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Abstract

In this thesis we consider stochastic control problems with probability and risk-sensitive
criterion. We consider both single and multi controller problems. Under probability criterion
we first consider a zero-sum game with semi-Markov state process. We consider a general
state and finite action spaces. Under suitable assumptions, we establish the existence of value
of the game and also characterize it through an optimality equation. In the process we also
prescribe a saddle point equilibrium. Next we consider a zero-sum game with probability
criterion for continuous time Markov chains. We consider denumerable state space and
unbounded transition rates. Again under suitable assumptions, we show the existence of
value of the game and also characterize it as the unique solution of a pair of Shapley equations.
We also establish the existence of a randomized stationary saddle point equilibrium.

In the risk-sensitive setup we consider a single controller problem with semi-Markov state
process. The state space is assumed to be discrete. In place of the classical risk-sensitive
utility function, which is the exponential function, we consider general utility functions. The
optimization criteria also contains a discount factor. We investigate random finite horizon
and infinite horizon problems. Using a state augmentation technique we characterize the
value functions and also prescribe optimal controls. We then consider risk-sensitive game
problems. We study zero and non-zero sum risk-sensitive average criterion games for semi-
Markov processes with a finite state space. For the zero-sum case, under suitable assumptions
we show that the game has a value. We also establish the existence of a stationary saddle
point equilibrium. For the non-zero sum case, under suitable assumptions we establish the
existence of a stationary Nash equilibrium.

Finally, we also consider a partially observable model. More specifically, we investigate
partially observable zero sum games where the state process is a discrete time Markov chain.
We consider a general utility function in the optimization criterion. We show the existence
of value for both finite and infinite horizon games and also establish the existence of optimal
polices. The main step involves converting the partially observable game into a completely
observable game which also keeps track of the total discounted accumulated reward/cost.
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CHAPTER ]_

Introduction

In this thesis we consider stochastic control problems, both with single and multiple con-
trollers, under probability and risk-sensitive criteria. A stochastic control problem is an opti-
mization problem, wherein one or more controllers try to control the evolution of a stochastic
process by taking some actions. These actions either result in a cost or yield a reward. The
aim of the controller or controllers is to maximize, in case of reward, or minimize, in case of
cost, which is accumulated either over a finite or infinite time horizon. When there is more
than one controller the stochastic control problem is referred to as stochastic game problem.
A stochastic game problem is further classified into zero-sum game, wherein one player is
trying to maximize his or her payoff and the other player is trying to minimize the same.
While in a non-zero sum game each player is trying to optimize his or her individual payoff.
In real life, stochastic control problems arises naturally in the fields of telecommunication,
queueing systems, epidemiology, finance etc. Stochastic control problems are considered for
both discrete and continuous time processes. In discrete time the state process considered is
discrete time Markov chain. Such control problems are popularly referred to in literature as
Discrete Time Markov Markov Decision Processes or DTMDP in short. In continuous-time
the state processes that are considered are continuous time Markov chains also known in lit-
erature as Continuous Time Markov Decision Processes or CTMDP, semi-Markov processes
also known as Semi-Markov Decision Processes or SMDP, and diffusions. Stochastic control
problems are considered for both finite and infinite time horizons. Finite horizon control
problems with both discounted as well as undiscounted cost/reward are studied. In case

of infinite horizon two popular criteria are infinite horizon discounted cost/reward criterion
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Chapter 1 §1.0

and infinite horizon average cost/reward criterion.

Now since the cost or reward functional which the controller(s) is(are) trying to optimize,
depends on the random evolution of the controlled stochastic process, it itself is a random
quantity. Thus the most obvious approach is to try to optimize the expectation of the random
quantity. This approach is known as risk-neutral approach. But expectation optimization
has the short coming that the risk of the optimal control can be quite large and hence this can
be a major concern in real life applications. In order to address this concern, there are two
existing remedies in the literature. One of the approaches that is available in the literature
is to try to optimize the expectation of the exponential of the cost or reward functional.
This approach is known as the risk-sensitive approach. Since the Taylor series expansion of
the exponential function involves higher powers, the risk-sensitive approach takes care of the
higher moments as well. Thus it takes care of the "risk”. Risk-sensitive control problems
have found wide applications in the field of mathematical finance. The other approach is
what is called the probability criterion approach. Here the controller tries to maximize
(or minimize in case of cost) the probability that the reward will exceed a predetermined
threshold. Stochastic control problems with probability criterion has applications in the
analysis of manufacturing systems.

Another classification of stochastic control problems arises from the point of view of
observability. Sometimes the underlying stochastic process may not be completely observable
to the controller(s). In such situations the controller needs to decide on his/her actions
based on the available partial observation. Such control problems are referred to as partially
observable stochastic control problems. Partially observable control problems arise naturally
in telecommunications, where instead of the actual signal, a noisy observation of the same
is available for decision making.

In this thesis we consider zero-sum stochastic game problems with probability criterion for
continuous time Markov chains and semi-Markov processes. Before this thesis, in the existing
literature only discrete time stochastic games with probability criterion were considered. This
thesis thus extends the literature to the continuous time setup as well. In the risk-sensitive
setup we consider a single controller problem with semi-Markov state process. In fact we
consider discounted cost and general utility functions, which subsumes the classical risk-
sensitive case, where the utility function is exponential. Prior literature on risk-sensitive
SMDPs consisted of works on finite horizon criterion and average cost criterion. This work
thus complements the existing literature. In the multi controller setup, we investigate risk-

sensitive average cost stochastic games, both zero-sum and non-zero sum, again for semi-

Ph.D. Thesis 2
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Chapter 1 §1.0

Markov processes. To the best of our knowledge, this seems to be the first work on risk-
sensitive games for semi-Markov processes. We also investigate a risk-sensitive zero-sum
game problem in discrete time, under partial observation. Although there were works on
partially observable risk-neutral games, there was no literature on risk-sensitive partially
observable games.

Now we give a brief and verbal description of the basic aims in various stochastic control
problems and the primary techniques used in analyzing them. The primary quantity asso-
ciated with a single controller stochastic control problem is the value function, which is the
infimum /supremum over all admissible control policies of the cost/reward functional. The
two basic aims for such control problems is to characterize the value function and to establish
the existence of an optimal control. For analyzing N stage finite horizon problems, value
functions for all n stages, n = 0,1, ..., N are defined. The zero stage value function is equal to
the terminal reward. Then the n+ 1 stage value function is expressed in terms of the n stage
value function via an appropriately defined operator. The optimal control is given by the
minimizing/maximizing selectors. In order to ensure the existence of minimizing/maximizing
selectors, suitable continuity-compactness conditions are assumed. The infinite horizon dis-
counted optimization problems are solved by characterizing the value function as the unique
solution to a suitably defined optimality equation. The average reward problem is stud-
ied via limit of infinite horizon discounted optimality problem. In the discrete time, where
discount factor is given by some 3 € (0, 1), the discount factor is taken to 1, while in the
continuous time setup where the discount factor is given by =%, a € (0, 00), « is taken to 0.
This approach is popularly known as vanishing discount approach. Again, optimal controls
are specified by minimizing/maximizing selectors of the optimality equation.

Risk-sensitive stochastic control problems with single controller are solved by either con-
verting it to equivalent stochastic games or by converting them to equivalent risk-neutral
problems using a state-augmentation technique. Risk-sensitive average optimality problems
are also studied using an eigenvalue approach. This is because the optimality equation here
looks like a nonlinear eigenvalue equation.

For zero-sum stochastic games, two primary quantities of interest are upper and lower
value functions, given by infsup and supinf of the reward functional, respectively. In general
the lower value function is dominated by the upper value function. The game is said to have a
value if this two functions agree. One of the aims towards solving a zero-sum stochastic game
is to show that the game has a value. The other requirement is to establish the existence

of a saddle-point equilibrium. A saddle-point equilibrium is a pair of control policies such

Ph.D. Thesis 3
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Chapter 1 1.1. Literature Review

that if one player unilaterally deviates from the pair, then his/her payoff will be worse as
compared to the payoff under saddle-point equilibrium policy. It turns out that existence
of saddle-point equilibrium ensures the existence of the value of the game. In the analysis
of zero-sum stochastic games it is required to consider relaxed control policies, wherein a
controller instead of choosing a particular action, chooses a probability distribution on the
set of available actions. This is required in order to apply minimax theorems which generally
gives the existence of saddle-point equilibrium. For non-zero sum games the main aim is
to show the existence of Nash-equilibrium. A Nash-equilibrium is again a tuple of control
policies such that if one controller unilaterally deviates from the the Nash-equilibrium tuple
then his/her payoff will be worse as compared to the payoff under the Nash-equilibrium
policy. Like in zero-sum games, the analysis of non-zero sum games also require the use of
relaxed control framework. The main technique followed in literature in order to establish
the existence of a Nash-equilibrium is to show that an appropriately defined set valued map
has a fixed point. This is achieved by invoking Fan’s fixed point theorem.

For partially observable control problems, the popular technique in literature is to con-
vert it to an equivalent completely observable problem. This is done by replacing the un-
observable component with its conditional distribution given the available history. Suitable
assumptions are made on the original partially observable model, so that the equivalently
defined completely observable problem can be solved. Then the solution of the completely

observable problem is used to solve the partially observable problem.

1.1 Literature Review

We now provide a brief survey of the various stochastic control problems, both single and
multiplayer, that has been considered in the literature. The study of discrete-time Markov
decision processes(MDP) began quite a long time back. For one of the earlier literature we
refer to Howard [1960]. After that there has been a lot of work on discrete-time MDP, for both
finite and infinite horizons, for countable as well as uncountable state spaces. For detailed
and upto date literature on discrete-time MDP we refer to the books Hernandez-Lerma
and Lasserre [1996]; Béuerle and Rieder [2011] and references there in. Continuous-time
Markov decision processes have also been widely investigated in literature. There are works
on both bounded and unbounded transition rates. See Guo and Herndndez-Lerma [2009]

and references there in for countable state space literature, Piunovskiy and Zhang [2020]

Ph.D. Thesis 4
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Chapter 1 1.1. Literature Review

and references there in for Borel state space literature. There are also ample amount of
literature on semi-Markov decision process, see Lippman [1973]; Federgruen et al. [1979];
Bhattacharya and Majumdar [1989] and references there in.

The literature described above corresponds to risk-neutral control. To overcome the
shortcoming of risk-neutral criterion, the two popular approaches that are prevalent in lit-
erature are probability criterion approach and risk-sensitive approach. In discrete-time one
controller setup probability criterion has been considered by several authors, see White
[1993]; Bouakiz and Kebir [1995]; Wu and Lin [1999]; Kira et al. [2012]; Sakaguchi and Oht-
subo [2013]. In the continuous-time setup, for semi-Markov processes probability criterion
has been investigated in Sakaguchi and Ohtsubo [2010]; Huang et al. [2011, 2013]. Proba-
bility criterion in continuous-time Markov chains has been studied in Huo et al. [2017]; Huo
and Guo [2020]; Huo and Wen [2021]. Since the pioneering work in Howard and Mathe-
son [1972], risk-sensitive control problems has been widely studied in literature. For dis-
crete time Markov chains risk-sensitive criterion has been considered in Chung and Sobel
[1987]; Hernandez-Hernédndez and Marcus [1996]; Borkar and Meyn [2002]; Jaskiewicz [2007];
Béuerle and Rieder [2014]. For diffusions, see Whittle [1990]; Fleming and McEneaney [1995];
Nagai [1996]; Menaldi and Robin [2005]; Biswas et al. [2010]; Basu and Ghosh [2012]; Ara-
postathis and Biswas [2018]. The works on risk-sensitive control of continuous-time Markov
chains include Suresh Kumar and Pal [2013]; Ghosh and Saha [2014]; Guo and Liao [2019];
Guo and Zhang [2019]; Wei and Chen [2019a]; Biswas and Pradhan [2022]. The literate on
risk-sensitive control problems for semi-Markov processes is comparatively few. In Chavez-
Rodriguez et al. [2016] the authors consider risk-sensitive control of semi-Markov processes
with average cost criterion. There the state space is assumed to be finite and the sojourn time
distributions are assumed to have a compact support. In Huang et al. [2018], the authors
consider risk-sensitive control of semi-Markov processes on a fixed finite horizon [0, 7.

The work on stochastic games was pioneered by Shapley in Shapley [1953]. Since then
there has been a lot of study in both zero and non-zero sum games. For a survey on
discrete-time zero-sum games see Vrieze [1989]. For works on discrete-time non-zero sum
games see Parthasarathy and Sinha [1989]; Ghosh and Bagchi [1998] and references there
in. Stochastic games for continuous-time Markov chain has also been studied by a lot of
authors for reference see Guo and Hernandez-Lerma [2003, 2005, 2007] and references there
in. Semi-Markov games have also been considered in literature, see Lal and Sinha [1992];
Jagkiewicz [2002]; Luque-Vasquez [2002] and references there in. All these literature are for

risk-neutral set up.

Ph.D. Thesis 5
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Chapter 1 1.2. Outline of the Thesis

There also has been a lot of work on risk-sensitive stochastic games. Risk sensitive games
for discrete time Markov chains has been studied by several authors, see for instance Basu
and Ghosh [2014]; Bauerle and Rieder [2017b]; Cavazos-Cadena and Hernandez-Hernandez
[2019] for zero-sum games and Basu and Ghosh [2018]; Wei and Chen [2019b, 2021] for
non-zero sum games. Risk-sensitive games for continuous-time diffusions has been studied
in Biswas and Saha [2020]; Ghosh and Pradhan [2020]; Ghosh et al. [2021]. Similarly, risk-
sensitive games for continuous-time Markov chains has been studied in Ghosh et al. [2016];
Wei [2018]; Golui et al. [2022]. Before the work of this thesis the literature on stochastic
games with probability criterion was rather restricted. Discrete-time zero sum game with
probability criterion has been studied in Huang et al. [2017] and non-zero sum game has
been explored in Huang and Guo [2020].

All the literature described above pertains to completely observable case. Risk-sensitive
control problems for discrete-time Markov chains with partial observation has been studied
in James et al. [1994]; Di Masi and Stettner [1999]; Biuerle and Rieder [2017a]. While for
multiplayer setup, partially observable risk-neutral games has been studied in Ghosh et al.
[2004]; Ghosh and Goswami [2006, 2008]; Saha [2014]. To the best of our knowledge, before

this thesis there was no existing literature on partially observable risk-sensitive games.

1.2 Outline of the Thesis

Against the backdrop of the existing literature, we now outline the contributions of this
thesis.

In Chapter 2, we consider a zero-sum semi-Markov game with a probability criterion. The
state space is assumed to be Borel and action spaces are finite. The players start with an
initial fixed reward level. Player 1 wishes to maximise the probability that the accumulated
reward will exceed the pre fixed level before the failure of the system, while player 2 aims
to minimise the same. Thus this is a two player stochastic optimization problem over a
random time horizon. This work thus extends Huang et al. [2011] to the stochastic game
setup, while it generalizes Huang et al. [2017] to the continuous-time framework. Here we
establish that the zero-sum semi-Markov game with probability criterion has a value. We
also characterise the value as the unique solution to a pair of Shapley equations. We also
show the existence of optimal policies for both the players. The content of this Chapter is
based on the published article Bhabak et al. [2022].

Ph.D. Thesis 6
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Chapter 1 1.2. Outline of the Thesis

In Chapter 3, we study a zero-sum stochastic game for continuous-time Markov chain.
The state space is assumed to be denumerable and the transition rates are possibly un-
bounded. The game is investigated under the probability criterion, wherein, player 1 tries
to maximise the probability that his/her accumulated reward will exceed a pre-determined
level before the system reaches a given target set, while player 2 wishes to minimise the same.
Although, in general continuous time Markov chain can be considered as a special case of
semi-Markov process, but the model considered in Chapter 3 is not a special case of the one
considered in Chapter 2. This is because the non-explosivity condition assumed in Chapter
2 forces the transition rates to be bounded in the case of continuous-time Markov chains.
But in Chapter 3 we deal with unbounded transition rates. Under suitable assumptions,
we show that the value of the zero-sum game exists and is given by the unique solution of
an appropriate pair of Shapley equations. Using the Shapley equations we also prescribe a
saddle point equilibrium. This work generalizes the works in Huo et al. [2017]; Huo and Guo
[2020] to the case of zero-sum game. The content of this Chapter is based on the published
article Bhabak and Saha [2021].

In Chapter 4, we consider risk-sensitive optimization problems for semi-Markov processes
on a countable state space. We consider non-negative running cost function, which is also
assumed to be bounded above. The cost functional also includes the discount factor. The aim
of the decision maker is to minimize the expected utility of the discounted cost accumulated
over an infinite time horizon. In order to solve the infinite horizon problem we first consider
an auxiliary random finite horizon problem, where the optimization is upto the Nth jump
time of the process. The finite horizon problem can also be of independent interest. Then
using the finite horizon problem we solve the infinite horizon problem via an appropriate
limiting argument. We characterize the infinite horizon value function as the unique fixed
point of an appropriate operator. This work generalizes the work on discrete-time Markov
chains in Béuerle and Rieder [2014] to the semi-Markov case. It also complements the
risk-sensitive average optimality problem for semi-Markov processes considered in Chéavez-
Rodriguez et al. [2016] and finite horizon problem in Huang et al. [2018]. The content of this
Chapter is based on the published article Bhabak and Saha [2022b)].

In Chapter 5, we consider both zero and non-zero sum risk-sensitive average criterion
games for semi-Markov processes. The state space is assumed to be finite and action spaces
are Borel. We also assume that the sojourn times are supported on a fixed compact interval.
Under general continuity-compactness assumptions and an additional assumption of irre-

ducibility, we show that the zero-sum game admits a value. We also prescribe a saddle point

Ph.D. Thesis 7
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Chapter 1 1.3. Some Preliminaries

equilibrium which is given by minimizing and maximizing selectors of a pair of optimality
equations. For the non-zero sum game problem, under certain additional assumptions we
show the existence of a Nash equilibrium. In the non-zero sum case the main step involves
showing the existence of solution of a coupled system of equations. In the analysis of both
the zero-sum and non-zero sum games, risk sensitive games for discrete-time Markov chains
serve as an important intermediate step. This work extends the work in Chéavez-Rodriguez
et al. [2016] to the case of both zero and non-zero sum games. The content of this Chapter
is based on the published article Bhabak and Saha [2023].

In Chapter 6, we consider a discrete time zero-sum game where the state process evolves
like a controlled Markov chain. We also assume that the state has two components one
of which is observable while the other is not observable. In the optimization criterion we
consider general utility function and discounted reward/cost. Thus the optimization criteria
considered subsumes the classical risk-sensitive case. Player 1 is assumed to be the maximizer
and player 2 the minimizer. Both finite and infinite horizon problems are investigated. In
both cases we show that the game has value and also establish the existence of optimal
policies for both players. Like in the risk-neutral case here also we convert the partially
observable game into an equivalent completely observable game. But the difference with the
risk-neutral case is that here we need to keep track of the accumulated cost as well. Since
in the considered model the reward/cost function is assumed to depend on the unobservable
component, so we need to consider the joint conditional distribution of the unobservable
state component and the accumulated reward/cost. To the best of our knowledge this is
the first work on partially observable risk-sensitive games. This work thus generalizes the
work in Béuerle and Rieder [2017a] to the case of multiple controllers. The content of this
Chapter is based on the communicated article Bhabak and Saha [2022a].

Finally in Chapter 7, we discuss some of the open problems that can be pursued as a

followup of this thesis.

1.3 Some Preliminaries

In this thesis, in three chapters, the underlying process is semi-Markov process. A semi-
Markov process is a continuous-time pure jump process, which generalizes continuous-time
Markov chains. The main generalization pertains to the fact that for semi-Markov processes

the sojourn time distributions in each state are assumed to be some general non-negative dis-

Ph.D. Thesis 8
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Chapter 1 1.3. Some Preliminaries

tribution and not necessarily exponential as is the case with continuous-time Markov chains.
This flexibility is very useful in modelling real scenarios, because memoryless property of
sojourn times is seldom true in practice. Since the sojourn times are general, given the
current time, the future evolution of the process depends both on the current state as well
as the amount of time the process has been in that state. If E is the Borel state space of
the process, then the evolution of semi-Markov process is described via a stochastic kernel
Q(-,]) on Ry x E given E. Thus for a given ¢t € Ry and a Borel subset S of E, Q(t, S|-)
is a measurable function of E equipped with the Borel o—algebra. Given x € E, Q(-,-|z) is
a probability measure on R, x E. For a fixed x € E, Q(-, E|x) is the distribution function
of the of the sojourn time in state x. For a given ¢t € Ry, Q(¢t,:|x)) is a sub-probability
measure on E. The distribution of the next step is given by (oo, -|z). Thus for a given
teRy and S C E, Q(t, S|x)) is the joint probability that the sojourn time in state z will be
less than or equal to t and the next transition will be in S. If the state space is countable,
there is another equivalent way of describing the evolution of a semi-Markov process. If
E' is the countable state space then the evolution is described by two quantities. First the
transition probability matrix (p;;)i jer of the embedded discrete-time Markov chain which
keeps track of the states at successive jump times. The other quantity is (F};(+)); jer, which
is the conditional distribution function of the sojourn time of the process given that the
process has just entered ¢ and the next transition will be into state j. Thus in this case the
joint distribution as in the above description is given by Q(t,j|i) = Fi;(t)p;;. In the thesis
we work with controlled semi-Markov processes for which the above quantities also depend
on additional control parameter(s). The quantities involving control parameters are defined
in the respective chapters.

Now we state few important theorems which we use in the upcoming chapters.

Theorem 1.3.1 (Ionescu-Tulcea’s Theorem, Bauerle and Rieder [2011]). Let E be a borel
space and v be a probability measure on E and ), a sequence of stochastic kernels. Then

there exists a unique probability measure P, on E* such that

P(By x ... x By x E x ) = / O (daxlry 1) Qoldas o) (dao)

By By

for every measurable rectangle set By X ... X By € Eny1.

Theorem 1.3.2 (Measurable Selection Theorem, Arapostathis et al. [1993]). Let V' and W
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TH-3116_186123004



Chapter 1 1.3. Some Preliminaries

be two Borel spaces. Let ® be a compact-valued measurable set function from V to W. Let
f : Graph(®) — R be a measurable function, such that for each v € V, f(v,-) is lower
semi-continuous on ®(v), then there exists a measurable function ¢* : V. — W such that
¢*(v) € ®(v) and

fv,0"(v)) = min){f(v,w)} YoeV.

wed (v

Theorem 1.3.3 (Fan’s Minimax Theorem, Fan [1952]). Let Ly and Ly be two locally convex
topological spaces and let K1, Ky be two compact convex sets in Ly, Ly, respectively. Let f
be a real-valued continuous function on Ky x Ks. If, for any xq € K; and yg € Ks, the sets
{z € Ki|f(z,y0) = maxeer, f(§,y0)} and {y € Ks|f(xo,y) = min, ek, f(zo,n)} are convex,
then

max min f(x = min max f(x :
meKlyeKzf( ,Y) yeszeKlf( .Y)

Theorem 1.3.4 (Fan’s Fixed-point Theorem, Fan [1952]). Let L be a locally convez topolog-
ical space and K a compact convex set in L. Let A(K) be the collection of all closed convex
subsets of K. Further, let f : K — A(K) be a upper semi-continuous map, i.e., for any
point xy € K and any open set U in K such that f(xo) € U, there exists a neighbourhood
W of xo such that f(x) € U for all x € W. Then, there exists v* € K such that z* € f(z*).

