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Abstract

In this dissertation, we characterize nearly invariant subspaces of finite defect for the back-
ward shift operator acting on the vector valued Hardy space. Using this characterization we
completely describe the almost invariant subspaces for the shift and its adjoint acting on the
vector valued Hardy space. Moreover, as an application, we also identify the kernel of per-
turbed Toeplitz operator in terms of backward shift-invariant subspaces in various important
cases using our characterization in connection with nearly invariant subspaces of finite defect

for the backward shift operator acting on the vector valued Hardy space.

Going further, in this report, we briefly describe nearly 7! invariant subspaces with finite
defect for a shift operator T' of finite multiplicity acting on a separable Hilbert space H in
terms of backward shift invariant subspaces of finite defect in vector valued Hardy spaces. We
also provide the representation of nearly 7' invariant subspaces with finite defect in a scale

of Dirichlet-type spaces D,, for a € [—1,1] for a finite Blaschke product B.

Finally, this dissertation deals with the study of Schmidt subspaces in vector valued Hardy
spaces. More precisely, Schmidt subspaces for a bounded Hankel operator are in correspondence
with weighted model spaces, and they are closely related to nearly S*-invariant subspaces. In
this direction, we prove that these subspaces in vector valued Hardy spaces are nearly S*-
invariant with finite defect in general. Furthermore, we also describe the structure of such
subspaces using our characterization of nearly invariant subspaces of finite defect in vector
valued Hardy space providing a short proof compared to scalar valued case. At the end,

vi
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vii

we calculate the precise action of the associated Hankel operator on some particular Schmidt

subspaces.
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Introduction

In 1988, Hitt [34] first introduces the notion of nearly invariant subspaces under the backward
shift operator acting on the scalar valued Hardy space to classify the simply shift-invariant sub-
spaces of the Hardy space of an annulus. Later Sarason [49] further investigated these spaces
and modified Hitt’s algorithm for scalar valued Hardy space to study the kernels of Toeplitz
operators. In 2010, Chalendar-Chevrot-Partington (C-C-P) [9] gives a complete characteri-
zation of nearly invariant subspaces under the backward shift operator acting on the vector
valued Hardy space. Recently in 2020, Chalendar-Gallardo-Partington (C-G-P) [11] introduce
the notion of nearly invariant subspace of finite defect for the backward shift operator acting on
the scalar valued Hardy space as a generalization of nearly invariant subspaces and provides a
complete characterization of these spaces in terms of backward shift invariant subspaces. In this
dissertation, we completely characterize nearly invariant subspaces of finite defect under the
backward shift operator acting on the vector valued Hardy space providing a vectorial gener-
alization of C-G-P algorithm. Furthermore, using the characterization, we completely describe
the almost invariant subspaces for the shift and its adjoint acting on the vector valued Hardy

space. Chapter 2 is devoted for such characterization results.

The kernel of a Toeplitz operator is nearly invariant under the backward shift operator acting
on the scalar valued Hardy space. In this context, Liang and Partington [38] recently provide
a connection between kernels of finite-rank perturbations of Toeplitz operators and nearly in-
variant subspaces with finite defect under the backward shift operator acting on the scalar

viil
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X

valued Hardy space for several important cases by applying the recent theorem of Chalendar—
Gallardo—Partington (C-G-P)[11]. In Chapter 3, we study the kernels of finite-rank perturba-
tions of Toeplitz operators and its connection with nearly invariant subspaces with finite defect
under the backward shift operator acting on the vector valued Hardy space. Moreover, we ex-
plicitly identify the kernel of perturbed Toeplitz operator in terms of backward shift-invariant
subspaces by applying the characterization result obtained in Chapter 2 in various cases as

mentioned by Liang and Partington in [38].

In 2021, Liang and Partington introduce the notion of nearly 7! invariant subspaces in
general Hilbert space setting [39] and provide a representation of such spaces for the shift
operator T' with finite multiplicity acting on a separable Hilbert space H in terms of backward
shift invariant subspaces on the vector valued Hardy spaces [9]. They also give a description of
the nearly 75! invariant subspaces for the operator Tz of multiplication by finite Blaschke B in a
scale of Dirichlet-type spaces [39]. In Chapter 4, we introduce the notion of nearly 7! invariant
subspaces with finite defect for an left invertible operator T" acting on H as a generalization
of nearly T—! invariant subspaces. Moreover, we characterize nearly 7! invariant subspaces
with finite defect, where T is a shift operator having finite multiplicity, in terms of backward
shift invariant subspaces in vector-valued Hardy spaces by using the characterization result
obtained in Chapter 2. Furthermore, we also provide a concrete representation of the nearly
Ty ! invariant subspaces with finite defect in a scale of Dirichlet-type spaces D, for a € [—1,1]

for any finite Blaschke product B.

Finally in Chapter 5, we extend the study of Schmidt subspaces associated with a scalar
valued Hankel operator to a matrix-valued Hankel operator. In scalar case, Gérard and Push-
nitski study these spaces in [30]. Later in [31], they established an excellent connection between
these Schmidt subspaces with nearly S*-invariant subspaces and using Hitt’s [34] characteriza-
tion of nearly S*- invariant subspaces, authors gave an alternative proof (indeed, a short proof)
of the main result of [30] concerning the characterization of such Schmidt subspaces of scalar
valued Hankel operator. In this Chapter, we prove that any non-trivial Schmidt subspaces
of a matrix-valued Hankel operator are nearly S*-invariant with finite defect in general. As
a consequence, we obtain again a short proof of the characterization results concerning the
structure of Schmidt subspaces in scalar valued Hardy space, in an alternative way compared

to [30, 31]. At the end, we describe the action of a specific class of Hankel operators on their
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Schmidt subspaces.
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Abbreviation and Notation

N The set of all natural numbers.

VA The set of all integers.

Ly The set of all non-negative integers.

R The set of all real numbers.

C The set of all complex numbers.

cm The m dimensional standard complex Hilbert space.

H Separable infinite dimensional complex Hilbert space.

L(H) The set of all bounded linear operators on H.

L(C",C™) The set of all bounded linear operators from C" to C™.

*(N) The space of all complex sequences {z, }nen such that Y 7 |z,]? < cc.
3(Z.y) The space of all complex sequences {x, }nez, such that Y 7 |z,|* < co.
*(Z) The space of all two sided sequences {z, }nez such that > 7 |z,|? < cc.
D The open unit disk in C.

T The unit circle in C.

m The normalized Lebesgue measure (arc-length measure) on T.

xii
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CHAPTER 1

Preliminaries

In this chapter, we will revisit some useful definitions and preliminary results in Hardy space
theory. Throughout this thesis H will denote a separable infinite dimensional complex Hilbert
space and L(H) is the set of all bounded linear operators on H. We denote the unit circle by
T:={z€ C:|z| =1} and the open unit disk by D:= {2z € C: |z| < 1}.

1.1 L” spaces

Let (X, - ||x) be a finite dimensional normed linear space. The X-valued LP(T, X')- spaces are

defined to be
LX(T,X) == {f: T — X measurable | ||f|| := / | £1% dm < oo}, (1.1)
T

where dm is the normalized arc-length measure on T (see, e.g., [35, Definition 1.2.15]). For an

integer k and an L'(T,X)-function f, the k-th order Fourier coefficient f (k) of f is given by
. L (% o e
k) = — 0)=ik0 g
Fo) =5 [ e as

where the above integration is interpreted by the Bochner integral sense. For more on the

theory of Bochner integration, we refer to [35, Chapter 1]. Note that the space of all essentially

1
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2 Chapter 1. Preliminaries

bounded measurable functions on T is denoted by L*(T,X). In short, we will denote by
LP(T) = LP(T,C) for 1 < p < 0.

1.2 Hardy spaces

The Hardy space is a Banach space of all analytic functions on the disk D and then view them
in another light as subspaces of functions defined on the unit circle T which we equip with

normalized Lebesgue measure m.

Definition 1.2.1. For 1 < p < oo, the Hardy space H? is defined as the space of all analytic
functions f on D for which the norm
2 1
A1l = sup ([ Ife”pasy (12
0<r<1 Jo
1s finite. The space H*® consists of all bounded analytic functions with the norm
| flloe = suplf(2)]. (1.3)

|z|<1

It is easy to observe that for p < ¢, H? C HP?. Therefore we have H' D H?> D ... D H*.

Theorem 1.2.2. For any function f € HP with 1 < p < 0o, the radial limit

f(ew) = lim (re')

F=ll=

exists almost everywhere on T, and f € LP(T) with ||f||ur = ||f]|z»-

Therefore we can think H? as a subspace of L?(T) , identifying f with f and we denote
these closed subspace by H?(T). In other words, for f € HP we have f € H?(T) for 1 < p < oo.
For more detail see [23, Theorem 4.1].

For p =2, H?> = HZ(D) is a Hilbert space known as the Hardy Hilbert space which can also

be defined as follows :

H2(D) Zan > |an|* < 00, a, € C}. (1.4)
n=0

oo e}

Here the inner product, (f,g) = ZG”E , where f(z) = Zanz and g(z Zb 2" are

n=0 n=0
two H? functions. H? has nice properties because of it’s Hilbert space Structure. From now

TH-3170_186123016



1.3. The Unilateral shift and factorization of functions 3

onwards , we will deal with H? and by the Hardy space we will mean H? unless otherwise stated.
Again, we can think H? as a closed subspace H?(T) of L*(T) which consists of functions whose

negative Fourier coefficients are zero. Let Py2 denote the orthogonal projection of L*(T) onto

H?:

[e.9]

o0
Py E a2t — E an 2"
n=0

n=—oo

Regarding H? as a closed subspace of L?(T), the space L?(T) can be decomposed in the following

way L3(T) = H? & H,, where H, = {f € L*(T) : f € H? and f(0) = 0}.
The C™- valued Hardy space [45] over the unit disc D is denoted by HZ..(D) and defined by
HZ. (D) := { ZA 2" ZHA 1> < 00, A, € C™}. (1.5)

n=0

We can also view the above Hilbert space as the direct sum of m-copies of HZ(ID) or sometimes
it is useful to see the above space as a tensor product of two Hilbert spaces H3(D) and C™,
that is,

Hi.(D) = HE(D) & --- ® HE(D) = HE(D) ® C™.

34

Therefore if F,G € HZ,.(D), then F = (f1, fa,..., fm) and G = (91,92, - --,gm) so the inner

product is defined as follows:

m

(F,G) = Z(fiagi> where each f;, g; € HE (D).

i=1
The Banach space of all L(C",C™)-valued bounded analytic functions on D is denoted by
HZcr cmy(D). The elements of Hyjc, cmy(D) are called the multipliers.
In more general setting we can also define the Hardy spaces as follows:
Let (&, || - |le) be a complex separable Hilbert space, then the £-valued Hardy space over
the unit disk D is denoted by HZ(D) and defined by
H(D) : { =S b (PP =Y Al < 00, ha €€,z € JD} (1.6)

n>0 n>0

1.3 The Unilateral shift and factorization of functions

Now we will discuss about an important operator, that is, the unilateral shift, the study of the

invariant subspaces of this operator in the Hardy space yields a nice factorization of functions

in H2.

TH-3170_186123016



4 Chapter 1. Preliminaries

1.3.1 The Shift operators

Definition 1.3.1. On (*(Z,) we define the unilateral shift U by
Ulag, a1, as,...) = (0,a0,a1,as,...) for (ag,ai,as,...) € *(Zy).

Theorem 1.3.2. (i) The unilateral shift is an isometry.
(i1) The adjiont U* of the unilateral shift has the following form :

U*(CLO,CLl,CLQ, L 4 ) = (al,ag, e )

There are also bilateral shifts, defined on the space of all two-sided square-summable se-

quences.
Definition 1.3.3. The bilateral shift operator W on (*(Z) is defined by
W( ..,0_9,a_1,Q0, 01,09, .. ) = ( ..,0_3,0_92,4_71,0p,07, .. )

Theorem 1.3.4. (i) The bilateral shift is a unitary operator.
(11) The adjiont W* of the bilateral shift known as backward bilateral shift and is given by :

W*( ..,a_9,0_71,Q09,Q1,09, .. ) = ( ..,a_1,00,Q71, 09,03, .. )
Definition 1.3.5. The operator M., (“multiplication by z”) on H? is defined by
(M.f)(2) = 2f (2).

So, if f(z) = 0" anz", then
(M.f)(z) =) an2"™.
n=0

Therefore M, acts like the unilateral shift. Usually, the shift operator on H? is denoted by
S.

Theorem 1.3.6. The operator M, on H? is unitarily equivalent to the unilateral shift.

Definition 1.3.7. The operators M. and M, are defined on L*(T) by

(Mo f) () = €?f(e?)  and (M, wf)() = e f(c?).

TH-3170_186123016



1.3. The Unilateral shift and factorization of functions 5

Theorem 1.3.8. The operator M, on L*(T) is unitarily equivalent to the bilateral shift W on
(*(Z) and the operator M, is unitarily equivalent to W*.

The following theorem is important in the sequel.

Theorem 1.3.9. The operator Mo leaves the subspace H*(T) of L*(T) invariant and the
restriction of Mo to H*(T) is the unilateral shift on H*(T). On (*(Z) the operator W leaves
the subspace (*(Z,), consisting of those sequences whose coordinates in negative positions are

0, invariant, and the restriction of W to (*(Zy) is the unilateral shift on (*(Z.).

1.3.2 Invariant and Reducing subspaces

There are some obvious invariant subspaces of the unilateral shift. As for example the subspace
in (%(Z.) consisting of those sequences whose first n coordinates are zero is invariant under U
and the corresponding invariant subspace for M, in H? is the subspace of H? consisting of the
functions whose first n derivatives (including the 0™ derivative) vanish at the origin.

The unilateral shift has many invariant subspaces which are very difficult to describe in (*(Z,)

but all invariant subspaces of the unilateral shift can be nicely described as subspaces of H2.

Theorem 1.3.10. The only reducing subspaces of the unilateral shift are {0} and the entire

space.

We know that the commutant of a bounded linear operator T is the set of all bounded linear

operators that commute with 7". For any ¢ € L*, the multiplication operator My is defined by
My(f) = ¢f for every f € L*(T).

Theorem 1.3.11. The commutant of W (regarded as an operator on L*(T)) is {M, : ¢ €
Le=(T)}.

Now we can explicitly describe the reducing subspaces of the bilateral shift.

Corollary 1.3.1. The reducing subspaces of the bilateral shift on L*(T) are the subspaces
Mg={f € L*T): f(e?) =0 a.e. on E} for measurable subsets E C T.

A description of the nonreducing invariant subspaces of the bilateral shift can be given as

follows:

TH-3170_186123016



6 Chapter 1. Preliminaries

Theorem 1.3.12. The subspaces of L*(T) that are invariant but not reducing for the bilateral
shift are of the form M = ¢H?*(T), where ¢ is a function in L>(T) such that |p(e?)| =1 a.e.

and this ¢ is unique up to constant factor of unit modulus.

1.3.3 Inner and Outer functions

The unilateral shift is a restriction of the bilateral shift to an invariant subspace, invariant
subspaces of the unilateral shift are determined by Theorem 1.3.12 which are the invariant sub-
spaces of the bilateral shift that are contained in H?(T). In this case, the functions generating

the invariant subspaces are certain analytic functions whose structures are important.
Definition 1.3.13. A function ¢ € H™ satisfying |5(6i9)| =1 a.e. is an inner function.

The definition of inner functions requires that the functions to be in H* , but some time
it is useful to know that a function in H? whose boundary value is of modulus 1 a.e. then it is
also an inner function.

Now we are going to state the famous Beurling’s Theorem [6] which completely describes

the shift invariant subspaces of H2.

Theorem 1.3.14. Every invariant subspace of the unilateral shift other than {0} has the form
®H?, where ¢ is an inner function. Conversely any subspace of the form ¢H? is invariant

subspace of H* for the shift operator.
Therefore, the invariant subspaces for S* are given by,
Ky := (0H?)*, where 6 is an inner function.

Now in vector valued Hardy space HZ. (D), each © € Hﬁcr7cm)(D) induces a bounded linear

transformation Tg € L(HE, (D), HZ..(D))) defined by
ToF(2) = O(2)F(2). (F € HE (D)) (1.7)

The operator Ty for © € Hﬁcr7cm)(D) is known as the multiplication operator having symbol
O. As discussed eariler the elements of HZC()(C’",(CW)(D) are known as the multipliers and are
determined by

© € HZcr cmy(D) if and only if STe = Te S, (1.8)

TH-3170_186123016



1.3. The Unilateral shift and factorization of functions 7

where the shift S on the left hand side and the right hand side act on HZ. (D) and HZ, (D)

respectively.

Definition 1.3.15. A multiplier © € HﬁCT7Cm)(D) 15 said to be inner if Mg is an isometry, or
equivalently, ©(z) € L(C",C™)) is an isometry almost everywhere with respect to the Lebesque

measure on T (unit circle).

Inner multipliers are among the most important tools for classifying invariant subspaces of

the vector valued Hardy spaces. For instance:

Theorem 1.3.16. (Beurling-Laz-Halmos [51]) A non-zero closed subspace M C HZ,.(D)

1s shift invariant if and only if there exists an inner multiplier © € HZ‘ECT’CM)(]D) such that
M = ©H (D),
for somer (1 <r <m).

Consequently, the space Mt of HZ, (D) is invariant under S* (the backward shift), and it
can be represented as Ko := M+ = HZ,.(D) © ©HZ, (D) which also known as model spaces
([23, 24, 42, 40)).

Now we will introduce outer functions in HZ(D)(= H?).

Definition 1.3.17. The function f € H? is an outer function if f is a cyclic vector for the

unilateral shift. That is, f is an outer function if
VAt = 1.
k=0

An important property of an outer function is that it has no zeros in D. A beautiful result

that follows from Beurling’s theorem is the following factorization of functions in H2.

Theorem 1.3.18. If g is a function in H? that is not identically zero, then g = ¢f, where ¢
1s an inner function and f is an outer function. This factorization is unique up to constant

factors.

Definition 1.3.19. For g € H?, if g = ¢f with ¢ inner and f outer, we call ¢ the inner part

of g and f the outer part of g.

Therefore the zeros of an H? function are precisely the zeros of its inner part. Similarly, the

inner outer factorization of a H*-function also holds in vector valued Hardy space HZ,.(D).

TH-3170_186123016



8 Chapter 1. Preliminaries

1.3.4 Blaschke products

Blaschke products are special type of inner functions in H2(D). For some particular type of
invariant spaces of the shift operator in H? the corresponding inner function can be explicitly

formulated. From this, the concept of a Blaschke product came.

Definition 1.3.20. Let {2z}, be a sequence of non zero complex numbers in D and assume
that > ;- (1 —|zx|) < co. Let s be a nonnegative integer. Then the Blaschke product with zeros
{zx} and a zero of multiplicity s at 0 is defined by

[©, O J—
= o [ 2 2
2kl 1 — 2z

Note that s could be zero and there could be only a finite number of z;’s.

Theorem 1.3.21. Every Blaschke product

_‘ N|

-

where s is a nonnegative integer and {zx} is a sequence of nonzero numbers in D satisfynig
Yope (I — |zk]) < oo, converges for every z € D. Moreover, B is an inner function whose

nonzero zeros are precisely the {zx}, counting multiplicity, and a zero of multiplicity s at 0.

Corollary 1.3.2. Suppose the inner function ¢ has a zero of multiplicity s at 0 and has nonzero

zeros at the point zy, za, -+ in D (repeated according to multiplicity). Let

o0
Uzk

be the Blaschke product formed from those zeros. Then ¢ can be written as a product ¢ = B.S,

\“l

1—zkz

where S is an inner function that has no zero in D.

Now there are two types of Blaschke products; if

B(z) = J[ 25 222 (1.9)

B(x) = [ 2222, (1.10)
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then B is called infinite Blaschke product.
It is sometimes useful to know which invariant subspaces of the shift operator in H? have finite

codimension.

Theorem 1.3.22. [/0, Theorem 2.6.8] If ¢ is an inner function, then ¢H? has finite codi-
mension if and only if ¢ is a constant multiple of a Blaschke product with a finite number of

factors.

1.4 Toeplitz operators

The most studied and best-known operators on the Hardy Hilbert space are the Toeplitz op-
erators. The forward and backward shift operators are simple examples of Toeplitz operators;
more generally, the Toeplitz operators are those operators whose matrices with respect to the

standard basis of H? have constant diagonals.

Definition 1.4.1. For each ¢ in L>=(T), the Toeplitz operator with symbol ¢ is the operator Ty
defined by

Ty(f) = Po(f)

for each f € H*(T), where P = Py is the orthogonal projection from L*(T) onto H?(T).

The following theorem determine the Toeplitz operators and for detailed proof see [40,

Corollary 3.2.7.].

Theorem 1.4.2. The operator T is a Toeplitz operator if and only if S*T'S =T, where S is

the unilateral shift operator.
The most tractable Toeplitz operators are the analytic ones.

Definition 1.4.3. A Toeplitz operator Ty, is an analytic Toeplitz operator if ¢ € H>®(T). The

Toeplitz operator Ty is called an coanalytic Toeplitz operator if T} is analytic.
Now we will state some important results concerning Toeplitz operators.

Theorem 1.4.4. [/0, Theorem 3.2.5.] The commutant of the shift operator acting on H*(T)
is {Ty: ¢ € H*(T)}.
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Theorem 1.4.5. [40, Theorem 3.2.11.] For ¢ and ¢ in L=(T) , TyTy is a Toeplitz operator if

and only if either Ty, is coanalytic or Ty is analytic. In both of those cases, TyTy = Tyg.

Theorem 1.4.6. [40, Theorem 3.2.15.] A Toeplitz operator is self-adjoint if and only if its

symbol s real-valued almost everywhere.
Theorem 1.4.7. The only compact Toeplitz operator is 0.

Theorem 1.4.8. (Coburn Alternative) If ¢ is a function in L°(T) other than 0, then at

least one of Ty, and T} is injective.

In vector valued case, let P, : L*(T,C™) — HZ.(D) be the orthogonal projection of
L*(T,C™) onto HZ..(D), and defined by

e} o0
T A s 3 A

n=-—o0o n=0

Therefore P,,(F) = (Pfi, Pfa,...,Pf,), where P is the Riesz projection on HZ(D) [23] and
F = (f1,f2 -, fm) € L*(T,C™).
Definition 1.4.9. For any ® € L>(T, L(C™,C™)), the Toeplitz operator Ty : HZ.(D) —
HZ..(D) is defined by
Te(F) = Pp(®F)
for any F € HZ.(D).
Since HZ,.(D) can be written as the direct sum of m-copies of H3(D), then we have the

following matrix-representation of T4 :

T¢11 T¢12 T¢1m
T — <2‘521 ¢'>22 ¢‘2m : (1‘11)
T¢m1 T¢m2 T‘z)mm_ mxm
where ) )
gbll ¢12 Tt ¢1m
_gbml ¢m2 e ¢mm_ X

is an element of L>(T, £L(C™,C™)) and each Ty, is a Toeplitz operator in HZ(D) [18]. Fur-
thermore, it is well known that Tj = Tg+, where ®* = (53'1')me [18].
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1.5 Nearly invariant subspace for the Backward shift S*
in scalar valued Hardy space

We will describe certain subspaces of H?, modulo one dimension, are invariant under the
backward shift operator. These subspaces are called nearly S*-invariant subspaces. The nearly

S*-invariant subspaces are linked to study the kernel of Toeplitz operators.

Definition 1.5.1. A closed subspace M C HZ(D) is said to be nearly invariant for S* (or,
nearly S*-invariant) if whenever f € M and f(0) =0, then S*f € M.

Lemma 1.5.2. Let M be a nontrivial nearly S*-invariant subspace of H*. Then dim(M ©
(MNHZ)) =1, where Hy = {f € H*: f(0) = 0}.

Example 1.5.3. The kernel of a Toeplitz operator is nearly S*-invariant subspace.

Proof. Consider a Toeplitz operator Ty, for ¢ € L*(T). Let f € KerT, with f(0) = 0. So,
f = Sg, for some g € H2(D). Now by Theorem 1.4.4 we have,

Ty(S"f) = Ts(g) = S*TuS(g) = S"T(f) = 0
which imples that S*f € KerTj, and hence KerT, is a nearly S*-invariant subspace. ]

In the scalar case, nearly S*-invariant subspaces of H?(D) were introduced by Hitt [34] as a
tool for classifying the simply S-invariant subspaces of H?(A), where H?(A) denotes the Hardy
space on the annulus A = {z € C: ry < |z| < 1}, 1y is a positive real number less than unity,
and studied further by Sarason [49], who used them to study the kernels of Toeplitz operators.
The follwing theorem mainly describes nearly S*-invariant subspace of H? in scalar valued case

as described in [34, 49] and also one can see it in [24].

Theorem 1.5.4. Let M be a nontrivial closed subspace of H*> . The following are equivalent.
(i) M is a nearly S*-invariant subspace of H?.

(11) There exists a unique function g of unit norm in M such that g(0) > 0 and a unique S*
invariant subspace M’ of H?* on which T, acts isometrically such that M = T,M', where T, is

the multiplication operator on M’ which sends m' € M’ to gm’ € M.
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1.6 Almost invariant space

Let X be an infinite dimensional separable complex Banach space, and let 7' € L£(X) be a
bounded linear operator on X. We say that a closed subspace M of X is invariant under 7' if

T(X)C X.

Definition 1.6.1. A closed subspace M C X is said to be almost invariant for T € L(X) if

there exists a finite dimensional subspace F of X such that
TM)C M+ F.

Definition 1.6.2. A subspace M of a Banach space X is said to be a half-space if it has infinite

dimension and as well as infinite codimension.

The study of almost invariant half-spaces of operators 1" acting on complex Banach space is
a highly interesting subject of the recent research area. For more on almost invariant half-spaces

see [3, 47, 50, 53].

