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Synopsis

Geometries associated with a variety of macroscopic non-equilibrium phenomena
starting from trajectories of Brownian particles, hydrodynamic flow lines, structure
of sea shores and land- scapes and also mountains, islands, rivers, glaciers, sedi-
ments, the geometrical structure of thin film’s surfaces etc., are interesting topics in
modern trends of research in basic sciences as well as in engineering. Most often,
the dynamics of these non-equilibrium phenomena are stochastic in nature. In this
thesis we shall concentrate mainly on surface growth dynamics and fluid turbulence

which have been of great importance and challenging topics in modern research.

Due to stochastic behavior governed by nonlinear dynamical equations, the above
phenomena can only be studied statistically via scaling analysis and probability dis-
tribution functions so that they can be classified in terms of universality classes.
The studies of scaling analysis via scaling exponents are long been a important and
usual procedure to characterize the system. Besides the critical exponents, the prob-
ability distribution function is an important feature to classify the universality of
these processes. In experiments, measurements of normalized moments is expected
to be more accurate than the measurement of scaling exponents. Thus higher-order
moments can infer about the universality class in a better way than the critical
exponents. Consequently, higher-order moments are very important in the study
of surface morphology and the universality class can be better realized through the

values of higher-order cumulants such as skewness, kurtosis and hypersewness.

It is observed that in all these problems the probability distribution functions de-
viate from the Gaussian distribution. A mathematically ideal situation would be to
calculate the full probability distribution function. It may be noted that it is next to
impossible to obtain a closed-form analytical expression for the full probability distri-
bution starting with the nonlinear equations, namely, Kardar-Parisi-Zhang (KPZ),
Villain-Lai-Das Sarma (VLDS), and Navier-Stokes equations driven by stochastic
noise. Consequently, in an analytical approach, one usually evaluates a few lower

and higher order moments (such as skewness, kurtosis and hyperskewness) from the

xiil
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governing dynamics.

The KPZ Equation. The most generic non-linear continuum model of surface
growth is the KPZ equation, which can be expressed as % =1y V2h+ %(Vhf +
n(x,t), that is endowed with interesting properties of statistical scale invariance.
The height field h(x,t) is the height of the surface at position x and time ¢ on a
d dimensional substrate, v is the surface tension that has a tendency to make the
surface smooth, and the coupling constant \g measures the strength of the nonlinear
interaction term. The nonlinear term induces local growth along the normal to the
surface and gives rise to lateral correlations. On the other hand, the linear term
(containing 1) is responsible for diffusion of particles to the local minimal''!!, The
driving term 7(x,t), describing the random deposition of particles, is assumed to
obey a Gaussian distribution with covariance (n(x, t)n(x’,t')) = 2Dy (x—x')§(t—t')
where Dy is a constant.

Various analytical approaches have been employed to study the universality class
of the KPZ equation on the basis of scaling exponents in different dimensions. The
dynamic renormalization-group by Kardar, Parisi, and Zhang!®% leads to the values
of roughness exponent y = % and dynamic exponent z = % at one-loop order for the
(1+1) dimensional KPZ equation. Motivations in the theoretical study of the KPZ
equation in higher dimensions have led to formulations of different analytical tech-
niques. Examples of such theoretical studies are mode coupling scheme?$76:189 the
operator product expansion™? the self-consistent expansion’®® and a nonpertur-
bative renormalization group for the calculation of scaling exponents in the strong
coupling regime. These exponents have also been computed numerically considering
different growth rules. Apart from the numerical studies, many experiments have
been carried out to find these exponents. Various experimental 77217 studies have
indicated that the roughness exponent is about 0.50 and the growth exponent 0.33,
which have been identified with the universality class of the (1 + 1)-dimensional

KPZ-type surface growth.

Skewness in 1D KPZ. Apart from the scaling exponents, skewness and kur-
tosis have been computed numerically employing a variety of deposition algorithms.
Prahofer and Spohn took the polynuclear growth model (PNG) and obtained S =
0.35941 for the stationary self-similar case. Krug et al.['% investigated the station-
ary state skewness for the SSM model with random uncorrelated spins (o; = +1)
and obtained |S| & 0.33. Maunuksela et al.!'?¥ identified that the universality class
of slow combustion fronts of a paper sheet belongs to the KPZ universality class

on the basis of scaling exponents. With the same experimental conditions, Miet-
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TH-1587_11612105



Synopsis

tinena et al.'®) performed an experiment on paper burning to find the skewness
from the probability distribution function. They studied the height distribution of
combustion fronts for flat initial conditions in the saturation regime and obtained

the skewness value S = 0.32.

In Chapter-2 of the thesis, we use the (1+1)-dimensional KPZ equation driven by
a Gaussian white noise by employing a perturbative renormalization scheme. Hence,
we calculate the second- and third-order cumulants of height distribution using the
diagrammatic method in the large-scale and long-time limits. The cumulants so
calculated lead to the value S = 0.3237 for skewness which is independent of model
parameters Dy, 1y, Ao, and system size L due to their exact cancellations. This

value is comparable with numerical and experimental estimates.

Kurtosis in 1D KPZ. Studies of growth of an interface via simulation of the
single step model with flat initial condition have been carried out by Krug!'°®l which
yield the second and fourth cumulant ¢; = 0.404 + 0.013 and ¢, = 0.020 £ 0.002,
respectively suggesting a kurtosis value @) = 04/02/2 = 0.123 4+ 0.020. The PNG
model of Prahofer and Spohn yields ¢) = 0.289 for stationary state. On the other
hand, Halpin-Healy and Lin[% studied the distributions of deposition models (BD,
SSM, and RSOS) that strongly agree with DPRM/SHE results and they turn out
to be the Baik-Rains distribution. These investigations establish that the kurtosis
value in the stationary state must be the same as the universal kurtosis of the Baik-
Rains distribution (for example, @) = 0.289 or 0.278). There are a few studies where
the full Baik-Rains distribution is obtained in the context of KPZ stationary state.

In Chapter-3 of the thesis, we study the fourth order normalized cumulant of
height fluctuations governed by (1 + 1) dimensional KPZ equation for a growing
surface. Following a diagrammatic renormalization scheme, we evaluate the kurtosis
@ from the connected diagrams leading to the value () = 0.1523 in the large-scale
long-time limit which is free from the system size L and model parameters Dy, vy,

and )y, due to their exact cancellations.

Hyperskewness in 1D KPZ. For statistical characterization to a greater de-
gree, the normalized fifth cumulant, namely, the knowledge of hyperskewness, be-
comes important. The Baik-Rains value for hyperskewness is 0.3092 which may be
obtained from Fredholm determinant representation as well as from the numerical
data via the solution of the Painlevé-II. In Chapter-4 of the thesis, we evaluate
hyperskewness of height fluctuations dictated by the (14 1)-dimensional KPZ equa-
tion for the stochastic growth of a surface on a flat geometry in the stationary state

by following a diagrammatic approach and invoking a renormalization scheme. We

XV
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calculate the fifth cumulant given by a connected loop diagram. This, together with
the result for the second cumulant, leads to the hyperskewness value S = 0.0835.
The Baik-Rains value is distinctly higher than our calculated value. This underesti-
mation is due to the fact that the method is based on a perturbative approach where
the calculation is carried out only at one-loop order. Since the dynamics is governed
by a white noise following a Gaussian distribution, the lowest order approximation
appears to be influenced rather strongly by the Gaussian noise. A similar trend
was observed in the one-loop perturbative calculation for kurtosis in the previous
Chapter.

Skewness and Kurtosis in 2D KPZ. Two dimensional surface is a subject of
great significance in non-equilibrium statistical mechanics due to its wide range of
applicability in addition to its theoretical complexity. There exists no exact solution
for the (2+1)-dimensional KPZ equation. Recently, the (2+1)-dimensional KPZ has
been realized as an important problem where the higher dimensional analogs of TW
GOE, TW GUE and Baik-Rains distribution have been investigated. Kim et al.[*¥
studied the minimum energy distribution of directed polymer in random potential
with Gaussian distribution up to (3+ 1) dimensions and obtained non-Gaussian dis-
tribution in those dimensions. Halpin-Healy and Takeuchi®¥, throughly explored
the statistics of the higher dimensional DPRM that yield non-zero skewness and
kurtosis values. Alves et al.”! studied the higher dimensional KPZ height distribu-
tions via the RSOS model for flat initial condition and found the distributions to be

non-Gaussian.

There have been a large number of numerical works on the (2 + 1)-dimensional
KPZ type growth. Quite a few growth models having a great deal of diversity, all
of which belonging to the (2 4+ 1)-dimensional KPZ universality class, have been
studied* ] for the morphology and statistics in the transient regime. The studied
RSOS model, Euler integration of the KPZ equation and the mapping of the KPZ
equation to a driven dimer model lead to roughness exponent y = 0.383, 0.388 and
0.375, respectively. Kelling and Odor® performed a simulation considering a huge
size up to 27 x 2!7 and estimated the scaling exponents y = 0.393 & 0.004. A
numerically discretized RSOS model, studied by Marinari et al. ?!) by means of
multi-surface coding, yields x = 0.393 £ 0.003. Odor et al.'*?! found y = 0.395 +
0.005 by mapping the driven lattice gases of d-dimers model onto the KPZ problem.

Theoretical calculation of y in two and higher dimensions has been a challeng-
ing work. Analytical approaches such as the perturbative RG and nonperturbative

approaches, such as mode coupling and self-consistent expansion are incapable of

XVvi
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giving any conclusive scaling exponents as well as universality in d = 2 dimen-
sion. Lassig''®l employed an operator product expansion and obtained y = 2/5 and
z = 8/5. A mode coupling calculation of Colaiori and Moore suggested the dynamic
exponent z = 1.62 and roughness exponent xy = 0.38. A nonperturbative field theo-
retic RG has been employed by Kloss in the stationary state and obtained roughness

exponent xy = 0.373 via amplitude ratio of temporal and spatial correlation.

Recently, Pagnani and Parisil'*¥ studied (2 4 1)-dimensional KPZ-type growth
in the steady state and estimated two sets of best-fit results, namely, FIT-I and
FIT-II for roughness exponent, skewness and kurtosis values. They found roughness
exponent x = 0.3893 £ 0.0006 (FIT-I), x = 0.3869 £ 0.0004 (FIT-II), skewness
|S| = 0.2669 £ 0.0004 (FIT-I), |S| = 0.2657 £ 0.0004 (FIT-II) and kurtosis Q =
0.146 4 0.002(FIT-I), @ = 0.145 4 0.001 (FIT-II). Halpin-Healy®”! has reported the
value of average skewness (S = 0.244) and kurtosis () = 0.177) for three models
namely, RSOS, ¢g5; DPRM and KPZ Euler. In the literature, the roughness and
dynamic exponents (y ~ 0.39, z ~ 1.61).

In Chapter-5 of the thesis, we consider the statistical cumulants of height fluc-
tuations governed by the (2 + 1)-dimensional KPZ equation for flat geometry. We
follow a diagrammatic scheme to derive the expressions for renormalized cumulants
up to fourth order in the stationary state. Assuming a value for the roughness expo-
nent from reliable numerical predictions, we calculate the second, third and fourth
cumulants, yielding skewness S = 0.2879 and kurtosis @) = 0.1995. These values

agree well with the available numerical estimations.

Skewness in 1D VLDS. The growth of a thin film using the molecular beam
epitaxy (MBE) is dominated by surface diffusion at high temperatures, where atomic
evaporation, desorption, bulk defects , hangs and overhangs are negligibly small.
In MBE, atoms are deposited one-by-one for the preparation of high quality thin
films. Considering a geometrical interpretation, Villain, Lai and Das Sarma (VLDS)
proposed a nonlinear equation with non-conserved noise for the MBE processes. This
dynamical equation is known as the VLDS equation, written as % = —1yV*h +
20V?(Vh)?+n(x,t), where h(x, t) is the height of the fluctuating surface at position
x and time t, 1 is the diffusion constant and 7 is a Gaussian white noise with
zero mean and covariance (n(x,t)n(x’,t')) = 2Dy6%(x — x')d(t — t'), where Dy is a
constant. Through one-loop dynamic RG calculations, Lai and Das Sarma as well as
Tang and Nattermann independently obtained the roughness and dynamic exponent
x=(4—-d)/3and z = (84 d)/3.

Wilby et al.[®" studied the SOS model by using Monte-Carlo-Simulation and
xvii
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estimated the growth exponents = 0.333 £0.010 in d = 1 dimension which agrees
with the dynamic RG result. A conserved growth model with RSOS condition,
in (14 1) dimensions, has been studied by Kim and Kim!®l and their estimated
exponents (roughness and growth exponents x = 0.95 £+ 0.04 and § = 0.32 £+ 0.01

respectively) agree with the calculated exponents from dynamic RG.

In Chapter 6 of the thesis, we study the (1 + 1)-dimensional Villain, Lai, and
Das Sarma (VLDS) equation driven by a Gaussian white noise and implement a
renormalization scheme without rescaling at one-loop order. Using a diagrammatic
method, we calculate the renormalized second and third moments in the large-
scale and long-time limits. The ensuing skewness value is S = —0.0441. This
(negative) value is consistent with the numerical prediction of Das Sarma et al.l3?.
Our approach carries out the calculations of W5 and W3 in the large scale limit
k — 0 and consequently expects the statistical properties of the growth process at

large scales.

It is interesting to note that we obtained the skewness value which is a negative
number. This is consistent with the numerical prediction of Das Sarma et al.*? who
obtained S = —0.1£0.15 in the steady state and suggested that the skewness value
is likely to be negative, although they did not exclude a zero or slightly positive
value. The large error bar that they obtained is probably due to a dominant role of
fluctuations in their numerical model. We observe that our value of S = —0.0441
is consistent with their prediction. Moreover, our calculated value asserts that the

probability distribution function is negatively skewed.

Skewness in 3D Turbulence. The turbulent flow of an incompressible fluid
governed by the Navier-Stokes equation has long been considered as a challenging
problem due to its inherent non-linearity and complexity. Various important ad-
vances have been made over the last decades in understanding the statistical prop-

erties of turbulence following from the governing dynamical equation. The Navier-

Stokes equation for an incompressible turbulent fluid is expressed as %”ti + v g;’? =
J
_10p 92, . . T e ov; .
por; T W0ag 00 with the incompressibility condition 5o = 0, coming from the

equation of continuity. Here v;(x,t) is the velocity field, p(x,t) the pressure field,
p the density, and 14 is the kinematic viscosity of the fluid. In three-dimensions,
the turbulent energy density obeys the Kolmogorov universal scaling (neglecting in-
termittency correction) E(k) = C €2/ k=5/3 in the inertial range L™ < k < n~*
where the turbulent energy cascades from the largest to the smallest scales of mo-
tion. In the above expression C'is the universal Kolmogorov constant, € the energy

transfer rate (per unit mass) which is also the mean dissipation rate, and k is the

XViil
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wavenumber. The Kolmogorov microscale 7, defined as n = (v°/¢)/4, signifies the
scale where dissipation becomes important. Within the Kolmogorov phenomenol-
ogy, the eddy-viscosity follows the universal scaling v(k) = o £¥/3 k=%/3, where a is
another universal constant.

In Chapter 7 of the thesis, we apply a renormalized perturbative scheme on the
Navier-Stokes equation for an incompressible isotropic turbulent velocity field. This
allows us to obtain the renormalized expressions for second- and third-order cumu-
lants of the velocity derivative directly from the corresponding Feynman diagrams.
The resulting expressions are integrated numerically by excluding and including the
dissipation range assuming Kolmogorov and Pao’s phenomenalogical expressions for
the energy spectrum. The ensuing values for skewness are found to be S = —0.647
(when the dissipation range is excluded) and & = —0.682 (when the dissipation is in-
cluded). These estimaed values are compared with various experimental, numerical

and theoretical results.

XX
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Chapter 1

Introduction

The geometry associated with a variety of macroscopic physical phenomena start-
ing from trajectories of Brownian particles, hydrodynamic flow lines, structure of
sea shores and landscape*6%172 and also mountains, islands, rivers, glaciers, sedi-
ments, the geometrical structure of crystals, etc., are interesting topics in research.
These phenomena are most often non-equilibrium in nature due to interaction with
environments. Although over the last five-six decades these systems have already
been studied via different statistical approaches, they deserve much attention to

fully understand the ever increasing complexities of the problems.

One of the highly interesting and technologically demanding topics among such
non-equilibrium phenomena is surface and interface growth. The macroscopic fluctu-
ations of an interface or a surface during their growth and the corresponding changes
of their morphologies with time have long been a topic of increasing interest among
researchers. The dynamics of growing surfaces involve many fundamental processes
such as deposition, solidification, crystallization, sedimentation, inhibition, coating,
sputtering, dissolution, corrosion, erosion, combustion, flame front propagation, and

119 During growth, surface or interface advances through fluc-

biological growths
tuations which may have thermal, kinetic, chaotic origin or due to the disordered
nature of the medium. Most often, the dynamics of growing surface is stochastic in
nature due to the inherent randomness (spatial and temporal) of the incoming flux.
A similar process takes place for the case of magnetic flux lines in superconductor
being fluctuated by the pinning forces of the quenched disorder and thermal noises.
Since the externally imposed random noise and the inhomogeneity of the medium
enhances the complexity of such a dynamical system, these problems become ana-

lytically intractable.
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Chapter 1. Introduction

1.1 Statistical characteristics of growing surfaces and

interfaces

The statistical characterization of growing surfaces and interfaces are based on the
most important observed property, namely, scale invariance. Due to this inherent
property, the surface and interface growth problems can be described via a powerful
scaling concept which enables one to connect the apparently different systems via
scaling exponents. This leads to the classification in terms of universality class. In
various physical systems with a well-defined scaling property, the scaling exponents
are often found to be invariant with respect to small changes in the actual interac-
tions or model parameters of the system. Different systems which apparently have
no connection between them, are said to be in the same universality class if they
possesses the same value for the scaling exponents. This is due to the fact that
the scaling exponent values are independent of many details of the system, for in-
stance, these values for an interface of a paper wetting experiment do not depend on
whether the paper is immersed in ink or coffee, or whether the experiment is done

with a paper or a towel.

The problem of surface growth, also known as kinetic roughening, appear in many
physical processes such as material fracture!'?% corrosion 67141 electrochemical de-
position['? the propagation of flame fronts, the growth of bacteria cell colonies.
Growing surfaces mainly remain scale invariant under anisotropic scale transforma-
tion. This may be understood by a single-valued function for surface height h(x) at
a point x satisfying h(bx) ~ bXh(x). In this case, h(z) is called a self-affine function

and, as such, the surface or the interface is known as self-affine fractal.

Although the roughening of surfaces or interfaces can occur under both equilib-
rium and non-equilibrium conditions, most often they occur under non-equilibrium
conditions. The roughness of growing surface or interface determines many im-
portant physical and chemical properties of films. For instance, the electrical con-
ductivity of a metal thin film and the hysteresis of magnetic films depend on the
roughness of the surface or interface %159 It controls the optical losses in optical
waveguides %8 and is responsible for increase in the effective area of charge storage

23]

devices!?3l. The properties of a rough surface is statistically characterized by scaling

expoents.
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1.1. Statistical characteristics of growing surfaces and interfaces

A. Scaling exponents

The growing surfaces and interfaces are characterized by interface width. The inter-
face width initially (in transient regime) increases with time and in the stationary

state it is no longer a function of time rather it depends on the system size as

t

w(L,t) ~ 17 ¢ (L—> (1.1)

when ¢ < ¢, and
Wat (L) ~ LX, (1.2)

where t > L* and t. is the crossover time. The exponent y is known as the roughness
exponent that characterizes the roughness of the saturated surface. The exponent
B, called the growth exponent, characterizes the time-dependency of the roughening

process. The dynamic exponent is defined as z = £ and is related to the crossover

time . as t. ~ L?. On the other hand, the correlaticfn length £(t) gradually increases
with time as ~ t'/# and becomes the order of the system size L when the system
gets saturated. Thus, the dynamic exponent z indicates how fast the correlation
length grows in the system. These scaling exponents characterize the dynamics of
surface growth and, as such, they determine the universality class of those growth

processes.

B. Representative models

A number of discrete models have been proposed to elucidate the physical properties
of stochastically growing surfaces and interfaces. The simulations of these growth
models played an important role in developing a better understanding of growing
surfaces under non-equilibrium conditions. In what follows, we shall describe briefly
some of the models that provide a basic statistical understanding about the under-
lying physics.

The simplest numerical model of surface growth was first proposed by Murray
Eden®#4 in one dimension to describe the shape of a cell colony being formed by
random sticking of particles on the perimeters of the cluster. The fluctuation of the
shape of the resulting cluster depends on the imposed microscopic growth rules.

In ballistic deposition (BD) model 1% particles are deposited at random sites
on a substrate. As soon as the particles are deposited, they stick and settle down at
nearest neighboring sites. After a long time, the bulk of the system of the structure

becomes porous but non-fractal.
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Chapter 1. Introduction

In restricted solid-on-solid (RSOS) model®”) the particles are also deposited at
random sites h; — h;+1. In other words, the deposition process does not violate the
condition |Ah| < 1 making the bulk compact with negligibly small hangs, overhangs

and vacancies.

Following these discrete models, continuous models have been constructed to
describe stochastic surface growth. Edwards and Wilkinson'?, for the first time
offered a differential equation which incorporates the diffusion of particles during

the deposition.

C. Edwards-Wilkinson equation

To understand the sedimentation process of particles in the presence of gravitational
relaxation and stochastic noise, Edwards and Wilkinson (EW) offered a partial

differential equation for the interface dynamics as

OH (x,t)

or = P wViH D) +0(x,1), (1.3)

where H(x,t) represents the interface height, 1y the surface tension, F' the velocity
of the interface, and 7 is a spatially and temporally uncorrelated stochastic Gaussian
noise with (n(x,t)) = 0, and variance, (n(x, t)n(x’,t')) = 2Dd%(x—x')§(t—t'). Here,
the surface tension tries to smoothen the surface by minimizing the surface area.
The term F' can be excluded by viewing the growth process with such a coordinate
system which is moving with velocity F', i.e., a transformation H — h + F' ¢ can be

introduced where h is the fluctuating height field and ¢ is time.

The values of scaling exponents y and z can be obtained for the EW equation by
exploiting the scaling concept, i.e., the growth equation would be invariant to the
transformation x — bx, t — b*t and h — bXh. Under these scale transformations,

the EW equation becomes

Oh(x, 1)
ot

= b AVh(x, 1) + bE20 2 (x 1), (1.4)

Since the equation is scale (b) invariant, the roughness and dynamic exponents are
X = (2—d)/2 and z = 2, respectively. The scaling exponents from EW model do not
match with that of discrete models such as Eden, BD, and RSOS models indicating
that these discrete models and the EW model belong to the different universality

classes.
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1.1. Statistical characteristics of growing surfaces and interfaces

D. Kardar-Parisi-Zhang (KPZ) equation

Experiments on growing interface and surface®” suggest that the growth propagates
along the direction of the local normal to the surface or interface. One such example
is the propagation of fire-front where the propagation of the front can take place
along the lateral direction. The growth along the normal to the local surface is
mathematically represented by \/m . For a small spatial variation of height,
a suitable term, (Vh)?, has been incorporated into the EW equation by Kardar,

(86]

Parisi, and Zhang in their seminal paper'®”. Their equation for fluctuating hight

field h(x,t), commonly known as KPZ equation, can be expressed as

Oh(x,t)

A
5 = WVeh(x, 1) + 5 (Vh)® + (. 1), (1.5)

where the symbols vy and n(x,t) carry the same meaning as in EW equation [Eq.
(1.3)]. The equation is invariant under the transformation h — (h + ¢). The
infinitesimal change of the coordinate introduces a slight angle € along the growth
direction. The transformations are considered as x — x+Aget and h — h+e-x. Thus
the KPZ equation remains invariant under the Galilean transformations. However,
it breaks the up-down symmetry (h — —h) of the growth process due to the presence

of the non-linear term, which determines the direction of the growth.

The transformation of scales, namely, + — bz, t — b*t and h — bXh yields

% = b*2V2h + b(“XQ)%(Vh)Q + b2/, (1.6)

It is the presence of the non-linear term \o(Vh)? in the above equation for which

the scaling exponents cannot be obtained directly from the scale invariance concept.

There is a variety of systems, which are different from growing surface, behave in
a similar way and have been studied using the same theoretical framework as grow-
ing surface. There are some important examples, such as the dynamics of magnetic
flux lines in type-1I superconductors near the pining or depinning threshold !, the
dynamics of charge-density waves driven through impure materials with the existing
electric field™® | the dynamics of dislocations and polymers™*” etc. The KPZ equa-
tion in (3 + 1) dimensions with non-Gaussian spatially and temporally correlated
noise does even describe the gravitational potential in cosmology. The velocity field
in Burgers equation may represent, in some stages of the standard, inflationary, big
bang model for cosmology, the fluctuating velocity (on smooth background) of the

overall expansion of the universe['%.
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Chapter 1. Introduction

Experiments for KPZ type growth
Besides numerical simulations of growth models as discussed earlier, a number of
experimental studies have been devoted to test various proposed theoretical ideas
via experiments which have been motivated by the KPZ equation consisting of a
nonlinear term and notably, most of the experiments have failed to provide the
exponents as those of KPZ universality in (1 + 1) dimensions. A few of them are
fluid-flow in a porous medium, paper wetting, slow combustion of paper, growth of
bacteria colonies, paper tearing etc., which roughly follow the (1 + 1)-dimensional
KPZ growth dynamics. It is very important to mention that one-dimensional KPZ
exponents are estimated in a slow combustion fronts of a paper sheet experiment 124,
Furthermore, with the same experimental conditions, an another experiment?° on
paper burning has been carried out to estimate the normalized third cumulant of
the probability distribution of height fluctuations and yields comparable estimations
with other numerical results. Recently, an experiment has been carried out in (1+1)
dimensions on growing interface in liquid crystal turbulence (TLC). The estimated
scaling exponents from the experiment are the same as those of one-dimensional KPZ
equation'™!. In addition to that, the probability distributions of height fluctuations
have been investigated on the basis of initial conditions of the growth which are
very important to determine the sub-universality class of a system under the same
universality class!'™).

On the other hand, there have been very few experiments which follow two-
dimensional KPZ universality class. For instance, vapor deposited oligomer thin
film growth[%? yields a comparable exponents values, as those of (24 1)-dimensional

KPZ universality class, in the transient regime .

E. Mathematical methods

An explicit dynamic renormalization group (RG) analysis has been carried out by
Kardar, Parisi, and Zhang in their seminal paper!® based on the KPZ equation.
Fourier transformation of the KPZ equation is obtained to implement RG on KPZ
equation which is considered as the key equation of perturbative RG. Fourier trans-

formation of the equation reads as
h(k7 w) = G0<k7 W)n(k7 w) - /\0 GO(k7 w) NI[h(p7 Q)h(k —p,w—= Q)] (17)

where Gy ' (k,w) = [—iwy +1pk? is the bare propagator and NZ[h(p, Q)h(k —p,w —
)] is the non-linear integral (N'Z) of the above key equation.

6
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1.1. Statistical characteristics of growing surfaces and interfaces

There have been two basic steps in the conventional RG theory. One of them
is scale-elimination and other is rescaling the parameters. In the scale-elimination
process the fields of higher modes (k € [Ag/b, Ag], and b = e” > 1 ) are eliminated
out which means the elimination of microscopic degree of freedom from the system.

Once elimination process is carried out, the system has a new cut-off Ay /b, i.e.,
the upper cutoff is reduced by a factor b with b > 1. Since the idea is to get
back the original system, the momentum, frequency, model parameters and fields
are rescaled, and subsequently, these processes modify the parameters and yield the
flow equations describing the change in the parameters under the RG transformation.
In this context, the variation of parameters under rescaling are of interest than the
perturbative solution of growth equation. The above two processes are repeatedly
performed so that the parameters of the growth equation do not vary with respect

to the scale parameter, signifying the system reaches a fixed point. At that point,
dg _ dv _ dD _ d\ _ ()

dr dr dr dr

and coupled equations are solved to obtain the scaling exponents of the system.

the variations of model and coupling parameters are zero (

There is another approach to obtain the scaling exponents via the RG with-
out rescaling. In this process same sort of scale elimination as before is performed
and corrections to the model parameters are obtained. Here, instead of rescaling
the parameter of the KPZ growth, flow is directly calculated with respect to scale
elimination. The resulting recursive relations are solved for coupling and model pa-
rameters and to obtain their scale dependent expressions. To obtain a fixed point
value after many recursive steps, the limit for the scale parameter » — oo is consid-
ered. This consideration yields a scale independent value of coupling constant and
scale dependent expressions of parameters. Hence, one could obtain the exponent
from the scaling relations e.g., v(k)k? = k*. The scale dependency in the expres-
sions for v(r) and D(r) are same and ratio of those expressions are scale independent

indicating the fluctuation-dissipation theorem in one dimensional KPZ.

F. Theoretical predictions

The exponents values in (1 + 1)-dimensional KPZ equation are exactly obtained via

6.128]  Those exponent values are y = 1/2

the RG approaches at one-loop order!®
(roughness exponent) and z = 3/2 (dynamic exponent).

Various analytical approaches have been employed to study the universality class
of the KPZ equation on the basis of scaling exponents in different dimensions. Mo-

tivations in the theoretical study of the KPZ equation in higher dimensions have

7
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Chapter 1. Introduction

led to formulations of different analytical techniques. Examples of such theoretical
studies are the mode coupling scheme ?$76189  the operator product expansion 3,
the self-consistent expansion!'%?l and a nonperturbative RG 2219 for the calculation

of scaling exponents in the strong coupling regime.

There are a few theoretical attempts to obtain the roughness exponents in two
dimensions. One of them is mode-coupling approximation of Colaire and Moore %!
leading to obtain the roughness exponents y = 0.38 and other is operator product ex-
pansion of Lissig that yields y = 2/5 in d = 2 dimensions!"?l. In a non-perturbative
calculation, Kloss'% obtain roughness exponents y = 0.330(8) and y = 0.373(1) in

the leading and next to leading order approximations, respectively.

G. Other estimations

The exponents have also been computed numerically considering different growth
rules. Apart from the numerical studies, many experiments have been carried out to
find these exponents. Various experimental studies™ "1™ have indicated that the
roughness exponent is about 0.50 and the growth exponent 0.33 which have been
identified with the universality class of the (1 + 1) dimensional KPZ type surface
growth.

Various numerical simulations have been devoted in order to obtain the scaling
exponents. There have been two conjectures regarding the dimension dependent ex-
ponents. Wolf and Kertesz %! studying the Eden model conjectured the exponents
value would be x = 1/(d + 1) in d dimension. Kim and Kosterlitz" studied RSOS
model and conjectured x = 2/(d+ 3). It is important to note that both conjectures
yield the exact exponents value in d = 1 dimensions. Quite a few growth models
having a great deal of diversity, all of which belonging to the (2+1)-dimensional KPZ
universality class, have been studied® for the morphology and the statistics in the
transient regime. The studies of growth models, such as RSOS and driven dimer,
and numerical (Euler) integration of the KPZ equation yield roughness exponent
x = 0.383, 0.375, and 0.388, respectively in (2 + 1) dimensions. On the other hand,
for the stationary state, the roughness exponent is obtained as y = 0.387-0.39016°),
Meanwhile, a numerical simulation® has been carried out considering a huge size
up to 217 x 217 to estimate the scaling exponents y = 0.393 £ 0.004. Considering
a potts-spin representation via a multisite-coding with 115207 sites, Forrest and
Tang!*0 estimated y = 0.38540.005. A numerically discretized RSOS model, stud-
ied by Marinari et al.'?! by means of multi-surface coding, yields xy = 0.39340.003

8
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1.1. Statistical characteristics of growing surfaces and interfaces

and § = 0.244 4+ 0.003. Odor et al. found y = 0.395 + 0.005 by mapping the
driven lattice gases of d-dimers model onto the KPZ problem. Thus, the most of

the numerical work suggest that the roughness exponent to x ~ 0.39.

H. Sub-universality classes of 1D KPZ-type growth

In early days, the main focus of the numerical simulations were to estimate the
scaling exponents and thereby determining the universality classes of the models
where Galilean invariance guaranteed that xy + z = 2 in any dimensions. Finding
the scaling exponents from a theoretical model, numerical analysis and experiments
have long been a usual way to conclude the universality class of the studied system.
Nevertheless, there have been a few works®®?! where probability distribution of
height fluctuations or free energy fluctuations for the directed polymer in random
media have been investigated. The numerical simulation of height fluctuations of
ballistic deposition growth model in (1 4 1) dimensions by Havlin et al.[% yielded
Gaussian distribution in the steady state (t > L?) and in the transient regime (¢t <
L?). Later on, a lot of numerical simulations on growth models and directed polymer
in random media have been performed to estimate the cumulants of probability
distributions of height fluctuations in the transient regime as well as in the steady
state, and most of the works estimated the non-zero skewness values in the transient
regime 136,

[108] attempted to carry out the numerical simulations for a

Thereafter, Krug et al.
wide range of growth models and directed polymer in random media in one dimension
to obtain the universal quantities, such as a ratio of cumulants of height distribution
of surface growth phenomena and free energy fluctuations of DPRM, along with the
scaling exponents from a numerical simulation. In the steady-state, they found
skewness S & 0.33 from single step model (SSM) whereas in the transient regime
the simulation of single step model for flat initial condition yields S = 0.28 £ 0.04.
After a long time, in 2000, Johansson in ref.® via single step model, Priahofer and
Spohn in ref.®3 via the polynuclear growth have found a connection to Tracy-
Widom (TW) distributions of random matrix theory!™®! via polynuclear growth.
Subsequently, an exact solution of the (1 + 1)-dimensional KPZ equation, with the
full-time evolution of the probability distribution function, which is universal in the
asymptotic limit, has been obtained %1412 Since then there are various work
which show that although scaling exponents are same for KPZ-type growth models,

the probability distributions could be different depending on the initial conditions.

