
Doctoral Thesis

Aspects of some physical processes
around compact objects in

theories of gravity

By
Saraswati Devi
Roll No: 196121027

Department of Physics
Indian Institute of Technology Guwahati

Supervisor: Dr. Sayan Chakrabarti

A thesis submitted in fulfillment of the requirements for the degree of
Doctor of Philosophy in the Department of Physics at

Indian Institute of Technology Guwahati

May 6, 2025

TH-3631_196121027



iiTH-3631_196121027



Saraswati Devi
Research Scholar

Roll No: 196121027
Department of Physics

IIT Guwahati
Guwahati, India

email:sdevi@iitg.ac.in

Declaration

I hereby declare that the work presented in the thesis entitled “Aspects of
some physical processes around compact objects in theories of gravity”
is a record of the original work carried out by me under the supervision of Dr.
Sayan Chakrabarti at the Department of Physics, Indian Institute of Technology
Guwahati, India. The thesis has not been submitted anywhere else for any degree.
Works presented in the thesis are all my own unless referenced to the contrary in
the thesis.

Saraswati Devi

Date:

iiiTH-3631_196121027

Saraswati Devi

Saraswati Devi
May 6, 2025



ivTH-3631_196121027



Dr. Sayan Chakrabarti
Associate Professor

Department of Physics
IIT Guwahati

Guwahati, India
email:sayan.chakrabarti@iitg.ac.in

Certificate

It is to certify that the work incorporated in the thesis entitled “Aspects of
some physical processes around compact objects in theories of gravity”,
submitted by Ms. Saraswati Devi (Roll No - 196121027), a PhD student in the
Department of Physics, Indian Institute of Technology Guwahati, in fulfillment of
the requirements for the award of the degree of Doctor of Philosophy embodies
original research work carried out by the student under my supervision and has not
been submitted elsewhere for the award of any other degree.

Sayan Chakrabarti

Date:

vTH-3631_196121027

Saraswati Devi
May 6, 2025



viTH-3631_196121027



Abstract

Although Einstein’s theory of general relativity (GR) is regarded as one of the
most successful theories for comprehending gravity both from an experimental as
well as from theoretical perspective, numerous pathologies are known to exist in
the theory. Among those, the most significant one is the existence of spacetime
singularities, which cannot be avoided in GR. The fact that GR is plagued with
singularities, present unique mathematical challenges as it does not represent any
physical object in nature, neither is it classically avoidable. A number of alternatives
to GR are proposed with a hope to remove such pathologies and to also provide
hint about the regimes of spacetimes where physics is not clearly understood at
present. Such alternatives are expected to reduce to GR as a low energy e↵ective
theory. On the other hand, the hunt for unravelling the mysteries of the universe
is an unending process and it provides us with a number of platforms where the
theories of gravity can be put to test to check their validity. Among them, black
holes (BH) provide a perfect test bed to explore and understand di↵erent physical
processes as well as di↵erent theories of gravity. Other compact objects like naked
singularities (NS), wormholes, etc. are also further helpful in carrying out the above
investigations. Such compact spacetimes have been studied in literature in di↵erent
theories of gravity in an attempt to find observational signatures or any distinctive
features, if any. The progress in the observational arena, both in the gravitational
and electromagnetic channel via the gravitational wave (GW) detectors and the
event horizon telescope (EHT) have provided indirect and direct ways to probe
the universe and has further pushed the frontiers of research in alternative theories
and compact objects. The present thesis is aligned with this area and tries to
focus in brief on the study of some aspects of the physical processes like shadows,
quasinormal modes (QNMs), superradiance and stability of solutions in two di↵erent
types of alternative theories of gravity: the novel four dimensional Einstein-Gauss-
Bonnet (4D-EGB) gravity and the Loop Quantum Gravity (LQG). The former
one contains higher order curvature corrections in the action, in addition to the
Einstein-Hilbert term, while, the later was developed with a view to circumvent the
loopholes of GR, such as notion of discreteness, thereby, rendering the spacetime
regular. The QNMs and greybody factors of asymptotically de Sitter 4D-EGB BH
have been studied by the perturbation technique using test scalar, electromagnetic
and Dirac fields. The parameter of the 4D-EGB theory modifies these quantities,
thereby providing us with an opportunity to check for these modifications in the
observed data and comment on the nature of the compact object or the theory
of gravity. The NS solution in 4D-EGB theory has also been explored and its
stability has been checked. Since it acts as a BH mimicker for various reasons,
the thesis discusses the distinguishable features exhibited by the NS solution in
4D-EGB theory in the time evolution of the test fields against which the response
of the background has been studied. The presence of echoes in the time domain
evolution of the test fields in case of the NS solution was found, which is a distinctive
feature as it is not expected in case of the BH solution in this theory. It was
also found that such spacetimes are unstable against perturbation by test scalar,
electromagnetic and Dirac fields, thereby respecting the cosmic censorship conjecture
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and restricting the parameter space of the Gauss-Bonnet coupling constant. On the
other hand, in order to understand the implications of quantum parameters on
some astrophysical processes, the thesis discussed the shadows and superradiance in
a quantum-corrected BH in the domain of LQG and found that even if the e↵ects
at present, are not within the domain of any observational techniques, interesting
physical insights could still be found to take place at the scale of Planckian regimes,
which might help in understanding the primordial BHs. The studies discussed in
the thesis are important in understanding the nature of e↵ects due to modifications
in the theories of gravity, thereby providing a window to understand the nature of
the background spacetime and check for distinctive observational features, if any.

