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Abstract

Predictive control has gained much popularity since its introduction in the 1960s.

Till now, it is a widely researched topic in the control research community as

well as in industrial application. There are a number of predictive control laws

available which work on the same principle but with a different name and with

minor modifications, such as dynamic matrix control (DMC), receding horizon

control (RHC), model predictive control (MPC), and generalized predictive control

(GPC) to name just a few. The popularity of these controllers is mainly due to its

easy handling of constraints, multi-input multi-output (MIMO) system and control

of non-linear plants which are usually properties of an actual industrial plant. In

this thesis, a class of predictive controller, i.e. GPC, is considered. Despite several

successful implementations of GPC in industry, there is a lack of theoretical result

for robustness and stability analysis of GPC as well as properties of GPC are also

not well defined. In this thesis, modeling, design and tuning of GPC are presented

for the DC-DC buck converter. As implementation of the advanced controller is

usually limited to process control industry and robotics, it is rarely implemented in

power electronics devices. GPC has been designed and validated in simulation and

hardware for a single output DC-DC buck converter. Control of a DC-DC Buck

converter using GPC is achieved by approximating plant model to a stable first-

order plus dead time (FOPDT) model. The controller design procedure is then

verified by implementing voltage mode control (VMC) of DC-DC Buck converter

in case of inactive constraints. The implemented algorithm is then verified using

numerical simulation in MATLAB as well as hardware implementation of the pre-

computed control algorithm. A modified GPC has improved the tracking error
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during load and input variation by an outer loop PI control. To tune the FOPDT

model of the converter, a tuning formula has been derived explicitly for FOPDT

plant model. Performance of observer-based GPC has been verified in numerical

simulation result for dual output DC-DC buck converter.
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C H A P T E R 1

INTRODUCTION

As technology is advancing at a faster pace, the need for an efficient machine is

also increasing day by day. Product quality and production rate are mainly de-

pendent on the implemented control techniques. This increase in demand for a

better functioning of the product has increased focus in designing of better con-

trol strategy, which results in improved plant performance. Generalized predictive

control (GPC) is one of the particular class of model predictive control (MPC),

which is very popular in industrial application [1–4]. Over the past decade, pre-

dictive controller has gained wide recognition as one of the most significant control

algorithms. GPC algorithm uses an input-output model of the plant to predict

future output response. GPC is not designed for a specific kind of plant; instead,

it is defined for a wide range of processes in which internal model of the plant is

explicitly used to obtain the most suitable predicted plant output. Introduction

of minimum time optimization in linear programming by Zadeh and Whalen [5] in

the 1960s and moving horizon concept by Propoi [6] in optimal control are consid-

ered as the foundation of predictive control algorithm. Any model-based predictive

controller works on the principle of receding horizon control (RHC) principle. In

RHC, the manipulated control sequence is evaluated at each instant of sampled
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time. As mentioned, MPC has been implemented for a wide variety of applica-

tions [7–12] such as chemical and process control industry, oil refining industry,

robotics, aerospace, automotive, and power electronics drives system [13, 14] ap-

plications to name a few, because of its effectiveness and robustness.

Many improvements and modifications were adopted for the core idea of MPC,

and several versions of MPC were introduced. This evolution of the predictive

controller led to the emergence of the GPC strategy in the late 1980s, which con-

solidate all significant features of the predictive controllers in a unified structure.

Although usage of the predictive controller has increased rapidly, still proportional-

integral-derivative (PID) controllers are preferred in many processes instead of any

other advanced controller. In the PID controller, the gain parameters are tuned

by comparing the set-point with the output feedback signal instead of using op-

timizing a cost function. This comparison with the set-point continues until the

closed-loop plant model tracks the desired reference trajectory. Whereas in predic-

tive control, a finite time cost function is optimized at each sampled instant which

increases mathematical complexity. Another major criticism of the predictive con-

trol algorithm is the absence of a general-purpose closed-loop stability theory based

on tuning parameters of the controllers. MPC stability analysis has been guaran-

teed for cost function having terminal constraint and adding constraints to cost

function for some cases [15,16]. In MPC, the optimization problem is formulated

by specifying a cost function along with input and output constraints if needed.

But in a conventional controller, gains are set manually to incorporate limitations

or constraints of a system. To simplify the optimization burden usually convex

cost function and convex constraints are considered. This optimization problem is

known as a convex optimization problem [17]. Mostly a linear dynamics of a plant

can accurately represent a plant model in most of the cases, and it can be easily

extended for non-linear dynamics; hence a linear structure of the plant model is
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1.1 DC-DC buck converter 3

preferred. But in many cases, a plant model is expressed by non-linear dynamics.

Nonlinear MPC (NMPC) has also been proposed [18, 19] for non-linear models

and constraints for which an online solver is required to solve the optimization

problem. Solvers have been developed to tackle the online optimization problem

as it is a hectic task to obtain a fast and optimized control input in real-time

control of a plant.

1.1 DC-DC buck converter

Electrical energy is the main reason behind many incredible inventions of modern

devices like television, computers, robots and several other useful pieces of equip-

ment. Use of electricity has revolutionized transportation and medical facility as

well. The electrical signal can be categorized into two forms, namely alternating

current (AC) and direct current (DC). Most of the electrical appliances, power

generation, transmission and distribution are usually operated in AC power. Still,

the use of DC power and DC appliances have never been obsolete; instead, it

plays a significant role in the current generation. DC is gaining popularity as

use of photo voltaic (PV) cells, battery-operated vehicle, portable devices or any

device which operates by battery supply; all run on DC power. Transferring AC

voltage levels to higher voltages is preferred as it reduces transmission loss. Since

DC power is more stable compared to AC, research is going on to find different

ways to equip high voltage direct current (HVDC) in power transmission with

higher efficiency.

As DC-DC power conversion plays an essential role in a considerable number

of electrical equipment, new techniques are developed for efficient conversion of

DC voltage level. Before the development of power semiconductors, DC voltage

conversion was a highly inefficient and expensive procedure to be carried out.

Either DC was converted to AC or linear regulators were used to regulate voltage

TH-2560_146102017



4 1.1 DC-DC buck converter
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Figure 1.1: An ideal DC-DC Buck converter circuit diagram with an un-
specified type of load

levels of DC power. Linear regulators use the principle of voltage divider circuit,

in which a variable resistor is connected in series with a constant load resistance to

obtain the desired output voltage level. It generates a pure DC signal, but because

of the use of a passive device to regulate the voltage level, the efficiency was very

poor. Development of robust semiconductor devices during the late 1980s was the

period when switched-mode power supply (SMPS) started to replace linear voltage

regulators. The DC-DC converter is a type of SMPS in which, primarily input DC

power supply voltage is converted to different output DC voltage levels. In SMPS,

the switching cycle of an active device is controlled, to control the output voltage

level. By the use of active devices, the efficiency of SMPS improved significantly

and soon after SMPS replaced voltage regulators. Although efficiency increases in

SMPS the voltage obtained at the output is not a pure DC signal; instead, it is a

pulsating output. Hence LC filter circuit is used along with a load. Using these

circuit elements of SMPS, different topologies of DC-DC converter are modeled

according to the user’s requirement. The three basic topologies are buck, boost
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and buck-boost. A basic circuit diagram of a DC-DC buck converter is shown in

Figure 1.1. From the circuit diagram of the buck converter, it can be observed that

the output voltage waveform is varied according to the type of load. A load can

be resistive, capacitive or inductive load according to the requirement. Details of

this circuit with resistive load is explained in Chapter 4, in which GPC is designed

for a DC-DC buck converter having a constant resistive load.

A converter is usually operated along with a controller in a closed-loop mech-

anism to obtain a stable desired regulated output voltage. The controller tracks

the set-point or minimizes the voltage regulation during load change or parameter

uncertainties for a converter operation. The constrained control algorithm can

also regulate factors like the reduction of ripple in capacitor voltage or ripple in

inductor current effectively. In many cases, the input supply is fluctuating in na-

ture, but the desired output is a steady constant voltage. This fluctuation in input

supply results in a fluctuating output voltage which needs to be regulated by a

controller. Modeling error and uncertainties in the parameter is another challenge

while operating a converter. Usually, a higher switching frequency is preferred for

a circuit having inductor in operation as it determines the size of the inductor.

Increase in switching frequency also helps in minimizing the ripple in converter

signals. As more and more digitalization is adopted for every field of science,

controllers are also implemented in interface with computer installation. But,

controller implementation in the digital platform restricts the switching frequency

as compared to analog interfacing. Digitally implemented controllers are easy to

operate as the tuning parameters need not be changed manually unlike analog

controller. The limitation in switching frequency is not an issue nowadays as very

high-speed operating controllers are available. While digital controllers result in

improved performance of the closed-loop system but it is costlier as compared to

analog controller.
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1.2 Research motivation

Performance of a closed-loop system output depends on the plant model and char-

acteristics of the implemented control algorithm in the feedback or feed-forward

path. All the derived controller algorithm in the literature can be classified into

four different levels. The first level of the controller deals with some ancillary

systems, in which a PID controller could be an excellent choice. The second level

controllers are for the issues occurring in a multi-variable dynamic process, which

is interfered by some unmeasured perturbations or saturation. The third level

controllers are for the optimization problems based on minimization of cost func-

tions; GPC is also at this level. The fourth level controllers consist of those time

and space scheduling production problems that include a feasible solution for an

optimization-based problem formulation and have the best performance benefits

of the closed-loop dynamics. Because of the simple structure, low cost, easy and

convenient manipulation of the tuning parameters and simple understanding of

the control, PID has become one of the significant controller used in the family of

level one. Even though advance control algorithms have been proposed but still

PID is most reliable by most control engineering practitioners only because of its

simple tuning algorithm. However, the economic benefits induced by tier one and

two are usually negligible. In contrast, the optimization concept in level three

controller such as GPC can bring many improvements in the performance of the

system. It can efficiently deal with the multi-variable case and also can be used to

control processes with constraints and delays. While it has been argued that the

PID controller can also be used for a multi-output system by using multiple PID

controllers [20], but it is a difficult task to synchronize all the controllers. Instead,

it increases the overall system complexity as the number of tuning parameters also

increase. To incorporate constraints for a plant signal, a PID is modified by using
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saturation for the signal to be limited [21]. But achieving the desired plant per-

formance using these methods for PID controller makes the designing and tuning

procedure equally complicated as any advanced controller.

The predictive control algorithm has a long history of its gradual evolution

since the introduction of optimal and adaptive control theory. Linear quadratic

Gaussian (LQG) controller [22] and linear quadratic regulator (LQR) [23] are the

foundation for developing a predictive controller. Early LQG controller was very

rarely used in the process control industry due to its limitation in handling con-

straints, disturbance, non-linearities and calculation burden. Newly developed pre-

dictive controllers during late 1980s, such as dynamic matrix control (DMC) [24],

model predictive heuristic control (MPHC) [25] and model algorithmic control

(MAC) [26] solved few shortcomings of LQG. Later on, these became trade names

for commercially available software programs for different companies, but col-

lectively these controllers are called model-based predictive control or predictive

control in general. Richalet et al. [25] did one of the significant development in

predictive control by proposing MPHC. GPC was introduced in [27, 28], which is

considered to be a gradual development from the generalized minimum-variance

(GMV) control [29] algorithm. GPC was developed to offer an alternate solution

for self-tuning regulators for transfer function plant model and improved robust-

ness feature. Traditional GPC is a class of MPC in which transfer function model

of the process is used to predict the future output. In general, the term GPC or

MPC are used interchangeably in the literature. Even though GPC is an excellent

choice for the process control industry, it went largely unnoticed due to its simi-

larity with stochastic control theory which also uses the transfer function of the

model. Although advance control strategy yields better performance compared to

a PID controller, still its application is limited to theoretical research rather than

an actual real-time implementation for a plant.
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In recent years, the use of advanced control for power electronics drives system

has increased a lot because of its efficiency, robustness for load and input variation,

and strategy for easy constraint handling. Nowadays, power converters are used

in every field of technology. Converters are used in micro-grid, portable devices,

HVDC transmission, storage devices and several other application in the electron-

ics industry. Importance of power converter makes the design of an advanced

controller for electric drives an exciting research area. Usually, for a converter

circuit, the controller is designed by specifying frequency-domain specifications

such as gain margin (GM) and phase margin (PM) [30]. But due to complex

mathematics involved in GPC for computing the control input, frequency domain

parameter specifications are seldom used in GPC to regulate the power electronics

and drives circuit.

Figure 1.2 shows a block diagram representation of a general predictive con-

troller for a predefined reference tracking problem. It shows the basic structure of

predictive control, in which input to the plant and model is an optimized control

sequence obtained by optimization. The optimization procedure continues till the

tracking error is minimized. To formulate the optimization problem, the prediction

of output signal is necessary for a predictive control. These advanced controllers

helped in achieving desired user specifications but due to design complexity tuning

of these controllers is very complicated. The designer has to tune a number of

horizons and weights of the chosen cost function. An efficient tuning method is

required to achieve the best performance of any controller. Tuning techniques of

GPC is classified into two types [31], either it can be formula-based [32, 33], or it

can be range on the tuning parameters [34, 35] based on plant dynamics. Tuning

of GPC starts with the model of the plant. GPC has more number of tuning pa-

rameters as compared to PID, which include prediction horizon, control horizon

and cost function weights. Tuning of these parameters determines the closed-
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Plant

Model

Plant 

output

Model 

output

Residual / Error

Prediction Optimization

Set-point

Input

+
-

Figure 1.2: Closed-loop block diagram of a predictive controller for refer-
ence tracking problem

loop stability of the whole system. Tuning of prediction and control horizons are

straight forward and available in the literature. However, tuning of weights is not

direct as there exists a very complicated relationship between system parameters

and weights of the cost function, which require experience and based mainly on

extensive simulation. Tuning of an optimal control cost function weights has al-

ways been a heuristic approach. Hence, different tuning methods have also been

proposed to achieve a direct tuning of weights in the predictive controller instead

heuristic approach. In [36], tuning of MPC weight matrices is achieved by using

reverse optimization in which MPC is matched with an already available desired

linear time-invariant (LTI) controller. The matching problem is formulated as a

convex optimization problem in which exact matching is guaranteed for a com-
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pletely observable system. Authors in [37] discussed the condition where all the

states of the system are not available, and the loop shaping technique is used to

overcome the drawbacks of the earlier proposed controller matching technique of

MPC tuning. In [38], the authors have achieved an exact matching of GPC with

LTI controller, which needs to satisfy a specific rank condition. The optimization

problem for tuning of weighting matrix is complicated for active constraints. Al-

though tuning of MPC or GPC in a closed-loop is well explained in [39, 40] still

tuning of predictive control for some given specification with robustness is still a

very challenging research topic. However, the fact that GPC is an input-output

model-based controller and minimizes a finite time receding horizon cost function

has been an obstacle in searching the stability properties of GPC. There were

several attempts [41–47] to prove the stability properties of GPC. But due to its

finite time optimization based control law, the closed-loop stability is not guar-

anteed. To ensure stability for finite-time optimal control, usually, a constraint is

added for the final state. This addition of terminal constraint might guarantee the

controller stability, but it limits the usability of the controller along with added

complexity.

Motivated by these challenges in the GPC design procedure to control a DC-

DC buck converter, research in this thesis have been carried out to analyze the

design and tuning procedure of GPC for the buck converter. This strategy can be

extended to other converter topologies as well with necessary modification in the

plant model. This thesis mainly deals with modeling and tuning of GPC for single

input single output (SISO) and multi-input multi-output (MIMO) system of the

linear plant model. Formulation and designing of GPC are analyzed, and per-

formance is explained for a better understanding of the controller. An analytical

expression is derived for first-order plus dead time (FOPDT) system. Derivation

of GPC along with stability analysis of the derived control law is also presented.
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1.3 Contributions of the thesis

In this thesis, modeling and tuning algorithm of GPC for SISO and MIMO system

is presented in a detailed way. The derived algorithm has resulted in an easy tuning

strategy for GPC cost function weight matrix. A GPC tuning algorithm for first-

order plus dead time (FOPDT) plant model has been proposed in this thesis. In

this proposed tuning rule, a direct relationship between the weight matrix of the

cost function and plant parameters has been proposed. The tuning is based on the

pole placement method, given that the plant dynamics are represented in a stable

FOPDT form. This analytical tuning strategy is based on weight tuning of a cost

function, assuming a constant control horizon to reduce the computational burden

of the high value of the control horizon. In earlier research work of GPC, it was

mainly limited to the SISO system. A transfer function model of the plant is used

to obtain the output prediction model, which limits its applicability to the MIMO

system. In this thesis design of GPC is explored for a dual output plant model.

GPC designing and tuning guideline for a specific case MIMO system is explored

in this thesis. Another main contribution of this thesis is the experimental analysis

of GPC for DC-DC buck converter. A detailed hardware implementation using

DSP micro-controller for SISO buck converter is presented in this thesis. The

converter is represented in an FOPDT transfer function, and the tuning method

proposed in this thesis is implemented to check the stability and robustness of the

proposed tuning algorithm. A modified GPC has been proposed to have an error

free reference tracking during disturbance in either load or input side.

