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Preface

==

Anderson localization (AL), originally proposed by P. W. Anderson in 1958, describes
the suppression of quantum particle diffusion in disordered media due to interference
effects. Initially formulated in the context of electron transport in disordered solids,
since then the concept has become a cornerstone to understand the wave localization
across a wide range of systems—from classical waves including light, microwaves, and
sound to quantum matter waves in ultracold matter. In the realm of quantum matter
waves, ultracold atomic Bose-Einstein condensates (BECs) have emerged as an ideal
and highly controllable platform to study AL. The presence of coherence, tunable in-
teractions, and the ability to engineer external potentials in BECs allow them for robust
investigation of localization phenomena. Over the past two decades, the observation
of AL in ultracold atomic BECs subjected to quasiperiodic optical lattices and random
speckle potentials has led to a surge of theoretical and experimental research in the
field.

A key theoretical framework underlying these studies is the Gross-Pitaevskii (GP)
formalism that effectively captures the dynamics of weakly interacting condensates.
The GP equation thus provides a versatile tool to explore the interplay between disor-
der, interactions, and spin-dependent couplings, enabling detailed analyses of ground-
state properties and non-equilibrium dynamics associated with Anderson localization
in BECs.

In this thesis, using the mean-field GP model, we have explored the effect of in-
terparticle interactions, disorder, and spin-related couplings on the ground state and
dynamics of the AL in BEC. In the following, we briefly outline the key findings of our

work, which is divided into seven chapters.
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viii

Chapter 1 begins with a brief introduction to Anderson localization (AL) across
various physical systems, including strongly correlated materials, photonic platforms,
and quantum matter waves. To build a foundational understanding, we then present
the basic physics of wave localization using simplified toy models. This is followed by
an introduction to Bose-Einstein condensates (BECs), along with an overview of mean-
tield atomic interactions and the different types of disordered potentials employed to
study localization in quantum matter waves. Subsequently, we describe the theoretical
framework based on the mean-field Gross-Pitaevskii (GP) formalism, both for neutral
atoms and for systems incorporating synthetic spin-orbit coupling. Following this we
present an extensive literature review encompassing experimental, theoretical, and nu-
merical studies with main focus on the roles of interatomic interactions, disorder, spin-
orbit (SO) coupling, and Rabi coupling in dictating the ground state and dynamics of
the localized state of the condensate. The chapter concludes by outlining the main
motivation of the thesis for exploring different localization—-delocalization phases of
BECs.

In Chapter 2, we discuss the numerical schemes employed to solve the quasi-1D
GP equations (GPEs). The chapter begins with an overview of the split-step Crank-
Nicolson (CN) method, which is used to simulate the time evolution of SO-coupled
binary condensates. This is followed by a description of the imaginary time propaga-
tion technique for obtaining ground states and the real-time propagation scheme for
studying condensate dynamics. The chapter concludes with an example demonstrat-

ing the convergence of the ground-state of the GPEs.

In Chapter 3, we explore the ground state and out-of-equilibrium dynamics of
quasi-one-dimensional scalar BECs confined in bichromatic and random disordered
potentials. Increasing the repulsive interaction strength leads to a transition from lo-
calized to delocalized ground states. To investigate the dynamical behavior, we per-
formed an interaction quench by suddenly switching off the nonlinearity from the
value at which the ground state was prepared, and analyzed the resulting time evo-
lution using observables such as the time correlator, power spectral density, and Lya-
punov exponent. Regular (periodic or quasiperiodic) dynamics emerge in the local-
ized regime when the quench is applied from a low interaction strength, while chaotic
behavior arises in the delocalized phase under strong quenching. Notably, a quasiperi-
odic route to chaos was observed during the transition from regular to chaotic dynam-
ics across the localization—delocalization crossover. Furthermore, the critical nonlinear-
ity required to trigger chaotic dynamics decreases with decreasing disorder strength.

We find similar nature of dynamical feature of the localization and delocalization state
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for the condensate trapped in the random potential. This study demonstrates that
quench-induced nonequilibrium dynamics offers a alternate approach to distinguish
the localized and delocalized state of the condensate. The tool developed in the work
show similar feature for the condensate trapped in quasiperiodic as well as random
potentil.

In Chapter 4, we consider the spin-orbit (SO) coupled binary condensate to ex-
plore the role of interaction inhomogeneity in the localization-delocalization transi-
tion trapped in a weak quasiperiodic potential. When the inhomogeneity follows the
quasiperiodic potential, the condensate exhibits transitions from localized to delocal-
ized states as the interaction is tuned from attractive to repulsive values. Further, in-
troducing a 7t/2 phase shift between the inhomogeneity and the potential leads to an
interesting localization—delocalization—localization transition of the condensate. We
have also explored the effects of SO and Rabi couplings on the localization-delocalization
phases of the condensate. Additionally, a Gaussian variational approach is also em-
ployed to support our numerical findings. Finally, the stability of these localized-
delocalized condensates are examined by probing velocity perturbations and trap quench-
ing condensate dynamics.

After exploring different localization-delocalization phases in quasiperiodic poten-
tial, in Chapter 5, we extend the analysis of spin-orbit (5O) condensate trapped in a
one-dimensional random potential. Here, we comprehensively study the combined ef-
fects of disorder, interactions, SO, and Rabi coupling on the localization-delocalization
transition. Our studies reveal that the spin-dependent couplings create distinct local-
ization regimes, resulting in various relations between localization and spin-related
properties. First, we examine the localization in the linear condensate and find that
the SO coupling can lead to a transition of the localized state from the “basin-like” to
the “void” region of the potential—which differs from conventional Anderson local-
ization. In the later part, we considered the different combinations of interactions with
broken Manakov’s symmetry, which leads to various spin-dependent localizations of
the condensate. This involves spin population redistribution and spatial separation of
spin components between the voids and basins of the potential. The interplay between
SO coupling and nonlinear interactions amplifies these effects, leading to strong spin
polarization and localization of one spin component by delocalizing the other compo-
nent.

Following the previous chapters involving spin-symmetric quasiperiodic and ran-
dom potentials, in Chapter 6, we focus on the localization and driven dynamics in a

Rabi-coupled binary condensate subject to a spin-asymmetric quasiperiodic confine-
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ment, where only one component is trapped while the other remains free. In that case,
when the Rabi coupling increases above a critical value, it induces localization through
population exchange between the components. With the inclusion of interactions, the
localized condensate fragments across multiple potential minima, and the untrapped
component follows the trapped one due to the role of Rabi coupling. Further, the
condensate dynamics under the periodic driving of Rabi frequency exhibits various
frequency-dependent delocalization patterns, including double (triple)-minima, tree-
(parquet)-like, and frozen distributions with a correlated propagation of different spin
populations are observed in the condensate density. Furthermore, the persistence
of dynamical delocalization in the presence of interactions underscores the intrinsic
resonance-driven nature of the phenomenon.

In Chapter 7, we present the summary and conclusion of the thesis, highlighting
the various Anderson-like localization—delocalization phases and their associated non-
equilibrium dynamics. Finally, this chapter concludes with a brief outline of the future
scope of the work presented in the thesis.

We believe that this study addresses a gap in the current understanding of Ander-
son localization in ultracold matter and offers valuable insights for future research. We
also hope that our findings will inspire experimental investigations involving synthetic

spin-orbit and Rabi coupling, further advancing the field in the years to come.
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Chapter 1

Introduction

In real materials, structural imperfections are ubiquitous in nature. These imperfec-
tions referred to as disorder disrupt the periodicity of a lattice, thereby affecting the
transport properties of solids. In crystals, as electrons traverse in such a medium, they
undergo scattering events that limit their mean-free path, which eventually reduces
the electrical conductivity of solids. This raises some pertinent questions, like, what is
the lower bound of electrical conductivity with the increase of disorder — will it sim-
ply suppress the electrical conductivity gradually, or will it lead to some fascinating
phenomena along the way? These sorts of questions were addressed by Philip Ander-
son more than half a century ago using the seminal model of the electron dynamics
in presence of the disorder. In 1958, through the seminal model Anderson demon-
strated the complete suppression of electrons’ diffusion leading to its localization in
presence of the disorder that explains the metal-to-insulator transition in the presence
of random disorder in certain solids. This phenomenon got popular with the name
as Anderson localization (AL) [1, 2]. The AL model introduced a remarkable quantum
mechanical description of the metal to insulator transition. In the early 1960s, Nevill
Mott extended this model by incorporating the effect of a mobility edge, a critical en-
ergy separating extended and localized states of electrons [3, 4] which later led to the
great advancement in understanding of the electronic structure of the magnetic and
disordered system, in particular the electron transport in the amorphous semiconduc-
tors. For their pioneering work on the disordered systems, Anderson, his thesis advi-
sor John van Vleck, and Mott were jointly awarded the 1977 Nobel Prize in Physics.
Although Anderson’s original paper hardly got noticed but later, understanding the

fundamental significance of the work, he stated that,
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2 Introduction

“Very few believed [localization] at the time, and even fewer saw its importance; among
those who failed to fully understand it at first was certainly its author. It has yet to receive ade-
quate mathematical treatment, and one has to resort to the indignity of numerical simulations

to settle even the simplest questions about it.” —Philip W. Anderson, Nobel lecture, 1977

Even though Anderson’s 1958 model laid the foundation for the localization of elec-
trons, the theory faced many challenges to use it for generalized cases. For example,
like any other phase transition, it strongly depends on the dimension of the medium.
In 1959, Gertsenshtein and Vasil’ev theoretically showed that in one-dimensional sys-
tems, such as thin wires, all quantum states are localized for any nonzero disorder [5].
A similar conclusion was independently reached by Mott and Twose, who also re-
ceived credit for this result. Demonstrating localization in higher dimensions proved
to be more difficult. After 15 years, in 1973, Ragi Abou-Chacra and David Thouless
solved the 2D localization problem by considering an artificial fractal model, where an
electron makes an hopping in a Cayley tree [6]. This was followed in 1979 by the de-
velopment of the scaling theory of localization by the so-called ‘Gang of four’—Elihu
Abrahams, Anderson, Donald Licciardello, and T. V. Ramakrishnan, which offered an
unifying framework to understand the dimensionality in localization [7, 8]. However,
this theory faced strong criticism from Mott, who argued that the mean free path [ of
a conducting electron can never be smaller than the lattice constant 2, which implies
a finite lower bound for conductivity. At the Fermi surface, the electron’s de Broglie
wavelength A is approximately 27ta, which aligns with an earlier but similar criterion
proposed by Ioffe and Regel, who estimated | ~ A, differing only by a factor of 27t.
Ultimately, the Ioffe-Regel criterion prevailed, generalized as 271//A ~ 1 for complex
media. Due to these theoretical intricacies, realizing AL in electronic condensed matter
systems remained challenging. Although few notable experiments have investigated
for localization of electrons [4, 9].

Apart from the condensed matter systems, the wave interference phenomena in
AL led to a surge of interest in studying localization across various physical platforms
where wave nature dominates. Soon after, experimental demonstrations of AL ex-
tended to classical wave systems, such as electromagnetic waves [10-14], microwaves [15-
18], and acoustic waves [19] and quantum matter waves using ultracold atomic gases [20,
21]. In ultracold atoms, Bose-Einstein condensate (BEC) offers an ideal platform for
studying the role of disorder and atomic interactions—a long-standing problem in lo-
calization physics, due to the dilute nature of quantum gases and precise controllability
at the microscopic scale. The experimental realization of Anderson localization (AL)

in BEC has significantly stimulated the scientific community over the last decade, also
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prompting extensive theoretical and numerical investigations. The numerical mod-
eling of dilute BECs has been performed using the mean-field Gross—Pitaevskii equa-
tion (GPE) with disorder introduced using two different types of disordered potentials,
namely, quasiperiodic [20] and random speckle potential [21]. In recent years, substan-
tial progress has been made on the complex interplay between disorder and interac-
tions using this mean-field GPE model [22-24]. In addition to the investigation con-
sidering the stationary state of BECs, the condensate dynamics also has been explored
by perturbing the stationary state using various techniques such as releasing the BECs
from the confining trap [23, 25], giving momentum to the condensate [26], perform-
ing a sudden quench in coupling parameters [27, 28], or nonlinear interactions [29].
The interplay of interaction and disorder also leads to very intriguing non-equilibrium
dynamics in BECs [30].

Nevertheless, in the study of localization in BECs, several important aspects re-
main unresolved — such as proper characterization of localization-delocalization, role
of interaction, disorder strength and nature, and the influence of spin-orbit (5O) and
Rabi coupling in dictating the localization of the condensate. Using the mean-field
Gross-Pitaevskii (GP) framework, in this thesis, we aim to bridge this gap by conduct-
ing an extensive numerical simulation properly backed by analytical results for the
scalar as well as complex spin-1/2 condensate coupled with the synthetic SO and Rabi

couplings.

The outline of this chapter is as follows. First, we discuss the basics of Anderson lo-
calization (AL), followed by an extensive discussion on the state-of-art experiments on
AL. As our main focus of the thesis is to characterize AL in BECs, we provide a brief
introductory presentation of Bose-Einstein condensation. It is followed by the dis-
cussion of different atomic interactions and disordered potentials. Subsequently, we
discuss briefly the remarkable experiments of AL using ultra-cold atomic BECs, which
have motivated a plethora of numerical and theoretical studies using the GP frame-
work. Further we present the mean-field GP equation for both scalar and spin-orbit
(SO) coupled condensates. Finally the Chapter concludes with an extensive literature
review of the AL in BECs, which is followed by the main motivation of our work and

a brief layout of the subsequent chapters.
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4 Introduction

1.1 Anderson localization

Anderson localization describes the quantum transport of electrons in a disordered
medium which involves the assumption that the electronic wave undergoes elastic
scattering while encountering static point-like impurities. Intuitively one can under-
stand it through multiple scattering phenomena. In what follows we will describe few
of the toy model to understand this phenomenon. Let’s consider an electron propa-
gates in a disordered medium from point A to point B. While traversing, the electrons
can choose different random paths for different realizations [see Fig. 1.1(a)]. In order
to obtain the probability of the electron at B, one needs to sum and then square the am-
plitudes of all possible paths. The final probability contains two parts, namely, the first
part is the classical, which is the sum of the probabilities of individual paths between A
and B, finally leading to the classical Drude theory of diffusion. The second part orig-
inates from the quantum interference between different paths, which acquire a phase
difference between two different trajectories. The disorder averaging can completely
cancel the second term, and hence, finally, the classical diffusive term remains, describ-
ing the transport of free electrons. But in some cases, the interference term survives the
disorder averaging. Let’s assume an electron travels from A to B along some random
path and then comes back to A in two possible paths as shown in Fig. 1.1(b). The two
paths interfere constructively and the second interference term has a predominant ef-
fect over the classical diffusive contribution. The enhanced backscattering increases the
return probability of the electron back to point A. This effect of reducing the conduc-
tance by coherent backscattering due to disorder is referred to as the weak localization,
which has been realized in various experimental works [8, 31-34]. So far, we have only
considered the contribution from a single loop reducing the metallic conductance of
electrons, but in real systems many other contributions also take part in the transport
which not only reduces the conductance but rather decimates transport of the elec-
trons by trapping the them in fixed domain, this effect is defined as strong localization
or Anderson localization. The original work done by Anderson [2] was based on the
tight-binding model, where electron are assumed to be localized around the atomic
sites and can make a hopping to the neighbouring sites. In presence of random disor-
der (e.g, impurities, irregularities) the electrons get localized in a particular regions as a
results of multiple scattering from the random impurities sites. He showed it while for
1D and 2D even weak disorder strength can localize all the eigenstates of the electron
wave functions, for 3D there exists a threshold strength of the disorder above which the

states are localized. The density of the localized state exhibits the exponential decay in
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Figure 1.1: (a) An illustration of three different trajectories of a particle scattered from different im-
purities while traveling from point A to B, (b) loop trajectories of a particle between A and B where
the trajectories I and II interfere constructively to enhance return probability. Figure is adapted from
Ref. [35, 36]

(a) Sl )

space. In what follows we present a toy model to better explain the localization of the

quantum matter wave in presence of random scattering in presence of impurities.

For simplicity we consider a one-dimensional model to show the localization which
can be easily extended for higher dimensional cases [3]. Let’s assume a quantum par-
ticle of energy E moves in a 1D periodic potential of length L, consisting of a series of
equally spaced barriers with the same width b and height V|, as depicted in Fig. 1.2 and
potential is given by

0 if xe S]
V(x) = (1.1)
Vo if xe E]',

where the domains are defined as:

Sj = [ja, (j+1)a —b],
E; = [ja — b, ja]. (1.2)

The corresponding Schrodinger equation is given by

’Y  2m
ﬁ—F?Etpzo XES]',
0’y 2m
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Figure 1.2: A qualitative representation of periodic potential V (x) described in Eq. (1.1) and the periodic
Bloch u(x) wavefunction.

The Eq. (1.3) for E < Vj yields

Ajel™ + Ale™0¥F9 if xS
p(x) =1’ f ’ (1.4)
G- SEEE

with « = 2mE/h* and B = 2m(V — Eg)/h?. Due to the periodic nature of the
potential, the solution of the Schrédinger equation asserts the wavefunction as a Bloch
state, which can be written as :

P(x) = e®u(x), (L5)

where u(x) defines the periodic function with the same periodicity as the potential
V(x):

u(x+a) =u(x), (1.6)

To obtain the right solution, one needs to impose the continuity and the differentiation
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P(x):
p(at) = p(b7),
{aww) _ ope) (17)
ot ot 7/
and the conditions of periodicity for u(x):
u(—=b) =u(a—"b),
{au(b) __ du(a—b) (1.8)
9t ot 7/

Eq. (1.7), and Eq. (1.8) provide the conditions for k and E. The continuity gives
us the shape of the eigenfunctions as ¥(x) = e**u(x), with the periodic function
u(x). The shape of u(x) is sinusoidal for the region V(x) = 0 region, whereas, for
the V(x) = Vj region, the contribution of two exponential functions joined together
with the eigenfunction outside the barrier where V(x) = 0. The resultant extended pe-
riodic function is shown in the bottom panel of Fig. 1.2. In the case of a perfect periodic

lattice system, the wavefunction is distributed uniformly all over the lattice sites.

However, the situation is quite different upon introduction of disorder by distribut-
ing the potential barriers of the same height at random positions instead of distribut-
ing equally. The distribution of the random potential barriers can be defined as [see
Fig. 1.3]:

0 X € S]',
Vran(x) = v cE (1-9)
0 b j/

where the domains can be defined as :

Si = [xj+ b, xi11],
Ej = [X]',x]‘ + b], (1.10)

The position of each barrier x; is a random variable, which follows the distribution

as

P(x}) = (1.11)

C#O if b’<xj—x]-,1<b”
0 if otherwise
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Figure 1.3: A qualitative representation of disordered potential Vian(x) described in Eq. (1.9) and the
wavefunction ¢(x) wavefunction.

where U/, 0" > b. To probe strong disorder, the b’ and b” are kept very small. Here, the
introduction of random disorder breaks the periodic symmetry of the wavefunction.
In such cases, the exact solution of the Hamiltonian cannot be obtained analytically.
Instead of that, we can find it by assuming a generic eigenstate 1(x) of the system by
considering the energy E < V. In that case, the expression remains the same as in

Eq. (1.4), and in a particular case of A; = A;- can be considered as:

Ajcos(ax+¢;) if x€ S,

p(x) = (112
BjeP* 4 Ble P*H0i if x € Ej,
By imposing the continuity and differentiation of ¢(x) in x = x; we obtain
2Aj-1c0s(axj + @j-1) = Byel™ 4 Bje Pt (1.13)

—20Aj_ysin(axj+ @j_1) = B;ePri — B]’-ﬁe_ﬁxﬁ"bf,
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By imposing the continuity and differentiation of ¢(x) in x = x; + b we obtain

2Ajcos(a(x; +b) + @;) = Bjeﬁ(fo“b) + B;e_ﬁ(xﬁb)ﬂ’f,

(1.14)
—2aA;sin(a(xj +b) + @) = Bjﬁeﬁ(xﬁb) — B;ﬁe_ﬁ(xf+b)+¢f.

VO V(]
Vir(x) R
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Figure 1.4: A pictorial representation of wavefunctions for a forbidden value of energy.

The shape of the eigenfunctions behaves sinusoidally outside the barriers, conquer-
ing different phases ¢;, which are randomly chosen due to the effect of the random
positional distribution of the potential barriers. For strong disorder, the shape of wave-
function at x € S; (at V(x) = 0 places) doesn’t contribute to the global shape of the
wavefunction. Hence, it is important to find the behavior at disorder positions x € E;.
Due to the effect of the barriers, this is determined by the superposition of increas-
ing and decreasing exponential functions. Both of them are important to satisfy the
boundary conditions. If we assume B; = 0, the two conditions from above equations

become
tan (ax; + ¢j_1) = g. (1.15)

Here, we consider case of E < V), which implies « < . For this case it is pos-
sible to solve the equation for particular ¢; 1 values. It is important to consider both
exponentially increasing and decreasing in the regions E;. Here the coefficients B; and

4 . . . .
B; are functions of ¢; 1 which can be assumed as random variables. Increasing x from
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zero, the main contributions of ¥(x) grow exponentially. The eigenfunction presented
is no longer distributed uniformly over all the potential barriers, instead presenting an
exponential nature in between the barriers [see Fig. 1.3].

In case of E < V), we derive the form of the wavefunction |¢(x)|? in presence of
disordered potential. To start with, consider the left edge of the random potential ar-
ray in Fig. 1.3, i.e. x = 0, traversing towards right edge at x = L, the wavepacket
passes through a lots of randomly placed potential barriers. To obtain the probability
amplitude, we need to solve the Schrodinger equation by treating the wavefunctions
differently inside or in-between the barriers. Solving for within one barrier gives that
the ¢(x) has contribution from both exponentially increasing and exponentially de-
creasing functions, but the increasing function dominates in compare to decreasing
behaviour. Following that, in between two barriers, the shape of the {(x) envelope is
not much influenced in the limit of strong disorder. This signifies that a state ¢(x) hav-
ing energy less than the barrier height Vjy grows exponentially. For symmetry reasons,
one can follow the same arguments but starting from x = L, and going to x = 0. Con-
sequently, the ¢(x) will be characterized through the exponential increasing function

between x = L, and x = 0.

As a result, the wavefunction 1(x) grows exponentially both from left and right
side; this paradox will overcome by introducing a localization center at xy. The local-
ization center is the point at which the probability density attains maximum amplitude:
|(x0)|> = max[|y(x)|?]. Also, it is the same point where the two exponential joint an-
alytically. This is not applicable for all energies, however, the set of energies satisfies
this criterion forms the energy spectrum of the disordered potential. In Fig. 1.4, we
show the wavefunction 1(x) does not belongs to that energy spectrum as it does not
exist any localization center but the behavior of ¢(x) inside a barrier qualitatively can

be expressed as [3, 35]:

2|x—xg|

[p)P e "7 +8(x), (1.16)

where / is the localization length and ¢(x) depends on ¢(x), which is locally influenced
by the shape of the potential. The probability density exhibits exponential fall behavior
from the localization center. Following that, Gogolin mathematically constructed the
1D correction to this exponentially decreasing function, which successively showed

the existence of the Anderson transition state [37, 38].

Following the initial prediction of AL, the experimental observation of this intrigu-

ing disorder-induced phenomenon was challenging, primarily due to the significant
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1.1 Anderson localization 11

role of particle interactions. As a result, atomic crystals did not look upon as a suitable
platform for realizing AL since thermally excited phonons and electron-electron inter-
actions results a significant deviation from the prediction that of Anderson model [2].
The first observation on suppression of electron transport was made by Cutler and
Mott in 1969 [4]. Subsequently, after the AL was conceptualized through the wave
interference phenomenon, it has expanded to the field of optics [39]. In the quest
for AL using wave interference phenomena, the first prediction of coherent backscat-
tering [40] for its realization in experiment as weak localization was reported in the
Ref. [41, 42] . Later, the strong localization was first observed with light and photonic
lattices in different dielectric media [10, 11, 15, 17, 43, 44]. In case of light wave, un-
like electrons, the photons do not interact with each other. As a result of this, the
strong localization of photons in a random disordered medium resembles the actual
Anderson model [10, 11]. In the early studies of the localization of light waves, the
disordered medium was used as a random speckle to mimic the Anderson model. In
the subsequent years, AL was realized for the quantum matter wave traopped in the
quasiperiodic lattices which is generated by perturbing a periodic lattice potential in
two-dimensional photonic lattices [12]. By measuring transverse diffusion (the per-
pendicular plane to the direction of propagation) of light it was demonstrated that
transport of the photon changes from ballistic to diffusive for low disorder strength.
Also, as the level of disorder increases, the transport gets fully suppressed, causing the
localization of photons. Following that work, a similar kind of exponential localization

phenomenon was reported using 1D photonic lattices [45].

Further AL has not only been confined to the field of optics, but it was also re-
alized with the microwaves and acoustic waves. In the case of microwave localiza-
tion, the disorder is introduced by perturbing a series of microwave resonators, which
mimics the quasiperiodic lattice-like structure, causing the exponential localization of
microwaves [15, 16, 18]. Additionally, in the case of acoustic waves, Weaver [19] per-
formed an experiment using ultrasound waves where disorder was created by making
several hundred scalloped slits in an aluminum plate. In this study, AL was character-
ized by analyzing the frequency spectrum of absorption energy. It was demonstrated
that the lower frequencies get absorbed by the medium, while, the higher frequencies

wave get transmitted through the diffusion .

Subsequently at later years, two experiments [21, 20] demonstrated localization
of quantum matter waves corresponding to ultracold atomic Bose-Einstein conden-
sates(BECs). With ultracold atoms, BECs offer an exceptional platform for studying AL

not only due to the higher degree of control over disorder but also because of the un-
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precedented tunability of atomic interaction strength, an aspect that researchers have
not yet fully understood through other media. The first work demonstrated the expo-
nential localization of a scalar BEC of Rb atoms with negligible interactions released
into a 1D magnetic waveguide containing controlled random disorder of speckle grains
created by laser [21]. Subsequently, Roati et al. experimentally reported the localization
of 3K atomic condensate trapped in a one-dimensional quasi-periodic optical lattice
with negligible atomic interactions [20].

As the localization of BECs constitutes a central theme of our thesis, in what fol-
lows we discuss these experimental observation of the localization in deatiled manner.
First we provide a brief introduction of BECs which is followed by different kind of
disordered potentials used in the experiment for the relaization of BECs in the lab ex-
periment. Subsequently, we provide theoretical and numerical frameworks that have

been used in our thesis.

1.2 Bose-Einstein condensation

Bose-Einstein condensate (BEC) is a quantum state of matter, formed when a dilute
gas of Bosonic atoms cooled to extremely low temperatures, close to absolute zero.
Under such conditions, a large fraction of atoms collapse to the ground state as the
thermal de-Broglie wavelengths of atoms become comparable to interatomic spacing.
The degenerate atoms behave collectively as a single macroscopic quantum entity.
The theoretical work for BEC was started back in 1924 when Satyendra Nath Bose
derived Planck’s distribution formula by considering the statistics of massless pho-
tons [46]. In the subsequent year, Albert Einstein extended Bose’s work for massive
particles utilizing the idea of de-Broglie’s matter waves [47, 48]. They demonstrated
that, unlike fermions, Bosons are not constrained by the Pauli exclusion principle and
can occupy the same quantum state, leading to a phase transition due to the conser-
vation of atom number, which leads to the formation of the Bose-Einstein condensate.
Following their theoretical prediction, in 1938, Kapitza, Allen, and Misener experimen-
tally realized the condensation-like phenomenon with liquid Helium cooled down be-
low the lambda transition temperature [49, 50]. In that same year, London showed
an intricate relation between BEC and condensation in liquid Helium [51]. Later, in
1941, Landau’s work on superfluid Helium shed more light on the condensate the-
ory [52]. Following that, building on the work by Penrose, Onsager around the 1950s

showed the importance of phase coherence at the macroscopic level in order to real-
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1.2 Bose-Einstein condensation 13

ize BEC [53, 54]. They also proposed a mathematical definition to attain a conden-
sate applicable to interacting particles or ideal gases. In addition to that, their work
demonstrated that a tiny fraction of atoms remained in the condensate at absolute zero

temperature when superfluid He-II satisfied their criterion for BEC.

1.2.1 BEC for non-interacting ideal gases

The theoretical description of Bose-Einstein condensates (BECs) in a dilute gas of Bosons
involves the quantum statistics of interacting Bosonic particles. However, in case of
non-interacting ideal gases, a much simpler description of BEC can be derived uti-
lizing statistical mechanics. This simplified model provides valuable insight into the
phase transition and the critical temperature. Using that approach, to understand how
the transition occurs from a thermal gas to BEC, assume N non-interacting Bosons oc-
cupy a large volume V. According to de-Broglie’s hypothesis, the wavelength of each
Bosons (A;p) follows a temperature dependency as A5 = (27Th2/ mkpg T)l/ 2 where m
is the mass of a Bosonic particle, kg is the Boltzman constant, and T represents the
temperature. In case of thermal gas, A;p is much smaller than inter-particle spacing,
whereas decreasing the temperature leads to an increase in the de-Broglie wavelength
of the particles, and eventually the wave packets start to overlap with each other at
a critical temperature. The critical temperature can be obtained using Bose-Einstein
statistics. For high temperature limit, the particles can occupy all possible energy states
of the system. Therefore, we can divide the populations of the lowest energy state and
all other excited energy states as Ny and Ney, respectively which follows N = Ny + Ne.
Now, when T > T, the maximum number of particles occupies the excited state of the
system. Thus, the relation between the maximum excited state population with tem-

perature is given by [55],

kaT>3/2

N 2,612V< - (1.17)

27T

With lowering the temperature, particles from the excited state transfer to the min-

imum energy level, the critical temperature at which Nex = N is given by

27[h N /
T, = 1.18
¢ ka (2.612V> ! ( )

Below this critical temperature, the ground state population remains much higher
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in comparison to the excited state population. The condensate population varies with

N, T i
0
21— = , 1.19

system temperature as

where Nj is the ground state population. At T < T, the macroscopic occupation of the
lowest energy level is the defining feature of BEC.

Another critical condition for the onset of BEC can be obtained from the condition
for de-Broglie wavelength overlap. The criteria for overlapping of the de-Broglie wave
packets at T < T is given by,

n\Jp < 2.612, (1.20)

where, n = N/V define as number density. The formation of BEC occurs due to the

dominance of the quantum effect due to the overlapping of de-Broglie wave packets.

1.2.2 BEC in laboratory experiments

In laboratory experiments, the pursuit of observing BECs began in the 1970s through
compressing and cryogenic cooling of Hydrogen atoms. However, these early efforts
faced many challenges, including difficulty in handling a large number of atoms (~
10° — 10%) and atomic loss due to three-body recombination, which limits the achiev-
able density in experiments. Later, in the 1980s, the discovery of the state-of-the-art
technology in cooling and trapping of neutral alkali atoms marked a major break-
through for advancing the field of ultracold atoms. Similarly, the development of these
cooling techniques has been vital for experiments related to the observation of BECs.
Although researchers first considered Hydrogen as the promising candidate for real-
izing BEC, after a meticulous competition between several research groups, the first
observation of BEC was reported by the group of Cornell and Wiemann at JILA! in
Boulder, Colorado, in 1995. The experiment was conducted by Anderson et al. [56]
with 2 x 10% atoms in a gas of Rb atoms at a critical temperature of 170 nK. Soon after
that, the Ketterle group at MIT? reported BEC with 2>Na atoms [57]. Subsequently, BEC
with 7Li atoms has also been observed by the Hulet group at Rice University in Hous-
ton, Texas [58]. Finally, in 1998, the Kleppner group at MIT realized the condensate
with atomic Hydrogen [59].

The figure 1.5 shows the velocity distribution of Rb atoms after the time-of-flight

!Joint Institute for Laboratory Astrophysics
2Massachusetts Institute of Technology
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1.2 Bose-Einstein condensation 15

experiment (releasing the condensate from trap under the gravitational field). The
velocity distribution shows that at temperature below critical temperature (T ~ 50nK
(right panel)) T < T, most of the atoms accumulate in the zero momentum state,
which leads to the formation of a condensate of Rubidium atoms. In left panel, atoms
are distributed randomly in momentum space with random velocities; hence, they act
more like a thermal gas, and at the critical temperature (T ~ 200nK (middle panel)),
particles start to accumulate at zero momentum state where the de-Broglie wavelength

starts to overlap.

Figure 1.5: Velocity distribution of rubidium atoms after time-of-flight expansion of the cloud at differ-
ent temperatures (from left:T ~ 400nK, middle: T ~ 200nK, right :T ~ 50nK) . On the left, for the
temperature above critical temperature (T > T), atoms acquire larger momentum states; as a result, the
atomic cloud exhibits a thermal Gaussian distribution. In the central figure, at T ~ T, the particle distri-
bution shows that most of the atoms occupy the k = 0 state. At below critical temperature (T < T¢), the
central peak shows that most number of atoms trapped at zero momentum state indicates a signature
of BEC, surrounded by a cloud of thermal atoms with random velocities. The figure is adapted from the
experiment at JILA, Boulder [56].

For these remarkable contributions to the field of ultracold atoms, the Nobel Prize
in physics was awarded in 1997 to Steven Chu, Claude Cohen-Tannoudji, and William
Phillips for the development of cooling and trapping techniques using lasers. Later
in 2005, Eric Cornell, Carl Wiemann, and Wolfgang Ketterle were awarded the No-
bel Prize for the first experimental observation of BEC in laboratory. Since then, the
tield has witnessed an unprecedented growth and opened the door for exploring sev-
eral novel and intriguing phenomena, including topological defects such as quantum
vortices [60, 61], quantum turbulence [62-64], supersolidity [65], Anderson localiza-
tion [66], self-bound quantum droplets [67, 68]. The utilization of BEC for investigating
various phenomena stems mainly from two key advantages, firstly, the precise tunabil-

ity of atomic interactions through Feshbach resonance, and secondly, it can be trapped
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in magnetic or optical potentials in a controlled manner. Experimentally, atomic inter-
actions could be tuned from attractive to repulsive range using external magnetic or
optical fields via the Feshbach resonance technique. Similarly, the external trapping
potential can be engineered through optical dipole traps or optical lattices formed by
the interference of laser beams.

For the study of Anderson Localization, precise control over interaction strength
and disorder is very crucial. It also includes the reduction of atomic interaction to
a negligible value and increasing disorder strength directly through the potential pa-
rameters. In continuation of our effort to provide a substantial background for our
theoretical modeling, here we briefly discuss the methods and fundamental principles

involved in tuning the interaction parameter in BECs in the following section.

1.2.3 Controlling atomic interaction through Feshbach resonance

In dilute Bose gases at ultracold temperature, the atomic interactions can be tuned with
the help of scattering resonance phenomena. Particularly, the dominant interaction be-
tween two atoms can be described using a quantity called the s-wave scattering length
a. The sign of a determines the type of interactions, such as positive and negative val-
ues of a define the repulsive and attractive interactions, respectively. The possibility of
tuning atomic interaction through controlling s-wave scattering length can be accom-

plished with the magnetic or optical Feshbach resonance (FR) technique.

1.2.3.1 Magnetic Feshbach resonance

Feshbach resonance (FR), named after Herman Feshbach, was originally developed for
studying nuclear reactions [69-71]. But eventually, it has become an important phe-
nomenon in atomic physics to control atomic interaction by tuning scattering length
in alkali atoms [72-74]. FR occurs in a scattering event when a pair of colliding atoms
forms a molecular bound state with the application of a homogeneous magnetic field.
The mechanism of forming a bound state is illustrated in Figure 1.6(a). Two atoms ap-
proach each other along their interaction potentials, denoted by V; and V,, as open and
closed channels respectively. The mixing between Vj and V; while forming a bound
state modifies the effective interaction potential. Consequently, this modification of
the scattering potential results in a variation of the scattering length a that is correlated
with the position of the scattering potential. In experiments, this scattering length a
can be tuned with an external magnetic field because of different magnetic moments
associated with the open (Vp) and closed channel (V;). The scattering length a depends

TH-3782_196121031



1.2 Bose-Einstein condensation 17

upon the magnetic field B as,

Ap
— g (1 - ). 121

“ = fibg ( B — B, (121)
where, g is the off-resonant background scattering length, Ap is the width, By repre-
sents magnetic field at position of resonance, and B is the external magnetic field. The
specific parameters that determine the dependence of 2 on magnetic field changes for

different atoms. For *K atoms, the a is shown as a function of B as shown in Fig. 1.6(b).

(a)

potential energy

Ej=0 open channel Vo

coupling

] : 0
internuclear separation r
—

B(G)

Figure 1.6: (a) Schematic diagram of the Feshbach resonance technique used in atomic collisions. The
scattering state associated with the open channel Vj is coupled to the closed channel V. of another atom.
The coupling between these channels modifies the scattering potential and scattering phases, which can
be controlled using an external magnetic field. (b) variation of scattering length with external magnetic
field for 3K atomic collisions of hyperfine states. The resonance condition is depicted by the vertical
dashed lines. Figure is taken from [75, 35].

After discussing the magnetic Feshbach resonance now we discuss about Optical
Feshbach technique through which apart from other advantage even the interaction

can be tuned in the inhomogeneous way.

1.2.3.2 Optical Feshbach resonance

Over the use of magnetic Feshbach resonance, optical control of scattering length offers
an exceptional tool because of a few advantages, such as fast switching of scattering
length or most importantly, creating inhomogeneity in atomic interaction that can af-
fect only a certain part of the atomic cloud in a BEC. The reason is that lasers can
switch very fast in comparison to magnetic fields and also generates spatially resolved
intensity patterns. The theory of controlling scattering length using optical fields was
tirst proposed by Fedichev et al. [76], and further extended by Bohn and Julienne [77].
Subsequently, it has been realized in experiments [78-81].

Optical Feshbach resonance (OFR) uses laser photons to form a bound state from
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two colliding atoms. A qualitative description of OFR lies in the dressed state as de-
picted in Figure 1.7(a). This picture shows that the excited molecular potential V is
shifted by the energy hw, associated to a laser photon towards the ground state po-
tential V. Experimentally, the coupling can be controlled using the intensity (I) and
detuning (A;) of laser light from photoassociation resonance. However, the process
constitutes an inelastic collision between atoms; as a result of this, atoms can be lost
while making a stimulated transition to an excited molecular state and that further

results the subsequent spontaneous decay.
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Figure 1.7: (a) Schematic diagram of optical coupling between collisional and molecular states. The
excited potential [V, N — 1) is separated from the ground state potential |V, N) by laser detuning A;.
Here, N is the number of photons in the light field. (b) Scattering length a (cyan solid line), and inelastic
collision rate Kj,e (green dashed line), which causes atomic loss as a function of laser detuning A
obtained for a condensate of 8 Rb atoms. This figure is adapted from Ref. [75, 79].

Bohn and Julienne [77] first proposed the analytical expression for the scattering
length a and the inelastic atomic loss coefficient Kj, as a function of laser detuning A; .
They assumed that the stimulated decay rate of excited molecular level is much smaller
than spontaneous decay I'siim << y1 which turns out to be an appropriate criterion for
experiments. As a result, the expression follows,

1 TstimA1
A= T s 1.22
%8 2k AT+ (71/2)2 1.22)
Kinel = 27h 1 Lstim71 (123)

m kA2 +(1/2)%

with ap is the off-resonant background scattering length in case of no optical cou-
pling, and k is the collisional wave vector. In case of experiment with 87Rb atoms,
Theis et al. [79] obtained the scattering length a and Kj,e as a function of A; [see
Fig. 1.7(b)] with parameters I /271 = 50KHz, 71 /27w = 20MHz, k = 2.5 X 10°m™1,

and apg = 100ag where 4y is the Bohr radius. However, it can be seen that besides the
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1.2 Bose-Einstein condensation 19

laser detuning Aj, the scattering length a and Kj,,e; implicitly depend upon the laser
intensity I because I'stim o I. This depicts that the scattering length can be controlled
by two parameters: laser detuning and intensity created by the lasers.

In the main chapters of the thesis we have considered the homogeneous as well as
the inhomogeneous interactions which are primarily adapted using the magnetic and

optical Feshbach resonance techniques, respectively.

1.2.4 Trapping of a BEC using optical dipole potentials

To study the Anderson localization (AL) in a BEC, one needs to use the optical poten-
tials for confining a condensate. The optical potentials can be created by utilizing the
dipole force of a laser and the atomic dipole moment. Utilizing the dipolar force, the
manipulation of the intensity pattern originated due to the interference of two counter-
propagating laser beams, leading to the formation of an optical lattice, which can be
used to trap the ultracold atoms. In this section, we will discuss the fundamental con-
cepts of optical potentials, including optical lattices and disordered potentials.
Dipolar force arises due to the dispersive interaction between the intensity gradient
of the light field and the induced atomic dipole moment. Here, we derive an expression
for the dipolar force using a semiclassical approach [82, 83], considering the atom as a
simple oscillator and the incident light as a classical radiation field which induces the

dipole moment :
E(rt) = éE(r)e ™! +cc, p(rt) = ép(r)e ™ +cc, (1.24)

where p is the induced dipole moment of an atom which oscillates with the same fre-
quency w as the driving field E. Here é is the unitary polarization vector.
The amplitude f of the dipole moment is related to the field amplitude E is given
by
p=af, (1.25)

where, o represents the complex polarizability depends on driving frequency w. The
interaction potential of the induced dipole moment is defined as
Uy = —~(p.E) = — —— Re(a)I(r) (126)
dip = T \P-E/ = 2€qc ’ '
where (.) denote the time average over fast oscillating terms and I(r) is the laser field

intensity. The dipolar force is directly proportional to the real part of polarizability
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and the intensity gradient of laser light. Conversely, the imaginary part of the polar-
izability is related to the loss of photons due to scattering with the incident field also
termed as scattering rate. In case of far-off resonance regime, where the laser detuning
is much larger in comparison to the radiative linewidth, the dipolar potential behaves

conservatively by minimizing the scattering rate of atoms.

