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Abstract

In this thesis, we study various properties of certain partition functions. We
study arithmetic properties of some t-regular partition functions, PDO;(n) partition
function, and o,mex(n) and o.mex(n) partition functions. We discover partition
inequalities for the number of hooks of particular lengths in ordinary and t-regular
partition functions. We obtain quantitative estimates for the distribution of some
t-regular partition functions modulo 2. We prove infinitely many non-congruences
for some t-regular partitions. We also derive asymptotic formulae for o,mex(n) and

gemex(n).

Firstly, we study t-regular partition functions. For a positive integer ¢ > 2, let
bi(n) denote the number of ¢-regular partitions of a non-negative integer n. Moti-
vated by some recent conjectures of Keith and Zanello, we establish infinite families
of congruences modulo 2 for bg(n) and big(n). We prove some specific cases of two
conjectures of Keith and Zanello on self-similarities of by(n) and by9(n) modulo 2.
For t € {6, 10,14, 15, 18, 20, 22, 26, 27, 28}, Keith and Zanello conjectured that there
are no integers A > 0 and B > 0 for which b(An + B) = 0 (mod 2) for all n > 0.
We prove that, for any ¢t > 2 and prime ¢, there are infinitely many arithmetic pro-
gressions An+ B for which >~ 7 ' b;(An+ B)g" # 0 (mod /). Next, we obtain quan-
titative estimates for the distributions of bs(n), big(n) and by4(n) modulo 2. Keith

and Zanello also discovered new infinite families of Ramanujan type congruences
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vi ABSTRACT

modulo 2 for by;(n) involving every prime p with p = 13,17,19,23 (mod 24). We
investigate the parity of by;(n) involving the primes p with p = 1,5,7,11 (mod 24).
We prove new infinite families of Ramanujan type congruences modulo 2 for by (n)
involving the odd primes p for which the Diophantine equation 8z2 + 27y? = jp
has primitive solutions for some j € {1,4,8}, and we also prove that the Dirichlet
density of such primes is equal to 1/6. Recently, Yao provided new infinite families
of congruences modulo 2 for b3(n) and those congruences involve every prime p > 5.
Following a similar approach, we prove new infinite families of congruences modulo

2 for by (n), and these congruences imply that by (n) is odd infinitely often.

Secondly, we study hook lengths in ordinary partitions and ¢-regular partitions.
We establish hook length biases for the ordinary partitions and motivated by them
we find a few interesting hook length biases in 2-regular partitions. For a positive
integer k, let px)(n) denote the number of hooks of length £ in all the partitions of
n. We prove that pgy(n) > priny(n) for all n > 0 and n # &k + 1; and pgy(k +1) —
Pe+1)(k +1) = =1 for k > 2. For integers t > 2 and k > 1, let by (n) denote the
number of hooks of length k in all the t-regular partitions of n. We find generating
functions of b x(n) for certain values of ¢ and k. Exploring hook length biases for
b:.r(n), we observe that biases are opposite to those for ordinary partitions in certain
cases. We prove that byo(n) > by 1(n) for all n > 4, whereas by 5(n) > be3(n) for all
n > 0. Next, we prove some biases for b, x(n) for fixed values of k. We prove that
for any ¢ > 2, by11(n) > by1(n), for all n > 0. We also prove that bsa(n) > bgo(n)

for all n > 3, and b3 3(n) > by 3(n) for all n > 0.

Thirdly, we study mex-related partition functions. The minimal excludant of
an integer partition is the least positive integer missing from the partition. Let
o,mex(n) (resp., c.mex(n)) denote the sum of odd (resp., even) minimal excludants
over all the partitions of n. Recently, Baruah et al. proved a few congruences for
these partition functions modulo 4 and 8, and asked for asymptotic formulae for the

same. We find Hardy-Ramanujan type asymptotic formulae for both o,mex(n) and
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oemex(n). We also prove some infinite families of congruences for o,mex(n) and
og.mex(n) modulo 4 and 8.

Finally, we study the partition function PDO;(n), introduced by Lin, which
counts the total number of tagged parts over all the partitions of n with designated
summands in which all parts are odd. Lin proved some congruences modulo 3 and 9
for PDO;(n), and conjectured certain congruences modulo 3¥+2 for k > 0. He proved
the conjecture for £ = 0 and k£ = 1. We prove the conjecture for k = 2. We also study
the lacunarity of PDO;(n) modulo arbitrary powers of 2 and 3. Using nilpotency of
Hecke operators, we prove that there exists an infinite family of congruences modulo
any power of 2 satisfied by PDO,(n). Next, we establish infinitely many congruences
for PDO;(n) modulo 8 and 32. We prove several congruences modulo small powers
of 2 and discuss the existence of congruences modulo arbitrary powers of 2 similar

to those in Lin’s conjecture.
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Introduction

A partition A of a positive integer n is a finite non-increasing sequence of positive

integers Ay > Ay > --- > A\, such that

r
HZE )\lm
k=1

where \’s are called parts. We represent a partition by A = (A, Ay,..., A). The
number of partitions of n is denoted by p(n). By convention, we take p(0) := 1. For

example, there are 7 partitions of 5, namely

(5), (4,1), (3,2), (3,1,1), (2,2,1), (2,1,1,1), (1,1,1,1,1).
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2 INTRODUCTION

Thus, p(5) = 7.

The first mathematician to introduce the concept of partitions was Gottfried
Wilhelm Leibniz. In his 1674 letter, Leibniz asked J. Bernoulli about the number
of “divulsions,” a tearing or pulling apart, of integers, which means the number of
partitions of integers in modern terminology [71]. Though Leibniz is credited with
inventing integer partitions or the theory of partitions, it is Leonhard Euler who
paved a remarkable path for research in the field of integer partitions. In 1741,
Euler gave a presentation on partitions of integers to the St. Petersburg Academy,
which led to the first publication in the field of integer partitions [45]. One of the

greatest discoveries in this field was Euler’s generating function for p(n):

o0 . 1
Plg) =) pm)g" =[] — (1.1)
q
n=0 n>1
where |¢| < 1. Euler proved an interesting and beautiful partition identity which says
that the number of partitions of n into odd parts equals the number of partitions of
n into distinct parts. Euler also gave the series representation of the infinite product
[[,5:(1 —¢") (known as Euler’s infinite product), which is now known as Euler’s

pentagonal number theorem:

[Ja—a9= )" (-1 (1.2)

n>1 k=—o00

Euler derived recurrence relation for p(n) using (1.1) and (1.2):

p(n) =pn —1)+pn—2) —pn—>5)—pn—7)+pn—12) +p(n —15) —--- .

Percy Alexander MacMahon, in 1916, computed the values of p(n) up to n = 200 by
hand with the help of the Euler’s recurrence relation. He calculated that p(200) =
3,972,999,029,388. One could easily realize that p(n) grows rapidly. It was a
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challenging job to derive an explicit formula for p(n). In 1918, using their cele-
brated circle method, G. H. Hardy and S. Ramanujan [56], established the following

asymptotic formula for p(n):

( ) 1 2n N
n) ~ exp | m\/ = as n — 0o.
b 4/3n P 3

The values calculated by MacMahon were immensely useful for Hardy and Ramanu-

jan in checking the accuracy of their formula. Further work of Hardy and Ramanu-
jan [56] resulted in more accurate asymptotic formula for p(n). Hans Rademacher
worked on Hardy-Ramanujan’s asymptotic formula and obtained an explicit for-
mula for p(n) [90]. Rademacher used Ford circles, Farey sequences, and modular
symmetry in the proof.

In 1919, Ramanujan discovered the following three congruences satisfied by p(n)

p(bn+4) =0 (mod 5),
p(Tn+5) =0 (mod 7),

p(1ln+6) =0 (mod 11).

Ramanujan provided the proofs of the first two congruences in [95] and also derived

the following ¢-series identities:

o 9 1 — g5
Zp(5n+4)q”:5H((1_—(zn>)6=5+30q+135q2—|—~~-, (1.3)
n=0 n=1

> 0 1 — g™)3 R 1 — ™7
Zp(7n+5)q":7n%+49q7n%:7+77q—|—---. (1.4)
— 5 (1=q") 22 (1—q")

Later, he proved the third congruence as well [94]. In the year 1919 itself, Ramanujan
[95] proposed a more general conjecture in the direction of the above congruences.

For non-negative integers a, b, and ¢, let § = 597°11¢ and let A be an integer such

TH-3647_206123009



4 INTRODUCTION

that 24X\ =1 (mod §). Then
p(nd+A) =0 (mod §). (1.5)

Ramanujan himself gave a proof of (1.5) for arbitrary a and b = ¢ = 0, i.e., he

proved that for an integer A, such that 24\ =1 (mod 0), we have
p(5* -n+A) =0 (mod 5%).

Ramanujan was trying to validate his conjecture for arbitrary b and a = ¢ = 0, but
before he could complete the proof, we lost him on 26th April 1920. Later H. Gupta
extended the table of values of p(n) of MacMahon up to n = 300. S. Chowla, in
1934, found the conjecture of Ramanujan false [32]. He examined Gupta’s table and
observed that 24 x 243 = 1 (mod 73) but p(243) = 133978259344888 # 0 (mod 73).

The correct form of Ramanujan’s conjecture is as follows: Define & = 5*7Y11¢,

where V/ = b, if b=0,1,2 and &' = | 22|, if b > 2. Then
p(nd+X) =0 (mod d&'). (1.6)

In 1938, Watson [108] gave a proof of (1.6) for a = ¢ = 0 and also a more detailed
version of Ramanujan’s proof of (1.6) in the case b = ¢ = 0. Finally, in 1967, Atkin
[8] proved (1.6) for arbitrary ¢ and a = b = 0.

It is an interesting problem to study the distribution of the partition function
modulo positive integers M. In [85], Ono revolutionized the subject by developing
aspects of the p-adic theory of half-integral weight modular forms, and using this he
proved the existence of infinite families of partition congruences modulo every prime

greater than or equal to 5. Let F(q) := Y a(n)q" be a given integral power series

TH-3647_206123009



and 0 < r < M. We define

5,(F. M: X) = #{OgngX:a(;) =r (mod M)}

An integral power series F is called lacunary modulo M if
lim §o(F, M; X) =1,
X —o00

that is, almost all of the coefficients of F' are divisible by M. The power series F’ is
said to have odd density 0 if the limit

lim 6;(F,2;X)

X—00
exists and is equal to 4. A conjecture of Parkin and Shanks [88] predicts that, for
r e {0,1},

1
lim 6,(P,2; X) = ,

X—o0

where P is the generating function for p(n). It is still an open problem. In other

words, the conjecture says that the partition function p(n) is ‘equally often’ even

and odd, i.e.,
. 1
#{0<n < X :p(n)is odd (even)} ~ §X.

Mirsky [78], in 1983, found the first quantitative result:

loglog X

<n<X: i .
#{0<n <X :p(n)isodd (even)} > 2Tog 2

After that, this lower bound has been improved in a number of works. Currently,

TH-3647_206123009



6 INTRODUCTION

the best known result for even values of p(n) is due to Bellaiche and Nicolas [20]:
#{0<n <X :p(n)iseven} > 0.069v'X loglog X,

and that for odd values of p(n) is due to Bellaiche, Green, and Soundararajan [19]:

VX

<n<X: i —_—.
#{0<n< p(n) is odd} > Ioglog X

Due to Newman [82] we know that p(n) assumes infinitely many even, and infinitely
many odd values. In 1966, Subbarao [104] studied the parity of p(n) over arithmetic
progressions and gave the following conjecture: For any arithmetic progression r
(mod t), there are infinitely many integers M = r (mod t) for which p(M) is odd,
and there are infinitely many integers N = r (mod t) for which p(V) is even.
Many mathematicians proved this conjecture for particular values of t. Later in
1996, using ideas from the theory of modular forms, Ono [84] proved Subbarao’s
conjecture completely for the even case whereas the odd case was proved with a

condition.
Theorem 1.1. [84, Theorems 1 and 2]

(a) For any arithmetic progression r (mod t), there are infinitely many integers

N =r (mod t) for which p(N) is even.

(b) For any arithmetic progression r (mod t), there are infinitely many integers

M =r (mod t) for which p(M) is odd, provided there is one such M.
In 2012, Radu [91] proved the odd part of Subbarao’s conjecture.

Theorem 1.2. [91, Theorem 1.3] Let v € {2,3} and A, B integers such that

A > B > 0. Then there exists a non-negative integer ng such that

p(Ang+ B) #0 (mod v).

TH-3647_206123009



Theorem 1.2 together with Theorem 1.1 settles Subbarao’s conjecture.

Next, we discuss the area of partition identities and partition inequalities. The
first ever identity proven in this area was Euler’s partition identity. After that,
many mathematicians have discovered several beautiful partition identities, such
as Rogers-Ramanujan identities, Gollnitz-Gordon identities, Sylvester’s identity,
MacMahon’s identity (see for example, Page 13 and Chapter 7 of [3]). Along with
the study of partition identities, a lot of works have been published involving parti-
tion inequalities. Let p(n, k) denote the number of partitions of n into k parts. In
1942, motivated by the work of Erdos and Lehner [44], Auluck, Chowla, and Gupta
[9] conjectured that p(n, k) has a unique maximum for any given n, i.e., for a fixed

n there exists an integer kg such that

p(n, k) > p(n,k — 1), for k < kg

p(n, k) < p(n,k—1), for k > k.

The conjecture was completely proved by Haselgrove and Temperley [57] in 1954 by
showing that p(n, k) attains its greatest value for at most two consecutive values of
k, when n is large and fixed. Since then, a lot of research has been seen in the area
of partition inequalities. To mention a few of them we cite [4, 21, 22, 23, 24, 48, 76].

Apart from the ordinary partition function p(n), many restricted partition func-
tions have been studied along the lines of progress in p(n). In this thesis, along
with the ordinary partition function, we investigate t-regular partition functions,
mex-related partition functions, and PDO,(n) partition function. We also discover
some partition inequalities for the number of hooks of particular lengths in ordinary
and t-regular partitions. We examine arithmetic properties of t-regular partition
functions, mex-related partition functions, and PDO;(n) partition function. For
these partition functions, we discover infinite families of Ramanujan-type congru-

ences. We also study the distribution of some of these partition functions modulo

TH-3647_206123009



8 INTRODUCTION

some positive integers. We use classical g-series techniques, the theory of modu-
lar forms, Radu’s algorithm, and the theory of Diophantine equations to prove our
results. Analogous to Ono’s and Radu’s theorems mentioned earlier, we prove non-
congruences for certain t-regular partitions, for some values of t. Motivated by the
conjecture of Parkin and Shanks, we obtain some quantitative estimates for the dis-
tribution of 6-, 10-, and 14-regular partitions. For mex-related partition functions
o,mex(n) and o.mex(n), we derive Hardy-Ramanujan type asymptotic formulae.
We find the generating functions for the number of hooks of particular lengths in
some t-regular partitions. Moving to partition inequalities, we completely uncover
the hook length biases for the ordinary partition function. We also prove several
hook length biases for ¢-regular partition functions. We use generating functions and

several combinatorial tools and techniques for proving these partition inequalities.
Structure of the Thesis
The entire work of the thesis is organized in the following chapters.
e Chapter 1: Introduction
e Chapter 2: Preliminaries
e Chapter 3: Arithmetic properties of certain t-regular partitions

e Chapter 4: Certain Diophantine equations and new parity results for 21-

regular partitions
e Chapter 5: Hook length biases in ordinary partitions
e Chapter 6: Hook length biases in t-regular partitions

e Chapter 7: Arithmetic properties and asymptotic formulae for o,mex(n) and

ogemex(n)

TH-3647_206123009



e Chapter 8: Divisibility of the partition function PDO;(n) by powers of 2 and
3

In Chapter 2, we recall some prerequisites. We introduce Ramanujan’s theta
functions and some p-dissections of certain g-products. We also recall some defini-
tions and results from the theory of modular forms.

In Chapter 3, motivated by some recent conjectures of Keith and Zanello, we
establish infinite families of congruences modulo 2 for bg(n) and byg(n), where b;(n)
denotes the number of ¢t-regular partitions of n. We prove some specific cases of two
conjectures of Keith and Zanello on self-similarities of bg(n) and bg9(n) modulo 2.
For t € {6, 10,14, 15, 18, 20, 22, 26, 27, 28}, Keith and Zanello conjectured that there
are no integers A > 0 and B > 0 for which b;(An + B) = 0 (mod 2) for all n > 0.
We prove that, for any ¢ > 2 and prime ¢, there are infinitely many arithmetic
progressions An + B for which Y >  b,(An + B)g"™ # 0 (mod ¢). Next, we obtain
quantitative estimates for the distributions of bs(n), b1o(n) and b14(n) modulo 2. We
further study the odd densities of certain infinite families of eta-quotients related to
the 7-regular and 13-regular partition functions.

In Chapter 4, we study 21-regular partitions. Keith and Zanello discovered
new infinite families of Ramanujan type congruences modulo 2 for by;(n) involving
every prime p with p = 13,17,19,23 (mod 24). In this chapter, we investigate the
parity of by;(n) involving the primes p with p = 1,5,7,11 (mod 24). We prove new
infinite families of Ramanujan type congruences modulo 2 for by (n) involving the
odd primes p for which the Diophantine equation 8z2 + 27y* = jp has primitive
solutions for some j € {1,4, 8}, and we also prove that the Dirichlet density of such
primes is equal to 1/6. Recently, Yao provided new infinite families of congruences
modulo 2 for b3(n) and those congruences involve every prime p > 5. Following a
similar approach, we prove new infinite families of congruences modulo 2 for by (n),
and these congruences imply that be;(n) is odd infinitely often.

In Chapter 5, we establish hook length biases for the ordinary partitions. For

TH-3647_206123009



10 INTRODUCTION

a positive integer k, let p)(n) denote the number of hooks of length & in all the
partitions of n. We prove that pgy(n) > pu1y(n) for all n > 0 and n # k + 1; and
Py (k+1) = pgy(k+ 1) = =1 for k > 2.

In Chapter 6, we study hook lengths for t-regular partition functions and discover
some hook length biases. For integers ¢ > 2 and k > 1, let b ;(n) denote the number
of hooks of length k in all the t-regular partitions of n. We find generating functions
of by x(n) for certain values of ¢ and k. Exploring hook length biases for b; x(n) for
fixed t, we observe that in certain cases biases are opposite to the biases for ordinary
partitions. We prove that bys(n) > by1(n) for all n > 4, whereas bya(n) > by 3(n)
for all n > 0. We also propose some conjectures on biases among b (n). Next, we
prove some biases for b;(n) for fixed values of k. We prove that for any ¢t > 2,
ber11(n) > bea(n), for all n > 0. We also prove that bss(n) > byo(n) for all n > 3,
and bz 3(n) > bes(n) for all n > 0. Finally, we state some problems for future works.

In Chapter 7, we study the partition function o,mex(n) (resp., o.mex(n)) which
denote the sum of odd (resp., even) minimal excludants over all the partitions of
n. Recently, Baruah et al. proved a few congruences for these partition functions
modulo 4 and 8, and asked for asymptotic formulae for the same. We find Hardy-
Ramanujan type asymptotic formulae for both o,mex(n) and o.mex(n). We use
Ingham’s Tauberian theorem to derive these formulae. Using Ramanujan’s theta
functions and properties of coefficients of second power of Euler’s product, we also
prove some infinite families of congruences for o,mex(n) and o.mex(n) modulo 4
and 8.

In Chapter 8, we study the arithmetic properties of the partition function PDOy(n),
which counts the total number of tagged parts over all the partitions of n with des-
ignated summands in which all parts are odd. Motivated by the congruences con-
jectured by Lin on PDO;(n) modulo 32 for k > 0, we prove certain congruences
for PDO;(n) modulo powers of 2 and 3. We also study the lacunarity of PDO(n)

modulo arbitrary powers of 2 and 3. Similar to the congruences in Lin’s conjecture,
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we conjecture an existence of analogous congruences for PDO,(n) modulo arbitrary
powers of 2. We establish infinitely many congruences for PDO;(n) modulo small

powers of 2. We also present another approach to prove Lin’s conjecture.
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Preliminaries

We first introduce some notations. For complex numbers a and ¢ with |¢| < 1,

define
(@; @)oo = H(l —aq").
n=0
We also make regular use of fi = (¢*;¢")o = H(l — ¢"), where k is a positive
n=1
integer.
13
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2.1 Ramanujan’s theta functions

We recall Ramanujan’s general theta function f(a,b) and two special cases ¢(q)
and 1 (q) of that. For more details, see, for example [25, 26]. Ramanujan’s general

theta function f(a,b), which is defined for |ab| < 1, is given by

> (n+1) n(n—1)
flab):= Y a"2 b =z,

n=—oo

and its special cases are:

olq) = flg9)= Y q" = % (2.1)
¥(g) = fla.g®) =Y glF) = ;—2? (2.2)
p(—q) =f(—¢,—q) = Y_ (-1)"¢" = I (2.3)

e

n=—oo

Last equalities in (2.1), (2.2) and (2.3) are due to Jacobi’s triple product identity
given by [26, p. 10]

f(a,b) = (—a; ab) oo (—b; ab) . (ab; ab) .

These theta functions are very useful in the theory of partitions.

2.2 Certain p-dissections

In this section, we recall some 2-, 3-, and 5-dissections of certain ¢-products,
which will help us in the study of partition functions. Most of these dissections are
taken from [59]. The following lemma contains some known 2- and 3-dissections of

certain g-products.
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Lemma 2.1. We have

M= B o
;1 - f214f8 +4qf4£8’ (2.6)
T b e
i f%ﬁfé?i g qféf%;?fm’ (28)
ff=£$1—3wg+43ﬁﬁ{ (2.9)
;e
%:%ég %% . (2.10)
hfe = éﬁi qfof1s =2 2?§§7 (2.12)
%~*@( ()+@d)%+92£) (2.13)

where C(Q) = Z qm2+mn+n2.

m,nel
Proof. Equation (2.4) is [59, eq. (30.12.1)]. By replacing ¢ with —q in [59, eq.
(22.6.2)] and using

VST .
(q,@m—ﬁﬂ

we obtain (2.5). Identity (2.6) is proved in [40, Lemma 2.1], (2.7) in [110, Lemma
3.5] and (2.8) is [59, eq. (30.12.3)]. Identity (2.9) is the 3-dissection formula for
triangular numbers [59, eq. (14.8.5)]. Equation (2.10) is [59, eq. (14.3.2)]. We can
deduce (2.11) from (2.10) by replacing ¢ with wg and w?q and multiplying the two
results. Here, w is a primitive third root of unity. The identity (2.12) is proved in
[59]. The last identity (2.13) is [59, eq. (39.2.8)]. |
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The next lemma contains some known 5-dissections of certain g-products.

Lemma 2.2. We have

fi=fos (R(@) ™ —q—¢*R(¢%)) (2.14)
fi = % (R(¢")™" +qR(¢°) ™ +2¢*R(¢°) 7 + 3¢’ R(¢°) ™" + 5¢" — 3¢°R(¢")
1 5
+2¢°R(¢°)” — ¢'R(¢°)* + ¢°R(¢%)") , (2.15)
where R(q) = & 7")0(9" ¢°) oo

(0% ¢°)o0 (9% @)oo
Proof. Equation (2.14) is [59, eq. (8.1.1)] and equation (2.15) is [59, eq. (8.4.4)]. W

Also, we will frequently use the congruences in the following lemma without

explicitly mentioning them.
Lemma 2.3. For any prime p, and for positive integers m and k, we have

k

= o, (modph).

m — Jpm

Lemma 2.3 is an easy consequence of the Binomial Theorem.

2.3 Modular forms

In this section, we recall some definitions and important facts from the theory
of modular forms. For more details, see for example [70, 86].

Let H := {z € C : Im(z) > 0} be the upper half of the complex plane. The

group

a b
GL; (R) := ta,b,c,d € Rand ad —bc > 0
c d
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a b az+b a

1 b
z: . We identify co with — and define
d cz+d 0 c d

r
acts on H by -
s

c
ar + bs

cr +ds’
upper half-plane H* := HU QU {oo}.

where - € QU {oo}. This gives an action of GLJ (R) on the extended
s

The group GL3 (R) also acts on functions f : H — C. The action is defined below.