9
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For flat (curved) initial conditions, the height-distribution follows TW-GOE [2%:3]
(TW-GUE) distributions. At the same time, Takeuchi and Sano'™® have performed
experiments on turbulent liquid crystals and found TW GOE (for flat) and TW GUE
(for curved) statistics with one dimensional KPZ scaling exponents. Furthermore,
they confirmed that the distribution function and two-point correlation of height
fluctuations are universal. In the stationary state (1 + 1)-dimensional KPZ height
distribution has been illustrated by Imamura and Sasamoto[™ which is found to be
Baik-Rains, Fj, distribution®. Thus, sub-universality classes exist under the same

universality class based on the initial conditions of the interface growth.

Till to date, there is no exact solution for (2 + 1)-dimensional KPZ equation.
In 2012, Halpin-Healy, considered various models, such as different kind of DPRM
models, restricted solid-on-solid (RSOS) model, a direct Euler integrations, and
two dimensional driven dimmers belong to the (2 + 1)-dimensional KPZ univer-
sality class®. A higher dimensional analogs of (1 + 1)-dimensional KPZ height
fluctuations, such as TW GOE, TW GUE, and Baik-Rains distributions have been

59,60] (5:56,94] iny order

investigated | There have also been a variety of numerical works
to obtain the scaling exponents and distribution functions in higher dimensions. To
understand these sub-universality classes the probability distribution function along
with the scaling exponents are indispensable. This is understood from the extensive
numerical, experimental studies of initial conditions dependent height distributions
of KPZ equation in (1 + 1)-dimensions. The analytical study of the probability

distribution function (PDF) or associated few higher order moments are scarce.

As stated earlier, the universality class of a stochastic dynamical system has
many important statistical properties. In the earlier studies on surface growth, the
universality classes are determined via the scaling exponents of the corresponding
systems. In the last two decades, it has been realized that despite the same scaling
exponents, the distribution functions can be entirely different due to different initial
conditions indicating different sub-universality classes. Thus, full information about
the pdf is needed to classify many similar problems into varying universality classes.
Hence, it may be interesting to note that the distribution function of a stochastic
system contains more statistical information than the scaling exponents. However,
an analytical calculation of the full pdf is an very difficult task, whereas the calcula-
tion of higher-order moments, such as the skewness, kurtosis and hyper-skewness is
a more viable approach to economize on the amount of calculations of these values

which can also be used as identifiers of the universality classes.

10
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I. Conserved growth models

Epitaxial growths are subjects of great interest from the perspective of applications
to thin films where the growth processes are very sophisticated due to layer by layer
deposition or even down to atom by atom deposition in a very controlled pressure,
temperature and incoming flux, known as Molecular beam epitaxy (MBE) type
of growth process. By applying the technique, a very high quality materials are
prepared, such as various types of semiconductors, magnetic materials, sometimes
structure can be prepared so precise that can be used to make quantum wells, wires
and dots which are very useful in electronics and opto-electronics devices. One of
the reasons behind the extremely smooth surface is the high mobility of adatoms
at the growth front which enables the incoming atoms very fast to incorporate at
epitaxial growth. The temperature of epitaxial growth is controlled in such a way
that the temperature is high enough for fast adatom diffusion to form a multilayer
growth and of course low enough to cause negligible desorption.

Theoretically, it is very interesting as well as challenging because of the scale in-
variance properties, self-affinity, and mainly the processes are far from equilibrium.
The determination of universality class of a non-equilibrium process is an integrable
part of studies describing the large-scale and long-time properties of surface growth,
are usually determined by a set of exponents (x, 5 and z) of that particular growth
process. It has also been realized on the basis of theoretical, simulation and exper-
imental works that the coarse-grained roughened surface of epitaxial growth follow
the same type of dynamical scaling as given by Eqgs. 1.1 and 1.2. However, it is very
important to know the fundamental reasons that make the difference and lead to
acquiring different set of exponents and thereby universality classes. For short time,
the lateral correlation length £(t) ~ t'/# where z characterizes the time dependent
behavior of correlation length, i.e., how fast the correlation can grow. When the
system size is finite, at long times (¢ > L?), the correlation (lateral) length, £(t),
would be of the order of system size is usually known as in the steady state.

However, as discussed earlier, for growth processes of KPZ universality class, the
desorption or surface overhang and bulk vacancies are not negligible even at long
wavelength behavior indicating the nonconserved growth process. In fact, in a real
growth problem, the process of desorption, overhang, and vacancies formation are
inevitable. Hence, in principle, the all epitaxial processes are non-conserved at large-

[30]

scale and long-time limit Because of its simple nonlinearity and non-conserved

properties, theoretically, the KPZ universality class is considered as a generic growth
universality class. On the other hand, it is the matter of fact that the KPZ expo-
11
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nents have hardly observed in any real epitaxial surface growth experiments. There
have been few reasons behind this. The formation of desorption, overhangs and
vacancies become dynamically insignificant with respect to the experimental time
and substrate size. In addition to that epitaxial growth, especially MBE growth
processes are performed with a great care and in a very controlled manner to avoid
the evaporation, vacancies etc. Mullins and Herring (MH) "33 first proposed a linear

conserved equation for surface growth which reads

Oh(x,1)
ot

==V j+nxt) (1.8)

seeming like equation of continuity where j = Vu(x,t) with the chemical potential
p(x,t) = kKV2h(x,t). In the above equation, term j is the deposited mass current
which is conserved. In the context of conservation, the KPZ nonlinearity is ruled

out.

From this linear equation the exponents values are y = (4 — d)/2 (roughness),
z = 4 (dynamic) and § = (4 — d)/8 (growth exponent) where d is the substrate
dimension. Although in the literature, various experimental measurements have
been reported having approximately same exponents values (8 ~ 0.25 and x =~
0.9—1in (241) dimensions), subsequently, it has been realized that MH universality

class is a crossover instead of asymptotic universality class®.

Wolf and Villain 2 studied a surface growth model which has the close expo-
nents (x = 1.4+0.1 and z = 3.8+ 0.5) as those of Mullins and Herring equation in
(1+1) dimensions. At the same time a random deposition (RD) model is proposed
by Das Sarma and Tamboreneal®® to describe the (1+ 1)-dimensional MBE process
which is considered as an intermidiate between two extreames RD model with and
without relaxation. The estimated exponents in (1 4+ 1) dimensions are following
B~ 0.375£0.005 and y ~ 1.5.

Sun, Guo and Grant (SGG)™! proposed a nonlinear equation for surface growth
where the total volume under the interface is conserved including the deposition

noise. The equation reads

Oh(x,t)
ot

A
= —V2[yV2h(x, t) + g(vm +((x,1) (1.9)
where the noise is conserved and follows (n(x,t)) = 0 and
(C(x,1)¢(X, 1) = —2Dg V364 (x — x)o(t — t).

12
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They obtained a distinct set of exponents given by x = (2—d)/3 and z = (10+d)/3
by applying one-loop dynamic RG. Furthermore, they have carried out an extensive
numerical simulation (CRSOS) in one substrate dimension yielding xy = 0.35 %+ 0.03
and f = 0.091 £+ 0.002 which agree with the one-loop RG results (xy = 1/3 and
B = 1/11) indicating the different universality class from KPZ and EW universality
classes.

Subsequently, Villain, Lai and Das Sarma proposed a growth equation to mimic
the actual molecular beam epitaxy growth process. The noise due to incoming
particle flux is considered to be nonconserved which is the basic difference from the
SGG equation. The continuum, conserved, non-linear growth equation for MBE-
type growth, is known as conserved KPZ or Villain-Lai-Das Sarma (VLDS) equation

which is expressed as

Oh(x,t)

ot
where h is fluctuating height field, 14 is the diffusivity, n is Gaussian white noise,
(n(x,t)) = 0 and noise correlation (n(x,t)n(x’,t')) = 2Dyd%(x — x')o(t — t'). Equa-

tion (1.10) is translational and rotational invariant whereas it breaks the up-down

= —1yV*h(x,t) + %W(Vh)? +n(x,t) (1.10)

symmetry (h — —h) due to its nonlinear term. Though one could easily obtain
the expression for exponents from the Fourier transformation and rescaling of a
linear equation, however, a nonlinear equation deserves different treatment. In a

SLILLISS - the analytical expressions for exponents (y = (4 — d)/3 and

few works!
z = (8 4 d)/3) are obtained via one loop RG. Subsequently, same exponents values
have been estimated via direct numerical integration *!9>9:188] of Fq. (1.10) within
the numerical accuracy (1-2%) in (1 4+ 1) and (2 + 1) dimensions. The two-loop
dynamic RG calculations are carried out by Janseen which leads to very small cor-
rections (less than 1%) to the exponents values each of the dimensions ((1+ 1) and
(24 1)), The VLDS equation has been investigated by Katzav[®¥l in a different
technique closed to mode coupling approach that yields the same exponent values
(as one-loop dynamic RG provides).

In real MBE growth, the deposited particles are allowed to diffuse immediately
where the process of diffusion and associated processes of equilibrium depend on
several factors, such as substrate temperature, the rate of incident flux, the mobility
of the deposited atoms. Due to these reasons, it is obvious that the growth process
will be far from equilibrium when the incident flux is high enough with respect to the
atomic diffusion. In addition to the basic microscopic processes, namely, deposition,

desorption, and surface diffusion, there are other effects such as shadowing which
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Chapter 1. Introduction

may play an important role in shaping the interface morphology. These type of
experiments usually have a lot of parameters under which thin films are grown.
There have been two experimental methodology, such as diffraction methods and
direct imaging methods to measure the roughness of a thin film. Since our studies are
limited only at one spatial dimension, further discussion regarding these experiments

are not carried out.

Along with the experiments, variuos numerical models have been introduced
to study the nonequilibrium MBE growth process''292 It has been customary to
determine the universality class of growth model, equations, and experiments via
the estimated or calculated values of scaling exponents. There has been other way
to characterize the surface morphology along with the scaling exponents. The es-
timation of moments or cumulants of probability distribution function (PDF) of
height fluctuations. The lowest order moment, skewness carries the important in-
formation (up-down asymmetry of the surface morphology) of PDF. A vanishing
value of skewness indicates symmetric (usually Gaussian) distribution whereas a
non-zero value of skewness quantitatively measures the departure of the distribu-
tion from the Gaussian distribution. In this context, it should be noted that the
height fluctuations described by linear growth dynamics following a Gaussian noise
yield Gaussian height distribution function whereas the PDF becomes non-Gaussian
associated with the nonlinear growth dynamics because the nonlinear term basically
introduce the up-down asymmetry in the dynamics. In the asymptotic limit of the
growth process (in the steady state), the non-linear term dominates over the linear
term. Sometimes, in experiments and in numerical simulations, it is observed that
the measured or estimated exponents are different than that of the VLDS universal-
ity class which may indicate a crossover from MH to VLDS universality class. This
crossover can be better understood by the study of skewness of the PDF of height

fluctuations rather than that of scaling exponents.

There have been few numerical works for (1+1)-dimensional MBE type of growth,
devoted to obtain the scaling exponents as well as skewness. Das Sarma et al. in
ref.32 considered a minimal kinetic Monte Carlo MBE method where surface over-
hangs, bulk vacancies, desorption, and overhangs are negligibly small. The diffusion
barrier, known as Ehrilich-Schwoebel barrier, near step edge are also neglected in the
considered model to understand the dynamics of the growth in a very simple way.
In their work, various growth models have been considered, such as Das Sarma and
Tambornea (DT), MBE, Lai-Das Sarma (LDS), and among them LDS model yields

exponents values (y = 1.03 and z = 3.04) which are close to the exponents values
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1.2. Homogeneous Isotropic Turbulence

of one dimensional VLDS equation and consequently indicating VLDS universality
class. In addition, they have also studied the skewness of height fluctuations and
obtained skewness value S = —0.1 £0.15 in (1 4 1) dimensions from the model.

In this thesis, we would, only, focus on the (1 + 1)-dimensional VLDS equa-
tion and subsequently, the skewness calculation of the probability distribution of
height fluctuations. We obtain scaling exponents by implementing a renormaliza-
tion scheme which agrees with the one-loop RG results of Lai-Das Sarma (LDS)
and the estimations of LDS model. In the literature, as far as we know, there have
been no other analytical attempts to calculate the skewness of the height fluctua-
tions of PDF which motivated us to obtain the values in this approach. Since the
skewness is an important property of a probability distribution function, it is in-
dispensable to calculate its value for the height fluctuations governed by the VLDS
dynamics, so that this fluctuations can be distinguished from those governed by
other dynamical processes. Besides the scaling exponent, we study the normalized
third order cumulant implementing a renormalization scheme at one-loop order by
using a diagrammatic method in the large-scale and long-time limits and obtained
skewness value is S = —0.0441. The obtained value is consistent with the numerical

prediction of Das Sarma et al. ( S = —0.140.15 ) within the numerical accuracy.

1.2 Homogeneous Isotropic Turbulence

In our daily life, we experience the effect of turbulence of fluids in various forms. It
is very indispensable to understand the behavior of turbulent fluid due to its om-
nipresence nature on almost all macroscopic scales starting from the interior of bio-
logical cells, to numerous technological devices (in aeronautics, hydraulics, nuclear,
mechanical, chemical engineering), to geophysical and astrophysical phenomena (in-
cluding oceanography, meteorology), and to inter-galactic scales. Nevertheless, the
occurrence of turbulent flow is widespread and the full understanding of turbulent
flow is still a challenging problem in classical physics. Different engineering studies
have been devoted to reduce the difficulties by managing the effect of turbulence.
The complexity of the turbulent flow arises due to the mixing of the various spatial
degree of freedom of different length scales and time scales. Scientists, engineers get
motivated due to its inherent complexity and widespread practical applications.

In real life fluid turbulence, there is a production range at low wave numbers
where the turbulent energy is generated. Following the production range, there oc-

curs the innertial range where the turbulent energy cascades from low to high wave
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Chapter 1. Introduction

numbers without any viscous dissipation. At high wavenumbers, viscous dissipa-
tion becomes important and there exists a dissipation range up to infinitely large
wavenumbers. Dissipation of turbulent energy mainly occurred due to the kine-
matic viscosity of the turbulence in the length scale smaller than the Kolmogorov

dissipation scales 7, where the viscosity term plays an important role.

Most of the turbulence researchers believed that Navier-Stokes equation embod-
ies the physics of all fluid flows (including the turbulent flows). In fully developed
turbulence, the fluctuating field is statistically invariant under translations and ro-
tations leading to be homogeneous and isotropy. These assumptions simplify the

mathematical nature of the problem.

There have been various ways to study the Navier-Stokes equations. One of the
most tried methods is direct numerical simulation of the Navier-Stokes equation
which would be fine only when the considered mesh size is small enough to probe
beyond the Kolmogorov length scales. Due to the limitation of computational cost,
this approach is usually performed at moderate Reynolds number (R). In turbu-
lent fluid flow, a large number of degree of freedom get excited and increases with
Reynolds number R%/4M2 It can roughly be estimated that to simulate an atmo-
spheric flow covering all length scales (from the forcing length scale which is of the
order of thousands of miles and dissipation range which is of the order of millime-
ters) of turbulence the required number of grid points would be of order 10* which

challenges the capabilities of present computers?°!,

As the real problem have been to handle a large number of interacting degree
of freedom to understand the system. So idea was to reduce the degree of freedom
keeping physical properties qualitatively same. There have been a powerful theory
of viewing systems at different length scales known as renormalization group. Since
we are interested in long wave-length phenomena, fluctuations are integrated out
in sequence starting from the smallest scale. Consequently, this approach obtains a
coarse grained system as a result of elimination of microscopic fluctuations. Since
physics is expected to be scale invariant, renormalization group is a tool to under-
stand the physics of the system with the change of scale. There have been many
frameworks, to implement an RG, among them momentum space perturbative for-
malism are widely used in which diagrammatic approach is followed to get loop
diagrams. Effect of averaging out of the high momentum affect the low momen-
tum parameters. The elimination of the short wavelength fluctuations results in an
evolving differential equation with respect to the scale and the underlying physics

become self-similar with respect to the change of scale. This is how bare parame-
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ters of a system get modified to scale dependent parameters where the associated
measurable properties can be verified through experiment to validate the theory.

A non-equilibrium physical phenomenon is immensely interesting to understand
the process and at the same time extremely difficult to deal with any rigorous
manner. In this thesis, relatively simpler studies (moments of a probability distri-
bution of fluctuations at a macroscopic scale) have been investigated by proposing
a renormalized perturbation scheme and comparing with existing other theoretical,
numerical and experimental work to validate the proposed theory. The concerned
phenomena (wherein we are interested) are surface growth fluctuations, and fluid
flow turbulence which have been described by nonlinear field equations with a driving
noise. These benchmark non-linear equations corresponding to the surface growth
phenomena are Kardar-Parisi-Zhang (KPZ), Villian-Lai-Das Sarma (VLDS) and

Navier-Stokes equation for turbulent %131

1.3 Methodology

A momentum space RG of continuous decimation has first been introduced by Wil-

200] Eventu-

son for equilibrium critical phenomena in classical statistical mechanics
ally, many researchers successfully applied Wilson’s RG approach to a large number
of interacting systems and gradually becomes one of the standard tools of the sta-
tistical mechanics and condensed matter physics because of the surprisingly good
results and agreement with the experiments. One of the areas of its application is
stochastic differential equations for surface growth dynamics and turbulent.

Forster, Nelson, and Stephen (FNS), in 1977, applied the dynamic RG, to Navier-
Stokes equation coupled with the passive scalar subjected to random driving forces
in the paper®” which is basically adapted procedure of Ma and Mazenko who used
the RG to the stochastic dynamical equation of local spin densityM'8!. After that,
implementing the dynamic RG procedure, for randomly stirred model, Kolmogorov
scaling has been realized by DeDominicis and Martin®¥. Subsequently, Yakhot
and Orszag developed an RG approach without rescaling to obtain several universal
numbers and energy scaling considering the DeDominicis and Martin’s randomly
stirred turbulent model. At the same time, a nonlinear local surface growth equation
has been proposed by Kardar, Parisi and Zhang (KPZ) and applied the dynamic
RG approach to obtain the scaling exponents of the growth equation.

There have been two steps of the dynamic RG approach of FNS, Ma and Mazenko,
and Kardar-Parisi and Zhang. The First step is the elimination of higher modes
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from the evolution equation of motion (KPZ, VLDS, Navier-Stokes) which is indeed
a coarse-graining process. The process effectively lowers the magnitude of the wave-
vector and restricts it to go beyond some spatial scale by downgrading its spatial
resolution.

Subsequently, rescaling have been carried out to get back the new equation of
motion in the old form with modified system parameters. The application of this
process yields differential equation of the parameter with respect to scale. At the
fixed point the parameters are invariant under further transformations and the values
of critical exponents are obtained. In Chapter-2 of this thesis, we carry out the
renormalization group treatment without rescaling for the KPZ equation and obtain
its fixed point in (1 + 1) dimensions.

In 1961, Wyld?%! proposed a systematic perturbation theory for the problem
of turbulence in an organized way depicting the mathematical terms by diagrams,
analogous to the Feynman diagram of quantum field theory. The diagrams are
generated by following a simple set of rules so that the perturbation series can be
depicted easily. Wyld’s technique has been extended to describe the Hamiltonian
nonlinear fields including hydrodynamic turbulence in the Clebsch variables!206,
Moreover, Martin, Siggia, and Rose!'?3 proposed a different formalism to investigate
the classical stochastic differential equations in statistical and condensed matter
physics.

Perturbative expansion by diagrammatic approach is a useful and much simpler
way than directly dealing with the long complicated mathematical expressions. In
this approach, one can systematically generate the corresponding diagram of a per-
turbative series without missing any term due to the one to one correspondence
of the mathematical term and part of a diagram. Hence, diagrams can easily be
obtained from the corresponding mathematical expressions, and vice versa.

In this thesis work, we have developed a renormalization scheme by following
diagrammatic method for KPZ, VLDS and Navier-Stokes equations to calculate the

higher order cumulants of the corresponding distribution functions.

Statistical moments and cumulants

In the past, the surface growth analysis had mostly been based on the estimating
the scaling exponents and determining the universality class from those exponents
by studying only the second moment of the height fluctuations which is inherently
insufficient to determine the universality class of a system.

The study of higher moments is very much interesting as it provides the more
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detailed information of the PDF which helps to distinguish the PDF from the Gaus-
sian distribution by quantifying the values of the moments which are also proved
as universal quantities in stationary state. The definition of the higher moments or

cumulants and the relations between them are presented below.

The generating function for the nth order moment of a random variable A can

be defined as

o n

2) = (e =3 Wl (1.11)

n=0

where

(h") = / ~dh b P(h) (1.12)

is the nth moment for a given normalised probability distribution function P(h) and
n=0,1,23..

Probability distribution function can also be described by the cumulants, which
is alternative to the moments, and the relation between cumulant and moment is
well established. In this thesis, we are interested in calculating the higher order
cumulants via the diagrammatic (perturbatively) renormalization scheme and in
this regard, the calculations of cumulants instead of moments are much simpler
because the cumulant terms only provides connected diagramms (without disjoint

pieces) instead of many connected as well as disconnected diagramms.

The cumulant generating function F'(f3) is defined as

TL

FB)=mnZ(@p i

n=1

(1.13)

nl

where (h"). is the nth cumulant. The moments are related to the cumulants as

(h) (h)e

(h*) = (B*)c+(h)?

(h?) = (1) +3(h)e(h?)e + (h)]

(W) = (hY)e +4(h)e(h®)e + 3(h%)2 + 6(R)2(h%). + (R),

(R°)y = (h%)e + 5(R) (A + 10(h?)(R®), + 10(R)2(h?),
+15(h)(h*)2 4+ 10(h)2(h?). + (h)®. (1.14)

The fluctuating interface field h(x,t) has a zero mean. Thus (h(x,t)) = (h(x,t)). =
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0 and hence, the above relations reduces to!108:165)

(R*). = (h?), (1.15)
(h*)e = (h%), (1.16)
(B, = (h*) — 3(h?)? (1.17)
and
(h%)c = (h®) = 10(h*)(h%). (1.18)

Skewness, S, kurtosis ) and hyperskewness S are defined as

_ (e _ (B%)
R Y
_ (B _ ()
=g = e 3
and
g e _ AR o ) (1.21)

<h2)§/2 (h2)5/2 (h2)3/2°

Another definition of nth moment of height distribution (HD) is
W = ([h(x,t) = h(t)]") (1.22)

Since the fluctuating height field has a zero average h(t) = 0, the definition of

moments simplifies to

W, = (h"(x,1)), (1.23)
so that skewness and extra kurtosis is defined as

Wi

S=—"0
Wil

and
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which are universal 31651

The normalised third-cumulant, skewness, measures the asymmetry of the tail
from the Gaussian distribution (non-Gaussian), becomes nonzero due to the broken
up-down symmetry (as in KPZ equation h — —h) and vanishes where the symmetry
is maintained, i.e., the valley bottoms and hill tops are equivalent for a Gaussian
surface. The fourth moment kurtosis or flatness, (), measures the sharpness or
peakedness of the distribution function from the Gaussian. The value of the kurtosis
Q@ = 3 for Gaussian distribution and higher (lower) value of @) describes sharper
(flatter) distribution than the Gaussian.

A. Layout of the Thesis

The thesis is organized as follows.

In Chapter 2 of the thesis, we use the (1+ 1)-dimensional KPZ equation driven by
a Gaussian white noise by employing a perturbative renormalization scheme. Hence,
we calculate the second- and third-order cumulants of height distribution using the
diagrammatic method in the large-scale and long-time limits. The cumulants so
calculated lead to the value S = 0.3237 for skewness which is independent of model
parameters Dy, 1y, Ag, and system size L due to their exact cancellations. This
value is comparable with numerical and experimental estimates.

In Chapter 3 of the thesis, we study the fourth order normalized cumulant
of height fluctuations governed by (1 + 1) dimensional KPZ equation for a growing
surface. Following a diagrammatic renormalization scheme, we evaluate the kurtosis
(@ from the connected diagrams leading to the value () = 0.1523 in the large-scale
long-time limit which is free from the system size L and model parameters Dy, vy,
and )y, due to their exact cancellations.

In Chapter 4 of the thesis, we evaluate hyperskewness of height fluctuations
dictated by the (14 1)-dimensional KPZ equation for the stochastic growth of a sur-
face on a flat geometry in the stationary state by following a diagrammatic approach
and invoking a renormalization scheme. We calculate the fifth cumulant given by
a connected loop diagram. This, together with the result for the second cumulant,
leads to the hyperskewness value S = 0.0835.

In Chapter 5 of the thesis, we consider the statistical cumulants of height
fluctuations governed by the (2+1)-dimensional KPZ equation for flat geometry. We
follow a diagrammatic scheme to derive the expressions for renormalized cumulants

up to fourth order in the stationary state. Assuming a value for the roughness

21
TH-1587_11612105



Chapter 1. Introduction

exponent from reliable numerical predictions, we calculate the second, third and
fourth cumulants, yielding skewness S = 0.2879 and kurtosis @) = 0.1995. These
values agree well with the available numerical estimations.

In Chapter 6 of the thesis, we study the (1 + 1)-dimensional Villain, Lai, and
Das Sarma (VLDS) equation driven by a Gaussian white noise and implement a
renormalization scheme without rescaling at one-loop order. Using a diagrammatic
method, we calculate the renormalized second and third moments in the large-scale
and long-time limits. The ensuing skewness value is S = —0.0441. This (negative)
value is consistent with the numerical prediction of Das Sarma et al.[3%.

In Chapter 7 of the thesis, we apply a renormalized perturbative scheme on the
Navier-Stokes equation for an incompressible isotropic turbulent velocity field. This
allows us to obtain the renormalized expressions for second- and third-order cumu-
lants of the velocity derivative directly from the corresponding Feynman diagrams.
The resulting expressions are integrated numerically by excluding and including the
dissipation range assuming Kolmogorov and Pao’s phenomenological expressions for
the energy spectrum. The ensuing values for skewness are found to be S = —0.647
(when the dissipation range is excluded) and S = —0.682 (when the dissipation is in-
cluded). These estimated values are compared with various experimental, numerical

and theoretical results.
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Chapter 2

Skewness of KPZ-type height

fluctuation in (1 + 1) dimensions

2.1 Introduction

The study of surface growth has been one of the most important problems in non-
equilibrium statistical physics over the past few decades['1:4363105.126] The most
generic continuum model of surface growth is the Kardar-Parisi-Zhang (KPZ) equa-
tion that is endowed with interesting properties of statistical scale invariance. Kar-
dar, Parisi and Zhang®¥ suggested a nonlinear differential equation for local surface

growth in the form

Oh(x,t)
ot

A
= 1y V2h + g(wl)? +n(x, b), (2.1)

where h(x,t) is the height of the surface at position x and time ¢ on a d dimensional
substrate, v is the surface tension that has a tendency to make the surface smooth,
and the coupling constant A\g measures the strength of the nonlinear interaction
term. The nonlinear term induces local growth along the normal to the surface and
gives rise to lateral correlations. On the other hand, the linear term (containing 1)

[1]

is responsible for diffusion of particles to the local minima The driving term

n(x,t), describing the random deposition of particles, is assumed to obey a Gaussian
distribution to account for the stochastic nature of the flux of particles. It is taken

to be a Gaussian white noise with zero mean, (n(x,t)) = 0, and with correlation
(10, 1) (', ) = 2D 6%(x — X) 8(t — ¥), (2.2
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where Dy is a constant and the angular brackets denote ensemble averages.

There are many deposition models that have been identified with the KPZ
universality class. A few examples are the ballistic deposition[**'2" the Eden
model B4151152] " the restricted solid-on-solid (RSOS) model 2% and the single step
model (SSM)I27150 A large number of growth experiments show scaling expo-
nents close to those of the KPZ growth problem. A few important phenomena
are thin film growth!™, bacterial colony growth®*1 growth of fractals!*?, tur-
bulent liquid crystal (TLC) growth717l “and one dimensional polynuclear growth
(PNG)B4106,153.190] "otc - Apart from such growth models, the KPZ problem is re-
lated to various other processes such as the noisy Burgers equation®”, flame front
propagation %197 directed polymer in random media*>63:86.87.94 “interface rough-

s and growing interfaces in randomly stirred fluids!®Y.

ening due to impuritie
A great amount of work has been carried out, mostly via numerical and experi-
mental studies, in various KPZ type surface growth problems. The interplay of
non-linearity, surface tension, and uncorrelated noise in such problems establish a
universality class distinct from that of the Edward-Wilkinson type growth in the
large-scale long-time limit. The mean-square of the height fluctuations is related to

the critical exponents!'?® as

() — B E)P) o [ — X[ 2 (M) , (2.3)

|x — x'|?

where x is the roughness exponent describing the self-affine geometry of the surface,
z is the dynamic exponent (the ratio ¥ = 3 is the growth exponent), and ¥(-) is
a scaling function. The roughness exponent y is an important parameter!'? in the

18] and optical properties!®? of a thin film. The

studies of adsorption, catalysis!
properties of a rough surface are determined by the distribution of height fluctuations
and it deserves attention both in theoretical and experimental studies of growing

interfaces126l

Various analytical approaches have been employed to study the universality class
of the KPZ equation on the basis of scaling exponents in different dimensions. The
dynamic renormalization-group by Kardar, Parisi, and Zhang!®9 leads to the values
of roughness exponent y = % and dynamic exponent z = % at one-loop order for the
(14 1) dimensional KPZ equation. Motivations in the theoretical study of the KPZ
equation in higher dimensions have led to formulations of different analytical tech-
niques. Examples of such theoretical studies are the mode coupling scheme [28:76:189

the operator product expansion ¥, the self-consistent expansion % and a nonper-
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turbative renormalization group?>'% for the calculation of scaling exponents in the
strong coupling regime.

These exponents have also been computed numerically considering different growth
rules. Apart from the numerical studies, many experiments have been carried out to
find these exponents. Various experimental studies™ 717 have indicated that the
roughness exponent is about 0.50 and the growth exponent 0.33 which have been
identified with the universality class of the (1 + 1) dimensional KPZ type surface
growth.

Besides the critical exponents, the probability distribution function is an impor-

94

tant feature to classify the universality of a physical process! In experiments,

measurements of normalized moments is expected to be more accurate than the

measurement of scaling exponents!20l.

Thus higher order moments can infer about
the universality class in a better way than the critical exponents?. Consequently,
higher order moments are very important in the study of surface morphology and the
universality class can be better realized through the values of higher order moments

and a parameter such as skewness.

The skewness has been computed numerically employing a variety of deposition

algorithms. Krug et al. [18)

, using the simulation in a single step model for flat initial
condition, obtained |[S| = 0.28 £ 0.04 in the transient regime. Following the same
model, they prepared stationary interfaces by taking uncorrelated spins (o; = +1)
and obtained |S| ~ 0.33. Prihofer and Spohn['3 took the polynuclear growth
model and mapped it into a random permutation through the droplet geometry
thereby onto Gaussian random matrices to understand the dependence of the initial
conditions on height fluctuations. They inferred that the droplet and flat substrates
have the same scaling form but distinct universal distributions. They estimated the
skewness for three different shapes, namely, curved, flat, and stationary self-similar
in (1 + 1) dimensions. For the flat shape, they obtained S = 0.2935, for the curved
shape, S = 0.2241, and for the stationary self-similar case, S = 0.35941. They

proposed an expression for the height distribution, namely h(x,t) ~ vt + (I't)"/3¢
2
7

rate in the asymptotic limit 7. It was found that ¢ obeys the Tracy-Widom (TW)

distribution corresponding to the largest eigenvalues of random matrices!!™!. For
[162]

with ¢ arandom variable, where [' = is a model parameter and v, is the growth

curved interfaces the random matrices form a Gaussian unitary ensemble (GUE)

whereas for flat interfaces they form a Gaussian orthogonal ensemble (GOE).

In an experiment on growing interfaces in liquid crystal turbulence, Takeuchi et

al. 17817 found that the growth and roughness exponents are the same as those of
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the KPZ type growth in one dimension in the asymptotic limit. Their experimental
data indicated the value for skewness S ~ 0.29 for a flat interface, whereas for a
curved interface their experimental data converged to S = 0.2241. They concluded
that the probability distribution function (pdf) of interface fluctuations precisely
agrees with the GOE of TW distribution for the flat interface, whereas the curved
interface fluctuations agree with the GUE of TW distribution, up to fourth order
cumulants. Sasamoto and Spohn 161162 solved the (14 1) dimensional KPZ problem
with an initial condition of curved-height profile and showed that the pdf follows
the GUE of TW distribution of random matrices.

It may be noted that there have been very few analytical evaluations of the
skewness and higher order moments for the KPZ type growth problem. The one
known to the authors is a mean field calculation yielding S = £0.46 in (1 + 1)
dimensions®¥ with the flat initial condition h(x,0) = 0 for the transient regime.

