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Abstract

Name of the student: Deepak Kumar Roll No: 206122103

Degree for which submitted: PhD Department: Department of Chemistry

Thesis title: Use of Parametric Equations of Motion to Study Metastable

States

Thesis supervisors: Prof. Ashish Kumar Gupta

In this thesis, a “resonance” describes an electronically metastable state, that is,

a state of a metastable anion that lies energetically above the ground state of the

associated neutral molecule. These metastable states can decay by losing an electron,

a process known as autodetachment, or by fragmenting into a stable anion and a

radical, which is called dissociative electron attachment (DEA). In studying these

metastable states, it is crucial to identify the Lowest Unoccupied Molecular Orbital

(LUMO), as this is the orbital that will be filled by an electron. In this context,

we have developed a methodology that utilizes the Parametric Equations of Motion

(PEM) with the nuclear charge stabilization method to identify the LUMO obtained

from the Self-Consistent-Field (SCF) solution. This approach demonstrates stability

across different basis sets, including those with diffuse functions.

However, a common issue with the SCF solution of metastable anion is that it tends

to converge to a minimum energy state with an additional electron occupying the

most diffuse orbital present in the basis set. As diffuse functions are increased, this

solution typically converges into that of a neutral molecule and a free electron, a

situation referred to as variational collapse. To address this, we have introduced

a modified PEM approach in conjunction with the nuclear charge stabilization to

obtain a meaningful SCF solution for a metastable anion. Here, the SCF solution for

an anion with a higher nuclear charge serves as the starting point, where the anion

remains bound. The modified PEM is then executed until the additional nuclear

charge approaches zero, ultimately producing the SCF solution for the metastable
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anion. A critical aspect of obtaining meaningful SCF solutions for metastable an-

ions is maintaining a fixed occupation number for the orbital corresponding to the

singly occupied molecular orbital throughout the PEM calculation. Furthermore,

an alternative solution is provided to prevent variational collapse for metastable an-

ions which involves removing the non-physical pseudo-continuum states at the SCF

stage and implementing the process in a non-Hermitian domain, where lifetime of

the electron-attached state is also accessed.

Additionally, an alternative approach named PEM-CAP has been developed for

applying the Complex Absorbing Potential (CAP) at the Hartree-Fock level. This

methodology was successfully applied to the uracil molecule, where identification

of multiple resonances is also achieved for the first time using the nuclear charge

stabilization method in conjunction with PEM. Finally, an application of parametric

equations of motion to calculate the resonances in the physical limit of η = 0 for

the complex absorbing potential is also discussed. In this physical limit of η = 0,

the effects of the CAP are eliminated, and complex values are still obtained for η =

0, indicating reflection-free results. To eliminate the artificial reflections caused by

CAP, a methodology is introduced that employs a backward PEM-CAP approach

(i.e., starting from higher CAP strength parameter η to η = 0).
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Chapter 1

Introduction

1.1 Resonance

Resonances are metastable states that decay slowly and have a finite lifetime, which

is long enough to be characterized experimentally[1, 2, 3]. These metastable states

have sufficient energy to break the system into two or more subsystems. In 1928,

Gamow[4] provided the first description of resonance states while studying the α-

decay of heavy nuclei. Since then, these resonances have been observed and charac-

terized across various fields. These metastable states, or resonances, play a crucial

role in nuclear, atomic, and molecular physics, mesoscopic physics, and chemical

dynamics. Understanding these metastable states is essential for explaining various

physical processes. This includes phenomena such as plasma quenching, electron-

driven fragmentation of biomolecules like DNA and RNA, dissociative electron at-

tachment (DEA)[5, 6, 7, 8, 9, 10], and radiation damage from radiotherapy. Fur-

thermore, the discovery of DEA as a process that contributes to radiation-induced

DNA damage is considered a significant breakthrough in cancer treatment research

through radiotherapy. These metastable states are also relevant in the study of

autoionization[11, 12] and the interstellar medium, or the formation of molecules in

interstellar space[13, 14, 15, 16, 17]. Recent advances in light sources, particularly

attosecond and X-ray spectroscopies[18, 19, 20, 21], have increased renewed interest

in autoionizing states. The development of attosecond lasers is particularly note-

worthy because the energies of these laser systems, typically falls within the extreme

1
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ultraviolet (XUV) range, can excite most molecules to metastable states that exist

above the energy level of the cation[22].

In the field of chemistry, the significance of electronic decay, which involves unbound

electrons, is becoming increasingly important. This includes phenomena such as

core vacancies created by X-rays and metastable anions formed by the attachment

of low-energy electrons. The metastable anions are formed due to electron-molecule

collisions having a finite lifetime[23, 24, 25, 26, 27]. These anions are also known

as transients anion or temporary anions. Experimental techniques, such as electron

transmission spectroscopy[28], Photodetachment spectroscopy[29] etc., are used to

detect these short-lived species.

Resonances can occur in different types based on their mechanisms. One example

is shape resonances, which arise when an incident electron with non-zero angular

momentum (i.e., creating a barrier in the potential) is temporarily trapped in the

ground state of a molecule. Another type, known as core-excited resonances or

Feshbach resonances, occurs when an electron is temporarily bound to an existing

excited state of a target molecule.

1.2 Theoretical Background

Resonances are defined as eigenstates with complex eigenvalues that are obtained

by applying outgoing boundary conditions to the eigenfunctions associated with a

time-independent Hamiltonian. The resonance wave functions are asymptotically di-

vergent and not square integrable and hence do not belong to the Hermitian domain

of Hamiltonian. To address this issue, several advanced methods have been devel-

oped that impose outgoing boundary conditions for resonances. One such method

employs non-Hermitian quantum mechanics, which includes techniques like com-

plex scaling[30, 31, 32, 33], complex-absorbing potentials (CAP [34, 35, 36, 37], and

smooth exterior scaling (SES [38, 39, 40, 41, 42, 43]. In non-Hermitian quantum

mechanics (NHQM), resonances are linked to complex eigenvalues as

E = Er − i
Γ

2
(1.1)
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where Er is the resonance position and Γ is the decay width, where τ = ℏ
Γ
is the

corresponding lifetime of the resonance.

Since resonance wave functions are not square integrable, their theoretical study

poses significant challenges. Therefore, the primary goal of the techniques discussed

is to make these divergent wave functions square integrable through appropriate

mathematical transformations. Below is a brief description of the already devel-

oped methods and also the methodologies implemented in this thesis to study these

metastable states.

1.2.1 Complex Scaling Method

Complex scaling (CS) method or “complex coordinate method” is one of the most

widely used method for studying resonance states. The mathematical foundation of

the CS method is based on the Balslev–Combes theorem[44, 45, 46]. It is important

to note that the CS method relies on the analytic continuation of the Hamiltonian

into the complex plane. Consequently, CS method is only applicable to Hamiltonians

that have dilation-analytic potentials.

In the CS approach, a dilation transformation of the coordinates is performed

as r → reiθ. This scaling of all coordinates in the Hamiltonian by eiθ trans-

forms the resonance wavefunction into a form that is square-integrable. The dis-

crete complex eigenvalues obtained from the non-Hermitian Hamiltonian operator

(i.e., after the dilation transformation) are associated with resonance. Following

the CS transformation, the asymptotic wavefunction changes from ψ = ei(kr+ikim)r

to a decaying form given by ψ= ei(kr+ikim)reiθ , which on simplifying leads to ψ=

eir(krcosθ−kimsinθ)e−r(krsinθ+kimcosθ). The second term ensures that the wavefunction

is square integrable. For θ > θc, the resonance wavefunction becomes squared-

integrable because of their dumping forms at the asymptotic region where the critical

value of θc is given by

θc = arctan(
Γ

2(Eres − Et)
) (1.2)

with Et as threshold energy. For θ > θc, the resonance energies are independent of

θ.
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The Hamiltonian obtained through the dilation transformation of coordinates is not

Hermitian; instead, it is a complex symmetric Hamiltonian. Therefore, the meth-

ods developed for bound states are not applicable, and modifications are necessary.

One approach is to use a generalized variational principle based on a bi-orthogonal

formulation. This bi-orthogonal variational principle serves as a complex variational

principle that utilizes the c-product[1, 2, 3].

To study atomic resonances, implementing the CS method is quite straightforward.

To describe the resonance properly, diffuse basis functions are necessary. In previous

literatures, CS has been applied using various ab-initio methods to investigate reso-

nances or metastable states, which includes Hartree-Fock (HF) [47, 48, 49], Density

Functional Theory (DFT) [50], Multiconfigurational Self-Consistent Field (MCSCF)

[51, 52] with standard basis sets augmented with additional diffuse functions.

However, applying CS to study molecular resonances is not as straightforward as it is

for atomic resonances. The potential part of the Hamiltonian must be an analytical

function[53] when employing CS. When CS is applied to molecular systems, the

following transformations are carried out.

rj → eiθrj (1.3)

Rk → eiθRk (1.4)

where {rj} and {Rk} are the electronic and nuclear coordinates respectively and

consequently the transformed Hamiltonian will have the following form

Ĥmol = e−2iθ(T̂e + T̂N) + e−iθ(V̂eN + V̂ee + V̂NN) (1.5)

where T̂e & T̂N is the kinetic energy operator of the electron and nucleus respec-

tively and V̂eN , V̂NN and V̂ee are electron-nucleus, nucleus-nucleus and electron-

electron potential energy operators. When CS method is applied with unscaled

nuclear coordinates, the electron-nuclear attraction is not dilation analytic within

the Born–Oppenheimer (BO) approximation. This means that it is not feasible to

apply CS method in molecular systems for obtaining resonance position and reso-

nance width. However, in 1979[54], it was demonstrated that this can be addressed

by performing the analytical continuation of Hamiltonian matrix elements instead
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of scaling the Hamiltonian. Later, it is applied to investigate the shape resonances

in various molecular systems[55, 56, 57, 58, 59].

1.2.2 Exterior Complex Scaling Method

The implementation of CS is more straightforward when the potential is dilation

analytic; however, it presents significant numerical challenges when dealing with

systems where the potential is not dilation analytic, such as in cases of resonance in

molecular systems. To address this issue, Lipkin et al.[60] introduced a more gen-

eral method known as exterior complex scaling (ECS) by using Simons[61] exterior-

scaling procedure within the finite-basis-set approximation. It is applicable when

the potential is dilation analytic in the asymptotic region. In the ECS method,

scaling is applied only in the external region, where the potential remains dilation

analytic. The variable r is scaled beyond a distance r0 as follows:

z =

r, r < r0

(r − r0)e
iθ + r0, r ≥ r0

(1.6)

and the transformed Hamiltonian is given by

Ĥθ = − ℏ2

2M

[
f 2(r)

d2

dr2
+ (e−iθ − 1)δ(r − r0)

d

dr

]
+ V (z) (1.7)

where the function f(r)is given by

f(r) ≡ dr

dz
=

1, r < r0

e−iθ, r ≥ r0
(1.8)

In the context of three-dimensional many-body problems, complications arise due to

the presence of a delta function potential term in the complex scaled Hamiltonian,

as shown in equation (1.7)[62]. This presents challenges for simplifying numerical

calculations using the ECS method to study resonance.
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1.2.3 Complex Basis Functions Method

The Complex Basis Functions (CBF) method was introduced by McCurdy and

Rescigno [63] and utilizes the unscaled molecular Hamiltonian. In this method, com-

plex scaling is applied to the exponential part of the basis functions by a complex

factor. In a Gaussian basis, this approach is asymptotically equivalent to employing

basis functions with complex exponents.

Implementing this method with existing electronic structure codes necessitates the

evaluation of one- and two-electron integrals over nonstandard basis functions. To

successfully implement this method in electronic structure codes, existing electronic

structure frameworks need to be modified to a greater extent. The shape resonance

in molecular systems [64, 65, 66, 67, 68, 69] has been investigated using the CBFs

method. Recently, White et al.[70, 71] applied the CBFs method to polyatomic

molecules using the static-exchange (SE) and Hartree-Fock (HF) levels of theory.

1.2.4 Complex Absorbing Potential

The Complex Absorbing Potential (CAP) was first introduced by Jolicard and

Austin and later modified by Riss and Meyer. Within the interaction region, the

effect of a CAP is negligible; however, it becomes significant outside of this region,

where it effectively ”turns on.” In this method, the Hamiltonian is perturbed by

an appropriate potential to create an absorbing boundary condition. Through the

CAP approach, divergent resonance wave functions are transformed into square-

integrable wave functions. CAP remains appealing due to its straightforwardness

and numerical simplicity.

In the CAP approach, a complex potential −iηW is added to the physical Hamilto-

nian H0,

H = H0 − iηW (1.9)

where η is a strength parameter and H has linear dependency on it. W is usually

introduced only into the exterior region of the system such that it is zero inside the

interaction region and has a finite value outside the interaction region, which can be

described by the following equations,
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W =
∑

i=x,y,z

Wi (1.10)

Wi =

0, |ri| < r0i

(ri − r0i )
2, |ri| > r0i

(1.11)

where ri denotes the three Cartesian coordinates (i = x, y, z) and r0i represents the

CAP box-size parameter.

CAP is incorporated into the system Hamiltonian to make the resonance wave-

function square integrable. However, the artificial introduction of the CAP does

perturb the Hamiltonian. The exact resonance eigenvalues and eigenfunctions can

be obtained in the limit as (η → 0) when using a complete basis set. In practice,

for incomplete basis sets, a finite value of the CAP strength parameter (i.e., η) is

necessary to accurately determine the resonance energies. The complex Hamilto-

nian matrix H(η) is diagonalized for a number of η values to obtain the resonance

energy. The η trajectories are examined by using logarithmic velocity η dE
dη
. To

determine the optimal CAP strength ( ηopt ), one can employ the condition η dE
dη

=

min. One can also determine the optimal CAP strength by graphically analyzing

the η-trajectory, as at the optimum, the resonance is associated with a stabilization

point or cusp. To optimize the box size, several calculations are performed at the

optimal η value. The chosen optimized box size is the one where the resonance

energies show minimal variation. The CAP approach has proven to be effective in

studying atomic and molecular resonances and has been incorporated into various

electronic structure methods[72, 73, 74, 75, 76, 77, 78, 79, 80].

Another type of method involves the use of bound state calculations, i.e., conven-

tional Hermitian quantum mechanics. This includes artificially binding an extra

electron, which can be accomplished by using a compact basis set or introducing a

potential wall[81, 82] to capture the electron inside. Additionally, it also includes

stabilization methods and extrapolation methods are used to describe the metastable

states.
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1.2.5 Conventional Stabilization Methods

In conventional stabilization methods (SMs)[83, 84, 85, 86, 87, 88, 89], the proce-

dure involves computing the energies of several states in a specific range where a

metastable state is anticipated. The presence of a potential metastable state is iden-

tified by the fact that a small change in the radial extent of diffuse functions in the

basis set has a greater impact on the continuum states compared to the metastable

state’s energy, which remains relatively constant over a wide range of scaled ba-

sis sets. In the adiabatic picture, a series of avoided crossings is generated by the

stabilization graph, and the resonance parameters can be derived from the avoided

crossings in the plots of eigenvalues as functions of the scaling parameter.

1.2.6 Extrapolation Methods

In extrapolation methods[90, 91, 92, 93, 94, 95, 96], a potential is added to the

Hamiltonian of the electron-attached species that varies with an adjustable param-

eter. This potential helps in differentiating the stabilization of electrons in the core

and valence regions from the stabilization of electrons that are further away. Even-

tually, at a specific value of the parameter, the electron-attached species become

electronically stable, forming a bound anion by placing the extra electron in a va-

lence state rather than in a diffuse state. After this point, conventional electronic

structure tools can be used to calculate the electronic energy of this artificially sta-

bilized species, provided that there is a theoretical framework to extrapolate the

electronic energy from values of the adjustable parameter, Z, where the species is

bound, to regions of Z where it is metastable, and all the way to Z = 0. In an-

other method, called the charge stabilization method introduced by Nestmann and

Peyerimhoff[90], the unstable anion is converted to a bound anion by adjusting the

nuclear charge of the nuclei of interest. The data for bound anions at several nu-

clear charge values is then used to extrapolate to the anionic state where the anion

is no longer bound. So far, this method has been applied to energies calculated

with unrestricted Hartree-Fock (UHF)[97], DFT[98, 99, 100], second-order Moller-

Plesset perturbation theory (MP2), fourth-order Moller-Plesset perturbation theory
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(MP4)[97, 98, 101, 102], coupled-cluster singles and doubles with different perturba-

tive triples corrections [CCSD(T)][97, 101, 103], and multi-reference configuration

interaction (MRCI)[103].

1.3 Methodology

The earlier section discusses the various methods developed by researchers to study

metastable states. The following section focuses on the methodologies implemented

in this thesis for examining these metastable states in detail. It includes a brief

description of the Hartree-Fock method, the nuclear charge stabilization method

introduced by Nestmann and Peyerimhoff, and an innovative approach for imple-

menting the nuclear charge stabilization method at the SCF level using Parametric

Equations of Motion (PEM). Additionally, an alternative approach for implementing

CAP at the SCF level using PEM is also discussed. Finally, a brief description is

provided for Second-order dilated electron propagator(SODEP) approach.

1.3.1 Hartree-Fock

The Hartree-Fock (HF) method is a self consistent field method that is used for the

determination of the wave function and the energy of a quantum many-body system

with successive iterations. The problem of determining the Hartree-Fock molecular

orbitals and orbital energies involve solving the Roothaan equation

FC = SCϵ (1.12)

where F is the Fock matrix, ϵ is a diagonal matrix of the orbital energies and eigenvec-

tor (i.e., C) is the matrix of coefficients describing the molecular orbitals. Following

the conventional SCF, after diagonalizing the F ′ , the orbital energies(ϵ) and C ′ is

obtained,

F ′C ′ = C ′ϵ, (1.13)
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where F ′ is defined conventionally as

F ′ = XTFX. (1.14)

X is canonical orthogonalizing transformation matrix[104] which is defined as

X = Us−
1
2 (1.15)

where U is the unitary matrix that performs the diagonalization of the overlap matrix

S, and s = U†SU. The matrix elements corresponding to the Fock matrix are;

Fmn = Tmn + V nucleus
mn +

∑
λσ

Pλσ[(mn|σλ)−
1

2
(mλ|σn)] (1.16)

where

Pλσ =
occ∑
a

CλaC
⋆
σa, (1.17)

and Tmn is the matrix elements of kinetic energy whereas V nucleus
mn is matrix elements

of the electron-nucleus attraction term. Closed-shell Hartree-Fock (HF) is utilized

when applying Koopman’s theorem to describe the resonance state. Conversely,

Unrestricted Hartree-Fock (UHF) is employed when the resonance is represented as

the difference between the total anionic and neutral species. In the case of the UHF

equations, the α and β-spin orbitals are similar to those in the closed-shell equations.

1.3.2 Nuclear Charge Stabilization Method

The method applied in this work is the nuclear charge stabilization[90] method as

introduced by Nestmann and Peyerimhoff. In this method, some atomic nuclei are

given additional charges to create a potential that stabilizes certain regions of space.

This potential is generated by adjusting the nuclear charges in the molecule by a

factor of z to nuclei of interest. The Hamiltonian then takes the following form

Hz = T + Ven(R) + Vee + zUen(R) (1.18)
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where Uen is the Coulomb attraction term corresponding to those nuclei where the

scaling of nuclear charge is to be performed. In quantum-chemistry codes, it can

be applied by modifying the value of the nuclear charges for the evaluation of the

Coulomb attraction term.

Throughout, scaling of nuclear charge by a factor of z is done in Fock matrix and

corresponding Fock matrix elements are

Fmn = Tmn + V nucleus
mn + zUnucleus

mn +
∑
λσ

Pλσ[(mn|σλ)−
1

2
(mλ|σn)] (1.19)

where

Pλσ =
occ∑
a

CλaC
⋆
σa, (1.20)

and

Tmn is the matrix elements of kinetic energy whereas V nucleus
mn and Unucleus

mn are matrix

elements of the electron-nucleus attraction corresponds to all nuclei and to the nuclei

where scaling is to be performed, respectively.

1.3.3 Implementation of Nuclear Charge Stabilization Method

via Parametric Equations of Motion

One way to solve the eigenvalue problem with an adjustable parameter is by di-

agonalizing the Fock matrix obtained at each value of that parameter. Another

effective method is to use the Parametric Equations of Motion (PEM). PEM was

proposed by Rabitz and co-workers [105] and successfully applied to the family of

Schrodinger equations with one or more continuous parameters present in the Hamil-

tonian. In this method, the Schrodinger equation was solved explicitly only once at

initial parameter values and the solutions at other parameter values are obtained

by integrating a set of ordinary differential equations through the parameter space

of the Hamiltonian. These differential equations are known as PEM, which can

explore the energy eigenvalues and eigenstates of quantum systems. These types

of equations were also applied in the field of quantum chaos[106, 107, 108]. Later,
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Gross et al.[109] used PEM to obtain quantum dynamics of molecular systems un-

der the influence of strong periodic fields of the form Acosωt over a wide range of

field amplitudes and frequencies by solving the time-dependent Schrodinger equation

(TDSE) once. This method utilizes Floquet’s theory as well and integrates through

amplitude or frequency space using the PEM for quasienergies and Floquet eigen-

vectors. Further, Gupta et al. applied PEM to obtain the 3D plots of population

dynamics as a function of frequency and phase (or amplitude and phase)[110] and

to study the laser-induced multiphoton dissociation dynamics of H+
2 as a function

of the laser field amplitude[111] and frequency[112]. The PEM method in conjunc-

tion with modified smooth exterior scaling method[41] was also used to study the

resonance coalescence in H+
2 [113]. In the current study, the nuclear charge stabiliza-

tion technique has been implemented in conjunction with the PEM method. The

procedure how PEM is implemented is described below in details.