1.7 Nearly invariant subspaces for Backward shift on

vector valued Hardy spaces

The study of the shift operator S (multiplication by the independent variable) on certain
Hardy spaces consisting of vector valued analytic functions on the unit disc D, is the main aim
of this section. The characterization of nearly invariant subspaces for Backward shift on vector
valued Hardy spaces was initiated by Chalendar-Chevrot-Partington (C-C-P) [9] as a vectorial

generalization of Hitt [34] and Sarason’s [49] work. Let us now discuss some useful definitions:
Definition 1.7.1. A bounded linear operator T' on H belongs to the class C.q if for all x € H
lim ||[T*"z|| = 0.
n—oo

Let v ® w dentes the operator defined by (v®@w)(x) = (z, w)v, for each x € H and u,v € H.
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1.7.1 Nearly invariant subspaces in HZ, (D)

For F' € HZ,.(D), the shift operator S is defined by
S(F)(z) = 2F(2),

and the adjoint of the shift operator S is given by

. F(z)—F(0
S*(F)(z) := M
z
Definition 1.7.2. A subspace F of H.(D) is said to be nearly S* -invariant if F is closed,

and if every element F' € F with F(0) = 0 satisfies S*F € F.

A preliminary question concerning a nearly S*-invariant subspace is whether there exists
F € F such that F(0) # 0. Indeed, if F C 2HZ.. (D) then by definition F is nearly S*-invariant

if and only if F is S* invariant.
Lemma 1.7.3. Let F be a nearly S*-invariant subspace with F C zHZ,. (D). Then F = {0}.

This lemma has an important consequence for characterizing nearly S*-invariant subspaces

in vector valued case.

Corollary 1.7.1. If F is a nearly S* invariant subspace of Hz.(D) and F # {0}, then 1 <
dim(F & (F N zHZ.(D))) < m.

Now a full description of nearly S*-subspaces will be given by linking them with S*-invariant
subspaces. The following theorem is due to Chalendar-Chevrot-Partington (C-C-P) [9] which
is an adaptation to the vectorial case of Hitt’s algorithm [34] and the operatorial version of

Sarason [49].

Theorem 1.7.4. Let F be a nearly S*-invariant subspace of Hz..(D) and let (W, W, -+ | W,.)
be an orthonormal basis of W := F & (F N zHE.(D)).
Let Fy be the m x r matrix whose columns are W1, Wy, ---  W,.. Then there exists an isometric
mapping

J: F«— F' given by FyGw— G,

where F' :={G € HZ. (D) : 3F € F,F = FyG}. Moreover F' is S* invariant.
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Corollary 1.7.2. Let F be a nearly S*-invariant subspace of Hz..(D) and let (Wy, Wy, -+, W,.)
be an orthonormal basis of W := F & (F N zHE.(D)).

Let Fy be the m x r matriz whose columns are Wy, Ws,---  W,. Then there exists an inner
function & € H>®(D, L(C"”,C")), which is unique up to unitary equivalance and vanishes at

zero, such that

F = Fy(H2. (D) & DH2(D)).

Remark 1.7.5. [t should be noted that nearly S*-invariant subspaces are linked to the problem
of injectivity of Toeplitz operators. Indeed, suppose that ¥ is a function in L®(T,C™ ™) not
identically equals to zero, such that the Toeplitz operator Ty on HE..(D) has a nontrivial kernel.
Then KerTy is a nontrivial nearly S*-invariant subspace. Therefore, according to our previous
result, it equals T, M', where M’ is a S*-invariant subspace, containing the constant functions,
and on which Fy acts isometrically. In the scalar case, Sarason first noticed this link, providing

an alternative proof of Hayashi’s result.

1.8 Nearly invariant subspaces of finite defect in scalar

valued Hardy space

In order to describe the almost-invariant subspaces for S, the definition of nearly invariant
subspaces with defect m for S* has been first introduced by Chalendar-Gallardo-Partington
[11] (C-G-P) as a generalization of nearly invariant subspaces. They gave a complete charac-
terization of nearly S*-invariant subspaces with finite defect in the scalar valued Hardy space

HZ(D) in [11].

Definition 1.8.1. A closed subspace M C HZ(D) is said to be nearly S*-invariant with defect
m if and only if there is an m-dimensional subspace F' (which may be taken to be orthogonal to
M ) such that if f € M, f(0) =0 then S*f € M & F . We say that M is S* almost-invariant
with defect m if and only if S*M C M & F , where dim F' = m.

The first observation provides a link between nearly invariant subspaces for S* and almost-

invariant spaces for S. For detailed proof of the following results one is refer to see [11].

Proposition 1.8.2. [11, Proposition 1.2] Every nearly invariant subspace M = gKy for S* is

TH-3170_186123016



1.8. Nearly invariant subspaces of finite defect in scalar valued Hardy space 15

almost-invariant for S with defect 1. Moreover, if 0 is not rational, it is an almost-invariant

half-space with defect 1.

The next result will state that the orthocomplement of certain nearly invariant subspaces

for S* are also almost-invariant for S of defect 1. Before that, the following lemma is needed.

Lemma 1.8.3. [11, Lemma 1.3] Let 1) and 0 be non-constant inner functions. Then (Y Kg)* =
OVH? & K.

Now using Lemma 1.8.3, we have the following result.

Proposition 1.8.4. [11, Proposition 1.4] Let ¢ and 6 be non-constant inner functions. Then
(Y Ky)t is an almost-invariant space of defect 1. Moreover, if 1 is not rational (finite Blaschke
product); or if 1 is rational but 0 is not a rational inner function, then (WKy)* is an almost-

wmvariant half-space of defect 1.

Clearly S* almost-invariance implies nearly S* -invariance (with the same defect).
Next we will describe the generalization of Hitt’s algorithm to obtain a representation of nearly

S* -invariant subspaces with defect m (finite), (done by C-G-P) as follows:

Theorem 1.8.5. [11, Theorem 2.2] Let M be a closed subspace that is nearly S*-invariant with
defect m. Then:

(i) in the case where there are functions in M that do not vanish at 0,
M =A{f: f(z) = ko(2)fo(2) + 2 ) _ki(2)e;(2) : (ko ku, ... km) € K},
j=1

where fo is the normalized reproducing kernel for M at 0, {e1,...,en} is any orthonormal basis
for ', and K is a closed S* @ --- @& S* invariant subspace of the vector valued Hardy space
HEir (D), and || f|* = 32750 I1K; [

(11) In the case where all functions in M vanish at 0,

m

M={f:f(z)= ZZk‘j(z)ej(z) (ki Koy k) }

7j=1
with the same notation as in (i), except that K is now a closed S* & --- & S* invariant subspace
of the vector valued Hardy space He..(D), and |[f|[> = 377, [|k;][*.
Conversely, if a closed subspace M C H? has a representation as in (i) or (i), then it is a

nearly S* -invariant subspace of defect m.
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It should also be noted that K+ can be described using the Beurling-Lax-Halmos theorem.

Corollary 1.8.1. [11, Corollary 2.4] A closed subspace M is an almost-invariant subspace for
S* with defect m if and only if it satisfies the conditions of Theorem 1.8.5, together with the
extra condition that S*fy € M & F in case (i), while case (ii) is unchanged.

Remark 1.8.6. [11, Remark 2.5] Note also that S*M C M @ F' is equivalent to the condition
that

S(MoF)Y)cM-=(MeF)od,

where G = F & M and dim G = dim F ; this gives an expression for S almost-invariant

subspaces.
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CHAPTER 2

Almost invariant subspaces of the shift operator on vector valued

Hardy spaces

2.1 Introduction

In 1988, Hitt [34] first introduces the notion of nearly invariant subspaces under the backward
shift operator acting on the scalar valued Hardy space which he used as a tool for classifying
the simply shift-invariant subspaces of the Hardy space of an annulus. In his paper, he rather
called it as “weakly invariant subspace under the backward shift 7. Later Sarason [49] further
investigated these spaces and modified Hitt’s algorithm for scalar valued Hardy space to study
the kernels of Toeplitz operators. In 2010, Chalendar-Chevrot-Partington (C-C-P) [9] gives
a complete characterization of nearly invariant subspaces under the backward shift operator
acting on the vector valued Hardy space, providing a vectorial generalization of a result of Hitt.
Recently Chalendar-Gallardo-Partington (C-G-P) [11] introduce the notion of nearly invariant
subspace of finite defect for the backward shift operator acting on the scalar valued Hardy space
as a generalization of nearly invariant subspaces and provides a complete characterization of
these spaces in terms of backward shift invariant subspaces. Using this characterization they
also described the almost-invariant subspaces for the shift and its adjoint acting on the scalar
valued Hardy space. In this connection, we should mention that the relation between nearly

18
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invariant subspaces under the backward shift and the kernel of Toeplitz operators has been
discussed in [16].

In this chapter, we further study nearly invariant subspaces of finite defect under the back-
ward shift operator acting on the vector valued Hardy space and provides a vectorial generaliza-
tion of C-G-P algorithm. As a consequences, we completely characterize nearly invariant sub-
spaces of finite defect under the backward shift in terms of backward shift invariant subspaces.
Furthermore, using the characterization of nearly invariant subspace under the backward shift
we completely describe the almost invariant subspaces for the shift and its adjoint acting on
the vector valued Hardy space. Moreover, at the end we also provide a connection between the
orthocomplement of a nearly invariant subspaces of finite defect under the backward shift and
the shift invariant subspaces on the vector valued Hardy space Hz. (D) (see Definition (1.5) of
chapter 1).

Now we revisit the Defintion 1.6.1 mentioned in Chapter 1 of almost invariant subspaces

regarding the shift operator in vector valued Hardy space.

Definition 2.1.1. A closed subspace M of HZ..(D) is said to be almost-invariant for S if there

exists a finite dimensional subspace F of Hén (D) such that
S(M) S M+ F.

The space F is called the defect space and the smallest possible dimension of F is called defect of
the space M. Moreover, a space M is called a half-space (see Definition 1.6.2) if M has infinite
dimension and infinite co-dimension. The study of almost-invariant half-spaces of any bonded
linear operators 1" acting on complex Banach spaces was initiated in 2009 due to Androulakis,
Popov, Tcaciuc and Troitsky [3] and later it further studied by Popov, Tcaciuc, Sirotkin and
Wallis [47, 50, 53] to investigate the structure of almost-invariant half-spaces in more general
setting. In this connection, it is easy to observe that every subspace which is not a half-space
is clearly almost-invariant under any operator. A well-known result due to Beurling [6] states

that if M is a S-invariant subspace of H3(D), then M can be represented as
M = 0HE(D),

(also mentioned in Chapter 1 as Theorem 1.3.14) where § € H2°(ID) is an inner function (that

is, 6 is a bounded holomorphic function on D and |#| = 1 a.e. on T). In this regard, it is not
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difficult to conclude that the shift invariant subspace M of HZ(D) is a half-space if and only if
M = 0HZ(D) with 6 is not rational (that means, 6 is not a product of finitely many Blaschke
factor) [40].

The purpose of this chapter is to characterize almost invariant subspaces for the shift and
its adjoint acting on the vector valued Hardy space in terms of invariant subspaces for the
adjoint S* with finite defect. To achieve our goal we give a connection between nearly invariant
subspaces with finite defect and invariant subspaces for S* in the vector valued Hardy space
(see. Theorem 2.3.5).

The chapter is organized as follows: In Section 2.2 we give a connection between nearly
invariant subspaces for S* and almost-invariant subspaces for S in vector valued Hardy spaces.
In other words, we generalize some results of [11, Section 2] in the vector valued setting. Section
2.3 deals with the main result of this chapter. At the end, in Section 2.4, we obtain a connection
between the orthocomplement of a class of nearly invariant subspaces of finite defect under the

backward shift and the shift invariant subspaces on the vector valued Hardy space.

2.2 Preliminary results

The space HZ. (D) as defined in (1.5) of Chapter 1, can also be defined as the collection of all

C™-valued analytic functions F' on D such that

1 2 ) 1
|E|| = [ sup — |F(re®)|? df |* < co.
o<r<1 27 Jg

Moreover, the nontangential boundary limit (or radial limit)

F(e") := lim F(re®)

r1—
exists almost everywhere on T (for more details see [42], 1.3.11). Therefore HZ..(D) can be
embedded isomertically as a closed subspace of L*(T,C™) by identifying HZ..(D) through the
nontangential boundary limits of HZ,. (D) functions. Furthermore, L?(T,C™) can be decom-
posed in the following way
L*(T,C™) = Hzn(D) ® Hicm,
where H2., = {F € L*(T,C™) : F € H2.(D) and F(0) = 0}.
We already noticed that nearly S*-invariant subspaces of HZ(D) (see Definition 1.5.1) were

introduced and characterized by Hitt [34] and Sarason [49]. For vector valued nearly S* invariant
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subspaces in HZ. (D) one is refer to see Definition 1.7.2 and the vectorial generalization of
Hitt’s and Sarason’s result was due to Chalendar-Chevrot-Partington (C-C-P) [9] which says
the following: Every non trivial nearly S*-invariant subspace M of HZ. (D) has the form
M = EFyK, where Fp is the m x r (1 < r < m) matrix whose columns are {W;, Wy, ..., W,.}
which forms an orthonormal basis of W := M & (M N zHZ. (D)) and K is a S*- invariant
subspace of HZ, (D). Therefore by Beurling-Lax-Halmos theorem (see Theorem 1.3.16), there

exists an inner multiplier © € HZ‘ECT,’CT)(]D)) for some ' (< r) such that

K =Ko := H% (D) © ©OHZ,, (D)
with an extra property that ©(0) = 0. The operator
Tr, : HE- (D) — HE.(D)

G — P(F()G),

where P is the Fourier projection of the L'(T,C™) function FyG, as in the scalar case it is an
isometry from Kg onto M.

As discussed earlier, throughout this section we will provide vectorial generalization of similar
results given in ([11] , Section 2). Now we are in a position to prove our first result which
produces a connection between nearly invariant subspaces for S* and almost-invariant subspaces

for S in the vector valued case.

Proposition 2.2.1. Let Fy and Kg be as above. Then the nearly S*- invariant subspace
M = FyKe is an almost invariant for S with defect r'. In particular, if the inner multiplier

© € Hpcr (D) is of the form:

6, 0 0 ... 0
0 6 0 . . . 0

0= , (2.1)
000 ...080,

rXr
where {01,0s,...,0,} is a collection of inner functions of HA(D) with at least one 0; (say) is

not rational, then M = FyKg is an almost-invariant half-space with defect r.
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Proof. Since © € HZ?CT',CT)(D) is an inner multiplier, then the map
To : Hz.(D) — HZ, (D)

is an isometry. Let {e;}/”; be an orthonormal basis of C"”. Now consider 0, = O¢; €
HZ. (D), for i = 1,2,...,r.. Note that Ty is an isometry implies {@;}f’zl is linearly indepen-
dent in HZ, (D). Moreover

(Ko + span{©;}1. )" = OHZ.,(D)N (span{©;}1_)* = 2O HZ,, (D).

On the other hand for G € HZ,,(D) and F € Kg we have (2z0G, zF) = 0 and hence 20 HZ,,(D) C
(2Ke)*t. Thus SKe C Ke + Span{@;};/:l. Since Tg, is an isometry from Kg onto M we have
SMC M+ span{Fo/@vi}g’zl. This proves that M is almost invariant under S with defect 1.
For the second part we assume that 6; is not rational for some j € {1,...,r} which im-
mediately implies that 6; HZ(D) is a half space. Note that since O is of the form (2.1), then
OHZ,(D) is again a half space which concludes that M is also a half space. This concludes the
proof. O

The following two lemmas are very useful to conclude that the orthocomplement of some

nearly invariant subspaces for S* are also almost invariant for S of some finite defect in HZ,. (D).

Lemma 2.2.2. Let V € H{c. (D) be an inner multiplier of the form

i 0 0 ... 0
0 ¥ 0 . .. 0

U= , (2.2)
0 0 0 . .. o,

mxXm.

where {11, a, . .., ¥m} is a collection of inner functions of HA(D). Then (VKo)t = VOHZ, (D)®

Ky for any inner multiplier © € Hyjc, cmy(D) with r < m.
Proof. Let F € HZ,.(D). Then for all K € Kg we have
<F, \DK>H¢2:m (IDJ) = <F, ‘IJK>L2(T,(C7”) = <T&;F, K>L2(T,(Cm)~

Therefore T, F € OHZ,(D)®HZ if and only if F € VOHZ, (D)®Ky, where Ky = (UVHZ, (D))* =
HZ,.(D) N WHZ. This completes the proof. O
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Lemma 2.2.3. Let ¥ € HZ‘ECM)(]D)) be as in the statement of Lemma 2.2.2 with an extra
assumption that 1;(0) # 0 for each i € {1,2,...,m}. Then YKgq is nearly S* invariant for any

inner multiplier © € Hpcr cmy (D) with r < m.
Proof. Let F' € UKg be such that F/(0) = 0. Then
F =YK, where K € Kg and F(0) = ¥(0)K(0) = 0.

Since each 1;(0) # 0 for each i € {1,2,...,m}, then from the above we conclude that K(0) = 0.

Thus
F(z)—F K
$F(z) = L&) - 0 _ MZL () _ g(:)8"K(2),v2 € D.
Since g is S* invariant, then S*F' € WICg. This completes the proof. n

Combining Lemma 2.2.2 and Lemma 2.2.3 we have the following result.

Proposition 2.2.4. Let ¥ € HZ‘Z(Cm)(]D)) be as in the statement of Lemma 2.2.2 and let © €
Her cmy(D) for m < m. Then (UKo)*t is an almost invariant subspace for S in HZ.. (D) with

defect m. In particular if

60 0 0 . . . O
0 6 0 . . . O
O= : (2.3)
0o 0 0 . . . 6,
mxm,
where {01,0s,...,0,} is a collection of inner functions of HZ(D) with at least one 0; (say) is

not rational, then (VKeo)t is an almost invariant half space of defect m.

Proof. By repeating the similar kind of argument as in the proof of Proposition 2.2.1 we con-
clude that

SKy C Ky + span{¥;}",,
where {If\; = We; and {eq,e9,...,¢,} is an orthonormal basis of C™. On the other hand by
Lemma 2.2.2 we have (VKg)t = VOHZ,.(D) & Ky. Thus by combining this two results we

have the following :

S(UKe)" C (UKe)™ + span{W;}1,.
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Since by hypothesis © is of the form (2.3), then the dimensions of both (VKe)t and UKg are

infinite and hence it is a half space. This completes the proof. O

In Proposition 2.2.1, we have seen that every nearly invariant subspace for S* is an almost
invariant subspace for S. The next proposition says that the converse of this result is not true

that is, there exists an almost invariant half space for S which is not nearly S*- invariant.

Proposition 2.2.5. Let © € Hy{cwm) (D) be as in (2.3) with an extra assumption that ©(0) = 0.
Then (©Ke)*t is an almost invariant half space for S of defect m but not nearly invariant for

S*.

Proof. Since O is of the form (2.3), then by Proposition 2.2.4 we conclude that (OKg)" is
an almost invariant for S. Note that © is an inner multiplier of the form (2.3) with at least
one #; (say) is not rational. Now ©(0) = 0 implies that 6,(0) = 0 for all ¢ € {1,2,...,m}.
Let F' = ©%;, where {ey,es,...,€,} is an orthonormal basis of C™. Then F' € HZ,.(D) and
F(0) = 0. Note that for any K € K¢, (F,0K) = (0%, 0K) = 0 and hence F € (0Kg)*. On
the contrary, let us assume that (©/e)* is nearly invariant for S*. Therefore S*F € (0Ke)t =
©%HZ,.(D) & Ko (by Lemma 2.2.2) and hence

s ) = L8 _exyme) 1 K (o), (2.4)

z
for some H € HZ.(D) and K € Kg. On the other hand ©(0) = 0 implies that there exists an
another inner multiplier ©1 € Hyjcn cmy(ID,) such that ©(z) = 20:(z), Vz € D and hence

_ F(z) _ ©%(2)e;

S*F(z) = 0(2)01(2)e; € OHZ..(D). (2.5)

Combining (2.4) and (2.5) we conclude that K € Ko NOHZ,.(D) and therefore K (z) = 0. This
implies that H(z) = 1 ® e; € HZ..(ID) which is not the case. This completes the proof.

2.3 Classification of almost invariant subspaces

The main aim of this section is to describe completely the almost invariant subspaces for the
shift and its adjoint acting on the vector valued Hardy space HZ,.(D). At first we begin with
the definition of nearly invariant subspace for S* with finite defect on the vector valued Hardy

space. For scalar valued case, it has been introduced in [11] (see Definition 1.8.1).
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Definition 2.3.1. A closed subspace M C HE..(D) is said to be nearly S*-invariant with defect
p if and only if there is an p-dimensional subspace F C HZ..(D) (which is orthogonal to M )
such that if F € M,F(0) = 0 then S*F € M @& F. This p dimensional subspace F is known
as the defect space corresponding to the nearly S*-invariant subspace M with finite defect p.
We say that M is S* almost invariant with defect p if and only if S*M C M @& F; where dim
F =np.

Characterization of the subspaces in a vector valued Hardy space that are nearly S* in-
variant was due to Chalendar-Chevrot-Partington [9] which provides a vectorial generalization
of a result of Hitt [34]. Recently Chalendar-Gallardo-Partington (C-G-P) gives a complete
characterization of nearly S* invariant subspaces with finite defect in the scalar valued Hardy
space H2(D) [11]. Here our principle aim is to provide a complete characterization of nearly S*
invariant subspaces with finite defect in the vector valued Hardy space HZ..(D). Before going
to the main result of this section we first start with the following two lemmas. Note that the

first lemma already proved in [9] but for reader’s convenience we are providing a proof herewith.

Lemma 2.3.2. Let M be a closed subspace of H.(D) such that all functions in M do not
vanish at 0. Then
1 < dim (M & (M N zHE.(D))) < m.

Proof. Note that by hypothesis the space W := M & (M N zHZ.(D)) is non-trivial. Let
dimW =r. For i € {1,2,...,m}, let F; = Pp(ko ® ¢;), where Py is the orthogonal projection
of HZ..(D) onto M and ky is the reproducing kernel at 0 in HZ(D). Then F; € M and
(F;,G) =0 for all G € M N zHZ, (D) which implies that G(0) = 0. This shows that {F;}™,
generates the space VW and hence dim W < m. This completes the proof. O]

Recall the Definition 1.7.1 concerning C'y contraction and we have the following result.

Lemma 2.3.3. (/5, Lemma 3.3]) Suppose T € C.y and dim Dr( = Ran(I — T*T)%) < 0.
Let F C H be a closed subspace of finite codimension. Then T Pr € Cq, where Pr denotes the

orthogonal projection onto JF.
Now we are in a position to state and prove the main theorem in this section.

Theorem 2.3.4. Let M be a closed subspace that is nearly S*-invariant with defect 1 in
HZ,.(D) and let By € HE.(D) be such that F = (E;) (subspace spanned by the vector E;)
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26 Chapter 2. Almost invariant subspaces of the shift operator on vector valued Hardy spaces

is the defect space with |Ei|| = 1. Let {Wy,Ws,...,W,} be an orthonormal basis of W :=
M6E(MNzHE. (D)), and let Fy be the m X r matriz whose columns are Wy, Wy, ..., W,.. Then

(1) in the case where there are functions in M that do not vanish at 0,

M = {F € H2,.(D): F = FyKo+ 2k By and )
(Ko, k1) € K € HE (D) x HA(D) },

where K is a closed S* @ - - - & S*-invariant subspace of the vector valued Hardy space HZ, ., (D),
and || F|I* = || Kol* + || k||

(11) In the case where all functions in M vanish at 0.
M ={F:F(z)=zki(2)E(2) : k1 € K},

where K is now a closed S*- invariant subspace of the Hardy space HA(D) and ||F||? = | k1.

Conversely, if a closed subspace M of the vector valued Hardy space HZ,.(D) has a representa-

tion like (i) or (ii) as above, then it is a nearly S*-invariant subspace of defect 1.

Proof. (i) By hypothesis M & zHZ..(D). Let Py denote the orthogonal projection of M onto
W. If F' € M, then Py (F) can be written as

Pw(F)<Z) = aOAWl(Z) g CLO,TWT<Z),

and hence for each z € D, F(z) = Pw(F)(2)+Fi(z), where F; € MNW*. Since {Wy, Ws, ..., W,}
forms an orthonormal basis of YV, then we have the following norm identity:
IF(1* = laoa|* + laoal* + -+ + |ao,[* + | F1|)*
= ||A40||2 —|— |IF1||2, Where Ao = (a071, 0,072, e ,CI,QJ)T.
Note that F; € M N W+ and hence F;(0) = 0. On the other hand since M is a nearly

S*-invariant subspace with defect 1, then S*F;, = G; + 1 E,, where G; € M and ; € C.
Therefore F} = S(G1 + p1E1) because F1(0) = 0 and SS*F; = Fy. Thus for z € D we have

F(z) = Fo(2)Ao + 2G1(2) + frzEi(2)  and [|F|* = [[Ao]l* + |G1l* + [ 8" (2.7)

Now we repeat the above process starting with GG;. Then G; = FyA; + F5 with F, € M and
F5(0) = 0. Similarly by using the properties of M we conclude that S*Fy, = G5 + 52 F; for
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some G5 € M and B € C which again implies that F, = 2G5+ 52z E;. Therefore in the second

iteration we have

F(2) = Fy(2)(Ag + A12) + 22Go(2) + (P12 + B222) E1(2) (z € D)
and || F||> = [[Ao||* + A1) + ||G2l* + |81]* + | 52| If we continue the above process at the k-th
iteration we obtain,

F(z)=Fy(2)(Ap + Ayz+ - + Ak_lzk_l) + Zka(Z) + (Prz+---+ ﬂkzk)El(z) (2.8)

and
k—1 k
IEIP = IA P+ 1GRIP + D 1851 (2.9)
j=0 J=1

Moreover from the above iterations we also note that G, = P, S*Py(Gg—1), where P, and P, are
the orthogonal projections with kernel (E;) and W respectively. Since S € Cy, dimDg < 0o
and P; is an orthogonal projection with finite dimensional kernel, then by applying Lemma
2.3.3 we conclude that SP; € Cy. Furthermore, since dim Dgp, < oo and P, is an orthogonal
projection with finite dimensional kernel, then by applying Lemma 2.3.3 once again we conclude

that SP P, € Cy. Again from the above iterations we note that
Gy = (PLS*P)F(F) = P,S*(P,P.S*) 1Py (F) = P,S*(SP.R,)* ' Py(F)

and hence |G|l < ||(SPPo)* 1P (F)|| — 0, as k — oco. Consequently from the above equa-

tions (2.8) and (2.9) we can write
F(2) = Fo(2) Ko(2) + 2k (2) Er(2) and || FIJ* = [ Ko|* + [[kalf?, (2.10)

where
Ko(Z) = ZAij, k’1<2) = Zﬁjzj_l
§=0 j=1

and the sums converge in HZ,(D) and HZ(D) norm respectively. Thus finally we say that if
F € M then

F= F()K() + ZklEl,
where (Ko, k1) € Hg. (D) x HZ(D). Recall that HZ, (D) x HZ(D) can be identified with HZ, (D).
Define the subspace K of HZ, ., (D) as follows:

K= {(KO, k1) € H2.. (D) : 3 F € M such that
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F = F()K() + Zk?lEl}.