Keywords: general relativity, Gauss-Bonnet, quasinormal modes, shadows, naked
singularities, echoes, stability, super-radiance
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Objective and chapter-wise outline
of the thesis:

The study of black holes (BH) provides deep intuitions about the core concepts
of gravity. It is the simplest object described by a minimum number of parameters
and therefore, sometimes referred to as the hydrogen atom of General Relativity
(GR) (see [1] and references therein). Lot of research had been and presently being
done on this very active area of BH physics. In particular, topics like the motion
of particles around BHs, gravitational waves (GW) from BH-BH or BH-neutron
star mergers, BH shadow, BH perturbation, BH thermodynamics, quantum aspects
of BHs are the focus areas of research nowadays. In this context, a part of this
thesis focuses on BH perturbation theory. The perturbation technique provides an
excellent tool to analyse di↵erent alternative theories of gravity going beyond GR.
Di↵erent processes, such as quasinormal modes (QNMs), greybody factors, shadows,
super-radiance, stability, and echoes can be studied in the context of the solutions
to these alternative theories to uncover new aspects of our universe’s fundamental
structure.

Below, we briefly describe the astrophysical processes that are the subject of our
work. A detailed discussion on these processes as well as on the di↵erent alternative
gravity backgrounds discussed in this thesis will be provided later in chapter (1).

Quasinormal modes are often associated with compact objects like BHs or neu-
tron stars, while they also arise in a variety of other physical systems like waveguides,
optical fibers etc. However, for the purpose of this thesis, we will concentrate on
compact objects. It is known that the ringing part of a binary merger event is dom-
inated by QNMs. This part of the GW signal emitted by the perturbed geometry
has been studied extensively in the literature [2, 3]. The QNMs allow us not only
to validate a theory of gravity but also to gather information about the intrinsic
parameters of a BH. Such modes reflect the imprints of the underlying gravitational
theory and are crucial for interpreting the stability and dynamics of BHs. QNMs
of BHs and other extreme compact objects are widely studied as they carry unique
information about the parameters of these objects. Despite their classical origin, it
was found that QNMs also may provide a hint into the quantum nature of the BHs,
in turn shedding some light on the quantum nature of gravity [4], which is so far
not very well understood. On the other hand, the concept of greybody factors [5,
6] is essential for calculating the spectrum of the emitted radiation, and therefore
directly probing Hawking’s theory for BH thermodynamics. Another important sig-
nature apart from the QNMs, expected to be found in the GW signal arising from
certain specific exotic compact objects (ECO) is echo. ECOs are extremely dense
and compact theoretical astrophysical objects characterized by the absence of an
event horizon or having unusual properties upon comparison with BHs that deviate
from the predictions of GR. ECOs like gravastars, boson stars, wormholes, fuzzballs
and others, o↵er horizonless alternatives to BHs. They hold the promise to test
whether there are true analogues for classical horizons or not such as a reflective or
nearly absorptive surfaces in case of gravastars, boson stars, or fuzzballs that imi-
tate a horizon’s behavior without fully trapping signals or information. The study
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of echoes can hint at the nature of new physics expected to be present in the vicinity
of an event horizon of a BH or near a naked singular (NS) spacetime. They also can
serve as a window to understand quantum gravity e↵ects as well as probe into the
nature of ECOs [7]. A part of this thesis is dedicated to the study of QNMs, grey-
body factors [8] and echoes [9] related to a particular alternative theory of gravity,
known as the novel 4D-Einstein-Gauss-Bonnet (4D-EGB) gravity [10].