In the setting of metric spaces, a function f : K — A(K) is said to be upper semi-
continuous at « € K if , — « and vy, — y with y, € f(z,), then y € f(z). We will be

using this definition of upper semi-continuity.
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CHAPTER 2

Zero-Sum Semi-Markov Games with Probability

Criterion

In this Chapter we consider a semi-Markov zero-sum stochastic game with general state and
finite action spaces. The performance is analyzed via a probability criterion. Under suitable
assumptions, we establish the existence of value of the game and also characterize it through
an optimality equation. In the process we also prescribe a saddle point equilibrium. The
Chapter is organized as follows: In section 1 we describe the model and the optimization
problem. In section 2 we prove our main result. Finally, in section 3 we provide an illustrative
example. This Chapter is based on Bhabak et al. [2022].

2.1 Model Description and Problem Formulation
The semi-Markov stochastic game model that we are interested in is given by a five tuple:
{Ea D> (A(I) - A> B(‘r) & B7 LS E)? Q(? "x7 a, b)? T’(I‘, a, b>}7 (211)

where the individual entities have the following interpretation:

1. FE is the state space, assumed to be a Borel space endowed with a Borel o-algebra &;

2. D € & is a given target set, can be thought of as the set of all bad states of the system,

11
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Chapter 2 2.1. Model Description and Problem Formulation

with D¢ := E \ D denoting the complement of D with respect to E;

3. A, B are the action spaces, which are assumed to be countable. A(x) C A and
B(x) C B are finite sets of admissible actions in state x € E for player 1 and 2

respectively;

4. Let K :={(z,a,b)|x € E,a € A(z),b € B(x)} be the set of all admissible state-action
pairs. The function Q(.,.|z,a,b) is a stochastic kernel on R, x E given K, which
describes the transition mechanism of the controlled semi-Markov process (SMP). It is
assumed that
i) Q(.,S|x,a,b), for any fixed S € € and (x,a,b) € K, is a non-decreasing, right con-
tinuous real valued function on R, such that Q(0, S|z, a,b) = 0;

ii) Q(t,.|x,a,b), for each fixed t € R, is a sub-stochastic kernel on F given K; and
(iii) P(.|z,a,b) = Q(o0,.|z,a,b) is a stochastic kernel on E given K. If actions
a € A(z) and b € B(x) are selected in state = by player 1 and 2 respectively, then
Q(t, S|z, a,b) is the joint probability that the sojourn time in state = will be less than
or equal to t € R, and the next state will belong to S € &;

5. Lastly, the measurable function r : K — R, denotes the reward rate (representing
profit for player 1 and cost for player 2), which satisfies r(x, a,b) > 0 for every = € D¢
and a € A(z), b € B(x).

We now describe the evolution of the controlled SMP. Suppose that the system is in state
xo at time ¢ = 0, and the decision makers has a common profit goal Ay in mind (represents
reward level for player 1, and cost level for player 2, respectively), then player 1 chooses an
action ag from A(xg) and player 2 selects an action by from B(x) based on the system state
xo and profit goal A\g. As a consequences of these action choices, the system remains in xg
until time ¢;, at which point the system state changes to x; according to the transition law
Q(dtq, dx1|xg, ag, by). At time tq, a reward r(zg, ag, bo)t; is generated which represents profit
for player 1 and cost for player 2 respectively and thus the decision makers are left with a
remaining profit goal \; := \g — (0, ag, bp)t1. Based on the current state x, the jump time
t1, the current profit goal A\; as well as the previous state xy, previous profit goal Ay and
previous actions ag and by, a second action a; from A(z1) and by from B(x;) are chosen by
player 1 and 2 respectively and the same sequence of events repeats. The game evolves in

this way, and hence we obtain an admissible history h,, of the controlled SMP up to the nth
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Chapter 2 2.1. Model Description and Problem Formulation

decision epoch, i.e.,
hn = (07 Zo, )\07 G, bOa [EEE) tn—la Tn—1, >\n—17 An—1, bn—17 t?’bv Tn, An)y

where, 0 =ty <t < ... <tn, (Tm,Am,bm) € K, Mg € Ry, Ay := Ay — 7(Zin, Gy b)) (T
—tm), form=0,1,...,n—1and x, € E. Let H, denote the set of all admissible histories

h,, of the system up to the nth decision epoch, where H,, is endowed with a Borel o-algebra.

Remark 2.1.1. Here the parameters X\, denote the remaining reward levels at the nth deci-
sion epochs for the decision makers, which would affect the action selection of the decision
makers. In particular, the case of “\, < 0”7 means that the decision maker’s reward level is

achieved.

Next, we define policies, which specifies a decision rule for the decision makers to select

actions.

Definition 2.1.2. A randomized history dependent policy or simply a policy for player 1 is

1
n

a sequence m* = {m} :n >0} of stochastic kernels ©} on A given H, such that

T (A(xp)|hn) =1 Y h, € Hyyn=0,1, ...

A randomized history dependent policy for player 2 can be defined analogously.

Let us denotes the set of all policies for player ¢ by II; for i = 1, 2.
Notation: Let ®; denote the set of all stochastic kernels ¢ on A given E x R satisfying
Y(A(x)|z,\) =1, for any (x,\) € E X R.

Definition 2.1.3. (a) A policy m = {m,} is said to be randomized Markov for player 1 if
there is a sequence {1, } of stochastic kernels 1, € ®1, such that m,(.|h,) = Un(.|Tn, A\n) for
every hy, € H, and n > 0. In this case we write it as m = {1, }.

(b) A randomized Markov policy m = {1, } is said to be randomized stationary for player 1
if Uy, is independent of n. By an abuse of notation we will sometimes denote a randomized

stationary policy by 1.

Similar policies can be defined for player 2. We denote by II;, IIFM TI1S the families of
all randomized history dependent, randomized Markov and stationary policies, respectively
for player i, where i = 1,2. Obviously, ®; = I1/*S C TI*M C II,.
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Chapter 2 2.1. Model Description and Problem Formulation

For each (s,z,\) € Ry x E x R and «* € II; and 7* € Il by the well-known Tul-
cea’s Theorem, there exist a unique probability space (€, F, Pzrslfi)) and stochastic process
{Sn, Jn, An, An, By} such that, foreacht e Ry, S€ & ,a€ A, be Bandn >0,

]P)FS;/\ (S() =S, J() =X, )\0 = )\) = 1 (212)
L (A = a, B, = blhy) = 7 (al )2 (b] ), (2.1.3)
IP”S ;A (Snt1 — Sn < t, Jpt1 € Slhn, an, by) = Q(t, S|zp, an, by), (2.1.4)

where Sy, Jn, A = N1 — (o1, A1, Buo1)(Sn — Sn_1), An, B, denote the nth decision
epoch, the state, the reward level and the actions chosen by player 1 and 2 at the nth decision
epoch. Equation (2.1.3) highlights the fact that the players choose their respective actions
independent of each other. The expectation operator with respect to IP’( i) is denoted by

E?s ;/\) For simplicity, IP’(O’ i and E(o i is denoted by ]P’ . and E . Without loss of
generality we suppose that Sy = 0.
In applications, it is natural to avoid the possibility of an infinite number of jumps within

a finite time. For that purpose, we impose the following assumption.
Assumption 2.1.4. P?;”;)Q(limn_,oo S, =00) =1, forall(z,\) € ExR, (x!,7%) € II; xI1,.
The following provides a sufficient condition for Assumption 2.1.4.

Proposition 2.1.5. If there exist 6 > 0 and € > 0 such that

Q(, Elr,a,b) <1—¢€ V (z,a,b) € K, (2.1.5)

then, Assumption 2.1.J holds.

Proof. Using the properties (2.1.2)-(2.1.4) and condition (2.1.5), it can be easily shown using

induction that

EGN (e < (I—e+ee™®)" V(z,\)eExR,(r,7%) €Il x andn > 1.
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Chapter 2 2.1. Model Description and Problem Formulation

Now fix any ¢t > 0. By Markov inequality, we get,

1.2
,TT

P% (Sn <) =PL 3 (e > ™) < e BT (e,

which gives IP?;’:\T;(Sn <t)<et(1—e+ee )™ Note that (1 —e+ee™®) < 1, and hence

Pﬂlﬂr2< lim Sn S t) = lim PW;K\F)Z(Sn S t) - 07

(@.2) \p o noo (&

which implies the desired conclusion. O

We now define a continuous time state action process {Z(t), Uy(t), Us(t),t € R, } by
Z(t)=J,, U(t)=A4,, Ut)=B, for S,<t< S, tecRandn>0.

Obviously, these processes depend on the policies !, 72 of the players, but for economy of

notation we don’t include them in the notation.

Definition 2.1.6. The stochastic process {Z(t),Ui(t),Us(t),t € R} is called a controlled

semi-Markov process.

Let Tp be the first hitting time of the target set D of the process {Z(t),t > 0}, i.e.,

Tp :=inf{t > 0|Z(t) € D} (with inf):=+400).

. 1.2 o . . . .
The performance function U™ ™ of the semi-Markov stochastic game under consideration is

defined by

1.2

Tp
077 @) =B ([ (0. 00,000 > 0) ¥ @) € Bx R (17 € Th x T
’ 0

(2.1.6)

Thus from player 1’s perspective (2.1.6) quantifies the chance that the accumulated re-
ward /profit will exceed the level A before the failure of the system, while from player 2’s
perspective (2.1.6) measures the risk that the cost level will exceed A until the failure of the

system, when the pair of policies (7!, 7?) are being used by the players.

Ph.D. Thesis 15

TH-3116_186123004



Chapter 2 2.1. Model Description and Problem Formulation

To introduce our optimality problem, we also need the following functions:

I(z,\) = sup inf U™ (z,\)

rlell, w2€lly

L(z,\) = inf sup U™ (z,))

w2€lly rlell

defined on E x R. The function I(-) is called the lower value and L(-) is the upper value of
the game, respectively. Clearly, I(z,\) < L(x,\) for every (z,\) € E x R.

Definition 2.1.7. If I(x,\) = L(z, \) for every (x,\) € E x R, then we call the common
function the value of the game, which is denoted by V.

Here player 1 is interested in maximizing U ”1’“2(~, -) over wt € II; for each 7% € Il,, and
player 2 wants to minimize U™ ™ (-,-) over w2 € II, for each 7! € II;. Thus, we are interested

in finding a pair of optimal policies (7?*1,7r*2) € II; x Il as below.
Definition 2.1.8. Suppose that the value of the game V exists. A policy ™ eIl is said to

be optimal for player 1 if,

inf U™ (2, )) = V(z, ), ¥(z,\)€ExR.

7T2€H2

similarly, 7 € I1, is said to be optimal for player 2 if,

sup g (x,A) =V (x,N), Y(z,\)€ExR.

wlelly

If ™ e 10 is optimal for player k, then (77*1,7r*2) € Iy x Iy is called a pair of optimal

policies, also known as a saddle point equilibrium.

Remark 2.1.9.
i) Using standard arguments as in Lemma 3.1 of Huang et al. [2017] it can be shown that,
for any fized (7', 7%) € I x Iy, we have that

sup U’rl”rg(:m)\) = sup U”/’“Q(:E, A),

el o ITRM
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inf U™ (z,\)= inf U™ (z,N),

' €lly ! NIEM

which implies that it is sufficient to limit ourselves to TIF*M xTIZM in the upcoming arguments.

ii) For all (7', 7%) € Iy x Iy, it is obvious that U™ ™ (z,\) = 1(_so0y(\) for every (z,\) €
D xR, where 1¢ is the indicator function on any set C. Therefore, in order to avoid triviality,

we restrict our attention to the case of (x,\) € D x R.

2.2 Main results

In this section we prove our main result, that the game has a value and also show the
existence of a saddle point equilibrium. To that end, let P(X) be the family of probability
measures on a metric space X, endowed with weak topology. Let F,,, := {H : D°xR — [0, 1],
such that H(-,-) is Borel measurable on D¢ x R and H(xz,\) =1 if A < 0 for each z € D}.
In addition, we define the operators T%®, T and 7" on F,, as follows: for any H € F,,,
x € D¢ ¢ € P(A(x)), ¢ € P(B(z)) and (7!, 7%) € IIES x TIES if A\ > 0,

T°H(z,)\) =1 - Q(\/r(x,a,b), E|zx,a,b)
A/r(z,a,b)
o [T HE = e boQ dyfs.a.b)

TYOH(z,\) == Y (a) Y ¢(b)T* H(x,N), (2.2.1)
)

a€A(x) beB(x
T H(z, A) =T NN g \))

TH(x,\):= sup inf TY°H(x,\), 2.2.2
;) YEP(A(z)) PEP(B()) (@A) ( )

and T*°H (x,\) = T¥*H(x,\) = TH(z,\) = 1 for A < 0.

Remark 2.2.1. The operators defined above will be crucial in characterizing the value of
the game and the pair of optimal policies. Also it is easy to see that the above operators are

all monotone.

Now for U™ ™ as defined in (2.1.6), note that for each (z,\) € D¢ x Ry and (7', 72) €
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H1 X HQ,

U™ (2, \) =P ( /0 " r(Z(t), U(t), Us(t))dt > )\)
(i /:MH Lirsar(Z(t), Us(t), Us(t))dt > A)

— ]P)ﬂ-l 77T2

(z,)\) (Z 102":0(Jk€DC)r<Jm7 Am7 Bm)Tm+1 > )\)
m=0

. 71"1 ’71'2 g

= nhj& ]P)(:c:)\) (Z 10?:0(JkEDC)T<Jm7 Am7 Bm)Tm—i—l > /\)7 (223)
m=0

where T),,11 := Spy1 — Sp (with Ty = 0) denote the sojourn times between two successive

decision epochs. The second equality follows from Assumption 2.1.4, and the last equality

follows from the non-negativity of the reward function and the continuity of probability

measures. Motivated by (2.2.3), we define Ui’”z (2, A) :==1(—s00)(A), and

wl w2 w2 -
Un ’ (iIZ’, >‘) — ]P)(z,)\) <Z 10;”:0(Jk€DC)7’<Jm; Am> Bm)Terl > >\)7

m=0

if \ > 0and U™ (x,\) := 1 otherwise for every € D¢ and n > 0. Clearly, U™ ™ < U;Llr’f

X 1.2 1.2
for every n > —1, and lim U] ™ =U""".
n—oo

Lemma 2.2.2. Suppose that Assumption 2.1.4 hold. For any m = {1g,1,...} € TIIM,
72 = {¢o, b1,...} € IEM define the shifted policies Drt = {1y, 1y,...} € TIM and V7? =
{01, da, ...} € IEM . Then, for all n > —1, we have

(a) UT™ € Fp and U™ € F,,.

(b) UT,T = Teosoy et 0n2 g g et — prodoyOnt O - 1y popticular UV = TYoUY
for every (1, ¢) € IR x 149,

Proof. (a) To show that U™ ™ & F,,; it is enough to prove that U7 ™ (.,.) is Borel measur-
able on D¢ x R. We establish this by induction. When n = —1, it is obviously true. Now

1.2 .
assume U™ ™ (.,.) is Borel-measurable for some n > —1 and every (7!, 72) € IIFM x TI8M.
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It then follows that for any m* = {4, 11, ...} € IFM  and 7% = {¢g, ¢, ...} € [IFM

szo,qﬁoU?il)ﬂl,(l)ﬂ Z ¢0 a|$ )\ Z ¢0 b’-T >\ |:1 - ()\/T(.T,CL, b),E\x,a, b)

a€A(x beB(x)

A/r(z,a,b) (1)7|-1 W2
(y, A — r(x,a,b)t)Q(dt, dy|z, a,b)

is well defined and measurable in (z, A). On the other hand, for A < 0,

1 (1),

UT™ (2, A) = T U ™07 (3 3) = 1,

while for A > 0, we have

n+1
Urm (2, M) P’; ;f) <Z Loy (sene)T (Jins Amy Bi) Tnsr > A — 1(Jo, Ao, BO)Tl)

n+1
Ezrx;r) |: ac)\) <Zlm?0 (JoeDe)T (Jm,Am,B ) m4+1 > /\—T‘(J07A0,B0)T1|

TOa J07 )‘07 A07 BO7T17 Jla )‘1 — >‘0 B T‘(J(), A07 BU)Tl):|

:Z olalz, ) Z¢0b|m/\// Q(du, dy|z, a,b)

acA(x) beB(x

n+1
|:]P)7r ,TT (Z ]_ﬁk O(JkEDC Jm,Am, B )Tm-i-l > )\ b T(LU,CL7 b)U|

TO:O,J():Q?,)\O:)\,AOIG,BO:Z?,

T\=uJi =y, \ = A—r(@a,b)u)}

Z Yo(alz, N) Z do(blx, \) {// Q(du, dy|z,a,b) x 1

acA(x beB(x A/r(@,a.b)

A/r(z,a,b)
v / | e

pOat,Wn2

yA r(z,a,b)u) (Z 10 o(JxeD)T Jm7Am7B )Tm+1 > A—r(x,a,b)u)}
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= Z Yolalz, \) Z do(blz, N) [1— Q(\/r(z,a,b), E|lz,a,b)

acA(x beB(x

A/r(x,a,b) (1)1 (1),.2
+/ / Q(du, dy|z,a,b) x U, ™ "™ (y,\ —r(:c,a,b)u)ﬂ,
cJo

where the third equality follows from properties (2.1.2)-(2.1.4), and the fourth equality is
due to the Markov property of the policy pair (7!, 7%) and properties (2.1.2)-(2.1.4) again.
Hence,

Urer = mrodoy TV vy A) € DO x R,
and thus U;if 2(., ) is measurable. Therefore, by induction, U™ ™ (.,.) is measurable for
every n > —1. Furthermore, since limit of measurable functions is again measurable, we

have lim U™ = U™ "™ € Fp,.
e 1.2 1)1 (1)..2
b) From the proof of (a), we have U™, T = T¥o¢oy V=" W7? " [otting n — 0o, by the
p n+1 n g Yy
dominated convergence theorem we obtain U™ ™ = TvooyVnt, a2,

The last statement is obvious. O

Remark 2.2.3. Following the proof of Lemma 2.2.2, it is easy to see that

(k+1) 71 (k1) 72

U(k)wl,(k)ﬂz — TYebk [T (2.2.4)

holds for any W' = {pim,m > 0} € TIEM and P72 = {Gpyn,m > 0} € TEM with
k=0,1,..., Ox! = 7! and Ox2 = 72

Now in order to establish the existence of value of the game and saddle point equilibrium

we need to impose the following assumption.

Assumption 2.2.4. IP’ (TD < 00) =1 for every (z,\) € D¢ x R, and (', 7%) € IEM x
[1sM,

Ph.D. Thesis 20

TH-3116_186123004



Chapter 2 2.2. Main results

Under Assumption 2.2.4, we have

2 2

L% (ﬂZ‘;l {Ji € DC}) =1-FL% (UZ°=1 {Ji € D}>
= 1-2@;;;;;(@ eD1<k<n-—1J,¢ D)
n=1

wl 2
=1-P_% (Tp < o0) =0.
Remark 2.2.5. Thus Assumption 2.2./ indicates that, no matter what the initial state is,
what the level is and what the pair of randomized Markov policies are being followed, the

system will eventually fail within finite time almost surely.

Next we give a sufficient condition imposed on the primitive data of the model (2.1.1)
which ensures Assumption 2.2.4. Intuitively, the system will eventually reach D if for each

state in D¢ there is a fixed positive probability of landing in D in the next transition.

Condition 1. Suppose there exists some constant f > 0 satisfying P(D|x,a,b) > 3 for all
(a,b) € A(z) x B(z) and x € D°. Then Assumption 2.2.4 holds.

Proof. We will use induction to show that

1.2
, 7T

Po5 (i (i€ DY) < - 2:25)

for all (x,\) € D¢ x R, 7! := {4y, k > 0} € IIFM 72 := {¢p, k > 0} € IFM and n > 1.
Indeed, for n = 1 and every (z,\) € D¢ X R, we have the fact. Now assume that

1.2
, T

P?w,A) (ﬂZ1 {Jr € Dc}> <(1-p)"
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for every (z,A\) € D x R and some n > 1. Then, we see that

ml w2 n c
P (ﬂkl_% {JeeD })

_Eﬂ'ﬂ'

mlm? ¢
(z,)) |:1{J1€D°} 1{Jn€DC}]P)(I;/\) (JnJrl €D ‘To, J07 )\07 AOa BO7 e Tna Jna )‘n)

() 1 () 2 .
o E(m )\) 1{J1€DC} 1{Jn€DC}]P)(J An) (Jl eD )

< (1 - 5)n+17

where the second equality follows from the properties (2.1.2)-(2.1.4) and Markov property of
policy (7!, 7%), and the inequality is due to the induction hypothesis. Hence, by induction

al o

we have (2.2.5), which gives (upon taking limit over n — c0), IP( N (mgo AUk € Dc})

lim,, (1 — B)" — 0, and thus implies the required Assumption. n

Before stating the next lemma, we need to introduce one more notation as below. Let
Fu ={H : D x R — [—1, 1], satisfying H (-, -) is Borel measurable on D° x R and for each
x € D¢, H(z,)\) := 0 for A < 0}. Define an operator on %, by

TY?H(x, \) := Z Z (b / / H(y,A\ —r(z,a,b)t)Q(dt, dy|z,a,b),

a€A(x) bGB(

for A > 0 and T¥?H(z, \) := 0 otherwise for each (1, ¢) € ®; x &y and z € D°.

Lemma 2.2.6. Suppose that Assumptions 2.1.4 and 2.2.} are satisfied. Then for any func-
tion u in F,, and (x,\) € D¢ x R, the following statements hold.

(a) If u(x, \) < T %u(z,N) for all k > 0, for policies ' € TI*° and 7 = {¢y, k > 0} €
M | then u(z, \) < U™ 7™ (z, \).

(b) If u(x, \) > T w(x,\) for all k > 0, for policies 7> € IIFS and 7' = {Yr, k > 0} €
IIEM then u(z, A) > U™ ™ (x, \).

(¢) For every (w',m2) € IR x IIRS, U™ (., .) is the unique solution in F,, to the equation
H=T""H.

Proof. (a) Obviously, the assertion holds trivially for A < 0. So, we only need to prove for
A > 0. On the other hand, for any z € D¢, policies 7t € I#¥ 72 = {¢}, k > 0} € IFM and
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n > 1, we have
P <m“+1 {J, € DC})
= IE( ) []Pﬂ(r ;r) (mnﬂ {Jr € D}|Th, Jo, Ao, Ao, Bo, T, Ji, A1 = Ao — r(Jo,Ao,Bo)Tlﬂ

= Z Yalz, ) Z <Z>ob|x)\// Q(du, dy|z, a,b) x [ )(mnH{JkEDC}

acA(x) beB(z)

To:O,J():l‘,)\():)\,A():a,BOZb,Tl:u,ley,)\lz)\—T(l‘,a,b)u>:|

1(1)7r n c
= S wlalw ) 3 dolbla ) // T (ol Jk € DNQ(du, dyl,a,b)

ac€A(x) beB(x)

(2.2.6)

On the other hand, it follows from (2.2.4) that U™ (2, \) = T ¢y~ "7 (1 \) for
all k£ > 0, which, together with the condition u(z, \) < T %, A) and (2.2.6), for A > 0,

gives that

w(z, \) = U™ (3, 0) < T u(z, A) — U™ (, \)]
< T T el ) = U (2, )

Z m (aolz,X) Y o bo\w)\// Y male M) Y dalbile, M)

ag€EA(z bo€B(x) a1€A(z1) bi1€B(z1)

/ / l(an71|xn—17 )\n—l) Z ¢n—1<bn71|xn717 )‘nfl)

bnfleB(xnfl)

IN

a 71€A :En 1)

(xn n—1— Txn 1,an— lbn 1)t)

/ / " (n)ﬂ— (Jl € DC)Q(dtnadxn|x’n—17an—17b”_1)”'
Dec JO

Q(dtz, de2|l’1, as, bl)Q(dtl, dl’1|l‘, ao, bo)
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= > m'(aolz. ) Z b0 WA// o el d) Y ilbilar, h)

ap€A(x) boeB(z a1€A(x1) bi1€B(z1)
1
/ / (an—len—Qa)\n—Q) E ¢n 2( n— 2|$n 27 n—2 / /
‘ An— QGA xn 2) bn—QEB(xn 2 ‘

1l (n—1)z2

]P)(x;Lfl:)\n7277‘($n727an727bn72)tn71)(ﬂizl{Jk e DC}>Q(dtn71’ dwnil ‘xn72’ a/n72’ bn72)

Q(dta, dxa|xy, ar, by)Q(dty, dxy|z, ag, by)

ml w2 n c
=..=P7 (m,;i {JheD })

for all n > 0. Letting n — oo in the above inequality, using Assumption 2.2.4, we obtain
that u(z, \) < U™ ™ (z, \).