Then by using (2.10) we conclude that K is a closed subspace of HZ,,. (D). Now it remains to
show that K is S* & - - - & S*-invariant in HZ,,, (D). Indeed, let (Ko, k1) € K. Then there exists
Fin M such that ' = Fy Ky + zk1 E7. On the other hand

F = FQKO + Z]{ZlEl = F()AO + F()(Kg - K()(O)) + Zk’lEl
= F()Ao + {F()(K(] — K()(O)) i Z(kl — k1<0>)E1 + Zk'l(O)El}

= F[)Ao + Z(F()S*Ko + ZS*k1E1> +251E1,

which along with equation (2.7) implies F.S*Kg + 25%k1 F1 = G € M, which proves that K is

S*@® - - @ S*invariant.
—_—

r+1
Conversely, let M be a closed subspace of HZ,.(ID) which has a representation like (2.6). Let

F € M be such that F'(0) = 0. Then there exists (Ko, k1) in K such that F' = Fo K + zk F.
Now it is easy to observe that {W}(O)}::l is linearly independent which follows from the fact
that W is a linear space and all functions in ¥V do not vanish at 0. On the other hand F'(0) =0
and the fact { Wi(O)}::l is linearly independent together implies K,(0) = 0. Thus
F(z) = F(0) _ Fo(2)Ko(2) + 2k1(2) Er(2) — Fo(0)Ko(0)

z 2
= Fo(2)S*Ko(2) + (SS*k1(2))E1(2) + k1 (0) By (2),

S*F(z) =

and hence S*F = FyS* Ky + 2S*k1Ey + k1(0)E;. On the other hand since K is S* @ --- & S*-
invariant in HZ,,,(D), then we have (S*Ky, S*ki) € K and hence FyS*Ky + 25k E; € M.
This shows that S*F € M & F and consequently M is nearly S*- invariant with defect one.

(ii) If M C zHZ,. (D), then W = {0}. Therefore by applying the similar kind of algorithm
as in (i), I can be written as F(z) = zk;(2)F;(z) for some H2(D) fucntion k;. In other words

M has the following representation.
M={F:F(z)=zki(2)Ei(2) : k1 € K},

where K is a closed S*- invariant subspace of the Hardy space HZ(D) and || F||*> = ||k:]|*>. This

completes the proof. O

In general for finite defect p the analogous calculations produce the following result.
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Theorem 2.3.5. Let M be a closed subspace that is nearly S*-invariant with defect p in
HZ..(D) and let {E4, Es, .....E,} be any orthonormal basis for the p-dimensional defect space
F. Let {Wy, Wy, ..., W,} be an orthonormal basis of W := M & (M N zHZ.(D)), and let Fy

be the m X r matrix whose columns are Wi, Wy, ... , W,.. Then

(1) in the case where there are functions in M that do not vanish at 0,
P
M= {F . F(Z) = FO(Z)K()(Z) + Zij(Z)Ej(Z) . (Ko, ]{Zl, ceey k'p) S IC}, (211)
j=1

where K C HZ. (D) x HE(D) x --- x HZ(D) is a closed S* @ -+ @ S*- invariant subspace of the

~
p

vector valued Hardy space HZ,,,(D) and
p
IEI1? = 1 Eoll> + DIk 117
j=1
(i1) In the case where all the functions in M vanish at 0,
P
M = {F L F(2) =Y 2k () Ej(2) : (kay-- o) € /c}, (2.12)
=1

with the same notion as in (i) except that K is now a closed S* @ --- & S*- invariant subspace

of the vector valued Hardy space HZ,(D) and

p
IEN? = Ik 112
j=1

Conversely, if a closed subspace M of the vector valued Hardy space HZ..(D) has a representa-

tion like (i) or (ii) as above, then it is a nearly S*-invariant subspace of defect p.

It is worth mentioning that, the above Theorem 2.3.5 is also obtained independently by R.
O’Loughlin (see [44, Theorem 3.4]). Below we provide few differences between the proof given

by us and R. O’Loughlin.

1. In the description of functions of a nearly S* invariant subspace of defect 1 ( just before
the [44, Theorem 3.4]), O’Loughlin use [9, Proposition 2.1] and similar kind of argument
given in [9] to show ||G,41|| = 0 in the convergence part.

In our case, we use Lemma 2.3.3 given by Benhida-Timotin and directly prove such type
of convergence in Theorem 2.3.4, providing the description of a nearly invariant subspace

of defect 1.
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2. We have used the fact {W;(0)}/_; are linearly independent directly to prove that I is S*
invariant in the converse part of Theorem 2.3.4, whereas O’Loughlin proved that K is S*

invariant in a different way while using the fact {W;(0)}/_, are linearly independent.

Corollary 2.3.1. A closed subspace M C HZ,.(D) is an almost invariant subspace for S*
with defect p if and only if it satisfies the conditions of the above Theorem 2.5.5 together with
an extra condition that S*W; € M @& F for all i = 1,2,...,r in case (i), while case (i) is

unchanged.

Proof. If M is an almost invariant subspace for S* with defect p, then it is nearly S*-invariant
subspace with defect p. Thus it satisfies the conditions of the above Theorem 2.3.5 and since
Wi, W, ..., W, € M, then from the hypothesis it follows that S*W; € M & F for all i =
1,2,...,r. Conversely, assume that M satisfies the conditions of Theorem 2.3.5 together with

S*W; e M@ F foralli =1,2,...,r. Thus for any F € M we have
p
F=FKo+ Y zkE; = F[Ko(0) + K,
j=1
where

K(2) = Fo(2)(Ko(2) — Ko(0)) + Z 2k;(2) Ej(2).

Observe that K(0) = 0 and FyKy(0) € M implies K € M. Since M is nearly S* invariant
with defect p, then S*K € M & F which along with the fact S*W; € M@ F foralli=1,...,r
implies S*F € M @& F and hence M is an almost invariant with defect p. This completes the
proof. O

Remark 2.3.6. It is easy to observe that S*M C M & F is equivalent to the condition that
SMaF)t c (MaF):dF. Therefore almost invariant subspaces for S can be characterized

by S*- invariant subspaces.

2.4 Characterization of nearly invariant subspaces in terms

of shift invariant subspaces

In this section, our main aim is to give a connection between nearly S*-invariant subspaces and

S-invariant subspaces using our main result in the previous section. In other words, we try
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to characterize M~ in terms of shift invariant subspaces, where M is a nearly S*- invariant
subspace of HZ,.(D) with finite defect p. Note that in general it is difficult to deal with the case
when the defect has an orthonormal basis consist of arbitrary functions of HZ,.(D). Therefore
we restrict ourselves in the special case when the orthonormal basis for the defect space are
bounded analytic functions that is, 7 = span{Ej, Es, ..., E,}, where E; € HZ‘(’QCM)(D) for
i=1,...,p. Let Fy € H?:(Cr,@m)(D)7 and Tg, : HE (D) — HZ,.(D) be an operator defined by
Tr (G) = P(FyG), where P is the Fourier projection of the L'(T,C™) function FyG.

First we consider the case when M is a nearly S*- invariant subspace of HZ. (D) which
contain functions that do not vanish at 0 with an extra assumption that W := M & (M N
zHZ,.(D)) has an orthonormal basis consist of Hg, (D)-functions, that is, {Wy,...,W,} C
HE, (D). Therefore M has the form (2.11) by Theorem 2.3.5 (i). Now consider G € M*, then
(G,F)=0,YF € M. But for any F' € M we have

p
F = F(]K() == Z Sk‘jEj,
j=1
where (Ko, k1, ..., k,) € K and K is a S*- invariant subspace of HZ,, (D). Therefore

p p
(G, F) = (G, FoKo)s + Y (G, 8k;jEj)s = (G, T, Ko)a + > _(S"G, ki Ej)

J=1 J=1

p
= (T%,G, Ko)uz, ) + Z(TéjS*Ga ki) e2()

=1

which ensures
G € M* if and only f TGO T S"GO T, S"G® - @1y S°G € K+
Thus
Mt = {G € HZ.(D) : T GoTy S"GOTES'Go - dTy S°G € ICL}, (2.13)

where K+ is a S- invariant subspace of HZ, ., (D). Conversely, if M is a closed subspace of
HZ,..(D) such that M* is of the form (2.13), then M is a nearly S*- invariant subspace of
HZ,. (D) with defect p. Similarly we can also obtain the expression of M* in the case when

M C zHZ,.(D). We can then formulate our main result in this section as follows.

Theorem 2.4.1. Let M be a closed subspace of H.(D) which is nearly S*- invariant with

defect p with an extra condition that the orthonormal basis for both the defect space and the
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space M & (M N zHE,.(D)) are consist of bounded analytic functions. Then,

(1) in the case where there are functions in M that do not vanish at 0,
ML= {G € H2.(D) : TG @ T5 "G Th,S°G @ - & Ty 5°G € N},

where {W;}I_, is an orthonormal basis of W := M & (M N zHE. (D)), Fy is the m X r matriz

whose columns are Wy, Ws, ..., W,, the defect space F has an orthonormal basis
{E17 E27 & 7Ep} c HZ?(C,(Cm)(D%

and N C HZ,(D) x HZ(D) x --- x HZ(D) is a closed S & - -+ ® S- invariant subspace of the

v~

P
vector valued Hardy space HZ,,,(D).

(ii) In the case where all functions in M vanish at 0,
Mt = {G € Hzn(D) : T3, 5'G & T3, S°G & --- & T5, 5°G € N},

where {E4, By, ....E,} C HZO(C’CM)(]D) is an orthonormal basis for the p dimensional defect space

F, and N C HZ(D) x -+ x HZ(D) is a closed S & --- @ S- invariant subspace of the vector

p
valued Hardy space HE,(D). Conversely, if a closed subspace M C HZ.. (D) is such that M*

has a representation as in (i) or (i), then M is a nearly S*- invariant subspace of defect p.
Finally we end the section with the following remark.

Remark 2.4.2. In this section we describe nearly invariant subspaces under the backward shift
with finite defect with an extra assumption that bounded analytic functions form an orthonormal
basis of the defect space. But we do expect that the version of Theorem 2.4.1 still hold without

this assumption.
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CHAPTER 3

Kernels of perturbed Toeplitz operators in vector valued Hardy spaces

3.1 Introduction

In Chapter 2, we characterizes nearly invariant subspace of finite defect (see Definition 2.3.1)
for the backward shift operator acting on the vector valued Hardy space, providing a vectorial
generalization of a result of Chalendar-Gallardo-Partington (C-G-P). A similar type of char-
acterization result is also obtained independently by R. O’Loughlin in [44]. Furthermore, in
this context, Liang and Partington [38] recently provide a connection between kernels of finite-
rank perturbations of Toeplitz operators and nearly invariant subspaces with finite defect (see
Definition 1.8.1 in Chapter 1) under the backward shift operator acting on the scalar valued
Hardy space. In other words, they give an affirmative answer to the following question, which

is closely related to the invariant subspace problem:

Given a Toeplitz operator T acting on the scalar valued Hardy space, is the kernel of a (3.1)
3.1
finite-rank perturbation of T is nearly backward shift invariant with finite defect?

Moreover, they also identify the kernel of perturbed Toeplitz operator in terms of backward
shift-invariant subspaces in several important cases by applying a recent theorem by Chalendar—
Gallardo—Partington (C-G-P).

The purpose of this chapter is to study the kernels of finite-rank perturbations of Toeplitz

34
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operators and its connection with nearly invariant subspaces with finite defect under the back-
ward shift operator acting on the vector valued Hardy space. In other words, we give an
affirmative answer to the above question (3.1) in the context of vector valued Hardy space,
providing a vectorial generalization of a result of Liang and Partington. Furthermore, we also
identify the kernel of perturbed Toeplitz operator in terms of backward shift-invariant sub-
spaces by applying Theorem 2.3.5 of Chapter 2 in connection with nearly invariant subspaces
of finite defect for the backward shift operator acting on the vector valued Hardy space in
several important cases as mentioned by Liang and Partington in [38]. For more information
on this direction of research, we refer the reader to ([33, 16, 53]) and the references therein.
In Chapter 2, we have shown a connection between nearly S*-invariant subspaces and S*
invariant subspaces in vector valued Hardy space. It can be easily seen that the kernel of a
Toeplitz operator is nearly S*-invariant (see Definition 1.7.2) in vector valued Hardy space
HZ,.(D) (1.5). Next we consider a finite rank perturbation (say rank n) of a Toeplitz operator
Ty : H.n(D) — HZ. (D), (see Definition 1.4.9 and for properties of Ty one is refer to see Section

1.4 in Chapter 1) denoted by 7T;, and defined by
T.(F)=Ts(F)+ Y (F,G)H;, VYF € Hn(D),
i=1

where {G;}; and {H;}! , are orthonormal sets in HZ. (D). Therefore it is natural to ask
whether the kernel of T}, is nearly S*-invariant subspace with a finite defect or not. In this
chapter, we provide an affirmative answer to this question in several important cases mentioned
by Liang and Partington in [38]. In other words, we solve the above-mentioned problem (3.1)
in various important cases in vector valued Hardy spaces, providing a vectorial generalization
of a result of Liang and Partington [38]. For simplicity, we first discuss the problem for rank
two perturbation, that is for 75, and then we state our main theorem for rank n perturbation
of Ty, that is for T,.

The rest of the chapter is organized as follows: In Section 3.2, we study the kernel of T,
whenever ® = 0 almost everywhere on the circle and provide some applications of our earlier
Theorem 2.3.5 of Chapter 2. Section 3.3, 3.4 and 3.5 deal with the study of the kernel of T,
in several important cases as mentioned by Liang and Partington [38] whenever ® is non zero
almost everywhere on the circle along with few applications of our earlier Theorem 2.3.5 of

Chapter 2.
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3.2 Kernel of finite rank perturbation of Toeplitz oper-
ator having symbol zero almost everywhere on the
circle

In this section, we study the kernel of T, = To+) . (., G;)H; , where ® = 0 almost everywhere
on T. As we have discussed earlier first we study the kernel of T; and later we will state the
main theorem corresponding to 7;,. Note that if & = 0 almost everywhere on T, then the kernel
of Ty is given by

Ker Ty = Hém(D) © \/ {G1, G2}

It is easy to check that the kernel of 75 is nearly S*-invariant with defect 2 because if we

consider any element F' € Ker Ty with F(0) = 0, then
S*(F) € Ker Ty U (\/ {Gl,Gg}) — HZ.(D),
and the defect space is F =\/ {Gl, GQ}. Now for the general case we have the following result:

Theorem 3.2.1. Suppose ® = 0 almost everywhere on T. Then the subspace Ker T, is nearly
S*-invariant with defect n and the defect space is F =\/ {Gl, Go, ..., Gn}.

Next, we provide a nice application of Theorem 2.3.5 obtained by us in Chapter 2 as well as
obtained independently by Ryan O’Loughlin (see Theorem 3.4, [44]) to understand the kernel

of perturbed Toeplitz operator in a better way in terms of backward shift-invariant subspaces.

For simplicity, we will deal with rank one perturbation of Toeplitz operator and let it be
denoted by T, that is T'= Ty + (., G)H with ||G|l2 = 1 and S*H # 0. Now as an application
of the above Theorem 2.3.5 of Chapter 2, our aim is to represent the kernel of the operator T’
in some special cases. It should also be observed that, like the scalar case we can find C (see

Theorem 2.3.5 given in Chapter 2) as the S*-invariant subspace in Hz.. (D) such as

Fy(2)S* Ko(2) + zz S ( )e M or zz S*i(2)E;(2) € M

7j=1
for all n € NU {0} and (Ko, kq,...,k,) € K. In the case & = 0, we have M = KerT =
HZ,.(D)&(G) which is nearly S*-invariant with defect space F = (G) by Theorem 3.2.1. Assume
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furthermore that the function G € H{ cmy(D) = HE. (D). Now consider F; = Pu(ko ® €;),
where Py denotes the orthogonal projection from HZ. (D) onto M, and kg is the reproduc-
ing kernel at 0 and {e; : 1 < i < m} is a standard orthonormal basis of C™, generating
the subspace W in Theorem 2.3.5 of Chapter 2. Without loss of generality we assume that
{F1, Fs,...F.} (where r < m) is a basis of W. By using Gram-Schmidt orthonormalization
we find an orthonormal basis of W as follows: W, = C11Fy, Wo = Co1 F1 4+ Cyo by, ..., W, =
CFy + CroFy + -+ + C,, F,, where the constant C;; can be determined via the process of
orthonormalization. Now if we consider G = (g1, 92,...,9m) € HZ (D) with ||G|l2 = 1 and
M = HZ..(D) © (G), then for any i € {1,2,...,m} we have

F; = Pp(ko ® €;) = (—gi(0)g1, =9i(0)g2, - - -, 1 — gi(0)gi, - - -, —9i(0) gm)-

Therefore by Theorem 2.3.5 of Chapter 2, the mxr matrix F whose columns are {Wy, Ws, ... W, }

has the following representation

C11(1-91(0)g1) C21(1—g1(0)g1)+Ca2(—g2(0)g1) -+ Cr1(1—g1(0)g1)+-+Crr(—gr(0)g1)
C11(—91(0)g2) C21(—g1(0)g2)+C22(1—g2(0)g2) -~ Cri(—9g1(0)g2)++Crr(—gr(0)g2)

Fy = (3.2)

C11(~91(0)gm) Co1(~91(0)gm)+C22(~52(0)gm) - Cr1(~g1(0)gm)-+-+Crr(—5-@)gm) | ey

Therefore, according to Theorem 2.3.5 of Chapter 2, M has the following representation :

(i) In the case when W # {0}, M = {F 1 F(2) = Fo(2)Ko(2) + 2k1(2)G(2) : (Ko, k1) € K C
HZ. (D) x Hé(]]))}. Suppose |G]? = |g1|* + |g2)* + . - . + |gm|* and if we consider

CuP(g1 — :1(0)|G?)
621P(91 — 91(0)|G|2) +622P(92 - 92(0>|G|2) c g2 (D) (3 3)
. (CT '

UHP(Ql - gl(O)‘GP) T +6rrp<gr = 97‘(0>|G‘2>

and g = P(Z|G|*) € HZ(D) ( here, P is the orthogonal projection from L?*(T) onto H?(T)

mentioned in Definition 1.4.1), then the S* & S*-invariant subspace corresponding to M

1S :
K = { (Ko, k) € H2(D)x HE(D) : (Ko, 2" Go)gz, 0y -+ (ka, 2" 9 ) = 0 for n € NU{O}}.

(ii) In case W = {0}, M = {F c F(2) = zk1(2)G(2) 1 ky € IC} with S* invariant subspace is
K= {/ﬁ € H(D) : (k1,2"9) w2y = 0 for n € NU {0}}
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Remark 3.2.2. IfG = (g1, go, - - -
(G) will be of the form :

1. In the case when W # {0},

where the S* @ S*-invariant subspace corresponding to M is

. gm) 18 an arbitrary element of HZ.(D), then M = HZ,.(D)&

M= {F L F(2) = Fy(2)Ko(2) + 2k (2)G(2) : (Ko, ) € K C HZ, (D) x Hg(D)},

K = {(Ko, k1) € H2 (D) x HA(D) : (FS™ Ky + 25k G, G) = 0 for n € NU{0}}.

2. In case W = {0}, M = {F D F(z) = zki(2)G(2) : Ky € IC}, where the S* invariant
subspace corresponding to M is K = {k:l € HA(D) : (25" G,G) =0 for n € NU {0}}

Next, we give some concrete examples without any detail which are based on the examples

given [38] (see Section 3) with minor modifications through which we calculate the space K

explicitly. To proceed further, we need the following useful result in the vector valued Hardy

space HZ.(D) setting.

Proposition 3.2.3. Let ® € HE‘E

o1 0
0 ¢
0 O

0
0

P

cmy(D)\{O} be of the form

mxXm,

and let © be the inner part of ®. Then Ker Ty = Ko = HZ..(D) © ©HZ.. (D). In particular if,

with each ; is an outer function in HE(D), then Ty« is an injective Toeplitz operator.

1 0
[0
0 0

0
0

U

4 mxm,

Proof. Let ¥ be of the above form with each 1); is an outer function and consider the element

F = (f1,f27~

. fm) € Ker Ty~. Then for all i € {1,2,...,m}, P(x,f;) = 0 which implies that
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U, fi € ﬁﬁ. Since each ; is outer, then f; € ﬁ(z) and hence each f; = 0. Therefore F' = 0 and
hence Ty~ is injective. Now using the canonical factorization of each ¢; = ;0;, where 1); is

outer and #; is inner, we have the following decomposition of ®:

¢1 O 0 ¢1 0 0 81 0 O
0 e 0 0 e 0 0O 6 --- 0

o |0 D0 O R Y 6 ). (36)
0 0 - ¢n 0 0 Vm 0 0 - 6

Therefore © is an inner multiplier, and ¥ is an outer function in the sense of V. I. Smirnov

[36]. We call © as the inner part of ® and ¥ as the outer part of ®. Note that
Ker Ty = {F € H2.(D) : Ty-To-(F) = 0} - {F € H2.(D) : To-(F) = 0} = Ko,

where at the second equality we have used the fact that Ty is injective. This completes the

proof. O
Example 3.2.4. (i) Let G =(1,0,...,0) = ko ® ey, then
M = Sp(l’n,{€2, €3y. .. 7€m} @ ZH((%’” (D)
In this case, W = span{es, es, ..., en} and consider
0 0 0
1 0 0
Fo=10 1 0 (3.7)
0 0 1
L 4 mx(m-1)

Therefore
M= {F L F(2) = Fy(2)Ko(2) + 2k (2) @ e1 = (Ko, k1) € K C HZor (D) x Hé(]D))},
where K = HZ,.(D) is a trivial S*-invariant subspace.

1
(ii) Let G = —=(01,0s,...,0,,) with each 6; a non constant inner function in HA(D) and
m

each 6;(0) = 0. If

0, O 0
0 60, 0

0= , (3.8)
0 O 0., y
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then
M =Ko ®20H%.(D)®O(C™ o ((1,1,...,1))).

In this case,

10 0
01 0
Fo = ) (39)
00 1
. 4 mXm
) M
——6
i
.
Go= | Vm " | € H2.(D), g=0. (3.10)
1
— 4.
Lv/m ]

Therefore by using the case(i), M has the following representation:
M = {F L F(2) = Fy(2)Ko(2) + 2k1(2)G(2) : (Ko, k1) € K C H2a(D) x ]—Ié(ﬂ))}

with the S*-invariant subspace K = Ker T« X HE(D), where € € HZ?QCm)(ID)) 15 giwen by

01

02
=1 : (3.11)

Oy

L 4 mx1

Using the fact (1.8) one can easily check that K is S*-invariant subspace of HZ .. (D).

1 k
(111) If we consider G(z) = (%,0, ...,0) for k> 1, then
M = sp(m{l — 2R 2,22 R R } CHZD)®HZD)D...o HEZ(D).
m—1
In this case,
_1 — Zk i [ k]
0 0 Z
V2 2
0 1 0 0 ) AR
Fo = ,Go = € Hen(D), and g(z) = 5 € He(D)
0 0 1 10
L 4 mXm
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Thus by using case(i),
M = {F D F(2) = Fo(2)Ko(2) + 2k (2)G(2) : (Ko, k1) € K C HE (D) x Hé(}D))}
with the S* invariant subspace

K = {(Ko,kl) € H2,. (D) x HE(D) : (S ) k() = —{((S*)e Ko, k, ® e1), Ko € Hgm(D)}.

(iv) Now consider G(z) = 1/ 1_T|a|2(ka(z), ka(2), ..., ka(2)), where ky is a reproducing kernel
at o € D\{0} in HZ(D). Then M = {F = (f1s foroes fon) € HZ0(D) - S i) = o}.
Since Pp(ko ® e1) is non zero, then W is non trivial and hence Fy has the same form
as in (3.2) with each g;(z) = ko(z). In this case Gy = 0, g(z) = mak,(z) which is an
outer function. Moreover by using case(i), M = {F c F(2) = Fo(2)Ko(2) + zk1(2)G(2)
(Ko, k1) € K C HE (D) x H(%(ID))} with the S*-invariant subspace KK = HE. (D) x {0}.

For the case n = m we have the following interesting example in this context.

Example 3.2.5. If we consider T,,, = To + > 1o (., Gi)H; with ® = 0 almost everywhere on
T. Then the defect space F = span{G1,Ga,...,Gy}. Consider G = 01 ® e1,Gy = 03 ®

€2, .Gy =0, @ e,,, where each 0; is a non constant inner function in HZ(D). Let
0, 0 --- 0
0 6y -~ 0
©=| . ' . (3.12)
0 0 - 6,
- 4 mXm

Therefore M = Ker T, = Hz,.(D) &6 F = Ko ® 20HZ2,.(D). Thus, W # {0} and consider

(1 - 01(0)
0 0
1—6:(0)]2
1 —65(0)0,
0 —_— = 0
Fy= 1 —02(0)/?
1—6,(0)0,,
0 0 _—
I 1= 10m(0)[* |
Therefore by using case (i) of Theorem 2.3.5 of Chapter 2 we have
M = {F cF(2) = Fo(z)Ko(z)+Z 2ki(2)Gi(2) : (Ko, k1, ko, ... km) € K C Hém(]D))xHém(D)},
i=1
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where the S* @ S* -+ - & S*-invariant subspace K corresponding to M is K = K¢ x H¢..(D) and

¢ is the inner part of the HZ?(Cm)(]D) function

(0, — 6,(0) 0 0
0 6y —0,(0) 0
£ = .
0 0 6, — 6,,(0)

One can check that K is S* & S*--- & S*-invariant subspace of HZ.,.(D) by using Proposition

Next we consider the case when ® € L>°(T, £L(C™,C™)) is non zero almost everywhere on
T and with this assumption we consider three important subcases in the next three sections.

