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ABSTRACT

This thesis is devoted to the development of a generic and robust framework for multi-

phase/multi–fluid flows on arbitrary polygonal meshes and its application. Such a

framework is a seamless conglomeration of several efficient numerical strategies that

can handle different challenges encountered in multiphase flow simulations. In this

context we first propose a generic methodology for the design of interface capturing

schemes for immiscible multi-fluid flows using the VOF (Volume–Of–Fluid) approach.

Interface capturing schemes are devised as a blend of high-resolution and compres-

sive schemes and their efficiency and accuracy depend on the choice of the constituent

schemes and the blending function. On the basis of a set of design principles pro-

posed in this work, we show that existing interface capturing schemes may be en-

compassed into a single class of GPL (Generalised Piecewise Linear)–κ schemes al-

lowing for a unified approach for development of such schemes. Following these set

of design guidelines, we construct two new schemes for interface capture in an un-

structured finite volume framework. The schemes are tested on challenging advection

problems using both structured and unstructured grids to evaluate their performance.

The new schemes perform as well as existing schemes and even outperform them on

unstructured grids, while also exhibiting near Courant number independence for all test

problems and grid topologies. The CUIBS (Cubic Upwind Interpolation based Blend-

ing Scheme) proposed in the study shows the best performance among all interface

capturing schemes discussed herein and is chosen for further studies of immiscible

multiphase flows. The VOF approach is combined with a novel hybrid staggered/non–

staggered finite volume framework to devise an unstructured data–based multiphase

flow solver. The multiphase solver is based on the segregated approach typical of

single phase incompressible flow solvers, employing an incremental fractional step ap-

proach but with a variable coefficient Poisson equation to handle variable density flows.

We further discuss the development and assessment of a robust numerical framework

targeted at simulations of high density ratio flows with large interfacial and/or body

ivTH-1678_126103022



forces. The key principles that characterise this framework are the consistent treat-

ment of discrete mass and momentum transport and the similar discretisation of dom-

inant force terms appearing in the momentum equation. The former is achieved by

invoking identical high–resolution schemes for convective transport of volume fraction

and momentum in the respective discrete equations. The latter is realised by repre-

senting the gravity and surface tension (or interfacial tension) terms as gradients of

suitable scalars which are then discretised in identical fashion resulting in a balanced

formulation. The hybrid staggered/non–staggered framework is shown to naturally lead

to similar terms for pressure and its correction in the momentum and pressure cor-

rection equations respectively, which are again treated discretely in a similar manner.

We show that spurious currents that corrupt the solution may arise both from an un-

balanced formulation and from an inconsistent approach, with the latter prominent in

flows which are convection–dominant with high density ratios. We show that the in-

consistent approach, which uses dissimilar convective schemes at the discrete level,

might perform as well as the consistent approach even for high density ratio flows in

some cases and that it exhibits anomalous behaviour for other scenarios even at low

density ratios. Using a plethora of test problems of increasing complexity, we conclu-

sively demonstrate that the consistent transport and balanced force treatment results

in a numerically stable solution procedure and physically consistent results. We further

the capability and versatility of the framework to solve fluid–structure interactions in

multiphase flows by combining it with a diffuse interface immersed boundary method

(DIIBM). The latter, which uses the solid fraction to identify the rigid solid(s) implements

the effect of no-slip boundary condition by constructing and solving for a “hybridised"

momentum equation. This modified momentum equation is solved everywhere in the

computational domain including the solid region thereby eliminating cumbersome ve-

locity and pressure interpolations. The methodology is extended to multi–fluid systems

by considering a “virtual" fluid inside the solid which is tracked using a fully Eulerian

approach. The immersed boundary–finite volume (IB–FV) flow solver which is tem-

porally second-order accurate and exhibits nominal second-order accuracy in space

is capable of simulating multiphase flows with moving rigid solid(s) in a cost–efficient

and accurate manner. The IB–FV solver shows no spurious force oscillations in mov-
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ing body problems and keeps the diffusion of fluid–fluid and solid–fluid interfaces to

acceptable levels without compromising on solution accuracy. The numerical frame-

work involving consistent and well–balanced methodologies in conjunction with DIIBM

is extended to tackle binary miscible flows. We show that miscible flows are in general

quasi–incompressible necessitating a non–zero divergence constraint and solution to

a convective–diffusive transport equation for mass fractions. We investigate the im-

plications of quasi–incompressibility and show that assuming a purely incompressible

flow in miscible flow simulations is not prone to significant error and can be justified in

practice. Challenging flow problems involving falling of half and neutrally buoyant cylin-

ders on air–water interface, two–particle sedimentation in discretely stratified media

and two–fluid mixing in micromixer configurations are investigated to demonstrate the

efficacy and utility of the proposed framework. The numerical investigations on sev-

eral problems of varying complexity in immiscible and miscible regimes categorically

establish the proposed numerical framework as a robust, accurate and competitive ap-

proach for realistic multiphase flow simulations involving high density ratios in presence

of large interfacial/body forces and multiple arbitrarily moving rigid bodies.
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CHAPTER 1

INTRODUCTION

Multiphase flows and their interactions with rigid solids are ubiquitous in several

engineering applications that include chemical processing, spray atomisation

and marine structures to name a few. As the name suggests, these flows normally

describe the interaction of two or more phases and may be classified as gas–liquid

(eg. slug flows, evaporating droplets), gas–solid (eg. particle laden flows, fluidised

beds), solid–liquid (eg. blood flows) and gas–liquid–solid (eg. wave impact on marine

structures) flows. In many applications, one would however encounter scenarios which

involve two or more components of the same phase. For instance, while water–steam

flow has two phases but a single component, a typical micromixer would have two com-

ponents which are both in liquid phase. While the latter class of flow need to be strictly

referred to as multi–component flows or multi–fluid flows, they have been also referred

to as multiphase flows in literature. The multitude of applications involving multiphase

flows necessitates a better fundamental understanding of flow phenomena. The use of

theoretical approaches are restricted to simple geometries while experimental studies

are mostly difficult or expensive for many applications. Owing to the rapid development

in the field of computational fluid dynamics (CFD) and with the increasing computa-

tional power, numerical approaches are the only viable means to gain deeper insights

into complex flow phenomena associated with multiphase flows. Nevertheless, nu-

merical simulations are also fraught with difficulties when applied to multiphase flows
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with researchers often finding it difficult to reproduce the true physical behaviour of the

complex fluid flows. The abrupt jumps in fluid properties across interfaces in immisci-

ble flows, the need to account for interfacial tension and phase changes and simulating

fluid–structure interactions are representative of the challenges faced by researchers

in making accurate predictions in multiphase flows.

Developing a numerical framework for multiphase flows (with arbitrary number of

phases/components) which also incorporates multiphysics is undoubtedly a huge chal-

lenge. Rather than attempting this ambitious and arduous task, the efforts in this the-

sis are channelised to address the challenges in a specific subset of multiphase flows.

Specifically, the broad aim of the work embodied in this thesis is the development of a

numerical framework for simulations of liquid–liquid and liquid–gas flows, which could

be miscible or immiscible, and their interactions with arbitrarily moving rigid objects.

Towards achieving this overall objective, we first carry out a comprehensive survey of

previous numerical efforts. This survey, which is however not exhaustive, presents

prominent and seminal efforts in numerical advances for multiphase flows and the

state–of–art algorithms for numerical simulations. This would help identify potential

difficulties in numerical simulations of such flows and thus paves way for defining a set

of concrete objectives for the thesis.

1.1 Interfaces in immiscible flows

The interaction of immiscible fluids with distinct interface(s) can be seen in several

engineering and environmental phenomena. Understanding these multi–component

flows and their underlying physics necessitate the use of high–resolution numerical al-

gorithms for their simulations. The last few decades have witnessed the development

of the numerical techniques for incompressible immiscible flows and an authoritative

overview may be found in [1]. Numerical techniques for the interfacial flows can gener-

ally be classified into two basic categories: moving and fixed mesh methods. In moving

mesh method also known as Lagrangian method [2], the mesh conforms to and moves

with the interface. As the interface moves the mesh needs to be updated or regener-
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ated locally or globally depending upon the extent of the deformation. This requires

interpolations which incur computational effort, introduces error and is not always ro-

bust. In fixed mesh methods also known as Eulerian method, the interface is tracked

throughout the computational domain on a fixed mesh at every time step. Eulerian

methods, which are also adopted in this thesis, can be divided into surface methods

and volume methods (schematically presented in Figures 1.1(a) and 1.1(b)).

(a) Surface method (b) Volume method

Figure 1.1: Numerical techniques: (a) surface and (b) volume methods.

The surface methods, which include front tracking method [3] consist of connected

marker particles that represent the interface as shown in Figure 1.1(a). A major draw-

back of this class of methods is that the particle connectivity is very sensitive and

very difficult to maintain when subjected to high shear flows which involve significant

topological changes. This has led to the emergence of volume methods with the level–

set (LS) approach pioneered by Osher and Sethian [4] and volume–of–fluid (VOF)

method [5] becoming very popular in the numerical community. The LS approach uses

the concept of distance functions, with the interface being the zero–level set. On the

other hand, VOF identifies the interface through the use of indicator functions known as

volume fractions, which unlike distance functions are discontinuous. The interface in

VOF methods may be reconstructed using simple line interface calculation [6] or piece-

wise linear interface calculations [7], with the latter having improved accuracy. In case
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of moving interfaces, LS approaches necessitate re–initialisation of the distance func-

tion which impacts conservation. VOF methods are advantageous in such scenarios

because they guarantee conservation, but the discontinuous nature of volume fractions

hamper computations of interfacial tension. There have been attempts at developing

variants such as the mass–conserving level set method (MCLS) [8] and also at hybri-

dising these approaches such as the CLSVOF method [9] and the VOSET method [10],

which have met with considerable success. There are other approaches as well, most

notably the Lattice Boltzmann method (LBM) [11], which evolves from the kinetic theory

and instead of the Navier–Stokes equation the density distribution function is solved

to obtain the density and velocities. Owing to the simplicity and easily parallelisabil-

ity its popularity is increasing in the multiphase community, however, special care is

required when simulating the high density ratio flows. An interesting approach to solv-

ing immiscible flows that has also received significant attention is the diffuse interface

technique [12], where the Navier–Stokes equations are solved in conjunction with the

convective Cahn–Hilliard equation. The method needs special treatment for the mass

conservation and to maintain the sharpness of the interface. Meshless approaches like

smoothed particle hydrodynamics [13] have also been employed for the efficient sim-

ulation of multiphase/multi–fluid flows in recent studies. We do not delve further into

discussing LS or VOF methods and their variants but it suffice to mention that each of

these approaches have their own merits and de–merits.

From a perspective of devising a flow solver on unstructured meshes, we choose

to adopt the VOF methodology for immiscible multiphase flows. Moreover, we propose

to employ a reconstruction–free strategy, in order to avoid costs and difficulties associ-

ated with interface reconstruction on arbitrary polygonal meshes. This is possible if the

convection schemes used in the VOF approach are of sufficient accuracy to capture the

interface in a reasonably sharp manner. The need for advection schemes that preserve

a sharp interface without compromising on solution accuracy and allows for easy im-

plementation on arbitrary mesh topologies leads to the concepts of interface capturing

schemes. Interface capturing schemes are constructed by combining high–resolution

schemes with compressive schemes, using a suitable blending function, thereby obvi-
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ating the need for any geometric reconstruction of the interfaces. Among the earliest

works in this regard are the HRIC scheme of Muzafireja et al. [14] and the CICSAM

scheme proposed by Ubbink and Issa [15]. A prominent drawback of both these meth-

ods is the deterioration of their performance with Courant number necessitating the

use of smaller values of Courant number. Darwish and Moukalled [16] developed the

STACS scheme to successfully overcome this drawback and subsequently proposed

a family of transient interface capturing schemes referred to as TICSm schemes [17],

that combine bounded high–order transient scheme with a bounded high–order com-

pressive scheme. Gopala and co–workers [18] proposed a scheme akin to the Inter–

Gamma scheme of Jasak and Weller [19] and investigated its utility for free–surface

flows. Walters et al. [20] proposed the Bounded Gradient Maximization scheme which

involves a cell–based flux limiting with a suitable weighting factor while Xiao and co–

workers [21] developed the THINC scheme based on the tangent function to compute

volume fraction flux that ensures oscillation–free solution for fluid interface problems.

A more recent work by Tsui et al. [22] discusses a novel scheme called FBICS (Flux

Blending Interface Capture Scheme) which shows a superior performance compared

to HRIC and CICSAM schemes on advection problems. Heyns and co–workers [23]

added an artificial compressive term to the advection equation along with an improved

blending function to develop the HiRAC scheme for interface capture on unstructured

meshes.

1.2 Algorithmic challenges in multiphase flow simula-

tions

Unlike incompressible approaches for single–phase flows, studies in multiphase flows

are fraught with several challenges that include resolving the interface(s) sharply and

simulating realistic and high density and viscosity contrasts successfully. In addition,

the presence of interfacial forces due to surface tension and volumetric forces such as

those due to gravity and electromagnetic effects need to be suitably accounted for in

the numerical discretisation to ensure a stable solution procedure. The issues pertain-

ing to interface sharpness have been dealt with in the previous section and algorithmic
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difficulties arising from large density ratios and/or large interfacial forces are discussed

in this section.

A very important issue that plagues multiphase flow simulations, particularly those

involving interfacial tension, is the generation of spurious currents. Spurious currents

in surface–tension dominated flows arise due to the errors in calculation of curvature

and the discrete imbalance between surface tension and pressure forces [24]. Curva-

ture errors can be minimised using improved approaches for calculating the interface

curvature as detailed in [25–27] but can never be completely eliminated and represent

a constant source of non–zero spurious currents. Abadie et al. [28] have shown that

spurious currents are related to spurious vorticity production and have investigated the

role of advection schemes in their evolution in conjunction with different curvature cal-

culation approaches. It is also discussed in [29] that coupling between surface tension

force, advection scheme and momentum transport is crucial. A recent study by Pan et

al. [30] have shown that spurious currents in low Capillary number flows can be sig-

nificantly reduced by employing a moving reference frame for simulations. However,

one can totally eliminate errors due to force imbalances by carefully constructing a

discretisation that enforces balance between competing forces, leading to a class of

approaches referred to as “well–balanced" (or “balanced force") algorithms. The prin-

ciple behind these class of methods is to use identical discretisation of the pressure

gradient and surface tension term that appear in the momentum equation and with

a reasonably accurate interface curvature calculation leads to acceptably low spuri-

ous currents. The earliest and significant contributions to well–balanced algorithms

include the works of Renardy and Renardy [31] and Francois et al. [32]. While the

former proposed the parabolic reconstruction of surface tension (PROST) for accurate

and balanced implementation of interfacial tension, the latter discusses the need for

and development of a balanced algorithm for multiphase flows on uniform structured

meshes. Their algorithm however involved interpolations of centroidal quantities to

faces and vice–versa and did not account for body forces. Montazeri and Ward [33] de-

vised an improved pressure–velocity coupling based on Newton’s divided–differences

for multiphase flows that is effective on non–uniform meshes and considers interfacial
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and body forces. Denner and van Wachem [34] have proposed a pressure–velocity

coupling for multiphase flows on unstructured meshes with modifications to the original

momentum interpolation method for surface tension and gravity forces as well as grid

non–orthogonality. Ghods and Herrmann [35] adopt a different approach to achieve

the force balance by employing a least–squares based reconstruction for centroidal

gradients, although despite its generic nature this approach has not been extensively

investigated on unstructured grids for multiphase flows with large body forces. It must

be remarked that while many researchers discuss and test balanced force algorithms

for interfacial tension dominated flows, they are equally important in presence of other

forces as well, such as body forces like gravity [36,37].

A related pertinent challenge for simulating realistic flows that has received compar-

atively lesser attention is the ability of the solver to handle large density and viscosity

ratios. This is critical because the density and viscosity ratios are O(100)–O(1000) for

most engineering applications. The key idea for a robust and stable numerical algo-

rithm at high density ratios is to ensure a consistent transport of mass and momentum

and the discrete level. This was first proposed by Rudman within a VOF framework

on staggered grids [38] which is also adopted to level–set method by Desjardins and

Moureau [39] and later extended to unstructured collocated meshes by Bussmann [40].

Raessi and Pitsch [41] proposed a density–based momentum flux correction in a level–

set framework for tightly coupling mass and momentum, where the density fluxes com-

puted from the level–set are used to define the momentum fluxes. More recently, Gh-

ods and Herrmann [35] proposed a consistent rescaled mass–momentum transport

(CRMT) algorithm in a level–set framework for multiphase flows. The fundamental phi-

losophy was to convect mass and momentum using the same upwind scheme, then

solve the level set equation using a higher–order accurate scheme and recompute the

density using the level set information. This led to conservation errors in both mass

and momentum, but in a consistent manner, which allowed a stable simulation of large

density ratio flows.
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1.3 Immersed boundary methods

Multiphase flows interacting with solid bodies are ubiquitous in several realms of en-

gineering that include naval structures, chemical processing and gaseous combustion

among others. The numerical modeling of such flows are challenging since differ-

ent sets of governing equations must be satisfied in fluid and solid domains with their

coupling at the interface pivotal for meaningful solutions. The simulations become

even more difficult when the bodies are in motion, either imposed or induced by the

flow around them. Traditional approaches to tackle such problems employ Arbitrary

Lagrangian–Eulerian methods [42] which work with body conforming grids. However,

these methods are computationally expensive owing to moving/deforming meshes and

in cases of significant displacement/deformation necessitate continuous re-meshing.

One could circumvent this problem, in a general scenario, using overset meshes [43]

but these also incur significant cost, including those of identifying overlapping vol-

umes and transferring solutions by interpolation. A simple and interesting alternative

to ALE and overset approaches is to employ a fixed background mesh with the station-

ary/moving solid(s) “immersed" into it. This philosophy, pioneered in early seventies by

the seminal work of Peskin [44] is now classified under the broad category of Immersed

Boundary (IB) methods.

Different classifications of the IB methods are possible, but they are widely distin-

guished as continuous and discrete forcing based approaches [45]. Discrete forcing

approaches can themselves be classified as being sharp interface IB and diffuse in-

terface IB methods. The key difference between the sharp and diffuse interface ap-

proaches lie in the fact that the former retains the immersed geometry as a “sharp"

interface while the latter would smear the interface over a few cell widths (typically two

or three). The sharp interface IB methods are typically favoured over the entire range

of Reynolds numbers, since the “spreading" effect in diffuse interface IB could become

detrimental. For the same reasons, continuous forcing approaches are less desirable

for turbulent simulations since they inherently do not preserve the sharpness of the in-

terface. The notable efforts in the category of sharp interface IB include the ghost–cell

finite difference approach in [46], the cut–cell finite volume approach in [47] and the
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hybrid Cartesian IB (HCIB) of [48]. Interestingly, while all of these preserve a sharp

interface, they enforce the boundary conditions within the IB framework in completely

different ways. All three approaches however involve interpolations to determine the

solution in the vicinity of the immersed boundary. The ghost–cell approach defines

“ghost" cells inside the body while HCIB does not include cells inside the body. The

cut–cell approach differs from the others in that it requires cell reshaping near the

vicinity to ensure strict mass and momentum conservation, which could however be-

come computationally expensive for three–dimensional geometries. Moreover, while

the ghost–cell and cut–cell methods involve bilinear/trilinear interpolations, the HCIB

employs an effectively uni–dimensional interpolation in any space dimensions [49].

Despite the similarities and differences in the sharp interface approaches, they have

found widespread application in a range of problems including phonation [50], biofluid

dynamics [51], dune morphodynamics [52] and not surprisingly, multiphase flows [53].

Diffuse interface IB, as the name suggests, comprises of all methods that necessar-

ily smear the interface. It is therefore easy to see that all continuous forcing methods

and a few discrete forcing methods fall into this class of IB methods. There also exist

several variants of the classical IB approaches that can be encompassed within this

category. A notable variant is the fictitious domain method [54], which employs the

idea of Lagrangian multipliers with the rigidity constraint enforced for rigid solids [55].

This approach has been used by several researchers [56, 57] for fluid–structure inter-

action problems. Another interesting alternative is the Brinkman penalization or volume

penalization [58–60], which considers the rigid solid as a porous medium of very low

porosity and enforces the boundary condition through a masking function. Nakayama

and Yamamoto [61] proposed a smooth profile method while Xiao [62] used a color

function to distinguish and track solids in a domain consisting of fluids. Pan [63] pro-

posed a diffuse interface methodology based on volume–of–solid approach, where the

solid fraction is employed to construct a single momentum equation that is solved ev-

erywhere in the domain. This methodology, which is inspired by the volume–of–fluid

approach in multiphase flows, has been applied to single–phase flows past station-

ary and moving bodies [63] and more recently investigated for flows with heat transfer
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in [64].

It is pertinent to discuss the advantages and limitations of the methods in either

category so that potential users can make a judicious choice of the IB approach for

their applications. Sharp interface IB methods enforce the boundary conditions ex-

actly since the sharpness of the geometry is preserved and the body tracked using

Lagrangian markers. These methods can handle Dirichlet, Neumann and Robin BCs

with equal ease, but lead to spurious oscillations in time histories of integrated quan-

tities (such as lift and drag) for moving bodies. There have been limited but in–depth

studies on the mechanisms behind these unphysical oscillations and means of sup-

pressing/eliminating them. While these oscillations do reduce with increasing grid res-

olution and larger time steps, use of extremely fine meshes is not a computationally

viable option and the choice of timestep is largely dictated by the flow physics and nu-

merical stability. It is important to note that the spurious force oscillations is a critical

issue for problems involving fluid–structure interactions and necessitates special treat-

ments such as the use of hybrid stencils [65], field extension [66] or resorting a cut–cell

conservative scheme [67]. Diffuse interface IB, while only “approximately" accounting

for the boundary conditions result is significantly lower spurious force oscillations as

compared to their sharp interface IB counterparts. Therefore, while the geometry is

smeared as a consequence of the IB approach, this diffusion generates a “damping"

effect to suppress the oscillations. Nevertheless, one could argue that the lack of sharp

interface representation and non–exact imposition of the BCs in diffuse IB approaches

could adversely affect the numerical solutions.

While the majority of the studies with IB approaches have been carried out for the

single fluid–solid systems, there is a greater scope in investigating solid object(s) inter-

acting with free–surface or multiphase flows due to its broad engineering applications.

Combining IB methodologies with multiphase simulation approaches such as volume–

of–fluid and level set can provide a powerful tool to analyse complex flow problems

with multiple solids interacting with multiple fluids. Mirzaii and Fard [68] have used

the fictitious domain method in conjunction with volume–of–fluid approach for mod-
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elling free surface flows with moving rigid bodies. Calderer et al. [53] developed a

curvilinear sharp interface immersed boundary method with a level–set framework for

arbitrary complex geometries. Kocabiyik and Bozkaya [69] studied the effect of fre-

quency ratio on oscillating cylinders below a free surface on fixed Cartesian grids with

an improved volume–of–fluid approach. More recently, Pathak and Raessi [70] com-

bined the fictitious domain method with the volume–of–fluid approach to develop an

Eulerian–Eulerian framework for rigid body simulations in two–fluid flows. Their work

which showed the applicability of the approach for multibody simulations employed the

consistent mass and momentum transport algorithm to efficiently handle high density

ratios between the fluids.

1.4 Miscible flow

In many multiphase flows, fluids have tendency to diffuse in other fluids at the molec-

ular level. Miscibility of the fluids finds many engineering applications with enhanced

oil recovery, drug delivery systems and lab–on–chip devices being a few examples.

While numerical studies in miscible regimes were possibly motivated by their need in

oil and gas industries, greater and growing emphasis on microchannels and their appli-

cation to healthcare have led to a renewed interest in miscible flow simulations. Sahu

et al. [71] have attempted to understand the role of viscosity contrasts on miscible dis-

placement and studies of Ranganathan and Govindarajan [72] investigated the effects

of Reynolds number and Schmidt number in three–layer Poiseuille flow. Fundamental

studies on double diffusive systems were carried out by Mishra et al. [73] and numer-

ical algorithms for miscible flows have found applications for realistic animations [74].

Studies on micromixers, with a view to understand mechanisms of mixing and means

to improve their performance, have led to numerical investigations in passive [75] and

active micromixers [76, 77]. Different configurations such as Y–mixer [78, 79] and T–

mixer [80, 81] have also been studied and investigations have been conducted to as-

sess the role of obstacles [82] and related unconventional configurations [83] on en-

hancement of mixing efficiency. The numerical studies in miscible flows and in particu-
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lar, those involving micro–channel configurations, have been however carried out with

standard commercial solvers and there have been no major efforts to uncover potential

numerical challenges in miscible regimes and to address these issues in an extensive

manner.

1.5 Objectives of the thesis

The comprehensive survey on the different aspects of multiphase flows and their sim-

ulations help to understand the myriad challenges that lie before anyone developing

numerical methodologies for such applications. While there have been noteworthy con-

tributions in different facets, there appears to be room for a generic solver that works

with both structured and unstructured meshes, is robust for high density ratio flows

with strong interfacial and body forces, can accurately resolve solid–fluid interactions

at moderate computational effort that is simple to implement within legacy codes and

easy to use. In light of our survey on liquid–liquid/gas–liquid multiphase flows and their

simulations, we set the following objectives to be realised in the course of this thesis.

1. Analysis of existing convection schemes and devise novel schemes for interface

capture in immiscible fluid flows. This would lead to an accurate scheme for con-

vective transport of volume fractions, necessary for immiscible multiphase flows.

2. Devising a numerical framework based on the finite volume (FV) method and

segregated approach for incompressible flows that can handle variable density

flows with large, realistic density and viscosity ratios including surface tension

and gravity dominated flows. This would result in a robust Navier–Stokes flow

solver for multi–fluid applications.

3. Developing a diffuse interface immersed boundary (IB) method and an IB–FV

solver to accurately compute fluid–structure interactions. This would enhance the

versatility of the numerical framework to tackle problems involving multiple rigid

solid(s) interacting with one or more fluids which are relevant in many practical

applications.
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4. Incorporating miscibility effects in the IB–FV framework to efficiently compute

flows with mixing. This extension to the numerical framework would turn it into

a promising tool for potentially interesting studies of current relevance such as

those encountered in micromixers.

The numerical framework, emerging from the amalgamation of these objectives

would constitute a valuable addition to simulation tools in multiphase flows. The de-

velopment and validation of this framework through extensive numerical studies and

its application to realistic and complex multiphase flows to demonstrate its accuracy,

robustness and practical feasibility would be an apt description of this thesis, in a nut-

shell.

1.6 Outline of the thesis

The remainder of this thesis is organized as follows. Chapter 2 presents a generic

framework for examination of existing interface capture schemes for VOF methods and

development of novel alternatives. The chapter also contains thorough investigations

of the performance of existing and new schemes for typical advection problems. The

governing equations for the multiphase flow and their discretisation using the novel

hybrid staggered/non–staggered framework are presented in Chapter 3 along with val-

idation tests on the structured and unstructured meshes. Subsequently, in Chapter 4,

a consistent and well balanced algorithm for multiphase flow simulations is discussed

in great detail, underlining the importance of such a formulation for numerical simula-

tions of gravity and surface tension dominated flows on arbitrary polygonal meshes. A

novel diffuse interface immersed boundary method capable of handling multiple fluid–

solid interactions is proposed in Chapter 5. This simple methodology is coupled with

the multiphase flow solver to devise a powerful IB–FV solver which is applied to a

spectrum of flow problems including particle sedimentation. Chapter 6 discusses the

extension of the numerical framework comprising of the IB–FV solver to miscible flows.

Finally, Chapter 7 gives a bird’s eye view of the salient contributions of this thesis and

suggests a few possible directions for future research.
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CHAPTER 2

INTERFACE CAPTURING SCHEMES†

Immiscible multi–fluid flows have a distinct sharp interface that plays a significant role

in the dynamics. The numerical techniques should therefore ensure that the rep-

resentation of fluid–fluid interfaces remain as sharp as possible while also ensuring

that the simulations do not become unstable. We use a volume–of–fluid approach for

multiphase simulations which employs an advection equation for volume fractions. In

this chapter, we discuss the convective schemes employed for volume fraction trans-

port. In particular, such interface capturing schemes are analysed using design princi-

ples that allow a deconstruction of existing schemes and construction of new schemes.

New schemes are proposed and their applicability on unstructured meshes are demon-

strated through a series of canonical test cases.

