon interaction.
We search for suitable input pulse parameters by analyzing the phonon-induced de-
cay rates, temperature-dependent pulse area, excited state population, and medium
susceptibility. We discuss the SIT process by observing the spatiotemporal varia-
tion of the input pulse in terms of peak intensity and broadening. We illustrate the
effect of various system and bath parameters on the SIT dynamics, such as inhomoge-
nous broadening, environment temperature, and electron-phonon coupling strength.
We also examine the higher input pulse area and pulse breakup phenomena in this
scheme.

In Chapter 3, we propose a simple model for arbitrary vector beam (VB) generation
in a thin QD medium. The medium has four energy levels in a diamond configuration
with alternating left and right circularly polarized transitions. We apply a weak probe
field and two relatively strong control orbital angular momentum (OAM) carrying
fields to the three consecutive transitions started with left circular polarisation. In
this scenario, a four-wave mixing (FWM) field generation is possible with transferred
OAM in the presence of the medium’s third-order nonlinearity. We study the applied
probe field and generated field intensity along the propagation length. A comparison of
these two orthogonally polarised components reveals the suitable propagation distance
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for lemon vector beam generation. Next, we discuss the various full Poincare and
cylindrical VB generations by plotting the intensity and polarisation in a transverse
plane with the help of Stokes parameters. During the VB generation process, we show
the additional polarisation rotation control as a function of the relative control field
phase. In the end, we explore the effect of phonon bath temperatures on the VB
generation process.

In Chapter 4, we address the feasibility of nondegenerate two-photon lasing and
two-mode entanglement in a single QD placed inside a two-mode microcavity. The
two cavity modes are coupled to the vertically polarised transitions from biexciton to
ground states. Subsequently, the other two horizontally polarised transitions from the
ground state to the biexciton state are considered for optical pumping to achieve pop-
ulation inversion in the system. We inspect the results regarding the QD population
and cavity parameters for incoherent and coherent pumping. For incoherent pumping,
we display the variation of the earlier-mentioned parameters as a function of both
detuning and pumping rates. We compare single- and two-photon emission rates for
two different temperatures. We follow a similar analysis except for the pumping rate
variation for coherent pumping. To explain the coherent pumping result, we introduce
the dressed state analysis for coherent light-matter interaction. We also mentioned
the possibility of two-mode entanglement generation under two-photon pumping con-
ditions. We find a specific parameter range for nondegenerate two-photon lasing and
two-mode entanglements.

In Chapter 5, we make an overall conclusion of the whole thesis. Then, we also
mentioned some of our unfinished ongoing work and potential future plans.
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generating an FWM field ΩR. On the right-hand side, ΩL represented by
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3.2 The intensity distribution of the applied left circular and generated right
circular polarised field along the x-axis and its variation with the propa-
gation distance zη/γn. a) Applied field intensity variation as a function
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4.1 The schematic energy level diagram for the QD-cavity model. Left solid
blue arrows indicating incoherent (coherent) pumping from |g⟩ → |u⟩
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effective detunings for the first and second cavity modes. . . . . . . . . 77

TH-3530_176121009



xxii List of Figures
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relation function g

(2)
12 (0) has a minimum around η = 0.5g and other

correlation function values near unity, indicating a good condition for
the two-photon QD laser generation. . . . . . . . . . . . . . . . . . . . 85

4.6 First mode single-photon emission rate(SPE1, red solid), Second mode
single-photon emission rate(SPE2, green dash) and two-photon stim-
ulated emission rate(TPE, blue dash dot) dependency on incoherent
pumping rate using ∆1 = 5g1, η1 = η2 = η for a)T=5K and b) T=20K
with all other parameters same as Fig. 4.2. In subplot (a) at low-
temperature T = 5K, the two-photon emission dominates the single-
photon emission for both modes. This is because the phonon contribu-
tion to the system is much less. In subplot (b) at higher temperature T
= 20K, the system reacts oppositely as the single photon emission dom-
inates over the two-photon correlated emission. The high-temperature
scenario allows the light emission through the virtual phonon sideband
to achieve single photon emission. . . . . . . . . . . . . . . . . . . . . . 87

4.7 The steady-state populations in the various quantum dot energy states
|u⟩(blue short dash), |x⟩(red solid), |y⟩(black short dash-dot), |g⟩(green
long dash) plotted against first cavity mode detuning ∆1 for phonon
bath temperature T=5K. Other parameters are same as Fig. 4.2 except
∆p = 0 and Ω1 = Ω2 = 2g. For the coherent pumping case, the biexciton
state population (blue dashed line) remains in high value compared to
all other populations similar to the incoherent pumping case. However,
now we see two different minima around the ∆1 = 5g, which can be
explained by the dressed state picture of the QD for coherent pumping.
The mentioned minimum indicates the two-photon emission is possible
for two different detunings as the ρuu decreases and the ρgg increases. . 88

4.8 The strong field coupled with the |g⟩ ↔ |x⟩ transition produces dressed
states |±⟩ with frequency separation 2Ω1. These dressed states facili-
tate phonon-assisted pumping to the biexciton state, indicated by black
dotted lines. Subsequently, two different values of ∆1 can be obtained,
satisfying the two-photon resonance condition, as illustrated by red and
blue dotted lines. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

TH-3530_176121009



xxiv List of Figures

4.9 The variation of a) average photon number ⟨n1⟩(blue solid), ⟨n2⟩(red
dash), b) Fano factors F1(green solid), F2(orange dash), and c) Second
order correlation g

(2)
1 (0)(cyan solid), g(2)2 (0)(pink dash), g(2)12 (0)( brown

dash dot) with respect to ∆1 at a phonon bath temperature T=5K.
All other parameters are the same as Fig. 4.7. The new feature of
the coherent pumping case is that all the cavity parameters show two-
photon lasing at two different detuning values, which gives us more
options for the chosen parameters. All other behaviors are almost the
same as incoherent pumping. . . . . . . . . . . . . . . . . . . . . . . . . 90

4.10 The figure illustrates the single-photon emission rate of the first (SPE1,
red solid) and second mode (SPE2, green dash), as well as the two-mode
two-photon stimulated emission rate (TPE, blue dash-dot) versus the
first mode detuning ∆1 by considering Ω1 = Ω2 = 2g1, for a)T=5K and
b) T=20K with all other parameters same as Fig. 4.7. From sub-figure
(a), we understand that the single photon emission is dominated over
two-photon emission near single photon resonance condition ∆1 = 0
oppositely, two-photon emission dominated near the two-photon reso-
nance condition ∆1 = −5g. We notice that for ∆1 = −∆2−Ω1 the single
photon emission becomes almost zero, but the two-photon emission is
prominent, which is favorable for the two-photon laser generation. For
higher temperatures, sub-figure (b) is not favorable for laser generation
as single photon emission dominates due to the phonon-assisted process. 91

4.11 The two-photon resonantly pumped steady-state populations variation
with ∆1 in quantum dot energy states |u⟩(blue short dash), |x⟩(red
solid), |y⟩(black short dash-dot), |g⟩(green long dash) for same param-
eters as Fig. 4.7 except ∆p = 7g. In the case of the two-photon pump-
ing process, the biexciton state |u⟩ and ground state |g⟩ get populated
equally without populating the intermediate state |x⟩ because of the
large detuning ∆p = 7g. The system also shows no population inver-
sion, as the populations are almost similar. The intermediate states |x⟩
and |y⟩ remain less populated as the population mainly revolves around
|u⟩ and |g⟩. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

4.12 The graph displays the variation of a) average photon number ⟨n1⟩(blue
solid), ⟨n2⟩(red dash) b) Fano factors F1(green solid), F2(orange dash) c)
second order correlations g(2)1 (0)(cyan solid), g(2)2 (0)(pink dash), g(2)12 (0)(
brown dash-dot) as a function of ∆1 for same parameters as Fig. 4.9
except ∆p = 7g. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

4.13 The total variance of an EPR-like variable pair plotted with first mode
single photon detuning ∆1 for different bath temperatures. The Black
dotted line indicates the margin for entanglement phenomenon accord-
ing to the DGCZ criterion. All the parameters are the same as Fig.
4.11 except ϕ1 = ϕ2 = −0.5 with coherent pumping Rabi frequencies
a)Ω1 = Ω2 = 0.5g and b)Ω1 = Ω2 = 2g. This figure concludes that
the low pumping rate and low temperatures are optimal for two-mode
continuous variable entanglement generation. . . . . . . . . . . . . . . 94

TH-3530_176121009



Chapter 1
Introduction

Light has been wondering humanity from ancient to modern times. Various natu-
ral optical phenomena attract ancient philosophers, artists, mathematicians, and as-
tronomers such as Euclid, Ptolemy, Ibn Sahl, and Ibn al-Haytham. Their contribution
leads to a better understanding of light’s reflection, refraction, and transmission with
other optical elements such as curved mirrors and lenses[1, 2]. In early modern times,
Kepler discovered the presence of atmospheric refraction during the study of both lunar
and solar eclipses[3]. Later, Willebrord Snellius found the mathematical construction
of the refraction of light, popularly known as Snell’s Law[4]. Christiaan Huygens first
introduced the wave theory of light to understand the rectilinear propagation of light
and diffraction [5]. In the meantime, Newton demonstrated that a prism could decom-
pose white light into a broad spectrum of colors[6]. He also designed the Newton ring
experiment to produce a superior dispersionless telescope. Subsequently, he pioneered
predicting the corpuscular nature of the light [6]. Thomas Young has carried out fur-
ther development by introducing his double slit experiment to observe the interference
effect between two closely spaced secondary light sources [7]. Fraunhofer and Fresnel
carried out the concrete study and mathematical formalism of diffraction [8, 9]. In
the nineteenth century, Maxwell combined four different electric and magnetic equa-
tions to describe the properties of light, named Maxwell’s equations [10]. Maxwell’s
equation explains all the previously mentioned phenomena of light and, in general,
electromagnetic radiation. A few decades later, Max Planck introduced the concept of
quantized light or photon to explain blackbody radiation [11]. This foundation leads
to the beginning of modern quantum optics. In the twentieth century, Albert Einstein
used the concept of photons to explain the photoelectric effect and was awarded the
Nobel Prize in physics [12]. Willis Lamb adopted the new quantum treatment of light
and explained the radiative level shifts of atoms, commonly known as Lamb shifts
[13]. Weisskopf and Wigner predicted the exponential decay of the excited state by
analyzing the spontaneous emission and resonance fluorescence under the quantum
theory of light [14]. Optical coherence has been investigated in the context of stellar
interferometry by Hanbury Brown and Twiss [15, 16]. This experiment led to the def-
inition of first- and second-order correlation functions and various photon statistics.
The invention of the maser and laser provide a major breakthrough in the field of
optics [17, 18]. The quantum theory of laser was also developed under cavity quantum
electrodynamics [19].

In quantum optics, we mainly study the radiation-matter interaction. The matter
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2 Chapter 1. Introduction

always has discreet quantized energy levels. Depending on the classical or quantum
description of radiation, the analysis of the mentioned interaction is called “semiclas-
sical” or “fully quantum” theory. The semiclassical theory is mostly used to describe
the medium’s optical properties. At the same time, full quantum theory is benefi-
cial in investigating photon statistics, quantum correlation, and laser. The simplest
radiation-matter interaction model is a two-level atom interacting with the continuous
wave(CW) laser field. Such a system shows significant light absorption in the medium
under resonance conditions. McCall and Hahn discovered that an optical pulse can
propagate through the medium without changing intensity or shape at resonance con-
ditions. This phenomenon is popularly known as self-induced transparency (SIT) [20,
21]. Motivated by this work, we study SIT behavior in the quantum dot medium,
which offers an excellent advantage for making a quantum communication channel.
The system becomes more interesting when a three-level system interacts with two
light fields. In this consideration, lambda (Λ), vee(V ), and cascade (Ξ) are the three
main studied configurations. They exhibit several new quantum phenomena, such
as electromagnetically induced transparency (EIT) [22], coherent population trapping
(CPT) [23], lasing without inversion (LWI) [24], slow light [25], storage and retrival
of a light pulse [26]. In the EIT process, the medium becomes transparent for a weak
probe field by manipulating the medium susceptibility property depending on the con-
trol field parameters. Including more energy levels in the system offers higher-order
nonlinear susceptibility in the medium. This consideration opens up the scope for
multiple optical field matter interactions and nonlinear optics. Among all the multi-
level systems, N-type, diamond, and tripod configurations are the some widely used
four-level systems considered for light-matter interaction. These four-level systems
provide various new possibilities by playing with the multiple interacting electric field
parameters. Some of the prominently observed nonlinear optical processes are the
new harmonic generation [27], optical parametric amplification (OPA) [28], paramet-
ric down-conversion (PDC) [29], four-wave mixing (FWM) [30], self-phase modulation
(SPM) [31], and self-focusing [32]. Motivated by the FWM process in a four-level
diamond system, we have investigated the arbitrary vector beam generation in a QD.
The vector beams are generated by the vector superposition of two orthogonally po-
larised Laguerre-Gaussian modes. These modes are the solution of the paraxial wave
equation and can carry orbital angular momentum (OAM). Quantum light generation
always requires light-matter interaction in a closed environment, such as an optical
cavity resonator. Various low-mode volume and high-quality cavities such as toroidal,
micropillar, and photonic crystal cavities have been fabricated recently with advanced
nanotechnology. The efficient fabrication of artificial atoms also gained research inter-
est for scalable quantum emitters. Motivated by these findings, we have investigated
the feasibility of a nondegenerate two-photon laser in a single QD-cavity system. Such
lasers have tiny footprints and ultralow threshold power, which is suitable for future
quantum photonic circuits.

Outline of the thesis

In this thesis, we have investigated optical pulse propagation and various quantum
light generations in a QD medium. The thesis consists of five chapters.

In Chapter 1, we have presented the introduction of our final research work. This
chapter consists of the preliminary topic, definition, and basic theory. We started with
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1.1. Fundamentals of electromagnetic radiation 3

the classical and quantum theory of EM-field. Then, we introduce the concept of arti-
ficial atom, more precisely, quantum dot. Subsequently, we derived the mathematical
form of the radiation-matter and the electron-phonon interaction. Further, we have
studied the density matrix formalism to find the dynamics of a two-level quantum sys-
tem. We have also understood the light pulse propagation in a medium. Furthermore,
we have investigated the origin of four-wave mixing in a nonlinear medium. After
that, we defined the vector beam by using Laguerre-Gaussian modes. Finally, we will
mention the quantum theory of laser and quantum entanglement.

In Chapter 2, we will study the self-induced transparency in a quantum dot medium
at ultracold temperatures. We started with a brief introduction showcasing the liter-
ature survey and existing work on SIT. Next, we will establish the problem under the
phonon environment and discuss it in the model system section. In the result section,
we analyzed the various phonon-induced scattering rates and the pulse area theorem.
Further, we explored the SIT phenomena thoroughly by observing the effect of phonon
bath parameters and environmental temperature. Finally, we make a conclusion at the
end of the chapter.

In Chapter 3, we proposed a scheme for arbitrary vector beam generation in a thin
disc shape QD medium. We start with the background theory of the vector beam
and introduce some relevant published work. Then, we describe the model system
of a four-level QD system interacting with the three OAM-carrying optical fields.
Later, we displayed the intensities and polarisation of six different vector beams in a
transverse plane. Additionally, we show that the generated vector beam polarisation
rotation depends on the control field relative phase. We also discussed the effect of
temperature on VB generation. Finally, we conclude the work.

In Chapter 4, we inspect the feasibility of nondegenerate two-photon laser and
two-mode entanglement in a single QD-cavity system. First, we mention the earlier
development of the microlaser papers in the introduction. After that, we specify the
model of a four-level QD embedded inside the two-mode microcavity. Then, we make
a detailed analysis of both incoherent and coherent pumping mechanisms for two-
photon laser generation. Additionally, we have discussed the two-mode entanglement
generation in a specific pumping condition. Finally, we concluded this work’s outcome.

In Chapter 5, we delineated the conclusion of the thesis. We will also discuss some
of the incompleted problems and their difficulty. We would like to express some views
on the possible extensions of our work. Finally, we describe the future plans.

1.1 Fundamentals of electromagnetic radiation

This section presents the fundamental theory for classical and quantum description
of electromagnetic(EM) radiation. The classical EM radiation theory started with
Maxwell’s equation in free space [10]. Solving these four equations, we reach a general
mathematical form of the EM radiation with all the characteristic parameters. After
that, we discuss the EM radiation with periodic boundary conditions, which leads to
quantization. Here, we mainly focus on the quantized EM radiation inside an optical
cavity resonator.
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4 Chapter 1. Introduction

1.1.1 Classical description of electromagnetic radiation

The four fundamental Maxwell’s equations can fully describe all the classical phenom-
ena of EM radiation [10, 33]. Therefore, we write down the Maxwell’s equations in SI
unit as

∇⃗ · D⃗ = ρ, (Gauss’s Law) (1.1)

∇⃗ · B⃗ = 0, (1.2)

∇⃗ × E⃗ = −∂B⃗
∂t
, (Faraday’s Law) (1.3)

∇⃗ × H⃗ = J⃗ +
∂D⃗

∂t
, (Ampere’s Law) (1.4)

where E⃗ and H⃗ represent the electric and magnetic field at some space-time coordinate
(r⃗, t). The right-hand side source terms ρ, J⃗ stand for the free charge density and
current density, respectively. Other induced quantity electric displacement D⃗ and
magnetic induction B⃗ depends on the fields given by

D⃗ = ϵ0E⃗ + P⃗ (1.5)

B⃗ = µ0(H⃗ + M⃗) (1.6)

where P⃗ and M⃗ are the electric and magnetic polarization inside the medium. The
free space permeability and permittivity are also denoted by ϵ0, µ0 respectively. In this
subsection, we only study the behavior of the EM radiation in a free space. Therefore,
all the source terms, free charge ρ, and current J⃗ in equations are zero. Subsequently,
free space does not carry any electric (P⃗ ) or magnetic (M⃗) polarisation due to the
nonconducting and non-magnetic properties. Thus, Maxwell’s equation in free space
is written as

∇⃗ · E⃗ = 0, (1.7)

∇⃗ · B⃗ = 0, (1.8)

∇⃗ × E⃗ = −∂B⃗
∂t
, (1.9)

∇⃗ × B⃗ =
1

c2
∂E⃗

∂t
, (1.10)

where we have used the identity D⃗ = ϵ0E⃗, B⃗ = µ0H⃗, µ0ϵ0 = 1/c2 and c is the speed
of light in free space. For the first time, we notice that the Maxwell equations express
the connection with the light exhibiting the physical constant c. To understand this
connection in more detail, we take the curl of Eq. 1.9 and use Eq. 1.10 given below:

∇⃗ ×
(
∇⃗ × E⃗

)
= − ∂

∂t
(∇× B⃗), (1.11)

∇⃗ ×
(
∇⃗ × E⃗

)
= − 1

c2
∂2E⃗

∂t2
. (1.12)
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1.1. Fundamentals of electromagnetic radiation 5

Now, using vector field identity ∇⃗ ×
(
∇⃗ × E⃗

)
= ∇⃗

(
∇⃗ · E⃗

)
− ∇2E⃗ in the previous

equation we obtain

∇2E⃗ − 1

c2
∂2E⃗

∂t2
= 0. (1.13)

The structure of the above equation looks like a well-known wave equation. Therefore,
the general solution of this kind of equation traveling along the z direction takes the
form

E⃗(z, t) = E⃗1(z − ct) + E⃗2(z + ct), (1.14)

where E⃗1 and E⃗2 are arbitrary functions. These electric field components E⃗1, E⃗2

represent the wave traveling along positive and negative directions with the speed of
light. We consider an electromagnetic plane wave solution, with polarization along the
x̂ having frequency ω and wave vector k⃗ = kẑ. These parameters satisfy the condition
ω/k = c. The general form of the electric field for an EM-wave can be described by

E⃗(z, t) = x̂E0(z, t)ei(kz−ωt) + c.c. (1.15)

By using the Maxwell’s equation, we find the expression for the magnetic field given
by

B⃗(z, t) =
k

w
(ẑ × E⃗(z, t)) (1.16)

B⃗(z, t) =
k

w
(ẑ × x̂)E0(z, t)ei(kz−ωt) + c.c. (1.17)

B⃗(z, t) = ŷB0(z, t)e
i(kz−ωt) + c.c. (1.18)

Now, it is clear from this study that the electric field, magnetic field, and propagation
vector are perpendicular to each other. We have demonstrated the traveling EM wave
in free space in Fig. 1.1. An EM wave’s electric and magnetic fields oscillate in space

Figure 1.1: The figure illustrates a classical description of the EM wave propagation in free space
[34].

and time. The closest distance between two peak intensities of the electric or magnetic
field is known as the wavelength. The visible light is an EM wave with a narrow
wavelength range from 400 - 700 nm. However, the EM wave theory applies to any
wavelength range, including visible light. In this analysis, we understand the various
important parameters of light, such as amplitude E0, frequency ω, wavelength λ, wave
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6 Chapter 1. Introduction

number k, and polarization. The EM theory explains all the classical phenomena of
light, such as reflection, refraction, and transmission, which we will not discuss here.
Interested readers can find the complete theory in any standard electrodynamics book.
The classical Hamiltonian of the EM field in free space is

H =

∫
V

(
1

2
ϵ0E

2 +
1

µ0

B2

)
dV (1.19)

where V is the enclosed volume. Alternatively, this Hamiltonian represents the total
energy of the EM radiation inside the specified volume.

1.1.2 Quantum description of electromagnetic radiation

Figure 1.2: Schematic diagram of a one-dimensional cavity resonator made of two plane mirrors
having length L. The electric field polarisation is assumed to be in the x-direction.

In this subsection, we started with a simple one-dimensional cavity resonator along
the z-axis with two perfectly reflecting mirrors placed at z = 0 and z = L, as shown
in Fig. 1.2 [35, 36]. For both ends of the cavity, the electric field will vanish because
of the mirrors and form a standing wave inside the cavity. We assume there are no
sources of charge or current inside the cavity. As mentioned in the previous subsection,
the EM wave’s electric field is considered linearly polarised in the x-direction. The
boundary condition of the cavity leads to an infinite number of normal mode solutions
with amplitude qj, frequency ωj = jπc/L and wave vector k = jπ/L where j = 1,2,...
In analogy with the harmonic oscillator, the electric field of the single mode cavity in
terms of normal mode can be written as

Ex(z, t) =

(
2ω2m

V ϵ0

)1/2

q(t) sin(kz), (1.20)

where m is the mass of the oscillator, and V is the effective volume of the cavity. We
also find the expression for the magnetic field by using the Maxwell equation as

By(z, t) =
(µ0ϵ0

k

)(2ω2m

V ϵ0

)1/2

q̇(t) cos(kz). (1.21)

These two expressions show that q(t) and p(t) = mq̇(t) act as a canonical position and
momentum present in the electric and magnetic fields, respectively. Now, we recall
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1.1. Fundamentals of electromagnetic radiation 7

the classical Hamiltonian in Eq. 1.19 and put these fields together to find

H =

∫
V

(
1

2
ϵ0E

2
x +

1

µ0

B2
y

)
dV (1.22)

H =
1

2

(
p2

m
+mω2q2

)
. (1.23)

In the case of a harmonic oscillator system, the canonical variable pair and the Pois-
son bracket should be replaced by the two operators and the commutator bracket to
quantize the system. Following this method, we introduce the position and momentum
operators as q̂ and p̂ satisfying the relation [q̂, p̂] = iℏ. To make the final Hamiltonian
more compact, traditionally, a pair of conjugate operators named annihilation (a) and
creation (a†) has been introduced. These new operators can be expressed in terms of
the canonical operator pair as [35, 36]

a =
1√

2mℏω
(mωq̂ + ip̂) (1.24)

a† =
1√

2mℏω
(mωq̂ − ip̂). (1.25)

Using Eq. 1.24−1.25, we find the expression for the electric and magnetic field operator
in terms of a and a†, which are

Êx(z, t) = E0(a+ a†) sin(kz) (1.26)

B̂y(z, t) = −iB0(a− a†) cos(kz) (1.27)

where E0 = (ℏω/ϵ0V )1/2 and B0 = (1/c)(ℏω/ϵ0V )1/2. The relation between annihila-
tion and creation operator satisfies the commutation relation as follows

[a, a†] = 1. (1.28)

Therefore, the Hamiltonian of the quantized EM radiation in operator form

H = ℏω
(
a†a+

1

2

)
. (1.29)

In general, the electric and magnetic field inside a three-dimensional cavity with many
modes is described by

ˆ⃗
E(r⃗, t) =

∑
k

ϵ̂kEkakei(k⃗·r⃗−ωkt) +H.c., (1.30)

ˆ⃗
B(r⃗, t) =

∑
k

(
k⃗ × ϵ̂k
ωk

)
Ekakei(k⃗·r⃗−ωkt) +H.c. (1.31)

In this case, the free Hamiltonian of the quantized EM radiation by including the sum
over all cavity modes given below

H = ℏ
∑
k

ωk

(
a†kak +

1

2

)
. (1.32)
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8 Chapter 1. Introduction

1.2 Quantum theory of matter

In the macroscopic world, Newton’s law of motion completely describes the dynam-
ics of a particle. It raises concerns in the physics community whether this theory
can apply to a microscopic particle’s dynamics. By reducing the size of a particle,
we reach the fundamental unit of matter, which has all the characteristics called an
atom. Several natural phenomena with the atom have been observed that could not
be explained by Newton’s Law. A giant leap takes place in the quantum theory of
matter when De Broglie first introduces the concept of the wave nature of matter
[37] concerning the known wave-particle duality of light. Bohr predicted the correct
continuous orbit of an electron in an atom, which produces discreet energy levels [38].
Subsequently, the Bohr- Sommerfeld model best describes the electronic energy levels
of the atoms [39]. In the meantime, Heisenberg introduced his famous uncertainty
principle, where the measurement of two canonical observables with complete accu-
racy is prohibited in the quantum theory [40]. With all the development, Schrödinger
published his renowned equation to find the dynamics of a quantum particle and give
birth to quantum mechanics [41]. In a microscopic system, the Schrödinger equation
describes the dynamics of a quantum particle, similar to Newton’s law in classical
mechanics. Dirac introduces relativity in quantum mechanics to find the more general
relativistic quantum theory for the dynamics of electrons [42]. Max Born discovered
the intrinsic probabilistic nature of quantum mechanics [43]. He also introduced the
probability density function and, then, with Heisenberg, developed the matrix formal-
ism of quantum mechanics [44]. This section discusses the Bohr-Sommerfeld model of
quantized energy levels of atoms. Then, we discuss the preliminary theory of artificial
atoms and their classification. Finally, we explore the characteristics of the quantum
dots(QDs) in detail.

1.2.1 Atom

The fundamental unit of matter which decides the bulk chemical and physical prop-
erties is known as the atom. Generally, an atom consists of a nucleus of protons and
neutrons surrounded by many orbiting electrons. To study the atomic structure, we
consider the simplest possible atom with one proton and one electron, which is re-
ferred to as a hydrogen atom. Before the discovery of quantum mechanics, Rydberg
and Balmer find an empirical formula for the visible spectral lines of the hydrogen
atom by investigating atomic spectra [45]. However, no one understood the reason for
the presence of such specific spectral lines at that time. To understand the discreet
energy level of the hydrogen atom in more detail, we apply the quantum mechanical
approach [46, 47]. An electron inside the atom is bound to the nucleus by the electro-
magnetic interaction. Therefore, the potential energy of the electron with charge e in
the center of mass coordinate is given by

V = − e2

4πϵ0r
(1.33)

where r is the amplitude of the radial vector in spherical polar coordinates. In the cen-
ter of the mass frame, the mass of proton mp and mass of electron me can transformed
into a reduced mass µ = memp/(me +mp) ≈ me as mp ≫ me. The Hamiltonian of a
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1.2. Quantum theory of matter 9

hydrogen atom at rest can be written as

H =
p2

2µ
− e2

4πϵ0r
= − ℏ2

2µ
∇2 − e2

4πϵ0r
. (1.34)

The Schrödinger equation for the hydrogen wavefunction Ψ(r⃗, t) can be written as

HΨ(r⃗, t) = iℏ
∂Ψ(r⃗, t)

∂t
. (1.35)

After separating the temporal part from the total wavefunction, we get

Hψ(r⃗) = Eψ(r⃗). (1.36)

where E is the eigenenergy of the wave function. We solve Eq. 1.36 in the spherical
polar coordinate in order to get the eigenfunction with the corresponding eigenenergy
as

ψnℓm(r, θ, φ) =

√(
2

na∗0

)3
(n− ℓ− 1)!

2n(n+ ℓ)!
e−ρ/2ρℓL2ℓ+1

n−ℓ−1(ρ)Y
m
ℓ (θ, φ) (1.37)

En = −µ
2

(
e2

4πε0ℏ

)2
1

n2
(1.38)

where ρ = 2r/na∗0, reduced Bohr radius a∗0 =
4πε0ℏ2
µe2

, generalised Laguerre polynomial
L2ℓ+1
n−ℓ−1(ρ) and spherical harmonic function Y m

ℓ (θ, φ). We observed that the wavefunc-
tion depends on the three integer numbers, denominated as the principal quantum
number n, the azimuthal quantum number ℓ, and magnetic quantum number m. The
system’s energy depends only on the principal quantum number n with an integer
value. According to quantum mechanics, if a particle is confined in a tiny region of
space, then the particle’s energy gets quantized. In this case, potential energy bound
the electron in a Bohr radius a0 = 4πε0ℏ2

mee2
= 0.5 Å, which is responsible for these discrete

energy levels. In earlier calculations with infinite nucleus mass, Rydberg energy (Ry)
for the hydrogen atom was 13.6 eV. Thus, the hydrogen atom energy in terms of the
Rydberg energy has this form

En = −Ry 1

n2
= −13.6 eV

n2
. (1.39)

According to the Bohr model, the electron revolves in certain stable orbits around the
nucleus without radiating any energy. It can only gain or lose energy by jumping from
one allowed orbit to another, absorbing or emitting electromagnetic radiation [38].
The energy difference between the initial and final level determines the absorbed or
emitted photon frequency, following the relation hν = E2 −E1. The Rydberg formula
best estimates the emitted photon wavelength

1

λ
= RH

(
1

n2
1

− 1

n2
2

)
, (1.40)

where RH is the Rydberg constant and n1, n2 are principal quantum numbers of lower,
higher energy levels. In Fig. 1.3, we have displayed the various energy levels of the
hydrogen atom. Looking at the figure, it is clear that increasing the value of n results
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10 Chapter 1. Introduction

Figure 1.3: Energy level diagram for the hydrogen atom with their corresponding transitions.

in a smaller energy difference, and for n → ∞, the electron energy approaches zero.
This zero energy indicates that the atom can no longer bind the electron. Therefore,
the electron moves freely, which turns the atom into an ion. All the excited state
electron transitions to a lower energy level produce a series of spectral lines. Some
of the series are Lyman (n = 1), Balmer (n = 2), and Paschen (n = 3), with the
wavelength range in the ultraviolet, visible, and infrared regions, respectively. Though
this model successfully shows the atom’s quantized energy level, applying the magnetic
field can split these energy levels into more sublevels due to the Zeeman effect. A
convenient method of spectroscopic notation has been invented to identify all these
hyperfine states. In modern times, those spectroscopic notations are widely used to
specify an atomic energy level. The exploration of the quantized matter started with
a hydrogen atom. Later, the interest shifted to the low-mass alkali atoms like lithium
(Li), sodium(Na), and Potassium(K). Currently, researchers are working on heavy-
mass alkali atoms, such as Rubidium (Rb) and Caesium(Cs).