Note that if ® = [¢;]mxm € L°(T, L(C™,C™)), then ®*(z) = [¢;;(2)]". To proceed further we

need the following useful results :

Theorem 3.2.6. For ®, ¥ € L>(T, L(C™,C™)); if either U* € HZ?(Cm,(Cm)(D) or ® € HLOZ?(CW,(CW)(D)f

then TyTe is a Toeplitz operator; in both cases TyTe = Tye.

The proof of the above Theorem 3.2.6 follows similarly as in the scalar valued case and
hence left it to the reader. On the other hand, it is important to observe that the converse of

the above Theorem 3.2.6 is not true in general. For example, consider

e 0 ... 0 0 0 )
0 0 --- 0 0 e ... 0
U = ,and ¢ = (3.13)
o 0 --- 0 0 0 0
L -4 mXxm, L - mxm

HOO

Then it is easy to observe that ¥ €

£(Cm Cm)

(D) and ®* € Hi{cm omy(D) but TyTe = 0 is a

(

Toeplitz operator. Now we denote

20 -+ 0
0z - 0

7= € Hyjemcmy(D) and hence Ty = Ty (3.14)
0 0 z
L 4 mxm,

Thus
Tz*Tq> - Tz*@ - Tq)z* 5 V @ € LOO(T,/;((Cm7(Cm))
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Next we provide an equivalent condition on the element F' to be in the kernel of Ty, = T +
2

> {(.,G;)H;. To do that suppose F' € KerTy with F(0) = 0. Then the following equivalent
i=1

conditions hold.

Ty(F) =0 To(F)+ Y (F.G)H; =0 (3.15)

2 2
& Pu(OF+ Y (F.G)H) =0 OF + Y (F.G)H; € T,
-

i=1
Applying T on both sides of (3.15) and using Theorem 3.2.6, we have the following equivalent

conditions.

2

2

i=1 =1

& T¢(§)+Z<FG)S* =0 O— +Z G;)S*H,; eH (3.16)

Now if we recapitulate our problem, actually we have to show the kernel of T; is nearly S*-
invariant with finite defect and to do so we have to find a vector V' in some appropriate finite

dimensional subspace F such that
S*F+V eKerT, with F € KerTs, F(0)=0,

which is equivalent to the following equations

o F
Ty(S*F+V)=0& T¢(;+V)+Z<;+V,Gi>ﬂi =0 (3.17)

=1

=1

s P, <<I>V ZFG )S*H; +Z +V,G)H )zO,(uSing (3.16) ) (3.18)
& OV — ZFG S*H+Z +V,G)H; € o, (3.19)

In the following three sections, we are going to show that kernel of T, is nearly S*-invariant
with a finite defect in various important cases mentioned by Liang and Partington in [38].

Furthermore, we also calculate the defect space F explicitly in those mentioned cases.
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3.3 Kernel of finite rank perturbation of Toeplitz oper-
ator having symbol an inner multiplier

In this section, we consider ® = © is an inner function. Our main aim in this section is to
show that the kernel of T,, = To + i(, G;)H; is nearly S*-invariant with finite defect and to
calculate the defect space explicitly.l :%0 avoid complicacies in the calculations, we restrict our
self in the case n = 2 and finally we state our result in general setting. For this purpose let us

consider F' € Ker T, with F'(0) = 0. Then the equation (3.15) can be rewritten as,

2
i=1
In this context, the equation (3.16) becomes

F b))
— FGNS*H, = 0. 2
@Z+Z< G)S*H; =0 (3.20)

=1

Next by acting T on both sides of (3.20) we have

Tk (22:(}7 Gi>S*Hi) - @*(im Gi>S*HZ~> = —g c HZ.(D).

i=1 =1

F F
Therefore, (3.17) becomes © (; + V) . <; +V, Gi> H; = 0. Using (3.20), the above

equation is equivalent to

2 2

OV — > (F,G)S"H; + Y (

=1 i=1

F
T iveyn=o (3:21)

Let V € HZ,.(D) be such that

2
OV = (F.Gy)S*H; € Hn (D).
i=1
The above yields that

2 2

V= Z<F> Gi)Te-(S"H;) = Z<F7 G;)S*(Te-(Hy)), (3.22)

i=1 i=1
because Te«S* = To-Ty; = T3Te- = S*Te+ and therefore by using (3.20) we conclude that V'
satisfies the above equation (3.21), that is

2 2 2
. \ F
N (PGS H; =Y (F,G)S*H; + Y (- + V.G H,

=1 =1 i=1
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<@(§ + V),@Gi>Hi

.

=1

o

<@§ + i:(F, G,)S*H,, @Gi>HZ~ —0.
=1

=1

Using the above construction of V' in (3.22) we define the defect space

F= \_2/ {T@*(S*Hi)} = \2/ {S*(TG)*Hi)}v

with dimension at most 2. Hence Ker 75 is nearly S*-invariant with defect at most 2. Therefore
by repeating the above calculations again we have the following theorem regarding the kernel

of T,,.

Theorem 3.3.1. If ® = O is an inner multiplier, then the subspace Ker'l,, is nearly S*-
mwvariant subspace with defect at most n and the defect space is
F=\/ {T@*(S*Hi)} =\ {S*(T@*Hl-)}.
i=1 i=1

The following example is similar to example given in [38] (see Section 2) for scalar valued

case.
22 0 0
0 22 ... 0 .
Example 3.3.2. If ®(z) = | . ,p € Nandn =1.. Then KerT; is nearly
0O 0 ... 2P

= - mxm,
S*-invariant subspace with defect 1 and the defect space is F = <(S*)p+1Hl>.

Now coming back to the application part of Theorem 2.3.5 of Chapter 2, as discussed earlier
we deal with rank one perturbation of Toeplitz operator. Thus T' = Tg+ (., G) H, with ||G]|s = 1
and S*H # 0. Therefore M = KerT C (©0*H) and F = (S*(Te-H)) = (S*(©*H)). Next we
consider F' = u©*H € M satisfying T'(F') = 0 which is equivalent to

u(l+(©"H,G)) = 0.

Therefore we have the following two cases to consider:
Case 1. If 1 + (©*H,G) # 0, then M = {0} is a trivial S*-invariant subspace.
Case 2. If 1 + (©*H,G) = 0, then it yields M = (©*H). Let {A;}32, be the coefficients of
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the Taylor series expansion of ©*H (since ©*H € HZ,.(D)) and we calculate the subspace K in

two sub-cases.

(1) If Ag # 0, then there exists at least one function in M that do not vanish at 0. Now
W =M& (MnN zHE. (D)) has dimension 1 (since dim M = 1). Therefore exactly one F; # 0

for some 7 (1 <i < m) which generates WW. On the other hand

k - O*H)O*H
F; = Pu(ko ® €;) = tho © €, O°H)O

1O H[3 ’
and hence Fy = [011 F}ml . Thus
M = (0" H)
- {F . F = FyKo + zkl% : (Ko, k1) € K C HA(D) x Hé(]D)}
— { F:F =Ky Ch o ®||€6?1;E>@*H le(i?:(g*;IﬁlO) - (Ko, k) € K € HA(D) x Hé(]D))}.

Note that the structure of M forces to conclude that Ky € C and ki (O*H — Ay) = £O*H with
¢ € HE(D) which will be valid if and only if Ky € C and k; = 0. Therefore the required nearly
S*-invariant subspace of finite defect is

<k’0 X e;, @*H>
©*H |3

M = {F . F = KoC O*H : (Ko,0) € K C HE(D) x Hé(]D)},

and the corresponding S* & S*-invariant subspace is K = C x {0} of HZ, (D).

(17) If Ag = 0, then W = {0} and hence Fy = 0. In that case the nearly S*-invariant subspace
of finite defect is

0 H

Mz(@*H>:{F:F:klm

1k €K C Hé(]D))}

with the associated S*-invariant subspace K = C of H2(D).

3.4 Kernel of finite rank perturbation of Toeplitz opera-
tor with symbol having factorization in GH>(L(C™))

In this section, we deal with very special type of & € L>*(T,L(C™,C™)) such that & =
F}F,, with F; € GH®(L(C™,C™)) for j = 1,2. Here GH*(L(C™,C™)) denotes the set of all
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invertible elements in Hy{cm cmy (D). For more details in the literature we refer to [4] and the
references cited therein. Note that the commutativity property makes a major difference while
dealing with the vector valued case in comparison to scalar valued case. Indeed, in our setting
we do not have the commutativity between F; and F; whereas in the scalar valued case they
do so (see Section 2.3). Therefore it is essential to give little more details of the analysis in
our setting for better understanding of the reader. Note that for any vector F' € Ker T, with

F(0) =0, (3.15) can be rewritten as

Tr: Ty (F) + Y (F,Gi)H; = 0. (3.23)

i=1
Since F'(0) = 0 and 13Ty = T Ty, then by using these fact along with the action of T+ on
both sides of (3.23) we get
I 2
Tr; (Fa—) + > (F,G)S*H; = 0. (3.24)

=1

Now by applying T,—1T -1 on both sides of (3.24) we have

F 2
— F GNT.-1T,«—1(S"H;) = 0. .2
—+ D (PG T Ty (S"Hy) = 0 (3.25)

=1

Thus by using (3.24) our desired result (3.17) is equivalent to
2
Tp Ty (V) = Y (F.Gi)S™H; + Z +V,Gy) . (3.26)
i=1

Now we choose V' in such a way so that

2 2
Tr (FV) =Y (F.G)S Hi & V=Y (F,G) Ty Tperr (S*H;).

i=1 1=1
Next if we consider the above V', then by using (3.25) the left hand side of (3.26) becomes

2 2

> (F.Gy)S™H; — ZFG S*H+Z< +ZFG Ty T (S™HL )G>Hi:0.

=1

Moreover from the choice of V it is clear that the defect space should be F = \/7_, { F;1S(T -1 H )}
with dimension at most 2. Therefore in general setting we have the following theorem regarding

the kernel of T,:
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Theorem 3.4.1. Let & = FFy with F,F, € GH>(L(C™)). Then the subspace KerT, is
nearly S*-invariant with defect at most n and the defect space is

;ZQ{FQITFF_1<S*Hi>}=\7L/{ S (T H)

1=

Remark 3.4.2. 1. If we suppose ®* € GH>(L(C™)) , then the kernel of T, is nearly S*-
invariant with defect at most n and the defect space is F = \/;_, {S*<Tq>—1 Hl)}

2. If we consider ® € GH>(L(C™)), then the kernel of T;, is also nearly S*-invariant with
defect at most n and the defect space will be F =\/_, {Tq)qS*(Hi)}.

For simplicity if we assume n = 1 and ® € GH*(L(C™)), then we have the following
corollary.
Corollary 3.4.1. Forn =1 and ® € GH*(L(C™)), the subspace Ker T} ( i.e.,KerT) is nearly

S*H>
3

S*-invariant with defect at most 1 and the defect space is F = {

We now discuss about the application part of Theorem 2.3.5 of Chapter 2. Since in this
section we consider that ® = Fy'F,, where Fy, F, € GH>(L(C™)) almost everywhere on T,
then M = KerT C <F2’1(TF1*_1 H)) and the defect space is

F = (B e (8°H) = (F5”S" (T ).

Let us consider any vector F' = )\F2_1(TF1*—1 H) € M satisfying T'(F) = 0. Then it is equivalent

to the following
A1+ (F;l(TFl*_lH), G)) = 0. (3.27)

Therefore according to (3.27) we have the following two cases.

Case L: If 1+ (FQ’l(TFf_lH), G) # 0, then it yields that M = {0} which is a trivial S*-invariant
subspace.

Case IT: If 1 + (Fy (T2 H), G) = 0, then M = (Fy {(Tpe-1 H)).

Let {Ax}7Zy be the Taylor coefficients of Tp.—1 H and let {®x}32, be the Taylor coefficients of
F; . Therefore it follows that

[F (T H)( :i<

n—

n

Z@kAn k) 2", and 28%(Tpe 1 H)(2) = (T 1 H)(2) — Ap.
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Depending upon the context, we again divide our analysis into two sub-cases to calculate /.

Sub-case I: If F271(TF1*71 H)(0) # 0, then W has dimension exactly 1 and therefore only one
(ko ® €, F2_1(TF1*_1H)>F2_1<TF1*_1H)
1Fy (T H?

F; generates W. Thus F; = Py (ko ® €;) = and hence

Fy 'S* (T H)
N HF2_IS*(TF;**1H)H2'

Fy = [011F2_1<TF1*—1H)]m><17 and E(z)

Therefore from the first case of Theorem 2.3.5 of Chapter 2 it follows that
M = (F5 (T H)) = {F . F = FyKo + 2k By : (Ko, k1) € K € H2(D) x Hé(]D)}.
F271(TF1**1H — Ao)

|F5 1S (T s H)J?
C, which will be true if and only if Ky € C and k; = 0. Thus the subspace M has the following

Following the above identities we have K, € C, and k; =¢F YT -1 H ) with £ €

representation
—1
E; (Tpl*—l H)

17y (T H)|1?
with K = C x {0} is a S* @ S*-invariant subspace of H*(ID, C?).

Sub-case II: If FQ_I(TFfle)(O) = ®yAy = 0, then W = {0} and hence from the case(ii) of
Theorem 2.3.5 of Chapter 2 we have

M:{F:F:C’HKO :(KO,O)GIC}

Fy (T H — Ay)
|55 S (T H|

M = (F; (T H)) = {F L F =k kekc Hé(]D))}

which will be true if and only if Ag =0 and k; € C. Thus we have the subspace

F2_1(TF1*_1H)
1By S* (T )|

M:{F;F:kl :k:lelC}

with £ = C an S* invariant subspace of HZ(D).

3.5 Kernel of finite rank perturbation of Toeplitz oper-
ator having symbol adjoint of an inner multiplier

In this section, we consider ®(z) = ©*(z), where © is a non constant inner multiplier. It is
well known that the kernel of the Toeplitz operator T« is the model space Kg. In other words

KerTo- = Ko = HZ.(D) © ©HZ,.(D). Compare to scalar valued case our analysis mainly
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50 Chapter 8. Kernels of perturbed Toeplitz operators in vector valued Hardy spaces

differ in two places. Firstly, in Subsection 3.5.1 to show that the subspace K is backward shift
invariant and secondly, in Subsection 3.5.2 conditions (3.44) and (3.45) are not exactly similar
with conditions (3.8) and (3.9) given in [38] (see Section 3) to get the explicit expression of .
Perhaps it is better for the reader if we provide little details of the analysis in this section. To
proceed further, like in the previous section first we find an equivalent condition (3.16) for any

vector F' € Ker T, with F'(0) = 0. Note that

*F 2 2 =2 F 2 * —9
O + ZI<F, G)S"Hi € Hy & — + Zluf G)OS H, € OT.. (3.28)

Therefore in this case the equations (3.18) and (3.19) changed into

(@V ZFG S*H-I—Z +V,G) ) 0. (3.29)

& 0V - ZFG S*H+Z +V,G)H; € H..

1=l

Next, we consider three cases for the construction of the defect space F in this case.

Case 1: Suppose G; € OHZ,.(D) and Gy € ©HZ,. (D). Due to condition (3.28), it follows that

(

2
< +) (F,G) @S*HZ,G2> =0. (3.31)
=

|

2
+ ) (F.Gy) @S*HZ,G1> =0, (3.30)
=1

and

2
Now we consider V = Z(F ,G;)©S*H;. Then substituting this V' and using the above two
=1

identities (3.30) and (3. 31) the left hand side of (3.29) becomes

P, (@* (iw GQ@S*HZ) i(F G:)S"H; + Z< + 22: F,G;)0S"H;, G, > > =0.

i=1 =1 =1

@ |

Thus we define the defect space as
2
F=\/{0sH;} (3.32)
i=1

and hence Ker T} is nearly S*-invariant with defect at most 2.
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Case 2: In this case we consider G; € ©HZ,.(D) and Gy ¢ ©HZ,.(D) (on a similar note, one
can assume that Gy ¢ ©HZ,.(D) and Gy € ©HE,.(D), then the corresponding analysis will be
of similar kind). First we note that (3.30) holds in this case. Now if the identity (3.31) also
hold in this case, then the defect space will be exactly same as in Case 1. Therefore we assume
that the identity (3.31) does not hold in this case, then the vector G5 can be decomposed in

the following way
Go=U+W with U#0¢€Kg=KerTg- and W € OHZ.(D).
Thus
Te«(U) = Pn(©*U) = 0. (3.33)

2

Now we choose V = > (F, G;)©S5*H;+{pU, where & is a constant which satisfies the following
j=1

identity

P, 2
Erl|UII? = — < —+ > (F,Gy) @S*H],G2> £ 0. (3.34)
7j=1

If we substitute V' in the left hand side of (3.29), and then using (3.33) we have
2 2
P, (@*(Z(F, G;)OS™H; +&pU) — > (F,Gi)S*H
j=1 1=1
<E + (i(F, G;)OS*H; +&pU), Gi> Hi>
2

2 2
=P (fF@*U + Z <§ 4 (Z<Fa G;)©S* H; 4 &pU), Gi> Hi)

Jj=1

_l’_
i

2
F
g <;+ FGJ‘>(—')S*H]‘+§FU),GZ‘> H;
2
F . )
= <; + E (F,G;)©S5"H, +£FU),G2> Hy  (using (3.30) and (U, G4) = 0)

F
<<; +) (F.G)) @S*HJ,G2> +§F||U||2> Hy=0. (using (3.34))
7j=1
Therefore by using the construction of V' we define the defect space as

F =\/{05"H,, 05" Hy, P, G}, (3.35)
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52 Chapter 8. Kernels of perturbed Toeplitz operators in vector valued Hardy spaces

where Py, : L*(T) — Kg is an orthogonal projection onto Kg. Therefore Ker Ty is nearly
S*-invariant with defect at most 3. The defect space is either given by (3.35) or given by (3.32)
depending upon the condition (3.31).

Case 3: In this case, we consider that none of G, Gy is in O HZ,. (D) , that is G; ¢ OHZ. (D)
and Gy ¢ ©HZ,.(D). Therefore we decompose the vectors Gy, Go in the following way

G1 :X1+@Yi and G2 :XQ_'_@}/Q,

where X;(# 0) € Kg and Y; € HZ.(D) for i = 1,2. From the condition (3.28) we have the

following

2
F .
= iy E (F,G;)OS*H; = OF", for some F° € Hz. (3.36)

i=1
In this context, we will find such a V' so that the equivalent condition (3.17) holds that is,

| T 2 F —2
S (;+V)+Z<;+V,Gi>ﬂ,» € H, (3.37)

i=1
which by (3.36) is equivalent to

2 2 2
FO— SR, G)S Hy + OV + Y (F°— S (F.G)S*H; + ©'V,0'G)H, € H,.  (3.38)

i=1 =1 i=1

Now we can decompose F° as F° = F + F), where
FY e N == \/{0'X1,0" Xy} C H, and FY € Hy© N.

Then it implies that
(F9,0*X;) =0 and (Fy,Y;) =0 fori = 1,2.

Hence, using the above facts, (3.38) is equivalent to

2 2 2
F) =Y (F,G)S"Hi + OV + > <F1° ~ S (F.G)S* H, + OV, @*Gi>Hi e
1=1 i=1 i=1
2 2

2
& =Y (FG)SH+6V+) <F1° =) (F.G)S*H; + OV, 0" X, + yi>Hi c ..
=1

i=1 i=1
Let us choose V = 37 (F,G;)0S*H; — ©OF). Thus our chosen vector V fulfill all the require-

ments and from the construction of V' we can define the defect space as follows

F=\/ {05 H,,05 1y, Prey G, P, G
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with dimension at most 4. Consequently, the kernel of T5 is nearly S*-invariant with defect at
most 4. Therefore by repeating the above argument once again we have the following theorem

in general context regarding the kernel of T,.

Theorem 3.5.1. Suppose ®(z) = ©7(z), where © € Hycm cmy(D) is an inner multiplier, then
the following statements hold.

i) If G; € ©H2,.(D),j € {1,2,...,n}, then the subspace Ker T}, is nearly S*-invariant with
() J C aj ) < ) ) p y
defect at most n and the defect space is F =\/ {@S*Hj g =12,.. n}

(ii) If G; ¢ OHZ.(D) for j € Ay C{1,2,...,n}, then the kernel of T,, is nearly S*-invariant
subspace of Ht.(D) with defect at most n+ 1 and the defect space is

]::\/{@S*HZ-,PK@G]- i=1,2,...,nand j EAl}.

Like other sections we now discuss the application part of Theorem 2.3.5 of Chapter 2 in

this context. For the operator T', the equation (3.15) is equivalent to
To-F 4+ (F,GYH =04 O*F+ (F,G)H € H: & F + (F,G)OH € OH?.

Observing the above equivalent criteria we say that the kernel of the operator T satisfies
M =KerT C (H2NOH2) & (0H) = Ko & (OH). Now consider the vector F € M = Ker T
which is of the form F' = F. + n©H, where F; € Ko and ;1 € C. Then the above equivalent
condition reduces to

u(l+ (OH,G)) = —(F.,G). (3.39)

Therefore from the first part of this section we conclude the defect space of the nearly S*-

invariant subspace Ker T and which is as follows:

(6S*H), for G € OHZ,.(D),

V{OS*H, P G}, for G ¢ ©HZ. (D).
Accordingly, we analyze the kernel of T" in two different subsections due to the above two
different representation of defect spaces. Before we proceed, we would like to mention the
following: We know that the subspace W = M & (M N zHE,. (D)) (if non trivial) is generated
by the vectors {Fy, Fs,..., F,}, where F; = Py(ko ® €;). If dimW = r(1 < r < m) and

{W1, Wy, ..., W,} is an orthonormal basis for W, then Fj is the m x r matrix whose columns are
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54 Chapter 8. Kernels of perturbed Toeplitz operators in vector valued Hardy spaces

Wi, Ws, ..., W,. Using Gram-Schmidt orthonormalization we can form an orthonormal basis
for W from the generating set {Fy, Fs, ..., Fy,} and the resulting vectors are nothing but the
linear combination of {Fy, Fy, ..., F,,}. Therefore it is sufficient to prove that everything holds
good for the generating set of vectors. For simplicity of calculations we do the whole analysis
for single F;, that means from now onward we assume that dimW = 1 and Fy = [@; F}]imx1 in

each cases and subsections.

3.5.1 G € ©H2,.(D)

In this subsection, we assume that G € ©HZ,. (D). Then the corresponding defect space for
the nearly S*-invariant subspace M = KerT is F = (©S*H). Therefore the equation (3.39)

reduces to

p(l+ (0H,G)) = 0.

Now considering the defect space as F = (©S5*H) we have the following two cases.

Case 1. If 1 4+ (OH,G) =0, then M = K¢ + (©H). Moreover,

F; = Py (ko ® e€;)

= P, (ko ® €;) + Piomy(ko ® e;)

@ (ko ® e;, OH)OH
= /{ZQ ® €; — Z<k0 & €, @€j>®€j —+
- IOH]?
7 (0)
0:2(0) (ko ® €;, OH)OH
i (0)

Therefore the case (i) of Theorem 2.3.5 of Chapter 2 implies that the nearly invariant subspace
M for S* with the finite defect can be written in the following form.

M = Kg + (OH)

OS*H
= {F = FQK()—FZIQM : (Ko,/{/‘l) € ’C}

TH-3170_186123016
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6i2(0) (ko ®e;, OH)OH O(H — H(0))
_{FF—OéZ(k()@ez—@ ) ||@HH2 )KO+k1W.(KQ,k1)€K
i (0)
0;1(0)
0;2(0 OH(0
Q{FF:CQ(]{()@@Z—@ 2() )K{)‘i‘klﬁ
(o))
(ko ® e;, OH) ka
; K H: (K
o om Kot a0 Uk €K

where K = {(Ky, k1) € HZ,(D) : Ko and k; satisfies the following (3.40) }

0;1(0)
0i2(0) ©H(0)
Oé2'<k0®€i—@ ) K0+/€1Me[(@ (340)
i (0)
<k’0 ®617@H> k’l
Q; K aF € C.
\ leH|z " ISt H]

Our next aim is to show the subspace K of HZ2,(D) is a S* & S*-invariant subspace which is
not exactly same as in the scalar valued case. First we observe that if we replace Ky, k; by
S*Ky, S*ky, then the second condition of (3.40) is trivially true. Thus we only have to check
that the first condition also true if we replace Ky, k1 by S* Ky, S*k;. Since K¢ is an S*-invariant
subspace of HZ..(D), then

6;1(0)
. 0:2(0) ©H(0)
H@. = S ai(k()@ei—@ ) )Ko—i‘k’lm EIC@.
0 (0)
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On the other hand

6;1(0)
0:2(0 ©H(0
0;m(0)
6:1(0) 0;1(0)
0i2(0) ©H(0) 0:2(0) ©H(0)
®+S Oél@ : 0 leS*HH az@ S 0+S leS*HH
0;m (0) 0;m (0)
6;1(0)
a2 =600 0i2(0) Ko(0) k1(0) O(z) — @(O)H(O)
ey : s H -
i (0)
0;1(0)
0i2(0
= H@ ah OéZS*@ 2( ) K()(O) - &S*@(Ha))) € K:@.
: 15> H |
im (0)
6;1(0)
. 0:2(0) .
Since Hg € Ko, 5O \ € Ko and S*O(H(0)) € Ko, then from the above equation
i (0)

we conclude that K is an S* @ S*-invariant subspace of HZ;(ID).