In this work, we are interested in the KPZ growth problem for a flat interface
and seek to calculate the skewness of height fluctuations in the stationary state.
Consequently, we apply the dynamic renormalization group scheme without rescal-
ing to the KPZ equation. This scheme was previously employed by Yakhot and
Orszag 2! to calculate various universal numbers in the case of hydrodynamic tur-
bulence. This scheme enables us to obtain the expressions for v(r) and D(r) and
thereby we calculate the second and third order moments of height fluctuations in
a straightforward manner. The ensuing result for skewness is compared with the
findings of various numerical, experimental, and theoretical studies in Table 2.1 of
the present Chapter.

This Chapter is organized as follows. In Section 2, the renormalizaiton-group
scheme without rescaling is applied to the KPZ problem. Section 3 outlines the
definition of statistical moments of height fluctuations and presents calculations
of the second and third order statistical moments. Finally, Section 4 presents a

discussion and conclusion and a comparison with other findings.

2.2 Renormalization Scheme without Rescaling

The nonlinear dynamics described by the KPZ equation (5.1) incorporates interac-
tion among many degrees of freedom 28], The complexity of such interactions among
the collective set of height fluctuations is most easily seen when we Fourier trans-
form the height fluctuations h(x,t) and the driving field (x, t). The Fourier space is

also suitable for employing the dynamic renormalization-group techniques!®®. The
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Fourier transform of the height fluctuations h(x,t) is expressed as

dk dw e
h(x,t) = / (2m)i h(k,w) e'kx=wbt) (2.4)

where d is the substrate dimension. The stochastic noise 7(x,t) is also Fourier
transformed in a similar manner. The Fourier amplitude of the noise fluctuations

has a zero mean, (n(k,w)) = 0, and the noise-correlation can be expressed as
(n(k,w)nk',w")) = 2D, (27)%6%(k + k') 216 (w + o), (2.5)

in the Fourier space, as a consequence of Eq. 2.2. Using Eq. (2.4), the Fourier
transform of the KPZ equation [Eq. (5.1)] is obtained as

. X diq dQ
(=i + vok2) h(k, w) = n(k,w) / / s [0 (= )] (. ) hlle— g~ )
(2.6)
which is in a form particularly useful for implementing the renormalization-group

scheme.

A. Scale Elimination

To implement the renormalization-group scheme, we eliminate height fluctuations
h~(q, ?) belonging to the shell Age™" < g < Ag in the wavevector space by substitut-
ing for h”(q, 2) in the equation for h=(k,w) following from Eq. (5.6). This process
generates a perturbation series in powers of the coupling constant \g. Considering

terms up to second order in \g yields the equation

- M+Vok + 2(k, w)] h<(k, w) = n<(k,w)
d? dQ
// . jarr (4 (k= a)] (a2 A= (k — q,00 = ). (2.7)
in the range 0 < k < Age™" in the wavevector space, where ¥ (k, w) is the self energy

correction represented by the amputated part of the Feynman diagram shown in
Fig. 2.1.
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Chapter 2. Skewness of KPZ-type height fluctuation in (1 + 1) dimensions

Y T

Figure 2.1: Self-energy correction. The self-energy ¥(k,w) corresponds to the loop.
Propagators are indicated by arrowed lines and correlation by a wiggly line.

The corresponding loop integral is given by

M\ [ diq N P o
Sik) =1 (=7 ) [ ks (e @laste=al [~ 52 650 D) G i~ ),
(2.8)
where Go(k) = Go(k,w) = [—iw + 1k? ! is the bare propagator and the pref-

actor 4 is a combinatorial factor. Following Refs. [128:208]

we symmetrize the in-
ternal momenta by taking the transformation q — (q + k/2). Performing the
frequency convolution and evaluating the integral over the internal momenta in the

shell Age™ < g < Ay yields the self energy

MDy Sq (2—d) e —1
5(k,0) = — k? 2.9
(5,0) 2ygAg*d(27r)d< 2d ) py— (2.9)
in the large scale (k — 0) and long time (w — 0) limits, where S; = lngd—d//;) is the

surface area of a sphere of unit radius embedded in a d dimensional space. As a

result of the above elimination, the effective surface tension is obtained as

1 /\2D 2—=d)r __ 1
070 ° } , (2.10)

- = 1+ -K
v=(r) 1/0[ —1—4 dl/S’Ag_d y

where Kj = (2570‘)(1 and the second term in the parentheses comes from the self energy

correction.

The height-height correlation is also expanded in a perturbative series in a similar

manner. This gives rise to a correction to the noise amplitude, given by

() = 2002 (52) [ S lateal [~ S G @F D16 -
(2.11)

where D<(r) is the effective amplitude of noise correlation, whereas Dy is the bare
parameter appearing in the noise correlation in Eq. (2.5). The corresponding equa-

tion is shown diagrammatically in Fig. 2.2.
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A +2_>.{}<_

Figure 2.2: Perturbation expansion of the correlation Q(k,w) at one-loop order.

Calculating the loop integral in the large scale and long time limits, k& — 0 and

w — 0, the correction to the noise amplitude is obtained as

)\(Z)Dg Sy e(2#A o]

AD =D 2.12
04VS’A(2)_d (2m)d 2—d ( )
Thus the effective amplitude of the noise correlation is given by
1. NDy e —1
D<(r) = Dy |1 4 = Ky—=0-0 ° (2.13)

4 I/S’Ag_d 2—d

We observe that the surface tension 1y and noise amplitude Dy acquire correc-
tions due to the elimination of small scales belonging to the high-momentum shell
Aoe_T S k S A(].

B. Flow Equations and Fixed Point

To implement the renormalization scheme, we shall follow a procedure suggested by
Yakhot and Orszag2°7:2%8 where the renormalized parameters are not rescaled after
the above scale elimination operation. A particular advantage with this scheme is
that the flow equations for the renormalized parameters are obtained directly with
respect to the elimination parameter r. Implementing this scheme, we obtain, from
Egs. 2.10 and 2.13, the flow equations for the renormalized surface tension v(r) and

renormalized noise amplitude D(r) as the differential equations

dv 1 2—d NeD(r)
dr ZKd< d ) v2(r)A2=(r) 214)

and dD 1. A2D%(r)
r

e (@ i 2.15

dr 4 A (r)A2d(r)’ (2.15)

where A(r) = Age™". In this scheme, there is no flow equation for the coupling

constant \g as it does not acquire any correction due to Galilean invariance. In
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order to find the fixed point, we define an effective coupling, g(r), as

A D(r)

9(r) = Kaost) iy

(2.16)

Using Egs. 6.22 and 2.15, the flow equation for this effective coupling is obtained as

d
== ag(r) = bg*(r), (2.17)
where a =2 —d, and b = %. Integrating this equation, we obtain an r-dependent

expression for the effective coupling, given by

ar

Jo€
r) = : 2.18
g( ) 1-'—290(86”1—1) ( )
where gy = ¢(0) = Kd%. The fixed point value ¢g* is obtained in the limit
Yoo
r — oo. For d < 2, we get
a 2d(2—d)

V= o e ) 2.19
T 78T (3-2d) (2.19)

We see that the fixed point value g* diverges for the substrate dimension d = 1.5 and
it is finite and positive in the range 0 < d < 1.5. However, in the range 1.5 < d < 2,
the coupling constant is finite but negative, and it vanishes at d = 2. These fixed
point values are consistent with Frey and Tauber’s one-loop calculation*® (Cf. Eq.
(3.18)). In this paper, we are interested in the substrate dimension d = 1; thus the

effective coupling constant approaches the fixed point value g* = 2.

Using Eqs. (2.16) and (2.18), the differential equations (6.22) and (2.15) yield

the exact solutions
a/4bd

u(r) = o [1 i ’%(em = 1)] (2.20)

and

D(r) = Dy [1 + b%o(ew - 1)} " (2.21)

For very large r, the above solutions lead to the asymptotic expressions

bgo a/4bd
v(r) ~ 1y (—e”) (2.22)
a
and
b 1/4b
D(r) ~ Dy (Te‘"> . (2.23)
30
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in the large scale limit. Noting that @ = 1 and b = % for our case d = 1, these

expressions for surface tension and noise amplitude reduce to

v(r) =~ vy / %er/z (2.24)
D(r) ~ Dy, /%er/? (2.25)

These asymptotic expressions, for very large r, correspond to the renormalized sur-

IA2D
v(k) ~ vy # 12 (2.26)
0

and renormalized noise amplitude

I\2D,
D(k) ~ Dgy | 2022 |—1/2 2.2
(k) N 23 (2.27)

in the large scale long time limit.

and

face tension

The dynamic exponent z can be defined via the renormalized response function

as

G (k,w) = [—iw+ v(k)k?] " o k7 ¢ (%) , (2.28)

suggesting the scaling v(k)k? ~ k*. This leads to the dynamic exponent z = 2 and
1
29

roughness exponent y = 5, the latter being a consequence of the scaling relation

X+ z=2.

2.3 Statistical Moments and Skewness

The nth moment of the height fluctuations is defined as
W, = ([h(x,t) — h(t)]"). (2.29)

These moments obey power laws in the stationary state and they scale as W,, ~ L"X|
where L is the size of the substrate.
The statistical measure corresponding to the (square of) interface width (or

standard deviation) is given by the second moment
Wy = (h2(x,1) — (h(x, )2 (2.30)
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Chapter 2. Skewness of KPZ-type height fluctuation in (1 + 1) dimensions

The skewness is related to the third moment
Wy = (h(x,1)) — 3(h*(x, 1)) (h(x,t)) + 2(h(x,t))". (2.31)

In this paper, we calculate the skewness S of surface height fluctuations in the

KPZ surface growth model. It is defined as

S = % (2.32)

We present the calculations of the moments W, and W3 in the following subsections.

A. The Second Moment

The second moment is expressed in the Fourier space as

dkdw [ dK dw' , T, ¥
(h*(x, 1)) = / e / @) (h(k,w) h(k',w')) eltk)x omilwtwt (9 33)

We shall assume the growth process to be statistically homogeneous in space and

stationary in time. This assumption yields the form
(h(k,w) h(K,w")) = Q(k,w) (2m)% 6% (k + k') 27 §(w + o) (2.34)

From Eq. (5.6), we see that (h(k,w)) = 0 for any k # 0, implying (h(x,t)) = 0 for
all practical purposes. Thus from Eqs. 6.27, 6.35, and 2.34, we obtain

dk dw
2
Wa = 2.t = [ 5 Q) (2.35)
We write the integrand in terms of renormalized quantities as
d?k dw

We first consider the bare value

_ 2 d
1w =202 (50) [ G lalca)PGola P (Gol-a.o-0)F (2D
(2.37)

where the propagators are unrenormalized.

We evaluate the second term in Eq. 2.37 which corresponds to the amputated
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2.3. Statistical Moments and Skewness

part of the loop diagram in Fig. 2.2. Performing the integrations over the internal

frequency and internal momentum in the shell Age™ < ¢ < Ay, we obtain

\2D2 cdr

L2<(’I“) =2Dy + Kd21/3A2_d 5= d
0-*0

(2.38)

Following Yakhot and Orszag’s procedure of renormalization, we make the assump-
tion that thin shells in momentum space are eliminated recursively in iterative steps.

This leads to a differential equation for La(r),

dLQ . 1 )\%D2<7’)

& YA (2:39)

representing the evolution of Ls(r) with respect to the recursive steps of the shell

elimination scheme. Using Eqs. 2.24 and 2.25, and integrating over r, Eq. 2.39 yields

[222D
Lo(r) = Dy #Az e’/ (2.40)
0

for d = 1, in the asymptotic limit of large r. We transform this expression into a
wavenumber and frequency dependent expression identifying Age™ as k f(;%) where
z is the dynamic exponent and f(-) is a dimensionless scaling function. Thus, we

obtain the renormalized function corresponding to Eq. 6.39 as

_ /2)‘%D0 —1/2 p—1/2 (¥

We identify the scaling function by considering consistency in the w — 0 limit, so

that
1

() = (R |Gk, )P

(2.42)

where the modulus of the response function G(k,w) signifies further consistency
with the fact that Age™" is a real quantity. Thus the renormalized quantity Ls(k,w)

is expressed as
A D3
Ly(k,w) = —5 k|G(k,w)|. (2.43)
T

We notice that the first diagram in Fig. 2.2 does not contribute to L, and the

contribution comes solely from the loop diagram.
Substituting the expression 3.40 in Eq. 2.36 and treating the propagators as
renormalized given by Eq. 2.28, with the renormalized surface tension v(k) coming
33
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Chapter 2. Skewness of KPZ-type height fluctuation in (1 + 1) dimensions

from Eq. 2.26, we obtain the contribution to the second moment as

w — DS / d'h /+°° duw 1 3/2 (2.44)
T omg ] @r)d U 2w W 2(k) K '

Performing the frequency integration using

/+°° do 7 Tla—3) (2.45)
o @ ) |
and carrying out the momentum integration in Eq. 2.44, we obtain
4 (D 1
Wy = — ( 0 ) - (2.46)
T \2mvy ) W

where g is an infrared cutoff in the momentum integration.

B. The Third Moment and Skewness

The third moment (h3(x,t)) can be expressed in the Fourier space as

d%k dw Ak dw' [ d%K" dw"
- 3 _
Ws = (h°(x, 1)) _/<27r)d+1 / (271-)d+1/ (27)d+1
(h(k,w) h(K', o) h(K",w")) e KD x gmiletelrat (2.47)

Contribution to W5 comes from the one-loop diagram shown in Fig. 2.3. Thus W3

can be written in terms of the one-loop contribution L:;(/%, k! ) as

panyA d4+1 % A o R R
s = / (27)d+1 / (2m)+t GG L) Gk = 1) 249

where k stands for (k,w) and & for (K, w').

We first consider the bare value of the loop integral. Integrating over w”, the

bare loop integral can be written as

_ 3 d
L) =5 (5°) [ G5 @190 k- alla (k- a)

[—a-(q—k = k)] Qo(q,2) Qo(k —q,w — Q) Qo(k + k' — q,w +w' — (2.49)
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Figure 2.3: The third-order moment.

Carrying out the frequency convolution in Eq. 5.9, we extract the leading order
contribution from this integral in the large scale and long time limits, namely the
limits £ — 0, ¥ — 0, w — 0, ' — 0 for the external momenta and frequencies.
Working out the momentum integration in the high-momentum shell Ape™ < ¢ <

Ag, we obtain

3 )\3D3 (4—d)yr __ 1
L5(r) = SKa—t

2.
2 "Ny 4-d (2:50)

As before, we consider the iterative nature of the shell elimination scheme in thin
shells in the momentum space, and obtain the flow of L3(r) in the form of a differ-
ential equation 4 o
L 3 \D?(r) 1
e (251)
for d = 1. The functions v(r) and D(r) being known from Egs. 2.24 and 2.25, the
differential equation is solved to obtain

3ND2
== r 2.52
2 eA2 € (2:52)

Lg(T)

in the asymptotic limit of large r.

The corresponding renormalized function Ls(k; k'), being symmetric with respect
to interchange of k and K , its frequency dependent expression can be obtained by

replacing (Age™")~2 with the expression
—1p—1p—1 (Y 41 i/
FWT () (k) (2.53)
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Employing Eq. 2.42 in 2.52, we thus obtain

3 /\5D§
82y

Ly(k,w: K, o) = K K2 |Gk, w))? |GK, o). (2.54)

Using this expression in Eq. 5.8, the third moment is obtained as

3 )\5D4 dd+1f€ dd+1i€, " . . . . A §
Wa=gm Vi /(27(—)d+1/(2ﬂ.)d+1k K= G(k) |Gk G(K) |GK)|" G(—k — k)
(2.55)

where the propagators are treated as renormalized as expressed in Eq. 2.28 with

the renormalized surface tension v(k) given by Eq. 2.26. Performing the frequency

integrations over w and w’ yields

Wy — o /+Oodk /+Oodl<:’ (ko '), (2.56)
P9 27r1/0 e '

in one dimension, where

Uk, k)

T "V

F(ky, k) = Vo, k)

(2.57)
with

Uk, k) = 3 ([kal® + |KL1P) +41 kot KL 122 (Jhal®? + |KL132) 414 s |32 KL 122+ K+ KL 2
(2.58)

and
V (kay k) = 16 [kl [K5] (1Rol™/2 4 K412 + [y + KLJ2/2)° (2.59)

The integrations in Eq. 2.56 can be decomposed to obtain

W3:§< ) {/ dk/ k. F k:x,k:;+2/ dk:/ k., F(—ky, k)
2 27TVO

(2.60)

where we have set infrared cut offs at u as these integrals have infrared divergences.

Thus we write

3/2
Wa =3 () 210+ 270 2.61)

:/ dkm/ k!, F(ky, k) (2.62)
3 %

where
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and - -
() = / dk, / di. F(—ky, ). (2.63)
7 7

The infrared divergences in these integrals suggest the following forms

I(p) = Io =" (2.64)
() = Jo = (2.65)

where [, and .Jy are dimensionless constants.
Substituting from Eqgs. (2.64) and (2.65) in Eq. (2.61), we obtain the third mo-

ment as

Dy \*? 1

27TVO

According to the definition of skewness, we thus obtain from Eqs. 4.34 and 2.66

W3 3
S=———=2(I, + Jo)a>? (2.67)
wy* 8
We calculate the constants Iy and Jy from Eqs. 2.62 and 2.63, using the expres-
sions given by Eqs. 2.57, 2.58 and 2.59, and obtain

Iy = lim [p321(p)] = 0.034946 (2.68)
u—0t

Jo = lim [1*%J ()] = 0.120089 (2.69)
n—0+

by means of numerical integrations. The computation shows convergence to the
above numerical values as the parameter p is chosen to approach values close to
Zero.

From Eq. 2.67, the value of skewness is thus found to be

3
S = 5 (0.155035) /% = 0.323732. (2.70)

2.4 Discussion and Conclusion

We employed Yakhot and Orszag’s scheme of renormalization without rescaling and
obtained the renormalized surface tension and the strength of the noise correlation
for the surface growth problem governed by the KPZ dynamics on a flat substrate.
This scheme of renormalization is slightly different from the usual perturbative renor-

malization group analysis with rescaling that has been employed for dynamical prob-
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lems by Ma and Mazenko!''®!, Forster et al.l*”), and Medina et al.'®®!. This method
allowed us the advantage of obtaining the flow equations directly without rescaling
by considering the iterative nature of the scale elimination procedure. This yielded
the fixed point from the r-dependent expression of effective coupling constant g(r) in
the limit r — oco. Similar to the other calculations, the renormalized surface tension
and the strength of the noise correlation are found to be renormalized in the same
way so that D(r)/v(r) is r-independent, a consequence of fluctuation dissipation

theorem for the case of (1 + 1) dimensional KPZ equation 47,

To obtain a numerical value for the skewness, we employed the diagrammatic
approach for the second and third order moments W5 and W3. The Fourier integrals
of these moments involve the loop integrals Lo and Ls. The simplicity of Yakhot
and Orszag’s renormalization scheme allowed us to find renormalized expressions
for these loop integrals in a straightforward manner. Although the renormalized
diagrams are infrared divergent, the calculated value of skewness turns out to be
finite due to cancellation of the infrared cutoff parameter . We obtained a value
of skewness S = 0.323732 for the flat geometry in the stationary state which is
compared with the results of numerical simulations for various growth models and
those of experiments in Table 2.1. We present a discussion with regard to these

results in the following paragraphs.

It has been shown by numerical simulations for polynuclear growth (PNG) that
the roughness and growth exponents are in good agreement with the one dimensional

(54190 * Further numerical work by Krug et al.['%?! and Bartelt and

KPZ exponents
Evance!'® have ensured that the PNG model belongs to the universality class of the
KPZ growth model? Prihofer and Spohn!**® have shown that the PNG model
follows the TW distribution with different initial conditions. They estimated the
skewness for three different shapes, namely, S = 0.2241 for the curved shape (GUE
TW), S = 0.2935 for the flat shape (GOE TW), and S = 0.35941 for the stationary
self-similar case™®. On the other hand, the distribution of height fluctuations for
the KPZ growth model with sharp wedge initial condition was shown to be the same
as that of the GUE TW distribution, as established by Sasamoto and Spohn [161:162],
Calabrese and Doussall?!! obtained the GOE TW distribution by mapping the one
dimensional KPZ problem with flat initial condition to a one end free directed
polymer, referred to as a point-to-line configuration. The curved initial condition,

on the other hand, maps on to a point-to-point configuration of the directed polymer.

For the case of directed polymers at zero temperature in a random potential

(DPRP), Kim et al.® introduced two types of random site potentials pu(x,t),
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namely, uniform and Gaussian distributions for pu(x,t), with the bending energy
() of the polymer as the only tunable parameter. They obtained skewness S =
—0.29 £ 0.02 of the minimum energy distribution in 1 + 1 dimensions for uniform
distribution of pu(x,t) for a point-to-line configuration via simulations for v > 1.
The same value of skewness was obtained for Gaussian distribution of p(x,t), which
is independent of v. Kim and others!®**7 studied height fluctuations of surface
growth using the RSOS model with a flat initial condition where the scaling form
of the height distribution matches with the energy distribution of the DPRP within
numerical accuracy. The skewness in the same model turned out to be S ~ —0.29,
suggesting universality of the probability distribution function.

Using a mean field theory in terms of densities at different heights applied to the
KPZ equation in (1 + 1) dimensions, Ginelli and Hinrichsen!®® started with the flat
initial condition h(z,0) = 0 and obtained the skewness S = £0.46 for the transient
regime. Takeuchi et al.l™ carried out an experiment on a growing interface in
liquid crystal turbulence and established that it is in the KPZ universality class.
For flat initial conditions, their experimental asymptotic value for skewness was
close to >~ 0.29 as suggested by their experimental plots. These values are displayed

in Table 2.1 for comparison with our result.

Table 2.1: Values of Skewness in one dimension

System of Study Reference | Methodology Skewness
SSM (flat) [108] Numerical 0.28 £ 0.04
SSM (stationary) [108] Numerical ~ 0.33
DPRM (point-to-line) [108] Numerical —0.296 £+ 0.028
DPRP (point-to-line) 4] Numerical —0.29 £ 0.02
RSOS (flat) [94,97] Numerical ~ —0.29
TLC (flat) [179] Experimental 0.29
PNG (curved) [153] Numerical 0.2241
PNG (flat) [153] Numerical 0.2935
PNG (stationary) [153] Numerical 0.35941
KPZ (mean field, flat) [53] Analytical +0.46
Combustion front (flat) [129] Experimental 0.33
Combustion front (stationary) [129] Experimental 0.32
KPZ (present calculation) Eq. (2.70) | Analytical 0.3237

We observe that our calculated result for the skewness is comparable with some

TH-1587_11612105
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stationary results and the deviation is more pronounced from the result for curved
interfaces. This is expected as our calculations are applicable for a flat geometry in
the stationary state. We also observe that the result of the mean field calculation
deviates somewhat strongly from all other results. Since skewness is determined by
the underlying probability distribution, its calculation following from the governing
dynamics is of importance in inferring the universality class. Moreover, the existing
studies indicate that the pdf is determined by not only the governing dynamics
but also by the boundary conditions. Thus it may be said that there are different
subclasses belonging to the same universality class. Different numerical values of
skewness may thus be said to correspond to different universality subclasses although

they may have the same scaling exponents for the correlation and response functions.

Since the renormalization scheme involves calculations of the statistical moments
in the large scale limit £ — 0, such calculations are expected to lead to the statistical
properties of the growth process at large scales. The fact that Wy and W3 turn out
to be infrared divergent implies a dominant role of the large scale fluctuations in
determining these statistical moments. Moreover since the renormalization scheme
involves calculations in the long time limit w — 0, such calculations are expected to

capture the statistical properties of the growth process in the stationary state.

However, for a large system, achieving a stationary state is difficult[™® especially
in experiments and numerical simulations, unless a stationary state is taken as an

nl'. To achieve a stationary pdf for the flat one dimensional KPZ

initial conditio
problem, Imamura and Sasamoto took both sided Brownian motion as an initial
condition ™™ and obtained the generating function for the replica partition function
as a Fredholm determinant. This allowed for the calculation of the pdf which was
found to approach the Baik-Rains F{ distribution in the long time limit. Krug et
al."%8] investigated the stationary state skewness for the SSM model with random
uncorrelated spins (o; = £1). They obtained |S| ~ 0.33 which agrees well with our

124] jdentified that the universality class of slow

calculated value. Maunuksela et al.!
combustion fronts of a paper sheet belongs to the KPZ universality class on the
basis of scaling exponents. With the same experimental conditions, Miettinena et
al.'? performed an experiment on paper burning to find the skewness from the pdf.
They studied the height distribution of combustion fronts for flat initial conditions
in the saturation regime and obtained the value S = 0.32 which agrees well with

176

our calculated value. It may however be noted that Takeuchil'™ has suggested that

their analysis of the pdf may need modifications.

Although our calculated value for the skewness (0.3237) compares excellently
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well (within 1-2%) with the above mentioned stationary values (0.33 and 0.32), we
observe that there is a slight departure (of about 10%) from the value S = 0.3594

coming from the PNG model 13

. This departure may be due to the dominating
role of large scale fluctuations in determining the moments W5 and W3. The in-
frared cutoff 1 may be interpreted as the inverse of the size L of the substrate and
thus the calculations appear to be influenced by finite size effects. In spite of this
slight departure, together with the agreements with the experimental results, our
calculation for the skewness seems to identify the relevant universality subclass of
the KPZ equation.

Ideally speaking, full information about the pdf enables one to classify many
seemingly similar problems into varying universality classes. However, an analytical
calculation of the full pdf is an extremely difficult task, whereas the calculation of
higher order moments such as the skewness is a more viable approach. Thus a clas-
sification scheme for universality beyond the scaling exponents can be formulated
via the values of skewness for various processes. Takeuchi and Sano!'™! have proved
through the TLC experiment that the KPZ class has geometry dependent subclasses
in spite of having the same scaling exponents. Thus, to characterize the subclasses,
knowledge of skewness and higher order moments is very much essential. The calcu-
lation of skewness, directly from the KPZ dynamics, is therefore an important step

in identifying a universality subclass of the KPZ equation.
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Chapter 3

Kurtosis of height fluctuations in
(14 1) dimensional KPZ Dynamics

3.1 Introduction

Growth of a surface or interface has been one of the most important and well-
studied fields in nonequilibrium statistical physics since a long timel'!43:63:105,126]
Kardar, Parisi and Zhang!®0 first proposed a paradigmatic nonlinear equation for
local surface growth capable of describing many growth phenomena. The equation,

called the KPZ equation, is expressed as

Oh o Ao
5 = WVeh+ (VAP (3.1)

where h(x,t) is the field of height fluctuations, vy is the surface tension that relaxes
particles from local maxima to local minima, and )\, is the strength of local inter-
action. Here n(x,t) is the deposition noise with zero average, (n(x,t)) = 0, and its

covariance is modeled as a short range correlation
(n(x, 1) (!, #)) = 2Dy 6%(x — %) (¢ — 1), (3.2)

with d the substrate dimension.

The roughness of a self-affine surface is characterized by the width w of the
interface (or standard deviation w of the height fluctuations), given by the dynamic
scaling relation

w(L,t) ~ LXf (Li) , (3.3)

as suggested by Family and Vicsek[*3l, where L is the size of the interface and f(-)
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is a universal function having asymptotics such that w(L,t) ~ t# when t < L* and
w(L,t) ~ LX for t > L*. Here the exponent y characterizes the roughness of the
surface, z is the dynamic exponent, and the ratio 8 = % is known as the growth
exponent. The roughness exponent x is an important parameter in experiments;
adsorption, catalysis!'*®l and optical properties!’™? of a thin film are affected by
the roughness of the surface. The exponents are related via the scaling relation

Y + z = 2100127:128] “which is independent of the substrate dimension.

There are various growth phenomena that are believed to be in the KPZ uni-

versality class on the basis of the numerical values of the scaling exponents'. A

1441 bacteria colony growth ™91 fluid flow

[178,179]
)

few of them are thin film deposition
in porous media['%)
growth (PNG)[B4106:153,190] “glow combustion of a sheet of paper!!?»134 In addition,

many problems are equivalent to the KPZ equation, e.g., Burgers equation*” de-

, turbulent liquid crystal one dimensional polynuclear

scribes the vorticity free velocity, directed polymer in random media*>%" and in
random potentials (DPRP)!1%l sequence alignment of gene or protein!™" heat
equation of multiplicative noise obtained via the Cole-Hopf transformation of the

KPZ equation.

A renormalization group (RG) analysis!®% of the 1+1 dimensional KPZ equation
yielded roughness exponent y = % and dynamic exponent z = % which are consistent
with various numerical models, e.g., ballistic deposition #3127 Eden model [3%-84151,152]
restricted solid on solid model (RSOS) %) single step model (SSM)127:1%0), RG cal-
culation in 2 4+ 1 dimensions is unable to yield the exponents of KPZ equation. A
number of analytical techniques have been employed to study the higher dimensional
scaling exponents of KPZ equation, e.g., the mode coupling®®'8% the operator

113

product expansion'!3!, the self-consistent expansion!'®¥ and the non-perturbative

R [22,100]

Although many physical problems are described by the 1 + 1 dimensional KPZ
equation, enough attention has not been payed to understand the statistical prob-
ability distribution of the height fluctuations as it is a challenging task to obtain
it directly from the KPZ equation. Nevertheless, it is a highly desirable objective
and it demands extensive theoretical and experimental studies'?6). Priahofer and
Spohn '] studied the PNG model for three different initial conditions namely flat,
droplet and stationary self similar which are in the KPZ universality class on the
basis of scaling exponents. For the droplet initial condition the distribution was
found to be the Gaussian unitary ensemble (GUE) Tracy-Widom (TW) whereas
for the flat initial condition it is the Gaussian orthogonal ensemble (GOE) Tracy-
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Widom (TW) distribution. The height distribution was modeled through the rela-
tion h(z,t) ~ vt + ([t)/3¢ (with the parameter T' = Do

)
1%

variable determined by appropriate random matrices and v, is the rate of growth

) where ¢ is a random

at long times 178,

Imamura and Sasamoto[™ considered a Brownian motion as an initial condition
from both sides of the substrate and used the Bethe ansatz and a replica trick
to find the height distribution in terms of a Fredholm determinant. Takeuchil?”
obtained scaling functions smoothly connecting the crossover between the GOE-
TW and Baik-Rains F{, distributions. He observed that the moments pass through
minimum values, known as the Takeuchi minima. Such behavior was also noticed

via TLC experimental studies apart from the numerical study of the PNG model.

In spite of the same scaling exponents, the statistical behavior of stochastic pro-
cesses may be different due to difference in the underlying probability distribution

165]

functions (pdf) that incorporate the basic features of a dynamical process! In

principle, the pdf can be calculated analytically by solving the Fokker-Planck equa-
tion ™17 corresponding to the KPZ equation. However, this is practically infeasible
due to the nonlinear term. As an alternative, a few higher order moments can be
calculated to understand the statistical behavior of the interface and the correspond-
ing universality class. It may be noted that the measurement accuracy of higher

order moments is greater than that of the scaling exponents!? in experiments.

In this Chapter, we consider the 1 + 1 dimensional KPZ equation with a flat
substrate and focus on the evaluation of the fourth order cumulant relevant to the
kurtosis in stationary state. We apply a diagrammatic approach to find a renormal-
ized expression for the loop integral corresponding to the fourth order cumulant in

the large scale long time limit.

The present Chapter is organized as follows. Section 2 defines the moments
and cumulants and states the relations between them. Section 3 is devoted to the
calculation of fourth order cumulant. In Section 4, the calculation of excess kurtosis
is presented. Section 5 presents a discussion and conclusion and a comparison the

kurtosis value with other numerical and experimental findings.
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Chapter 3. Kurtosis of height fluctuations in (1 4 1) dimensional KPZ Dynamics

3.2 Moments and Cumulants

Higher order moments and cumulants are usually defined in terms of a generating

function. The moment generating function Z(5) is defined as
Z(B) = Z i (™), (3.4)
n=0 !
where (h") is the nth order moment of a random variable h, given by

(h") = /_ ey dn, (3.5)

for a given normalized probability distribution function P(h). The cumulant gener-

ating function F(f) is defined as

F(B)=InZ(B Z (3.6)

where (h"). is the nth order cumulant. The moments are related to the cumulants

as

(h) = (M)

(p?) = (h*)c+ (h);

(n%) = (B%)c + 3(h)e(h?)c + (D)2

(B = (BMe+ 4h)c(h®)e + 3(h%)7 + 6(h)e(h)c + (h)e. (3.7)

The fluctuating interface field h(x,t) has a zero mean; (h(x,t)) = (h(x,t)). = 0.

Hence the second and fourth order cumulants°%16] are related to the moments as
<h2>c - <h2>> (38)

and
(h*)e = (n*) — 3(h*). (3.9)

Kurtosis @ is defined by the “normalized” fourth order cumulant as

— 3. (3.10)
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3.3. The Fourth-order Cumulant

In the diagrammatic approach, a connected diagram with n external legs corresponds
to the nth order cumulant. Henceforth, we focus on the fourth cumulant instead
of the moment and therefore we evaluate the connected loop diagram to obtain the

cumulant in order to evaluate the kurtosis.

3.3 The Fourth-order Cumulant

The fourth order cumulant (h*(x,t)). of the height fluctuations measures the degree

of flatness of the probability distribution. Using the Fourier transform

d%; duw -
h(X, t) :/W}l(k, w)e (k t), (3.11)

the KPZ equation (5.1) is written in momentum and frequency space as

d
(—iw + vok?) (K, w) = n(k, w) — 22 /d o

2 | oyt (4 (k= D Ala, D hlk — g, — ).