Single inductor multi-output (SIMO) converter is very popular in low power

devices. The behavior of GPC for a specific two outputs DC-DC buck converter

is presented in a detailed manner. A detailed derivation of the plant dynamics of

the dual output buck converter is presented in this thesis. The plant model has
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been formed in the form of a two input two output (TITO) system using the time-

averaging method to design GPC for a single inductor dual output (SIDO) DC-DC

buck converter. A Lyapunov based stability analysis of the cost function is also

presented in this thesis. In this analysis, uniqueness of the optimization problem

is not guaranteed; only stability of the control law is proved. The cost function

is assumed to be a Lyapunov function, and then a detailed stability analysis is

provided for finite time optimization. Effect of prediction horizon on stability is

presented to understand the role of the horizon for stable closed-loop control. To

control the unobservable plant model variables, an observer has been designed for

GPC. Convergence of the observer has also been presented.

1.4 Thesis organization

The thesis is organized as follows.

• Chapter 2: In this chapter, GPC problem formulation has been explained

in a detailed manner. Formulation of the predicted output model from plant

model is explained in this chapter along with the effect of variation of tuning

parameters on the performance of the closed-loop plant dynamics. GPC is

modeled in transfer function form to study the closed-loop sensitivity for the

effect of disturbance and noise on control input and output. Effect of filter

polynomial is presented in simulation results.

• Chapter 3: In this chapter, a generalized tuning rule for first-order plus

dead time system (FOPDT) is derived in terms of plant model parameters.

As most of the industrial plants can be approximated to an FOPDT model,

GPC weight tuning procedure is provided for this model. In this method, the

weights of the chosen cost function are obtained from the derived analytical

expressions. Simulation results are provided to show the efficacy of the
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controller.

• Chapter 4: The obtained tuning algorithm is implemented by designing a

hardware lab set up of a SISO DC-DC buck converter in Chapter 4. To

implement the obtained tuning rule for GPC, a micro-controller is used

to generate the switching pulse. Instead of an online optimization-based

controller, pre-computed GPC control law is preferred for the linear plant

model. The converter is controlled in voltage control mode. Both simula-

tion and hardware experimental results are provided to show the effect of

pre-computed GPC on load and input variation.

• Chapter 5: In this chapter, the design of GPC is presented for a MIMO sys-

tem. Specifically, GPC is designed for a dual output buck converter system.

The chosen plant is a SIDO DC-DC buck converter, which is a low power de-

vice. The main challenge in controlling this plant is, outputs are dependent

on each other, which makes the system a coupled device. Stability analy-

sis of GPC control law and the designed observer has been presented using

the Lyapunov function method. MATLAB numerical simulation results are

provided to present output responses of the closed-loop system.

• Chapter 6: In this chapter, conclusion of the research work is presented

along with suggested improvements and the future scope of this work.
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C H A P T E R 2

PRELIMINARY

2.1 Introduction

The success of predictive control is because of its easy understanding of the working

principle and the ability to handle multi-variable systems with input and output

constraints effectively. It is more of an idea, instead of a distinct controller. As

this is a model-based predictive controller, the system model is expressly employed

in this class of the controller to predict the output response so that the receding

horizon technique generates the specified input sequence for the plant. There are

different versions of the initial proposed predictive control algorithm accessible

within the literature, with all having its own limitations. An extensive review of

the recent developments and achievements of the predictive controller is obtainable

within the survey paper by Mayne [48]. Among current areas of interest in the

control theory domain, the embedded predictive controller is considered as one of

the most impressive promises of the future, due to the interest in several areas of

engineering. The critical limitation for the embedded controller is to control those

plant dynamics with a fast plant response when operating on controller processors

with lower computational power. This formulation is widely used because it leads
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to a quadratic programming (QP) problem, for which several memory and compu-

tationally efficient solvers exist. Formulations based on linear parameter varying

systems are chosen as well, but due to the need to build the QP problem at each

iteration, this type of controllers are more challenging to be used in embedded

control.

Predicted Input

k + N

Past Future

Predicted Output

k + Mk

Control Horizon

Prediction Horizon

Measured 

Output

Past Input

Figure 2.1: Pictorial representation of moving horizon principle in GPC

Clarke et al. [27,28] proposed GPC in 1987, and since then, it has become one of

the popular model-based predictive control algorithms. The fundamental element

of GPC consists of an optimizer which minimizes a defined cost function over a
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predefined prediction horizon to obtain a series of future optimized control input.

The defined cost function is a weighted sum of squares of the predicted tracking

error and control effort. GPC can be designed for a wide range of processes

including unstable and non-minimum phase plants, given the plant model is known

to the designer. It shows desirable performance and acceptable robustness for

unknown delays or poorly identified models. Basically, all the predictive controllers

are based on the same concept of optimization of predicted error that is why

GPC is similar with the other available predictive controllers, but it is different in

terms of the model used for prediction. It is a class of control strategy, in which

the auto-regressive model of internal plant model is used to predict the plant

output. Figure 2.1 shows the principle of receding horizon incorporated in a GPC

at sampling instant k. The predicted input sequence is computed by optimizing

a chosen cost function of the control performances, such as the tracking error,

change in control effort and the control variable. The performance index or cost

function is optimized subject to the feasibility of the constraint imposed by the

requirement of the system, i.e. the LTI model, and constraints on states, inputs

and outputs. Conventionally, through the use of the Diophantine equation, an

N -step ahead predictor model has been extracted using the polynomial method

in GPC. In the literature, an analogous version of the predictor in a state-space

model is also available. However, it was not clearly mentioned why these equations

are used.

In this chapter, components of GPC are explained in a detailed manner. A brief

introduction to various plant models implemented in predictive control is given.

The basic methodology for the GPC design is presented in a comprehensive way. In

the simulation study, details are presented about the GPC tuning parameters and

the impact of tuning parameter variance. The optimized control law is modeled in

a closed-loop transfer function type, and GPC sensitivity for noise and disturbance
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is also analyzed. Simulation findings are also presented to show the effect of GPC

with and without a filter polynomial in the plant model.

2.2 Elements of GPC

A predictive control strategy usually consists of similar elements, so different forms

of the model can be selected, which results in different control algorithms. Three

main elements of the GPC are

1. Model of the plant

2. Cost function or performance index

3. Optimized control law

2.2.1 Plant model

A model is chosen, which gives a relatively accurate output as the original plant to

obtain output prediction. For a model-based control, if the manipulated variable

is not yielding the desired plant response then it is assumed that the model chosen

is having a large plant mismatch or the optimal control problem is an ill-posed

one. While selecting a model for the plant, it should be kept in mind to chose

a relatively easy representation of the model which relates the plant inputs and

outputs in a simple mathematical expression. The commonly used models are as

follows.

1. Finite impulse response (FIR) model: An FIR model can be represented

by an impulse response and step response of the model. Impulse response

models are used in MPHC [49], EPSAC [50] and DMC [24]. An impulse

response of output in terms of input uk and disturbance dk is represented as
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in (2.1).

yk =
∞∑
i=0

Giz
−iuk + dk (2.1)

Similarly, a step response model is also defined for stable systems which is

represented as in (2.2)

yk =
N∑
i=0

Giz
−i∆uk + dk (2.2)

where Gi is the truncated representation in FIR and ∆uk = uk − uk−1.

These models were widely used because of its simple structure and easy

identification scheme. However, it can only be represented for stable systems.

Another disadvantage is that large data is required to identify an accurate

enough plant model.

2. Transfer function model: A transfer function model usually represented by

a controlled auto-regressive integrated moving average (CARIMA) model,

which is used in GPC, predictive functional control (PFC) [51], and mul-

tipredictor receding horizon adaptive control (MURHAC) [52]. This model

for the SISO system is represented as

A(z−1)yk = B(z−1)uk +
F (z−1)

∆(z−1)
ζk (2.3)

where A(z−1), B(z−1) and F (z−1) are plant parameters but F (z−1) is usually

considered as a design parameter as it affects the closed-loop sensitivity. ζk

is the zero-mean Gaussian noise. For a MIMO system, this transfer function

model is expressed as a matrix fraction description (MFD) form, where the

parameters are represented as matrix polynomial. ∆ is the difference opera-
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tor defined as ∆(z−1) = 1− z−1. The inclusion of integrated noise
1

∆(z−1)
ζk

results in disturbance rejection and off-set free output tracking as input is

represented as ∆uk in the predicted model.

lim
k→∞ ∆uk = 0 (2.4)

{yk = wk; ∆uk = 0} ∀ k (2.5)

where wk is the reference set point at kth sample instant and uk = uss at

steady state.

3. State-space model: A state-space model for a real process without instanta-

neous output, D = 0 is represented as

xk = Axk−1 +Buk (2.6)

yk = Cxk−1 (2.7)

where xk ∈ Rn is the state vector, yk ∈ Rl and uk ∈ Rm are the plant

output and input respectively. It is usually represented for MIMO processes.

Insertion of an observer for inaccessible states, makes the controller design

process complicated for a state-space model. Disturbance in this model can

be incorporated as output disturbance or state disturbance. Output equation

is modified as

yk = Cxk−1 + dk (2.8)

where dk = dk−1 + ζk.

Output disturbance model is represented as
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xk
dk

 =

A 0

0 I


xk−1

dk−1

+

B
0

uk +

0

I

 ζk (2.9)

yk =

[
C I

]xk−1

dk−1

+ ζk−1 (2.10)

Similarly, for a state disturbance model, state equation (2.6) is modified as

(2.11).

xk = Axk−1 +Buk + Fdk (2.11)

Finally, the modified state-space equations are represented as in (2.12) and

(2.13).

xk
dk

 =

A F

0 I


xk−1

dk−1

+

B
0

uk +

F
I

 ζk (2.12)

yk =

[
C 0

]xk−1

dk−1

 (2.13)

Inclusion of an integrator is necessary as the regular state feedback, uk =

−Kxk will not be resulting in an off-set free control in the presence of dis-

turbance, where K is the feedback gain matrix.

4. Non-linear model: As many plant dynamics can not be linearized, non-linear

models are chosen as plant model. Representing plant dynamics by a non-
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linear function complicates the controller design procedure, and optimization

value does not guarantee the global optimal solution for the chosen non-linear

model.

2.2.2 Cost function

A simple quadratic cost function is chosen for optimization. There are two main

reasons for choosing a quadratic cost function. Firstly, a global optimum solution is

obtained for a quadratic problem assuming all the constraint criteria are satisfied.

Secondly, a quadratic cost function is a Lyapunov function which will guarantee

the stability of the control law. Stability of a predictive control mainly depends on

the stability of the obtained control input. The obtained control input determines

the closed-loop poles of the system. A typical expression of the cost function is

expressed as

J(N1, N2,M) =

N2∑
i=N1

δ(i)[ŷk+i|k − wk+i]
2 +

M−1∑
i=0

λ(i)[∆uk+i]
2 (2.14)

where ŷk+i is the predicted output, N1, N2 are minimum, and maximum prediction

horizon and M is control horizon. δ(i) and λ(i) are weights which penalizes

tracking error and change in control input. The cost function (2.14) is minimized

with respect to ∆uk+i at every sampling instant and results in an off-set free

reference tracking. Any predictive control technique is based on a unique time

frame known as the horizon. The output is predicted for a certain span of sampled

time, which is called a prediction horizon and the number of obtained input control

sequence for a chosen control horizon. Stability of the controller is also dependent

on the chosen prediction horizon. When an infinite time quadratic cost function

is considered, the stability of the obtained control input is inherently proved by
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assuming the cost function to be a Lyapunov function. However, choosing an

infinite horizon cost function increase the mathematical computational complexity

for a fast system. Also, there is no significant improvement for a high value of the

prediction horizon. Similarly, the control horizon is also kept at a minimum value

it can be. A high value of the control horizon increases the computational burden

of the controller. A predictive control usually follows moving horizon principle. At

kth sample instant, the cost function is optimized for a horizon of {(k+1), (k+N)}

which moves one step ahead for optimization of a cost function for next sample

time to {(k + 2), (k +N + 1)}. Constraints can be included while optimizing the

cost function as to limit input, change in input, state or output, but it increases

complexity to obtain an optimized control law, and it also affects the feasibility

of the optimization problem.

ukmin
≤ uk ≤ ukmax (2.15)

∆ukmin
≤ ∆uk ≤ ∆ukmax (2.16)

xkmin
≤ xk ≤ xkmax (2.17)

ykmin
≤ yk ≤ ykmax (2.18)

2.2.3 Optimized control law

To generate the optimized control law, the first step is to obtain an output predic-

tion (ŷk+1) model from the plant model. The cost function optimizes the tracking

error and control effort. Using RHC only first element of optimized control is

implemented at that sampling instant, and rest are discarded. For a set value of

control horizon M , the optimized control law is defined as

∆uk+i−1 = 0 i > M (2.19)
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2.3 Formulation of GPC for transfer function

model

The model chosen to formulate GPC in a transfer function form is expressed in a

CARIMA model

a(z−1)yk = B(z−1)uk + F (z−1)
ζk

∆(z−1)
(2.20)

where yk ∈ Rl, uk ∈ Rm are the output and input of the plant at the kth instant

of sample time respectively. When l = m = 1, model (2.20) is generalizeed for

SISO plant dynamics. a(z−1) and b(z−1) are plant model transfer function param-

eters. F (z−1)
ζk

∆(z−1)
improves plant robustness in rejecting noise and disturbance.

Model parameters a(z−1) and b(z−1) are expressed as

a(z−1) = 1 + a1z
−1 + a2z

−2 + ...+ anl+1z
−nl (2.21)

B(z−1) = b0 + b1z
−1 + b2z

−2 + ...+ bnmz
−nm (2.22)

where nl and nm are the order of the transfer function polynomial of the plant

model. To obtain output prediction for model (2.20) the corresponding difference

equation is obtained from the model by rearranging (2.20) is as follows.

a(z−1)∆
yk

F (z−1)
= B(z−1)

∆uk
F (z−1)

+ ζk (2.23)

⇒ A(z−1)ỹk = B(z−1)∆ũk + ζk (2.24)

where ỹk and ∆ũk are filtered variables and a(z−1)∆ = A(z−1) . Basically,
1

F (z−1)

is a low-pass filter. Prediction equation can also be obtained by assuming an

expected value of zero for the term F (z−1)ζk. Certainly, this assumption is not

satisfactory as past values of ζk can be extrapolated. By representing the model
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2.3 Formulation of GPC for transfer function model 25

in (2.24) accuracy of the prediction is improved as the bias due to past values of

ζk is removed. The diophantine equations used in [27,28] are

1 = Ek(z
−1)A(z−1) + z−kFk(z

−1) (2.25)

Ek(z
−1)b(z−1) = Rk(z

−1) + z−kSk(z
−1) (2.26)

By using (2.25) and (2.26), output prediction equation is obtained. To have a

unique solution of the diophantine equation, polynomials E an F are chosen to be

of the degree equal to k−1 and nl respectively and polynomials R an S are chosen

to be of the degree equal to k − 1 and nm respectively. The predicted output is

expressed in a free and forced response. Use of diophantine equation as in [27,28]

to obtain the prediction model increases computation time, so matrix method is

used which is computationally easy to obtain the prediction equation.

2.3.1 Prediction and optimization

As per receding horizon theory ∆ũk+M−1 = 0 for M ≥ 0 and for a feasible op-

timization problem, prediction horizon is always greater than or equal to control

horizon N ≥ M . For N prediction horizon and M control horizon, output pre-

diction equation is obtained from one step ahead prediction equation to N step

ahead prediction equation, which is expressed as follows

ỹk+1 + a1ỹk + · · ·+ anl+1ỹk−nl = b0∆ũk + b1∆ũk−1 + · · ·+ bnm∆ũk−nm+1 (2.27)

ỹk+2 + a1ỹk+1 + · · ·+ anl+1ỹk−nl+1 = b0∆ũk+1 + b1∆ũk + · · ·+ bnm∆ũk−nm+2

(2.28)

...

ỹk+N + a1ỹk+N−1 + · · ·+ anl+1ỹk+N−nl−1 = b0∆ũk+N−1 + b1∆ũk+N−2 + · · ·

+ bnm∆ũk+N−nm (2.29)
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26 2.3 Formulation of GPC for transfer function model

The above set of prediction equations which can be expressed in a generalized

matrix form as

Ca



ỹk+1

ỹk+2

...

ỹk+N


︸ ︷︷ ︸

ỹp

+Ha



ỹk

ỹk−1

...

ỹk−nl


︸ ︷︷ ︸

ỹ

= Cb



∆ũk

∆ũk+1

...

∆ũk+M−1


︸ ︷︷ ︸

∆ũp

+Hb



∆ũk−1

∆ũk−2

...

∆ũk−nm+1


︸ ︷︷ ︸

∆ũ

(2.30)

where Ca, Cb are Toeplitz matrices and Ha, Hb are Hankel matrices, ỹp and ∆ũp are

the future output and input of the prediction model, ỹ and ∆ũ are the past values

of output and input respectively. Properties of Toeplitz and Hankel matrices are

used in further simplification of output expression and easy calculation.

Ca =



1 0 . . . 0

a1 1 . . . 0

a2 a1 . . . 0

...
...

...
...


; Ha =



a1 a2 . . . anl+1

a2 a3 . . . 0

a3 a4 . . . 0

...
...

...
...


;

Cb =



b0 0 . . . 0

b1 b0 . . . 0

b2 b1 . . . 0

...
...

...
...


; Hb =



b1 b2 . . . bnm

b2 b3 . . . 0

b3 b4 . . . 0

...
...

...
...


