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Abstract

Optical diffraction of laser beam from finite size of conventional optical devices imposes a

fundamental limitation for the creation and detection of subwavelength images. Such optical

systems can not focus laser beam onto an area smaller than about a square of the wavelength.

In this thesis, we utilize different quantum interference effects to control the diffraction and

overcome the diffraction-limit. The quantum interference phenomena include coherent pop-

ulation trapping (CPT), electromagnetically induced transparency (EIT), double dark reso-

nances (DDR) and active Raman gain (ARG).

The quantum optical phenomena result in dramatic modification of the absorptive and

dispersive properties of an atomic vapor. We exploit these strongly modified optical properties

of coherent media to control the diffraction via spatially dependent coherent fields. The spatial

modulation in the dispersion is used to write a waveguide (antiwaveguide) by using a laser

beam for confining or focusing (defocusing) of another laserbeam in an atomic vapor. Also by

suitably tailoring the absorption (or gain) and dispersionof the medium along the transverse

direction, we predict a possibility of transferring the diffraction-limited information from one

light wave to another light wave beyond the diffraction-limit.

Based on CPT and EIT in a three-level atomic system, we study thepossibility of cloning

of arbitrary images encoded in the spatial profile of a control beam onto a probe beam. We

consider both weak probe field and probe field with strength comparable to the control field,

and discuss the differences of beam propagation in the weak and strong field limits. Interest-

ingly, we find that feature size of cloned probe field is reduced by a factor of two as compared

to that of the original control field structure.

Further, we use quantum interference effects induced by DDR in a four-level atomic sys-

tem to improve the resolution of the cloned images. A high contrast atomic waveguide struc-

ture is formed inside the medium by using three coherent fields and an incoherent pump field.

This waveguide enables us to imprint the Rayleigh- or Sparrow-limited control field images

to a probe field with high resolution. We find that the feature size of the cloned image is four

times smaller than the initial characteristic size of the control image. We also discuss that

in the absence of incoherent pump field, the microwave field which connects the lower level

metastable states of a four-level system can switch on/off the probe beam propagation inside

the medium .

xv
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xvi

Next, we propose an all-optical antiwaveguide mechanism for diffraction-free steering,

splitting, and cloning of an optical beam. We use a spatiallyinhomogeneous pump beam

to create an antiwaveguide structure in a Doppler broadenedN-type four-level Raman gain

medium for a copropagating weak probe beam. We find that an additional control field permits

the propagation of probe beam through an otherwise gain medium without diffraction and

instability. We also establish that an arbitrary image imprinted initially on pump beam can be

cloned onto the transmission profile of the probe beam. Moreover, the resolution of cloned

image is increased twice as compared to the initial resolution of pump image.
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Preface

The present thesis work deals with control of laser beam diffraction by using coherent control

fields in optical media. Our study shows an efficient transfer of any arbitrary information

imprinted on the envelope of a laser beam to another copropagating laser beam beyond the

diffraction-limit. The spatially dependent coherent fields areused to engineer the optical

properties of coherent media in order to control the diffraction and surpass the diffraction-

limit. The following chapters will be included in this thesis:

Chapter 1 reviews a full treatment of semiclassical theory of light-matter interaction.

We begin with derivation of atomic Hamiltonian under electric dipole approximation. We

next derive an effective Hamiltonian for a two-level and three-level atom separately under

rotating wave approximation (RWA). We then obtain an expression for linear and nonlinear

responses of a two-level and three-level atomic medium. These atomic responses have been

used to describe their optical properties in terms of absorption and dispersion. Next, we

proceed by deriving a self-consistent theory of the opticalresponse of atomic medium by

writing Maxwell’s equations in an atomic medium. Further, Maxwell’s wave equation has

been reduced to paraxial wave equation in medium as well as infree-space. This chapter will

end with a discussion on free-space standard solutions of paraxial Helmholtz equation.

Chapter 2 discusses how an arbitrary image encoded in the spatial profile of a control

beam is mapped onto a probe beam with increased resolution. We have utilized the phe-

nomena of electromagnetically induced transparency (EIT)and coherent population trapping

(CPT) in three-levelΛ-system to achieve the goal. We focus on two field intensity regimes of

probe field. In one regime, the probe field is weaker than control field. On the other regime,

both fields have comparable strength. Thus, we include the effect of linear as well as nonlinear

response of the medium on the propagation dynamics for both probe and control fields.

xvii
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xviii Chapter 0. Preface

Chapter 3 introduces a scheme for improvement of spatial resolution of a Rayleigh- or

Sparrow-limited images. We have explored the sharp spectral features based on quantum

interference effects induced by double dark resonances (DDR) in a four-level atomic system.

The focus of this chapter is how resolution can be improved byseveral factors relative to

an EIT system in the vicinity of these sharp features. We showthat the application of an

incoherent pump can give rise to high contrast spatial features of diffraction-limited images.

Chapter 4 describes an all-optical antiwaveguiding effects in a Doppler broadened active

Raman gain (ARG) medium composed ofN-type four-level87Rb atoms. We have utilized

antiwaveguide mechanism to show beam steering, splitting,and cloning of an optical beam

beyond the diffraction-limit. A spatially inhomogeneous pump beam has been used to cre-

ate an antiwaveguide structure for a copropagating weak probe beam. Transverse modulated

index of refraction and gain due to the spatially dependent pump beam hold the keys for steer-

ing, splitting and cloning of an optical beam. We show that how an extra control field permits

the propagation of an optical beam through an otherwise gainmedium without diffraction and

instability.

Chapter 5 includes a brief summary of important findings for improvingspatial resolution

of diffraction-limited images by exploring different quantum optical phenomena.

Appendix A describes a numerical technique based on split-step Fourier method to solve

the paraxial wave equations in optical media.
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Chapter 1

Introduction

Diffraction phenomenon in optics is an inevitable subject whichexhibits the wave nature of

light discovered by C. Huygens and A. J. Fresnel in 17th century [1]. The origin of diffraction

is that any wave envelope or image with finite size can be considered as a group of different

plane-wave components. Each plane wave component acquiresa unique phase shift during

propagation either in free space or medium. The superposition of all plane wave compo-

nents at any point in space with different phases leads paraxial spreading or diffraction. This

also implies that wave envelope or an arbitrary image carried by a laser beam is subjected

to diffraction and hence, it is distorted after propagating through medium or vacuum. Opti-

cal diffraction imposes a fundamental limitation to the creation, detection or transmission of

images in traditional optics and determines the minimum size of an image. In 19th century

Lord Rayleigh discovered the first theoretical limit on a spatial resolution of an optical sys-

tem coined as Rayleigh criterion [2, 3]. Rayleigh’s criterion states that two point sources of

coherent light are said to be just resolved when the principal maximum of the Airy pattern

generated from one point source matches with the first minimum of the other. The typical or-

der of the Rayleigh limit is a value comparable to half of the wavelength (λ/2) of laser beam.

This leads to restriction over focusing of a laser beam into adesired spot.

A glimpse through the history of development of optical diffraction criterion provides a

wide area of theoretical and experimental research in various fields. Resolution enhancement

or surpassing the diffraction limit is essential in various applications covering metrology, op-

tical imaging, image processing, biological imaging, microscopy, and optical lithography.

1
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2 Chapter 1. Introduction

A large number of theoretical and experimental research have been carried out for reduc-

ing diffraction and breaking the classical diffraction-limit. To reduce the diffraction spreading

lots of attempt have been made. For instance, confining the light beam in a physical waveguide

like an optical fiber was a successful effort upto a certain extent [4]. Optical fiber supports

single-mode as well as multi-mode of light propagation. An optical fiber is a cylindrical

waveguide made of a central core surrounded by a cladding layer. The light can be confined

inside the narrow core by virtue of refractive index variation, where refractive index of the

core is higher than that of the cladding. This causes light beam to obey the principle of total

internal reflection and remain confined inside the core alongthe fiber axis without any further

diffraction. However, the energy of the light beam in the fiber is not completely confined in

the core region. A significant fraction of the injected energy travels into the cladding in the

form of an evanescent wave. Other major losses in optical fiber are primarily due to scattering

and absorption which causes reduction and attenuation in the intensity of the light beam. This

loss in intensity and distortion due to dispersion puts restriction on information transmission

by optical fiber which redirects to alternatives of optical fiber.

Guiding light through a nonlinear medium provides flexibility to overcome the fiber’s

limitations. Optical diffraction can be greatly suppressed, eliminated or even reversed by using

light-matter interaction. The invention of laser in modernquantum optics and its interaction

with matter provided a new way to control the optical properties by means of nonlinearity

in the medium. In a nonlinear medium, optical properties such as absorption and dispersion

are modified and enhanced to a great extent. More interestingly, the coherent medium with

modified and improved optical properties can be used furtherto control the propagation of

laser fields.

Numerous attempt have been made in order to elaborate light-guiding in all-optical pro-

cessing. In this context, optical soliton has been introduced to overcome or reduce the loss in

intensity and distortion occurring in optical fiber. Spatial optical solitons are stable solitary

wave formed when the medium nonlinearity balances the diffraction-induced beam spread-

ing [5, 6]. Spatial optical solitons have been found to play the majorrole because of their

self-induced focusing and creating its own waveguide effect over a significant distances. The

advantage of using spatial solitons is that they can propagate over longer distances without

changing their shape. Optical solitons have huge information carrying capacity in optical

communication systems as compared to optical fiber [7]. Much of the recent progress in this
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area exploits the spatial bright [8] and dark [9] solitons to write a waveguide in a kerr non-

linear medium. Kerr nonlinearity takes place in a medium where variation in an index of

refraction is proportional to the intensity of the laser field [5, 6, 10, 11]. Fuenteet al. first ex-

perimentally demonstrated that a waveguide structure can be written by using a bright spatial

soliton in bulk media [12]. In their experiment, an intense pump beam forming a solition is

used for waveguiding a weak probe beam. Luther-Davies and co-workers have demonstrated

that the dark soliton can also induce waveguides for guidinga probe beam in a nonlinear ther-

mal media [13]. Their experiment showed that a pair of diverging dark solitons can form a

“Y junction” that splits a single input beam into two independent guided beams. Moreover,

they have optically produced such a waveguide that can be steered and used to produce an

optical switchyard [14]. Formation of waveguide is also possible by using a spatialsoliton

in the bulk photorefractive material as reported by Morin and colleagues [15]. According to

them, guiding efficiency can be enhanced using tapered waveguides.

In comparison with bulk nonlinear media, spatial solitons induced in atomic media has

been utilized for waveguiding a weak probe beam. Bortman-Arbiv et al. have suggested

spatial solitons based waveguiding in a medium composed of two-level atoms [16, 17]. They

have shown that a strong pump beam which forms soliton, can create optical waveguiding

effect for a co-propagating weak probe beam. They found that thetransverse profile of the

pump exhibits soliton like oscillations which gets mimic bytransmitted probe beam profile.

They have also predicted the importance of new four-wave mixing (FWM) process on the

induced waveguide [18–20]. FWM is a nonlinear process arising where at least two different

frequency components propagate together in a nonlinear medium and a new weak wave is

generated. They studied the importance and effect of this weak beam on the waveguiding

specially when the medium is optically thick.

Achieving a high intensity laser beam is a major concern to form a spatial soliton in con-

ventional nonlinear medium [21]. Taking into account the equivalent incorporation of gaseous

medium, recent developments introduce an all-optical waveguiding at low light intensities.

An all-optical waveguide describes to an electromagnetically induced waveguide whose re-

fractive index profile varies transversely by spatially dependent control beam. The physical

significance of such induced waveguides is that their properties can be controlled by changing

the properties of the control beam in order to fulfill some needs. Additionally, an all-optical

waveguide can be created even by comparatively low power laser beams whose divergence is

not very severe over a short propagation distance.
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The interaction of laser field with atomic vapor media provides a remarkable changes in

optical properties of medium as well as laser field propagation [22]. Laser field interacting

with atoms in a vapor medium induces atomic transition. Thisatomic transition or excitation

to different coherently coupled atomic levels leads to generationof atomic coherence be-

tween levels. The quantum interference between induced atomic coherences are essential to

demonstrate many interesting quantum optical phenomena such as coherent population trap-

ping (CPT) [23, 24], electromagnetically induced transparency (EIT) [25, 26], lasing without

inversion (LWI) [27–30] and saturated absorption techniques [31, 32]. Quantum coherence

and interference effects can give rise to dramatic enhancement of the refractiveindex without

absorption [33–36]. The coherence effect of the stimulated Raman process has been explored

to reduce the probe field attenuation or distortion resulting in an absorptive medium. The ac-

tive Raman gain (ARG) schemes result in a gain spectrum by operating atoms in a stimulated

Raman emission mode [37, 38]. The spatial variations of enhanced dispersive property of the

medium can be utilized to control the diffraction spreading of laser beams. The exceptionally

high efficiency of vapor medium through nonlinear interactions enhances its role in all-optical

waveguiding [39, 40].

Most of the research in nonlinear optics is concentrated on electromagnetically induced

transparency (EIT). In an EIT process, a strong control beamis used to reduce the absorption

and enhance the refractive index of medium around the resonance of a co-propagating weak

probe beam. Most importantly, a suitable spatial dependentprofile of the control beam pat-

terns a waveguide like structure by modulating refractive index in transverse directions. This

special inhomogeneous character of refractive index leadsto confinement of co-propagating

weak probe beam. There are a large number of theoretical predictions and experimental re-

alizations to accomplish all-optical waveguiding in EIT medium. Moseleyet al. have the-

oretically suggested and experimentally verified electromagnetically induced focusing and

defocusing of probe beam in EIT medium [41, 42]. The diffraction-limited beam propaga-

tion was first experimentally demonstrated in a pure lead (208Pb) vapor medium by Kasapiet

al. [43]. They have generated a spatial profile of probe beam by passing it through an aper-

ture. By controlling the detuning of control beam, they have shown the propagation of spa-

tially modulated probe beam with and without distortion. Truscottet al. were the first to

demonstrate experimentally the formation of optically written waveguide in an atomic rubid-

ium vapor [44]. In this experiment, rubidium atoms form a three-level V-configuration, where

a weak probe beam and a strong pump beam are coupled to two different excited states while
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sharing a common ground state. They have used pump beam with aLaguerre-Gaussian charge

3 doughnut-shaped profile to pattern an atomic waveguide forguiding weak probe beam. The

doughnut-shaped pump beam creates a steep-sided refractive index spatial profile by coherent

pumping the ground state population to one of the excited states. Their experiment was later

examined in great detail theoretically by Kapooret al. [45] and Andersonet al. [46] by con-

sidering full density matrix treatment. The spatially varying refractive index is also accounted

for induced focusing [47, 48], transverse confinement [49, 50], self-imaging [51], and optical

beam steering [52–54].

In comparison with EIT approach, saturated absorption spectroscopy technique in two-

level atoms has also been utilized to show diffraction-free propagation of laser beams. This

mechanism offers promising advantages in slow light propagation which isvery useful for

quantum information technology [55, 56]. In this technique, a strong pump beam creates a

very narrow spectral hole in the absorption profile of a copropagating weak beam which leads

to an increase in its transmission [31, 32]. This induced spectral hole is accompanied by a

strong dispersion which causes slow light propagation. Utilizing this saturation absorption

mechanism, Deyet al. [57] have recently proposed a waveguiding scheme in a two-level

system. By taking different spatial modes of pump beam, they showed that paraxial diffraction

of probe beam can be partially eliminated in saturated absorptive medium. They found that a

super-Gaussian profile is preferable as compared to other pump beam shapes for diffraction-

free propagation of Gaussian probe beam. Furthermore, theyhave presupposed that how a

probe beam partially acquires the transverse shape of pump beam at the output of the medium

which might be applicable in optical microscopy.

In addition to the previous mechanism, coherent Raman process in rubidium atoms have

been used for all-optical waveguiding by Praveenet al. [58]. They modeled atoms as three-

level Λ-system and operated in off-resonance Raman configuration. Taking into account

the Raman resonance phenomenon, they observed that the signal beam transmission rapidly

changes and resulted in a sharp variation in refractive index at signal frequencies near Raman

resonance. They used control beam as a first order Laguerre-Gaussian mode to induce a fiber

like index variation for confining a weak signal beam. Their experiment shows that the cou-

pling efficiency of the guided signal beam has a linear relationship with input signal beam.

Their findings predicted that induced atomic waveguide may be useful in efficient nonlinear

processes at very low power beams.
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Objective of the above mentioned study is meant to summarizetheoretical and experimen-

tal approaches so far for suppressing the diffraction. However, all of these optically written

waveguide based schemes are limited to either a single transverse mode or only certain spa-

tial modes of guiding beam. Besides the various advantages ofthese attempts, specific mode

propagation restricts their applicability in emerging areas such as image processing with high

resolution, quantum information processing, data storageand optical imaging. Thus so far,

waveguiding with multimode profiles have not been implemented in above mentioned guiding

schemes. With all of these limitation to the context of diffraction in mind, intensive research

has been carried out in modern optics. Theoretical investigations as well as experimental

examination were carried out currently for surpassing the diffraction and enhancing the reso-

lution in multimode wave profile.

An entirely diffrent approch of transmission of an arbitrary image by means of multimode

incoherent soliton in self-focusing nonlinear medium has been used by Kipet al. [59] . In

their experiment they used a sufficiently broad and spatially incoherent soliton to write a mul-

timode waveguide in a photorefractive crystal. The number of guided modes of that induced

waveguide are large enough to supports the transmission of an incoherent image through the

nonlinear medium. This scheme was remarkable but limited tothe transmission of only an

incoherent image. In case of coherent images, destruction of the image information is caused

by both modal and modulational instability, which lead to filamentation of parts of the image.

In a very recent study, a more challenging and counterintuitive approach to remove the

restriction over spatial modes has been theoretically proposed and experimentally verified by

Firstenberget al. [60–62]. This scheme is fundamentally different from stationary waveg-

uide methods in the sense that the nonuniformity in susceptibility is created in momentum

space instead of real space. They have exploited the atomic thermal motions and collisions to

eliminate the paraxial diffraction of arbitrary images under EIT mechanism. The underlying

physics in this approach can be explained as the phase difference acquired during propagation

for each plane-wave component of the image is exactly compensated by an additional phase

shift induced by the atomic motion, thus leading to the elimination of diffraction. Experi-

mental challenge associated with this method is that it assumes an explicit breaking of the

usual two-photon resonance condition such that strong absorption occurs. This strong attenu-

ation results inherent loss in resolution which restricts its applicability in quantum information

technology. Recently, Zhanget al. [63] have exploited the thermal motion of atoms to show
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the diffraction-less propagation of an arbitrary image and frequency conversion via four-wave

mixing process.

For the progress in this study, the diffraction-less propagation of multimode light beam

through optically written waveguides is theoretically demonstrated by Deyet al. [64]. They

have used Laguerre-Gaussian control beam to write waveguide for confining probe beam in

off-resonant Raman system. They have shown that a probe beam witha single Gaussian, two

Gaussian modes, and multiple secant-hyperbolic shaped canbe propagated without diffrac-

tion. This diffraction-less propagation of multimode transverse images solves the difficulty of

waveguides which were earlier limited to a single transverse mode. Moreover, they have also

predicted that by varying the spot size of the Laguerre-Gaussian control beam it is possible to

control the transmission and feature size of the output probe beam. This scheme introduces a

novel approach for the propagation of arbitrary images in warm atomic vapors.

A significant contribution in theoretical and experimentalapproaches to limit the diffrac-

tion sets a milestone. However, the proposed investigations and their applicability in different

areas are limited due to less resolution and distortion in arbitrary image processing. Reso-

lution enhancement is the ultimate purpose for creation, detection and transmission of the

smaller images. The light-matter interaction provides a wide variety of diffraction-free tech-

niques to beat the fundamental diffraction-limit in both near-field and far-field regimes. For

examples, near-field and far-field fluorescence spectroscopy techniques are used to obtain 3D

image of living cells [65, 66]. In another proposal, possibility to attain spatial resolution of a

fraction of wavelength of light has been developed by stimulated emission depletion (STED)

fluorescence microscopy [67–69]. In these optical microscopy techniques, an object with

nanometer resolution could be imaged by recording fluorescence spectrum from single atoms

or molecules. The position of an atom with subwavelength precision have been measured

using classical field amplitude and phase arrangements techniques [70, 71]. Even more ap-

preciable work has been explored by coherent coupling of atomic system with standing wave,

to measure the separation between two closely situated atoms [72, 73]. Changet al. have

suggested a new microscopy scheme that can determine the separation between two identical

atoms with subwavelength precision [74]. In this scheme, two identical atoms are interacting

with a standing wave laser field in a cavity. The information about atoms position is extracted

from the collective resonance fluorescence spectrum of atoms. The quadrature-field measure-

ment of nonclassical fields are also used to locate the position of atom with subwavelength
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accuracy by moving atomic beam through a cavity [75–78]. These schemes are based on the

concept of virtual slits formed by localized atoms.

Recently, several new atomic localization schemes have beenproposed by detecting the

spontaneously emitted photons [79]. These methods also exploited the interaction of the atom

with the classical standing wave field. An atomic localization scheme by using a simple

two-level system interacting with the classical standing-wave field has been suggested by

Qamaret al.[80]. They measured the resonance fluorescence spectrum from two-level atomic

system and extracted information about the position of the atom. The precise measurement

of atom position has been increased by utilizing three-level [81, 82] and four-level atomic

systems [83]. The amplitude and phase control of the absorption [84] and gain [85] spectrum

of four-level atomic system have been also exploited for subwavelength atom localization.

Optical lithography techniques based on classical fields have been limited due to the

diffraction. In optical lithography, a light field is used to etcha substrate for writing a pattern

which is widely used in microchip semiconductor industries[86]. However, optical lithog-

raphy based on classical field approach can create structures on a scale comparable to half

of the wavelength of light (λ/2). Therefore, quantum optical based schemes are applied for

the fabrication of small mask structures in optical lithography beyond the diffraction-limit.

Botoet al. discussed theoretically to surpass this diffraction-limit by using nonclassical quan-

tum nature of entangledN-photon [87]. Interestingly, they showed that it is possible to create

structures with minimum size ofλ/(2N) in anN-photon absorbing substrate. This theoretical

prediction was later verified experimentally by Angeloet al. via utilizing two-photon entan-

gled states [88]. Their experimental results show that the classical diffraction-limit can be

beaten by a factor of two. Recently, Kiffner et al. have proposed a new approach based on

CPT to obtain same spatial resolutionλ/(2N) which does not need anN-photon absorption

process [89]. This scheme utilizes a position dependent dark state via exposing the atoms

with standing wave patterns and requires multilambda systems and multiple laser beams. To

avoid the requirement of multiphoton absorption or entanglement of the photons, Liaoet al.

have suggested a new method to subwavelength lithography via Rabi oscillations between

two atomic levels [90]. Quantum optical lithography with subwavelength resolution has been

later predicted by using classical field in Doppleron-type resonances [91]. Optical lithogra-

phy with super-resolution has been also suggested via interaction betweenΛ-type atoms and

temporally-cascaded driving fields [92].
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1.1 Theoretical background of atom-field interaction

Before beginning the detailed discussion on light-matter interaction in quantum optics, it is

important to first understand the fundamentals of semiclassical theory. In semiclassical theory,

the atoms are treated as quantum system with their discrete energy levels and the fields are

treated classically. The dynamics of atoms are governed by aappropriate density operator

obeying the Liouville equation. The basic Maxwell’s equations of classical electrodynamics

are used to describe the propagation of electromagnetic fields. We start with the derivation of

atom-field interaction Hamiltonian from a gauge invariancepoint of view and then simplify it

under electric dipole approximation.

1.1.1 Atom-field interaction Hamiltonian

We consider the interaction between the electromagnetic fields and alkali metal atoms. All

alkali atoms have a single electron in their outermost shellwhile inner shells are nearly filled.

In such atoms, the outer electron of charge−e and massm is bound to the nucleus by the

Coulomb interactionV(r). In the presence ofV(r), the Hamiltonian of the electron is ex-

pressed as

H0 =
P2

2m
+ V(r) , (1.1)

whereP is the canonical momentum andr is the position of the electron. We now derive

the Hamiltonian of the electron in the presence of external electromagnetic (em) fields. The

electric fieldE and magnetic fieldB associated with em field can be expressed in the following

form:

E(r , t) = −∇Φ(r , t) − 1
c
∂

∂t
A(r , t) (1.2)

B(r , t) = ∇ × A(r , t) , (1.3)

whereA(r , t) is the vector potential andΦ(r , t) is the scalar potential of the external field,c

is the speed of light in vacuum. Using these expressions for the fields in the Lorentz force

equation:F = −e[E + (V × B)/c] and comparing it with classical Lagrange’s equation, one
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can readily find the modified Hamiltonian as

H′ =
1

2m

[

P+
e
c
A(r , t)

]2

− eΦ(r , t) . (1.4)

Thus the total Hamiltonian of atom-field system takes the following form

H =
1

2m

[

P+
e
c
A(r , t)

]2

− eΦ(r , t) + V(r) . (1.5)

We now discuss the motion of the electron in the nuclear and external fields and derive this

total Hamiltonian from a gauge invariant point of view.