2.1 Interface advection equation

While there are several approaches for simulating multi–fluid problems, we employ the

volume–of–fluid (VOF) approach in the present studies. The VOF approach captures

the interface by solving a transport equation for the scalar volume fraction (φ). The

volume fraction, as the name suggests, represents the fraction of volume of a cell filled

by a certain fluid. In case of immiscible binary fluid flows, cells which are completely
†The contents in this chapter have been published as J.K. Patel and G. Natarajan, "A generic frame-

work for design of interface capturing schemes for multi-fluid flows", Computers & Fluids 106 (2015) [84].
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filled with one fluid have φ values of either 0 or 1, while the volume fraction jumps across

the fluid–fluid interface. In theory, the interface may be treated as a discontinuity which

propagates passively with the fluid. The volume fraction is therefore convected as a

passive scalar and therefore satisfies a hyperbolic equation,

Dφ

Dt
=
∂φ

∂t
+ u · ∇φ = 0 (2.1)

This equation is a mathematical representation of the fact that the material deriva-

tive of volume fraction (Dφ
Dt

) is zero, if each fluid maintains its identity which means

there is no phase change or mixing due to diffusion between the fluids. The immiscible

incompressible fluid flows, which are largely studied in this thesis (except in Chapter 6)

precisely satisfy this constraint. The divergence–free condition and
∑2

k=1 φ
k = 1 is then

employed to recast the advection equation in its conservative form,

∂φ

∂t
+∇ · (u φ) = 0 (2.2)

The advection equation for the volume fraction can be discretised on unstructured

meshes using the finite volume approach, the semi–discrete form of Eq. (2.2) reads,

Ωc
dφc
dt

+
∑
f

φfUf∆sf = 0 (2.3)

where Ωc is the volume (or area in two–dimensions) of the cell C, φc is the cell–

averaged value of the volume fraction in that cell and φf denotes the value at the

midpoint of faces constituting the cell. A fully discrete version of this equation can

be realised by employing a suitable temporal discretisation. The second-order accu-

rate backward differencing scheme is chosen to achieve time–accurate solutions for

unsteady flows that are routinely encountered with immiscible binary fluids,

Ωc
3φn+1

c − 4φnc + φn−1
c

2∆t
+
∑
f∈C

φn+1
f Un

f ∆sf = 0 (2.4)

The face normal velocity Uf is obtained from the solution of the momentum equation

and is the advecting velocity for the volume fractions. It must be however remarked that
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for the tests carried out in Section 2.7, the velocity field is prescribed directly, rather

than computed as the solution to the momentum equations. The advection equation

is solved assuming a known value for the velocity field at a particular time-step and

is known, in principle, from the solution to the momentum equations in the previous

time-step. This approach of freezing the velocity field linearises the interface advection

equation and the resulting system of linear algebraic equations (at a discrete level) can

be written as,

AΦ + f(Φ) = S (2.5)

where A is a geometric matrix, Φ is the vector of volume fraction (containing the volume

fraction at all cells) and S is the known source vector. The function f(Φ) contains the

gradients of volume fraction which are calculated using the Green–Gauss approach

[85], that are lagged in order to construct the linear system. Introducing sub-iterations

denoted by k we have,

AΦk+1 = S− f(Φk) (2.6)

At each sub–iteration, this represents a locally linear problem and is solved using

a generalized minimal residual method (GMRES) that employs SAAMG precondition-

ing [86]. A suitable termination criterion for the sub-iterations is |Φk+1 − Φk| ≤ 10−12.

Typically, 6–8 sub–iterations are suffice to obtain the volume fractions at the new time

level starting from the values at the old time level even on unstructured meshes. The

value of the volume fraction obtained in each cell is limited to lie in the range [0,1]. We

discuss the discretisation of the convective terms, which leads to the study of interface

capturing schemes, in the following sections.

2.2 Non–linear schemes

The solution to the interface advection equation necessitates a robust convection scheme

that ensures sharp resolution of the discontinuity. First order schemes are robust but

they are overly diffusive and smear the interfaces. While higher–order (second–order

or more) accurate schemes appear to be a natural solution, they suffer from loss in

monotonicity as a consequence of the Godunov Barrier Theorem [87]. The devel-
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opment of high–resolution schemes, which are at-least second–order accurate with

solution boundedness, has been a subject of research over the years. These schemes

overcome the barrier theorem by introducing non–linear “flux limiters" to achieve solu-

tion monotonicity. Thus, the face value φf of the volume fraction on the uni–dimensional

grid shown in Figure 2.1(a) may be determined as,

φf = φU +
φU − φFU

2
· γ(r)

where φU and φFU are values of volume fraction at cell centroid of the upwind and far

upwind cell respectively. Here, γ(r) represents the flux limiter (FL) which depends on

the gradient ratio r, which may be defined as the ratio of centered to upwind gradient

(r = φD−φU
φU−φFU

, in structured mesh). It should be remarked that some authors have

defined r as a reciprocal of that used in the present work.

FU U Df

(a) Structured mesh

r

FU

D

FU

fU

UD

(b) Unstructured mesh

Figure 2.1: Grid topology (a) structured and (b) unstructured mesh showing downwind
(D), upwind (U ) and far upwind (FU ) cells.

2.3 The convection boundedness criterion on unstruc-

tured mesh

Schemes which are higher order accurate but remain stable must satisfy boundedness

criterion. The principle of convection boundedness [88] requires that the scheme has

convective stability and interpolative boundedness. The former necessitates an up-

wind bias while the latter ensures that the values computed face values are bounded

between cell-averaged values in its neighbourhood. We employ the normalised vari-
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able approach as also in [88]. This criterion is quite robust in practice and amenable

for application on arbitrary polygonal meshes such as those encountered in this study.

The normalised variable is defined as,

φ̃ =
φ− φFU
φD − φFU

Recall that the gradient ratio r is defined by,

r =
φD − φU
φU − φFU

It is therefore easy to show that the FL and NV approaches are related by,

φ̃U =
1

r + 1
(2.7)

φ̃f = φ̃U

(
1 +

γ(r)

2

)
(2.8)

The FL/NV transformations described above is particularly helpful to understand the

construction of interface capturing schemes as discussed in the later sections. The

CBC criterion is based on the idea that the normalised face values be bounded by the

normalised values in cells sharing the face, which in turn implies that the boundedness

region is a triangle enclosed by the lines φ̃f = 1, φ̃U = 0 and φ̃f = φ̃U . Figure 2.2 shows

TVD and CBC constraints in shaded region. It is clear that while all schemes that sat-

isfy CBC are also TVD, the converse is not true. This reveals that CBC is a weaker

stability criterion as compared to TVD, we believe that the CBC is capable to promise

monotonic solutions as demonstrated in Section 2.7.

The CBC approach utilizes the value of far upwind node (FU ) to determine the nor-

malised value φ̃. In arbitrarily unstructured meshes, determining a unique far upwind

cell which represents the right choice is not a straightforward exercise. For example

in Figure 2.1(b) there are two possible choices for far upwind cell. For generalization

of the CBC approach on unstructured meshes, the value of φFU needs to be altered

by the known values of φU and φD which is readily available on an unstructured mesh.

This can be derived by using the gradient of volume fraction at the upwind cell U in the
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Figure 2.2: Convection boundedness criterion on normalised variable diagram.

unit normal direction to the upwind and downwind cell centers as,

(∇φU)UD = ∇φU ·
rUD
|rUD|

(2.9)

This directional derivative can also be approximated with the central differencing scheme,

(∇φU)UD =
φD − φFU

2|rUD|
(2.10)

Equating above equations, we get the co–relation for φFU as,

φFU = φD − 2∇φU · rUD (2.11)

where rUD is distance between node U and D normal to the face f .
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2.4 Design principles for interface capturing schemes

Several flux limiters and high–resolution schemes have been proposed in literature

and a comprehensive study of these schemes have been carried out by Waterson and

Deconinck [89]. They showed that the best high–resolution schemes for advection

problems could be encapsulated into a single class of generalized piecewise linear

schemes, referred to as GPL-κ, whose flux limiter maybe defined as,

γ(r)HR = max
[
0,min{(2 + α)r,

1 + κ

2
r +

1− κ
2

,M}
]

where κ defines the unbounded linear scheme (also called the base scheme) and M

is the extent of downwinding. This flux limiter for the high–resolution scheme may now

be converted to its equivalent NV form using Eq. (2.8) easily. While high–resolution

schemes lead to reduced numerical diffusion as compared to their first–order coun-

terparts, they still do not lead to sufficiently sharp resolution of discontinuities such as

fluid–fluid interfaces that arise in multi–fluid flows. In order to maintain the interface

sharp, it is therefore necessary to introduce further anti–diffusion in a controlled man-

ner. The basic philosophy behind the design of robust schemes for interface capture

is to combine high–resolution (HR) and compressive (BD) schemes using a suitable

blending function [16]. There are however no guidelines provided on how these con-

stituent schemes need to be chosen and their impact on the resulting interface capture

scheme. In this section, we attempt to elaborate on this key philosophy, along the lines

of the unified framework for higher–order schemes proposed in [89], to evolve a set of

detailed guidelines for interface capturing schemes.

1. Blending function: The blending function must be a continuous function that al-

lows for a smooth transition between the HR and BD schemes which is dictated

by the orientation of the physical interface with the mesh. A sharp interface will

result when the physical interface is aligned with the cell face if the fully compres-

sive scheme is used, while a purely high–resolution scheme is desirable when

the cell face is normal to the physical interface. Of the different blending func-

tions proposed in previous works, the function f(θf ) = cos4 θf is found to work

well and is adopted in the present study. A computationally less expensive blend-
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ing devoid of trigonometric functions as suggested in [23] may also be pursued.

Therefore, the normalised face value for the volume fraction may be obtained as,

φ̃f = φ̃f(BD)f(θf ) + φ̃f(HR)(1− f(θf ))

where

θf = arccos ‖ ∇φf · rUD|∇φf ||rUD|
‖

2. Boundedness and linearity preservation: The interface capturing scheme must

be bounded so that the values of volume fraction lie in [0,1]. This means that

the constituent HR and BD schemes must respect the CBC to ensure no under-

shoots and overshoots. Furthermore, in order to ensure second–order accuracy

in regions of smooth solutions (r=1), the HR scheme must be linearity preserving

which implies that it must pass through (1/2, 3/4) in the NV diagram.

3. High–resolution scheme: The high–resolution scheme allows higher–order accu-

racy with monotonicity and is constructed using the following limiter, very similar

to the GPL–κ limiter in [89], where ψ refers to a constant quantity that may depend

on the Courant number.

γ(r)HR = max
[
0,min

{
(2 + α)r, ψ

(1 + κ

2
r +

1− κ
2

)
,M

}]

4. Compressive scheme: The compressive scheme is responsible for sharpening

the interface with its contribution being controlled by the blending function. There

are no definitive strategies as yet to choose the BD scheme, and therefore we

recommend that they be derived from the HR scheme itself by using the following

limiter.

γ(r)BD = max
[
0,min{(2 + α)r,M}

]
It is quite easy to see that the limiter has been derived from that of GPL–κ

scheme, by simply dropping the base unbounded linear scheme.

5. Influence and extent of downwinding: The concept of downwinding is related to

anti–diffusion and determines the ability to sharpen the interface. The parameter
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α denotes the proximity to full downwinding while the maximum bound M deter-

mines the extent of downwinding from the compressive (BD) scheme. We choose

a value of α = 0 to ensure full downwinding, but its extent (value of M ) will be de-

termined based on numerical experiments. We remark that although different

value of upper bounds for the HR and BD limiters maybe used, we recommend

that the same value be used in both limiters.

We remark here that while the blending function and properties of boundedness and

linearity preservation for convection schemes are well–established, the construction of

the limiters for high–resolution and compressive schemes, with a view to unify interface

capturing schemes, is a novel proposal of the present study. Along with the choice of

a suitable downwind parameter, these set of guidelines provide a complete unified

framework that can be used to analyse/develop new schemes for interface capture in

multi–fluid flows.

2.5 Investigation of existing interface capturing schemes

The design guidelines discussed in the previous Section are now utilized to examine

and de–construct existing schemes as well as to propose two new schemes for inter-

facial flows. In particular, we discuss the construction of the limiters for the HR and

BD schemes and suggest possible reasons for success or failure of various schemes.

We employ the FL/NV transformations for this analysis and the FL and NV form of the

schemes discussed below are summarized in Table 2.1.

2.5.1 Compressive Interface Capturing Scheme for Arbitrary Meshes,

CICSAM

The CICSAM scheme was proposed by Ubbink and Issa [15] for multi-fluid flows. The

scheme switches (with a different blending function than discussed earlier) between

the HYPER–C scheme and ULTIMATE QUICKEST scheme, the latter being the HR

scheme and the former the BD scheme, and both satisfying CBC. The HR scheme pre-

serves linearity as well, and employs for itself a blend of upwind and QUICK schemes
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with a Courant number dependence, defined by ψ = (1-Co) where Co is the local

Courant number. A simple analysis also shows that the unbounded linear scheme cor-

responds to the QUICK scheme so that κ = 1
2
. The HYPER–C is a very compressive

scheme with the downwind extent parameter depending on Courant number. A close

examination of the compressive limiter by using FL/NV transformations shows that M

= 2( 1
Co
− 1) and α = 0. The limiter for the BD scheme is clearly derived from that of

the HR scheme. An important distinction of the CICSAM schemes from new schemes

proposed in this work is the explicit dependence of the limiters on the Courant number.

Clearly, for lower values of Courant number, a greater extent of downwinding is

achieved along with a higher–order accurate convection scheme which confirms the

superior performance of the scheme for Co < 0.3. For higher values of Courant num-

ber, the HR scheme becomes heavily biased to first–order upwind and the downwind

influence diminishes considerably, which explains the loss of resolution and diffusion

of the interfaces for higher Courant numbers. The performance of CICSAM may also

be influenced, albeit to a lesser extent, by the choice of the blending function. The M–

CICSAM scheme proposed in [90] is a definite improvement over the CICSAM scheme

not just because it chooses a different HR scheme but also because it avoids Courant

number dependence in the limiters employed for the compressive and high–resolution

schemes. We refrain from the analysis of the M–CICSAM scheme, but remark that it

shares nearly all characteristics of the FBICS scheme [22] which is discussed in the

following, except for a different choice of the downwind influence parameter M and the

blending function.

2.5.2 High Resolution Interface Capturing scheme, HRIC

The HRIC scheme [14] attempts to avoid explicit Courant number dependence that

plagues CICSAM scheme and simplifies the calculation of face values for the variables,

which in the present study is the volume fraction. The overall scheme is characterized

by a three–step method to enforce a switching in Courant–number domain. Unfortu-

nately, this brings in dependence of the Courant number into the HRIC scheme, which

in fact it sought to eliminate. Moreover, the use of FL/NV transformations to each of
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the three steps indicates that the HR scheme for very low (less than 0.3) and very high

(greater than 0.7) Courant numbers is merely the first–order upwind scheme, with a

good amount of compression in the former case which deteriorates to zero in the latter

case. It therefore follows that ψ = 0 and the value of M = 2 (for Co < 0.3) and M = 0 (for

Co > 0.7). For intermediate values of Courant number 0.3< Co <0.7, the HR scheme

remains first–order upwind with ψ = 0, while the compressive scheme involves down-

winding whose extent and influence are dependent on Courant number, reducing as

Courant number increases. Specifically, a closer examination using FL/NV formulations

show that α = 2K-2 and M = 2K where K = 0.7−Co
0.7−0.3

is a Courant–number dependent

constant. For all three Courant number regimes, the lack of any genuinely high–order

accurate scheme in the blending makes HRIC a more diffusive scheme than CICSAM,

and the compressive scheme only serves to selectively diminish this over–diffusion.

We remark that the scheme is fully first–order upwind for high Courant numbers and

remains robust at the expense of severe loss of resolution of interface sharpness. The

fact that the HR scheme for HRIC is infact a low–resolution scheme explains the supe-

rior performance of CICSAM in comparison to HRIC in the studies in [91]. The HRIC

scheme in its original form would be advisable only on very fine meshes with a severe

Courant number restriction if satisfactory results are to be obtained.

2.5.3 Inter–Gamma scheme

The Inter–Gamma [19] was proposed to specifically target sharp resolution of disconti-

nuities by introducing significant downwinding within a single advection scheme. Con-

sequently, it involves no blend of HR and BD schemes but rather behaves merely as

a BD scheme. There is no control on amount and manner of downwinding that must

be applied in response to the orientation of the interface and the NV formulation of the

scheme (Table 2.1) shows a quadratic segment which violates linearity preservation.

The poor performance of the Inter–Gamma scheme for simple advection problems

in [18] may be attributed to these characteristics of the scheme, although it is shown to

work well for some practical flow problems with a severe Courant number restriction.

Any scheme that violates the requirements outlined in Section 2.4 does not qualify as a

“good" interface capturing scheme and the excellent performance of the Inter–Gamma
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scheme for some practical problems as rather fortuitous.

2.5.4 Flux Blending Interface Capturing Scheme, FBICS

Tsui and co–workers [22] have developed two novel schemes for interface captures

based on flux blending, FBICS–A and FBICS–B and compared their performance with

HRIC and CICSAM schemes for typical advection problems. The FBICS–A scheme

(hereafter referred to simply as FBICS) was found to be most efficient in capturing the

discontinuities with low errors that were not dependent on the Courant number. FBICS

is built to satisfy CBC, and uses the Fromm scheme as the base linear scheme. The

study in [22] however does not discuss the construction of the limiters employed for the

HR and BD schemes.

It is easy to see that the HR scheme is linearity preserving and the FL/NV transfor-

mations show that the choice of κ = 0 and M = 4 would result in the flux limiter for the

HR scheme. The limiter for BD scheme may then be easily derived by dropping the un-

bounded Fromm scheme. The specific choice of the value of M remains unexplained

in the original work and we shall attempt an explanation of this choice in the subse-

quent sections. It may be remarked that if M = 2, the FBICS scheme would reduce

to the M–CICSAM scheme, with the only difference then being the choice of blending

function whose effect is less significant in the overall performance. While the schemes

have been independently developed, the present analysis show that the two schemes

are only minor variants of each other.

2.6 Development of new schemes for interface capture

We propose the development of robust and accurate interface capturing schemes

devoid of complex geometric reconstruction based on the design principles in Sec-

tion 2.4. Two different schemes are constructed, viz. the M-Gamma scheme and

CUIBS, and the former may be considered as an improved version of the Inter–Gamma

scheme presented earlier. These schemes are designed to work with arbitrary polyg-

onal meshes and as demonstrated in later sections show a performance that is nearly
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independent of the Courant number unlike HRIC and CICSAM schemes. The FL/NV

description of the limiters used to construct the HR and BD schemes are summarized

in Table 2.1.

2.6.1 Modified Gamma scheme (M-Gamma)

The failure of the Inter–Gamma scheme motivates the construction of a new interface

capturing scheme within the class of blended GPL–κ schemes that respects the design

guidelines. We begin by considering the original Gamma scheme [92], which is a HR

scheme that in itself combines central differencing scheme with an ad-hoc quadratic

variation, controlled by a parameter β. The quadratic variation which is applied in the

range φ̃U ∈ [0, β] is defined by,

φ̃f = − φ̃
2
U

2β
+ (1 +

1

2β
)φ̃U

Comparing this variation with the quadratic variation adopted in Inter–Gamma scheme

(Table 2.1), it follows that β = 1/4. We construct the HR scheme for M-Gamma simply

by considering a linear variation in the range φ̃U ∈ [0, 1/4] followed by the central differ-

encing scheme (which is the base linear scheme). The HR scheme may be considered

as a special case of GPL-κ schemes where κ = 1 and M = 3 with the BD scheme ob-

tained by discarding the base scheme, resulting in the limiters shown in Table 2.1. The

value of M is fixed here by the choice of β as can be seen from a closer consideration

of the NV diagram shown in Figure 2.3 which also indicates that the HR scheme is

linearity preserving. A different choice for M in both HR and BD limiters may be em-

ployed (such as that of FBICS where M = 4) or the values of M in the limiters can be

differentially selected but these ideas are not explored in this study.

2.6.2 Cubic upwind interpolation based blending Scheme (CUIBS)

The CUIBS scheme is inspired by the work of Waterson and Deconinck [89] which

shows that the best convective schemes belong to the GPL–κ class of schemes. These

schemes are MUSCL, SMART and Koren’s limited CUI scheme and perform excellently
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Figure 2.3: Normalised variable diagram for M-Gamma scheme.

on smooth and discontinuous advection problems. While the first two schemes have

been employed as HR schemes for interface capture to varying extent in the past (in

FBICS [22] and STACS [16] for instance), there have been no attempts to date to

use the limited CUI scheme as a building block for interface capturing schemes. We

merely use the Koren limited CUI scheme as the HR scheme, which corresponds to a

HR limiter with κ = 1/3 and M = 4. We remark however that the M value is different

from the original scheme and the choice of this value is justified through numerical

experiments in the following section. The BD limiter for the compressive scheme may

be obtained by dropping the base scheme and the resulting limiter is same as that

used for FBICS scheme. The HR scheme is linearity preserving and the normalised

variable diagram for this scheme is depicted in Figure 2.4. It is expected that the

superior characteristics of this unique third–order upwind scheme in the HR limiter will

result in CUIBS having improved interface capture performance in comparison to its

counterparts. We emphasis that this work is the first instance of the CUI scheme being

employed for sharp resolution of interfaces.
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Table 2.1: Schemes in flux limiters and normalised form.

Schemes Flux limiters Values of M , ψ and κ Normalised form

CICSAM [15] γ(r)
HR

= max[0,min{2r, 3r4 + 1
4 , 2(Co−1 − 1)}]

γ(r)
BD

= max[0,min{2r, 2(Co−1 − 1)}]

M = 2(Co−1 − 1)
ψ = (1− Co)
κ = 1/2

φ̃f
HR

=

{
min{ 8 Co φ̃U+(1−Co)(6φ̃U+3)

8 , φ̃BDf } 0 ≤ φ̃U ≤ 1

φ̃U 0 ≥ φ̃U ≥ 1

φ̃f
BD

=

{
min{1, φ̃U

Co} 0 < φ̃U ≤ 1

φ̃U 0 ≥ φ̃U ≥ 1

HRIC [14]
γ(r)

HR
= 0

γ(r)
BD

= min{2 0.7−Co
0.7−0.3r, 2

0.7−Co
0.7−0.3}

M = 2

K︷ ︸︸ ︷
0.7− Co
0.7− 0.3

ψ = 0
κ = −−

φ̃f
HR

=
{
φ̃U

φ̃f
BD

=



2φ̃U 0 < φ̃U ≤ 1
2 and Co < 0.3

1 1
2 ≤ φ̃U ≤ 1 and Co < 0.3

(1 +K)φ̃U 0 < φ̃U ≤ 1
2 and 0.3 < Co < 0.7

K + (1−K)φ̃U
1
2 ≤ φ̃U ≤ 1 and 0.3 < Co < 0.7

φ̃U 0 ≥ φ̃U ≥ 1 and Co < 0.7

φ̃U for all values of φ̃U and Co > 0.7

Inter–Gamma [19] – – φ̃f
BD

=


−2φ̃2U + 3φ̃U 0 < φ̃U ≤ 1

2

1 1
2 < φ̃U ≤ 1

φ̃U 0 ≥ φ̃U ≥ 1

FBICS [22] γ(r)
HR

= max[0,min{2r, r2 + 1
2 , 4}]

γ(r)
BD

= max[0,min{2r, 4}]

M = 4
ψ = 1
κ = 0

φ̃f
HR

=


3φ̃U 0 < φ̃U ≤ 1

8

φ̃U + 1
4

1
8 < φ̃U ≤ 3

4

1 3
4 < φ̃U ≤ 1

φ̃U 0 ≥ φ̃U ≥ 1

φ̃f
BD

=


3φ̃U 0 < φ̃U ≤ 1/3

1 1/3 < φ̃U ≤ 1

φ̃U 0 ≥ φ̃U ≥ 1

M–Gamma γ(r)
HR

= max [0,min {r, 3}]
γ(r)

BD
= max [0,min {2r, 3}]

M = 3
ψ = 1
κ = 1

φ̃f
HR

=


5
2 φ̃U 0 < φ̃U ≤ 1

4
1
2 φ̃U + 1

2
1
4 < φ̃U ≤ 1

φ̃U 0 ≥ φ̃U ≥ 1

φ̃f
BD

=


5
2 φ̃U 0 < φ̃U ≤ 2

5

1 2
5 < φ̃U ≤ 1

φ̃U 0 ≥ φ̃U ≥ 1

CUIBS γ(r)
HR

= max[0,min{2r, 23r + 1
3 , 4}]

γ(r)
BD

= max [0,min {2r, 4}]

M = 4
ψ = 1
κ = 1/3

φ̃f
HR

=


3φ̃U 0 < φ̃U ≤ 2

13
5
6 φ̃U + 1

3
2
13 < φ̃U ≤ 4

5

1 4
5 < φ̃U ≤ 1

φ̃U 0 ≥ φ̃U ≥ 1

φ̃f
BD

=


3φ̃U 0 < φ̃U ≤ 1

3

1 1
3 < φ̃U ≤ 1

φ̃U 0 ≥ φ̃U ≥ 1
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2.7 Investigation on advection tests

The new schemes proposed in this study are tested for the ability to capture interfaces

and preserve their sharpness using three advection test cases. Tests are simulated by

computing decoupled advection equation with prescribed velocity field. The M-Gamma

and CUIBS schemes are also compared with the FBICS scheme, to understand the

relative merits of different schemes. A computational domain of 4×4 is chosen The

schemes are compared qualitatively in terms of contour plots of the volume fraction for

two extreme values of the cell Courant (Co) number and quantitatively in terms of the

global solution error since the exact solutions are known. The Courant number and

error are defined as,

Co =

∑
f∈C

max(u ·∆sf , 0)∆t

Ωc

E =

nc∑
c=1

‖φN
cΩc − φE

cΩc‖
nc∑
c=1

φ0
cΩc

where nc is the number of volumes in the domain, c denotes the cell, f denotes the

faces of the cell, ∆sf represents the vectorial area and superscripts N, E and 0 repre-

sent the numerical and exact solutions at the final time level and the exact solution at

the initial time level respectively.

2.7.1 Test 1: Advection of hollow square in oblique flow

To validate the accuracy of interface capturing schemes, we first consider a hollow

square of outer width equal to 0.8 and inner width of 0.4 centered at (0.8, 0.8) that is

advected in an uniform oblique velocity field of (u, v) = (2, 1). The computational do-

main is discretised using both 100×100 structured mesh as well an unstructured mesh

of 22584 triangular elements. The simulations are carried out till t = 1 so that it arrives

at its final position of (1.8, 2.8).

The contour plots of volume fraction on the structured and unstructured meshes

employing FBICS, M-Gamma and CUIBS schemes are shown in Table 2.2. The sim-
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Table 2.2: φ-contours for Test 1. Contour levels are 0.05:0.05:0.95.
Schemes Structured mesh Unstructured mesh

Co = 0.15 Co = 0.8 Co = 0.15 Co = 0.8

FBICS [22]

M-Gamma

CUIBS

ulation has been performed for both low and high Courant numbers (Co) of 0.15 and

0.8 respectively on both the mesh topologies, which are intended to check the Courant

number dependency of shape errors. The performance of FBICS is in line with the

work of Tsui et al. [22] wherein similar results have been reported. The M-Gamma

scheme leads to slightly diffusive results when compared to FBICS and CUIBS on the

structured mesh. The results from CUIBS scheme are comparable, qualitatively, with

those obtained using FBICS for the mesh topologies and Courant numbers studied

herein. A quantitative analysis of the shape error with Courant number is shown in

Figures 2.5(a) and 2.5(b) which confirms that the M-Gamma scheme leads to higher

shape errors than both the CUIBS and FBICS schemes, both of which behave in a very

similar manner for this case, and that the errors are larger on the unstructured meshes

when compared with their structured counterparts.

2.7.2 Test 2: Advection of a circle in shear flow

The test consists of a circle of radius 0.2π units centered at (1.5, 0.8) and subjected to a

velocity field (u, v) = (sin(x)cos(y), -cos(x)sin(y)). The circle is strained for N time units

after which the velocity is reversed and the circle returns to its original configuration
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Figure 2.5: Variation of numerical error with Courant number for Test 1 on (a) structured
mesh (b) unstructured mesh.

after further N time units. Computations are done on 100×100 structured mesh and

a triangular mesh consisting of 22584 cells. The contours of the volume fraction for

N = 8 for the three schemes on both meshes for Co = 0.8 are shown in Table 2.3.

The error variation with Courant number for these grids are depicted in Figures 2.6(a)

and 2.6(b). While all three schemes show Courant number independent errors, the

M-Gamma scheme is found to be inferior to the FBICS and CUIBS schemes. However,

M–Gamma is no longer restricted by a Courant number restriction unlike the Inter–

Gamma scheme. While the FBICS and CUIBS schemes are comparable on structured

meshes, the latter outperforms on unstructured grid in terms of the error.

2.7.3 Test 3: Zalesak solid body rotation

This test consists of the advection of a slotted disk in a rotational flow field. The disk

has unit diameter and is centered at (2, 2.75) and is cut by a slot of 0.12 unit width.

The disk is rotated around center of rotation (x0, y0)=(2, 2) with a constant angular ve-

locity of 0.5. The velocity field is therefore (u, v) = (-ω(y − y0), ω(x − x0)). Simulations

are carried out for one rotation using structured mesh of 200×200 and unstructured

mesh of 40532 triangles. Table 2.4 shows the contours of volume fraction for different

Courant numbers and the error variation on both grids as a function of Courant number
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Table 2.3: φ-contours for Test 2 at Co = 0.8. Contour levels are 0.05:0.05:0.95.
Schemes Structured mesh Unstructured mesh

Forward Backward Forward Backward

FBICS [22]

M-Gamma

CUIBS
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Figure 2.6: Variation of numerical error with Courant number for Test 2 on (a) structured
mesh (b) unstructured mesh.

are shown in Figures 2.7(a) and 2.7(b). While this case gives further evidence of per-

formance not depending on Courant number, the M-Gamma and CUIBS schemes are

found to have lower errors compared to the FBICS scheme on unstructured meshes.

On structured meshes, all three schemes show very similar behaviour. The contour

plots indicate that the FBICS scheme distorts the profiles on unstructured meshes as
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compared to the new schemes proposed here. This test case was not investigated

in [22] and this observation is surprising. The CUIBS scheme is atleast as compet-

itive as FBICS, and the improved performance of the former for some cases maybe

attributed to the third–order accurate base scheme and the marginally lesser extent of

downwinding introduced in the constituent HR scheme. Nevertheless, the behaviour of

M-Gamma scheme is somewhat perplexing, and it is conjectured that the downwinding

extent plays a major role. In particular, the upper bound M may have an optimal value

that depends on the test problem and/or grid employed which decides the superior

interface capturing scheme for a particular problem and grid topology. We precisely

investigate the role of the maximum bound, albeit in a limited sense, in the following

numerical experiment.

Table 2.4: φ-contours for Test 3. Contour levels are 0.05:0.05:0.95.

