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Abstract

In this dissertation, we characterize nearly invariant subspaces of finite defect for the back-

ward shift operator acting on the vector valued Hardy space. Using this characterization we

completely describe the almost invariant subspaces for the shift and its adjoint acting on the

vector valued Hardy space. Moreover, as an application, we also identify the kernel of per-

turbed Toeplitz operator in terms of backward shift-invariant subspaces in various important

cases using our characterization in connection with nearly invariant subspaces of finite defect

for the backward shift operator acting on the vector valued Hardy space.

Going further, in this report, we briefly describe nearly T−1 invariant subspaces with finite

defect for a shift operator T of finite multiplicity acting on a separable Hilbert space H in

terms of backward shift invariant subspaces of finite defect in vector valued Hardy spaces. We

also provide the representation of nearly T−1
B invariant subspaces with finite defect in a scale

of Dirichlet-type spaces Dα for α ∈ [−1, 1] for a finite Blaschke product B.

Finally, this dissertation deals with the study of Schmidt subspaces in vector valued Hardy

spaces. More precisely, Schmidt subspaces for a bounded Hankel operator are in correspondence

with weighted model spaces, and they are closely related to nearly S∗-invariant subspaces. In

this direction, we prove that these subspaces in vector valued Hardy spaces are nearly S∗-

invariant with finite defect in general. Furthermore, we also describe the structure of such

subspaces using our characterization of nearly invariant subspaces of finite defect in vector

valued Hardy space providing a short proof compared to scalar valued case. At the end,

vi
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we calculate the precise action of the associated Hankel operator on some particular Schmidt

subspaces.
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Introduction

In 1988, Hitt [34] first introduces the notion of nearly invariant subspaces under the backward

shift operator acting on the scalar valued Hardy space to classify the simply shift-invariant sub-

spaces of the Hardy space of an annulus. Later Sarason [49] further investigated these spaces

and modified Hitt’s algorithm for scalar valued Hardy space to study the kernels of Toeplitz

operators. In 2010, Chalendar-Chevrot-Partington (C-C-P) [9] gives a complete characteri-

zation of nearly invariant subspaces under the backward shift operator acting on the vector

valued Hardy space. Recently in 2020, Chalendar-Gallardo-Partington (C-G-P) [11] introduce

the notion of nearly invariant subspace of finite defect for the backward shift operator acting on

the scalar valued Hardy space as a generalization of nearly invariant subspaces and provides a

complete characterization of these spaces in terms of backward shift invariant subspaces. In this

dissertation, we completely characterize nearly invariant subspaces of finite defect under the

backward shift operator acting on the vector valued Hardy space providing a vectorial gener-

alization of C-G-P algorithm. Furthermore, using the characterization, we completely describe

the almost invariant subspaces for the shift and its adjoint acting on the vector valued Hardy

space. Chapter 2 is devoted for such characterization results.

The kernel of a Toeplitz operator is nearly invariant under the backward shift operator acting

on the scalar valued Hardy space. In this context, Liang and Partington [38] recently provide

a connection between kernels of finite-rank perturbations of Toeplitz operators and nearly in-

variant subspaces with finite defect under the backward shift operator acting on the scalar

viii
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ix

valued Hardy space for several important cases by applying the recent theorem of Chalendar–

Gallardo–Partington (C-G-P)[11]. In Chapter 3, we study the kernels of finite-rank perturba-

tions of Toeplitz operators and its connection with nearly invariant subspaces with finite defect

under the backward shift operator acting on the vector valued Hardy space. Moreover, we ex-

plicitly identify the kernel of perturbed Toeplitz operator in terms of backward shift-invariant

subspaces by applying the characterization result obtained in Chapter 2 in various cases as

mentioned by Liang and Partington in [38].

In 2021, Liang and Partington introduce the notion of nearly T−1 invariant subspaces in

general Hilbert space setting [39] and provide a representation of such spaces for the shift

operator T with finite multiplicity acting on a separable Hilbert space H in terms of backward

shift invariant subspaces on the vector valued Hardy spaces [9]. They also give a description of

the nearly T−1
B invariant subspaces for the operator TB of multiplication by finite Blaschke B in a

scale of Dirichlet-type spaces [39]. In Chapter 4, we introduce the notion of nearly T−1 invariant

subspaces with finite defect for an left invertible operator T acting on H as a generalization

of nearly T−1 invariant subspaces. Moreover, we characterize nearly T−1 invariant subspaces

with finite defect, where T is a shift operator having finite multiplicity, in terms of backward

shift invariant subspaces in vector-valued Hardy spaces by using the characterization result

obtained in Chapter 2. Furthermore, we also provide a concrete representation of the nearly

T−1
B invariant subspaces with finite defect in a scale of Dirichlet-type spaces Dα for α ∈ [−1, 1]

for any finite Blaschke product B.

Finally in Chapter 5, we extend the study of Schmidt subspaces associated with a scalar

valued Hankel operator to a matrix-valued Hankel operator. In scalar case, Gérard and Push-

nitski study these spaces in [30]. Later in [31], they established an excellent connection between

these Schmidt subspaces with nearly S∗-invariant subspaces and using Hitt’s [34] characteriza-

tion of nearly S∗- invariant subspaces, authors gave an alternative proof (indeed, a short proof)

of the main result of [30] concerning the characterization of such Schmidt subspaces of scalar

valued Hankel operator. In this Chapter, we prove that any non-trivial Schmidt subspaces

of a matrix-valued Hankel operator are nearly S∗-invariant with finite defect in general. As

a consequence, we obtain again a short proof of the characterization results concerning the

structure of Schmidt subspaces in scalar valued Hardy space, in an alternative way compared

to [30, 31]. At the end, we describe the action of a specific class of Hankel operators on their
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Schmidt subspaces.
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Abbreviation and Notation

N The set of all natural numbers.

Z The set of all integers.

Z+ The set of all non-negative integers.

R The set of all real numbers.

C The set of all complex numbers.

Cm The m dimensional standard complex Hilbert space.

H Separable infinite dimensional complex Hilbert space.

L(H) The set of all bounded linear operators on H.

L(Cr,Cm) The set of all bounded linear operators from Cr to Cm.

`2(N) The space of all complex sequences {xn}n∈N such that
∑∞

n=1 |xn|2 <∞.

`2(Z+) The space of all complex sequences {xn}n∈Z+ such that
∑∞

n=0 |xn|2 <∞.

`2(Z) The space of all two sided sequences {xn}n∈Z such that
∑∞

n=−∞ |xn|2 <∞.

D The open unit disk in C.

T The unit circle in C.

m The normalized Lebesgue measure (arc-length measure) on T.
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CHAPTER 1

Preliminaries

In this chapter, we will revisit some useful definitions and preliminary results in Hardy space

theory. Throughout this thesis H will denote a separable infinite dimensional complex Hilbert

space and L(H) is the set of all bounded linear operators on H. We denote the unit circle by

T := {z ∈ C : |z| = 1} and the open unit disk by D := {z ∈ C : |z| < 1}.

1.1 Lp spaces

Let (X , ‖ · ‖X ) be a finite dimensional normed linear space. The X -valued Lp(T,X )- spaces are

defined to be

Lp(T,X ) := {f : T→ X measurable | ‖f‖pp :=

∫
T
‖f‖pX dm <∞}, (1.1)

where dm is the normalized arc-length measure on T (see, e.g., [35, Definition 1.2.15]). For an

integer k and an L1(T,X )-function f , the k-th order Fourier coefficient f̂(k) of f is given by

f̂(k) =
1

2π

∫ 2π

0

f(eiθ)e−ikθ dθ,

where the above integration is interpreted by the Bochner integral sense. For more on the

theory of Bochner integration, we refer to [35, Chapter 1]. Note that the space of all essentially

1
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2 Chapter 1. Preliminaries

bounded measurable functions on T is denoted by L∞(T,X ). In short, we will denote by

Lp(T) ≡ Lp(T,C) for 1 ≤ p ≤ ∞.

1.2 Hardy spaces

The Hardy space is a Banach space of all analytic functions on the disk D and then view them

in another light as subspaces of functions defined on the unit circle T which we equip with

normalized Lebesgue measure m.

Definition 1.2.1. For 1 ≤ p < ∞, the Hardy space Hp is defined as the space of all analytic

functions f on D for which the norm

||f || = sup
0≤r<1

(

∫ 2π

0

|f(reiθ|pdθ)1/p (1.2)

is finite. The space H∞ consists of all bounded analytic functions with the norm

||f ||∞ = sup
|z|<1

|f(z)|. (1.3)

It is easy to observe that for p ≤ q, Hq ⊆ Hp. Therefore we have H1 ⊇ H2 ⊇ ... ⊇ H∞.

Theorem 1.2.2. For any function f ∈ Hp with 1 ≤ p ≤ ∞, the radial limit

f̃(eiθ) = lim
r→1−

(reiθ)

exists almost everywhere on T, and f̃ ∈ Lp(T) with ||f ||Hp = ||f̃ ||Lp.

Therefore we can think Hp as a subspace of Lp(T) , identifying f with f̃ and we denote

these closed subspace by Hp(T). In other words, for f ∈ Hp we have f̃ ∈ Hp(T) for 1 ≤ p ≤ ∞.

For more detail see [23, Theorem 4.1].

For p = 2, H2 ≡ H2
C(D) is a Hilbert space known as the Hardy Hilbert space which can also

be defined as follows :

H2
C(D) := {f(z) =

∞∑
n=0

anz
n :

∞∑
n=0

|an|2 <∞, an ∈ C}. (1.4)

Here the inner product, 〈f, g〉 :=
∞∑
n=0

anbn , where f(z) =
∞∑
n=0

anz
n and g(z) =

∞∑
n=0

bnz
n are

two H2 functions. H2 has nice properties because of it’s Hilbert space structure. From now

TH-3170_186123016



1.3. The Unilateral shift and factorization of functions 3

onwards , we will deal with H2 and by the Hardy space we will mean H2 unless otherwise stated.

Again, we can think H2 as a closed subspace H2(T) of L2(T) which consists of functions whose

negative Fourier coefficients are zero. Let PH2 denote the orthogonal projection of L2(T) onto

H2 :

PH2 :
∞∑

n=−∞

anz
n −→

∞∑
n=0

anz
n.

Regarding H2 as a closed subspace of L2(T), the space L2(T) can be decomposed in the following

way L2(T) = H2 ⊕H2

0, where H
2

0 = {f ∈ L2(T) : f ∈ H2 and f(0) = 0}.

The Cm- valued Hardy space [45] over the unit disc D is denoted by H2
Cm(D) and defined by

H2
Cm(D) := {f(z) :=

∞∑
n=0

Anz
n :

∞∑
n=0

||An||2 <∞, An ∈ Cm}. (1.5)

We can also view the above Hilbert space as the direct sum of m-copies of H2
C(D) or sometimes

it is useful to see the above space as a tensor product of two Hilbert spaces H2
C(D) and Cm,

that is,

H2
Cm(D) ≡ H2

C(D)⊕ · · · ⊕H2
C(D)︸ ︷︷ ︸

m

≡ H2
C(D)⊗ Cm.

Therefore if F,G ∈ H2
Cm(D), then F = (f1, f2, . . . , fm) and G = (g1, g2, . . . , gm) so the inner

product is defined as follows:

〈F,G〉 =
m∑
i=1

〈fi, gi〉 where each fi, gi ∈ H2
C(D).

The Banach space of all L(Cr,Cm)-valued bounded analytic functions on D is denoted by

H∞L(Cr,Cm)(D). The elements of H∞L(Cr,Cm)(D) are called the multipliers.

In more general setting we can also define the Hardy spaces as follows:

Let (E , ‖ · ‖E) be a complex separable Hilbert space, then the E-valued Hardy space over

the unit disk D is denoted by H2
E(D) and defined by

H2
E(D) :=

{
F (z) =

∑
n≥0

hnz
n : ‖F‖2 =

∑
n≥0

‖hn‖2
E <∞, hn ∈ E , z ∈ D

}
. (1.6)

1.3 The Unilateral shift and factorization of functions

Now we will discuss about an important operator, that is, the unilateral shift, the study of the

invariant subspaces of this operator in the Hardy space yields a nice factorization of functions

in H2.

TH-3170_186123016



4 Chapter 1. Preliminaries

1.3.1 The Shift operators

Definition 1.3.1. On `2(Z+) we define the unilateral shift U by

U(a0, a1, a2, . . .) = (0, a0, a1, a2, . . .) for (a0, a1, a2, . . .) ∈ l2(Z+).

Theorem 1.3.2. (i) The unilateral shift is an isometry.

(ii) The adjiont U∗ of the unilateral shift has the following form :

U∗(a0, a1, a2, . . .) = (a1, a2, . . .).

There are also bilateral shifts, defined on the space of all two-sided square-summable se-

quences.

Definition 1.3.3. The bilateral shift operator W on `2(Z) is defined by

W (. . . , a−2, a−1,a0, a1, a2, . . .) = (. . . , a−3, a−2,a−1, a0, a1, . . .).

Theorem 1.3.4. (i) The bilateral shift is a unitary operator.

(ii) The adjiont W ∗ of the bilateral shift known as backward bilateral shift and is given by :

W ∗(. . . , a−2, a−1,a0, a1, a2, . . .) = (. . . , a−1, a0,a1, a2, a3, . . .).

Definition 1.3.5. The operator Mz(“multiplication by z”) on H2 is defined by

(Mzf)(z) = zf(z).

So, if f(z) =
∑∞

n=0 anz
n, then

(Mzf)(z) =
∞∑
n=0

anz
n+1.

Therefore Mz acts like the unilateral shift. Usually, the shift operator on H2 is denoted by

S.

Theorem 1.3.6. The operator Mz on H2 is unitarily equivalent to the unilateral shift.

Definition 1.3.7. The operators Meiθ and Me−iθ are defined on L2(T) by

(Meiθf)(eiθ) = eiθf(eiθ) and (Me−iθf)(eiθ) = e−iθf(eiθ).

TH-3170_186123016



1.3. The Unilateral shift and factorization of functions 5

Theorem 1.3.8. The operator Meiθ on L2(T) is unitarily equivalent to the bilateral shift W on

`2(Z) and the operator Me−iθ is unitarily equivalent to W ∗.

The following theorem is important in the sequel.

Theorem 1.3.9. The operator Meiθ leaves the subspace H2(T) of L2(T) invariant and the

restriction of Meiθ to H2(T) is the unilateral shift on H2(T). On `2(Z) the operator W leaves

the subspace `2(Z+), consisting of those sequences whose coordinates in negative positions are

0, invariant, and the restriction of W to `2(Z+) is the unilateral shift on `2(Z+).

1.3.2 Invariant and Reducing subspaces

There are some obvious invariant subspaces of the unilateral shift. As for example the subspace

in `2(Z+) consisting of those sequences whose first n coordinates are zero is invariant under U

and the corresponding invariant subspace for Mz in H2 is the subspace of H2 consisting of the

functions whose first n derivatives (including the 0th derivative) vanish at the origin.

The unilateral shift has many invariant subspaces which are very difficult to describe in `2(Z+)

but all invariant subspaces of the unilateral shift can be nicely described as subspaces of H2.

Theorem 1.3.10. The only reducing subspaces of the unilateral shift are {0} and the entire

space.

We know that the commutant of a bounded linear operator T is the set of all bounded linear

operators that commute with T . For any φ ∈ L∞, the multiplication operator Mφ is defined by

Mφ(f) = φf for every f ∈ L2(T).

Theorem 1.3.11. The commutant of W (regarded as an operator on L2(T)) is {Mφ : φ ∈

L∞(T)}.

Now we can explicitly describe the reducing subspaces of the bilateral shift.

Corollary 1.3.1. The reducing subspaces of the bilateral shift on L2(T) are the subspaces

ME = {f ∈ L2(T) : f(eiθ) = 0 a.e. on E} for measurable subsets E ⊂ T.

A description of the nonreducing invariant subspaces of the bilateral shift can be given as

follows:
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Theorem 1.3.12. The subspaces of L2(T) that are invariant but not reducing for the bilateral

shift are of the form M = φH2(T), where φ is a function in L∞(T) such that |φ(eiθ)| = 1 a.e.

and this φ is unique up to constant factor of unit modulus.

1.3.3 Inner and Outer functions

The unilateral shift is a restriction of the bilateral shift to an invariant subspace, invariant

subspaces of the unilateral shift are determined by Theorem 1.3.12 which are the invariant sub-

spaces of the bilateral shift that are contained in H2(T). In this case, the functions generating

the invariant subspaces are certain analytic functions whose structures are important.

Definition 1.3.13. A function φ ∈ H∞ satisfying |φ̃(eiθ)| = 1 a.e. is an inner function.

The definition of inner functions requires that the functions to be in H∞ , but some time

it is useful to know that a function in H2 whose boundary value is of modulus 1 a.e. then it is

also an inner function.

Now we are going to state the famous Beurling’s Theorem [6] which completely describes

the shift invariant subspaces of H2.

Theorem 1.3.14. Every invariant subspace of the unilateral shift other than {0} has the form

φH2, where φ is an inner function. Conversely any subspace of the form φH2 is invariant

subspace of H2 for the shift operator.

Therefore, the invariant subspaces for S∗ are given by,

Kθ := (θH2)⊥,where θ is an inner function.

Now in vector valued Hardy space H2
Cm(D), each Θ ∈ H∞L(Cr,Cm)(D) induces a bounded linear

transformation TΘ ∈ L
(
H2

Cr(D), H2
Cm(D))

)
defined by

TΘF (z) = Θ(z)F (z). (F ∈ H2
Cr(D)) (1.7)

The operator TΘ for Θ ∈ H∞L(Cr,Cm)(D) is known as the multiplication operator having symbol

Θ. As discussed eariler the elements of H∞L(Cr,Cm)(D) are known as the multipliers and are

determined by

Θ ∈ H∞L(Cr,Cm)(D) if and only if STΘ = TΘS, (1.8)
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where the shift S on the left hand side and the right hand side act on H2
Cm(D) and H2

Cr(D)

respectively.

Definition 1.3.15. A multiplier Θ ∈ H∞L(Cr,Cm)(D) is said to be inner if MΘ is an isometry, or

equivalently, Θ(z) ∈ L(Cr,Cm)) is an isometry almost everywhere with respect to the Lebesgue

measure on T (unit circle).

Inner multipliers are among the most important tools for classifying invariant subspaces of

the vector valued Hardy spaces. For instance:

Theorem 1.3.16. (Beurling-Lax-Halmos [51]) A non-zero closed subspace M⊆ H2
Cm(D)

is shift invariant if and only if there exists an inner multiplier Θ ∈ H∞L(Cr,Cm)(D) such that

M = ΘH2
Cr(D),

for some r (1 ≤ r ≤ m).

Consequently, the space M⊥ of H2
Cm(D) is invariant under S∗ (the backward shift), and it

can be represented as KΘ := M⊥ = H2
Cm(D) 	 ΘH2

Cr(D) which also known as model spaces

([23, 24, 42, 40]).

Now we will introduce outer functions in H2
C(D)(≡ H2).

Definition 1.3.17. The function f ∈ H2 is an outer function if f is a cyclic vector for the

unilateral shift. That is, f is an outer function if

∞∨
k=0

{Skf} = H2.

An important property of an outer function is that it has no zeros in D. A beautiful result

that follows from Beurling’s theorem is the following factorization of functions in H2.

Theorem 1.3.18. If g is a function in H2 that is not identically zero, then g = φf , where φ

is an inner function and f is an outer function. This factorization is unique up to constant

factors.

Definition 1.3.19. For g ∈ H2, if g = φf with φ inner and f outer, we call φ the inner part

of g and f the outer part of g.

Therefore the zeros of an H2 function are precisely the zeros of its inner part. Similarly, the

inner outer factorization of a H2-function also holds in vector valued Hardy space H2
Cm(D).
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1.3.4 Blaschke products

Blaschke products are special type of inner functions in H2
C(D). For some particular type of

invariant spaces of the shift operator in H2 the corresponding inner function can be explicitly

formulated. From this, the concept of a Blaschke product came.

Definition 1.3.20. Let {zk}∞k=1 be a sequence of non zero complex numbers in D and assume

that
∑∞

k=1(1−|zk|) <∞. Let s be a nonnegative integer. Then the Blaschke product with zeros

{zk} and a zero of multiplicity s at 0 is defined by

B(z) = zs
∞∏
k=1

zk
|zk|

zk − z
1− zkz

.

Note that s could be zero and there could be only a finite number of zk’s.

Theorem 1.3.21. Every Blaschke product

B(z) = zs
∞∏
k=1

zk
|zk|

zk − z
1− zkz

,

where s is a nonnegative integer and {zk} is a sequence of nonzero numbers in D satisfynig∑∞
k=1(1 − |zk|) < ∞, converges for every z ∈ D. Moreover, B is an inner function whose

nonzero zeros are precisely the {zk}, counting multiplicity, and a zero of multiplicity s at 0.

Corollary 1.3.2. Suppose the inner function φ has a zero of multiplicity s at 0 and has nonzero

zeros at the point z1, z2, · · · in D(repeated according to multiplicity). Let

B(z) = zs
∞∏
k=1

zk
|zk|

zk − z
1− zkz

be the Blaschke product formed from those zeros. Then φ can be written as a product φ = BS,

where S is an inner function that has no zero in D.

Now there are two types of Blaschke products; if

B(z) = zs
n∏
k=1

zk
|zk|

zk − z
1− zkz

, (1.9)

where s is finite, then this Blaschke product B is known as finite Blaschke product and if

B(z) = zs
∞∏
k=1

zk
|zk|

zk − z
1− zkz

, (1.10)
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then B is called infinite Blaschke product.

It is sometimes useful to know which invariant subspaces of the shift operator in H2 have finite

codimension.

Theorem 1.3.22. [40, Theorem 2.6.8] If φ is an inner function, then φH2 has finite codi-

mension if and only if φ is a constant multiple of a Blaschke product with a finite number of

factors.

1.4 Toeplitz operators

The most studied and best-known operators on the Hardy Hilbert space are the Toeplitz op-

erators. The forward and backward shift operators are simple examples of Toeplitz operators;

more generally, the Toeplitz operators are those operators whose matrices with respect to the

standard basis of H2 have constant diagonals.

Definition 1.4.1. For each φ in L∞(T), the Toeplitz operator with symbol φ is the operator Tφ

defined by

Tφ(f) = Pφ(f)

for each f ∈ H2(T), where P = PH2 is the orthogonal projection from L2(T) onto H2(T).

The following theorem determine the Toeplitz operators and for detailed proof see [40,

Corollary 3.2.7.].

Theorem 1.4.2. The operator T is a Toeplitz operator if and only if S∗TS = T , where S is

the unilateral shift operator.

The most tractable Toeplitz operators are the analytic ones.

Definition 1.4.3. A Toeplitz operator Tφ is an analytic Toeplitz operator if φ ∈ H∞(T). The

Toeplitz operator Tφ is called an coanalytic Toeplitz operator if T ∗φ is analytic.

Now we will state some important results concerning Toeplitz operators.

Theorem 1.4.4. [40, Theorem 3.2.5.] The commutant of the shift operator acting on H2(T)

is {Tφ : φ ∈ H∞(T)}.
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Theorem 1.4.5. [40, Theorem 3.2.11.] For ψ and φ in  L∞(T) , TψTφ is a Toeplitz operator if

and only if either Tψ is coanalytic or Tφ is analytic. In both of those cases, TψTφ = Tψφ.

Theorem 1.4.6. [40, Theorem 3.2.15.] A Toeplitz operator is self-adjoint if and only if its

symbol is real-valued almost everywhere.

Theorem 1.4.7. The only compact Toeplitz operator is 0.

Theorem 1.4.8. (Coburn Alternative) If φ is a function in  L∞(T) other than 0, then at

least one of Tφ and T ∗φ is injective.

In vector valued case, let Pm : L2(T,Cm) → H2
Cm(D) be the orthogonal projection of

L2(T,Cm) onto H2
Cm(D), and defined by

∞∑
n=−∞

Ane
int 7→

∞∑
n=0

Ane
int.

Therefore Pm(F ) = (Pf1, Pf2, . . . , Pfm), where P is the Riesz projection on H2
C(D) [23] and

F = (f1, f2, . . . , fm) ∈ L2(T,Cm).

Definition 1.4.9. For any Φ ∈ L∞(T,L(Cm,Cm)), the Toeplitz operator TΦ : H2
Cm(D) →

H2
Cm(D) is defined by

TΦ(F ) = Pm(ΦF )

for any F ∈ H2
Cm(D).

Since H2
Cm(D) can be written as the direct sum of m-copies of H2

C(D), then we have the

following matrix-representation of TΦ :

TΦ =


Tφ11 Tφ12 · · · Tφ1m

Tφ21 Tφ22 · · · Tφ2m

...
...

. . .
...

Tφm1 Tφm2 · · · Tφmm


m×m

, (1.11)

where

Φ =


φ11 φ12 · · · φ1m

φ21 φ22 · · · φ2m

...
...

. . .
...

φm1 φm2 · · · φmm


m×m

(1.12)

is an element of L∞(T,L(Cm,Cm)) and each Tφij is a Toeplitz operator in H2
C(D) [18]. Fur-

thermore, it is well known that T ∗Φ = TΦ∗ , where Φ∗ =
(
φji
)
m×m [18].
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1.5. Nearly invariant subspace for the Backward shift S∗ in scalar valued Hardy space 11

1.5 Nearly invariant subspace for the Backward shift S∗

in scalar valued Hardy space

We will describe certain subspaces of H2, modulo one dimension, are invariant under the

backward shift operator. These subspaces are called nearly S∗-invariant subspaces. The nearly

S∗-invariant subspaces are linked to study the kernel of Toeplitz operators.

Definition 1.5.1. A closed subspace M ⊂ H2
C(D) is said to be nearly invariant for S∗ (or,

nearly S∗-invariant) if whenever f ∈M and f(0) = 0, then S∗f ∈M.

Lemma 1.5.2. Let M be a nontrivial nearly S∗-invariant subspace of H2. Then dim(M	

(M∩H2
0 )) = 1, where H2

0 = {f ∈ H2 : f(0) = 0}.

Example 1.5.3. The kernel of a Toeplitz operator is nearly S∗-invariant subspace.

Proof. Consider a Toeplitz operator Tφ, for φ ∈ L∞(T). Let f ∈ KerTφ with f(0) = 0. So,

f = Sg, for some g ∈ H2
C(D). Now by Theorem 1.4.4 we have,

Tφ(S∗f) = Tφ(g) = S∗TφS(g) = S∗Tφ(f) = 0

which imples that S∗f ∈ KerTφ and hence KerTφ is a nearly S∗-invariant subspace.

In the scalar case, nearly S∗-invariant subspaces of H2(D) were introduced by Hitt [34] as a

tool for classifying the simply S-invariant subspaces of H2(A), where H2(A) denotes the Hardy

space on the annulus A = {z ∈ C : r0 < |z| < 1}, r0 is a positive real number less than unity,

and studied further by Sarason [49], who used them to study the kernels of Toeplitz operators.

The follwing theorem mainly describes nearly S∗-invariant subspace of H2 in scalar valued case

as described in [34, 49] and also one can see it in [24].

Theorem 1.5.4. Let M be a nontrivial closed subspace of H2 . The following are equivalent.

(i) M is a nearly S∗-invariant subspace of H2.

(ii) There exists a unique function g of unit norm in M such that g(0) > 0 and a unique S∗

invariant subspace M′ of H2 on which Tg acts isometrically such that M = TgM′, where Tg is

the multiplication operator on M′ which sends m′ ∈M′ to gm′ ∈M.
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1.6 Almost invariant space

Let X be an infinite dimensional separable complex Banach space, and let T ∈ L(X) be a

bounded linear operator on X. We say that a closed subspace M of X is invariant under T if

T (X) ⊂ X.

Definition 1.6.1. A closed subspace M ⊂ X is said to be almost invariant for T ∈ L(X) if

there exists a finite dimensional subspace F of X such that

T (M) ⊂M+ F .

Definition 1.6.2. A subspaceM of a Banach space X is said to be a half-space if it has infinite

dimension and as well as infinite codimension.

The study of almost invariant half-spaces of operators T acting on complex Banach space is

a highly interesting subject of the recent research area. For more on almost invariant half-spaces

see [3, 47, 50, 53].

1.7 Nearly invariant subspaces for Backward shift on

vector valued Hardy spaces

The study of the shift operator S (multiplication by the independent variable) on certain

Hardy spaces consisting of vector valued analytic functions on the unit disc D, is the main aim

of this section. The characterization of nearly invariant subspaces for Backward shift on vector

valued Hardy spaces was initiated by Chalendar-Chevrot-Partington (C-C-P) [9] as a vectorial

generalization of Hitt [34] and Sarason’s [49] work. Let us now discuss some useful definitions:

Definition 1.7.1. A bounded linear operator T on H belongs to the class C.0 if for all x ∈ H

lim
n→∞

||T ∗nx|| = 0.

Let v⊗w dentes the operator defined by (v⊗w)(x) = 〈x,w〉v, for each x ∈ H and u, v ∈ H.
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1.7.1 Nearly invariant subspaces in H2
Cm(D)

For F ∈ H2
Cm(D), the shift operator S is defined by

S(F )(z) := zF (z),

and the adjoint of the shift operator S is given by

S∗(F )(z) :=
F (z)− F (0)

z
.

Definition 1.7.2. A subspace F of H2
Cm(D) is said to be nearly S∗ -invariant if F is closed,

and if every element F ∈ F with F (0) = 0 satisfies S∗F ∈ F .

A preliminary question concerning a nearly S∗-invariant subspace is whether there exists

F ∈ F such that F (0) 6= 0. Indeed, if F ⊂ zH2
Cm(D) then by definition F is nearly S∗-invariant

if and only if F is S∗ invariant.

Lemma 1.7.3. Let F be a nearly S∗-invariant subspace with F ⊂ zH2
Cm(D). Then F = {0}.

This lemma has an important consequence for characterizing nearly S∗-invariant subspaces

in vector valued case.

Corollary 1.7.1. If F is a nearly S∗ invariant subspace of H2
Cm(D) and F 6= {0}, then 1 ≤

dim(F 	 (F ∩ zH2
Cm(D))) ≤ m.

Now a full description of nearly S∗-subspaces will be given by linking them with S∗-invariant

subspaces. The following theorem is due to Chalendar-Chevrot-Partington (C-C-P) [9] which

is an adaptation to the vectorial case of Hitt’s algorithm [34] and the operatorial version of

Sarason [49].

Theorem 1.7.4. Let F be a nearly S∗-invariant subspace of H2
Cm(D) and let (W1,W2, · · · ,Wr)

be an orthonormal basis of W := F 	 (F ∩ zH2
Cm(D)).

Let F0 be the m× r matrix whose columns are W1,W2, · · · ,Wr. Then there exists an isometric

mapping

J : F ←→ F ′ given by F0G 7→ G,

where F ′ := {G ∈ H2
Cr(D) : ∃F ∈ F , F = F0G}. Moreover F ′ is S∗ invariant.
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Corollary 1.7.2. Let F be a nearly S∗-invariant subspace of H2
Cm(D) and let (W1,W2, · · · ,Wr)

be an orthonormal basis of W := F 	 (F ∩ zH2
Cm(D)).

Let F0 be the m × r matrix whose columns are W1,W2, · · · ,Wr. Then there exists an inner

function Φ ∈ H∞(D,L(Cr′,Cr)), which is unique up to unitary equivalance and vanishes at

zero, such that

F = F0(H2
Cr(D)	 ΦH2

r′(D)).