1.1.2 Interaction Hamiltonian under gauge transformation

In quantum mechanics the quantization of the particle motion is done by replacing all ob-

servables by their operators forms such as momentumP → P̂ = −i~∇, and the total energy

E→Ê = i~ ∂
∂t , where~ = h/2π is the reduced Planck’s constant. Thus the motion of an electron

in the nuclear field is described by the non-relativistic Schrödinger equation:

i~
∂

∂t
Ψ(r , t) =

[

−~2

2me
∇2 + V(r)

]

Ψ(r , t), (1.6)

whereΨ(r , t) is the wave function of the quantum system and the quantity,|Ψ(r , t)|2 gives the

probability density of finding an electron at positionr and time t. The general solution of

Eq. (1.6) can be written as:

Ψ(r , t) = ψ(r , t)eiχ, (1.7)

whereχ is an arbitrary scalar function and does not affect the probability density. Therefore,

the phase factorχ is optional as the two wave functions differing by a constant phase factor

signify the same physical state. However, if the phase is a function of both space and time

variables, then the solution of the following form

Ψ(r , t) = ψ(r , t)eiχ(r ,t) , (1.8)

does not satisfy the Schrödinger equation Eq. (1.6), but the probability density still remains

invariant under this transformation. Therefore, we must modify the Schr̈odinger equation in
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order to satisfy local gauge or phase invariance. The modified Schr̈odinger equation is given

by

i~
∂

∂t
Ψ(r , t) =

{

1
2m

[

−i~∇ + e
c
A(r , t)

]2

− eΦ(r , t) + V(r)

}

Ψ(r , t) , (1.9)

where the functionsA(r , t) andΦ(r , t) on right hand side of Eq. (1.9) represent the usual

vector and scalar potentials of the external electromagnetic field, respectively. In order to

make Eq. (1.9) invariant under a transformation akin in Eq. (1.8), the functionsA(r , t) and

Φ(r , t) has to be replaced by their gauge transformations

A(r , t)→ A′(r , t) = A(r , t) − ~c
e
∇χ(r , t) , (1.10)

Φ(r , t)→ Φ′(r , t) = Φ(r , t) +
~

e
∂χ(r , t)
∂t

. (1.11)

Under these gauge transformations, the fieldsE andB remain invariant [93]. After simplifi-

cation and rearrangement, the Eq. (1.9) takes new form

i~
∂

∂t
Ψ(r , t) = ĤΨ(r , t) . (1.12)

whereĤ is the total Hamiltonian and is given by

Ĥ = − ~
2

2m
∇2 − ie~

2mc
[A(r , t) · ∇ + ∇ · A(r , t)] +

e2

2mc2
A(r , t) · A(r , t)

− eΦ(r , t) + V(r) . (1.13)

We simplify Ĥ by considering Coulomb gauge condition, i.e.,Φ(r , t) = 0 and∇ · A(r , t) = 0.

The total Hamiltonian in the radiation gauge becomes

Ĥ = − ~
2

2m
∇2 + V(r) − ie~

mc
A(r , t) · ∇ + e2

2mc2
A(r , t) · A(r , t) . (1.14)

We further simplify the above Hamiltonian under a reasonable approximation known as dipole

approximation.
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1.1.3 The electric dipole approximation

We are interested in a problem of the bound electron and its behavior in the presence of an

incident plane electromagnetic wave. A plane electromagnetic wave is described by a vector

potentialA(r0 + r , t):

A(r0 + r , t) = A(t)exp[ik · (r0 + r )] , (1.15)

wherer0 is location of nucleus of the atom. We assume that the wavelength of the electro-

magnetic field is much larger than the typical size of the atom, which is of the order of the

Bohr radiusa0. Thus the spatial variation of electromagnetic field is nearly constant over the

dimension of the atom. Under this approximation,k · r << 1, where|k| = 2π/λ is the wave

vector andλ is the wavelength of the radiation field, the vector potential can be written as

A(r0 + r , t) = A(t)exp[ik · (r0 + r )]

= A(t)exp(ik · r0)(1+ ik · r + ...)

≈ A(t)exp(ik · r0) . (1.16)

This is so called the “electric dipole approximation”. Hence a spatially uniform vector po-

tential A(r0 + r , t) ≈ A(r 0, t) is considered in further study. The total Hamiltonian for the

field-atom interaction in the dipole approximation is givenby

Ĥ = − ~
2

2m
∇2 + V(r) − ie~

mc
A(r0, t) · ∇ +

e2

2mc2
A2(r0, t) . (1.17)

We now perform a gauge transformation usingχ(r , t) = (−e/~c)A(r0, t) · r . Thus the wave

functionΨ(r , t) of Eq. (1.8) takes new form

Ψ(r , t) = exp
[−ie
~c

A(r0, t) · r
]

ψ(r , t) , (1.18)

Substituting Eq. (1.17) and Eq. (1.18) in Schr̈odinger Eq. (1.12) and after simplification, we

find

i~
[−ie
~c

Ȧ(r0, t) · rψ(r , t) + ψ̇(r , t)
]

=

[

− ~
2

2m
∇2 + V(r)

]

ψ(r , t) .
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We can express theE field at r0 in terms of the Coulomb gauge potential asE(r0, t) =

−1
c
∂
∂tA(r0, t). Therefore the simplified form of Schrödinger equation under electric dipole

approximation is given by

i~
∂

∂t
ψ(r , t) =

{

− ~
2

2m
∇2 + V(r) + er · E(r0, t)

}

ψ(r , t)

= (Ĥ0 + ĤI )ψ(r , t) . (1.19)

whereĤ0 is the unperturbed Hamiltonian in the absence of the incident electric field and is

given by

Ĥ0 = −
~

2

2m
∇2 + V(r), (1.20)

andĤI represents interaction Hamiltonian of atom-field system after electric dipole approxi-

mation. This is expressed as

ĤI = er̂ · E(r0, t) = −d̂ · E(r0, t) , (1.21)

whered̂ (= −er̂ ) is the electric dipole moment operator of the atom. This interaction Hamil-

tonian has been used to study the atom-field interaction in our forthcoming problems. One

of the simplest problems of atom-field interaction is a two-level atomic model system. A

two-level atomic system can be realized in the experiment when only two atomic levels are

resonant or nearly resonant with the frequency of incident em radiation, while all other levels

are highly detuned. We therefore present the basic results of a two-level atom interacting with

a near resonant laser field.

1.2 Interaction of light with a system of two-level atoms

The unperturbed Hamiltonian̂H0 in Eq. (1.20) of an atom has a set of eigenstates|i〉. These

eigenstates represent the various internal stationary states of the atom. We first consider only

two energy eigenstates of an atom with a ground state|1〉 and an excited state|2〉 as shown in

Fig. 1.1.
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  | 1 >

  | 2 >
∆

g,  ω 2γ

F 1.1: The energy level diagram of a two-level rubidium atom. The atomic system is

driven by a monochromatic laser field of Rabi frequencyg and angular frequencyω. The

spontaneous decay rate of the excited state|2〉 to ground state|1〉 is labeled by 2γ.

The energy eigenvalues corresponding to the eigenstates|1〉 and |2〉 are given by following

eigenvalue equation:

Ĥ0|i〉 = ~ωi |i〉 = Ei |i〉 , (1.22)

where~ωi (i = 1,2) is the energy eigenvalue of state|i〉. Therefore, the transition frequency

between the two levels is given byω21 = (E2 − E1)/~. The eigenstates form a complete set of

orthonormal states and satisfy the closure relation:
∑

i |i〉〈i|=1. Keeping this fact in mind, we

can expresŝH0 in terms of the eigenstates and their corresponding eigenvalues as

Ĥ0 =

2
∑

i, j=1

|i〉〈i|Ĥ0| j〉〈 j| =
2
∑

i=1

~ωi |i〉〈i|

= ~ω1|1〉〈1| + ~ω2|2〉〈2| . (1.23)

We now consider the effect of an external electromagnetic field on the atom. The electric field

associated with an electromagnetic wave is defined by

E(r , t) = êE0(r ) ei(k·r−ωt) + c.c. , (1.24)
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1.2. Interaction of light with a system of two-level atoms 15

whereE0(r ) is the slowing varying amplitude,̂e is the unit polarization vector, andk (|k| =
ω/c) is the wave vector of field. Note that the complex conjugate (c.c.) term has been added

in above equation in order to make electric field as real quantity. The carrier frequencyω

of the laser field is very close to atomic resonance frequencyω21. The electric fieldE(r , t)

induces a dipole moment between the two atomic levels. The explicit form of the electric

dipole moment operator, using same procedure as in Eq. (1.23), is given by

d̂ =
2
∑

i, j=1

di j |i〉〈 j| = |1〉〈2|d12+ |2〉〈1|d21 , (1.25)

wheredi j = 〈i|d̂| j〉 is a off-diagonal matrix element of the electric dipole moment operator.

The off-diagonal matrix elements do exist as two atomic levels haveopposite parity. It should

be noted that the diagonal matrix elementsd11 andd22 are zero because the dipole operator

has odd parity. The induced electric dipole moment interacts with the incident electric field

and gives rise an interaction energy. The interaction energy of the atom-field system under

dipole approximation is given by the interaction HamiltonianĤI ,

ĤI = −d̂ · E = −(|1〉〈2|d12 · E + |2〉〈1|d21 · E). (1.26)

Therefore, the total Hamiltonian of the atom-field system isgiven by

Ĥ = Ĥ0 + ĤI = ~ω21|2〉〈2| − (|1〉〈2|d12 · E + |2〉〈1|d21 · E), (1.27)

where~ω21 is the energy of the excited state|2〉 relative to the ground state|1〉, which is

assumed to be at zero energy for a reference.

Substituting the expression for electric field from Eq. (1.24) into Eq. (1.27), we find explicit

form of total Hamiltonian as

Ĥ = ~ω21|2〉〈2| −
[

d21 · êE(r ) ei(k·r−ωt) + d21 · êE∗(r ) e−i(k·r−ωt)
]

|2〉〈1|

−
[

d12 · êE(r ) ei(k·r−ωt) + d12 · êE∗(r ) e−i(k·r−ωt)
]

|1〉〈2| . (1.28)

Defining the new quantities

g =
d21 · êE
~

eik·r , g̃ =
d21 · êE∗
~

e−ik·r , (1.29)
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16 Chapter 1. Introduction

whereg(g̃) is referred as the Rabi frequency (counter-rotating frequency) of the laser field.

Note that under dipole approximation, the spatial phase factors appearing in definitions of

Rabi frequencies are treated to be unity. The total Hamiltonian by including these new pa-

rameters can be written as

Ĥ = ~ω21|2〉〈2| − ~
[

g e−iωt + g̃ eiωt
]

|2〉〈1| − ~
[

g̃∗ e−iωt + g∗ eiωt
]

|1〉〈2| . (1.30)

It is very clear from Eq. (1.30) that the total Hamiltonian is time-dependent as the interac-

tion part contains rapidly oscillating phase factors. Thuswe cannot find the solution to the

Schr̈odinger equation Eq. (1.19) unless we remove the time-dependent parts. However, under

a suitable unitary transformation we can transform the total Hamiltonian Eq. (1.30) into a

time-independent form. We consider a transformation of thefollowing form

Û = e−iω|2〉〈2|t (1.31)

This unitary transformation is known as a “rotating frame transformation”. If |ψ(r , t)〉 and

|φ(r , t)〉 represent the state vectors of the system in the stationary frame and the rotating frame,

respectively, then they can be related by

|ψ(r , t)〉 = Û |φ(r , t)〉 . (1.32)

Using above unitary transformation into the Schrödinger equation Eq. (1.19) and after rear-

ranging the terms we obtain

i~
∂

∂t
|φ(r , t)〉 = (Û†ĤÛ − i~Û†

∂Û
∂t

)|φ(r , t)〉 = Ĥ|φ(r , t)〉 . (1.33)

Obviously, the state vectors in the rotating frame obey the Schrödinger equation with a trans-

formed Hamiltonian given by

Ĥ = ~∆|2〉〈2| − ~
[

g+ g̃ e2iωt
]

|2〉〈1| − ~
[

g̃∗ e−2iωt + g∗
]

|1〉〈2| , (1.34)

where∆ = ω21−ω is the detuning of the laser field from the transition. In equation Eq. (4.2),

the rapidly oscillating terms at frequency±2ω will give zero value on an average in a time

scale of an optical period as compared to without oscillating terms. This is because the value
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1.2. Interaction of light with a system of two-level atoms 17

of g̃≪ 2ω in the optical frequency domain. The terms related to ˜g along with complex conju-

gates will be important only if ˜g ≈ 2ω. Therefore, we neglect these rapidly oscillating terms

while retaining the dc terms. This approximation is known asthe “rotating-wave approximation”

(RWA). The effective Hamiltonian for the system of interest in the appropriate rotating frame

can be written as

Ĥ = ~∆|2〉〈2| − ~(g|2〉〈1| + g∗|1〉〈2|) . (1.35)

This is effective Hamiltonian for a single atom under rotating-wave approximation. We can

readily write the state vector|ψ〉 of a single two-level atom which contains all possible infor-

mation about the system. Also, the time evolution of state vector for a single atom can be well

described by Schrödinger equation Eq. (1.19). However, for a collection of many such atoms,

we can not guess the actual state of individual atoms as each atom is in an unspecified state.

Therefore, we describe the physical state of an ensemble of many identical quantum systems

by adopting density operatorρ formalism.

1.2.1 The Liouville equation for a two-level atomic system

The density operatorρ is defined as a projection operator onto the state vector.

ρ =
∑

i

Pi |ψi〉〈ψi | , (1.36)

wherePi is the time-independent probability of finding the system instate|ψi〉. Generally,

Pi is statistical probability of finding an individualNi systems in state|ψi〉 and described by

Pi = Ni/N, where
∑

i Pi = 1 and
∑

i Ni = N. The time derivative of this equation is given by

ρ̇ =
∑

i

Pi( ˙|ψi〉〈ψi | + |ψi〉 ˙〈ψi |) , (1.37)

where over-dot denotes a partial derivative with respect totime t. Substituting ˙|ψi〉 and ˙〈ψi |
from the Schr̈odinger equation Eq. (1.19) into Eq. (1.37), we obtain

ρ̇ = − i
~

[

Ĥ , ρ
]

. (1.38)

This equation is known as the Liouville or Von Neumann equation. It is more general form of

equation of motion than the Schrödinger equation and it gives statistical as well as quantum
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mechanical information about the system. Using the transformed Hamiltonian of Eq. (1.35)

into Eq. (1.38), the equations of motion for the density matrix elements isgiven by

ρ̇22 = −ρ̇11 = igρ12− ig∗ρ21 , (1.39)

ρ̇21 = ρ̇
∗
12 = −i∆ρ21+ ig(ρ11− ρ22) . (1.40)

These equations have resemblance to the equations obtainedby Bloch in the context of the

motion of a spin-1/2 system in an oscillatory magnetic field. Therefore, the above equations

are known as the optical Bloch equations [94]. In a general solution of density matrix ele-

ments, the diagonal elementsρii are real while off-diagonal elementsρi j are complex. The

physical interpretations of the density matrix elements are as follows: The diagonal element

ρ11 gives the probability of finding atom in the ground state|1〉, while ρ22 denotes the prob-

ability of finding atom in the excited state|2〉. Note that the total probability is conserved

for a closed system, i.e.,ρ11 + ρ22 = 1. The off-diagonal elementρ12 (=ρ∗21) represents the

coherence between levels|1〉 and|2〉. The physical meaning of the off-diagonal elements are

more abstract as they describe the atomic polarization. This atomic polarization is related to

the macroscopic polarization of the atomic medium.

1.2.2 Rabi oscillations in two-level system

Eqs. (1.39) and (1.40) are basically a set of four simultaneous equations for the four elements

of the density matrix. We solve these equations by assuming that atom is initially in the ground

state|1〉, i.e.,ρ11 = 1 at timet = 0. The solutions for atomic populationρ22 and coherenceρ21

are then given by

ρ22 =
4|g|2
Ω2

sin2

(

Ωt
2

)

, (1.41)

ρ21 =
2g
Ω2

sin

(

Ωt
2

) {

−∆sin

(

Ωt
2

)

+ iΩcos

(

Ωt
2

)}

, (1.42)

whereΩ = {∆2 + 4|g|2}1/2.
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1.2. Interaction of light with a system of two-level atoms 19

If atom is at resonance with the applied field (∆ = 0), thenΩ = 2|g| and above Eqs. (1.41) and

Eqs. (1.42) simplifies to

ρ22 = sin2 (|g|t) (1.43)

ρ21 =
ig
|g|sin

(

|g|t
2

)

cos

(

|g|t
2

)

=
ig

2|g|sin(|g|t) . (1.44)

0 2 4 6 8 10
|g| t
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0.2
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ρ 22

∆/|g|=0

∆/|g|=1

∆/|g|=2

F 1.2: The Rabi oscillation of the excited state populationρ22 as a function of normalized

interaction time for three values of normalized field detuning indicated against the plots.

Fig. 1.2 illustrates the time dependence of the populationρ22 for various values of∆/|g|.
At the resonance,∆ = 0, the populationρ22 of the excited state oscillates symmetrically at

frequency 2|g| between zero and one (see black solid line in Fig.1.2). These oscillations are

known as the optical Rabi oscillations and frequency 2|g| is called the Rabi frequency. This

atomic oscillation is equivalent to the problem of a spin-1/2 system with two possible states

first discovered by Rabi [95]. In his model, Rabi shows that a spin-1/2 particle undergoes the

so-called Rabi oscillations between the spin-up and spin-down states when subjected to an
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oscillatory magnetic field. For a finite value of field detuning, the angular frequency of the

population oscillation changes toΩ = {∆2 + |g|2}1/2. This detuning dependent frequency is

called the generalized Rabi frequency. Thus, as we increase the detuning∆ of the laser field,

the angular frequency of population oscillation increaseswhile the amplitude of the oscillation

is attenuated as shown in Fig.1.2.

Next, we calculate the induced dipole moment for a single two-level atom which is in the

ground state|1〉 at timet=0. This is done by taking the expectation value of the atomic dipole

moment operator̂d,

〈d̂(r )〉 = Tr(ρd̂)

= (ρ21 e−iωtd12+ c.c.) , (1.45)

whereρ21 e−iωt has been used in the original frame of reference. The simplified form of

coherenceρ21 from Eq. (1.42) is given by

ρ21 =
2|g|
Ω2

{

−∆
2
+
∆

2
cos(Ωt) +

iΩ
2

sin(Ωt)

}

=
2|g|
Ω2

{

−∆
2
+
∆

2

(

eiΩt + e−iΩt

2

)

+
iΩ
2

(

eiΩt − e−iΩt

2i

)}

=
2|g|
Ω

{

− ∆
2Ω
+

1
4

(

∆

Ω
+ 1

)

eiΩt +
1
4

(

∆

Ω
− 1

)

e−iΩt

}

. (1.46)

Substituting above coherenceρ21 from Eq. (1.46) into Eq. (1.45), we get

〈d̂(r )〉 = 2|g|
Ω

{

− ∆
2Ω

e−iωt +
1
4

(

∆

Ω
+ 1

)

e−i(ω−Ω)t +
1
4

(

∆

Ω
− 1

)

e−i(ω+Ω)t

}

+ c.c. . (1.47)

This equation shows that the atomic dipole moment oscillates not only at the frequencyω

of the external applied field but also at the Rabi sideband frequenciesω − Ω andω + Ω.

Next we examine some of the properties of a two-level atom in the dressed state picture via

diagonalizing the Hamiltonian given in Eq. (1.35).
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1.2.3 Dressed state analysis of the two-level atom

The matrix representation of the rotating frame Hamiltonian of Eq. (1.35) by assuming the

original eigenstates|1〉 and|2〉 of the atom as the basis vectors can be written as

H = ~
















0 g∗

g ∆

















However, the presence of the off-diagonal elements shows that the original eigenstates|1〉
and |2〉 of the free atom are no longer the eigenstates of the atom-field system. It can be

readily verified by diagonalizingH that the new eigenstates are a coherent superposition of

|1〉 and |2〉. We therefore Diagonalize this Hamiltonian to extract its new eigenvalues and

corresponding eigenstates. The eigenstates are

|α〉 = sin θ |1〉 + cosθ|2〉 (1.48)

|β〉 = cosθ |1〉 − sin θ |2〉 , (1.49)

where mixing angle is given by tan(2θ) = g/∆. Thus it is evident that the presence of strong

laser field the atomic levels|1〉 and|2〉 split into sub-levels. The corresponding energy eigen-

values to the dressed states|α+〉 and|α−〉 are given by

E+ =
~

2
[∆ + Ω] , (1.50)

E− =
~

2
[∆ −Ω] , (1.51)

whereΩ =
√

∆2 + 4|g|2 is the generalized Rabi frequency. This shift in the energy from the

bare atomic states|1〉 and|2〉 is called the AC Stark shift. This energy shift will play a crucial

role in some of the later discussions in this chapter. In caseof a weak incident field, i.e., for

|g| << ∆, the mixing angle will be smaller and thus the dressed statesare closer to the bare

atomic states. At the atomic resonance condition∆ = 0, θ = π/4 andE± = ~|g|. In this case,

there is perfect superposition of the two bare states|1〉 and|2〉 given as

|α〉 = 1
√

2
(|1〉 − |2〉) , (1.52)

|β〉 = 1
√

2
(|1〉 + |2〉) . (1.53)
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In such a case, the atom spends equal time in the excited and ground states. This simply

means that the population is being equally distributed between the ground and excited states

instead of resting mostly in the ground state. This situation results in the reduced absorption

of the laser field.

So far we have discussed the dynamics of a two-level atom in the absence of relaxation

processes. The relaxation processes are usually ignored for very short pulses whose duration

is much less than the relaxation times. The relaxation processes include decay of the excited

atomic levels due to spontaneous emission and collisions. We will see that the population in

the respective levels will reach at a steady state value in the presence of damping effects, and

consequently, the Rabi oscillations will be damped out.

1.2.4 Transient and steady state response of two-level atoms

We study the damping effects by adding decay terms to the equation Eq. (1.38) phenomeno-

logically. Thus the modified Liouville’s equation for the density operator is given by

ρ̇ = − i
~

[

Ĥ , ρ
]

+Lγρ , (1.54)

where the last term describing spontaneous decay and dephasing of dipole moment is given

by Liouvillean operator

Lγρ = − γ (|2〉〈2|ρ − 2|1〉〈1|ρ22+ ρ|2〉〈2|)

− γc (|2〉〈2|ρ − 2|2〉〈2|ρ22+ ρ|2〉〈2|) . (1.55)

The spontaneous decay rateγ originates due to the finite lifetime of the excited state|2〉 and

is consequence of uncertainty relation in energy and time∆ω∆t ≥ 1. Collisional decay rateγc

arises due to elastic and inelastic collisions between atoms via shortening the life time of co-

herence and populations, respectively. Elastic collisions are dominant part of line-broadening

effects in gaseous media and hence, we limit our consideration to the elastic variety of colli-

sions.
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By incorporating the decay and collisional rates, the optical Bloch equations are written

as

ρ̇22 = −2γρ22+ igρ12− ig∗ρ21 , (1.56)

ρ̇11 = 2γρ22− igρ12+ ig∗ρ21 , (1.57)

ρ̇21 = −[Γ + i∆]ρ21+ ig(ρ11− ρ22) , (1.58)

ρ̇12 = −[Γ − i∆]ρ12− ig∗(ρ11− ρ22) . (1.59)

where 2γ is the radiative damping rate at which population decays spontaneously from the

excited state|2〉 to the ground state|1〉. While Γ (= γ + γc) is the dephasing rate of the

coherenceρ12 and it is sum of radiative and collisional rates. These damping constants are

sometimes expressed in terms of relaxation times as

2γ = 1/T1, Γ = 1/T2 , (1.60)

whereT1 andT2 are known as the longitudinal and transverse relaxation times.
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F 1.3: Damped Rabi oscillations. The excited state populationρ22 as a function of

interaction time at∆ = 0 for different values of normalized radiative decay rateγ.
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In the absence of collisional dephasing rate,Γ = γ and at atomic resonance∆ = 0, the

transient solution of Eqs. (1.56)- (1.59) for populationρ22, under the initial conditionρ22 = 0

andρ12 = 0, is given by

ρ22 =
|g|2

γ + 2|g|2

{

1−
[

cos (λt) +
3γ
2λ

sin (λt)

]

exp(−3γt/2)

}

(1.61)

whereλ = {4|g|2 − γ2/4}1/2. Fig. 1.3 shows the time-dependent behavior of excited state

populationρ22 for the atoms initially in their ground states. In the absence of radiative decay

(γ = 0), the population oscillates sinusoidally which shows thepure Rabi oscillations. For a

finite value of decay rate (γ , 0), all curves approach to a saturation value. At a higher value

of γ, the oscillation are damped out more rapidly as depicted in Fig. 1.3. It is also evident

from Fig.1.3that the population will eventually reach some steady statevalue.

Thus, in presence of damping effects, the solutions of optical Block equations (1.56)-

(1.59) are no longer purely oscillatory. The system now comes intosteady state after a sub-

stantial longer period of time as compared to relaxation time. Therefore, we seek the solutions

of optical Block equations in the steady state condition. Thesteady state solutions are found

by setting all rates of change in Eqs. (1.56)-(1.59) equal to zero and solving them algebraically.

The results are given by

ρ22 =
Γ|g|2

γ(∆2 + Γ2) + 2Γ|g|2 (1.62)

ρ21 =
igγ(Γ − i∆)

γ(∆2 + Γ2) + 2Γ|g|2 . (1.63)

The induced polarization for an ensemble of atoms with number densityN and dipole operator

d̂(r ) between the level|1〉 and|2〉 is defined by

P = N〈d̂(r )〉 = NTr(ρd̂) (1.64)

P = N(ρ21 e−iωtd12+ ρ12 eiωtd21) (1.65)

Now we proceed to find out the susceptibility of the medium. For this purpose, we express the

susceptibility as the constant of proportionality relating P andE. In the following we discuss

how this thing can be achieve in details.
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1.2.5 Linear and nonlinear susceptibility of the medium

We calculate the polarization in terms of electric field in the following way. Since the electro-

static field due to nucleus is stronger than the external applied field, the perturbative approach

is sufficient to describe the atom-filed interaction. Therefore, weneed to write the induced

polarization in the form of Taylor expansion to all orders inexternal electric fieldE

Pα = Pα|E=0 +
∑

β

(

∂Pα
∂Eβ

)
∣

∣

∣

∣

∣

E=0
Eβ +

1
2!

