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Abstract

The left ventricle (LV) is one of four chambers (two atria and two ventricles) in the human heart.

Because it supplies oxygenated blood to the entire body, it possesses a stance of great signifi-

cance in the medical diagnosis. In order to know the problem against any chest pain, physicians

first try to look to the shape of the LV. Therefore, its segmentation always remains as the first and

foremost step. The accuracy of any segmentation is usually achieved through lessening the user

interaction. A semi-automatic method for image segmentation that uses random walks was intro-

duced in 2006. This approach requires user guidance to define the desired content to be extracted

in the image. This is fast, effective and intuitive which can successfully perform segmentation

irrespective of the image type. At the same time, its performance depends largely on the degree

of homogeneity and separability of the objects present in the image. The lesser is the obscurity,

unlike the cardiac magnetic resonance images, the better is its execution. Since myocardium

(thick layer of cardiac muscle) is responsible for the contraction and relaxation of the ventricle,

its inner (endocardium) and outer (epicardium) lining should be extracted simultaneously. The

main contributions of this thesis are as follows: 1) In endocardial wall detection, Random Walk

approach faces many challenges while applying this algorithm on ischemic cardiac magnetic

resonance (CMR) images (as they are more obscure), one of them is initial seed(s) selection.

Furthermore, the free parameter β in this algorithm does have the influence on its performance,

which is usually decided by the user. In order to reduce the user interaction (because more user

interaction introduces larger variability in the performance), attempts have been made to solve

these two issues in our research and made the algorithm automatic, 2) The grey level distribution

of myocardial muscle does not differ much from the outer surrounding muscles, therefore, Ran-

dom Walk approach is little suitable for its meaningful segmentation. Instead, a modified active

contour model that operates on the endocardial boundary is applied to section out the epicardium,

3) The methodologies adapted in endocardial wall detection do not produce satisfactory result,

especially in case of short axis CMR images. After a thorough review of the nature of weighting

function, three functions for the same purpose have been suggested to achieve better segmenta-

tions, and finally 4) To compare the performances of these weighting functions, an unsupervised

technique has been proposed in the end.
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Chapter 1

Introduction

The human heart is a powerful muscular organ situated in the chest. It is the primal pump of

our circulatory system. An average heart has a throughput of 7200 litres of blood per day. The

left ventricle is one of four cavities in the heart. The wall enclosing the left ventricle (LV) is

significantly thicker than other parts of the heart wall, making the LV relatively independent with

regards to muscle dynamics. The LV receives oxygen-enriched blood from the lungs via the

left atrium and pumps it out to the rest of the body. Therefore in the respiration process, LV is

an important constituent in the heart [1]. Whenever any dysfunction in the heart seems to have

occurred, radiologists first desire to observe all the activities in LV minutely. Therefore, they

need some kind of inflections that express how the action or state could be conceived.

To date, there are many imaging modalities, magnetic resonance imaging (MRI) is one of

them which is noninvasive in nature [2]. Some of its advantages, viz. 1) low ionizing radiation,

2) ability to provide maximum information for diagnosis by a single test and 3) less operator

dependence, keep it ahead of other imaging modalities like X-ray, CT (Computed Tomography)

scan and PET (Positron Emission Tomography), etc. There are several applications of MRI,

viz. 1) oncologic imaging, 2) for the breast, it is a valuable adjunct to mammography to detect

multifocal tumors, 3) it defines the response to chemotherapy, 4) in the liver, it is valuable in

characterizing masses, and so on. CT has been popular since a long time. With emergence of

MRI, in the opinion of many radiologists, MRI is superior to CT [3]. Here, a brief comparison is

given in Table 1.1.

Another reason for its popularity is that it can provide a lot of information, which otherwise

may require a number of tests to perform. MRI produces images of high quality, both with

respect to noise and contrast. Additionally, an MRI machine can scan arbitrarily oriented planes
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1.1. CARDIAC MAGNETIC RESONANCE IMAGING 2

Table 1.1: Comparison between MRI and CT scan

Characteristics MRI CT scan

Scan completion time Within 5 minutes Around 30 minutes

Radiation exposure None Moderate to high radiation

Scope of application Versatile Outlines bone accurately

Details of soft tissues Gives higher details in soft tissues Gives less details in soft tissues

[4]. Because of these with other benefits, it has become a leading imaging modality for clinical

diagnosis enabling cardiologists and radiologists to perform diagnostic findings at high spatial

image resolution.

1.1 Cardiac Magnetic Resonance Imaging

MRI is based on the principle of nuclear magnetic resonance (NMR) [5]. The NMR phenomenon

was discovered independently by Felix Bloch and Edward Purcell in 1946. After 1970s, the NMR

phenomenon was applied to medical imaging by Raymond Damadian.

MRI is a very complex subject; a brief explanation of the physics behind the technology is as

follows: Each nucleus has a fundamental property, viz., spin [6]. When a strong magnetic field

is imposed on the region of interest, these spins align with the imposed magnetic field. Most of

the spins cancel each other out because of difference of direction, but an excess spin along the

applied field results a tiny net magnetization in that direction. The alignment is not exact; the

nucleons precess, or wobble, about the applied magnetic field with a motion similar to that of

a spinning top. If radio waves (i.e. more than 30 KHz) are applied with resonance frequency,

then this energy can be absorbed by the nucleons and cause a transition to a higher spin energy

level. When the radio frequency (RF) is turned off, the system returns to its original state aligning

with the magnetic field. During this time the nucleons exert RF waves. These are registered and

various techniques can be used to create an image from this data. The sequential procedure is

given in Figure 1.1.

An MRI machine forms an image by taking readings from the nuclei of the atoms in the

various parts of matter in the body. The registered data is a wide range of frequencies [7]. This
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1.2. NEED OF LEFT VENTRICLE SEGMENTATION 3

Figure 1.1: Schematic diagram for CMR data acquisition.

data is converted to digital form. Inverse Fourier transform is used to obtain the original image

from the frequency data [8].

As mentioned in Table 1.1, the strength of MRI is its ability to examine soft tissue of similar

density with greater detail than CT [6]. While CT and conventional X-ray imaging renders dense

structures such as bones with great detail, MRI has its main contrast span in the range of soft

tissue. Its resolution is similar to that of CT. Also, MRI can depict blood vessels without the

use of contrast enhancers. In general, the heart, the vascular system and the thoracic region are

some of the anatomical regions, of which MRI is becoming an increasingly popular examination

technique. Since in this work, MRI of heart is the only concern, cardiac magnetic resonance

(CMR) images will uniquely be discussed here onwards.

1.2 Need of Left Ventricle Segmentation

There are many advantages of LV segmentation in the diagnosis of cardiovascular diseases.

In particular, the study of the shape and motion of the heart is important because many heart

diseases are thought to be strongly correlated to the shape and motion of the heart and the seg-

mentation provides adequate information about the shape and size of an object; some prominent

examples of such heart diseases include ischemia and right ventricle (RV) hypertrophy. Also, LV

segmentation is primarily motivated by the need to clinically diagnose a feature of the heart with

potential problems such as:

• Left Ventricular Hypertrophy - thickening of the myocardium (muscle) of the LV of the

heart;

• Ventricular Septal Defect (VSD) - the wall dividing the left and right ventricles of the heart,

congenital VSDs are collectively the most common congenital heart defects;
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• Atrial Septal Defect (ASD) - a form of congenital heart defect that enables blood flow

between the left and right atria via the interatrial septum;

• Congenital Heart Defect (CHD) - a defect in the structure of the heart and great vessels of

a newborn;

• Coronary Artery Disease (CAD) - stenosis, atresia, regurgitation, etc. are the diseases due

to improper blood flow through the heart; and so on.

Moreover, the segmentation is very useful in image guided surgery, medical data visualization,

measurement of ejection fraction, left ventricular mass calculation, left ventricular wall motion

detection and localization of the heart chambers. Therefore, it is an important and essential step

in CMR image analysis; it provides the stage for the quality interpretation. This processing either

consists in partitioning an image into several regions or in detecting their frontiers. Although

the field of segmentation is built on foundation of mathematical and probabilistic formulations,

human intuition and analysis play a central role in the choice of one technique versus the other.

This choice is often made based on subjective and visual judgments.

Segmentation of CMR data poses a challenging problem as compared to the nonmedical

images. A most important factor dwelled in CMR data is noise, it is inherent in the process of

acquisition [9]. The image noise originates in the patient (thermal noise) and is added during the

processing of the signal in the receiver chain [10]. In the receiver chain, noise may be generated

in the pre-amplifier and at the connection between the pre-amplifier and the radio frequency (RF)

receiver coil. In the RF coil, which is a conductor, thermal noise is produced by the stochastic

motion of free electrons. This motion is caused by the ohmic losses in the RF coil and eddy

current losses in the patient. The MRI image/signal component of the measurements is present

in both real and imaginary channels; each of the two orthogonal channels is affected by additive

white Gaussian noise. The noise in the reconstructed complex-valued data is thus complex white

Gaussian noise. Most commonly, the magnitude of the reconstructed MRI image is used for

visual inspection and automatic computer analysis. Since the magnitude of the MRI signal is the

square root of the sum of the squares of two independent Gaussian variables, it follows a Rician

distribution. In low intensity (dark) regions of the magnitude image, the Rician distribution tends

to a Rayleigh distribution and in high intensity (bright) regions it tends to a Gaussian distribution;

a practical consequence is a reduced image contrast [11].
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Usually, poor segmentation results from high noise level present in MR images (if proper

care is not taken). Another difficulty lies in the large volume of data involved and the on-time

requirement of medical applications. The time constraints vary among applications, ranging from

several tens of milliseconds for online surgical monitoring, to seconds for interactive volumetric

measures, to minutes or hours for off-line processing. Another major hurdle is the high variation

of image properties in the data, making it hard to construct a general model. Apart from the

above difficulties, the system faces other modalities, such as partial volume effects, variation in

scanning protocols, and so forth.

1.3 Concept of Segmentation

Image segmentation is perceived as the partition of an image into a set of non-overlapping regions

whose union is the entire image. Some rules to be followed for regions that result from an image

segmentation can be expressed as [12]:

• They should be uniform and homogeneous with respect to some characteristics;

• Their interiors should be simple and without many small holes;

• Adjacent regions should have significantly different values with respect to the characteris-

tics on which they are uniform; and

• Boundaries of each segment should be simple, not ragged, and must be spatially accurate.

A simple image can mathematically be formulated as follows:

Suppose the whole image (u) is represented by a number of partitions ui, where i =1, 2, ..., n; n

= number of partitions. These partitions are assumed to be disjoint non-empty regions of u. An

ideal image to result a better segmentation should consist of the following conditions [13]:

1.
n⋃

i=1

ui = u;

i.e. the summation of segmented regions should include all pixels in an image.

2. For all i and j, i 6= j, there exists ui

⋂
uj = φ;

i.e. different segmented regions should not overlap each other.

3. For i =1, 2, ..., n, it must have P (ui) = TRUE;

i.e. the pixels in the same segmented regions should have similar property.
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Figure 1.2: A simple block diagram explaining the processes before and after segmentation.

4. For all i 6= j, there exists P (ui

⋃
uj) = FALSE;

where P (ui) is a uniformity predicate for all elements in set ui and φ represents an empty

set;

i.e. the pixels belonging to different regions should have different properties.

5. For all i =1, 2, ..., n, ui is a connected component;

i.e. the pixels in the same segmented region are connected.

1.4 Scope of Image Segmentation

Image segmentation is often described as the process that subdivides an image into its constituent

parts and extracts the parts of interest (objects). It is one of the most critical tasks in automatic

image analysis because the segmentation results will affect all the subsequent processes of image

analysis (as shown in Figure 1.2), such as object representation & description, feature measure-

ment and even the following higher level tasks (e.g., object classifications & scene interpretation).

The blocks in Figure 1.2 function as follows:

• Image acquisition - It digitizes the signal produced by the sensor;

• Pre-processing - It enhances the image quality;

• Segmentation - It partitions the input image into constituent parts;
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• Description/feature selection - It extracts description of image objects suitable for further

computer processing;

• Recognition and interpolation - It assigns a label to the object based on the information

provided by its descriptor and interpolator assigns meaning to a set of labeled objects; and

• Knowledge base - It helps for efficient processing as well as intermodule co-operation.

The interest towards segmentation geared up after the introduction of Robert operator [14] in

1965. This edge detector was the first step toward decomposing an image into its constitutional

components. Since then, the dimension of research on segmentation has increased significantly,

the result of much devoted effort. In the meantime, concept and scope of images have been ex-

tended greatly. The extension of 2-dimensional (2D) images to 3-dimensional (3D), still images

to moving images or sequences of images (video), grey level images to color or multi band im-

ages, etc. have also helped the concepts and techniques of image segmentation expand widely.

In spite of several decades of investigation, image segmentation remains a challenging research

topic with growing number of types of images.

1.4.1 Dimensionality

Dimensionality refers to whether a segmentation method operates in a 2D image domain or

a 3D image domain. Methods that rely solely on image intensities are independent of the image

domain. However certain methods, such as deformable models, Markov random fields, and re-

gion growing, incorporate spatial information and may therefore operate differently depending

on the dimensionality of the image. Generally, 2D methods are applied to 2D images and 3D

methods are applied to 3D images. In some cases, however, 2D methods are applied sequentially

to the slices of a 3D image [15]. This may arise because of practical reasons, such as ease of im-

plementation, lower computational complexity, and reduced memory requirements. In addition,

certain structures are more easily defined along 2D slices. Over the past decade, segmentation

techniques have gained importance in the quantitative analysis of medical images and in image

guided interventional procedures. The hypothesis of this research work is, whether the suitable

use of an immersing environment can improve (in terms of accuracy, speed and user experience)

classic 2D and 3D (i.e. 2D+time) slice-based image segmentation techniques. We talk about the

environment that makes use of virtual real techniques to provide the user an improved experience.
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1.5 Selected Literature Survey

Fully automatic segmentation of the LV in bright blood breath-hold CMR images is non-

trivial because the image intensities of the cardiac chambers vary due to differences in blood

velocity [16]. In particular, blood that flows into the ventricles produces higher intensities in

the acquired image than blood which remains in the ventricles. Locating the LV endocardium

is further complicated by the fact that the right ventricle and aorta often appear jointly with the

LV in many images of the heart. Similarly, automatic segmentation of low signal-to-noise ratio

(SNR) cardiac images (e.g. body coil MR or ultrasound) is difficult because intensity variations

can often obscure the LV boundary [17].

A wide range of very specialized segmentation techniques currently exist and since the re-

search is very active in this field, the panel of available techniques and algorithms constantly

evolves. In choosing a segmentation technique for a particular task, it is important to understand

the fact that there is no universally applicable segmentation technique that will work for all types

of medical images and all organs. For example, the segmentation of brain tissue has different

requirements from the segmentation of the liver. General imaging artifacts such as noise, partial

volume effects (where multiple tissues contribute to a single pixel or voxel resulting in a blur-

ring of intensity across boundaries), and motion can also have significant consequences on the

performance of segmentation algorithms. Furthermore, each imaging modality has its own id-

iosyncrasies with which it is contended. There is currently no single segmentation method that

yields acceptable results for every medical image. This section tries to present a simple yet ho-

mogeneous and relevant classification of the existing techniques into a number of families. For

each family the general functional philosophy is analyzed and a non-extensive list of algorithms

is presented, with a short explanation of the specificities and possible difficulties (while applying

on CMR images) for each of them. There are numerous types of classifications proposed in the

specialized literature, each of which is relevant respectively to the point of view required by the

study. Since this research project deals with medical image segmentation, where a large majority

of the acquired data is grey-scaled, all the techniques concerning color images are left aside.

Broadly to state, there are two types of image segmentation algorithms, viz., discontinuity

based and similarity based. Therefore, the categorization may come as the following:

1. Discontinuity based approach - This type of algorithms rely on the abrupt changes (usually

at the edge of the objects) in intensity in grey level images. Edge detection is a fundamental
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tool used in most image processing applications to obtain information from the frames

as a precursor step to feature extraction and object segmentation. Edge is a boundary

between two homogeneous regions. Edge detection refers to the process of identifying and

locating sharp discontinuities in an image. The following particulars are keyed out by these

methods.

(a) Isolated points - The detection of isolated points in an image is straight forward by

using a suitable mask; we can say that a point has been detected at the location on

which the mask is centered, if response of the mask |R| > T , where T is the threshold

and R = −
n∑

i=1

xi + nxc. The term x, n and c represent the image pixel, number of

pixels inside a region of interest (equal to the mask size) and center of the mask,

respectively. The idea is that the gray level of an isolated point will be quite different

from the gray level of its neighbors.

(b) Lines - Let R1, R2, R3, and R4 denote the responses of four masks, and they run

along the same image. Then at a certain point, one can say that the mask which has

the maximum response, will make the line into its direction, i.e. if R2>R1, R3, R4

then the line has the direction of R2.

(c) Edges - The edge is the boundary between two regions with relatively distinct grey

level properties. It is assumed here that the transition between two regions can be

determined on the basis of grey level discontinuities alone.

An edge in an image is a significant local change in the image intensity, usually associ-

ated with a discontinuity in either the image intensity or the first derivative of the image

intensity. Discontinuities in the image intensity can be either step edge, where the image

intensity abruptly changes from one value on one side of the discontinuity to a different

value on the opposite side, or line edges, where the image intensity abruptly changes value

but then returns to the starting value within some short distance.

2. Similarity based approach - This type of algorithms group those pixels which are similar

in some sense. The task of grouping is performed by the following operations.

(a) Thresholding based operations - Clustering of pixels is executed according to the

threshold value taken. The pixels below or above the threshold value belong to dif-

ferent categories. Three types of processing for thresholding are adapted as follows:
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i. Global processing - If the threshold is a function of pixel intensity.

ii. Local processing - If the threshold is a function of local property in a neighbor-

hood centered at a pixel location and pixel intensity.

iii. Adaptive processing - If the threshold is a function of local property in a neigh-

borhood centered at a pixel location, pixel intensity and pixel location.

(b) Knowledge based operations - The prior knowledge regarding the object in the image

is used to find and tailor a general segmentation method to the specific application.

Basically, there are two models:

i. Deformable models - These models provide a framework that allows the incor-

poration of global priors. It captures the local properties through front evolution,

without the need of local primitive sampling. Such a popular model is level set

method.

ii. Statistical models - Methods such as active contour shape models and active ap-

pearance models use statistical models to represent prior knowledge.

(c) Region based operations - Grouping of pixels is performed according to some crite-

rion before hand. They are:

i. Based on primitive detection;

ii. Statistical segmentation; and

iii. Graph based - The methodology is based on graph theory. Again, it is of two

types:

A. Pixel based - The image is considered as a weighted graph, whereas the nodes

are the pixels in the original image. The edges together with their associated

weights are defined using the local information of the pixels. Random walk

approach comes under this category.

B. Region based - It requires an initial image over-segmentation that produces

hierarchical top-down region based decomposition.

Manual tracing has been considered the gold-standard for cardiac output quantification in

clinical practice. However, manual tracing is a labor-intensive and time consuming process that

is subject to inter- and intra-observer variability. Segmentation by experts is variable up to 20

percent [18], it is therefore desirable to use algorithms that are accurate and require little user
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interaction. A large class of automatic and semi-automatic segmentation methods fall into the

class of variational methods, also referred to as active contour models. Active contour includes

parametric active contour (or snake) and geometric active contour (or level set).

These deformable models are physically motivated for delineating region boundaries using

closed parametric curves or surfaces that deform under the influence of internal and external

forces. To delineate an object boundary in an image, a closed curve or surface must first be

placed near the desired boundary and then allowed to undergo an iterative relaxation process.

Internal forces are computed from within the curve or surface to keep it smooth throughout the

deformation. External forces are usually derived from the image to drive the curve or surface to-

wards the desired feature of interest. The main advantages of deformable models are their ability

to directly generate closed parametric curves or surfaces from images and their incorporation of

a smoothness constraint that provides robustness to noise and spurious edges. A disadvantage is

that they require manual interaction to place an initial model and choose appropriate parameters.

Snake model [19, 20] is reliable in poor resolution images but the topology is to be known in

advance. When more splitting and merging occur then the problem arises in the adaptability of

the algorithm in terms of its topology and regularity [21].

Level set methods [22–24] that have been extensively used in medical image segmentation

overcome some of the limitations. In probabilistic methods, this is equivalent to maximizing a

likelihood or a posteriori probability. Given the image u, we desire the segmentation x̂ such that

x̂ = arg min
x

ξ (x, u) (1.5.1)

where ξ, the energy function, depends on the observed image u and a segmentation x. Defining

an appropriate ξ is a major difficulty in designing segmentation algorithms because of the wide

variety of image properties that can be used, such as intensity, edges, and texture. In addition to

information derived from the image, prior knowledge can also be incorporated to further improve

performance. The advantage of posing a segmentation as an optimization problem is that it pre-

cisely defines what is desirable in the segmentation. Although level set methods gained tremen-

dous popularity, still some problems like computational complexity, re-initialization [25, 26] of

the zero level set exist. In the early level set methods, the computation is carried out on the entire

domain making the computation slow. Narrow band level set methods [27] restrict the computa-

tion to a narrow band around the zero level set, but it does not reduce the computational cost to

a reasonable limit [28]. Active contours without edges [29] is useful in detecting the object edge
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irrespective of the initial contour placement. At the same time, mean intensities of all the regions

must be different for a successful segmentation.

A thresholding procedure attempts to determine an intensity value, called the threshold, which

separates the desired classes [30]. The segmentation is then achieved by grouping all pixels

with intensity greater than the threshold into one class, and all other pixels into another class.

Thresholding is a simple yet often effective means for obtaining a segmentation in images, where

different structures have contrasting intensities or other quantifiable features. The partition is

usually generated interactively, although automated methods do exist [31]. Thresholding is often

used as an initial step in a sequence of image processing operations. Its main limitations are that in

its simplest form only two classes are generated and it can not be applied to multi-channel images

(if more than one measurement is made, e.g. dual-echo MRI, the image is called a multi-channel

image). In addition, thresholding typically does not take into account the spatial characteristics of

an image. This causes it to be sensitive to noise and intensity inhomogeneities, which can occur

in CMR images.

