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Abstract

In this dissertation, we consider several problems in complex analysis.

In the first part, we study about an explicit formula for the Hilbert transform. The
celebrated integral transforms such as Fourier transform, Laplace transform, and Hilbert
transform have tremendous applications in various branches of science and engineering.
However, unlike to Fourier or Laplace transform, very few functions have an explicit
formula for their Hilbert transforms. In this dissertation, we obtain an explicit formula for
the Hilbert transform of log | f|, for the function f in Nevanlinna class having continuous
extension to the real line. This family is the largest possible for which such a formula for
the Hilbert transform of log | f|, can be obtained. The formula is very general and implies
several previously known results.

In the second part, we consider the multipliers between model spaces. The main
interest of this chapter is to obtain a characterization of the algebra of multipliers in the
non-Hilbert setting, that is, for the case p # 2. The main thrust of this chapter is that:
for the case p # 2 the algebra of multipliers denies to obey some results obtained before
for the case p = 2. In this chapter, we also proved that the algebra of multipliers does not
allow a “perturbation” in inner functions without altering the algebra.

In the last part, we prove some results on the triviality of Toeplitz kernels with cer-
tain symbols, uniqueness set for model spaces, and determination of meromorphic inner

functions with some data.

X
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Abbreviation and Notation

The set of all real numbers

R

C The set of all complex numbers
D The open unit disk in C

T

The Unit circle in C
Re z The real part of z € C

Sz The imaginary part of z € C

Cy The upper half-plane, that is, z € C such that Sz > 0
z The complex conjugate of z

b Blaschke product on D or T

e Inner functions on D or T

5 Singular inner function on D or T

B Blaschke product on C, or R

1 Inner functions on C; or R

S Singular inner function on C, or R

X {f:feX}
Lr(X) {f:X — C| fis measurable and [ |f|Pdz < oo}
X
C(R) The set of all complex valued continuous functions on R
CY(R)  The set of all real analytic functions.
Hol(X) The set of all holomorphic functions on X C C

X1
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xii Abbreviation and Notation

N The Nevanlinna class on D or T

Nt The Smirnov class on D or T

HP The Hardy space on D or T

K% The modal space on D or T associated with the inner function ©

ker,[u]  Toeplitz kernel on D or T associated with the symbol u € L>(T)

N The Nevanlinna class on C, or R

NF The Smirnov class on C, or R

HP The Hardy space on C, or R

Ky The modal space on C, or R associated with the inner function ©

Ker,[U] Toeplitz kernel on C4 or R associated with the symbol U € L>*(RR)
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CHAPTER 1

Introduction

We start with recalling that a collection of vectors from a Banach space B is complete
if the set of finite linear combinations of the vectors from the given collection is dense in
the space 8. By the Hahn-Banach theorem a system {fx} of vectors is incomplete in 8B
if and only if there exists a nontrivial functional I" € B* such that I'(f;) = 0 for all k.
In many cases where the general form of functionals from B* is known, the problem of

completeness can be reduced to uniqueness problems for Holomorphic functions.

Completeness problems appear in the many areas of analysis and its applications.
For instance, a function on a subset of the real line may represent a wave and one may
ask if it can be approximated, in a specified sense, by a linear combination of specially
selected functions, often called harmonics. In modern terms, defining the criterion of
approximation amounts to defining the norm in the space. Verifying whether any function
in the space can be approximated by a finite linear combination of harmonics is equivalent
to proving that harmonics are complete in the space. Problems of this kind gave name to

a large and important part of mathematics, Harmonic analysis.

The role of harmonics in the above set-up can be played by a number of different
sets of functions, such as trigonometric polynomials, monomials, complex exponentials,

or special functions such as Bessel function, Jacobi or Chebyshev polynomials or Airy
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2 Chapter 1. Introduction

functions originating from Physics. In the 20th century, the most popular choice of
Banach spaces are the function spaces such as LP spaces, spaces of continuous functions
or smooth functions with various norms.

As we know that any bounded linear functional on L?(—m,7), has an integral repre-
sentation, the study of completeness of complex exponentials can easily be reduced to the
study of uniqueness sets for some classes of entire functions as follows: let A = {\,} € C
be a given sequence of pairwise distinct points, and let £, = {e*** : X € A} be the corre-
sponding system of complex exponentials. If £, is not complete in L?(—7, ), then there

exists a non zero function, say, f € L?*(—m, ) such that
/Wf(t)emdt =0, VAeA.
But by the Paley-Wiener theore:n, we know that the function
F(z) = ]f(t)eitht

is an entire function that lives in the Paley-Wiener space of type 7, that is, the class of
entire functions of exponential type at most 7 and its restriction to the real line belongs
to L?(R). Thus above discussion tells us that £, is complete in L*(—, ) if and only if
A is a uniqueness set for Paley-Wiener space PW, of type 7. It is well known that PW;,
can also be realized as e~ times the orthogonal complement of €™ H? in H?, where

H? is the Hardy space in the upper half-plane, that is
PWﬂ- — efﬂiz (HQ o eZm'ZHQ) .

The space H? © e*™*H? is denoted by K.2-: and is known as the model space. Thus
the completeness (incompleteness) of complex exponentials in L?(—, ) is equivalent to
studying uniqueness (non-uniqueness) sets for the model space K 2x:-. It is straightforward

27z is a bounded Holomorphic function in the upper half

to observe that the function e
plane whose nontangential boundary value is unimodular almost everywhere on the real
line. Any bounded Holomorphic function in the upper half plane having unimodular

nontangential boundary is known as inner functions. One can define model space [17]

Ko := H*© ©OH?
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corresponding to any inner function ©. Model spaces play a vital role in modern function
theory, complex analysis, Harmonic analysis, etc., see [27,36-38]. As we saw above the
study of uniqueness sets for the model space K 2ri- is equivalent to the study of the com-
pleteness of complex exponentials on L?(—, ), the study of uniqueness (non-uniqueness)
sets for general model space is intriguing in its own right, in fact, it answers many ques-
tions in the inverse spectral problems of second order differential operators as can be seen
in [29,31,32,43], and references therein. It is easy to see that a set A C C; is a uniqueness
set for the model space Kg if and only if the kernel of the Toeplitz operator T, g is trivial,
where B, is the Blaschke product associated with the sequence A. Thus the completeness
problem of complex exponentials in L?(a, b) or the completeness of reproducing kernels in
model spaces is directly connected with the injectivity of certain Toeplitz operators. The
problem of injectivity for the Toeplitz operator is very handy in the study of the spectral
theory of Toeplitz operators, see [6,26,37,38]. As compared to the problem of invert-
ibility of the Toeplitz operator, the problem of injectivity has received considerably less
attention. In recent years, the approach developed by Makarov and Poltoratski, which
uses the injectivity of Toeplitz operators with certain symbols and some other tools, has
brought solutions to some of the long-standing problems of Complex and Harmonic anal-
ysis, see [29,30,35,39-41]. One of them is a generalization of Beurling-Malliavin theory

on the completeness radius.

In the 1960’s Beurling and Malliavin [2,3] obtained a solution to the long-standing

problem of finding the completeness radius Ry, for a given sequence A, where
Ry = sup{a > 0: &y is complete in L?(—a,a)}.

This result is considered as one of the deepest results of the 20th century harmonic anal-
ysis. Since the solution of the completeness radius problems, the possibility of its gener-
alization have been studied by many prominent analysts, but it resisted those attempts
until 2010. In 2010 Makarov and Poltoratski [30] obtained an extension of this result
in Toeplitz form. The main tools used in the generalization are The Hilbert transform,

model spaces and Toeplitz kernels.

Inspired by these works the main objects of study in this thesis are model spaces,

Toeplitz kernels and the Hilbert transform.
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4 Chapter 1. Introduction

The thesis is organized as follows. In Chapter 2 we provide some notations, termi-
nologies and definitions.

In Chapter 3 we consider The Hilbert transform. Unlike to celebrated integral trans-
forms such as Fourier or Laplace transform, very few functions have an explicit formula
for their Hilbert transforms. In this chapter we obtain an explicit formula for the Hilbert
transform of log | f|, for the function f in Nevanlinna class having continuous extension to
the real line. This family is the largest possible for which such a formula for the Hilbert
transform of log | f|, can be obtained. The formula is very general. To highlight the gener-
ality of the result, we apply our formula to certain model spaces, certain Toeplitz kernels,
and Cartwright-de Branges spaces and obtain several known results from [29,34,41] rather
easily.

In Chapter 4 we study the multipliers between model spaces for the case 1 < p < oco.
The case p = 2 was investigated in [15, 16]. The main interest of this work is that unlike
to the case p = 2 one cannot recover the entire class of multipliers in the upper half plane
given the corresponding knowledge of the class of multipliers in the unit disk setting for
p > 2 and vice-versa for the case 1 < p < 2. We also obtain some uniqueness results on
the class of multipliers.

In Chapter 5 we obtain some results on the uniqueness set for model spaces and some
results on the mixed data problems.

In Chapter 6 we give a summary of our results and discuss some future directions for

research.
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CHAPTER 2

Preliminaries

Here we summarize some well-known facts that we will use in forthcoming chapters.

2.1 Function theory in the unit disk

References for this section are [11,17,18,25,37, 38].

2.1.1 Hardy Spaces

The most older members of the spaces of holomorphic function on the open unit disk D

are the Hardy spaces H?(DD). To each f € Hol(ID) we consider the following integral means

1) = 6l = ([ 1reoPse)” pe .00 1)

—Tr

and,

W1, ) 1= ||| = max | f(w)].
In each case, the parameter r varies from 0 to 1. Now the maximum principle for holo-
morphic functions immediately implies that 9. (7, f) is an increasing function of r. If we
recall the very classical Hadamard three-circle theorem, we see that log 9 (r, f) is a con-
vex function of logr. In 1915, G. H. Hardy extended both the observations of Hadamard

5
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6 Chapter 2. Preliminaries

to all values of p € (0, 00), that is, 9, (r, f) is an increasing function of r, and log M, (r, f)
is a convex function of logr. This result is considered as the starting point of the theory
of Hardy spaces.

The Hardy space HP(D), P € (0,00], is defined as the collection of all functions f

holomorphic on the open unit disk such that

| fllme = sup M,(r, f) < oo (2.1.2)
re(0,1)

We note that as a consequence of the previous discussions one can replace the supremum
in (2.1.2) by the limit as » — 17. The space (H?(D),|| - ||u») turns out to be a Banach

space for p € [1,00]. The triangle inequality fails for p € (0, 1), but the map

dp(f,9) = f = glli,

defined on H?(D) x H?(D), is a translation invariant complete metric and gives the topo-
logical vector space (H?(ID),d,) which is not locally convex.
By a generalized version of Fatou’s theorem [25, Page 11] it is well-known that for

every f € H?(D), p € (0, 00] the radial limits

f(e®) = lim f.(e") := lim f(re") (2.1.3)

r—1- r—1-

exists for almost all e € T, moreover the function f(e*) belongs to LP(T) and

" it pﬂ %_ T i pﬁ %
re0 (/—w’f(m ) 27?) N (/_W‘f(e ) 271') ' (2.1.4)

The function f(e) is known as the boundary value function of the function f(re®). Thus

(2.1.4) says that
1 1lme = 11 £1lp-

It is also well-known that for the case p € [1, 00] one can recover the function f(re')

from its boundary value function via the well-known Poisson integral formula

A 1—r? PN
J(re )_/7r 1+r2—2rcos(t—9)f(e )% (2.1.5)

The collection of all boundary value functions will be denoted by HP(T). The above
discussion tells us that there is a one-to-one correspondence between H?(D) and HP(T)
for p € [1,00]. This true even for p € (0,1). And hence we do not make any distinction
between H? (D) and HP(T), and write H? for both spaces and understand from the context

which space we are considering.
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2.1. Function theory in the unit disk 7

2.1.2 Canonical factorization

One of the pillars of the function space theory is the canonical factorization. In 1915,
Blaschke showed that for given a sequence {wy} C D\ {0}, a necessary and sufficient
condition for the infinite product

|wi| wi —w
m 2.1.6
o H Wy, 1 — ww — Wpw’ ( )

where |c| = 1 and m is any non-negative integer, converges to a well-defined not identically-
zero holomorphic function on the open unit disk D is that the series >, (1 — |wg|) is
convergent. Furthermore || = 1 almost everywhere on the circle T. The product (2.1.6)
is known as the Blaschke product. In order to state the canonical factorization theorem
first we need to define inner and outer functions.