Schemes Structured mesh Unstructured mesh
Co = 0.15 Co = 0.8 Co = 0.15 Co = 0.8

FBICS [22]

M-Gamma

CUIBS

2.7.4 Effect of extent of downwinding

We study the effect of the maximum bound M in the flux limiters of the schemes to

understand its role in interface capture and determine an optimal value, if possible. We

consider the advection of a hollow square translated obliquely by a constant velocity

field (u, v) = (2, 1) on unstructured grids using the CUIBS scheme. The error variation

with Courant number plotted in Figure 2.8 for different values of M show that the errors
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Figure 2.7: Variation of numerical error with Courant number for Test 3 on (a) structured
mesh (b) unstructured mesh.

are minimal for M ∈ [2, 4]. This suggests the existence of a possibly “optimal" range for

M which may be understood from the fact that smaller M results in lesser downwinding

from the compressive scheme and hence more diffusion while a higher value of M may

result in over–compression. This study justifies M = 4 as a good choice in terms of

error and explains its choice in CUIBS and FBICS schemes. We remark, as also

discussed earlier, that a different value of M could become optimal for the schemes in

certain interface problems and grid topologies and therefore the value of M = 4 is by

no means a universal choice.

2.7.5 Volume conservation

An important and often overlooked issue in interface capturing schemes and VOF ap-

proaches, particularly on unstructured meshes, is the conservation of volume of the

fluids. Despite solving the conservation laws in a conservative framework, the clip-

ping of the volume fraction (to ensure it is bounded between 0 and 1 in each cell) may

introduce errors that can violate discrete conservation. The fluids in the domain are

immiscible and the incompressibility conditions means that volume of each of the fluids

in a closed domain must be conserved over time. We therefore quantify the volume

errors (or shape errors) as,

TH-1678_126103022



Interface capturing schemes 36

Courant number (Co)

N
u

m
e
ri

c
a
l
e
rr

o
r

(E
)

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8
M = 2

M = 3

M = 4

M = 6

M = 10

Figure 2.8: Error variation with Courant number for different values of the upper bound
M on unstructured mesh using CUIBS scheme in shear flow.

Eshape =

nc∑
c=1

|φncΩc − φ0
cΩc|

nc∑
c=1

φ0
cΩc

(2.12)

where the subscript and superscript denote the volume and time level where the vol-

ume fraction is computed.

To investigate the volume loss (or gain) due to limiting of the volume fraction, es-

pecially on non–orthogonal meshes with time, we consider the advection of circle in

shear flow as discussed in Section 2.7.2 using the CUIBS scheme on unstructured

meshes. The shape error Eshape is evaluated for this case and its temporal history is

shown in Figure 2.9. We see that the average shape error is of the O(10−4) and re-

mains bounded, ensuring that the present approaches leads to acceptably low shape

errors even on unstructured grids. The loss/gain in volume (and hence mass, since

each fluid has a constant density) is therefore negligible and is not expected to signif-

icantly affect the solutions to complex interfacial flows, as is demonstrated in the test
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Figure 2.9: Relative change of the total volume/shape of the volume fraction in the
shearing flow test using CUIBS scheme on unstructured mesh.

cases considered in Chapter 3.
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CHAPTER 3

THE INCOMPRESSIBLE MULTIPHASE SOLVER

In this chapter, we discuss the salient features of the incompressible multiphase flow

solver which forms the backbone of the numerical framework in this thesis. We

employ a novel hybrid staggered/non–staggered framework for solution of the Navier–

Stokes equations which is among the highlights of this thesis. A single continuum

model is presented for multiple fluids with property jumps at the interface. The deriva-

tion and finite volume discretisation of the normal momentum equation, which is appli-

cable for arbitrary topologies, is discussed in detail as is the complete solution method-

ology based on a fractional step method. The proposed solver, which is specifically

discussed with reference to multiphase flows is validated for binary immiscible fluid

flows on structured and unstructured meshes.

3.1 Governing Equations

We study the flow of one or more immiscible fluids which are governed by the two–

dimensional, incompressible, laminar Navier–Stokes equations, which in conservative

form read,

∇ · u = 0 (3.1)

∂(ρu)

∂t
+∇ · (ρuu) = −∇ṕ+∇ · ( µ(∇u +∇uT )) + ρg + Fst (3.2)
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where u is the velocity vector ( uv ), g is the gravitational acceleration ( gxgy
), ṕ is the

pressure, µ is the dynamic viscosity and ρ denotes density. The term, Fst, is the force

due to surface tension, which is implemented using the continuum surface force (CSF)

model [93],

Fst = σκ nI δ (3.3)

Here σ, κ, nI and δ represent the surface tension coefficient, interface curvature,

normal and the Dirac delta function, respectively. We adopt the curvature model pro-

posed by Ubbink [94], on account of its simplicity. In order to minimise errors in cur-

vature calculations, we employ smoothed volume fractions obtained using Laplacian

smoothing (typically 3-4 smoothing iterations) to calculate interfacial curvature while

the non-smoothed volume fractions are employed everywhere else when required. Ex-

pressing the interface normal in terms of the volume fraction, Eq. (3.3) can be simplified

as,

Fst = σκ ∇φ. (3.4)

The curvature appearing in the computation of surface tension force is related to

the interface normal as,

κ = −∇ · nI (3.5)

Following [94] we use the smoothed volume fraction to calculate the curvature and

its cell–averaged value is computed as,

κ = − 1

Ωc

∑
f

( ∇φ̌
|∇φ̌|

)
·∆sf (3.6)

where Ωc and ∆sf are the cell volume and surface area vector. In order to reduce er-

rors in curvature calculations, we employ smoothed volume fractions φ̌ obtained using

Laplacian smoothing [94] given by,

φ̌ =

∑
f

φf |∆sf |∑
f

|∆sf |
(3.7)

where the summation is over the faces of a cell. In this work we typically use 3-4
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smoothing iterations for curvature calculations while the non-smoothed volume frac-

tions are employed everywhere else when required.

Following [33], we rewrite equation by defining the piezometric pressure as,

p = ṕ− ρg · x (3.8)

where x is the position vector. Consequently, we see that both pressure and grav-

ity forces appear as gradients of scalar quantities, which allow for a balanced force

formulation [33],

∂(ρu)

∂t
+∇ · (ρuu) = −∇p+∇ · ( µ(∇u +∇uT ))− g · x∇ρ+ σκ ∇φ (3.9)

The readers are referred to Section A.1 for more details on the derivation of this equa-

tion. The multi–fluid flows involves more than one fluid with each having distinct den-

sities and viscosities. A single fluid formalism is employed to calculate the mixture

density and viscosity in above equation using volume fraction as,

ρ = φρL + (1− φ)ρH (3.10)

µ = φµL + (1− φ)µH (3.11)

These correlations for mixture density and viscosity are used in binary immiscible

fluid systems (where subscripts L and H represent the properties of light and heavy

fluids respectively), with the volume fraction φ obtained from the solution of the advec-

tion equation as discussed in Section 2.1. While a similar correlation can be employed

even for multiple immiscible fluids, the expressions for density and viscosity may be

different in case of miscible flows.
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3.2 Hybrid staggered/non–staggered framework

The choice of variable arrangement on the grid is a key feature for the success of any

solution algorithm. While the earliest efforts have employed a staggered grid 1, a ma-

jority of numerical approaches in the last three decades have favoured collocated grids.

The use of collocated grids is advantageous, particularly on unstructured meshes, be-

cause the solution variables are located at the same point (typically, cell centroids).

However, collocated mesh frameworks suffer from pressure–velocity decoupling (also

called the “checker–board" problem) necessitating the use of Rhie–Chow interpola-

tion or related techniques to overcome this problem. Staggered grid frameworks lead

to smooth pressure and velocity fields but book–keeping and programming are a bit

cumbersome owing to the solution variables stored at different locations. Furthermore,

while a staggered arrangement of variables is relatively easy on Cartesian meshes,

the associated flow solver becomes complicated on curvilinear and more so, in case of

unstructured meshes. We propose to combine the staggered arrangement of variables

with computational ease of a collocated grid, which results in the hybrid staggered/non–

staggered framework for the present incompressible flow solver. One can therefore re-

alise near machine–zero velocity divergence, as on a staggered grid, with the versatility

of a non–staggered grid in this hybrid framework. This approach has been successfully

implemented with Cartesian meshes in the past [49] and we now extend it to arbitrary

polygonal meshes for the first time. This novel hybrid staggered/non–staggered frame-

work is briefly described here since it forms the backbone of the multiphase flow solver

but we remark that an extensive study on the specific details of its implementation for

incompressible flows is part of another independent thesis.

The use of a staggered grid would mean that there are multiple variable arrange-

ments possible. In order to have a better understanding and appreciation of the hybrid

staggered/non–staggered approach, consider the Cartesian staggered mesh as shown

in Figure 3.1(a), where the pressure ‘p’ stored at the cell center, velocities (u and v)

are placed at the vertical and horizontal face centers. The momentum equations on
1We use the terms staggered(non–staggered) grid and staggered(non–staggered) framework inter-

changeably in this discussion and both refer to the variable arrangement on the underlying mesh.
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Figure 3.1: Variable arrangement on (a) staggered (b) staggered on unstructured and
(c) hybrid staggered mesh.

such a grid are therefore discretised on control volume that are staggered with respect

to the cell, which is itself the control volume for discretisation of pressure. It must be

realised that the convective and diffusive fluxes would be calculated at the cell faces

themselves, if a finite volume framework were to be adopted with a Cartesian stag-

gered grid. A staggered arrangement on unstructured meshes can be constructed in

a similar manner (see Figure 3.1(b)), but leads to no clarity as to the choice of con-

trol volumes for the momentum equation(s). Unlike the Cartesian mesh where the

grid alignment can be exploited, there are obvious difficulties in porting the staggered

grid philosophy to non–Cartesian meshes. The viable alternative in this regard is the

arrangement in Figure 3.1(c), which may be viewed as a “natural" extension of the

staggered grid philosophy to arbitrary polygonal meshes. This is because, like in the

case of Cartesian staggered grid, this arrangement stores the “normal" velocities at

the face centers. The control volumes for and solution to the momentum equations is

still unclear, but this concern can be overcome by borrowing ideas from non–staggered

(collocated) grids. Stated specifically, we evaluate the convective and viscous fluxes at

the cell centroids akin to the case of a non–staggered framework and then interpolate

them to the cell interfaces. This is in sharp contrast to a fully staggered framework and

this feature, which also adds to the novelty, completely explains why the framework is

referred to as a hybrid staggered/non–staggered framework. It must be remarked that

the proposed hybrid staggered/non–staggered framework is generic and is applicable

to unstructured hybrid meshes as well as adaptive grids. We shall now discuss, albeit

briefly, the salient details pertaining to the numerics of the proposed framework.
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3.3 Normal momentum equation

The governing equations are discretised using the finite volume approach employing

the hybrid staggered/non–staggered framework discussed earlier. As also described

earlier, in this framework, the normal velocities are stored at the cell faces and all

scalars (pressure, density and volume fraction) are stored at the cell centroids. In

order to derive the normal momentum equation, which is solved for, we start with

the non–dimensional linear momentum equations for incompressible flow. To non–

dimensionalise the Eqs. (3.1) and (3.9) we consider following variables,

∇∗ = L∞∇, u∗ =
u

U∞
, p∗ =

p

ρLU
2
∞
, t∗ =

t

L∞/U∞
, ρ∗ =

ρ

ρL
, µ∗ =

µ

µL

where L∞ and U∞ are suitably defined length and velocity scales, depending on the

flow problem. We use properties of less denser fluid (defined with subscript L) for

non–dimensionalisation. The resulting dimensionless momentum equation obtained

as,

∂(ρ∗u∗)

∂t∗
+∇∗ ·(ρ∗u∗u∗) = −∇∗p∗+ 1

Re
∇·( µ∗(∇∗u∗+∇∗uT∗))−∇ρ

∗

Fr
e·x+

κ∗ ∇φ
We

(3.12)

where Re =
ρLU∞L∞

µL
, Fr = U2

∞
gL∞

and We =
ρLL∞U

2
∞

σ
are the Reynolds number, Froude

number and Weber number respectively. In the above equation e and g denote the unit

vector in the direction of gravitational force and the magnitude of the gravitational accel-

eration. It must be remarked that all discussions in this study pertain to the dimension-

less form of the equations and the superscript ‘∗’ representing the non–dimensional

quantities in these equations is dropped for sake of convenience.

The novel hybrid staggered/non–staggered framework provides a “natural" exten-

sion of staggered philosophy to unstructured meshes and proves beneficial for mul-

tiphase simulations as demonstrated later in Chapter 4. The key component of the

framework is the solution of a single momentum equation for the normal momentum at

the cell faces, as opposed to individual velocity components at cell centers. The control

volume for the solution of normal momentum equation a union of two cells which share
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the same face. The normal momentum equation is derived for face ‘f ’, by projecting

the linear momentum equation Eq. (3.12), onto the direction of face unit normal nf . In

the discussions to follow, integration is performed over the control volume Ω = Ωm∪Ωn,

where subscript ‘m’ and ‘n’ depict cells sharing the face ‘f ’ as shown in Figure 3.2.

Uf

f

e

e

e

e

m

n

Figure 3.2: The control volume Ω = Ωm ∪ Ωn for the normal momentum combines the
two adjacent cells m and n shared by the face f . In the figure Uf represents the face
normal velocity and arrow indicates the direction of the fluxes.

∫
Ω

∂(ρu)

∂t
· nfdΩ +

∫
Ω

∇ · (ρuu) · nfdΩ =−
∫

Ω

∇p · nfdΩ +

∫
Ω

1

Re
∇ · (µ(∇u +∇uT )) · nfdΩ

−
∫

Ω

(
∇ρ
Fr

e · x) · nfdΩ +

∫
Ω

κ ∇φ
We

· nfdΩ

(3.13)

We approximate the first term by assuming that Uf is an averaged value for the nor-

mal velocity (over the control volume Ω) lumped at the face center and that volumetric

averaging of centroidal values is used for the calculation of face density ρf .∫
Ω

∂(ρu)

∂t
· nf dΩ ≈ d(ρfUf )

dt
Ω (3.14)

Using the Gauss divergence theorem and single–point quadrature, the semi–discrete
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form of the Eq. (3.13) can be written as,

d(ρfUf )

dt
Ω +

[∑
e∈Ω

(ρeueUe)∆se

]
· nf︸ ︷︷ ︸

CONV

=− δp

δn

∣∣∣
f
Ω +

1

Re

[∑
e∈Ω

(µe(∇ue +∇uTe ) · ne)∆se
]
· nf︸ ︷︷ ︸

DIFF

− (
1

Fr
e · x)

δρ

δn

∣∣∣
f
Ω +

κf
We

δφ

δn

∣∣∣
f
Ω (3.15)

where ne and ∆se represent the outward unit normal and surface area of the edge

‘e’ respectively. The derivatives δp
δn
|f , δρ

δn
|f and δφ

δn
|f indicate the discrete forms of the

pressure, density and volume fraction gradient respectively normal at the face f (to see

the full discretisation of these normal gradients please refer to Section 4.1). Moreover,

CONV and DIFF represent the discrete convective and diffusive fluxes and details of

their discretisation are dealt with in the sections to follow. In the above equation
∑
e∈Ω

implies that the fluxes of edges e are only considered while the contribution of face

f is neglected. This is because, at any time instant, outgoing fluxes from the cell m

are equal to the incoming fluxes of cell n through the face f and cancel one another. It

must be remarked that the control volumes for normal momentum of two different faces

of a given cell evidently overlap but does not affect the overall conservation properties,

as demonstrated in Section 5.2.

3.3.1 Discretisation of the convective term

The discretisation of convective term in Eq. (3.15) may be written as,

[∑
e∈Ω

(ρeueUe)∆se

]
· nf =

[∑
e∈Ω

 ρeueUe

ρeveUe

∆se

]
· ( nx,f ny,f )

where ue and ve are the Cartesian components of velocity at the center of edge e, Ue is

the normal velocity at the edge e and nx,f , ny,f are the components of the unit normal

at the face f . The face values of the velocity components (ue, ve) are obtained from
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the centroidal velocities using a high–resolution CUI scheme [84],

αe =



3αm − 2αn + 4∇α · (xn − xm) 0 < α̃U ≤ 2
13

5

6
αm +

1

6
αn +

1

3
∇α · (xn − xm) 2

13
< α̃U ≤ 4

5

αn
4
5
< α̃U ≤ 1

αm elsewhere

where α represents the Cartesian velocity components (u, v). Note that the fluxes are

calculated at the cell edges e in the same manner as in the case of collocated meshes,

although the solution variable is the normal momentum stored at the cell faces. It

must be recalled that the CUI scheme is the high–resolution (HR) part of the interface

capturing CUIBS scheme discussed in detail in Chapter 2. While CUI scheme is the

preferred convection scheme in our studies, the framework is flexible to accommodate

other alternate convection schemes as well.

3.3.2 Discretisation of the diffusive term

The discretisation of diffusive term in Eq. (3.15) may be written as,

1

Re

[∑
e∈Ω

(µe(∇ue +∇uTe ) · ne)∆se
]
· nf =

1

Re

[∑
e∈Ω

µe

 2
δu

δx

∣∣∣
e
nx,e + (

δu

δy

∣∣∣
e

+
δv

δx

∣∣∣
e
)ny,e

(
δv

δx

∣∣∣
e

+
δu

δy

∣∣∣
e
)nx,e + 2

δv

δy

∣∣∣
e
ny,e

∆se

]
· (nx,f ny,f )

The viscous fluxes depend on the gradients of velocity components which are them-

selves computed at the cell centroids. The gradients of all quantities, including the

velocity components are obtained using a Green–Gauss gradient reconstruction [85].

The viscous fluxes at the edge e are then evaluated by simple averaging between the

centroidal values as [85],

δα

δx

∣∣∣
e

=
1

2

(δα
δx

∣∣∣
m

+
δα

δx

∣∣∣
n

)
− Tx

δα

δy

∣∣∣
e

=
1

2

(δα
δy

∣∣∣
m

+
δα

δy

∣∣∣
n

)
− Ty
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where the factors Tx and Ty avoid odd–even decoupling and are given by [85],

Tx =
[1

2

(δα
δx

∣∣∣
m

+
δα

δx

∣∣∣
n

)
nl,x +

1

2

(δα
δy

∣∣∣
m

+
δα

δy

∣∣∣
n

)
nl,y −

αn − αm
∆xmn

]
nl,x

Ty =
[1

2

(δα
δx

∣∣∣
m

+
δα

δx

∣∣∣
n

)
nl,x +

1

2

(δα
δy

∣∣∣
m

+
δα

δy

∣∣∣
n

)
nl,y −

αn − αm
∆ymn

]
nl,y

where α refers to the Cartesian velocity components u and v. Furthermore, nl,x and

nl,y are the components of the unit vector along the line joining m and n and ∆()mn is

the distance between points m and n. As in the case of convective fluxes, the viscous

fluxes are also computed in a manner analogous to those on collocated grids.

3.3.3 Time integration scheme for the normal momentum equa-

tion

In order to ensure time–accurate solutions and to be commensurate with the spatial ac-

curacy, we employ a second–order accurate three–point backward differencing scheme

for time advancement. Following the numerical algorithms for incompressible flows, the

flow solver in the present work adopts a segregated strategy with an incremental frac-

tional step algorithm. This results in a predictor–corrector approach, with the predictor

step in discrete form as,

3ρn+1
f U?

f − 4ρn+1
f Un

f + ρn+1
f Un−1

f

2∆t
=− CONV(U?

f ,u
?) + DIFF(U?

f ,u
?)

− δp

δn

∣∣∣
f
− (

1

Fr
e · x)

δρ

δn

∣∣∣
f

+
κf
We

δφ

δn

∣∣∣
f

(3.16)

where U?
f is face normal velocity at the intermediate time level between n+ 1 and n, u

denotes the centroidal velocity vector. CONV and DIFF indicate the discrete convec-

tive and diffusive flux operators as discussed earlier. This step gives a predicted value

for normal momentum whose normal velocities do not, in general, satisfy the continuity

equation.

The predictor equation for normal momentum is an intermediate step and is solved

using an implicit approach. It may be considered as the solution to a fixed point problem

TH-1678_126103022



The incompressible multiphase solver 48

G(Uf ) = 0, where the non–linear functional G consists of the time derivative, discrete

convective and viscous fluxes and the discrete pressure gradient. We defer from dis-

cussing the details of the solution procedure, but remark that the non–linear system

of equations are solved using a Newton–Krylov solver through the open source PetSc

libraries [95].

3.3.4 Velocity reconstruction

The discussions on convective and viscous flux calculations, which are carried out as

in a collocated framework, are based on the assumption that the centroidal velocities

are available. This is however not the case in the present framework, where only the

normal momentum is known and is stored at the cell faces. It is therefore necessary

to reconstruct the velocities at the centroids from the face–normal velocities and this is

achieved through a novel iterative defect correction approach. Stated in mathematical

terms, we obtain the centroidal velocities as (where k denotes iteration counter),

ukc = A−1b(uk−1
c ) (3.17)

where A is a 2 × 2 geometric matrix and b is a 2-dimensional vector defined respec-

tively as,

Ai,j =
∑
f

ninj∆sf (3.18)

bj =
∑
f

Ũfni∆sf (3.19)

and the corrected face normal velocity is defined as,

Ũf = Uf −
2∑
i=1

2∑
j=1

uk−1
ci,j

∆xjni (3.20)

In the above equation, uci,j is defined as the jth component of the gradient of the ith

velocity component in the cell c, ∆xj is the jth component of distance vector between

the centroids of the face f and cell c and ni is the ith component of the face unit nor-

mal. A weighted least–squares approach is used to calculate the gradients appearing

TH-1678_126103022



The incompressible multiphase solver 49

in Eq. (3.20) for the corrected velocities. It has been shown in [96] that the iterative pro-

cess defined by Eqs. (3.17) and (3.20) indeed converges on different mesh topologies

thereby leading to second-order accurate centroidal velocities. It must be noted that

the iterative process is necessitated by the fact that the second-order accurate calcu-

lation of the centroidal velocities needs the corrected face normal velocities which in

turn requires the gradients of the centroidal velocity vector itself to first order accuracy.

It may be remarked that the iterative process is not necessary on orthogonal meshes

such as those employed in the immersed boundary approach later in the thesis. The

face normal velocities are obtained by dividing the normal momentum by the face den-

sities, with the latter obtained through an averaging of the centroidal densities (which

are known). It is also important to realise that this reconstruction approach is critical

to ensure physically consistent solutions on non–orthogonal meshes and interested

readers are referred to [96] for further details.

3.4 Pressure Correction Equation

We employ an incremental fractional step approach as in [97] and for the case of vari-

able density flows, as in this thesis, results in a variable coefficient Poisson equation

for pressure correction (P = pn+1 − pn),

∑
f∈C

U?
f ∆sf =

2 ∆t

3

∑
f∈C

1

ρn+1
f

δP
δn

∣∣∣
f

∆sf (3.21)

where the left hand side is a known source term (since U?
f is calculated from the normal

momentum equation) and δP
δn
|f denotes the discrete normal gradient of the pressure

correction at the faces f . It must be emphasized that the unlike for the normal mo-

mentum equation, control volume for the pressure correction equation is the individual

cell (C) as shown in Figure 3.3, because the pressure and its correction are stored at

the cell centroids. It is easy to see that the above equation is the discrete counterpart

of the Poisson equation and is therefore inherently linear. Any non–linearity which is

introduced because of the non–orthogonal correction terms for the normal gradient of
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pressure correction 2 on unstructured meshes is handled using a defect correction ap-

proach. Similar to the advection equation for volume fraction, the above equation can

be arranged to form a linear system of equations that reads,

AP = S

where A is a geometric matrix, P is the vector of pressure correlations at the cell

centroids and S represents the source vector containing left hand side term in the

Eq. (3.21) and the gradients of pressure correction arising from non–orthogonality ef-

fects. The latter is a “lagged" contribution to the source term and the resulting linear

system at every step is solved using open source LiS libraries [86] with a flexible GM-

RES method that employs SAAMG as preconditioner. This system is solved for several

sub–iterations (because of the “lagged" source term) and a suitable termination crite-

rion is |P k+1 − P k| ≤ 10−12, where superscript k denotes the sub–iterations. Note that

for orthogonal meshes, there is only one sub–iteration and few sub–iterations (6–8)

suffice for grids with mild to moderate non–orthogonality. The pressure correction is

then used to update the pressure to the next time level and also to correct the normal

momentum obtained in the predictor step.

ff

f

C

Figure 3.3: The control volume Ωc for the solution of scalar variables namely pressure
correction P and volume fraction φ.

2For a clear picture of non–orthogonality in the discrete representation of normal derivatives, please
refer to Section 4.1.
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3.5 Solution methodology

In this section, we summarise the overall solution methodology for simulation of mul-

tiphase flows in this thesis. A finite volume methodology in a hybrid staggered/non–

staggered framework is employed, the details of which have been discussed in earlier

sections. The flows are assumed to be incompressible for most part of this thesis and

therefore an incremental fractional step algorithm, typical of such flows, is adopted in

this thesis as well. A segregated solution approach is adopted wherein the advec-

tion equation for the volume fraction is first solved implicitly using the known value of

velocity field. The density and dynamic viscosity at the centroids are then computed

using the volume fractions and are subsequently employed in the solution to the nor-

mal momentum equation. The solution to the latter results in an auxiliary momentum

(and hence velocity) field that does not satisfy incompressibility. In order to obtain

a divergence–free velocity field, an evolution equation for the pressure correction is

solved. It must be remarked that the solution to the momentum and pressure correc-

tion equations require the face values of density and viscosity. The interfacial values

for density are obtained from the centroidal values using volume–weighted averaging

whereas the viscosity at the face is determined using harmonic averaging as in [38].

The pressure corrections hence obtained are then used to update the pressure and

normal momentum obtained in the predictor step to the next time level. The corrector

step is a purely algebraic process which reads,

pn+1 = P + pn (3.22)

(ρUf )
n+1 = (ρUf )

? − 2 ∆t

3

δP
δn

∣∣∣
f

(3.23)

where ρ? = ρn+1 and follows from the non-dimensional form of the Eq. (3.10). This

entire process, which constitutes one outer iteration of the multiphase flow solver is

repeated for a finite number of outer iterations (for unsteady cases) or until convergence

(for steady–state problems). The overall solution methodology is also schematically

shown in the flowchart (see Figure 3.4), for sake of completeness and clarity.
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Start

Velocities (u, v), piezometric pressure (p) and
volume fraction (φ) initialization at the nth time level

Solve the advection equation
(Eq. (2.4)) for volume fraction (φ)

Update the density (ρn+1) and vis-
cosity (µn+1), Eqs. (3.10) and (3.11)

Solve the normal momentum equation (Eq. (3.16))
for the face normal momentum (ρn+1U?

f )

Evaluate the Poisson equation
(Eq. (3.21)) for pressure correction (P)

Update pressure (pn+1) and the face normal
momentum (ρUf )

n+1, Eqs. (3.22) and (3.23)

Reconstruction of the centroidal velocities
(un+1, vn+1) from the face normal velocity

Stopping criterion

Stop

No

Yes

Figure 3.4: Flowchart for solution methodology.

3.6 Preliminary validation

We carry out a primary assessment of the multiphase flow solver by considering two

preliminary test problems of interest. We remark that this solver essentially combines
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the volume fraction advection with Navier–Stokes equations in a finite volume frame-

work for multi–fluid flows. The two–interface problem and the Rayleigh–Taylor instability

are simulated with the proposed solver in this section to examine its performance.

3.6.1 Two fluid interface problem

First, we consider the viscous sloshing in a 0.8×0.6 domain of grid resolution ∆x =

∆y = 0.005, with the lighter fluid above and heavier below and the initial interface de-

fined by y = 0.4−0.25x. No–slip condition is enforced on the horizontal top and bottom

walls while the vertical walls are defined as slip walls. The simulation is carried out for

a density ratio of 2 and the viscosities are considered equal as in [98].The Reynolds

number and Froude number are chosen to be 252 and 1 respectively and timestep is

fixed to ∆t = 0.005.
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(b) Right wall

Figure 3.5: The time history of interface location relative to the average height of 0.3
on the (a) left and (b) right walls.

The results of the simulations are compared with those obtained by Tezduyar et

al. [98]. Figures 3.5(a) and 3.5(b) show the temporal history of the interface location on

the left and right walls, which are in good agreement with the FEM results in [98] and

show a damped behaviour indicating a steady state at very long times. Figures 3.6(a)
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(a) t = 0 (b) t = 5

(c) t = 20 (d) t = 40

Figure 3.6: Velocity vector with two fluid interface using CUIBS on structured mesh at
time instants t = (a) 0 (b) 5 (c) 20 and (d) 40.

to 3.6(d) show the interface at four different time instants (t = 0, 5, 20, 40) indicating

that the initial sharp resolution of the interface is preserved to a great extent by the

CUIBS scheme.

3.6.2 Rayleigh–Taylor instability

The Rayleigh–Taylor instability is a density–driven problem where a heavier liquid on

top is separated from a lighter liquid on the bottom by an interface, and has been sim-

ulated by several researchers in the past [99, 100] to test the capability of interface

capturing algorithms to tackle complex flow phenomena. This problem is known to

be sensitive to grid irregularities and therefore an unstructured grid symmetric about
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the vertical centerline is used to minimize any asymmetry errors. A 1×4 rectangular

domain is discretised into 21456 triangular elements. No-slip boundary conditions are

prescribed on the top and bottom walls and the remaining boundaries are assumed to

be slip walls. The density ratio of equal dynamic viscosity fluids is chosen to be 3 and

therefore the Atwood number At =
ρH−ρL
ρH+ρL

= 0.5. The interface is perturbed to initiate

the instability as, y = 2 + 0.1 cos(2πx), with Reynolds and Froude number fixed to 1000

and 1 respectively.
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Figure 3.7: Rayleigh–Taylor instability: Contours of volume fraction using CUIBS
scheme at non-dimensional time T = t

√
At = (a) 0.5 (b) 1 (c) 1.5 (d) 2 and (e) 2.5.