Classifier methods are pattern recognition techniques that seek to partition a feature space

derived from the image using data with known labels [32]. Classifiers are known as supervised

methods since they require training data that are manually segmented and then used as references

for automatically segmenting new data. There are a number of ways in which training data can

be applied in classifier methods. A simple classifier is the nearest-neighbor classifier, where each

pixel or voxel is classified in the same class as the training datum with the closest intensity. The

k-nearest-neighbor (kNN) classifier [33] is a generalization of this approach, where the pixel is

classified according to the majority vote of the k closest training data. The kNN classifier is

considered a nonparametric classifier since it makes no underlying assumption about the statisti-

cal structure of the data. Another nonparametric classifier is the Parzen window [34], where the

classification is made according to the majority vote within a predefined window of the feature

space centered at the unlabeled pixel intensity.

A commonly used parametric classifier is the maximum likelihood (ML) or Bayes classifier

[35]. It assumes that the pixel intensities are independent samples from a mixture of probability

distributions, usually Gaussian. This mixture, called a finite mixture model, is given by the

probability density function

f (yj; θ, π) =
K∑

k=1

πkfk (yj; θk) (1.5.2)
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where yj is the intensity of pixel j, fk is a component probability density function parameterized

by θk, and θ = [θ1, ...θK ]. The variables πk are mixing coefficients that weight the contribution

of each density function and π = [π1...πK ]. Training data is collected by obtaining representative

samples from each component of the mixture model and then estimating each θk accordingly. For

Gaussian mixtures, this means estimating K means, covariances, and mixing coefficients. Clas-

sification of new data is obtained by assigning each pixel to the class with the highest posterior

probability. When the data truly follows a finite Gaussian mixture distribution, the ML classi-

fier can perform well and is capable of providing a soft segmentation composed of the posterior

probabilities.

Standard classifiers require that the structures to be segmented possess distinct quantifiable

features. Because training data can be labeled, classifiers can transfer these labels to new data as

long as the feature space sufficiently distinguishes each label as well. Being non-iterative, they

are relatively computationally efficient and unlike thresholding methods, they can be applied to

multi-channel images. A disadvantage of classifiers is that they generally do not perform any

spatial modeling. This weakness has been addressed in recent work extending classifier methods

to segmenting images that are corrupted by intensity inhomogeneities [36]. Another disadvantage

is the requirement of manual interaction for obtaining training data. Training sets can be acquired

for each image that requires segmenting, but this can be time consuming and laborious.

Similarly, expectation maximization (EM) [37] algorithm has the ability to estimate the pa-

rameters of different classes. Unfortunately, EM algorithm has several limitations [38]: 1) the

number of the clusters has to be pre-determined; 2) the initial parameters of EM influences the

performance of the algorithm; and 3) it does not work as well for the concave clusters. Stabi-

lized inverse diffusion equations [39], being based on a simple spring-mass model experiences a

tough task while defining a suitable force function. Integration of fuzzy logic with data mining

techniques has become one of the key constituents of soft computing in handling the challenges

posed by massive collections of natural data. The fuzzy clustering algorithms allow the clusters

to grow into their natural shapes. Fuzzy c-means clustering is similar to K-means clustering in

many ways but incorporates fuzzy sets concepts of partial membership and forms overlapping

clusters to support it. Such a method [40] is reported to be applicable to any dimensional repre-

sentation and at any resolution level of an image series. The main drawback [41] of this method

is from the restriction that the sum of membership values of a data point in all the clusters must

be one and this tends to give high membership values for the outlier points. So the algorithm
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has difficulty in handling outlier points. Secondly, the membership of a data point in a cluster

depends directly on its membership values in other cluster centers and this sometimes happens to

produce unrealistic results. Thirdly, its inability to calculate the membership value if the distance

of a data point is zero.

Markov random field (MRF) modeling itself is not a segmentation method but a statistical

model [42] which can be used within segmentation methods. MRFs model spatial interactions

between neighboring or nearby pixels. These local correlations provide a mechanism for model-

ing a variety of image properties [43]. In medical imaging, they are typically used to take into

account the fact that most pixels belong to the same class as their neighboring pixels. In physical

terms, this implies that any anatomical structure that consists of only one pixel has a very low

probability of occurring under a MRF assumption. MRFs are often incorporated into clustering

segmentation algorithms such as the K-means algorithm under a Bayesian prior model [44]. The

segmentation is then obtained by maximizing the a posteriori probability of the segmentation

given the image data using iterative methods such as iterated conditional modes or simulated

annealing [45]. The segmentation is much smoother than the that of non-MRF. A difficulty asso-

ciated with MRF models is proper selection of the parameters controlling the strength of spatial

interactions. Too high a setting can result in an excessively smooth segmentation and a loss

of important structural details [43]. In addition, MRF methods usually require computationally

intensive algorithms.

Atlas-guided approaches have been applied mainly in MR brain imaging. An advantage of

atlas-guided approaches is that labels are transferred as well as the segmentation. They also

provide a standard system for studying morphometric properties [46]. Even with non-linear

registration methods, however, accurate segmentations of complex structures is difficult due to

anatomical variability. Moreover, atlas-based segmentation has been of limited use in presence

of large space-occupying lesions [47]. The watershed algorithm uses concepts from mathemat-

ical morphology to partition images into homogeneous regions [48]. This method can suffer

from over-segmentation, which occurs when the image is segmented into an unnecessarily large

number of regions. Thus, watershed algorithms in medical imaging are usually followed by a

postprocessing step to merge separate regions that belong to the same structure [49]. There are

also many model based segmentation techniques [50]. One substantial limitation of such meth-

ods is that their accuracy may be restricted either by the uncertainties in image content or by the

intrinsic properties by the model itself, such as prior shape constraints [51].
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Segmentation with ratio cut [52] faces challenges in producing correct segmentations of

blurry edged objects [53]. A discrete singular convolution based algorithm [54] effectively de-

tects edges by varying the parameter α according to the degree of noise present in the image. This

method is reported to be effective under severe Gaussian white noise; unfortunately, the method

while applying on CMR images fails to produce a good result as noise distribution is Rician [9].

Moreover, this method produces multiple undesired edges inside the LV. The algorithm reported

in [55] relies on the shape of the object, while the approach studied in [56] sometimes causes

over segmentation. The mixture of fuzzy and EM algorithm [57] is useful for automatic LV seg-

mentation but the complexity in validation is more; the EM algorithm has to be stopped before

a deteriorating “checkerboard effect” [58] shows up. A different clustering technique [59] for

multi-spectral image is effective only when applied to land cover images.

Stochastic active contour scheme (STACS) [60] for automatic image segmentation is designed

to overcome the normal problems with low contrast and turbulent blood flow. The difficulty lies in

the modeling, which requires the prior knowledge of the heart for a better assessment of the object

boundary. The software tools are partly developed in MRI techniques. Unsupervised clustering

and Canny edge detection method was applied to segment the LV cavity and myocardium by

Lynch et al. [61], which may render the region-base methods unusable for those structure of

discontinuous intensity and inhomogeneities. Also, the level set method used in this proficiency

may require considerable thought in order to construct appropriate velocities for advancing the

level set function [62]. Sum et al. have proposed an approach [63] for vessel extraction using a

level set based active contour. Unfortunately, this is less capable in handling bifurcations and the

sensitivity to imaging artifacts, producing discontinuities of the coronary vessels.

Graph-based methods also have been successfully employed in image segmentation without

heavy reliance on explicitly learned or encoded priors. However, graph cuts algorithm [64] as a

fundamentally two-label algorithm, is more susceptible to the “small cuts” problem in the pres-

ence of weak boundaries. In his work, the method can be applied only to image segmentation

problems where the cost of the cut corresponds to an energy function which is globally min-

imized. It has been difficult to include high level information into the graph cut formulation.

Presence of high noise level prevents the Normalized Cut [65] method from performing to its po-

tential [66]. A fast and semi-automatic algorithm proposed in [67] comes under this category and

is based on Random Walk. It does not suffer from the “small cut” problem and extends naturally

to an arbitrary number of labels; we incline more towards this method due to various reasons as

33TH-1089_06610208



1.6. ADVANTAGES OF RANDOM WALK FOR CMR IMAGE SEGMENTATION 16

described below.

Justification for the Random Walk based segmentation:

An automatic method is always desirable to reduce manual error. On other hand, the reduction

in user’s intervention is often achieved at the cost of segmentation accuracy. Therefore a semi-

automatic method, though needs user’s interaction, is more suitable because it is possible to guide

the resulting contour in obtaining the desired output. In context with this, Random Walk based

image segmentation is semi-automatic in nature and it has certain advantages which make it more

suitable than other existing semi-automatic methods, some of them are: 1) noise robustness, 2)

usage of only one free parameter, and 3) fast computation and editing. Moreover, it does not re-

quire any pre-assumption or knowledge of the object to be segmented. Especially, this particular

aspect has attracted our attention to use it in CMR image segmentation. Its primary disadvantage

is that it requires manual interaction to obtain the seed points, for example, the placement of

initial seeds on various objects is a tough task in slow intensity varying CMR images. During the

course of present research work, many other challenges have arisen. This thesis attempts to solve

these challenges.

Random Walk has many applications nowadays not only in visual computing but also in

genetics, physics, medicine, chemistry, computer science, just to cite a few. In the field of image

processing, it has been used to image enhancement [68] and filtering [69]. Its use in geometry

processing has been recently proposed by Sun et al. in [70], [71] for mesh denoising. The first

work using random walks in computer vision is in the application of texture discrimination [72],

and one reported recently in image segmentation [67].

1.6 Advantages of Random Walk for CMR Image Segmenta-

tion

Random Walk is a special case of Markov chain [73], since image is considered as a graph.

Unlike a general Markov chain, Random Walk on a graph enjoys the property of time symmetry

or reversibility, that means the probabilities to traverse a given path in one direction or the other

have a simple connection between them. If the graph is regular, the probabilities are equal.

A practical interactive segmentation algorithm must provide four qualities: 1) Fast computa-

tion, 2) Fast editing, 3) An ability to produce an arbitrary segmentation with enough interaction,
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and 4) Intuitive segmentations. The Random Walk approach introduced here exhibits all of these

desired qualities. The concept of Random Walk originates from the physical and mathematical

model of Brownian motion. It is the formalization of the intuitive idea of taking successive steps

in random directions, like a molecule traveling in a liquid or gas. Grady [67] successfully trans-

ferred this idea to the field of image segmentation. For this purpose he transforms the image

into an undirected weighted graph G = (Nodes, Edges). So the Random Walk segmentation is

based on graph theory. Seed points are used to indicate different objects and the method returns

a probability map for each seeded region.

In contrast to several popular image segmentation algorithms (e.g., [74]), the Random Walk

based segmentation approach is not derived explicitly from an image model. However, an implicit

image model exists in the approach and it is therefore useful to examine the algorithm from this

standpoint. In a clinical CMR data-set:

• The images are corrupted with noise;

• Neighboring (touching) objects may have the same value, resulting in low-contrast or ab-

sent boundaries; and

• Ambiguity exists when there are more piecewise constant regions than seed groups (labels)

in the image.

The Random Walk approach may be viewed as a proposal to address these issues.

Noise has been a prime obstacle against any image segmentation. The assumption, “noise

can only be Gaussian” may lead to a 60 percent less noise power underestimation [8]. Therefore,

a robust algorithm is always desired, which can perform well despite the presence of high noise

level. Some fine pieces of work [75], [67] suggest the robustness of Random Walk approach

in these circumstances. Additionally, its faster performing characteristic towards segmentation

reported by Grady [67] has multiplied our motivation to use this as the prime tool in our work.

1.7 Motivation and Organization of the Thesis

Usually Random Walk approach produces a very good result on clean images, as can be observed

in [67]. The term “clean” here is used to convey the readers that the objects to be segmented are

homogeneous and well distinct. On the other hand, the approach on ischemic CMR images
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(a) (b) (c) (d)

Figure 1.3: (a) Original image. (b) Segmented image using random walks where LV is homoge-
neous (courtesy: Grady, 2006). (c) and (d) Real ischemic CMR images.

confronts many challenges if we consider their intensity distribution. These are elaborated in the

following subsection.

1.7.1 Motivation

Many algorithms have been introduced to remove observer variation and improve time effi-

ciency, but full automation in segmenting the LV with sufficient accuracy has yet to be achieved.

Traditional segmentation algorithms use thresholding, region-growing, edge-detection, and clus-

tering. Since each of these algorithms mostly requires significant user interaction to segment the

LV, they have been combined with other segmentation techniques in hybrid schemes to mini-

mize user intervention. Such hybrid algorithms, however, have several limitations: 1) They are

reliable for mid-ventricular slices, but they generally fail at the basal and apical slices; and 2)

They do not accurately segment the detailed structure of papillary muscles. Methods do exist

that are more general and can be applied to a variety of data. However, methods that are special-

ized to particular applications can often achieve better performance by taking into account prior

knowledge. Selection of an appropriate approach to a segmentation problem can therefore be

a difficult dilemma. Although under the present scenario, most of the algorithms provide good

performance, still there is a lot more to be improved mainly with respect to noise, input image

type, and computation. Unlike other existing algorithms, utilization of random walks reduces

the dilemma and fulfills the main objective to a larger extent. This method can segment all the

objects when they are homogeneous (Figure 1.3(a), if there is only one object of interest) and

significantly increases the performance when they are well separate (Figure 1.3(b)). In this con-

text, objects in ischemic (some kind of disease) CMR images are neither homogeneous nor well
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Figure 1.4: (a) Features in a CMR image. (b) Demarcation of left ventricle (marked as ellipse)
from the rest (including right ventricle, epicardium etc.) of the CMR image (Figure (a)). (c)
Histogram of the image shown in Figure 1.3(d).

distinct (Figure 1.3(c) and 1.3(d)).

Different features of interest (viz., endocardium, epicardium, blood pool, etc.) in a CMR

image are shown in Figure 1.4(a). The muscular walls of the heart consist of three major “layers”.

The bulk of the walls is made up of a layer of cardiac muscle and is called the myocardium. The

muscle is enclosed on the outside by the epicardium and on the inside by the endocardium.

The difficulty arisen in distinguishing two adjacent objects is shown in Figure 1.4(b), where the

intensity values in each region minutely differ from each other. The histogram (Figure 1.4(c))

clearly indicates the presence of more than one intensity region in the object (right ventricle is

more clean as compared to LV) itself. From these discussions, the approach (directly without

any modification) seems to fall short in achieving a proper segmentation in such conditions. In

addition, complex cardiac structures such as papillary muscles make the approach difficult to

accurately trace the LV margins in detail, because these features make the LV non-homogeneous

further. from this view point, this thesis presents an attempt to modify the approach to get accurate

segmentation of CMR images.

1.7.2 Thesis Contributions

The aim of this research work is to investigate whether building a haptically enabled medical

image segmentation environment can notably improve the overall process of image segmentation.

The project is split up into a set of objectives, the results of which collectively will help verify

and validate the hypothesis. The objectives are:

Endocardium Extraction- Random Walk approach is utilized for blood pool/endocardial
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boundary extraction. Various aspects under consideration are:

• Proposed strategy for seeds’ placement using superposition theorem.

– Superposition concept draws a single boundary on a multi-labeled object.

– Without this concept, undesired multiple object boundaries are drawn within a multi-

labeled object.

• Proposed method for seeds’ selection using:

– Heat equation;

– Cantilever beam equation; and

– Bending moment equation.

These operations, along with a threshold technique, mark the locations where a change

in intensity occurs (blood pool-myocardium boundary).

• Reduction of seeds to the number of labels.

– Usually, blood pool of a LV in an ischemic CMR image is not homogeneous and

furthermore, it contains many small regions of different intensities. Therefore, this

scheme retains only required number of seeds such that each region contains a seed.

• β (free parameter in the approach) selection.

– Manual selection of the value for β introduces variability in the result. Therefore, in

order to avoid this, value of β is determined from the input image.

Epicardium Extraction- A proposed active contour model is used to extract the epicardial

boundary that takes the blood pool boundary as its initial contour. It includes:

• Proposed method for object selection; and

• Modified active contour model.

Weighting Functions- Edge weights are the mirror of similarity between two pixels that

are connected by the edge. The greater are the edge weights, better is the segmentation. The

following functions are newly introduced in the above approach, they are:

• Difference of Gaussian (DoG);
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• Difference of Laplacian of Gaussian (DoLoG); and

• Laplacian of Derivative of Gaussian (LoDroG).

Quantitative Evaluation of Segmentation Due to Different Weighting Functions- Some exist-

ing evaluation techniques are employed to determine the efficiency of the segmentation obtained

due to various proposed weighting functions. In addition, a method is proposed that compares

two different methods of segmentation.

All of these objectives are tightly linked. Therefore, they must be seen as a whole, and the

fulfillment of each of them will contribute to the overall aim of the project.

The organization of this thesis is as follows:

• Chapter 2 presents in detail the background knowledge required to undertake endocardial

wall detection: a review of existing segmentation techniques and a proposed approach.

• Chapter 3 presents in detail the background knowledge required to undertake epicardial

wall detection: a review of existing segmentation techniques and a proposed approach.

• Chapter 4 elaborates in detail the background knowledge of weighting function in Random

Walk approach and comparison among different suggested weighting functions required

for a perfect segmentation.

• Chapter 5 presents the quantitative evaluation of all the the segmentation techniques dis-

cussed earlier and a proposed segmentation comparison method.

• Chapter 6 concludes the thesis with some tracks for future work.

39TH-1089_06610208



Chapter 2

Random Walk Based Endocardial Wall

Extraction

Random walk approach is based on graph theory [76]. In this approach, given a graph and a

starting node, one selects one of its neighbors at random and moves to this neighbor. Then a

new neighbor of this new node is selected at random and the walker moves to it. This procedure

continues. The sequence of nodes selected randomly in this way is a Random Walk on the graph.

In this work, image segmentation is performed on a graph (i.e. image) whose nodes are the input

points (i.e. pixels), and whose links represent the connectivity between them. The chance to

move from a vertex to its adjacent neighbor through an edge depends on the weight of the edge.

In this chapter, following a description on Random Walk, proposed methods for 1) placement

of seeds, 2) selection of seeds and 3) determination of parameter β (needed in the process to

achieve a meaningful image segmentation) are discussed.

2.1 Random Walk for Image Segmentation

When applied on an image, initially, seeds are required to be placed on different labels (ho-

mogeneous regions to be segmented) so that at least one seed must be defined for each region.

If there are K number of seeds, there will a K-tuple probability vector for each pixel, given a

random walker starting at this location. A final segmentation is derived from these K-tuples by

selecting for each pixel the most probable seed destination for the random walker. Conceptually,

the method works in the following manner:

• An image I is considered to have a similarity function wij between all pairs of pixels
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(a) (b) (c)

Figure 2.1: (a) A two-region image. (b) User-defined seeds for each region. (c) A similar image.

(i, j) ∈ I .

• I is represented as a graph, G = (V,E); where V and E represent the set of vertices and

edges, respectively. Additionally,

– pixels are the nodes of the graph.

– wij is the weight of the edge between nodes i and j.

– degree of node i is di =
∑

j∈Ni

wij , where Ni = neighborhood nodes of i.

– weighting function helps in grouping all connected homogeneous pixels. It is a func-

tion of x, roughly defined as,

w = f(x) (2.1.1)

where x indicates the pixel intensity.

• Let the image consists of only two regions (shown in Figure 2.1(a) and 2.1(c)), where each

region is marked separately by a seed point as shown in Figure 2.1(b). The equivalent 4-

connected lattice topology and undirected weighted graph of the image (Figure 2.1(c)) are

shown in Figure 2.2(b) and Figure 2.2(c), respectively.

• Pixels are grouped as distinct nodes as shown in Figure 2.2(a).

• Considering the image as an electric resistive circuit (shown in Figure 2.3(a)), one has to

calculate the probability that a random walker starting at an unseeded pixel x first reaches a

seed with label red, when that seed is at unit potential (shown in Figure 2.3(c)). The same

procedure is applied for the other seed also (shown in Figure 2.3(b)).
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(a) (b) (c)

Figure 2.2: (a) Nodes identification from the image. (b) A 4-connected lattice topology. (c) An
undirected weighted graph.

(a) (b) (c)

Figure 2.3: (a) Equivalent electric network. (b) Different probability values that a random walker
starting from each unseeded node first reaches blue seed. (c) Different probability values that a
random walker starting from each unseeded node first reaches the red seed.

• Each pixel is labeled with the most probable seed destination.

The probability a random walker first reaches a seed point exactly equals the solution to

the Dirichlet problem [77]. The process works with boundary conditions at the locations of

the seed points. If only one object is to be segmented then the user will have to assign two

seed points (as shown in the above example), one on the object while the other at elsewhere in

the image. The seed point on the object is fixed to unity while the other is kept at zero and

then the sources are interchanged. The distribution of electric potentials on the nodes gives the

solution to the combinatorial Dirichlet problem. The resistors and voltage sources (by fixing the

electric potential at the seeds) represent the inverse of the weights and the “boundary conditions”,

respectively. While implementing on an image, one has to calculate the probability, that a random

walker starting at a given pixel (node) first reaches a seed with unit probability (potential). This is

obtained by solving the equivalent electric circuit to get the potential values at different nodes and

the procedure corresponds to a combinatorial Dirichlet problem. The set of maximum probable

pixels in the image that reach the seed first, constitute the object boundary. Suppose there are K

number of seeds initially (means K − 1 regions to be segmented), this entire process is repeated

for all the remaining seeds to obtain the other object boundaries.
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Figure 2.4: Image shown in Figure 2.1(c) in form of 1s and 2s.

We use pixel to refer to the basic picture element and node to graph theoretical discussions

and interchange in this thesis according to the requirement.