Shadows are another observational feature that one can rely on to gather in-
formation about the di↵erent types of compact objects [11, 12]. They serve as
an important tool to distinguish between di↵erent types of BHs from each other
(thereby confronting standard GR with alternative theories of gravity), and also for
distinguishing BHs from BH mimickers [13] like wormholes, NSs, boson stars etc.,
that can sometimes mimic the shadow of a BH.

Super-radiance is another phenomenon, that has recently gained renewed interest
with the ongoing advancement in the electromagnetic and GW detection facilities
[14]. In this process, waves are amplified upon scattering by a rotating BH, which
can induce instabilities and promote the growth of test fields that provide a unique
avenue to test di↵erent gravity theories. Such advancements in the observational
arena have elevated the searches for direct evidence of BH super-radiance, thus
providing a new tool to test gravitational theories as well as particle physics in
curved spacetime. In our work [15], we have extensively studied the shadow and
super-radiance properties of a quantum gravity motivated BH solution [16].

Checking the stability of any background spacetime under perturbation is a must
before carrying out any realistic astrophysical studies in that particular spacetime.
Together, the study of QNMs, greybody factors, super-radiance, and echoes can
shed light on the perturbative stability of a background spacetime on one hand
and the study of shadows, on the other hand, can provide important information
about testing the boundaries of our current understanding of gravity, potentially
revealing new physics at astrophysical scales. The thesis explores the e↵ects that
will be pronounced on the QNMs, greybody factors, shadow and super-radiance in
two di↵erent theories of gravity - the novel 4D-EGB theory and Loop Quantum
Gravity (LQG). It is expected that the presence of the Gauss-Bonnet coupling term
in the case of 4D-EGB theory and the quantum parameters in the case of LQG
will modify the quasinormal frequencies (QNFs), greybody factors, shadow contour
and super-radiance amplification factors. Thus throughout the thesis, our main
objective has been to probe those aspects of physical processes for which one can
verify a particular theory of gravity with the data provided by observations. Such
studies are further motivated by the fact that they can also help put constraints on
the parameters of the alternative theories of gravity. The entire thesis is divided
into five chapters including the introduction and conclusion along with the future
outlooks:

• Chapter 1

In chapter (1), we provide the introduction and the motivation leading
to the thesis work. This chapter explains in brief the status of Einstein’s theory
of gravity and its success in explaining plethora of observations and provides
a brief introduction to the di↵erent background alternative theories of gravity
along with the di↵erent astrophysical processes around the solutions of these
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theories. The methodologies adopted to compute various quantities have also
been briefly mentioned in this chapter.

• Chapter 2

Chapter (2) of the thesis explores the novel 4D-EGB gravity obtained
by rescaling the Gauss–Bonnet coupling constant ↵ as ↵

D�4 . Consequently,
flurry of works followed since its proposal by Glavan and Lin [10]. This theory
in four spacetime dimensions, defined as a D ! 4 limit of the higher dimen-
sional Gauss-Bonnet theory at the level of equations of motion admits BH
solutions in asymptotically flat and (anti)-de Sitter spacetimes. While most of
the works in this area have focused on constructing di↵erent BH solutions, and
the consistency of the theory, not much e↵ort has gone into figuring out the
QNMs of spherically symmetric BHs (particularly in non-asymptotically flat
spacetimes) with a few exceptions [17–20]. Our aim is to fill up this gap in the
literature by studying the QNMs of spherically symmetric BHs in novel 4D-
EGB gravity in asymptotically de Sitter spacetime. Towards this direction, in
this chapter, we have studied the low-lying QNMs of scalar, electromagnetic
and Dirac perturbations and greybody factors of a spherically symmetric BH
in novel 4D-EGB gravity in asymptotically dS spacetime using the third order
WKB approximation as well as Padé approximation, as an improvement over
WKB. We figure out the e↵ect of ↵ and the cosmological constant ⇤ on the
real and imaginary parts of the QNM frequencies. We also study the greybody
factors and eikonal limits in the above background for all the three di↵erent
types of perturbations. It is seen that the presence of ↵ tends to alter the
values of the QNMs as compared to GR. It is to be noted that our analysis
does not give preference to any particular version of the consistent 4D-EGB
theory and, as such, can be regarded as more general. More details about
the limitations of the regularization scheme used in the original work [10] and
the procedure to overcome it, is provided in chapter (1). A brief overview of
QNMs and the WKB and Padé method that we have used to compute the
QNMs has also been provided in chapter (1) before discussing the work.