Interface evolution using CUIBS scheme on unstructured mesh are shown in Fig-

ures 3.7(a) to 3.7(e) at different time levels of t
√
At = 0.5, 1, 1.5, 2 and 2.5. It can

be observed that the interface is symmetric about center line and instability is de-

scribed accurately by scheme. In order to obtain grid-independent solutions, the test

case is simulated on three unstructured meshes viz. G1, G2 and G3 having 10246,

21456 and 41156 triangular elements respectively. The results presented in Figure 3.8

show that no perceptible differences exist on meshes G2 and G3 and therefore the

solutions on G2 are grid-independent. The numerical results obtained herein and anal-
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Figure 3.8: The mesh refinement study for Rayleigh-Taylor instability on unstructured
meshes G1 (10246), G2 (21456) and G3 (41165) using CUIBS scheme.

ysed further are those obtained using G2. Figure 3.9 plots the position of the rising

bubble at the side wall and falling bubble at the mid section of the domain against the

non–dimensional time, and are compared with numerical simulations of Guermond and

Quartapelle [99] and Tryggvason [100]. The agreement of the results from the present

simulations with those in [99,100] is excellent, and further validates the robustness and

efficacy of the solver to handle complex flow phenomena in realistic fluid flows.

It can be observed that the simulations are carried out for low density ratios, al-

though, many multiphase flows are subjected to high density contrasts. Multiphase al-

gorithms including the VOF method often lead to the anomalous results in such cases

as also reported in literature. In the next chapter, we will explore the possible reasons

for numerical instabilities in high density ratio flows and propose a consistent and well

balanced algorithm precisely for numerical simulations of large density contrasts.
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Figure 3.9: Position of rising and falling bubbles versus time on unstructured meshes
using CUIBS scheme.
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CHAPTER 4

A WELL BALANCED AND CONSISTENT

FORMULATION‡

Numerical simulations of realistic multiphase flows are often plagued by numerical

instabilities owing to high density ratios of the fluids involved in the studies. Fur-

thermore, the dynamics of multiphase flows in several applications are influenced by

surface tension and gravity. The focus of this chapter is on the need to and means

of accounting for large interfacial and body forces in multiphase flow simulations. We

also attempt to understand the reasons behind reported difficulties in large density ra-

tio flows (of which we experienced a few) and evolve a numerical strategy to perform

robust and stable simulations of multiphase flows with arbitrarily large density con-

trasts. The approach discussed in this chapter is investigated using a large number of

test problems covering a wide range of scenarios both on structured and unstructured

meshes. A few realistic scenarios are also simulated to demonstrate the efficacy of the

formulation developed herein for multiphase simulations with high density and viscosity

ratios as well as large interfacial tension and body forces.
‡The contents in this chapter have been published as J.K. Patel and G. Natarajan, "A novel consis-

tent and well-balanced algorithm for simulations of multiphase flows on unstructured grids", Journal of
Computational Physics 350 (2017).
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4.1 Balanced force algorithm

As discussed in the introduction, one of the critical aspects of numerical discretisa-

tion for multiphase flows is the need for ensure a balance of forces in the momen-

tum equation. While collocated approaches in [32–34] adopt different methodolo-

gies that require modifications in momentum interpolation to achieve the balance, the

present staggered/non–staggered framework allows for a relatively straightforward and

arguably “natural" approach for well–balanced discretisation.

One can easily see that the terms corresponding to pressure, surface tension and

body forces in the normal momentum equation involve gradients of scalar quantities

viz. p, φ and ρ respectively. The key to a well–balanced formulation is to discretise all

these gradients in an identical manner. Unlike the collocated framework, the forces in

the normal momentum equation involve only the normal derivatives (see Eq. (3.15))

which may be discretised accounting for non–orthogonal effects as,

δα

δn

∣∣∣
f

=
αn − αm

∆r︸ ︷︷ ︸
orthogonal part

+
∇αn ·∆rn −∇αm ·∆rm

∆r︸ ︷︷ ︸
non–orthogonal part

(4.1)

where α is any scalar quantity (= ρ, p, φ,P) and ∆r denotes the distance between the

points m′ and n′. The quantities ∆rm, ∆rn are the vectors along the line joining the

points m and m′, n and n′ respectively (see Figure 4.1) and contribute to the non–

orthogonal correction. It must also emphasised that normal derivatives of pressure

in the momentum equation, Eq. (3.15) and momentum update, Eq. (3.23) must nec-

essarily have the same discretisation as also the pressure correction in the Poisson

equation, Eq. (3.21). The gradients appearing in the non–orthogonal contribution are

estimated using a standard Green–Gauss approach [85].

A different and possibly naive approach to determine the normal gradients appear-

ing in the force terms is to use an alternate discretisation defined by,

δα

δn

∣∣∣
f

=
δα

δx
nx,f +

δα

δy
ny,f (4.2)
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f

n′

m

n

nfm′

∆rn

∆rm

Figure 4.1: The projections of the centroids on normal to the face f .

where the quantities δα
δx

and δα
δy

are obtained using a linear interpolation of these gradi-

ents at centroids of cells (m and n) sharing the face ‘f ’ (see Figure 4.1) and nx,f and

ny,f are the components of the unit normal to the face. The use of Eq. (4.1) for pres-

sure gradient and Eq. (4.2) for density and/or volume fraction gradients (or vice–versa)

would however result in an unbalanced formulation. We shall discuss its implications

for surface tension and gravity dominated flows in Section 4.3.

4.2 Consistent discretisation of governing equations

The transport of mass and momentum in a consistent fashion at the discrete level is

necessary to obtain robust and stable solutions for high density and high shear flows.

In the present work, we adopt the philosophy in [35] within a VOF framework to achieve

discrete consistency for the transport equations on arbitrary polygonal meshes. The

inherent and fundamental principle behind a consistent approach is to ensure that the

transporting velocity and transported quantities are discretely similar in both the mass

and momentum equations. This means that the convective fluxes in the VOF equation,

Eq. (2.4), as well as the normal momentum equation, Eq. (3.15), must be evaluated
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necessarily using the same convective scheme.

In this study we employ the CUI scheme, which is a high-resolution upwind–biased

scheme for the discretisation of the convective fluxes in the momentum and volume

fraction equations. One can obtain the normalised face values of quantities in the

convective fluxes using this scheme as,

α̃f =



3α̃U 0 < α̃U ≤ 2
13

5
6
α̃U + 1

3
2
13
< α̃U ≤ 4

5

1 4
5
< α̃U ≤ 1

α̃U elsewhere

(4.3)

where α is any transport quantity (= u, v, ρ, φ) and α̃ =
α− αFU
αD − αFU

, with the subscripts

U ,D and FU referring to the upwind, downwind and far upwind cells respectively for

the face f . The CUI scheme, which has also been discussed in Section 2.6.2, is nom-

inally second–order accurate on unstructured meshes and ensures boundedness by

construction [84]. It is possible to use other high–order accurate schemes as long as

the same scheme is employed for convection of volume fraction and momentum. The

use of different schemes for volume fraction and momentum transport leads to an in-

consistent approach. We show that an inconsistent transport, realised herein by using

a first–order upwind scheme in place of CUI for momentum transport could be detri-

mental for multiphase flows under some conditions as discussed in Section 4.3. It must

be also be remarked that any choice of dissimilar schemes for mass and momentum

transport would also lead to inconsistency, irrespective of their orders of accuracy as

demonstrated later in the chapter.

4.3 Numerical tests

We investigate the role and need of consistent and fully–balanced formulations, as

proposed in Sections 4.1 and 4.2 for multiphase simulations through a series of nu-

TH-1678_126103022



A consistent and well balanced formulation 62

merical experiments in this section. A wide range of test problems of varying levels

of complexity are tested on both structured and unstructured meshes to analyse the

implications of unbalanced formulation as well as inconsistent transport. These studies

are then employed to arrive at salient conclusions on the performance of the proposed

algorithm. We emphasise that the all dimensionless numbers in the studies are defined

based on the properties of the less denser fluid (denoted by subscript L) which is also

considered to be the less viscous one.

4.3.1 Static droplet

We first consider the case of a static droplet in an inviscid fluid in the absence of grav-

ity. The droplet of diameter D = 0.5 is placed at the center of a 1 × 1 square cavity. It

must be remarked that the velocity scale used in defining the dimensionless numbers

is chosen here as
√

σ

ρLD
, while the length scale is the diameter of the droplet. Studies

are carried out on a 50 × 50 Cartesian grid as well as a triangulated grid with 2436

elements at two different density ratios. All simulations are carried out at We = 1 with

a timestep ∆t = 0.001.

The balanced and unbalanced formulations are compared by considering the fol-

lowing two quantities,

L∞(u) = max|u|

E(∆ptotal) =
|∆pn − κ

We
|

κ
We

While the first is a measure of spurious currents, the second expresses the devia-

tion of the numerically computed pressure jump (∆pn = pin − pout, difference between

the average computed pressures inside and outside of the droplet) from the exact pres-

sure jump as given by the Young–Laplace law. The inside of the droplet is defined by

all cells with a volume fraction φ lesser than 0.5 and the outlet by those with φ greater

than 0.5 with φ = 0.5 denoting the interface.

Table 4.1 shows the spurious currents and pressure error jumps on the two grids

TH-1678_126103022



A consistent and well balanced formulation 63

Table 4.1: Spurious currents and pressure jump errors for inviscid static droplet with
exact curvature on structured and unstructured mesh. The timestep is fixed to ∆t =
0.001 with We = 1.
Algorithm Time ρH

ρL
Structured Unstructured

L∞(u) E(∆ptotal) L∞(u) E(∆ptotal)

Unbalanced ∆t 10 5.41×10−6 1.47×10−1 2.97×10−5 7.56×10−1

103 9.73×10−6 2.43×10−1 4.47×10−5 8.52×10−1

50∆t 10 2.11×10−3 4.39×10−1 9.84×10−3 8.41×10−1

103 7.11×10−3 4.96×10−1 1.01×10−2 8.95×10−1

Balanced ∆t 10 1.09×10−14 1.15×10−3 3.95×10−12 8.52×10−3

103 1.89×10−14 1.20×10−3 6.21×10−12 8.73×10−3

50∆t 10 1.71×10−13 2.10×10−3 3.32×10−11 8.16×10−3

103 2.01×10−13 2.16×10−3 6.32×10−11 9.24×10−3

when exact curvature is specified. It is evident that the balanced algorithm maintains

near machine–zero values of spurious currents on either mesh even at large times, in-

dependent of the density ratio. On the contrary, the unbalanced formulation produces

comparatively larger currents which quickly increase with time. The effect of the bal-

anced algorithm can also be observed in the errors in pressure jump where the errors

are lower by two orders of magnitude as compared to the unbalanced formulation. It

must be remarked that the errors are larger on unstructured grids as compared to the

structured grids for both formulations and can be attributed to the relative coarseness

of the unstructured grids employed. However, the errors in pressure jump on the struc-

tured meshes using the balanced formulation in the present study are lower than those

reported in a similar study [32], where a similar grid resolution was employed. This

may be possibly attributed to differences in the implementation of the balanced algo-

rithm between the present study and those in [32].

We further consider the performance of the two formulations when the interface

curvature is calculated. The evolution of the total kinetic energy, which must be ideally

zero, is again a measure of spurious currents and is shown in Figures 4.2(a) and 4.2(b)

for both formulations on the two different meshes. We observe that the spurious cur-

rents are larger for this case (as compared to imposing exact curvature) but remain

bounded at large times when a balanced formulation is employed. This is in contrast
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Figure 4.2: The evolution of TKE with time for inviscid static droplet using Ubbink cur-
vature model in (a) unbalanced and (b) balanced algorithms. The simulations are per-
formed for density ratio ρH

ρL
= 10 and We = 1 with timestep ∆t = 0.001.

to the conclusions in [32] where the use of CSF model with convolution of volume frac-

tion for curvature calculation led to a constant increase in spurious currents even for a

balanced formulation. The boundedness of the spurious currents in the present case,

even when a less accurate curvature calculation is likely due to the specific approach

adopted to effect the discrete balance. The methodology in [32] which uses a collo-

cated framework, involves interpolations of quantities from cells to faces (and vice–

versa) while the present approach, on account of its hybrid staggered/non–staggered

framework, achieves the balance in a relatively more straightforward manner as de-

scribed in Section 4.1. Not surprisingly, the unbalanced formulation indeed shows large

spurious currents that increase with time. These results highlight the importance of the

balanced formulation and we believe that the present implementation would suffice to

handle more complex problems, although improved curvature calculations using the

approaches in [32, 34] would definitely be beneficial in further lowering the magnitude

of spurious currents.

4.3.2 Stationary water column in tank

The importance of balanced formulation when body forces are dominant in multiphase

flows is investigated using a stationary water column. A tank of unit height and width
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is filled up to half of its height with water. We assume an inviscid flow with a density

ratio of 1000 and Fr = 1. The length and velocity scales are chosen as W and
√
gW ,

where W is the width of the tank. Simulations are carried out on a 100×100 Cartesian

mesh using ∆t = 0.001. The pressure contours at time t = 1 using the unbalanced

and balanced formulations are shown in Figures 4.3(a) and 4.3(b) respectively. It is

evident that the unbalanced formulation generates significant spurious currents even

at smaller times and predicts an erroneous pressure jump across the interface. The

balanced formulation however estimates the exact pressure jump (which in this case

is 499.5) and keeps the spurious currents to very low values of O(10−7) even at large

times.

(a) Unbalanced formulation (b) Balanced formulation

Figure 4.3: Plots of the piezometric pressure superimposed with velocity vectors for
ρH
ρL

= 1000, in inviscid stationary water column with (a) unbalanced and (b) balanced
formulations. The scale for the vectors are identical in both figures.

While the balanced formulation discussed herein treats gravity as an interfacial

force, a volumetric force treatment of the body force is also possible. The body force, in

such a case, in simply ρfg and is lumped at the face center, which may be considered

as the centroid of the momentum control volume as well (see Figure 3.2). Following

this approach, the pressure is hydrostatic and not piezometric. This is reproduced in

our numerical simulations as well, where Figure 4.4 shows the correct linear pressure

variation and no significant spurious currents are observed in this case even at t =
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20. This is in contrast to the conclusions in [36] where the cell–centered treatment of

gravity, albeit in a collocated framework, resulted in significant spurious currents and

pressure errors. This study therefore points to the fact that use of identical operators

for pressure and body forces are therefore not essential and other body forces may

similarly be treated as volumetric forces lumped at the faces. Nevertheless, we shall

continue with the use of piezometric pressure and interfacial treatment of gravity in the

studies to follow.

Figure 4.4: Pressure variation superimposed with velocity vectors for ρH
ρL

= 1000, in
inviscid stationary water column at t = 20. The velocities are O(10−7).

4.3.3 Convection of large density droplet

We now examine the importance of consistent formulation by considering the convec-

tion of a large density droplet in a stagnant fluid. A droplet of diameter D = 1 centered

in a 3×3 domain is moved with constant unit velocity (U = 1) in an outer stagnant

fluid. We choose a uniform grid with ∆x = ∆y = 0.01 and a density ratio of 106. The

timestep for the simulation is ∆t = 10−4 and the simulation is carried out till t = 1. Grav-

ity, surface tension and viscous effects are neglected in this study to focus solely on

the discrete mass–momentum transport. The circular droplet shapes are significantly

distorted in inconsistent formulation as shown in Figure 4.5(a). This is due to dissimilar
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choice of convection schemes which leads to discretely inconsistent transport of mass

and momentum and hence the spurious currents. The consistent formulation, on the

other hand, largely preserves the shape of the droplet as the time progresses (shown in

Figure 4.5(b)) despite some diffusion of the interface which is likely due to the coarser

mesh resolution.

t=0.1 t=0.5t=0.3

(a) Inconsistent formulation

t=0.3 t=0.7 t=1

(b) Consistent formulation

Figure 4.5: Shape of the droplet of density ratio ρH
ρL

= 106 moving at constant velocity
U = 1 with timestep ∆t = 10−4 using (a) inconsistent and (b) consistent formulations.

4.3.4 Translating droplet

Having discussed the effects of balanced formulation and consistent transport sep-

arately, we now discuss their combined effect in this subsection. A viscous drop is

placed in a channel of length 5 and height 3 at (1, 1.5). The drop has a diameter D

= 1 and the domain is discretised using a Cartesian mesh with ∆x = ∆y = 0.02. We

specify a uniform inlet velocity of unity and Neumann boundary condition at outlet with
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the lateral surfaces being slip boundaries. The liquid inside the droplet is initialized to

same velocity as the inlet and only surface tension effects are accounted for by speci-

fying the exact curvature 1, whilst neglecting gravity.

Studies are first performed at We = 1 for two different Reynolds numbers and den-

sity ratios (10 and 1000) by considering fluids of equal dynamic viscosity. A timestep

of ∆t = 0.001 is chosen for the simulations which are carried out up to t = 3.

Figures 4.6(a) to 4.6(d) show the maximum error in the velocity in the domain rel-

ative to the background fluid flow and therefore is a direct measure of the spurious

currents. We see from Figures 4.6(a) and 4.6(c) that for an inconsistent formulation,

the spurious currents are nearly independent of whether a balanced approach is em-

ployed or not, for a given Reynolds number and density ratio. A more interesting fact

evident from these figures is that although the spurious currents are the highest for

the largest density ratio at Re = 10, they are quite significant even for a density ratio

of 10 at Re = 1000. It is easy to see that the spurious currents in these two cases

are equal or more than the background velocity itself, causing unphysical deformation

of the droplet (not shown here for sake of brevity) as time progresses. On the other

hand, the use of a consistent formulation exhibits much smaller spurious currents in

comparison (as shown in Figures 4.6(b) and 4.6(d)), with the use of a balanced force

approach leading to a reduction in spurious currents by nearly an order of magnitude

as compared to an unbalanced force approach. We also remark that only the use of

a consistent formulation closely preserved the circular shape of the droplet in all cases.

We conduct a second study to investigate the influence of viscosity ratio on the

numerical results but keep the Reynolds number and density ratio constant at 10 and

1000 respectively. Figures 4.7(a) and 4.7(b) show the results employing a balanced

force approach with inconsistent and consistent transport respectively for viscosity ra-

tios of 1 and 1000. We observe that the spurious currents are significantly smaller

at larger (realistic) viscosity ratios, although the consistent formulation still produces
1It is not correct to apply the exact curvature when the drop deforms, but we still do so to avoid

spurious errors that would arise from curvature calculations.
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Figure 4.6: L∞ norm of the velocity error relative to the background fluid moving
with velocity U = 1 for We = 1, µH

µL
= 1 and ∆t = 0.001 using different formula-

tions: (a) inconsistent-balanced (b) consistent-balanced (c) inconsistent-unbalanced
(d) consistent-unbalanced.

lesser currents as compared to the inconsistent formulation. This may be possibly at-

tributed to the pronounced damping at larger viscosity ratios. For the smaller viscosity

ratio, as also observed in the earlier study, only the consistent approach preserves the

shape of the droplet and results in acceptably low values of spurious currents.

A third study is conducted at low Capillary numbers for static and moving droplets

with both exact and calculated curvature. We choose We = 0.01 and Re = 10, which

corresponds to a capillary number of Ca = 0.001, with large density and viscosity ra-
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Figure 4.7: L∞ norm of the velocity error relative to the background fluid moving with
velocity U = 1 for We = 1, Re = 10 and ∆t = 0.001 using (a) inconsistent-balanced and
(b) consistent-balanced formulations.
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(b) Moving

Figure 4.8: L∞ velocity error of a droplet for We = 0.01, Re = 10, ρH
ρL

= 1000, µH
µL

=
1000 and ∆t = 0.001 in a consistent-balanced formulation for (a) static and (b) moving
cases.

tios (both 1000). Simulations are performed using only the consistent and balanced

formulation for the case of the static (specifying zero inlet velocity) and the translating

droplet. The results in Figures 4.8(a) and 4.8(b) show that the calculation of curvature

introduces higher spurious currents as compared to exact specified interface curva-

ture in both static and moving cases. Furthermore, the increase in spurious currents

due to errors in curvature calculation are less pronounced in the moving case but are
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more prominent in the static case. While one could argue that the moving and static

problems are essentially equivalent (differing by only the constant background veloc-

ity field), the calculated spurious errors appear to be significantly different, for a given

curvature calculation. While this result is surprising and requires further investigation

it appears to be consistent with the observations in the recent investigation of [30],

who showed that the use of a moving reference frame in slug flows led to significantly

reduced spurious currents as opposed to calculations on a stationary fixed reference

frame with moving bubbles. Nevertheless, these studies clearly demonstrate that the

consistent and balanced force algorithm performs the best leading to acceptably low

spurious currents at high density ratios and even at low Capillary numbers where tra-

ditional algorithms are known to often experience difficulties.

(a) t = 0 (b) t = 2 (c) t = 4

(d) t = 6 (e) t = 8 (f) t = 10

Figure 4.9: Line contours of volume fraction at time levels t = (a) 0 (b) 2 (c) 4 (d) 6
(e) 8 and (f) 10 moving with velocity U =1 for Re =10, ρH

ρL
=1000, We =1, µH

µL
=1 and

∆t =0.001 using the consistent–balanced formulation.
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Figure 4.10: Volume/shape error of a translating droplet moving with velocity U =1
for Re =10, ρH

ρL
=1000, We =1, µH

µL
=1 and ∆t =0.001 using the consistent–balanced

formulation.

We also quantify the volume/shape losses in the proposed algorithm by consider-

ing the translation of the droplet at We = 1, Re = 10 with a density ratio equal to 1000

and unit dynamic viscosity ratio using the consistent transport and balanced force for-

mulation. For this case we use a longer 12×3 computational domain with same grid

resolution as employed in the previous studies. The upwind–biased CUI scheme is

indeed prone to interface diffusion and we attempt to investigate this interface diffusion

and associated volume losses in this numerical experiment. Figures 4.9(a) to 4.9(f)

show the interface diffusion at different time instants in the course of simulation. While

one can clearly see that the interface diffuses over time, the diffusion is observed to be

limited within 2–3 cells even at long times. We also calculate the shape errors as,

Eshape =

N∑
i=1

|φncΩc − φ0
cΩc|

N∑
i=1

φ0
cΩc

(4.4)

where N is the total number of control volumes in the domain and superscripts n and 0

denote the numerical and initial volume fractions. The temporal history of Eshape is pre-

sented in Figure 4.10 and is acceptably low and remains bounded at long times. This

study establishes the fact that the interface–free reconstruction approach in conjunc-
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tion with consistent mass/momentum transport and well–balanced approach is an ideal

methodology for computations of realistic flow phenomena with high density ratios.

4.3.5 Two fluid Poiseuille flow

The Poiseuille flow of two immiscible fluids in a channel provides an ideal test case

to highlight the importance of consistent formulation in gravity–dominated flows. We

consider a horizontal channel with dimensions of [0,5]×[-1,1] which is discretised using

a uniform Cartesian mesh with ∆x = ∆y = 0.02. We set the inlet and outlet pressures

to zero and apply the gravity in the flow direction. The velocity scale is here chosen as
√
gW and the width of the channel W is chosen as the length scale. We neglect the

effects of surface tension in this study and carry out simulations for four different sets of

parameters as shown in Table 4.2. The analytical fully developed profile may be easily

derived as,

U =


Re

Fr

[{
1

2(1 + β)
+

βy

2(1 + β)
− y2

2

}
− α

{
1

2(1 + β)
− y

2(1 + β)

}]
if y ≥ 0

Re

Fr

[{
1

2(1 + β)
+

y

2(1 + β)

}
− α

{
1

2(1 + β)
− y

2β(1 + β)
− y2

2β

}]
if y < 0

where α =
ρH
ρL

and β =
µH
µL

represent the density and viscosity ratios respectively.

Table 4.2: Simulation parameters for two fluid Poiseuille flow.
Test Re

ρH
ρL

µH
µL

Fr We ∆t

C1 10 10 1 1 – 0.001
C2 10 1000 1 100 – 0.001
C3 10 1000 100 1 – 0.001
C4 1000 10 1 1 – 1×10−6

The velocity profiles at the outlet obtained with both consistent and inconsistent for-

mulations, which is balanced in either case, are shown in Figures 4.11(a) to 4.11(d) for

the four different cases. It is easy to see that the steady state solutions obtained using

a consistent formulation agree well with the analytical result in all cases. The inconsis-

tent formulation, on the other hand, performs as well as the consistent formulation in
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Figure 4.11: Non–dimensional velocity profiles in two fluid Poiseuille flow for test cases
(a) C1 (b) C2 (c) C3 and (d) C4.

cases C1 and C3 but fails completely in cases C2 and C4. This is also evident in the

significant distortion of the interface shown in Figures 4.12(a) and 4.12(b). It must be

remarked that while C2 represents a flow with high density ratio, case C4 involves a

much smaller density ratio albeit at a larger Reynolds number. While cases C1, C2 and

C4 involve unit viscosity ratio, Case C3 considers more realistic density and viscosity

ratios and results in stable and accurate solution using both formulations, though at a

lower Reynolds number.

While the use of dissimilar schemes for convection lead to an inconsistent trans-
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Figure 4.12: The distortion of the interface using consistent and inconsistent formula-
tions for test cases (a) C2 and (b) C4.

−1 −0.5 0 0.5 1
−5

0

5

10

15

20

25

30

y/h

U

 

 

N1

N2

Analytical

Figure 4.13: Non–dimensional velocity profiles in C2 for two fluid Poiseuille flow.

port and unstable solutions for cases C2 and C4, one could argue that the different

orders of accuracy of convective schemes used in the inconsistent formulation (1 for

upwind and 2 for the CUI scheme) may be the source of instability. In order to inves-

tigate if this is indeed the case, we repeated the case C2 (which is more stringent)

using dissimilar convection schemes of second–order accuracy for both mass and mo-

mentum transport. While the scheme N1 uses the high resolution scheme in [22] for
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momentum and CUI for volume fraction, scheme N2 adopts CUI for momentum and

compressive CUIBS scheme for volume fraction [84]. The velocity profiles obtained

using these schemes are presented in Figure 4.13 and show that anomalous veloci-

ties are obtained in both cases, which underscore the fact that the dissimilar advection

schemes themselves and not their orders of accuracy is responsible for the error. This

also strongly suggests that the use of a consistent formulation may be necessary for

high density multiphase flow simulations and in particular those involving high shear.

4.3.6 Simulations of flow instabilities

Flow instabilities are ubiquitous in many applications and can involve high density ra-

tios and/or high shear. We consider the simulations of (a) Rayleigh–Taylor and (b)

Kelvin–Helmholtz instabilities to investigate the importance of consistent and incon-

sistent formulations in such flows. In these studies, we neglect the effects of surface

tension for the sake of simplicity.

4.3.6.1 Rayleigh–Taylor instability

We choose a rectangular domain [-0.5,0.5]×[0,4] for the simulations which is triangu-

lated into 22256 elements. The velocity scale and length scale are chosen as
√
gW

and the width of the domain W respectively. In order to avoid any effects of mesh

asymmetry on the interface dynamics, we construct the unstructured mesh symmetric

about the vertical centerline. The interface is initially perturbed as y = 2 + 0.1 cos(2πx)

and timestep is fixed to ∆t = 0.001. We study the instability for two cases, of low and

high Atwood numbers in moderate and strong gravity fields respectively.

The first case following the numerical studies of Wang et al. [101] has an Atwood

number 0.5 which corresponds to a density ratio of 3 and the viscosity ratio is also

chosen as 3. The other dimensionless parameters for the simulation are Re = 256, Fr

= 1. The interface morphology at different time instants using inconsistent and consis-

tent formulations are shown in Figures 4.14(a) and 4.14(b). The time evolution of the

interfaces show excellent qualitative agreement while remaining symmetric, indepen-
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dent of whether a consistent approach is employed. This is also reflected in the bubble

and spike positions shown in Figure 4.15, which agree well with the results of Wang et

al. [101].
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Figure 4.14: Time plots of Rayleigh–Taylor instability for ρH
ρL

= 3, µH
µL

= 3, Re = 256 and
Fr = 1 on unstructured grid using (a) inconsistent and (b) consistent formulations.

For the second case, we choose a strong gravity field corresponding to Fr = 0.1

for a density ratio of 7, that translates to a moderately large Atwood number of 0.75.

We choose a larger Re = 1000, while keeping the viscosity ratio equal to unity. The

position of the interface at different instants of time using inconsistent and consistent
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Figure 4.15: Time history of the interface position on left wall (top three lines) and at
the vertical centerline (bottom three lines) for low At = 0.5.

formulations are shown in Figures 4.16(a) and 4.16(b) respectively. It is evident that the

inconsistent formulation converges to a non–physical solution with a significant sym-

metry breaking at large times leading to a distorted interface. On the contrary, the

consistent formulation preserves the symmetry about the vertical centerline correctly

predicting a central spike even on the unstructured mesh.

The results show that the use of an inconsistent formulation leads to a robust and

accurate simulation when employed for a low Atwood number case, while it results in

anomalous results for larger Atwood and Reynolds numbers in a stronger gravitational

field.