2.1.1 Methodological Analysis

The probability that a random walker starting at a given unlabeled pixel will first reach a pixel

of a particular label is computed by solving the Dirichlet problem. A Dirichlet problem is the

problem of finding a harmonic function which solves a specified partial differential equation in

the interior of a given region, that takes prescribed values of the boundary of the region. The

harmonic function that satisfies the boundary conditions minimizes the Dirichlet integral.

A Dirichlet integral is defined as

D [a] =
1

2

∫

Ω

|∇a|2 dΩ (2.1.2)

,

where a is the field, and Ω is the region. The field a is the twice differentiable boundary

condition on ∂Ω and region is the domain Ω of Rn. In the meantime, a harmonic function is a

function that satisfies the Laplace equation

∇2a = 0 (2.1.3)

In case of the Random Walk algorithm, the Laplacian matrix is used to model the relationship

between each of the nodes on the graph. This matrix is then used to model the harmonic function

that satisfies the boundary condition and in solving the Dirichlet problem. Referring to Figure

2.3(a), the edge weights model the influence of nodes upon each-other. They are stored in a

Laplacian matrix, a matrix representation of the relationship between the nodes, along with a

diagonal band containing the degree (number of edges incident on the node) of each node. The
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Figure 2.5: Gradient of the mask in Figure 2.4.

matrix is defined as

Lij =





di, if i = j

−wij, if i and j are adjacent

0, otherwise

(2.1.4)

The steady state potential at each node (in Figure 2.3(b) and 2.3(c)) represents a probability of

the node belonging to a particular label. To get the probability (potential) of each node, the linear

system is solved once per label with the seed nodes of other labels grounded (i.e. the potentials of

other seed nodes are fixed to zero). The node that gives the maximum probability to a particular

label belongs to that label. In this way, all the nodes are assigned to various defined labels.

Once the Laplacian matrices have been obtained, the probabilities may be computed using

standard linear algebra. The sequence of steps followed by the algorithm is:

• Input: The seed points are set on different labels in the image.

• Laplacian matrix is built based on the computed edge weights.

• The Laplacian matrix is partitioned, L =

(
Lm B

BT Lu

)
. Subscript m and u stand for

marked (labeled) and unmarked (unlabeled) pixels, respectively. The B matrix is part of

the Laplacian matrix corresponding to the labels.

• The linear system is set up, LuX = −BT m

Lu: Edge weights for the unlabeled pixels,

m : Set of labels for the seed points,

BT : Edge weights corresponding to the labels, and

X : the probability for each pixel being a member of the labels.

• Finally, the linear system is to be solved to get X .
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• The most probable pixels now are marked with label numbers. For example in Figure

2.1(c), there are only two labels, i.e. blue→1 and red→2. So the image becomes a mask of

ones and twos as shown in Figure 2.4.

• Now, gradient of the image is taken which results non zero values at the intensity transition

(as shown in Figure 2.5). The locations of these non zero (marked as nz in the figure)

values are the object boundary pixel indices.

Using the probability obtained by solving the system of linear equations, each pixel in the image

is then assigned to its corresponding labels for which it has the highest probability.

2.2 Proposed Modification for Seeds Placement

The first and foremost concern of the Random Walk based segmentation lies on the fact that

the objects to be segmented in an image should be homogeneous and well separated. The images

deviated from this discipline (regarding objects) may not produce an expected result. There are

many difficulties while dealing with CMR images that are obtained from patients (popularly

known as ischemic CMR images). In this work, since we restrict ourselves to the left ventricle

(LV) only, the problems associated with LV in CMR image are briefly summarized as follows:

1. The demarcation between blood pool and the myocardium is not sharp in cardiac apex and

basal slices. To carry out an accurate study, we should not limit evaluating the performance

within the mid slices. In case of ischemic CMR images, this characteristic is seen in the

mid slices also.

2. Comparatively, blood region in a CMR image is learnt to be homogeneous and well distinct

from the myocardium. When tissues in cardiac muscles get adversely affected for a long

time (in diseases like hypoglycemia, atherosclerosis, thromboembolism, etc.), they attack

the adjacent tissues and make them inactive gradually. This action changes the correspond-

ing pixel intensities to blackish. Overall, it accounts to an increased deviation from the

homogeneity and well separability.

3. Noise also is a prominent obstacle in getting an appropriate segmentation.

CMR data used in this experiment have been obtained from a diagnostic hospital in Toronto.

In most of these ischemic CMR images, blood pool region is quite indistinguishable from its
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Table 2.1: Correlation among different pixels near the LV boundary
Sl. No. Sample correlation coefficients

1 0.978 .977 1 .977 1 1
2 .988 .988 1 .956 1 1
3 .991 .992 .992 .955 1 1
4 .993 .993 .993 .956 1 1

(a) (b) (c) (d)

Figure 2.6: (a) Original image. (b) Equivalent color mapped image of figure in (a). (c) Wrong
LV contour extraction from the Random Walk approach with inappropriate selection of seed. (d)
Ground truth image of figure shown in (a).

myocardium. The intensity gradually varies from the mid region of blood pool towards the en-

docardium. For instance, Table 2.1 shows correlation (sample correlation or Pearson’s coeffi-

cient [78]) among the pixels nearby blood pool-myocardium boundary of an image. The strong

correlation among the pixels, indicates the difficulty in distinguishing them through naked eye

and placing a seed for the entire blood pool label. If at all we place a seed irrespective of the

intensity distribution, a pseudo contour may be extracted. This is illustrated in Figure 2.6. Sup-

pose the user accidentally places the initial seed point on the region marked pink (left end inside

LV) in the blood pool as shown in Figure 2.6(b). Due to the characteristics of Random Walk,

only segmentation of the pink region is obvious (shown in Figure 2.6(c)). Of course this result

is undesirable if we examine the determined border with the ground truth image (shown in Fig-

ure 2.6(d)). The main reason of getting such an undesired contour is due to the presence of a

number of small labels in the blood pool region. This type of CMR slices can be said to have

multi-labeled LV image. Therefore instead of putting just one seed point on the blood pool label,

we modify the strategy and place more number of seeds as many different small labels/sub-labels

inside the blood pool are present.
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(a) (b) (c) (d)

Figure 2.7: (a) Only one homogeneous label. (b,c) Intensity varies gradually. (d) Multi-labeled
image.

Figure 2.7 illustrates different possible cases with respect to intensity in an object. Figure

2.7(a) shows the presence of only one label in the object, where the Random Walk algorithm

is reported to perform properly [67]. On the other hand, when the label is not well defined in

terms of homogeneity (as shown in Figure 2.7(b)), a wrong contour is resulted by the algorithm

(as shown in Figure 2.7(c)). Figure 2.7(d) shows the presence of various small labels in an

image similar to the above described CMR image. While applying Random Walk approach,

these sub-labels should be individually allocated by one seed each in order to get a meaningful

segmentation, assuming all the sub-labels are at unity potential. Then the potential of all the nodes

are obtained by applying superposition theorem [79]. In a similar manner, pixels corresponding

to the nodes having maximum potential constitute the boundary.

Of course, placing many seeds reduces the risk of missing any sub-label, but on the other

hand, it increases the computational cost. Therefore, precise number of seed points must be

desirable. In addition, performance of this method depends on the weighting function, in directly

on parameter β. The inappropriate selection of β also leads to a pseudo contour extraction.

These facts are individually verified as shown in Figure 2.11. The main objective of this chapter

is to minimize these problems simultaneously by: 1) deciding the required number of seeds and

placing them at appropriate locations, and 2) selecting a suitable β from the image itself instead

of doing manually.

2.3 Proposed Method for Seeds Selection

Since a long time, heat equation has been in use in different fields like mechanics, thermody-

namics, etc. We have strived to find various sub-labels present (if any) in the blood pool region
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with the help of this equation. The motivation in taking the help of this equation is to convert the

pixel values in to a large scale so that it will be convenient while judging different sub-labels in

the blood pool region by their pixel values. For completeness of the paper, its mathematical for-

mulation is given briefly. For details, the interested readers are suggested to go through [80], [81].

The traditional heat equation is given as:

∂u

∂t
=

∂2u

∂x2
(2.3.1)

where temperature u is a function of position x and time t.

Let us consider a hypothetical thin (of one particle width i.e., one dimensional) iron rod

consisting of particles that have different conductivity values. On application of heat, it gives

different amplitudes of heat at different positions. In this experiment, image pixels are assumed

to have a direct relation with the rod particles in the following manner: higher the intensity

value of a pixel towards one, lower is the corresponding particle temperature, and lower the

intensity value of a pixel towards zero, higher is the corresponding particle temperature. The

term particle and pixel will be interchanged while describing the mode of operation. Usually, heat

equation with non-homogeneous boundary conditions is applied at the edges of the object [39].

On the other hand, non-homogeneous differential equations are difficult to solve. In this case, the

homogeneous form is developed by assuming that with an infinity rise in time, the magnitude of

temperature at a position becomes constant. The proposed algorithm works as follows:

1. Choose a point (b0, g0) anywhere in the blood pool region (preferably in the center region).

2. Place the iron rod U of length (L) on the CMR image, whose one end is hinged at (b0, g0).

Initially U is considered of two pixel long, i.e. L equals to two pixels. The rod is assumed

to contain the image pixels lying under the rod, i.e. U =
L⋃

i=0,j=0

V (bi, gj). The length

of the rod taken at subsequent instants, gradually increases from two particles to such an

extent that it covers the whole blood pool region.

3. In the next step, heat is applied on the rod and it is obvious that the temperature varies

with position (shown in Figure 2.8(a)) along the rod as different positions are occupied by

particles of different conductivities. The mean temperature is recorded. To make the point

more clear;

• first, consider the rod length of two pixels;
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Figure 2.8: (a) Temperature profile obtained due to the pixels under the rod up to a certain
position on the rod for a certain orientation.(b) Rod in different orientations form the wheel. (c)
Temperature amplitude profile due to all the pixels on the rod.

• the rod is subjected to heat, the average temperature for that level of heat is recorded;

• increase the length by one more subsequent pixel and note down the temperature

magnitude; and

• follow the above steps until the length L is covered. The temperature profile (of

the average temperatures) is shown in the Figure 2.8(c). In this way, a high scale

amplitude scale is created.

4. Check the position, where there is a significant change in the magnitude. This position

should correspond to a point at the boundary between blood pool and the myocardium.

A threshold technique is employed to get the position (we call the pixel corresponding to

this position as the stopping pixel with co-ordinates (bstop, gstop)). The stopping pixel is

considered to belong to the blood pool label (Ł), i.e. U (bstop, gstop) ∈ E, where E =
⋃

i,j∈Ł
V (bi, gj).

5. Rotate the rod in clockwise direction through 360 degree by a small angle (as shown in

Figure 2.8(b)). Repeat the steps (1-4) at each orientation to extract all the stopping pixels.

This set of pixels is taken into the consideration as initial seeds required in the process of

segmentation using Random Walk.

The following subsection briefly elaborates the heat equation for a single orientation of the

rod.
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2.3.1 Heat Conduction Through the Rod

The geometric sinusoidal function for the calculation of heat amplitude is chosen for its

monotonic increment nature in [0,π/2]. The detailed mathematical discussion is provided in [80].

In order to introduce homogeneous boundary conditions to the general boundary value problem,

it is assumed that when time t →∞, the temperature in the rod does not depend on t. Using the

boundary conditions in association with the method of separation of variables, we get the solution

of heat equation as:

u (x, t) = v(x, t) + R (x, t) (2.3.2)

where u (x, t) represents the conductivity at the position x and time t. The homogeneous part is

given by:

v (x, t) =
∞∑

n=1

f (x) ec2λnt (2.3.3)

f (x) = =
[
cos φx

cos φ

]
(2.3.4)

where φ =
√−jω and the non-homogeneous part is given by:

R (x, t) = =
[
cos φx

cos φ
eiωt

]
(2.3.5)

The frequency ω depends on the positional amplitudes in the rod and diffusion coefficient c

is supposed to be unity.

Now the next immediate step is to find the location where a significant change in conductiv-

ity in the rod appears. This helps in obtaining the stopping pixel in the LV image. Dynamic

statistical parameters are used for estimating the threshold that separates two regions. Boribhoje

et al. [82] have reported such a technique based on intensity. The dynamic statistical parameters,

described in the following subsection, set a low threshold value for high intensity region and a

high threshold value for low intensity region. In addition, a change detection technique [83] is

used to estimate the position, where the change in intensity occurs. Both methods are combined

together forming an adaptive technique to obtain the stopping pixels.

2.3.2 Adaptive Threshold Technique

As discussed in Section 2.3, a one dimensional (1D) vector is assumed to contain the values

of the particles. In order to discriminate the particles owing to different regions, the individual
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dynamic statistical parameters viz., mean, standard deviation (σ) and third moment (M ) of all

the particles are calculated.

The new particles encountered in the vector update the statistical parameters automatically in-

dicating the change in regions. After each sample particle, a deciding function DFf is calculated

using the following formula:

ßf = k1 (σf + Mf ) (2.3.6)

The quantity defined above with subscript f gives the value of fth particle. Threshold (E) is

updated continuously on the basis of the deciding function and calculated using the following

formula:

Ef = Ef−1 − k2 (ßf − ßf−1) Ef−1 (2.3.7)

where constants k1, k2 are determined empirically. In this way, we get as many threshold

values as the number of particles are present. In order to confirm the correct threshold value at

the desired location, a suitable change detection technique is applied. There are many such tech-

niques [83–86] available to date. In the present problem, we have preferred CUSUM (cumulative

sum) [83] over other approaches. It traps the position of a significant change in amplitude. The

stopping particle is given by:

X = min {f : df ≥ j}

and

X = min {f : Df ≥ rf + j} (2.3.8)

where Df is the log likelihood function and rf = min
1≤l≤f

Dl. CUSUM is a comparison between

cumulative sum and adaptive threshold, rf + j. The threshold obtained from Equation 2.3.7 is

compared with the adjacent values to deny any deviation of X from the actual position. Now,

the particle corresponding to both threshold value and X is the stopping particle. The pixel

corresponding to the stopping particle is the stopping pixel. This process is repeated for all the

orientations. Connecting all the stopping pixels, a closed contour is obtained as shown in Figure

2.9.

Usually, less number of seeds reduce the computational complexity to a reasonable range.

On the other hand, if we use smaller number of seeds than the required number, then it leads to

an inaccurate output (which is shown in the next chapter). The excess number of seeds increases
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Figure 2.9: Missing of some pixels in LV contour with direct thresholding.

the complexity. In the following subsection, The effect of the number of seeds on computation is

discussed.

2.3.3 Effect of Larger Number of Seeds on Computation

Conceptually on a graph, the wieghting function (random walker) depends on the spatial dis-

tance as well as node values [87]. The computational cost of a walker to reach a particular node

(i.e. a seed) depends on the distance and resistance it confronts. In order to achieve one segmen-

tation, if the same operation is performed several times as many seeds are present, obviously, the

computational cost increases. An attempt has been made to present this in the following manner.

Consider a sum of Ns 2D vectors with random orientations with the plane of each vector

be random. Assume Ns unit steps are taken in an arbitrary direction (with angle θ uniformly

distributed in the range [0,2π]). The position z in the complex plane after Ns steps is given by:

z =
Ns∑
j=1

eiθj (2.3.9)

|z| = Ns +
Ns∑

j,k=1
j 6=k

ei(θj+θk) (2.3.10)
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Therefore,

〈|z|2〉 = Ns +

〈
Ns∑

j,k=1
j 6=k

ei(θj+θk)

〉
(2.3.11)

θj and θk are random variables with identical means of zero. Averaging over this distribution,

second part of Equation 2.3.11 becomes zero. So,

〈|z|2〉 = Ns

and the root mean square distance after Ns unit steps is given by:

|z|rms =
√

Ns (2.3.12)

With step size l,

drms = l
√

Ns (2.3.13)

In order to travel a distance d, the random walker requires N number of steps which is given by

N '
(

d

l

)2

. (2.3.14)

This derivation clearly indicates the requirement of more resources (e.g. computation time), when

a random walker moves to more number of seeds. To compensate this, we use a simple discarding

scheme to choose a minimum but sufficient number of seeds from the set of initial seeds obtained

in Section 2.3. First, any two consecutive seeds from the set are picked. One of these seeds is

kept fixed and the second seed’s intensity is compared with it. If both are found to be same, the

second seed is discarded from the set. This procedure is carried out for remaining seeds in the

set one after another. The resulting seeds obtained from this procedure on two CMR slices are

shown in Figure 2.10(b) and 2.10(d).

Next step is to apply Random Walk on the image assuming all the sub-labels are occupied

by these seeds. There are many papers reporting this method in the literature, but we restrict

ourselves to the one reported in [67] which is known to yield an optimal solution. Apart from

seed selection and placement, the weighting function in the approach plays a pivotal role in the

process of segmentation. Therefore, its relation with CMR image must be drawn out.
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(a) (b) (c) (d)

Figure 2.10: (a,c) All seeds obtained from the adaptive thresholding. (b,d) Resulted seeds due to
the discarding scheme.

2.4 Weighting Function in Random Walk Approach

In this approach, the image pixels are represented by random walker biases. These biases

are edge weights and a map is defined for a pair of pixel intensities to an edge weight. The

following weighting function [67] has been referred while segmenting the images where objects

are homogeneous and well distinct:

wij = e−β(Hu−Hv)2 (2.4.1)

Hu and Hv indicate the image intensity at pixel u and v, respectively. The parameter, β, present

in this method is decided by the user. For each label Ł, the respective contour is obtained from

the solution to the Dirichlet problem as: Jun xŁ = −V T çŁ. Thereby Jun is the Laplacian matrix

of the unseeded nodes xŁ, çŁ represents the seeded nodes, and V T the corresponding Laplacian

matrix.

Manual selection of parameter β (used in the weighting function in determining the adjacency

matrix) introduces variability in the segmentation performance (as shown in Figure 2.11). In

order to avoid this, a procedure is suggested for computing β from the input image. Let us

discuss the influence of β on the performance of the algorithm and subsequently its estimation.

2.5 Dependency of Random Walk Approach Performance on

β

Here the input image is considered as a weighted graph. In graph G, a walk is a sequence of

vertices (q0, q1...qs) with {qi−1, qi} ∈ Q (G) for all 1 ≤ i ≤ s, and Q represents the set of edges.
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(a) (b) (c)

Figure 2.11: (a) Original image. (b,c) Segmentation due to improper β selection.

A Random Walk is determined by the transition probabilities P (c, q) = prob (xi+1 = q|xi = c),

which are independent of i [76]. Clearly for each vertex c,

∑
q

P (c, q) = 1 (2.5.1)

It should be noted that each vertex corresponds to a pixel. For any initial distribution f : B → R

with
∑
q

f (q) = 1, the distribution after s steps is fP s. The Random Walk should be ergodic and

this happens when there is a unique stationary distribution π (q) satisfying

lim
s→∞

fP s (q) = π (q) (2.5.2)

Necessary conditions for the ergodicity of P are [76]:

• irreducibility, for any c, q ∈ B, there exists s such that P s (c, q) > 0, B represents the set

of vertices.

• aperiodicity, {s : P s (c, q) > 0} = 1.

The transition probabilities of a Random Walk on a weighted graph is given by:

P (c, q) =
W (c, q)

dc

(2.5.3)

where dc =
∑
z

W (c, z) is the (weighted) degree of c. The two conditions for the ergodicity are

equivalent to the condition that the graph be 1) connected and 2) non-bipartite, which is the case.

A strong notion of convergence that is often used is measured by the Relative Point-wise Distance

(RPD). After s steps, the RPD of P to the π (c) is

∆ (s) = max
c,q

|P (q, c)− π (c)|
π (c)

(2.5.4)
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From the above equation

∆ (s) ≤ e−s(1−λ) vol G
minc dc

(2.5.5)

where vol G =
∑
c

dc and λ = max
i 6=0

|1− λi|, λi represents the eigen values of the Laplacian.

Therefore, if we choose s such that s ≥ 1
1−λ

log vol G
ε minc dc

, then after s steps, we will have

∆ (s) ≤ ε. Equation 2.5.3 clearly demonstrates the dependency of random walker P on the edge

weights and Gaussian weighting function [88] (as defined in Equation 2.4.1). In other words, the

performance of the algorithm is reckoned to be much dependent on the value of β. Xianfang et

al. report the value of β relies on the noise level in any Rician distributed data [71]. In this work,

we take the assistance from [71] to estimate β from the available information in the CMR image

itself.

2.6 Method for Selecting β

The Noise Variance (NV) plays an important role in deciding the value for β [71]. Accuracy

of NV estimation depends on the region from which it is to be calculated. Presence of noise

is assumed to be more prominent in the background or constant signal regions [89]. Various

methods (e.g., see [90]) are available to estimate NV. Picking an algorithm is subjective in nature,

depending on the type and objective of the algorithm used. When the algorithm is region based,

it is a usual practice that the NV is estimated with respect to different small regions. Neglecting

the residual component of the original image, different local variances are calculated. These

are averaged to get the final variance. One major concern of the method is that it can not be

useful for graph cut algorithms. In order to verify the fact, we have estimated the NV using

this method and used the resulting variance level for calculation of β. The same β value was

used in Figure 2.11(a) that ensued Figure 2.11(b). Figure 2.11(c) is also resulted by an improper

value of β. Therefore, the selection of a certain method for variance estimation is crucial from

the algorithm’s perspective. Sijbers et al. report the background region of any data to be more

suitable for NV estimation [90].

The image intensity in CMR images, in the presence of noise is governed by a Rician dis-

tribution. The noise distributions are nearly Gaussian for larger signal to noise ratio [8]. The

following statistical parameters [90] viz., Mean Square Error (MSE) and Cramer-Rao Lower

Bound (CRLB) are used to characterize the selection of region. Two regions, viz. 1) constant
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Figure 2.12: From a set of CMR data (a) Cramer-Rao lower bound and (b) MSE obtained from
background and constant region.

region (where the signal is non zero) and 2) background region in the CMR image, are consid-

ered for determining NV. In the next subsection, the Maximum Likelihood (ML) approximation

of NV from a set of N Rician distributed data points (in, where n = 1....N ) is discussed. The

purpose of this is to find out which region is more suitable for NV estimation.