Definition 2.1. Suppose f is a meromorphic function on H and ¢ is an integer.

a b
For v = € GL3 (R), the slash operator |, is defined by

c d

(flen)(2) := (det)"2(cz + d) ™ f(72).

For a fixed positive integer N, the following matrix sets are subgroups of the
group GL3 (R):
SLy(Z) = ca,b,e,d € Z,ad—bc=1 3,

‘n €7

’1
3
|
———
o =
=3

a b
[o(N) = € SLy(Z) :¢c=0 (mod N) »,
c d
a b
[(N) := Ely(N):a=d=1 (mod N) ,,
c d
and
a b
[(N) := €Sly(Z):a=d=1 (mod N), andb=c=0 (mod N)

A subgroup I' of SLy(Z) is called a congruence subgroup if I'(N) C I' for some
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N. The smallest N such that I'(N) C I is called the level of . For example, I'g(V)
and I’y (V) are congruence subgroups of level N. Suppose that I" is a congruence
subgroup of SLy(Z). A cusp of I is an equivalence class in P! = QU {co} under the
action of T'.

We recall the following proposition which gives a complete set of representatives

for the cusps of I'g(IV) (see, for example [41, p. 99]).
Proposition 2.4. Let

C

Co(N) = {d

:d | N,ged(e, N) = 1},

where ¢ runs through a complete residue system modulo ged(c, %) Then Co(N) is a

complete set of representatives of the cusps on T'o(N). Moreover, Co(N) is minimal.
We are now ready to define modular forms.

Definition 2.2. Let I be a congruence subgroup of level N. A holomorphic function
f:H — C s called a weakly modular form with integer weight ¢ on T" if the following
hold:

1. We have flyy = f for ally € T.

2. Ifv € SLy(Z), then there exists an integer n., such that (f|ey)(2) has a Fourier

expansion of the form

with a,(n.,) # 0. Here qy := e2™*/N.

If n, > 0 for all v € SLy(Z), then we call f a modular form of weight ¢ on I'.
For a positive integer ¢, the complex vector space of all weakly modular forms (resp.

modular forms) of weight ¢ with respect to a congruence subgroup I" is denoted by
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M(T') (resp. M,(T)). In addition, if n, > 0 for all v € SLy(Z) and a,(0) = 0 for all
v € SLy(Z), then f is called a cusp form. The complex vector space of cusp forms

of weight ¢ with respect to a congruence subgroup I' is denoted by S,(T").

Definition 2.3. [86, Definition 1.15] If x is a Dirichlet character modulo N, then
we say that f € M}(T1(N)) has Nebentypus character x if

() = v+t

a b
for all z € H and all € L'o(N).
c d

The space of such weakly modular forms (resp. modular forms, cusp forms)
is denoted by M}(T'o(N),x) (resp. My(To(N),x), Se(To(N),%)). The relationship
between M,(T';(NN)) and these subspaces is given by the following decomposition:

My (Ty(N) = €D M; (To(N), x)

where the direct sum runs over all Dirichlet characters modulo N. The spaces

My(T'1(N)) and S¢(I'1(N)) have the similar decomposition:

M(T1(N)) = @5 Mo(To(N), %),

SyT1(N)) = @ Se(To(N), x)-

2.3.1 Modularity of eta-quotients

The Dedekind’s eta-function 7(z) is defined by

n(z) = ¢ (¢ 0)00 = ¢ [J(1— "),
n=1
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where ¢ := €™ and z € H. A function f is called an eta-quotient if it is of the form
f(z) = 11n(s2),

where NNV is a positive integer and r;s is an integer.

We state a very useful result by Gordon, Hughes, and Newman [50, 80, 81]
regarding eta-quotients. We will use the result to verify the modularity of certain
eta-quotients appearing in the proofs of some of our results. The following form of

the result is taken from [86, p. 18].

Theorem 2.5. [86, Theorem 1.64] If f(2) = [I5y n(62)" is an eta-quotient such
that ¢ = %Z(”Nm €Z,
Z(Sm =0 (mod 24)

SIN
and

N
Z 576 = 0 (mod 24),
SIN

then f satisfies

cz+d

/ (“Z - b) — x(d)(ez+ d)'f(2)

a=Y

for every € T'o(N). Here the character x is defined by x(e) := <(_i)zs>,
c d

where s := H6|N o'

Suppose that f is an eta-quotient satisfying the conditions of Theorem 2.5 and
that the associated weight ¢ is a positive integer. If f is holomorphic (resp. vanishes)
at all of the cusps of I'g(N), then f € M;(Io(N),x) (resp. Se(I'o(N),x)). The
following theorem of Ligozat (see, for example [28, 73, 77]) gives the necessary

criterion for determining orders of an eta-quotient at cusps.

Theorem 2.6. [86, Theorem 1.65] Let ¢,d and N be positive integers with d | N

and ged(e,d) = 1. If f is an eta-quotient satisfying the conditions of Theorem 2.5
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Jor N, then the order of vanishing of f at the cusp 5 is

ged(d, 6)?
24 Z ~ ged( ,%

Remark 2.3.1. Note that in Theorem 2.6, ¢ and d are taken non-zero as we can

always choose cusp representatives according to Proposition 2.4.

2.3.2 Hecke operators

The Hecke operators are natural linear transformations that act on spaces of
modular forms. The Hecke operators on spaces of integer weight modular forms are

defined as follows:

Definition 2.4. Let m be a positive integer and f(z) = >~ a(n)q™ € My(To(N), x).
Then the action of Hecke operator T,, on f is defined by

(e}

fOIL =Y > x@da(ZF) ]

n=0 \ d|gcd(n,m)

In particular, if m = p is prime, we have

e}

1T, =Y (atom) + xto o (%))

n=0

We adopt the convention that a(n/p) = 0 when ptn. If f is an n-quotient with
the properties listed in Theorem 2.5, and p|s (here s is as defined in Theorem 2.5),
then x(p) = 0 so that the latter term vanishes and

FEINT, =) alpn)q". (2.16)

n=0

Also, we have the following factorization property.
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Theorem 2.7. For a prime p, let f(z):=> " a(n)q" and g(z) :== >~ b(n)g"".

If fg € My(To(N), x) is an n-quotient with the properties listed in Theorem 2.5, and
pls (here s is as defined in Theorem 2.5), then

(f9)|T, = (Z a(pn)qn> (Z b(ﬂ)@l") : (2.17)

Proof. For every n > 0, define

¥in) = b (%) if p | n;

0 otherwise.
Then

F(2)g(z) = (Zam)q”) (an)qn) =S| 2 e | o

n=0 n=0
Therefore, using (2.16), we get

o0

U= > am)(n) |¢"

n=0 ni,n2>0
ni-+na=pn

n=0 ni,n2>0

- Z Z a(nl)b/(ng)) q"

I
M8

]
b o
=
>a3\
=
&

q
n=0 \nj+ni=n
= [ D an)g™ | | D] bnb)g™ |, (2.18)
ny=0 n5H=0

where n} = ny/p and n}, = ny/p. Substituting n} and n}, with n in (2.18), we get
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(2.17). n

2.3.3 U-operator

We next recall the definition of U-operator, see [86, p. 28|. For a positive integer
d, the U-operator U(d) is defined by

(Z c(n)q"> 1U(d) = 3 eldn)q”

n>ng n>ng
The following proposition from [86] describes the behavior of U-operator.

Proposition 2.8. [86, p. 28] Suppose that f € My(To(N),x). If d | N, then
f(2) | U(d) € My(I'o(N), x)-

2.3.4 Congruences for modular forms

To establish several distribution and parity results for certain partition functions,
we require knowledge of the divisibility properties of the coefficients of integral
weight modular forms. One of the most useful tools is Serre’s work on the divisibility
of the coefficients of modular forms. Let A denote the subset of integer weight
modular forms in M,(I'o(N), x) whose Fourier coefficients are in O, the ring of
algebraic integers in a number field K. Let m be an ideal of Of. Using p-adic Galois
representations attached to certain modular forms by Deligne, Serre [97] proved the
following remarkable theorem about the divisibility of Fourier coefficients of modular

forms.

Theorem 2.9. [86, Theorem 2.65] If f € A has Fourier expansion

=3 a(n)g" € Oklla]],

n=0
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then there is a constant o > 0 such that

#{n<X:a(n) #0 (modm)}:O((lOgLX)a).

Theorem 2.9 yields

lim #{0<n<X:a(n)=0 (modm)}

X—o0 X =L

The study of the parity of the coefficients of eta-quotients is one of the most chal-
lenging and interesting questions, which has significant applications in the theory of
partitions. In the literature, no eta-quotient is known till today whose coefficients
have positive odd density. Using Serre’s seminal work on the non-divisibility of co-
efficients of integral weight modular forms, lacunarity (defined on Page 5) of certain
families of eta-quotients can be established. For example, Cotron et al. [34] proved
lacunarity of some families of eta-quotients extending the work of Gordon-Ono [51].

We phrase their theorem as follows:

4
Y i

Theorem 2.10. [34, Theorem 1.1] Let F(q) = L
j=1J7j

and assume that

u t
T’j S

E o = E 5575

j=1 7 j=1

Then the coefficients of F are lacunary modulo 2.

We now state a result of Sturm [103] which gives a criterion to test whether two

modular forms are congruent modulo a given prime.

Theorem 2.11. Let p be a prime number, and f(z) = >.°7  a(n)q" and g(z) =

n=ng
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S b(n)g"™ be modular forms of weight k for T'g(N) of characters x and 1, re-

n=ni

spectively, where ng,ny > 0. If either x =1 and

a(n) =b(n) (mod p) forall n < % H (1 + é) :

d prime; d|N

or x # ¥ and

a(n) =b(n) (mod p) for all n < kf\; H <1 - %) :

d prime; d|N

then f(z) = g(2) (mod p) (i.e., a(n)=b(n) (mod p) for all n).

2.3.5 Hecke nilpotency

Serre observed and Tate proved that the action of Hecke algebras on spaces of
modular forms of level 1 modulo 2 is locally nilpotent (see for example [98, 99, 105]).
This implies that if f € My N Z[[g]], there is a positive integer w with the property
that

f(z) |Tp1|Tp2| T |pr =0 (mod 2)

for every collection of odd primes py,pa, ..., pw. In [87], Ono and Taguchi showed
that this phenomenon generalizes to higher levels. We recall the following result

which is implied by a much general result of Ono and Taguchi [87, Theorem 1.3].

Theorem 2.12. Let n be a non-negative integer and k be a positive integer. Let x
be a quadratic Dirichlet character of conductor 9-2". There is an integer ¢ > 0 such

that for every f € My (I'o(9-2"),x) NZ[[q]] and everyt > 1

f(z) |Tp1| Tp2| T |Tp =0 (mod Qt)

c+t
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whenever the primes pi,...,pers are coprime to 6.

Remark 2.3.2. Theorem 1.3 of Ono and Taguchi is stated for the space of cusps
forms; however, there is a remark right after the theorem which guarantees that
we can use their result for any modular forms. Ono and Taguchi remarked that
one merely needs to verify that the conclusion holds for the subspace of Eisenstein
series. This is easily done using well-known formulas for the Fourier expansions of

Fisenstein series which are given in terms of generalized divisor functions.

2.4 Radu’s algorithm

In this section, we discuss Radu’s technique developed in [92, 93], which we will

use to prove certain congruences for eta-quotients. We recall that the index of I'g(V)

in SLy(Z) is

SLy(Z) : To(N)] = N [[(1 +p71),
pIN
where p denotes a prime.
For a positive integer M, let R(M) be the set of integer sequences r = (7s)sum

indexed by the positive divisors of M. If r € R(M)and 1 =01 < da < -+- < 0 = M

are the positive divisors of M, we write r = (rs,,...,7s,). Define ¢,.(n) by
oo o0
> gt =T =TT - ).
n=0 5|M 5| M n=1

The approach to prove congruences for ¢, (n) developed by Radu [92, 93] reduces the
number of coefficients that one must check as compared with the classical method
which uses Sturm’s bound alone.

Let m be a positive integer. For any integer s, let [s],, denote the residue class of

sin Z,, = Z/mZ. Let Z}, be the set of all invertible elements in Z,,. Let S,, C Z,,

TH-3647_206123009
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be the set of all squares in Z},. For t € {0,1,...,m — 1} and r € R(M), we define
a subset P, ,(t) € {0,1,...,m — 1} by

S

-1
o1 Z drs  (mod m)
s|M

Por(t) := < t' : 3[s]2am € Soum such that ¢ =ts +

Definition 2.5. Suppose m, M, and N are positive integers, r = (rs) € R(M), and
t€{0,1,...,m—1}. Let k = k(m) := ged(m? — 1,24) and write

H(;\ral =2°. 7

s|M

where s and j are non-negative integers with j odd. The set A* consists of all tuples

(m, M, N, (rs),t) satisfying these conditions and all of the following.
1. FEach prime divisor of m is also a divisor of N.
2. 8|M implies §|mN for every § > 1 such that rs # 0.
8. kN3 5 rsmN/6 =0 (mod 24).

4o kN 575 =0 (mod 8).

24m -
d. 2cd (DA Ry 27075 28] divides N.
6. If 2|m, then either 4kN and 8|sN or 2|s and 8|(1 — j)N.

Example 2.4.1. (m, M, N, (rs),t) = (25,10,10, (-3,1,1,—1),14) € A*.
a b
Let m, M, N be positive integers. For v = € SLy(Z), r € R(M) and
d
"€ R(N), set

. 1 ged®(6a + dkAc, me)
= ™R3 2T

P (7) - 5
s|M
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and

| ged®(d, ¢)
pr’(,)/) = ﬂ ng .
5IN

We are now ready to state Radu’s lemma which we will use to prove congruences

for some of our partition functions.

Lemma 2.13. [92, Lemma 4.5] Let u be a positive integer, (m, M, N,r = (rs),t) €
A* and ' = (r5) € R(N). Let {71,%,---s9m} € SLa(Z) be a complete set of
representatives of the double cosets of I'o(N)\SLa(Z)/T'w. Assume that pm, ,(yw) +

pi(yw) =0 forall 1 < w < n. Let tyym = mingep,, )t and

1 ; , 1 tmin
V=g D rs+ Y 1 | SLa(Z) : To(N)] = D orj = o 205 = ==

s|M S|IN SIN 5|M

If the congruence ¢,.(mn+t") =0 (mod w) holds for allt’ € P, ,(t) and0 < n < |v],
then it holds for all t' € P, .(t) and n > 0.

To apply Lemma 2.13, we utilize the following result, which gives us a complete

set of representatives of the double coset in I'o(N)\SLs(Z) /T .

Lemma 2.14. [107, Lemma 4.3] If N or 1N is a square-free integer, then

JTo() . Ty, = SLy(Z).

SIN 0 1
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Arithmetic properties of certain t-regular

partitions

3.1 Introduction

Let t > 2 be a fixed positive integer. A t-regular partition of a positive integer n
is a partition of n such that none of its parts is divisible by ¢. For example, (6,4, 3, 2)

is a 5-regular partition of 15. Let b;(n) denote the number of ¢t-regular partitions of

!The contents of this chapter have been published in Ann. Comb. (2024).

29
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n. The generating function for b;(n) is given by

> bl = 4 (3.1)

In the literature, many authors have studied divisibility and distribution prop-
erties of b;(n) for certain values of t, see, for example [16, 29, 37, 38, 51, 60, 68, 69,
110, 112]. In a recent paper [69], Keith and Zanello studied ¢-regular partitions for
certain values of ¢ < 28, and made several conjectures on b;(n). In [100, 101}, Singh
and Barman have proved two conjectures of Keith and Zanello on b3(n) and baes(n)
respectively, and certain specific cases related to their conjectures. In this chapter,

we study some of the conjectures of Keith and Zanello.

3.2 Self-similarity results for by(n) and bi9(n)

Keith and Zanello [69] proved various congruences for bg(n) and made the fol-

lowing conjecture regarding the self-similarity of bg(n).

Conjecture 3.1. [69, Conjecture 9] For all primes p = +1 (mod 9), let a = —37!

mod 2p), 0 < a < 2p, and f = |22|. Then
3

Z be(2pn + a)q" = ¢° Z bo(2n + 1)¢’" (mod 2). (3.2)

In [69, Theorem 8], Keith and Zanello proved some specific cases of Conjecture
3.1 corresponding to p = 17,19, 37. In the following theorem, we prove some other

specific cases of Conjecture 3.1 corresponding to p = 53,71, 73, 89.

Theorem 3.2. If p € {53,71,73,89}, then

Z bo (2pn + ) ¢" = ¢° Z by (2n+1)¢™ (mod 2),
n=0

n=0
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where a = =371 (mod 2p), 0 < a < 2p, and B = Lng

Proof. We first recall the following identity from [110, eq. (3.2)]:

ibg(m +1)¢" = fifs (mod 2). (3.3)
= 3
For primes p = —1 (mod 9), consider
&) 92)n(p2)n*(3pz)n(9p2)
s n32)

and

F,a(z) := 77(2)772(3Z)n(9z)n(pz)n2(9pz)
g 1(3pz2) '

By Theorems 2.5 and 2.6, we find that F,;(z) and F,(2) are modular forms of
weight 3, level 27p and the associated character is xo(e) = (=2) (As per the third
condition of Theorem 2.5, N can be any multiple of 27p but we take the least of them

to make our computations easy). For primes p = —1 (mod 9), we have a = %

and = a since [22] = | 21|,

From (3.3), we have

Fi(z (Z bo(2n + 1)q ) fofspfop (mod 2)

and

Fua(z) =g <qﬁ > by + 1>qp”> fif2fs (mod 2).

Applying Hecke operator T}, on F,;(z) and then using (2.17), we find that

‘T = ((Z bg 2n—i— n+a+1> fpfsprP) |Tp
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(Z be(2n — 2a — 1)g ) fpfgpf9p> Ty

Zbg 2pn — 2a — 1)g >f1f3f9

n=0

n=0

> be(2pn + 2p — 20— 1) "“) fififo

=q (Z by (2pn + oz)Q”) fififo  (mod 2),
n=0

where the last congruence follows from the fact that o = 2”—3_1. Since the Hecke oper-

ator is an endomorphism on M3 (I'g(27p), x0), we obtain F, 1 (z)|T, € Ms (I'0(27p), x0)-

By Theorem 2.11, the Sturm bound for the space M; (I'o(27p), xo) is 9(p + 1). For

each prime p € {53,71,89}, we wish to verify the congruence

Fo1(2)|T, = F,2(2) (mod 2),

ie.,

o0
q <Z bo(2pn + a)q") hisfe= anLfﬁfgfg (mod 2).
n=0
The coefficient of ¢°®*1) on the left side involves the value bg(18p(p + 1) + a); thus,
fo/fi must be expanded at least that far, and the product on the right side must
be constructed up to the ¢°®*1) terms. Finally, using SageMath, we verify that all
coefficients up to the desired bound are congruent modulo 2. This completes the
proof of the theorem for these three primes.

For primes p = 1 (mod 9), we have o = 222 and 3 = 2 since 2] = [2-2].

Let

_ n(@)n*(92)n° (p2)
=T
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and

n®(2)n*(9pz)n(pz)
n(3pz) '

Again by Theorems 2.5 and 2.6, we find that G, ;(2) and G 2(2) are modular forms

Gpa(2) ==

of weight 5, level 27p and the associated character is (o) = (=2).

From (3.3), we have

Gpi1(z) = glet/4 (Z bo(2n + 1)q ) f8 (mod 2)

n=0

and

Gp2 ( 52()9 2n + 1 )fl (mod 2).

Applying Hecke operator T}, on G, 1(2) and then using (2.17), we find that

Go1(2)|T, = <Z bo(2n + 1 ”+a+3> f8> T,
= a+1Y\ .
= <Zbg <2n— 5 )q ) 5) |7,
n=0
= 1
= Zbg <2pn— ar ) ”) s
n=0 2
= (D b (2pn +2p — T) q"“) !
n=0
=q (Z bo(2pn + a)cz") i (mod 2),
n=0
where the last congruence follows from the fact that o = -1, Clearly, G, (2)|T}, €

Ms (T'o(27p), x1). By Theorem 2.11, the Sturm bound for this space of modular
forms is 15(p + 1). For the prime p = 73, we wish to verify the congruence

Gpa(2)[T, = Gpa(z)  (mod 2),
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ie.,

00 2
q (Z bo(2pn + a)Q”) f2=qry Q%ff (mod 2).
n=0 P

In this case, Sturm bound is 15(p+ 1) = 15 x 74. Using SageMath, we verify that all
coefficients up to the desired bound are congruent modulo 2 for the prime p = 73.

This completes the proof of the theorem. [ |

Remark 3.2.1. Infinitely many congruences for bg(n) modulo 2 can be deduced from

the self-similarity in Theorem 5.2, see Corollary 24 in [6Y9].

Keith and Zanello [69] also studied 2-divisibility of big(n) and proved new con-
gruences for the prime p = 5 and made the following conjecture regarding the

self-similarity of bg(n).

Conjecture 3.3. [69, Conjecture 11] For a prime p > 3, let v = —3-87! (mod p),

0<v<p,andd= L%pj. Then, for a positive proportion of primes p, it holds that:

> bipn+7))q" = ¢° Y bie(2n)g™  (mod 2). (3.4)

In [69, Theorem 10|, Keith and Zanello proved that p = 5 satisfies (3.4). It is
easy to check that p = 7 does not satisfy (3.4). In the following theorem, we prove
that p = 11 satisfies (3.4).

Theorem 3.4. We have
Z bio (22n + 2) ¢" = ¢* Z bio (2n) ¢"™  (mod 2)
n=0 n=0

and therefore, for all k # 4 (mod 11)

b1o(242n + 22k +2) =0 (mod 2),

TH-3647_206123009



3.2 SELF-SIMILARITY RESULTS FOR bg(n) AND byg(n) 35

and by iteration,

112(1 2 _ 1
big (2 1% 421127 42117972 1 90 (1—20)) =0 (mod 2),

foralld,k > 1 with k # 4 (mod 11).

Proof. Taking t = 19 in (3.1), we obtain

wa(n) . % (3.5)
n=0
Let
_ n(192)n'*°(121z)
Huz) = n(z)
and
_ n(2092)n'*%(11z)
H11,2(Z) = 7](11,2) .

Using Theorems 2.5 and 2.6, we find that H;;1(z) and Hyp2(%) are modular forms
of weight 63, level 2299 and the associated character is xo(e) = (=12). We next

calculate that

HH 1( )|T2|T11 = q Zblg 22n—|—2) 2 11 (mod 2)

n=0

and
Hy15(2)|T = ¢*° Zblg(Qn)q“" 5 (mod 2).

By Theorem 2.11, the Sturm bound for the space Mgz (I'9(2299), x2) is 13860. We

wish to verify the congruence

29 (Z b19(22n + 2)q”) 35 = g% (Zb (2n) 11”) 5 (mod 2).

n=0
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Expansion with SageMath confirms that all coefficients up to the desired bound are
congruent modulo 2, and the first part of the theorem is established.
Since only powers for which 11|n — 4 can be non-zero on the right side of the

statement, therefore, for all £ # 4 (mod 11) we obtain:
bio(22(11n + k) +2) = byg(2- 11°n + 22k +2) =0 (mod 2).
Now, recursively applying the relation
bio(2n) = big(2 - 11?0 +90) (mod 2),
we obtain

bio(2 - 1120 + 22k + 2)
= b1g(2-11%(11°n + 11k +1) + 90) (mod 2)
= big(2-11%n +2- 113k + 2 - 112 + 90)

=b1g(2- 110 4+2-11°k +2-11* +2-11% - 45+ 90) (mod 2)

112d—2 -1
= by (2 11270 2 1127k 4211772 £ 90 (T)) =0 (mod 2),

for all d,k > 1 with & # 4 (mod 11). We note that the last line is given by a finite

geometric summation. This completes the proof of the theorem. [ |

In [68], Keith studied the divisibility of 9-regular partitions by 3. In [68, Theorem
1], he proved that bg(4n + 3) = 0 (mod 3) using modular forms techniques. In
the following theorem, we find the generating function for bg(4n + 3) as given by
Ramanujan for his congruences in (1.3) and (1.4). As an immediate consequence,

we obtain that by(4n +3) =0 (mod 3).
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Theorem 3.5. We have

f318to
.

i bo(4n + 3)¢" =3 (3.6)

Proof. We rewrite (2.7) as

é _ f12 J18 1 f42f36 (E)
i fas <f2) <f2f6> 4 o \f2)° (3.7)

Magnifying equations (2.5), (2.7), and (2.8) by ¢ — ¢*, and substituting resultants

n (3.7), and then extracting terms with powers of ¢ congruent to 3 modulo 4, we

obtain (3.6). This completes the proof of the theorem. [

3.3 Parity of certain t-regular partitions in arith-
metic progression

Keith and Zanello [69] conjectured the following non-congruences, analogous
to Ono’s and Radu’s theorems (Theorems 1.1 and 1.2) for the ordinary partition

function.