1.2.2 Artificial Atom

In the previous subsection, we understand the formation of the discrete energy levels in
an atom. These atoms can come together to form a molecule. According to the molec-
ular orbital theory, the individual energy levels of atoms overlap to form closely spaced
hybrid energy levels [48]. Furthermore, a collection of atoms or molecules produces
the bulk matter with continuous energy bands separated by the forbidden energy(band
gap). Depending on the forbidden energy, the matter is classified into three categories.
These are metals, semiconductors, and insulators with band gap energy zero, moder-
ate, and practically infinite, respectively. Bulk matter can exist in gaseous, liquid,
and solid forms. The periodic arrangements of atoms or molecules are responsible
for crystal structure formation in a solid. This subsection only discusses solid-state
semiconductor crystal nanostructures and their properties. The term nanostructure
refers to any material with a nanometer dimension. Starting with the bulk matter, one
can reduce the length of one particular dimension to a nanometer scale known as con-
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1.2. Quantum theory of matter 11

finement. A low-bandgap semiconductor nanostructure placed inside a high-bandgap
host material can produce such electronic confinement. This confinement effect deter-
mines the properties of a nanostructure because of the modified degrees of freedom
of the carrier. Generally, any material structure confined in one or more dimensions
produces a discretized energy level called an artificial atom. The artificial atoms are
made of semiconductor materials with confinement in one, two, or three dimensions,
making them 2D, 1D, and 0D objects, denoted as the quantum well (QW), quantum
wire (QWR), and quantum dots (QDs), respectively [49]. The confinement effect on
the system energy is best described by the density of state (DOS), defined as

ρ(E) =
∂N

∂E
, (1.41)

where N is the total number of states per unit volume, and E is the energy. The
expression of the DOS in various dimensions calculated from the previous formula is
given by

ρ3D(E) =
1

π2

(
m∗

ℏ2

)3/2√
2E, (1.42)

ρ2D(E) =
m∗

πℏ2
∑
nx

Θ(E − Enx), (1.43)

ρ1D(E) =
1

πℏ
√
2m∗

∑
nx,ny

Θ(E − Enx,ny)
−1/2, (1.44)

ρ0D(E) = 2
∑

nx,ny ,nz

δ(E − Enx,ny ,nz), (1.45)

where m∗ is the effective mass, Θ(E) is the step function, E is the energy of the par-
ticular state, Eni

with i = x, y, z is the quantized energy of the particular confinement
direction.

Figure 1.4: The figure displayed the density of state variation with energy and nanostructure
dimensions for various artificial atoms [50].

In Fig. 1.4, we have depicted the variation of DOS with the system energy for
various artificial atom nanostructures. We observed that balk material produces a
continuous energy distribution. However, a quantum well with confinement in one
dimension shows step function behavior. Subsequently, a quantum wire with confine-
ment in two dimensions provides a spike-like distribution with a broader tail. Finally,
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12 Chapter 1. Introduction

quantum dots with confinement in all three dimensions produce a delta function-like
distribution similar to the discrete atomic energy levels. Among all other structures,
we mainly focus on quantum dots due to their well-separated quantized energy levels.

1.2.3 Quantum Dot

The quantum dot is a few nanometer semiconductor heterostructures made of several
atoms that show discrete energy levels like atoms due to the strong carrier confine-
ments. Modern and advanced impurity-free fabrication technology is required to build
such a nanoscale object [51]. Although older-generation fabrication technology lacks
the requirements to make a practical integrated photonic circuit, thanks to the rapidly
growing current nanotechnology for making it possible. According to the properties
and preparation techniques, the QDs are mainly classified into the following three
types: (i) self-assembled quantum dots [52], (ii) nanocrystals or colloidal quantum
dots [53], and (iii) electrically defined quantum dots [54]. Among these three types of
QDs, the self-assembled QDs are suitable candidates for strong light-matter interaction
and semiconductor fabrication [55]. Therefore, we will discuss the properties of self-
assembled QDs here. Various modern techniques are applied to generate high-quality
QDs in the laboratory. The most common techniques are crystal-growth procedures,
epitaxial methods, electron-beam lithography, etching, and deposition. In this the-
sis, our investigation of the QDs is limited to the family of InGaAs/GaAs under the
group III-V semiconductors. One of the best methods for generating InGaAs quantum
dots is the Stranski-Krastanov method [56]. In this method, a thin layer of InGaAs
is deposited on top of the host GaAs matrix with a 7% larger lattice constant of In-
GaAs compared to that of GaAs. Due to the lattice parameter mismatch, the strain
relaxation process produces self-assembled nucleation of quantum dots in the form of
randomly positioned islands. Another emerging growth technique, the droplet epi-
taxy, relies on the saturation of gallium droplets with arsenic, resulting in relatively
large and low-density GaAs quantum dots in AlGaAs [57]. For both cases, a substrate
capping layer is grown atop the QDs to prevent all kinds of damage.

Now, we will study the energy level configuration of a QD and various possible tran-
sitions among them [58]. Like an atom, one electron from the valance band can jump
to the conduction band by absorbing the bandgap energy in a QD. In a semiconduc-
tor, the valance band is normally filled with electrons; hence, this jump creates a hole
inside the valance band. This correlated electron-hole pair forms a bound state via di-
rect or exchange Coulomb interactions to create fundamental optical excitation called
exciton. Generally, the QD with an aspect ratio larger than unity lifts the valance
band degeneracy: the heavy-hole and light-hole bands. Neglecting the light-hole band
is often a good approximation for the nearly spherical QD to access the lowest energy
level in the valance band. Further, the crystal growth direction, strain, and annealing
also play an essential role in the energy level structure. After taking some practical
approximations, the researchers observed that a simple two-band effective mass model
could describe QD dynamics very well. We will stick with this model for the entire
thesis. We also work on a QD size with larger energy-level spacing than the Coulomb
energy. This consideration ensures that the motion of the carriers in the valance and
conduction bands are independent, also known as a strong confinement regime. To
determine the interaction strength between light and QD energy levels, it is necessary
to compute the transition matrix elements expressed in transition dipole moments.
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1.2. Quantum theory of matter 13

Figure 1.5: The lowest-energy confined states in quantum dots and the transitions between them.
The full (empty) circles indicate the electron (hole) configuration in the conduction (valence)
band s shells of the quantum dot. The biexciton may decay to one of the two bright exciton
states by emission of a horizontally (H) or vertically (V) polarized photon. The negative (positive)
trion decays to a single electron (hole) by emission of circularly polarized light with the helicity
depending on the additional carrier. Furthermore, spin-flip processes (gray arrows) couple bright
and dark excitons. Nonradiative processes (black arrows) of the bright excitons are indicated
explicitly [58].

The QD energy levels and their corresponding envelope wavefunction for conduction
or valance band Fc/v satisfies the effective-mass Schrödinger equation given below

− ℏ2

2m0

∇ ·
(

1

m∗(r)
∇Fc/v(r)

)
+ Vc/v(r)Fc/v(r) = (E − Ec/v)Fc/v(r), (1.46)

where m0 is the electron rest mass and m∗(r) is the anisotropic effective mass. Vc/v(r)
is the confinement potential, E is the electron eigenenergy, and Ec/v is the band-edge
energy. The complete wave function of an electron in the conduction band(c) or valance
band(v) has this form,

|Ψc/v⟩ = |Fc/v⟩|uc/v⟩|αc/v⟩, (1.47)

where |uc/v⟩, and |αc/v⟩ are the the electronic Bloch function evaluated at the Γ point
of the band structure and the spin state, respectively. The Γ point has the special
advantage for defining a Bloch function as the new cell length is three times the unit
cell. The dipole transition element matrix for spontaneous emission between any two
QD states is defined as

P⃗ = ⟨Ψv|p⃗|Ψc⟩ (1.48)
= ⟨Fv|Fc⟩⟨uv|p⃗|uc⟩uc⟨αv|αc⟩, (1.49)
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14 Chapter 1. Introduction

where p⃗ dipole moment vector operator and uc represent unit cell. In semiconductor
materials, electronic states are commonly expressed in equivalent electron-hole pic-
tures. Therefore, the valance band states transformed into a hole picture by defining
|Fh⟩ = |Fv⟩∗, |uh⟩ = |uv⟩∗, and |αh⟩ = |αv⟩∗. We define electron and hole pseudospin
in terms of total angular momentum of Bloch function and spin as | ↑⟩ = |uc⟩| ↑e⟩,
| ↓⟩ = |uc⟩| ↓e⟩, | ⇑⟩ = |uh⟩| ↑h⟩, | ⇓⟩ = |uh⟩| ↓h⟩. The QD with a maximum number of
two electrons and two holes produces several eigenstates in terms of the above basis
states and their optically active dipole transitions presented in Fig. 1.5.

Figure 1.6: Examples of excitonic level schemes in quantum dots of relevance for quantum-optics
experiments. (a) The most basic two-level optical transition scheme of a single bright exciton
|Xb⟩ decay to the ground state |g⟩ along with nonradiative coupling to the dark exciton state
|Xd⟩ through spin-flip processes. (b) Optical V scheme formed by the two bright exciton states
that decay to the ground state. The two orthogonally polarized bright excitons are split by the
fine-structure splitting ∆Efss. (c) Four-level scheme formed by the biexciton level, the two bright
exciton levels, and the ground state. The biexciton decays through a cascaded process of either
emitting two horizontally or two vertically polarized photons [58].

The simplest possible states, which show linearly polarized optical transitions, are
bright excitons formed by pairing one electron and a hole. The dark excitons do not
show any optical transition, but they can flip the spin and go to the bright state. The
biexciton state has two perpendicularly polarised optically allowed transitions to the
two bright exciton states. The Biexiton state is formed by the bound state of two
excitons or a pair of electrons and holes. In Fig. 1.6, we show some simple possible
optically active electronic level diagrams of a semiconductor QD usually considered in
quantum optics [58]. In this thesis, we will consider the level system shown in Fig. 1.6
(a) and (c) for various problems.

1.3 Radiation-matter interaction

According to classical electrodynamics, a charged particle under the electric and mag-
netic field experiences Lorentz force. For an electron with charge −e and veloc-
ity v⃗ under the electric field E⃗ and magnetic field B⃗ experience a Lorentz force
F⃗ = −e(E⃗ + v⃗ × B⃗) [10]. As the particle experiences some force, there must be
some potential associated with it. Investigation suggests that the electric and mag-
netic field can be expressed in terms of the scalar and vector potential ϕ(r⃗, t) and
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A⃗(r⃗, t) as

E⃗ = −∇⃗ϕ− ∂A⃗

∂t
(1.50)

B⃗ = ∇⃗ × A⃗. (1.51)

Surprisingly, these potentials are not uniquely defined; they represent a group of po-
tentials with an additional arbitrary function called gauge function. It is essential
to mention that these potentials should transform in such a way that the observable
electric and magnetic fields remain the same. Then, the expression for the scalar and
vector potential in terms of the gauge function χ(r⃗, t) will be

ϕ(r⃗, t) → ϕ
′
(r⃗, t) = ϕ(r⃗, t) +

ℏ
e

∂χ(r⃗, t)

∂t
, (1.52)

A⃗(r⃗, t) → A⃗
′
(r⃗, t) = A⃗(r⃗, t)− ℏ

e
∇⃗χ(r⃗, t), (1.53)

where the constant factor −ℏ
e

taken on purpose and will be discussed later. Up to this
point, we have only considered a single electron moving under the electromagnetic field.
Now, we can think about hydrogen-like atoms where a havey nucleus bounds one outer
shell electron through the Coulomb potential. Consequently, most of the properties of
the atom are decided by the single electron instead of the immobile nucleus. In this
consideration, we can write the classical Lagrangian of the system in terms of these two
potentials. Then, the Hamiltonian of the system is obtained from the Lagrangian using
the Legendre transformation. The classical electromagnetic interaction Hamiltonian
described by

Hcl =
1

2m
[p⃗+ eA⃗(r⃗, t)]2 − eϕ(r⃗, t) + V (r). (1.54)

where p⃗ and V (r) are the canonical momentum and Coulomb potential respectively.
Let’s jump from the classical to the quantum picture by replacing the physical quantity
with quantum mechanical operators such as p⃗ → −iℏ∇⃗ [35, 36]. Then, the free
Hamiltonian of the atom is given by

H = − ℏ2

2m
∇2 + V (r). (1.55)

The Schrödinger equation for the system with a probabilistic wavefunction ψ(r⃗, t) is
written as

Hψ(r⃗, t) = iℏ
∂ψ(r⃗, t)

∂t
, (1.56)[

− ℏ2

2m
∇2 + V (r)

]
ψ(r⃗, t) = iℏ

∂ψ(r⃗, t)

∂t
. (1.57)

Solution of the Schorindenger equation gives the wavefunction ψ(r⃗, t) and hence cor-
responding probability |ψ(r⃗, t)|2 of finding an electron at a position r⃗ and time t. If
ψ(r⃗, t) is a solution of the Schrödinger equation, then a new wavefunction with an
arbitrary phase factor ψ′

(r⃗, t) = ψ(r⃗, t) exp[iχ] also satisfy the above equation and
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provide same probability density for the constant χ. This problem is more interesting
when χ depends on the local coordinates (r⃗, t) and the wavefunction have the form

ψ
′
(r⃗, t) = ψ(r⃗, t) exp[iχ(r⃗, t)]. (1.58)

This new wave function does not satisfy the Schorindenger equation but provides the
correct probability density as the modulus removes the extra phase part. In order to
make the Hamiltonian local gauge invariant, we have to modify it by introducing the
scalar and vector potentials as{

1

2m

[
−iℏ∇⃗+ eA⃗

]2
− eϕ(r⃗, t) + V (r)

}
ψ(r⃗, t) = iℏ

∂ψ(r⃗, t)

∂t
, (1.59)

where m is the effective mass of the system. We notice that the quantum Hamiltonian
shows a similar structure to the classical electromagnetic interaction Hamiltonian in
Eq.(1.54). Recalling the gauge transformation we made earlier in Eq. (1.52)-(1.53), the
new Hamiltonian is invariant under the local gauge transformation with the arbitrary
function χ(r⃗, t) given by

ψ(r⃗, t) → ψ(r⃗, t) exp[iχ(r⃗, t)], (1.60)

ϕ(r⃗, t) → ϕ(r⃗, t) +
ℏ
e

∂χ(r⃗, t)

∂t
, (1.61)

A⃗(r⃗, t) → A⃗(r⃗, t)− ℏ
e
∇⃗χ(r⃗, t). (1.62)

In this transformation, physically observable quantities such as probability density
and electric and magnetic fields remain unchanged. For further simplification of the
Hamiltonian, we apply the Coulomb or radiation gauge given by ϕ(r⃗, t) = 0 and
∇ · A⃗ = 0 in Eq.(1.59). The modified Hamiltonian has a new form displayed below

H = − ℏ2

2m
∇2 − iℏe

2m
A⃗(r⃗, t) · ∇⃗+

e2

2m
A⃗2(r⃗, t) + V (r). (1.63)

We introduce our first approximation on the spatial variation of the electric field over
the atom, popularly known as “dipole approximation”. The plane electromagnetic wave
propagating near the atom can be expressed in terms of the vector potential as

A⃗(r⃗0 + r⃗, t) = A⃗(t) exp[i⃗k · (r⃗0 + r⃗)] (1.64)

where r⃗0 is the location of the nucleus. From this expression, it is clear that the
different locations of the atom experience a different electric field. To reduce the
complexity of the problem, we assume that the wavelength of the light is much larger
than the atomic dimension mathematically expressed as kr ≪ 1 or 2πr/λ≪ 1. Under
such practical approximation, simplified vector potential is written as

A⃗(r⃗0 + r⃗, t) = A⃗(t) exp[i⃗k · (r⃗0 + r⃗)] (1.65)

= A⃗(t) exp(i⃗k · r⃗0)[1 + i⃗k · r⃗ + · · · ] (1.66)

≈ A⃗(t) exp(i⃗k · r⃗0). (1.67)

The dipole approximation says that EM-wave interaction with a tiny atom for a large
wavelength experiences an almost constant electric field calculated at the nucleus.
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1.4. Electron-phonon interaction 17

By putting this new expression of the vector potential in the Eq.(1.63), the modified
Hamiltonian has this form

H = − ℏ2

2m
∇2 − iℏe

2m
A⃗(r⃗0, t) · ∇⃗+

e2

2m
A⃗2(r⃗0, t) + V (r). (1.68)

Creating a further compact form of the Hamiltonian requires a proper unitary transfor-
mation frame of reference or, equivalently, a gauge transformation χ(r⃗, t) = −eA⃗(r⃗0, t)·
r⃗/ℏ. This gauge transformation redefines the wavefunction as

ψ(r⃗, t) → ψ(r⃗, t) exp[−ie
ℏ
A⃗(r⃗0, t) · r⃗]. (1.69)

In the case of a Coulomb gauge, the electric field at r⃗0 and time t satisfies the re-
lation E⃗(r⃗0, t) = − ∂

∂t
A⃗(r⃗0, t). Therefore, the Schrödinger equation for the redefined

wavefunction is given by[
− ℏ2

2m
∇2 + V (r) + er⃗ · E⃗

]
ψ(r⃗, t) = iℏ

∂ψ(r⃗, t)

∂t
. (1.70)

The total Hamiltonian can be divided into two parts they are the free Hamiltonian H0

and the interaction Hamiltonian HI where

H = H0 +HI . (1.71)

Finally, the interaction Hamiltonian can be written in terms of the electric dipole
moments defined by d⃗ = −er⃗ as

HI = −d⃗ · E⃗. (1.72)

In this thesis, we only use this interaction Hamiltonian for the radiation-matter inter-
action.

1.4 Electron-phonon interaction
In this section, we will understand the influence of the solid-state nature of the QD on
the optical properties. In the fabrication process, QDs are grown inside a crystalline
semiconductor. Therefore, the QD directly interacts with the surrounding host crystal
lattice. A crystal comprises atoms placed in a periodic arrangement and connected by
covalent bonds. Thus, any external stimulation causes vibration of the atoms around
their equilibrium position, resulting in the collective lattice vibration. The vibration
energy of the lattice can be quantized similarly to electromagnetic radiation and the
fundamental quasiparticle known as a phonon [59, 60]. The phonons are classified
into three groups: thermal phonons (thermal vibration), acoustical phonons (sound
wave), and optical phonons (optical radiation). In this study, we investigate the effect
of phonon due to the thermally excited lattice vibration only.

To understand the properties of phonons, we consider a simple model system of
a one-dimensional linear harmonic chain of N identical atoms, as shown in Fig. 1.7.
These atoms in the chain have mass m, and the periodic separation a is also known as
the lattice constant in solid-state physics. For simplicity, we have considered that each
atom can interact with the nearest neighbor atoms only, and the classical spring-mass
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18 Chapter 1. Introduction

Figure 1.7: Schematic diagram of the one-dimensional periodic chain of identical atoms. The
periodic separation and the spring constant between neighboring atoms are a and K, respectively.
All the displacements defined here are from their respective equilibrium positions.

system replaces the actual electronic bond interaction with a spring constant K. In
such a configuration, a small displacement xd of the d-site atom from its equilibrium
position affects other atoms in the chain and gets displaced from their respective
equilibrium position. The potential energy stored in a spring-mass system due to the
displacement has the well-known form (1/2)Kx2. Therefore, the total Hamiltonian of
the system can be written as

H =
∑
d

1

2m
p2d +

1

2
K(xd − xd−1)

2, (1.73)

where pd = ẋd is the canonical momentum. The resultant force on a particular atom
comes from the two neighboring atoms calculated from the above Hamiltonian given
by

mẍd = K(xd+1 + xd−1 − 2xd). (1.74)

To solve this equation, we impose a periodic boundary condition with the equal dis-
placement of the first and last atom in the chain expressed as xd+N = xd where d ∈ Z.
By applying this condition in Eq.(1.74), we can write down the general solution as

xd = Ae−iωt−ikad, (1.75)

where ω and k are the frequency and the weave vector, respectively. Surprisingly, the
lattice’s symmetry keeps the solution invariant under the transformation k → k+2π/a.
Therefore, any wave vector can be accessible in the first Brillouin zone within the range
−π/2 to π/2. The periodic condition xd+N = xd of the atomic chain also discretized
the value of k with the expression k = 2πl/Na where l = −N/2, · · · , N/2. Now putting
the solution Eq.(1.75) in the equation of motion Eq.( 1.74), the frequency dispersion
relation has the structure

ω = 2

√
K

m

∣∣∣ sin(ka
2

) ∣∣∣. (1.76)

The phonons are characterized by their dispersion properties. Hence, the above dis-
persion relation sketch with k ranging over the first Brillouin zone displays a lower
phonon branch corresponding to the acoustic phonons. Further, one can extend this
model system with two or more non-identical atoms for more exciting results. We will
not present the calculation for such systems here, as they are similar to the previous
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1.4. Electron-phonon interaction 19

calculations and given in any standard textbook. The dispersion relation of the di-
atomic chain depicts a new upper phonon branch corresponding to the optical phonons
along with the previous acoustic phonons branch. In the case of acoustic phonons, the
two oppositely charged ions of a diatomic compound move in the same phase (same
direction). However, for optical phonon, the positively and negatively charged ion
moves in the out of phase (opposite direction). Analyzing the lattice with one di-
mension, we see only one acoustic and one optical branch in the diatomic case. For
a three-dimensional lattice, the acoustic phonon branch is divided into longitudinal
acoustic (LA) and transverse acoustics (TA) branches; on the other hand, the optical
phonon branch is classified into longitudinal optical (LO) and transverse optical (TO)
branches. In the case of a three-dimensional lattice with p number of atoms in the
unit cell, have one LA and two TA phonon branches along with (p - 1) LO and 2(p
- 1) TO phonon branches. The longitudinal and transverse branches are identified by
the atomic vibration along the wave propagation or its transverse direction.

Let’s introduce the normal mode coordinates for the position and momentum of
the linear monoatomic chain to get a compact form of the Hamiltonian in Eq.(1.73).
Therefore, the normal modes in Fourier space are defined by transforming the canonical
variables using the discrete Fourier transformation. The normal modes of the system
with considered boundary condition is given by

xk =
1√
N

∑
d

e−ikadxd, xd =
1√
N

∑
k

eikadxk, (1.77)

pk =
1√
N

∑
d

eikadpd, pd =
1√
N

∑
k

e−ikadpk. (1.78)

By using the normal modes Eq.(1.77)-(1.78) in the Hamiltonian Eq.(1.73), we get the
new form of the Hamiltonian in a wave vector basis expressed as

H =
1

2m

∑
k

[pkp−k +m2ω2
kxkx−k], (1.79)

where k is the usual wave vector and ωk displayed in Eq.(1.76). This Hamiltonian looks
similar to the previously derived EM-radiation Hamiltonian in Eq.(1.23); therefore, we
can replace the classical operators by the quantum operators x̂k, p̂k to get the quantum
Hamiltonian. Following the previously used technique, we can define the annihilation
and creation operator for the lattice vibration as

bk =
1√

2mℏωk

(mωkx̂k + ip̂−k) (1.80)

b†k =
1√

2mℏωk

(mωkx̂k − ip̂−k). (1.81)

These operators follow all the bosonic commutation relations similar to the EM-
radiation case. The final quantized Hamiltonian of the one-dimensional monoatomic
lattice can be written as

H = ℏ
∑
k

ωk

(
b†kbk +

1

2

)
. (1.82)
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Extending this formalism for a three-dimensional lattice, the vibrational degrees of
freedom of an atom will be three with the wave vector k⃗; this leads to the three polar-
isation state of phonon branches defined as s with one longitudinal and two transverse
polarization. The general Hamiltonian for a three-dimensional lattice vibration is
written as

H = ℏ
∑
k⃗s

ωk⃗s

(
b†
k⃗s
bk⃗s +

1

2

)
. (1.83)

Finally, we have successfully quantized the lattice vibration to get the free phonon
Hamiltonian. Next, we want to analyze the interaction between electrons and phonons
in a solid-state lattice. Mainly, three types of electron-phonon interactions are ob-
served in solid-state systems: (i) deformation potential coupling to acoustic and op-
tical phonons, (ii) piezoelectric coupling to acoustic phonons, and (iii) polar coupling
to optical phonons (Fröhlich interaction). Among them, piezoelectric and polar cou-
plings are very weak compared to the deformation potential coupling with the acoustic
phonons. Therefore, our investigation in this thesis is limited to the deformation cou-
pling with acoustic phonons only. The interaction between the electron and the rest
of the atom is called an ion, depending on their length separation. Let us consider a
solid-state crystals with atomic positions R⃗d and an electron inside the emitter with
position r⃗j, then interaction Hamiltonian is defined as

Hea =
∑
jd

V (r⃗j − R⃗d). (1.84)

The lattice vibration or phonon causes the atoms to vibrate around their equilibrium
position R⃗0d with a tiny displacement x⃗d hence the current position can be written as
R⃗d = R⃗0d + x⃗d. By putting this condition in Eq. (1.84) and expanding the potential
in a Taylor series around R⃗0d we get

Hea =
∑
jd

V (r⃗j − R⃗0d − x⃗d) =
∑
jd

[V (r⃗j − R⃗0d)− x⃗d · ∇⃗V (r⃗j − R⃗0d) +O(x⃗2d)]. (1.85)

The first term of the Taylor series is associated with the Coulomb potential between
the electron and all the atoms in the equilibrium position in a static lattice. Hence,
an explicit form of this potential is given by

V (r⃗j − R⃗0d) =
1

4πϵ

∑
jd

(−e)qd
|r⃗j − R⃗0d|

(1.86)

where −e and qd are the charges of electron and ion, ϵ stands for the permitivity of the
medium. Looking at the second term of the Taylor series expansion, we understand
that the contribution only comes from the small potential variation due to the lat-
tice vibration or phonon. Therefore, the second term represents the electron-phonon
interaction expressed as

Ve−ph(r⃗j − R⃗0d) =
∑
jd

x⃗d · ∇⃗V (r⃗j − R⃗0d) =
1

4πϵ

∑
jd

x⃗d · ∇⃗
[

(−e)qd
|r⃗j − R⃗0d|

]
. (1.87)

Again, we introduce the normal modes in the Fourier domain to simplify this interac-
tion potential. For the three-dimensional lattice, all the one-dimensional displacement
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is replaced by three-dimensional vectors, and the sum over d is now the sum over R⃗0d.
The interaction potential and displacement in the Fourier domain have this form

V (r⃗) =
1

N

∑
q⃗

V (q⃗)eiq⃗·r⃗ (1.88)

x⃗q⃗ =
1√
N

∑
d

x⃗de
−iq⃗·R⃗0d ≡ 1√

N

∑
R⃗0d

x⃗de
−iq⃗·R⃗0d (1.89)

By using Eq.(1.88) and Eq.(1.89) in the Eq.(1.87) we can rewrite the interaction po-
tential as

Ve−ph(r⃗j) =
i√
N

∑
jq⃗

V (q⃗)eiq⃗·r⃗j q⃗ · x⃗q⃗. (1.90)

The wave vector q⃗ has no restrictions and spans all the Fourier space. However, to
keep this wave vector in the first Brillouin zone, it is necessary to satisfy the condition
q⃗ = k⃗+ G⃗ where G⃗ is the reciprocal lattice vector. Recalling the Eq.(1.80− 1.81) and
putting in Eq.(1.90), the operator form of the interaction potential can be written as

Ve−ph(r⃗j) = i
∑
jk⃗G⃗

√
ℏ

2mNωk⃗s

V (k⃗ + G⃗)ei(k⃗+G⃗)·r⃗j(k⃗ + G⃗) · ξ⃗k⃗s
(
bk⃗s + b†

k⃗s

)
. (1.91)

Here, we have considered the operators so that wave vectors of the phonons always lie
inside the first Brillouin zone. The above equation displays a single electron’s interac-
tion potential energy at r⃗j. To get the total interaction Hamiltonian, we must sum up
all the electrons’ energy inside the emitter. Let’s say ρ(r⃗) is the charged density of an
elementary volume centered at the position vector r⃗. For such a distribution, the sum-
mation is converted to integration, and the electron-phonon interaction Hamiltonian
is

He−ph =

∫
d3rρ(r⃗)Ve−ph(r⃗) (1.92)

= i
∑
k⃗G⃗

√
ℏ

2mNωk⃗s

ρ(k⃗ + G⃗)V (k⃗ + G⃗)(k⃗ + G⃗) · ξ⃗k⃗s
(
bk⃗s + b†

k⃗s

)
. (1.93)

where ρ(k⃗ + G⃗) is the Fouriar transform of the ρ(r⃗). The electron-phonon transition
matrix is defined as

Mk⃗+G⃗,s = i

√
ℏ

2mNωk⃗s

V (k⃗ + G⃗)(k⃗ + G⃗) · ξ⃗k⃗s. (1.94)

Finally, the general form of the electron-phonon interaction Hamiltonian is given by

He−ph =
∑
k⃗G⃗s

Mk⃗+G⃗,sρ(k⃗ + G⃗)
(
bk⃗s + b†

k⃗s

)
. (1.95)
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1.4.1 Deformation potential coupling

The concept of deformation potential was first developed by Bardeen and Shockley[61]
in 1950 to explain various characteristics of crystal vibration. Later, Herring and
Vogt [62] extended this idea for many valley semiconductors by addressing previous
model drawbacks and the inclusion of degenerate states. Further, the theory of strain-
dependent band structure of a semiconductor and the origin of deformation poten-
tial was carried out by Bir and Pikus[63] using group theory. The potential energy
change of a confined electron due to the crystal deformation is known as deformation
potential. This crystal deformation can happen due to thermal lattice vibration or
externally produced strain. Thus, uncontrolled thermal vibration (phonon) interac-
tion leads to a distorted electronic energy state with a modified band gap that affects
the emitter’s emission spectrum. The transition matrix elements carry the informa-
tion of the deformation potential coupling strength between electron and phonon. In
thermal equilibrium, the excited state energy lies near the band minimum with the
wave vector near the zone center or edge. Usually, the excited state electron and long
wavelength phonon interaction take care of the polaron effect in the system. Three
electron-phonon interactions are popular in the literature. They are deformation cou-
pling to acoustical phonons, piezoelectric coupling to acoustical phonons, and polar
coupling to optical phonons. All these interactions are prominent in the long wave-
length phonon limit. As mentioned earlier, the coupling between deformation potential
and acoustic phonon dominates for the long wavelength limit; therefore, we can safely
choose the reciprocal vector G⃗ = 0. For k⃗ → 0, the potential V (k⃗) → D where D is
the deformation potential constant. Also, for the long wavelength limit ξ⃗k⃗ → k̂ this
suggests only the longitudinal phonons are important if the bands are nondegenerate
[59]. After applying these assumptions, the electron-phonon interaction Hamiltonian
is given by