2.6.1 Region of Constant Amplitude

The original image I (b, g) may be described by an array of B×G elements, where B and G

are the number of rows and columns in the image. A constant region is obtained by filtering the

noisy image [12] by a cascade of two lD difference operators [91], with the domains D1, D2 ⊂
R × R and the range U ⊂ N. The first difference operation refers to vertical direction and the

second to horizontal one, i.e.,

y1 (b, g) =
1√
2

(y (b + 1, g)− y (b, g))

∀ (b, g) ∈ D1 (2.6.1)

with D1 =

{
(b, g) |b ∈ [1, B − 1] ∧
g ∈ [1, G] ; b, g, B, G ∈ N

}
and

y2 (b, g) =
1√
2

(y1 (b, g + 1)− y1 (b, g))

∀ (b, g) ∈ D2 (2.6.2)

with D2 =

{
(b, g) |b ∈ [1, B − 1] ∧
g ∈ [1, G− 1] ; b, g, B, G ∈ N

}
.

The CRLB for the unbiased estimation of NV σ2 is given as:
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CRLB =
1

det I

(
I (2, 2) −I (2, 1)

−I (1, 2) I (1, 1)

)
(2.6.3)

I is the Fisher information matrix and its elements are:

I (1, 1) =
N

σ2

(
Z − A2

σ2

)

I (1, 2) = I (2, 1) =
NA

σ2

(
1 +

A2

σ2
− Z

)

I (2, 2) =
N

σ4

(
1 +

A2

σ2
(Z − 1)− A4

σ4

)

with matrix

Z = E

[
m2

σ2

I2
1

(
Am
σ2

)

I2
0

(
Am
σ2

)
]

where N , A and m represent the total number of data points that are Rician distributed, underlying

signal amplitude of the data and magnitude data points with true parameter (A,σ), respectively.

The value of σ2 can be estimated as:

(
ÂML, σ̂2

ML

)
= arg

{
max
A,σ2

(C)

}
(2.6.4)

where σ̂2
ML, ÂML are the maximization of the log likelihood function with respect to σ2 and A,

respectively, with log likelihood function

C = −N log σ2 −
N∑

n=1

i2n + A2

2σ2
+

N∑
n=1

log I0

(
Ain
σ2

)

It is difficult to solve analytically, so a two dimensional function may be used for optimization.

2.6.2 Background Region

If the data is taken from the background and it is well governed by the Rician distribution,

then the CRLB for unbiased estimation of σ2 is given by:

CRLB =
σ4

N
(2.6.5)
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The MSE of σ̂2
ML is:

MSE
(
σ̂2

ML

)
=

σ4

N
(2.6.6)

where the maximization of the log likelihood function:

σ̂2
ML =

1

2N

N∑
n=1

i2n (2.6.7)

In this experiment we have calculated CRLB and MSE on the CMR data, which are shown in

Figure 2.12(a) and 2.12(b), respectively.

The background region is verified to provide lesser MSE and smaller CRLB as compared to

that of a constant region. Therefore, background region is more suitable for NV estimation.

2.6.3 Selection of β

Xianfang et al. report that β depends on the surface normals, obtained from a 3D mesh [71].

It gives a method of updating β based on one face of the mesh which is given by:

β′ = β − Y (2.6.8)

with

Y =
∑
i∈F

µ

‖ñi‖3

(
(nio.ñi)

(
ñi.

.

ñi

)
−

(
nio.

.

ñi

)
‖ñi‖2

)

where F , nio and ni are the total faces, initial noisy normal and normal of ith face, respectively.

The initial value of µ and β need to be initialized. As we deal with 2D mesh (from 2D CMR

slice), there is only a single face. Since direct application of the above method to 2D images is not

possible, the input images are triangulated [92] first to transfer into xyz coordinates. To generate

the well known Delaunay triangulation, a “divide and conquer” algorithm [93] is implemented.

The divide and conquer algorithm only computes the Delaunay triangulation for the convex hull

of the point set. The first step is to put all of the points into order of increasing x-coordinates

(when two points have the same x-coordinate, their order is determined by their y-coordinates).

Once the points are ordered, the ordered set is successively divided into halves until we are left

with subsets containing no more than three points. These subsets may be instantly triangulated

as a segment in the case of two points and a triangle in the case of three points. From here, the

triangulated subsets are recursively “merged” with their former other halves. The final product of
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any merge will be a triangulation consisting of edges previously present in the left triangulation,

having endpoints from the left subset (LL), edges previously present in the right triangulation,

having endpoints from the right subset (RR), and new edges running between the left and right

triangulations, having one endpoint from the left subset and one endpoint from the right subset

(LR). To maintain Delaunayhood over the merged point subsets, deletion of LL and RR-edges

may be necessary. Then the normals obtained are further used in estimating the value for β.

2.6.4 Theoretical Verification

The main objective of this section is to justify the dependency of β on the image pixels.

Property - 1

For a polygon (such as triangle), a surface normal is the vector cross product of two non

parallel edges of the polygon. The cross product of any two vectors A and B is:

A× B = |A| |A| sin θ (2.6.9)

That means the product directly depends on magnitude of two vectors and if the above two vectors

are non parallel then,

A× B = |A| |B| sin θu

where u is the unit vector. Therefore in any case, vector cross product depends on magnitudes of

the individual vectors and so are the surface normals that directly depend on the elemental values.

The following property tries to outline the direct relation between variance and data points

(pixels) in an image. The detailed mathematical verification is presented in the appendix.

Property - 2

For convenience, some of the necessary background and notations are as follows: if ξ is a

random variable that is uniformly distributed and F is an arbitrary distribution function (df), then

random variable

K ≡ F−1 (ξ)

has df F . When variance of K is finite (V ar [K] < ∞) Fubini’s theorem gives,
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(a) (b) (c) (d)

Figure 2.13: (a) Delaunay triangulation of the back ground of the image used in Figure 2.11(a).
(b,c,d) Segmentation on the image used in Figure 2.6(c), 2.11(a) and 2.10(d) from proper seed
placement and β selection.

V ar [K] =

∞∫

−∞

∞∫

−∞

[F (kΛy)− F (k) F (y)]dkdy (2.6.10)

where k and y are two different variables. Already we know that,

V ar [K] =

∞∫

−∞

(k − µ)2 dF (k) (2.6.11)

where µ is the mean of K. From Equation 7.1.5 (in the Appendix) and 2.6.11, it can be written

as:

F (k) ∝ k

which is verified from the property of distribution function i.e.,

F (k1) > F (k2)

for k1 > k2. Equation 7.1.5 shows the direct relation that exists between variance and associated

df while Equation 7.1.6 indicates the relation between df and data points. The detailed analysis

is given in the appendix.

From subsection 2.6.3, β seems to be dependent on the normals and the property in subsection

2.6.4 shows the dependency of a normal on data points. Similarly, property in subsection 2.6.4

shows the direct relation of variance on data points. Therefore, β can be said to have a direct

relation with the data points or pixels. We have already seen the importance of background

region, so the pixels from this region are responsible for estimation of β.

The combined approach is summarized as shown in Figure 2.14.

61TH-1089_06610208



2.7. EXPERIMENTAL ANALYSIS 44

2.7 Experimental Analysis

Figure 2.15 shows the performance of the proposed algorithm. The results suggest the po-

tential of the approach even in the presence of less homogeneity in the blood pool region. The

original CMR images and their corresponding ground truth equivalents are included to have a si-

multaneous comparison with the determined segmentation. The data set was comprised of short

and long axis cardiac MR image sequences acquired from 33 subjects. This was provided by the

department of Diagnostic Imaging of the Hospital for Sick Children in Toronto, Canada. The im-

ages were scanned with a GE Genesis Signa MR scanner using the FIESTA scan protocol. Some

of the subjects had a variety of heart abnormalities such as cardiomyopathy, aortic regurgitation,

enlarged ventricles, etc. and a smaller number displayed a left ventricle related abnormality. All

the subjects were under the age of 18. Each patient’s image sequence consisted of exactly 20

frames and the number of slices acquired along the long and short axes of the subjects ranged be-

tween 8-15. Spacing-between-slices ranged between 6mm - 13mm. Each image slice consisted

of 256 × 256 pixels with a pixel-spacing of 0.93mm - 1.64mm. Only grey-scale images were

considered in this work. Additionally, we include some images that are derived from the data

set, which look like synthetic. The purpose of doing so is to test the efficiency of the proposed

algorithms in this thesis on such bad quality images.

In order to find β from the back ground of input image, first the surface normals are calculated.

For this, the back ground of the input image is triangulated using the method stated in [94]. The

triangulation (as shown in Figure 2.13(a)) scheme has been embedded, so that it can deal with

2D images immediately after they have been transferred into xyz coordinates. A Normal to

an edge that is constituted due to two pixels, depends on their true intensity values. Gradient

between this pair of pixels provides the values of the resulted normal. After getting all normals,

the Equation 2.6.8 is used to get the value of β. The angle of rotation for 1D rod is taken as

15 degree. The selection of angle is optional and can be made even smaller around so that

all the sub-labels present around the blood pool boundary could be covered (but computation

may slightly be more). The performance will remain more or less unaffected because of the

discarding scheme discussed in subsection 2.3.3 that retains the seeds in different labels. The

image obtained after direct thresholding is similar to a segmented image (shown in Figure 2.9).

The purpose of showing this figure is to point the inability of direct thresholding to achieve a

proper segmented image. A straight line joining the two consecutive pixels at the right half of the
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segmentation shows some missing pixels at the actual boundary (encircled in Figure 2.9) on the

resulting contour.

For completeness of the thesis, a few more results (from the total results obtained from all

the subjects) are shown in Figure 2.16. This strategy is adapted in rest of the chapters also.

The complexity in blood pool segmentation arises from the level of demarcation (from my-

ocardium) as shown in Figure 2.16. The algorithm faces difficulty when this value is low (as

in Figure 2.16(a), 2.16(b), 2.16(g), 2.16(k), 2.16(l), 2.16(m), 2.16(n) and 2.16(o)). Images in

Figure (2.16(c), 2.16(d), 2.16(e), 2.16(f), 2.16(h) and 2.16(p)) show a slightly significant demar-

cation. The effectiveness of our scheme when applied to such images (cardiac apex and basal

slices) is evident from these results. Figure 2.13(c) and 2.13(b) reflect the efficiency of this al-

gorithm by taking as minimum seeds as possible for a successful segmentation. When the blood

pool is single labeled, one seed (Figure 2.10(d)) is sufficient for a successful segmentation (Fig-

ure 2.13(d)), it is also reported by Grady [67]. Figure 2.13(b) shows a better performance if it

is compared with Figure 2.6(c). The red marked ellipse in Figure 2.13(b) shows the connected

identical pixels adjacent to the initial seed that was defined in Figure 2.6(c).

The CMR images considered in the performance analysis belong to different subjects in the

process that cover a full cycle of respiration (a single complete act of breathing in and out). Only

a few images from the data set have been included that highlight the demarcation problem. The

images having other peculiar characteristic (for example presence of papillary muscles) and the

effect of Random Walk on segmentation are shown in the subsequent chapters.

2.8 Conclusions

While heart is one of the most important parts of the human being, the cardiac MR images

are very difficult to analyze due to their complex color geometry. Knowledge of better clinical

information requires a proper visual inspection. Shear volume of the medical image data requires

more automatic segmentation systems to reduce the work load, manual error, etc. by reducing

subject variability. The demand towards developing faster, more accurate and automated tech-

niques has motivated us think of this work. In this chapter, the importance of seeds selection

and their placement have been discussed. A method using heat equation in association with an

adaptive threshold technique for initial seeds selection has been proposed. Also, the use of back-

ground region for calculating the algorithm parameter β has been discussed. The salient feature

63TH-1089_06610208



2.8. CONCLUSIONS 46

of our algorithm is its success in multi-labeled LV images with less number of seeds [95].

The computation time is reflected by the cover time [96] of the random walker. Cover time

(z) is the average time it takes to visit the defined nodes (seeds). As the CMR image has been

treated as an undirected weighted graph (electric resistive circuit), for the Random Walk, $χ <

z < O ($R log %), where $, % represent number of edges and number of nodes respectively

with χ being the maximal equivalent resistance between two nodes of the circuit. This clearly

demonstrates that with decrease in number of nodes the cover time decreases. This could happen

only when the candidate CMR image is free from any ischemia, i.e. normal. Therefore, the

present approach is dependent on the severity of ischemia.

We have also tested with cantilever beam and bending moment equation in the place of heat

equation (which are included in the Appendix) and found similar kind of performances [95]. This

is because, this operation only provides the small pixel intensity values in a large scale.

The combination of the above strategies successfully segments the blood pool region of LV

(endocardial wall) that consists of many sub-labels. Whenever the papillary muscles are promi-

nent (and are present adjacent to the myocardium so that it becomes difficult to distinguish the

two), the performance substantially degrades. This issue is tackled as described in later chapter

(Chapter 4).

To get significant information regarding LV, the outer wall of myocardial muscle (epicardium)

is as much important as the blood pool. Since the change in grey level distribution from myocar-

dial muscle to surrounding muscles is not abrupt, it would be unworthy to use Random Walk

(else it would also include the surrounding muscles). Instead, we intend to utilize the blood pool

boundary to get the epicardial wall, as depicted in the next chapter.
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Figure 2.14: Summary of the proposed algorithm.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 2.15: (a-c) Original CMR images. (d-f) Ground truth equivalents. (g-i) Determined con-
tour extraction.
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

(m) (n) (o) (p)

Figure 2.16: Segmented slices of subjects with (c,d,e,f,h,p) significant demarcation and
(a,b,g,i,j,k,l,m,n,o) poor demarcation.
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Chapter 3

Epicardial Wall Extraction Using a

Modified Active Contour Model

Epicardium is the outer wall of the myocardium and similar to endocardium by characteristics.

Unlike the blood pool, it is surrounded by muscles that have nearly same grey level intensity.

Therefore, distinguishing the surrounding muscle from the infarcted area in the myocardium

involves a major difficulty even to the experts. Following a brief literature survey, the proposed

model adapted to overcome the difficulties is discussed in this chapter.

3.1 Selected Literature Survey

Several attempts towards epicardial wall detection have so far been reported in literature

[97–101]. Chu and coworkers [100] apply the Laplacian of Gaussian (LoG) operator to obtain a

zero-crossing map guiding the subsequent boundary searching processes. Human intervention is

needed to define the center of the heart chamber and a set of search limits for both endocardial

and epicardial borders. Ong and coworkers [102] report a knowledge based system which utilizes

the knowledge of heart wall motion in detecting boundaries in a sequence of images. Bosch

and coworkers [103] introduce a minimum-cost contour detection algorithm based on a novel

iterative approach. In [97], the image is first enhanced by applying the LoG edge detector and

then the center of the left ventricle is determined automatically by analyzing the original image.

Next, a search process radiated from the estimated center is performed to locate the endocardial

boundary by using the zero-crossing points. After this step, the estimation of the range of radius

of possible epicardial boundary is carried out by comparing the high-level knowledge of intensity
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changes along all directions with the actual image intensity changes. The high-level knowledge

of global intensity change in the image is acquired from experts in advance and represented in

the form of fuzzy linguistic descriptions and relations. Knowledge of local intensity change can

therefore be deduced from the knowledge of global intensity change through fuzzy reasoning.

After the comparison, multiple candidate ranges as well as the grades of membership indicating

confidence levels are obtained along each direction. The most consistent range in each direction

is selected to guide the epicardial boundary search. Multiple candidate epicardial boundaries are

then found by locating the zero-crossing points in the range. The one with best consistency is

selected as the epicardial boundary. A graph-based optimal border detection [99] determines the

criterion of optimality by learning from border tracing examples. Border features employed in

this designed method are selected from a predefined global set using radial-basis neural networks.

Lilly and coworkers [104] exploit the model based contour definition from radiographic images.

In [105], Ezekiel and coworkers introduce a cost function to measure the goodness of edge points

in an automated endocardial edge detection algorithm. The proposed algorithms in [106] are

Center-Based approach in which the LV center point (LVCP) is estimated using a fuzzy-Based

technique and then epicardial and endocardial edge points are searched on radial lines emanating

from LVCP. A basic assumption in the first algorithm is that the boundary points of LV are those

with sharpest intensity changes, which can be detected as the global maximum wavelet transform

modulus. In the second algorithm directional gradient with LVCP references are computed in all

directions and all scales using wavelet transform. The images of gradient at different scales are

then combined by logical operation to retain only possible boundary points and in this way the

list goes on.

3.1.1 Motivation

The capability of most of the algorithms discussed above is limited, since local information

is not integrated to form a globally consistent interpretation. As a result, the human operator

is needed to provide global information and it is very well known that human operator induces

variability in the performance. Therefore, its detection should be made as automatic as possible.

If at all, Random walk is implemented, it is obvious that the output will be counter-productive.

Since the intensity difference between the myocardial muscle and the surrounding ones is very

little, the final contour must include those undesired surrounding muscles. The fact is verified
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Figure 3.1: Both endo and epicardial wall detection by Random Walk method.

from the Figure 3.1, where the segmentation is carried out on a CT scan image (used by Grady,

2006 shown in Figure 1.3(a)). By putting more seeds (here marked as red) on rest of the myocar-

dial muscle, a complete epicardial contour can be extracted. The point to be noted here is the

difficulty in placing more number of seeds on (thin, blurred and indistinguishable) myocardial

region in practical CMR images.

When proposing a segmentation method, one has to first clearly define the problem and the

goals one wants to reach. In this context, since our objective is to segment out the epicardial

wall, instead of introducing a separate method, we intend to drive the blood pool boundary to

the epicardium. From literature [29], active contour is found to be an ideal choice for it. In this

chapter, a requisite study on active contour model and some of its problems are discussed. Then,

in order to achieve the said objective, we suggest some modifications to an existing method that

uses active contour principle.

3.2 Active Contour Model

The basic idea behind active contour model is that the variable curve evolves (round the ob-

ject) and moves towards the interior normal and stops at the boundary of the object. The stopping

term, which is normally defined in term of image gradient, stops the curve at the boundary.
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3.2.1 General Edge Detector

A general edge detector is defined by a positive and decreasing function g, depending on the

gradient of the image u0 such that

lt
z→∞

g (z) = 0 (3.2.1)

For instance,

g (|∇u0 (x, y)|) =
1

1 + |∇Gσ (x, y) ∗ u0 (x, y)|p , p > 1 (3.2.2)

where Gσ (x, y) ∗u0 (x, y) is the smoother version of u0 (x, y), while (x, y) represents the spatial

coordinates. The value of g (|∇u0 (x, y)|) is positive in homogeneous regions and zero at the

edges.

The variable curve C is represented by the Lipschitz function φ and defined as C = {(x, y) |ϕ (x, y) = 0}.

The evolution of the curve is given by zero level curve at time t of function ϕ (t, x, y). Evolving

C in normal direction with speed F amounts to solve

∂ϕ

∂t
= |∇ϕ|F (3.2.3)

The initial contour is specified at time t = 0 as, ϕ (t, x, y) = ϕ0 (x, y). If the motion results from

the mean curvature, then

F = div

( ∇ϕ (x, y)

|∇ϕ (x, y)|
)

(3.2.4)

3.2.2 Active Contours

A classical approach consists in detecting edges and then linking them in order to determine

the shape of the object. However, this approach does not make use of the knowledge that the

object is simply connected. On the other hand, deformable models which incorporate knowledge

about the shape of the object are widely used. With these techniques, rather than expecting

desirable properties such as continuity and smoothness of the contour to emerge from the image

data, those properties are imposed from the start. Deformable models encompass a variety of

forms, principally active contours and deformable templates.

An active contour [19] or snake is a continuous curve (a set of n control points, vi = (xi, yi)

where i = 0...n− 1) which has the ability to evolve in order to match an object in the image. It is

initialized close to the searched contour, and it deforms according to the iterative optimization of
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a numerical criterion. This criterion is usually called “energy” since it was at the origin directly

interpretable in terms of physical constraints, such as rigidity, stiffness, and attraction, to the

image edges. Convergence of the snake toward the searched object can then be seen as the

fulfillment of a mechanical stability condition.

Formulation of Snake Energy

A snake may be thought of as an elastic curve that, through minimization of an energy func-

tional, deforms and adjusts its initial shape on the basis of additional image information to provide

a continuous boundary. The energy functional being minimized is derived from forces which are

both internal and external to the snake. Internal forces are responsible for snake response, that

is, its elasticity and rigidity, whereas external forces come from the image or from higher-level

processes and are responsible for moving the snake toward important features in the image. One

of the chief virtues of snake representations is that it is possible to specify a wide range of snake

properties, through a function called the energy by analogy with physical systems. A program

controlling a snake causes it to evolve so as to reduce its energy, so by specifying an appropri-

ate energy function, we can make a snake that will evolve to have particular properties, such as

smoothness. The original formulation of active contours by Kass et al. [19] is presented here.

The active contour is defined as a parameter in-plane curve C:

[0, 1] → R2

s → v (s) =


 x (s)

y (s)


 (3.2.5)

where s denotes the curvilinear abscissa and v(s) the point of co-ordinates x(s), y(s) on the

curve. The following energy is associated with the curve C:

E (C) = Ein (C) + γEext (C) (3.2.6)

where γ is a real valued number. This energy is the weighted sum of two terms which represents

two different types of constraints imposed on the active contour. By minimizing the weighted

sum, one expects to get a good compromise between these constraints.

Internal Snake Energy (Ein)

The internal energy is the part that depends on intrinsic properties of the snake, such as its length
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or curvature. It is determined by the elasticity and rigidity of the snake. The first term in Equation

3.2.6 has the following expression:

Ein (C) =

1∫

0

α (s)

∣∣∣∣
∂v

∂s

∣∣∣∣
2

+ β (s)

∣∣∣∣
∂2v

∂s2

∣∣∣∣
2

ds (3.2.7)

This internal energy is so named since it characterizes the shape of the contour independently of

grey levels in the image. The physical interpretation is described as follows: 1) The coefficient

α (s) represents the rigidity of the curve, i.e. the cost which has to be paid to increase the length.