The F ′ in Eq. (1.13) depends on z as

F ′ = XT (F 0 + zUnucleus)X (1.21)

F ′ = XTF 0X + zXTUnucleusX (1.22)

where Unucleus is z independent

and the F 0 is defined as

F 0
mn = Hcore

mn +
occ∑
a

∑
λσ

Pλσ[2(mn|σλ)− (mλ|σn)] (1.23)

where

Hcore
mn = Tmn + V nucleus

mn (1.24)

Following the derivation of Rabitz and co-workers[105] evolution of eigen values (ϵ)

and eigen vectors (C ′) as a function of the linear perturbation parameter z is given

as

∂ϵn
∂z

= (C ′
n)

T ∂F
′

∂z
C ′

n (1.25)
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∂C ′
i

∂z
= −

∑
j ̸=i

(C ′
j)

T
(
∂F ′

∂z

)
C ′

i

ϵj − ϵi
C ′

j (1.26)

∂F ′

∂z
= XT ∂(F

0 + zUnucleus)

∂z
X = XT ∂F

0

∂z
X +XTUnucleusX (1.27)

where matrix elements(
∂F 0

∂z

)
mn

=
∂F 0

mn

∂z
=

∑
λ

∑
σ

∂Pλσ

∂z
[(mn|σλ)− 1

2
(mλ|σn)] (1.28)

The PEM are integrated numerically using Euler’s method. Before integrating the

PEM equations, it is important to have initial conditions to proceed further.The

initial conditions for orbital energies ϵ and eigen vector Ci are obtained from SCF

solution at an initial nuclear charge of dz value. But there is a problem while solving

these equations as ∂P
∂z

is not known initially. To have appropriate initial condition

for ∂P
∂z
, two SCF calculations were performed at z and z + dz in order to have P (z)

and P (z + dz). ∂P
∂z

at z + dz is calculated using P (z + dz) and P (z)

∂P

∂z
=
P (z + dz)− P (z)

dz
. (1.29)

After solving PEM, P (z + 2dz) is obtained and now using 3-point finite difference

method formula, ∂P
∂z

at z + dz is evaluated and the PEM calculation is performed

again. This step is performed repeatedly until convergence for P (z+2dz) is obtained.

The procedure is then carried out for each z value.

1.3.4 Parametric Equations of Motion-Complex Absorbing

Potential (PEM-CAP) Approach

In PEM-CAP approach, CAP-matrix (Wmn) is added in the Fock matrix and cor-

responding Fock matrix elements are

Fmn = Tmn + V nucleus
mn + η(−iWmn) +

∑
λσ

Pλσ[(mn|σλ)−
1

2
(mλ|σn)] (1.30)
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where

Pλσ =
occ∑
a

CλaC
⋆
σa, (1.31)

and

Wmn = ⟨m|W |n⟩ (1.32)

The transformed Fock matrix F ′ in orthogonalized basis depends on η as

F ′ = XTFX = XT (F 0 + η(−iW ))X (1.33)

F ′ = XTF 0X + ηXT (−iW )X (1.34)

Similarly, as described in previous section, the evolution of eigen values (ϵ) and eigen

vectors (C) as a function of the linear perturbation parameter η is given as

∂ϵn
∂η

= (C ′
n)

T ∂F
′

∂η
C ′

n (1.35)

∂C ′
i

∂η
= −

∑
j ̸=i

(C ′
j)

T
(

∂F ′

∂η

)
C ′

i

ϵj − ϵi
C ′

j (1.36)

∂F ′

∂η
= XT ∂(F

0 + η(−iW ))

∂η
X = XT ∂F

0

∂η
X +XT (−iW )X (1.37)

where matrix elements(
∂F 0

∂η

)
mn

=
∂F 0

mn

∂η
=

∑
λ

∑
σ

∂Pλσ

∂η
[(mn|σλ)− 1

2
(mλ|σn)] (1.38)

1.3.5 Second-order Dilated Electron Propagator (SoDEP)

approach

The electron propagator theory is considered an efficient method in improving the

electron affinities and ionization potentials that are calculated from the bivariational

SCF level. These improvements can be done by introducing an effective potential,
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called self-energy, which was formulated by Dyson[104]. The Dyson equation for

dilated electron propagator G can be written as[56]

G−1(η, E) = G−1
0 (η, E) + Σ(η, E) (1.39)

where G0(η, E) is known as the zeroth order dilated electron propagator and is a

matrix of the electron propagator of uncorrelated electron motion and Σ(η, E) is

defined as

Σ(η, E) = Σ(2)(η, E) + Σ(3)(η, E) + ..... (1.40)

Σ(η, E) is the matrix representation of the exact self-energy in the basis of spin

orbitals obtained from bivariational SCF solution, which is the sum of different

orders such as second order, Σ(2)(η, E), and third order, Σ(3)(η, E). This self-energy

matrix contains the relaxation and correlation effects.

In particular, the elements of the second order self-energy matrix are given as

follow[104, 114]

Σ
(2)
ij (η, E) =

1

2

∑
ars

<rs||ia><ja||rs>
E + ϵa − ϵr − ϵs

+
1

2

∑
abr

<ab||ir><jr||ab>
E + ϵr − ϵa − ϵb

(1.41)

where the indices a,b,... represent occupied spin orbitals, r,s,... represent unoccupied

spin orbitals and i,j,... represent unspecified orbitals and the antisymmetric two-

electron integral is given by

<ij||kl> = η−1

∫
ψi(1)ψj(2)

(1− P12)

r12
ψk(1)ψl(2)dx1dx2. (1.42)

1.4 Motivation of the Thesis

The main objective of this thesis is to provide an accurate approach for obtaining

resonance energies in the most precise manner. The PEM approach offers several

advantages and more clearer picture for understanding the basics of electronic reso-

nances. The key outcomes derived from the PEM approach are as follows:
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1. The identification of the true Lowest Unoccupied Molecular Orbital (LUMO)

is a crucial step in the study of electronic resonance. The nuclear charge sta-

bilization method proves to be a valuable tool for this identification. However,

generating a charge stabilization plot can be quite challenging, as it requires

careful tracking of every orbital. In cases of avoided crossings, producing the

charge stabilization plot becomes nearly impossible. To address these difficul-

ties, the use of parametric equations of motion offers a solution for generating

charge stabilization plots to identify the true LUMO. This approach also helps

manage avoided crossings involving states of the same symmetry. The imple-

mentation of the nuclear charge stabilization method, in conjunction with the

parametric equations of motion, allows for the accurate identification of the

true LUMO, even when using heavily diffuse basis sets (see Chapter 2).

2. Obtaining the SCF solution for metastable anions is nearly impossible because

using a heavily diffuse basis set often leads to variational collapse, resulting

in a solution that corresponds to a neutral atom and a free electron. How-

ever, implementing the nuclear charge stabilization method, along with the

parametric equations of motion, proves to be an effective approach to avoid

variational collapse at the SCF level when studying metastable anions (see

Chapter 3).

3. PEM offer an alternative method for implementing the CAP at the SCF level.

This approach is extremely fast compared to the diagonalization method and

also helps in keeping track of each orbital (see Chapter 4).

4. An effort has also been made to obtain the SCF solution for metastable anions

by eliminating the pseudo-continuum states. To obtain the η trajectory via

this approach, it is crucial to keep track of the orbitals; otherwise, it would

require an enormous amount of human effort. To effectively keep the orbitals

at each η, the PEM-CAP approach appears to be a highly effective method

(see Chapter 5).

5. Since the CAP is an artificial potential, a finite value for the CAP strength

parameter, denoted as η, is necessary in order to determine the resonance

energies. This finite value of η introduces perturbations within the system,
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resulting in affecting the accuracy of the resonance energy values. The appli-

cation of the PEM-CAP approach proves to be highly effective for calculating

resonances in the physical limit where η equals 0 for the CAP (see Chapter 6).
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Chapter 2

Precise Identification of the

Lowest Unoccupied Molecular

Orbital using the Parametric

Equations of Motion

2.1 Introduction

For neutral molecules, defining virtual orbitals obtained from SCF calculation is

not straightforward and depends heavily on the basis sets used. For instance, when

using a highly diffuse basis set, the energy for the lowest empty molecular orbital

(MO) will be almost zero, making it unreliable. In Post-SCF[115, 116, 117, 118] the-

ories such as configuration interaction (CI), coupled cluster (CC), and perturbation

theory, electron correlation effects beyond the mean-field approximation are taken

into account to provide more accurate descriptions of molecular systems. Among

these theories, the LUMO plays a crucial role in theoretical analyses and practical

applications.

Techniques such as time-dependent density functional theory (TDDFT) and equation-

of-motion coupled cluster (EOM-CC) exploit the LUMO to compute electronic

18
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transition energies[119, 120] and intensities, enabling accurate simulations of var-

ious spectroscopic experiments, including UV-Vis absorption, fluorescence, and etc.

Identifying transitions between MOs is usually done by visually inspecting their

shapes and characteristics. However, this method can be problematic because the

orbital character may not be well-defined, making it challenging to assign a spe-

cific transition. Furthermore, characterizing a transition based on orbital label can

be difficult due to the strong dependence of virtual orbitals on the basis set and

exchange-correlation functional. Therefore, relying solely on orbital character may

not always result in accurate or reliable assignments.

Additionally, the LUMO plays a crucial role in analyzing molecular reactivity and

chemical bonding, which are key concepts of theoretical chemistry. It is a key fac-

tor in facilitating the identification of electrophilic and nucleophilic sites within a

molecule, as well as the frontier orbitals[121, 122] that govern chemical reactions. By

providing valuable insights into reaction mechanisms, transition states, and molec-

ular interactions, the identification of LUMO helps researchers to design catalysts,

drugs, and functional materials with specific reactivity and selectivity profiles.

Furthermore, in the study of unstable anions[123, 124, 125, 126, 127, 128, 42, 43],

LUMOs are very important as they are only the states that are going to be filled

by an electron. Hence their identification becomes very much important otherwise

system will converges to neutral molecule and a free electron.

Several works have been done so far to deal with the virtual orbitals[129, 130, 131].

An article by Krylov[132] from 2020 describes advanced methods for obtaining the π⋆

electron-attached states and π⋆ excited states. Other researchers[133, 134, 135] have

also described how to extract various π⋆, including localized π⋆ orbitals and those

used for inter-fragment interaction energy calculations, from electronic structure cal-

culations. In addition, Jordan et al.[136] and Chen et al.[137] used the stabilization

method. The main idea was that temporary anion states have a localized wavefunc-

tion in the molecular region, and a small change in the radial extent of the most

diffuse functions in the bases set affects the continuum energies more than the ener-

gies corresponding to localized wavefunction of temporary anion. The stabilization

plots are calculated as a function of the exponent, and the MO energy corresponding

to the electron-attached state is calculated as the mean value of eigenvalues at the

avoided crossing. However, here, the main goal is the identification of MO itself,
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which can be used for post-SCF calculation to incorporate the correlation energy for

more accurate results.

Here, the charge stabilization method of Nestmann and Peyerimhoff[90] is applied,

which involves the introduction of additional charges to specific atomic nuclei, ul-

timately creating a potential that effectively stabilizes the corresponding LUMO,

keeping the continuum states less affected. In 2022, Simon[138] published an arti-

cle discussing the search for antibonding valence virtual orbitals within continuum

states. When conducting calculations that use a stabilizing electronic potential to

stabilize electronically metastable states, two routes are typically used. The first

method involves adding excess charges to some atomic nuclei, producing a potential

that stabilizes these regions of space. The second method involves adding a dielec-

tric continuum solvation potential to generate stabilization. In the latter method,

the electronic energies of the states are obtained for a range of dielectric constant (ϵ)

values for which the anion is stable by employing the polarized continuum solvation

model (PCM)[139, 140, 141] within SCF treatment. The nuclear charge stabilization

method has also been applied to unstable anions where extrapolation[92, 94, 89, 96]

of bound state data is required.

In the current study, the nuclear charge stabilization technique has been imple-

mented in conjunction with the PEM approach. This approach aims to identify the

desired LUMO of the parent molecule effectively. The efficiency of the PEM lies

in the fact that the variation of a specific state with respect to variation of nuclear

charge parameter can be easily traced whereas in case of diagonalization, it will be

difficult to connect a state at two different parameter values when lots of states are

close to each other and even crossing each other. It would be impossible to recognize

if there was an avoided crossing in case of diagonalization method. Therefore, PEM

is much more useful as it keeps track of the order of orbitals and orbital energies

because the line number of a particular state remains fixed, hence providing a line

plot, whereas, in the matrix diagonalization, it is rearranged every time and getting

data points on the graph without knowing which two dots to connect.

In this chapter, the virtual orbitals of neutral N2, C2H4 and C2H2 molecules are

examined by applying the nuclear charge stabilization method in conjunction with

PEM method, and the LUMOs have been identified. However, identification of the

LUMO can be challenging when using a diffuse basis set or if the SCF solution
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includes molecular orbitals with the same symmetry as the LUMO. This results in

multiple avoided crossings, making it difficult to identify the LUMO using the current

form of PEM. Avoided crossings can cause an exchange of orbital character, and

tracking the stabilization curve can result in a state with the same symmetry as the

LUMO, making it unsuitable for LUMO identification. In such cases, further analysis

and investigation are necessary to prevent the stabilization of states involved in

avoided crossings. The identification of LUMO in such cases is achieved by modifying

the PEM preventing the stabilization of such states in charge stabilization curve,

which is detailed in this chapter for neutral C2H4 and C2H2 molecules for heavily

diffused basis sets.

2.2 Results and Discussion

The results and discussion are structured to first apply the nuclear charge stabi-

lization method in conjunction with the PEM, using predefined basis sets without

augmentation. This approach aims to observe and visualize the importance of ac-

curately identifying the true LUMO even when using these predefined basis sets

including compact basis sets for the N2, C2H4, and C2H2 molecules. Subsequently,

the effect of adding diffuse basis functions on the position and energy of the true

LUMO is also examined and discussed specifically for the C2H4 and C2H2 molecules.

2.2.1 Pre-defined basis sets without extra augmentations

The HF orbital energies were obtained from calculations performed using 6-311G, cc-

pVTZ, aug-cc-pVDZ, and aug-cc-pVTZ basis sets for N2, C2H4 and C2H2 molecules.

All quantum chemistry calculations were performed using the Molgw[143] pack-

age. The cube file generated from Molgw was used to plot the orbitals using the

Gaussian16[144] package. In all orbital plots generated for the 6-311G and cc-pVTZ

basis sets, the iso value has been set to 0.05. However, for the aug-cc-pVDZ and

aug-cc-pVTZ basis sets, the iso value has been set to 0.05 for the identified LUMO

state and 0.002 for other states as nothing was observed at 0.05. The iso value for

other states was chosen low as they are continuum states in diffuse basis set. Same

isovalue has been used for all the molecules unless explicitly stated.
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2.2.1.1 Identification of π⋆ orbital of neutral N2 molecule

The N2 molecule is placed along the x-axis symmetrical to the origin considering the

bond length of 1.09 Å. In order to visualize the behaviour of virtual orbitals, few

virtual orbitals were plotted corresponding to different basis sets (see figures 2.1-2.4).

Observing the orbital plots, it becomes apparent that the LUMO orbital does not

closely resemble the antibonding π⋆ orbital. Instead, the LUMO+N orbital (where

N is different for different basis sets) as shown in the Figure 2.1-2.4), appears to be a

more suitable candidate for the π⋆ orbital. However, it is important to note that this

identification is merely a reasonable approximation and not an exact representation.

From figures 2.3 and 2.4 , it is very evident that LUMO is not the π⋆ antibonding

orbital instead LUMO+1 and LUMO+4 corresponds to actual π⋆ antibonding orbital

in the case of aug-cc-pVDZ and aug-cc-pVTZ basis sets respectively while in the case

of 6-311G and cc-pVTZ basis sets LUMO (i.e. figures 2.1 and 2.2) corresponds to

the actual π⋆ antibonding orbital but there is significant orbital energy difference

from earlier basis sets used.
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(a) LUMO (b) LUMO+1 (c) LUMO+2

(d) LUMO+3 (e) LUMO+4 (f) LUMO+5

Figure 2.1: Plots of few virtual orbitals of neutral N2 molecule for 6-311G basis
set. The degenerate states LUMO and LUMO+1 are clearly identified as π⋆

antibonding orbitals.

(a) LUMO (b) LUMO+1 (c) LUMO+2

(d) LUMO+3 (e) LUMO+4 (f) LUMO+5

Figure 2.2: Plots of few virtual orbitals of neutral N2 molecule for cc-pVTZ
basis set. The degenerate states LUMO and LUMO+1 are clearly identified as π⋆

antibonding orbitals.
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(a) LUMO (b) LUMO+1 (c) LUMO+2

(d) LUMO+3 (e) LUMO+4 (f) LUMO+5

Figure 2.3: Plots of few virtual orbitals of neutral N2 molecule for aug-cc-pVDZ
basis set. The degenerate states LUMO+1 and LUMO+2 are clearly identified as

π⋆ antibonding orbitals.

(a) LUMO (b) LUMO+1 (c) LUMO+2

(d) LUMO+3 (e) LUMO+4 (f) LUMO+5

Figure 2.4: Plots of few virtual orbitals of neutral N2 molecule for aug-cc-pVTZ
basis set. The degenerate states LUMO+4 and LUMO+5 are clearly identified as

π⋆ antibonding orbitals.

It is of utmost significance to acquire a comprehensive understanding of the nature

of LUMO to LUMO+N-1 orbitals and the intricate manner in which they contribute

to the complexity of the calculations. Since our HF calculation was executed us-

ing a finite basis set, these orbitals can be classified as pseudo-continuum states.

If these orbitals were to be incorporated into electron-attached states, the conse-

quence would be that the electron would not be bound in the valence framework of
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the molecule. Instead, the additional electron would remain unbound and exhibit

scattering phenomena with the neutral molecule.

To determine the precise location of the LUMO, it is necessary to perform an HF

calculation on a neutral molecule with varying nuclear charge along with PEM. The

PEM method is particularly advantageous as it keeps track of line number of each

orbital energy varying with the value of additional nuclear charge z. In contrast,

diagonalization tends to result in rearranging orbital energies, making it less suit-

able for this purpose. Therefore, in the comparison plot (in fig 2.5), diagonalization

results have been depicted as green dots since it is challenging to generate a line

plot due to the rearrangement in orbital energies. This could be understood as, at z

= 0, the states are ordered according to their orbital energy obtained from the SCF

solution. In PEM, the states will remain arranged according to their orbital char-

acter. For example, the 9th(i.e., LUMO+1) state in aug-cc-pVDZ has π⋆ character;

it will remain the 9th state, at all z values, resulting in a line plot. However, in the

case of diagonalization, 9th state at z = 0 becomes 8th state at higher z values due

to rearrangement based on energy. Consequently, generating a line plot becomes

challenging. As can be seen for the even more diffuse basis set, the state may un-

dergo multiple crossings, thus generating the line plot even more challenging. From

figure 2.5, it is clearly seen that the orbital energies obtained from PEM and diago-

nalization via SCF at different values of nuclear charge value for different basis sets

are in excellent agreement. The results for diagonalization and PEM are indistin-

guishable when plotted, thus reinforcing the method’s reliability and accuracy when

evaluating the impact of additional z values on the system. The computational time

was assessed for both the PEM and diagonalization results. Upon comparison, the

computational time required for obtaining results through the PEM method was

found to be significantly lower than that for diagonalization. Specifically, the PEM

results were determined to be approximately ten times faster than the results ob-

tained through diagonalization. This indicates a substantial efficiency advantage in

favor of the PEM method in terms of computational time.
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Figure 2.5: Plot of the few lowest virtual orbital energies in Hartree (on y-axis)
as function of additional nuclear charge (on x-axis) of neutral N2 molecule for
different basis sets. The degenerate states LUMO and LUMO+1 are getting more
stabilized for 6-311G, cc-pVTZ basis sets, while degenerate states(i.e., LUMO+1
and LUMO+2) and degenerate states (i.e., LUMO+4 and LUMO+5) are getting
stabilized in the case of aug-cc-pVDZ and aug-cc-pVTZ basis sets respectively as
the nuclear charge increases. The PEM solution agrees well with diagonalization

results (represented by green dots).

In figure 2.5, it can also be observed that the energy of the LUMO+1 and LUMO+4

orbitals in the case of aug-cc-pVDZ and aug-cc-pVTZ basis sets, respectively, expe-

rience a greater degree of stabilization as a result of variations in z compared to the

energies of the remaining virtual orbitals. The reason behind the enhanced stabi-

lization of the LUMO+N orbital, in comparison to the other virtual orbitals, lies in

the fact that the π⋆ antibonding is more localized in close proximity to the two N
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nuclei, as opposed to the other virtual orbitals which are situated at a greater dis-

tance from the nuclei. This localization effect contributes significantly to the overall

stabilization of the LUMO+N orbital, thus explaining its comparatively stronger

stabilization as a function of z.

In order to compare orbitals and orbital energies, basis sets are selected in a way

that allows for a comparison between compact and diffuse basis sets. The LUMO

obtained from compact basis sets may appear to be decent, but this is not always the

case. Additionally, the LUMO orbital energies differ between compact and diffuse

basis sets, which can be confirmed by referring to table 2.1.

Table 2.1: Tabular data for orbital energies(in Hartree) of neutral N2 molecule
for different basis sets. The identified LUMO energies are marked in bold.

6-311G cc-pVTZ aug-cc-pVDZ aug-cc-pVTZ

-15.7066 -15.6801 -15.6941 -15.6813

-15.7029 -15.6764 -15.6905 -15.6776

-1.5299 -1.4763 -1.4850 -1.4776

-0.7728 -0.7758 -0.7786 -0.7768

-0.6306 -0.6338 -0.6346 -0.6350

-0.6255 -0.6162 -0.6185 -0.6175

-0.6255 -0.6162 -0.6185 -0.6175

0.1532 0.1641 0.1038 0.0808

0.1532 0.1641 0.1267 0.0921

0.5585 0.4025 0.1267 0.1165

0.6747 0.4156 0.1274 0.1165

0.7039 0.5258 0.1501 0.1188

0.7039 0.5258 0.1501 0.1188

0.8166 0.5393 0.1905 0.1564

0.8892 0.7087 0.2555 0.2091

0.8892 0.7087 0.2555 0.2091
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2.2.1.2 Identification of π⋆ orbital of neutral C2H4 and neutral C2H2

molecule

The equilibrium geometry structure of the neutral C2H4 molecule features a C–C

bond distance of 1.339 Å and a C–H bond distance of 1.086 Å and the bond angle

for ∠HCH is 117.6°, and for ∠HCC is 121.2°, respectively, while the neutral C2H2

molecule has a C–C bond distance of 1.203 Å and a C–H bond distance of 1.063 Å.