Remark 1.7.5. It should be noted that nearly S∗-invariant subspaces are linked to the problem

of injectivity of Toeplitz operators. Indeed, suppose that Ψ is a function in L∞(T,Cm×m) not

identically equals to zero, such that the Toeplitz operator TΨ on H2
Cm(D) has a nontrivial kernel.

Then KerTΨ is a nontrivial nearly S∗-invariant subspace. Therefore, according to our previous

result, it equals TF0M′, whereM′ is a S∗-invariant subspace, containing the constant functions,

and on which F0 acts isometrically. In the scalar case, Sarason first noticed this link, providing

an alternative proof of Hayashi’s result.

1.8 Nearly invariant subspaces of finite defect in scalar

valued Hardy space

In order to describe the almost-invariant subspaces for S, the definition of nearly invariant

subspaces with defect m for S∗ has been first introduced by Chalendar-Gallardo-Partington

[11] (C-G-P) as a generalization of nearly invariant subspaces. They gave a complete charac-

terization of nearly S∗-invariant subspaces with finite defect in the scalar valued Hardy space

H2
C(D) in [11].

Definition 1.8.1. A closed subspace M ⊂ H2
C(D) is said to be nearly S∗-invariant with defect

m if and only if there is an m-dimensional subspace F (which may be taken to be orthogonal to

M ) such that if f ∈M, f(0) = 0 then S∗f ∈M ⊕F . We say that M is S∗ almost-invariant

with defect m if and only if S∗M ⊂M ⊕ F , where dim F = m.

The first observation provides a link between nearly invariant subspaces for S∗ and almost-

invariant spaces for S. For detailed proof of the following results one is refer to see [11].

Proposition 1.8.2. [11, Proposition 1.2] Every nearly invariant subspace M = gKθ for S∗ is
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almost-invariant for S with defect 1. Moreover, if θ is not rational, it is an almost-invariant

half-space with defect 1.

The next result will state that the orthocomplement of certain nearly invariant subspaces

for S∗ are also almost-invariant for S of defect 1. Before that, the following lemma is needed.

Lemma 1.8.3. [11, Lemma 1.3] Let ψ and θ be non-constant inner functions. Then (ψKθ)
⊥ =

θψH2 ⊕Kψ.

Now using Lemma 1.8.3, we have the following result.

Proposition 1.8.4. [11, Proposition 1.4] Let ψ and θ be non-constant inner functions. Then

(ψKθ)
⊥ is an almost-invariant space of defect 1. Moreover, if ψ is not rational (finite Blaschke

product); or if ψ is rational but θ is not a rational inner function, then (ψKθ)
⊥ is an almost-

invariant half-space of defect 1.

Clearly S∗ almost-invariance implies nearly S∗ -invariance (with the same defect).

Next we will describe the generalization of Hitt’s algorithm to obtain a representation of nearly

S∗ -invariant subspaces with defect m (finite), (done by C-G-P) as follows:

Theorem 1.8.5. [11, Theorem 2.2] Let M be a closed subspace that is nearly S∗-invariant with

defect m. Then:

(i) in the case where there are functions in M that do not vanish at 0,

M = {f : f(z) = k0(z)f0(z) + z
m∑
j=1

kj(z)ej(z) : (k0, k1, . . . , km) ∈ K},

where f0 is the normalized reproducing kernel for M at 0, {e1, . . . , em} is any orthonormal basis

for F , and K is a closed S∗ ⊕ · · · ⊕ S∗ invariant subspace of the vector valued Hardy space

H2
Cm+1(D), and ||f ||2 =

∑m
j=0 ||kj||2.

(ii) In the case where all functions in M vanish at 0,

M = {f : f(z) = z

m∑
j=1

kj(z)ej(z) : (k1, k2, . . . , km)}

with the same notation as in (i), except that K is now a closed S∗⊕· · ·⊕S∗ invariant subspace

of the vector valued Hardy space H2
Cm(D), and ||f ||2 =

∑m
j=1 ||kj||2.

Conversely, if a closed subspace M ⊂ H2 has a representation as in (i) or (ii), then it is a

nearly S∗ -invariant subspace of defect m.
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It should also be noted that K⊥ can be described using the Beurling-Lax-Halmos theorem.

Corollary 1.8.1. [11, Corollary 2.4] A closed subspace M is an almost-invariant subspace for

S∗ with defect m if and only if it satisfies the conditions of Theorem 1.8.5, together with the

extra condition that S∗f0 ∈M ⊕ F in case (i), while case (ii) is unchanged.

Remark 1.8.6. [11, Remark 2.5] Note also that S∗M ⊂M ⊕ F is equivalent to the condition

that

S((M ⊕ F )⊥) ⊂M⊥ = (M ⊕ F )⊥ ⊕G,

where G = F 	 M and dim G = dim F ; this gives an expression for S almost-invariant

subspaces.

TH-3170_186123016



TH-3170_186123016



CHAPTER 2

Almost invariant subspaces of the shift operator on vector valued

Hardy spaces

2.1 Introduction

In 1988, Hitt [34] first introduces the notion of nearly invariant subspaces under the backward

shift operator acting on the scalar valued Hardy space which he used as a tool for classifying

the simply shift-invariant subspaces of the Hardy space of an annulus. In his paper, he rather

called it as “weakly invariant subspace under the backward shift ”. Later Sarason [49] further

investigated these spaces and modified Hitt’s algorithm for scalar valued Hardy space to study

the kernels of Toeplitz operators. In 2010, Chalendar-Chevrot-Partington (C-C-P) [9] gives

a complete characterization of nearly invariant subspaces under the backward shift operator

acting on the vector valued Hardy space, providing a vectorial generalization of a result of Hitt.

Recently Chalendar-Gallardo-Partington (C-G-P) [11] introduce the notion of nearly invariant

subspace of finite defect for the backward shift operator acting on the scalar valued Hardy space

as a generalization of nearly invariant subspaces and provides a complete characterization of

these spaces in terms of backward shift invariant subspaces. Using this characterization they

also described the almost-invariant subspaces for the shift and its adjoint acting on the scalar

valued Hardy space. In this connection, we should mention that the relation between nearly

18
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invariant subspaces under the backward shift and the kernel of Toeplitz operators has been

discussed in [16].

In this chapter, we further study nearly invariant subspaces of finite defect under the back-

ward shift operator acting on the vector valued Hardy space and provides a vectorial generaliza-

tion of C-G-P algorithm. As a consequences, we completely characterize nearly invariant sub-

spaces of finite defect under the backward shift in terms of backward shift invariant subspaces.

Furthermore, using the characterization of nearly invariant subspace under the backward shift

we completely describe the almost invariant subspaces for the shift and its adjoint acting on

the vector valued Hardy space. Moreover, at the end we also provide a connection between the

orthocomplement of a nearly invariant subspaces of finite defect under the backward shift and

the shift invariant subspaces on the vector valued Hardy space H2
Cm(D) (see Definition (1.5) of

chapter 1).

Now we revisit the Defintion 1.6.1 mentioned in Chapter 1 of almost invariant subspaces

regarding the shift operator in vector valued Hardy space.

Definition 2.1.1. A closed subspaceM of H2
Cm(D) is said to be almost-invariant for S if there

exists a finite dimensional subspace F of H2
Cm(D) such that

S(M) ⊆M+ F .

The space F is called the defect space and the smallest possible dimension of F is called defect of

the spaceM. Moreover, a spaceM is called a half-space (see Definition 1.6.2) ifM has infinite

dimension and infinite co-dimension. The study of almost-invariant half-spaces of any bonded

linear operators T acting on complex Banach spaces was initiated in 2009 due to Androulakis,

Popov, Tcaciuc and Troitsky [3] and later it further studied by Popov, Tcaciuc, Sirotkin and

Wallis [47, 50, 53] to investigate the structure of almost-invariant half-spaces in more general

setting. In this connection, it is easy to observe that every subspace which is not a half-space

is clearly almost-invariant under any operator. A well-known result due to Beurling [6] states

that if M is a S-invariant subspace of H2
C(D), then M can be represented as

M = θH2
C(D),

(also mentioned in Chapter 1 as Theorem 1.3.14) where θ ∈ H∞C (D) is an inner function (that

is, θ is a bounded holomorphic function on D and |θ| = 1 a.e. on T). In this regard, it is not
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20 Chapter 2. Almost invariant subspaces of the shift operator on vector valued Hardy spaces

difficult to conclude that the shift invariant subspaceM of H2
C(D) is a half-space if and only if

M = θH2
C(D) with θ is not rational (that means, θ is not a product of finitely many Blaschke

factor) [40].

The purpose of this chapter is to characterize almost invariant subspaces for the shift and

its adjoint acting on the vector valued Hardy space in terms of invariant subspaces for the

adjoint S∗ with finite defect. To achieve our goal we give a connection between nearly invariant

subspaces with finite defect and invariant subspaces for S∗ in the vector valued Hardy space

(see. Theorem 2.3.5).

The chapter is organized as follows: In Section 2.2 we give a connection between nearly

invariant subspaces for S∗ and almost-invariant subspaces for S in vector valued Hardy spaces.

In other words, we generalize some results of [11, Section 2] in the vector valued setting. Section

2.3 deals with the main result of this chapter. At the end, in Section 2.4, we obtain a connection

between the orthocomplement of a class of nearly invariant subspaces of finite defect under the

backward shift and the shift invariant subspaces on the vector valued Hardy space.

2.2 Preliminary results

The space H2
Cm(D) as defined in (1.5) of Chapter 1, can also be defined as the collection of all

Cm-valued analytic functions F on D such that

‖F‖ =
[

sup
0≤r<1

1

2π

∫ 2π

0

|F (reiθ)|2 dθ
] 1

2
<∞.

Moreover, the nontangential boundary limit (or radial limit)

F (eiθ) := lim
r→1−

F (reiθ)

exists almost everywhere on T (for more details see [42], I.3.11). Therefore H2
Cm(D) can be

embedded isomertically as a closed subspace of L2(T,Cm) by identifying H2
Cm(D) through the

nontangential boundary limits of H2
Cm(D) functions. Furthermore, L2(T,Cm) can be decom-

posed in the following way

L2(T,Cm) = H2
Cm(D)⊕H2

0Cm ,

where H2
0Cm = {F ∈ L2(T,Cm) : F ∈ H2

Cm(D) and F (0) = 0}.

We already noticed that nearly S∗-invariant subspaces of H2
C(D) (see Definition 1.5.1) were

introduced and characterized by Hitt [34] and Sarason [49]. For vector valued nearly S∗ invariant
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subspaces in H2
Cm(D) one is refer to see Definition 1.7.2 and the vectorial generalization of

Hitt’s and Sarason’s result was due to Chalendar-Chevrot-Partington (C-C-P) [9] which says

the following: Every non trivial nearly S∗-invariant subspace M of H2
Cm(D) has the form

M = F0K, where F0 is the m × r (1 ≤ r ≤ m) matrix whose columns are {W1,W2, ...,Wr}

which forms an orthonormal basis of W := M	 (M ∩ zH2
Cm(D)) and K is a S∗- invariant

subspace of H2
Cr(D). Therefore by Beurling-Lax-Halmos theorem (see Theorem 1.3.16), there

exists an inner multiplier Θ ∈ H∞L(Cr′ ,Cr)(D) for some r′ (≤ r) such that

K = KΘ := H2
Cr(D)	ΘH2

Cr′ (D)

with an extra property that Θ(0) = 0. The operator

TF0 : H2
Cr(D)→ H2

Cm(D)

G 7−→ P (F0G),

where P is the Fourier projection of the L1(T,Cm) function F0G, as in the scalar case it is an

isometry from KΘ ontoM.

As discussed earlier, throughout this section we will provide vectorial generalization of similar

results given in ([11] , Section 2). Now we are in a position to prove our first result which

produces a connection between nearly invariant subspaces for S∗ and almost-invariant subspaces

for S in the vector valued case.

Proposition 2.2.1. Let F0 and KΘ be as above. Then the nearly S∗- invariant subspace

M = F0KΘ is an almost invariant for S with defect r′. In particular, if the inner multiplier

Θ ∈ H∞L(Cr)(D) is of the form:

Θ =



θ1 0 0 . . . 0

0 θ2 0 . . . 0

. . . . . . .

. . . . . . .

. . . . . . .

0 0 0 . . . θr


r×r

, (2.1)

where {θ1, θ2, . . . , θr} is a collection of inner functions of H2
C(D) with at least one θi (say) is

not rational, then M = F0KΘ is an almost-invariant half-space with defect r.
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22 Chapter 2. Almost invariant subspaces of the shift operator on vector valued Hardy spaces

Proof. Since Θ ∈ H∞L(Cr′,Cr)(D) is an inner multiplier, then the map

TΘ : H2
Cr′(D)→ H2

Cr(D)

is an isometry. Let {ei}r′i=1 be an orthonormal basis of Cr′. Now consider Θ̃i = Θei ∈

H2
Cr(D), for i = 1, 2, ..., r′. Note that TΘ is an isometry implies {Θ̃i}r′i=1 is linearly indepen-

dent in H2
Cr(D). Moreover

(KΘ + span{Θ̃i}r′i=1)⊥ = ΘH2
Cr′(D) ∩ (span{Θ̃i}r′i=1)⊥ = zΘH2

Cr′(D).

On the other hand forG ∈ H2
Cr′(D) and F ∈ KΘ we have 〈zΘG, zF 〉 = 0 and hence zΘH2

Cr′(D) ⊆

(zKΘ)⊥. Thus SKΘ ⊆ KΘ + span{Θ̃i}r′i=1. Since TF0 is an isometry from KΘ onto M we have

SM⊆M+ span{F0Θ̃i}r′i=1. This proves that M is almost invariant under S with defect r′.

For the second part we assume that θj is not rational for some j ∈ {1, . . . , r} which im-

mediately implies that θjH
2
C(D) is a half space. Note that since Θ is of the form (2.1), then

ΘH2
Cr(D) is again a half space which concludes thatM is also a half space. This concludes the

proof.

The following two lemmas are very useful to conclude that the orthocomplement of some

nearly invariant subspaces for S∗ are also almost invariant for S of some finite defect in H2
Cm(D).

Lemma 2.2.2. Let Ψ ∈ H∞L(Cm)(D) be an inner multiplier of the form

Ψ =



ψ1 0 0 . . . 0

0 ψ2 0 . . . 0

. . . . . . .

. . . . . . .

. . . . . . .

0 0 0 . . . ψm


m×m.

, (2.2)

where {ψ1, ψ2, . . . , ψm} is a collection of inner functions of H2
C(D). Then (ΨKΘ)⊥ = ΨΘH2

Cr(D)⊕

KΨ for any inner multiplier Θ ∈ H∞L(Cr,Cm)(D) with r ≤ m.

Proof. Let F ∈ H2
Cm(D). Then for all K ∈ KΘ we have

〈F,ΨK〉H2
Cm (D) = 〈F,ΨK〉L2(T,Cm) = 〈T ∗ΨF,K〉L2(T,Cm).

Therefore T ∗ΨF ∈ ΘH2
Cr(D)⊕H2

0 if and only if F ∈ ΨΘH2
Cr(D)⊕KΨ, whereKΨ = (ΨH2

Cm(D))⊥ =

H2
Cm(D) ∩ΨH2

0 . This completes the proof.
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Lemma 2.2.3. Let Ψ ∈ H∞L(Cm)(D) be as in the statement of Lemma 2.2.2 with an extra

assumption that ψi(0) 6= 0 for each i ∈ {1, 2, . . . ,m}. Then ΨKΘ is nearly S∗ invariant for any

inner multiplier Θ ∈ H∞L(Cr,Cm)(D) with r ≤ m.

Proof. Let F ∈ ΨKΘ be such that F (0) = 0. Then

F = ΨK, where K ∈ KΘ and F (0) = Ψ(0)K(0) = 0.

Since each ψi(0) 6= 0 for each i ∈ {1, 2, . . . ,m}, then from the above we conclude that K(0) = 0.

Thus

S∗F (z) =
F (z)− F (0)

z
=
ψ(z)K(z)

z
= Ψ(z)S∗K(z),∀z ∈ D.

Since KΘ is S∗ invariant, then S∗F ∈ ΨKΘ. This completes the proof.

Combining Lemma 2.2.2 and Lemma 2.2.3 we have the following result.

Proposition 2.2.4. Let Ψ ∈ H∞L(Cm)(D) be as in the statement of Lemma 2.2.2 and let Θ ∈

H∞L(Cr,Cm)(D) for r ≤ m. Then (ΨKΘ)⊥ is an almost invariant subspace for S in H2
Cm(D) with

defect m. In particular if

Θ =



θ1 0 0 . . . 0

0 θ2 0 . . . 0

. . . . . . .

. . . . . . .

. . . . . . .

0 0 0 . . . θm


m×m,

, (2.3)

where {θ1, θ2, . . . , θm} is a collection of inner functions of H2
C(D) with at least one θi (say) is

not rational, then (ΨKΘ)⊥ is an almost invariant half space of defect m.

Proof. By repeating the similar kind of argument as in the proof of Proposition 2.2.1 we con-

clude that

SKΨ ⊂ KΨ + span{Ψ̃i}mi=1,

where Ψ̃i = Ψei and {e1, e2, . . . , em} is an orthonormal basis of Cm. On the other hand by

Lemma 2.2.2 we have (ΨKΘ)⊥ = ΨΘH2
Cm(D) ⊕ KΨ. Thus by combining this two results we

have the following :

S(ΨKΘ)⊥ ⊂ (ΨKΘ)⊥ + span{Ψ̃i}mi=1.
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24 Chapter 2. Almost invariant subspaces of the shift operator on vector valued Hardy spaces

Since by hypothesis Θ is of the form (2.3), then the dimensions of both (ΨKΘ)⊥ and ΨKΘ are

infinite and hence it is a half space. This completes the proof.

In Proposition 2.2.1, we have seen that every nearly invariant subspace for S∗ is an almost

invariant subspace for S. The next proposition says that the converse of this result is not true

that is, there exists an almost invariant half space for S which is not nearly S∗- invariant.

Proposition 2.2.5. Let Θ ∈ H∞L(Cm)(D) be as in (2.3) with an extra assumption that Θ(0) = 0.

Then (ΘKΘ)⊥ is an almost invariant half space for S of defect m but not nearly invariant for

S∗.

Proof. Since Θ is of the form (2.3), then by Proposition 2.2.4 we conclude that (ΘKΘ)⊥ is

an almost invariant for S. Note that Θ is an inner multiplier of the form (2.3) with at least

one θj (say) is not rational. Now Θ(0) = 0 implies that θi(0) = 0 for all i ∈ {1, 2, . . . ,m}.

Let F = Θ2ej, where {e1, e2, . . . , em} is an orthonormal basis of Cm. Then F ∈ H2
Cm(D) and

F (0) = 0. Note that for any K ∈ KΘ, 〈F,ΘK〉 = 〈Θ2ej,ΘK〉 = 0 and hence F ∈ (ΘKΘ)⊥. On

the contrary, let us assume that (ΘKΘ)⊥ is nearly invariant for S∗. Therefore S∗F ∈ (ΘKΘ)⊥ =

Θ2H2
Cm(D)⊕KΘ (by Lemma 2.2.2) and hence

S∗F (z) =
F (z)

z
= Θ2(z)H(z) +K(z), (2.4)

for some H ∈ H2
Cm(D) and K ∈ KΘ. On the other hand Θ(0) = 0 implies that there exists an

another inner multiplier Θ1 ∈ H∞L(Cm,Cm)(D, ) such that Θ(z) = zΘ1(z), ∀z ∈ D and hence

S∗F (z) =
F (z)

z
=

Θ2(z)ej
z

= Θ(z)Θ1(z)ej ∈ ΘH2
Cm(D). (2.5)

Combining (2.4) and (2.5) we conclude that K ∈ KΘ ∩ΘH2
Cm(D) and therefore K(z) = 0. This

implies that H(z) = 1
z
⊗ ej ∈ H2

Cm(D) which is not the case. This completes the proof.

2.3 Classification of almost invariant subspaces

The main aim of this section is to describe completely the almost invariant subspaces for the

shift and its adjoint acting on the vector valued Hardy space H2
Cm(D). At first we begin with

the definition of nearly invariant subspace for S∗ with finite defect on the vector valued Hardy

space. For scalar valued case, it has been introduced in [11] (see Definition 1.8.1).
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Definition 2.3.1. A closed subspaceM⊂ H2
Cm(D) is said to be nearly S∗-invariant with defect

p if and only if there is an p-dimensional subspace F ⊂ H2
Cm(D) (which is orthogonal to M )

such that if F ∈ M,F (0) = 0 then S∗F ∈ M ⊕ F . This p dimensional subspace F is known

as the defect space corresponding to the nearly S∗-invariant subspace M with finite defect p.

We say that M is S∗ almost invariant with defect p if and only if S∗M⊂M⊕F ; where dim

F = p.

Characterization of the subspaces in a vector valued Hardy space that are nearly S∗ in-

variant was due to Chalendar-Chevrot-Partington [9] which provides a vectorial generalization

of a result of Hitt [34]. Recently Chalendar-Gallardo-Partington (C-G-P) gives a complete

characterization of nearly S∗ invariant subspaces with finite defect in the scalar valued Hardy

space H2
C(D) [11]. Here our principle aim is to provide a complete characterization of nearly S∗

invariant subspaces with finite defect in the vector valued Hardy space H2
Cm(D). Before going

to the main result of this section we first start with the following two lemmas. Note that the

first lemma already proved in [9] but for reader’s convenience we are providing a proof herewith.

Lemma 2.3.2. Let M be a closed subspace of H2
Cm(D) such that all functions in M do not

vanish at 0. Then

1 ≤ dim (M	 (M∩ zH2
Cm(D))) ≤ m.

Proof. Note that by hypothesis the space W := M 	 (M ∩ zH2
Cm(D)) is non-trivial. Let

dimW = r. For i ∈ {1, 2, ...,m}, let Fi = PM(k0 ⊗ ei), where PM is the orthogonal projection

of H2
Cm(D) onto M and k0 is the reproducing kernel at 0 in H2

C(D). Then Fi ∈ M and

〈Fi, G〉 = 0 for all G ∈ M ∩ zH2
Cm(D) which implies that G(0) = 0. This shows that {Fi}mi=1

generates the space W and hence dimW ≤ m. This completes the proof.

Recall the Definition 1.7.1 concerning C·0 contraction and we have the following result.

Lemma 2.3.3. ([5, Lemma 3.3]) Suppose T ∈ C·0 and dim DT
(

= Ran(I − T ∗T )
1
2

)
< ∞.

Let F ⊂ H be a closed subspace of finite codimension. Then TPF ∈ C·0, where PF denotes the

orthogonal projection onto F .

Now we are in a position to state and prove the main theorem in this section.

Theorem 2.3.4. Let M be a closed subspace that is nearly S∗-invariant with defect 1 in

H2
Cm(D) and let E1 ∈ H2

Cm(D) be such that F = 〈E1〉 (subspace spanned by the vector E1)
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26 Chapter 2. Almost invariant subspaces of the shift operator on vector valued Hardy spaces

is the defect space with ‖E1‖ = 1. Let {W1,W2, . . . ,Wr} be an orthonormal basis of W :=

M	 (M∩zH2
Cm(D)), and let F0 be the m×r matrix whose columns are W1,W2, . . . ,Wr. Then

(i) in the case where there are functions in M that do not vanish at 0,

M =
{
F ∈ H2

Cm(D) : F = F0K0 + zk1E1 and

(K0, k1) ∈ K ⊂ H2
Cr(D)×H2

C(D)
}
,

(2.6)

where K is a closed S∗⊕· · ·⊕S∗-invariant subspace of the vector valued Hardy space H2
Cr+1(D),

and ‖F‖2 = ‖K0‖2 + ‖k1‖2.

(ii) In the case where all functions in M vanish at 0.

M = {F : F (z) = zk1(z)E1(z) : k1 ∈ K},

where K is now a closed S∗- invariant subspace of the Hardy space H2
C(D) and ‖F‖2 = ‖k1‖2.

Conversely, if a closed subspace M of the vector valued Hardy space H2
Cm(D) has a representa-

tion like (i) or (ii) as above, then it is a nearly S∗-invariant subspace of defect 1.

Proof. (i) By hypothesisM * zH2
Cm(D). Let PW denote the orthogonal projection ofM onto

W . If F ∈M, then PW(F ) can be written as

PW(F )(z) = a0,1W1(z) + · · ·+ a0,rWr(z),

and hence for each z ∈ D, F (z) = PW(F )(z)+F1(z), where F1 ∈M∩W⊥. Since {W1,W2, . . . ,Wr}

forms an orthonormal basis of W , then we have the following norm identity:

‖F‖2 = |a0,1|2 + |a0,2|2 + · · ·+ |a0,r|2 + ‖F1‖2

= ‖A0‖2 + ‖F1‖2, where A0 = (a0,1, a0,2, . . . , a0,r)
T .

Note that F1 ∈ M ∩ W⊥ and hence F1(0) = 0. On the other hand since M is a nearly

S∗-invariant subspace with defect 1, then S∗F1 = G1 + β1E1, where G1 ∈ M and β1 ∈ C.

Therefore F1 = S(G1 + β1E1) because F1(0) = 0 and SS∗F1 = F1. Thus for z ∈ D we have

F (z) = F0(z)A0 + zG1(z) + β1zE1(z) and ‖F‖2 = ‖A0‖2 + ‖G1‖2 + |β1|2. (2.7)

Now we repeat the above process starting with G1. Then G1 = F0A1 + F2 with F2 ∈ M and

F2(0) = 0. Similarly by using the properties of M we conclude that S∗F2 = G2 + β2E1 for
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some G2 ∈M and β2 ∈ C which again implies that F2 = zG2 +β2zE1. Therefore in the second

iteration we have

F (z) = F0(z)(A0 + A1z) + z2G2(z) + (β1z + β2z
2)E1(z) (z ∈ D)

and ‖F‖2 = ‖A0‖2 + ‖A1‖2 + ‖G2‖2 + |β1|2 + |β2|2. If we continue the above process at the k-th

iteration we obtain,

F (z) = F0(z)(A0 + A1z + · · ·+ Ak−1z
k−1) + zkGk(z) + (β1z + · · ·+ βkz

k)E1(z) (2.8)

and

‖F‖2 =
k−1∑
j=0

‖Aj‖2 + ‖Gk‖2 +
k∑
j=1

|βj|2. (2.9)

Moreover from the above iterations we also note that Gk = P1S
∗P2(Gk−1), where P1 and P2 are

the orthogonal projections with kernel 〈E1〉 and W respectively. Since S ∈ C·0, dimDS <∞

and P1 is an orthogonal projection with finite dimensional kernel, then by applying Lemma

2.3.3 we conclude that SP1 ∈ C·0. Furthermore, since dimDSP1 <∞ and P2 is an orthogonal

projection with finite dimensional kernel, then by applying Lemma 2.3.3 once again we conclude

that SP1P2 ∈ C·0. Again from the above iterations we note that

Gk = (P1S
∗P2)k(F ) = P1S

∗(P2P1S
∗)k−1P2(F ) = P1S

∗(SP1P2)∗k−1P2(F )

and hence ‖Gk‖ ≤ ‖(SP1P2)∗k−1P2(F )‖ → 0, as k → ∞. Consequently from the above equa-

tions (2.8) and (2.9) we can write

F (z) = F0(z)K0(z) + zk1(z)E1(z) and ‖F‖2 = ‖K0‖2 + ‖k1‖2, (2.10)

where

K0(z) =
∞∑
j=0

Ajz
j, k1(z) =

∞∑
j=1

βjz
j−1

and the sums converge in H2
Cr(D) and H2

C(D) norm respectively. Thus finally we say that if

F ∈M then

F = F0K0 + zk1E1,

where (K0, k1) ∈ H2
Cr(D)×H2

C(D). Recall that H2
Cr(D)×H2

C(D) can be identified with H2
Cr+1(D).

Define the subspace K of H2
Cr+1(D) as follows:

K =
{

(K0, k1) ∈ H2
Cr+1(D) : ∃ F ∈M such that
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F = F0K0 + zk1E1

}
.

Then by using (2.10) we conclude that K is a closed subspace of H2
Cr+1(D). Now it remains to

show that K is S∗⊕· · ·⊕S∗-invariant in H2
Cr+1(D). Indeed, let (K0, k1) ∈ K. Then there exists

F in M such that F = F0K0 + zk1E1. On the other hand

F = F0K0 + zk1E1 = F0A0 + F0(K0 −K0(0)) + zk1E1

= F0A0 + {F0(K0 −K0(0)) + z(k1 − k1(0))E1 + zk1(0)E1}

= F0A0 + z(F0S
∗K0 + zS∗k1E1)︸ ︷︷ ︸+zβ1E1,

which along with equation (2.7) implies F0S
∗K0 + zS∗k1E1 = G1 ∈M, which proves that K is

S∗ ⊕ · · · ⊕ S∗︸ ︷︷ ︸
r+1

-invariant.

Conversely, let M be a closed subspace of H2
Cm(D) which has a representation like (2.6). Let

F ∈ M be such that F (0) = 0. Then there exists (K0, k1) in K such that F = F0K0 + zk1E1.

Now it is easy to observe that
{
Wi(0)

}r
i=1

is linearly independent which follows from the fact

thatW is a linear space and all functions inW do not vanish at 0. On the other hand F (0) = 0

and the fact
{
Wi(0)

}r
i=1

is linearly independent together implies K0(0) = 0. Thus

S∗F (z) =
F (z)− F (0)

z
=
F0(z)K0(z) + zk1(z)E1(z)− F0(0)K0(0)

z

= F0(z)S∗K0(z) + (SS∗k1(z))E1(z) + k1(0)E1(z),

and hence S∗F = F0S
∗K0 + zS∗k1E1 + k1(0)E1. On the other hand since K is S∗ ⊕ · · · ⊕ S∗-

invariant in H2
Cr+1(D), then we have (S∗K0, S

∗k1) ∈ K and hence F0S
∗K0 + zS∗k1E1 ∈ M.

This shows that S∗F ∈M⊕F and consequently M is nearly S∗- invariant with defect one.

(ii) If M⊆ zH2
Cm(D), then W = {0}. Therefore by applying the similar kind of algorithm

as in (i), F can be written as F (z) = zk1(z)E1(z) for some H2
C(D) fucntion k1. In other words

M has the following representation.

M = {F : F (z) = zk1(z)E1(z) : k1 ∈ K},

where K is a closed S∗- invariant subspace of the Hardy space H2
C(D) and ‖F‖2 = ‖k1‖2. This

completes the proof.

In general for finite defect p the analogous calculations produce the following result.
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Theorem 2.3.5. Let M be a closed subspace that is nearly S∗-invariant with defect p in

H2
Cm(D) and let {E1, E2, .....Ep} be any orthonormal basis for the p-dimensional defect space

F . Let {W1,W2, . . . ,Wr} be an orthonormal basis of W :=M	 (M∩ zH2
Cm(D)), and let F0

be the m× r matrix whose columns are W1,W2, . . . ,Wr. Then

(i) in the case where there are functions in M that do not vanish at 0,

M =
{
F : F (z) = F0(z)K0(z) +

p∑
j=1

zkj(z)Ej(z) : (K0, k1, . . . , kp) ∈ K
}
, (2.11)

where K ⊂ H2
Cr(D)×H2

C(D)× · · · ×H2
C(D)︸ ︷︷ ︸

p

is a closed S∗⊕ · · · ⊕ S∗- invariant subspace of the

vector valued Hardy space H2
Cr+p(D) and

‖F‖2 = ‖K0‖2 +

p∑
j=1

‖kj‖2.