An inner function © is a bounded holomorphic function on D such that |O(e")| = 1
for almost all €? on the circle T. In particular, each Blaschke product is an inner function.
There is another category of inner functions that are zero-free in D. Such inner functions
can always be represented as

(+w

T¢—w

s(w) = exp ( _ [ 2Ty (g)) w e D, (2.1.7)

where 4 is a finite positive singular Borel measure on T. Conversely any finite positive
singular Borel measure on T gives rise to a singular inner function via 2.1.7.

Given a non-negative function k on the unit circle T with log |k| € L'(T), the function

it L dt
o(w) := exp (/ zit T log k(e’t)—>, weD, (2.1.8)
T et —

w 2

is a holomorphic function in the open unit disk. Again by a general version of Fatou’s

theorem [25, Page 11] we see that
Jo(e™)| = k(e"),

for almost all e” € T. Consequently, O(w) belongs to the space H?(D) if and only if the
function k belongs to the space LP(T). Any holomorphic function on the open unit disk
of the form (2.1.8) is called an outer function. Now we are ready to state the celebrated

canonical factorization theorem.
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8 Chapter 2. Preliminaries

Theorem 2.1.1 (Smirnov). Let f € HP, p € (0,00], then we have the following factor-
1zation

[ = bso, (2.1.9)

where b is a Blaschke product cooked from the zeros (counted according to the multiplicity)
of f in D, s is a singular inner function and o is an outer function. The factorization

(2.1.9) is unique upto a constant multiple of unit modulus.

A striking outcome of the canonical factorization theorem is that any inner function
can be expressed as a product of a Blaschke product and a singular inner function.

Another interesting application of canonical factorization is the following estimate for

f e HP

o 11l
()] <27l weD.

An immediate consequence of the above estimate is the fact that convergence in H? implies
uniform convergence on compact subsets of the unit disk.

One more consequence of canonical factorization is the fact that log|f| € L'(T),
whenever f € HP. This immediately implies that functions in H? cannot vanish on a

subset of the circle T having a positive arc-length measure.

2.1.3 Nevanlinna class and Smirnov class

It is inherited from the structure of LP(T) that the Hardy spaces H? forms a chain, that

is, for 0 < p < g < oo we have

H? C HP.

This tells us that as p gets smaller the size of the space gets larger. So it motivates to look
for spaces containing U,~¢H”. Nevanlinna constructed such a space by putting a milder
growth condition on the functions as compared to the Hardy space. To define this class

let
dt

L(r, f) = (/7r log™ |f(reit)|%). (2.1.10)

—Tr

It is well-known that the integral means (2.1.10) as a function of r is increasing.

TH-3273 186123005



2.1. Function theory in the unit disk 9

The Nevanlinna class N(D) is defined as the collection of holomorphic functions on
the open unit disk such that

sup £(r, f) = lim £(r, f) < 0. (2.1.11)

r€(0,1) r—=1-

There is an important characterization of function in the class N due to F. Nevanlinna

and R. Nevanlinna as follows:
Theorem 2.1.2. N(D) = {f € Hol(D) : f = g/h, where g,h € H>®}.

Due to this theorem functions in the class N (D) are also known as the functions of
bounded type. Again an immediate consequence of Theorem 2.1.2 is that the functions
in N(D) have boundary values which cannot vanish on a set of positive measure. Thus
we have a one-to- one correspondence between functions in N(D) and their boundary
values, and hence we do not make any distinction between them. From now onward, N
will be the common notation for both spaces, namely, the space N (D) or the collection of
boundary values of functions in N(D). It will be clear from the context that the function
we are considering belongs to which class.

If we apply the canonical factorization theorem (in view of Theorem 2.1.2) to a function
f € N, we see that

F=020, (2.1.12)
52

where b is a Blaschke product cooked from the zeros (counted according to the multiplicity)
of fin D, s; and sy are singular inner functions and o is an outer function. Moreover,
we can assume that s; and sy have no common divisors [17, Page 88]. Thus we see that
inner-outer factorization breaks down in the case of Nevanlinna class as compared to H?
functions. Hence the Nevanlinna class is so big that it contains all the H? spaces properly.
More precisely we have

Upso” C N.

The appearance of the singular inner function in the denominator in the factoriza-
tion (2.1.12) has several topological disadvantages [10,45]. To overcome such difficulties

Smirnov considered the subclass

Nt :={feN: f=bso}.
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10 Chapter 2. Preliminaries

The class N* is known as Smirnov class. Now it is straightforward that
H? = Nt N LP(T), pe (0,00

One can easily check that if f, g € N and |f| = |g| almost everywhere on T then oy = Aoy,

where o and o, are respectively the outer parts of f and g, and |A\| = 1.

2.1.4 Model spaces

Each inner function © in D produces a subspace of H? as follows:
K% = H’N©zH".

In the above definition the intersection should be understood on the circle. The space Kg
is known as the model spaces [17]. These subspaces play an important role in complex
and harmonic analysis, operator theory, control theory and system analysis [36-38].

One can easily see that for each A € D and for each 1 < p < oo the function

kD (w) = =

belongs to the model space K§. Given any function f € K§ it is well-known that

FO) = / B fey L

_4 2’
that is, the functions k9 reproduces the functional value at the point A of the open unit
disk. Due to this reason the functions kY are known as the reproducing kernel.
By definition of K§ it is obvious that f € Kg if and only if there exist g € H? such
that
[ =0uwg

almost everywhere on the circle T. Obviously such a g itself belong to Kg.

2.1.5 Operators on Hardy spaces

One of the most important operators on the Hardy spaces is the backward shift. The

operator S* : HP — HP is defined as

f(w) — f(0)

S flw) = S (2.1.13)

TH-3273 186123005



2.2. Function theory in the upper half-plane 11

is known as the backward shift on HP. A crucial result of Beurling says that all the closed
subspaces of HP, 1 < p < oo which are invariant with respect to the backward shift are
precisely the model spaces.

Another important operator on the Hardy spaces is the Toeplitz operator. Given a
function u € L*(T), the Toeplitz operator T, on H?, p € [1,00], with the symbol u is
defined as _ A

(T.f)(w) = /7r Mﬂ w € D.

et —w 27’
It is a well-known fact that the operator T, acts boundedly on H? for p € (1, 00) and fails

to be bounded at both endpoints, that is, for p = 1 and p = co. However, we have
Tu<Hl) C mI)E(O,l)]’—l’pa

and

T,(H™) C Npe(oo0) H"-

For a function u € L, kery|u] will denote the kernel of the Toeplitz operator T;, in space

HP?. One can easily check that
ker,[u] = H* Nu 'wH?, p € [1,00].

Again the above intersection must be understood on T. Thus for the inner function © we

have ker,[0] = K&. It is easy to verify that, for any inner function I,

S*T € ker,|0] = K, (2.1.14)

2.2 Function theory in the upper half-plane

In this section we recapitulate some definition and facts about the function theory in the
upper half plan and draw connections with the function theory in the unit disk. The
standard references for this section are [11,18,25,33,37].

Consider the linear fractional transformation

z—1
241

w(z) =

It is obvious that the map w takes the open upper half-plane onto the open unit disk

conformally and R onto T ~ {1}.
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12 Chapter 2. Preliminaries

Clearly, the inverse map is again a linear fractional transformation and is given by

Z(w) = wl(w) = it

1—w
The map Z maps the the open unit disk onto the open upper half-plane and T\ {1} onto
R.
It is well-known that the map U, : LP(T) — LP(R), defined as

W0 = (=g ) (o))

is an isometric isomorphism for all p € (0, oc] [37, Pagel43].

2.2.1 Hardy spaces H?(C,)

Given z + iy = z € C and for a function F' € Hol(C,) we set

(. )= IFNE = [ IF@)lds, (2.21)
where F,(z) := F(z) and p € (0,00). For p = 0o we let

moo(ya F) = Sup |Fy(x)| (222)

z€R

The Hardy space HP(C..) is defined as the collection of holomorphic functions F' in the
upper half-plane for which the integral means (2.2.1) are uniformly bounded.
For p € [1, 00,
Il = sup 1,
defines a norm on H?(C,), and the space (H?(C,),|| - |[s») turns out to be a Banach

space and for p € (0, 1) the triangle inequality fails. However, the quantity
dp(F,G) = ||[F = Gl[yy

defines a translation invariant metric on H?(C,).

As in the case of the unit disk the limit

lim F,(z) = F(x)

y—0
exists for almost all x € R, moreover the limit function F(z) belongs to LP(R) and we
have the following equality:

1Pl = IIFl,
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2.2. Function theory in the upper half-plane 13

The function F(x) will be called the boundary value function of the function F(z). It is
also well-known (similar to the case of the unit disk) that for p € [1, o0] one can recover
the function F'(z) in the upper half-plane by its boundary value function F'(z) via Poisson
integral formula as follows:
F(z) = % /R H?—ZZPF(t)dt.

The collection of all boundary value functions will be denoted by HP(R). The above
discussion tells us that there is a one-to-one correspondence between HP(C,) and HP(R)
for p € [1, 00]. This is true even for p € (0,1). And hence we do not make any distinction
between HP(C,) and HP(R), and write HP for both spaces and understand from the
context what we are talking about.

The following theorem reveals the connection between H” and HP.

Theorem 2.2.1. The map

U, H? :— H?,
defined by
1
Upf(z) = Tz )2 flw(z)), 0<p<oo, (2.2.3)
and

U f(2) = f(w(2)),

15 an isometric isomorphism from HP onto HP.

2.2.2 Canonical factorization

Let the sequence {z; = xy + iyx} in the upper half-plane be such that
< 00,

kz:; x: —I— (yx —l— 1)2

and let the sequence {ay} of real numbers be chosen so that

> 0.

T — Zk
Then the infinite product

o0
1:[ =2
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14 Chapter 2. Preliminaries

is a well-defined holomorphic function on C \ Cl{z;}, where Cl{Z;} denotes the closure
of the sequence {z;}. The function B is called a Blaschke product. Note that if |zx| — oo
then B turns out to be a meromorphic function in the complex plane with zeros at {z}
and poles at {Zx}. Such a Blaschke product is said to be a meromorphic Blaschke product.
Suppose that B is a meromorphic Blaschke product, then it is continuous R and hence

B(0) is a nonzero complex number. Defining

~ z > > 1-=
B(z) := ﬁgoi - gBk(z) = 11 __ , (2.2.4)

then B itself is a meromorphic Blaschke product with the same zeros and poles as that
of B and also satisfies B(0) = 1. One can easily check that b is a Blaschke product in I
if and only if B = bow is a Blaschke product in C, ..