(2.31)

Final predicted output equation in filtered form is given as

ỹp = P∆ũp +Q∆ũ+Rỹ (2.32)

TH-2560_146102017



2.3 Formulation of GPC for transfer function model 27

where P = C−1
a Cb, Q = C−1

a Hb and R = −C−1
a Ha. Output prediction ŷp must be

represented as an unfiltered future signal ∆up. ŷp is obtained from ỹp as follows

CFy ỹp +HFy ỹ = ŷp (2.33)

CFu∆ũp +HFu∆ũ = ∆up (2.34)

where the coefficient matrices in (2.33) and (2.34) are obtained similarly as (2.30).

Substituting (2.33) and (2.34) in (2.32) final unfiltered output prediction is ex-

pressed as

ŷp = P̃∆up + Q̃∆ũ+ R̃ỹ (2.35)

where

P̃ = CFyPCFu (2.36)

Q̃ = CFyQ− CFyPC
−1
Fu
HFu (2.37)

R̃ = HFy + CFyR (2.38)

If nl = nm, then CFy = CFu = CF and HFy = HFu = HF in (2.33) and (2.34).

Similarly, final unfiltered output equation is modified accordingly. By using the

commutative property (e.g. CaC
−1
F = C−1

F Ca) of toeplitz matrices for SISO system

the unfiltered output prediction is expressed as

ŷp = P∆up + Q̃∆ũ+ R̃ỹ (2.39)

where coefficient matrices are evaluated as

Q̃ = CFQ− PHF (2.40)

R̃ = HF + CFR (2.41)
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28 2.3 Formulation of GPC for transfer function model

Remark 2.3.1 If F (z−1) = 1, then HFy = HFu = 0, CFy = CFu = I. Hence,

(2.35) and (2.39) will have the output prediction model as in (2.32).

Remark 2.3.2 To represent output predicted model in terms of explicit model

parameters, (2.33) and (2.34) can be substituted in (2.30).

Optimal control input is obtained once predicted output is expressed in unfil-

tered form. The cost function to obtain optimized control input is defined as

J(∆u) = Q
N∑
i=1

‖(wp+i − ŷp+i)‖2
2 + R

M∑
i=0

‖∆up+i‖2
2 (2.42)

where wp is the reference sequence and Q is the tracking error weight and R is

the control error weight, which are chosen to be positive definite constant diago-

nal matrices Q = diagonal(δ(i)) and R = diagonal(λ(i)). Now substituting the

predicted output model in cost function (2.42)

J(∆u) = Q
∥∥∥(wp − P∆up + Q̃∆ũ+ R̃ỹ

∥∥∥2

2
+ R ‖∆up‖2

2 (2.43)

As the cost function is quadratic in nature a unique optimal solution can be

obtained by first derivative of (2.42). Current optimal control input is obtained

by minimising the cost function with respect to the control increment ∆up.

dJ

d∆up
= 0 (2.44)

⇒ dJ

d∆up
= 2(P TQP + R)∆up + 2P TQ[Q̃∆ũ+ R̃ỹ − wp] (2.45)

⇒ ∆up = (P TQP + R)−1P TQ[wp − Q̃∆ũ− R̃ỹ] (2.46)

As RHC is incorporated in GPC, the first element of (2.46) is used at that sample

instant and rest are discarded hence Ψ is defined as Ψ =

[
1 0 . . . 0

]
. The

optimized control input is recalculated at every step of sampling instant. Hence,
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2.4 Closed-loop analysis of GPC 29

control law is obtained as

∆up = Pkwp − Ñkỹ − D̂k∆ũ (2.47)

Coefficients are defined as

Pk = Ψ(P TQP + R)−1P TQ (2.48)

Nk = PkR̃⇒ Ψ(P TQP + R)−1P TQR̃ (2.49)

D̂k = PkQ̃⇒ Ψ(P TQP + R)−1P TQQ̃ (2.50)

Remark 2.3.3 An unconstrained minimization of cost function results in a linear

feedback control law with feed forward term as in (2.46)

2.4 Closed-loop analysis of GPC

Closed-loop analysis is done to check sensitivity of the system output and control

input with respect to noise and disturbance. The coefficient of GPC control law

without filter and constraint is defined as transfer function expressed as

Dk(z
−1)∆up = Pk(z

−1)wp −Nk(z
−1)y (2.51)

For closed-loop analysis the polynomial of (2.51) are given as

Dk(z
−1) = 1 + z−1D̂k(z

−1) (2.52)

Pk(z
−1) = Pk[z z2 z3 · · · znr]T (2.53)

Nk(z
−1) = Nk[1 z−1 z−2 · · · z−nl]T (2.54)
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Substituting (2.51) by using matrix property B̄Ā−1 = A−1B in (2.51) yields

up = Ā(z−1)[Dk(z
−1)∆Ā(z−1) +Nk(z

−1)B̄(z−1)]−1Pk(z
−1)w (2.55)

y = B̄(z−1)[Dk(z
−1)∆Ā(z−1) +Nk(z

−1)B̄(z−1)]−1Pk(z
−1)w (2.56)

Similarly (2.47) can be modified to (2.57) for GPC with a filter F (z−1) as

D̃k(z
−1)

F (z−1)
∆up = Pk(z

−1)w − Ñk(z
−1)

F (z−1)
y (2.57)

where the coefficient D̃k = F (z−1) + z−1Dk and the closed-loop form is modeled

similar to (2.58) and (2.59) as

up = Ā(z−1)F (z−1)[D̃k(z
−1)∆Ā(z−1) + Ñk(z

−1)B̄(z−1)]−1Pk(z
−1)w (2.58)

y = B̄(z−1)F (z−1)[D̃k(z
−1)∆Ā(z−1) + Ñk(z

−1)B̄(z−1)]−1Pk(z
−1)w (2.59)

Pole and control law of GPC and GPCF (GPC with filter) are available in Table

2.1. For readability purpose notation A(z−1) is denoted as A. The expressions are

referred to present sample instant k.

Table 2.1: GPCF and GPC pole and control law

Polynomial pole Control law

GPCF D̃k

F
∆up = Pkw −

Ñk

F
y P̃cl = D̃k∆Ā+ ÑkB̄

GPC
Dk

F
∆up = Pkw −

Nk

F
y Pcl = Dk∆Ā+NkB̄
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2.5 Effect of variation in tuning parameters

In this section, the effect of different tuning parameters of GPC is presented in

the simulation result for reference tracking problem. The parameters of GPC are

tuned heuristically in this chapter to show the system response for various tuning

parameters.

2.5.1 Example 1

Consider the model

G1(z−1) =
z−1 − 0.63z−2

1− 1.2z−1 + 0.32z−2
(2.60)

In Figure 2.2, G1(z−1) is tuned for desired output (y) response for different values

of error weights with other tuning parameters set at constant value. To penalize

the control error the weights are set at higher value λ = 100. Control horizon is

set at M = 2 and prediction horizon at N = 10.

Sample instant,  k
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O
u
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u
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0
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1

1.2

( M, N, λ, δ) = (2, 10, 100, 0.1)

( M, N, λ, δ) = (2, 10, 100, 1)

( M, N, λ, δ) = (2, 10, 100, 10)

( M, N, λ, δ) = (2, 10, 100, 100)

Figure 2.2: Output response of G1(z−1) for different values of δ
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Sample instant,  k
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Figure 2.3: Control input response of G1(z−1) for different values of δ

Sample instant,  k

0 5 10 15 20 25

C
h
a
n
g
e
 i

n
 c

o
n
tr

o
l 

in
p
u
t,

  
∆

 u

-0.2

0

0.2

0.4

0.6

( M, N, λ, δ) = (2, 10, 100, 0.1)

( M, N, λ, δ) = (2, 10, 100, 1)

( M, N, λ, δ) = (2, 10, 100, 10)
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Figure 2.4: Change in control input response ofG1(z−1) for different values
of δ
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Similarly in Figure 2.3 and 2.4, optimized control input (u) and change in

control input (∆u) responses are presented for GPC without filter polynomial.

From the numerical simulation results presented, weight can be set at λ = 100

which gives desired output response in Figure 2.2. Effect of variation in control

horizon for y, u and ∆u are presented in Figure 2.5, 2.6 and 2.7 respectively. For a

feasible solution in GPC control horizon is always less than or equal to the chosen

prediction horizon.

Sample instant,  k
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( M, N, λ, δ) = (2, 10, 100, 10)

( M, N, λ, δ) = (5, 10, 100, 1)

( M, N, λ, δ) = (10, 10, 100, 10)

Figure 2.5: Output response of G1(z−1) for different values of control
horizon, M

In Figure 2.8, 2.9 and 2.10 effect of higher value of prediction is shown . It is

observed that the performance does not change significantly for a higher value of

prediction horizon or control horizon. Instead it increases the computation time

of the controller. Hence, an optimal tuning criteria should be followed for tuning

of parameters in GPC. In Figure 2.11, the closed-loop output response (ycl) is

compared with the open-loop response (yop). Along with the output response,

control response is also presented in Figure 2.11.
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Sample instant,  k
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Figure 2.6: Control input response ofG1(z−1) for different values of control
horizon, M
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Figure 2.7: Change in control input response ofG1(z−1) for different values
of control horizon, M
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Sample instant,  k
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Figure 2.8: Output response of G1(z−1) for different values of control
horizon, M with high prediction horizon, N
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Figure 2.9: Control input response ofG1(z−1) for different values of control
horizon, M with high prediction horizon, N
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Sample instant,  k
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Figure 2.10: Change in control input response of G1(z−1) for different
values of control horizon, M with high prediction horizon, N
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Figure 2.11: Closed-loop and open loop response of G1(z−1)
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2.6 Sensitivity functions of GPC

Let the plant be modeled with disturbance and noise be expressed as

Ayk = Buk + Fd
ζd
∆

+ Fnζn (2.61)

where Fnζn is the noise component and Fd
ζd
∆

is the model of the disturbance.

Sensitivity of output and input with respect to disturbance and noise are obtained

and listed in Table 2.2.

Table 2.2: Sensitivity of output and input for disturbance and noise

Disturbance Noise Uncertainty

Output sensitivity Syd =
B̄DkB

−1Fd
∆Pcl

Syn =
B̄DkB

−1Fn
Pcl Su =

B̄Nk

Pcl

Input sensitivity Sud =
ĀNkA

−1Fd
Pcl

Sun =
ĀNkA

−1Fn
Pcl

Remark 2.6.1 The sensitivity functions available in Table 2.2 are for GPC with-

out including filter (F ). When sensitivity transfer functions for GPCF are derived,

the expressions are modified accordingly by using Table 2.1 hence filter polynomial

(F ) is divided from the denominator of the transfer function.
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2.6.1 Example 2

Consider the model

G2(z−1) =
z−1 + 1.2z−2

1− 1.2z−1 + 0.3z−2
(2.62)

Variation in sensitivity functions are shown for GPC and GPCF. F (z−1) = 1 and

F (z−1) = 1 − 0.8z−1 for GPC and GPCF respectively. For this chosen model by

including the filter, sensitivity of the model is improved at higher frequencies.
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Figure 2.12: Input sensitivity with respect to noise, Sun

Performance of control input sensitivity for noise (Sun) and disturbance (Sud)

shown in Figure 2.12 and 2.13 are improved for GPCF. Similarly, the over all

sensitivity function of plant with respect to uncertainty ( Su) is improved for

the entire frequency range for GPCF as shown in Figure 2.16. Hence it can

be concluded that the robustness of the closed-loop model is improved for this

particular case. As shown in Figure 2.14 and 2.15 for lower frequencies, output

responses Syn and Syd are less sensitive for GPC instead of GPCF.
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Figure 2.13: Input sensitivity with respect to disturbance, Sud
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Figure 2.14: Output sensitivity with respect to noise, Syn
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Figure 2.15: Output sensitivity with respect to disturbance, Syd
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Figure 2.16: Overall sensitivity with respect to uncertainty, Su
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2.7 Effect of noise and disturbance

In this section, effect of random noise and step disturbance on reference tracking

problem, control input and change in control input are presented in simulation

results for GPC and GPCF. For the simulation result a model G3(z−1) is consid-

ered.

G3(z−1) =
z−1 + 0.4z−2

1− 1.2z−1 + 0.3z−2
(2.63)

The chosen values of filter polynomials are F (z−1) = 1 and F (z−1) = 1−0.8z−1

for GPC and GPCF respectively.
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Figure 2.17: Reference tracking of GPC and GPCF for model G3(z−1) in
presence of noise

In Figure 2.17, effect of random noise of SNR = 50.5 dB is considered for

output response. The output responses of GPC and GPCF are shown for reference

tracking problem. The control input and change in control input responses are

shown in Figure 2.18 and 2.19 respectively.
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Figure 2.18: Control input response for model G3(z−1) in presence of noise
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Figure 2.19: Change in control input response for model G3(z−1) in pres-
ence of noise
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Figure 2.20: Reference tracking of GPC and GPCF for model G3(z−1) in
presence of noise and disturbance
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Figure 2.21: Control input response for model G3(z−1) in presence of noise
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Figure 2.22: Change in control input response for model G3(z−1) in pres-
ence of noise and disturbance

Effect of random noise can be observed from these numerical simulation results.

From these simulation results it can be observed that the variation in control input

and consequently in change in control input is considerably high in GPC where as it

has be significantly reduced in GPCF. Simulation results are shown in Figure 2.20

in presence of an input step disturbance for GPC and GPCF. It can be observed

from the output responses in Figure 2.20 that the effect of disturbance in GPCF

is prominent than the GPC. Similarly control input and change in control input

responses are shown in Figure 2.21 and 2.22 respectively. Effect of step disturbance

can be observed from these simulation results.

2.8 Summary

It can be concluded from these simulation results presented in this chapter, that

by including a filter, the sensitivity might improve or degrade, which needs to be

analyzed. Hence, filter in CARIMA model is considered as a design parameter.
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Although sensitivity might improve, it makes the design procedure much more

complicated as the number of tuning parameters also increase. Most of the tuning

rules available in the literature are heuristic in nature or based on extensive simu-

lations. Hence, a generalized expression for the FOPDT plant model is presented

in the next chapter.
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C H A P T E R 3

PROPOSED ANALYTICAL TUNING
RULE OF GPC FOR FOPDT SYSTEM

3.1 Introduction

An accurate analytical tuning methodology has its advantages over the heuris-

tic method in its ability to evaluate the right controller parameters. As GPC

is a model-based predictive control, the plant model plays a crucial role in de-

termining the efficiency of the overall closed-loop system output. As the order

of the model increases, so does the complexity of the tuning algorithm for the

controller. This increase in the computational burden is the primary disincentive

to the industrial and practicable application of predictive control. Many plant

models can be approximated to an FOPDT model [53], which provide an accurate

performance response as the higher-order plant model. The approximated plant

model is therefore used in this chapter to obtain the weight tuning rule for the

closed-loop FOPDT plant model. The tuning of the GPC is not as simple as

the classical controller. One of the main limitation of GPC is that the number

of design variables are more than any traditional controller. The GPC has the

prediction horizon, the control horizon and the cost function weights typically as
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the primary tuning parameters. The impact of these tuning parameters affect the

efficiency and stability of the closed-loop system, which was provided in Chapter

2. Detailed analysis findings on many tuning parameters in the literature [31, 54]

demonstrate that the heuristic nature of the tuning rule is often used to avoid

complex derived formulas for higher and non-linear systems. Attempts have been

made to derive an inter-relationship between GPC tuning parameters and plant

model parameters for a low-order linear plant model to obtain the desired closed-

loop specification, but this is not easy to formulate. Shreedhar and Cooper [32,33]

have proposed a tuning system in which weights are calibrated for the DMC such

that there is no singular value for the cost function. Therefore, trial and error as

well as bound on constraints are mostly preferred for tuning of predictive control.

An analytical tuning rule derivation is usually a complicated process hence

limited formula based tuning results are available for tuning of weights in GPC.

In an optimization-based control technique, output or error weight in the cost

function is incorporated to penalize tracking error signal or optimized control

effort respectively, so that the desired plant performance is achieved with mini-

mum input effort. One of the simple weight tuning algorithm proposed by Rowe

and Maciejowski [55] in 1999 is based on infinite horizon LQG control, assuming

weights on the rate of change of control input has a unity matrix. A state-space

model is used for plant model, and output weights are tuned by using an obtained

expression for a minimum phase system as CTC, where C is the output matrix

in a state-space representation of a model. In 2000, Rowe and Maciejowski [56]

proposed tuning of the output weight matrix for non-minimum phase system by

using H∞ loop shaping method. Similarly, tuning rules for SOPDT plant models

in GPC algorithm [57,58] and non-minimum multi-variable plants have also been

derived [59]. Lee and Yu [60] have proposed tuning of the FOPDT model using

regression analysis for DMC. Sensitivity function of closed-loop MPC is used by
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Shah and Engell [61] to tune MPC which satisfies closed-loop specifications. Other

than output and error weight, the rate of change in control input is also penalized

by input weight in the cost function. By penalizing the change in control input,

the designer is limiting the variation in control input which might cause fatigue in

a plant. The rate-of-change-of-input (∆u) weights can be used as a constraint to

minimize control effort. The input weight helps in achieving a robust controller

design at the cost of the slower or sluggish controller. Setting a small penalty

gives a more aggressive controller that is less robust. Apart from analytical ex-

pression, numerical optimization method has also been proposed so that it gives

an optimal solution for a constrained cost function which satisfies specifications

for specified time-domain characteristic [62]. In [63, 64], a convex optimization

method is implemented to tune the weight matrices of the cost function, which

drives the plant to the desired closed-loop system. For a reverse engineering based

convex optimization weight tuning method, it was assumed that the constraints

are inactive to simplify this complicated numerical approach. The inverse opti-

mization method is not widely implemented, as a solution is not guaranteed for

an inverse optimization problem. Even though several analytical expressions have

been formulated, the tuning guideline derived in most literature is challenging to

understand; hence most control designers follow trial and error approach to tune

GPC.