∑

β,γ

(

∂2Pα
∂Eβ∂Eγ

)
∣

∣

∣

∣

∣

E=0
EβEγ + ... (1.66)

where subscriptα denotes one component of polarization (α = x or y or z) whereas indices

β andγ etc. indicates sum over allx, y andz for eachα in Cartesian coordinate system. The

first term of this equation corresponds to polarization due to the permanent dipole moment of

the medium in the absence of external electric field. In the absence of any perturbing forces,

an atom is assumed to be spherically symmetric. Therefore, the zeroth order term vanishes

for a system under our consideration. The second term of Eq. (1.66) represents the induced

linear polarization. The single partial derivative in the bracket with summation is called linear

susceptibilityχ. The higher order susceptibility term can be found in the subsequent terms.

These are important only if electric field intensity is very strong. In principle, polarization

response of medium at a given pointr at momentt depends on the electric field at all other

pointsr ′ at all earlier moments of timet′. Therefore,χ must be expressed in such a manner

that it has zero value fort − t′ < 0 in order to preserve causality and nonzero value forr , r ′

which is called a nonlocal response. Keeping this fact in mind, we truncate above expansion

after the first order term and concentrate on the linear polarization which can be expressed as

Pα(r , t) =
∑

β

∫ t

−∞

∫ +∞

−∞
dt′d3r ′χαβ(r − r ′, t − t′)Eβ(r ′, t′) , (1.67)

whereχαβ is the linear dielectric susceptibility tensor of rank two in an anisotropic medium

where response of the medium is different for different components of the electric field. For

isotropic medium, the polarization is aligned with and proportional to the electric field. This

implies that the complex susceptibility is direction independent and should be treated as a

scalar quantity, i.e,χαβ = χ. Hence, for a linear homogeneous and isotropic dielectric medium
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as in the present thesis work, the polarization can be written as

P(r , t) =
∫ t

−∞
dt′χ(t − t′)E(r , t′) . (1.68)

The electric field associated with an electromagnetic wave is given by

E(r , t) = êE0(r , t) ei(k·r−ωt) + c.c. . (1.69)

Using this definition of electric field in Eq. (1.68), we get

P(r , t) = ê
∫ t

−∞
dt′χ(t − t′)E0(r , t′) ei(k·r−ωt′) + c.c. . (1.70)

We assume that the electric field is a continuous wave, thus the field amplitudeE0(r , t′) is

time-independent. Therefore, polarization for long interaction time can be expressed as

P(r , t) = ê
∫ ∞

−∞
dt′χ(t − t′)E0(r ) ei(k·r−ωt) eiω(t−t′) + c.c. . (1.71)

Using a transformationt − t′ = τ in Eq. (1.68), we get

P(r , t) = ê
∫ ∞

−∞
dτχ(τ) eiω(τ)E0(r ) ei(k·r−ωt) + c.c. , (1.72)

where Fourier transform of susceptibility can be expressedas

χ(ω) =
∫ +∞

−∞
dτχ(τ) eiω(τ) . (1.73)

Using above definition of susceptibility, the polarizationcan be written as

P(r , t) = êχ(ω)E0(r ) ei(k·r−ωt) + c.c. = χ(ω)E(r , t) . (1.74)

Comparing Eqs. (1.65) and (1.74), the susceptibility of a two-level system is expressed as

χ21(ω) =
N|d12|2
~

iγ(Γ − i∆)
γ(∆2 + Γ2) + 2Γ|g|2 . (1.75)

Note that this expression of susceptibility contains both the linear as well as nonlinear contri-

butions instead of only linear contribution. This is because the field strength is already present

in the Rabi frequency|g| in the denominator. For better understanding, it is beneficial to break
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the complex susceptibility into its real and imaginary components which is given by

Re[χ21(ω)] =
N|d12|2
~

∆

(∆2 + Γ2) + 2(Γ/γ)|g|2 . (1.76)

Im[χ21(ω)] =
N|d12|2
~

Γ

(∆2 + Γ2) + 2(Γ/γ)|g|2 . (1.77)

The real part Re[χ21(ω)] gives the dispersion of the medium. The dependence of dispersion

on the field detuning for three different values of field intensity is plotted in Fig.1.4(b). We

can see from Fig.1.4(b) that it has a standard anomalous dispersive kind of lineshape even in

the presence of an intense laser field.
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F 1.4: The susceptibility of laser field as a function of normalized detuning∆/γ. (a)

Imaginary (Im[χ]) part gives absorption and (b) real (Re[χ]) part describes dispersion. The

other parameters areγ = 3π × 106rad/sec,λ = 795 nm, andN = 5×1011 atoms/cm3.

The imaginary part Im[χ21(ω)] is related to the absorption coefficient of the medium. The

linewidth (full width at half maximum) of the absorption spectrum is given by

δ = 2{Γ2 + 2(Γ/γ)|g|2}1/2 . (1.78)

This clearly shows that the linewidth depends on radiative and collisional decay rates as well

as intensity of laser field. The effect of intensity of laser field on the absorption lineshape is
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illustrated in Fig.1.4(a). The width of spectral profile continues to broaden with increasing

intensity of the field. This tendency of broadening of spectral line with intensity is known

as power broadening. It is clear from Fig.1.4(a) that the power broadening becomes more

pronounce for high intensity of laser beams. Interestingly, the value of absorption in the

line center is almost saturated with respect to its weak fieldvalue. Therefore, the presence

of intense laser fields leads to saturation effects. This phenomenon is known as saturation

broadening [96]. Thus the saturation effect reduces the rate of absorption or attenuation of the

incident laser field. In the weak field limit, the real and imaginary parts of linear susceptibility

takes usual form

Re[χ21(ω)] =
N|d12|2
~

∆

(∆2 + Γ2)
. (1.79)

Im[χ21(ω)] =
N|d12|2
~

Γ

(∆2 + Γ2)
. (1.80)

Thus for a fairly weak light beams the absorption line has a perfect Lorentzian shape where

power broadening is negligible (see solid red curve in Fig.1.4(a). The linewidth of the ab-

sorption line in this case reduces to a simple addition of theradiative and collisional decay

rates (2Γ = 2γ + 2γc). The refractive indexn of the medium is connected with the real part of

the susceptibility by the following relation

n =
√

1+ 4πRe[χ21(ω)]

= 1+ 2πRe[χ21(ω)] if Re[χ21] << 1 . (1.81)

For the maximum value of refractive indexn, the real part Re[χ21(ω)] should be maximum.

The real part Re[χ21(ω)] is maximum at∆ = Γ. However, the high index can not be uti-

lized since the imaginary part of susceptibility is very large at this point. Thus a laser beam

tuned close to an atomic resonance of a two-level atomic system always suffers from huge

absorption. The large absorption prevents the propagationof laser beams inside the resonant

medium. However, one can get zero absorption with high refractive index by using atomic

coherence and interference effects in an ensemble of phase coherent atoms. The ensemble

of such atoms is a new state matter know as phaseonium [97]. Such a high refractive index

would require 1 Torr pressure in a gaseous medium [98]. Moreover, the other processes such

as Doppler broadening, collisions and number of fluctuations influence the coherence and thus
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limiting the scheme for practical realization. The well known saturation absorption technique

is used in order to get rid of from this large absorption [99, 100]. In this technique an extra

strong field is applied which takes medium into a saturation stage and protects the weak laser

beam. MacCall and Hahn experimentally demonstrated that an electromagnetic pulse having

area betweenπ and 2π can propagate shape invariant through a resonant two-levelabsorptive

medium [101]. This phenomenon where a single pulse creates transparency for itself is known

asself induced transparency(SIT) [102, 103].

The emphasize of the present thesis is to deal with continuous wave laser beams instead

of light pulses. Therefore, the multilevel systems are exploited to fulfill the need, i.e., the

vanishing of absorption with high refractive index. A dramatic modification in the absorption

and dispersion properties of a coherent medium has been seenwhen these multilevel systems

interact with more than one laser field. In the following, we discuss the interaction of a three-

level atom with two laser fields.

1.3 Interaction of light with a system of three-level atoms

We consider an isotropic homogeneous gas medium composed ofrubidium atoms. Each atom

is modeled in three-levelΛ-configuration as shown in Fig.1.5. A single excited state|3〉 is

coupled with two closely spaced ground metastable states|1〉 and|2〉 via two optical fields. A

weak probe field of frequencyωp couples the dipole allowed transition|3〉 ↔ 〈1| and a strong

control field of frequencyωc drives the dipole allowed transition|3〉 ↔ 〈2|. The direct optical

coupling between the two ground sublevels is not possible due to parity constraints. In other

words, the transition|2〉 ↔ 〈1| is an electric dipole forbidden transition. The excited state |3〉
decays spontaneously to the states|1〉 and|2〉 at the rates 2γ1 and 2γ2, respectively. The probe

and control fields are given respectively as

Ep(r , t) = êpEp(r ) ei(kp·r−ωpt) + c.c. , (1.82)

Ec(r , t) = êcEc(r ) ei(kc·r−ωct) + c.c. , (1.83)

whereEp(r ), Ec(r ) are the slowing varying envelope functions;êp, êc are the unit polarization

vectors, andkp, kc are the wave vectors of probe and control fields, respectively. Note that the
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complex conjugate (c.c.) term has been added in above two equations to make electric fields

as real quantity.

  | 1 >

Probe Field Control Field
ω

  | 3 >∆

g, ω G,

∆

  | 2 >

 c 2γ 1  2γ   2

 p  c

 p

F 1.5: The energy level diagram of three-level rubidium atom inΛ-configuration. The

atomic system is driven by two laser fields. A weak probe field of Rabi frequencyg is cou-

pled to transition|3〉 ↔ 〈1|. A strong control field of Rabi frequencyG drives the transition

|3〉 ↔ 〈2|. The transitions|3〉 ↔ 〈1| and|3〉 ↔ 〈2| are electric dipole allowed transitions while

the transition|2〉 ↔ 〈1| is an electric dipole forbidden transition.

The total Hamiltonian of three-levelΛ-system interacting with optical fields under electric

dipole approximation is given by

Ĥ = Ĥ0 + ĤI , (1.84)

whereĤ0 is unperturbed Hamiltonian of the atom andĤI is the interaction Hamiltonian be-

tween the atom and optical fields. The expression for unperturbed Hamiltonian is written

as

Ĥ0 = ~ω31|3〉〈3| + ~ω21|2〉〈2| , (1.85)

where~ω31 is the energy of the excited state|3〉 and~ω21 is the energy of metastable state|2〉
relative to the ground state|1〉. We have assumed that the ground level|1〉 has zero energy.

The interaction Hamiltonian between the atom and the external classical electric fields can be

expressed as

ĤI = −(|3〉〈1|d31 · Ep + |3〉〈2|d32 · Ec + H.c.) , (1.86)
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whered31(d32) andEp (Ec) are denoting the atomic dipole matrix element and applied external

electric field between the states|3〉 and |1〉(|2〉). The abbreviation “H.c.” stands for the Her-

mitian conjugate of the preceding expression is to be added.The explicit form of interaction

Hamiltonian including electric fields expressions can be rewritten as

ĤI = −
[

d31 · êpEp(r ) ei(kp·r−ωpt) + d31 · êpE∗p(r ) e−i(kp·r−ωpt)
]

|3〉〈1|

−
[

d∗31 · êpEp(r ) ei(kp·r−ωpt) + d∗31 · êpE∗p(r ) e−i(kp·r−ωpt)
]

|1〉〈3|

−
[

d32 · êcEc(r ) ei(kc·r−ωct) + d32 · êcE∗c(r ) e−i(kc·r−ωct)
]

|3〉〈2|

−
[

d∗32 · êcEc(r ) ei(kc·r−ωct) + d∗32 · êcE∗c(r ) e−i(kc·r−ωct)
]

|2〉〈3| , (1.87)

where “∗” denotes the complex conjugate.

Defining the new quantities as

g =
d31 · êpEp

~
eikp·r , g̃ =

d31 · êpE∗p
~

e−ikp·r ; (1.88)

G =
d32 · êcEc

~
eikp·r , G̃ =

d32 · êcE∗c
~

e−ikp·r , (1.89)

whereg(g̃) andG(G̃) are known as the Rabi frequencies (counter-rotating frequencies) for

probe and control fields, respectively. Note that under dipole approximation, the spatial phase

factors appearing in definitions of Rabi frequencies are treated to be unity. Introducing above

parameters in Eq. (1.87) for the interaction Hamiltonian, we get

ĤI = −~
[

g e−iωpt + g̃ eiωpt
]

|3〉〈1| − ~
[

g̃∗ e−iωpt + g∗ eiωpt
]

|1〉〈3|

− ~
[

G e−iωct + G̃ eiωct
]

|3〉〈2| − ~
[

G̃∗ e−iωct +G∗ eiωct
]

|2〉〈3| . (1.90)

We consider a unitary transformation

|ψ(r , t)〉 = e−i[ωp|3〉〈3|+(ωp−ωc)|2〉〈2|]t|φ(r , t)〉 . (1.91)

Using Schrodinger’s equation one can obtain

i~
∂

∂t
|φ(r , t)〉 = Ĥe f f |φ(r , t)〉 , (1.92)
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whereĤe f f is an effective Hamiltonian and it is given by

Ĥe f f = U†(Ĥ0 + ĤI )U − ~(ωp|3〉〈3| + (ωp − ωc)|2〉〈2|) . (1.93)

HereU is a unitary transformation which is defined by

U = e−i[ωp|3〉〈3|+(ωp−ωc)|2〉〈2|]t . (1.94)

The unperturbed Hamiltonian doesn’t not change under this unitary transformation as one can

verify easily

U†(H0)U = ~ω31|3〉〈3| + ~ω21|2〉〈2| . (1.95)

Under the unitary transformation, the interaction Hamiltonian takes new form

U†ĤIU = −~
[

g+ g̃ e2iωpt
]

|3〉〈1| − ~
[

g̃∗ e−2iωpt + g∗
]

|1〉〈3|

− ~
[

G + G̃ e2iωct
]

|3〉〈2| − ~
[

G̃∗ e−2iωct +G∗
]

|2〉〈3| . (1.96)

In this equation, the rapidly oscillating terms at frequency ±2ωp(±2ωc) will give zero value

on an average in any appreciable time scale as compared to without oscillating terms because

g̃ ≪ 2ωp andG̃ ≪ 2ωc in an optical frequency domain. The terms related to ˜g andG̃ will

be important only if ˜g ≈ 2ωp andG̃ ≈ 2ωc along with their complex conjugates, respec-

tively. Therefore, we neglect these rapidly oscillating terms while retaining the dc terms. This

approximation is known as the “rotating-wave approximation” (RWA). The effective Hamil-

tonian for the system of interest in the appropriate rotating frame can be written as

Ĥe f f = ~∆p|3〉〈3| + ~(∆p − ∆c)|2〉〈2| − ~(g|3〉〈1| +G|3〉〈2| + H.c.) , (1.97)

where∆p = ω31 − ωp and∆c = ω32 − ωc are the one-photon detunings of the probe and

control fields from the respective transitions. The two-photon Raman detuning is defined

as∆ = ∆p − ∆c, which involves two different frequencies to transfer an atom from ground

state|1〉 to state|2〉 via third state|3〉 through Raman process. We further use this effective

HamiltonianĤe f f in the Liouville equation to study the dynamics of three-levelΛ-system.
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1.3.1 The Liouville equation for a three-levelΛ-system

We study equation of motion for the density matrix elements by the Liouville Equation:

ρ̇ = − i
~

[

Ĥe f f, ρ
]

+Lγρ , (1.98)

where the term describing spontaneous decay and dephasing of dipole moment is given by

Liouvillean operator

Lγρ = − γ1 (|3〉〈3|ρ − 2|1〉〈1|ρ33+ ρ|3〉〈3|)

− γ2 (|3〉〈3|ρ − 2|2〉〈2|ρ33+ ρ|3〉〈3|) . (1.99)

The first and second terms on right hand side describe spontaneous emission from state|3〉
to states|1〉 and |2〉, with rates 2γ1 and 2γ2, respectively. In the third term we have also

introduced energy-conserving dephasing processes with ratesΓ.

Pluging the effective Hamiltonian from Eq. (1.97) into Eq. (1.98), we obtain the equations

of motion for the elements of the density matrix,

ρ̇33 = − 2(γ1 + γ2)ρ33+ igρ13− ig∗ρ31+ iGρ23− iG∗ρ32 , (1.100)

ρ̇22 =2γ2ρ33+ iG∗ρ32− iGρ23 , (1.101)

ρ̇32 = − [Γ32+ i∆c] ρ32+ igρ12+ iGρ22− iGρ33 , (1.102)

ρ̇31 = −
[

Γ31+ i∆p

]

ρ31+ iGρ21+ igρ11− igρ33 , (1.103)

ρ̇21 = − [Γ21− i(∆c − ∆p)]ρ21+ iG∗ρ31− igρ23 , (1.104)

where the coherence decay rates are defined asΓ32 = (γ1 + γ2), Γ31 = (γ1 + γ2), andΓ21 = Γ.

The remaining equations for population and coherences can be calculated from population

conservation condition:ρ11 + ρ22 + ρ33 = 1 andρi j = ρ
∗
ji . For simplicity, we shall consider

the spontaneous emission from the excited state to the ground states with same decay rate

γ1 = γ2 = γ in our further calculations. We next try to find out exact solutions of these density

matrix equations under steady state limit.
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1.3.2 Steady state solution of density matrix elements

We exactly solve the density matrix equations under steady state condition. In the steady state

condition, the time derivatives of right hand side of density matrix Eqs. (1.100)- (1.100) are

set to be zero ( ˙ρ = 0). Now solving these resulting linear algebraic equationsone can readily

find the populations and the coherences to all order in both probe and control fields. The

optical coherenceρ31 for probe field is given by

ρ31 = N/D , (1.105)

where numeratorN and denominatorD are given by

N =(|G|2(γ(iγ + ∆p)(Γ
2 + (∆c − ∆p)

2)

+ (γ(iΓ + ∆c − ∆p) + Γ(∆c + ∆p))|g|2 + γ(iΓ + ∆c − ∆p)|G|2)g) , (1.106)

D =(γ|g|6 + |g|4(2γ(γΓ + ∆c(−∆c + ∆p)) + 3(γ + 2Γ)|G|2)

+ γ|G|2((Γ2(∆c − ∆p)
2)(γ2 + ∆p

2)

+ 2(γΓ + (∆c − ∆p)∆p)|G|2 + |G|4)|g|2(γ(γ2 + ∆c
2)(Γ2 + (∆c − ∆p)

2)

+ (4γ2Γ + γ(6Γ2 + 4(∆c − ∆p)
2) + Γ(∆c + ∆p)

2)|G|2 + 3(γ + 2Γ)|G|4)) . (1.107)

This is exact expression for probe field coherence includingboth linear as well as nonlinear

contributions. We use above coherence to calculate the susceptibility of the medium.

1.3.3 Linear and nonlinear susceptibility of the probe field

The induced polarization for an ensemble of atoms with number densityN and the dipole

matrix interaction termd1α between the level|1〉 and| j〉 is defined by

P(r , t) = N〈d̂(r )〉 = NTr(ρd̂) , (1.108)

P(r , t) = N(ρ31 e−iωptd̂13+ ρ32 e−iωctd̂23+ c.c.) . (1.109)
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The polarizationP is also related to the amplitude of the probe fieldEp in the following way

P(r , t) = χ(ωp)Ep(r , t) = êpχ(ωp)Ep(r ) e−ωpt + c.c. . (1.110)

Therefore, using Eq. (1.108) and Eq. (1.110), the susceptibility for probe field can be ex-

pressed as

χ(ωp) =
N|d13|2
~g

ρ31 =
3Nλ3

pγ

16π3g
ρ31 , (1.111)

whereλp = 2πc/ωp is the wavelength of the|1〉 ↔ 〈3| transition. The spontaneous emission

rateγ is given by Weisskopf-Wigner theory:γ = 4|~d13|2ω3
p/3~c

3. Note that the expression in

Eq (1.111) gives the total susceptibility, including both linear andnonlinear contributions as

coherenceρ31 is obtained to all orders in probe field.
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F 1.6: Imaginary (Im[χ]) and real (Re[χ]) components of probe field susceptibility of

Eq. (1.111) as a function of normalized detuning∆p/γ. (a) absorption and (b) dispersion.

The three different curves are displayed for three sets of fields:G = 0.001γ, g = 0.0015γ (red

solid line);G = 1.5γ, g = 0.015γ (green dashed line), andG = γ, g = 0.15γ (blue dot-dashed

line). The other parameters are∆c = 0, Γ = 0.001γ, γ = 3π × 106 rad/sec,λ = 795 nm, and

N = 5×1011 atoms/cm3.

Fig. 1.6 shows the plot of the probe field susceptibility of Eq. (1.111) as a function of the

probe field detuning from resonance. The imaginary component Im[χ] of the susceptibility
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which determines the absorption spectrum is illustrated inFig. 1.6(a). The real component

Re[χ] of susceptibility which characterizes the dispersion is displayed in Fig.1.6(b). As can

be seen from Fig.1.6, the response is highly dependent on the strengths of the probe and

control fields. In the limit of a week control field (G << γ), theΛ-type system reduces to

a two-level system driven by a probe field, where a huge absorption is always accompanied

with anomalous dispersion around the line center. Surprisingly, for a strong control field

(G >> γ,g), the imaginary part Im[χ] undergoes destructive interference in the region of

resonance. This simply means that the coherently driven medium becomes transparent to the

weak probe field under the action of a strong control field. This phenomenon is known as

electromagnetically induced transparency(EIT) [104]. Moreover, the absorption spectrum

also carries the signatures of an Autler-Townes doublet [105]. There are two enhanced ab-

sorption peaks on the lower and upper frequency sides of absorption profile. Furthermore, the

dispersion becomes normal from the anomalous in a region of low absorption. Also, the slope

of the normal dispersion curve is more steeper in the vicinity of the line center. The steepness

of dispersion can be controlled further by lowering the strength control field and increasing

the strength probe field. For example atG = γ ≈ g, we obtain a transparency window with

a line width much narrower than the case of strong control field. Therefore, changing the

strengths of the fields not only changes the spectral profile of absorption, but also modifies

the slope of dispersion. This steep variation in the refractive index profile is useful to control

the speed of light inside the medium.

It is now well known that the absorptive and dispersive properties of the atomic medium

can be controlled by using external coherent fields. Coherentcontrol of the optical properties

of medium by an extra resonant laser field was first proposed byTewari and Agarwal [106].

EIT was first designated by Harriset al. where they discussed the enhancement of nonlinear

effects in optical media [107]. The phenomenon of EIT was later experimentally observed

in several medium by various research groups. Bolleret al. were the first to experimentally

demonstrate the EIT using an auto-ionizing transition in strontium vapor [108]. In their exper-

iment, the signal beam transmission was improved frome−20 to e−1 in the presence of a strong

coupling field. Fieldet al. [109] reported EIT in Pb vapor where they observed the transmis-

sion improvement frome−14 to e−4. Xiao et al. [110] observed and measured the dispersive

properties of EIT in rubidium vapor. The important applications of EIT technique are covered

in slow light [111, 112], fast light [113, 114] and stored light [115, 116]. These mechanism of
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controlling light have potential applications in quantum networks and quantum information

processing.

Using the definition of Eq. (1.66) for series expansion for induced polarization (P =

Nρ31d̂13), the linear part of polarization can be calculated as

P(1) ≈
(

∂P
∂g

)
∣

∣

∣

∣

∣

g=0
g = N d̂13

(

∂ρ31

∂g

)
∣

∣

∣

∣

∣

g=0
g (1.112)

= N d̂13
ig[Γ + i(∆p − ∆c)]

(2γ + i∆p)[Γ + i(∆p − ∆c)] + |G|2
. (1.113)

Hence, the explicit expression for linear susceptibility is written as

χ(1)(ωp) =
N|d13|2
~

i[Γ + i(∆p − ∆c)]

(2γ + i∆p)[Γ + i(∆p − ∆c)] + |G|2
. (1.114)

We now analyze linear susceptibility of the probe field as given in Eq. (1.114). At two-photon

resonance∆p = ∆c, the linear susceptibility reduces to

χ(1)(ωp) =
N|d13|2
~

iΓ
Γ(2γ + i∆p) + |G|2

. (1.115)

It is clear that both the real and imaginary parts ofχ(1)(ωp) are zero forΓ = 0. This true if the

levels|1〉 and|2〉 have infinitely longer life time. In aΛ-system, the life time of ground levels

are much large which gives a large coherence time of the ground state coherence. This is

why theΛ-system is very useful to realize the EIT phenomenon as compared to other atomic

model configurations.

Following the standard textbooks such as “Quantum Optics” by G. S. Agarwal [117], we

explain the physical reason behind EIT resonance. We calculate the poles of the denominator

of χ(1)(ωp) in Eq. (1.114). At pump field resonance∆c = 0, the two poles are given by

∆p =
i
2

(2γ + Γ) ±
√

|G|2 − 1
4

(2γ − Γ)2 . (1.116)

The first term gives the width which is (2γ + Γ)/2 and the second term gives the position of the

two absorption peaks. It should be noted that absorption peaks have some contribution from

dephasing rates, not exactly located at±|G|. We now discuss the pole structure for different

conditions of control field strength|G|.
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1. For the first case in which|G| << 1
2 |2γ − Γ|, the two poles are

∆p =
i
2

(2γ + Γ) ± i

√

1
4

(2γ − Γ)2 − |G|2

≈ 2iγ, iΓ + |G|2/(2γ − Γ) γ >> Γ . (1.117)

Hence, in this case two poles are purely imaginary and as usually γ >> Γ, there exists only

one absorption peak at∆p = 0 with line width 2γ. This condition is depicted by a solid red

line in Fig.1.6(a).

2. For the second case in which|G| >> 1
2 |2γ − Γ|, the two poles are

∆p ≈
i
2

(2γ + Γ) ± |G| . (1.118)

This case represents the Autler-Townes splitting [105] where two absorption profiles have

distinct frequencies but same width (2γ + Γ)/2. The green dashed line in Fig.1.6(a) illustrates

this particular condition of strong control field.