(b) The fact that U™ ™ (z,\) = T¥™*U“™7"7* (2 )\) in (2.2.4) and the condition in
this part yield that U (z, A) — u(z, ) < T [U"7 7 (1 \) —u(z, A)]. Then, by similar
arguments as in part (a) gives the desired result.

(c) Lemma 2.2.2(b), together with (a) and (b) of this lemma, gives the uniqueness of the
solution U™ ™ (.,.) in F,, to the equation H = T™ ™ H. O

The following lemma will be useful in prescribing a saddle point equilibrium for the game

in hand.

Lemma 2.2.7. For each (z,\) € D¢ x Ry and u € F,,, T%u(x,\) is continuous in
(¥, ¢) € P(A(z)) x P(B(z)) with the operator TV%u(xz, \) as in (2.2.1).

Proof. By the finiteness of A(z) and B(x)

A/r(z,a,b
1= QWrwa. b Elrat)+ [ [ Hlp A~ 0. 000Q L gl 0.
e Jo

is a bounded continuous function on A(x) x B(x). Thus, by definition of weak convergence,
for any sequence {(¢y, )} C P(A(x)) x P(B(x)) converging to (¢, ¢) with respect to the
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weak topology, by letting [ — oo we get,

lim 7Y%z, \) = Z Pla) Y ¢<b){ — Q(\/r(x,a,b), E|x,a,b)

=00
a€A(z beB(x)
A/r(z,a,b)
/ / w(y, N — r(z,a,b)t)Q(dt, dy|x, a,b)
= TY%u(z, \),
which completes the proof. O]

Remark 2.2.8. Using Assumptions 2.1.4 and 2.2.4 and Lemma 2.2.7, we have by Fan’s
minimax theorem Fan [1953], for any H € Fp,, A >0 and T as in (2.2.2),

TH(x,A\) = sup inf TYYH(z,\) = inf sup TY?H(x,\).
YEP(A(z)) $EP(B(z)) PEP(B(2)) peP(A(x))

Let u_q(x,A) := 1(_ao0)(A) and u,(x,A) := Tu,_1(x, A) for each (z,\) € D° x R and

n > 0. Now we state the main result of the Chapter.

Theorem 2.2.9. Suppose Assumptions 2.1.4 and 2.2.4 hold. Then we have the following
statements.

(a) The limit Um w,(z, \) := u*(z, \) exists and belongs to F,,, moreover, u* satisfies the
Shapley equatig;;o;*(x, A) =Tu*(x,\), i.e

u*(z,\) = sup inf Z Y(a) Z o(b) [1 — Q(\/r(z,a,b), E|z,a,b)

YEP(A(z)) PEP(B(2))

) beB(z)
)x/r(xab
o] “(y, A = r(z, 0, b))Q(dt, dylz, o b)} (2.2.7)
= inf su a b)|1—Q\/r(x,a,b), Elx,a,b
By 3 0l0) 3 o )i - Qo). Bl
/\/r(wab
o (g A — (w0, QU dy, a,bﬂ (2.2.8)

for any (x,\) € D x R.

(b) There exists a pair of stationary policies (7* ,7*°) € I x 115 such that, for all
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(x,\) € D¢ xR,

1 2 2 1
w(z, N =T" ™ u(z,\) = max TY" u*(z,\)= min T “u*(z,)\). 2.2.9
( ) ( ) YEP(A(z)) ( ) $€P(B(z)) ( ) ( )

(c) u*(xz, \) is the value of the game, and u*(x,\) = g (x, \).
T, ) € X m above is a saddle point equilibrium.
(d) (z*,7*°) e TIRS < TIRS in (b) ab ddl lib

Proof. (a) By Prohorov’s Theorem, the finiteness of A(z) and B(z) implies the compactness
of P(A(x)) and P(B(x)). Hence, lemma 2.2.7, and measurable selection theorem in Nowak
[1985], gives that there exists (7!, 72) € III* x II¥ (which may depend on n) such that
Un(z,A) = Tup_1(x,\) = T”l’”Qun_l(x, A) for all n > 0, which shows the measurability of
un(+,+). Moreover, u,(x,\) =1 for A < 0. Therefore, u,, € F,, for any n > —1. For A > 0,

we have

up(z, A) = sup inf Z Y(a) Z o(b) [1 —Q\/r(z,a,b), E|x,a,b)

YEP(A(x)) $EP(B() A(z) be B(x)

Z U_l(fE, )‘)

Therefore, by the definition of {u,,n > —1} and monotonicity of the operator 7', we have
u_g < ug < oo < Uy, 1€, {uy,n > —1} is a non-decreasing sequence, and converges to
some function u* € F,,.

Now, for A < 0, u*(z, \) = Tu*(x,\) = 1. To show the Shapley equation for A > 0, using

the monotonicity again, we have Tu* > Tu,, = u,,, for all n > —1, which shows that

Tu* > u*. (2.2.10)
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For the reverse inequality, it follows from the definition of the operator 1" that

Upir(x,\) > inf ; > w(a) Y 6 {1—Q<A/r(x,a,b),ny,a,b)

oeP(B@) beB(z)

/C/k/r (z,a,b) n(Y, A —1r(z,a,b)t )Q(dt,dy[:c,a,b)}

Z Z o ( [ Q\/r(z,a,b), E|x,a,b)

acA(x) beB(x)

/C/A/mb n(y, A = r(z,a,b)t )Q(dt,dylx,a,b)} (2.2.11)

for any ¢ € P(A(x)), where the existence of ¢ € P(B(z)) (may be dependent on ) is
guaranteed by Lemma 2.2.7. By the compactness of P(B(x)), without loss of generality, we
suppose that ¢ — ¢* € P(B(z)). Taking n — oo in above equation, it follows from the

extended Fatou’s lemma (Lemma 8.3.7 in Herndndez-Lerma and Lasserre [1999]) that,

w(iA) > Y wa) Y (b [ Q(\/r(x,a,b), E|lz,a,b)

a€A(x) beB(x)

/\/T(xab
// (Y, A —r(z,a,b)t )Q(dt;dykc,a,b)}

¢€7;nf { Z v(a Z (b) [1 — Q(\/r(z,a,b), E|x,a,b)

a€A(x) B(z)

/C/A/r(xab (y, A =1r(z,a,b)t )Q(dt,dy|x,a7b)} }

Since ¢ € P(A(x)) is arbitrary, we get,

Tu* <u*,
which together with (2.2.10) gives Tu* = u*.

(b) Obviously, (2.2.9) holds for A < 0. For each A > 0, if we choose ©*' € IIFS as the
outer maximizing selector in (2.2.7) and 7*° € I} as the outer minimizing selector in (2.2.8)
then (2.2.9) follows.

(c) From (b) of this theorem, we have u*(z,\) = T’T*l’”*Qu*(aj, A). Thus by Lemma
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2

2.2.6(c), we have u*(xz,\) = g (z,A). Let 7 be fixed. For any policy n' :=
{thp,n >0} € M we get ,(.|z,\) € P(A(z)) for all n > 0 and (x,\) € D° x R.
Then, from (2.2.9), for any n > 0, we have

u(x,\) > T (, A),

which combined with Lemma 2.2.6(b) gives u*(z,\) > ur (x,\) for all 7t € MEM,
1 «2
Therefore, u*(z,A) > supgiegra UT™ (2, A), while the converse inequality follows from

u*(z, A) = yr (x,\), which implies that, for any (x,\) € D¢ x R,

u*(x,\) = sup U’Tl’”*Q(:c,)\)z inf  sup U™ ™ (x,\) = L(x, \). (2.2.12)

2 RM
rlelitM m2€l"™ r1enRM

Using (2.2.9) again, a similar argument together with Lemma 2.2.6(a) shows that

u*(z,\) = inf U”*l’“Q(:v, A< sup  inf U7 (z, ) = I(z, \) (2.2.13)
n2ellfM rleliM felanr
Hence, by (2.2.12) and (2.2.13), L(z, ) = I(z,\) = V(z, \) = w*(z, \) = U™ = (2, \).
(d) This follows directly from both (2.2.12) and (2.2.13). O

2.3 Example

In this section we give an example to indicate potential situations where our model can be
used. Consider an inventory which can have stock levels {0, 1, ..., M}. There are two parties.
The manufacturer manufactures goods and the retailer orders goods. The state of the process
under consideration is the stock level. At time 0, there is some initial stock level 7. The
manufacturer based on the initial stock level and his/her profit goal decides to manufacture
ap € {1,2,..., M — 1} units of stock. While the retailer pre-orders by € {1,2,..., M — 1}
units of stock. The manufacturing takes a random amount of time with distribution function

given by F'(-|ag). Suppose the manufacturing is over at time ¢; and the number of demands
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that has arrived upto t; is k, then the new inventory level becomes 7; given by
1 = (i0+a0—k:)+/\M,

where we use the notation that for two real numbers a,b, a™ = max{a,0} and a A b =
min{a, b}. Further, at time ¢; a reward equal to (7(ig, by) + a(ig)(ag — bo)™) t1 is received by
the manufacturer which is also the cost paid by the retailer, for certain positive real valued
functions 7(-,-) and «(-). This continues until the stock level either hits 0 or M. Suppose
demands arrive according to an independent Poisson process with rate 1. Thus, if Z,, is the
number of demands which arrive at the nth decision epoch and A,,_; is the action chosen by

the manufacturer at (n — 1)th decision epoch, then

k

o0 t
p(kla) = P(Zy = k| Ay 1 = a) = / e P (dtla) V> 0.
0 .

Suppose F'(0la) = 0 for all @ € {1,2,..., M — 1}. Thus in the notation of (2.1.1), F =
{0,1,...,.M},D = {0,M},A(i) = B(i) = A ={1,2,...,M — 1} for all i € E. Here
r(i,a,b) = 7(i,b) + a(i)(a —b)* for all (i,a,b) € E x A x A. The transition kernel @) has the
following description: suppose that the process has just entered the state ¢ and the action
chosen by the manufacturer is a, then the distribution of the time of the next transition is
given by F'(-|a) and given that the transition happens at time ¢, the next state is i +a — k
with probability e‘t%, when i+a—k € {l,...,M—1}. If i+a—k <0, then the next state
is 0, whereas if i + a — k > M, then the next state is M. For any state i € {1,2,..., M — 1}
and any action a of the manufacturer, the probability that the next state will be 0 is greater
than p(2M — 1]a), which is strictly positive. Thus, this example satisfies the assumptions of

our model and thereby can analyzed using our results.
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CHAPTER 3

Continuous-time Zero-Sum Games with Probability

Criterion

In this Chapter, we investigate a zero-sum stochastic game for continuous-time Markov
chain with denumerable state space and unbounded transition rates, under the probability
criterion. Under suitable assumptions, we show the existence of value of the game and also
characterize it as the unique solution of a pair of Shapley equations. We also establish the
existence of a randomized stationary saddle point equilibrium. This Chapter is organized as
follows: In Section 1, we describe the problem and the assumptions. In Section 2, we state

and prove our main theorem. This Chapter is based on Bhabak and Saha [2021].

3.1 The model and probability criterion
The continuous-time zero-sum game model that we are interested in is a seven tuple
{E,D, A, B,(A(i).i € E, B(i),i € E),q(jli. a,b), (i, a,b)} (3.1.1)

consisting of the following elements:
e a denumerable state space E;

e D C FE is a given target set;
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e A, B are the action spaces, which are Borel spaces endowed with Borel o-algebras A
and B respectively; A(i) € A and B(i) € B are the sets of admissible actions in state
i € F for player 1 and 2 respectively. Let K := {(,a,b)|i € E,a € A(i),b € B(i)} be

the set of admissible state-action pairs;

e the transition rates ¢(j|i, a,b), which satisfy ¢(j|i,a,b) > 0 for all (i,a,b) € K and

i # j. Moreover, the transition rates q(j|i, a,b) are assume to be conservative, that is

> q(jli,a,b) =0, V(i,a,b) € K, (3.1.2)
jEE
and stable, that is
(1) = sup  qi(a,b) < oo, Y(i,a,b) € K, (3.1.3)
a€A(i),beB(3)

where ¢;(a,b) = —q(i|i,a,b) > 0 for all (i,a,b) € K;

e the reward rate r(i,a,b), which is a non-negative real-valued measurable function on
K and it is assumed that r(7,.,.) > 0 for all 1 € D°.

Now we describe the evolution of the controlled continuous-time Markov decision process
(CTMDP). Suppose the system state is iy at the initial decision epoch Sy = 0, and the
decision makers have a common reward level (representing the profit goal for player 1 and cost
level for player 2) )\ in mind. Depending on iy, Ao, player 1 selects an action ag € A(ip) and
player 2 selects an action by € B(ig). As a consequence of these choices, the system remains
at 7o until time ¢;, at which point the system jumps to a new state ¢; with transition law
e~ %o (a0:0)tLg (4 |ig, ag, by)dty. At time t;, a reward r(ig, ag, bo)t; is earned by player 1, which
also denotes the cost for player 2. So, at state i; the remaining level is A\; = A\g—r(io, ao, bo)t1
for both the players. On the basis of the current state i1, the current reward level A\, as well
as the previous state iy, actions ag and by and the previous reward level \g, player 1 chooses
an action a; € A(iy) and player 2 chooses an action by € B(i1). And the same sequence of
events continues. Based on the above evolution, we obtain an admissible history h,, of the
CTMDP up to the nth decision epoch, i.e.,

hn = (0, 20, )‘Oa aop, b07 ooy b1, -1, /\n—la an—1, bn—h tny tn, /\n)a
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where, 0 < t1 < ... < ty, (im,@m,bm) € K, \g € Ry = [0,00), Apy1 := A —
(i Gy O ) (1 — ), and 4, € E. Let H, denote the set of all admissible histories
h,, of the system up to the nth decision epoch, where H,, is endowed with a Borel o-algebra.

Next, we define policies, which specifies a decision rule for the decision makers to select
actions.

Definition 3.1.1. A randomized history dependent policy for player 1 is a sequence ' =

{ml :n >0} of stochastic kernels 7} on A given H, such that

7 (A(i)|hy) =1 Y h, € Hyyn=0,1, ...

A randomized history dependent policy for player 2 can be defined analogously.

We denote the set of all history dependent policies for player ¢ by II; for i =1, 2.
Notation: Let ®; denote the set of all stochastic kernels ¥ on A given E x R satisfying
Y(A@)|i,\) =1, V(i,A) € ExR.

Definition 3.1.2. (a) A policy 7 = {m,} is said to be randomized Markov for player 1 if
there is a sequence {1, } of stochastic kernels ¥, € ®1, such that m,(.|hy,) = Y (.|in, A\n) for
every hy, € H, and n > 0. In this case we write it as © = {1, }.

(b) A randomized Markov policy m = {1, } is said to be randomized stationary for player 1
if U, is independent of n. By an abuse of notation we will sometimes denote a randomized

stationary policy by 1.
Similar policies can be defined for player 2. We denote by II;, TIFM TIES the families of

all randomized history dependent, randomized Markov and stationary policies, respectively
for player i, where i = 1,2. Obviously, ®; = IT1/*5 c TI*M C II,.

For each (i,A\) € E X R and 7' € IT; and 72 € Il,, by standard construction analogous
to Guo and Piunovskiy [2011], there exist a unique probability space (£, F, IP?;;;?) and
stochastic process {S,, Jn, An, An, By} such that, foreacht e R, j € E, C € A, G € B and

n >0,
wl 2 .
P(z’,)\) (So=0,Jo =1i,A0 = A) =1, (3.1.4)
BT (A € C, By € Glhy) = 7h(Clha)2(Glhy), (3.1.5)
t
BT (St = Su S st = flhas ansby) = / e~ (@005 (flin an b)ds,  (3.16)
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where Sy, Jp, A\ = A1 — (1, A1, Buo1)(Sn — Sn1), An, By, denote the nth decision
epoch, the state, the reward level and the actions chosen by player 1 and 2 at the nth
decision epoch. The expectation operator with respect to P?;,}SQ is denoted by EZISQ Let
Ss = lim,, .o Sp,. In applications, it is natural to avoid the possibility of an infinite number
of jumps within a finite time. In order to avoid explosion of the CTMDP, we impose the

following assumption.

Assumption 3.1.3. There exists a function V> 1 on E and constants co > 0, by > 0, and
Lo > 0 such that

(a) 3 icx V(3)a(ili,a,b) < eV (i) + bo, for all (i,a,b) € K; and

(b) ¢ (i) < LoV (i) for alli € E, with ¢*(i) defined as in (3.1.3).

Then arguing analogous to Theorem 3.1 in Guo and Piunovskiy [2011], the following

theorem can be proved.

Theorem 3.1.4. Under Assumption 3.1.3, for any (7!, 7?) € Iy x Iy, i € E, A € R we

wlm?
have PF; {7 (Soc = 00) = 1.

We also define the continuous time state action processes {X (t), U1(t), Ua(t),t € R, } by

X(t)=Jn, Ui(t)=A,, Us(t)=B, for S,<t<S,11,n>0.

For the given target set D, we define the the random variable,
Tp :=inf{t > 0|X(t) € D} (with inf( :=+400),

which is the first hitting time into the set D of the state process {X(¢)}. Now we define the
probability criterion U™ ™ (i, A) under a pair of policies (7!, 7%) € II; x II, by

ey ) TD
B A (AN RO )

which gives capacity for player 1 to reach the profit level A and also measures the risk of
player 2 to control the cost level A\. To introduce our optimality problem, we also need the

following functions:

I(i,\) = sup inf U™ "™ (i, \)

mlelly n2€lly
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L(i,\) = inf sup U™ (i,\).

m2€lly rlell

The function I(-,-) is called the lower value of the game, while L(-,-) is called the upper
value of the game. Clearly, (i, \) < L(i, \) for every (i, \) € £ x R.

Definition 3.1.5. If I(i,\) = L(i, \) for every (i,\) € E x R, then we call the common
function the value of the game, which is denoted by V.

Here player 1 is interested in maximizing U”l”rQ(., .) over 7t € II; for each 7% € Il,, and
player 2 wants to minimize U™ ™ (_,.) over 2 € II, for each 7! € II;. That is, we aim at

finding a pair of optimal policies (77*1,7r*2) € II; x II, as below.

Definition 3.1.6. Suppose that the value of the game V exists. A policy 7 eI, is said to
be optimal for player 1 if,

inf U™ "(i,\) = V(i,\), ¥(i,)) € E xR

m2ells

similarly, 7 € I, is said to be optimal for player 2 if,

sup U™ (i, \) = V(i, \), ¥(i,)) € E x R.

mlelly

sl 2

If ™ e Iy is optimal for player k, then (7% ,7*") € II; x Iy is called a pair of optimal

policies, also known as saddle point equilibrium.

Remark 3.1.7.
i) By mimicking arguments as in Huang et al. [2017] it can be shown that, for any fized
(r!,7%) € II; x Il,, we have that

sup U™ (i,\) = sup U™ (i, \),

el leIIM

inf U™ (i,\)= inf U™ ™ (i,)\),

7' elly TI'IEHg”V[

which implies that it is sufficient to limit ourselves to TIF*M xTIZM in the upcoming arguments.
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i) For all (7', 72) € I x I, it is obvious that U™ ™ (i, \) = L(—o0,0)(A) for every (i,\) €
D x R, where 1¢ is the indicator function on any set C. Thus, in order to avoid triviality,

we restrict our attention to the case of (i, \) € D x R.

3.2 Main results

In this section, we state and prove our main results. Let P(S) be the family of probability
measures on the set S, endowed with weak topology. We first introduce the following nota-
tion: Let F,,, := {U : D¢ x R — [0, 1], such that U(-,-) is Borel measurable on D¢ x R, and
U(i,\) =1 for (i,\) € D° x (—00,0)}. We also define operators M¥**, M on F,, as follows:
for U € F, i € D¢ a € A(i), b € B(i), v € P(A(1)), ¢ € P(B(1)), if A >0,

MU (i, ) = | (da) / ¢ (db) {e—%@vb)xmjL
A(s) B(i)
A/r(i,a,b)
/ U(j, A — r(i,a,b)t)e” 4D (j]i, a, b)dt|, (3.2.1)
j#i,jene Y0
MU(i, \) := sup inf  M¥Y?U(i, \). (3.2.2)

YEP(A(i)) PEP(B(9))

Moreover, if A < 0, we define
MY°U(i,\) = MU (i, \) = 1. (3.2.3)
For (r!,7%) € IE9 x TIE9, define
M™ U@, \) = M™ BTN (G ))

Note that, for each (i, \) € D¢ xR and (7!, 72) € II" < IIFM | we can rewrite U™ ™ (i, \)

as follows:
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1

U™ i, 2) P’{,f( / " X0, 00, Ut >>dt>A)
(Z / X0, U0, L) )
—]Pﬂ; 3 (Z Loy (70eD) T (s Ay Bin) 01 > A)

— lim Pg 5 (Z Loy (7eeny™(Jms Ay Bin)Omi1 > )\), (3.2.4)

n—oo

where 0,1 := S,,.1 — S, denote the sojourn times between two successive decision epochs.
The last equality follows by the non-negativity of the reward rate (i, a,b) and the continuity
of probability measures. Thus, we define a sequence {U;{l’7r2 (1,\),n=—1,0,1,...} by

U™ (i, 0) = L—oa) (A), UF ™ (i, X (Zln ey (Jms Ay B >em+1>x),

for n > 0 and (i, \) € D® x R.
Obviously, we have U™ (i, \) < UmT (i,A), ¥n > —1, and lim, o U™ (i, ) =
U™ (i, X). We further impose the following conditions.

Assumption 3.2.1. For every (i, \) € D x R,

(a) A(i) and B(i) are compact;

(b) Foralli,j € E, the function r(i,a,b) and q(j|i,a,b) are continuous in (a,b) € A(i)x B(7).
(¢) For each fited U € Fun, 3 icpeizi Jo QTeb) U(j, A —r(i,a,b)t)e" ¢ @q(j|i, a, b)dt is con-
tinuous in (a,b) € A(i) x B(i).

Lemma 3.2.2. Suppose that Assumptions 3.1.5 and 3.2.1 hold. For any fized (i, \) € D°xR
and ™ = {g,1,..} € MM 72 = Log é1,...} € TIEM define the shifted policies
Wl = {ahy, 1y, ...} € M and V72 = {¢y, ¢y, ...} € IFM. Then, for alln > —1, we have
(a) UT™ € Fp and U™ ™ € F,,.