As in the case of the unit disk, a function I € H™ is said to be inner if |I(z)| = 1
almost everywhere on the real line R. It is not hard to check that |B(z)| = 1 almost
everywhere on R for any Blaschke product B. In particular, Blaschke product are inner
functions. It is straightforward to check that © is inner on D if and only if /] = O ow is
inner in C;. Another type of inner function are those having no zeros in C,. Such inner
functions are known as singular inner functions. Again s is a singular inner function in D
if and only if S = s o w is singular in C, . Every singular inner function S on C, has the

representation

S(2) = e~ exp (z /R L 1 = ﬁ} du(t)) , (2.2.5)

where a < 0, and p is a nonnegative singular Borel measure on the real line without point

/d“@ < . (2.2.6)

1 +it2

mass satisfying

An outer function O is an holomorphic function in the upper half-plane which can be

represented as

O(2) = exp (%/R L 1 - Hftg} log K(t)dt) |

where K (t) > 0, for almost all t € R, and

log K
JLELT
g 1412

TH-3273 186123005



2.2. Function theory in the upper half-plane 15

As before o is outer in D if and only if O = 0 o w is outer in C,. Similar to the case of

the unit disk, given any function F' € H? we have
F = BSO,

where B is a Blaschke product cooked from the zeros (counted according to the mul-
tiplicity) of F' in C,, S is a singular inner function and O is an outer function. The
factorization is unique upto a constant multiple of unit modulus.

Again as in the case of the unit disk, an important consequence of canonical factoriza-
tion is the fact that F € HP = log |F| € L'(R), and this immediately implies that any H?

function cannot vanish on a set of positive Lebesgue measure unless vanishes identically.

2.2.3 Nevanlinna and Smirnov class

Bounded holomorphic functions are building blocks for the Nevanlinna class
G

The functions in N (C, ) also have non-tangential boundary limits. This is a direct con-
sequence of the previous discussion about bounded functions and a uniqueness theorem
which ensures the non-tangential limits of the function in the denominator does not vanish
on a set of positive Lebesgue measure. The collection of boundary values will be denoted
by N (R). Thus, we have a one-to-one correspondence between N (C; ) and N (R). From
now onward we do not make any distinction between the classes N'(C,) and N (R) and
commonly denote both of them by N. There is a vast literature on Nevanlinna class as
it appears on many topics in complex and harmonic analysis. See [29,30,35,39-41] and
references therein. The following factorization [44, 6.13, p.128] of functions in N'(C,) is

a celebrated factorization theorem.

Theorem 2.2.2. 1. Every nonzero function F € N(C,) has the factorization

S4(2)
S_(2)

F(z) = e "*Bp Or, (2.2.7)

where T 1S a real number, Br is a Blaschke product associated to the zeros of F, Op

1s an outer function, and Sy and S_ have the form

S (2) = exp (Z/R L ! - #} d,&(t)) | (2.2.8)
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where o and p_ are nonnegative singular and mutually singular Borel measures on
R satisfying (2.2.6). This factorization is essentially unique: e~"** S, and S_ are
uniquely determined, and B and O are determined up to unimodular multiplicative

constants.

2. If F has holomorphic continuation across some open interval I on R, then the
measures iy in (i)satisfy py|r = p_|r = 0.
Given a function F' € N(C,), the real number 7z that appeared in the factorization

(2.2.7) is known as the mean type of F. The following result [44, 6.15, p.130] is a well-

known formula to evaluate the mean type of F.

Theorem 2.2.3. The mean type Tr of any nonzero function F € N (C,) is given by

log | F'(i
Tp = lim sup log | F(iy)| . (2.2.9)
y—>00

Again it is straightforward form the definition that a function f € N if and only if the
function F' := f o w belong to N. We consider the subclass NV, C N as follows

N, =NNC“R),

where C¥(R) denotes the class of real analytic functions. It is easy to check that given
F € N, we have
F =e """ BO, (2.2.10)

where 7 € R, B is a meromorphic Blaschke product and O € C¥(R) is an outer function.

The Smirnov class N'* is defined as
Nt :={FeN:F=e""BS,,0, such that 7 < 0}.
Throughout this dissertation the singular inner function S, will have the form

S =ep (i [ [ = 1] auto).

where a < 0, and p is a nonnegative singular Borel measure on the real line without

point mass satisfying (2.2.6.)
The subclass Nf € N is defined as

NF=NTNN,.
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2.2. Function theory in the upper half-plane 17

Again it is easy to check that if F € N.F then
F = ¢ " BO,

where 77 < 0, B is a meromorphic Blaschke product and O € C*(R) is an outer function.

2.2.4 Model spaces

Given an inner function I one can define the model space
K =H? o IH?,

where I is an inner function are the most important subclasses of the Hardy space H?
[17]. These subspaces play an important role in complex and harmonic analysis, operator
theory, control theory and system analysis [36-38]. For a meromorphic inner function I,

we can also define model spaces in the Smirnov class [29,41] by
Kf=NInIN
and then in other Hardy spaces by

K =K nLP(R).

2.2.5 Toeplitz operators
The Toeplitz operator Ty with the symbol U € L*®(R) is the mapping Ty : H? — H?
defined by
TU(f) = P+Uf7
where P, denotes the orthogonal projection of L? onto H?. We denote the kernel of the

operator Ty by Ker[U] and call it Toeplitz kernel associated with the symbol U. We can

also define Toeplitz kernel associated with the unimodular symbol U in Smirnov class by

Kert[U] ={feNTNLL(R): Uf e N}, (2.2.11)

and then in other Hardy spaces by

Ker,[U] = Ker"[U] N LP(R).
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The condition of local summability in the definition of the kernel has a function theo-
retic reason: if 0 < p < 1 and [ is a meromorphic inner function, one needs the local

summability to have Ker,[I] = K, See [29,41]. The following result [29, Lemma 3.12]

or [41, Lemma 33] establishes a connection between Toeplitz kernel and C*¥(R).

Lemma 2.2.4. Letv: R — R and v € C¥(R), then Ker[e"] C C¥(R).

2.2.6 Cartwright-de Branges space

An entire function E is said to be a de Branges function if

[Ef @) <|B(z)l,  z€Cy,

where E*(2) = FE(z). Roughly speaking, de Branges functions are generalizations of
polynomials having no zeros in the upper half-plane. It is a well-known result that an
inner function [ is meromorphic if and only if there exists a de Branges function E such

that [ = E*/E. We define the Cartwright-de Branges space B (E) associated with a de

Branges function E as

BT (E) = {F € Hol(C) : g e N7(C;) and % € N*(Q)} ' (2.2.12)

In the special case F(z) = e *™* ¢ > (, the Cartwright-de Branges space B (F)
coincides with the more classical Cartwright class C,, the space of entire functions F' of
exponential type at most 2ma such that log® |F| is Poisson summable on the real line.
Cartwright class C is the collection of entire functions F' of exponential type such that
log® |F| is Poisson summable on the real line, i.e.,

o L

a>0

The following result establishes the connection between the Cartwright-de Branges
spaces and model spaces. Various versions of this proposition in available in the literature.
E.g., see [1, Theorem 2.1], [20, Theorem 2.10], [29, Proposition 2.8] and [41, Proposition
7].

Proposition 2.2.5. Let E be a de Branges function. Then

B*(E) = EK:

IE’

where I is the meromorphic inner function associated to E, i.e., Iz = E*/E.
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2.2. Function theory in the upper half-plane 19

2.2.7 Schrodinger operator and Weyl inner function

Consider the Schrodinger equation
—i+qu = zu (2.2.13)

on some interval (a,b) with the locally integrable potential ¢. Let us recall that the point
a is called regular if (i) a is finite and (i7) ¢ € L'(a,c) for some ¢ € (a,b). The point a is
said to be singular if it is not regular.

We consider the Schrodinger equation (2.2.13) and assume that the point a is regular
and fix a self-adjoint boundary condition at the point b then one can solve the equation
(2.2.13) for any z € C. Suppose that for each z the corresponding solution be u(z, z). It

is well-known that the function u(z, z) is entire with respect to z. Now the function

turns out to be a meromorphic function and is known as the Weyl m-function. Similarly
if the point b is regular and we fix a self-adjoint boundary condition at the point a then
the Weyl m-function turns out to be

b, 2)
m(z) 1= alb.2)’

Recall that a meromorphic function F' in the C is said to be a Herglotz function if
F¥(z) = F(z), and the map F : C, — C, is holomorphic. One can easily check that each
Herglotz function F' gives rise to a meromorphic inner function

P
- F 4

Conversely, each meromorphic inner function I gives rise to a Herglotz function

1+1

F=i——:.

1-1
It is well-known that the Weyl m-function as defined above is a Herglotz function.
Thus each Schrodinger equation gives rise to a meromorphic inner function 7, as per the

scheme discussed above.
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CHAPTER 3

Hilbert transform: an explicit formula

The celebrated integral transforms such as Fourier transform, Laplace transform, and
Hilbert transform have tremendous applications in various branches of science and en-
gineering. However, unlike to Fourier or Laplace transform, very few functions have an
explicit formula for their Hilbert transforms. In this chapter we obtain an explicit formula
for the Hilbert transform of log|F|, for the function F' in Nevanlinna class having real
analytic boundary value. This family is the largest possible for which such a formula for
the Hilbert transform of log | F'|, can be obtained. The formula is very general and implies
several previously known results. Results of this chapter are present in the contributed

articles 1 and 2.

3.1 Introduction

Let F' be an integrable function on the real line. In principle, we can evaluate the Hilbert
transform of F with the help of complex analysis (boundary values of the conjugate
function) or real analysis (a singular integral). More explicitly, in the complex analysis
method one needs to perform the following steps to obtain the Hilbert transform: Extend
the function F' to a harmonic function in the upper half-plane C, = {z = x + iy €

21
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22 Chapter 3. Hilbert transform: an explicit formula

C| y > 0}. Then identify its harmonic conjugate. Finally, take the non-tangential limit
of the harmonic conjugate to obtain the Hilbert transform of F'. In real variable method
one needs to use a well-known singular integral formula. We briefly discuss both methods
below. Since in general both involve cumbersome limiting processes, they turn out to
be highly complicated to evaluate the Hilbert transform using any one of these methods.
Thus any explicit formula of the Hilbert transform is worthwhile and finds its place in
applications.

The complex analysis technique: Let G be a real valued function on the real line with
finite logarithmic integral, that is,

G|
r 1+ 2

dt < co. (3.1.1)

Then the Schwartz integral of G is defined as

SG(2) ;—i/R( Ungugell )G(t)dt, (3.1.2)

T t—z 1412

which is an analytic function in the upper half-plane. We note that

1/ 1 ¢ 1 y
Re |— . =¥
it \t—z 1+¢ 7 (t— )%+ y?

oL (1t \J_i[ e-t
in\t—z 1+#2)]| 7a|[({t—z)24+y2 14

Let us define K and K in the upper half-plane by

and

e

K(2) = Re SG(2) = = /R Y @

and

R(z) = 38G(z) = % /R ( ; _9”@2: 5+ 1;2) G(t) dt.
Observe that K is the unique harmonic extension of G to the upper half-plane, and K
is the unique harmonic conjugate of K normalized such that K (1) = 0. It is well-known
that the functions K and K have non-tangential limits on the real line almost everywhere.