• Chapter 3

Chapter (3) discusses an NS solution in the novel 4D-EGB theory of
gravity and attempts to answer the question, “Whether such a solution is
astrophysically viable or not?”. It is seen that for large values of the Gauss-
Bonnet coupling constant ↵, we get an asymptotically flat, static, spherically
symmetric NS solution. If such solutions exist, then the question that fol-
lows is “What are the di↵erent distinct signatures which NS solutions in novel
4D-EGB gravity have, that can help distinguish them from BHs in the same
theory?”. To seek answers to these questions, we have checked the stability
and response of such a background under scalar, electromagnetic and Dirac
perturbations by studying the time domain evolution of these test fields. We
found that close to the singularity, the potential diverges for an NS, unlike the
case of a BH. Also for l = 1 modes of scalar, electromagnetic perturbation,
and l = 0, 1 modes of Dirac perturbation, the time-domain profiles give rise
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to distinct echoes. Such echoes are not expected for the case of a BH in this
theory, because the e↵ective potential of the BH background is not suitable
to give rise to echoes. However, as the coupling constant increases, the echoes
align, and the QNM structure of the 4D-EGB NS spacetime becomes promi-
nent. It was also observed that for higher values of the multipole number l,
the spacetime becomes unstable, thereby restricting the parameter space of
the coupling parameter ↵.

• Chapter 4

LQG is one of the attempts to formulate a quantum theory of gravity
that tries to overcome the di�culties faced by GR and gives way to solu-
tions free from singularities. Chapter (4) briefly highlights one such quantum-
corrected BH solution first proposed by Ashtekar, Olmedo and Singh (AOS
BH) [16, 21, 22]. We then make an e↵ort to see what role the quantum param-
eters play, or, how its e↵ect is pronounced on any astrophysical phenomenon
taking place around such AOS BH. For this, we study the e↵ect of the quantum
parameters on the shadow and super-radiance in this background. For the first
time we have constructed the rotating version of the AOS BH solution using
the modified Newman-Janis Algorithm (NJA) [23, 24] and studied the shadow
contour for the rotating and the non-rotating case. The quantum parameters
are found to modify the contours of the shadow in both cases when compared
to their counterparts in GR i.e., Kerr and Schwarzschild BH respectively. The
super-radiance phenomenon has also been studied in the LQG-motivated ro-
tating AOS BH solution and the quantum parameters are found to modify
the super-radiance amplification factors and the angular velocity of the hori-
zon. We observe that the quantum e↵ects are found to be more pronounced
for smaller masses and extremely rotating BHs. Thus, the LQG-inspired cor-
rections can provide a noticeable e↵ect only when the BH is of the order of
Planck size. Thus, with the present observational techniques, in all practical
situations, the quantum e↵ects shall remain non-detectable. Nevertheless, new
physics can appear at di↵erent length scales in the theory. Having said this
from the theoretical perspective, the shadows and super-radiance at Planck
scales have been investigated in this chapter. On the other hand, the micro-
scopic BHs are important at the primordial level. Therefore, understanding
these LQG-inspired BHs might be relevant in understanding a few important
aspects of the inflationary era during the early stages of our universe.