Case 2. If 1 + (OH,G) # 0, then M = Kg. Therefore

0;1(0)
E = PM(k[) & Gi) = PIC@(kO & 61‘) = ko & €; — Z<k0 & ei,@ej>@ej = ko & €; — @
7=1
0 (0)

Using the case(i) of Theorem 2.3.5 in Chapter 2 we have

M = Ke
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={F:F=FRKo+ 2k ‘%i{” (Ko, k1) € K}
0i1(0)
- {F L F = a;(ko®ei — O 9"2.(0) VKo + /ﬁ% (Ko, k1) € /c}
0im (0)
0i1(0)

Q{FF:OQ<]€O®€1—@ >K03(K0,0)€’C}.

Therefore the corresponding S* & S*-invariant subspace is

I {(KO, 0) € HZ:(D) : K, satisfies the following (3.41)}

such that
6;1(0)
6;2(0)
Oéi<k0®€i—@ . )K()G}C@,
()
which is equivalent to the fact that
Ky € ﬂ Ker T5—5 0 ﬂ K¢, where (;; is an inner factor of 6;; — 6;;(0). (3.41)
7=1

Furthermore, it is easy to check that K is an S* @ S*-invariant subspace of HZ;(ID) using the

scalar version of Proposition 3.2.3.

3.5.2 G ¢ ©HZ, (D)

In this subsection, we consider the case that G' ¢ © HZ,.(D), then the kernel of T is a nearly S*-
invariant subspace with defect at most 2 and the defect space is F = \/{©S*H, P, G}. Since
G ¢ ©HZ,. (D), then we find a nonzero G € Kg and Go € ©HZ..(D) such that G = G¢ + Ge.
Therefore the identity (3.39) reduces to

p(l+(OH,Ge)) = —(I¢, Ge). (3.42)
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As we have already mentioned in the beginning of Section 3.5 that the obtained conditions
(3.44) and (3.45) in our setting are not exactly similar to (3.8) and (3.9) in the scalar case [38]
(see Section 3). In other words, we can not break the inner product mentioned in conditions
(3.44) and (3.45) into smaller pieces because we do not know whether the individual term lies
in respective L?(T)-spaces or not. To proceed further, we need the following remark concerning

the projection Py (ko ® €;).

Remark 3.5.2. f M =KerT C N := Ko®(OH) satisfies N = M@(R), where R = U+pOH
with U € Kg and p € C. Then

0;1(0)
0:2(0) | (ko ®e;, OHYOH (ky®e;, U + pOH)
i (0)

Now we need to analyze two cases according to whether vg := 1+ (©H, Gg) is zero or not
along with the defect space F = \/{©S*H, Pk G}.
Case 1. If vg = 0, then (3.42) holds if and only if F; € (Pr,G)* = (G¢)*. Thus M = N&(G¢)
and therefore substituting U = G and p = 0 in (3.43) we have

0;1(0)

‘912(0) <k0 &® €, @H>@H </<I0 X €;, Gg)
PM(]{?()@@i):k()@ei—@ ) H@HH2 — HGCHZ Gc.

0:m (0)

Therefore Fy = [o; Pam(ko @ €;)],, .., and hence by using the case (i) of Theorem 2.3.5 in Chapter

2, we have the following representation of M:

0:1(0)
0:2(0) (ko ®e;, OHYOH (ko ® ¢;,G)
M: F:ani k®ez—@ + ’ — v G K
{ ( ’ : IOH]]? IGe2 )"
Oim (0)
0S*H G,
+ zk1—— + zko——: (Ky, k1, k9) € K
sy T e ok ) }
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0:1(0)
2 {F R ('“ ge-o 6( ’ >K° OO+ <||s]f}1|| + K”) o
0 (0)
- <<k° ®|Té’;f“§>aiK° - y\?;|y>G< (Ko k1 k) € /c},

and the corresponding S* @& S* @ S*-invariant subspace is
K= {(Ko, ki, ky) € Hég(]D)) : Ko, k1, ko satisfies the following (3.44)},

where

0;1(0)
0i2(0) kq
il K P — Ky— —0H
a<0®e © : ) 0 ||S*H||@ (0) € Ko
0im (0)
k‘l <k‘0 ®62‘,@H>
+ KyeC
15 H| lea>  °
(Ko, 2" Gi) — Ho @ e, GC>(;ZS 0 _ 257k Ge¢,Ge ) =0, forne NU{0},
\ G|l G|l

(3.44)
and G¢ = (G1, Ga, ..., Gy,). In asimilar fashion like (3.40) we prove that the first two conditions
of (3.44) also hold for S*K,, S*k; . Moreover, the last condition also holds for S*K{, and S*ks
trivially. Thus K is an S* & S* & S* invariant subspace of HZ,; (D).

Case 2. Next we consider vg # 0, then the equation (3.42) gives u = —vg' (F¢, G¢) and thus

we have

M=KerT ={F:F=K —vg"(K,G:)OH,K € Ko}.

Therefore by simple calculations we conclude that N' = M@ (G + H;[%@H ). Thus by letting

U=G¢and p= in (3.43), we get

Vg
| H]?

TH-3170_186123016



60 Chapter 8. Kernels of perturbed Toeplitz operators in vector valued Hardy spaces

0:1(0)
Pulboe) =hyae—0 | "0 | 4 foS e BION <k0i€“GC+Z;|2H>(G * e
¢+
o) [
0:1(0)
k@ — O 91»2‘(0) <ko®i},ﬁ’£{>@ <G<+HHH2 )
Oim (0)
where
" _<k°®e“G<+||H||2@H>
T G+ e

Therefore from the Case (i) of Theorem 2.3.5 in Chapter 2 we have the following representation
of M:

M = <K@ @ (@H)) o <GC + ”H”2@H>

6;1(0)
0:2(0) (ko ® €;, OH)OH
:{FF:Ozz<k}0®€Z—@ : 4 0 ||H||2 _CU@(GC‘F “H||2 H) Ko
r (0))
O(H — H(0)) 2Ge
Ny o Sl PN Ko, k1, ky) € K
S R e A
0;1(0)
0:2(0 H
2 {F F = Oéi(k'o ®61)K0 - (OéiK()@ 2'( ) +kl%)
6im (0)
<l€0 & €, @H> l{?l Zk?g @@
( 1> I ETRN AN
]{? ’U@
K Ge + OH) : (Ko, ki, k ,
—i—( o} owe—i-HGCH>( ||H||2 )+ (Ko, k1 2)€/C}
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and the corresponding S* & S* & S*-invariant subspace is

K= {(Ko, ki, ko) : Ko, ki1, ko satisfies the following (3.45)},

where

0;1(0)

0i2(0) OH(0)
Oéi(kio (24 ei)K() — (OQK()@ 1@ IC@

0 (0)

<k‘0 ® 61'7@H> k‘l Zk’g E@
o——————= Koy + i eC
[ H]? CTISHT NG AP
n—o » ZS*nkg 6@) @@ -
(Ko, 2";G;) + L(n) + <( a; S*" Kowe + x| )(GC + HHHQ@H), G+ HHH2@H> =0,
\ for n e NU{0},
(3.45)
GC = (Gl, GQ, R ,Gm), and
(5" 'k2)(0)  |vel® .
. ifneN
) 1Gcll IH |2
n)=
Oéi<]€0 (029 61,@H> ]{?1 ZkQ% .
Ko + - Vo if n=0.
( IH]]? CUISHL GIH]

By repeating the similar explanations given for (3.40), one can check that the conditions of
(3.45) also hold for S*Ky, S*ky, S*ky and hence we conclude that, K is an S*@®S*® S*-invariant
subspace of HZ;(D). Now we give an ezample motivated from [38] with minor modifications to

understand the case ® = O,

Example 3.5.3. Suppose

250 0
0 25 .- 0
Ok)=|. . . € Hcm cmy(D), where s > 1, (3.46)
0 0 z°
L 4 mXm

G = G:+ Go with G, = (2571,1,...,1), Go € OHZ,.(D) = 2*HZ(D) & --- & 2°HZ(D) and
1
H=—(1-2,0,...,0). Then it follows that, M is a nearly S*-invariant subspace with defect

V2

TH-3170_186123016




62 Chapter 8. Kernels of perturbed Toeplitz operators in vector valued Hardy spaces

space
F=\/{#S"H,G}.

Case 1. Ifvg =1+ (OH,Gg) = 0, then it follows that

M = \/{1@61 {z@e 0, {2 ®e,l1,...,{25_2@)6221,{251®e]} } (z°H)

2*H(0) 2*H G¢
+k + zk
IS=H| T IS=H] 2HGcH

= {F F=Ky®e — ki—= (K(),k?l,kig) € IC}

with an S* ® S* @ S*-invariant subspace K = {(Ko, ki, ko) = Ko, k1 satisfies the following (3.47)
and ko € Hé(]D)} such that

2*H(0)

Ky ® e —klm

€ Ko, €C,and (Ky, 2" 1) =0 forne NU{0}. (3.47)

HyHH

Case 2. Ifvg =1+ (OH,Gg) # 0, then it follows that

M = \/{1@61,{2@6111,{2 Qe {7 Qe {7 Qe } (5H>

<GC + SH>

HHW

ZSH(O) kl Zk’g .
—{F:F=K —k _ SH
{ e T (IIS*HH ||G<||“®) :

Zk’g

||GC||(G§ + Vgz H) (Ko,kl,kz) S IC}

with an S*®S*®S*-invariant subspace KK = {(Kg, ki, ko) : Ko, ki, ko satiesfies the following (3.48)}
such that

2*H(0) k1 zky _
Ko®e —k € Ko, — ve € C, and
R O (S HT e -
<K0, 2" (23—1 + v\@}; (1—2)) )+ <k1, %z”> 4 <k2, %(1 - z)> =0 forn € NU{0}.

(3.48)
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CHAPTER 4

Study of nearly invariant subspaces with finite defect in Hilbert spaces

4.1 Introduction

The structure of the invariant subspaces of an operator T' plays an important role to study the
action of T on the full space in a better way. To that aim, the study of (almost) invariant
subspaces (see Definition 1.6.1) were initiated and a suitable investigation of these brings the
concept such as near invariance. As already discussed in Chapter 2 and Chapter 3 the study
of nearly invariant subspaces for the backward shift in the scalar valued Hardy space HE(D)
were introduced by Hayashi [33], Hitt[34], and then Sarason [49] in the context of kernels of
Toeplitz operators. Going further, Chalendar-Chevrot-Partington (C-C-P) [9] gives a complete
characterization of nearly invariant subspaces under the backward shift operator acting on the
vector valued Hardy space, providing a vectorial gemeralization of a result of Hitt. In 2004,
Erard investigated the nearly invariant subspaces related to multiplication operators in Hilbert
spaces of analytic functions in [21]. The concept of nearly invariant subspaces of finite defect
for the backward shift in the scalar valued Hardy space was introduced by Chalendar- Gallardo-
Partington (C-G-P) in [11] and provides a complete characterization of these spaces in terms
of backward shift invariant subspaces. In Chapter 2, we have characterized nearly invariant

subspace of finite defect for the backward shift operator acting on the vector valued Hardy space
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and provide a vectorial generalization of C-G-P algorithm. In this connection, we also mention
that similar type of connection also obtained independently by R. O’Loughlin in [{4]. Recently,
Liang and Partington introduce the notion of nearly T~ invariant subspaces in general Hilbert
space setting [39] and provide a representation of nearly T~ invariant subspaces for the shift
operator T with finite multiplicity acting on a separable infinite dimensional Hilbert space H in
terms of backward shift invariant subspaces on the vector valued Hardy spaces as an application
of the result given in [9, Corollary 4.5.]. Moreover, they also give a description of the nearly
Ty U invariant subspaces for the operator Ty (see Definition 1.7) of multiplication by B in a
scale of Dirichlet-type spaces [39], where B is any finite Blashcke product (see Definition 1.3.20
and 1.9).

Motivated by the work of Liang and Partington in [39], we also introduce the notion of nearly
T invariant subspaces with finite defect (see Definition 2.1) for an left invertible operator
T acting on a separable infinite dimensional Hilbert space as a generalization of nearly T—!
invariant subspaces. The purpose of this chapter is to study nearly T~ invariant subspaces with
finite defect for a shift operator T with finite multiplicity acting on a separable Hilbert space.
In other words, we provide a characterization of nearly T~ invariant subspaces with finite
defect in terms of backward shift invariant subspaces in vector valued Hardy spaces by using
Theorem 2.3.5 of Chapter 2. Moreover, we also give a concrete representation of the nearly
Tg' invariant subspaces with finite defect in a scale of Dirichlet-type spaces Dy, for o € [—1,1]
corresponding to any finite Blashcke product B by using the similar ideas mentioned in [21, 39]
with an appropriate modification, providing a generalization of results of Liang and Partington
in a sense that they already proved the result for defect zero setting (see Section 3, [39]). There
are also many other contributions related with this topic and the interested reader can also refer
to [7, 20] and the references cited therein. In order to state the precise contribution of this
chapter, we need to recapitulate some useful notations and definitions mentioned in Chapter 1.

We introduce a special family of Hilbert spaces of analytic functions. Let a be any real
number. Then the Dirichlet-type spaces are denoted by D, = Do(D) and defined by

D, =D,D) := {f D—C: f(z) = Zanz",Z(n+ 1D)%an)? < oo}
n=0 n=0

Then each D, s a Hilbert space with respect to the norm

o= (Sotn+ 1)&\%\2);.

n=0
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Note that the particular instances of « yield well-known Hilbert spaces of analytic functions on
D. More precisely, when o = 0 we get the Hardy space H2(D), for « = —1 we have the classical
Bergman space A%, and o = 1 corresponds to the Dirichlet space D. Since ||f|, < || fllg for
v < B, then the continuous inclusion Dg C D, holds for any v < 3. For more information about
Dirichlet-type spaces we refer to [7] and the references cited therein. Recall that an analytic
function u is said to be an multiplier of D, if for any f € D,, uf € D, that is, the analytic
Toeplitz operator T,, : f — uf is defined everywhere on D, (hence bounded by closed graph
theorem). Furthermore, one can easily check that any finite Blaschke product B is a multiplier

for each D, spaces. Note that a finite Blaschke product (also see (1.9)) is given by

_629H2—2k7 (z € D)

1 -2,z

where o; € D and the degree of B is just the number of zeros {z1,...,zn}, counted with mul-
tiplicity. Moreover, finite Blashcke products play an tmportant role in mathematics. We refer
[52] and [26] for more on multipliers of D, and the qualitative study of finite Blaschke prod-
uct respectively. The famous Wold Decomposition Theorem [17] implies that for any Blaschke
product B, each element f € HZ(D) has the following decomposition:

=3 ZB"(z)h

where h,, belongs to the model space Ky = HZ(D) © BHA(D). An analogous theorem for
Dirichlet-type spaces Do (D) is the following:

Theorem 4.1.1. [25, Theorem 3.1J[10, Theorem 2.1]
Suppose o € [—=1,1] and B is a finite Blaschke product. Then f € D,(D) if and only if
f=30" B"h, (convergence in Do(D) norm) with h, € Kg = HZ(D) © BHE(D) and

o0

> (4 1) hl3e < oo (4.1)

n=0
Moreover, since B is a finite Blaschke product, then Kg is finite dimensional and hence we can

consider other (equivalent) norms here, such as ||h||p,-

The nearly invariant subspaces related to the multiplication operator M, in the Hilbert space

of analytic functions has been studied by C. Erard in [21]. In fact Erard gave the definition of

2

“nearly invariant under division by u 7, which is same as “nearly M, invariant”, a special

TH-3170_186123016



4.1. Introduction 67

case of the notion of nearly T invariant subspaces for any left invertible operator T € L(H)

recently introduced by Liang and Partington in [39] and the definition is the following:

Definition 4.1.2. [39, Definition 1.2] Let H be a separable infinite dimensional Hilbert space
and T € L(H) be left invertible. Then a closed subspace M C H is said to be nearly T™!
wnwvariant if for every g € H such that Tg € M then it holds that g € M.

It is well known that the shift operator acting on a separable Hilbert space is a generalization
of the unilateral shift S and the operator Ty on HE.(D). Recall that, an operator T € L(H)
1s said to be a shift operator if it is an isometry and T converges strongly to zero that is,
| T**h|| — 0 as n — oo for all h € H [48]. Equivalently, an isometry T € L(H) is a shift
operator if and only if T' is pure that is, NS> T"H = {0}. Therefore it is easy to observe that
shift operator is an isometry and left invertible. Moreover, the multiplicity of a shift operator
T € L(H) is defined to be the dimension of KerT* = H © TH. As we have discussed earlier,
Liang and Partington have characterized nearly T—' invariant subspaces for a shift operator
T € L(H) with finite multiplicity and furthermore they also studied the nearly Tg"' invariant
subspaces corresponding to a finite Blaschke product B in a scale of Dirichlet-type spaces D,
for a € [—=1,1] in [39]. The main aim of this chapter is to first introduce the notion of nearly
T~ invariant subspaces with finite defect for a shift operator T € L(H) with finite multiplicity
and then characterize those subspaces in terms of backward shift invariant subspaces in vector
valued Hardy spaces. Furthermore, we also study the nearly Ty Uinvariant subspaces in a scale
of Dirichlet-type spaces D, for a € [—1,1] corresponding to a finite Blaschke product B and
provide a concrete representation of it by generalizing some results of C. Erard [21] and using
the concept of the equivalent norm introduced by Liang and Partington (see Section 3, [39]) in

our context.

The rest of the chapter is organized as follows: In Section 4.2, we introduce the notion
of nearly T—' invariant subspaces with finite defect for an left invertible operator T € L(H)
and give a chracterization of nearly T—' invariant subspaces with finite defect for the shift
operator T € L(H) with finite multiplicity. In Section 4.3, we deal with the study of nearly Ty'
mwvariant subspaces with finite defect corresponding to a finite Blaschke product B in a scale of

Dirichlet-type spaces D, for a € [—1,1].
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68 Chapter 4. Study of nearly invariant subspaces with finite defect in Hilbert spaces

4.2 Characterization of nearly invariant subspaces with
finite defect for the shift operator

In this section, we study nearly T~ invariant subspaces with finite defect for a shift operator
T € L(H) having finite multiplicity. Now we introduce the notion of nearly T~ invariant
subspaces with finite defect for any left invertible operator T € L(H) as a generalization of

nearly T~ invariant subspaces.

Definition 4.2.1. Let T € L(H) be left invertible. Then a closed subspace M of H is said to
be nearly T~ invariant with finite defect p if there exists a p dimensional subspace F (which
may be taken to be orthogonal to M) such that for any f € H with Tf € M, then it holds that
feMarF.

The following lemma which is almost similar to Lemma 2.2 ([39]) gives a connection of

nearly invariant subspaces with same defect between similar operators.

Lemma 4.2.2. Let T1 € L(H1) and T, € L(Hz) be two left invertible operators such that they
are similar by some invertible operator V : Hi — Ha, so that Ty = VIV =L, Let M be a nearly
T invariant subspace with defect p in Hy, then V(M) is also a nearly Ty * invariant subspace

with the same defect p in Hs.

Proof. Suppose g € H, such that Thg € V.M, then we want to show g € VM & VF, where F
is the p dimensional defect space for M in H;. Since Thg = VIV 19 € V.M, then it implies
that T,V ~'g € V.M. Moreover, since M is nearly T, * invariant with defect space F, then we
must have V-lg e M@ F. Thus g € VIM @ F) = VM@V F, proving that V(M) is a nearly

T, " invariant subspace with defect p in . n

Now onwards we always assume T' € L(H) is a shift operator with multiplicity m throughout
this section. Let {e1,ea,...,en} be an orthonormal basis of K = H © TH and let oft =
(0,0,...,1,...,0) with 1 in the jth place be an orthonormal basis of K, = Hz.(D) & zHZ..(D)

for 3 =1,2,...,m. By considering the following two orthogonal decompositions
H=ETK and H2.(D) = P 'K,
=0 1=0
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4.2. Characterization of nearly invariant subspaces with finite defect for the shift operator 69

we have an unitary mapping U : H — HE..(D) defined by
U(T'e;j) = ='67". (4.2)

Therefore the following diagram (4.3) corresponding to the shift operator T : H — H with
multiplicity m and the unilateral shift S : HZ,.(D) — HZ.(D) is commutative.

H L s H
U lU . (4.3)
Hz. (D) : H2..(D)

Therefore from the above commutative diagram (4.3) we get
S"U =UT",Yn € NU{0}. (4.4)

Now onwards we denote by Pprq as the orthogonal projection of H onto a closed subspace M
of H. The following lemma gives an upper bound concerning the dimension of the subspace

M (MNTH):

Lemma 4.2.3. Let T € L(H) be a shift operator with multiplicity m and let M be a non trivial
closed subspace of M such that M ¢ TH (that means M is not properly contained in TH).
Then

1 <r:=dimMe(MNTH)) <m. (4.5)

Proof. Since T is a shift operator with multiplicity m, then dim(H © TH) = m. Moreover,
since M & TH, then M © (M NTH) # {0}. Let {e1,...,€,} be an orthonormal basis of
H S TH. Our claim is that {Pye, ..., Pyen} generates M & (M N TH). Indeed, for any
g E M (MNTH) with (g, Pye;) = 0 for all © € {1,...,m} implies ¢ = 0 and hence
1 <ri=dimMo (MNTH)) <m. O

Next by using condition (4.4) and the above Lemma 4.2.3 we have the following result.

Lemma 4.2.4. Let M be a non trivial nearly T~ invariant subspace with finite defect p
and let Gy = [g1,92,--.,9-]" be an r x 1 matriz with {g1, go, ..., gr} is an orthonormal basis
of M & (MNTH) (note that the superscript t denotes the transpose of a matriz). Then
Fo=[Ug1,Ugs,...,Ug]" be an r x m matriz with {Ugy,Ugqs, ...,Ug.} is an orthonormal basis
for UM & (UM N zHZ.(D)).
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Proof. The proof is straightforward and we leave it to the reader. m
Going further, we need the following useful lemma similar to Liang and Partington in [39].

Lemma 4.2.5. Suppose T : H — H is a shift operator, and let U be as in (4.4). Let
915,92, -, gn € H and hy, hy, ..., h, € HE(D) be such that

(Ug)hi + (Ugz)ha + -+ + (Ugn) by € Hem (D),

and suppose there exist sequences of polynomaials {{p}}l 1< <n, 1l e N} with pi — h;
in HA(D) as | — oo for 1 < i < n so that (Ug1)p} + (Uga)p? + -+ + (Ugn)p} — (Ugi)hy +
(Uga)hg + -+ (Ugn)hy in HZ..(D) as | — co. Then

U[(Ug1)h + (Uga)ha + -+ + (Ugn ) ha] = h(T)g, (4.6)

where
W(T)g = lim [pi(T)gs + pi(T)g2 + - + P (T)gnl,

and h(T) = [hi(T), hao(T), ..., h(T)], g = [91, 92, - - - ,gn]t-

Now we are in a position to state and prove our main result in this section which provides
an isometric relation between nearly T~ invariant subspaces with defect p and the backward

shift invariant subspaces of Hg,+,(D) = HE (D) x HE, (D).

Theorem 4.2.6. Suppose T s a shift operator with multiplicity m and M C H is a non trivial
nearly T~ invariant subspace with defect p and let F be the corresponding p dimensional defect

space. Let Fy = [f1, fa,..., [,]" be a px1 matriz containing an orthonormal basis { fi, fa, ..., fp}

of F. Then

(i) in the case when M € TH, there exists a non negative integer ' < r + p and an inner

multiplier ® € HZ‘E unique upto an unitary equivalence such that

Cr' ,crtp)) (]D)) ’
M={feH: [ = K(T)Go+TK:(T)F : (Ko, ) € Hn(D) © OH2,(D) ], (47)

where Go = (91,92, - -, 9" is an r X 1 matriz with {g1,92,...,9-} is an orthonormal basis of

ME (MNTH) and also there exists an isometry

Q: M — HZ (D) defined by Q(f) = (Ko, K1).
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(11) In the case, when M C TH, there exists a non negative integer p' < p and an inner

multiplier © € H D) which is unique upto unitary constant such that

L((CP (Cp))(

- {f €N f=TK(T)F : K, € H%(D)© OH2, (D)}, (4.8)
and also there exists an isometry
R: M — HZ,(D) defined by R(f) = K.

Proof. From Lemma 4.2.2 and using (4.2), we say UM is a nearly S*-invariant subspace of
HZ,..(D) with defect p and the correosponding defect space is UF C HZ.(D). Therefore by
applying Theorem 2.3.5 (case (i)) of Chapter 2 (see also Theorem 3.4, [44]) corresponding to

nearly S*-invariant subspace with finite defect in vector valued Hardy space HZ..(D), we have

UA4:{Fef%MDyzm@ +§:M: 2)U fi(z (K@hw.w@)eK}
where KK C HZ, (D) x HZ(D) x --- x HZ(D) is a closed S* @ - - - @ S*- invariant subspace of the
b

vector valued Hardy space HZ, ., (D),
IF[* = IKW2+§]WH2 (4.9)

and Fj given in Lemma 4.2.4. Therefore by the Beurling-Lax-Halmos theorem on HZ, ., (D),
there exists a non negative integer ' < r+p and an inner multiplier ¢ € HZ‘ECT or +p)(]D)) unique
upto unitary equivalance such that K = HZ,.,(D) © ®HZ,, (D). Thus if we consider f € M,

then there exists (Ko, k1, k2, ..., k,) € K such that

p
Uf =[Ug1,Ugs,....Ug Ko+ _ SkU,

=1
and

LFIP = U FIP = 11 Koll® + DIl 11> (4.10)

Jj=1

Let Ko = (K, k3, ... k%) € HZ, (D), then

p
Uf =[Ug,Uga,....Ug Ko+ Y _ SkiUf; = Z(ng )k + ZS U f;)k;

j=1 i=1
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and therefore by using Lemma 4.2.5 we get

s T P

UU) = U [ S (Ug)k + Z SW k| = U [ Y (Ugk? + > UTf)k|

i=1 =1 7=1

= Ko(T)Go + TKy(T)Fy,
and hence
f=KoT)Gy+TK((T)F,,

where K = (k1, ka, ..., k,) € HZ,(D). Therefore
M = {f €M : f = Ko(T)Go+ TK\(T)F, : (Ko, K1) € Hz.rp (D) © DH,, (D)},

Moreover, the relation (4.9) gives the existence of an isometry V : UM — HZ, (D)o ®H?,, (D).
Now if we define Q = VU, then @ : M — HZ,.,(D)S®H? (D) is an isometry and the isometric
relation is given by (4.10) . This completes the proof of (7).