3. In the third case of|G| = 1
2 |2γ − Γ|, the two poles are

∆p =
i
2

(2γ + Γ) ± i

√

1
4

(2γ − Γ)2 − |G|2

≈ iγ, γ >> Γ . (1.119)

This condition corresponds to two peaks in the absorption profile (see blue dot-dashed line in

Fig. 1.6(a)). In order to understand above properties of EIT resonance, we proceed to dressed

state analysis of effective Hamiltonian Eq. (1.97). Dressed state analysis provides a complete

physical interpretation of both CPT and EIT resonances.

1.3.4 Dressed state analysis of the three-levelΛ-system

Using the bare eigenstates|1〉, |2〉, and|3〉 of free atom as the basis vectors, the matrix repre-

sentation of the rotating frame Hamiltonian Eq. (1.97) can be defined as
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He f f = −~
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


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

This effective Hamiltonian in rotating frame can be diagonalized toextract its new eigenvalues

and eigenstates. The new eigenstates are a coherent superposition of the bare atomic states

and are regarded as dressed states ofΛ-system. For the special case of two-photon resonance

(∆ = 0), we find the three new eigenstates as

|α0〉 = cosθ |1〉 − sin θ |2〉 , (1.120)

|α+〉 = sin θ sinφ |1〉 + cosθ sinφ |2〉 + cosφ |3〉 , (1.121)

|α−〉 = sin θ cosφ |1〉 + cosθ cosφ |2〉 − sinφ |3〉 , (1.122)

where the anglesθ andφ are known as mixing angles and are given by

tanθ =
g
G
, tan (2φ) =

2
√

(|g|2 + |G|2)
∆p

. (1.123)

The corresponding energy eigenvalues are given by

ǫ0 = 0 , (1.124)

ǫ+ =
~

2

[

∆p +

√

∆p
2
+ 4(|g|2 + |G|2)

]

, (1.125)

ǫ− =
~

2

[

∆p −
√

∆p
2
+ 4(|g|2 + |G|2)

]

. (1.126)

The dressed state|α0〉 remains at zero energy while other two dressed states|α+〉 and |α−〉
are shifted up and down by an amountǫ+ andǫ−, respectively. The eigenstate|α0〉 is a linear

superposition of the two ground states|1〉 and|2〉 and it does not contain the excited state|3〉.
Thus, the state|α0〉 is decoupled from the laser field and there is no possibility of excitation

to the state|3〉. Therefore, the state|α0〉 is known as dark state. The atoms prepared in this

state will not absorb or emit any light and will be trapped in this dark state. This phenomenon

is known as “coherent population trapping” (CPT) [23, 24]. This case is illustrated by a blue

dot-dashed line in Fig.1.6(a) where two laser fields have comparable strengthg ≈ G. The

first experimental observation on CPT was reported by Alzettaet al. [118]. In their work,

they found that the absorption vanishes when the fluorescence of sodium atoms is illuminated
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by a two coherent laser fields. This fluorescent spectrum was analyzed as a function of ex-

ternal inhomogeneous magnetic field applied along the axis of vapor cell. They observed a

regular decrease in fluorescence intensity at some positions along the length of the vapor cell.

This happens when the hyperfine splittings of the ground state coincides with the frequency

difference of the two laser fields. Orriols [119] has theoretically explained the absorption can-

cellation by using coherence and interference effects that lead to the CPT phenomenon. The

application of CPT mechanism includes lasing without inversion [120], coherent population

transfer [121], metrology [122], and in the area of atomic clocks [123–125].

We now consider a special case where the probe field (g) is muchweaker than the control

field (G), that is,g << G. The resulting dressed states at probe resonance (∆p = 0) are given

by

|α0〉 = |1〉 , (1.127)

|α+〉 =
1
√

2
(|2〉 + |3〉) , (1.128)

|α−〉 =
1
√

2
(|2〉 − |3〉) . (1.129)

It is evident that a weak probe field does not affect the atomic states and thus the ground state

|1〉 becomes identical to the dark state|α0〉. In contrast, a strong control field induces coherent

superposition of states|2〉 and |3〉. The total transition amplitude from ground state|1〉 to

the dressed states|α+〉 and|α−〉 is zero. This means that the probe absorption vanishes when

the two-photon resonance condition is satisfied. This is so-called EIT phenomenon and it is

illustrated by a green dashed-line in Fig.1.6(a).

In the weak probe field limit, the separation of between the states|α+〉 and|α−〉 is the twice

of control field Rabi frequency, 2|G|. The two absorption peaks in the EIT spectra occurs at

∆p = ±|G| due to two transitions from|1〉 to the dressed states|α+〉 and|α−〉, respectively.

So far we have discussed the effect of the electric field on the atoms and their responses

in terms of absorption and dispersion. The complex susceptibility given by Eq. (1.111) rep-

resents the response of the system to an applied field. This response then gives the induced

polarization which acts as a source for Maxwell’s wave equation. We next derive beam prop-

agation equation using basic Maxwell’s equations.
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1.4 Maxwell’s wave equation in a dielectric medium

We now discuss the effect of atomic response on the propagation dynamics of the electric

field by using the classical theory of electromagnetism. Theclassical theory commences with

Maxwell’s equations in a dielectric medium [126, 127]. We start writing down the fundamen-

tal Maxwell’s equations in Gaussian units which govern the propagation of an electromagnetic

field. In a medium they can be written as following

∇ · D = 4π̺ , ( Gauss’s Law ) (1.130)

∇ · B = 0 , ( Gauss’s Law for Magnetism ) (1.131)

∇ × E = −1
c
∂B
∂t
, ( Faraday’s Law of Induction ) (1.132)

∇ × H =
4π
c

J +
1
c
∂D
∂t
, ( Ampere’s Circuital Law ) (1.133)

whereE andH are time-avaraged values of the basic electric and magneticfield vectors at

some space-time point (r , t), rather than instantaneous values, respectively. The speed of light

is denoted byc. The material equations for the electric displacementD field and the magnetic

inductionB, coming from the interaction of matter and field, are as follows:

D = E + 4πP , (1.134)

B = H + 4πM , (1.135)

whereP is the electric polarization andM is the magnetic polarization which are defined

in terms of microscopic bound charges and bound current respectively. We assume that the

medium is non magneticM = 0, charge free̺ = 0, and non conductingJ = 0. By taking curl

of the equation Eq. (1.132) and using Eq. (1.134), one can rewrite it as follows

∇ × ∇ × E +
1
c2

∂2

∂t2
(E + 4πP) = 0 . (1.136)

Now using identity∇×∇×A = ∇(∇ ·A)−∇2A in Eq. (1.136), we find the wave equation for

a transverse electric field (∇ · E = 0) as the following,

∇2E − 1
c2

∂2E
∂t2
=

4π
c2

∂2P
∂t2
. (1.137)
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This is Maxwell’s wave equation for an electric field in a dielectric medium. The equation

determines how the field changes as it propagates through themedium. The term on the right-

hand side of Eq. (1.137) containing the macroscopic polarizationP is related to the micro-

scopic polarization of the medium. The optical properties of the medium such as absorption

and refractive index modify the evolution of the electric field. In order to simplify the wave

Eq. (1.137), we make some reasonable approximation by writing explicit form of an electric

field and the polarization. If a nearly monochromatic electric field is propagating along the

z-direction of medium with frequencyω and wave vectork, then we have both electric field

and field-induced polarization of the following forms:

E(x, y, z, t) = êE(x, y, z, t) ei(kz−ωt) + c.c. , (1.138)

P(x, y, z, t) = êP(x, y, z, t) ei(kz−ωt) + c.c. , (1.139)

whereE(x, y, z, t) andP(x, y, z, t) are the slowing varying envelope functions. The unit vector

êdenotes the direction of polarization.

The required derivatives of Eq. (1.137) are given by

∇2E = ê(∇2
⊥E +

∂2E
∂z2
+ 2ik

∂E
∂z
− k2E) eikz−iωt + c.c. , (1.140)

∂2E
∂t2
= ê(
∂2E
∂t2
− 2iω

∂E
∂t
− ω2E) eikz−iωt + c.c. , (1.141)

∂2P
∂t2
= ê(
∂2P
∂t2
− 2iω

∂P
∂t
− ω2P) eikz−iωt + c.c. , (1.142)

where∇2
⊥ = ∂

2/∂x2 + ∂2/∂y2 is the transverse Laplacian operator in the transverse direction.

We assume that the change in envelopes of the electric fieldE and polarizationP with time

and space are very small within the optical period and optical wavelength. Mathematically,

this assumption can be represented by following inequalities:

∣

∣

∣

∣

∣

∂2E
∂z2

∣

∣

∣

∣

∣

≪
∣

∣

∣

∣

∣

k
∂E
∂z

∣

∣

∣

∣

∣

≪ |k2E|,
∣

∣

∣

∣

∣

∂2E
∂t2

∣

∣

∣

∣

∣

≪
∣

∣

∣

∣

∣

ω
∂E
∂t

∣

∣

∣

∣

∣

≪ |ω2E| , (1.143)

∣

∣

∣

∣

∣

∂2P
∂z2

∣

∣

∣

∣

∣

≪
∣

∣

∣

∣

∣

k
∂P
∂z

∣

∣

∣

∣

∣

≪ |k2P|,
∣

∣

∣

∣

∣

∂2P
∂t2

∣

∣

∣

∣

∣

≪
∣

∣

∣

∣

∣

ω
∂P
∂t

∣

∣

∣

∣

∣

≪ |ω2P| . (1.144)
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The above approximation is known as the “slowly varying envelope approximation” (SVEA).

Substituting above derivatives into Eq. (1.137) and ignoring the second order partial deriva-

tives with respect toz andt, we find wave equation for slowly varying electric field envelope

as follows:

1
2ik
∇2
⊥E +

∂E
∂z
+

1
c
∂E
∂t
= 2πikP. (1.145)

We consider that the laser beam is a continuous wave and thus∂E
∂t = 0. Therefore, the above

equation becomes

1
2ik
∇2
⊥E +

∂E
∂z
= 2πikP. (1.146)

The above form of wave equation is called “paraxial wave equation”. This paraxial wave

equation for electric field amplitudeE can be expressed in terms of probe field Rabi frequency

g = d31Ep/~ and polarizationP = χpEp. We obtain propagation equation for probe field as

∂g
∂z
=

ic
2ω

(

∂2g
∂x2
+
∂2g
∂y2

)

+ 2iπkχpg . (1.147)

Hereω = ck andc is velocity of light in free space. The first terms in parentheses on the right

hand side describes the beam diffraction. The second term accounts for the dispersion and

absorption of the beam inside the medium. This equation can be solved numerically using

split-step Fourier method given in Appendix A.

1.4.1 The origin of paraxial diffraction and diffraction-limit

The classical resolution limit imposed by optical diffraction originates from its geometrical ef-

fects [126, 127]. The physical interpretation of paraxial diffraction spreading of any arbitrary

image of the light beam with finite shape and size can be given by its Fourier decomposition.

The distribution of any electric field associated with the laser beam can be represented as a

superposition of plane waves:

E(r , t) =
∑

kx,ky

E(kx, ky) ei(kzz+kxx+kyy−ωt) + c.c. . (1.148)
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We consider the light propagation inz-direction. Using Maxwell’s equation one can readily

find the longitudinal component of the wave vector

kz =

√

k2 − kx
2 − ky

2 , (1.149)

wherek = nω/c is an absolute value of wave vectork = (kx, ky, kz). Here n is the refractive

index of medium at wavelengthλ.

For larger values of spatial frequency componentskx, ky, i.e., whenn2ω2/c2 < kx
2 + ky

2,

thenkz component becomes complex

kz = i
√

kx
2 + ky

2 − k2 . (1.150)

These are so-called evanescent waves which decay exponentially with distancez. Detection

of evanescent waves to improve spatial resolution comes under near-field microscopy. These

waves cannot be collected in conventional materials as theydecay exponentially with propa-

gation distance.

However, we are interested in propagating waves for which (n2ω2/c2 > kx
2 + ky

2). In the

paraxial limitkx, ky << k, the Eq. (1.149) can be written as

kz = k−
kx

2 + ky
2

2
. (1.151)

The phase gathered by each transverse componentskx or ky of a plane wave after a propagation

distancez is given by

φ(kx, ky, z) = kz(kx, ky)z. (1.152)

Therefore, each Fourier component acquires a unique phase shift throughout its propagation

either in free space or medium. The coherent superposition of all plane wave components at

one point of space gives rise to diffraction. As a result, the transmitted beam or an image is

distorted heavily even after propagating only a few Rayleighlengths. This interpretation indi-

cates that diffraction can be eliminated if conditions are engineered suchthat each plane wave

component acquires the same phase shift during propagation. For example, several specially-

shaped beams with spatially-dependent phases such as Airy [128, 129], Bessel [130, 131],

and Mathieu beams [132, 133] has been suggested which can propagate without diffraction in
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free space. In these special class of non-diffracting beams, the phase gathered by each plane

wave comprising beams are exactly equal. Consequently, the superposition of all plane waves

remains the same during the propagation.

From this interpretation it is clear that the propagating waves are limited ton2ω2/c2 >

kx
2 + ky

2. Therefore, the information about the smallest spatial feature size of an image is

contained in the largest spatial frequencieskx andky. The largest value ofkx
2+ ky

2 is given by

kx
2 + ky

2 = k2. Therefore, the maximum resolution of spatial shape in the image is limited to

∆x =
2π
k
=

2πc
nω
=
λ

n
. (1.153)

This is called the classical diffraction-limit of an optical device. Overcoming this limit and

reducing feature size of an image is one of the main goals in the high resolution spectroscopy.

From this equation, it is very clear that there is a possibility of reducing the feature size of

an image by increasing the refractive index of the medium. This reduced feature size find

potential applications in optical lithography and in optical imaging.

1.4.2 Paraxial wave equation in free-space

The wave equation for the electric field in free-space can be obtained from Eq. (1.137) by

ignoring the source term (P = 0) as

∇2E − 1
c2

∂2E
∂t2
= 0 . (1.154)

Let us consider a solution of Eq. (1.154) for a linearly polarized monochromatic electric field

of the following form

E(r , t) = êE(r ) e−iωt + c.c. , (1.155)

where r is the position vector which defines a point in three-dimensional space,ω is the

monochromatic angular frequency andE(r ) is one of the electromagnetic field components.

Substituting this expression in Eq. (1.154), we obtain

∇2E(r ) + k2E(r ) = 0 , (1.156)
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wherek = ω/c is the wave number. This equation is known as a Helmholtz equation which

describes the propagation of monochromatic waves in free-space. One of the solutions to the

spatial Helmholtz equation Eq. (1.156) is written as

E(r ) = E0 eik·r , (1.157)

whereE0 is the constant amplitude andk is the wave vector with magnitudek. This is so

called plane wave solution of the scalar Helmholtz equation. Such a plane wave solution has

the same value for all points in any plane normal to wave vector. If we choose the z-axis as

the direction of wave propagation, then the plane wave is given by

E(r ) = E0 eikz . (1.158)

Ideally, a plane wave does not diffract because it has an infinite cross-sectional area. The

output of a laser source is sufficiently collimated along thez-axis and propagates with some

finite cross-sectional area. Therefore, we now search beam-like solutions of scalar Helmholtz

equation for a unidirectional laser beam. We consider a solution for the laser beam as follows:

E(r ) = E0(r ) eikz , (1.159)

where the field amplitudeE0(r ) is no longer constant, unlike a plane wave. Substituting this

form of field into Helmholtz equation, we get

(

∂2E0

∂x2
+
∂2E0

∂y2
+
∂2E0

∂z2
+ 2ik

∂E0

∂z
− k2E0

)

eikz+ k2E0(r ) eikz = 0 . (1.160)

We assume that the variations of field envelopeE0(r ) in the z direction are very small as

compared to transverse directions (x, y) within a distance of the order of a wavelength. This

assumption can be expressed mathematically as

∣

∣

∣

∣

∣

∂2E
∂z2

∣

∣

∣

∣

∣

≪
∣

∣

∣

∣

∣

∂2E
∂x2

∣

∣

∣

∣

∣

,

∣

∣

∣

∣

∣

∂2E
∂y2

∣

∣

∣

∣

∣

,

∣

∣

∣

∣

∣

k
∂E
∂z

∣

∣

∣

∣

∣

, |k2E| . (1.161)
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This is called “paraxial wave approximation”. Under the paraxial wave approximation, we

ignore ∂
2E
∂z2 and rewrite the Helmholtz equation as

(

∂2E0

∂x2
+
∂2E0

∂y2
+ 2ik

∂E0

∂z

)

= 0 . (1.162)

This equation is known as “paraxial wave equation”. The solutions of this partial differen-

tial equation yields an infinite set of functions. For examples, Gaussian, Hermite-Gaussian,

and Laguerre-Gaussian beams are some well-known standard solutions to the paraxial wave

equation in free-space [134]. In the following, we discuss these standard modes in greatdetail.

1.4.3 The Gaussian beam

The Gaussian beam is the lowest-order solution the paraxialHelmholtz equation. This is

the fundamental transverse mode of most of the laser’s optical resonator. A mathematical

expression for its complex electric field amplitude can be written as

E(r ) = E0
w0

w(z)
exp

[

− (x2 + y2)
w(z)2

+
ik(x2 + y2)

2R(z)
− iφ − ikz

]

, (1.163)

w(z) = w0

√

1+

(

z
zR

)2

, (1.164)

R(z) = z

[

1+
(zR

z

)2
]

, (1.165)

φ = tan−1

[

z
zR

]

, (1.166)

zR =
πw2

0

λ
, (1.167)

Herew(z) is the beam width at which the field amplitude falls toe−1 or intensity drops toe−2

of its axial value. It has a minimum valuew0 at z = 0 which is refereed as the beam waist or

the spot size. The quantityR(z) is the radius of curvature of the beam’s wavefronts comprising

the beam. The phase factorφ is an additional contribution to the phase of the Gaussian beam.

This extra phase is known as the longitudinal Gouy phase. TheparameterzR is known as the

Rayleigh range which is a measure of the distance onz-axis from the waist to the point at

which the widthw(z) becomes
√

2w0. The Rayleigh rangezR will be smaller for the smaller

value of the spot sizew0 and thus the greater is the rate of growth withz of the beam width
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from the waist. The beam sizew(z) increases with distance and becomes linear withz for

z>> zR. Hence, the beam divergence is strong in the far-field region. The far-field divergence

angle of the Gaussian beam is given by

Θ = 2θ = 2
w(z)

z

≈ 2
w0

zR
= 2

λ

πw0
(z>> zR) . (1.168)

Clearly, the divergence angleΘ is inversely proportional to the minimum spot sizew0. Thus a

Gaussian beam that is focused into a smaller spot spreads outrapidly as it moves away from

that waist. In order to avoid the laser beam divergence and tomake it well collimated, it must

have a larger diameter. A plane wave diffraction through a circular aperture having diameter

D has a divergence angle similar to laser beam divergence angle. In this case, the far-field

divergence angle is given by

Θ = 1.22
λ

D
. (1.169)

It is evident from this equation that smaller the aperture diameterD, greater the diffraction.

Thus we conclude that a Gaussian beam model is diffraction-limited because it uses the parax-

ial approximation. This model fails when wavefront are tilted by more than about 10◦ from

the direction of propagation [54]. Expression (1.168) implies that the Gaussian beam formal-

ism is valid only for beams with waists much larger than the wavelength of light. In other

words, the paraxial approximation in Eq. (1.161) will not be valid for a Gaussian beam with

waists smaller than the wavelength or comparable to wavelength. Therefore, in order to study

the beam propagation beyond the paraxial approximation onemust retain the second order

derivative inz-direction [54, 135].

1.4.4 The Super-Gaussian beam

A Super-Gaussian beam is a light beam which has a uniform intensity across the beam profile.

Flat-top beam or top-hat beam can be also approximated as Super-Gaussian beam with some

smooth edges. These beams are just opposite to Gaussian beams where the intensity smoothly
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drops from its maximum to zero around the beam axis. The transverse profile of a Super-

Gaussian beam can be given by

E(r ) =E0 exp

[

−
(

x2 + y2

w2

)p]

. (1.170)

whereE0 is peak amplitude andw is the beam width of the Super-Gaussian beam;p is an

order parameter that determines the different spatial beam shapes. The order parameterp = 1

gives a usual Gaussian beam profile. A super-Gaussian mode can be obtained by choosing

order parameterp = 10. A nearly flat-top beam is obtained by settingp = 100. Thus,

at very large values of the order parameter the Super-Gaussian beams approach to flat-top

beams. Super-Gaussian or Flat-top beams can be generated byusing a graded-phase mirror

resonator[136] or a spatial light modulator based on liquid crystal [137]. Need to mention

here, a Super-Gaussian or a flat-top beam is not a free-space mode as the order parameterp

has been added intentionally. A super-Gaussian beam is not apart of standard solutions to the

paraxial wave equation. The propagation of an initially super-Gaussian beam in free-space

or through optical elements shows that the beam profile first contracts to form smooth edges

and spreads further. A circular or rectangular super-Gaussian beam evolves Gaussian-like

structure in the center but an airy or sinc function in far-field region. Unlike Gaussian beam,

a super-Gaussian beam would not only change the size but alsothe intensity profile.

1.4.5 Hermite-Gaussian beam

Hermite-Gaussian modes are solutions for the lasers whose cavity design has a rectangular

geometry rather than radially symmetric. Therefore, solving the paraxial Helmholtz equa-

tion (1.162) in Cartesian coordinates gives rise to a family of solutionsknown as the Hermite-

Gaussian modes [138]. The transverse spatial profile of the electric field for Hermite-Gaussian

mode is given by

Emn(r ) = E0
w0

w(z)
Hm













x
√

2
w(z)













exp

[

− x2

w(z)2

]

Hn













y
√

2
w(z)













exp

[

− y2

w(z)2

]

× exp

[

−i(m+ n+ 1) tan−1

(

z
zR

)]

. (1.171)
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Here,E0 is the constant amplitude, andw(z) is the width of the electric field. The function

Hk is a Hermite polynomial of orderk, and the indicesm andn determine the shape of the

electric field profile along thex andy directions, respectively. The lowest-order Hermite-

Gaussian beamm = n = 0 is fundamental the Gaussian beam. The spatial light modulator

based on liquid crystal can be used to produce the Hermite-Gaussian Beams [139].

1.4.6 Laguerre-Gaussian beam

If the laser’s optical resonator is cylindrically symmetric, the natural solutions of the paraxial

wave equation result in Laguerre-Gaussian modes [140]. Thus, the solution of the paraxial

Helmholtz equation in cylindrical coordinates (ρ, φ, z) leads to the LaguerreGaussian modes.

The complex amplitude of the Laguerre-Gaussian beam is expressed as

Epl(ρ, φ, z) = E0
w0

w(z)

(

ρ
√

2
w(z)

)|l|

L|l|p

(

2ρ2

w2(z)

)|l|

exp

[

ikρ2

2R(z)
− ρ2

w2(z)

]

× exp

[

−i(2p+ l + 1) tan−1

(

z
zR

)

+ ilφ

]

, (1.172)

whereL|l|p is the generalized Laguerre polynomial function,p is the radial index andl is the

azimuthal index. The lowest-order Laguerre-Gaussian beaml = p = 0 coincides with the

Gaussian beam. The other beam parameters are same as a Gaussian beam case. The Laguerre-

Gaussian beam can be produced using a computer generated holograms [141, 142], or all-

optical spatial light modulator in coherent media [143] and digital micro-mirror device [144].
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Chapter 2

Diffractionless optical cloning via single

dark states

In this chapter, we theoretically explore the possibility of cloning of an arbitrary image car-

ried on control field to probe field with high resolution. For this purpose, we utilize the EIT

and CPT resonances in presence of spatially dependent coherent fields to obtain higher spa-

tial resolution. A rigorous literature survey suggested the possibility of an alternative way

of imaging through various theoretical and experimental approaches based on EIT and CPT

schemes. Mitsunagaet al. have suggested and experimentally demonstrated an EIT based

absorption imaging technique in cold sodium atoms [145]. They found that a bright spot of

signal beam is transmitted through an opaque atomic cloud atthe points where coupling beam

was present. In their experimental set up, they achieved signal beam transmission upto 200%

which is due to cross-focusing effect induced by spatial dependent coupling beam. Based

on CPT mechanism, Agarwalet al. have predicted that the atom can be localized at sub-

wavelength scale [146]. They have used standing-wave and tightly focused beams tospatially

localize the atomic population in subwavelength domain. Inan extension of this CPT based

scheme, Yavuz and colleagues have discussed and reported the atom localization by spatial

dependent dark state [147]. They predict that a fluorescence shadow image of a nanometer

sized object implanted into an atomic medium can be obtainedby scanning the focusing lens

around the object. In an early work, Kapale and Agarwal [148] have found a new optical

microscopy technique by using CPT mechanism. In this scheme,three-level atom is driven

by an amplitude modulated probe field and a spatially dependent coupling field to localize the

51
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52 Chapter 2. Diffractionless optical cloning via single dark states

population. Additionally, they have predicted that localization scheme can be used to get a

shadow image of nanometer sized object embedded into the atomic medium.

More recently, Liet al. [153] experimentally demonstrated that the spatial shape of a

control beam can be cast onto a weak probe beam via CPT in a three-level lambda atomic

system. In their experiment, the transmitted intensity of the probe beam had a similar spatial

profile as that of the control beam, no matter what the input probe is. Moreover, the size of

the transmitted probe beam was half of that of the diffraction-limited input probe.

These studies motivate us to explore other possibility of mapping the spatial shape of

control beam onto probe beam. The spatial profile of the strong control beam makes the

probe’s susceptibility inhomogeneous along the transverse direction. This inhomogeneity

in susceptibility leads to spatial variations in both absorption and refractive index of probe

beam. Key idea behind cloning mechanism is that the absorption and refractive index profiles

are dependent on shape and intensity of control beam. Thus, the absorption and refractive

index profiles can be flexibly engineered along the transverse direction with desired shape of

control beam.