He−ph =
∑
k⃗LA

Mk⃗,LAρ(k⃗)
(
bk⃗LA + b†

k⃗LA

)
. (1.96)

where the transition matrix has the form

Mk⃗,LA = iD

√
ℏ

2mNωk⃗LA

|⃗k|. (1.97)

1.4.2 Phonon spectral density function

In this subsection, we are interested in finding the analytical form of the phonon
spectral density function. To do so, we have to choose a specific system. Let us
consider a simple system of two-state semiconductor QD interacting with the phonon
due to the thermal vibration. The QD states are labeled as a ground state |g⟩ and
excited state |e⟩. The ground and excited states are situated in the valance and
conduction bands for a semiconductor QD, respectively. Therefore, the charge density
could differ for the two energy levels according to their corresponding bands. Suppose
the charge densities correspond to the ground and exited states are ρgg(k⃗) and ρee(k⃗)
then the total charge density would be

ρ(k⃗) = ρgg(k⃗)|g⟩⟨g|+ ρee(k⃗)|e⟩⟨e| =
I

2
(ρee(k⃗) + ρgg(k⃗)) + σz(ρee(k⃗)− ρgg(k⃗)) (1.98)
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where I and σz are the identity operator and z-component of the Pauli matrix, respec-
tively. We have neglected the cross terms in the charge density because of the much
larger QD emission frequency than the phonon. The first term in Eq.(1.98) can only
produce a constant energy shift, modifying the free Hamiltonian. Neglecting the first
term of the charge density Eq.(1.98) and putting in Eq.(1.96) we get the final form of
the QD-phonon interaction Hamiltonian

HQD−ph = σz
∑
k⃗

Mk⃗

(
bk⃗ + b†

k⃗

)
, (1.99)

Mk⃗ = i

√
ℏ

2mNωk⃗

|⃗k|(Deρee(k⃗)−Dgρgg(k⃗)). (1.100)

where De and Dg are the deformation potential constant of the conduction and valance
band, respectively. The charge density corresponds to individual QD states best ex-
pressed in terms of the symmetrical ground state wavefunction of the conduction and
valence band as [64]

ρjj(k⃗) =

∫
d3r|ϕj(r⃗)|2eik⃗·r⃗, (1.101)

ϕj(r⃗) =
1

(lj
√
π)3/2

e
− r2

2l2
j , j ∈ {e, g}, (1.102)

where lj is the confinement length of the QD. The transition matrix takes a new form

Mk⃗ = i

√
ℏ

2mNωk⃗

|⃗k|
∫
d3r
[
De|ϕe(r⃗)|2 −Dg|ϕg(r⃗)|2

]
eik⃗·r⃗. (1.103)

After performing the Fouriar transformation in Eq.(1.103) we get

Mk⃗ = i

√
ℏ

2mNωk⃗

|⃗k|
[
Dee

− 1
4
k2l2e −Dge

− 1
4
k2l2g

]
(1.104)

The phonon spectral density function is defined to find exciton-phonon coupling strength
in a QD as [64, 65]

J(ω) =
∑
k⃗

|Mk⃗|2δ(ω − ωk⃗). (1.105)

To find the phonon spectral density function, we assume spherically symmetric QD
with equal confinement length le = lg = l and the liner dispersion relation ωk⃗ = csk⃗

where cs is the speed of sound. For closely spaced phonon modes, the sum over k⃗ is
transformed to the integration over a continuous variable k to find the analytical form
of the spectral function given by

J(ω) = αpω
3e

− ω2

2ω2
c . (1.106)

where ωc =
√
2cs/l and αp = (D2

e − D2
g)ℏ/4π2ρV c

5
s are the cutoff frequency and the

coupling strength respectively.
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1.5 Two level system dynamics
In this section, we will try to understand how to find the dynamics of a QD interacting
with an electromagnetic field. The QD consists of many optically allowed eigenstates
corresponding to their discrete energy levels, as shown in Fig. 1.5. Therefore, con-
sideration of all the energy levels makes the system complicated to understand the
underlying physics. Hence, we choose a monochromatic field with a frequency close
to the difference between two optically allowed transition levels. Thus, all other QD
levels are highly detuned except the resonant one, approximating the QD into a practi-
cal two-level system. Studying two-level QD is crucial for understanding the coherent
interaction between light and QD and their effect on QD’s optical properties.

1.5.1 Rabi model

Let us consider the QD system with a bright exciton state |1⟩ and ground state |2⟩
with dipole-allowed transition among them, separated by the emission frequency ωQD.
Initially, all the QD population resides in the ground state. Then, a weak EM-field
coupled to the |1⟩ ↔ |2⟩ transition transfers a small population from the ground state
to the excited state. The system is treated semiclassically by considering the EM field
as a continuous wave interacting with the quantized QD energy levels. The schematic
level diagram of the mentioned model system is displayed in Fig. 1.8.

Figure 1.8: Schematic diagram of a two-level QD system interacting with an electromagnetic field
with the Rabi frequency Ω and detuning ∆. The excited state decays to the ground state by the
spontaneous emission process with a characteristic decay rate γ.

The electric field of a classical electromagnetic radiation is given by

E⃗(r⃗, t) = êE(r⃗, t)ei(k⃗.r⃗−ωt) + c.c., (1.107)

where ê, E(r⃗, t) are the polarization and the amplitude envelop function respectively.
Subsequently, the frequency and wave vector of the incident light is ω and k, which
satisfy the linear dispersion relation ω = ck where c is the speed of light in free space.
By choosing the QD ground state eigenfrequency zero and recalling the radiation
matter interaction in Eq.(1.72), we can write down the total Hamiltonian as

H
′
= H0 +HI = ℏωQD|1⟩⟨1| − d⃗ · E⃗(r⃗, t) (1.108)
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where d⃗ is the induced dipole moment in the medium. Now, to find the explicit form
of the interaction Hamiltonian, we apply the identity operator to both sides of the HI

and use the identity |1⟩⟨1| + |2⟩⟨2| = 1. The interaction Hamiltonian HI takes the
form

HI = −[d⃗12 · êE(r⃗, t)ei(k⃗·r⃗−ωt) + d⃗12 · êE∗(r⃗, t)e−i(k⃗·r⃗−ωt)]|1⟩⟨2| (1.109)

−[d⃗21 · êE(r⃗, t)ei(k⃗·r⃗−ωt) + d⃗21 · êE∗(r⃗, t)e−i(k⃗·r⃗−ωt)]|2⟩⟨1| (1.110)

where dipole matrix element d⃗ij = ⟨i|d⃗|j⟩ and * denote the complex conjugate of the
function. We have neglected the same parity term in the above expression to satisfy the
dipole interaction selection rule. To express the interaction Hamiltonian in a compact
form, let’s define the Rabi frequencies [66] as

Ω =
d⃗12 · ê
ℏ

E(r⃗, t)eik⃗·r⃗ and Ω =
d⃗12 · ê
ℏ

E∗(r⃗, t)e−ik⃗·r⃗. (1.111)

The interaction Hamiltonian after considering Rabi frequencies is

HI = −ℏ[Ωe−iωt + Ωeiωt]|1⟩⟨2| − ℏ[Ω∗eiωt + Ω
∗
e−iωt]|2⟩⟨1|. (1.112)

Therefore, the total Hamiltonian of a QD-light interaction is described by

H
′
= ℏωQD|1⟩⟨1| − ℏ[Ωe−iωt + Ωeiωt]|1⟩⟨2| − ℏ[Ω∗eiωt + Ω

∗
e−iωt]|2⟩⟨1|. (1.113)

The above Hamiltonian has an explicit time dependence with the oscillating terms
having frequency ±ω. To remove the explicit time dependence from the Hamilto-
nian, we must consider a suitable unitary transformation U . The interaction picture
Hamiltonian after such unitary transformation follows the rule

H = U †H
′
U − iℏU †∂U

∂t
. (1.114)

In this case, we have chosen the unitary transformation to be

U = e−iω|1⟩⟨1|t. (1.115)

After this transformation, the total Hamiltonian takes the following form

H = −ℏ∆|1⟩⟨1| − ℏ[Ω + Ωe2iωt]|1⟩⟨2| − ℏ[Ω∗ + Ω
∗
e−2iωt]|2⟩⟨1|. (1.116)

where the detuning is defined as ∆ = ω − ωQD. Looking at the Hamiltonian in
Eq.(1.116), it is clear that the Ω is associated with the rapidly oscillating terms with
frequency ±2ω. Therefore, the contribution from such high-frequency terms is negli-
gible under current consideration. For that reason, the approximate Hamiltonian by
safely neglecting the rapidly oscillating terms, is given by

H = −ℏ∆|1⟩⟨1| − ℏΩ|1⟩⟨2| − ℏΩ∗|2⟩⟨1|. (1.117)

This particular approximation is popularly known as the rotating wave approximation
(RWA) [67]. After the RWA approximation, the final Hamiltonian becomes explicitly
time-independent, as shown in Eq.(1.117).
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1.5.2 Density Matrix formalism

Until now, we have only discussed the single emitter system whose wavefunction |ψ⟩
carries all the system information. The system dynamics can be easily obtained in such
cases by solving the Schrödinger equation H|ψ⟩ = iℏ∂|ψ⟩/∂t. The above treatments
become ineffective when ensembles of large identical emitters are considered in the
system with various incoherent decay processes. In this scenario, finding the exact wave
function of the whole system is challenging. The concept of a statistical mixture of
wavefunctions with classical probability has been introduced to address such a problem.
The density matrix operator is defined by

ρ =
∑
i

pi|ψi⟩⟨ψi| (1.118)

where pi is the classical probability of finding the system in the |ψi⟩ state. The con-
servation of probability suggests that the sum over all possible realization is equal to
unity mathematically expressed as

∑
i pi = 1. Let’s consider a case when the system

is exactly in the |ψ0⟩ state, the density matrix for the system ρ = |ψ0⟩⟨ψ0| with the
probability p0 = 1. This type of quantum state is called a pure state. Now, we are
interested in finding the expectation value of a quantum operator associated with some
observable. For a quantum operator O, the expectation value after averaging over a
quantum mechanical and statistical ensemble is given by

⟨O⟩ = Tr(Oρ) = Tr(ρO) (1.119)

where Tr represents the trace of a matrix. Some of the important properties of the
density matrix have been used to distinguish the different classes of the quantum state,
as given below

i) Normalisation condition:Tr[ρ] = 1 (1.120)
ii) For a pure state:Tr[ρ2] = 1 (1.121)
iii) For a mixed state:Tr[ρ2] < 1. (1.122)

The density matrix contains complete system information by finding all the elements.
The elements of a density matrix are defined by ρij = ⟨i|ρ|j⟩ where i, j ran over all the
states. The diagonal elements of the density matrix with i = j refer to the population
in that state. On the other hand, off-diagonal elements of the density matrix with
i ̸= j refer to the coherence term between two states |i⟩ and |j⟩, which decide the
optical properties of the medium by controlling the susceptibility. The time evolution
of a quantum mechanical system’s wavefunction |ψi⟩ determined by the Schrödinger
equation

∂|ψi⟩
∂t

=
1

iℏ
H|ψi⟩. (1.123)

In this regard, to find the time evolution of the density matrix, we take a time derivative
of ρ as

ρ̇ =
∑
i

pi

(
∂|ψi⟩
∂t

⟨ψi|+ |ψi⟩
∂⟨ψi|
∂t

)
(1.124)
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where pi is a time-independent quantity. Using Eq.(1.123) in Eq.(1.124), we get the
final form of the density matrix dynamics, often called Liouville or Von Neumann
equation given by

ρ̇ =
1

iℏ
[H, ρ]. (1.125)

This Liouville equation completely describes the dynamics of a coherently interacting
system. However, any natural system always suffers from incoherent processes such as
spontaneous emission [68], decoherence, dephasing, collision, thermal vibration, etc.
These processes are responsible for the decay of the excited state to the ground state.
The density matrix formalism allows us to incorporate such decay rates via relaxation
matrix Γ defined by ⟨n|Γ|m⟩ = γnδnm. Therefore, the modified Liouville equation
looks like

ρ̇ =
1

iℏ
[H, ρ]− 1

2
{Γ, ρ}, (1.126)

where the anti-commutator bracket {Γ, ρ} = Γρ + ρΓ. Generally, all the relaxation
processes may not necessarily fit into this particular formalism but rather show a
much-complicated structure. From the above equation, (i, j)th element of the density
matrix is

ρ̇ij =
1

iℏ
∑
k

(Hikρkj − ρikHkj)−
1

2

∑
k

(Γikρkj + ρikΓkj). (1.127)

For a two-level system Eq.(1.127) transformed into a new form by introducing Lind-
bladian term as

ρ̇ =
1

iℏ
[H, ρ] +

γ

2
L[σ−]ρ, (1.128)

where σ− = |2⟩⟨1|. The Lindbladian superoperator acting upon an operator O ex-
pressed as L[O]ρ = 2OρO† − O†Oρ − ρO†O. The Eq.(1.128) is called the master
equation in the literature. This thesis will use the master equation formalism to study
the dynamics of various quantum optical systems.

1.5.3 Time-dependent solution

In the previous subsection, we have understood the basic formalism of the density
matrix. Now, we will apply this theory to find the dynamics of a two-level system.
For a two-level system, the density matrix will be a 2× 2 matrix with four elements.
Among them, two diagonal elements ρ11 and ρ22 are the population, and the remaining
two off-diagonal elements ρ12 and ρ21 are the coherence term. Recalling Eq.(1.128),
the coupled linear differential equations of the density matrix are given by

ρ̇11 = iΩρ21 − iΩ∗ρ12 − γρ11, (1.129)

ρ̇12 = iΩ(ρ22 − ρ11)− (
γ

2
− i∆)ρ12, (1.130)

ρ̇21 = iΩ∗(ρ11 − ρ22)− (
γ

2
+ i∆)ρ21, (1.131)

ρ̇22 = iΩ∗ρ12 − iΩρ21 + γρ11. (1.132)
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These above equations are called generalized optical Bloch equations (OBE). The
mentioned equations also follow the properties of the density matrix Tr[ρ] = ρ11 +
ρ22 = 1, which indicates the conservation of the total population in the system. The
Hermitian property of the density matrix suggests that two off-diagonal elements ρ12
and ρ21 satisfy the relation ρ12 = ρ∗21. Applying these constraints to the optical Bloch
equation, we can reduce the number of equations and variables into two, which is
solvable. At first, we consider an ideal system where the spontaneous decay rate
γ = 0. In that case, the system of equations (1.129− 1.132) forms an exactly solvable
system. The analytical solution of the density matrix elements with initial condition
ρ22(t = 0) = 1 is given by

ρ12(t) =
2Ω

Ω2
G

sin

(
ΩGt

2

){
∆sin

(
ΩGt

2

)
+ iΩG cos

(
ΩGt

2

)}
(1.133)

ρ22(t) = cos2
(
ΩGt

2

)
+

∆2

Ω2
G

sin2

(
ΩGt

2

)
, (1.134)

where ΩG =
√
∆2 + 4Ω2 is called the generalized Rabi frequency. In Fig. 1.9, we have

plotted both the ground and excited state population of a two-level system with time.
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Figure 1.9: The populations of a two-level QD system plotted as a function of dimensionless time
for two different detunings ∆ = 0,Ω. The ground and excited state populations display Rabi
oscillations, with a reduced peak value for larger detuning.

We observed that for ∆ = 0, the population shows a Rabi oscillation between ground
and excited state with frequency Ω. The complete population transfer from zero
to one has occurred in this case. Contrarily, for ∆ = Ω, the population oscillation
increases along with the reduction in the population peak. From Fig. 1.9, we notice
that the sum of the ground and excited state population is always conserved and
equal to unity. Now, we incorporate the spontaneous emission rate by considering
γ ̸= 0 in the generalized OBE. Therefore, the system dynamics become more realistic,
unlike the previous case where the excited state does not decay arbitrarily long. After
this consideration, the density matrix equations do not have any general analytical
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solution. Therefore, we solved the system of first-order coupled differential equations
numerically. Fig. 1.10 shows the variation of the population of a two-level system
by considering the spontaneous decay rate γ. Due to a spontaneous decay rate, the
excited state no longer reaches the maximum population after some time. Also, the
Rabi frequency shows a damping nature; after a long time, the population reaches a
steady state value. These findings match very well with the experimentally observed
results in atomic systems.
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Figure 1.10: Variation of two-level QD populations with dimensionless time for detuning ∆ = 0
in the presence of spontaneous decay rate γ = Ω.

1.5.4 Steady-state solution

In the previous subsection, we noticed that the population undergoes a steady state
behavior after a long time in the presence of a spontaneous decay rate. Therefore, we
are interested in studying the steady-state solution of the density matrix equation. To
do so, we have set the time derivative of the density matrix to zero, indicating that
the density matrix elements are independent of time. As a result, all four equations
don’t have any derivative terms, transforming OBE into a set of linear equations with a
simple solution. The exact analytical solution of the density matrix element by solving
the set of linear equations is given by

ρ11 =
|Ω|2((

γ
2

)2
+∆2

)
+ 2|Ω|2

, (1.135)

ρ12 =
iΩ
(
γ
2
+ i∆

)((
γ
2

)2
+∆2

)
+ 2|Ω|2

. (1.136)

We found the steady-state solution of the density matrix as a function of detuning.
Therefore, one can control the coherence term ρ12 by changing the detuning with the
help of applied field frequency. Fig. 1.11 shows the variation of the real and imaginary
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part of the coherence term ρ12 as a function of detuning ∆. Now, we will discuss the
effect of the coherence on the medium’s optical properties. An electromagnetic field
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Figure 1.11: The real and imaginary part of the steady state coherence term ρ12 variation with
the normalized detuning ∆/γ for a weak applied field Ω = 0.01γ.

interacting with the medium produces an induced polarisation. Thus, the induced
polarization is calculated by taking the average of all individual dipole moments in the
system. The induced polarization of the QD medium with volume density N is given
by

P⃗ = N⟨d⃗⟩ = NTr[d⃗ρ] (1.137)

= N(d⃗21ρ12 +H.c). (1.138)

The induced polarization obeys a relation P⃗ = χE⃗ where χ is the susceptibility of the
medium. Using the steady state coherence in Eq.(1.136), we can get the expression
for the susceptibility of the medium as

χ =
N |d12|2

ℏ
i
(
γ
2
+ i∆

)((
γ
2

)2
+∆2

)
+ 2|Ω|2

. (1.139)

We can see that the susceptibility of the medium depends on the higher orders of the
applied field intensity, indicating the presence of nonlinearity in the system [69]. How-
ever, the system will act as a linear medium when the applied field intensity becomes
very small or |Ω|2 → 0. Fig. 1.11 effectively exhibits the behavior of the susceptibility
without some constant multiplication factor. The real part of the susceptibility shows
the dispersion phenomena. In the two-level system, the dispersion is anomalous. The
imaginary part of the susceptibility is responsible for the absorption and gain in the
system. Positive and negative signs of the imaginary part decide the absorption and
gain of the system, respectively. Notably, a Lorentzian absorption peak has been ob-
served near the resonance condition for a two-level system [70]. This absorption peak
indicates a very high absorption of the applied field by the medium at resonance con-
dition ∆ = 0. In Chapter 2, we will discuss how to avoid such a problem by making
the system transparent at the resonance.
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1.6 Pulse propagation in a medium
The Maxwell equation fully describes classical electromagnetic radiation propagation
in a medium. To understand the physics, first, we recall all the relevant quantities
previously defined in Eq.(1.1 − 1.4) and Eq.(1.5 − 1.6) under the subsection 1.1.1.
Previously, in the case of free space, we assume that all the source terms and induced
polarisations are zero. However, the electromagnetic radiation polarised the individual
atoms to build up the resultant induced polarisation P⃗ for a dielectric medium. In
this study, we will consider all the previous assumptions correct except for the induced
electric polarisation. Now, the electric displacement vector for the dielectric medium
has the additional induced polarisation term described as

D⃗ = ϵ0E⃗ + P⃗ . (1.140)

Using all the relevant equations mentioned before, one can write down the differential
equation for the electric field given by

∇⃗ ×
(
∇⃗ × E⃗

)
= −µ0

∂2

∂t2

(
ϵ0E⃗ + P⃗

)
. (1.141)

Appling various vector identities and no bound charge condition, we can get the wave
equation for the electric field with a source term expressed as

∇2E⃗ − 1

c2
∂2E⃗

∂t2
= µ0

∂2P⃗

∂t2
. (1.142)

The presence of the source term in Eq.(1.142) opens up various new possibilities for
studying the propagation dynamics. The wave equation can become nonlinear de-
pending on the susceptibility behavior of the medium. In general, we could not find
the exact solution of the wave equation in the presence of polarization; instead, it is
possible by numerical methods. Therefore, some crucial approximations are required
to get the analytical solution of the wave equation. Let’s recall the electric field of a
quasi-monochromatic plane wave propagating along the z-direction in Eq.(1.15)

E⃗(z, t) = êE(z, t)ei(kz−ωt) + c.c. (1.143)

where ê is the arbitrary linear polarisation. Interaction between the applied electric
field and the medium changes the dipole orientation, resulting in induced polarization

P⃗ (z, t) = êP(z, t)ei(kz−ωt) + c.c. (1.144)

where P(z, t) is the envelope function for induced polarisation. The second derivative
in space and time is calculated for the electric field and induced polarization

∇2E⃗ = ê

(
∂2E
∂z2

+ 2ik
∂E
∂z

− k2E
)
ei(kz−ωt) + c.c., (1.145)

∂2E⃗

∂t2
= ê

(
∂2E
∂t2

− 2iω
∂E
∂t

− ω2E
)
ei(kz−ωt) + c.c., (1.146)

∂2P⃗

∂t2
= ê

(
∂2P
∂t2

− 2iω
∂P
∂t

− ω2P
)
ei(kz−ωt) + c.c. (1.147)
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Before plugging these parts directly into the wave equation, we make a realistic approx-
imation to simplify the problem. We assume that the spatial and temporal variation
of the envelop functions is negligible at the optical period and wavelength scale. This
approximation holds very well for the optical to infrared wavelength range. We can ex-
press the approximation mathematically by considering smaller values for higher-order
derivatives as ∣∣∣∂2E

∂z2

∣∣∣≪ ∣∣∣k∂E
∂z

∣∣∣≪ ∣∣∣k2E∣∣∣ (1.148)∣∣∣∂2E
∂t2

∣∣∣≪ ∣∣∣ω∂E
∂t

∣∣∣≪ ∣∣∣ω2E
∣∣∣ (1.149)∣∣∣∂2P

∂t2

∣∣∣≪ ∣∣∣ω∂P
∂t

∣∣∣≪ ∣∣∣ω2P
∣∣∣. (1.150)

By putting Eq.(1.145 − 1.147) in Eq.(1.142), we get the explicit differential form of
the wave equation. Neglecting the second-order derivative terms of the electric field
and both first and second-order derivative terms of the polarization, we can get the
simplified propagation equation as

∂E
∂z

+
1

c

∂E
∂t

=
iµ0ωc

2
P , (1.151)

by using the linear dispersion relation ω = ck. The above approximation is popularly
known as the slowly varying envelop approximation (SVEA) in the literature [35].
Under the SVEA approximation, the propagation equation transforms into a simpler
form and is easy to solve analytically and numerically. This equation itself is insuffi-
cient to get a practical system’s complete dynamics. The induced polarisation should
be calculated from OBE under the density matrix formalism discussed earlier. The
propagation of the applied pulse depends on the real and imaginary parts of the sus-
ceptibility present in the polarization. The medium’s property indirectly depends on
the coherence term ρ12 as the induced polarisation is proportional to it. The system is
now solvable “self-consistently” because the applied pulse produces induced polarisa-
tion, then the medium changes the propagating pulse and completes the cycle. Further
simplification of the propagation equation (1.151) is done by introducing a new frame
of reference moving with the speed of light c. The transformation rule between old
coordinates (z, t) and the new coordinates (ζ, τ) are defined by

ζ = z, τ = t− z

c
(1.152)

so that
∂

∂z
+

1

c

∂

∂t
=

∂

∂ζ
,

∂

∂t
=

∂

∂τ
. (1.153)

In the new frame, the transformed propagation equation takes the form
∂E
∂ζ

=
iµ0ωc

2
P . (1.154)

We will use the above propagation equation for the rest of my thesis to numerically
calculate the pulse propagation dynamics with the help of an iterative method. The
calculation process starts at ζ = 0 with the initial assumption and finds the next
solution point. In the next iteration, the previously solved point is taken as an initial
condition to find the next point. The step size of the iteration process plays a crucial
role in getting reliable results.
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1.7 Four-wave mixing
This section discusses the basic understanding of various nonlinear optical phenomena.
The nonlinear optical phenomena occurred due to the medium’s nonlinear susceptibil-
ity [69]. The polarization of a medium depends on the coherence term of the density
matrix; hence, it is possible to manipulate the susceptibility of the medium. In general,
the polarisation density of the medium depends on the electric field, as given below

P (t) = ϵ0
(
χ(1)E(t) + χ(2)E2(t) + χ(3)E3(t) + · · ·

)
. (1.155)

In the above equation, the first term describes the linear optical process as the po-
larization is proportional to the first power of the electric field. The proportionality
constant χ(1) refers to the linear susceptibility of the medium. For a linear medium,
all the higher-order susceptibility terms are zero. Therefore, polarization satisfies the
relation P⃗ = χ(1)E⃗. By putting this relation into the modified wave equation (1.142),
we can get a wave equation similar to the free space with modified propagation velocity
v. This modified velocity is determined by the medium’s refractive index n as v = c/n.
Alternatively, the relationship between susceptibility and the refractive index obeys
the relation n =

√
1 + χ(1). We see that a linear medium can only change the speed of

the light compared to free space. Much more interesting optical phenomena occurred
when the nonlinear terms in Eq. (1.155) were present in the system. The second and
third terms correspond to the second and third-order nonlinear susceptibility defined
by χ(2) and χ(3) respectively. Keep in mind that the higher-order susceptibility of
the medium exhibits weaker strength. Therefore, the ordering of the susceptibility
according to their strength is as follows: χ(1) > χ(2) > χ(3) > · · · . We can neglect the
higher-order susceptibility for weak applied electric fields. In the case of a strongly
applied electric field, nonlinearity comes into the picture. Another way to observe
the nonlinear effect is to take a medium whose lower-order susceptibility is almost
negligible. Let us consider the applied electric field amplitude,

E(t) = Ee−iωt + c.c. (1.156)

Then, the second-order polarization term is written as

P (2)(t) = ϵ0χ
(2)E2(t) (1.157)

= 2ϵ0χ
(2)|E|2 +

(
ϵ0χ

(2)E2e−2iωt + c.c.
)
. (1.158)

We notice that the second-order polarization contribution in Eq.(1.158) explicitly
shows the first term corresponds to the zero frequency, and the second term is asso-
ciated with 2ω frequency. Therefore, the constant term will be zero after the second-
order time derivative in the propagation equation and hence does not contribute to the
new harmonic generation. Notably, the first term produces a static electric field across
the medium, and the process is called optical rectification. On the other hand, the
second term indicates the second harmonic generation as the new frequency is twice
the applied field frequency [71]. The generated new positive frequency can have all
possible combinations given by ωn = ±ω ± ω = {0, 2ω}. Now, we study the second-
order nonlinear process with two electric fields having different frequencies ω1 and ω2.
The total electric field for the two frequency components is defined as

E(t) = E1e−iω1t + E2e−iω2t + c.c. (1.159)
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Again, using the expression for second-order nonlinear polarization in Eq.(1.155) we
can get

P (2)(t) = ϵ0χ
(2)E2(t) (1.160)

= 2ϵ0χ
(2)(|E1|2 + |E2|2) + ϵ0χ

(2)
(
E2
1e

−2iω1t + E2
2e

−2iω2t

+ 2E1E2e−i(ω1+ω2)t + 2E1E∗
2e

−i(ω1−ω2)t + c.c.
)
. (1.161)

In this case, four new positive frequency generations are possible via a second-order
nonlinear process; those are ωn = ±ω1 ± ω2 = {0, 2ω1, 2ω2, ω1 + ω2, ω1 − ω2}. Every
frequency generation in the second bracket undergoes some unique physical process
and is, therefore, named accordingly. The process involved in the second and third
frequency terms of the second bracket is called a second-harmonic generation (SHG),
the fourth frequency represents the sum-frequency generation (SFG), and the final
frequency term indicates difference-frequency generation (DFG). These three processes
have many applications, such as frequency converters, ultra-short pulse measurements,
and high-resolution optical microscopy. In the above discussion, we have understood
the second-order nonlinear optical process associated with the nonlinear susceptibility
of the medium. We go one step further to understand third-order nonlinear optical
processes coming from third-order nonlinear susceptibility in the medium. Similar to
the previous calculation, we consider an electric field with three frequency components
given by

E(t) = E1e−iω1t + E2e−iω2t + E3e−iω3t + c.c. (1.162)

The third-order contribution of the polarization is written in terms of the electric field
as

P (3)(t) = ϵ0χ
(3)E3(t). (1.163)

From Eq.(1.163), we understand that the right-hand side cubic term can be expanded
by putting some effort. Here, we will not present the explicit form of the polarisation
as it will have lots of new frequency terms. However, the new positive frequency terms
[71] calculated from the above equation are given by

ωn =
{
ω1, ω2, ω3, 3ω1, 3ω2, 3ω3, (ω1 + ω2 + ω3), (ω1 + ω2 − ω3), (ω1 + ω3 − ω2),

(ω2 + ω3 − ω1), (2ω1 ± ω2), (2ω1 ± ω3), (2ω2 ± ω1), (2ω2 ± ω3), (2ω3 ± ω1), (2ω3 ± ω2)
}
.