2) The coefficient β (s) represents the stiffness of the curve, i.e. the cost to bend it. If α (s)

increases, the contour will have a tendency to go back to a statistical means, ultimately to a single

point. If β (s) increases, the contour becomes smoother. Mostly, these parameters are made

locally adaptive. For example, lowering β (s) at some point will enable the contour to adapt to a

sharp edge of the object.

Optimizing only the internal energy in Equation 3.2.7 will lead to a short and smooth contour,

which will collapse to a single point. Therefore, one needs to balance this shrinking effect of the

internal energy with an external energy which depends on the information in the image.

External Snake Energy (Eext)

The external energy depends on factors such as image structure, and particular constraints the

user has imposed. The external energy can have contributions other than the image energy. A

constraint energy is often included which is determined by constraints applied by the user. For

instance the snake might be pulled to particular points as if by springs, or might be repelled by

a particular point. This is valuable in the “power assist” style of operation. These determine its

relationship to the image. Suppose we want a snake to latch on to bright structures in the image.

Then the obvious energy function is the negative sum of the grey levels of the pixels, on top

which the snake presently resides. Reducing this energy function (i.e. making it more negative)

will move the snake towards brighter parts of the image.

External energy (second term of Equation 3.2.6) represents the way in which the snake energy

depends on the image grey levels. The latitude is more while choosing this energy, which must

be adapted to the characteristics that makes it possible to discriminate the object from the back

ground. It should be noted that in the original formulation of the snake, the characteristic that

is taken into account is the presence of sharp edges between the object and background regions.
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Thus the following expression is proposed by Kass et al.:

Eext (C) = −
1∫

0

|∇u0 (v (s))|2ds (3.2.8)

where u0(x, y) represents the image and∇u0 represents the result of applying a gradient operator

which enhances the edges present in the image. This external energy is so named since it repre-

sents the force imposed by the data to the snake. To minimize this energy, the snake will have to

match as closely the point on which the gradient is high. Overall, the external energy is related

to the image as follows:

• Since the snake is desired to be attracted to edges, so this energy is usually based on the

image gradient.

• A high image gradient should give a low energy and vice-versa.

Numerical Aspects of Segmentation -

Optimization in this context means using mathematical techniques to find the maximum or min-

imum of a function, and is not to be confused with optimizing a program, which usually just

means trying to make it run faster. The function to be minimized here is the total snake energy.

From a numerical point of view, the segmentation problem consists in minimizing the following

functional:

E (C) =

1∫

0

[
α (s)

∣∣∣∣
∂v

∂s

∣∣∣∣
2

+ β (s)

∣∣∣∣
∂2v

∂s2

∣∣∣∣
2

− |∇u0 (v (s))|2
]

(3.2.9)

where α, β and γ are real-valued coefficients which balance the different contributions to the

snake energy. For the shake of simplicity, let us consider them as invariant of the curvilinear

abscissa s. If the contour is assumed to be closed, annulling the derivative of this functional with

respect to the contour C leads to the following Euler-Lagrange equation

ακ (s)
−→
N + β

∂4v

∂s4
− γ∇ [|∇u0 (v (s))|2] = 0 (3.2.10)

When a curve is parameterized by the curvilinear abscissa, we get:

∂2v

∂s2
= κ (s)

−→
N (3.2.11)

where κ (s) is the local curvature and
−→
N the vector normal to the curve at abscissa s. Minimiza-

tion of Equation 3.2.9 with steepest gradient descent method [107] is desired in order to solve
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(a) (b) (c) (d)

Figure 3.2: (a) Original synthetic image. (b) Contour position at 10th iteration. (c) Contour
position at 140th iteration. (d) Final segmented image.

Equation 3.2.10. For this, one assumes the curve depends on time t and is denoted as v(s, t). The

following equation is iteratively solved:

∂v (s, t)

∂t
= ακ (s, t) + β

∂4v (s, t)

∂s4
− γ∇ [|∇I (v (s, t))|2] (3.2.12)

Starting with the initial shape v(s, 0) at time t = 0, one lets the dynamical system evolve until it

stabilizes, i.e., ∂v(s,t)
∂t

= 0. The entire process is explained with respect to the number of iterations

as shown in Figure 3.2.

3.2.3 Geometric Active Contour Model

Geometric active contours are represented implicitly as level sets of two dimensional distance

functions which evolve according to an Eulerian formulation. They are based on the theory of

curve evolution implemented via level set techniques [22].

∂ϕ

∂t
= g (|∇u0|) |∇ϕ| div

( ∇ϕ

|∇ϕ| + v

)
, v > 0 (3.2.13)

in (0,∞)×R2 and ϕ (0, x, y) = ϕ0 (x, y) in R2, where the value of p is usually set as 2; ϕ0 being

the initial level set function, the curve stops at the boundary where the edge function g (|∇u0|)
vanishes. The constant v ≥ 0 makes the right hand term always positive. This constant may be

interpreted as a force pushing the curve to the object.

3.2.4 Geodesic Active Contour Model

This framework is based on boundary based information (relies on accurately extracting the

borders between different texture regions in an image), and aims at finding the best minimal
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length smooth curve that takes into account the desired image properties. The objective function

is defined as

J (C) = 2

1∫

0

|C ′ (s)| .g (|∇u0C (s)|) ds (3.2.14)

where curve C(s) is the active contour varying with abscissa. The term g (|∇u0C (s)|) vanishes

when the curve is at the object boundary. This model also has a level set formulation

∂ϕ

∂t
= |∇ϕ|

(
div

(
g (|∇u0|) ∇ϕ

|∇ϕ| + vg (|∇u0|)
))

(3.2.15)

The choice of different parameters (weighting coefficients, time and space discretization

steps) is difficult and critical to the performance of the snake, as well as the choice of the ini-

tial shape. Since the image formation (gradient) which is used to drive the snake is detected

edges of the objects, the classical snake model is classified in the category of edge-based seg-

mentation approaches. This type of active contours is thus adapted to a class of problems in

which the objects to segment form sharp edges with respect to the background. Moreover, they

are sensitive to the choice of the initial shape and the curve will not evolve if it is not close enough

to the object edges.

All these classical snakes and active contour models rely on the edge function g, which de-

pends on the image gradient (at the so called object boundary), to stop the curve evolution.

In practice, the discrete gradients are bounded and then the stopping function is never zero on

the edges, and the curve may pass through the boundary. This is well known that in ischemic

CMR image, the edge between myocardium and surrounding muscle is very difficult to specify.

Therefore, this model in its current form is less worthy to implement on CMR images to detect

the epicardium. The following section presents a modified scheme based on the active contour

model [29] that extracts the outer contour without depending on the stopping function g.

3.3 Modified Active Contour Without Edges (MACWE)

Let us consider an image u0 that consists of only two regions (ui
0, uo

0) of piecewise constant

intensity. Suppose C0 be the boundary of one of the regions (objects), say ui
0 as shown in Figure

3.3.
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Figure 3.3: Illustration of object and curve placement in active contour model (Chan et al., 2001).

Let us consider an objective term defined as

F1 (C) + F2 (C) =

∫

inside(C)

|u0 (x, y)− c1|2 dxdy +

∫

outside (C)

|u0 (x, y)− c2|2 dxdy

where C is any other variable curve, and the constants c1, c2 are the averages of u0 inside and out-

side C, respectively. It is obvious that there will only be at maximum four possibilities regarding

the values of F1(C) and F2(C) as follows:

1. If the curve C is outside the object, then F1 (C) > 0 and F2 (C) ≈ 0;

2. If the curve C is inside the object, then F1 (C) ≈ 0 and F2 (C) > 0;

3. If the curve C is both inside and outside the object, then F1 (C) > 0 and F2 (C) > 0; and

4. If the curve C is on the boundary of the object, F1 (C) ≈ 0 and F2 (C) ≈ 0.

In the original method [29], the curve moves towards its interior normal and stops on the boundary

of the object as shown in Figure 3.4. The fitting energy (Equation 3.3.1) must be minimized when

the curve exactly lies on the object boundary (as shown in Figure 3.3, the fourth possibility).

Here, the object to be segmented must be homogeneous, so that |u0 (x, y)− c1| will be zero

when the curve is at the exact boundary if at all we ignore the second term in the consideration.
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Figure 3.4: Illustration of object and curve resulting in active contour model (Chan et al., 2001).

In the context of our objective, as two different intensity regions are to be accommodated in the

object i.e., blood pool and myocardium, the first possibility (in Figure 3.3) has to be satisfied.

Therefore in our active contour model, we will minimize the energy term defined in Equation

3.3.1. The energy functional for this purpose is

F (c1, c2, C) = −µ.L (C)− λ1

∫

in(C)

|u0 (x, y)− c1|2 dxdy (3.3.1)

+λ2

∫

out (C)

|u0 (x, y)− c2|2 dxdy

where in(C), out(C) and L(C) represent inside, outside and length of the curve C, respectively;

µ ≥ 0 and λ1 = λ2 = 1 (as defined in [29]). For level set formulation of the model, C ⊂ Ω, C is

replaced by φ. Using the Heaviside function (H) and Dirac measure δ0, the energy F (c1, c2, C)

is written as

F (c1, c2, φ) = −µ

∫

Ω

δ (φ (x, y)) |∇φ (x, y)| dxdy − λ1

∫

Ω

|u0 (x, y)− c1|2H (φ (x, y)) dxdy

+λ2

∫

Ω

|u0 (x, y)− c2|2 (1−H (φ (x, y))) dxdy

The first term corresponds to φ = 0, second term for φ > 0 and third term for φ < 0. The terms

H and δ0 are defined as:

H (z) =

{
1, if z > 0

0, if z < 0
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δ0 (z) =
d

dz
H (z)

Euler-Lagrange equation for φ is deduced, keeping c1 and c2 fixed, and minimizing F with respect

to φ. Parameterizing the ascent direction by a time t, the equation in φ (t, x, y) (with φ (0, x, y) =

φ0 (x, y) defining the initial contour) is

∂φ

∂t
= ∂ε (φ)

[
−µ div

( ∇φ

|∇φ|
)

+ λ1 (u0 − c1)
2 + λ2 (u0 − c2)

2

]
= 0 in (0,∞)× Ω, (3.3.2)

∂ε (φ)

|∇φ|
∂φ

∂−→n = 0 on ∂Ω

where ∂φ
∂−→n , −→n denote the normal derivative of φ at the boundary and the exterior normal to the

boundary ∂Ω respectively. Finally, The partial equation is solved in order to get the desired

φ. The stationarity with respect to φ is achieved (i.e. φ is discretized) with the help of a finite

difference scheme. Let ∆t be the time step and (xi, yi) be the grid points for 1 ≤i, j≤M , where

M is the total number of grid points. Let φn
i,j = φ (xi, yj, n∆t) be an approximation of φ (x, y, t)

with n≥0, φ0=φ0. Finite differences are described as follows:

∇x
−φi,j = φi,j − φi−1,j ∇x

+φi,j = φi+1,j − φi,j (3.3.3)

∇y
−φi,j = φi,j − φi,j−1 ∇x

+φi,j = φi,j+1 − φi,j (3.3.4)

The stationarity with iteration is achieved, when one sees no change in the value of φ. In this

way, the epicardium is extracted taking the blood pool boundary as the initial contour φ0.

3.4 Presentation of Results

A set of three images, their ground truths and determined epicardial contour extraction (along

with endocardial wall) are shown in Figure 3.5. In addition, some of the results shown in Chap-

ter 2 for endocardium extraction have been taken here. The above described scheme is applied

on them considering the endocardial boundary as the initial contour. Ground truth images of

some CMR images are provided in Figure 3.7 to have a feel regarding the structure of the outer

boundary. The results are shown in Figure 3.8 against the images in Figure 3.6. Promising re-

sults illustrate the merits of the approach irrespective of the object to be segmented. We mean to

express the efficiency of the approach even on images where object boundary is no significantly

different from the surrounding grey level intensity, since the initial contour is known a priori.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3.5: (a-c) Original images. (d-f) Ground truth images. (g-i) Random Walk and modified
active contour model based segmentation.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 3.6: (a-h) Some original CMR images.

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 3.7: (a-h) Ground truth equivalents of CMR images shown in Figure 3.6.
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

(m) (n) (o) (p)

Figure 3.8: (a-p) Segmented slices of different subjects with Random Walk approach and modi-
fied active contour model.
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3.5 Conclusions

Active contours or “snakes” are often used to identify boundaries within images that are too

irregular or noisy to be detected reliably by conventional means. In context with ischemic CMR

image, some modifications were desired in order to achieve the epicardium. A modified active

contour method has helped in getting the same which takes the blood pool boundary as its initial

contour. Therefore, unlike the traditional active contour method, the task of placing the initial

contour has been avoided. This model is not based on an edge-function to stop the evolving curve

on the desired boundary, because as discussed earlier, defining the function usually is a tough

task. Also, we do not need to smooth the initial image even if it is very noisy, so the locations

of boundaries are very well detected and preserved. By this model, we can detect objects whose

boundaries are not necessarily defined by gradient or with very smooth boundaries, for which the

classical active contour models are not applicable. The epicardial wall contour found has been

judged very satisfactory [108] by a team of trained clinicians.

The resulting shape of epicardial contour depends on that of the blood pool boundary. The

accurate description of the inner contour lies on the type of input image. If it belongs to a long

axis CMR data, then determination of β from the adequate background region will be accurate,

which in turn will lead to an appropriate blood pool segmentation, else, a pseudo contour is

generated. When the background region is insufficient (in case of short axis CMR data), by

following the method discussed in Chapter 2, one may not get a proper value of β. Therefore,

the entire weighting function needs to be modified, which is discussed in the next chapter. This

modified weighting function can well be used in long axis CMR image segmentation also.

Again, papillary muscles are important in the left ventricle. The papillary muscles play an

important role in both LV and mitral valve function [109], therefore, its inclusion should not

be ignored in any segmentation. Because of its nature in regard to intensity, the LV looses its

homogeneity mainly due to their prominent presence. The Random Walk approach miserably

fails (from results in Chapter 2) to perform satisfactorily unless proper modification is perceived.

Segmentation of CMR images having papillary muscles adjacent to myocardium is furnished in

the next chapter.
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Chapter 4

Weighting Function in Random Walk

Approach

In the process of segmentation using Random Walk, the weighting function (for determining the

adjacency matrix) is used to map a change in image intensities to edge weights. Importantly, the

performance of any graph based segmentation depends on the choice of this function [65]. The

weighted graph is constructed by taking each pixel as a node and connecting each pair of pixels

by an edge. The weight on that edge reflects the likelihood that the two pixels belong to the same

object. Taking the brightness value of the pixels and their spatial location, the graph edge weight

(wij) connecting the two nodes i and j is usually defined as:

wij = e
− |Di−Dj|2

σ2
I ∗





e
− |Xi−Xj|2

σ2
X

, if ‖Xi−Xj‖2<r

0, otherwise.

(4.0.1)

where Di and Xi represent distance and brightness, respectively. The term r, σ represent the

threshold value and standard deviation, respectively.

In this chapter, the importance of weighting function is illustrated following a discussion of

its usage in Random Walk based image segmentation. Though the approach is already depicted

in Chapter 2, it is again elaborated giving more emphasis on the exact behavior of the weight-

ing function. Its behavioral studies are given in later sections, complying a condensed written

summary of the approach for image segmentation. Based on its analysis, we suggest the use of

different weighting functions in association with Random Walk. These are intended to produce

satisfactory results, particularly, on short axis CMR images.
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4.1 Influence of Weighting Function in Random Walk Approach

Random walker (a subject that is assumed to walk randomly on nodes) is initialized with a set

of pixels taking one of a predefined set of labels. The probability that a random walker starting

at a given unlabeled pixel will first reach a pixel of a particular label is computed, based on

the solution to Dirichlet problem [110]. The Laplacian matrix is used to model the relationship

between the nodes; it plays an important role in the course of segmentation. The pseudo-inverse

of the Laplacian matrix plays a key role and has a nice interpretation in terms of Random Walk

on a graph. It has some noticeable properties [111],

• it can be interpreted as a similarity measure, and

• the inner-product-based quantities involving the Laplacian matrix provide good and sta-

ble results, therefore, it is more suitable in pattern-recognition and machine-learning tasks

involving a database.

The relationship with the weight matrices in the graph is well depicted in the following section.

4.1.1 Weighting Function in the Approach

The vertices are the graph’s representation of the image pixels and the edges are the represen-

tation of each pixel’s relationship with its surrounding neighbors (edge weights). The Laplacian

matrix that represents the graph is defined as

Lij =





di, if i = j

−wij, if vi ∼ vj

0, otherwise.

(4.1.1)

where Lij refers to each entry in the Laplacian matrix. The term di refers to the degree of vertex

i, i.e. the number of connection between that particular vertex vi and its neighboring vertices.

The term wij refers to the edge weight at the ijth position. The weighting function reflects the

correlation of two nodes as its output.

The Gaussian weighting function (used to select edge weights) as reported in [67] is defined

as:

wij = e−β(Hu−Hv)2 (4.1.2)

where Hu and Hv indicate the image intensity at pixel u and v, respectively.
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In Equation 4.1.2, β is the parameter that is to be decided by the operator. So the risk in

introducing variability in the performance is obvious. An attempt has been made (as discussed

in Chapter 2) earlier to obtain its value from the background region present in the CMR image.

Because of the presence of inadequate background region in short axis CMR image, it is not

quite possible to get an accurate β. Additionally we know, an improper value of β leads to an

incorrect segmentation. Therefore, the whole weighting function needs some sort of modification

for achieving a precise segmentation.

4.1.2 Nature of Gaussian Weighting Function

According to the work reported in [67], weighting function used in this frame work, is to

group the similar pixels having minimum euclidian distance and maximize the entropy. Let

us briefly try to understand the role of entropy maximization in regard to image segmentation.

Consider a classification problem, in which the objective is to estimate a function class : X → Y ,

which maps an object x ∈ X to its correct class y ∈ Y . We can implement any classifier

with a conditional probability model p by simply choosing the class with the highest conditional

probability:

class (x) = arg max
y

p (y|x)

where x is an textual object and y is a class. Under the maximum entropy framework, the

probability for a class y and object x depends solely on the features that are active for the pair

(x, y). This procedure simply gathers all the identical pixels in meaningful groups yielding super-

resolution. In the context with edge detection, the entropy is utilized efficiently as discussed by a

method reported in [112]. Since edges involve abrupt changes of intensity, color, texture, motion

and so on, edges can be extracted by detecting these changes. The entropy operator is used to de-

tect these changes. This operator calculates the entropy of intensity over the region. The entropy

is small (large) when the change of brightness is large (small). Then, edges may be extracted by

detecting the regions where the entropy is small. Suppose g0 a be the intensity value at center

(i, j) of the window and gi , 1 ≤ i, j ≤ n, be intensity values of its neighbors, where n denotes

the number of neighbors. Then the entropy H of the intensity in the region is defined as

H = −
n∑

i=0

pi log pi

log (n + 1)
(4.1.3)
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where the normalized intensity pi is defined by

pi =
gi

n∑
j=0

gj

. (4.1.4)

The entropy H is normalized so that 0 ≤ H ≤ 1. Smooth regions give similar pi’s yielding large

entropy values. This entropy value is calculated in every region and the regions where the entropy

value is small are detected. The edges are detected by selecting the regions having entropy values

smaller than a threshold value. value.

The performance of Gaussian weighting function [88] is perfect on clean images where the

objects are homogeneous and well separated. This is also accomplished by Grady in his work.

The level of precise execution is substantially reduced (as shown in Figure 2.16, particularly in

Figure 2.16(f), 2.16(i), 2.16(j)) while applied on CMR slices, because objects in ischemic CMR

images are neither homogeneous nor well distinct. In addition, most of the time, the edges in

the images are not sharp and are rather blurred. Synthetically generated objects have very sharp

transitions leading to sharp edge characteristics. On the other hand, real objects or objects in

motion generate blurred transitions leading to blurred edge characteristics. The blur in cardiac

images are mainly caused by motion artifacts of the heart. In this chapter, discussion on efficiency

improvement of weighting function is perceived. We present a few functions for such purpose

viz., Difference of Gaussian (DoG), Difference of Laplacian of Gaussian (DoLoG) and Laplacian

of Derivative of Gaussian (LoDroG); those are aimed to produce good segmentation results on

blurry edged CMR images. Laplacian operator is a suitable tool for edge detection, but it alone

generates double edges [12]. In this work, the suggested functions (except DoG) are proved to be

useful in improving the performance of Laplacian operator at the fundamental level.

From Equation 4.1.2, it is evident that if two pixels are close and identical, the value of wij

will be high, i.e. 1. That means, higher the value of wij , better is the similarity between pixel i

and j. When its value touches to zero, the two pixels are realized as heterogenous. If the weight

of a pixel falls off with the growing in distance, pixels separated by large discontinuities in the

image are down weighted. All these weighting functions bear the decreasing trend, defined on the

distance function with different rate of fall-off. Only, those functions are included in this thesis

which give such a characteristic (as shown here onwards).

For performance comparison of each function, we take a set of three images and show the

effect of each weighting function during the course of implementation. It would be wise to first
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4.1: (a-c) Original CMR images. (d-f) Ground truth images. (g-i) Segmentation using
Gaussian weighting function.
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know the outcome of Gaussian weighting function and then one could realize the essence of any

other function. Therefore, the results using this are given in Figure 4.1. The degree of realization

with respect to execution of a certain weighting function is pixel intensity dependent. That means,

reasonable size and contrast of LV in a CMR image leave a great impression on the reader/viewer

to compare properly. Moreover, our main goal is to set up a different function other than Gaussian

that could perform well in ischemic CMR images. Therefore, during the course of examination

(of all the weighting functions), various CMR images apart from this three are also taken.