In our study, both control and probe fields are coupled to a three-level atomic lambda

system to form a CPT configuration. It is important to note thatthe probe field is typically

treated as a weak and control field as a strong, such that perturbation theory can be employed

to derive the linear effect of the atomic medium on the probe field propagation. Therehave

been theoretical and experimental studies where the probe is not necessarily weak [149–151].

In this situation, the effect of the atomic coherence on the propagation dynamics of the control

field need to be taken into account [152]. We assume the two laser fields to be of comparable

strength, such that perturbation theory for the probe field is not valid any more to describe

the effect of the atomic medium on the two fields. We start by calculating the susceptibilities

including linear and nonlinear effects for both fields by solving the related density matrix

equations. As expected, we find that a spatially-dependent refractive index for the probe field

is generated, structured by the spatial intensity profile ofthe control beam. In particular, the

generated structures enable one to transfer the transversedistribution of the control field onto

the transmission profile of the probe field. In order to study the full propagation dynamics,

we then numerically solve the paraxial propagation equations for both fields by using a higher

order split operator method. We begin our analysis with a Gaussian control and a super-

Gaussian probe field and observe the gradual mapping of the control field onto the probe field
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throughout the propagation. We find in particular that in thecase of a strong probe field,

the transmitted probe beam is focused more tightly by a factor of two compared to the weak

probe field case. Next, we consider a control field with a spatial two-peaked Hermite-Gaussian

profile, and demonstrated cloning of the profile onto the probe beam with feature size reduced

by a factor of about 2.5. In order to verify that our method canserve as an universal tool

for cloning of arbitrary image, we finally simulate the three-dimensional light propagations

for both fields, in which the spatial profile of the control field carries the three letters “CPT”.

We show that also this structure can be cloned onto the probe beam which initially has a

simple plane-wave profile, even though the control field is severely distorted throughout the

propagation due to diffraction. Again, we observe a reduction of the feature size bya factor

of about 2 in the probe field.

2.1 Theoretical model and basic dynamical equations

2.1.1 Equations of motion for density matrix elements

We consider a homogeneous cloud of87Rb atoms, with two laser fields coupled to the atoms

such that a three-levelΛ-scheme as shown in Fig.2.1is of relevance. The probe field couples

to transition|1〉 ↔ |3〉, and the control field to transition|2〉 ↔ |3〉. The two copropagating

fields are defined as

E j(r , t) = êjE j(r ) e−i(ω j t−k jz) + c.c. , (2.1)

whereE j(r ) are the slowing varying envelope functions,êj the unit polarization vectors,ωi

the laser field frequencies andkj is the wave numbers of fields. The indexj ∈ {1,2} denotes

the probe or control field, respectively.

The Hamiltonian of the system in electric dipole and rotating wave approximation is given

by,

Ĥ = ~ωa3|3〉〈3| + ~ωa2|2〉〈2| + ~ωa1|1〉〈1|

− ~
(

ge−iω1t|3〉〈1| +Ge−iω2t |3〉〈2| + H.c.
)

, (2.2)

whereωa j are the corresponding atomic frequencies.
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F 2.1: Schematic setup for the cloning of arbitrary images encoded in the spatialprofile
of a control field onto the spatial profile of a probe beam. Both fields co-propagate through
a rubidium vapor cell, and couple to the atoms on the|3〉 ↔ 〈1| (probe field with frequency
ω1) and |3〉 ↔ 〈2| (control field with frequencyω2) transitions, respectively. Our analysis

includes the case in which both fields are equally strong.

The Rabi frequencies of the probe and control fields are definedas

g =
d̂31 · ê1E1eik1z

~
, (2.3)

G =
d̂32 · ê2E2eik2z

~
. (2.4)

Here,d̂3 j are the corresponding dipole moment matrix elements. The master equation for the

density operatorρ is given by

ρ̇ = − i
~

[

Ĥ, ρ
]

+Lγρ. (2.5)
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The last term in Eq. (2.5) describes incoherent processes such as spontaneous emission and is

determined by

Lγ[ρ] = − γ1 (|3〉〈3|ρ − 2|1〉〈1|ρ33+ ρ|3〉〈3|)

− γ2 (|3〉〈3|ρ − 2|2〉〈2|ρ33+ ρ|3〉〈3|) . (2.6)

We label the radiative decay rate from state|3〉 to ground state| j〉 by 2γ j.

Plugging the Hamiltonian of Eq. (2.2) into the master equation, we get equations of motion

for the density matrix elements as the following

ρ̇33 = − 2(γ1 + γ2)ρ33+ ige−iω1tρ13− ig∗eiω1tρ31+ iGe−iω2tρ23− iG∗eiω2tρ32 , (2.7)

ρ̇22 =2γ2ρ33+ iG∗eiω2tρ32− iGe−iω2tρ23 , (2.8)

ρ̇32 = −
[

(γ1 + γ2) + iω32
]

ρ32+ ige−iω1tρ12+ iGe−iω2t(ρ22− ρ33) , (2.9)

ρ̇31 = −
[

(γ1 + γ2) + iω31
]

ρ31+ iGe−iω2tρ21+ ige−iω1t(ρ11− ρ33) , (2.10)

ρ̇21 = − [Γ + iω21]ρ21+ iG∗eiω2tρ31− ige−iω1tρ23 . (2.11)

whereω32 = ωa3 − ωa2, ω31 = ωa3 − ωa1, andω21 = ωa2 − ωa1.

We define the following transformations

ρii = σii , ρ31 = σ31e
−iω1t , ρ32 = σ32e

−iω2t , ρ21 = σ21e
−i(ω1−ω2)t . (2.12)

In this suitable interaction picture, the density matrix equations follow as

σ̇33 = − 2(γ1 + γ2)σ33+ igσ13− ig∗σ31+ iGσ23− iG∗σ32 , (2.13)

σ̇22 =2γ2σ33+ iG∗σ32− iGσ23 , (2.14)

σ̇32 = −
[

(γ1 + γ2) + i∆2
]

σ32+ igσ12+ iGσ22− iGσ33 , (2.15)

σ̇31 = −
[

(γ1 + γ2) + i∆1
]

σ31+ iGσ21+ igσ11− igσ33 , (2.16)

σ̇21 = − [Γ − i(∆2 − ∆1)]σ21+ iG∗σ31− igσ23 . (2.17)

The detunings of the probe and the control fields from the respective transition frequencies

are defined as∆1 = ω31 − ω1 and∆2 = ω32 − ω2, respectively. We have further included pure

dephasing of the ground state coherence, e.g., due to phase changing collisions, and denote
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the total decay rate of the coherence byΓ. The remaining density matrix equations follow

from the constraintsσ11+ σ22+ σ33 = 1 andσi j = σ
∗
ji .

2.1.2 Propagation equations for probe and control beams

We use Maxwell’s wave equations to simulate the spatial evolution of the control and the

probe beams through the medium, in order to study the effect of both diffraction and dispersion

during the propagation. The wave equations for the probe (j = 1) and control (j = 2) fields

can be written as

(

∇2 − 1
c2

∂2

∂t2

)

E j =
4π
c2

∂2Pj

∂t2
, (2.18)

wherePj are the macroscopic polarizations induced by the control and probe fields, respec-

tively. They can be expressed in terms of both the atomic coherences as well as the suscepti-

bility as

Pj = N
(

d3 jσ3 je
−iω j t + c.c.

)

=
(

χ3 jêjE je
−iω j t + c.c.

)

, (2.19)

whereN is the density of the atomic medium, andχ31 andχ32 are the susceptibilities for the

response to the probe and control fields, respectively. In slowly varying envelope and paraxial

wave approximation, Eqs. (2.1), (2.3), (2.4) and (2.18) lead to propagation equations for the

two fields given by

∂g
∂z
=

i
2k1

(

∂2

∂x2
+
∂2

∂y2

)

g+ 2iπk1χ31 g , (2.20)

∂G
∂z
=

i
2k2

(

∂2

∂x2
+
∂2

∂y2

)

G + 2iπk2χ32G . (2.21)

The first terms in the parentheses on the right hand sides account for the diffraction. The

second terms on the right hand sides are responsible for the dispersion and absorption of the

both the control and probe beams. Note that the two propagation equations are coupled via

the susceptibilitiesχ31 andχ32.
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2.1.3 Medium susceptibilities of probe and control beams

Next we calculate the response of the medium to the probe and control fields, characterized

by the respective susceptibilities. Using Eqs. (2.19), one can readily obtain the susceptibility

at the frequencies atωp andωc as

χ31(ωp) =
N|d̂31|2
~g

σ31 , (2.22)

χ32(ωc) =
N|d̂32|2
~G

σ32 . (2.23)

In steady state, the atomic coherencesσ31(ωp) andσ32(ωc) are obtained from Eqs. (2.13)-

(2.17) as

σ3 j =
N3 j

D
, (2.24)

where the numeratorsN32, N31 and the denominatorD are listed below:

N31 =(|G|2(γ(iγ + ∆1)(Γ
2 + (∆2 − ∆1)

2)

+ (γ(iΓ + ∆2 − ∆1) + Γ(∆2 + ∆1))|g|2 + γ(iΓ + ∆2 − ∆1)|G|2)g) (2.25)

N32 =(|g|2(γ(iγ + ∆2)(Γ
2 + (∆2 − ∆1)

2)

+ γ(iΓ − ∆2 + ∆1)|g|2 + (γ(iΓ − ∆2∆1) + Γ(∆2 + ∆1))|G|2)G) (2.26)

D =γ|g|6 + |g|4
[

3|G|2(γ + 2Γ) + 2γ(γΓ + ∆1(∆2 − ∆1))
]

+ γ|G|2
[

2|G|2(γΓ + ∆2(∆1 − ∆2)) + |G|4 +
(

γ2 + ∆2

)

((∆2 − ∆1)
2 + Γ2)

]

+ |g|2[|G|2
(

(4γ + Γ)∆2
2 + 2γΓ(2γ + 3Γ) + 2(Γ − 4γ)∆2∆1 + (4γ + Γ)∆2

1

)

+ 3|G|4(γ + 2Γ) + γ(γ2 + ∆2
1)((∆2 − ∆1)

2 + Γ2)] . (2.27)

The expressions are rather complex, since we include the fields to all orders, in order to

account for nonlinear effects. To simplify the expressions, we have assumed equal decay rates

on the two transitions,γ1 = γ2 = γ/2.

2.1.4 Transverse beam profiles

In the main part of our result section, we will numerically propagate complex transverse beam

profiles. But first, in order to interpret the effect of the beam profiles on the propagation, we
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chose the transverse spatial profile of the control field as a Hermite-Gaussian mode. Atz= 0,

it can be written as,

G(x, y) =G0 Hm













x
√

2
wc













Hn













y
√

2
wc













exp

[

− (x2 + y2)
w2

c

]

. (2.28)

Here,G0 is the input amplitude, andwc is the width of the control field. The functionHk is

a Hermite polynomial of orderk, and the indicesm andn determine the shape of the control

field profile along thex andy directions, respectively. Since we want to consider the transfer

of arbitrary spatial information, we will study different values ofm,n in the following.

Similarly, the probe field is initially assumed to have a super-Gaussian transverse profile

given by

g(x, y) =g0 exp

[

− (x2 + y2)8

w16
p

]

. (2.29)

The initial peak amplitude and the width of the probe field aredenoted byg0 andwp, respec-

tively. Instead of choosing super Gaussian as an initial profile, the shape of the probe field

can be consider any arbitrary shape such as a plane wave, Gaussian or hyperbolic shape . The

desired spatial profile of the probe beam can be generated by using a spatial light modulator

based on either liquid crystal or coherent EIT media [137].

2.2 Numerical simulation and Results

2.2.1 Spatial modulation of linear and nonlinear susceptibility

We now turn to our results and start by studying the probe and control field susceptibilities at

frequenciesω1 andω2 using Eq. (2.22) and Eq. (2.23). For this purpose, we first consider a

super Gaussian probe field and a Gaussian control field [m= 0,n = 0 in Eq. (2.28)] such that

the probe susceptibility becomes inhomogeneous along the transverse directions. Results are

presented for two different cases of the initial field amplitudes. We denote the case g0 ≪ G0

as the weak field limit, andg0 ∼ G0 as the strong field case. In our numerical calculations, we

chooseg0 = 0.015γ andg0 = 0.15γ for the two cases, respectively.
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(a)

(b)

F 2.2: Probe beam susceptibility as a function of the transverse coordinatex. The control

field has a Gaussian (m = 0,n = 0) beam profile. (a) shows the imaginary and (b) the

real component of the susceptibility. The three different curves show probe field detunings

∆1 = −0.005 (blue dotted line, blue dashed line),∆1 = 0.0 (green solid line, green dot-dashed

line), and∆1 = 0.005γ (red dashed line, red dashed double-dot line) for two data sets of probe

amplitudesg = 0.015γ andg = 0.15γ, respectively. The other parameters arey = 0.005cm,

wp = 150µm, wc = 400µm,∆2 = 0,Γ = 0.001γ, andN = 5×1011 atoms/cm3.
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Fig. 2.2 displays the spatial dependence of the probe field susceptibility. The different

curves show Im(χ13) and Re(χ13) for three different detunings and both probe intensity cases

as a function ofx, with y = 0.005 cm. From Fig.2.2(a), we find that the probe field is

essentially transmitted without absorption in regions in which the control field amplitude is

large, whereas in the wings (|x| > 0.05 cm) with low control field, strong absorption occurs.

As expected, we found that the width of the transparency window depends on the intensities

of the control and probe fields as well as the decay rate of ground state atomic coherence.

Comparing the two intensity cases, we find that a relative increase of the probe field intensity

results in steeper transitions between regions of high and low absorption. Later, we will show

that this in turn leads to a smaller feature size of the image cloning scheme.

The transparency of the medium to the probe field can be understood as arising from coher-

ent population trapping (CPT) or electromagnetically induced transparency (EIT), depending

on the relative strength of the two applied fields. In both cases, destructive interference occurs

between two different excitation pathways from|1〉 or |2〉 to the excited state|3〉. CPT and EIT

are restricted to a certain transparency window. This transparency window can be controlled

via the external parameters, and permits to transfer the transverse distribution of the control

field onto the transmission profile of the probe field. This is the key mechanism of cloning the

control field profile to the probe field.

The corresponding real part of the susceptibility is shown in Fig.2.2(b). We notice that it

can be controlled between negative and positive values via the detuning. For red detuning of

the probe field (∆1 = 0.005γ), it has a local maximum aroundx = 0, whereas for blue detun-

ing, a minimum occurs aroundx = 0. For non-zero detunings, the real part becomes spatially

dependent in particular around the regions in which the absorption undergoes a transition from

low to high values.

Therefore, at red detuning, the transverse profile of the control field allows one to imprint

a fiber-like refractive index gradient onto the atomic medium. This parabolic refractive index

variation causes focusing of the probe field towards the center of the control field and also

guides the probe field propagation along the propagation axis. Conversely, at blue detuning

of the probe field, the real part has maxima at its wings, whichis referred to as antiwaveguide

like refractive index [184]. This antiwaveguide refractive index leads to shape distortions

of the probe field. Hence, electromagnetically induced focusing and defocusing is possible

in our setup by properly detuning the probe field. At two photon resonance condition,i.e.,
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∆1 = ∆2 = 0, only the imaginary part of the susceptibility varies spatially, while the real part

is constant. Then the probe field propagates through the transparency window without being

focused or defocused. Note that the probe field will nevertheless spread due to the inevitable

diffraction.

F 2.3: Real part of the control field susceptibility as a function of transverse positionx.

The control field has a Gaussian (m= 0,n = 0) shape. The three different curves show probe

field detunings∆1 = −0.005 (blue dotted line, blue dashed line),∆1 = 0.0 (green solid line,

green dot-dashed line), and∆1 = 0.005γ (red dashed line, red dashed double-dot line) for two

data sets of probe amplitudesg = 0.015γ andg = 0.15γ, respectively, with different scales of

the axes. The other parameters are same as in Fig.2.2.

Next, we consider the effect on the control field. Fig.2.3 shows the real part of the sus-

ceptibility experienced by the control field. It in particular illustrates that it becomes espe-

cially important when the relative intensity of the probe and control fields are of comparable

strength, as for the intense probe field case, the spatial dispersion of the control field is about
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three orders of magnitude larger than in the weak probe field case. Hence, it is important to

include atomic coherence effects in the paraxial wave equation for the control field.

It is also evident from Fig.2.3 that in addition to the diffraction, the variation of the

refractive index induces further distortions of the control field shape for both red- and blue-

detuned probe fields. Our further analysis also showed that the absorption of the control field

is rather low as compared to the probe field absorption in bothcases, such that the control field

can be propagated through the medium without significant absorption for relevant parameter

ranges.

F 2.4: Probe field susceptibility as a function of the transverse spatial coordinate x.

The control field has a doubly-peaked spatial profile characterized bym = 1 andn = 0 in

Eq. (2.28). The central part aroundx = 0 is magnified in the inset in the top part of the

figure. The other parameters arey = 0.005 cm,G0 = 1.5γ, g0 = 0.015γ, wp = 400µm and

N = 7.5×1011 atoms/cm3.
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Finally, we analyze the dependence of the probe susceptibility on the control field trans-

verse beam shape. Fig.2.4shows the transverse variation of the probe field susceptibility for

a doubly peaked transverse spatial distribution of the control field obtained by settingm = 1

andn = 0 in Eq. (2.28). The central part of the figure is shown enlarged in the inset. Overall,

the interpretation is similar to the case of a singly-peakedcontrol field beam profile. But the

doubly-peaked structure leads to the formation of two transparency windows. For positive

probe detuning (∆1 = 0.005), each of the transparency windows features a fiber-likerefractive

index, focusing the probe field towards the waist of the control field and thereby reducing the

feature size. The generalization of these results to other spatial modes of the control field with

different values ofm,n is straightforward.

2.2.2 Propagation dynamics of probe and control beams

In this Section, we present results for the evolution of the spatial beam profile throughout

the propagation. For this, we numerically integrate the full set of paraxial wave equations

Eqs. (2.20) and (2.21) using a higher order split operator method given in Appendix A. We

begin with a super-Gaussian probe beam shape and a Gaussian control beam shape to demon-

strate the mapping of the control field profile onto the probe field. Results are shown in

Fig. 2.5. Fig. 2.5(a) depicts the intensity profile of the probe beam at different propagation

distancesz. The initial field amplitudes areG0 = 1γ andg0 = 0.15γ, corresponding to the

strong probe field case. We find that the probe beam profile gradually acquires the control

beam shape as it propagates through the medium. This processis completed at approximately

z= 2 cm. Interestingly, the probe field width at this propagation distance is about 60µm which

is an order of magnitude less than the initial width of the control beam. At this distance, the

Rayleigh length of the cloned probe beam is about 1.42 cm. Consequently, the cloned beam

suffers from diffraction throughout the further propagation. We also noticefrom Fig.2.5 that

at two photon resonance condition∆1 = ∆2 = 0, the probe beam experiences diffraction. In

contrast, at red detuning, the probe field propagates unaltered through the medium. We thus

find that the probe field diffraction can be controlled by a proper choice of the single photon

detuning∆1 of the probe field.
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F 2.5: Normalized intensity profile of the propagating probe beam against against the

transverse coordinatex for y = 0. (a) shows the beam profile at different propagation distances

z. In (b), the transmitted probe beam intensity at the output of a 4 cm long mediumis shown

for different detunings. All other parameters are chosen as in Fig.2.2.
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Fig. 2.5(b) illustrates how the intensity and detuning of the probe field can be used to

control the width of the transmitted probe beam. It shows that the probe beam is more tightly

focused by a factor of about two for the strong control field case compared to the weak probe

field case. At red detuning condition, our numerical computations show that the width and the

transmission of the output probe beam are 85µm [55 µm] and 20% [5%] for weak [strong]

field case.

C
o
n

tr
o
l 

F
ie

ld
T

ra
n

sm
is

si
o
n

F 2.6: Spatial intensity profile of the control field as a function of the transverse coordi-

natex after propagation through a 4 cm long atomic medium. Results are shown for different

field parameters. The profile is shown in they = 0 plane. All other parameters are the same

as in Fig.2.5.

Fig. 2.6 show the corresponding results for the spatial variation ofthe transmitted con-

trol beam intensity profile in they = 0 plane after propagation through a 4 cm long atomic

medium. For the weak probe field case, the control field propagates essentially without any

distortion. But in the strong probe field case, we find from Fig.2.6 that the control field

shape is distorted. Nevertheless, the integrated transmission intensity of the control field is

approximately 100% in both cases.
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Thus, we conclude that the control beam intensity is spatially redistributed in the strong

probe field case. As a consequence, it is necessary to includethe effect of atomic coherence

in the propagation of the control field in the non-resonant aswell as in the resonant condition

for the strong probe field case.
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F 2.7: Transverse spatial intensity profile of the probe and control fields after propaga-

tion through an atomic vapor cell of length 4cm. The initial control field profile ischosen as a

Hermite-Gaussian doubly-peaked profile. The top panel (a) shows the probe field, the bottom

panel (b) for the control field. The parameters are as in Fig.2.4.
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Next, we study cloning of a two-peaked Hermite-Gaussian control beam onto the spatial

profile of the probe beam. Fig.2.7shows the peak-normalized intensity of both the transmitted

probe and control beams after a propagation distance of 4 cm.It can be seen from Fig.2.7

that while the overall structure of the control beam is preserved, the width of the cloned probe

beam profile is reduced by a factor of about 2.5 as compared to the initial width of the control

beam. Therefore, the finesse of the transmitted probe beam isabout 2.5 times greater than

that of the control beam, which is consistent with the findings of an recent experiment by Li

et al [153]. The integrated transmission intensity of the cloned output probe beam is 5% of

the integrated intensity of the input probe beam. The transmission of the cloned beam can be

increased by decreasing the optical density. We also found that the width of the cloned beam

can be decreased by decreasing the relative intensity of theprobe and control field giving us

control over the finesse of the cloned probe beam.

Finally, Fig.2.8shows how a complex image encoded in the transverse control field inten-

sity profile can efficiently be cloned onto the probe field. For this, we choose thethree letters

“CPT” as initial profile of the control beam, and a plane wave for the initial probe beam pro-

file. We find from Fig.2.8(b) that the control beam profile is significantly distorted after 3 cm

propagation length through a vapor cell. This distortion arises from diffraction and from the

variation of the refractive index experienced by the control field.

x in mm

y
 i
n

m
m

50

100

0

-50

-100
0-50 50 100

50

100

0

-50

-100
0-50 50 100

50

100

0

-50

-100
0-50 50 100

Control image
z=0

Control image
z=3 cm

Cloned image
z=3 cma b c

F 2.8: Transverse spatial intensity profile of the control and probe fields.(a) shows the
initial profile of the control field at the medium entry. (b) shows the control field profile after
propagation through a vapor cell of length 3cm filled with rubidium atoms. (c)shows the
probe field profile after the propagation. Initially, the probe field is chosenas a plane wave.
The parameters areg = 0.15γ, G = 1.5γ, ∆2 = 0, ∆1 = 0.002γ, Γ = 0.001γ, andN = 1012

atoms/cm3.
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In contrast, the fiber-like spatial dispersion of the probe field can be used to compensate

or to reverse the effect of the diffraction. As a result, the cloned image in the transverse profile

of the probe beam is tightly focused. We further note from panel (c) that the feature size in

the cloned image is reduced by a factor of 2 as compared to the incident control field image.

This suggests that the finesse of the transmitted cloned image is two times greater then that of

the incident control image. Hence, the feature size of the cloned image is decreased twofold.

2.3 Chapter conclusion

In conclusion, we have studied the possibility of cloning ofan arbitrary images encoded in

the spatial profile of a coupling beam onto a probe beam. Our method is based on coherent

population trapping in a three-level atomic lambda system.We have considered both, weak

probe fields and probe fields with strength comparable to the control field, and have discussed

the differences for light propagation in the weak and strong field limits. In the “strong field

limit” where the probe and control fields are of comparable strength, we firstly calculated

the atomic susceptibilities including both linear and nonlinear effects for the two fields. We

then found that a waveguide-like structure can be formed inside the medium at red detuning

of the probe field when applying a Gaussian control and a super-Gaussian probe. At the

same time, a transparency window centered in the waveguide,which can be controlled by

changing the relative intensities of the probe and control fields. This transparency window

allows to transfer the transverse intensity profile of the control onto the transmitted probe

field. By numerically solving the propagation equations for both fields, we found that the

spatial profile of the control is gradually mapped onto the transmitted probe already after a

few Rayleigh lengths. Interestingly, the feature size in thespatial profile of the probe field

is reduced compared to that of the original control field structure. In order to show that our

method works for arbitrary images, different spatial profiles of the control and probe fields

are considered. In particular, the three letters “CPT” initially encoded on the control field are

cloned onto the transmission profile of the probe. In this process, the feature size is decreased

by a factor of 2. Interestingly, even though cloning of arbitrary images onto the probe field is

constructed nicely, the control field image is severely distorted due to diffraction throughout

the propagation.
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Chapter 3

Resolution improvement via double dark

resonances

The ability to enhance spatial resolution of a Rayleigh [2] or Sparrow-limited [154] image is

one of the main challenges in optics. Conventional optics hasfailed to resolve the character-

istic size of an image beyond a value comparable to the wavelength of the probing light [155].

Main constraint of high resolution imaging comes from the diffraction and the absorption.

The diffraction of an image is inevitable due to its geometrical origin. The above obstacles

can completely or partially be eliminated by use of quantum interference effects.

Optical properties of medium tailored along the transversedirection can open up a new

possibility of transferring the characteristic features of the control field to the probe field.

This is because the propagation dynamics of probe field is dependent on the diffraction and

dispersive properties of the medium. The diffraction and dispersion characteristics of the

atomic medium can be manipulated by using proper spatially inhomogeneous control field.