1.2.4.1 Periodic and quasiperiodic optical lattices

Next we discuss different varieties of the optical lattices, namely, the periodic and
quasi-periodic optical lattices used in the experiment. The aforementioned dipole
potentials can be used to create a periodic potential for atoms. In principle, it can
be generated with the standing wave created due to the interference of two counter-
propagating laser beams. This spatial modulation of laser interference pattern is called
as optical lattice. The expression for the optical dipole potential can be derived starting

from the electric field expression of two counter-propagating plane waves:
E; = éF; cos(kx + wt + 5), E; = éF; cos(kx — wt — ), (1.27)

where, k = w/c is the light wavevector. The resultant intensity can be written as
2
I(x,t) = eoc|Eq(x,t) + Ea(x, t)‘ . (1.28)

With the mediation over rapid oscillating terms, we obtain

1 = .
I(x,t) = séoc [(E1 — B)? +4E B, cosz(kx)], (1.29)
In case of £; = E; = E, modifying Eq. (1.26), the interaction potential felt by the atom
due to the standing wave is given by

Ugip & Iy cos? (kx) = Vj cos®(kx), (1.30)

where, Iy = 2€0CE%, with Ey is the amplitude of the electric field. The potential has
the periodicity as 77/k = A/2, which depends on the wavelength of the laser light A.
Usually, the lattice depth s = Vj/E, is defined in terms of recoil energy E, = h*k?/2m.

To incorporate the disorder into an optical lattice, one can form a quasi-periodic
potential which can be created by superimposing the primary optical lattice with an-

other secondary optical lattice of incommensurate wavelength. In that case, the quasi-
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Figure 1.8: (a) Primary (V) and secondary optical lattice (V) as a function of x . (b) Representation of 1D
quasi-periodic optical lattice (V' (x)) created by superposition of the main (V;) and secondary lattice (V>)
with wavelengths A; = 1032nm, s; = 10 and A1 = 862nm, s, = 0.3s1. The potential energy is expressed
in the units of recoil energy E = i?k?/2m. The parameters are the same as in Ref. [24].

periodic potential in 1D has the form as

V(x) = s1E; sin®(kyx) + spE; sin®(kpx), (1.31)
where, 51 and s; are the strength of the primary and secondary optical lattices respec-
tively and k; and k, denote the wave number of primary and secondary lattices re-
spectively. This type of potential is commonly called as bichromatic lattice potential [see
Fig. 1.8], characterized by a quasiperiodic modulation of the minimum energy of the
primary lattice due to perturbations caused by the secondary lattice. If the amplitude
of the secondary lattice is very large (Vo2 ~ Vj), then it can shift the minima of the
resultant lattice. However, while the deviation of the actual minima positions of the
primary lattice can be estimated, we do not describe it in detail here. For further in-
formation, please refer to Ref. [35]. Usually, for quasiperiodic potential, the distance
between two “impurities” is much smaller than other type of disordered potential, like,
random speckles.

1.2.4.2 Random speckle potential

In addition to quasiperiodic potentials, another type of disordered potential is widely
used to study AL is the random speckle potential. Laser speckles are generated when a
coherent laser beam is scattered through a rough glass plate. The resulting reflected or
transmitted light, when focused through a converging lens, produces a random distri-

bution of light intensity that results the appearance of maxima and minima of different
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amplitudes at different random positions, thereby creating the random speckle poten-
tial [see Fig. 1.9]. The basic principle of forming the speckle pattern is the random
path created by each wave while scattering from the rough surface leading to a spatial
modulation of the phase and amplitude of the resultant electric field. As the intensity
is randomly distributed in space, its characterization can be done by evaluating the
amplitude and finding the characteristic length scale of the potential. Using the stan-
dard deviation of the intensity, it is possible to calculate the standard deviation of the
dipolar potential associated with the intensity distribution. Conversely, the disorder
lengthscale can be obtained from the width of the self-correlation function C; of the

intensity distribution as

(a) Converging (b)

lens ]
/ A v

Potentia

Incident cutoff

laser

Focal plane

Ground-glass \\ Randoi
plate J

phases

Figure 1.9: (a) Optical configuration to create random speckle potential. (b) A two-dimensional demon-
stration of random speckle potential. Image is taken from [84].

Cr(or) = (I(x)I(x + or)), (1.32)

where, (.) denotes the statistical mean of the intensity and I(r) is the intensity at point r.
The correlation width is defined as the smallest disorder grain size, which is also given
as the diffraction limit by numerical aperture of the optical system and wavelength A
employed to create the speckle pattern as

l

o 1.22/\5, (1.33)

where D is the beam diameter and [ is the distance of the diffusive plate from the
atoms. Consequently, the speckle grain size is inversely proportional to the dimension
of the laser, setting the limit on the number of effective scatters.

Speckle disorder offers various advantages because of its applicability in ultracold
atom experiments. Although the potential has a random distribution, the statistical

properties are well-defined and can be tuned by tailoring the optical apparatus. How-
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ever, the main difference between random and quasi-periodic potential is that in the
case of 1D random speckle potential distributed unboundedly can localize the conden-
sate with negligible disorder strength, whereas, for quasiperiodic potential, beyond a

critical value of disorder strength, the extended state becomes localized.

1.2.4.3 Impurity model of disorder

In addition to laser speckle potentials, several other types of impurity disorder models
have been proposed and implemented in theoretical and numerical studies to inves-
tigate localization. These models do not rely on dipolar interactions. Instead of this,
disorder is introduced by randomly trapping atoms at selected sites of an optical lat-
tice with less than full occupancy [85, 86]. The randomly distributed atoms then act as
static scatterers. As a BECs or atomic cloud propagates through this disordered land-
scape, it encounters these randomly placed scatterers, leading to localization. In this

scenario, the BEC experiences the impurity potential in the form of
N
V(r)=) Ux-r), (1.34)
i=1

with U is the potential created by a single scatterer, and r; its random position. This
model is useful for investigating disorder correlations as it determined by the shape of
the potential U(r). For example, the delta-correlated impurities U(r) = J(r) defines the
white noise disorder. Another commonly used model is Gaussian disorder, which is also
employed to study Anderson-like localization in Bose-Einstein condensates (BECs).

The Gaussian-correlated disorder potential is defined as [87]:

r—r;)>
U(r—r1;) =exp (—%), (1.35)
where ( is the width of each Gaussian spike. In this thesis, we employ this form of
random Gaussian disorder [Eq. 1.35] apart from the bichromatic lattice to explore lo-
calization phenomena in one-dimensional BECs. Detailed discussions on the statistical
properties and correlation function of this disordered potential are provided in the

main chapters of this thesis.
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1.2.5 Experimental evidence of Anderson localization in BECs

The motivation for implementing quasiperiodic and randomly disordered potentials
in our thesis arises largely from two remarkable experimental discoveries of AL in
non-interacting BECs: one is using a 1D quasiperiodic potential [20], and the other
employing a 1D random speckle potential [21]. These discoveries provided the first
direct evidence of the localization of quantum matter waves. Following that, AL also
has been observed in three-dimensional speckle potentials [88, 89]. Additionally, these
experimental breakthroughs have sparked extensive theoretical and numerical stud-
ies based on the mean-field Gross—Pitaevskii (GP) models, exploring the interplay be-
tween interactions and disorder, which strongly motivates further exploration in this
thesis. Therefore, before delving into the theoretical framework, we briefly review the

key experimental observations that underpin our study.

1.2.5.1 Localization of a condensate trapped in quasiperiodic potential
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Figure 1.10: (a) Time-of-flight absorption images of a ¥K BEC demonstrate the effect of disorder on
expansion dynamics. For A/] = 0, the condensate undergoes ballistic expansion along the lattice di-
rection. However, as the disorder strength increases to A/ ] = 4.2,7, the expansion is suppressed, and
the condensate becomes localized near the center of the lattice for up to 640ms. Here, A/] denotes the
ratio of disorder strength to tunneling energy. (b) Condensate width as a function of rescaled disorder
strength A/ ] for three different values of |, at a fixed evolution time of 750 ms. The dashed line indicates
the initial size of the condensate. The onset of localization appears in the same range of values of A/ |
for all three cases. Here, A/] represent the disorder to tunneling energy ratio. The figure is adapted
from the Ref. [20].

In 2008, Roati et al.[20] reported the localization of a non-interacting BEC of PK
atoms confined in 1D quasiperiodic potential. The quasiperiodic potential was cre-

ated by superimposing two optical lattices with incommensurate wavelengths: A| =
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1032nm and A, = 832nm. The strength of these optical lattices was controlled by tun-
ing the lattice depths using Bragg diffraction measurements. The strengths of these
lattices were tuned via Bragg diffraction measurements, allowing the lattice depths to
vary within the ranges V; = [0, 10E;] and V, = [0,4E,], where E; = h?/(2mA?) are the
respective recoil energies for the primary and secondary lattices. In the experiment, a
condensate of 3K atoms was first produced in an optical trap and then adiabatically
loaded into the quasiperiodic potential over a timescale of a few hundred milliseconds
to minimize excitations. The choice of 3°K is because of its broad resonance of scat-
tering length and small negative background scattering length, which enabled precise
control over interatomic interactions, from attractive to repulsive using Feshbach reso-
nance. Their experimental realization of localization in the non-interacting regime also
validated the theoretical predictions based on the Aubry—André model [90]:
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Figure 1.11: (a, b) Experimental optical density profiles (black) fitted with the function f,(x) (red) for
A/] =1(@)and A/] = 15 (b). For A/] = 1, the fit demonstrates & = 2, corresponding to a Gaussian
profile, while for A/] = 15, « = 1, indicating exponential localization in logarithmic scale. (c, d)
Experimental and theoretical momentum distributions for increasing A/ ] values (0, 1.1, 7.2, and 25 from
top to bottom). Theoretical momentum distributions are derived from the Aubry—André eigenstates. At
A = 0, the interference pattern characterizes the periodic lattice potential, which eventually turns into
a broadened distribution with additional peaks from lattice beating, reflecting the onset of exponential
localization. Here, A/] represent the disorder to tunneling energy ratio .Figure adapted from Ref. [20].

Their observation is based on the diffusion dynamics of the time-of-flight experi-
ment after releasing the magneto-optical trap. To keep the expansion of the condensate
only along the lattice direction, they have also used a magnetic field gradient against
gravity to let the condensate extend only in one dimension. Consequently, the ab-
sorption images of atomic densities after time-of-flight clearly demonstrate the com-
plete suppression of the ballistic expansion for larger disorder strength A/ ] [third and
fourth panel of Fig. 1.10(a)]. Here, the A/] represents the ratio of disorder strength
to site-to-site tunneling energy related to the Aubry—André model of localization. In

experiments, these two energy scales can be controlled independently by changing the

TH-3782_196121031



26 Introduction

heights of the primary and secondary lattice potentials. For the incommensurate ratio
of laser wavenumber, the AA model exhibits a sharp transition from extended to local-
ized state at A/] = 2. However, for the actual experimental parameters, the transition
is shifted towards larger A/] values. To quantify the localization, they utilized the
root mean square size of the condensate as a function of the rescaled disorder strength
A/] for three different values of tunneling energy [see Fig. 1.10(b)]. Notably, in the
case of localization for higher disorder strength, the spatial width remains in the same
range as the initial width, irrespective of the tunneling energy.

Next, to validate the theoretical prediction of a transition from extended to local-
ized eigenstates in the Aubry—André Hamiltonian, direct observation via atomic cloud
expansion is hindered by imaging resolution limits. Instead of that, momentum distri-
bution can be another possibility to demonstrate the exponential localization.

In Fig.1.11(a, b), the optical density profiles are shown for A/] = 1and A/] = 15.
The tails are fitted using the function f,(x) = Aexp (—|(x — x0)/1|*), where a is the
fitting exponent. For A/] = 1, the fit yields & = 2, corresponding to a Gaussian profile.
As the disorder strength increases to A/] = 15, the exponent approaches & ~ 1, in-
dicating exponential localization of the condensate. Furthermore, the momentum dis-
tribution P(k) calculated from the Aubry—André model [Fig.1.11(d)] closely matches
the experimental results in Fig. 1.11(c), where localization is reflected by the broad-
ening and flattening of the momentum distribution. These findings highlight the key
experimental signatures of localization in a quasiperiodic potential. In the following

we present the localization of the condensate in presence of the random potential.

1.2.5.2 Localization of a condensate in the presence of random speckle potential

In the same year, Billy ef al.[21] performed an experiment with a condensate of Rb
atoms, released from a harmonic trap into a speckle disorder potential within an opti-
cal waveguide, where time-of-flight measurements revealed localization of the conden-
sate. Their findings were supported by theoretical predictions from Sanchez-Palencia
et al.[23], which demonstrated a transition from exponential to algebraic localization
depending on the disorder strength.

However, a few important aspects of the experiment are worth highlighting. To
generate a conservative speckle disorder, the optical field was highly detuned and op-
erated at low intensity to minimize spontaneous photon scattering. The disorder was
engineered to act effectively along a single direction (assumed to be z) by ensuring

the correlation length or was much larger than the atomic matter wave. Considering
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Figure 1.12: (a) A BEC of Rb atoms is formed in a hybrid trap, combining a horizontal optical waveg-
uide with strong transverse confinement and a weak longitudinal harmonic trap. (b) Upon switching off
the longitudinal trap, the condensate begins to expand and subsequently localizes along the waveguide.
Figure is adapted from Ref. [21].

this, the resulting correlation function along z is given by VI% (sin(z/or)/(z/0oR) )2, with
or on the order of microns. The disorder strength was kept sufficiently weak so that

the interaction energy primarily converted into kinetic energy in the condensate’s tail
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Figure 1.13: (a) Atomic density snapshots at various times are used to extract the localization length L;
by fitting an exponential exp(—2|z|/Lyo.) (dotted black line) to the density tails. (b) The time evolution
of Lj,. shows the suppression of the expansion of the BEC. (c) Log-log and semi-log (inset) plots of
stationary density profiles distinguish between algebraic (kmaxor > 1) and exponential (kmaxor < 1)
localization regimes. For Vg /pin = 0.15 and kmaxor = 1.16 £ 0.14, the power-law fit to the tails yields
B ~ 2, indicating algebraic decay. (d) For kmaxor = 0.65 at the same disorder strength, the density
profile clearly exhibits exponential decay, as shown in the inset. Figure is taken from Ref. [21].
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region.

The observation was based upon the time-of-flight absorption images [Fig.1.12(a,b)]
after releasing the condensate into the disordered potential. Snapshots of the atomic
density at different times [Fig.1.13(a)] reveal the suppression of the initial expansion
and the exponential decay in the tails of the BEC, from which the localization length
Lo was extracted by fitting the form exp(—2|z|/Lyoc). The evolution of Lj,. with time
[Fig.1.13(b)] shows clear suppression of expansion due to localization. Figures (c,d)
further illustrate the distinction between algebraic and exponential localization, de-
pending on the dimensionless parameter kmax0r. For kmaxor > 1, a power-law fit
1/|z|P yields B ~ 2 [Fig.1.13(c)], indicating algebraic decay, while for kmaxor < 1,
the density exhibits clear exponential decay [Fig.1.13(d)], both measured at disorder
strength Vr /uin = 0.15. Note that the algebraic decay of the atomic density with coef-
ficient B ~ 2 was also predicted in a theoretical investigation by Sanchez-Palencia et al.
[23], which complements the experimental results.

Subsequent to these experiments in 1D, several other experiments have also been
conducted to realize the AL in the case of 2D [91] and 3D [89, 88, 92] employing
random speckle disordered potentials. Motivated by these experiments, several the-
oretical and numerical studies have investigated the interplay between disorder and
interactions in weakly interacting BECs using a mean-field approach. In the mean-
tield limit, the mathematical model describing the BEC is a nonlinear Schrédinger-like

Gross-Pitaevskii equation (GPE), which will be described in the following section.

1.3 Theoretical Framework for Weakly Interacting BECs:

The Gross-Pitaevskii Equation

A system of N weakly interacting bosons can be described by a second quantized
Hamiltonian with a Bosonic field operator ‘T’(r, t), wherer = (x,y, z)T and t represents
the time. For convenience, we denote ¥(r, t) = ¥(r) and consider a limiting condition
where all bosons are condensed into the same single-particle state. Then the second
quantized Hamiltonian for all particles of weakly interacting by binary collisions and
confined in an external trap is given by [93-96]:

2
H :/dr‘/f’*(r) (—;—mvz + Vext(r)> ¥ (r) + %/ dedt’® (1) ¥ (1) Vit (r — ¥') F() ¥ (1),

(1.36)
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where ¥ (r)t and ¥(r) are the creation and annihilation field operators to create and
annihilate particles at position r, respectively. Here, the first term —%Vz is the mo-
mentum operator responsible for the kinetic energy of the particles, Vext(r) is the exter-
nal trapping potential through which the disorder can be introduced and Vs (r — ') is
the two body interacting potential. The creation and annihilation operators satisfy the

crucial Bose commutation relations as [93, 96] :

a~

[¥(r), ()] = [‘iﬁ(r),‘iﬁ(r’)} =0, ﬁ(r),qﬁ(r')} =s(r—71),  (137)

where 6(r) is the Dirac delta function. In case of dilute alkali gases at ultracold tem-
peratures, the atomic interactions are dominated by low-energy two-body s-wave col-
lisions. As a result, the elastic and hard-sphere collisions can be approximated by the
pseudo potential [97]:

Vine(r — 1) = Uod(x — ¥'), (1.38)

where Uy = 47th?ag/m, with ag being the s-wave scattering length, which remains
positive for repulsive interaction and negative for attractive interaction. Substituting
Eq. (1.38) into Eq. (1.36) and integrating over all r-space leads to

iy @t n @ Uy Gt (T (T (T

A= / A (1) | =5V + Vulr) | (1) + 22 / Pt (PO P (O (r).  (1.39)

By applying the Heisenberg equation of motion ;¥ (r, t) = [‘T’(r, t),H ] and commu-
tation relations [Eq. (1.37)], we obtain the following equations with field operators:

g 5 g 4 5

ihg‘I’(r, t) = [—%VZ + Vext (1) + /dr‘I’Jr(r, ) Vine (r—1') ¥ (2, t)} Y(r,t). (1.40)
Due to the macroscopic occupation of the single-particle state at the mean-field limit,
the Bosonic field operator ¥(r, t) can be composed of a mean-field wave function 9 (r, t)

and it’s fluctuation counterpart é(r, t) as:
F(r) = VNy(r) + 6% (x), (1.41)

with N is the total number of atoms in the condensate, and the fluctuation operator
satisfies (6% (r,t)) = 0. The macroscopic wave function §(r, t) can be written as the
expectation value of ¥, i.e. ¢(r) = (¥(r))/+/N. Inserting (1.41) into (1.40), and con-
sidering the leading order in ¥ and neglecting the terms related to J, we obtain the
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time-dependent Gross-Pitaevskii equation (GPE) as [93, 96]:

ay(r, h?
ih%z —gvz+vext(r)+g\ll)(r,t)!2 P(r,t), (1.42)

where ¢ = 47th*Nag/m represents the two-body interaction coefficient.

In this approximation, dropping the fluctuation term neglects the thermal and quan-
tum depletion of the condensate. As a result, the GPE (Eq. 1.42) is only valid for the
condensate at absolute zero temperatures. The normalization condition of the wave
function ¥(r, t) is defined as:

IR3|1P(1f,f)|2d3r = 1. (1.43)

To find the stationary state solution of Eq. (1.42), one can substitute the ¢(r,t) =
¢(r) exp (—iput/h), with u being the chemical potential of the condensate and ¢ is the
ground state of the condensate. Consequently, utilizing the normalization criterion
(1.43), we obtain the chemical potential and energy as,

b= [ @ [[VY@P + Vel p(x) P +lo ()], (1.4
E= [ @ [|99mP + Veulp) P + Elp0l*], (1.45)

where the first term represents the kinetic energy, the second is the external potential
energy, and the third term represents the interaction energy of the condensate. The ad-
ditional factor of 1/2 in the third term of E (1.45) arises from avoiding double counting

of pairwise interactions among N indistinguishable bosons.

In our numerical simulations, we non-dimensionalize the GPE (1.42) with respect
to harmonic trap configuration used in most of the experiments, i.e. V(r) = %(w%xz +
w§y2 + w?z?), with wy, wy, and w; being the trapping frequencies along x,y, and z
directions, respectively. In this approach, the dimensionless quantities can be defined
as [98-100]

- . X -
f=wmnt, ¥=-—, $=aly, (1.46)
Aho

to non-dimensionalize the GPE (1.42), where wp,jn = min{wy, wy, w;} has the unit of
t~1, and ap, = /A/MwWpin is the harmonic oscillator length scale. By rescaling with
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Eq. (1.46), the dimensionless form of the GPE becomes:

iagbg()fflt) B _%V2+Vext(f)+g|¢(if)\2 p(E t). (1.47)

For simplicity, we henceforth denote ¥(¥) = ¢(r) .

1.3.0.1 Dimension Reduction of the Gross—Pitaevskii Equation: From 3D to 1D

Experimental studies on Bose-Einstein condensates have demonstrated that strong
confinement in one or two spatial directions can effectively reduce the dimensional-
ity of the GPE (1.47). This reduction is achieved by separating the dynamics along the
tightly confined dimensions[101-104]. Since our work involves a cigar-shaped, quasi-
one-dimensional BEC, we focus on the dimensional reduction of the GPE from three to
one dimension in the following.

Consider a cigar-shaped condensate where the transverse directions are tightly con-
tined in comparison to the longitudinal direction, i.e. Wy > Wy, Wz > Wy and there-
fore anisotropy follows v, = wy/wy > 1, 7; = w;/wyx > 1. Further, the 3D GPE
can be reduced to 1D GPE by considering V(x,y,z) = V) (x) + %(’y;yz + 92z?), where
V) (x) is the external trap along longitudinal direction. Due to the effect of the strong
transverse confinement, the condensate dynamics along these directions are frozen.

Consequently, the wavefunction can be represented as,

1/4 2 2
¥x2) = 90 L e (- LTS, 149

After integrating out the transverse space variables,(y, z), we obtain the 1D GPE for a
cigar-shaped quasi-1D BEC as,

OY(x,t) [ 102 2

= =632 Vext(x) + Blip(x, £)[7| 9(x, 1), (1.49)
where f = g\/gf?, and the potential Vey: is either bichromatic (1.31) or random disor-
dered potential (1.34).

1.3.1 Spin-orbit coupled binary Bose-Einstein condensates

Since the realization of Bose-Einstein condensation (BEC) in neutral atoms [56, 57],

they have become a fertile ground for exploring light-matter interactions that mani-
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fest in the generation of synthetic gauge fields. The concept of gauge fields arises from
the behaviour of charged particles in the presence of external electromagnetic fields.
In contrast, these fields are engineered in controlled experimental platforms—such as
ultracold atomic systems—to mimic the behavior of charged particles in the absence of
actual electromagnetic fields. Utilizing these, several proposals have been made to cou-
ple the condensate’s atomic momentum with the spin degrees of freedom associated
with the hyperfine states of neutral atoms. These ideas are based on spatially depen-
dent couplings between different hyperfine states, induced by the geometric configu-
ration of laser fields.

Following the proposals, the first experimental realization of a synthetic spin—orbit
(SO) coupled BEC was achieved in 2011 by the NIST! group [105], by coupling two
hyperfine states using coupled Raman lasers with ’Rb condensate. In their tech-
nique, they have generated one-dimensional SO coupling with a combination of equal
Rashba [106] and Dresselhaus [107] types of SO interaction. Subsequently, similar
techniques also have been utilized to induce SO coupling in Fermi gases [108], spin-
1 BECs [109], etc. As our thesis involves the study of SO coupling in localization, we
briefly discuss the synthetic SO-coupled BECs starting from a fundamental description
of SO coupling and gauge field, which is followed by a brief experimental demonstra-

tion of the generation of pseudo spin-1/2 BEC [105].

1.3.1.1 Spin-orbit coupling of an atom

Spin-orbit (SO) coupling in an atom is a purely quantum mechanical phenomenon that
arises when an electron’s spin degrees of freedom couple with its orbital angular mo-
mentum. This interaction plays a central role in various condensed matter phenomena,
such as spintronics, topological insulators, and the spin-Hall effect. SO coupling can be
understood simply by considering a negatively charged electron moving with velocity
v in an electric field E. The motion of the charged particle around the nucleus of the
atom induces an effective magnetic field B.g due to the relativistic Lorentz transfor-
mation of the electric field in electron’s rest frame. The effective magnetic field relies
on the special theory of relativity, where the electric field from one inertial frame can
be seen as the magnetic field in another frame of reference. Consequently, the effective

magnetic field experienced by the electron spin is given by:

v X E
C2

Betf = — , (1.50)

!National Institute of Standards and Technology
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where c is the velocity of light in vacuum. As a result, the coupling of the magnetic
tield with the spin angular momentum of an electron is defined as the Zeeman inter-

action, which leads to the generation of the SO-coupled Hamiltonian of the form:

gsipEo
2mc?

HSO = —Us- Beff = — (k X 0') - Z, (151)

with, electric field as E = EyZ. The Hamiltonian can be modified in terms of
Hso — —0650(1( X 0’) - Z, (152)

gE
where, ago = %

magnetic ratio of the electron and o = {0y, oy, 0} are the Pauli spin matrices. The dif-

with up as the Bohr’s magneton, while gs; denotes the gyro-

ferent momentum vectors with Pauli spin matrices define the combinations for Rashba,

Dresselhaus, or their summation in 2D materials.

1.3.1.2 Different types of spin-orbit couplings

The SO interaction can be distinguished depending on the asymmetry between the
orbital angular momentum and electron spin. In SO coupling, the orbital angular mo-
mentum of the electron gets affected due to the effective magnetic field. The motion
of the charged electron in an electric field possesses the Lorentz force (F = —ep X
B/m), which eventually generates Zeeman energy. The Rashba coupling in SO inter-
action originates due to the lack of inversion symmetry in a 2D material. On the other
hand, the linear Dresselhaus [107] SO coupling originated from the breakdown of the
bulk inversion symmetry of different zinc-blende III-V semiconductor materials. The
Hamiltonian corresponding to the Dresselhaus type SO coupling is proportional to
o« —0Oyky — Oykx.

Therefore, a general Hamiltonian for linear SO coupling in 2D spin-1/2 systems can
be written as,

SPSe)

where the first term is for the kinetic part, the second term is for Rabi coupling, which
originated from the intensity of Raman lasers, the third and fourth terms correspond
to the Rashba and Dresselhaus SO interaction strengths, with Ag and Ap being their
SO coupling strengths. In case of equal Rashba and Dresselhaus coupling strength
(AR = Ap = A), the effective SO coupling term is 2Ak0y.
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Figure 1.14: Spin orientations in (ky,k;) plane associated to different SO coupling. (a) 2D Rashba SO
coupling Ag (kyox — kyx0y) with broken mirror symmetry. (b) 2D Dresselhaus SO coupling Ap (—k,0x —
kxoy) having bulk inversion asymmetry. (c) and (d) depict 1D SO coupling as a consequence of the
equal combination of Rashba and Dresselhaus SO coupling strength (A = Ap = A) corresponding to
—2Aky0y and 2)ky 0y respectively. Here, the arrows are used to show the spin orientation: red for the
up-spin and green for the down-spin. Figure is adapted from Ref. [110].

Both Rashba and Dresselhaus SO coupling lock spin to the linear momentum and
split the spin sub-bands in energy. Such band splitting is also observed in the experi-
ments of the NIST group in the case of pseudospin-1/2 condensates [105].

In Fig. 1.14, we illustrate the Rashba and Dresselhaus configuration in 2D spin-1/2
systems. The red and green color arrows are associated with spin-up and spin-down
components. The Rashba SO coupling [see figure 1.14(a)] results in the momentum-
dependent spin splitting, where the spin orientation depends on the momentum di-
rection. The spin configuration associated with Dresselhaus coupling Ap shows the
bulk inversion asymmetry [Fig. 1.14(b)]. With the linear combination of the Dressel-
haus and Rashba coupling, one can obtain the spin configuration corresponding to the

one-dimensional SO coupling [ see Fig. 1.14(c) and (d)].

1.3.1.3 Theory of gauge field

In quantum mechanical description, if a charged particle with charge g and mass m

undergoes an electromagnetic field, the Hamiltonian of the system can be written in
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terms of a scalar ¢ and a vector potential A as,

1, dAp
H= - (P—12) 449, (154)

where c is the velocity of light in vacuum. Then, the resultant electric and magnetic

fields can be defined as

E=-V¢— %—?, B = —VA. (1.55)

The information of the gauge potential A can give rise to the electric and magnetic
tield for a charged particle. However, the gauge potential A being a vector it constitutes
with three-directional components as A = (Ay, Ay, Az). Now, depending upon its
commutation relationships, the vector potential can be characterized into two different
parts: Abelian, [A;, Aj] = 0, and non-Abelian [A;, Aj] # 0 vector potential, where
L,j=2xY,2z.

Usually, in experiments, the Abelian gauge field is used to generate the synthetic
magnetic fields. In principle, the method used to generate synthetic magnetic fields
for neutral atoms was developed from a fundamental concept of quantum mechanics,
i.e., the Berry phase. With this approach, producing the synthetic magnetic field has
various advantages, like tuning parameters while studying the quantum Hall effect. In
contrast to that, synthetic SO coupling arises from the non-Abelian gauge field in the
case of Bosonic systems. In addition to this, the realization of synthetic SO coupling

also sets the stage for topological insulators.

1.3.1.4 Synthetic one-dimensional spin-orbit coupled Bose-Einstein condensates

In solid-state materials, the intrinsic SO coupling manifests various exotic phenomena
such as spin-Hall effect [111], spintronic devices [112], topological insulators [113, 114]
and quantum simulations [115, 116]. In the case of fermions, the SO coupling arises
from the coupling between the spin of the fermions and orbital angular momentum.
Unlike fermions, in ultracold Bosonic gases, realizing SO coupling is quite challenging
because the neutral atoms do not possess any interaction between spin and momen-
tum. However, researchers from the NIST group in 2011 [105] engineered a synthetic
SO coupled BEC by creating a one-dimensional SO coupling with the superposition
of equal Rashba and Dresselhaus strengths by dressing two atomic hyperfine states
with a pair of lasers. The achievement of synthetic SO coupling in ultracold Bosons is

the first experiment where researchers have achieved the SO coupling using bosonic
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atoms. In their experiment, the SO coupling strength can be controlled by tuning the
laser geometry, which can give rise to a quantum phase transition from spin-mixed to

spin-separated phase.

(a) Y (b)

— e — Yo

‘ sz f_\L.
[0)=]T)
hw, +38/2

|+1)

Figure 1.15: (a) Schematic diagram of the experimental setup [105] for the realization of synthetic SO
coupling when BEC cloud is subjected to a strong magnetic field along z direction and two Raman
Laser beams. (b) Level diagram of F = 1 ground state manifold, which gets Zeeman splitting with a
strong bias magnetic field. Two Raman lasers couple the hyperfine states |1) = |F = 1,mp = 0) and
|[{) = |F =1,mp = —1), differing in energy by hw, . The other hyperfine state |F = 1, mp = +1) is
decoupled by utilizing the quadratic Zeeman effect.

In Fig. 1.15, we show the schematic diagram of the experiment. In their experiment,
they considered ¥Rb atoms with F = 1 ground state manifold, produced in an opti-
cal dipole trap with frequencies (f, fy, fz) = (50,50,140)Hz. A bias magnetic field
By is applied to break the degeneracy of F = 1 manifold due to Zeeman shifts into
|F =1,mp=+41), |[F =1,mp = —1), and |F = 1,mp = 0). These three hyperfine lev-
els of the rubidium atoms can be used as different components of a condensate [see
Fig. 1.15(b)]. These hyperfine states are coupled by introducing a pair of Raman lasers.
Two Raman lasers with a wavelength of A = 804.1nm are positioned perpendicular
to each other, propagating along the directions y + x and y — x, with frequencies wr,
and wr, + Awr, respectively. However, the bias magnetic field induces a Zeeman shift
hwy ~ 4.81MHz between the states |[F = 1,mp = 0), and |F = 1,mp = —1), and this

shift is equal to the frequency difference Awy between the two lasers. In contrast, the
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state |[F = 1,m = 1) is decoupled from the rest of the system due to the large quadratic
Zeeman shift iw, + 36/2. By neglecting this state, the system can be reduced to an ef-
fective spin-1/2 system, with the two remaining states represented as pseudo-spin-up
|1) = |mp = 0) and pseudo-spin-down ||) = |mp = —1). These two states are coupled
with a Raman frequency 7(), which can be controlled by the intensity of the laser.

The Hamiltonian for the SO-coupled BEC is given by

k2 Bk 7O
H —_— 2m + Tkxaz + 70’3{, (1.56)
\/En ; .
where, ki = —— with A as the wavelength of the Raman lasers, m is the mass of

AL
the 8 Rb atoms, (07, oy, ;) are the Pauli matrices spin component, and () is the Rabi

coupling strength between the two dressed states.
The corresponding dimensionless SO coupled GPE for the spin-up (1) and spin-
down (¢, ) states are given by

. 1 :
D01 (5,£) = | =598+ Vot = ki + 91119y )+ 800191 3, O 91, 1) + (),

1
oy (x,t) = [—§3§ + Vext + ikp0x + g1 |90 (x, £) [ + g1y |94 (x, f)lz} u(xf) + Qup(x, t),
(1.57)

where, Vet is the external trapping potential, which we use one-dimensional quasiperi-
odic (1.31) and random disordered potential (1.34) in our work. Here, g4+1, ¢ and
$+1, 8|+ represents the intra- and inter-species interactions, respectively.

The realization of synthetic SO coupling in BECs significantly motivated both the-
oretical and numerical studies onset of localization. In the following, we present a
comprehensive review of the literature on Anderson localization (AL) in BECs, high-
lighting existing gaps that our work aims to address.

1.4 Theoretical advancements on localization in BECs
using the mean-field GP Model

Since the theoretical proposal by Anderson [2], Anderson localization (AL) has in-

spired extensive research across a range of physical systems, including electromagnetic
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waves [10-14], acoustic waves [19], condensed matter systems [4, 7, 8], and very recent
surface gravity waves of water [117]. These realizations highlight the universality of
AL, spanning from microscopic to macroscopic scales. Across these studies, a central
focus has been to understand the role of disorder and interactions onset of localization.
In that context, the observation of AL in ultracold atomic gases using BECs has opened
up new avenues for exploration [20, 21]. For a comprehensive discussion of these ex-
periments, please refer to the section 1.2.5. Following these experiments, researchers
have understood the potential of ultracold systems due to their unprecedented control-
lability of the interaction and potential parameters for investigating localization. These
experimental works also inspired various numerical and theoretical studies incorpo-
rating the mean-field Gross—Pitaevskii (GP) equation, helping to elucidate the roles of

disorder and interactions, a question that remained open for several decades.

The mean field GP model has been extensively employed to investigate AL in BECs,
particularly in presence of quasiperiodic and random speckle potentials. This model
was utilized not only in studying the ground-state properties of the condensate but
also in exploring nonequilibrium dynamics under the influence of disorder and mean-
field atomic interactions. As a result, the literature on localization in BEC is both ex-
tensive and compelling. In this section, we provide a concise overview of the relevant
literature, highlighting the key features and recent advancements. We then outline
the primary motivation and objectives of our thesis, with a focus on various local-
ization—delocalization phases and the associated condensate dynamics. Overall, this
thesis aims to address several questions concerning the interplay of disorder, interac-
tions, and coupling strengths—such as spin-orbit (5O) and Rabi coupling—which may
offer valuable insights for applications in quantum simulation and emerging quantum
technologies.

The first major theoretical breakthrough using the Gross-Pitaevskii (GP) model
came in 2007, when Sanchez-Palencia et al.[23] proposed that an initially confined,
weakly interacting one-dimensional BEC, expanding in the presence of a weak speckle
disorder exhibits AL. They also identified two distinct regimes of localization: expo-
nential and algebraic, depending on the relation between the condensate’s healing
length and the correlation length of the disordered potential, and later extended this
concept to the localization of Bogolyubov quasiparticles in interacting condensates[118].
Around the same time, Shapiro [119] demonstrated that the expansion dynamics of a
two-dimensional interacting condensate trapped in random speckle disorder can be
controlled using a single parameter related to the chemical potential and the time scale

of 2D-GP equation. The theoretical predictions of exponential and algebraic localiza-
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tion were experimentally validated by Billy et al. [21], marking a crucial milestone in
the field.

Subsequent numerical studies further enriched the landscape of localization. For
instance, Adhikari and Salasnich[22] numerically explored the localization of a quasi-
1D BEC trapped in a quasiperiodic potential and further explored the role of repul-
sive interactions towards the destruction of exponential localization. Building on this,
Cheng and Adhikari [120, 121] employed the time-dependent GP equation to study
binary cigar-shaped condensates and revealed the spatial symmetry breaking between
the components induced by the asymmetry between inter- and intra-species interac-
tions. Furthermore, the study of a similar kind of investigation performed for binary
pancake-shaped quasi-2D BEC [122]. Interestingly, in 2D BEC, no symmetry break-
ing was observed between the components, unlike in quasi-1D, due to the enhanced
effect of disorder. In a subsequent work, the asymmetry between quasiperiodic po-
tentials along different axial directions results in the localization of a vortex in a 2D
or 3D condensate [123]. Apart from these studies, in a very recent work, Santos and
Cardoso [124] used a slightly different approach to create asymmetry in a binary con-
densate with one component subjected to a quasiperiodic trap and the other remain-
ing free in space. With this setting, they have reported an induced kind of localization
within the trapless component by tuning a Rabi-like coupling parameter that couples
the two components.

Parallel to these developments with quasiperiodic disorder, random speckle dis-
order also drew significant interest, particularly after Clément et al. [125, 87] reported
the subduing of transport and disorder-induced trapping of quasi-1D and 3D interact-
ing BECs. Within the GP framework, Cheng and Adhikari [126] further demonstrated
Anderson-like localization of weakly interacting cigar-shaped BECs in a random disor-
dered potential and its fragmentation under strong repulsion. Xi et al. [127] extended
this idea to a quasi-1D binary condensate trapped in a similar random environment
and found that the emergence of phase separation between components crucially de-
pends on the interplay between disorder and interaction strength—a phenomenon that
is usually absent in regular harmonic traps.

Despite the comprehensive studies on scalar and binary BECs having substantially
advanced the understanding of localization, the recent experimental realization of syn-
thetic SO-coupled BECs [105] has added a compelling new dimension to this field. The
interplay between Rabi coupling, SO interaction, and spin-dependent nonlinearities
introduces a complex and rich framework, making these systems particularly intrigu-

ing for further exploration. Nevertheless, only a handful of numerical studies have
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examined localization in SO-coupled BECs subjected to quasiperiodic [24, 128, 129]
and random [130] disorder. Typically, disorder potentials play a crucial role in local-
izing a condensate. Conversely, in spinor BECs, a similar localization effect can be
achieved solely through the SO and Rabi couplings, even without modifying the dis-
order strength. Interestingly, the couplings drive a phase transition from a plane-wave
to a density-modulated stripe phase for regular harmonic traps, which significantly
changes in the presence of disorder. This distinctive tunability has motivated growing

interest in using spinor BECs to probe disorder-induced phenomena.

Beyond these coupling effects, different types of atomic interactions also play a
significant role in steering the system between localized and delocalized phases. For
example, Muruganandam ef al.[131] investigated the localization of a dipolar BEC in a
weak quasiperiodic potential, highlighting how long-range dipolar interactions influ-
ence localization within the 3D GP framework. Another fascinating avenue involves
spatially inhomogeneous interactions, inspired by the optical Feshbach resonance tech-
nique, which was discussed in Section 1.2.3.2. Unlike homogeneous repulsive interac-
tions, which tend to delocalize the condensate, spatial inhomogeneity can mimic the
optical dipole potentials ( including quasi-periodic optical lattices, random disordered
potentials), which enables both localization and delocalization depending on the inter-
actions [132, 133].

In addition to examining the behavior of the stationary ground state, condensate
dynamics also captured significant attention due to the nonlinear behavior of GP mod-
els. To explore the condensate dynamics, various mechanisms have been utilized to
perturb the ground state of the system like, releasing the BECs from the confining
trap [23, 25], giving momentum to the condensate [26], performing a quenching in
coupling parameters [27, 28] or interaction parameters [29] and also by time dependent
driving [134, 135] act as a perturbation to the ground state of a condensate. However,
from the experimental perspective, releasing a condensate from a trap under the influ-
ence of gravity is a very common technique which is known as time-of-flight technique
to study the time evolution of the condensate. Utilizing this method, several experi-
ments have demonstrated the effect of random disordered potential towards suppress-
ing the expansion of a condensate [125, 136-138]. In contrast to that, Doggen and Kin-
nunen in their theoretical investigation reported the transition from a localized state to
a delocalized state by quenching the nonlinearity from a finite value to zero — which
demonstrates the sensitivity of localized states to the non-adiabatic changes of interac-
tions [139]. During the localization to delocalization phase transition, a wealth of novel

phases have also been explored, including superfluid, Bose glass phases, etc. On a sim-
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ilar line, Damski et al. [140] theoretically showed the dynamical phase transition from
a superfluid to a Bose glass phase for interacting BECs trapped in a 2D speckle po-
tential. In case of non-equilibrium dynamics, the competition between interaction and
disorder also induced chaotic dynamics through perturbing the condensate by differ-
ent means [141-145]. For instance, Brezinova et al. [30] numerically demonstrated that
an expanding BEC can exhibit chaotic dynamics while transferring from a harmonic to
either periodic or aperiodic (including quasiperiodic or random disordered trap) while
the disorder strength is raised above the threshold value. Based on the chaotic dynam-
ics, distinguishing the localized and delocalized condensates remains challenging. The
non-equilibrium dynamics related to localized and delocalized phases of a condensate
to characterize them is one of the questions that we are going to address in this the-
sis. Apart from the perturbation dynamics of the condensates, several works have
reported the complex dynamics of the SO and Rabi coupled condensate trapped in a
random disordered potential [146-148]. In contrast, time dependent driving in BECs
also facilitates many fascinating effects like momentum space Anderson localization
driven by quantum kicked rotor [149-152], time periodic driving of Rabi field act as
a ‘switch” to mimic one component into the other by exchanging their populations
in a binary configuration of BECs [153, 135] etc. Additionally, in the high frequency
limit, the time-periodic Rabi field is also utilized to tune the SO coupling in experi-
ments [134, 154].