Mostly, difference of Gaussian function is used for the purpose of filtering. It works by

performing two different Gaussian blurs on the image, with a different blurring radius for each

and subtracting them to yield the result. This algorithm is very widely used in artificial vision.

In this work, we use it as a weighting function instead; the analysis is described in the following

section.

4.2 Difference of Gaussian Weighting Function

A blurred edge v(x) can be represented by a combination of an exponential and a step function

[113]:

v (x) =





e

(
− (x−t)2

2σ2
s

)

, x ≤ t

1, x > t,
(4.2.1)

where t represents the width of the region of interest (ROI) and σs the extent of the blurring,

(0 6 σs 6 S, S ∈ R), σs =





S, blurred edge

0, sharp edge
. The quantity of blurring increases with

increase in S. It is known that matching (template) is often based on directly comparing grey

level properties of image sub-regions. If Ec is the characteristic function of matching of an input

object with the output (i.e., matching of two ROIs; due to edge and weighting function), then

Ec
w
v (characteristic function with respect to an edge, v, and a weighting function, w) determines

if a feature is worth tracking for segmentation. A decreased magnitude of Ec
w
v indicates that the

edge is more likely to be segmented. In other words, the characteristic function determines the

suitability of a weighting function to a particular edge for its detection.

Characteristic function : The purpose of detecting sharp changes in image brightness is to

capture important events and changes in properties. Under general assumptions for an image

formation model, discontinuities in image brightness are likely to correspond to various aspects
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viz., discontinuities in depth, discontinuities in surface orientation, changes in material properties,

variations in scene illumination, etc. Therefore, an ideal edge is modeled as unit step function. In

the continuous setting, a weight is a positive measure such as w (x) dx on some domain, which is

typically a subset of a Euclidean space (presently, rather we consider pixel intensity). Here dx is

Lebesgue measure [114] and is a non-negative measurable function. In this context, the weight

function w (x) is sometimes referred to as a density. Conceptually, the characteristic function

Ec
w
v is defined as:

Ec
w
v =

2t∫

0

v (x) w (x) dx. (4.2.2)

If the right hand side of Equation 4.2.2 is more, then the edge characteristic will be more dense

in regard to blurring. Therefore, it must be desirable to have a lower value of Ec
w
v .

The Gaussian and DoG weighting function is defined as:

wGauss (x) =





1√
2πσ2

e

(
− x2

2σ2

)
, x ∈ ROI

0, elsewhere,

and

wDoG (x) =





1√
2π

[
1
σ1

e
− x2

2σ2
1 − 1

σ2
e
− x2

2σ2
2

]
, x ∈ ROI

0, elsewhere,
(4.2.3)

respectively, where σ is the standard deviation. Now, the characteristic function (in 1D) due to

Gaussian weighting function is

Ec
Gauss
v =

2t∫

0

v (x) wGauss (x) dx. (4.2.4)

and in case of DoG Ec
DoG
v is

EDoG
cv

=

t∫

0

1√
2π

(
1

σ1

e
− x2

2σ2
1 − 1

σ2

e
− x2

2σ2
2

)
e
− (x−t)2

2σ2
s dx +

2t∫

t

1√
2π

(
1

σ1

e
− x2

2σ2
1 − 1

σ2

e
− x2

2σ2
2

)
dx

(4.2.5)

where σ1 and σ2 represent the width of Gaussian kernel with different magnitudes. In Equation

(4.2.6), σs is replaced by s for simplicity.
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Figure 4.2: (a) Gaussian and DoG weighting function. (b) Magnitude of difference between the
characteristic functions due to DoG and Gaussian weighting function.

The difference resulting between the two characteristic functions is expressed as

Ec
DoG
v − Ec

G
v =

1√
2πσ1




0.5

√
π

1
2s2 + 1

2σ2
1

e

( t
2s2

)
2−

(
1

2s2
+ 1

2σ2
1

)(
t2

2s2

)

(
1

2s2
+ 1

2σ2
1

)





erf




√(
1

2s2
+

1

2σ2
1

)
t +

(− t
2s2

)
√(

1
2s2 + 1

2σ2
1

)


−

erf




(− t
2s2

)
√(

1
2s2 + 1

2σ2
1

)





 +

1√
2πσ2


0.5

√
π

1
2s2 + 1

2σ2
2

e

( t
2s2

)
2−

(
1

2s2
+ 1

2σ2
2

)(
t2

2s2

)

(
1

2s2
+ 1

2σ2
2

)




(
erf

[√(
1

2s2
+

1

2σ2
2

)
t +

(− t
2s2

)
√(

1
2s2 + 1

2σ2
2

)


− erf




(− t
2s2

)
√(

1
2s2 + 1

2σ2
2

)





− (4.2.6)

√
πσ

(
−erf

[
t√
2σ

])
+ erf

[√
2t
σ

]

2
√

πσ2
− e

− t2

2(s2+σ2)

2
√

πσ2√
πsσ√

s2 + σ2

(
erf

[
st√

2σ
√

s2 + σ2

]
+ erf

[
tσ√

2s
√

s2 + σ2

])
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The graphical analysis of Equation (4.2.6) can be performed by varying values of t, σ, σ1, s and

σ2. Here in order to show the effect of blurring, only σs is varied as shown in Figure 4.2(b). For

t > 3, the plot shows negative values of |Ec
DoG
v −Ec

Gauss
v |, which means error due to DoG is less.

Therefore, DoG should be considered as the better one than Gaussian for ischemic CMR image

segmentation. On the other hand, as the edge variance increases (i.e. the edge becomes blurred),

the plot does not show increasingly negative values of |Ec
DoG
v − Ec

Gauss
v |. This effect on the

performance is reflected in Chapter 5 while comparing with other defined weighting functions.

Gaussian weighting function has faster decreasing rate (as shown in Figure 4.2(a)), so only

close-by homogeneous points to the seed pixel are connected. On the other hand, the DoG

weighting function has comparably slower decreasing rate, thereby, distant (connected nearly

homogeneous) pixels are also connected [65]. For example, suppose a pixel faces expulsion from

being included in the object. If we use DoG instead, it may be included, since in this case, the

pixel earns more value of weight. All these arguments are reflected in the results as shown in the

following subsection.

4.2.1 Presentation of Results

The combined segmentation (inner and outer contour) algorithm is implemented using both

Gaussian and DoG weighting function. Figure 4.3 shows the improvement in segmentation using

DoG. In addition, some results are shown separately in Figure 4.4 and 4.5. The performance due

to DoG is surely better than that of Gaussian weighting function. The meritoriousness of DoG

is significant if corresponding results in Figures 4.4(c)- 4.4(e) and 4.5(c)- 4.5(e) are compared.

It may also be noted that improvement in segmentation is little possible even after the use of

DoG, if the object is nearly homogeneous (for example in Figure 4.4(a) and 4.5(a)). The same

criterion is also applicable to rest of the weighting functions to be discussed in this chapter. The

ground truth equivalents of the test CMR images are given simultaneously (here shown in Figure

4.6) while describing other proposed functions as well. The reason of giving endocardial ground

truth images lies on the fact that the shape of epicardium is based on the shape of the determined

endocardium. If the inner contour is accurate, then the outer one will also be accurate (as shown

in Figure 3.8). Therefore to pay more attention towards blood pool extraction, we include only

endocardium ground truth images.

Still in some occasions (like in Figure 4.3(d)-4.3(f)), where papillary muscles are prominent,
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4.3: (a-c) Ground truth images. Segmentation by using (d-f) Gaussian and (g-i) DoG
weighting function.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 4.4: (a-h) Segmented slices of a subject by the combination of Random Walk approach
using Gaussian weighting function and active contour model.

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 4.5: (a-h) Segmented slices of a subject by the combination of Random Walk approach
using DoG weighting function and active contour model.
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more improvement is desirable. Meanwhile, the curve (shown in Figure 4.2(b)) indicates little

significant characteristic of DoG to produce a very good result, therefore, we try to opt for other

possible alternative. The segmentation algorithm produces precise outputs when the value of β is

accurate, whether it is obtained from the method discussed earlier or any modification (as being

discussed). Sometimes, background region is insufficient in some long axis data also. Thus it is

too difficult to get an accurate segmentation in such images, even if β is obtained by the method

described in Chapter 2. Therefore, some long axis CMR images have also been included in this

experiment as well.

The edges characterize object boundaries and are therefore useful for segmentation. Ideally,

an edge is a jump in intensity. An ideal edge is a discontinuity (i.e., a ramp with an infinite slope).

The first derivative assumes a local maximum at an edge. For a continuous image I(x, y), two

directional directives are considered. The gradient magnitude and gradient orientation can be

expressed in terms of these directional derivatives. The local maxima of the gradient magnitude

identify edges. When the first derivative achieves a maximum, the second derivative is zero.

For this reason, an alternative edge-detection strategy is to locate zeros of the second derivatives

of I(x, y). The differential operator used in these so-called zero-crossing edge detectors is the

Laplacian. Laplacian operator is a second derivative operator often used in edge detection, but it

alone generates double edges [115]. Efficient utilization of its characteristics may be achieved, if

it is further associated with DoG as described below.

4.3 Difference of Laplacian of Gaussian Weighting Function

The edges can be extracted by the detection of regions which involve abrupt changes of

brightness; difference operators are usually used to detect edges. In this thesis, we employ the

difference operator using entropy in association with Laplacian operator. It is well known that

the Laplacian is a operator and rotation invariant. The entropy operator calculates the entropy of

brightness in a local region of the picture. The entropy value is maximum when the brightness in

the region is uniform, and the value is small when the brightness changes abruptly. So the regions

where the entropy is small contain edges [88].

The Difference of Laplacian of Gaussian (DoLoG) weighting function is defined as

wDoLoG
∆
= wLoGσ1

− wLoGσ2
(4.3.1)
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 4.6: (a-h) Ground truth images of Figure 4.4.

where wLoG is the Laplacian of Gaussian weighting function and is given by

wLoG = wLoG (x) =
x2 − 2σ2

σ4
e−

x2

2σ2 (4.3.2)

So Equation 4.3.1 becomes

wDoLoG =
x2 − 2σ2

1

σ4
1

e
− x2

2σ2
1 − x2 − 2σ2

2

σ4
2

e
− x2

2σ2
2 (4.3.3)

Let the characteristic function due to DoLoG weighting function be

Ec
DoLoG
v =

2t∫

0

v (x) wDoLoG (x) dx. (4.3.4)

The difference between the characteristic functions is expressed as
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Ec
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Figure 4.7: (a) Gaussian, DoG and, DoLoG weighting function. (b) Magnitude of difference
between the characteristic functions due to DoLoG and Gaussian weighting function.

The evaluation of Equation (4.3.5) is necessary to ascertain the said function’s performance

and make an expression of demand for its use. Like DoG, all the parameters except σs are kept

constant. In case of small values of edge variance (steeper edge) σs, the plot shows negative

values of
(|EDoLoG

v − EGauss
v |) when t ≥ 1 (as shown in Figure 4.7(b)). Still, it is observed

that with increase in t, the curves corresponding to lower values of σs, are not monotonically

decreasing (shown in Figure 4.7(b)). But, this aspect is better than DoG, if the curves in this

higher range of σs are considered. As the edge variance increases (i.e. the edge becomes blurred),

for example when σs=2.5, 3.0 and 3.5, unlike DoG, the plot shows increasingly negative values

of
(|EDoLoG

v − EGauss
v |). This implies that DoLoG has consistently lower error values than the

Gaussian weighting function if at all the quantity of blur is more. This indicates the efficiency of

DoLoG on blurry edged objects.

Additionally, DoLoG has a slower decreasing rate (as shown in Figure 4.7(a)) as compared

to that of Gaussian weighting function. The combination of these two factors of DoLoG dictate

it to produce a better segmentation, when it is used as the desired weighting function alternative

to Gaussian.

4.3.1 Presentation of Results

Figure 4.8 presents the results obtained using DoLoG function. Additionally, some other im-

ages from the data-set (ground truth equivalents) are shown in Figure 4.11. Figure 4.9(a)-4.9(h)

are the results of the algorithm due to Gaussian and Figure 4.10(a)-4.10(h) are the correspond-
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4.8: Segmentation by using (a-c) Gaussian, (d-f) DoG and (g-i) DoLoG weighting
function.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 4.9: (a-h) Segmentation of CMR images by the proposed method using Gaussian weight-
ing function.

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 4.10: (a-h) Segmentation of CMR images by the proposed method using DoLoG weight-
ing function.

100TH-1089_06610208



4.4. LAPLACIAN OF DERIVATIVE OF GAUSSIAN WEIGHTING FUNCTION 83

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 4.11: (a-h) Ground truth images of Figure 4.9.

ing results obtained using DoLoG weighting function. It is observed that DoloG successfully

includes the papillary muscles in the blood pool unlike Gaussian weighting function.

The results of DoLoG is obviously better than that of DoG. On the other hand, looking at the

ground truth equivalents of the corresponding images, more improvement is further desirable.

The following weighting function serves better to a large extent.

4.4 Laplacian of Derivative of Gaussian Weighting Function

The derivative of the Gaussian function (Gauss(x)) with respect to x is obtained [116] by,

∂n

∂xn
Gauss (x) = (−1)n 1(

σ
√

2
)n Hn

(
x

σ
√

2

)
Gauss (x) (4.4.1)

where n is the order of the derivative and Hn (x) is the Hermite polynomial. In this case we take

n = 1. The Laplacian of derivative of Gaussian weighting function is

wLoDroG (x) = wLoDroG =
1

2
√

2πσ3
e−

x2

2σ2

(
x2

σ2
− 1

)
(4.4.2)

The characteristic function due to LoDroG is

Ec
LoDroG
v =

2t∫

0

v (x) wLoDroG (x) dx. (4.4.3)
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Figure 4.12: (a) Gaussian, DoG, DoLoG, and LoDroG weighting function. (b) Magnitude of
difference between the characteristic functions due to LoDroG and Gaussian.

The difference between two characteristic functions is expressed as
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where erf (x) = 2√
π

x∫
0

e−t2dt, A =
(

1
2σ2

s
+ 1

2σ2
2

)
and Γ (a, x) =

∞∫
z

e−tta−1dt.

Similar to previous discussions, the graphical analysis of Equation (4.4.4) is possible by vary-

ing values of t, σ, σ1, s and σ2. To retain the objective like previous, σs is varied (e.g. σs=0.5,

1.5 and 2.5) as shown in Figure 4.12(b). For small values of edge variance σs (steeper edge),

the plot shows negative values of |Ec
LoDroG
v − Ec

Gauss
v | when t ≥ 1. Simultaneously, it is also

observed that with increase in t, the curves corresponding to low values of σs are monotonically

decreasing, though small. As the edge variance increases (i.e. the edge becomes blurred), the plot
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shows increasingly negative values of |Ec
LoDroG
v − Ec

Gauss
v |. This implies, with a blurred edge,

LoDroG has consistently lower error values than the Gaussian weighting function. Therefore,

we must choose LoDroG instead of Gaussian as the weighting function for the Random Walk

approach, while applying on blurry edged CMR images.

The LoDroG has moderate decreasing rate as compared to Gaussian, DoG and DoLoG weight-

ing function (as shown in Figure 4.12(a)). Thereby, distant connected and similar pixels are also

connected with the pixel marked by the initial seed. These two factors are responsible to produce

a better segmentation with the use of LoDroG as the weighting function.

4.4.1 Presentation of Results

Figure 4.13(g)-4.13(i) exhibit the improved performance of LoDroG over DoLoG and DoG

weighting function. Since the Gaussian function was used primarily to segment normal images

(as reported in [67]), to specify the degree of superiority of LoDroG over Gaussian, the combined

segmentation algorithm is implemented using both the weighting functions. Some CMR images

from the data-set (ground truth equivalents) are given in Figure 4.16 in order to indicate the inten-

sity distribution in LV. The results are shown in Figure 4.14 and 4.15, and it is quite evident that

the performance due LoDroG is much better than that of Gaussian weighting function. It is also

discernible that papillary muscles are well segmented indicating the efficiency of LoDroG unlike

Gaussian and DoG (and to some extent DoLoG) weighting function. The combined approach is

summarized as shown in Figure 4.17.

A brief discussion of Derivative of Gaussian as a weighting function is given in the Appendix.

From all these above discussions, the suggested weighting functions are evident to have a sig-

nificant upper edge over Gaussian. In all the result sections, the ground truth images have been

included to let the readers a feel the intensity distribution and the desired boundary. The char-

acteristic functions really depict the relative importance of each weighting function. Among all

the curves, LoDroG is learnt to produce monotonically decreasing characteristic with increase

in width ‘t’ and blurring ‘σs’. The segmentation performance of LoDroG is reckoned as best.

Though at some instants, the segmentation results looked similar, if they are observed carefully,

one can perceive the difference.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4.13: Segmentation by using (a-c) DoG, (d-f) DoLoG and (g-i) LoDroG weighting
function.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 4.14: (a-h) Segmented slices of a subject with Random Walk approach using Gaussian
weighting function and active contour model.

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 4.15: (a-h) Segmented slices of a subject with Random Walk approach using LoDroG
weighting function and active contour model.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 4.16: (a-h) Ground truth images of Figure 4.14.

4.5 Conclusions

Weighting function is an important constituent in a Random Walk based image segmentation.

Gaussian function is reported as better on images, where objects are homogeneous and well

distinct. On the other hand, ischemic CMR images bear neither of the two. Since background

region (even the constant signal region) is insufficient in short axis CMR images, we therefore

focussed mainly on weighting function. The performance of the algorithm mostly depends on the

proper description of the function. In this chapter, an attempt has been made to explore its detailed

aspects on segmentation performance. After a sound study on entropy, we have discussed four

functions, viz. DoG, DoLoG and LoDroG in this work. The reasonable and meaningful outputs

[117] describe the potential of these functions, irrespective of short or long axis CMR image,

when are used with Random Walk. The quantitative evaluation of these weighting functions is

performed in the next chapter (Chapter 5).
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Figure 4.17: Summary of the proposed algorithm.
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Chapter 5

Quantitative Evaluation of Segmentation

Due to Different Weighting Functions

Quantitative evaluation of a segmentation method is necessary to find its utility in various applica-

tions. Of course, many methods have been proposed and more are coming on segmentation with

increase in type of heart diseases; complexity with respect to pixel intensity in the CMR image

is its result. The diversity in the types of regions composing an image is a major problem in seg-

mentation. Mostly, an image is composed of uniform, textured or degraded regions. Good results

for each type of region are obtained by a few segmentation methods. Moreover, a new segmenta-

tion method usually shows its efficiency illustrating through only a few segmentation results on

benchmark images. That means, visual evaluation is still subjective that differs from person to

person. Thus, the comparison of different segmentation methods is not an easy task. Moreover,

despite the fact that there exists a larger number of segmentation algorithms, computer vision still

suffers from an overload of written information and lack of good evaluations and comparisons.

Typically, there are two reasons for this: 1) most of the algorithms are not freely available and

their re-implementation is often too tedious and time-consuming, and 2) there is not a common

database (rare availability of such databases publicly) used in each segmentation method, some-

times the databases are pathologically different. In order to make an objective comparison of

different segmentation methods or results, some evaluation criteria have already been defined in

literature.

In the course of evaluation, it is natural that a conventional thought on three basic popular

edge detection algorithms, viz., 1) Prewitt [118], 2) Canny [119], and 3) Sobel [120] operator, self

arises. Therefore, their performances should be considered on the experimental data-set. Since
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(a) (b) (c) (d)

Figure 5.1: (a,c) Segmentation of CMR images by Prewitt edge operator. (b,d) Segmentation of
CMR images by Canny edge operator.

Sobel operator is less effective as compared to Prewitt in presence of high noise level [54], it has

been deliberately avoided from consideration. The performances of Prewitt and Canny operator

are given in Figure 5.1. Edge detection of LV by Prewitt method is viewed to be very poor

(shown in Figure 5.1(a) and 5.1(c)). At the same time, though Canny operator produces a better

edge detection, unfortunately, the detection is little useful from medical diagnosis perspective. If

Figure 5.1(b) is considered, it may be noticed that the papillary muscle are not included. On the

other hand, though Figure 5.1(d) provides a much better performance, a meaningful segmentation

is not obtained, instead it yields many unwanted edges within the LV. The shapes of the LV

boundary of these two CMR images can be actualized from the corresponding ground truths

as shown in Figure 5.2(a) and 5.2(b), respectively. In this context, Random Walk approach is

a suitable one that results a meaningful LV segmentation. Broadly, the evaluation criteria are

divided in two categories, viz., 1) Supervised and 2) Unsupervised.

A global dissimilarity measure between the ground truth and segmentation result is generally

computed by supervised criteria. Two components are needed in order to make this criteria func-

tion. The first one is a ground truth corresponding to the best and expected segmentation result.

Usually, the ground truth is known in case of synthetic images. In other cases (natural images),

an expert manually defines this ground truth [121]. Even if these images are more realistic, one

problem concerns regarding the objectivity and variability of experts. The second component is

the definition of a dissimilarity measure that depends on the correct classification rate of detected

objects in the image [122]. This type of approach is based on local processing and is dedicated

to a certain application. On the other hand, unsupervised evaluation criteria enable the quantifi-

cation quality of a segmentation result without any knowledge a priori [123]. The computation

of statistical measures on the segmentation result, such as gray level standard deviation or the
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contrast of each region in the segmentation play an important role in this evaluation criteria.

These criteria can be used for various applications. Firstly, different segmentation results

of a single image can be compared. The behavior of different segmentation methods could be

compared in order to choose the most appropriate for a given application. Secondly, the choice

of parameters of a segmentation method can be facilitated. Another application is the possibility

of defining new segmentation methods by optimizing evaluation criteria. Lastly, with the use of

an evaluation criterion, several segmentation results of a single image or of the different bands in

the multi- component case can be fused.

There are many supervised segmentation evaluation methods, but for the completeness of this

thesis, we restrict ourselves to a few of them.