In this chapter, an analytical tuning formula of GPC has been derived for an

FOPDT plant model which ensures stability and desired closed-loop performance

for a SISO system. This tuning rule is derived for a stable SISO FOPDT plant

model as most of the higher-order system can be approximated to an FOPDT

plant model which gives accurate plant response for higher range of frequency.

A generalized mathematical expression for tuning of weights has been proposed,

which guarantees closed-loop stability of the controlled system. If the closed-loop
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response is stable, then there exists a weight which guarantees the stability of the

overall system.

3.2 Derivation of analytical expression

Predictive control is a model-based control strategy where the model of the ac-

tual plant is explicitly used only to obtain the output prediction. In GPC, the

optimized control input is evaluated at each instant of sampled time, and only

the first element of the obtained optimized control sequence is implemented as the

manipulated variable for the plant. The target here is to predict future output

response for a chosen prediction horizon so that it follows a given reference signal

using an optimized control effort. To achieve such an objective, usual expression

of the cost function is presented as in (3.1)

J =
N∑
i=0

δ(i)[ŷ(k + i|k)− w(k + i)]2 +
M−1∑
i=0

λ(i)[∆u(k + i)]2 (3.1)

where ŷ(k + i|k) is the i -step ahead output prediction, ∆u(k + i) is the fu-

ture optimized control input, ∆ is the difference operator, w(k + i) is the future

reference, N is the prediction horizon, M is control horizon, and the weighting

sequences are defined as δ(i) and λ(i). Let the plant dynamics be represented by

an FOPDT model

Gm(s) =
Kp

τs+ 1
e−θds (3.2)

where θd is the delay time in the plant, Kp and τ are plant parameters. The

corresponding discrete transfer function of the model with a sampling time Ts is

obtained as
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Gm(z−1) =
b

1− az−1
z−d (3.3)

where a = e−Ts/τ , b = Kp(1− e−Ts/τ ) and d = θd/Ts + 1 are the parameter of the

discretized model (3.3). The first step of predictive control is to obtain the output

prediction by using the model of the plant. The prediction equation in CARIMA

model is represented as

(1− az−1)yk = bz−duk +
F (z−1)ek
∆(z−1)

(3.4)

where F (z−1) is the filter component which is assumed to be 1 in this chapter for

simplicity. Equation (3.4) is rearranged to obtain the output prediction equations

by successive recursion of one step ahead prediction of (3.4)

(1− az−1)∆(z−1)yk+d = b∆(z−1)uk + ek+d (3.5)

By assuming zero-mean Gaussian noise, which makes the predicted value of ek to

be zero, the prediction model of the considered system is obtained by recursion

of one step ahead prediction model, instead of using a diophantine equation. One

step ahead output prediction model is written as

ŷk+d+1 − (1 + a)ŷk+d + aŷk+d−1 = b∆uk (3.6)

where ŷ representation is the predicted output sequence notation used in this

chapter. By applying receding horizon control and ∆uk+M = 0 for M ≥ 1 and

assuming N ≥M , output prediction equations have been obtained. Similarly, the

prediction equations for N prediction horizon and M control horizon are repre-

sented as
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CDŷp = CNup −HDŷ1 (3.7)

where

CD =



1 0 . . . 0

−(1 + a) 1 . . . 0

a −(1 + a) . . . 0

...
... . . .

...


; HD =


−(1 + a) a

a 0

...
...

 ;

CN =


b 0 . . . 0

0 b . . . 0

...
... . . .

...

 ; ŷp =



ŷk+d+1

ŷk+d+2

...

ŷk+d+N


;

up =



∆uk

∆uk+1

...

∆uk+M−1


; ŷ1 =

 ŷk+d

ŷk+d−1

 (3.8)

Equation (3.7) can be further simplified as

ŷp = Gup + Sŷ1 (3.9)

where the coefficient matrices are obtained G = C−1
D CN and S = −C−1

D HD. Ele-
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ments of matrices G and S are obtained as in (3.10)

G =



b 0 . . . 0

(a+ 1)b b . . . 0

...
...

. . .
...

N−1∑
i=0

aib
N−2∑
i=0

aib . . . b


; S =



(a+ 1) −a

(a2 + a+ 1) −(a2 + a)

...
...

N∑
i=0

ai −
N∑
i=1

ai


(3.10)

From (3.10), matrix S can be represented as two columns of entries S1 and S2 as

in (3.11)

S =

[
S1 −S2

]
(3.11)

where S1 and S2 are column vectors whose sum gives a vector having all the ele-

ments 1. The second step of GPC is to obtain the optimal control input for the

plant model. To obtain the optimal control input, (3.1) is the chosen cost func-

tion for this chapter. After solving this unconstrained optimal problem, obtained

optimal control is represented as

up = (GTQδG+Qλ)
−1GTQδ[1nwk − S2∆ŷk+d − 1nŷk+d] (3.12)

where weight matrices Qδ and Qλ are positive definite diagonal matrices having

elements δ(i) and λ(i) respectively. 1n is a vector having all the elements 1. up is

the optimized control input signal having dimension with respect to the control

horizon of the GPC. So, using receding horizon algorithm only the first row of

∆uk value is computed in (3.13) , which is given by

∆uk = Kw1 [wk − ŷk+d]−Ky1∆ŷk+d (3.13)
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where

[
Kw1 Kw2 . . . KwM

]T
= Kw = (GTQδG+Qλ)

−1GTQδIp (3.14)

[
Ky1 Ky2 . . . KyM

]T
= Ky = (GTQδG+Qλ)

−1GTQδS2 (3.15)

Block diagram of the obtained control strategy in (3.13) is shown in Figure 3.1.

Assuming that there is no mismatch in CARIMA model and there is no filter used,
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Figure 3.1: Block diagram representation of derived closed-loop model of
GPC in Eq. (3.13)

(3.13) can be modified as the closed loop transfer function which is represented as

Gcl =
bKw1z

(1−d)

1 + (−1− a+ bKw1 + bKy1)z
−1 + (a−Ky1)z

−2
(3.16)

From (3.16), it can be observed that the GPC closed-loop transfer function of an
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FOPDT plant model is actually an SOPDT model if the there is no model mis-

match. By applying Jury’s stability criteria [65] the stability conditions achieved

are

Kw1>0 (3.17)

Kw1>2(Ky1 − a− 1) (3.18)

(Kw1 + a+ 1)>Ky1>(Kw1 + a− 1) (3.19)

3.2.1 Plant model mismatch

Let the exact predicted output for a model be represented as

ŷk+d−1 = ad−1yk + b
(
ad−2uk−d + · · ·+ auk−2 + uk−1

)
+ vk (3.20)

where vk is the model prediction mismatch of output response defined as

vk = ŷp − yk (3.21)

A plant of higher order can be represented as

ypk(z
−1)

uk
=
B(z−1)

A(z−1)
(3.22)

The approximated FOPDT model is denoted as in (3.3). To determine the plant

model mismatch, (3.3) is substituted in (3.20) and it yields

ŷk+d−1 = ad−1yk +
b

1− az−1
z−d + vk (3.23)

TH-2560_146102017



56 3.2 Derivation of analytical expression

Hence the prediction mismatch can be obtained as

vk =

(
B(z−1)

A(z−1)
− b

1− az−1
z−d
)
uk (3.24)

which can be simplified to

ŷk+d =

(
1 + b

z−1 − z−d

1− az−1

A(z−1)

B(z−1)

)
ypk (3.25)

Once the prediction of the output is obtained, the optimized control input in (3.13)

can be modified as

∆uk = Kw1wk − ŷk+d (Kw1 + ∆Ky1) (3.26)

Therefore, substituting the value of ŷk+d in (3.26) it yields the optimized control

input sequence expressed as

∆uk = Kw1wk −
(

1 + b
z−1 − z−d

1− az−1

A(z−1)

B(z−1)

)
(Kw1 + ∆Ky1) y

p
k (3.27)

Hence the final closed-loop model of the system for higher order plant model

is represented as

Gcl =
Ky1(1− az−1)N(z−1)

Pcl
(3.28)

where

Pcl = ∆(1− az−1)D(z−1) +
(
(1− az−1)N(z−1) + b(z−1 − z−d)D(z−1)

)
× (Kw1 + ∆Ky1) (3.29)

Roots of Pcl can be placed for a desired specified plant characteristic. As it

can be observed from (3.29), roots of Pcl depends on the chosen weight matrix for

the cost function. Hence, in the subsequent section an anlytical formula has been
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derived to calculate the weight matrix of the cost function. So, the closed-loop

system poles can be placed at a desired value, if the chosen specification satisfies

the feasible gain criteria.

3.3 Tuning rule for GPC

In this section, generalized tuning formula for control horizon of one is obtained

when there are no active constraints available. Using (3.16) and inequalities in

Jury’s stability criteria, the closed-loop poles can be placed at a desired location

which can be solved analytically. However it is not guaranteed that the closed-loop

poles with desired specification can be placed arbitrarily. To place the desired

closed-loop poles in the feasible region which is obtained in (3.17), (3.18), and

(3.19), the weight matrices are already defined in a pre-specified form.

3.3.1 Control horizon of one

A generalized expression for control horizon of one is formed by simplifying (3.14)

and (3.15).

Kw1 =
δ(i)

∑l
i=0 a

i

b

((∑l
i=0 a

i
)2

δ(i) + λ(i)

) l = 0, 1, ..., (N − 1) (3.30)

Ky1 =

a

(
δ(i)

(∑l
i=0 a

i
)2
)

b

((∑l
i=0 a

i
)2

δ(i) + λ(i)

) l = 0, 1, ..., (N − 1) (3.31)

As it has already been explained weights of the tuning matrices play a significant

role in system performance than other tuning parameters of a GPC, the chosen
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weight matrix form is represented as

Qδ =



1 0 0 . . . 0

0 1 0 . . . 0

...
...

...
. . .

...

0 0 0 . . . q


N×N

, Qλ = b2

[
r

]
1×1

(3.32)

To simplify, new variables XN and YN are defined as

XN =
N∑
i=1

(
1− ai

1− a

)2

, YN =
N∑
i=1

(
1− ai

1− a

)
(3.33)

Considering an arbitrary prediction horizon which satisfies the inequalities

(3.40), the weights to be tuned for GPC in (3.32) is obtained as

q =
YbKyd1 − aXbKwd1

Xa(aXaKwd1 −Kyd1)
(3.34)

r =
a−Kyd1

Kyd1

(Xb + qX2
a) (3.35)

where r and q are chosen to be positive. Hence, it can be stated that

a−Kyd1

Kyd1

> 0⇒ a > Kyd1 > 0 (3.36)

Similarly,

YbKyd1 − aXbKwd1

Xa(aXaKwd1 −Kyd1)
> 0 (3.37)

⇒ YbKyd1 > aXbKwd1

and (3.38)

⇒ aXaKwd1 > Kyd1 (3.39)

For weight matrix representation in (3.32), the desired feasible gains Kwd1 and
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Kyd1 can be summarized for control horizon one by the inequality criteria as follow

Kwd1 > 0 (3.40)

a > Kyd1 > 0 (3.41)

aXa >
Kyd1

Kxd1

>
Xb

Yb
(3.42)

where

Xa = 1 + a+ ...+ aN−1

Xb = 1 + (1 + a)2 + (1 + a+ a2)2 + ...+ (1 + a+ ...+ aN−1)2

Yb = 1 + (1 + a) + (1 + a+ a2) + ...+ (1 + a+ ...+ aN−1)

The weight matrix can also be defined as a diagonal matrix, in which elements

of the matrix is the scalar multiple of identity matrix. For a non diagonal matrix,

formulation of a generalized tuning rule for every element of the weight matrix is

quite difficult. Hence, Qδ and Qλ are defined as

Qδ =



q 0 0 . . . 0

0 q 0 . . . 0

...
...

...
. . .

...

0 0 0 . . . q


N×1

, Qλ = b2

[
r

]
1×1

(3.43)

Similar to (3.36) and (3.37), the inequality conditions are defined as

1 + a

a
>Kw1>

1− a
a

(3.44)

Ky1 <
2 + 2a

1 + 2a
(3.45)

for a feasible pole placement.
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3.3.2 Control horizon of two

Considering control horizon of two, it can be represented as the gain matrices as

Kw1

Kw2

 = Kw = (GTQδG+Qλ)
−1GTQδIp (3.46)

Ky1

Ky2

 = Ky = (GTQδG+Qλ)
−1GTQδS2 (3.47)

With more simpler notation (3.46) and (3.47) are represented in matrix form as

Xaa + raa Xab

Xba Xbb + rbb


Ky1 Kw1

Ky2 Kw2

 =

aXaa Yab

aXba Ybb

 (3.48)

where raa and rbb are the input weight matrices and the matrix elements in (3.48)

can be expressed in (3.33) as

Xaa = δ(i)Xi i = 1, 2, ...N (3.49)

Xab = δ(i)Yi−1Yi i = 2, 3, ...N (3.50)

Xbb = δ(i)Xi−1 i = 2, 3, ...N (3.51)

Yaa = δ(i)Yi i = 1, 2, ...N (3.52)

Ybb = δ(i)Yi−1 i = 2, 3, ...N (3.53)

where these elements are derived from XN and YN . Solving (3.48) for raa and rbb

XaaKy1 + raaKy1 +XabKy2 XaaKw1 + raaKw1 +XabKw2

XbaKy1 +XbbKy2 + rbbKy2 XbaKw1 +XbbKw2 + rbbKw2

 =

aXaa Yab

aXba Ybb


(3.54)
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From (3.54), raa and rbb can be obtained as

raa =
1

Ky1

(aXaa −XabKy2 −XaaKy1) (3.55)

=
1

Kw1

(Yab −XabKw2 −XaaKw1) (3.56)

rbb =
1

Ky2

(aXba −XbbKy2 −XbaKy1) (3.57)

=
1

Kw2

(Ybb −XbbKw2 −XbaKw1) (3.58)

To achieve the desired performance which satisfies the required inequality criteria,

weights are evaluated as follow

raa =
(YaaXab −XaaYbb)(a−Ky1)

aXabKw1 − YbbKy1

(3.59)

rbb =
(YaaXbb −XabYbb)(Ky1 − aKw1)

aXbbKw1 − Y11Ky1

(3.60)

It can be observed that

XaaXbb −X2
ab = YaaXab −XaaYbb (3.61)

YaaXab −XaaYbb > 0 (3.62)

YaaXbb −XabYbb > 0 (3.63)

Similar to (3.36) and (3.37), inequality criteria can be obtained by choosing the

cost function weights as positive value. For control horizon of two the feasible

region for achieving desired gain is obtained similarly as in control horizon of one.

The final inequality criteria for raa and rbb are obtained as

Kw1 > 0 (3.64)

a > Ky1 > 0 (3.65)
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aXaa

Yaa
>
Ky1

Kw1

> a (3.66)

Generalized expression for higher control horizon three, four etc. is not per-

formed as the derivation and inequality criteria is very difficult to obtain. The

desired performance can be achieved with the proposed tuning algorithm for con-

trol horizon of one and two for the chosen plant model instead of deriving com-

plicated mathematical expression which is not only difficult to derive but also the

performance does not improve significantly as compared to lower values of control

horizon.

3.4 Stability analysis of cost function

A Lyapunov function is a scalar function defined on the phase space, which can

be used to prove the stability of an equilibrium point. In this section stability of

the chosen cost function has been proved.

Definition 1 Let a function Zo(x) be continuously differentiable in a neigh-

borhood U of the origin. The function Zo(x) is called the Lyapunov function for

an autonomous system ẋ = f(x), if the following conditions are met:

1. Zo(x) > 0 for all x 6= 0 and x ∈ U .

2. Zo(0) = 0 ;

3.
dZo

dt
≤ 0 for all x ∈ U

If in a neighborhood U of the zero solution x = 0 of an autonomous system there

is a Lyapunov function Zo(x), then the equilibrium point x = 0 of the system is

stable in the sense of Lyapunov. The system is said to be asymptotically stable

in the sense of Lyapunov, if
dZo

dt
< 0 for all x ∈ U .
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The necessary condition for stability of a cost function is the feasibility of the

chosen optimal cost function solution at each sample instant. For unique solution

of the control law a convex cost function is chosen. A discrete Lyapunov function

stability approach is considered as the derived control law is discrete in nature.

Hence difference operator is used instead of derivative of a function. Stability of

the cost function can be proved if the cost function satisfies the Lyapunov stability

criteria. The minimum of the finite horizon cost function (Jmin) is chosen as the

Lyapunov function, Zo(ei). ei = wi− ŷi is defined as the tracking error in the cost

function.

Theorem 3.1 To show that Zo(ei) is asymptotically stable these criteria are to

be satisfied.