With recent advancements in the localization of BECs, various aspects of Ander-
son localization (AL) have become clearer, particularly the role of interactions and
disorder—long-standing challenges in the field—as well as the related condensate dy-
namics influenced by disorder. Since disorder is ubiquitous in physical systems, the
study of disorder and AL continues to evolve in diverse directions. For example,
recent investigations have explored AL in macroscopic systems like surface gravity
waves [117], whereas at the microscopic level, localization of binary mixtures under
beyond mean-field quantum and thermal corrections was studied [155]. However,
several important questions remain less explored, such as distinguishing localization
from delocalization through the study of non-equilibrium condensate dynamics. We
believe that distinguishing the localization-delocalization phases using the dynamical
approach provides a valuable tool for experiments, especially with speckle potentials,
where characterizing delocalized phases is difficult from localized phases. In contrast
to the dynamical studies, SO-coupled BECs have not been studied in a comprehensive
manner with different interactions and coupling parameters, regardless of quasiperi-

odic or random disorder. As a result, this thesis comprises a series of works focused
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on understanding different localization-delocalization phase transition and their asso-

ciated non-equilibrium dynamics in scalar as well as SO-coupled BECs.

1.5 OQutline of the thesis

The outline of the following chapters is as follows :

In Chapter 2, we present the numerical scheme used to solve the GP equations for
both scalar and SO coupled BECs. We begin by outlining the split-step Crank-Nicolson
(CN) method, applied to solve the time-dependent SO coupled binary GPEs. This is
followed by a discussion of the imaginary-time propagation and real-time propagation
methods to obtain ground states and associated condensate dynamics. Further, we
extend the discussion to the quasi-1D scalar GP equation. Finally, the chapter ends
with an example demonstrating the convergence of the ground state.

In Chapter 3, as a part of the first problem, we have analyzed the effect of inter-
action on ground state and dynamics of a scalar BEC trapped in a one-dimensional
quasiperiodic and random disordered potential. First, we have explored the role of
increasing interaction on the ground state localized under both types of potential. Af-
ter obtaining the ground state, we perform an interaction quench- suddenly switch-
ing off the interaction strength to zero from its initial value to investigate the out-
of-equilibrium dynamics and have established that the time correlation of the wave
function exhibits periodic nature for the interaction at which condensate exhibits local-
ization and chaotic nature at the interaction for which condensate is delocalized. This
quench-induced evolution reveals a transition from regular to chaotic dynamics as the
quenching interaction strength increases. Finally, we have concluded the chapter by
comparing the results from both quasiperiodic and random disordered potentials.

In Chapter 4, as the second problem, we analyze the rentrant nature of the localiza-
tion of the SO and Rabi coupled pseudospin-1/2 binary BEC confined in a quasiperi-
odic potential in presence of the inhomogenous interaction. The combined effect of in-
teraction and spin-dependent couplings results in a very intriguing localization-delocalization
phase transition of the condensate. We have further employed the Gaussian variational
approach to complement our numerical findings. Finally, we show the manifestation of
the localization-delocalization dynamical transition of the condensate as the dynamics
is generated through the velocity perturbations and trap quenching techniques.

In Chapter 5, we extend our analysis to explore various localization—delocalization

transition by considering the confinement of the spinor BEC a random disordered po-
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tential. Here we present a comprehensive study of how disorder, spin-orbit (SO) cou-
pling, and Rabi coupling influence the ground-state properties. Our results reveal dis-
tinct spin-dependent Anderson-like localization phases arising from the interplay of
disorder and SO coupling. Additionally, we investigate the impact of interactions with
broken Manakov symmetry on these spin-dependent phases, highlighting their role in
shaping the condensate’s spatial and spin structure.

Following the analysis of spin-symmetric spinor condensates under quasiperiodic
and random potentials in the previous two chapters, Chapter 6 presents the final prob-
lem of this thesis, where we investigate the ground state and dynamics of a spin-
asymmetric Rabi-coupled condensate where we report the presence of Rabi-coupling
induced localization and dynamically induced delocalization of the condensate. The
asymmetry is introduced by trapping only one component under a quasiperiodic po-
tential, while keeping the other component free. We analyze how Rabi coupling in-
duces localization by facilitating population exchange between components, both in
non-interacting and interacting regimes. Additionally, we study the condensate dy-
namics under periodic modulation of the Rabi frequency, revealing distinct frequency-
dependent delocalization patterns that persist even in the presence of interactions.

In Chapter 7, we discuss the summary and conclusion of our thesis work based
on different Anderson-like localization-delocalization phases and non-equilibrium dy-
namics of BECs. Finally, the chapter ends with a discussion of the possible future scope

of this thesis work.
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Chapter 2

Numerical simulation method to solve
the mean-field dynamical equation of

Anderson localization

In this chapter, we outline the numerical scheme employed to solve the quasi-1D scalar
and SO-coupled GP equations. Due to the nonlinear nature of the GP equation, various
numerical techniques have been developed to obtain converged ground states and the
dynamics of BECs. In our thesis work, we mainly adopt the split-step Crank-Nicolson
(CN) algorithm for numerical simulations. The structure of the chapter is as follows.
We begin with a detailed description of the split-step Crank-Nicolson method used to
solve the time-dependent GPE for both scalar and SO coupled BECs. We then discuss
the imaginary and real-time propagation schemes employed to obtain the ground state
and study the dynamics of the condensate. Finally, we present an example to show the

convergence of the ground state of the condensate.

2.1 Split-step Crank-Nicolson scheme

Crank-Nicolson (CN) method serves as a robust implicit scheme, known for its uncon-
ditional stability even for solving nonlinear equations. It offers significant advantages
due to its split-step technique, where the derivative terms (kinetic and SO coupling)
and the non-derivative terms (potential, nonlinearity, and Rabi coupling) are handled
separately, enhancing both stability and accuracy. Additionally, time-splitting further
improves the method’s efficiency in treating nonlinear contributions [156]. To keep this

chapter self-contained, we first present the split-step technique applied to SO-coupled
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GPEs, followed by a brief illustration of the same for scalar BECs. We then outline the
imaginary and real-time propagation schemes used to compute the ground state and

the condensate dynamics, respectively.

The time-dependent SO and Rabi coupled GPEs with external potential Ve in the
dimensionless form ( Eq. (1.57) from Chapter 1) is given by the following set of equa-

tions:
. 1 :
D01 (x,1) = | 598 = 3 Voot + 91103+ 001935, O] 1)+ (),

(2.1a)

1
D0 5,£) = | 598+ BB Vo + 81103+ 10l )] 1)+ Q).
(2.1b)

To solve the above set of equations using the split-step Crank-Nicolson (CN) scheme,
the equations are decomposed into two parts: the derivative and non-derivative com-
ponents. The derivative part includes the kinetic energy term (first term) and the spin-
orbit (SO) coupling term (second term), while the remaining terms—such as the ex-
ternal potential, nonlinear interaction terms, and Rabi coupling—are treated as the
non-derivative part. The solution procedure begins with the numerical integration of
the non-derivative part, using an initial guess for the stationary condensate wavefunc-
tions 4 (}). In our case, a Gaussian profile is used as the initial ansatz, although other
functional forms, such as a Thomas—Fermi profile, may also be employed. This initial
input is then evolved under the non-derivative part, producing an intermediate solu-
tion that incorporates the effects of the potential, nonlinear interactions, and Rabi cou-
pling. This intermediate solution is subsequently used as an input for the integration
of the derivative part. For this step, we apply a centered difference scheme in space
with a discretization step Ax, and employ a semi-implicit time-splitting approach to
ensure improved numerical stability and accuracy [157-159, 156]. The time evolution
continues until a converged ground state is reached. Convergence is typically assessed
through the stability of physical observables such as normalization, chemical potential,

and the condensate wavefunction profile over successive iterations.

To facilitate convergence to the ground state, we employ the imaginary time propa-
gation method, a commonly used technique that will be discussed later in this section.
An additional advantage of the semi-implicit CN scheme is its preservation of nor-

malization throughout the evolution, reflecting the conservation of atom number in a
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condensate. Furthermore, the time-splitting error is of order At?, leading to improved
accuracy and faster convergence [156]. For clarity, the algorithm is summarized in the
following flowchart, followed by a step-by-step description of the CN method imple-

mentation.

This imaginary time iteration repeats until
convergence

: :
" "
. wavefunction .
: e Wt = Ocn(H)Ong(H, 9
(] ]

Vi

o — Y1) = Waround

Figure 2.1: Illustration of the split step CN method to solve time dependent GPEs using imaginary time
propagation method.

Using the Crank—-Nicolson scheme, the equations in (2.1) are splitted into two com-

ponents: a derivative part and a non-derivative part, as follows:

0¥

i=- = [Ha+ Hna] ¥, (2.2)

where, Hy and H,,q represent the derivative and non-derivative part of the Hamilto-
nian operator, respectively and ¥ = (¢4, ¢, ) " with T is the transposition.

As a result of this non-derivative and derivative parts of Eq. (2.1a)) can be written
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in the more explicit form, respectively, as given below:

oy

i = [Vext + 8111912+ 811191 12] 91+ O, = Hymwpr + Himpy,  (232)
Opr 1Py Py

W — —E axz - lkL ax = HT’BwT, (23b)

with the Hamiltonian Hy a1, Hy a2, Hy g is given by,

Hyan = Ve + grlor P+ gulos?|,  Hpa=0 (2:4a)
LR 1440
HT’B = _EW =1 La. (24:b)

Similarly, Eq. (2.1b) can be expressed in the derivative and non-derivative form of the

Hamiltonian, respectively, as given below:

0P

18_: = [Vext +g¢¢|¢’¢|2 +gH|¢T|Z] P+ Q= H g1, + H) a0y,  (2.5a)
Oy, 107y . Y

9r T T2 gy = Hiusty (2.5b)

with the Hamiltonian H| 41, H| 2, H p is given by,

Hja = [Vext + gyl +8m|l/)¢!2} ,  Hyoap=0Q (2.6a)
192 . 9
HLB = _EW — 1 La. (26b)

To perform the time evolution of the wavefunction, we begin by discretizing the total
time interval into N; time steps, with time step At. Starting from the initial time £,
the wavefunction is first evolved by numerically integrating the non-derivative part of
the Hamiltonian, yielding an intermediate solution at time fy 4 At. This intermediate
wavefunction then serves as the initial condition for integrating the derivative part of
the Hamiltonian, resulting in the final wavefunction at ¢y + At. After detailing the CN
scheme employed for this time evolution, we proceed to describe the real-time and
imaginary-time propagation methods used to investigate the dynamics and obtain the

ground state of the condensate, respectively.
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2.1.1 Real-time propagation

In real-time propagation, we first solve Eq.(2.3a) and (2.5a) by choosing an initial Gaus-
sian wavefunction as {4 (x, t) = ¢ (x,t) = exp(—x>/2)/+/7, at a time #; to obtain
the intermediate solution at t = to + At. However, initially we consider the out-of-
phase initial condition among the trial wavepacket: {4(x,t) = —|(x,t). Then the
intermediate solution is used as initial value to solve Eq. (2.3b), and (2.5b) yielding
the final solution at t = to + At as 4 (x, tg + At), and ¢ (x, tg + At), respectively. This
process is repeated up to the desired time with time step At.

Assume at time t, = nAt the condensate wavefunctions (zp?, ') advanced with a
time step At by integrating the non-derivative part of Hamiltonian (Eq. 2.4b, and 2.6a)
to generate the intermediate solution (1/#“/ 2, 1/J1l+1/ 2). Therefore, the advancement in
the wave function is carried out for small At without discretizing the wavefunction in

space as given by

.0
i ¥ = 0,0(M)¥, 2.7)
with
Hy a1 Hyp a2
M= AT 2.8)
H o> H| a1

where ¥ = (¢4, )7, O,4(M) is the time-evolution operation with the matrix M . The
matrix elements are given in Eq. (2.4) and Eq. (2.6). Here, the subscript 'nd” stands for
the non-derivative part of the operator.

As the matrix M contains the diagonal and off-diagonal terms, therefore, we treat
them separately to solve the equation (2.7). Hence, the matrix can be written as,

Hya O 0  Hpa
M = + = Mdiag + Mofffdiag (2.9)
0 H\I//Al H$,A2 0

Here, the diagonal matrix Mgj,g can be handled with the usual time propagation
method like first order ODEs [104, 98, 99, 156, 160],

.0
i P2 = (Maiag) ¥, (2.10)
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w?*l/z B exp (—iAtHy 1) 0 ]

s = (2.11)
lpz 0 exp (—iAtH¢’A1) lpf

To diagonalize the off-diagonal matrix Mo giag terms, one needs to do an unitary
transformation in order to transform the off-diagonal matrix into a diagonal matrix [160,

161]. However, to do so, we choose an unitary operator as,

127 1A2 1 1
A= MR N = . (2.12)
197 —ldd T L

Next, using the A and A~! matrices, our original off-diagonal matrix can be written as
Mott—diag = APA~1, where the matrix P can be defined as a diagonal matrix in terms
of O,

QO o0
pP= . (2.13)
0 -0

Following this transformation, the Eq.(2.7) can be written for the M qiag matrix as,

d

ig‘ImH/z = (Mogs—diag) ¥", (2.14)
i%‘l’”“/z — (APA"H)Y", (2.15)

Therefore, after performing the matrix operations on ¥" explicitly. Finally, the form of

the transformed wavefunctions can be written as,

lp¥+l/2 cos(QAt) —isil’l(QAt) IIJ? ( )
5 _ 2.16
lPIH/Z —isin(QAt)  cos(QAt) 7

Consequently, the series of operations using (2.11) and (2.16) will result in propa-
gating the wavefunctions (1/#, 1p$) over a time step t, + At, including the nonlinearity,
external potential and Rabi-coupling. However, there are other techniques to incorpo-
rate the off-diagonal Rabi and diagonal terms, which can be found in Ref. [162]

Next, we use the semi-implicit Crank-Nicolson method for the time propagation of
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the derivative operators H; g Eq. (2.4b) and Eq. (2.6b), with j = {1, |}

prt gtz
j j L (gl g2
= CHjp (1[7] + 1 ) . 2.17)

The formal solution to (2.17) is

1— %AtHj,B/z P12, (2.18)
1+iAtH; /27

Yt = Ocn(Hp) gt =
which combine with equation (2.7) provides
¥ = Ocn(Hjp) Ona(M)Y", (2.19)

where j =1, |, Ocy represents the time-evolution operation with H; g and suffix ‘CN’
indicates the Crank-Nicolson algorithm. Operation Ocy is used to propagate the in-

n+1

termediate solution lp”H/ 2 by the time step At to generate the solution P at the next

time step t,11 = (n+ 1)At

The numerical integration of the derivative parts (2.3b) and (2.5b) are performed with
semi-implicit Crank-Nicolson scheme [157, 163]. Using the semi-implicit CN scheme,
the equations (2.3b) and (2.5b) can be mapped onto N, one-dimensional spatial grids
along x. The discretization of those equations along the spatial grid point x is as fol-
lows [157-160, 156]:

<¢n+1 ¢n+1/2)

w2 ) + (o 20 e )]
e+ (e wen)]. e

<¢n+1 lpn—l—l/Z) ) S— o) o
At 4h2 [(lpijf_ﬂ ~ 2% +‘/J¢}'—1> a <‘P¢I+/1 — 2y 2 gt >]
P e s (e -eed)], e
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and rewrite as

ll)nJrl ¢n+1/2 ﬁ; [(lpﬁ}a_z‘/}nﬂ ﬁ%) ( ﬁﬂz 21Pn+1/2 l/’?t{z)}
SR (vt o) + (e - e )]. e2)
l/)n+1 ¢n+1/2 ﬁé [(%EA_ZWH ﬁ11> (ﬁiéz 21/J”+1/2+1Pf,i{2)}
P [ et + (e -eR), e

where ¢ = ¢+ (x, tn) and ¢, = 9 (xk, tn) represent the up and down components
of the condensate, respectively, at spatial point x; and at time ¢,,. For the discretization
along x, we choose xy = —Nyhy/2 + khy, k = 0,1,2,..., N, where Ny is the total
number of grids in the x-direction and h is the spatial step. The above equations are
essentially a set of algebraic equations of lpﬁil, l[J?jc'l, l[Jﬁil, lpfk’il, l/Jch_l and 1/]?,:1 1

time t,,1, which are solved using the closed boundary conditions. After rearranging
the algebraic equations originating from [Eq.( 2.22)- (2.23)] can written explicitly in a

tri-diagonal matrix form [156, 160, 161],

Ar ‘/#,Jkrll ‘/’nJrl Al_cF lp?,ﬁl = by, (2.24a)
— 1 1 1
D93ty + DRt + Dyl = di, (2.24b)

where AY = DY = 1+iAt/(2h2), A" = D; = ki At/ (4hy) —iAt/(4h3), and A, =
D = —kp At/ (4hy) — 1At/ (4h%) and

iAt 1/2 12 1/2 kLAt 1/2 1/2 1/2
b= gy (V7 — 200502 o) = (v — 9Ril) + i @25

)
At (12 +1/2 | gn+1/2 kLAt +1/2 +1/2 +1/2
d = 412 <‘/)1l,k+1 ‘/]n %k 1 ) (‘/’Zkﬂ T lpz,k—l ) 'vbn :
X
(2.25b)

All quantities in by and dy are referred to the time step t, 1,5, which are known from
the evolution using the non-derivative part of the Hamiltonian. The unknowns in
Eq. (2.23) are the quantities like w?jkril, gb?jkrl, szIil and 1/7”+1 at time step t, 11 which
can be obtained by term using the forward recursion relation given by

Pl = apyl o+ Bk (2.26)
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where, j = {1,/}, and Xk, 5j,k are the coefficients that needs to be calculated. Substi-
tuting equation (2.26) in the equation (2.23) yields the solution given by,

P = v (A I + A By — bi), (2.27a)
V’ﬁf = 7,k(Dy ’Pﬁ,ﬁl + D By i — dr), (2.27b)
with
Tre1 = =1/(A} + Afayr), (2.284)
Yik1 = —1/(D} + Dy a ), (2.28b)
rj-1 = TrkAr, Breo1 = 1A Brk — be) (2.29a)
a1 =TkA Brk-1 =YD Bk — di)- (2.29b)

By applying the recursion relations (2.27), (2.28), and (2.29), we compute the coeffi-
cients a;; and By, where the index k runs from Ny — 2 down to 0. The initial values
aresetasay,—1 =0and BN, 1 = l/J]n;\_]j Once the coefficients «;, B, and 7 are ob-
tained, the solution is constructed using the relation (2.26) across the spatial domain,
progressing from 0 to Ny — 1, while enforcing closed boundary conditions [156]. In
particular, the wavefunction at the first spatial grid point is known from the boundary

condition: g ! = 0, and it also vanishes at the final lattice point.

For direct real-time propagation, the initial wavefunction at t = 0 is typically se-
lected as the analytically known ground state of the harmonic potential in the absence
of interactions, i.e., with g4 ) = g1, (y1) = 0. As time evolves, the interaction strength
is gradually increased at a very slow (adiabatic) rate until the desired nonlinearity is
reached. Alternatively, for more complex potential landscapes or to achieve faster con-
vergence, it is often advantageous to first obtain the ground state via imaginary-time
propagation. The resulting converged wavefunction can then be used as the initial

condition for real-time propagation to study the system’s dynamical behavior.

In our work, to investigate the dynamical behavior of the condensate, we imple-
ment interaction quenching in a scalar Bose—-Einstein condensate (BEC) after obtaining
the interacting ground state. Furthermore, to examine the stability of both localized
and delocalized condensate states, a velocity perturbation is introduced by imparting

equal and opposite velocities to the spin-up and spin-down components of the con-
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densate.

2.1.2 Imaginary-time propagation

The imaginary-time propagation method is employed to obtain a converged ground-
state solution of the Gross-Pitaevskii equations (GPEs). In this approach, the real
time t in the GPE is replaced with an imaginary time by the transformation t —
—it, and At — —iAt. This substitution modifies the wavefunctions from ;(x,t) =
¥io0(x) exp(—iEot) to 9;0(x) exp(—Eot), resulting in exponential damping that drives
the system towards the lowest-energy state [156]. This technique effectively filters out
excited states, making it particularly suitable for identifying the ground state when
the solution is unknown. For instance, in the presence of a disordered potential, the
shape and position of the Bose-Einstein condensate (BEC) ground state are typically
unknown. In such cases, imaginary-time propagation proves to be a powerful and

reliable tool for accurately determining the ground state.

By changing the time into imaginary-time (f — —it), the dynamical equations
Eq. (2.7), (2.10), (2.11), and (2.16) can be modified as follows,

d

==, 7" = 0u(M)¥", (2.30)
dams "
=5 V2 = (Maiag) ¥, (2.31)
l[J?H/Z B exp(—AtHy a1) 0 Uk
¢n+1/2 N 0 exp(—A ]’ 23
| p(—AtH 1) ) \¥]
and
it/ cos(—iQAt)  —isin(—iQAt)\ [y} 2.3
g2 )\ —isin(—i0At)  cos(—i0ar) | \yr ) '

Subsequently, the equations (2.3b) and (2.5b) can be discretized similarly to real-
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time propagation.

opy 1%y 9 _
Tt T 2 Mgy = Hhevr (239
oy _ 1% L 0Py

After obtaining the ground state of the condensate, the converged wavefunction can
be utilized to investigate the non-equilibrium dynamics through real-time propaga-
tion. During imaginary-time propagation, the energy of the system decreases expo-
nentially, which in turn causes the total number of atoms to decay over time iterations.
To prevent this loss of the total number of atoms, one needs to normalize the con-
densate wavefunctions at each iteration while doing imaginary-time propagation. The

normalization condition is given by

L
|, 191 P + @) Pax = N, (2.36)

where the spatial domain is discretized over the system size x € [—L,L], with L =
(Ny/2)hy. In our work, we choose the total number of atoms to be normalized at
N=1.

2.1.2.1 Extension of semi-implicit CN method for scalar GP equation

As our study involves the localization of quasi-1D scaler BEC, we extend very briefly

of the aforementioned Crank-Nicolson method for 1D scaler GP equation. Therefore,

the scaler GP dynamical equation (Eq. (1.49) from chapter 1) can be defined as,
op(x,t) 1 92

V) | V() + 89 )| 9 1) 237)

Here, the non-derivative and derivative part contains Hyq = Vext(x) + g|9(x, t) ]2, and
_ 1 92 . . . . .
Hy = —357, respectively. Next, the non-derivative part can be numerically integrated

using

"2 = exp(—iHngAt) ", (2.38)
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and the derivative part can be written as,

l/JHH ‘/JHH/Z 1 n+1 n+1/2
=_H + 2.
—iAt 2 d (l[) ¥ ) ’ (2:39)

where the terms can be written explicitly as,

(o e
_ 1 +1 +1 +1/2 +1/2 +1/2
- =g (W =20 )+ (W2 - 22 )|

(2.40)

The CN coefficients can be calculated using a similar recursion relation (2.27) as the SO

coupled GPEs. Finally, the time-propagated wavefunction can be written as,

"t = Ocn(Ha) Opa(Hna ) 9" (2.41)

For the imaginary-time propagation, we use a similar transformation as t — —it, and

At — —iAt with the normalization condition,
L
/ I9(x)|2dx = 1. (2.42)
-L

2.1.3 Convergence of ground state

dx dt U Xrms

0.1 0.01 | —1.526689 | 0.50996
0.08 | 0.005 | —1.526689 | 0.50814
0.06 | 0.001 | —1.522443 | 0.50669
0.05 | 0.0005 | —1.522294 | 0.50647
0.025 | 0.0001 | —1.522296 | 0.50623
0.01 | 0.0001 | —1.522299 | 0.50619

Table 2.1: Demonstration of convergence of simulation runs for different dx and dt for localized phase of
a condensate. The imaginary-time scheme has been used to obtain the SO-coupled localized condensate
with parameters (3 = 1.0,k; = 1. Here, we have used the external potential as a 1D-quasiperiodic
potential of the form, Vext(x) = —Vj cos(kyx) — Vo cos(kpx), where Vi = 1.0, Vo = 0.5,k1 = 2.0,k =
V5 + 1. The chemical potential (¢) and rms size of condensate (x;ms) show convergence upto four
decimal places upon decreasing the dx < 0.05.

To demonstrate the effectiveness of the split-step Crank-Nicolson (CN) method em-
ploying both imaginary- and real-time propagation for determining the ground state

and dynamics of the condensate, in this section we present an example focused on
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the convergence of the ground state. This example explores how different spatial and
temporal step sizes affect the results. Convergence is evaluated primarily through the
chemical potential u and the root-mean-square (rms) size xyms of the condensate

First, we consider the localized SO and Rabi coupled condensate confined in a

quasiperiodic potential of the form, Vext(x) = —Vj cos(k1x) — V; cos(kax), where V; =
1.0,V, = 05,k = 2.0,k = v/5+ 1 and other parameters (3 = 1.0,k; = 1.0. We
choose a Gaussian profile with an antisymmetric initial condition as ¢4 (x) = —¢, to

obtain the ground state. By using the imaginary-time propagation scheme, we use
different values of spatial (dx) and time steps (dt) as described in Table 2.1 to test the
convergence of the ground state. Here, the values of dx and dt have been followed the
Courant-Friedrichs-Lewy (CFL) condition ( dt/dx?* < 1).

0.0 ‘8@'2 0.8 0%%’2 0.12

--e-- Fourier-Spectral
Crank-Nicholson

(c)

‘9-0-0:-90:0:090-0:0-0-9-0:0-9-0-0

0 20 100
U

--e-- Fourier-Spectral

Crank-Nicholson

(d)

'0.0-9-0:00:9:0-0-9-0-0-9-0-0-0-

25 0 o0 100

x X t

Figure 2.2: Spatio-temporal evolution of (a) localized and (b) delocalized condensate at k;, = 1.0,() =1,
and k; = 0.6,Q) = 1, respectively. The temporal evolution of (c) chemical potential (1) and (d) rms
size (xrms) of the localized condensate. The temporal evolution shows the convergence of the localized
ground state.

We find that for dx < 0.05, the chemical potential # and the root-mean-square (rms)
size (Xrms) of the condensate remain unchanged. Following this convergence, for most
of our simulation runs presented in the paper, we choose the spatial step (dx = 0.025)
and time step (dt = 0.0001) for the Imaginary as well as real-time propagation.

In Fig. 2.2, we present the spatio-temporal evolution of the condensate density for
both localized (Fig. 2.2(a)) and delocalized states (Fig. 2.2(b)). Additionally, we also
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compare the time evolution of the y, and x;ms showing the convergence with time.
Also, we compare our results with split-step Fourier spectral method [161]. The corre-
sponding spatio-temporal evolution of the localized condensate density (in (a)) shows

stability with time. Similarly, the delocalized condensate also remains stable with time.

2.2 Summary and Conclusion

In this chapter, we have discussed the numerical technique employed to solve the di-
mensionless one-dimensional SO- and Rabi-coupled GPEs, as well as the scalar GPE.
A brief overview of the split-step Crank—Nicolson (CN) method has been provided,
outlining the steps involved in obtaining the ground state via imaginary-time propaga-
tion and studying the dynamics through real-time propagation. Additionally, we have
presented an example showcasing the grid independence and convergence of ground

states across different phases of the condensate confined in a quasiperiodic trap.
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Chapter 3

Quench induced chaotic dynamics of

Anderson localized interacting

Bose-Einstein condensates

In this chapter, we present the effect of interactions on ground-state localization and
corresponding dynamics of scalar BECs confined in one-dimensional quasiperiodic
and random disordered potentials. The increase in atomic interaction leads to delocal-
ization of the exponentially localized condensate, as the interaction increases beyond a
threshold value. We inspect the localized and delocalized states by perturbing the sys-
tem via quenching the interaction strength instantaneously to zero and studying the
dynamics of the condensate, which we further corroborate using the out-of-time-order
correlator. The temporal behaviour of the time correlator displays regular dynamics
for the localized state, while it shows temporal chaos for the delocalized state. We
confirm this dynamical behaviour by analyzing the power spectral density of the time
correlator. We further identify that the condensate admits a quasiperiodic route to
chaotic dynamics for both potentials. Through this, we establish the strong connection

between the spatially delocalized state of the condensate and its temporal chaos.

The Chapter is organized as follows. First we present a very brief introduction
including the motivation of the work presented in this Chapter. Further, we provide
the details of different quantities like time correlator function, Lyapunov exponent,
etc., which are especially used to characterize the dynamical behaviour of the localized
and delocalized states. Following this, we present a detailed numerical simulation
results based on the mean-field Gross-Pitaevskii model. The work presented in the
Chapter is published in Physical Review A [164].
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3.1 Introduction

The introduction related to Anderson Localization (AL) in Bose-Einstein condensates
(BECs) has been extensively discussed in Chapter 1. However, to make this chapter
self-contained, in this section, we provide a brief overview that emphasizes the role
of mean-field interactions on localized condensates and associated dynamics of the
condensates. After realizing the AL in ultracold atomic BECs in quasiperiodic [165],
and random [21] disordered potentials, this topic has motivated various theoretical
and numerical works to understand the effect of atomic interactions and disorder in
presence of quasiperiodic [22, 166, 120, 167-170, 128, 171] and random speckle poten-
tial [172, 126, 173, 174, 130]. Overall, it has been reported that the interaction leads to
the destruction of the exponential localization of a condensate, whereas the disorder
tries to localize it. In this context, the experimental work in Ref. [175] showed the de-
struction of localization due to the effect of interactions in BECs. Few other works also
examined the subdiffusive nature of the delocalized state [176, 25, 175]. Subsequently,
in 3D disordered potential, Cherroret et al. [177] demonstrated that even weak inter-
actions among particles can disrupt the transition from the subdiffusive regime to the

transport inhibited regime, which is known as the Anderson transition.

On the other hand, considerable attention has been paid to understanding the out-
of-equilibrium dynamics of matter waves. Several studies have been conducted asso-
ciated with the dynamics of a BEC released from an external trap in different scenarios.
For instance, Doggen and Kinnunen reported the transition from the localized to the
delocalized state by quenching the nonlinearity from a finite value to zero [139]. Ef-
forts have also been made to understand the dynamics of the localized BEC trapped in
disordered optical lattices. In this context, several wealth of novel scenarios has been
explored for both interacting and non-interacting condensates trapped in disordered
potentials. Like, Damski et al. [140] reported the dynamical phase transition from a
superfluid to Bose-glass for interacting condensates trapped under a 2D speckle po-
tential. Sanchez-Palencia et al.[23] showed the existence of AL in the case of an ex-
panding condensate in the presence of a random speckle potential. Their study further
revealed two different regimes of localization: exponential and algebraic, depending
on the relation between the condensate’s healing length and the correlation length of
the disordered potential. Subsequently, they have extended it for quasiparticles for
interacting condensates[118]. At that same time, Shapiro [119] analyzed the similar
expansion dynamics of a two-dimensional interacting condensate trapped in random

speckle disorder. He showed the advantage of controlling the dynamics using the
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chemical potential and time scale of the GP equation.

The dynamical evolution of Bose-Einstein condensates (BECs) also unveiled a strong
connection between chaos and the interplay of interactions and disorder in the sys-
tem [30, 141-143]. Brezinova et al. [30] demonstrated that, in time-of-flight experi-
ments, the expansion dynamics of a BEC exposed to periodic or aperiodic potentials
(such as quasiperiodic, random disorder) can exhibit chaotic behaviour once the dis-
order strength exceeds a critical threshold. In this work, we also aim to demonstrate
a similar chaotic nature of the condensate by suddenly quenching the nonlinearity of
the condensate to zero. The out-of-equilibrium dynamics is primarily generated in
such systems by releasing the BECs from the trap [23, 175], by performing a partial
quenching [27] of interactions [29]. However, in the case of random potential where
the localization state contains more complex phases, like the Bose-glass phase, the Lif-
shitz phase, etc., distinguishing the localized to delocalized phase transition is more

challenging, and to the best of our knowledge, it has not been done comprehensively.

In this work, we use a slightly different protocol to analyze the localized and de-
localized states of the BEC in the presence of the quasiperiodic and random poten-
tial. After obtaining the interacting ground state, we apply the complete cessation of
the nonlinear interactions. This process initiates the temporal dynamics of the con-
densate, which has been systematically captured by examining different entities: the
time correlator function, power spectral density, and the Lyapunov exponent. By us-
ing the time correlator function, we observe that the localized state exhibits periodic
or quasiperiodic oscillations with time, while the delocalized state exhibits chaotic dy-
namics. Therefore, by studying the dynamics of the correlation function of condensate,
we provide a robust tool to characterize the localized and delocalized states using a dy-

namical approach.

The Chapter is organized as follows: In Sec. 3.2, we formulate the mean-field model
with a quasi-1D scalar GP equation and numerical simulation details. It is followed by
a brief description of different physical observables of interest in Sec. 3.3 to capture
the condensate dynamics and to characterize different phases of the condensate. In
Sec. 3.4, we present the numerical results on delocalization of the localized condensate
for both quasiperiodic and random disordered potentials. In both cases, we first ana-
lyze the effect of interactions on the ground state, which is followed by the quenching

dynamics of the condensate. Finally, we conclude our work in Sec. 3.5.

TH-3782_196121031



3.2 Mean-field Gross-Pitaevskii model for scalar BEC 61

3.2 Mean-field Gross-Pitaevskii model for scalar BEC

We consider the condensates confined in strong transverse confinement, which can be

modeled using the non-dimensional 1D GPEs as [22]:

2
op(x,t) _18_ +V(x)+g|p(x, i})|2 P(x,t), (3.1)

Tor T | 2922

where, V() is the trapping potential, § = 2a;N /a3 with g, being the s-wave scattering
length is the nonlinearity, N being the total number of atoms in the condensate and a |
is the length scale corresponding to the transverse harmonic confinement [126]. We
have chosen the transverse harmonic length 2, = /h/(mw, ) as the characteristic

1 as the characteristic

length scale with w/ being the transverse trap frequency, w7
timescale, and 7w | as the characteristic energy scale of the condensate, where m is
the mass of an atom, to obtain the non-dimensionalized Eq. (5.2). The wave function
is re-scaled as ¥(x,t) = alL/ 2p(x,t), where (x,t) is the non-dimensionalized wave
function. For brevity, we have omitted the tilde sign over the non-dimensionalized

wave function.

In this study, we have separately considered the trapping potential V(x) as a quasiperi-
odic and random disordered potential to analyze the characteristics and dynamics of
the localization of the condensates. In experiments, the quasiperiodic potential can be
realized as a superposition of two counter-propagating laser beams of slightly different
wavelengths, which takes the form as [20]

472 2 472 2
V(x) = o1 052 (22 ) + 222 cog? Ty y (3.2)
A Az

where s; and s, denote the amplitude of the primary and secondary lattice, respec-
tively. Following the experimental consideration of the primary and secondary optical
lattice wavelengths as A1 = 1032 nm and A, = 862 nm respectively, we take the ratio of
the non-dimensional wave length (in terms of a; ~ 1um) as A>/A1 ~ 0.86 for all our

simulation runs [22].

To understand the resemblance of this localization and associated dynamical be-
haviour with the ones in the presence of random potential, we have considered the

random disordered potential consisting of N; identical spikes randomly distributed
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along the x-axis [178, 84] with a form
N
V(x)=Vo ) h(x—x), (3.3)
j=1

where Vj is the strength of the spike, i(x — x;) is the potential of the spike at position
x;. The spike potential is considered to have the form of a Gaussian in space with width
o as [178]

h(x)

1 2
= A exp (—%) , (3.4)

The auto-correlation of V(x) is denoted as,
C(d) = (V()V(x+d)) — (V(x))?, (3.5)
where (V(x)) is the mean of the potential defined as,

L
(V(x)) = % V(s = %, (3.6)

with D as the average spacing between the spikes. Here, the correlation length and
correlation energy can be estimated by giving a fit to C(d) (Eq. 3.5) with a Gaussian
function of the form

C(d) ~ V2 exp(—d2 /01%>, (3.7)

where amplitude Vi represents correlation energy and or represents the correlation
length. To generate the potential we select N; = 300, L = 30, and width ¢ = 0.1. In
this case, the value of correlation energy is Vg = 4.3974 and o (=~ v/20) = 0.1340.

3.3 Approach to characterize the dynamics of the

localized state

In this section, we provide the details of the theoretical approach that we have used to

characterize the dynamics of the localized state.
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3.3.1 Time correlation function and Power spectral density

For our analysis, we use the time correlation function to characterize the dynamics of
the different states. Once we obtain the ground state, we investigate the dynamics of
the condensate by a sudden quenching of the nonlinearity of the condensate. The time

correlator function is defined in terms of the absolute value of the overlap function as

c(t) = [(¥(x,0)[ [p(x,1))|, (3.8)

where (x,0) represents the ground state obtained using imaginary time propagation
with respect to repulsive interaction parameters. For convenience, we treat this wave
function at reference time t+ = 0. After obtaining the ground state ¥(x,0) we quench
the nonlinearity to zero in the next time step (dt) and evolve the state using the GPE
(Eq. 5.2) and obtain the evolved wave function at time ¢ as (x, t) with zero nonlinear-
ity. Here < . > denotes the average over the entire space. The c(t) can be expressed in

a more explicit manner as,

e(t) = | 195, 0) P expl~ip(x, ) 39)

where ¢(x, t) is the phase picked up by the ground state wave function ¥ (x,0) upon
time evolution. The time correlator function can be viewed as the integration of the
phase acquired by the quenched state over the whole spatial points at time ¢. There
are several laboratory experiments that suggest a direct measurement of the phase ac-
quired by the condensate using the atom interferometry [179-181]. Once the phase
difference ¢ acquired by the quenched condensate is determined, the c(t) can be cal-
culated using Eq. 3.9.

In general, the value of transverse frequency is w | = 27t x 70 Hz in a typical exper-
iment [21]. Using this frequency strength, if we convert the real time corresponding
to one time step of our simulation which is dt = 5 x 107%, we find that it comes out
to be dt ~ 1.13us. Therefore, the instantaneous quenching timescale in our simulation
is of the order of 1.13us. However, in the laboratory experiments, the quench in the
nonlinear interaction is achievable through the Feshbach resonance within a typical
time of about 100 us [182, 183]. We have verified our results by increasing the quench-
ing timescale to 100 us considered in the experiment; however, we could not find any
significant change in the results presented in this Chapter.

To get a deeper understanding of the dynamics and, in particular, the chaotic dy-

namics of the delocalized state, we analyze the power spectral density (PSD) of the
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c(t), which is given by [184, 185],

1

PSD —
5D 2N

é(w)]?, (3.10)

where é(w) is the discrete Fourier transform of the time correlator, ¢(t) evaluated at
t=mdt(m=0,1,...,N,and N is the length of the discrete time series).

3.3.2 Lyapunov exponent

In our studies, we aim to establish a possible connection between delocalization and
chaos, which we execute by computing the maximal Lyapunov exponent. In dynam-
ical systems, Lyapunov exponents are defined as the mean rate of divergence of two
nearby trajectories with time. In phase space, the rate of divergence of separation be-
tween two trajectories, with an infinitesimal initial separation 6Xp, can be computed
as [30],

16X ()] =~ eM[6Xo| (3.11)

t—

oo f |(5X0|
If the exponent is positive (A;2x > 0), neighbouring trajectories diverge exponentially,
which is a signature of the chaotic behaviour in the system.

In general, for the known sets of dynamical equations, the exponents can be easily
computed by using the phase space trajectory of the variables. However, computation
of the exponents directly from the time series is not so straightforward. The reconstruc-
tion of phase space from the time series data is mainly executed using the time delay
T [186] and the embedding dimension D [187]. We use the Average mutual informa-
tion (AMI) method to estimate the T from the time series of the time correlator function
data, while the False nearest neighbour (FNN) method has been used to compute the
D [188]. The details of AMI and FNN have been illustrated in the following. For our
analysis, the usual time series of the correlator function c(t) is represented in the phase
space using T and D. Further, we select a reference point on the phase space trajectory,
which is used to measure its separation from the nearest neighbour point on the phase
space. First, we store the information of initial separation in L;, and as time progresses,

the separation between the trajectories is computed until its value exceeds a threshold
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€. Typically, we consider the € ~ (O(1072). Thereafter, the Wolf algorithm [189] is used
to evaluate the Lyapunov exponents, which have three control parameters, namely, D,
T, and the threshold value of length €. The Lyapunov exponent is computed using,

| oM

Amax = 153 1_21 log, (3.13)
where, N is the total number of reference points usually depends upon the number of
data points present in the time series, At is the time step associated to the time correla-
tor, L; is the initial separation and Lg corresponds to the final separation measured for
ith a segment of the phase space trajectory, M is the number of times the ratio of final
to initial separation has been calculated to complete the reference trajectory. The refer-
ence trajectory can be defined as the line from where the calculation of L; has started by
searching for the nearest neighbour point from the reference point. As time progresses,
the reference point also changes on the reference trajectory to calculate the next L;. For
our analysis, we consider the embedded dimension D = 3, time step At as 0.0005 for

quasiperiodic potential and 0.001 for random disordered potential.

3.3.2.1 Selection criteria for the embedding dimension and delay time of time
series of the correlation function

To get the embedding dimension and delay time, the first step involves reconstructing
the phase space from the time series data. Let us assume we have a set of N discrete
data points in the time series of the correlation function, given as c1,c,¢3,¢4,...,CN.
By considering the delay time T and an embedding dimension D, we obtain the D-
dimensional delay coordinate as Y (f) = (c¢(f),c(f+ 7),...,c(f+ (D —1)7)). Note that
both f € [1,N] and 7 € [1, N] are integers used to index the time series data of c(t); it
can be mapped to the real time by multiplying the factor dt. Usually, the choice of T
is such that the values of ¢(f) and ¢(f + ) are sufficiently independent to be a useful
component of the time correlator vector ¢(f), but it should not be so independent that
it has no connection at all. To choose the optimum value of T, we calculate the average
mutual information I(7) of the variable c(f) and ¢(f + ) for various values of T given
as [190].

I(7) = ZZPi,j(T)logz PP : (3.14)
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Figure 3.1: (a) Plot showing the temporal variation of the time correlator function ¢(t) at ¢ = 9.0 and
sp/s1 = 1.0 (b) Variation of the average mutual information (AMI) with the time delay 7 of ¢(f). Here,
the value of the optimum time delay T = 109 is estimated using the 1/¢ fall of the AMI function. The
red dotted line is drawn at 1/¢ as a guide for estimating the optimum value. (c) Variation of false nearest
neighbours (FNN) with the embedding dimension D. Here, the optimum embedding dimension D = 3,
at which point the FNN falls to first zero. Here, the time series c(t) has dimension of time, average
mutual information (AMI) and false nearest neighbour (FNN) is dimensionless quantity.