The non-tangential limit of K is G and the non-tangential limit of K is denoted by G

which is known as the Hilbert transform of G.
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3.1. Introduction 23

The real analysis technique: If we do not want to move away from the real line, then in
order to define the Hilbert transform we need to apply the theory of singular integrals.

Suppose k € L*(R). Then, for any 1 < p < oo, the operator T : LP(R) — L?(R) given by

TG(z) = /R k(z — HG(t) dt (3.1.3)

is well-defined and bounded on L”. However, operators that usually appear in applications
have non-integrable kernels. A celebrated example is the Hilbert transform. This point of
view takes us to the fascinating theory of singular operators, which has a very rich history
and leads to several applications in analysis, mathematical physics, image processing,
signal processing, and many other disciplines of science and engineering, see [14,22, 23,

29,30,41] and references therein. If we take k(t) = -, then the integral
T JrT—1

Hg(z) =g(z) = = /R ) dt, x € R, (3.1.4)

may fail to exist, for instance, as a Lebesgue integral. Nevertheless, the Cauchy principal

value

HG(z) = G(z) = liml/| (o) dt, r € R, (3.1.5)

=0T Jlp—gj>e T — 1
exists almost everywhere and produces a nicely behaved operator H, known as the Hilbert
transform of G. The operator H has many deep and intriguing properties, for instance,
the classical Riesz theorem is one of them which asserts that the operator H is bounded
on LP(R) for p € (1,00). If the function G is not in LP(R), but at least satisfies the milder
condition (3.1.1) then, in this case, the Hilbert transform of G is defined by the modified

formula

= 2 | 1 t
HG(z) = G(z) = lim — "y ( + ) G(t) dt.

e—=0 T r—t m
In most cases, it is highly difficult to evaluate the Hilbert transform of functions
directly by any one of the above discussed methods. In this chapter, we obtain an explicit
formula for the Hilbert of log |F'|, where F' is any function in the Nevanlinna class having
real analytic boundary value. One motivation to carry out this work stems from the
work [34], where an explicit formula for the Hilbert transform of log |F| is given. We
extend the main result in [34] to a larger class. Another motivation is due to the recent

work of Makarov and Poltoratski [29,41], where they treat the uniqueness sets for model
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24 Chapter 3. Hilbert transform: an explicit formula

spaces. As a consequence of the explicit formula, we derive all the results of [34] and some

results of [29,41].

3.2 Argument of a meromorphic Blaschke product
on R

Let us recall the meromorphic Blaschke product (2.2.4)

z

B(z) := = || B:(z) = —
(2):= 5oy [15.) =T 3=
k=1 k=1 Zk
where {z,} C C, is a Blaschke sequence with |z| — oo. Since B is analytic and unimod-
ular on R, there is a C®°-function ¥(t) such that B(t) = ¢”® on R [7]. To find a formula

for ¥ note that

1 -t (1 = Pri\;w) + 1 (Sz;%t) RN

|25 |2

The first candidate for 9., is

Sz

v, (t) = arctan SET— , teR. (3.2.1)
1— Re zkt
|25 [?
As a matter of fact, if Re z; = 0, then
9., (£) = arctan | — teR (3.2.2)
.. (t) = arctan | — |, , 2.
: %Zk

is a well-defined C* function on R. But, if Re z; # 0 then the candidate function (3.2.1)

2
1S not continuous at t = Azt
Re 2k

of arctan [34]. If Re 2z, > 0, let

. In this case, we need to consider the following branches

( Sz
ElE |2k |
arctan —1 " Re o +m, t> Re o’
|2 |? b
v, (t)=<( ™ — =l 3.2.3
Zk( ) 29 t Re Zk’ ( )
San
ENs s
arctan —1 " Res , t < Re o’
\ |2 |2 t
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3.3. Representation of functions in the class N, on R 25

and, if Re z; < 0, let

)
arctan |Z’“|2 t> dal
Re Zkt Re Zk’
N
9, (t)=<¢ _x _ lalr 3.2.4
(1) 3 t= e, (3.24)
I,z;cl2 |zk|2
arctan " Re Zkt) Re o
\ |2k |?
Since By(0) = 1, we normalized ¢,, such that 9, (0) = 0. Therefore,

é(t) = H bi(t) = H 2= (® = exp <2i Z Q- (t)) :
=1 k=1 k=1

Hence, the C*>-argument is

=2 9.(t), teR

3.3 Representation of functions in the class N, on R

In this section we obtain an important representation of a function F' € N, on the real

line. By the definition of N,(C,), for each z =z +iy € C,,
F(2) = e "*Bp(2)0p(2).

Since the Blaschke product By is meromorphic, then using (??) and the expression of Oy

we obtain

P = B0 Brte) e (£ [ [ = [ osircoae)

T t—z 1+t

. o 1 Y
= Br(0)e™""**B — | ————=log|F(t)|dt
F(0)e F<z>exp{ﬂé(t_w)2+y2 o8 F(1)

1 r—t t
— log | F'(t)|dt ;.
+Z7r/R((t—x)2—|—y2+1+t2) o8 [F'(?) }

Now, we let z approaches non-tangentially to t € R \ {z}, where {x}} is the sequence

of real zeros (counting multiplicity) of F. Then, by [33, Corollary 10.6],

: 1 Yy B
lim exp (;/R(t_x)—Q_i_y?lOg ’F(t)‘dt) = |F@)],
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26 Chapter 3. Hilbert transform: an explicit formula

and, by [33, Theorems 14.4 and 14.7],

. 1 r—t t T~
lzlgiexp{Z;/R <(t_x)2+y2 + 1+t2> log|F(t)|dt} — exp (ilog | F](1))

The function Br(z) behaves well at all points of R. Hence, we conclude,

F(t) = Be(0)e ™ B (8)| F1) exp (o [FI(1)).
Thus above representation proves the following technical lemma.

Lemma 3.3.1. Let F be a nonzero function in N,. Let {x}} be the sequence of real zeros

of F. Then, for every t € R~ {xz},

(1) R ilog |F|(t
——— — Bp(0)e "FtBp(t)elle 1FI0) (3.3.1)
|F ()]

where Br is a Blaschke product associated to the upper half-plane zeros of F.

3.4 Hilbert Transform of log |F|

Let A C R be a discrete set of real numbers whose elements are arranged in increasing

order. Then the counting function Ny of A is defined by

NA(t) =) Na(t), teR,

AEA
where, for A > 0,
Lol
N)\(t> =
O <N
and, for A < 0,
-1, t <A,
Ni(t) =
0, t>2\

It is obvious that the counting function is constant between any two consecutive points
and jumps down at left end points and jumps up at right end points. The following
result [34, Lemma 5.1] is very crucial in obtaining the explicit formula for the Hilbert

transform of log | F|.
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3.4. Hilbert Transform of log |F| 27

Lemma 3.4.1. Let F' € C¥(R), and {z} be its sequence of zeros, counting multiplicity.

Suppose that log |F| € L'(7£3). Then log |F|+ Ny is a continuous function on R.

Lemma 3.4.1 tells us that the counting function N, is defined to take care of the real

zeros of F'. this lemma is implicitly used in the following lemma.

Lemma 3.4.2. Let F be a nonzero function in N,. Suppose that G € N, is such that
|F| = |G| on the real line. Let {xy} and {z} be the sequence of real and upper half-plane
zeros of F' respectively, and {wy} be the sequence of upper half plane zeros of G. Then,
for each t € R~ {z},

log |F|(t) = 6 + (TF;—TG>t+%arg% —S70,(1) = 3 B () (mod 7).

Proof. Applying Lemma (3.3.1) to G, we get

% = BG(O)e—”GtBG(t)eﬂﬁm, (3.4.1)
for every t € R \ {z}}. Comparing (3.3.1) and (3.4.1) we obtain
F@) _ Br(0)Ba(0)e T +T0) By (1) B (1) 2108 P10, (3.4.2)
G(t)
Since |F| = |G|, it is obvious that
F(t)

£ _ exp (z - 28) | (3.4.3)

Also, as we have discussed in Section 3.2, we can write

Bp(t) =exp2i>0,,,
k:

(3.4.4)
Be(t) =exp2iY 0y,
3
Combining (3.4.2), (3.4.3) and (3.4.4) gives
o . T+, lar mi _
p2ilog [F(t) _ 612(”(7% & )tt5 arg i 20z inﬁwk>7 (3.4.5)

where 6 is a constant so chosen that Br(0)Bg(0) = e~ 2. Thus, for every t € R ~\ {zx},

we have

- o T + Tq 1 F(t)
log|F|(t):0+< : )t+§argé(t)—;ﬁzk—;ﬁwk(modw).
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Recall the formulas for the argument 9., (¢), which was given by (3.2.2), (3.2.3) and
(3.2.4), and the mean type 7 by (2.2.9). The main theorem of this chapter is the following.

Theorem 3.4.3. Let F' be a nonzero function in N,. Suppose that G € N, is such that
|f| = |g| on the real line. Let {xx} and {z} be the sequence of real and upper half-plane
zeros of F' respectively, and {wy} be the sequence of upper half plane zeros of G. Then,
for each t € R~ {xz},

e FI) = V@ + (T 7)o+ e ()
= D 0, () =) P (t) + 6. (3.4.6)

Proof. As we observed before, the counting function Ny,,, is a step function which jumps

up at each z; by an integer. Thus, for every t € R \ {x;},
ﬂN{xk} — (91
mod 7, where 6; is a constant. Hence, by Lemma 3.4.2, for every ¢ € R \ {z}},

—~— —~——

log | F'|(t) + TNz} (t) = log |F|(t) + 61

=0, 410+ <TF;TG>t
1 F(t)
i §arg é(t) - Zﬁzk — Zﬁwk

mod 7. However, the left hand side is a continuous function of ¢. Since the sums are locally

uniformly convergent, the right hand side is also a continuous function of ¢t. Hence, there

is a constant 6y such that

—— +
10g | F|(t) + 7 Ngayy () = 02 + 0 + 0 + (TF 5 TG) ¢

1 F(t
+§arg Et; —;ﬁzk —;ﬁwk.

)

]

Theorem 3.4.3 is a very general result which implies several previously known results
as a special case. We first prove this result and then collect some immediate corollaries

of Theorem 3.4.3 in the following Section.
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3.5 Some immediate consequences of Theorem 3.4.3

In this section, we have collected several interesting results which follow rather easily from

Theorem 3.4.3. The first corollary gives us an explicit formula for log | F'| for functions in

the Toeplitz kernels with certain symbols.

Corollary 3.5.1. Let v : R — R and v € C¥(R). Suppose that F' be any nonzero function
in the Toeplitz kernel Ker™ [e?]. Let {xy} and {21} be respectively the sequence of real and
upper half-plane zeros of F. Suppose that {wy} be the sequence of zeros of e F in the
upper half-plane. Then for t € R\ {z},

o8 F1(1) =~y (0) + (T T8 Sy ()= 30, 0) 46,
k

where 6 1s a constant.

Proof. Take G = eF. Lemma 2.2.4 tells us that F, G € N,. Now apply Theorem
3.4.3. .

Corollary 3.5.2. Let I be a meromorphic inner function, and let F € K. Let {x;}
and {zx} be respectively the sequence of real and upper half-plane zeros of F. Let {wy}
and {ay} be the sequence of zeros of IF and I in the upper half-plane. Then, for every

t € R~ {xx},
log [F|(t) = ~7 Nz (8) + (%) E4 D D) = D0 6) = D () +0,
k k k

where 0 1s a constant.