Corresponding virtual orbitals to different basis sets were plotted in figures 2.6-2.9

for neutral C2H4 and in figures 2.10-2.13 for neutral C2H4 , and it is clearly seen that

the lowest unoccupied orbitals don’t resemble the shape of π⋆ antibonding. Upon

observation of the orbital plots for neutral C2H4, it becomes apparent that in the

case of 6-311G and cc-pVTZ basis sets, LUMO orbital resembles antibonding π⋆

orbital while in the case of aug-cc-pVDZ and aug-cc-pVTZ basis sets LUMO does

not closely resemble the antibonding π⋆ orbital. Instead, the LUMO+4 (for aug-cc-

pVDZ and aug-cc-pVTZ basis sets) orbital appears to be a more suitable candidate

for the π⋆ orbital. Similarly upon observation of the orbital plots for neutral C2H2,

the LUMO+3 using 6-311G, cc-pVTZ and aug-cc-pVDZ basis sets while LUMO+4

in case of aug-cc-pVTZ orbital appear to be a more suitable candidate for the π⋆

orbital. So, it is really important to identify the true LUMO so that the true LUMO

is taking part in calculations to get precise and expected results.

(a) LUMO (b) LUMO+1 (c) LUMO+2

(d) LUMO+3 (e) LUMO+4 (f) LUMO+5

Figure 2.6: Plots of few virtual orbitals of neutral C2H4 molecule for 6-311G
basis set. LUMO is perfect candidate for π⋆ antibonding orbital.

 TH-3899_206122103



Chapter 2. Precise Identification of the Lowest Unoccupied Molecular Orbital using
the Parametric Equations of Motion 29

(a) LUMO (b) LUMO+1 (c) LUMO+2

(d) LUMO+3 (e) LUMO+4 (f) LUMO+5

Figure 2.7: Plots of few virtual orbitals of neutral C2H4 molecule for cc-pVTZ
basis set. LUMO is perfect candidate for π⋆ antibonding orbital.

(a) LUMO (b) LUMO+1 (c) LUMO+2

(d) LUMO+3 (e) LUMO+4 (f) LUMO+5

Figure 2.8: Plots of few virtual orbitals of neutral C2H4 molecule for aug-cc-
pVDZ basis set. LUMO+4 is perfect candidate for π⋆ antibonding orbital.
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(a) LUMO (b) LUMO+1 (c) LUMO+2

(d) LUMO+3 (e) LUMO+4 (f) LUMO+5

Figure 2.9: Plots of few virtual orbitals of neutral C2H4 molecule for aug-cc-
pVTZ basis set. LUMO+4 is perfect candidate for π⋆ antibonding orbital.

(a) LUMO (b) LUMO+1 (c) LUMO+2

(d) LUMO+3 (e) LUMO+4 (f) LUMO+5

Figure 2.10: Plots of few virtual orbitals of neutral C2H2 molecule for 6-311G
basis set. The degenerate states LUMO+2 and LUMO+3 are clearly identified as

π⋆ antibonding orbitals.
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(a) LUMO (b) LUMO+1 (c) LUMO+2

(d) LUMO+3 (e) LUMO+4 (f) LUMO+5

Figure 2.11: Plots of few virtual orbitals of neutral C2H2 molecule for cc-pVTZ
basis set. The degenerate states LUMO+2 and LUMO+3 are clearly identified as

π⋆ antibonding orbitals.

(a) LUMO (b) LUMO+1 (c) LUMO+2

(d) LUMO+3 (e) LUMO+4 (f) LUMO+5

Figure 2.12: Plots of few virtual orbitals of neutral C2H2 molecule for aug-
cc-pVDZ basis set. The degenerate states LUMO+2 and LUMO+3 are clearly

identified as π⋆ antibonding orbitals.
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(a) LUMO (b) LUMO+1 (c) LUMO+2

(d) LUMO+3 (e) LUMO+4 (f) LUMO+5

Figure 2.13: Plots of few virtual orbitals of neutral C2H2 molecule for aug-
cc-pVTZ basis set. The degenerate states LUMO+4 and LUMO+5 are clearly

identified as π⋆ antibonding orbitals.

To accurately determine the location of the LUMO, HF calculations with varying

the nuclear charge along with PEM for different basis sets are carried out. Addi-

tional nuclear charge has been added to C atoms only. As shown in Figure 2.14,

it is observed that the energy of the LUMO orbital using 6-311G and cc-pVTZ ba-

sis sets, while LUMO+4 in the case of aug-cc-pVDZ and aug-cc-pVTZ basis sets,

experienced a greater degree of stabilization as a result of variations in the nuclear

charge compared to the energies of the remaining virtual orbitals for neutral C2H4.

However in figure 2.15 , it can be observed that the energy of the LUMO+3 orbital

using 6-311G and cc-pVTZ basis sets while LUMO+4 in the case of aug-cc-pVDZ

and aug-cc-pVTZ basis sets experience a greater degree of stabilization as a result of

variations in z compared to the energies of the remaining virtual orbitals for neutral

C2H2. The reason for this enhanced stabilization of the actual LUMO lies in the

fact that the π⋆ antibonding is more localized in close proximity to the two C nuclei.

It is noteworthy that even when using compact basis sets, the LUMO orbital of the

C2H2 molecule does not resemble the shape of the π⋆ antibonding orbital. Therefore,

relying solely on compact basis sets for the LUMO orbital may not always be the

best choice.

 TH-3899_206122103



Chapter 2. Precise Identification of the Lowest Unoccupied Molecular Orbital using
the Parametric Equations of Motion 33

	0

	0.1

	0.2

	0.3

	0.4

	0.5

	0.1 	0.2 	0.3 	0.4 	0.5 	0.6 	0.7

vi
rtu
al
	o
rb
ita
l	e
ne
rg
ie
s

additional	Z

PEM-LUMO
PEM-LUMO+1
PEM-LUMO+2
PEM-LUMO+3
PEM-LUMO+4
PEM-LUMO+5
PEM-LUMO+6
PEM-LUMO+7
Diagonalization

(a) 6-311G

	0

	0.1

	0.2

	0.3

	0.4

	0.1 	0.2 	0.3 	0.4 	0.5 	0.6 	0.7

vi
rtu
al
	o
rb
ita
l	e
ne
rg
ie
s

additional	Z

PEM-LUMO
PEM-LUMO+1
PEM-LUMO+2
PEM-LUMO+3
PEM-LUMO+4
PEM-LUMO+5
PEM-LUMO+6
PEM-LUMO+7
Diagonalization

(b) cc-pVTZ

-0.05

	0

	0.05

	0.1

	0.15

	0.1 	0.2 	0.3 	0.4 	0.5 	0.6 	0.7

vi
rtu
al
	o
rb
ita
l	e
ne
rg
ie
s

additional	Z

PEM-LUMO
PEM-LUMO+1
PEM-LUMO+2
PEM-LUMO+3
PEM-LUMO+4
PEM-LUMO+5
PEM-LUMO+6
PEM-LUMO+7
Diagonalization

(c) aug-cc-pVDZ

-0.05

	0

	0.05

	0.1

	0.15

	0.1 	0.2 	0.3 	0.4 	0.5 	0.6 	0.7

vi
rtu
al
	o
rb
ita
l	e
ne
rg
ie
s

additional	Z

PEM-LUMO
PEM-LUMO+1
PEM-LUMO+2
PEM-LUMO+3
PEM-LUMO+4
PEM-LUMO+5
PEM-LUMO+6
PEM-LUMO+7
Diagonalization
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Figure 2.14: Plot of the few lowest virtual orbital energies in Hartree (on y-axis)
as function of additional nuclear charge (on x-axis) of neutral C2H4 molecule for
different basis sets. For increasing nuclear charge, the LUMO state is more sta-
bilized for the 6-311G and cc-pVTZ basis sets, while LUMO+4 is more stabilized
for the aug-cc-pVDZ and aug-cc-pVTZ basis sets. The PEM solution agrees well

with diagonalization results (represented by green dots).
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Figure 2.15: Plot of the few virtual lowest orbital energies in Hartree (on y-axis)
as function of additional nuclear charge (on x-axis) of neutral C2H2 molecule for
different basis sets. The degenerate states (i.e.,LUMO+2 and LUMO+3) are
getting more stabilized for 6-311G,cc-pVTZ and aug-cc-pVDZ basis sets, while
degenerate states (i.e., LUMO+4 and LUMO+5) are getting stabilized in the
case of aug-cc-pVTZ basis set as the nuclear charge increases. The PEM solution

agrees well with diagonalization results (represented by green dots).

For comparison, orbital energies have been provided for different basis sets in Table

2.2 for neutral C2H4 and in Table 2.3 for neutral C2H2.
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Table 2.2: Tabular data for orbital energies(in Hartree) of neutral C2H4 molecule
for different basis sets. The identified LUMO energies are marked in bold.

6-311G cc-pVTZ aug-cc-pVDZ aug-cc-pVTZ
-11.2382 -11.2317 -11.2419 -11.2332
-11.2365 -11.2300 -11.2402 -11.2315
-1.0375 -1.0307 -1.0343 -1.0321
-0.7909 -0.7907 -0.7927 -0.7918
-0.6460 -0.6418 -0.6430 -0.6431
-0.5861 -0.5841 -0.5851 -0.5855
-0.5046 -0.5073 -0.5077 -0.5084
-0.3752 -0.3752 -0.3753 -0.3759
0.1573 0.1492 0.0404 0.0317
0.1699 0.1547 0.0504 0.0402
0.1962 0.1821 0.0513 0.0419
0.1993 0.1874 0.0708 0.0596
0.2624 0.2399 0.1017 0.0914
0.4446 0.3573 0.1207 0.0925
0.4542 0.3650 0.1247 0.1045
0.4787 0.3878 0.1469 0.1197

Table 2.3: Tabular data for orbital energies(in Hartree) of neutral C2H2 for
different basis sets. The identified LUMO energies are marked in bold.

6-311G cc-pVTZ aug-cc-pVDZ aug-cc-pVTZ
-11.2511 -11.2418 -11.2540 -11.2432
-11.2473 -11.2380 -11.2502 -11.2393
-1.0409 -1.0290 -1.0341 -1.0307
-0.7616 -0.7662 -0.7678 -0.7673
-0.6815 -0.6799 -0.6807 -0.6812
-0.4120 -0.4100 -0.4111 -0.4111
-0.4120 -0.4100 -0.4111 -0.4111
0.1663 0.1506 0.0374 0.0301
0.1850 0.1685 0.0398 0.0332
0.1924 0.1757 0.1082 0.0920
0.1924 0.1757 0.1082 0.0920
0.4179 0.2882 0.1202 0.0927
0.4247 0.3979 0.1202 0.0927
0.5708 0.4054 0.1244 0.1031
0.5708 0.4054 0.1387 0.1143
0.7171 0.4853 0.1775 0.1366

 TH-3899_206122103



Chapter 2. Precise Identification of the Lowest Unoccupied Molecular Orbital using
the Parametric Equations of Motion 36

2.2.2 Effect of additional diffuse basis function

To observe the effect of additional basis function, the PEM in conjunction with

the nuclear charge stabilization method is implemented to neutral C2H4 and C2H2

molecule to identify the true LUMO using cc-pVDZ with different extra augmen-

tations of p-type functions. The additional augmentations of p-type functions are

done so that the smallest exponent in the previous basis set is multiplied by 1/2n

where n ranges from 1 to 10 for n-p augmentations.

2.2.2.1 π⋆ orbital of neutral C2H4 molecule for different basis sets

In order to accurately determine the location of the LUMO, HF calculation is per-

formed with varying nuclear charges along with PEM using different basis sets and

it is observed that there are avoided crossings between some states. The number of

states involved in avoided crossing keeps increasing with an increase in additional

p-type functions in the basis set as seen in Fig.(2.16(a)-2.16(k)). Separate HF cal-

culations for different nuclear charge values are also conducted to obtain the charge

stabilization curve for diagonalization results. In all figures, Fig.(2.16(a)-2.16(k)),

the diagonalization results are represented with green dots while the PEM results

are plotted as lines and they are on top of each other. The result obtained from PEM

is found to be in agreement with the diagonalization results even for the basis set

including highly diffuse basis functions. It is important to note that when employing

diagonalization, the generation of a line plot for charge stabilization curves becomes

exceedingly challenging due to the presence of multiple avoided crossings. Because

the states exchange their behavior at these crossings, it’s difficult to recognize which

state is which, making it impossible to follow the curve even when looking at orbital

plots.
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Figure 2.16: Plot of the few lowest virtual orbital energies in Hartree (on the
y-axis) as function of additional nuclear charge (on the x-axis) of neutral C2H4

molecule using cc-pVDZ+np basis set. The PEM solution agrees well with diag-
onalization results (represented by green dots).
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From the stabilization curve, it is expected that the most stabilized state at a higher

nuclear charge is the true LUMO state, but this is not the case. To validate this,

MOs are plotted. The corresponding MOs involved in avoided crossings with true

LUMO using different basis sets are shown in Fig.(2.17-2.27), along with their orbital

energy (in Hartree) and iso values. The MOs are arranged in descending order of

their orbital energy value. The number of states involved in avoided crossings keeps

changing with changes in augmented functions. All the states involved in avoided

crossing are found to be of the same symmetry (i.e., π⋆ antibonding character).

(a) ϵ = 0.1443 Ha

isovalue = 0.02

(b) ϵ = 0.0935 Ha

isovalue = 0.02

(c) ϵ = 0.0499 Ha

isovalue = 0.008

(d) ϵ = 0.0250 Ha

isovalue = 0.0025

(e) ϵ = 0.0124 Ha

isovalue = 0.0007

(f) ϵ = 0.0060 Ha

isovalue = 0.0002

(g) ϵ = 0.0028 Ha

isovalue = 0.00005

(h) ϵ = 0.0012 Ha

isovalue = 0.00002

(i) ϵ = 0.0004 Ha

isovalue = 0.000005

Figure 2.17: Plot of the virtual orbitals having π⋆ antibonding character in-
volved in avoided crossings with true LUMO using cc-pVDZ+10p basis set of

neutral C2H4 molecule.
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(a) ϵ = 0.1442 Ha

isovalue = 0.02

(b) ϵ = 0.0933 Ha

isovalue = 0.02

(c) ϵ = 0.0497 Ha

isovalue = 0.008

(d) ϵ = 0.0248 Ha

isovalue = 0.0025

(e) ϵ = 0.0121 Ha

isovalue = 0.0006

(f) ϵ = 0.0057 Ha

isovalue = 0.00015

(g) ϵ = 0.0024 Ha

isovalue = 0.00004

(h) ϵ = 0.0008 Ha

isovalue = 0.000009

Figure 2.18: Same as Figure 2.17 using cc-pVDZ+9p basis set.

(a) ϵ = 0.1439 Ha

isovalue = 0.02

(b) ϵ = 0.0930 Ha

isovalue = 0.02

(c) ϵ = 0.0492 Ha

isovalue = 0.008

(d) ϵ = 0.0242 Ha

isovalue = 0.0025

(e) ϵ = 0.0114 Ha

isovalue = 0.0006

(f) ϵ = 0.0050 Ha

isovalue = 0.00015

(g) ϵ = 0.0017 Ha

isovalue = 0.00006

Figure 2.19: Same as Figure 2.17 using cc-pVDZ+8p basis set.

 TH-3899_206122103



Chapter 2. Precise Identification of the Lowest Unoccupied Molecular Orbital using
the Parametric Equations of Motion 41

(a) ϵ = 0.1433 Ha

isovalue = 0.02

(b) ϵ = 0.0922 Ha

isovalue = 0.02

(c) ϵ = 0.0480 Ha

isovalue = 0.008

(d) ϵ = 0.0228 Ha

isovalue = 0.002

(e) ϵ = 0.0099 Ha

isovalue = 0.0005

(f) ϵ = 0.0034 Ha

isovalue = 0.00009

Figure 2.20: Same as Figure 2.17 using cc-pVDZ+7p basis set.

(a) ϵ = 0.1419 Ha

isovalue = 0.02

(b) ϵ = 0.0902 Ha

isovalue = 0.02

(c) ϵ = 0.0453 Ha

isovalue = 0.007

(d) ϵ = 0.0198 Ha

isovalue = 0.002

(e) ϵ = 0.0068 Ha

isovalue = 0.0002

Figure 2.21: Same as Figure 2.17 using cc-pVDZ+6p basis set.
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(a) ϵ = 0.1389 Ha

isovalue = 0.02

(b) ϵ = 0.0856 Ha

isovalue = 0.02

(c) ϵ = 0.0393 Ha

isovalue = 0.006

(d) ϵ = 0.0135 Ha

isovalue = 0.001

Figure 2.22: Same as Figure 2.17 using cc-pVDZ+5p basis set.

(a) ϵ = 0.1326 Ha

isovalue = 0.02

(b) ϵ = 0.0753 Ha

isovalue = 0.02

(c) ϵ = 0.0269 Ha

isovalue = 0.004

Figure 2.23: Same as Figure 2.17 using cc-pVDZ+4p basis set.

(a) ϵ = 0.1201 Ha

isovalue = 0.02

(b) ϵ = 0.0528 Ha

isovalue = 0.015

Figure 2.24: Same as Figure 2.17 using cc-pVDZ+3p basis set.
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(a) ϵ = 0.1744 Ha

isovalue = 0.03

(b) ϵ = 0.0929 Ha

isovalue = 0.02

Figure 2.25: Same as Figure 2.17 using cc-pVDZ+2p basis set.

(a) ϵ = 0.1293 Ha

isovalue = 0.02

Figure 2.26: Same as Figure 2.17 using cc-pVDZ+1p basis set.

(a) ϵ = 0.1669 Ha

isovalue = 0.02

Figure 2.27: Same as Figure 2.17 using cc-pVDZ basis set.

It is observed that the most stabilized state from the stabilization curve is the most

diffused π⋆ antibonding state at z = 0 and approaches to zero orbital energy with

an increase in additional p-type functions in the basis set. The most stabilized state

is the most diffused π⋆ antibonding at z = 0 and the same state at higher nuclear

charge has well localized π⋆ antibonding charge due to exchange of behaviour after
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the avoided crossing. To visualize the avoided crossings clearly a separate plot for

states involved in avoided crossings with true LUMO is shown in Fig.2.28. For

example, in case of cc-pVDZ+5p (see Fig.2.28(c)), the state with higher energy

shows localized π⋆ antibonding character (Fig. 2.22(a)) at z = 0. As the nuclear

charge increases, this state switches behavior with the low-energy states at each

avoided crossing, which exhibit diffuse π⋆ antibonding character (i.e., plotted at a

low iso value). A similar behavior is observed for all basis sets with different numbers

of extra augmentations. As there is an increase in the extra p-type function, there is

an increase in the number of avoided crossings, and the state that is lowest in energy

at z = 0 is getting stabilized at higher z due to the mixing of the same symmetry of

π⋆ antibonding.
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Figure 2.28: Plot of the virtual orbital energies in Hartree (on y-axis) of π⋆

antibonding type orbitals involved in avoided crossing as function of additional
nuclear charge (on x-axis) of neutral C2H4 molecule for cc-pVDZ+np basis set.

In such cases, the identification of the LUMO can not be carried by usual PEM. The

modification of PEM is necessary to precisely identify the true LUMO by preventing

the stabilization of states involved in avoided crossings. This modification of PEM

is executed in the following two manners:

Case I) Ignoring the z dependency of c-matrix in PEM equations

Case II) Removing interaction between the states involved in avoided crossing from

the c-matrix equation in PEM equation

Case I is achieved by solving only the change in orbital energy equation (i.e., Eq.

1.25) in PEM calculations and ignoring the Eq. 1.26 altogether. In contrast, case

II is achieved by removing the interaction of the states involved in avoided crossing

from Eq. 1.26, which means index j is not equal to those states, which leads to
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avoided crossing when index i represents the LUMO state. In practice, to achieve

case II, the first step is identifying those states involved in avoided crossings with

true LUMO by performing PEM, and the second step is to remove interaction from

the Eq. 1.26 of the nearby states involved in avoided crossing with true LUMO

manually.

When performing calculations with case I, a true LUMO state among all avoided

crossing states is observed to stabilize in all cases with different p-type extra aug-

mentation. In all calculations, there are no avoided crossings, as confirmed by

Fig.(2.29(a)-2.29(k)). The similar results are obtained in case II, with no avoided

crossings observed between the true LUMO state and other nearby states with the

same symmetries (see Fig.(2.30(a)-2.30(k)). However, the curvature in case II is

due to the interaction of the true LUMO state with the other π⋆ states for which

the interactions have not been removed. The interactions have been removed for

only nearby states involved in the avoided crossings. In case I, only N number of

equations are solved, while in case II, N+N2 equations are being solved in truncated

PEM. Both cases are able to accurately determine the location of the LUMO state,

but case I is advantageous due to its lower computational cost and reduced human

effort. This is unlike case II, where states have to be removed manually. As outlined

earlier, the PEM results are approximately ten times faster than those obtained

through diagonalization. Therefore, modified PEM case I will be significantly faster

than the results obtained through diagonalization as virtually all the computation

time is taken by SCF calculation to get initial condition for PEM.
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Figure 2.29: Plot of the few lowest virtual orbital energies in Hartree (on the
y-axis) as function of additional nuclear charge (on the x-axis) of neutral C2H4

molecule using cc-pVDZ+np basis set. The plot corresponds to modified PEM
case I.
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Figure 2.30: Plot of the few lowest virtual orbital energies in Hartree (on the
y-axis) as function of additional nuclear charge (on the x-axis) of neutral C2H4

molecule using cc-pVDZ+np basis set. The plot corresponds to modified PEM
case II.
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Orbital probability densities (i.e., 4π2r2ρ(r) vs r) are plotted (in Fig. 2.31) for the

states involved in avoided crossing with the true LUMO using Multiwfn software[145].