(3.12)

This equation forms the basis of developing a perturbation theory.

Figure 3.1: Feynman Diagram corresponding to the fourth cumulant

The expression for the fourth cumulant is given by the connected fourth order

correlation in momentum and frequency space as

A 4+ /%1 Jd+1 ];2 Jd+1 /;3 Jd+1 /%4
((x,1))e =
(27T)d+1 (27T)d+1 (27T)d+1 (27T)d+1
()b (ko) () B (k) €/ Frthethatha) e (3.13)

where # = (x,t) and k; = (k;,w;) are vectors in (d + 1)-vector notation. We use
the diagrammatic approach and obtain a connected loop diagram for the fourth

cumulant as shown in Fig. 3.1, where a wiggly line represents the correlation and a
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Chapter 3. Kurtosis of height fluctuations in (1 4 1) dimensional KPZ Dynamics

solid line the response function. We express the correlation in accordance with the

connected loop diagram in Fig. 3.1, so that

d4+1 jﬁ dd+1 ]%2 J4+1 ];,3 ) A R
o = [ S / S / iy Gl Glk) Gl
La(ky, ko, ks) G(—ky — ko — k), (3.14)

where L, represents the renormalized loop corresponding to the amputated part of

the diagram (excluding the external legs). Its bare value is written as

2
[(a+ ko) - (ks + ko +q)l[(ks + ks + ko +q) - (g +ko + ks)]

Go(q)Go(—q + k1)Go(— (j) 0(G + k2)Go(—q — ka)Go(q + ks + ky)
Go(G + ko + kg + kg)Co(—G — ko — k3), (3.15)

PSRN )\O q dd'ch
L0y, b hy) = 16( ) (2Dy) /W[q'(q—kl)][q'(k2+®]

where the prefactor 16 is a combinatorial factor.

Now we evaluate Eq. 5.27 by performing frequency and momentum integrations

where the momentum is restricted to the shell Age™ < g < Ay. This leads to
5 S a4
LE(r) = ZK ;=20 3.16
4 (T) 9 d VgAg < 5 ) 5 ( )

(ZSTd)d7 with Sy the surface area of a unit sphere in d dimensional space.

We follow Yakhot and Orszag’s?°72%] scheme of renormalization without rescal-

where K; =

ing and obtain from Eq. 3.16 the differential equation

dL4 - i )\éD4(7’)
dr 2w vT(r)A5(r)’

(3.17)

in one dimension.

Noting that A(r) = Age™" and using the asymptotic expressions

\ / 1
27TI/0AQ (3 8)
)\ODO /
3.19
7TVOA0 ( )

5[169]

and

obtained from renormahzatlon—group calculation we obtain the solution to the
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3.3. The Fourth-order Cumulant

differential equation (3.17) as

1 2D3 \'/?
Lu(r) = 207y, ( ) emr/?, (3.20)

7
WY

The factor Age™" is interpreted as a momentum k; in the large scale limit. Since

the loop integral must be symmetric with respect to interchange of the external

momenta ki, ko and k3, we replace Age™" by the fully symmetric form kl/ 3kl/ Ské/ 5,
Thus we have
1/2
107 2Dg / " _
L1, 0 ko, 0: ey, 0) = == Xo (W 5) sy ‘ol (3.21)
0

when the external frequencies are zero. To obtain the frequency dependency, we

take the scaling function as

; 1
K fs (ﬂ) _ , (3.22)
ki) T ()G (e wi)
where the renormalized response function is given by G(k;, w;) = [—iw; + v(k;)k?] !

with the renormalized surface tension

Y 4
v(k;) = Aor | —— k; /2. (3.23)

211

The above scaling relation (3.22) obeys consistency with the zero frequency limit

r

and with the real valuedness of Age™", in addition to being of the correct dimension.

Now with the aid of Eq. (3.22), Eq. (3.21) is modified to the frequency dependent

form
1/2
A 10w 2D}
Ly(ky, ko, ks) = TAO(W ) el Ok L2 () |G ey, w1 )P
0
V2 (ka) |G (ka, wa) |2 12 (k3 ) |G ks, w3) |, (3.24)

representing the renormalized loop diagram in Fig. 3.1. We substitute the renor-
malized expression for the loop diagram from Eq. 3.24 in Eq. 5.26 and treat the
external legs representing the response functions as renormalized. Carring out the

frequency integration, we obtain

(A (x, 1)), = 2 (2M> / iy / ks / ey (e, oy, ) (3.25)
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where

u(ky, ko, ks)

Q(k17k2ak3) = U(k'l kQ kg)

(3.26)

with

u(ky, ko, ks) = (3(1k1|”2 + |ka|”? + |[ks|”?) + 5(|ky [*% + [ko|¥? + |ks|*/?)|k; + ko + ks
+7([ka]? + [kl + [ksl?) ki + ko + ks|*? + 17(Jkq [* ko> + [ky|* [k |?
+ka [Plks P2 + [k 2 ks + (ko [ks|*? + [ka|*?[ks )
+22(1k1 |32k |2 4 k|22 |k |22 4 kol 32 |ks|>?) [k + ko + ks
+90[Ie /2 1o [*/2 s |72 + [k + kg + ks [*/?) (3.27)

and

v(kr, ko, k) = 64]k ™% ko |70 ks /O (|l |*2 + ka2 + |ks|*? + ki + ko + kg%,
(3.28)
The symmetry of the function ®(ky, ko, k3) allows us to write Eq. 3.25 as

10 ( Dy \* [ > >
et =3 (o) [Tt [t [ b 20 k) + 60k )
I " I

27TVO
(3.29)
where p is an infrared cut off. Now we write the integrations separately as
Li(p) = / dkl/ dkg/ dks ®(kq, ko, k3) (3.30)
p n It
and . - -
]Q(M) = / dkl/ dk’g/ dk’3 @(—kl,k’g,k’g). (331)
1 it 1
These integrals are expected to be of the forms
Li(p) = ayp (3.32)
L(p) = ap 2. (3.33)

where a; and ay are dimensionless constants. Substituting Eqgs. 3.32 and 3.33 in
Eq. 3.29 yields

(h*(x,t))e = 1—70[2a1 + 6ay)] (2173;’0) % (3.34)

We evaluate the integrals in Eqgs. 3.30 and 3.31 by integrating over ki, ks and k3
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numerically and obtain the dimensionless constants as

ap = lim [p*I (1)) = 0.007505 (3.35)
n—0+
and
as = lim [pu*Iy(u)] = 0.026297, (3.36)
n—07+

the numerical values having converged to the above values for decreasing values of

the parameter u very close to zero.

3.4 The Kurtosis

Having calculated the fourth-order cumulant given by Eq. (3.34), we now need the
value of the second-order cumulant to determine the value of kurtosis given by

Eq. (5.65). The second moment is written as

dky dwy [ dhyd | |
<h2(X7 t)> :/ 1 OJl/ 2 W2 <h(k1,u}1)h(k2,w2>> el(k1+k2).x e,l(leer)t.

(27T)d+1 (27T)d+1
(3.37)
Figure 3.2: Feynman diagram corresponding to the second cumulant
Homogeneity in space and time implies that the correlation takes the form
<h(k1, wl) h(kz, CUQ)> = Q(kl, wl) (27T)d5d(k1 + kg) (27T)5(W1 + (UQ). (338)

The correlation function @Q(k,w) can be written in accordance with the one-loop

diagram in Fig. 3.2, so that

(h2(x, 1))e = (B2(x,1)) = / %G(k, ) Lo(k, @) G(—k, —w)  (3.39)

The renormalized value of Lo, given by the loop integral coming from the amputated
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part of Fig. 3.2, can be obtained as

2 12
_ 2D
e

Lo(k,w) k |Gk, )], (3.40)

by means of a renormalization scheme as shown in Ref.['%). This yields the second

cumulant as

(h*(x,1))e = % < o ) L (3.41)

2tvy )
Employing Egs. (3.25) and (4.34) in the definition of kurtosis leads to

Q = % = 52%(@1 = 3&2), (342)

free from the infra-red cutoff © and the model parameters vy, Dy, and A\g. Employing

the numerical values of a; and as from Eqs. 3.35 and 3.36 yields the kurtosis as
@ = 0.152267. (3.43)

We compare this value with other stationary values of kurtosis in Table 3.1.

Table 3.1: Values of Kurtosis in (1 + 1) dimensions.

System of study Method | Kurtosis | Reference
PNG (stationary) Numerical | 0.289 [1oRF
gl DPRM (stationary) Numerical | 0.278 1 4

KPZ (present calculation) | Analytical | 0.1523 | Eq. (3.43)

3.5 Discussion and Conclusion

In this work, we followed a perturbative renormalization approach to evaluate the
Feynman diagram in Fig. 3.1 that represents the fourth cumulant, noting that con-
tribution to cumulants are given by the connected loop diagrams. To calculate the
connected diagram, we first renormalized its amputated part in the limit of internal
momenta and frequencies much greater than the external ones and followed Yakhot
and Orszag’s iterative renormalization scheme without rescaling?®®. This results
in a scale dependent function for the amputated part of the loop diagram at zero

frequency. Introducing a frequency dependent scaling function that smoothly joins
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with the obtained scaling behavior and that preserves the property of real valued-
ness, we evaluated the resulting frequency and momentum integrations to obtain
an expression for the fourth order cumulant depending on the infrared cutoff in the
momentum integration. The evaluation of the second cumulant is simpler which
also depends on the the infrared cutoff as shown in Ref.!'6%. The behaviors of both
the fourth and second order cumulants are seen to be exactly in accordance with
the well-known behavior of the nth moment, namely W, ~ L"X  where L is the
substrate size (so that p ~ L™!) and y is the roughness exponent. These cumulants
yield the value of kurtosis () = 0.1523 which is free from the infrared cutoff 1 and

model dependent parameters Dy , vy, and g, due to their exact cancellations.

Incidentally, it may be worth mentioning that the calculation of cumulant am-
plitudes have been regarded as an important objective by some researchers. For

example, Krug et al. [108]

studied the growth of an interface via simulation of the sin-
gle step model with flat initial condition and obtained the estimates for the cumulant
amplitudes as co = 0.404 +0.013 and ¢4 = 0.020 4 0.002, suggesting a kurtosis value
Q = % = 0.123 + 0.020. Furthermore, they showed that c; is higher for the steady
state éase, namely, co = 0.712 £ 0.003, due to the additional role of fluctuations in
the initial conditions besides those operating during the growth. Earlier, Hwa and
Frey!™ had obtained ¢, = 0.69 via mode-coupling calculations. Tang!'®! estimated
co = 0.72540.005 using a Monte-Carlo simulation with the single-step model, giving
an excellent estimate for the Baik-Rains constant%%153 A glightly different result,

¢ = 0.71, was obtained through mode-coupling calculation by Amar and Family .

In Table 3.1, our calculated kurtosis value is compared with other stationary
values. Prihofer and Spohn? studied the PNG model belonging to the 1 + 1
dimensional KPZ universality class to find the effect of initial conditions on the
statistical behavior of growing interfaces. They obtained different kurtosis values
for different initial conditions, namely, ) = 0.0934 for curved, ) = 0.1652 for flat,
and Q = 0.289 for stationary initial conditions. Halpin-Healy and Lin[®" studied
the DPRM with different configurations such as point-to-point, point-to-line, and
stationary cases, leading to GUE-TW, GOE-TW and Baik-Rains Fj distributions,
respectively. Through g; DPRM, they estimated the stationary kurtosis value to be
Q = 0.278.

Apart from the values shown in Table 3.1, there are a few studies where the
full Baik-Rains distribution is obtained in the context of KPZ stationary state.
Takeuchil™ obtained, via a numerical simulation of the PNG model and an exper-

iment on the TLC, a universal function that undergoes a crossover from a transient
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state to the stationary regime. Miettinen et al.['?%

carried out an experimental study
of the slow propagation of the combustion front on a sheet of paper to investigate
upon the front fluctuation distribution. Their experimental data for the transient
and stationary states were found to fit well with the GOE-TW and F{ distributions,
respectively. On the other hand, Halpin-Healy and Lin[%! studied the distributions
of deposition models (BD, SSM, and RSOS) that strongly agree with DPRM/SHE
results and they turn out to be the Baik-Rains distribution. These investigations
establish that the kurtosis value in the stationary state must be the same as the
universal kurtosis of the Baik-Rains distribution (for example, Q@ = 0.289153 or
0.278161).

In our calculation based on the RG scale elimination scheme, we obtained the
renormalized quantities in the large-scale and long-time limits. Thus our methodol-
ogy inexorably selects the stationary regime. However, the resulting kurtosis value
does not agree well with the stationary kurtosis value and it is distinctly lower than
the Baik-Rains value, () = 0.28916. In our simplified scheme of calculation, we ob-
tained the fourth cumulant at one-loop order. While a one-loop scheme for the third

cumulant was nearly successful in estimating the stationary skewness value!'6%

a
higher order calculation would appear to be more appropriate for the fourth cu-
mulant. Noting that the perturbation expansion is about a Gaussian state, the
Gaussian behavior seems to play some role with the increase in order of the cumu-
lant, lowering the estimated value. This opens the door for further investigations
into the rather unexplored stationary KPZ problem that is expected to illuminate
upon its semantic relation with Baik-Rains distribution.

We conclude by recalling that there are many growth processes governed by
nonequilibrium dynamics that are believed to be in the KPZ universality class on
the basis of scaling exponents. However, as shown by the PNG and TLC studies,
the statistical behavior, that is the probability distribution, depends on the initial
conditions. The full probability distribution function of the KPZ height fluctuations
has never been studied analytically due to the inherent difficulty in the problem.
However, relevant information about the probability distribution can be obtained
through the study a few higher order moments and cumulants. Thus the present
theoretical study may be viewed as an initial attempt at the quantification of higher
order statistical property of the 1 + 1 dimensional KPZ dynamics. We hope that
such analytical scheme would be useful for the study of statistical behavior of other

important stochastic processes as well.
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Chapter 4

Hyperskewness of (1 + 1)-dimensional
KPZ Height Fluctuations

4.1 Introduction

The dynamics of surface growth has extensively been studied in nonequilibrium
statistical physics in the last few decades['1:43:63:1051 = Tg describe a local surface
growth, Kardar, Parisi and Zhang!®% (KPZ) first proposed a prototypical nonlinear
equation for the fluctuating height field h(x,t), expressed as

9 2 Ao 2
where 14 is the surface tension that smoothens the surface curvature and minimizes
the surface area and )\g is a coupling constant representing the strength of the non-
linear term. The stochastic term 7(x,t) is modeled as a Gaussian white noise of

zero average, (n(x,t)) = 0, and its covariance
(n(x, t)n(x',t")) = 2D (x — x')§(t — t') (4.2)

where d is the substrate dimension. We shall consider the stationary state for the

growth of a surface on a flat substrate of dimension d = 1.

There are various systems that are mathematically equivalent to the KPZ dy-
namics. A few examples are: vorticity free noisy Burgers equation [ stochastic heat

equation, diffusion equation governed by random source and sink, directed polymer

[108] 45,87

in random potentials!'%, in random medial , the sequence alignment of gene

[75,77]

or protein etc. Various growth phenomena belong to the (1 4 1)-dimensional
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KPZ universality class (on the basis of scaling exponents!'). For example, growth

(71,191 160]

of a bacteria colony , fluid flow in a porous media® turbulent liquid crys-

talll7179 slow combustion of a sheet of paper!'29134 etc.

The 1 4 1-dimensional KPZ equation satisfies the fluctuation dissipation the-
orem. The standard RG treatment of the 1 4+ 1-dimensional KPZ equation leads
to the same scaling exponents for the renormalised noise amplitude D(k) and the
renormalised surface tension v(k). The resulting roughness and dynamic expo-
nents are Y = 3 and z = 2 respectively®57 that satisfies the scaling relation
X + 2 = 2. There have been various numerical models, namely, ballistic deposi-
tion #3127 Eden model 984151152 restricted solid on solid model[?? single step

127,150 - polynuclear growth®4106:153,190 which have the same scaling expo-

modell
nents, and consequently, belong to the universality class of the (1 + 1)-dimensional

KPZ equation.

The identification of the universality class of experimental processes and numer-
ical models have long been based on the numerical values of the scaling exponents.
New insights have been gained by Priahofer and Spohn*? via the study of PNG
model by mapping the problem to the longest permutation of random Gaussian
matrices. Thus they!'3 arrived at different probability distributions such as Gaus-
sian unitary ensemble (GUE) Tracy-Widom (TW), Gaussian orthogonal ensemble
(GOE) TW, and stationary self-similar for the curved, flat and random initial condi-
tions, respectively. The effects of these initial conditions on the growth have further
been studied in various works. GUE TW distribution has been observed for sharp-

[161.162] ~ Calabrese and Doussal?!) mapped the one end free

wedge initial condition
directed polymer to the flat initial condition KPZ equation and obtained GOE TW
distribution. A universal crossover function from GOE TW to Baik-Rains (Fp) dis-
tribution has been studied in the experiment of turbulent liquid crystal (TLC) and

(177 Imamura and Sasamoto!™

numerical simulation of the PNG model by Takeuchi
considered a two-sided Brownian motion as an initial condition and obtained an ex-
act solution of the (1 + 1)-dimensional KPZ equation as a function of time ¢ which
goes to the Baik-Rains distribution asymptotically. Thus the probability distribu-
tions of the (1 4 1)-dimensional KPZ height fluctuations is governed by the nature

1651 TIn princi-

of the initial conditions despite having the same scaling exponents
ple the probability distribution function can be obtained from the solution of the
Fokker-Planck version (™47 of the KPZ equation which is next to impossible due
to the nonlinear term. A more viable way to obtain a partial information of the

PDF is to calculate the higher order cumulants such as third, fourth and fifth cu-
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mulants. These cumulants, when normalized with respect to the second cumulant,

yield skewness, kurtosis and hyperskewness, respectively.

In this Chapter, we employ a diagrammatic approach and an RG scheme to
calculate the fifth cumulant. We follow an RG approach without rescaling that was
found to be successful for calculating the skewness!” | and kurtosis!'™. We evaluate
the loop diagram for the fifth cumulant in the large scale and long time limits that
yields S = 0.0835.

The rest of the Chapter is organized as follows. In Section II, the definition of
hyperskewness in terms of moments and cumulants are presented. In Section III the
calculations of fifth cumulant and the resulting hyperskewness is presented. Finally,

a Discussion and Conclusion appear in in Section-1V.

4.2 Moments and Cumulants

Relations between moments and cumulants can be obtained by means of generating

functions. The moment generating function Z(/3) and cumulant generating function
F(p) are defined as

28)= (=3 L gn (43)

F(B)=mZ(B) =)

n=1

8, (4.4)

n!

respectibely where (h") is the nth moment and (h™). is the nth cumulant, the
angular bracket denotes an average with respect to the probability distribution.

The relations among the first few moments and cumulants are expressed as

(h) (h)e
(h%) = (W) + (h)?
(h)y = (h%)e+ 3(h)e(h*)e + (h):
(W) = (WY + 4(h)e(h®)e + 3(h*)2 + 6(R)2(R*)c + ().
(W) = (B%) + 5(hYo(h*)e + 10(h%)(h%), + 10(h)2(h%),
+15(h)e(h?)2 4+ 10(h) (h?)c + (h). (4.5)
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Since h represents height fluctuations with respect to the mean height, (h(x,t)) =0

in the stationary state. Consequently, the relevant quantities for hyperskewness are
(h?)c = (h?) (4.6)

and
(h®), = (") — 10(h*)(R). (4.7)

Hyperskewness S is defined as

gz <h5>c - <h5>

100

(22 = W e

Contribution to nth cumulant (h"(x,t)). comes from connected loop diagrams with

n external legs.

4.3 The Fifth Cumulant

In this section, we calculate the fifth order cumulant via a renormalization scheme

at one loop order. The Fourier transformation of h(x,t) is expressed as

gk du o
h(x, 1) = / ()l (4.9)

The Fourier transformation of Eq. 5.1 leads to obtain the following form as

d
(—iw + ok?)h(k, w) = n(k,w) — X0 / %[q- (k —q)]h(q,2)h(k — q,w — Q)

2
(4.10)
We shall treat [—iw + 1pk?]™! = Go(k,w) as the bare propagator. The Fourier

transformation of fifth cumulant is expressed as

<h5(x t)> _ / dd—o—l]%l / dd—i-l];,Q/ dd+1f€3/ dd+1]%4/ dd+1];‘5
’ ¢ (27T)d+1 (Qﬂ)d—i-l (271-)d+1 (QW)d—i-l (27T)d+1

gilkuthathathaths)® (kb (k) h(ks)h(ka)h(ks))e (4.11)

where # = (x,t) and k; = (k;,w;). The connected loop diagram corresponding to

the fifth order cumulant is shown in Fig.
We write Eq. 4.11 in more compact form where the amputated part of the loop
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Figure 4.1: Feynman diagram corresponding to the fifth cumulant where the solid and
wiggly lines represent the response and correlation functions, respectively

and the external legs are presented distinctly as

ditlfy [ dly [ d kg [ dVky oA . s
W0~ [ G [ i | i | G GGGl

G(I%ZL)G(_I%l - ]%2 - ]%3 - ]%4)-[/(]%17 ];127 ]%37 ]%4) (412)

where L is the amputated part of the loop diagram (excluding the external legs).

The unrenormalised (bare) form of the loop is written as

O by oy o b W s [ 4
L0 bk = 32(S52) @00 [ Gl (o~ el - (e + o)

X [(aqr + ka) - (a1 + ko + k3)][(q1 + ko +k3) - (qu + ko + ks + ky)]

[(as — ka) - (ki + ko + ks + kg + ks)|Go(G1)Go (K — d1)

X Go(—G1)Gol(ks + G1)Go(—G1 = k2)Golks + G1 + k) Go(—G1 — ka — ks)

Go(/;ll + Gy + ko + ]%3)6'0(—(11 —ky —foy — /%4)G0(Q1 + ks + ko + ks + /;’4)
(4.13)

We shall find a renormalized equivalent of this bare quantity by means of a renormal-
ization scheme employed earlier for the calculation of skewness and kurtosis!'7% 1,
We perform the internal frequency integration in Eq. 4.13 and carry out the inte-
gration over the internal momentum restricted in the shell Age™ < ¢ < Ag, leading

to

_ 35 XD [ew — 1] (4.14)

L<(r) =
(r) 8 TiA§ 7
Considering the iterative nature of the momentum shell elimination in the RG
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scheme, we obtain the differential equation

dL 35 N,D*(r)

dr §7TI/9(7“)A7(7“)' (4.15)

For large r, A(r) = Ape™" is identified as the momentum k. Substituting the follow-

Dy
k) = My | —— k12 4.1
v(k) 0\/27% : (4.16)
Do .,
D(k) = My | ——k /2 4.1
(k) 0\/27% : (4.17)

we integrate the differential equation Eq. 4.15 and obtain

ing functional forms

and

w. D3 .
= 5 03356
20 A

L(r) i (4.18)
This expression for the renormalized loop needs to be expressed as a symmetric
combination of the external momentum k;. Consequently Age™ is expressed as the

fully symmetric combination
7r . (Do\®
L(k, 0; kz, 0: kg, 05k, 0) = Ao (—) # A" (4.19)
Yo

for vanishing external frequencies. The frequency dependence is constructed by

considering a scaling fuction of the form

K s (£> _ !
Y ki 02 (k) |G (kg w;) |2

(4.20)

This form satisfies the property of real valuedness and it has the desired zero fre-
quency (long time) limit. Consequently, the renormalized loop in Fig. is written

as

T Do\ *
L(khwnk2,W2;k37W3;k4,W4) = 7>\0 <V—0) kil/llk;l/%;l/%ilﬂlﬁ(k1>V2(k2>V2(k3>V2(k4)
0

|G (k1 w1) |G (Ko, w2) [P| G (ka, w3) PG (ka,wa) . (4.21)

Substituting from Eq. 4.21 in Eq. 4.12, and carrying out the frequency integrations
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over wi, we, wz and wy, the fifth cumulant is obtained as

(h3(x, £))e = (QM)W / e, / ks / s / ks

Tk, ko, ey, o) (4.22)

where

X<k17 k27 k37 k4)

4.23
Y(k17k27k37k4) ( )

J(kla k?a k?n k4) -
with

X (ky, ko, ks, ka) = (=3|ka|® — 3|ka2|® — 10]k2|*2(2ks|>/? + 2|ka|>? + |ky + ko + k3 + ka|>/?)
—10|k1 |22 (2|ka|>/% 4 2|k |3 + 2|k4 % + k1 + ko + k3 + ka|*/?)
—(|ks|P’? + |ka|/ + |ky + ka + ks + kg|/2)? (3] ks | + 3|kal® +
A\kg|PP|ky + Feg + kg + Kal>? + |ky 4 Ko + s + Ky?
2|k P2 (7|Fea |72 + 2\ky + by + ks + ka|*'?))
—2|ka2(17| k3| + 17|Ks|® + 23|ka|®/|ky + Ko + kg + Ky
16|y + kg + ks + Ka|® + |ks|32(62]ka > + 23|y + ky + ks + ka|>?))
—20ke1 [2(17) ko | 4+ 17[kes|® + 17|ka|® + 23| kal>?| k1 + ko + ks + Ky >/
+6|k1 + ko + ks + kal® + |ks|>/2(62]ka>? + 28|ky + ko + ks + ka|>/?)
+ |k |32(62| k3|72 + 62|k4|>/ + 23|ky + Ky + ks + ka[>/?))) (4.24)

and

Y (ky, ko, ks, ka) = 256|ke|>/ 4| ko] >4 ks >4 ka2 A (k1|22 + |k — 2032 + |ks|*/?
FEa P + ey + kg + ks + kq|>?)°

Considering the symmetry of the function J(ky, ko, k3, k4), the integrations in Eq.

4.22 can be written as

(W (x,1))e = (27%) / dky / dley / dks / dky

12J (K1, ka2, ks, ka) + 8J(—ki, ko, k3, ks)
+6J(—ky, —ka, ks, ky)]. (4.25)

where an infrared cut off © has been set due to the infrared divergences in the
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integrations. We write the integrations as

J1<,u) == / d/{ll/ dk‘g/ dkg/ dk4J(l€1, kQ, ]{?3, k‘4), (426)
M H M M

Jg(u):/ dkl/ d/@/ dk’g,/ kg J (—ky, ko, ks, ks (4.27)
w 2 2 2

and

Jg(,u) :/ dk?l/ dk‘g/ dkfg/ dk?4j(—]{31,—k32,]€3,k4) (428)
© © 12 1

So that Eq. 4.25 becomes

5/2
) 127,(4) + 8a(1) + 6J5(12)] (4.20)

The IR cut off dependent integrals are of the form

Ji(p) = arp™"?
Jo(p) = agp ™"
Ta(p) = agp=>" (4.30)

where a;, as and a3 are dimensionless constants. Numerical integrations yield the

dimensionless constants as

ap = lim [;®%Jy (1)) = 0.00197

p—0t

as = lim [>?J5(p)] = 0.00583 (4.31)

via numerical convergences. Substituting Eqs. 4.31, 4.26, 4.27, 4.28, 4.30 in Eq.

4.29, we finally obtain the expression for fifth cumulant as

Dy \*? 1
—7 4.32
27TV0) (432)

7
(R°(x,1))e = Z[Qal + 8ay + 6as| ( e
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4.4 Hyperskewness

To calculate the hyperskewness, the expression for the second cumulant is needed.

The second cumulant in the frequency and momentum space is expressed as

(W, 1)e = (WP(et) = [ ot [ 5 [ o | 52 (hlle, w)h(K ).
itk ) x— (w+w)i] (4.33)

The Feynman loop corresponding to the correlation function is shown in Fig. 77.

Figure 4.2: Feynman diagram corresponding to the second cumulant.

The frequency and momentum integrations in Eq. 6.35 can be evaluated 1707 |

and it can be obtained as

sty =2 (o) 2 e

2T

Using Eq. 4.32 and 4.34 in 4.8, we obtain

5 <h5(x,zf)>C :7 T
S_Vﬂme 2(

5/2
Z> (a1 + 4as + 3az) (4.35)

Substituting the values of a;, as and a3 in Eq. 4.35 we obtain

S = 0.0835. (4.36)

4.5 Discussion and Conclusion

In this Chapter, we considered the stochastic growth of a surface on a flat geometry
(in the stationary state) governed by the (1 + 1)-dimensional KPZ equation. We
followed a diagrammatic RG scheme to evaluate the Feynman diagram [Fig. | for
the fifth cumulant at one loop order corresponding to the (1 + 1)-dimensional KPZ
dynamics. We started with the unrenormalized loop with bare parameters (v, Ao

and Dy ) and invoked a shell elimination scheme (belonging to the shell Age™ < g <
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Ag) to obtain a differential equation (Eq. 4.15) representing the recursion relation
for successive elimination of momenta in thin shells. The solution of the differential
equation yielded the renormalized expression (Eq. 4.18) for the loop diagram. This
facilitated the evaluation of the cumulant (h°(x,t)). given by Eq. 4.12 involving
renormalized quantities. The resulting integrals are found to be infrared divergent
and hence (h°(x,t)). depends on the infrared cutoff z. The momentum integrals
are evaluated numerically to obtain (h°(x,t)). as given by Eq. 4.32. Normalizing
this value with respect to the (h?(x, t)>g/ ? resulted in the hyperskewness value as
S = 0.0835. It is interesting to note that all parameters of the KPZ dynamics (v,
Ao, Do) and the momentum cutoffs (Ag and p) finally cancel out to yield this value,

suggesting its universality.

Although there have been many studies on the lower order normalized moments
such as skewness and kurtosis, the study of hyperskewness remains a rarity. How-

ever, there have been studies based on numerical models that focus on the prob-

ability distribution function belonging to the KPZ universality class6:193177 ]

the steady state, this distribution is believed to be identical with the Baik-Rains

61,177 with zero mean 91931

n

distribution!

The universal Baik-Rains Fj distribution is a function of the solutions of the
Painlevé-1I equation, namely, v”(r) = 2u®(z) + zu(z). Hastings and McLeod %
obtained a unique solution with the asymptotic boundary conditions u(z) ~ —Ai(x)
as  — oo and u(x) ~ \/x/2 as x — —oo where Ai(z) is the Airy function. To solve
the Painlevé-II equation, Tracy and Widom performed a numerical integration'*®
Subsequently, Priahofer and Spohn!*®¥ obtained an arbitrary high precision solution
by performing Taylor expansions. The Baik-Rains distribution is obtained from
these solutions via known mathematical relations. On the other hand, the Fredholm
determinant representation of the random matrix theory has been observed to be
conceptually simpler and more numerically efficient than Painlevé-II to obtain the

probability distributions [47] (Fy, Fi, Fy, etc).

It may, however, be noted that the Baik-Rains value for hyperskewness is 0.3092,
which may be obtained from Fredholm determinant representation!!” as well as
from the numerical data via the solution of the Painlevé-I1. This Baik-Rains value
is distinctly higher than our calculated value S = 0.0835. This underestimation via
the RG calculation is due to the fact that the method is based on a perturbative
approach where the calculation is carried out only at one-loop order. Since the
dynamics is governed by a white noise following a Gaussian distribution, the lowest

order approximation appears to be influenced rather strongly by the Gaussian noise.
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A similar trend was observed in the one-loop perturbative calculation for kurtosis,
namely, Q = 0.152317 which is lower than the Baik-Rains value 0.2892. However,
the value for skewness via the perturbative scheme, namely, S = 0.323716% is slightly
lower than the Baik-Rains value 0.3594. Thus, it appears that the Gaussian white
noise plays a more dominant role in the perturbative calculations for the higher
order moments, namely, kurtosis and hyperskewness. More involved calculations
with the incorporation of higher order contributions in the perturbative expansion
are expected to yield better estimates for these higher order moments.

We note that it is next to impossible to obtain a closed-form analytical expression
for the full probability distribution starting with the KPZ equation driven by the
stochastic noise. Consequently, in an analytical approach, it is sufficient to evaluate a
few lower and higher order moments (such as skewness, kurtosis and hyperskewness)
from the governing dynamics. This outlook has motivated us to evaluate these
numbers and we have seen that the analytical values for skewness, kurtosis and
hyperskewness turn out to be S = 0.32371%1 @ = 0.152317 and S = 0.0835
[Eq. 4.36], respectively. Thus, it is seen that the normalized cumulants decrease
in magnitude with respect to the order of the cumulant. We thus expect that the
value of the normalized sixth order cumulant would be a number smaller than S.
Consequently, this suggests that the values of S, @) and S capture most of the

information contained in the full probability distribution.
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Chapter 5

Steady-state skewness and kurtosis
from renormalized cumulants in
(2 4+ 1)-dimensional stochastic surface

growth

5.1 Introduction

The scale invariant growth of a two dimensional surface is a subject of great sig-
nificance in nonequilibrium statistical mechanics. This is due to its wide range of
applicability in addition to its theoretical complexity 143631051261 Tt has almost
been three decades that Kardar, Parisi, and Zhang!®% proposed a generic equation

for surface growth, namely,

Oh s Ao .
i V=h + E(Vh) + 17, (5.1)

known as the KPZ equation, where h(x,t) is the fluctuating height field and vyq is
the surface tension. The surface grows due to aggregation of particles, modeled by
the stochastic noise term 7(x,t), which is considered to be Gaussian of zero average

with the correlation
(n(x, (s #)) = 2D (x — x)o(t — 1), (5.2)

where Dy is referred to as the deposition noise strength and d is the dimension of
the substrate.
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The KPZ equation in one dimension plays an important role in the application
domain. The (1+ 1)-dimensional KPZ equation has a semantic relation to a variety
of systems. For example, directed polymers in random media (DPRM)“>87 vor-
ticity free fluid velocity described by the Burgers equation!*”, the stochastic heat
equation (SHE) % and even sequence alignments in proteins and genes™ 7 growth
phenomena in bacteria colonies!™ 9! turbulent liquid crystals (TLC)!17 slow

[124,129,134]

combustion of a sheet of paper , etc., exhibit the same scaling exponents

as the (1 + 1)-dimensional KPZ equation.