Proof. Since I is meromorphic we have
I(t) = B;(0)e B, (t) = expi (03 — 7t +2 Z ﬁak(t)>,
k

where 05 is so chosen that B;(0) = €. Take () = 71t — 2 94, (t) — 05, then apply
k
Corollary 3.5.1. O

Corollary 3.5.3. Let E be a de Branges function having non real zeros only, and let

BT (E) be the associated Cartwright-de Branges space. Let F' € BT (E) and let {z} and
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{wy} be respectively the sequence of upper half-plane and lower half-plane zeros of F. Let
{a,} be the sequence of zeros of E in the lower half-plane and let {xy} be the sequence of

real zeros of % Then, for everyt € R\ {xy},

—~—

%](t) = N (1) 4 (LT T S (1) = 3 02y (6) = D s, ()40,

k k

log

where, Iy, = E*/E, and 0 is a constant.

Proof. Take F' = %. Then by Proposition 2.2.5, F € K/ . Note that % = IpF. Now
apply Corollary 3.5.2. [

The next result, which was first proved in [34], here we obtain it via Theorem 4.3.7

Corollary 3.5.4. Let F € C. Let {x},{2x} and {wy} be respectively the sequence of

real, upper and lower half-plane zeros of F. Then, for every t € R~ {xz},

R FI(0) = <N )4 (5 ) £ 2 0(0) = 3 0 (046

where 0 1s a constant.

Proof. Since F' € C, By definition, there exists a > 0 such that F' € C,. Thus, we have
E(z) = e?™4%  Then it is straightforward to see that

TF/E:TF—QWCL,
Tri/p = Tt — 2Ta,
= —4ra.

T]E

Substituting these values in the formula of Corollary 3.5.3 and observing that £ has no

zeros in the lower half-plane gives the result. O

The next four results were obtained by Makarov and Poltoratski [29,41]. Here, we
deduce them from Theorem 3.4.3. We say that A is an exact zero set of a function
space (in our case, BY(FE)), if there is a function F' in the space whose zeros, counting

multiplicities, are precisely the points of A.

Corollary 3.5.5. Let v € C¥(R) be real valued. Suppose that N*[e"] is nontrivial. Then

’Y:—Oé—i—ib,

dt)

where o € C¥(R) is an increasing function and h € L'(155).
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Proof. Take a function F' € N¥[e"”] which does not vanish on R and apply Corollary
3.5.1. ]

Corollary 3.5.6. Let A C R be an exact zero set of BY(E), where the de Branges function

E has only non real zeros. Then there is a constant b > 0 and a function
dt
he L
(1+¢2)

2Ny — arg Ip = —bx + h.

such that

Proof. By definition, there exists F' € BT (E) such that Z(F) = A, where Z(F') denotes
the zero set of F. Now take b = —(7. + 7_) and h = —2log ‘%‘ and apply Theorem
3.4.3. -

Corollary 3.5.7. Let I be a meromorphic inner function. Suppose that A C R is not a

uniqueness set for K7. Then there exists h € Ll(l_”’l_;) such that e € L3 (R) and
2Ny —argl = —¢ —l—ﬁ,

where ¢ is the argument of a meromorphic inner function.

Proof. Pick any function F' € K7 whose sequence of real zeros is exactly A and then apply

Corollary 3.5.2. O

Corollary 3.5.8. Let A C R be an exact zero set of C. Then there exist an constant

dt
hE 74
i (1+ﬁ)

Ny (t) = ct + h(t).

c >0 and a function

such that

Proof. Pick F € C such that Z(f) = A. Put h = —2log|F| and ¢ = "= Then apply
Corollary 3.5.4 and [44, Theorem 6.18]]. H

The following result is due to Cartwright and Levinson and can be found in [34,41].

It follows from Corollary 3.5.8 and the fact that w — 0 as [t| — oco. See also [24,29].
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32 Chapter 3. Hilbert transform: an explicit formula

Corollary 3.5.9. Let F' € C. Suppose F' has only real zeros {x,}. Then

Ny 1 (t h h_

|t|—00 t 2m

Recall that Lip,(R), a € (0, 1], denotes the class of functions f on the real line such

that
F(t)— F(s
PNLCELETIN

Corollary 3.5.10. Let F € N NLP(R),1 < p < oo, be such that the following conditions
are satisfied

(i) F' has no real zeros.

(i) Bp has bounded derivative.

(iii) log |F| € Lip;(R).
Then f' € HP.

Proof. Take G = F. Apply Theorem 3.4.3 and Corollary of [12, Theorem 11] O
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CHAPTER 4

Multipliers between model spaces

In this chapter, we discuss the problems on the multipliers between model spaces under
non Hilbert setting that is for the case p # 2. The multipliers between two different model
spaces of H? were first studied by E. Fricain, A. Hartmann and W. Ross in [15]. In this
chapter, we establish the corresponding results for multipliers between two model spaces
in the non-Hilbert setting. Our main observation is that, contrary to the Hilbert space
setting, in the non-Hilbert setting one cannot travel back and forth between model spaces
of the open unit disc and model spaces of the upper half-plane to transfer the multiplier
results of one setting to another. Inspired by the work of Crofoot [9] on the family
of surjective multipliers, we completely characterize equalities such as M?(0,03) =
MP(O4,03) and MP(O1,0) = MP(O1,03). The results of this chapter are contained in

the contributed article 3.

4.1 Introduction

Given a pair of inner functions ©; and ©,, our goal is to investigate the algebra of

multipliers

MP(O1,0,) := {9 € Hol(D) : 9K§ C K§,}.

33
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34 Chapter 4. Multipliers between model Spaces

The class M?(01,0,) was investigated in the pioneering work of E. Fricain, A. Hartmann
and W. Ross in [15]. This work was the inspiration for the current line of research. They
were also investigated by C. Camara, J. Partington [8] and E. Fricain, R. Rupam [16].

The main motivation for us to carry out this work was that the extension to cases
p # 2 were not so straightforward. As a matter of fact, according to Lemmas 6.1 and 6.2
of [15], on can deduce the multipliers of the function spaces in the upper half-plane with
the knowledge of multipliers of the function spaces in the open unit disc and vice-versa.
We observed that for p # 2 this technique is no longer applicable. This crucial fact is
crystalized in a uniqueness-type result in Proposition 4.3.3.

Another problem that we study in this article is motivated by the work of Crofoot [9],
where the class of onto multipliers was investigated. He showed that the space of onto
multipliers, if not void, is basically one dimensional. More explicitly, Corollary 13 of [9]
says that if ©; and ©5 are nonconstant inner functions on the unit disc, and if there exists

a multiplier ¥ from Kg, onto Keg,, then
M onio(01,02) :={p € Hol(D) : pKg, = Ko,} = (C~ {0})¥. (4.1.1)
Suppose now that ©;, ©, and ©3 are nonconstant inner functions and that
Monto(O1,O3) = Monto(02, O3) # 0.

Then, by (4.1.1), it is immediate that ©; = CO,, for some unimodular constant C'. At

the same token, if

Monto<®17 @2) - Monto(@h @3) 7A @7

then, once more by (4.1.1), we have Oy = C'O3. Considering the above observation, a

natural question to ask is as follows. If we have
MP(©1,03) = M"(0,,03) # {0},

can we conclude that ©; = (CO,, for some unimodular constant C'7 Similarly, does
MP(O1,0;) = MP(01,03) # {0} imply that O, = CO37 We answer affirmatively to

both questions.
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4.2. Multipliers of spaces on the open unit disc 35

4.2 Multipliers of spaces on the open unit disc

In this section, we give a characterization of MP(01,0;), 1 < p < oo, via the Toeplitz
kernel and Carleson measure for model spaces. Recall that a measure p on the unit circle
T is a Carleson measure for the model space K§ if Kg§ C LP(u). The novel work for
M?(0,,0,) is done by E. Fricain, A. Hartmann, and W. Ross [15].

As a simple starting observation, note that
MP(0,,0,) C HP. (4.2.1)
In fact, let ¥ € MP(Oy,0,). Since the Cauchy kernel
ko =1-0,(0)0, (4.2.2)

belong to K¢ (| (H>)~", we must have 9k, € K§, . But, since 1/ky € H>*, we conclude
that ¥ € HP.

Theorem 4.2.1. Let ©1 and Oy be inner functions and ¥ € HP. Then the following are

equivalent.

(1) ¥ € MP(O1,0,).

(ii) ¥ .8*0, € Kg, and Kg, C LP(|9[Pdm).
(iii) U € ker,[20,01] and K§ C LP(|9[Pdm).

Proof. (i) = (ii): Since S*©; € K§ , we must have 9 5*©; € K§ . That Kg C
LP(|9Pdm) follows directly from the definitions of multipliers and of the norm in model
spaces.

(4i) = (i11): Since 95O, € K§ , by the definition K§ , we have
¥8"0; = 2§ O, for some g € H”. (4.2.3)
But, according to (2.1.13) and (4.2.2), we see that
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Thus, combining (4.2.3) and (4.2.4), we obtain
2@2@119 == Eg/ffo

Since ko € (H*>)™!, it follows that g/ko € H?, and thus the above identity implies that
VS kerp[ZC:)g@l].
(49i) = (i): Suppose that f € K¢ . By the definition of K§ , we have

©,f = zh, for some h € H”. (4.2.5)
Hence,
0.0 f = 20,0,0h. (4.2.6)

The first assumption in (iii) implies that 28,09 € ZH? C ZN+, and the second assump-
tion implies that ¥ f € LP(T). Therefore, by (4.2.6), ©,0f € ZN+T N LP(T). O

Theorem 4.2.1 immediately implies the following result for bounded multipliers.

Corollary 4.2.2. Let ©, and Oy be inner functions, and let ¥ € H?. Then the following

are equivalent.
(i) ¥ € MP(O1,05) N H®.
(ii) ¥S*©; € K§, N H>.
(i4i) U € ker,[20,0,] N H*.

Proof. The implications (i) = (i7) and (i7i) = (i) are immediate. For the implication
(1) = (iii), observe that the assumption (iz) implies ¥ € H*. This follows from (4.2.4)
and that ko € (H>)™!. O

Corollary 4.2.2 reveals that
keI‘p[Zég@l] N H>® = Mp(@l, @2) N H*> Q Mp(@h @2) Q keI‘p[Zég@l].

However, in general, the inclusion MP(01, 0,) C ker,[20,0] is strict. See [15, Example
3.6].
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Corollary 4.2.3. Let ©; and O4 be inner functions such that ©1|0, i.e.,
O, = 0,05
for some inner function ©3, and let 9 € H?. Then the following are equivalent.
(i) 9 € MP(O1,0,).
(ii) U € Ko, and Kg, C LP([9[Pdm).

Moreover,

MP(0,,0,) N H* = Kl 1 H™.

4.3 Multipliers of spaces of the upper half-plane

In this section we investigate the multiplier results in the upper half-plane. The common
strategy is to use a conformal mapping between the open unit disc and the upper half
plane and then transfer the results from one space to another. In the same spirit, the
following Lemmas 6.1 and 6.2 were proved in [15]. For further reference, we mention them

below.