Here, P; represents the probability that c(f) falls inside the i*" bin of the histogram con-
structed from the data points of ¢, and P; ; is the joint probability that c() and c(f + 7)
should respectively come under the i" and j* bins of the histogram. Following this,
the optimum 7 is calculated by examining the value of T at which I(7) either achieves
its first minimum [190] or drops below the value of 1/e [191]. Whichever criterion
gives the minimum T is chosen. This value of T represents the delay time at which
c¢(f + 7) contributes the maximum information to our knowledge of ¢(f). The next step
is to determine the embedding dimension D, which can be estimated using the method
of false nearest neighbours (FNN). In this process, we consider the data points that are
neighbours to each other in the original one-dimensional time series of ¢(f). Then,
we check the separation between these neighbours when the time series is embedded
into a higher-dimensional space. If the embedding process significantly changes the
distance between the neighbouring points, they are referred to as false neighbours,
indicating the need to increase D. Therefore, the entire scheme is based on gradu-
ally increasing the embedding dimension D for the optimum 7, and for each value
of D, computing the percentage of false neighbours with respect to the true neigh-
bours. Only the value of D for which the number of FNN drops to 0 or subsequent
increments in D leave the FNN unchanged is considered the optimum embedding di-
mension. Let’s denote the i*" nearest neighbour of the coordinate vector y(t) as y'(t).

The separation between them can be represented in the D-dimensional phase space as
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) D—1 _ N 2
Ry (1) = Y. [C(H—T)—c(l)(H—T)} . (3.15)
j=0

Following the discussion mentioned above, as we go from a D-dimensional phase
space to a D + 1 dimensional phase space using time-delayed embedding, the separa-

tion between the i*" neighbours of a new vector y(t) can be written as

Ry (57) = Ry (5,7) + [e(F + D7) — (74 D7) (3.16)

In Fig. 3.1, we demonstrate the calculation of T and D using the chaotic time series
of the time correlator obtained after the quenching of the ground state prepared for
g = 9.0 and sp/51 = 1.0, with other parameters being the same as those in Fig. 3.2.
Following the method discussed above, we obtain the optimum 7 and D as 109 and 3,

respectively, for this case.

3.4 Results

Here, we provide detailed numerical results of ground states and their associated dy-
namics. For our present analysis, we consider the quasiperiodic potential (Eq. 6.3)
and random disordered potential (Eq. 4.4) to investigate the dynamics of the Bose gas
following a quench of the initial ground state (localized or delocalized). While the
imaginary-time split-step Crank-Nicolson integration scheme is used for ground state
preparation, post-quench dynamics is evolved using the real-time split-step Crank-
Nicolson integration schemes [156, 192]. In imaginary time propagation, we have con-
sidered dx = 0.025 and dt = 0.0005 for the simulation of the condensate trapped in
quasiperiodic potential, and for random disordered potential, we choose dx = 0.04
and dt = 0.001. For all simulations, we have used closed boundary conditions with
Wpoundary = 0. Also, we have performed the grid independence test by decreasing spa-
tial resolution to dx = 0.007 and confirmed that all the results presented in the Chapter
remain unchanged. The ground state for different nonlinearities has been obtained
using an imaginary time propagation scheme in which the Gaussian wave packet cen-
tered at x = 0 has been chosen as an initial condition.
In the following, we first present our analysis of the condensate trapped in a quasiperi-

odic optical lattice, and then we will focus on the case of the random lattice.
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Figure 3.2: Variation of density with different nonlinearity for Ay = 10, A2/A; = 0.86, s; = 3, and
s2/s1 = 1.0 in the (a) linear and (b) semilog scale. The wave function gets localized near x = 0 for
g = 0. As we increase the nonlinearity, it results in the spread of the wave function. In the localized
states (¢ = 0,2,4), the condensate density exhibits an exponential tail. For ¢ 2 5, the condensate gets
spanned in the whole box, exhibiting a delocalized nature. In (b), the dotted red line represents the
double exponential fit to the condensate ground state for g = 0.

3.4.1 Delocalization in presence of quasiperiodic optical lattice

In this subsection, we first explored the effect of nonlinearity on the localized state
of condensates trapped in the bichromatic optical lattice potential. It is followed by
an analysis of the dynamical characteristics of the condensates once we switch off the
nonlinear interactions after having the ground state of the condensate. As mentioned
before, in this case, we vary A while keeping the ratio A, /Ay =~ 0.86 fixed in Eq. (6.3).
This assumption has been made by following the experimental work of Roati et al. [20]
where the value of transverse harmonic oscillator length is taken as 2, ~ 1 ym, which
yields A1 ~ 1.0 and A, ~ 0.86. In our simulations, we consider the space step as 0.025,
while we fix the time step as 0.0005 [22] and use the Gaussian wave packets centered
around zero as an initial condition for all our simulations.

There are two ways through which the delocalization of the condensate trapped
in the optical lattice potential can occur. One is to increase the nonlinear repulsive
interaction, and the other is to decrease the disorder strength upon tuning the ratio
of the laser amplitude s,/s1 [22, 30]. We begin by analyzing the effect of nonlinearity
on the localized condensates. The ground states for different localized states for weak

nonlinear interaction have already been analyzed by Adhikari and Salasnich [22]. As
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Figure 3.3: (a) Spatial profile of the condensate density for different nonlinearities at s/s; = 0.5. The
other parameters are the same as those in Fig. 3.2. The condensate exhibits a localized nature for nonin-
teracting cases (¢ = 0), which further shows delocalization upon increasing the nonlinearity (g 2> 4). (b)
Density variation in semilog scale for different nonlinearities. The dotted red line represents the double
exponential fit to the condensate ground state for g = 0 . The exponential fall of the condensate density
around its center characterizes the localization behaviour. The density exhibits delocalized states with
increasing nonlinearities.

we are interested in the analysis of the dynamics of these states, to make the manuscript
self-contained, in the following, we briefly present the nature of different ground states
for various nonlinearities.

In Fig. 3.2(a), we show the spatial distribution of the ground state density for differ-
ent nonlinear interactions with s; = 3.0, s2/s1 = 1.0, and A1 = 10. It is easy to see that
for the non-interacting case (¢ = 0), the condensate gets localized between —5 < x <S5
with the maximum density around x ~ 2. As we increase the nonlinearity to g = 2,
we notice a decrease in the density around the central region (x ~ 0), resulting in the
appearance of peaks at larger values of x. However, the condensate appears to be con-
fined between —10 < x < 10. Further, an increase in the nonlinearity to g = 4 results
in an expansion of the localized condensate in the space. As the nonlinearity exceeds
a threshold value (g 2 5), the matter wave localization gets destroyed, which is quite
noticeable from the nature of the condensate that appears to get spanned in the whole
box as shown for ¢ = 8 (pink line) and ¢ = 10 (brown line) in Fig. 3.2 (a). These
features are more noticeable from the behaviour of the tail of the density profile that
displays exponential fall in the localized state, a feature which is absent for the delocal-

ized state [cf. Fig. 3.2(b)]. For comparison, we also undertake a similar analysis of the
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Figure 3.4: Variation of localization length (L;,.) with the nonlinearity for different s;/s1. The Lj,. is

calculated using the 1/ fall of the fitted curve ae ¥~/ Lioc 4 ge=1¥+%0l/Lioc with x is point of maximum
density in space. Here xop = £2.275. L, starts increasing beyond g.. The g, increases upon increase
upon an increase in s,/51. The other parameters are the same as those in Fig. 3.2.

localization by lowering the strength of the quasiperiodic optical lattice to s, /s; = 0.5.
In Fig. 3.3, the spatial profile of the ground state of the matter wave density for differ-
ent nonlinearities has been illustrated. We find that in this case also, the matter wave
remains localized for low nonlinearity as expected. As we increase the nonlinearity,
the condensate gets delocalized at a smaller g (2 4) as compared to those for higher
disorder strength (s»/s; = 1.0), which happens at g 2 5.

To quantify this transition, we compute the localization length by fitting the lo-
calized states with the function y = ae1x=%ol/Lioc 4 ge=lx+x0l/Lioc  where, Ly, is the
localization length, a is the parameter and xy is the localization center. The variation
of L;,. with respect to g is plotted in Fig. 3.4 for different values of s;/s1. We find that
when the condensate is in the localized state, the L;,. varies linearly with g. However,
a discontinuous jump occurs in L;,. for certain values of g, beyond which the delocal-
ization happens in the density profile. The threshold value of the nonlinearity at which
the delocalization occurs decreases when we decrease the disorder strength s, /5.

To shed light on the transition of the condensate from the localized to the delo-
calized state, it is pertinent to include the relevant physical cause. To achieve this,
we computed the energies of different components, such as the kinetic energy E; =
1 [dx|Vy|?, potential energy Eyr = [ V(x)|p|*dx, and interaction energy E,; =
% [ glp|*dx, where 1 is the ground state wave function obtained by using imaginary
time propagation of Eq. 5.2 with finite g. In Fig. 3.5, we present the variation of differ-
ent energies, E; (W), E;;;; (@), and Ej; (@), for different s, /s1. We observe that while E ¢

and E;;; increase, E; decreases with an increase in g. Interestingly, we find that below
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Figure 3.5: Variation of interaction E;;;;, kinetic E; and potential E,,; energies with nonlinear interaction
for different disorder strength: (a) sp/s; = 1.0, (b) s2/s7 = 0.7, and (c)s/s1 = 0.5. All the other
parameters are the same as Fig. 3.2. In the localized regime, E; dominates over E;,;;; however, in the
delocalized regime, E;,; dominates over Ej. The threshold nonlinear interaction (g.) for different s,/s;
values are consistent with those obtained from the localization length. The vertical lines are drawn to
guide the eyes for g..

the threshold value of the critical nonlinear strength (g.), Ex dominates over E;;;;, while
we observe the opposite trend above the critical g.. This trend holds for all values of
Sp /s1 considered.

In the following, we will analyze the characteristics of these states using their dy-
namical evolution.

3.4.1.1 Quench dynamics of the localized and delocalized states

To study the detailed dynamics of the localized and delocalized condensate, we con-
sider the ground states obtained for different nonlinearities and perform the time evo-
lution by applying an instantaneous quench of the nonlinear interaction to zero. This
protocol introduces the dynamics in the condensates, which have been captured by
evolving the GPEs using the real-time scheme [156].

To probe the spatio-temporal evolution after quenching of the condensate prepared
at different values of g, in Fig. 3.6, we plot the spatio-temporal evolution of the density
of the condensates after sudden cessation of g. For ¢ = 0, the localized condensate
propagates with time without any distortion as can be seen from Fig. 3.6(a). How-
ever, the localized condensate at § = 4 develops oscillatory behaviour, as depicted
in Fig. 3.6(b). The oscillatory behaviour becomes more and more irregular for higher
values of nonlinearity [cf. Fig. 3.6(c-d)]. Interestingly, we find that the condensate,
which was in the delocalized state, exhibits chaotic oscillation with time, as depicted
in Fig. 3.6(d) (for g = 10).

Note that the absence of any spatial change in the condensate after the quench may
be attributed that the condensate is trapped tightly near the minima of the external po-

tential, and it remains so with zero nonlinear interaction as time progresses. Also, the
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Figure 3.6: Pseudo color representation of the spatio-temporal evolution of the condensate after quench-
ing the nonlinearity to zero as the ground state was prepared for different ¢: (a) g = 0, (b) g = 4, (¢
g =5,and (d) g = 10. Other parameters are the same as in Fig. 3.2.

dispersion due to the kinetic part is quite low because the trapped energy dominates
over other energies for all the values of s /s; (see Fig. 3.5). The role of the random po-
tential here is to contribute to the spatial phase with a random value in the condensate
with time, which also reflects in the temporal behaviour of the time correlator function,

which we shall discuss later.

We investigate the dynamics of localized matter wave density by computing the
time correlator c(t) (Eq. (3.8)) and analyzing its temporal evolution. For this, we con-
sider the ground state obtained for a particular g as »(0) and condensate wave function
at a time ¢ after quenching of the nonlinearity to zero as ¥(t). In Fig. 3.7, we show the
temporal evolution of c¢(t) for the ground state prepared at different values of g. Fig-
ures 3.7(a)-(f) depict the evolution of ¢(t) for g = 1, 2, 3, 4, 5, and 10, respectively. For
the localized state prepared at ¢ = 1, c(t) exhibits periodic oscillations of amplitude
very close to unity. The localized state with ¢ = 2 shows similar oscillatory behaviour
as shown in Fig. 3.7(b). For ¢ = 3, the c(t) displays some modulated oscillation indi-
cating the presence of more than one frequency. However, for ¢ = 5 and g = 10, which
correspond to delocalized condensate, the c(t) exhibits aperiodic or chaotic temporal

features. This indicates that quenching of nonlinearity generates periodic, quasiperi-
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Figure 3.7: Temporal variation of the time correlation function, c(t) at s,/s; = 1.0, sy = 3 and A; = 10.0
for different nonlinearities (a) g =1, (b) g = 2,(c) g = 3,(d) g =4, (e) g = 5, and (f) g = 10. In the
localized state (g < 5), c(t) exhibits periodic or quasiperiodic behaviour, which becomes chaotic in the
delocalized state. The time period corresponding to periodic oscillation is T ~ 15.426 (i.e., w ~ 0.407).
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Figure 3.8: PSD of time correlation function (Fig. 3.3) for different nonlinearities, (a) ¢ = 1 (periodic),
(b) ¢ = 2 (periodic), (c) g = 3 (quasiperiodic), (d) g = 4 (quasiperiodic), (e) g = 5 (chaotic), and (f)
g = 10 (chaotic). Other parameters are the same as in Fig. 3.3. An increase in the nonlinearity leads to
the generation of two incommensurate frequencies w; = 0.40 and w, = 1.07 at g ~ 3. Finally, a large
number of frequencies get generated, a signature of chaotic behaviour at higher nonlinearity (g 2 5).

odic, and chaotic type dynamics depending upon whether the corresponding ground

state is localized or delocalized.

To further investigate the nature of the different frequencies present in the dynam-
ics and route to chaotic behaviour of the delocalized state, we compute the PSD of the
time correlator, using the formula defined in Eq. (3.10), corresponding to the periodic,
quasiperiodic and chaotic states as discussed above. Figure 3.8 depicts the PSD of ¢(t)

corresponding to the periodic, quasiperiodic, and chaotic states. We see that the peri-
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Figure 3.9: Temporal evolution of the time correlator function at s, /s; = 0.5, 57 = 3, A; = 10.0 for
different nonlinearities: (a) g =1,(b) g =2,(c) g =3, (d) g =4, (e) g = 5, and (f) g = 10. The temporal
behaviour of the localization and delocalization has similar qualitative features to those for sy /s; = 1.0,
and the only difference is reflected in the decrease in the nonlinearity at which the correlation shows the
chaotic behaviour. The time period for the periodic oscillation is T ~ 23.691 (w =~ 0.265).

odic behaviour of the dynamical state for g = 1 involves the fundamental frequency
wy = 0.40 together with the presence of its higher harmonics [see Fig. 3.8(a)]. We ob-
serve similar behaviour in the dynamics of the localized state at ¢ = 2 as depicted in
Fig. 3.8(b). The PSD of ¢(t) for ¢ = 3 shows peaks at the frequencies at w; = 0.40 and
wy = 1.07, respectively [see Fig. 3.8(c)]. The irrational ratio of the two frequencies in-
dicates the quasiperiodic nature of c(t) for ¢ = 3. Further, for ¢ = 4 [Fig. 3.8(d)], apart
from the frequencies wj and w», other higher frequencies around w; and w; as well as
sub-harmonics, like, wy 4+ w1, wy + 2wy, etc. start appearing. We notice more frequen-
cies start getting populated around w; and w, for the dynamics of condensate that
show delocalized state for higher nonlinearity (for ¢ 2 4) as depicted in Figs. 3.8(e)-(f).
The exponential fall behaviour of frequencies in the dynamics of the delocalized state
confirms the fully developed temporal chaos [193, 194]. The inverse of the rate of de-
cay (fi) of the PSD with the frequency of the chaotic state is of the order of ~ 1.4 in the
high frequency range. In general, ji is related with Lyapunov exponent [193]. We find
that the dynamics of the localized state exhibit periodic oscillations for weak nonlinear
interaction, which transform into quasiperiodic for stronger nonlinear interaction. The
value of ¢ at which the condensate exhibits a delocalized nature has a chaotic time cor-
relator. With this, we find a systematic generation of the frequencies that finally leads
to the chaotic dynamics of the delocalized state, which suggests a quasiperiodic route
to chaos. We find the presence of the same quasiperiodic route to chaos for the lower

disorder strengths (s /s1), which we discuss below.
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Figure 3.10: PSD of time correlator function shown in Fig. 3.9 at different nonlinearities: (a) g = 1, (b)
g=2()g=3(d)g =4 (e g =05 and (f) g = 10. Other parameters are the same as in Fig. 3.8.
The system undergoes a transition from the localized (g = 1,2, 3) to the delocalized state (g = 4,5,10)
with the appearance of frequencies around quasiperiodic frequencies (w; and w) in the PSD of the time
correlation function upon increasing the nonlinearity.

Next, we move our focus to investigating the nature of the dynamics of the conden-
sate for a lower disorder strength (sp/s; = 0.5). In Fig. 3.9 we plot c(t) for different
values of g. Here, the amplitude of c(f) appears to be slightly higher compared to
those obtained for s,/s; = 1 (Fig. 3.7) after quenching the nonlinearity (¢ = 1 — 0).
Similar to the higher disorder strength, in case of s5/s; = 0.5 the ¢(t) shows periodic
(Fig. 3.9(a-b)), quasiperiodic (Fig. 3.9(c-d)) and chaotic oscillation (Fig. 3.9(e-f)) as the
nonlinearity is quenched, respectively, from ¢ = {1,2}, ¢ = {3,4}, and ¢ = {5,10}
to zero. One noticeable effect of disorder strength (s2/s1) is observed in terms of the
magnitude of the fundamental (w;) and quasiperiodic frequencies (w; and w,), which
show a decreasing trend upon the decrease in s, /s;. In Fig. 3.10, we illustrate the PSD
of the time correlator presented in Fig. 3.9. Figure 3.10(a) shows the presence of funda-
mental frequency w; = 0.27 along with its higher harmonics 2w; = 0.54, 3w; = 0.81 in
the dynamics of the localized state when the nonlinearity is instantaneously quenched
as ¢ = 1 — 0. In the case of quench dynamics of the high nonlinearity state, for
example, ¢ = 2, we find other eigenfrequencies such as w, = 0.62, apart from the fun-
damental frequency at wy = 0.27, which indicates the quasiperiodic nature of c(t). At
higher nonlinearity ¢ 2 4, more frequencies around w; and w; start getting populated
(see Fig. 3.10(d)-(f)). The appearance of other frequencies in the case of the delocalized
state (§ = 4 — 0) exhibits exponential decay behaviour, indicating the presence of
chaotic dynamics. We find that for s, /s; = 0.5, the chaotic dynamics appear for the
state when g 2 4, which is less than those for s/s; = 1. However, it is interesting
to note that for both the disorder strengths (sy/s; = 0.5, 1), quasiperiodic route to chaos
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Figure 3.11: Variation of the Lyapunov exponent (A;4x) against nonlinearity for different disordered
strengths: sy/s; = 1 (dash-dotted line with solid-red circles), s,/s; = 0.5 (dashed line with solid-blue
pentagons) and sp /57 = 0.3 (dashed line with solid green triangles). For localized state Ay < 0, while

~

for delocalized state A0y > 0, indicating the chaotic dynamics. The threshold g, above which A5 > 0
(a characteristic for the delocalized state) decreases upon the decrease in s, /51. Vertical dotted lines are
drawn to guide the eyes for different g.

has been observed in the dynamics when the condensate makes a transition from the
localized to the delocalized state.

To further quantify the chaotic nature of the dynamics in more systematic manner,
we compute the maximal Lyapunov exponent (A;,x) as given in Eq. (3.12) correspond-
ing to the dynamics of the condensate using the time series of the time correlator func-
tion c(t). In Fig. 3.11, we show the variation of the A, with the interaction strength
for different values of s/s;. The increase of A, towards a positive value indicates
the chaotic nature of the time correlator function. We find that the Lyapunov exponent
fluctuates about zero until g ~ 4.8 for sp/s; = 1. When ¢ 2 4.8, we witness a system-
atic increase in the Lyapunov exponent, and it remains positive (A;zx > 0), indicating
the chaotic nature of the time correlator functions for that range of g. Therefore, the
above analysis provides the value of the critical nonlinearity, beyond which the con-
densate has a delocalized state and thus the corresponding dynamics is chaotic. Low-
ering the disorder strength results decrease in the value of the critical nonlinearity (g.)
beyond which A, becomes positive. Further, for s, /s; = 0.5, the critical nonlinearity
beyond which the condensate has chaotic dynamics is g. ~ 4, while for s, /s; = 0.3 it
is gc ~ 2.4. Note that the value of g, calculated through this analysis provides accu-
rate nonlinearity at which the condensate is delocalized in space and has dynamically
chaotic behaviour, which may be important feedback for the experiments. At this junc-
ture, it is worth mentioning that Bfezinov4 et al. [30] observed a similar kind of chaotic

behaviour in the dynamics of the delocalized state when the condensate was subject to
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weak periodic or aperiodic (quasiperiodic and random disordered potential) trap.
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Figure 3.12: Variation of density (in semilog scale) at Vy = 1.0 for different nonlinearities: (a) g = 0, (b)
g=1()g=3(d)g=4 (e) g =5 and (f) g = 10. The dotted red line is the exponential function
drawn near the localized region to guide the eyes to show the deviation of the matter wave from the

localized nature.

So far, we have analyzed the dynamics of the condensates in the presence of the
quasiperiodic potential and found that while the localized state exhibits either periodic
or quasiperiodic dynamics, delocalized states show chaotic dynamics upon quenching
the nonlinearity to zero. Also, the route to chaos upon increasing the nonlinear interac-
tion appears to be quasiperiodic in nature. Several studies indicate the similarity in the
condensate dynamics for the condensate trapped in the quasiperiodic potential and in
the random-speckle potential [30]. To shed more light on this interesting feature, in the
following subsection, we present the spatial and temporal behaviour of condensate in

the presence of the random disordered potential.

3.4.2 Delocalization in presence of random disordered potential

In this subsection, we discuss the effect of the non-linearity on the localized conden-
sate trapped in the random disordered potential. The details to generate the random
potential are given in Sec. 3.2. First, we discuss the ground states of the condensate
trapped in the random disordered potential at different nonlinearities for a single dis-
order realization. It is followed by the dynamics of the condensate in a similar line of
analysis performed for the condensate trapped in a quasiperiodic potential, where we
have used the quenching of nonlinear interaction from finite to zero to generate the

dynamics. Finally, we characterize the dynamics using the PSD and largest Lyapunov
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Figure 3.13: Plots showing the different states of the condensate trapped in the random disordered
Gaussian potential of strength Vp = 1.0 based on the nature of y in different ranges of g. The other
parameters are the same as Fig. 3.12. (a) Variation of chemical potential p with ¢ for three different
random realizations: Ry (black circle), R, (red square), and Rj3 (blue triangle) (b) Variation of du/dg
with g distinguishing different regimes for the condensate: Localized state (LS) for lower ¢ with higher
du/dg ~ 0.2 — 0.4, Bose glass (BG) state at intermediate g with dy /dg ~ 0.12 — 0.2, and delocalized BEC
(DBEC) state at higher g with dj/dg ~ 0.05 — 0.12. The vertical dotted lines are drawn to guide the eyes
to distinguish different localized states of the condensate.

exponent analysis of the time correlator function.

Apart from the localized and delocalized states as those observed for quasiperi-
odic potential, we also witness the presence of the Bose glass phase for the conden-
sate trapped in the random disordered potential [195-198]. Lugan et al. theoretically
demonstrated that the condensate undergoes a transition from Lifshitz glass to a de-
localized state upon the increase of the nonlinear interaction [199]. In Fig. 3.12, we
plot the density profile (blue line) in a semi-log scale for different values of g. Here,
the red dashed lines are the exponential curve near the localized region drawn to dis-
play an estimate of the exponential fall of the density in space. For the non-interacting
condensate, i.e., § = 0, the density profile shows the exponential fall, which is quite
evident from the excellent matching of the density profile with the drawn exponential
curve [see Fig. 3.12(a)], complementing the localized nature of the condensate. The
spatial profile of the condensate for ¢ = 1 also shows exponential fall as depicted
in Fig. 3.12(b). However, as discussed earlier, due to the random nature of the po-
tential, we witness the presence of another region of the localized condensate, apart
from what is present near x ~ 0, on increasing g further. For instance, at ¢ = 3, one
part of the condensate gets localized near x = 0, while another part gets localized
near x ~ 25. The condensate near both regions appears to fall exponentially, which is
quite clear from the fitting of the spatial profile of the condensate with the exponential
curve (red dotted line). Note that such a kind of bifurcations of the condensate into
multiple localized states has been in general termed as fragmented BECs [126, 124] or
Bose glass [196-198]. However, a further increase in ¢ (2 5) results in the deviation

of the tail of the localized condensate from the exponential nature, as apparent from
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Fig. 3.12(d)-(f), also termed as the delocalized state.
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Figure 3.14: Variation of density (in semilog scale) trapped in random potential at V{y = 0.5 with different
nonlinearities: (a) ¢ =0, (b) g =2,(c) g = 3,(d) g =5, (e) g = 6, and (f) g = 10. The dotted red line is
the exponential function drawn near the localized region to guide the eyes to show the deviation of the
matter wave from the localized nature.

Next, we will characterize the different ground state phases of the condensate trapped
in the random potential, namely, localized state (LS) for weak interaction, Bose glass
(BG) for intermediate interaction, and delocalized Bose-Einstein condensate (DBEC)

for high nonlinear interaction. We will do so using the chemical potential y defined as

u= [ x| G199+ VI + glylt], G17)

where @ corresponds to the ground state wave function. In Fig. 3.13(a), we plot the u
as a function of g for three different random realizations (R, Ry, and R3).

For all realizations, y shows a sharp increase with g. The rate of increase of y with
g keeps decreasing with the increase in g. In order to quantify the distinct nature
of the variation of y, we compute dy/dg for different g. As the compressibility of
the condensate is x o (dp/ dn)_l, where 7 is the condensate and a function of g, the
inverse of dy/dg can also be attributed to the compressibility of the gas. In Fig.3.13(b),
we display the du /dg for different g for all the realizations (R1, Ry, and R3) presented in
Fig. 3.13(a). In the LS, du/dg ~ 0.2 — 0.4 has the largest value, the intermediate value
of du/dg ~ 0.12 — 0.2 represents the BG state, while the lowest du/dg ~ 0.05 — 0.12
represents the DBEC state. Overall, we find that the compressibility is higher for the
DBEC phase, intermediate for the BG, and smallest for the LS, which is in accordance

with the typical behaviour of localized and delocalized gases. The trend observed for
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Figure 3.15: Plots showing the different states of the condensate trapped in the random Gaussian poten-
tial of strength V{y = 0.5 based on the nature of y in different ranges of g. The other parameters are the
same as Fig. 3.14. (a) Variation of chemical potential ;1 with nonlinear interaction g for three different
random realizations: Ry (black circle), R, (red square), and Rj3 (blue triangle) (b) Variation of du/dg
with g distinguishing different regimes for the condensate: Localized state (LS) for lower g with higher
du/dg ~ 0.12 — 0.36, Bose glass (BG) state at intermediate g with du/dg ~ 0.06 — 0.12, and delocalized
BEC (DBEC) state at higher g with du/dg ~ 0.04 — 0.06. The vertical dotted lines are drawn to guide the
eyes to distinguish different localized states of the condensate.

u in different regimes of the condensate trapped in the random potential is consistent
with earlier studies [196-198].

In Fig. 3.14, we show the density profile in the semi-log scale for V; = 0.5 of the
random disordered potential. For this parameter, we find that for the lower nonlinear-
ity (¢ < 3), the condensate is localized, and we observe a delocalized state for higher
nonlinearities. However, all the phases, like LS, BG, and DBEC, are of similar nature as
those for Vj = 1 [see Fig. 3.12]. It is straightforward to see that decreasing the potential
strength decreases the critical nonlinearity above which the condensate gets delocal-
ized, which is around g, ~ 3 for Vy = 0.5 compared to g ~ 5 that for Vj = 1. To further
identify the different regions of the condensate upon increasing the nonlinearity, In
Fig. 3.15 we show the variation of u as well du/dg with g for Vy = 0.5 in the panel
(a) and (b) respectively. For this case, we also obtain the presence of different regimes
based on the values of dyi/dg as those observed for V = 1.0. Note that although the u
is lower for Vy = 0.5 than those for Vy = 1, the value of dy/dg for different regimes of
localization appears to be the same.

In the following, we present the dynamics of the different states observed for the

condensate trapped in the random disordered potential.

3.4.21 Quench dynamics of the condensates trapped in random potential

In Fig. 3.16, we depict the spatio-temporal evolution of the condensate density after
quenching the nonlinearity to zero from different initial values of g. For ¢ = 0 [cf.

Fig. 3.16(a)], the localized condensate propagates with time without any distortion.
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Figure 3.16: Spatiotemporal evolution of the condensate at different nonlinearities (a)g = 0, (b) g = 4,
(c) g = 5, and (d) g = 10 trapped under the Gaussian random-disordered potential for Vo = 1.0. The
condensate remains localized near x = —2.51 for low non-linearity ¢ = 1. Anincrease in the nonlinearity
results in the delocalized condensate along with more fluctuations in the density, especially near x = 0.

The condensate develops fluctuation with time upon the increase in the value of g
[see Fig. 3.16(b)-(d]), especially near the region x = 0. The temporal oscillation be-
comes more irregular for higher nonlinearity, and the corresponding dynamics display
chaos, a dynamical feature similar to that obtained for the condensate trapped in the
quasiperiodic potential. Note that as discussed for the situation of no expansion along
the x-direction for the condensate trapped in quasiperiodic potential, once the dynam-
ics appear due to quenching in the non-linearity, we find a similar scenario for the
condensate dynamics trapped with a random potential. In this case, we also observed
that the potential energy dominates over the kinetic energy and thus does not allow
the condensate to diffuse around the minima of the potential well.

We characterize the condensate dynamics by analyzing the temporal evolution of
c(t) for different values of g, which are plotted in Fig. 3.17. Figure 3.17(a) illustrates
the periodic temporal evolution of c(t) with a period T ~ 1.309 for the localized state
upon quenching the nonlinearity from g = 1.6 — 0. Figure 3.17(b) shows the evolution
of ¢(t) for the localized state when the g is quenched as § = 2 — 0. The correspond-
ing dynamics show the quasiperiodic oscillation with the presence of two frequencies,
which becomes more pronounced for ¢ = 3 as depicted in Fig. 3.17(c). As we ana-
lyze the quench dynamics for the state at higher nonlinearity (¢ 2 5) for which the
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Figure 3.17: Temporal evolution of the time correlation function for quenching from (a) g = 1.6, (b)
g=2()g=23(dg=25(e) g =6, and (f) g = 10 to g = 0. The other parameters are the same as
in Fig. 3.12. In the localized state(¢ < 5), the correlation function exhibits a periodic or quasiperiodic
behaviour, which becomes chaotic at higher g. Here, the disorder strength V = 1.0.

ground state exhibits a delocalized nature, we find that the corresponding c(t) exhibits
aperiodic or chaotic oscillation [see Figs. 3.17(d)-(f)]. These dynamical behaviours for
different states will become clear as we investigate the PSD of the time correlation,
which we discuss below.

In Fig. 3.18, we plot the PSD of the time correlation function presented in Fig. 3.17.
The PSD for the localized state quenched from g = 1.6 — 0 is illustrated in Fig. 3.18(a).
It shows the presence of fundamental frequencies at w; = 1.13 along with its higher
harmonics like 2wy = 2.26, confirming the dynamics to be periodic. However, a
quenching from ¢ = 2 — 0 generates another frequency at w, = 4.09 along with
w1, as shown in Fig. 3.18(b), indicating the quasiperiodic nature of the dynamics of
the condensate. The dynamics of the localized states with higher nonlinearity (g = 3)
exhibit the generation of more frequencies around the two frequencies w; and wj, as
illustrated in 3.18(c-d). However, for ¢ 2 5, more frequencies start appearing near w;
and w, in the PSD. The condensate has a delocalized ground state for ¢ 2 5, shows
the presence of a wide range of frequencies in the dynamics, and the corresponding
PSD shows the exponential variation with the angular frequency; a typical signature
of the chaotic dynamics. The PSD plots for ¢ = 6 [Fig. 3.18 (e)] and g = 10 [Fig. 3.18 (f)]
indeed show the exponential distribution with the frequencies. Interestingly, similar to
the case of quasiperiodic potential, we find that the delocalized state exhibits a chaotic
state when the condensate is trapped in random disordered potential. The quasiperi-

odic route to the chaos that exists in the dynamics is similar to those obtained with the
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Figure 3.18: PSD of time correlation function (as shown in Fig. 3.17) for the situation when the nonlin-
earity is quenched from (a) g = 1.6,(b) g =2,(c)g=3,(d)g=5(e)g=6and (f) g =10tog =0
for Vy = 1.0. Increasing the nonlinearity generates two incommensurate frequencies w; = 1.13, and
wy = 4.09 at ¢ ~ 2. Finally, the region near these frequencies starts getting populated, leading to the

chaotic behaviour at higher nonlinearity (g 2 5).

condensate trapped in the quasiperiodic potential.
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Figure 3.19: Variation of time correlation function with time at Vy = 0.5 after quenching of steady state
from(a) g =14, (b)g =16,(c) g =3,(d) g =4, (e) g = 6, and (f) g = 10. The other parameters are
the same as in Fig. 3.14. In the localized state (g < 4), the correlation function exhibits either periodic
(g = 1.4) or quasiperiodic (g = 1.6,2, 3), which becomes chaotic after quenching the system from higher

nonlinearity.

As we decrease the strength of the random disordered potential, the critical value
of the nonlinearity at which the chaotic behaviour appears in the time correlator de-
creases. Fig. 3.19 depicts ¢(t) at different nonlinearities for the disorder strength V) =
0.5 of the random disordered potential. In this case, the nature of c(t) is periodic for
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Figure 3.20: The PSD of time correlation function (as shown in Fig. 3.19) at Vjy = 0.5 after quenching at
different nonlinearities, (a) g = 14, (b) g =2,(c)g=3,(d)g=4,(e)g =6,and (f) g =10to g = 0.
Increasing the nonlinearity generates two incommensurate frequencies wy = 0.62, w, = 1.02 at g ~ 2.
Here, frequencies get populated near w; and w,; when we quench the system from low nonlinearity
rather than V; = 1.0.

g = 1.4, quasiperiodic for g = 2,3, and chaotic for ¢ = 4 and 6,10. As we analyze
the corresponding PSD, we find the presence of fundamental frequency at w; = 0.62
(as shown in Fig. 3.20(a)), which is lower than those for Vy = 1, which is w; = 1.13.
An increase in ¢ = 2 leads to the generation of another frequency w; = 1.02, which
is incommensurate with the fundamental frequency (w;), indicating the quasiperiodic
nature of the dynamics [see Fig. 3.20(b)]. Further, an increase in the nonlinear interac-
tion to ¢ = 3 [Fig. 3.20(c)], and ¢ = 4 [Fig. 3.20(d)] generates other frequencies, whose
origin can be understood as a combination of w; and w;. However, for ¢ = 6 and
g = 10, the PSD exhibits exponential distribution with the frequencies indicating the
fully chaotic state. Interestingly, the route to chaos for V; = 0.5 remains a quasiperiodic
route, similar to what we obtained for V) = 1.

After associating the delocalized state with the chaotic dynamics, we now focus on
complementing the studies by computing the maximal Lyapunov exponent (A,x) of
the time series c(t). In Fig. 3.21, we plot the variation of A, averaged over five dif-
ferent random realizations with ¢ for different sets of Vj. For a given Vj, A4 remains
negative or close to zero for the localized state, while it becomes positive for the delo-
calized state. For instance, for Vj = 1, the A5 ~ 0 for ¢ < 3.8. However, beyond this
nonlinearity, A;,x becomes positive and remains above zero for a higher value of g.
The threshold value of the nonlinearity for V = 1 indicates the delocalized feature of
the condensate. Decreasing the potential strength to Vo = 0.5 decreases the threshold
nonlinearity to g, ~ 2.4. Further, decrease to Vp = 0.3 make the g. ~ 2.0.
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Figure 3.21: Plot showing the maximal Lyapunov exponent (A;,,) averaged over five different random
realizations, plotted against nonlinearity for different strengths of the random potential: Vy = 1 (red),
Vo = 0.5 (green), and Vy = 0.3 (black). The localized state has Ayax S 0, while the delocalized states
have A4 > 0, indicating chaotic dynamics. The threshold g, above which A, > 0, a characteristic of
the delocalized state, decreases as Vj decreases. Vertical dotted lines are included to guide the eyes for
different g, values. The g, value is evaluated by taking the average over five realizations.

Next, in Fig. 3.22, we present a comparative analysis of the g. at which the dy-
namics of the condensate begin to exhibit a positive Lyapunov exponent for both the
quasiperiodic optical lattice (blue circles) and the random disordered potential (red
diamonds). We observe that the critical value g, increases for both potentials as the
disorder strength increases. Although the g. appears to be of the same order for both
disorder potentials at low disorder strengths, for higher disorder strengths, g. is higher

for the quasiperiodic potentials than for the random disordered potentials.

3.5 Summary and Conclusion

In this chapter, we have studied the effect of atomic interaction on the ground state and
the associated dynamics of Bose-Einstein condensates in a one-dimensional bichro-
matic optical lattice and random disordered potentials. We identified that increasing
the nonlinearity strength leads to the delocalization of the condensates. Further, we
have analyzed the condensate dynamics by quenching the nonlinearities to zero from
the value at which the ground state was prepared.

The dynamics were captured through the time correlation function. For small in-
teraction quenching, it demonstrates regular dynamics of the condensate, while it be-
comes chaotic at large nonlinearities where delocalization occurs. We also identified a
quasiperiodic route to chaos for both bichromatic and random disordered potentials.

For a random disordered potential, the regular and chaotic dynamics of the time cor-
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Figure 3.22: Plot showing the variation of the critical non-linearity strength (g.) with the disorder
strength ratio s, /s for the quasiperiodic (QP) lattice and the potential strength Vj for the random po-
tential (RP). The data points for the random potential are the averaged data over five different disorder

realizations.

relator function clearly distinguished the localized and delocalized regions of the con-
densate. The power spectral density displays a broadband spectrum, and the maximal
Lyapunov exponent is positive when it exhibits chaotic dynamics. The power spec-
tral density and largest Lyapunov exponent confirm the presence of chaotic dynamics.
Further, we have found that the critical nonlinearity for delocalization decreases by
decreasing the ratio of amplitudes of the secondary to primary laser for quasiperiodic
potential or the strength of the random disordered potential. The critical nonlinearity
above which the dynamics became chaotic between quasiperiodic and random disor-
dered potential is comparable for low disordered strength, whereas as the disorder
strength increases, the critical nonlinearity for quasiperiodic is comparatively higher
compared to random disordered potential.

Our studies upon quenching the nonlinear interaction provide a tool to characterize
the localized and delocalized states by describing the regular and chaotic dynamics
of the condensate, respectively. Also, we have shown that this dynamical approach
for characterization of localized-delocalized states can be applicable to any kind of

disordered potential.
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Chapter I

Signature of localization-delocalization
transitions in interacting spin-orbit

coupled binary condensate

In the previous chapter, we examined localized and delocalized phases in a BEC, show-
ing that interaction quenching can induce chaotic dynamics linked to spatial delocal-
ization. We also found that increasing disorder leads to localization, while strong in-
teractions trigger the delocalization of the condesate. In this chapter, we study spin-
orbit coupled binary BECs with inhomogeneous interactions in a one-dimensional
quasiperiodic potential. We demonstrate a reentrant localization—delocalization tran-
sition, controlled by tuning either the interaction from attractive to repulsive or the
spin-orbit coupling strength. Numerical results, supported by a Gaussian variational
model, reveal that localization can be controlled without altering the quasiperiodic po-
tential, but rather by modulating interaction inhomogeneity. This Chapter is based on

our work published in Journal of Physics B [200].

4.1 Introduction

The introduction related to Anderson Localization in SO coupled binary BECs has been
quite extensively presented in Chapter 1. However, to make the Chapter self-contained
here we provide a very brief overview of the series works that highlight the role of
interaction and SO coupling in dictating the localization-delocalization transition of
the condensate in presence of interaction.

Anserson Localization (AL) has attracted a great deal of attention in condensed
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matter [2, 4, 7-9]. Following this such localization transitions have been observed
other systems such as electromagnetic waves [10-14], microwaves [15-18], acoustic
waves [19], quantum matter waves [36, 1], and in the non-interacting [21] and in the

interacting Bose-Einstein condensates(BECs) [20].

Among the various platforms in recent years the localization in other complex
system, binary BECs [201, 202, 122], SO coupled spinor BECs, etc. [105, 24, 128, 203,
124, 204] have become untenable source of platform to explore the rich Physics of
localization-delocalization transitions. Theoretically, it has been demonstrated that
the SO coupling influences the appearance of localization, whereas the Rabi coupling
slightly promotes the delocalization [129]. Akin to SO coupling, interactions among
atoms play a vital role in dictating the localization-delocalization phenomena in the
condensate. For instance, several numerical studies show that the increase of repul-
sive interaction induces the localization to delocalization transitions for the conden-
sate trapped in the disordered potential [23, 22, 123, 126, 120, 132]. Subsequent studies
have reported the symmetry breaking of a localized binary condensate in the pres-
ence of inter-species and intra-species atomic interactions [120, 121]. Santos and Car-
doso demonstrated that even with only one component subjected to the quasiperi-
odic potential, the interspecies interaction induces the localization in the other compo-
nent [124].

Apart from the standard delocalization-localization transition, a new class of lo-
calization transition known as the reentrant localization transition in quasiperiodic
lattices has attracted a great deal of attention in recent years. While in the conven-
tional localization transition, the states after the localization transition remain local-
ized with an increase in the disorder in the system, in the case of reentrant localization,
the localized system delocalizes again before getting localized for the second time as
a function of the quasiperiodic potential strength [205, 206]. This kind of behavior
can also be described as localization-delocalization transition. Such intriguing reen-
trant localization has been studied extensively in recent years [207], including in non-
Hermitian lattices [208], leading to their experimental observations [209-212]. In that
context, few theoretical studies have been reported about intermediate critical phases
where extended and localized states co-exist in the presence of spin-orbit interaction
and quasiperiodic disordered potential in strongly correlated system [213-215]. In the
continuum systems, however, this kind of localization-delocalization-localization be-
havior has not been analyzed with the same rigour as those in the strongly correlated
system. Although a recent study has revealed the localization-delocalization transition

upon variation of SO coupling in a non-interacting condensate trapped in a disordered
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quasiperiodic potential [128]. However, a complete understanding of the reentrant

localization for weakly interacting BECs is lacking.