The KPZ equation has been analyzed through renormalization group [*®'2%), mode
coupling calculation? 7189 “and numerical simulations©#697 Moreover, the scal-
ing functions!™ as well as scaling exponents and the probability distribution func-
tion have been studied through finite temperature DPRM in (1 + 1) dimensions (%

and zero temperature DPRM in (1 + 1) and (2 + 1) dimensions®4,

A considerable amount of understanding of the probability distribution func-
tion and its dependence on the initial conditions (namely flat, curved, and station-
ary) has been achieved through the study of various analytical?"7® numericall'?]
and experimental 7818 methods for different systems that are governed by the
(1 + 1)-dimensional KPZ type dynamics. The evolution of a growing surface from a

177 Hoth numerically

flat initial condition to the stationary state has been studied
(PNG) and experimentally (TLC). The corresponding crossover function is estab-
lished as universall®” by considering DPRM, stochastic heat equation (SHE) and
growth models which share the universality class of the (1 4 1)-dimensional KPZ

dynamics.

There exists no exact solution for the (2 + 1)-dimensional KPZ equation, which
represents a wide variety of surface growth phenomena in real life. Recently the
(2 + 1)-dimensional KPZ has been realized as an important problem where the
higher dimensional analogs of TW GOE, TW GUE and Baik-Rains distribution
have been investigated P*%% . Kim et al." studied the minimum energy distribution
of directed polymer in random potential with Gaussian distribution up to (3 + 1)
dimensions and obtained non-Gaussian distribution in those dimensions. Halpin-
Healy and Takeuchil®® throughly explored the statistics of the higher dimensional
DPRM that yield non-zero skewness and kurtosis values. Alves et al.P’! studied the
higher dimensional KPZ height distributions via the RSOS model for flat initial

condition and found the distributions to be non-Gaussian.

There have been a large number of numerical works on the (2 + 1)-dimensional
KPZ type growth. For instance, the study of the RSOS model by Kim and Koster-
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1itz") leads to estimation of the scaling exponents that agree with their proposed
relations z = 2(d + 2)/(d + 3) and f = 1/(d + 2) for spatial dimensions d < 4.
Kondev et al.19% developed an approach wherein properties of scaling of loops of
constant height are analyzed to conclude upon geometrical and roughness exponents.
They obtained the roughness exponent y = 0.38 £ 0.08 via nonlinear estimation.
Quite a few growth models having a great deal of diversity, all of which belong-
ing to the (2 + 1)-dimensional KPZ universality class, have been studied® for the
morphology and statistics in the transient regime. The studied RSOS model, Eu-
ler integration of the KPZ equation and the mapping of the KPZ equation to a
driven dimer model lead to roughness exponent x = 0.383, 0.388 and 0.375, re-
spectively. On the other hand, for the stationary state, 8 = 0.241 4 0.0011%°] and
thereby via the well known KPZ scaling relation x(1 + 1/8) = 2 the roughness
exponent is obtained as x = 0.387-0.390. Kelling and Odor®) performed a simu-
lation considering a huge size up to 2'7 x 27 and estimated the scaling exponents
x = 0.393 £ 0.004 and § = 0.2415 where the growth exponent of the simulation
is higher than 8 = 0.2215Y and 8 = 0.2298). Considering a potts-Spin repre-
sentation via a multisite-coding with 11520% sites, Forrest and Tang!*® estimated
x = 0.38540.005. An effort via a Monte-Carlo simulation of the hypercube-stacking
model of Tang et al. ¥ yields the growth exponent 8 = 0.240 £ 0.001. A numer-
ically discretized RSOS model, studied by Marinari et al.™!] by means of multi-
surface coding, yields y = 0.393 4 0.003 and 3 = 0.244 £ 0.003. Odor et al.[1%%
found x = 0.395+0.005 by mapping the driven lattice gases of d-dimers model onto
the KPZ problem.

Theoretical calculation of y in two and higher dimensions has been a chal-
lenging work. Analytical approaches such as the perturbative RG 886128137 apq
nonperturbative approaches, such as mode coupling'®4%187189 and self-consistent
expansion’®? are incapable of giving any conclusive scaling exponents as well as
universality in d = 2 dimension. Lissig!''¥ employed an operator product expan-
sion and obtained y = 2/5 and z = 8/5. A mode coupling calculation of Colaiori
and Moore® suggested the dynamic exponent z = 1.62 and roughness exponent
x = 0.38. A nonperturbative field theoretic RG has been employed by Kloss 1%
in the stationary state and obtained roughness exponent x ~ 0.373 via amplitude

ratio of temporal and spatial correlation [

There have been experiments that mimic the (2 + 1)-dimensional KPZ scaling
and the distribution of height fluctuations. Growth of oligmer thin film due to vapor

deposition on a silicon substrate["*? yields the roughness and growth exponents as
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x = 0.45+0.04 and 8 = 0.28 £ 0.05. For the same system, the measured value of
skewness S = 0.231'%6] in the transient regime indicates that the growth is in the
(2 + 1)-dimensional KPZ universality class. It is interesting to note that Almeida et
al. ¥ studied the height fluctuations on a polycrystalline CdTe/Si(100) sample and
measured 5 = 0.27 4+ 0.04.

From the knowledge of geometry dependent subclasses in (1 + 1) dimensions, it
is well known that the scaling exponents are not sufficient to understand the KPZ
universality class. For the identification of the universality class, information about
the whole distribution function is essential. Moreover, it has been suggested that
the measurements of moments are more stable and accurate’® than the scaling
exponents.

1121 estimated higher order moments through multi-surface coding

Marinari et a
in different dimensions. From their reported moments in 2D, the skewness and
kurtosis can be calculated as |S| ~ 0.266 and @) ~ 0.121, respectively. Recently,
two authors of the same group, Pagnani and Parisi!'*¥ refined the study of (2 + 1)-
dimensional KPZ-type growth in the steady state and estimated two sets of best-fit
results, namely, FIT-I and FIT-II for roughness exponent, skewness and kurtosis
values. They found roughness exponent xy = 0.3893 4+ 0.0006 (FIT-I), y = 0.3869 +
0.0004 (FIT-IT), skewness |S| = 0.26694+0.0004 (FIT-I), |S| = 0.2657£0.0004 (FIT-
IT) and kurtosis @ = 0.146£0.002(FIT-I), @ = 0.1454+0.001 (FIT-II). Chin and den
Nijs 2% have performed a numerical study of the (2 4 1)-dimensional KPZ equation
in the stationary state and obtained the roughness exponent y ~ 0.38 considering
finite size scaling. They concluded that the third moment is more stable and more
sensitive (than the roughness exponent) so that it is more suitable to determine and
verify the universality class. They found skewness |S| = 0.27 and excess kurtosis
) = 0.15 which are the same as those in Kim-Kosterlitz (KK) and BCSOS models,
thus identifying them to belong to the universality class of the (2 + 1)-dimensional

KPZ dynamics.

Halpin-Healy ® has reported the value of average skewness (S = 0.244) and
kurtosis (Q = 0.177) for three models namely, RSOS, ¢g5; DPRM and KPZ Euler.
In the literature, the roughness and dynamic exponents (x =~ 0.39, z ~ 1.61) have
been estimated from a considerable amount of numerical effort. For the purpose of
calculating the skewness and kurtosis in (2 + 1) dimensions, we take y = 9/23 (
and z = 37/23, satisfying x + z = 2) as the sole input. The advantage of taking x
as a rational number is to avoid uncontrollable truncation errors in the subsequent

exponents occuring in the calculations. We thus write the renormalized surface
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tension and noise amplitude as
v(k)= Ak (5.3)

and
D(k) = B k™ ¥/% (5.4)

where A and B are scale independent constants. The noise correlation in the Fourier

space is written as
(n(k, w)n(K,w)) = 2D, (2m)*5%(k + K)(2m)3 (w + o). (5.5)

Although the scaling exponents and universality class of (14 1)-dimensional KPZ
have been studied extensively, there are few numerical estimations of moments in
the (2 + 1)-dimensional case, whereas analytical treatments are extremely rare. In
this Chapter, we calculate the higher order statistical moments of height fluctuation
of the (2+1)-dimensional flat KPZ equation in the stationary state. This is achieved
by calculating the cumulants up to the fourth order by employing a perturbation
scheme to obtain the connected loop diagrams.

This Chapter is organized in the following way. Section I and Section III present
the calculations of the third and fourth cumulants, respectively. In Section IV, we
calculate the second cumulant. Skewness and kurtosis values are obtained from the
calculated cumulants in Section V. Finally discussions and conclusions are given in
Section VI.

5.2 The Third Cumulant

Fourier transform of the KPZ equation (Eq. 5.1) is written as

A\ d'add
(—iw + vok?)h(k, w) = n(k, w) — 0// p

d+ —q)]h(q, Q)h(k_qvw_ﬂ>7

which will be used for perturbation calculations of cumulants.

The third cumuant (h3(x,t)). can be expressed in the Fourier space as

d%ky dw d%ksy dw d%ks dw
.3 B 1 dwy 2 dws 3 dws
W = (h*(x,1))e _/ (2m)d+1 / (27)d+1 / (27 )@+

(h(ky,w) h(Ky,ws) h(ks,ws)), e'kitketks)x o=ilwitwatws)t (5.7)
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Figure 5.1: Feynman diagram corresponding to the third cumulant where a wiggly line
represents correlation and solid line represents response.

The third cumulant in Eq. 5.7 is constructed by using Eq. 5.6 in a perturbative
frame-work. We follow the diagrammatic approach and obtain a one-loop diagram
which contributes to (h3(x,t)). as shown in Fig. 5.1. Consequently, (h3(x,t)). is

written as

ddﬂfC dalﬂjC R R — . )
1 / 2 Ghy) Glha) Lo (v o) Gl—iit — Ba) (5.8

00600 = [ Gt | G

where Lg(ky; ks) indicates the amputated loop (excluding the external legs) and k,
stands for (kj,w;). We first consider bare value of the loop integrall’ | which is

expressed as

LY (ki wis ko, wp) = 8 @ ) / éf)fﬂ (a—ki)- (ks +ki —q)][a- (ki —q)]

[—q - (a— ks — k)] Qo(q, ) Qo(ki — q,wi — Q) Qo(ky + ko — q,w; +wy —(529)

Frequency and momentum integrations are performed in Eq. 5.9 in the limit of zero
external momenta and frequencies. This gives the leading order contribution in an
expansion when the external momenta and frequencies are small with respect to
internal ones in the loop integral. The momentum is integrated in the thin shell
Noe™™ < q < Ay, yielding

3 ND} el _q

Ly(r) = §KdV5A4fd 4_d
040

(5.10)
where K; = Sg/(27)® with Sy the surface area of unit sphere embedded in a

d-dimensional space. Assuming that shell elimination is performed in recursive
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steps?%8! we obtain a differential equation for the scale dependent loop as

dLg o 3 AgDS(T)
a2 A) (5-11)

where A(r) = Age™". Using the scaling relations Eq. 5.3 and 5.4, and identifying k

as Npe™", we integrate Eq. 5.11 over r, and obtain
69 (B®\ \—s2/23
F =\ A 827'/23 12
() = A03987 (A5> (5:12)

for d = 2. Since Ls(ky;ky) appearing in Eq. 5.8 represents the (renormalized)
loop diagram, its value is determined by the independent momenta k1 and ko that
flow along two internal lines belonging to the loop. Moreover, Lg(fcl; 122) should
be symmetric with respect to interchange of momenta k1 and ko because the right
hand expression in Eq. (5.8) is expected to be symmetric with respect to the same
momentum exchange. Consequently, we construct the momentum dependence in
Ls(ky; ko) by considering Age™" in Bq. (5.8) as k:l/zk‘l/z. To obtain the dependence

on the corresponding external frequencies w; and wy, we identify (Age™")*/23 as
k; 4 fi (:—) where fi(.) is a dimensionless scaling function given by
kR (Z_) = k50 (k) G (ki) (5.13)

with ¢ = 1,2. We thus write

PN 69 B3
Ly(ki; ko) = Moo | S5 ) 11 ™2k ™20 ()0 () |G (K, w1 )]G (Ko, ) [
3287 \ A
(5.14)

Using the expression from Eq. 5.14 in Eq. 5.8, we obtain

d+17, d+1 .
0= e 0y’ [ G | éﬂfiiki“”%k””gr ()16 (o) G 1) G )

G(—ky — k) (5.15)

We perform the frequency integrations over w and w’, leading to

(h3(x,1))e = A3 ( f;)?’ggzﬂ / 5:)12 / (C;Q:;F(kl,kg) (5.16)

The algebric form of the function F'(kj, ki) is given in Appendix. We perform
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the integrations in Eq. 5.16 in cartesian coordinates. The function F'(ky,ks) is

symmetric with respect to interchange of k; and ky. Consequently, we can write

Iz/ﬁ%a/be&hb)ZMAW%H%OO+hWH (5.17)

where

]1(,&) = / dklx/ deQj/ dkly/ dk2yF<k1m7 kly; ]ng, ]{fgy), (518)
0 0 W H

IQ(,U) = / dkﬁlx/ dk’gx/ dk‘ly/ dkﬁgyF(k’lx, —k’ly, k‘gx,k’gy), (519)
0 0 M H

and
Ig(u) = / dklx/ dkgy/ dkgw/ dka(—k’lx? —kly, k’gx, l{,‘zy) (520)
0 0 M Iz

where we have introduced an infrared cutoff u because these integrals diverges at
the lower limit. We perform numerical integrations of these functions over ki, ki,

ko, and ko, leading to the values

I () = 0.032196 =27/, (5.21)
L(p) = 0.062963 =7/, (5.22)
Is(p) = 0.0043277 p=27/%, (5.23)

for very small values of p close to zero. The value of the third cumulant coming

from Eq. 5.16, in terms of these integration values, is given by

)\OB)g 69

m%mzhyﬁmgMM%wmw. (5.24)

5.3 The Fourth Cumulant

The fourth order cumulant, written in Fourier space, assumes the form

A i+t /%1 Jd+1 ];2 Jd+1 ]%3 Jd+1 ]%4
(h(x,t))e =
(27r)d+1 (27T)d+1 (27)d+1 (27T)d+1

(k1) (ko) h(les) (o)) 2R Tho ks tha) 2 (5.25)
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5.3. The Fourth Cumulant

Following the diagrammatic approach, we obtain a connected loop diagram for the
fourth order cumulant in Fourier space occurring in the integrand. The correspond-

ing loop diagram is shown in Fig. 5.2, which suggests the expression

Figure 5.2: Feynman diagram corresponding to the fourth cumulant where a wiggly line
represents correlation and solid line response.

i+t ];,1 pian ];2 4+ ];,3 . . R
HA(x, 1) — / " / S / s Glln) Gl G (k)
L4(i€1; i’i‘g; ]%3) G(—];’l — ];’2 o ]%3), (526)

where L4(/2:1; 1%2; /%3) is the contribution coming from the renormalized amputated

~

loop (without the external legs) and G(k;) are the renormalized propagators.

The unrenormalized expression for the amputated loop, in (d + 1) dimensions,

corresponding to the fourth order cumulant is expressed as!*™)

L (hskak) = 10(-3) 00" [ Gkiar @ ki)la- G+ a)

[(a+ke)- (ks +ko+q)][(q—ki) - (q+ks +ks)]Go(q)
Go(—G + k1)Go(—4)Go(d + ko) Go(—G — ka)Go(G + ks + k»)
Go(G — k1)Go(—q — ka — k), (5.27)

where the suffix 0 signifies unrenormalized quantities. Carrying out the frequency
and momentum integration in Eq. 5.27, we obtain the following expression on
elimination of modes from the shell A(r) < ¢ < Ay.

5 MDE e6-dr _q

) =Rt =g

(5.28)
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Assuming that shell elimination is performed in recursive steps, we obtain

dL4 5 )\éD4 (’I“)

— =Ky 5.29

dr 27 T (r)ASd(r) (5:29)
Employing Eq. 5.3 and 5.4 with k identified as Age™ and integrating Eq. 5.29 over

r for d = 2 substrate dimensions, we obtain

La(r) = 115 [ ADA(r) ]

5487 | v7(r)A4(r) (5:30)

Since the loop L4(l%1; 1272; 1273) depends on the three external momenta ki, ky and ks,
the expression for L4(/2;1; /2;2; /%3) appearing in Eq. 5.26 is expected to be symmetric
with respect to interchange of /51, kAg and kAg Thus the momentum dependence
is constructed by considering Age™ in Eq. 5.30 as l{;l/?’kl/?’k;/?’. To obtain the
dependence on external frequencies wy, wy and ws, we identify (Age™")7137/69 as
k7137/ 1, ( Z) where f5(.) is a dimensionless scaling function. The form of the

scaling function is introduced as
157 (22) = B I ) (5:31)

where l%j represents k1 or ks or ks. Employing this scaling relation, the renormalized

loop in Fig. 5.3 assumes the form

3
LaChr: haskay = 8 (22} 205 T a5/, 00 ) oy (5.32)
o "\ A7) bagr 11

Using the expression from Eq. 5.32 in Eq. 5.26, we obtain

115 A1k, d+ 1, d+ 1k, .
4 _ 4 A5 4 .
et = XAB o / (2m)@H / (2m)dH / Emet ¢ o= k)

Hk307/69 | G( )

(5.33)
where the response function involves the renormalized surface tension v (k). Carrying

out the frequency integrations yields
MB\' 115 [ &Pk [ Pk [ &Pk
4 0 1 2 3
= 5 (ki ko, k .34
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where the form of T'(ki, ko, ks) is given in Appendix. For brevity in notations,
henceforth we rename the momenta ki, ky and k3 as k, p and q. Subsequently, we

express the integrations in cartesian coordinates, so that

)\4 B* 115
4 _
(1)), = 2W6A85487r/ dk/ dk/ dpx/ dp,  (5.35)

/ dqx/ dg, T (ky, ky; D, Dy Gz Gy)]

Due to the symmetry of the integrand in momentum variables, we can break the

function as

(h4(x, 1)) = (4) (22)45118‘1/ dk/ dk:/ dpm/ dpy/ dqx/ dg,

{T (ks ky; D2, Pys Qs @y) + 6T (kzy —kys Doy Dy Qs @y) + 9T (—Fzy —ky; Doy Dy Qo ¢ PF36)

The momentum dependence causes the integrations to diverge in the infrared limit.
Therefore, we set 1 as the lower cutoff of the integrations and express the integration

in terms of

=/ dkx/ dky/ dpx/ dpy/ an:/ dqyT (ky, ky; Dz, Dy; G, Qy)
0 0 0 B M B

(5.37)
= [T [y [ v [y [ dan [ da Tk by )
0 0 0 Iz M Iz
(5.38)
and
z/ dk:x/ dk‘y/ dpm/ dpy/ d%c/ dgyT(=ky, —ky; Dey Dy Qe Q)
0 0 0 e 2 W
(5.39)
so that
4 (AB\' 115
(h*(x,1))e = oL < yE ) 1S [J1(p) + 6J5(p) + 9J5(p)] - (5.40)
Performing the integrations numerically, we obtain
Ji(p) = 0.0069369p,39/%3, (5.41)
Jo(p) = 0.0000151 %5/, (5.42)

7
TH-1587_11612105



Chapter 5. Steady-state skewness and kurtosis from renormalized cumulants in
(2 4 1)-dimensional stochastic surface growth

and
Js(j1) = 0.0219628,36/22, (5.43)

We shall employ these numerical values in the next Section while calculating the

value of kurtosis.

5.4 The Second Cumulant

In order to calculate the skewness and kurtosis, we need in addition to the third
and fourth, the second cumulant. The first moment, (h(x,t)), is zero in the steady
state, where the angular brackets denote as ensemble average. The second cumulant

is expressed in the Fourier space as

<h<k, CU)h(k/, wl))cez’(kJrk’)-xefi(erw’)t.

dkdw dK dw’
o= (12 0) = [ S [

(27 )d+1
(5.44)
where the height-height correlation is given by
(h(k, w)h(K',w')) = Q(k,w)(2m) "0 (k + k') (27)d(w + ') (5.45)

with Q(k,w) the renormalized correlation. Using Eq. (5.45) in Eq. (5.44) leads to

(2x0). = [ G @l (5.46)

The correlation, Q(k,w), can be obtained perturbatively using Eqs. (5.6) and (5.45).
To obtain the leading order contribution to the second cumulant, we consider the

one loop diagram shown in Fig. 5.3, that satisfies the expression

Qk,w) = Gk,w)Ly(k,w)G(—k, —w) (5.47)

Figure 5.3: Feynman diagram corresponding to the second cumulant where a wiggly line
represents correlation and solid line response.

Equation 5.47 corresponds to the loop diagram in Fig. 5.3. The unrenormalized
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amputated loop (excluding the external legs) is expressed as

(0) ___)‘Oonﬂood_w._Q AN (2 L AV(2 2
Wiew =2 (52) [ [~ Ghla-teaiGo@pGk-a) |<?Do>)
5.48

that contains unrenormalized noise amplitude Dy and unrenormalized response func-
tion Go(k,w) = [—iw+1vpk?| . Carrying out the frequency integration in the whole

range and the momentum integration in the shell Age™ < ¢ < Ay, we obtain

L) =
2 (r) 203 (d—2)
We construct a differential equation for Ly with respect to the scale parameter r,

dLy A2D2(r)

dr T 2u3(r)AZd(r) (550)

where A(r) = Ape™". Using the scale dependence from Eqs. 5.3 and 5.4, and inte-

grating over r leads to

23 \2B2
Ls(r) ( 0

%+ )(AOeT)_”/% (5.51)

for d = 2. We consider the scale dependent parameter (Age™")~2"/23 as k=27/23 f (&),
where f(.) dimensionless scaling function and z is the dynamic exponent. Thus

Ly(k; w) is expressed as

23 (N3 B*\ | o723 >
Lalkiw) = 15 (T) K () (5:52)
As before, we write
J2T/28 (%) _ k3861/943V108/41<k)|G(k’ w)|108/41 (5.53)

so that Ly(k;w) becomes

2 \2 B?
Ly(k;w) = ’ (0

08 yE )k,3861/943y108/41(k) ‘G(k, w)|108/41 (554)
™

From Egs. 5.46 and 5.47, we have

0e0) = [ G [ GlGwPLatcw) (5.55)
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where we substitute the expression for L, given by Eq. 5.54, so that

23 [ \iB? d?k dw 1
B2 + 0 A108/41/ k2889/943/
< (X )) 1087T< A3 > (27T)2 (27T) [w2+y2(k)k4}95/41’
(5.56)

where the surface tension v(k) in the denominator is renormalized. Performing

the frequency integration and expressing the momentum integration in cartesian

coordinates, we obtain

- 2 () (N o o s e
(5.57)

The factor of 4 appears because the integrand is an even function of £, and k,.

Moreover, the integration in the Eq. 5.57 is symmetric with respect to interchange
of k, and k,. We first do the momentum integration over k, with limits, 0 < k, < oo

yielding

) 25 2B\ (_T(5) VT (5)
(h*(x,1))e = 10873 ( A2 ) (2\/?1“(%)) <7I‘(32)

23

) [ /oo dkyk;u/z:%}
w

(5.58)
We have introduced an infrared cutoff ;1 as the integral on k, diverges at the

lower limit. We thus obtain by integration

2 -2 AOB 2 1
where we have used T' (£2) = 0.936026, I (£2) = 1.178818, I' (33) = 1.075746 and
r (23) = 0.887772. This is the second cumulant of the height fluctuations in the
stationary state of the 2 4 1 KPZ equation.

5.5 Skewness and Kurtosis

In this section, we calculate the skewness and kurtosis of the height fluctuations
obeying the (2 + 1)-dimensional KPZ equation in the stationary state. For this
purpose, we use the values of the second, third and fourth order moments evaluated

above. The n th moments is expressed as
Wa = ([h(x,1) = (W)]") (5.60)
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which is related to the system size as W,, ~ L"X, where L is the size of the system.

Substituting n = 3 and 4 in Eq. 5.60, we obtain the expressions
Wy = (h?) — (h)?, (5.61)

Wy = (I°) = 3(h)(h*) + 2(h)°
Wy = (h*) — 4(h)(h*) + 6(h?)(h)* — 3(h?)%. (5.62)

The moments and cumulants are related as

(hy =" (h)e
(W% = (W) + (W)?
(R*) = (W% + 3(h)e(h®)c + (h)?
(h'y = (hh)e+ 4(h)e(h?)e + 3(h?)2 + 6(R)2(h?). + (h):

(5.63)

These higher order moments determine the values of skewness and kurtosis. Taking
ensemble average on both sides of Eq. (6), we find that both terms on the right
hand side vanish because the noise is Gaussian and the second term yields a Dirac
delta function d¢(k) upon using Eq. (45). Finiteness of the substrate (although it
is assumed to be large) implies that (h) = 0. Thus, skewness and kurtosis may be

expressed as

o
5= PR = i 00

e (. )
=t T ey >09)

where the suffix ¢ indicates the cumulants that correspond to connected dia-
gramms in the perturbative expansion. Skewness S measures the asymmetry of
the distribution function with respect to the Gaussian. A positive (negative) value
of skewness is obtained when the distribution has a longer tail on the right (left)
side. The ) value indicates sharpness with respect to the Gaussian distribution.
A positive (negative) value of @) signifies a sharper (flatter) distribution than the

Gaussian.

We obtain the skewness and kurtosis employing the above definitions. Using the
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numerically evaluated integrations of I;(p), Io(p) and I3(p) in Eq. 5.24, we obtain
3
(h3(x,1))e = [0.027922 x 1077] 20BN 2z (5.66)
9 c — . A2 1% . .
Substituting from equations 6.45 and 5.66 in Eq. 5.64, we calculate the skewness

of the (2 4 1)-dimensional KPZ height distribution as

C(Bx,t))e 0027922
o 2(x, )22 (0211105)372 $:2879. (5.67)

Similarly, we substitute the results of the evaluated numerical integrations J; (1),
Jo(p) and J3(p) in Eq. 5.40, obtaining

XoB\*
(h*(x,1)) = [0.008889 x 10~4] (%) (36728, (5.68)

Using Eq. 5.68 and Eq. 6.45 in Eq. 5.65 leads to the kurtosis value as

C(PMx, ). 0.008889
9= (R2(x,1))2  (0.211105)2 o (5.69)

We note that these values for skewness and kurtosis are obtained for the (2+ 1)-

dimensional KPZ dynamics corresponding to the stationary state.

5.6 Discussion and Conclusion

Our main motivation in this work comes from two facts. First, the growth of a
surface on a 2D substrate is a commonly occurring phenomenon in Nature. Second,
analytical methodologies to obtain the skewness and kurtosis values directly from
the dynamical equation are unavailable in the existing literature. The obtained
skewness S = 0.2879 and kurtosis () = 0.1995 values are independent of model
parameters (v, Dy, and )\g), scaling coefficients (A and B) and the momentum
cutoffs (Ag and p) in the calculations. The sole input to our calculations is the
roughness exponent x = 9/23 = 0.391304 which is a good approximation to high
resolution numerical results.

In this context it may be noted that most analytical approaches have been unsuc-
cessful to obtain the scaling exponents in (2 + 1) dimensions, apart from the works
of Lassig3l, Tul'®" Colaiori and Moore?® and Kloss et al.!*), as mentioned earlier.

At the same time, a huge amount of numerical approaches suggest the roughness
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and dynamic exponents to be y &~ 0.39 and z &~ 1.61, respectively.

We employed perturbation theory directly on the KPZ equation to obtain ex-
pressions for L3 (r), Ly (r) and L3 (r) that contain the bare parameters vy and Dj.
Obtaining these expressions solely depend on the use of perturbation theory and
they do not incorporate the renormalization group in the conventional sense. We
use these expressions for L3 (r), Ly (r), and Ly (r) to obtain the flow equations for
the renormalized quantities Ls(r), L4(r), and Lo(r) that involve the renormalized
quantities v(r) and D(r). In this process, we are able to find explicit mathemati-
cal relations including the prefactors once the scaling laws for the effective surface
tension v(k) and the noise amplitude D(k) are assumed (Egs. (3) and (4)) in con-
sistency with the scaling relation y + z = 2. We incorporate frequency dependence
of these loops by scaling functions that preserve their real valuedness and their
correct zero frequency limits. This allows for the calculation of the corresponding
cumulants that are found to depend on the infrared cutoff p as W,, ~ p="X. This
is expected because the cumulants have the semi-extensive property W,, ~ L™X in
the stationary state where L is the substrate size. Thus the infrared cutoff can be
identified as u ~ L~!. We finally obtain the skewness value S = 0.2879 and the
kurtosis value Q = 0.1995, relevant to the case of (2 4 1)-dimensional KPZ growth

in the stationary state.

It may be noted that it is not possible to incorporate the results of the standard
renormalization group analyses that do not yield a strong coupling fixed point and
thereby providing no prediction for the value of y in two dimensions. On the other
hand, mode-coupling theories suggest that the upper critical dimension is 3.6, 4

0028371871 Interestingly, a non-perturbative renormalization group analysis 1%

or
indicated the existence of a stable strong coupling fixed point for d < 2, whereas
for d > 2, there exist two basins of attraction containing a Gaussian fixed point
and a strong coupling fixed point. The resulting roughness exponent was found to
be x = 0.330(8) and x = 0.373(1) (in two dimensions) in the leading and next to
leading order approximations, respectively. The latter result agrees very well with
the numerical estimation y &~ 0.39 that we have used in our calculations. We further
note that the values for the amplitudes A and B (that determine the fixed point
value g* ~ A\2B/A3 ) are not required in our calculations because they cancel out in

the ratios determining S and Q).

It can be seen that the scalings of the renormalized quantities are v(k) ~
k=% and D(k) ~ k=%*2=4 in d dimensions. Consequently, the scalings for the
loop functions turn out to be Lz(k) = Csk X242 [, (k) = C; k=X734+2 and
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Ly(k) = Cyk™7%2 We expect these scaling relations to be correct for any
(non-zero) value of x because they have been obtained on the basis of count-
ing momentum dimensions. These relations suggest that dLs/dr = (4x + 2d —
2) Oy Ay X242 ox42d=2)r g1 Jdr = (5x 4 3d — 2) Oy Ag™X 32 eGx+3d=2)r 3
dLy/dr = (3x 4 d — 2) Cy Ay*X ™12 eGx+d=2)r - Thege flow equations for Ls(r), Ly(r)
and Ly(r) contain unknown constants Cs, Cy and Cy respectively. The use of per-
turbation theory in our calculations serves to find these flow equations, along with
the unknown constants, directly from the KPZ equation. In addition, we see that
a good numerical input for x results in good estimates for skewness and kurtosis

values.

All recent numerical simulations in (2+ 1) dimensions suggest that the roughness
exponent y is very close to 0.39 which is close to 9/23 (0.391304). We therefore
slightly vary the value of the roughness exponent to y = 19/50 (= 0.38) and y = 2/5
(= 0.40) and recalculate the integrals. We find that skewness and kurtosis values
undergo shifts by less than 5% from the calculated values given in Egs. (67) and
(69).

The estimated skewness and kurtosis values of Chin and den Nijs?% via the
Kim-Kosterlitz (KK) and BCSOS models are given in Table 5.1 of this Chapter.
Although their roughness exponents differed in the two models (KK: y = 2/5 and
BCSOS: x ~ 0.38), their skewness value (|S| = 0.27 £ 0.01) was the same for both
models. Consequently, they concluded that the third moment is more reliable than
the roughness exponent for a better identification of the universality class. Their
kurtosis value was ( = 0.15 + 0.02 for both models.

Reis® considered the stationary states for etching, ballistic deposition, and body-
centered restricted solid-on-solid (BCRSOS) models that suggested the universality
of the absolute values of skewness and kurtosis. The best estimates come from
etching model which yielded |S| = 0.26 £ 0.01 and @ = 0.134 £ 0.015.

Miranda and Reis!"% used Euler discretization method for numerical integration
of the KPZ equation and obtained roughness exponent 0.37 < y < 0.40. In addition,
they estimated skewness S = 0.25+0.01 and kurtosis ) = 0.154+0.1 by extrapolating

[121

data in the limit of large substrate size L. Marinari et al. I obtained skewness

S ~ 0.266 and kurtosis () ~ 0.121 through a numerical RSOS model.
Halpin-Healy®” considered the (2 + 1)-dimensional numerical models such as

g5 DPRM, RSOS and KPZ Euler in the asymptotic limit of time (¢ >> L*) and

obtained a (2+ 1)-dimensional analog of (14 1)-dimensional Baik-Rains distribution

from these numerical models. In addition, they calculated the Baik-Rains constant
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from those numerical models. On the other hand, instead of full probability dis-
tribution function only the skewness and kurtosis values have been estimated via
the Kim-Kosterlitz (KK), BCSOS models?? etching modell®, and KPZ Euler dis-
cretization approach!™% as displayed in Table-5.1 of present Chapter.