Conjecture 3.6. [69, Conjecture 15] Let t € {6, 10, 14,15, 18,20, 22, 26, 27,28}. We

have
(1) For no integers A >0 and B > 0, by(An+ B) =0 (mod 2) for all n > 0.
(2) The series % has odd density 1/2.

In the following theorem, for a given prime ¢, we prove that there are infinitely

many arithmetic progressions An + B for which >~ >° b,(An + B)¢™ # 0 (mod ¢).

Theorem 3.7. Let { be a prime and let t,r be positive integers with t > 2. Then
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we have
Z bi(rn+s)g" #0 (mod /)
n=0

for all s € {0,1,...,r — 1} such that s = (t — 1)% (mod 7) for some integer d
with ged(d, 6tr) = 1.

Note that Theorem 3.7 with £ = 2 proves Conjecture 3.6 (1) for infinitely many
arithmetic progressions.

We will need the following theorem of Garthwaite and Jameson [47] for the proof

of Theorem 3.7. Let B € Z, k € 3Z, and N € Z*. Set
S(B,k, N, x) :={n"(1)F(7) : F(r) € My(To(N),x)},

where M} (T'o(N), x) is the space of weakly modular forms of weight k and level N

with character y.

Theorem 3.8. [47, Theorem 1] Let £ be prime, let f(1) = ¢%/** Y o a(n)q" €
S(B,k,N,x) have rational €-integral coefficients, and let uw € Z*. Let vy € Z such
that

(1a(vy) and a(n) =0 for alln < vy withn =vy (mod wu).

Then for all v € {0,...,u — 1} such that

2 _

d
= 4+ B
v = vpd” + 2

(mod w)

for some integer d with ged(d,6Nu) = 1, we have that

Z alun+v)¢" Z0 (mod ).
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Proof of Theorem 3.7. Consider

F(r) =g > by(n)g" = WH(T)nt(T :

As per the notations in Theorem 3.8, we have B =1t —1, k = —%, and N = 24t,

e, f(r) e S(t—1, —%, 24t, x) for some Nebentypus character y. The proof follows
applying Theorem 3.8 for vy = 0, since b;(0) = 1. |

3.4 Quantitative estimates for b;(n) modulo 2

In Conjecture 3.6 (2), Keith and Zanello claimed that the series % has odd
density 1/2 for t € {6, 10, 14, 15, 18, 20, 22, 26, 27, 28}. In the following two theorems,

we obtain quantitative estimates for the distributions of b;(n) for ¢ = 6, 10, 14.

Theorem 3.9. For large X and t = 6,10, we have
#{n < X :b,(n) is even} > VX. (3.8)
Theorem 3.10. For large X, we have
#{n < X : by (2n) is even} > VX,

In [1], Ahlgren found quantitative estimates for the distribution of parity of
the ordinary partition function p(n) in arithmetic progression. We follow a similar

approach to prove Theorems 3.9 and 3.10.

Proof of Theorem 3.9. We write Euler’s Pentagonal Number Theorem (1.2) in our

terminology:

fu=) (1)geny (3.9)

nez
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and we recall Corollary 1 of [96]

‘;—g = Z "2 (mod 2). (3.10)
1

neL

Using the above identities in

N n_ J3
S bt =L (mod 2),
n=>0 ja
we find that
Z RS Z bs(n)q" Z ¢"CrY/2 (mod 2). (3.11)
neZ n=0 neZ
Clearly for
> amg =) ",
n=0 neZ
we have
#{n < X :a(n) is odd} = o(X). (3.12)

Set uy, := 3k(3k — 1), k € Z. For every non-negative integer n, define the set
M, = {n —ug : 0 < u <n, for some k € Z}.
Now comparing the coefficients of ¢" on both sides of (3.11), we obtain

a(n)= > bg(m) (mod 2). (3.13)

meMy,

Note that for & > 1, if u_g_1) < n < uy, then |M,,| =2k + 1 and if up <n < u_y,
then |[M,| = 2k. Thus, |M,| is odd if and only if n is in an interval of the form

Iy := [u_(k—1),u). There exists a positive constant C' such that I, C [0,X], 0 <
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k < CVX, for large X. The fact that the length of I, is > k implies

cvX
#{n < X :n € I, for some k} > Zk:>>X.
k=0
Therefore, #{n < X : [M,|is odd } > X, and together with (3.12) we conclude
that

#{n < X :|M,] is odd, a(n) is even} > X.

It is clear from (3.13) that for every n € {n < X : n € I}, for some k}, bg(m) is even

for some m € M,,. This gives
#{m < X : bg(m) is even} - max (#{n < X :m e M,}) > X.

We now wish to count M, x := #{n < X :m € M,}. For fixed m, M,, x is not
more than # {k € Z: 0 < uy < X}, and this number is clearly < v/X. Therefore,
M,, x < /X, and we arrive at (3.8). This completes the proof for t = 6.

For t = 10, we employ

and (equation (10) from [58])
f5 o] o 0 s oo gl 00 =
B S g S 3 (o
n=1 n=1 n=1 n=1

n

(mod 2)

=[5

Z bio(n)q" =
n=0
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to obtain

iqn2—1 + iq2n2—1 + iqm?—l + iqlonz—l
n=1 n=1 n=1

e %) S
Z bio(n)q" Z q 2 (mod 2).
n=0

n=0

The rest of the proof goes along similar lines as in the case of t = 6, so we omit the

details for reasons of brevity. This completes the proof of the theorem. [ |

Proof of Theorem 3.10. In order to prove Theorem 3.10, first we recall the following
congruence from [16, eq. (3.4)]:

> b2n+1)¢" = fifis (mod 2). (3.14)

We know that the generating function for 14-regular partitions can be written as

> bun)g" = / 1;;14 (mod 2). (3.15)
n=0 1
Invoking (3.14) in (3.15) yields
oo 1 oo
Z buu(n)q" = — 7(2n +1)¢"  (mod 2).
— 1

n=0

Taking those terms with even powers of ¢ and then replacing ¢ with ¢, we obtain
o0 1 o0
> biu(2n)q" = = > br(dn+1)g"  (mod 2). (3.16)
n=0 1 n=0

We then use (3.9) in (3.16) to obtain

D b+ 1)g" = bu(2n)g" > ¢z (mod 2). (3.17)
n=0 n=0

ne’
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We define
Z a(n)q" := Z b7(4n + 1)¢" (3.18)
n=0 n=0
and
Z c(r)glee= Z b14(2n)q". (3.19)
n=0 n=0
Note that
#{n < X : a(n) is odd} = o(X), (3.20)

which follows from (3.14) and the fact that the coefficients of f; fi4 have odd density
zero, which itself follows from Theorem 2.10.

Set uy = %k’(Bk‘ — 1), k € Z. For every non-negative integer n, we define the set
M, ={n —u;: 0 < u, <n, for some k € Z}.
Now comparing the coefficients of ¢ on both sides of (3.17), we obtain
a(n) = Z c¢(m) (mod 2). (3.21)
meM,

Note that for & > 1, if u_g_1) < n < uy, then |[M,| = 2k — 1 and if u, <n < u_y,
then |[M,| = 2k. Thus, |M,| is odd if and only if n is in an interval of the form
I, = [u_(k_l),uk). There exists a positive constant C' such that I C [0,X], 0 <
k < CVX, for large X. The fact that the length of I, is > k implies

cvX

#{nﬁX:nEkaorsomek:}»Zk>>X.
k=0
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Therefore, #{n < X : |M,| is odd > X}, and together with (3.20) we conclude
that

#{n < X :|M,] is odd, a(n) is even} > X.

It is clear from (3.21) that for every n € {n < X : n € I, for some k}, c¢(m) is even

for some m € M,,. This gives
#{m < X :¢(m) is even} -max (#{n < X :m € M, }) > X.

We now wish to count N,,, x := #{n < X : m € M,}. For fixed m, N,, x is not
more than # {k € Z : 0 < u;, < X}, and this number is clearly < v/3X. Therefore,
#{n<X:meM,} <V3X, and we arrive at

#{m < X : ¢(m) is even} > VX,
that is,
#{n < X : byu(2n) is even} > VX

This completes the proof of the theorem. [ |

3.5 0Odd densities of 7- and 13-regular partition
functions

In [69], Keith and Zanello demonstrated that an odd density may be constant
over appropriate infinite families of eta-quotients. As an example, they proved that
9k+2
3

+
for any non-negative integer k, the odd density of % is the same as the odd
1

density of 6-regular partition function. In the following theorem, we prove that the
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—+1
odd density of £ k — is the same as the odd density of 7-regular partition function.
Theorem 3.11. Let (57 ") denote the odd density of

Tk+1
7

k+1 -
1

If 5§k) exists for any k > 0 then 5@ exists for all k > 0, and its value is independent
of k. In particular, if the odd density of 7-reqular partitions (5§0) exists then all of

the (5§k) exist and are equal to (5§0).

Proof. We first recall the following identity from [69, eq. (9)]:

[ f7
f—7 = f{+afifi + %5 (mod 2), (3.22)
1 fi
which yields
f_78 — 5T 11 2£ 42 393
fg—f1f7+(Jf17 +4q 73 (mod 2), (3.23)
i 1
15 22
# = fifit +af® + q2ﬁ (mod 2), (3.24)
1 1
22 25 29
¥ = fifl +q f +q f (mod 2), (3.25)
1 1
729 s, I3 7
=11 i a5y +¢ 5 f (mod 2), (3.26)
1 i 1
7 35 2o f
0 i 1
and for kK > 6
i s The+4 Th+8
2
k+1 = k=6 +q 1k 7 T4 ff+2 (mod 2). (3.28)

Since ® > k — 6 and 7k+4 > k — 2 for all £ > 6, and the first two terms on the
right—hand sides of equivalences (3.22)-(3.27) satisfy the hypothesis of Theorem 2.10,

the first two terms on the right-hand side of every equivalence has odd density zero.
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Therefore, assuming the existence of densities, the left term in each equivalence has

the same density as the third term on the right-hand side. Thus, if the odd density
Tk+1

of the eta quotients ];me exists for any k& > 0, then it exists for all £ > 0, and they
1

all are equal to the odd density of % (i.e., when k = 0), which is 59). [

13k+1

Next, we show that the odd density of flLT is same as the odd density of
1

13-regular partition function. More precisely, we have the following result.

Theorem 3.12. Let 5%) denote the odd density of

13k+1
13

R+l
1
If (5%) exists for any k > 0 then 5%) exists for all k > 0, and its value is independent

of k. In particular, if the odd density of 13-regular partitions (5%3) exists then all of

the 5%) exist and are equal to 6@.

Proof. We first recall the following identity for 13-regular partition function from

[29, eq. (3)]:

b 7
N8 B+ O+ 22 (mod 2). (3.20)
fi fo

Using (3.29) and proceeding along similar lines as shown in the proof of Theorem

3.11, we prove Theorem 3.12. [

TH-3647_206123009



Certain Diophantine equations and new

parity results for 21-regular partitions

4.1 Introduction

In [69, Theorem 13], Keith and Zanello proved infinite families of Ramanujan
type congruences satisfied by by;(n) which involves every prime p satisfying p =

13,17,19,23 (mod 24). To be specific, if p = 13,17,19,23 (mod 24) is prime, then

!The contents of this chapter have been published in Acta Arith. (2023).

47
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they proved that
bor(4(p°n+kp—11-2471) +1) =0 (mod 2) (4.1)

for all 1 < k < p, where 2471 is taken modulo p.

In this chapter, we investigate the parity of by;(n). In our first main result, we
prove infinite families of Ramanujan type congruences for the remaining classes of
primes modulo 24, namely, p = 1,5,7,11 (mod 24). A key ingredient in our proof is
to find the integral solutions of certain Diophantine equations, which has also been
employed very recently by Ballantine, Merca, and Radu in [12] to study the parity
of b3(n). To state our main results, we first introduce some notation. Given the
Diophantine equation az? + by? = n, by a primitive solution we mean a solution
(z,y) € Z* satisfying ged(z,y) = 1. Let Q denote the set of odd primes p such
that the Diophantine equation 8z 4+ 27y? = jp has primitive solutions for some

j € {1,4,8}. In Section 4.2, we prove the following theorem.

Theorem 4.1. For every p € Q and n > 0, we have

by (4(p°n+Bp—11-2471)+1) =0 (mod 2)

11(p*+24-241 —1
for all B with 0 < 3 < p and B # (b 20 L4 )

of 24 taken modulo p such that 1 < —241;1 <p-1.

, where 247" is the inverse

In Section 4.2, we show that, if p € Q, then p = 1,5,7,11 (mod 24), and Q
contains infinitely many primes from each of these classes of primes modulo 24. To
study the parity of b3(n), Ballantine, Merca, and Radu [12] considered the set P
which contains the primes p such that the Diophantine equation z? + 24 - 9y% = jp
has primitive solutions for some j € {1,4,8}. We also show that Q = P.

We have Q = {29, 59,79,103, 223,227,241, ...}. Putting p = 29 in Theorem 4.1,
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we have
b1 (4(29°n + 2984 66) +1) =0 (mod 2), (4.2)

for all 0 < 8 < 29, 8 # 11. In [100, Theorem 1.4], Singh and Barman proved the
congruence (4.2) using Radu’s algorithm (Section 2.4). We note that proving The-
orem 4.1 for larger values of p € Q using the same approach is not computationally
feasible.

In a recent paper [111], Yao provided new infinite families of congruences modulo
2 for bs(n), and those congruences involve every prime p > 5. In our next theorem,
we prove similar congruences for bs;(n). These congruences involve every prime
p > 5 except p = 11. In addition, we show that if p > 5 with p # 11 is a prime,
then there exists an integer u(p) € {4,6} such that for all & > 0, bgl(%) is

odd. More precisely, we have the following theorem.
Theorem 4.2. Let p > 5 with p # 11 be a prime.

(i) If bay (%ﬁ*) =1 (mod 2), then for all n,k >0,

11p*+4 — 5
bo1 (4p4k+4n + 4p**38 + 5 ) =0 (mod 2), (4.3)
where 1 < 6 < p and for k >0,
11pt —
by <pT5> =1 (mod2). (4.4)

(ii) If boy (11”%2—5) =0 (mod 2), then for all n,k > 0 with p{ (24n + 11),

11p6k+2 -5

b21 <4p6k+2n + ;

) =0 (mod 2) (4.5)
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and for k >0,

Doy (%) =1 (mod 2). (4.6)

We prove Theorem 4.2 in Section 4.3.

4.2 Parity of by(n) and Diophantine equations

4.2.1 Some Lemmas

We first recall the following identity from [69]:

|

Zbgl 4n+1 P =

(mod 2). (4.7)
Combining (3.9), (3.10), and (4.7), we have

S 3
Zb21(4n + ].)qn = (f—3> fg
- fi
Z n(3n— 2)2q3m (3m—1) mod 2).

nez MEZ

We define

ia(k, an(Sn 2) Zq ™ (3m— 1
k=0 neL mez

Then, for all k£ > 0, we have

bo1(4k + 1) = a(k) (mod 2), (4.8)
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where
9 3m
a(k) =14 (n,m) € Z*: n(3n—2)+ T(Bm— )=k
which we can further rewrite as
a(k) = |{(z,y) € N*: 82° + 3y* = 24k + 11, 3{y}|.

To prove Theorem 4.1, it is enough to prove that a(p*n+pSp—11-24,") = 0 (mod 2),
for those p and (8 given in the statement of the theorem. To prove this claim, we

require the following lemmas.

11(p? + 24 - 24;1 -1)
24p ’
and t = p*n+ Bp—11- 24;1. Then 24t + 11 = pm, for some positive integer m such

Lemma 4.3. Let p > 29 be a prime and 0 < 8 < p, B #

that p t m.

Proof. Since 24, 1'is the inverse of 24 modulo p, there exists an integer k such that
24-24," = kp+ 1. Then 24t + 11 = 24p*n + 243p — 11kp. Clearly, p | 24t + 11, and
therefore, there exists a positive integer m (since ¢ is positive) such that 24t + 11 =
pm.

Suppose that p | m. Then p? | 24(p*n+ Sp—11-24,")+11. This in turn implies
that p* | 24(6p — 11 - 24,") 4 11. Then, there exists u € Z such that

24(Bp — 11 -2471) + 11 = up®. (4.9)

From the inequalities 0 < f < pand 1 < —24;1 <p-—1, we get

25-11  24(Bp—11-24-1) + 11 11
R (Bp o ) < 244 —(24p — 23).
P P p

Since 24p — 23 < p? for every p > 29, we have 0 < u < 24 + 11. Also, (4.9) and
the fact p> = 1 (mod 24) imply that u = 11 (mod 24). Therefore, u = 11. Thus,
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11(p* +24-2471 — 1)

24p
contradiction. [ ]

24(Bp — 11 - 24;1) + 11 = 11p? and then 8 = , which is a

Now, for j € {1,4,8}, we observe the behavior modulo 24 of a positive integer

m, coprime to 6, when the equation
8x* + 27y* = jm (4.10)

has primitive solutions.

Lemma 4.4. If, for j = 1 and a positive integer m coprime to 6, (4.10) has primitive

solutions, then m = 11 (mod 24).

Proof. Let m be a positive integer with ged(m,6) = 1 and let (zy, yo) be a primitive
solution of (4.10) with j = 1. We have 823+27y = m. Then, 2 { yo and 3 zo. Thus,
y2 =1,9 (mod 24) and 22 = 1,4,16 (mod 24). This yields that m = 822+ 3y2 = 11
(mod 24). |

Lemma 4.5. If, for j = 4 and a positive integer m coprime to 6, (4.10) has primitive

solutions, then m =5 (mod 24).

Proof. Let m be a positive integer with ged(m,6) = 1 and let (2, yo) be a primitive
solution of (4.10) with j = 4. We have 822 + 27y2 = 4m. Clearly, 2 | yo and
therefore, we write yo = 2w for some w € Z. This gives 223 + 27w? = m. Therefore,
21w and 3 1 zp. Then, w? = 1,9 (mod 24) and 22 = 1,4,16 (mod 24). Since
ged(wg, o) = 1 and v is even, 23 = 1 (mod 24). Therefore, m = 2 + 3w? =

(mod 24). |

Lemma 4.6. If, for j = 8 and a positive integer m coprime to 6, (4.10) has primitive
solutions, then m = 1,7 (mod 24). Let, for a positive integer n, val,(n) denote the
exponent of the highest power of the prime p that divides n. For j =8, if (zo,v0) is
a primitive solution of (4.10), then
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(a) if m =1 (mod 24), then valy(yo) > 3;
(b) if m =7 (mod 24), then valy(yo) = 2.

Proof. Let m be a positive integer with ged(m, 6) = 1 and let (z¢, yo) be a primitive
solution of (4.10) with 5 = 8. We have 8z2 + 27y2 = 8m. Clearly, 4 | yo and
therefore, we write yy = 4w for some w € Z. This gives z2 + 54w? = m. Then,
2,31 zo and therefore, #2 = 1 (mod 24). Thus, m = 1 + 6w? (mod 24).

Now, if 2 | w then m = 1 (mod 24). If 2 f w then w? = 1,9 (mod 24) and
thus, m = 7 (mod 24). Also, if m = 1 (mod 24) then yy = 4w and 2 | w, thus
valy(yo) > 3. On the other hand, if m = 7 (mod 24) then yy = 4w and 2 { w, thus
valy(yo) = 2. |

The above three lemmas imply that if p € Q, then
j=l=sp=11 (mod 24);

j=4=p=5 (mod 24);

j=8=p=1,7 (mod 24).

Lemma 4.7. Let p € Q. Let m be a positive integer such that ptm and pm = 11
(mod 24). Let j € {1,4,8} be such that 8z* + 27y* = jp has primitive solutions. If

Upm = {(u,v) € Z* : 8u® + 27v* = pm, ged(u,v) = 1};

Ay = {(a,b) € 22+ a® + 2166% — jm, ged(a,b) = 1},

then \Upm| = 2|An|.

Proof. Let p € Q and m be a positive integer coprime to p such that pm = 11
(mod 24). Let j € {1,4,8} be such that 8z + 27y*> = jp has primitive solutions
and let xy, y; € Z with ged(xy,y1) = 1 satisfying 8z% + 27y7 = jp. Notice that
if (u,v) € Uy, then 8u? + 27v* = pm, i.e., 8u? = —27v? (mod p). Also, we have
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8z2 = —27y2 (mod p). Thus, (8z,u)” = (27y;v)° (mod p), which yields
(8x1u — 27y, v) (8x1u + 27y1v) =0 (mod p).

This implies that either 8zyu — 27y;v = 0 (mod p) or 8zu + 27y;v = 0 (mod p).

Next, we observe that
(8:15% N 27y%) (8u2 + 271}2) = jmp?,
which can be rewritten as
(8z1u — 27y1v)° + 8 - 27 (210 + yyu)” = jmp®. (4.11)

It is evident from (4.11) that if 8zyu — 27y,v = 0 (mod p) then z70 + yu = 0
(mod p). Similarly, it follows that if 8zyu + 27y;v = 0 (mod p) then z1v — yu =0
(mod p). Hence, using this information we construct a map f : U,,, — A, by

f((u,v)) = (a,b), where for (u,v) € U,m, (a,b) is defined as follows.

(a) If 8z1u — 27y = 0 (mod p) then z1v + y3u = 0 (mod p) and define

N e S Ul (4.12)
b p
(b) If 8zyu + 27y, = 0 (mod p) then z1v — y;u = 0 (mod p) and define
g T A ARt (4.13)
p p

In both cases, we prove that (a,b) € A,, in the following three steps.
Step 1: (a,b) € Z*. 1t is clear from the definitions of a and b.
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Step 2: a® + 216b? = jm. It is easy to check that in both the cases

(822 + 27y?) (8u? + 27v?)

a’ + 216b% = 5
P

= jm.

Step 3: gcd(a,b) = 1. First, we write v and v in terms of a and b. From (4.12), we

get
27y1b 8x1b —
u:u, UZM, (4.14)
J J
and from (4.13), we get
— 27y, b 8x1b
_ma=2yb o Smb+yiae (4.15)
J J

Now, if j = 1 then from (4.14) and (4.15), we have that ged(a,b) | ged(u,v). Since
ged(u,v) = 1, it follows that ged(a,b) = 1. If 7 = 4,8, then y; is even and therefore,
xq is odd, since ged(zy,y1) = 1. Also, v is odd as pm is odd. Thus, in both cases, a
is even and b is odd. Then, ged(a, b) is an odd number and from (4.14) and (4.15),
it follows that ged(a,b) | ged(u, v). Since ged(u,v) = 1, we have ged(a, b) = 1.
Next, we show that f is surjective and two-to-one. Let (a,b) € A,,. Define u, v
as defined in (4.14) and @, v as defined in (4.15). We prove that (u,v), (4,?) € Upm
in the following three steps.
Step 1: (u,v),(@,v) € Z*. Tt is clear in the case when j = 1. If j = 4, we have
a®+2160* = 4m and 8z% 4 27y} = 4p. Clearly, 2 | a,y; and therefore, b, x; are odd.
Also, 41 a,y;. Thus, u,u € Z. Since 4 | y1a, we have v, v € Z.
If j = 8, then 827 4+ 27y? = 8p and from Lemma 4.6 it follows that p = 1,7
(mod 24).
Case 1: p = 1 (mod 24). By Lemma 4.6, we have valy(y;) > 3. As pm = 11
(mod 24), we have m = 11 (mod 24). Since a? + 2160*> = 8m, from Lemma 2.6 of
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[12], it follows that vals(a) > 3. Therefore, u, @ € Z. Since 8 | yya, we have v, 0 € Z.
Case 2: p = 7 (mod 24). By Lemma 4.6, we have valy(y;) = 2. As pm = 11
(mod 24), we have m = 5 (mod 24). Since a? + 216b*> = 8m, from Lemma 2.6 of
[12], it follows that valy(a) = 2 and therefore, b, z; are odd. Thus, u,u € Z. Since
8 | y1a, we have v, 0 € Z.