1. Zo(f(ei)) = 0 ∀ ei = 0

2. Zo(f(ei+1)) ≤ Zo(f(ei)) ∀ i > 0

3. ∆Zo(f(ei+1)) ≤ 0 ∀ i > 0

Proof: The Lyapunov value function Zo(f(ei)) = min∆u{Z(ei,∆ui)} is assumed

to be the optimal value of the cost function. Stability of the cost function is

proved by assuming terminal constraint on tracking error, i.e. ei+N = 0. The

chosen Lyapunov function, Zo is quadratic in nature hence it can be stated that

Zo(f(ei)) ≥ 0 and Zo(f(ei)) = 0 only if f(ei) = 0. To show that z(f(ei)) = 0

∀ e(0) = 0 and ∆u(0) = 0 a new vector v =

[
ei ∆ui

]T
can be defined. It is

assumed, ∃v 6= 0 for which z = vT

Qδ 0

0 Qλ

 v = 0. Matrices Qδ and Qλ are

considered to be diagonal in nature, hence z is positive definite as

Qδ 0

0 Qλ

 is
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positive definite. z = 0 when v = 0, which contradicts original assumption. The

second condition can be proved by defining Zo(f(ei+1)) as

Zo(f(ei+1)) = min∆u{Z(ei+1,∆ui+1)} ∀ i > 0 (3.67)

= f(eN+i+1,∆uM+i+1) + Zo(f(ei))− f(e1,∆u1) (3.68)

≤ Zo(f(ei))− f(e1,∆u1) ∀ i > 0 (3.69)

Assuming the final value of the tracking error to be zero i.e. f(eN+i+1,∆uM+i+1) =

0, (3.67) can be expressed as

Zo(f(ei+1)) ≤ Zo(f(ei)) ∀ i > 0 (3.70)

Next criteria to be satisfied is ∆Zo(f(ei+1)) ≤ 0,∀i ≥ 0. Therefore, ∆Zo is

expressed as

∆Zo(f(ei+1)) = Zo(f(ei+1))− Zo(f(ei)) ∀ i > 0 (3.71)

Hence, to obtain the difference of Lyapunov function ∆Zo(f(ei+1)) ≤ 0, from

(3.69) it can be obtained that

Zo(f(ei+1)) ≤ Zo(f(ei))− f(e1,∆u1) ∀ i > 0 (3.72)

Zo(f(ei+1))− Zo(f(ei)) ≤ −f(e1,∆u1) ∀ i > 0 (3.73)

∆Zo(f(ei+1)) ≤ 0 ∀ i > 0 (3.74)

Hence, it has been proved that the tracking error is converging in nature. There-

fore, the error converges to zero as the chosen function is stable in the sense of

Lyapunov.
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3.5 Numerical simulation results

To verify the tuning guideline presented in this chapter, two examples are pre-

sented. As most of the industrial process and power converters are represented in

lower order delayed plant model, first example is an FOPDT plant model and the

second example is a second order time delay plant model. In both the examples

the weights of cost function are evaluated based on desired specified closed-loop

performance. From the discrete closed-loop transfer function prediction horizon,

control horizon and gains of the control law are evaluated based on inequality

criteria derived in this chapter.

3.5.1 Example 1

An FOPDT plant model [3] Gm1 =
1.5e−4s

10s+ 1
is chosen to validate effectiveness of

the proposed tuning rule. Selecting sampling time, Ts = 1 sec, the corresponding

discretized transfer function model is Gd1(z−1) =
0.14z−5

1− 0.9z−1
. Let us design a

GPC controller for the chosen plant model, which has a closed-loop performance

of maximum overshoot of 10% and settling time of 25 sec. Optimal gains are

selected to be Kw1 = 0.4 and Ky1 = 0.2, by comparing with the closed loop

transfer function in (3.16). The chosen gain satisfies the inequality criteria in

(3.17), (3.18), (3.19). Let us assume constraints on input and output as u(n) ≤ 0.8,

∆u = 0.5 and y(n) ≤ 1.5 respectively to show the validity of derived tuning

guideline even though this has been derived without considering active constraint.

Prediction horizon is evaluated as 5 ≤ N ≤ 9. Output response for desired closed-

loop specification is shown in Figure 3.2 along with active constraint for reference

tracking. Figure 3.3 shows optimized control input for the controlled plant model.

From the obtained tuning guideline, optimal gain is chosen to be Kwd1 = 0.3 and

Kyd1 = 0.06. Tuning parameters of Gm1 is shown in Table 3.1. Weight matrices
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are evaluated numerically for control horizon of one and two.

Table 3.1: Tuning parameters for Gm1

Model M = 1 M = 2

Gm1 =
1.5e−4s

10s+ 1

q = 1.7 Qλ =

[
76.1 0

0 45.4

]
r = 150.76 Qδ = IN
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Figure 3.2: Closed-loop output response of Gm1

3.5.2 Example 2

In this example a second order time delay plant model is considered Gm2 =

e−2s

(5s+ 1)(2s+ 1)
. The approximated FOPDT model is represented as

e−3s

(6s+ 1)
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Figure 3.3: Optimized control input response of Gm1

The corresponding discretized first order plant model is represented as Gd2(z−1) =

0.283z−4

1− 0.726z−1
. After obtaining the discrete closed-loop transfer function, the range

of feasible gain matrix is obtained. For this example a closed-loop output re-

sponse with no overshoot is considered as desired specification with input con-

straint u(n) ≤ 2. Figure 3.4 shows the desired closed-loop output response of

plant model Gm2. can be observed. Note that, as per desired specification, the

output responses with or without active constraints do not have overshoot. Simi-

larly, the control input response is shown in Figure 3.5. From the obtained tuning

guideline optimal gain is chosen to be Kwd1 = 0.27 and Kyd1 = 0.05. Tuning

parameters of Gm1 is shown in Table 3.2.
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Time(sec)

0 10 20 30 40 50 60 70 80 90 100

C
o
n
tr

o
l 

In
p
u
t

-1

-0.5

0

0.5

1

1.5

2

2.5

3

Input Limit

Optimized input

Constrained input
10 15 20 25

1.8

2

2.2

Figure 3.5: Optimized control input response of Gm2
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Table 3.2: Tuning parameters for Gm2

Model M = 1 M = 2

Gm2 =
e−2s

(5s+ 1)(2s+ 1)

q = 5.7 Qλ =

[
1070.1 0

0 831.5

]
r = 101.02 Qδ = IN

3.6 Summary

GPC tuning formula for stable SISO FOPDT plant model is derived in this chap-

ter. It is observed that a large value of control horizon increases the complexity

as well as execution time of the controller without any significant improvement in

the performance of the controlled system. From the simulation study it can be

observed that, the proposed tuning formula is able to drive the closed-loop system

to the specified time domain specifications. A generalized tuning expression for

the weights of the cost function is derived in this chapter for a control horizon of

one and two.
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C H A P T E R 4

PRE-COMPUTED GPC FOR DC-DC
BUCK CONVERTER

4.1 Introduction

An advanced controller such as MPC or GPC is widely explored to control switch-

ing mode power supplies (SMPS) [66–70], because of its efficiency in increasing the

overall plant performance and handling system complexities. However, a PI or a

PID controller is recognized as the most commonly used control technique in the

process control industry. The PID controller accounts for approximately 90% of

all the available industrial controllers. However, plant model selection is the main

limitation while designing a PI or PID controller. It is a well-known fact among

control researchers that a PID controller’s performance is compromised in the pres-

ence of plant dead time. For such closed-loop plant model, an appropriate measure

is to inspect the performance of a satisfactory optimal control technique in place of

the classical PID controller. Out of all the available advanced optimization-based

control algorithm, GPC is gaining a lot more attention recently for its predictive

nature of the controller since its introduction. However, the use of GPC is limited

because of its complicated tuning guidelines and implementation cost. Typically,
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the cost of an MPC or GPC constitutes around 70% of the total design cost of

a system. SMPS operates in switching frequency range of kilohertz to megahertz

is a challenging domain for GPC implementation. GPC was mainly preferred for

slower dynamic plants, but faster processors overcame this barrier. It can be ar-

gued that the GPC might not be an appropriate choice for converter circuit as

the controller designing complexity is much more than the plant complexity, but

this is not justified as the converter is a fundamental building block of the electric

vehicle, microgrid, and portable devices.

The cost function’s online optimization is computationally intensive as GPC

optimization process has to be executed at every sampling instant. Real-time

computation of GPC has only been used till date in applications with relatively

large time constants, e.g. petrochemical industry. As DC-DC converters can be

modeled as linear systems, it is not necessary to solve the optimization online;

therefore, the GPC algorithm can be implemented offline for the inactive con-

strained case. In this case, the cost function can be solved analytically producing

a fixed linear control law, that can be implemented online. Because of this reason,

pre-computed GPC is considered in this research work. Using an online optimiza-

tion solver-based GPC increases the computation burden of evaluating the control

law for each switching cycle. This time-consuming calculation is the main reason

for less popularity of GPC in power converter. Although PID is not designed for

optimal performance of the converter, a standard PID compensator is preferred

because of its computational efficiency. Usually, compensator elements are tuned

manually to set coefficients.

GPC design process follows a standard compensator design with optimized

control law. Designing steps are as follows.

1. Selection of an accurate converter model.

2. Selection of the performance criteria of the plant.
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3. Design of GPC compensator parameters.

4. Implementing the controller by using analog or digital components.

Block diagram of the designed GPC compensator is shown in Figure 4.1. Analog

to digital converter (ADC) is required in the output feedback path to measure

the converter output, which is compared with the reference signal to eliminate the

closed-loop system’s tracking error.

GPC

Compensator
PWM

DC-DC

converter

ADC

C
o
n
v
e
rte

r 

o
u
tp

u
t 

Tracking 

error

Optimized 

duty ratio

Reference 

voltage

Output 

voltage

+-

Figure 4.1: GPC compensator control loop for DC-DC buck converter

In this chapter, the performance of an unconstrained GPC is evaluated for a

DC-DC buck converter in which the obtained control input is the duty ratio of

the switch. Hence, this is essentially an input constrained control problem. Be-

cause of this reason, it is hard to stabilize the converter with a predefined feedback

controller globally. Typically, control of converter is based on the measurement

of inductor current and output voltage. Usually, a voltage measurement is more

straightforward compared to the current measurement. The sensors used for the

measurement of the inductor current is costlier than the voltage sensor. Hence, it

is cost-effective to design an output-feedback controller for the converter voltage
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mode control. The derived tuning algorithm for GPC is validated by conducting

simulation and hardware experiment. During load and input variation, to elimi-

nate the steady-state error, an outer PI loop is considered for the pre-computed

GPC.
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Figure 4.2: Switching cycle of SISO DC-DC buck converter
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4.2 Operating principle

A brief introduction of the DC-DC buck converter is discussed in this section.

While a buck converter is chosen to implement GPC, similarly, boost and buck-

boost converter can also be chosen to design GPC as well. Switching cycle of the

buck converter is shown in Figure 4.2. An ideal DC-DC buck converter circuit

diagram is shown in Figure 4.3. From Figure 4.3, it can be observed that a buck

converter consists of a DC source Ein, a switch Sw which is to be operated using a

pulse width modulated (PWM) signal for a certain duty ratio (Dr), a freewheeling

diode D, an inductor L, a capacitor C and a load. Here, it is considered that the

load R is pure resistance in nature. In this circuit, output voltage across load R

i.e. Eout is same as Ec which is voltage across capacitor C. Figure 4.4 and 4.5 are

circuit diagrams of the buck converter when the switch is turned ON and OFF

respectively. When the switch is ON, DC source supplies the input voltage and

current flows through the inductor to the load. When the switch is turned OFF,

the diode is in conduction mode as current does not change instantaneously in

an inductor. Circuit parameters are obtained by solving circuit equations of the

converter model using relevant electrical principles. The voltage drop across the

inductor L is expressed as

EL = L
diL
dt

(4.1)

When the switch is turned ON, inductor value increases from ILmin
to ILmax .

From Figure 4.4, using Kirchhoff’s voltage law, the voltage equation across L can

be written as

Ein − Eout = L
ILmax − ILmin

T1

= L
∆IL
T1

(4.2)
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Figure 4.3: An ideal DC-DC buck converter circuit diagram for pure re-
sistive load
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Figure 4.4: DC-DC buck converter circuit diagram when switch is ON

From (4.2), ON period T1 is obtained as follows

T1 =
∆ILL

Ein − Eout
(4.3)

Similarly, during OFF period voltage equation can be written as

Eout = L
ILmax − ILmin

T2

= L
∆IL
T2

(4.4)
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Figure 4.5: DC-DC buck converter circuit diagram when switch is OFF

and OFF period, T2 can be expressed as

T2 =
∆ILL

Eout
(4.5)

From (4.2) and (4.4), ripple current ∆IL is evaluated as

∆IL =
(Ein − Eout)T1

L
=
EoutT2

L
(4.6)

So, the ripple in inductor current can be minimized using high switching frequency

and higher value of inductance. Using above equations, duty ratio of buck con-

verter in CCM is obtained as

Eout =
EinT1

T
⇒ Dr =

Eout
Ein

(4.7)

Efficiency of the DC-DC buck converter is mainly dependent on design parameters

of the circuit. Hence, inductor and capacitor critical values are chosen as per the

following expressions, so that the converter operates in CCM

Lc =
(Ein − Eout)Dr

2∆ILfsw
(4.8)
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Cc =
∆IL

8∆Ecfsw
(4.9)

There are two ways by which the desired output voltage can be achieved.

First one is by varying the duty ratio of the switch. The second one is by varying

the input voltage, called the reference governance (RG) control. The method

of varying the duty ratio using a closed-loop control mechanism by comparing

with the reference voltage and output voltage is called the voltage mode control

(VMC). In reference tracking, the target is to obtain optimal control by minimizing

the error between the reference voltage and output voltage. Once the optimized

control input is obtained, the desired PWM signal is generated by comparing with

a carrier signal. Circuit elements of the converter are selected to operate in CCM

with the desired amount of capacitor voltage ripple and inductor current ripple.

Design parameters for the chosen converter are noted in Table 4.1. Inductor and

capacitor equivalent series resistance (ESR) is also provided in the Table 4.1.

Table 4.1: Design parameter for the DC-DC buck converter

Parameter Notation Value

Input voltage Ein (8-17) V
Reference voltage Er 6 V
Switching frequency fsw 20 kHz
Inductor ESR Rel 0.12 Ω
Capacitor ESR Rcl 0.365 Ω
Capacitor C 98 µF
Inductor value L 560 µH
Load R 10 Ω
Current ripple ∆IL 20%
Voltage ripple ∆Ec 15%
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4.3 Proposed tuning guidelines

The steps involved in designing the GPC are recalled as follows.

Step 1: To proceed for the controller designing procedure, a discretized transfer

function model of the buck converter is first obtained. Since, the design procedure

for any model-based controller performs better for a relatively exact identified

model, transfer function model identified by Raman et al. [71] using relay feed-

back method is referred in this chapter. The buck converter’s transfer function

is identified in [71], which is an SOPDT system. The identified SOPDT model is

expressed as in (4.10)

Gp(s) =
6.8e−2.68×10−4s

8.6699× 10−7s2 + 0.0019s+ 1
(4.10)

The SOPDT model, Gp(s) is approximated to an FOPDT model. To obtain the

approximated FOPDT model, Skogestat approximation procedure is followed be-

cause this method is the simplest one, and it gives a relatively exact approximation

of a higher-order system to FOPDT system. FOPDT approximation of the model

is represented as

Gm(s) =
6.8e−8.37×10−4s

1.331× 10−3s+ 1
(4.11)

Root mean square error (RMSE) of 0.6576% is evaluated for the identified and the

approximated converter model. Figure 4.6 shows that the modeling mismatch in

the approximated plant model is mainly because of the delay for the approximated

FOPDT model. Steady-state performance of the approximated model dynamics

is similar with the identified converter dynamics. After approximation of SOPDT

model to FOPDT model is obtained with a satisfactory fit with the original plant,

the discretized FOPDT model is obtained as explained in Chapter 3.
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Figure 4.6: Comparison of approximated SOPDT and FOPDT model
responses

Step 2: The next step is to predict the output model. For which prediction

and control horizons are evaluated as per the tuning guideline proposed in Chapter

3. To evaluate tuning parameters, time domain specifications are considered. In

general, settling time and overshoot are specified to determine the closed-loop

transfer function of the plant. Required coefficient matrices are evaluated using

(3.59) and (3.60) as follows

raa =
(YaaXab −XaaYbb)(a−Ky1)

aXabKw1 − YbbKy1

(4.12)

rbb =
(YaaXbb −XabYbb)(aKy1 −Kw1)

aXbbKw1 − Y11Ky1

(4.13)

Step 3: After evaluating all the tuning parameters of GPC, output prediction

is obtained by using (3.7). Once the predicted converter model is generated, the

defined cost function (4.14) is optimized to obtain the linear feedback gain matrix.
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J =

N2∑
i=N1

δ(i)[ŷ(k + i|k)− w(k + i)]2 +
M−1∑
i=0

λ(i)[∆u(k + i)]2 (4.14)

where N1 and N2 are the minimum and maximum prediction horizon obtained by

the inequality criteria.

4.4 Simulation result

Simulation is performed for reference tracking of a predefined voltage. A reference

voltage (Er) of 6 V is tracked for the chosen buck converter. Optimal tuning

parameter values as well as heuristically chosen values are noted in Table 4.2.