4.3.6.2 Kelvin–Helmholtz instability

We now perform viscous simulations of shear instability in a unit square domain. The

domain is discretised into a uniform 200×200 mesh and periodic boundary conditions

are applied in the x-direction while slip velocities are provided in the y-direction. The

two fluids which have a density ratio of 2 and equal viscosities are separated by an

interface at the mid plane corresponding to y = 0.5. We initialise the velocity field and
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Figure 4.16: Time plots of Rayleigh–Taylor instability for ρH
ρL

= 7, µH
µL

= 1, Re = 1000 and
Fr = 0.1 on unstructured grid using (a) inconsistent and (b) consistent formulations.

volume fraction in the domain as follows [102].

u = tanh

(
y − 0.5− 0.01 sin(2πx)

0.01

)
(4.5)

v = 0 (4.6)

φ = 0.5

(
1 + tanh

(
y − 0.5− 0.01 sin(2πx)

0.01

))
(4.7)

Simulations are carried out using ∆t = 5 × 10−4 up to t = 1 using both consistent
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Figure 4.17: The volume fraction profile of Kelvin–Helmholtz instability for ρH
ρL

= 2, µH
µL

=
1 and Re = 5000 using (a) inconsistent and (b) consistent formulations.

and inconsistent formulations. In these studies, we choose Re = 5000 and neglect

the effects of gravity to focus on the effect of high shear. Figures 4.17(a) and 4.17(b)

show the interface between the fluids using the two approaches at t = 0.5 and t = 1 re-

spectively. It is evident that the inconsistent formulation introduces errors which cause

anomalous deformation of the interface while also leading to a completely different roll–

up pattern, as compared to the consistent formulation.

The results for the simulation of R–T and K–H instabilities further underline the

importance of consistent mass–momentum transport in flows with high density ratio

as well as high shear. Coupled with a balanced force framework, we believe that
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a consistent formulation as described in this work, presents a robust approach for

simulating complex multiphase flows involving large density contrasts and high shear

such as those encountered in primary atomization.

4.3.7 Rising bubble in stagnant fluid

We now consider a multi–physics test case, involving both effects of gravity and surface

tension, that has been the subject of many investigations using multiphase flow solvers.

We simulate the rise of an air bubble in stagnant water using the benchmark studies of

Hysing et al. [103] and choose Re = 3.5, We = 0.125 and Fr = 1 with the density and

viscosity ratios being 1000 and 100 respectively. This test case is a challenging one for

multiphase flow solvers, in particular because the bubble lies in a regime where break–

up can possibly occur. The bubble of diameter D = 1 is initially positioned at (1, 1)

in a computational domain of 2×4 which is discretised into 80426 triangular elements,

ensuring grid symmetry about the centerline of the channel. The length and velocity

scales are the diameter of the bubble D and
√
gD respectively. Simulations are carried

out up to t = 4.2 with a timestep of ∆t = 0.001 with both consistent and inconsistent

formulations.
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Figure 4.18: Comparison of the bubble shape at time t = 4.2.

The rising bubble continuously deforms due to buoyancy and drag with the surface
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(b) Rising velocity

Figure 4.19: Time evolution of (a) bubble mass center (b) rising velocity for ρH
ρL

= 1000,
µH
µL

= 100, Re = 3.5, We = 0.125 and Fr = 1 on unstructured grid.

tension trying to provide a stabilising effect. The shape of the bubble at t = 4.2 shown

in Figure 4.18 is compared with those in [103] and shows a very good agreement when

employing either formulation. Interestingly, the evolution of mass center of the bubble

and rise velocity obtained from both formulations (see Figures 4.19(a) and 4.19(b))

also agree well with the results in [103].

We repeat this experiment with a viscosity ratio of unity while keeping all other pa-

rameters unchanged. The shapes of the bubble at three different time instants are

shown in Figures 4.20(a) and 4.20(b) for the inconsistent and consistent formulations

respectively. While a validation study for this test is not available, the inconsistent for-

mulation introduces non–physical distortion of the interface while the consistent formu-

lation largely preserves the left–right symmetry of the bubble. The results from these

numerical experiments show that the inconsistent formulations may lead to physically

consistent solutions even for high density ratios under some conditions but could fail in

other scenarios.
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Figure 4.20: Shape of the rising bubble in (a) inconsistent and (b) consistent formula-
tions at different times on unstructured grid for ρH

ρL
= 1000, µH

µL
= 1, Re = 3.5, We = 0.125

and Fr = 1.

4.3.8 Droplet splashing on thin liquid film

To assess the importance of consistent transport in multiphase simulations we consider

the problem of a droplet splashing on a thin layer of liquid. This problem is representa-

tive of real–life applications such as inkjet printing and involves complex flow physics,

which necessitates a robust and accurate flow solver. For the simulations, we consider

a 6×2 rectangular domain with a uniform grid resolution of ∆x = ∆y = 0.01. A thin

layer of liquid is filled to ( 1
10

)th the domain height and a droplet of the same liquid with

diameter D = 1, centrally placed just above the layer is given an initial downward ve-

locity of U = 1 (downward). We consider that the working fluids are air and water which

correspond to realistic density and viscosity ratios of 815 and 55 at room temperature.

Since the impact occurs very quickly, gravity does not play a major role in this case

and may be neglected. Simulations are carried out at Re = 66 and We = 0.126 using a

timestep ∆t = 0.001 up to t = 1.5.
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Figure 4.21: Instantaneous profile of droplet splashing on thin liquid layer for ρH
ρL

= 815,
µH
µL

= 55, Re = 66 andWe = 0.126 using (a) inconsistent and (b) consistent formulations.

The process of splashing is pictorially represented in Figures 4.21(a) and 4.21(b)

respectively for inconsistent and consistent formulations. We observe significant differ-

ences between the two formulations with the former exhibiting unphysical asymmetry

of the solution at later times (t > 1). The consistent formulation predicts a symmetric

splash leading to the “crown” at t = 1.5 and the results agree favourably in the quali-
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tative sense with those in Li et al. [104] (where the Re = 1000 based on heavier fluid

properties). However, unlike in the results in [104] which were obtained using a Lattice

Boltzmann method, we observe satellite droplets (which are diffused due to a relatively

coarse mesh) and air entrapment in the thin layer. There is however no physical mech-

anism to generate satellite droplets in planar flows and the flow scenario simulated

herein is not realistic.
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Figure 4.22: The evolution of spread factor with non-dimensional time for Re = 66.

Figure 4.22 shows the temporal evolution of the spread factor r
D

, where r is the

crown radius with the dimensionless time Ut
D

. Despite being a two–dimensional simu-

lation, the evolution of crown radius follows a power–law defined by r
D

= (Ut
D

)0.5, irre-

spective of the consistency of the formulation. We remark that this agreement for an

inconsistent formulation is misleading, since it wrongly predicts the complex underlying

physics of the impact.

We further repeat this test case at a lower Re = 6.6 with all other conditions iden-

tical and results from both the formulations appear to agree reasonably well with one

another and also with those reported in [104]. This can be observed in Figures 4.23(a)
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Figure 4.23: Instantaneous profile of droplet splashing on thin liquid layer for ρH
ρL

=
815, µH

µL
= 55, Re = 6.6 and We = 0.126 using (a) inconsistent and (b) consistent

formulations.

and 4.23(b), which show the droplet splashing at the lower Re using the two formu-

lations, where no secondary droplet formation is seen and a thicker liquid sheet em-

anates after impact. This corroborates the fact that while the consistent formulation

can handle a wide variety of density ratios including high density contrasts, an incon-

sistent formulation could work equally well under a specified set of conditions. While
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not necessarily the case, these specified conditions can correspond to realistic sce-

narios (as in the bubble rising case, see Section 4.3.7) which might also explain why

existing multiphase solvers have not deeply addressed the critical issue of consistent

advection.

4.3.9 Collapse of a water column

As a final test of balanced and consistent advection, we choose the widely researched

problem of collapse of a water column [22, 41], owing to its importance in free surface

flows where large distortions of the interface are common. We discretise the domain

which is a 7 × 2 rectangular tank using a triangulated mesh of 78668 elements. A 1

× 1 water column placed at the left corner surrounded by air, leading to density and

viscosity ratios of 815 and 63 respectively. For left and bottom walls we provide no-

slip condition and the remaining tank walls are assumed to be slip boundaries. The

Reynolds number for the simulation is chosen to be 2950, while Weber number is 0.54

and the Froude number is unity. The velocity and length scales in defining these di-

mensionless numbers are
√
gH and the height of the water column H respectively. The

simulation is carried out using ∆t = 0.001 by employing consistent and inconsistent for-

mulations up to a final time of t = 4.

Figures 4.24(a) and 4.24(b) show the contour plots of density at time t = 0, 1, 2,

3, and 4 for inconsistent and consistent formulations respectively. While comparing

both the formulations, it is seen that the density front (position of the interface at the

bottom wall) using the inconsistent formulation moves at a slow rate in the initial stages

and gets completely distorted in later stages. The consistent formulation, on the other

hand, shows an error–free evolution of the front which is in good agreement with the

experimental data of Martin and Moyce [105] as can be seen in Figure 4.25. The time

history of the evolution of the leading edge using the inconsistent formulation is obvi-

ously unphysical as can also be seen from Figure 4.25 and is a direct consequence of

dissimilar transport of mass and momentum at the discrete level. This study provides

a strong justification for the need to employ consistent transport of mass and momen-

tum in the simulation of high Re and high density ratio free surface flows which are of
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Figure 4.24: Instantaneous profiles of collapse of water column for ρH
ρL

= 815, µH
µL

= 63,
Re = 2950, We = 0.54 and Fr = 1 using (a) inconsistent and (b) consistent formulations.

practical interest.

4.4 Discussions and comparison with alternative algo-

rithms

The proposed algorithm combines elements of balanced force treatment and consis-

tent mass momentum transport within a novel staggered/non–staggered framework
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Figure 4.25: The front position of collapsing water column in air.

for multiphase flow simulations. Unlike collocated approaches in [33–35] the present

algorithm does not necessitate modifications to the momentum interpolation while in-

corporating interfacial and body forces. Furthermore, our framework also differs from

the staggered framework of [38, 106] in that a collocated treatment is applied for flux

calculations and there is no need for use of dual grids for consistent transport.

The key features that make the present algorithm unique for multiphase flow sim-

ulations are the specific implementations of force balancing and consistent transport.

The use of “normal" momentum equation (Eq. (3.15)) results in pressure appearing as

a “normal" derivative both in the transport equation as well as in the Poisson equation

(Eq. (3.21)). Furthermore, other force terms (gravity/surface tension) also appear as

normal derivatives of suitable scalars, facilitating an identical treatment of these quan-

tities along with pressure. The consistent transport of mass and momentum is realised

using identical convective schemes to transport volume fraction and normal momentum

respectively. It is important to note that despite the choice of different control volumes

to discretise the quantities in mass and momentum equations, the choice of similar

convective schemes remains the critical component to ensure a physically consistent

solution. While the balanced force philosophy has been previously employed by other
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researchers [32–34], the present study provides a novel implementation that naturally

couples pressure and surface tension/gravity effects. The methodology proposed in

this work is generic and applicable to arbitrary polygonal meshes and has been tested

extensively on gravity and surface tension dominated flows. The consistent transport

of mass and momentum, while inspired by the work in [35] differs in that we employ

a high resolution bounded convective scheme within a VOF framework that ensures

consistent errors in discrete transport of volume fraction and normal momentum. In-

terestingly, we also show through a series of extensive numerical experiments that an

inconsistent approach can perform as well as a consistent approach for some prob-

lems (and in possibly realistic conditions), although the latter represents the “fail–safe"

implementation for flows with high shear and/or density contrasts.

We shall now examine, albeit heuristically, conditions under which an inconsistent

treatment would suffice for simulating large density ratio flows. Indeed, many of the

present multiphase solvers treat the convective terms in the LS/VOF equation and mo-

mentum equation with different schemes for discrete transport [34, 38, 103]. Table 4.3

summarises the results of various studies carried out in this work using the inconsistent

formulation, with the relevant parameters, as discussed in Section 4.3. The table also

shows the values of a new parameter Re∗ which is defined as,

Re∗ =
Re(

ρH
ρL
− 1)Uchar
µH
µL

(4.8)

where Re is the Reynolds number defined based on properties of the lighter fluid and

Uchar is the characteristic velocity scale driving the flow. For flows that are gravity–

dominated, such as the two–fluid Poiseuille flow and Rayleigh–Taylor instability, Uchar =

1√
Fr

, while for other problems it is equal to the velocity of bulk motion. For flows with

large density ratios, Re∗ may then be also interpreted as the Reynolds number based

on properties of the heavier fluid. However, in general, Re∗ is a Reynolds number–like

parameter involving the differences in densities of the heavier and lighter fluid as well

as their viscosity ratios. A quick look at the calculated values ofRe∗ in Table 4.3 indicate

that the inconsistent formulation would results in physically consistent solutions (X) for
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values of Re∗ lesser than 100 while the solutions would be anomalous for larger values

of Re∗, typically exceeding 1000. While such a criterion based on Re∗ does involve a

certain degree of arbitrariness, we believe that it could prove to be a useful rule–of–

thumb to decide apriori if simulations using an inconsistent approach (as incorporated

in many existing legacy solvers) could lead to a successful numerical simulation of

large density ratio multiphase flows or if a consistent formulation is absolutely neces-

sary. From the extensive numerical experiments presented in Section 4.3, one can

also conclude that the need for consistent formulations are not driven solely by the

density ratio but by a multitude of factors, including the viscosity ratio and body forces.

However, we emphasise that a consistent and balanced force algorithm is always the

safe bet in unsteady multiphase simulations, particularly those involving instabilities

and complex physics, since the spurious currents resulting from unbalanced and/or

inconsistent transport could lead to a radically different and completely non–physical

numerical solution.

Table 4.3: The value of Re∗ for different test cases using inconsistent formulation.
Test case

ρH
ρL

µH
µL

Re We Fr U Re∗ Physically
consistent

Translating droplet 10 1 10 1 – 1 90 X
1000 1 10 1 – 1 9999 ×

Poiseuille flow 10 1 10 – 1 – 90 X
1000 1 10 – 100 – 999.9 ×
1000 100 10 – 1 – 99.9 X
10 1 1000 – 1 – 9000 ×

Rayleigh–Taylor 7 1 1000 – 0.1 – 18974 ×
Kelvin–Helmholtz 2 1 5000 – – 1 5000 ×
Bubble rising 1000 100 3.5 0.125 1 – 34.96 X

1000 1 3.5 0.125 1 – 3496 ×
Droplet splashing 815 55 66 0.126 – 1 976.8 ×

815 55 6.6 0.126 – 1 97.68 X
Collapse of water column 815 63 2950 0.54 1 – 43660 ×
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CHAPTER 5

DIFFUSE INTERFACE IMMERSED BOUNDARY

METHOD FOR FLUID-RIGID STRUCTURE

INTERACTIONS§

The existence of one or more solid bodies in the flow field is common in many

practical and industrial applications. As mentioned in the literature review, sev-

eral numerical techniques have been developed to simulate such flow circumstances.

In this chapter, we present a novel diffuse interface immersed boundary method (DI-

IBM) for fluid–structure interactions. The proposed methodology augurs perfectly with

the volume–of–fluid framework for multiphase flows and is thus capable of handling

multibody–multifluid interactions. The salient details pertaining to the DIIBM approach

and its implementation for multiphase flows in finite volume framework are discussed.

Extensive numerical experiments ranging from the flow past a cylinder to sedimenta-

tion of the particles in stratified media are carried out to demonstrate the accuracy and

utility of the proposed methodology.
§The contents in this chapter are part of the manuscript titled “Diffuse interface immersed boundary

method for multi–fluid flows with arbitrarily moving rigid bodies”, Journal of Computational Physics 360
(2018).
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5.1 Diffuse interface immersed boundary method

In this section, we discuss the proposed diffuse interface immersed boundary–finite

volume (IB–FV) flow solver for incompressible multiphase flows. The diffuse interface

IB approach is based on the work of [63] which employs an indicator function for the

solid bodies, referred to as solid fraction, in order to construct “hybrid" momentum

equations which are solved everywhere in the domain, including within the solid body.

The underlying idea in [63], which considers only single–phase flows, is that the solid

is considered to be occupied by the same fluid as outside. We extend this principle

to multi–fluid flows with multiple rigid bodies in this work using principles of volume–

of–fluid approach for handling fluid–fluid interfaces while using an analogous volume–

of–solid approach as also in [63], implemented differently for fluid–solid interfaces. Im-

portantly, the present diffuse IB methodology has the following salient differences from

those described for single phase flow and heat transfer problems in [63,64].

1. We assume that the solid(s) are filled with a “virtual" fluid which has a density and

dynamic viscosity which is highest among all the fluids involved in the simulation.

This is unlike the approaches in [63, 64] which considers only a single fluid. Evi-

dently, our approach is more generic and reduces to those in [63,64] for a single

phase flow.

2. The calculation of solid fractions, which are necessary for the “hybrid" momentum

equations are obtained by solving advection equations that govern the motion of

the body. In the studies in [63,64] these quantities are obtained using geometric

means without the need for solving additional PDEs. Employing an advection

equation for solid fraction(s) is quite natural in a multiphase flow setting, since

advection equations are anyway solved for the (fluid) volume fraction(s).

We now discuss the choice of “virtual" fluid, specific construction of the “hybrid"

momentum equations involving solid–fluid coupling as well as the tracking of rigid solids

under the action of forces and moments exerted on them due to the surrounding fluids

and other solids in the vicinity.
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5.1.1 Choice of virtual fluid for multiphase flows

While the choice of the fluid that occupies the solid is trivial for single phase flows since

there is only one fluid, it poses a non–trivial issue for multiphase flows. One must re-

alise that the solids (either stationary or in motion) can be simultaneously in contact

with two or more fluids, with the fluids themselves sharing an interface. While any of

the fluids can be chosen to fill the solid(s) in multiphase flows, we choose to employ a

“virtual" fluid which has density and dynamic viscosity equal to the largest of all fluids in

the problem 1. This choice is driven by physical and numerical considerations pertain-

ing to computations of fluid properties at the cell faces in the vicinity of the solid–fluid

interface. We calculate the density and viscosity at the face (needed because the

momentum equations are solved at the cell faces) using a harmonic averaging of the

values in cells sharing the face. This may be well understood using the illustrative ex-

ample in Figure 5.1, where the values of density ρf and dynamic viscosity µf at the

faces are equal to 2 (for f near the solid) when the solid interface lies in the lighter

fluid while they are both equal to 1000 when the solid interface falls in the heavier fluid.

One can easily see that the fluid properties on the cell faces in the vicinity of the solid

are nearly the same as that of the fluid with which the solid (or its part thereof) is in

contact with. This shows that the use of a harmonic averaging along with the choice of

the densest and most viscous “virtual" fluid allows one to obtain face values of the fluid

properties (employed in the computations) that are physically consistent.

5.1.2 Calculation of solid fractions

The proposed diffuse IB methodology treats the solid–fluid interfaces analogous to

fluid–fluid interfaces, since the solid is assumed to be containing a “virtual" fluid. Sub-

sequently, one can therefore define a solid volume fraction 2 for each cell analogous

to the fluid volume fraction in the VOF approach. The solid fractions ϕ are therefore

obtained by solving an advection equation which reads,
1Typically, the densest fluid is also the most viscous which means that the heaviest fluid in the simu-

lation is assumed to occupy the solid(s) at all times.
2In this work, we shall refer to the fluid volume fractions and solid volume fractions simply as volume

fractions and solid fractions respectively.
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ρL = 1
ρf = 2
µf = 2

ρf = 1000
µf = 1000

µL = 1

ρH = 1000

µH = 1000

ρH
µH

Figure 5.1: Virtual fluid inside the solid domain with harmonic averaging.

∂ϕi
∂t

+ Vn
i · ∇ϕi = 0 i = 1, 2, ....., Ns (5.1)

where Ns is the number of solids in the domain and for each solid i the corresponding

solid fraction ϕi is initialized as,

ϕi(x, t) =

1 if x ∈ ith solid

0 elsewhere
(5.2)

It should be noted that the velocity of the solid V is used for the advection of solid

fraction, analogous to the VOF approach which employs the local fluid velocity. The

solid velocity is known in case the motion is imposed and for problems where the motion

is induced can be obtained by solving the equations governing the body dynamics

as discussed in Section 5.1.4. The use of an Eulerian approach to solid tracking as

opposed to use of Lagrangian markers is not new and has been previously employed

in [62, 70]. This advection equation is then discretised with the same second–order

accurate temporal scheme as for Eq. (2.4),

Ωc
3ϕn+1

c − 4ϕnc + ϕn−1
c

2∆t
+
∑
f∈C

ϕn+1
f V n

f ∆sf = 0 (5.3)

While the control volumes for φ and ϕ are indeed identical, we employ the CUIBS

scheme [84] instead of the CUI for solid fraction advection. This choice is motivated by
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the fact that CUIBS is an interface sharpening scheme which can preserve the solid

geometry more accurately. It must be emphasised that the disparate discrete treatment

of solid and fluid volume fractions do not lead to inconsistencies and akin to the volume

fraction equation, the Eq. (5.3) is solved implicitly using the GMRES solver in conjunc-

tion with algebraic multigrid preconditioner using the LiS libraries. We also remark

that we treat fluid–fluid and fluid–solid interfaces in similar fashion, devoid of any inter-

face reconstruction, resulting in a relatively straightforward implementation that can be

adopted into any standard finite volume flow solver. While it is logical to argue that the

use of a diffuse representation could become inaccurate, we show through extensive

numerical studies that this is not true. Furthermore, one can approach the accuracy

of a sharp interface representation by combining this Eulerian approach with geometry

and solution based adaptive mesh refinement, which is however not in the scope of the

present study.

5.1.3 Enforcing boundary conditions

The diffuse interface immersed boundary method proposed in the present work is

based on the work in [63] and employs the solid fraction to construct a “hybrid" mo-

mentum equation that is solved everywhere in the domain. The resulting momentum

equation(s) must satisfy the following conditions.

1. In regions fully occupied by fluid(s) (in which case ϕ = 0), it must reduce to the

Navier–Stokes equations that govern the fluid flow.

2. In regions fully occupied by solid(s) (in which case ϕ = 1), it must reduce to the

no–slip boundary conditions. This is because since a “virtual" fluid is filled within

the solid(s) and the geometries are assumed rigid, the “virtual" fluid must move

with the same velocity as the rigid solid which it occupies.

3. In regions occupied by both fluid and solid (0 ≤ ϕ ≤ 1), it must be a suitable com-

bination of the Navier–Stokes equations and the no–slip boundary conditions.

This allows the velocity field to transition smoothly from fully solid regions to fully
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fluid regions and plays a significant role in ensuring that there are negligible spu-

rious oscillations in force and moment histories.

These conditions are satisfied by using a convex blending of the Navier–Stokes

equations and physical boundary employing the solid fractions to construct the “hy-

brid" momentum equations which are valid everywhere in the domain. The resulting

equation in the present staggered/non–staggered framework reads,

(1−
Ns∑
i=1

ϕfi)

[
ρn+1
f (3U?

f − 4Un
f + Un−1

f )

2∆t
Ω + C(U?

f ,u
?)− D(U?

f ,u
?) +

δp

δn

∣∣∣
f
Ω +

ρf
Fr

e Ω

]

+
Ns∑
i=1

ϕfiρ
n+1
f

3(U?
f − V n

i )

2∆t
Ω = 0

(5.4)

where Ns indicates the number of solids and ϕfi is the face solid fraction of the ith solid

calculated using the volumetric averaging of the values at centroids of cell sharing the

face. It is easy to see that this equation recovers the normal momentum equation for

the fluid faces when ϕi = 0 and enforces the solid velocity V n
i for the solid faces that

correspond to ϕi = 1. As discussed in Section 3.3.3, this “hybrid" normal momentum

equation is implicitly solved using a Newton–Krylov solver with the help of PetSc li-

braries. The present work is a generalisation of the IB methodology in [63] to handle

complex moving rigid bodies in multiphase flows and is simple and easy to implement

requiring minimal effort. We refer to this approach as diffuse IB because the computed

solid fractions are cell–averaged quantities and the sharp representation of the geom-

etry is lost with the solid–fluid interface smeared over one or two cell widths.

A closer look shows that the momentum equation in the present IB–FV approach

is indeed different from those used in conformal mesh based approaches. While the

latter solve the Navier–Stokes equations, the IB–FV approach uses a “hybridisation"

that is dictated by the solid fraction. Nevertheless, it is interesting to note that the Pois-

son equation for pressure correction for the present diffuse interface IB approach is

devoid of solid fractions with its discrete form in Eq. (3.21) solved everywhere, includ-

ing inside the solid(s). By not choosing to discriminate the Poisson equation in solid
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and fluid regions, via the solid fractions, we discretely preserve its elliptic character

and the pressure inside the solid(s) evolves to adjust to the pressure outside of it. This

approach of solving the Poisson equation without discriminating between regions oc-

cupied by the real and “virtual" fluids is simple and easy to implement and is a clear

departure from those employed in sharp interface IB methods. Importantly, unlike the

sharp interface IB methods, the proposed methodology does not involve interpolations

for momentum (and hence velocities) and pressure and its implications for numerical

simulations will be discussed in the following sections.

5.1.4 Flow induced motion and rigid body dynamics

The velocity of the solid object Vi appearing in Eqs. (5.3) and (5.4) is known if the

motion of the rigid body is imposed. In the case of induced motion, the velocities of

solid object(s) are obtained from the Newton’s second law.

M̂i
dV̂ti

dt
= F̂i + F̂rep

i + M̂ig (5.5)

Ĵi
dω̂i

dt
= T̂i (5.6)

where M̂i is the mass of ith solid, V̂ti is the translational velocity and ω̂i represents

the angular velocity of the bodies. In addition, F̂i represents the sum total of hydro-

dynamic and buoyancy forces, F̂rep
i is the repulsive force between two solid bodies, Ĵi

is the mass moment of inertia and T̂i represents the net torque about the center of

mass (xcom, ycom). The above equations can be suitably non–dimensionalised and the

dimensionless form of the equations read,

Vn+1
ti = Vn

ti +
Fi

Mred

∆t+
Frep
i

Mred ρLD
2
∆t+

1

Fr
e∆t (5.7)

ωn+1
i = ωn

i +
Ti

Ji
∆t (5.8)

where Fi = F̂i
ρLU

2D
and Ti = T̂i

ρLU
2D2 . The non–dimensionalisation also results in re-

duced mass and moments of inertia defined by Mred = M̂i

ρLD
2 and Jred = Ĵi

ρLD
4 respec-

tively. These equations are temporally discretised using the explicit Euler scheme and

are solved to obtain the translational and angular velocities. The velocity field within
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the solid body (dropping the subscript denoting the solid) is determined as,

V = Vt + ω × r

The face normal velocity appearing in the hybrid normal momentum equation Eq. (5.4),

that enforces the no–slip boundary condition, easily follows by taking the dot product

as Vf = V · nf .

5.1.5 Calculating forces and moments

The dimensionless forces and torques (Fi,Ti) acting on the solid(s) due to the sur-

rounding fluid flow can be calculated through direct surface integration of pressure and

viscous forces.

Fi =

∫
Γi

(−pnf +
µf
Re

(∇u +∇uT ) · nf ) dΓi (5.9)

Ti =

∫
Γi

(x− xcom,i)× (−pnf +
µf
Re

(∇u +∇uT ) · nf ) dΓi (5.10)

Solid boundary faces

Actual solid surface

ϕ = 1

ϕ = 0

(sign(ϕm − 0.5) 6= sign(ϕn − 0.5))

Figure 5.2: Staircase representation of the solid boundaries. The sign() function gives
1 if the argument is positive and -1 otherwise.

where Γi is the boundary of the ith solid and we define drag, lift and momentum

coefficients related to dimensionless forces as CD=2Fix, CL=2Fiy, and CM=Ti respec-

tively. This boundary, over which the integral is carried out, needs attention because

it neither conforms to the underlying grid nor has markers indicating its position. We

define a constant S for each solid as S = ϕ − 0.5. If any two cells sharing a common
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face of the underlying mesh have values of S with opposite signs we consider that face

to be part of the boundary of that solid. This allows us to approximate the body using

a stair–step representation as shown in Figure 5.2, for the purpose of computation of

aerodynamic coefficients. While there would be a noticeable difference between this

approximate representation and the true body contour, this approach leads to accept-

ably accurate forces and moments. The use of an approximate approach discussed

herein is justified since the interface is itself not sharply represented by the IB method-

ology. Furthermore, the inaccuracies incurred by this representation can be reduced

significantly using adaptive mesh refinement in the body vicinity, which is however not

part of the present study.

In fluid–solid interactions where there are more than one solid bodies it is very

likely that the bodies will come in contact with each other. In order to prevent inter–

penetration of the solid bodies, we employ the repulsive force model of Glowinski et al.