Step 2: 8u? + 27v? = pm and 8u? + 2792 = pm. It is easy to check that

(8% + 27y?)(a® + 216H?)

8u? 4 27v* = S
J

= pm.

Similarly, 8a? + 2792 = pm.
Step 3: ged(u,v) = ged(w, v) = 1. If we express a and b in terms of u and v, we get
(4.12). We have 8u? + 27v* = pm. Clearly, p t u and p { v. Therefore, p 1 ged(u, v)
and from (4.12) it follows that ged(u,v) | ged(a,b). Since ged(a,b) = 1, we have
ged(u, v) = 1. Similarly, ged(a, 0) = 1.

From (4.12) and (4.13), we get

8riu —27y1v =0 (mod p); (4.16)

8riu+ 27y;v =0 (mod p). (4.17)

This shows that f is surjective and f~'{(a,b)} = {(u,v), (a,0)}.

Finally, we prove that (u,v) # (u,v). Suppose (u,v) = (@,0), then both (u,v)
and (@, 0) satisfy (4.16) and (4.17). This implies that ;v = 0 (mod p). If p |
r1, then from 8z% + 27y? = jp, we get that p | y; which is a contradiction, as
ged(zy,91) = 1. Similarly, p f u. Hence, (u,v) # (@,0). This shows that f is

two-to-one. |

Corollary 4.2.1. Ifp, m, j, and U, ,, are as defined in Lemma 4.7, then for m > 1
|Upm| =0 (mod 8) and |U, 1| = 4.

Proof. If m = 1, then from Lemma 2.4 of [12], a® + 216b> = jm has primitive
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solutions if j = 1. Therefore, A,, = {(£1,0)}, ie., |A,| = 2 and |U,,,| = 4. If
m > 1, then for every (a,b) € A,,, a and b are nonzero. Thus, every (a,b) € A,
ensures four distinct elements (da,+b) in A,,. Hence, |A,,| = 0 (mod 4), and by
Lemma 4.7, we get |U, | =0 (mod 8). |

4.2.2 Proof of Theorem 4.1

Having all the required lemmas proved, we are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. Define

My (u) := |{(z,y) € Z* : 82 + 3y* = u}|;

M(u) := |{(z,y) € Z* : 82° + 2Ty* = u}|;
Ni(u) == [{(z,y) € Mi(u) : ged(z, y) = 1};
Ny(u) = [{(z,y) € Ma(u) : ged(z,y) = 1}].

Note that there are exactly four positive, reduced, primitive quadratic forms of
discriminant —96, namely, 2%+ 24y?; 322 +8y?; 5a?+2xy+5y?; 42®+4xy+Ty>. Let
N(—96,u) be the number of primitive representations of any integer u by positive,

reduced, primitive quadratic forms of discriminant —96. Then, by [35, Lemma 3.25]

N(=96,u) =2] ] (1 + (_?6) J) :

plu

where the product is over all the prime divisors p of u and <_76> is the Jacobi
J

symbol. A positive integer v = 1,5,7,11 (mod 24) can be represented by one and

only one of the four quadratic forms above, as proved in [42, p. 84]|. Therefore, if

u =11 (mod 24), then

Ni(u) = N(—=96, u). (4.18)
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Observe that if u is square-free, then M;(u) = Ny(u) for [ € {1,2}. If u = wv?, for

some positive integers w and v with w square-free, then, for [ € {1,2}

Ml(u) = Z Nl(wd2>7
dlv
where the sum is over all the positive divisors d of u. From [42, p. 84], if u = 11

(mod 24), then we have

—6
My (u) =2 d%‘ (7) ;- (4.19)
By Lemma 4.3, for t = p>n+fBp—11- 24171, we have 24t 411 = pm, for some positive
integer m such that p { m. If (xg,y0) € Z?* is a solution for 822 + 3y = 24t + 11,
since 24t + 11 = pm is not a perfect square, we have g, yo # 0. Then, M;(pm) =0
(mod 4). Similarly, N;(pm) =0 (mod 4).
We need to prove that be; (4t + 1) = 0 (mod 2). Since pm = 11 (mod 24) and

24t + 11 = pm is not a perfect square, we have

bor(4t + 1) = a(t)

(M (24t + 11) — My(24t + 11))

I e N

(Mi(pm) — My(pm)) (mod 2).

Therefore, it is enough to show that

M;(pm) — My(pm) =0 (mod 8).

If m = 1, we have p = 11 (mod 24). Then, from (4.19), we get M;(p) = 4. From
Corollary 4.2.1, it follows that Ms(p) = Na(p) = |Upa| = 4. Hence, M;(p) —Ms(p) =
0 (mod 8).
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If m > 1, then from (4.18), we have Ny(pm) =0 (mod 8).
Case 1: If m is not a perfect square, then pm = pwv? for some positive integers w, v

with w square-free. Therefore, for | € {1, 2},
M, (pm) = ZNl(pwd2).
d|

Since pm = 11 (mod 24), therefore, ged(m, 6) = ged(v,6) = 1, and also ged(d, 6) =
1 for all d | v. Thus, v> =1 (mod 24) and d* =1 (mod 24) for all d | v. Then for
all d | v, we have pwd* = pw = pwv? = pm = 11 (mod 24). By Corollary 4.2.1,
Ny(pwd?) = 0 (mod 8) for all d | v, and thus, My(pm) = 0 (mod 8). Also, from
(4.18), Ni(pwd?) = 0 (mod 8) for all d | v and therefore, M;(pm) = 0 (mod 8).
Hence, M;(pm) — My(pm) =0 (mod 8).

Case 2: If m is a perfect square, since ged(m, 6) = 1, it follows that m = 1 (mod 24),
and therefore, p = 11 (mod 24). Then, from (4.19), Ni(p) = Mi(p) = 4 and from
Corollary (4.2.1), No(p) = |Up1| = 4. Let m = v?, for some positive integer v. For
[ € {1,2}, we have

M;(pm) = Ny(p) + Z Ny(pd?).

dlv, d>1

From Corollary 4.2.1, it follows that Ny(pd?) = 0 (mod 8) for all d | v, d > 1. Also,
by (4.18), Ni(pd?) =0 (mod 8) for all d | v, d > 1. Therefore, for [ € {1,2},

M(pm) = N;(p) =4 (mod 8).

Hence, M;(pm) — My(pm) =0 (mod 8). This completes the proof. [
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4.2.3 Dirichlet density of Q

Recall that Q denotes the set of odd primes p such that the Diophantine equation
8z% + 27y? = jp has primitive solutions for some j € {1,4,8}. Here, we prove that
Theorem 4.1 holds for infinitely many primes. To prove this claim, we show that
the Dirichlet density of the set O is positive. Moreover, we show that Theorem 4.1
holds for infinitely many primes congruent to k£ modulo 24 for each k € {1,5,7,11}.

First, we introduce some definition and notation.

Definition 4.1. Let P denote the set of all prime numbers. Then the Dirichlet
density of S C P, denoted by 6(5), is defined as

5(5) = lim ZreS?
s—1+ Zpepp s

Next, we recall a proposition from [12].

Proposition 4.8. [12, Proposition 2.9] Let P denote the set of primes p such that the
Diophantine equation x*+24-9y* = jp has primitive solutions for some j € {1,4,8}.
For k€ {1,5,7,11}, let P, == {p € P : p = k (mod 24)}. Then, 6(P) = :, and
6(Py) = 5 for each k € {1,5,7,11}.

For k € {1,5,7,11}, let Q; := {p € Q : p = k (mod 24)}. In the following
proposition, we find Dirichlet densities of the sets Q and Q.

Proposition 4.9. We have Q = P. Also, §(Q) = ¢ and 6(Qx) = 5; for each
ke {1,5,7,11}.

Proof. We consider four cases depending on p modulo 24 and in each case, we prove
that the sets @ and P contain the same set of primes.

Casel p = 1 (mod 24). Let p € Q. Then by Lemma 4.6, 822 + 27y*> = 8p
has primitive solutions. Let (xg,y0) be such a solution. Clearly, 8 | yo. Since
ged(zo, y0) = 1, we have ged(xo, %) = 1 and therefore, (z¢, %) is a primitive solu-

tion for x2 + 216y? = p. Thus, p € P.
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Conversely, let p € P. Then by [12, Lemma 2.4], 2% + 216y* = p has primitive solu-
tions. Let (x1, 1) be such a solution. Clearly, 2 1 z; and therefore, ged(xq,8y;) = 1.
Thus, (z1,8y;) is a primitive solution for 822 + 27y* = 8p. This implies that p € Q.
Case ITp =5 (mod 24). Let p € Q. Then by Lemma 4.5, 822+ 27y* = 4p has prim-
itive solutions. Let (2, o) be such a solution. Clearly, 2 | yo and 4 1 yo. This implies
that ged(4xo, @) = 1 and thus, (42, 2) is a primitive solution for z* 4 216y* = 8p.
Therefore, p € P.
Conversely, let p € P. Then, from [12, Lemma 2.6], 2? + 216y*> = 8p has primi-
tive solutions. Let (x1,1) be such a solution. We have 4 | z; but 8 1 ;. Since
ged(zy,y1) = 1, we have ged(%,2y:) = 1 and therefore, (%+,2y,) is a primitive so-
lution for 8z2 + 27y* = 4p. Thus, p € Q.
Case IIl p =7 (mod 24). Let p € Q. As seen in Case I, let (zg,yo) be a primitive
solution of 822 4-27y* = 8p such that 4 | yo but 8 f yo. Then, (2, L) is a primitive
solution for z2 4+ 216y* = 4p and therefore, p € P.
Conversely, let p € P. Then, from [12, Lemma 2.5], we have a primitive solution
(z1,y1) of 2% 4+ 216y* = 4p such that 2 | 21 and 4 { z1, and therefore, (%,4y;) is a
primitive solution for 822 + 27y* = 8p. Thus, p € O.
Case IV p = 11 (mod 24). Let p € Q. Then by Lemma 4.4, 8z + 27y*> = p has
primitive solutions. Let (zg,y9) be such a solution. Here, 2 1 yo and therefore,
(820, yo) is a primitive solution for 2% + 216y* = 8p. Hence, p € P.
Conversely, let p € P. Then, from [12, Lemma 2.6], we have a primitive solution
(z1,11) of 2°+216y* = 8p such that 8 | z;. Therefore, (£, 4) is a primitive solution
for 822 + 27y* = p. Thus, p € Q.

This proves that P = O, and hence P, = Q,. for k = 1,5,7,11. The Dirichlet
densities of Q and Qj, follow from Proposition 4.8. [ |

Remark 4.2.1. Proposition 4.9 can also be proved as done in [12, Proposition 2.9].
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4.3 Congruences for by (n) modulo 2

Proof of Theorem 4.2. We define

4

Zc(n)q” = f_?; (4.20)

n

Then by (4.7) and (4.20), for all n > 0, we get
bo1(4n + 1) = ¢(n) (mod 2). (4.21)

Now, Theorem 3 of [83] yields

c (p2n+ B (2%)) . n_lzﬁ —0 (mod2). (422)
In (4.22)
v(n) = pd(p) + ﬂ (mod 2), (4.23)

p
L

where d(p) is a function of p and (5> denotes the Legendre symbol. Note that
L
¢(0) =1 and ¢(¢) =0 for all £ < 0. Put n =0 in (4.22), to get

c (11 <p22; 1)) = 7(0) (mod 2). (4.24)

By (4.23), we get

v(0) =pd(p) +1 (mod 2). (4.25)
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Employing (4.25) in (4.24), we arrive at

pd(p) = ¢ (11 (pz; 1)) +1 (mod 2). (4.26)

Then (4.23) and (4.26) yield

Combining (4.22) and (4.27) gives

(oo n )= () - (F5) )

Replacing n by pn + 11 (%) in (4.28), we deduce that

’ <p3n+ y <p42; 1)) - (C (11 (p22; 1)) i 1) ‘ (pn+ y (p22; 1))

+e (T—L> (mod 2). (4.29)

p

Case (7): by (1“’62’5) = 1 (mod 2). In this case, by (4.21), c(ll (%)) =1
(mod 2). Then from (4.29), we have

c <p3n 11 (p; 1)) =c (g) (mod 2). (4.30)

Next, replace n by pn + 5 in (4.30) with 1 < 8 < p:

4

c (p3 (pn + B) + 11 (p o 1)) =0 (mod 2). (4.31)
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Substituting n by pn in (4.30), we obtain

c (p4n +11 (p42; 1)) =c(n) (mod 2). (4.32)

Using (4.32) repeatedly, we obtain that, for n, k > 0,

c (p4kn +11 (pi; 1)) =c(n) (mod 2). (4.33)

Finally, replacing n by p*(pn + 3) + 11 (’%) in (4.33), we arrive at

pHHt
G (p4k+4n +p4k+35 + 11 <T)> =0 (mOd 2)' (4'34>

Combining (4.21) and (4.34), we deduce (4.3).
Putting n = 0 in (4.33), we get

c (11 (pi; 1)) =1 (mod 2),

which, when combined with (4.21), yields (4.4).

Case (i1): by (11”62_5) = 0 (mod 2). In this case, by (4.21), c<11 (;;2221)) =0

(mod 2). Then, substituting n by np in (4.29), we get

¢ (p4n +11 (p42; 1)) =c (an +11 <p22; 1)) +¢(n) (mod2).  (4.35)

Substituting n by p?n + 11 (’%) in (4.35), we arrive at the following re-occurrence

relation:

c (p6n 11 <p6 — 1)) =c(n) (mod 2). (4.36)
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Iterating re-occurrence relation (4.36), for n, k > 0, we get

c (kan +11 (pi; 1)) =c(n) (mod 2). (4.37)

Notice that, in this case, if we take all those n > 0 for which p { (24n + 11), then
(4.28) takes the following form:

¢ (p2n+ 11 (pz; 1)) =0 (mod 2).

Replacing n by p*n + 11 (’%) in (4.37), we have

r . p6k+2 -1
c|p™n+11 T | | = 0 (mod 2). (4.38)

Finally, combining (4.21) and (4.38), we get (4.5). Putting n = 0 in (4.37), we get

c (11 (pw;; 1)) =1 (mod 2),

which, when combined with (4.21), yields (4.6). |

4.4 An open problem

In this section, we propose the following conjecture for by (n).
Conjecture 4.10. Ifp € Q, then by (prj’f’) =1 (mod 2).

A proof of Conjecture 4.10 will confirm that the congruences obtained in Theorem
4.1 are different from those obtained in Theorem 4.2. We add the following discussion
on Conjecture 4.10.

Let p € Q. By taking k = % in (4.8), we get

11p2 =5\ [11p*—11
bgl (T) =a (T (mod 2),
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where

2 _
a (%) = [{(z,y) e N*: 82+ 3y* = 11p*, 3t1y}|.

Since 11p% = 11 (mod 24), (4.19) yields
{(z,y) € Z°: 8x*+3y* = 11p*}| = My (11p°) = 12.

Out of the 12 solutions of 822+3y* = 11p?, four non-primitive solutions are (£p, £p).
We conjecture that for p € Q, if the remaining 8 solutions are (+a, £b), (Fu, £v),
then 31 b,v. That is, a (M> = 3 and thus, by (11”275> is odd. For example, if

21
p = 29 then (£16, £49), (£29,429), and (£34, £1) are the only integral solutions

of 822 + 3y? = 11-29?; and hence, a (%ﬁ‘ll) = 3. Therefore, to prove Conjecture
4.10, it is enough to prove that for any p € Q, there are no integral solutions to

8x2 4 27y? = 11p?.
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Hook length biases in ordinary partitions

5.1 Introduction

A Young diagram of a partition (A1, g, ..., \,) is a left-justified array of boxes
with the m-th row (from the top) having A, boxes. For example, the Young diagram
of the partition (5,4,2,2,1) is shown in Figure 5.1 (left). The hook length of a box
in a Young diagram is the sum of the number of the boxes directly right to it, the
number of boxes directly below it, and 1 (for the box itself). For example, see Figure
5.1 (right) for the hook lengths of each box in the Young diagram of the partition
(5,4,2,2,1).

!The contents of this chapter have been published in J. Number Theory (2024).

67
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i IR EGAREN |
[\]
—

‘Hw#ﬂw

FIGURE 5.1: The Young diagram of the partition (5,4,2,2,1) and its hook lengths

Hook lengths of partitions have an important connections with representation
theory of the symmetric groups S,, and GL,(C). Hook lengths also appear in the
Seiberg-Witten theory of random partitions, which gives the Nekrasov-Okounkov
formula for arbitrary powers of Euler’s infinite product in terms of hook numbers.

For any complex number z, the Nekrasov-Okounkov [79] formula is

S I1 (1 ) =TT -

XEP  heH(N) k=1
where H () is the multi-set of all hook lengths of the partition A and P is the set of
all partitions. For more in these directions, see e.g. [49, 64, 75, 102]. Other than the
ordinary partition function, hook lengths have also been studied for several restricted
partition functions, for example, partitions into odd parts, partitions into distinct
parts, partitions into odd and distinct parts, self-conjugate partitions, and doubled
distinct partitions, see e.g. [2, 10, 36, 54, 55, 89]. In this chapter, we study the total
number of hooks of fixed length in ordinary partitions. In particular, we discover
inequalities between the number of hooks of different lengths in ordinary partitions.
We refer such inequalities between the partition functions related to hook lengths
by hook length biases.

For a positive integer k, let py(n) denote the number of hooks of length k in

all the partitions of n. Han [53] derived a two-variable generating function for the
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5.1 INTRODUCTION 69

n— [1 234 5 6 7 8 9 10
poy(n) |1 2 4 7 12 19 30 45 67 97
py(n) [0 2 2 6 8 16 22 38 52 82
pa(n) [0 0 3 3 6 12 18 27 45 63
pay(n) [0 0 0 4 4 8 12 24 32 52
pe(m) [0 0 0 0 5 5 10 15 25 40
pe®m) [0 0 0 0 0 6 6 12 18 30
pn) [0 0 0 0 0 0 7 7 14 21
) [0 000 0 0 0 8 8 16
poy(n) |00 00 0 0 0 0 9 9
Pap®) |0 00 0 0 0 0 0 0 10

Table 5.1: Values of py(n) : 1 <n,k <10

number of partitions of n with m hooks of length &, say pg(m,n):

n_ (CG=1d5ds

Fi(z:9) = Y pry(m,n)2"q : (5.1)
o (¢; @)oo
From (5.1), we obtain the generating function for pg(n):
Py (n)g" = —|  Fr(z;q) = ( : 5.2
nZ:O (k)( ) Oz - k( ) (q; q>oo 1 __qk ( )

Table 5.1 exhibits the values of py(n) for some values of k and n. Since the Young
diagram of a partition A of n < k— 1 can have at most £ — 1 boxes, there is no hook
of length & for . Hence, p)(n) = 0 for all n satisfying 1 <n < k—1. Also, observe
that the values in every column of Table 5.1 are in non-increasing order, except for
the last non-zero value in the column. That is, counting in all the partitions of n,
the number of hooks of length £ is at least the number of hooks of length k + 1,

with one exception of n = k 4+ 1. We confirm this in the following theorem.

Theorem 5.1. For any positive integer k, pu)(n) > puriny(n) for all n > 0 and
n#k+1. Fork > 2, we have pgy(k + 1) — pgegry(k + 1) = —1.
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5.2 Biases between p(n) and pg.1)(n)

In this section, we prove Theorem 5.1. We first discuss some prerequisites. We
say that a series S(q) := ) - 5.q" is non-negative if s, > 0, for all n. We use the
notation S(q) % 0 to denote the non-negativity.

Let a(n) denote the number of partitions of n with smallest part at least 2.

Define a(0) := 1. Then the generating function for a(n) is

> a(n)g" = !

2. .
o (% @)oo

In the following lemma, we prove weakly increasing nature of a(n).
Lemma 5.2. For all positive integers n > 2, a(n+ 1) > a(n).

Proof. For a positive integer n > 2, let P!(n) denote the set of all partitions of n in

which smallest part is at least 2. We define a map ¥,, : P*(n) — P'(n + 1) by
\Ijn<<)\1, )\2, e 7)\7")) = <)\1 + 1’ )\2, ey )\T>

Clearly, ¥, is a one-to-one map. Thus, [P'(n)| < |P*(n + 1)| and therefore a(n) <
a(n+1). |

Next, we notice an immediate corollary to Lemma 5.2:
Corollary 5.2.1. For any positive integer k, we have

qk: - qk—i-l .
_l’_

——— = —¢""' + Hi(q),

(4% q)o

where Hy(q) = 0.

Proof. We have

(ol <Z<a<n> ~an - 1>>qn)

2.
(4% @)oo pe
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=¢" ="+ P+ (a(n) —aln —1))g" .
n>3

The proof follows from Lemma 5.2. [

We will repeatedly use the fact that for positive integers o, g with § > a + 1

= 0. (5.3)

Note that (5.3) is also an immediate consequence of Lemma 5.2.
We are now ready to prove Theorem 5.1.
Proof of Theorem 5.1. From (1.1)and (5.2), we have
> =3r0 (S0 ) o
n=0 r=0 m=1

If £ > r >0, then comparing the coefficients of k + r on both sides of (5.4) yields

puy(k+7) =p(r) - k. (5.5)

If k > 2, then taking r = 0,1 in (5.5), we find that pgy(k + 1) — perny(k+1) = —1.

Next, to prove the biases, we define

Gi(q) == Z (P(k) (n) — P(k+1)(”)) q".

n=0

From (5.2) we have

Grlq) =

1 qu B (k‘—i— 1)qk+1
(¢; @)oo \1 —¢" 1 — gkt
(¢;9) oo 1 — gk*+h

1

T =P g

—(k+1)

qk—i-l + q2(k+1) I qk:(k+1)
1 — qk2+k
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[l{ (qk + q2k L q(kfl)k o qk+1 o q2(k+1) .. q(kfl)(kJrl))

2 —

X <qu e T B (S [ qk(k—i—l))]
1
(1—qw+k(¥,®x

1

2(/c+1) q(k—l)k _ q(k—l)(k—l—l)
+ +o 4
C1-q I—gq
12 2(k+1) ol qk2 B q(k—l)(k+1)
TiYrer 1—g¢q

B (1— qk2+k)<q 7) (k" + @+ &)+ @+ + )+ +

(q(kfl)k_‘_q(kfl)ml+.__+q(k—1)k+k—2>] . |:(qk+1+qk+2_|_.“+qk2*1>

2(k+1 2(k+1)+1 k21 k21 qu_qurk
+(q(+)+q(+)+ +.o4g —)+...+q —]_|_1—_q
Li(q)
(1= ¢"*%)(¢% @)oo’

= Ki(q) + (5.6)

where

Ki(q) = ¢~ T ¢~
BT AP (@ ) (1= ) (¢ @)oe

and

Ek(q) = (/{Z o 1>qk +k [(qQk +q2k+1) + <q3k +q3k+1 +q3k+2) N
(q(kq)k + q(k71)k+1 N Y q(kfl)kJrka)}
2_
_ [(qk+2+qk+3+_”+qk Yy

(q2(k+1) LD qufl) I qk2*1} ) (5.7)

Enumerating the terms in the second square bracket on the right-hand side of (5.7),
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we obtain
»Ck(Q) _ (k‘ . 1)qk —l—k‘ [(q% +q2k+1) + (q3k +q3k+1 +q3k+2) S
(q—Dk 4 gb=DR+1 q(k—l)k+k—2>]
. [(qk+2 R PR (g 2R Ry
(k — 2)(g*=Dh+D) | ge=DhtD)1 |y (kD)D)=
+(k‘ o 1)q(k—1)(k+1)}
[(l{i k+2 + qk+3 I q2k—1)} +
[(k )@ + q2k+1) g P q3k71)} 4
[(k V(@ BFFL b H2) 3P g Ry q4k—1)] T
[2 (k—1)k + q (k—1)k+1 IS q(k—l)k+(k—2)) i (k i 1)(q(k—1)(k—2))} ) (58)
Using (5.3) repeatedly on the right hand side of (5.8), we obtain that
Ly(q)
= 0. (5.9)
(% @)oo
Also,
ICk(q) :qk - qk+1 - qk2+k N qu il qk2+k
0% q)oo L=+ | (1= ¢ )(¢; q)w
k_ k+1 1
=2 2 : + K21k (12 X
(% Do (1= ") (6% @)
<qk2+2k _ qk2+2k+1 4 (qu n qk2+1 WA qkz2+kz—1)> ‘
2 2
From Corollary 5.2.1 and using (5.3) on %, we obtain that
Ki(q) = =¢""* + Ji(q), (5.10)
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where Ji(q) = 0. Invoking (5.9) and (5.10) in (5.6) yields

Gr(q) = —¢"" + My (q),

where My (q) » 0. This completes the proof. [ |
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Hook length biases in t-regular partitions

6.1 Introduction

Let ¢t > 2 and k£ > 1 be integers. A t-distinct partition of a positive integer n
is a partition of n such that any of its parts can occur at most ¢t — 1 times. Let
bir(n) denote the number of hooks of length k in all the ¢t-regular partitions of n
and d; ;(n) denote the number of hooks of length £ in all the t-distinct partitions of

n. We recall another form of representation of a partition given by

A= (N AT A,

!Some results of this chapter have been published in J. Number Theory (2024) and rest have
been accepted to be published in Canad. Math. Bull. (2025).