5.1 Supervised Evaluation Criteria

The main principle of this approach is to measure the dissimilarity between a segmentation

result and a ground truth. In case of synthetic images, the ground truths are of course, very

reliable and have an extreme precision. For real-time applications, the expert ground truth is

subjective and the confidence attached to this reference segmentation has to be known.

5.1.1 Pratt’s Figure of Merit

Pratt’s Figure of Merit is used to compare the result of an edge detection algorithm to the

known ground truth [124], [125]. It returns a number between 0 and 1 based upon the quality

of the edge detection, with 1 being the best. The measure is based upon three things, detection,

localization and spurious response. This means that the score is based upon all edges being found,

all edges being placed in the correct location and no false alarms. This criterion corresponds to

an empirical distance between the ground truth contours It and that obtained with the chosen

segmentation result Is.

In order to compare two contours using the distances between them, the following steps are

necessary:

• Find pairs of equivalent points (one from each contour);

• Determine distances between these points;
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(a) (b) (c) (d)

Figure 5.2: (a,b) Ground truth images of Figure 5.1(a) and 5.1(c), respectively. Figures explaining
(c) FOM and (d) Hausdorff’s Distance.

• Finally, compute a global figure which characterizes the similarity of the contours.

Let A and B (shown in Figure 5.2(c)) be two similar closed lines corresponding to the contour

of an object: contour A = set of n points, contour B = set of m points. Let areas C, D and E be

defined as: C = area enclosed by contour A, D = area enclosed by contour B and E = C XOR

D.

F is defined as a closed line existing inside area E in zones where contour A is not equal to

B. Lines perpendicular to contour F are obtained for each point of this contour. The interception

of each of these lines with contours A and B defines a pair of corresponding points on both

contours. This completes step 1. Step 2 corresponds to the computation of Euclidean distances

between all the corresponding points. Finally (as step 3), the similarity between contours A and

B is assessed.

The Pratt’s figure of merit is defined as:

FOM (It, Is) =
1

Max {card (It) , card (Is)}
card(Is)∑

i=1

1

1 + d2 (i)
(5.1.1)

where d (i) is the distance between the ith pixel of Is and the nearest pixel of It; card represents

cardinality. Greater the value of FOM , more the determined contour (curve B) tends towards

the ground truth equivalent (curve A). This measure is one of the most used descriptors.

5.1.2 Hausdorff’s Distance

Distance between features is a difficult concept which has been approximated through various

indicators. Even if these measures are well adapted to the applications they are meant for (mainly
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proximity and accuracy evaluations), they all lack at least one of the three prerequisites for being

a true mathematical distance : that of separateness, which means that the distance between two

objects is zero if and only if those objects are strictly identical. The Hausdorff distance [126]

between two objects is a mathematically true distance. When both objects are punctual, it does

not differ from the Euclidean distance between points; otherwise it takes into account the mutual

positions of the objects relatively to each other. Its main interest for automated cartography,

besides quantifying spatial relations between objects, lies in the fact that it expresses remoteness.

Suppose there are two sets of points, s and t, as shown in Figure 5.2(d). The individual dis-

tances of each point in each set are calculated. The shortest distances are determined as indicated

by cross and square mark. The shortest among these two are finally decided, which shows the

shortest distance between these two sets of points.

While applying this measure on image, this criterion measures the distance between two pixel

sets: Is=s1, ...sn and It=t1, ...tm:

H (It, Is) = Max (h (It, Is) , h (Is, It)) (5.1.2)

where

h (It, Is) = Maxti∈ItMinsi∈Is ‖ti − si‖ (5.1.3)

If H (It, Is) = d, this means that all the pixels belonging to It are not further than d from some

pixels of Is. This measure gives a good similarity measure between two images. Lesser the value

of H , more is the accuracy of the determined border with the ground truth.

5.2 Unsupervised Evaluation Criteria

Most of these criteria compute statistics on each region in the segmentation result. The ma-

jority of these quality measurements are established in agreement with the human perception.

For region segmentation, various criteria take into account the intra-region uniformity and inter-

regions contrast.

5.2.1 Intra-Region Uniformity Criteria

Weszka and Rosenfeld [127] have proposed a threshold evaluation method that uses a busy-

ness measure as the criterion to judge thresholded images. To apply the busyness measure they

112TH-1089_06610208



5.2. UNSUPERVISED EVALUATION CRITERIA 95

assume that the images are composed of objects and background of compact shapes and not

strongly textured. Under these assumptions, the thresholded images should look smooth rather

than busy. In practice, they compute the amount of busyness for a thresholded image by using the

grey-level co-occurrence matrix of the image. That is, those entries of the co-occurrence matrix

representing the percentage of object-background adjacencies are summarized. The lower the

busyness, the smoother the thresholded images and the better the segmentation result. In conse-

quence, the better the segmentation results, the higher the performance of applied algorithm.

Similar to Weszka and Rosenfeld, Nazif and Levine (1984) also have defined a criterion that

calculates the uniformity of a characteristic on a region based on the variance of this characteristic

[128]:

U = 1−
NR∑

k=1

∑
s∈Rk

[
I (s)− 1

Ak

∑
s∈Rk

I (s)

]2

= 1−
NR∑

k=1

σ2
k (5.2.1)

where NR, I(s), and σ2
k indicate the number of regions, the gray level of the pixel s, and grey

level variance of the region Rk and Ak, respectively. Based on the same principle, Cocquerez et

al. have given another measurement of homogeneity of region:

$ =
Max (kσ2

k)∑
k

σ2
k

(5.2.2)

where σ2
k is the grey level variance of the region Rk. The region R is homogeneous if $ < T , T

is an arbitrary threshold. Greater the value of the intra region index, more is the homogeneity of

the particular object in the image.

5.2.2 Inter-Regions Contrast

Except for intra-region uniformity, Levine and Nazif also believe that an adequate segmenta-

tion should in addition produce images having higher contrast across adjacent regions. Therefore,

again they defined a grey level contrast measurement between two regions to evaluate the dissim-

ilarity of the regions in a segmentation result. The formula of the total contrast is defined as

follows [129]:

C =

NR∑
i=1

wi

NR∑
j=1

lij
li

|mi−mj |
mi+mj

NR∑
i=1

wi

(5.2.3)
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where NR, wi, mi, li, and lij indicate the number of regions, weight associated with each region

that can be its surface, the average gray level of the region Ri, the length of the perimeter of the

region Ri, and the length of the border between the regions between Ri and Rj , respectively.

In this work since we are interested in LV (i.e. only one region), the index for inter-regions’

contrast is of little use. Therefore, only measure for Intra-Region Uniformity Criteria has been

taken in account. The results of measures like Figure of Merit, Hausdorff’s Distance and Intra-

Region Uniformity on a set of CMR segmented images are summarized in three tables. Table 5.1,

5.2 and 5.3 compare the performance of Gaussian with DoG, DoLoG and LoDroG, respectively.

The comparisons of the performance with the use of Gaussian and other described weighting

functions are given individually in order to perceive a clear difference. Now, the knowledge of its

(this improved algorithm) standing among other popular methods needs to be furnished. For this,

we have implemented some standard methods on our experimental data set since a common data

set is not present in all methods. Brief description of some common evaluation measures [130]

and their values are provided in Table 5.4 and 5.5, respectively; Random Walk seems to have

resulted promising figures.

Validation is typically performed using one of the two methods described above. The most

straightforward approach to validation is by comparing the automated segmentations with man-

ually obtained segmentations. This approach, besides suffering from the drawbacks outlined in

the previous section, does not guarantee a perfect model since an operators performance can also

be flawed. Therefore, unsupervised method can be thought as more consistent. The following

section introduces a method that compares the performance of two different schemes for seg-

mentation. Instead of taking the help of a ground truth data-base, which are usually used for

measuring the degree of execution, we only compare the resulted contours of two methods. In

this methodology, the user only needs to draw a rectangle outside the LV that tightly touches the

myocardium/epicardium. The task of user is supposed to be not that difficult, as the myocardial

muscle is quite visible.

5.3 Maximum of Minimum Distances (MMD) Method

For the sake of conveying the idea behind the method, we take only two weighting functions

and suggest the same to be applied for the remaining ones. This method basically compares the

performance of Random Walk approach with two different weighting functions e.g., Gaussian
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Table 5.1: Evaluation of segmentation by Random Walk approach using Gaussian and DoG as
the weighting function.

# Subject Method Ih FOM Hd # Subject Method Ih FOM Hd

1
Gaussian 3.81 0.68 5.98

17
Gaussian 4.60 0.77 6.32

DoG 3.51 0.79 5.24 DoG 4.10 0.84 5.70

2
Gaussian 5.56 0.68 6.35

18
Gaussian 4.61 0.76 6.32

DoG 5.25 0.80 5.67 DoG 4.11 0.83 5.68

3
Gaussian 5.36 0.69 6.30

19
Gaussian 4.69 0.76 6.22

DoG 4.95 0.81 5.62 DoG 4.19 0.83 5.71

4
Gaussian 5.62 0.70 6.29

20
Gaussian 4.59 0.76 6.37

DoG 5.31 0.82 5.61 DoG 4.14 0.82 5.79

5
Gaussian 5.44 0.67 6.35

21
Gaussian 4.61 0.78 6.22

DoG 5.13 0.80 5.79 DoG 4.09 0.83 5.73

6
Gaussian 5.56 0.68 6.47

22
Gaussian 4.69 0.76 6.38

DoG 5.12 0.81 5.52 DoG 4.11 0.87 5.68

7
Gaussian 5.24 0.68 6.28

23
Gaussian 4.81 0.75 6.42

DoG 5.21 0.81 5.65 DoG 4.29 0.86 5.72

8
Gaussian 5.67 0.67 6.46

24
Gaussian 4.54 0.78 6.27

DoG 5.34 0.81 5.78 DoG 4.12 0.84 5.65

9
Gaussian 5.49 0.66 6.28

25
Gaussian 4.61 0.77 6.34

DoG 5.18 0.81 5.60 DoG 4.11 0.84 5.72

10
Gaussian 5.55 0.68 6.31

26
Gaussian 4.59 0.71 6.31

DoG 5.25 0.80 5.63 DoG 4.09 0.82 5.69

11
Gaussian 4.03 0.67 6.07

27
Gaussian 4.08 0.66 6.10

DoG 3.56 0.82 5.31 DoG 3.59 0.81 5.33

12
Gaussian 5.36 0.69 6.15

28
Gaussian 4.65 0.76 6.36

DoG 5.05 0.81 5.47 DoG 4.01 0.82 5.75

13
Gaussian 5.54 0.64 6.28

29
Gaussian 4.48 0.79 6.15

DoG 5.23 0.81 5.61 DoG 4.00 0.85 5.55

14
Gaussian 4.34 0.64 6.25

30
Gaussian 4.52 0.61 6.55

DoG 4.09 0.86 5.13 DoG 4.09 0.86 5.13

15
Gaussian 5.43 0.67 6.32

31
Gaussian 4.54 0.73 6.52

DoG 5.12 0.80 5.64 DoG 4.13 0.82 5.74

16
Gaussian 5.20 0.69 6.21

32
Gaussian 4.04 0.78 6.19

DoG 5.01 0.81 5.53 DoG 4.01 0.86 5.67

and DoG. The method is described as follows:

• Plot a rectangle that encircles LV and touches the endocardium as shown in Figure 5.3.

• Consider the closed contour C of LV consisting of n small curves [131] i.e., C=C1+C2+C3

+...+Cn−1. These small curves are assumed to be smooth. To represent a small curve C1,

we use a parametric notation as follows,

C1 : z (t) = x (t) + y (t) , a ≤ t ≤ b, (5.3.1)
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Table 5.2: Evaluation of segmentation by Random Walk approach using Gaussian and DoLoG as
the weighting function.

# Subject Method Ih FOM Hd # Subject Method Ih FOM Hd

1
Gaussian 3.81 0.68 5.98

17
Gaussian 4.60 0.77 6.32

DoLoG 3.47 0.81 5.18 DoLoG 4.05 0.87 5.64

2
Gaussian 5.56 0.68 6.35

18
Gaussian 4.61 0.76 6.32

DoLoG 5.20 0.83 5.62 DoLoG 3.95 0.87 5.24

3
Gaussian 5.36 0.69 6.30

19
Gaussian 4.69 0.76 6.22

DoLoG 4.84 0.86 5.41 DoLoG 4.10 0.85 5.59

4
Gaussian 5.62 0.70 6.29

20
Gaussian 4.59 0.76 6.37

DoLoG 5.19 0.88 5.61 DoLoG 4.04 0.86 5.56

5
Gaussian 5.44 0.67 6.35

21
Gaussian 4.61 0.78 6.22

DoLoG 4.91 0.87 5.63 DoLoG 3.96 0.89 5.43

6
Gaussian 5.56 0.68 6.47

22
Gaussian 4.69 0.76 6.38

DoLoG 5.01 0.84 5.40 DoLoG 4.08 0.90 5.60

7
Gaussian 5.24 0.68 6.28

23
Gaussian 4.81 0.75 6.42

DoLoG 5.18 0.83 5.62 DoLoG 4.27 0.87 5.69

8
Gaussian 5.67 0.67 6.46

24
Gaussian 4.54 0.78 6.27

DoLoG 5.28 0.83 5.71 DoLoG 4.07 0.88 5.45

9
Gaussian 5.49 0.66 6.28

25
Gaussian 4.61 0.77 6.34

DoLoG 5.12 0.84 5.51 DoLoG 4.02 0.87 5.66

10
Gaussian 5.55 0.68 6.31

26
Gaussian 4.59 0.71 6.31

DoLoG 5.14 0.83 5.51 DoLoG 3.96 0.84 5.56

11
Gaussian 4.03 0.67 6.07

27
Gaussian 4.08 0.66 6.10

DoLoG 3.52 0.85 5.25 DoLoG 3.52 0.84 5.19

12
Gaussian 5.36 0.69 6.15

28
Gaussian 4.65 0.76 6.36

DoLoG 5.00 0.85 5.38 DoLoG 3.78 0.86 5.33

13
Gaussian 5.54 0.64 6.28

29
Gaussian 4.48 0.79 6.15

DoLoG 5.13 0.83 5.48 DoLoG 3.89 0.87 5.34

14
Gaussian 4.34 0.64 6.25

30
Gaussian 4.52 0.61 6.55

DoLoG 4.02 0.89 5.09 DoLoG 3.93 0.88 5.01

15
Gaussian 5.43 0.67 6.32

31
Gaussian 4.54 0.73 6.52

DoLoG 5.05 0.83 5.54 DoLoG 3.99 0.84 5.65

16
Gaussian 5.20 0.69 6.21

32
Gaussian 4.04 0.78 6.19

DoLoG 4.87 0.84 5.37 DoLoG 3.88 0.87 5.52

where x (t) and y (t) are continuous functions and z contained in C is a complex variable,

z ∈ C. The complex valued z (t) is differentiable as x (t) and y (t) are differentiable for

a ≤ t ≤ b. The angle of inclination θ (t) of the tangent vector z′ (t) = y′(t0)
x′(t0)

for all values

of t is given by

θ (t) = arg [z′ (t)] = arg [x′ (t) + y′ (t)] . (5.3.2)

Therefore, a smooth curve has a continuously turning tangent vector. The arc length in
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Table 5.3: Evaluation of segmentation by Random Walk approach using Gaussian and LoDroG
as the weighting function.

# Subject Method Ih FOM Hd # Subject Method Ih FOM Hd

1
Gaussian 3.81 0.68 5.98

17
Gaussian 4.60 0.77 6.32

LoDroG 3.42 0.87 5.11 LoDroG 4.00 0.91 5.53

2
Gaussian 5.56 0.68 6.35

18
Gaussian 4.61 0.76 6.32

LoDroG 5.14 0.89 5.53 LoDroG 3.87 0.92 5.19

3
Gaussian 5.36 0.69 6.30

19
Gaussian 4.69 0.76 6.22

LoDroG 4.43 0.89 5.11 LoDroG 3.88 0.91 5.39

4
Gaussian 5.62 0.70 6.29

20
Gaussian 4.59 0.76 6.37

LoDroG 4.89 0.89 5.44 LoDroG 3.84 0.93 5.22

5
Gaussian 5.44 0.67 6.35

21
Gaussian 4.61 0.78 6.22

LoDroG 4.71 0.89 5.34 LoDroG 3.91 0.90 5.33

6
Gaussian 5.56 0.68 6.47

22
Gaussian 4.69 0.76 6.38

LoDroG 4.80 0.87 5.13 LoDroG 4.01 0.95 5.51

7
Gaussian 5.24 0.68 6.28

23
Gaussian 4.81 0.75 6.42

LoDroG 5.12 0.87 5.52 LoDroG 4.11 0.90 5.18

8
Gaussian 5.67 0.67 6.46

24
Gaussian 4.54 0.78 6.27

LoDroG 5.02 0.85 5.59 LoDroG 4.02 0.89 5.44

9
Gaussian 5.49 0.66 6.28

25
Gaussian 4.61 0.77 6.34

LoDroG 4.91 0.88 5.05 LoDroG 3.74 0.92 5.43

10
Gaussian 5.55 0.68 6.31

26
Gaussian 4.59 0.71 6.31

LoDroG 4.85 0.88 5.23 LoDroG 3.66 0.93 5.12

11
Gaussian 4.03 0.67 6.07

27
Gaussian 4.08 0.66 6.10

LoDroG 3.46 0.91 5.15 LoDroG 3.42 0.94 4.56

12
Gaussian 5.36 0.69 6.15

28
Gaussian 4.65 0.76 6.36

LoDroG 4.77 0.88 5.18 LoDroG 3.58 0.94 4.92

13
Gaussian 5.54 0.64 6.28

29
Gaussian 4.48 0.79 6.15

LoDroG 4.93 0.87 5.32 LoDroG 3.74 0.91 5.12

14
Gaussian 4.34 0.64 6.25

30
Gaussian 4.52 0.61 6.55

LoDroG 3.95 0.94 5.01 LoDroG 3.81 0.89 4.78

15
Gaussian 5.43 0.67 6.32

31
Gaussian 4.54 0.73 6.52

LoDroG 4.67 0.88 5.26 LoDroG 3.87 0.90 5.24

16
Gaussian 5.20 0.69 6.21

32
Gaussian 4.04 0.78 6.19

LoDroG 4.63 0.89 5.11 LoDroG 3.76 0.91 5.24

[a, b] is

L =

b∫

a

√
[x′ (t)]2 + [y′ (t)]2 dt =

b∫

a

|z′ (t)| dt. (5.3.3)

• Green’s Theorem [131] states that if R is a plane region with boundary curve C directed
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Table 5.4: The employed metrics for quantitative evaluation.
Measures Definition

Hausdorff distance (Hd) Minimum distance between two sets of points
intra-region (Ih) Index of homogeneity

Figure of Merit (FOM) Segmentation index of matching with ground truth equivalent
Precision True positive/(True positive + false positive)
Accuracy (True positive + true negative)/total samples

Mean error rate (MER) (False positive + false negative)/total samples × 100

Table 5.5: Quantitative segmentation comparison among a few selected methods.
Serial No. Method Ih FOM Hd Precision Accuracy MER

1 NCut 4.19 0.78 5.98 0.8647 0.8641 0.9881
2 Kmeans clustering 3.76 0.76 6.09 0.8520 0.8531 0.9889
3 GrowCut 3.96 0.86 5.41 0.9357 0.9334 0.8432
4 GrabCut 3.92 0.83 5.62 0.9031 0.9087 0.9231
5 Our method 4.04 0.92 5.06 0.9533 0.9788 0.7210

counterclockwise and
−→
F = [M, N ] is a vector field differentiable throughout R, then
∫

C

−→
F .
−→
T ds =

∫∫

R

(
∂N

∂x
− ∂M

∂y

)
dA. (5.3.4)

s and
−→
T denote an oriented surface with boundary curve C and the unit tangent vector to

C, respectively.

A curious consequence of Green’s Theorem is that the area of the region R enclosed by a

simple closed curve C in the plane can be computed directly from a line integral over the

curve itself, without direct reference to the interior. The reason is that if
−→
F = [M, N ] is
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Figure 5.3: (a-b) Placement of a rectangle surrounding the contour. (c-d) Comparison of segmen-
tation, resulted due to Random Walk with Gaussian and DoG weighting function.

118TH-1089_06610208



5.4. PRESENTATION OF RESULTS 101

taken and M and N are chosen such that

∂N

∂x
− ∂M

∂y
= 1, (5.3.5)

then the area of R,

Λ =

∫∫

R

dA =

∫

C

[M, N ] .
−→
T ds. (5.3.6)

If Υ is the area of the rectangle, then area remaining between Υ and Λ is ℘ = Υ − Λ.

Allocate the edges of the rectangle to each contour pixel depending on the distance from

each edge of the rectangle. The edge that gives minimum distance is the corresponding

edge for that pixel.

• Get all the distances of each pixel from the corresponding edges of the rectangle. The

contour that gives maximum of minimum distances (Md) is considered as the best contour

in the group. In addition, this contour should have less ℘ and L as compared with the others

in the test group.

The steps described above, should be same for all the contours to be compared.

5.4 Presentation of Results

Only the segmented output obtained using Gaussian is compared with that of DoG. The de-

termined borders due to Gaussian and DoG are given in Figure 5.3(a) and 5.3(b), respectively.

Figure 5.3(c) and 5.3(d) show Md for Gaussian and DoG, respectively. If we compare the results

of Random Walk approach using the two weighting functions individually, the performance of

DoG (Figure 5.3(d)) is seen to have maximum number of Md).

The dimension of grey marked rectangular box on LV in each image is same as shown in

Figure 5.3(a) and 5.3(b). The tight rectangle is chosen to avoid any inclusion of over-segmented

pixel.