Lemma 4.3.1 (Lemma 6.1 of [15]). Let ¢ € L>°(T). Then
Uskers[p] = Kers U]

Lemma 4.3.2 (Lemma 6.2 of [15]). Let ©1 and Oy be inner functions on the unit disc.
Suppose that I, = U071 and 5 = U,.O,. Then

Z/{OOM2<@1, ("‘)2) - MQ(Il, Ig)

As the first step, we show that these results are valid just for the case p = 2. Therefore,
the knowledge of multipliers for the model spaces of the open unit disc does not help in
getting the corresponding results for the class of multipliers of model spaces in the upper
half plane in p # 2. To see that Lemma 4.3.1 is specific for the case of p = 2, we prove

the following uniqueness-type result.

Proposition 4.3.3. Let © be inner in the open unit disc. Then

Upkery[O] = Ker, [UO] <= p=2.
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Proof. Lemma 4.3.1 tells us Uskers[O] = Kery[Us©]. For the inverse implication assume
that
Upker,[©] = Ker, U O] (4.3.1)

holds for some p. According to (2.1.14),
S*O € Uyker,[O], 1 <p<oo.

Hence, by the assumption (4.3.1), U,S*O € Ker,[I], where I = U,© = © ow. On the
one hand, by (2.2.3),

(Uy5"0)(2) = WS*@(W z))

(
1 O(w(z)) — ©(0)
wl/p(z +14)2/P w(z
1 I(z) — I(i)
al/P(z4+4)22 w(z)

Hence, according to (2.2.11), U,S*© € Ker,[I] if and only if

1 I(x) — I(3)
TVe(z+1)2P  w(x)

— ()G (), (4.3.2)

for some G € HP. Note that in the last equation, we consider the boundary functions on

R and thus the identity should hold for almost all z € R. A simplification of (4.3.2) gives

1 _ _1/p G(v)
CE Pu() (1 — I_(z')[(a:))'

Since 1 — I(i)I € (H>®)~!, by (2.2.11), the above representation implies

1

o~ o] = P
($+i)2/p€Kerp[w] e,

which happens if and only if p = 2. For the only if part, recall that

1
P _—
/Cw—Span{x_H}

is a one-dimensional subspace of HP. O

In order to observe the failure of the Lemma 4.3.2 for p € (1,2) U (2, 00| we produce
a counter example. An insight to look for a counter example came through the following

key elusive example.
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Example 1. Let ©1(w) = w, w € D, and Oy be any inner functions on the unit disc.
Clearly Kg = C. Then let

z—1
Il(z>:uoo@1(z): Z—i—i’ Z€C+7

and [, = U,.O,. It is immediate that
MP(O1,0,) = Kg,
but
MP(Iy, 1) = (2 +1)KY,
since as before K} = Span{1/(z +1)}, 1 < p < oo.

An easy observation: If possible, suppose that Lemma 4.3.2 does hold for all values

1 < p < oco. Applying this assumption to the case of Example 1 we get,
UK, = (2 +1)K7, (4.3.3)

for all inner functions ©5 on the unit disk. Equation 4.3.3 immediately tells that the map
Uy : K, — K, is surjective for every inner function ©, on the unit disk. We extract an
inner function O, (See, Theorem 4.3.9 and 4.3.12) on the unit disk such that the above
conclusion fails. Such a ©, together with the inner function ©,(w) = w will serve as our

counter example.

Above observation led us to following propositions.

Proposition 4.3.4. For p > 2 there exist a pair of inner functions ©1 and ©4 on the
unit disc. Such that
U MP(O1,0,) # MP(14, 1),

where Iy = U071 and Iy = U, Os.

Proposition 4.3.4 shows that in general for p > 2 one cannot recover the class of

multipliers in the upper half plane with the corresponding knowledge in the unit disc.

Proposition 4.3.5. For 1 < p < 2 there exist a pair of inner functions ©1 and Oy on
the unit disc. Such that
MP(©4,0,) £ U MP(I, L),

where I} = U071 and Iy = U Os.
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Proposition 4.3.5 shows that in general for 1 < p < 2 one cannot recover the class of
multipliers in the unit disc with the corresponding knowledge in the upper half plane.

As observed above our prime goal reduces to look for some mapping properties of the
map U on model spaces. We note that for an inner function © on the unit disc and

I = U0, the map
Z/[Q : Kg — IC?

is well defined for all p > 2. Indeed, it is straightforward that f € K§ implies that
IUs f = Uyg for some g € HP and it is also not hard to see that |[Usf||, < ||f]],, whenever
p > 2. It is obvious that the map is a bijection for p = 2, and at least injective for p > 2.
We will see in Theorem 4.3.9 that this map is not surjective in general, which is a key
result of this paper. A consequence of the surjectivity of the map Uy on some model spaces
is that there exists a “wild” multiplier which multiplies the underlying model space into
the corresponding Hardy space. The precise statement is given in the form of following

lemma.

Lemma 4.3.6. Let © be an inner function on the unit disc and p > 2. If the map

Uy : K — KY is surjective, then (z + z')l_%lC’I” C HP.

Proof. Given F € K, put g(w) = Uy 'F(w) = 22 F (i12), w € D. Then g € K3, and

1—w 1

hence U,g € HP. O

We note that the function (z + z')k% does not belong to H*™ whenever p € (2, 00].
Thus the surjectivity of the map Us must fail if we can trap an inner function I in the
upper half plane such that K7 contains a function F' for which (z + i)l_%F goes outside
‘HP. But in general it is extremely difficult to identify general functions in a model space.
However there always exists a function F' in H? such that (z + i)lf%F goes outside HP,
but we do not immediately know that whether or not this function belongs to some
model space in the upper half plane. However it is straightforward that any non trivial
function in H? can be put in some Toeplitz kernel, indeed if F' € HP then F € Ker,[F/F].
Here Dyakonov’s [13] famous result on a characterization of Toeplitz kernels comes into
the picture, which relates Toeplitz kernels and model spaces. Given any function in the

Hardy space, Dyakonov’s result gives us a way to manufacture a new function which has
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the same asymptotic behavior as that of the original function, in fact both the functions
have the same integrability properties and the nice thing about the new function is that
there are model spaces ready to embrace it (see, Lemma 4.3.8). To state Dyakonov’s
result the elements of the Cartesian product B x B x (H*)~! where B denotes the class
of Blaschke products in the upper half plane, will be called triples. Dyakonov used a
remarkable factorization theorem for L>°(R) functions due to Bourgain [5] to obtain the

following characterization of Toeplitz kernels.

Theorem 4.3.7 (Dyakonov [13]). Let ¢ € L¥(R), ¢ # 0. Then there exists a triple
(B1, By, O) such that, for all 1 < p < oo,

Ker,[p] = B0 - (K, N ByHP). (4.3.4)

Let us define a subset KP of HP as

kv o= K% (4.3.5)

BeB

As a consequence of Theorem 4.3.7 we obtain the following pointwise multiplier re-
sult,which tells that every function in H? can be realized as a function in some weighted

model space. The precise statement is the following.

Lemma 4.3.8. Let F' be an element of H?, 1 < p < oo. Then there exists a function

G € H™ such that |G| < 1 almost everywhere on R and GF € KP.

Proof. Set ¢ = %, then I € Ker,[p]. Theorem 4.3.7 gives the existence of a triple
(By, By, O) such that (4.3.4) holds. Take G = B,O~!, then G has required properties. []

Now we are ready to prove our prime goal of non surjevtivity of the map Us.

Theorem 4.3.9. For p > 2 there exists an inner function © on the unit disc such that

the map Uy : K — KY, where I = UO ,is not surjective.

Proof. Chose a function F' € H? such that (z + z)l_%F(x) does not belong to LP(R).
Applying Lemma 4.3.8 to F, we obtain a function G such that |G| < 1 almost everywhere
on R and GF € K% for some Blaschke product B in the upper half plane. Put

14+ w
1—w

O(w) = B <z ) — UZ'B(w), weD.
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Obviously © is an inner function in the unit disc.
Claim. The map Us : K§ — K%, is not surjective.
Proof of the claim. If the map is surjective, Lemma 5.3.4 implies that (z+i)17%/C% C HP,
consequently (z + i)l_%GF € HP. But this is not possible as (z + 2)1_%17(1') does not
belong to LP(R) and |G| < 1 almost everywhere on R. This completes the proof of the

claim and hence the theorem. O

Now we are ready to prove Proposition 4.3.4.
Proof of Proposition 4.3.4. Suppose p > 2 and O;(w) = w, w € D. Now choose an

inner function ©y on the unit disc such that the map
. P P
Z/{Q . K®2 % ICIQ’

where [y = U, O, is not surjective. The existence of such an inner function O, is

guaranteed by Theorem 4.3.9. As discussed in Example 1 we have
MP(©1,05) = K§,

and

MP (I, I) = (2 + K,

Now obviously we have U, MP(O1,0y) # MP(Iy, I5). Indeed,
U MP(O1,05) = MP(11, I5)

implies that
Us Kg, = K.

Which is certainly not true by the choice of the inner function ©,. This completes the
proof.

Remark. Tt is not hard to see that the map Us has dense range. As Theorem 4.3.9 suggests
that the map Uy is not surjective in general, and hence by open mapping theorem the

map U, ' does not have bounded inverse for the case p > 2.

In order to prove Proposition 4.3.5 one needs to use the unit disc version of the

Theorem 4.3.7 to obtain analogues of Lemma 4.3.8, Lemma 5.3.4 and Theorem 4.3.9.
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We note that for an inner function © on the unit disc and I = U,,©, the map
-1 .
U, K = K

is well defined for all 1 < p < 2. It is obvious that the map is a bijection for p = 2, and

at least injective for 1 < p < 2. Let us define a subset K? of H? as

K=K} (4.3.6)

beZ
where Z denotes the class os Blaschke products on the unit disc. Now we have the following

pointwise multiplier result on the unit disc.

Lemma 4.3.10. Let f be an element of HP, 1 < p < oo. Then there exists a function

g € H*® such that |g| < 1 almost everywhere on T and gf € KP.
Proof. Proof is similar to the proof of Lemma 4.3.8. O]
The following result is an analogue of Lemma 5.3.4 in the unit disc setting.

Lemma 4.3.11. Let © be an inner function on the unit disc and 1 < p < 2. If the map

Uyt K — KD is surjective, then (1 — w)l_%K}” C H?.
Proof. Proof is similar to the proof of Lemma 5.3.4. m
The following result is the analogue of Theorem 4.3.9 in the unit disc setting.

Theorem 4.3.12. For 1 < p < 2 there exists an inner function © on the unit disc such

that the map Uy ' : KY — KB, where I =U,© ,is not surjective.
Proof. Proof is similar to the proof of Theorem 4.3.9. ]

Proof of the Proposition 4.3.5. Follows from Example 1 and Theorem 4.3.12.
Remark. It is not hard to see that the map U, ' has dense range. As Theorem 4.3.12
suggests that the map U, ' is not surjective in general, and hence by open mapping

theorem the map Us does not have bounded inverse for the case 1 < p < 2.

Unlike to the case of unit disc, multipliers in the upper half-plane need not belong
to HP however it always belongs to the Smirnov class N'*. Regarding this we have the

following Proposition. From now onward we have 1 < p < oc.
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Proposition 4.3.13. Let I, and Iy be inner functions and 1 < p < oco. Let & €
Mp(]hfg), then ® € ./\/Ur.