(b) UTyT = Moty O gpg getn® — ppiossoryOat. D,

In particular U%® = MY2UY® for every (¢, ¢) € TIE x TIES,
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Proof. (a) For any (i,\) € D¢ x R, (7!, 72) € TIFM x IIEM  we will show UT ™ € F,, by
induction. It is obviously true when n = —1. Now assume that U’ w1t e F,, for some

n > —1. For \ < 0, it is easy to see that U;;Lf =1. For A > 0,

n+1
Unt (i, A) = (Zlnm (D) (Jims Am, B >9mﬂ>A—r<Jo,Ao,Bo>el)
m=1
- n+1
=E(, ) [ Y (Zlm;noJkeDe P (Jis A Ban)Orms1 > X — 1(Jo, Ao, Bo)ts
m=1

SOa J07 A07 AO: BO7 617 Jla )\1 - )\O - T(J()a A07 BO)GI)]

- Wo(dali, \) ¢o(dbli, \) Z / q(jli, a,b)e —ai(ab)t gy

A(4) B(3) AR

n+1
{]PWZ 3 (Z Lm (1ene)(Jmy Amy Bim)Omi1 > A — (i, a, b)t‘
So=0,Jo=01,=NAg=0a,By=b0=tJ=j A= A—r(i,a,b)t)}

Z / q(jli, a,b)e 1@Vt dt x 1
A

j#i,j€E /r(i,a,b)

i Yo(dali, N) ¢o(dbli, \) [

A7) B(7)
A/r(i,a,b)

+ Z / q(jli, a, b)e %@Vt dt

J#ULIEE

(1)1 (1) :
Pl mbt)(zw oDy (Jms Ay Bun) Ot >)\—r(z,a,b)t)]

= Yo(dali, A) ¢o(dbli, N) |: ~6i(ad) ey +
A(2) B(i)

A/r(i,a,b) W (1)
Z / q(jli, a, b)e= @Dt dg s VT () )\—r(i,a,b)t))},

Jj#i,j€De

where the third inequality follows from properties (3.1.4)-(3.1.6), and the fourth equality
is due to the Markov property of the policy pair (!, 7%) and the properties (3.1.4)-(3.1.6)
again. Hence,

1.2 (g (1) g2

uror = MU, V(i,\) € D¢ x R,

and thus U:Li’f(., ) € Fp,. Therefore, by induction, U™ ™ (.,.) € F,, for every n > —1. Fur-
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. . . . . . . 1.2
thermore, since limit of measurable functions is again measurable, we have lim,,_,,, U] "™ =

U™ € Fo.
(b) From the proof of (a), we have U;i’f — M¥oto V7D etting n — oo, by the

. . 1.2 (1)1 (1).2
dominated convergence theorem we obtain U™ ™ = M¥oeo(y 7 m"

The last statement is obvious. O

Remark 3.2.3. (a) Following the proof of Lemma 3.2.2, we see that

(B) 1 (k) 72 (R+1) f1 (k+1) 2

U = M¥»o (3.2.5)
holds for any W7l = {thpym, m > 0} € M and W 7? = {¢p 1, m > 0} € HEM with
k=0,1,.., Oxl .= 7! gnd Og? .= 72,

(b) Lemma 3.2.2 gives a way of computing U .) for each pair of policies (m',7%) €
RS x MBS, de, U™ (.,.) = lim,_ oo UT ™ (.,.) with UT ™ (.,.) recursively defined by
Uﬂ’ﬂQ(., )= 1oV, and UT™(.,.) = M”l’“2U;i’17r2(., .) for each n > 0.

We need the following assumption to ensure the existence of optimal policies.

Assumption 3.2.4. PZ;\T(TD < o0) =1 for every (i,\) € D° x R, and (7!, n?) € TIFM x

RM
H2 .

Assumption 3.2.4 can be written equivalently as:

P ( U, {J, € D}) = Lo P} ( N, {J, € DC}> = 0 for every (i,\) € D° x R,.
A sufficient condition for Assumption 3.2.4 is given by the following proposition.

Proposition 3.2.5. If there exists some positive constant [ < 1, such that
Y iepizi Ul a,b) > Bqi(a,b) for all i € D and (a,b) € A(i) x B(i), then Assumption
3.2.4 holds.

Proof. We will prove by induction that

1

L5 (ﬁZ:1 {Ji € DC}) <(1-=-p8)" n=1, (3.2.6)
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for all (i,\) € D¢ x R, (7!, 7%) € M x 1M, When n = 1, for all (i,\) € D¢ x R,
(rt, %) € TIM x TIEM | we have

ml 2 c mlm?
]]ED(Z.7/\) J €D = E(i)\) 1{J1€Dc}

. q(jli,a,b)
= 1Z)O(da|z,)\)/ ¢o(dbli, \)
/aeA(i) beB(i) Z

e “aila,b)

<1-5

Thus, the assertion is true for n = 1. Now assume that the assertion (3.2.6) holds for n = k.

When n =k +1,

i 7r k c TI' ﬂ'

“ELS [E? 5 [ (Ol (DY)

+o0o
:/ ¢0(da|i,)\)/ do(dbli, ) 3 / Py <mk+1 (J, € D%}
acA() beB(4)

Jj#i,jeE

AO>B0>J17‘917)\1]]

Ap=a,By=0b,J1 =j,h =t,\1 = A—r(i,a, b)t> x e 1@b)g( 5], a,b)dt

- / w(dali, \) / (dbli, A)
a€A(7) beB(i)
pUrt W .
Z / (A~ r(zab)(mé;l{‘]leD})

j#i,jEDE

x ¢~ 4@ (ji, a, b)dt

< (1-p)F,

where the second equality is obtained by using the conditional expectation property, and the
last inequality follows from the induction hypothesis. Hence, we proved (3.2.6) by induction.
Thus, by letting n — oo in (3.2.6), we get

1

PG S\WQ ( Mo {Jk € DC}) < lim(1-p3)"=0.
’ n—oo
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O

Before stating the next lemma, we need to introduce one more notation as below. Let
Fum ={H : D xR — [—1, 1], satisfying H (-, -) is Borel measurable and H (i, A) := 0 for A <
0}. Define an operator on JF,, by

MY H (i, \) ;:/ @Z)(da|i,)\)/ o(dbli, N) Z / q(jli, a, b)e~ (@Dt
ac Ad) beB(i)

Jj#i,jeDe

X H(j,A\—r(i,a,b)t)dt (3.2.7)

for A > 0 and M¥?H (i, \) := 0 otherwise for each (v, ¢) € ®; x ®; and i € D°.

Lemma 3.2.6. Suppose that Assumptions 3.1.3, 3.2.1 and 3.2.4 are satisfied. Then for any
function u in F,, and (i, \) € D¢ x R, the following statements hold.

a u(z, A) < PR, or a > 0, and any policies ™" € and T = ¢k, k >

If u(i, \) < M™ Pku(i, A k>0, and licies ' € TI8S and 72 k

0} € IEM | then u(i, \) < U™ ™ (i, \).

b) If u(i, \) > MVemy, i,\) for all k > 0, and any policies 7w € NI and 7' = {¢y, k >

2

0} € M, then u(i, \) > U™ ™ (i, ).

¢) For every (mt,72) € TIRS x IIBS, U™ (., .) is the unique solution in F,, to the equation
(c) 1 2

H=M""H.

Proof. (a) Obviously, the assertion holds for A < 0. Now, we show the case for A > 0. On
the other hand, for any i € D¢, policies 7t € III*°, 72 = {¢p, k > 0} € [IFM and n > 1, we

have

Wl,ﬁQ n c
IED(i,,\) (mkii {JkeD })
- E@,;;Q []Pﬂ(r i; (QZJF% {Jk € D} Jo, Ao, Ao, Bo, 01, J1, Ai = Ao — 7(Jo, Ao, Bo)os )]
:/ ' (dali, \) / ¢o(dbli, \) Z / q(jli, a,b)e” gi(ab)t gy
A(i)

x {P’Z,Iﬁ (ﬂZ*i {J € Do =i o = A\, Ag = a, By = b,0y = t,.J = j, :/\—r(i,a,b)t)}

1 1(1)7r
— /A() 7T1<daz|/l;)\> B (b() dbll >\ Z / (]/\ rzabt)<mk O{Jk & _D })

Jj#i,jEDC

q(jli, a, b)e~ @Dt qt, (3.2.8)
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On the other hand, it follows from (3.2.5) that U™ % (i, \) = M= ¢:y="-“"7%(; X) for all
k > 0, which, together with the condition u(i, \) < M™ % u(i, ) and (3.2.8), gives for A > 0,

w(i, \) = U™ (i, A) < M™% u(i, A) — U™ 7 (i, )]

< MM N u(i, A) — U ()
:/ daoli, N) [ o(dboli,A) > / / Ydayliy, Ay) o1 (dby iy, M)
B(i) 0 Z1) B(i1)

117#£1,11 ED¢C
> 1

dan 1‘Zn 17)\n 1)/ anfl(dbnfl’infla)\nfl) Z /
B(inﬁl)

1941 ,i2€DC (in— 1) inFin_1,in€DC
il ()72 2 —q; n—1,bn—1)tn
P a1 i vans bn )ty (1 € D)a(tnlin—1, an—1,bn_1)e Gip_q (@n—1,bn—1)tn
q(ir[io, ag, bo)e~ "o ® ™) dt,, ... dty
:/ daoi, A) / do(dboli, ) S / / Ydaslin, M) [ gu(dbilin, Ar)
A() 114,41 €DC “) B(i1)

/ / dan 2|Zn 27 n— 2)/ ¢n Q(dbn 2’Zn 2; n— 2) Z /
(fn— 2) B(in—2)

12711 ,i9€ D In—1Fin—2,in—1€D°

1 (n—1)=2 0 ° —q;
?’inyfi7>\n712_T(in-27En72ybn72)tn71)<ﬂi:1{Jk € DC})q(ln_1|/1/n—27 a’n—27 bn_2)€ qlniQ(an727bn72)tn71‘”

19 ’il, ai, b1 e I (al’bl)t2q 11 io, Qaop, b() e %o (ao’bo)tldtn_l . dtl
q

= Pg ; (m"“ {J, € DC}>

for all n > 0. Letting n — oo in the above inequality, we obtain that u(i, \) < yr' e (7, A).
(b) The fact that U™ 7T2( A) = Mg STIR A () in (3.2.5) and the given condition
in this part yield that U™ ™ (i, \) —u(i, \) < M*%= [U" 77 (i \)—u(i, \)]. Then, preceding
similarly as in part (a) gives the desired result.
(c) Lemma 3.2.2; together with (a) and (b) of this lemma, gives the uniqueness of the
solution U™ ™ (_,.) in F,, to the equation H = M™ ™ H. O

Lemma 3.2.7. For each (i,\) € D° xR, and u € F,,, M¥%u(i, \) is continuous in (1, ¢) €
P(A(i)) x P(B(i)) with the operator M¥*u(i, \) as in (3.2.1).

Proof. Since A(i) and B(i) are compact, by Prohorov’s theorem, so are P(A(i)) and P(B(7)).
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Further,

A/r(i,a,b)
e~ BN Ty Z / q(jli, a,b)e @Ot dt x u(j, X — r(i, a, b)t),
0

Jj#u,jebe

is a bounded continuous function on A(i) x B(7). By the definition of weak convergence of
probability measures, for any sequence { (¢, ¢;)} C P(A(i)) x P(B(i)) converging to (1, ¢)
with respect to the weak topology, letting [ — oo we obtain that

lim MY %u(i,\) = [ (da) / ¢ (db) {e—%@’b)xm+
l—00 A() B(i)
A/r(i,a,b)
> [ aliabe 1@< un o,
j#i,jepe 0
=M¥Y%u(i, \),
which completes the proof. O]

Remark 3.2.8. Since M¥? as defined in (3.2.1) is bilinear in (1, ¢), we have by our as-

sumptions and Lemma 3.2.7, using Fan’s minimaz theorem Fan [1953] that

MU(i,\) = sup inf M¥?U(i,\) = inf sup  MYPU(i, \),
PYeP(A(i)) PEP(B(9) PEP(B(1) yeP(A())

for X > 0.

Let u_1(7, A) := L(—0,0)(A) and uy, (i, A) := Muy,_1 (i, A) for each (i,\) € ExR and n > 0,
with operator M as in (3.2.2). Now we state the main result on the existence of a pair of

optimal policies and value of the game.

Theorem 3.2.9. Under Assumptions 3.1.3,3.2.1 and 3.2.J wusing operators in (3.2.1)-
(3.2.2), we have the following statements.

(a) The limit lim,, o u, (i, \) = u*(i, \) exists and belongs to F,,. Moreover, u* satisfies the
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pair of Shapley equations u*(i, \) = Mu*(i, A), i.e

u*(i,\) = sup inf {/ Y (da) / ¢(db) { ’"<”b)+
weP(A )) PEP(B(3)
A/r(i,a,b)
Z / q(jli, a, b)e M @Otdt x u* (5, X — r(i, a, b)t )]} (3.2.9)
Jj#i,jEDe

— ll’lf sup { ¢ dCL / ¢ db l r(z a,b) +

PEP(B(1)) peP(A(i))

A/r(i,a,b)
Z / q(jli, a,b)e @Ot x u*(j, A — r(i, a, b)t )}} (3.2.10)

j#i,jeDe

for any (i, \) € D¢ x R,..
(b) There exists a pair of stationary policies (x* ,7*°) € TIES x IIFS such that, for all
(i,A) € D¢ x R,

1 2

* * %2 Pl
w (i, \) =M™ ™ u*(i,A\) = max M¥Y" u*(i,\)= min M"™ “u*(i,\). (3.2.11)
YEP(AG)) $EP(B(i))

(¢) u*(i, A) is the value of the game, and u*(i, \) = g (1, \).

(d) (7', 7*°) in (b) above is a saddle point equilibrium.

Proof. (a) The compactness of P(A(i)) and P(B(i)), Lemma 3.2.7, and measurable selec-
tion theorem in Nowak [1985] gives that there exists (7!, 72) € I1% x 1% (which may be
dependent on n) such that w, (i, \) = Mu, (i, \) = M”l’ﬁzunq(i,)\) for all n > 0, which
shows the measurability of u,(i,A) in A € R for each ¢« € D°. Moreover, u,(i,A) = 1 for
A < 0. Therefore, u,, € F,, for any n > —1. Also, it is easy to see that,

up(i, A) = sup inf / Y(da) ¢(db){ 4 ab)xr(lab):|
B(i)

YeP(A(i)) PEP(B(2))

2 u—1<ia )‘)

Therefore, by the definition of {u,,n > —1} and monotonicity of the operator M, we have
u_g <ug < ... < Uy, i€, {u,,n > —1} is a non-decreasing sequence, and thus converges

to some function u* € F,,.
Now, for A < 0, u*(i,A\) = Mu*(i,\) = 1. To establish the Shapley equations for A > 0,
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using the monotonicity again, we have Mu* > Mu, = u,y; for all n > —1, which shows

that

Mu* > u™. (3.2.12)

To show the reverse inequality, it follows from the definition of the operator M that

f ql(a b)X'r(zab)
Unt1(i, A) > sertbs / ¥(da) [ ¢(db){ +

)\/rzab
Z / q(jli, a, b)e @Ot dt s u, (5, N — r(i, a,b)t )}

j#i,jeDe

- [ty [ ssanferering

A/r(i,a,b)
Z / q(jli, a,b)e @Ot dt x u, (5, X — r(i,a,b)t )} (3.2.13)

j#i,je€D¢e

for any ¢ € P(A(i)), where the existence of ¢! € P(B(i)) (may be dependent on ) is
guaranteed by Lemma 3.2.7. By the compactness of P(B(i)), without loss of generality, we
suppose that ¢! — ¢* € P(B(i)). Taking n — oo in equation (3.2.13), it follows from the

extended Fatou’s lemma (Lemma 8.3.7 in Herndndez-Lerma and Lasserre [1999]) that

U*(Z, )\) Z ¢(da)/ qb*(db) |:e_qi(a’b)><r(i,>\a,b)+

A(D)

)\/r(zab)
Z / q(jli, a,b)e 1 @Otdt x u* (5, X — r(i, a, b)t )}

j#i,jeDe

> inf da/ db [eg‘“(a’b)xr(ifa,w_k
Lt { [ vt [ ot

A/r(i,a,b)
Z / q(jli, a, b)e 50t x u* (5, X — r(i, a, b)t )}}

j#i,jeDe

Now, since 1 € P(A(17)) is arbitrary, we get that

Mu* <u*,
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which together with (3.2.12) gives Mu* = u*.

(b) Obviously, (3.2.11) holds for A < 0. For A > 0, if we choose 7* € II/*® as the outer
maximizing selector in (3.2.9) and 7 € IS as the outer minimizing selector in (3.2.10)
then (3.2.11) follows.

(¢) From (b) of this theorem, we have u*(i, \) = M’T*l’”*2u*(i, A). Thus by lemma 3.2.6(c),
we have u*(i, \) = g (i,A). Let 7 be fixed. For any policy ' := {¢,,,n > 0} € IIFM,
we get Yy, (.]i,\) € P(A(7)) for all n > 0 and (i, A\) € D x R. Then, from (3.2.11), for any
n > 0, we have

Wi, A) > MO (i),

which combined with lemma 3.2.6(b) gives u*(i,\) > ur (i, A) for all 7t € TIRM,
%2
Therefore, u*(i,A) > suppiepnm U™ ™ (i,)), while the reverse inequality follows from

u*(i, \) = ur (i, A), which implies that, for any (i, \) € D x R,

u*(i,\) = sup U”l’”*z(z’,)\)z inf  sup U™ (i,A) = L(i, \). (3.2.14)

2 RM
rlelltM m2€lly™ rlenRM

Using (3.2.11) again, a similar argument together with Lemma 3.2.6(a) shows that

u*(i,\) = inf U’r*l’ﬂz(i,)\)g sup inf U™ ™ (i, \) = I(i, ). (3.2.15)

M M
n2ellf rleniM n2€llf

Hence, by (3.2.14) and (3.2.15), L(3, \) = I(3, \) = V(i, A) = w* (3, \) = U™ = (i, \).
(d) This directly follows from both (3.2.14) and (3.2.15). O

Remark 3.2.10. The proof techniques in chapters 2 and 3 are very similar. But there are
some key differences in the model. In chapter 2, the state space is general while in chapter 3
it is denumerable. In chapter 8, the transition rates are allowed to be unbounded. Condition
in equation (2.1.5) is satisfied by continuous-time Markov chain only when transition rates
are bounded. In chapter 3, Assumption 3.1.83 is needed to ensure non-explosion of the pro-
cess. Also, in chapter 3, we assume that action spaces are compact metric spaces and not

necessarily finite. Thus, we need Assumption 3.2.1 in this chapter.
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CHAPTER 4:

Risk-sensitive Semi-Markov Decision Problems with

Discounted Cost and General Utilities

In this Chapter we consider risk-sensitive control of semi-Markov processes with a discrete
state space. We consider general utility functions and discounted cost in the optimization
criteria. We consider random finite horizon and infinite horizon problems. Using a state
augmentation technique we characterize the value functions and also prescribe optimal con-
trols. This Chapter is organized as follows: In Section 1, we describe our model and the
control problem. In Section 2 we investigate the random finite horizon problem. Finally in
Section 3, we analyze the infinite horizon problem. This Chapter is based on Bhabak and
Saha [2022b].

4.1 The Control Model

The semi-Markov decision problem(SMDP) model that we are interested in is

{E, A, (A(i),i € £),Q(.,.|i,a),C(i,a),U(.)},

where the individual components has the following interpretation:

e F is a countable state space. Without loss of generality, we take F = {1,2,...}.
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e A is the action space, which is assumed to be Borel space endowed with the Borel

o-algebra A.

e A(i) € A denotes the set of all admissible actions in state i. Let K := {(i,a)|i € F,a €
A(7)} be the set of all admissible state action pairs.

e (-], a) is a semi-Markov kernel on [0, 00) X E given K. We assume that Q(0, j|i,a) =
0 for any j € E and (i,a) € K. It describes the transition mechanism of the controlled
process. Thus if a € A(7) is the action chosen in state i, then for any ¢ > 0 and j € E,
Q(t,7|i,a) is the joint probability that the sojourn time in state ¢ will be less than or

equal to ¢t and the next transition will be into state j.
e C': K — [0,¢] is a measurable running cost function with 0 < ¢ < co.

e U :[0,00) — R denotes a utility function, which is assumed to be continuous and

strictly increasing.

Now we describe the evolution of the controlled semi-Markov process. At time 0, which
is the initial decision epoch, the system is in state ¢5. Depending upon the state of the
system the controller chooses an action ag € A(ip). As a consequence of this choice
of action the system remains at 7, until time #;. At time ¢; the system jumps to the
next state i; according to the transition law Q(dty, )i, a0). A discounted cost equal to
fot tem(C(ig, ag)du is generated. Now in state i;, depending on the current state, previous
state, sojourn time, and previously selected action the controller chooses an action a; € A(i)
and the same sequence of events repeat. Based on this evolution and we obtain a history
hn = (i, ag,t1,41,01,t9, ..., in—1,n_1,tn, i) up to the nth jump of the described process.
Here t; denotes the kth jump time with the assumption ¢y = 0, i is the state after the kth
jump and ay, is the action chosen at the kth jump time. Let H,, denote the set of all possible
histories upto the nth jump time. H, is endowed with a Borel o—field.

Next, we describe the policies which govern the choice of action by the decision-maker.

Definition 4.1.1. A history dependent policy m := {m,,n > 0} is sequence of measurable
functions m, : H, — A such that 7,(h,) € A(i,). A history dependent policy 7 is said to be
Markov if there exists a sequence {f.} of measurable functions f, : [0,00) x E — A, such
that f,(t,i) € A(i) and m,(hy) = fu(tn,in). In this case we write m = { fu}n>0. If fu = [ for
some common function f for all n, then the Markov policy is said to be stationary. We will
sometimes denote a stationary policy by the common function f. We denote by 11, TIM | I1°

the set of all history dependent, Markov and stationary policies respectively.
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For each ¢ € E and 7 € II by the well-known Tulcea’s Theorem (Hernandez-Lerma
and Lasserre [1996], Proposition C.10), there exist a unique probability space (2, F,PT) and
stochastic processes {S,,, Xy, A, }n>0 such that, for each t € [0,00), j € B, C € Aandn >0,

PT(Sp =0,X0=1) =1,

P?(An < C|hn) = 57Tn(hn)(0)’

P?(Sn-i-l - Sn <t, Xn+l = ]|hna an) = Q(t>j|zn> an)7
where S, X,, and A, denote the nth jump time, the state and the action chosen by the
decision maker at the nth jump time and § denotes the Dirac measure. The expectation

operator with respect to PT is denoted by ET. In order to avoid the possibility of an infinite

number of jumps within a finite time interval we make the following standard assumption.

Assumption 4.1.2. There exist constants 6 > 0 and ¢ > 0 such that

sup Q(9, Eli,a) <1 —e. (4.1.1)
(i,a)EK

Remark 4.1.3. Assumption 4.1.2 means that the sojourn time at any state and under any
action exceeds & with a probability at least €. If Soo = lim,, o S,,, then it is well known that
(see Proposition 2.1 of Huang et al. [2011]), if (4.1.1) holds then PT(Ss = o0) = 1 for any
1€ E and eIl

We also define the continuous time processes { X (t), A(t),t € [0,00)} by

Ja
I
2
=
I

A,, for S, <t< S, t€[0,00)and n>0.