This concept has been demonstrated experimentally [153] in a CPT system where a well

resolved control field structure is used for optical imaging. Further, the transmitted cloned

image has feature size four times smaller as compared to the initial control image. However,

EIT and CPT based schemes suffer from strong absorption due to breaking of two-photon

resonance condition. Hence the absorption based mechanismlimits practical implementa-

tion. Therefore, one can take advantages of gain based schemes to generate high resolution

cloned image. Resolution of cloned image can be improved by engineering the contrast of

69
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the refractive index of atomic waveguides of the gain medium. Quantum interference effects

induced by interacting dark resonances have been shown to drastically increase the contrast

of the refractive index profile [156].

In this chapter, we have used interacting dark resonances toimprint the Rayleigh- or

Sparrow-limited control image to probe field with high resolution and contrast. To facili-

tate these processes, we use a four-level atomic system. A single dark state can be created by

the control and the probe fields couple to the two arms ofΛ-system. This interaction gives rise

to usual single transparency window. The double-dark states can be generated by using a mi-

crowave or optical field which interacts with magnetic or electric dipole moments of relevant

atomic transitions [157–159]. We find that the interference between two dark states results in

a new sharp absorption peak at line centre. The double dark resonance (DDR) spectra show

two transparency windows accompanied with one sharp absorption peak. Furthermore, we

demonstrated that a very weak incoherent pump field is sufficient to turn the induced absorp-

tion dips to gain peaks. We exploit these sharp spectral features to write waveguide inside

medium. We begin with Rayleigh-limited control field structure and do a comparative study

of inhomogeneous susceptibility for EIT, Microwave induced absorption (MIA), and LWI.

The result shows that the presence of three fields with an incoherent pump provides a sharp

contrast in refractive index from core to cladding than other two cases. We efficiently use

this sharp refractive index contrast for cloning the Rayleigh limited control field image to the

probe field with high resolution. Finally, we also show that Sparrow limited three modes of

the control image can also be cast onto the probe field with appreciable resolution and high

transmission. Later, we also use induced absorption and transparency mechanism to demon-

strate the spatial switching (off or on) of probe beam. The spatial optical beam switching

based on spatial phase modulation has been discussed recently in optical lattice [160].

3.1 Theoretical Formulations

3.1.1 Atomic model system

In this work, we consider a homogeneously broadened four level Rb atomic system consisting

of an excited state|4〉 and three metastable states|1〉, |2〉, and|3〉 interacting with two optical

fields and one microwave field as shown in the Fig.3.1. The excited state|4〉 is coupled
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to two degenerate ground states|1〉, and |3〉 by two coherent fields, namely, a weak probe

field with frequencyω1 and a control field with frequencyω2, respectively, which form a

three levelΛ-system. The ground state|3〉 is further coupled to the metastable state|2〉 by

an additional microwave field with frequencyω3. In the real experimental scenario of87Rb

(D1orD2 line) atomic vapor, the hyperfine magnetic sublevel of 5P1/2 : |F′ = 2,m= 1〉 serves

as an excited state|4〉 in Fig. 3.1. The ground-state hyperfine magnetic sublevels of 5S1/2 :

|F = 2,m = 2〉, |F = 1,m = 0〉, and |F = 2,m = 0〉 correspond to states|1〉, |2〉, and |3〉,
respectively [157, 158].
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 3
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F 3.1: Schematic diagram of the four-level87Rb atomic system. The atomic transition

|4〉 ↔ |1〉 is coupled by the coherent probe field with Rabi frequencyg and incoherent pump

field r. The control field with Rabi frequencyG interacts to the atomic transition|4〉 ↔ |3〉. A

microwave field with Rabi frequencyΩ acts on the transition|3〉 ↔ |2〉 to produce the double

dark resonance of the system.

We define two copropagating optical fields along thez-axis as

E j(r , t) = êjE j(r ) e−i(ω j t−k jz) + c.c. , (3.1)

whereE j(r ) is the slowing varying envelope, ˆej is the unit polarization vector,ω j is the laser

field frequency andkj is the wave number of field, respectively. The indexj ∈ {1,2} denotes
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the probe or control field, respectively. The microwave fieldis defined as

E3(r , t) = ê3E3(r ) e−i(ω3t−k3z) + c.c. , (3.2)

where,E3(r ) is constant amplitude,ω3 is the frequency of the microwave field. In the presence

of three coherent fields, the Hamiltonian of the system underthe electric dipole and rotating-

wave approximation can be expressed as,

Ĥ =Ĥ0 + ĤI , (3.3)

Ĥ0 =~ω43|4〉〈4| − ~ω23|2〉〈2| − ~ω13|1〉〈1| , (3.4)

ĤI = − (|4〉〈1|d41 · ê1E1e
−i(ω1t−k1z)

+ |4〉〈3|d43 · ê2E2e
−i(ω2t−k2z)

+ |3〉〈2|d32 · ê3E3e
−i(ω3t−k3z) + H.c.). (3.5)

The time dependent parts of the above Hamiltonian can be removed by using of following

unitary transformation,

Û = e−
i
~
Wt , (3.6)

W = ~ω2|4〉〈4| − ~ω3|2〉〈2| − ~(ω1 − ω2)|1〉〈1| . (3.7)

If |ψ(r , t)〉 represents the state vector in the stationary frame and and|φ(r , t)〉 in the rotating

frame, then they can be espressed as

|ψ(r , t)〉 = Û |φ(r , t)〉 . (3.8)

Using above unitary transformation into the Schrödinger equation Eq. (1.19) and after rear-

ranging the terms, we obtain

i~
∂

∂t
|φ(r , t)〉 = (Û†ĤÛ − i~Û†

∂Û
∂t

)|φ(r , t)〉 = V̂|φ(r , t)〉 , (3.9)

where the transformed Hamiltonian̂V is given by

V̂/~ = − ∆2|4〉〈4| + ∆3|2〉〈2| + (∆1 − ∆2)|1〉〈1|

− (g|4〉〈1| +G |4〉〈3| + Ω |3〉〈2| + H.c.), (3.10)
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where∆1 = ω1 − ω41, ∆2 = ω2 − ω43, ∆3 = ω2 − ω32 are the single-photon detunings and

g =
d41 · ê1E1eik1z

~
, G =

d43 · ê2E2eik2z

~
, Ω =

d32 · ê1E3eik3z

~

are the Rabi frequencies of the probe, control and the microwave fields, respectively. The

atomic transition frequencies and the corresponding dipole moment matrix elements are de-

noted byωi j anddi j , respectively.

3.1.2 Dynamical equations for density matrix elements

We use Liouville equation to incorporate the coherent and incoherent processes of the atomic

system. Thus the dynamics of the system is governed by the following Liouville equation

ρ̇ = − i
~

[

V̂, ρ
]

+Lρ , (3.11)

where the second term represents the incoherent processes that can be determined by

Lρ =Lγρ +Ldρ +Lrρ , (3.12)

with

Lγρ = −
3
∑

i=1

γi

2
(|4〉〈4|ρ − 2|i〉〈i|ρ44+ ρ|4〉〈4|) ,

Ldρ = −
3
∑

i=1

3
∑

i, j=1

γc

2
(|i〉〈i|ρ − 2| j〉〈 j|ρii + ρ|i〉〈i|) ,

Lrρ =L14ρ +L41ρ ,

L14ρ = −
r
2

(|4〉〈4|ρ − 2|1〉〈1|ρ44+ ρ|4〉〈4|) ,

L41ρ = −
r
2

(|1〉〈1|ρ − 2|4〉〈4|ρ11+ ρ|1〉〈1|) .

The first term of Eq. (3.12) refers to the radiative decay from excited state|4〉 to ground states

| j〉 as labelled byγ j. The second term,Ldρ, represents pure dephasing for the coherenceρi j

due to collision with rateγc. The incoherent pumping between levels|1〉 and|4〉 with rater is

described byLrρ.
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The dynamics of the population and atomic coherences in the four-level system can be

described by the following set of density matrix equations:

ρ̇11 = −rρ11+ rρ44+ γ1ρ44+ ig∗ρ41− igρ14 , (3.13)

ρ̇22 = γ2ρ44+ iΩ∗ρ32− iΩρ23 , (3.14)

ρ̇33 = γ3ρ44+ iΩρ23− iΩ∗ρ32+ iG∗ρ43− iGρ34 , (3.15)

ρ̇44 = −ρ̇11− ρ̇22− ρ̇33 , (3.16)

ρ̇21 = −
[ r
2
+ γ21− i(∆1 − ∆2 − ∆3)

]

ρ21+ iΩ∗ρ31− igρ24 , (3.17)

ρ̇23 = −
[

γ23+ i∆3
]

ρ23− iGρ24+ iΩ∗(ρ33− ρ22) , (3.18)

ρ̇24 = −
[

γ24+ i(∆2 + ∆3)
]

ρ24− ig∗ρ21− iG∗ρ23+ iΩ∗ρ34 , (3.19)

ρ̇31 = −
[ r
2
+ γ31+ i(∆2 − ∆1)

]

ρ31+ iΩρ21− igρ34+ iG∗ρ41 , (3.20)

ρ̇34 = −
[

γ34+ i∆2
]

ρ34− ig∗ρ31+ iΩρ24− iG∗(ρ33− ρ44) , (3.21)

ρ̇41 = −
[ r
2
+ γ41− i∆1

]

ρ41+ iGρ31+ ig(ρ11− ρ44) , (3.22)

ρ̇i j = ρ̇
∗
ji , (3.23)

where the overdots stand for time derivatives and “∗ ” denotes complex conjugate. The total

dephasing rate of the atomic coherences is given byγi j = γc + γi/2.

3.1.3 Solution of density matrix equations under perturbative approach

We adopt steady state solutions of the master Eqs. (3.13)-(3.23) to study the response of the

medium. These equations can be solved to all orders in the control and probe field provided

both the fields have approximately equal amplitude. However, we restrict ourselves to cases

where the probe field is much weaker than the control field and microwave field. This allows

us to apply a perturbative approach in order to determine an approximate solution. Thus in

the spirit of weak probe field limit, we calculate the coherences and populations to the first

order ing and to all order in control fieldG and microwave fieldΩ. Hence the steady state

solutions of the density matrix equations can be written in afollowing expansion form

ρi j = ρ
(0)
i j
+ gρ(+)

i j
+ g∗ρ(−)

i j
, (3.24)
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whereρ(0)
i j describes zeroth order term of the solution in the absence ofthe probe field. The

second and third terms denote the solutions at positive and negative frequencies of the probe

field respectively. We now substitute the above expression in Eqs. (3.13)-(3.23) and equate the

coefficients ofg, g∗ and the constant terms. Thus, we obtain a set of sixteen coupled simulta-

neous equations. The zeroth order solutions of simultaneous equations which are relevant for

coherenceρi j are given by

ρ(0)
11 =

[2(r + γ)|G|2Ω2{γ(Γγ + |G|2) + Γ[(∆2 + ∆3)2 + Ω2]}]
D

(3.25)

ρ(0)
22 = [r(γ|G|6 + |G|4(2Γγ2 − 2γ∆2∆3 − 2γ∆2

3 + ΓΩ
2 − γΩ2)

+ 2ΓΩ2[∆4
2 + 2∆3

2∆3 + γ
2∆2

3 + ∆
2
2(2γ

2 + ∆2
3 − 2Ω2) + 2∆2∆3(γ

2 −Ω2) + (γ2 + Ω2)2]

+ |G|2{γ∆4
3 + (γ2 + Ω2)[Γ2γ − (Γ − 2γ)Ω2] + ∆2

3[γ(Γ
2 + γ2) + 2(Γ + 2γ)Ω2]

+ ∆2
2[Γ

2γ + γ∆2
3 + (5Γ + 2γ)Ω2] + ∆2∆3[2Γ

2γ + 2γ∆2
3 + (7Γ + 6γ)Ω2]})]/D (3.26)

ρ(0)
33 = (rΩ2{2Γ∆4

2 + 4Γ∆3
2∆3 + ∆

2
3[2Γγ

2 + (2Γ + γ)|G|2]

+ ∆2
2[2Γ∆

2
3 + (3Γ + 2γ)|G|2 + 4Γ(γ2 −Ω2)] + ∆2∆3[(5Γ + 2γ)|G|2 + 4Γ(γ2 −Ω2)]

+ [|G|2 + 2(γ2 + Ω2)][(γ|G|2 + Γ(γ2 + Ω2)]})/D (3.27)

ρ(0)
44 =

(2r |G|2Ω2{γ(Γγ + |G|2) + Γ[(∆2 + ∆3)2 + Ω2]})
D

(3.28)

D = (rγ|G|6 + |G|4{2rγ[Γγ − ∆3(∆2 + ∆3)] + [2γ2 + r(Γ + 4γ)]Ω2}

+ 4rΓΩ2{(γ2 + ∆2
2)[γ

2 + (∆2 + ∆3)
2] + 2[γ2 − ∆2(∆2 + ∆3)]Ω

2 + Ω4}

+ |G|2{rγ(Γ2 + ∆2
3)[γ

2 + (∆2 + ∆3)
2] + {γ[2Γγ2 + r(Γ + 2γ)2]

+ 2[Γγ + 2r(3Γ + γ)]∆2
2 + 4(5rΓ + 2rγ + Γγ)∆2∆3

+ (8rΓ + 5rγ + 2Γγ)∆2
3}Ω2 + 2[Γγ + 2r(γ + Γ)]Ω4}) . (3.29)

Now, the linear-order atomic coherenceρ(+)
41 which will yield susceptibilityχ41 at frequency

ω1 is found as

ρ(+)
41 = i















(Γ21Γ31+ Ω
2)(ρ(0)

11 − ρ
(0)
44) + A|G|2

Γ41(Γ21Γ31+ Ω
2) + Γ21|G|2















, (3.30)
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with

A =
B(ρ(0)

44 − ρ
(0)
33) +C(ρ(0)

33 − ρ
(0)
22)

(Γ23(Γ24Γ34+ Ω
2) + |G|2) ,

B = (Γ21(Γ23Γ24+ |G|2) − Γ23Ω
2) ,

C = (Γ21+ Γ34)Ω
2 ,

whereΓ21 =
[

r/2+ γ21− i(∆1 − ∆2 − ∆3)
]

, Γ23 =
[

γ23+ i∆3
]

, Γ24 =
[

γ24+ i(∆2 + ∆3)
]

, Γ31 =
[

r/2+ γ31+ i(∆2 − ∆1)
]

, Γ34 =
[

γ34− i∆2
]

, andΓ41 =
[

r/2+ γ41− i∆1
]

. For the simplicity,

we have assumed equal decay rates from excited state,γ1 = γ2 = γ3 = γ and coherence

dephasing ratesγ41 = γ24 = γ34 ≈ γ, γ21 = γ31 = γ23 ≈ γc = Γ. We now express the

macroscopic polarization of the medium in terms of both the atomic coherences as well as the

susceptibility as

P1 = N
(

d41ρ
(+)
41 e−iω1t + c.c.

)

=
(

χ41ê1E1e
−iω1t + c.c.

)

, (3.31)

whereN is the density of the atomic medium. Now Eq. (3.30) and (3.31), will yield the linear

response of the medium as

χ41(∆1) =
N|d41|2
~
ρ(+)

41 . (3.32)

The real and imaginary parts of the susceptibilityχ41 in Eq. (3.32) gives the dispersion and

absorption of the medium respectively. The optical properties of the medium can be manipu-

lated coherently by proper consideration of spatial shape and intensity of the different applied

fields. The effect of different fields such as optical, microwave and incoherent pump field on

the medium properties are in sequence in the results and discussions section.

3.1.4 Beam propagation equations

The spatial dynamics of the probe and control fields along thez-direction of the medium is

governed by the Maxwell’s wave equations. The wave equationunder slowly varying enve-

lope and paraxial wave approximations can result the beam propagation equation. The spatial
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evolution equations for the probe and control fields are obtained as

∂g
∂z
=

i
2k1

(

∂2

∂x2
+
∂2

∂y2

)

g+ 2iπk1χ41 g , (3.33)

∂G
∂z
=

i
2k2

(

∂2

∂x2
+
∂2

∂y2

)

G . (3.34)

The terms within the parentheses on the right hand side of Eq.(3.33) and Eq. (3.34) are related

with transverse variation of the laser beam. These terms account for the diffraction either in

free space or in the medium.

The second term on the right hand side of Eq. (3.33) is responsible for the dispersion and

absorption or gain of the probe beam. As we have seen in the previous chapter the effects of

the atomic coherences on the control beam propagation are very negligible under the weak

probe field. Therefore, we study the effect of both diffraction and dispersion for the spatial

evolution of the probe beam where we include only the effect of diffraction for the control

beam dynamics.

3.2 Results and Discussions

3.2.1 Susceptibility with homogeneous fields

We first study the atomic coherences by using homogeneous optical and microwave fields at

steady-state condition. The quantum interference of atomic coherences induces EIT, MIA and

LWI in our system. The characteristic of these quantum interference phenomena is illustrated

in Fig. 3.2. In Fig. 3.2(a) we have plotted the variations of the imaginary part of the probe

susceptibility with probe field detuning∆1 in the presence and absence of both microwave and

incoherent pump fields. In the absence of both microwave and incoherent pump fields four-

level system reduces to three-levelΛ system with a weak probe and a strong control field.

The probability amplitudes of two arms of theΛ system leads to destructive interference.

This interference enable us to cancellation of absorption of probe field provided two-photon

resonance condition is fulfilled as shown in Fig.3.2. This phenomenon is known as EIT. In

EIT, a single transparency window is accompanied by two absorptive peaks which originates

from the strong control field. Now this single transparency window can be split into double
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F 3.2: Variations of imaginary (a) and real (b) parts of the probe susceptibility with
the detuning∆1 in the presence and absence of both microwave field and incoherent pump
is plotted. The zoomed part of the absorption spectrum corresponds to medium loss, gain
or transparency at the line center is shown in the inset. The corresponding parameters for
these regimes are:Ω = 0.01γ, r = 0 (red dot-dashed line),Ω = 0.01γ, r = 0.0005γ (green
dashed line), andΩ = 0γ, r = 0 (black solid line). The common parameters areG = 1.0γ,
∆2 = ∆3 = 0,Γ = 0.0001γ, γ = 3π × 106 rad/sec,λ = 795 nm, andN = 5×1011 atoms/cm3.

transparency windows by the use of the microwave field. It is clear from Fig.3.2(a) that the

double transparency window is accompanied with very narrowabsorption peak. This peak

occurs due to the double dark states formed by microwave fieldat three-photon resonance

condition. Furthermore, the position and width of these twotransparency windows strongly

depend on the intensity of microwave field. Now a relatively weak incoherent pump acting

along the probe transition can switch the absorption peak tothe gain dip. The second term in

the numerator of Eq. (3.30) is responsible for gain around line center. This gain characteristic

is illustrated by green dashed line line in Fig.3.2(a). At three photon resonance the second

term is negative and is lager than the first term which changesthe properties of the medium

from absorption into gain. Thus the presence of both weak microwave and incoherent pump

fields is able to produce a gain window for the medium. Fig.3.2(b) clearly shows sharp

variation in refractive index due to DDR as compared to single dark resonance. This steep

variation in refractive index has been used to separate out the diffraction-limited Rayleigh or

Sparrow images.
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3.2.2 Susceptibility with inhomogeneous control field

In this section, we discuss the effect of spatial inhomogeneous field on linear susceptibility

given in Eq. (3.32). For this purpose, we change the control field profile from homogeneous

to spatially inhomogeneous field while keeping rest of the fields as homogeneous for further

study. The spatially inhomogeneous transverse profile of the control field is a combination of

more than one Gaussian peak. Atz= 0, the control beam can be written as,

G(x, y) =G0

n
∑

i=1

exp

[

− (x− ai)2 + y2

w2
c

]

, (3.35)

whereG0 is initial peak amplitude,wc is beam width andai are the individual peak position.

The full-width-at-half-maximum (FWHM) of individual peak is
√

2ln(2)wc.
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F 3.3: Spatial intensity variation of the control image is plotted against the transverse

axis x with y = 0 at entry face of the vapor cell. The Rayleigh limited and Sparrow limited

control image are formed by choosinga1 = −a2 = 0.01 cm anda1 = −a2 = 0.009 cm,

respectively. The individual peaks can be well resolved by changinga1 = −a2 = 0.02 cm.

The common parameters of two graphs areG0 = 1γ, andwc = 100µm.
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Fig. 3.3 shows the intensity distribution of the control field against radial positionx at

the entry face of the medium. The overlapping of two peaks gives rise to a central minimum

with non-zero intensity as shown in Fig.3.3. The Rayleigh-limited or Sparrow limited control

field images can be formed when the intensity of the peak normalized central minimum is

Imin ∼ 0.5 or ∼ 0.7, respectively. The resolution of the diffraction limited images can be

improved by reducing the central minimum intensity to zero.Thus, by increasing the peak

separation or by decreasing the width of the individual peakenables to create high resolution

image.
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F 3.4: The Spatial variation of the real (Re[χ41]) and imaginary (Im[χ41]) parts ofχ41.

The plots are shown against the transverse axis coordinatex of the control beam fory = 0

plane. The different curves are for three different set of parameters:Ω = 0.015γ, r = 0,

∆1 = 0.001γ (red long dashed, and dot-dashed lines);Ω = 0.015γ, r = 0.0005γ, ∆1 = 0.001γ

(blue dashed double-dot, and dot double-dashed lines), andΩ = 0, r = 0, ∆1 = −0.001γ

(black solid, and short dashed lines). The control beam parameters areG0 = 1γ, wc = 100µm,

anda1 = −a2 = 0.012 cm.

The spatially modulated control field perturbs the probe beam susceptibility along the

transverse direction as shown in Fig.3.4. Fig. 3.4 illustrates the spatial variation of the real

and imaginary parts ofχ41 as a function of the transverse axisx for y = 0 plane. The very
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special inhomogeneous character of dispersion Re[χ41] and absorption Im[χ41] causes the spa-

tial modulation in phase and amplitude for the probe field, respectively. Since the phase of

probe beam is influenced by the co-propagating control beam,therefore, this phase modu-

lation is termed as cross phase modulation (XPM) [161]. The mutual coupling between the

optical beams is attributed to XPM which causes focusing to the probe beam. The amplitude

modulation results in attenuation or gain to the probe beam.

The curves of Fig.3.4represent three different cases of EIT, MIA, and LWI, respectively.

It is clear from Fig.3.4that for MIA and LWI cases two transparency windows are formedat

higher intensity regions whereas absorption occurs in relatively low intensity regions of con-

trol fieldG defined by two Gaussian modes using Eq. (3.35). The real part of the susceptibility

is maximized at these higher intensity regions. This resembles two parallel waveguide like

structures with claddings (0.0075 cm& |x| & 0.0175 cm) and cores (0.0175 cm& |x| & 0.0075

cm). In order to have a perfect wave-guiding, there should bea high contrast between core

and cladding. In case of EIT, it is evident from Fig.3.4 that a single transparency window is

formed and the variation in refractive index aroundx = 0 is very small. Therefore, the single

transparency window is failed to create two parallel waveguides. As a result, EIT is not suit-

able to separate out the modes with high resolution. However, in the case of MIA, one can see

a sharp variation in refractive index (red long dashed line)aroundx = 0, with a rapid increase

in contrast from core to cladding. But there is reasonable increase in absorption in the region

between 0.0175 cm& |x| & 0.0075 cm of the doublet as compared to EIT. This increment will

reduce transmission of the probe beam and therefore, its visibility seems to be restricted.

Interestingly, in case of LWI, the refractive index contrastbetween core and cladding is

higher than the other two cases. This contrast enhancement causes strong focusing of the

probe beam towards the center of the two peaks of the control field. As a result, the width of

the probe beam becomes narrow which improves the contrast ofthe cloned image on the probe

field. Also the two deeps of the doublet changes from absorption into gain and can produce the

enhancement of the cloned beam transmission. Hence the weakprobe beam is not only guided

or focused but also amplified in order to preserve the information during the propagation

through the optical medium. This is the key mechanism of cloning the un-resolvable or just-

resolvable control field profile to the probe field with high resolution. In the following, we use

the inhomogeneous susceptibility for LWI case to illustratethe improvement of the resolution

of the cloned images of the control field onto the probe field.
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3.2.3 Beam propagation dynamics

(a)

(b)

F 3.5: Spatial evolution of beam profiles. In panel (a), the spatial evolutionof probe

beam profile is shown against the transverse coordinatex for y = 0 plane at different

propagation distancesz. In panel (b), the peak-normalized intensity profile of the control

beam is shown at different propagation distances z. The parameters are chosen as follows:

Ω = 0.018γ, r = 0.00075γ, ∆1 = 0.001γ. The control beam (Rayleigh limited) parameters

are same as in Fig. (3.3).
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We numerically integrate the paraxial wave Eqs. (3.33) and (3.34) by using a higher order

split operator method (Appendix A) to study the propagationdynamics of both control and

probe beams. First, we explore the cloning of Rayleigh limited control beam onto the probe

beam in presence of both microwave and incoherent pump fields. For this purpose, we set

wc = 100µm anda1 = −a2 = 0.01 cm in the Eq. (3.35). The results for the spatial evolution

of the control and the probe profiles throughout the medium are shown in Fig.3.5. It is clear

from Fig. 3.5(a) that within a very short distance, the control field structure is mapped on

to the probe with central minimum reduced to zero. As a result, the finesse, which is the

ratio of the spacing between peaks to the width of peaks of thetransmitted probe beam at

z = 2.5 cm, is 4 times smaller than initial control beam finesse. Theoptically cloned probe

image atz= 2.5 cm is well matched with the control field envelope expression (3.35) for the

parameterswc = 29µm anda1 = −a2 = 0.01 cm.

We also find that the integrated transmission of the output probe beam atz = 2.5 cm

is about 98%. The probe beam transmission can be changed by changing the incoherent

pump field rater. Fig. 3.5(b) depicts the intensity profile of the control beam at different

propagation distancesz. We find that the the shape of the control beam is gradually distorted as

it propagates through the medium due to diffraction. As a consequence, control beam induced

waveguide structure in the medium is modified. Accordingly the shape of the cloned beam

starts experiencing diffraction afterz = 2.5 cm propagation distance as shown in Fig.3.5(a).