[54]. This model applies an artificial short–range force to maintain a minimum distance

between the solids. The repulsive force exerted on the solid object ‘i’ by the neighboring

bodies ‘j’ is given by [54],

Frep
i =

Nn∑
j=1,j 6=i

Frep
i,j , (5.11)

Frep
i,j =

Mred ρLD
2

ε Fr

(
max

{
0,−

[dij − ri − rj − δ
δ

]}) xcom,i − xcom,j
dij

(5.12)

where Nn is the number of neighboring bodies, xcom is position vector of the center of

mass, dij is the distance between the mass center of the bodies i and j. The parameter

δ is the distance between the boundaries of the bodies, exceeding this value repulsive

force has no effect. In this model, the repulsive force is exerted on the object in the

direction along the line joining the mass center of the objects and ε is grid dependent

parameter. In the present studies we choose δ = 2∆x and ε = (∆x)2 following the

recommendations in [54].
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5.1.6 Multiple fluid methodology

The proposed immersed boundary method is capable of handling multiple fluid–solid

interactions wherein the fluids are considered to be immiscible. The single fluid for-

mulation allows us to determine the mixture density and viscosity as functions of the

volume fraction φ as,

ρ = (1−
Nf−1∑
k=1

φk) +

Nf−1∑
k=1

φk
ρk
ρL

(5.13)

µ = (1−
Nf−1∑
k=1

φk) +

Nf−1∑
k=1

φk
µk
µL

(5.14)

where Nf is the total number of fluids present in the computational domain. Here,

ρk and µk denote the density and dynamic viscosity of the kth fluid. It is clear from

these expressions that for a case with Nf fluids in the domain, a total of (Nf − 1)

volume fractions need to be solved. The fluid volume fractions are governed by simple

advection equations and are solved using the VOF method to capture the interface

kinematics. The equations for the (Nf − 1) volume fractions read,

Dφ

Dt
=
∂φk
∂t

+ u · ∇φk = 0 k = 1, 2, ....., (Nf − 1) (5.15)

The volume fraction equations are also discretised on the same control volume (cell

C) as the pressure and the fully discrete advection equation for any fluid reads,

Ωc
3φn+1

c − 4φnc + φn−1
c

2∆t
+
∑
f∈C

φn+1
f Un

f ∆sf = 0 (5.16)

where Uf is the local fluid velocity obtained from the Eq. (5.4). It is also easy to see

that the incompressibility constraint has been implicitly enforced to recast the volume

fraction equations in a conservative form before the discretisation is carried out. The

discrete implicit discretisation of the equation can be found in the Section 2.1. Further-

more, a well balanced and consistent formulation is implemented (see Chapter 4) in

order to simulate large density multiphase flows.
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5.1.7 Immersed boundary–finite volume algorithm

The complete solution methodology for the proposed diffuse interface immersed bound-

ary finite volume framework can be summarised in the Figure 5.3,

We remark that the forces required to calculate the solid velocities are those ob-

tained in the previous timestep, which is essentially a “weak" coupling in terms of fluid–

structure interaction. The problems considered herein involve rigid structures and as

discussed in [48], the “weak" coupling remains numerically stable and can be effected

at a much lower computational cost than its “strong" coupling counterpart.

5.1.8 Comparison with the Brinkman penalization method

The diffuse interface IB method discussed in this work employs a unique strategy which

solves a solid fraction–hybridised equation for momentum and a solid fraction–free

Poisson equation for pressure everywhere in the domain. We briefly demonstrate that

the present approach has a few striking similarities with the Brinkman penalization

method [58–60] which was originally developed for porous media flows. The Brinkman

penalisation method uses permeability and porosity as parameters to penalize the mo-

mentum equation for enforcing boundary conditions. The penalized momentum equa-

tion reads,
∂u

∂t
+ u · ∇u− 1

Re
∇2u +∇p = −1

η
χ(u− vs) (5.17)

where vs is solid velocity, η << 1 is porosity coefficient and χ is the mask function which

is assigned a value of 1 inside the solid and zero elsewhere. Similar to Eq. (5.4), the

above equation is also valid for the entire domain with the no–slip boundary condition

realised through the term on the right side of the equation. The fluid flow inside the

pores is assumed to be governed by the Darcy’s law.

v = −K
µ
∇p (5.18)

This equation relates the Darcy velocity to the pressure gradient driving the flow. It

can be seen that the Darcy velocity becomes very small as the permeability (K) ap-
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Start

Velocities (u, v), pressure (p), volume fraction (φ)
and solid fraction (ϕ) initialization at time level (n)

Solve the advection equation
(Eq. (5.16)) for volume fraction(s) (φ)

Solve the advection equation
(Eq. (5.3)) for solid fraction(s) (ϕ)

Update the density (ρn+1) and vis-
cosity (µn+1), Eqs. (5.13) and (5.14)

Solve the modified normal momentum equation
(Eq. (5.4)) for the face normal momentum (ρn+1U?

f )

Evaluate the Poisson equation
(Eq. (3.21)) for pressure correction (P)

Update the pressure field (pn+1) and face nor-
mal velocity (Un+1

f ), Eqs. (3.22) and (3.23)

Reconstruction of the centroidal velocities
(un+1, vn+1) from the face normal velocity

Calculate the forces (Eqs. (5.9) and (5.10)) from
the updated centroidal velocities and pressure

Stopping
criterion

Stop

No

Yes

Figure 5.3: Flowchart for solution methodology.
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proaches zero. Recall that in the present algorithm (described in Section 5.1.7), the

solutions of the pressure correction equation are used to update the face normal ve-

locity everywhere in the domain as,

Un+1
f = U?

f −
2 ∆t

3

1

ρn+1

δP
δn

∣∣∣
f

(5.19)

In this equation U?
f is obtained from the Eq. (5.4), which is zero in case of stationary

body and is known (prescribed or computed) in case of moving bodies. However, the

updated face velocities Un+1
f are not zero, but proportional to the pressure correction

gradient δP
δn
|f . A direct comparison of Eqs. (5.18) and (5.19), show that the updated

face normal velocities behave analogous to the Darcy velocity with the velocities in a

stationary rigid solid having a non–zero but very small value. This comparison gives

a greater insight on the diffuse interface IB approach discussed in this work, which

can also be interpreted as a simple but distant variant of the Brinkman penalisation

approach.

5.2 Studies on discrete conservation

The IB–FV solver proposed in this work is investigated in this section for its discrete

conservation properties. While use of finite volume methods on traditional body–fitted

grids with the conservative form of the Navier–Stokes equations guarantee discrete

conservation, we address this issue for the present diffuse IB methodology in the hy-

brid staggered/non–staggered framework. This study, in the context of IB approaches,

is also relevant because the lack of mass conservation has been reported to be the

source of spurious force oscillations in case of moving body simulations [65,67].

We consider 5×4 rectangular domain, discretised into 250×200 rectangular ele-

ments, to examine the efficacy of the diffuse interface IB method to conserve the mass

discretely. A channel inclined at 30o to the horizontal is embedded within this Cartesian

mesh and the walls of the channel are not aligned with the underlying mesh as shown

in Figure 5.4. Our interest is to simulate the laminar flow through the channel using

the IB–FV solver and we apply a constant velocity (U∞=1) at the inlet and Neumann
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BCs for the velocity at the outlet, with the inlet and outlet boundaries coinciding with

the the domain boundaries. We choose a Reynolds number (based on inlet height and

velocity) equal to 10 and carry out the simulation to steady state with a timestep of ∆t

= 0.001.

Figure 5.4: Schematic representation of the inclined channel using solid fraction ϕ in a
background rectangular domain discretised into structured elements.

X

Y

Figure 5.5: Velocity vectors in the domain showing parabolic velocity profiles inside the
channel.

Figure 5.5 shows the velocity vectors in the entire domain at the steady state.
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Clearly, there is no (numerically very small) velocity field present in the domain outside

of the channel. This demonstrates that no unphysical velocities are generated despite

the boundary faces not being aligned with the mesh. Specifically, the the flow becomes

fully developed at the outlet and the velocity distribution across the channel is parabolic

and the computed profiles agree well with the theoretical result as shown in Figure 5.6.

A very small velocity at the channel boundaries, amounting to 0.008 in Figure 5.6, is a

consequence of the convex blending between Navier-Stokes equation and the no-slip

boundary condition. Clearly, the diffuse nature of the solid interface means that one

cannot expect an exact zero velocity although we remark that these velocities are not

unphysical and do not pollute the numerical solution. The good agreement between the

analytical and numerical results for this problem involving non–conformal boundaries is

a testimony to the fact that the mass and momentum conservation laws are discretely

satisfied. This is further confirmed by computing the temporal history of the local max-

imum divergence |∇ · u| in the domain which is presented in Figure 5.7. One can see

that the velocities are nearly solenoidal with the maximum values of O(10−10) which is

proof of discrete local mass conservation. This numerical exercise can be construed

as a demonstration of discrete conservation not only for the diffuse IB framework, but

also for the hybrid staggered/non–staggered framework in which the momentum con-

trol volumes are overlapping. We remark that the discrete momentum conservation for

the hybrid staggered/non–staggered framework has also been studied in [107] and the

physically consistent results obtained in the present work, as demonstrated in the later

sections, is a consequence of the discrete conservation properties of the IB–FV solver.

5.3 Studies on spatial and temporal accuracy

5.3.1 Taylor-Green vortex

A pertinent issue, apart from discrete conservation, related to immersed boundary

techniques is the spatial and temporal accuracy of the approach. To investigate the

order of accuracy of the present solver, we consider the Taylor–Green vortex problem

[57], with an embedded solid. We choose a 0.5×0.5 domain for the computations and
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Figure 5.6: The resultant velocity profile along the normalised channel width.
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Figure 5.7: Local maximum divergence in the entire computational domain.

the analytical solution, shown below, is specified at the boundaries.

u = − cos(2πx) sin(2πy)e
−8π2t
Re (5.20)

v = sin(2πx) cos(2πy)e
−8π2t
Re (5.21)

p =
−(cos(4πx) + cos(4πy))

4
e
−16π2t
Re (5.22)

TH-1678_126103022



Diffuse interface immersed boundary method 108

The solid, which is a square of side 0.25 is positioned at the center, inclined at an

angle of 45o, so that the body is not aligned with the underlying mesh. The exact

solution is prescribed at all times within the solid 3, which is kept stationary in one case

and rotated with a constant angular velocity ω = 2π in another case. The numerical

solutions are allowed to evolve everywhere outside of the solid region and the L∞ error

norms for velocity and pressure are considered for accuracy studies.

We study the spatial accuracy by considering uniform Cartesian meshes of different

grid resolutions (∆x = 0.025, 0.0125, 0.00625, 0.003125) with a constant timestep ∆t

= 0.001. It can be seen that the IB–FV solver demonstrates a nominal second order

accuracy for velocity errors (see Figure 5.8(a)), both in the stationary and moving body

cases. Interestingly, the pressure errors however decay at a rate close to unity and we

briefly discuss this aspect in the following section. In order to determine the temporal

accuracy, we use four time steps (∆t = 0.01, 0.005, 0.0025, 0.00125) on the same grid,

which is chosen as the coarsest one (∆x = 0.025). We find that the solver has second

order temporal accuracy as well, as seen in Figure 5.8(b), for both the stationary and

moving body cases. We also present the spatial and temporal studies of the solver

in Figures 5.9(a) and 5.9(b) in absence of any solid which confirms the second-order

spatial and temporal accuracies of the underlying finite volume solver as well. It must

be noted that the moving body case and associated accuracy studies are an exposition

of the ability of the proposed methodology to accurately handle moving solid interfaces.

One can conclude from these numerical experiments that the IB–FV solver is nominally

second–order accurate, in both space and time.

5.3.2 Taylor-Couette problem

The accuracy study using the Taylor-Green vortex, despite having been employed by

several authors to demonstrate the accuracy of IB-FV solver, is not realistic in that the

exact solution is always prescribed inside the body. Therefore, we now consider Taylor-

Couette problem where the flow occurs between the two concentric cylinders due to
3The solid body herein is actually a region where the exact analytical solution to the Taylor–Green

vortex problem is forced and not the physical no–slip conditions.
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Figure 5.8: L∞ error norm for velocities u and pressure p for stationary and rotating
square body showing (a) spatial and (b) temporal accuracies.

the constant angular motion of inner cylinder. The computational domain is shown in

Figure 5.10 with the inner cylinder of diameter D1 = 0.4 moving with a constant angular

velocity ω = π while the outer cylinder of diameter D2 = 0.8 remains stationary. The
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Figure 5.9: L∞ error norm for velocities u and pressure p for solver without any solid
showing (a) spatial and (b) temporal accuracies of the finite volume flow solver.

two cylinders are immersed in a larger computational domain of size [-0.5,0.5] × [-

0.5,0.5] whose outer boundaries are given no-slip boundary condition. The cylinders

are considered to be rigid and impermeable solids and the no-slip boundary condition is

enforced on the cylinder surfaces via the immersed boundary approach. The analytical

solution for this case is,

u =
ωR2

1

R2
2 −R2

1

(
R2

2

r2
− 1

)
y (5.23)

v = − ωR2
1

R2
2 −R2

1

(
R2

2

r2
− 1

)
x (5.24)

p =

(
ωR2

1

R2
2 −R2

1

)2(
r2

2
− R4

2

2r2
−R2

2 log(r2)

)
(5.25)

where R1 = D1/2, R2 = D2/2 and r =
√
x2 + y2. The numerical simulations are

performed with a constant time step ∆t = 0.001 on four structured meshes of gradually

increasing resolution (∆x = 1/16, 1/32, 1/64 and 1/128) for Re = 200, based on cavity

dimensions. The L∞ error norms for velocity and pressure are shown in Figure 5.11.

We observe that the IB–FV solver exhibits first order accuracy in L∞ norms. This result

is in contrast to the Taylor-Green vortex study in Section 5.3.1 where the imposition

of exact boundary conditions inside the solid led to nearly second order accuracy for

velocity errors in both the error norms. It must be remarked that the pressure errors
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Figure 5.10: Computational domain for Taylor-Couette problem.

for this test case also diminishes linearly with grid refinement in the L∞ norm as was

also observed in the studies in Section 5.3.1. This behaviour of pressure errors in

the context of immersed boundary methods has also been previously reported [108].

It must also be emphasised that it is the velocity errors that are more important than

the pressure errors, since it is the gradient of pressure that plays a pivotal role in

incompressible flows and not the pressure itself. We also remark that the order of

accuracy in L1 norm for this case is however close to 2 but is not shown here for

reasons of brevity. This proves that the flow solver, even for realistic scenarios involving

the no-slip boundary condition, shows nominal second order accuracy in space. As a

further validation of the IB-FV solver for the Taylor-Couette problem, we compare the u

and v velocity profiles at sections x = 0 and y = 0 respectively, obtained using the finest

mesh, with the analytical solutions as shown in Figures 5.12(a) and 5.12(b), where the

agreement is excellent.
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Figure 5.11: L∞ error norm for velocities u and pressure p for Taylor-Couette problem
showing spatial accuracy.
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Figure 5.12: Comparison of the obtained numerical and analytical solutions showing
(a) u velocity profile at x =0 and (b) v velocity profile at y =0.

5.4 Results and discussions

We have shown in earlier sections that the proposed diffuse interface immersed boundary–

finite volume (IB–FV) flow solver exhibits nominal second-order accuracy in space and

time and has excellent mass and momentum conservation. We devote this section to
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investigate several test problems involving single and multi–fluid flows, stationary and

moving bodies as well as imposed and induced motions to thoroughly evaluate the

efficacy of the IB–FV solver. These test cases span a large spectrum of flow scenar-

ios in the laminar regime and serve to highlight the scope and utility of the proposed

diffuse interface IB methodology for complex flow applications such as two–particle

sedimentation in stratified media.

5.4.1 Flow past a stationary circular cylinder

We begin our studies by investigating the steady and unsteady laminar flows past a

circular cylinder using the IB–FV solver. The computational domain is 30D× 8D chan-

nel, in which a circular cylinder of diameter D = 1 is placed at 8D from the inlet. A

constant velocity of unity is specified at the inlet and the Neumann boundary condi-

tion is provided at the outlet. The top and bottom walls of the channel are considered

to be slip walls. To resolve the geometry of the cylinder accurately and to preserve

the sharpness of the solid–fluid interface to a reasonable extent, a fine uniform mesh

(∆x = ∆y = 0.02) is used in the vicinity of the cylinder. The grid is stretched gradually

in both directions, leading to a non–uniform Cartesian mesh. The simulations are per-

formed for ReD = 40 and 200 with a timestep of ∆t = 0.001.

The lift and drag histories for both cases are shown in the Figure 5.13. The solutions

for the Re = 40 case are steady and exhibit symmetrical recirculation zones in the wake

while those for Re = 200 reproduce the unsteady Karman vortex street. The lift and

drag coefficients (mean values in unsteady case) as well as the recirculation zone

length (in the steady case) are tabulated in Table 5.1. The results from the present

solver are in excellent agreement with those of previous researchers [57,109,110] and

provides a primary validation of the IB–FV solver, albeit for the stationary body case in

single phase flow.
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Figure 5.13: Drag and lift coefficient for the flow past a stationary cylinder.

Table 5.1: Drag and lift coefficient for the flow past a cylinder.
Authors Re = 40 Re = 200

CD lw CD CL

Present 1.56 2.23 1.35±0.04 ±0.69
Pan [63] 1.5 2.19 1.27±0.04 ±0.6
Choi et al. [109] 1.52 2.25 1.36±0.048 ±0.65
Apte et al. [57] 1.54 - - -
Mittal et al. [111] 1.53 - - -
Russell and Wang [112] 1.6 2.29 - -
Zhang et al. [110] - - 1.37±0.03 ±0.71

5.4.2 Flow past a stationary airfoil

The incompressible viscous flow past an airfoil is studied numerically to understand

the ability of the IB approach in treating thin streamlined solids. The NACA 0008 airfoil

at two different angle of attacks (α = 0◦ and 4◦) are used for the simulations. The

computational domain and boundary conditions are similar to the previous test case,

except that a non–uniform Cartesian background mesh which is more finer (∆x = 0.01,

∆y = 0.01) near the airfoil and progressively coarsening as one moves away from it

is employed. This helps to accurately resolve the thin geometry including the sharp
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trailing edge. We ensure that the flow is laminar by choosing a Reynolds number Rec

= 2000 as also in [111] with the the timestep for simulations taken as ∆t = 0.001.
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Figure 5.14: Drag and lift coefficient for the flow past an airfoil for Rec = 2000.

Table 5.2: Drag and lift coefficient for the flow past an airfoil for Rec = 2000.
Authors α = 0◦ α = 4◦

CD CL CD CL

Present 0.075 - 0.080 0.264
Mittal et al. [111] 0.078 - 0.081 0.273
Kroo and Kunz [113] 0.076 - 0.080 0.272

The lift and drag coefficient histories for the simulations at the two angles of attack

are shown in Figure 5.14. The time taken to reach steady state for the larger angle

of attack is more although the flow remains unseparated. In Table 5.2, the obtained

lift and drag coefficients at steady state are compared with the the numerical findings

in [111,113]. It can be observed that the agreement between present results and those

in published literature is reasonable. In addition to this, we also present the variation

of pressure coefficient along the airfoil surface for α = 4◦ in Figure 5.15. To effect

comparison, we also show results obtained on a triangulated body fitted grid with ap-
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Figure 5.15: Pressure coefficient for flow over NACA 008 at α = 4◦ for Rec = 2000.

proximately same number of elements as the case of background Cartesian mesh.

While some deviations between the pressure distributions from the IB approach and

body–fitted grids are seen, the overall agreement is quite satisfactory. The deviations

may be attributed to the fact that the IB approach is non–conformal and adaptive refine-

ment in the vicinity of the airfoil, especially at the leading and trailing edges, is expected

to reduce these differences.

5.4.3 Flow induced by inline oscillating circular cylinder

In order to assess the ability of the solver for moving body problems, we examine

the inline oscillation of a circular cylinder as also studies in [114]. The details of the

computational domain and the grid are same as those in Section 5.4.1. The solution

procedure is also similar to the stationary cylinder case, except that there is no inlet

velocity (quiescent medium) and that the cylinder oscillates with an imposed velocity

U = 2π
KC

A cos( 2π
KC

t) where A is the amplitude andKC = 2πA
D

is the Keulegan–Carpenter

number.

Following the studies in Dütsch et al. [114], we use ReD = 100 and KC = 5 with

TH-1678_126103022



Diffuse interface immersed boundary method 117

0 1 2 3 4 5
−4

−3

−2

−1

0

1

2

3

4

5

Oscillation cycles (t/T)

D
ra

g
 c

o
e
ff
ic

ie
n
t 
(C

D
)

 

 

Present

Dutsch et al. [114]

(a) ∆x = 0.02, ∆t = 0.001

2.65 2.7 2.75 2.8 2.85 2.9 2.95 3
1

1.5

2

2.5

3

3.5

4

t/T

C
D

 

 

Present

Seo and Mittal [67]

(b) Spurious oscillations (enlarge view)

Figure 5.16: Inline oscillation of a circular cylinder in stagnant fluid for Re = 100 and
KC = 5 (a) validation with Dütsch et al. [114] (b) comparison of spurious oscillation
with Seo and Mittal [67].

∆t = 0.001. The history of the drag force (CD) acting on the cylinder is plotted in

Figure 5.16(a) and shows a periodic behaviour which also agrees well with the pub-

lished results in [114]. Furthermore, the force histories show a smooth variation over

TH-1678_126103022



Diffuse interface immersed boundary method 118

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

u/V
max

Y

 

 

X=−0.6

X=0.6

X=−0.6

X=0.6

(a) θ = 180

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

v/V
max

Y

 

 

X=−0.6

X=0.6

X=−0.6

X=0.6

(b) θ = 180

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

u/V
max

Y

 

 

X=−0.6

X=1.2

X=−0.6

X=1.2

(c) θ = 330

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

v/V
max

Y

 

 

X=−0.6

X=1.2

X=−0.6

X=1.2

(d) θ = 330

Figure 5.17: Velocity profiles for phase angle θ = 2π
KC

t = (a) 180 (b) 180 (c) 330 and
(d) 330, at the cross section X, the lines show the present results and symbols are
experimental data of Dütsch et al. [114].

several oscillation cycles and no spurious force oscillations are observed. This is an

important observation, since sharp interface IB methods such as those in [65, 67] are

prone to non–physical oscillations in force histories for moving body simulations. The

approaches in [65,67] are therefore complemented with special measures to suppress

these oscillations. Figure 5.16(b) shows a comparison of the drag coefficients from the

proposed diffuse IB–FV solver and those from [67] over a short time interval, during

which the cylinder also changes its direction of motion. In comparison to the results

from the proposed methodology, those from [67] where a ghost–cell IB approach is

used on a mesh with finer resolution with larger timestep than used herein show ap-

preciable spurious oscillations. The near–negligible spurious oscillations observed in
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the present study is likely a manifestation of the discrete mass conservation of the

diffuse IB approach demonstrated earlier in Section 5.2. The interface diffusion in

the computational process does not hamper the solution accuracy as shown in Fig-

ures 5.17(a) to 5.17(d) which depict the velocity profile for two different phase angles

(θ = 2π
KC

t = 180o, 330o). The numerical results from the present study agree well with

the experimental results in [114] underlining the ability of the present solver to han-

dle moving body problems with ease while avoiding spurious force oscillations without

the need for special sophisticated techniques. The latter characteristic is critical for

fluid–structure interaction problems and makes the proposed IB–FV solver a simple–

to–implement and accurate methodology for this class of problems.

5.4.4 Sedimentation of a circular particle

Having examined the ability of the IB–FV solver for imposed body motion, we consider

the more complex case of induced body motion. We first simulate the sedimentation

of a circular particle by only considering the translational degrees of motion. A particle

of diameter D = 1 is centered at (4D, 20D) of the 8D×24D rectangular domain. The

no-slip condition is given to the all walls. We choose a density ratio of the particle to

background fluid is, ρS
ρL

= 1.25 in accordance with the parameters in Blasco et al. [56].

The Froude number is set to U2

gD
= 1 and Reynolds number based on the fluid density

is, ρL
√
gDD

µL
= 39.13. In this test case we also study the dependence of grid on particle

trajectories and terminal velocity using four different grid resolutions D/∆x = 15, 20,

30 and 50. The timestep of ∆t = 0.001 is used for all the cases.

Initially particle accelerates due to gravity, thereafter buoyancy and drag forces bal-

ance the weight and particle moves with constant terminal velocity. In Figure 5.18 the

time history of the vertical downward velocity on all grid resolutions is depicted. For

D/∆x = 15 and 20, particle attains the terminal velocity early compared to the finer

meshes. The relatively poor resolution of the circular geometry on the coarser mesh

leading to a higher drag could be the cause of low terminal velocity. For finer grid res-

olutions, we observe higher terminal velocities which are nearly identical to each other

and further increase in grid resolution does not impact the solution. The results on D
∆x

=
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Figure 5.18: Sedimentation of single particle of density ratio ρS
ρL

= 1.25, for Re = 39.13.

30 are therefore grid-independent and agree excellently with those reported in Blasco

et al. [56] for a similar grid resolution.

5.4.5 Roll motion of a rectangular barge

Next we examine the capability of the solver for purely rotational degree of freedom by

simulating the free decay motion of a rectangular barge, floating on the free surface.

The barge of length L = 1 and width b = L
3
, half submerged in water and initially inclined

at 15◦ as shown in Figure 5.19 is allowed to only rotate about an axis passing through

its center of mass. The barge is immersed in a domain of 20L×5L with a uniform grid

resolution ∆x = ∆y = 1/50. To avoid the wall effects on barge, slip boundary condi-

tion is provided on the lateral and top walls while the no–slip condition is prescribed

at the bottom wall of the domain. The tank is filled with water up to the height of 3L,

and the water–air density and viscosity ratios are ρH
ρL

= 833 and µH
µL

= 55 respectively.

The motion of the barge is driven by gravity and values of Froude number U2

gL
and the

Reynolds number ρL
√
gLL

µL
are fixed to 1 and 34310 respectively. A timestep of ∆t =

0.001 is used for the calculations for this test case which considers only the rotational

degree of freedom.
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The initial unstable position of the barge causes an imbalance between the forces

causing it to move and induce velocities in the surrounding fluids which then exert

forces that affects its motion (including position and velocity). The motion of the barge,

as can also be expected intuitively, is periodic but the amplitude decays over time due

to viscous damping. A mesh refinement study is carried out for this test case on three

uniform grid resolutions (D/∆x = 20, 50 and 80) and the time history of the barge

inclination is presented in Figure 5.20. It can be seen that except on the coarsest

mesh, the damping pattern on other meshes are nearly identical. This means that the

numerical solutions on the mesh with D/∆x = 50 is grid-independent and all results

shown for this case employ this mesh. Figure 5.21 shows the variation of angle of

inclination of the barge with time which clearly shows damped oscillations that show

good agreement with the experimental measurements of Jung et al. [115] and excellent

agreement with the numerical results of Calderer et al. [53]. While the numerical decay

is slower than that reported experimentally, because frictional effects in the experimen-

tal apparatus and possible turbulence are not accounted for, the present simulations

are in better agreement with the experimental results than those of [53]. This numerical

experiment not only demonstrates the ability of the IB–FV approach for fluid–structure

interactions but also highlights its capability to deal with rigidly moving bodies in pres-

ence of multiple fluids with large density and viscosity contrasts.

Figure 5.19: Schematic representation of the rectangular barge.
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Figure 5.20: Mesh refinement study for the roll motion of rectangular barge.
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Figure 5.21: Angle of inclination of the rectangular barge of density ratio ρS
ρL

= 983
during oscillations initially inclined at 15◦.

5.4.6 Water entry of a circular cylinder

We begin our investigations on the efficacy of the solver for multi–fluid flows with fluid–

structure interaction by simulating the water entry of a circular cylinder. We choose a

rectangular computational domain of cross-section 8D×10D, which is discretised with a
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uniform grid of resolution ∆x = ∆y = 1/50. The lateral walls of the domain are treated

as the slip walls and no-slip boundary condition is provided on the top and bottom

walls. A cylinder of diameter D = 1 is initially placed in the air and the water–air density

and viscosity ratios are ρH
ρL

= 833 and µH
µL

= 55 respectively. We perform three different

test cases to thoroughly analyse the dynamics of the cylinder: (i) cylinder falling with

constant velocity (ii) neutrally buoyant cylinder in free fall and (iii) half buoyant cylinder

in free fall. Simulations are carried out with Froude number U2

gD
= 1 (for cases (ii) and

(iii)) and Reynolds number ρL
√
gDD

µL
= 7618 and a time step of ∆t = 0.001 is employed

in all studies.

5.4.6.1 Cylinder falling with constant velocity

We start with the case of a solid cylinder moving with a constant downward velocity

V = -1. The domain is filled with water up to the height of 6D from the bottom and

the cylinder is centered D above the water surface. As soon as the cylinder strikes

the water surface, an impact force also known as slamming force starts acting on the

cylinder. Figure 5.22 reveals the magnitude of the slamming coefficient, Cs =
2Fiy
ρH/ρL

,

with the non-dimensional time t corresponding to the cylinder–water impact. On im-

pact, high pressure fields are generated around the surface of contact which lead to

the maximum slamming coefficient. Thereafter, Cs decreases abruptly to the minimum

value as the cylinder continues to submerge in water. It can be seen from Figure 5.22

that the present results significantly underpredict the slamming coefficient when com-

pared with the experimental measurements of Campbell and Weynberg [116] at and

immediately after impact. The agreement between the numerical simulations and ex-

periments is quite good in the later stages after impact (during motion when cylinder

is fully submerged in water) and our predictions are quantitatively similar to those of

Kleefsman et al. [117].

We also compute the time history of cylinder volume (area in two dimensions) as

it moves through air, strikes the surface and then moves in water. The error between

the exact and numerical volumes, (An − Ae), as a function of time is plotted in Fig-

ure 5.23. One can easily see that despite the grid being non–conformal to the body
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Figure 5.22: Water entry of the circular cylinder with the constant velocity V = -1.

and the description of the cylinder realised using an Eulerian approach, the errors re-

main acceptably low of the O(10−4). We remark that the IB–FV approach does a good

job of preserving the geometry (shape) of the rigid solid(s) while accurately predicting

the dynamics for this test problem.

5.4.6.2 Neutrally buoyant cylinder freely falling in water

We turn our attention to freely falling bodies in multiphase flows by considering a neu-

trally buoyant cylinder to fall freely in a tank (which is the computational domain itself)

of water depth 3D. The distance between the bottom of the cylinder and free surface is

4.55D and the cylinder and water assume to have equal density. We choose the same

grid as in the earlier study and carry out simulations up to t = 5.2 with a timestep of ∆t

= 0.001. The dynamics of the problem are encapsulated in Figures 5.24(a) to 5.24(f)

which show the free surface deformation at different time instants. We see that the

cylinder touches the free surface at t = 2.83 and jets emerge from the side of the cylin-

der and keeps growing as the cylinder submerges in the fluid and gets fully wetted,

reaching the bottom of the domain at t = 5.2, where it settles. It must be noted that this

would be the final stable position for the cylinder if a longer domain (not shown here)
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Figure 5.23: Area error of a circular cylinder in water entry with the constant velocity V
= -1.

were to be chosen and our results qualitatively agree with the experimental observa-

tions of Greenhow and Lin [118]. We also see that the quantitative comparisons of the

depth of penetration from the present solver with the numerical predictions using CIP

method in [119] are excellent as shown in Figure 5.25 and fairly agree with the limited

experimental data in [118].