For comparison, Figure 2.31 contains orbital probability densities corresponding to a

particular state with similar orbital profile in different basis sets (i.e., cc-pVDZ+np).

Fig.2.31(a) corresponds to the true LUMO identified with modified PEM having π⋆

antibonding character, and it is seen that this state is very well localized near the

nucleus. With the extra augmentation of p-type functions, there is the appearance

of several other peaks with low probability values due to the mixing of higher energy

π⋆ MO’s[146]. Figure 2.31(b) corresponds to the state with the lowest energy (i.e.,

close to zero) among all the states involved in avoided crossing. It is clear that with

the increase in the extra p-type function, this state becomes more and more local-

ized away from the nucleus and becomes more diffuse. For all other states, there

is a major peak located far from the nucleus. So, it is also evident from orbital

probability densities that the most stabilized state obtained from modified PEM is

the most localized state near the nucleus.
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Figure 2.31: Plot of Orbital probability density (on the y-axis) vs r in angstrom
(on the the x-axis) for true LUMO and the most diffuse state involved in avoided

crossing of C2H4 using cc-pVDZ+np basis set.

To analyze the impact of the p-type function on the true LUMO energy of C2H4,

the successive augmentation of p-type functions is done up to 10p-type functions

using various basis sets (i.e., 6-311G, cc-pVDZ, aug-cc-pVDZ, and aug-cc-pVTZ).

The additional p-type function is added in the same way in all cases by taking half

of the smallest exponent of p-type in the previous basis set. It is observed that
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the true LUMO orbital energies converged with the increase in additional p-type

functions across all basis sets. This finding is significant for the scientific community,

especially those working in the field of resonances and phenomena that involve the

use of additional diffuse functions. For cc-pVDZ+8p/9p/10p, true LUMO orbital

energies are almost the same (see Table 2.4), and their orbital densities plots also

overlap with each other (see inset of Fig. 2.31(a)). True LUMO orbital energies

are reported in Table 2.4. Reported energies correspond to z = 0 (i.e., without

additional nuclear charge).

Table 2.4: Orbital energies of identified LUMOs (in Hartree) of neutral C2H4

molecule using different basis sets upto extra augmentation of 10 p-type functions.

C2H4

Augmentation 6-311G cc-pVDZ aug-cc-pVDZ aug-cc-pVTZ

0p 0.1573 0.1669 0.1069 0.0914

1p 0.12676 0.1293 0.1270 0.1177

2p 0.0895 0.0929 0.1401 0.1295

3p 0.1161 0.1201 0.1470 0.1353

4p 0.1280 0.1326 0.1504 0.1380

5p 0.1340 0.1389 0.1519 0.1392

6p 0.1368 0.1419 0.1526 0.1398

7p 0.1380 0.1432 0.1529 0.1400

8p 0.1386 0.1438 0.1531 0.1401

9p 0.1388 0.1442 0.1531 0.1402

10p 0.1389 0.1443 0.1531 0.1402

2.2.2.2 π⋆ orbital of neutral C2H2 molecule for different basis sets

Similar calculations are performed to C2H2 molecule with different basis sets upto

augmentation of 10 p-type functions. Similar observation are made regarding avoided

crossings and relevant charge stabilization plots corresponding to cc-pVDZ+np ba-

sis sets are shown in figure 2.32. The orbital pictures of all the states involved in

avoided crossings using cc-pVDZ+np basis sets are shown in figures 2.33-2.43. To
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prevent the stabilization of these avoided crossing states, the modified PEM calcu-

lations are carried out for both the cases and relevant plots for the cc-pVDZ basis

set with up to 10 p-type functions are shown in figures 2.44-2.45.
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Figure 2.32: Plot of the few lowest virtual orbital energies in Hartree (on the
y-axis) as function of additional nuclear charge (on the x-axis) of neutral C2H2

molecule using cc-pVDZ+np basis set. The PEM solution agrees well with diag-
onalization results (represented by green dots).
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(a) ϵ = 0.1583 Ha

isovalue = 0.02

(b) ϵ = 0.0951 Ha

isovalue = 0.02

(c) ϵ = 0.0496 Ha

isovalue = 0.007

(d) ϵ = 0.0241 Ha

isovalue = 0.0025

(e) ϵ = 0.0124 Ha

isovalue = 0.0006

(f) ϵ = 0.0060 Ha

isovalue = 0.0002

(g) ϵ = 0.0028 Ha

isovalue = 0.00004

(h) ϵ = 0.0012 Ha

isovalue = 0.000012

(i) ϵ = 0.0004 Ha

isovalue = 0.000003

Figure 2.33: Plot of the virtual orbitals having π⋆ antibonding character in-
volved in avoided crossings with true LUMO using cc-pVDZ+10p basis set for

neutral C2H2 molecule.

 TH-3899_206122103



Chapter 2. Precise Identification of the Lowest Unoccupied Molecular Orbital using
the Parametric Equations of Motion 56

(a) ϵ = 0.1582 Ha

isovalue = 0.02

(b) ϵ = 0.0949 Ha

isovalue = 0.02

(c) ϵ = 0.0493 Ha

isovalue = 0.007

(d) ϵ = 0.0246 Ha

isovalue = 0.002

(e) ϵ = 0.0120 Ha

isovalue = 0.0006

(f) ϵ = 0.0057 Ha

isovalue = 0.00015

(g) ϵ = 0.0025 Ha

isovalue = 0.00004

(h) ϵ = 0.0008 Ha

isovalue = 0.000009

Figure 2.34: Same as Figure 2.33 using cc-pVDZ+9p basis set.

(a) ϵ = 0.1579 Ha

isovalue = 0.02

(b) ϵ = 0.0945 Ha

isovalue = 0.02

(c) ϵ = 0.0488 Ha

isovalue = 0.007

(d) ϵ = 0.0240 Ha

isovalue = 0.002

(e) ϵ = 0.0113 Ha

isovalue = 0.0005

(f) ϵ = 0.0049 Ha

isovalue = 0.00015

(g) ϵ = 0.0017 Ha

isovalue = 0.00002

Figure 2.35: Same as Figure 2.33 using cc-pVDZ+8p basis set.
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(a) ϵ = 0.1573 Ha

isovalue = 0.02

(b) ϵ = 0.0936 Ha

isovalue = 0.02

(c) ϵ = 0.0476 Ha

isovalue = 0.007

(d) ϵ = 0.0226 Ha

isovalue = 0.002

(e) ϵ = 0.0098 Ha

isovalue = 0.0004

(f) ϵ = 0.0034 Ha

isovalue = 0.00008

Figure 2.36: Same as Figure 2.33 using cc-pVDZ+7p basis set.

(a) ϵ = 0.1559 Ha

isovalue = 0.02

(b) ϵ = 0.0914 Ha

isovalue = 0.02

(c) ϵ = 0.0449 Ha

isovalue = 0.006

(d) ϵ = 0.0196 Ha

isovalue = 0.0015

(e) ϵ = 0.0067 Ha

isovalue = 0.0002

Figure 2.37: Same as Figure 2.33 using cc-pVDZ+6p basis set.
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(a) ϵ = 0.1527 Ha

isovalue = 0.02

(b) ϵ = 0.0864 Ha

isovalue = 0.02

(c) ϵ = 0.0389 Ha

isovalue = 0.005

(d) ϵ = 0.0134 Ha

isovalue = 0.0009

Figure 2.38: Same as Figure 2.33 using cc-pVDZ+5p basis set.

(a) ϵ = 0.1456 Ha

isovalue = 0.02

(b) ϵ = 0.0754 Ha

isovalue = 0.02

(c) ϵ = 0.0266 Ha

isovalue = 0.003

Figure 2.39: Same as Figure 2.33 using cc-pVDZ+4p basis set.

(a) ϵ = 0.1303 Ha

isovalue = 0.02

(b) ϵ = 0.0522 Ha

isovalue = 0.012

Figure 2.40: Same as Figure 2.33 using cc-pVDZ+3p basis set.
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(a) ϵ = 0.1949 Ha

isovalue = 0.02

(b) ϵ = 0.0961 Ha

isovalue = 0.02

Figure 2.41: Same as Figure 2.33 using cc-pVDZ+2p basis set.

(a) ϵ = 0.1469 Ha

isovalue = 0.02

Figure 2.42: Same as Figure 2 using cc-pVDZ+1p basis set.

(a) ϵ = 0.2000 Ha

isovalue = 0.02

Figure 2.43: Same as Figure 2.33 using cc-pVDZ basis set.
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Figure 2.44: Plot of the few lowest virtual orbital energies in Hartree (on the
y-axis) as function of additional nuclear charge (on the x-axis) of neutral C2H2

molecule using cc-pVDZ+np basis set. The plot corresponds to modified PEM
case I.
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Figure 2.45: Plot of the few lowest virtual orbital energies in Hartree (on the
y-axis) as function of additional nuclear charge (on the x-axis) of neutral C2H2

molecule using cc-pVDZ+np basis set. The plot corresponds to modified PEM
case II.
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The LUMO orbital energies demonstrate convergence as additional p-type functions

are introduced in the cc-pVDZ basis set. For cc-pVDZ+8p/9p/10p, the LUMO

orbital energies are nearly identical (see table 2.5), and their orbital density plots

also overlap (see fig 2.46). Lastly, calculations using different basis sets (i.e., 6-

311G, cc-pVDZ, aug-cc-pVDZ, and aug-cc-pVTZ) with additional augmentation up

to 10 p-type functions are performed. The true LUMO orbital energies are found to

converge and are reported in Table 2.5.

Table 2.5: Orbital energies of identified LUMOs (in Hartree) of neutral C2H2

molecule using different basis sets upto extra augmentation of 10 p-type functions.

C2H2

Augmentation 6-311G cc-pVDZ aug-cc-pVDZ aug-cc-pVTZ

0p 0.1924 0.2001 0.1082 0.09274

1p 0.1463 0.1469 0.1401 0.1255

2p 0.0930 0.0961 0.1550 0.1401

3p 0.1270 0.1303 0.1621 0.1468

4p 0.1422 0.1456 0.1654 0.1498

5p 0.1490 0.1527 0.1669 0.1511

6p 0.1521 0.1559 0.1676 0.1517

7p 0.1535 0.1573 0.1678 0.1520

8p 0.1541 0.1579 0.1680 0.1521

9p 0.1543 0.1582 0.1680 0.1521

10p 0.1544 0.1583 0.1680 0.1521
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Figure 2.46: Plot of Orbital probability density (on the y-axis) vs r in angstrom
(on the the x-axis) for true LUMO state of C2H2 using cc-pVDZ+np basis set.

2.3 Concluding Remarks

This chapter focuses on identifying the LUMO state accurately, which is crucial

for electronic structure calculations to study electron-attached or electron-excited

states. In most neutral molecule SCF calculations, the lowest empty MO under-

goes changes in shape and becomes spatially large with the increase of diffuse basis

functions in the basis set, making it unsuitable for the LUMO concept in chemistry.

Therefore, when dealing with LUMO in calculations that involve diffuse basis func-

tions, it is essential to be cautious and properly identify the desired orbitals to avoid

any inaccuracies in further calculations. To identify the LUMO accurately, the PEM

method, in conjunction with the nuclear charge stabilization method, is a reliable

approach. The PEM approach is an innovative and accurate way to identify the

LUMO state precisely as with this approach it becomes really easy to keep the track

of every orbital. The inclusion of diffuse functions is essential for studying signifi-

cant chemical phenomena, such as electron-attached or electron-excited states. The

augmentation of extra basis functions introduces the same symmetry MOs, lead-

ing to avoided crossings in the charge stabilization curve, which makes it difficult

to identify the true LUMO. With diagonalization approach, it is almost impossible

 TH-3899_206122103



Chapter 2. Precise Identification of the Lowest Unoccupied Molecular Orbital using
the Parametric Equations of Motion 66

to visualise avoiding crossings and to obtain the charge stabilization curve due to

exchange of their behavior at these avoided crossings. However, with the help of

PEM, it becomes achievable. The modified PEM is implemented in conjunction

with nuclear charge stabilization to prevent the stabilization of the same symmetry

MOs that are located far from the nucleus and precise identification of true LUMO

is achieved. This modification of PEM is implemented in two scenarios, and both

are effective at dealing with avoided crossings.
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Chapter 3

Self-Consistent-Field Solution for

Metastable Anions using

Bound-State Method

3.1 Introduction

Molecules with a positive electron affinity (EA) form stable anions. It is straight-

forward to calculate the EA for these molecules (i.e., by taking the difference of

energies of neutral and anionic species). However, for many molecules, no bound

anion exists (i.e., metastable anion); experimentally, they have negative gas-phase

EA. These anions are metastable states with a finite lifetime, often formed due

to electron-molecule collisions[23, 24, 25, 26, 27]. These anions are also known as

temporary anions. The temporary anion then decays by either losing an electron

or through DEA [147, 25, 142]. The presence of temporary anions significantly in-

fluences chemical reactions by facilitating the formation and breaking of chemical

bonds. When low-energy electrons (E < 10 eV) attach to specific sites in the DNA

chain, they create transient negative ions (TNIs) which then undergo dissociative

electron attachment (DEA), resulting in bond cleavage[148, 149].

67
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The wave function of a true metastable state has an oscillating tail that extends

to infinity. To accurately describe this tail, it’s necessary to include diffuse func-

tions in the basis set. However, quantum chemistry calculations face challenges

when studying metastable anions, the conventional SCF calculation may converge

to the lowest energy solution, with the excess electron occupying a diffuse molecular

orbital present in the basis set. When using a highly diffuse basis set, the SCF

solution may lead to the breakdown of the system into a neutral molecule with a

free electron. This is known as variational collapse. It is not recommended to use

the broken SCF solution for studying anions. If the SCF solution is applied in post-

Hartree methods that consider electron correlation, it can result in inaccuracies and

unreliable outcomes. This is because the initial approximation, the SCF solution,

does not represent an anionic state but rather a neutral molecule plus a free elec-

tron. To accurately describe temporary anions or metastable states, an accurate

SCF solution that describes the anionic state is necessary. It is suggested to use

Green functions[150] or EOM-CCSD[151] theory for studying such states, as they

are independent of the accuracy of HF orbitals of anions.

Several advanced methods have been developed to study metastable states. One such

method involves the use of non-Hermitian quantum mechanics, which includes com-

plex scaling[30, 31, 32, 33], Modified Smooth Exterior Scaling (MSES)[41, 42, 43],

and complex-absorbing potential[36, 35, 34]. Another type of method involves the

use of bound state calculations, i.e., conventional Hermitian quantum mechanics.

This includes artificially binding an extra electron, which can be accomplished by

using a compact basis set or introducing a potential wall[81, 82] to capture the elec-

tron inside. Additionally, it also includes stabilization methods and extrapolation

methods are used to describe the metastable states.

Here, the nuclear charge stabilization technique has been combined with the PEM

method. The PEMmethod is efficient in keeping track of the order of orbitals and or-

bital energies, as the line number of a particular state remains fixed. In this method,

the process starts with the nuclear charge value where the anion is bound, and then

decrease the nuclear charge to zero using PEM, which keeps the Singly Occupied

Molecular Orbital (SOMO) fixed at each nuclear charge value. However, increasing

the number of diffuse basis functions in the basis set results in the presence of the

MOs as same symmetry of SOMO, leading to the introduction of avoided crossings of
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such states with SOMO. There is an exchange of behavior at these avoided crossings,

which will result in the extra electron being placed into the lowest energy diffuse

MO of the same symmetry as SOMO, leading to a break in the SCF solution. To

avoid such situations and to obtain an accurate SCF solution for metastable anions,

the interaction of these states is ignored in the PEM equation, as discussed in detail

in this chapter. Using this technique, an SCF solution for anions, where the excess

electron is in a valence state rather than in a diffuse state, is achieved. The solution

obtained using the modified PEM is checked for being self-consistent-field solution,

confirming the accuracy of the method. In this chapter, efforts have been made to

obtain the SCF solution for the C2H
−
4 , N

−
2 , C2H

−
2 and HCHO− anionic species using

the PEM in conjunction with nuclear charge stabilization method.

3.1.1 Results and Discussion

All quantum chemistry calculations are performed using the Molgw[143] package

with modification, including the PEM subroutine. All calculations are performed

using Cartesian Gaussian functions. As to generate the wfn file from Molgw soft-

ware, it is necessary to use Cartesian Gaussian functions. Additionally, all orbital

probability density plots are obtained using the Multiwfn software[145]. In this

chapter, all the calculations are carried out using the UHF approach.

3.1.2 Ethylene anion (C2H
−
4 )

It’s important to note that for metastable anions, only compact basis sets yield a

reliable SCF solution; otherwise, the system may converge to a neutral molecule

and a electron in the most diffuse MO present in the basis set. In the 6-311G and

cc-pVDZ basis sets, the analysis showed that the SOMO looks like a π⋆ antibonding

character and well localized near the nucleus as seen in their orbital probability

density plot (see Figure 3.1). While, in aug-cc-pVDZ and higher basis sets, the

SOMO appears as having a π⋆ antibonding character but a major peak lies far from

the nucleus in their orbital probability density plot (see Figure 3.1). This is possible

due to the mixing of higher energy π⋆ states. The corresponding orbital pictures
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Figure 3.1: Plot of Orbital probability density (on the y-axis) vs r in angstrom
(on the the x-axis) for SOMO of C2H

−
4 using different basis sets.

for SOMO using different basis sets (i.e. 6-311G, cc-pVDZ, cc-pVTZ, aug-cc-pVDZ,

aug-cc-pVTZ, aug-cc-pVQZ and aug-cc-pV5Z) are shown in Fig 3.2.

(a) 6-311G (b) cc-pVDZ (c) cc-pVTZ (d) aug-cc-pVDZ

(e) aug-cc-pVTZ (f) aug-cc-pVQZ (g) aug-cc-pV5Z

Figure 3.2: SOMO’s orbital picture for different basis sets (i.e. 6-311G, cc-
pVDZ, aug-cc-pVDZ, aug-cc-pVTZ and aug-cc-pVQZ) for C2H

−
4 . These orbital

pictures corresponds to SCF solution at z = 0 without implementing PEM.

The total HF and MP2 energies obtained using these different basis sets are provided

in Table 3.1. The vertical electron affinity is calculated at both HF and MP2 level
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Table 3.1: HF and MP2 energies of neutral and anionic C2H4 using different
basis sets. Vertical electron affinities at HF and MP2 level are represented as ∆HF

and ∆MP2 respectively in eV.

Basis Set HF-Anion(a.u.) HF-neutral(a.u.) MP2-Anion(a.u.) MP2-Neutral(a.u.) ∆HF (eV) ∆MP2(eV)
6-311G -77.8928 -78.0184 -78.1133 -78.2442 -3.42 -3.56
cc-pVDZ -77.9079 -78.0398 -78.2018 -78.3260 -3.59 -3.38
cc-pVTZ -77.9457 -78.0635 -78.3384 -78.4374 -3.21 -2.69
aug-cc-pVDZ -77.9488 -78.0434 -78.2705 -78.3438 -2.58 -1.99
aug-cc-pVTZ -77.9761 -78.0644 -78.3875 -78.4537 -2.40 -1.89
aug-cc-pVQZ -77.9880 -78.0690 -78.4374 -78.5060 -2.20 -1.86

of theory (see Table 3.1), where, Vertical electron affinity is defined as

∆ = ENeutral − Eanion (3.1)

The difficulty arises when heavily diffuse basis set is used to study the metastable

anion; in that case, the SCF solution for the corresponding anion collapses into

a neutral molecule, and an electron in the most diffuse MO present in the basis

set. This difficulty is overcome by using the PEM in conjunction with the nuclear

charge stabilization method to obtain meaningful SCF solution for metastable an-

ionic species. By increasing the nuclear charge beyond a certain value, a metastable

anion becomes a bound anion for which the SCF solution does not collapse. There-

fore, this approach begins with the bound anion and utilizes the PEM method to

achieve the corresponding SCF solution at z = 0. A fixed occupation number for the

orbital corresponding to the SOMO is maintained throughout the PEM calculation,

which means once the electron at a higher nuclear charge is in a bound state, the

same state will remain occupied at z = 0. This way, the corresponding meaningful

SCF solutions for temporary anions can be obtained using the PEM calculation.

Previous research[152, 153] has demonstrated that the results obtained from the

PEM and via diagonalization are in excellent agreement. This has been confirmed

by studying the C2H
−
4 with compact basis sets and higher basis sets such as aug-cc-

pVDZ, aug-cc-pVTZ, and aug-cc-pVQZ, revealing that the solutions at z = 0 using

PEM and SCF calculation at z = 0 are exactly the same to an accuracy of the 5th

decimal place. The corresponding charge stabilization plots of comparison between

diagonalization and PEM are shown in Fig 3.3.
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Figure 3.3: Plot of the orbital energies in Hartree (on y-axis) as function of
additional nuclear charge (on x-axis) of C2H

−
4 using diffrent basis sets (i.e. 6-311G,

cc-pVDZ, aug-cc-pVDZ, aug-cc-pVTZ and aug-cc-pVQZ). f) Zoom in on the aug-
cc-pVDZ results to clearly see the avoided crossing. The PEM solution agrees
well with diagonalization results (represented by green dots). These solutions
correspond to the SCF solution for anions obtained by diagonalization and the

PEM-based approach.
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It is essential to include diffuse basis functions when studying metastable anions.

In this research, cc-pVDZ+np basis set is employed, where p-type functions are

added incrementally by multiplying them with half the smallest exponent present in

the already prepared basis set. The PEM in conjunction with charge stabilization

method is performed to obtain a meaningful SCF solution for the anion at z = 0.

Increasing the number of diffuse basis functions leads to an increase in the same

symmetry MOs, leading to more states involved in avoided crossings with SOMO.