Long distance diffractionless cloned image propagation can be achieved by considering tightly

focused control beam [58] or self-reconstructing Bessel control beam [162].

Fig. 3.6 compares the cloning mechanism in presence and absence of both microwave

and incoherent pump fields for the Rayleigh limited control field structure generated a double

transparency window and a single transparency window for DDR and EIT system, respec-

tively. It is clear from Fig.3.6that the double transparency windows enable to perfectly clone

the control image with high resolution whereas single transparency window failed to clone the

control image to the transmitted probe beam. We also notice that the DDR induced waveguide

structure can support the propagation of cloned probe beam without any diffraction. In con-

trast, for EIT case, the transmitted probe beam suffers severe distortion due to lack of parallel

waveguide like structure inside the medium. Hence EIT basedmechanism has limitation to

clone unresolved or just resolved control image onto probe beam without loss of generality.
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F 3.6: A comparison study of EIT and DDR with incoherent pump for cloning ofthe

just resolved control images onto the probe beam at the output of the vapor cell with length

L = 2.5 cm. The parameters are same as in Fig.3.4

Next, we demonstrate how the microwave and incoherent pump fields offer the unprece-

dented control over the image cloning for unresolved images. For this purpose, we consider

more complex structure of control beam consisting of three Gaussian peaks. Fig.3.7 shows

the radial distribution of the input Sparrow limited control beam (at z= 0) and output probe

beam at z= 1 cm. As in Fig.3.7(b) it can be seen that the cloned probe images contains

three distinguishable peaks even though the control beam profile is unresolved. Surprisingly,

the integrated transmission intensity of the cloned probe image is approximately 74%. Thus

microwave and incoherent pump fields allow one to cloned the diffraction limited control field

image onto the probe beam with improved spatial resolution and high transmission. We also

verified that the resolution enhancement of cloned images can be possible even for Rayleigh

limited control images with the Bessel as well as non-Gaussian shape. These studies may be

useful for practical applicability such as optical microscope, quantum metrology and quantum

imaging [163].
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F 3.7: Picture (a) shows 3-D intensity profile of the input control beam. Picture (b)

shows the transmitted probe beam at the output of a 1 cm long medium. The parameters

are as in Fig.3.5 except location of the three peaks are (−0.009,−0.009), (0.009,−0.009),

(0.0,0.0066)cm, andΩ = 0.02γ, r = 0.00073γ.
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3.2.4 Spatial optical switching

Here, we show how the propagation dynamics of the probe beam can be controlled by switch-

ing the microwave field on and off. The well resolved control beam image is being considered

for this demonstration. The individual peak has width 100µm which corresponds to 4 cm

Rayleigh length. The spatially dependent control field assisted atomic waveguide can protect

the feature of the cloned beam in a 4 cm long medium.
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F 3.8: The intensity profile of the probe field transmission is shown against transverse

axis x with y = 0 at different propagation distancesz. Parameters used: (a) EIT case (Ω =

0, r = 0,∆1 = −0.005γ), LWI case (Ω = 0.01γ, r = 0.0001γ,∆1 = 0.0001γ), and (b) MIA

case (Ω = 0.01γ, r = 0,∆1 = 0.0001γ).
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Fig. 3.8(a) illustrates that the nondiffracting cloned probe beam propagation is possible

inside the medium in both EIT as well as LWI system. Top panel shows probe beam is

turned on in both EIT and LWI cases. The lower panel shows probebeam is turned off in

MIA situation. The initial profile of the control field contains two well resolved Gaussian

peaks with locationa1 = −a2 = 0.02 cm as in Eq. (3.35). We found that the width and the

transmission of the cloned beam atz = 3 cm are 25µm (100µm) and 60% (5%) for LWI

(EIT) mechanism. Therefore, the precise control of finesse and the contrast of the output

cloned probe beam can be achieved by application of coherentfields and incoherent pump

field interacting in a four level atomic medium. Fig.3.8(b) shows how the microwave induced

absorption can be utilized to attenuate the probe beam gradually inside the medium in the

absence of incoherent pump field. Thus, microwave field whichconnects the lower level

metastable states of four level system can switch off the probe beam propagation inside the

medium. This investigation can be applicable for all optical switching and logic gates [160,

164].

3.3 Chapter conclusion

In conclusion, we have revealed a scheme to improve the resolution of the cloned image based

on the quantum interference effects induced by interacting dark resonances. For this purpose,

we have used four levels atomic system interacting with three coherent fields and an inco-

herent pump field. An atomic wave-guide structure is formed inside the medium by using a

spatially modulated control field. The refractive-index contrast between core and cladding of

the atomic waveguide can be increased by use of sharp absorption peak associated with dou-

ble dark resonances. The high contrast atomic wave-guide enables us to imprint the Rayleigh

or Sparrow limited control images to probe field with high resolution. The transverse feature

of control image is efficiently cast on to the probe field even though the control image suffers

distortion due to the diffraction during the propagation. Our numerical result show that the

propagation of high resolution cloned image is possible until the feature of the control image

lost completely. We use incoherent pump field in order to increase the transmission of the

cloned probe image. Finally, we have also demonstrated thatspatial optical switching is pos-

sible by use of EIT, LWI and MIA mechanism. Moreover, incoherent pumping reduces the
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unwanted attenuation or may result in amplification of the light in medium but it simultane-

ously destroys the atomic coherence. Incoherent pumping isan incoherent process causes a

lasing without population inversion by transferring the populations from one level to another

through spontaneous emission. Thus, the benefits of gain or suppression of absorption due

to incoherent pump pays the price of dephasing of the coherences. The decrease in atomic

coherence by increasing incoherent pumping results in undesirable continuous decrease in

slope of dispersion curve. In contrast, the active Raman gainprocess is completely coherent

process have the advantage to give desirable gain and wide tunability without disturbing the

coherences. In a Raman gain medium, lifetime of atomic coherence is comparatively longer

compared to incoherent processes. Therefore, by introducing Raman gain system, we exploit

the possibility to overcome the limitations through incoherent pumping.
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Chapter 4

Optical beam steering, splitting, and

cloning in Raman gain medium

Optical beam guiding, deflection and cloning has attracted agreat deal of attention due to its

tremendous applications in optical imaging, optical switching, optical lithography, laser ma-

chining, and free-space communication technologies. The guiding and steering of an optical

beam is made possible by virtue of a refractive index of the medium. Several techniques such

as mechanical [165, 166], thermal [167], electrical [168], acousto-optical [169] and all optical

[170–173] have been proposed to control the refractive index for beamdeflection. However,

all-optical methods have been paid much effort owing to many striking features such as high

speed, efficiency, and quick nonlinear response time.

The nonlinear optical interactions between light and matter creates a new avenue to con-

trol over beam propagation dynamics through a medium. This is feasible as the absorptive

and dispersive properties of the medium can be modified by thestrength of the interactions.

Such manipulation of dispersion and absorption leads to many novel phenomena including

electromagnetically induced transparency (EIT). Most of the EIT-based schemes for produc-

ing beam deflection and guiding have low transmission due to presence of medium absorp-

tion [52, 53, 174]. Therefore, finding an alternative medium which displays gain with the

desired variation of refractive index is a challenging task. In this context, active Raman gain

(ARG) media have attracted a lot of attention [37]. Recently Zhuet al. [175] have theo-

retically studied the beam deflection in an ARG medium. They have used spatially inho-

mogeneous pump beam to deflect a weak probe beam. They have found that the deflection

89
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angle is increased by an order of magnitude as compared to EITmedium. Nonetheless the

probe field experiences a large amount of gain during the propagation through aΛ-type ARG

medium [37, 175]. This large gain makes the probe beam propagation unstableand thus limits

the practical application [176, 177]. Moreover, the input spot sizes for individual Gaussian

profiles of pump and probe beams are equal to 1.4 cm and 1 mm, respectively. Hence, the

diffraction spreading of such beams are not relevant since Rayleigh length is much larger

than the length of the medium. Focusing laser beams into smaller spots and increasing the

spatial resolution of arbitrary images is a fundamental problem in all-optical image process-

ing [178, 179]. Distortion and absorption holds the fundamental limitation for the creation,

detection, or propagation of small images. This limitationaffects the applications such as

efficient transfer and conversion of small images [153, 180, 181], steering [54, 182] or optical

manipulation of light beams [183]. Here we address these issues by considering the propaga-

tion of diffraction-limited beams and arbitrary images through a controllable ARG medium.

In this chapter, we exploit an antiwaveguide mechanism [184] to show beam steering,

splitting, and cloning of an arbitrary images in an inhomogeneously broadened medium.

To facilitate these processes, we use spatial inhomogeneous pump beam to write an anti-

waveguide inside the medium for copropagating probe beam. At two-photon Raman detuning

condition, the refractive index and gain of the probe susceptibility are high at the peak of the

Gaussian pump beam whereas at wings both are very small. The high refractive index together

with gain allow to deflect the probe beam when it is launched atthe wings of the pump beam.

The control field parameters such as detuning and intensity can be used to control the trans-

mission intensity and width of the deflected probe beam. Next, we reveal splitting of a single

super-Gaussian probe beam into two Gaussian beams by use of two-peak pump beam struc-

ture. The bright and dark regions of the pump field profile induces a high (cladding) and low

(core) refractive index of the probe field which lead to formation of an antiwaveguide struc-

tures inside the medium. More specifically, the super-Gaussian probe beam guided out from

the core where it was injected. The diffraction-limited probe beam gets focus in the cladding

due to the converging refractive index. We also observe thatthe transmitted probe beam gets

the shape of the pump beam with finesse two times larger than the initial finesse of the pump

beam. Further, we demonstrate the cloning of a doughnut-shaped pump beam structure onto

the probe beam. Our numerical simulation shows that the cloned probe has a controllable

gain with high resolution. Furthermore, our scheme can be employed for cloning the arbitrary

pump images to the probe beam even though the pump images is severely distorted due to
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diffraction. It follows that our findings can greatly improve thedevice performance on beam

steering, splitting and image cloning beyond the diffraction limit.

4.1 Physical Model and Basic Equations

The schematic of the system under consideration for the generation of steering, splitting and

cloning of an optical beam is illustrated in Fig.4.1(a) where three co-propagating fields inter-

act within the inhomogeneously broadened medium. The electrical dipole allowed transitions

|1〉 ↔ |3〉, |3〉 ↔ |2〉, and |2〉 ↔ |4〉 form a four-levelN-type atomic system as shown in

Fig. 4.1(b). The transitions|1〉 ↔ |2〉, |3〉 ↔ |4〉 and|1〉 ↔ |4〉 are generally forbidden electric

dipole transitions. The atomic transitions|3〉 ↔ |1〉, |3〉 ↔ |2〉, and|4〉 ↔ |2〉 are driven by

a pump field with frequencyω1, a weak probe field with frequencyω2 and a control field

with frequencyω3, respectively. This generic level configuration can be found for example in

energy levels of87Rb which contain ground levels|1〉 = |5S1/2, F = 2〉, |2〉 = |5S1/2, F = 3〉
and excited levels|3〉 = |5P1/2, F′ = 2〉 and|4〉 = |5P3/2, F′ = 4〉, respectively [185, 186].

F 4.1: (a) Schematic illustration to produce steering, splitting and cloning of the optical
beam. The beam shaped pump, probe and a plane wave control fields areco-propagating with
the thermal87Rb atoms. (b)Energy-level diagram of a four-level87Rb atomic system inN
configuration. The atomic transition|3〉 ↔ |1〉 is coupled by a pump field of Rabi frequency
G. The weak probe field of Rabi frequencyg interacts with the atomic transition|3〉 ↔ |2〉.
A control field of Rabi frequencyΩ connects the transition|4〉 ↔ |2〉 to produce controllable

gain of the system.
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We define three co-propagating electric fields as follows:

E j(r , t) = êjE j(r ) e−i(ω j t−k jz) + c.c., (4.1)

where,E j(r ) are slowing varying envelopes,êj is the unit polarization vector, andkj is the

wave number of electric fields. The indexj ∈ {1,2,3} denotes the pump, probe, and control

fields, respectively. Under the action of three coherent fields, the interaction Hamiltonian of

the system in the dipole and rotating wave approximation is given by

HI/~ = (∆2 − ∆1 − ∆3)|4〉〈4| + (∆2 − ∆1)|2〉〈2|

− ∆1|3〉〈3| − (g|3〉〈2| +G |3〉〈1| + Ω |4〉〈2| + H.c.), (4.2)

where∆1 = ω1 − ω31, ∆2 = ω2 − ω32, ∆3 = ω3 − ω42 are the single-photon detunings of the

pump, probe, and control fields, respectively. The atomic transition frequencies are denoted

byωi j . The Rabi frequencies of pump, probe and control fields are defined as

G =
d13 · ê1E1

~
, g =

d23 · ê2E2

~
, and Ω =

d24 · ê3E3

~
, (4.3)

where thedi j are the corresponding dipole moment matrix elements of transitions|i〉 ↔ | j〉.

The dynamical evolution of the atomic system can be described by the Liouville equation:

ρ̇ = − i
~

[HI , ρ
]

+Lρ , (4.4)

where the Liouvillian matrixLρ describes the relaxation by radiative and non-radiative decay

and is defined by

Lρ =


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−γcρ21 γ23ρ33 + γ24ρ44 −Γ23ρ23 −Γ24ρ24

−Γ31ρ31 −Γ32ρ32 −(γ13 + γ23)ρ33 −Γ34ρ34

−Γ41ρ41 −Γ42ρ42 −Γ43ρ43 −(γ14 + γ24)ρ44











































. (4.5)

The radiative decay rates from the excited states|3〉 and |4〉 to ground states|1〉 and |2〉 are

labeled byγi3 andγi4, i ∈ {1,2} and the collisions dephasing rateγc describes redistribution of
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populations between ground levels. The decay rate of the atomic coherence is defined as

Γ
αβ
=

1
2















∑

i

γiα +
∑

i

γiβ















+ γc, i < {α, β} . (4.6)

Substituting the interaction Hamiltonian of Eq. (4.2) and the Liouvillian matrix of Eq. (4.5)

in the density matrix Eq. (4.4), the equations of motion for the four-level atomic system can

be described as

ρ̇11 = γ13ρ33 + γ14ρ44 + iG∗ρ31 − iGρ13 , (4.7)

ρ̇22 = γ23ρ33 + γ24ρ44 + ig∗ρ32 − igρ23 + iΩ∗ρ42 − iΩρ24 , (4.8)

ρ̇21 = −
[

γc − i∆R

]

ρ21 − iGρ23 + ig∗ρ31 + iΩ∗ρ41 , (4.9)

ρ̇33 = −(γ13 + γ23)ρ33 + iGρ13 − iG∗ρ31 + igρ23 − ig∗ρ32 , (4.10)

ρ̇31 = −
[

Γ31 − i∆1
]

ρ31 + igρ21 + iG(ρ11 − ρ33) , (4.11)

ρ̇32 = −
[

Γ32 − i∆2
]

ρ32 + iGρ12 − iΩρ34 + ig(ρ22 − ρ33) , (4.12)

ρ̇34 = −
[

Γ34 − i(∆2 − ∆3)
]

ρ34 + iGρ14 + igρ24 − iΩ∗ρ32 , (4.13)

ρ̇41 = −
[

Γ41 − i(∆R + ∆3)
]

ρ41 + iΩρ21 − iGρ43 , (4.14)

ρ̇42 = −
[

Γ42 − i∆3
]

ρ42 + iΩ(ρ22 − ρ44) − igρ43 , (4.15)

together with population conservation conditionρ11+ρ22+ρ33+ρ44 = 1 and two photon Raman

detuning∆R = ∆1 − ∆2. In the next section, we obtain the analytical expression for the linear

susceptibility of the probe field in a compact form with assumption of equal decay rates from

excited states,i.e.,γ13 = γ23 = γ14 = γ24 = γ/2 .

4.2 Probe Susceptibility for hot atomic medium

In this section, we derive an approximate solution of linearsusceptibility of the probe field in

a hot atomic medium. The analytical solution of the atomic coherenceρ32 for the probe field

can be obtained by solving the density matrix Eqs. (4.7)-(4.15) in the steady state condition.

We assume that the atoms are prepared initially in the groundstate|1〉. Due to the presence

of large detuning of the strong pump and weak probe fields, most of the atoms populate at their

ground state|1〉 while other states| j〉( j , 1), remain empty at later time. Hence the system
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94 Chapter 4. Optical beam steering, splitting, and cloning in Raman gain medium

turns to an ARG configuration for the probe field. Since Raman gain process is basically a

second-order process, we therefore expand the density matrix elements to first order in the

probe fieldg and to second order in the pump fieldG but all orders in the control fieldΩ in

the weak probe field limit. The perturbation expansion of thedensity matrix can be expressed

as

ρi j = ρ
(0)
i j
+Gρ(1)

i j
+G∗ρ(2)

i j
+ gρ(3)

i j
+ g∗ρ(4)

i j
+G2ρ(5)

i j

+ |G|2ρ(6)
i j
+G∗2ρ(7)

i j
+ gGρ(8)

i j
+ gG∗ρ(9)

i j

+ g∗Gρ(10)
i j
+ g∗G∗ρ(11)

i j
+ g|G|2ρ(12)

i j
, (4.16)

where,ρ(0)
i j

describes the solution in the absence of all three optical fields andρ(k)
i j

denotes

thek-th order solution. Now we substitute the above expression in the Eqs. (4.7)-(4.15) and

equate the coefficients ofg, g∗, Gn (n ∈ 1,2), and constant terms. As a result, we obtain a set

of 12 coupled simultaneous linear algebraic equations to determine the expression ofρ(12)
32

. We

use back substitution method to solve these algebraic equations in order to derive the probe

coherenceρ32. The different terms related to 12th-order contributions are given by

ρ
(12)

32
=

i(ρ
(6)

22
− ρ(6)

33
) + iρ

(9)

12
− iΩρ

(12)

34
[

γ32 − i∆2
] , (4.17)

ρ
(12)

34
=

iρ
(9)

14
+ iρ

(6)

24
− iΩ∗ρ

(12)

32
[

Γ34 − i(∆2 − ∆3)
] , (4.18)

ρ
(9)

12
=

iρ
(3)

32
− iρ

(2)

13
− iΩρ

(9)

14
[

γc + i∆R

] , (4.19)

ρ
(9)

14
=

iρ
(1)

34
− iΩ∗ρ

(9)

12
[

Γ41+ i(∆R + ∆3)
] , (4.20)

ρ
(6)

33
=

i(ρ
(2)

13
− ρ(1)

31
)

[

γ13 + γ23

] , (4.21)

ρ
(6)

24
= ρ

(6)

44
= ρ

(6)

22
= 0 , (4.22)

ρ
(2)

13
= ρ

(1)

31
=

−i
[

Γ13 + i∆1
] , (4.23)

ρ
(3)

32
= ρ

(1)

34
= 0 . (4.24)

ρ32 = A













2Γ31[Γ34 − i(∆2 − ∆3)]

(γ13 + γ23)(Γ2
31
+ ∆2

1)
+

[Γ34 − i(∆2 − ∆3)][Γ41 + i(∆R + ∆3)] − |Ω|2
(Γ31 + i∆1)[(γc + i∆R){Γ41 + i(∆R + ∆3)} + |Ω|2]













(4.25)
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4.2. Probe Susceptibility for hot atomic medium 95

with

A =
−ig|G|2

(γ32− i∆2){γ34− i(∆2 − ∆3)} + |Ω|2
. (4.26)

The atomic coherenceρ32 will yield the probe susceptibilityχ at frequencyω2

χ(∆2) =
N|d32|2
~
ρ32 , (4.27)

whereN is the atomic density of the medium. The above analysis is valid for stationary

atoms. While for a hot atomic system, the thermal motion of theatoms causes inhomo-

geneous broadening of the atomic spectra. The thermal velocity v of the atom can be in-

cluded in the susceptibility expression (4.27) by introducing velocity-dependent field detun-

ings∆ j(v) = ∆ j − kjv, j ∈ {1,2,3}. The termkjv is the Doppler shift experienced by an atom

with a velocity componentv in the direction of the beam propagation of the fields. We have

assumed the wave vectors of the three fields are nearly equal (kj ≈ k). The negative sign in

the velocity-dependent field detuning∆ j(v) indicate that atom and field are co-propagating.

The susceptibility of a hot atomic vapour system needs to be averaged over the entire velocity

distribution of atoms and it is given by

〈χ〉 =
∫ ∞

−∞
χ(kv)P(kv)d(kv) . (4.28)

The velocity distribution of the atom is assumed to obey the Maxwell-Boltzmann distribution

P(kv)d(kv) =
1

√
2πD2

exp

[

− (kv)2

2D2

]

d(kv) . (4.29)

The Doppler widthD at temperatureT defined by

D =
√

kBTω2

Mc2
, (4.30)

whereM is the atomic mass andkB is the Boltzmann constant. Doppler broadening plays a

crucial role to control the width of the absorption or gain window of the thermal media [112,

187–190]. The spectral features of window become narrower in a Doppler broadened medium

as compared with the homogeneous medium. The steepness of the refractive index due to

the narrowing of resonance window can be useful in many applications such as slow light,
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96 Chapter 4. Optical beam steering, splitting, and cloning in Raman gain medium

storage of light and high resolution spectroscopy. Thus we include atomic velocity effect on

the beam propagation dynamics through ARG medium by considering Doppler averaging in

the susceptibility expression.

4.3 Beam propagation equations and beam profiles

The propagation of co-propagating pump and probe fields withamplitudesE1 andE2 along

the z-direction are governed by Maxwell’s wave equations. Underslowly varying envelope

and paraxial wave approximations, the beam propagation equations for pump and probe field

can be expressed in the following form

∂G
∂z
=

i
2k1

(

∂2

∂x2
+
∂2

∂y2

)

G , (4.31)

∂g
∂z
=

i
2k2

(

∂2

∂x2
+
∂2

∂y2

)

g+ 2iπk1〈χ〉g . (4.32)

The velocity-averaged susceptibility〈χ〉 is included only in the probe beam equation, whereas

this effect is very negligible on the pump beam propagation under theweak probe field as been

pointed in Chapter 1. The second partial derivatives in the transverse directions (x, y) represent

a paraxial diffraction. The diffraction of beam or image is inevitable since its constituentplane

wave components acquire different phases during its propagation. The spatially dependent

refractive index of the fields can be used to suppress or even reverse due to diffraction. We

use a suitable spatially dependent pump field to produce spatially dependent refractive index

for the probe field. For this purpose, we choose the transverse spatial profile of the pump

beam as a Laguerre-Gaussian with chargem, denoted by LGPm. The profile of pump beam

can be written as

G(x, y, z) =G0
w0

wz

(

r
√

2
wz

)m

exp

[

ikr2

2Rz
− r2

w2
z

]

× exp

[

−i(m+ 1) tan−1

(

z
zR

)

+ imθ

]

, (4.33)

whereG0 is an initial peak amplitude,m is the azimuthal index. The beam width is defined

aswz = w0

√

1+ (z/zR)2, wherew0 is the beam waist atz= 0, andzR = πw2
0/λ is the Rayleigh

length. The radial distance from the axis of the beam is givenby r =
√

x2 + y2. Note that for
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4.3. Beam propagation equations and beam profiles 97

the azimuthal indexm= 0, the Laguerre-Gaussian pump (LGPm) beam reduces to a Gaussian

pump beam (GP0).

F 4.2: Pump intensities profile for two different shapes namely Gaussian (GP0) and

Laguerre-Gaussian (LGP0) is plotted againstx at y = 0 plane. The initial amplitude and

width of profiles areG0 = 2γ andw0 = 100µm, respectively.

Fig. 4.2 shows the intensity distribution of the pump field against radial positionx at the

different length of the medium. The LGPm beam exhibits a dark spot in the centre and a bright

profile in the annular region. This makes intensity profile incontrast to GP0 beam. It is clearly

shown in Fig.4.2 that diffraction induced distortion of the pump beam profile is not severe

even after 5 cm of propagation. Therefore, phase modulationimposed on the probe beam due

to the spatially varying pump beam is effective throughout the length of the medium. The

probe beam possesses a Gaussian profile as

g(x, y) =g0 exp















−
(

(x− a)2 + y2

w2
p

) f 












, (4.34)
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98 Chapter 4. Optical beam steering, splitting, and cloning in Raman gain medium

at an entry face of the medium. The initial peak amplitude andthe width of the probe field are

denoted byg0 andwp anda is the initial location of the centre of the probe beam along the

x direction. We have chosen the initial intensity of the probebeam such that it gets absorbed

inside the medium without pump and control fields. The integer values off decides the input

profile of the probe beam: either a Gaussian (f = 1) or a super Gaussian (f > 1).

4.4 Results and Discussions

4.4.1 Spatial modulation of the probe field susceptibility

In order to elucidate the effect of position dependent characteristic of the pump field onthe

probe beam dynamics, we first numerically explore the behavior of velocity-averaged probe

susceptibility under different detuning and intensity of the control field. Fig.4.3 shows the

spatial variation of probe dispersion and gain plotted against transverse axisx at y = 0 plane.

Here two different transverse profiles of pump beam namely Gaussian (GP0) and Laugerre-

Gaussian (LGP3) have been used.

We begin with Gaussian pump beam and study the usefulness of uniform control field

Ω on the spatially modulated probe susceptibility. In absence of a control field, the position

dependent refractive index of the probe is zero under two-photon Raman condition whereas

the spatial gain profile of the probe field takes the shape of the pump beam profile (see black

solid line in Fig.4.3). The spatially dependent pump structure generates a probegain profile

which is one of the key components in realizing the deflectionof the probe beam if it is off-

centered with respect to the pump beam. In absence of the control field Ω = 0, the gain

profile of the probe field is 15 times larger than in case of control fieldΩ = γ. This large gain

can create modulation instability of system [176, 177]. Therefore a controllable gain of the

medium is required to avoid the modulation instability.
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F 4.3: (a) Real and (b) imaginary part of the averaged susceptibility is plottedagainst

the transverse co-ordinatex aty = 0 plane. The spatial probe gain profile (solid black line) is

reduced by a factor of ten to visualise it withΩ(x, y) = γ. The common parameters are fixed

as follows: single photon detuning of pump and probe fields∆2 = ∆1 = 180γ, Doppler width

D = 140γ, densityN = 2.5× 1010 atoms/cm3 and atomic coherence decay rateγc = 0.01γ.