Proof. Observe that the function

G,=1-1L{)L (4.3.7)

F, = Ce (4.3.8)
Z41
belongs to K7 . Thus ®F, € K7 , and hence ® € N'F. O

Following results corresponding to the case p = 2 were obtained in [15]. However the
proofs were obtained using Lemmas 4.3.1 and 4.3.2. Since these Lemmas are no longer

true for p # 2 so we need to produce an independent argument.

Theorem 4.3.14. Let I, and Iy be inner functions and ® € N*, then for 1 < p < oo the
following are equivalent:

(i) @ € MP(I4,15).

(i) 100 e kP and K7 C LP(|®[Pda).

(iii) @ € (2 + i)Ker, [0l 11] and Kf C LP(|®[Pdz).

Proof. The implication (i)=-(ii) follows directly from the definition. To see the implication

(ii)=-(iii) we argue as follows. Since @I;—f(;) € K}, by definition we have
-1 =1 _
[2(1)1—@ € Kf, = G, for some G € HP. (4.3.9)

T —1

Combining (4.3.8) and (4.3.9) we obtain

- ® G
ol 1 =| =
. Yo+ (Fo>

Since F, € (H>)™!, it follows that G/F, € HP, and hence by definition ®/(x + i) €

Ker,[wl,1;]. To complete the proof it remains to prove the implication (iii)=-(i). Suppose

that I € Kg,. By definition we have

ILLF=H, H e HP. (4.3.10)
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A simple manipulation of (4.3.10) gives us

Now first condition in (iii) implies that I,[;® € H? C N'F, and second condition implies
that ®F € LP(R). Hence (4.3.11) yields L,®F € N'* N LP(R). O

Now we come to the situation when the embedding condition of the model space in
some weighted LP is comparatively easier to handle. The following result can be obtained

as a consequence of Volberg-Treil embedding theorem [46].

Theorem 4.3.15. Let I be an inner function in the upper half-plane such that |I'(x)| <
1, x € R. Given a positive Borel measure o on R, the following are equivalent:
(i) for 1 <p < oo, K C LP(do).

(ii) the set {o([z,z +1]) : © € R} is bounded.

For p = 2, Baranov proved this result independently [1, Theorem 5.1].

Using this embedding result one can give the following characterization of multipliers.

Corollary 4.3.16. Let Iy and I be inner functions and |I]] < 1 on R. Suppose that
® € Nt then for 1 < p < co. the following are equivalent:

(i) ® € MP(L4, I).

(i) L8l ¢ K}, and sup,ep f;ﬂ |®(z)|Pdx < o0.

(iii) @ € (2 + i) Kery[wlo11] and sup,cg f;ﬂ |®(z)[Pdz < oo0.

When the inner functions in the above characterizations turn out to be meromorphic
the situation becomes easier to apply. The following result was obtained for p = 2 in [16].

For all 1 < p < oo proof is more or less similar, so we omit the proof.

Theorem 4.3.17. Let I and I be meromorphic inner functions such that |I}| < 1 on R.

—_—~—

Set X := arg(l,) — arg(bly) on R. Assume that either \ ¢ Ll(lﬁg) or if X = h for some
h € L1<1i§;2)’ then e™" ¢ Lg(lifcz). Then the following are equivalent.

(i) dim Ker,[wl,] > 2.
(ii) Ker,[wly 1] # {0}.
(iii) MP(I1 I5) # {0}.
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4.4 Uniqueness results on the class of multipliers

In this section, we prove some uniqueness results regarding the class of multipliers. More
explicitly, we prove that if I; is fixed and I, and I3 are distinct inner functions, that is,
their ratio is not a unimodular constant, then MP (I, I5) and MP([y, I3) are distinct. All
the results of this section, hold in the upper half-plane setting as well as in the open unit
disc setting. However, we state the results in the upper half-plane setting. Throughout

this section, we assume 1 < p < oo.

Lemma 4.4.1. For a pair of inner functions I; and Iy, if MP(I,,15) # {0}, then

MP(14, I5) contains an outer function.

Proof. For inner functions I; and I, suppose that MP (I, I5) be nontrivial and let ® €
MP(I,,I5). Applying Proposition 4.3.13, it follows that ® € N and hence ® = IO,

where I is inner and O is outer. For each F' € K7 , by assumption ®F € K7 . Thus we

have
LOF = LIOF ¢ H'.
This in turn implies that OF € K , and hence O € MP (I3, ). O

A similar argument as in the case of multipliers gives the well-known result about
model spaces, i.e., for each non-constant inner function /, the space K contains an outer
function. We exploit these results to give a characterization of multipliers ® € MP(I3, I5)

as a solution to the Riemann-Hilbert (RH) problem
O, I, = d_, for some d_ € Nt

The RH approach to study the class of multipliers sheds more light on the question of

when two classes of multipliers coincide.

Proposition 4.4.2. Let I; and I be non-constant inner functions and let ® € N*. Then

the following are equivalent.
(i) © € MP(1y,15).

(i) ® 1,1y € MP(Iy, I5).
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Proof. (i) = (ii): Let ® € MP(I;,1;). If & = 0, the equivalence is trivial. Hence,
assume that ® # 0. By definition, we have F' € K}, if and only if I1F € K} . Thus we

have

®LF € K, forall Fekh.

Hence, based on the same characterization but applied for K7 , we also have
Ig(i)le S K:i, for all F c ICII)l (441)

Therefore, in order to complete the proof, we only need to show that I,®I; € N't. But
this is straightforward, since (4.4.1) is true for all F' € ICJ}’1 and, in particular, by taking
F' to be any outer function in K , the conclusion follows.

The above argument is almost reversible and gives the implication (ii) = (7). O

According to Proposition 4.4.2, the map
T: MP(L,I,) — MP(I, 1)
® —  OLI,
is well-defined. It is easy to see that this map is involutive, i.e., 7% = I. Hence, the point

spectrum of 7" fulfills 0,(T") C {—1,1}.

Theorem 4.4.3. Let I, Iy and I3 be inner functions. Assume that there is an outer
function ® € N'" such that

13 € MP(Iy, I3).
Then Iy divides I.

Proof. We use the following characterization for model space inclusion: I divides I if
and only if K7 C K7 . E.g., see [36, Corollary 8]. Let F' € K7,. Hence, by the hypothesis,
we have
DI I3F € K.
Applying the conjugation for K7 , we see that ®1,F € K} . Since ® is outer it follows
that
LFeNT.

Finally, as F' € HP(R) C LP(R), the Smirnov maximum principle implies I; ' € HP(R).
Therefore, F' € K7,. The result now follows from the above-mentioned characterization.

O
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Corollary 4.4.4. Let I, I, and I3 be inner functions. Let ®, W € N be outer functions
such that

{01, LY L} C MP(I, I3) N MP(Iy, I3).

Then Iy = C'Iy, for some unimodular constant C.

By Corollary 4.4.4, it is immediate that
Mp(ll,[;g) = Mp<[2,[3) 7é {O} <— I, = C[l,
for some unimodular constant C'. Using a similar argument, we have

Mp(ll,lg) = Mp<11,[3) # {0} — I, = C]g
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CHAPTER b

Uniqueness results and mixed data problem

In this article, we discuss on the problems of uniqueness sets for model spaces and mixed

data problems. The Results of this chapter are contained in the contributed article 4.

5.1 Introduction

The injectivity problem of the Toeplitz operator has a connection with the following

inverse spectral problem. Let us consider the Schrodinger equation
—u" 4+ qu = Au

on some interval (a,b) and assume that the potential ¢ is locally integrable and the point
a is a regular point, i.e., a is finite and ¢ is summable near a. Let us fix the following

boundary conditions:

cos(a)u(a) + sin(a)u'(a) = 0
cos(B)u(b) + sin(B)u'(b) = 0.

Suppose that a separated sequence A C R be the spectral data of the above operator.

Then a natural question is to ask is that, can we uniquely reconstruct the operator with

49
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the help of the spectral data A? In [4], Borg proved that, in most cases, two spectra are
enough to recover the potential. In [28] further, Levinson relaxed the condition of Borg’s
paper. Hochstadt and Liebermann in [21] established that if half of the potential is known,
then one spectrum is enough to reconstruct the potential on the other half. Simon and
Gesztesy in [19] and [26] proved sufficient conditions for partial potential and one spectrum
to recover the potential uniquely. In [29], the authors established that recovering the
operator uniquely is equivalent to recovering the meromorphic inner function (MIF) with
some information about potential and spectrum. For more on spectral theory see [29] and
references therein.

The above discussion tells us that the problem of injectivity of Toeplitz operators,
determining uniqueness sets for model spaces, and determination of a meromorphic inner
function with data about potential and its spectrum is of great importance. In this chapter

we explore some of these aspects.

5.2 Uniqueness sets for model spaces

Let I be a meromorphic inner function. A set A C C, is said to be a uniqueness set for
IC; if any function in K; vanishes on A must vanish identically. We prove the following

theorems on the uniqueness set for model spaces in H>.

Theorem 5.2.1. Let I be a meromorphic inner function and A C C,. Set
K={fekK;: fla=0}.

Then A is a uniqueness set for Ky if and only if dim K =0 or 1.

Proof. If dim K = 0, then we have nothing to prove. So, we assume that dim K = 1.

Let f € K; and f|y = 0. This implies that
If=H, HecH?
and

f = BAg7g S HQ'
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Define G and F' as follows
G = wB\H,
and
F = B\H.
Obviously G|x = F|a = 0. A simple calculation shows that
wIG =g.
and
wlF = bg.
Consequently, G, F' € K. By the hypothesis we have,
F = aG, for some a € C.
This implies
ByH(1 —ab) =0,
which yields
H =0, and hence f = 0.

Conversely, let A be a uniqueness set for IC;. If possible, suppose that dim K > 2. Let
Fy € K, then we have Fy = B,G}, for some G; € H? with G1()\) # 0 for any A € A.

Next, since F; € K, we have
wlFy = H, for some H € H?.
Using the fact that [} = By(G, it is immediate that
wlGy = BpH. (5.2.1)

This shows that G € K.
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Case L. If G, (i) = 0, then @G, € H?2. Hence by (5.2.1) BywG; € Ky, but this contradicts

the fact that A is a uniqueness set for IC;.

Case II. Let G1(i) # 0. Since dim K > 2, there exists a function Fy € K such that F}
and F} are linearly independent in K. Now, we have I, = ByGs, for some Gy € H? with
Ga(N\) # 0 for any A € A. Assume that Go(i) # 0, for if Go(i) = 0 then as in Case I, we
reach a contradiction. Since F; and F, are linearly independent, it follows that G; and

(G5 are linearly independent. Now, we construct a function G as follows:
G Y GQ(Z)Gl - Gl(Z)GQ

Since Gy, G2 € Ky, it follows that G € K, and G(i) = 0. Again as in Case I we reach a

contradiction. O

Remark. Theorem 5.2.1 holds good for K% for all p > 0.

Theorem 5.2.2. Let I be a meromorphic inner function and A C C,. Set
K={fekK;: f|la=0}.
Then A\ {\,} is not a uniqueness set for Iy for any A\, € A if and only if K # {0}.

Proof. Suppose that A, = A\ {)\,} is not a uniqueness for ;. Set
Ky, :={feK;: fln, =0}

By Theorem 5.2.1, we have dim K, > 2. This implies that there exists a non zero function

g € K, such that g()\,) = 0 and hence g € K.