5
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where m; is the multiplicity of the part A\; and Ay > Ay > --- > A,. For a partition
A, let hy(A) denote the number of hooks of length £ in the Young diagram of the
partition .

In [10], Ballantine et al. studied hook lengths in partitions into odd parts, that is,

in 2-regular partitions. They derived the generating functions of by 2(n) and by 3(n),

respectively:
> 1 3. e N _
me(n)qn = — e +Z (q2n Ly p0n 1)) 7 (6.1)
— (4 ¢%)oo =
s 3 3 6 3
(L+¢°) q q

Very recently, Craig et al. [36] obtained the generating functions for b x(n), for any
k. In Section 6.2.1, using the ideas of Ballantine et al. [10], we obtain the generating
functions of b; x(n) for certain new values of ¢ and k.

In [10], Ballantine et al. proved some hook length biases in 2-regular partitions
and 2-distinct partitions. The authors, in [10], proved that ds1(n) > by 1(n), for all
n > 0. They conjectured [10, Conjecture 1.7] that for every k > 2, there exists an
integer Ny such that by (n) > dax(n), for all n > Nj.. Ballantine et al. [10, Theorem
1.8] proved the conjecture for k = 2,3 and very recently Craig et al. [36] proved it
for all k.

Motivated by the hook length biases in ordinary partitions and the work in
[10, 36], we also study the hook length biases among t-regular partitions. We study
the biases for b, (n) considering two cases: Case I: ¢ is fixed and Case II: k is fixed.
We present Case I in Section 6.2 and Case II in Section 6.3. In Table 6.1, we observe
certain patterns and biases. In view of that, we prove two hook length biases for
2-regular partitions in Section 6.2.2. Our proofs use combinatorial arguments along
with g-series manipulations. In Section 6.2.3, we give the exact values of b, (k) and

be(k+ 1) for all ¢ and k.
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n— |1 2 3 45 6 7 8 9 10
boa(n) [1 1 2 3 4 6 8 11 14 19
boo(n) |O 1 2 2 4 6 8 11 15 20
bos(n) 1O 0 2 1 2 5 5 7 11 15
bou(n) 1O 0 0 2 2 3 5 5 10 13
bas(n) 1O 0 0 0 3 1 3 5 6 10
bag(n) [0 0 0 0 0 3 2 4 5 7
boz(n) |1O 0 0O 0 0 0 4 1 4 5
bog(n) |1O O 0 0O OO O 4 2 5
boo(n) |1O 0O 0 0 0 00O 0 5 1
bao(n) OO 0 0 OO O 0 0 5

Table 6.1: Values of by ,(n) : 1 <n,k <10

6.2 Biases for b ;(n) for fixed t

6.2.1 Generating functions for b, ;(n)

In this section, we derive the generating functions of b;,(n) for all ¢ > 2. We
also derive the generating functions for bs »(n) and by2(n). First, we introduce some
notations that would be useful in this section. The number of parts of a partition A
is called the length of A and is denoted by ¢()). For any part s of a partition A, we
denote by m,(s) the multiplicity of s in A, i.e., the number of times s appears as a
part in A. For a positive integer ¢, let ¢~.()\) denote the number of part sizes greater
than ¢ in the partition A\. By ¢;(\) (respectively ¢5(\)) we denote the number of
parts A; of A with \; —\; 1 = 1 (respectively \; — ;41 = 2), where we take \; = 0 if
j > (\). Let dp denote the Kronecker delta symbol, which is equal to 1 if property
P is true and 0 otherwise.

Let byx(m,n) denote the number of t-regular partitions of n with m hooks of

length k. Then,
bip(n) = Z mb . (m,n). (6.3)
m=0

Firstly, we find the generating function of b, ;(n) for all ¢ > 2.
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Theorem 6.1. Fort > 2, we have

& (@5 (0 d
thl (69w (1—q 1—qt)' (64)

Proof. In the Young diagram of a partition A, there is a box with hook length 1 if
and only if that box is at the end of a row with no box directly below it. Therefore,
the number of hooks of length 1 in a partition A is the same as the number of distinct

parts in A\. Thus,

ZTL
B:1(z;q) : thlmnzq—H(1+1_C]qn>.

From (6.3), we have

B:1(z;q). (6.5)

8 B
bii(n)g" = =

Using logarithmic differentiation, (6.5) yields (6.4). |
In the following theorem, we find the generating functions of b3 »(n) and by 2(n).

Theorem 6.2. We have

- (%)< (¢ ¢ 2¢°
Zbgz ( e o (6.6)

T (@) \1—q 1—¢

and

© _8n+3 4 q8n+5

00 4, 4
2194,2(71)r1":M ¢+ (¢ + ) — (g4 ) oozq pEE
n=0

(q q n>2 n=
4fn

(6.7)

Proof. Let A be a 3-regular partition. We observe that the number of hooks of
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length 2 in A is equal to the number of different parts of A that occur at least twice
plus the number of parts A; of A for which \; — \;1; > 2, where we take \; = 0

if j > ¢(\). For example, see Figure 6.1. The number of parts A; of A for which

FIGURE 6.1: The hooks of length 2 in the Young diagram of the partition
(7,7,5,4,4,2,2,1,1,1)

)‘j — /\j-l—l Z 21s nothing but

LX) = 1) =) Gz — (V).

s§>2

Thus, bsa(m,n) is equal to the number of 3-regular partitions A of n such that

6m>\(1)22 + Z (5mA(s)21 + 5m)\(3)22) — 51()\) =m.

§>2

Next, define u(r,n) to be the number of 3-regular partitions A of n such that

Omy(1)>2 + Z (5m)\(s)21 + 5mA(s)22) =r

s>2

and v(r,n) to be the number of 3-regular partitions A of n such that ¢;(\) = r.

TH-3647_206123009



80 HOOK LENGTH BIASES IN t-REGULAR PARTITIONS

Notice that

bsa(n Z mbzo(m,n) = iru n) — irv(r, n). (6.8)
r=0 r=0

If we define Bj,(z;q) = Zurnzq and B3,(z;q) == Zv'r’nzq”, then
n,7>0 n,r>0
using (6.8), we arrive at

0
Bi,(z9) — = B3 ,(2;q). (6.9)
=l

z=1

> 0
Z b3,2(”)qn =~
— 0z

From the definition of u(r,n), we have

22 2,2 2n
Bé’Q(Z;q): <1+q+1zq>H<1+zqn+1 a >

n>2
3tn

Now, v(r,n) counts the number of 3-regular partitions A of n with » number of parts
Aj such that A\; — A\;j4; = 1. If A is a 3-regular partition, then the parts A; of A for
which A; — A1 = 1 are precisely those which are congruent to 2 modulo 3 and part

A; — 1, which is congruent to 1 modulo 3, is also a part of A\. Therefore,

) q3n+1 q3n+2 q3n+1 A q3n+2
33,2(2'; Q) . }:[0 <1 + 1 — g3ntl + 1 — g2 + (1— g +)(1 — q3n+2)) :

By logarithmic differentiation, we obtain

9 n
52| Bialz=a) =[] o | > (" + )
Zz:l n>1 n>2
3 3tn
3. .3 2 2 3 6
:(q,q)oo(q U qG) (6.10)
(@@ \1—=q¢ 1—-¢* 1-¢> 1—¢

TH-3647_206123009



6.2 BIASES FOR b ;(n) FOR FIXED t 81

and

0 2 . 1 3n+1 3n+2
9z z:18372(z, q) = H (1 — @)1 — g3 2) (Zq g

n>0 n>0

_ (qs;qs)oo( ¢’ ) (6.11)

(¢;@)00 \1—¢f

Finally, from (6.9), (6.10), and (6.11), we obtain that

2 2 3 6 3

ibg’z(n)qn:(ﬁqg)m( ¢ @ ¢ q ) (6.12)

(¢:0)e \1=q 1—-¢*> 1-¢> 1—¢° 1—¢"

We readily obtain (6.6) from (6.12).
Next, we prove (6.7), the generating function for by 2(n), on the similar steps of

the above proof of (6.6). In this case

bya(n) = Z mbya(m,n) = Zrﬂ(r, n) — Z ro(r,n), (6.13)

where @(r,n) is the number of 4-regular partitions A of n such that

Smaz2 + >, Byt + Omy()z2) =7

s>2

and o(r,n) to be the number of 4-regular partitions A of n such that ¢;(\) = r. If
we define By ,(2;q) := Z u(r,n)z"q" and B ,(z;q) == Z o(r,n)z"q", then using

n,r>0 n,r>0
(6.13), we arrive at

9
0z

BiQ(ZQ q) —
=1

z=

Bia(z:9). (6.14)

z=1

> 0
b4,2(n)qn = 5
; 0z
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From the definition of @(r,n) we have

202 5220
BiQ(z;q) = <1+q+ 13(1) H (1+zq”+ 1_qqn>.
n>2

4n

Now, ©(r,n) counts the number of 4-regular partitions A of n with » number of parts
Aj such that A\; — A\;_; = 1. If A is a 4-regular partition, then a part A; of A for

which A\; — A;_; = 1 can appear in these cases only:

1. A\; =3 (mod 4) and part A\; —1 =2 (mod 4) is also a part of A, but \; — 2 is
not a part of A;

2. \; =2 (mod 4) and part \; — 1 =1 (mod 4) is also a part of A, but \; +1is

not a part of \;
3. Aj =3 (mod 4) and parts \; — 1 =2 (mod 4) and \; — 2 are also parts of .

Therefore,

3 An+j 4n+2 4n+1 4n+3
s s q 2q q q
84,2(27(]) - H <1 + Z 1 — q4n+]‘ + 1— q4n+2 <1 _ q4n+1 + 1 — q4n+3)
n>0 =it

An+1 | 4An+2 |

qu q q4n+3
(1 _ q4n+1)(1 _ q4n+2)(1 r q4n+2) ’

By logarithmic differentiation, we obtain

0 |

5| Biamo=]li—7 [ ¢+ @ +d™) (6.15)
Zle=1 n>1 q n>2
4n 4n
and
g B2, (2 q) = H 1 H(l — gttty | x
0z 423 1—qgn
z=1 n>1 q n>0
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An+2( An+1 An+3
1 _ q4n+lq4n+3

n>0
Finally, (6.14), (6.15), and (6.16) yield (6.7). [

Remark 6.2.1. The method used in Theorem 6.2 to obtain the generating functions
for bsa(n) and byo(n) can be extended to derive the generating function for bys(n),
for further values of t. But as t increases, the generating functions become more

complez.

6.2.2 Hook length biases in 2-regular partitions

In Table 6.1, we observe that the values in each column, after the first entry,
are in a non-increasing fashion except for the last non-zero value in the column.
Unlike the case of ordinary partitions, in 2-regular partitions of n, the bias between
hooks of length 1 and hooks of length 2 is the opposite. More precisely, we have the

following theorem.
Theorem 6.3. We have byo(n) > by1(n), for all n > 4.

Proof. For n > 4, let By(n) denote the set of all 2-regular or odd partitions of n.
Also, let R,, C Ba(n) be the set of partitions having at least one part of multiplicity
more than 1; S, C By(n) be the set of distinct partitions with smallest part 1; and
T C Ba(n) be the set of distinct partitions with smallest part greater than 1. Then
By(n) =R, US,UT,.

Case 1: Let A € R,. If a part A; of A occurs at least twice then the rows
corresponding to A; in the Young diagram of A will have two hooks of length 2 and
one hook of length 1. For every other part of A which is greater than one, there is
one hook of length 1 and at least one hook of length 2. For part of size 1 (if present
as a part in \), there is a hook of length 1 and there may or may not be a hook of

length 2. Considering all the cases, we conclude that the number of hooks of length
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1 in A is not more than the number of hooks of length 2 in A. Hence, ho(A) > hi())
for all A € R,,.

Case 2: Let A € §,,. Clearly, the number of hooks of length 1 in A is exactly one
more than the number of hooks of length 2 in A. That is, hy(A) = 1 4 hg(A) for all
A€ S,.

Case 3: Let A € 7,. Then, every part of A corresponds to exactly one hook of
length 1 and one hook of length 2 in the Young diagram of A. Therefore, in this
case, the number of hooks of length 1 in A is the same as the number of hooks of
length 2 in A. Thus, hy(\) = hy(A) for all A € T,.

In order to establish the required hook lengths bias, we next show that the extra
hook of length 1 coming from Case 2 will be adjusted in Case 1. For this, we define
amap ¢, :S, > R, by

(I)n (()\17 /\27 £ o9 )\ra 1)) = ()\g, )\3, soog >\r7 1)\1_)‘2+1)

if r > 2 and if = 1 (which is possible only when n is even),

O, (M =n-11)):= (%z7)%1%) ifn=0 (mod4);
((%)2) if n=2 (mod 4).

Clearly, ®,, is a one-to-one map. For any A € ®,(S,), the number of hooks of
length 1 in A is exactly one less than the number of hooks of length 2 in A. Thus,
hi(A) = ho(A) — 1 for all A € ©,(S,,).

Combining all the cases and the fact that ®,, is one-to-one, we have

AEBa(n)
= > ha(N)+ Y ha(A) + Y ha(N)
AERR AESH AeTn
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= ¥ +) 0 (V) + ) ha(N) D ha(N)

AER\®n (Sn) XD, (Sn) AES, XeTn
> > N+ D (W FD+ DY () =)+ ) ()
AR, \Pr (Sn) AED,(Sn) AES, AETn
= > m
AEB2(n)
= bzyl(n).
This completes the proof of the theorem. |

Theorem 6.3 motivates to study the biases among b, 1(n) or the difference by 1 (n)—
ba k+1(n) for k > 2. We find that the bias in Theorem 6.3 reverses for the next value
of k. We prove that in 2-regular partitions of any non-negative integer n, the number

of hooks of length 3 is no more than the number of hooks of length 2.
Theorem 6.4. We have by5(n) > by s(n) for all n > 0.

Proof. Using well-known Euler’s identity [3, (1.2.5)], 1/(¢;¢*)ec = (—¢; ) and

straightforward g-series manipulations, we rewrite (6.1) as

6

3
q q
E:b . )
22 q q)00<q +1_q2+1_q4>

3 2
ya q q
—(61,61)00(1 q+1_q)

2¢3
= (—¢*1q) (q Rl et +q) (6.17)
1—¢
Similarly, we rewrite (6.2) to obtain
3 6 | 7 3
¢ +29°+4q q
b _ —q; — . 1

Z 25( 4% ) ( 7 )+( Q7Q>oo(1_q6> (6.18)

TH-3647_206123009



86 HOOK LENGTH BIASES IN t-REGULAR PARTITIONS

From (6.17) and (6.18), we get

o0

2 3 4 5 __ 6 _ 7
> (baalin) = bualme” = (-~ (T EF LTS
n=0

() o\, (=4 (€D
/o0 1—¢? 1 —¢? 1—¢?

(Q _|_q5_q6_q9_q10_q11+q12+q13>
(1—=¢*)(1 —q5)
— (=¢%q) <(1—qZ)(qQ+q4+q5+q7—q1°—q11)>

(1-¢*)(1—¢5

q2+q7 . q4_q10 . q5_q11
1—¢° 1—¢ 1—¢°
2

+q
=(—q4;q)oo( p +q4+q5+q7+q8)- (6.19)

Clearly, all the coefficients of the expression in (6.19), when expanded as a g-series,

are non-negative. This completes the proof of Theorem 6.4. [

6.2.3 Values of b, (k) and b, ;(k + 1)

Similar to the case of ordinary partitions, we notice certain patterns in the values
in the diagonal and upper diagonal of Table 6.1. In view of that, we prove the
following result, which provides the exact values of by x(n), for n = k, k41 (diagonal

and upper diagonal entries in Table 6.1).
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Theorem 6.5. For every integer k > 1, we have

Bl ifk=1 (mod 2);

bg}k(k) ==
E ifk=0 (mod 2),

(6.20)

byo(k+1) =4+ TR=1 (mod2) (6.21)
2 ifk=0 (mod 2).

Proof. Let k = 2r and X\ be a 2-regular partition of k with a hook of length k. Then
there are k boxes in the Young diagram of A and the only box of hook of length k
is at the top left corner of the Young diagram. The 2-regular partitions of k with
hook of length k are precisely: (2r —1,1), (2r —3,13),..., (3,1?"73), (1*"), which
are r = k/2 in number. If & = 2r+1, then the 2-regular partitions of k£ with hook of
length k are precisely: (2r+1), (2r—1,1%),..., (1*"*!), which are r +1 = (k+1)/2
in number. This proves (6.20).

Let k = 2r and X be a 2-regular partition of £+ 1 with a hook of length k. Then,
the only possible partitions of k+ 1 with a hook of length k are (2r+1) and (1**1).
If £ = 2r 41, then there is only one possible 2-regular partition of k+ 1 with a hook
of length k, which is (1?"*1). This gives (6.21). |

Remark 6.2.2. From Theorem 6.5 we evaluate that for k > 1

ifk=1 (mod 2);

k=1
boi(k+1) —bopi(k+1) = 1:2 .
— = @kaO (mod 2),

(6.22)

Theorem 6.5 motivates us to extend (6.20) and (6.21) for any ¢-regular partitions.
We find the exact values of b (k) and b, x(k+1) for any ¢ > 3 in the following result.

Theorem 6.6. Lett > 3 be an integer. Then

1. for any positive integer k = r (mod t)

(t—1k+r

bei(k) = ; ; (6.23)
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2. for any integer k > 4

UV if k=0 (mod t):

t

be(b+1) = ¢ EDET ek =4 (mod t) for 1 <r<t—2 (6.24)

t

UL =t —1 (mod t).

Also, bi1(2) = 2, for any t > 3; b3a(3) = 1; b2(3) = 2, for any t > 3;
bss(4) =2; by3(4) = 2; and by 3(4) = 3, for any t > 4.

Proof. The Young diagram of a partition A of k can have at most one hook of length
k. The shape of the Young diagram of A with the hook of length £ is that of either
an inverted L-shape or a vertical strip or a horizontal strip. Let k = ¢t/ + r, where
0 <r<t—1 Ifr = 0 then the only t-regular partitions of k with the hook
of length k are: (t/ — j,17), where 1 < j < ¢/ — 1 and ¢ { j, which are (t_tl)k in

number. If 0 < r < ¢ — 1 then the corresponding partitions are: (¢/ 4+ r — j), where
0<j<tl+r—1witht{(r—j), which are w in number. This proves (6.23).

Next, the Young diagram of a partition A of £+ 1 can have at most one hook of
length k. In this case, the shape of the Young diagram is that of either a vertical
strip or a horizontal strip or an inverted L-shape with the second part being of size 2.
Let £ = tl+r, where 0 < r < t—1. If r = 0 then the only ¢-regular partitions of k+1
with the hook of length k are: (t/—7,2,1971), where 1 < j < t/—2and t 1 j; (t{+1)
(horizontal strip); (1¥+1) (vertical strip), which are ((t —1)f — 1) +2 = w in
number. If 0 < 7 < ¢ — 1 then the corresponding partitions are: (t{+r — j,2,1771),
where 1 < j < t0+7r—1 with t 1 (r—j); (#+r + 1) (horizontal strip); (1%+7+1)
(vertical strip), which are ((t—1){+r—2)+2 = w in number. If r = ¢—1 then
the corresponding partitions are: (¢/ +t—1—75,2,1971) where 1 < j <tl+r—1
with ¢ 1 (j + 1); (no horizontal strip in this case); (1!*+*) (vertical strip), which are

(t—1Dl+r—2)4+2= % in number. This proves (6.24). |
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6.2.4 Open problems

We believe that the bias for by ;(n) continues for the next values of k as obtained
in Theorem 6.4. It would be interesting to study the biases between by x(n) and
ba k+1(n) for k > 3.

Using SageMath and the generating functions of b3 ;(n) and b32(n) derived in

(6.4) and (6.6), we find that:

[e.e]

D (b3a(n) = bsa(n))q" = —q — 2¢° = 3¢° — ¢° — 4¢" — 2¢° — 6¢° — 3¢ — 9¢"!

n=0

N 4q12 i 12q13 il 6q14 i 15q15 . 8q16 - 19q17 . 9q18 - 22q19 by 9q20 . 24q21
A 7q22 i 23(]23 _ 17q25 + 14q26 _ 2q27 l 40q28 + 27q29 o 84q30 o 77q31

+ 1564 4 159¢ + 267¢** + 289¢* + 435¢%0 + 486¢>" + 685¢* + 778¢*
+ 1049¢° + 1202¢™ + 1570¢* + 1809¢™*® + 2307¢* + 2665¢* + 3335¢*°

+ 3859¢*7 + 4756¢™ + 5504¢" + 6701¢°° + 7750¢°* + 9341¢° + 1079143
+ 12895¢° 4 14877¢% + 176464 + 20326¢°7 4 239564 + 27548¢°

+ 32286¢% 4 37059¢°" + 43219¢% 4 49518¢% + 57494¢°* 4 65749¢%

+ 76038¢% + 86796¢°" + 100016¢°® + 113959¢% + 130885¢ + - - - .

In view of the above, we conjecture the following bias.
Conjecture 6.7. For all n > 28, b3a(n) > bs1(n).

This study gives rise to many interesting questions. We see in Theorem 5.1 that
the number of hooks of length k is at least the number of hooks of length k& + 1
in all partitions of n, for all n except n = k + 1. But in Theorem 6.3, we find
that this bias reverses for k£ = 1 in the case of 2-regular partitions. In the direction
of Conjecture 6.7 and following Theorem 6.3, it would be interesting to study the
relationship between b; 1 (n) and b o(n), for ¢ > 3. Also, we see in Theorem 6.4 that

the bias for 2-regular partitions remains the same as in the ordinary partitions for
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k = 2. It would also be interesting to study the relationship between b, ;(n) and
beg+1(n), for t > 3 and k > 2.
It is evident from (5.2) that py)(n) = 0 (mod k), for every k. It would also be

natural to examine the existence of such congruences for b, (n).

6.3 Biases for b ;(n) for fixed k

In this section, we study biases among b; x(n) for fixed k. Our first result proves
that the number of hooks of length 1 in (4 1)-regular partitions of any non-negative
integer n is greater than or equal to the number of hooks of length 1 in ¢-regular

partitions of n. More precisely, we have the following theorem.
Theorem 6.8. Lett > 2 be an integer. We have byiq1(n) > by 1(n), for alln > 0.