5.4.6.3 Half buoyant cylinder freely falling in water

While the previous numerical experiment considered equal densities for cylinder and

the liquid, we now consider the equally challenging scenario of a freely falling cylinder

whose density is half that of water. The grid and simulation parameters are chosen

same as the previous study, except that the simulation is run longer up to t = 7.5 and

we attempt to understand the evolution of the flow through the free surface deformation

at different time instants. A closer look at Figures 5.26(a) to 5.26(f) clearly show that

the flow dynamics is expectedly different from the neutrally buoyant case. The time

of impact is nearly the same as the neutrally buoyant case (since the air resistance is

negligible) and one can observe distinct water jets at t = 3.5 with the radius of the air

cavity increasing as the cylinder moves down into the liquid. At t = 4.7, the cylinder
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(a) t=2.83 (b) t=3.2 (c) t=3.5

(d) t=4.0 (e) t=4.7 (f) t=5.2

Figure 5.24: Free surface deformation at different time instants t = (a) 2.83 (b) 3.2 (c)
3.5 (d) 4.0 (e) 4.7 and (f) 5.2 during water entry of a neutrally buoyant cylinder.

starts experiencing a net upward force causing it to reverse the direction of motion

and as the cylinder rises the water layer is pushed up as can be seen at t = 6.5.

The variation of the depth of penetration as time progresses is shown in Figure 5.27,

which shows a very good agreement with the experimental results of Greenhow and

Lin [118] and the BEM computations of Sun and Falistin [120]. Our results with the

diffuse interface IB–FV solver also show that the cylinder finally floats on the surface,

settling at approximately the same location it reaches at t = 7.5.

The experiments with the freely falling cylinders, while two–dimensional, account

for all three degrees of freedom (two translational and one rotational) and brings out

the ability of the IB methodology to simulate rigidly moving solid(s) and their interaction

with more than one fluid. It must be remarked that we have not accounted for surface

tension in these calculations (as also in the case of decay of the rolling motion of the

barge), but the excellent agreement of the results with other computations indicate
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Figure 5.25: Depth of penetration of a neutrally buoyant cylinder (extreme bottom) from
the free surface for Re = 7618 and Fr = 1.

that surface tension effects are sub–dominant in these scenarios. We also emphasise

that the flow solver is equipped to handle interfacial tension between immiscible fluids

with large density ratios as shown in Chapter 4, but we defer from performing these

computations for sake of consistency in comparing with other published results.

5.4.7 Sedimentation of circular particles

In order to assess the performance of the flow solver for problems with multiple mov-

ing bodies, we focus on the sedimentation of circular particles in quiescent medium.

Particle sedimentation studies have vast applications in engineering and has been the

subject of experimental and numerical investigations. We analyse the potential of the

IB–FV solver in resolving the dynamics of flow due to arbitrary motion of two identical

particles in two different environments. We first study the problem with a homogeneous

single fluid environment which has also been studied by other researchers [54,56] and

then investigate the differences arising from a discretely stratified environment.

TH-1678_126103022



Diffuse interface immersed boundary method 128

(a) t=3.5 (b) t=4.0 (c) t=4.7

(d) t=5.2 (e) t=6.5 (f) t=7.5

Figure 5.26: Free surface deformation at different time instants t = (a) 3.5 (b) 4.0 (c)
4.7 (d) 5.2 (e) 6.5 and (f) 7.5 during water entry of a half buoyant cylinder.

5.4.7.1 Two–particle sedimentation in homogeneous medium

We consider two identical circular particles of density ratio ρS
ρL

= 1.5 and diameter D = 1

dropped from the center line of a rectangular domain 8D×24D at heights of (4D, 20D)

for the trailing particle and (4D, 18D) for the leading particle. The domain is discretised

with a uniform grid of resolution ∆x = ∆y = 0.025 and the no–slip condition is enforced

on all domain boundaries. Simulations were carried out for Reynolds number ρL
√
gDD

µL

= 391.3 and Froude number U2

gD
= 1 with a timestep of ∆t = 0.001.

The sedimentation of the two particles aligned vertically exhibits the well–known

phenomena of drafting, kissing and tumbling (DKT) that has been observed by several

researchers. Our numerical results also reproduces this phenomenon which is evident

from Figures 5.28(a) to 5.28(d), which show the position of the two particles in the

domain at different instants of time. It can be seen that the particles begin to accelerate
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Figure 5.27: Depth of penetration of a half buoyant cylinder (extreme bottom) from the
free surface for Re = 7618 and Fr = 1.
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Figure 5.28: The position of two circular particles showing (a) initial position, (b) draft-
ing, (c) kissing and (d) tumbling at different time levels for Re = 391.3 and particles
density ratio ρS

ρL
= 1.5.

downward due to gravity and the trailing particle comes under the influence of the wake

of the leading particle shortly afterwards. The trailing particle therefore experiences

lesser drag and achieves a higher velocity as can be seen in Figure 5.29(b) and this
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(b) Falling velocity

Figure 5.29: Sedimentation of two circular particles of density ratio ρS
ρf

= 1.5: time
histories of (a) the vertical location of the particles center (y) (b) falling velocity of the
particles (Vy).
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Figure 5.30: Mesh refinement study for sedimentation of two circular particles of den-
sity ratio ρS

ρf
= 1.5: time histories of (a) the vertical location of the particles center (y) (b)

falling velocity of the particles (Vy).

phenomenon is called drafting. Subsequently, the trailing particle catches up with the

leading particle and touches it which is known as kissing and may be observed at t

= 11 for this case. The particles remain in contact 4 and the two move together as if

they were a single elongated body for a short time. This position is however unstable
4When the minimum separation between particles as defined by the repulsive force model is attained

we say that they are in contact. No physical contact is allowed to occur to avoid anomalous “piercing" of
solids.
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and the particles drift apart from each other under the action of repulsive forces at

time t = 16 while continuing their downward motion and this phenomenon is referred

to as tumbling. The time history of the vertical location and falling velocities of the

particles obtained using the IB–FV solver are shown in Figures 5.29(a) and 5.29(b).

The present results are compared with the computed results of Glowinski et al. [54]

which employed a fictitious domain method. Despite the reasonably good agreement of

the vertical positions and the velocities in drafting and kissing phases, one can clearly

notice a significant discrepancy in the velocities in the tumbling phase. This is possibly

because the dynamics of the particle in the tumbling phase is very sensitive to grid

resolution. In order to confirm the grid-independency of the reported results we have

carried out simulations on two other uniform grid resolutions viz. D/∆x = 15 and D/∆x

= 50. These grids represent mesh resolutions that are respectively coarser and finer

than the one considered in this study. A comparison of the time histories of vertical

location and falling velocity on the three grids presented in Figures 5.30(a) and 5.30(b)

show that there are noticeable differences between the predictions on the coarsest

mesh and those obtained on the two finer meshes. However, the results on D/∆x =

30 and 50 show excellent agreement demonstrating that the mesh resolution defined

by D/∆x = 30 suffices for solutions to be grid-independent. The source of differences

in computational predictions shown in Figure 5.29(b) may therefore be attributed to

differences in solution methodology as well as the repulsive force model and this has

also been previously reported by Di and Ge [121]. While the issue of sensitivity of the

tumbling phase needs more attention, this experiment gives credence to the IB–FV

solver as a numerical approach that can mimic the complex physics in two–particle

sedimentation with reasonable accuracy.

5.4.7.2 Two–particle sedimentation in discretely stratified medium

We extend the problem of two–particle sedimentation discussed earlier to a more com-

plex scenario involving multiple fluids in a stratified environment. We consider the same

computational domain as in the earlier study, which is filled with four fluids of progres-

sively increasing density starting from 1 to 1.15 (in steps of 0.05) to equal heights as

we go from the top to the bottom. The details of the grid, simulation parameters and
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solution procedure are identical to those discussed in the earlier case, except that the

leading and trailing particles are dropped from 20D and 22D respectively. We ensure

that the initial location of the two particles are in the same fluid (which is also the least

dense) and all fluids are assumed to have the same dynamic viscosity. The flow dy-

namics showing the interaction between particles and with the surrounding fluids is

depicted in Figures 5.31(a) to 5.31(f) where one can observe the complex particle mo-

tions. A closer look however reveals that the particle dynamics show similarities yet

differ from those reported for the homogeneous fluid environment. Unlike the previ-

ous case where the fluid forces are purely due to a single fluid, the drag and buoyancy

forces in case of stratified environment would depend on the fluid with which the solid(s)

are in contact with at different instants leading to a complex interplay of forces that in

turn affect the motion. While one can observe drafting (at t = 9) and tumbling in the

later stages (beyond t = 14), the kissing phase seen in the earlier study appears to

have been modified. In particular, the particles first kiss each other around t = 11,

followed by a separation phase before they come into contact at t = 14. This leads

to a kissing-separation-kissing phenomenon that is evident in the temporal histories

of vertical position and velocities of the leading and trailing particles depicted in Fig-

ures 5.32(a) and 5.32(b).

We must remark that sedimentation in stratified media is sparsely investigated and

while there have been studies with linearly stratified fluids in the past [122], we are

not aware of similar efforts with discretely stratified fluids. This test case was primarily

motivated by the need to explore the versatility of the IB–FV solver for multiple solids

and multiple fluids with flow induced motion. The present results cannot be therefore

compared with other benchmarks and can only be verified by independent numerical

investigations or even experiments. However, these results are physically consistent in

that they qualitatively reproduce the four stages – drafting, kissing, separation and tum-

bling, which have been previously reported in [122] for sedimentation in continuously

stratified media. The dynamics of flow induced motion of particles and their trajectories

pose an interesting and challenging problem to analyse, which is however beyond the

scope of the current work.
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(a) t=0 (b) t=9 (c) t=11

(d) t=12 (e) t=14 (f) t=20

Figure 5.31: Sedimentation of two circular particles of density ratio ρS
ρL

= 1.5 in discrete
stratified fluid of density ratio ρH

ρL
= 1, 1.05, 1.1, 1.15 (top to bottom) showing (a) initial

position (b) drafting (c) kissing (d) separation (e) kissing and (f) tumbling.
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Figure 5.32: Sedimentation of two circular particles of density ratio ρS
ρL

= 1.5 in discrete
stratified fluid: time histories of (a) the vertical location of the particles center (Y) (b)
falling velocity of the particles (Vy).

We can therefore see that our results quantitatively reproduce the DKT phenomena

and qualitatively exhibit the DKSKT phenomena in homogeneous and stratified media

respectively, which highlight the efficacy of the proposed diffuse interface immersed

boundary method.
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CHAPTER 6

SIMULATING MISCIBLE FLUID FLOWS

Miscibility refers to the ability of the fluid to completely dissolve into another fluid

thus forming a homogeneous solution. In the previous chapters, we have dis-

cussed the numerical framework for simulations of immiscible fluid flows, where the

fluids are separated by a distinct interface. On the other hand, there exists no sharp

interface between miscible fluids and one can extend the immersed boundary–finite

volume framework for such scenarios by suitably accounting for the mixing effects. The

fluid miscibility leads to a non–zero divergence condition on the velocity field with the

solution procedure also solving for mass fractions as opposed to fluid volume fractions.

This chapter gives the details of the extension of the flow solver detailed in earlier chap-

ters for miscible fluid flows and the implications of weak compressibility are discussed

through several numerical experiments.

6.1 Handling miscible fluid flows

Immiscible fluid flows in the present work are studied using the VOF approach which

solves the advection equation for volume fraction(s) Eq. (2.2). Miscible fluid flows do

not have a sharp interface and in order to incorporate the mixing effects, we solve a

convection–diffusion equation for the mass fraction (φ′), which in conservative form
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reads,
∂(ρφ′)

∂t
+∇ · (ρφ′u) =

1

ReSc
∇ · ρ∇φ′ (6.1)

where Sc =
µL
ρLD

is the Schmidt number and D is the binary diffusion coefficient. It is

important to mention that we have chosen the lighter fluid for non–dimensionalisation

(hence the subscript L) and that we only consider mixing due to molecular diffusion D.

Evidently, the right hand side of the Eq. (6.1), which is a non–zero quantity as opposed

to the immiscible case, is responsible for mixing and the other sources like mixing due

to chemical reaction or turbulence are ignored. Using the conservation of the species∑
φ′i = 1 i.e. φ′L = φ′ and φ′H = 1− φ′, mixture density can be obtained as,

1

ρ
= φ′ +

(1− φ′)
ρH/ρL

(6.2)

Following [71], we compute the mixture viscosity as,

µ = e
(1− φ′) ln(

µH
µL

)
(6.3)

It can be noticed that the viscosity is an exponential function of mass fraction, unlike

the linear variation in the case of immiscible fluids. This is because viscosity does not

evolve linearly at the interface due to diffusion. Therefore, in majority of the studies,

the viscosity–mass fraction relationship is assumed to be exponential [71, 123] while

the density–mass fraction relationship may be linear [71] or exponential [124]. Using

the relations above and by using the continuity equation, Eq. (6.1) can be reduced to,

∂ρ

∂t
+ u · ∇ρ =

ρ

ReSc
∇ · (1

ρ
∇ρ) (6.4)

The velocity divergence condition can be then derived as (see Section A.2 for details),

∇ · u = − 1

ReSc
∇ · (1

ρ
∇ρ) (6.5)

We see from this equation that the velocity field is not divergence–free although the

fluids are incompressible. We refer to such flows wherein weak compressibility effects

exist but Mach numbers are very small as being quasi–incompressible [125]. The non–
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zero divergence of the velocity field therefore modifies the pressure correction equation

(Eq. (3.21)) in the fractional step algorithm,

∇ · ∆t

ρn+1
∇P = ∇ · u? +

1

ReSc
∇ · (1

ρ
∇ρ) (6.6)

The quasi–incompressibility of the flow and the use of mass fractions instead of

volume fractions, which lead to a convective–diffusive transport equation are the only

amendments that are necessary to extend the numerical framework for immiscible

flows in the miscible regime. It must be remarked that several researchers have cho-

sen to model miscible flows as being fully incompressible despite Eq. (6.5) evidently

indicating a non–zero divergence. We shall investigate the numerical implications of

ignoring quasi–incompressibility, which is strictly possible only when Sc → ∞, later in

this chapter. It must be reiterated that our exploratory studies on miscible flows are

presently limited to binary fluids and that the diffusion is assumed to be Fickian in our

studies.

6.2 Discretisation of the convection–diffusion equation

The hybrid staggered/non-staggered framework stores the scalar quantities at cell cen-

ters and therefore the convection diffusion equation is discretised and integrated over

the individual control cell (C) rather then combine control volume Ω. One can obtain

the semi–discrete form of the Eq. (6.1),

Ωc
d(ρφ′)

dt
+
∑
f∈C

(ρφ′)n+1
f Un

f ∆sf =
1

ReSc

∑
f∈C

ρn+1
f

δφ′

δn

∣∣∣n
f
∆sf (6.7)

The temporal and convective term discretisations of this equation are same as that

for the advection equation (see Section 2.1) and employ the second–order accurate

three point backward differencing scheme and CUI scheme respectively. The diffusion

term (on the right side of the equation) appears as a normal gradient for the mass

fraction ( δφ
′

δn
|f ) which can be rewritten following Eq. (4.1). We treat the diffusion terms
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implicitly and the fully discrete form of the mass fraction equation becomes,

Ωc
3(ρφ′)n+1

c − 4(ρφ′)nc + (ρφ′)n−1
c

2∆t
+
∑
f∈C

(ρφ′)n+1
f Un

f ∆sf =

1

ReSc

∑
f∈C

ρn+1
f

 (ρφ′)n+1
c+1

ρn+1
c+1

− (ρφ′)n+1
c

ρn+1
c

∆r

∆sf (6.8)

One can see from Eq. (6.8) that the diffusion terms are at the (n + 1)th level, where

subscript (c+ 1) represents the neighbour cell. The resulting system of linear algebraic

equations are solved using the same preconditioned Krylov solver as employed for the

volume fraction advection equation with the help of LiS libraries [86].

6.3 Discretisation of the Poisson equation

The effect of quasi–incompressibility which gives a divergence constraint that is non–

zero is numerically reflected in the Poisson equation for pressure correction as can be

seen in Eq. (6.6). Unlike the fully incompressible immiscible fluid flows, the discrete

pressure correction equation is modified by an additional term for miscible flows. The

modified Poisson equation reads,

2 ∆t

3

∑
f∈C

1

ρn+1
f

δP
δn

∣∣∣
f

∆sf =
∑
f∈C

U?
f ∆sf +

1

ReSc

∑
f∈C

1

ρf

δρ

δn

∣∣∣
f
∆sf (6.9)

The only difference one can observe as compared to a fully incompressible approach is

the additional term which is a function of the normal density gradient ( δρ
δn
|f ). This term

can be discretised similar to any of the diffusion terms following Eq. (4.1) and appears

only a source term for the Poisson equation. The linear system resulting from the

Poisson equation is solved in the usual fashion using SAAMG–preconditioned GMRES

solver employing the LiS libraries [86].
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6.4 Extending DIIBM to miscible flows

A major contribution of the present thesis is the diffuse interface immerse boundary

framework for immiscible multiphase flows. This numerical methodology can be ex-

tended to handle solid objects in miscible flows and the salient details of the formulation

are briefly summarised in Section A.3. As discussed earlier, the volume fraction trans-

port is replaced by mass fraction transport and a variable coefficient Poisson equation

with an additional source term need to be incorporated to account for miscibility. We

also remark that although a consistent treatment of discrete transport of mass fraction

and momentum equations is adopted, akin to immiscible flows, it is not mandatory in

the miscible flow problems studied herein since the fluid density ratios are quite low

and the physical diffusion which causes mixing would likely enhance the robustness of

the numerical framework.

6.5 Results and Discussions

We devote this section to discuss the various test cases that we employ to assess the

efficacy of the present flow solver to simulate miscible flows. Through the numerical

experiments, we also show the implications of using quasi–incompressible and purely

incompressible approaches and its effects on overall mixing efficiency. In addition, sim-

ulations are presented implementing DIIBM for a number of irregular geometries with

complex mixing scenarios. We remark that, unlike the numerical test cases carried out

in the previous chapters, the denser fluid may actually be the least viscous in misci-

ble flows. This would only impact the definition of the “virtual" fluid for DIIBM and the

definition of non–dimensional numbers are indeed based on the lighter fluid.

6.5.1 Lock exchange

The phenomenon of lock exchange typically occurs when a heavier fluid penetrates into

lighter one. Numerous experimental and numerical investigations have been carried

out to study this phenomenon and we choose to simulate the lock exchange problem

to verify the accuracy of the quasi–incompressible formulation for practical applications.

TH-1678_126103022



Simulating miscible fluid flows 140

Fluids are kept side by side in a 9×1 rectangular domain of grid resolution ∆x = ∆y =

0.02, the left half portion is filled with the lighter fluid and the remaining half with the

heavier fluid. No-slip boundary condition is provided to the all walls. Following the

experiments conducted by [126], we have simulated two cases: the first is for the fresh

water–sodium chloride system where the density difference is very small ρH
ρL

= 1.007

and the second for the relatively high density ratio ρH
ρL

= 1.46 case of fresh water–

sodium iodide combination. The Reynolds number Re = 200942 and Froude number

Fr = 1 for these studies are based on the fresh water properties.
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(b) t = 50
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(c) t = 75

0 1 2 3 4 5 6 7 8 9
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1

(d) t = 100

Figure 6.1: The time evolution of the density contours for ρH
ρL

= 1.007 fresh water sodium
chloride system at t = (a) 25 (b) 50 (c) 75 and (d) 100, using quasi–incompressible
formulation.

0 1 2 3 4 5 6 7 8 9
0

1

(a) t = 3

0 1 2 3 4 5 6 7 8 9
0

1

(b) t = 6

0 1 2 3 4 5 6 7 8 9
0

1

(c) t = 9

0 1 2 3 4 5 6 7 8 9
0

1

(d) t = 12

Figure 6.2: The time evolution of the density contours for ρH
ρL

= 1.46 fresh water sodium
iodide system at t = (a) 3 (b) 6 (c) 9 and (d) 12, using quasi–incompressible formulation.

The contour plots of density for ρH
ρL

= 1.007 are shown in Figures 6.1(a) to 6.1(d). Af-

ter the initial displacement, at t = 5 small roll–like structures are seen to originate near
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the interface owing to the velocity shear across it. In the course of time, the strength

and the number of the vortex increases and they eventually evolve into the Kelvin–

Helmholtz instability which remains symmetric throughout the simulation. These ob-

servation are in agreement with the theoretical prediction for energy conserving waves

and experimental findings of Lowe et al. [126]. On the other hand, the density contours

for ρH
ρL

= 1.46 shown in Figures 6.2(a) to 6.2(d) exhibit an asymmetric behaviour in the

later stages (t > 9). This is because the high density currents move faster than light cur-

rents and the asymmetric pattern is a consequence of the need to conserve the energy.
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(b) ρH
ρL

=1.46

Figure 6.3: The history of the front position for (a) ρH
ρL

=1.007 and (b) ρH
ρL

=1.46.

The front position with time for both cases are plotted in Figures 6.3(a) and 6.3(b)

and compared with the experimental measurements of Lowe et al. [126]. For ρH
ρL

=

1.007, displacement of the light and heavy currents are almost equal which reveals

that the fronts move with the same velocity and thus remain symmetric. The mismatch

of the heavy front position with [126], in case of ρH
ρL

= 1.46, can be attributed to devia-

tions with experimental conditions. In the experiment, a gate that separates the fluids is

removed slowly and heavy current starts moving before the gate is opened completely,

unlike in simulations where the gate is completely removed at t = 0. The overall agree-

ment for both cases are quite good which validates the present numerical approach for

miscible flow computations.
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6.5.2 Viscous fingering

We now analyse the problem of miscible displacement of a fluid by a less viscous

fluid. The stability of the miscible fluid displacement in a pipe has been investigated

by the several researchers [71, 72] in the past. The Schmidt number and Reynolds

number are the critical parameters for the stability of such flows. In this test case we

attempt to explore the ability of the numerical framework to predict the instabilities.

The computational domain is a channel of cross section 40×1 with a grid resolution

∆x = ∆y = 0.02. We provide a parabolic velocity profile at the inlet and the Dirichlet

boundary conditions are enforced at the outlet. All other boundaries are no-slip walls.

Initially the whole domain is filled with a highly viscous fluid which is to be displaced by

the less viscous fluid entering from the inlet. We use the viscosity ratio µH
µL

= 25 and

both fluids are assumed to have same density for all the simulations.

The stability of this finger depends on the choice of Re and Sc for this problem. In

this context, we have carried out the numerical experiments for three different Schmidt

numbers (Sc = 1, 10, 100) while keeping the Reynolds number constant at Re = 500.

The contour plots of viscosity are shown in Figures 6.4(a) to 6.4(c) at different time

instants for the three cases. As the less viscous fluid enters the domain, it forms a

finger–like shape with the maximum velocity at the centerline. For the case of low

Schmidt number Sc = 1, mixing between the fluids is quite high due to greater diffusion

and a stable but diffused interface is obtained, with the finger propagating in the chan-

nel with time. However, for the higher Schmidt numbers Sc = 10, 100, the diffusion is

comparatively lower and instability develops as time proceeds at the front of the finger.

The instability is more pronounced for the case of Schmidt number Sc = 100. These

observations demonstrate that higher Schmidt numbers have an adverse effect on the

flow stability. We have also perform a simulation for Re = 100 and Sc = 100 and the

results for the time evolution of the finger are presented in Figure 6.5. Contrary to the

previous case (Figure 6.4(c)), the interface remains stable throughout the course of

simulation. The lower values of Re therefore introduce a stabilising effect and these

numerical observation are consistent with the LBM simulations of Sahu et al. [71].
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Figure 6.4: Fingering instability of the viscosity contours for Sc = (a) 1 (b) 10 and (c)
100, using Re = 500, µH

µL
= 25 and ρH

ρL
= 1, by implementing quasi–incompressible

formulation.

TH-1678_126103022



Simulating miscible fluid flows 144

t=2

0 10 20 30 40
0

1

t=8

0 10 20 30 40
0

1

t=15

0 10 20 30 40
0

1

t=20

0 10 20 30 40
0

1

t=25

0 10 20 30 40
0

1

Figure 6.5: Fingering instability of the viscosity contour for Re = 100, Sc = 100, µH
µL

=

25 and ρH
ρL

= 1, using quasi–incompressible formulation.
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(b) Finger tip position

Figure 6.6: The time history of (a) volume of high viscous fluid left in the channel and
(b) position of the finger tip for Re = 500 and µH

µL
= 25.

To present a quantitative analysis, in Figures 6.6(a) and 6.6(b), we show the position

of the finger tip and the ratio of fluid volume left in the channel to the initial volume V0.95
Vini

,

where subscript 0.95 denotes the φ′ ≥0.95. The present results are compared with [71]

and despite the difference in methodologies, a good agreement is observed between

the results. Interestingly, the studies in [71] employ a zero divergence condition as

opposed to the quasi–incompressible approach adopted in the present solver. The

variation of maximum divergence in the domain with time is shown in Figure 6.7 for

Sc = 1 and one can notice that the values are sufficiently small for this case. The
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same is observed even for the higher Schmidt numbers, thereby justifying the choice

of a purely incompressible approach in [71]. This is also supported by the fact that

quasi-incompressibility effects vanish when the density ratio is unity, as in this case.

While a quasi–incompressible approach is generic, it is not necessary in miscible flow

cases where the density ratio is unity and possibly even for non-unit density ratios, if

the values of velocity divergence are sufficiently close to zero.
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Figure 6.7: Local maximum divergence of in the computational domain for Re = 500,
Sc = 1, µH

µL
= 25 and ρH

ρL
= 1, using quasi–incompressible formulation.

6.5.3 A passive micromixer

We have seen that velocity divergence could remain very small in some quasi–incompressible

flows and the result would then be indistinguishable from those computed with a pure

incompressible assumption. This may not be the case always, as we shall see for the

case of a simple micromixer discussed in this section. In this test case, we simulate

the mixing of two fluids in a simple passive micromixer at very low Re. Considering the

low Re flows in such cases, one may expect the divergence of velocity to be significant

according to the Eq. (6.5), especially for very large diffusion coefficients. The geometry

the micromixer is shown in Figure 6.8, which is divided into rectangular elements with
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resolution ∆x = ∆y = 0.02. To simulate the mixing process, we assume that water

and ethanol enter from the inlets 1 and 2 respectively with uniform velocity while at

the outlet, a zero pressure is prescribed. The rest of the walls are assigned no-slip

condition. We use a density ratio ρH
ρL

= 1.267 with the viscosity ratio µH
µL

= 0.75 and

Schmidt number Sc = 1267, based on the properties of ethanol and water [83].

L=9 L=25

W=1

Outlet

W=1

Inlet 1

Inlet 2

L=5

W=1

X

Figure 6.8: Geometry of the micromixer.

(a) Re = 0.5

(b) Re = 5

Figure 6.9: The line contours of mass fraction for Re = (a) 0.5 and (b) 5, after steady
state for ethanol water mixing of ρH

ρL
= 1.267, µH

µL
= 0.75 and Sc = 1267 using quasi–

incompressible formulation.

We perform the simulations for two different Reynolds numbers, Re = 0.5 and 5 with

a timestep of ∆t = 0.001. The contours of mass fraction at steady state are depicted

in Figures 6.9(a) and 6.9(b). The fluids first come in contact at the junction of the

two inlets and start mixing. As the fluids move along the channel towards the exit,

we observe that the mixing increases. The higher convection rate reduces the time

for mixing and therefore it can be observed from the contour plots that there is lesser

diffusion for Re = 5.
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Figure 6.10: The mixing index (I) at different sections for ethanol water mixing of ρH
ρL

=

1.267, µH
µL

= 0.75 and Sc = 1267 for Re = (a) 0.5 and (b) 5.

For a more in–depth analysis of the mixing performance, we calculate the mixing

index as defined in [83] at the section X,

I = 1−
√

σ

σ2
max

(6.10)

where σ =
√

1
N

∑
(φ′ − 0.5)2 is the variance of the mass fraction in the direction per-

pendicular to the flow. The mixing index I at the different sections of the micromixer for

Re = 0.5 and 5 are shown in Figures 6.10(a) and 6.10(b). We calculate the mixing index

at five sections (X = 0, 5, 10, 15, 20) in the channel which increases gradually towards

the outlet for both cases. However, and not surprisingly, forRe = 5 Figure 6.10(b) shows

a lower mixing index at all the sections compared to Re = 0.5. A higher value of mixing

index indicates better mixing and the passive micromixer has a better performance at

the lower Re for the same Schmidt number. Towards a quantitative comparison, the

present results are compared with the numerical predictions of Ansari et al. [83]. One

can notice that the present results deviate from the numerical results in [83], with the

present solver predicting a smaller mixing index at any streamwise location. To un-

derstand the differences, we also simulated the problem using a purely incompressible

formulation. Our simulations with zero velocity divergence showed excellent agreement

with Ansari’s predictions, with the latter assuming purely incompressible flow as well.
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The velocity divergence for the simulations with quasi–incompressibility are shown in

Figure 6.11. A quick look reveals that the velocity divergence are appreciable and are

larger for the lower Re case which is in contrast to our earlier findings in the previ-

ous subsection. This suggests that quasi–incompressibility could become significant

in mixing simulations and ignoring this effect could lead to overpredictions of the mixing

performance.
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Figure 6.11: Local maximum divergence in the computational domain for ρH
ρL

= 1.267,
µH
µL

= 0.75 and Sc = 1267 using quasi–incompressible formulation.