In Figure 4.7, closed-loop output voltage response of DC-DC buck converter is

shown for different values of GPC tuning parameters. It is observed that in the

presence of disturbance in the load side, the proposed tuning algorithm is operating

in an optimum condition. Whereas in Case I and II, transient response during

disturbance is not desirable. The setting of the prediction horizon is typically

based on the delay time and the settling time of the plant. To select the control

horizon (M), a high value is avoided as it does not affect the overall controller

performance. It is set at a value of 2. So, tuning of weights for control horizon

of two is followed for transfer function (4.11). Evaluated weights are noted in

Table 4.2. For these values of the controller parameter, the closed-loop output is

response is simulated in MATLAB. As it can be observed from Figure 4.7, pre-

computed GPC controller tracks the step reference of 6 V desirably in the absence

of output disturbance, and during load disturbance, the tracking performance is

compromised because of the modeling error which has not been considered. An

overshoot of 3% is chosen as the design parameter for the buck converter. Load

disturbance is considered in simulation in terms of step disturbance in the output
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side. In hardware result, it is observed that there is an average error of 3%, which

is the offset error present in the output voltage. The open-loop discrete transfer

function is obtained to design the controller. After the controller design procedure

is complete, the stability of the closed-loop system is analyzed by Jury’s stability

criteria.

Table 4.2: Design parameter of GPC

Parameter Notation Optimal
value

Case I Case II

Prediction Horizon(min) N1 10 10 30
Prediction Horizon(max) N2 20 20 50
Control Horizon M 2 10 30
Control weight raa 124.78 1 100
Control weight rbb 98.39 1 100
Error weight q 10 100 1
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Figure 4.7: Closed-loop GPC response of a DC-DC buck converter for
reference tracking voltage Er = 6 V, when disturbance is present in terms
of load variation in the load side.
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Figure 4.8: Output voltage response of GPC and PI control in presence
of disturbance and noise

The overall closed-loop performance of the proposed GPC tuning algorithm

is compared with PI control in Figure 4.8. The approximated FOPDT model is

considered as the plant model for simulation. A PI control with gain adjustment

[71] is having offset error as the plant model response is observed in presence of

noise and disturbance. The PI controller structure is chosen as Kp(1 +
1

sTii
). The

PI controller parameters are obtained as Kp = 1, Ti = 100−6. The reference value

is set at 6 V. From the simulation result in Figure 4.8, it can be observed that

output voltage response of the PI control is having tracking error due to load

disturbance and added noise. The response speed of closed-loop PI controller is

slower than the closed-loop GPC system. Finally the filtered output response is

presented. While the gain adjustment of PI control gives usually a satisfactory

result, but there is also known case of unsatisfactory behavior if PI controller when

implemented for delayed system. Moreover, in presence of noise the performance

of PI control degrades as the model behaves as a non-minimum phase system for

a delayed plant model.
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Figure 4.9: Closed-loop block diagram of the DC-DC buck converter

4.5 Experimental result and discussions

The GPC algorithm has been implemented to regulate buck converter output

voltage by assembling the converter topology circuit elements in the hardware

setup, as shown in Figure 4.10. The setup elements are chosen as follows: an

n-channel MOSFET IRF540N is used for switching operation. To implement

switching through MOSFET, a driver circuit is realized using IC HCPL 3120,

which drives the low power PWM pulse obtained from the F28335 control card

to a high power PWM signal. A fast Recovery Schottky diode NFK 03 is used
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to minimize the ON-state voltage drop across the diode. Values of the converter

circuit elements and controller design parameters are noted in Table 4.1 and 4.2 re-

spectively. The first step is to model the desired controller in MATLAB/Simulink,

as shown in Figure 4.9. After the modeling is done, code composer studio (CCS)

interfacing software is used to implement the designed controller’s generated code.

Using CCS code is loaded in DSP TMS320F28335 C2000 micro-controller. The

output voltage is down scaled to a low voltage as per the DSP board. The down

scaled voltage is up scaled after passing through a 12-bit ADC on the DSP board.

A reference voltage is set as explained in the design of GPC in Section 4.3, to

control the voltage of the buck converter. Using the GPC code, the optimal con-

trol input is generated, which is compared with a triangular wave to obtain the

designed PWM signal having a constant frequency of 20 kHz.

TMS320F28335

BUCK

CONVERTER
INPUT SUPPLY

PC used to interface 

MATLAB with CCS 

V.6

GENERATED CODE 

LOADED INTO 

TMS320F28335 

Figure 4.10: System used to implement the GPC algorithm

The output voltage waveform is observed in digital oscilloscope and the wave-

form for an input voltage of 12 V is shown in Figure 4.11. Reference voltage of 6

V is set for output tracking by the controller. As it can be observed in Figure 4.11

a gate of required duty ratio as evaluated by the error minimizing algorithm is

generated to track the reference signal. Experimental result of transient response

TH-2560_146102017



86 4.5 Experimental result and discussions

of the closed-loop system is shown in Figure 4.12. To guarantee the stability and

robustness of the implemented control algorithm a step change of 50% is injected

at load side. Load value is changed from 10 Ω to 5 Ω suddenly and brought back

to 10 Ω. Effect of sudden variation in load is shown in Figure 4.13. Similarly input

voltage is also suddenly varied from 12 V to 10 V and the effect is shown in Figure

4.14. To observe the effect of controller tracking, input voltage is varied from 8

V-17 V and the percentage error noted for this range of voltage in Figure 4.15. It

is observed that for the low value or high value of input error is relatively high.

To remove the offset error which is shown in Figure 4.15, an integrator operator

can be used prior to GPC for offset free reference tracking.

6V

Gate pulse

Figure 4.11: Gate pulse generated and steady state output of buck con-
verter generated by hardware set up (voltage scale: 2.00 V/div, time scale:
10 µs/div )
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6V

6V

Figure 4.12: Reference tracking of the closed-loop plant model for Er =
6V (voltage scale: 2.00 V/div, time scale: 1s/div )

Change in load 

from 10Ω to 5Ω

Change in load 

from 5Ω to 10Ω

6V 

Figure 4.13: Hardware response of implemented control algorithm for out-
put voltage due to a step change in load from 10 Ω to 5 Ω (voltage scale:
2.00 V/div, time scale: 2 s/div )
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Change in input voltage 

from 12V to 10V
Change in input voltage 

from 10V to 12V

6V 

Figure 4.14: Hardware response of implemented control algorithm for out-
put voltage due to a step change in Ein from 12 V to 10 V (voltage scale:
2.00 V/div, time scale: 2 s/div )

From the error plot it can be observed that for a low and high input voltage

steady state error is increasing. This error is due to the offset, which can be

minimized by using an integral operator

(
1

∆

)
or a PI control. Steady state

inductor current response of a load step change is shown in Figure 4.16. Main

challenge while designing the GPC controller is the selection of prediction horizon

and control horizon. Prediction horizon should be atleast more than the delay time

for a proper design. Control horizon should not be very large because it increases

the computational time without any significant improvement in the performance.

The weights are calculated from the tuning formula derived in previous chapter.
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Figure 4.15: Tracking error vs input voltage for reference voltage of 6 V
and load resistance variation of 50% ( Load resistance is changed from 10
Ω to 5 Ω)
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Figure 4.16: Hardware response of implemented control algorithm for
steady state inductor current due to a step change in load from 10 Ω
to 5 Ω (voltage scale: 1.00 V/div, time scale: 2 s/div )
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4.6 Modified GPC for reference tracking

The proposed GPC feedback law can ensure that the output capacitor voltage

regulation, when there is no plant-model mismatch. However, there always exist

modeling error. A capacitor voltage offset error may occur in the real situation,

which is the case in this designed buck converter. Several filtering capacitor and

low efficient inductor resulted in offset capacitor voltage. In order to eliminate

the offset error, an outer loop PI controller has been designed. The obtained pre-

computed GPC results in a satisfactory performance of the buck converter voltage

mode control but during load and input variation the tracking error is significant.

Hence, to improve the reference tracking response during disturbance for a pre-

computed GPC an outer loop PI control is designed, which ensure offset free

reference tracking. The offset error during load variation is predominantly due

to model mismatch during load variation in offline control mechanism because

tuning parameters derived for a pre-computed GPC depends on the plant model.

During load and input variation, plant model also varies, which is different from

the considered model.

It is assumed that the the PI controller is represented as

yPIk = kp(ek) + kI

k∑
i=0

(ei)ks (4.15)

where yPIk is the output of the PI controller, ek = wk − yk and ks is the sampling

period. To achieve an offset free output voltage the output of the PI controller

must be equal to the buck converter capacitor output voltage.

yPIk ' yk (4.16)
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DC-DC
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Converter

GPC
PI

Controller
+-

𝐸𝑜𝑢𝑡𝑒𝑖𝐸𝑟 Δ𝑢𝑖

TMS320F28335

PWM

Figure 4.17: Block diagram of the dual loop control of buck converter

When we replace yk in place of yPIk and follow eq. (4.15), it is expressed as,

yk = kp(wk − yk) + kI

i∑
i=0

(wk − yi)ks (4.17)

e(k+1) =
1 + kp

1 + kp + kIks
ek (4.18)

Therefore the offset free tracking performance of the closed loop system i.e. yk =

wk can be achieved for kp ≥ 0 and kI ≥ 0 when the PI control is used in the outer

loop along with an inner loop which is considerably fast. The PI controller values

are chosen heuristically as kp = 10, kI = 50 and ks = 0.1ms. Block diagram of

the dual loop GPC for error free reference tracking is shown in Figure 4.17.

Tuning parameters of the GPC are set at N = 20, M = 2, Qδ = diag{10}, and

Qλ =

85.62 0

0 74.27

. Simulation result of reference tracking is shown in Figure
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Figure 4.18: Voltage reference tracking of modified GPC

4.18. The simulation is performed by injecting a random noise of SNR = 45.07

dB. It can be observed that the proposed method is able to track the set output

voltage within desired time limit. Hardware implementation result for modified

GPC are shown in Figure 4.19 and 4.20. Figure 4.18 shows tracking response of

the closed-loop model during 50% load variation. Similarly, Figure 4.19 shows

tracking response of the closed-loop model during input variation of ±2V . The

settling time for load and input variation is 10 msec. To observe the effect of load

and input variation C and L are chosen to be a low value, which results in a high

ripple at the output side. The converter is designed for voltage ripple of 15% and

inductor current ripple of 20%. The outer loop PI controller has been tuned by

conducting extensive numerical simulation of the closed-loop model in MATLAB.

For a pre-computed GPC, during load and input variation, the tracking error

increases due to the model mismatch and capacitor offset voltage. To improve

the reference tracking response during disturbance for pre-computed GPC, an

outer loop PI control is designed as shown in Figure 4.20, which ensure error free

reference tracking. The designed dual loop controller has been experimentally
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validated as shown in Fig. 4.19.

Change in load 

from 10Ω to 5Ω

Change in load 

from 5Ω to 10Ω

6V 

Figure 4.19: Hardware response of implemented modified GPC algorithm
for output voltage due to a step change in load from 10 Ω to 5 Ω (voltage
scale: 5.00 V/div, time scale: 2 s/div )

4.7 Summary

In this chapter, GPC is designed for VMC of DC-DC buck converter for reference

tracking problem in presence of load disturbance in SISO case. Simulation results

for different tuning parameters are presented and compared. There is a trade off

between maximum overshoot and tracking error in presence of load disturbance.

As this is a pre-computed optimization method, during load change buck converter

model parameters change, hence resulting in modeling error. GPC offers benefit in

DC-DC converters in terms of its clearly defined design process, time-domain per-

formance criteria, simple tuning technique and guarantee of stability. To improve

the tracking performance a modified pre-computed GPC tuning algorithm has

been validated in simulation and experiment for a stable FOPDT plant model for
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Change in input 

voltage from 12V to 

14V

Change in input 

voltage from 14V to 

12V

6V 

Figure 4.20: Hardware response of implemented modified GPC algorithm
for output voltage due to a step change in Ein from 12 V to 10 V (voltage
scale: 5.00 V/div, time scale: 2 s/div )

the DC-DC buck converter. The controller design procedure for reference tracking

has been simplified by implementing the pre-computed GPC control input using

a DSP micro-controller. Tracking error during load and input variation has been

eliminated using a PI control at the outer-loop of the closed-loop pre-computed

GPC. Although tracking error has been eliminated but the voltage ripple has been

increased significantly.
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C H A P T E R 5

DESIGN OF GPC FOR
MULTI-VARIABLE PLANT MDOEL

5.1 Introduction

Limiting power utilization in multi-processor frameworks requires utilization of

numerous supplies with a wide range of multiple regulated output and input volt-

ages. Since one inductor for each DC-DC converter is costly, there is an expanding

interest in SIMO DC-DC converters. Portable devices such as cell phone, laptop,

Bluetooth speaker and smart-watch, all work on battery input and multiple volt-

age levels for speaker, LCD screen and sensors. Use of low power portable device is

increasing day by day, which is motivating researchers to develop an efficient con-

trol algorithm for these devices to achieve the desired output. Hence, the supply

voltage must satisfy this demand for a heterogeneous input voltage requirement

for several components of the device for efficient and desirable system perfor-

mance. For component requiring multiple input supply to function, single-input

multiple-output (SIMO) DC-DC converter [72] plays an important role. Recently,

multi-output power converters have been researched widely due to its many advan-

tages over single output converter [73–76]. A SIMO converter has a small volume
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compared to a dual inductor system as it works using only a single inductor. SIMO

DC-DC converter is preferred over multiple SISO converters due to its advantage

of small volume, low cost and high efficiency for low power application. As the

number of inductors required in a SIMO topology decreases, battery life and ef-

ficiency of the switching converter is improved. SIMO converter makes use of a

single or a coupled inductor instead of numerous parallel converters. The issue of

using multiple inductors is that, inductors are bulky and also it is challenging to

switch in a synchronized manner. Due to a decrease in the number of components,

the cost is reduced and efficiency is improved.

Mainly, these converters are used for low power application devices. However,

these converters come with several design and regulation challenges. As it has

only a single input supply, the output needs to be multiplexed. Multiplexing out-

puts ensure that the converter output is never short-circuited. To provide proper

multiplexing, the inductor current is allowed to flow through each output for a

particular switching time. The effect of output cross-coupling in the chosen plant

dynamics is prominent when there is a change in either one of the output which

affects the other output because of this reason the design of a control circuit is

difficult for a SIMO converter. There have been many successful implementations

of classical control techniques for the control of SIMO power converters. Still,

due to complicated closed-loop system dynamics, the controller design procedure

is very complicated. Usually, a controller is designed for the decoupled output

voltages to minimize the cross-regulation [77]. A state feedback cross derivative

is proposed in [78] to minimize the effect of load variation. Consequently, the

regulated output of the converter is susceptible to the supply voltage variations.

Design of a decoupler requires a detailed design strategy of the controller; oth-

erwise, it might reduce the overall system stability. To resolve this issue of use

decoupler, time multiplexing of output is considered [79] for each output, and the
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SIMO converter is converted to an individual SISO converter. In this method,

the system is wholly decoupled in nature, but inductor ripple current is heavily

affected for load change. In another technique, the SIMO converter is operated

in pseudo-CCM mode. In this method, the inductor is connected with a parallel

switch which operates in the freewheeling interval. However, this configuration

of an additional switch results in inductor current during the freewheeling switch

break. Hence, loss in the converter is increased along with an increase in foot-

print. A method proposed in [80] states that the current control loop is used

to determine duty cycles of each output. However still, the output is affected

by cross-regulation due to difference in operating bandwidth among the current

inner loops. The predictive current control technique [81] is proposed to obtain

required duty cycles for outputs to suppress cross-regulation, but the calculation

complexity is very high compared to an analog controller. Loop shaping technique

for open-loop plant transfer function is implemented to obtain the desire operating

points by minimizing the second norm of the error between the desired open-loop

dynamics and the actual plant model [82].

In this chapter, a dual output DC-DC buck converter is considered to show

the design procedure of GPC in case of a SIMO converter. The model of the

single inductor dual output (SIDO) DC-DC buck converter is considered for this

purpose. The plant model is formulated in the transfer function matrix structure.

An augmented states space model is obtained from the transfer function form,

and output prediction model can be generated from one step ahead equation same

as SISO case. A Luenberger-type observer [83] is designed to have an error-free

reference tracking. Criteria to evaluate observer gains has also been derived in

this chapter. Simulation results of an unconstrained optimization are presented.

There are mainly two challenges in the control of a multi-port converter, namely

cross-regulation and cross-coupling. Cross-regulation is defined as the effect on
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output due to load variation in another output. In comparison, cross-coupling is

defined as the effect of reference variation. Control of a dual output converter by

the GPC strategy shows that the designed controller is robust to input and load

variation.

5.2 Design of GPC

For a SISO system, prediction of output from transfer function is easy to com-

pute by using traditional GPC transfer function model but it cannot be directly

extrapolated for a MIMO plant model. Hence a state-space model is adopted for

prediction model. Assuming l outputs, m inputs and n states the states-space

model of a plant is represented as

xm(k + 1) = Amxm(k) +Bmu(k) +Bζudist(k)

ym(k) = Cmxm(k) (5.1)

where, xm and ym are the state equation and output equation respectively. It

is also assumed that all the states of the chosen plant model are controllable.