Experiments on vapor deposited oligmer thin film growth >86 yield the rough-
ness and growth exponents y = 0.45 £+ 0.04 and § = 0.28 £+ 0.05, and the measured
value of skewness S = 0.23, suggesting that this growth is in the KPZ universality
class. Halpin-Healy and Palasantzas!®? examined two point statistics, in particular,
spatial covariance by using the experimental results!'*?. In addition, they studied
the local squared roughness distribution and extremal height distribution via Euler

integration of (2 + 1) KPZ and compared with the experimental results.

Derrida and Appert % (DA) defined a ratio Rp4 = S?/Q in 1+ 1 dimensions,
called the Derrida-Appert ratio®”, and estimated the ratio as Rp4 = 0.41517, which
is very close to the estimations from asymmetric simple exclusion principle (ASEP),
BD and Brick models in asymptotic time limit, suggesting that Rp4 is universal for
the KPZ dynamics. In these dimensions, Rp 4 is conjectured to be universal via the
Derrida-Lebowitz universal scaling function (DLSF) which is independent of any
model parameters?®. Subsequently, Prihofer and Spohn!'®? estimated skewness
S =0.35941 and kurtosis ) = 0.28916 for (1 + 1)-dimensional KPZ height fluctua-
tions in the stationary state and thereby, DA ratio is calculated as Rp4 = 0.44673.
Halpin-Healy and Takeuchil® studied the higher dimensional numerical models of
KPZ class and different geometrical sub-classes namely point-point, point-line and
point-plane in the transient regime and found a approximate constant value of Rp4.
Alves et al.) studied the transient state RSOS model starting from the flat initial
condition in higher dimensions d = 3,4,5,6 and found S ~ d%* and Q ~ d°2.
This appears to suggest that S?/@Q is independent of d, supporting the greater uni-
versality of Derrida-Appert ratio proposed in[®® via their extensive examination of
KPZ systems in the transient regime, across dimensions, as well as geometry. Our
calculated skewness and kurtosis values yield Rp4 = 0.41547, the normalized values

of which is compared with the other stationary values in Table 5.1 of this Chapter.

The universality class of a dynamical system is an important statistical property.
In the earlier studies on surface growth, the universality class used to be obtained
from only the scaling exponents. In the last two decades, it has been realized
that despite the same scaling exponents, the distribution functions can be entirely
different due to different initial conditions corresponding to different sub-universality

classes. Thus the distribution function contains more statistical information about
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Table 5.1: Stationary state values of Skewness and Kurtosis in (2 + 1) dimensions.

System of study Method S| Q Rpa Reference
g5, DPRM Numerical 0.240 0.18 0.32 [60]

2 4+ 1 RSOS Numerical 0.256 0.18 0.364 [60]

KPZ Euler Numerical 0.236 0.17 0.328 160]

KPZ Equation Numerical 0.25£0.01 0.15+0.1 0.42 £0.31 [130]
Etching model Numerical | 0.264+0.01 | 0.134£0.015 | 0.50 & 0.09 3]

KK and BCSOS Numerical | 0.27 £ 0.01 0.154+0.02 | 0.49+0.08 126]
(2++1) RSOS (FIT-I) | Numerical | 0.2669 + 0.0004 | 0.146 + 0.002 | 0.488 + 0.008 [143]
(2+1) RSOS (FIT-II) | Numerical | 0.2657 & 0.0004 | 0.145 + 0.001 | 0.487 & 0.005 [143]
Present work Analytical 0.2879 0.1995 0.4155 Egs. 5.67, 5.69

the system than the scaling exponents. The analytical calculation of the distribution
function is hardly possible. To economize on the amount of calculations, one can
calculate a few higher order cumulants of the distribution function, the normalized

values of which can be used as identifiers of the universality classes.

Appendix

The term F'(k,p) appearing in Eq. 5.16 is defined as

F:(F1+F2+F3+F4)/R

We define a = 37/23, b = 41/23, and P = |k; + ks|, so that

( ) =33 k1" +4 k(47 kS + 24 P%)
Fy(ki, ko) = 3(k§ + P“)*(11k3* + 10k5 P* + 3P**)
( ) = 2k2%(203k5" + 176k5 P* + 51 P*)
( ) = AkS(4TkS" + 88k5" P + 53k5 P** + 12P%)

R(ky, k) = 256k°k5 (kS + kS + P%)°
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The function T'(k, p,q) appearing in Eq. 5.34 is expressed as
T: (T1+T2+T3+T4+T5—|—T6)/S
where

Ti(k,p,q) = 3{33Kk°" + 2k>*(127p" + 127¢" + 81Q")}

Ty(k, p,q) = 3[k**{815p*" + 815¢*" + 986¢“Q" + 327Q** + 34p"(51¢" + 29Q)}]

T3(k,p,q) = 3[4k>{297p** 4+ 297¢>* + 585¢°* Q" + 375¢"Q*" + 87Q*
+3p%(397¢" + 195Q%) + p*(1191¢>* + 1234¢°Q° + 375Q**)}]

Tu(k,p,q) = 3[(p® + ¢° + Q*)*{(33p™"* + 4p>*(47¢" + 24Q")
+3(qa + Qa)2(11q2a + 10ana + 3Q2a> + 2p2a(203q2a + 176ana 4 51@2&)
+4p®(47¢°" 4 88¢7°Q" + 53¢"Q** + 12Q°*)}]

Ts(k, p,q) = 3[E**{815p™ + 12p*(397¢" + 195Q") + (¢* + Q*)*
(815¢* + 710¢“Q" + 207Q**) + 2p**(5277¢** + 43664 Q" + 1221Q**)
+4p™ (1191¢°* 4 2183¢** Q" + 1273¢°Q** + 281Q*)}]

Ts(k, p, q) = 3[2k*{127p™ + 17p* (51" 4+ 29Q°) + (¢" + Q*)*(127¢** + 112¢°Q" + 33Q*")
+p% (g% 4+ Q*)*(867¢** + 734¢"“Q" + 211Q**) + p**(2382¢°* + 2468¢°Q* + 750Q*)
+p2a(2382q3a + 4366q2aQa + 2546an2a + 562Q3a)}]
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and
S(k,p,q) = 4096k  p**¢** (k* + p* + ¢* + Q)"

where Q = |k + p + (]
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Chapter 6

A renormalization scheme and
skewness of height fluctuations in
(1 4 1)-dimensional VLDS dynamics

6.1 Introduction

In the last few decades, one of the most widespread, useful and fascinating top-
ics of research in nonequilibrium statistical physics is kinetic interface roughen-
ing[11:44,63,105,126] * A oveat deal of experiments and numerical simulations have been
carried out in this field and a few analytical methods have been employed including
the renormalization group (RG) to understand the scaling behavior, exponents and
thereby universality of a growing surface. A linear continuum dynamics of surface
growth is described by the Edwards-Wilkinson ' (EW) equation where the surface
profile evolves due to random deposition and surface tension.

A nonlinear paradigmatic equation for surface growth, as proposed by Kardar,
Parisi and Zhang (KPZ) 86128 describes a wide range of surface growth phenomena

127]

such as the eden model™?, ballistic deposition!'?” | restricted solid-on-solid model

(RSOS), all belonging to a common universality class as they exhibit the same
scaling exponents.

The growth of a thin film using the molecular beam epitaxy (MBE) is domi-
nated by surface diffusion*%% at high temperatures, where atomic evaporation "

[209]

desorption, bulk defects'*””| hangs and overhangs are negligibly small. In MBE,

atoms are deposited one-by-one for the preparation of high quality thin films[?.

On the other hand, at low temperatures, a growing surface would be amorphous

o[192]

instead of crystallin because deposited particles would not have much energy
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to overcome the height barriers so that they can settle down at the lowest energy
positions. According to Mullins’s theory %3 such surface growth obeys the equation

of continuity

% =—-V-j (6.1)
where the particle current is j = Vu(x,t) and local chemical potential u(x,t) is
related to the surface curvature as p(x,t) = kKV2h(x,t). Fourier transforming and
rescaling of equation 6.1 yield roughness, dynamic and growth exponents as x =
(4—d)/2, z = 4 and B = (4—d)/8 respectively, d being the substrate dimension. Wolf
and Villain2°4 (WV) studied a model with random deposition and surface diffusion
in one dimension, where the particles are relaxed to the minimum energy positions
yielding roughness and dynamic exponents, y = 1.4 + 0.1 and z = 3.8 £ 0.5, that
indicates a different universality class from those of EW and KPZ. These exponents
are close to those obtained from equation 6.1. Das Sarma and Tamborenea (DT) 33
investigated a deposition model with surface relaxation and estimated roughness
and growth exponents as x &~ 1.5 and g = 0.375 £ 0.005 in one spatial dimension.
Krugl? ! studied the height-height correlation function and structure factor in one
dimension by taking the solid-on-solid (SOS) model with DT relaxation rule
where overhangs are not present. His obtained growth exponent is § = 0.37 £ 0.01,
satisfying the scaling relation of equation 6.1. The step size distribution of his
study yields a non zero skewness in one substrate dimension. This implies that
the distribution of height fluctuations is not Gaussian unlike that of equation 6.1
and consequently suggesting that the continuum model for the MBE growth process

must be a nonlinear dynamical equation.

Sun, Guo and Grant (SCGG)™! proposed a nonlinear equation for surface growth

where total volume under the interface is conserved, including noise conservation.

2—d
3

with the conserved restricted solid on solid (CRSOS) model for d = 1.

They obtained a distinct set of exponents given by x = and z = 10%1 that agree

Considering a geometrical interpretation, Villain, Lai and Das Sarma (VLDS)[111:192]

proposed a nonlinear equation with non-conserved noise for the MBE process. This

dynamical equation is known as the VLDS equation, written as

Oh
ot

A
= —Vih + ?OVQ(Vh)Q +1, (6.2)

where h(x,t) is the height of the fluctuating surface at position x and time ¢, v

is the diffusion constant and 7(x,t) is a Gaussian white noise with zero mean and
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(n(x, t)yn(x',t")) = 2D6%(x — x)§(t — t'). (6.3)

where Dy is a constant.

Family and Vicsek [*®l proposed the dynamic scaling for the surface width (stan-

dard deviation) as

w(L,t) ~ LXF (Li> . (6.4)

For large 7, F((7) = Const. and for small 7, F(r) ~ 7°. The ratio § = X is called

the growth exponent.

gl11]

Through one-loop dynamic RG calculation , Lai and Das Sarma as well

as Tang and Nattermann!'%3 independently obtained the roughness, dynamic and
growth exponents as y = %, Z = 8%1 and g = ;i—j. Janssen argued in the ref. 8%

that KPZ like Galilean transformation in SGG and VLDS equations are mathemat-
ically ill defined and thereby the exponents following from an RG calculations are to
be corrected. Accounting for two-loop corrections in an RG calculation, he obtained
small corrections to the exponents in each dimensions. Subsequently, numerical

works [210,211]

were devoted to capture corrections to the exponents. These numer-
ical corrections turned out to be larger than Janssen’s corrections. However, no
conclusions could be reached regarding the role of vertex corrections in their numer-
ical simulations. Katzav!®¥ investigated equation 6.2 via a self-consistent-expansion
method which has close relation to mode-coupling approach and obtained the same
set of exponents as the one-loop dynamic RG results. It may however be noted
that Katzav’s self-consistent integral equations were equivalent to a renormalized
perturbation theory at one-loop order without vertex renormalization.

There exist two types of investigations in the literature. One of them is finding
the scaling exponents through different growth models and comparing them with
the calculated exponents corresponding to the continuum equations. The other type
of work is the derivation of a continuum equation from the discrete model using the
principle of symmetry or re-parametrization of invariance'??! (alternatively using
the master equation[©70:149196]) " Wilhy et al.'"") studied the SOS model by using
Monte-Carlo-Simulation and estimated the growth exponents = 0.333 4 0.010 in
d = 1 dimension which agrees with the dynamic RG result. A conserved growth
model with RSOS condition, in 1+ 1 dimensions, has been studied by Kim and Kim

93.98] and their estimated exponents (roughness and growth exponents

in the refs.
X = 0.954+0.04 and 5 = 0.32+0.01 respectively) agree with the calculated exponents

from dynamic RG.
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There exist many numerical studies to obtain the scaling exponents which in
turn determine the universality classes. A detailed study of the height fluctuations
involves the determination of its probability distribution function that determines
the universality class of the growth process. However, obtaining the full probabil-
ity distribution function is an analytically impossible task and alternatively a few
lower order moments yielding the skewness and kurtosis could be studied. The nth

moment of the height fluctuations is defined as
W, = ([h(x,t) — h(t)]"), (6.5)

and the moments follow the power laws at stationary state as, W,, ~ L"X, where L

is the substrate size. Skewness is defined as

Ws
S=——. 6.6
It may be noted that numerical attempts to obtain the skewness for the VLDS type
growth is rather rare. For example, Das Sarma et al.®? considered a discrete LDS

model and obtained S = —0.1 £ 0.15 in the steady state.

However, there appears to be no attempts to obtain the value of skewness via
analytical means directly from the VLDS equation. Since skewness is an important
property of the probability distribution function, it is indispensable to calculate
its value for the height fluctuations governed by the VLDS dynamics so that this

fluctuations can be distinguished from those governed by other dynamical processes.

In this Chapter we calculate the second and third moments of the height fluc-
tuations in the stationary state directly from the VLDS equation starting from flat
initial condition employing a diagrammatic methods and a renormalization scheme
without rescaling. This allows for the calculation of the skewness given by equation
6.6.

This Chapter is organized in the following way. Section II presents a renormal-
ization group scheme without rescaling. Section III presents the calculation of the
second moment Ws. In Section-1V, we calculate the third moment W5 and thereby
the value of skewness is obtained. Section-V calculates the skewness and Section-VI

gives a Discussion and Conclusion.
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6.2 Renormalization Scheme Without Rescaling

In this section, we employ an RG scheme without rescaling that was previously used

by Yakhot and Orszag!?°":2%8 in the case of fluid turbulence and, later, it was applied

to the stochastic KPZ dynamics!'%17 We begin with the Fourier transformation of

the VLDS equation (equation 6.2), namely,

(—iw + vk hk,w) = n(k,w) — —k’2 // ddqiﬁ —q)|h(q, Q)h(k—q,w—1Q).
(6.7)

We shall use equation 6.7 to obtain the renormalized surface diffusivity as well as

the skewness of the height fluctuations in (1 + 1)-dimensions.

A. Scale Elimination

In the Fourier space, we split the height and noise fields into slow and fast modes,
namely, h=(k,w) and h”(k,w), and n=(k,w) and 5~ (k,w), where h”(k,w) and
1~ (k,w) belong to the shell Age™ < k < Ag. The fluctuating modes h~(k,w)
are eliminated by means of integration and its effect is accounted for as corrections
to the model parameters (v9, Dy and \g). As a consequence, we obtain an equation

for the slow modes h=(k,w)

[—iw + vok* + 2k, w)]h<(k,w) = n~(k,w)
(AO) //dqjg (k — Q)Jh<(q, Dh~(k —qw—Q), (6.8)

in the momentum space 0 < (k,p,q) < Age™". Here, the self energy correction is

given by

2

= df >4 > (7 ~\(2
x / 5 Ge @167 e~ ) (6.9)

S(ew) = 4(52) @oai? [ 2 hla- () k- (- k)]

with Go(k) = Go(k, w) = [—iw+1pk?] ! is a bare propagator. Following Ref. [47:207:208]
we integrate over the internal frequency €2 and invoke the transformation q — (q +

k/2). Performing the internal momentum integration in the shell Age™ < ¢ < Ay,

93
TH-1587_11612105



Chapter 6. A renormalization scheme and skewness of height fluctuations in
(1 4 1)-dimensional VLDS dynamics

a correction to the surface diffusivity is obtained as

XD, S; [6—d eld=dr _ 1
Ay =22 1
TR [27r]d( 4d ) [(4—d>Aé-d] (6.:10)

27d/2 .
T(aj) 18 the area
of a sphere of unit radius embedded in a d-dimensional space and X (k, 0) = k*Av.

in the large-scale (¢ >> k) long-time limits (w — 0). Here S; =

Consequently, we obtain an effective diffusivity as

n=ale RenCE) ) o

The two point height-height correlation function corresponding to one-loop per-

turbative expansion can be written as
(h<(k,w)h<(K',w")) = 2[Dy + AD]|G(k, w)|*[27]* 6%k + K)d(w + ')  (6.12)

where

— N > ddg /o) ’
AD = | — 2D24/ . (k — 2/_>A2 >k,_A2
(52) eow [ 25 t-ap [~ 22165 @! 1G5 (- )
(6.13)
which comes from the amputated part of the loop diagram shown in figure 6.1(b).

The frequency and momentum integrations in equation 6.13 are carried out yielding

(6.14)

e (KdAng) [Ag—s — Ad_g(r)]

43 d—8

Since AD goes like k%, this correction to Dy is irrelevant in the large-scale and
long-time limits. Hence

D<(r) = Dy (6.15)

According to Lai and Das Sarma!'')| the vertex (\g) does not get any corrections

from the RG transformation at one-loop order, consequently

A<(r) = Ao (6.16)
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B. Flow equations and Fixed point

We obtained the flow equations as differential equations with respect to variation of

the parameter r from equations 6.11, 6.15 and 6.16 giving

dv NeDoA4(r) (6 —d
-~ = Ky
dr v2(r) 4d
dD
= — 0
dr
d\
AL 5
dr
(6.17)
where A(r) = Ape". We define an effective coupling parameter
ND
9(r) = Kg—— ) (6.18)

v3(r)A*=d(r)
Using equations 6.17 and 6.18, we obtain the flow equation for the coupling constant

dg(r)
dr

=a g(r) —b ¢*(r) (6.19)

where a = (4 — d) and b = ?’(i—;d). Integrating equation 6.19 over r, yields

ar

g(r) = —2=
1+ 2gy (eor — 1)

(6.20)
K4 2Dg
VgAéfd ’

approaches to r independent quantity

where ¢(0) = gy = In the asymptotic limit of  (r — o), equation 6.20

 4d(4— d)

PG (6.21)

The fixed point, expressed by equation 6.21, is stable for d < 4, thereby the upper

critical dimension of the VLDS equation is d, = 4 which agrees with refs. [111183],

C. Renormalized Surface Diffusivity

Integrating the first flow equation in equation 6.17 using equation 6.19, we obtain

v(r) = 1o {1 + ggg (e — 1)} " (6.22)
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In the asymptotic limit of large r, equation 6.22 takes the form

V() = 1o (bﬂe) " (6.23)

a

and, in (1 4 1) dimensions, the above equation becomes

u(r) = o (%)1/3 b (6.24)

Thus the corresponding renormalized surface diffusivity reads

5A2D,\ /* -
4rvd ’

v(k) = w ( (6.25)

in the large-scale long-time limits. The renormalized response function G(k,w) and

the dynamic exponent z is related through the expression
1 . 4 z W
Gk, w) = [—iw + v(k)kY] o k*€ (k—) . (6.26)

The above equation indicates that v(k)k* ~ k* implying dynamic exponent z = 3 in
d = 1 dimension. The roughness exponent, x = 1, can be obtained from the scaling

relation xy + z = 4.

6.3 The Second Moment

Using the definition of nth moment of the height fluctuations expressed in equation

6.5, the second and third moments are obtained as
Wy = (h*(x,t)) — (h(x,1))% (6.27)

and
W3 = <h3(x,t)> — 3<h2(x, t))(h(x,1t)) + 2(h(x,t))3, (6.28)

respectively. Here h(x,t) is the height fluctuations satisfying (h(x,t)) = 0, and

consequently equation 6.27 and equation 6.28 become
Wy = (h*(x,1)) (6.29)
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and
W3 = (h*(x,1)), (6.30)

A. Calculation of Wz(l)

The perturbative expansion at one-loop order of the second moment yields
Wy = ([h(x, )12 = W + Wi + wi), (6.31)

where W and W2(2) are non-zero contributions corresponding to O[AJ] and O[)\3]

of the perturbation series. In Fourier space, the expression for WQ(I) is written as

d di. /
1 [ dkdw [ dKdw’ ' et ) itV
W= / [27T]d+1/ [27r]dt1 Q' )(k,w7k’,w’)e( HO X (6.32)

The diagrammatic representation of WQ(I) is shown in figure 6.1(a). We incorporate
two point correlation (zeroth order), namely, Q¥ (k,w; k', ") = (h(k,w)h(K,w')) =
2D, 27 Gk, w)[?0%(k + K/)d(w + w') and carry out integration over k' yielding

d W
W — 2p, / % / [;Z—W]|G(k,w)|2. (6.33)

We use the functional form of v(k) from equation 6.25. Consequently performing
the frequency integration and carrying out the momentum integration in (1 + 1)

dimensions in equation 6.33, we obtain

1 /4D2\'? 1
Wi — 220 | 6.34
2 = 5o (mg 2 (6:34)

where p is the lower limit of the momentum integration.

B. Calculation of WQ(Q)

. 2) . .
The expression for Wz( )is expressed in momentum and frequency spaces as

d d . /
@ d®kdw d°E'dw” ' Sk —i(wtw )
Wi = [ g | e @ ek ul) dme 0t o

where Q@ (k,w; K, w') = 279" Ly(k, w)|G(k, w)[?6%(k + K')§(w + '). Feynman

diagram for W2(2) is given in figure 6.1 (b). One-loop contribution to the second
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moment is given by

d
2 d®kdw
W2 = / pﬂ—dHG(k, W)Lg(k, (J.J)G(—k, —UJ) (636)
where Ly [Ly = k*15(k)] corresponds to the amputated loop of figure 6.1 (b) expressed
in equation 6.13. We carry out the integrations over the internal frequencies and

internal momenta in the shell Age™ < k < Ay and obtain

I5(r) = (Ang) {AO? — AJ(T)} (6.37)

28 -7

leading to the differential equation

dly A2D?

dr 23 (r)A7(r) (6.38)

NS NN

(a) (b) (c)

Figure 6.1: Feynman diagrams : (a) W2(1), (b) WQ(Z) and (c) WQ(B). Responses are
indicated by solid lines with arrow and correlations are indicated by wiggly lines.

The function v(r) being known from equation 6.24, the above differential equa-

tion is solved to obtain

lo(r) = <%> et (6.39)

in the asymptotic limit of large r. Identifying Age™" = k, we get

1
lr(k,0) = oo k2, (6.40)

The vertex of figure 6.1(b) contains k* and consequently the loop contribution
(without the external legs) becomes we define Lo(k,0) = k'ly(k,0)
1
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which is scale independent. Now substituting equation 6.41 in equation 6.36, we get

@_ [ A% [dw o
w® = / e / 5|0 @)L (6.42)

Performing the frequency integration in equation 6.42, we obtain

1 4D2 1/3 00
Wy = et / dkk™2. 6.43
22073 \ 5A2 P (6.43)
We carry out the momentum integration in the above equation leading to
1 /4D2\"" 1
WY 0 6.4
: 4072/3 \ BAZ p? (6.44)

Feynman diagram corresponding to W2(3) is shown in figure 6.1(c). The contribution
to W2(3) vanishes in the large-scale limit. Adding the contributions W2(1) and W2(2)

from equations 6.34 and 6.44, we obtain W5 as

1/3
@ L@ 21 (ADENTT 1
W2 — W2 + W2 — 407‘(‘2/3 ( 5)\(2) u2 (645)

6.4 The Third Moment and Skewness

The third moment of height fluctuations is expressed as

8
W=y Wy (6.46)

i=1

where W3(1) and W3(2), corresponding to Feynman diagrams Figs. 6.2 (a) and 6.2(b)
respectively, give non-zero contributions. The terms Wg(g) and W?f4), corresponding
to figures 6.3(a) and 6.3(b), respectively, give equal magnitudes of logarithmic cor-
rections with opposite signs and thus they cancel each other. The rest of the terms
in equation 6.46, namely, W3f5), WS(G), W3(7) and Wég), are depicted in Figs. 4(a),
4(b), 4(c) and 4(d), respectively, which give zero contributions individually in the

large-scale long-time limits.

99
TH-1587_11612105



Chapter 6. A renormalization scheme and skewness of height fluctuations in
(1 4 1)-dimensional VLDS dynamics

A. Calculation of W?fl)

In this subsection, we calculate Feynman diagram given in figure 6.2(a). The

integral expression for Wél) in the Fourier space is given by

W — / %k, dwy / Ak dw, / dks3 dws
3 [2]a+1 [27]#H1 274+

<h(k1, (4)1) h(kg, CUQ) h(kg, W3)> ei(k1+k2+k3)-x B_i(w1+w2+w3)t, (647)

The third order height correlation appearing in equation 6.47 is expressed as

(h(ky,wi) h(ke, wo) hiks,ws)) = Gky) G(ks) Gks) L (ks o kes)
x [(2m) 4+ 64 (ky + g + Ki3)] (6.48)

where L (ky; ks ks) = K2 K2 K2 U5k ko: ks) represents the renormalized amputated
part of the loop diagram [figure 6.2 (a)]. Substituting equation 6.48, in equation
6.47, we obtain

dd+1 A1 . R . “ -
W?E”:/ m]dﬁl/ gt Clh) G(k) L ko) Gy < ) (6.49)

The bare value of lél’o) (1%1; 1%2) is given by

_ 3 da dw
"0 (w1 b, w2) = 8 (%) /F;?(j]—j“[(q — ki) - (ke + ki —q)lfa- (ki —q)]

x[—q-(q—ky — k1)]Q0(d)Qo(f{1 = Q)Qo(fﬁ r 3 1;2 —q)].
(6.50)

where Qo(q) = 2Dy 271 Go(§) Go(q') 0971 (¢ + ¢') are the correlations. Con-
sidering the external momenta and frequencies to be much smaller in magnitude
than internal momenta and frequencies, we carry out frequency convolution and

momentum integrations yielding

0= () = 3 [A8DKa ell4=d)r _ (6.51)
’ 2 gAY | (14— d) '
The iterative nature of the shell elimination scheme yields
a9 s g o
dr 2 [vo(r)AY=4(r) '
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(a) (b)

Figure 6.2: Feynman diagrams: (a) W3(1) and (b) WS(Z). These diagrams contribute to
Ws.

Solving this equation in the asymptotic limit of large » in d = 1 dimension, we

obtain

2/3
(1) i 3 2 471' 1
b7 = 35000 (5)\3D0) A8(r)’ (6.53)

Ape™" is identified as the external momenta, yielding

(1) 3 o [ 4m o 474
l3 (/{;1,0, k270) = 2—0)\0D0 m kl ]{?2 . (654)
So, Lél) becomes
L8 (ki k) = K k3 K3 15" (6.55)

Now to find the wave vector and frequency dependence in equation 6.54 a form of

scaling function is introduced by replacing k; * by

k2, (:—) = K502 ()| G (ks wy) 2 (6.56)
where i = 1,2 and f(0) = 1. This expression is the same as k; > for w; = 0.

Incorporating equation 6.56 in equation 6.54, we obtain

J 3 R R
LY (ke k) = %A KK+ ko2 |G (k) |G ()2 (6.57)
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2/3
with A = \gD3 (%%) . We substitute equation 6.57 in equation 6.49 yielding

3 Pk, [ 2k ; 7
W =g [ [ Rk D R (GO G

X [G(k1)G(ks) G(—ky — k)] (6.58)

Carrying out the frequency integrations over w; and wy, we obtain

Wi = (2—0) W/_w dkl/_oo dky Fy(ky, ko). (6.59)

where

30% (k1) + (0(k2) + (k1 + ko|) (30 (ka) + o ([ks + ka|)) + 20 (k1) (To(ks) + 20 (|k:1 + ko))
1602(k1)o?(k2) (o (k1) + o(k2) + o(|k1 + k2l))?

F1<k17k2) =

. / . .
with o(k;) = k3 and A; = (‘:/\g”;:’;);; = <4g/\D00). Now the integrations become
00

Il(,u) :/ dk‘l/ dngl(k‘l,kg)
® ©
and

Jl(/L) :/ dk’l/ dlel(_kl,kQ).
© 2

Since these integrals are infrared divergent, we write them as

Lip) =17
Ji(p) = T, (6.60)

0 0 : : . : ,
where Il( ) and Jl( ) are dimensionless numerical constants. Carrying out numerical

integrations, we obtain the values for the constants as

19 = Tim [1P1,(p)] = 0.0148673
u—0t

J = lim 1y (p)] = 0.0039435, (6.61)

u—0t

Substituting equations 6.60 and 6.61 in equation 6.59, we obtain
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3 D 1
W(l) _ = 2[(0) 2J(0) -
D= e () er? 20

3 D 1
= — [ — ] (0.018811)—. 6.62
wﬂ(%)< ) (6.62)

B. Calculation of W3(2)

Feynman diagram for W:§2) is shown in figure 6.2(b). The integral expression for

W?fz) is written as

@ dd—&-l]% dd—i—l}%/ dd—i-l]%// dd—i—l(j dd'Hﬁ dd—i—l@
W, _/[%ﬂ.]d—i-l /A[Qﬂ.]d-H / [27]#H / [27] %+ / [2]d+1 / [2]a+1
[K2G(ENEG(RQ*G(Q)la- (K — a)]Q- (K" - Q)llp- (Q — p)]

k’A’

< [(h(k)M@h(E — Qh(E" — @R(B)I(Q — )] (6.63)

The height correlation appearing in equation 6.63 is expressed as

(h(k)R(Q)h(E' — QK" — Q)R(B)R(Q — p)) = 24(2Do)*[27]* V(|G ()| Go (K — )|
x|G(k)PG(R)EAG(~k — k) k + K[*|[K*G(—k)]6* T (k + K + &) [8T (p + §)]
x[07HQ + E)] (6.64)

Substituting the above form in equation 6.63, we obtain

[k + K P - (k)| GR)P|G(R) PGk~ k)

Ja+1 /; Jd+1 /;/
[QW]d—H / [zﬂ]d-&-l

LY (k) (6.65)
where L (F) = K412 (k') and

15 (F) = 2(Ao Do)’ / [;lﬂ;dfl[q (a—K)[a- (K = q)l|Go(K' — §)[*|Go(@)* (6.66)

We consider the external momenta and frequencies are much smaller in magnitude

than internal momenta and frequencies and perform the frequency integration and
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momentum integration in the range Age™ < g < Ag leading

(6.67)

19<() (AoDo)? Ky { AL Ad8<r)}

203 (d—8)

We construct a differential equation for l§2)(7") by considering the iterative nature of

the procedure
A DK, .