The other parameters are same as in Fig.4.2.
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It is clear from Fig.4.3(b) that the position dependent probe gain can be substantially

suppressed by a uniform control field withΩ(x, y) = γ. This restricted probe gain is accom-

panied by a Gaussian shaped spatial refractive index. The gradient of the refractive index is

dependent on the sign of the control field detuning. At red-shifted control field detuning, the

slope of the spatial refractive index attains maximum at theline center and decreases gradu-

ally toward the wings. Hence, a convex lens like refractive index can be mimiced in the ARG

medium for∆3 ≥ ∆1.

On the contrary the blue-shifted the control field detuning∆3 < ∆1 can generate a concave

refractive index profile onto the medium. Therefore the refractive index gradient allows us to

focus or defocus the probe beam towards the center of the pumpbeam. As a result the probe

field propagates through the gain window with narrowing or broadening, respectively. Hence

a control field can prepare a gain medium with suitable spatial refractive index for encompass

the probe beam deflection to a great extent.

Next we consider higher order LGP3 mode to investigate the spatial inhomogeneous char-

acter of〈χ〉 in the presence of uniform control beam. The grey dot-dashedline in Fig.4.3(a)

and4.3(b) shows the transverse variation of probe refractive index aswell as gain, respec-

tively. The position dependent refractive index and gain both increase in the bright region

whereas it decreases at the dark region of the doughnut shaped pump beam. In other words,

LGP3 induces a diverging gradient index in the region|r | ≤ 0.005 cm whereas a converging

gradient index exists in regions 0.005 cm≤ |r | ≤ 0.02 cm of the medium. Thus bright and

dark regions of LGP3 resembles a waveguide and anti waveguide structure inside the atomic

medium. Fig.4.3(a) is also show that the waveguide and anti-waveguide features are accom-

panied with gain and absorption, respectively. As a result,the probe beam is guided out from

dark region and confined at bright region in the course of propagation inside the medium.

Hence the shape of the pump beam profile can be efficiently transfered to the transmitted

probe beam.

4.4.2 Numerical simulation of paraxial beams equations

We have simulated numerically the propagation Eqs. (4.31) and (4.32) for pump and probe

beams by split step operator method (see Appendix A) to demonstrate the spatial susceptibility

as well as diffraction effects on the beams propagation dynamics.
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4.4.2.1 Optical beam steering

(a)

(b)

F 4.4: (a) The transverse probe beam intensity is plotted at different propagation dis-

tances within the medium. The initial amplitude, width and peak position of Gaussian probe

beam areg0 = 10−3γ, wp = 70µm anda = 1.7 mm, respectively. Single photon detuning of

pump, probe and control fields are∆2 = ∆1 = ∆3 = 180γ. (b) Transmitted probe beam width

controlled by changing the detuning of control field atz = 4 cm under two photon Raman

resonance condition∆2 = ∆1 = 180γ. The other parameters are as in Fig.4.3.
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102 Chapter 4. Optical beam steering, splitting, and cloning in Raman gain medium

First, we study how the deflection of a probe beam can be controlled by a spatial dependence

of the pump Rabi frequency. The shape and position of a probe beam is given by Eq. (4.34)

at the entry face of the medium. Fig.4.4(a)shows the spatial evolutions of the probe beam

with a = 1.7 mm andwp = 70µm when the peak of pump beam is centered at the origin (0,0)

with wc = 100µm. Initially the overlap area between the probe and pump beamis very negli-

gible. The overlap area is gradually increased due to the broadening of both the beams during

propagation. It is evident from this figure that after a propagation of one Rayleigh length, the

probe beam progressively enters the pump region. The brightregion of the pump beam tends

to refract the probe beam into it and subsequently enhances the probe beam amplitude. As a

result, the probe beam is focused towards the high intensityregion of the pump and remains

confined there. Ii is noteworthy that the probe beam gains theinitial shape of the pump beam

and retains this shape as it propagates along thez axis. Similarly, if the peak position of the

probe beam is shifted along the positivex-direction then it can be dragged by the pump beam

towards the pump line centre.

Fig. 4.4(b) exhibits the effect of control field detuning onto the propagation dynamics

of a probe pulse atz = 4 cm. It is seen that the deflected probe beam becomes narrowerat

redshifted detuning as compared to a blue-shifted detuning. Therefore the sign of the detuning

of the control field gives an additional flexibility to control the width of the deflected probe

beam. Thus the ARG medium not only acts as an effective beam deflector but also can act

like a lens with a wide focal length tunability.

4.4.2.2 Optical beam splitting

Next, we demonstrate the spatial evolution of single super-Gaussian probe as well as dou-

ble Gaussian pump beam with different propagation distancez. At the entrance face of the

medium, the probe beam is launched in the dark region of the double Gaussian pump beam as

shown in Fig.4.5. The position dependent pump beam creates two gain peaks together with

converging refractive index in the probe susceptibility which is similar to the grey double

dashed dotted line in Fig.4.3. The gain and spatial inhomogeneity of the refractive indexis

accountable for this splitting of a single super-Gaussian probe beam into two Gaussian beams.

The converging lens effect in the intense regions of the pump leads to focusing of thecloned

probe beam towards it.
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F 4.5: Propagation dynamics of single super Gaussian probe beam in presence of double

Gaussian pump beam. The parameters are as in Fig.4.4except that the Gaussian probe beam

is injected at centre (0,0) with width wp = 80 µm and the double Gaussian pump beam has

width 100µm.

Therefore, the transmitted probe beam width is reduced by a factor of two as compared to

the initial width of the pump beam and image become sharper ascompared to original pump

beam. It is also noticeable from Fig.4.5that the transmitted probe beam structure is preserved

even though the pump beam suffers distortion due to diffraction.

4.4.2.3 Optical beam cloning

In this section, we investigate the efficient transfer of images between two co-propagating

orthogonal polarized optical beams. We adopt all-optical anti-waveguide mechanism to clone

the images from pump to probe beam. An all-optical anti-waveguide structure can be formed

inside the medium with use of LGP3 beam which has zero intensity at the beam center. The

dark and bright regions of LGP3 beam give rise to minimum and maximum refractive index

gradient on the probe susceptibility. As a results a diverging and converging refractive index

is formed in the core and cladding region of the antiwaveguide structure.
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(a)

(b)

F 4.6: Image transfer from doughnut-shaped pump structure to the probe beam via anti-

waveguiding mechanism. In (a), the 3D intensity profile of pump beam at the output of 5-cm-

long medium. In (b), the cloned 3D probe intensity profile at the exit face of the rubidium

vapour cell. The other parameters are same as in Fig.4.4except atomic densityN = 2.5×1011

atoms/cm3 and ground state atomic coherence decay rateγc = 0.001γ, G0 = 2.5γ andΩ = 5γ.

TH-1364_09612130



4.4. Results and Discussions 105

Thus an all-optical anti-waveguide for a probe beam is generated by the copropagating

doughnut-shaped strong pump beam. In order to demonstrate the cloning mechanism in ARG

medium, we take center of the dark region of the doughnut pumpbeam as initial location

of probe beam. The diverging refractive index gradient and diffraction leads to the probe

beam leaving the core region and slowly enter the high intensity regions of the pump beam.

Therefore each wing of the probe beam profile experiences gain and converging gradient of

refractive index in the cladding region. Thus the probe energy is guided into the annular

ring of the doughnut-shaped beam and leaving a zero intensity in the dark region. Hence the

transmitted probe beam profile acquires a doughnut-shaped profile as shown in Fig.4.6(b).

We have found that the transmitted structure of probe beam istwice as sharp compared to

the LGP3 beam structure. The transmitted pump beam profile is distorted severely at the

output of the medium as shown in Fig.4.6(a). The spatial evolution of probe beam at different

propagation distances are similar to that in Fig.4.5.

4.4.2.4 Arbitrary image cloning

Fig. 4.7 shows the cloning of an arbitrary images and its diffraction effects through an ARG

medium. In order to elucidate the arbitrary image cloning, we consider the probe beam as

a plane wave whereas the pump beam carries complex image suchas three letters “ARG”

structured at the entrance face of the medium. The initial pump beam structure is depicted

F 4.7: Arbitrary image cloning in gain medium. (a) Three letters “ARG” are imprinted
on pump beam. (b) The efficiently transferred image onto the probe beam after 2 cm length
of propagation inside the atomic medium. (c) The transmitted pump beam image which is

completely blurred at the exit face of medium. The parameters are same as in Fig. 4.6.
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in Fig. 4.7(a). The two-dimensional transverse profile of the pump beamcreates gain for the

probe beam wherever two-photon Raman condition is satisfied.Hence the transverse pattern

of the pump beam can be efficiently transfered to the probe beam. The cloned probe beam

also experiences focusing effects at the high intensity regions of the pump beam. Thus the

transmitted probe beam has better resolution than the original pump beam images as can be

seen in Fig.4.7(b). Fig.4.7(c) illustrates that the diffraction induced distortion severely affects

the pump beam images and is completely distorted after a propagation of 2 cm.

4.5 Chapter conclusion

In conclusion, we have studied diffractionless steering, splitting and cloning of an optical

beam in a Doppler broadened four levelN-type Raman gain medium using a spatially inho-

mogeneous pump beam. The spatial pump beam profile gives riseto transverse modulation

in the refractive index and gain for the probe beam. The modulated refractive index along

with gain can optically form anti-waveguide structure inside the medium. The properties of

antiwaveguide structure such as refractive index and gain can be controlled by the application

of control field which lead to steering of the probe beam very efficiently. We further demon-

strated that a single probe beam can be split into two Gaussian modes when it is injected at

the centre between two Gaussian modes of pump beam. We found that the probe beam profile

has acquired the shape of the pump beam and propagates without usual diffraction. We next

show that the transfer of doughnut-shaped pump image onto a low power Gaussian-shaped

probe beam can be possible with high resolution. Finally, bynumerical simulations we have

established that an arbitrary image with three letters “ARG”imprinted on pump beam can be

cloned on to the transmission profile of the probe. The finesseof cloned image has increased

twice as compared to the initial resolution of pump images. Thus this scheme might be useful

in optical switching, optical lithography, and optical imaging processing.
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Chapter 5

Conclusion and future scope

Thesis work would be summarized to highlight the major findings on diffraction management

using coherent fields in optical media. We theoretically proposed the possibility of creat-

ing structures having widths smaller than those determinedby the diffraction-limited images.

We achieved controlled optical diffraction with high resolution via spatial modulation of the

optical properties of coherent media using spatially dependent coherent fields.

We first reviewed the background of semiclassical theory of light-matter interaction rele-

vant to the central topics of the research work. The study includes fundamentals of two-level

and three-level systems along with their linear and nonlinear optical responses. Moving ahead,

we derived the paraxial wave equation for a slowly varying electric field by using Maxwell’s

equations in a dielectric medium. With this we solved the paraxial wave equations in free

space to get different standard transverse modes of the electric field.

We investigated optical cloning of arbitrary images encoded in the spatial profile of a con-

trol beam onto a probe beam via CPT and EIT resonances. Probe beam propagation has been

discussed in both weak probe (g0 ≪ G0) and strong probe (g0 ∼ G0) field limits. Numerical

simulation showed that the strong probe field can affect the propagation dynamics of con-

trol field. At red detuning of the probe field, a waveguide-like structure is formed inside the

medium by applying spatial dependent control beam. This induced waveguide is accompanied

with transparency window which allows one to transfer an arbitrary image of the control field

onto the transmitted probe field. Interestingly, the feature size of cloned probe field structure

is found to be reduced by a factor of two when compared to that of the original control field

107
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structure. However, EIT and CPT based schemes suffer from strong absorption due to break-

ing of two-photon resonance condition and thus limits its practical implementation. Also,

single dark state based method is unable to resolve Rayleigh-and Sparrow-limited images of

control field.

To overcome these limitations, we take advantages of doubledark resonances (DDR)

based schemes to generate high contrast cloned images. For this purpose, we have exploited

sharp spectral features of four-level atomic system interacting with three coherent fields and

an incoherent pump field. Quantum interference effects induced by DDR result in high con-

trast feature of refractive index of medium. The sharp features of refractive index are tai-

lored to induce high contrast atomic waveguides by spatially modulated control field. This

high contrast features of an induced atomic waveguide enables us to imprint the Rayleigh-

or Sparrow-limited control images to probe field with high resolution. The transverse feature

of control image is efficiently mapped onto the probe even though the control image suffers

severe distortion. In particular, we found that the image contrast of cloned probe enhances

significantly in presence of incoherent pump due to increasein transmission.

While EIT-based schemes used in beam guiding and steering suffer from low transmis-

sion, Raman gain media overcome this limitation because of their high transmission and large

tunability. Thus we studied diffraction-less steering, splitting and cloning of an opticalbeam

in a Doppler broadened four levelN-type Raman gain medium. This study was focused on

all-optical antiwaveguiding effects inside the gain medium utilizing antiwaveguiding effects

in the presence of spatially inhomogeneous pump beam. The spatial pump beam profile gives

rise to transverse modulation in the refractive index as well as in gain profiles of the probe

beam. This modulated refractive index along with gain can optically form antiwaveguide

structure which gives rise to probe beam steering inside themedium. Further, optical beam

steering, splitting and cloning are controlled by application of an extra control field. In cloning

mechanism particularly, a doughnut- and an arbitrary-shaped pump image was successfully

transferred onto a low power Gaussian-shaped probe beam. Interstingly, the resolution of

cloned images was found to be increased twice as compared to the initial resolution of pump

images.

Controlled optical diffraction and enhanced resolution by using elaborate EIT, CPT,DDR

and ARG processes might find a vast variety of applications in optical switching, optical

lithography, quantum metrology and quantum optical imaging.
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Future Scope

There is a great interest in the field of image processing for diffraction-free propagation

of multi-colored images. Problem faced with multi-coloredimages are that they usually get

blurred and their contrast degrades rapidly while propagating through optical system or any

medium. Diffraction-free propagation of multi-colored images will open a new perspective

in the field of quantum information and image processing technologies. This work explores

the possibility of diffraction cancellation of colored images propagating through atomic vapor

or any solid state media. The simultaneous cancellation of diffraction for laser beams with

different wavelengths is still a challenging task. It remains tobe seen, if this proposal will

be realized and used to investigate the diffraction cancellation for optical fields composed of

different wavelengths.

More striking inclination in image creation and processingis to achieve subwavelength

scale image resolution. Various broadening mechanisms andshort life times of excited states

of gaseous media limits the spatial localization of atoms upto sub-wavelength regime. Even

more challenging aspect is devising a way to observe sub-wavelength structures specially in

microscopy and lithography. Therefore, solid-state systems seem to be more promising than

gas phase media because of their wide range of relaxation times.

However, the extremely high nonlinear properties of Rydbergatoms can fulfill the re-

quirements for subwavelength measurement scheme. Rydberg atoms are the excited atoms

having one or more electrons in high principal quantum number states. They exhibit very

large electric dipole moments which leads to a high nonlinearity. Coupling constants as high

as hundreds of kHz are possible in these atoms because of highelectric dipole moments.

Moreover, Rydberg atoms have very long spontaneous emissiontimes so that long atom-field

interactions take place. Rydberg states could persist for long periods of time without be-

ing destroyed by collisions. Rydberg atoms exhibit very large electric dipole moments and

hence dipole-dipole interactions between the atoms could lead to a high nonlinearity inside the

medium. This high nonlinearity can be used in terms of self-phase modulation or cross-phase

modulation to control spreading of the laser beam upto sub-wavelength regime.
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Appendix A

Split-step Fourier method

This appendix describes the split-step Fourier method to numerically study the beam propa-

gation in an optical medium. It is useful to write Maxwell’s wave equation in the following

paraxial form

∂g
∂z
=

i
2k1
∇2
⊥g+ 2iπk1χg , (A.1)

where∇2
⊥ =
(

∂2/∂x2 + ∂2/∂y2
)

is the usual “transverse Laplacian operator”. This equation

can not be solved analytically except for some specific cases. Thus a numerical method is

needed to solve the above equation in order to see the effects of medium nonlinearity on the

beam propagation dynamics. A common method that has been used to solve the Eq. (A.1) in

nonlinear dispersive media is the split-step Fourier method. The basic principles behind the

split-step Fourier method can be understood by rewriting the above equation in the operator

form

∂g
∂z
= (D̂ + Ŝ)g , (A.2)

whereD̂ = (i/2k1)∇2
⊥ is a differential operator that is attributed to diffraction in free-space

or medium. The operator̂S = 2iπkχ, is a nonlinear operator that describes dispersion and

loss (or gain) mechanisms due to the medium. The operatorŜ is usually space dependent and

referred as an inhomogeneous operator. Assuming that the operatorŜ is z-independent, an

111
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exact solution of the Eq. (A.2) for a small propagation distance∆z is given by

g(x, y; z+ ∆z) = exp[(D̂ + Ŝ)∆z]g(x, y; z) . (A.3)

Generally, the operatorŝD andŜ act all together ong along the length of the optically written

waveguide. However, for a small step∆z, we can separate out the effects of diffraction and

nonlinearity and treat them independently. We thus performthe calculation for beam propaga-

tion fromz to z+∆z in two steps. The nonlinearity acts alone in the first step while keeping the

diffraction operator zero,̂D=0. In the second step, diffraction acts alone, and inhomogeneous

operator is zero,̂S=0. This method is known as split-step operator method which provides an

approximate solution of beam propagation equation over a small distance∆z. The approxi-

mate solution can be obtained by applying the Baker-Campbell-Hausdorff (BCH) formula for

two non-commuting operatorŝX andŶ which is given by

exp(X̂)exp(Ŷ) = exp[X̂ + Ŷ+
1
2

[X̂, Ŷ] +
1
12

[X̂, X̂, Ŷ] + [X̂, X̂, Ŷ] + ... . (A.4)

Applying this BCH formula in the Eq. (A.3) along withX̂ = D̂∆z andŶ = Ŝ∆z, we get

exp(D̂∆z)exp(Ŝ∆z) = exp[D̂∆z+ Ŝ∆z+
1
2

[D̂, Ŝ](∆z)2 + ...] , (A.5)

where [D̂, Ŝ] = (D̂Ŝ − ŜD̂) represents the commutation ofD̂ andŜ. Thus for accuracy up to

second-order in∆z, we obtain

exp[(D̂ + Ŝ)∆z]≃exp(D̂∆z)exp(Ŝ∆z) . (A.6)

Eq. (A.6) simply indicates that the diffraction and the inhomogeneous operators can be treated

independently. Therefore, we can write approximate solution of Eq. (A.3) as

g(x, y; z+ ∆z) = exp(Ŝ∆z)exp(D̂∆z)g(x, y; z) . (A.7)

The exponential containing operatorŜ in Eq. (A.7) is evaluated in the real space domain. In

contrast, the exponential involving operatorD̂ in Eq. (A.7) can be evaluated in the Fourier
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domain using free-space transfer function. Mathematically, it is expressed as

exp(D̂∆z)g = F −1















exp













−i(k2
x + k2

y)∆z

2k0













F {g}














, (A.8)

whereF andF −1 denote the Fourier transform and inverse Fourier transformoperations,

respectively. Therefore, the algorithm for a single step in∆z can be written as

g(x, y; z+ ∆z) = exp(Ŝ∆z)exp(D̂∆z)g(x, y; z) (A.9)

= exp(2iπkχ∆z)F −1















exp













−i(k2
x + k2

y)∆z

2k0













F {g}














. (A.10)

The accuracy of the split-step Fourier method can be furtherimproved by repeated application

of BCH formula of Eq. (A.4). For this purpose, we consider the following expansion

exp(X̂)exp(Ŷ)exp(X̂) = exp(2X̂ + Ŷ+
1
6

[Ŷ, Ŷ, X̂] − 1
6

[X̂, X̂, Ŷ]

+
7

360
[X̂, X̂, X̂, X̂, Ŷ] − 1

360
[Ŷ, Ŷ, Ŷ, Ŷ, X̂] +

1
90

[X̂, Ŷ, Ŷ, Ŷ, X̂]

+
1
45

[Ŷ, X̂, X̂, X̂, Ŷ] − 1
60

[X̂, X̂, Ŷ, Ŷ, X̂] +
1
30

[Ŷ, Ŷ, X̂, X̂, Ŷ] + ...) .

(A.11)

SubstitutingX̂ = D̂∆z andŶ = Ŝ∆z in above equation, we find that

exp(D̂
∆z
2

)exp(Ŝ∆z)exp(D̂
∆z
2

) = exp(∆zα1 + ∆z3α3 + ∆z5α5 + ∆z7α7 + ...) , (A.12)

whereα1 = D̂ + Ŝ, α3 =
1
12[Ŝ, Ŝ, D̂] − 1

24[D̂, D̂, Ŝ], α5 = [D̂, D̂, D̂, D̂, Ŝ]+... .

In this procedure, the Eq. (A.7) is modified as

g(x, y; z+ ∆z) = S3(λ)g(x, y; z) , (A.13)

whereS3(λ) is third-order symmetrized split-step operator and is expressed as

S3(λ) = exp(D̂
∆z
2

)exp(Ŝ∆z)exp(D̂
∆z
2

) . (A.14)

This method is known as symmetrized split-step Fourier method because of the symmetric
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form of the exponential operators in Eq. (A.14). The benefit of using symmetrized form is

that the leading error term results in third-order in the step size∆zdue to double commutator.

The main difference between second-order and third-order accuracy method is that the effect

of nonlinearity is included in the middle of the segment thanthe segment boundary. We now

calculate higher-order accuracies from this third-order symmetrized split-step operator.

The fifth-order split-step operator is obtained by symmetric product of third-order split-step

operator

S5(∆z) = S3(ω∆z)S3(ω0∆z)S3(ω∆z) , (A.15)

where the middle termS3(ω0∆z) is given by

S3(ω0∆z) = exp(ω0∆zα1 + ω
3
0∆z3α3 + ω

5
0∆z5α5 + ω

7
0∆z7α7 + ...) . (A.16)

While two sides termsS3(ω∆z) are calculated as

S3(ω∆z) = exp(ω∆zα1 + ω
3∆z3α3 + ω

5∆z5α5 + ω
7∆z7α7 + ...) . (A.17)

Substituting these expansions in Eq. (A.15), We get

S5(∆z) = exp[(ω0 + 2ω)∆zα1 + (ω3
0 + 2ω3)∆z3α3 + (ω5

0 + 2ω5)∆z5α5 + (ω7
0 + 2ω7)∆z7α7 + ...] .

(A.18)

In order to achieve fifth-order accuracy, following two conditions must be satisfied

ω0 + 2ω = 1, and ω3
0 + 2ω3 = 0 . (A.19)

These two conditions imply that 2ω3 + (1 − 2ω)3 = 0 which obviously has a unique real

solutionω = 1/(2− 21/3). Hence, the fifth-order split-step operator can be rewritten as

S5(∆z) = S3(ω∆z)S3[(1 − 2ω)∆z]S3(ω∆z) . (A.20)
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Further, the higher order accuracies can be also obtained byextending same approach of the

BCH [191–193]. The seventh-order accuracy is given by

S7(λ) = S3(ω3λ)S3(ω2λ)S3(ω1λ)S3(ω0λ)S3(ω1λ)S3(ω2λ)S3(ω3λ) , (A.21)

where

ω3 = 0.784513610477560 (A.22)

ω2 = 0.235573213359357 (A.23)

ω1 = −1.177679984178870 (A.24)

ω0 = 1− 2(ω1 + ω2 + ω3) . (A.25)

Similarly, the ninth-order accuracy is given by

S9(λ) =S3(ω7λ)S3(ω6λ)S3(ω5λ)S3(ω4λ)S3(ω3λ)S3(ω2λ)S3(ω1λ)S3(ω0λ)

× S3(ω1λ)S3(ω2λ)S3(ω3λ)S3(ω4λ)S3(ω5λ)S3(ω6λ)S3(ω7λ) , (A.26)

where

ω7 = 0.629030650210433 (A.27)

ω6 = 1.369349464166871 (A.28)

ω5 = −1.064587147891830 (A.29)

ω4 = 1.663358099633150 (A.30)

ω3 = −1.678969282596400 (A.31)

ω2 = −1.559468038214470 (A.32)

ω1 = 0.311790812418427 (A.33)

ω0 = 1− 2(ω1 + ω2 + ω3 + ω4 + ω5 + ω6 + ω7) . (A.34)

We now consider a special case where inhomogeneous operatorŜ is z-dependent within a

propagation distance∆z. In this case, exponential form of solution for the operatorŜ as in

Eq. (A.3) is no longer valid. Thus, we split the Eq. (A.2) into its linear and nonlinear part and
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solve them separately. The linear part is given by

∂gD

∂z
= D̂g . (A.35)

Solution of this equation can be written in the Fourier domain as follows

gD(x, y; z+ ∆z) = exp(D̂∆z)g(x, y; z) (A.36)

= F −1















exp













−i(k2
x + k2

y)∆z

2k0













F {g}














. (A.37)

The nonlinear part is given by

∂g
∂z
= Ŝ(z)gD = f (S(z),gD) . (A.38)

This equation can be solved by using 4th order Runge-Kutta method. Thus the solution can

be written as

g(x, y; z+ ∆z) = gD(x, y; z+ ∆z) +
1
6

(K1 + 2K2 + 2K3 + K4)∆z , (A.39)

where

K1 = f (z,gD)

K2 = f (z+ ∆z/2,gD + K1∆z/2)

K3 = f (z+ ∆z/2,gD + K2∆z/2)

K4 = f (z+ ∆z/2,gD + K3∆z) .
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[132] J. C. Gutíerrez-Vega, M. D. Iturbe-Castillo, and S. Chávez-Cerda, Opt. Lett.25, 1493
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