In this Chapter, we present an extensive numerical study that explores the impact
of inhomogeneous interactions in the localization of SO coupled BECs subjected to
a quasiperiodic optical lattice potential. We consider the spatial dependent interac-
tions induced by the external optical fields to have the same form as the quasiperi-
odic potential with the parameters depending on the intensity of the lasers [216, 217].
This setting leads to the localization of the condensate with the variation of inter-
action strength. However, by implementing an additional phase shift 77/2 between
the inhomogeneous interaction and trapping potential, we obtain the signature of
localization-delocalization transition, where we find an intermediate delocalized phase
sandwiched between two localized phases with the variation of the strength of the in-
homogeneity of the nonlinearity. Furthermore, we complement this behavior in the
localization through the Gaussian variational approach. At last, we obtain the signa-

tures of such localization properties from the dynamical behavior of the condensate.

The Chapter is organized as follows. Section 4.2 introduces a mean-field theoretical
model of SO coupled BEC with GPE framework trapped in a quasiperiodic potential
and inhomogeneous interaction. Next, Section 4.3 presents the numerical and vari-
ational results, including the effect of inhomogeneous interactions and SO coupling
parameters. In Section 4.3.5, the stability dynamics of localized and delocalized states
are explored under velocity perturbations and quenching trap strength. Finally, in Sec-

tion 4.4, we summarize this chapter.

4.2 Governing dynamical Mean-field equation and
simulation details

We consider a pseudo spin-1/2 quasi-1D condensate with strong transverse confine-

ment, modeled using the coupled Gross-Pitaevskii equations (GPEs) as [218-220]:

Ay [ 19 2 2 Oy
= =| 72327t (8TT|¢T| +8ruly] ) +V(x) |94 —ikp =+ Qpy, (4.1a)
op, [ 1 ] )
= 7| "2 " (&H%\z + gme) +V(x) |y, + lkLW + Qyy, (4.1b)
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where ¢4 and ¢| represent the wavefunctions for pseudo spin-up and spin-down com-
ponents, respectively. Here, ¢4+ and g are the intra-species nonlinearities for spin-up
and spin-down components, and g, represents the interspecies interaction strength.
ki is the SO coupling strength and () is the Rabi coupling strength. V(x) represents the
trapping potential. For our studies, we consider g1+ = ¢|| = ¢. The wave functions

follow the normalization condition as
[ (191 + 19y ) dx = 2. (42)

To obtain the non-dimensionalized Eq. (5.1), we consider the transverse harmonic
oscillator length a; = \/f/(mw, ) as a characteristic length scale with w , as the trans-
verse harmonic trapping frequency, w ! as the timescale and /iw, as the characteristic
energy scale. The interaction parameters can be defined in terms of ¢ = 2Nay/a
and ¢4 = 2Nay/a,, where a; and aq| represent the intra-component and inter-
component scattering lengths, respectively. The SO coupling is re-scaled as k; = kja
and Rabi coupling as O = /(2w ). The wavefunction is rescaled as {4 | (x,t) =
tp’Tl i(x, t)y/a . Here, variables with prime represent the dimensional quantities.

To analyze the characteristics and dynamics of the localization of the condensate,
we consider a quasiperiodic trapping potential V(x) of the form [128],

V(x) = —Vj cos(k1x) — V; cos(kax), (4.3)

where V] and V; are the primary and secondary optical lattice amplitudes, respectively.
For all calculations, we consider the primary and secondary lattice strengths as V; =1
and V, = 0.1, respectively, with the angular wavenumber ratio as the golden ratio,
ie,ky/ky = (\/3 + 1) /2. With this angular wave number, the wavelength of the laser
beams will have the values as A1 ~ 3.1415a, and Ay ~ 1.94164a, respectively, where
a, denotes the characteristic length scale approximately equal to 1.17um. Note that in
the experiment of Roati et al. [20], the ratio kp/k; is 1.1971.

To make the parameters considered in numerical simulations experimentally feasi-
ble, we consider the two hyperfine states of Rb atom as pseudo spin-up state |1) =
|F = 1,mp = 0), and pseudo spin-down state ||) = |F = 1,mp = —1). Following the
experiment of Lin et al. [105], we consider N ~ 1.8 x 10° number of atoms in a har-
monic trap strongly confined along the perpendicular direction with frequency w, ~
27 x 83.66 Hz, and along the axial direction the trapping frequency is chosen to be
wy ~ 27 x 7.07 Hz. In the experiment, the wavelength of the Raman lasers, A\ =
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804.1nm, and its geometry provide a tool for tuning the SO-coupling strength (k1 ). The
SO coupling strength k; can be tuned within the range k; = [0.1 — 4]a, using a pair
of Raman lasers. On the other hand, the intensity of the Raman lasers is attributed
to the variation of Rabi coupling frequency (), where, in experiments, it can be ad-
justed within the interval Q' = 27 x [105.13 — 669.28| Hz, which is associated to the
dimensionless Rabi-coupling frequency () = [0.1 — 4]. Furthermore, the interaction
coefficients can be tuned by varying the number of atoms in a condensate.

One of the main focuses of the present work is to show the role of inhomogeneity
in the interaction, describing the localization and delocalization of the condensate. For
that, here we provide a generalized expression for the spatial dependence of the atomic
scattering length depending upon the intensity I(x) and detuning parameter of the
laser beam. In general, the spatial dependence of the scattering length can be expressed
as [76,79, 216, 133],

0 al(x)
a(x) =a° o pak (4.4a)
. l(x)

Here, a° and a(T) | denote the intra- and interspecies s-wave scattering lengths when
the optical fields are absent. « and B are the constants depending upon the laser de-
tuning [79]. s is the spontaneous decay rate between two atomic levels. In the exper-
iment, the laser detuning is considered to be larger than the spontaneous decay rate,
which minimizes the decay of the atomic state, which in turn helps to realize the opti-
cal Feshbach resonance. Here, I(x) is the intensity of the laser beam generated due to
the stimulated transition between two atomic states [77, 80, 81]. Note that the above

formula is approximated from Eq. 1.22 from Chapter 1 for large detuning of the laser.

Theis et al. [79] experimentally demonstrated that the scattering length of ’Rb con-
densate can be measured upon variation of laser detuning utilizing the optical Fesh-
bach resonance technique. They estimated that the scattering length a is within the
range 10ay to 190ap, considering the background scattering length value of 3’Rb as

a°

= 1004y, resulting in the variation of the scattering length in the range —904y to
+90ap. One can tune the interaction from attractive to repulsive regions with the above
technique. Recently, Carli ef al. [221] experimentally demonstrated the dynamical evo-
lution of BECs in a collisionally inhomogeneous environment. They observed various
dynamical phases of expanding condensates in a quasi-1D geometry, including the for-

mation, decay, and cascading of soliton-like phases. Their investigation of interaction
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inhomogeneity opens new avenues for exploring various phenomena in BECs.

The spatial dependence of the scattering length a(x) can be achieved using the
space dependence intensity, I(x) of the laser beam as described in Eq. (4.4a) and (4.4b).
Without loss of generality, it is reasonable to consider the nonlinearity proportional to
the optical lattice potential V(x), as it is created using the laser field intensity [216, 222,
132]. In this work, we assume a41(x) = a4 (x) = a(x). With this consideration, g4 (x),
g1, (x) and g4 (x) can be written as,

gir(x) =eg+ €V (x), (4.5a)
g1 (x) =g (x), (4.5b)
g11(x) =m0 +nV(x). (4.5¢)

Here, €y and 779 are the homogeneous interactions associated with the background
scattering length. Similarly, € and 1 denote the inhomogeneity interaction strength. Us-
ing the optical Feshbach resonance as the inhomogeneous interaction could be tuned
independently compared to the homogeneous counterpart [79]. Therefore, for our
analysis, we consider the homogeneous interaction as €y = #p = 0 to focus totally on
the effect of the inhomogeneous part of the interaction on localization-delocalization [133,
123].

We also consider a scenario where the trapping potential (4.3) and spatially depen-
dent nonlinear interactions (4.5a)-(4.5c) have a phase difference 6;,0,. With this, the

nonlinear interactions take the form:

2
g11(x) = —€ ) Vicos (kjx — 61), (4.6a)
=T
2
gt (x) = =1 ) _ Vicos (kix +6,) . (4.6b)

I=1

Here, V; denotes the optical lattice amplitude, identical to V; and V; as described in
Eq. 4.3. Similarly, k; represents the angular wavenumber corresponding to the wave-
length of the laser beam. Both V; and k; are kept the same as the quasiperiodic po-
tential (Eq. 4.3). In our case, we consider two scenarios: (i) 81 = 6, = 6 = 0, and (i)
61 = 0, = 0 = /2. For the first case, the spatial inhomogeneity is the same as the
quasiperiodic potential with 8 = 0. In contrast, the 0§ = 77/2 introduces a phase shift
between interaction inhomogeneity and quasiperiodic potential. To further generalize

our analysis, we also explore cases with unequal phase shifts, i.e., §; # 6, between the
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interaction and the quasiperiodic potential as discussed in 4.3.3.2.

The dynamical equations [Egs. (4.1a) and (4.1b)] are solved using the split-step
Crank-Nicholson method [156, 223, 224] with the box size as [—102.4 : 102.4], space
step Ax = 0.025 and time step At = 10~*. For all simulations, we consider the Gaus-
sian wavefunction centered at zero as an initial state for both components and also
assume the antisymmetric condition {4 (x) = —¢, (—x) between the components as it
represents the ground state of the Hamiltonian with lowest energy [123, 225]. While
solving the dynamical equations, we employ an imaginary-time scheme to obtain the
ground state and a real-time propagation scheme to investigate the condensate dynam-

1CS.

4.3 Results

In this section, we present the effect of the inhomogeneous interaction and the Rabi
and SO coupling on the spatial profile of the ground state obtained using the imagi-
nary time propagation. First, we focus on analyzing the impact of the inhomogeneity
on the localization of the ground state. Following this, we investigate the effect of
phase shift between the interaction and potential in bringing the interesting interplay
between the localized and delocalized states that finally leads to the manifestation of
the localization-delocalization features of the localization with a change in the inter-
action inhomogeneity. We complement our numerical observation by employing the
Gaussian variational approach. Finally, we present a detailed analysis of the dynamics
of the localized and delocalized states induced by several means, namely, by giving

small velocity perturbations and quenching of the potential.

4.3.1 Effect of interaction inhomogeneity on the

Localization-delocalization transition of the condensate

In a recent work, Li et al. [128] demonstrated that the condensate remains localized for
a higher ratio of secondary to the primary optical lattice strength (V,/ V) for the entire
range of SO and Rabi coupling parameters. However, for small V,/V;(~ 0.1), the
condensate exhibits a delocalized nature, which undergoes a transition to the localized
state upon either increasing the Rabi coupling for a fixed SO coupling or increasing the
SO coupling for a fixed Rabi coupling.

While in the former case, the condensate remains delocalized with a small value

of SO coupling strength, whereas, for moderate SO coupling strength, the condensate
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Figure 4.1: Density profile of |¢4|? (red line) and || (dashed black line) components for different
inhomogeneity parameter € = 7 = —0.4 (al,bl), e = # = 0 (a2,b2), and € = np = 0.4 (a3,b3) at k;, = O,
Q) = 0.0 (upper panel) and k;, = 0.6,Q2 = 1 (lower panel). Insets in [(a2, a3, b2, b3)] show the spatial
variation of density profile in semilog scale that explicitly displays the exponential tail of the localized
condensate in (a3) and (b3).

remains localized at high Rabi coupling. In the latter case, it shows the localization-
delocalization behavior with the change in the SO coupling for small Rabi coupling. In
this work, we aim to explore the effect of interaction inhomogeneity alongside the SO
and Rabi coupling parameters on the state of the condensate, which is initially delocal-
ized when no inhomogeneity or coupling parameters are included. In the following,
we will examine how these factors, namely, inhomogeneity and the coupling param-
eters overall, affect the condensate’s localization by fixing the lattice strength ratio as
Vo/Vp =0.1.

In Fig. 4.1, we show the spatial profile of the density for different sets of spatial
inhomogeneity parameters by considering the coupling parameters as (3 = 0, k; = 0
(left column) and QO = 1, k; = 0.6 (right column). In the absence of the SO and Rabi
coupling, the condensate density profile exhibits a delocalized nature for zero (¢ =
n = 0) and attractive inhomogeneity (¢ = 7 = —0.4) as depicted in the Figs. 4.1(a2)
and (al), respectively. The condensate starts showing a tendency to localization for the
repulsive inhomogeneous interaction, quite evident with the exponential tail as shown
in the inset of Fig. 4.1(a3). As we consider the SO and the Rabi coupling to a finite value,
we find that the spatial spread of the condensate becomes narrower compared to those
with the coupling parameters for the attractive and zero inhomogeneity parameters,

which is quite evident from the Fig. 4.1(b1) and (b2), respectively. Here, it is interesting
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Figure 4.2: Pseudo color representation of the spatial variation of ground state density of the spin-up
component (|§4]?) with the inhomogeneity parameter € = 7 for (a) k, = 0, Q = 0 and (b) k, = 0.6,
) = 1.0. For the zero coupling parameter, the condensate exhibits a delocalized state for e = < 0.2
and a localized state for e = # > 0.2. However, for finite coupling parameter () = 1, ki, = 0.6) the
localization state is realized for € = 5 2 0. Here, the white dashed line is drawn ate = 5 = 0 to
compare the effect of k; and Q.

to note that even for repulsive inhomogeneity, the condensate exhibits the localization
[Fig. 4.1(b3)] contrary to the situation when inhomogeneity is absent. Note that, in the
absence of inhomogeneity, even a small repulsive nonlinear interaction destroys the

localization of the condensate [164].

To investigate the effect of inhomogeneity in a more systematic way in Fig. 4.2, we
show the pseudocolour density profile of the condensate with a continuous variation
of the inhomogeneity parameter for zero [Fig. 4.2(a)] and finite couplings, ( = 1 and
kr = 0.6 [Fig. 4.2(b)]. For this case, we find that the condensate remains delocalized for
the entire range of the attractive interaction inhomogeneity as well as for small repul-
sive interaction inhomogeneity. However, we witness localization for larger repulsive
inhomogeneity interactions. The overall features indicate that for zero coupling pa-
rameters () = k; = 0), the density gets localized for e(= 77) 2 0.2. However, with
kr = 0.6 and ) = 1, the condensate display localization even without interaction
inhomogeneity (e(= 7) 2 0). This particular feature suggests an interplay between in-
teraction inhomogeneity and the coupling parameters towards the localization of the
condensate. On the one hand, while the attractive inhomogeneity tends to delocalize
the condensate, the coupling parameters try to restore the localization. To shed more

light on this aspect, in the following, we will present a systematic analysis of the role
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of these competing factors on delocalization, which will be connected further to bring
the localization-delocalization behavior of the condensate in a similar line observed in
the many-body system [205].
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Figure 4.3: The IPR x (red circle marked solid line) and the width w (black square marked dashed line)
of the condensate as a function of inhomogeneity parameter e(= #) for k;, = 0.6 and O = 1.0. The
increase in ) is accompanied by a decrease in the width of the condensate, which starts beyond the
critical inhomogeneity parameter (= #) > 0.1, indicating a transition from the delocalized to localized
state. The localized range is shown with the grey-shaded area. Here, the left and right vertical axis
shows the variation of y and w, respectively.

0.5 L

The extent of localization and delocalization of the condensate has been character-
ized using two quantities, namely, the inverse participation ratio (IPR) x and the width
(w) of the condensate, which are defined as [128, 205],

%= 2 [ w1, @7a)
j
w]2 = 2/(x - xm)zllp]-\zdx, (4.7b)

where N; = [ [¢j(x)|*dx represents the population of the j" component of the con-
densate with j € {1, ]} and x,, is the center of mass of the condensate. Since we choose
equal number of atoms in each component, the condensate density remains same in
both components, and hence, the IPR and width can be considered as x1 = x| = x
and w; = wy = w, respectively. Consequently, we show the results pertaining solely to
the spin-up components. Please note that in general the state of the condensate is cate-
gorized broadly in localized state (for x 2 0.5) and delocalized state (for x < 0.5) [128].
However, here, based on the real space profile of the condensate, which appears to
span over a very localized region, we have introduced the three states of the conden-

sate localization. We set the criteria that the condensate can be characterized as in the
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localized state if x > 0.5. Otherwise, for the lower IPR (0.3 < x < 0.5), the condensate
is in the intermediate localized state and the delocalized state for (xy < 0.3).

1.0

0.5 =<

0.0

-0.8 -04 0.0 04 038
U]

Figure 4.4: Pseudo color representation of the IPR (x) in the € — 5 plane for k; = 0.6 and QO = 1.0.
For x 2 0.5, the condensate is characterized in the localized state, while with x < 0.5, it is termed as
delocalized. Three distinct regions, I, II, and III, represent the delocalized, intermediate localized, and
localized states.

In Fig. 4.3, we illustrate the variation of the IPR (in the left vertical axis) and width
(in the right vertical axis) of the condensate with respect to the change in the inter-
action inhomogeneity, considering the equal inter- and intra-interaction (¢ = 7). In
accordance with the above discussion, we find that the x remains close to zero for at-
tractive interaction inhomogeneity (¢ = 7 < 0), indicating the delocalized state of the
condensate and increases to x ~ 0.5 as soon as inhomogeneity gets tuned towards the
repulsive region (¢ = # 2 0). This trend further continues by increasing the interaction
inhomogeneity. Overall, we find that the slightly repulsive nature of the interaction
inhomogeneity is good enough to localize the condensate. This feature of x in charac-
terizing the localization of the condensate is very well complemented by the variation
of the width (w) of the condensate, as shown using the black dashed squared line in
Fig. 4.3. The width remains high (w 2 5) until (¢ = 1 < 0), for which the condensate
remains delocalized. In the case of the localized condensate for repulsive interactions,
the condensate width becomes nearly equal to one. To understand the effect of the
interaction inhomogeneity on the localization of the condensate, we perform an exten-
sive simulation for different ranges of interaction inhomogeneity (|e| = || < 1) by
keeping the SO and Rabi coupling fixed at k;, = 0.6 and ) = 1. In Fig. 4.4, we present
the pseudo color of IPR yx in the € — 57 plane. Here, we have used the criteria, x 2 0.5,
to designate the state of the condensate as a localized state. When both intraspecies

(€) and interspecies (1) are positive, the condensate remains in the localized state with
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Figure 4.5: Pseudo color representation of the IPR x in k; — Q) plane in three distinct regions of the
inhomogeneity parameters as indicated in the Fig. 4.4: (a) for e = —0.4, and # = 0.2 in the region I,
(b) for e = = 0.0 in region II, and (c) for ¢ = 0.6, = 0.8 in region II. Regions I and III remain
in the delocalized and localized states for all ranges of () and k. Region II exhibits the localization-
delocalization transition upon tuning the SO and Rabi coupling.

X 2 0.6. However, if both interactions are attractive, the IPR remains in the range

0.03 < x < 0.1, indicating the delocalized state of the condensate.
Next, we present the effect of SO (k1) and Rabi ((2) couplings on the localization and

delocalization of the condensate with spatial-dependent interactions. For this analysis,
we select three sets of parameters €, and 7 of Fig. 4.4. These parameters are associated
with three different regions: region Iwithe = —0.4, 7 = 0.2, region Il with e = 17 = 0.0,
and region III with € = 0.6, 7 = 0.8, as marked in Fig. 4.4.

In Fig. 4.5(a) we show the phase diagram in k;, — Q) plane for e = —0.4,and 7 = 0.2.
We notice that the IPR ) remains within the range 0 < x < 0.4 for all ranges k; and
(), revealing that the condensate still associates with the delocalized state. Fig. 4.5(b)
illustrates the x in the ) — k; plane for the region II (¢ = 5 = 0) located at the
phase boundary between the delocalized and localized phases in the € — 7 plane (see
Fig. 4.4). Furthermore, for this case, x lies within the range 0.1 < x < 0.75, imply-
ing a transition from delocalized to the localized state of the condensate. We further
tind the localization-delocalization transition as SO coupling is increased in the range
0 < k; < 4 while keeping Q) fixed at a low value (2 ~ 1). Similar localization-
delocalization phase transition has also been reported earlier by Li et al. [128] by
tuning the ki for non-interacting condensate. After the comprehensive picture of the
condensate phase in () — ky plane for the non-interacting case, next, we consider repul-
sive inhomogeneous interactions with € = 0.6, # = 0.8 marked as region IIl in Fig. 4.4.
For this case, the x value lies within 0.60 < x S 1.0, suggesting a complete localization
of the condensate as shown in Fig. 4.5(c). Interestingly, we find that the condensate

becomes strongly localized (x ~ 1) for high SO and Rabi coupling parameters, even
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Figure 4.6: Effect of inhomogeneity on the density profile of the condensate for 71/2 phase difference
between the nonlinearity and potential with k; = 0.4 and O = 1.0. (a) Pseudo color representation of
density spatial profile with respect to the inhomogeneous interaction parameter e(= —7). (b)-(d) spatial
density profile for e(= —#) = 0.8 (localized), e(= —#) = 0 (delocalized), and (d)e(= —#n) = —0.8
(localized). The condensate undergoes localization-delocalization-localization phases upon increasing
the strength of the inhomogeneity from the attractive to repulsive region.

when the interactions in the condensate are repulsive, in contrast to the homogeneous
interaction where the repulsive interaction weakens the localization [164]. In the latter
part of the Chapter, we will relate the enhancement of the localization, which occurs
with an increase in the repulsive interactions in the presence of spatial inhomogene-
ity, to the growing nature of the depth of the effective potential of the condensate, as

derived using the variational approach.

4.3.2 Localization-delocalization transition in presence of

collisional inhomogeneities

In the previous section, we investigated the effect of spatially inhomogeneous interac-
tion for the case when the spatial inhomogeneity in the nonlinear interaction is similar
to that of the quasiperiodic potential. Next, we consider the situation when there hap-
pens to be 77/2 phase difference between the trapping potential and inhomogeneous

interactions as given in Egs. (4.6a) and (4.6b).
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Figure 4.7: Pseudo color representation of the IPR x in the € — n plane showing localization-
delocalization-localization feature of the condensate for 71/2 phase between the inhomogeneity and
potential. The parameters are k; = 04, 6 = 71/2, and ) = 1.0. Localized (x 2 0.5), intermediate
localized (0.3 < x < 0.5) and delocalized (x < 0.3) have been observed. I, II, and III denote the three
distinct regimes in the inhomogeneous parameters space chosen to investigate the effect of (3 and k; on
the localization and delocalization.

In Fig. 4.6(a), we present the variation of the condensate density with the inhomo-
geneous interaction strength € and 7 by assuming € = —#. We find that the condensate
exhibits localization for —0.4 2 e(= —7) 2 —1.0,04 < e(= —#) < 1.0 while, it dis-
plays delocalized nature —0.4 < e(= —7) S 0.4 as the coupling parameters are fixed
to kp = 0.4 and () = 1. In Figs. 4.6(b)-(d), we show the density profile for three sets
of parameters ¢ = — = 0.8, ¢ = —y = 0, and € = —5 = 0.8, respectively. In the
case of Fig. 4.6(b), the condensate is localized at xp ~ 0.3, whereas in Fig.4.6(d), the
condensate is localized at xo ~ —0.3. The shifting of the center of mass of the conden-
sate is explained further using the effective potential using the variational approach
in Sec. 4.3.3. In contrast, Fig. 4.6(c) illustrates a completely delocalized phase of the

condensate in the absence of inhomogeneity.

Next, to get a comprehensive picture of the localized and delocalized phases due to
the effect of the inhomogeneities, we show the pseudo-color representation of x in the
€ — 17 plane for ) = 1 and k; = 0.4 in Fig. 4.7. We noted that the delocalized region,
where x remains near zero, is sandwiched between two localized regions with x 2 0.5.
This particular feature of the localization-delocalization transition with interaction in-
homogeneities closely resembles the reentrant localization feature in previous studies
using the Aubré-Andre models [205]. Note that as we consider 6; = 6, = /2, the
symmetry of the Hamiltonian remains intact, and so the localization-delocalization-

localization appears to be symmetric with respect to e —+ —e,# — —1. However,
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Figure 4.8: Variation of (a) IPR (x) and (b) width (w) of the condensate as a function of the interaction
inhomogeneity parameter € = —# for ki = 0 (red circles), ki = 0.4 (black triangle), and k; = 0.6 (green
pentagons) by fixing (3 = 1. Increasing kj reduces the range of inhomogeneity parameters in which
delocalization is observed.

this symmetry breaks as we destroy the symmetry of the Hamiltonian by considering
61 # 0,. In the following, we provide one example for 0; # 6, to show the asymmetric
nature of the transition.

Further, we analyze the effect of spin-orbit coupling parameters on the localization-
delocalization. In Fig. 4.8(a), we show the variation of IPR x with the interaction in-
homogeneity e(= —7) at three different values of k; = 0.0,0.4 and 0.6. Conversely,
Fig. 4.8(b) illustrates the condensate width w for the same values of k;. In figure (a),
for the case of k; = 0.4, one can notice that the IPR increases between 0.4 < x < 0.6
in between e(= —7) < —0.5 and e(= —#) 2 0.5, resembling the localized regions.
On the other hand, the x value remains almost constant (Y ~ 0) in between —0.5 <
e(= —n) < 0.5 depicting the delocalized region. Conversely, the condensate width w
complements the IPR x by showing w < 1 in the localized regions, and in the delocal-
ized region the width becomes w >> 1. Another notable fact is that with the increment
of k;, from zero, the minimum value of x in the delocalized region and the maximum
value in the localized region increase. For instance, in the delocalized region, the x
value remains in the order of ~ O(10~2), whereas the localized region is featured with
a larger x value greater than > 0.5. Also, one may notice that the delocalized region
(grey shaded region) shrinks as the kj, value increases with the variation of (= —7).
On the other hand, the condensate width w (dashed line with open markers) nicely
complements the IPR behaviour by showing a larger value of w 2 10.0 in delocalized
regions and a smaller value w < 1.0 in localized regions.

Next, in Fig. 4.9(a,b), we show the pseudocolor density profile representation as a
function of (¢ = —7) for the cases 01 = 6, = w/2and 6 = 71/2,0, = 71/3, respectively.
Atone hand for 6; = 6, = 71/2 the localization-delocalization transition takes place for
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Figure 4.9: Pseudocolor representation of the spatial variation of the ground state density of the spin-up
component (|;|?) with the inhomogeneity parameter e(= —7#) for (a) 6; = 6, = 71/2,and (b) 0; = 71/2,
0, = m/3. Upon choosing §; = 0, results in the symmetric localized and delocalized regions about
€ = —e while 6; # 60 leads to break that symmetry about ¢ = —e as shown in (b). Variation of (c)
form-factor x, and (d) width w of the condensate as a function of interaction inhomogeneity € = (—7).
Upon inclusion of unequal 61, and 65 in interaction inhomogeneity leads to break the symmetry about
€ = —e. The coupling parameters are considered at k; = 0.4, 3 = 1.0. The green dashed line is drawn
to compare the symmetric delocalized region in Figure (b) with (a).

€ — —€, 1 — —1n, but for §; = /2, 8 = /3 the transition is not symmetrical about
(€ - —€,1 — —1) [see Fig. 4.9(b)]. To make our claim more concrete in Figs. 4.9(c,d),
we plot the form-factor x and the width w of the condensate, for various combination
of the phase factor in the interaction inhomogeneity, such as (a) 0; = 6, = /2, (b) 6; =
/2,0, = m/2.5,as (c) 0 = /2,0, = /3. It is evident that upon choosing 6; # 65,
the symmetry in the appearance of localization-delocalization transition with respect
to the change in the sign of the interaction of the inhomogeneity parameter ceases to
exist. Therefore, the symmetrical behavior of localization-delocalization transition can
be broken by choosing different phase shift between the interaction inhomogeneity
and the quasiperiodic potential.

In order to get a more comprehensive picture, we construct the phase diagram in
ki — Q) plane by keeping € and 7 fixed at different regions, i.e., (I), (II), and (III) as
shown in Fig. 4.7. The phase diagram in Fig. 4.10(a) corresponds to the localized re-
gion at (I) (¢ = —y = 0.8) where the x value lies within the range 0.49 < x < 0.88,
clearly demonstrating the localized feature of the condensate. On the other hand, when
we decrease the interaction parameters towards delocalized region such as region (II)
(¢ = —n = —0.1), the associated IPR in Fig. 4.10(b) exhibits similar localization-
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2
Q

Figure 4.10: Pseudo color representation of the IPR in the () — k;, plane in three distinct regions (I, II,
and III) of interaction inhomogeneity parameter space as shown in the Fig. 4.7: (a) e = —5 = 0.8, region
I, (b)e = —y = —0.1, region II, and (c) ¢ = —y = —0.8, region III. Both regions I and III exhibit the
localization for all ranges of () and k;, while region II displays a localization-delocalization transition
by varying k;, for () close to 1.

delocalization phenomenon as shown previously in Fig. 4.5(b). Next, Fig. 4.10(c) cor-
responds to the region (IlIl) (¢ = —y = —0.8), which shows the localized condensate
for all the range of coupling parameters.

So far, our investigations have mainly focused on numerical analysis through which
we have characterized various localized and delocalized regions with variations in
interactions as well as the coupling strength of the system. To understand localization-
delocalization transitions, either by tuning the coupling parameters or changing the

interaction strengths, we adopt the Gaussian variational approach in the following.

4.3.3 Role of inhomogeneity in the localization-delocalization

transition

In this section, using the variation approach, we present a plausible explanation for the
observation of localization-delocalization obtained using the numerical simulation, as
presented in Sec. 4.3.2. In what follows, we discuss the analytical model using the
variational approach to disentangle the role of different localizing and delocalizing

factors in spatially inhomogeneous SO-coupled BECs.
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4.3.3.1 Variational analysis

Using the time-dependent variational approach [24], the Lagrangian density of Egs. (4.1a)
and (4.1b) can be written as,

2 i . x i * 1/ *\/ 1 ! 1
Loy {5 (w7 — ;) = (=Dske [979) = 07| = 519 = 5o () g

— V(x) |wj!2} — g2(X) [P1 Pl2]* — Q (W2 + P13 - (4.8)

Here, we slightly changed the notation as j € {1,/} = {1,2} in variational approxi-
mation only for convenience. Otherwise, it remain {7, |}. In the equation, the asterisk
denotes the complex conjugate, the prime represents the derivative (d/dx), and the
overdot denotes the time derivative (d/dt). Here, the notation j = 1 and 2 refers to the

spin-up and spin-down components, respectively.

To obtain the corresponding dynamical equations, we use the Gaussian Ansatz with

time-dependent variational parameters Nj, wj, f;, xo,, and ¢; of the form:

N; — xo,)* .
Pi(x, ) :#\/;;exp [— W] X exp [(—1)1iﬁj(x —xo;) +igj| ,  (49)

2w].

where N; is the number of atoms, w; represents the width of the condensate centered
at xo,, pj and ¢; are respectively the chirp and phase of the condensate with a Gaussian
profile. At this stage, it will be worthwhile to point out that the variational Ansatz is
more appropriate to comprehend the characteristics of the localized region of the con-
densate, not the behavior of the delocalized regions. To complement the delocalized
state using the variational analysis, one needs to consider the superposition of more
than one Gaussian wavefunction that will contain a large number of variational pa-
rameters and will come with added complexities. The effective Lagrangian with the
Gaussian Ansatz can be obtained by substituting Eq. (4.9) into Eq. (4.8) and integrat-
ing over space variable with the potential Eq. (4.3) and the nonlinearity Eq. (4.6). The

detailed calculation for the dynamical equation of motion using the Lagrangian given
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as,
2

L=y | Ny(=1)B;50 — Ny + Nk — S (L4 p2) D
=) | Nj(=1)'Bjko; — Njgpj + Nk — — @Jrﬁj 72 frw; |

j=1
2 k-l’ZwZ k7- 2
_GZVZCOS (kzx())exp <_T> + N; ZVlcos (klxo)exp (—Tj> ]

=1
— 2 k
N2 exp (‘ (xo12 xog)_) X [770 -1 Z V) cos ( l (w1x202 : Z;szol)

VT w2 + w3 wi + w; =1 wy + w;
)

kK2w?w
j W W3
X exp (——4 . >

> ] —2v/NiNoLg, (4.10a)

(wg +w3)
where
L 2w, wy (,Blw% - IBZW%) (x01 - sz) — ¢ (w% + w%)
Q — ( 2+ Z)COS w2_|_w2
. 2 20 N0
xexp | — (x0, — %0,)” + (B1 + B2) “wiw3 (4.10b)
2(w? + w3) ’

with ¢ = ¢ — ¢1, and p = xp, — x9, The Euler-Lagrangian equation associated with

variational parameters ; is given by
— ===, (4.11a)
where «; corresponds to the variational parameters Nj, §;, ¢, xo;, and w;.

Therefore, the Euler equation of motion associated to xo, is given by

Lprn/er ) (4.11b)
LFP N; aﬁj]

Further, the equation of motion associated with N]- can be written as:

X, = (—1)7

]

N, = (~1)20/NiN, | 2022 'n[(ﬁ i) <x01—x02)_¢],

w? + w3 (w? + w3)
o (xol — sz) + (A1 + :32) w1w2
X exp [ > (w1 n wz) ] . (4.11¢)
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The Euler equation of motion corresponding to ¢; is given by

. — + L —
¢ 4w2 2 \2nw;

2 2 2
exp ( (x0, — x0,) ) [’70 _ Z Vi cos (kz wlxoé + w§x01>
‘/n w1+w2 wi + w3 wy +w;
kzwlw2 > ] | N3_ ] N3 N3—joLq
exp LQ Bj
( 4( w1 + w2 ! aﬁ]
+ Z V) cos (klxo ) exp (_T> . (4.11d)

The equation of motion associated to §; is given by,

2 2.2
: N kiw
1, F J [eo —eZVlcos (kixo;) exp (——]>]

I=1 8

. Nje 2 kz 2 2
Bj = =i 12\/_w Z(VZkl)sin (klxoj) exp > + Z Vikp) sin (k;xo;)
; =

=
2 2
kjw j 2110 N3_; (x0, — X0,) x01 sz
exp | — 4 r 372 P
\/n(w1+w2) wg + w3
Na_(—1)! j—3 2 2
/7T (wl + wz) w1 + w2 = wy + Wh

. w?xg, + wixg kzwzw% N3_; . 20Ln
+ (=1)2 (xo. — x¢,) cos | k;——2 2 xexp | ——L 172 A O, BV ok i
(—=1)2 (x0, — x0,) ( ! w2 + wl 5 4 (w? + w?) N; (=1) 8x0].

- ﬁjﬁj. (4.11e)
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Finally, the Euler equation of motion with respect to w; is given by,

N; N2 kw?
w]]3 - 2\/_w [ Z % (k 2 —|—4) exp (—T] cos (k;xo;)
_ Nw kjw? N1 Nonow;
j 2 j j 2 2 2
Viki ) cos ( kyxo. exp( )-i— wi + w5 — 2 (x9, — Xo,)
M1 5 o) o ) (5 ) Nttt

2 2
< exp [ - (x0, — Xo,) N1 Nyw; exp [ (x0, — Xo,)
Wi ) oy (w? 4+ wld)? Wi + w3
w3xq, + w3xo,
AT

. ‘ wsz —|—ZUZX() k2w2w2
+ (—1)/4k; (xo, — X()z)w%_]-sm (kl 1 ; % 1 ] exp 3 12 1 22)

w1 + w3
——3dLn

X Z Vi { ( (x0, — xoz) + 2w1 + 2w2 + k2w3 ]) cos (kl

(4.11f)

Note that the equation of motion corresponding to w; does not contain the time deriva-
tive of the condensate width w; like other equations (4.11d)-(4.11e). Due to this rea-
son, the variational approach does not seem to fit to analyze the dynamics of the
width of the condensate. However, the condensate width obtained from the varia-
tional approach demonstrates good agreement in the localized region, as indicated by
the shaded area in Fig. 4.12. In contrast, the condensate in the delocalized region ex-
hibits a spatially modulated stripe pattern (see Fig. 4.1(al)), which cannot be captured
by the Gaussian variational approach. First, we focus on analyzing the stationary state
upon solving the coupled equations (Eq. (4.1a) and Eq. (4.1b) ) considering equal atoms
in both components (i.e., N| = Nj). In order to obtain the stationary conditions, we
need to make the time derivative of Eq. (4.11b)-Eq. (4.11e) equal to zero. As a result,
we obtain 1 = B, = B, w1 = wp = w, and xy, = —xg, = X¢ as the initial condition.
Using these initial conditions, the equations of motion associated with xp, w, and
have the form,
N;_; dLq

kp—B— | = =9 _ g (4.12a)
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Figure 4.11: Ground state density profile obtained using numerical (with lines) and variational scheme
(with markers) for (a) k, = 091, ¢(= 1) = 0, and (b) k; = 0.6, ¢(= 1) = 0.4. The real and imaginary
parts of the spin-up condensate wavefunction obtained from the numerical simulation and variational
approach agree well.

1 1 € & , k2w?
208 2o [60 —z LY (Kw? +4) exp <_T cos (kixo)

I=1

w E k2w2 0 2x2
2 >:: (Vlklz) cos (kixo) exp <_ l4 3 /—an4 (w2 — 4x%> exp _w_zo

2.4 w_ ) 2
Wi ZVZ< 4xg+w' + = — )exp( P >+20<'Bw+w3>
2004
X eXp < x + ﬁ ) — O, (412b)
—1)"IN.e 2 k2002 2 202
(2\>_—w]€ l_zl (‘/lkl) sin (kle) exp <_%> + ZZZ% (‘/lkl) sin (kle) exp <—%)
\/—WONC* V. ~oN3—jXo 2x3 (_1)2j_177N3—j 233\ & , w2
N —— —1)/4V, e
T Jrws P\ T2 B2 s P 2 I_Zi( )/ 4Vixo exp S
N3_; . oL
A O Y A Sl O R
+ N; (=1) axoj 0. (4.12¢)

In Fig. 4.11 we show a comparison between the density profile of the spin-up com-
ponent obtained using GPEs (with solid line) and that using the variational approach
[Eq. (4.12a)—(4.12c) ] shown with open markers considering k; = 091, e = 7 = 0, and
) = 1.0 [see Fig. 4.11(a)], and € = = 0.4, k; = 0.6 and Q2 = 1.0 [see Fig. 4.11(b)]. At
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Figure 4.12: Comparison of numerical (wnum) and variational condensate width (wyar) as a function
of interaction inhomogeneity as e(= #) at k; = 0.6, and Q) = 1. (wnum) (circle marked solid-blue line)
obtained using the numerical integration of Eq. (4.1a) and Eq. (4.1b), and (wyar) (red-dash dotted line)
obtained using the solution of Eq. (4.12a)—(4.12¢c) with proper initial conditions. In the localized region
(e(= 1) > 0), the wnum shows good agreement with the variational method while, in the delocalized
region (e(= 7) < 0), the variational method fails to accurately match the numerical condensate width.

stationary state, |+ |> = [¢|?, Im¢; = Im¢p|, and Reyp; = —Re ;. Noting this, here-
after, we consider the spin-up component for the discussion. The density profile calcu-
lated using the numerical GPEs and variational approach agrees well in the localized
state. For the non-interacting case (¢ = n = 0), the variational approach (Eq. (4.12b))
reveals that the kinetic energy (first term) is responsible for the delocalization. How-
ever, the Rabi-coupling and the optical lattice potential contribute to localization of the
condensate, which is in line with the observations made earlier (refer to the discussion
in Sec. 4.3.1). Further, to highlight the effect of inhomogeneities on the localization in
Fig. 4.11(b), we illustrate the density profile for e = 1 = 0.4, kp = 0.6, and 2 = 1.0.
The density profile obtained using the variational approach agrees well with those ob-
tained using GPEs with slightly higher amplitude than those for non-interacting cases,
indicating a stronger localization with repulsive nonlinearity.

Note that, the equation of motion corresponding to w; [see Eq.(4.11f)] does not con-
tain the time derivative of the condensate width w; as like the other equations (4.11d)-
(4.11e). Due to this reason, the variational approach does not seem to fit to analyze the
dynamics of the width of the condensate. However, the condensate width obtained
from the variational approach demonstrates good agreement in the localized region,
as indicated by the shaded area in Fig. 4.12. In contrast, the condensate in the delo-
calized region exhibits a spatially modulated stripe pattern (see Fig. 4.1(al)), which
cannot be captured by the Gaussian variational approach.

In Fig. 4.13 we show the variation of total energy (Ei1) with interaction inhomo-
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Figure 4.13: Variation of the ground state energy as a function of the inhomogeneity parameter (¢ =
#). Enum (solid-blue line) and Eyar (dashed line with dots) represent the total energy obtained from
numerical simulation and analytical variational approach, respectively. Here k; = 0.6 and () = 1.
There is good agreement between the numerical and variational energy in the localized region (¢ =
n > 0) where energy increases towards more negative values, indicating the formation of stronger
localization with an increase in the inhomogeneity. In the delocalized region, Enum ~ —2.5 for negative
inhomogeneity parameter.

geneity as (¢ = 7). For attractive interaction (¢ = 1 < 0), the total energy calculated
using numerics remains constant at E,ym = —2.5. On the other hand, for repulsive
interactions (e(= #7) > 0), the Enum decreases monotonically upon increasing inter-
action strength, indicating that the localized condensate minimizes the energy. For
negative inhomogeneous interaction, the total energy Ey,r calculated using the varia-
tional approach fails to agree with those obtained using the numerical simulation. The
discrepancy between the variational and numerical simulation results for the delocal-
ized region can be attributed to the assumption of a Gaussian-like Ansatz for the wave
function in the variational analysis. One needs to consider the superposition of a large
number of Gaussian states to emulate the behaviour of a delocalized state, which will

make the variational calculation quite complex.