• Chapter 5

We dedicate the final chapter (5) of our thesis to the possible extensions
of the work related to the thesis as well as we provide some more future
directions. We have also highlighted several important conclusions related to
our work.
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Chapter 1

Introduction

Einstein’s General Theory of Relativity to date is the most accepted theory of
gravity. The field equations provide the correct modern description of the macro-
scopic behavior of spacetime. At the same time, it is the most successful theory
of gravity that correctly predicts and explains a significant portion of observations
starting from solar system scales to the astrophysical [25] as well as cosmological
scales [26]. Starting from perihelion precession of Mercury at the solar system scale
to the observation of the black hole (BH) image by the Event Horizon Telescope
(EHT) [27], from the generation and propagation of gravitational waves (GW) [28]
to the cosmic expansion and structure formation at cosmological scales [29], Gen-
eral Relativity (GR) has remained a consistent theory altogether. It is only at the
strong field regime and at the quantum level that GR lacks propriety. However,
no consistent method of connecting the macroscopic theory of GR to a quantum
field theory (QFT) exists in the literature as yet. Such a unification is believed to
help resolve some of the long-standing pathologies that GR encompasses. It is well
known that GR predicts spacetime singularities [30] and they do have mathematical
problems of their own, as the laws of physics break down at the singularities. This
problem is probably the outcome of the fact that GR does not take into account
the quantum nature of gravity [31]. On another front, the shortcomings of GR have
been brought to light by the ‘dark universe’ scenario. On one hand, there have been
evidence that for gravity to comply with Einstein’s field equations, the presence of a
vast amount of ‘dark matter’ is required in galaxies [32, 33] and on the other, ‘dark
energy’ is necessary to explain the universe’s accelerated expansion [34, 35]. These
ideas point towards the possibility that GR may require modifications to explain
the nature of our universe. In addition, it is commonly thought that the predictions
of GR may not hold when spacetime curvature enters the Planck regime, since the
quantum gravity modifications to Einstein’s equations would dominantly come into
play. In particular, if a theory of quantum gravity resolves singularities of classical
GR, then classical solutions with naked singularities might be regarded as the win-
dow to new physics [36–39]. Thus alternatives to GR were introduced for a variety
of mathematical, philosophical, and observational reasons, but almost all have the
common goal to generalize the theory that Einstein initially proposed.

Recently, investigations of the strong and dynamical region of gravity surround-
ing BHs in previously unheard-of ways have become a reality due to two significant
experimental projects. The first major accomplishment came from the observations
made by the Laser Interferometer Gravitational-Wave Observatory (LIGO) in the
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US in the year 2015 [28], which succeeded in directly detecting the GWs from the
merging of two BHs. Quickly, the observational e↵orts were joined by the Virgo
observatory in Italy in the year 2017, followed by the KAGRA observatory in Japan
in the year 2020 observing almost hundred compact binary mergers, all in agreement
with the coalescence of stellar mass BHs and neutron stars as described by GR [40,
41]. It should be noted that GWs are “ripples” in spacetime, caused by some of
the most violent and energetic phenomena in our universe. The waves are produced
by BH-BH or BH-neutron star or neutron star-neutron star binaries that orbit each
other (inspiral) and finally collide to merge (merger) into a single object that rings
down before settling. GWs are emitted through all the di↵erent stages of inspiral,
merger, and ringdown, as described above. With an immense amount of hard work
carried on for decades, theoretical predictions of GW waveforms for the entire pro-
cesses have been worked out, following the fundamental methodologies prescribed
by Einstein’s theory. These predictions were used to translate the patterns of de-
tected GWs into an understanding of what produced them. With the first detection
of GWs by LIGO and the matching of predictions followed by subsequent processes
mentioned above, one can certainly say that the predictions made by Einstein a
hundred years ago in 1916 were correct and very robust, to say the least. While
the inspiral and merger phases are described by post-Newtonian and full numerical
simulations respectively, the study that deals with the ringdown phase of a binary
merger is solely based on perturbation theory, which will be the focus of a couple of
chapters in this thesis.

The second experimental/observational milestone towards understanding the
strong gravity regime came from the Event Horizon Telescope [27]. They relied
upon the technique of Very Long Baseline Interferometry (VLBI) to construct an
“Earth-sized” radio telescope capable of resolving horizon scale structure. Towards
this goal, the observational targets of the EHT collaboration included the two BHs
with the largest angular diameter as observed from Earth, viz. the BH at the cen-
ter of the supergiant elliptical galaxy Messier 87 (M87), and Sagittarius A⇤, at the
center of our galaxy Milky Way. The physical principle behind the imaging of BHs
lies in the idea of the bending of light due to the spacetime curvature, which is one
of the extraordinary predictions of GR. The status of GR was further strengthened
by other complementary activities like the detailed high-precision tracking of the
S2 star orbiting the supermassive BH Sgr A⇤ by the GRAVITY Collaboration [42,
43], increasingly precise radio measurements of binary pulsar systems [44] and X-ray
spectroscopy of compact binaries [45], just to name a few of them.