For case (ii), we assume M C TH and hence M & (M NTH) = {0}. Therefore again by
applying Theorem 2.3.5 [case (ii)] of Chapter 2 we have

p
UM = {F € Hem(D) : F(2) =Y zki(2)U fi(2) : (ka, ... kp) € /c},
j=1
where K C HZ(D) x --- x HA(D) is a closed S* @ --- @ S*- invariant subspace of the vector
b

valued Hardy space HZ,(D) and
p
1EI> =D Ik 2. (4.11)
=1

Similarly as in case (i), there exists a non negative integer p’ < p and an inner multiplier

O € HZC(’CP,@)

Moreover, if K1 = (kq, ko, ..., k,) € H3,(D), then

(D) unique upto an unitary equivalance such that X = HZ,(D) & @Hép, (D).

M={feH: f=TK(T)F : K\ € H3,(D) & OH, (D)},

Furthermore, the equation (4.11) gives an existence of an isometry W : UM — HE,(D) &
®HZ, (D) and therefore if we define R = WU, then R : M — HZ,(D) © ©HZ, (D) is an
isometry. This completes the proof of (i7). ]

Motivated from the Corollary 2.6 in [39] we have the following corollary which characterize

the nearly Tg"' invariant subspace with finite defect p in H2(D) as a consequence of the above
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Theorem 4.2.6. Note that for any finite Blaschke B with degree m, the operator Tp : HA(D) —

HZ(D) is a shift operator with multiplicity m.

Corollary 4.2.1. Let M C HZ(D) be a non trivial nearly Tgl imwvariant subspace with defect
p, where B is a finite Blaschke of degree m having atleast one zero in D\ {0}. Let Gy =
(91, 92, - - -, g-]" be anrx1 matriz with {g1, g2, - . ., g+ } is an orthonormal basis of MS(MNTgH)
and let Fy = [f1, fo, ..., fp)! be a p x 1 matriz containing an orthonormal basis { f1, f2, ..., [»}
of the defct space F. Then there exists a non negative integer 1’ < r—+p and an inner multiplier

NS HZ‘(J(CT o +p)(]D)), unique upto unitary equivalence such that

={F €M 1= Ko(Tn)Go + To K\ (Tp) Fy : (Ko, K1) € H3rey (D) © @HZ(D) b, (4.12)

The following example gives a better understanding of the above corollary which is same as

Ezample 2.7 in [39] with a small variation.

a —
1 —

Example 4.2.7. Let us define B,(z) = _Z for any a € D\ {0}. Now consider the subspace
z

M:Ba(z)-{\/{lz 2£,28,2° . Yo \/{z2% 7 ,ZQWH}}

for some m € NU{0}. Then M is a nearly T%-invariant subspace of HZ(D) with defect 1. It
is easy to observe that dim(M & (MNT.2HE(D))) =2, Gy = Bu(2)-[1,2]" and the defect space
is F = (2%¢q(2)) with Fy = [2*¢.(2)]. Therefore for any f € M, we have

|:Z aklz Z ak222k:| Go(Z) + Tz2 |:i bk2’2k:| Fl,
k=0

k=0

where the constants axy, agy and by satisfy the following:

agy € C for k€{0,1} and ayy =0 for k > 2,
aky € C for k€ {0,1,--- ,m} and ae =0 for k >m+1,

b, € C for k> 0.

Moreover, the equation (4.12) along with above discussions conclude
={f €M f = Ko(T2)Go + T K (T) Fy (Ko, K1) € Hiwon(D) © GHA(D) },

where © € HYc ca)(D) ds an inner multiplier such that ®(z) = (22,2m10) € C3.
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4.3 Description of nearly T, I invariant subspaces with

defect for finite Blaschke B in D, Spaces

In this section, we discuss about nearly Ty Uinvariant subspaces with finite defect corresponding
to any finite Blaschke product B in a scale of D, spaces for a € [—1,1] by combining the ideas
of Erard [21] and Liang and Partington [39] with appropriate changes. Recall that any finite
Blaschke product B is a multiplier of each D, that is, the multiplication operator Ty : D, — D,
1s defined everywhere and bounded. Moreover, the operator Ty is bounded below but not an
isometry. We refer to the reader concerning the work of Lance and Stessin [37] in connection
with the study of multiplication invariant subspaces of Hardy spaces. In [21], C. Erard studied
the nearly invariant subspaces corresponding to lower bounded multiplication operator M, on
the Hilbert space of analytic functions H and there are four conditions concerning the pairs

(H,u) which are as follows:

(i) H is a Hilbert space and a linear subspace of O(W) = {f W — C| fis analytz'c}, where
W is an open subset of C? (d € N),

(i) uw € OW) satisfies uh € H for all h € H,
(iii) for all w € W the evaluation H — C, h — h(w) is continuous,

(iv) there exists ¢ > 0 such that for all h € H c||h||y < ||uh||s.

Corresponding to the above pair (H,w), the lower bound of the multiplication operator M,

relative to the norm ||.||x is defined by
Y, = sup{c>0:VYh € H,c||h|n < ||uhly} € (0,00). (4.13)

For simplicity we denote vy m, by . In particular, for the pair (H,u(z) = z), Erard gives a
connection between nearly backward shift invariant subspaces in H and a backward shift invari-
ant subspaces in HZ(D) (see Theorem 5.1 in [21]). Note that the operator Ty : Dy — D, is
more general than M, : H:(D) — HZ(D) and the characterizations for nearly Tg' invariant
subspaces in D, for a € [—1,1] corresponding to the finite Blaschke product B is due to Liang
and Partington (see Theorem 3.4 and Theorem 3.7 in [39] ) by applying some results of Erard
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[21]. Here our main aim is to characterize nearly Ty U invariant subspaces with finite defect
in D, for a € [—1,1] corresponding to the finite Blaschke product B. To achieve our goal we
need to first extend two important results (namely Approximation Lemma and Factorization
Theorem) due to Erard [21]. Before we proceed, note that if T : H — H is a bounded operator
that is bounded from below, then T has closed range and T*T is invertible. Now using the ideas
in [21] with suitable modification we have the following lemma which provides a generalization

of Lemma 2.1. in [21].

Lemma 4.3.1 (Approximation Lemma). Let H be a Hilbert space and let T : H — H be
a bounded operator such that for all h € H, ||hll% < || Th|y. Suppose M is a nearly T*
invariant subspace of H with defect p (i.e. the dimension of the defect space F is p). We set
R = (T*T) '"T*Pyeorn, Q = Puemnrny, S = Pr. Then |R|| < 1, and for all h € M and

m € N, we have

h=> TQR*h+ T 'R + T T 'SR (4.14)
k=0 k=1
and
1l > > JIQRCAIE, + > ISR A3 (4.15)
k=0 k=1

Proof. Consider h € H and write Pyiary(h) = The. Then we have
TRh =T(T*T) "T*Thg = Thy = Pyorn(h). (4.16)

Thus for any h € H, we have ||Rh| < |[TRh| = [[Pvmnrn(h)]] < ||| and hence ||R| < 1.
Suppose h € M and therefore by using (4.16) we conclude that TRh € M. Since M is a

nearly 7! invariant subspace with defect p, then we have
Rhe M® F. (4.17)
Moreover, by using (4.16) and since T" is bounded below we have for any h € M,
h=Qh+TRh (4.18)
and

IR[1* = QAI* + ITRA|* = | QAI* + || RR*. (4.19)
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Since Rh € M & F (by (4.17)), then we have
Rh = PyyRh + SRh

which implies that Rh — SRh € M. Note that since (4.18) is true for any h € M, therefore if
we replace h by Rh — SRh in (4.18) we get

Rh = QRh + TR?h + SRh. (4.20)

Now it is easy to observe that R(M & F) C M & F and hence R"h €¢ M & F, Vm € N.
Therefore by induction from (4.20) we get for any m € N,

R™h = QR™h +TR" ™ h+ SR™h (4.21)
and since 7" is bounded below we have
IR™R[1* > |QR™AI* + [R™ h||* + | SR™R]1*. (4.22)
Finally by combining (4.18) and (4.21) we have

h=) T'QR'h+T " 'R™'h+T> T''SR*h, meN

k=0 k=1

and moreover equations (4.19) and (4.22) yield that

1213 = D NQR*RIG, + ) ISR Rl
k=0 k=1

This completes the proof. O

Remark 4.3.2. Under the same assumtion as in Lemma 4.3.1, let M be a nearly T~ invariant
subspace of H with defect p such that M C T'H and let F be the corresponding p dimensional

defect space having an orthonormal basis {ej}ﬁzl. Then for any h € M and m € N we have
h=T""R™ 4 TY TSR and ||h]3, > ) ISR A3, (4.23)
k=1 k=1

Nexzt we denote D(0,a) :={z € C: |z| < a}. As an application of the above Approzimation
Lemma and mimicking the ideas given in [21] with appropriate changes we have the following

theorem which gives a generalization of Theorem 8.2 in [21].
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Theorem 4.3.3 (Factorization Theorem). Assume that the pair (H,u) satisfies the four condi-
tions (i)-(iv) given in the beginning of Section 4.3. Let M be a nearly M, ' invariant subspace
of H with defect p and let F be the corresponding defect space. Let {g;}ier be an orthonormal
basis of M © (M N M,H) and let {e;};_, be an orthonormal basis of F. Moreover, we also

assume that

() @"lu=(p0.) Hlu-1 (00 = {0}, (4.24)

neN

where H|,~1(p(o.)) consists of the restrictions to u='(D(0,7)) of the functions of H. Then
(i) in the case when M & MyH, for allh € M, there exist (q;)icr and (hy)i_; in O(u='(D(0,7)))
such that

h = Zgz(b"}_/y M Zej

icl
on uw ' (D(0,7)) for all i € I and j € {1,...,p}, and also there exist (cx;)ren, € CV and
(b;j)ken € CN, where Ng = NU {0} with

RO RSO

k=0
and
oo P o
DD el ) 0> Il < Ikl (4.26)
i€l k=0 j=1 k=1
(i) In the case when M C MM, then for all h € M there exists (hy)t_; in O(u™'(D(0,7)))
such that
h=~"1M, ZeJ on u~'(D(0,7))

for all j € {1,2,...,p} and also there exists (bx;)ren € CN such that
00 u k—1 p
hj = Zbkj(_> and Y > |biy[* < ||B)
k=1 v j=1 k=1
Proof. (i) First we consider T' = y~'M,,. Then T satisfies the hypothesis of Lemma 4.3.1. Now
we define R,Q,S as in Lemma 4.3.1 and let h € M. Then we define a family of sequences

{(cki)reno ier, {(brj)ken}i—; of complex numbers by the following equations

p
QR*h = crgi, ke€Ny and SRh =Y bye; keN.

icl j=1
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78 Chapter 4. Study of nearly invariant subspaces with finite defect in Hilbert spaces

Therefore by using (4.14) and (4.15) we get

h

> TFQR*h+ T R™h+ ) THSRM
k=1

k=0 =
m m p
=3 Y e Trg+ TR A TY Y by T ey,
il k=1 j=1
and hence
m u k u m+1 m P u k—1
h = Z Cki (—) g; + (—) Rm+1h+7_1uZZbk]~ (—) €j, (427)
g Y k=1 j—1 g
and
o p o0
SO lewl + 03 bl < P, (1.25)
i€l k=0 j=1 k=1

so that for alli € I and j € {1,2,...,p},
[e.e] (e}
Z |lcki|® < oo and Z bk |* < 0.
k=0 k=1

- k

Therefore it follows that for all ¢ € I, the series Y ¢, (E> converges uniformly on compact
k=0

subsets of u~!(D(0,7)), so that its sum, which we denote by ¢;, belongs to O(u'(D(0,7))).

~ k-1

Similarly the series ) by; <E) also converges uniformly on compact subsets of u=(D(0, 7))
k=1 v

and hence the sum of the series denoted by h; also belongs to O(u~'(D(0,7))). Let w €

u~1(D(0,7)), then by using Cauchy-Schwarz inequality and (4.28) we obtain

> loa)w) = (3 '9*“))'2);(2 |qz-<w>|2)é

icl il iel
NS5 1 S fu@) )2 !
< (Sltoekal ) (E lal)X 55)) < @kl ———
icl i€l k=0 =0 ) |
1 =
and
- 1
> l(eshy) ()] < [[Skullallh ]2 =,
_ lufw)
2
p
and hence that both the series Y ¢;¢; and Y e;h; converge at each point of u=*(D(0,7)). Now
il j=1
from equation (4.27) we obtain
p
(h =9t = D) eihlu-r0am) € [) 4" lu1(00a) Hlum1 D00
icl j=1 meN
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4.8. Description of nearly Tgl mwvariant subspaces with defect for finite Blaschke B in D, SpacesT9

which along with the hypothesis (4.24) implies that

p o] P 00
h = Zgiqi +y7 1M, Zejhj on u *(D(0,7)) and Z Z |egi® + Z Z |bri > < ||A]2

icl j=1 i€l k=0 j=1 k=1
(ii) Again we consider T = ;' M,,. Therefore by using Remark 4.3.2 and proceeding as in case

(1) we obtain

p oo
h=7""M, ) ejhy onu”'(D(0,7)) and b * < (11"

j=1 j=1 k=1

hS]

]

Now we are in a position to describe the nearly Ty Uinvariant subspaces with defect p cor-
responding to a finite Blaschke B in Dirichlet type spaces D, for a € [—1,1]. Now onwards
we assume that B is Blaschke product of degree m and therefore for any non trivial nearly Tgl

invariant subspace M in D, with defect p and M ¢ TgD, we have
1 <r:=dim(Me MnNTgD,)) <m,

which follows by similar argument as in Lemma 4.2.3. In the sequel, we now endow the space
D, with two different equivalent norms introduced by Liang and Partington (see Section 3,
[39]) according to the cases a € [—1,0) and « € [0, 1] and hence we divide the analysis into two

subsections.

431 a€[-1,0):

Note that we need to endow the space D, with a norm in such a way so that we can get a nice
lower bound of the operator Tg. Keeping this information in our mind we endow the space D,
for a € [—1,0) with the modified equivalent norm introduced by Liang and Partington in [39]
which we denote by || - ||1, and it is as follows: for any f =", [,B" with f, € Kg,

G-1 00
I3 =D Gl fallfizy + D (0 D% fallzoy. (4.29)
n=0 n=G

where G is a fized and sufficiently large positive number to be specified below and moreover we

have the same lower bound of Tg, as obtained in (see Section 3,[39]), as follows:

1 —a/2
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80 Chapter 4. Study of nearly invariant subspaces with finite defect in Hilbert spaces

Thus from the definition of lower bound it follows that for any f € D,,

ITsf11T = 1BAIT > I3,

and hence the operator T := ~v; Tz : Dy — D, satisfies

ITAIR = Iy ' TefIF > IFIlE - for any  f € Da.

Note that the pair (D,,Tg) also satisfies conditions (i)-(iv) (given in the beginning of Section
4.3) with lower bound v, given in (4.30). Furthermore as in ([39]), we choose G large enough so
that v, satisfies B=Y(D(0,71)) D sD with sD a disc containing all the zeros of B which ensures
that

177 Bllressmy < 1. (4.31)

Moreover, the operator T := ~; 'Tp satisfies all the assumptions in Lemma 4.5.1 together with

the fact that

() B"Palsp = (] T"Dalsw = {0}.

meN meN

Combining the above facts together with Theorem 4.3.3 implies the following lemma, providing

a generalization of Lemma 3.6 in [39].

Lemma 4.3.4. Let M be a non trivial nearly Tgl invariant subspace of D, with defect p for
a € [~1,0) and let F be the corresponding p dimensional defect space. Let {fi}i_, and {e;}_,
be an orthonormal basis of M & (M NTD,) and F respectively. Then for all f € M, there
exist {q;}i—; and {h;};_, in O(sD) such that

r P
= Z fiti + ' Te Z ejh; on sD, (4.32)
i=1 j=1

foralli € {1,2,...,7} and j € {1,2,...,p}, and also there exist (aj;)ren, € CV and (by;)ren €
CN with

0o k 00 k—1
¢ = Z Qg (%_lB) on sD, h; = Z bi; (fyl_lB> on sD, (4.33)
k=0 k=1
and
T o P o0
SO el + 373 b < 141, (4.34)
i=1 k=0 j=1 k=1
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4.8. Description of nearly Tgl mwvariant subspaces with defect for finite Blaschke B in D, Spaces81

Remark 4.3.5. If the subspace M C TgD,,, then using the same notation as in Lemma 4.5.4,
for all f € M there exists {h;};_, in O(sD) such that

P
f=7"Ts Z ejh; on s,
j=1
and also there exists (by;)ren € CN with
0 k—1 p o0
=Yoo (0B) ot 3N Il < 1,
k=1 j=1 k=1

Here our main aim is to describe the nearly Ty Y invariant subspaces of D, with finite
defect for o € [—1,0) in terms of Tp-1 invariant subspaces of HZ,.,(sD). In order to get
a connection with invariant subspaces of H(%M,)(]D) we introduce the same unitary mapping

Us: HE 1, (sD) = HZ,.,(D) as mentioned in (see Section 3, [39]) and it is defined by

(Uaf)(2) = f(s2).

If we denote T := UTp-1U?, then we have the following commutative diagram (4.35)

—1
TB

HZ,.,(sD) > HZ, ., (sD)

Usl JUS (a3

H2,,, (D) : s H2,, (D).

Since the disc sD contains all the zeros of B, then the symbol B~ lies in L>(sT) and therefore
by using the fact B~1(sz) = B(s1z) on T and by repeating the identical calculations as done
in ([39]) we conclude

(T3 [)(2) = T/ (2). (4.36)

For more details about (4.36) (see (3.18), Section 3 in [39]). Now we state our main theorem
in this subsection concerning nearly Tg' invariant subspaces with defect p in D, spaces with

a € [—1,0) based on above notations which gives a generalization of Theorem 3.7 in [39)].

Theorem 4.3.6. Let M be a nearly Tgl invariant subspace of D, with finite defect p for
a € [—1,0) and let F be the corresponding p dimensional defect space. Let Ey = [e1, e, ..., €],

where {e;};_, is an orthonormal basis of F using norm ||.||;. Then
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82 Chapter 4. Study of nearly invariant subspaces with finite defect in Hilbert spaces

(i) in the case when M € TgD,, if Fy := [f1, fa, .- ., fr] is a matriz containing an orthonor-
mal basis { fi}i—; of M & (MNTED,), then there exists a linear subspace N C HZ,,(sD) such
that

= {fEDa f = Foq+~; " TgEoh  on sD: (q,h) GN} on sD,

together with

1/2

1/2
(1= 10 Bl (Il + 1l ) <

Moreover, N is invariant under Ty"' and hence Uy(N) is invariant under T* = U, Tp-1U? in
12, (D).
(ii) In the case when M C TgD,, then there exists a linear subspace N' C HZ,(sD) such

that

= {feDa:f:’yllTBth:hEN} on s,
together with

1/2

(1= 7Bl Wil < 1l

Moreover, N is invariant under Tg' and hence Uy(N) is invariant under T = U, Tp U} in

HZ,(D) (note that, here U, : HZ,(sD) — HZ,(D)).

Proof. (i) For f € M C D, with a € [—1,0), the equation (4.32) in the above Lemma 4.3.4

implies

T p
F=Fai+7'Te Y e;h; = Fog+ ' TeBoh, on sD (4.37)
i=1 j=1
where ¢ = [q1,¢2, - ., ¢-|" and h = [hq, ha, ..., hy)". Using the facts (4.31) and (4.33) we obtain
the following for all i € {1,2,...,r} and j € {1,2,...,p},

1l 2oy = ||Z ari(1 ' B) |l 2(sm) < Z il 17 Bll oo o)

k=0
1/2 (3] 1/2 -1/2 0 1/2
S(ZH fBHHoosD)) (me?) (1—WBHHOOSD>) (Z\aw) ,
k=0 k=0

and

~1/2 , o 1/2
Vsl < (1—|m B, sm) (Zwkm)
k=1
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Therefore the above estimates along with the inequality in (4.34) yields

—1 T [ele}
lallZs, o ZH%HmsD (1= I Bllin) (X lal?)

1=1 k=0
—1
(1 B SD)) 113, < +oo,

and

—1
Mg o0 < (1= 10 Bl ) 141, < +oc.

Thus the above implies
q= ZAk(fyl_lB)k € HZ,(sD), where Ay, = [ag1, ara, . . ., gy

and

h=Y Bi(yy'B)*' € H%(sD), where By = [bs, by2, - - biy)"
k=1

Moreover, the equation (4.34) implies for all f € M,

—1
ol + WAl oy < (1= 05 Bllecon ) - 171, (4.38)

Now we define a linear subspace as follows:
N = {(q, h) € HE. (sD)) x HZ,(sD) : 3f € M, f = Foq+v; ' TgEsh on SD},

satisfying for any f € M, 3 (¢, h) € N such that f = Fyq + 77 ‘T Eoh on sD. Next we show
that AV is invariant under Tz-1. By considering 7' = 7; Tz in Lemma 4.3.1, the equation (4.14)

with m = 0 implies
f=Qf+TRf =Qf +~ TsR/.
Moreover, on sID, the above equation together with (4.37) yields that

Foq + 77 ' TeEoh = Q(Foq + v, ' T Eoh) + v ' Ts R(Foq + 71 T Eoh)

= FoAo + 71 'BR(Foq + 71 'TeEoh),
which further satisfies

Folq — Ag) + v ' TeEoh = v ' BR(Fyq + 71 ' T Eoh).
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Next by using the fact T is injective, we conclude from the above that

W R(Foq + 1 ' TeEoh) = Fo() Avyi *B¥) + 91 Eoh = Fo(Tp-1q) + 77 "Eoh. (4.39)
k=1

Moreover, by using the fact that R(Fyq + v, 'TpEoh) € M @& F we obtain
R(Foq + vy "TsEoh) = PMR(Foq + v ' TsEoh) + EoB. (4.40)

Thus by combining equations (4.39) and (4.40) we get

W ' PmR(Foq + 77 T Eoh) = Fo(Tp-1q) + v ' Eo(Y_ Br(vi 'B)* ")
k=2

= F()(TB—lq) o ’Yl_lTBEo(TBflh).

Note that ;' PMR(Fyq + ~; "TsEoh) € M and hence from the definition of A we conclude
(Tp-1q,Tp-1h) € N. Thus N is T invariant in HZ,.,(sD). Finally, by using the diagram
(4.35) we have T*(Us(N)) C Us(N), that is Uy(N) is invariant under 77

(ii) If M C TgD,, then by using Remark 4.3.5 and proceeding as in case (i) we obtain a
linear subspace N' C HZ,(sD) such that

M:{fEDa:f:’yl_lTBEgh:hEN} on s,

together with
1/2

(1= Bl ) ol < 1
Moreover, N is invariant under 75" and U,(N) is invariant under T, = U, 71U} in HZ,(D).
(note that here Uy : H3,(sD) — HZ,(D)). This completes the proof. O

4.3.2 «a€0,1]:

Here we consider D, spaces with o € [0,1] and B is a finite Blaschke product of degree m. We
now endow D, with the following equivalent norm introduced by Liang and Partington in [39]
which we denote by ||.||2 and is defined by

o)

112 := Y0+ 1% 9allZ2m) (4.41)

n=0
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4.8. Description of nearly Tgl mwariant subspaces with defect for finite Blaschke B in D, Spaces85

for any f = > g.B" with g, € K (see Theorem 4.1.1). Therefore we have,
n=0

o0

ITsfl15 = IBf15 =D _(n+2)%lgalFiz@y = 1113

n=0
which implies that the operator Ty : (Dy, ||.|2) = (Da, ||-||2) is lower bounded and the lower
bound (4.13) of Ts relative to the norm ||.||2 is vo := 1. Moreover, the pair (D, B) also satisfies
the conditions (i)-(iv) given in the beginning of Section 4.3. Furthermore, it is easy to check that
B~Y(D(0,1)) = B7'(D) = D and (,,cy B™"Da = {0} on D. These facts along with Theorem
4.3.3 (with H = Dy,u = B,y =7 =1 and I ={1,2,...,1}) gives the following lemma which

is a generalization of Lemma 3.5. in [39].

Lemma 4.3.7. Let M be a non trivial nearly Tg' invariant subspace of Dy, for a € [0, 1] such
that M & TgDq and let { fi}i_, and {e;}5_; be an orthonormal basis of M S (MNTpD,) and
the defect space F respectively. Then for any f € M, there exist {q;}i—, and {h;}_, in O(D)
such that

r p
f= Zfi%’ +TBZ€jhj
i=1 j=1

foranyi € {1,2,...,r}, j € {1,2,...,p} and also there exist (c;)ken, € CN and (dij)ren € CN

with
g = Z%Bk, h; = dejBk_l7 (4.42)
k=0 =1
and
T o P o
Do lewl+ D>l < MIF 115, (4.43)
i—1 k=0 T

Remark 4.3.8. If M C TgD,, then using the same notation as in Lemma 4.5.7 for any
f € M there exists {h;}:_; in O(D) such that

p
f = TB Z ejhj7
j=1

and also there exists (by;)ren € CV with

o p 00
hi=3 bgB*t and 30N bgl? < 113, (4.44)
k=1

j=1 k=1
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Now we are in a position to describe the nearly TBT1 invariant subspace with defect p in D,
for a € [0, 1], providing a generalization of Theorem 3.4 in [39]. Due to Lemma 4.2.2 without

loss of generality we assume B(0) = 0.

Theorem 4.3.9. Let M be a nearly Tg' invariant subspace of D, with finite defect p for
a € [0,1] and let F be the p dimensional defect space. Let Ey := ey, e, ..., e, where {e;}5_,
is an orthonormal basis of F using norm ||.||2. Then

(i) in the case when M ¢ TgD,, if Fy := [fi1, fo, ..., f] is a matriz containing an orthonor-
mal basis { f;}i_, of M & (MNTED,), then there exists a linear subspace N' C HZ,.,(D) such
that

M = {fGDa:f:Foq—i—TBth:(q,h) GN}
together with
lalzzmcry + 10llmer < 115,

Moreover, N is Tg invariant.