For the number of hooks of length 2, we expect the same trend in t-regular
partitions of any positive integer n. Our second result confirms the bias for the

number of hooks of length 2 between 2- and 3-regular partitions.
Theorem 6.9. For all integers n > 3, we have bs2(n) > bya(n).

We observe similar biases for hooks of length 3. In particular, we have the

following theorem.
Theorem 6.10. For all non-negative integers n, we have bs3(n) > bys(n).
We prove Theorem 6.8 in Section 6.3.1 and we prove Theorems 6.9 and 6.10 in

Section 6.3.2.

6.3.1 Biases among b, ;(n) for ¢t > 2

In this section, we prove Theorem 6.8. To prove Theorem 6.8, we first prove the

following lemma.
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T € 63(12) (133712<7') € B4<12) T € 83(12) c1)3712(’7') € 64(12)
(8,4) 6.3.2,1) 8.2 6,29
8,2,1%) (6,22, 1%) (8,19 (6,2,19
(7,4,1) 7.3.19) (5.4,2,1) (5.3,2,1%)
(5.4, 1% (5.3,19) @) (3,19
@229 (3%, 22,17 @,2,19) (3%,2,19
(@, 19) 3,19 (1,29 (3,25 1)
(4,2%,1%) (3,2%,17) 4, 22,19 (3,22, 1°)
(4,2,19) (3,2,17) (4,15 (3,19

Table 6.2: ®;,, for t =3 and n = 12

Lemma 6.11. Let t > 2 be an integer. We have biy1(n) > bi(n), for alln > 0.

Proof. Let B;(n) denote the set of all t-regular partitions of n. For fixed ¢ and n,
define a map ®,,, : Bi(n) — Biyi(n). For any 7 € By(n), :,(7) is a partition in
B;1(n) with parts from 7 which are multiple of ¢ + 1 changed in such a way that
they are not multiple of ¢ + 1 and other parts remain same. A part of 7 which is
a multiple of ¢ + 1, is of the form (¢ + 1)(t¢ + r) = t(t + 1)¢ + r(t + 1), for some
non-negative integer £ and 1 < r <t —1 (r # 0, since 7 € By(n)). Under the map
®, ,, the part of part size t(t+1)(+7(t+1) of 7 is changed to (¢(t+1)¢+rt, r), which
means that ¢(t +1)¢ +rt and r are considered as two parts in ®,, (7). For example,
Table 6.2 shows the mapping of 3-regular partitions of 12 to 4-regular partitions
of 12 under the map ®312. The 3-regular partitions of 12 which are not listed in
Table 6.2 are also 4-regular partitions of 12 and hence mapped to themselves. Next,
we prove that @, is an injective map. For 7,7 € Bi(n), let Oy, (1) = Dy (7).
The parts of ®;,(71) and D¢ ,(72) which are not of the type ¢(t + 1)¢ + rt or r (for
some non-negative integer £ and 1 < r <t — 1) are also the parts of 7, and 7. If
t(t + 1) + rt and r are the parts of ®;, (1) and @, ,(7) with multiplicity, say m,
then (t+1)(t{+r) is a part in both 7, and 7 with multiplicity m. This implies that
71 = 7. Therefore, ®,,, is an injective map. This proves that |By(n)| < |Bi+1(n)],

Le., by(n) < bta(n). u
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Having Lemma 6.11 proved, we are now ready to prove Theorem 6.8.

Proof of Theorem 6.8. Let £(\) denote the number of distinct parts in a partition
A. It is easy to observe that for any partition 7 the number of hooks of length 1
in the Young diagram of 7 is the same as the number of distinct parts of 7, i.e.,
hi(1) = £(7). From Lemma 6.11, we have that b,(n) < by1(n), for all n > 0. Note
that the number of distinct parts in 7 € B;(n) is less than or equal to the number of

distinct parts in @ ,,(7) € Byy1(n). Therefore, by 1(n) < biyq1(n), foralln >0. W

6.3.2 Biases between b, ;(n) and b3 ;(n) for k =2,3

In this section, we prove Theorems 6.9 and 6.10.

We represent a partition 7 from By(n) by
((6k + 5)85, (6K + 3)™3, (6K + 1)),

where «y ; is the multiplicity of the part 6k + j. From a partition 7 € By(n), we

define triples by
T = ((6k + 5)*%5, (6k 4 3)**2, (6k + 1)),
such that 7 = (7 )g>0. The map Py, : By(n) — Bs(n) is defined by

Don(7) = Po (6K +5)™2, (6K + 3)™ 2, (6K + 1)™)1>0)

= (6K + B5)™, (6k +2)9, (6K + 1)%1; 1%%9),_ .

((6k + 5)%s, (6K +2)%s, (6k + 1)), if k > 1;

We take (g, (7)) =
’ <5a0,5’ 2903 190,1+25>0 O‘JQS) if £k =0.

Proof of Theorem 6.9. In the Young diagram of a partition, a hook of length 2,

which we call a 2-hook, may arise in two different ways.

TH-3647_206123009



6.3 BIASES FOR b;x(n) FOR FIXED k 93

(a) We call a 2-hook an m-2-hook if it appears due to the multiplicity of a part

being greater than one.

(b) We call a 2-hook a g-2-hook if it appears in the column corresponding to a part

Aj with gap between \; and A;;; being more than 1.

For example, see Figures 6.2 and 6.3. Note that for £ > 1, 7, and (P, (7)), have

2

2| |

FIGURE 6.2: m-2-hook FIGURE 6.3: g-2-hook

the same number of m-2-hooks but the number of g-2-hooks for 7, is either equal
to or one more than the number of g-2-hooks for (®s,,(7));. Also, the number of
2-hooks in 7y and (®5,,(7)) differ by at most 1.

The idea of our proof is as follows. The number of 2-hooks in 7 is either less
than or equal to the number of 2-hooks in (®5,,(7)), or one more than the number
of 2-hooks in (®3,(7)). For the case in which a triple 7 loses a 2-hook while going
under the map ®,,, we assign a distinct triple to 75, to compensate the loss of one
2-hook for it. For the other case, when the number of 2-hooks is the same for 7
and (®y,,(7))x, we are done. In this way, we prove that a partition 7 € By(n) either
has the number of 2-hooks less than the number of 2-hooks in ®,,(7) € Bs(n), or
(in the other case, when 7 loses 2-hooks while going under ®,,,) along with ®, ,(7)
we associate a partition, say 7/, to 7 which compensates the loss.

We study triples 74 in four cases. The cases in which (®5, (7)) has one 2-hook
fewer than 75, we associate a 4-tuple (a part of a partition in Bs(n) and different
than (®2,,(7))x) to 7, which has at least one 2-hook.

Case 1: o3 = 0. In this case, the number of 2-hooks in 73, is the same as the
number of 2-hooks in (®y,(7))r = 7%, if £ > 1. For k = 0, the number of 2-hooks in

(2., (7))o is greater than or equal to the number of 2-hooks in 7.
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Case 2: oy ; = 0. For £ > 1, the number of 2-hooks in 73 is the same as the number
of 2-hooks in (®5,,(7));. For k =0, if 79 # (5%%%, 3) then the number of 2-hooks
in 75, is less than or equal to the number of 2-hooks in (®q,(7))o. If 70 = (5205, 3)
and g5 # 0 then we cover the loss of a 2-hook by associating pg := (50571 42 17)
to 19, where x is the multiplicity of 1 coming in the scene due to other triples of
T = (T)ks0. If 790 = (3) (e, aps = 0 in 79 = (5*%, 3)) then we cover the loss
of 2-hook as follows. Since n > 3, there is the smallest part with part size greater
than or equal to 5, say A;. In this case, we take 5 from the part A\; and associate
(4?) to 79 = (3). For the remaining part A\; — 5, we proceed by considering it as a
part of the partition under consideration and if \; — 5 = 67 4 6, for some r > 0,
then we change it to (6r + 5, 1) along with other parts while applying ®,,,. In this
case pg 1= (5%, 4%T% 2¥ 1%), where z is the multiplicity of 1 coming due to the other
triples; y, z,w are the multiplicities of parts 2,4,5 (respectively), which may occur
due to the part A\; — 5. For example, if 7 = (11, 3) then py = (5,4% 1); if 7 = (7,3)
then py = (4%,2); if 7 = (9, 3) then py = (4%); if 7 = (52, 3) then py = (5,4?).

Case 3: ap3 > 1 and a3 # 0. In this case, there is at most one loss of 2-hook in

(P2, (7))k, which we cover by the following map

fle) = £ (((6k 4 5)*5, (6k + 3)k2, (6K + 1)%*1);)
_ o] an a—1 a g K o
= (6 +5)%5, 6k +4, (6k+2)27", (6k + 1)1 17%472)

In this case, we associate

o i= ((6k +5)"5, 6k +4, (6k+2)* 37 (6k+1)*1)

to 7 for k > 1. For 1y, 0g = (505, 4, 200371 1201%$) where s is the number of 1s
due to other triples.

Case 4: a;3 =1 and a;; # 0. In this case also, there is at most one loss of 2-hook
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in (®3,,(7))k, which we cover by the following map

9(1k) = g (((6k +5)™*, 6k + 3, (6k +1)%);)

((6k +5)%5, 6k +4, (6k +1)*171 6k —1, 1), if k> 1;
(5205, 4, 120171 if k=0.

Here, for k > 1, part 6k — 1 = 6(k — 1) + 5 is considered as a part of 7;_1, doing
which does not decrease the number of 2-hooks in 7,_;. In this case, we associate

O = ((6k +5)%2, 6k +4, (6k+1)"17"),

to 7, for k > 1. For 7y, 0g = (5%05, 4, 190171%5) "where s is the number of 1s due
to other triples.
Now, let 7 = (73)k>0 € Ba(n). We consider the following two cases.
Case A. If the number of 2-hooks in 7 is less than or equal to the number of 2-
hooks in (®4,,(7))x for all k& (from Case 1 and Case 2), then we define 7* := @5, (7).
Clearly, ho(7) < ho(T%).
Case B. If for any & > 0, the number of 2-hooks in (®3,(7))x is one less than
the number of 2-hooks in 73, we take 7/ to be a partition in Bs(n) with (®g,,(7))x
replaced by the required pg, o) or dg, which has at least one 2-hook. In this case, we
define 7% := (®o,,(7),7") and ho(7*) := hao(P2, (7)) + ho(7") (Note that 7* is a set of
two partitions from Bs(n)). In that way, in this case also we have, hy(7) < ho(7%).
Finally, since ®, , is an injective map, all @, ,,(7) are distinct. Note that (P, (7)),
po, ox and J are all distinct as well. Therefore, 7" and @, ,,(7) are also distinct. For
example, see Table 6.3.

Hence, we have

boa(n) = Y ha(r)= Y ha(r)+ Y ho(r)

TEB2(n) TEB2(n) TEB2(n)
Case A Case B
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T € By(13) | 75 = Dy (7) 7" = (Pop(7), ") ho(T) | ho(T*)
(13) (13) 1 1
(11,17) (11,1%) 2 2
(9,3,1) ((8,2,1%),(8,4,1)) 2 242
(9,1%) (3,19 2 2
(7,5,1) (7,5,1) 2 2
(7,3%) (7,2%,1%) 3 3
(7,3,1%) ((7,2,1%),(7,4,12)) 3 243
(7,1°) (7,19) 2 2
(52, 3) ((5%,2,1), (5,4%)) 3 242
(5%,1%) (5%41%) 3 3
(5,37, 12) ((5,2%,1%),(5,4,2,1%) | 4 | 3+2
(5,3, 1°) ((5,2,19), (5, 4, 19)) 3| 2+2
(5, 15) G, 1) 2 2
(34, 1) ((2%,1%), (4,23, 1%)) 2 243
(3%,1%) ((23,17), (4,2%,1%)) 3 243
B%1") ((22,19), (4,2,17)) 3 242
(81 9] ((2,11)(4,17)) 2 1+2
(113) (113) 1 1
’ Total number of 2-hooks \ 43 \ o7 ‘

Table 6.3: Outline of the proof of Theorem 6.9 for n = 13

< 3 m@u )+ 3 (ha(@an(r) + ha(r)

TEB2(N) TEB2(n)
Case A Case B
= D M) S Y ha(7) = baaln).
TEB2(N) TGBg(n)
This completes the proof of the theorem. [ |

Proof of Theorem 6.10. In the Young diagram of a partition, a hook of length 3,

which we call a 3-hook may arise in four different ways.

(a) We call a 3-hook an m3-3-hook if it arises due to the multiplicity of a part being
greater than two and it appears in the third last column from the columns

corresponding to A; in the Young diagram.
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(b) We call a 3-hook a g-3-hook if it appears in the column corresponding to a part

Aj with gap between \; and A;;; being more than 2.

(c) We call a 3-hook an msy-3-hook if it arises due to the multiplicity of a part A;
being at least two and it appears in the second last column from the columns

corresponding to A; in the Young diagram.

(d) We call a 3-hook a s-3-hook if it appears in the column corresponding to a part

Aj with gap between A\; and \;;; being exactly 1 and the part A\;;; occurs once.

For example, see Figures 6.4-6.7. Similar to the case of 2-hooks, for £k > 1, 7, and

3
3l [
FIGURE 6.4: m3-3-hook FIGURE 6.5: g-3-hook
3 3] ]
FIGURE 6.6: m2-3-hook FIGURE 6.7: s-3-hook

(2., (7))x have the same number of m3-3-hooks. Also, the number of g-3-hooks for
T is same as the number of g-3-hooks for (®s,(7))r, when k£ > 1. However, the
number of my-3-hooks for (®,,,(7)) is either equal to or one less than the number
of ms-3-hooks for 7, for £ > 1. Note that for a 2-regular partition, there is no
s-3-hook in its Young diagram. Therefore, the number of 3-hooks in 7, can be, at
the most, one less than the number of 3-hooks in (®5,(7)). For k = 0, the number
of m3-3-hooks for 7y is either equal to or one less than the number of ms-3-hooks

for (®2,,(7))o. Whereas, the number of g-3-hooks for 7y is either equal to or one
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more than the number of g-3-hooks for (®3,,(7)) and the same is the case for mo-
3-hooks. Therefore, the number of 3-hooks in 7y can be, at the most, two less than
the number of 3-hooks in (®3,,(7))o.

The idea of the proof is similar to the proof of Theorem 6.9. A partition 7 € By(n)
either has the number of 3-hooks less than or equal to the number of 3-hooks in
5 ,,(7) € Bs(n), or (in the other case, when 7 loses 3-hooks while going under ®,,,)
we associate a different partition, say 7/, to 7 which compensates the loss.

We study the triples 74 in two cases.

Case 1: k£ > 1. Note that the number of ms-3-hooks for 7, decreases under the
map Pq,, only when a3 > 2 and o ; > 1. In that case, we associate a new tuple

to 7 to cover the loss of an my-3-hook by using the following map

F(75) = F (((6k + 5)°, (6k 4 3)*3, (6k + 1)1);)
o 2 ap3—2 o 1—1. el
= ((6k +5)™5, (6k +4)%, (6k +2)*7%, (6k +1)*17% (6k — 1), 1737%) .

In this case, we associate

Or := ((6k 4 5)5, (6k 4 4), (6k +2)**372, (6k + 1)*1 1)

to 7, which clearly has at least one 3-hook (ms-3-hook corresponding to the parts
6k + 4) to compensate the loss. Here, part 6k — 1 = 6(k — 1) 4+ 5 is considered as a
part of 7,_1, doing which does not decrease the number of 2-hooks in 7,_1.
Case 2: k£ = 0. In this case, there might be a loss of at most two 3-hooks and that
also when a3 > 0. We have 75 = (5205, 3%0:3 1%0.1). Depending on the multiplicity
of the part 3, ag3 =40 + 5, 0 < j < 3, we consider the following two cases.

Subcase (a): ¢ > 0. In this case, we compensate for the loss with the following
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map:

(5o, 43¢ 1o01) if j = 0;
(5o, 43¢ 2 1e0atl) if j=1;
(5&0,5’ 43@—1—1, 1a0,1+2) 1f] = 92
(

)

5a0s 4362 qaoatl) if j =3
\

Clearly, in each case, G(7y) has at least two 3-hooks. We associate 6y to 79, which
is G(7p) including the multiplicity of part size 1 coming from the other triples 7.
Subcase (b): ¢ =0. Here, j = 0 can not be the case since a3 > 0. For j = 3, the

loss of a 3-hook can be covered by the same map G in the above subcase, i.e.,
G(TO) =S G((5°‘0757 33’ 1040,1)) — (5ozo,57 42’ 1a0,1+1)‘

We associate fy = (5205, 42, 190112521 93) to 7, in this case.

For j = 1, (Ban(7))o = Psy (5205, 3, 1901)) = (501075, 2, 1a0»1+2kzoakv3>. If either
ap1 # 0 or Zkzo a3 7 1 then there is no loss of 3-hook under ®,,,. If ap; = 0 and
> k>0 k3 = 1, then the loss of a 3-hook is covered by taking 1 from ., 3 and

changing part size 3 to part size 4 as follows
H(ro) = H((5%°, 3)) = (5%, 4).

In this case 0y = H(1).
For j = 2, (Bon(7))o = Bayp (5705, 32, 1%01)) = (5%5, 22, 1“071+2kzo%3>. If
either ag; # 0 or Zkzo a3 7 0, then the loss of a 3-hook is covered by

I(TO) = ]((5040,5’ 327 1ao,1)) — (5040,5’ 4’ 1a0,1+2k20ak73>‘

For g1 =0and ), . ars =0, let n > 6. Then there is the smallest part with part

size greater than or equal to 5, say A\g. In this case, we take 4 from the part Ay and
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associate (4, 23) to (3?). For the remaining part Ay — 4, we proceed by considering
it as a part of the partition and if \; — 4 = 6r + 6, for some r > 0, then we change
it to (6r + 5,1) along with other parts while applying ®,,,. If the final multiplicity
of 1is v then (1?) is changed to (2V/2) or (2(*=Y/2 1), depending on v being even or
odd, respectively. In this case 6y := (5%, 472 2% 1%), where z is the multiplicity of 1
(either 0 or 1); y, z, w are the multiplicities of parts 2,4, 5 (respectively), which may
also occur due to the part Ay — 4. For example, if 7 = (11,3?) then 7/ = (7,4, 23)
and 0y = (4,2%); if 7 = (7,3?) then 7/ = 6y = (4,2*1); if 7 = (5%,3?) then
7 =0, = (54,23 1).

Now, let 7 = (73)k>0 € Ba(n) and n > 6. We consider two cases.
Case A. If the number of 3-hooks in 73 is less than or equal to the number of 3-
hooks in (®5,,(7)) for all k, then we define 7* := @, ,,(7). Clearly, hs(7) < hs(7").
Case B. If for any £ > 0, the number of 3-hooks in (®3,,(7)), is less than the number
of 3-hooks in 7, we take 7' to be a partition in Bs(n) with (®2, (7)), replaced by
the required 6, which covers the loss of one or two 3-hooks. In this case, we define
75 = (Do (7),7") and hs(7*) := h3(Po,n(7)) + hs(7') (Note that 7 is a set of two
partitions from Bs(n)). In this case also we have, hs(7) < hs(7").

Since ®,,, is an injective map, all ®,,(7) are distinct. Note that (o, (7))
and 6 are all distinct as well. Therefore, all 7/ and ®,,,(7) are also distinct. For

example, see Table 6.4. Hence, we have for n > 6

bz’g(TL): Z hg Z hg Z hg

TE€B2(n) TEB2(N) TEB2(N)

Case A Case B
< Z ha(®a, (7)) + Z (h3(Pon(T) + ho(T"))
TEBz ) T€B2 )
Case A Case B
= 2 (™)< D ha(r) = bas(m).
TGBQ ) TGBg(’n)

For 0 < n < 6, it is easy to check that the inequality by 3(n) < bs3(n) holds. This

TH-3647_206123009



6.3 BIASES FOR b;x(n) FOR FIXED k 101
T € By(13) | 75 = Do (1) | 7 = (Pon(7),7) | ha(7) | ha(T")
(13) (13) 1 1
(11,1?) (11,1?) 1 1
(9,3,1) (8,2,13%) 1 2
(9,1%) (8,1°) 2 2
(7,5,1) (7,5,1) 1 1
(7,3%) ((7,2%,1%), (4,24 1)) 3 1+2
(7,3,1%) (7,2,1%) 2 2
(7,1°) (7,19) 2 2
(5%,3) (5%,2,1) 2 3
(5%,1%) (5%,1%) 3 3
(5,3%,1%) ((5,22,1%), (5,4, 1%)) 1 242
(5,3,1°) o 1 2
(5,18) (5,1°) 2 2
(3*,1) ((2%,1%), (43,1)) 2 243
(3%,11) ((23,17), (4%,1°)) 3 243
(32,17) ((22,19), (4,1%)) 2 1+2
(3,1'9) (2,1 2 2
(113) (113) 1 1
’ Total number of 3-hooks \ 32 \ 44 ‘
Table 6.4: Outline of the proof of Theorem 6.10 for n = 13
completes the proof. [

6.3.3 Open problems

Let t > 2 and k > 1 be integers. The main motive of our study is to find the
biases among b, ,(n) and dyx(n), for fixed values of k. If X is a t-distinct partition
of n, then it is also a (¢ 4 1)-distinct partition of n. Therefore, di1(n) > dx(n),
for all n > 0. For a fixed value of k, we want to find the biases in the following

diagram:

bir(n) 7 dig(n)
? A\

birik(n) 7 dip1p(n)
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Li and Wang while studying Beck type identities in [72, Theorem 1.6] proved that

forallt >2andn >0

where D;(n) is the set of all t-distinct partitions of n. Since hi(\) = £()\), it implies
that di1(n) > bi1(n), for all t > 2 and n > 0. Also, from Theorem 6.8 we have
bey11(n) > byi(n), for all t > 2 and n > 0. Therefore, for £ = 1, all the biases are

known and the diagram is complete for all t > 2 and n > 0:

bii(n) < dia(n)
A\ A\

bir11(n) < diyr1(n)

It is known due to Ballantine et al. [10] that bes(n) > daa(n) for all n > 0 and
be3(n) > dy3(n) for all n > 8. Also, we have Theorems 6.9 and 6.10. Therefore, for

k = 2,3, we have the following diagram for all but finitely many n > 0:

bor(n) = dag(n)
VAN /A\
bsr(n) 7 dsi(n)

Our method of the proof of Theorem 6.9 can not be generalized to prove the biases
for the number of hooks of length 2 in t-regular partitions for the next values of
t. However, numerical evidence suggest that the number of hooks of length 2 in
t-regular partitions increases with increasing values of t. For example, in Table 6.5
values in every column are in increasing order. In view of this, we propose the

following conjecture.

Conjecture 6.12. Let t > 3 be an integer. We have bii12(n) > bia(n), for all
n > 0.
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n— |1 2 3 45 6 7 & 9 10 11 12
bso(n) [0 2 1 5 5 11 12 22 28 43 53 79
bia(n) |0 2 2 5 7 12 18 27 39 55 76 106
bso(n) |0 2 2 6 7 15 18 33 42 67 87 129
bea(n) |0 2 2 6 8 15 21 34 47 71 98 140
bro(n) |0 2 2 6 8 16 21 37 48 77 101 151
bsa(n) [0 2 2 6 8 16 22 37 51 78 107 155
boo(n) |0 2 2 6 8 16 22 38 51 81 108 161
boa(n) |0 2 2 6 8 16 22 38 52 81 111 162
bi2(n) |0 2 2 6 8 16 22 38 52 82 111 165
biaa(n) |0 2 2 6 8 16 22 38 52 82 112 165
biso(n) |0 2 2 6 8 16 22 38 52 82 112 166

Table 6.5: Values of bys(n) : 1 <n <12 and 3 <t <13

Recently, several hook length biases among ¢-regular and t-distinct partitions

have been established with the help of generating functions, see, for example [10, 36].