(ii) In the case where all the functions in M vanish at 0,

M =
{
F : F (z) =

p∑
j=1

zkj(z)Ej(z) : (k1, . . . , kp) ∈ K
}
, (2.12)

with the same notion as in (i) except that K is now a closed S∗ ⊕ · · · ⊕ S∗- invariant subspace

of the vector valued Hardy space H2
Cp(D) and

‖F‖2 =

p∑
j=1

‖kj‖2.

Conversely, if a closed subspace M of the vector valued Hardy space H2
Cm(D) has a representa-

tion like (i) or (ii) as above, then it is a nearly S∗-invariant subspace of defect p.

It is worth mentioning that, the above Theorem 2.3.5 is also obtained independently by R.

O’Loughlin (see [44, Theorem 3.4]). Below we provide few differences between the proof given

by us and R. O’Loughlin.

1. In the description of functions of a nearly S∗ invariant subspace of defect 1 ( just before

the [44, Theorem 3.4]), O’Loughlin use [9, Proposition 2.1] and similar kind of argument

given in [9] to show ||Gn+1|| → 0 in the convergence part.

In our case, we use Lemma 2.3.3 given by Benhida-Timotin and directly prove such type

of convergence in Theorem 2.3.4, providing the description of a nearly invariant subspace

of defect 1.
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2. We have used the fact {Wi(0)}ri=1 are linearly independent directly to prove that K is S∗

invariant in the converse part of Theorem 2.3.4, whereas O’Loughlin proved that K is S∗

invariant in a different way while using the fact {Wi(0)}ri=1 are linearly independent.

Corollary 2.3.1. A closed subspace M ⊂ H2
Cm(D) is an almost invariant subspace for S∗

with defect p if and only if it satisfies the conditions of the above Theorem 2.3.5 together with

an extra condition that S∗Wi ∈ M ⊕ F for all i = 1, 2, . . . , r in case (i), while case (ii) is

unchanged.

Proof. IfM is an almost invariant subspace for S∗ with defect p, then it is nearly S∗-invariant

subspace with defect p. Thus it satisfies the conditions of the above Theorem 2.3.5 and since

W1,W2, . . . ,Wr ∈ M, then from the hypothesis it follows that S∗Wi ∈ M ⊕ F for all i =

1, 2, . . . , r. Conversely, assume that M satisfies the conditions of Theorem 2.3.5 together with

S∗Wi ∈M⊕F for all i = 1, 2, . . . , r. Thus for any F ∈M we have

F = F0K0 +

p∑
j=1

zkjEj = F0K0(0) +K,

where

K(z) = F0(z)(K0(z)−K0(0)) +

p∑
j=1

zkj(z)Ej(z).

Observe that K(0) = 0 and F0K0(0) ∈ M implies K ∈ M. Since M is nearly S∗ invariant

with defect p, then S∗K ∈M⊕F which along with the fact S∗Wi ∈M⊕F for all i = 1, . . . , r

implies S∗F ∈ M⊕F and hence M is an almost invariant with defect p. This completes the

proof.

Remark 2.3.6. It is easy to observe that S∗M ⊂ M⊕F is equivalent to the condition that

S(M⊕F)⊥ ⊂ (M⊕F)⊥⊕F . Therefore almost invariant subspaces for S can be characterized

by S∗- invariant subspaces.

2.4 Characterization of nearly invariant subspaces in terms

of shift invariant subspaces

In this section, our main aim is to give a connection between nearly S∗-invariant subspaces and

S-invariant subspaces using our main result in the previous section. In other words, we try
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to characterize M⊥ in terms of shift invariant subspaces, where M is a nearly S∗- invariant

subspace of H2
Cm(D) with finite defect p. Note that in general it is difficult to deal with the case

when the defect has an orthonormal basis consist of arbitrary functions of H2
Cm(D). Therefore

we restrict ourselves in the special case when the orthonormal basis for the defect space are

bounded analytic functions that is, F = span{E1, E2, . . . , Ep}, where Ei ∈ H∞L(C,Cm)(D) for

i = 1, . . . , p. Let F0 ∈ H2
L(Cr,Cm)(D), and TF0 : H2

Cr(D) → H2
Cm(D) be an operator defined by

TF0(G) = P (F0G), where P is the Fourier projection of the L1(T,Cm) function F0G.

First we consider the case when M is a nearly S∗- invariant subspace of H2
Cm(D) which

contain functions that do not vanish at 0 with an extra assumption that W := M	 (M∩

zH2
Cm(D)) has an orthonormal basis consist of H∞Cm(D)-functions, that is, {W1, . . . ,Wr} ⊆

H∞Cm(D). ThereforeM has the form (2.11) by Theorem 2.3.5 (i). Now consider G ∈M⊥, then

〈G,F 〉 = 0,∀F ∈M. But for any F ∈M we have

F = F0K0 +

p∑
j=1

SkjEj,

where (K0, k1, . . . , kp) ∈ K and K is a S∗- invariant subspace of H2
Cr+p(D). Therefore

〈G,F 〉 = 〈G,F0K0〉2 +

p∑
j=1

〈G,SkjEj〉2 = 〈G, TF0K0〉2 +

p∑
j=1

〈S∗G, kjEj〉2

= 〈T ∗F0
G,K0〉H2

Cr (D) +

p∑
j=1

〈T ∗EjS
∗G, kj〉H2

C(D),

which ensures

G ∈M⊥ if and only if T ∗F0
G⊕ T ∗E1

S∗G⊕ T ∗E2
S∗G⊕ · · · ⊕ T ∗EpS

∗G ∈ K⊥.

Thus

M⊥ =
{
G ∈ H2

Cm(D) : T ∗F0
G⊕ T ∗E1

S∗G⊕ T ∗E2
S∗G⊕ · · · ⊕ T ∗EpS

∗G ∈ K⊥
}
, (2.13)

where K⊥ is a S- invariant subspace of H2
Cr+p(D). Conversely, if M is a closed subspace of

H2
Cm(D) such that M⊥ is of the form (2.13), then M is a nearly S∗- invariant subspace of

H2
Cm(D) with defect p. Similarly we can also obtain the expression of M⊥ in the case when

M⊂ zH2
Cm(D). We can then formulate our main result in this section as follows.

Theorem 2.4.1. Let M be a closed subspace of H2
Cm(D) which is nearly S∗- invariant with

defect p with an extra condition that the orthonormal basis for both the defect space and the
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space M	 (M∩ zH2
Cm(D)) are consist of bounded analytic functions. Then,

(i) in the case where there are functions in M that do not vanish at 0,

M⊥ =
{
G ∈ H2

Cm(D) : T ∗F0
G⊕ T ∗E1

S∗G⊕ T ∗E2
S∗G⊕ · · · ⊕ T ∗EpS

∗G ∈ N
}
,

where {Wi}ri=1 is an orthonormal basis of W :=M	 (M∩ zH2
Cm(D)), F0 is the m× r matrix

whose columns are W1,W2, . . . ,Wr, the defect space F has an orthonormal basis

{E1, E2, . . . , Ep} ⊆ H∞L(C,Cm)(D),

and N ⊆ H2
Cr(D) × H2

C(D)× · · · ×H2
C(D)︸ ︷︷ ︸

p

is a closed S ⊕ · · · ⊕ S- invariant subspace of the

vector valued Hardy space H2
Cr+p(D).

(ii) In the case where all functions in M vanish at 0,

M⊥ =
{
G ∈ H2

Cm(D) : T ∗E1
S∗G⊕ T ∗E2

S∗G⊕ · · · ⊕ T ∗EpS
∗G ∈ N

}
,

where {E1, E2, .....Ep} ⊆ H∞L(C,Cm)(D) is an orthonormal basis for the p dimensional defect space

F , and N ⊆ H2
C(D)× · · · ×H2

C(D)︸ ︷︷ ︸
p

is a closed S ⊕ · · · ⊕ S- invariant subspace of the vector

valued Hardy space H2
Cp(D). Conversely, if a closed subspace M ⊂ H2

Cm(D) is such that M⊥

has a representation as in (i) or (ii), then M is a nearly S∗- invariant subspace of defect p.

Finally we end the section with the following remark.

Remark 2.4.2. In this section we describe nearly invariant subspaces under the backward shift

with finite defect with an extra assumption that bounded analytic functions form an orthonormal

basis of the defect space. But we do expect that the version of Theorem 2.4.1 still hold without

this assumption.
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CHAPTER 3

Kernels of perturbed Toeplitz operators in vector valued Hardy spaces

3.1 Introduction

In Chapter 2, we characterizes nearly invariant subspace of finite defect (see Definition 2.3.1)

for the backward shift operator acting on the vector valued Hardy space, providing a vectorial

generalization of a result of Chalendar-Gallardo-Partington (C-G-P). A similar type of char-

acterization result is also obtained independently by R. O’Loughlin in [44]. Furthermore, in

this context, Liang and Partington [38] recently provide a connection between kernels of finite-

rank perturbations of Toeplitz operators and nearly invariant subspaces with finite defect (see

Definition 1.8.1 in Chapter 1) under the backward shift operator acting on the scalar valued

Hardy space. In other words, they give an affirmative answer to the following question, which

is closely related to the invariant subspace problem:

Given a Toeplitz operator T acting on the scalar valued Hardy space, is the kernel of a

finite-rank perturbation of T is nearly backward shift invariant with finite defect?
(3.1)

Moreover, they also identify the kernel of perturbed Toeplitz operator in terms of backward

shift-invariant subspaces in several important cases by applying a recent theorem by Chalendar–

Gallardo–Partington (C-G-P).

The purpose of this chapter is to study the kernels of finite-rank perturbations of Toeplitz

34
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operators and its connection with nearly invariant subspaces with finite defect under the back-

ward shift operator acting on the vector valued Hardy space. In other words, we give an

affirmative answer to the above question (3.1) in the context of vector valued Hardy space,

providing a vectorial generalization of a result of Liang and Partington. Furthermore, we also

identify the kernel of perturbed Toeplitz operator in terms of backward shift-invariant sub-

spaces by applying Theorem 2.3.5 of Chapter 2 in connection with nearly invariant subspaces

of finite defect for the backward shift operator acting on the vector valued Hardy space in

several important cases as mentioned by Liang and Partington in [38]. For more information

on this direction of research, we refer the reader to ([33, 16, 53]) and the references therein.

In Chapter 2, we have shown a connection between nearly S∗-invariant subspaces and S∗

invariant subspaces in vector valued Hardy space. It can be easily seen that the kernel of a

Toeplitz operator is nearly S∗-invariant (see Definition 1.7.2) in vector valued Hardy space

H2
Cm(D) (1.5). Next we consider a finite rank perturbation (say rank n) of a Toeplitz operator

TΦ : H2
Cm(D)→ H2

Cm(D), (see Definition 1.4.9 and for properties of TΦ one is refer to see Section

1.4 in Chapter 1) denoted by Tn and defined by

Tn(F ) = TΦ(F ) +
n∑
i=1

〈F,Gi〉Hi , ∀F ∈ H2
Cm(D),

where {Gi}ni=1 and {Hi}ni=1 are orthonormal sets in H2
Cm(D). Therefore it is natural to ask

whether the kernel of Tn is nearly S∗-invariant subspace with a finite defect or not. In this

chapter, we provide an affirmative answer to this question in several important cases mentioned

by Liang and Partington in [38]. In other words, we solve the above-mentioned problem (3.1)

in various important cases in vector valued Hardy spaces, providing a vectorial generalization

of a result of Liang and Partington [38]. For simplicity, we first discuss the problem for rank

two perturbation, that is for T2, and then we state our main theorem for rank n perturbation

of TΦ, that is for Tn.

The rest of the chapter is organized as follows: In Section 3.2, we study the kernel of Tn

whenever Φ = 0 almost everywhere on the circle and provide some applications of our earlier

Theorem 2.3.5 of Chapter 2. Section 3.3, 3.4 and 3.5 deal with the study of the kernel of Tn

in several important cases as mentioned by Liang and Partington [38] whenever Φ is non zero

almost everywhere on the circle along with few applications of our earlier Theorem 2.3.5 of

Chapter 2.
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3.2 Kernel of finite rank perturbation of Toeplitz oper-

ator having symbol zero almost everywhere on the

circle

In this section, we study the kernel of Tn = TΦ+
∑n

i=1〈., Gi〉Hi , where Φ = 0 almost everywhere

on T. As we have discussed earlier first we study the kernel of T2 and later we will state the

main theorem corresponding to Tn. Note that if Φ = 0 almost everywhere on T, then the kernel

of T2 is given by

KerT2 = H2
Cm(D)	

∨{
G1, G2

}
.

It is easy to check that the kernel of T2 is nearly S∗-invariant with defect 2 because if we

consider any element F ∈ KerT2 with F (0) = 0, then

S∗(F ) ∈ KerT2 ∪
(∨{

G1, G2

})
= H2

Cm(D),

and the defect space is F =
∨{

G1, G2

}
. Now for the general case we have the following result:

Theorem 3.2.1. Suppose Φ = 0 almost everywhere on T. Then the subspace KerTn is nearly

S∗-invariant with defect n and the defect space is F =
∨{

G1, G2, ..., Gn

}
.

Next, we provide a nice application of Theorem 2.3.5 obtained by us in Chapter 2 as well as

obtained independently by Ryan O’Loughlin (see Theorem 3.4, [44]) to understand the kernel

of perturbed Toeplitz operator in a better way in terms of backward shift-invariant subspaces.

For simplicity, we will deal with rank one perturbation of Toeplitz operator and let it be

denoted by T , that is T = TΦ + 〈., G〉H with ‖G‖2 = 1 and S∗H 6= 0. Now as an application

of the above Theorem 2.3.5 of Chapter 2, our aim is to represent the kernel of the operator T

in some special cases. It should also be observed that, like the scalar case we can find K (see

Theorem 2.3.5 given in Chapter 2) as the S∗-invariant subspace in H2
Cm(D) such as

F0(z)S∗nK0(z) + z

p∑
j=1

S∗nkj(z)Ej(z) ∈M or z

p∑
j=1

S∗nkj(z)Ej(z) ∈M

for all n ∈ N ∪ {0} and (K0, k1, . . . , kp) ∈ K. In the case Φ = 0, we have M = KerT =

H2
Cm(D)	〈G〉 which is nearly S∗-invariant with defect space F = 〈G〉 by Theorem 3.2.1. Assume
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furthermore that the function G ∈ H∞L(C,Cm)(D) = H∞Cm(D). Now consider Fi = PM(k0 ⊗ ei),

where PM denotes the orthogonal projection from H2
Cm(D) onto M, and k0 is the reproduc-

ing kernel at 0 and {ei : 1 ≤ i ≤ m} is a standard orthonormal basis of Cm, generating

the subspace W in Theorem 2.3.5 of Chapter 2. Without loss of generality we assume that

{F1, F2, . . . Fr} (where r ≤ m) is a basis of W . By using Gram-Schmidt orthonormalization

we find an orthonormal basis of W as follows: W1 = C11F1, W2 = C21F1 + C22F2, . . . , Wr =

Cr1F1 + Cr2F2 + · · · + CrrFr, where the constant Cij can be determined via the process of

orthonormalization. Now if we consider G = (g1, g2, . . . , gm) ∈ H∞Cm(D) with ‖G‖2 = 1 and

M = H2
Cm(D)	 〈G〉, then for any i ∈ {1, 2, . . . ,m} we have

Fi = PM(k0 ⊗ ei) = (−gi(0)g1,−gi(0)g2, . . . , 1− gi(0)gi, . . . ,−gi(0)gm).

Therefore by Theorem 2.3.5 of Chapter 2, them×r matrix F0 whose columns are {W1,W2, . . . ,Wr}

has the following representation

F0 =

 C11(1−g1(0)g1) C21(1−g1(0)g1)+C22(−g2(0)g1) ··· Cr1(1−g1(0)g1)+···+Crr(−gr(0)g1)

C11(−g1(0)g2) C21(−g1(0)g2)+C22(1−g2(0)g2) ··· Cr1(−g1(0)g2)+···+Crr(−gr(0)g2)

...
...

...
...

C11(−g1(0)gm) C21(−g1(0)gm)+C22(−g2(0)gm) ··· Cr1(−g1(0)gm)+···+Crr(−gr(0)gm)


m×r

. (3.2)

Therefore, according to Theorem 2.3.5 of Chapter 2, M has the following representation :

(i) In the case when W 6= {0}, M =
{
F : F (z) = F0(z)K0(z) + zk1(z)G(z) : (K0, k1) ∈ K ⊆

H2
Cr(D)×H2

C(D)
}
. Suppose |G|2 = |g1|2 + |g2|2 + . . .+ |gm|2 and if we consider

G0 =


C11P (g1 − g1(0)|G|2)

C21P (g1 − g1(0)|G|2) + C22P (g2 − g2(0)|G|2)
...

Cr1P (g1 − g1(0)|G|2) + · · ·+ CrrP (gr − gr(0)|G|2)

 ∈ H
2
Cr(D) (3.3)

and g = P (z|G|2) ∈ H2
C(D) ( here, P is the orthogonal projection from L2(T) onto H2(T)

mentioned in Definition 1.4.1), then the S∗ ⊕ S∗-invariant subspace corresponding to M

is :

K =
{

(K0, k1) ∈ H2
Cr(D)×H2

C(D) : 〈K0, z
nG0〉H2

Cr (D)+〈k1, z
ng〉H2

C(D) = 0 for n ∈ N∪{0}
}
.

(ii) In case W = {0}, M =
{
F : F (z) = zk1(z)G(z) : k1 ∈ K

}
with S∗ invariant subspace is

K =
{
k1 ∈ H2

C(D) : 〈k1, z
ng〉H2

C(D) = 0 for n ∈ N ∪ {0}
}
.
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Remark 3.2.2. If G = (g1, g2, . . . , gm) is an arbitrary element of H2
Cm(D), thenM = H2

Cm(D)	

〈G〉 will be of the form :

1. In the case when W 6= {0},

M =
{
F : F (z) = F0(z)K0(z) + zk1(z)G(z) : (K0, k1) ∈ K ⊆ H2

Cr(D)×H2
C(D)

}
,

where the S∗ ⊕ S∗-invariant subspace corresponding to M is

K =
{

(K0, k1) ∈ H2
Cr(D)×H2

C(D) : 〈F0S
∗nK0 + zS∗nk1G,G〉 = 0 for n ∈ N ∪ {0}

}
.

2. In case W = {0}, M =
{
F : F (z) = zk1(z)G(z) : k1 ∈ K

}
, where the S∗ invariant

subspace corresponding to M is K =
{
k1 ∈ H2

C(D) : 〈zS∗nk1G,G〉 = 0 for n ∈ N∪{0}
}
.

Next, we give some concrete examples without any detail which are based on the examples

given [38] (see Section 3) with minor modifications through which we calculate the space K

explicitly. To proceed further, we need the following useful result in the vector valued Hardy

space H2
Cm(D) setting.

Proposition 3.2.3. Let Φ ∈ H∞L(Cm)(D))\{0} be of the form

Φ =


φ1 0 · · · 0

0 φ2 · · · 0
...

...
. . .

...

0 0 · · · φm


m×m,

(3.4)

and let Θ be the inner part of Φ. Then KerTΦ∗ = KΘ = H2
Cm(D)	ΘH2

Cm(D). In particular if,

Ψ =


ψ1 0 · · · 0

0 ψ2 · · · 0
...

...
. . .

...

0 0 · · · ψm


m×m,

∈ H∞L(Cm,Cm)(D) (3.5)

with each ψi is an outer function in H2
C(D), then TΨ∗ is an injective Toeplitz operator.

Proof. Let Ψ be of the above form with each ψi is an outer function and consider the element

F = (f1, f2, . . . , fm) ∈ KerTΨ∗ . Then for all i ∈ {1, 2, . . . ,m}, P (ψifi) = 0 which implies that
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ψifi ∈ H
2

0. Since each ψi is outer, then fi ∈ H
2

0 and hence each fi = 0. Therefore F = 0 and

hence TΨ∗ is injective. Now using the canonical factorization of each φi = ψiθi, where ψi is

outer and θi is inner, we have the following decomposition of Φ:

Φ =


φ1 0 · · · 0

0 φ2 · · · 0
...

...
. . .

...

0 0 · · · φm

 =


ψ1 0 · · · 0

0 ψ2 · · · 0
...

...
. . .

...

0 0 · · · ψm

×

θ1 0 · · · 0

0 θ2 · · · 0
...

...
. . .

...

0 0 · · · θm

 = Ψ ·Θ (say). (3.6)

Therefore Θ is an inner multiplier, and Ψ is an outer function in the sense of V. I. Smirnov

[36]. We call Θ as the inner part of Φ and Ψ as the outer part of Φ. Note that

KerTΦ∗ =
{
F ∈ H2

Cm(D) : TΨ∗TΘ∗(F ) = 0
}

=
{
F ∈ H2

Cm(D) : TΘ∗(F ) = 0
}

= KΘ,

where at the second equality we have used the fact that TΨ∗ is injective. This completes the

proof.

Example 3.2.4. (i) Let G = (1, 0, . . . , 0) = k0 ⊗ e1, then

M = span{e2, e3, . . . , em} ⊕ zH2
Cm(D).

In this case, W = span{e2, e3, . . . , em} and consider

F0 =



0 0 · · · 0

1 0 · · · 0

0 1 · · · 0
...

...
. . .

...

0 0 · · · 1


m×(m−1)

. (3.7)

Therefore

M =
{
F : F (z) = F0(z)K0(z) + zk1(z)⊗ e1 : (K0, k1) ∈ K ⊂ H2

Cm−1(D)×H2
C(D)

}
,

where K = H2
Cm(D) is a trivial S∗-invariant subspace.

(ii) Let G =
1√
m

(θ1, θ2, . . . , θm) with each θi a non constant inner function in H2
C(D) and

each θi(0) = 0. If

Θ =


θ1 0 · · · 0

0 θ2 · · · 0
...

...
. . .

...

0 0 · · · θm


m×m

, (3.8)

TH-3170_186123016



40 Chapter 3. Kernels of perturbed Toeplitz operators in vector valued Hardy spaces

then

M = KΘ ⊕ zΘH2
Cm(D)⊕Θ(Cm 	 〈(1, 1, . . . , 1)〉).

In this case,

F0 =


1 0 · · · 0

0 1 · · · 0
...

...
. . .

...

0 0 · · · 1


m×m

, (3.9)

G0 =



1√
m
θ1

1√
m
θ2

...
1√
m
θm


∈ H2

Cm(D), g = 0. (3.10)

Therefore by using the case(i), M has the following representation:

M =
{
F : F (z) = F0(z)K0(z) + zk1(z)G(z) : (K0, k1) ∈ K ⊂ H2

Cm(D)×H2
C(D)

}
with the S∗-invariant subspace K = KerTξ∗ ×H2

C(D), where ξ ∈ H∞L(C,Cm)(D) is given by

ξ =


θ1

θ2

...

θm


m×1

. (3.11)

Using the fact (1.8) one can easily check that K is S∗-invariant subspace of H2
Cm+1(D).

(iii) If we consider G(z) = (
1 + zk√

2
, 0, . . . , 0) for k ≥ 1, then

M = span
{

1− zk, z, z2, . . . zk−1, zk+1, . . .
}
⊕H2

C(D)⊕H2
C(D)⊕ . . .⊕H2

C(D)︸ ︷︷ ︸
m−1

.

In this case,

F0 =



1− zk√
2

0 · · · 0

0 1 · · · 0
...

...
. . .

...

0 0 · · · 1


m×m

, G0 =


zk

2

0
...

0

 ∈ H
2
Cm(D), and g(z) =

zk−1

2
∈ H2

C(D).
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Thus by using case(i),

M =
{
F : F (z) = F0(z)K0(z) + zk1(z)G(z) : (K0, k1) ∈ K ⊂ H2

Cm(D)×H2
C(D)

}
with the S∗ invariant subspace

K =
{

(K0, k1) ∈ H2
Cm(D)×H2

C(D) : (S∗)k−1k1(z) = −〈(S∗)kK0, kz ⊗ e1〉, K0 ∈ H2
Cm(D)

}
.

(iv) Now consider G(z) =

√
1− |α|2

m
(kα(z), kα(z), . . . , kα(z)), where kα is a reproducing kernel

at α ∈ D\{0} in H2
C(D). Then M =

{
F = (f1, f2, . . . , fm) ∈ H2

Cm(D) :
∑m

i=1 fi(α) = 0
}
.

Since PM(k0 ⊗ e1) is non zero, then W is non trivial and hence F0 has the same form

as in (3.2) with each gi(z) = kα(z). In this case G0 = 0, g(z) = mαkα(z) which is an

outer function. Moreover by using case(i), M =
{
F : F (z) = F0(z)K0(z) + zk1(z)G(z) :

(K0, k1) ∈ K ⊂ H2
Cr(D)×H2

C(D)
}

with the S∗-invariant subspace K = H2
Cr(D)× {0}.

For the case n = m we have the following interesting example in this context.

Example 3.2.5. If we consider Tm = TΦ +
∑m

i=1〈., Gi〉Hi with Φ = 0 almost everywhere on

T. Then the defect space F = span{G1, G2, . . . , Gm}. Consider G1 = θ1 ⊗ e1, G2 = θ2 ⊗

e2, . . . , Gm = θm ⊗ em, where each θi is a non constant inner function in H2
C(D). Let

Θ =


θ1 0 · · · 0

0 θ2 · · · 0
...

...
. . .

...

0 0 · · · θm


m×m

. (3.12)

Therefore M = KerTm = H2
Cm(D)	F = KΘ ⊕ zΘH2

Cm(D). Thus, W 6= {0} and consider

F0 =



1− θ1(0)θ1

1− |θ1(0)|2
0 · · · 0

0
1− θ2(0)θ2

1− |θ2(0)|2
· · · 0

...
...

. . .
...

0 0 · · · 1− θm(0)θm
1− |θm(0)|2


m×m

.

Therefore by using case (i) of Theorem 2.3.5 of Chapter 2 we have

M =
{
F : F (z) = F0(z)K0(z)+

m∑
i=1

zki(z)Gi(z) : (K0, k1, k2, . . . , km) ∈ K ⊆ H2
Cm(D)×H2

Cm(D)
}
,
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where the S∗⊕S∗ · · · ⊕S∗-invariant subspace K corresponding to M is K = Kζ ×H2
Cm(D) and

ζ is the inner part of the H∞L(Cm)(D) function

ξ =


θ1 − θ1(0) 0 · · · 0

0 θ2 − θ2(0) · · · 0
...

...
. . .

...

0 0 · · · θm − θm(0)


m×m

.

One can check that K is S∗ ⊕ S∗ · · · ⊕ S∗-invariant subspace of H2
C2m(D) by using Proposition

3.2.3.

Next we consider the case when Φ ∈ L∞(T,L(Cm,Cm)) is non zero almost everywhere on

T and with this assumption we consider three important subcases in the next three sections.

Note that if Φ = [φij]m×m ∈ L∞(T,L(Cm,Cm)), then Φ∗(z) = [φij(z)]t. To proceed further we

need the following useful results :

Theorem 3.2.6. For Φ,Ψ ∈ L∞(T,L(Cm,Cm)); if either Ψ∗ ∈ H∞L(Cm,Cm)(D) or Φ ∈ H∞L(Cm,Cm)(D),

then TΨTΦ is a Toeplitz operator; in both cases TΨTΦ = TΨΦ.

The proof of the above Theorem 3.2.6 follows similarly as in the scalar valued case and

hence left it to the reader. On the other hand, it is important to observe that the converse of

the above Theorem 3.2.6 is not true in general. For example, consider

Ψ =


eiθ 0 · · · 0

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0


m×m,

, and Φ =


0 0 · · · 0

0 e−iθ · · · 0
...

...
. . .

...

0 0 · · · 0


m×m

. (3.13)

Then it is easy to observe that Ψ ∈ H∞L(Cm,Cm)(D) and Φ∗ ∈ H∞L(Cm,Cm)(D) but TΨTΦ = 0 is a

Toeplitz operator. Now we denote

Z =


z 0 · · · 0

0 z · · · 0
...

...
. . .

...

0 0 · · · z


m×m,

∈ H∞L(Cm,Cm)(D) and hence T ∗Z = TZ∗ . (3.14)

Thus

TZ∗TΦ = TZ∗Φ = TΦZ∗ , ∀ Φ ∈ L∞(T,L(Cm,Cm)).
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Next we provide an equivalent condition on the element F to be in the kernel of T2 = TΦ +
2∑
i=1

〈., Gi〉Hi. To do that suppose F ∈ KerT2 with F (0) = 0. Then the following equivalent

conditions hold.

T2(F ) = 0⇔ TΦ(F ) +
2∑
i=1

〈F,Gi〉Hi = 0 (3.15)

⇔ Pm

(
ΦF +

2∑
i=1

〈F,Gi〉Hi

)
= 0⇔ ΦF +

2∑
i=1

〈F,Gi〉Hi ∈ H
2

0.

Applying T ∗Z on both sides of (3.15) and using Theorem 3.2.6, we have the following equivalent

conditions.

TΦZ∗(F ) +
2∑
i=1

〈F,Gi〉S∗Hi = 0⇔ Pm

(
Φ
F

z
+

2∑
i=1

〈F,Gi〉S∗Hi

)
= 0

⇔ TΦ

(F
z

)
+

2∑
i=1

〈F,Gi〉S∗Hi = 0⇔ Φ
F

z
+

2∑
i=1

〈F,Gi〉S∗Hi ∈ H
2

0. (3.16)

Now if we recapitulate our problem, actually we have to show the kernel of T2 is nearly S∗-

invariant with finite defect and to do so we have to find a vector V in some appropriate finite

dimensional subspace F such that

S∗F + V ∈ KerT2 with F ∈ KerT2, F (0) = 0,

which is equivalent to the following equations

T2(S∗F + V ) = 0⇔ TΦ(
F

z
+ V ) +

2∑
i=1

〈F
z

+ V,Gi〉Hi = 0 (3.17)

⇔ Pm

(
Φ(
F

z
+ V ) +

2∑
i=1

〈F
z

+ V,Gi〉Hi

)
= 0

⇔ Pm

(
ΦV −

2∑
i=1

〈F,Gi〉S∗Hi +
2∑
i=1

〈F
z

+ V,Gi〉Hi

)
= 0, (using (3.16) ) (3.18)

⇔ ΦV −
2∑
i=1

〈F,Gi〉S∗Hi +
2∑
i=1

〈F
z

+ V,Gi〉Hi ∈ H
2

0. (3.19)

In the following three sections, we are going to show that kernel of T2 is nearly S∗-invariant

with a finite defect in various important cases mentioned by Liang and Partington in [38].

Furthermore, we also calculate the defect space F explicitly in those mentioned cases.
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44 Chapter 3. Kernels of perturbed Toeplitz operators in vector valued Hardy spaces

3.3 Kernel of finite rank perturbation of Toeplitz oper-

ator having symbol an inner multiplier

In this section, we consider Φ = Θ is an inner function. Our main aim in this section is to

show that the kernel of Tn = TΘ +
n∑
i=1

〈., Gi〉Hi is nearly S∗-invariant with finite defect and to

calculate the defect space explicitly. To avoid complicacies in the calculations, we restrict our

self in the case n = 2 and finally we state our result in general setting. For this purpose let us

consider F ∈ KerT2 with F (0) = 0. Then the equation (3.15) can be rewritten as,

ΘF +
2∑
i=1

〈F,Gi〉Hi = 0.