Now we describe the cost criteria. Let o > 0 be a discount factor. We consider SMDPs over
both finite(random) and infinite horizons. For N > 1, the total discounted cost accumulated

upto the Nth jump time is given by

SN N Sn*Sn—l
CN - / eiauC(X’UJ Au)du - Z eiaTnil / eiatC<Xn717 An71>dt7
0 0

n=1
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and the total discounted cost accumulated over the infinite time horizon is given by

o0

o) Sn—Sn—1
Co = / e MO (X, Ay)du = Z e~ ¥In—1 / e C(Xp 1, A,_y)dt.
0 0

n=1

Although, not explicit in the notation, note that both Cy and C, depends on the control
policy 7. Instead of the standard expectation minimization, here we consider the following

minimization problems:

inf E7 [U(Cy)], i € E and

mell

inf BT [U(Cx)], i€ E.

mell

For i € FE and w € 11, let
Jn(@) =EF[U(CN)] and JL(i) = Ef[U(Cx)]

Also let
Jy (i) = inf J(i) and Jwo(i) = inf J (7).

mell mell

A policy m* € II is said to be optimal for the finite horizon problem if J5 (i) = Jy(i) for
all 7 € F. Similarly, a policy 7* is said to be optimal for the infinite horizon problem if
JT (i) = Jxo(i) for all i in E. We wish to characterise Jy(:) and Jo.(-) and find optimal

policies for both finite and infinite horizon problems.

4.2 Finite Horizon Problem

We first consider the optimization problem upto the Nth jump time. We will use a state
augmentation technique to convert the original problem to a standard risk-neutral problem.
Similar state augmentation technique has been used in the context of discrete time MDP
in Béauerle and Rieder [2014] and in the context of SMDP in Huang et al. [2018]. We
augment the state process to include the accumulated discounted cost. More precisely, we

consider the augmented controlled state process {S,, X,,Cy,n > 0} where S, and X,, are
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as before and (), is the accumulated discounted cost upto the nth jump time. For ¢ € F,
(t,A) € [0,00) x [0,00) and a € A(i), the controlled transition law of the augmented state

process is given by
OB x {j} x Clt,i, A a) = /O L (t 4 5)0,, et ar_ ooy (C)QUds, i ),

where 1 is the indicator function, B and C' are Borel subsets of [0,00), j € E. In this
augmented set-up we redefine the various policy sets. But for economy of notation, we use
the same notations for the augmented policy sets. Thus, in particular, in the augmented set-
up a Markov policy is given by m = {f,,} where f,, : [0,00) x E x [0,00) — A are measurable
functions such that f,(¢,i,A\) € A(7) for all (¢,7, \).

Suppose E; ) is the expectation operator corresponding to the initial condition
So=1t,Xg=1,Cy=A. Then for n =0,1,...,N and 7 € II define the value functions,

Sn
Var(t,3,2) = Efy ;3 [U( / e O (Xy, Aw)du+ A)| = Ef; ) [U(Cn)],
t
(1,1, %) € [0,00) x E x [0,00),
Valt,i,)) = inf Var(,3, 1), (£,3,A) € 0,00) x E x [0,00). (4.2.1)
(S
Thus Jy(i) = Vy(0,4,0). The state augmentation now allows us to think of the optimiza-
tion problem as a finite horizon discrete time Markov decision process with state process
{Sn, Xn, Cpn,n > 0}, zero one stage cost and terminal cost function g(¢,i,\) = U(X). Now
define the set
B([0,00) x E x [0,00)) = {v:[0,00) X E x [0,00) — [0,00) is measurable and

U(N) < oty i, 3) < Ue™S 4 2) ¥(t,i, \)}. (4.2.2)

«

Let F' denote the set of all measurable functions f : [0,00) X E x [0,00) — A such that
f(t,i,A) € A(i) for all (¢,4,A). Then for v € B([0,00) X E x [0,00)) and f € F, we define
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the operators

Tyo(t,i A) E:/ (t-+ 5,40+ COTEN ot oty opas, i fi.0)
(4.2.3)

and

(Tw)(t,i,A) := inf Z/ (t+ s, 4, A+ G, a)( ot — e TN Q(ds, jliya).  (4.2.4)

a€A(i

We say that f € F'is a minimizer of v if Tv = Tyv. Observe that the operators Tyv and T'

are both monotone. We need to impose the following assumption.

Assumption 4.2.1. For each (t,i,\) € [0,00) X E x [0,00),

(i) A(i) is compact.

(ii) C(i,a) is continuous on A(i).

(ii1) Y [o(t+ 5,5, A+ g6, “)( —ot — e~ ltt9))Q(ds, jli, a) is continuous on A(i), for each
v € B([0,00) X E x [0,00)).

We have the following;:

Theorem 4.2.2. Suppose Assumptions 4.1.2 and 4.2.1 hold. For n =1,..., N, we have the
following.

(a) For any policy © = (fo, f1,...) € M, we have the iteration: Vyn = Ty, Ty,.. T, U,
where Ty, is as in (4.2.3).

(b) Vo(t,i,\) =U(X) and V,, =TV, i.e.,

acA

C(Z CL) —at —a(t-i—s)
VWK%M—-meZ/]n1t+SLA+ ke )Q(ds, jli, a).

(4.2.5)

Also, V,, € B([0,00) x E x [0,00)) for alln=0,1,...,N.

Ph.D. Thesis 51

TH-3116_186123004



Chapter 4 4.2. Finite Horizon Problem

(c) Foreveryn =1,2,...,N there exists a minimizer f: € F of V,,_1 and (fx, fy_1,-- - f1)

is an optimal Markov policy for the finite horizon optimization problem.

Proof. We prove (a) by induction on n.
Firstly, Vor(t,i,A) = U(\). Now for n =1 we have,
S1
‘/17r<t717)\) Etz)\) [U()‘+/ —auC( fo(t,@,A))dU)]
t

:(Tfo U) (t> i, )‘>'

Now suppose that the statement holds for V,,_1,. So we consider V,,:

(Tyy... Ty, Ut i, A) = Ty (T, Ty, U)(t,, )

-2 / Voan(t 4,5+ COIUED) e oot oas. s ot )

«

C(z, fo(t, 2, A a e

«

+ / e~ C(Xy, au)du) | Q(ds, jli, fo(t,i, X))
t+s
S
AWy

- Vnﬂ'(ia )\7 t)v

fo(t i, )\))(

where 7 is the one shifted policy and N = A + ¢ e~ — e~t+9)) Hence we get our

desired result for V,,r. So by induction argument we have showed (a).

(b) and (c): The proof of (b) and (¢) follows by Assumption 4.2.1 and standard theory
of discrete time MDP, see Chapter 3 of Hernandez-Lerma and Lasserre [1996]. O

Corollary 4.2.3. In the case of U(X) = (%)ev)‘ with v # 0, we have V,(i,\,t) = e"™h,(t,1)
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and Jn(i) = hy(0,7). And h, satisfies the iteration given by ho(i, \) = % and

hn(t,i) = inf Z/ TR e <, 1(t+5,7)Qds, jli, a).

aGA

Proof. We will prove by induction on n. For n = 0 we have Vy(t,i,\) = (%)e”\ = e“(%) =
e’ hg. Hence the statement is true for n = 0. Now suppose it is true for n — 1. From (4.2.5)

we get,

Va(t,i,A) = inf Z/ AN RO PECIC “>( ot — e o)) Q(ds, jli, a)

acA(i

S ot Z/GV(HCM)(GM Db, (4 5,5)Q(ds, jli, a)

acA(i
= inf Z/ G- ey, 1(t+5,5)Q(ds, jli, a)

aeA(

Hence, the statement follows by setting

C(za) —at —a(t+s
o Iaéﬁii/ I (4 5, 7)QUds, ) (426)

4.3 Infinite Horizon Problem

Now to consider the infinite horizon problem. Like in the finite horizon case we again consider

the augmented set-up and define the following value functions.

Voor(t,4, A) 1= B ; 5 [U(/ e “C(Xy, Ay)du+ N)], m €1, (t,4,\) € [0,00) X E x [0, 00).
t
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Vaolt,5,) = inf Vaor (8,1, 1), (1,1, ) € [0,00) x E x [0,00).

For a stationary policy 7 = {f}, we will will write Vo, as V;. It is easy to see that,
Joo(i) = Vo (0,14,0) for all ¢ € E. For the infinite horizon problem, we will deal with convex

and concave utility functions separately. First we analyze the concave case.

4.3.1 Concave Utility Function.

let U : Ry — R be a concave utility function. We introduce one more notation o(¢,\) =
U(e=®< 4 X). It is straight forward to see that U(X) < Vio(i, A, t) < 9(t, A). Thus V €
B([0,00) x E x [0,00)) where B([0,00) x E X [0,00)) is given by (4.2.2).

Theorem 4.3.1. Suppose that Assumptions 4.1.2 and /.2.1 hold. Also suppose that the
derivative U'(0) exists. Then the following statements hold.

(a) Vi is the unique solution of v = Tv in B(]0,00) X E X [0,00)) for T defined in (4.2.4).
Moreover, T"U 1 Vs and T"v | Vo as n — oo.

(b) There ezists a minimizer f* € F of Vo and the stationary policy determined by f* is

an optimal policy for the infinite horizon problem.

Proof. (a) Here we first show that V,, = T"U 1 V, as n — oo. It is known that for

U : R, — R increasing and concave we have the inequality
UM+ X) SUNM)+U_(AM)Aa, A, A0 >0,

where U’ is the left-hand side derivative of U that exists since U is concave. Moreover,
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U’ (X) > 0 and is decreasing. For (¢,7,A) € [0,00) X E x [0,00) and 7 € II we have,

Vit i, ) < Vir(t, 4, A) < Vier (8,4, A) = Ef 0 [U( / e~ C( Xy, Ay)du) + 2]
t

e}

Sn
=B [U( /t e O Xy, Au)du + A+ / e O (Xy, Ay)du)

n

Sn
< B, [U( /t e C(X,, A)du) + 2]

o0

Sn
+Efin [U'—(/t e O (Xy, Ay)du) + X) % (/ e "C(Xy, Au)du)]

n

< Varlty1,0) + UZO) S B ("),

Now using (4.1.1), we have

E@,i,A)[e_aSI]S SUP/O e Q(ds, Ei, a)

a€A(7)

0 9]
= sup e ™ {/ e **Q(ds, Eli,a) —I—/ e **Q(ds, Eli,a)
0 5

a€A(7)

< sup e [Q(8, Eli, a) + e*(1 — Q(3, Eli. a))]

a€A(1)

<e ™[(1-e )1 —e)+e ™

=e (1 —e+ee™).
Thus, it can be shown by induction that
ale 5] < (1 — e e,
for all n. Thus we have,
Vot i, N) < Vir(t,0, A) < Vi (4, A 1) + €,(8, A),

where €,(\,t) = U (A)Se (1 — e + ee=*°)". Thus lim,_ €,(A,t) = 0. Taking infimum
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over all policies we get,

V(£ i, A) < Vio(i, M 1) < Vio(t,7, A) + en(t, V).

Now as n — oo we have V,, =T"U 1 V,, for n — oo. Now, we try to show that V,, = TV.
Note that V,, <V, for all n. Using the fact that 7" is increasing we have V.1 =TV, < TV
for all n. Letting n — oo implies V,, < TV,.

For the reverse inequality we have from above V,, + ¢, > V.. Applying the T operator and

also using its monotonicity we get,

a€A(i)

T(V, + €,)(t,i,\) = inf Z/( t+s g, A+ C(; @) (e‘at—e_a(t“)))

te (t +s, At C(; CL) (efat _ eOé(H-S)))) Q<d5>]|l7 a)

< Vg1 + €nga-

Hence, we have V,, 11+ €,41 > T(V,+¢€,) > TV,. Now letting n — oo we obtain V,, > T'V.
So together we have V,, = TV,,. Now,

Tu(t,\) = inf Z/ eat+s) & A+—C(l’a)(e*at—ea““)))Q(ds,j\z',a)

a€A(i) o

<, % Jut —“+S_+A+ (et — ) Qds. li.a) = 7(1, ).

aEA ()

Hence we have T"v is a decreasing sequence. Moreover, we have by iteration

rellM

Sn
(TU)(E,5,0) = inf B [U / (X, Au)du + V)]
t

Sn
(T"0)(t,i,A) = inf Ef, [U(ge—aswr/ e “C(Xy, Au)du + N)].
t

WEH]M
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Again using the inequality U(A; + A2) — U(A1) < U’ (A1)Aq, we have,

0 < (T"5)(i, A\ t) — (T"U) (i, \, 1)

Sn
< supEf; \ [U(ge_a*g” + / e "C(Xy, Au)du + N)
t

well

_ U /t (X, AL )du + A

< en(\ 1),

and €,(\, t) converges to zero as n — oo. Hence T"v | V, as n — oo.

For the uniqueness let w be another solution of w = Tw with U(X) < w < v. Then, by
iteration we get T"U < w < T, for all n. So, by taking n — oo in the inequality and using
the fact that T"v | Vo and T"U 1 V,, we get the uniqueness.

(b) The existence of a minimizer follows from our Assumptions and standard measurable
selection theorem. Now using the fact that Vo(¢,7,\) > U(X) we obtain

Voo = lim T.Voo 2 lim TRU = lim Vg pe,.) = Vi 2 Voo,
where the last equation follows using dominated convergence theorem. Hence we get the

optimality of the stationary policy given by f*. m

Obviously it can be shown that for a policy m = (fo, fi1,...) € [IM we have the following
cost iteration: Vier = limy, oo (7,1, ... Ly, ,)U . For a stationary policy © = (f, f,...) the
cost iteration becomes Vy = T} V.

The above Theorem tells us that from a computational point of view, the value func-
tion of the infinite horizon optimization problem can be approximated arbitrarily close by
sandwiching between T"U and T"v. Moreover, also the policy improvement algorithm
works in this setting. For that, for v € B([0,00) x E x [0,00)), we define the operator
(Lo)(t,i, A a) =32, [o(t+s,5, A+ @(e‘at — e 9))Q(ds, jli,a). Also, for any f € F
and (£,4,A\) € [0,00) x E x [0,00) we set D(t,3,\, f) == {a € A(3) : (Lvs)(i, A\, t,a) <
Vi(i, A, t)}. Then by arguments analogous to Theorem 4 in Béiuerle and Rieder [2014], the

following Theorem can be proved.

Theorem 4.3.2 (Policy Improvement). Suppose f € F.
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(a) Define h € F by h(-) € D(-, f) if the set D(., f) is non-empty and otherwise h = f.
Then Vi, < Vi and the improvement is strict in states where D(-, f) # ¢.

(b) If D(-, f) = ¢ for all states, then V; =V, and f defines an optimal policy.

(c) Suppose firi1 is a minimizer of Vi, for k > 0 where fo = f. Then Vj, , < Vi and
limg o0 Vi, = Vo

4.3.2 Convex Utility Function

Now we look into the case of a convex utility function. For that U : R, — R be a convex

utility function. The functions V.., V., Veor, Vo are defined as in the previous section.

Theorem 4.3.3. Under Assumptions 4.1.2 and 4.2.1, the conclusions of Theorem 4.3.1 hold

for convex utility function as well.

Proof. The proof of this Theorem is similar to that of Theorem 4.3.1. The main difference
is that now we need to use the following property of convex function. Since U : R, — R

strictly increasing and convex we have the inequality
UM+ X)) SUM) + UL+ A2)Ae, A, A >0,

where U’ is the right-hand side derivative of U that exists since U is convex. Moreover,

U'(A) > 0 and U, is increasing. For (¢,i,A) € [0,00) x E x [0,00) and 7 € II we have,

Va(t, i, A) € Vir(t, 8, A) < Vior (8,3, A) = B 5 [U( / e "C(Xy, Ay)du) + \)]
t

Sn 0o
= Efi [U( /t "M O(Xy, Ay)du) + A+ /S e " C(Xy, Au)du)]

n

Sn
<E [0 /t e C(X,, Ay)du) + 2]

o0

+ B0 (UL ( /t e C (X, Ay)du) + A) x ( / e C (X, Ay)du)]

n

efat(l — e+ Gefaé)n’

2l

< Vie(t,3, ) + Ul (€715 + 3
(8]

= Vor(t, 3, A) + 0 (t, M),

where 6,(X, ) = Ul(e™< + X\)Le (1 — e + ee ). As n — oo, lim §,(X,t) = 0. Taking

n—oo
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the infimum over all policies in the above inequality yields
Vit i, A) < Ve (8,1, N) < Viu(t, 4, A) + 0, (2, A).

Letting n — oo yields lim T"U = V. Again, using the same inequality we have

n—o0

0 < (T"0)(t, i, \) — (T"U)(t,i,\)

Sn
< sup Bf o [1/(Se / e O( Xy, A)du + A)

mell

_ U /t 7 eu (X Ay A

< Gu(t, N).

The rest of the arguments are same as Theorem 4.3.1. O]

The policy improvement algorithm for convex utility functions works in exactly the same

way as for the concave case. The following corollary is easy to deduce from Theorems 4.3.1
and 4.3.3.

Corollary 4.3.4. In case U(\) = (%)e”’A with v # 0, we obtain Voo (t,i,\) = € hoo(t, 1) and
Joo (1) = hoo(0,4). And the function hy is the unique fized point of

aEA (%)

hoo —Sii Z/ TER et et ot +5,7)Q(ds, jli,a). (4.3.1)

at C

with & < hoo(t, i) < 2e7* " a.
Remark 4.3.5. Few remarks are in order.

1. We see from Corollaries 4.2.3 and /.3.J that in the case of exponential utility, the
case which is classically referred to as the risk-sensitive control in literature, the value
functions split, i.e. the value functions can be written as product of two functions, one
a function of time and state and the other a function of the accumulated cost. Thus, for
the exponential utility, it is clear from equations (4.2.6) and (4.3.1) that the minimizer

does not depend on the accumulated cost and hence the optimal controls as given by
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Theorems 4.2.2, 4.3.1 and 4.3.3 will not depend on the accumulated cost and thus they

belong to the original non-augmented policy sets.

2. The dependence of the optimal policies on the jump times is not surprising. Because,
in the risk-sensitive control literature it is known that in presence of discounting, for
discrete-time Markov chains (see Biuerle and Rieder [2014]), continuous-time Markov
chains(see Ghosh and Saha [2014]) as well as for diffusions (see Menaldi and Robin
[2005]), that optimal policies do depend on time.

4.4 Example

We end the Chapter with a simple illustrative example. Consider a service center where
customers arrive according to a Poisson process with rate 1. After completing a service and
before starting a new service, the service person decides on an action which determines the
service time of the next person waiting to be served. More precisely, if the service person
chooses an action a € {0,1,2,..., N}, then the service time of the next person will have
distribution function F'(-|a). Assume that F'(0]a) = 0 for all a. Action 0 means the service
person decides to take a vacation and thus there will be no service for F(-|0) distributed
amount of time. Here the state is the number of persons waiting to be served at each
decision epoch. Thus here, £ = {0,1,2,...,}, A = {0,1,2,...,N}, A(i) = {0} for i =0
and A(i) = A for ¢ > 1. Also assume that if at a particular decision epoch the state isi € E
and action a € A(i) is chosen, then the service person pays a cost at the rate C'(7,a) where

C' is a bounded non-negative real-valued function. The transition mechanism is given by

e 'L F(dt0)  if j=i+k for k>0,

Q(dt, jli,0) =
0 otherwise,
and for a # 0,
e F(dtla)  if j=i+k—1 for k>0,
Q(dt, jli,a) = '
0 otherwise.
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Here Assumption 4.1.2 is satisfied because A is finite and F'(0|a) = 0 for all a € A. Assump-
tion 4.2.1 is satisfied because A(7) is finite for each ¢ € E. Thus the results of this Chapter

apply to this example.
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CHAPTER 5

Zero and Non-zero Sum Risk-sensitive Semi-Markov

Games

In this Chapter we consider zero and non-zero sum risk-sensitive average criterion games
for semi-Markov processes with a finite state space. For the zero-sum case, under suitable
assumptions we show that the game has a value. We also establish the existence of a
stationary saddle point equilibrium. For the non-zero sum case, under suitable assumptions
we establish the existence of a stationary Nash equilibrium. This Chapter is organized as
follows: In section 1, we describe the zero-sum game problem under consideration. In section
2 we introduce the optimality equations and establish its solution. In section 3, we describe
the non-zero sum game problem. Section 4 establishes the existence of Nash equilibrium for

the non-zero sum game. This Chapter is based on Bhabak and Saha [2023].

5.1 Zero-Sum Game Model

The risk-sensitive zero-sum semi-Markov game model that we consider here is given by

<S> A, B, {A(Z) C A, B(Z) CBie S}v C(Zv a, b)? {p(i,a,b)(’>}; {Fz’,a,b}a [pi,j(‘% b)]), (5.1.1)

where,

e S is the state space, which is assumed to be finite and is endowed with the discrete
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topology.

e The Borel spaces A and B are the action sets for player 1 and 2 respectively. And for
each i € S, A(i) C A, B(i) C B are Borel subsets denoting the set of all admissible

actions in state ¢ for player 1 and 2 respectively.

e Define K = {(i,a,b) : i € S,a € A(i),b € B(i)} to be the set of admissible state-action
pairs. Then C : K — R is the immediate cost function for player 1 and immediate

reward for player 2.

e For each (i,a,b) € K, the mapping pg.p : [0,00) — R denotes the running cost

function for player 1 and running reward function for player 2.

o [}, is the sojourn time distribution function for both the players in state ¢ under the

actions a and b. It is assumed that the sojourn times are positive, so that

Fiap(0) =0, (i,a,b) € K (5.1.2)

Finally, [p; ;(a,b)] is the controlled transition law and satisfies ) . ¢ pi;(a,b) = 1 for
every (i,a,b) € K.

The game evolves in the following manner. At the initial time ¢ = 0, the process starts at
Xo =ip € S. Suppose player 1 chooses an action Ay = ag € A(ig) and player 2 independently
chooses an action By = by € B(ig). As aresult player 2 gets an immediate reward C'(ig, ag, bo)
from player 1. Player 1 also incurs a holding cost at the rate p(i, a0, The process stays
in state ¢ for a random amount of time 7j whose distribution function is given by Fj 4,4,
and then jumps to a new state X; = 4; with probability p;, ;, (a0, bp). Immediately after the
first transition, players 1 and 2 chooses actions A; = a; € A(i1) and By = by € B(iy). The
same sequence of events as described above repeats itself. Let S, be the time when the nth

transition is completed, then

n—1
So=0 and S,=» T, n=12, ., (5.1.3)
=0
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where T,,,n =0,1,2,... denotes the random sojourn times at the nth state. We denote the

number of transitions NV in the interval [0,¢] by

Ny =sup{n e N: S, <t}, t>0. (5.1.4)

Let H, be the information available upto time S, i.e., Hy = Xo and for n > 1, H, =
{Xo, A0, Bo, T, . ., X1, Ap—1, Bn—1, Ti1, Xy}, where for n > 0, X,, is the nth state, A,
and B, are the actions of player 1 and 2 respectively at the nth transition time and T, is
the sojourn time at the nth state. For n > 0, we also define the admissible history spaces
H, by Hy= S and H, = K x (0,00) x H,_1 for n =1,2,.... We endow these spaces with

the Borel sigma-algebra. Now we introduce the concept of policies.

Definition 5.1.1. A randomized history dependent policy or simply a policy for player 1 is

1

a sequence mt = {m} :n > 0} of stochastic kernels T}

on A given H, such that
7 (A(in)|hy) =1 Y hy € Hyyn =0,1, ...

A randomized history dependent policy for player 2 can be defined analogously.