At each avoided crossing, there is an exchange of behavior taking place. This means

that starting with the correct orbital at a higher z value, at the avoided crossing,

the extra electron moves into a different orbital (i.e., the most diffuse orbital) but

with the same symmetry as SOMO. The charge stabilization plots, in Figure 3.4,

clearly show that two different paths are followed with the increase in additional

p-type functions. One path occurs when the anion is in the bound region, and at

the avoided crossing, there is sudden change (i.e., a downward bump) leading to a

different path with respect to variation in z. This change in the path happens because

the electron is present in a diffuse molecular orbital now, even though it starts from

the correct SOMO, due to the exchange of behavior. Also, it’s interesting to note

that the orbital energies of the occupied orbitals also follow two distinct paths with

respect to variations in z. In the region where the anion is bound, the electron is in

the correct orbital. In the region where the anion is unbound, the solution collapses

into a neutral molecule, and an extra electron occupies a diffuse molecular orbital,

leading to a separate path even for the occupied orbital energies with respect to

variation in z. The corresponding charge stabilization plot for cc-pVDZ-0p to cc-

pVDZ+10p basis sets are shown in Figure 3.4.
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Figure 3.4: Plot of the orbital energies in Hartree (on the y-axis) as function
of additional nuclear charge (on the x-axis) of C2H

−
4 molecule using cc-pVDZ+np

basis set. These charge stabilization plots are obtained by using the PEM calcu-
lations without modification.
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The probability densities for the corresponding SOMOs are plotted using cc-pVDZ+np

basis set and are shown in Figure 3.5. Upon examining the plot, it becomes clear

that the increase in the p-type function in the basis set SOMO is localized farther

and farther from the nucleus. For cc-pVDZ+9p/10p, the position of the peak is at

more than 50 Å and has a very low amplitude. Therefore, it won’t be visible in

Figure 3.5 and hence not included in the figure. Therefore, this anionic solution

cannot be taken into account, and modification of the PEM is necessary to obtain

a stable solution for the metastable anion, which can be further used in post-SCF

calculations.
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Figure 3.5: Plot of Orbital probability density (on the y-axis) vs r in angstrom
(on the the x-axis) for SOMO of C2H

−
4 using cc-pVDZ+np basis set, with the

additional nuclear charge set to zero.

The modification involves the removing of the interaction between the states in-

volved in avoided crossing from the c-matrix in PEM equation. It is achieved by

removing of the interaction between the states involved in avoided crossing from Eq.

1.26, which means index j is not equal to those nearby states, which leads to avoided

crossing when index i represents the SOMO state. Initially normal PEM calculations

(i.e. without any modifications) are carried out for a series of additional Z value

and some exchange of behavior with true SOMO state is observed. Looking at their

orbital character, these states are found to have same character as true SOMO. So,

these states are removed from eq 1.26 manually throughout the calculations.

In this study, the modified PEM calculations for several basis sets from cc-pVDZ

to cc-pVDZ+10p is performed by removing the interaction among states involved
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in avoided crossing with SOMO. For example, cc-pVDZ+7p, normal PEM calcu-

lation(i.e., without modifications) shows that there is a break in the SCF solution

due to the exchange of behavior with the true SOMO. Upon plotting the orbitals

pictures of these states involved in the exchange of behavior are found to be diffuse

states with π⋆ antibonding character. So, the interaction of these states are now

removed from the PEM equation as described earlier, and the modified PEM calcu-

lation is performed. The first step is to identify the diffuse states having the same

symmetry as true SOMO at a higher nuclear charge value, and the second step is

to remove the interaction of these states with true SOMO in Eq. 1.26. The second

step is done manually at higher Z where anion is bound, and then the PEM calcu-

lation is performed till the value of additional Z reaches 0. Now, the SCF solution

is not breaking due to the exchange of behavior as the exchange of behavior is not

taking place, and the meaningful SCF solution at z = 0 is achieved with the extra

electron being present in the localized state rather than in the diffuse state. The

corresponding charge stabilization plot for cc-pVDZ-0p to cc-pVDZ+10p basis sets

are shown in Figure 3.6.

-0.6

-0.4

-0.2

	0

	0.2

	0.4

	0.6

	0.8

	1

	1.2

	1.4

	1.6

	0 	0.1 	0.2 	0.3 	0.4 	0.5 	0.6

Or
bi
ta
l	E

ne
rg
ie
s

Additional	Z

SOMO

(a
.u

.)

(a) cc-pVDZ

-0.6

-0.4

-0.2

	0

	0.2

	0.4

	0.6

	0.8

	1

	1.2

	0 	0.1 	0.2 	0.3 	0.4 	0.5 	0.6

Or
bi
ta
l	E

ne
rg
ie
s

Additional	Z

SOMO

(a
.u

.)

(b) cc-pVDZ+1p

 TH-3899_206122103



Chapter 3. Self-Consistent-Field Solution for
Metastable Anions using Bound-State Method 78

-0.6

-0.4

-0.2

	0

	0.2

	0.4

	0.6

	0.8

	0 	0.1 	0.2 	0.3 	0.4 	0.5 	0.6

Or
bi
ta
l	E

ne
rg
ie
s

Additional	Z

SOMO
(a

.u
.)

(c) cc-pVDZ+2p

-0.6

-0.4

-0.2

	0

	0.2

	0.4

	0.6

	0 	0.1 	0.2 	0.3 	0.4 	0.5 	0.6

Or
bi
ta
l	E

ne
rg
ie
s

Additional	Z

SOMO

(a
.u

.)

(d) cc-pVDZ+3p

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

	0

	0.1

	0.2

	0.3

	0.4

	0 	0.1 	0.2 	0.3 	0.4 	0.5 	0.6

Or
bi
ta
l	E

ne
rg
ie
s

Additional	Z

SOMO

(a
.u

.)

(e) cc-pVDZ+4p

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

	0

	0.1

	0.2

	0.3

	0 	0.1 	0.2 	0.3 	0.4 	0.5 	0.6

Or
bi
ta
l	E

ne
rg
ie
s

Additional	Z

SOMO

(a
.u

.)

(f) cc-pVDZ+5p

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

	0

	0.1

	0.2

	0.3

	0 	0.1 	0.2 	0.3 	0.4 	0.5 	0.6

Or
bi
ta
l	E

ne
rg
ie
s

Additional	Z

SOMO

(a
.u

.)

(g) cc-pVDZ+6p

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

	0

	0.1

	0.2

	0 	0.1 	0.2 	0.3 	0.4 	0.5 	0.6

Or
bi
ta
l	E

ne
rg
ie
s

Additional	Z

SOMO

(a
.u

.)

(h) cc-pVDZ+7p

 TH-3899_206122103



Chapter 3. Self-Consistent-Field Solution for
Metastable Anions using Bound-State Method 79

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

	0

	0.1

	0.2

	0 	0.1 	0.2 	0.3 	0.4 	0.5 	0.6

Or
bi
ta
l	E

ne
rg
ie
s

Additional	Z

SOMO
(a

.u
.)

(i) cc-pVDZ+8p

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

	0

	0.1

	0 	0.1 	0.2 	0.3 	0.4 	0.5 	0.6

Or
bi
ta
l	E

ne
rg
ie
s

Additional	Z

SOMO

(a
.u

.)

(j) cc-pVDZ+9p

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

	0

	0.1

	0 	0.1 	0.2 	0.3 	0.4 	0.5 	0.6

Or
bi
ta
l	E

ne
rg
ie
s

Additional	Z

SOMO

(a
.u

.)

(k) cc-pVDZ+10p

Figure 3.6: Plot of the orbital energies in Hartree (on the y-axis) as function of
additional nuclear charge (on the x-axis) of C2H

−
4 using cc-pVDZ+np basis set.

These charge stabilization plots are obtained by applying modified PEM.

To validate the accuracy of the solution obtained from the modified PEM calculation,

the Fock matrix is constructed using C ′ obtained from the PEM and the ϵ matrix

is calculated as

ϵ = (C ′)TF ′C ′. (3.2)

The obtained ϵ matrix is “nearly” diagonal, and on diagonal elements, it contains

the orbital energies the same as obtained by the PEM calculation, hence confirming

the self-consistent-field solution at each value of the additional nuclear charge. In

Figure 3.7(a)-3.7(d), orbital energies obtained using PEM and the corresponding

diagonal value of ϵ matrix are plotted and found to be indistinguishable. The off

diagonal terms of ϵ-matrix are in order of 10−4. The value of off diagonal elements
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can be interpreted as the error in the PEM calculations for obtaining SCF results. In

all cases, orbital corresponds to SOMO is found to have π⋆ character, which is well

localized near the nucleus and can also be confirmed by orbital probability density

(i.e. shown in Figure 3.8).
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Figure 3.7: Plot of the orbital energies in Hartree (on the y-axis) as function of
additional nuclear charge (on the x-axis) of C2H

−
4 using cc-pVDZ+4p/5p/6p/7p

basis sets. These charge stabilization plots are obtained by applying modified
PEM. Figures a-d shows that results obtained from modified PEM and from the

ϵ-matrix (i.e. from equation 3.2) are indistinguishable
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Figure 3.8: Plot of Orbital probability density (on the y-axis) vs r in angstrom
(on the the x-axis) for SOMO of C2H

−
4 using cc-pVDZ+np basis set. These plots

are obtained after applying the modified PEM. In all cases electron density is
much localized near to the nucleus.

Once the meaningful SCF solution for metastable anion is obtained, to incorporate

the electron correlation, MP2 calculations are performed and the results are included

in Table 3.2. Their vertical electron affinity is calculated and is also included in Table

3.2. It is found that the results are getting converged with increase in the number

of diffuse functions (i.e., p-type functions).

Table 3.2: HF and MP2 energies for neutral and anionic C2H4 using cc-
pVDZ+np sets. Vertical electron affinities at HF and MP2 level are represented

as ∆HF and ∆MP2 respectively in eV.

Basis Set HF-Anion(a.u.) HF-neutral(a.u.) MP2-Anion(a.u.) MP2-Neutral(a.u.) ∆HF (eV) ∆MP2(eV)
cc-pVDZ -77.9076 -78.0398 -78.2015 -78.3260 -3.59 -3.38
cc-pVDZ+1p -77.9317 -78.0413 -78.2341 -78.329 -2.98 -2.58
cc-pVDZ+2p -77.9315 -78.0418 -78.2337 -78.3306 -3.00 -2.63
cc-pVDZ+3p -77.9394 -78.0419 -78.2450 -78.3310 -2.78 -2.34
cc-pVDZ+4p -77.9371 -78.0419 -78.2424 -78.3313 -2.85 -2.42
cc-pVDZ+5p -77.9363 -78.0419 -78.2415 -78.3313 -2.87 -2.44
cc-pVDZ+6p -77.9360 -78.0419 -78.2411 -78.3314 -2.88 -2.45
cc-pVDZ+7p -77.9359 -78.0419 -78.2409 -78.3314 -2.88 -2.46
cc-pVDZ+8p -77.9358 -78.0419 -78.2408 -78.3314 -2.88 -2.46
cc-pVDZ+9p -77.9358 -78.0419 -78.2408 -78.3314 -2.88 -2.46
cc-pVDZ+10p -77.9358 -78.0419 -78.2408 -78.3314 -2.88 -2.46

As mentioned earlier in the discussion that, SOMO corresponding to aug-ccpVDZ,

aug-cc-pVTZ, aug-cc-pVQZ, and higher basis sets calculation have mixed characters,

and a major peak is located far from the nucleus in their orbital probability density

plot. So, the modified PEM calculations are performed by ignoring the interaction

between avoided crossing states to get a meaningful SCF solution corresponding to

these basis sets. The orbital probability densities for their corresponding SOMOs
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that they are now well localized near the nucleus, as evident from their orbital

probability plot shown in Figure 3.9 and corresponding SOMOs shown in Figure

3.10. Their total HF and MP2 energies are recorded, and the vertical electron

affinity is calculated and tabulated in Table 3.3.
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Figure 3.9: Plot of Orbital probability density (on the y-axis) vs r in angstrom
(on the the x-axis) for SOMO of C2H

−
4 using different basis sets. These plots are

obtained after applying the modified PEM.

(a) aug-cc-pVDZ (b) aug-cc-pVTZ

(c) aug-cc-pVQZ

Figure 3.10: SOMO’s orbital picture for different basis sets (i.e. aug-cc-pVDZ,
aug-cc-pVTZ and aug-cc-pVQZ) for C2H

−
4 . These orbital pictures corresponds to

SCF solution obtained by applying the modified PEM.
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Table 3.3: HF and MP2 energies of neutral and anionic C2H4 using aug-cc-
pVDZ, aug-cc-pVTZ, and aug-cc-pVQZ basis sets. Vertical electron affinities at
HF and MP2 level are represented as ∆HF and ∆MP2 respectively in eV. The

results correspond to the SCF solution after applying modified PEM.

Basis Set HF-Anion(a.u.) HF-neutral(a.u.) MP2-Anion(a.u.) MP2-Neutral(a.u.) ∆HF (eV) ∆MP2(eV)
aug-cc-pVDZ -77.9331 -78.0434 -78.2518 -78.3438 -3.00 -2.50
aug-cc-pVTZ -77.9567 -78.0644 -78.3731 -78.4537 -2.93 -2.29
aug-cc-pVQZ -77.9629 -78.0690 -78.4247 -78.5060 -2.88 -2.21

Now that a meaningful SCF solution for metastable anions has been achieved, several

additional calculations were performed using different basis sets with extra augmen-

tation to obtain a meaningful SCF solution by applying the modified PEM and the

vertical electron affinities are calculated. The MP2 (post-SCF) calculations are per-

formed to incorporate the electron correlation effect. The value of S2 was found to

be in the range of 0.76-0.77 in all cases, which is close to the expected value of 0.75

for one unpaired electron. The results obtained from different basis sets are reported

in Table 3.4 and are found to be in agreement with experimental result.

Table 3.4: HF and MP2 energies of neutral and anionic C2H4 for different basis
sets. Experimental result is included for comparison of calculated vertical electron

affinities.

Basis Set HF-Anion(a.u.) HF-neutral(a.u.) MP2-Anion(a.u.) MP2-Neutral(a.u.) ∆HF (eV) ∆MP2(eV)
cc-pVDZ+8p -77.9358 -78.0419 -78.2408 -78.3314 -2.88 -2.46
aug-cc-pVDZ+5p -77.9371 -78.0434 -78.2599 -78.3445 -2.88 -2.30
aug-cc-pVDZ+7p 77.9378 -78.0434 -78.2598 -78.3445 -2.87 -2.30
aug-cc-pVDZ+5s5p -77.9376 -78.0435 -78.2602 -78.3448 -2.88 -2.30
aug-cc-pVTZ+5p -77.9610 -78.0645 -78.3794 -78.4576 -2.81 -2.13
aug-cc-pVQZ+5p -77.9670 -78.0689 -78.4247 -78.5005 -2.77 -2.06
aug-cc-pV5Z+4p -77.9692 -78.0681 -78.4467 -78.5190 -2.69 -1.97
Experimental Result[154] -1.80 eV
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3.1.3 Acetylene anion (C2H
−
2 ), Dinitrogen anion (N−

2 ) and

Formaldehyde anion (HCHO−)

Similar methodology is also employed to study N−
2 , C2H

−
2 and HCHO− anionic

species. For these species, three basis sets (aug-cc-pVDZ+5p, aug-cc-pVTZ+5p, and

aug-cc-pVQZ+5p) are employed, and the modified PEM calculation, in conjunction

with nuclear charge, is performed in each case. The value of S2, is found to be

in the range of 0.76-0.78 in all cases, which is close to 0.75 corresponding to one

unpaired electron. MP2 calculations are performed in each case to incorporate

electron correlation. The corresponding vertical electron affinities are calculated

and are tabulated in Table 3.5. The results obtained are in good agreement with

the experimental results.

Table 3.5: HF and MP2 energies of neutral and anionic C2H2, N2, and HCHO for
different basis sets. Experimental results are included for comparison of calculated

vertical electron affinities.

Basis Set HF-Anion(a.u.) HF-neutral(a.u.) MP2-Anion(a.u.) MP2-Neutral(a.u.) ∆HF (eV) ∆MP2(eV)

C2H
−
2

aug-cc-pVDZ+5p -76.7023 -76.8299 -76.9962 -77.1077 -3.44 -3.03
aug-cc-pVTZ+5p -76.7287 -76.8508 -77.1149 -77.2181 -3.32 -2.80
aug-cc-pVQZ+5p -76.7381 -76.8547 -77.1658 -77.2647 -3.17 -2.69

Experimental Result
Experiment vib. excit.[155] -2.6 eV
Experiment vib. excit.[156] -2.5 eV
Experiment transmission[157] -2.6 eV
Experiment DEA[158] -2.95 eV

N−
2

aug-cc-pVDZ+5p -108.8537 -108.9620 -109.1879 -109.2936 -2.95 -2.87
aug-cc-pVTZ+5p -108.8804 -108.9870 -109.3127 -109.4089 -2.90 -2.62
aug-cc-pVQZ+5p -108.8889 -108.9932 -109.3844 -109.4740 -2.84 -2.44
Experimental Result[159] -2.32 eV

HCHO−

aug-cc-pVDZ+5p -113.8230 -113.8856 -114.1888 -114.2365 -1.70 -1.29
aug-cc-pVTZ+5p -113.8536 -113.9142 -114.3236 -114.3659 -1.65 -1.15
aug-cc-pVQZ+5p -113.8621 -113.9212 -114.3898 -114.4296 -1.61 -1.08

Experimental Result
Electron transmission[160, 161] -1.0/-0.86
Vibrational excitation[162] -0.87

3.2 Concluding Remarks

This chapter focuses on providing a reliable SCF solution for temporary or metastable

anions. As it is observed that in most SCF calculations for anionic molecules, SCF
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often leads to a minimum energy solution where the additional electron is typically

present in the most diffuse state. When using a highly diffuse basis set, the SCF cal-

culation will collapse into a neutral molecule and a free electron, making these SCF

solutions unsuitable for further post-SCF calculations. Earlier, the charge stabiliza-

tion method used extrapolation techniques to determine the energy, but this process

resulted in the loss of information about the orbital wave function. In this chapter

the modified PEM in conjunction with nuclear charge stabilization is implemented

to obtain meaningful SCF solutions for metastable anions. These solutions can then

be used for post-SCF calculations to include electron correlation. At higher nuclear

charge values, the metastable anion becomes a bound anion, making the SCF solu-

tion more reliable. The basic idea is to utilize the solution at higher nuclear charges,

where the electron occupies the correct orbital, and to obtain the SCF solution

in the unbound region by reducing the additional nuclear charge to zero via PEM

approach. A crucial aspect of obtaining meaningful SCF solutions for metastable

anions is the fixed occupation number corresponding to the SOMO throughout the

PEM calculation. The modified PEM method in conjunction with the nuclear charge

stabilization method successfully provides SCF solutions for metastable anions. The

solution obtained using the modified PEM is checked for being self-consistent-field

solution, confirming the accuracy of the method. Notably, with this innovative ap-

proach, a meaningful SCF solution for metastable anions has been achieved using

Hermitian quantum mechanics. Various anionic species (i.e., C2H
−
4 , C2H

−
2 , N

−
2 , and

HCHO−) have been studied using this method, and their vertical electron affinities

have been found to be in good agreement with experimental results.
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Chapter 4

Application of Parametric

Equations of Motion in

non-Hermitian Domain using

Complex Absorbing Potential

4.1 Introduction

This chapter explores the application of PEM in the non-Hermitian domain, with a

special focus on studying resonances in the uracil molecule. In recent years, one of

the primary focuses of studies on electron-molecule collisions has been the interaction

with nucleobases. These nucleobases have the ability to accept an electron in their

empty orbitals, resulting in the formation of anions. These anions are metastable

states with a finite lifetime and are often referred to as temporary anions. The

temporary anion may decay by either losing an electron or through a process known

as DEA [148, 163, 164, 165, 7, 166, 167]. These anions are of significant interest due

to their role in biological radiation damage. Experimental evidence shows that single

and double DNA strand breaks can occur as a result of DEA [5, 168, 169, 170, 171].

The results of a DEA process are influenced by the energy and lifetime of the at-

tached electron, determining whether fragmentation or non-dissociative relaxation

86
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occurs [172, 173, 174]. An ab initio approach is essential to understand how low-

energy electrons (LEE) cause DNA damage through DEA and to explore their in-

teractions with nucleobases. The initial step in understanding the DEA process

involves identifying and characterizing the resonances that arise during the scatter-

ing process. These anionic resonance states of nucleobases are formed by attaching

an electron into one of the unoccupied virtual orbitals (specifically, the π⋆ and σ⋆ or-

bitals) of the neutral ground state. While π⋆ shape-type resonances have been both

observed experimentally and calculated theoretically, σ⋆ shape resonances may also

exist if an electron is added to a σ⋆ orbital. While σ⋆ shape resonances have not yet

been observed experimentally, they have been theoretically calculated[175, 176, 177].

This chapter mainly focuses on the shape resonance in uracil and providing an al-

ternate approach to implement CAP at the SCF level using PEM (i.e., PEM-CAP

approach). As the smallest nucleobase, uracil has received considerable attention

in theoretical research. The attachment energies of electrons to nucleobases in the

gas phase were first measured in 1998 by Aflatooni et al. using electron transmis-

sion spectroscopy (ETS) [178], and later extended for halouracils [179]. Numerous

theoretical studies on uracil are available in the literature. For scattering calcula-

tions, Gianturco and Lucchese identified three low-energy π⋆ resonances and two σ⋆

resonances associated with uracil [180]. Additionally, Tonzani and Greene reported

low-energy elastic electron scattering cross sections, which included the energies and

widths of the π⋆ resonances for uracil as well as four other DNA nucleobases [181].