In this context, the equation (3.16) becomes

Θ
F

z
+

2∑
i=1

〈F,Gi〉S∗Hi = 0. (3.20)

Next by acting T ∗Θ on both sides of (3.20) we have

TΘ∗

( 2∑
i=1

〈F,Gi〉S∗Hi

)
= Θ∗

( 2∑
i=1

〈F,Gi〉S∗Hi

)
= −F

z
∈ H2

Cm(D).

Therefore, (3.17) becomes Θ

(
F

z
+ V

)
+
∑2

i=1

〈
F

z
+ V,Gi

〉
Hi = 0. Using (3.20), the above

equation is equivalent to

ΘV −
2∑
i=1

〈F,Gi〉S∗Hi +
2∑
i=1

〈F
z

+ V,Gi〉Hi = 0. (3.21)

Let V ∈ H2
Cm(D) be such that

ΘV =
2∑
i=1

〈F,Gi〉S∗Hi ∈ H2
Cm(D).

The above yields that

V =
2∑
i=1

〈F,Gi〉TΘ∗(S
∗Hi) =

2∑
i=1

〈F,Gi〉S∗(TΘ∗(Hi)), (3.22)

because TΘ∗S
∗ = TΘ∗Tz = TzTΘ∗ = S∗TΘ∗ and therefore by using (3.20) we conclude that V

satisfies the above equation (3.21), that is

2∑
i=1

〈F,Gi〉S∗Hi −
2∑
i=1

〈F,Gi〉S∗Hi +
2∑
i=1

〈F
z

+ V,Gi〉Hi

TH-3170_186123016



3.3. Kernel of finite rank perturbation of Toeplitz operator having symbol an inner multiplier 45

=
2∑
i=1

〈
Θ(
F

z
+ V ),ΘGi

〉
Hi

=
2∑
i=1

〈
Θ
F

z
+

2∑
i=1

〈F,Gi〉S∗Hi,ΘGi

〉
Hi = 0.

Using the above construction of V in (3.22) we define the defect space

F =
2∨
i=1

{
TΘ∗(S

∗Hi)
}

=
2∨
i=1

{
S∗(TΘ∗Hi)

}
,

with dimension at most 2. Hence KerT2 is nearly S∗-invariant with defect at most 2. Therefore

by repeating the above calculations again we have the following theorem regarding the kernel

of Tn.

Theorem 3.3.1. If Φ = Θ is an inner multiplier, then the subspace KerTn is nearly S∗-

invariant subspace with defect at most n and the defect space is

F =
n∨
i=1

{
TΘ∗(S

∗Hi)
}

=
n∨
i=1

{
S∗(TΘ∗Hi)

}
.

The following example is similar to example given in [38] (see Section 2) for scalar valued

case.

Example 3.3.2. If Φ(z) =


zp 0 · · · 0

0 zp · · · 0
...

...
. . .

...

0 0 · · · zp


m×m,

, p ∈ N and n = 1.. Then KerT1 is nearly

S∗-invariant subspace with defect 1 and the defect space is F =
〈
(S∗)p+1H1

〉
.

Now coming back to the application part of Theorem 2.3.5 of Chapter 2, as discussed earlier

we deal with rank one perturbation of Toeplitz operator. Thus T = TΘ+〈., G〉H, with ‖G‖2 = 1

and S∗H 6= 0. Therefore M = KerT ⊆ 〈Θ∗H〉 and F = 〈S∗(TΘ∗H)〉 = 〈S∗(Θ∗H)〉. Next we

consider F = µΘ∗H ∈M satisfying T (F ) = 0 which is equivalent to

µ(1 + 〈Θ∗H,G〉) = 0.

Therefore we have the following two cases to consider:

Case 1. If 1 + 〈Θ∗H,G〉 6= 0, then M = {0} is a trivial S∗-invariant subspace.

Case 2. If 1 + 〈Θ∗H,G〉 = 0, then it yields M = 〈Θ∗H〉. Let {Ak}∞k=0 be the coefficients of
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the Taylor series expansion of Θ∗H (since Θ∗H ∈ H2
Cm(D)) and we calculate the subspace K in

two sub-cases.

(i) If A0 6= 0, then there exists at least one function in M that do not vanish at 0. Now

W =M	 (M∩ zH2
Cm(D)) has dimension 1 (since dimM = 1). Therefore exactly one Fi 6= 0

for some i (1 ≤ i ≤ m) which generates W . On the other hand

Fi = PM(k0 ⊗ ei) =
〈k0 ⊗ ei,Θ∗H〉Θ∗H

‖Θ∗H‖2
2

,

and hence F0 =
[
C11Fi

]
m×1

. Thus

M = 〈Θ∗H〉

=
{
F : F = F0K0 + zk1

S∗(Θ∗H)

‖S∗(Θ∗H)‖
: (K0, k1) ∈ K ⊂ H2

C(D)×H2
C(D)

}
=
{
F : F = K0C11

〈k0 ⊗ ei,Θ∗H〉Θ∗H
‖Θ∗H‖2

2

+
k1(Θ∗H − A0)

‖S∗(Θ∗H)‖
: (K0, k1) ∈ K ⊂ H2

C(D)×H2
C(D)

}
.

Note that the structure ofM forces to conclude that K0 ∈ C and k1(Θ∗H −A0) = ξΘ∗H with

ξ ∈ H2
C(D) which will be valid if and only if K0 ∈ C and k1 = 0. Therefore the required nearly

S∗-invariant subspace of finite defect is

M =
{
F : F = K0C11

〈k0 ⊗ ei,Θ∗H〉
‖Θ∗H‖2

2

Θ∗H : (K0, 0) ∈ K ⊂ H2
C(D)×H2

C(D)
}
,

and the corresponding S∗ ⊕ S∗-invariant subspace is K = C× {0} of H2
C2(D).

(ii) If A0 = 0, then W = {0} and hence F0 = 0. In that case the nearly S∗-invariant subspace

of finite defect is

M = 〈Θ∗H〉 =
{
F : F = k1

Θ∗H

‖S∗(Θ∗H)‖
: k1 ∈ K ⊂ H2

C(D)
}

with the associated S∗-invariant subspace K = C of H2
C(D).

3.4 Kernel of finite rank perturbation of Toeplitz opera-

tor with symbol having factorization in GH∞(L(Cm))

In this section, we deal with very special type of Φ ∈ L∞(T,L(Cm,Cm)) such that Φ =

F ∗1F2, with Fj ∈ GH∞(L(Cm,Cm)) for j = 1, 2. Here GH∞(L(Cm,Cm)) denotes the set of all
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invertible elements in H∞L(Cm,Cm)(D). For more details in the literature we refer to [4] and the

references cited therein. Note that the commutativity property makes a major difference while

dealing with the vector valued case in comparison to scalar valued case. Indeed, in our setting

we do not have the commutativity between F1 and F2 whereas in the scalar valued case they

do so (see Section 2.3). Therefore it is essential to give little more details of the analysis in

our setting for better understanding of the reader. Note that for any vector F ∈ KerT2 with

F (0) = 0, (3.15) can be rewritten as

TF ∗1 TF2(F ) +
2∑
i=1

〈F,Gi〉Hi = 0. (3.23)

Since F (0) = 0 and TzTF ∗1 = TF ∗1 Tz, then by using these fact along with the action of TZ∗ on

both sides of (3.23) we get

TF ∗1 (F2
F

z
) +

2∑
i=1

〈F,Gi〉S∗Hi = 0. (3.24)

Now by applying TF−1
2
TF ∗−1

1
on both sides of (3.24) we have

F

z
+

2∑
i=1

〈F,Gi〉TF−1
2
TF ∗−1

1
(S∗Hi) = 0. (3.25)

Thus by using (3.24) our desired result (3.17) is equivalent to

TF ∗1 TF2(V )−
2∑
i=1

〈F,Gi〉S∗Hi +
2∑
i=1

〈F
z

+ V,Gi〉Hi = 0. (3.26)

Now we choose V in such a way so that

TF ∗1 (F2V ) =
2∑
i=1

〈F,Gi〉S∗Hi ⇔ V =
2∑
i=1

〈F,Gi〉TF−1
2
TF ∗−1

1
(S∗Hi).

Next if we consider the above V , then by using (3.25) the left hand side of (3.26) becomes

2∑
i=1

〈F,Gi〉S∗Hi −
2∑
i=1

〈F,Gi〉S∗Hi +
2∑
i=1

〈
F

z
+

2∑
i=1

〈F,Gi〉TF−1
2
TF ∗−1

1
(S∗Hi), Gi

〉
Hi = 0.

Moreover from the choice of V it is clear that the defect space should be F =
∨2
i=1

{
F−1

2 S∗(TF ∗−1
1

Hi)
}

with dimension at most 2. Therefore in general setting we have the following theorem regarding

the kernel of Tn:
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Theorem 3.4.1. Let Φ = F ∗1F2 with F1, F2 ∈ GH∞(L(Cm)). Then the subspace KerTn is

nearly S∗-invariant with defect at most n and the defect space is

F =
n∨
i=1

{
F−1

2 TF ∗−1
1

(S∗Hi)
}

=
n∨
i=1

{
F−1

2 S∗(TF ∗−1
1

Hi)
}
.

Remark 3.4.2. 1. If we suppose Φ∗ ∈ GH∞(L(Cm)) , then the kernel of Tn is nearly S∗-

invariant with defect at most n and the defect space is F =
∨n
i=1

{
S∗(TΦ−1Hi)

}
.

2. If we consider Φ ∈ GH∞(L(Cm)), then the kernel of Tn is also nearly S∗-invariant with

defect at most n and the defect space will be F =
∨n
i=1

{
TΦ−1S∗(Hi)

}
.

For simplicity if we assume n = 1 and Φ ∈ GH∞(L(Cm)), then we have the following

corollary.

Corollary 3.4.1. For n = 1 and Φ ∈ GH∞(L(Cm)), the subspace KerT1 ( i.e.,KerT ) is nearly

S∗-invariant with defect at most 1 and the defect space is F = 〈S
∗H

Φ
〉.

We now discuss about the application part of Theorem 2.3.5 of Chapter 2. Since in this

section we consider that Φ = F ∗1F2, where F1, F2 ∈ GH∞(L(Cm)) almost everywhere on T,

then M = KerT ⊆ 〈F−1
2 (TF ∗−1

1
H)〉 and the defect space is

F = 〈F−1
2 TF ∗−1

1
(S∗H)〉 = 〈F−1

2 S∗(TF ∗−1
1

H)〉.

Let us consider any vector F = λF−1
2 (TF ∗−1

1
H) ∈M satisfying T (F ) = 0. Then it is equivalent

to the following

λ(1 + 〈F−1
2 (TF ∗−1

1
H), G〉) = 0. (3.27)

Therefore according to (3.27) we have the following two cases.

Case I: If 1+〈F−1
2 (TF ∗−1

1
H), G〉 6= 0, then it yields thatM = {0} which is a trivial S∗-invariant

subspace.

Case II: If 1 + 〈F−1
2 (TF ∗−1

1
H), G〉 = 0, then M = 〈F−1

2 (TF ∗−1
1

H)〉.

Let {Ak}∞k=0 be the Taylor coefficients of TF ∗−1
1

H and let {Φk}∞k=0 be the Taylor coefficients of

F−1
2 . Therefore it follows that

[
F−1

2 (TF ∗−1
1

H)
]
(z) =

∞∑
n=0

( n∑
k=0

ΦkAn−k

)
zn, and zS∗(TF ∗−1

1
H)(z) = (TF ∗−1

1
H)(z)− A0.

TH-3170_186123016



3.5. Kernel of finite rank perturbation of Toeplitz operator having symbol adjoint of an inner
multiplier 49

Depending upon the context, we again divide our analysis into two sub-cases to calculate K.

Sub-case I: If F−1
2 (TF ∗−1

1
H)(0) 6= 0, then W has dimension exactly 1 and therefore only one

Fi generates W . Thus Fi = PM(k0 ⊗ ei) =
〈k0 ⊗ ei, F−1

2 (TF ∗−1
1

H)〉F−1
2 (TF ∗−1

1
H)

‖F−1
2 (TF ∗−1

1
H‖2

and hence

F0 = [C11F
−1
2 (TF ∗−1

1
H)]m×1, and E(z) =

F−1
2 S∗(TF ∗−1

1
H)

‖F−1
2 S∗(TF ∗−1

1
H)‖2

.

Therefore from the first case of Theorem 2.3.5 of Chapter 2 it follows that

M = 〈F−1
2 (TF ∗−1

1
H)〉 =

{
F : F = F0K0 + zk1E1 : (K0, k1) ∈ K ⊂ H2

C(D)×H2
C(D)

}
.

Following the above identities we haveK0 ∈ C, and k1

F−1
2 (TF ∗−1

1
H − A0)

‖F−1
2 S∗(TF ∗−1

1
H)‖2

= ξF−1
2 (TF ∗−1

1
H) with ξ ∈

C, which will be true if and only if K0 ∈ C and k1 = 0. Thus the subspaceM has the following

representation

M =
{
F : F = C11K0

F−1
2 (TF ∗−1

1
H)

‖F−1
2 (TF ∗−1

1
H)‖2

: (K0, 0) ∈ K
}

with K = C× {0} is a S∗ ⊕ S∗-invariant subspace of H2(D,C2).

Sub-case II: If F−1
2 (TF ∗−1

1
H)(0) = Φ0A0 = 0, then W = {0} and hence from the case(ii) of

Theorem 2.3.5 of Chapter 2 we have

M = 〈F−1
2 (TF ∗−1

1
H)〉 =

{
F : F = k1

F−1
2 (TF ∗−1

1
H − A0)

‖F−1
2 S∗(TF ∗−1

1
H)‖

: k1 ∈ K ⊂ H2
C(D)

}
which will be true if and only if A0 = 0 and k1 ∈ C. Thus we have the subspace

M =
{
F : F = k1

F−1
2 (TF ∗−1

1
H)

‖F−1
2 S∗(TF ∗−1

1
H)‖

: k1 ∈ K
}

with K = C an S∗ invariant subspace of H2
C(D).

3.5 Kernel of finite rank perturbation of Toeplitz oper-

ator having symbol adjoint of an inner multiplier

In this section, we consider Φ(z) = Θ∗(z), where Θ is a non constant inner multiplier. It is

well known that the kernel of the Toeplitz operator TΘ∗ is the model space KΘ. In other words

KerTΘ∗ = KΘ = H2
Cm(D) 	 ΘH2

Cm(D). Compare to scalar valued case our analysis mainly
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differ in two places. Firstly, in Subsection 3.5.1 to show that the subspace K is backward shift

invariant and secondly, in Subsection 3.5.2 conditions (3.44) and (3.45) are not exactly similar

with conditions (3.8) and (3.9) given in [38] (see Section 3) to get the explicit expression of K.

Perhaps it is better for the reader if we provide little details of the analysis in this section. To

proceed further, like in the previous section first we find an equivalent condition (3.16) for any

vector F ∈ KerT2 with F (0) = 0. Note that

Θ∗
F

z
+

2∑
i=1

〈F,Gi〉S∗Hi ∈ H
2

0 ⇔
F

z
+

2∑
i=1

〈F,Gi〉ΘS∗Hi ∈ ΘH
2

0. (3.28)

Therefore in this case the equations (3.18) and (3.19) changed into

Pm

(
Θ∗V −

2∑
i=1

〈F,Gi〉S∗Hi +
2∑
i=1

〈F
z

+ V,Gi〉Hi

)
= 0. (3.29)

⇔ Θ∗V −
2∑
i=1

〈F,Gi〉S∗Hi +
2∑
i=1

〈F
z

+ V,Gi〉Hi ∈ H
2

0.

Next, we consider three cases for the construction of the defect space F in this case.

Case 1: Suppose G1 ∈ ΘH2
Cm(D) and G2 ∈ ΘH2

Cm(D). Due to condition (3.28), it follows that〈
F

z
+

2∑
i=1

〈F,Gi〉ΘS∗Hi, G1

〉
= 0, (3.30)

and 〈
F

z
+

2∑
i=1

〈F,Gi〉ΘS∗Hi, G2

〉
= 0. (3.31)

Now we consider V =
2∑
j=1

〈F,Gj〉ΘS∗Hj. Then substituting this V and using the above two

identities (3.30) and (3.31), the left hand side of (3.29) becomes

Pm

(
Θ∗

(
2∑
i=1

〈F,Gi〉ΘS∗Hi

)
−

2∑
i=1

〈F,Gi〉S∗Hi +
2∑
i=1

〈
F

z
+

2∑
j=1

〈F,Gj〉ΘS∗Hj, Gi

〉
Hi

)
= 0.

Thus we define the defect space as

F =
2∨
i=1

{ΘS∗Hi} , (3.32)

and hence KerT2 is nearly S∗-invariant with defect at most 2.
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Case 2: In this case we consider G1 ∈ ΘH2
Cm(D) and G2 /∈ ΘH2

Cm(D) (on a similar note, one

can assume that G1 /∈ ΘH2
Cm(D) and G2 ∈ ΘH2

Cm(D), then the corresponding analysis will be

of similar kind). First we note that (3.30) holds in this case. Now if the identity (3.31) also

hold in this case, then the defect space will be exactly same as in Case 1. Therefore we assume

that the identity (3.31) does not hold in this case, then the vector G2 can be decomposed in

the following way

G2 = U +W with U 6= 0 ∈ KΘ = KerTΘ∗ and W ∈ ΘH2
Cm(D).

Thus

TΘ∗(U) = Pm(Θ∗U) = 0. (3.33)

Now we choose V =
2∑
j=1

〈F,Gj〉ΘS∗Hj+ξFU, where ξF is a constant which satisfies the following

identity

ξF‖U‖2 = −

〈
F

z
+

2∑
j=1

〈F,Gj〉ΘS∗Hj, G2

〉
6= 0. (3.34)

If we substitute V in the left hand side of (3.29), and then using (3.33) we have

Pm

(
Θ∗(

2∑
j=1

〈F,Gj〉ΘS∗Hj + ξFU)−
2∑
i=1

〈F,Gi〉S∗Hi

+
2∑
i=1

〈
F

z
+ (

2∑
j=1

〈F,Gj〉ΘS∗Hj + ξFU), Gi

〉
Hi

)

=Pm

(
ξFΘ∗U +

2∑
i=1

〈
F

z
+ (

2∑
j=1

〈F,Gj〉ΘS∗Hj + ξFU), Gi

〉
Hi

)
2∑
i=1

〈
F

z
+ (

2∑
j=1

〈F,Gj〉ΘS∗Hj + ξFU), Gi

〉
Hi

=

〈
F

z
+ (

2∑
j=1

〈F,Gj〉ΘS∗Hj + ξFU), G2

〉
H2 (using (3.30) and 〈U,G1〉 = 0)

=

(〈
F

z
+

2∑
j=1

〈F,Gj〉ΘS∗Hj, G2

〉
+ ξF‖U‖2

)
H2 = 0. (using (3.34))

Therefore by using the construction of V we define the defect space as

F =
∨
{ΘS∗H1,ΘS

∗H2, PKΘ
G2}, (3.35)
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where PKΘ
: L2(T) → KΘ is an orthogonal projection onto KΘ. Therefore KerT2 is nearly

S∗-invariant with defect at most 3. The defect space is either given by (3.35) or given by (3.32)

depending upon the condition (3.31).

Case 3: In this case, we consider that none of G1, G2 is in ΘH2
Cm(D) , that is G1 /∈ ΘH2

Cm(D)

and G2 /∈ ΘH2
Cm(D). Therefore we decompose the vectors G1, G2 in the following way

G1 = X1 + ΘY1 and G2 = X2 + ΘY2,

where Xi(6= 0) ∈ KΘ and Yi ∈ H2
Cm(D) for i = 1, 2. From the condition (3.28) we have the

following

F

z
+

2∑
i=1

〈F,Gi〉ΘS∗Hi = ΘF 0, for some F 0 ∈ H2

0. (3.36)

In this context, we will find such a V so that the equivalent condition (3.17) holds that is,

Θ∗(
F

z
+ V ) +

2∑
i=1

〈F
z

+ V,Gi〉Hi ∈ H
2

0 (3.37)

which by (3.36) is equivalent to

F 0 −
2∑
i=1

〈F,Gi〉S∗Hi + Θ∗V +
2∑
i=1

〈F 0 −
2∑
i=1

〈F,Gi〉S∗Hi + Θ∗V,Θ∗Gi〉Hi ∈ H
2

0. (3.38)

Now we can decompose F 0 as F 0 = F 0
1 + F 0

2 , where

F 0
1 ∈ N :=

∨
{Θ∗X1,Θ

∗X2} ⊆ H
2

0 and F 0
2 ∈ H

2

0 	N .

Then it implies that

〈F 0
2 ,Θ

∗Xi〉 = 0 and 〈F 0
2 , Yi〉 = 0 for i = 1, 2.

Hence, using the above facts, (3.38) is equivalent to

F 0
1 −

2∑
i=1

〈F,Gi〉S∗Hi + Θ∗V +
2∑
i=1

〈
F 0

1 −
2∑
i=1

〈F,Gi〉S∗Hi + Θ∗V,Θ∗Gi

〉
Hi ∈ H

2

0

⇔ F 0
1 −

2∑
i=1

〈F,Gi〉S∗Hi + Θ∗V +
2∑
i=1

〈
F 0

1 −
2∑
i=1

〈F,Gi〉S∗Hi + Θ∗V,Θ∗Xi + Yi

〉
Hi ∈ H

2

0.

Let us choose V =
∑2

i=1〈F,Gi〉ΘS∗Hi −ΘF 0
1 . Thus our chosen vector V fulfill all the require-

ments and from the construction of V we can define the defect space as follows

F =
∨{

ΘS∗H1,ΘS
∗H2, PKΘ

G1, PKΘ
G2

}
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with dimension at most 4. Consequently, the kernel of T2 is nearly S∗-invariant with defect at

most 4. Therefore by repeating the above argument once again we have the following theorem

in general context regarding the kernel of Tn.

Theorem 3.5.1. Suppose Φ(z) = Θ∗(z), where Θ ∈ H∞L(Cm,Cm)(D) is an inner multiplier, then

the following statements hold.

(i) If Gj ∈ ΘH2
Cm(D), j ∈ {1, 2, . . . , n}, then the subspace KerTn is nearly S∗-invariant with

defect at most n and the defect space is F =
∨{

ΘS∗Hj : j = 1, 2, . . . n
}
.

(ii) If Gj /∈ ΘH2
Cm(D) for j ∈ Λl ⊂ {1, 2, . . . , n}, then the kernel of Tn is nearly S∗-invariant

subspace of H2
Cm(D) with defect at most n+ l and the defect space is

F =
∨{

ΘS∗Hi, PKΘ
Gj : i = 1, 2, . . . , n and j ∈ Λl

}
.

Like other sections we now discuss the application part of Theorem 2.3.5 of Chapter 2 in

this context. For the operator T , the equation (3.15) is equivalent to

TΘ∗F + 〈F,G〉H = 0⇔ Θ∗F + 〈F,G〉H ∈ H2
0 ⇔ F + 〈F,G〉ΘH ∈ ΘH2

0 .

Observing the above equivalent criteria we say that the kernel of the operator T satisfies

M = KerT ⊂ (H2 ∩ ΘH2
0 ) ⊕ 〈ΘH〉 = KΘ ⊕ 〈ΘH〉. Now consider the vector F ∈ M = KerT

which is of the form F = Fζ + µΘH, where Fζ ∈ KΘ and µ ∈ C. Then the above equivalent

condition reduces to

µ(1 + 〈ΘH,G〉) = −〈Fζ , G〉. (3.39)

Therefore from the first part of this section we conclude the defect space of the nearly S∗-

invariant subspace KerT and which is as follows:

F =

〈ΘS
∗H〉, for G ∈ ΘH2

Cm(D),∨
{ΘS∗H,PKΘ

G}, for G /∈ ΘH2
Cm(D).

Accordingly, we analyze the kernel of T in two different subsections due to the above two

different representation of defect spaces. Before we proceed, we would like to mention the

following: We know that the subspace W =M	 (M∩ zH2
Cm(D)) (if non trivial) is generated

by the vectors {F1, F2, . . . , Fm}, where Fi = PM(k0 ⊗ ei). If dimW = r(1 ≤ r ≤ m) and

{W1,W2, . . . ,Wr} is an orthonormal basis forW , then F0 is the m×r matrix whose columns are
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W1,W2, . . . ,Wr. Using Gram-Schmidt orthonormalization we can form an orthonormal basis

for W from the generating set {F1, F2, . . . , Fm} and the resulting vectors are nothing but the

linear combination of {F1, F2, . . . , Fm}. Therefore it is sufficient to prove that everything holds

good for the generating set of vectors. For simplicity of calculations we do the whole analysis

for single Fi, that means from now onward we assume that dimW = 1 and F0 = [αiFi]m×1 in

each cases and subsections.

3.5.1 G ∈ ΘH2
Cm(D)

In this subsection, we assume that G ∈ ΘH2
Cm(D). Then the corresponding defect space for

the nearly S∗-invariant subspace M = KerT is F = 〈ΘS∗H〉. Therefore the equation (3.39)

reduces to

µ(1 + 〈ΘH,G〉) = 0.

Now considering the defect space as F = 〈ΘS∗H〉 we have the following two cases.

Case 1. If 1 + 〈ΘH,G〉 = 0, then M = KΘ + 〈ΘH〉. Moreover,

Fi = PM(k0 ⊗ ei)

= PKΘ
(k0 ⊗ ei) + P〈ΘH〉(k0 ⊗ ei)

= k0 ⊗ ei −
m∑
j=1

〈k0 ⊗ ei,Θej〉Θej +
〈k0 ⊗ ei,ΘH〉ΘH

‖ΘH‖2

= k0 ⊗ ei −Θ


θi1(0)

θi2(0)
...

θim(0)

+
〈k0 ⊗ ei,ΘH〉ΘH

‖ΘH‖2
.

Therefore the case (i) of Theorem 2.3.5 of Chapter 2 implies that the nearly invariant subspace

M for S∗ with the finite defect can be written in the following form.

M = KΘ + 〈ΘH〉

=
{
F : F = F0K0 + zk1

ΘS∗H

‖S∗H‖
: (K0, k1) ∈ K

}
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=

{
F : F = αi(k0 ⊗ ei −Θ


θi1(0)

θi2(0)
...

θim(0)

+
〈k0 ⊗ ei,ΘH〉ΘH

‖ΘH‖2
)K0 + k1

Θ(H −H(0))

‖S∗H‖
: (K0, k1) ∈ K

}

⊇

{
F : F = αi

(
k0 ⊗ ei −Θ


θi1(0)

θi2(0)
...

θim(0)


)
K0 + k1

ΘH(0)

‖S∗H‖

+
(
αi
〈k0 ⊗ ei,ΘH〉
‖ΘH‖2

K0 +
k1

‖S∗H‖

)
ΘH : (K0, k1) ∈ K

}
,

where K = {(K0, k1) ∈ H2
C2(D) : K0 and k1 satisfies the following (3.40) }



αi

(
k0 ⊗ ei −Θ



θi1(0)

θi2(0)

...

θim(0)


)
K0 + k1

ΘH(0)

‖S∗H‖
∈ KΘ

αi
〈k0 ⊗ ei,ΘH〉
‖ΘH‖2

K0 +
k1

‖S∗H‖
∈ C.

(3.40)

Our next aim is to show the subspace K of H2
C2(D) is a S∗ ⊕ S∗-invariant subspace which is

not exactly same as in the scalar valued case. First we observe that if we replace K0, k1 by

S∗K0, S
∗k1, then the second condition of (3.40) is trivially true. Thus we only have to check

that the first condition also true if we replace K0, k1 by S∗K0, S
∗k1. Since KΘ is an S∗-invariant

subspace of H2
Cm(D), then

HΘ : = S∗

αi
(
k0 ⊗ ei −Θ


θi1(0)

θi2(0)
...

θim(0)


)
K0 + k1

ΘH(0)

‖S∗H‖

 ∈ KΘ.
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On the other hand

αi

(
k0 ⊗ ei −Θ


θi1(0)

θi2(0)
...

θim(0)


)
S∗K0 + S∗k1

ΘH(0)

‖S∗H‖

= HΘ + S∗

αiΘ

θi1(0)

θi2(0)
...

θim(0)

K0 − k1
ΘH(0)

‖S∗H‖

− αiΘ

θi1(0)

θi2(0)
...

θim(0)

S∗K0 + S∗k1
ΘH(0)

‖S∗H‖

= HΘ + αi
Θ(z)−Θ(0)

z


θi1(0)

θi2(0)
...

θim(0)

K0(0)− k1(0)

‖S∗H‖
Θ(z)−Θ(0)

z
H(0)

= HΘ + αiS
∗Θ


θi1(0)

θi2(0)
...

θim(0)

K0(0)− k1(0)

‖S∗H‖
S∗Θ(H(0)) ∈ KΘ.

Since HΘ ∈ KΘ, S∗Θ


θi1(0)

θi2(0)
...

θim(0)

 ∈ KΘ and S∗Θ(H(0)) ∈ KΘ, then from the above equation

we conclude that K is an S∗ ⊕ S∗-invariant subspace of H2
C2(D).

Case 2. If 1 + 〈ΘH,G〉 6= 0, then M = KΘ. Therefore

Fi = PM(k0 ⊗ ei) = PKΘ
(k0 ⊗ ei) = k0 ⊗ ei −

m∑
j=1

〈k0 ⊗ ei,Θej〉Θej = k0 ⊗ ei −Θ


θi1(0)

θi2(0)
...

θim(0)

 .

Using the case(i) of Theorem 2.3.5 in Chapter 2 we have

M = KΘ
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=
{
F : F = F0K0 + zk1

ΘS∗H

‖S∗H‖
: (K0, k1) ∈ K

}

=

{
F : F = αi(k0 ⊗ ei −Θ


θi1(0)

θi2(0)
...

θim(0)

)K0 + k1
Θ(H −H(0))

‖S∗H‖
: (K0, k1) ∈ K

}

⊇

{
F : F = αi

(
k0 ⊗ ei −Θ


θi1(0)

θi2(0)
...

θim(0)


)
K0 : (K0, 0) ∈ K

}
.

Therefore the corresponding S∗ ⊕ S∗-invariant subspace is

K =
{

(K0, 0) ∈ H2
C2(D) : K0 satisfies the following (3.41)

}
such that

αi

(
k0 ⊗ ei −Θ


θi1(0)

θi2(0)
...

θim(0)


)
K0 ∈ KΘ,

which is equivalent to the fact that

K0 ∈
m⋂
j=1

KerTθij−θij(0) =
m⋂
j=1

Kζij where ζij is an inner factor of θij − θij(0). (3.41)

Furthermore, it is easy to check that K is an S∗ ⊕ S∗-invariant subspace of H2
C2(D) using the

scalar version of Proposition 3.2.3.

3.5.2 G /∈ ΘH2
Cm(D)

In this subsection, we consider the case that G /∈ ΘH2
Cm(D), then the kernel of T is a nearly S∗-

invariant subspace with defect at most 2 and the defect space is F =
∨
{ΘS∗H,PKΘ

G}. Since

G /∈ ΘH2
Cm(D), then we find a nonzero Gζ ∈ KΘ and GΘ ∈ ΘH2

Cm(D) such that G = Gζ +GΘ.