It is to be noted that, most of the astrophysical and cosmological observations
have been consistent with the predictions of GR [28, 46, 47]. Even if modifications
are required, the deviation from GR in such cases is little [25, 48, 49]. To figure out
an appreciable divergence from GR, one has to rely on strong gravity regime with
quantifiable e↵ects. Such data from the strong regime of gravity provides chances
to better test GR and observe variations from it, if any. Asymptotically, almost all
the theories of gravity produce similar result [48, 50], it is only in the strong gravity
regime, that the di↵erences or deviations are more pronounced. Hence, one needs
to probe spacetimes near extreme compact objects like BHs, wormholes, naked sin-
gularities (NS), etc., which serve as the best platforms to check the credibility of a
particular theory of gravity. Also, as far as the recent advances in observational tech-
nologies are concerned, one has the nice opportunity to make the best use of them to
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compare the observational data with the theoretical predictions and check, if some
deviations from GR are detected. In this sense, it is always important to explore
alternative theories of gravity rather than relying solely on one. Several alternative
theories of gravity exist in the literature [51–60] which attempts to overcome the
problems faced in GR. Research into all these theories is necessary to explore their
implications for our understanding of the universe.

The present thesis explores the e↵ect of di↵erent parameters of two theories,
namely the recently proposed novel 4D-Einstein-Gauss-Bonnet (4D-EGB) theory of
gravity and Loop Quantum Gravity (LQG), on some astrophysical processes around
the BH and NS solutions of these theories. We have studied how these parameters
a↵ect the QNMs, greybody factors, stability of the background spacetime, shadow
contours, and super-radiance amplification factors in the above-mentioned solutions
of the theories. There are various ways to study these e↵ects. To study QNMs,
one can employ perturbation techniques, where test fields and metric perturbation
are used for the investigation of astrophysical problems, such as GW emission from
gravitational collapses, checking the stability of BHs under small perturbations, and
many more. This technique further finds its use in checking the stability of the
spacetime around a compact object via time evolution of initial state of perturbing
fields. The greybody factors can be computed by a classical scattering computation
of scalar, EM and Dirac wave o↵ the compact object. The shadow contours can
be obtained by studying the trajectories traced out by photons in the spacetime.To
study the super-radiance e↵ect, one can consider the scattering of test fields o↵ the
rotating background spacetime.

One of the most well-studied examples of alternative theories of gravity are the
Lovelock theories [60, 61]. The Lovelock theories of gravity are of particular interest
because they are the only Lagrangian-based theories of gravity that give covariant,
conserved, second-order field equations in terms of the metric tensor in arbitrary
spacetime dimensions (see Ref. [61] for an excellent review). They are, therefore,
considered as the most natural possible generalizations of Einstein’s theory. Accord-
ingly, we have worked on the theory where Einstein’s equations are subject to next-
to-leading-order corrections that are typically described by higher-order curvature
terms (the first correction term which is quadratic in nature) in the action known as
the EGB theory in the four spacetime dimensions (termed as novel 4D-EGB theory
[10]). We have carried out two works in this theory related to quasinormal modes
(QNMs) and echoes in the BH and NS background of the theory. Some words about
the naked singularity solutions are in order here. Even after five decades of serious
e↵orts, there still does not exist any well-accepted proof or definite mathematical
formulation of the well-known cosmic censorship conjecture [30] as per which every
spacetime singularity must remain cloaked by an event horizon or in other words,
there cannot be an NS as the end state of a gravitational collapse. However, in the
recent works presented in [62, 63], it has been seen theoretically that if one starts
from a regular initial condition, then an NS may form as the end state of a gravita-
tional collapse. Hence, studies are not just confined to BHs, but NS also plays an
important role in throwing light on physics taking place in strong gravity regimes.