Let ®' be the set of all stochastic kernels ¢' on A given S satisfying ¢'(A(i)|i) = 1.
A policy 7! for player 1 is said to be stationary if there exists a stochastic kernel ¢! € ®!
such that 7} (.|h,) = ¢*(.|i,) for all h,, = (ig, ag,bo, 05 - - - »in—1,@n1,bn_1,Sn_1,1n) € H, and
n=0,1,.... We will identify a stationary policy 7! with ¢'. Similarly stationary policies for
player 2 can be defined.

For each m = 1,2, I, and ®™ represent the set of all randomized history dependent
strategies and the set of all stationary strategies for player m, respectively. We will have the

following assumptions on our model.
Assumption 5.1.2.
(1) For each i € S, the set A(i) and B(i) are compact subsets of A and B.

(it) For eachi,j € S, (a,b) = C(i,a,b) and (a,b) — p;j(a,b) are continuous in (a,b) €
A1) x B(1).

(111) The family {F; .5} is supported on a compact interval and is weakly continuous, that
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18, there exists B > 0 such that
Foop(B)=1, (i,a,b) € K, (5.1.5)

and for each i € S and u bounded measurable, (a,b) — fOB w(8)dF; 4p(s) is continuous
in (a,b) € A(i) x B(i).

(iv) For every i € S, the mapping (a,b,s) = puap(s) is continuous in (a,b,s) € A(i) x
B(i) x [0, B].

Since the spaces A(i) and B(i) are compact and the state space is finite, so it follows by
Assumption 5.1.2 that,

M, = sup 1P a) (8)] < 00 (5.1.6)
(3,a,b)€K,s€[0,B]

Given the initial state Xy = ¢ and a pair of policies (7', 7?) , the distribution of

{(X,, A, B, T,)} is uniquely determined by the Tulcea theorem Arapostathis et al. [1993].
We denote such a distribution by ]P’;Tl’”2, and Efl’”2 be the corresponding expectation oper-
ator. The following relations are satisfied almost surely under each distribution Pfl’WQ: For
each i,7 € S, C' Borel subset of A, D Borel subset of B and n € N,

Pz,lﬂﬂ [XO = 7,] = ]_’
P} ™ [An € C, B, € DIHo) = m)(ClHa)m2 (DIH,),

Py ™ (T, < M, An, Bo) = Fx, a,.5,(t),

w2 .
IEDi y [Xn+1 :]‘HnaAnaBTan] :an,](Anan) (517)

Now we describe the evaluation criterion for our game. The total cost incurred by player

| and the total reward gained by player 2 up to time ¢ > 0 is given by:

Ne—1 Ty t_SNt
Ci=> [C(Xk,AmBk)Jr/O (X, Ar.By) (T)dr] +C(XNwANt,BNt)+/O P(Xn, An, Bx,) (T)dr
k=0
(5.1.8)
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For risk-sensitivity parameter § > 0 and a policy pair (7!, 7%) define,

]_ 1.2
Jo(i, 7, 7?) = limsup% In [Ef ’W (eect)} . (5.1.9)

t—o00

Upper and lower values of the game are defined as below.

L(i,0) = sup inf Jy(i, w72,

m2€ly lelly

U(i,0) = inf sup Jo(i, 7, ),

mlelly 2Ty

where Jy(i, 7', 72) is defined in (5.1.9). L(-) is called the lower value of the game and U(-)

is called the upper value of the game.

Definition 5.1.3. If U(i,0) = L(i,0) for all i € S, then we say that the game has a value.
If the game has a value, then the common function is referred to as the value function of the

game and will be denoted by V (-).

Here player 1 is interested in minimizing Jy(i, 7', 72) over w! € II; for each 7% € Il,, and

player 2 wants to maximize Jy(i, 7!, 7?) over w* € Il for each 7! € I1;. This motivates the

following definition.

Definition 5.1.4. Suppose that the value of the game exists. A policy 7' € II; is said to
be optimal for player 1, if for any i € S,

V(i,0) = sup Jo(i, 7", 72), VieS.

m2€lls

Similarly, for player 2 a policy #*° € I, is said to be optimal, if for any i € S,

V(i,0) = inf Jo(i, 7t 7), Vies.

wlelly

If m" € 1L, is optimal for player m(m = 1,2), then (x*',7) € Iy x IIy is called a saddle

point equilibrium.
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5.2 Analysis of Zero-Sum Game

For i € S, let P(A(i)) and P(B(i)) denote the set of all probability measures on A(7) and

B(i) respectively. The analysis of the zero-sum game crucially depends on the following

equation.
) . B S
O = sp it [ [ wda)e(@)eeed [ s 04, s
©eP(B(i)) YEP(A®D) = J A@) B(i) 0
xZeGh(j)p,-j(a,b)}, 1€ S. (5.2.1)
j€S

where ¢ is a real number and h(.) is a real function defined on the state space S. Using
Assumption 5.1.2 and Fan’s minimax theorem Fan [1952], equation (5.2.1) can also be written

as:

B
MO = it swp | / / b (da)p(db) G / o oy DUFIAE, 1 (5)
YEP(A®) peP(B(i)) ~JA() B(4) 0

x> eMpi(a,b)], i€ (5.2.2)

j€S
The importance of the above equations is illustrated by the next theorem.

Theorem 5.2.1. Suppose Assumption 5.1.2 is satisfied and the pair (g,h(.)) satisfies the
equation (5.2.1) and hence equation (5.2.2). Then the game has a value and is given by
g = V(i,0). Further if ¢*' € ®! is the outer minimizing selector of the right hand side of
(5.2.2) and if ¢** € ®? is the outer maximizing selector of the right hand side of (5.2.1),

then (¢*', $*?) is a saddle point equilibrium.
In order to prove Theorem 5.2.1, we need the following auxiliary lemma.
Lemma 5.2.2. Suppose Assumption 5.1.2 holds. Then the following holds:

(1) Given a € (0,1), there ezists an integer ro,, > 0 such that, for every (i,a,b) € K, the
inequality fOB e " dF; o p(s) < a holds for every r > rq,.

(i) For each a € (0,1), t > 0 and n € N, P?l’”2[]\ft > n] < ot for alli € S and
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(r!, %) € II' x 112, where 14 is as in part (i11). Thus,
PT N, < oo = 1. (5.2.3)

Proof. The proof is a simple generalization of Lemma 4.1 in Chavez-Rodriguez et al. [2016].
O

Proposition 5.2.3. Suppose Assumption 5.1.2 is satisfied and the pair (g, h(.)) satisfies the
equation (5.2.1) and hence equation (5.2.2). Then the following are true.
For eachi € S, (v',7?) € I} x [Ty and t > 0:

) > E?*I:WQ [ea[zgio(C(kaAkak)+f0Tk p(Xk,Ak,Bk)(S)ds)_gsNt+l+h(XNt+1)]] : (5.2.4)

and also we have,

) < E?:‘@*Q [69[ZkNio(C(Xk,Ak7Bk)+ffk p(Xk,Ak,Bk)(S)ds)_gSNt+l+h(XNt+1)]] ’ (5.2.5)

where ¢*' and ¢** are as in Theorem 5.2.1.

Proof. From (5.2.2) we have for any ¢ € P(B(i))

B
eeh(i) > [ / / ¢*1(da|i)go(db)eec(i’“’b) / ee[fos Pliyab) ()dt—gs] dﬂ,a,b(8>
A(1) J B(i) .

N Zeeh(j)pij(a,b)}, 1€ 8.

jes
Thus for any 72 € I, we have,

P > 9™ [OX0.A0. B0+ pix g py Dt —gToth(X)] - ¢ g (5.2.6)

More generally, via equations (5.1.7) it follows that for every n € N,

cOP(Xn) > Ef*lvﬂ2 [69[C(Xn7AmBn)+foT" p(Xn,An,Bn)(t)dt_ng+h(Xn+1)]|Hn:|’ icS. (5.2.7)
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We prove by induction that for every non-negative integer n,
oOh() ZE?H’H [QH[Zgio(C(XkyAkak)*‘foTk P(X,, Ay, By) D)) =g SN, +1+h(X Ny 11)] ]-[thn]}

+ E?*lﬂrQ [ea[zzzo(c(xkvAk:Bk)JffoTk P, A, By) (D) =gSn 147 (Xnt1)] 1[Nt>n}] (5.2.8)

To show this, from (5.2.6) we get,

) > Egb*l,er [ 1€ (X0, A0,Bo)+ 152 pixq, AO’B(J)(t)dt—ng—i—h(Xl)]]

«1 2 I
:]E;z> i [GG[C(XO:AO»BO)+IOOp(Xow“OvBo)(t)dtngOJrh(Xl)]1[Nt=0]:|

W1
+ Ef’ 2 [ee[C(Xo,Ao,Bo)JrfoTo p(XO’AO’BO)(t)dtngo-HL(Xl)}1[Nt>0}] ;

since T7 = Sp, hence we have the basis step for n = 0. Now suppose that (5.2.8) is true for

a non-negative integer n. Then we have
T,
I R=0(C( Xk, Ak, B)+ o * p(xy, Ay By) B)A) —gSnt1+7(Xnt1)] 1{N, 0]

n T,
— IR0 (C(Xhs Ak, Br)+fo * pixy Ay, By) (D)dE)—gSni1] (Xnt1)

LiNveznt)

n Ty —
> k=0 (C(Xk: Ak, B)+[o * p(x,. 4. By) ()dE) 95n+1}1[Nt2n+1}

TTL
% E;ﬁ“ﬁ [GH[C(Xn+1,An+1,Bn+1)+fo X pi10An g1 Bg1) D= gTns1+h(Xn42)] lHn+1]

— Y [T COAR B 1" Pty 5 ()51 Ta RG] 5 1 gy
1 t—

where (5.2.7) was used to deduce the first inequality, whereas the fact that the random
variables 1iy,>n11] and >, _o(C(Xg, Ax, Bi) + fOTk P(Xp A, By) (E)dE) — gSpi1 + M(Xpq1) are
0(Hn41)-measurable was used in the last step. Since S,i2 = T,41 + Spy1, by (5.1.3) it
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follows that

* n T,
]E? ' [ee[zkzo(O(XhAk»Bk)Jrfo ¥ p(xp,Ag.By) (DA —gSnt1+h(Xny1)] 1[Nt>n]}

*1 n+1
> E? 2 122520 (C(Xk, Ak, Br) +o p(Xk,Ak,Bk)(t)dt)*ganrZ‘Fh(XnJr?)]1[Nt2n+1]:|

(Ny=n+1]]

n E¢*1 w2 [69 P (C(Xk, Ak, By) )+ k P(X}. Ay, By (t )dt)—gSn+2+h(Xn+2)}1[Nt>n+1ﬂ
(2

2

_ Ed)*l w2 [69[2n+1(C(Xk,Ak,Bk +f0 P(Xy, A, Bk)(t)dt) gSn+2+h(Xn+2)]1
e

*1
_ E;{) T Q[Zk o(C(Xk,Ak,By) +f0 kaAkak)(t)dt)_gSNt+1+h(XNt+1)]1{Nt:n+1ﬂ

+ ]E(b* 7r [69 n+1 Xk,Ak:Bk +f0 p(Xk’Ak,Bk)(t)dt)fgSn+2+h(Xn+2)] 1[N >n+1}:|
(] ' .

so, together with the induction hypothesis it follows that (5.2.8) is also valid for n+ 1. Thus
the induction argument is complete. Then Monotone convergence theorem, together with
(5.2.3) gives,

N, T
lim Ed) [69[Zkio(C(XkﬁAkaBk)+fo * pxp,Ap.By) (DA =98N +1+h(X Ny +1)

n—oo

_ g [ OIS , (C(Xky A, Br)+ o ® Xk,Ak,Bk)(t)dt)_gsNt+l+h(XNt+1)]]' (5.2.9)

Nine<n]

Now using Assumption 5.1.2 and Lemma 5.2.2 we get that

* n I
Ej’ b2 [ee[Zk:O(C(kaAk:Bk)+fo F p(xk,Ak,Bk)(t)dt)—95n+1+h(Xn+1)]I[Nt>n]] 50 asn — oo.

Now taking n — oo on both the sides of (5.2.8) and using the last convergence and (5.2.9)
we get the desired inequality (5.2.4).
The other inequality (5.2.5) also follows analogously starting from (5.2.1). O

Proof of Theorem 5.2.1 We have, Sy, <t < Sy,11 = Tn, + Sh,, for every t > 0, and
thus

Ogt—SNt STNt SB and SNtJrl_tSTNt SB (5210)

Ph.D. Thesis 70

TH-3116_186123004



Chapter 5 5.2. Analysis of Zero-Sum Game

Now from (5.1.8) we have

Nt T},
Z [C(Xlﬁ Ay, Bk) + / IO(XmAk,Bk)(T)dT} — gSN,+1
k=0 0
Ty,
— (€ t9)+ [ b (1 Sy — g
t_SNt

and together with the equality (5.1.6) and (5.2.10) it follows that

Ny

Ty
> [C(X, Ak, B) +/ P(Xi A By (1)dr] — gSn 41 — (€ — tg)| < B(M, + |g]). (5.2.11)
k=0 0

Using (5.2.5) we get that =2kl < ET " [60[Zg;O(C(Xk"Ak’Bk)—i_fOTk P 5y (1)) 9N

Using (5.2.11), we have
e~ 20lIkll < g9 [elCi—ta+B(My+gI)]

Y

so that e 20IIMI=0B(Mp+lg))+0tg < Efl’qw [€Ct]. Taking logarithm on both sides, dividing by 6t
and then taking limit ¢ — oo we get,

g < Jo(i,m', ), VieS.

For the other inequality consider inequality (5.2.4). Then proceeding similarly as above we

have the following inequality,

*1 2
2OIIPI+0B(Mp+lg))+6t9 > Ef T [eect]'

Again taking logarithm on both sides, dividing by 6¢ and then taking limit ¢ — oo we get,

g > Jo(i, ¢, 7)), ViesS.
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Since (7!, 72) was arbitrary, we get

g < inf Jy(i, 7t 6%) < L(i,0) < U(,0) < sup Jo(i, o™ 7%) < g.

ool €lly m2€lly

Hence we have the desired conclusions.
In view of Theorem 5.2.1, in order to establish the existence of the value of the game
and saddle point equilibrium, it suffices to show the existence of solution of the optimality

equation (5.2.1). For that we impose one more assumption on our model.

Assumption 5.2.4. Under each stationary policy, the embedded discrete-time Markov chain
{X,} is irreducible.

In order to establish the existence of solution of (5.2.1), we first consider risk-sensitive

average criterion game problem for the discrete time process {X,}. For that we consider

policies (7!, 7?), where for each positive integer n, the kernels (7!, 72) depends only on

Xo, Ao, By, X1, o0y Xpn_1, A1, By_1, X;n.  Given a bounded continuous function D on K,

define the discrete-time average at ¢ € S under (7!, 7%) by

1 n—
Vo.p(i,m', m%) := limsup e—ln(E?l’W2 [GGZk:(} D(Xk,Ak,Bk)D (5.2.12)

N—00 n

and f-optimal discrete time average value function, if it exists, is given by

Vy.p(i) := infsup V p (1, 7, 7?) = sup inf Vo, p (1, 7, 7?) (5.2.13)

2 I

It is easy to see that the value function V", (-) satisfies the following.

Vip() < Vip, () if D< Dy and Vi p() =c+Vyp(:) (5.2.14)

where ¢ € R. Since D < Dy + [|D — D,|| it follows that Vip(-) < Vi'p (1) + [|[D — Dil].
Similarly, by interchanging the roles of D and D; this yields that

IVeip () = Vap, (I < 1[D = Du|. (5.2.15)
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Observing that Vj; = 0, the monotonicity property in (5.2.14) yields that, for bounded

continuous functions D, Dy,

We have the following theorem.
Theorem 5.2.5. Under Assumptions 5.1.2 and 5.2.4, we have the following:

(i) For each bounded continuous function D on K there exist up € R and hp : S — R
such that

Olp-+h ()] _ ¢ / W(da)p(dB)ePEeD) S . (q.)efh0)
(& sup n a & pijla,o)e
@eP(B(i)) YEP(AW@) = J A(i) J B(i) Z ’ ]

jes
N weg(lffx ) per(B6) / B(i) V(e jEZSPi,j(% D]
and pp = Vyp(i), i€ S. (5.2.17)
(11) For bounded continuous functions D, Dy,
lp = pp, | < |[D = Di|. (5.2.18)

Proof. The proof of (i) follows by putting together arguments and results from the existing
literature on risk-sensitive control of discrete-time Markov chains. We just outline the steps
and cite appropriate references.

Step 1: Using a standard contraction argument similar to the proof of Theorem 3.1(a) of
Wei and Chen [2019b] it can be shown that for each 5 € (0,1) there exists function Vjs(-) on

Ph.D. Thesis 73

TH-3116_186123004



Chapter 5 5.2. Analysis of Zero-Sum Game

S satisfying

M) = gup 1nf / / W(da)p(db)e 0D (i,a,b) sz (a,b) eﬁvﬁ(j)}
A(t)

€P(A
©eP(B(1)) ¥ jes

= inf = sup [/ / w(da)go(db)eeD(i’“’b)Zpivj(a,b)e%vﬁ(j)}, 1€ sS.
(@) JA(@) J B(i)

YEP(A(4)) peP(B

jes
(5.2.19)
Also it is true that ||Vj3]] < HDE
Step 2: Fix a sequence (3, T 1. For n > 1, define
2 = SUD Vi (@), wg, (i) =Vp,(0) = 25,, 9p, = (1 — Bn)zs,. (5.2.20)
1€
From (5.2.19) and (5.2.20) we get
Owg,, () +09p, f / / (da)p(db)efP-ad) b)?Pnen (9)
e sup in Y(da)p pijla,
oeP(B(i)) YEP(A A(d) JEE; 7 }
(5.2.21)

= inf sup / ¥(da)p(db)e?PEab) pi7‘(a,b)696"wﬂ"(j), i€ S.
YEP(A®)) peP(B(i)) B(i) ) Jze; ’ )

(5.2.22)

Now arguing as in Proposition 3.1 in Wei and Chen [2019b], it can be shown that there exists
a subsequence of 3,, which we relabel as 3, and function hp(i) and constant pp such that
hp(i) = lim,, o wg, (4) and pp = lim,,_, gg,, -
Step 3: Now taking limit in (5.2.21) and using Step 2 we get (5.2.17).
Step 4: The fact that up = V(i) follows as in Lemma 2.3 in Cavazos-Cadena and
Hernéndez-Herndndez [2019].
The proof of (ii) is straightforward from part (i) and (5.2.15).

O

Lemma 5.2.6. Suppose that Assumption 5.1.2 is valid and for each g € R define the function
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D,: K — R by
1 B
D,(i,a,b) = C(i,a,b) + aln( / o Piandt=glgp, (). (5.2.23)
0

The following assertions hold.

(i) D, is bounded continuous on K for each g € R.
(“) ||D9 - D91|| < B|g - gl|7 9,91 € R.
(iii) There exist g~ > 0 such that D,~ < 0.

(iv) Dy, >0 for some g* < 0.

Proof. The proof is a straight forward generalization of Lemma 6.1 in Chavez-Rodriguez
et al. [2016]. O

We finally have the existence theorem.

Theorem 5.2.7. (Existence of solutions) Under Assumptions 5.1.2 and 5.2.4, there
exists g € R and h : S — R such that the optimality equation (5.2.1) is satisfied.

Proof. For each g consider D, given by (5.2.23). Combining Lemma 5.2.6 and Theorem
5.2.5 we get that up, is continuous in g. So again using Lemma 5.2.6 and intermediate value

property we get the existence of a g such that up, = 0. Hence we have the result from
Theorem 5.2.5. O]

5.3 Non-zero Sum Game Model

In the non-zero sum game model we assume that there is no immediate cost and individual
players have there own running cost functions. For m = 1,2, we denote the running cost
function for player m by p™. Here the evolution of the game is similar, except for the fact
that upon taking their individual actions both players incur a holding cost upto the next
transition. The definition of the policies is same as the zero-sum case. Thus, the total cost

upto a positive time t for player 1 is given by:

t—Sn,
Cl Z / p(Xk Ay,Bg) )d?’ + /() p%XNt»ANt,BNt)(T)dT7 (531)
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while for player 2 it is given by:

Ntil Tk t_SNt
2 2 2
C; = Z/ p(Xk,Ath)(r)err/ P, A, By (1)AT (5.3.2)
k=0 V0 0

Here the objective of each player is to minimize their own average costs.

Definition 5.3.1. Fiz a pair of policies (', 7%) € I} x [Iy. For m = 1,2, define the value
function for player 1 as Vi}(7?) = inf1 Jy (i, 7', 72), where J; is given by (5.1.9), with C,
replaced by C}. Similarly, the value function for player 2 is given by Vi (r') = ingf Ji(i, 7, 7?),

where J§ is given by (5.1.9), with C, replaced by C?.

Definition 5.3.2. (Nash equilibrium) A pair of policies (7'(*1,7'(*2) € II; x 11y is called a Nash

equilibrium for the non-zero sum game if

Jo(i, 7, 7)) < Jhi, 7', 1) and

Jg(z',ﬁ*l,ﬂ*Q) < Jg(i,w*l,ﬂz),

for alli € S and (7', 7%) € 1T x Il5.

5.4 Analysis of Non-Zero Sum Game

We wish to establish the existence of Nash equilibrium for the non-zero sum game. To that
end we, just like in the zero-sum case first consider a discrete time non-zero sum game given
by the embedded Markov chain. Given two bounded continuous functions Dy and Dy on K,

we define for 7 € S, under (7!, 7?), the discrete-time cost functional for player m,m = 1,2

by

1 n—
Vo.p,, (i, 71'1, 71'2) := lim sup e—ln(E?l’“Q [ee Tilo Dm(XlwAkyBk):I ) (5‘4‘1)
n—oo n

We have the following discrete-time theorem.

Theorem 5.4.1. Suppose that Assumptions 5.1.2 and 5.2.4 are satisfied. Fix a pair of

stationary strategies (¢, ¢*). Then there exist functions y?" and y®* on S and constants u¢1
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and ,u¢’2 such that the following are true.

(i)

o (D ron” _ o {/ / OD1(ia.b) 0y%” (j D)6 (dbli)(d } Vi
€ o i X 4 CL ] a 1€ S,
veP(A@) \Jagy 0 Z i j(a,b)¢*(dbli)i(da)

JES

(5.4.2)

cmd ,ud’Q - infﬂ'l ‘/H,Dl (Z7 Trl; ¢2)
(i1)
00 (D) +0p?" _

@e%ng(z {/ / fP2(bab) Z 0y W, (@, b)p(db)o* (dali )} Vi e S,

JjES

(5.4.3)

and " = inf 2 Vo p, (i, ¢, 7).

Proof. The proof again follows by putting together arguments and result from the existing
literature. So like in the zero-sum case we outline the steps and cite appropriate references.
Step 1: Let o € (0,1). Then again using a contraction argument similar to the proof of
Theorem 3.1(a) of Wei and Chen [2019b] the following can be shown.

(a) For each fixed ¢? € ®?, there exists a function w®* such that

g’ (i) f / / 0D1(i,a,b) 9aw¢2’o‘(j) N b 2 dbli d
S S P D0, ) b))

jes
(5.4.4)
forall7 e S.

(b) For each fixed ¢! € ®', there exists a function w?* on S such that

9w¢1*“(i) o l/ / 9D2 (4,a,b) Gozw(f> 1
e inf X e i.i(a, b)p(db da
o) E Dp; j(a, b)p(db)¢' (dali) |,

€EP(B
v jes

(5.4.5)
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forall7 e S.