Therefore the identity (3.39) reduces to

µ(1 + 〈ΘH,GΘ〉) = −〈Fζ , Gζ〉. (3.42)
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As we have already mentioned in the beginning of Section 3.5 that the obtained conditions

(3.44) and (3.45) in our setting are not exactly similar to (3.8) and (3.9) in the scalar case [38]

(see Section 3). In other words, we can not break the inner product mentioned in conditions

(3.44) and (3.45) into smaller pieces because we do not know whether the individual term lies

in respective L2(T)-spaces or not. To proceed further, we need the following remark concerning

the projection PM(k0 ⊗ ei).

Remark 3.5.2. IfM = KerT ⊂ N := KΘ⊕〈ΘH〉 satisfies N =M⊕〈R〉, where R = U+ρΘH

with U ∈ KΘ and ρ ∈ C. Then

PM(k0⊗ei) = k0⊗ei−Θ


θi1(0)

θi2(0)
...

θim(0)

+
〈k0 ⊗ ei,ΘH〉ΘH

‖ΘH‖2
−〈k0 ⊗ ei, U + ρΘH〉

‖U + ρΘH‖2
(U+ρΘH). (3.43)

Now we need to analyze two cases according to whether vΘ := 1 + 〈ΘH,GΘ〉 is zero or not

along with the defect space F =
∨
{ΘS∗H,PKΘ

G}.

Case 1. If vΘ = 0, then (3.42) holds if and only if Fζ ∈ 〈PKΘ
G〉⊥ = 〈Gζ〉⊥. ThusM = N	〈Gζ〉

and therefore substituting U = Gζ and ρ = 0 in (3.43) we have

PM(k0 ⊗ ei) = k0 ⊗ ei −Θ


θi1(0)

θi2(0)
...

θim(0)

+
〈k0 ⊗ ei,ΘH〉ΘH

‖ΘH‖2
− 〈k0 ⊗ ei, Gζ〉

‖Gζ‖2
Gζ .

Therefore F0 = [αiPM(k0 ⊗ ei)]m×1 and hence by using the case (i) of Theorem 2.3.5 in Chapter

2, we have the following representation of M:

M =

{
F : F = αi

(
k0 ⊗ ei −Θ


θi1(0)

θi2(0)
...

θim(0)

+
〈k0 ⊗ ei,ΘH〉ΘH

‖ΘH‖2
− 〈k0 ⊗ ei, Gζ〉

‖Gζ‖2
Gζ

)
K0

+ zk1
ΘS∗H

‖S∗H‖
+ zk2

Gζ

‖Gζ‖
: (K0, k1, k2) ∈ K

}
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⊇

{
F : F = αi

(
k0 ⊗ ei −Θ


θi1(0)

θi2(0)
...

θim(0)


)
K0 −

k1

‖S∗H‖
ΘH(0) +

(
k1

‖S∗H‖
+
〈k0 ⊗ ei,ΘH〉
‖ΘH‖2

K0

)
ΘH

−

(
〈k0 ⊗ ei, Gζ〉αiK0

‖Gζ‖2
− zk2

‖Gζ‖

)
Gζ : (K0, k1, k2) ∈ K

}
,

and the corresponding S∗ ⊕ S∗ ⊕ S∗-invariant subspace is

K =

{
(K0, k1, k2) ∈ H2

C3(D) : K0, k1, k2 satisfies the following (3.44)

}
,

where

αi

(
k0 ⊗ ei −Θ



θi1(0)

θi2(0)

...

θim(0)


)
K0 −

k1

‖S∗H‖
ΘH(0) ∈ KΘ

k1

‖S∗H‖
+
〈k0 ⊗ ei,ΘH〉
‖ΘH‖2

K0 ∈ C

〈K0, z
nαiGi〉 −

〈(
〈k0 ⊗ ei, Gζ〉αiS∗nK0

‖Gζ‖2
− zS∗nk2

‖Gζ‖

)
Gζ , Gζ

〉
= 0, for n ∈ N ∪ {0},

(3.44)

and Gζ = (G1, G2, . . . , Gm). In a similar fashion like (3.40) we prove that the first two conditions

of (3.44) also hold for S∗K0, S∗k1 . Moreover, the last condition also holds for S∗K0 and S∗k2

trivially. Thus K is an S∗ ⊕ S∗ ⊕ S∗ invariant subspace of H2
C3(D).

Case 2. Next we consider vΘ 6= 0, then the equation (3.42) gives µ = −v−1
Θ 〈Fζ , Gζ〉 and thus

we have

M = KerT = {F : F = K − v−1
Θ 〈K,Gζ〉ΘH,K ∈ KΘ}.

Therefore by simple calculations we conclude that N =M⊕〈Gζ +
vΘ

‖H‖2
ΘH〉. Thus by letting

U = Gζ and ρ =
vΘ

‖H‖2
in (3.43), we get
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PM(k0 ⊗ ei) = k0 ⊗ ei −Θ


θi1(0)

θi2(0)
...

θim(0)

+
〈k0 ⊗ ei,ΘH〉ΘH

‖ΘH‖2
−
〈k0 ⊗ ei, Gζ +

vΘ

‖H‖2
ΘH〉

‖Gζ +
vΘ

‖H‖2
ΘH‖2

(Gζ +
vΘ

‖H‖2
ΘH)

= k0 ⊗ ei −Θ


θi1(0)

θi2(0)
...

θim(0)

+
〈k0 ⊗ ei,ΘH〉ΘH

‖H‖2
− ωΘ(Gζ +

vΘ

‖H‖2
ΘH),

where

ωΘ =

〈k0 ⊗ ei, Gζ +
vΘ

‖H‖2
ΘH〉

‖Gζ +
vΘ

‖H‖2
ΘH‖2

.

Therefore from the Case (i) of Theorem 2.3.5 in Chapter 2 we have the following representation

of M:

M =

(
KΘ ⊕ 〈ΘH〉

)
	

〈
Gζ +

vΘ

‖H‖2
ΘH

〉

=

{
F : F = αi

(
k0 ⊗ ei −Θ


θi1(0)

θi2(0)
...

θim(0)

+
〈k0 ⊗ ei,ΘH〉ΘH

‖H‖2
− ωΘ(Gζ +

vΘ

‖H‖2
ΘH)

)
K0

+ k1
Θ(H −H(0))

‖S∗H‖
+ k2

zGζ

‖Gζ‖
: (K0, k1, k2) ∈ K

}

⊇

{
F : F = αi(k0 ⊗ ei)K0 −

(
αiK0Θ


θi1(0)

θi2(0)
...

θim(0)

+ k1
ΘH(0)

‖S∗H‖

)

+

(
αi
〈k0 ⊗ ei,ΘH〉
‖H‖2

K0 +
k1

‖S∗H‖
− zk2

‖Gζ‖
vΘ

‖H‖2

)
ΘH

+

(
− αiK0ωΘ +

zk2

‖Gζ‖

)
(Gζ +

vΘ

‖H‖2
ΘH) : (K0, k1, k2) ∈ K

}
,
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and the corresponding S∗ ⊕ S∗ ⊕ S∗-invariant subspace is

K =
{

(K0, k1, k2) : K0, k1, k2 satisfies the following (3.45)
}
,

where

αi(k0 ⊗ ei)K0 −

(
αiK0Θ



θi1(0)

θi2(0)

...

θim(0)


+ k1

ΘH(0)

‖S∗H‖

)
∈ KΘ

αi
〈k0 ⊗ ei,ΘH〉
‖H‖2

K0 +
k1

‖S∗H‖
− zk2

‖Gζ‖
vΘ

‖H‖2
∈ C

〈K0, z
nαiGi〉+ L(n) +

〈(
− αiS∗nK0ωΘ +

zS∗nk2

‖Gζ‖

)
(Gζ +

vΘ

‖H‖2
ΘH), Gζ +

vΘ

‖H‖2
ΘH

〉
= 0,

for n ∈ N ∪ {0},
(3.45)

Gζ = (G1, G2, . . . , Gm), and

L(n) =


(S∗n−1k2)(0)

‖Gζ‖
· |vΘ|2

‖H‖2
if n ∈ N(

αi〈k0 ⊗ ei,ΘH〉
‖H‖2

K0 +
k1

‖S∗H‖
− zk2vΘ

‖Gζ‖‖H‖2

)
vΘ if n = 0.

By repeating the similar explanations given for (3.40), one can check that the conditions of

(3.45) also hold for S∗K0, S
∗k1, S

∗k2 and hence we conclude that, K is an S∗⊕S∗⊕S∗-invariant

subspace of H2
C3(D). Now we give an example motivated from [38] with minor modifications to

understand the case Φ = Θ∗.

Example 3.5.3. Suppose

Θ(z) =


zs 0 · · · 0

0 zs · · · 0
...

...
. . .

...

0 0 · · · zs


m×m

∈ H∞L(Cm,Cm)(D), where s ≥ 1, (3.46)

G = Gζ + GΘ with Gζ = (zs−1, 1, . . . , 1), GΘ ∈ ΘH2
Cm(D) = zsH2

C(D) ⊕ · · · ⊕ zsH2
C(D) and

H =
1√
2

(1− z, 0, . . . , 0). Then it follows that, M is a nearly S∗-invariant subspace with defect
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space

F =
∨{

zsS∗H,Gζ

}
.

Case 1. If vΘ = 1 + 〈ΘH,GΘ〉 = 0, then it follows that

M =
∨{

1⊗ e1, {z ⊗ ei}mi=1, {z2 ⊗ ei}mi=1, . . . , {zs−2 ⊗ ei}mi=1, {zs−1 ⊗ ej}mj=2

}
⊕ 〈zsH〉

=
{
F : F = K0 ⊗ e1 − k1

zsH(0)

‖S∗H‖
+ k1

zsH

‖S∗H‖
+ zk2

Gζ

‖Gζ‖
: (K0, k1, k2) ∈ K

}
with an S∗⊕S∗⊕S∗-invariant subspace K =

{
(K0, k1, k2) : K0, k1 satisfies the following (3.47)

and k2 ∈ H2
C(D)

}
such that

K0 ⊗ e1 − k1
zsH(0)

‖S∗H‖
∈ KΘ,

k1

‖S∗H‖
∈ C, and 〈K0, z

n+s−1〉 = 0 for n ∈ N ∪ {0}. (3.47)

Case 2. If vΘ = 1 + 〈ΘH,GΘ〉 6= 0, then it follows that

M =
∨{

1⊗ e1, {z ⊗ ei}mi=1, {z2 ⊗ ei}mi=1, . . . , {zs−2 ⊗ ei}mi=1, {zs−1 ⊗ ej}mj=1

}
⊕ 〈zsH〉

	 〈Gζ +
vΘ

‖H‖2
zsH〉

=

{
F : F = K0 ⊗ e1 − k1

zsH(0)

‖S∗H‖
+

(
k1

‖S∗H‖
− zk2

‖Gζ‖
vΘ

)
zsH

+
zk2

‖Gζ‖
(Gζ + vΘz

sH) : (K0, k1, k2) ∈ K
}

with an S∗⊕S∗⊕S∗-invariant subspace K =
{

(K0, k1, k2) : K0, k1, k2 satiesfies the following (3.48)
}

such that
K0 ⊗ e1 − k1

zsH(0)

‖S∗H‖
∈ KΘ,

k1

‖S∗H‖
− zk2

‖Gζ‖
vΘ ∈ C, and〈

K0, z
n

(
zs−1 +

vΘz
s

√
2

(1− z)

)〉
+

〈
k1,

vΘ√
2
zn
〉

+

〈
k2,

znvΘ√
2

(1− z)

〉
= 0 for n ∈ N ∪ {0}.

(3.48)
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CHAPTER 4

Study of nearly invariant subspaces with finite defect in Hilbert spaces

4.1 Introduction

The structure of the invariant subspaces of an operator T plays an important role to study the

action of T on the full space in a better way. To that aim, the study of (almost) invariant

subspaces (see Definition 1.6.1) were initiated and a suitable investigation of these brings the

concept such as near invariance. As already discussed in Chapter 2 and Chapter 3 the study

of nearly invariant subspaces for the backward shift in the scalar valued Hardy space H2
C(D)

were introduced by Hayashi [33], Hitt[34], and then Sarason [49] in the context of kernels of

Toeplitz operators. Going further, Chalendar-Chevrot-Partington (C-C-P) [9] gives a complete

characterization of nearly invariant subspaces under the backward shift operator acting on the

vector valued Hardy space, providing a vectorial generalization of a result of Hitt. In 2004,

Erard investigated the nearly invariant subspaces related to multiplication operators in Hilbert

spaces of analytic functions in [21]. The concept of nearly invariant subspaces of finite defect

for the backward shift in the scalar valued Hardy space was introduced by Chalendar- Gallardo-

Partington (C-G-P) in [11] and provides a complete characterization of these spaces in terms

of backward shift invariant subspaces. In Chapter 2, we have characterized nearly invariant

subspace of finite defect for the backward shift operator acting on the vector valued Hardy space
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and provide a vectorial generalization of C-G-P algorithm. In this connection, we also mention

that similar type of connection also obtained independently by R. O’Loughlin in [44]. Recently,

Liang and Partington introduce the notion of nearly T−1 invariant subspaces in general Hilbert

space setting [39] and provide a representation of nearly T−1 invariant subspaces for the shift

operator T with finite multiplicity acting on a separable infinite dimensional Hilbert space H in

terms of backward shift invariant subspaces on the vector valued Hardy spaces as an application

of the result given in [9, Corollary 4.5.]. Moreover, they also give a description of the nearly

T−1
B invariant subspaces for the operator TB (see Definition 1.7) of multiplication by B in a

scale of Dirichlet-type spaces [39], where B is any finite Blashcke product (see Definition 1.3.20

and 1.9).

Motivated by the work of Liang and Partington in [39], we also introduce the notion of nearly

T−1 invariant subspaces with finite defect (see Definition 2.1) for an left invertible operator

T acting on a separable infinite dimensional Hilbert space as a generalization of nearly T−1

invariant subspaces. The purpose of this chapter is to study nearly T−1 invariant subspaces with

finite defect for a shift operator T with finite multiplicity acting on a separable Hilbert space.

In other words, we provide a characterization of nearly T−1 invariant subspaces with finite

defect in terms of backward shift invariant subspaces in vector valued Hardy spaces by using

Theorem 2.3.5 of Chapter 2. Moreover, we also give a concrete representation of the nearly

T−1
B invariant subspaces with finite defect in a scale of Dirichlet-type spaces Dα for α ∈ [−1, 1]

corresponding to any finite Blashcke product B by using the similar ideas mentioned in [21, 39]

with an appropriate modification, providing a generalization of results of Liang and Partington

in a sense that they already proved the result for defect zero setting (see Section 3, [39]). There

are also many other contributions related with this topic and the interested reader can also refer

to [7, 20] and the references cited therein. In order to state the precise contribution of this

chapter, we need to recapitulate some useful notations and definitions mentioned in Chapter 1.

We introduce a special family of Hilbert spaces of analytic functions. Let α be any real

number. Then the Dirichlet-type spaces are denoted by Dα ≡ Dα(D) and defined by

Dα ≡ Dα(D) :=
{
f : D→ C : f(z) =

∞∑
n=0

anz
n,

∞∑
n=0

(n+ 1)α|an|2 <∞
}
.

Then each Dα is a Hilbert space with respect to the norm

‖f‖α :=

( ∞∑
n=0

(n+ 1)α|an|2
) 1

2

.

TH-3170_186123016



66 Chapter 4. Study of nearly invariant subspaces with finite defect in Hilbert spaces

Note that the particular instances of α yield well-known Hilbert spaces of analytic functions on

D. More precisely, when α = 0 we get the Hardy space H2
C(D), for α = −1 we have the classical

Bergman space A2, and α = 1 corresponds to the Dirichlet space D. Since ‖f‖γ < ‖f‖β for

γ < β, then the continuous inclusion Dβ ⊂ Dγ holds for any γ < β. For more information about

Dirichlet-type spaces we refer to [7] and the references cited therein. Recall that an analytic

function u is said to be an multiplier of Dα if for any f ∈ Dα, uf ∈ Dα that is, the analytic

Toeplitz operator Tu : f → uf is defined everywhere on Dα (hence bounded by closed graph

theorem). Furthermore, one can easily check that any finite Blaschke product B is a multiplier

for each Dα spaces. Note that a finite Blaschke product (also see (1.9)) is given by

B(z) = eiθ
N∏
k=1

z − zk
1− zkz

, (z ∈ D)

where αi ∈ D and the degree of B is just the number of zeros {z1, . . . , zN}, counted with mul-

tiplicity. Moreover, finite Blashcke products play an important role in mathematics. We refer

[52] and [26] for more on multipliers of Dα and the qualitative study of finite Blaschke prod-

uct respectively. The famous Wold Decomposition Theorem [17] implies that for any Blaschke

product B, each element f ∈ H2
C(D) has the following decomposition:

f(z) =
∞∑
n=0

Bn(z)hn(z),

where hn belongs to the model space KB = H2
C(D) 	 BH2

C(D). An analogous theorem for

Dirichlet-type spaces Dα(D) is the following:

Theorem 4.1.1. [25, Theorem 3.1][10, Theorem 2.1]

Suppose α ∈ [−1, 1] and B is a finite Blaschke product. Then f ∈ Dα(D) if and only if

f =
∑∞

n=0 B
nhn (convergence in Dα(D) norm) with hn ∈ KB = H2

C(D)	BH2
C(D) and

∞∑
n=0

(n+ 1)α‖hn‖2
H2 <∞. (4.1)

Moreover, since B is a finite Blaschke product, then KB is finite dimensional and hence we can

consider other (equivalent) norms here, such as ‖h‖Dα.

The nearly invariant subspaces related to the multiplication operator Mu in the Hilbert space

of analytic functions has been studied by C. Erard in [21]. In fact Erard gave the definition of

“nearly invariant under division by u ”, which is same as “nearly M−1
u invariant”, a special
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case of the notion of nearly T−1 invariant subspaces for any left invertible operator T ∈ L(H)

recently introduced by Liang and Partington in [39] and the definition is the following:

Definition 4.1.2. [39, Definition 1.2] Let H be a separable infinite dimensional Hilbert space

and T ∈ L(H) be left invertible. Then a closed subspace M ⊂ H is said to be nearly T−1

invariant if for every g ∈ H such that Tg ∈M then it holds that g ∈M.

It is well known that the shift operator acting on a separable Hilbert space is a generalization

of the unilateral shift S and the operator TB on H2
Cm(D). Recall that, an operator T ∈ L(H)

is said to be a shift operator if it is an isometry and T ∗ converges strongly to zero that is,

‖T ∗nh‖ → 0 as n → ∞ for all h ∈ H [48]. Equivalently, an isometry T ∈ L(H) is a shift

operator if and only if T is pure that is, ∩∞n=0T
nH = {0}. Therefore it is easy to observe that

shift operator is an isometry and left invertible. Moreover, the multiplicity of a shift operator

T ∈ L(H) is defined to be the dimension of KerT ∗ = H 	 TH. As we have discussed earlier,

Liang and Partington have characterized nearly T−1 invariant subspaces for a shift operator

T ∈ L(H) with finite multiplicity and furthermore they also studied the nearly T−1
B invariant

subspaces corresponding to a finite Blaschke product B in a scale of Dirichlet-type spaces Dα
for α ∈ [−1, 1] in [39]. The main aim of this chapter is to first introduce the notion of nearly

T−1 invariant subspaces with finite defect for a shift operator T ∈ L(H) with finite multiplicity

and then characterize those subspaces in terms of backward shift invariant subspaces in vector

valued Hardy spaces. Furthermore, we also study the nearly T−1
B invariant subspaces in a scale

of Dirichlet-type spaces Dα for α ∈ [−1, 1] corresponding to a finite Blaschke product B and

provide a concrete representation of it by generalizing some results of C. Erard [21] and using

the concept of the equivalent norm introduced by Liang and Partington (see Section 3, [39]) in

our context.

The rest of the chapter is organized as follows: In Section 4.2, we introduce the notion

of nearly T−1 invariant subspaces with finite defect for an left invertible operator T ∈ L(H)

and give a chracterization of nearly T−1 invariant subspaces with finite defect for the shift

operator T ∈ L(H) with finite multiplicity. In Section 4.3, we deal with the study of nearly T−1
B

invariant subspaces with finite defect corresponding to a finite Blaschke product B in a scale of

Dirichlet-type spaces Dα for α ∈ [−1, 1].
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68 Chapter 4. Study of nearly invariant subspaces with finite defect in Hilbert spaces

4.2 Characterization of nearly invariant subspaces with

finite defect for the shift operator

In this section, we study nearly T−1 invariant subspaces with finite defect for a shift operator

T ∈ L(H) having finite multiplicity. Now we introduce the notion of nearly T−1 invariant

subspaces with finite defect for any left invertible operator T ∈ L(H) as a generalization of

nearly T−1 invariant subspaces.

Definition 4.2.1. Let T ∈ L(H) be left invertible. Then a closed subspace M of H is said to

be nearly T−1 invariant with finite defect p if there exists a p dimensional subspace F (which

may be taken to be orthogonal to M) such that for any f ∈ H with Tf ∈M, then it holds that

f ∈M⊕F .

The following lemma which is almost similar to Lemma 2.2 ([39]) gives a connection of

nearly invariant subspaces with same defect between similar operators.

Lemma 4.2.2. Let T1 ∈ L(H1) and T2 ∈ L(H2) be two left invertible operators such that they

are similar by some invertible operator V : H1 → H2, so that T2 = V T1V
−1. LetM be a nearly

T−1
1 invariant subspace with defect p in H1, then V (M) is also a nearly T−1

2 invariant subspace

with the same defect p in H2.

Proof. Suppose g ∈ H2 such that T2g ∈ VM, then we want to show g ∈ VM⊕ V F , where F

is the p dimensional defect space for M in H1. Since T2g = V T1V
−1g ∈ VM, then it implies

that T1V
−1g ∈ VM. Moreover, since M is nearly T−1

1 invariant with defect space F , then we

must have V −1g ∈M⊕F . Thus g ∈ V (M⊕F) = VM⊕V F , proving that V (M) is a nearly

T−1
2 invariant subspace with defect p in H2.

Now onwards we always assume T ∈ L(H) is a shift operator with multiplicity m throughout

this section. Let {e1, e2, . . . , em} be an orthonormal basis of K = H 	 TH and let δmj =

(0, 0, . . . , 1, . . . , 0) with 1 in the jth place be an orthonormal basis of Kz = H2
Cm(D)	 zH2

Cm(D)

for j = 1, 2, . . . ,m. By considering the following two orthogonal decompositions

H =
∞⊕
i=0

T iK and H2
Cm(D) =

∞⊕
i=0

ziKz,
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4.2. Characterization of nearly invariant subspaces with finite defect for the shift operator 69

we have an unitary mapping U : H → H2
Cm(D) defined by

U(T iej) = ziδmj . (4.2)

Therefore the following diagram (4.3) corresponding to the shift operator T : H → H with

multiplicity m and the unilateral shift S : H2
Cm(D)→ H2

Cm(D) is commutative.

H T−−−−−−−−−−−−→ H

U

y
yU

H2
Cm(D)

S−−−−−−−−−−−−→ H2
Cm(D)

. (4.3)

Therefore from the above commutative diagram (4.3) we get

SnU = UT n,∀n ∈ N ∪ {0}. (4.4)

Now onwards we denote by PM as the orthogonal projection of H onto a closed subspace M

of H. The following lemma gives an upper bound concerning the dimension of the subspace

M	 (M∩ TH):

Lemma 4.2.3. Let T ∈ L(H) be a shift operator with multiplicity m and letM be a non trivial

closed subspace of H such that M * TH (that means M is not properly contained in TH).

Then

1 ≤ r := dim(M	 (M∩ TH)) ≤ m. (4.5)

Proof. Since T is a shift operator with multiplicity m, then dim(H 	 TH) = m. Moreover,

since M * TH, then M	 (M∩ TH) 6= {0}. Let {e1, . . . , em} be an orthonormal basis of

H 	 TH. Our claim is that {PMe1, . . . , PMem} generates M	 (M∩ TH). Indeed, for any

g ∈ M 	 (M ∩ TH) with 〈g, PMei〉 = 0 for all i ∈ {1, . . . ,m} implies g = 0 and hence

1 ≤ r := dim(M	 (M∩ TH)) ≤ m.

Next by using condition (4.4) and the above Lemma 4.2.3 we have the following result.

Lemma 4.2.4. Let M be a non trivial nearly T−1 invariant subspace with finite defect p

and let G0 = [g1, g2, . . . , gr]
t be an r × 1 matrix with {g1, g2, . . . , gr} is an orthonormal basis

of M 	 (M ∩ TH) (note that the superscript t denotes the transpose of a matrix). Then

F0 = [Ug1, Ug2, . . . , Ugr]
t be an r×m matrix with {Ug1, Ug2, . . . , Ugr} is an orthonormal basis

for UM	 (UM∩ zH2
Cm(D)).
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Proof. The proof is straightforward and we leave it to the reader.

Going further, we need the following useful lemma similar to Liang and Partington in [39].

Lemma 4.2.5. Suppose T : H → H is a shift operator, and let U be as in (4.4). Let

g1, g2, . . . , gn ∈ H and h1, h2, . . . , hn ∈ H2
C(D) be such that

(Ug1)h1 + (Ug2)h2 + · · ·+ (Ugn)hn ∈ H2
Cm(D),

and suppose there exist sequences of polynomials
{
{pil}l : 1 ≤ i ≤ n, l ∈ N

}
with pil → hi

in H2
C(D) as l → ∞ for 1 ≤ i ≤ n so that (Ug1)p1

l + (Ug2)p2
l + · · · + (Ugn)pnl → (Ug1)h1 +

(Ug2)h2 + · · ·+ (Ugn)hn in H2
Cm(D) as l→∞. Then

U∗[(Ug1)h1 + (Ug2)h2 + · · ·+ (Ugn)hn] = h(T )g, (4.6)

where

h(T )g = lim
l→∞

[p1
l (T )g1 + p2

l (T )g2 + · · ·+ pnl (T )gn],

and h(T ) = [h1(T ), h2(T ), . . . , hn(T )], g = [g1, g2, . . . , gn]t.

Now we are in a position to state and prove our main result in this section which provides

an isometric relation between nearly T−1 invariant subspaces with defect p and the backward

shift invariant subspaces of H2
Cr+p(D) = H2

Cr(D)×H2
Cp(D).

Theorem 4.2.6. Suppose T is a shift operator with multiplicity m andM⊂ H is a non trivial

nearly T−1 invariant subspace with defect p and let F be the corresponding p dimensional defect

space. Let F1 = [f1, f2, . . . , fp]
t be a p×1 matrix containing an orthonormal basis {f1, f2, . . . , fp}

of F . Then

(i) in the case when M * TH, there exists a non negative integer r′ ≤ r + p and an inner

multiplier Φ ∈ H∞L(Cr′ ,Cr+p))
(D), unique upto an unitary equivalence such that

M =
{
f ∈ H : f = K0(T )G0 + TK1(T )F1 : (K0, K1) ∈ H2

Cr+p(D)	 ΦH2
Cr′ (D)

}
, (4.7)

where G0 = [g1, g2, . . . , gr]
t is an r × 1 matrix with {g1, g2, . . . , gr} is an orthonormal basis of

M	 (M∩ TH) and also there exists an isometry

Q :M→ H2
Cr+p(D) defined by Q(f) = (K0, K1).

TH-3170_186123016



4.2. Characterization of nearly invariant subspaces with finite defect for the shift operator 71

(ii) In the case, when M ⊆ TH, there exists a non negative integer p′ ≤ p and an inner

multiplier Θ ∈ H∞L(Cp′ ,Cp))
(D) which is unique upto unitary constant such that

M =
{
f ∈ H : f = TK1(T )F1 : K1 ∈ H2

Cp(D)	ΘH2
Cp′ (D)

}
, (4.8)

and also there exists an isometry

R :M→ H2
Cp(D) defined by R(f) = K1.

Proof. From Lemma 4.2.2 and using (4.2), we say UM is a nearly S∗-invariant subspace of

H2
Cm(D) with defect p and the correosponding defect space is UF ⊆ H2

Cm(D). Therefore by

applying Theorem 2.3.5 (case (i)) of Chapter 2 (see also Theorem 3.4, [44]) corresponding to

nearly S∗-invariant subspace with finite defect in vector valued Hardy space H2
Cm(D), we have

UM =

{
F ∈ H2

Cm(D) : F (z) = F0(z)tK0(z) +

p∑
j=1

zkj(z)Ufj(z) : (K0, k1, . . . , kp) ∈ K

}
,

where K ⊂ H2
Cr(D)×H2

C(D)× · · · ×H2
C(D)︸ ︷︷ ︸

p

is a closed S∗⊕ · · · ⊕ S∗- invariant subspace of the

vector valued Hardy space H2
Cr+p(D),

‖F‖2 = ‖K0‖2 +

p∑
j=1

‖kj‖2, (4.9)

and F0 given in Lemma 4.2.4. Therefore by the Beurling-Lax-Halmos theorem on H2
Cr+p(D),

there exists a non negative integer r′ ≤ r+p and an inner multiplier Φ ∈ H∞L(Cr′ ,Cr+p)
(D) unique

upto unitary equivalance such that K = H2
Cr+p(D) 	 ΦH2

Cr′ (D). Thus if we consider f ∈ M,

then there exists (K0, k1, k2, . . . , kp) ∈ K such that

Uf = [Ug1, Ug2, . . . , Ugr]K0 +

p∑
j=1

SkjUfj

and

‖f‖2 = ‖Uf‖2 = ‖K0‖2 +

p∑
j=1

‖kj‖2. (4.10)

Let K0 = (k0
1, k

0
2, . . . , k

0
r) ∈ H2

Cr(D), then

Uf = [Ug1, Ug2, . . . , Ugr]K0 +

p∑
j=1

SkjUfj =
r∑
i=1

(Ugi)k
0
i +

p∑
j=1

S(Ufj)kj
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and therefore by using Lemma 4.2.5 we get

U∗(Uf) = U∗
[ r∑
i=1

(Ugi)k
0
i +

p∑
j=1

S(Ufj)kj

]
= U∗

[ r∑
i=1

(Ugi)k
0
i +

p∑
j=1

U(Tfj)kj

]
= K0(T )G0 + TK1(T )F1,

and hence

f = K0(T )G0 + TK1(T )F1,

where K1 = (k1, k2, . . . , kp) ∈ H2
Cp(D). Therefore

M =
{
f ∈ H : f = K0(T )G0 + TK1(T )F1 : (K0, K1) ∈ H2

Cr+p(D)	 ΦH2
Cr′ (D)

}
.

Moreover, the relation (4.9) gives the existence of an isometry V : UM→ H2
Cr+p(D)	ΦH2

Cr′ (D).

Now if we define Q = V U , then Q :M→ H2
Cr+p(D)	ΦH2

Cr′ (D) is an isometry and the isometric

relation is given by (4.10) . This completes the proof of (i).

For case (ii), we assume M ⊂ TH and hence M	 (M∩ TH) = {0}. Therefore again by

applying Theorem 2.3.5 [case (ii)] of Chapter 2 we have

UM =

{
F ∈ H2

Cm(D) : F (z) =

p∑
j=1

zkj(z)Ufj(z) : (k1, . . . , kp) ∈ K

}
,

where K ⊂ H2
C(D)× · · · ×H2

C(D)︸ ︷︷ ︸
p

is a closed S∗ ⊕ · · · ⊕ S∗- invariant subspace of the vector

valued Hardy space H2
Cp(D) and

‖F‖2 =

p∑
j=1

‖kj‖2. (4.11)

Similarly as in case (i), there exists a non negative integer p′ ≤ p and an inner multiplier

Θ ∈ H∞L(Cp′ ,Cp)
(D) unique upto an unitary equivalance such that K = H2

Cp(D) 	 ΦH2
Cp′ (D).