(1.164)

Although many frequency generations are possible in a third-order nonlinear medium,
all these can not be found simultaneously at the medium end. In this regard, no
more than one frequency could have appreciable intensity generated from the third-
order nonlinear optical interaction. Obtaining a particular frequency harmonic in
the system is closely connected with obeying some specific condition. Usually, the
condition does not obey simultaneously for more than one frequency of the nonlinear
polarization. The mentioned condition is the energy and momentum conservation in
the process, which must be satisfied to generate particular harmonics. In general,
any nonlinear optical process is often referred to as an N-wave mixing process where
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N number of photons are involved, including the emitted one. Therefore, the SHG
doubling the applied frequency in a second-order nonlinear medium is a three-wave
mixing process. In this manner, when three applied fields interact with the third-
order nonlinear medium to produce a fourth electric field with a new frequency, such
method is called four-wave mixing [72–74]. Let’s consider a four-level QD system to
understand the condition of new harmonic generation via a four-wave mixing process
in the presence of third-order nonlinear susceptibility.

Figure 1.12: (a) Schematic diagram of the system of three electric fields interacting with the third-
order nonlinear medium to generate an FWM field with a new frequency. (b) Energy conservation
of the FWM process inside the four-level QD medium. All the solid lines represent the applied
field, and the dashed line indicates the generated FWM field with the mentioned frequency.

In Fig. 1.12(a) and (b), we have displayed the generation of a new field inside
a nonlinear medium by applying three fields and the energy level diagram of the
medium, respectively. First, consider that the frequency and wave vector of the four
electric fields is ωi and k⃗i respectively, where i ∈ {1, 2, 3, 4}. According to the energy
conservation principle for the multiphoton process, we get

ω4 = ω1 + ω2 − ω3. (1.165)

Another essential requirement for observing the FWM process is the conservation of
the momentum in the process, which obeys the relation

k⃗4 = k⃗1 + k⃗2 − k⃗3. (1.166)

These above-stated conditions are commonly called phase-matching conditions [75].
Subsequently, a precise phase-matching condition must be satisfied to observe efficient
FWM signal generation. Under the current consideration, third-order polarisation
dependency on the electric field components in the frequency domain is given below

P (ω1 + ω2 − ω3) = 6ϵ0χ
(3)E1E2E∗

3 . (1.167)

In a similar level system with two degenerate exciton states, Hsu et al. calculated the
analytical form of the light propagation by solving both the OBE and propagation
equation simultaneously. In this work, they obtain the contribution from the first
and third-order nonlinearity and named two-level absorption and ladder transparency,
respectively. Interestingly, the χ(3) term contributed in the generated field depends on
the electric field as

E4 ∝ E1E2E∗
3 . (1.168)

TH-3530_176121009



36 Chapter 1. Introduction

We notice that the right-hand side of Eq. (1.167) and (1.168) show similar structure.
In Chapter 3, we will apply the FWM process to generate the vector beams.

1.8 Basic theory of vector beams
This section discusses the fundamental theory of vector beams and their origin. Again,
we start with the Maxwell equation in free space, but this time, the variation of the
transverse component of the electric field is not considered to be zero. Therefore, we
are now deviating from the earlier-mentioned SVEA approximation and will discuss
the new approximation in this section in detail. Then, we solve the Maxwell equation
to get a light that can carry the orbital angular momentum having a vortex structure
in the transverse intensity distribution. Such OAM-carrying beams originate from the
phase singularity. Finally, we can generate the vector beams by vector superposition
of these OAM-carrying lights with orthogonal polarisation. The resultant light shows
an inhomogeneous polarisation distribution with polarisation singularity.

1.8.1 Laguerre-Gaussian mode

The Maxwell equation in free space (1.13) written in the cartesian coordinates is given
by (

∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
E⃗ − 1

c2
∂2E⃗

∂t2
= 0. (1.169)

By considering the general form of the electric field in the free space as

E⃗(x, y, z, t) = êE(x, y, z, t)ei(kz−ωt) + c.c., (1.170)

we find all the spatial and temporal derivatives of the electric fields as mentioned in
Eq.(1.145− 1.146). An optical field is said to be a beam when the intensity varies in
the transverse spatial direction but is independent in time. To satisfy the condition
for a beam, we make some new assumptions, which are∣∣∣∂2E

∂z2

∣∣∣≪ ∣∣∣∂2E
∂x2

∣∣∣, ∣∣∣∂2E
∂y2

∣∣∣, ∣∣∣k∂E
∂z

∣∣∣. (1.171)

This approximation states that variation of the electric field envelope function E(x, y, z)
along the z- direction is negligible compared to the transverse direction (x, y). The
approximation displayed in Eq.(1.171) is called the paraxial wave approximation [76].
Applying these conditions in the wave equation, we can get the new propagation
equation as

∂2E
∂x2

+
∂2E
∂y2

+ 2ik
∂E
∂z

= 0. (1.172)

The above propagation equation offers a solution with an infinite set of functions
individually called modes. The solution can also vary depending on the coordinate
system chosen to solve the problem. For the Cartesian coordinate system, the solution
of the Eq.(1.172) gives Hermite-Gaussian modes. Subsequently, the zeroth mode of the
Hermite-Gaussian solution exhibits the well-known Gaussian intensity distribution.
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Figure 1.13: (a)-(c) Intensity plot of the Laguerre-Gaussian modes with l = 0, 1, 2 in the transverse
plane. (d)-(f) Phase plot of the considered Laguerre-Gaussian modes. The bright and dark colors
represent high and low intensity or phase, respectively.

Instead of taking the Cartesian coordinates, it is possible to write the propagation
equation in cylindrical polar coordinates. The mathematical form of the propagation
equation in cylindrical polar coordinates (r, ϕ, z) is given by

1

r

∂

∂r

(
r
∂E
∂r

)
+

1

r2
∂2E
∂ϕ2

+ 2ik
∂E
∂z

= 0. (1.173)

The beam propagation equation in cylindrical polar coordinates satisfies the Laguerre-
Gaussian modes, which are described as

E(r, ϕ, z) = E0
√

2m!

π(m+ |li|)!
w0

w(z)

(
r
√
2

w(z)

)|l|

exp

[
− r2

w2(z)

]
Ll
m

[
2r2

w(z)2

]
eilϕ

× exp

[
ikr2z

2 (z2 + z2R)

]
exp [−i(2m+ |l|+ 1)η(z)] . (1.174)

Used notations are the maximum field amplitude E0, integer numbers l,m, azimuthal
angle ϕ, Rayleigh length zR = kw2

0/2, beam waist w0, wave number k, beam waist
at z distance w(z) = w0

√
1 + z2/z2R, Gouy phase (2m + |l| + 1)η(z) where η(z) =

tan−1(z/zR) [76].
Next, we will understand the properties of the Laguerre-Gaussian modes and the

corresponding transverse intensity distributions. To minimize the complexity of the
problem, we have chosen m = 0 throughout the thesis. In Fig. 1.13, we have plotted
the intensity and phase distribution in a transverse plane for the first three values of l.
The intensity distribution shows a Gaussian distribution for l = 0 and a vortex struc-
ture for l ̸= 0. The vortex radius increases with the increasing l value. Also, the phase
plot displays an equal number of maxima and minima same as the binding number l.
This observation ensures the plotted LG modes have the binding number l = 0, 1, 2.
From the intensity distribution, we can observe that the intensity is zero at the center
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for l ̸= 0, thus representing a phase singularity [77]. Generally, a beam exhibiting
phase singularity refers to having the orbital angular momentum. By looking at the
Eq.(1.174), we can understand that the eilϕ term is responsible for the OAM of an
optical field [78]. The quantum mechanical operator for the z-component of OAM is
described by Lz = −iℏ ∂

∂ϕ
in cylindrical polar coordinates. In a crude approximation,

if the envelop wavefunction of the light has a similar structure to LG beams, the OAM
of the considered light would be the lℏ [79]. Finally, we have understood that, among
many other properties, light can also carry orbital angular momentum. It is clear that
LG modes are one such OAM carrying light beam having OAM same as the integer
index of Laguerre polynomial l.

1.8.2 Vector beams

To this point, we always consider the light with constant polarisation denoted by the
ê. Therefore, the polarisation at each point of a light beam in the transverse plane
is exactly the same. This particular type of light is called a scalar beam due to its
homogeneous polarisation distribution. The previous subsection shows that the LG
modes can produce inhomogeneous intensity distribution in the transverse plane with
constant polarization. The question arises: What will happen when two light beams
with inhomogeneous intensity distribution and orthogonal polarization are vectorially
superimposed? To address this question, we choose a circular polarisation basis of
the light with two orthogonal polarisation directions named left and right circular
polarisation êL and êR respectively. The resultant electric field of the two superimposed
LG beams is given by

E⃗(r, ϕ, z) = EL(r, ϕ, z)êL + ER(r, ϕ, z)êR, (1.175)

where

EL(r, ϕ, z) = cos(α)LGlL
0 , and ER(r, ϕ, z) = eiθ sin(α)LGlR

0 , (1.176)

are the Laguerre- Gaussian modes with two controlling parameters, α and θ, known as
relative amplitude and phase. In the literature, various investigations suggest that the
light mentioned above has a unique property of heterogeneous polarization distribution
in the transverse plane. The newly generated light has a unique polarisation vector
direction in the different coordinate points in the xy plane, denoted as vector beam
(VB). The characteristics of a vector beam are mainly defined by four controlling
parameters: each component OAM lL, lR, relative strength α, and phase θ. Depending
on the OAM of the VB components, they are classified into two groups: (a) full
Poincaré (FP) beams and (b) cylindrical vector (CV) beams. A VB with one zero
and non-zero OAM index of the LG mode component is called a full Poincaré (FP)
beam [80]. Examples of such beams are lemon, star, and web VBs. These VBs can be
generated by varying OAM indexes. Such VBs always carry a net OAM. In contrast,
when a VB has an equal and opposite OAM index of LG components, those are called
cylindrical vector (CV) beams [81]. Some examples of such VBs are radial, spiral, and
azimuthal VBs according to their displayed polarization symmetry. In this case, these
beams can be generated by varying the relative phase θ. Due to the equal and opposite
OAM components, the net total OAM carried by the CV beams is always zero. Let
us understand the polarisation distribution of a lemon VB by generating it from the
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two scalar beams. Before studying the polarization distribution of a VB, we need to
know an important tool called Stokes parameters. The Stokes parameters are excellent
alternatives for defining a general polarisation state of incoherent or partially polarised
light. We adopted the Stokes parameter formalism in the circular polarization basis
to visualize the polarization distribution in a transverse plane given by

S0 = |EL|2 + |ER|2, S1 = 2Re[E∗
LER],

S2 = 2Im[E∗
LER], S3 = |EL|2 − |ER|2. (1.177)

With the help of Stokes parameters, the ellipticity χ and orientation ψ of the degree
of polarization at any given point can be calculated as follows

S1

S0

= cos(2χ) cos(2ψ),
S2

S0

= cos(2χ) sin(2ψ),
S3

S0

= sin(2χ). (1.178)

We can derive the expression for ellipticity χ and orientation ψ in terms of the stokes
parameters by using Eq.(1.177) and Eq.(1.178) and are given by

χ = 1
2
sin−1

(
S3

S0

)
= 1

2
sin−1

(
|EL|2−|ER|2
|EL|2+|ER|2

)
, (1.179)

ψ = 1
2
tan−1

(
S2

S1

)
= 1

2
tan−1

(
Im[E∗

LER]

Re[E∗
LER]

)
. (1.180)

Now, we are at that point to plot both the intensity and polarization in a transverse
plane by calculating the Stokes parameters and the various polarisation ellipse param-
eters. In Fig. 1.14, we have displayed the generation of a lemon vector beam from the
two orthogonally polarised scalar beams, with one having non-zero OAM. This figure

Figure 1.14: The intensity and polarisation distribution of three light beams plotted in xy-plane.
(a)The left circularly polarised light with no OAM lL = 0. (b) The right circularly polarised light
carrying OAM lR = 1. (c) Generated lemon VB with the parameters lL = 0, lR = 1, α = π/4, θ =
0. In this figure, blue, white, and red color ellipses represent the left, right, and linear polarisation,
respectively.

shows that the left circular polarization component has a Gaussian intensity distribu-
tion, and the right circular polarization shows a doughnut intensity distribution. Both
the components displayed orthogonal polarisation components exhibiting left (blue)
and right (white) circular polarisation. The resultant intensity distribution exhibits
a flat-top Gaussian intensity distribution. The generated vector beams display left
circular polarisation at the center, linear polarisation in the middle, and right circular
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polarisation at the edge. Therefore, the polarisation distribution becomes heteroge-
neous, as stated earlier. Similar to the phase singularity, lemon VB poses polarisation
singularity. At the center, the state of polarisation is circular, which indicates that
the direction of the polarisation is undefined. There are also some classifications of
the polarisation singularity in the literature. Those are C- and V-point singularities
extensively studied by Ruchi et al.[77]. The name “ lemon ” is considered for this VB
because of the polarization distribution pattern itself. More details of arbitrary vector
beam generation techniques will discussed in Chapter 3.

1.9 Quantum theory of laser
The first experimental demonstration of a working laser was invented by T. Maiman
in 1960 [18]. A conventional laser system consists of a high-quality optical cavity res-
onator filled with active material called gain medium. There are several methods for
pumping the atoms into the excited states. The optical amplification occurs inside
active material due to the stimulated emission of electromagnetic radiation. In this
process, the population of the excited state goes to the ground state coherently by
emitting one additional photon in the cavity mode. Then, the photons inside the cav-
ity travel back and forth between the mirrors to produce a very high output intensity.
The input power of a laser is a critical quantity to start lasing action; the minimum
operating power of a laser is called laser threshold power. To this point, we have only
studied the semiclassical light-matter interaction model where the light was considered
classical. This section discusses the complete quantum theory of light-matter interac-
tion. Accordingly, we should first understand the Jaynes Cummings model to study
the laser dynamics quantum mechanically.

1.9.1 Jaynes Cummings model

The Jaynes Cummings model [82] is a fully quantum mechanical version of the pre-
viously discussed Rabi model. This model considers the simplest possible system
of a two-level emitter interacting with the quantized electromagnetic radiation in a
single-mode cavity. Let us consider that the two-level emitter has ground state |g⟩ and
excited state |e⟩. Subsection 1.1.2 has already discussed the quantized electromagnetic
radiation. Therefore, the electric field of a single-mode cavity is given by

E⃗(z, t) = êE0(a+ a†) sin(kz). (1.181)

We have considered the energy eigenfrequency of the ground state to be zero. The
operator σi,j = |i⟩⟨j| represents the emiters transition where i, j ∈ {g, e}. According
to the previous definition, the dipole moment could be written in terms of the emitter
operators as

d⃗ = d|g⟩⟨e|+ d∗|e⟩⟨g| = dσge + d∗σeg = d (σge + σeg) , (1.182)

where we assumed that the dipole moment is real and the diagonal terms are zero
due to the parity selection rule. Recalling the previously established radiation matter
interaction Hamiltonian, we get,

HI = −d⃗ · E⃗ (1.183)
= ℏg (σge + σge)

(
a+ a†

)
, (1.184)
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where g = −E0d
ℏ sin(kz) is the coupling constant. From Eq.(1.184), we understand that

two terms do not satisfy the energy conservation principle among the four possible
terms. Therefore, neglecting those terms from the interaction Hamiltonian, we found

HI = ℏg
(
σega+ σgea

†) . (1.185)

We have also derived the free Hamiltonian for both the quantized light and the matter,
so the total Hamiltonian is given by

H = ℏωQDσee + ℏωa†a+ ℏg
(
σega+ σgea

†) . (1.186)

In this Hamiltonian, interaction term operator structure only allows two types of
transition |e⟩|n⟩ ↔ |g⟩|n+1⟩ or |e⟩|n−1⟩ ↔ |g⟩|n⟩, where |n⟩ represent number states.
These composite states are identified as bare states in the literature. Therefore, for a
particular detuning, ∆ Hamiltonian can be diagonalized in the |e, n⟩, |g, n+ 1⟩ basis.
The eigenfunctions of the mentioned Hamiltonian are given by

|+, n⟩ = cos θn|e, n⟩+ sin θn|g, n+ 1⟩, (1.187)
|−, n⟩ = cos θn|g, n+ 1⟩ − sin θn|e, n⟩, (1.188)

where tan 2θn = 2g
√
n+ 1/∆. The corresponding eigenvalues are

E±,n = ℏω(n+ 1)± ℏΩn/2; Ωn =
√

∆2 + 4g2(n+ 1). (1.189)

These newly generated states |±, n⟩ are called dressed states. After studying the JC
model, we are ready to develop the master equation for a laser and its corresponding
rate equation.

1.9.2 Laser rate equation

Let us consider a multilevel laser system [35] with two levels coupled to the single
mode cavity with a coupling constant g. The cavity decay rate is κ. For simplicity,
we consider the detuning to be zero, meaning the QD and cavity are in resonance.
Further, we assume the population is getting pumped to the excited state |e⟩ with a
rate η. Also, the decay rate of the two levels is the same, denoted by γ. The density
matrix of the system after taking the trace over all the QD states is given by

ρ̇n,n′ =
1

iℏ
TrQD[H, ρ]n,n′ + (L[a]ρ)n,n′ , (1.190)

where

(L[a]ρ)n,n′ = −κ
2
(n+ n

′
)ρn,n′ + κ

√
(n+ 1)(n′ + 1)ρn+1,n′+1. (1.191)

Expanding the TrQD in Eq. (1.190), the explicit form of the density matrix equation
is written as

ρ̇nn′ =
1

iℏ
(
Hen,gn+1ρgn+1,en′ − ρen,gn′+1Hgn′+1,en′ +Hgn,en−1ρen−1,gn′

−ρgn,en′−1Hen′−1,gn′
)
− κ

2
(n+ n

′
)ρn,n′ + κ

√
(n+ 1)(n′ + 1)ρn+1,n′+1. (1.192)
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The elements of the JC Hamiltonian are given by

Hen,gn+1 = ℏg
√
n+ 1 (1.193)

Hgn′+1,en′ = ℏg
√
n′ + 1 (1.194)

Hgn,en−1 = ℏg
√
n (1.195)

Hen′−1,gn′ = ℏg
√
n′ . (1.196)

As we know, all the Hamiltonian elements, the unknown element left in the reduced
density matrix equation, is ραn,βn′ = ⟨αn|ρ|βn′⟩. The solution of the coupled density
matrix equation of the complete system can provide the unknown quantity. In this
system, all the off-diagonal density matrix elements can be written analytically in
terms of the diagonal elements using the matrix method as depicted in the quantum
optics book by M. O. Scully and M. S. Zubairy [35]. After solving the density matrix
elements using adiabatic approximation, we get

ρen,gn′+1 =
iηg

√
n′ + 1

M
[g2(n

′ − n)γ2]ρnn′ , (1.197)

ρgn+1,en′ =
−iηg

√
n+ 1

M
[g2(n− n

′
)γ2]ρnn′ (1.198)

with

M = γ4 + 2g2γ2(n+ 1 + n
′
+ 1) + g4(n− n

′
)2. (1.199)

The other density matrix elements ρen−1,gn′ and ρgn,en′−1 can be determined from the
the Eq.(1.197) and Eq.(1.198), by replacing the index n, n′ to n− 1, n

′ − 1. Plugging
all the unknowns into Eq.(1.192), we get the final density matrix equation with all the
diagonal terms

ρ̇n,n′ = −
(

N
′

nn′A

1 + Nnn′B/A

)
ρn,n′ (1.200)

+

( √
nn′A

1 + Nn−1,n′−1B/A

)
ρn−1,n′−1 (1.201)

− κ

2
(n+ n

′
)ρn,n′ + κ

√
(n+ 1)(n′ + 1)ρn+1,n′+1. (1.202)

where the linear gain coefficient

A =
2ηg2

γ2
, (1.203)

the self-saturation coefficient

B =
4g2

γ2
A , (1.204)

and the dimensionless factors

N
′

nn′ =
1

2
(n+ 1 + n

′
+ 1) +

(n− n
′
)2B

8A
, (1.205)

Nnn′ =
1

2
(n+ 1 + n

′
+ 1) +

(n− n
′
)2B

16A
. (1.206)
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In particular, the diagonal element of the field density matrix ρnn = p(n) represents
the probability of finding the optical field in the |n⟩ state. Therefore, the quantum
laser rate equation can be described by

ṗ(n) = −
[ (n+ 1)A

1 + (n+ 1)B/A

]
p(n) +

[ nA

1 + nB/A

]
p(n− 1) (1.207)

− κnp(n) + κ(n+ 1)p(n+ 1). (1.208)

The above equation describes the flow of the probability of various photon states. By
looking at the equation, it is clear that only three neighboring states |n−1⟩, |n⟩, |n+1⟩
population transfer is directly possible via such interaction. Here, p(n−1) and p(n+1)
represent the gain and loss term of the cavity. We will use the discussed technique for
analyzing the laser scheme in Chapter 4.

1.10 Quantum entanglement

In a classically interacting composite system with two sub-systems, any measurement
on the first sub-system does not affect the second sub-system; therefore, it provides
definite results on each sub-system and evolves independently. However, this con-
cept is not always correct when considering a quantum system. For an interacting
two-particle quantum system, the final state of the individual particles is no longer
independent of each other even after separating the particles at a considerable dis-
tance. Therefore, the total wavefunction can not be written in terms of the tensor
product of individual particle wavefunction. In the early times of quantum mechanics,
many leading physicists did not accept this concept. In 1935, Einstein, Podolsky, and
Rosen published a paper [83] on a thought experiment explaining that the quantum
mechanical description of physical reality given by the wave function is incomplete.
This famous concept later attracted great attention and became popularly known as
the EPR paradox. The wavefunction of the composite system described in the EPR
paradox is given by

|Ψ⟩EPR =
1

2
(|+1,−2⟩ − |−1,+2⟩) (1.209)

where |±i⟩, i = 1, 2 represent the spin state of the first and second particle. Following
the concept, Schrödinger first coined the term “entanglement” to describe the quantum
correlation between two particles separated at some distance after the interaction. The
concept has received much more attention in the last few decades, which has led to
the opening of new branches, such as quantum information, quantum communication,
quantum cryptography, and teleportation. The two-level quantum system called qubit
is realized in terms of the polarisation or spin state. The entangled photon pair has
several applications, such as long-distance quantum communication protocols, quan-
tum cryptography, and quantum teleportation. For that reason, the entangled photon
pair generation scheme has gained much attention in recent times. Several existing
entangled photon pair generation methods are parametric down-conversion, four-wave
mixing process, and QD-cavity systems.
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1.10.1 Criteria for two-mode entanglement

We consider a system with two cavity modes labeled 1 and 2. Therefore, the individual
modes act as subsystems and will define whether the system’s total state is entangled.
A system is known to be separable when the total wave function can be written as a
tensor product of two individual subsystem functions. In terms of the density matrix,
a two-mode system’s quantum state ρ is separable if it can be expressed in terms of
the product form as given below

ρ =
∑
i

piρi1 ⊗ ρi2, (1.210)

where we have considered the ρi1, ρi2 to be an individual normalized state of the first
and second mode, respectively, and pi ≥ 0 satisfy the conservation relation

∑
i pi = 1.

A maximally entangled continuous variable state can be expressed as a co-eigenstate
of a pair of EPR type operators [83], such as x̂1+ x̂2 and p̂1− p̂2. Due to the maximally
entangled continuous variable state, the total variance of these two operators is reduced
to zero. Obviously, this state refers to a limiting case and is not physical. For a
practical entangled continuous variable state such as two-mode squeezed states, the
mentioned variance will rapidly tend to zero by increasing the squeezing parameter.
In this context, Duan et al.[84] found that a lower bound of the total variance exists
for any separable state. In general, they consider the two EPR-like operators given by

û = |a|x̂1 +
1

a
x̂2, v̂ = |a|p̂1 −

1

a
p̂2, (1.211)

where we have assumed a to be an arbitrary nonzero real number. For any separa-
ble state, the lower bound of the total variance of such variable pair satisfying the
commutation relation [x̂j, p̂j′ ] = iδjj′ is written as

⟨(∆û)2⟩ρ + ⟨(∆v̂)2⟩ρ ≥ a2 +
1

a2
. (1.212)

Therefore, the inequality indirectly indicates that the states are inseparable in the
region, which satisfies

⟨(∆û)2⟩ρ + ⟨(∆v̂)2⟩ρ ≤ a2 +
1

a2
. (1.213)

This inequality is an essential condition for defining the two-mode entanglement. In
Chapter 4, we will use this inequality to quantize the two-mode entanglement.
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Chapter 2
Self-induced transparency

2.1 Introduction

In this chapter, we will discuss our first research work. We consider the simplest
model system of a two-level emitter interacting with an optical field. Specifically, the
optical field intensity is time-dependent and conventionally called an optical pulse.
Generally, a weak optical pulse propagating through the medium is always completely
absorbed by the medium. However, in self-induced transparency (SIT), an optical
pulse propagates resonantly through the two-level absorbing medium without any loss
and distortion. This pioneering work was carried out by McCall and Hahn [20, 21]. SIT
originates from the generated coherence of a strongly coupled light-medium interaction.
Therefore, for observing SIT, the incident pulse should be shorter than the various
relaxation times present in the system so that the coherence will not vanish during
the pulse propagation. Further, the pulse should be strong enough to excite the atom
from the ground state. One of the best theoretical estimations of the input pulse was
reported in the “area theorem" [21]. This theorem dictates that a 2π secant pulse can
propagate through the medium without any loss and distortion in the pulse shape. In
general, for an initial pulse area θ0 obeying the condition (n+ 1)π > θ0 > nπ, evolves
the area towards (n + 1)π or nπ depending on whether n is odd or even. Therefore
input pulse with a larger area of 2nπ, breaks up into n number of 2π pulses with
different propagation velocities. These effects have been observed experimentally in
atomic rubidium medium by Slusher and Gibbs [85]. In particular, they have found
excellent agreement between numerical simulations and experimental results. These
fundamental properties of the SIT were investigated several times, both theoretically
and experimentally [70, 86, 87].

However, in atomic medium, the preparation and trapping of atomic gas required a
vast and sophisticated setup. Moreover, due to the gaseous nature of the medium, the
different velocities of the atom show Doppler broadening in output results. For the last
two decades, solid-state semiconductor mediums have emerged as a potential candidate
for optical applications, particularly for scalable on-chip quantum technology. Earlier,
the resonant coherent pulse propagation in bulk and quantum-well semiconductors be-
haves differently compared to a two-level atomic medium. The discrepancy mentioned
above occurs due to the many-body Coulomb interaction of the different momentum
states present in a bulk medium[88–90]. This problem has been overcome in three-
dimensionally confined excitons in quantum dots (QDs). The quantum dots can easily
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be engineered to get the desired transition frequency to avoid the problem of laser
availability. The scalability and fabrication technology make the semiconductor QDs
suitable for modern quantum optics experiments. There have been some interesting
theoretical proposals about the possibility of observing SIT in self-organized InGaAs
QDs[91]. Excitonic transition in InGaAs QDs have large transition dipole moments
and long dephasing time in the range of nanoseconds at cryogenic temperatures [92]
and are, therefore a promising candidate for SIT.

Though the QD medium is a potential candidate for observing SIT, it also has a few
drawbacks. All the QDs inside the medium are not identical, so an inhomogeneous level
broadening is always present in the system. In semiconductors, longitudinal acoustic
phonon interaction is vital because of the environment temperature. Interactions be-
tween phonon and exciton lead to dephasing in coupled dynamics of exciton-photon
interaction[93, 94]. Several theoretical models and experiments have recently explained
SIT in the semiconductor QD medium [95–97]. Few of them consider the effect of the
phonon environment on the system dynamics in the context of group velocity disper-
sion[98]. Another recent experimental work showed the SIT mode-locking and area
theorem for semiconductor QD medium and rubidium atom [99, 100].

In this chapter, we discuss the possibility of SIT in a semiconductor QD medium
incorporating the effect of phonon bath in our model. We utilize the recently developed
polaron transformed master equation keeping all orders of exciton-phonon interaction
[101–103]. Our model’s pulse propagation dynamics depend on system and bath pa-
rameters. Hence, the propagation dynamics become more transparent by knowing
both the system and the bath’s contribution. The motivation behind this work is
to find long-distance optical communication without loss of generality in an array of
QD. Due to strong confinement of electron hole pairs, QDs have discrete energy levels
thus QD arrays mimic atomic medium with the added advantage of scalability and
controllability with advanced semiconductor technology. It is also possible to create
QD fibers that can be used for quantum communication channels [104, 105]. Moti-
vated by this work, we theoretically investigate the self-induced transparency effect in
a semiconductor QD medium.

2.2 Model system

The phonon contribution to QD dynamics at low temperature is mandatory. We
assume the propagation of an optical pulse along the z-direction. Accordingly, we
define the electric field of the incident optical pulse as

E⃗(z, t) = êE(z, t)ei(kz−ωLt) + c.c, (2.1)

where E(z, t) is the slowly varying envelope of the field. The bulk QD medium com-
prises multiple alternating InGaAs/GaAs QD deposition layers. Every QD inside the
medium strongly interacts with the electric field due to the significant dipole moment.
Since all the QD inside the medium is not identical, the exciton energy of the differ-
ent QD will vary depending on the dot size. The lth type QD can be modeled as a
two-level system with exciton state |1⟩l, and ground state |2⟩l with energy gap ℏωl by
taking the proper choice of biexciton binding energy and polarisation as shown in the
Fig. 2.1. The raising and lowering operator for the lth type QD can be written as
σ+
l = |1 (ωl)⟩l⟨2 (ωl) |l and σ−

l = |2 (ωl)⟩l⟨1 (ωl) |l.
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|1〉

|2〉

∆

γ
Γσ

+
〈B〉Ω Phonon Bath

Γσ
−

Figure 2.1: A Schematic diagram of the QD level system with ground state |2⟩ and exciton state
|1⟩ driven by the optical pulse with effective coupling ⟨B⟩Ω(blue line). The spontaneous decay
from the exciton state to the ground state is shown using a curly red line. The parallel violet lines
represent the phonon modes interacting with the exciton state. The red and blue dashed lines
represent the phonon-induced decay and pumping rate respectively.

In case of semiconductor QD’s, the optical properties get modified due to the lattice
mode of vibration i.e., the acoustic phonon. Hence, QD exciton transition coupled to
an acoustic phonon bath model mimics the desired interaction. The phonon bath
consists of a large number of closely spaced harmonic oscillator modes. Therefore, we
introduce the annihilation and creation operators associated with kth phonon mode
having frequency ωk as bk and b†k. The mode frequency can be expressed as ωk = csk
where k and cs are the wave vector and velocity of sound. The Hamiltonian for the
described model system after making dipole and rotating wave approximation is given
by

H =
∑
l

[
− ℏδlσ+

l σ
−
l +

1

2
ℏ
(
Ω(z, t)σ+

l + Ω∗(z, t)σ−
l

)
+ ℏσ+

l σ
−
l

∑
k

λk

(
bk + b†k

)]
+ ℏ

∑
k

ωkb
†
kbk,

(2.2)

where λk is the exciton phonon mode coupling constant and Ω(z, t) = −2d⃗12 · êE(z, t)/ℏ
is the Rabi frequency with transition dipole moment vector d⃗12. The detuning of the
optical field with QD transition is defined as δl = ωL − ωl.