As a second example of a theory of gravity other than GR, we have chosen LQG.
It is well known that in the vicinity of BHs, where the e↵ect of gravity is strong,
quantum fluctuations of spacetime are expected to play an important role [5, 64]. On
a more theoretical level, there are problems associated with a BH which hint that GR
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might not be complete when explaining all aspects of a BH, particularly regarding
its central singularity. The region around a singularity is characterized by extremely
strong gravitational fields, where quantum e↵ects cannot be ignored. However, GR
fails to explain the quantum e↵ects taking place at singularities and how they link up
with quantum mechanics. To describe the behavior of matter and spacetime under
such extreme conditions, a theory of quantum gravity is needed. Such a theory
should allow the description to be extended closer to the center of the BH so as to
provide a better understanding of physics at the singularity. Towards this direction,
LQG turned out to be one of the few successful attempts to understand the quantum
nature of gravity. There are a few LQG-inspired BH solutions [65–69] in literature
and the characteristics of their shadows have been studied both for non-rotating
[70] as well as rotating [71] cases. One of our investigations shows the presence of
quantum e↵ects on the shadow of the quantum-corrected non-rotating and rotating
BHs. We also quantify the deviation introduced in the modified shadows due to the
presence of quantum corrections in comparison to that of their classical counterpart.
At the same time, we have made an attempt to look into the modification introduced
in the super-radiance e↵ect in the rotating BH background due to the quantum
corrections.

Before outlining the motivation and going into more details of our work, we first
try to give a brief overview of the two di↵erent theories of gravity, viz. novel 4D-EGB
gravity and LQG in the next subsection. We then discuss di↵erent astrophysical
processes around the solutions of these theories as well as the methodologies to
study them.

1.1 Di↵erent gravity theories discussed in the the-
sis

As already mentioned, this thesis discusses astrophysical processes around ex-
treme compact objects in two di↵erent types of theories of gravity. Below we provide
a brief description of both.

1.1.1 The novel 4D-Einstein-Gauss-Bonnet Gravity

GR can be treated as an e↵ective theory of some more fundamental theory,
valid up to some finite energy scale [72, 73]. Interestingly, Lovelock [60] proved that
in four dimensions, GR is the only metric theory of gravity that gives symmetric,
covariant second-order field equations in terms of the metric tensor. In arbitrary
spacetime dimensions, Lovelock theories (see Ref. [61] for an excellent review) are
the most general class of theories that have the same above-mentioned behaviour of
the field equations. The Lovelock lagrangian in D dimension is given by,

L =
p
�g (�2⇤+R + ↵G + · · · ) , (1.1)

where G ⌘ R2 � 4Rµ⌫Rµ⌫ +R↵�µ⌫R↵�µ⌫ is known as the Gauss-Bonnet combination
and gives the leading order correction to the Einstein-Hilbert action with a cosmo-
logical constant ⇤. Here, R is the well-known Ricci scalar, Rµ⌫ are the components
of the Ricci tensor, R↵�µ⌫ are the components of the Riemann tensor and ↵ is the
Gauss-Bonnet coupling constant.
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1.1.1.1 The Einstein-Gauss-Bonnet Gravity

For the EGB gravity, the Lagrangian density from the Lovelock lagrangian in
(1.1) by neglecting cubic and higher powers of curvature tensors, is given by

LEGB =
p
�g (�2⇤+R + ↵G) . (1.2)

Extremization of the action associated with this Lagrangian gives the Lanczos tensor
[74]:

Aµ⌫ = �1

2
↵0gµ⌫ + ↵1

✓
Rµ⌫ �

1

2
gµ⌫R

◆

+ ↵2

✓
2Rµ↵⇢�R

↵⇢�

⌫
� 4R⇢�Rµ⇢⌫� � 4Rµ⇢R

⇢

⌫
+ 2RRµ⌫ �

1

2
gµ⌫G

◆
,

(1.3)

where ↵0 = �2⇤, ↵1 = 1 and ↵2 = ↵. This tensor provides an alternative set of field
equations from those of Einstein, which has no higher than second derivatives of the
metric, and which obeys the required symmetry and conservation properties. In 4D
and lower, the coe�cient of ↵2 vanishes identically. The integral of the Gauss-Bonnet
term over a four-dimensional spacetime M4 (properly compactified) is equal to a
constant whose value depends upon the Euler characteristic of the manifold. Upon
extremization, this term contributes precisely zero to Aµ⌫ . Thus the action from the
GB term is invariant under the variation of the metric field whose boundary values
are fixed. It is for this reason that the Gauss-Bonnet term in 4D is often referred
to as a “topological term” and neglected as it does not contribute to local dynamics
while it becomes local only in higher-dimensional spacetime. This is despite the fact
that generically G 6= 0 in 4D.