Moreover, if K1 = (k1, k2, . . . , kp) ∈ H2
Cp(D), then

M =
{
f ∈ H : f = TK1(T )F1 : K1 ∈ H2

Cp(D)	ΘH2
Cp′ (D)

}
.

Furthermore, the equation (4.11) gives an existence of an isometry W : UM → H2
Cp(D) 	

ΦH2
Cp′ (D) and therefore if we define R = WU , then R : M → H2

Cp(D) 	 ΘH2
Cp′ (D) is an

isometry. This completes the proof of (ii).

Motivated from the Corollary 2.6 in [39] we have the following corollary which characterize

the nearly T−1
B invariant subspace with finite defect p in H2

C(D) as a consequence of the above
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Theorem 4.2.6. Note that for any finite Blaschke B with degree m, the operator TB : H2
C(D)→

H2
C(D) is a shift operator with multiplicity m.

Corollary 4.2.1. Let M ⊂ H2
C(D) be a non trivial nearly T−1

B invariant subspace with defect

p, where B is a finite Blaschke of degree m having atleast one zero in D \ {0}. Let G0 =

[g1, g2, . . . , gr]
t be an r×1 matrix with {g1, g2, . . . , gr} is an orthonormal basis ofM	(M∩TBH)

and let F1 = [f1, f2, . . . , fp]
t be a p× 1 matrix containing an orthonormal basis {f1, f2, . . . , fp}

of the defct space F . Then there exists a non negative integer r′ ≤ r+p and an inner multiplier

Φ ∈ H∞L(Cr′ ,Cr+p)
(D), unique upto unitary equivalence such that

M =
{
f ∈ H : f = K0(TB)G0 + TBK1(TB)F1 : (K0, K1) ∈ H2

Cr+p(D)	 ΦH2
Cr′ (D)

}
. (4.12)

The following example gives a better understanding of the above corollary which is same as

Example 2.7 in [39] with a small variation.

Example 4.2.7. Let us define Ba(z) =
a− z
1− az

for any a ∈ D\{0}. Now consider the subspace

M = Ba(z) ·
{∨

{1, z2, z6, z8, z10, . . .} ⊕
∨
{z, z3, z5, · · · , z2m+1}

}
for some m ∈ N ∪ {0}. Then M is a nearly T ∗z2-invariant subspace of H2

C(D) with defect 1. It

is easy to observe that dim(M	 (M∩Tz2H2
C(D))) = 2, G0 = Ba(z) · [1, z]t and the defect space

is F = 〈z4φa(z)〉 with F1 = [z4φa(z)]. Therefore for any f ∈M, we have

f(z) =

[ ∞∑
k=0

ak1z
2k,

∞∑
k=0

ak2z
2k

]
G0(z) + Tz2

[ ∞∑
k=0

bkz
2k

]
F1,

where the constants ak1, ak2 and bk satisfy the following:
ak1 ∈ C for k ∈ {0, 1} and ak1 = 0 for k ≥ 2,

ak2 ∈ C for k ∈ {0, 1, · · · ,m} and ak2 = 0 for k ≥ m+ 1,

bk ∈ C for k ≥ 0.

Moreover, the equation (4.12) along with above discussions conclude

M =
{
f ∈ H : f = K0(Tz2)G0 + Tz2K1(Tz2)F1 : (K0, K1) ∈ H2

C2+1(D)	 ΦH2
C(D)

}
,

where Φ ∈ H∞L(C,C3)(D) is an inner multiplier such that Φ(z) = (z2, zm+1, 0) ∈ C3.
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4.3 Description of nearly T−1
B invariant subspaces with

defect for finite Blaschke B in Dα Spaces

In this section, we discuss about nearly T−1
B invariant subspaces with finite defect corresponding

to any finite Blaschke product B in a scale of Dα spaces for α ∈ [−1, 1] by combining the ideas

of Erard [21] and Liang and Partington [39] with appropriate changes. Recall that any finite

Blaschke product B is a multiplier of each Dα, that is, the multiplication operator TB : Dα → Dα
is defined everywhere and bounded. Moreover, the operator TB is bounded below but not an

isometry. We refer to the reader concerning the work of Lance and Stessin [37] in connection

with the study of multiplication invariant subspaces of Hardy spaces. In [21], C. Erard studied

the nearly invariant subspaces corresponding to lower bounded multiplication operator Mu on

the Hilbert space of analytic functions H and there are four conditions concerning the pairs

(H, u) which are as follows:

(i) H is a Hilbert space and a linear subspace of O(W) :=
{
f :W → C| f is analytic

}
, where

W is an open subset of Cd (d ∈ N),

(ii) u ∈ O(W) satisfies uh ∈ H for all h ∈ H,

(iii) for all w ∈ W the evaluation H → C, h→ h(w) is continuous,

(iv) there exists c > 0 such that for all h ∈ H c‖h‖H ≤ ‖uh‖H.

Corresponding to the above pair (H, u), the lower bound of the multiplication operator Mu

relative to the norm ‖.‖H is defined by

γH,Mu = sup{c > 0 : ∀h ∈ H, c‖h‖H ≤ ‖uh‖H} ∈ (0,∞). (4.13)

For simplicity we denote γH,Mu by γ. In particular, for the pair (H, u(z) = z), Erard gives a

connection between nearly backward shift invariant subspaces in H and a backward shift invari-

ant subspaces in H2
C(D) (see Theorem 5.1 in [21]). Note that the operator TB : Dα → Dα is

more general than Mz : H2
C(D) → H2

C(D) and the characterizations for nearly T−1
B invariant

subspaces in Dα for α ∈ [−1, 1] corresponding to the finite Blaschke product B is due to Liang

and Partington (see Theorem 3.4 and Theorem 3.7 in [39] ) by applying some results of Erard
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[21]. Here our main aim is to characterize nearly T−1
B invariant subspaces with finite defect

in Dα for α ∈ [−1, 1] corresponding to the finite Blaschke product B. To achieve our goal we

need to first extend two important results (namely Approximation Lemma and Factorization

Theorem) due to Erard [21]. Before we proceed, note that if T : H → H is a bounded operator

that is bounded from below, then T has closed range and T ∗T is invertible. Now using the ideas

in [21] with suitable modification we have the following lemma which provides a generalization

of Lemma 2.1. in [21].

Lemma 4.3.1 (Approximation Lemma). Let H be a Hilbert space and let T : H → H be

a bounded operator such that for all h ∈ H, ‖h‖H ≤ ‖Th‖H. Suppose M is a nearly T−1

invariant subspace of H with defect p (i.e. the dimension of the defect space F is p). We set

R = (T ∗T )−1T ∗PM∩TH, Q = PM	(M∩TH), S = PF . Then ‖R‖ ≤ 1, and for all h ∈ M and

m ∈ N, we have

h =
m∑
k=0

T kQRkh+ Tm+1Rm+1 + T
m∑
k=1

T k−1SRkh (4.14)

and

‖h‖2
H ≥

∞∑
k=0

‖QRkh‖2
H +

∞∑
k=1

‖SRkh‖2
H. (4.15)

Proof. Consider h ∈ H and write PM∩TH(h) = Th0. Then we have

TRh = T (T ∗T )−1T ∗Th0 = Th0 = PM∩TH(h). (4.16)

Thus for any h ∈ H, we have ‖Rh‖ ≤ ‖TRh‖ = ‖PM∩TH(h)‖ ≤ ‖h‖ and hence ‖R‖ ≤ 1.

Suppose h ∈ M and therefore by using (4.16) we conclude that TRh ∈ M. Since M is a

nearly T−1 invariant subspace with defect p, then we have

Rh ∈M⊕F . (4.17)

Moreover, by using (4.16) and since T is bounded below we have for any h ∈M,

h = Qh+ TRh (4.18)

and

‖h‖2 ≥ ‖Qh‖2 + ‖TRh‖2 ≥ ‖Qh‖2 + ‖Rh‖2. (4.19)
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Since Rh ∈M⊕F (by (4.17)), then we have

Rh = PMRh+ SRh

which implies that Rh− SRh ∈M. Note that since (4.18) is true for any h ∈M, therefore if

we replace h by Rh− SRh in (4.18) we get

Rh = QRh+ TR2h+ SRh. (4.20)

Now it is easy to observe that R(M⊕ F) ⊂ M ⊕ F and hence Rmh ∈ M ⊕ F , ∀m ∈ N.

Therefore by induction from (4.20) we get for any m ∈ N,

Rmh = QRmh+ TRm+1h+ SRmh (4.21)

and since T is bounded below we have

‖Rmh‖2 ≥ ‖QRmh‖2 + ‖Rm+1h‖2 + ‖SRmh‖2. (4.22)

Finally by combining (4.18) and (4.21) we have

h =
m∑
k=0

T kQRkh+ Tm+1Rm+1h+ T
m∑
k=1

T k−1SRkh, m ∈ N

and moreover equations (4.19) and (4.22) yield that

‖h‖2
H ≥

∞∑
k=0

‖QRkh‖2
H +

∞∑
k=1

‖SRkh‖2
H.

This completes the proof.

Remark 4.3.2. Under the same assumtion as in Lemma 4.3.1, letM be a nearly T−1 invariant

subspace of H with defect p such that M ⊆ TH and let F be the corresponding p dimensional

defect space having an orthonormal basis {ej}pj=1. Then for any h ∈M and m ∈ N we have

h = Tm+1Rm+1 + T
m∑
k=1

T k−1SRkh and ‖h‖2
H ≥

∞∑
k=1

‖SRkh‖2
H. (4.23)

Next we denote D(0, a) := {z ∈ C : |z| < a}. As an application of the above Approximation

Lemma and mimicking the ideas given in [21] with appropriate changes we have the following

theorem which gives a generalization of Theorem 3.2 in [21].
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Theorem 4.3.3 (Factorization Theorem). Assume that the pair (H, u) satisfies the four condi-

tions (i)-(iv) given in the beginning of Section 4.3. Let M be a nearly M−1
u invariant subspace

of H with defect p and let F be the corresponding defect space. Let {gi}i∈I be an orthonormal

basis of M	 (M∩MuH) and let {ej}pj=1 be an orthonormal basis of F . Moreover, we also

assume that ⋂
n∈N

un|u−1(D(0,γ))H|u−1(D(0,γ)) = {0}, (4.24)

where H|u−1(D(0,γ)) consists of the restrictions to u−1(D(0, γ)) of the functions of H. Then

(i) in the case whenM *MuH, for all h ∈M, there exist (qi)i∈I and (hj)
p
j=1 in O(u−1(D(0, γ)))

such that

h =
∑
i∈I

giqi + γ−1Mu

p∑
j=1

ejhj

on u−1(D(0, γ)) for all i ∈ I and j ∈ {1, . . . , p}, and also there exist (cki)k∈N0 ∈ CN and

(bkj)k∈N ∈ CN, where N0 = N ∪ {0} with

qi =
∞∑
k=0

cki

(
u

γ

)k
, hj =

∞∑
k=1

bkj

(
u

γ

)k−1

(4.25)

and

∑
i∈I

∞∑
k=0

|cki|2 +

p∑
j=1

∞∑
k=1

|bkj|2 ≤ ‖h‖2
H. (4.26)

(ii) In the case whenM⊆MuH, then for all h ∈M there exists (hj)
p
j=1 in O(u−1(D(0, γ)))

such that

h = γ−1Mu

p∑
j=1

ejhj on u−1(D(0, γ))

for all j ∈ {1, 2, . . . , p} and also there exists (bkj)k∈N ∈ CN such that

hj =
∞∑
k=1

bkj

(
u

γ

)k−1

and

p∑
j=1

∞∑
k=1

|bkj|2 ≤ ‖h‖2.

Proof. (i) First we consider T = γ−1Mu. Then T satisfies the hypothesis of Lemma 4.3.1. Now

we define R,Q, S as in Lemma 4.3.1 and let h ∈ M. Then we define a family of sequences

{(cki)k∈N0}i∈I , {(bkj)k∈N}
p
j=1 of complex numbers by the following equations

QRkh =
∑
i∈I

ckigi, k ∈ N0 and SRkh =

p∑
j=1

bkjej k ∈ N.
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Therefore by using (4.14) and (4.15) we get

h =
m∑
k=0

T kQRkh+ Tm+1Rm+1h+
m∑
k=1

T kSRkh

=
m∑
k=0

∑
i∈I

ckiT
kgi + Tm+1Rm+1h+ T

m∑
k=1

p∑
j=1

bkjT
k−1ej,

and hence

h =
m∑
k=0

∑
i∈I

cki

(
u

γ

)k
gi +

(
u

γ

)m+1

Rm+1h+ γ−1u
m∑
k=1

p∑
j=1

bkj

(
u

γ

)k−1

ej, (4.27)

and ∑
i∈I

∞∑
k=0

|cki|2 +

p∑
j=1

∞∑
k=1

|bkj|2 ≤ ‖h‖2, (4.28)

so that for all i ∈ I and j ∈ {1, 2, . . . , p},
∞∑
k=0

|cki|2 <∞ and
∞∑
k=1

|bkj|2 <∞.

Therefore it follows that for all i ∈ I, the series
∞∑
k=0

cki

(
u

γ

)k
converges uniformly on compact

subsets of u−1(D(0, γ)), so that its sum, which we denote by qi, belongs to O(u−1(D(0, γ))).

Similarly the series
∞∑
k=1

bkj

(
u

γ

)k−1

also converges uniformly on compact subsets of u−1(D(0, γ))

and hence the sum of the series denoted by hj also belongs to O(u−1(D(0, γ))). Let w ∈

u−1(D(0, γ)), then by using Cauchy-Schwarz inequality and (4.28) we obtain∑
i∈I

|(giqi)(w)| ≤
(∑

i∈I

|gi(w)|2
) 1

2
(∑

i∈I

|qi(w)|2
) 1

2

≤
(∑

i∈I

|〈gi, kw〉|2
) 1

2
(∑

i∈I

(
∞∑
k=0

|cki|2)(
∞∑
k=0

|u(w)|2k

γ2k
)

) 1
2

≤ ‖Qkw‖H‖h‖H
1√

1− |u(w)|2

γ2

,

and
p∑
j=1

|(ejhj)(w)| ≤ ‖Skw‖H‖h‖H
1√

1− |u(w)|2

γ2

,

and hence that both the series
∑
i∈I
giqi and

p∑
j=1

ejhj converge at each point of u−1(D(0, γ)). Now

from equation (4.27) we obtain

(h−
∑
i∈I

giqi −
p∑
j=1

ejhj)|u−1(D(0,γ)) ∈
⋂
m∈N

um|u−1(D(0,γ))H|u−1(D(0,γ)),
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which along with the hypothesis (4.24) implies that

h =
∑
i∈I

giqi + γ−1Mu

p∑
j=1

ejhj on u−1(D(0, γ)) and
∑
i∈I

∞∑
k=0

|cki|2 +

p∑
j=1

∞∑
k=1

|bkj|2 ≤ ‖h‖2.

(ii) Again we consider T = γ−1
1 Mu. Therefore by using Remark 4.3.2 and proceeding as in case

(i) we obtain

h = γ−1Mu

p∑
j=1

ejhj on u
−1(D(0, γ)) and

p∑
j=1

∞∑
k=1

|bkj|2 ≤ ‖h‖2.

Now we are in a position to describe the nearly T−1
B invariant subspaces with defect p cor-

responding to a finite Blaschke B in Dirichlet type spaces Dα for α ∈ [−1, 1]. Now onwards

we assume that B is Blaschke product of degree m and therefore for any non trivial nearly T−1
B

invariant subspace M in Dα with defect p and M * TBDα we have

1 ≤ r := dim(M	 (M∩ TBDα)) ≤ m,

which follows by similar argument as in Lemma 4.2.3. In the sequel, we now endow the space

Dα with two different equivalent norms introduced by Liang and Partington (see Section 3,

[39]) according to the cases α ∈ [−1, 0) and α ∈ [0, 1] and hence we divide the analysis into two

subsections.

4.3.1 α ∈ [−1, 0):

Note that we need to endow the space Dα with a norm in such a way so that we can get a nice

lower bound of the operator TB. Keeping this information in our mind we endow the space Dα
for α ∈ [−1, 0) with the modified equivalent norm introduced by Liang and Partington in [39]

which we denote by ‖ · ‖1, and it is as follows: for any f =
∑∞

n=0 fnB
n with fn ∈ KB,

‖f‖2
1 :=

G−1∑
n=0

Gα‖fn‖2
H2

C(D) +
∞∑
n=G

(n+ 1)α‖fn‖2
H2

C(D), (4.29)

where G is a fixed and sufficiently large positive number to be specified below and moreover we

have the same lower bound of TB, as obtained in (see Section 3,[39]), as follows:

γ1 :=

(
1− 1

G+ 1

)−α/2
. (4.30)
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Thus from the definition of lower bound it follows that for any f ∈ Dα,

‖TBf‖2
1 = ‖Bf‖2

1 ≥ γ2
1‖f‖2

1,

and hence the operator T := γ−1
1 TB : Dα → Dα satisfies

‖Tf‖2
1 = ‖γ−1

1 TBf‖2
1 ≥ ‖f‖2

1 for any f ∈ Dα.

Note that the pair (Dα, TB) also satisfies conditions (i)-(iv) (given in the beginning of Section

4.3) with lower bound γ1 given in (4.30). Furthermore as in ([39]), we choose G large enough so

that γ1 satisfies B−1(D(0, γ1)) ⊃ sD with sD a disc containing all the zeros of B which ensures

that

‖γ−1
1 B‖H∞(sD) < 1. (4.31)

Moreover, the operator T := γ−1
1 TB satisfies all the assumptions in Lemma 4.3.1 together with

the fact that ⋂
m∈N

BmDα|sD =
⋂
m∈N

TmDα|sD = {0}.

Combining the above facts together with Theorem 4.3.3 implies the following lemma, providing

a generalization of Lemma 3.6 in [39].

Lemma 4.3.4. Let M be a non trivial nearly T−1
B invariant subspace of Dα with defect p for

α ∈ [−1, 0) and let F be the corresponding p dimensional defect space. Let {fi}ri=1 and {ej}pj=1

be an orthonormal basis of M	 (M∩ TBDα) and F respectively. Then for all f ∈ M, there

exist {qi}ri=1 and {hj}pj=1 in O(sD) such that

f =
r∑
i=1

fiqi + γ−1
1 TB

p∑
j=1

ejhj on sD, (4.32)

for all i ∈ {1, 2, . . . , r} and j ∈ {1, 2, . . . , p}, and also there exist (aki)k∈N0 ∈ CN and (bkj)k∈N ∈

CN with

qi =
∞∑
k=0

aki

(
γ−1

1 B

)k
on sD, hj =

∞∑
k=1

bkj

(
γ−1

1 B

)k−1

on sD, (4.33)

and

r∑
i=1

∞∑
k=0

|aki|2 +

p∑
j=1

∞∑
k=1

|bkj|2 ≤ ‖f‖2
Dα . (4.34)
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Remark 4.3.5. If the subspace M⊆ TBDα, then using the same notation as in Lemma 4.3.4,

for all f ∈M there exists {hj}pj=1 in O(sD) such that

f = γ−1
1 TB

p∑
j=1

ejhj on sD,

and also there exists (bkj)k∈N ∈ CN with

hj =
∞∑
k=1

bkj

(
γ−1

1 B

)k−1

and

p∑
j=1

∞∑
k=1

|bkj|2 ≤ ‖f‖2
Dα .

Here our main aim is to describe the nearly T−1
B invariant subspaces of Dα with finite

defect for α ∈ [−1, 0) in terms of TB−1 invariant subspaces of H2
Cr+p(sD). In order to get

a connection with invariant subspaces of H2
Cr+p(D) we introduce the same unitary mapping

Us : H2
Cr+p(sD)→ H2

Cr+p(D) as mentioned in (see Section 3, [39]) and it is defined by

(Usf)(z) = f(sz).

If we denote T ∗s := UsTB−1U∗s , then we have the following commutative diagram (4.35)

H2
Cr+p(sD)

T−1
B−−−−−−−−−−−−→ H2

Cr+p(sD)

Us

y
yUs

H2
Cr+p(D)

T ∗s−−−−−−−−−−−−→ H2
Cr+p(D).

(4.35)

Since the disc sD contains all the zeros of B, then the symbol B−1 lies in L∞(sT) and therefore

by using the fact B−1(sz) = B(s−1z) on T and by repeating the identical calculations as done

in ([39]) we conclude

(T ∗s f)(z) = TB(s−1z)f(z). (4.36)

For more details about (4.36) (see (3.18), Section 3 in [39]). Now we state our main theorem

in this subsection concerning nearly T−1
B invariant subspaces with defect p in Dα spaces with

α ∈ [−1, 0) based on above notations which gives a generalization of Theorem 3.7 in [39].

Theorem 4.3.6. Let M be a nearly T−1
B invariant subspace of Dα with finite defect p for

α ∈ [−1, 0) and let F be the corresponding p dimensional defect space. Let E0 := [e1, e2, . . . , ep],

where {ej}pj=1 is an orthonormal basis of F using norm ‖.‖1. Then
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82 Chapter 4. Study of nearly invariant subspaces with finite defect in Hilbert spaces

(i) in the case whenM * TBDα, if F0 := [f1, f2, . . . , fr] is a matrix containing an orthonor-

mal basis {fi}ri=1 of M	 (M∩TBDα), then there exists a linear subspace N ⊂ H2
Cr+p(sD) such

that

M =

{
f ∈ Dα : f = F0q + γ−1

1 TBE0h on sD : (q, h) ∈ N

}
on sD,

together with (
1− ‖γ−1

1 B‖2
H∞(sD)

)1/2(
‖q‖2

H2
Cr (sD) + ‖h‖2

H2
Cp (sD)

)1/2

≤ ‖f‖Dα .

Moreover, N is invariant under T−1
B and hence Us(N ) is invariant under T ∗s = UsTB−1U∗s in

H2
Cr+p(D).

(ii) In the case when M ⊂ TBDα, then there exists a linear subspace N ⊂ H2
Cp(sD) such

that

M =

{
f ∈ Dα : f = γ−1

1 TBE0h : h ∈ N

}
on sD,

together with (
1− ‖γ−1

1 B‖2
H∞(sD)

)1/2

‖h‖H2
Cp (sD) ≤ ‖f‖Dα .

Moreover, N is invariant under T−1
B and hence Us(N ) is invariant under T ∗s = UsTB−1U∗s in

H2
Cp(D) (note that, here Us : H2

Cp(sD)→ H2
Cp(D)).

Proof. (i) For f ∈ M ⊂ Dα with α ∈ [−1, 0), the equation (4.32) in the above Lemma 4.3.4

implies

f =
r∑
i=1

fiqi + γ−1
1 TB

p∑
j=1

ejhj = F0q + γ−1
1 TBE0h, on sD (4.37)

where q = [q1, q2, . . . , qr]
t and h = [h1, h2, . . . , hp]

t. Using the facts (4.31) and (4.33) we obtain

the following for all i ∈ {1, 2, . . . , r} and j ∈ {1, 2, . . . , p},

‖qi‖H2(sD) = ‖
∞∑
k=0

aki(γ
−1
1 B)k‖H2(sD) ≤

∞∑
k=0

|aki|‖γ−1
1 B‖kH∞(sD)

≤
( ∞∑

k=0

‖γ−1
1 B‖2k

H∞(sD)

)1/2( ∞∑
k=0

|aki|2
)1/2

=

(
1− ‖γ−1

1 B‖2
H∞(sD)

)−1/2( ∞∑
k=0

|aki|2
)1/2

,

and

‖hj‖H2(sD) ≤
(

1− ‖γ−1
1 B‖2

H∞(sD)

)−1/2( ∞∑
k=1

|bkj|2
)1/2

.
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Therefore the above estimates along with the inequality in (4.34) yields

‖q‖2
H2

Cr (sD) =
r∑
i=1

‖qi‖2
H2(sD) ≤

(
1− ‖γ−1

1 B‖2
H∞(sD)

)−1( r∑
i=1

∞∑
k=0

|aki|2
)

≤
(

1− ‖γ−1
1 B‖2

H∞(sD)

)−1

‖f‖2
Dα < +∞,

and

‖h‖2
H2

Cp (sD) ≤
(

1− ‖γ−1
1 B‖2

H∞(sD)

)−1

‖f‖2
Dα < +∞.

Thus the above implies

q =
∞∑
k=0

Ak(γ
−1
1 B)k ∈ H2

Cr(sD), where Ak = [ak1, ak2, . . . , akr]
t

and

h =
∞∑
k=1

Bk(γ
−1
1 B)k−1 ∈ H2

Cp(sD), where Bk = [bk1, bk2, . . . , bkp]
t.

Moreover, the equation (4.34) implies for all f ∈M,

‖q‖2
H2

Cr (sD) + ‖h‖2
H2

Cp (sD) ≤
(

1− ‖γ−1
1 B‖2

H∞(sD)

)−1

‖f‖2
Dα . (4.38)

Now we define a linear subspace as follows:

N :=

{
(q, h) ∈ H2

Cr(sD))×H2
Cp(sD) : ∃f ∈M, f = F0q + γ−1

1 TBE0h on sD

}
,

satisfying for any f ∈ M, ∃ (q, h) ∈ N such that f = F0q + γ−1
1 TBE0h on sD. Next we show

that N is invariant under TB−1 . By considering T = γ−1
1 TB in Lemma 4.3.1, the equation (4.14)

with m = 0 implies

f = Qf + TRf = Qf + γ−1
1 TBRf.

Moreover, on sD, the above equation together with (4.37) yields that

F0q + γ−1
1 TBE0h = Q(F0q + γ−1

1 TBE0h) + γ−1
1 TBR(F0q + γ−1

1 TBE0h)

= F0A0 + γ−1
1 BR(F0q + γ−1

1 TBE0h),

which further satisfies

F0(q − A0) + γ−1
1 TBE0h = γ−1

1 BR(F0q + γ−1
1 TBE0h).
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Next by using the fact TB is injective, we conclude from the above that

γ−1
1 R(F0q + γ−1

1 TBE0h) = F0(
∞∑
k=1

Akγ
−k
1 Bk−1) + γ−1

1 E0h = F0(TB−1q) + γ−1
1 E0h. (4.39)

Moreover, by using the fact that R(F0q + γ−1
1 TBE0h) ∈M⊕F we obtain

R(F0q + γ−1
1 TBE0h) = PMR(F0q + γ−1

1 TBE0h) + E0B1. (4.40)

Thus by combining equations (4.39) and (4.40) we get

γ−1
1 PMR(F0q + γ−1

1 TBE0h) = F0(TB−1q) + γ−1
1 E0(

∞∑
k=2

Bk(γ
−1
1 B)k−1)

= F0(TB−1q) + γ−1
1 TBE0(TB−1h).

Note that γ−1
1 PMR(F0q + γ−1

1 TBE0h) ∈ M and hence from the definition of N we conclude

(TB−1q, TB−1h) ∈ N . Thus N is TB−1 invariant in H2
Cr+p(sD). Finally, by using the diagram

(4.35) we have T ∗s (Us(N )) ⊂ Us(N ), that is Us(N ) is invariant under T ∗s .

(ii) If M ⊂ TBDα, then by using Remark 4.3.5 and proceeding as in case (i) we obtain a

linear subspace N ⊂ H2
Cp(sD) such that

M =

{
f ∈ Dα : f = γ−1

1 TBE0h : h ∈ N

}
on sD,

together with (
1− ‖γ−1

1 B‖2
H∞(sD)

)1/2

‖h‖H2
Cp (sD) ≤ ‖f‖Dα .

Moreover, N is invariant under T−1
B and Us(N ) is invariant under Ts = UsTB−1U∗s in H2

Cp(D).

(note that here Us : H2
Cp(sD)→ H2

Cp(D)). This completes the proof.

4.3.2 α ∈ [0, 1]:

Here we consider Dα spaces with α ∈ [0, 1] and B is a finite Blaschke product of degree m. We

now endow Dα with the following equivalent norm introduced by Liang and Partington in [39]

which we denote by ‖.‖2 and is defined by

‖f‖2
2 :=

∞∑
n=0

(n+ 1)α‖gn‖2
H2

C(D) (4.41)
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for any f =
∞∑
n=0

gnB
n with gn ∈ KB (see Theorem 4.1.1). Therefore we have,

‖TBf‖2
2 = ‖Bf‖2

2 =
∞∑
n=0

(n+ 2)α‖gn‖2
H2

C(D) ≥ ‖f‖
2
2

which implies that the operator TB : (Dα, ‖.‖2) → (Dα, ‖.‖2) is lower bounded and the lower

bound (4.13) of TB relative to the norm ‖.‖2 is γ2 := 1. Moreover, the pair (Dα, B) also satisfies

the conditions (i)-(iv) given in the beginning of Section 4.3. Furthermore, it is easy to check that

B−1(D(0, 1)) = B−1(D) = D and
⋂
m∈NB

mDα = {0} on D. These facts along with Theorem

4.3.3 (with H = Dα, u = B, γ = γ2 = 1 and I = {1, 2, . . . , r}) gives the following lemma which

is a generalization of Lemma 3.3. in [39].

Lemma 4.3.7. Let M be a non trivial nearly T−1
B invariant subspace of Dα for α ∈ [0, 1] such

that M * TBDα and let {fi}ri=1 and {ej}pj=1 be an orthonormal basis of M	 (M∩TBDα) and

the defect space F respectively. Then for any f ∈ M, there exist {qi}ri=1 and {hj}pj=1 in O(D)

such that

f =
r∑
i=1

fiqi + TB

p∑
j=1

ejhj

for any i ∈ {1, 2, . . . , r}, j ∈ {1, 2, . . . , p} and also there exist (cki)k∈N0 ∈ CN and (dkj)k∈N ∈ CN

with

qi =
∞∑
k=0

ckiB
k, hj =

∞∑
k=1

dkjB
k−1, (4.42)

and

r∑
i=1

∞∑
k=0

|cki|2 +

p∑
j=1

∞∑
k=1

|dkj|2 ≤ ‖f‖2
Dα . (4.43)

Remark 4.3.8. If M ⊆ TBDα, then using the same notation as in Lemma 4.3.7 for any

f ∈M there exists {hj}pj=1 in O(D) such that

f = TB

p∑
j=1

ejhj,

and also there exists (bkj)k∈N ∈ CN with

hj =
∞∑
k=1

bkjB
k−1 and

p∑
j=1

∞∑
k=1

|bkj|2 ≤ ‖f‖2
Dα . (4.44)
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Now we are in a position to describe the nearly T−1
B invariant subspace with defect p in Dα

for α ∈ [0, 1], providing a generalization of Theorem 3.4 in [39]. Due to Lemma 4.2.2 without

loss of generality we assume B(0) = 0.

Theorem 4.3.9. Let M be a nearly T−1
B invariant subspace of Dα with finite defect p for

α ∈ [0, 1] and let F be the p dimensional defect space. Let E0 := [e1, e2, . . . , ep] where {ej}pj=1

is an orthonormal basis of F using norm ‖.‖2. Then

(i) in the case whenM * TBDα, if F0 := [f1, f2, . . . , fr] is a matrix containing an orthonor-

mal basis {fi}ri=1 of M	 (M∩ TBDα), then there exists a linear subspace N ⊂ H2
Cr+p(D) such

that

M =

{
f ∈ Dα : f = F0q + TBE0h : (q, h) ∈ N

}
together with

‖q‖2
H2(D,Cr) + ‖h‖2

H2(D,Cp) ≤ ‖f‖2
Dα .