We notice that the Hamiltonian contains an infinite sum over phonon modes. Keep-
ing all order of exciton phonon interaction, we made a transformation in the polaron
frame. The transformation rule for modified Hamiltonian is given by H

′
= ePHe−P

where the operator P =
∑

l σ
+
l σ

−
l

∑
k λk(b

†
k−bk)/ωk. This transformation also helps us

to separate the system Hamiltonian from the total Hamiltonian which is our primary
interest. The transformed Hamiltonian is divided into system, bath and interaction
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part, which can be decomposed as H ′ = Hs +Hb +HI , where

Hs =
∑
l

−ℏ∆lσ
+
l σ

−
l + ⟨B⟩Xg

l , (2.3)

Hb = ℏ
∑
k

ωkb
†
kbk, (2.4)

HI =
∑
l

ξgX
g
l + ξuX

u
l , (2.5)

and ∆l is the redefined detuning by considering the polaron shift
∑

k λ
2
k/ωk. The

definition of phonon-modified system operators is given by

Xg
l =

ℏ
2

(
Ω(z, t)σ+

l + Ω∗(z, t)σ−
l

)
, (2.6)

Xu
l =

iℏ
2

(
Ω(z, t)σ+

l − Ω∗(z, t)σ−
l

)
. (2.7)

The phonon bath fluctuation operators are

ξg =
1

2
(B+ +B− − 2⟨B⟩) , (2.8)

ξu =
1

2i
(B+ −B−) , (2.9)

where B+ and B− are the coherent-state phonon displacement operators. Explicitly,
the phonon displacement operators in terms of the phonon mode operators can be
written as

B± = exp

[
±
∑
k

λk
ωk

(
b†k − bk

)]
.

From this expression, it is clear that the exponential of the phonon operator takes care
of all the higher order phonon processes. Therefore, the phonon displacement operator
averaged over all closely spaced phonon modes at a temperature T, obeys the relation
⟨B+⟩ = ⟨B−⟩ = ⟨B⟩ where

⟨B⟩ = exp
[
−1

2

∫ ∞

0

dω
J(ω)

ω2
coth

(
ℏω

2KBT

)]
, (2.10)

and KB is the Boltzmann constant. The phonon spectral density function J(ω) =
αpω

3 exp[−ω2/2ω2
b ] describes longitudinal acoustic(LA) phonon coupling via a defor-

mation potential [106] for QD system, where the parameters αp and ωb are the electron-
phonon coupling and cutoff frequency, respectively.

Next we use the master equation(ME) approach to solve the polaron-transformed
system Hamiltonian dynamics by considering the phonon bath as a perturbation. The
Born-Markov approximation can be performed with respect to the polaron-transformed
perturbation in the case of nonlinear excitation. Hence, the density matrix equation
for the reduced system under Born-Markov approximation can be written as

ρ̇ =
1

iℏ
[Hs, ρ] +

∑
l

(
Lphρ+

γ

2
L[σ−

l ]ρ+
γd
2
L[σ+

l σ
−
l ]ρ
)
, (2.11)

where γ is the spontaneous decay rate of the exciton state. The spontaneous decay
originates from the quantum fluctuations of the vacuum state. Similarly, for thermal
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fluctuation, we have adopted the final Lindbladian form of the dephasing interaction
model described by a simple stochastic Hamiltonian[107]. Therefore, we incorporate
the pure-dephasing process phenomenologically in ME with a decay rate γd. This ad-
ditional dephasing term explains the broadening of the zero-phonon line (ZPL) in QD
with increasing temperatures [108, 109]. The Lindblad superoperator L is expressed
as L[O]ρ = 2OρO†−O†Oρ−ρO†O, under the operation of O operator. The term Lph

represents the effect of phonon bath on the system dynamics. Therefore the explicit
form of Lphρ in terms of previously defined system operators can be expressed as

Lphρ = − 1

ℏ2

∫ ∞

0

dτ
∑
j=g,u

Gj(τ)[X
j
l (z, t), X

j
l (z, t, τ)ρ(t)]

+ H.c., (2.12)

where Xj
l (z, t, τ) = e−iHsτ/ℏXj

l (z, t)e
iHsτ/ℏ, and the polaron Green’s functions are

Gg(τ) = ⟨B⟩2{cosh [ϕ(τ)] − 1} and Gu(τ) = ⟨B⟩2 sinh[ϕ(τ)]. The phonon Green’s
functions depend on phonon correlation function given below

ϕ(τ) =

∫ ∞

0

dω
J(ω)

ω2

[
coth

(
ℏω

2KBT

)
cos(ωτ)− i sin(ωτ)

]
. (2.13)

The polaron ME formalism is not generally valid for arbitrary excitation strength and
exciton phonon coupling. The validity of polaron ME is stated as [101](

Ω

ωb

)2 (
1− ⟨B⟩4

)
≪ 1. (2.14)

It is clear from the above equation that, at low temperatures ⟨B⟩ ≈ 1 and Ω/ωb < 1
fulfil the above criteria. Hence, we restrict our calculation in the weak field regime
satisfying Ω/ωb < 1 at a low phonon bath temperature.

The full polaron ME (2.11) contains multiple commutator brackets and complex
operator exponents, which require involved numerical treatment for studying time dy-
namics. We make some simplifications of the full ME by using various useful identities.
These reduce ME into a simple analytical form with decay rates corresponding to the
various phonon-induced processes. Though we have not made any approximation, sim-
plified ME scales down the numerical computation efforts and gives better insight into
the physical process. By expanding all the commutators in Eq.(2.11) and rearranging
using fermion operator identities, we get the simplified ME as

ρ̇ =
1

iℏ
[Hs, ρ] +

∑
l

(γ
2
L[σ−

l ]ρ+
γd
2
L[σ+

l σ
−
l ]ρ

+
Γσ+

l

2
L[σ+

l ]ρ+
Γσ−

l

2
L[σ−

l ]ρ− Γcd
l (σ+

l ρσ
+
l + σ−

l ρσ
−
l )

− iΓsd
l (σ+

l ρσ
+
l − σ−

l ρσ
−
l ) + i∆σ+σ−

l [σ+
l σ

−
l , ρ]

− [iΓgu+
l (σ+

l σ
−
l ρσ

+
l + σ−

l ρ− σ+
l σ

−
l ρσ

−
l ) +H.c.]

− [Γgu−
l (σ+

l σ
−
l ρσ

+
l − σ−

l ρ+ σ+
l σ

−
l ρσ

−
l ) +H.c.]

)
.

(2.15)
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The phonon-induced decay rates are given by

Γ
σ+/σ−

l =
ΩR(z, t)

2

2

∫ ∞

0

(
Re

{
(cosh(ϕ(τ))− 1)f(z, t, τ)

+ sinh(ϕ(τ)) cos(η(z, t)τ)

}
∓ Im

{
(eϕ(τ) − 1)

∆l sin(η(z, t)τ)

η(z, t)

})
dτ, (2.16)

Γcd
l =

1

2

∫ ∞

0

Re

{
ΩS(z, t) sinh(ϕ(τ)) cos(η(z, t)τ)

− ΩS(z, t)(cosh(ϕ(τ))− 1)f(z, t, τ)

+ ΩT (z, t)(e
−ϕ(τ) − 1)

∆l sin(η(z, t)τ)

η(z, t)

}
dτ, (2.17)

Γsd
l =

1

2

∫ ∞

0

Re

{
ΩT (z, t) sinh(ϕ(τ)) cos(η(z, t)τ)

− ΩT (z, t)(cosh(ϕ(τ))− 1)f(z, t, τ)

− ΩS(z, t)(e
−ϕ(τ) − 1)

∆l sin(η(z, t)τ)

η(z, t)

}
dτ, (2.18)

∆σ+σ−

l =
ΩR(z, t)

2

2

∫ ∞

0

Re

{
(eϕ(τ) − 1)

∆l sin(η(z, t)τ)

η(z, t)

}
dτ, (2.19)

Γgu+
l =

ΩR(z, t)
2

2

∫ ∞

0

{
(cosh(ϕ(τ))− 1) Im[⟨B⟩Ω]h(z, t, τ)

+ sinh(ϕ(τ))
Re[⟨B⟩Ω] sin(η(z, t)τ)

η(z, t)

}
dτ, (2.20)

Γgu−
l =

ΩR(z, t)
2

2

∫ ∞

0

{
(cosh(ϕ(τ))− 1)Re[⟨B⟩Ω]h(z, t, τ)

− sinh(ϕ(τ))
Im[⟨B⟩Ω] sin(η(z, t)τ)

η(z, t)

}
dτ, (2.21)

where

f(z, t, τ) = (∆2
l cos(η(z, t)τ) + ΩR(z, t)

2)/η(z, t)2, (2.22)
h(z, t, τ) = ∆l(1− cos(η(z, t)τ))/η2(z, t), (2.23)

η(z, t) =
√

ΩR(z, t)2 +∆2
l (2.24)

with the polaron-shifted Rabi frequency,

ΩR(z, t) = ⟨B⟩|Ω(z, t)|, (2.25)
ΩS(z, t) = Re[⟨B⟩Ω(z, t)]2 − Im[⟨B⟩Ω(z, t)]2, (2.26)
ΩT (z, t) = 2Re[⟨B⟩Ω(z, t)] Im[⟨B⟩Ω(z, t)]. (2.27)

Next, we use Maxwell wave equation to describe the propagation dynamics of the
electromagnetic field inside the QD medium(

∇2 − 1

c2
∂2

∂t2

)
E⃗(z, t) = µ0

∂2

∂t2
P⃗ (z, t) (2.28)

TH-3530_176121009



2.3. Numerical result 51

where µ0 is the permeability of free space. The induced polarisation P⃗ (z, t) originates
from the alignment of the medium dipole in the presence of an applied field. Therefore
it depends on the coherence term of the density matrix equation. For lth type QD,
the coherence term of the density matrix equation can be written as ρ12(∆l, z, t) =
⟨1(ωl)|lρ(z, t)|2(ωl)⟩l. The medium consists of a large number of QD with continuous
frequency distribution centered at ωc. Therefore we can safely replace the summation
with integration by redefining the discrete variable ∆l to a continuous variable ∆.
The induced macroscopic polarisation can be written in terms of the density matrix
element as

P⃗ (z, t) = N

∫ ∞

−∞

(
d⃗12ρ12(∆, z, t)e

i(kz−ωLt) + c.c.
)
g(∆)d∆, (2.29)

where N is the QD volume number density. The inhomogeneous level broadening
function in the frequency domain is defined by g(∆). In our calculation, the form of
g(∆) is

g(∆) =
1

σ
√
2π
e−

(∆−∆c)
2

2σ2 , (2.30)

where the standard deviation is σ. The detuning between the applied field and the
QD’s central frequency is represented by ∆c. By applying slowly varying envelope
approximation, one can cast inhomogeneous second order partial differential Eq.(2.28)
to first order differential equation as(

∂

∂z
+

1

c

∂

∂t

)
Ω(z, t) = iη

∫ ∞

−∞
ρ12(∆, z, t)g(∆)d∆, (2.31)

where the coupling constant η is defined by

η = −3Nλ2γ/4π (2.32)

and λ is the carrier wavelength of the QD transition. The self consistent solution
of Eq.(2.15) and (2.31) with proper initial conditions can display the spatiotemporal
evolution of the field inside the medium. Moreover the analytical solution of the
coupled partial differential equation is known only for some special conditions, hence
we adopted numerical integration of Eq.(2.15) and (2.31) to depict the results. For
numerical computation, a useful frame transformation τ = t−z/c and ζ = z is needed
which removes the explicit time variable from Eq.(2.31), which now only depends on
the one variable ζ.

2.3 Numerical result

2.3.1 Phonon-induced scattering rates

First we discuss various decay rates for the QD system with experimentally available
parameter regions [110, 111]. The medium comprises InGaAs/GaAs QDs with volume
density N = 5× 1020m−3 and a length of 1 mm. The central QD excitation energy is
ℏωc =1.3 eV with a Gaussian spectral distribution having FWHM of 23.5 meV. The
QD is driven by the optical pulse at ζ = 0 with a hyperbolic secant profile

|Ω(0, τ)| = Ω0 sech
(
τ − τc
τ0

)
(2.33)
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where τ0, and τc defines the width, and center of the pulse, respectively. For numerical
computation, the amplitude and width of the pulse are taken to be Ω0 = 0.2 meV and
τ0 = 6.373 ps. The phonon bath temperature T = 4.2 K gives ⟨B⟩ = 0.95. Other
parameters are αp = 0.03 ps2, ωb = 1 meV. The system under consideration has a
relaxation rate γ = γd = 2 µeV(2 ns). In order to normalize all the system parameters
to a dimensionless quantity we have chosen normalization frequency to be γn = 1
rad/ps.

In Fig. 2.2, the color bar represents the variation of various phonon-induced scat-
tering rates as a function of detuning and time, both at normalised units along the
x- and y-axis respectively. In the QD system, various phonon processes are connected
with exciton transitions. In the case of ground state to exciton transition, phonon
absorption occurs while in the opposite process, phonon emission occurs. Now we
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Figure 2.2: The variation of phonon-induced scattering rates with detuning and time of a QD at
ζ = 0 for the applied secant pulse in Eq.(2.33). a) Phonon-induced pumping rate Γσ+

[Eq.(2.16)]
b) Phonon-induced decay rate Γσ−

[Eq.(2.16)] c) Phonon induced dephasing Γcd[Eq.(2.17)] d)
Phonon induced detuning ∆σ+σ−

[Eq.(2.19)] for peak Rabi frequency Ω0 = 0.2 meV, pulse width
τ0 = 6.373 ps and pulse center γnτc = 40. The phonon bath temperature T = 4.2 K corresponds
to ⟨B⟩ = 0.95 with spectral density function parameters αp = 0.03 ps2, ωb = 1 meV.The first
two subplots, (a) and (b), display the low-temperature asymmetry in phonon-induced pumping
(Γσ+

) and decay rate (Γσ−
) as we can see that peak value shifted towards positive and negative

detuning respectively. In panel (c), the phonon-assisted dephasing rate (Γcd) associated with the
off-diagonal density matrix term changes symmetrically with the detuning and attain maximum
at resonance. The last subfigure (d) shows phonon-induced detuning varies similarly with actual
detuning as their sign is the same in the plot.

discuss the physical process associated with the phonon scattering rates Γσ+ and Γσ− .
For positive detuning, the applied field frequency is larger than the QD transition
frequency. Subsequently a phonon generates with ∆ frequency in order to make a
resonant QD transition. These emitted phonons develop an incoherent excitation in
the system referred by the Γσ+ . Oppositely for negative detuning, the applied field
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frequency is smaller than the QD transition frequency, and a resonant QD transition
is possible only when some phonon of frequency ∆ will be absorbed from the bath.
With this mechanism, QD exciton to ground state decay enhances the radiation which
is represented by the Γσ− . This low-temperature asymmetry is clearly visible in Fig.
2.2(a) and 2.2(b). At higher temperatures, this asymmetry gets destroyed, and both
rates overlap and are centered at ∆ = 0. Fig. 2.2(c) shows the variation of Γcd which
is only present in the off-diagonal density matrix element and responsible for the ad-
ditional dephasing in the system dynamics. The additional detuning ∆σ+σ− from the
simplified master equation plotted in Fig. 2.2(d), shows a very tiny value compared to
the system detuning ∆. We also notice that the sign of ∆σ+σ− changes according to
the system detuning ∆. It is important to keep in mind that we display the variation
along the y-axis around γnτ =40, which is the centre of the pulse with the secant
profile.

2.3.2 Pulse area theorem

It is well know from Beer’s law, that a weak pulse gets absorbed inside the medium
due to the presence of opacity at the resonance condition. However, McCall and Hahn
showed that some specific envelope pulse shape remains intact for a long distance
without absorption, even at resonance[20, 21]. Inspired of this phenomena, we have
taken into account of a time-varying pulse whose envelope shape is stated in the
Eq.(2.33). The area Θ(z) enclosed by its hyperbolic envelope shape is defined as

Θ(z) =

∫ +∞

−∞
Ω(z, t

′
)dt

′
. (2.34)

By formally integrating Eq.(2.31) over time and detuning, one can find the spatial
variation of the pulse area closely followed by the McCall and Hahn work. The evolu-
tion of the pulse area Θ(z) during its propagation in a two-level absorbing QD medium
is given by

dΘ(z)

dz
= −α

2
sinΘ(z) (2.35)

where α is the optical extinction per unit length. The optical extinction depends on
the various system parameters as α = 2πηg(0). The solution of the Eq.(2.35) is

tan
Θ(z)

2
= tan

Θ(0)

2
e−αz/2, (2.36)

where Θ(0) is the pulse area at z =0. It is clear from the above expression that
Θ(z) = 2nπ is the stable solution, whereas Θ(z) = (2n+ 1)π is an unstable one. The
pulse area of the given envelope as stated in Eq.(2.33) is Θ(0) = πΩ0τ0. Thus, the
envelope with amplitude Ω0 = 2/τ0 gives 2π area pulse. This envelope shape remains
preserve for the long propagation distance even though it interacts resonantly with the
medium.
Fig. 2.3 exhibits the variation of pulse area with the propagation distance inside the

QD medium. It is evident from this figure that the propagation dynamics of 2π area
pulse through the medium of length L has negligible loss in pulse area. In the absence of
phonon(black line) interaction, the system behaves identical to the atomic system and
hence follows Θ ≈ 2π(1−τ0/T ′

2) reported earlier by McCall and Hahn [21]. The loss in
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Figure 2.3: Evolution of the pulse area(Θ) as a function of propagation distance ζ started with
2π sech-type pulse for different temperatures. The applied pulse has a width of τ0 = 6.373 ps
and centered at γnτc = 40. The system under consideration without phonon bath(black) and
with phonon bath maintaining temperature T = 4.2K(red), 10K(blue), 20K(green) with electron
phonon coupling αp = 0.03 ps2 and cut off frequency ωb = 1 meV.The central QD detuning ∆c

= 0 with spontaneous decay and the pure dephasing rate γ = γd = 2 µeV(2 ns).The optical
extinction per unit length α = 10 mm−1. Comparing these four different temperature pulse area
curves, we can understand that a higher pulse area is required for stable pulse propagation to
compensate for the effect of phonon at higher temperatures. The inset figure shows the stability
of the pulse area higher than 2π for different phonon bath temperatures.

pulse area comes from the finite lifetime T ′
2 of the QD which is inversely proportional

to γd. Ideally, the pulse will retain initial pulse area for an arbitrary distance in
absence of decay and decoherence. However, in presence of phonon contribution, we
have noticed the pulse area gets enhanced by a small amount. The amount of raise
in the pulse area linearly depends on the bath temperature as indicated in Fig. 2.3.
This effect can be explained by carefully examing the definition of an effective Rabi
frequency ΩR(z, t) = ⟨B⟩|Ω(z, t)| where ⟨B⟩ is dependent on the bath temperatures.
The inset of Fig. 2.3 illustrate the convergence of the pulse area shifted from the 2π
value at different temperatures.
To explain the behavior of Fig. 2.3, we study the absorption and dispersion properties

of the medium as a function of detuning at various time intervals of the pulse. Fig.
2.4 delineates the physical process behind the dispersion and absorption. We assume
all the population in the ground state, before the leading edge of the pulse reaches the
medium. The peak of incident pulse enters inside the medium at γnτc = 40. It is clear
from Fig. 2.4(a) that most of the leading edge pulse energy gets absorbed by the ground
state population and the population goes to the excited state. Hence the medium
shows maximum absorption at γnτ = 30, hence elucidating the absorption phenomenon
at resonance. Simultaneously, the nature of the dispersion curve is anomalous as
previously reported [112]. The anomalous dispersion accompanied fast velocity is
completely prohibited due to huge absorption at the resonance condition. The medium
becomes saturated as the centre of the pulse enters the medium; consequently, the
medium turns less absorbent to the pulse. Nonetheless, a tiny absorption peak still
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Figure 2.4: The real(black) and imaginary(red) part of the coherence ρ12 of a single QD at
different times for a 2π sech-type short pulse with pulse center at γnτc = 40 as a function of
detuning. The pulse has a width τ0 = 6.373 ps. Corresponding phonon bath parameters are T =
4.2K, αp = 0.03 ps2, ωb = 1 meV. Considered QD relaxation rates are γ = γd = 2 µeV(2 ns).
In this figure, a positive and negative value of the red curve corresponds to the absorption and
gain of the medium; also, the black curve represents the dispersion. Looking at the subfigures, it
is clear that medium property changes with time, equivalently interacting with the different parts
of the pulse. At a time before the pulse center γnτ = 30, the medium shows high absorption,
then at the center, γnτ = 40 medium becomes almost transparent, finally after the pulse center
γnτ = 50 medium display high gain. After a long time from the pulse center γnτ = 80, the
dispersion curve also changes from the anomalous dispersion to the normal dispersion, completing
the cycle for reconstructing the identical pulse.

exists at the resonance condition due to the presence of various decay processes of
the medium as indicated by Fig. 2.4(b). Therefore, the excited state gets populated
during the passage of the leading edge pulse. This population can leave the excited
state and return to the ground by stimulated emission in the presence of the trailing
edge of the pulse. As a results, a gain can be experienced by the incident pulse at
γnτ = 50 as revealed in Fig. 2.4(c). From these three panels, we can conclude that
the leading edge of the pulse gets absorbed by the medium, while the trailing edge
of the pulse experiences gain. Towards the trailing end of the pulse, the dispersive
nature of the medium changes from anomalous to normal, as shown in Fig. 2.4(d).
The positive slope of the dispersion curve lead to slow group velocity that started at
γnτ = 60 shown in Fig. 2.4(d). Fig. 2.4(d) to Fig. 2.4(f) indicate that the optical
pulse regeneration process is completed due to the medium-assisted gain; hence, the
pulse shape remains preserved. This is the explanation of the underpinning mechanism
behind SIT. The claim of the above physical mechanism can be supported by studying
population dynamics at the excited state. For this purpose, we have plotted the excited
state population as a function of the pulse area in Fig. 2.5. A noticeable population
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Figure 2.5: The variation of excited state population with input pulse area at resonance condition
∆c = 0. The system and bath parameters are τ0 = 6.373 ps, γnτc = 40, T = 4.2K, αp = 0.03 ps2,
ωb = 1 meV, γ = γd = 2 µeV(2 ns). The excited state population curve matches the pulse area
theorem statements as the population peaks near odd π pulse area and population dips near even
π pulse area. The lower population value indicates the fact that the medium becomes transparent.
The phonon-assisted pulse area shift signatures are visible as the population dip is not precisely
at 2π but instead shifted towards a slightly higher value, validating our previous findings.

redistribution among the levels is feasible within few widths of incident pulse wherein
intensity is appreciable. As soon as the pulse intensity diminishes at the trailing end,
spontaneous emission takes care of depletion of the excited state population. This
leads to vanishing population at the excited state after a sufficiently long time from
the pulse centre. As a consequence, it is crucial to decide the observation time of the
QD population. Hence, we display the exciton population at just the end of the pulse
γnτ = 60, to capture the outcome of the pulse. It is clear from Fig. 2.5 that the
excited state population shows a decaying Rabi oscillation kind of behaviour. It is
also confirmed that the population never fully transferred to the excited state or fully
returned to the ground state for any pulse area, indicating to non-constant phonon
induced decay and gain process involved in the system. The decaying features of the
local population maximum can be justified by the examining the photon and phonon
induced decay rates. The various phonon decay rates are given in Eq.(2.16)-(2.21)
where increasing incident pulse amplitude Ω(z, t) results in the enhancement of these
decay rates. This field amplitude dependent phonon decay together with constant
photon decay can explain the gradual decay of the population local maxima. On the
contrary, the dip of local minima increases due to the presence of phonon induced gain
processes Γσ+ as suggested in Eq.(2.16). The local maximum and minimum of the
exciton population are located respectively near odd and even integer multiples of π
pulse area. The maxima signifies the pulse absorption by the medium, resulting in
population inversion. Similarly, minima manifests the transparency of the medium.
Thus, the leading edge of the pulse excite the population whereas the trailing edge
assists in stimulated emission leaving the population in the ground state of the medium.
It is evident that only even integer multiples of π pulse can propagate through the
medium without absorption that is consistent with the pulse area theorem. That
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the local maxima and minima of exciton population never match exactly with the
integer value can be figured out later by investigating pulse propagation dynamics.
Previously, we found the stable pulse area is higher than 2π as shown in Fig. 2.3
which also agrees with the above observation. Therefore, the analysis of coherence and
population ensures us that SIT phenomena can be accomplished in the QD medium.
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Figure 2.6: The Rabi frequency normalized with the input peak value is plotted against retarded
time at different propagation distances inside the medium at resonance condition ∆c = 0. The
input pulse has the following parameters Θ(0) = 2π, τ0 = 6.373 ps, γnτc = 40. The chosen QD
inhomogeneous level broadening in normalized units σ/γn = 15. Other parameters are T = 4.2K,
αp = 0.03 ps2, ωb = 1 meV, γ = γd = 2 µeV(2 ns). This figure portrays how the pulse peak
intensity decreases with the propagation length and experiences a minimal intensity loss, unlike the
ideal scenario where no intensity change occurs. Various phenomenological and phonon-induced
decay is responsible for such behaviors.

2.3.3 Self Induced Transparency

A homogenous QD medium with length 1 mm is taken into account for studying
spatio-temporal evolution of hyperbolic secant optical pulse. To achieve a stable pulse
propagation, we have chosen the initial pulse area to be 2π. Fig. 2.6 confirms the area
theorem by showing a stable optical pulse propagation for a longer distance. How-
ever, the pulse shape at larger distances has noticed some distortion and absorption.
Fig. 2.6 also indicates that the pulse’s peak value gradually decreases by increasing
the propagation distance. This suggests a finite absorption in the QD medium that
prohibited complete transparency in the system. In particular, the statement agrees
well with the small absorption peak at resonance in the absorption profile shown in
Fig. 2.4(b). Fig. 2.7 displays the individually normalized pulse for different propa-
gation distances. Inspection says that the input pulse experiences delay and a little
broadening during the propagation through the medium. The sole reason behind the
pulse broadening is the dispersive nature of the system. In the frequency domain, a
temporal pulse can be treated as a linear superposition of many travelling plane waves
with different frequencies. These individual frequency waves gather different phases
and move with varying velocities during the pulse propagation in a dispersive medium.

TH-3530_176121009



58 Chapter 2. Self-induced transparency

0 20 40 60 80 100
γ

n
τ

0

0.2

0.4

0.6

0.8

1

|Ω
|

ζη/γ
n
 = 0

ζη/γ
n
 = 10

ζη/γ
n
 = 20

ζη/γ
n
 = 30

ζη/γ
n
 = 40

ζη/γ
n
 = 50

Figure 2.7: The Rabi frequency normalized with the individual peak value is plotted against
retarded time at different propagation distances inside the medium at resonance condition ∆c =
0. All the other parameters are the same as Fig. 2.6. The figure depicts crucial features of pulse
broadening for considerable propagation length in the medium by comparing the pulse width of
the black and red line curves.

Therefore the pulse gets broader as the leading part(low frequency) moves faster, and
the tailing end(high frequency) goes slower. In the QD system, the pure dephasing
rate is also responsible for this broadening as it destroys the coherence. From Fig. 2.7,
a distinct peak shift is observed while optical pulse propagating through the medium.
This peak shift arises because of normal dispersive medium that induced slow group
velocity of the optical pulse inside the medium. We adopt the analytical expression
of time delay in the ideal case by considering σ ≫ 1/τ0 reported earlier[113]. The
analytical expression for time delay found to be γnτd = αLγnτ0/4. Here the absorp-
tion coefficient α is approximately 10 mm−1 calculated from the chosen parameters.
Therefore the calculated analytical time delay γnτd ≈ 15 shows excellent agreement
with the numerical result. The inhomogeneous level broadening σ plays an important
role in pulse propagation dynamics. In our calculation, we are in the regime where the
pulse width is greater than the inhomogeneous broadening time στ0 ≫ 1. Therefore,
the higher spread of the QD parameter σ leads to fewer QD resonantly interacting
with the propagating pulse. This results in a negligibly small change in pulse shape.
Alternatively, the effective QD density becomes less, indicating the lower value of the
optical extinction parameter α. Henceforth a lower time delay is expected in the final
output pulse due to its presence in the righthand term of Eq.(2.31). In Fig. 2.8, the
final output pulse shape variation is presented for the three different QD spreads. The
pulse delay decreases with an increasing QD broadening σ. On the other hand, the
pulse peak value decreases with the lower QD spreads. This observation matches our
previous prediction that higher σ produce a lower pulse delay in the medium. Also,
more resonant QD absorb more energy from the pulse, resulting in a lesser peak value
in the final pulse shape. Hence spread of the QD is also a determining factor for the
shape and delay of the output pulse. Recalling the pulse area theorem again, we ob-
serve that the pulse area is almost constant throughout the propagation near 2π. The
result is consistent because as the pulse amplitude decreases, the pulse width increases,
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Figure 2.8: The normalized Rabi frequency displayed with retarded time after passing the medium
for three different QD broadening σ. All the other parameters are the same as Fig. 2.6. The
inhomogeneous broadening parameter σ affects pulse intensity and time delay during medium
propagation. From the figure, we understand that a higher inhomogeneous broadening medium
output pulse has a high intensity and low time delay, and the opposite is true for lower inhomo-
geneous broadenings.

maintaining the constant area under the curve. Therefore an absorbing QD medium
can exhibit the SIT phenomena at low temperatures.

2.3.4 Phonon bath parameter dependence on SIT

In the simplified master equation (2.15), various phonon-induced scattering rates de-
pend on both the system and bath parameters. Hence it is crucial to study the effect
of phonon bath on the SIT dynamics. The phonon contribution comes to the picture
in two ways; one from the reduced Rabi frequency, which depends on the ⟨B⟩ and
the other is the phonon-induced scattering rates connected with the phonon spectral
density function.

Therefore increasing phonon bath temperatures reduces the value of ⟨B⟩ and
ℏω/2KbT present in the expression of ϕ(τ) given in the Eq.(2.13). Consequently,
effective coupling between QD and applied field gets reduced, but the phonon-induced
decay rates get enhanced. From Fig. 2.9, we notice that the final pulse shape ex-
periences more deformation for higher temperatures. The peak of the output pulse
is also very much reduced for the higher temperature T =20 K. Therefore, the bath
temperature should be minimised to see the SIT in the QD medium.