The generating functions of bys(n) and bsa(n) are already known. Our proof of

Theorem 6.9 does not use any generating function technique. It would be interesting

to prove the bias established in Theorem 6.9 with the help of generating functions.

To find a similar proof of Theorem 6.10 we need to first derive the generating function

of b3 3(n) as it is not yet known. Further, it would be very interesting to know if, for

positive integers k and ¢ > 2, there exists an integer N, j, such that byy1 (1) > b (n),

for all n > N . This is true for certain values of ¢t and k as we see in Theorems 6.8,

6.9 and 6.10. However, proving similar results for general values of ¢t and k seems to

be a hard problem.
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Arithmetic properties and asymptotic

formulae for oomex(n) and gemex(n)

7.1 Introduction

In 2015, Fraenkel and Peled [46], working in the area of game theory, defined
the term minimal excludant for any set S of positive integers as the least positive
integer missing from S. Later in 2019, Andrews and Newman [6] introduced this
in partition theory. They defined the minimal excludant of an integer partition m,

denoted by mex(w), as the least positive integer missing from the partition. With

!The contents of this chapter have been published in Ramanujan J. (2024).
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this, they also considered the sum of minimal excludants over all the partitions of

n, denoted by omex(n):

omex(n) = Z mex(7),
TEP(n)
where P(n) is the set of all partitions of n. For example, the values of minimal exclu-
dants for each partition of n = 4 are: mex((4)) = 1; mex((3,1)) = 2; mex((2,2)) = 1;
mex((2,1,1)) = 3; mex((1,1,1,1)) = 2, with omex(4) = 1+2+14+3+2 =09.
The works of Andrews and Newman [6, 7] motivated great research in the the-
ory of partitions. Many mathematicians have introduced the concept of mini-
mal excludant parts for various restricted partition functions, see, for example,
[11, 13, 14, 30, 39, 61, 62, 65, 66, 67]. Very recently, Baruah et al. [15] refined
the arithmetic function omex(n) by considering the sum of odd and even minimal
excludants separately. More specifically, for a positive integer n, Baruah et al. [15]

defined the following two arithmetic functions:

o,mex(n) := Z mex(7),
TEP(n)
2fmex ()

o.mex(n) == Z mex(7).

TEP(n)

2|mex(7)

For example, for n =4, o,mex(4) =141+ 3 =5 and g,mex(4) = 2+ 2 = 4. Note

that, for all n > 0, omex(n) = o,mex(n) + o.mex(n).
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7.2 Infinite families of congruences for o,mex(n)
and o.mex(n)

Baruah et al. [15] established two identities involving o,mex(n) and o.mex(n).
More precisely, they proved that
f3

(6 9%+ (G9%) = % <f_12 + ff) : (7.1)

[NRIE

Go(q) = Z o,mex(n)q" =

Gula) = Y- omexto)” = 5 (- ~ @) =5 (- 72). (02

Using (7.1) and (7.2), following three Ramanujan-type congruences modulo 4 and 8

for o,mex(n) and o.mex(n) were also established in [15]:

o,mex(2n+1) =0 (mod 4), (7.3)
oomex(4n +1) =0 (mod 8), (7.4)
oemex(4n) =0 (mod 4). (7.5)

Very recently, Du and Tang [43] proved another two congruences for o,mex(n) and

oge.mex(n) modulo 8 and 16 which were conjectured by Baruah et al. in [15]:

oomex(8n +1) =0 (mod 16),

oemex(8n) =0 (mod 8).

In this section, we prove the following theorem which provides two new con-
gruences for o.mex(n) modulo 4. We use Ramanujan’s theta functions and certain

identities involving them in the proof.

Theorem 7.1. For alln > 0, we have

oemex(10n +6) =0 (mod 4), (7.6)
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oemex(10n +8) =0 (mod 4). (7.7)

We develop a relation between o,mex(n) and o.mex(n), and use (7.3)-(7.5)
to establish interesting families of infinitely many congruences for o,mex(n) and
ogemex(n) modulo 4 and 8. More precisely, we have the following theorem in which
we prove Ramanujan-type congruences for o,mex(n) and o.mex(n) with infinitely

many primes involved in each family.
Theorem 7.2. Let n > 0.

1. For all primes p =5,7,11 (mod 12) and odd integers 1 < k < p, we have

2

12

O.mex (2p2n + kp+ L ) =0 (mod 4). (7.8)

2. For all primes p=>5,7,11 (mod 24), we have

2

1
Omex (4p2n +kp+ 2 = ) =0 (mod 8), (7.9)

1 (mod 4), if p=11 (mod 24);
where 1 < k < p with k =

3 (mod 4), if p=5,7 (mod 24).
3. For all primes p =5,7,11 (mod 24), we have

2

12

0,Mmex (4p2n + kp+ 2 > =0 (mod 4), (7.10)

2 (mod 4), if p=5,11 (mod 24);
where 1 < k < p with k =

0 (mod 4), if p=7 (mod 24).

We prove Theorem 7.1 in Section 7.2.1 and Theorem 7.2 in Section 7.2.2.
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7.2.1 Proof of Theorem 7.1

Firstly, we recall some results on Ramanujan’s theta functions. From (2.1) and

(2.3), we have

o(—q) = : (7.11)

We recall two identities from [25, p. 40] which relate ¢(q) and ©(q), namely

o(q) + o(—q) = 2¢(q"), (7.12)
e(q) — p(—q) = 4q¥(¢%). (7.13)

From (7.12) and (7.13), we deduce that

o(q) = p(q*) + 2q9(¢®), (7.14)

o(—q) = o(q") — 2q¥(¢%). (7.15)

The Lambert series representation of ©?(q) is given by [26, p. 58]

) =1+4) T 7.16
©"(q) 2Ty g (7.16)
We recall from [26, p. 107]
—(n\ (4% )%
— =q . 7.17
; <5> 1-q¢)? " (9w (7.17)

where (%) denotes the Legendre symbol. From (7.17), we arrive at

0 n 5
q 5
=q= d 2). 7.18
;:1 Tl (mod 2) (7.18)
5tn
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We are now equipped to present a proof of Theorem 7.1.

Proof of Theorem 7.1. From (7.2), we have

R (s - oa) (719)

where the last equality is due to (7.11). Next, invoking (7.14) and (7.15) in (7.19),
we deduce that

©*(—¢?) ©?(—q?)

iaemeX(n)qn=%f2( ole) —w(q4)+2q( vT) +w(q8)>). (7.20)

Extracting terms with even powers of ¢ on both sides of (7.20) and then replacing

q* by ¢, we obtain

Zaemex (2n)¢" = = f1 ( igq?] ))

2

fls? ? (1 <p2( q))
v(q?)

2

_ A qq) ( Z H";n ) (7.21)

where the last equality follows from (7.16). Reducing (7.21) modulo 4 yields

n

o0 o0 q
o.mex(2n)q" = 2
nZ:O ( )q fi ; 1+ g2
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o o

q" q"
=2
G P e D e
"Bin "tn
o0 qu f55
=2f (> g Ty (mod 4), (7.22)
n=1

where the last equality is due to (7.18). Finally, employing 5-dissections of f; and
% from Lemma 2.2 in (7.22) and extracting terms of the type ¢°" 3 on both sides,

we arrive at

Z oemex(10n +6)¢”" ™ =0 (mod 4). (7.23)

n=0

Clearly, (7.23) implies (7.6). Similarly, employing 5-dissections of f; and f_11 from

Lemma 2.2 in (7.22) and extracting terms of the type ¢°"** on both sides, we arrive
at
> gemex(10n + 8)¢°" ™ =0 (mod 4). (7.24)
n=0
Clearly, (7.24) implies (7.7). This completes the proof. [

7.2.2 Proof of Theorem 7.2

We observe the pattern in the coefficients of g-product f2. Define

e}

fi =D aln)g".

n=0

In [33], Cooper, Hirschhorn, and Lewis studied the powers of Euler’s product (¢; ¢)oo =
f1. In particular, we use their result regarding the coefficients of fZ, which we write

as a lemma below.
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Lemma 7.3. [33, Theorem 1] Let p = 5,7,11 (mod 12) be a prime. Then

a (pn + p21; 1) —ca (g) , (7.25)

1 p=7,11 (mod 12);

where € =
—1 p=5 (mod 12).

In (7.25), a (%) is taken to be zero whenever % is not an integer. Notice an easy

consequence of Lemma 7.3: For any prime p =5,7,11 (mod 12), we have

2 P -1 -
a | p™n+ pk+ 15 =0, (7.26)

where £ is an integer with 1 < k < p.

Proof of Theorem 7.2. In view of (7.1) and (7.2), we find that

nZ:O o,mex(n)q" = 5 (f_jz - ff)
= 1 (_22 _ 2> + f2
2\ft )T
= Z ogemex(n)q" + Z a(n)q". (7.27)
n=0 n=0

Now, from (7.26) and (7.27), we obtain that for any prime p =5,7,11 (mod 12),

21 2T
O,mex <p2n + pk + £ > = 0.mex <p2n + pk + ¢ > : (7.28)

12 12

where k is an integer with 1 < k < p.

1. From (7.3), we have that o,mex(n) is divisible by 4 for every odd integer n.
Also, for any prime p = 5,7,11 (mod 12) and an odd integer k, 2p2n+pk+’%
is odd. Therefore, replacing n by 2n in (7.28) and reducing it modulo 4 yields
(7.8).
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2. Similarly, from (7.4), we have that o,mex(n) is divisible by 8 whenever n =1

(mod 4). We observe that for any prime p =5,7,11 (mod 24),

P’ -1

12

4p*n + pk + =1 (mod 4),

1 (mod 4), if p=11 (mod 24);
for 1 <k < pwith k = )

3 (mod 4), if p=5,7 (mod 24).
Therefore, replacing n by 4n in (7.28) and reducing it modulo 8 yields (7.9).

3. Next, we notice from (7.5) that o.mex(n) is divisible by 4 whenever n = 0

(mod 4). Also, for any prime p = 5,7,11 (mod 24),

2 (mod 4), if p=5,11 (mod 24);
for 1 <k < pwith k =

0 (mod 4), if p=7 (mod 24).
Therefore, replacing n by 4n in (7.28) and reducing it modulo 4 yields (7.10).

This completes the proof. [ |

7.3 Asymptotic formulae for o,mex(n) and o.mex(n)

Grabner and Knopfmacher [52] obtained the Hardy-Ramanujan type asymptotic
formula for omex(n), though they were working on “smallest gap” in a partition
that has exactly the same meaning as that of minimal excludant. The asymptotic

formula for omex(n) due to Grabner and Knopfmacher [52] is as follows:

1 2n
~— \/ = — 00. 7.29
omex(n) e exp <7T 3 ) as n — 0o (7.29)
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In [67], Kaur et al. studied the following function:

ogmex(n) := Z mex(7),
m€D(n)
where D(n) denotes the collection of partitions of n into distinct parts. Moreover,

they obtained the following Hardy-Ramanujan type asymptotic result for oymex(n):

n
- as n — oQ.

1
ex v
2v/3n3 = ( 3

ogmex(n) ~

In [15], Baruah et al. asked for the Hardy-Ramanujan type asymptotic formulae for
o,mex(n) and o.mex(n). In this section, we prove that as n — oo, o,mex(n) and

o.mex(n) behave same. More specifically, we have the following result.

Theorem 7.4. We have

(n) (n) ~ — el
o,mex(n) ~ c.mex(n) ~ ———exp | m\/ —
8v/6n3 P 3

as n — oQ.

We see that Theorem 7.4 immediately implies (7.29) since

1 2n
omex(n) = g,mex(n) + o.mex(n) ~ IRTE exp | M/ —
n

as n — o0o.

To obtain asymptotic formulae for o,mex(n) and og.mex(n), we use the Taube-
rian theorem of Ingham [63]. Ingham’s theorem enables us to derive asymptotic
formula for the coefficients c¢(n) of certain power series C'(g) := >~ c(n)¢" from
the behavior of its generating function C'(e7Y) while y — 07. The following result

is a special case of Ingham’s theorem, see, for example, [67].

Theorem 7.5. [63, Theorem 1] Let C(q) := Y.~ c(n)q™ be a power series with
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radius of convergence 1. Assume that {c(n)} is a weakly increasing sequence of

non-negative real numbers. If there are constants p,v € R, and A > 0 such that
Cle™¥) ~ uy”e%, asy — 0"

then we have

)\2u+1
H 2v/An
() ~ 5= e

C as n — Q.

The next lemma is an easy representation of Theorem 1.1 of Berndt and Kim

[27] in our setup. For more details on the terminology involved, see [27].

Lemma 7.6. [27, Theorem 1.1] Let Es,, n > 0, denote the 2n-th Euler number,
and let H,(x), n > 0, be the n-th Hermite polynomial. Then, asy — 0T,

> n 7(an +bn - a 2b y s EQna ) b_a/
;( 1)"e ("5 nz 2n)'22n+1 2\/_\/_ (7.30)

Proof. Replacing 5 +t( q) by e~ and then b by 2 in [27, Theorem 1.1}, we can
easily deduce (7.30). |

In the following lemma, we prove the weakly increasing nature of {o,mex(n)} and
{oemex(n)} using a combinatorial technique. This lemma will be used to employ

Theorem 7.5 in the proof of Theorem 7.4.
Lemma 7.7. The sequences {o,mex(n)} and {o.mex(n)} are weakly increasing.

Proof. Let P,(n) (resp., P.(n)) denote the set of all partitions 7 of n with mex(7)

odd (resp., even). We construct a map
O :P,(n) = Py(n+1),

where for m € P,(n), if mex(7) # 1 then ®() is the partition of n+ 1 with 1 added
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as a part to 7, and if mex(m) = 1 then ®(7) is the partition of n 4+ 1 with a largest
part, say A., of m replaced with A+ 1. Notice that if 7w, m9 € P,(n) are two distinct
partitions then ®(m;) # ®(ms). Therefore, the map ® is injective. Also, under the

map ¢, mex(7) of any partition 7 € P,(n) remains same. Thus, for n > 1
o,mex(n) < o,mex(n + 1)

and therefore, {o,mex(n)} is weakly increasing.
For {o.mex(n)}, the proof follows in a similar way with the map defined in this
case as follows:

U :P.(n) = Pe(n+1),
where for 7 € P.(n), ¥(n) is the partition of n+ 1 with 1 added as a part tow. W

We recall the following modular transformation property satisfied by the Dedekind
eta-function 7(z) [86, Theorem 1.61]: For z € H,

n(=1/z) = (~iz)'"?n(z). (7.31)

We are now in a position to present a proof of Theorem 7.4.

Proof of Theorem 7.4. From Euler’s Pentagonal Number theorem (1.2), we have

S n, Sn24+in =4 n 3n2-1p
U(q) = (¢ Qoo = =14 Y _(-1)"¢>" 2"+ Y (—1)"¢>" 2
n=0 n=0

= —1+Ui(g) + Ua(9), (7.32)
where
Uhla) = SV and U = 3 (g
n=0 "
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Next, using Lemma 7.6 with a = % and b = %, we obtain that as y — 07

o0

() = S (-
n=0
N E Y
/8 2n y" | N+1/2

Using the fact that Ey = 1 and Hy(z) = 1, we arrive at

1
lim Uy(e™) = R (7.33)

y—0t

By repeating a similar argument we find that

1
lim Uy(e™) = — (7.34)

y—0t

Now, (7.32), (7.33), and (7.34) imply that

lim U(e™) =0,
y—0t
which in turn implies that
lim U?(e™¥) = 0. (7.35)
y—0t

Using modular transformation property (7.31) of Dedekind’s eta-function, it is easy

b JEeE syt (7.36)
(e7¥ e Y) 2 y ' :

to show that

Using an identity:

(76

(4@ = (¢:9)
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and (7.36), we find that

2

us

—2y. ,—2y\2 Y o6y
(6 y76 y)oo 27rey 1

_ ~ — —eby 7.37
o0 (6—?/; e—y)go /Q_yB% 26 ( )
21

as y — 07. Finally, from (7.1), (7.35), and (7.37), we conclude that

(e (e )2)

e6v (7.38)

as y — 07. Note that G,(¢q) has real non-negative coefficients and by Lemma 7.7,
{o,mex(n)} is weakly increasing. In view of (7.38), employing Theorem 7.5 with

pw=1/4, v =0, and A = 72/6, we obtain that

( ) 1 2n .
oomex(n) ~ ——ex T — as n Q.
8v/6n3 P 3

By the similar arguments, we arrive at
1 2n
ogemex(n) ~ YT exp | T/ —= as n — 00.
n

This completes the proof of Theorem 7.4. [
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Divisibility of the partition function
PDO¢(n) by powers of 2 and 3

8.1 Introduction

In [5], Andrews, Lewis, and Lovejoy introduced partitions with designated sum-
mands. A partition of n with designated summands is obtained from an ordinary
partition of n by tagging exactly one of each part size. They denote the number
of partitions of n with designated summands by PD(n). For example, PD(4) = 10
with the relevant partitions being (4'), (3',1), (2/,2), (2,2/), (2/,1',1), (2/,1,1),

!Some results of this chapter have been published in Bull. Aust. Math. Soc. (2024) and rest
have been accepted to be published in Ramanujan J. (2025).
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(1,1,1,1), (1,1,1,1), (1,1,1",1), (1,1,1,1"). They also studied another partition
function PDO(n) which counts the number of partitions of n with designated sum-
mands in which all parts are odd. From the above example, PDO(4) = 5. Later,
many authors studied these two partition functions, see for example [18, 31, 109].
Recently, Lin [74] introduced two new partition functions PD;(n) and PDOy(n)
related to partitions with designated summands. The partition function PDy(n)
counts the total number of tagged parts over all the partitions of n with designated
summands. For instance, PD;(4) = 13. The other partition function PDO;(n)
counts the total number of tagged parts over all the partitions of n with designated
summands in which all parts are odd. For example, PDO,(4) = 6. Lin found the
generating functions of PD;(n) and PDO;(n). The generating function of PDO;(n)

is given by

e 2 £2
G(q) := ) PDO,(n)q" = —Qf;f;}j 2 (8.1)
n=0

Lin also established many congruences modulo small powers of 3 satisfied by PD;(n)
and PDO,(n). For example, Lin proved the following Ramanujan-type congruences

modulo 9 and 27 satisfied by PDOy(n): For n > 0,

PDO,(8n) = PDO,(12n) = PDO;(12n +8) =0 (mod 9),
PDO;(24n) = PDO,(36n) = PDO.(36n +24) =0 (mod 27).

He further conjectured the following congruences.

Conjecture 8.1. [74, Conjecture 6.1] For k,n > 0,

PDO,(8-3"n) =0 (mod 3"2), (8.2)
PDO,;(12-3*n) =0 (mod 3*+2). (8.3)
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8.2 PROOF OF LIN’S CONJECTURE FOR k = 2 121

Lin proved Conjecture 8.1 for k£ = 0, 1 using basic g-series techniques. In Section
8.2, we prove this conjecture for £k = 2. The conjecture is open for general k. In
Section 8.3, we prove that the generating function of PDO,(n) is lacunary modulo
arbitrary powers of 2 and 3.

The partition function PDO;(n) has also been studied modulo small powers of 2.
Lin conjectured and Baruah and Kaur [17] proved the following congruences modulo

8: For n > 0,
PDO;(8n + 6) = PDO;(8n+7) =0 (mod ). (8.4)

Using 2- and 3-dissections of certain ¢g-products, Vandna and Kaur [106] also proved

several congruences modulo 8, 16, 48, 144, 288, 1152, 6912. For example, for n > 0,

PDO;(12n + 6) = PDO;(48n 4+ 38) =0 (mod 16),
PDO,(32n + 12) = PDO,(96n + 76) = 0 (mod 48),

PDO;(48n + 44) = PDO(96n + 60) = 0 (mod 144).

In Section 8.4, using the work of Ono and Taguchi [87] on nilpotency of Hecke
operators we prove that there exist infinitely many congruences modulo arbitrary
powers of 2. In Section 8.5, we use Radu’s algorithm and g-series techniques to
prove congruences for PDO;(n) modulo small powers of 2. In Section 8.6, we present

another approach to handle Lin’s conjecture.

8.2 Proof of Lin’s conjecture for k =2

In this section, we prove Conjecture 8.1 for k = 2. In particular, we prove the

following theorem.
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Theorem 8.2. For all n > 0, we have

PDO(72n) =0 (mod 81), (8.5)
PDO,(1087) = 0 (mod 81). (8.6)

Proof. By (8.1), we have

X n f2f3f12
PDOt -
go (n)g I

Substituting the 3-dissection formula for f2 from (2.11), we obtain

S B (féfs BR oS fls)
PDO; = 2q 4q
2_ PO == { G 207 + 40 e

Extracting those terms of the form ¢ on both sides of the above equation and

replacing ¢ by ¢, we find that

hfifd

Z PDO:(3n)q" = 4q 7
1

n=0

Substituting the 2-dissection formula for from (2.6) yields

+ 4q

i foé‘
4f8 2 > \

ZPDOt 3n)q" = 4qfafi fi (

Extracting those terms of the form ¢ on both sides of the above equation and

replacing ¢* by ¢, we obtain

o) 3
> PDO(6n)q" = 164f; [} (%) :
n=0 1
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Substituting the 2-dissection formula for f 3 from (2.5) yields

oo 22f9 18f7 14f5f2
D PDO,(6n)q" = 16g- e + 16 - 9¢° 0 + 16 - 27¢° 220212
— J3° i f3" i 2
10 £3 £6
s fa fe i
+ 16 - 27¢q — Q-

2

Extracting those terms of the form ¢ on both sides of the above equation and

replacing ¢ by ¢, we obtain

10 £3 £6
—|—16-27q2f2 {?;fﬁ. (8.7)
1

e f18f7
> PDO,(12n)¢" = 16 - 9"
‘4 fitfs

Using the Binomial theorem we have

= f2 e fo flfz (mod 3).

1

Substituting the 3-dissection formula for f;fs from (2.12), we obtain

T i

[T AT f3 12

(mod 3). (8.8)

Again, using the Binomial theorem we observe that

18 f an 2
L F D)7 (mod9)
1 1 3

Substituting the 3-dissection formula for f7 from (2.9), we obtain

f6 fgfg 2f6f9 3f6f9f18 4f6f18
%“‘1m ®¥@+%‘m+8 5o
+ 16 6J;§3 7o (mod 9). (8.9)

Substituting (8.8) and (8.9) in (8.7), and then extracting the terms of the form ¢3"
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on both sides, we find that

fofofis
f3

fefs

—16-27¢°
13

(mod 81).

> PDO,(36n)¢"" = 16 - 81¢°

n=0

Replacing ¢® by ¢, and then substituting the 2-dissection formula for ;—% from (2.5)
1

we obtain
00 9
> PDO,(36n)¢" = —16 - 27qf 2/ §f " (mod 81) (8.10)
" fi
—d 9 f3
=—16-27qf; fGF (mod 81)
1
=—-16 27f‘?f5l 16 - 81¢% 2 2 2 12 d 81
= —10- qf122 - : Qf2f4f6f12 (mo )
=-16-27 fifs d 81 8.11
= G- qf122 (mod 81). (8.11)

Extracting the terms of the form ¢*" on both sides of (8.11), we obtain
ZPDOt(72n)q2” =0 (mod 81).
n=0

This completes the proof of (8.5). We next prove (8.6). Using the Binomial theorem

we have

f—? = —g (mod 3). (8.12)
£

Combining (8.12) and (8.10), we obtain

> "PDO,(36n)¢" = —16- 27¢f; (mod 81). (8.13)

n=0
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Extracting the terms of the form ¢ on both sides yields

Z PDO,(108n)¢** =0 (mod 81).

n=0

This completes the proof of (8.6). |

8.3 Lacunarity of PDO;(n) modulo arbitrary pow-
ers of 2 and 3

In this section, we prove that the generating function of PDO,(n) is lacunary
modulo arbitrary powers of 2 and 3.