= 6.68
dr 2v3(r) (r) ( )
Integrating over r, we obtain
LJ
1P(r) = 1—(;’A—4(r) (6.69)

in d = 1 dimension. We identify A(r) as an external momentum and obtain
LY = 1P (K, 0) = Dy/10 (6.70)

which is an scale independent quantity. We substitute equation 6.70 in equation
6.65 leading to

w = Sump) [LE PR gp e PIe@PC k) (671
37 507 | o2 | [2a)? '

Carrying out the frequency integration, we obtain

@ _ =57 (Do /wﬁ/md_klp kK 9
wi =5 (%) ) | it (672)
where () (k + k)2
Fy(k, k) = 6.73
26K = RETRPIRE + R + 18 + o F] (6.73)
We write 5 D
w® — 2 (22 o1 J 6.74
2= (55:) (5 2t + G (6.74)
where - -
() = / i / Ak By(k, k)
p 2
and

Jg(u)z/ dk:/ k' Fy(—k, ).
o ju
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As before we write the integrals as

L(p) = 1" p?
Ta(p) = I3, (6.75)

Numerical evaluations yield

1Y = lim [;*L(p)] = 0.154439

u—0+

JO = Tim [1®Jo(p)] = —0.020075, (6.76)

pn—0+

Substituting equations 6.76 and 6.75 in equation 6.74, we obtain
& 0) D\ 1
21 2J°
507r( +25) ()\0)
33

= o (0.268728) ( i) ) L (6.77)

Wi =

C. Calculation of Wg(s)

The integral expression for Wg(?’) can be written as

@ = 3 A4+ AL di+ip ditig RaRYd dd+1@

Ws™ = < 9 ) /(271-)d+1/(QW)d—H/(QW)d—H/E )d+1/(27r>d+1/(27r)d+1
x[Q- (K = Q)ld" (Q - a)llla- (d' — a)[GRK)KPIQ ¢ PGo(Q)Go(d)

< (h(P)R(RAE — QM(Q — )h(@(G — 1) (6.78)

which is depicted in figure 6.3(a). The height correlation appearing in equation 6.78

is expressed as

(RPR(F)R(E — QMQ = @)(@h(G —§) = 48(2D)*[2m]* Y |G (@' + B)*1Go(p)]”
|Go ()26 (Q +p — )0 (§ + &k — §)
s —p /%) (6.79)

Substituting equation 6.79 in equation 6.78, we obtain

d+1 d—i—lA ~ A
Wi = as0uD0f [ Gty [ il PIGHIPIGIPIGH-E - p)Lalii )
(6.80)
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where

i) = [l = bl Bl p) - e+ @) + 10 KGu(d)

Go(d' = D)|Go(d + k) (6.81)

Assuming the internal wave vector ¢’ is much greater than external wave vectors p

and k, we get

dl/
L0 0p,0) = = [ Gl Blia KIGDPG@). (652)

Carrying out the frequency and momentum (Age™" < ¢’ < Ag) integration in d = 1

dimension, we follow the same procedure as in Sec. 4.1 and obtain

pk

L (p, 0; k,0) = 10)\2D

In(Ao/k). (6.83)

We substitute equation 6.83 in equation 6.80 and obtain

24

Wi == (\oD5) I (6.84)

where

/d’fdwl/dpd“2 ([k + p)2|G(E) 2| G(3)PG(=k — p) In(Ao/k)  (6.85)

(a) (b)

Figure 6.3: Feynman diagrams: (a) W3(3) and (b) W§4). These diagrams yield logarithmic
corrections same in magnitude with opposite signs.
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D. Calculation of W§4)

4) .
We express Wé ) in momentum and frequency spaces as

@ _)\0 3 dd—&—l}% dd-&-l]%/ dd+1]§ dd-i—lq dd-l—lq/ 44+ Q
W3 - ( 2 ) /[2ﬂd+1/[2ﬂ-]d+1/[2ﬂd+1/[2ﬂ-]d+l/[2ﬂd+1/[2ﬂ-]d+1
xla- (K - Q-q)Q- (K- Q)ld (Q—a)k' — QP|QP ¥ IG(Q)G(K)

<Gk — Q)[(h(®)h(k)R(@)h(d) (K — Q — (@ — )] (6.86)

and the corresponding Feynman diagram is depicted in figure 6.3(b). Height corre-

lation in equation 6.86 is written as

~ A ~ A

(h(PR(E) (@G )h(E — Q — DM@ — ) = 24(2Do)* 2@V |Go(k + Q)G (D)
|Go(k) 2641 (G + b+ Q)0 (Q + ¢ — k)
S (k4 K + p). (6.87)

We substitute equation 6.87 in equation 6.86 and obtain

Ik + p|2|G () 2IG (k) PIG(k — p)LS (p; k)

d+17 d+1 4
(4) F 3 d k’ d P
Wi = =24(XoDy) /[Qﬁ]d—&-l/[QW]d—i—l

(6.88)

(D) = /M[Q (k-p-Ql-k-Q)-plk+Q) —Klk+p+QP

2]

QPGH(Q)G(~k —p— Q)|G(k + Q) (6.89)

Considering external momenta and frequencies (p and /2:) are much smaller than the

A

internal momenta and frequency (@), we obtain

dd—&-l@ R R X R R
15" (. 0:k,0) = / o [Q- K- Pl GQG(—k =P~ QICQ)F (6.90)
Performing the frequency integration and working out the momentum integration
in the high-momentum shell Age™ < Q < Ay, we follow the same procedure as in

Sec. 4.1 and 4.2 and obtain

D (p, 0: k,0) = ——LF_ (A 1
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in d = 1 dimension. We substitute equation 6.91 in equation 6.87 and get
Wi = == (\D}) I (6.92)

where

/d’fdwl/dpdw J([k + p))*|G (k)| G(B)G(—k = p) In(Ao/k).  (6.93)

It is seen that the integral form of I3 and I, expressed in equations 6.85 and 6.93,
respectively, are identical. Hence the logarithmic contributions ng?’) and W3(4), ob-
tained in equations 6.84 and 6.92, respectively, are same in magnitude and opposite
in signs. Thus, they cancel each other exactly and effectively do not contribute to
Wi.

E. Calculation of Wg@

The expression for WéS) in momentum and frequency space is given by

6 __)\O 3 dd—Hl:c dd+1i€/ dd—f—lp dd—l—lq dd_HCj/ dd+1Q

W3 o ( 2 ) /[Qﬁ]d—s—l/[QW]d—H/[QW]d—i—l/[Zﬂ-]d—H /A[Qﬂ]d—i-l /A[Qﬁ]d—&-l
Q- (X = Q)lla- (p—a)lld - (Q—d)]|F[pPIQPG(K)G(H)G(Q)

(h(k = Qh(@)h(Q — §)M(Qh(P — Ph(K)) (6.94)

Feynman diagram corresponding to W3E5) is shown in figure 6.4(a). We express the

height correlation appearing in equation 6.94 as

~ ~

(h(k' = Q@)@ — & VW@)h(p — G)h(k)) = 48(2D)°2x[* VG (p + k)G (k)| G(K)”
Go( = Q)P (K + ) 6" (k' — §)
8L (k+p + k). (6.95)

Substituting equation 6.95 in equation 6.94, we obtain

)\ 3 dd+1jf d1p . . ) N
Wi = 48(2Dy)? (—0> /[ /[QW]dfl\ker\?!p!?G(—k—p)G(p)G(k)

9 2]d+1

G(k + p)]*[(k +p) - KLY (k + p) (6.96)
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where

LP+0) = @D [ 2@+ kD@ K p) - (k4 BQC(@)

2] T

|Go(k+p+ Q)| (6.97)
Considering internal momenta are much larger than the external momenta, we ob-
tain

1P +5) = D) [ 2 1Q1Q- (ot DIGHQIGo(h + 7+ QP (699

[2]dH

We perform the frequency integration and obtain

D g
LY (k+p) = —4—1/%,0@ +p)/_ [2—% & — (6.99)

in d = 1 dimension. Hence, W3(5) yields zero contribution. Similarly other terms such
as W§6), ng and Wés), shown in figures. 6.4(b), 6.4(c) and 6.4(d), respectively,

give vanishing contributions individually.

M_._«::E::

Pt —E

(c) (d)

Figure 6.4: Feynman diagrams: (a) W§5), (b) W3(6), (c) W§7) and (d) W:,SB). These
diagrams yield zero contributions individually.
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F. Skewness in One dimension

Adding all the terms on the right hand side of equation 6.46, we observe that the
effective contribution to W5 comes from Wg(l) and W3(2), given in equations 6.45 and
6.100, yielding
3 Do\ 1

Wy = Wi + Wi = ——-[0.249917) [ =2 ) —. 6.100

2= W W = gl &) (6.100)

Hence, we calculate the skewness employing the definition given in equation 6.6

wherein we substitute the calculated values for W5 and W3 from equations 6.45 and
6.100 . Thus we obtain

W,

S = —575 = —0.044072 (6.101)
1%
2

which is independent of the model parameters (Ao vy Dy ) and the momentum cutoffs
(0, Ao)-

6.5 Discussion and Conclusion

In this Chapter, we considered the conserved stochastic growth of a surface due
to particle deposition on a flat substrate and we find the statistical properties of
the surface in the large-scale long-time limits. The corresponding dynamics is rep-
resented by the VLDS equation driven by a stochastic Gaussian white noise. We
followed an RG scheme without rescaling akin to Yakhot and Orszag!2°7:2%%],

This RG scheme differs from the conventional dynamical RG scheme of Ma and
Mazenko '™, Forster et al.[*", and Medina et al.'®® in the sense that the renor-
malized quantity are not rescaled and their flow equation are directly worked out.
Thus, we obtained the renormalized diffusivity v(r) at large r and the roughness
exponent y = 1. This is consistent with the previous RG results obtained by Lai
and Das Sarmal''1.

Subsequently, we calculate the skewness of height fluctuations of the VLDS equa-
tion. A similar scheme was employed earlier for the calculation of skewness* | and
kurtosis!'™ in the case of non-conserved interface growth governed by the (1 4 1)-
dimensional KPZ equation. The amputated parts of the connected loop diagrams,

1 2 3 4
W@ @ @

U3 etc., for the second and third moments as shown in

namely, [y, [
Figs. 1(b), 2(a), 2(b), 3(a), 3(b) etc., respectively, are renormalized by means of
scale elimination and by constructing differential equations representing how these

renormalized quantities flow with respect to the RG decimation scheme. The so-
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lutions to the differential equations immediately yield their renormalized values.
Employing this RG scheme, we directly find the renormalized expressions for these
loop integrals which are indispensable for the calculation of moments. These renor-
malized amputated parts of the loops are used in conjunction with the external legs
to numerically evaluate the integrals for the second and third moments.

Our approach consideres calculations of Wy and Wj in the large scale limit £ — 0
and consequently expects the statistical properties of the growth process at large
scales. It is to be noted that these moments are independent of the upper cutoff
Ay and functions of lower cutoff ; which may be identified with the inverse of the
substrate size L. These moments are also observed to follow the expected scaling
W,, ~ L™. The value for the skewness is immediately obtained from these calculated
values which is found to be independent of the model parameters (A, Do, 1) and
the UV and IR cutoffs (Ag, ), suggesting its universality.

It is interesting to note that we obtained the skewness value which is a negative
number. This is consistent with the numerical prediction of Das Sarma et al.? who
obtained S = —0.1 4+ 0.15 in the steady state and suggested that the skewness value
is likely to be negative, although they did not exclude a zero or slightly positive
value. The large error bar that they obtained is probably due to a dominant role of
fluctuations in their numerical model. We observe that our value of S = —0.0441
is consistent with their prediction. Moreover our calculated value asserts that the

probability distribution function is negatively skewed.
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Chapter 7

Renormalized cumulants and velocity
derivative skewness in Kolmogorov

turbulence

7.1 Introduction

The turbulent flow of an incompressible fluid governed by the Navier-Stokes (NS)
equation has long been considered as a challenging problem due to its inherent
non-linearity and complexity P%'14116:125] * Various important advances have been
made over the last decades in understanding the statistical properties of turbulence
following from the governing dynamical equation. The Navier-Stokes equation for

an incompressible turbulent fluid is expressed as

Ou,; ou,; 1 0p 0*u;
i : — __ 7.1
ot +UJaZEj paxz +V0c9xj(9xj’ ( )
with the incompressibility condition
8ui
=0 7.2

coming from the equation of continuity. Here u;(x,t) is the velocity field, p(x,t)
the pressure field, p the density, and vq is the kinematic viscosity of the fluid. The
pressure field can be expressed in terms of the velocity field using the incompress-
ibility condition du;/0x; = 0. The relative importance of the inertial convective
term w;0u;/Ox; and the viscous term vy0?u;/0z;0x; is determined by the Reynolds

number R = UL/vy, where L and U are the integral length and velocity scales,

113
TH-1587_11612105



Chapter 7. Renormalized cumulants and velocity derivative skewness in Kolmogorov
turbulence

respectively.

In three-dimensions, the turbulent energy density obeys the Kolmogorov univer-

sal scaling (neglecting intermittency correction)
E(k)=C Y3 k53 (7.3)

in the inertial range L™! < k < n~! where the turbulent energy cascades from
the largest to the smallest scales of motion %9016l Tn the above expression, C
is the universal Kolmogorov constant, ¢ the energy transfer rate (per unit mass)
which is also the mean dissipation rate, and k is the wavenumber. The Kolmogorov
microscale 7, defined as i = (1% /2)1/4, signifies the scale where dissipation becomes
important. Within the Kolmogorov phenomenology, the eddy-viscosity follows the
universal scaling

v(k) = ae/? k43, (7.4)

where « is another universal constant.

Statistical characterization of Navier-Stokes turbulence begins most often with
an equal-time n-th order structure function ®,(r) = (|Au,|") that represents the
n-th order cumulant (with respect to the probability distribution) of the velocity
difference Au, = u(x + r) — u(x) between two points separated by a displacement

52,114,117,156,157,164,173,174] " \Within the Kolmogorov’s phenomeno-

r at the same time ¢!
logical picture, the PDF in the inertial-range is universal and, as a consequence, its
statistical characterization is expected to be described in terms of universal num-

(50,114,116] "t has been observed, both experimentally '*1%! and numerically®",

bers
that the full probability distribution deviates from the normal distribution. The
increasingly non-Gaussian statistics of velocity differences towards small scales has
usually been attributed to the spatially intermittent character of the fine-scale struc-
ture in such flows. As the velocity-gradient field in high Reynolds number turbulent
flows is increasingly dominated by the velocity fluctuations towards the smaller
scales of motion, knowledge of the statistical cumulants of velocity-gradient for a

turbulent flow is important to understand the fine-scale statistics of turbulence.

In the past couple of decades, extensive experimental 151959 numerical [5%:80,142,193,198]

and theoretical [$24103,115,138,155,171,.208] inyestigations on the statistical cumulants of
velocity gradient for homogeneous and isotropic turbulent flows have been carried
out. Experimentally, the longitudinal velocity gradient du;/dx; is found to be neg-
atively skewed 1> yielding S = ((%)3>/((%)2>3/2 ~ —0.5. This was also con-
firmed via a numerical simulation with the three-dimensional Navier-Stokes equation

114
TH-1587_11612105



7.1. Introduction

(142 that led to S = —0.47 at moderate Taylor-microscale

for incompressible flow
Reynolds numbers (20 < R, < 45). Subsequently, direct numerical simulations
(DNSs) for three-dimensional homogeneous isotropic turbulence 2289193198 a]50 sug-
gested that S is independent of R, at moderate R). At Ry, =~ 150, Vincent and
Meneguzzil'%) obtained S = —0.5 in their DNS. Wang et al.['%) performed a set of
DNSs on both the freely decaying and forced stationary isotropic turbulence fields
for 21 < Ry < 195 and showed that the velocity derivative skewness S ~ —0.5 is al-
most independent of the flow Reynolds number. Performing a high resolution DNS,
GotohP® suggested that the skewness factor of the longitudinal velocity derivative
is very insensitive to R, over a range 38 < R, < 460, and its average value is
S = —0.53. In another recent DNS with 4096° grid points, Ishihara et al.% showed

that the S =~ —0.5 for R, < 200.

In theoretical investigations, namely in eddy-damped quasi-normal Markovian
(EDQNM) closure 8103115155 " mylti-fractal (MF) model 2429138 "and dynamic RG

[171,208] " the value of skewness turned out to be comparable to the above

analyses
mentioned experimental and numerical predictions. Using EDQNM closure, André
and Lesieur!® showed that the value of S increases with R, and tends to the value
S = —0.495 for large Ry. Kraichnan!'%l applied a mapping closure model on the
Navier-Stokes equation and showed that skewness of turbulent velocity derivative
is asymptotically independent of the Reynolds number. Using the EDQNM clo-
suer, Lesieur and Ossial''® investigated three-dimensional isotropic turbulence at
very high Reynolds numbers and obtained S = —0.547, independent of Reynolds
number. Qian" on the other hand found a constant value of skewness, namely
S = —0.515 for very high value of Reynolds numbers. The MF model['*¥] suggested
that the skewness increases with Reynolds number as S ~ — R, The dynamic RG
scheme of Yakhot and Orszagl®! yields S = —0.4878 in three dimensions. Smith
and Reynolds'™ made a correction in their calculation and obtained S = —0.59.

While these theoretical studies provide estimates for the velocity derivative skew-
ness comparable to the experimental estimates1>1959 and numerical predictions 22193198l
mentioned above, a few recent experiments and a high-resolution DNS suggest higher
magnitudes for skewness at high Reynolds numbers. Particularly, recent hot-wire
anemometer measurements in active-grid wind-tunnel turbulence!l yielded the ve-
locity derivative skewness over a range 149 < Ry < 729. From the measured data
for S, they obtained an Ry-dependent empirical relation S = —0.33R%% | indicating
that the value of S slowly becomes more negative with increasing Reynolds num-

Li5t

ber [the skewness value is S = —0.597 for R\ = 729 (corresponding to R ~ 3¢ =
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3.3 x 104)14]. A similar behavior was observed in a very high resolution DNS
carried out up to Ry, = 1130 where the skewness data for 200 < R, < 680 were
found to fit well with a power law S ~ —(0.32 F0.02) R} %91 They reported the
skewness value S = —0.648 + 0.003 for Ry = 680 (corresponding to R ~ 2.9 x 10%).

The dynamic RG scheme was initially used by Forster, Nelson and Stephen [*7]

for the case of Navier-Stokes fluid along with the coupled problem of the advec-

tion of a passive scalar subjected to a random driving force. They adopted the

procedure developed earlier by Ma and Mazenko '8!,

(34]

It was observed by DeDo-
minicis and Martin®* that for a particular case of randomly stirred model, Kol-
mogorov’s inertial-range scaling for the energy spectrum, E(k) ~ k=%, is realiz-
able. Yakhot and Orszag?®®! applied the dynamic RG scheme on the randomly
stirred model of DeDominicis and Martin and calculated various universal numbers
including the velocity derivative skewness associated with Kolmogorov turbulence.
Using an amplitude ratio coming from the energy transport equation, they obtained
S = ((§4)%)/{(52)*)3/? = —0.4878 which was corrected to S = —0.59 in Ref.'"].
Here we consider an alternative scheme that yields renormalized quantities relevant
for the calculation of skewness. This scheme is different from the above RG schemes
as it finds a relation between the renormalized Feynman diagrams involving the
renormalized viscosity. Recently this procedure was found to be successful in de-
termining the experimentally observed statistical characteristics in KPZ 169179 and
VLDS %8 surface growth dynamics. This scheme enables us to calculate the second-
and third-order cumulants of velocity derivative and the resulting value for skewness
is obtained as S = —0.647. This value is obtined when only the innertial range with
Kolmogorov scaling is considered. It is however important to take the dissipation
range into account in order to calculate the integrals for the second and third or-
der cumulants. Consequently, we employ Pao’s model that joins the innertial range
smoothly with the dissipation range and evaluate the integrals for the second and

third order cumulants. The resulting skewness value § turns out to be § = —0.682.

This Chapter is organized as follows. In Section II we introduce the randomly
stirred model and calculate an amplitude ratio needed later. Calculations of second-
and third-order renormalized cumulants and skewness in the Kolmogorov range are
presented in Section III. Section IV generalizes teh calculations of second and third
order cumulants and skewness to include the dissipation range. Finally, a discussion

and conclusion are given in Section V.
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A

Figure 7.1: Feynman diagram giving contribution to Y. The propagators are indicated
by solid lines and correlation by a wiggly line.

7.2 Randomly stirred dynamics

In order to calculate the velocity derivative skewness, we use Fourier transformation
of the velocity field

ui(x,t) = /ﬁ/o0 %ui(k,w)ei(k'x_“’t), (7.5)

2] J oo

along with the incompressibility condition
kiui(k,w) = 0.

Thus, the Fourier transformed Navier-Stokes equation becomes

i 0 d (%)
(—iw + vok?) u;(k,w) = fi(k, w)—%Pijl(k) / [;lT(]]d /_OO %Uj(q, Q)uy(k—q, w—1Q),
(7.6)

where Pjj(k) = k;jPy(k) + kP;j(k) with P;(k) = (6;; — kl’(l?) A random force

term f;(k,w) is introduced in Eq. (7.6) following the randomly stirred model of
34)

DeDominicis and Martin This forcing field maintains a statistically steady state

and it is assumed to have a Gaussian white-noise statistics with the correlation

(filk,w) f; (K, w)) = F (k) Pi; (k) [27]"0" (k + K')[27]0 (w + '), (7.7)
where F'(k) is modeled as
F(k) = Qk—lzo, (7.8)

with d the space dimension, Dy a constant and y is a parameter which is taken as
y = d for consistency with Kolmogorov spectrum given by Eq. 7.3. An expansion
parameter \g(= 1) is introduced in the non-linear term of Eq. (7.6).

Since the nonlinear term poses mathematical difficulty in the problem, it is cus-

tomary to treat it as a perturbation. It is in fact possible to construct renormalized
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expressions for the second and third cumulants from the perturbation theory. We
shall calculate the renormalized cumulants in the next two sections. We shall see
that the expressions for the second and third cumulants contain the amplitude ratio
a?/C. We evaluate its value using a recursive shell elimination procedure that we
shall also use latter while evaluating the second and third cumulants. The value of
v(k)k? is determined by the renormalized loop in Fig. 7.1. The bare value of the

loop is determined by the expression

O Pk~ Pl Co@PColk — ), (79)

where we use the short-hand notation / ditlg = / diq / dQ) with Gy(q) =
Go(q, Q) = [-iQ+1¢*] ! the bare propagator. We perform the integration over fre-

quency () and expand the integrand in the limit ¢ > k because we wish to eliminate
the high wavenumber band Age™ < ¢ < Ay . Consequently, we find that T is pro-
portional to k% in the large scale long time limit. The quantity v<(r) = Y<(r)/k?,

where T<(r) is the value of T after the elimination of the high wavenumber band,

o gl (8 (Gt [ o

oe™ "

is given by

This yields

(7.11)

ve(r) = Sa___AiDo (Ag_y_4 - (Aoer)d?“l)

[27]® 22 A5 TY e d—y—4

Assuming that the wave number band is eliminated in recursive steps, we find a

differential equation from the above expression, yielding

v (fcu_di;f ) (ﬂ@)ﬁfg—d(m) (712)

Using Eq. (4) and with the identifications k = Age™™ = A(r), Ao = 1, and Dy =
2m2aCe that follows from the scaling relations given by Eqs. (7.3) and (7.4), we

0~ (Girra) (=) (713

We thus obtain o?/C' = 0.050 for y = d = 3. This numerical value is consistent with
the EDQNM prediction, namely, o = 0.28 for C' = 1.61*", as indicated in Ref.[1™!,

obtain
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paaeeeina ¥ o

(a) (b)

Figure 7.2: Feynman diagrams for the second cumulant Ws. Fig.(a) and (b) correspond
to Wz(l) and I/VZ(Z)7 respectively

7.3 Evaluation of skewness in the Kolmgorov range

In this section, we shall calculate the value of velocity derivative skewness assuming
the Kolmogorov scaling given by Eq. (7.3) to be valid in the innertial range. We

shall neglect the small correction (to the —5/3 exponent) due to intermittency.

A. The Second Cumulant of Velocity Derivative

The second cumulant of the derivative of fluctuating velocity distribution is defined

v, (2utiay’y _ outeny’ -

With the assumption of homogeneity and isotropy the ensemble average (u;(x,t)) =
0, so that (Quy(x,t)/0x;) = 0. Thus we write Eq. (7.14) as

W, = <(%ﬁ)2> L <<%;’t))2> =W+ w?, (7.15)

where the second equality follows from the assumption of homogeneity and isotropy.
WQ(I) and WQ(Q) are contributions coming from O[)\éo)] and O[)\éQ)] terms of the per-
turbation series due to the elimination of velocity fluctuations belonging to the shell
Age™ < g < Ap. Figs. 7.2(a) and 7.2(b) represent the contributions WQ(U and W2(2),

respectively. The corresponding expressions are written as

as

ddﬂl% dd—&-l];,/
W — / St / g K G s (), (7.16)
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and

A 2 dd"’l/% dd+1f€/ ) , . A

2 27T] d+1 [271-] d+1

/ [d D / [d 4 ootk — P @ul =), (7.17)

27T]d+1 QW]d—&-l

The ensemble average appearing in the right-hand side of Eq. (7.17) can be

expressed as

~ A~

(Pt (k= p)us (Qua(K = @) = (tm (D) (k = 9)) (s (K — ))

+2(tm (9)us(@)) (un(k = Plus(K — ) (7.18)

from which first term does not contribute because it occurrs with the vertex factor
Py (k). Assuming that the flow field is statistically homogeneous in space and sta-
tionary in time, we can express the velocity correlation in terms of the renormalized

quantities as
(ui(k, w)u; (K, ")) = 2Do|k| Y P;j(k)|G(k, w) | [27] 6% (k 4+ K)d(w + ') (7.19)

Thus we obtain Eq. (7.16) as

wi) =2p ﬂwp (k) k2 |G(k,w)|? (7.20)
2 - 0 [27T]d+1 333 3 , W 5 .

and Eq. (7.17) as

A4+
W = / ek P () PGk ) P2 (k). (721)
The unrenormalized expression for K S}ml(k, w) is given by
dép a .
Kinalew) = 20803 [ 5 [ Sopl P @Pa@ICel (72)

representing the loop diagram without the external legs in Fig. 7.2(b).
Now we perform the integration over frequency in Eq. (7.20) and obtain

Ao Ed-y+1

Sd—l 2
= (27 ozC’s)/O dk R0

[27)4

Wil / sin@? @ cos? O[1 — cos®0)df  (7.23)
0
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where (k) is related to the renormalized viscosity v(k) as ((k) = k*v(k). Carrying

out the angular and wave vector integrations, we arrive at

1
Wi = 1—0062/3/\3/3 (7.24)

in three dimensions where we have substituted Dy = 2m2aCe. Further, Eq. (7.22)

yields
2.£%9 2 2 Ad—Qy—G — (Ane~T)d—2y—6
K(2)<l(r) = Sd (d ) )\0 2 0 ( oF ) 5ml5nsa (725)
s [27]?2d(d+2) \ ¥ d—2y—6
which leads to the differential equation
dK® (1) 8y (& —2))\2D?
mnsl\') Aoe ") 27605 16, 7.26
dr ] 2d(d + 2v3(r) ¢ ) : (7.26)
Integrating with respect to r, we obtain
S, (d* - 2) A D? R
K2 (1) = 24 020 ) (Aoe ") =2-95,,6,,.  (7.27
mnst(") = Graoa(a + 2@+ 29— ) \ Ay ) L) ’ (7.27)

Substituting y = d in three dimensions, we obtain

) TNDY

mnsl(r) . W(Aoe_r)_gdml 5n5- (728)

(k,w) by identifying Age™" with

k and a dimensionless scaling function is employed to obtain (Age™")™° as

Now we construct k£ and w dependences of Kfj}ml

K2 (k)| Gk, w) 2 (7.29)

which has the desired limit £7° in the limit of w — 0. Thus, Eq. (7.28) can be

expressed as
2 2
K2 J(k,w) = 77;555 K2 ()| G (k, @) *mi6ns. (7.30)

Substituting Eq. (7.30) in Eq. (7.21) and performing frequency and angular integra-

tions, we obtain

7 (02e2/3 Mo
A / 1/34q. 7.31
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(a) (b) (c)

el T =0

(d) (e)

Figure 7.3: Feynman diagrams for the third cumulant W3. Fig. (a), (b), (d), and (e)

correspond to non-zero contributions, namely, W?El), ?52), ?53), and W?E4), respectively.

Fig. (c) gives vanishing contribution.

in three dimensions. This yields

7

_ 2/3 A 4/3
5000(02/C) Ce™°A, (7.32)

Wy
. Thus, adding the contributions Wz(l) and WQ(Q) from Egs. (7.24) and (7.32), we

obtain the second cumulant of velocity derivative as

Wy = ! } 952/3A;§/3. (7.33)

{1 T 500(a2/0) | 10

B. The Third Cumulant of Velocity Derivative

L \3
The third cumulant of the velocity derivative W5 = ((g—gi) ) can be expressed as

dus\°

W = <(6—;) > =Wy + Wi+ Wy wyY, (7.34)
3

where ngl), W3(2), Wg(?’), and W3(4) are [O(A3)] with non-zero contributions coming

from the perturbation series. The corresponding Feynman diagrams are shown in

Fig. 7.3 including the one that gives vanishing contribution to W3. Figs.7.3 (a),

7.3(b), 7.3(d), and 7.3(e) correspond to ngl), Wf), Wg(?’), and W§4), respectively.
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The other diagram, namely, 7.3(c) gives vanishing contribution in the large scale
limit. Here, we evaluate separately the contributions coming from Wél), WéQ), W3(3),
and W?f4). We shall see that Figs. 7.3(d) and 7.3(e), corresponding to Wg(g) and W?f4),
yield logarithmic contributions of opposite signs and equal magnitude and thus they
cancel each other out. Consequently, the contribution to W3 comes only from the

two diagrams, namely, Figs. 7.3(a) and 7.3(b).

Calculation of W3(1)
The integral expression for Wg(l) in the Fourier space is given by

~ A ~

(1) : dtk A ! ’ / 7
W3 = —Z/ [QW]CH-l / [27T]d+1 k’g k?g(—kg - ]{73) <U3(k>U3<k3 )Ug(—k? —k )), (735)

the corresponding Feynman diagram is displayed in Fig. 7.3(a). The three-point
velocity correlation appearing here can be expressed in terms of the renormalized

quantities as

(s (s (R )us(R")) = Pamn (k) Paij (&) Pogi(<k = K) L), (K, &)
G(R)G(R)G(—k — k)(2m) "1 5 (ke + K + k"), (7.36)
where ngl.l)mm represents the renormalized amputated part of the loop diagram. Sub-

stituting Eq. (7.36) in Eq. (7.35), we obtain

d%d, dK'dw’
Wi = i [ St | Db KT = ) Pa () Pay () Pra(—k ~ )

[QW]d-&-l [QW]d—H
G(k,w) GK, o)L 0k w, K W) G~k — K, —w — ). (7.37)
The bare value of ngl.l)mns(k, w, k' ') is given by
. 3 d+1 7 d+1 5/ d+1 A
(1) Iy —1Ag d*q dq dQ A 2 >
Lt k) =5 (50 [ ot [k [ GGl Gali-i)Gu(@)

Go(k'=¢')Go(Q)Go(—k—K=Q){ fm(@) f; (W' =) { fn (k=) F-(@))fi(¢) i =k—=F—=Q)).
(7.38)
Using the expression for noise correlation as given by Eq. (7.7), we evaluate
the above integral employing the delta functions. The internal wave vector q is

assumed to be much greater in magnitude than external wave vectors. Consequently
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we obtain

L =800 [ 525 [ G5 P Pu(@)Pu(@)[Gola, DFlal . (739

Performing frequency convolution, we obtain

3i\3D3 ddq o
Ll =200 / Poi(q) Pos(q) Pa(q) |g| =10 (7.40)

ijlmns 9 y05 [27.(.]0!

Eliminating the high wave number band Age™ < g < Ay, we obtain

Sy 3iN3D3 .
Lz(;l);ns(r> — [275]51 #goﬂjlmnS(d)/A ., qd K 11d(]7 (741)
where we define
Ejlmns(d> F— [fl (d)émj(;nsézl + f2<d) (5m36nj6il + 5mj6is(snl + 6im6n35jl)

_fS(d)((sml(sinéjs + 5ms(5in5jl + 6im6nl6js + 6ml5is(5nj)] (742)

with

3 3 1 ! X
MO =1=0% Tave ~ darary U= q@ry  d@r oy

1
(d+2)(d+4)

We consider the iterative nature of the shell elimination scheme in thin shells in
(1)

f3(d) = y (7.43)

the wave vector space and obtain the flow of L (r) in the form of a differential

ijlmns
equation
dL) S, 3iN3D3
ijlmns o0 v d—3u—10 (1)
57” ~[27)d 205(r) AT ) B (d)- (7.44)

Solving this equation in the asymptotic limit of large r, we obtain for y = d

7o

ijlmns(r) = 27]7 2(2d + 10/3) (7.45)

Si 3iNDi ([ NDy\ A~%5(r) PO )
VQ(T’) ijlmns

s €

To find the wave vector and frequency dependence, we identify Age™ with k£ and a

dimensionless scaling function is employed to obtain (Age™")=47%/3) as

K082 () G(R) P, (7.46)
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yielding the renormalized amputated loop diagram in Fig. (2a) as

Sq 3i(2m2aCe)?

sl 0. K ) = s (A9 GG
(7.47)
Substituting Eq. (7.47) in Eq. (7.37) and carrying out the frequency integrations,
we obtain
an _ Sy 3(2W2a05)3 / dk: /ddk"k (e Y
Ws' = 27)4 20 £1/3(2d +10/3) ) [2n)¢ ) [2m)d (ks + K3)
[Pan (K) Py (K) Pag(=k — K')] k=3 |- @B Rk K), (7.48)
where N K)
R(k, k') = D(k:k’) (7.49)
with

N(k,X') = 3[¢*(k) + ¢*(K)] + 4¢ ([ + K[ (k) + C(K)] + ¢*(k + K'[) + 14¢ (k)¢ (K),

(7.50)
and
D(k,k') =16 ¢*(k) ¢*(K) [C(k) + C(K) + ¢(k + K'|)])*. (7.51)
R (k,K) = (ae'®)°R(k, k) (7.52)
For d = 3, tensorial contraction leads to
/ / 34 / /
F s (@) [P (K) Py (K') Py (K 4 K)] = Tor, s (K) Pye(k) Poat (k + K], (7.53)
yielding
S 17X(2720Ce) [ No2m2C\°
(1) _ _»d 0 0 I (A 4
Ws [27]4 35[27]24(2d + 10/3) ( a? ) 1(Ao); (7.54)
with
Ao Ao T s 27 21
I (o) :/ dk/ dk:’/ sinede/ sine’de'/ d¢>/ dé' M(k,K,0,0', 6,4,
0 0 0 0 0 0
(7.55)
where
Mk, K.0,0 ¢.¢)=—R(kK) k3 431k X,0,0,¢,¢), (7.56)
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with
J(k,K',0,0',¢,¢") = ksky(—ks — k3)[P3js(k) Psji(k') Psg (—k — K')]. (7.57)

The expression for J(k,k',0,0' ¢,¢') is given in the appendix. Scaling the wave
numbers with respect to Ay and performing the integration numerically in Eq. (7.55)

for large ultra-violet limits, we obtain

¢ = lim [11(Ag)/A3] = 0.553. (7.58)

0—00

We thus obtain
a 5161 € 03/2/\3

5 15680m2 (a2/C)3/2°

(7.59)

Calculation of ng

Contribution to Wéz) comes from the Feynman diagram shown in Fig. 7.3(b). The

integral expression is written as

3 d+17, d+17.s dell 75
(2) _ /\O d™k dk Ak 1o A " / "
i (?> / [2m]¢+! / [27]d+1 [2ﬂd+1k3 ky ks G(K)G(K") Py (K') Py (k")

dd+1@ dd+1d dd—H(j R . A Y A . -
[ s [ s | eGPl @R i~ D)

The velocity correlation appearing in Eq. (7.60) is expressed as

~ ~

(s (k) (@)t (K =) (k"= Q)tua (§)un(Q—G)) = 24(2D0)? (2)> WV (k- K/ ") Proa(q)

Poy(K' — @) Py (0)|G(@)]*|G(K = )P|G(R) a] K — a] |k| ™, (7.61)

giving

@) , ddﬂj€ dd+1ﬁ
W3™ = 24(A\g Do) 2]t ksps(ks + p3) Payn (P) Psij(k 4 p)

2]+ [ [27]
Piao(=p)] Py () [k V(|G (D) *| G (k) PG (= — p) Lin) (9, ), (7.62)
126

TH-1587_11612105



7.3. Evaluation of skewness in the Kolmgorov range

where L®

mnab(

,2) comes from the amputated part of the loop diagram in Fig. 7.3(b).
The bare value of ijzmb(p, 1) is given by

d? ds?
L? (p,Q) = / 1 / 716 Q) ?|G(p—q, w—)[* Pra(q) Py (p—a)|a| Y |p—a| .