Moreover, N is TB invariant.

(ii) In the case M⊂ TBDα, there exists a linear subspace N ⊂ H2
Cp(D) such that

M =

{
f ∈ Dα : f = TBE0h : h ∈ N

}
together with

‖h‖2
H2

Cp (D) ≤ ‖f‖
2
Dα ,

and N is TB invariant.

Proof. (i) For f ∈M ⊂ Dα with α ∈ [0, 1], then by applying Lemma 4.3.7 we get

f =
r∑
i=1

fiqi + TB

p∑
j=1

ejhj = F0q + TBE0h, (4.45)

where q = [q1, q2, . . . , qr]
t and h = [h1, h2, . . . , hp]

t. Next by using the facts (4.42) and (4.43)

we obtain the following norm equalities and norm estimates for any i ∈ {1, 2, . . . , r} and

j ∈ {1, 2, . . . , p}:

‖qi‖2
H2

C(D) =
∞∑
k=0

|cki|2, ‖hj‖2
H2

C(D) =
∞∑
k=1

|dki|2,

and hence

‖q‖2
H2

Cr (D) + ‖h‖2
H2

Cp (D) =
r∑
i=1

‖qi‖2
H2

C(D) +

p∑
j=1

‖hj‖2
H2

C(D) =
r∑
i=1

∞∑
k=0

|cki|2 +

p∑
j=1

∞∑
k=1

|dkj|2 ≤ ‖f‖2
Dα .
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Thus it follows that

q =
∞∑
k=0

CkB
k ∈ H2

Cr(D), where Ck = [ck1, ck2, . . . , ckr]
t,

and

h =
∞∑
k=1

DkB
k−1 ∈ H2

Cp(D), where Dk = [dk1, dk2, . . . , dkp]
t.

Now we define a linear subspace as follows

N :=

{
(q, h) ∈ H2

Cr(D)×H2
Cp(D) : ∃f ∈M such that f = F0q + TBE0h

}
,

satisfying for any f ∈M, ∃ (q, h) ∈ N such that

f = F0q + TBE0h with ‖f‖2
Dα ≥ ‖q‖

2
H2

Cr (D) + ‖h‖2
H2

Cp (D)

Next we show that N is invariant under TB. Consider T = TB and H = Dα for α ∈ [0, 1] in

Lemma 4.3.1 and therefore the corresponding operators R, Q and S in Lemma 4.3.1 become

R = (T ∗BTB)−1T ∗BPM∩TBDα , Q = PM	(M∩TBDα), S = PF and hence the equation (4.14) with

m = 0 implies for any f ∈M,

f = Qf + TRf = Qf + TBRf,

which together with (4.45) yields

F0q + TBE0h = Q(F0q + TBE0h) + TBR(F0q + TBE0h)

= F0C0 +BR(F0q + TBE0h),

which further satisfies

F0(q − C0) + TBE0h = BR(F0q + TBE0h).

Since TB is injective, then from the above we conclude

R(F0q + TBE0h) = F0(
∞∑
k=1

CkB
k−1) + E0h = F0(TBq) + E0h. (4.46)

On the other hand note that R(F0q + TBE0h) ∈M⊕F and hence

R(F0q + TBE0h) = PMR(F0q + TBE0h) + E0D1. (4.47)
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Thus by combining (4.46) and (4.47) we get

PMR(F0q + TBE0h) = F0(TBq) + E0(
∞∑
k=2

DkB
k−1) = F0(TBq) + TBE0(TBh).

Since PMR(F0q+ TBE0h) ∈M, then from the definition of N it follows that (TBq, TBh) ∈ N .

Thus N is TB invariant in H2
Cr+p(D).

(ii) If M ⊂ TBDα, then by using Remark 4.3.8 and proceeding similarly as in case (i) we

obtain a linear subspace N ⊂ H2
Cp(D) such that

M =

{
f ∈ Dα : f = TBE0h : h ∈ N

}
together with ‖h‖H2

Cp (sD) ≤ ‖f‖Dα ,

and N is TB invariant in H2
Cp(D). This completes the proof.

Next we consider a special case of (4.3) as discussed in (see [39, Section 3])

H2
Cr+p(D)

T−−−−−−−−−−−−→ H2
Cr+p(D)

U

y
yU

H2
Cm(r+p)(D)

S−−−−−−−−−−−−→ H2
Cm(r+p)(D)

(4.48)

Then SU = UTB holds for the unilateral shift S : H2
Cm(r+p)(D) → H2

Cm(r+p)(D) and TB :

H2
Cr+p(D) → H2

Cr+p(D) having multiplicity m(r + p). Using this fact we end the section with

the following remark concerning finite dimensional nearly T−1
B invariant subspaces of Dα for

α ∈ [0, 1] which is almost identical to Remark 3.5. in [39].

Remark 4.3.10. Note that the subspace N is not closed in general. In the above Theorem 4.3.9

if we considerM is finite dimensional, then N ⊂ H2
Cr+p(D) is also finite dimensional and hence

closed. Then from Beurling-Lax-Halmos theorem and using diagram (4.48) we obtain that there

exists a non negative integer l with l ≤ m(r + p) and an inner multiplier Φ ∈ H∞L(Cl,Cm(r+p))
(D)

such that

N = U∗
(
H2

Cm(r+p)(D)	 ΦH2
Cl(D)

)
, and hence

M =

{
f ∈ Dα : f = F0q + TBE0h : (q, h) ∈ U∗

(
H2

Cm(r+p)(D)	 ΦH2
Cl(D)

)}
.
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CHAPTER 5

Schmidt subspaces of block Hankel operators

5.1 Introduction

In the theory of operators on analytic function space, one of the significant classes of operators is

the Hankel operator, as they have connections with many branches of mathematics, for example,

function theory, harmonic analysis, approximation theory, moment problems, spectral theory,

orthogonal polynomials, stationary Gaussian processes, etc. Hankel operators have different

realizations because such a variety of realizations is essential in application. Depending on the

need of the problem under consideration, one can choose a suitable realization concretely. For

example, if Γ = {γj+k}∞j,k=0 is a bounded Hankel matrix on `2(Z+), then one can consider Γ as a

bounded linear operator on the classical Hardy space H2(T) using natural identification between

`2(Z+) and H2(T), noting that this is a linear realization. It is worth mentioning that Peller’s

book [46] is a well-known and accepted reference to the classical theory of Hankel operators and

their various applications. In short, we use H2 to denote the Hardy space.

Recall that P : L2(T) → H2(T) be the orthogonal projection (the Szegö projection) men-

tioned in Chapter 1. Then corresponding to a u ∈ BMOA(T) (see (5.2)), the anti-linear Hankel

operator Hu is define by

Hu(f) = P (uf̄), f ∈ H2(T). (5.1)
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The symbol u ∈ BMOA(T) ensures that the Hankel operator Hu is bounded, which follows

from the Nehari-Fefferman theorem [46, Section 1.1]. Such Hankel operator Hu is the anti-

linear realization of the Hankel matrix

{û(n+m)}n,m≥0,

where û(·) are the Fourier coefficients of u. It is easy to check that the kernel of a Hankel

operator Γ = Hu is a shift invariant subspace (see, e.g., [46, Section 1.1]), and hence, due to

the Beurling’s Theorem (see Theorem 1.3.14), it is of the form θH2, for some inner function

θ. In [30], Gérard and Pushnitski raised the following question in scalar-valued Hardy space.

Problem 1. How can one characterize eigenspaces ker(Γ∗Γ−s2I), s > 0, as a class of subspaces

in the Hardy space H2
C(D) ?

In [30], authors solved the above-mentioned problem by showing that every such subspace

(known as the Schmidt subspaces for the Hankel operator) can be identified with a subspace

of the form pKzθ, where θ is an inner function, Kzθ is a model space, and p is an isometric

multiplier (will be defined later in Section 5.2) on Kzθ. In addition to that, they also provide a

simple formula for the action of Γ on ker(Γ∗Γ− s2I) explicitly, which is completely determined

by s, p and θ.

It is important to note that the action of Γ plays an important role in the description of

all s-Schmidt pairs. Recall that [30], for a singular value s of Γ, a pair {ξ, η} ∈ `2 is called a

Schmidt pair or (more precisely, an s-Schmidt pair) of Γ, if it satisfies

Γξ = sη, Γ∗η = sξ.

The space ker(Γ∗Γ − s2I) is called Schmidt subspace of Γ and note that s-Schmidt pairs form

a linear subspace of dimension dim ker(Γ∗Γ− s2I) ≤ ∞. Therefore the problem of description

of all s-Schmidt pairs of Γ is equivalent to the problem of the description of the action of Γ on

ker(Γ∗Γ−s2I). Also there is another advantage of this action. Suppose C is an anti-linear map

on `2 defined as Cξ = ξ̄, then the Hankel matrix Γ is C-symmetric, that is ΓC = CΓ∗. It is easy

to observe that

ξ ∈ ker(Γ∗Γ− s2I) ⇔ ξ̄ ∈ ker(ΓΓ∗ − s2I).

Moreover, the anti-linear map ΓC maps ker(ΓΓ∗ − s2I) onto itself and the map

s−1ΓC : ker(ΓΓ∗ − s2I)→ ker(ΓΓ∗ − s2I)
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92 Chapter 5. Schmidt subspaces of block Hankel operators

is an involution. Therefore, using the action of Γ on ker(Γ∗Γ− s2I) one can easily describe the

involution map s−1ΓC.

Recently, in 2021, Gérard and Pushnitski [31] established an excellent connection between

these Schmidt subspaces with nearly S∗-invariant subspaces and using Hitt’s [34] beautiful char-

acterization of nearly S∗- invariant subspaces, authors in [31] gave an alternative proof (indeed,

a short proof of the main result of [30]) concerning the characterization of such Schmidt sub-

spaces of scalar valued Hankel operator. In this direction, we would like to mention that recently

in [43], authors studied the Schmidt subspace in scalar valued Hardy space.

It is important to note that there are various pieces of literature (see, e.g., [29],[27][54])

related to the study of the spectrum of Γ∗Γ and self-adjoint Hankel operator (see, e.g., [28],[41]).

In this chapter, we extend the study of Schmidt subspaces associated with a scalar-valued

Hankel operator to a matrix-valued Hankel operator. It has been noted that sometimes matrix-

valued analysis is much more complicated than scalar-valued analysis due to the non-commutative

property of the matrix. On the other hand, sometimes, the matrix-valued technique solves long-

standing open problem for scalar cases. For example, using some new matrix-valued technique

and a deep analysis of nearly S∗-invariant subspaces of vector valued Hardy space, Aleman and

Vukotić [2] proved that the product of finitely many Toeplitz operators on the vector valued Hardy

space is zero if and only if at least one of the operators is zero, which answer a long-standing

open problem regarding the zero-product of finitely many Toeplitz operators in scalar-valued

Hardy space. Motivated by the work of Gérard and Pushnitski in [30, 31], we study the Problem

1 in the case of the vector valued Hardy spaces. More precisely, this chapter gives the answer

to the following question completely.

Problem 2. For a given Hankel operator HU with symmetric symbol U ∈ BMOA(T,Cm), how

can one characterize eigenspaces ker(H∗UHU − s2I), s > 0, as a class of subspaces in the Hardy

space H2
Cm(D)?

Moreover, we also obtain the following results in the sequel.

� In some special cases we show that Schmidt subspaces ker(H∗UHU − s2I), s > 0 become

nearly S∗-invariant.

� Furthermore, we calculate precisely the action of the Hankel operator for the above men-

tioned cases on ker(H∗UHU − s2I), s > 0.
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The novelty of our work lies in the fact that we obtain again a short proof of the characteri-

zation results concerning the structure of Schmidt subspaces in scalar-valued Hardy space (see

Theorem 5.3.4) obtained by Gérard and Pushnitski as a consequence of our main results (see

Theorem 5.3.2 and 5.3.3)), in an alternative way compared to [30, 31].

Let us now describe about the methodology and the new tools used in our work. Because of

the non-commutativity property of the symbol of the Hankel operator on H2
Cm(D), several issues

arise, and the classical scalar-valued methods fail to resolve them.

(i) Nearly S∗-invariant subspaces with finite defect: It is noted that non-trivial Schmidt sub-

spaces EHU (s) of HU are not always nearly S∗-invariant subspaces in the vector valued

Hardy space. So we introduce the notion of nearly S∗- invariant subspaces with finite de-

fect in H2
Cm(D) (see [14, 44]), which is one of the new ingredients in studying such spaces.

We have shown that non-trivial Schmidt subspaces EHU (s) of HU are nearly S∗-invariant

subspaces with defect less or equal to m (see Theorem 5.3.2).

(ii) Chattopadhyay, Das, Pradhan & O’Loughlin structural result for nearly S∗-invariant sub-

spaces: The second new tool is the structural theorem of nearly S∗-invariant subspaces

in vector valued Hardy space due to Chattopadhyay-Das-Pradhan (C-D-P) [14, Theorem

3.5] and O’Loughlin [44, Theorem 3.4]. Using these characterization results, we give a

complete characterization of Schmidt subspaces in a vector valued setting (see Theorem

5.3.3).

All unexplained notations used in this section are introduced and explained in the next section

(i.e. Section 5.2).

We end the introduction by briefly mentioning the organization of the chapter. In Section

5.2, we describe all necessary notations, definitions and results related to Schmidt subspaces

of Hankel operators. Section 5.3 deals with the study of the complete structure of the Schmidt

subspaces in general. In Section 5.4, we describe the action of a specific class of Hankel operators

on their Schmidt subspaces and conclude the section with a natural question.
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5.2 Preliminaries and Notations

We begin this section by recalling the definition of vector valued Hardy space over the unit disk

D. In Chapter 1 we have discuss about the definition of the E-valued Hardy space denoted by

H2
E(D) (see (1.6)) over D.

Also recall the definition (1.1) of Banach space X -valued Lp(T,X )-spaces as mentioned in

Chapter 1. For any f ∈ L1(T,X ), we define P+
X (f) =

∞∑
k=0

f̂(k)zk.

Regarding this work, we will only consider E = Cm (see (1.6)) for some fixed natural number

m, that is we will focus only on H2
Cm(D) (see Definition 1.5).

Now as we pointed out earlier in Chapter 1 and Chapter 2, H2
Cm(D) can be embedded iso-

metrically as a closed subspace of L2(T,Cm) by identifying H2
Cm(D) through the non-tangential

boundary limits of the H2
Cm(D) functions. Let Pm denotes the orthogonal projection of L2(T,Cm)

onto H2
Cm(D). Let Pm = P+

Cm. Note that on L2(T,Cm), Pm = Pm. Let r,m ∈ N, and L(Cr,Cm)

denotes the space of all linear operators from Cr to Cm. We denote the space of all holomor-

phic matrix valued functions by HolL(Cr,Cm)(D), and by H∞(D,L(Cr,Cm)) as the subspace of

HolL(Cr,Cm)(D), consisting of all bounded analytic functions. A function Θ ∈ H∞L(Cr,Cm)(D) is

said to be an inner multiplier (or, inner function) if Θ is an isometry almost everywhere on

the circle T. Corresponding to an inner multiplier Θ ∈ H∞L(Cr,Cm)(D), the model space denoted

by KΘ, and is defined as

KΘ := H2
Cm(D)	ΘH2

Cr(D).

By an isometric multiplier on the model space KΘ = H2
Cm(D)	ΘH2

Cr(D), we mean an analytic

function F ∈ HolL(Cm,Cn)(D) for some n ∈ N, such that FG ∈ H2
Cn(D) for every G ∈ KΘ and

‖FG‖ = ‖G‖.

Recall that in scalar valued case, the BMOA is the space of all analytic BMO (functions having

bounded mean oscillation) functions in D, in other words BMOA = BMO∩H2. It follows from

[46, Theorem A2.7.] that

BMOA(T) :
def
= P+

CBMO(T) = P+
CL
∞(T) = BMO(T) ∩H2(T). (5.2)

For more details related to BMO and BMOA, we refer [46, 728p-731p].
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Let m ∈ N, as a generalization of scalar valued BMOA(T), we consider BMOA(T,L(Cm))

as the space of L(Cm)-valued BMOA-functions on T, and it is defined as follows:

BMOA(T,L(Cm)) :
def
= P+

L(Cm) L
∞(T,L(Cm)). (5.3)

We use the matricial notation of U ∈ BMOA(T,L(Cm)) as U = [uij]m×m, where each uij ∈

BMOA(T). Now corresponding to the symbol U ∈ BMOA(T,L(Cm)), we define the matrix-

valued Hankel operator or block Hankel operator HU on H2
Cm(D) as follows:

For each F = (f1, f2, . . . , fm) ∈ H2
Cm(D),

HU(F ) := Pm(UF̄ ), where F̄ = (f̄1, f̄2, . . . , f̄m). (5.4)

So, the above definition (5.4) of HU implies that HU = [Huij ]m×m, where Huij are Hankel

operators on H2
C(D). Therefore HU is a bounded anti-linear operator on H2

Cm(D). Let U =

[uij]m×m ∈ BMOA(T,L(Cm)) be such that U is symmetric, that is, U = U t where U t is the

transpose of U , in other words uij = uji for each i, j. Then it turns out that H2
U is a bounded,

linear, and non-negative operator on H2
Cm(D). Later, we will discuss about these properties in

more detail (see Proposition 5.2.2). For such symbol U and the corresponding Hankel operator

HU , let us denote the Schmidt subspaces in vector valued Hardy spaces H2
Cm(D) by EHU (s) and

define by

EHU (s) := ker(H2
U − s2I), s > 0. (5.5)

As discussed earlier, our main goal is to characterize these subspaces in vector valued Hardy

spaces. It is important to note that EHU (s) is an invariant subspace for HU .

Hypothesis 5.2.1. Assume that U = [uij] ∈ BMOA(T,L(Cm)) satisfies U = U t, that is

uij = uji.

Proposition 5.2.2. Assume Hypothesis 5.2.1, and let HU be a bounded Hankel anti-linear

operator as defined in (5.4) on H2
Cm(D). Then

(i) 〈HU(F ), G〉 = 〈HU(G), F 〉 for all F,G ∈ H2
Cm(D).

(ii) H2
U is a self-adjoint bounded linear operator.

(iii) HUS = S∗HU , where S is the unitarel shift on H2
Cm(D) and S∗ is the adjoint of S.
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Proof.

(i) Let F = (f1, f2, . . . , fm), G = (g1, g2, . . . , gm). Then

〈HU(F ), G〉 = 〈UF̄ ,G〉

= 〈u11f̄1 + u12f̄2 + · · ·+ u1mf̄m, g1〉+ · · ·+ 〈um1f̄1 + um2f̄2 + · · ·+ ummf̄m, gm〉

= 〈u11ḡ1 + u21ḡ2 + · · ·+ um1ḡm, f1〉+ · · ·+ 〈u1mḡ1 + u2mḡ2 + · · ·+ ummḡm, fm〉

= 〈u11ḡ1 + u12ḡ2 + · · ·+ u1mḡm, f1〉+ · · ·+ 〈um1ḡ1 + um2ḡ2 + · · ·+ ummḡm, fm〉

= 〈UḠ, F 〉 = 〈HU(G), F 〉.

(ii) The boundedness of HU and the property (i) together implies the property (ii).

(iii) For F ∈ H2
Cm(D),

HUS(F ) = Pm(Uz̄F̄ ) =Pm(z̄UF̄ ) = Pm
[
z̄ (Pm + (I − Pm)) (UF̄ )

]
=Pm

(
z̄Pm(UF̄ )

)
+ Pm

(
z̄(I − Pm)(UF̄ )

)
=Pm

(
z̄Pm(UF̄ )

)
=S∗HU(F ).

Remark 5.2.3. Note that the last property (iii) holds true for any U = [uij] ∈ BMOA, and

it is basically characterizes all the bounded Hankel operators on H2
Cm(D). Then the following

identity follows from the above Proposition 5.2.2.

S∗H2
US = H2

U −
m∑
i=1

〈·, Ui〉Ui,

where Ui = [u1i, u2i, . . . , umi]
t for i ∈ {1, 2, . . . ,m}.

Going further, we need the help of the following auxiliary Hankel operator KU (in scalar-

valued case the notion of such kind of operator mentioned in [30, 31]):

KU : = HUS = S∗HU = HS∗U (5.6)

on H2
Cm(D), where U satisfies the Hypothesis 5.2.1. Depending on the context, we will use

suitable definition of KU . Since we are in the vector valued Hardy space H2
Cm(D), then we have

SS∗ = IH2
Cm (D) − PCm
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= IH2
Cm (D) −

m∑
i=1

〈·, k0 ⊗ ei〉k0 ⊗ ei,

where PCm is the orthogonal projection from H2
Cm(D) onto Cm, and {ei}mi=1 is the standard

orthonormal basis of Cm, and k0 is the reproducing kernel of H2
C(D) at 0.

Recall that U = [uij]m×m with uij = uji. For each i ∈ {1, 2, . . . ,m}, let us denote the ith

column of U by

Ui = [u1i, u2i, . . . , umi]
t.

Then it turns out,

HU(ei) = Ui = [u1i, u2i, . . . , umi]
t.

From the definition (5.6) of KU , it follows that KU is a bounded anti-linear operator, which

further imply that K2
U is a bounded linear operator on H2

Cm(D). Next we give a precise form of

the operator K2
U in terms of H2

U as follows

K2
U = (HUS)(HUS) = HUSS

∗HU

= HU

(
IH2

Cm (D) −
m∑
i=1

〈·, k0 ⊗ ei〉k0 ⊗ ei

)
HU

= H2
U −

m∑
i=1

〈·, Ui〉Ui,

where
m∑
i=1

〈·, Ui〉Ui is a finite-rank operator generated by {U1, U2, . . . Um} and having rank at most

m. Moreover, this form of K2
U guarantees that K2

U is self-adjoint. Like the Schmidt subspaces

of HU , similarly we also define the eigenspaces related to KU as follows:

EKU (s) := ker(K2
U − s2I), s > 0, (5.7)

and these eigenspaces EKU (s) are basically the Schmidt subspaces corresponding to the Hankel

operator KU(= HS∗U). The next observation is crucial to characterize the Schmidt subspaces

of HU .

Lemma 5.2.4. Let U satisfy the Hypothesis 5.2.1. Then

EHU (s) ∩ {U1, U2, . . . , Um}⊥ = EKU (s) ∩ {U1, U2, . . . , Um}⊥.

Proof. The proof follows from the Definitions (5.5) and (5.7), of the corresponding subspaces.
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Now, let us recall some useful existing definition in Chapter 2 required to understand the

structure of Schmidt subspaces.

Definition 5.2.5. A closed subspace M of H2
Cm(D) is said to be nearly S∗-invariant if every

element F ∈ M with F (0) = 0 satisfies S∗F ∈ M. As a generalization, we call a closed

subspace M ⊂ H2
Cm(D) to be nearly S∗-invariant with defect p if and only if there is an p-

dimensional subspace F ⊂ H2
Cm(D) (which may be taken to be orthogonal to M ) such that if

F ∈M, F (0) = 0 then S∗F ∈M⊕F .

Nearly S∗-invariant subspaces were first introduced by Hitt [34] and further studied by various

authors (see, e.g., [1, 33, 49]). These subspaces were also studied in connection with kernels of

Toeplitz operator (see, e.g., [8, 19, 22, 32]). Characterization of nearly S∗-invariant subspaces

in the vector valued Hardy space was obtained by Chalendar, Chevrot, and Partington (C-C-P)

[9], which provides a vectorial generalization of Hitt’s [34] characterization.

Theorem 5.2.6. [9, Theorem 4.4] Let F be a nearly S∗-invariant subspace of H2
Cm(D) and

let (W1,W2, . . . ,Wr) be an orthonormal basis of W := F 	 (F ∩ zH2
Cm(D)). Let F0 be the

m × r matrix whose columns are W1,W2, . . . ,Wr. Then there exists an isometric mapping

J : F → F ′ given by F0G 7→ G, where F ′ := {G ∈ H2
Cr(D) : ∃F ∈ F , F = F0G}. Moreover F ′

is S∗ invariant.

As a corollary of this theorem they have the following result,

Corollary 5.2.1. Assume the notations used in the above Theorem 5.2.6. Then there exists an

inner function Φ ∈ H∞(D,L(Cr′,Cr)), which is unique up to unitary equivalence and vanishes

at zero, such that F = F0(H2
Cr(D)	 ΦH2

Cr′ (D)).

Recently, in [14, Theorem 3.5], the authors have provided a complete characterization of

nearly S∗-invariant subspaces with finite defect in the vector valued Hardy space H2
Cm(D), which

extends the result of Chalendar, Gallardo, Partington [11] from scalar valued setting to vector

valued setting. In this connection, it is worth mentioning that, O’Loughlin [44] obtained the

similar structural result for these nearly S∗-invariant subspaces independently. Note that The-

orem 3.5 in [14] (see also, [44, Theorem 3.4]) is one of the key tools to solve our problem. For

more applications on the characterization results of nearly S∗-invariant subspaces with finite

defect H2
Cm(D), we refer to [15, 12].
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5.3 The Structure of EHU
(s)

The following lemma will be useful to prove one of our main result in this section. Throughout

this section, let U satisfy the Hypothesis 5.2.1, and for i ∈ {1, 2, . . . ,m}, let Ui = U(ei), where

{ei : 1 ≤ i ≤ m} is the standard orthonormal basis of Cm. Then we have the following lemma:

Lemma 5.3.1. Let V := EKU (s)	
{
EKU (s) ∩ {U1, U2, . . . , Um}⊥

}
. Then dim(V) ≤ m.

Proof. We first consider the set M :=
{
PEKU (s)(U1), PEKU (s)(U2), . . . , PEKU (s)(Um)

}
⊆ EKU (s).

Our claim is that M generates the subspace V .

For f ∈ EKU (s) ∩ {U1, U2, . . . , Um}⊥ and each i ∈ {1, 2, . . . ,m}, we have〈
PEKU (s)(Ui), f

〉
= 〈Ui, f〉 = 0.

Therefore PEKU (s)(ui) ∈ V . Next, assume g ∈ V ∩M⊥. Then, for each i ∈ {1, 2, . . . ,m}, we

have 〈
g, PEKU (s)(ui)

〉
= 0 =⇒ 〈g, ui〉 = 0

=⇒ g ∈ EKU (s) ∩ {U1, U2, . . . , Um}⊥ =⇒ g = 0.

Hence, we obtain

span
{
PEKU (s)(U1), PEKU (s)(U2), . . . , PEKU (s)(Um)

}
= V .

Therefore, dim(V) ≤ m.

Now we are in a position to state and prove the main theorem of this section.

Theorem 5.3.2. Assume Hypothesis 5.2.1, and HU is the bounded Hankel operator on H2
Cm(D)

given by (5.4). Then, for each s > 0, the Schmidt subspace EHU (s) of HU is a nearly S∗-

invariant subspace of H2
Cm(D) with defect at most m.

Proof. Let s > 0 be fixed. Let F ∈ EHU (s) ∩ zH2
Cm(D). Note that F (0) = 0, so we can write

F = SG for some G ∈ H2
Cm(D). Therefore, we have H2

U(F ) = s2F , and

K2
U(G) = S∗H2

US(G) = S∗H2
U(F ) = s2S∗(F ) = s2G,
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which gives G ∈ EKU (s). That means S∗(F ) ∈ EKU (s), which basically implies that

S∗(EHU (s) ∩ zH2
Cm(D)) ⊆ EKU (s). (5.8)

Let V := EKU (s)	
{
EKU (s) ∩ {U1, U2, . . . , Um}⊥

}
. Now we can decompose the subspace EKU (s)

as a direct sum two subspaces as follows:

EKU (s) =
(
EKU (s) ∩ {U1, U2, . . . , Um}⊥

)
⊕ V . (5.9)

From Lemma 5.2.4, it follows that EHU (s) ∩ {U1, U2, . . . , Um}⊥ = EKU (s) ∩ {U1, U2, . . . , Um}⊥.

Therefore the above decomposition (5.9) can be rewritten as

EKU (s) =
(
EHU (s) ∩ {U1, U2, . . . , Um}⊥

)
⊕ V .

Hence (5.8) finally becomes

S∗
(
EHU (s) ∩ zH2

Cm(D)
)
⊆
(
EHU (s) ∩ {U1, U2, . . . , Um}⊥

)
⊕ V . (5.10)

Therefore using the inclusion (5.10) and using Lemma 5.3.1 we conclude that EHU (s) is a nearly

S∗-invariant subspaces with defect at most m.

The next theorem provides the characterization of Schmidt subspaces in H2
Cm(D).

Theorem 5.3.3. Let EHU (s) be the Schmidt subspaces of the bounded Hankel operator HU with

U = U t. Then for each s > 0, there exist an orthonormal set of vectors {E1, E2, . . . , Ep} in

H2
Cm(D) such that {E1, E2, . . . , Ep} ⊥ EHU (s) for some non-negative integer p satisfying p ≤ m,

EHU (s) is nearly S∗-invariant of defect p having the defect space F =
∨p
i=1{Ei}. Moreover, if

{W1,W2, . . . ,Wr} is an orthonormal basis of W := EHU (s) 	 (EHU (s) ∩ zH2
Cm(D)) and let F0

be the m× r matrix whose columns are W1,W2, . . . ,Wr. Then

(i) in the case when EHU (s) ∩ zH2
Cm(D) 6= EHU (s),

EHU (s) =
{
F : F (z) = F0(z)K0(z) +

p∑
j=1

zkj(z)Ej(z) : (K0, k1, . . . , kp) ∈ KΘ

}
,

where KΘ = H2
Cr+p(D)	ΘH2

Cr′ (D), for some inner function Θ ∈ H∞L(Cr′,Cr+p)(D) and

‖F‖2 = ‖K0‖2 +

p∑
j=1

‖kj‖2.
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(ii) In the case when EHU (s) ∩ zH2
Cm(D) = EHU (s),

EHU (s) =
{
F : F (z) =

p∑
j=1

zkj(z)Ej(z) : (k1, . . . , kp) ∈ KΦ

}
,

with the same notion as in (i) except that KΦ = H2
Cp(D) 	 ΦH2

Cp′ (D) for some inner

function Φ ∈ H∞L(Cp′ ,Cp)
(D) and ‖F‖2 =

∑p
j=1‖kj‖2.

Proof. Let s > 0. By the above Theorem 5.3.2, it follows that EHU (s) is a nearly S∗-invariant

subspace of H2
Cm(D) with defect at most m. Therefore, for each s > 0, there exists a non-

negative integer p (p ≤ m) such that p is the dimension of the defect space of EHU (s). Now

by applying C-D-P theorem [14, Theorem 3.5] on EHU (s), and using the Beurling-Lax-Halmos

characterization [51, Theorem 3.3], we conclude the proof.

Representation of Schmidt subspaces given by Theorem 5.3.3 provides a vectorial generaliza-

tion of recent known characterization results [30, Theorem 1.5] ([31, Theorem 1.3]) of Schmidt

subspaces in scalar valued Hardy space, as one can get back the representation of such subspaces

in H2
C(D) by using our results but in a different way. Indeed, we restate [30, Theorem 1.5] ([31,

Theorem 1.3]) and provide a simple alternative short proof again by using Theorem 5.3.3.