It is a well-known fact that modular forms with integer Fourier coefficients are
lacunary modulo any positive integer. In [74], Lin remarked that the generating
function of PDO,(n) is a modular form. We find that Lin’s observation is not correct
because this function is not holomorphic at the cusp 1. Also, the generating function
of PDO,(n) does not satisfy the conditions of [34, Theorem 1.1]. Therefore, it is
an interesting problem to study the lacunarity of G(¢) = > >, PDO;(n)¢" modulo
arbitrary powers of primes. In the following theorem, we prove that G(q) is lacunary

modulo arbitrary powers of 2 and 3.

Theorem 8.3. For any positive integer k, we have

Jim 6(G, 2k X) =1, (8.14)
lim §o(G, 3% X) = 1. (8.15)
X—o0

Given a prime p, let

ﬁ L—q")P _ 7(2)
n=1 1—q1m .

~ n(p2)
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Then using the Binomial theorem we have

; 7" (2)

A )=y =1 (mod p.
Define B, x(z) by
o n(22)n(32)?n(122)? oo
Bp,k(z) = ( n<z)2n(6z) )Ap ( ) (816)

Taking (8.16) modulo p**!, we have

n(22)n(32)*n(122)*  qfafi fio

Bpi(z) = n(2)2n(62) =TS, (8.17)
Combining (8.1) and (8.17), we obtain
Byi(z) = iPDOt(n)q” (mod p**™). (8.18)
n=0

Proof of Theorem 8.3. We put p = 2 in (8.16) to obtain

22)n(32)%n(122)? 22)172°n(32)2n(122)%n(2) 2" 2
Baalz) = (n( )n( 2) n(12z) )A%k@ _ n(22)'7*"n(32)°n(122)’n(2) '
1(2)*(62) 1(62)
Now, By is an eta-quotient with level N = 144. The cusps of I'¢(144) are repre-
sented by fractions § where d | 144 and ged(c, d) = 1 (Proposition 2.4). By Theorem

2.6, we find that Bs(z) is holomorphic at a cusp § if and only if

ged(d,1)* .4 ged(d, 2)? . ged(d, 3)*
— 128D )T ortt gy | g 8D (g gry 4 g BEUG S
=12 12y )+ a2 2 S 12
ged(d, 6)*
—2———422>0.
ged(d, 12)? 220

To find all the possible values of S, we prepare Table 8.1 using MATLAB. Using
Table 8.1, we find that S > 0 for all d | 144. Hence, By x(2) is holomorphic at every
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4 144 ged(d, 1)% ] ged(d,2)? | ged(d,6)*| ged(d, 3)?
ged(d, 12)?| ged(d, 12)?| ged(d, 12)?| ged(d, 12)?

1 1 1 1 1

2 0.2500 1 1 0.2500

3,9 0.1111 0.1111 1 1

4,8,16 0.0625 0.2500 0.2500 0.0625

6,18 0.0278 0.1111 1 0.2500

12,24, 36,48, 72,144 0.0069 0.0278 0.2500 0.0625

Table 8.1: Possible values of S

cusp 5. Using Theorem 2.5, we find that the weight of By (2) is £ = 2k=1 4+ 1. Also,
. . ) (_1)2’“*1+124—2’“33

the associated character for By (z) is given by x1 = ( ).

Theorem 2.5 yields that By (z) € Mok-1, (I'g(144), x1) for £ > 1. Since By (2) €

Mai—1,1 (Fo(144), x1), Theorem 2.9 implies that the Fourier coefficients of Bjy(2)

Finally,

are almost always divisible by m = 2*. Now, using (8.18) we complete the proof of
(8.14).
We next prove (8.15). We put p = 3 in (8.16) to obtain

_ (n2nGB2Pn(122)2Y e\ n(22)n(32)** n(122)n(2)" "
B3,k(2) — ( 77(2)277(62) )Ag ( ) 7](62) )

Now, Bsy is an eta-quotient with N = 144. The cusps of I'g(144) are represented

by fractions £ where d | 144 and ged(c,d) = 1 (Proposition 2.4). By Theorem 2.6,

we find that Bs;(z) is holomorphic at a cusp § if and only if

_ ged(d, 1)? (3541 — 9) ged(d, 3)? (2—35) 46 ged(d, 2)?
' ged(d, 12)2 ged(d, 12)2 ged(d, 12)?
ged(d, 6)*
—2=——-+4+22>0.
ged(d, 12)? 221
Using Table 8.1, we find that L > 0 for all d | 144. As before, using Theorem
2.5 we find that Bsk(z) € Maryq (I'0(144), x2), where the character x» is given by
217" ). Using Theorem 2.9 and (8.18), we find that PDOy(n) is divisible by

X2 = (
3% for almost all n > 0. This completes the proof of (8.15). |
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8.4 Hecke nilpotency and congruences for PDO;(n)
modulo arbitrary powers of 2

In this section, we prove an infinite family of congruences for PDO;(n) modulo
arbitrary powers of 2, using nilpotency of Hecke operators. For that, we employ a
result of Ono and Taguchi, Theorem 2.12, to the modular form Bs ;(z). We observe
that, for any positive integer k, the generating function of PDO,;(n) is congruent
to an eta-quotient modulo 2%, and the eta-quotient is a modular form whose level
lands in Ono and Taguchi’s list. This allows us to use a result of Ono and Taguchi

to prove the following congruence for PDOy(n).

Theorem 8.4. Let n be a non-negative integer. Then there is an integer s > 0 such

that for every uw > 1 and distinct primes py, ..., Psiu coprime to 6, we have
PDO; (p1 -+ pstw-n) =0 (mod 2)

whenever n is coprime to pi, ..., Psiu-

Proof. Taking p = 2 in (8.18), we have
By y(2) = ZPDOt(n)q” (mod 25F1).
n=0

Note that Byg(z) € Mor-1,1 (I'0(144), x1). Employing Theorem 2.12, we find that

there is an integer s > 0 such that for any u > 1,
Ba i (2) | Tpy | Tpo| -+ [T, =0 (mod 2")

whenever pi,...,psy, are coprime to 6. It follows from the definition of Hecke

operators that if pi, ..., psy, are distinct primes and if n is coprime to p; - - psiy
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then
PDO; (p1 -+ pssw-n) =0  (mod 2).

This completes the proof of the theorem. [ |

8.5 Congruences for PDO;(n) modulo powers of 2

Theorem 8.4 involves primes which are coprime to 6. This left the case for the
primes 2 and 3. In the following theorem, we derive infinitely many congruences for

PDO;(n) modulo 8 and 32, which involve the primes 2 and 3.

Theorem 8.5. For any prime p = —1 (mod 6) and n > 0, we have

PDO; (6p°n + 6kp + 3p°) =0 (mod 8), (8.19)

PDO; (24p°n + 24kp 4+ 12p*) =0  (mod 32), (8.20)

where k=1,2,....,p— 1.

Proof. We first recall the Jacobi’s identity [26, Theorem 1.3.9]

=) (=120 + 1)gn Iz, (8.21)
n=0
From [74, eq. (5.6)], we have
Z PDO;(3n)q" = 4qf; f&  (mod 8). (8.22)

n=0

Extracting the terms with odd powers of g on each side of (8.22), and dividing both
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sides by ¢, and then substituting ¢* by ¢, we deduce that

i PDO,(6n + 3)¢" = 4f}f3 (mod 8). (8.23)

n=0

Invoking (8.21) in (8.23) yields

Z PDO,(6n +3)¢" =4- > ¢" % Y ¢ %" (mod 8),
n=0

n=0 m=0

which we rewrite as

ZPDOt (6n+3)g" =4- Z qm(n;+1)+3n(n+1) (mod 8). (8.24)

n=0 m,n>0

For any prime p > 3, the congruence

m(m+1)  3n(n+1 2 —
() Bt gl
2 2 2
is equivalent to
(2m+1)*+3(2n+1)> =8pk (mod p?). (8.25)
Since p > 3, we can rewrite (8.25) as
2?4+ 3y* = 8pk  (mod p?), (8.26)
for some z,y € Z. From (8.26), we obtain
22 +3y> =0 (mod p). (8.27)

We notice from (8.27) that p | z if and only if p | y. Now, if p | z and p | ¥, it follows
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from (8.26) that p | k. If p{ 2 and p 1y, then from (8.27) we find that

2

—3  (mod p),

@w| 8

which is true if —3 is a quadratic residue modulo p. Therefore,  and y in (8.26)
exist only if either p | k or —3 is a quadratic residue modulo p. In other words, no
such x and y exist if —3 is a quadratic nonresidue modulo pand 1 < k < p—1. Also,
—3 is a quadratic nonresidue modulo p precisely for the primes p = —1 (mod 6).

Hence, employing above analysis in (8.24), we conclude that for all n > 0,

2 _
PDO, (6 <p2n+pk+p 1>+3) —0 (mod 8),

2

for any prime p = —1 (mod 6) and 1 < k < p — 1. This completes the proof of
(8.19).
Next, we prove (8.20). From (8.47), we have

> PDO,(6n)q" = 16qf] fo(f1fs) (mod 32). (8.28)
n=0
Substituting (2.4) in (8.28), we obtain
S PDO,(6n)¢" =16 (¢fs* + 2f5F)  (mod 32). (8.29)

n=0

Extracting the terms with even powers of ¢ on each side of (8.29), and substituting

¢* by q yields

> PDO,(12n)¢" = 16¢f3 f3 (mod 32). (8.30)

n=0

Extracting the terms with odd powers of g on each side of (8.30), and dividing both
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sides by ¢ and then substituting ¢ by ¢, we obtain

> PDO,(24n +12)¢" = 16} f]  (mod 32).

n=0

From here, the proof of (8.20) goes on the similar steps as shown in the proof of

(8.19). This completes the proof of Theorem 8.5. [
We obtain the following corollary to Theorem 8.5.
Corollary 8.5.1. For any prime p = —1 (mod 6), andn >0, { > 1
PDO; (3'(6p°n + 6kp + 3p*)) =0 (mod 8), (8.31)
PDO; (3°(24p°n + 24kp + 12p*)) =0 (mod 32), (8.32)
where k =1,2,...,p— 1.

Proof. Substituting the value of f3 obtained from (2.9) in (8.22), we obtain

> PDO,(3n)q" = 4qfs — 12¢°f3 iy (mod 8). (8.33)

n=0

Extracting those terms of the form ¢ on both sides of (8.33) and replacing ¢* by

q, we arrive at

> PDO(9n)q" = 4qfs fi (mod 8). (8.34)
n=0

From (8.22) and (8.34), we conclude that for all n > 0,

PDO,(3n) = PDO.(9n) (mod 8),
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which by induction implies that for all £ > 1 and n > 0,
PDO,(3n) = PDO,(3n) (mod 8). (8.35)

Then, (8.31) follows from (8.19) and (8.35).
Next, we prove (8.32). Substituting the value of f3 obtained from (2.9) in (8.30),

and then extracting those terms of the form ¢" on both sides, we obtain

> PDO,(36n)¢™ = 16¢° 3 {3  (mod 32). (8.36)

n=0

Replacing ¢® by ¢ in (8.36) yields

> PDOy(36n)¢" = 16¢f3 f§ (mod 32). (8.37)

n=0

From (8.30) and (8.37), we conclude that for all n > 0,
PDO,(12n) = PDO(36n) (mod 32),
which by induction implies that for all £ > 1 and n > 0,
PDO,(12n) = PDO,(3°- 12n) (mod 32). (8.38)

Then, (8.32) follows from (8.20) and (8.38). This completes the proof of the corollary.
[

Next, using Radu’s approach (explained in Section 2.4), we derive several con-

gruences for PDO;(n) modulo different powers of 2.

Theorem 8.6. For all n > 0, we have

PDO,(6n) =0 (mod 8), (8.39)
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PDO;(12n) =0 (mod 16), (8.40)
PDO(24n) =0 (mod 32), (8.41)
PDO:(48n) =0 (mod 64), (8.42)
PDO;(96n) =0 (mod 128), (8.43)
PDO,(1927) =0 (mod 256). (8.44)
Proof. Define
- f2f3 I
a(n)q" = —=—=. 8.45
2 =T (349
From (8.1) and (8.45), we find that, for all n > 0,
PDO:(n + 1) = a(n). (8.46)

For all the values of m and t listed in Table 8.2 and M = 12, N = 12, and r =
(—=2,1,2,0,—1,2), we verify that (m, M, N,r,t) € A*. By Lemma 2.14, we know

that the set : 0|12 » forms a complete set of double coset representatives
o 1
L
of I'g(12)\SL2(Z) /T . Let 75 = . For every triple (m,t,r’) from Table 8.2,
o 1

we use SageMath to verify that p,, .(7s)+pk (7s) > 0 for each § | 12. We find that for
each case the set P, .(t) = {t}. We then compute the upper bound || in each case,
as in Lemma 2.13. Using SageMath, we verify that a(mn +t) = 0 (mod u) for all
m, t,u in Table 8.2 and for n < |v|. By Lemma 2.13, we derive that a(mn +1t) =0
(mod w) for all n > 0, and for all m, ¢, u mentioned in Table 8.2. Then, from (8.46),

we conclude that for all n > 0 and m, ¢, u in Table 8.2,

PDO;(mn+t+1)=0 (mod u).
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This proves all the congruences (8.39)-(8.44).

m |t | ]| w

6 |5 |(50,0,0,0,0) |6 |8
12 [ 11 | (10,0,0,0,0,0) | 10 | 16
24 |23 | (20,0,0,0,0,0) | 20 | 32
48 | 47 | (40,0,0,0,0,0) | 39 | 64
96 | 95 | (80,0,0,0,0,0) | 77 | 128
192] 191] (160,0,0,0,0,0) 154 256

Table 8.2: Values of m, t, r’, |v], and u

We remark that the congruences (8.39) and (8.40) can also be derived from [74,

p. 14]

> PDO,(6n)q" = 16¢

n=0

f

A

(8.47)

Our main motive of collectively writing and proving congruences (8.39)-(8.44) is to

look for the pattern for PDO;(n) modulo powers of 2 and check the existence of

congruences modulo powers of 2 similar to (8.2) and (8.3). We conjecture some

congruences modulo arbitrary powers of 2 based on the congruences obtained in

Theorem 8.6 and our investigation on SageMath for next values of £ and calculable

values of n.

Conjecture 8.7. For k,n > 0,

PDO; (3-2°n) =0  (mod 2°?).
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8.6 Another approach for Lin’s conjecture

In this section, we present another approach to prove the congruences in Con-

jecture 8.1. We study

> PDO, (8-3*n) ¢" (8.48)
n=0

and
> PDO, (12-3n) " (8.49)
n=0

modulo 3*+3. From [74, p. 16], we have

> PDO, (8n)q" =22 - 3%qf7 5 f3f; (mod 3°) (850)
n=0

and from [74, eq. (5.12)], we have
> PDO;, (12n) ¢" = 3¢ f; (mod 3°). (8.51)
n=0

From (8.50) and (8.51), we obtain (8.2) and (8.3), respectively, for £ = 0. Using
basic g-series techniques and 2- and 3-dissections of certain ¢-products, we prove the

following theorem.

Theorem 8.8. We have:

Y PDO, (8-3n)¢" =2°- 3% fPf5 f3fe  (mod 3%), (8.52)
n=0
> PDO, (12-3n)¢" = 2° - 3%f¢ (mod 3*). (8.53)
n=0

With £ =1, (8.2) and (8.3) readily follow from Theorem 8.8.
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Proof of Theorem 8.8. From [74, p. 16], we have

e 8 7
> PDO,(8n)q" = 27 - 32qf 2{}

n=0
_ 2. ﬁ(f_f)
=2°-3% 5\,
f

=22 3%qf5 f5 (f}) (E) (mod 3%). (8.54)

Invoking (2.9) and (2.10) in (8.54), and then extracting those terms of the form ¢*"

from both sides, we obtain
> PDO(8-3n)g™ = 2° - 3°¢° 7 £ f3 f7  (mod 3%). (8.55)
n=0

Replacing ¢® by ¢ in (8.55) yields (8.52).
From (8.47), we have

00 3
> PDOy(6n)q" = 2*qf; f3 (;—%) . (8.56)
n=0

Substituting (2.5) in (8.56), and extracting those terms of the form ¢** from both

sides, we arrive at

o0 10 18
ZPDOt(12n>q2n — 24 33 4f4 f6f12 +24 32 2 f;il f6 (857)
A0 2 f2 f12

Substituting ¢ by ¢ in (8.57) and taking modulo 3%, we obtain
- 9 £3 £6 18 ]
fl f1 f6 f1

n=0 1
_ ot a3 2f6 (f2) 4 92 ( ) q 34
=2".3% f3 I + 21 32qfsfs 7 (mod 3%).  (8.58)
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Using (2.11) and (2.13) in (8.58), and extracting terms of the form ¢"

fo 19
11

3

ZPDOt 12-3n)¢>" = 2° . 33312 + 21 3448

Finally, substituting ¢® by ¢ in (8.59) yields (8.53).

, We arrive at

(8.59)

For k > 2, the technique we use to prove Theorem 8.8 becomes tedious to analyze

(8.48) and (8.49) modulo 3**3. Here, we use the theory of modular forms for the

case k = 2. In particular, we have the following theorem.

Theorem 8.9. We have:

Z PDO, (8 . 32n) " =24 3%qfEf3f2£2  (mod 3°),

n=0

> PDO, (12-3%n) ¢" = 3'qf¢ (mod 3°).

n=0
For k = 2, Conjecture 8.1 follows from Theorem 8.9.

Proof of Theorem 8.9. From [74, p. 16], we have

Fi(z) =) PDO(8n)q" 36qf2 /i :
n=0
For k > 0, we define
3k+3_13 8
U (2)n°(22)
Aga(z) =36 1 (32)

and

Bk,l(z) = 2k+2 ' 3k+2n n3k+2_7(

2)
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For k > 0, we have
Ap1(2) = Fi(z)  (mod 3%F3)
and
Ba(2) =22 - 32 fR 7 315 (mod 3°79). (8.62)

We prove that both Ay ;(z) and By (z) are modular forms of level 18 and weight
352 + 1 with trivial character yo modulo 18. By Theorem 2.5, Ay (2) and By ()
are eta-quotients of level N = 18. The cusps of I'g(18) are represented by <, where
d | 18 and ged(c, d) = 1 (Proposition 2.4). By Theorem 2.6, A ;(2) is holomorphic

at the cusp ¢ if and only if

ged(d, 2)?

k43 ged(d, 3)?
(3 _13)+T<8)_T

<3k+2 A 7) > O,
which is true since

<3k+3 - 13)

2
. ng(;l7 3) (3k‘+2 o 7) Z O,

for every d | 18. Similarly, By 1(2) is holomorphic at every cusp. Thus, by Theorems
2.5 and 2.6, we find that Ay 1(2), Bri(z) € Mar+2q (Fo(18), x0)-

Now, we define
Fia(2) = Aga(2) | U5(3),

where U* means applying U-operator k times. Since 3 divides the level of the mod-
ular form Ay 1(2), by Proposition 2.8, Fj1(z) € Maw+2,1 (I'o(18), x0). By Theorem
2.11, the Sturm bound for Mgk+2,q (I'g(18), xo) is 3(35F2 + 1).
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We have

Fia(z) = Ara(2) | UX(3)
= () | U*(3)

=) PDO,(8-3*n)¢" (mod 3*+9).
n=0

From (8.62) and (8.63), we find that
Fp1(2) = Ba(2)  (mod 35+%)

if and only if

S PDO(8 - 3kn)q" = 22 - 32 f2 2 £2 2 (mod 3449).

n=0

(8.63)

(8.64)

(8.65)

Therefore, to prove the congruence (8.60), it is enough to establish (8.64) for k£ = 2.

In view of Theorem 2.11, we verify (8.64) for £ = 2 up to the Sturm bound using

SageMath, and this completes the proof of (8.60).
Next, we prove (8.61). From [74, eq. (5.4)], we have

BER

Fy(2) =) PDOi{dn)q" = 603
1

n=0

For k > 0, we define

7?0 (2)n? (22)n°(62)
7 2(32)

Aka(z) =6

and

9Bk . gkt 7?0 ()P (22)n° (62)

Bk72(2) n3k+1_2(32>

TH-3647_206123009



8.6 ANOTHER APPROACH FOR LIN’S CONJECTURE 141

where [ := 2k + 1, for even k and S := 0, for odd k. For all £ > 0, we have
Apz(2) = Fa(z)  (mod 3°7%),
and
Byao(z) = 2P . 35 1qfs  (mod 3"2). (8.66)

We prove that both Ay »(z) and By o(z) are modular forms of level 36 and weight
3%+1 + 1 with trivial character yo modulo 36. By Theorem 2.5, Ay o(2) and Bya(2)
are eta-quotients of level N = 36. The cusps of I'y(36) are represented by <, where
d | 36 and ged(c,d) = 1. By Theorem 2.6, A »(z) is holomorphic at the cusp § if

and only if
(3542 _ 6) + gcd(;l, 2)° (3) — gcd(;i, 3)2(3k+1 —9)+ %W(g) >0,
which is true since
32— ) - B e _ g5 g

for every d | 36. Similarly, By 2(2) is holomorphic at every cusp. Thus, by Theorems
2.5 and 2.6, we find that Ay 2(2), Bra(z) € Mar+1,1 (Fo(36), x0)-

Now, we define
Fra(z) i= Apa(2) | UR(3).

Since 3 divides the level of the modular form Ag(2), by Proposition 2.8, Fyo(z) €
M1 (T'0(36), x0). By Theorem 2.11, the Sturm bound for Mai+14 (I'9(36), x0)
is 6(35+1 + 1).
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We have

Fiea(2) = Ara(2) | UX(3)
= Fy(2) | UK(3)

= i": PDO,(4 - 3"n)¢" (mod 3"72). (8.67)
n=0
From (8.66) and (8.67), we find that
Fio(2) = Bia(2)  (mod 3512) (8.68)
if and only if

> PDO,(4- 3 n)q" = 2% - 3*" ¢ f  (mod 3"?). (8.69)
n=0
Therefore, to prove the congruence (8.61), it is enough to establish (8.68) for k£ = 3.
In view of Theorem 2.11, we verify (8.68) for £ = 3 up to the Sturm bound using
SageMath, and this completes the proof of (8.61). [ |

Remark 8.6.1. We can establish (8.50)-(8.53) by using smaller values of k in the
above proof. Also, for higher values of k wverification of (8.65) and (8.69) becomes
difficult because of the large Sturm bound. We verify (8.65) and (8.69) for a few

more values of k up to the computable amount and propose Conjecture 8.10.

Observing (8.50)-(8.61) and analyzing (8.48) and (8.49) for more values of k£ on

SageMath, we propose the following conjecture.

Conjecture 8.10. For k > 0, we have

> PDO, (8- 3n) q" = 2M42 . 3527 [ f2 £ (mod 3FFP), (8.70)
n=0
> PDO;, (12 3*n) ¢" = 2% - 3¥"2f  (mod 3**9), (8.71)
n=0
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where oy, == 2k + 3, for odd k and oy := 0, for even k.

In comparison to Conjecture 8.1, Conjecture 8.10 is more general. Also, a proof

of Conjecture 8.10 will immediately settle Conjecture 8.1.
Theorem 8.11. Conjecture 8.10 implies Conjecture 8.1.

Proof. We prove the theorem by induction on k. Suppose (8.70) is true for all k£ > 0.
Let (8.2) hold for some k. Then, from (8.70), we have

S PDO, (8- 35Hn) ¢t = 283 gkt 22 2 f2

n=0

=2-3) PDO; (8-3"n)¢" (mod 3"). (8.72)

n=0

By our induction hypothesis, the right-hand side of (8.72) is divisible by 3¥+3. There-

fore,
PDO,(8-3"n) =0 (mod 3*3).

Hence, (8.2) is true for k + 1. If (8.71) is true, (8.3) follows in a similar way. This
completes the proof. [ |

Remark 8.6.2. By Conjecture 8.10, we also understand the co-existence of congru-

ences (8.2) and (8.3), since from (8.70) and (8.71), we have

2% f3 - Y _PDO; (8-3%n) ¢" = 2" fF- Y PDO; (12-3"n) ¢"  (mod 3"%).
n=0

n=0

(8.73)

It is clear from (8.73) that if Conjecture 8.10 is true then (8.2) holds if and only if
(8.3) holds.
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