Finally for the completeness of the thesis, a discussion on application of segmentation is

chipped in. There are several applications in the field of segmentation especially relating to car-

diology, viz. ejection fraction, heart wall motion detection, left ventricular mass detection, and

measurement of tissue volumes to name a few. Apart from these, let us consider another appli-

cation where a patient is assumed to be at a remote area. Suppose there comes a need to transfer

119TH-1089_06610208



5.5. CONCLUSIONS 102

(a) (b) (c) (d)

Figure 5.4: (a-d) Some segmented images of different subjects.

the CMR data of the patient through wireless communication channel to an expert to a distant

urban location. In this case, major challenges due to the growing size of 24 hour CMR data-sets

as well as practical limitations in transmission bandwidth and storage space arise. One of the so-

lutions could be if LV (blood pool) of the patient is only the concern, then transmission of CMR

image where LV is fully protected will drastically reduce the memory requirement. To serve

the objective, region based compression [132] carries a substantive importance. Left ventricle

region should be compressed by a lossless technique, while the rest of the image by a lossy tech-

nique. There are many lossy techniques [133], [134] to date which provide a good compression

ratio (approximately 50:1 or more). On the other hand, lossless techniques [135], [136], [137]

result a low compression ratio (of 2:1 or 4:1). On employing a region based technique, a good

compression may be obtained at the end that retains all the information in LV.

Original CMR images (with blood pool segmentation) are shown in Figure 5.4. The per-

formance obtained from a lossy algorithm and the combination of the region based (lossy and

lossless) are shown in Figure 5.5 and 5.6, respectively.

5.5 Conclusions

There are many evaluation techniques, methods and frameworks on image segmentation.

Still, the search for a best method is on with the emergence of medical image varieties. In

this chapter, the performance of different proposed weighting functions has been evaluated by

three existing techniques. Most of the methods for evaluating the effectiveness of a segmentation

method use subjective evaluation, in which a human visually compares the image segmentation

results for separate segmentation algorithms. This is a tedious process and inherently limits the
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(a) (b) (c) (d)

Figure 5.5: (a-d) Corresponding lossy segmented slices in shown Figure 5.4.

(a) (b) (c) (d)

Figure 5.6: (a-d) Corresponding region based compressed segmented slices shown in Figure 5.4.

depth of evaluation to a relatively small number of segmentation comparisons over a predeter-

mined set of images. Considering the infeasibility of present methods in many vision appli-

cations, an unsupervised comparison technique has been proposed. The method is simple and

seems to be satisfactory [138], since it requires very little user intervention.

This thesis has discussed basically the Random Walk based CMR image segmentation. There

have arisen many problems and attempts have been made to solve them. In the next chapter, a

summary of this work is presented.
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Chapter 6

Summary and Scope for Future Work

Segmentation issues in medical images has become an active area of research in the image pro-

cessing community. In the context of CMR images, segmentation of an object in the image that

owes an increased importance and interest in the recent years is the left ventricle. The present

research work proposes a method which 1) is automatic to a large extent; 2) can effectively seg-

ment both left ventricle endocardium and epicardium. After a thorough literature survey, we have

selected Random Walk and active contour model as the suitable tools for this work. The present

thesis has investigated Random Walk on image segmentation and presented some methods based

on the findings. Finally, the quality of segmentation was validated by radiology technicians to

ensure the reliability of the results. The main contributions of the thesis are summarized in Sec-

tion 6.1 and a few tracks for future research are outlined in Section 6.2.

6.1 Summary

In this work, we have dealt with ischemic CMR images, where the objects in the image are ob-

scure and nonhomogeneous. The first problem that has been addressed by the thesis in Chapter 2

is how to employ Random Walk in ischemic CMR images for segmenting blood pool region.

Random Walk based image segmentation algorithm is a general purpose interactive segmentation

method that uses “graph cuts” interface. This method works as follows:

• A user interactively labels a small number of pixels with known labels (called seeds), e.g.,

“object” and “background” in the image.

• The unlabeled pixels are each imagined to release a random walker.
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• After the first arrival, the probability that the random walker starting at a pixel first reaches

one of the seeds is computed; the pixel takes the label that gives maximum probability.

• The maximum probable pixels constitute the desired object boundary.

Intensity inhomogeneity is often seen in the left ventricle and this causes considerable difficulties

in applying this segmentation algorithm on such CMR images. The left ventricle is therefore is

considered as a multi-labeled object. There are mainly three challenges in the due course of its

boundary extraction, 1) selection of seeds, 2) seeds’ placement, and 3) determination of β (used

in weighting function). The corresponding solutions proposed in this thesis are as follows:

1. Since the pixel intensity values in a CMR image are low in terms of magnitude, it is there-

fore difficult to exactly distinguish two separate labels with minor demarcation. A method

using heat equation in association with an adaptive threshold technique has been proposed

to select the seeds in each sub-label. This method leaves a possibility that a sub-label con-

tains more than one seed, which in turn increases unnecessary computational complexity.

Therefore, a discarding scheme is implemented such that each sub-label contains exactly

one seed point.

2. Usually, one seed is sufficient to precisely segment a homogeneous object. On the other

hand, to segment the multi-labeled left ventricle, superposition concept has been applied

that draws a single boundary for the left ventricle. Otherwise, unnecessary multiple object

boundaries are bound to be extracted.

3. Weighting function maps the intensity values to edge weights. It decides whether two

adjacent pixels belong to the same object or not. A parameter β is used in this function

which is normally determined by the operator. It is well known that user intervention

often brings variability in the performance. Therefore, instead of specifying the value of β

manually, a method has been suggested that ascertains the same from the input image.

Overall, the results are found to be satisfactory and clearly reflects the efficiency of the described

approach. Application of this method, mostly to short axis CMR images, faces difficulty to

potentially segment the blood pool region. This is because the sufficient background region must

be needed to get a proper β and unfortunately it is not the case in short axis CMR images.

The above problem is tackled in Chapter 4, where some weighting functions have been sug-

gested to be used in Random Walk based image segmentation. Difference of Gaussian (DoG),
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difference of Laplacian of Gaussian (DoLoG) and Laplacian of Derivative of Gaussian (LoDroG)

weighting function are demonstrated to be effective in such images. The performances of these

functions, when used in Random Walk approach, prove to be more effectual as compared to

Gaussian weighting function. Among these functions, LoDroG is found to be the best. The idea

behind the modification of weighting function is to make the Random Walk perform accurately

to segment short axis as well as long axis CMR images. Straightway Random Walk can not be

used to segment the epicardium because there is very little pixel intensity difference between my-

ocardium and surrounding muscle. Huge merits of active contour model in presence of noise has

encouraged us to utilize its characteristics for the said objective. The model has been modified

that takes blood pool boundary as its initial contour to extract the epicardial wall. In this way, the

basic requirement to initialize the variable curve near the object boundary is avoided. The result

of this approach, to some extent, depends on the shape of the blood pool contour, which is shown

in Chapter 3.

Finally, Chapter 5 investigates some existing segmentation evaluation techniques and pro-

poses a new method, Maximum of Minimum Distances (MMD), which is unsupervised in nature.

Instead of taking the help of a ground truth database, which is usually employed for measuring

the degree of performance, we have simply compared the resulting contours obtained from two

methods. In this methodology, the user only requires to draw a rectangle outside the LV that

tightly touches the epicardium. The method seems to be upright in terms of its simplicity. In

the end, region based compression is given as an application of segmentation in this chapter for

completeness of the thesis.

6.2 Tracks for Future Work

This Section outlines a few tracks for feature research direction.

• Parameter selection: It is well known that increasing the level of automation in image

segmentation process could save significant time and effort. Thereby, it could enhance the

precision by eliminating human subjectivity. In this context, the value of σ (used in various

weighting functions in Chapter 4) may be considered to obtain from the image.

• Epicardial contour: The shape of epicardial wall is found to be endocardial contour de-

pendent (as described in Chapter 3), to some extent, irrespective of the myocardium inten-
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sity distribution. Suppose a need arises to segment an image having varying myocardium

thickness, a proper epicardial wall may not be expected using this method in this case. A

new method may be imagined of to avoid such crisis.

• Feature detection and motion estimation: Once the CMR image is segmented, the next

two crucial steps (from clinical view point) are feature detection and motion estimation.

The distinction we make between segmentation and feature detection is that feature de-

tection is concerned with determining the presence of some image property. On the other

hand, segmentation generally assumes that the property is already present and it attempts

to precisely localize areas that possess the property. For example, edge detection methods

can determine the location of edges in an image but without further processing, it does not

necessarily extract any region of interest. Motion estimation methods often consist of ap-

plying segmentation algorithms to time sequences of images. The motion analysis of heart

after segmentation is an important aspect which could be considered for future research di-

rection because it is a major visual support for any clinician to get into the reasons behind

any disease.

• Cardiac cine MRI: For measurement of global cardiac function, bright blood cine MRI

is performed in multiple short-axis views with a multi-phase, segmented k-space and GRE

sequence. However, saturation in areas of low blood velocity reduces the contrast between

the ventricular cavity and the myocardium on GRE images [139]. The saturation effect

hampers endocardial contour detection with automatic or semi-automatic segmentation al-

gorithms. The segmentation of LV in cine CMR images faces challenges, some of them

are: 1) the overlap between intensity distributions within the cardiac regions; 2) the lack of

edge information and 3) the shape variability of endocardial and epicardial region. Since

Random Walk has been proved to be effective on 2D CMR images, therefore, such type of

images could be tried using this approach.

• Classification and compression: Heart disease is any disorder that affects the heart’s

ability to function normally. Various forms of heart disease include: 1) aortic regurgitation;

2) aortic stenosis; 3) arrhythmias; 4) cardiogenic shock; 5) congenital heart disease and so

on. Therefore, the classification of pixels in a CMR image corresponding to the tissues

in heart is required. Since the characteristics of segmentation is to group identical pixels.
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This property can well be utilized in image compression.

• Other medical images: Several medical imaging modalities are used only to a limited

extent in radiological practice or are still at the experimental stage. Positron emission to-

mography (PET) and single photon emission computed tomography (SPECT) belong to

the former group. Magnetic resonance spectroscopy, electrical source imaging, electrical

impedance tomography, magnetic source imaging and medical optical imaging belong to

the latter group [140]. MRI has some distinct points with respect to noise, intensity, etc.

as compared to other medical imaging modalities. Performance of the algorithm described

in this thesis, may be compared by implementing it on other imaging modalities. For ex-

ample, the major disadvantages of medical ultrasound imaging are the relative poor spatial

image resolution due to blurring, speckle and noise in most applications. Also, the fact that

ultrasound does not pass bone so several soft tissues can not be imaged routinely. Air in

the lungs and thick fat layers also represent major problems for ultrasound imaging.
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Chapter 7

APPENDIX

7.1 Relationship Between the Image Variance and Distribu-

tion Function

In this section, the direct relation relationship between the image variance and the candidate

variable is described. If ξ be a random variable that is uniformly distributed, that means

ξ ∼= Uniform(0, 1)

and F is an arbitrary distribution function (df), then the random variable K satisfies

K =

∫

(−∞,∞)

kd1[K≤k] (7.1.1)

where 1[K≤k] is a random df that puts mass 1 at the point k. If K has mean µ, then

µ =

∫

(−∞,∞)

kdF (k) (7.1.2)

It can further be written as

K − µ =

∫

(−∞,∞)

kd
(
1[K≤k] − F (k)

)
(7.1.3)

then by parts, it can be

K − µ = −
∫

(−∞,∞)

(
1[K≤k] − F (k)

)
dk (7.1.4)

For Equation 7.1.4, k [1− F (k)] ≤ ∫
(k,∞)

ydF (y) → 0 as k → ∞ if E |K| < ∞. Thus when

Var [K] < ∞, Fubini’s theorem gives
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Var [K] =

∞∫

−∞

∞∫

−∞

[F (kΛy)− F (k) F (y)]dkdy (7.1.5)

via (7.1.4). From Equation 7.1.5 and 2.6.11, it can be conceded that

Var [K] ∝ F (k)

and

Var [K] ∝ k

This clearly demonstrates the direct relation between distribution function and the variable.

7.2 Wave Propagation in a Cantilever Beam Subjecting the

Impact Moment

Let an elastic beam of constant depth, initially at rest with one side hinged is suddenly sub-

jected to load. The loads are governed by the beam points (intensity values of the pixels). The

natural frequencies and mode shapes are used to compute and animate the system response pro-

duced by the beam. Similar to heat equation, solution to the differential equation formed in this

case is

U = Up + Uh (7.2.1)

where Uh = U1 cos (ωt) + U2 sin (ωt) with Uj = (K − ω2M)
−1

Fj j = 1, 2; K, M and ω

represent stiffness matrix, elemental mass and resonant frequency, respectively. Here K − ω2M

is assumed to be non-singular. The homogeneous equation satisfies

M
..

Uh + KYh = 0 (7.2.2)

with initial conditions Uh (0) = U0 − U1 and
.

U (0) = V0 − ωU2. The homogeneous solution

components have the form

Ujh = Pj cos (ωjt + φj) (7.2.3)

where ωj and Pj are natural frequencies and modal vectors satisfying the eigenvalue equation

KPj = ω2
j MPj (7.2.4)
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The homogeneous solution completing the modal response is

Uh (t) =
n∑

j=1

Pj

[
cos (ωjt) cj + sin (ωjt) dj/ωj

]
(7.2.5)

where cj and dj are computed to satisfy the initial conditions which require

C = P−1 (U0 − U1) D = P−1 (V0 − ωU2) (7.2.6)

7.3 Heat Conduction Through a Slab

Let a slab is kept over a heat source whose left part is hinged, conductance is varying gradually

according to U0 sin (ΩT ), where Ω, T are frequency and time, respectively. One of the mostly

used differential equation formats of heat equation is

ut = c2uxx (7.3.1)

If the ends of the rod are kept at zero temperature, the formulated problem is said to be having

homogeneous boundary conditions else it is known as non-homogeneous. This type of problem

includes the initial conditions

u (0, t) = u (p, t) = 0 (7.3.2)

u (x, 0) = f (x) (7.3.3)

The initial temperature in the slab is zero making the problem:

α2 ∂2U

∂X2
(X,T ) =

∂U

∂T
(X,T ) , 0 < X < l, T > 0 (7.3.4)

.
∂U

∂X
(0, T ) = 0, U (l, T ) = U0 sin (ΩT ) (7.3.5)

U (X, 0) = 0, 0 < X < l (7.3.6)

where U , X , α, l are temperature, position, thermal diffusivity and length, respectively. The

problem can be converted into dimensionless form

u =
U

U0

, x =
X

l
, l =

αT

l2
, ω =

Ωl2

α
(7.3.7)

Then we get
∂2u

∂x2
=

∂u

∂t
, 0 < x < 1, t > 0 (7.3.8)
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∂u (0, t)

∂x
= 0, u (1, t) = = (

eiωt
)

(7.3.9)

u (x, 0) = 0 (7.3.10)

This is nonhomogeneous boundary equation. In order to introduce the homogeneous boundary

conditions to the problem it is assumed that as t →∞, the temperature in the rod does not depend

on t. In other words,

Lt
t→∞

u (x, t) = R (x) (7.3.11)

where R (x) is the steady state temperature. Now, the original heat equation becomes

u (x, t) = v (x, t) + R (x) (7.3.12)

where v (x, t) is the transient temperature. Substituting u (x, t) in the general heat equation and

using the boundary conditions we get

v (p, t) + R (p) = T1 (7.3.13)

where p is the length of the rod and T1 = = (eiωt). Now, there are two sets of problem

R
′′

= 0, 0 < x < p (7.3.14)

R (0) = T0, R (0) = T1 (7.3.15)

The other set is

vt = c2vxx, 0 < x < p, t > 0 (7.3.16)

vx (x, 0) = 0, vx (p, t) = 0, t > 0 (7.3.17)

v (x, 0) = 0 (7.3.18)

Using the method of separation of variables and implementing the boundary conditions, we solve

for the homogeneous part as

v (x, t) =
∞∑

n=1

f (x) ec2λnt (7.3.19)

f (x) = =
[
cos φx

cos φ

]
(7.3.20)

where φ =
√−jω and the non-homogeneous part as

R (x, t) = =
[
cos φx

cos φ
eiωt

]
(7.3.21)

The solution of the heat equation thus becomes

u (x, t) = v(x, t) + R (x, t) (7.3.22)
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7.4 Wave propagation in a beam subjecting torque

Consider a beam of uniform cross section which is pin ended and is initially at rest. Suddenly,

a harmonically varying moment M0 cos (Ω0T ) is applied to the right end. Let the terms U , X and

T be transverse displacement, longitudinal distance from the right end, and time, respectively.

The differential equation, boundary conditions and initial conditions characterizing the problem

are as follows:

EI
∂4U

∂X4
= −Wρ

∂2U

∂T 2
0 < p < R, T > 0 (7.4.1)

U (0, T ) = 0,
∂2U

∂X2
(0, T ) = 0 (7.4.2)

U (R, T ) = 0,
∂2U

∂X2
(R, T ) =

M0

EI
cos (Ω0T ) (7.4.3)

U (0, T ) = 0,
∂U

∂T
(0, T ) = 0 (7.4.4)

where X is the beam length, EI is the product of elastic modulus and moment of inertia and

Wρ is the product of cross section area and mass density. For convenience, one may convert the

variables to a standard dimensionless form as

p - position = X
R

t - time =
[√

(EI)/(Wρ)

]
R−2T

u - displacement =
[
(EI)/(M0R

2) U

]

ω - forcing frequency =
[√

(Wρ)/(EI)

]
R2Ω0

m - bending moment = ∂2u
∂s2 . So the new boundary value problem is

∂4u

∂p4
= −∂2u

∂t2
0 < p < 1, t > 0 (7.4.5)

u (0, t) = 0,
∂2u

∂p2
(0, T ) = 0 (7.4.6)

u (1, t) = 0,
∂2u

∂p2
(1, t) = 0 (7.4.7)

u (p, 0) = 0,
∂u

∂t
(p, 0) = 0 0 < p < 1 (7.4.8)

Now, the problem can be solved by combining a particular solution u1 which satisfies the differ-

ential equation and the nonhomogeneous boundary conditions, with a homogeneous solution in

series form which satisfies the differential equation and homogeneous boundary conditions. Thus

we have u = u1 + u2. The particular solution is in the form of

u = f (p) cos (ωt) (7.4.9)
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where f (s) satisfies f
′′′′

(s) = ω2f (s) and f (0) = f
′′
(0) = f (1) and f

′′
(1) = 1. This ordinary

equation is solvable as

f (p) =
4∑

v=1

cke
lvp (7.4.10)

where

lk =
√

ω eπi(v − 1)/2 i =
√−1. The boundary conditions require

4∑
v=1

cv = 0,
4∑

v=1

cvl
2
v = 1 (7.4.11)

4∑
v=1

cve
lv = 0,

4∑
v=1

cvl
2
ve

lv = 0 (7.4.12)

Solving these equations the particular solution can be determined. The particular solution sat-

isfies the initial conditions u1 (0, t) = f (p) =
∞∑

v=−∞
cve

iπvp and ∂u1

∂t
(0, t) = 0, where f (p) is

expandable in a complex Fourier series as an odd valued function such that

f (p) = f (p + 2) = −f (2− p) 0 < p < 1 (7.4.13)

This implies that f (p) is represented as a sine series,

f (p) =
∞∑

v=1

av sin (vπp) (7.4.14)

with av = −2 [imag (cv)]. The homogeneous solution is represented as

u2 (p, t) = −
∞∑

v=1

av cos
(
π2v2t

)
sin (vπp) (7.4.15)

so that u1 and u2 combine to satisfy the desired initial conditions.

7.5 Derivative of Gaussian (DroG) weighting function

The Gaussian weighting function is defined as

wGauss (x) =





1√
2πσ2

e

(
− x2

2σ2

)
, x ∈ ROI

0, elsewhere,
(7.5.1)

where σ is the usual standard deviation. The derivative of the Gaussian function (Gauss(x)) is

obtained [116] by,

∂n

∂xn
Gauss (x) = (−1)n 1(

σ
√

2
)n Hn

(
x

σ
√

2

)
Gauss (x) (7.5.2)
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where n is the order of the derivative and Hn (x) is the Hermite polynomial. In our case, we take

n = 1. Simplifying the above function we get,

wDroG (x) =
−x

2
√

2πσ3
e−

x2

2σ2 (7.5.3)

Here, we consider the absolute value of the above weighting function. The characteristic function

due to Gaussian weighting function is

EGauss
v =

2t∫

0

v (x) wGauss (x) dx. (7.5.4)

and for DroG is

EDroG
v =

t∫

0

x

2
√

2πσ3
e−

x2

2σ2 e
− (x−t)2

2σ2
s dx +

t∫

t

x

2
√

2πσ3
e−

x2

2σ2 dx (7.5.5)

The difference between two characteristic functions is expressed as

EDroG
v − EG

v =

1
2
√

2πσ3

[
Exp

(
1 +

t(ln t−1)−
(

1
2σ2 + 1

2σ2
s

)
t3

3
+ t2

4σ2
s

t3Exp

(
−

(
1

2σ2 + 1

2σ2
s

))
t2

)

−0.25σ2
(
Γ

(
2, 2t2

σ2

)
− Γ

(
2, t2

2σ2

))]
− 1√

2σ


 0.5(

1
2σ2 + 1

2σ2
s

) 3
2

((
t

2σ2
s

)2

−
(

1
2σ2

s+2σ2

)(
t2

2σ2
s

)) {
erf

(√
1

2σ2 + 1
2σ2

s
t−

t

2σ2
s√

1
2σ2 + 1

2σ2
s

)
− erf

( −t

2σ2
s√

1
2σ2 + 1

2σ2
s

)}
+ σ√

2

(
erf

(√
1

2σ2 2t
)

erf
(√

1
2σ2 t

))]

where erf is the error function and Γ (a, x) =
∞∫
z

e−tta−1dt. Usually, for edge detection, the first

derivative of the image function convolved with a Gaussian is equivalent to the image function

convolved with the first derivative of a Gaussian. Therefore, it is possible to combine the smooth-

ing and detection stages into a single convolution in one dimension, either convolving with the

first derivative of the Gaussian and looking for peaks, or with the second derivative and look-

ing for zero crossings. Meanwhile, in context with our objective, DroG is used as a weighting

function.
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