Another controlling factor of the SIT is the interaction strength between the QD
and the phonon bath. So the increment of system-bath coupling leads to the reduction
of the coherence in the system. This statement is understandable by looking at the
phonon correlation function shown in Eq.(2.13). Thus the final pulse shape for the
equal propagation distances is significantly modified by the electron-phonon coupling
constant, as shown in Fig. 2.10. Therefore we also have to ensure that the QD bath
interacts weakly to get SIT phenomena in the QD medium.
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Figure 2.9: The plot of Rabi frequency envelope with time at a propagation distance ζη/γn = 50
for different phonon bath temperatures at resonance condition ∆c = 0. The common parameters
are Θ(0) = 2π, τ0 = 6.373 ps, γnτc = 40, αp = 0.03 ps2, ωb = 1 meV, γ = γd = 2 µeV(2 ns).
The figure display four different configurations, system without a phonon bath (black) and with
a phonon bath at a temperature T = 4.2K(red), 10K(blue), 20K(green). It is visible from here
that temperature plays a vital role in the QD system as the higher temperature curves exhibit
distortion in the pulse shape.
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Figure 2.10: The Rabi frequency envelope with time at a propagation distance ζη/γn = 50 for
different electron-phonon coupling strength αp at resonance condition ∆c = 0. All the parameters
are same as Fig. 2.9 except T = 4.2K and various electron-phonon coupling αp = 0.03 ps2(red),
0.06 ps2(blue), 0.12 ps2(green). This plot explains the effects of QD-phonon coupling strength
on pulse propagation dynamics. It shows the system becomes unstable when the phonon coupling
is strong, generating a distorted pulse output at the medium end.
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2.3.5 Higher pulse area and pulse breakup

Finally, we discuss the behaviour of a pulse propagating through the absorbing QD
medium with a higher pulse area than 2π. Therefore we consider the next stable
pulse area solution 4π for further investigation. The numerical result of the pulse
propagation in both space and time is shown in Fig. 2.11. Unlike the 2π pulse case,
here, the initial pulse breaks into two pulses as it travels through the medium. This
phenomenon is also well explained by the pulse area theorem where 2nπ pulse is split
into n number of 2π pulses. Surprisingly, the initial pulse breakup into two pulses is
not identical in shape. One pulse gets sharper, and the other gets broader in the time
domain and adjusts the peak value such that the area under the curve is 2π. The
broader pulse component shows a prominent time delay, whereas the sharper pulse
component propagates with a tiny time delay. As a result, total pulse area is constant
throughout the propagation distance near 4π.
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Figure 2.11: The propagation dynamics of a 4π area pulse in an absorbing QD medium as a
function of both space and time at resonance condition ∆c = 0. All other parameters are same
as Fig. 2.6. The pulse-breaking phenomenon is investigated in this figure. We sent a 4π secant
pulse in the medium input, and then during the propagation, a single pulse started breaking into
two parts and finally separated from each other. These two pulses have different shapes; one is
sharply peaked, and the other is broader. According to theory, these pulses have 2π pulse area
and sum up to the initial pulse area 4π.

2.4 Conclusions
We have investigated the SIT phenomena in an inhomogeneously broadened semicon-
ductor QD medium. In our model, we have included the effect of phonon in the total
Hamiltonian to describe the modified optical properties of QD in the presence of a ther-
mal environment. We then adopted the polaron ME formalism to analytically derive
the simplified ME with various phonon-induced decay rates. These phonon-induced
scattering rates are plotted against detuning and time, which verify the presence of
low-temperature asymmetry of phonon-induced pumping and decay in our system. We
solve numerically the density matrix equation and Maxwell equation selfconsistently
with suitable parameters. We observe that stable pulse propagation is possible in the
QD medium with pulse area slightly higher than 2π, depending on the phonon bath
temperature. The physical mechanism of the SIT is clearly understood by analyzing
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the absorption and dispersion of the medium. The leading edge of the pulse gets ab-
sorbed by the medium, whereas the trailing edge of the pulse experience gain, hence the
pulse shape remains intact and propagate through medium with short length. How-
ever, for longer propagation distances, we find that even though the pulse propagation
through the medium is possible, the propagating pulse gets absorbed and broadened.
The final pulse shape is preserved on exiting the medium. Increasing the phonon bath
temperature and coupling produce more deformation in the final pulse shape, as it de-
stroys the coherence in the system. Finally, we explore the propagation of a 4π pulse
in the QD medium, which shows prominent pulse breakup phenomena reported earlier
in the literature. Therefore our investigation ensures that a short pulse can propagate
through the considered QD medium with a tiny change in shape. Hence, this work
may have potential applications in quantum communication, quantum information,
and mode-locking.
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Chapter 3
Arbitrary vector beam generation

3.1 Introduction

The current chapter presents our second research problem. This problem is one step
ahead of the previous research work and deals with a four-level system. Unlike op-
tical pulse propagation, we investigate the light beam propagation in this four-level
system. Hence, this considered scheme offers a new type of light with inhomoge-
neous polarisation called vector beam due to the nonlinear susceptibility present in
the medium. The spatial polarization inhomogeneity of vector beam(VB) light has
gained research interest in the optics community due to its fundamental applications,
including high-density optical communication and super-resolution imaging. Such VB
generation requires vector superposition of two orbital angular momentum-carrying
Laguerre-Gaussian(LG) modes with orthogonal polarization [80, 81, 114]. The solu-
tion of the paraxial wave equation provides LG modes with an optical vortex structure
and, therefore, capable of carrying the orbital angular momentum (OAM) [115]. This
class of scalar beams with homogeneous polarisation distribution has been studied
extensively in the literature. However, the VB is a relatively new and unexplored
concept. Based on the OAM of each component, VBs are classified into two groups:
full Poincare (FP) beams [80], and cylindrical vector (CV) beams [81]. The FP and
CV beams consist of components with one nonzero OAM and two equal and opposite
OAM, including examples such as lemon, star, web, radial, azimuthal, and spiral VB,
respectively [77].

The CV beams have wide applications in the various fields of science and tech-
nology. The unique property of the CV beam demonstrates high numerical aperture
(NA) focusing [116, 117], resulting in a significantly small spot size and beating the
theoretical focusing limit for scalar beams [118]. Several other applications have also
been reported, including optical trapping [119–121], super-resolution microscopy [122,
123], optical communication [124, 125], and high harmonic generation [126–128]. Sub-
sequently, the theoretical prediction suggested a robust VB propagation through atmo-
spheric turbulence [129–132]. The nonseparability of VB can be used to encode infor-
mation for optical communication [133]. Further, VBs provide an infinite-dimensional
Hilbert space platform associated with OAM to study quantum entanglement [134],
quantum key distribution (QKD) protocols [135], and quantum cryptography [136] for
high-security communication.

Due to the growing popularity of VB and its application in various fields, the VB
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generation technique has also gained much attention. Conventionally, the VB genera-
tion requires an interferometer setup with precise alignment between two components
[137, 138]. Some initial attempts on radially polarised beam generation methods rely
on an image-rotating resonator [139] and double interferometer [140]. Several other
systems consider the Sagnac-like interferometer [141], Twyman-Green method [142],
and Wollaston prism [143]. In addition, several other platforms, like polarization grat-
ings [144], optical fibers [145], and ring resonators [146] have been used for vector
vortex beam generation. The current commercial production of VB utilizes advanced
optical elements such as a spatial light modulator (SLM) [147], digital micromirror
devices (DMDs) [148], and liquid crystal-based q-plates [149].

Although many different VB generation techniques are available, almost none
match the current quantum architecture or satellite communication requirement due
to their large setup and high power consumption. The recent development of nan-
otechnology has led to various systems for vortex beam generation, such as integrated
silicon-chip-based vortex beam emitters [150], vortex vertical-cavity surface-emitting
lasers (VCSELs) [151], angular gratings [152], micro-nano-OAM laser emitters [153],
and various metasurface designs [154]. Other microsystems regarding vortex beams
have been invented, such as vector vortex on-chip generators [155] and parallel OAM
processors [156]. These vortex beams could be helpful for VB generation in a mi-
crostructure.

This chapter explores the possibility of arbitrary VB generation in a thin disk-
shaped semiconductor quantum dot (QD) medium. In contrast, the QDs show full
potential for this scheme because of the predetermined fabrication technology, tiny
footprint, and ultra-low power consumption. Though the QD shows some remark-
able advantages, lattice vibration is inevitable due to its sloid-state nature under the
environment temperature. This temperature-dependent lattice vibration leads to the
longitudinal acoustic phonon interaction with deformation potential. The phonon
interaction with the QD exciton state results in various distinct features, such as de-
phasing [157], zero phonon line broadening [108], off-resonant cavity feeding [158], and
Mollow triplet [159] observed. To study the system dynamics, polaron transformation
and corresponding master equation have been considered for the phonon interaction
[101–103]. In the literature, Hsu et al. [160] reported the controllable propagation of
an optical field due to the cross-talk between first and third-order nonlinear suscepti-
bility in a four-level diamond-like system. Later, a similar QD system shows the OAM
transfer from the control field to the generated field via four-wave mixing (FWM)
[161]. Motivated by these works, we can find a scheme where one part of the field gets
absorbed by two-level absorption, and the other part experiences gain due to ladder
transparency associated with the first, and third-order nonlinear susceptibility, respec-
tively. In this scenario, two orthogonal polarisation components with the desired OAM
have been generated, and their superposition leads to the arbitrary VB generation.

3.2 Model system

In this section, we present a simple and practical scheme for vector beam generation
in a quantum dot(QD) medium. The medium comprises a few self-organized InGaAs
QD layers separated by GaAs wetting layers created by the Molecular Beam Epitaxy
(MBE) [162]. In the self-organized process, all the QDs are not identical in size. Thus,
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different QD have different emission frequencies, which causes inhomogeneous broad-
ening in the system. However, we have assumed all the QDs to be identical throughout
this chapter to simplify our problem. Therefore, a single QD up to two excitons exhibits
a four-level diamond-like energy level system. The system consists of a ground-state
|g⟩, two exciton states |x⟩, |y⟩ and a biexciton state |u⟩ with corresponding energy ℏωi

where i ∈ {g, x, y, u}. Normally, two exciton states exhibit unequal energy due to the
underlying asymmetry of QD. The frequency difference between two exciton states is
known as fine structure splitting(FSS), defined by δx = ωx−ωy. The biexciton state is
a bound state of two exciton states. The energy required to form a biexciton state is
known as biexciton binding energy, expressed as ∆xx = ωx+ωy−ωu. Various methods
can reduce the FSS, such as thermal annealing and application of external electric
and magnetic fields [163]. However, the uniaxial stress applied by the piezoelectric
process is the most convenient technique for making it zero [164]. Our system con-
siders the FSS zero to access the circular polarization basis of the QD transition to
produce vector beam components. We also choose very high biexciton binding energy
to differentiate the frequency between probe and control beams required for detection.
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ΩL

ΩR

Quantum Dot

|u>

|y>|x>

|g>

ΩL

Ω1 Ω2

ΩR
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Figure 3.1: a) The schematic diagram of one weak probe field ΩL and two strong control fields
Ω1,Ω2 passing through a thin disc shape QD medium and generating an FWM field ΩR. On the
right-hand side, ΩL represented by the green arrow is the transmitted probe field, and the two
strong control field’s presence is not shown in the figure due to far-detuned frequencies. b) The
diamond-shaped energy level structure of QD interacting with the applied fields with corresponding
Rabi frequencies.

In this scheme, one weak probe field E⃗L and two strong control fields E⃗1, E⃗2 propa-
gate through a thin disc-shaped structure made of QD layers and generate a weak field
E⃗R via four-wave mixing(FWM) process, as shown in Fig. 3.1(a). The corresponding
electric fields are given by

E⃗j(r⃗, t) = êjE0j(r⃗)ei(kjz−ωjt) + c.c., j ∈ {L,R, 1, 2} (3.1)

where E0j(r⃗) is the transverse variation of envelope, kj = ωj/c is the wave vector ampli-
tude, ωj is the frequency and êj is the polarisation vector of the quasi-monochromatic
field. It is worth mentioning that the optical field j = L, 2 and j = R, 1 have left and
right circular polarisation matching with the corresponding QD transition. Therefore,
the Rabi frequencies after both rotating wave and dipole approximation have the form
Ωj = −d⃗.êjE0j/ℏ where j ∈ {L,R, 1, 2} and d⃗ is the dipole moment vector of the QD
transition.
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Fig. 3.1(b) shows the schematic energy levels of the QD interacting with the
various optical fields. Initially, all the population is in the ground state |g⟩. Then,
we apply a weak probe field ΩL and two strong control field Ω1, Ω2 to the |g⟩ → |x⟩,
|x⟩ → |u⟩ and |u⟩ → |y⟩ transition, resulting in a small population redistribution from
|g⟩ → |x⟩ → |u⟩ → |y⟩. Finally the weak four-wave mixing field ΩR will be generated
through |y⟩ → |g⟩ transition obeying the phase matching condition kR = kL + k1 − k2.
In this process, the population returns to the ground state, and the generated field
ΩR carries the transferred OAM from the control beam. The non-zero intensity of
ΩL and ΩR are required at the medium’s output end to generate a vector beam.
Therefore, we have considered a thin QD medium, which helps the weak probe ΩL

to reach the output end before being entirely absorbed by the medium. Hence, a
fraction of the ΩL is transmitted through the medium, and the coherently absorbed
part is converted to ΩR having OAM, resulting in a vector beam generation. Any
semiconductor QD medium is inevitable to the surrounding lattice vibration caused
by environmental temperature. Therefore, the QD system dynamics get modified
due to the quantized mode of thermal vibration, i.e., acoustic phonon. The phonon
bath consists of a collection of infinite closely spaced harmonic oscillators. Thus,
annihilation and creation operators of the kth phonon mode with frequency ωk will be
bk and b†k. We consider the QD-phonon interaction in the total Hamiltonian to solve
the QD dynamics in more detail.

As we have considered zero FSS in our system, the frequency of both the exciton
will be equal ωx = ωy. Therefore, the applied field frequencies have the following
structure ωL = ωR = ωp and ω1 = ω2 = ωc to remove the explicit time dependency
from the interaction Hamiltonian. The interaction picture Hamiltonian with phonon
interaction in a suitable unitary transformation frame is

H = −ℏδp(σxx + σyy)− ℏ(δp + δc)σuu

+ ℏ (ΩLσxg + Ω1σux + Ω2σuy + ΩRσyg +H.c.) (3.2)

+ ℏ
∑
k

ωkb
†
kbk +

∑
i=x,y,u

λkσii(bk + b†k),

where δp = ωp − ωx, δc = ωc − (ωu − ωx) are the detunings of corresponding QD
transition and λk is the coupling strength. The QD projection operators defined
by σij = |i⟩⟨j| where |i⟩ and |j⟩ are the QD states. To deal with the entire order
of phonon interaction, we choose the polaron transformation, H ′ = ePHe−P where
P =

∑
i=x,y,u σii

∑
k λk

(
b†k − bk

)
/ωk. The transformed Hamiltonian decouple the sys-

tem Hamiltonian HS from the bath Hamiltonian HB and the QD-bath interaction
Hamiltonian HI with renormalized Rabi frequency given by H ′ = HS + HB + HI

where

HS = −ℏ∆p(σxx + σyy)− ℏ(∆p +∆c)σuu + ⟨B⟩Xg, (3.3)

HB = ℏ
∑
k

ωkb
†
kbk, (3.4)

HI = ξgXg + ξuXu. (3.5)

After this transformation, previous detunings are redefined into effective detunings ∆p

and ∆c by summing up the additional polaron shift
∑

k λ
2
k/ωk. The polaron frame
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system operators are

Xg = ℏ (ΩLσxg + Ω1σux + Ω2σuy + ΩRσyg) +H.c. (3.6)
Xu = iℏ (ΩLσxg + Ω1σux + Ω2σuy + ΩRσyg) +H.c., (3.7)

and the phonon bath fluctuation operators are

ξg =
1

2
(B+ +B− − 2⟨B⟩) ξu =

1

2i
(B+ −B−) , (3.8)

where B+,B− are the phonon displacement operator. The expression for phonon
displacement operators in terms of phonon creation and annihilation operators is
B± = exp[±∑k

λk

ωk

(
b†k − bk

)
]. Hence, the expectation value of this operator at a

temperature T with a phonon spectral density J(ω) provides us ⟨B+⟩ = ⟨B−⟩ =

⟨B⟩ = exp
[
−1

2

∫∞
0
dω J(ω)

ω2 coth
(

ℏω
2KbT

)]
, where Kb is the Boltzman constant. We

have considered the experimentally verified phonon spectral density function J(ω) =
αpω

3 exp[−ω2/2ω2
b ] in our calculation, where the parameters αp and ωb are the electron-

phonon coupling and cutoff frequency, respectively.
Now, to derive the polaron Master Equation(ME), we model a small system HS

placed in a large phonon reservoir HB and interacting with the reservoir HI . We
apply the Born-Markov approximation to the system density matrix equation, which
considers up to the second order in exciton-photon coupling. The phonon reservoir is
chosen to be in thermal equilibrium to factorize the density matrix in the initial time.
The time convolutionless ME for the reduced density matrix of a QD-field system in
the presence of a phonon environment is given by

ρ̇ = − i

ℏ
[HS, ρ]−

∑
i=x,y

(γ1
2
L[σgi] +

γ2
2
L[σiu]

)
ρ

−
∑

i=x,y,u

γd
2
L[σii]ρ−

1

ℏ2

∫ ∞

0

dτ
∑
j=g,u

×(
Gj(τ)[Xj(t), e

−iHSτ/ℏXj(t)e
iHSτ/ℏρ(t)] +H.c.

)
, (3.9)

where γ1, γ2 are the spontaneous decay rates of exciton and biexciton states, γd refers
to pure dephasing rate, and Gg/u corresponding to the polaron Green functions. The
pure dephasing process occurs due to the imperfectness of the system and is responsible
for the zero-phonon line broadening in QD, which also depends on temperatures. The
Green functions can be calculated from the correlation between bath fluctuation opera-
tors at time τ as Gg(τ) = ⟨B⟩2{cosh[ϕ(τ)]−1}, Gu(τ) = ⟨B⟩2 sinh[ϕ(τ)] where phonon
correlation ϕ(τ) =

∫∞
0
dω J(ω)

ω2

[
coth

(
ℏω

2KbT

)
cos(ωτ)− i sin(ωτ)

]
. The Lindblad super-

operator L in the ME has the well-known form L[O]ρ = O†Oρ−2OρO†+ρO†O where
O represent any arbitrary operator.

According to the Maxwell equation, any electromagnetic field interacting with QD
creates induced polarisation P⃗ (z, t) due to its dipole alignment. This induced polar-
isation is associated with the coherence term of density matrix elements ρxg and ρyg
expressed as ⟨x|ρ|g⟩, ⟨y|ρ|g⟩ for two weak probe fields ΩL,ΩR. The induced polariza-
tion amplitude is written as

Pxg(z, t) = Ndρxg, (3.10)
Pyg(z, t) = Ndρyg, (3.11)
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where N is the QD volume number density. By applying slowly varying envelope
approximation to the Maxwell wave equation and making a frame transformation
τ = t− z/c, ζ = z, we get the propagation equation

∂

∂ζ
ΩL(ζ, τ) = iηρxg, (3.12)

∂

∂ζ
ΩR(ζ, τ) = iηρyg, (3.13)

where the coupling constant η = −3Nλ2γ1/4π and λ is the central wavelength of
the QD transition. We solve the master equation (3.9) and propagation equation
simultaneously to calculate the generated field numerically using Quantum Optics
Toolbox[165] in MATLAB. Now, we define the transmitted and generated electric
fields EL, ER at the output end of the medium. The generated vector beam (VB) in a
cylindrical coordinate system is

E⃗(r, ϕ, z) = EL(r, ϕ, z)êL + ER(r, ϕ, z)êR, (3.14)

where EL(r, ϕ, z) = cos(α)LGlL
0 , and ER(r, ϕ, z) = eiθ sin(α)LGlR

0 are the Laguerre-
Gaussian modes of left and right circular polarization with two controlling parameters,
α and θ known as relative amplitude and phase. The considered Laguerre- Gaussian
modes with zero radial index LGli

0 (i ∈ L,R) has the form

LGli
0 (r, ϕ, z) = E0

i

√
2

π|li|!
w0

w(z)

(
r
√
2

w(z)

)|l|

exp
[
− r2

w2(z)

]
× exp

[ ikfi nir
2z

2 (z2 + n2
i z

2
R)

]
eiliϕ−i(|l|+1)η(z)+ikfi niz. (3.15)

Used notations are the maximum field amplitude E0
i , angular momentum li, azimuthal

angle ϕ, Rayleigh length zR = kfi w
2
0/2, beam waist w0, wave number kfi , beam waist

at z distance w(z) = w0

√
1 + z2/n2

i z
2
R, refractive index ni, Gouy phase (|l| + 1)η(z)

where η(z) = tan−1(z/nizR). We adopted the Stokes parameter formalism in the
circular polarization basis to visualize the polarization distribution in a transverse
plane given by

S0 = |EL|2 + |ER|2, S1 = 2Re[E∗
LER],

S2 = 2Im[E∗
LER], S3 = |EL|2 − |ER|2. (3.16)

With the help of Stokes parameters, the ellipticity χ and orientation ψ of the degree
of polarization at any given point can be calculated as follows

S1

S0

= cos(2χ) cos(2ψ),
S2

S0

= cos(2χ) sin(2ψ),
S3

S0

= sin(2χ). (3.17)

We can derive the expression for ellipticity χ and orientation ψ in terms of the stokes
parameters by using Eq.3.16 and Eq.3.17 and are given by

χ = 1
2
sin−1

(
S3

S0

)
= 1

2
sin−1

(
|EL|2−|ER|2
|EL|2+|ER|2

)
, (3.18)

ψ = 1
2
tan−1

(
S2

S1

)
= 1

2
tan−1

(
Im[E∗

LER]

Re[E∗
LER]

)
. (3.19)
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3.3 Vector beam generation
In order to study the VB generation in a QD medium, we have considered some experi-
mental parameters that are compatible with our model system. The QD structure pos-
sess volume number density N = 1.5×1019m−3. The phonon bath temperatures T = 0,
5, 10, 20 K gives ⟨B⟩ = 1.0, 0.90, 0.84, 0.73 for phonon spectral distribution parameters
αpγ

2
n = 1.42 × 10−3 and ωb = 10γn with normalization frequency γn = 100µeV . The

relaxation and dephasing rates of the QD are taken to be γ1 = γ2 = γd = γ = 0.01γn.
The scheme comprises one weak applied field ΩL and two strong control fields Ω1,Ω2

with the general LG beam structure. According to our definition, the Rabi frequencies
associated with the following fields can be written as

ΩL(r, ϕ, z = 0) = Ω0L

(
r
√
2

wL

)|lL|

e
− r2

w2
L eilLϕ, (3.20)

Ω1(r, ϕ, z = 0) = Ω01

(
r
√
2

w1

)|l1|

e
− r2

w2
1 ei(l1ϕ+θ1), (3.21)

Ω2(r, ϕ, z = 0) = Ω02

(
r
√
2

w2

)|l2|

e
− r2

w2
2 ei(l2ϕ+θ2), (3.22)

where r, ϕ corresponds to radial distance, azimuthal angle in cylindrical coordinates
along with the beam waist wi and OAM li i ∈ {L, 1, 2}. In general, we incorporated
the constant relative phase of the two control fields compared to the applied field,
denoted by θ1 and θ2. Subsequently, all the beam waist in the definition of three
LG beams have normalized with a common beam waist w with the chosen value of
100 µm. In a similar atomic configuration, the effect of third-order nonlinearity has
been studied extensively for field propagation dynamics, both theoretically [160] and
experimentally [166]. It has been predicted that the interplay between the first and
third-order nonlinearity of the medium leads to a controlled field propagation. Moti-
vated by this work, a recent study shows the structured beam generation and OAM
transfer between fields via FWM process [167]. In this direction, the implementation
of the spatially structured transparency and transfer of optical vortices via four-wave
mixing in a QD nanostructure was reported recently [161]. According to this study,
the Rabi frequency of the generated FWM fields depends on the one applied field and
two control fields as ΩR ∝ ΩLΩ1Ω

∗
2. From this equation, it is clear that the OAM of

the generated field will be lR = lL + l1 − l2. Now, we can make our first attempt to
generate a lemon VB, where the OAM has to be lL = 0 and lR = 1. Therefore to
fullfill this requirement, we have chosen lL = 0, l1 = 1, l2 = 0. Although the OAM of
the left and right circular components of the VB are generated correctly, now we have
to focus on the relative strength between the two components denoted by the angle α.

In Fig. 3.2(a), we display the weak applied field intensity distribution variation
during propagation inside the QD medium. The applied field with OAM lL = 0
shows a Gaussian distribution along the x-axis at z = 0. Consideration of only the
x-axis is justifiable because of the radial symmetry of the applied field. We notice
that the field intensity rapidly decreases with increasing propagation distance and
becomes zero for long distances. This behavior follows the well-known Beer’s law of
weak field absorption in a two-level medium. The presence of the two-level absorption
term in the susceptibility explains this kind of feature at resonance conditions. As
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Figure 3.2: The intensity distribution of the applied left circular and generated right circular
polarised field along the x-axis and its variation with the propagation distance zη/γn. a) Applied
field intensity variation as a function of propagation distance for an LG beam with OAM lL
=0. b) Generated FWM field intensity variation corresponding to the propagation length with
a signature of OAM lR = 1. c) The relative intensity comparison between the two polarisation
components for some specific zη/γn satisfying the lemon VB condition. The generated intensity
shows identical behavior for all three different propagation lengths; therefore, it is presented for
only one propagation length. The considered applied field Rabi frequencies are |Ω0L| = 0.005γn,
|Ω01| = 0.01γn, |Ω02| = 0.05γn resonantly coupled with the desired transition ∆p = ∆c = 0.
The suitable beam waist of the three fields is wL = 1.0w and w1 = w2 = 1.7w at a phonon bath
temperature T = 5K. The relative phases are θ1 = θ2 = 0.

the medium acts as a strong absorber for the weak applied field ΩL, the length of
the medium should be small enough to get a viable output intensity at the medium
end. Therefore, the absorbed energy transfers a small amount of the QD population
from the ground state |g⟩ to the exciton state |x⟩. The first control field Ω1 couples
the transition between |x⟩ ↔ |u⟩ with OAM l1 = 1 exchange the population to the
biexciton state |u⟩. Subsequently, the second control field does not carry any OAM
couple the transition |u⟩ ↔ |y⟩ resulting in the redistribution of the population into |y⟩
state. In this whole process, the third-order nonlinearity of the QD medium couples
to the three fields and produces a new field via the FWM process with the following
structure ΩR ∝ ΩLΩ1Ω

∗
2. From this expression, we notice that the OAM of the first

control field l1 = 1 transferred to the generated field ΩR as OAM lR = 1. Fig. 3.2(b)
shows the variation of the intensity distribution normalized with the applied field peak
intensity along the propagation length for the generated field. We notice that the
generated field intensity becomes zero at z = 0 as the production of ΩR is not started.
After the propagation of a certain distance inside the QD medium, the generation of
the ΩR started and hence began to show the intensity. Most importantly, one can
notice that the intensity distribution shows a doughnut shape along the x-axis. It is
understandable from the fact that the transfer of the OAM l1 = 1 to the generated
field creates such a structure. Even though we can generate a desired OAM carrying
field from this system, the generated field’s intensity is much weaker than the applied
field because of the third-order nonlinearity. Looking at the propagation axis, we
understand that the generated field intensity grows from zero to a maximum value and
then gradually decreases to zero for larger distances due to the medium absorption.

We consider the medium length near zη/γn = 0.03 to maximize the generated
output intensity. Fig. 3.2(c) depicts the variation of both the applied and generated
field for a few specific propagation distances. It is worth mentioning that the relative
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Figure 3.3: This figure illustrates the intensity and polarisation distribution for various generated
VB in a transverse plane. The blue, white, and red color ellipse/circle/line corresponds to the
left and right elliptic/circular and linear polarisation. All other parameters are the same as Fig.
3.2 except the beam waist for (a)-(c) wL = 1.0w and w1 = w2 = 1.7w and (d)-(f) wL = 0.8w
and w1 = w2 = 1.0w. In the first row, we have changed the orbital angular momentum of the
first control field l1 to match the correct combination for the (a) lemon, (b) star, and (c) web
vector beam generation. For subplot (a)-(b), the propagation length is the same, which provides
a correct intensity ratio of roughly 3:1 for the mentioned VB generation. On the contrary, (c)
requires an intensity ratio of 5:1, which is achieved by increasing the propagation length. In the
second row, we only vary the first control field phase θ1 with all other parameters fixed and get the
various cylindrical vector beams (d) radial, (e) azimuthal, and (f) spiral. This control field phase
produces a relative phase between the two components of the VB, resulting in such cylindrical VB
generation.

intensity between the two components is an essential requirement in producing VB.
For a lemon VB, the required peak intensity of the two components is roughly 3:1. We
observed that the applied intensity decreases rapidly for three different propagation
distances, but the generated field becomes constant. Among all the three distances,
zη/γn = 0.034 best fit with the actual lemon VB component distribution. Thus, our
scheme can produce a lemon VB by applying three fields through a QD medium of
width zη/γn = 0.034.