If number of states are less than number of outputs, then all outputs can not

be controlled with zero steady state error independently. Input disturbance is

incorporated as udist(k) , which is assumed to be zero mean integrated white

noise. udist(k) is written in difference equation as

udist(k)− udist(k − 1) = ζ(k) (5.2)

where ζ(k) is the white noise. From (5.1) the following equation is written as

xm(k) = Amxm(k − 1) +Bmu(k − 1) +Bζudist(k − 1) (5.3)
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To remodel the state-space model in ∆u(k) as input variable, state vector xm(k)

is replaced with ∆xm(k) where ∆xm(k) = xm(k) − xm(k − 1). From (5.1) and

(5.3), ∆xm(k + 1) can be expressed as

∆xm(k + 1) = Am∆xm(k) +Bm∆u(k) +Bζζ(k) (5.4)

Similarly, ∆ym(k + 1) is obtained as

∆ym(k + 1) = Cm∆xm(k + 1) (5.5)

⇒∆ym(k + 1) = CmAm∆xm(k) + CmBm∆u(k) + CmBζζ(k) (5.6)

This modified state model is obtained to include change in input ∆u(k) as a

decision making variable in the cost function for optimization which is the core

concept of GPC. New state vectors are chosen as xn(k) =

[
∆xm(k) ym(k)

]
for

the augmented state plant model. Therefore, modified state-space model of the

plant model is written as

∆xm(k + 1)

ym(k)

 =

 Am 0Tm

CmAm I


∆xm(k)

ym(k)

+

 Bm

CmBm

∆u(k)

+

 Bζ

CmBζ

ζ(k) (5.7)

ym(k) =

[
Om I

]∆xm(k)

ym(k)

 (5.8)

where I is Identity matrix of appropriate dimension and Om is zero matrix. Output

prediction equation is obtained by recursion of one step ahead state equation as
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explained in Chapter 2. The augmented model in (5.7) and (5.8) is denoted as

xn(k + 1) = Anxn(k) +Bn∆u(k) +Bdζ(k) (5.9)

yn(k) = Cnxn(k) (5.10)

Prediction of the augmented state matrix is obtained to determine the output

prediction model, expressed as

xn(k + 1|k) = Anxn(k|k) +Bn∆u(k|k) +Bdζ(k|k) (5.11)

xn(k + 2|k) = A2
nxn(k|k) + AnBn∆u(k|k) + AnBdζ(k|k) +Bn∆u(k + 1|k)+

Bdζ(k + 1|k) (5.12)

...

xn(k +N |k) = ANn xn(k|k) + AN−1
n Bn∆u(k|k) + AN−2

n Bn∆u(k + 1|k) + · · ·+

AN−Mn Bn∆u(k +M − 1|k) + AN−1
n Bdζ(k|k) + AN−2

n Bdζ(k + 1|k)+

· · ·+Bdζ(k +N − 1|k) (5.13)

The notation xn(k + i|k) denotes the i step ahead state variable evaluated at k

instant sampled time. The predicted output is obtained as

ym(k + 1|k) = CnAnxn(k|k) + CnBn∆u(k|k) + CnBdζ(k|k) (5.14)

ym(k + 2|k) = CnA
2
nxn(k|k) + CnAnBn∆u(k|k) + CnAnBdζ(k|k) + CnBn∆u(k + 1|k)+

CnBdζ(k + 1|k) (5.15)

...

ym(k +N |k) = CnA
N
n xn(k|k) + CnA

N−1
n Bn∆u(k|k) + CnA

N−2
n Bn∆u(k + 1|k) + · · ·+

CnA
N−M
n Bn∆u(k +M − 1|k) + CnA

N−1
n Bdζ(k|k) + CnA

N−2
n Bdζ(k + 1|k)+

· · ·+ CnBdζ(k +N − 1|k) (5.16)
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where ζ(k|k) is assumed to be a zero-mean Gaussian noise at k discrete sample

time, hence the predicted value of ζ(k + i|k) at future sample i is assumed to

be zero. The prediction of state variable and output variable is calculated as the

expected values of the respective variables, hence, the noise effect to the predicted

values being zero. For notational simplicity in representation, the expectation

operator is not used. New vectors of optimized control input and predicted output

are defined as

∆U(k) =

[
∆u(k|k) ∆u(k + 1|k) . . . ∆u(k +M − 1|k)

]
(5.17)

Yp(k) =

[
ym(k + 1|k) ym(k + 2|k) . . . ym(k +N |k)

]
(5.18)

Predicted state-space model is written as

Yp(k) = Cnxn(k) (5.19)

⇒Yp(k) = Fpxn(k) +Qp∆U(k) (5.20)

where dimension of the Fp and Qp in output prediction equation (5.20) depends

on the chosen prediction horizon and control horizon.

Fp =



CnAn

CnA
2
n

...

CnA
N
n


, Qp =



CnBn 0 . . . 0

CnAnBn CnBn . . . 0

...
...

...
...

CnA
N−1
n Bn CnA

N−2
n Bn . . . CnA

N−M
n Bn


(5.21)
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The chosen cost function is expressed as

J = Q
N∑
i=1

‖(W (k)− Yp(k))‖2
2 + R

M∑
i=0

‖∆U(k)‖2
2 (5.22)

where W (k) is the reference sequence and Q is the error weight matrix and R is the

control weight matrix, which are chosen to be positive definite constant diagonal

matrices. Current optimal control input is obtained by minimizing a cost function

with respect to the control increment ∆U(k) i.e.
dJ

d (∆U(k))
= 0. According to

receding horizon control principle, from the obtained optimized control input only

the first row is considered to generate the feedback gain matrix Kmpc. Optimized

control input is expressed as

∆u(k) =

[
1 0 0 . . . 0

]
(QT

p QQp + R)−1QT
p Q(W (k)− Fpxn(k)) (5.23)

= Kmpc(W (k)− Fpxn(k)) (5.24)

= Kw1W (k)−Ky1xn(k) (5.25)

where Kmpc is denoted as Kw1 for the gain matrix of reference trajectory. Gain

Kw1 is the first element of (QT
p QQp + R)−1QT

p Q and Ky1 is the first element

of (QT
p QQp + R)−1QT

p QFp. The modified state model for closed-loop system is

written as

xn(k + 1) = (An −BnKy1)xn(k) +BnKw1W (k) (5.26)

Hence, eigenvalues of (An −BnKy1) determines the stability of the closed-loop

system. When eigenvalues lie on the left half of the s-plane, the system is said to

be stable one. If eigenvalues lie on the right half side of the s-plane, the system

is said to unstable and if eigenvalues lie on the y-axis the system is said to be

marginally stable.
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5.3 Observer design for the state estimation

In this section, a Luenberger-type observer is designed for the state estimation

of the GPC. To simplify the design procedure, the plant model is chosen to be

without white noise. The observer model is represented as

x̂o(k + 1) = Anx̂o(k) +Bn∆u(k) + Lo (yn(k)− Cnx̂o(k)) ∀k ≥ 0 (5.27)

where x̂o(k+1) is defined as the state estimation obtained by the Leunburger-type

observer and the observer gain is defined as Lo. ζ(k) is assumed to be zero in the

augmented state-space model. Defining e(k) = xn(k)− x̂o(k) ∀k ≥ 0, the error in

observer estimation is obtained as

e(k + 1) = (An − LoCn) e(k) ∀k ≥ 0 (5.28)

= Ãne(k) (5.29)

A Lyapunov function candidate is defined as

Zo(e(k)) = eT (k)Qoe(k) ∀k ≥ 0 (5.30)

Theorem 5.1 Let Qo be defined as a symmetric positive definite matrix, then

there exist a Luenberger gain matrix Lo defined as

Lo = Q−1
o Po (5.31)

Proof:

It is defined that Qo = QT
o > 0. The Lyapunov function is expressed as in
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(5.30). Therefore ∆Zo(e(k)) is defined as

∆Zo(e(k)) = Zo(e(k + 1))− Zo(e(k)) (5.32)

= eT (k + 1)Qoe(k + 1)− eT (k)Qoe(k) (5.33)

= eT (k)
(
ÃTnQoÃn −Qo

)
e(k) (5.34)

From (5.34), it can be observed that for ∆Zo(e(k)) < 0

ÃTnQoÃn −Qo < 0 ∀k ≥ 0 (5.35)

Therefore, (5.35) can be expressed as a negative value and it is assumed that

ÃTnQoÃn −Qo < −(1− ε2)Qo ∀k ≥ 0 (5.36)

Now, (5.36) is rearranged to

ÃTnQoÃn −Qo + (1− ε2)Qo < 0 ∀k ≥ 0 (5.37)

=Qoε
2 − ÃTnQoQ

−1
o QoÃn > 0 ∀k ≥ 0 (5.38)

(5.38) can be expressed as a Schur compliment in (5.39)

 Qo QoÃn

ÃTnQo Qoε
2

 > 0 (5.39)

which can be expressed in observer gain matrix form as

 Qo Qo (An − LoCn)

(An − LoCn)T Qo Qoε
2

 > 0 (5.40)
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Lo = Q−1
o Po is defined, hence (5.40) is represented as

 Qo QoAn − PoCn

ATnQo − CnP T
o Qoε

2

 > 0 (5.41)

Therefore, it can be concluded that

∆Zo(e(k) < −(1− ε2)eT (k)Qo(e(k)) < 0,∀k ≥ 0,∀(p(0)) 6= 0

with this observer implementation, states of GPC optimized control xn(k) is re-

placed by the observer state.

∆u(k) = Kw1W (k)−Ky1xo(k) (5.42)

The closed-loop dynamics system equation can be formed as

xn(k + 1) = Anxn(k)−BnKy1xo(k) +BnKw1W (k) (5.43)

The observer tracking error is defined as x̄(k) = xn(k) − x̂o(k). Model of the

observer is expressed as

x̄(k + 1) = (An − LoCn) x̄(k) (5.44)

So, the rate at which error converges can be regulated by varying the state matrix

in (5.44) . Smilarly, (5.43) can be written as

xn(k + 1) = (An −BnKy1)xn(k) +BnKy1x̄(k) +BnKw1W (k) (5.45)

The closed-loop equation combining observer dynamics and the augmented equa-
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tion can be written as x̄(k + 1)

xn(k + 1)

 =

 An − LoCn 0n×n

BnKy1 An −BnKy1


 x̄(k)

xn(k)

+

 0n×m

BnKw1

W (k) (5.46)

0n×n is defined as a n×n zero matrix and 0n×m is defined as a n×m zero matrix.

From (5.47) it can be observed that the observer design and the controller design

are independent of each other. The eigenvalues (eg) of the closed-loop can be

determined as the

det

eg −
 An − LoCn 0n×n

BnKy1 An −BnKy1


 = 0 (5.47)

From (5.47) it can be observed that the augmented system eigenvalues remains

unchanged when the observer is designed for the system. Poles of the system

and the observer are independent of each other as the state matrix is a lower

diagonal matrix. The location of observer eigenvalues can be decided by varying

the observer gain (Lo). Similarly, the location of eigenvalues of the system is

decided from the gain matrix Ky1 of the optimized control input obtained by the

cost function minimization.

5.4 Stability analysis of the control law

Stability analysis of GPC is difficult for the case of active constraints in optimal

control, the control law forms a nonlinear optimal control problem. Control input

in GPC is obtained using RHC, subject to feasibility of imposed constraints if any.

Therefore the optimization procedure is repeated until the desired trajectory is

achieved. There are several methods available for the stability analysis of the GPC

control law based on the cost function which involves rigorous mathematics. In
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this chapter, to analyze the closed-loop system stability, an equality constraint on

the terminal state is considered, which means that the error between reference and

output tends to zero. For stability analysis purpose only, augmented state vectors

can be formed as xn(k) =

 ∆xm(k + 1)

W (k)− ym(k)

. xn(k +N) = 0 is set as the terminal

state obtained from optimizing control sequence ∆u(k) = Kmpcf(xn(k)). It is also

assumed that there exists a solution Kmpc such that the chosen cost function is

minimized subject to the satisfying of all feasibility conditions. Subject to these

assumptions, the closed-loop model predictive control system is asymptotically

stable.

Stability of the GPC augmented state space model has been analyzed by choos-

ing the quadratic cost function as the Lyapunov as shown in Theorem 3.1. Op-

timum of the chosen finite horizon cost function (J(∆u(k))) is considered to be

the Lyapunov function. Lyapunov function z(f(xn(k))) is positive definite, and it

tends to a finite value if xn(k) tends to finite. To analyze the convergence of the

obtained control law, quadratic cost function (J(∆u)) is chosen as the Lyapunov

function candidate, z(f(xn(k))). Along with the positive definiteness of the chosen

Lyapunov function second criteria, ∆v(f(xn(k+ 1))) < 0,∀k ≥ 0 also needs to be

satisfied for the asymptotic stability of the control law.

∆z(f(xn(k + 1))) = z(f(xn(k + 1)))− z(f(xn(k))) (5.48)

To proceed further for the analysis, a relation between the Lyapunov function

candidate at sample time k + 1 and k needs to be derived. Assuming that the

optimized solution ∆u(k) satisfies all constraints at sample instant k, a feasible

solution of f(xn(k + 1)) for the receding horizon is given by xn(k + 1), which is
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represented by the prediction model

xn(k + 1) = An(k) +B∆u(k) (5.49)

Obtained optimal solution ∆u(k + 1) is a function of f(xn(k + 1)), it is observed

that

z(f(xn(k + 1))) ≤ ẑ(f(xn(k + 1))), ∀k ≥ 0 (5.50)

where ẑ(f(xn(k + 1))) is the obtained control sequence which is a function of the

sequence xn(1), xn(2),...,xn(k +N − 1). ∆z(f(xn(k + 1))) is then bounded by

z(f(xn(k + 1)))− z(f(xn(k))) ≤ ẑ(xn(k + 1)− z(xn(k)) (5.51)

For the sample time k + 1, k + 2, . . . , k +N − 1 the difference between these two

Lyapunov functions is obtained as

∆z(f(xn(k + 1))) = (xn(k +N)|k)TQ(xn(k +N)|k)−

xn(k + 1)TQxn(k + 1)−∆u(k)TR∆u(k) (5.52)

From the assumption of final constraint, it can be stated that

∆z(f(xn(k + 1))) ≤ −xn(k + 1)TQxn(k + 1)−∆u(k)TR∆u(k)

∀k ≥ 0 (5.53)

Hence, it has been proved that the first derivative of the chosen Lyapunov function

yields a negative value. To show that z(f(x(k))) = 0 ∀ e(0) = 0 and ∆u(0) = 0

a new variable v = [xn(k)∆u(k)]T is defined. It is assumed, ∃v 6= 0 for which
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z = vT

Q 0

0 R

 v = 0. Q and R are already assumed to be diagonal matrices of

constant value hence z is positive definite as

Q 0

0 R

 is positive definite. z = 0

when v = 0, which contradicts original assumption. Hence ∆z(f(xn(k + 1))) ≤

−(1 − λ2) ‖v(k)‖2. Hence, asymptotic stability of the control law is established.

Assuming a terminal constraint does not always results in a stable control law

as there is a possibility that the active constraints from the terminal-state could

cause a linear dependence with other inequality constraints such as constraints on

input and output signals. When this happens, the active constraints (including

the terminal-state constraints) may not be satisfied. To ensure the stability of the

GPC controller, a feedback control has to be defined which must not violate the

active constraints defined while solving for the solution of the cost function. It can

be observed from the obtained optimal control input is that, the control input is

similar to an unconstrained LQR. The optimal control input for defined terminal

state is same as the feedback control of LQR.

5.5 Description of operation

Circuit diagram of SIDO DC-DC buck converter is shown in Figure 5.1. A SIDO

converter consists of an inductor L, two capacitors C1 and C2 , with two output

voltages Eoa and Eob, where Eoa < Eob and one input voltage Ein. Input power

through the inductor is controlled by switch S1 and freewheeling diode D. Dis-

tribution of power from input to each output is controlled by switches Sa and Sb.

Output voltages are regulated by duty ratios D1, Da and Db of switches S1, Sa and

Sb respectively. Operation of the converter duty cycle for different switching cycles

are shown in Figure 5.2. To operate SIDO Buck converter in continuous conduc-

TH-2560_146102017



110 5.5 Description of operation

tion mode (CCM), Da+Db=1 is followed. The parameters of the system under

consideration is given in Table 5.1. Assuming ideal case, DC gain of the considered

system is obtained by using time averaging equivalent circuit approach [74]. The

DC voltage gains and inductor current are formulated as

Eoa
Ein

=
D1(1−Db)R1

D2
bR2 + (1−Db)2R1

(5.54)

Eob
Ein

=
D1DbR2

D2
bR2 + (1−Db)2R1

(5.55)

IL =
Eoa
R1

+
Eob
R2

(5.56)

where 0 < D1 < 1 and 0 < Da, Db < 1. Steady-state operation of SIDO CCM

Buck converter under D1 < Db is considered in this chapter. From (5.54) and

(5.55) D1 and Db are obtained as

D1 =
Eoa[D

2
bR2 + (1−Db)

2R1]

(1−Db)R1Ein
(5.57)

Db =
Ib

Ia + Ib
(5.58)

Table 5.1: Design parameter for the SIDO buck converter [82]

Parameters Specification Value

Input voltage Ein 5 V
Reference output voltage 1 Er1 1 V
Reference output voltage 2 Er2 1.5 V
Switching frequency fsw 100 kHz
Inductor value L 200 µH
Capacitor value of output 1 C1 10 µF
Capacitor value of output 2 C2 10 µF
Load of output 1 R1 2 Ω
Load of output 1 R2 3 Ω
Duty ratio of switch S1 D1 0.25
Duty ratio of switch Sb Db 0.5
Input Power Pin 5 W
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D C1 R1

ia

Ein

iL

L

s1

Eoa

C2 R2

ib

Eob

sa

sb

Figure 5.1: Circuit diagram of a SIDO DC-DC buck converter

Mode I:

There are three modes of operation in a switching cycle. In Mode I operation,

switches S1 and Sb are ON, switch Sa and freewheeling diode D are OFF, inductor

current increases to a peak value of IL1 with a slope of (Ein−Eob)/L. The circuit

diagram of this mode is shown in Figure 5.3.