Previous studies on the uracil anion have produced a wide range of results. These

include the stabilized Koopmans’ theorem (S-KT) [176], the R-matrix approach

[182, 180], and the Schwinger multi-channel method with pseudopotential (SMCPP)

[183]. More recent research has utilized the Generalized Padé Approximation (GPA)

along with stabilization graphs [167, 184], as well as the CAP combined with the

symmetry-adapted cluster-configuration interaction (SAC-CI) method [185]. For all

these methods, it is crucial to identify the desirable molecular orbital (MO) that can

be filled by an extra electron, as LUMO depends heavily on the basis sets used in

self-consistent field (SCF) calculations. Recently, in our group, the nuclear charge

stabilization method has been implemented in conjunction with PEM[152, 153] to

accurately identify the desired MO for the extra electron. Previously, this methodol-

ogy was only applied within the framework of Hermitian quantum mechanics. Here,

as CAP is incorporated at the HF level, it will no longer remain in the Hermitian
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domain. Therefore, the nuclear charge stabilization method has been implemented

alongside PEM in the non-Hermitian domain to accurately identify the states filled

by the extra electron. The advantage of using this method is that it allows access to

multiple resonances in single-shot calculation. The identified states can be used for

post-Hartree-Fock calculations, and here, the second-order dilated electron propa-

gator method is applied to account for relaxation and correlation effects. In 1980,

Donelly and Simons, applied a second-order electron propagator approach to study a

metastable anion[186]. They demonstrated that the Aguilar-Balslev-Combes-Simon

coordinate transformation, r-r exp(iθ), to G(E) yield an analytically continued com-

plex propagator G(Z, θ) with complex poles corresponding to the complex electron

affinities of atomic or molecular anions. They also presented the equations for the

coordinate-rotated propagator, accurate to second order in electron-electron inter-

action.

4.2 Results and Discussion

This chapter presents an alternative approach to implementing the CAP at the HF

level using the PEM method. Initially, the method is applied to the neutral C2H4

molecule for test calculations, and subsequently, it is used for uracil. All quantum

chemistry calculations are executed using the Molgw package[143] in non-Hermitian

domain by modifying the program significantly. The cube files generated fromMolgw

are used to plot the orbitals using the Gaussian16 package[187].

4.2.1 Ethylene (C2H4)

The calculations for C2H4 are performed using the cc-pVDZ basis set, with addi-

tional p-type function augmentations. These augmentations are done by multiplying

the smallest exponent of the previous basis set by 1/2n, where n is a positive integer,

to achieve n-p augmentations. The resonance energy obtained at HF level via Koop-

mans’ theorem are referred as CAP/KT results and at SoDEP level are referred as

CAP/SoDEP results.
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The box size for C2H4 used in the CAP calculation has been selected based on

its prior application in a referenced article[188]. With this optimized box size, the

parameter η is varied through PEM, resulting in the corresponding η trajectory.

To verify the results and confirm the accuracy of the outcomes from PEM-CAP,

separate diagonalization calculations are conducted for different values of η. Both

results are plotted, as illustrated in the Figure 4.1, and found to be indistinguishable,

matching each other with an accuracy up to the fifth decimal place.
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Figure 4.1: η−trajectories for C2H4 using cc-pVDZ+5p and cc-pVDZ+8p basis
sets respectively. Dot represents the results from Diagonalization approach while

line plot is obtained via PEM approach.

The line plot is only feasible in the PEM approach, as it keeps track of every state

with variations in the η parameter. In contrast, obtaining a line plot is impossible

with diagonalization, since states are rearranged and cross each other when the

η value changes. When comparing the time taken by the two approaches with

the same number of η points, PEM is many order magnitude faster in case of cc-

pVDZ+5p basis set. For a larger basis set, PEM calculation basis becomes much

faster[152, 153]. The PEM-CAP approach offers the advantage of early convergence,

while the diagonalization method converges more slowly as diagonalization results

are independent of previous η values, whereas PEM results relies on the solution

obtained for previous η value.

Resonance energy is determined from the stationary point or cusp in the η-trajectory.

However, based on the η-trajectory depicted in the Figure 4.1, it is challenging to

 TH-3899_206122103



Chapter 4. Application of Parametric Equations of Motion in non-Hermitian
Domain using Complex Absorbing Potential 90

identify which trajectory corresponds to the resonance state. Therefore, an effective

approach is needed to facilitate the identification of resonance state among the con-

tinuum state cusps. In our previous work, the nuclear charge stabilization method,

in conjunction with the PEM, was implemented in our group to identify localized

states or true LUMOs embedded within the continuum states. The method is ap-

plied here to identify the resonance state accurately. The procedure which is followed

is outlined below:

a) Choose an η value by examining the η-trajectory near one of the cusps.

b) Perform calculations for nuclear charge stabilization using PEM at the chosen

η. Identify the true LUMO or resonance state from the resulting plot. The most

stabilized state at a higher nuclear charge will be considered the true LUMO or

resonance state.

c) Plot the identified resonance state energy against the η-trajectory. Follow the

curve corresponding to the true LUMO and cusp along that curve will represent the

resonance energy.

For both the basis sets, the charge stabilization method calculations are carried out

with the PEM approach, and only the real part of the orbital energies is plotted in

the charge stabilization plot shown in Figure 4.2, the resonance state is identified as

the stabilized state at a higher nuclear charge.
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Figure 4.2: Charge stabilization plot for C2H4 at ηopt using cc-pVDZ+5p and
cc-pVDZ+8p basis sets respectively at CAP/KT level. The red line represents

the true resonance state.
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Here, the nuclear charge stabilization method, in conjunction with PEM, is im-

plemented in the non-Hermitian Domain. It was observed that in the Hermitian

domain, in the nuclear charge stabilization plot, there were avoided crossings be-

tween the true LUMO and the same symmetry diffuse states, which made identifying

LUMO a little complicated[153]. So, the modified PEM was the solution to avoid

such complications. However, in the non-Hermitian domain, there are no avoided

crossings observed.

Second-order dilated electron-propagator (SoDEP) calculations are carried out to ac-

count for correlation and relaxation effects. The obtained η trajectories for SoDEP

indicate that the position of the cusp or stationary point corresponding to the reso-

nance state remains relatively unchanged with respect to ηopt from HF. Additionally,

the resonance energy exhibits minimal variation for several η values near the cusp.

Therefore, to obtain the resonance energies, one can perform calculations using the

same ηopt values derived from CAP/KT calculations for each basis set, as the po-

sitions of the cusp do not differ significantly in SoDEP. The η trajectory plots for

CAP/KT and CAP/SoDEP calculations using cc-pVDZ+5p and aug-cc-pVDZ+5p

basis sets are shown in Fig 4.3. The resulting resonance energies, reported in Table

4.1, are in good agreement with experimental result.
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Figure 4.3: η−trajectories for C2H4 using cc-pVDZ+5p and aug-cc-pVDZ+5p
basis sets at CAP/KT and CAP/SoDEP level. ⋆ represent the resonance energy

at ηopt value.

4.2.2 Uracil

The accurate identification of true resonance or a state filled by an extra electron

is achieved in the context of the non-Hermitian domain. For C2H4, the resonance
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Table 4.1: Resonance Energies and widths (in parenthesis) of C2H4 obtained
in this work at CAP/KT and CAP/SoDEP level using different basis set, and

comparisons with experimental result.

Basis set CAP/KT-results CAP/SoDEP-results
Energy(eV) Width(eV) ηopt value Energy(eV) Width(eV) ηopt value

cc-pVDZ+5p 3.28 1.30 0.0023 2.53 0.52 0.0022
cc-pVDZ+8p 3.30 1.31 0.0023 2.53 0.52 0.0022
aug-cc-pVDZ+5p 3.38 1.16 0.0031 2.31 0.54 0.0030
Experimental Result[189] 1.78 eV ( 0.7 eV)

energy corresponding to that identified state is obtained at the HF and SoDEP

level. The above-discussed method is now implemented in biological molecules, i.e.,

uracil. The optimized geometry structure of the neutral uracil molecule is obtained

by optimization in Gaussian[187] at the MP2 level using a 6-311G basis set.

Uracil is a polar molecule that exhibits a dipole-bound state. To investigate this

dipole-bound state, heavily diffuse functions are required. For the calculations, the

cc-pVDZ+nsmplp basis set is employed, which includes augmentations of s-type, p-

type, and d-type functions with factors of 1/3(n/m/l) instead the factor of 1/2(n/m/l)

as the calculation will be highly costly with the factor of 1/2(n/m/l); where n, m, and

l are positive integers. The energy of the associated with the dipole-bound state

converges as s-type, p-type, and d-type functions are added. The energy for this

dipole-bound state is presented in Table 4.2.

Table 4.2: Energy corresponding to the dipole-bound state of uracil using dif-
ferent basis sets at HF level.

Basis set Energy (eV)
cc-pVDZ+3p 0.1470
cc-pVDZ+4p 0.0261
cc-pVDZ+5p -0.0078
cc-pVDZ+6p -0.0149
cc-pVDZ+7p -0.0163
cc-pVDZ+3s6p -0.0249
cc-pVDZ+4s6p -0.0272
cc-pVDZ+5s6p -0.0278
cc-pVDZ+6s6p -0.0278
cc-pVDZ+5s6p3d -0.0250
cc-pVDZ+5s6p4d -0.0250

In the gaseous phase, uracil exhibits a metastable state characterized by positive or-

bital energies associated with its π
⋆
and σ⋆ states. Previous studies have identified
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three π
⋆
resonances and one σ⋆ resonance. The CAP method is employed at the

Hartree-Fock level. The obtained solution is then used to perform calculations at

SoDEP level which accounts for correlation and relaxation effects. The box size for

the CAP calculations is selected based on its application in a referenced article[188].

For the CAP calculations, the additional augmentation is done with with factors of

1/2n; where n is a positive integer. CAP calculations are performed in conjunction

with PEM by implementing it into the Fock matrix. Diagonalization results are

obtained for comparison and are found to indistinguishable when plotted. However,

analyzing the η trajectory plot, as shown in Figure 4.4(a), complicates the assign-

ment of the specific resonances for 1π
⋆
, 2π

⋆
, and 3π

⋆
. This complexity arises due to

the presence of multiple cusps or kinks that correspond to various continuum states.

So, the nuclear charge stabilization method in conjunction with PEM is performed

at the chosen η in similar procedure followed for C2H4. From the stabilization plot,

multiple resonances are identified in a single calculation, as these three states repre-

sent the most stabilized state at higher nuclear charges. When plotting the tracked

orbital from the PEM calculations, it is observed that they exhibit π
⋆
antibonding

character. It is not necessary to perform the charge stabilization plot for extremely

high nuclear charges; instead, one can conduct the calculations at a more reasonable

value and then compare the slopes. Afterward, plot the corresponding orbital that

has a steeper slope for confirmation to save computational time. The charge stabi-

lization plot with real part of the orbital energies at a function of additional nuclear

charge is shown in Figure 4.4(b).
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Figure 4.4: (a) η−trajectories for uracil using cc-pVDZ+4p basis set. Dot
represents the results from Diagonalization approach while line plot is obtained
via PEM approach. (b) Charge stabilization plot for uracil at ηopt using cc-

pVDZ+4p basis set at CAP/KT level.

Several calculations are performed with different type of augmentations. It is ob-

served that the inclusion of s-type functions has a little to no impact on the res-

onance energy, and similarly, the d-type augmentations exhibit negligible effects.

In contrast, p-type augmentations have a significant influence, and the calculations

are continued until converged values are achieved. Orbital plots for 1π
⋆
, 2π

⋆
, and

3π
⋆
are provided in Fig 4.5. The corresponding η-trajectory for particular resonance

state using different basis sets are shown in Figures 4.6-4.10. The resonance energies

corresponding to the identified states are provided in Table 4.3.

(a) 1π⋆ (b) 2π⋆ (c) 3π⋆

Figure 4.5: Identified LUMO’s orbital picture for uracil at ηopt value using cc-
pVDZ+4p basis set at CAP/KT level. Isovalue is chosen as 0.02.
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Figure 4.6: η−trajectories for different states of uracil using cc-pVDZ+4p basis
set at CAP/KT level. ⋆ represent the resonance energy at ηopt value.
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Figure 4.7: η−trajectories for different states of uracil using cc-pVDZ+5p basis
set at HF level. ⋆ represent the resonance energy at ηopt value.
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Figure 4.8: η−trajectories for different states of uracil using cc-pVDZ+5s5p
basis set at CAP/KT level. ⋆ represent the resonance energy at ηopt value.
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Figure 4.9: η−trajectories for different states of uracil using cc-pVDZ+5p1d
basis set at CAP/KT level. ⋆ represent the resonance energy at ηopt value.
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Figure 4.10: η−trajectories for different states of uracil using cc-pVDZ+5p2d
basis set at CAP/KT level. ⋆ represent the resonance energy at ηopt value.

Table 4.3: Resonance Energies and widths (in parenthesis) of uracil obtained in
this work at the CAP/KT-level using different basis sets

Basis set CAP/KT result (in eV)
1π⋆ 2π⋆ 3π⋆

cc-pVDZ+4p 2.14 (0.25) 4.26 (0.49) 7.81 (1.10)
cc-pVDZ+5p 2.14 (0.22) 4.26 (0.52) 8.09 (0.96)
cc-pVDZ+5s5p 2.15 (0.22) 4.26 (0.52) 8.10 (0.96)
cc-pVDZ+5p1d 2.15 (0.22) 4.27 (0.52) 8.05 (1.02)
cc-pVDZ+5p2d 2.16 (0.22) 4.27 (0.53) 7.92 (1.13)

Second-order dilated electron-propagator calculations are conducted to account for

electron correlation and the effects of relaxation. In the η trajectories, the value of

ηopt, obtained from the HF calculation, does not change significantly from the ηopt

in the SoDEP calculations. Therefore, the same ηopt can be used to determine the

resonance energies. The η trajectory plot for CAP/SoDEP calculation is shown in
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Fig 4.11. The resonance energies corresponding to three resonances are obtained

and compared with other theoretical and available experimental results. It is found

that the obtained results agree well with other theoretical findings and available

experimental data. The results are presented in Table 4.4.
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Figure 4.11: η−trajectories for different states of uracil using cc-pVDZ+4p basis
set at CAP/SoDEP level. ⋆ represent the resonance energy at ηopt value.

Table 4.4: Tabular Data for resonance Energies and widths (in parenthesis) of
uracil obtained in this work at the CAP/SoDEP level using cc-pVDZ+4p basis
set, along with comparisons to previous theoretical and experimental results.

1π⋆ 2π⋆ 3π⋆

Exp.[178] 0.22 1.58 3.83
CAP/SAC–CI[185] 0.57 (0.05) 2.21 (0.10) 4.82 (0.58)
Stab-DFT[176] 0.36 (0.05) 1.75 (0.10) 4.52 (0.23)
SMCPP[183] 0.14 (0.005) 1.76 (0.15) 4.83 (0.78)
R matrix (2004)[180] 2.27 (0.21) 3.51 (0.38) 6.50 (1.03)
R matrix (2009)[182] 0.13 (0.003) 1.94 (0.17) 4.95 (0.38)
Winstead and McKoy[190] 0.32(0.018) 1.91(0.168) 4.95(0.38)
Tonzani and Greene[181] 2.16(0.2) 5.16(0.6) 7.8(0.9)
RVP[191] 0.597 (0.014) 2.183 (0.140) 4.858 (0.657)
This work(SoDEP/cc-pVDZ+4p) 0.48 (0.02) 2.19 (0.44) 4.92 (0.82)
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4.3 Concluding Remarks

This chapter focuses on two important aspects. Firstly, it provides an alternative

approach to implementing the CAP at the HF level. Secondly, it aims to identify the

true resonance state that could be occupied by an extra electron. The first aspect

is successfully achieved by implementing CAP in conjunction with the PEM, which

offers the advantage of tracking every state as the CAP strength parameter varies,

which was not possible with previous diagonalization methods. Additionally, using

CAP with PEM is faster than diagonalization, and the benefits are particularly

significant with larger basis sets. For example, with aug-cc-pVTZ+5p basis set for

C2H4, PEM calculation is atleast ten times faster than the diagonalization approach.

The second goal is particularly important, as identifying the true resonance state can

be challenging through traditional methods such as examining the η trajectory or

plotting the orbital picture. This challenge was successfully addressed by applying a

nuclear charge stabilization technique alongside PEM in the non-Hermitian domain.

This method enables us to identify one or multiple resonance states in a single

calculation. Both approaches have been successfully applied to C2H4 and the uracil

molecule, where successful identification of π⋆ antibonding of ethylene and 1π⋆, 2π⋆ &

3π⋆ resonance states of uracil is achieved. Second-order dilated electron propagator

is also applied to include electron correlation and relaxation effects. The results

obtained from the second-order dilated electron propagator are in good agreement

with previous theoretical and available experimental results.
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Chapter 5

Self-Consistent-Field Solution for

Metastable Anions after the

Removal of Pseudo-Continuum

States

5.1 Introduction

During SCF calculations with a heavily diffused basis set, we encounter a sea of

pseudo-continuum states alongside the important localised states. These pseudo-

continuum states are responsible for the variational collapse happening in the study

of metastable anions. This phenomenon has been thoroughly discussed in various

studies. For instance, variational collapse occurs in the case of SO2−
4 , where the SCF

method generates the lowest-energy wave function for the SO−
4 + e− system instead

of the wave function for the metastable SO2−
4 [97]. Similar instances of variational

collapse have also been noted in the temporary anionic states of N2, CO[192, 193,

42], CH3CN, CH3NC[194, 195], CH3SCN, CH3NCS[195], chloromethanes[196], poly-

atomic hydrocarbons[189, 197], silane & linear silanes[198, 199], biological anions

that may lead to DEA such as uracil[176, 167, 191], and various other metastable an-

ions. In chapter 3, an effort has been made to provide a SCF solution for metastable

anions while avoiding the variational collapse, and the obtained solution can then be

99
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used for post-SCF calculations[200]. However, chapter 3 was limited to a Hermitian

framework, which did not provide information about the lifetime of the electron at-

tached states. If these pseudo-continuum states are indeed responsible for variational

collapse, and if they can somehow be eliminated from our solution, then variational

collapse would not occur in any scenarios, including at the post-SCF level. Elimi-

nating them will not only address the issue of variational collapse in the study of

metastable anions but will also save computational time. An important task to con-

sider is how many states are being removed and the criteria for this decision. All

the states that exist between the HOMO and the true LUMO are pseudo-continuum

states and are responsible for variational collapse. Therefore, these states can be

removed from the calculations. The true LUMO represents the actual state that an

additional electron will occupy, characterized by a well-defined and localized shape

(for example, the π⋆ antibonding character in the case of C2H4). Identifying the true

LUMO is a crucial step in this methodology; if the incorrect true LUMO is selected,

it can lead to significant inaccuracies in the results. The precise identification the

true LUMO even when using heavily diffuse basis sets is successfully achieved using

nuclear charge stabilization method in conjunction with PEM[152, 153].

This chapter aims to address variational collapse solutions by removing the pseudo

continuum states and implement it in a non-Hermitian domain, where the lifetime of

electron attached state can be accessed. Here, CAP is implemented at Hartree-Fock

level and the solution obtained at the HF-level is then used to perform the post-

SCF calculation. The obtained non-Hermitian SCF solution is used for post-SCF

calculation (i.e. MP2) to improve the accuracy of the results obtained from Hartree-

Fock method. This chapter also examines how much the continuum states (i.e., those

between HOMO and the true LUMO) contribute to the correlation energy for neutral

molecules. The correlation energy is calculated at MP2 level of theory and observed

that the impact of removal of these pseudo-continuum states on the correlation

energy is insignificant. Furthermore, this method should be applicable to excited

state calculations and core-excited shape or Feshbach resonances. An electron can

attach to an existing excited state configuration, resulting in core-excited shape or

Feshbach resonances. In these resonances, the configuration includes a vacancy in an

inner filled orbital and two electrons in a virtual orbital[182, 167, 201, 80]. Utilizing

diffuse basis functions poses significant challenges, particularly due to the attached

electron in the most diffuse states and also the difficulty in generating core-excited
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states. However, if there are no pseudo-continuum states in the calculations, both

of these issues will be resolved easily.

In this Chapter, an effort is made to obtain the SCF solution for the C2H
−
4 and

HCHO− anionic species in non-Hermitian domain after removing the pseudo-continuum

states. Additionally, the effect on correlation energies is also observed after remov-

ing the pseudo-continuum states for both the species by performing calculations at

MP2 level.

5.2 Methodology

The method applied in this work is the modified version of SCF after removing the

states. Initially, usual SCF calculation is carried out for neutral species and then the

identification of the true LUMO state that is going to be filled by the extra electron.

The identification of true LUMO is achieved the nuclear charge stabilization method

in conjunction with PEM. All the notations are taken from Szabo[104] and carry

same meaning until mentioned explicitly. Following the conventional SCF, After

diagonalizing the F ′ , the orbital energies(ϵ) and C ′ is obtained,

F ′C ′ = C ′ϵ (5.1)

,

where F ′ is defined conventionally as

F ′ = XTFX (5.2)

and matrix elements corresponding to Fock-matrix are;

Fmn = Tmn + V nucleus
mn +

∑
λσ

Pλσ[(mn|σλ)−
1

2
(mλ|σn)] (5.3)

where

Pλσ =
occ∑
a

CλaC
⋆
σa, (5.4)
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and Tmn is the matrix elements of kinetic energy whereas V nucleus
mn is matrix elements

of the electron-nucleus attraction corresponds to all nuclei.

Second step involves reduction of states which are not important. First mark the

states between HOMO and true LUMO, and, then remove those many states from

C ′ matrix. The matrix obtained after the removal of states is now referred as C ′
red.

And from this C ′
red matrix , Cred-matrix is prepared as

Cred = XC ′
red (5.5)

Using Cred, the new Fock-matrix is evaluated for the desired system i.e., for anions

or excited states by modifying the occupation number;

And then F′
red matrix is generated as

F ′
red = XTFredX (5.6)

Performing unitary transformation on F′
red gives;

F
′′
= UTF ′

redU (5.7)

where U = C ′
red.

The obtained F
′′
is then solved for the following eigen-value problem

F
′′
C

′′
= C

′′
ϵ
′′

(5.8)

to obtained the orbital energies of the remained states and corresponding C
′′
. Now

the obtained C
′′
is used to make new C ′

red by

C ′
red = UC

′′
(5.9)

and C′
red is used to start the iteration by going back to equation 5.5. This process

is followed iteratively until the convergence is achieved.
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5.3 Results and Discussion

All quantum chemistry calculations are performed using the Molgw[143] package.

The package is modified for the non-Hermitian calculations and for the SCF approach

after removal of pseudo-continuum states. The cube files generated from Molgw are

used to plot the orbitals using the Gaussian16[144] package. All calculations are

performed using Cartesian Gaussian functions. A detailed discussion is provided

below on the effect of correlation energy after the removal of pseudo-continuum

states and to obtain the meaningful SCF solution for the C2H
−
4 anion and for HCHO−

anionic species.