(ii) In the case M C TgD,, there exists a linear subspace N C HE,(D) such that
M:{feDa:f:TBth:hEN}

together with
512 oy < 1115,

and N is Ty invariant.

Proof. (i) For f € M C D, with « € [0, 1], then by applying Lemma 4.3.7 we get

r p
f= Z fiei + 1 Z ejh; = Foq + TEoh, (4.45)

i=1 j=1
where ¢ = [q1,¢2,...,¢,|" and h = [hy, ha, ..., hy|". Next by using the facts (4.42) and (4.43)

we obtain the following norm equalities and norm estimates for any ¢ € {1,2,...,r} and

je{1,2,...,p}:

|12 — S |2 hall? — S doi|?
il = D lenil?. 512wy = D ldidl?,
k=0 k=1

and hence
r P r o) P 0

a1, o+ 10, 0y = Sl + DA ey = 32D fewl? + 305l < 11,
i=1 j=1 i=1 k=0 j=1 k=1
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Thus it follows that

q= ZCkBk € HZ, (D), where Cy = [cr1, Chas - - -, Chrl's

k=0

and

h=) DyB*'€ H(D), where Dy = [dy,dsa, ..., diy)".

k=1

Now we define a linear subspace as follows
N = {(q, h) € HE (D) x HE, (D) : 3f € M such that f = Fyq —|—TBEOh},
satisfying for any f € M, 3 (¢, h) € N such that

f=Foq+TpEh with |fl5, > ||Q||§-I§T(]D)) + ||h||%1(g,,(u))

Next we show that A is invariant under 7. Consider T'= T and H = D, for a € [0,1] in
Lemma 4.3.1 and therefore the corresponding operators R, ) and S in Lemma 4.3.1 become
R = (THTs) 'TiPrmnrsp., @ = Pumemnrspa): S = Pr and hence the equation (4.14) with

m = 0 implies for any f € M,
[=Qf+TRf=Qf +TpRf,
which together with (4.45) yields

F()q +a TBEQh = Q(Foq + TBE0h> -+ TBR(Foq = TBEQh)

= FoCy + BR(Fyq + TpEoh),
which further satisfies
Fy(q — Co) + TsEoh = BR(Foq + T Eoh).
Since T'p is injective, then from the above we conclude

R(Foq + TpEoh) = Fo(Y> | CuB*™') + Eoh = Fy(Tq) + Eoh. (4.46)

k=1

On the other hand note that R(Foq + TsEoh) € M & F and hence

R(Fyoq + TpEoh) = PyR(Foq + TeEoh) + EyDs. (4.47)
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Thus by combining (4.46) and (4.47) we get

PpR(Foq + TpEoh) = Fy(Tgq) + Eo(>_ DiB*™") = Fo(Tgq) + TpEo(T5h).
k=2

Since Py R(Foq + TpEoh) € M, then from the definition of N it follows that (T5q, Tgh) € N.
Thus N is T invariant in HZ,., (D).

(ii) If M C TgD,, then by using Remark 4.3.8 and proceeding similarly as in case (i) we
obtain a linear subspace N' C HZ,(D) such that

M = {f €D, : f=TgEyh:he ./\f} together with  [|A[| 2, («my < || fllp.,

and N is Tz invariant in HZ,(D). This completes the proof. O

Next we consider a special case of (4.3) as discussed in (see [39, Section 3])

T

HE (D) > Herip (D)

Ul lU (4.48)

(D) J > H2, (D)

Ccm(r+p)

H2

cm(r+p)

Then SU = UTg holds for the unilateral shift S : HZ,,.,([D) — H2

K Cm(rﬂ,)(]D)) and Ty

HZ,.,(D) — HZ.,(D) having multiplicity m(r + p). Using this fact we end the section with
the following remark concerning finite dimensional nearly Tg' invariant subspaces of Dy for

a € [0,1] which is almost identical to Remark 3.5. in [39].

Remark 4.3.10. Note that the subspace N is not closed in general. In the above Theorem 4.5.9
if we consider M is finite dimensional, then N C HZ,.,(D) is also finite dimensional and hence
closed. Then from Beurling-Laz-Halmos theorem and using diagram (4.48) we obtain that there
exists a non negative integer | with | < m(r + p) and an inner multiplier ® € HZ?(C’,(CW(T‘W))(D)
such that

N=U" (Hémwp) (D) & ®HY (]D)), and hence

M = {f €Dy : [ =Foqg+TpEoh:(q,h) €U (Hémvm (D) © PHE, (D)> }
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CHAPTER b

Schmidt subspaces of block Hankel operators

5.1 Introduction

In the theory of operators on analytic function space, one of the significant classes of operators is
the Hankel operator, as they have connections with many branches of mathematics, for example,
function theory, harmonic analysis, approrimation theory, moment problems, spectral theory,
orthogonal polynomials, stationary Gaussian processes, etc. Hankel operators have different
realizations because such a variety of realizations is essential in application. Depending on the
need of the problem under consideration, one can choose a suitable realization concretely. For
example, if I' = {7j4x}5%=0 is a bounded Hankel matriz on (*(Z,), then one can consider T as a
bounded linear operator on the classical Hardy space H*(T) using natural identification between
(*(Zy) and H?(T), noting that this is a linear realization. It is worth mentioning that Peller’s
book [46] is a well-known and accepted reference to the classical theory of Hankel operators and
their various applications. In short, we use H? to denote the Hardy space.

Recall that P : L*(T) — H?*(T) be the orthogonal projection (the Szego projection) men-
tioned in Chapter 1. Then corresponding to a u € BMOA(T) (see (5.2)), the anti-linear Hankel
operator H, is define by

H,(f) = P(uf), [e HT). (5.1)
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The symbol u € BMOA(T) ensures that the Hankel operator H, is bounded, which follows
from the Nehari-Fefferman theorem [46, Section 1.1]. Such Hankel operator H, is the anti-

linear realization of the Hankel matrix

{a(n +m)}nm>o,

where U(-) are the Fourier coefficients of u. It is easy to check that the kernel of a Hankel
operator I' = H, is a shift invariant subspace (see, e.g., [46, Section 1.1]), and hence, due to
the Beurling’s Theorem (see Theorem 1.3.14), it is of the form 0H?, for some inner function

0. In [30], Gérard and Pushnitski raised the following question in scalar-valued Hardy space.

Problem 1. How can one characterize eigenspaces ker(I'*I'—s%I),s > 0, as a class of subspaces

in the Hardy space HA(D) ?

In [30], authors solved the above-mentioned problem by showing that every such subspace
(known as the Schmidt subspaces for the Hankel operator) can be identified with a subspace
of the form pK.g, where 6 is an inner function, K.g9 is a model space, and p is an isometric
multiplier (will be defined later in Section 5.2) on K.o. In addition to that, they also provide a
simple formula for the action of T on ker(I*T — s21) explicitly, which is completely determined
by s,p and 6.

It is important to note that the action of I plays an important role in the description of
all s-Schmidt pairs. Recall that [30], for a singular value s of T, a pair {&,n} € (? is called a
Schmidt pair or (more precisely, an s-Schmidt pair) of T', if it satisfies

ré=sn, I'n=sE.

The space ker(I*T' — s%I) is called Schmidt subspace of T' and note that s-Schmidt pairs form
a linear subspace of dimension dimker(T*T' — s*I) < oco. Therefore the problem of description
of all s-Schmidt pairs of I' is equivalent to the problem of the description of the action of I on
ker(T*T" — s%I). Also there is another advantage of this action. Suppose C is an anti-linear map
on 0% defined as CE = €, then the Hankel matriz T is C-symmetric, that is TC = CI'*. It is easy
to observe that

¢ cker(I'T — s*I) & €€ ker(IT* — s21).

Moreover, the anti-linear map T'C maps ker(I'T* — s*I) onto itself and the map

s7'TC : ker(IT* — s*I) — ker(I'T* — s°1)
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is an involution. Therefore, using the action of T on ker(IT*T' — s*I) one can easily describe the
involution map s~'I'C.

Recently, in 2021, Gérard and Pushnitski [31] established an excellent connection between
these Schmidt subspaces with nearly S*-invariant subspaces and using Hitt’s [34] beautiful char-
acterization of nearly S*- invariant subspaces, authors in [31] gave an alternative proof (indeed,
a short proof of the main result of [30]) concerning the characterization of such Schmidt sub-
spaces of scalar valued Hankel operator. In this direction, we would like to mention that recently
in [43], authors studied the Schmidt subspace in scalar valued Hardy space.

It is important to note that there are various pieces of literature (see, e.g., [29],[27][54])
related to the study of the spectrum of T*T and self-adjoint Hankel operator (see, e.g., [28],[/1]).

In this chapter, we extend the study of Schmidt subspaces associated with a scalar-valued
Hankel operator to a matriz-valued Hankel operator. It has been noted that sometimes matrix-
valued analysis is much more complicated than scalar-valued analysis due to the non-commutative
property of the matriz. On the other hand, sometimes, the matriz-valued technique solves long-
standing open problem for scalar cases. For example, using some new matriz-valued technique
and a deep analysis of nearly S*-invariant subspaces of vector valued Hardy space, Aleman and
Vukotié [2] proved that the product of finitely many Toeplitz operators on the vector valued Hardy
space is zero if and only if at least one of the operators is zero, which answer a long-standing
open problem regarding the zero-product of finitely many Toeplitz operators in scalar-valued
Hardy space. Motivated by the work of Gérard and Pushnitski in [30, 31], we study the Problem
1 in the case of the vector valued Hardy spaces. More precisely, this chapter gives the answer

to the following question completely.

Problem 2. For a given Hankel operator Hy with symmetric symbol U € BMOA(T,C™), how
can one characterize eigenspaces ker(H;;Hy — s*I),s > 0, as a class of subspaces in the Hardy

space HZ..(D)?
Moreover, we also obtain the following results in the sequel.

e In some special cases we show that Schmidt subspaces ker(Hj;Hy — s°I),s > 0 become

nearly S*-invariant.

o Furthermore, we calculate precisely the action of the Hankel operator for the above men-

tioned cases on ker(H}; Hy — s21),s > 0.
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The novelty of our work lies in the fact that we obtain again a short proof of the characteri-
zation results concerning the structure of Schmidt subspaces in scalar-valued Hardy space (see
Theorem 5.3.4) obtained by Gérard and Pushnitski as a consequence of our main results (see

Theorem 5.3.2 and 5.3.3)), in an alternative way compared to [30, 31].

Let us now describe about the methodology and the new tools used in our work. Because of
the non-commutativity property of the symbol of the Hankel operator on HZ.. (D), several issues

arise, and the classical scalar-valued methods fail to resolve them.

(i) Nearly S*-invariant subspaces with finite defect: It is noted that non-trivial Schmidt sub-
spaces Ep,, (s) of Hy are not always nearly S*-invariant subspaces in the vector valued
Hardy space. So we introduce the notion of nearly S*- invariant subspaces with finite de-
fect in Hz.. (D) (see [14, 44]), which is one of the new ingredients in studying such spaces.
We have shown that non-trivial Schmidt subspaces Eg,, (s) of Hy are nearly S*-invariant

subspaces with defect less or equal to m (see Theorem 5.3.2).

(i) Chattopadhyay, Das, Pradhan & O’Loughlin structural result for nearly S*-invariant sub-
spaces: The second new tool is the structural theorem of nearly S*-invariant subspaces
in vector valued Hardy space due to Chattopadhyay-Das-Pradhan (C-D-P) [1}, Theorem
3.5] and O’Loughlin [44, Theorem 8.4]. Using these characterization results, we give a
complete characterization of Schmidt subspaces in a vector valued setting (see Theorem

5.5.3).

All unexplained notations used in this section are introduced and explained in the next section

(i.e. Section 5.2).

We end the introduction by briefly mentioning the organization of the chapter. In Section
5.2, we describe all necessary notations, definitions and results related to Schmidt subspaces
of Hankel operators. Section 5.3 deals with the study of the complete structure of the Schmidt
subspaces in general. In Section 5.4, we describe the action of a specific class of Hankel operators

on their Schmidt subspaces and conclude the section with a natural question.
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5.2 Preliminaries and Notations

We begin this section by recalling the definition of vector valued Hardy space over the unit disk
D. In Chapter 1 we have discuss about the definition of the £-valued Hardy space denoted by
HZ(D) (see (1.6)) over D.

Also recall the definition (1.1) of Banach space X-valued LP(T,X)-spaces as mentioned in
Chapter 1. For any f € L*(T, X), we define P3(f) = i F(k)2".

Regarding this work, we will only consider € = C™ I;:;e (1.6) ) for some fized natural number
m, that is we will focus only on HZ.(D) (see Definition 1.5).

Now as we pointed out earlier in Chapter 1 and Chapter 2, H2,.(D) can be embedded iso-
metrically as a closed subspace of L*(T,C™) by identifying H..(D) through the non-tangential
boundary limits of the HZ,.(D) functions. Let P, denotes the orthogonal projection of L*(T,C™)
onto H¢,.(D). Let P, = PL.. Note that on L*(T,C™), P,, = P,,. Letr,m € N, and L(C",C™)
denotes the space of all linear operators from C" to C™. We denote the space of all holomor-
phic matriz valued functions by Holgcrcmy(D), and by H>®(D, L(C",C™)) as the subspace of
Holpcrcmy(D), consisting of all bounded analytic functions. A function © € Hﬁcr,@m)(m) is
said to be an inner multiplier (or, inner function) if © is an isometry almost everywhere on

the circle T. Corresponding to an inner multiplier © € HZ‘ECT Cm)(]D)), the model space denoted

by Ko, and is defined as
Ko := Hén(D) © OHZ (D).

By an isometric multiplier on the model space Ko = Hz.(D)© OHE (D), we mean an analytic
function F' € Holgcm cny(D) for some n € N, such that FG € Hg.(D) for every G € Kg and

IFGI = llall

Recall that in scalar valued case, the BMOA s the space of all analytic BMO (functions having
bounded mean oscillation) functions in D, in other words BMOA = BMONH?. It follows from
[46, Theorem A2.7.] that

def

BMOA(T) :=" P BMO(T) = PZL™(T) = BMO(T) N H*(T). (5.2)

For more details related to BMO and BMOA, we refer [46, T728p-731p].
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Let m € N, as a generalization of scalar valued BMOA(T), we consider BMOA(T, L(C™))
as the space of L(C™)-valued BMOA-functions on T, and it is defined as follows:

BMOA(T, £(C™)) " vt . £(T, £(C™)). (5.3)

We use the matricial notation of U € BMOA(T, L(C™)) as U = [Wij]mxm, where each u;j €
BMOA(T). Now corresponding to the symbol U € BMOA(T, L(C™)), we define the matriz-
valued Hankel operator or block Hankel operator Hy on HE.(D) as follows:

For each F = (f1, fo, ..., fm) € Hén(D),

Hy(F) = P,(UF), where F = (f1, fay -, fm)- (5.4)

So, the above definition (5.4) of Hy implies that Hy = [Hy,|mxm, where H,,, are Hankel
operators on HZ(D). Therefore Hy is a bounded anti-linear operator on HZ.(D). Let U =
[wijlmxm € BMOA(T, L(C™)) be such that U is symmetric, that is, U = U' where U is the
transpose of U, in other words u;; = uj; for each i,j. Then it turns out that HE is a bounded,
linear, and non-negative operator on HZ..(D). Later, we will discuss about these properties in
more detail (see Proposition 5.2.2). For such symbol U and the corresponding Hankel operator
Hy, let us denote the Schmidt subspaces in vector valued Hardy spaces Hz.(D) by Eg, (s) and
define by

Ep, (s) = ker(HE — s*I), s> 0. (5.5)

As discussed earlier, our main goal is to characterize these subspaces in vector valued Hardy

spaces. It is important to note that Ep, (s) is an invariant subspace for Hy .

Hypothesis 5.2.1. Assume that U = [u;;] € BMOA(T, L(C™)) satisfies U = U*, that is

uij = uji-

Proposition 5.2.2. Assume Hypothesis 5.2.1, and let Hy be a bounded Hankel anti-linear
operator as defined in (5.4) on HZ. (D). Then

(Z) <HU(F)7G> = <HU(G)7F> fOT' all F7G € H(%m(D>
(ii) HE is a self-adjoint bounded linear operator.

(iii) HyS = S*Hy, where S is the unitarel shift on H:.(D) and S* is the adjoint of S.
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Proof.

(i) Let F'= (f1, foy-- s fm)s G =1(91,92,---,gm). Then
(Hy(F),G) = (UF,G)
un fi +wafo 4 A i fin, 1) + -+ (U 1+ Uz fo A+ Ui fons G

=
=
= (un1G1 + Ua1Go + -+ Ui Gm, J1) + -+ (UinG1 + Uam G2 - UG, fin)
= (w11 +uizge + -+ + WimGm, f1) + - (Umi gy + Um2gz + - F UnimGms fin)
=

UG, F) = (Hu(G), F).
(ii) The boundedness of Hy and the property (i) together implies the property (ii).
(iii) For F € H2,.(D),

HyS(F) = Pn(UZF) = Py(ZUF) = Py, [2 (P + (I — Py)) (UF)]
+ P, (2(I — P,,)(UF))

]

Remark 5.2.3. Note that the last property (iii) holds true for any U = [u;;] € BMOA, and
it is basically characterizes all the bounded Hankel operators on Hz.(D). Then the following
identity follows from the above Proposition 5.2.2.

S'HES = HE =Y (- U)U;,

i=1

where U; = [ugg, Ugg, . . -y U]’ fori € {1,2,...,m}.

Going further, we need the help of the following auziliary Hankel operator Ky (in scalar-

valued case the notion of such kind of operator mentioned in [30, 31]):
KU .= HUS = S*HU = HS*U (56)

on HZ.(D), where U satisfies the Hypothesis 5.2.1. Depending on the context, we will use

suitable definition of Kyr. Since we are in the vector valued Hardy space Hi..(D), then we have

SS* == IHém(D) - Pm

C
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m

=Ip2, ) — Z(v ko ® ei)ko ® e,

i=1
where P, is the orthogonal projection from HE.(D) onto C™, and {e;}1*, is the standard
orthonormal basis of C™, and ky is the reproducing kernel of HA(D) at 0.

Recall that U = [wijlmxm with u;; = wj;. For each i € {1,2,...,m}, let us denote the ith
column of U by

U; = [Ulu U4y - - - 7umi]t-
Then it turns out,
HU<€i) U, = [Uli; Uiy - - - 7umi]t-

From the definition (5.6) of Ky, it follows that Ky is a bounded anti-linear operator, which
further imply that K% is a bounded linear operator on HZ..(D). Next we give a precise form of

the operator K# in terms of Hi as follows

Kt = (HyS)(HyS) = HySS*Hy

= Hy <1Hgm(m>) — Z(', ko @ e;)ko ® 61') Hy

=1

where > (-, U\U; is a finite-rank operator generated by {Uy,Us, ... Uy} and having rank at most
i=1
m. Moreover, this form of KZ guarantees that K is self-adjoint. Like the Schmidt subspaces

of Hy, similarly we also define the eigenspaces related to Ky as follows:
Er,(s) := ker(Kp — s*I), s> 0, (5.7)

and these eigenspaces Eg, (s) are basically the Schmidt subspaces corresponding to the Hankel

operator Ky(= Hg«y). The next observation is crucial to characterize the Schmidt subspaces

Of HU.
Lemma 5.2.4. Let U satisfy the Hypothesis 5.2.1. Then
Eu, (s) N {UL, Us, ..., Un}" =Eg, (s) N {U1, Vs, ..., Up}".

Proof. The proof follows from the Definitions (5.5) and (5.7), of the corresponding subspaces.
[
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Now, let us recall some useful existing definition in Chapter 2 required to understand the

structure of Schmidt subspaces.

Definition 5.2.5. A closed subspace M of HZ..(D) is said to be nearly S*-invariant if every
element F' € M with F(0) = 0 satisfies S*F € M. As a generalization, we call a closed
subspace M C HZ,.(D) to be nearly S*-invariant with defect p if and only if there is an p-
dimensional subspace F C HZ.(D) (which may be taken to be orthogonal to M ) such that if
Fe M,F(0)=0 then S*F ¢ M & F.

Nearly S*-invariant subspaces were first introduced by Hitt [34] and further studied by various
authors (see, e.q., [1, 33, 49]). These subspaces were also studied in connection with kernels of
Toeplitz operator (see, e.q., [8, 19, 22, 32]). Characterization of nearly S*-invariant subspaces
in the vector valued Hardy space was obtained by Chalendar, Chevrot, and Partington (C-C-P)

[9], which provides a vectorial generalization of Hitt’s [34] characterization.

Theorem 5.2.6. [9, Theorem 4.4] Let F be a nearly S*-invariant subspace of Hz.(D) and
let (Wh,Wo,...,W,) be an orthonormal basis of W := F & (F N zHZ.(D)). Let Fy be the
m X r matrix whose columns are Wy, Wy, ..., W,.. Then there exists an isometric mapping
J: F — F given by FyG — G, where F' := {G € H3.(D) : 3F € F,F = FyG}. Moreover F'

s S* invariant.
As a corollary of this theorem they have the following result,

Corollary 5.2.1. Assume the notations used in the above Theorem 5.2.6. Then there exists an
inner function ® € H*(D, L(C"”,C")), which is unique up to unitary equivalence and vanishes

at zero, such that F = Fy(HZ. (D) © ®HZ, . (D).

Recently, in [14, Theorem 3.5], the authors have provided a complete characterization of
nearly S*-invariant subspaces with finite defect in the vector valued Hardy space HZ..(D), which
extends the result of Chalendar, Gallardo, Partington [11] from scalar valued setting to vector
valued setting. In this connection, it is worth mentioning that, O’Loughlin [}4] obtained the
similar structural result for these nearly S*-invariant subspaces independently. Note that The-
orem 3.5 in [14] (see also, [44, Theorem 3.4]) is one of the key tools to solve our problem. For
more applications on the characterization results of nearly S*-invariant subspaces with finite

defect HZ..(D), we refer to [15, 12].
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5.3 The Structure of Ey, (s)

The following lemma will be useful to prove one of our main result in this section. Throughout
this section, let U satisfy the Hypothesis 5.2.1, and for i € {1,2,...,m}, let U; = U(e;), where

{e; : 1 <i <m} is the standard orthonormal basis of C™. Then we have the following lemma:
Lemma 5.3.1. Let V := Eg, (s) © {Eg, (s) N {U1,Us, ..., Upn}*}. Then dim(V) < m.

Proof. We first consider the set M := {PEKU(S)(Ul), PEKU(S)(UZ), .. ,PEKU(S)(Um)} C Eg,(s).

Our claim is that M generates the subspace V.
For f € Eg, (s) N{Uy,Us, ..., Uy} and each i € {1,2,...,m}, we have

<PIEKU<8>(U¢),f> —(U;, f) = 0.

Therefore P]EKU(S)(ui) € V. Next, assume g € VN ML, Then, for each i € {1,2,...,m}, we

have

<g, P]EKU(S)(UZ)> =0 = <g7ul> =0

— g€ Bk, (s)N{U,Us,... . Up}™ = g=
Hence, we obtain
span { P, (9/(U1), Py ()(U2): -+ Pesey 0 (Um) | = V.
Therefore, dim(V) < m. O
Now we are in a position to state and prove the main theorem of this section.

Theorem 5.3.2. Assume Hypothesis 5.2.1, and Hy is the bounded Hankel operator on HZ,..(D)
giwen by (5.4). Then, for each s > 0, the Schmidt subspace Eg, (s) of Hy is a nearly S*-

invariant subspace of Hé.(D) with defect at most m.

Proof. Let s > 0 be fixed. Let F € Eg,(s) N zHZ. (D). Note that F(0) = 0, so we can write
F = SG for some G € HZ,.(D). Therefore, we have HZ(F) = s?F, and

KE(G) = S*HZS(G) = S*HE(F) = s*°S*(F) = s°G,
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which gives G € Eg,, (s). That means S*(F') € Eg,,(s), which basically implies that
S*(Ep, (s) N 2HZ. (D)) C Eg,, (s). (5.8)

Let V := Eg, (s)O{Eg, (s) N {U1,Us,...,Un}*}. Now we can decompose the subspace Eg,, (s)

as a direct sum two subspaces as follows:
Ex,(s) = (Exy (s) N{UL, Us,..., Uy }") & V. (5.9)

From Lemma 5.2.4, it follows that Eg,, (s) N {Uy, Uy, ..., Un}t = Eg,(s) N {U1,Us, ..., Uy}t

Therefore the above decomposition (5.9) can be rewritten as
Exy, (s) = (Eny (s) N {U1, Us, ..., Us}t) ® V.
Hence (5.8) finally becomes
S* (Egry, (s) N 2HEgn (D)) € (Egy (s) N {U1, Us, ..., Un} ") @ V. (5.10)

Therefore using the inclusion (5.10) and using Lemma 5.3.1 we conclude that Ey, (s) is a nearly

S*-invariant subspaces with defect at most m. O]
The next theorem provides the characterization of Schmidt subspaces in Hi.(D).