From the previous study, it is clear that all the controlling parameters of the general
VB in Eq.(3.14) are accessible in this scheme. We can choose any arbitrary OAM
of lL, l1 and l2 for the applied and control fields to generate a field carrying OAM
lR = lL+l1−l2. Thus, any required OAM for the two components of a VB is achievable
by considering a suitable combination of the three fields. The relative intensity between
two VB components depends on α could be controlled by the propagation distance
in our system. Further, the relative phase θ between two VB components can be
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regulated by changing the constant relative phase θ1 − θ2 between two control fields.
Fig. 3.3 showcases the generated VB intensity and polarisation on a transverse plane
with color plot and ellipse calculated from various stokes parameters. Therefore, each
panel exhibits the distribution on the xy plane for a specific propagation distance with
different sets of parameters. Some of the most popular full Poincare VBs are presented
in Fig. 3.3(a)-(c). For all the full Poincare VBs, we have only changed the OAM of
the first control field by setting all other OAM and phase lL = l2 = 0, θ1 = θ2 = 0.
In Fig. 3.3(a), we observe a well-known lemon VB pattern for the first control field
OAM l1=1 and a propagation distance of zη/γn = 0.034. This result is consistent
with the previous analysis made on the lemon VB generation. The first panel of
Fig. 3.3 shows flat-top Gaussian-like background intensity distribution because of
the resultant intensity defined by the Stokes parameter S0 of two VB components by
looking at Fig. 3.2(c). The left circular polarisation components of the generated
VB do not carry any OAM exhibit Gaussian distribution peaking at the center. In
contrast, the generated right circular polarisation component is zero near the center
because of OAM lR =1. Noticeably, the center of the VB shows a clear signature of the
left circular polarisation denoted by blue ellipses. Further, going towards the edges, the
Gaussian intensity decreases, but the doughnut intensity increases, resulting in linear
polarisation and right circular polarisation. Overall, the inhomogeneous polarisation
distribution looks like a lemon, and the total OAM is 1, named lemon VB under
the FP VB category. In Fig. 3.3(b), we have considered everything similar to the
previous panel except the first control field OAM l1 = −1, which transferred to the
generated field OAM as lR = −1 satisfy the star VB configuration. In star VB,
the inhomogeneous polarisation distribution shows symmetry around three equally
separated lines meeting at the center. The propagation distance is precisely the same as
lemon vector beams because we have only changed the sign of the OAM, which does not
affect the intensity distribution. In Fig. 3.3(c), we have displayed generated web VB
by considering the control field OAM l1 = −3 with proper propagation distance zη/γn
= 0.040. This configuration differs entirely from the previous two, as we now consider
the higher OAM to produce lR = −3. For LG beams, the normalization factor contains√
|li|! on the denominator is now effective for |li| > 1. Therefore, the relative intensity

between the web VB’s left and right circular components has to obey an approximate
ratio of 5:1 to produce the desired VB. The condition for the web VB is satisfied
by taking a longer propagation distance in the QD medium compared to the others.
The intensity distribution depicts a clear Gaussian peak at the center surrounded
by the much lower-intensity doughnut distribution. Subsequently, the polarisation
distribution shows a web-like structure popularly known as web VB. Now, we move on
to the other class of the VB, which has equal and opposite OAM-carrying components
known as cylindrical VB. Fig. 3.3(d)-(f) presents three well-known cylindrical VBs
generated from this scheme at a propagation distance zη/γn = 0.040. Unlike the
previous case, all the parameters are fixed here lL = −1, l1 = 2, l2 = 0, θ2 = 0 except
the first control field phase θ1. Therefore, the cylindrical VB can be produced by only
changing the θ1. One important thing to notice here is that the applied field OAM
lL = −1 and the first control field OAM l1 = 2 produces a resultant OAM lR = 1 satisfy
the condition for CVB. Fig. 3.3(d)-(f) depicts the radial, azimuthal, spiral symmetry
in polarization distribution on a transverse plane for θ1 = 0, π, π/2, named radial
azimuthal, spiral CVB. These CVBs have various applications in modern science and
technology. For all three CVBs, we notice that the center dark spot is bigger than the
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conventional CVB. This behavior comes from the first control field OAM l1 = 2 because
the resultant field is the product of the ΩL and Ω1, which left the signature of l1 = 2 in
the intensity distribution. Also, the eccentricity of the polarisation ellipse changes from
higher to lower intensity region of the bright ring because of the nonidentical intensity
distribution between the ΩL and ΩR. Therefore, we could generate any arbitrary VB
in this configuration by changing the controlling parameters.

3.4 Polarization rotation

(a) θ1 = 0 (b) θ1 = π/2

(c) θ1 = π
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 1

(d) θ1 = 3π/2

Figure 3.4: Controllable polarisation rotation of generated lemon VB by changing the first control
field phase θ1. All other parameters are the same as Fig. 3.2. This figure illustrates con-
trol field phase-induced polarisation rotation phenomena in a lemon VB. The first control field
phase introduces an additional rotational angle θ1 to the existing phase structure of the angular
momentum-carrying beam, resulting in the rotation of the polarisation structure.

Fig. 3.4 displays the polarization distribution rotation of the generated lemon VB
for four different values of the first control field phase angle θ1. For a lemon VB, the
OAM of the left and right circular polarization components are lL = 0 and lR = 1.
Therefore, the generated field creates a spatially dependent structured transparency
in the QD medium’s susceptibility, having one absorption and one gain peak. These
peaks are identical and placed side by side with a common zero line passing through
the center. The control field relative phases are defined by setting the reference point
at the applied field ΩL phase. Therefore, the second control phase θ2 = 0 indicates the
transfer of θ1 phase to the generated field ΩR. For Fig. 3.4(a), the relative phase be-
tween two components of the VB is zero, resulting in a lemon polarisation distribution
pointing to the right side. By changing the phase θ1 = π/2, the gain and absorption
peak of the QD medium rotates ninety degrees clockwise in the transverse plane. This
spatially dependent transparency rotation is responsible for the polarisation rotation
of the lemon VB pointing upward, as shown in Fig. 3.4(b). Similarly, we can observe
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that the polarisation rotates accordingly for θ1 = π, 3π/2.Therefore, the scheme is
capable of any arbitrary polarisation rotation of a VB by tuning the first control field
phase θ1.

3.5 Effect of temperature on VB generation

 0

 0.2

 0.4

 0.6

 0.8

 1
(a) T = 0K, zη/γn = 0.017 (b) T = 5K, zη/γn = 0.034

(c) T = 10K, zη/γn = 0.037 (d) T = 20K, zη/γn = 0.043

Figure 3.5: The figure illustrates the variation of transverse intensity and polarization distribution
of a generated lemon VB for various phonon bath temperatures. All other parameters are the
same as Fig.3.2. The temperature always affects quantum light generation as the QD emitter’s
emission property dramatically depends on temperature variation. This figure explores that lower
temperatures produce a higher intensity and higher temperatures produce a low-intensity VB. We
also notice that the VB generation requires a longer propagation length through the medium for
higher temperatures.

Fig. 3.5 displays the phonon bath temperature dependence on the VB generation.
As mentioned earlier, the bath temperature of the system plays a vital role in the
system dynamics. For increasing temperature, the renormalized Rabi frequency Ωi⟨B⟩
gets reduced due to a smaller value of ⟨B⟩. Higher temperatures also introduce more
dephasing in the system, which leads to the reduction of quantum coherence. As a
result, phonon-induced decay rates get enhanced, resulting in low-intensity right cir-
cular polarisation component generation. Fig. 3.5 (a) shows the lemon VB generation
without phonon bath contribution in the Hamiltonian. We notice that the intensity of
the generated beam is higher than all other temperatures. The ratio between the two
components satisfies the lemon VB configuration for a small propagation distance. In
the case of nonzero temperatures, the intensity of the generated VB diminished with
increasing temperatures T = 5, 10, 20 K as depicted in Fig. 3.5 (b)-(d). Accordingly,
the system requires a longer propagation distance to satisfy the correct ratio between
the VB components. From this analysis, it is clear that high temperatures reduce the
output intensity of the generated VB and demand a long medium propagation length
to produce it.
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3.6 Conclusions
We have demonstrated a simple and compact system for generating arbitrary vector
beams in a QD medium. This system incorporates the phonon interaction in the system
Hamiltonian to provide a more realistic result. To deal with the phonon interaction,
we make a polaron transformation on the total Hamiltonian and then find the master
equation for the system density matrix. In this scheme, we can generate any arbitrary
VB because of the access of the controlling parameters. We have shown that one can
regulate the polarisation rotation of the generated VB by changing the first control
field phase. We have also explicitly studied the effect of the temperature on the VB
generation. This scheme could potentially be applied to chip-based photonic circuits
and free-space optical satellite communication.
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Chapter 4
Nondegenerate two-photon laser

4.1 Introduction

In the previous two chapters, we have considered quantum emitters up to four energy
levels and solved the problem semiclassically. However, this chapter discusses the full
quantum mechanical theory of the further complex problem of a four-level system in-
teracting with a two-mode cavity. This configuration is suitable for micro or nanolaser
generation. The quantum theory of maser was established in the late 20th century [19,
168], in which the gain medium was modelled as a quantum emitters interacting with
the quantized cavity field. The experimental demonstration of the single atom maser
using Rydberg atoms, was reported by Meschede et al. [169]. Since then, with the
developments of quantum optics, single-atom lasers have been realized using several
other quantum emitters coupled with different high-quality cavities, including trapped
ions [170], trapped single atom [171], superconducting qubits [172, 173], and quantum
dots [174–176]. Scalable “on-chip" single emitter laser with ultra-low threshold power
has wide application in modern quantum technology such as quantum information pro-
cessing, quantum computing, quantum metrology, and analysis of complex quantum
network [177–179].

Semiconductor Quantum Dots (QDs) have emerged as a potential candidate for
the generation of “on-chip" quantum light sources. Owing to recent developments, dif-
ferent types of high finesse low mode volume structures like toroidal, micropillar, and
photonic crystal cavities have also been fabricated. Existing technology can also sup-
ports the growth of a QD inside a microcavity at a predetermined location [180–183].
Various single emitter microlasers using QDs embedded in a photonic crystal cavity
[176, 184–187] and QDs coupled with coplanar microwave cavity have been recently
realized [175, 188, 189]. In solid-state semiconductor systems, lattice vibrations are
inevitable due to the finite ambient temperature. Particularly, longitudinal acoustic
phonon interactions with the QD exciton states significantly modify the system dy-
namics. The interactions between phonon modes and exciton lead to dephasing in
coupled dynamics of exciton-photon interaction as well as off-resonant cavity mode
feeding [93, 94, 190–192]. Therefore, the generation efficiency of highly indistinguish-
able single photons [193, 194] and a pair of entangled photons [195] from a single
QD depends on the phonon bath temperature. As a result, the microlaser dynam-
ics are significantly modified. Phonon-assisted population inversion in QDs using an
incoherent and coherent pump has also been observed [196, 197].
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In the single-emitter single-photon laser, the lasing action occurs due to the stim-
ulated emission of a single-photon in cavity mode. Similar to single-photon lasers, it
has been predicted that the stimulated two-photon emission could also be used for
two-photon lasing when single-photon emission is negligible in the gain medium [198].
In this context, a theoretical study predicted that the phonon bath could lead to a
correlated two-photon emission from a single QD [199]. Successively, the two-photon
laser has been demonstrated by Gauthier et al. [200]. They have used strongly driven
two-level atoms as the gain medium and a weak field having frequency resonant to one
of the sidebands as probe. The degenerate two-photon lasing in a single QD using an
effective Hamiltonian approach has recently been proposed [201, 202].

A degenerate two-photon maser can be achieved by using Rydberg atoms passing
through a cavity [203]. In a separate development, the theory of a nondegenerate two-
mode two-photon laser has been proposed for inverted atoms passing through a cavity
[204]. It has been predicted that in such a laser, one mode can enhance or reduce gain
in the second mode. Further, such a laser can display entanglement between a large
number of two-mode photons [205]. In recent years, there has been some experimental
success in the construction of a two-mode microlaser [206], where two orthogonal
polarized modes in a micropillar cavity are coupled with exciton states having angular
momenta ±1. A strong correlation between the two modes and a superthermal photon
bunching has been predicted in such two-mode lasers [207]. Though some success
has been accomplished for two-photon and two-mode lasers, the nondegenerate two-
photon laser has not yet been investigated in the QD-cavity system. In this chapter, we
propose a scheme for a nondegenerate two-photon laser using a single QD embedded
in a two-mode microcavity.

Figure 4.1: The schematic energy level diagram for the QD-cavity model. Left solid blue arrows
indicating incoherent (coherent) pumping from |g⟩ → |u⟩ with pumping rates η1 (Ω1) and η2 (Ω2).
Right dashed green and dashed dot red arrows indicating cavity coupling with |y⟩ → |g⟩ and
|u⟩ → |y⟩ with coupling constant g1 and g2 and frequencies ω1 and ω2. Here ∆xx and δx stand
for the biexciton binding energy and fine structure splitting energy between two exciton states.
The ∆1 and ∆2 are the effective detunings for the first and second cavity modes.
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78 Chapter 4. Nondegenerate two-photon laser

4.2 Model system

This work investigates the feasibility of two-mode two-photon microlaser and entan-
glement generation in a semiconductor microcavity within the framework of cavity
quantum electrodynamics. We consider a system composed of a single QD embedded
in a two-mode high-quality photonic microcavity. In the neutral QD, the bound state
of the electron-hole pair produces discrete energy levels. The relevant energy levels
of the QD consist of a biexciton state |u⟩, two single exciton states |x⟩, |y⟩, and a
ground state |g⟩, respectively, as shown in Fig. 4.1. The frequencies of the excited
states |u⟩, |x⟩ and |y⟩ are denoted by ωu, ωx and ωy, respectively. The energy differ-
ence between two exciton states is denoted by fine-structure splitting δx= ωx−ωy and
biexciton binding energy is defined by ∆xx= ωx+ωy −ωu. The QD energy levels form
a diamond-like structure due to an optically forbidden transition between two bright
exciton states.

It is clear from Fig. 4.1 that two transition pathways exist between |u⟩ and |g⟩: one
path is described by |u⟩ ↔ |x⟩ ↔ |g⟩ and another represented by |u⟩ ↔ |y⟩ ↔ |g⟩. We
choose the quantum path |u⟩ ↔ |x⟩ ↔ |g⟩ for pumping by H-polarized fields to produce
population inversion in the system. For this purpose, we consider incoherent pumping
for |g⟩ → |x⟩ and |x⟩ → |u⟩ transition with pumping rate η1 and η2, respectively.
The cavity has two V-polarized non-degenerate modes with frequencies ω1 and ω2.
We consider transitions |y⟩ → |g⟩ and |u⟩ → |y⟩ are coupled with cavity modes with
coupling constant g1 and g2. The biexciton state may decay to the ground state
through one of the two exciton states by the emission of horizontally (H) or vertically
(V) polarized photons [58].

4.2.1 Master equation for Incoherent Pumping

In the rotating frame with frequency ωy, we express the Hamiltonian for the dot-cavity
system as

H = ℏδxσxx − ℏ(∆xx − δx)σuu

− ℏδ1a†1a1 − ℏ(∆xx − δx + δ2)a
†
2a2

+ ℏg1(σyga1 + σgya
†
1) + ℏg2(σuya2 + σyua

†
2), (4.1)

where δ1 = ωy − ω1, δ2 = ωu − ωy − ω2 are cavity detunings, and a1, a2 are field
operators of the first and second mode, respectively. The notation σij = |i⟩⟨j| refers
to the projection operator for QD states. In the semiconductor QD-cavity system, the
interaction of the electrons with the lattice modes of vibration, i.e., the longitudinal
acoustic phonons, plays an important role. This phonon interaction displays several
new phenomena, including strong dephasing, off-resonant cavity feeding, and the emer-
gence of new features in Mollow triplets [101–103]. To incorporate phonon interaction
into the dynamics of the QD-cavity system, we have to include the following additional
terms

Hph = ℏ
∑
k

ωkb
†
kbk +

∑
i=x,y,u

λikσii(bk + b†k), (4.2)

where λik are exciton phonon coupling constants and bk(b†k) are annihilation(creation)
operators for kth phonon mode of frequency ωk. The second term in Hph represents
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the interaction between excitons with the phonon reservoir. The total Hamiltonian of
the QD-cavity system, including exciton-phonon interaction, becomes

HT = H +Hph. (4.3)

However, it should be borne in mind that including all orders of exciton phonon in-
teraction in the master equation of the QD-cavity system has been a very challenging
task. Although many perturbative approaches have been explored in the literature,
often involving the truncation of higher-order phonon interaction terms [101, 208,
209]. The most successful master equation for the QD-cavity system utilizes the po-
laron transformation, which considers all orders of phonon interaction [101–103]. The
Hamiltonian HT is transformed into H ′ using polaron transformation H ′ = ePHT e

−P

where
P =

∑
i=x,y,u

λik
ωk

σii

(
b†k − bk

)
.

The transformed Hamiltonian H ′ contains system, bath, and their interaction Hamil-
tonian as H ′ = Hs +Hb +Hsb, where

Hs = ℏδxσxx − ℏ(∆xx − δx)σuu − ℏ∆1a
†
1a1

− ℏ(∆xx − δx +∆2)a
†
2a2 + ⟨B⟩Xg, (4.4)

Hb = ℏ
∑
k

ωkb
†
kbk, (4.5)

Hsb = ξgXg + ξuXu. (4.6)

Here, we redefine the cavity detunings into effective detunings ∆1 and ∆2 after includ-
ing the polaron shifts

∑
k λ

2
ik/ωk. The system operators are defined by

Xg = ℏ (g1σyga1 + g2σuya2) +H.c. (4.7)
Xu = iℏ (g1σyga1 + g2σuya2) +H.c., (4.8)

and the phonon bath fluctuation operators are

ξg =
1

2
(B+ +B− − 2⟨B⟩) , (4.9)

ξu =
1

2i
(B+ −B−) , (4.10)

where B+, B− are the phonon displacement operator. The phonon displacement op-
erators are defined by

B± = exp

[
±
∑
k

λk
ωk

(
b†k − bk

)]
.

The phonon displacement operator averaged over all closely spaced phonon modes at
a temperature T obeys the relation ⟨B+⟩ = ⟨B−⟩ = ⟨B⟩ where

⟨B⟩ = exp
[
−1

2

∫ ∞

0

dω
J(ω)

ω2
coth

(
ℏω

2KbT

)]
. (4.11)

The phonon spectral density function J(ω) is given by J(ω) = αpω
3 exp[−ω2/2ω2

b ]
[106], where the parameters αp and ωb are the electron-phonon coupling and cutoff
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frequency, respectively. We have chosen model parameters αp = 1.42 × 10−3/g21 and
ωb = 10g1, which gives us the value of ⟨B⟩ = 1.0, 0.90, and 0.73 for T = 0K, 5K, and
20K, respectively [110, 111].

Now, applying second-order Born-Markov approximation, the master equation for
reduced density matrix of a QD-cavity system ρs can be written as [101–103]

ρ̇s = − i

ℏ
[Hs, ρs]− Lphρs −

κ1
2
L[a1]ρs −

κ2
2
L[a2]ρs

−
∑
i=x,y

(γ1
2
L[σgi] +

γ2
2
L[σiu]

)
ρs −

∑
i=x,y,u

γd
2
L[σii]ρs

−
(η1
2
L[σxg] +

η2
2
L[σux]

)
ρs, (4.12)

where we phenomenologically incorporate the photon leakage from the cavity modes
with rates κ1, κ2, and spontaneous decay of exciton and biexciton states with rates
γ1, γ2. In addition, we also include the pure-dephasing process with rate γd in the
master equation (4.12). This additional dephasing term incorporates the zero-phonon
line (ZPL) broadening in the QD emission spectrum[108, 109]. The last term in the
master equation (4.12) is responsible for the incoherent pumping process with pumping
rates η1 and η2. In the master equation, L stands for Lindblad superoperator, defined
as L[O]ρs = O†Oρs−2OρsO†+ρsO†O. The term Lphρs represents the effect of phonon
bath on the system dynamics. The explicit form of Lphρs in terms of previously defined
system operators is written as

Lphρs =
1

ℏ2

∫ ∞

0

dτ
∑
j=g,u

Gj(τ)[Xj(t), Xj(t, τ)ρs(t)] +H.c., (4.13)

where Xj(t, τ) = e−iHsτ/ℏXj(t)e
iHsτ/ℏ, with the polaron Green functions Gg(τ) =

⟨B⟩2{cosh[ϕ(τ)] − 1} and Gu(τ) = ⟨B⟩2 sinh[ϕ(τ)]. The phonon Green’s functions
depend on the phonon correlation function

ϕ(τ) =

∫ ∞

0

dω
J(ω)

ω2

[
coth

(
ℏω

2KbT

)
cos(ωτ)− i sin(ωτ)

]
, (4.14)

where Kb and T are the Boltzmann constant and the temperature of the phonon bath,
respectively. We integrate the master equation (4.12) numerically using Quantum
Optics Toolbox [165].

4.2.2 Master equation for Coherent Pumping

In this subsection, we derive the master equation for the QD-cavity system by consid-
ering a coherent field for pumping. We consider a horizontally polarised coherent field
having frequency ωp to the |g⟩ ↔ |x⟩ and |x⟩ ↔ |u⟩ transition with Rabi frequency
Ω1 and Ω2, respectively. The Hamiltonian of this system in a rotating frame with
frequency ωp can be written as

H = ℏ∆pσxx + ℏ(2∆p − δx −∆xx)σuu + ℏ(∆p − δx)σyy

+ ℏ(∆p − δx −∆1)a
†
1a1 + ℏ(∆p −∆xx −∆2)a

†
2a2

+ ℏΩ1(σxg + σgx) + ℏΩ2(σux + σxu) + ℏg1(σyga1
+ σgya

†
1) + ℏg2(σuya2 + σyua

†
2) +Hph, (4.15)
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where ∆p = ωx − ωp and all others parameters are same as previous definitions. As
mentioned earlier, we make the previously defined polaron transformation. After using
polaron transformation, we get the system Hamiltonian and other operators as follows:

Hs = ℏ∆pσxx + ℏ(2∆p − δx −∆xx)σuu + ℏ(∆p − δx)σyy

+ ℏ(∆p − δx −∆1)a
†
1a1 + ℏ(∆p −∆xx −∆2)a

†
2a2 + ⟨B⟩Xg, (4.16)

Xg = ℏ (Ω1σxg + Ω2σux + g1σyga1 + g2σuya2) +H.c (4.17)
Xu = iℏ (Ω1σxg + Ω2σux + g1σyga1 + g2σuya2) +H.c. (4.18)

We use the defined system operators in the master equation (4.12) for coherently
pumped QD by neglecting the incoherent pumping terms present in the equation.
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82 Chapter 4. Nondegenerate two-photon laser

4.3 Two-mode lasing using incoherent pumping

We thoroughly investigate incoherently pumped QD by numerically solving the mas-
ter equation (4.12), followed by computations of various QD populations and cavity
field parameters under steady-state conditions. Our findings, presented in Fig. 4.2-
4.5, correspond to a phonon bath temperature T=5K alongside other experimentally
compatible parameters. The chosen biexciton binding energy is ∆xx = 15g1, while the
fine structure splitting of excitons is δx = −g1. By applying continuous incoherent
pumping, we explore the feasibility of achieving population inversion in the biexciton
state. Such an incoherent pumping scheme was successfully realized experimentally
via continuous excitation of the wetting layer [210], widely implemented in single QD
lasers.
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Figure 4.2: The steady state populations in QD states |u⟩(blue short dash),|x⟩(red solid),|y⟩(black
short dash dot), |g⟩(green long dash) as a function of ∆1 for phonon bath temperature T=5K.
Other parameters are cavity leakage κ1 = κ2 = 0.1g, cavity field couplings g1 = g2 = g,
spontaneous decay rates γ1 = γ2 = 0.01g, pure dephasing rate γd = 0.01g, biexciton binding
energy ∆xx = 15g, hyperfine energy gap between excitons δx = −g, detuning of second cavity
mode ∆2 = −5g and η1 = η2 = 0.5g. Among all the populations, the biexciton state (blue
dashed line) has a higher population compared to the other populations because of the high
second cavity mode detuning, which prevents |u⟩ → |y⟩ transition. But at two-photon resonance
condition ∆1 = 5g, a part of the population goes to the ground state via the two-photon process
and therefore reduces ρuu population and increases ρgg and ρxx population as they are driving via
constant incoherent pumping.

In Fig. 4.2, we demonstrate the variation of steady state populations in various
QD states with the first cavity mode detuning ∆1. We observe that the population in
the biexciton state |u⟩ surpasses any other exciton states. This dominance in biexciton
state population is due to the large detuning, |∆2| ≫ g2, which prevents population
transfer from |u⟩ to |y⟩. Thus, the system behavior is similar to the population inver-
sion in the regular lasing action. Therefore, the population transfer from biexciton to
the ground state may produce efficient two-photon lasing via the two-photon resonant
transition. We notice from Fig. 4.2 that at two-photon resonance condition ∆1 = −∆2,
the population in |u⟩ shows a dip while the population in |g⟩ gets a peak due to max-
imum transfer of population from |u⟩ to |g⟩. Generally, the two-photon process is a
weak nonlinear process; this can be enhanced by suppressing the single-photon process.
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4.3. Two-mode lasing using incoherent pumping 83

The single-photon transitions are minimized by maintaining a sizeable second mode
detuning |∆2| ≫ g2. Consequently, even at single photon resonance condition ∆1 = 0
for |y⟩ → |g⟩ transition, single photon emission remains insignificant due to minimal
population in |y⟩ state. Under this consideration, the probabilities of single-photon
emission decrease significantly. The two-photon resonance condition ∆1 +∆2 = 0 can
be simplified as ωu = ω1+ω2, therefore cavity induced decay of biexciton |u⟩ to ground
state |g⟩ generates a pair of non degenerate photons of frequencies ω1 and ω2. Further-
more, the |y⟩ state population increases monotonically with a local dip at two-photon
resonance as ∆1 increases. At the single-photon resonance condition, the population
in |y⟩ state readily transfers to the |g⟩ state, which explains the lowest population in
|y⟩ state at ∆1 = 0. As ∆1 increases, the transition |y⟩ → |g⟩ becomes off-resonant,
resulting in an increasing population in |y⟩ state. Fig. 4.2 also exhibit the identical
variation of populations in |x⟩ and |g⟩ states.
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Figure 4.3: a) The average photon number of first and second mode ⟨n1⟩(blue solid), ⟨n2⟩(red
dash), b) Fano factors F1 (green solid), F2 (orange dash), and c) Second order photon correlation
function with zero time delay g

(2)
1 (0) (cyan solid), g(2)2 (0) (pink dash), g(2)12 (0)(brown dash-dot)

varying with first cavity mode detuning ∆1 for temperature T=5K. All other parameters are the
same as Fig.4.2. The average photon number peaks near the two-photon resonance condition,
indicating the photon emission to both cavity modes. The Fano factor reaches its lowest value
near two-photon resonance, indicating a coherent light generation. The second-order correlation
function supports the previous observation by showing its minima near two-photon resonance.
Thus, we can expect the nondegenerate two-photon laser in QD at two-photon resonance condi-
tions.

The Fig. 4.3 depicts the statistics of the generated photons as a function of the first
cavity mode detuning. In Fig. 4.3(a), we present the average photon number ⟨n1⟩ =
⟨a†1a1⟩ and ⟨n2⟩ = ⟨a†2a2⟩. Both modes exhibit identical average photon numbers,
peaking at the two-photon resonance. The identical nature of the curves arises from
photons being generated in a biexciton-exciton cascaded decay process. Under two-
photon resonance, no individual photon emission occurs, but a photon pair is emitted
simultaneously. Therefore, each photon goes to the corresponding cavity mode with an
equal probability. The average number of photon peaks is consistent with the sudden
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decay of the |u⟩ population as shown in Fig. 4.2. The Fano factor of the cavity field
is then subsequently analyzed by determining the ratio between the variance of the
photon number and the average photon number for each cavity mode. In terms of the
cavity mode operators, the Fano factor for the first and second cavity modes is given
by:

F1 = (⟨n2
1⟩ − ⟨n1⟩2)/⟨n1⟩, (4.19)

F2 = (⟨n2
2⟩ − ⟨n2⟩2)/⟨n2⟩. (4.20)

Fig. 4.3(b) shows that both F1 and F2 have a dip near two-photon resonance. Other-
wise, both have a constant value near unity. This minimum value of Fano factors in-
dicates noise suppression in the cavity under two-photon resonance conditions. Next,
we analyze the generated optical field with the help of the second-order correlation
function. Following the definition of second-order photon correlation functions with
zero time delay for the two-mode cavity [211], defined as

g
(2)
1 (0) = ⟨a†21 a21⟩/⟨a†1a1⟩2, (4.21)

g
(2)
2 (0) = ⟨a†22 a22⟩/⟨a†2a2⟩2, (4.22)

g
(2)
12 (0) = ⟨a†1a†2a2a1⟩/⟨a†1a1⟩⟨a†2a2⟩. (4.23)

Fig. 4.3(c) shows that all the second-order correlations have a minimum value at the
two-photon resonance condition. At two-photon resonance, g(2)i (0) approaches unity,
which implies that the generated field in each mode is nearly coherent. However, the
cross-correlation g(2)12 (0) remains more than one, indicating a super-Poissonian nature.
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Figure 4.4: The steady-state populations in QD states |u⟩(blue short dash), |x⟩(red solid),
|y⟩(black short dash-dot), |g⟩(green long dash) vs incoherent pumping rate η for phonon bath
temperature T=5K. All other parameters are same as Fig. 4.2 except ∆1 = 5g and η1 = η2 = η.
We see that for no pumping, all the population in the |g⟩ state, and then by increasing the in-
coherent pumping rate first |x⟩ state population rapidly increases and |u⟩, |y⟩ slowly occupied.
Later, the population goes from |x⟩ → |u⟩, increasing |u⟩ state population and decreasing |x⟩
population. The biexciton state population ρuu gets saturated for a very high pumping rate.

In Fig. 4.4, we demonstrate the variation of steady-state QD populations as a
function of incoherent pumping rate. The population of |u⟩ state increases with η and
eventually saturates at a very high pumping rate. The exciton population variation in
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the |g⟩ and |x⟩ states follow an identical trend. These exciton populations are higher
for low pumping rates but become negligible as the pumping rate increases. Conversely,
the |y⟩ population remains nearly constant after achieving population inversion. It is
evident that population inversion occurs for a low pumping rate, and it grows and
saturates for higher pumping rates. In Fig. 4.5, we present the variation of previously
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Figure 4.5: a) Average photon number for first and second mode ⟨n1⟩(blue solid), ⟨n2⟩(red dash),
b)Fano factors F1(green solid), F2(orange dash), c) Second order correlations function with zero
time delay g

(2)
1 (0)(cyan solid), g(2)2 (0)(pink dash), g(2)12 (0)(brown dash-dot) as a function of η for

temperature T=5K. All other parameters are same as Fig. 4.2 except ∆1 = 5g and η1 = η2 = η.
The average photon number in both cavity modes increases with the increasing incoherent pumping
rate and achieves a maximum value, then reduced to a lower value due to single emitter’s self-
quenching effect. Fano factors have a value near unity and achieve a minimum at low pumping
rates. Conversely, the Fano factor gradually increases to a very high value for high pumping
rates, leading to unfavorable conditions for laser generation. The second-order correlation function
g
(2)
12 (0) has a minimum around η = 0.5g and other correlation function values near unity, indicating

a good condition for the two-photon QD laser generation.

defined cavity parameters by changing the incoherent pumping rate. The average pho-
ton number in both cavity modes increases and acquires maximum on increasing pump
rate and then decreases for further higher pumping rate, resulting from a single emitter
self-quenching effect [212]. The Fano factor of the cavity modes is below one before
inversion is achieved and surpasses one afterward. The second-order correlations for
cavity modes g(2)1 (0) and g

(2)
2 (0) grow with incoherent pumping rate, approaching a

value of two for high pumping rates, as depicted in Fig. 4.5(c). The generated field
exhibit sub-Poissonian photon statistics (g(2)i (0) < 1) for low pumping rate and then
become Poissonian (g(2)i (0) = 1) for moderate pumping rate 0.5g < η < 1.0g. How-
ever, for higher pumping rates, the cavity field demonstrates thermal photon statistics
(g(2)i (0) = 2). Henceforth, it indicates that with increasing incoherent pumping, pho-
ton emission becomes uncorrelated. The inter-modal correlation g(2)12 (0) exibits values
greater than one. Further, for low pumping rate, g(2)12 (0) first decreases and attains
a minimum value when stimulated emission becomes maximum, then again increases
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with increasing pumping rate. This observation suggests that all the correlation gets
diminished by increasing the pumping rate beyond a certain limit.