Mode II:

In Mode II operation shown in Figure 5.4, switches S1 and Sa are OFF, Sb and

freewheeling diode D are ON hence inductor current decreases to a value of IL2

with a slope of −Eob/L.
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IL1

IL2

IL0

IL0

t

t

t

t

Ts

D1Ts

T1 T2 T3

iL

Vgs1

Vgsa

Vgsb

DbTs DaTs

Figure 5.2: Switching cycle of SIDO Buck converter

𝐸𝑖𝑛
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𝑠1

𝑠𝑏

𝑠𝑎

D

𝐸𝑜𝑏

𝐸𝑜𝑎

Figure 5.3: Mode I operation of SIDO Buck converter
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𝐸𝑖𝑛

L

( Mode 2 )

𝑠1

𝑠𝑏

𝑠𝑎

D

𝐸𝑜𝑏

𝐸𝑜𝑎

Figure 5.4: Mode II operation of SIDO Buck converter

𝐸𝑖𝑛
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( Mode 3 )

𝑠1

𝑠𝑏

𝑠𝑎

D

𝐸𝑜𝑏

𝐸𝑜𝑎

Figure 5.5: Mode III operation of SIDO Buck converter

Mode III:

Similarly, Mode III operation is shown in Figure 5.5, switches S1 and Sb are

operating at OFF state, while switch Sa and freewheeling diode D are ON which

results in a decrease in inductor current to a value of ILo with a slope of −Eob/L.
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5.5.1 Transfer function matrix of SIDO DC-DC buck con-

verter

Perturbation in duty ratios d̂i(s) and d̂b(s) of the SIDO CCM buck converter

are chosen as system inputs which are obtained by the controller so that the

closed-loop converter output voltage follows the set reference voltage. Similarly,

the perturbation in two output voltages êoa and êob(s) are chosen as the transfer

function matrix outputs. Thus, a SIDO CCM Buck converter can be written as a

two-input two-output (TITO) system. Detail derivation of the transfer functions

is provided in Appendix A. According to the three modes of operations presented,

the transfer functions of duty ratio to control outputs are represented from (5.59)

to (5.62).

Gd11(s) =
êoa(s)

d̂1(s)
=
Ein(1−Db)Re1(s)

Zeq
(5.59)

Gd12(s) =
êob(s)

d̂b(s)
=
ILRe2(s)[sL+ (1−Db)Re1(s)] +DbRe2(s)(Eoa − Eob)

Zeq

(5.60)

Gd22(s) =
êoa(s)

d̂b(s)
=
−ILRe1(s)[sL+DbRe2(s)] + (1−Db)Re1(s)(Eoa − Eob)

Zeq

(5.61)

Gd21(s) =
êob(s)

d̂1(s)
=
EinDbRe2(s)

Zeq
(5.62)

where Re1(s) = 1/( 1
R1

+ sC1), Re2(s) = 1/( 1
Rb

+ sC1) and Zeq = D2
bRe2(s) + (1−

Db)
2Re1(s)+sL. Er1 and Er2 are the reference voltages which are desired to track

by using GPC with minimized effect of variation in input and load, when there

is a positive and negative step change in the signal. The transfer function matrix

for open-loop SIDO buck converter in Figure 5.1 is derived and expressed as in
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model (5.63).

êoa(s)
êob(s)

 =

 Gd11(s) Gd12(s)

Gd21(s) Gd22(s)


d̂1(s)

d̂b(s)

 (5.63)

5.6 Simulation result

The controller has been implemented and validated using numerical simulation

in MATLAB. The transfer function matrix is converted to an augmented state-

space model as described. The chosen converter circuit specifications are listed

in Table 5.1. Simulation of the plant model has been performed for steady state

performance, load variation and performance of the converter for observer based

GPC. GPC parameters are chosen as N = 20,M = 2,Q = 10IN ,R = 0.02IM ,

where IN and IM denotes identity matrices of appropriate dimension.
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Figure 5.6: Reference tracking by GPC for SIDO buck converter
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5.6.1 Steady state performance

Figure 5.6 shows reference tracking of set output voltages by GPC for a SIDO

DC-DC buck converter without noise and disturbance. In Figure 5.7 and 5.8 the

closed-loop model is simulated for step disturbance signal of magnitude 0.5 and

noise signal of SNR = 48.2 dB for the obtained plant model.
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Figure 5.7: Output voltage responses in presence of step disturbance
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Figure 5.8: Output voltage responses for noisy signal
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5.6.2 Performance during load variation

In this section the robustness of the GPC controller with respect to the 50% load

variations is varified. The cross-regulation effect for the designed GPC without

observer is shown in Figure 5.9 and 5.10. The effect of load variation has been

minimized for the SIDO buck converter. Performance index (P. I.) of the controller

can be evaluated by using the formula

P. I. =

(
Overshoot of the observed signal due to load variation

Actual voltage

)
×Load variation(%) (5.64)

The numerical simulation is performed for a 50% load variation. Performance of

GPC has been compared with other existing controller design methods for SIDO

converter in Table 5.2.
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Figure 5.9: Output Eoa and Eob responses during load variation at load 1
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Figure 5.10: Output Eoa and Eob responses during load variation at load
2

Table 5.2: Comparison of cross regulation minimization

Parameter [80] This work

Control method FPGA GPC
Input voltage 5 V 5 V
Output voltage 3.3 V, 2.5 V 1 V, 1.5V
Switching frequency 500kHz 100kHz
Inductor 4 µH 200 µH
Capacitors (C1, C2) 10 µF 10 µF
Load R1 5 Ω 2 Ω

R2 5 Ω 2 Ω
Settling time 50-100 ms 5-12 ms
P.I. 1 Eoa 0.25 0.15

Eob 0.14 0.2
P.I. 2 Eoa 0.06 0.1

Eob 0.02 0.03
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5.6.3 Performance of the observer

Performance of GPC for reference tracking of set output voltage with and without

observer is shown in Figure 5.11. Observer error convergence plot is shown in

Figure 5.12. It can be observed from the observer error plot that, observer error

is converging at a finite time.
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Figure 5.11: Comparison of output voltages Eoa and Eob with and without
observer design

Time, Sec

0 0.02 0.04 0.06 0.08 0.1

O
b

se
rv

e
r 

E
rr

o
r

×10
-3

-6

-4

-2

0

2

Eoa − Êoa
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Figure 5.12: Observer estimation error for output reference voltage track-
ing
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5.7 Summary

In this chapter, GPC is designed for a dual output system. Leunburger observer is

designed and observer gain can be obtained by using Schur compliment method.

Similarly, stability of the control law and convergence of the observer error is

also established using Lyapunov function candidate. Controller is designed to

minimize the cross regulation during load disturbance in numerical simulation

platform using MATLAB. As the main focus is to design the GPC for reference

tracking, i.e. the output voltage tracking using VMC and effect of perturbation

in output voltage is considered.
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CONCLUSION

This thesis has provided a detailed understanding of GPC with the help of hard-

ware embedded implementation and numerical simulation-based examples for GPC.

A detailed mathematical preliminary is provided for the formulation of GPC con-

trol law. Hopefully, modeling and tuning guideline proposed in this thesis will help

the reader in getting a better understanding of the controller. This thesis has laid

a foundation for analytical tuning of plant first-order plant models for different

types of delayed systems. The derived analytical expression of the tuning guideline

is implemented for a SISO DC-DC buck converter system. Novel tuning guidelines

for implemented buck converter has been presented in the thesis, which can be

modified for boost or buck-boost converter accordingly by approximating to an

FOPDT model. Although stability analysis is difficult for a predictive controller

because of its complicated derivation of control law, a relatively more straight-

forward analysis is carried out for this purpose. A Lyapunov stability analysis is

done by choosing the cost function of the optimization problem as the Lyapunov

function. The overall conclusion of this thesis and recommendations for future

work are presented in this chapter.

TH-2560_146102017



122 6.1 Scope for future work

6.1 Scope for future work

The controller topic presented in this thesis is novel in many fields of research,

particularly in power electronics and drives. Hence, various extension work for

this research topic is possible.

1. Implementation of GPC by using analytical tuning expression for DC-DC

buck converter is a starting point for this domain. This tuning analysis

can also be performed for other converter topologies like boost, buck-boost

converter or any complex circuit design in future research. As VMC mode

of operation is implemented, current mode control (CMC) mode can also

be implemented by formulating a current observer for this controller. As

the first-order delayed system is taken into consideration to derive a general

tuning expression similarly tuning expression for a second-order plant model

can also be derived.

2. As optimal control is not a preferred control strategy in case of power con-

verters because of its complicated control law derivation, there is always a

resistance towards hardware implementation. So, if a complexity analysis of

different controllers concerning the storage and time taken for the processor

can be done, it would create much more impact on this domain.

3. There are many cases of plant dynamics available for which a feasible solution

of the optimal control does not exist for active constraints. So, this area is

not explored in this thesis only simulation results are presented as the plant

chosen for implementation does not require constraints instead the main

focus was given to the steady-state performance of the closed-loop model. A

detailed analysis for active constraints case can be done for GPC to regulate

a pre-compensated power converter, which is usually available in ready-made
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hardware IC form is also an interesting topic to study further as it is not

possible to remove or modified the hardware embedded primal controller.

With this strategy, it is possible to improve the performance of the controller

without discarding the primal regulator. This aspect is helpful when it is not

possible to change the primal controller, and only the reference signal can

be steered, or one of the controllers is preferred for lower frequency range

and other for higher frequency range. While the stability of the controller

has been established in this thesis, uniqueness of GPC control law is still an

open topic to be researched.
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A P P E N D I X A

SUPPLEMENTARY FILES

A.1 Small signal modeling of a SIDO buck con-

verter

According to the time averaging equivalent circuit approach, switches S1 and Sa

can be replaced by the controlled voltage sources ês1(s) and êsa(s) , while diode

D and switch Sb can be replaced by the controlled current source îD(s) and îsb(s).

Then the time averaging AC small signal equivalent circuit can be drawn as in

A.1, where ês1(s), êsa(s), îD(s) and îsb(s) are given by:



îD(s) = (1−D1)̂iL(s)− d̂1(s)IL

ês1(s) = (1−D1)v̂in(s)− d̂1(s)Ein

îsb(s) = DbîL(s)− d̂b(s)IL

êsa(s) = Db(êoa(s)− êob(s)) + d̂b(s)(Eoa − Eob)

(A.1)

From small signal equivalent circuit diagram as shown in Figure A.1, it can be
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1/sC1 R1

s

L

1/sC2 R2

Ƹ𝑒𝑖𝑛(s)

Ƹ𝑒𝑠1(s) Ƹ𝑒𝑠𝑎(s)

Ƹ𝑖𝑠𝑏(s)

Ƹ𝑖𝐷(s)

Ƹ𝑖𝐿(s)

Ƹ𝑒𝑜𝑎(s)

Ƹ𝑒𝑜𝑏(s)

Ƹ𝑖𝑎(s)

Ƹ𝑖𝑏(s)

Figure A.1: Small signal equivalent circuit diagram of SIDO Buck con-
verter

written as a small signal disturbance variable of the inductor current îL(s) and

input voltage êin(s) as,

îL(s) =
êoa(s)

Re1(s)
+
êob(s)

Re2(s)
(A.2)

êin(s) = ês1(s) + sLîL(s)− êsa(s) + êoa(s) (A.3)

where Re1(s) = 1/( 1
R1

+ sC1) and Re2(s) = 1/( 1
Rb

+ sC1). Duty ratio control to

output transfer functions are written as,

Gd11(s) =
êoa(s)

d̂1(s)

∣∣∣∣∣
êin(s)=0,d̂b(s)=0

=
Ein(1−Db)Re1(s)

D2
bRe2(s) + (1−Db)2Re1(s) + sL

(A.4)
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Gd22(s) =
êob(s)

d̂b(s)

∣∣∣∣∣
êin(s)=0,d̂i(s)=0

=
ILRe2(s)[sL+ (1−Db)Re1(s)] +DbRe2(s)(Eoa − Eob)

D2
bRe2(s) + (1−Db)2Re1(s) + sL

(A.5)

As it can be observed from the Figure A.1, the cross regulation transfer functions

are represented as,

Gd21(s) =
êoa(s)

d̂b(s)

∣∣∣∣∣
êin(s)=0,d̂i(s)=0

=
−ILRe1(s)[sL+DbRe2(s)] + (1−Db)Re1(s)(Eoa − Eob)

D2
bRe2(s) + (1−Db)2Re1(s) + sL

(A.6)

Gd22(s) =
êob(s)

d̂i(s)

∣∣∣∣∣
êin(s)=0,d̂b(s)=0

=
EinDbRe2(s)

D2
bRe2(s) + (1−Db)2Re1(s) + sL

(A.7)

Output current to output voltage transfer functions are written as,

Zi11(s) =
êoa(s)

îa(s)

∣∣∣∣
êin(s)=0,d̂i(s)=0,d̂b(s)=0

=
D2
bRe1(s)Re2(s) + sLRe1(s)

D2
bRe2(s) + (1−Db)2Re1(s) + sL

(A.8)

Zi22(s) =
êob(s)

îb(s)

∣∣∣∣
êin(s)=0,d̂i(s)=0,d̂b(s)=0

=
D2
aRe1(s)Re2(s) + sLRe2(s)

D2
bRe2(s) + (1−Db)2Re1(s) + sL

(A.9)

The cross coupled transfer function are written as,

Zi21(s) =
êoa(s)

îb(s)

∣∣∣∣
êin(s)=0,d̂i(s)=0,d̂b(s)=0

−DaD
2
bRe1(s)Re2(s)

D2
bRe2(s) + (1−Db)2Re1(s) + sL

(A.10)

Zi12(s) =
êob(s)

îa(s)

∣∣∣∣
êin(s)=0,d̂i(s)=0,d̂b(s)=0

−DaD
2
bRe1(s)Re2(s)

D2
bRe2(s) + (1−Db)2Re1(s) + sL

(A.11)

A.2 Jury’s stability criteria [65]

Suppose a closed-loop transfer function is represented in a discrete time domain

as

G(z) =
C(z)

1 + C(z)R(z)
=
N(z)

D(z)
(A.12)
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The closed-loop system is stable if all poles of the system lie inside the unit circle in

a z - domain. The poles are defined as the roots of the the polynomial D(z). Jury’s

stability criteria [65] is similar to Routh-Hurwitz stability criteria in continuous

time domain, where a Routh table is prepared and from the elements of the table

stability of the closed-loop system is determined. Similarly, for n order polynomial,

characteristic polynomial is expressed as

D(z) = dnz
n + dn−1z

n−1 + · · ·+ d2Z
2 + d1z + d0 (A.13)

Following assumptions are made before proceeding for the Jury’s table formation

1. Coefficients of polynomial D(z) are all real numbers.

2. dn > 0; which means degree of the polynomial is n.

3. d0 6= 0; which states that the polynomial does not have a root at the origin.

4. There are no roots on the unit circle for polynomial D(z).

Table A.1: Jury’s stability array

z0 z1 z2 . . . zn−1 zn

d0 d1 d2 . . . dn−1 dn
dn dn−1 dn−2 . . . d1 d0

a0 a1 a2 . . . an−1

an−1 an−2 an−3 . . . a0

b0 b1 b2 . . . bn−2

bn−2 bn−3 bn−4 . . . b0

. . . . . . . . . . . .

. . . . . . . . . . . .
p0 p1 p2

where the elements of the odd numbered rows are reversed in even numbered rows.

The elements of odd numbered rows are evaluated as

ak =
d0 dn−k

dn dk

, bk =
a0 dn−k−1

dn−1 dk

, . . .
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For all the roots to lie inside the unit circle, necessary and sufficient conditions

are given as

D(1) ≥ 0; (A.14)

(−1)nD(−1) ≥ 0; (A.15)

|d0| ≤ dn; (A.16)

|a0| ≥ an−1; (A.17)

|b0| ≤ bn−2; (A.18)

... (A.19)

|p0| ≤ p2 (A.20)

A.3 Property of symmetric positive definite ma-

trix using Schur’s compliment [84]

For a square matrix A defined in the form

X Y

Y T Z

 (A.21)

where X ∈ Rp×p and Y ∈ Rp×q are symmetric matrices and Z ∈ Rq×q, the matrix

A is positive definite when

Z > 0 and X − Y Z−1Y T > 0 (A.22)

X > 0 and Z − Y TX−1Y > 0 (A.23)
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