Theorem 5.3.4. Let u ∈ BMOA(T) and let Hu be the corresponding Hankel operator on

H2
C(D) given by (5.1). Then each non-trivial Schmidt subspace EHu(s), s > 0, is of the form

hKθ, where θ is an inner function in H2
C(D) and h is an isometric multiplier on the model space

Kθ ⊆ H2
C(D).

Proof. Let EHu(s) be a non-trivial Schmidt subspace of the Hankel operator Hu for some s > 0.

Then by Theorem 5.3.3, EHu(s) is a nearly S∗-invariant subspaces having defect at most 1.

Now we will prove the theorem by analyzing the following two cases.

Case I: Suppose EHu(s) * zH2
C(D). In this case our aim is to show that EHu(s) is nearly

S∗-invariant with defect 0, that is just nearly S∗-invariant. To that aim, let F be the defect

space having dimension at most 1. By mimicking the proof of Lemma 5.3.1, we conclude that

F = 〈PEKu (s)(u)〉. Now for any f ∈ EKu(s), by definition we have K2
u(f) = s2f , that is,

H2
u(f)− 〈f, u〉u = s2f . Let 0 6= g ∈ EHu(s)	 (EHu(s) ∩ zH2

C(D)). Then

s2〈f,Hu(g)〉 = 〈s2f,Hu(g)〉

= 〈H2
u(f), Hu(g)〉 − 〈f, u〉〈u,Hu(g)〉
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= 〈f,HuH
2
u(g)〉 − 〈f, u〉〈Hu(1), Hu(g)〉

= s2〈f,Hu(g)〉 − 〈f, u〉〈H2
u(g), 1〉

= s2〈f,Hu(g)〉 − s2〈f, u〉〈g, 1〉,

which implies

s2〈f, u〉〈g, 1〉 = 0. (5.11)

Since g( 6= 0) ∈ EHu(s) 	 (EHu(s) ∩ zH2
C(D)) then 〈1, g〉 6= 0, so (5.11) implies that 〈f, u〉 =

0. Therefore, under the assumption EHu(s) * zH2
C(D) we get u ⊥ EKu(s) and hence the

defect space F = {0}. Consequently, EHu(s) is nearly S∗-invariant and by Theorem 5.3.3 (i),

EHu(s) =
{
f : f(z) = f0(z)K0(z) : K0 ∈ K

}
where K = Kφ ⊂ H2

C(D) for some inner function

φ together with ‖f‖2 = ‖k0‖2.

Case II: Suppose EHu(s) ⊆ zH2
C(D). In this case, it is important to note that EHU (s) is

not nearly S∗-invariant but by Theorem 5.3.2, it is nearly S∗-invariant with defect 1. So, the

defect space F 6= {0} and by Theorem 5.3.3 (ii), EHu(s) =
{
f : f(z) = zk1(z)E1(z) : k1 ∈ K

}
,

where {E1} is a basis of the defect space F and K = Kψ ⊂ H2
C(D) for some inner function ψ

together with ‖f‖2 = ‖k1‖2.

Therefore in both cases, EHu(s) = hKθ, where θ is an inner function and h is an isometric

multiplier on Kθ.

Motivated by the representation of EHu(s) in scalar valued Hardy space H2
C(D) it is natural

to investigate under what circumstances the defect space F will be zero in vector valued setting.

In other words, we would like to ask the following question:

Problem 3. When the Schmidt subspaces will become nearly S∗-invariant in vector valued

Hardy space H2
Cm(D) ?

Now it is trivial to check that if EHU (s) ⊆ zH2
Cm(D), then it cannot be nearly S∗-invariant.

So, we have to investigate under the assumption EHU (s) * zH2
Cm(D). It is clear that if

{U1, U2, . . . , Um} ⊥ EKU (s), then the defect space F becomes trivial and hence EHU (s) is nearly

S∗-invariant in H2
Cm(D). In the following theorem we will provide another important necessary

condition which makes EHU (s) to be nearly S∗-invariant.
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Theorem 5.3.5. Let EHU (s) * zH2
Cm(D). If dim(EHU (s) 	 (EHU (s) ∩ zH2

Cm(D))) = m, then

EHU (s) is nearly S∗-invariant in H2
Cm(D) and EHU (s) = F0(H2

Cm(D)	ΦH2
Cr(D)) for some inner

function Φ ∈ H∞(D,L(Cr,Cm)), with Φ(0) = 0 and F0 is a m×m matrix whose columns are

an orthonormal basis of EHU (s)	 (EHU (s) ∩ zH2
Cm(D)).

Proof. We consider an element F ∈ EHU (s) with F (0) = 0. Then it follows from the set

inclusion (5.10) that S∗(F ) ∈
(
EHU (s) ∩ {U1, U2, . . . , Um}⊥

)
⊕ V , where

V = EKU (s)	
{
EKU (s) ∩ {U1, U2, . . . , Um}⊥

}
.

Note that V is generated by
{
PEKU (s)(U1), PEKU (s)(U2), . . . , PEKU (s)(Um)

}
.

By hypothesis, dim(EHU (s)	 (EHU (s) ∩ zH2
Cm(D))) = m. Let {W1,W2, . . . ,Wm} be an or-

thonormal basis of V . Then {W1(0),W2(0), . . . ,Wm(0)} is linearly independent in Cm. Indeed,

suppose for α1, α2, . . . , αm ∈ C,

α1W1(0) + α2W2(0) + · · ·+ αmWm(0) = 0.

Let G = α1W1+α2W2+· · ·+αmWm, then G ∈ EHU (s)∩zH2
Cm(D). So, for each i ∈ {1, 2, . . . ,m},

we have 〈G,Wi〉 = 0 which implies αi = 0.

Take J ∈ EKU (s), then K2
U(J) = H2

U(J) −
m∑
i=1

〈J, Ui〉Ui = s2J . Note that HU(EHU (s)) ⊂

EHU (s). Therefore for any r ∈ {1, 2, . . . ,m} we have,

s2 〈J,HU(Wr)〉 =
〈
H2
U(J), HU(Wr)

〉
−

m∑
i=1

〈J, Ui〉 〈Ui, HU(Wr)〉

=
〈
J,HUH

2
U(Wr)

〉
−

m∑
i=1

〈J, Ui〉 〈HU(ei), HU(Wr)〉

= s2 〈J,HU(Wr)〉 −
m∑
i=1

〈J, Ui〉
〈
H2
U(Wr), ei

〉
= s2 〈J,HU(Wr)〉 − s2

m∑
i=1

〈J, Ui〉 〈Wr, ei〉 ,

where {e1, e2, . . . , em} is the standard orthonormal basis of Cm. So we obtain

m∑
i=1

〈J, Ui〉 〈Wr, ei〉 = 0 for r ∈ {1, 2, . . . ,m}. (5.12)

LetW be anm×mmatrix whose columns areW1,W2, . . . ,Wm. ThereforeW (0) = [W1(0),W2(0),

. . . ,Wm(0)]m×m is an invertible matrix in Mm(C). Now the equations derived in (5.12) can be
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rewritten as

[W (0)]tm×m[〈J, U1〉, 〈J, U2〉, . . . , 〈J, Um〉]tm×1 = 0,

which implies

[〈J, U1〉, 〈J, U2〉, . . . , 〈J, Um〉]tm×1 = 0.

So, we have 〈J, Ui〉 = 0,∀i ∈ {1, 2, . . . ,m} and hence J ⊥ {U1, U2, . . . , Um} for J ∈ EKU (s).

Therefore, EKU (s) ⊥ {U1, U2, . . . , Um}, which further implies V = {0}. In other words, EHU (s)

is nearly S∗-invariant in H2
Cm(D) and

S∗(EHU (s) ∩ Cm⊥) ⊂ EHU (s) ∩ {U1, U2, . . . , Um}⊥. (5.13)

Therefore, by Corollary 5.2.1, there exists an inner function Φ ∈ H∞(D,L(Cr,Cm)) with Φ(0) =

0 such that EHU (s) = F0(H2
Cm(D)	 ΦH2

Cr(D)), where F0 = [W1,W2, . . . ,Wm]m×m.

In the above Theorem 5.3.5, the assumption dim(EHU (s) 	 (EHU (s) ∩ zH2
Cm(D))) = m is

quite natural, since in the scalar-valued case if EHu(s) * zH2
C(D), then we must have

dim(EHu(s)	
(
EHu(s) ∩ zH2

C(D)
)
) = 1.

In the vector valued Hardy space, there are plenty of examples of Schmidt subspaces satisfying

the above assumption. Indeed, in particular, if we are in H2
C2(D), then the following examples

serve our purpose.

Example 5.3.6. Let φ ∈ H∞(D,C) be an inner function, and consider

(A)

U =

φ 0

0 φ

 , then H2
U =

H2
φ 0

0 H2
φ

 .
Therefore the Schmidt subspace EHU (s) = ker(H2

U − s2I) = ker(H2
φ− s2I)⊕ ker(H2

φ− s2I).

(B)

U =

0 φ

φ 0

 , then H2
U =

H2
φ 0

0 H2
φ

 .
In this case also EHU (s) = ker(H2

U − s2I) = ker(H2
φ − s2I)⊕ ker(H2

φ − s2I).
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Note that, in both cases dim(EHU (s)	 (EHU (s) ∩ zH2
C2(D))) = 2.

In the next section, we will provide some non-trivial examples of class of Schmidt subspaces

satisfying such assumption (see Example 5.4.8). We end the section with the following remark:

Remark 5.3.7. As mentioned in [30, Appendix], one can have similar results regarding the

linear Hankel operator in vector valued setting as well. Suppose J is the linear involution in

L2(T,Cm) defined as JF (z) = (f1(z̄), f2(z̄), . . . , fm(z̄)), where F = (f1, f2, . . . , fm) and z ∈

T. Let C be the anti-linear involution (infact a conjugation) in H2
Cm(D) such that CF (z) =

F (z̄), then for U ∈ BMOA(T,L(Cm)) we can similarly define the linear Hankel operator GU in

H2
Cm(D) by

GU(F ) = Pm(UJF ).

Then, we have GU = HUC and G∗U = CHU , and therefore using our description given in

Theorem 5.3.3, one can have the precise structure of ker(G∗UGU − s2I) and ker(GUG
∗
U − s2I)

in H2
Cm(D). Note that,

ker(G∗UGU − s2I) = CEHU (s) and ker(GUG
∗
U − s2I) = EHU (s).

5.4 The action of HU on EHU
(s) ≡ F0KΘ

The Schmidt subspaces EHU (s) of the Hankel operator HU remain invariant under the operator

Hu in H2
Cm(D). In [30, 31], the authors have been discussed the explicit formula for the action

of Hu on these subspaces EHu(s) ≡ pKθ in terms of the parameters s, p and θ only. Also we have

noted that in scalar valued Hardy space H2
C(D) for any non-trivial Schmidt subspace EHu(s) it

automatically holds that dim (EHu(s)	 (EHu(s) ∩ zH2
C(D))) = 1 whenever EHu(s) * zH2

C(D).

But in case of vector valued Hardy space H2
Cm(D), if EHU (s) * zH2

Cm(D), then in general we

have

1 ≤ dim(EHU (s)	 (EHU (s) ∩ zH2
Cm(D))) ≤ m

for any non-zero subspace EHU (s). Under the assumption dim(EHU (s)	(EHU (s)∩zH2
Cm(D))) =

m, in Theorem 5.3.5, we have seen that EHU (s) has compact form, that is EHU (s) = F0KΘ due

to it’s nearly S∗-invariant property. In this section, we will obtain an explicit formula for the

action of Hu on EHU (s) = F0KΘ under the assumption dim(EHU (s)	(EHU (s)∩zH2
Cm(D))) = m.

Before going to the main result of this section, we need some useful lemmas.
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Lemma 5.4.1. Let Θ ∈ H∞(D,L(Cm,Cm)) be an inner function with Θ(0) = 0 and A ∈

Mm(C) an unitary constant matrix such that ΘA is symmetric. Then S∗Θ(AḠ) ∈ KΘ for any

G ∈ KΘ.

Proof. First note that ΘA is also an inner function in H∞(D,L(Cm,Cm)). Since, ΘA is sym-

metric, then we have (ΘA)t = ΘA. For any F ∈ H2
Cm(D), we get

〈
S∗Θ(AḠ), zF

〉
L2 =

〈
Θ(AḠ), F̄

〉
L2

=
〈
(ΘA)tF,G

〉
H2

= 〈ΘAF,G〉H2 = 0.

Also,

〈
S∗Θ(AḠ),ΘH

〉
=
〈
AḠ, zH

〉
=
〈
AḠ, zH

〉
=
〈
Ḡ, zA∗H

〉
= 0,

for any H ∈ H2
Cm(D). Hence S∗Θ(AḠ) ∈ KΘ.

Lemma 5.4.2. For an inner function Θ ∈ H∞(D,L(Cr,Cm)),

S∗
(
KΘ ∩ Cm⊥) = KΘ ∩

{
r∨
i=1

S∗(Θei)

}⊥
,

where {ei}ri=1 is the standard orthonormal basis of Cr.

Proof. Since S is an isometry on H2
Cm(D), then it is sufficient to proof

KΘ ∩ Cm⊥ = S

KΘ ∩

{
r∨
i=1

S∗(Θei)

}⊥ .
Let F ∈ KΘ ∩ Cm⊥, then F = SG for some G ∈ H2

Cm(D). Therefore G = S∗F and hence

G ∈ KΘ. Also for each i ∈ {1, 2, . . . , r},

〈G,S∗(Θei)〉 = 〈SG,Θei〉 = 〈F,Θei〉 = 0,

which implies that G ∈ {
∨r
i=1 S

∗(Θei)}⊥, and it further implies F ∈ S
[
KΘ ∩ {

∨r
i=1 S

∗(Θei)}⊥
]
.

Let F1 ∈ H2
Cr(D), then F1 = F1(0) + SF2 for some F2 ∈ H2

Cr(D). Again for any G1 ∈

KΘ ∩ {
∨r
i=1 S

∗(Θei)}⊥ we have

〈SG1,ΘF1〉 = 〈SG1,Θ(F1(0) + SF2)〉
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= 〈SG1,ΘF1(0)〉+ 〈SG1, SΘF2〉

=

〈
SG1,Θ

(
r∑
i=1

〈F, ei〉ei

)〉
+ 〈SG1, SΘF2〉

=
r∑
i=1

〈ei, F 〉 〈G1, S
∗Θei〉+ 〈G1,ΘF2〉 = 0,

which proves that SG1 ∈ KΘ ∩ Cm⊥ and hence S∗
(
KΘ ∩ Cm⊥) = KΘ ∩ {

∨r
i=1 S

∗(Θei)}⊥.

Hypothesis 5.4.3. Let U satisfy Hypothesis 5.2.1, s > 0, and the Schmidt subspace EHU (s) of

the Hankel operator HU satisfies the condition dim(EHU (s)	 (EHU (s) ∩ zH2
Cm(D))) = m.

Now we are in a position to state the main theorem in this section regarding the action of

the Hankel operator HU on EHU (s).

Theorem 5.4.4. Let U and EHU (s) satisfy the Hypothesis 5.4.3. Let {W1,W2, . . . ,Wm} be an

orthonormal basis of W := EHU (s) 	 (EHU (s) ∩ zH2
Cm(D)). Then EHU (s) has the following

representation:

EHU (s) = F0KΘ,

where F0 = [W1,W2, . . . ,Wm]m×m and KΘ = H2
Cm(D) 	 ΘH2

Cm(D) for some inner function

Θ ∈ H∞L(Cm,Cm)(D) with Θ(0) = 0. Moreover, for any G ∈ KΘ, there exists an unitary constant

matrix A ∈Mm(C) such that the action of HU on EHU (s) is given by

HU(F0G) = sPmF0

[
S∗Θ(AḠ)

]
, G ∈ KΘ. (5.14)

Proof. Let Wi = [w1i, w2i, . . . , wmi]
t, i ∈ {1, 2, . . . ,m}. Since {e1, e2, . . . , em} is the standard

orthonormal basis of Cm, then for each j ∈ {1, 2, . . . ,m},

PEHU (s)(ej) = 〈ej,W1〉W1 + 〈ej,W2〉W2 + · · ·+ 〈ej,Wm〉Wm

= wj1(0)W1 + wj2(0)W2 + · · ·+ wjm(0)Wm.

Note that HU commutes with H2
U , and hence with the orthogonal projection onto EHU (s). For

1 ≤ i ≤ m, let U s
i denote the orthogonal projection of Ui onto EHU (s). Then we have

U s
i = PEHU (s)(Ui) = PEHU (s)HU(ei)

= HUPEHU (s)(ei)

= HU [wi1(0)W1 + wi2(0)W2 + · · ·+ wim(0)Wm]
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= wi1(0)HU(W1) + wi2(0)HU(W2) + · · ·+ wim(0)HU(Wm). (5.15)

Therefore we have

[U s
1 , U

s
2 , . . . , U

s
m]m×m = [HU(W1), HU(W2), . . . , HU(Wm)]m×m[wij(0)]tm×m. (5.16)

Now by Theorem 5.3.5, EHU (s) = F0(H2
Cm(D) 	 ΦH2

Cr(D)) for some inner function Θ ∈

H∞L(Cr,Cm)(D), with Θ(0) = 0 and F0 = [W1,W2, . . . ,Wm]m×m.

It is easy to check that

(i) F0KΘ ∩ Cm⊥ = F0KΘ ∩W⊥, and

(ii) F0KΘ ∩ {U1, U2, . . . , Um}⊥ = F0KΘ ∩ {U s
1 , U

s
2 , . . . , U

s
m}⊥.

Due to the nearly S∗-invariant property of EHU (s) = F0KΘ and using above two identities

along with (5.13) we also have

S∗
(
F0KΘ ∩W⊥

)
⊆ F0KΘ ∩ {U s

1 , U
s
2 , . . . , U

s
m}⊥. (5.17)

Now by Lemma 5.4.2, we conclude

S∗
(
F0KΘ ∩W⊥

)
= S∗

(
F0(KΘ ∩ Cm⊥)

)
= F0S

∗ (KΘ ∩ Cm⊥)
= F0

KΘ ∩

{
r∨
i=1

S∗(Θei)

}⊥
= F0KΘ ∩

{
r∨
i=1

F0S
∗(Θei)

}⊥
. (5.18)

Combining (5.17) and (5.18), we get

F0KΘ ∩

{
r∨
i=1

F0S
∗(Θei)

}⊥
⊆ F0KΘ ∩ {U s

1 , U
s
2 , . . . , U

s
m}⊥. (5.19)

Next we show that span{U s
1 , U

s
2 , . . . , U

s
m} ⊆

r∨
i=1

{F0S
∗(Θei)} ⊆ F0KΘ. Let F ∈ span{U s

1 , U
s
2 , . . . , U

s
m}

Therefore F can be written as

F = F1 ⊕ F2,

where F1 ∈
∨r
i=1 F0S

∗(Θei) and F2 ∈ F0KΘ ∩ {
∨r
i=1 F0S

∗(Θei)}⊥. So we have

〈F, F2〉 = 〈F1, F2〉+ 〈F2, F2〉,
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which due to (5.19) gives ‖F2‖2 = 0, that is, F2 = 0. In other words, F = F1 ∈
∨r
i=1 F0S

∗(Θei)

implies

span{U s
1 , U

s
2 , . . . , U

s
m} ⊆

r∨
i=1

F0S
∗(Θei). (5.20)

Hence from the above set inclusion (5.20) we have

U s
1 = c11F0S

∗Θe1 + c21F0S
∗Θe2 + · · ·+ cr1F0S

∗Θer

U s
2 = c12F0S

∗Θe1 + c22F0S
∗Θe2 + · · ·+ cr2F0S

∗Θer
...

...

U s
m = c1mF0S

∗Θe1 + c2mF0S
∗Θe2 + · · ·+ crmF0S

∗Θer,

(5.21)

where cij, 1 ≤ i ≤ r, 1 ≤ j ≤ m, are some scalars. In matrix notation,

[U s
1 , U

s
2 , . . . , U

s
m]m×m = [F0S

∗Θe1, F0S
∗Θe2, . . . , F0S

∗Θer]m×r [cij]r×m

= F0[S∗Θe1, S
∗Θe2, . . . , S

∗Θer]m×r [cij]r×m. (5.22)

From (5.16) and (5.22), it follows that

[HU(W1), HU(W2), . . . , HU(Wm)]m×m[wij(0)]tm×m = F0[S∗Θe1, S
∗Θe2, . . . , S

∗Θer]m×r[cij]r×m.

(5.23)

In the proof of Theorem 5.3.5, we have seen that {W1(0),W2(0), . . . ,Wm(0)} is linearly inde-

pendent in Cm, so [wij(0)]m×m is an invertible matrix and so is [wij(0)]tm×m. Therefore the

equation (5.23) can be rewritten as

[HU(W1), HU(W2), . . . , HU(Wm)] = F0[S∗Θe1, S
∗Θe2, . . . , S

∗Θer][cij]
(
[wij(0)]t

)−1
. (5.24)

Now, for any i, j ∈ {1, 2, . . . ,m}, using (5.15) we have

‖U s
i ‖2 = 〈U s

i , U
s
i 〉

= 〈wi1(0)HU(W1) + · · ·+ wim(0)HU(Wm), wi1(0)HU(W1) + · · ·+ wim(0)HU(Wm)〉

= |wi1(0)|2
〈
H2
U(W1),W1

〉
+ |wi2(0)|2

〈
H2
U(W2),W2

〉
+ · · ·+ |wim(0)|2

〈
H2
U(Wm),Wm

〉
= s2

{
|wi1(0)|2 + |wi2(0)|2 + · · ·+ |wim(0)|2

}
. (5.25)

Similarly for i 6= j,〈
U s
i , U

s
j

〉
= s2

{
wi1(0)wj1(0) + wi2(0)wj2(0) + · · ·+ wim(0)wjm(0)

}
. (5.26)

TH-3170_186123016



110 Chapter 5. Schmidt subspaces of block Hankel operators

Also from (5.21), in a similar manner, we can derive

‖U s
i ‖2 = |c1i|2 + |c2i|2 + · · ·+ |cri|2, (5.27)

and for i 6= j,

〈
U s
i , U

s
j

〉
= c1ic1j + c2ic2j + · · ·+ cricrj. (5.28)

Combining (5.25), (5.26), (5.27) and (5.28) we get

[cij]
∗[cij] = s2

(
[wij(0)]t

)∗
[wij(0)]t,

which gives ( (
[wij(0)]t

)−1
)∗

[cij]
∗ [cij]

(
[wij(0)]t

)−1
= s2I. (5.29)

Let, A = 1
s
[cij] ([wij(0)]t)

−1
, then by (5.29) we have A∗A = I, that is A is an isometry from Cm

to Cr. Since by hypothesis, we have r ≤ m, then we must have r = m.

So, A is an unitary matrix from Cm to Cm and therefore (5.24) can be rewritten as

[HU(W1), HU(W2), . . . , HU(Wm)] = s F0 [S∗Θe1, S
∗Θe2, . . . , S

∗Θer]A. (5.30)

Next we derive the action ofHU on dense subspace of F0KΘ. So, consider anyG ≡ [g1, g2, . . . , gm]t ∈

KΘ ∩H∞(T,L(C,Cm), then

HU(F0G) = Pm
(
UF̄0Ḡ

)
= Pm

{
U(ḡ1W̄1 + ḡ2W̄2 + · · ·+ ḡmW̄m)

}
= Pm {HU(W1)ḡ1 +HU(W2)ḡ2 + · · ·+HU(Wm)ḡm}

= Pm
{

[HU(W1), HU(W2), . . . , HU(Wm)]Ḡ
}

= sPm
{
F0[S∗Θe1, S

∗Θe2, . . . , S
∗Θer]AḠ

}
.

Therefore, by standard limiting argument, we get the explicit action of HU on EHU (s) =

F0KΘ as follows:

HU(F0G) = sPm
(
F0[S∗Θe1, S

∗Θe2, . . . , S
∗Θer]AḠ

)
, G ∈ KΘ.

TH-3170_186123016



5.4. The action of HU on EHU (s) ≡ F0KΘ 111

Remark 5.4.5. In the above Theorem 5.4.4, if ΘA is symmetric, then due to Lemma 5.4.1,

the action of HU (see (5.14)) on EHU (s) is reduced to

HU(F0G) = s F0

[
S∗Θ(AḠ)

]
, G ∈ KΘ. (5.31)

If m = 1, then ΘA is automatically symmetric. Therefore by (5.31), one can get back the action

of the Hankel operator on the Schmidt subspace obtained in [30, 31].

Next we see some useful observations concerning Theorem 5.4.4.

Remark 5.4.6. For the inner function Θ obtained in Theorem 5.4.4, S∗ΘA is symmetric at

0.

Proof. If S∗ΘA = [θij]m×m, then our claim is to show θij(0) = θji(0). Recall that S∗ΘAei ∈ KΘ.

Now

θij(0) = 〈S∗ΘA(ei), ej〉 = 〈F0S
∗ΘA(ei), F0ej〉 =

1

s
〈HU(Wi),Wj〉

=
1

s
〈HU(Wj),Wi〉 = 〈F0S

∗ΘA(ej), F0ei〉 = 〈S∗ΘA(ej), ei〉 = θji(0).

Therefore we conclude that S∗ΘA(0) is symmetric.

Remark 5.4.7. It is surprising to note that, in Theorem 5.4.4, the inner function Θ is unitary

almost everywhere on T which is not the case in general.

As promised earlier, we conclude the section with an example of a class of non-trivial

Schmidt subspaces satisfying the Hypothesis 5.4.3 in H2
C2(D).

Example 5.4.8. Consider two non-constant inner functions φ, ψ ∈ H∞(D,C) with φ 6= ψ. For

θ = φ+ ψ and γ = φ− ψ, let

U =

θ γ

γ θ

 , then HU =

Hθ Hγ

Hγ Hθ

 .
Then it is easy to see that,

EHU (s)	 (EHU (s) ∩ zH2
C2(D)) =

∨
{s

4
e1,

s

4
e2},

and hence dim(EHU (s) 	 (EHU (s) ∩ zH2
C2(D))) = 2. The action of HU on EHU (s) can be

determined by the formula (5.14) given in Theorem 5.4.4. It is remarkable to mention that, the

scalar formula will not help to find the action of HU on EHU (s) ⊆ H2
Cm(D).

Open question: If dim(EHU (s) 	 (EHU (s) ∩ zH2
Cm(D))) < m, then it is still unknown to us

what will be the formula for the action of HU on EHU (s).
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5.5 Future Problem:

There is a more flexible definition of nearly invariant subspaces in scalar valued Hardy space,

suggested by Aleman and Richter in [1]:

Definition 5.5.1. A subspace M is called nearly invariant (in a wide sense), if given a point

z0 in the unit disk such that not all functions in M vanish at z0 , we have the implication

f ∈M, f(z0) = 0 =⇒ f(z)

z − z0

∈M.

It can be shown (for example, by a use of the conformal mapping sending z0 to 0) that this

definition is independent of the choice of z0 and yields the same structural description of M ,

i.e. M is still the image of a model space by an isometric multiplier.

This point of view is adopted in [31], i.e. it is shown that even if a Schmidt subspace of a

Hankel operator is not nearly invariant in the narrow sense, it is still nearly invariant in the

wide sense, with the ensuing structural description. It is a very natural question whether this

can be extended to the matrix-valued case, i.e.,

Open problem: Whether any Schmidt subspace of a matrix-valued Hankel operator (of the class

considered in this thesis) is nearly invariant in the wide sense.

5.5.1 Difficulty and expected hope:

In scalar valued Hardy space due to Aleman and Richter [1], we have the definition of nearly

invariant subspaces is independent of the choice of the base point z = z0 and also the co-

dimension of the subspace of the functions which vanish at z = z0 is 1. But for vector valued

Hardy space H2
Cm(D), this fact (independent of the choice of the base point) is still not known to

us for nearly invariant subspaces. Moreover, the co-dimension of the subspace of the functions

which vanish at the base point z = z0 is atmost m. In the study of Schmidt subspaces of matrix-

valued Hankel operator, we have observed that if z = 0 is not a common zero for all functions of

the Schmidt subspaces and also, the co-dimension of the subspace of the functions which vanish

at z = 0 is exactly equals to m, then the Schmidt subspaces is nearly invariant (in narrow sense,

for the base point z = 0).
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So, when we try to find it’s nearly invariance property in wide sense by using conformal

mapping and also the standard unitary operator ( with appropriate matrix-valued modification),

we cannot show that the co-dimension of the subspace of the functions which vanish at z = 0

is exactly equals to m. In other words, we are unable to find the existence of a mapping that

make all the Schmidt subspaces of a matrix-valued Hankel operator into the Schmidt subspaces

of another matrix-valued Hankel operator, having the following two properties:

(i) z = 0 is not a common zero for all function of that subspace and

(ii) the co-dimension of the subspace of the functions which vanish at z = 0, in the corresponding

Schmidt subspace is exactly equal to m.

To that aim, if we can prove that, the Schmidt subspaces of a matrix valued Hankel operator

are also nearly invariant, which satisfy the following two properties:

(i) z = 0 is not a common zero for all functions of that subspace, and

(ii) the co-dimension of the subspace of the functions which vanish at z = 0, in the corresponding

Schmidt subspace is strictly less than m. Then we can conclude that the Schmidt subspaces of

a matrix-valued Hankel operator (of the class considered in this thesis) are nearly invariant in

the wide sense. We keep this problem for future investigations.

TH-3170_186123016



TH-3170_186123016



Bibliography

[1] A. Aleman and S. Richter. Simply invariant subspaces of H2 of some multiply connected

regions. Integral Equations Operator Theory, 24(2):127–155, 1996.
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(389):vi+112, 2017.

[28] P. Gérard and S. Grellier. Inverse spectral problem for a pair of self-adjoint Hankel op-

erators. In Harmonic analysis, function theory, operator theory, and their applications,

volume 19 of Theta Ser. Adv. Math., pages 159–169. Theta, Bucharest, 2017.

[29] P. Gérard and A. Pushnitski. Inverse spectral theory for a class of non-compact Hankel

operators. Mathematika, 65(1):132–156, 2019.

[30] P. Gérard and A. Pushnitski. Weighted model spaces and Schmidt subspaces of Hankel

operators. J. Lond. Math. Soc. (2), 101(1):271–298, 2020.

[31] P. Gérard and A. Pushnitski. The structure of Schmidt subspaces of Hankel operators: a

short proof. Studia Math., 256(1):61–71, 2021.

[32] A. Hartmann and M. Mitkovski. Kernels of Toeplitz operators. In Recent progress on

operator theory and approximation in spaces of analytic functions, volume 679 of Contemp.

Math., pages 147–177. Amer. Math. Soc., Providence, RI, 2016.

TH-3170_186123016



118 Bibliography

[33] E. Hayashi. The kernel of a Toeplitz operator. Integral Equations Operator Theory,

9(4):588–591, 1986.

[34] D. Hitt. Invariant subspaces of H 2 of an annulus. Pacific J. Math., 134(1):101–120,

1988.

[35] T. Hytönen, J. van Neerven, M. Veraar, and L. Weis. Analysis in Banach spaces. Vol.

I. Martingales and Littlewood-Paley theory, volume 63 of Ergebnisse der Mathematik

und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in

Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics].

Springer, Cham, 2016.

[36] V. E. Katsnelson and B. Kirstein. On the theory of matrix-valued functions belonging to

the Smirnov class. In Topics in interpolation theory (Leipzig, 1994), volume 95 of Oper.

Theory Adv. Appl., pages 299–350. Birkhäuser, Basel, 1997.
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