The localization appears to arise from the interplay between interactions and the
quasiperiodic optical lattice in a collisionally inhomogeneous environment. To account
for this, we consider a phase difference of 8 = 71/2 between the interaction and the
potential, as given in Eqs. (4.6a) and (4.6b), respectively, which we further substitute
into the Lagrangian [Eq. (4.8)]. Using the Euler-Lagrange formalism, we calculate the
equations of motion with respect to the variational parameters. The details of the La-

grangian are provided in the following.
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Figure 4.14: Comparison of the condensate density profile obtained numerically (solid line) and using
the variational approach (open markers) for different inhomogeneity parameters when the phase differ-
ence between the nonlinear inhomogeneity and potential is 77/2. (a) For e = —; = —0.8, and (b) For
e = —n = 0.8. The other parameters are ki, = 0.6,6; = 7/2, and (3 = 1.0. Incorporating the phase
shift 71 /2 between the potential and inhomogeneity results in the condensate localizing at an off-center
position at (a) x = —0.3 and (b) x = 0.3. The real (Re) and imaginary (Im) parts of the condensate wave-
function show good agreement between the wave function profile obtained from numerical simulation
and that from using the variational approach.

4.3.3.2 Lagrangian and effective potential for the phase shift 77/2 between optical

lattice potential and nonlinearity

The Lagrangian and the equation for effective potential for the case of 0; = 0, = 0 =
71/2 between optical lattice and interaction inhomogeneity. Here, j € {1,2} = {1,]}

represents the spin-up and spin-down components, respectively.
, N;i (1 N;
] 2 j
L= Z [ 1)/ Bjito; — Nigyj + Nk — 3 (2w2 +ﬁj> 2372/, [eo

k2w? K2w?
—€ Z V) sin (kle ) exp <—%) + N; 2 V; cos (klxo > exp <_T]> ]

I=1

NiN, 2 k X X
B 1Nz exp (_(36012 X02) > 170+172V15m< | (w? 202—1—%;22 01)>
VT w2 + w3 wi + w3 I=1 wy + Wy
2

(w] +w3)

K
X exp (—%) ] —2/NiN>Lq,

(4.13)

where, L is same as Eq. (4.10b). Next, in Fig. 4.14(a) and Fig. 4.14(b), we show

a comparison between the density profiles obtained from the numerical simulation
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Figure 4.15: Variation of numerical (Enym) and variational (Eyar) total energy with inhomogeneity e(=
—n) with kp = 0.6, and Q) = 1.0. Tuning the inhomogeneity leads to a monotonic decrease in the total
energy in the localized regions, thatis —1 < e(= —1) < —0.3 0or 0.3 < e(= —#) S 1.0 whereas, in the
delocalized region —0.3 < |e(= —75)| < 0.3, the total energy remains almost constant at Enym ~ —2.56.
In both cases, energy follow a symmetric nature in either side of delocalization regions.

(solid lines) and that from the variational approach (marked with open markers) for
€ = —0.8,7 = 0.8and € = 0.8, 7 = —0.8, respectively. For both the combination of the
strength of the inhomogeneity, the condensate gets localized off-center. For instance,
in Fig. 4.14(a), the condensate gets localized at x ~ —0.3, while, in Fig. 4.14(b), the
localization happens at x ~ 0.3. To unravel the reason for this particular nature of
localization of the condensate at the off-center position in space, we analyze the nature
of the effective potential as depicted in Fig. 4.17(a). We find that increasing the strength
of interaction results in shifting the minima of the effective potential V*ff either left or
right, which depends solely on the nature of the interaction inhomogeneity. The left
shift happens for the attractive (¢ = —# = —1.0) while the right shift happens for the
repulsive intraspecies (¢ = —# = 1.0) interactions. The detailed discussion is provided
in the following section 4.3.4.

To get more insight into the probable cause for the localization and delocalization
transition, in Fig. 4.15, we show a variation of the total energy as a function of the in-
teraction inhomogeneity obtained from the numerical simulation and using the varia-
tional approach. The energy shows a monotonically decreasing trend with the interac-
tion inhomogeneity strength for 0.3 < |e(= —7)| < 1. However, for 0 < |e(= —7)| S
0.3 the energy assumes the constant value around Enym ~ —2.56. Variational energy
Evar qualitatively follows a similar trend as that of E,ym in both localized and delo-

calized regions. The decreasing trend explains the formation of more localized bound
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state, whereas, the constant plateau at comparatively higher energy (Enum ~ —2.56)

forms more weakly bound states relative to the other case.

4.3.4 Effective Potential for localization-delocalization of the

condensate

To understand the role of inhomogeneity in the localization of the condensate, we re-
sort to derive the dynamical equation of the condensate moving under the influence of
effective potential mainly generated due to the spatial inhomogeneity [120, 132].

The effective potential fof can be derived from the Eq. (4.11b) and Eq. (4.11e),
which has the form of:

aZij . aV]eff
oz — T axg

(4.14a)

off € iy k)
Vit =- 2872 /rw; IZ 1% <klx° ) b _T Z Vi cos <k1x0 ) P _T

=1
r (=1)*Tno exp (_ (x0, — x02)2> E U - (_ (x01 — x02)2>
VT (w2 + w2)1/2 w? + w3 NN w? + w3

2 o (w2 2 w22
x Y Vjcos ( 1 (wixo, + waOl)) X exp (-%) + Lo. (4.14b)

2 .2
1=1 w] + w;

The effective potential obtained in Eq. (4.14b) is mainly composed of five different
terms. The first term involving interactions € contributes towards localization in the
case of repulsive interactions. The second term, containing the quasiperiodic optical
lattice potential, is responsible for the localization of the condensate. The third term
contains 79, which determines the state of localization or delocalization depending
upon the component and the sign of #p. The last term containing the Rabi-coupling
[See Eq.(4.14b)] contributes towards either localization or delocalization for the in-
phase or out-of-phase state of the condensate, respectively. For our calculation, we
choose ¢ = 7 between the two components in all cases, which implies that the role of
Rabi coupling towards localization. Further, the condensate width wj, and chirp §; ap-
pearing in the effective potential can be estimated by solving Eqs. (4.12a—4.12c). After
substituting the w;, and ;, we compute the V]-eff (x9) for various spatial inhomogeneity

and coupling parameters, which has been depicted in Fig. 4.16.
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Figure 4.16: Effective potential (V&f,fz)) profile for the condensate obtained using variational approach

[Eq. 4.14b]: (a) for different inhomogeneous interaction parameter keeping () = 1 and k; = 0.6 and
(b) for different Q) keeping k; = 0.6 and inhomogeneity interaction as e(= #) = —1.0. The depth of
the effective potential at the central point (xg ~ 0) increases upon increasing the repulsive interaction
compared to those for € = 7 = 0, indicating the localization of the condensate for repulsive interaction
inhomogeneity. However, the trend is opposite for an increase in the attractive interaction, implying
the delocalization for them. Upon an increase of ) in (b), the central depth increases, suggesting the
localization of condensate for this increment.

In Fig. 4.16(a), we show the profile of Ve corresponding to the spin-up compo-
nent upon varying the inhomogeneous interactions while keeping the intra- and inter-
component interaction same for ki, = 0.6 and (2 = 1. We find that the effective po-
tential attains a global minimum at xp = 0, and the depth of the global minimum
increases upon an increase in the spatial repulsive inhomogeneous interaction. For in-
stance, at € = 77 = 1 (open circled black solid line), a larger depth of effective potential
(Vegs ~ 2.5) indicates that the condensate gets more localized as the repulsive interac-
tion increased. However, for attractive interaction(e or # < 0), the depth of minima at
xg ~ 0 becomes of the order of other minima of the effective potential, indicating the
delocalized state of the condensate. This observation aligns with the earlier numerical
results obtained with the one-component BECs [132]. Additionally, this result closely
matches the observed transition from localized to delocalized states when interaction

parameters are varied from positive to negative (see Fig. 4.3).

In a similar line as discussed above, to understand the role of Rabi coupling in at-
taining the localization, we show the effective potential in Fig. 4.16(b) as (2 is increased
for the condensate with e = 7 = —1 and k; = 0.6. For () = 0, the minima of the
effective potential at xp = 0 are of the same width as the minima at other xy, indi-
cating the delocalized state of the condensate. As the Rabi-coupling increased from
zero, the depth of the effective potential at xg = 0 increases and becomes significantly

higher compared to the minima at other xy for (3 2 0.5. This variation of the effec-
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Figure 4.17: (a) Variation of effective potential (Veff ) as obtained in Eq. 4.15 of spin-components with

x¢ for different inhomogeneous interaction parameters €(= —n) when the phase difference between the
spatial inhomogeneity and potential considered is 77/2. For € = 57 = 0, the potential is peaked at xy = 0,
which is the delocalized state. However, for |e(—#)| = 0.5 and 1, the central minima depth increases
compared to those for zero inhomogeneity, indicating the localization state. (b) Variation of effective
potential with xq for different Q) with k; = 0.6, € = 1 = 0. As the value of () increases, the depth of the
central potential also increases, implying that the Rabi coupling contributes towards the localization of
the condensate.

tive potential with increasing () indicates that the role of Rabi coupling is to localize
the condensate in the presence of inhomogeneous interaction, where it was initially

delocalized, in line with the numerical observation made in Sec . 4.3.1.

Next, we turn our focus on analyzing the role of spatial inhomogeneity in the
localization-delocalization that arises when the inhomogeneous nonlinear interaction
carries the 7t /2 phase difference in spatial dependence, as those for the trapping quasiperi-
odic potential as described in Sec. 4.3.2. The form of the effective potential Vg can be

written as,

veff = € ZVSIR(kx )exp( ke 2> ZVCOS(kx )exp( ki ]2)
i ! 1X0; - ! 1X0; -
I 23/2ﬁw] o 8 = 4
1o (x0, — X0,) ) Ui ( (x01 — X02) )
- S 5 o oy ol | AU 28 L N S
VT (w? + w2)1/2 ( wy + wj JTT /w% + w? wi + w3
2 o (w2 2 122 w2
Y Visin [ (wlxzo2 + 3;729501) exp |~ L% )4y (4.15)
1=1 wy + w3 4 (wi +w3)

Interestingly, the spatial variation of the effective potential in Fig. 4.17(a) vividly
illustrates the shifting of the minima with the increment of nonlinear interactions e(=
—1) as a result of the captivating interplay between the potential and spatial depen-

dence of the interaction. For instance, as we move from € = 5 = 0, the local min-
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ima at xo = 0 shifts either in the direction of positive or negative x(, as depicted for
€ = —n = 0.2 (green dashed line) or ¢ = —57 = —0.2 (purple dashed line), respectively.
Notably, the displacement of the minima occurs symmetrically on both sides of the cen-
ter. For example, ate(= —7) = 1.0, the minima are displaced around xy = 0.3, whereas
at e(= —n) = —1.0, the minima are found to be at xg = —0.3. Also, the presence of
disorder in the potential leads to a slightly larger depth of the potential well located
at xp = 0.3 compared to the other wells for the aforementioned interactions, which
is clearly distinguishable by the red dotted line in the figure. These particular features
highlight intriguing competition between the potential and nonlinearity towards the
localization-delocalization behavior. Additionally, the effect of Rabi-coupling towards
localization is clearly evident when studying the magnitude of Ve in Fig. 4.17(b).

4.3.5 Dynamics of localized and delocalized states

So far, we have analyzed the effect of the SO and Rabi coupling along with the interac-
tion inhomogeneity on the localization of the condensate and studied their role using
the variational approach. In this section, we present the dynamics of those localized
and delocalized states by perturbing the ground state through velocity or performing

a quench on the strength of the secondary potential.

4.3.5.1 Velocity perturbed Dynamics

In this section, we present the dynamics that ensued in the condensate as a result of
the finite equal and opposite velocity imparted to the condensate in the localized or
delocalized state in the presence of the interaction inhomogeneities. After imparting
the velocity, we analyze the condensate dynamics utilizing the real-time propagation
scheme.

In Fig. 4.18, we show the temporal evolution of spin-up component condensate
density for various interaction inhomogeneities. In panel (a), we observe the initial
localized state obtained when the phase between spatial inhomogeneity and potential
is zero (0 = 0), with parameters € = 1 = 0.2, k; = 0.6, and () = 1.0. After applying a
velocity perturbation at t = 20, we observe a slight change in the condensate. Only a
small fraction generates ripples in space, while the maximum density remains almost
unchanged compared to the ground state density. A similar behaviour is observed for
the localized condensate when the phase shift is 6 = 7/2,e(= —y) = 1.0 (see panel
(c)). In panel (b), the delocalized condensate density demonstrates expansion in space

over time after the velocity perturbation at ¢t = 20 (after the red dashed line). In sum-
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Figure 4.18: Pseudo color representation of the velocity-induced dynamics of the spin-up component
density for localized (a) and delocalized (b) states of the case when the inhomogeneity has the same
phase as the potential. (c) shows the localized state for the case when the inhomogeneous interaction
and potential have 71/2 phase difference. The other parameters are k;, = 0.6 and (2 = 1. Both the
localized states (a) and (c) do not show any change in shape and size upon perturbing with the velocity,
while the delocalized state (b) shows a spread in shape with time.

mary, it can be said that localized condensates [see Fig. 4.18(a) and Fig. 4.18(c)] remain
stable against small perturbations, while delocalized condensates [see Fig. 4.18(b)] ex-

hibit instability under similar perturbations [132].

4.3.5.2 Quench induced dynamics

Apart from the analysis of the localized and delocalized phases depending upon the
ground state density with various coupling and interactions, now in this section, we
explore the dynamics of the different phases of the condensate upon quenching of trap
potentials [225, 28, 226]. Firstly, we analyze the dynamics generated by applying the
quench of the trap potential from the initial to different final strengths. In Fig. 4.19, we
show the temporal average of the condensate widthw = 1/T fOT w(t)dt, for quenching
of the potential from initial (V, = 0.1) to lower trapping strength. In Fig. 4.19(a) we
show the variation of mean width with e(= 7) as the dynamics are generated through
two types of quenching: (i) by quenching the secondary lattice strength V, = 0.1 —
0.0 (black solid line with square markers) and (ii) by quenching V, = 0.1 — 0.05
(red dashed line with circular markers). We also show the w (green dotted line with
triangular markers) corresponding to the ground state condensate. We find that for

repulsive interaction e(= 1) > 0, the @ is of the same order compared to the @ obtained
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Figure 4.19: Time averaged mean-width (@) of the condensate as a function of the inhomogeneity (e =
—n) for different quenching of the secondary potential (V,) from initial value 0.1 to the final value 0.0
(black rectangle) and 0.05 (red dots). The green triangle represents the case when V, = 0.1. The other
parameters are k; = 0.6, and (2 = 1.0. For the case (a) when the inhomogeneity and potential have the
same phase, and (b) when the phase between the potential and nonlinear inhomogeneity is 7r/2.

without quenching. This particular feature implies that the condensate stability in the
localized region is primarily caused by the repulsive inhomogeneity present in the
system [132].

On the other hand, with attractive interaction (e(= 77) < 0), the @ tends to increase
towards a larger value to the order of @ ~ O(10'). Moreover, in the case of periodic
quenching (when final V, = 0), the mean width is higher compared to the case of
quasiperiodic quenching (when V, = 0.05), which indicates that even a low but finite
disorder is good enough to resist the expansion. Note that as we use the equal in-
terspecies interaction, the density of the spin-up and spin-down components remains
equal. Therefore, for the sake of brevity, we have only shown the dynamical evolu-
tion of the spin-up component. The other component just follows up on the spin-up
component dynamics.

In Fig. 4.19(b), we present the mean condensate width with the variation of e(=
—1) in the presence of the phase shift & = 7r/2. Similar to 6 = 0 here also, we observe
that in the localized region, @ remains almost constant at the same order, (9(10’1), ir-
respective of the strength of quenching of the trap. However in the delocalized region,
the w follows similar behavior as observed for § = 0 (See Fig. 4.19(a) ). In general,
we find that the periodic quenching (final V, = 0) results in attaining the higher w
compared to those for quasiperiodic quenching (final V> = 0.05). We also notice a
slight shift of the delocalized regions towards the left side of e(= —#) < 0 for the
delocalized regions compared to the case without quenching (dotted line with green
triangles). This feature can be attributed to the comparatively weak localization of the

condensate with phase shift 71/2 compared to the localization without phase shift. We
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also find the manifestation of the localization-delocalization transition with a change
in inhomogeneity in the dynamics of the condensate captured through the variation of
the mean condensate width in Fig. 4.19(b) in comparison to the results obtained using
the ground state in Fig. 4.8(b).

4.4 Summary and Conclusion

In this Chapter, we have numerically investigated the effect of interaction inhomogene-
ity on the localization-delocalization transition of the SO coupled binary quasi-one
dimensional BECs trapped in the quasiperiodic potentials. By assuming the form of
the spatial modulation of the interaction inhomogeneity same as that of the quasiperi-
odic potential we have shown that the condensed undergoes a localization to delo-
calization transition as the inhomogeneous interaction strength varies from attractive
to repulsive. However, when a phase difference of 7t/2 is introduced between the
inhomogeneity and the lattice potential, we have shown a remarkable localization-
delocalization-localization transition as a function of the inhomogeneity strength. Fur-
thermore, we have also analyzed the effect of the SO and the Rabi coupling on the
localization-delocalization transition for different strengths of the inhomogeneity. For
weak inhomogeneity strength, the increase in the SO coupling strength leads to localization-
delocalization similar to the one observed for non-interacting homogeneous SO cou-
pled BECs [128].

Furthermore, we have utilized the variational approach to understand the compet-
ing nature of the quasiperiodic disorder due to the inhomogeneity and the potential
responsible for the localization-delocalization-localization, which is revealed clearly in
the oscillatory nature of the depth of the effective potential as a function of the inho-
mogeneity strength. We have also demonstrated the manifestation of the localization-
delocalization in the quench dynamics of the condensate. Our present analysis pro-
vides an alternate disorder parameter other than the external potential to attain this

behavior.
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Chapter 5

Spin-dependent localization of spin-orbit
and Rabi-coupled Bose-Einstein

condensates in a random potential

In previous Chapter 4, we presented a comprehensive role of spin-orbit (SO) coupling
and interaction on the localization-delocalization transition of the binary condensate
confined in the quasiperiodic potential. In this Chapter we extend our analysis to SO
coupled BECs trapped in the random disordered potential. The main focus of the
Chapter is to develop a comprehensive understanding of the interplay between SO,
disorder, and interactions on the localization-delocalization transitions in SO coupled
binary BECs. Here we show that for weak random potential upon an increase in the
SO coupling, a re-entrant transition takes place from a broad to narrow localized state
and back at a higher SO coupling. The main focus of the Chapter is to show the ap-
pearance of spin-dependent localization as the interactions increase beyond threshold
values for a sufficiently strong disorder. The Chapter is based on the work published
in New Journal of Physics [227].

5.1 Introduction

Following the discussion of SO and Rabi coupling on spinor BEC in quasiperiodic
potential in the last chapter, we now focus on their effects in presence of a random
disordered potential. In this section, we begin by summarizing key experimental and
theoretical developments on Anderson localization in random disordered systems and

outline the literature gap that motivates the present work.
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Similar to the advancements in AL under quasiperiodic disorder, the study of ran-
dom disordered potentials gained momentum following the first experimental real-
ization of AL in BECs with random speckle potential [21]. For example, Clément et
al. [125, 87] reported the suppression of transport and disorder-induced trapping of
quasi-1D and 3D interacting BECs. Following that, characterization of exponential and
algebraic localization also theoretically studied in Ref. [23], which was later verified in
the experiment [21].

In addition to the random speckle potential, several numerical studies have em-
ployed a simplified Gaussian random impurity model to effectively mimic disorder.
A detailed discussion of this model is provided in section 1.2.4.3 of Chapter 1. This
model is widely used in numerical simulations with mean-field GP equations. For
example, Cheng and Adhikari [126] numerically explored the Anderson-like localiza-
tion of a scaler BEC in such random disordered potential. They further reported the
condensate fragmentation under strong repulsion. A key feature of random poten-
tials is that the localized profile evolves from Gaussian to exponential with increas-
ing disorder strength—a behavior not observed in quasiperiodic systems. This be-
hvaiour is similar to the algebric and exponential localization regions found with ran-
dom speckle potential [23]. This behavior is similar to the algebraic and exponential
localization regimes identified in random speckle potentials [23]. With binary conden-
sates, Xi et al.[127] reported the spatial phase separation due to the imbalance between
intraspecies and interspecies interactions. The random disordered systems also exhibit
complex dynamics, including spin precession and spin-component separation induced
by spin-dependent velocities[146, 147, 228, 229]. The complexity of these localized
states presents significant challenges in formulating a unified physical framework for
their systematic understanding.

So far, most studies on localization in random potentials have focused on weakly
interacting scaler or binary condensates. However, the combined effects of spin-orbit
and Rabi coupling, interactions, and disorder remain largely unexplored. In this work,
we perform a comprehensive study to analyze how SO coupling, self-interaction, and
disorder affect various types of ground state localization in condensates, extending
beyond the conventional Anderson localization framework. We also demonstrate that
increasing inter-species interaction beyond a certain threshold leads to spin-dependent
localization-delocalization effects, as the Manakov symmetry is lifted.

The Chapter is structured as follows. Section 5.2 introduces the model in terms of
the Gross-Pitaevskii equations and defines physical observables and characteristics of

the random potential. Next, section 5.3 explores the impact of SO and Rabi couplings
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on localization in the non-interacting case. In Sec. 5.4, we concentrate on the spin-
dependent localization of self-interacting BEC for two non-Manakov’s realizations of
nonlinearities. Finally, in Sec. 5.5 we conclude the chapter.

5.2 Mean-field model, observables, and disorder

In this Section, we formulate the main features of the model and discuss their relation

to the disorder in one-dimensional systems.

5.2.1 Coupled Gross-Pitaevskii equations

We consider a pseudospin-1/2 quasi-1D condensate strongly confined along the trans-

verse direction, which can be modelled using the coupled Gross-Pitaevskii equations

(GPEs) as,
al[JT 1 82 N aEDT
=90= {—5@ + 81l l? + gqy |9 ® + V(X)} P — ik =2+ QY (5.1a)
8% 1 92 . 81/%
5 = {—5@ + gl + gupler? + V(X)} gy +ik—= 4+ Qpp,  (51Db)

where ¢ and ¥ (¢4, = P4, (%, t)) represent the pseudo spin-up and spin-down com-
ponents of the condensate wavefunction ¥ = (¢4, 9 i)T, respectively, where T stands
for transposition. For stationary states ¢ | (x,t) = 4 | (x) exp(—iput), where y is the
chemical potential common for both spin components. Here g4+ and g| | are the intra-
species nonlinearities for spin-up and spin-down components, respectively, and gy
represents the inter-species interaction. In what follows, we will study stationary states
and omit explicit x—dependence for brevity when it will not cause confusion.

The GPEs (5.1a)-(5.1b) correspond to the SO coupling Hamiltonian in the form
—ikp0,0/9dx and the Rabi coupling Qo with 0; (i = x, z) being the corresponding Pauli
matrices. The spin-orbit and Rabi coupling strengths are denoted as k;, and (), respec-
tively, while the random potential is V(x). We consider realizations of self-interaction
with different inter- and intra-spin nonlinearities, thus, with lifted Manakov’s symme-
try [230]. The Manakov’s symmetry realized at g1+ = g | = &1, = &+ produces the
BEC possessing the spin rotational invariance and considerably simplifies the analysis
by gauging away the SO interaction in the absence of the Rabi coupling [231]. This
symmetry can be lifted as a result of spin-dependent scattering length in interatomic

collisions. As will show in this Chapter, this lifted symmetry plays a critical role in the
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spin-dependent BEC localization.

The proposed model for the localization of quasi-1D spin-orbit coupled Bose-Einstein
condensates in a random potential can be experimentally realized utilizing two hyper-
fine states of 3 Rb atom considering pseudo spin-up atomic state |1) = |F = 1, mp = 0),
and pseudo spin-down state ||) = |F = 1, mp = —1) coupled using two Raman lasers
with wavelength A = 804.1 nm where the spin-orbit coupling k;, can be tuned by vary-
ing the angle between the laser beams [105]. The condensate is trapped under the
strong transverse frequency w, ~ 10 s~! with the characteristic length scale a; ~ 1
pm and the characteristic energy scale iw; ~ 5 nK. Variation of the angle between the
beams permits to produce dimensionless spin-orbit coupling k; and Rabi frequency ()

considered in the work in the interval from ~ 0.1 to ~ 5.

In the absence of external magnetic field the interatomic scattering lengths ars, ay,
and a4, a4, are of the order of 1004y where ag is the Bohr’s radius, and can be tuned by
appropriate experimental setup [73, 232-234]. For these interatomic scattering lengths
and above given a |, the resulting dimensionless interaction parameters g4+, ¢, and
g+11,81+ in the range used in our simulations can be achieved for the total number
of atoms A/ < 10%. For larger N, similar nonlinear interactions can be achieved at

properly tuned smaller interatomic scattering lengths.

To obtain the dimensionless Eq. (5.1a)-(5.1b), we consider the transverse harmonic
oscillator length a; = /fi/(mw, ) as a characteristic length scale with w , as the trans-
verse harmonic trapping frequency, wll as the timescale and 7w as the character-
istic energy scale. The interaction parameters can be defined in terms of g4 (1) =
2N A4, (10 /a;,and g4 = 2N ay,/a, where, A1, (14 and a4 | represent the intra- and
inter-component scattering lengths, respectively, and A represents the total number
of atoms in the condensate. The dimensionless spin-orbit k; and Rabi () coupling are
defined in the units of all and 2w, respectively. The wavefunction is rescaled with
v/a, and follows the normalization condition Ny + N| = 1, where

N¢:/_oo|1/;¢|2dx, N, = /_w|tp¢|2dx. (5.2)

In addition to the functions ¢+ and ¥ |, dependent on the SO coupling and self-interaction,
it is worth introducing a set of function ¢a(x) (the index &« = 0,1,..., numerates the
energy states and a« = 0 corresponds to the ground state in the absence of SO coupling

and the self-interactions) describing the spinless states with the eigenenergies ¢, in the
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potential V(x). The corresponding eigenstates in the Rabi coupling have the form

¢a(x) = ‘P"&(? [1,+£1]%, (5.3)

with the energies €z = €, + Az(), where & = (a|Az) is a compound index with the

second component Az = £1 corresponding to the (o) value.

5.2.2 Definition of observables

The localization at different spatial scales is characterized by the spin-projected width

wj, center of mass (x;) and the IPR (inverse participation ratio) x; (j = (1, )) defined

as:
w; = %} /_ O;(x — ()% dx, (5.4)
xj) =N / x|pj|*dx, (5.5)
and
1
%= e / [;|*dx, (5.6)

where Nj is defined by Eq. (5.2).

It is instructive for further analysis to present the local density n;(x) = |z,b] ]

using the Fourier components 7;(p) as:

() = [ npexplipm) S, 67)

resulting in,

1 [ee]
Xj = N2 /_ . n: (p)dp. (5.8)

Equation (5.8) (see also Ref. [235]) shows that increasing the contribution of the higher

momenta to the probability can increase the IPR.
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We consider spin-dependent observables
() = [ _wopdx, 59)

and characterize the purity of the system in the spin subspace as P = ¥ ;(0;)? [236].
Here P = 1 corresponds to a pure state with the spin on the Bloch sphere, while P = 0

is the fully mixed state with zero length of the spin vector.

We also utilize the “spin miscibility” parameter characterizing the joint distribution

of densities of spin components defined as

1=2 lpillplax (510

where 7 = 1 and 7 = 0 correspond to fully miscible and immiscible realizations,
respectively. For real wavefunctions, we have 1 = |(ox)|. Although the purity and
spin miscibility are mutually related, they can demonstrate quite different dependence

on the system parameters.

5.2.3 Characterization of disorder

To study the evolution of localization of the nonlinear SO coupled condensate in a

random potential, we consider the Lifshitz form [237] of the random potential as:

Ne _ g
ACAEE CUTOTT Z;exp(—%), (5.11)

where Uy corresponds to the strength of a narrow spike of the width { at uncorrelated
random positions xs with N being the total number of spikes. The mean value (V (x))
is defined as:

L
(V(x)) = % [ V(= i, (5.12)

with 7 = Ns/2L being the average concentration of the spikes and 2L being the
length of the system. To characterize statistical properties of the random potentials in
(5.11) common for all the disorder realizations, we introduce the correlation function
C(d) = (V(x)V(x+d)) — (V(x))? as a function of the distance d between the potential
observation points. By assuming an uncorrelated distribution of the positions of the
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126 Spin-dependent localization of spin-orbit and Rabi-coupled BECs in a random potential

spikes x5, we obtain following Ref. [238]:

Cd) = (V(x)V(x +4)) — (V(x))?

— (V) — (V)P exp(—/222), o1
where (V2(x)) — (V(x))2 = aUZ / v/ V2nr{.

While (V(x)) and (C(d)) present x;— realization-independent statistical character-
istics of the random potential (5.11), the random distribution of the spikes can show
various realization-dependent patterns of local concentrations, which can localize the
BEC beyond the Anderson localization physics. The Broad basin-like domains with
((V(x))p — (V(x)))2 < U3 /¢ (here (V(x)), stands for the potential averaged over
the basin region) located between stronger peaks of V(x) produce regions with the
effective potential minima which can localize the condensate. Next,let us consider
fluctuations with the local concentration of spikes n < 7 of the length | producing
local potential Vjo. < (V(x)). For a complete void with n = 0, the probability of its
realization is given by exp(—7il) with the number of voids ~ L/l x exp(—1l). This
void-like fluctuation becomes sufficient to localize the BEC if | > 7r//(V(x)). Since
the probability of large basin-like regions or voids is small, for finite length systems, it
can strongly depend on the x; realization at all equal other parameters of the disorder.
This combination of localization in the basin-like potentials and the voids is critical for
the understanding of the spin-related effect in the ground state of the BEC in a random
potential. Detailed analysis of localized states in random one-dimensional potentials
has been done in Ref. [239].

The matter wave states in a random potential can be approximately separated into
two groups. The first group is well-localized states in the regions of a relatively smaller
concentration of the spikes. The ground and low-energy states of our interest belong to
this group. The other group is Anderson localized states with the spatial dependence
of the form ¢, (x) ~ cos(kyx + @u)Ca(x), where &, (x) is an extended function at the
energy-dependent localization length ¢(k,) with k,¢(k,) 2 27, and ¢, is the corre-
sponding phase. For the model of disorder presented by Eq. (5.11) for slow particles
with k. < 1, we obtain the localization length as ¢(k,) ~ k2/7U3. As we will show,
spin-orbit interaction couples these groups of states and further leads to a sufficient
modification in the nature of the localized states.

In laboratory experiment, the random potential is produced by using scattered co-
herent Gaussian laser light from the rough surface of a glass diffuser. The resulting

intensity pattern is due to constructive and destructive interference of light from dif-
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5.3 Localization of non-interacting BEC 127

ferent scattering regions, forming a high contrast randomized distribution of the light
intensity. The necessary condition for a good random potential is that the produced
profile must significantly extend the laser wavelength [87, 240]. With an optimal num-
ber of scatterers relative to the diffuser size, destructive interference can generate the
“void” regions, while alternating interference patterns may generate the “basins”. The
resulting dimensionless potential parameter Uy can be tuned in the range from ~ 0.05
to ~ 0.5 [87,21].

5.3 Localization of non-interacting BEC

In this Section, we consider BEC without self-interactions, where the GPEs (Egs. (5.1a)-
(5.1b)) become a pair of two coupled linear partial differential equations. In the pres-
ence of randomness, the roles of the SO and Rabi couplings become highly nontrivial

and can lead to modification of the position and shape of the condensate.

5.3.1 Details of calculation procedure

We explore the effect of SO and Rabi coupling by analyzing the condensate ground
state obtained by solving the coupled linear GPEs (5.1) in the potential (5.11) using
split-step Crank-Nicholson scheme [156, 224]. We consider the Gaussian wavefunc-
tion as the initial state with the imposition of antisymmetric condition given as i (x) =
—1 (—x) on between two components. To obtain the localized ground state, we use
the imaginary time propagation method aided with split-time Cranck-Nicholson scheme.
In the simulation runs presented below, we have considered the spatial steps as Ax =
0.025, and time steps as At = 10~*. To generate the random potential, we choose the
number of spikes N5 = 512 within the range —51.2 < x < 51.2 with 7i = 5 and Gaus-
sian width ¢ = 0.1.

5.3.2 Different localized ground state phases in the random

potential

Before analyzing the effect of the SO and Rabi coupling on the BEC localization in
detail, we first notice that in the absence of self-interaction, we have x| = x;, wy = w,
and (xy) = (x|). Therefore, in this Section, we use common notations x, w, and (x),
respectively, for both components. To ensure that the analysis takes into account the

realization-dependent properties, wherever relevant we present results for two distinct
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Figure 5.1: The ratio V(x)/(V(x)) for realizations (a) R1 and (b) R2, where (V(x)) = iilly with 7 = 5
and ¢ = 0.1. The green and blue shaded regions are drawn respectively to guide the eyes in the void
and basin-like regions of the random potential where condensate has a high tendency to get localized.
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Figure 5.2: The total density profile for different Uy at k; = (2 = 0 for (a) R1 and (b) R2. At small Uj the
BEC is localized in the basin-like regions of V' (x). With the increase in U it moves to the V' (x) voids (cf.
Fig. 5.1). Here the interactions are g4+ = ¢|| = g1, = 0.

random realizations labelled as R1 and R2 shown in Fig. 5.1 with the corresponding
ground state densities ¢3(x) shown in Fig. 5.2.

Comparison of Figs. 5.1 and 5.2 shows that at a small Uj the condensate is localized
in broad basins of the potential V' (x). With the increase in U, a double peak structure
including a peak localized in a void of V(x) is being formed by the BEC tunneling
between the basin and the void. At a sufficiently large Uy the density gets completely
confined in this void. Depending on the tunneling probability determined mainly by
the basin-void separation, the transition occurs either gradually or sharply with the
change in Uy, at a relatively large and a relatively small tunneling probability, respec-

tively. These single peak distributions are confirmed by the analysis of the width and
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5.3 Localization of non-interacting BEC 129

the IPR presented in Fig. 5.3. Upon increasing Uy, when x becomes greater than ~ 0.6
and the probability density resembles the localization in a high rectangular potential
well. Thus, in the case of R2, the localization towards the void takes place at lower Uy
compared to R1, but the overall effect of the potential is the same in both realizations.

As a result, for the BEC well-localized in a void of the random potential of the width

o
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Figure 5.3: The BEC width w and participation ratio 1/x as a function of Uy for realizations R1 (a)
and R2 (b). Insets show the variation of wy with Uy that asymptotically approaches wy ~ 0.27 for
high Uy, corresponding to well-defined localization in the voids of the random potential. All the other
parameters are the same as in Fig. 5.2. The blue dotted line is drawn at exactly wyx = 0.27.

I centered at (x), we can use at (x) — /2 < x < (x) + [/2 with the corresponding
approximation ¢35 = 2cos® (7t(x — (x))/1) /1, [see Eq. (5.3)] and obtain x = 3/2! and
w = /(72 —6)1/(21/3m). Thus, the product wy ~ 0.27, as shown in the insets of
Fig. 5.3 for a relatively large Up, while sufficiently larger values of wy correspond to

the double-peak localization at smaller U.

5.3.3 Effect of SO and Rabi coupling on the localization for

non-interacting BEC

In order to explore the effect of SO and Rabi couplings, in Fig. 5.4, we compare the IPR
X as a function of Uy at k;, = 0.5, 2 = 1.0 with the IPR for k; = ) = 0.0. Notably, in the
presence of k; and () (solid line) the IPR always remains slightly larger compared to
the k; = Q) = 0 (dashed line) choice irrespective of the realizations. However, for small
Uy, where yx is small [Fig. 5.3], the differences between the IPRs tend to be significantly
larger in comparison to the localized state for higher disorder strength. Here we notice
that in the absence of spin-orbit coupling, Rabi coupling does not influence the BEC
localization and vice versa. In turn, Fig. 5.4 shows that the interplay of the SO and
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130 Spin-dependent localization of spin-orbit and Rabi-coupled BECs in a random potential

Rabi couplings exerts a more pronounced influence on broad condensate states than

on strongly localized ones, as can be analyzed below in this subsection.
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Figure 5.4: The IPR yx as a function of Uy at k; = Q = 0 (dashed lines) and k; = 0.5, Q = 1.0 (solid
lines) for realizations R1 and R2. The increase in x indicates the localization with increasing Uy for all
cases. Notably, both realizations show slightly higher x values in the presence of non-zero SO and Rabi
coupling, highlighting the influence of spin-dependent couplings on localization.
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Figure 5.5: The IPR x as a function of SO coupling parameter k; for two realizations as (a) R1, and
(b) R2. Here (3 = 0.5 (blue dashed line), O = 1.0 (red solid line), and (2 = 2.0 (green dotted line).
Upon increasing kj, the IPR initially increases and reaches the maximum at intermediate k;, (shown by
vertical dashed lines) resembling the localization, and then decreases to the x value at k;, = 0. In both
cases Uy = 0.15.

In Fig. 5.5 we show the variation of x as a function of k; at different () for the
above R1 and R2 realizations. In Fig. 5.5(a) we notice that the IPR remains almost
k; —independent with x ~ 0.15 for very low and high value of SO coupling k; < 0.5,
and k; > 2.5, respectively with a steep increase and decrease at certain values of k;.
Upon increasing Rabi coupling () the amplitude of x and the critical value of k; at
which the IPR attains maximum shifts to larger values. Similarly, Fig. 5.5(b) depicts
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5.3 Localization of non-interacting BEC 131

a similar dependence except that the critical k; values differ from realization R1. In
addition to that, in the panel (b) the initial value of x ~ 0.38 at Uy = 0.15, correspond-
ing to localization at k, = 0 in the void (see Fig. 5.6(b)) in comparison to the broadly
localized BEC [see Fig. 5.6(a)] for R1. For both the realizations x attains maximum at
k2~ 20Q).

Figures 5.5 and 5.6 present the key results of this Section. The behavior of IPR as
a function of k; can qualitatively be understood as follows. For relatively weak SO
coupling, one can use perturbation theory [241] with the basis of ¢ (x) by calculating
modified energies and wavefunctions of the BEC states such that correction to the en-
ergy of the state & is Jez. It is important to mention that since the spectrum is dense,
after these corrections the order of the index « does not correspond to the order of the
energy levels anymore such that inequality €z + dez > €z + dei can be satisfied ata < x
and Az = Ax.

For the energy correction of the state & we obtain by summation over ¥ eigenstates

in the random potential (cf. Eq.(5.3)):

Ky 4|?
dez = k3 | Ky , 5.14
b Lﬁ%ea—eﬁn()\a—)\ﬂ) 614)
where Az # Ay and
Kia=—i [ qu(x)9)(x)dx (5.15)

is the corresponding matrix element of momentum with ¢} (x) = d¢, (x)/dx. Similarly,

we obtain for wavefunction correction:

Kv,a

S =1 ) €x — €y + Q(Az — Ay)

TR

by (5.16)

For a state demonstrating Anderson localization with ¢, (x) =~ cos(k,x + ¢, )Gy (x)
and a localized on the spatial scale [ state ¢y = /2 cos (7r(x — (x)) /1) /+/1, the momen-

tum matrix element K, , can be presented as:

B 2\ %2 sin(k,!/2 + @) cos(ky1/2)
Kip= —71 (7> bt () P TR (5.17)

As a result, the Fourier transform of the density acquires higher momentum compo-
nents resulting (cf. Eq. (5.8) and Ref. [235]) in the increase in the IPR with the decrease
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of the spatial scale of the wavefunction.

0.75]

==0.501
)

N—

=
—0.25]

Figure 5.6: (a) Total density profile for k; = 0 (red solid line), and k; = 1.8 (black dashed line) which
corresponds to the k; at which IPR attains the maximum in Fig. 5.5(a) for realization R1. (b) Total
density profile at k;, = 0 (red solid line), and k;, = 2.0 (black dashed line), the SO coupling associated to
the maximum of the IPR in Fig. 5.5(b) for realization R2. The other parameters are () = 2 and Uy = 0.15
in both cases.
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Figure 5.7: Pseudo-color representation of the IPR y in the (kz, Up) plane keeping Q) = 1 for realizations
R1 (a) and R2 (b). The localized region is characterized by x 2 0.3, while x < 0.3 indicates the broadly
localized condensate, marked as “delocalized” in this and the following Figures. Notably, for both the
realizations, with weak disorder strength Uy ~ 0.15, the condensate gets localized for k;, ~ 1.25, whereas
at higher k; values, it remains broadly localized in the basin. In the case of R2 (b), the transition from
broadly to strongly localized state starts at lower Uy > 0.1, compared to Uy > 0.2 for realization R1 in

().

The matrix element in Eq. (5.17) rapidly decreases with the increase in k;, limiting

the summation range over v and with the increase in I demonstrating that the pertur-
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5.3 Localization of non-interacting BEC 133

bation corrections are smaller for broadly localized states. We notice one important
observation, specific for the low-energy states in a random potential and, thus, depen-
dent on its realization. The energy correction strongly depends on the shape of the
wavefunction and, therefore, on the state number «. Therefore, if perturbed energy
€z + 0€z of a state with & > 0 becomes smaller than that of the state with « = 0 and
Ay = —1 (now € + deg), the former becomes the ground state. We can see this in
Fig. 5.5, where yx for realization R1 abruptly changes at a certain value of k; and a more
localized state becomes the ground state. This is illustrated in the Figures 5.5 and 5.6.
Figure 5.5(a) shows a relatively weak effect of SO coupling on the ground state up to
a certain value of k; due to its broad localization in a basin of V(x). Then, at a certain
value of k;, the ground state jumps to a narrow state [see Fig. 5.6(a)] in the V(x) void
nearby with this state remaining the ground state in a relatively broad range of k7. On
the contrary, in the realization R2 [see Fig. 5.5(b)] the initial ground state is relatively
narrow, the position jump does not occur, and the modification of x is smaller than
that for the R1 realization. After the jump in the IPR for realization R1, both realiza-
tions behave with k; in a similar fashion since the BEC is well localized in a void of
V(x).