5.3.1 Ethylene anion (C2H
−
4 )

It is important to note that when dealing with metastable anions, using diffuse basis

sets does not yield a reliable SCF solution; instead, the system tends to converge to

a neutral molecule and a free electron. This chapter presents an approach to obtain

the meaningful SCF solution for a metastable anion by performing the SCF calcu-

lation after removing pseudo-continuum states. Before proceeding, it is essential to

understand the significance of these removed pseudo-continuum states in relation

to correlation energy and their impact on it. To illustrate this, a MP2 calculation

is performed on a neutral molecule using various diffuse basis sets, including ad-

ditional augmentations for both scenarios: one where all states are included and

another where the pseudo-continuum states are removed. In case of second scenario,

identifying the true LUMO accurately before removing the pseudo-continuum states

is a crucial step. To achieve this, the nuclear charge stabilization calculations are

performed using PEM to accurately identify the true LUMO. All states between

HOMO and the true LUMO are excluded to perform modified SCF calculations,

as these states are pseudo-continuum. Basis sets are augmented with extra diffuse

basis functions so that the effect of adding s-type and p-type diffuse functions on

correlation energy is observed. These augmentations are done by multiplying the

smallest exponent of the previous basis set by 1/2n, where n is a positive inte-

ger. After performing MP2 calculations using the cc-pVTZ+nsmp basis sets, it was

found that these pseudo-continuum states contribute only 1% to 2.2% of the total
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correlation energy. The correlation energies for both cases were obtained, and the

differences using different basis sets are reported in Table 5.2. For instance, with

the cc-pVTZ+8p basis set, the change in correlation energy is approximately 2.2%,

with 36 states removed (excluding the true LUMO). However, when the true LUMO

is also included in the total number of removed states, the total change in correla-

tion energy is nearly 9%. This indicates that the localized state, or true LUMO,

significantly affects the correlation energy. The overall difference in correlation en-

ergy when 36 pseudo-continuum states are removed is significantly lower than the

contribution from the true LUMO alone in the correlation energy. Therefore, these

pseudo-continuum states do not significantly impact the correlation energy. It is also

important to note that the computational time remains nearly the same regardless

of how many diffuse functions are added compared to the basis set without these ad-

ditional functions. This is because all the diffuse states that lie between the HOMO

and the true LUMO are excluded from the calculations. For comparison,calculation

times for the neutral C2H4 molecule with all states included versus the times taken

after the removal of pseudo-continuum states for the cc-pVTZ+7p/8p basis set are

reported. Data for CPU time taken with all the states and after removing pseudo-

continuum states using cc-pVTZ+7p/8p basis sets for C2H4 is provided in Table 5.1.

Table 5.1: Tabular data for CPU time taken with all the states and after re-
moving pseudo-continuum states using cc-pVTZ+7p/8p basis sets for C2H4

Basis set CPU time taken will all the states CPU time taken with reduced number of states
cc-pVTZ+7p 1702 seconds 904 seconds
cc-pVTZ+8p 2007 seconds 983 seconds

Remaining states can now be employed to study metastable anions and excited

states, as the pseudo-continuum states do not significantly affect the correlation

energy. In this chapter, the SCF solution for metastable anion is achieved after

removing the pseudo-continuum states. The first and the most important step is to

accurately identify the true LUMO, as this is the only state that is going to be filled

by an extra electron. The SCF solution for the metastable anion after removing the

removing the pseudo-continuum states is then achieved by modifying the occupation

number, which involves filling the extra electron into the true LUMO state. Choosing
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Table 5.2: The table presents the correlation energy obtained using conventional
SCF method, as well as the results after removing pseudo-continuum states. It
also includes the differences and percentage differences, along with the number of

states removed using various basis sets for neutral C2H4 molecule.

Basis Set
Correlation

Energy (in a.u.)

Correlation Energy
with reduced

number of states(in a.u.)

Difference in
Correlation

Energy (in a.u.)
% Difference

Number of states
removed

cc-pVTZ+3p -0.3744 -0.3719 0.0025 0.67 6
cc-pVTZ+4p -0.3745 -0.3697 0.0048 1.28 12
cc-pVTZ+5p -0.3745 -0.3680 0.0065 1.73 18
cc-pVTZ+6p -0.3745 -0.3670 0.0075 2.00 24
cc-pVTZ+7p -0.3745 -0.3665 0.0080 2.13 30
cc-pVTZ+8p -0.3745 -0.3663 0.0082 2.18 36

cc-pVTZ+8p -0.3745 -0.3423 0.0322 8.59
37 (Including
true LUMO)

cc-pVTZ+5s -0.3739 -0.3708 0.0031 0.83 6
cc-pVTZ+5s8p -0.3746 -0.3649 0.0097 2.58 40

the incorrect true LUMO can lead to a variational collapsed SCF solution again,

making the identification of the correct state the most crucial step for obtaining a

reliable SCF solution for metastable anions. Even when using heavily diffuse basis

set, once the true LUMO is identified accurately, meaningful SCF solution for the

metastable anion is obtained by adding the extra electron to the true LUMO (i.e.,

by modifying the occupation number).

The electron-attached states of metastable anions are associated with a finite life-

time, and, their wavefunctions are not square-integrable. To address this issue and

make the wavefunction square-integrable, CAP is added to the Fock matrix. Addi-

tionally, the lifetime corresponding to the electron-attached state is also achieved.

The box size is optimized in such a way that the resonance energies show minimal

variation as the box size changes. The resonance energy is calculated at the HF

level of theory for box size optimization (see Table 5.3), where, Resonance Energy

is defined as

Eres = Eanion − Eneutral (5.10)

The η-trajectories at the Hartree-Fock level, for various box sizes using the cc-

pVDZ+5p basis set, are illustrated in Figure 5.1. The optimal box size is a cubic

box with a length of 7 a.u., where the resonance energy converges and a sharp kink

is observed.
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Table 5.3: Resonance energies for 2B2g resonance in C2H
−
4 at HF-level are tab-

ulated for different box size using cc-pVDZ+5p basis set.

Box-size (x0/y0/z0 in a.u.) Resonance Position (in eV) Resonance Width (in eV)
5.5/5.5/5.5 2.86 0.69
6.0/6.0/6.0 2.87 0.72
6.5/6.5/6.5 2.87 0.74
7.0/7.0/7.0 2.87 0.75
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(a) cc-pVDZ+5p

Figure 5.1: The η−trajectories for 2B2g resonance in C2H4
− corresponding to

different box-size parameter using cc-pVDZ+5p basis set.

It is important to understand how the calculations for anions are performed for

different η values in order to obtain a complete η trajectory. The calculations for

the η trajectory are carried out in two steps:

i) For each η, neutral molecule self-consistent field (SCF) calculations are performed,

and the true LUMO is identified.

ii) A SCF calculation is carried out for anions by modifying the occupation number

(i.e., by adding an extra electron in true LUMO state) after removing all states

between the HOMO and the true LUMO.

Understanding the definition of the true LUMO is crucial since the choice of true

LUMO state is a significant step in the process. The true LUMO refers to the state

that an additional electron will occupy and is the state that is most stabilized at

a higher nuclear charge. To accurately identify the true LUMO, a methodology

that combines the nuclear charge stabilization method with PEM is employed, as

discussed in previous chapters. When using a heavily diffuse basis set, it is possible
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to encounter states with the same symmetry as true LUMO. This can lead to avoided

crossings in the charge stabilization plot due to mixing of states, which complicates

the identification of the true LUMO. To effectively address these avoided crossings,

a modified PEM alongside the charge stabilization method is implemented. This

approach leads to a precise identification of the true LUMO. An important concern

arises regarding the accuracy of the SCF solution obtained for the metastable anion

after removing the pseudo-continuum states. Conventional SCF calculations for the

metastable anion at a specific η value show reasonable results, suggesting that the

singly occupied molecular orbital (SOMO) has a localized π⋆ character for the C2H4

anion at that specific η value. This indicates that the extra electron occupies the

correct orbital, rather than a diffuse orbital, which means that variational collapse is

not occurring. Therefore, the conventional SCF solution at this η value is considered

the standard solution for the metastable anion, serving as a basis for comparison with

results from calculations where states are removed. It is important to understand

that the SCF calculation for a neutral molecule at that η value still results in pseudo-

continuum states between the HOMO and the true LUMO. These pseudo-continuum

states have to be removed before performing the SCF calculation for metastable

anion and comparing the results. The same procedure described above is followed to

obtain the SCF solution for a metastable anion after removing the pseudo-continuum

states. Remarkably, it is found that both solutions are identical. Energies obtained

at HF level and MP2 level for anionic species and neutral species at that specific η

are provided in Table 5.4 and Table 5.5.

Table 5.4: Tabular data for HF and MP2 energies obtained with all the states
and with removal of states using cc-pVDZ+4p for C2H4

Basis set/System η-value HF-energy with all states HF-energy with reduced states MP2-energy with all states MP2-energy with reduced states
cc-pVDZ+4p/Anion 0.0280 (-77.93097,-0.01154) (-77.93097,-0.01154) (-78.23343,-0.014554) (-78.23301,-0.01448)
cc-pVDZ+4p/Neutral 0.0280 (-78.04204,-0.00149) (-78.04204,-0.00149) (-78.33087,-0.00176) (-78.33051,-0.00171)

Table 5.5: Tabular data for HF and MP2 energies obtained with all the states
and with removal of states using cc-pVDZ+5p for HCHO

Basis set/System η-value HF-energy with all states HF-energy with reduced states MP2-energy with all states MP2-energy with reduced states
cc-pVDZ+5p/Anion 0.0100 (-113.81900,-0.00422) (-113.81900,-0.00422) (-114.16258,-0.00719) (-114.16203,-0.00723)
cc-pVDZ+5p/Neutral 0.0100 (-113.88349,-0.00024) (-113.88349,-0.00024) (-114.21867,-0.00035) (-114.21824,-0.00038)

It is worth noting that there may be rearrangements of states occurring in step one,

which means that the position of the true LUMO at two different η values from

the HF calculation might not be the same. This makes it extremely challenging

to keep track of the orbital numbers between the HOMO and the true LUMO,
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as it requires significant human effort to manage. An alternative solution to this

problem is to implement the PEM-CAP[202] approach in this step, which simplifies

the process of tracking orbitals. With this method, one can easily identify and

remove the appropriate number of states at any η value. The solution obtained at

the HF level is then used for post-SCF calculations (in this case, employing MP2).

At the optimized the box size, the parameter η is varied through the PEM-CAP[202]

approach for different basis sets, resulting in the corresponding η trajectories.

The η trajectories at both HF and MP2 levels for various basis sets (i.e., cc-

pVDZ+5p, aug-cc-pVDZ+5p, and aug-cc-pVTZ+5p) are illustrated in Figure 5.2.

In case of aug-cc-pVTZ+5p, cc-pVDZ basis set is used for H-atom. The stabilization

point, or cusp, represents the resonance energy in the η trajectory plot.
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Figure 5.2: The η-trajectories corresponding to the 2B2g resonance in C2H
−
4

using various basis sets at both the HF and MP2 levels.
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Resonance energies are obtained at both the HF and MP2 levels using various basis

sets, as shown in Table 5.6, which also includes the optimal η (ηopt) value. The

obtained resonance energies are in good agreement with experimental results and

previously available theoretical studies. A summary of the resonance energies, along

with the experimental results and findings from earlier theoretical studies, is pro-

vided in Table 5.7. The value of S2 was found to be in the range of 0.75–0.77 in all

cases, which is close to the expected value of 0.75 for one unpaired electron.

Table 5.6: Resonance energies for 2B2g resonance in C2H
−
4 at both HF and MP2

methods are presented using different basis sets.

Basis Set
Resonance Energy at HF level Resonance Energy at MP2-level

Resonance
Position (in eV)

Resonance
Width (in eV)

ηopt value
Resonance

Position (in eV)
Resonance

Width (in eV)
ηopt value

cc-pVDZ+5p 2.87 0.75 0.0117 2.28 0.71 0.0136
cc-pVDZ+5s5p 2.88 0.77 0.0122 2.26 0.72 0.0138
cc-pVDZ+6p 2.87 0.76 0.0116 2.29 0.71 0.0138
cc-pVDZ+7p 2.87 0.76 0.0116 2.29 0.71 0.0138
aug-cc-pVDZ+5p 2.85 0.75 0.0133 2.22 0.62 0.0165
aug-cc-pVTZ+5p 2.84 0.72 0.0120 2.03 0.52 0.0160

Table 5.7: Tabular data corresponding to previous theoretical and experimental
result for resonance energy and width of the 2B2g resonance in in C2H4

−.

Reference/Method Resonance Energy(in eV) Resonance Width(in eV)
Electron transmission[160, 154] 1.80 0.70
Complex Kohn[203] 1.83 0.46
Diagonal 2ph-TDA biorthogonal dilated

electron propagator
[56] 1.89 0.18

Complex Kohn[204] 1.85 0.50
ACCC[205] 1.86 0.47

Stabilization method/
EOM-CCSD/aug-cc-pVTZ+3p

[197] 2.06 0.64

CAP-EOM-EA-CCSD/
aug-cc-pVTZ+3s3p3d (0th order)

[192] 2.09 0.430

CAP-EOM-EA-CCSD/
aug-cc-pVTZ+3s3p3d (1st order)

[192] 2.03 0.33

CAP/SAC-CI[206] 2.02 0.46
SA-15-CASSCF(3e, 20o)[207] 3.119 0.634
MP2/cc-pVDZ+5p (this work) 2.28 0.71
MP2/aug-cc-pVDZ+5p (this work) 2.22 0.62
MP2/aug-cc-pVTZ+5p (this work) 2.03 0.52
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5.3.2 Formaldehyde anion (HCHO−)

As discussed earlier in the case of the ethylene molecule, the effect of removing

pseudo-continuum states for the HCHO molecule is also examined. Calculations

using the cc-pVTZ+nsmp basis sets reveal that these states contribute only 1-5%

to the total correlation energy. The correlation energies for both scenarios (i.e., one

with conventional SCF and the second after removal of pseudo-continuum states)

are calculated, and the differences obtained using different basis sets are reported

in Table 5.8. Notably, the cumulative difference in correlation energy from the 33

removed states is lower than the contribution from the true LUMO when using the

cc-pVTZ+8p basis set. Thus, these pseudo-continuum states do not significantly

affect the correlation energy. Additionally, Similar observations are made regard-

ing the computational time that the time remains nearly the same regardless of

the number of diffuse function additions compared to the basis set without extra

augmentation.

Table 5.8: The table presents the correlation energy obtained using conventional
SCF method, as well as the results after removing pseudo-continuum states. It
also includes the differences and percentage differences, along with the number of

states removed using various basis sets for neutral HCHO molecule.

Basis Set
Correlation

Energy (in a.u.)

Correlation Energy
with reduced

number of states (in a.u.)

Difference in
Correlation

Energy (in a.u.)
% Difference

Number of states
removed

cc-pVTZ+3p -0.4255 -0.4233 0.0022 0.51 3
cc-pVTZ+4p -0.4255 -0.4184 0.0071 1.67 9
cc-pVTZ+5p -0.4256 -0.4140 0.0115 2.70 15
cc-pVTZ+6p -0.4256 -0.4103 0.0153 3.59 21
cc-pVTZ+7p -0.4256 -0.4080 0.0175 4.11 27
cc-pVTZ+8p -0.4256 -0.4071 0.0185 4.34 33

cc-pVTZ+8p -0.4256 -0.3693 0.0563 13.22
34 (Including
true LUMO)

cc-pVTZ+5s -0.4249 -0.4223 0.0025 0.59 5
cc-pVTZ+5s8p -0.4265 -0.4070 0.0194 4.54 36

Similarly to C2H
−
4 , the parameter η is varied using the PEM-CAP[202] approach

for different basis sets with the optimized box size, resulting in the corresponding η

trajectory. CAP calculations are carried out through the PEM-CAP method, which

is implemented into the Fock matrix. Figure 5.3 illustrates the η trajectories at

the HF and MP2 levels for various basis sets (i.e., cc-pVDZ+5p, aug-cc-pVDZ+5p,

and aug-cc-pVTZ+5p). The stabilization point, or cusp, in the η trajectory plot

indicates the resonance energy.
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Figure 5.3: The η-trajectories corresponding to the 2B1 resonance in HCHO−

using various basis sets at both the HF and MP2 levels.

 TH-3899_206122103



Chapter 5. Self-Consistent-Field Solution for
Metastable Anions after the Removal of Pseudo-Continuum States 113

Resonance energies are obtained at both the HF and MP2 levels using various basis

sets, as shown in Table 5.9, which also includes the optimal η (ηopt) value. The

obtained resonance energies are in good agreement with experimental results and

previously available theoretical studies. A summary of the resonance energies, along

with the experimental results and findings from earlier theoretical studies, is pro-

vided in Table 5.10. The value of S2 was found to be in the range of 0.75–0.77 in all

cases, which is close to the expected value of 0.75 for one unpaired electron.

Table 5.9: Resonance energies for 2B1 resonance in HCHO− at both HF and
MP2 methods are presented using different basis sets.

Basis Set
Resonance Energy at HF level Resonance Energy at MP2-level

Resonance
Position (in eV)

Resonance
Width (in eV)

ηopt value
Resonance

Position (in eV)
Resonance

Width (in eV)
ηopt value

cc-pVDZ+5p 2.00 0.92 0.0094 1.71 0.83 0.0104
cc-pVDZ+5s5p 2.01 0.92 0.0100 1.71 0.84 0.0101
cc-pVDZ+6p 2.02 0.98 0.0094 1.72 0.88 0.0102
cc-pVDZ+7p 2.03 0.98 0.0095 1.72 0.91 0.0102
aug-cc-pVDZ+5p 2.18 0.98 0.0141 1.85 1.00 0.0128
aug-cc-pVTZ+5p 2.06 1.00 0.0071 1.57 0.75 0.0074

Table 5.10: Tabular data corresponding to previous theoretical and experimental
result for resonance Energy and width of the 2B1 resonance of HCHO−.

Reference/Method Resonance Energy(in eV) Resonance Width(in eV)
Electron transmission[160, 161] 1.0/0.86
Vibrational excitation[162] 0.87
Complex Kohn[208] 1.0 0.5
Diagonal 2ph-TDA[57] 0.89 0.12
R-matrix method/DZPd[209] 1.46 0.79
CAP/EOM-EA-CCSD (1st order)[192] 1.31 0.28
CAP/SAC-CI[206] 1.18 0.38
EOM-EA-CCSD[210] 1.16 0.57
CAP/XMS-CASPT2[211] 1.27–1.28 0.47–0.48
SA-15-CASSCF(3e, 16o)[207] 2.43 0.34
MP2/cc-pVDZ+5p (this work) 1.71 0.83
MP2/aug-cc-pVDZ+5p (this work) 1.85 1.00
MP2/aug-cc-pVTZ+5p (this work) 1.57 0.75
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5.4 Concluding Remarks

This chapter provides a meaningful SCF solution for metastable anions after re-

moving the pseudo-continuum states by modifying the Fock matrix. Here, CAP

is implemented at the HF-level to make the metastable anion wavefunction square

integrable, and to obtain the lifetime of the attached electron. In this chapter, the

SCF solution for metastable anions is attained in a non-Hermitian domain after the

removal of these pseudo-continuum continuum states. This elimination is achieved

by modifying the SCF procedure to remove the states located between the HOMO

and the true LUMO. The obtained SCF solution can then be used for post-SCF

calculations, such as CI, CCSD, MP2, and MP4, to account for electron correlation.

The methodology consists of two steps. The first step involves accurately identifying

the true LUMO in the neutral system and removing the pseudo-continuum states

located between the HOMO and the true LUMO, as these states are responsible

for variational collapse. The second step modifies the occupation number for the

metastable anion by adding an extra electron to the true LUMO. The first step is

particularly crucial; filling an incorrect orbital would lead to a solution that does

not correspond to a metastable anion. In the present case, MP2 calculations are

performed on C2H4 and HCHO neutral molecules, and it is observed that removing

these pseudo-continuum states has no significant effect on the correlation energy.

This method is extremely important as no variational collapse will occur for the

metastable anion if the electronic state filled by the extra electron is identified cor-

rectly. Additionally, it significantly reduces computational time, making it a cost-

effective approach for studying species that require diffuse functions to accurately

describe the system. Two anionic species have been studied using this method, and

their resonance energies are found to be in good agreement with experimental re-

sults. This method could potentially be expanded to investigate core-excited shape

or Feshbach resonances in the future.
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Chapter 6

Reflection-Free CAP using

Parametric Equations of Motion

6.1 Introduction

To make resonance wave functions square integrable an CAP is added to the Hamil-

tonian. This addition of CAP to the Hamiltonian helps to absorb the wave function

at the grid boundary. In the CAP method, the Hamiltonian is perturbed with an

appropriate potential to achieve an absorbing boundary condition. However, be-

cause of its non-physical nature, the CAP can introduce artificial perturbations in

the system, potentially leading to shifts in the calculated energy. When a propa-

gating wave packet approaches the grid boundary, CAPs do not completely absorb

the wave packet. This results in artificial reflections that can degrade the accuracy

of the computed results. The extent of these artificial reflections depends on the

parameters of the CAP, particularly its onset and strength. These reflections by

CAPs have been analyzed in detail in refs [37] and [212].

The perturbations caused by CAPs become more pronounced as the CAP strength,

denoted by η, increases[213, 214]. Ideally, it is preferred to keep η close to zero

where the perturbation caused by the CAP will be minimum. High values of η

can lead to significant perturbations, resulting in unreliable resonance energies and

discontinuous potential energy surfaces (CPES)[213, 215]. For any given basis, there

115
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is a critical value of η below which the wave function remains non-square integrable,

making it impossible to accurately represent resonances with a finite basis. This

phenomenon was clearly demonstrated by Moiseyev and co-workers[216] in their

study of a one-dimensional potential model. They showed that the results obtained

with a finite basis sets converge with the exact eigenvalues when sufficiently high

values of η are used. Additionally, they identified a critical value, ηc, below which

the resonance wavefunction is no longer square integrable for a finite basis set as η

decreases. The value of ηc depends on the set of basis functions employed; in general,

a larger basis set corresponds to a smaller ηc. In the limit of a complete basis set, ηc

approaches zero, meaning that (E(η = 0) = Eres), where Eres is the exact complex

energy corresponding to a resonance state. However, for finite basis sets, taking (η)

to zero yields a purely real spectrum, which does not provide any information on

complex resonance energies.