Theorem 5.3.3. Let Ep,, (s) be the Schmidt subspaces of the bounded Hankel operator Hy with
U = U". Then for each s > 0, there exist an orthonormal set of vectors {Ey, Es, ..., E,} in
HZ.. (D) such that {Ey, Es, ..., E,} L Ep,(s) for some non-negative integer p satisfying p < m,
Ep, (s) is nearly S*-invariant of defect p having the defect space F = \/*_{E;}. Moreover, if
{Wy,Wa, ..., W,} is an orthonormal basis of W := By, (s) © (B, (s) N 2HZ. (D)) and let Fy

be the m x r matrix whose columns are Wi, Wo, ... . W,.. Then

(i) in the case when Egy, (s) N zHEm (D) # B, (s),

P
Ey, (s) = {F  F(2) = Fy(2)Ko(2) + 3 2ki(2) By(2) : (Koo, k) € /c@},
j=1
where Ko = HE,.,(D) © OH2,. (D), for some inner function © € Her criny (D) and

P
IEI? = (|50 ll® + Y llks)2.
j=1
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(ii) In the case when Eg,(s) N 2HZ.(D) = Eg, (s),

P

Eny(s) = {F: F(z) = Y 2k (2)Ey(2) : (v, oo k) € Ko

j=1
with the same notion as in (i) except that Ko = HZ,(D) © ®HZ, (D) for some inner

function ® € HZ‘ECP/’CP)(]D)) and ||[F|I* = 320 [k

Proof. Let s > 0. By the above Theorem 5.3.2, it follows that Eg,, (s) is a nearly S*-invariant
subspace of HZ,.(D) with defect at most m. Therefore, for each s > 0, there exists a non-
negative integer p (p < m) such that p is the dimension of the defect space of Ep, (s). Now
by applying C-D-P theorem [14, Theorem 3.5] on Eg,, (s), and using the Beurling-Laz-Halmos

characterization [51, Theorem 3.3|, we conclude the proof. ]

Representation of Schmadt subspaces given by Theorem 5.3.3 provides a vectorial generaliza-
tion of recent known characterization results [30, Theorem 1.5] ([31, Theorem 1.3]) of Schmidt
subspaces in scalar valued Hardy space, as one can get back the representation of such subspaces
in H2(D) by using our results but in a different way. Indeed, we restate [30, Theorem 1.5] ([31,

Theorem 1.3]) and provide a simple alternative short proof again by using Theorem 5.3.5.

Theorem 5.3.4. Let w € BMOA(T) and let H, be the corresponding Hankel operator on
HZ(D) given by (5.1). Then each non-trivial Schmidt subspace Eg,(s), s > 0, is of the form
hiKCq, where 0 is an inner function in HA(D) and h is an isometric multiplier on the model space

Ko C HE(D).

Proof. Let Ep, (s) be a non-trivial Schmidt subspace of the Hankel operator H,, for some s > 0.
Then by Theorem 5.3.3, Ey, (s) is a nearly S*-invariant subspaces having defect at most 1.
Now we will prove the theorem by analyzing the following two cases.

Case I: Suppose Ep,(s) € zHZ(D). In this case our aim is to show that Eg,(s) is nearly
S*-invariant with defect 0, that is just nearly S*-invariant. To that aim, let F be the defect
space having dimension at most 1. By mimicking the proof of Lemma 5.3.1, we conclude that
F = (Pgy, (s(u). Now for any f € Eg,(s), by definition we have KZ(f) = s*f, that is,
H2(f) — (f,uyu = s*f. Let 0 #£ g € Eg,(s) © (B, (s) N zHE(D)). Then

s*(f, Hu(9)) = (s*f, Hu(9))
= (HZ(f), Hu(9)) — (f,u){u, Hu(g))
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= ([, HuH;(9)) — (f,w){Hu(1), Hu(g))
= 82<f, Hu(g > - <f7 u><H5(g)7 1>
= 82<f, Hu(g > - 32<f> u)(g, 1>7

~—— ~—

which implies

s2(f,u){g, 1) = 0. (5.11)

Since g(#£ 0) € Eg,(s) © (Eg,(s) N zHZ(D)) then (1,g) # 0, so (5.11) implies that (f,u) =
0. Therefore, under the assumption Ep,(s) € zHZ(D) we get u L Eg, (s) and hence the
defect space F = {0}. Consequently, Ey, (s) is nearly S*-invariant and by Theorem 5.3.3 (i),
Eu,(s) = {f : f(z) = fo(2)Ko(z) : Ko € K} where K = K, C HZ(D) for some inner function
¢ together with || f||* = ||ko||*.

Case II: Suppose Ep,(s) C zHZ(D). In this case, it is important to note that Eg,, (s) is
not nearly S*-invariant but by Theorem 5.3.2, it is nearly S*-invariant with defect 1. So, the
defect space F # {0} and by Theorem 5.3.3 (ii), Eg, (s) = {f : f(2) = zk1(2) E1(2) : k1 € K},
where {E;} is a basis of the defect space F and K = Ky, C HZ(D) for some inner function ¢
together with || f||* = ||k |*.

Therefore in both cases, Egy, (s) = hiCy, where 0 is an inner function and h is an isometric

multiplier on Cy. ]

Motivated by the representation of Eg, (s) in scalar valued Hardy space HZ(D) it is natural
to investigate under what circumstances the defect space F will be zero in vector valued setting.

In other words, we would like to ask the following question:

Problem 3. When the Schmidt subspaces will become nearly S*-invariant in vector valued

Hardy space HZ,.(D) ?

Now it is trivial to check that if Eg,(s) C zHE.(D), then it cannot be nearly S*-invariant.
So, we have to investigate under the assumption Ep,(s) € zHZ.(D). It is clear that if
{U1,Us,....Upn} L Ek,(s), then the defect space F becomes trivial and hence Eg,, (s) is nearly
S*-invariant in Hz. (D). In the following theorem we will provide another important necessary

condition which makes Eg,, (s) to be nearly S*-invariant.
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Theorem 5.3.5. Let By, (s) € zHE. (D). If dim(Ep, (s) © (En,(s) N zHE.(D))) = m, then
Egr, (s) is nearly S*-invariant in Hz..(D) and Eg,, (s) = Fy(Hz.(D)6®HZ, (D)) for some inner
function & € H>*(D, L(C",C™)), with (0) = 0 and Fy is a m x m matriz whose columns are

an orthonormal basis of Ep, (s) & (Ex, (s) N zHE.(D)).

Proof. We consider an element F' € Ep,(s) with F(0) = 0. Then it follows from the set
inclusion (5.10) that S*(F) € (En, (s) N {U1,Us,...,Up}*) ®V, where

V = Eg,(s) © {Ex, (s) N {U1, Vs, ..., U} }.

Note that V is generated by {PEKU(S)(Ul), PEKU(S)(UQ), by ,PEKU(S)(Um)}.
By hypothesis, dim(Eg,, (s) © (Eg, (s) N 2zHZ.(D))) = m. Let {W;, Wa,...,W,,} be an or-
thonormal basis of V. Then {W,(0), W5(0), ..., W,,(0)} is linearly independent in C™. Indeed,

suppose for ay, as, ..., a,, € C,
a1 Wi(0) + aaWs(0) + - - - + a,, W, (0) = 0.

Let G = a;Wi+aoWa+- - -+, Wy, then G € By, (s)NzHZ. (D). So, for eachi € {1,2,...,m},
we have (G, W;) = 0 which implies a; = 0.

Take J € Ex, (s), then K3(J) = H2(J) = Y. (J.Uj) Ui = s2J. Note that Hy(Ex,(s)) C
Ep, (s). Therefore for any r € {1,2,...,m} we ZE&lwe,

m

<J HU( = <HU > Z UmHU(WT))

i=1

= (J, Hy Hg(W,)) — Z (J,Ui) (Hu(e;), Hu (W)

=1

(L Ho (W) =Y (, W), ei)

i=1
<J HU 32 Z WT‘7 ez )
=1
where {eq, ey, ..., ey} is the standard orthonormal basis of C™. So we obtain
> (LU) (Wye) =0 forre{1,2,...,m}. (5.12)

=1
Let W be an mxm matrix whose columns are Wy, Wy, ..., W,,,. Therefore W (0) = [W;(0), W5(0),
e s Wi (0) ] is an invertible matrix in M, (C). Now the equations derived in (5.12) can be
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rewritten as

(W(O) s [( S, Ur), (T, Un), - (T, Ui = 0,

mx1 —

which implies
[<J7 U1>7 <J7 U2>7 ceey <‘]7 Um)]:nxl =0.

So, we have (J,U;) = 0,Vi € {1,2,...,m} and hence J L {U,Us,..., Uy} for J € Eg,(s).
Therefore, Ex,, (s) L {U,Us,..., Uy}, which further implies V = {0}. In other words, Ey,,(s)

is nearly S*-invariant in H3..(D) and
S*(Eg, (s) NC™) € By, (s) N {U, Uy, ..., Un } ™. (5.13)

Therefore, by Corollary 5.2.1, there exists an inner function ® € H>°(ID, £L(C", C™)) with ®(0) =
0 such that Eg,,(s) = Fo(Hz.(D) & ®HZ, (D)), where Fy = [W1, Wa, ..., Wyl mxm- O

In the above Theorem 5.3.5, the assumption dim(Eg,(s) © (Eg,(s) N zHZ.(D))) = m is

quite natural, since in the scalar-valued case if Eg, (s) € zHZ(D), then we must have
dim(Ep,(s) © (En,(s) N zHE(D))) = 1.

In the vector valued Hardy space, there are plenty of examples of Schmidt subspaces satisfying
the above assumption. Indeed, in particular, if we are in Hz (D), then the following examples

SETVE OUTr PpuUrpose.

Example 5.3.6. Let ¢ € H*(D,C) be an inner function, and consider

(4)
0
U= g . then Hp =
0 o 0 Hj

Therefore the Schmidt subspace Eg,, (s) = ker(Hf — s*I) = ker(Hj — s°I) @ ker(H — s°I).

H 0

(B)
0
U= (b, then Hp =
¢ 0 0 H;

In this case also By, (s) = ker(Hf; — s*I) = ker(Hj — s*I) @ ker(Hj — s°1).

2
H2 0
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Note that, in both cases dim(Ep, (s) © (Ep, (s) N zHZ:(D))) = 2.

In the next section, we will provide some non-trivial examples of class of Schmidt subspaces

satisfying such assumption (see Example 5.4.8). We end the section with the following remark:

Remark 5.3.7. As mentioned in [30, Appendixz], one can have similar results regarding the
linear Hankel operator in vector valued setting as well. Suppose J is the linear involution in
L*(T,C™) defined as JF(2) = (fi1(2), f2(2), ..., fm(2)), where F = (f1, f2,..., [m) and z €
T. Let C be the anti-linear involution (infact a conjugation) in Hz.(D) such that CF(z) =
F(Z), then for U € BMOA(T, £L(C™)) we can similarly define the linear Hankel operator Gy in
HE..(D) by

Gy(F)=P,(UJF).

Then, we have Gy = HyC and Gy, = CHy, and therefore using our description given in
Theorem 5.3.3, one can have the precise structure of ker(Gy;Gy — s*I) and ker(Gy Gy, — s*I)
in HZ..(D). Note that,

ker(G5;Gy — s*°1) = OBy, (s) and ker(GyGy — s*1) = Ey, (s).

5.4 The action of Hy on Ep,(s) = FyKe

The Schmidt subspaces Eg,, (s) of the Hankel operator Hyy remain invariant under the operator
H, in H:.(D). In [30, 31], the authors have been discussed the explicit formula for the action
of H, on these subspaces By, (s) = pKy in terms of the parameters s, p and 0 only. Also we have
noted that in scalar valued Hardy space HZ(D) for any non-trivial Schmidt subspace Ey, (s) it
automatically holds that dim (Eg,(s) © (Eg,(s) N zHZ(D))) = 1 whenever By, (s) € zHE(D).
But in case of vector valued Hardy space HE.(D), if Ey, (s) € zHZ. (D), then in general we
have

1 < dim(Eg, (s) © (Eg,(s) N zHz. (D)) < m

for any non-zero subspace Eg,,(s). Under the assumption dim(Eg, (s)© (Eg, (s)NzHZ.(D))) =
m, in Theorem 5.3.5, we have seen that Ep, (s) has compact form, that is Ep,, (s) = FyKe due
to it’s nearly S*-invariant property. In this section, we will obtain an explicit formula for the
action of H, on By, (s) = FyKe under the assumption dim(Eg,, (s)6(Eg, (s)NzHz.(D))) = m.

Before going to the main result of this section, we need some useful lemmas.
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Lemma 5.4.1. Let © € H*(D,L(C™,C™)) be an inner function with ©(0) = 0 and A €
M,,(C) an unitary constant matriz such that ©A is symmetric. Then S*©O(AG) € Ko for any
G e Ke.

Proof. First note that ©A is also an inner function in H*(D, L(C™,C™)). Since, ©A is sym-
metric, then we have (OA)! = OA. For any F € HZ.(D), we get

(S*O(AG),zF),, = (B(AG), F) ,
— ((BA)'F,G),,
= (BAF,G) 2 = 0.

Also,
(SO(AG), OH) = (AG, 2H) = (AG, 2H) = (G, zA"H) = 0,
for any H € HZ..(D). Hence S*O(AG) € Ke. O

Lemma 5.4.2. For an inner function © € H*(D, L(C",C™)),

S* (/Ce N CmL) = /C@ N {\r/s*(gez)} 5

1=1

where {e;};_, is the standard orthonormal basis of C".

Proof. Since S is an isometry on HZ,. (D), then it is sufficient to proof

KeNCm™t = g [/c@ N {\/ S*(@ei)} ] :

=1

Let F € Ko NC™*, then F = SG for some G € HZ,. (D). Therefore G = S*F and hence
G € Ko. Also for each i € {1,2,...,71},

(G, S*(Be;)) = (SG, B¢;) = (F,B¢;) =0,

which implies that G € {\/]_, $*(0e¢;)}", and it further implies ' € S [lC@ N{Vi_, S*(©e)}"|.
Let F; € H2 (D), then Fy = Fy(0) + SF; for some Fy, € HZ (D). Again for any G; €
Ko N{Vi_, S*(©e;)}" we have

(SG1,0F) = (SG1,0(F1(0) + SFy))
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— (SG1,OF(0)) + (SG1, SOF)

— <SG1, (Z (F,e;)e z)> + (9G4, SOF,)

=1

= Z ei, F) (Gy,570¢;) + (G1,0F,) =0

which proves that SG; € Ko N C™* and hence S* (IC@ N (le) =Ko n{V._, S*(@ei)}L. O

Hypothesis 5.4.3. Let U satisfy Hypothesis 5.2.1, s > 0, and the Schmidt subspace Eg,, (s) of
the Hankel operator Hy; satisfies the condition dim(Eg,, (s) © (By, (s) N zHE.(D))) = m.

Now we are in a position to state the main theorem in this section regarding the action of

the Hankel operator Hy on Eg, (s).

Theorem 5.4.4. Let U and Eg,, (s) satisfy the Hypothesis 5.4.3. Let {Wy, W, ..., W,,} be an
orthonormal basis of W := Ep,(s) © (Eg, (s) N zHZ.(D)). Then Eg, (s) has the following
representation:

Eg, (s) = FoKe,
where Fy = [Wi,Wa, ..., Wilmxm and Ke = Hz.(D) & OHZ.(D) for some inner function
© € Hyjcm cmy (D) with ©(0) = 0. Moreover, for any G € Ke, there exists an unitary constant
matriz A € M,,(C) such that the action of Hy on Eg,(s) is given by

Hy(FoG) = sP, Fy [STO(AG)], G € Keo. (5.14)

Proof. Let W; = [wy;, way, . .., wplt, 7 € {1,2,...,m}. Since {ey,eq,...,e,} is the standard

orthonormal basis of C™, then for each j € {1,2,...,m},

Py (s)(€5) = (e, W) Wi + (e, Wo)Wa + -+ + (e, W) Wi,

= wﬂ(O)Wl + ij(O)WQ + -+ w]m(O)Wm

Note that Hy commutes with H7, and hence with the orthogonal projection onto Ey, (s). For

1 <i < m, let U7 denote the orthogonal projection of U; onto Eg,,(s). Then we have

U = Pry, (5)(Ui) = Py, sy Hu(e:)
= HUPIEH (5)(€i)

= HU[U)“ (0)W1 + wzg(O)WQ + -+ wzm(O)Wm]
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= w;1(0)Hy (W1) + wie(0)Hy (W2) 4 « - - + win (0) Hy ((Why,). (5.15)
Therefore we have
[Uf, U;, ceey inl]mxm = [HU(Wl)a HU(WQ), ey HU(Wm)]me[wU(O)]Zle (516)

Now by Theorem 5.3.5, Ep, (s) = Fo(Hén(D) & PHE (D)) for some inner function © €
HZ o omy(D), with ©(0) = 0 and Fy = [Wy, Wa, ..., Wilmscrn-
It is easy to check that

(i) FOIC@ N le_ = F()IC@ N WJ‘, and
(11) F(]IC@ ﬂ {Ul, UQ, ey Um}J' — F()’C@ ﬂ {Uf, U;, ey Ufn}L

Due to the nearly S*-invariant property of Ep, (s) = FyKe and using above two identities

along with (5.13) we also have
S* (FoKe NWH) C FoKo N{U;, Us, ..., Us} . (5.17)
Now by Lemma 5.4.2, we conclude

§* (Foe NW™) = §* (Fy(Ke N C™))
= F,S* (Ke NC™)

—Fy [ ken {\/ S*(@ei)}

=1
r 1
= FyKo N {\/ FOS*(@eZ-)} : (5.18)
=1
Combining (5.17) and (5.18), we get
r 1
FoKe N {\/ FOS*(Ge,-)} C FoKo N{US, U3, ... U} . (5.19)
=1

Next we show that span{U;,Us,...  Us} C VV {FyS*(©¢;)} C FyKe. Let F € span{U;,Us, ..., U}
i=1
Therefore F' can be written as

F:Fl@FQ,

where Fy € \/I_, FyS*(0¢;) and Fy € FyKe N{V_, FoS*(Oe;)}". So we have

(F,Fy) = (I, F2) + (F, Fy),
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which due to (5.19) gives || Fy||* = 0, that is, F, = 0. In other words, F' = F} € \/|_, F,5*(Oe¢;)

implies

span{U;, U3, ... U} C \/ FyS*(Oe;). (5.20)
i=1
Hence from the above set inclusion (5.20) we have

Uls = 011F05*6)61 + CglF[)S*@@Q +---+ CrlF[)S*@er

UQS = ClgF()S*@el -+ CQQF()S*(")GQ + .+ CrzFos*@GT

(5.21)
Usﬁb = ClmF()S*@el + CQmF()S*@(ZQ + -+ c,anOS*@eT,
where ¢;;,1 <7 <r,1 < j <m, are some scalars. In matrix notation,
[Ufu U287 o AR Usl]mxm = [FOS*@eb FOS*6627 v 7FOS*@er]m><r [Cij]rxm
= [([S"Oeq, S*Oey, . .., SO | mxr [Cijlrxm. (5.22)
From (5.16) and (5.22), it follows that
[HU(Wl)a HU(W2)7 LI HU<Wm)]m><m[w2j(0)]:n><m - Fo[S*@Gl, 5*6627 i %) S*@er]mxr[cij]'rxm-
(5.23)

In the proof of Theorem 5.3.5, we have seen that {W;(0), W5(0),..., W,,(0)} is linearly inde-

pendent in C™, so [w;;(0)]mxm is an invertible matrix and so is [w;;(0)],.,,. Therefore the

equation (5.23) can be rewritten as

-1

[Hy(Wh), Hy(Wa), ..., Hy(Wy,)] = Fo[S*Oeq, S*Oes, . . ., S*Oc,|[cij] ([wi;(0)]") (5.24)

Now, for any 7,7 € {1,2,...,m}, using (5.15) we have

17117 = (U3, U7)
= |wir ()] CHE (W), Wh) + |wiz(0)]* (CHE (W), Wa) + -+ + [win (0)]* (HG(Win), Win)

= s* {Jwin (0)” + [wi(0)* + - - - + |[wim (0)*} . (5.25)

Similarly for ¢ # j,

(U2, U2) = 2 {wﬂ(omﬂ(()) + win(0)wy(0) + - - + wim(())wjm(c))} . (5.26)
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Also from (5.21), in a similar manner, we can derive
IUZN? = lewl® + leal® 4 - - + |enl?, (5.27)
and for i # 7,
(U?,U?S) = c15C1; + CoiCaj + -+ + CriCry. (5.28)
Combining (5.25), (5.26), (5.27) and (5.28) we get
[eii]"[eig) = 8% ([wi; (0)]) [wig (O)]',

which gives
8 \& " -1
( ([wi(0)]) > lesg] lesg] ([wis(0))) " = 21 (5.29)
Let, A = 1[c;] ([wi;(0)]") ™", then by (5.29) we have A*A = I, that is A is an isometry from C”
to C". Since by hypothesis, we have r < m, then we must have r = m.

So, A is an unitary matrix from C™ to C™ and therefore (5.24) can be rewritten as
[HU(Wl)a HU<W2), coog HU(Wm)] =S Fo [5*961, S*@eg, 3. . ,S*@er] A. (530)

Next we derive the action of Hy; on dense subspace of FyKg. So, consider any G = [g1, g2, -, gm])' €

Ko N H>®(T, L(C,C™), then

Hy(FyG) = Py, (UF,G)
= P {U( Wi+ g2Wo + -+ + 6. W) }
= P {Hu(W1)g1 + Hy(Wa)ga + -+ -+ + Hy(Wi) gim }
= Py, {[Ho(Wh), Hy(W>), ..., Hy(W,,)|G}
= sP, {Fy[S*Oe1, S*Oey, ..., S*O¢,]AG} .

Therefore, by standard limiting argument, we get the explicit action of Hy on Eg, (s) =

FoKe as follows:

Hy(RG) = sBy, (FO[S*@el, S*Oes, ..., S*@eT]A(J), G € Ko.
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Remark 5.4.5. In the above Theorem 5.4.4, if ©A is symmetric, then due to Lemma 5.4.1,
the action of Hy (see (5.14)) on By, (s) is reduced to

Hy(FyG) = s Fy [S*O(AG)], G € Ke. (5.31)

If m =1, then ©A is automatically symmetric. Therefore by (5.31), one can get back the action
of the Hankel operator on the Schmidt subspace obtained in [30, 31].

Next we see some useful observations concerning Theorem 5.4.4.

Remark 5.4.6. For the inner function © obtained in Theorem 5.4.4, S*OA is symmetric at
0.

Proof. If S*©A = [0;;]mxm, then our claim is to show 6;;(0) = 0;;(0). Recall that S*©Ae; € Ko.

Now
0,(0) = (S"OA(er) ) = (FS"OA(er) Foey) = ~ (Hy (W), W)
= %(HU(WJ-), W) = (FoS™©A(e;), Foe;) = (S*OA(e;), e;) = 0;(0).
Therefore we conclude that S*©A(0) is symmetric. O

Remark 5.4.7. It is surprising to note that, in Theorem 5.4./, the inner function © is unitary

almost everywhere on T which is not the case in general.

As promised earlier, we conclude the section with an example of a class of non-trivial
Schmidt subspaces satisfying the Hypothesis 5.4.3 in H2,(D).
Example 5.4.8. Consider two non-constant inner functions ¢,y € H*(D, C) with ¢ # 1. For
O=¢+v and vy = ¢ —1, let
0 Hy H
U= P , then Hy= "y
Y 0 H’y Hg
Then it is easy to see that,
s s
En, () © (Ery (5) 1 2HZ:(D) = \/ e, Sea),
and hence dim(Eg, (s) © (Ep,(s) N zHZ:(D))) = 2. The action of Hy on Eg,(s) can be
determined by the formula (5.14) given in Theorem 5.4.4. It is remarkable to mention that, the
scalar formula will not help to find the action of Hy on By, (s) C HEn (D).
Open question: If dim(Eg, (s) © (Eg, (s) N z2Hz.(D))) < m, then it is still unknown to us
what will be the formula for the action of Hy on By, (s).

TH-3170_186123016



112 Chapter 5. Schmidt subspaces of block Hankel operators

5.5 Future Problem:

There s a more flexible definition of nearly invariant subspaces in scalar valued Hardy space,

suggested by Aleman and Richter in [1]:

Definition 5.5.1. A subspace M is called nearly invariant (in a wide sense), if given a point

2o in the unit disk such that not all functions in M vanish at zy , we have the implication

FeM flz)=0 — &) e

Z — 20

It can be shown (for example, by a use of the conformal mapping sending zy to 0) that this
definition is independent of the choice of zy and yields the same structural description of M
i.e. M is still the image of a model space by an isometric multiplier.

This point of view is adopted in [31], i.e. it is shown that even if a Schmidl subspace of a
Hankel operator is not nearly invariant in the narrow sense, it is still nearly invariant in the
wide sense, with the ensuing structural description. It is a very natural question whether this
can be extended to the matriz-valued case, 1i.e.,

Open problem: Whether any Schmidt subspace of a matriz-valued Hankel operator (of the class

considered in this thesis) is nearly invariant in the wide sense.

5.5.1 Difficulty and expected hope:

In scalar valued Hardy space due to Aleman and Richter [1], we have the definition of nearly
mwvariant subspaces is independent of the choice of the base point z = zy and also the co-
dimension of the subspace of the functions which vanish at z = zy 1s 1. But for vector valued
Hardy space HZ..(D), this fact (independent of the choice of the base point) is still not known to
us for nearly invariant subspaces. Moreover, the co-dimension of the subspace of the functions
which vanish at the base point z = 2 is atmost m. In the study of Schmidt subspaces of matrix-
valued Hankel operator, we have observed that if z = 0 is not a common zero for all functions of
the Schmidt subspaces and also, the co-dimension of the subspace of the functions which vanish
at z = 0 is exactly equals to m, then the Schmidt subspaces is nearly invariant (in narrow sense,

for the base point z =0).
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So, when we try to find it’s nearly invariance property in wide sense by using conformal
mapping and also the standard unitary operator (with appropriate matriz-valued modification),
we cannot show that the co-dimension of the subspace of the functions which vanish at z = 0
18 exactly equals to m. In other words, we are unable to find the existence of a mapping that
make all the Schmidt subspaces of a matriz-valued Hankel operator into the Schmidt subspaces
of another matriz-valued Hankel operator, having the following two properties:

(i) z = 0 is not a common zero for all function of that subspace and

(1) the co-dimension of the subspace of the functions which vanish at z = 0, in the corresponding
Schmidt subspace is exactly equal to m.

To that aim, if we can prove that, the Schmidt subspaces of a matriz valued Hankel operator
are also nearly invariant, which satisfy the following two properties:

(1) z =0 is not a common zero for all functions of that subspace, and

(1) the co-dimension of the subspace of the functions which vanish at z = 0, in the corresponding
Schmadt subspace is strictly less than m. Then we can conclude that the Schmidt subspaces of
a matriz-valued Hankel operator (of the class considered in this thesis) are nearly invariant in

the wide sense. We keep this problem for future investigations.
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