Next, we formulate the laser rate equation using quantum laser theory developed by
Scully and Lamb [19, 213]. For that we simplify Lphρs term in master equation under
off resonant condition |∆1| ≫ g1 and |∆2| ≫ g2 [214]. By considering appropriate
approximation, we derived the analytical form of the master equation with various
phonon-modified decay rates as detailed in Appendix A.

The two-photon laser rate equation is given by

Ṗn,m = −αn,mPn,m +G11
n−1,m−1Pn−1,m−1

+G10
n−1,mPn−1,m +G01

n,m−1Pn,m−1

+ A11
n+1,m+1Pn+1,m+1 + A10

n+1,mPn+1,m

+ A01
n,m+1Pn,m+1 + κ1(n+ 1)Pn+1,m

− κ1nPn,m + κ2(m+ 1)Pn,m+1 − κ2mPn,m, (4.24)

where

Pn,m =
∑
i

⟨i, n,m|ρs|i, n,m⟩, (4.25)

αn,mPn,m =
∑
i

αi,n,m⟨i, n,m|ρs|i, n,m⟩, (4.26)

Gαβ
n,mPn,m =

∑
i

Gαβ
i,n,m⟨i, n,m|ρs|i, n,m⟩, (4.27)

Aαβ
n,mPn,m =

∑
i

Aαβ
i,n,m⟨i, n,m|ρs|i, n,m⟩ (4.28)

with i = {g, x, y, u} and α, β = 0, 1.
It is worth noting that there could be some more terms in Eq.(4.24) corresponding

to three-photon and four-photon emissions etc. However, their contributions remain
negligible under two-photon resonance. In Eq.(4.24), the stimulated single-photon
emission rates in the first mode, second mode, and two-photon emission rate when
one photon is emitted in each mode are given by

∑
n,mG

10
n,mPn,m,

∑
n,mG

(01)
n,mPn,m and∑

n,mG
11
n,mPn,m, respectively. Similarly, single-photon absorption from first mode, sec-

ond mode, and two-photon absorption rates are given by
∑

n,mA
10
n,mPn,m,

∑
n,mA

01
n,mPn,m

and
∑

n,mA
11
n,mPn,m. These rates are evaluated numerically. We define the net single

photon emission rate in the first mode by taking the difference between single photon
emission rate and single photon absorption rate

∑
n,m(G

10
n,m−A10)Pn,m, the net single

photon emission rate in second mode as
∑

n,m(G
01
n,m − A01

n,m)Pn,m. Similarly, the net
emission rate of two-photon when one photon is emitted in each mode is defined as∑

n,m(G
11
n,m − A11

n,m)Pn,m.
We plot net single-photon emission rates in the first mode, second mode, and net

two-photon emission rates in Fig. 4.6 at different temperatures. In Fig. 4.6(a), the
stimulated two-photon emission rate dominates over single-photon emission rates in
both modes and achieves maximum value for low pumping rate (η ≈ g) at phonon
bath temperature T=5K. However, on increasing incoherent pumps, the correlation
in photon emission decreases. As a result, two-photon emission decreases, and the
single-photon emission in each mode starts dominating. The single-photon emission
rate of the second mode is higher than the first mode for a higher pumping rate. The
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Figure 4.6: First mode single-photon emission rate(SPE1, red solid), Second mode single-photon
emission rate(SPE2, green dash) and two-photon stimulated emission rate(TPE, blue dash dot)
dependency on incoherent pumping rate using ∆1 = 5g1, η1 = η2 = η for a)T=5K and b)
T=20K with all other parameters same as Fig. 4.2. In subplot (a) at low-temperature T = 5K,
the two-photon emission dominates the single-photon emission for both modes. This is because
the phonon contribution to the system is much less. In subplot (b) at higher temperature T =
20K, the system reacts oppositely as the single photon emission dominates over the two-photon
correlated emission. The high-temperature scenario allows the light emission through the virtual
phonon sideband to achieve single photon emission.

higher two-photon emission rate at a low pump indicates that the system acts like a
two-photon gain medium. In Fig. 4.6(b), we plot net emission rates at higher phonon
bath temperature T=20K. The correlated two-photon emission decreases significantly,
and the independent single-photon emission rates in both modes increase. This effect
occurs due to the phonon-mediated process at higher temperatures. The two-photon
process becomes negligible at a higher temperature, and the single-photon process
gets enhanced due to phonon-induced dephasing in the system. Comparing these
two-photon and single-photon emissions, we conclude that the system shows higher
two-photon gain for low pump (η ≈ g) at low temperatures.
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88 Chapter 4. Nondegenerate two-photon laser

4.4 Two-mode two-photon lasing using coherent pump-
ing

In this proposed scheme, a coherent laser field resonantly excites the transition from
the ground state |g⟩ to the exciton state |x⟩. This resonance ensures that the biex-
citon to exciton transition should be highly detuned because of the large biexciton
binding energy. In this scenario, a very efficient biexciton generation is possible with
the phonon-assisted transitions [196]. A similar approach has been successfully demon-
strated for the generation of biexciton states in QD with high-fidelity [197].

We numerically solve the master equation (4.12) by employing Eqs.4.16-4.18 to get
the steady-state populations in different QD states under various cavity field param-
eters with coherent pumping. Fig. 4.7 illustrates how the population in different QD
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Figure 4.7: The steady-state populations in the various quantum dot energy states |u⟩(blue short
dash), |x⟩(red solid), |y⟩(black short dash-dot), |g⟩(green long dash) plotted against first cavity
mode detuning ∆1 for phonon bath temperature T=5K. Other parameters are same as Fig. 4.2
except ∆p = 0 and Ω1 = Ω2 = 2g. For the coherent pumping case, the biexciton state population
(blue dashed line) remains in high value compared to all other populations similar to the incoherent
pumping case. However, now we see two different minima around the ∆1 = 5g, which can be
explained by the dressed state picture of the QD for coherent pumping. The mentioned minimum
indicates the two-photon emission is possible for two different detunings as the ρuu decreases and
the ρgg increases.

states vary with detuning ∆1 under coherent pumping. Remarkably, the biexciton
state population consistently exceeds that of any other QD-state for typical values of
system parameters, indicating population inversion in the system.

We observed that the biexciton state population has two distinct minima separated
by 2Ω1 when the two-photon resonance condition is satisfied. An explanation of this
new feature is possible with the help of a dressed state picture. By applying a strong
resonant coherent field between the |g⟩ and |x⟩, the dressed states |±⟩ = 1√

2
(|x⟩ ± |g⟩)

are formed with frequency separation 2Ω1. Fig. 4.8 displays the equivalent dressed
state picture of the system in the presence of strong coherent pumping. The population
of the biexciton state |u⟩ exhibits two notable dips, marking the transitions from the
bare state |u⟩ to the dressed states |+⟩ and |−⟩ via two-photon transitions in cavity
modes. Consequently, the two-photon emission occurs at two different values of the
first mode detuning ∆1 = −∆2 ±Ω1. The populations of |g⟩ and |x⟩ remain relatively
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unchanged, reaching their maxima at these specific values of ∆1 due to the population
transfer from |u⟩ ↔ |±⟩. Meanwhile, the population in state |y⟩ remains small with
the local minimum at two-photon resonances.

|u〉

|x〉

|g〉

|−〉

|+〉

|y〉

ωp

2Ω1

Figure 4.8: The strong field coupled with the |g⟩ ↔ |x⟩ transition produces dressed states |±⟩
with frequency separation 2Ω1. These dressed states facilitate phonon-assisted pumping to the
biexciton state, indicated by black dotted lines. Subsequently, two different values of ∆1 can be
obtained, satisfying the two-photon resonance condition, as illustrated by red and blue dotted
lines.

The average photon numbers in the cavity modes have two prominent peaks with a
separation of 2Ω1 as shown in Fig. 4.9(a). These peaks arise from two nondegenerate
photon emissions into the cavity modes via two-photon transition |u⟩ → |y⟩ → |±⟩.
We also notice that the two peaks in average photon number in each cavity mode
are not identical. While their separation remains close to 2Ω1, they are not symmet-
rically positioned around ∆1 = −∆2. This asymmetry is attributed to the optical
Stark shifts in the QD energy levels [215, 216], causing both peaks to shift slightly
towards the higher frequency side. The Fano-factors for both cavity modes consis-
tently hover around unity, reaching their minimum values when two-photon resonant
conditions are satisfied at ∆1 = −∆2 ± Ω1. In Fig. 4.9(c), the second-order correla-
tions for each cavity mode g(2)i (0) have maintained values close to unity . Hence, the
photons generated in each mode adhere to Poissonian statistics, signifying coherent
field generation. Moreover, intermodal correlation, g(2)12 (0), exhibits values larger than
two except under the circumstances that satisfy the two-photon resonance condition,
where it attains a minimum value of less than two. Therefore, two-mode two-photon
lasing becomes feasible within a single quantum dot upon satisfying the two-photon
resonant condition.

In order to formulate the laser rate equation, it is essential to have the analyti-
cal expression of the master equation for coherent pumping. Appendix B provides a
comprehensive overview of this master equation. We derive the laser rate equation
(4.24) for coherently pumped QD using the method discussed in the preceding section.
Recalling previously defined net emission rates, we plot it against first-mode detuning
for two different temperatures in Fig. 4.10. From Fig. 4.10(a), we notice that the net
stimulated single photon emission rate in the first and second modes show a positive
peak when the single-photon transition |y⟩ → |±⟩ becomes resonant. These transi-
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Figure 4.9: The variation of a) average photon number ⟨n1⟩(blue solid), ⟨n2⟩(red dash), b) Fano
factors F1(green solid), F2(orange dash), and c) Second order correlation g

(2)
1 (0)(cyan solid),

g
(2)
2 (0)(pink dash), g(2)12 (0)( brown dash dot) with respect to ∆1 at a phonon bath temperature

T=5K. All other parameters are the same as Fig. 4.7. The new feature of the coherent pumping
case is that all the cavity parameters show two-photon lasing at two different detuning values,
which gives us more options for the chosen parameters. All other behaviors are almost the same
as incoherent pumping.

tions decrease population in |y⟩, thus resulting in population inversion between |u⟩
and |y⟩. Therefore, similar peaks are visible in net single-photon stimulated emission
in the second mode. Conversely, the two-mode two-photon net emission rate displays
negative dips around single-photon resonance, indicating significant two-mode two-
photon absorption. Thus, no appreciable change occurs in the average photon number
in cavity modes. However, this scenario shifts drastically around the two-photon reso-
nance condition, where the two-mode two-photon net emission rate dominates over the
single-photon emission rate. Under two-photon resonant condition ∆1 ≈ −∆2 ± Ω1,
the single-photon processes are highly detuned, and net single-photon stimulated emis-
sion in both modes become very small. In contrast the two-mode two-photon emission
peaks becomes prominent.

Moreover, for ∆1 ≈ −∆2 − Ω1, single-photon net stimulated emission rates ap-
proach zero, thereby establishing more favorable conditions for two-mode two-photon
lasing. In Fig. 4.10(b), we plot net stimulated emission rates for higher temperature
T = 20K. This figure reveals a suppression of the two-mode two-photon emission, ac-
companied by an enhancement of the single-photon emission. This outcome is due to
the domination of the phonon process at a higher temperature, which hinders corre-
lated two-photon emission in two modes. In conclusion, these findings suggest that the
two-mode, two-photon lasing for coherent pumping is possible at low temperatures.
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Figure 4.10: The figure illustrates the single-photon emission rate of the first (SPE1, red solid)
and second mode (SPE2, green dash), as well as the two-mode two-photon stimulated emission
rate (TPE, blue dash-dot) versus the first mode detuning ∆1 by considering Ω1 = Ω2 = 2g1, for
a)T=5K and b) T=20K with all other parameters same as Fig. 4.7. From sub-figure (a), we
understand that the single photon emission is dominated over two-photon emission near single
photon resonance condition ∆1 = 0 oppositely, two-photon emission dominated near the two-
photon resonance condition ∆1 = −5g. We notice that for ∆1 = −∆2 − Ω1 the single photon
emission becomes almost zero, but the two-photon emission is prominent, which is favorable for
the two-photon laser generation. For higher temperatures, sub-figure (b) is not favorable for laser
generation as single photon emission dominates due to the phonon-assisted process.
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4.5 Generation of steady state two-mode entangled
state
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Figure 4.11: The two-photon resonantly pumped steady-state populations variation with ∆1 in
quantum dot energy states |u⟩(blue short dash), |x⟩(red solid), |y⟩(black short dash-dot), |g⟩(green
long dash) for same parameters as Fig. 4.7 except ∆p = 7g. In the case of the two-photon
pumping process, the biexciton state |u⟩ and ground state |g⟩ get populated equally without
populating the intermediate state |x⟩ because of the large detuning ∆p = 7g. The system also
shows no population inversion, as the populations are almost similar. The intermediate states |x⟩
and |y⟩ remain less populated as the population mainly revolves around |u⟩ and |g⟩.

This section discusses the effect of two-photon coherent resonant pumping in |g⟩ →
|x⟩ → |u⟩ transition. We choose detuning of the exciton pump such that the two-
photon resonant condition ωu = 2ωp, i.e., ∆p = (∆xx + δx) /2 is satisfied.

In Fig. 4.11, we present the steady-state populations of various energy states in a
QD. The populations in ground state |g⟩ and biexciton state |u⟩ remain nearly equal
and significantly larger than those in |x⟩ and |y⟩. Additionally, due to the spontaneous
decay of the biexciton state, the population in the ground state |g⟩ becomes slightly
higher than that in the biexciton state |u⟩. Therefore, there is no population inversion
in the system. During the two-photon resonant pumping process, the simultaneous
absorption of two pump photons results in |g⟩ ↔ |u⟩ transition, leading to a low
population in the exciton state |x⟩. The biexciton state |u⟩ decays to ground state |g⟩
through cavity modes via a two-mode, two-photon resonant transition |u⟩ → |y⟩ → |g⟩
when the two-photon resonance condition ∆1 + ∆2 = 0 is satisfied. The average
number of photons in the cavity modes reaches a maximum at two-photon resonance
conditions( shown in Fig. 4.12(a)). The Fano-factors demonstrate a value greater than
one near the two-photon resonance, implying that the fields generated in both modes
have higher noise than coherent states. All second-order correlations exhibit similar
behavior as the previous case, except for minor oscillations.

Let us discuss the steady-state entanglement between the two non-degenerate cav-
ity modes. We will use the Duan-Giedke-Cirac-Zoller (DGCZ) criterion [84, 217] to
measure the continuous variable entanglement. This criterion necessitates defining two
EPR-like variables for the two-mode cavity fields, such as

u = x1 + x2, v = p1 − p2, (4.29)
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Figure 4.12: The graph displays the variation of a) average photon number ⟨n1⟩(blue solid),
⟨n2⟩(red dash) b) Fano factors F1(green solid), F2(orange dash) c) second order correlations
g
(2)
1 (0)(cyan solid), g(2)2 (0)(pink dash), g(2)12 (0)( brown dash-dot) as a function of ∆1 for same

parameters as Fig. 4.9 except ∆p = 7g.

where xj, pj for jth cavity mode are written in terms of the cavity operators

xj =
1√
2
(a†je

−iϕj + aje
iϕj), (4.30)

pj =
i√
2
(a†je

−iϕj − aje
iϕj), j = {1, 2}. (4.31)

According to the DGCZ criterion, two quantized modes of cavity radiation are entan-
gled if the quantum fluctuations of the operators u and v satisfy the inequality

∆u2 +∆v2 = ⟨(u− ⟨u⟩)2 + (v − ⟨v⟩)2⟩ < 2. (4.32)

The left-hand side of the inequality is expressed in terms of experimentally measurable
quantities as

∆u2 +∆v2 = 2(1 + ⟨a†1a1⟩+ ⟨a†2a2⟩+ ⟨a†1a†2⟩e−i(ϕ1+ϕ2)

+ ⟨a1a2⟩ei(ϕ1+ϕ2) − ⟨a†1⟩⟨a1⟩ − ⟨a†2⟩⟨a2⟩
− ⟨a†1⟩⟨a†2⟩e−i(ϕ1+ϕ2) − ⟨a1⟩⟨a2⟩ei(ϕ1+ϕ2)). (4.33)

The Fig. 4.13 depicts the sum of the variance of two EPR-like variables ∆u2+∆v2

with ∆1 for different temperatures using typical values of system parameters. We use
pump strength smaller than cavity mode coupling (Ω1 = Ω2 = 0.5g) in Fig. 4.13(a)
and larger than cavity mode coupling (Ω1 = Ω2 = 2.0g) in Fig. 4.13(b). According to
the DGCZ criterion, two cavity modes become entangled if ∆u2+∆v2 < 2, the critical
value is shown by the black dotted line. It is clear that for two-photon pump strength
smaller than cavity coupling (Ω1 = Ω2 < g) and at low temperature (T < 10K), two
modes are entangled.
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Figure 4.13: The total variance of an EPR-like variable pair plotted with first mode single photon
detuning ∆1 for different bath temperatures. The Black dotted line indicates the margin for
entanglement phenomenon according to the DGCZ criterion. All the parameters are the same as
Fig. 4.11 except ϕ1 = ϕ2 = −0.5 with coherent pumping Rabi frequencies a)Ω1 = Ω2 = 0.5g
and b)Ω1 = Ω2 = 2g. This figure concludes that the low pumping rate and low temperatures are
optimal for two-mode continuous variable entanglement generation.

4.6 Conclusions
In conclusion, we have predicted the feasibility of two-mode two-photon lasing in a
single quantum dot embedded in the two-mode microcavity system. We have consid-
ered the effect of exciton-phonon interaction using the polaron master equation for-
malism. The stimulated two-mode two-photon emission rate dominates at low pump
strength and temperature T = 5K under incoherently pumped QD. For a coherently
pumped, one can achieve large two-mode two-photon stimulated emission with negli-
gible single-photon stimulated emission, which provides better conditions for practical
nondegenerate two-photon lasing in a single quantum dot. We have also predicted
that the two-photon resonant pumping scheme could generate steady-state two-mode
entangled states. The two-mode, two-photon laser scheme may have potential appli-
cations in scalable quantum photonic technology in quantum computation, quantum
information, and large quantum networks. The two-mode continuous-variable entan-
glement scheme can offer an advantage in some situations in quantum information
science.
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Chapter 5
Conclusion and Future Plans

In recent times, semiconductor-integrated photonics have gained a lot of research in-
terest for making reliable quantum photonic circuits required to make a quantum
computer. These photonic circuits include optical elements, such as photon sources,
quantum communication channels, beam splitters, quantum gates, etc. To fit all these
elements into a chip, they have to be very tiny in dimension. Additionally, the power
consumption of each optical component must be minimized to reduce the circuit’s
overall power requirement. This thesis addressed some of the above-mentioned optical
elements in quantum dots, satisfying the tiny footprint and low power requirement
criteria. In this thesis, we have addressed three problems in optical pulse propagation
and quantum light generation. These problems are presented in the thesis according to
their complexity order. We start with a two-level system, then move on to a four-level
system, and finally consider a four-level system interacting with a two-mode cavity.
The flow of the thesis is as follows: Chapter 2 discussed the optical pulse propagation in
a QD medium, Chapter 3 presented the vector beam generation followed by light prop-
agation, and Chapter 4 proposed a QD-cavity system for nondegenerate two-photon
laser and two-mode entanglement. These schemes can have potential applications for
building quantum communication channels and quantum light sources.

In Chapter 2, we have demonstrated self-induced transparency in an inhomoge-
neously broadened semiconductor quantum dots at ultracold temperatures. In this
process, an optical pulse can propagate through the absorbing two-level medium at
resonance conditions without changing any intensity or shape of the pulse. We consid-
ered a realistic model system of inhomogeneously broadened QD medium with phonon
interaction due to the lattice vibration. We have considered all orders of phonon in-
teraction in the calculation by applying polaron transformation and modified polaron
master equation. We analyzed the additional phonon-induced pumping and decay
rates and their low-temperature asymmetry. The pulse area theorem has been revis-
ited as a function of the environmental temperatures. Observation suggests a slightly
higher pulse area is required for stable pulse propagation at higher temperatures. The
susceptibility of the medium is also presented to understand the SIT dynamics. The
excited state population shows minimum values near the integer multiple of 2π, in-
directly indicating the generated transparency in the medium and cross-verifying the
earlier results. We observed that the SIT phenomena occurred in the QD medium with
minimal absorption and distortion in pulse shape at T = 5K temperature. Increasing
propagation distance produces more pulse shape distortion and diminishes peak inten-

95TH-3530_176121009



96 Chapter 5. Conclusion and Future Plans

sity. We discussed the effect of QD spectral broadening and observed that the higher
inhomogeneous broadening causes a lower time delay of the output pulse. We have
also studied the effect of phonon bath parameters on the SIT dynamics. Increasing
temperature and the phonon coupling strength destroy the QD coherence and hence
distort the output pulse shape. Finally, we show the pulse breakup phenomena for a
4π input pulse in a QD medium.

In Chapter 3, we proposed a model for arbitrary vector beam generation in a thin
disk-shaped semiconductor QD medium. The QD consists of a four-level diamond-
like system with contributions from first- and third-order nonlinearity susceptibility.
Therefore, we have applied one weak probe and two strong control OAM-carrying fields
to the respective QD transition and generated a new field via the FWM process. This
process transfers the control field OAM to the generated field. The medium absorbs
the applied probe field due to first-order susceptibility. We have vectorially super-
posed the remaining applied probe field with the generated field having orthogonal
polarisation to create a vector beam. We have presented how left-circular polarisation
components get absorbed by the medium and the right-circular component’s gener-
ation with transferred OAM. We have also compared these two components to find
the proper propagation distance for fulfilling the condition for a lemon vector beam.
Then, we generated three FP beams by changing the OAM of the right-circular po-
larisation component. Subsequently, we also generated three cylindrical vector beams
by changing the relative phase. This generation technique is robust because we can
generate arbitrary VB by playing with all the controlling parameters. We have also
demonstrated the VB polarisation rotation technique of the generated VB by changing
the relative control field phase. Finally, we have emphasized the effect of temperature
on the VB generation. The result explained that the intensity of the VB diminishes
with the increasing temperatures.

In Chapter 4, we have presented the generation of a nondegenerate two-photon
laser and two-mode entanglement in a single QD embedded in a two-mode microcav-
ity. The system consists of a QD with a four-level diamond-like level system with
two vertically polarised biexciton-to-ground state transitions coupled to a two-mode
microcavity. In this system, we have applied the incoherent/coherent pumping to the
other two horizontally polarised transitions to produce population inversion. We have
analyzed the scheme regarding various QD populations and cavity parameters. For
incoherent pumping, the biexciton population transferred to the ground state with the
rise in the average photon number at two-photon resonance conditions. The Fano fac-
tor and the second-order correlation also show a minimum value, indicating the laser
generation. We have also discussed the dependence of the pumping rate on laser gen-
eration and found that a moderate pumping rate is most suitable for this scheme. We
compared the single and two-photon emission rates at two different temperatures. We
noticed that two-photon emission dominated at low temperatures, making it ideal for
two-photon laser generation. The system shows similar behavior for coherent pump-
ing except for the two lasing conditions. We have explained the origin of these two
lasing conditions by introducing the dressed state analysis of the QD-light interaction.
We have also found a more favorable condition for the two-photon process from the
emission rate plot for coherent pumping. We have also analyzed two-mode continuous
variable entanglement conditions for two-photon resonant pumping. The observation
suggested that a lower temperature and pumping rate are suitable for such entangle-
ment generation.
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In the future, we will continue our research by completing previous unfinished
work and some possible extensions of our current work. During my thesis, we started
working on a research problem based on the storage and retrieval of an optical pulse in
a QD medium. In this problem, we have considered a lambda-type three-level system
by selecting the upper half of the four-level QD diamond system. Though we have
some interesting results after proper calculations, the few nanoseconds lifetime of the
exciton states makes this model ineffective as we want to store the optical pulse for
a very long time. We are looking for a new level system in QD, considering the dark
exciton states to implement this problem. We hope to solve this problem in the future.
We also thought of one possible extension of the VB generation scheme. This scheme
has much potential to create new and exciting physics because of third-order nonlinear
susceptibility. Next, we will study the VB propagation in this QD medium. According
to our predictions, we may see the self-focusing effect of the VB due to the nonlinearity.
We will carry out this work shortly.
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Appendix A
Simplified master equation for incoherent
pumping

In this section, we derive the approximate analytical form of the complete master
equation Eq.(4.12) to develop the laser rate equation. Therefore, Liouville’s term
corresponds to the phonon term Lphρs is expanded using commutator brackets. The
exact expression of the total Hamiltonian leads to mathematical challenges to per-
form the similarity transformation i .e., Xj(t, τ) = e−iHsτ/ℏXj(t)e

iHsτ/ℏ for construct-
ing the general master equation. To avoid such complications, we use the Hamilto-
nian Hs, which drops ⟨B⟩Xg term, to perform the similarity transformation. This
approximation is consistent since we are interested in the enhanced two-photon emis-
sion where the single-photon emission is almost negligible. Therefore, the cavity cou-
pling constants chosen are significantly small compared to the single photon detunings
(g1, g2 ≪ |∆1|, |∆2|) and satisfy the two-photon resonance condition ∆1 + ∆2 = 0.
Under such consideration, the interaction part of the system Hamiltonian can be ne-
glected, resulting in

Hs = ℏδxσxx − ℏ(∆xx − δx)σuu − ℏ∆1a
†
1a1 (A.1)

− ℏ(∆xx − δx +∆2)a
†
2a2.

Consequently, Lphρs is expanded with the help of simplified Xj(t, τ) operator and the
master equation Eq.(4.12) takes the form

ρ̇s = − i

ℏ
[Heff , ρs]−

∑
i=x,y

(γ1
2
L[σgi] +

γ2
2
L[σiu]

)
ρs

− κ1
2
L[a1]ρs −

κ2
2
L[a2]ρs −

∑
i=x,y,u

γd
2
L[σii]ρs

−
(η1
2
L[σxg] +

η2
2
L[σux]

)
ρs −

1

2
(Γ+

2 L[σyua†2]

+ Γ−
2 L[σuya2] + Γ+

1 L[σgya†1] + Γ−
1 L[σyga1]) (A.2)

− Γug

2
(σuga1a2ρs − 2σyga1ρsa2σuy + ρsσuga1a2)

− Γgu

2
(σgua

†
1a

†
2ρs − 2σyua

†
2ρsa

†
1σgy + ρsσgua

†
1a

†
2)
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where the effective Hamiltonian

Heff = Hs + ℏ(δ+2 σuua2a
†
2 + δ−2 σyya

†
2a2 + δ+1 σyya1a

†
1

+ δ−1 σgga
†
1a1) + ℏΩ12(σuga1a2 + σgua

†
1a

†
2), (A.3)

and various additional detunings, effective coupling, phonon-induced rates

δ±i = g2i ⟨B⟩2Im
[∫ ∞

0

dτ(eϕ(τ) − 1)e±i∆iτ

]
Γ±
i = 2g2i ⟨B⟩2Re

[∫ ∞

0

dτ(eϕ(τ) − 1)e±i∆iτ

]
Ω12 = − i

2
g1g2⟨B⟩2 [α1 − α∗

2]

Γug = g1g2⟨B⟩2 [α1 + α∗
2]

Γgu = g1g2⟨B⟩2 [α∗
1 + α2]

α1 =

∫ ∞

0

dτ(e−ϕ(τ) − 1)e−i∆1τ

α2 =

∫ ∞

0

dτ(e−ϕ(τ) − 1)ei∆2τ . (A.4)
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Appendix B
Simplified master equation for coherent
pumping

In the case of coherent pumping, we do a similar treatment described in Appendix A
resulting in an effective master equation,

ρ̇s = − i

ℏ
[Heff , ρs]−

∑
i=x,y

(γ1
2
L[σgi] +

γ2
2
L[σiu]

)
ρs

− κ1
2
L[a1]ρs −

κ2
2
L[a2]ρs −

∑
i=x,y,u

γd
2
L[σii]ρs

− 1

2
(Γ+

2 L[σyua†2] + Γ−
2 L[σuya2]

+ Γ+
1 L[σgya†1] + Γ−

1 L[σyga1]) (B.1)

− Γug

2
(σuga1a2ρs − 2σyga1ρsa2σuy + ρsσuga1a2)

− Γgu

2
(σgua

†
1a

†
2ρs − 2σyua

†
2ρsa

†
1σgy + ρsσgua

†
1a

†
2)

− 1

2
(Γp+

2 L[σxu] + Γp−
2 L[σux] + Γp+

1 L[σgx] + Γp−
1 L[σxg])

− Γp
ug

2
(σugρs − 2σxgρsσux + ρsσug)

− Γp
gu

2
(σguρs − 2σxuρsσgx + ρsσgu)

where the effective Hamiltonian with coherent pumping

Heff = Hs + ℏ(δp+2 σuu + (δp−2 + δp+1 )σxx + δp−1 σgg

+ δ+2 σuua2a
†
2 + δ−2 σyya

†
2a2 + δ+1 σyya1a

†
1

+ δ−1 σgga
†
1a1) + ℏΩ12(σuga1a2 + σgua

†
1a

†
2)

+ ℏΩp(σug + σgu), (B.2)
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and new symbols are defined as

δp±2 = Ω2
2⟨B⟩2Im

[∫ ∞

0

dτ(eϕ(τ) − 1)e±i∆
′
pτ

]
δp±1 = Ω2

1⟨B⟩2Im
[∫ ∞

0

dτ(eϕ(τ) − 1)e±i∆pτ

]
Γp±
2 = 2Ω2

2⟨B⟩2Re
[∫ ∞

0

dτ(eϕ(τ) − 1)e±i∆
′
pτ

]
Γp±
1 = 2Ω2

1⟨B⟩2Re
[∫ ∞

0

dτ(eϕ(τ) − 1)e±i∆pτ

]
Ωp = − i

2
ω1ω2⟨B⟩2 [β1 − β∗

2 ]

Γp
ug = Ω1Ω2⟨B⟩2 [β1 + β∗

2 ] (B.3)
Γp
gu = Ω1Ω2⟨B⟩2 [β∗

1 + β2]

β1 =

∫ ∞

0

dτ(e−ϕ(τ) − 1)e−i∆pτ

β2 =

∫ ∞

0

dτ(e−ϕ(τ) − 1)ei∆
′
pτ ,∆

′

p = ωu − ωx − ωp.
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