Conversely, assume that K # {0}. Since K C K, this implies that K, # 0. Let

Y
wy,(2) = coz—j\, where |¢,| =1

o

be such that

B = wy, B, for some Blaschke product B with By, = 0.
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Let f € K, then we have
f = Bag, for some g € H* with g()\) # 0, for any A € A.
Obviously, f € K,. Next, we define f; as follows:
fi=Bg.
Then fi|5, = 0. Next, since f € K, we have
wIByg = h, for some h € H?.

This implies

Hence, we get

It follows that f; € K; and hence f; € K,. Since f and f; are linearly independent, we
conclude that dim K, > 2. Thus, the result follows from Theorem 5.2.1. O

Remarks. (a) By the same reasoning as in Theorem 5.2.1, one can show that A is a

uniqueness set for Ky if and only if dim K € {0, 1,...,n}, where
K= {f & Kwn[ . f|A :0}

(b) Theorem 5.2.2 tells us that if A ~ {\,} is a uniqueness set for K; for some A\, € A
then we must have K = 0. In contrast of Theorem 5.2.1, it discards the possibility of
being dim K = 1. So removing a point from A can be interpreted as eliminating a one-
dimensional subspace of K.

Let consider the Schrodinger equation
—i+qu = zu (5.2.2)

on some interval (a,b) with the locally integrable potential g. assume that the point a
is regular and fix a self-adjoint boundary condition at the point b. Let A C C, then as

we discussed in the Subsection 2.2.7 for each A € A there is a non-trivial solution ., ).
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Let us recall that the system Uy := {u(.,A) : A € A} is complete if closer of the span of
Uy, coincides with L?(a,b), and is minimal if for each A, € A, u(.,\,) does not belong to
the closer of the span of Up y),). Let I, be the meromorphic inner function associated
with the Schrodinger equation as discussed in the Subsection 2.2.7. The following result
of Makarov and Poltoratski, see [29, Theorem 4.3] or [41, Theorem 48] can be deduced
from the Theorems 5.2.1, 5.2.2 and the Lemma 5.2.4.

Corollary 5.2.3. Let A=A, UA_, AL C C,, and let B be Blaschke product correspond-
ing to the sequence A U A_. Then the family {u(.,\) : X € A}

1. is complete in L*(a,b) if and only if Kery[I,, B] = {0},
2. is minimal if and only if Kery[bl,, B] # {0}, and
3. is complete and minimal if and only if dim Kery[bl,, B] = 1.

Lemma 5.2.4. Let I be a meromorphic inner function and A € C, be any Blaschke

sequence. Set

K::{FE’C[Z F‘AIO}.

Then the operator T : Kera[IBy] :— K defined as
TF=1IF
18 unitary.
Proof. Let F € Kery[IB,], by definition we have
IB\F = @, for some G € H?,

and this yields that the function IF belongs to H? and vanishes on A consequently we
have IF € K. Also note that if Fy, F, € Kery[IBy] with F} = F;, then we must have
TF, = TF,. Thus the map T is well defined. Obviously the map T is an isometry as
|T'F| = |F| on the real line R. So in order to prove that 7 is unitary we only require to
prove that T is surjective. Suppose that F' € K, then by definition F' vanishes on A and
hence we have F = By K for some K € H?. Now as ByK € K; we have IB\K € H?. Put
H = IB\K = IF, then H € Kery[IB,] and TH = F. O
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5.3 Mixed data problem

Let us recall that given a meromorphic inner function I we define the point spectrum of

I as

o(l) = {reR:I(x)=1} if 1—-1¢ L*R)

{reR:I(x) =1} U{oo} if 1—1€L(R).

Let & and ¥ be meromorphic inner functions and I = W®. Suppose that o(I) denotes
the point spectrum of /. We say that the data [V, o([)] determine I if any inner function

I satisfies the following conditions:

e U divides I, and

then we must have I = I. Alternatively, we can say that ¥ and (/) determine ®.

In [29], the authors proved the following three results related to the mixed data prob-

lem.
Proposition 5.3.1. If Ker, [PW] # {0}, then the data [¥,o(I)] does not determine I.

Proposition 5.3.2. ]fKerg[CI)\If] = {0} for some p < 1, then the data [V, (I)] determine
1.

Proposition 5.3.3. If the data [V,0(I)] does not determine I, then there exists mero-
morphic inner functions I and J such that {x e R: [;(z) =1} = {zreR: J(z) =1}

and
Kery, [I; JOW] # {0}.

In this direction we obtain some result. In order to prove the theorem on the mixed

data problem we need the following technical lemma.

Lemma 5.3.4. Let ®,V, I, and J be meromorphic inner functions. Let f € Kery[IJOW].

Assume that the following conditions are satisfied.

(1) o(I) Ca(J),
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(i) Wf = g, for some g € H™ with g(a) =0, for some a € C,.
Then f = 0.
Proof. Since f € N*®°[I[J®V], by definition we have
IJO®Vf = H, for some H € H™.
Using condition (1), we get
IJg=H. (5.3.1)

Since g(a) = 0, this implies that there exists h € H*> such that (z — a)h = g. By (5.3.1)

we get,

IJ(x —a)h = H.

This implies

I‘Jh:T. 5.3.2
(%) (532

T —a

Next, we note that, since the function belongs to H?, for any a € C,, and H € H>,

Z—a
we get — € H% By (5.3.2), it follows that h € Kery[I.J]. Since o(I) C o(J) it follows
z—a
from Theorem 3.20, [29] that A = 0. Thus we have f = 0. O

Now we prove the following Theorem on the mixed data problem.

Theorem 5.3.5. Let ¥, and ® be two meromorphic inner functions and put I = VO,

Suppose that following conditions are satisfied
(i) Z(®) C Z(V), where Z(f) denotes the zero set of a typical function f,
(ii) ® divides ¥, and

(11i) oo ¢ o(1).

Then the data [V, o(1)] determine I.
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Proof. 1f possible suppose that the data [V, o(I)] does not determine I. Then there exist

meromorphic inner functions I; and J such that
{zeR: I(x)=1}={zeR: J(x)=1}
and
Kery [[;JOV] # {0}.

For f € Kery[[;J®V], we note that the following conditions are satisfied.

vf

°* 3 € H>, by condition (i7)

vf

o ?(Q) = 0, for some a € C, by condition (i), and
e o(I;) C o(J), by condition (7).

Thus by Lemma 5.3.4, we must have f = 0. Hence, we reach a contradiction and this
completes the proof.

]

Remark. In Theorem 5.3.5, one can weaken the condition Z(®) C Z (V). By the proof of
Theorem 5.3.5, it is obvious that one only needs to assume that W has a zero of multiplicity
higher than that of ®.

Now, we construct a space for which only a single point in the upper half-plane turns

out to be a uniqueness set.

Corollary 5.3.6. Let I and J be two meromorphic inner functions such that o(I) C o(J).
Then for any meromorphic inner function U in the upper half-plane C, one and ezxactly

one of the following is true.
(i) Any singleton set in C, is a uniqueness set for Keryo[IJW].
(ii) Keryo[IJ¥] = {0}.

Proof. Let ¥ be any meromorphic inner function in the upper half-plane. Then, either

U = Be'* where B is some non-trivial Blaschke product and a > 0, or ¥ = Ce’®*, where

C' is a unimodular constant.
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Case I. Let U = Be™@*. Consider ® = 1, then one can easily see that any function
f € Kery [I.J1%) satisfies the condition W f € ®H>®. Thus if f vanishes at any point in the

upper half-plane, we must have f = 0.

Case II. Let ¥ = Ce?®*. Consider ® = 1, then for any f € Kery,[IJ¥], we automati-

1\
cally have ?f € H> and vanishes at a point in the upper half-plane. O
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CHAPTER 6

Summary and future direction

6.1 Summary

In this dissertation we have discussed three problems arising in the study of complex
analysis and used in the completeness problems in function spaces and in the spectral

theory.

In the third chapter we discussed about the explicit formula for Hilbert transform. We
are able to capture the largest class which can be considered in this context. The idea
was to generate two equations involving Hilbert transform of the same function and then
solve them. The solution was obtained using the non-tangential limits and comparing the
arguments of the Known equations. Then to highlight generality of our formula we have

applied it to many situations and derived some known results rather easily.

In the fourth chapter we studied the multipliers between model spaces. The main
interest of this chapter was to obtain a characterization of the algebra of multipliers in
the non-Hilbert setting, that is, for the case p # 2. The main thrust of this chapter was
that: for the case p # 2 the algebra of multipliers denies to obey some results obtained
before for the case p = 2. The man tool that we used to prove the above claim was a
remarkable characterization of Toeplitz kernels obtained by Dyakonov. In this chapter
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we also proved that the algebra of multipliers does not allow a “perturbation” in inner

functions without altering the algebra.

In the fifth chapter we studied about uniqueness sets for model spaces and mixed data
problem. The result on uniqueness sets was studied via the study of dimension of some
auxiliary space and the results on the mixed data was obtained via injectivity of some

Toeplitz operators.

6.2 Future direction

6.2.1 Hilbert transform

Since the Hilbert transform appears in many applications it seems to worthwhile look for
some explicit formula for the other class of functions as well. In Chapter 2 we studied
about an explicit formula for the functions log|F| for F' € N,. The main property of this
class that we have used in the proof was that, such functions F' belongs to the class C*(R)
and this property allowed us to solve the two equations involving the Hilbert transform
of |log|F|. The approach that we have adopted will break-dawn if F' ¢ C¥(R).

Problem 1. If F € N\ C¥(R) can we adopt some other method to obtain some explicit

formula for the Hilbert transform of log | f|?

6.2.2 Multipliers between model spaces

In Chapter 4 we studied about the multipliers between the model spaces. We proved that,
in general for the case p > 2 the map U, fails to be surjective from the model space K,
into the model space K§. This was proved by giving the existence of an inner function
for which such a phenomena occur. We believe that if @ is any inner function other than
a finite Blaschke, then such a phenomena always occur. So it seems to be interesting to
investigate the case of non finite Blaschke product.

Problem 2. Let © be any inner function in the unit disk which is not a finite Blaschke
product and let © = © o w be the corresponding inner function in the upper half-plane.

If p > 2 does it always imply that the map

Z/{Q:,C% — Kg
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is not surjective?

As we have discussed in Chapter 4 that Crofoot [9] investigated onto multipliers be-
tween model spaces g, and Kg, . In [9] he also investigated isometric multipliers. Recall
that a multiplier 9 is said to be isometric if | |9 F||, = || F||,. Crofoot prove that a multiplier
¥ is isometric from kg onto Kg, if and only if @, = 70 6, for some disk automorphism
7. It seems to be interesting to investigate isometric multipliers in the setting of into
multipliers.

Problem 3. Let ©; and ©, be inner functions on the unit disk ID. Under what condition

does there exist an into isometric multipliers between the model spaces Kg, onto Kg, 7

6.2.3 Uniqueness Results on Model Spaces

In Chapter 5 we investigated about the uniqueness sets for model spaces K§ and we
obtain the criterion of uniqueness in terms of the dimension of some auxiliary spaces.
It seems to a be very deep and challenging problem to obtain a criterion for uniqueness
sets in terms terms of the inner function © itself. Any such criterion can be understood
as a generalization of Beurling-Malliavin theory on the radius of completeness. Some
results of this kind for a class of meromorphic inner function whose argument on the
real line R grows polynomially are contained the work of Makarov and Poltoratski [30)]
or [41, Chapter 8].

Problem 4 Let © be an inner function and suppose that A C C,. Obtain a criterion in

terms of © so that A turns out to be a uniqueness set for the model space Kg.
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