Step 2: Fix an arbitrary sequence {«a,} € (0,1) satisfying o, T 1, as n — oo. For each
n > 1 set

2 1 1 .
72n = supw® (i), 7& = supw? " (i),
€S €S
2 2 1 1
i, = (1= an)vs, ph, =1 —an)vs,,
2 . 2 . 2 . 1 . 1
v (1) = w” o (i) =45, va, (1) = w? (i) =73 .

Now arguing as in Proposition 3.1 in Wei and Chen [2019b], it can be shown that there exists
functions y¢1 and y¢2 and constants /ﬂ’l and u¢2 such that along a subsequence y®" (i) =
limy, oo 09 (1) and p?" = lim, oo, for m = 1,2. From Step 1, using boundedness
of D,,,m = 1,2, it is easy to see that ,uf: is bounded and hence existence of a convergent
subsequence is trivial. It follows from the definition that v¢" (i) < 0 for each i. The finiteness
of the state space and irreducibility ensures the lower bound.

Step 3: First we rewrite equations (5.4.4) and (5.4.5) in terms of the quantities defined in
Step 2. Then taking limit n — oo and using Step 2, we obtain equations (5.4.2) and (5.4.3)
respectively.

Step 4: The interpretations of /ﬂ’l and u¢2 follows by similar arguments as in Theorem 4.1
of Wei and Chen [2019b]. O

In order to establish the existence of a Nash equilibrium we need the following additional

assumption.

Assumption 5.4.2. Fiz a state i* € S. Define 7* = inf{n > 1: X,, = i*}. We assume that
there exist R > 1 and 0 < M < oo such that

su B[R] < M
p sup suplt; [ ] < M.
Ppledl p2cd2 icS

For this R, we further assume that 6 is such that
e2BMy <

where M, = max{M_,, M2} where M, is as in (5.1.6) with p replaced by p'.
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By Proposition 3 in Basu and Ghosh [2018], it follows that aperiodicity of the embed-
ded discrete time Markov chain {X,} under each pair of stationary policies is a sufficient
condition for the first part of Assumption 5.4.2. The remaining assumptions in the cited
proposition follows by finiteness of state space, continuity of p;;(-) and Assumption 5.2.4.

Next we obtain the following theorem as a consequence of the previous theorem.

Theorem 5.4.3. Let Assumptions 5.1.2, 5.2.4 and 5.4.2 hold. Fiz (¢, $?) € ®' x 2. Then
there exist constants g, g*°, real valued functions h®"  h®* on S with h?' (i*) = h¢2(z’*) =0,

such that the following are true.

(1)
YEP(A A(t)

X Z one* W, ;(a,b) 2(db|@')¢(da)}, Vi€ S. (5.4.6)

JeS

(i)

60h¢1( = Inf {/ / / 0o P o) (B)dt— g% s }deb( )
(PEP 1) B(l

x 3 e Dpy(a, ) 1(da|i)s0(db)}, VieS. (5.4.7)

JES

(iii) g%° = infep, Ji(i, 7", @) for alli and g% = infracy, J3(i, o', 72) for all i.
2 s 1 2
(iv) For (i,a,b) € K, let DI (i,a,b) = ln (fOB U6 Plsan (Odt=9° s]dFi,a,b(S)) and

1 s 1 1 2
ng (i,a,b) = 3in <fOB U PiayDt—9” S]de,b(s)). Then h®" and h?®" have the following

representations.
T*—1 5
1 L, 02 D‘(lyd’ (Xk,Ak,Bk)
2, . . %
h? (i) = d)}rel(fi;l glnEf P e k=0 , Vie S\ {i"}.
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T*—1 1
. 1 L, HZ Dg¢ (Xk,Ak7Bk)
he (i) = inf —InE? " |e k=0 , Vie S\ {i*}.

$2€P2

Proof. The proof of (i) and (ii) follows from Theorem 5.4.1 by a similar trick as in Theorem
5.2.7 of the zero-sum game section. Proof of (iii) follows by arguments similar to Theorem
5.2.1. Finally, the proof of (iv) follows by arguments similar to Lemma 8.1 in Wei and Chen
[2019b]. Note that in the proofs of (i), (ii) and (iii) we do not require Assumption 5.4.2. It

is in the proof of (iv) where we need Assumption 5.4.2. O

Now, fix any (¢!, ¢?) € ! x d2. Define

B o 2
A(¢?) = {¢*1 € ®': foreachi€ S, / / U Pla oy (0" S]sz',a,b<3)
AG) JBG) Jo

x 3 e D, s (a, b) @ (dbli) ¢ (dal )

JeS

B
= el {/ / / S a0y
YeP(A®) \JA@) JBG) Jo

4 Zeeh“’2<ﬂ‘>p,~,j<a,b)qs?(dbmwda)}},

JES

and

B 1
Ag') = {qS*Q € ®*: foreachi € S, / / U6 Pl o) (B)dt—g? S]sz‘,a,b(S)
A6 JBa)y Jo

xS O, (0, b6 (dbli)* (dali)

jeSs

B 1
= ety {/ / / s Pliany Ddt=9” Slg . ()
eeP(B(@) \JA@) JBG) Jo

3 Dy e ol i)

jes
It follows from our assumptions that the sets A(¢?) and A(¢') are non-empty.

Lemma 5.4.4. Suppose that Assumptions 5.1.2 and 5.2.4 are true. For each (¢',¢?) €
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Ol x &% A(¢p?) x A(¢') is convex and compact with respect to the weak topology.

Proof. We first show that A(¢?) is convex. For that let ¢!, 9" € A(¢?) and X € [0, 1],
define: ¢p(-|i) = AGL(-|i) + (1 — A)@!(.|i) for all i € S. By writing down the expression of
¢}y one easily gets that ¢ € A(¢?). Thus A(¢?) is convex. By analogous argument A(¢') is
also convex, which together implies that A(¢?) x A(¢') is convex.

By the compactness of ®! x ®? and the fact that A(¢?) x A(¢!) is a subset of ® x 2| its
enough to show that A(¢?) x A(¢!) is a closed subset. First we show that A(¢?) is a closed
subset of the compact space ®!. Let {qﬁ*l} C A(¢2) be an arbitrary sequence converging to
¢ € @', and G(i,a) = Js0) B U5 Pl (3% JAF; o p(s) % 2 jes €9h¢2(j)pi,j(a,b)¢2(db|i)
for i € S and a € A(i). By Assumptlon 5.1.2, we have that for each i € S, G(i,.) is a

bounded continuous function on A(). Thus by definition of weak topology we obtain

/A@- G(i,a)% (dali) —>/ “ (dald).

as n — 00. Since {gzﬁ;k:} C A(?)

/A(i) Gl ) (dofi) = ue?g?ﬁ(i)){A(i) G (3, a)ﬂ(d@)}

for all n. = 1,2, .... Hence, we have ¢*' € A(¢?). Thus, A(¢?) is closed. Similarly, A(¢') is

closed. So combining we get A(¢?) x A(¢') is convex and compact.

Lemma 5.4.5. Suppose that Assumptions 5.1.2, 5.2.4 and 5.4.2 hold. For each i € S, the
functions ¢' — h®' (i) and ¢* — h?" (i) are continuous in ¢' € ®' and ¢* € O? respectively.
Continuity also holds for the functions ¢* — ¢® and ¢? — ¢®°.

Proof. By (iii) of Theorem 5.4.3, we have [g?' | < M, and |¢*'| < M,. We also have HD‘fQH <
2BM, and ||D(2751|| < 2BM,,. Thus by Assumption 5.4.2, we have h?" (i) < zInM for m = 1,2
and for all i € S. Now Assumption 5.4.2 also implies that sup, 1.1 SUpg2cqe2 SUD;cg Ef1’¢27* <
K, for some K. So by Jensen’s inequality we have h?" (i) > —2K BM, for m = 1,2 and for
all i € S. Now suppose ¢2 — ¢*. Let us consider subsequences {g‘z”%k} {hd”%k (1)} . We will
get a further subsequence such that g¢"l — ¢* for some constant ¢* and h¢"l( 1) — u(j) for
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all 7 € S for some function u on S. We have,

2
€9h¢"l( — inf {/ / / 9[f0 Pli,ap) (DdE=g "’S]deb( )
PYeEP(A A(t)

X Ze% K Wp, ;(a, b) fll(dbli)w(da)} ViesS. (5.4.8)

JjES

Now by our assumptions, definition of weak convergence and extended Fatou’s lemma
(Lemma 8.3.7 in Herndndez-Lerma and Lasserre [1999]), we obtain by taking limit [ — oo

in the above equation,

PeEP(A A(d)

X Zeeu(j)pm(a,b)d)2(db|i)¢(da)} Vi€ S. (5.4.9)

JjES

Thus again arguing as in Theorem 5.4.3, we will get that ¢* = infic, Ji(i, 7", ¢%) = ¢%°

T*—1

DI (Xy, Ay, By)
and u(¢) = infyieqr %lnEf1’¢2 e k=0 — h?*(i) Vi € S\ {i*}. Since every

subsequence has a further subsequence which converges to the same limit, we are done. [J

Now we state the main theorem of this section.

Theorem 5.4.6. Suppose that Assumptions 5.1.2, 5.2.4 and 5.4.2 hold. There exists

constants g*l,g*z, real valued functions y*l,y*2 on S and a pair of stationary policies

(ﬁf)*la ¢*2) € &' x &2 such that
)x 3 O (a, b>¢*2<db|z'>¢<da>}

eGy*l _ inf {/ / / fo p( La.b) (t)dt—g* S]dF
YeP(AM) LJ AG) JBG) ey

/ / / O Plnr D00 S GE, | (5) % 376 Uy (a,6)0% (dbli)*" (dali),  (5.4.10)
A(z) J B(i)

JES
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and
) x 3 e Wp (a, b) <db)¢*l<da|z'>}

609* inf {/ / / 015 920y ()t —g"" 5] dF;ap(s
@673 B(i)) A@) J B@G) ies

- / / / S o @804, 4 (5) x 37 e Wy (0, b)67 (dbli)g (dali),  (5.4.11)

j€eS

for all i € S. Moreover, the pair of policies (gb*l, ¢*2) € ®! x ®? is a Nash-equilibrium and
we have Jp (i, ¢* ¢ ) = ¢*" foralli € S and m =1,2.

Proof. Let 22'%®* be the power set of ®! x & and define the multi function ¥ : ®* x $2 —
2% %% by W((¢!, ¢%)) = A(¢?) x A(¢"). Next we show that ¥ has a closed graph. Let
{(, ¢2)} € @' x D2 and {(¢F, 4% )} C B! x D2 be arbitrary sequences with {(¢*', ¢*’)} €
V(¢ 02)) and {(¢},¢2)} and {(¢}, , ¢ )} converges to (¢!,¢?) and (¢*, ¢*), respectively.
Then by the definition of A(¢?), we have

Lt { / / (/ U5 ol O=sel g >><Zeeh¢%<f>pi,j<a,b)¢i<db|@>w<da>}

JES
/ / / (3 e 0TG4 (5) 30 e D (a, )62 (@b, (dali).
B(1) jeS

(5.4.12)

Now using our assumptions, Lemma 5.4.5 and extended Fatou’s lemma (Lemma 8.3.7 in

Herndndez-Lerma and Lasserre [1999]) we obtain by taking limit n — oo in (5.4.12),

£ 0[f0 p<lab (t)dt— g¢ s] F 0h® (j 72
Lt {/ /B(/ AFs0n(s) x 3 " O, (0, ) (dbli)ep(da)

JES

/ / / U5 i =G (5) 5 3 € Oy, ) (b6 ().
A(d)

J€ES

for all 7 € S, which implies ¢*' € A(¢?). Using similar arguments as above, we can also
show that Q_S*z € A(¢"). Hence, the multi function ¥ has a closed graph. Therefore by
Fan’s fixed point theorem Fan [1952] we have the existence of (¢*', ¢*") € ®! x ®? such that
((¢*,¢*")) € A(¢*) x A(¢*'). Now using Theorem 5.4.3 we obtain solution to the coupled
system of equations (5.4.10) and (5.4.11).
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Now for the Nash equilibrium part, it follows from (5.4.10) and arguments similar to
Theorem 5.2.1, that

2

g = N(i,0",07) = Vie™).

Analogously, starting from (5.4.11) it can be shown that

1

9" = (i, ", ¢") = V().

Hence we are done. 0

Remark 5.4.7. In this Chapter we have studied both zero-sum and non-zero sum risk-
sensitive average criterion games for semi-Markov process. Here we assume that the state
space s finite and the sojourn time distributions are supported within a fixed compact interval.
So it remains an open problem to extend the setting to more general state space and sojourn
time distributions. Note that such a problem is also open for the control case as well, because
in Chdavez-Rodriguez et al. [2016] where the control problem is studied similar assumptions
are made and crucially used in the analysis. Also, in the non-zero sum case we assume that
the immediate cost is zero. The reason behind that is, in presence of immediate cost, in
the expression for cost accumulated upto time t, the component corresponding to immediate
cost involves a summation whose upper limit is a random variable equal to the number of
transitions upto time t. So in presence of that we are unable to establish uniform(over
stationary policies) bounds as in the first two lines of the proof of Lemma 5.4.5. This lemma

15 crucially used in proving the existence of Nash equilibrium.
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CHAPTER 6

Partially Observable Discrete-time Discounted Markov

Games with General Utility

In this Chapter, we investigate partially observable zero sum games where the state process
is a discrete time Markov chain. We consider a general utility function in the optimization
criterion. We show the existence of value for both finite and infinite horizon games and also
establish the existence of optimal polices. The main step involves converting the partially
observable game into a completely observable game which also keeps track of the total
discounted accumulated reward/cost. This Chapter is organized as follows. In Section 1, we
describe our game model. Section 2 deals with finite horizon problem. Finally in Section 3
we investigate the infinite horizon problem as a limit of finite horizon problem. This Chapter
is based on Bhabak and Saha [2022a)].

6.1 Zero-Sum Game Model

The partially observable risk-sensitive zero-sum Markov game model that we are interested

in can be represented by the tuple

(X,Y, A, B,{A(z) C A,B(x) C B,x € X},C(z,y,a,b),Q), (6.1.1)

where each individual component has the following interpretation.
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Chapter 6 6.1. Zero-Sum Game Model

e XY are the Borel spaces, X represents the observable state space and Y is the non-

observable space. We endow these spaces with Borel sigma-algebras.

e The Borel spaces A and B are the action sets for player 1 and 2 respectively. And for
each x € X, A(x) C A, B(z) C B are Borel subsets denoting the set of all admissible

actions in state x € X for player 1 and 2 respectively.

e Define K = {(z,a,b) : v € X,a € A(z),b € B(z)} to be the set of admissible
state-action pairs, which is assumed to be a measurable subset of X x A x B. Then
C : K xY — R is the immediate reward function for player 1 and immediate cost

function for player 2 respectively.

e For each (z,y,a,b) € K x Y, the mapping Q(C|z,y, a,b) is the transition probability
that the next pair is in C' € B(X X Y'), where B(X x Y) is the collection of all Borel
subsets of X x Y, given the current state is (x, y) and actions (a,b) € A(x) x B(z) are
chosen by the players.

Also we have the discount factor § € (0,1). In what follows, we assume that the transition

kernel ) has a measurable density ¢ with respect to some o-finite measures A and v, i.e.,

Q(Bl|z,y,a,b) = / g,y |z, y, a, )A(dx v(dy), BeB(X xY). (6.1.2)
B

We also introduce the marginal transition kernel density by

¢~ (2'|x,y, a,b) :Z/q(a:’,y’\%y,a,b)V(dy/)-
Y

We assume that the distribution @)y of Yj, the initial (unobservable) state is known to the

players. The risk-sensitive partially observed zero sum game evolves in the following way:

e At the Oth decision epoch, based on the initial observation g, the players choose

actions ag € A(xg) and by € B(zg) simultaneously and independent of each other.

e As a consequence of these chosen actions player 1 gets a reward C(xg, Yo, ag, by) and
player 2 incurs a cost C(xg, Yo, ao, by), where g, is the initial unobservable state. Note
that the reward/cost depends on the unobservable component as well and therefore is

itself unobservable.
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e At the next time epoch the system moves to the next state (x1,y;) according to the
transition law Q(.|xq, Yo, ag, bo). If the observable state at time 1 is x7, then based on
this observation, the previous observation xy and the previous pair of actions (ag, by),
players 1 and 2 choose actions a; € A(x;) and by € B(x1) respectively. This yields a
reward C(z1,y1,a1,b1) for player 1 and a cost C(xq,y1,aq,b;) for player 2. Now the

sequence of events as described above repeats itself.

Let H, be the admissible observable history available upto time n, ie., Hy = X and
forn > 1, H, = Hpo1 X A X B x X. Thus a typical element of H, is given by
hy, = (x0,a0,b0, x1,a1,b1,...,Tpn_1,n_1,by_1,%,), where for each n, x, represents the ob-
servable state at the nth decision epoch, a, is the action chosen by player 1 at the nth
decision epoch and b, is action chosen by player 2 at the nth decision epoch. We endow
these spaces with the Borel sigma-algebra. Throughout whenever we talk about measurabil-
ity we mean measurability with respect to the Borel sigma-algebra. Next we introduce the

concept of decision rules and policies.

Definition 6.1.1. Let P(A) and P(B) denote the set of all probability measures on A and
B respectively.

(a) A measurable mapping f, : Hn, — P(A) with the property f.(h,)(A(x,)) =1 for h, € H,
15 called a decision rule at stage n for player 1. Similarly, a measurable mapping g, : H, —
P(B) with the property gn(hn)(B(x,)) = 1 for h, € H, is called a decision rule at stage n
for player 2.

(b) A sequence m = (fo, f1,---), and o = (9o, g1, ---), where f,,,g,’s are decision rules at stage

n for all n, is called a pair of policies for player 1 and 2 respectively.

6.2 Finite Horizon Problem

For a fixed policy m = (fo, f1,...) and o = (go, g1, -..), fixed (observable) initial state z € X,
the initial distribution )y together with the transition kernel (), we obtain by a theorem
of Tonescu Tulcea a probability measure P77 on (X x Y)* endowed with the product o-
algebra. More precisely P77 is the probability measure under policy (7,0) given X, =

and Yy = y. On this probability space, for w = (2o, Yo, 1, Yn, - - - » Tn, Yn, - - ) We define the
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random variables X,, and Y,, via the canonical projections:
Xp(w) =x,, Yo(lw) = yn.

The action sequence for player 1 is given by {A,} and that of player 2 given by {B,}.
Under the policies, 7 = (fo, fi1,...) and ¢ = (go, 91, -..), the distribution of A, is given by
fn(Xo, Ao, Bo, - .., X,,) and the distribution of B, is given by ¢,,(Xo, Ao, Bo, - - -, X»)-

In this section we look into the N stage optimization problem. For defining the optimality
criterion, consider a utility function U : R, — R which is assumed to be continuous and

strictly increasing. The discounted cost /reward generated over N stages is given by:

N-1

Cy =) B"C(Xy,Yr, Ar, By). (6.2.1)
k=0

For a fixed initial observable state x and given policies m and o, the optimization criterion

that we are interested in is given by:

Ty m.0)i= | EGW(CN)IQu(dr). (622)

Here player 1 tries to maximize Jy(x, 7, o) over all policies 7, for each . Analogously, player
2 tries to minimize Jy(z,m, o) over all policies o, for each 7. This leads to the following

definitions of optimal policies and value of the game.

Definition 6.2.1. A strategy 7 is said to be optimal for player 1 in the partially observed
model if

Iy(z, 7", 0) > inf sup JN(CL’,W,O'/), forany o.
g ™

The quantity inf s sup, Jy(z, 7, a/) is referred to as the upper value of the partially observed
game.

Stmilarly, a strategy o* is said to be optimal for player 2 in the partially observed model if

Ph.D. Thesis 88

TH-3116_186123004



Chapter 6 6.2. Finite Horizon Problem

Jn(z, 7, 0*) < supinf Jy(x, 7 ,0), forany .

The quantity sup, inf, JN(CL’,W/,U> 15 referred as the lower value of the partially observed
game.

Hence, a pair optimal strategies (7*,0*) satisfies
In(z,m,0%) < In(x, 7", 0%) < In(z, 77, 0)

for any 7w, 0. Thus, (7*,0%) constitutes a saddle point equilibrium. The partially observed

game 1s said to have a value if

Jy(x) =supinf Jy(z, 7, 0) = inf sup Jy(x, 7, 0).

Note that if both the players have optimal strategies then the partially observed game
has a value. Our aim is to show that the game model under consideration has a value and
also there exists a saddle point equilibrium. Towards that end, we assume that the following

assumptions are in force throughout the Chapter.

Assumption 6.2.2.

(i) For each © € X, the sets A(z) and B(z) are compact subsets of A and B. Also the

mappings * — A(x) and x — B(x) are continuous.
(i1) (x,y,a,b) — C(x,y,a,b) is continuous.
(i) (z,y,2 .,y ,a,b) = q(z',y'|z,y,a,b) is bounded and continuous.
(iv) C is also bounded, i.e., there exists constants 0 < ¢ < C(z,y,a,b) < ¢C.

In literature partially observable risk-neutral games are treated by first converting it to
an equivalent completely observable game. Following that approach, in this risk-sensitive

approach also we first convert our partially observed game problem into a complete observed
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game problem. We show the existence of the value function and optimal strategies in case of
the equivalent completely observable model and then revert back to our partially observed
model.

Now in the unobserved model, the state y and the cost accumulated so far cannot be
observed because it depends on y. Thus we need to estimate them. For that we consider

the following set of probability measures on ¥ x R, :

Py(Y x Ry):={p is a probability measure on the Borel o- algebra B(Y x R ) such that
there exists a constant K = K(p) > 0 with p(Y x [0, K]) = 1}.

The elements of the above set will essay the role of the conditional distribution of the hidden
state component and accumulated cost. The precise interpretation will be seen in Theorem
6.2.3. In order to estimate the unobserved state component and accumulated cost we define
the following updating operator ® : X x Ax Bx X x P,(Y xR, ) xR, — P,(Y xR,) given
by

3 Jy fR+ ([ra@' '@, v, a, b)v(dy )osi=ciayan (ds)) uldy, ds)
Jy @@z, y, a,b)u¥ (dy) ’
(6.2.3)

®(z,a,b, 2, p, 2)(B) :

where B € B(Y x R,) and pY¥ (dy) = pu(dy,R,) is the Y-marginal distribution of pu. Go-
ing forward we will also use the notation u°(ds) := u(Y,ds), which will denote the S-
marginal. We define the updating operator only when the denominator is positive. For
hn, = (zo,a0,bo,...,x,) and B € B(Y X R,) we now define the sequence of probability

measures

10(C'lho) = (Qo x 6)(C),
1 (C |l ay b, z) =®(z,,a,b,x tn (| hn), B™)(C). (6.2.4)
The next theorem provides the interpretation of the above defined sequence of probability

measures (i,) as the sequence of conditional distributions. For that purpose we first define

the sequence of random variables:
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n—1
So =0, Sp:=>_ B*C(Xy, Yk, A, B), n€N

k=0

We then have the following result which generalizes Theorem 1 of Béauerle and Rieder [2017a]

to the game setting.