It is evident from the previous discussion that a relatively large value of η specifically,

(η ≥ ηc) is necessary for finite basis to ensure that the resonance wavefunction is

square-integrable. However, using extremely large values of ηlarge (i.e., η ≫ ηc)

may result in strong artificial reflections. Therefore, to have meaningful and reliable

eigenvalues, it is recommended to choose values of η within the range of (ηc ≤ η ≤
ηlarge). Moiseyev and his colleagues [216] demonstrated in a one-dimensional model

that resonance energy can be determined through analytical continuation using the

Padé approximant when data with η ≥ ηc are used. Their results, obtained from

the finite basis set, align with the exact results that would be obtained if we could

solve the time-independent Schrödinger equation with outgoing boundary conditions

(OBCs). Specifically, this analytical continuation is carried out using the Padé

approximant by fitting an energy function E(η) and then dilating the polynomial

function to E(η → 0) in order to obtain the complex resonance energy (Eres).The

data set used to obtain the complex eigenvalues for resonance at (η = 0) is selected

from the range (η ≥ ηc), where the fitted function from the finite basis set coalesce

with the exact ones. Later this approach was also applied to molecular systems where

complex resonance energies are obtained at η = 0 through analytical continuation

using the Padé approximant[193, 79]

In this study, the same results (i.e., numerically exact results) are obtained without
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the need for data extrapolation in the range where ηc ≥ η, or where the numeri-

cal energies begin to coalesce. This is accomplished using a backward PEM-CAP

approach, starting from the point where ηc is sufficient to make the resonance wave-

function square integrable, or where the numerical energies start to coalesce.

6.2 Methodology

The methodology discussed in the introduction chapter involves incorporating the

CAP into the Fock matrix. However, in this chapter, a reflection-free CAP ap-

proach has been applied to a one-dimensional problem. This will lead to different

equations for the PEM-CAP approach.A brief discussion is provided below regard-

ing the one-dimensional CAP form and to obtain the PEM-CAP equation for this

one-dimensional problem.

In the CAP approach, a complex potential −iηW is added to the physical Hamilto-

nian H0,

H = H0 − iηW. (6.1)

For one dimensional case, W can described by the following equations,

W =

0, |x| < x0

(x− x0)
2, |x| > x0

(6.2)

where x denotes the one-dimensional Cartesian coordinate and x0 represents the

CAP box-size parameter.

For PEM-CAP approach, considering the following eigenvalue problem

¯̄HC̄R
i = C̄R

i Ei (6.3)

(C̄L
i )

T ¯̄H = Ei(C̄
L
i )

T (6.4)
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where ¯̄H is linearly dependent on η as

¯̄H = ¯̄H0 + η ¯̄V (6.5)

¯̄H0 and
¯̄V are matrices which are independent of η and C̄R

i and C̄L
i are the respective

right and left eigenvectors of complex general matrix ¯̄H having complex eigenvalues

Ei. It is important to note the V contains the information of CAP potential matrix

as (-iW). However in this case, Hamiltonian is complex symmetric matrix , therefore

C̄R
i = C̄L

i = C̄i.

The evolution of eigenvalues (E) and eigenvectors (C) as a function of the linear

perturbation parameter η is given as follows:

∂En

∂η
= Vnn (6.6)

∂Ci

∂η
= −Σj ̸=i

CjVji
Ej − Ei

(6.7)

For the application of PEM to calculate the eigenvalues using the Hamiltonian, Vmn

is defined as

Vmn = CT
m(η)V Cn(η) (6.8)

Equations (6.6), (6.7) and (6.8) form a close set of equations and can be integrated

to calculate eigenvalues and eigenvectors.

6.3 Results and Discussion

The Hamiltonian, H0 = −0.5d2/dx2 + (x2/2 − 0.8) exp(−0.1x2), is chosen for the

test-study model to calculate resonances. In this test-study model, the potential

consists of a well embedded between two potential barriers of equal height. This

potential supports one bound state and multiple resonance states, three of which

will be discussed in this work. The wave function associated with these resonances

are not square-integrable. To address this, a CAP is added to the Hamiltonian,

which will absorb the outgoing tail of the resonance wave function and thus make it
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square-integrable. The efficacy of the CAP depends on both the strength parameter

and the box size parameters, so both need to be optimized accordingly.

In initial calculations, a box size of 0 atomic units (a.u.) is used i.e., CAP within in-

teraction region and η-trajectory calculations are carried out using a grid basis[217]

with 200 functions, spanning η-values from 0 to 0.005. This η-trajectory is computed

by diagonalizing the HCAP matrix. Then the backward η-trajectory calculations

are performed starting from different η values using PEM-CAP approach, contin-

uing until η approaches zero. It has been observed that starting from a particular

value of η while performing backward PEM-CAP results in the following different η-

trajectory path. As shown in Figure 6.1, when starting from an η value of 0.0004 or

0.0010 near the cusp, the trajectory follows the same path as that obtained from the

forward η-trajectory using diagonalization approach. However, for η values greater

than 0.0017, the trajectory continues along a different path while exhibiting complex

eigenvalues at η = 0. It is found that as the higher values of η is used for backward η

trajectory using PEM-CAP approach, the resonance values converges “numerically

exact value” providing both resonance position and lifetime which are also reported

in ref[216]. It is crucial to address the observation that, with a higher value of η,

the backward PEM-CAP trajectory deviates from its expected path, which ideally

should follow the forward trajectory. Interestingly it is not only following different

path but also converging to a numerically exact result at η = 0.
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Figure 6.1: η-trajectory plot corresponding to Forward η-trajectory obtained by
diagonalization(represented by orange dots) and backward PEM-CAP calculations
starting from different η values (i.e., represented by red dots) using grid basis with
200 functions. In the first two top panels, red dots are on top of the orange dots

as they follow the same trajectories.
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More important and impressive results regarding multiple resonances is found. It is

found that when implementing backward PEM-CAP approach starting from higher

value of η, the resonance energies corresponding to multiple higher resonances con-

verges to a complex value at η = 0 and is exactly the same obtained via complex

scaling (i.e., numerically exact values). In this study, for comparison of obtained

results for multiple resonances, highly accurate complex scaling is carried out using

grid basis with 2000 functions. As shown in Figure 6.2, every resonance state is

getting converged to complex scaling results after performing the backward PEM-

CAP approach. Energies at η = 0 obtained after performing backward PEM-CAP

starting from different η values are reported in Table 6.1 along with the complex

scaling result obtained using grid basis with 2000 functions. This approach offers

advantage over Pade Approximation approach as in Pade approximant approach one

has to rely on the data set for each higher resonances and then need to extrapolate

till η value of zero, while backward PEM-CAP approach make this possible in single

calculation without extrapolation.

Table 6.1: Tabular data for resonance energies (in a.u.) corresponding to first
three resonances obtained at η = 0 after performing back-PEM starting from
different η-values using grid basis with 200 functions. Complex scaling results are

also obtained for comparison using grid basis with 2000 functions

ηstart-value First resonance Second resonance Third resonance
0.00040 (0.62103,0) (1.33341,0) (1.78951,0)
0.00100 (0.62103,0) (1.33341,0) (1.78951,0)
0.00170 (0.62097,-5.831×10−5 (1.33232, -0.00603) (1.82808,-0.087390)
0.00240 (0.62097,-5.828×10−5 (1.32719,-0.015448) (1.79088,-0.177557)
0.00300 (0.62097,-5.828×10−5 (1.32720,-0.015447) (1.78459,-0.173752)
0.00400 (0.62097,-5.825×10−5 (1.32720,-0.015447) (1.78459,-0.173751)
Complex Scaling/ Numerical Exact value (0.62097,-5.826×10−5 (1.32720,-0.015447) (1.78458,-0.173751)
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Figure 6.2: η-trajectory plot corresponding to Forward η-trajectory obtained by
diagonalization( represented by violet dots) and backward PEM-CAP calculation
goes to η = 0 starting from η = 0.0040 (i.e., represented by red dots) using grid
basis with 200 functions. Complex scaling results are also plotted for comparison

and represented by orange dots.

A set of additional calculations also conducted calculations using different box sizes

to observe their effect on the resonance energy obtained at η = 0 after employing

the backward PEM-CAP approach, starting from an η value greater than the crit-

ical value. It was found that the resonance energies obtained at η = 0 after the

backward PEM-CAP approach remain consistent across all cases, indicating that

they are unaffected by the choice of box size. As shown in Figure 6.3, every reso-

nance state with different box-size is getting converged to complex scaling results

after performing the backward PEM-CAP approach. Energies at η = 0 obtained

after performing backward PEM-CAP starting from different η values are reported

in Table 6.2 for various box size. First three resonance wavefunction obtained at

η = 0 after performing backward PEM-CAP are also shown in Figure 6.4. Here it

is important to note that after performing the backward PEM-CAP calculation till

η = 0, one can obtain the information about wavefunction in the physical limit of
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η = 0 while it was not possible in the case of analytical continuation using Pade

approximant.

Table 6.2: Tabular data for resonance energies (in a.u.) corresponding to first
three resonances obtained at η = 0 after performing back-PEM for different boxes

using grid basis with 200 functions.

x0/ηstart-value First resonance Second resonance Third resonance
0.0 a.u./0.0040 (0.62097,-5.826×10−5 (1.32720,-0.015447) (1.78459,-0.173751)
5.0 a.u./0.0055 (0.62097,-5.825×10−5 (1.32720,-0.015447) (1.78459,-0.173751)
10.0 a.u./0.0085 (0.62097,-5.826×10−5 (1.32720,-0.015447) (1.78459,-0.173753)
15.0 a.u./0.0134 (0.62097,-5.826×10−5 (1.32720,-0.015447) (1.78459,-0.173747)
Complex Scaling/ Numerical Exact value (0.62097,-5.826×10−5 (1.32720,-0.015447) (1.78458,-0.173751)
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Figure 6.3: η-trajectory plot corresponding to backward PEM-CAP calculation
goes to η = 0 starting from η = 0.0040 for different box sizes using grid basis
with 200 functions. Complex scaling results are also plotted for comparison and

represented by red dots.
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Figure 6.4: Wavefunction plot corresponding to bound state and first three
resonances using grid basis with 300 functions at η = 0 obtained after backward

PEM-CAP approach.
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6.4 Concluding Remarks

In this chapter, CAP is incorporated into the system Hamiltonian to make the

resonance wavefunction square integrable. Since CAP is an artificial potential, a

finite value of the CAP strength parameter (i.e., η) is necessary to determine the

resonance energies. However, this finite value of η introduces perturbations to the

system, causing artificial reflections that deteriorates the resonance energy values.

This chapter presents an application of parametric equations of motion to calculate

the resonances in the physical limit of η = 0 for the CAP. In this physical limit of

η = 0, the effects of the CAP are eliminated, and complex values are still obtained

for η = 0, indicating reflection-free results. So, a methodology is introduced to

eliminate the artificial reflections caused by CAP through a backward PEM-CAP

approach (i.e., starting from higher CAP strength parameter η to η = 0). During

backward PEM-CAP, the eigenstates as a function of η do not follow the same

path as forward trajectory (i.e., starting from η = 0 to higher η). Instead, the

energy converges to the true numerically exact resonance energy, which includes

both its position and lifetime. This technique enables us to reach the physical

limit (i.e., η = 0), effectively removing the effects of the CAP. This approach offers

several advantages: it allows the determination of resonance energies corresponding

to multiple resonances at η = 0, and importantly, the box size does not influence

the resonance energies obtained at η = 0. Additionally, it also provides accurate

estimates for the resonance complex energies, (E(η = 0)) corresponding to multiple

resonances irrespective of box size in single calculation. As a consequence, there is no

need to optimize the onsets, resulting in significant savings in computational time.

Importantly, this methodology can be extended to atomic and molecular system,

where one can reach the limit of η = 0 and also the obtained Hartree-Fock solution

at η = 0 can be used to perform the post-SCF calculations.
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Chapter 7

Summary and Conclusion

This thesis primarily focuses on developing innovative and effective theoretical meth-

ods for studying electronic resonance. It aims to identify problems related to elec-

tronic resonances and provide effective solutions. The thesis successfully provides

methodology for the identification of the true LUMO and also provides methodol-

ogy to obtain the meaningful SCF solutions for metastable anions. Additionally, a

new approach known as PEM-CAP is introduced for implementing the CAP at the

SCF level using PEM. By employing a nuclear charge stabilization method within

the non-Hermitian domain, identification of multiple resonances is also achieved.

Moreover, a methodology is also presented to eliminate pseudo-continuum states at

the SCF level. Finally, the resonance energy in the physical limit, as η approaches

0, is obtained using the backward PEM-CAP approach. Below is a chapter-wise

summary of the thesis.

Chapter 1 introduces the concept of resonances and reviews the existing methods

used to study them. It also discusses the methodology implemented in this thesis for

investigating resonances. Additionally, the chapter discusses the motivation behind

the research presented in the thesis.

Chapter 2 presents an innovative and unique approach for the precise identification

of the LUMO using parametric equations of motion. These LUMOs are crucial for

studying various chemical processes and electronic resonances. It is important to

note that SCF calculations do not always provide a meaningful LUMO represen-

tation. Our observations indicate that even with a compact basis set, obtaining

126
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a meaningful LUMO is not guaranteed. The nuclear charge stabilization method

proves to be a significant approach for identifying the LUMO. However, reliance

solely on this method makes it challenging as there is need to track the orbital

changes that occur with variations in additional nuclear charge to generate the charge

stabilization plot and it is nearly impossible to visualize any avoided crossings. To

address these difficulties, a new approach is developed that combines nuclear charge

stabilization with parametric equations of motion. This combination makes it sig-

nificantly easier to track the orbitals and visualize avoided crossings. Not only does

this new method allow us to visualize the avoided crossings, but the modified para-

metric equations of motion also successfully resolve the challenges posed by these

avoided crossings. In our case study, the nuclear charge stabilization method along

with the parametric equations of motion is applied for neutral N2, C2H2, and C2H4.

It is observed that even with a compact basis set, the LUMO does not always exhibit

the characteristics of a true LUMO. Instead, some LUMO+Nth state resembles the

true LUMO (i.e., localized and well-defined character). Additionally, this study was

extended to investigate the effects of extra diffuse basis functions for neutral C2H2

and C2H4, utilizing the cc-pVDZ+np basis set. It is found that avoided crossings

were occurring between states of the same symmetry, complicating the task of iden-

tifying the true LUMO. To overcome this issue, the modified parametric equations

of motion is implemented alongside the nuclear charge stabilization method. This

approach allows to identify the true LUMO more easily, even when using heavily

diffuse basis sets.

In Chapter 3, an attempt has been made to obtain the meaningful SCF solution for

metastable anions. It is known that when a heavily diffuse basis set is used, the

SCF solution for a metastable anion often yields a minimum energy configuration

with an extra electron present in the most diffuse orbital. With the increases in

additional diffuse basis functions, the SCF solution converges to a neutral molecule

and a free electron. This phenomenon is referred to as ”variational collapse.” Any

SCF solution with variation collapse does not describe the metastable anion, and

hence, it should not be employed in post-SCF calculations intended to study these

anions. To address variational collapse in the case of metastable anions, the nuclear

charge stabilization method in conjunction with PEM is applied and a meaningful

SCF solution is obtained. At higher nuclear charge values, the metastable anion

becomes a bound anion, making the SCF solution more reliable. The basic idea
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is to utilize the solution at higher nuclear charges, where the electron occupies the

correct orbital, and to obtain the SCF solution in the unbound region by reducing

the additional nuclear charge to zero via PEM approach. A key feature of the

PEM calculation is the fixed occupation number throughout the variation of the

additional nuclear charge, which helps ensure that the electron occupies the correct

orbital even in the unbound region. This method has been applied to obtain the

SCF solutions for C2H
−
4 , C2H

−
2 , N

−
2 , and HCHO− using cc-pVDZ+np basis sets, and

it is observed that avoided crossings are occurring with the same symmetry states

of diffuse character, leading to further breakdown of the solution. To overcome

the issue of variational collapse occurring due to avoided crossing, a modified PEM

is implemented in conjunction with the nuclear charge stabilization method, and

a meaningful SCF solution is achieved without variational collapse. Additionally,

MP2 calculations are carried out to incorporate electron correlation effects, and it

has been found that the vertical electron affinities obtained are in good agreement

with previously reported theoretical and experimental results.

Chapter 4 discusses the application of PEM in a non-Hermitian domain. In this

chapter, a CAP is incorporated to study the ethylene and uracil anions, from which

resonance energies are obtained. PEM is employed to solve the eigenvalue problem

which has linearly dependent parameter. The addition of CAP to the Fock matrix

represents an exact scenario in which PEM can be effectively applied. This chapter

primarily focuses on two aspects. First, it presents an alternative approach for

incorporating CAP at the SCF level using PEM (i.e., PEM-CAP approach). Second,

it implements the nuclear charge stabilization method in a non-Hermitian domain to

accurately identify the correct resonance state. The η-trajectories obtained from the

PEM-CAP approach match exactly with those obtained through the diagonalization

approach, confirming the accuracy of the PEM-CAP method. Additionally, the

PEM-CAP approach is nearly ten times faster than the diagonalization method,

this computational time advantage is even more pronounced when larger basis sets,

such as triple-zeta and quadruple-zeta, are used. Furthermore, the nuclear charge

stabilization method is effective in identifying multiple resonance states within the

non-Hermitian domain. Since nucleobases are known to have multiple resonance

states, identifying them on the η-trajectory can be quite challenging. For uracil,

calculations demonstrate that the nuclear charge stabilization method successfully

identifies multiple resonance states in a single calculation.
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Chapter 5 presents a methodology to eliminate pseudo-continuum states from the

SCF solution and utilize the obtained solution at the post-SCF level. It has been ob-

served that when diffuse basis functions are employed, pseudo-continuum states can

arise, leading to various difficulties, for example, variational collapse. By removing

these pseudo-continuum states from the SCF solution, the problem of variational col-

lapse can be avoided, and will make the computation part more straightforward. In

this chapter, the SCF solution for metastable anions is attained in a non-Hermitian

domain after the removal of these pseudo-continuum continuum states. This elim-

ination is achieved by modifying the SCF procedure to remove the states located

between the HOMO and the true LUMO. Additionally, it is also observed that these

states do not significantly contribute to the correlation energy. The methodology

consists of two steps. The first step involves accurately identifying the true LUMO

and removing the pseudo-continuum states located between the HOMO and the

true LUMO, as these states are responsible for variational collapse. The second

step modifies the occupation number for the metastable anion by adding an extra

electron to the true LUMO. The first step is particularly crucial; filling an incorrect

orbital would lead to a solution that does not correspond to a metastable anion. In

this study, the anions C2H
−
4 and HCHO− are studied using this methodology, and

MP2 calculations are also performed to account for electron correlation effects.

In Chapter 6, the focus is on obtaining the resonance energy in the physical limit

as η → 0 while using CAP. It is well known that applying CAP to the Hamiltonian

requires a finite value of η as one can not reach the limit of complete basis, which

introduces an artificial perturbation to the system and deteriorate the resonance

energy. Therefore, efforts have been made to eliminate the effects of a finite η and

to obtain the resonance energy in the limit of η → 0. During backward PEM-

CAP calculations starting with higher values of η, it is observed that at η = 0, the

solution converges to a complex value. Notably, this value matches the one obtained

using the complex scaling method with 2000 basis functions. Complex scaling result

with 2000 basis functions is used as benchmark to compare the obtained results

from backward PEM-CAP approach. Additionally, regardless of variations in the

CAP box size, the backward PEM-CAP starting from higher η values consistently

converges to the same benchmark result. Thus, it is possible to successfully obtain

the resonance energy in the physical limit of η → 0 using PEM-CAP approach

while applying CAP for the study of resonances. Currently, this methodology is
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implemented in a one-dimensional model potential, but there are ongoing efforts to

apply it to atomic and molecular systems.
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Appendix A

Molecular Coordinates

Cartesian coordinates in Angstroms C2H2

Atom X Y Z

C 0.0000 0.0000 0.6013

C 0.0000 0.0000 -0.6013

H 0.0000 0.0000 1.6644

H 0.0000 0.0000 -1.6644

Cartesian coordinates in Angstroms N2

Atom X Y Z

N 0.0000 0.0000 0.5450

N 0.0000 0.0000 -0.5450

Cartesian coordinates in Angstroms HCHO

Atom X Y Z

C 0.0000 0.0000 0.0000

O 0.0000 0.0000 1.2050

H 0.0000 0.9429 -0.5876

H 0.0000 -0.9429 -0.5876
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Cartesian coordinates in Angstroms for C2H4

Atom X Y Z

C 0.6676247 0.0000000 0.0000000

C -0.6676247 0.0000000 0.0000000

H 1.2300435 -0.9237114 0.0000000

H 1.2300435 0.9237114 0.0000000

H -1.2300435 0.9237114 0.0000000

H -1.2300435 -0.9237114 0.0000000

Cartesian coordinates in Angstroms for Uracil

Atom X Y Z

C 1.28109662 0.39318602 0.00000000

O 2.28322476 1.08865341 0.00000000

C 1.24408094 -1.06621706 0.00000000

C 0.05220420 -1.70946984 0.00000000

N -1.14194260 -1.02582427 -0.00000000

C -1.23861893 0.36210188 -0.00000000

N 0.00000000 0.98235199 0.00000000

O -2.30098333 0.95450956 -0.00000000

H -0.02903028 -2.79141180 -0.00000000

H -2.02461385 -1.51724723 -0.00000000

H -0.02426956 1.99660865 -0.00000000

H 2.18100334 -1.60655354 0.00000000
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