In the strong SO coupling limit one can use linear combinations of degenerate
at Q = 0 time-reversed states ¢o(x)exp(—ikzx)[1,0]T and ¢o(x) exp(ikrx)[0,1]T to
describe the ground state wavefunction at nonzero (). These states have energies
€0 — k2 /2 and nonzero Q) produces a doublet of the eigenstates

P = ¢o(x)[exp(—i(krx + 7)), = exp(ik x)]/ V2, (5.18)

with the ground state corresponding to — exp(ikyx) for the spin-down component,
where 7 is the corresponding phase shift. This doublet shows a weak Rabi splitting

due to a small spin component

(o) = — '/O:O @3 (x) exp(2ikyx)dx| . (5.19)

The corresponding x parameters here are the same as those at ki = 0, in agreement
with Fig. 5.5. Due to a small overlap of the spin-up and spin-down components of
the ground state spinor, the corresponding spin state is strongly mixed with P < 1
while the spin miscibility # is still equal to one since their absolute values remain un-
changed. The clear-cut criteria of transition from weak to strong SO coupling for the

system cannot be formulated since all involved energies are of the same order of mag-
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Figure 5.8: Pseudo-color representation of the IPR x of the spin-up component in (2 — k; plane showing
the different localization regions for realizations R1 (a) and R2 (b). In panel (a), the broad localization
region is characterized with y < 0.15, and the localized region ranges within the range 0.3 < x < 0.6.
Similarly, the transition boundary in panel (b) is characterized within 0.4 < x < 0.5 and in the localized
region x > 0.5.

nitude. A general criterion can be formulated as k3 2> (), similar to the transition from
plane wave to stripe phases in disorder-free systems. This condition imposes the upper
limit on the transition k; ~ Q/2. Another criterion can be formulated as k; /x > 1,
corresponding to a relatively weak spin splitting compared to 2Q), (cf. Eq. (5.19)) and
this condition is (J—independent. A complementary scenario is the violation of the
lower-order perturbation theory producing relatively weak splitting of the states since
the energy shift depends on the spin of the state. States are getting closer in the en-
ergy, and this gives a qualitative condition of the transition from weak to strong SO
coupling. Since in the system we consider, x and () are of the order of 1, all these
conditions correspond to the transition at k;, ~ 1 also.

Furthermore, to get a comprehensive picture of the parameter-dependent local-
ization scales, we perform an extensive simulation for different ranges of disorder
strength Uy and SO coupling k;, by keeping the Rabi coupling at (3 = 1.0. In Fig. 5.7,
we present the pseudo color plot of the IPR yx in the (kz, Up) plane for realizations R1
and R2. Here, we have used the criteria, x > 0.35 to characterize the condensate in a
localized state. In case of R1 [Fig. 5.7(a)], the IPR remains x 2 0.4 and become almost
independent of k after Uy > 0.2, whereas for R2 [Fig. 5.7(b)], the threshold value of
Up above which the yx is greater than 0.4, is around Uy > 0.1. However, at k; ~ 1.25

the IPR becomes x ~ 0.4 at a very low value of Uy ~ 0.05 irrespective of realizations.
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Figure 5.9: Pseudo-colormap representation of purity P in () — k;, plane at Uy = 0.15, g = 0 for realiza-
tion R1. The white dashed line, drawn at k% = 2() indicates the transition from a pure to a mixed state,
as the purity P decreases towards 0. For R2 realization, this transition follows the same relationship.

Next, Fig. 5.8 illustrates the pseudo color representation of the IPR x in (Q,kr)
plane by keeping the disorder strength Uy = 0.15. In the case of R1 in Fig. 5.8(a), the
IPR remains at x < 0.25 for the broadly localized region at very low and high k; values
for a particular (). On the other hand, in the localized region, the IPR lies within
04 < x S 0.6. Using the IPR variation it can be said that the condensate makes a
transition from broad to narrow localized and once again it goes to a broadly localized
state for higher values of k; 2 3.0 for a fixed (). Similar features of the modification in
the spatial scale of localization are also observed in Fig. 5.8(b) for realization R2, except
the amplitude of x is larger in comparison to R1 both for narrow- and broadly localized

regions.

Further, we analyze the effect of k; and () on the relation between localization and
spin state by calculating the purity P of the condensate. In Fig. 5.9, we show the pseudo
color map representation of the purity in (kr, Q)) plane at Uy = 0.15 for realization R1.
The transition of purity towards zero, maintaining the relation k2 > 2() (as marked by
a yellow line) signifies the transition from the pure to the mixed phase of the conden-
sate. Note that the condition for this transition is similar to the condition of transition

of plane wave to stripe phase of the condensate in disorder-free systems.

So far, we have observed the transition between broad and narrow localized BEC

caused by the interplay of the random potential and Rabi, and the SO couplings. To
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understand the effect of the nonlinearities, in the next Section, we explore the pattern

of localization in the presence of intra- and inter-species interactions.

5.4 Localization-delocalization in the presence of

self-interaction without Manakov’s symmetry

In this Section we investigate the effect of the self-interactions without Manakov’s sym-
metry, that is with lifted spin rotational invariance, on the BEC localization. The ab-
sence of spin rotational invariance considerably extends the variety of realizations of

the condensate localization, as will be shown in the following.

5.4.1 Qualitative analysis

The Gross-Pitaevskii equations (5.1) do not represent an integrable system [242] mak-
ing approaches similar to the perturbation theory of the previous Section impossible.
However, one can perform a semiquantitative analysis and compare it with the exact

numerical results, as it will be done in what follows.

In general, the cross-spin repulsion ¢4 and the difference in the self-interaction
(g11 # g11) tend to form different populations (N # N|) by competing with the Rabi
coupling. To begin with understanding the joint effect of the spin-related couplings
and self-interaction we assume that the BEC is near the threshold described by the trial

wavefunction

= ng_\/(;) [\/1 + eexp(if), —v1 — eexp(—i@)r, (5.20)

where [e] < 1, and ¢g(x) depend on the random potential, SO coupling, and self-
interaction. The position-dependent phase 6 corresponds to the effect of SO coupling.

We expand the total BEC energy in terms of ¢ = Ny — N, to the first relevant con-

tributions as

_ _ 0
Cu(e) — &u(0) = % (811 —8u) e+ )gc (811 —8u) — 5 {ow) - Z—Cgu e, (521)

TH-3782_196121031



5.4 Localization-delocalization in the presence of self-interaction without Manakov's symmetry 137

where
(o) = — /oo cpé(x) cos (20) dx, (5.22)

and the interaction-dependent yx is the same for both spin components. In Eq.(5.21)

€w(0) = &jn + % (810 +g11) + %gT u (5.23)

where &}, is the contribution of the terms not including self-interactions explicitly.
One can draw several following conclusions from Egs. (5.21), (5.22), and (5.23).

(i) Atk = Oand g = g4+ = 0 to have the effect on the BEC, the repulsion
g1} should exceed a certain threshold with g4 x > 2Q). Thus, a competition between ()
and g1 x, makes the effect of cross-spin repulsion relatively weaker for extended states
with x < 1. Atg|; = g4 the energy depends on €%, making the ground state double
degenerate while any ¢| | # ¢34 lifts this degeneracy.

(i) Atk; = 0 and nonzero g|| — &4, the transition for spin inequality has no thresh-
old since same spin repulsion yields a term linear in ¢ in the energy and the resulting
Ny — N, dependson g | — g1

(iii) Self-repulsion expands the BEC when the self-interaction energy becomes close
to the ground state energy in the non-self-interacting system (e.g., Ref. [243]). Thus,
nonlinearities decrease x4 and x|, making them different, as it depends on the self-
interaction parameters and causing spin-dependent broadening. Different density pro-
tiles for spin-up and spin-down components contribute to all their spin-related prop-

erties.

(iv) Spin-orbit coupling in one-dimensional systems has a complex role in the pres-
ence of nonlinearities and disorder [242]. Firstly, it modifies the mean value of (oy)
by adding phases to the wavefunction components. Secondly, it can increase the role
of the self-interaction producing z—axis spin polarization since fully z—polarized spin
states acquire the contribution of —k? /2 to the total energy. Thus, one can expect its

critical role in the presence of nonlinearities, as we will explore further below.

To investigate numerically the effect of spin-related interaction and the nonlineari-
ties on the localization of the condensate, we explore below two scenarios. Firstly, we
tune the inter-species repulsion g4, and secondly, vary the intra-species interaction
g11(J4)- In both cases, we show that the inequality g+ # gy, is critically important for
the BEC properties.
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Figure 5.10: Variation of miscibility # with disorder strength U for different Rabi-coupling () in case of
realizations R1 (a), and R2 (b). For Q) < 0.2, # decreases with the increment of Uy beyond a threshold
value of Ujp. In the case of R2, the threshold value for # < 1 is lower than R1. Here, other parameters
are g1+ = 0.1, g | = 0.5¢1+4, g1, = 1.0, and SO coupling k; = 0.

5.4.2 Effect of the Rabi coupling and disorder strength on the spin

miscibility
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Figure 5.11: Condensate density at () = 0.1, Uy = 0.5. The interaction and SO coupling parameters are
gt = 0.1, gy = 0.05, ¢4, = 1.0, and ki = 0. The random potential profile is shown with light violet
lines along the right side axis. The shaded region is drawn to show the void of the potential.

After introducing at k; = 0 a small imbalance between ¢+ and g, to break the
symmetry of the Hamiltonian, the competition between the inter-species interaction
¢+, and the Rabi coupling () significantly affects the spin miscibility 7 (see Eq. (5.21)).
In addition to that, the random potential plays a critical role in this parameter.

To investigate the effect of the disorder, in Fig. 5.10 we show the 7 [see Eq. 6.9] as a
function of Uy for different () for the realizations R1 and R2. For both realizations, the
miscibility 7 = 0 for () = 0 since here we have i, = 0. At () > 0 and small U one still

obtains 77 = 1 since the product g4 x for extended states is small and cannot overcome

TH-3782_196121031



5.4 Localization-delocalization in the presence of self-interaction without Manakov's symmetry 139

the effect of the Rabi splitting. After a certain threshold in Uy, corresponding to the
condition g4 x > 2(), the spin miscibility decreases as expected from Eq. (5.21) and
(5.22). This threshold value of Uy increases with increasing () up to a certain range, be-
yond that () the condensate remains perfectly miscible for higher Rabi coupling. The
threshold values Uy in the case of R2 (Fig. 5.10 panel (b)) are lower compared to R1,
which complements the analysis of Fig. 5.7. After reaching the spin population im-
balance, the inter-species repulsion can spatially separate spin components leading to
(x4) # (x|). Following the decay, 77 achieves a plateau-like behavior with a small slope,
where it remains approximately constant while the plateau amplitude decreases with
the increase in (). Conclusively, the influence of the Rabi coupling towards spin mix-
ing can effectively be reduced with the increase of the disorder strength as illustrated
in Fig. 5.11. We notice that the redistribution of population from the spin-up |1/ to
the spin-down |¢| |2 takes place, in which both components still remain in the void of
the potential due to a relatively weak inter-species repulsion. This phenomenon can
be attributed to the induced localization as recently has been observed in [124].

A qualitative description of two features of this plateau-like behavior related to the
fact that it is characterized by the Ny < N| =~ 1 inequality is in the order here. First,
P = ¢p in the given potential V(x) such that the wavefunction can be presented as
P = [/Nyyy, /Ni¢o]T, where i, satisfies the GPE (5.1a) with ¢, ~ ¢q (cf. Eq. (5.3)).
Next, taking into account that x; ~ x4 ~ x we find that the spin miscibility in Eq.
(6.9) shows 7 ~ /Ny > N;. Minimization of the total energy with spin-dependent
contributions yields Ny ~ (Q/(g4,x))? and therefore 7 ~ Q/(g4,x) > Ni.

5.4.3 Effect of finite inter-species interaction g+, on the localization

So far, our results revealed that the interplay of the disordered potential and the imbal-
ance between intra-species interaction leads to the exchange of population from one
component to another. Here we will show that nonlinearities can lead to stronger lo-
calization of one component at the expense of weaker localization of the other in the
presence of a sufficiently strong disorder.

To understand the role of the inter-species interaction g+ we begin with the popu-
lations, followed by the variation of the IPR with g; at the Rabi coupling () = 0.5 for
realization R1. Note that, the results for R2 exhibit similar qualitative features as those
for R1. Therefore, in what follows we will only discuss the results pertaining to the R1
case. The populations Ny () presented in Fig. 5.12 show that for the broadly localized

condensate at Uy = 0.15,k; = 0, it remains the same across all the range of ¢+ where
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Figure 5.12: (a) Variation of populations with inter-species interaction g;| by keeping intra-species in-
teractions at g4+ = 0.1,¢)| = 0.5¢41, and the coupling parameters are k;, = 0 (blue circle marked solid
line), k; = 0.5 (brown square marked dashed line), and k;, = 1.5 (green diamond marked dash-dotted
line) at O = 0.5. Since g1+ > gy, owing to repulsion, we obtain Ny < N,. Here, we also show the
populations for Uy = 0.15, k;, = 0 (red triangles with dotted line) in order to compare it with Ny(|) at
Up = 0.5 (blue solid line). Variations of (¢y) and (0z) as a function of inter-species interaction g;| for
ki = 0 (blue solid line), 0.5 (brown dashed line), and 1.5 (green dash-dotted line) at Uy = 0.5 are shown
in panels (b) and (c), respectively.

small x leads to g4 x < 2(), rendering the components in the miscible state. In con-
trast, the narrow localized condensate at Uy = 0.5 shows that the populations in both
components remained approximately constant at Ny ~ N| ~ 0.5 only up to g < 4.6
and then shows an increase in N| and corresponding decrease in population in spin-up
component N; in case of k; = 0. Similarly, the inclusion of k;, = 0.5 (brown dashed
line), 1.5 (green dash-dotted line) decrease the threshold value of interspecies interac-
tion g4 for the separation of the condensate population. For k; = 0.5, and ki = 1.5
the populations in both component remain nearly constant at 0.5 upto g4, < 2.1, and
g+, < 0.5, respectively.

Next, in Fig. 5.13(a), we show the variation of the IPR X1(y) wWith g4y at Up = 0.15
and Uy = 0.5 by keeping the coupling parameters at k = 0 and O} = 0.5. For

Up = 0.15, one can notice the decreasing behavior of x+ = Y| indicates the consid-
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Figure 5.13: (a) Variation of the IPR x;(|) as a function of g1, at two different disorder strengths as :
Uy = 0.15,and Uy = 0.5at k;, = 0. IPRat (b) k; = 0.5,Up = 0.5, and (c) k; = 1.5,Uy = 0.5. In figure
(c), only x| has shown as the population in the spin-up component is zero. Here, the other parameters
are g1+ = 0.1,¢;| = 0.05, and Q) = 0.5. Inset figures show the center of mass of the spin-up and spin-
down condensate which gets separated beyond the threshold value of g1;. The results are shown for
realization R1.

erable broadening of the condensate. Conversely, for Uy = 0.5, initially, the IPR for
both components remains the same and exhibits a decreasing trend until g4 ~ 4.6.
However, as g4 increases further, x| starts to increase due to the higher condensate
density. The increase in x| is complemented by the decreasing behavior of x;. This
observation aligns well with the findings in Fig. 5.12.

Notice that a considerable separation of x and x| for Uy = 0.5 starts at g1 x close
to 20 = 1, corresponding to the condition (i) formulated after Eq. (5.21). For the
broadly localized state at Uy = 0.15, this product is always considerably less than
1, and the separation does not occur. The difference in the behavior of x; and x|
is attributed to strongly different populations Ny and N| with Ny < N| and their
spatial separation since in the GPEs we have cross-interaction terms g+, |y, |94 and
g1, |+ [*) in Eq. (5.1a) and (5.1b), respectively. As a result, at a large g1/, x+ tends to
almost constant while x| still decreases.
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Figure 5.14: Condensate density of up (solid red line), and down (dash-dotted black line) components
for different disorder and SO coupling strengths as Uy = 0.15,k;, = 0 (al, bl), Uy = 0.5,k = 0 (a2, b2),
and Uy = 0.5,k; = 1.5 (a3, b3) at inter-species interaction g4 = 1.4 (left column), and g4, = 5.0 (right
column). The intra-species interactions are g1+ = 0.1, ¢;| = 0.05, and Q) = 0.5. In panel (al) the density
[Py > = Iy, ? (blue and green dashed lines) at g4 = 0 is plotted for comparison.

Figures 5.12 and 5.13 show that the critical value of ¢4 causing spin polarization
and the IPR difference decreases upon increasing the ky. This behavior corresponds
to Eq.(56.19), where at a strong SO coupling the role of the Rabi interaction rapidly
decreases and the effect of cross-repulsion becomes dominant. Also, the g4 repulsion
produces state with (¢;) = Ny — N|. Ata sufficiently strong g1 one obtains Ny — N| ~
—1 and purity P =~ 1.0 in Fig. 5.12(c). For example, at k; = 0.5 in Fig. 5.13(b), the x|
starts increasing with respect to x+ beyond g1, ~ 2.0, which is perfectly complemented
by the populations in Fig. 5.12. Furthermore, the IPR at k; = 1.5 [see Fig. 5.13(c)]
exhibits similar trend. Since with the increase in g;| one reaches Ny < 1, we present
only x| in this case.

The role of k;, can be formulated in terms of the joint effect of self-interaction and
SO coupling. At a given choice of the intra-spin nonlinearities, they produce a state
with (0;) < 0 resulting in (¢;) ~ —1 for a sufficiently large g +. This cooperates with
the effect of SO coupling in producing states with (0;) ~ + 1 with the corresponding
energy contribution —k? /2. Thus, a strong SO coupling leads to the formation of the
(02) = —1 states at a smaller g+, corresponding to the presented Figures.

In Fig. 5.14, we show the spin-projected condensate density at g1| = 1.4 (left col-
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Figure 5.15: Pseudocolor representation of (a) spin miscibility 7, and (c) IPR of spin-down x| in the
(Q, kp) plane at g4+ = 0.1,¢| = 0.05,¢4, = 5.0. The condensate undergoes a transition from miscible
(7 ~ 1) to immiscible (7 < 1) region where two regions are separated by following the k? = 2Q relation
as marked by the green line. While transitioning from miscible to immiscible region, the x| increases
beyond k% > 20). Here, the disorder strength is Uy = 0.5 for R1.

umn), and ¢+ = 5.0 (right column). At a weak disorder Uy = 0.15 (al, b1), broadly
localized condensates remain perfectly miscible (7 ~ 1) for any value of interactions. In
contrast to that, for the narrow localized state at Uy = 0.5, interaction leads to separate
spin-up and spin-down components decreasing the spin miscibility. The induced lo-
calization of the spin-down component occurs by transferring the density mostly from
the void at (x) ~ 1.3. Lastly, the inclusion of the k; enhance the transfer of density

from one component to another into the void, as shown in the IPR in Fig. 5.13(b,c).

In general, the Figures 5.12-5.14 highlight the qualitative picture for the ground
state localization in a random potential. The self-interaction energy due to the inter-
spin repulsion can be minimized by diminishing the product N+N| and the spatial
overlap of ¥4 and ¢,. This repulsion leads to the localization of different spin species
in different regions of V(x) such as voids and basins corresponding to the common
chemical potential of these components in Egs. (5.1a) and (5.1b) at the stationary state.
Thus, increasing inter-species interaction induces localization of one component dis-
placed with respect to the other. With the increase in g 4 at g4+ > g the BEC is
accumulated in the spin-down state as x| and (x) gradually approach their values for
the non self-interacting BEC. This picture works for initially sufficiently well-localized
BEC in the void while the initially broadly localized state inside the basin with a small

IPR remains inside the basin and broadens with the increasing inter-spin repulsion.
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Spin-orbit coupling enhances the effect of the g1+ — ¢, difference and leads to the sep-
aration of spin-up and spin-down components at a weaker g4 interaction.

To further understand the effect of SO and Rabi coupling on induced localization,
we calculate the miscibility and IPR for an extensive range of k; and Q) by keeping
disorder strength Uy = 0.5 and ¢, = 5.0. In Fig. 5.15, we present the miscibility
and corresponding x1(}) in (Q), k) plane. The miscibility in panel (a) highlights the
decrease in 1 of localized condensate from the perfectly miscible state by following
the k2 = 2Q) relation for the non-zero value of Q). In the immiscible region (k3 >
2()), increasing ki predominantly causes the transfer of density from the spin-up to
spin-down component, reducing the spin-up density to almost negligible value due to
the condition g4+ > ¢ [Fig. 5.14(a3,b3)]. As a result, x+ in these immiscible regions
becomes insignificant. However, the X+, and x|, shows that in the perfectly miscible
region at k% < 2Q) the IPR remain x4 ~ x| = 0.08, while in the immiscible region, the
X| increases to 0.6 results in localizing the down-component with respect to spin-up

component as shown in Fig. 5.15(b).

gr(=2gy))

Figure 5.16: Populations of spin-up N; (open markers), and spin-down N| (filled markers) components
as a function of intra-species interaction g4+1(= 2¢,,) at k; = 0. The other parameters are g, = 0, and
Q=05

5.4.4 Impact of unequal intra-species interaction with g,| = 0 on

localization

In the previous section, we explored the effect of inter-species interactions on the lo-

calized condensates by keeping the different small intra-species interactions constant.
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Figure 5.17: Populations of spin-up N; (open markers) and spin-down N (filled markers) components
as a function of intra-species interaction g1 (= 2g||) atk; = 0.5, and k = 1.0. Here, the other parame-
ters are g1 = 0, and Q) = 0.5, Up = 0.5. Upon increasing k;, leads to an increase in the rate of change of
Nj(;) with the variation of g11.

In this subsection, we investigate the effect of the intra-species interactions by keeping
8§11 =0

To investigate their effect, in Fig. 5.16, we plot the populations of spin-up and spin-
down components as a function of g1+ while the ratio between interactions kept as
€11/ 8+ = 0.5. One can notice that with the increasing ¢4+, the populations in Fig. 5.16
starts separating as g4+ # 0. The separation of N, and N| occurs for both narrow
(Up = 0.5) or a broadly localized state (Lly = 0.15). Notice that the splitting for Uy = 0.5
is considerably stronger than that at Uy = 0.15 since the value of x at Uy = 0.5 is
considerably larger than that at Uy = 0.15. At k; = 0, by using condition |¢| < 1, that
is x(g1+ — 811) < Q, we obtain from Eq. (5.21):

811 —8&
_Xu’

Ny =N, 10

(5.24)

where at a weak self-interaction one can take x for the ¢y function. This equation
describes well the initial splitting in Fig. 5.16, valid up to g1+ < 2, in agreement with
Fig. 5.19 demonstrating x| and x4 as a function of gy+.

In addition to that, the inclusion of k; = 0.5, 1.0 [see Fig. 5.17] enhance the separa-
tion of Ny(|) between the components. For very high g4 values, the populations for
both components saturate at a constant value.

Next, Fig. 5.18 illustrates the spatial variation of the condensate density for spin-

up and spin-down components at different intra-species interaction as (al, b1) g4+ =
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Figure 5.18: Ground state density profile of spin-up |+ |? (red solid line), and spin-down [y, |? (black
dash-dotted line) for different inter-species interactions (al, b1) ¢+ = 1.5,¢;, = 0.75, and (a2, b2),
g1t = 5.0,¢); = 2.5. Here, the disorder strength is kept at Uy = 0.15 (in top panel), and Uy = 0.5 (in
bottom panel). The other parameters are g4+ = 0, and k; = 0,2 = 0.5 for realization R1.
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Figure 5.19: (a) Variation of the IPRs x(}) as a function of the intra-species interaction gr1(= 2gy,) for
disorder strength Uy = 0.5. With the increase in g4, the IPR in both components decreases, resembling
the broadening of the condensate irrespective of disorder strength Uy. Other parameters are the same as
Fig. 5.16. (b) The center of mass position for the up (red line) and down component (dashed blue line)
as a function of the intra-species interaction g1+.
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1.5,¢,, = 0.75, and (a2, b2) g4+ = 5.0,¢; = 2.5 with disorder strength Uy = 0.15 (up-
per panel), and Uy = 0.5 (lower panel). Here, the separation of two components occurs
even when the condensate is broadly localized at the basin. As the intra-species inter-
action g4+ increases, the miscibility decreases, and both components of the condensate
start to spread toward the basin, eventually leading to delocalization as characterized
also with the IPRs and centers of mass (x;(})) in Fig. 5.19(a) and 5.19(b).

A comparison of Figs. 5.17-5.19 with Figs. 5.12-5.14 illustrates similarities and dif-
ferences between the effects of intra- and inter-spin interactions. At nonzero g|| and
g1+ a sufficiently strong Rabi coupling forms a highly miscible state with 7 ~ 1 lo-
calized either in a void or in a basin of the random potential. The choice of the lo-
calization position can be understood from Eq. (5.23) by choosing the minimum of
€pltin T Xp (81, +&++) /8, where index p corresponds to the void or basin, respectively.
In a simplified analysis, we can assume that &,;;, ~ 2/ (212), Eyiin ~ (V(x)) with
Xo ~ 3/(2]) and xp < xv, where [ is the void width. Thus, the BEC is localized in the
void if

n? 3
o7 T 17 (81 T 811) S (V(x), (5:25)
and in the basin otherwise, in agreement with our numerical results.

Although, at ¢4, = 0, there is no direct interaction between the spin components,
their separation in a random potential occurs since at g+ > ¢ given parameters of
the system we consider, the spin-up BEC fraction energetically prefers to localize in the
basins leaving N in the voids to keep their common chemical potential. The degree of
this separation is controlled by the Rabi coupling making it prohibited at sufficiently
large (). Thus, the possible separation of the spin components here is caused not by
their repulsion but by preferable localization dependent on the spin-dependent self-
interaction. At a sulfficiently large g4+ — ¢|| one can obtain N| > N;. The self repulsion
in each spin component decreases their IPRs x| and x4, and the overlap of |y | and |4
increases. The effect of SO coupling, enhancing the spin disproportion, is similar for

both types of self-interaction.

In Fig. 5.20 we plot the miscibility and IPR in (), k) plane by keeping g+ =
5.0,¢;;, = 2.5, and Rabi coupling (3 = 0.5. At a small k; and a relatively small ()
one obtains disproportion of Ny and N| with 7 < 1. With the increase in (), the role
of the self-interaction with respect to the Rabi coupling decreases. Consequently, 17 ap-
proaches 1, as shown in panel (a). The increase in the self-repulsion decreases both x

and x4, as presented in the (b) panel.

With the increase in kr, panel (a) shows that the transition from miscibility to im-
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Figure 5.20: Pseudocolor representation of (a) spin-miscibility 7, (b) IPR of spin-down x| components in
(kr, Q) plane at intra-species interactions g++ = 5.0,¢|| = 0.5¢11, and inter-species interaction g = 0.0.
Here, the k2 = 2Q) line is drawn to show the transition from broadly localized condensate in the basin to

narrowly localized condensate towards the void. Here, the IPR for down component follows k% =20
relation.
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Figure 5.21: Ground state density profile of spin-up |{+|? (red solid line), and spin-down [y, |? (black
dashed line) for different inter-species interactions (al, bl) k; = 1.0, and (a2, b2), k; = 2.0. Here, the
disorder strength is kept at () = 0.5 (in the top panel), and (2 = 2.0 (in the bottom panel). The other
parameters are ¢4 = 0, and g4+ = 5.0, ¢|| = 2.5 and the disorder strength Uy = 0.5 for realization R1.
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miscibility requires k; > +/2Q). This is due to the involvement of spin-projected prob-
ability density distributions dependent on the disorder and self-interactions. Here the
same spin repulsion decreases the IPRs of both spin components and increases their
overlap and the spin miscibility. This, to increase the separation and decrease the mis-
cibility, one needs a stronger SO coupling with k? exceeding 2Q) by a value of the order
of g1 Xxo- However, the modification of x| roughly follows this boundary where |y, |?
shows transition from delocalized to localized spin-down BEC component in k3 > 20
region. Since at these system parameters, the condensate population for a spin-up
component in the immiscible region is very low, we present only the results of x .

For a better understanding of the effect of SO coupling, we present in Fig. 5.21 the
spin-projected probability density distributions. This Figure shows that at a large kr,
the BEC is almost fully polarized in the spin-down state with N| ~ 1 localized in the
void of the random potential. The reason for localization in the void rather than in the

basin can be seen from the argument similar to Eq. (5.25) since 72/ (21%) + 3¢,/ (4]) <

(V(x)).

5.5 Summary and Conclusion

We have investigated the effects of the interplay between disorder, self-interactions,
Rabi, and spin-orbit coupling on the localization of a Bose-Einstein condensate located
in a one-dimensional random potential. This potential produces two distinct types of
the ground state localization: one in the void-like and the other one in the basin-like
regions of the random potential. Both localization patterns are different from conven-
tional Anderson localization attributed to the interference of matter waves scattered
by different defects.

Our study considered both non-self-interacting condensates and condensates with
two types of nonlinear interactions, which lift Manakov’s symmetry. Initially, we ex-
amined how SO coupling affects the localization of a linear condensate without self-
interactions. In the absence of these interactions SO coupling significantly modifies the
shape and spatial scale of the localized condensate, influencing its spatial positioning.
An interesting manifestation of this effect is that SO coupling can move localized states
from the basin to the void regions.

By considering different types of self-interaction we observed that they have markedly
distinct impacts on condensate behavior. These nonlinearities lead to pronounced

spin-dependent effects related to the lifted Manakov’s symmetry, resulting in the spa-
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tial redistribution of spin population and separation of spin components between the
voids and basins of the random potential. The combined effects of SO coupling and
self-interactions amplify the impact of nonlinearities, produce highly spin-polarized
condensate, and lead to the localization of one spin component of the condensate at the
expense of the other. In contrast to the formation of the stripe phase at a sufficiently
SO coupling in the absence of disorder, here it causes localization of the condensate.
This behavior has been identified by analyzing the probability density distributions,

spin expectation values, spin miscibility, and purity.
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Chapter 6

Rabi-induced localization and resonant

delocalization of a binary condensate in a

spin-asymmetric quasiperiodic potential

In the previous Chapters (Chapters 3, 4, 5), we investigated the role of spin-orbit (SO)
and Rabi couplings in dictating the localization-delocalization transitions in binary
condensates trapped under quasiperiodic and random disorder potential. Based upon
the analysis we developed a notion that while SO coupling promotes a spatial decou-
pling of spin components, the Rabi interaction fosters their coupling. However, the
presence of both couplings makes the system quite complicated. To simplify the anal-
ysis in this Chapter we have considered the asymmetric spin-dependent potentials,
where one spin component experiences a trapping potential while the other does not.
Here, we rigorously show that the Rabi coupling induces localization between the com-
ponents as it is raised above the threshold value. The induced localization depends on
the external potential. While the localization is mutually induced by both components
for the quasiperiodic confinement, for a harmonic trap it is induced in the potential-
free component by the interaction of free component. The Chapter begins with a brief
literature review on spin-asymmetric potentials, Rabi coupling in binary systems, and
the motivation for this study, followed by a detailed analysis of numerical results based

on mean-field Gross-Pitaevskii simulations.
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6.1 Introduction

Following the first experimental realization of localization of the condensate in the
random [21] and quasiperiodic [20] potentials, the field has witnessed a great number
of theoretical and experimental works. Various analytical [244, 23] and numerical [22,
126, 132, 245, 155] approaches based on the mean-field Gross-Pitaevskii (GP) equation
have been used to investigate the complex interplay between disorder and interactions
on the localization.

Subsequently, with the realization of SO coupled BECs [105] spin-dependent local-
ization have been explored in quasiperiodic [24, 128, 200] and random potentials [127,
130, 227]. These systems also exhibit very intriguing nonlinear dynamics due to the
spin-dependent velocities [146, 147, 246]. Additionally, it has been reported that the
interplay between the interspecies and intraspecies interactions—especially for broken
Manakov’s symmetry [121] can produce spatially asymmetric localization of the con-
densate [227].

Trombettoni et al.[247] developed a theoretical framework showing that Rabi cou-
pling enables population exchange in deep optical lattices. The coupling also mediates
the transformation of dark solitons into vector dark solitons[248], and affects miscibil-
ity in both non-dipolar [249, 250] and dipolar condensates [251, 252], where it is also
crucial for immiscibility—miscibility transitions [251] Furthermore, Rabi coupling sup-
ports the formation of complex excitations such as vector rogue waves [253], stabilizes
soliton-like states under time-dependent modulation in quasi-2D geometries [254], and
inhibits vortex formation in rotating spinor BECs [255]. The impact of Rabi coupling on
localization has also been studied using simplified theoretical models involving spin-
asymmetric potentials —where one spin component is trapped while the other remains
free. For instance, Santos and Cardoso [124] explored the role of Rabi-like linear cou-
pling towards localization in a such spin-asymmetric system, where they reported the
induce localization in the free component as the coupling increases.

The application of linear Rabi coupling goes beyond static cases. In experiments,
time modulation of Rabi coupling is widely utilized to tune SO coupling in real time.
Several studies have suggested controlling SO coupling through rapid modulation of
laser intensities [154, 134]. In a similar vein, time-modulated Rabi frequencies have
been used to realize different quantum phases [256], artificial gauge fields [257], matter-
wave control [258], and to probe Landau-Zener tunneling [259, 260]. Under rapid mod-
ulation, Deconinck et al.[261] derived analytical solutions for linearly coupled Gross-

Pitaevskii equations using a unitary transformation that absorbs the time-dependent
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Rabi frequency under Manakov symmetry. Building on this, Nistazakis et al.[153] nu-
merically implemented Rabi switch to transfer nonlinear structures between compo-
nents, with reduced efficiency observed when the symmetry is broken. More recently,
Abdullaev et al. [135] investigated parametric resonances and Josephson-like oscilla-

tions in SO-coupled BECs under time-modulated Raman coupling.

While the SO coupling promotes a spatial decoupling of spin components, the Rabi
interaction fosters their coupling. A comprehensive understanding of localization in
SO and Rabi coupled BECs remains challenging due to the complex interplay between
disorder, interactions, and spin-related couplings [227], especially if SO and Rabi cou-
pling do not commute. To address this complexity, various simplified models have
been proposed in recent years. Those often involve asymmetric spin-dependent po-
tentials, where one spin component experiences a trapping potential while the other
does not. In such setups, the trapped component exhibits localization, which in turn
induces localization in the untrapped one either through density-density interaction
or through the Rabi coupling. In this context, Wang et al. [203] investigated induced
localization in an SO-coupled BEC confined in a double-well potential. They demon-
strated that an imbalance between intra- and inter-species interactions can drive a tran-
sition from a spin-balanced phase to a spin-localized phase. Similarly, Santos and Car-
doso [124] explored the localization in binary BEC where one component is trapped in
a quasiperiodic potential and coupled to the free component via linear Rabi coupling

and reported the related induced localization.

While the model by Santos and Cardoso [124] offers a basic understanding of in-
duced localization and interaction effects in spin-asymmetric potentials, a comprehen-
sive investigation of Rabi coupling in such settings remains largely unexplored. Mo-
tivated by this, and by prior studies on time-driven Rabi dynamics in binary conden-
sates, here, we present a detailed study of Rabi-induced localization—both in static

and dynamically driven scenarios with spin-asymmetric potential.

The Chapter is organized as follows. Section 6.2 introduces the mean-field model
based on the binary Gross-Pitaevskii equations and defines key observables. In Sec-
tion 6.3, we present numerical results highlighting the role of linear Rabi coupling
in the ground state, including critical localization behavior and the pronounced ef-
fects of even weak nonlinearities. We also provide an analytical comparison between
quasiperiodic and harmonic traps. Section 6.4 explores the impact of time-periodic
Rabi coupling on localized condensates, for both linear systems and those with broken

Manakov symmetry. Finally, in Section 6.5, we summarize this Chapter.
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6.2 Mean-field model and observables

In this Section we discuss the mean-field dynamical model used in the present work
and define the relevant observables used to characterize the induced localizations.

6.2.1 Coupled Gross-Pitaevskii equations

We consider a pseudospin-1/2 quasi-one-dimensional condensate trapped strongly in
the transverse direction, modeled by the coupled Gross-Pitaevskii equations [124, 224,

227]:
.0 1 02
1% = {_5@ + &l P + gy lwy I + VT(X)} P+ Qoyy, (6.1a)
L) 1 02
1a_ti r {_QW +81 19 1° + guplipr ] + VM)} P+ Qotpy, (6.1b)

where ¢4 and | (4| = 4, (%, t)) represent the pseudo spin-up and spin-down com-
ponents of the condensate wavefunction ¥ = (¢4, ¢ i)T, respectively, where T stands
for transposition. For stationary states iy | (x,t) = 14, (x) exp(—iut), where y is the
chemical potential. Here, ¢4+ and g || are the intra-species interaction strengths, g4/,
and g4 are inter-species interactions, and () is the Rabi coupling strength. From now
on for brevity, we will remove the (x, ) notations in ¢, () when it does not cause con-

fusion.

The GPEs (6.1a)-(6.1b) correspond to the binary BEC Hamiltonian with the linear
Rabi coupling Oyoy with oy being the corresponding Pauli matrix. The trapping po-
tential is V;(x) with j = {?,1}. Here we consider the condensate interacting with the
trapping potential only in the spin-up component [124], such as:

Vi(x) = V(x), Vi(x) =0. (6.2)

In order to analyze the induced localization from one spin-component on the other we

consider V(x) as a quasiperiodic potential of the form,
V(x) = Vi sin?(kyx) 4 Va sin?(kpx), (6.3)

where V] and V; are the primary and secondary optical lattice amplitudes, respectively.

This potential has minima at points x = x; > 0and x = —x; < 0(@ =0,1...,x =0,
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and x; 1 > x;) where

V'(x) = Viky sin(2kyx;) + Vaky sin(2kyx;) = 0, (6.4)

V'(x) =2 (Vlk% cos(2k1x;) + Vak3 cos(2k2x,-)> > 0,

characterized by corresponding local oscillator frequencies w; = / V" (x) at x = x;.

In experiments, the pseudospin-1/2 Rabi-coupled BEC can be realized by using two
hyperfine states of 3 Rb atoms as pseudo spin-up |1) = |F = 1, mr = 0) and spin-down
|4) = |F =1, mp = —1) which are coupled by a pair of Raman lasers with wavelength
804.1 nm. Recoil momentum k;, = sin(0/2)k,, where k, is the photon wavevector, and
the recoil energy E; = hzk%/ 2m provide relevant scales for tuning the SO and Rabi
couplings [105, 134]. In quasi-1D, the condensate is strongly confined in transverse
direction with w | ~ 10%s~! with corresponding a; ~ 1 ymand fiw; ~ 5nK. The inter
and intra-spin scattering lengths being typically of the order of 5 nm can be further
controlled by using Feshbach resonances.

Here we propose a feasible experimental scheme to realize spin-dependent poten-
tials in pseudospin-1/2 condensates. To generate such potentials, Bragg diffraction
can be employed to selectively “tune out” specific wavelengths of optical lattices [262].
The experiment begins by creating a BEC trapped under a superimposed optical lat-
tice potential Uj(x) and Uy (x). Initially, atoms are condensed in one of the hyperfine
states, and a short laser pulse is applied, causing Bragg diffraction into higher momen-
tum states. Subsequently, the lattice wavelengths are finely tuned so that atoms in the
spin-up component experience only Uj, while those in spin-down interact solely with
U,. This approach has previously been used to realize binary BECs in spin-dependent
twisted-bilayer lattices [262]. For our model, once the condensate is loaded into spin-
dependent lattices, one of the lattice potential is slowly ramped down to avoid ex-
citations, allowing that component to become free from trapping while the other is
confined with the optical lattice. Finally, an external magnetic field that couples the
components acts as the linear Rabi coupling for the GP model.

To obtain the dimensionless Eq. (6.1a)-(6.1b), we consider the transverse harmonic
oscillator length a; = /7i/(mw ) as a characteristic length scale with w , as the trans-
verse harmonic trapping frequency, wil as the timescale and 7w, as the character-
istic energy scale. The interaction parameters can be defined in terms of gy () =
2N A44,(1)) /a;,and g4 = 2N ay,/a,, where, A11,(14) and a4 | represent the intra- and
inter-component scattering lengths, respectively, and A represents the total number of
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atoms in the condensate. The dimensionless Rabi coupling () is defined in the units

of 2w, with the wavefunction being rescaled with /a; .

6.2.2 Definition of spin-dependent observables

To characterize the localization and delocalization at different spatial scales we start

with the occupation numbers N;, where

N = [ o; [, P, (6.5)

with N3 + N = 1. The width w; is given by
2= L% = )2y 6.6
w? = [ (e )l 66)
] —00
where the center of mass position (x;) :

iggfilS 2
(%)) = ﬁj/mx|¢j| dx. 6.7)
The shape is characterized by the inverse participation ratio (IPR) x;

1 o0
Xi= s [ l9ldx. (6.8)

_N].Z oo

We also utilize the “spin miscibility” parameter characterizing the joint distribution

of densities of spin components defined as

1=2 [ Ipillyyldx, ©9)

with # = 1 (7 = 0) corresponding to fully miscible (immiscible) realizations. For real
wavefunctions 17 = |{(0y)|.

After obtaining the initial ground state ¢;(x,0), we use the time-varying Rabi fre-
quency to study the dynamics of the condensate. For this purpose we calculate the
time correlation function corresponding to different states which is defined in terms of

the absolute value of the overlap function as,

ci() = | /_ Z ;(x, )i (x, 0)dx, (6.10)
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where ¢;(0) = N;(0). As we will see below, the criteria of induced delocalization can

be obtained by considering evolution of c;(t) for given spin state [164].

6.3 Ground state of induced localization

To understand the role of Rabi coupling in inducing localization and shaping the ground-
state structure of a binary condensate, we present a detailed analysis of the ground-
state profiles of the spin components when they are linearly coupled via the Rabi fre-
quency. We begin by examining the non-interacting case and investigate how Rabi
coupling influences localization in the spin-down component induced by the spin-up
component, and vice versa. The results of mean-field simulations are complemented
by an eigenmode analysis, which allows us to determine the threshold Rabi frequency
beyond which induced localization emerges in the spin components. We then extend
this analysis to include interactions, exploring how Rabi coupling affects induced lo-

calization in the interacting binary condensate.

6.3.1 Calculation procedure

We begin our analysis by presenting the numerical results obtained by solving the pair
of coupled GPEs (Egs. (6.1a)-(6.1b)) in which the spin-up component is trapped with a
bichromatic lattice potential (6.3) and the trapless spin-down component interacts with
spin-up component by linear Rabi coupling. For all of our calculations, the primary
and secondary lattice strengths are considered as V; = 1 and V, = 0.5, respectively,
with wavenumbers k; = 0.35 and kp/k; = (v/5 — 1)/2, corresponding to the inverse
golden ratio.