6.5.4 Fluid mixing in Y-type micromixer

Miscible fluid flows have been extensively studied in microchannels, where mixing of

fluids is the primary objective. Fluid mixing in a microchannels is of interest in var-

ious microfluidic applications such as drug delivery systems and micro reactors. In

such devices, mixing solely depends on the diffusion to a large extent. Longer the

time for diffusion, higher is the efficiency of the micromixer. The performance of the

micromixer can be enhanced by either using external sources or modifying the geom-

etry of the micromixer. There have been studies in literature that have shown that the

presence of one or more strategically placed obstacles can significantly increase the
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mixing efficiency. Such passive micromixers usually irregular constrictions which can

be analysed only using unstructured hybrid grids if conventional body–fitted solvers

are used. However, we show that the cumbersome process of grid generation can be

avoided by adopting the DIIBM approach for miscible flows, without compromising on

the overall accuracy of the solution. The use of DIIBM to circumvent mesh generation

and/or re–generation makes the approach attractive for micromixing applications, and

in particular for deciding optimal configurations.

We study the mixing characteristics in a Y–type micromixer with a circular obstacle

as shown in Figure 6.12. The fluid properties and simulation parameters are same as

in the previous problem as also are the boundary conditions. We keep the same flow

rate at both inlets and carry out simulations for Re = 0.157 as in [79].

Inlet 1

L=8

w=1

w=1

Outlet

Inlet 2
W=4/3

W=4/3

60

l=1

D=0.4

Figure 6.12: Geometry of the Y-type micromixer.

We first solve the problem using a body–fitted triangular mesh of 53786 elements,

both employing purely incompressible as well as quasi–incompressible approaches.

Mixing is quantified using the mixing efficiency at the outlet which has a width of 2W

as,

ηmix =

(
1− 2

W

∫ 2W

0

(φ− 0.5)dy

)
× 100 (6.11)

The presence of an obstacle leads to enhanced mixing as can be seen from the

data summarised in Table 6.1, although the increase in mixing efficiency is a lowly

2.5%. The quasi–incompressible results are seen to predict a marginally smaller ef-

ficiency when compared with the solutions using zero divergence condition, as was
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(a) Body–fitted (b) DIIBM

(c) Zoomed view showing
mass fraction isocontours
near the solid for body-
fitted (solid line) and DIIBM
(dashed line) cases

(d) Zoomed view of body fitted
mesh near solid

Figure 6.13: The line contours of mass fraction for ethanol water mixing of ρH
ρL

= 1.267,
µH
µL

= 0.75 and Sc = 1267 using incompressible formulation for (a) body–fitted (b) DIIBM
methodologies (c) zoomed view of mass fraction isocontours and (d) zoomed view of
mesh.

also found in the earlier study. We now attempt to reproduce these results and conclu-

sions using the DIIBM approach, by immersing the circular obstacle in a triangulated

background grid of 58652 elements, which is indeed having the same resolution as

the body-fitted mesh employed earlier. This is a bit unusual, in that IB approaches are

meant to work with Cartesian and even curvilinear meshes that are easy to generate

and not unstructured triangular meshes. The generic nature of our flow solver that

works on unstructured data can handle unstructured background grids with ease and

we therefore proceed with the DIIBM simulations on the unstructured mesh. However,

the solution to the mass fraction equation and more importantly, enforcing the Neu-

mann boundary condition for mass fraction is not trivial in the DIIBM framework and
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this has been discussed in some detail in Section A.3. The contours of mass fraction in

Figure 6.13(b) from DIIBM are qualitatively identical to those in Figure 6.13(a) obtained

with the body–fitted mesh. We also present the zoomed view near the solid body in

Figure 6.13(c) which shows the line contours of mass fractions for both body fitted

(solid lines) and DIIBM (dashed lines) cases. For sake of completeness, the zoomed

view of the mesh in the vicinity of the cylinder is also shown in Figure 6.13(d). It can be

seen from the contour plots that the solutions from both approaches are in good agree-

ment with each other and that the isolines are orthogonal to the solid surface thereby

satisfying the Neumann boundary condition. Table 6.1 also shows that the mixing effi-

ciency predictions from DIIBM agree reasonably with those obtained with a conformal

approach and also compare favourably with the computations in [79].

Table 6.1: Mixing efficiency of the Y micromixers.
Mixing efficiency (ηmix)

Authors Without obstacle Body–fitted DIIBM

Incom. Quasi-incom. Incom. Quasi-incom. Incom. Quasi-incom.
Present 17.5 16.85 20.46 19.55 20.86 19.93
Wang et al. [79] 18 – 21 – – –

It is worth noting that most investigations in micromixers such as in [79,83] employ

a purely incompressible approach. This is likely because many studies in literature

focus on comparing different designs and the relative performances are likely to be

unaffected even if an incompressible approach is employed. Moreover, even if abso-

lute mixing performance of micromixers were to be evaluated, the use of an incom-

pressible formulation may be justified since it gives a conservative estimate, with the

deviations from the quasi–incompressible approach not very significant as has been

demonstrated in this numerical experiment.

6.5.5 Fluid mixing in T-type micromixer

As a final test of the efficacy of the miscible formulation in IB–FV framework and its util-

ity for practical applications, we simulate the mixing of two fluids in the T microchannel.
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Three different configurations, involving multiple obstacle arrangements are consid-

ered for the study. The first configuration is a plane channel as shown in Figure 6.14(a)

while the other two consist respectively of inserts (Figure 6.15(a)) and grooves (Fig-

ure 6.16(a)). The channel is taken as the computational domain, which is discretised

using a uniform Cartesian mesh of grid resolution ∆x = ∆y = 0.02. The inserts and

grooves are treated as multiple solid bodies which are immersed into the domain and

remain stationary.

In all three configurations, the fluids with mass fractions of 0 and 1 respectively

enter through the two inlets, before mixing in the horizontal leg of the T–shaped mi-

cromixer. A constant velocity of unity is specified at both inlets and a fully–developed

boundary condition is enforced at the outlet, with the domain initialised with a uniform

mass fraction of unity. No–slip boundary condition are enforced on all boundaries and

the two fluids are assumed to have equal densities and viscosities to facilitate com-

parison with the FEM simulations of Rasouli [82]. The Reynolds and Schmidt number

characterising the simulation are chosen as 0.2 and 200 respectively and a constant

timestep of ∆t = 0.001 is used for the simulations in all three cases. The performance

of the micromixer is evaluated by computing the mixing efficiency and analysing the

mass fraction contours at steady state using the IB–FV solver. While different mea-

sures of mixing are possible, we define the mixing efficiency at the outlet consistent

with the studies in [82] using Eq. (6.11).

One can see from Figure 6.14(a) that for the plane channel, which is the baseline

case, the fluids meet at the center line and move towards the outlet, with molecular dif-

fusion being the only source of mixing. The mass fraction distribution in the domain is

shown in Figure 6.14(b) and Figure 6.17(a) shows the mass fraction profile at different

streamline locations from the left wall, along the channel width. At X = 4, the profile

is relatively more sharper indicating that the mixing occurs largely at the center of the

channel. As we move downstream to the outlet (X= 8, 12) the diffusion increases caus-

ing the profiles to smear out considerably. The mass fraction profiles from the present

approach are compared with the numerical results of Rasouli et al. [82], which show the
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Outlet 

L=11

Inlet 2

w=1

w=1

Inlet 1

l=6
W=2

X
Y

(a) Schematic geometry

(b) Mass fraction contours

Figure 6.14: T–type micromixer showing (a) geometry and (b) mass fraction contours,
for mixing of fluids of ρH

ρL
= 1, µH

µL
= 1, Sc = 200 and Re = 0.2 using incompressible

formulation.

excellent agreement. It must be realised that there are no obstacles in this case and

the IB–FV solver merely degenerates into a standard body–fitted FV solver in this case.

The mass fraction distribution when inserts are introduced is shown in Figure 6.15(b)

while Figure 6.16(b) depicts the distribution of mass fraction when grooves are placed

in the channel. Unlike the baseline case, one can easily observe an enhanced mix-

ing with the modifications and these are reflected in the mass fraction profiles shown

in Figures 6.17(b) and 6.17(c) as well. The mass fraction profiles appear to be more

flattened, both in the case of inserts and grooves, as compared to the baseline case.
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Outlet W=2

L=11

Inlet 2

w=1

w=1

Inlet 1

l=6 0.4

3

0.1

1

0.4

(a) Schematic geometry

(b) Mass fraction contours

Figure 6.15: T–type micromixer with inserts showing (a) geometry and (b) mass frac-
tion contours, for mixing of fluids of ρH

ρL
= 1, µH

µL
= 1, Sc = 200 and Re = 0.2 using

incompressible formulation.

Moreover, the outlet mass fraction profiles appear to be more closer to the value of 0.5

(which denotes ideal and complete mixing) at the outlet for the T–channel with grooves

which are interestingly asymmetric as well (see Figure 6.16(a)). The mass fraction

profiles for the case of micromixer with inserts and grooves using the IB–FV approach

show good agreement with those obtained using COMSOL in [82] and the mixing ef-

ficiencies for the three configurations, tabulated in Table 6.2, compare favourably with

the predictions in [82] and are consistent with the computed mass fraction profiles. The

improved mixing when obstacles such as inserts and grooves are introduced may be

attributed to the significant transverse velocities in addition to physical diffusion (akin
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Outlet W=2

L=11

Inlet 2

w=1

w=1

Inlet 1

l=6

1.1
0.7

0.4

1.6

0.6
0.4

1

(a) Schematic geometry

(b) Mass fraction contours

Figure 6.16: T–type micromixer with grooves showing (a) geometry and (b) mass frac-
tion contours, for mixing of fluids of ρH

ρL
= 1, µH

µL
= 1, Sc = 200 and Re = 0.2 using

incompressible formulation.

to the case of boundary layer growth) but these have not been dealt with in greater

detail in this study. The highest mixing efficiency is observed for the configuration

with grooves and its marginal increase over the configuration with inserts (by ≈ 4%)

is likely due to the geometric asymmetry in the configuration. While the mechanisms

enhancing the mixing for the micromixer configurations are interesting and need fur-

ther investigations these are beyond the scope of the present work. Nevertheless, the

study on fluid mixing in microchannels is an exposition of the ability of the approach to

handle two–fluid miscible flows with multiple solid bodies with relative ease and high

accuracy when compared with conformal mesh strategies. This numerical experiment
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(b) Micromixer with inserts
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(c) Micromixer with grooves

Figure 6.17: Mass fraction profiles for (a) plane channel (b) with inserts and (c) with
grooves, of different cross-sections at a distance X from the left wall, along the channel
width Y .

provides ample evidence for researchers to adopt the proposed diffuse interface IB–FV

solver for analysing micromixers with various modifications in a cost–effective manner

without compromising on accuracy.

Table 6.2: Mixing efficiency of different T-type micromixers.
Authors Mixing efficiency (ηmix)

Plane channel With–inserts With–grooves
Present 63.40 85.12 88.86
Rasouli et al. [82] 61.48 84.39 88.41
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CHAPTER 7

CONCLUSIONS AND FUTURE WORK

This chapter summarises the synthesis of key strategies implemented in the devel-

opment of a multiphase/multi–fluid solver proposed in this thesis. We highlight

the major contributions of the study, stress on the limitations and also provide the di-

rections for future work.

7.1 Conclusions

Multiphase/multi–fluid flows which are immiscible require a sharp representation of the

distinct interface(s) which led to the study of various interface capturing schemes avail-

able in the literature. Our first objective towards a numerical framework for multiphase

flows resulted in a generic and unified framework for analysis and construction of in-

terface capturing schemes. We used a volume–of–fluid approach with a single–fluid

formalism for our studies and our earliest investigations centered on the convective

schemes and their accuracy. Our observations and efforts towards fulfilling this objec-

tive are presented below.

1. Conventional interface capturing schemes are cast in an unified framework, where

they may be interpreted as a combination of high resolution and compressive

schemes, employing flux limiters. These limiters are generalised piecewise lim-
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iters defined by a triad of values viz. κ, α and M , with the different choices result-

ing in different interface capturing schemes.

2. Principles governing the choice of the limiters were studied and guidelines for

construction of interface capturing schemes were devised.

3. Existing schemes such as HRIC and CICSAM were analysed with the unified

framework and their drawbacks/de–merits have been highlighted.

4. Two novel schemes called the M-Gamma and CUIBS, which are free of interface

reconstruction, are proposed on the basis of the framework. These schemes are

shown to be bounded and stable through studies on typical advection problems.

These studies also demonstrated that the proposed schemes can preserve the

sharpness of the interface both on structured and unstructured grids and their

performance shows a weak dependence on the Courant number.

5. The CUIBS scheme is shown to outperform existing schemes and has the best

performance among all schemes tested for typical advection tests in this thesis.

We found that the method does not result in interface distortion which makes it

a promising choice for interface capture in density and viscosity stratified multi-

phase flows.

The advection equation, which was the subject of study for the interface capturing

schemes, was then coupled with the Navier–Stokes equations and numerical investi-

gations of sloshing and Rayleigh–Taylor instability were performed to assess the accu-

racy of the scheme on different grid topologies. The Navier–Stokes equations are itself

solved with a novel hybrid staggered/non–staggered approach whose development has

been a collective effort. This approach has been adapted to multiphase flows in this

thesis to deal with variable density flows. The key highlight of the approach is the use

of overlapping control volumes for the solution of a normal momentum equation on cell

faces while a variable coefficient Poisson equation enforces the continuity constraint.

A segregated methodology using the incremental fractional step method is adopted

as the solution methodology. The resulting finite volume flow solver, which combines

the merits of both staggered and collocated meshes, was robust and accurate at low
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density ratios but numerical instabilities were observed at high density contrasts.

Our second objective was therefore targeted at improving the robustness of the

multiphase solver for interfacial flow computations with high density and viscosity ra-

tios. In this thesis, we have now proposed a novel and generic algorithm to simulate

multiphase flows with large density ratios and high shear without confronting issues of

numerical instabilities. The key principles of this algorithm related to the understand-

ing and implementation of discrete force balancing and consistency of discrete mass

and momentum transport. We tested the algorithm rigorously on several multiphase

flows of varying complexity that involve both gravity and surface tension dominated

fluid flows. Our findings from the studies may be summarised as follows.

1. The hybrid staggered/non–staggered framework allows for a natural implemen-

tation of the balanced force framework. This framework ensures that competing

forces in the Navier–Stokes equations are in discrete balance for steady–state

cases. A lack of such discrete balance was shown to result in spurious solutions

when interfacial and body forces were large.

2. Unlike previous studies, we have shown the similarity of operators during dis-

cretisation of force terms is not mandatory for a well–balanced framework. We

have shown that body forces can be treated as volumetric terms, as opposed

to recasting them as interfacial terms, and one can still achieve a near–perfect

balance of forces on both structured and unstructured meshes. It is therefore not

essential for both the pressure and body force terms to be expressed as gradi-

ents of scalars to effect a discrete balance of forces. This also means that one

can employ either piezometric or hydrostatic pressures and still obtain very low

spurious currents for gravity-dominated flows.

3. We have developed a consistent mass and momentum transport approach for

treatment of multiphase flows with large density ratios. The fundamental idea of

this approach is to use the same convective discretisation for transport of volume

fractions (in VOF advection equation) and momentum (in the normal momentum

equation). We have been able to perform simulations for density ratios as high as
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109 using the consistent mass/momentum transport and highlight its importance

for multiphase flows.

4. We also found that it is important to employ identical high resolution schemes

in the consistent mass/momentum transport algorithm and that using dissimilar

schemes of commensurate accuracies can lead to anomalous numerical solu-

tions.

5. The studies also showed that an inconsistent formulation could work as well as

a consistent formulation for some scenarios which could be characterised by a

Reynolds number–like parameter Re∗ remaining sufficiently small (typically less

than 100).

The results of our numerical investigations demonstrated that the well–balanced algo-

rithm results in acceptably low spurious currents while the consistent transport ensured

that the numerical solutions remain physically consistent for large density and viscosity

ratio flows, even at large times.

Since problems in multiphase flows, such as those encountered in free–surface

flows, involve moving bodies, the multiphase flow solver was coupled with a novel dif-

fuse interface immersed boundary method (DIIBM). The DIIBM in the present work

treats solid–fluid interfaces analogous to the treatment of fluid–fluid interfaces in VOF

method. The diffuse interface methodology in this thesis is unique in the respect that

it assumes a “virtual" fluid to be filled within the solid(s) and a fully Eulerian approach

is employed. Consequently, the motion of the solid is effected by solving a solid frac-

tion advection equation and the advecting velocities are either known or obtained from

Newton’s second law. The IB–FV solver described in this thesis, which formed the third

objective, is shown to be a powerful numerical platform for multibody–multiphase flows

using a spectrum of numerical experiments. The salient features of the flow solver and

its utility for applications can be enumerated as follows.

1. The IB–FV solver discretely conserves mass, both locally and globally, and mo-

mentum even when the solid boundaries are non–aligned with the background

grid.
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2. The solver is shown to have a nominal second-order spatio-temporal accuracy

and results in negligible spurious force oscillations without use of any special

techniques.

3. The solver uses a fully Eulerian approach devoid of velocity and pressure inter-

polations which can be easily implemented into any standard finite volume solver

with relative ease, even in three dimensions.

4. The simplicity of the flow solver and in particular the lack of sharp representation

of the solid–fluid interface does not adversely affect the accuracy of the numerical

solutions.

5. Applications to a wide variety of problems involving single phase and multiphase

flows with one or more moving bodies show the versatility of the IB–FV solver. In

particular, the flow solver is able to handle complex flow problems such as two–

particle sedimentation in stratified environment and falling cylinders at air–water

interfaces in a robust fashion while resolving the flow physics with acceptable

accuracies. In particular, the IB–FV solver when employed for sedimentation in

discretely stratified media uncovers the interesting and complex drafting–kissing–

separation–kissing–tumbling phenomena.

As a final objective, the scope of the present multiphase/multi–fluid solver with DI-

IBM has been stretched by extending it for problems involving miscible fluid flows.

This was realised by replacing the volume fraction advection equation in VOF by its

convective–diffusive counterpart that accounts for mixing. Our conclusions from ex-

ploratory studies on miscible flows, which consisted of binary fluids with Fickian diffu-

sion are as follows.

1. Miscible flows theoretically lead to a non–zero velocity divergence, although it

could be small in practice for some cases. Significant deviations from the zero

divergence constraint can however be observed in mixing flows with very high

diffusion coefficients.

2. The use of quasi–incompressibility which accounts for non–zero divergence does

not have a significant impact on the numerical results in case of micromixer simu-
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lations. We found that quasi–incompressibility led to marginally lesser predictions

of mixing index/efficiency as compared to purely incompressible formulations, jus-

tifying the use of latter approach in research efforts reported in literature.

3. We demonstrated that the IB–FV solver was able to analyse different micromixer

configurations circumventing the need for separate meshes without compromis-

ing on the solution accuracy. Predictions related to mixing performance from

the present flow solver were in excellent agreement for different micromixers with

previously published data, making it a promising alternative to more cumbersome

conformal–mesh based approaches.

In a nutshell, this thesis attempts to develop a generic multiphase/multi–fluid solver

that is capable of handling multiple immiscible fluids or binary miscible fluids inter-

acting with multiple stationary/moving rigid solid(s) which can have a wide range of

applications that include energy harvesting and micromixer design. The principal con-

tributions of the work embodied in this thesis include a unified framework to under-

stand and evolve interface capturing schemes, a novel approach for high density ratio

two–phase flows with strong interfacial tension and body forces and a diffuse inter-

face methodology for fluid–structure interactions with arbitrarily moving rigid bodies.

The author is of the opinion that the proposed numerical framework, which has been

implemented within an unstructured data finite volume framework encompasses all

necessary requirements for an industry–standard solver for multiphase/multi–fluid flow

applications. The spectrum of challenging problems, albeit two–dimensional and in the

laminar regime, which can be tackled with the numerical framework is a testimony to

the efficacy of the research contributions detailed in this thesis.

7.2 Directions for future research

The numerical framework described in this thesis is robust, generic and versatile but

there are a few lacunae which need to be addressed in the future. We highlight some

of the possible directions for future research that can further the exciting potential of

the numerical framework in this thesis.
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1. Adaptive mesh refinement: Despite the use of high resolution interface captur-

ing schemes, the VOF methods inherently introduces a numerical diffusion that

smears the interface. The use of a fully Eulerian approach with the IB–FV solver

also means that the solid–fluid interface is equally diffused as well. The use of

grid adaptation in selected regions, both in the vicinity of the body and those

with prominent flow features, can help improve accuracy at lower computational

costs in comparison to the use of uniformly very fine meshes. The use of solution

adaptive refinement for unsteady flows, while important, is also a largely open

problem.

2. Consistent vs Inconsistent transport: We have shown that while the consistent

mass/momentum transport works for arbitrarily large density ratios, the incon-

sistent approach where mass and momentum are convected using dissimilar

schemes works equally well for some but not all scenarios. While the present

studies have shown that simulations of high density ratio flows can be influ-

enced by several parameters including the (Re, Fr,We) triad, further investiga-

tion is warranted to better understand their specific influences. More specifically,

a clearer picture of when inconsistent transport would fail needs to be brought

out in future studies.

3. Handling Neumann and Robin boundary conditions: The proposed DIIBM inher-

ently imposes the Dirichlet boundary condition on the solid surface and handling

Neumann and Robin BCs are not straightforward in the present approach. It is

therefore not possible to employ the DIIBM in this work for simulations involving

inviscid flows or adiabatic boundary conditions. A deeper understanding of the

approach and a way to overcome the limitation of handling only Dirichlet BCs is

necessary for widening the scope of this IB method.

4. Flexible bodies: While the IB–FV solver in this work has been applied to a large

number of rigid structure–fluid interactions, it would be interesting to extend the

approach for flexible bodies such as shape–changing and morphing configura-

tions such as those encountered with futuristic micro air vehicles.

5. Multiple miscible fluids: The present numerical framework may be extended to
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interactions with multiple miscible fluids using the concept of effective diffusion

coefficient. It would also interesting to analyse flows consisting of multiple misci-

ble and immiscible fluid interactions.

6. Turbulent flows and parallelisation: Two aspects that require immediate atten-

tion in the context of problems discussed in this thesis are turbulent multiphase

flows and three–dimensional computations. Realistic simulations of large–scale

multiphase flows would involve turbulence, which is at best modelled (in view

of present computing capabilities) and are inherently three–dimensional. Addi-

tionally, for problems which are dominated by surface tension, one must also

suitably account for the contact angle boundary conditions at the solid-liquid-gas

interfaces. In this direction, which should be in the immediate future, it is recom-

mended that the solver be subject to parallelisation after incorporating a couple

of URANS models for turbulent simulations. This would be beneficial in perform-

ing the first realistic simulations of complex flows such as wave impact on marine

structures and primary jet atomisation using the proposed numerical framework.
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APPENDIX A

A.1 Piezometric pressure formulation

We begin by substituting the piezometric pressure, p = ṕ − ρg · x in Eq. (3.2) which

gives,

∂(ρu)

∂t
+∇ · (ρuu) = −∇(p+ ρg · x) +∇ · ( µ(∇u +∇uT )) + ρg + Fst (A.1)

Rearranging the first term in the right hand side of Eq. (A.1) gives,

∇(p+ ρg · x) = ∇p+∇(ρg · x)

= ∇p+ g · x∇ρ+ ρ∇(g · x) (A.2)

The last term of the right hand side in Eq. (A.2) excluding ρ may be simplified as,

∇(g · x) =
∂(g · x)

∂x
i +

∂(g · x)

∂y
j

=
∂(gxx+ gyy)

∂x
i +

∂(gxx+ gyy)

∂y
j

=
∂(gxx)

∂x
i +

∂(gyy)

∂x
i +

∂(gxx)

∂y
j +

∂(gyy)

∂y
j

= gxi + 0 + 0 + gyj

= g (A.3)
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Combining Eqs. (A.2) and (A.3) and substituting into Eq. (A.1) gives,

∂(ρu)

∂t
+∇ · (ρuu) = −(∇p+ g · x∇ρ+ ρg) +∇ · ( µ(∇u +∇uT )) + ρg + Fst

∂(ρu)

∂t
+∇ · (ρuu) = −∇p− g · x∇ρ+∇ · ( µ(∇u +∇uT )) + Fst (A.4)

A.2 Quasi-incompressible formulation for miscible flows

We begin with the convection–diffusion equation Eq. (6.1) for mass fraction,

∂(ρφ′)

∂t
+∇ · (ρφ′u) =

1

ReSc
∇ · ρ∇φ′

ρ
∂φ′

∂t
+ φ′

∂ρ

∂t
+ φ′∇ · (ρu)︸ ︷︷ ︸

using ∂ρ
∂t

+∇·(ρu)=0

+ρu · ∇φ′ = 1

ReSc
∇ · ρ∇φ′

ρ
∂φ′

∂t
+ ρu · ∇φ′ = 1

ReSc
∇ · ρ∇φ′ (A.5)

From Eq. (6.2) the mass fraction may be rewritten in terms of density as,

φ′ =
(r − ρ)

ρ(r − 1)
where r =

ρH
ρL

(A.6)

Substituting the above expression into Eq. (A.5) and simplifying gives,

∂ρ

∂t
+ u · ∇ρ =

ρ

ReSc
∇ · (1

ρ
∇ρ) (A.7)

The above equation may be rearranged and further simplified as,

∂ρ

∂t
+ u · ∇ρ+ ρ∇ · u− ρ∇ · u =

ρ

ReSc
∇ · (1

ρ
∇ρ)

∂ρ

∂t
+∇ · (ρu)︸ ︷︷ ︸

0

−ρ∇ · u =
ρ

ReSc
∇ · (1

ρ
∇ρ)

∇ · u = − 1

ReSc
∇ · (1

ρ
∇ρ) (A.8)

where the last step invokes mass conservation. The resulting velocity divergence is a

non–zero quantity which is a function of Reynolds and Schmidt numbers.
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A.3 Diffuse interface immersed boundary method for

miscible flows

In this Appendix, we briefly discuss the handling of the mass fraction equation and im-

plementation of the associated boundary condition within the proposed DIIBM frame-

work. Recall that in case of immiscible binary flows with moving bodies, a “virtual"

fluid was assumed inside the body. It must be however realised that the virtual fluid

as well as the binary fluids involved were all immiscible with one another. However, in

the present case, the two “real" fluids are assumed miscible with an associated binary

diffusion coefficient. However, since the body is assumed to be rigid and impermeable,

the “virtual" fluid should be immiscible with the “real" fluids. This can be achieved, in an

indirect manner, thereby also effecting the Neumann boundary condition ∂φ′

∂n
= 0 at the

solid surface. One can see that in regions devoid of the solid body, the mass fractions

satisfy the dimensionless governing equation Eq. (A.9) which reads,

∂(ρφ′)

∂t
+∇ · (ρφ′u) =

1

ReSc
∇ · ρ∇φ′ (A.9)

However, as discussed before, the “virtual" fluid inside the solid should not mix with

the “real" fluids. Therefore, the above equation is modified inside the solid, by consid-

ering that the body is stationary (as in the case of micromixers) and that the “virtual"

fluid has a very small (dimensionless) diffusion coefficient given by Ds
Df

(with the diffu-

sion coefficient between the “real" fluids used as reference for non-dimensionalisation).

The equation for conservation of mass fraction that the “virtual" fluid inside the body

satisfies is,

∂(ρφ′)

∂t
=

1

ReSc
∇ ·
(
ρ
Ds

Df

∇φ′
)

(A.10)

It may be noted that, analogous to the immiscible case, we assume that the heavier

of the two fluids is filled inside the solid. Moreover, we also assume that all the fluids

in this case also mix with one another but have different diffusion coefficients. In the

DIIBM framework, we solve an unified equation, akin to the normal momentum equa-

tion, which is obtained by a convex combination of the governing equations within the
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fully fluid and fully solid domains. Thus, by combining Eqs. (A.9) and (A.10) using solid

fraction ϕ we get,

(1− ϕ)

[
∂(ρφ′)

∂t
+∇ · (ρφ′u)− 1

ReSc
∇ · ρ∇φ′

]
+ ϕ

[
∂(ρφ′)

∂t
− 1

ReSc
∇ ·
(
ρ
Ds

Df

∇φ′
)]

= 0

(A.11)

It is interesting to note that the Dirichlet boundary condition appearing in the unified

normal momentum equation (see Eq. (5.4)) is replaced herein by a governing equation

within the solid, with an aim to enforce the Neumann boundary condition. This is

easily done by choosing a very small diffusion coefficient for the “virtual fluid–real fluid"

interaction, so that the Neumann BC is weakly enforced in the DIIBM framework. We

have employed Ds
Df

= 10−3 in the present study and the results shown in Sections 6.5.4

and 6.5.5 show that the Neumann boundary condition is indeed enforced correctly at

the solid boundary. The rationale behind the choice of a small diffusion coefficient may

be recognised easily by drawing an analogy with conjugate heat transfer - if the scalars

were temperature instead of mass fraction and the mass diffusion coefficients were

replaced by thermal diffusion coefficients, then a very low value of the ratio of solid-to-

fluid diffusion would mean that there is no heat diffusion into the solid mimicking the

adiabatic boundary condition. The unified equation Eq. (A.11) is a convection–diffusion

equation which is discretised in a manner similar to other scalars. The resulting system

of linear algebraic equations are solved using a preconditioned Krylov solver similar to

the volume fraction equations, as discussed in Chapter 4.
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