2]
(7.63)
Performing frequency integration, we obtain
d—12 (d—12)
< ()= 2 L 5o (g [A = e 1) } (7.64)
mmnab [27T]d 41/3 mnab d—12
where
2 5ma6n + 6mb6na Re 6mn5ab
F2(d) = | Gmadup — =Omadn ’ \ 7.65
mnab( ) b d b+ d(d—|—2) ( )

Using a similar procedure as in Sec. B., we obtain renormalized amputated loop as

@) _ Sa 1 s
Lmnab(r) _ [27_(_](1 20a3€anab<d)A (T) (766>

For wave vector and frequency dependences, we identify (Age™)™° as

p ' v(p)?1Gp, )P, (7.67)
so that we write

(2)
(2) _ Sd anab(d) —11/3 2
Lmnab( ) - [27T]d 20 0(81/3 p / |G(p, Q)‘ . (768)

Substituting this expression in Eq. (7.69), we obtain

(2) d+-17, d+1 4
2 6 Sy (27r aC’g)?’me (d) Ak d“p
WSS aon ) e ) et e B )R cp)

Py (—P) Py (0K [p| |G (B)PIG(R) PG (—k - p)IG () (7.69)

We carry out the frequency integrations in Eq. (7.69) and obtain

56 Bk [ Pp
Wy = %”4“20358/3/ [27]3/ g Rk P b T e p. 1,02, 61, 6).
(7.70)
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in d = 3 where

C(k) +2¢(p) + ¢(|k + pl)

Ry(k,p) = 7.71
200P) = SR EICH) + <) + ke + )P i

coming from frequency integrations and
T(k,p,0,0",¢,¢") = 2(psp; — 63:p”) Psi;(k 4 p) P3j(k), (7.72)

The expression for T'(k, p, 0,60, ¢,¢’) is given in the Appendix. Eq. (7.70) is ex-

pressed as
2) 7 9 03/2
Ws™ = 00m2 (a2/C)3/2 2(Ao) (7.73)
where
Ao Ao lis s 2 2
I,(Ag) = / dk:/ dp/ sin@d@/ sin 0’ d@'/ dqb/ d¢' Ry (k, p)
0 0 0 0 0 0
kp P T(k, p, 0,0, ¢, ¢). (7.74)
with
Ri(k,p) = ="/ Ry (k, p) (7.75)
We carry out the integrations in Eq. (7.74) numerically for large ultra-violet limits
and obtain
co = lim [Ir(Ag)/A3] = —0.166. (7.76)
AOA)OO
Thus, we obtain
7 03/2
A — A2 (7.77)

" 20072 (a2/C)3/2

Calculation of W3(3)

The contribution Wég) comes from the one-loop Feynman diagram shown in Fig.

7.3(d). The corresponding integral expression can be written as

Ao\ ® A1 PRy A
Wi =48 (—) 200 [ [ [ ol E)IG(— ) Pay (k)

2 2ﬂd+1 [27-[-:|d+1
|G (k) |G (k) PP[Pay (K') P ()] || Y| K[V L) (K7) (7.78)
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(3)

where the amputated part Libnj(k?’) is given by

R dd—i—lA . . . ,
L) (k') = 2Dy / W—di|q+k|yG<q>G<q—kf>|G<q+k>!2[aab<q—k ) P (@) Py (q1K)-

(7.79)
Assuming the internal wave number ¢ to be much greater than external wave num-

bers k and £/, we obtain

d*™'g GDAnTj 2 ) o (ef o (2]
L) .(0,0) IQDO/[ZW]—(IH[%%%— Z LG Q|G (@) gl (7.80)

Carrying out the angular and frequency integrations, we have

(7.81)

Sq D (5zb6n i+ 5zn5b ) Ao —
L®<(y — . 24 0 J J / daa>
ibnj (T) [27_(_](1 4ng(d + 2) Aot qq

Now, following the same procedure as in Sec. B., we obtain

S Do(8is0nj -+ 0ind;)
LOS(p)y = — 24 0 ’ I, .82
ins ") = ~oti  goied@s D) (7.82)

Considering Age™" = K/, that is r = In(22), Eq. (7.82) yields

ibnj = 27] 4o d(d + 2) k!

Thus, substituting Eq. (7.83) in Eq. (7.78), we obtain

Ws™ = d(d+2) [27r]d( m0e’”) [2r]d+L | [2m)d [ksks (ks +k3)]G(—k—kK) Py (k+k)
|G ()G () P[Paa (K ) P ()] k| ™[] 7 In (Ao/K'). (7.84)

Calculation of W§4)

The contribution W3(4) comes from the one-loop Feynman diagram shown in Fig.

7.3(e). The corresponding integral expression is written as

A\ A1 A1 R
Wi =24 (—) (2D,)? / [ / [kl (—ks—k5)|G(—k—k') Pyij (—k—K)

2 27)4+1 | [2r]d
(G () PG (k) [* [Py () Pan (K] K| ¥ [K| Y LS, (B, &) (7.85)
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where the amputated part of the loop diagram in Fig. 7.3(b) is given by

A dd—l—l R A R o
0,08 = 20 [ 45 QUG- Q)G+ QP Py KK - Q) Pus(@ P+ Q).
(7.86)
Now we consider the external wave numbers k and £’ to be much smaller compared

to the internal wave number (). This yields

d+1 A A
18, = 200 [ 4 L GG QUG P - QP @P(@. (787

Performing the angular and frequency integrations in the above expression, we ob-
tain
Sa Do(0it0nj + indt;)

Liyy (r) = 2] 2d(d+2)i8

ibnj

Ao
/A - dQlQl (7.88)

Following the similar procedure as in Sec. B., we obtain

(4)<( ) . Sd Do(dlnébj)

dng A 2w)d d(d + 2)ad € (7.89)

This yields

L(4) . Sd 271'20

i = 27]d d(d + 2)a? In (Ao/K") 0in 0, (7.90)

Substituting the expression for L' (k") in Eq. (7.85), we obtain

ibnj

@) _ —12 S 201:2/3 3/ dd+1i€ / v g / ~il I (k4K
W' = dar o O | gt | e (ko (st )G (=) P (et i)

|G (&) PG () P[Pai(k) Py ()] [ke| K7 I (Ao/K). (7.91)

which is a logarithmic contribution to the third cumulant of the velocity derivative.
Thus, we see the logarithmic contributions Wg(?’) and Wg(4), given by Egs. (7.84) and

(7.91), respectively cancel each other out.

C. Innertial range skewness

Adding the two contributions, namely, W?fl) and W3E2) from Eqs. (7.59) and (7.77),

we obtain the third cumulant for the fluctuating velocity derivative as

1 (5le;  Tep eC3%
Wy = A2 7.92
57 40m2 (392 * ) (a2/C)3/20 (7.92)
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Using the obtained expressions for W5 and W3 from Egs. (7.101) and (7.92), we

obtain the expression for the velocity derivative skewness as

s W VIO (GG + %) ! (7.93)
W3R (Lt gy PP (@O

Using ¢; = 0.553, ¢; = —0.166 and o?/C = 0.050 from Eqs. (7.58), (7.76), and
(7.13), respectively, we obtain
S = —0.647. (7.94)

Recent DNS and experimental values as displayed in Table 1 of this Chapter,
where various theoretical, experimental and numerical predictions for skewness are

also displayed for comparison.

Table 7.1: Various experimental, numerical, and theoretical estimates for the velocity
derivative skewness in three-dimensional homogeneous isotropic turbulence. The value
shown against Ref.[!] is evaluated from their predicted scaling law. The number of signif-
icant digits displayed are according to the availability from the sources.

Method Ry Ref. Skewness
Rotating disk 200 to 700 U9 20.5
Hot-wire 149 to 729 [ —0.518 to —0.597
Hot-wires 11 to 47 (19] —0.5 (£5%)
Numerical 20 to 45 (142] —0.47
Numerical 28.9 to 82.9 [0 —0.505 £ 0.005
DNS 150 [1og] —0.5
DNS 21 to 195 e —0.5
DNS 38 to 460 (55] ~0.53
DNS 680 (80] —0.648 £ 0.003
EDQNM asymptotic 8] —0.495
EDQNM asymptotic ~ [119] —0.547
RG asymptotic  [208] —0.4878
RG asymptotic 171 —0.59
MSCE asymptotic 184 —0.65
MLRA asymptotic 89 —0.66
LDIA asymptotic 192 —0.66
Present scheme (excluding dissipation) asymptotic — Eq. (7.93)  —0.647
Present scheme (with dissipation) asymptotic  Eq. (7.107) —0.682
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7.4 Evaluation of skewness including the dissipation

range

It is well known that following the inertial range there occurs a dissipation range
where dissipative effects due to the viscosity are dominant. It would be interesting
to obtain the skewness value taking the dissipative effects into account. However,
it may be noted that there exists no standard theory for the dissipation range and
the renormalization schemes including the clouser approximations have not been
able to address the behavior of this range. Consequently, such schemes so far have
calculated only inertial range quantities where power like spectra exist. There has
been a lot of studies in the structure of fine scales turbulence within the inertial
range. The corresponding statistical characterization is important in the sense that
Kolmogrov 1941 theory of universal range would predict a skewness independent of
the Reynolds number.

Despite the above fact, we expect that a renormalized theory can be extended
to include the dissipation range, an example being the EDQNM formulation. Since
our formulation is based on renormalized quantities, we expect a similar kind of
extension to be valid.

The energy spectrum E(k) including the dissipative effects has been modeled in

different ways in the literature. Here we take the model of Pao*¢! namely,
BE(k) = Ce2/3k 53¢~ BUhm* (7.95)

where = 2.400 for C' = 1.600 and 7 is the kolmogorov dissipation length scale
defined as n = (13 /e) /417,
In this section we shall denote the second and third cumulants as W, and Ws

that include the contributions due to the dissipation range.

A. Evaluation of W,

We generalize the expression for WQ(D as

S 21020 2/3 0 T

Wz(l) = %/ dk kl/se_ﬁ(k”)m/ df cos® O[1 — cos? 0] sinf  (7.96)
(2] 0 0

that incorporates the dissipation range as the energy spectrum due to Pao, namely,

Eq. (7.95), has been employed. The ultra-violet limit has been extended to infinity

to include all dissipative effects occurring in the small scales of motions.
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We make the change of variable as 3%*kn = s and obtain

1 2a 082/3

where

a :/ ds s'/3e"" (7.98)
0

We make a similar generalization of the expression for Wg(z) to incorporate Pao’s

model and obtain

' 0262/3 * 4/3
W = — / dk k3e=B0n) (7.99)
22250 a2 |,

Using the same change of variables, it can be written as

(2) Ta 082/3
— 7.100
de 2250(a2/C) Bn*/3 (7.100)
so that oy
W@ = 22 (4 - - 7.101
Ay 15( +300<a2/0>) By (7.101)

B. Evaluation of W5

Here we generalize the expression for Wél) to include the dissipation range so that

a1 51 by e (3/2
Ws' = 1568072 (a2 /C)3/2 [33/2p2 (7.102)
with
e > T 4 2m 21
by = / ds/ ds'/ sin QdQ/ sin G’de’/ d¢/ ¢’
0 0 0 0 0 0
M<S> SI? 97 9/7 ¢7 ¢/) 67354/3/46738“1/3/4 (7103)

where s = 3/%kn and s = %/*k'n.
In a similar way as above, we generalize the expression for W3(2) to include the

dissipative effects as

_Th 1 eCos
20072 (&2/0)3/2 63/2772'

W = (7.104)
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where

0 0 i T 27 27
by :/ ds/ ds’/ sinQdé’/ sin @’ d&’/ dqb/ dd' Ry(s,s') sV §—11/3
0 0 0 0 0 0

T(S7 Slu 017 927 ¢17 ¢2)6_(3/4) s1/3 6_(3/4)8/4/3 (7105)

The contributions from Wé?’) and W§4) are irrelevant because they cancel each

other out in this case also.

C. Evaluation of Skewness

We obtain the total contribution to W5 as

1 (51b,  Thy 1 B2
Wi = Wi + Wi = = . 7.106
= W W 4072 \ 392 + 5 ) (a2/C)3/2 33/22 ( )
The resulting expression for skewness, from Eqs 7.101 and 7.106, turns out to be
W, 3v15 5Lby 4 Tby 1
S— 3 _ V15 ( 392 5 ) (7.107)

3/2 162 a3/272 {1 + W}?)/z (a2/C)3/2

We observe that the skewness value S depends on the parameters a, by, by and o?/C'.
Evaluating numerically the constants a, b; and b, from the integrals given by Egs.
7.98, 7.103 and 7.105, we obtain a = 0.750, b; = 0.928 and by = —0.207. Using

them in the above expressions for S we obtain
S = —0.682 (7.108)

It is interesting to observe that the skewness value does not change drastically from
the inertial range value when the dissipation range is included. In fact the magnitude

of skewness acquires a slightly higher value than the innertial range value.

7.5 Discussion and Conclusion

In this Chapter, we obtained renormalized expressions for the second- and third-
order cumulants of velocity derivative by applying a renormalized perturbative
scheme on the Navier-Stokes equation for an incompressible isotropic turbulent
velocity field. This scheme of calculation finds out the renormalized quantities

directly from various loop diagrams for the second and third order cumulants of
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velocity derivative. This type of scheme has previously been used for the calculation
of statistical cumulants in Kardar-Parisi-Zhang (KPZ)16%17 and Villain-Lai-Das
Sarmal'®! surface growth dynamics. Employing diagrammatic approach, we have
seen that there are two contributing Feynman diagrams [Fig. 7.2] at one-loop order
for the second cumulant W5. We evaluated the amputated part of the loop-diagram
appearing in Fig. 7.2(b) as given by Eq. (7.101). In total, there are five Feynman
diagrams for the third cumulant W3 as shown in Fig. 7.3. Calculating each of the
diagrams, we have seen that one diagram, namely, Figs. 7.3(c), gives vanishing con-
tribution. Further, Figs. 7.3(d) and 7.3(e), corresponding to W3E3) and W3(4), yield
logarithmic contributions with opposite signs and they cancel each other out. The
remaining two diagrams, namely, Figs. 7.3(a) and 7.3(b), finally leads to a negative
value of W3 as given by Eq. (7.92). This result, combined with the result for W,
given by Eq. (7.101), yields the expression for velocity derivative skewness given by
Eq. 7.93 when only the innertial range, namely, the energy spectrum given by Eq.
(7.3) is employed and the dissipation range is neglected. We see that the resulting
expression for skewness depends on three constants ¢;, ¢; and o?/C. We numeri-
cally evaluated the integral expressions determining c; and ¢y yielding ¢; = 0.553
and ¢, = —0.166. The value of amplitude ratio a®/C is determined employing the
same procedure to obtain the a?/C = 0.050.The skewness value S is calculated

using these values to yield S = —0.647.

It is however important to take the dissipation range into account in order to
calculate the integrals for the second and third cumulants, W5 and W3. To do so,
we employed Pao’s model with the energy spectrum given by Eq. 7.95 that joins the
innertial range smoothly with the dissipation range. We repeated the calculations
and obtained the expression for the corresponding skewness value S as given by Eq.
7.107. This expression for S depends on the constants a , by, by and o?/C. We
evaluated the the integral expressions determining a, b; and by yielding a = 0.750,
by = 0.928 and by = —0.207. The skewness value turns out to be § = —0.682.
We observe that this value is somewhat close to the innertial range skewness value
giving us the impression that inclusion or exclusion of the dissipation range does

not affect the skewness value drastically.

There have been various other theoretical attempts for the calculation of velocity
derivative skewness. Andre and Leisure!® employed the EDQNM formulation of ho-
mogeneous isotropic turbulence and obtained. S = —0.495 at a very high Reynolds
number, namely, R = 5.24 x 10°. In another work, Leisure and Ossial''® obtained
S = —0.547 at high Reynolds numbers from the EDQNM appro imation. Yakhot
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and Orszag!?*® obtained S = —0.4878 through a dynamic RG calculation using the
randomly stirred Navier-Stokes dynamics. However, Smith and Reynolds!'™
rected this value to S = —0.59. Tatsumi et al.['®¥, through a MSCE scheme, showed

that the magnitude of skewness increases with R, and saturates to S = —0.65 at

COor-

very high Reynolds numbers. With a different choice for the initial energy spectrum,

they obtain a slightly different value, namely, S = —0.67. Kaneda!s"

, employing
the Markovianized Lagrangian renormalized approximation (MLRA) for freely de-
caying homogeneous isotropic turbulence, obtained S = —0.66. Kida and Gotol®?
applied Lagrangian direct interaction approximation for stationary turbulence and
obtained S = —0.66, in agreement with that of the decaying turbulence. As shown
in Table 1 of this Chapter, our present theoretical skewness values are in the vicinity
of the other theoretical estimates coming from MSCE!4 and the closure theories,

namely, LRA® and LDIA 92,

In Table 7.1 of this Chapter, we have also displayed the values of the velocity
derivative skewness obtained via a number of experiments and DNSs over a range
of Ry, in addition to the above theoretical estimates. Belin["® performed hot wire
measurements on the flow of low temperature helium gas between counter rotating
disks. Their experimental data indicated S' &= —0.5 in the range 200 < R, < 700. On
the other hand, Gylfason et al.l!l obtained an empirical relation S = —0.33R):" in
the range 149 < R, < 729 by performing hot wire measurements on active grid wind-
tunnel turbulence. For the maximum value of R, in their experiment, S = —0.597
is obtained. Burattini et al.'”! carried out measurements with single and crossed
wire configurations on grid and box turbulence in the range 11 < Ry < 47 and
found a constant value, namely, S = —0.5 with an uncertainty of +5%, that let
them to support the validity of Kolmogorov 1941 theory. Orszag and Patterson 142
performed a numerical simulation of homogeneous isotropic turbulence based on the
NS equation. They found that the time evolution of S was independent of the initial
value of Ry in the range 20 < R, < 45. They reported that the small scale structure
of turbulence is Reynolds number independent even at moderate values. Kerr®
considered a DNS with 128 grid points up to Ry = 82.9 for forced steady state
turbulence and found S = —0.505 4 0.005 that does not increase with Reynolds
number over the range 28.9 < R, < 82.9. Vincent and Maniguzzi performed a
DNS with resolution of 240% to obtain a homogeneous isotropic turbulence field
for Ry =~ 150. They found the probability distribution function for the velocity
derivative to be close to, but not quite, exponential. Similar to Kerr’s/®” result,

they also found S = —0.5 and thus they indicated that the skewness is independent
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of Reynolds number. Wang et al.['®l performed a DNS at a resolution of 5123 grid
points and considered cases such as freely decaying, stationary turbulence forced
at large scales. Their simulation in the range 21 < R, < 195 indicated a skewness
value S' ~ —0.5 which was almost independent of the Reynolds number in agreement
with Kerr’s result. Gotoh et al.’® performed a DNS up to 1024% grid points for
homogeneous steady turbulence and found the average value S = —0.53 in the range
38 < Ry < 460. They also reported the scaling S oc R3%™ via least square fit of the
DNS data. Ishihara et al.*® performed a high resolution DNS (4096° grid points)
and obtained S = —0.648 4+ 0.003 for R, = 680. Their DNS suggested an empirical
relation S ~ —(0.32 F 0.02) RYM%% "via a least square fit of the DNS data in the
range 200 < R, < 680, whereas their DNS up to R), = 1130 was consistent with

Gylfason’s! scaling relation.

We thus see that some of the experimental and numerical studies suggest that
the skewness value is a constant with respect to the Reynolds number while others
support that the skewness is a mildly growing function of Reynolds number follow-
ing a scaling relation over a range of Reynolds numbers. We would like to note that
we have calculated the second and third order velocity derivatives, and hence the
skewness, assuming the Kolmogorov phenomenology and Pao’s modification for in-
clusion of the dissipation range to be valid. These phenomenological considerations
are in fact valid for infinitely large Reynolds numbers leading us to state that our

calculations for skewness correspond to infinite Reynolds number.

Since our theoretical estimates are in the limit of infinite Reynolds number,
it is difficult to compare them with the experimental and numerical results that
are usually obtained for finite (although high) Reynolds numbers. As discussed
above, experimental and numerical estimates for skewness have been expressed in
the form S = —o R} (with o and § positive). This empirical relation is usually
valid for a (finite) range of high R, values beyond which its validity is unknown.
However, this scaling law, if assume to be extended to Reynolds numbers higher
than those considered in the experiments and numerical simulations, the skewness
would grow indefinitely (although slowly) with increasing Reynolds numbers. This
situation appears to be quite unlikely as the skewness can not be infinitely large™4.
Our theoretical estimates, on the other hand, indicate that the skewness is a finite

184] showed

quantity in the limit of infinite Reynolds number. In fact, Tatsumi et al.l
through the MSCE method that the skewness value saturates to a constant value
as the Reynolds number increases boundlessly. Our calculated skewness values S =

—0.647 and S = —0.682 compares well with Tatsumi’s asymptotic value —0.65 for

137
TH-1587_11612105



Chapter 7. Renormalized cumulants and velocity derivative skewness in Kolmogorov
turbulence

infinitely large Reynolds number. It can be guessed that beyond the scaling regime
(S ~ RY) observed in experiments and numerical simulations, the skewness ought

to saturate to a constant value.

Appendix

A. Expression for J(ky, ko, 01,05, ¢1,09)

The expression given by Eq. (7.57) can be simplified by using the spherical polar
coordinate where ki3 = k1 x = k1 cos by, kag = koy = kocosOy and ky -ky = k1 ko 2 =
k1 ko [sin 6 sin 05 cos(¢p1 — ¢o) + cos 01 cos Bs]. Thus, we obtain

(k1 + koy)? ]

J(kl,k2,01,927¢1,¢2) =5 2|]€1|3|k2|3 |:p1(l',y, Z) +p2($7yaz) /{7% + k’% I 2]{71]{722

(k1 + koy)?

(k1z + koy)?
]{?% —|— I{Zg + 2k1k22’ i

k2] {al<x,y,z> T

ks ? [n@:,y, 2) e, 2) (7109)

where
pi(x,y, 2) = x(y’ —y° =y 2%) + 202 (P2 — y'z) + 2° (4727 +y — y2?) — 22%yP 2 — 2Py,
pa(x,y, 2) = wy [22(1+42°) + Y7 (1 + 42%) — 2° = 1 — dayz(1 + 2%)]
o1(z,y,2) = x(y’z — 2y°z) + 2*(y* — y*2% + 2y"2%) — 2y,
oa(z,y, 2) = zy [22°2 + 2(2y° — 1) — z(y + 2y27)]
m(z,y,2) = 2*(y° + y*2% — ) + 2yz + 22727,

(@Y, 2) = ay [20%2 + 22" — 1) — a(y + 2y27)]

B. Expression for T'(k,p, 01,05, ¢1, ps)

The expression given by Eq. (7.72) can be expressed using spherical polar coordinate

as
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T(kap7 917 627 d)l? ¢2) = Qkp5p3(x7 Y, Z) + 2k2p403($7 Y, Z) + 2]€3p37'3(l', Y, Z)

(px + ky)?

—4]{72 4
Pz + p? + 2kpz

£(x,y,2), (7.110)

where

ps(x,y,2) = (*y*z — 2%y — 2'y?z + 2%),
os(r,y,z) = (xy3z + 2%yt — 227y + 2Pyz — 23yt + x4y2),
(Y, 2) = (27’2 — 2*y'z — ay’ + ),

E(z,y,2) = ay [x2z + 9%z — zy(1 + 22)]
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Chapter 8

Summary and Conclusions

The main focus of the thesis has been theoretical studies of statistical properties of
a few non-equilibrium stochastic processes, such as surface growth and fluid turbu-
lence. We study the surface growth processes via the most paradigmatic equations,
namely, KPZ and VLDS equations. Further, it is well known that turbulent fluid
flow is governed by the Navier-Stokes equation. In this Chapter, a general conclusion
and scope of the thesis is presented.

The universality class of a dynamical stochastic system is an important statistical
property. In the earlier studies on surface growth, the universality class was usually
determined via the scaling exponents. In the last two decades, it has been realized
that despite the same scaling exponents, the distribution functions can be entirely
different due to different initial conditions corresponding to different sub-universality
classes. Thus, the distribution function contains more statistical information about
the system than the scaling exponents. Because of these facts, the full information
about the PDF enables one to classify many similar problems into varying univer-
sality classes. However, an analytical calculation of the full PDF is an extremely
difficult task, whereas the calculation of higher order moments such as the skew-
ness, kurtosis, and hyper-skewness are a more viable approach to economize on the
amount of calculation.

This thesis work develops a perturbative renormalization scheme to study the
higher-order cumulants of PDF and to validate the scheme by comparing the out-
come with the existing numerical, experimental and other theoretical estimations.
In the literature, so far, we have not seen any consistent method which finds the
higher order cumulants of PDF for various non-linear systems. This motivated us

to carry out this thesis work.

In Chapter-2, 3, and 4, we followed Yakhot-Orszag’s renormalization approach
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and obtained the renormalized surface tension and noise amplitude for one-dimensional
KPZ equation. This scheme is slightly different from the usual perturbative renor-
malization group analysis. Similar to the other calculations, the renormalized surface
tension and the strength of the noise correlation are found to be renormalized in the
same way so that D(r)/v(r) is r-independent, a consequence of fluctuation- dissipa-
tion theorem for the case of (1 + 1) dimensional KPZ equation. At the asymptotic
limit of scale parameter r, we obtained v(k) and D(k) by identifying Age™ = k
and thereby from the expressions for v(r) and D(r), scaling exponents are obtained.
Our obtained scaling exponents for one dimensional KPZ system agree with the
one-loop RG results. Moreover, we have developed a perturbative renormalization
scheme in order to obtain numerical values of normalized third order cumulant (in
Chapter-2), normalized fourth order cumulant (in Chapter-3) and normalized fifth
order cumulant (in Chapter-4) where the calculation for second cumulant is common
to all.

We obtain a value of skewness S = 0.3237 for the flat geometry in the stationary
state in (1 + 1) dimensions. In the recent seminal paper on PNG model of Préhofer
and Spohn, the estimated skewness value is S = 0.35941[%3, The experiment of
slow combustion fronts of a paper sheet yielded the skewness value S = 0.32 for

1291 The investigation!'®® of the

flat initial conditions in the saturation regime!
stationary state skewness for the SSM model with random uncorrelated spins led to

estimate |S| ~ 0.33.

Our obtained kurtosis value is @ = 0.1523 at one loop renormalization scheme
in one dimension. The recent studies!'®® of PNG model yields different kurtosis
values for different initial conditions, namely, @) = 0.0934 for curved, ) = 0.1652
for flat, and @) = 0.289 for stationary initial conditions. In the subsequent studies,
the DPRM with different configurations such as point-to-point, point-to-line, and
stationary cases, by Halpin-Healy and Lin[%!, leading to GUE-TW, GOE-TW and
Baik-Rains F{ distributions, respectively. They have estimated the stationary state
kurtosis value to be () = 0.278. They have also studied the distributions of depo-
sition models (BD, SSM, and RSOS) that strongly agree with DPRM/SHE results
and they turn out to be the Baik-Rains distribution.

Although there have been many studies on the lower order normalised moments
such as skewness and kurtosis for one-dimensional KPZ equation in the steady state,
the study of hyperskewness remains a rarity. However, there have been studies based
on numerical models that focus on the probability distribution function belonging

to the KPZ universality class and the distributions have been shown to be identical
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with the Baik-Rains distribution with zero mean in the steady state. From Fredholm
determinant representation as well as from the numerical data via the solution of
the Painlevé-II, the value for hyperskewness is 0.3092. This value which come from
Baik-Rains distribution, is distinctly higher than our calculated value S = 0.0835.
There are a few reasons due to which our approach underestimate the result. First,
the perturbative RG calculation is carried out only at one-loop order. The dynam-
ics is governed by a white noise following a Gaussian distribution and it appears
that the Gaussian white noise plays a more dominant role in the perturbative calcu-
lations for the higher order moments, namely, kurtosis and hyperskewness. In this
regard, calculations which incorporate higher order contributions in the perturbative

expansions are expected to yield better estimates for these higher order moments.

In practice, the growth of a surface in Nature occurs on a two-dimensional sur-
face. The motivation of calculating skewness and kurtosis values of PDF for (2+1)-
dimensional KPZ equation comes from the unavailable analytical methodology di-
rectly from the dynamical equation in the existing literature. To do the calculations,
we use the value of roughness exponent y ~ 0.39 as an input from the various exten-
sive numerical simulations. We employed perturbation theory directly on the KPZ
equation and obtain skewness S = 0.2879 and the kurtosis value () = 0.1995 in the
stationary state. The skewness and kurtosis values yield the Derrida-Appert ratio
Rpa = 0.41547. Our obtained values are comparable to other numerical estima-
tions. The values are compared with those estimations in a table in Chapter-5 to

validate the proposed theory.
We find that the cumulants depend on the infrared cutoff p in both ((1+1) and

(2 + 1)) the dimensions. This is expected because the cumulants obey the semi-
extensive property W, ~ L™ in the stationary state, so that we identify j ~ L1
where (L x L) is the substrate size. It is very important to note that the obtained
values for the skewness, kurtosis, in one and two dimensions and hyperskewness in
one dimension are found to be independent of the model parameters (Ao, Do, and 1)

of the KPZ equation and the UV and IR cutoffs (Ag, i), suggesting its universality.

It is very important to emphasize that the method can also be generalized for
(d + 1)-dimensional systems, such as, KPZ-type surface growth. We can express the
renormalized quantities as v(k) ~ k=X and D(k) ~ k=3X*2=4 in d dimensions where
k is the wavenumber. Similarly, the renormalized amputated part of the diagrams
(excluding external legs) can also be expressed in a general (d + 1) dimensions.
For example, the scalings for the loop functions are Lo(k) = Co k—3X742 [4(k) =
Ca k=272442 1, (k) = Cy k=% 7392 "and Ly (k) = C5k~5X*4*2 in d dimensions where
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the constants Cy, C3, C4 and Cj are obtained directly from the KPZ equation by
using the perturbative approach. Subsequently, we substitute the expressions for
the loop functions in the diagrams and carry out the frequency and momentum

integrations to calculate the value of skewness, kurtosis and hyperskewness.

In Chapter-6, we study the statistical properties of a one-dimensional, nonlin-
ear, conserved growth equation (VLDS equation) driven by a stochastic Gaussian
white noise. The studied properties are the scaling exponents and the skewness of
the PDF of surface height fluctuations. Employing our approach, we obtain the
renormalized diffusivity in the large-scale long-time limit and thereby the value of
roughness exponent y = 1 is obtained, which is consistent with the previous RG re-
sults obtained by Lai and Das Sarma. Our obtained skewness value, S = —0.0441,
is negative. The value is consistent with the numerical prediction of Das Sarma
et al. (S = —0.1 £0.15) in the steady state. According to their suggestions, the
skewness value is likely to be negative, although a zero or slightly positive value is
not excluded. It is to be mentioned that a large error bar to the result has been
estimated due to a dominant role of fluctuations in their numerical model. However,
our calculated value asserts that the probability distribution function is negatively
skewed. We also note that, similar to the previous calculations, the VLDS skewness

is also independent of the model parameters (Ao, Dy, and 1v4) of VLDS equation and
the UV and IR cutoffs (Ag, u).

In Chapter-7, we study the velocity derivative skewness of incompressible isotropic
turbulent velocity field governed by Navier-Stokes equation. We implement a renor-
malized perturbative scheme to calculate the second and third-order cumulants of
the velocity derivative. The perturbative renormalization scheme is directly applied
on Navier-Stokes equation and subsequently, we obtain various loop diagrams for
the third and second order moments of the velocity derivative. We calculate the
skewness by excluding and including the dissipation range. This leads to the veloc-
ity derivative skewness value S = —0.647 when only the innertial range is included
and the dissipation range is excluded. When we include the dissipation range by
considering Pao’s model for the energy spectrum, the skewness value turns out to
be § = —0.682. This is quite surprising because the skewness value does not differ

drastically from the previous value when the dissipation range is included.

In summary, we have developed a perturbative renormalization scheme to cal-
culate the normalised cumulants for nonlinear stochastic dynamical systems. To
validate the theory, we apply the scheme on different systems in different dimen-

sions such as surface growth equations KPZ, VLDS, and the Navier-Stokes equation.
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We find that the our theoretically predicted values agree better with experimental
and numerical estimations when the dimensionality of the system increases. This
is of course expected because the role of Gaussian fluctuations coming from the

stochastic noise term diminishes when the system dimension increases.
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