To obtain the ground state we begin with the imaginary time propagation (ITP)
considering the coupled GPEs (5.1) with the potential (6.3) using time-splitting Fourier
spectral method [263]. However, since the spin-down component is not subjected
to the external potential, obtaining the ground state using the ITP becomes particu-
larly challenging for low Rabi coupling strengths (()9 < 0.2). To address this, we also
solve the linearized GPEs as an eigenvalue problem to compute the full spectrum of
eigenvalues and corresponding eigenstates without any self-interactions. This matrix
method involves constructing a (2N x 2N) matrix that represents the coupled linear
GPEs, where N is the number of grid points for the spatial domain being discretized
at x = [—L,L] with L = NAx/2. We use the same spatial step size Ax = 0.025 and

grid size N = 8192 as in the ITP to ensure consistency. Once the matrix is constructed,
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it is diagonalized using the ARPACK package in Python. A key advantage of this
matrix-based method is that it treats the problem as stationary, making it well-suited
for exploring regimes with weak Rabi coupling. This allows us to probe the low ()
region more effectively than with the ITP approach.

Thus, to obtain the ground state for non-interacting part of the problem we use
both the ITP and matrix method to solve the coupled GPEs, while, at nonzero self-
interaction, we resort to the ITP only, by choosing the initial state as an antisymmetric
Gaussian wavefunction: ;(x) = —1(x). The imaginary and real-time propagation
is utilized with time step At = 10~* to study the ground state and dynamics of the

condensate.

6.3.2 Ground state of non-interacting BEC: Rabi-induced

localization

As the spin-up component interacts with the quasiperiodic potential, the other one is
expected to be correlated with it due to the Rabi coupling acting since minimization of
the Rabi energy requires similarity of these densities (see section 6.3.4 for details). To
quantitatively investigate the localization induced by the Rabi coupling, in Fig. 6.1, we
present the condensate density profile [ | for different values of (). At very small
Qo = 0.08, both components are broadly distributed over the [—L, L] range, showing
different patterns. While |4|? is located mainly in the vicinities of the minima x; (see
Eq. (6.4)), |¢,|* shows a more continuous distribution with peaks near x; minima [see
Fig. 6.1(a)]. The distinct peaks of || (x;)|> demonstrate the effect of Rabi-coupling to
couple the components even at very low values of ()y. Conversely, for larger values
of (), both components are localized near the minima at x = 0 [see figure 6.1(b,c)].
With the further increase of Qp, |, |? closely follows the ||, In this context, it is
instructive to compare the insets in Fig. 6.1(b) and Fig. 6.1(c, d). The inset in Fig. (c)
depicts that for a moderate Rabi coupling, the BEC shows two distinct types of local-
ization: the exponential one for the spin-down and the Gaussian one for the spin-up
states, respectively. For a strong Rabi coupling, where (g ~ A, both components show
the Gaussian-like localization. This is in agreement with the findings of Santos and
Cardoso in Ref. [124].

The effect of the Rabi coupling can be further understood by analyzing the popula-
tion Ny () (Fig. 6.2(a)), width wy () (Fig. 6.2(b)), and IPR )1, (Fig. 6.2(c)), and chemical
potential i (Fig. 6.2(d)) of the condensate. This behavior can be compared with induced

localization for the harmonic oscillator potential with the frequency wy (see Eq. (6.4)
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Figure 6.1: The BEC density | () |? for different values of Rabi coupling Q: (a) Qp = 0.08, (b) Qg = 0.2,
() Q9 = 0.4, and (d) Q)9 = 0.6. Increasing )y equalizes the spin-up and spin-down profiles. In the insets
of (b)-(d), the density is plotted on a semilogarithmic scale to highlight the exponential and Gaussian
behavior of the localized condensate, as it depends on (). Here, all the interactions ¢ = g4+ = g = 0.

and section 6.3.4 ).

Figure 6.2(a) shows that for weak Rabi coupling )y < 0.2 the trapped condensate
population Ny < 1, while N is close to 1 because at small )y one has | [> < [p,[?,
corresponding to the fact that minimizing the BEC energy requires a large occupation
of the broad spin down state. Increasing the Rabi coupling )y tends to equalize the
population of both components. On the other hand, condensate width is very large for
)y < 0.1, beyond that the decreasing width wh(y) reveals that the increase in () leads
to mutual localization of the spin-related components eventually following each other
[see Fig. 6.2(b)]. Interestingly, for the harmonic potential [see section 6.3.4], this local-
ization process is different because of the strong confinement of the spin-up component
in the harmonic potential. Comparing width w; ) and IPR () in Figs. 6.2(b,c) clearly
shows that x| increases with ()y, demonstrating again the Rabi-induced localization,
complemented by inset semilogscale profiles in Fig. 6.1. In that context, the linearly
decreasing chemical potential y ~ —() [Fig. 6.2(d)] at (39 > 0.5 defines the formation

of bound state of similar spin-up and spin-down components due to a strong coupling.

In Fig. 6.3 we show different energies as a function of () keeping the other parame-

ters the same as in Fig. 6.2. These energies are defined as follows. The potential energy
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Figure 6.2: (a) Variation of population Ny (|, (b) width wy (), (c) IPR x4(}) and (d) chemical potential i as
a function of (g at V,/V; = 0.5,V = 1.0, ¢ = 0. Here, the solid and dashed lines represent the entities
obtained with the matrix method. The quantities obtained by the ITP method are shown by markers.
Increase in () results in transfer of probability from | to 1 component. The increasing IPR indicates that
the spin-down and spin-up components are tending to localize with the same profile due to the Rabi
coupling, while spin-up is localized by the V;(x) potential also.

corresponding to Eq. (6.2) becomes

Ept= | Vi)l (6.11)
the kinetic energy
1 [ | er=co
Ee=s [ wiPax+o [ Iyl (6.12)

and the Rabi coupling energy

Fo =0 [ @791 +ip)dx (6.13)

For small )y the potential energy exceeds the kinetic term. As () increases, these
energies become close (Ey ~ Epot) since the dominance of the Rabi coupling Eq, which
decreases approximately linearly with )y, requires that ¥y ~ —1, (see Sec. 6.3.4 for
details).
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Figure 6.3: Variation of different energies as a function of Rabi coupling (g at V,/V; =05,V =1.0,¢ =
0. As ()g increases, the ratio of potential Epot and kinetic Ey energy approaches 1 while the large negative
Eq minimizes the total energy E = Epot + E¢ + Eq.

6.3.3 Ground state of self-interacting condensate

In this subsection we explore the effect of the self-interaction described by a single
parameter ¢ on the ground state of the condensate, where ¢ = ¢+ = ¢ and g3 =
g1+ = 0. The resulting self-interaction energy is given by:

e zg y / |1/)]-|4dx:§ Y N (6.14)
=t 7 T =T

In Fig. 6.4, we show the condensate density for different ¢ by keeping Rabi cou-
pling at g = 0.3. At g = 0, the condensate is perfectly localized near x = 0 as seen
in Fig. 6.1(b). The repulsive intra-species interactions result in expanding the conden-
sate from the central minimum and eventually leads to its fragmentation at various
positions. For example, in Fig. 6.4(a) ¢ = 0.1, the BEC localized at x = 0 fragments
with two additional peaks situated at x ~ +80, where another minimum of V(x) is
located. With the further increase in g, the condensate breaks into more fragments as
in Fig. 6.4(c-d) fragmentation occurs with five peaks situated around x ~ +70, +-80,
and x = 0.

This strong effect of self-interaction is the specific feature of the quasiperiodic po-
tential having a variety of minima with small V(x;) and close w;. Thus, a relatively
weak self-repulsion can effectively redistribute the condensate density between these
minima with similar energies. This effect of self-repulsion is enhanced by the fact that

spread of spin-down component is not influenced by the quasiperiodic potential. At
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Figure 6.4: The condensate density [¢;)) |? is shown for different self-interaction strengths: (a) ¢ = 0.1,
(b) g = 0.3, (c) g = 04, and (d) g = 0.5. Increasing the repulsive interaction causes the condensate to
break into multiple fragments, forming several peaks at potential minima located at x # 0. The other
parameters are kept as follows: V; = 1.0, Vo = 0.5, k; = 0.35, kp /k; = (v/5—1)/2,and Qp = 0.3.

a moderate or strong (), where ||| = ||, the critical self-interaction g, that begins
the occupation of the wing x; # 0 minima, can be estimated as grx0/2 =~ E; — Eo,
where xo = /wg /27 is the IPR of the state localized near x = 0 and E; is the closest to
Ey = wp energy. Thus, even a relatively small g ~ 0.1 can cause density redistribution

between the distant minima seen as the BEC fragmentation.

6.3.4 Analytical approaches and scaling analysis

Here we consider analytical approaches to the induced by the Rabi coupling localiza-
tion for several realizations of interest. As in the main text, we assume self interaction

gt = &1, = & with no cross-spin coupling and present the GPEs as:

1 g2

Hpr = {_Eﬁ + glps* + VT(X)} Py + Qoypy, (6.15a)
1 42

b, = | =5 + S|+ Qo (6.15b)

Below we consider a harmonic trap V;(x) = A%2x2/2 — V), where Vj is a uniform shift,
which can influence the total wavefunction while acting on one spin component only.
We present the wave function in the form with ¢, = \/Ny¢1(x), ¥, = /N ¢ (x)
where functions ¢4 (x) and ¢4 (x) are normalized to 1. Next, we consider how the
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Figure 6.5: (a) Variation of population as a function of Rabi coupling Qg for V = V;(x) = x2/2. (b)
Width wy (), () IPR x4 (), and (d) the chemical potential as a function of () at ¢ = 0. The increasing
IPR indicates that the condensate of spin-down component tends to localize due to the interaction with

spin-up one. In panel (c), the dashed cyan line is drawn to show the comparison with x| = /|u|/2
corresponding to ¥ in Eq. (6.16).

spin-projected states behave in the case of strong ()y > A and weak )y < A Rabi
couplings. General results presented in Fig. 6.5 will be discussed below in terms of
strong and weak couplings and briefly connected to the results for the quasiperiodic

potential in Fig. 6.2.

6.3.4.1 Strong Rabi coupling

We begin with the very strong Rabi coupling ()9 > A, where one expects (0y) =
—1 with Ny = N| = 1/2 and ¢;(x) = —¢+(x). We introduce the ansatz ¢liml(x) =
¢, (x) = —p1(x) = exp(—x2/2a2) //arr'/* and minimize the total energy with respect
to a to obtain the ground state. The spin-diagonal kinetic energy (see Eq. (6.12)) for
the spin-down state described by ¢l™(x) is 1/8a% and the total (sum of the kinetic
and potential energies given by Eq. (6.11)) for spin-up state is 1/4a> + A%a%/8. By
minimizing their sum we obtain ag = 2!/4/+/A and, as a result, Eqs. (6.11) and (6.12)
yield for this state Ej = Epot = A /4+/2.

Closely to this limit, we obtain corrections with respect to the small A/Q)y < 1,
where N # N; with spin-up ¢4 (x) = exp(—x2 / 2a%> //arm/* and spin-down as
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Figure 6.6: The condensate density profile at ()g = 0.1 with the harmonic trap configuration as: V;(x) =
(Ax)2/2,V|(x) = 0. The numerical density profiles 2 |? are compared with analytical expressions
for harmonic oscillator (|y4]?) and exponential localization (| ).

¢, (x) = exp <—x2/2ai) / Jajr'/* with a; = ag. Thus, we obtain N| — Ny = v/21/8()
and (a; —ag)/ag = A/ 21/2Q), demonstrating that the corrections are linear in the
small A/Q) ratio. This asymptotic behavior matches well Fig. 6.2 with wy ~ 0.54 (see
Eq. (6.4)) taken as the A.

Next, we briefly discuss the effect of self-repulsion g on the state corresponding
to pliml(x) (see Eq. (6.14)). According to this equation, here the total spin-diagonal
contribution to the energy acquires the term Ejn; = gx™ /4, where x[i™ = 1/+/27a
is the corresponding IPR. Minimization of total energy yields an increase in the width
da = ¢/164/7tA with a relatively small effect of the nonlinearity. It increases the width
of the state and, therefore, increases the spin-diagonal energy difference, decreasing

the effect of a strong Rabi coupling on the state disproportion.

6.3.4.2 Weak Rabi coupling

Here we consider a weak Rabi coupling A/()y < 1 with nonzero V. We begin with

assuming the spin-down wavefunction in the form

9y = 24 exp (—\/zwﬂ) (6.16)

normalized to Ny = 1 with the accuracy of Ny < 1 and the corresponding x|, =
V/I1]/2. Then, the Qs with 3 = /Ni¢o(x), where ¢o(x) = A4 exp(—x2A/2) /7l/4

is the ground state wavefunction in the A?x?/2 potential is considered as the source of
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6.3 Ground state of induced localization 165

a weak perturbation potential localizing ¢ on the spatial scale 1/+/|u| > 1/ VA, with
an example shown in Fig. 6.6. Thus, we can write Eq. (6.15b) in the form:

1d? O,/N;

Hp = T2 dx2 P+ 21/4|‘u|1/44)0(x)¢i (6.17)

and obtain for a weak narrow potential [264]

1 2N 00 2
M= —m’;’)—l/; (/_oo qbo(x)dx) , (6.18)

resulting in the relation between p and N; :

m O3 I
_i8 0

Next, to obtain second relation between y and N;, we use at /|u||x| < 1, Eq. (6.15a)
with Eq. (6.16) in the form:

uy/ Nogo(x) = (% + Vo) \/Egbo(x) — 2140 | |2, (6.20)

Multiplying both sides of Eq. (6.20) by ¢o(x) and integrating we obtain by neglecting
the left-hand side of this equation:

Q‘é Qg
Ny =32m—————; = -8 . 6.21
LR W) 73 L S W SV VI (6.21)
Notice that at Vj = 0 we obtain a simple relation: y = —(N| /4 in agreement

with numerical calculations. The difference between spin-dependent localizations can
be seen with the products wyx+ = 0.300 ~ 1/2,/7, as expected for the harmonic
oscillator and w) x| = 0.343 ~ 1/2/2, corresponding to the exponential localization.

With the knowledge of the induced localization for harmonic oscillator, we can
understand the behavior of the condensate in the quasiperiodic potential. At large
and moderate () it is very similar to the behavior in the harmonic oscillator potential
with the frequency wy. With the decrease in () the spin-down component spreads
as Xll ~ 1/ \/W ~ wg/ 2 / Q(z) and at Q([)Ct] corresponding to x 1X1 < 1 extends to
the wing minima causing the extension of the spin-up component following by a fast

increase in the width of both. Thus, from Eq. (6.4) we can see that at the rescaling of
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the quasiperiodic potential as (V, V) = v (V1, V2) and (ky,k2) = « (k1 k2) , the critical
Q([,Cﬂ rescales as v~3/8x~1/4, At a very small Q) the width follows that for free particle
localized in a one-dimensional box.

Now we discuss the role of the self-interaction in different spin components. Fol-
lowing Eq. (6.14), for this purpose we compare the quantities N%XT ~ O8A15/2 and
X, ~ \/|‘M—| ~ Q(ZJA_3/ 2 Thus, in weak Rabi fields, self interaction is much stronger
in the spin-down component than in the spin up one since the spin up one has a low
occupation probability. Thus, while the spin-up component interacts with the external
potential, the spin-down component holds the self-interaction. A more detailed com-
parison of gx| and || shows that self-interactions play an essential destructive role in
the induced localization at g ~ \/[u] ~ 4/7TOZA3/2,

After analyzing the role of Rabi coupling in the induced localization of the non-
interacting and interacting binary condensate now we proceed to explore the dynamics

of the localized states.

6.4 Dynamics of induced localized condensates

In this Section, we proceed to study the BEC dynamics caused by periodical driving

with the time modulated Rabi frequency as:

0, t<O0
Q(t) = (6.22)
Qo + Oy sin(wosct), t>0

where at t < 0 the condensate is in the ground state. For capturing the dynamics
we use different entities such as the density, miscibility (6.9), and correlation func-
tion (6.10). To make the time modulation a (possibly strong) perturbation, we always
maintain )y = ()y/2 condition and the oscillation frequency wps is varied within the
interval from 0.1 to 1.0.

6.4.1 Effect of the oscillating Rabi frequency on the linear

condensate

To begin our analysis for the linear condensate, in Fig. 6.7, we show the evolution
of the density [¢;()|* in the (t,x) plane for oscillation frequencies ranging between
Wose = [0.1 — 1.0] while keeping ()9 = 0.4, and () = 0.2 such that Q(t) oscillates
between a relatively weak (0.2) and a relatively strong (0.6) values (cf. Fig. 6.1). For
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Figure 6.7: Pseudo-colormap representation of the condensate densities || (upper panel) and |y, |?
(lower panel) in the (¢, x) plane for different frequencies wosc: (al, bl) wese = 0.1, (a2, b2) wese = 0.2, (a3,
b3) wosc = 0.4, (a4, b4) wesc = 0.8, and (a5, b5) wesc = 1.0. For wesc = 0.2 (a2, b2) and wesc = 0.8 (a4, b4),
the density expands. However, the expansion dynamics for wesc = 0.8 differ from those at wese = 0.2.
Specifically, at wese = 0.8, the density |IPT( 1) ]2 eventually settles at different potential minima (a4, b4),
whereas for wesc = 0.2 (a2, b2), it expands with a nearly uniform velocity. For other wosc, the condensate
remained localized around x = 0. The other parameters are ()y = 0.4, (3; = 0.2, and g = 0.

wose = 0.11n (al, bl), the density mainly remains localized near x = 0, although, due
to the potential-free spin-down component, it exhibits oscillations within two near-
est minima =+x;. This behavior demonstrates that the BEC acquires a relatively small

energy, leading to confined oscillations within a double (triple) well.

Next, the density propagation at wqsc = 0.2 [in (a2,b2)] exhibits driven expansion all
over the space, indicating delocalization of the condensate. However, the effect is more
pronounced for [ |? (in b2) than for |{4|? (in a2) due to the confinement of the latter.
The spin-down component is emitted from the central minimum as separate jets with
the velocity of the order of ,/wy, corresponding to the spread a Gaussian wavepacket
with the initial energy ~ wy (see Eq. (6.4)). The decreasing of |y, |? in the vicinity of the
x = 0 minimum pulls the |4|? out of this region and leads to its time-dependence and
delocalization. Simultaneously, increasing in Q(t) to =~ Qg + () periodically pumps
the probability from 1 to | component while lowering in Q(t) to ~ Qg — ()1 in the

same period causes emission of spin-down jets.

Similarly, for wesc = 0.8 [see (a4, b4)], the condensate initially expands up to ¢ < 200
and starts breaking symmetrically into multiple fragments at different x # 0 minima
of V(x). This feature is more clearly visible with different time snapshots of total den-
sity |y|?> shown in Fig. 6.8. Comparison of Figs. 6.8(a) and 6.8(b) illustrates that at
wosc = 0.8 (in (b)) the density symmetrically breaks into multiple fragments beyond
t > 200 at V(x) minima around x ~ £50, £80 and remains frozen there. In contrast, the
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Figure 6.8: The total density profile |[*> = |p+|> + |, |* is shown at different time snapshots t =
(1,100,200,400) for (a) wose = 0.2 and (b) wese = 0.8. For wesc = 0.8, the density fragments into
four distinct minima of the potential located at non-zero positions x # 0 at large time snap (t = 400),
whereas for wes. = 0.2, the condensate expands uniformly with time.

density at wesc = 0.2 (in 6.8(a)) expands with uniform velocity being distributed uni-
formly all over the space, which we define as free- like expansion resulting in delocal-
ization. A possible explanation for the two distinct types of delocalization phenomena
is as follows: for lower oscillation frequencies such as wesc = 0.2, the timescale over
which the condensate density expands is comparable to the semi-adiabatic timescale
associated with the modulation frequency of Q)(t). This leads to a relatively modest
expansion of the condensate. In contrast, at wesc = 0.8, the rapid variation of Q(t)
causes the condensate expansion timescale to become shorter relative to the modula-
tion timescale of Q)(f), resulting in the condensate becoming effectively frozen at dif-
ferent minima. However, for other frequencies such as wes. = 0.4 (a3, b3) and 1.0 (a5,
b5), the condensate remains localized near x = 0. At this juncture, it is worth noting
that Nakamura et al. [265] reported the resonant driven levitation of binary conden-
sates subjected to two distinct harmonic traps separated by different height and trap
centers. They further demonstrated that this vertical transition is analogous to the

Franck-Condon effect observed in molecular physics.

Characterizing the localization and delocalization is a challenging task because of
one of the components is potential-free and Rabi coupling ()9 = 0.4 is not strong
enough. Therefore, the evolution of the density pattern cannot give much insight. In
that context, we use other set of observables: miscibility # () (Eq. (6.9)) and correlation
functions cj(t) (Eq. (6.10)) to characterize these processes [30, 139, 164].

Given the unequal populations of the spin components, we analyze miscibility # (¢)

to characterize differences in driven localization or delocalization. Figure 6.9 repre-
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Figure 6.9: Time dependence of miscibility 7 for different oscillation frequencies of the Rabi field wosc:
(@) wose = 0.1, (b) wose = 0.2, (¢) wWose = 0.4, (d) wosec = 0.6, (€) wosc = 0.8, and (f) wesc = 1.0. The black
dash-dotted line indicates the initial miscibility #7(0) = 0.934, obtained from the ground state before the
time-dependent Rabi field is switched on ()3 = 0). The function #(t) represents the miscibility after
turning on the Rabi field ((); # 0). A red circle-marked dashed line highlights the maximum values of
1(t). Comparing #(0) with the red-circled maxima shows that the miscibility gradually decreases over
time for wese = 0.2, 0.6, and 0.8, indicating expansion of the condensate.

sents the miscibility 7(t) for the same oscillation frequencies as in Fig. 6.7. The max-
imum of #(t) is highlighted with a red circle-marked dashed line in each panel from
(a)-(f), and the black dash-dotted line is drawn at 7 = 0.934 to indicate the extent of
miscibility. In addition it should be noted that the expansion of the condensate gets
manifested in the decreasing trend of #(f) from initial value #(0) = 0.934 which is de-
picted through the red markers in figures (b), (c), and (e) for wese = 0.2,0.4, and 0.8,
respectively. For other cases, the miscibility remains nearly constant and also follows
approximately #(f) 2 0.934. Therefore, the transition from localization to delocaliza-
tion can be characterized through the decreasing miscibility 7(¢) < #(0).

Furthermore, we compute the spin-projected correlation functions c4(t) and c|(f)
(see Fig.6.10) for the same set of woysc as in Fig.6.9. Notably, c4(t) (purple solid line)
and c| (t) (orange dash-dotted line) consistently maintain a close to 77 phase difference
for all the cases. For comparison, we also include the stationary correlation functions,
represented by a sky-blue dashed line for ¢;(0) and a green dotted line for ¢ (0), to
contrast with the dynamically modulated at wosc 7 0.

The decrease in ¢;(t) with time demonstrates the condensate escape from the ground
state. Note that c;(t) are close to ¢;(0) for wosec = 0.1,0.6,1.0 as shown in panels (a), (d),
and (f), respectively. Thus, with the course of time, the spin components remain close
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Figure 6.10: Temporal variation of the correlation function c;((f) is shown for different oscillation
frequencies wesc: (@) Wose = 0.1, (b) Wose = 0.2, (¢) Wose = 0.4, (d) wose = 0.6, (€) wosc = 0.8, and
(f) wose = 1.0. The spatiotemporal expansion of the condensate can be characterized by a power-law
behavior of the form ¢ ™% for wose = 0.2 and wese = 0.8, where ) () exhibits a decreasing trend over
time. The values of the exponent « are found to be 0.3 for wesc = 0.2, and 0.2 for wesc = 0.8. The dashed
line (skyblue color), and dotted line (green color) is drawn to compare with the static case (31 = 0. The
other parameters are same as Fig. 6.7

to the initial state in the vicinity of x = 0, as mentioned earlier in Fig. 6.7. Conversely,
for wese = 0.2 [in figure (b)] and wose = 0.8 [in figure (e)], the cj(t) decrease by fol-

t70.5 and t*0.3

lowing power laws with approximate exponents , respectively. Also, at
Wose = 0.4 [in (c)], the cj(t) show a feeble decrement with time. The escape of the con-
densate can be characterized through the power-like decrease of the time-correlation
functions. Also note that, the decrease in c(t) is less in compare to c|(t) from their
respective initial ¢;(0) values, because of the trapping potential in spin-up component
try to prevent the decrease in c4(t).

So far, our analysis reveals several effects of periodic Rabi frequency towards delo-
calization of the condensate in the absence self-interactions. Following this, in the next

subsection we explore the effect of Q)(¢) at self-interactions g > 0.

6.4.2 Resonant frequency for delocalization

Here we discuss estimation of the resonant frequency for non-interacting BECs using
the matrix method. The solution of coupled GPEs (6.15a-6.15b) computes eigenvalues

associated with the ground and excited states of the Hamiltonian, where the lowest
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Figure 6.11: (upper panel) The condensate density |1y} |2 associated with the ground state (a) and the
excited state (b) of the coupled GPEs. (lower panel) Pseudo-colormap representation of the condensate
densities (c) W’HZ and (d) |y ¢|2 at Qp = 04,0 = 0.2, wesc = 0.1639. Here, the oscillation frequency
wose = 0.1639 is obtained by taking the energy difference between the ground (a) and excited states (b)
of the system as wosc ~ [}y — pex| = 0.1639. Other parameters are Vo/V; = 0.5,V = 1.0,¢ = 0.

eigenvalue corresponds to the ground state [see Fig. 6.2(d)]. Here we utilize the differ-
ence between the ground-state and excited-state eigenvalues to obtain the approximate
resonant frequency that drives the condensate delocalization.

We begin by solving the coupled GPE with quasiperiodic trap subjected to spin-up
component by keeping )y = 0.4. Subsequently, first fifty eigenvalues are obtained,

9 = —0.2513 represents the ground state chemi-

in which the 0" eigenvalue g = u
cal potential [see Fig. 6.11(a)]. Following that, we examine excited states eigenvalues
(b, 2,13, ... 122 ) and wavefunction in order to find the appropriate delocalized
condensate. We found that for low-energy eigenstates, both components are local-
ized symmetrically on either side of x = 0, occupying different minima of the poten-
tial. For higher excited states, where || is close to 0, the eigenstates are extended all
over the space, overcoming the effect of the potential. We have chosen those eigen-
states as the delocalized states. For example, in Fig. 6.11(b), we present the condensate
density with eigenvalue pgeq = u2 = —0.0874, where the density efficiently tunnels
through the quasiperiodic trap. Therefore, the energy difference between the p, and
Hdel can be defined as the energy required to efficiently tunnel the condensate from
the central minimum. Therefore, the approximate resonant frequency turns out to be
Wose = | g — Hdel| = 0.1639 for Qg = 0.4.

Next, in Fig. 6.11(c) and 6.11(d), we show the evolution of condensate density |¢ %,
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Figure 6.12: Variation of the resonant frequency wosc obtained by calculating the difference as |pg — prex|
with Rabi coupling Oy by keeping V»/V; = 0.5, V; = 1.0, and ¢ = 0. The resonant frequency initially
increases almost linearly with () and then saturates at higher values of ().

and |, |?, respectively by keeping Qg = 0.4,Q); = 0.2, and oscillation frequency at
wWose = 0.1639. Under this periodic driving, the condensate exhibits uniform expansion,
albeit with a lower intensity compared to the case of wesc = 0.2 shown in Fig. 6.7(a2,b2).
This suggests that wese ~ 0.1639 resonantly drives the delocalization. It is important
to note that, although the resonant frequency is estimated here by taking ()9 = 0.4,
the (); term in ()(#) make the dynamics nonlinear and, thus, effectively modifies the

resonant frequency for delocalization.

In Fig. 6.12, we illustrate the variation of the resonant frequency as a function of
(). For low values of (), the resonant frequency increases almost linearly with (), fol-
lowed by a saturation trend at larger values, where in the ground state the components
behave as Gaussian localized states strongly localized in harmonic confinement with
N ~~ N,. Under such conditions, the potential-free spin-down component closely
follows the spin-up component. Although the matrix method gives only an approxi-
mate value of the resonant frequency, it provides valuable insights into the Rabi-driven

delocalization of a condensate.

After discussing the frequency driven dynamics for non-interacting condesates, in

the following, we examine the similar driven dynamics for interacting case.
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Figure 6.13: Evolution of the density |11 |*> (upper panel) and |, |* (lower panel) with the self interaction
g = 0.3 for different woesc as: (al, b1) wese = 0.15, (a2, b2) wese = 0.30, (a3, b3) wese = 0.6, (a4, b4) wose =
0.75, and (a5, b5) wesc = 0.9. For different wos. different types of features are visible: at wesc = 0.15,0.3,
each fragmented condensate starts expanding, but at wes. = 0.6, fragmented parts do not show much
expansion. In contrast, for other wes. = 0.75,0.9, more fragments are generated with time. The other
parameters are (g = 0.3,(); = 0.15.

6.4.3 Dynamics of induced localization in presence of interaction

As we have discussed earlier in subsection 6.3.3 that the self-interactions lead to frag-
mentation of the condensate across different potential minima and the number of frag-
ments increases with the strength of the self-interaction. Our aim here is to analyze the
dynamics of those fragmented condensates under the influence of the periodic Rabi
frequency.

To begin with, in Fig. 6.13 we present the evolution of the densities |1y |* for dif-
ferent wese, while keeping ¢ = 0.3, (9 = 0.3, and (); = 0.15. Initially at t = 0, five
distinct fragments are located around x = 0, 25, 75 [see Fig.6.4(b)]. At wesc = 0.15
(al, bl), the condensate density expands uniformly from each of these fragments. At
wose = 0.3 (a2, b2), the expansion becomes less pronounced compared to the previ-
ous case. In contrast, for wesc = 0.6, the fragmented densities remain localized at
their respective positions, exhibiting no significant expansion over time. However, for
higher frequencies such as wesc = 0.75 and 0.9, the condensate symmetrically breaks
into more fragments as time progresses. Since interactions inherently induce the BEC
fragmentation, the exact identification of dynamically localized and delocalized be-
havior becomes even more challenging than in the non-interacting case. To quantify
different regimes, in Fig. 6.14 we show the miscibility #(t) for different wosc. Unlike
the non-interacting case, here the decrease in #(t) from #(0) does not provide signifi-
cant information into the condensate expansion. Nevertheless, the amplitude of #(t)

provides a qualitative explanation of the phenomena. For instance, in Fig.6.14(a), the
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Figure 6.14: Evolution of miscibility #(¢) for ¢ = 0.3 and different oscillation frequencies as (a) wWose =
0.1, (b) wose = 0.2, (¢) wWose = 04, (d) wese = 0.6, (€) wose = 0.8, and (f) wosc = 1.0.. The black
dash-dotted line indicates the initial miscibility #7(0) = 0.873, obtained from the ground state before
the time-dependent Rabi field is switched on (2; = 0).The red circle dots show the evolution of the
maximum values of #(t).

amplitude of 7(t) lies in the range 0.5 < #(t) < 0.9. Similarly, for wese = 0.3 and 0.6
[Figs. 6.14(b, d)], 1(t) oscillates between 0.6 < #(t) < 0.9 and 04 < 17 < 0.9, respec-
tively. On the other hand, for higher frequencies, 7/(t) remain within a narrow interval,
ie. 0.7 S 7 < 0.9. However, the large amplitude variation of #(t) demonstrates the
expansion from the condensate’s initial positions, whereas, the small amplitude vari-

ation signifies no as such expansion of the condensate from their respective positions.

Furthermore, we examine the correlation function c;(t) in Fig. 6.15 for the same set
of wesc as shown in Fig. 6.14. The values of cj(t) at wese = 0 are indicated by a blue
dashed line at ¢4 ~ 0.3 and a green dotted line at ¢, ~ 0.7 in each panel. Notably, at
wose = 0.15 (panel (a)), the power-law decay of c;(t) reflects the expansion of the den-
sity from its initial distribution. The observed power-law behavior follows an exponent
of t7011. Similarly, for wesc = 0.3 (panel (b)), although cj(t) decreases, the absence of
a power-law trend indicates the suppression of condensate expansion as we have seen
in the non-interacting case (Fig. 6.10). Similarly, at wesc = 0.45, 0.6 (panels (c,d)), the
decrement of cj(t) is further suppressed. On the other hand, for wese = 0.75,0.9, the
relatively larger power-law decay rate demonstrates the expansion and possibly fur-
ther fragmentation of the condensate.

As a result, we observe that the overall influence of the periodic Rabi frequency on
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Figure 6.15: Time evolution of the correlation function ¢;(})(t) is shown at g = 0.3,Q = 0.3, = 0.15
for different oscillation frequencies wosc: () Wose = 0.15, (b) wosc = 0.3, (¢) wWose = 0.45, (d) wosc = 0.6,
(€) wose = 0.75, and (f) wosc = 0.9. Here, the dashed line (skyblue color), and dotted line (green color) is
drawn to compare with the static case wosc = 0. The expansion of the condensate can be characterized
by highlighting the power-law decrement from c;(0).

the condensate is qualitatively similar to that in the non-interacting case. However,
the interference of spin jets from different +x; minima makes the tree-like expansion
pattern in the non-interacting case similar to a much richer parquet-like pattern in the

presence of interactions.

6.5 Summary and Conclusion

We have systematically investigated the localization and driven dynamics of a Rabi-
coupled Bose-Einstein condensate subjected to a quasiperiodic potential in one spin
component while the other one is potential-free. Using the mean-field Gross-Pitaevskii
equation, we have explored how the Rabi coupling, the potential, and nonlinear inter-
actions jointly influence the ground state and the spatiotemporal characteristics of the
condensate dynamics. For the linear condensates the results obtained by the imaginary
time evolution align well with those obtained from the eigenmode analysis, highlight-
ing the robustness of the induced localization mechanism.

In the absence of nonlinear interactions, we observe that the induced localization,
where each component influences localization on the other, occurs when Rabi coupling
exceeds a threshold value. With the introduction of self-interactions, both components

exhibit localized and fragmented structures of the condensate.
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After obtaining the ground state, we have studied the dynamics of the condensate
under a periodically modulated Rabi frequency. When the driving frequency resonates
with the intrinsic excitation modes of the localized system, we observe dynamically
induced delocalization in both components accompanied by population redistribu-
tion. At higher harmonics of the resonant frequency, the condensate transitions into
fragmented states, indicating mode-selective excitation. To quantitatively characterize
these dynamical states, we have analyzed the evolution of miscibility and the tempo-
ral correlation functions of the spin components. Notably, similar features of drive-

induced delocalization persist in the presence of interactions.
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Chapter 7

Conclusions and future scope

7.1 Main conclusions of the thesis

In this thesis, we have explored various localization-delocalization phases through an-
alytical and numerical studies of weakly-interacting quasi-1D condensates. In our
studies, two types of disordered potentials were considered: quasiperiodic and ran-
dom. We began by characterizing localization behavior via the non-equilibrium dy-
namics of the condensate. In subsequent chapters, the focus shifted to ground-state
properties, examining the roles of spin-orbit (5O) coupling, Rabi coupling, and differ-
ent mean-field interactions under both quasiperiodic and random disorder. Finally,
we extended our analysis to study both the ground state and dynamics of a spin-
imbalanced binary condensate, where the imbalance arises from a spin-asymmetric

potential. The detailed conclusions of these studies are presented below.

In Chapter 3, we investigated the ground state and associated dynamics of quasi-
1D scalar BECs confined in both bichromatic optical lattices and random disordered
potentials. Our results show that increasing the repulsive interaction strength leads
to a transition from localized to delocalized ground states in both types of potentials.
To ensure the out-of-equilibrium dynamics, we performed an interaction quenching
—instantaneous switching off nonlinearity to zero from the value at which the ground
state was prepared, and analyzed the condensate dynamics. This out-of-equilibrium
dynamics was characterized using observables such as the time correlator function,
power spectral density, and the maximal Lyapunov exponent. For weak interaction
quenches (localized regime), the time correlator exhibits regular dynamics, either peri-
odic or quasiperiodic. In contrast, strong interaction quenches (in delocalized phases),

lead to chaotic dynamics, as reflected by an irregular correlator, a broadband power
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spectrum, and a positive Lyapunov exponent. We also identified a quasiperiodic route
to chaos in both bichromatic and random potentials. In the case of random disorder,
the transition of the time correlator from regular to chaotic effectively distinguishes be-
tween localized and delocalized regions of the condensate. Furthermore, we found that
the critical nonlinearity required to trigger chaotic dynamics decreases with decreasing
disorder strength, a trend that parallels the ground-state localization—delocalization
transition driven by increasing interaction strength. Through this comprehensive study;,
we demonstrated how the interplay between interaction, disorder, and quench dy-
namics can serve as a powerful technique for characterizing localized and delocalized
phases of a BEC via its dynamical behavior.

In Chapter 4, we have considered spin-orbit (SO) coupled binary condensate to
explore the role of interaction inhomogeneity in localization-delocalization transition
trapped in weak quasiperiodic potential. Considering the interaction inhomogeneity
similar to the external quasiperiodic trap, we observed that the condensate undergoes
localization to delocalization phase transition as the interaction strength is tuned from
attractive to repulsive value. The scenario changes significantly when a phase differ-
ence of 71/2 is introduced in between the inhomogeneity and trapping potential. In
that case, the resulting competition between inhomogeneity and quasiperiodic poten-
tial results in localization-delocalization-localization transition as a function of inter-
action strength. Furthermore, we analyzed the influence of SO and Rabi coupling on
the localization behavior, highlighting their roles in shaping the phase transition. To
gain more insight on these phases, we employed the Gaussian variational approach to
effectively explain these localization-delocalization transitions. Finally, the stability of
both localized and delocalized states was examined through velocity perturbation and

trap quenching dynamics of the condensate.

In Chapter 5, we extended our analysis of the localization—delocalization phase
transition to SO coupled condensates trapped in a random disordered potential. This
analysis focused on the combined effects of disorder, self-interactions, Rabi, and SO
coupling, examined through various observables such as density distributions, spin
expectation values, spin miscibility, and the purity of the condensate. The random
potential supports two qualitatively distinct types of ground-state localization: one in
void-like regions and another in basin-like regions of the potential landscape. Notably,
both localization patterns differ from conventional Anderson localization. We have
explored both non-interacting and interacting regimes, including systems with two
types of nonlinear interactions that break Manakov’s symmetry. Initially, we analyzed

the role of SO coupling, which significantly alters the spatial profile and localization
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characteristics of the condensate. A interesting manifestation is that SO coupling can
shift the localized condensate from basin-like to void-like regions, thereby changing
its spatial positioning. Unlike the formation of stripe phases observed at large SO cou-
pling in regular trapped systems, in the presence of disorder, it causes localization of
the condensate. The introduction of nonlinear interactions further lead to pronounced
effects on spin-dependent localization, particularly due to the broken Manakov sym-
metry. This often involves spin population redistribution and spatial separation of spin
components between the voids and basins of the random potential. The interplay be-
tween SO coupling and nonlinear interactions amplifies these effects, leading to strong
spin polarization and localization of one spin component at the cost of delocalizing
other.

In Chapter 6, we explored the localization and driven dynamics of a Rabi-coupled bi-
nary BEC confined in a spin-asymmetric quasiperiodic potential, where only one com-
ponent experiences the external trap while the other remains free. We began by solving
the coupled Gross-Pitaevskii equations using imaginary time propagation to examine
how Rabi coupling induces localization between the components. This Rabi-induced
localization was characterized through several physical observables, including pop-
ulation imbalance, condensate width, inverse participation ratio, and various energy
contributions. In the non-interacting regime, these findings were further supported by
eigenmode analysis, which confirmed the robustness of the localization mechanism.
Upon introducing interactions, the condensate exhibited fragmentation across multi-
ple potential minima, highlighting the nonlinear effects. Following the ground-state
analysis, we investigated the condensate dynamics under a periodically modulated
Rabi frequency. When the driving frequency matched the system’s intrinsic excita-
tion modes, we observed dynamically induced delocalization in both components. At
higher harmonics of the resonant frequency, the dynamics leads to frozen states at dif-
ferent potential minima. To characterize different dynamical phases, we have analyzed
the spin miscibility and time correlation functions of the condensate. Notably, similar

features of resonant induced delocalization persist even in presence of interactions.

7.2 Scope for future work

The works presented in this thesis open up several promising avenues for future re-
search within the domain of ultracold atomic BECs, particularly in the context of lo-

calization phenomena and condensate control. An immediate extension of the current
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work would be to explore the localization—-delocalization transitions of condensates
with quasi-particle excitations subjected to quasiperiodic or random potentials, using
the Gross-Pitaevskii (GP) formalism. Such an approach would parallel the theoretical
treatment in Ref.[23], which offers a foundational basis for understanding the interplay
between disorder and interactions in the quasiparticle regime. On the similar line, a
recent study[155] has revealed Anderson localization of elementary excitations by in-
corporating quantum and thermal corrections, thereby opening the door for studying
tinite-temperature effects and quantum fluctuations of disordered condensates. An-
other compelling direction would be to investigate the low-lying excitation modes of
both localized and delocalized condensates to assess their dynamical and energetic
stability.

Following the systematic exploration of homogeneous and inhomogeneous inter-
action profiles in this thesis, it would be particularly interesting to examine the influ-
ence of long-range dipolar interactions on localization behavior. The addition of spin-
orbit (50) and Rabi couplings to such dipolar systems could lead to novel localization
regimes arising from the competition between long-range anisotropic interactions and
synthetic spin-dependent couplings.

Furthermore, the role of Rabi coupling in inducing localization under spin-asymmetric
quasiperiodic potentials, as demonstrated here, invites a natural extension to the case
of random disordered potentials. Investigating whether similar localization-delocalization
dynamics persist in fully disordered systems could provide a deeper understanding of
the universality and limitations of Rabi-induced localization mechanisms.

In higher dimensional systems like in quasi-2D, an interesting future direction would
be the study of spinor condensates subjected to spin-dependent moiré superlattices,
as recently proposed in Ref. [262]. Such structured potentials, with tunable spatial
periodicity and spin dependence, are experimentally realizable and provide a highly
controllable platform to study localization and other novel phases in ultracold atoms.

Overall, these potential extensions can give insights to Anderson localization ex-
periments, making them highly relevant for ongoing and future explorations in the

tield of disordered ultracold atomic systems.

060Ny
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