Theorem 6.2.3. Suppose that (u,) is given by the recursion (6.2.4). Forn > 0, for a given
initial observable state x € X and given policies T = (fo, f1,...) and ¢ = (go, g1,-..) of the

respective players we have

]P)gg<(Yn7Sn) G C‘X()aAOaBO, 7Xn) == Mn(B’XO,AO,B(], ...,Xn>, I[wa' — a.S., fOT C c B(Y X R+),
where P77 fIP’ )Qo(dy).
Proof. We first show that

E7° [v(Xo, Ao, Bo, X1, ..., X, Y, Su)] = EX7[v'(Xo, Ao, Bo, X1, ..., X,,)] (6.2.5)

for all bounded and measurable v : H, x Y x Ry — R and

:// V(R Yns Sn) tin (AYn, dsp|hy).
Yy JR,

We use induction on m. The basis step is true as for n = 0 both sides reduce to
Jv(z,y,0)Qo(dy). Now suppose that the statement is true for n — 1. we simply write
fns g in place of f,(hy), gn(hy). For a given observable history h,,_1, the left hand side of
(6.2.5) becomes:
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E;m [U(hn—la An—la Bn—la Xna Yna Sn)] = / / / / ,un—l(dyn—la dsn—l |hn—1) X
BJAJY JRy
/ / l/<dyn))\<dxn)Q(xn> yn‘xnfla Yn—1,0n—1, bn71> X
Y JX

55n71+5n710($n71 Yn—1,0n—1,bn—1) (dsn)v(hn—lv Un—1,bn—1, Ty Yn, Sn)fn—l (dan—1>gn—1 (dbn—l)
+

://// Mn—l(dyn—ladsn—l|hn—l)/ / V(dyn))‘(dxn)q(xnyyn|xn—layn—laan—labn—1>x
BJAJY JRy YJX

U(hn—la Ap—1, bn—la Ty Yns Sn—1 + /Bn_lc(xn—b Yn—1,0n—1, bn—l))fn—l(dan—l)gn—l(dbn—l)-

While the right hand side becomes:

Em’[ n 17 n— 1>Bn 17X )]

//// HUn—1 dyn 1,d8n 1|hn 1)
Ry

/ )\(dIn)qX ((L‘n’xn—lp Yn—1,0n—1, bn—l)vl(hn—la ap—1, bn—l; xn)fn—l(dan—l)gn—l(dbn—l)
X

:///MZ—I(dyn—”hn—l) X/A(dxn)qX($n|$n—lyyn—laan—labn—l)x
BJAJY X

/ / ,un(dyTw dsn’hn)v(hnfb Qp—1, bnflv Ly Yn, Sn)fnfl(danfl)gnAI(dbnAD
Y JRy

:////V(dyn))\<dxn)// an(d’ynfl,d8n71|hn71>q($myn|$nf1,yn71,an71,9n71)><
BJaly Jx Yy JR,

/ 5sn,1+ﬁ"*10(mn,1,ynfl,fnfl,gnfl)(dsn)v(hn—lv fn—la In—1,Tny Yn, Sn)fn—l(dan—1>gn—1(dbn—1)
Ry

://// un_l(dyn_l’dsn_”hn_l)//V(dyn))‘(dxn)Q(xmyn|l’n—17yn_1,an_1,bn_l)X
BJaly Jr, v /x

’U(hnfla Ap—1, bnfla TnyYny Sn—1 + 6n410(xn717 Yn—1,An—1, bnfl))fnfl(danfl)gnfl(dbnfl%

where we use the recursion for p, in the third equation and use Fubini’s theorem, to cancel
out the normalizing constant of u,. Hence we are done by induction.

Now, in particular, if we take v = lgxp with C € B(Y x Ry)and D C X x AXx B x ... x X
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a measurable subset of histories until time n then we get from (6.2.5),
ng((Yn7 Sn) S O? (X07 AOa BO7 seey Xﬂ) S D) = E;ra[.u“n(O|X07 AOa B07 seey Xn)lD(XOa A07 BOa ceey Xn)]

This establishes the fact that g, (-|Xo, Ao, By, -.., Xn) is a conditional P77-distribution of
(Y., S,) given the history (Xo, Ag, Bo, .., Xpn)- O

Now we again look at the optimization problem (6.2.2). Motivated by the previous result
we define for z € X, p € P(Y xR,), z€ (0,1] and n=1,2,..., N:

n—1

era l’ y My 2 / / Ewa |: s+=z Z BkC(ka Yk; Ak7 Bk)) :u(dya dS) (626)

k=0

We solve our optimization problem by using a state augmentation technique. For that

purpose we define, for a probability measure p € P(Y):

Q¥ (Clz, 1, a,b) :—/B/YqX(:c'|x,y,a,b),u(dy))\(dx'), C € B(X).

We now consider the completely observable model with new state space E = X x Py(Y x
R, ) x (0,1]. The action spaces for player 1 and player 2 are same as the partially observable
model. One stage cost/reward is 0 and the terminal cost/reward function is Vy(z, pu, 2) :=
Iy fR p(dy, ds). Since for all p € Py(Y x R, ) the support of y in the s-component is
bounded, the expectation is well defined. The transition law for the new model is given by
Q(|:p, W, z, a,b), which for (x, u, z,a,b) € E x A x B, and a Borel measurable subset C' C F
is defined by

Q(Cz, jt, 2, a,b) ::/ 13((x/,CID(x,a,b,x/,y,z),62))QX(dx/|a:,uY,a,b).
X

The decision rules for player 1 in the newly defined model are given by measurable mappings
f: E — P(A) such that f(z,p,z)(A(x)) = 1. Similarly, the decision rules for player 2 are
given by measurable mappings g : E — P(B) such that g(z, u, z)(B(z)) = 1. We denote by

F the set of all decision rules for player 1 and F» denotes the same for player 2. For player

Ph.D. Thesis 93

TH-3116_186123004



Chapter 6 6.2. Finite Horizon Problem

1, we denote by II} the set of all Markov policies ™ = (fy, f1,...) with f,, € Fy for all n > 0.
137 represents the same for player 2.

Let C(F) = {v : E — R, v is continuous and v > V4}. Note that we consider the
topology of weak convergence on P, (Y x Ry). For v € C(E), (¢,n) € P(A(x)) x P(B(x))

and (f,g) € F1 X Fy, we consider the following operators:

(Tpqv)(x, 1, 2) ::/B/A/Xv(ml,<I>(:B,a,b,x/,u,z),ﬁz)QX(dm/x,,uy,a,b)f(x,u,z)(da)g(x,,u,z)(db).

ety = [ [ [ o 0@ aba’ 0. 5)Q¥ (@ o 0. b)C( ().

Tv(x, p, z) = infsup Trgv(z, p, 2) = iréf sup(Lv)(z, u, 2,(,m), (x,pm,2) € E. (6.2.7)
g f n

Next we have the following theorem:

Theorem 6.2.4. (a) Letm = (fo, f1,---, [n—1) and 0 = (90, ¢1, ---, gn—1) be two policies for
player 1 and 2 respectively. Then it holds that for alln =1,2,..., N,

Varo (T, 4, 2) = Trog0 L1191+ Tho1gn-1Vo-
(b) For allm=1,2,....N let V,, = inf, sup, Vyno. Then V,, € C(E) and

Vn<l‘, M, Z) = TVn—l(a:; M, Z)-

(¢c) Forn=1,2,....N there exists measurable functions (v, %) € Fy x Fy such that

LVn*l(xaluaz7<> 5;(%%3)) < Lanl(l’,M, Z,’}/;;(i’,,u, Z)vdz(xalua Z)) < Lanl(anMaza'Y;(xa% Z)ﬂ?)>
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forall (C,n) € P(A(x))x P(B(z)) and (z,u,z) € E. Then Vy(-, Qo %o, 1) is the value
of the N stage partially observable stochastic game and (7*,0%) = (£, 95 )n=01.. .N-1

with f(hn) = YN —n(@n, 1(-|hn), B") and g = 65 _,,(xn, u(-|hn), B) are optimal policies
for player 1 and 2 respectively.

Proof. (a) We establish the above iteration by induction on n. For n =1 we have,

T 00 Vol 1, = / / / Vole, ®(x,a,b,2 1, 2), B2) QX (dx |, 1Y 0 b) fol, s =) (da)go(, 1, =) (db)

/ / / /R+/ /R+ SstzCepap) (s )a™ (x'|2,y, a, )M(dx ) p(dy, ds) fo(x, 1, 2)(da)go (@, 1, 2)(db)
/ / E77 [U(s + 2C(x,y, Ao, Bo))] u(dy, ds)

= ‘/171'0'(337#32)'

Now suppose that the statement is true for V,,. Let 7 = (f1, f2,...) and ¢ = (g1, g2, ...)
denote the 1-shifted policies. Then we get,
(TngDTflgl"'Tfngn%)<x7/‘1/7 Z)

= / / / Vnﬁa(x/’CI)(x,a,b’xl,u’ Z)aﬁz)QX(dxl|x7MY7a7 b)f()(xnu?Z)(da’)gO(xnua Z)<db)

/////]R+ 3+anlﬁk+1C(Xk,Yk,Ak,Bk))]

k=0

O(x,a,b, 2, p, 2)(dy’, ds ) Q¥ (dz'|a, 11, a, b) fo(, 1, ) (da)go(, p, ) (db)

= / / / // EW,U[U<S' _‘_ZZ/BkC(Xk,Yk,Ak,Bk)”Xl :x/’}/1 :y,}
BJAJX JY JRy —

' / / Q<xlay,|$7yaaa b)ds—i—zC’(w,y,a,b)(dsl)u(dy)ds)y<dy’))‘(dx/)f0(xa/‘va)(da)QO(wnuvZ)(db)
vy JR,

:////// ]EW’U[U<S+ZC($’y’a’b)+ZZBkC(Xk,Yk,Ak,Bk))|X1::p/,ley']
BJaJy Jy Jx Jry

k=1

a(a'y 2.y, a,b)u(dy, ds)v(dy )\(dz) fol, p, 2)(da)go(w, p, )(db)

- [ [ o s+zZﬁkc X, Vi, s, By))] p(dy, ds)
R

= Vn+lno (':Ea K, 2)7
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Hence we have the desired conclusion by induction.

(b and ¢) We show by induction on n that
(i) Vo, =TV,—1 € C(E)
(i) T %5; noaor - Tys: Vo < Vi, for any measurable v1, 72, ..., Vo 0 £ — P(A(2)).
(iii) T s 5u1Tyrs, Vo = Vy, for any measurable 01,0y, ..., 6, : E — P(B(x)).
(iv) T*(; yeoor e Lors Vo = V.

Under our assumptions V; € C(E). For n = 1, it follows from definition that

Vi = infsup Ty, Vo = T'VG.
9 f

Under our assumptions the existence of (77, 07) follows from a classical measurable selection
theorem Brown and Purves [1973] and Fan’s minimax theorem Fan [1953]. Now (ii) — (iv)
follows from the definition of (71, d7). Now suppose the statement is true for n — 1. Since
Va1 € C(F), we again have the existence of (v},07%). Using the induction hypothesis and

monotonicity of the T" we obtain
T’Yn(S:ZT’Yn—llS;_l"'T’YI(;f‘/O S T,yn(;;;Vn_l S T,y;;(szvnfl = T"/:L‘SZT'Y:L—l(S:—l“'T’YTJT%
for any measurable 1,72, ..., ¥, : £ — P(A(z)). On the other hand
Tyss Vo1 < Do, Vo1 S Tys, Tyr 6,1y, Vo
for any measurable 01, 0ds,...,0, : E — P(B(x)). Thus combining with part (a), we have
shown that (YN, YN 1s---»7), (On:On_1,---,07)) is a saddle point equilibrium for the N
stage completely observable game problem with optimization criterion given by (6.2.6). The

rest of the conclusions now follow from the relation between the partially observable game

and completely observable game. O]
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6.3 Infinite Horizon Problem

In case of finite horizon problem we have the existence of the value of the game and also
we have shown the existence of the optimal strategies. Now we consider the case of infinite
horizon, i.e for a given pair of policies (7, 0) and = € X we are interested in the optimization

problem:

o

Joo<w77770) = /};EQZ [U(ZBkC(XImYk:AkaBk))]QO(dy)a re k.

k=0

The upper value, lower value, optimal strategies and value of the game have the same
definitions as in Definition 6.2.1 with N replaced by oco. For the infinite horizon problem we
will assume that the utility function U is either concave or convex. We need to deal with
concave and convex utility functions separately.

Concave utility function: We first investigate the case of concave utility function. Just
as in the finite horizon case we will consider the equivalent completely observable game. To

that end we have the following notations.

Vioro (T, 11, 2 / / IE’“’ s + ZZﬁkC(Xk,Yk,Ak,Bk))],u(dy,ds),
k=0
Vo (z, 11, 2) 1= inf sup Vooro (2, i, 2). (6.3.1)
We denote
_ zC
o) = [ Uls+ g (ds)
R, 1-p
zC
a2 = [ Uls+ i), (n.9) € Y xR x 0.1]
Ry

where ¢ and ¢ are as in Assumption 6.2.2. Then we have the main theorem of this section:

Theorem 6.3.1. (a) Vo is the wunique solution of v = Tov in C(E) with
a(p, z) < v(x,pu,z) < alu,z) where T is as defined in (6.2.7). Moreover, T"Vy T Vi,
T"a 1tV and T"a | Vi as n — oo.
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(b) There exist measurable functions (v*,8*) € Fy x Fy such that

T Voo (z, o, 2) < Touge Vo (2, 1, 2) < Tons Vo (2, 1, 2), (6.3.2)

for all (v,0) € Fy x Fy and (x,p,2) € E. Then Vyo(x,Qo X do,1) is the value

of the partially observable infinite horizon stochastic game. Moreover, (m*,0%) =
(65 S5, (96, 915 - ) with f(ha) := 7" (Zn, (- | ), B") and
9 (hp) == 8 (xp, pn(-|hn), B™) are optimal policies for player 1 and 2 respectively.

Proof. (a) Here we first show that V,, = 7"V 1 V. Since U : R, — R is increasing and
concave, it satisfies the inequality

U(s1+s2) <U(s1) + U/_(81)82, 51,52 > 0,

where U’ is the left hand side derivative of U that exists since U is concave. Further more,
U'(s) > 0 and U’ is non increasing. For (x,u,2) € E it holds, V,(z,p, 2) < Vao(w, i, 2).
Using this, we get

VTLTFO' x /’1’7 ) < VOOTI'O'(x /’[/7 )

// E77 (U 5+ZZﬁkC(XmYk,Ak,Bk))}Mdy;dS),
R+ k=0

n—1
// E7o[U 5+225kC<Xk7Yk,Ak,Bk))}/i(dl/vdsh
R4

k=0
/ / E7e[U_(s + zZﬁ C(Xk, Yi, Ar, Br))z Y B*C(Xn, Yin, A, B i(dy, ds),
Ry m=n
< Viro (@, 1, 2) U’ (s + zc)p®(ds)
1—6 R,
S Vnwo(xa M, 2 ) + 6n—5U—( ) = V’mra(xa M, Z) + En(z)u (633)

where €,(z) is defined by the last equation. Clearly, lim,_, €,(z) = 0. Now from (6.3.3) we
get Vi(z, i, 2) < Vio(m, 1y 2) < Vi(x, i, 2) + €(2). Taking limit we get V,, = T"Vy T V. Now,
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Vo1 =TV, < TV,. Taking limit n — oo we get Voo < TV,. Again, Vo, <V, +¢,. Now
applying operator T' on both sides we have TV, < T'(V,, + €,) = Vi41 + €,41. Thus again
letting n — oo we obtain T'V,, < V... Hence combining two inequalities we have V,, = T'V.

Next, we obtain

Tay ) =intsup [ ][ [ 060 00 w0 2 o )
e
S/R+U(s+zc+1_ﬂ) S (ds)
-/ UG+ ) = alp2),

By the similar reasoning it can be shown that T'a > a. Thus we have T"a | and T"a 1 and

the limits exist. Moreover, by iteration we have,

(T"a)(z, p, 2) 1nf sup / / Emf 52

> (T"Vo)(z, p, 2).

Vi, Ak, Bi)) | 1(dy, ds)

n—1

(T70) (&, p,2) = infsup / / Ere [0 (s + 22 s > 51C(Xe Yoo s B) -

Using the fact U(s; 4 s5) < U(s1) + U’ (s1)s2, we obtain

0 < (T"a)(w, 1y 2) = (T"a) (w1, 2) < (T°a)(x, 1, 2) = (T"Vi) (1, 2)

< supSUP/ / ]Eﬂ-o- S + B 5 +z Zﬁkc Xk,Yk,Ak,Bk))

(s+= ZB'“C X, Vi, Ai, By)) | pe(dy, ds)
k=0

< €n(2).

Since lim,,_s €, = 0, we obtain T"a 1 V,, and T"a | V,, as n — oco. Also since V, is both

increasing as well as decreasing limit of continuous functions, it is also continuous.
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Now for the uniqueness purpose if possible let there be another solution v € C(E) of v = Tw
with ¢ < v < a. This then implies that T"a < v < T"a for all n. Taking the limit n — oo
we have the uniqueness of the solution.

(b) The existence of (v*,d*) follows again from the measurable selection theorem and
the minimax theorem. By monotonicity and the fact that V{, < V, < a we ob-
tain that lim, oo T7% 5. Vo = limy 00 T2 50 Ve = Vion woye, Where mps = (v*,7*,...) and
os« = (0%,0%,...). By the definition of (v*,*) we obtain for any (v,d) € Fy X F,

T’yJ* Voo S T’y*&* Voo S T’y*6voo-
The property of (v*,*) also implies that Voo = TV, = T,+5+ V. Hence we can also write

for any (v,d) € F x Fy,
Tws*voo S Voo S T’y*6voo~

By iterating this inequality n-times we get
T’y15*T’y25*"'T"Yn5*VOO S Voo S T’Y*élT‘Y*éQ"'T'Y*KSnVOO
for arbitrary 1,2, ..., ¥» and 91, 0, ..., 0,. Letting n — oo we get,

Voomra* < Voomy*cr(;* 3 Voo < VOOT('.Y*O'

for all policies m and . The rest of the conclusions are now straight forward.

Convex Utility function: Now we consider the case of convex utility function U.
Theorem 6.3.2. Theorem 6.5.1 also holds for convex U.

Proof. For the convex case the proof is along the same lines as in Theorem 6.3.1. The only
difference is that here we will use another inequality. Note that for U : R, — R increasing

and convex we have the inequality
U(sy 4 82) < U(s1) + U (81 + 89)82, 81,82 >0,

where U; is the right-hand side derivative of U that exists since U is convex. Moreover,
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!

U,(s) > 0 and Ujr is increasing. Thus, we obtain for (z, u,z) € E,

VTLﬂ'O’ $ /1’7 ) < VOOWU('CC /"L’ )

/ /R EWU S—l—ZZﬁkC(Xk,Yk,Ak,Bk))},u(dy,ds),

k=0

n—1
/ / ]ETW S+ZZBkC<Xk7Yk7Ak7Bk’))}lu(dyvds)a
R4

k=0

/ / Emf S+ZZ/BkC kaykaAlﬁBk zZBkC(XmaY’ﬂwAmaBm)}ﬂ(dy7ds)7

e C ’ zC
< Vnmr(xv w2 ) + ﬁ ' — /8 e U+(S - m)us(dS)
+
Now let’s denote 6, (1, z) := "< fR+ Eﬁ)us(ds). Then we have lim,, o 9, (1, 2) =

0. So we end up with

Vn($,ﬂ,2) < Voo<xnuv Z) < Vn<x7ﬂ> Z) + 511(,”72)

Letting n — oo yields T"Vy — V.

We use the same inequality to get,

0< (T"d)(x, H, Z) - (Tng)(l'a K, Z) < (Tnd)@:?uv Z) o (Tn%)(xv 122 Z)

n—1

< supSUP/ / Eﬂ-a ﬁ_; —FZZﬁkC(Xk,Yk,Ak,Bk))
k=0
- U 8 + 2z Z Bkc Xk7 }/ky Ak7 Bk))] (dy7 dS)
k=0
zC / zC

<p" U, (s +—=)u(ds) = 6n(pt, 2

and the right hand side converges to 0 as n — oo. [l
Few remarks are in order.
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Remark 6.3.3. (1) An important sub case of the model that we have considered here is
when the reward/cost does not depend on the unobservable component, i.e., C(x,y,a,b) =
C'(x,a,b) for some function C'(-). In this case the accumulated reward/cost is no more
unobservable and thereby we need not estimate it. Thus in that case it can be shown along
similar lines as in Proposition 1 of Bauerle and Rieder [2017a], that we can take the state
space of the completely observable model as X x P(Y) xRy x (0, 1] and the updating operator

: fY (fB Q(xl7yl|xa?/va7b)’/(d?/l))ﬂ(dy)

Jy X (@@, y, a,b)u(dy) ’
where B is a Borel subset of Y and p € P(Y).
(2) An important utility function is given by the function U(x) = 3¢, where 0 > 0 is a

O(x,a,b, z 2)(B) =

fixed parameter. In this case again it is not necessary to keep track of the accumulated cost. It
is enough to consider X x P(Y) x (0, 1] as the state space of the completely observable model.
Again arquing similar to Theorem 3 in Bduerle and Rieder [2017a], it can be shown that the
value of the N stage game problem is given by J(x) = ay(z, Qo,0) where ag(z, p,0z) = %

and forn=1,2,... N,

an+1(xvuvgz): inf Sup // [an(x',fbe(m,a,b,x’,,u,z),ﬁ@z)@x(dx/\x,,u,a,b,@z)} C(da)n(db)a
ne€P(B(z)) ¢ceP(A(z)) /B JA

where (z,u,2) € X x P(Y) x (0,1] and for By, Borel subset of X and Bs, Borel subset of

Y,
QX(Bl‘xmu’aaabaz) =/ /eZC(‘”’y’a’b)qX(x'|x,y,a,b)u(dy)k(dx’),
B1 JY
Bo(.a.b. 2 1. 2)(By) = Is, Jy €€ eq(al o |2, y, a,b)u(dy)v(dy')
e\2,a,0,T, [, 2) — fY fY ezc(gﬁvy’“vb)q(x’,y’|x,y,a,b),u(dy)y(dy’) :
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CHAPTER 7

Future Directions

We now conclude the thesis by enumerating a few problems for future investigation, that
arises naturally out of this thesis. Here, we have considered only zero-sum stochastic games
under probability criterion. While in the discrete time setup, both zero and non-zero sum
games with probability criterion have been studied. In Huang and Guo [2020] the authors
study non-zero sum game problem for discrete time Markov chain under probability criterion.
They assumed that the state space is countable and also the one stage cost function assumes
only rational values, because of this the extended state space remains countable. Analysis of
non-zero sum games with countable state space is substantially simpler as compared to the
general state space case. In the continuous time setup that we consider, even if we assume
that the cost rate assumes only rational values, since the cost accumulated from one jump
to the other will get multiplied by the holding time, the state space will no longer remain
countable. This is the reason why analysis of non-zero sum games with probability criterion,
in the continuous time setup becomes a very challenging problem. Thus it will be interesting
to investigate even the discrete time setup without the assumption that the one stage cost
function assumes only rational values. Once that is possible the obvious challenge will be
then to deal with the continuous time problems.

In the risk-sensitive setup we consider both zero and non-zero sum games for semi-
Markov processes. Our analysis is contingent on two crucial assumptions, namely, finiteness
of state space and holding time distributions having fixed finite support. The one controller
counterpart studied in Chavez-Rodriguez et al. [2016] also has similar assumptions. Such

assumptions can be restrictive from applications point of view. Thus, it will be worth
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Chapter 7 §7.0

studying both single and multi controller problems without these assumptions.

In the partially observable setup we consider zero-sum games with finite and infinite
horizon discounted cost. Thus future problems include studying non-zero sum games. Again
here, even if we start with a countable state space for the original problem, the equivalent
completely observable problem will have a general state space. Thus the analysis of such a

problem will be quite involved. Also it will be interesting to look at average cost problems.
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