This combination of Einstein-Hilbert and Gauss-Bonnet terms in the gravita-
tional action results in theories that are known as EGB gravity. The Gauss-Bonnet
term is the unique term that is quadratic in the curvature and results in second-order
field equations. In D dimension, the action is of the form

S[gµ⌫ ] =

Z

M
dDx

p
�g(�2⇤+R + ↵G) , (1.4)

It needs to be mentioned here that this class of theories has been widely studied
and an increased interest in this particular theory of gravity is due to the new
developments in string theory side also [75–77]. It is well known that e↵ective
models of gravity in higher dimensions can be obtained from low energy limits
of string theories. These e↵ective models involve higher powers of the Riemann
curvature tensor in the action in addition to the usual Einstein-Hilbert term [75].
The Gauss-Bonnet combination is of most interest among these higher powers of the
Riemann tensor. Interestingly, the theory admits BH solutions [78–80]. Not only in
string-generated gravity models, the Gauss-Bonnet BHs have gained interest in the
context of brane world models [81], as well as in the context of possible production
at the LHC [82]. Einstein-Gauss-Bonnet theories have also been extensively studied
in the inflationary framework [83–85].

1.1.1.2 Glavan and Lin’s approach

It is thus seen that in four dimensions and lower, the Gauss-Bonnet term does
not seem to have a direct e↵ect in the 4D theory of gravity. Recently, however,
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a novel theory of gravity has been put forward by Glavan and Lin that claims
to bypass these di�culties [10]. This theory has been dubbed novel 4D-Einstein-
Gauss-Bonnet gravity and for a general D-dimensional theory, is based on the action
as:

SEGB[gµ⌫ ] = SEH [gµ⌫ ] + SGB[gµ⌫ ] + Smatter, (1.5)

where Smatter represents action corresponding to any matter fields in the theory. The
reader will note that the number of spacetime dimensions D is not yet specified. The
Einstein-Hilbert action is

SEH [gµ⌫ ] =
1

16⇡GN

Z
dDx

p
�g [R� 2⇤] , (1.6)

In Eq. (1.6) and in the rest of the chapter (2), we have chosen GN = 1/8⇡M2
Pl, the

D-dimensional Newton’s constant to be unity, where MPl is the Planck mass that
characterizes the strength of the gravitational interaction. The Gauss-Bonnet term
action looks like

SGB[gµ⌫ ] =
1

16⇡

Z
dDx

p
�g↵G, (1.7)

It is to be noted that in four spacetime dimensions, the Gauss-Bonnet term turns
out to be a total divergence (i.e., it is a topological term in 4D). Hence, it does not
contribute to any gravitational dynamics. However, Glavan and Lin in [10] showed
that by a proper re-scaling of the Gauss-Bonnet coupling constant ↵ ! ↵/(D � 4)
and then taking the limit D ! 4 at the level of equations of motion, one can obtain
the novel four dimensional EGB gravity theory. Therefore, following Eq. (1.5), the
action for novel four-dimensional EGB gravity with the scaled coupling constant
↵/(D � 4) can be written as

SEGB[gµ⌫ ] =
1

16⇡

Z
dDx

p
�g
h
R� 2⇤+

↵

D � 4
G
i
+ Smatter , (1.8)

The action can then be varied with respect to the metric and setting the variation
to be equal to zero: �SEGB/�gµ⌫ = 0, one arrives at the following equations of motion

8⇡Tµ⌫ = G(⇤)
µ⌫

+G(EH)
µ⌫

+G(LL)
µ⌫

, (1.9)

where, G(⇤)
µ⌫ = ⇤gµ⌫ , the Einstein tensor G(EH)

µ⌫ = Rµ⌫ � 1
2Rgµ⌫ and the Lanczos-

Lovelock tensor

G(LL)
µ⌫

= � ↵

D � 4

h1
2
gµ⌫(R↵��⇢R

↵��⇢ � 4R↵�R
↵� +R2)

�2RRµ⌫ + 4Rµ↵R
↵

⌫
+ 4Rµ↵⌫�R

↵� � 2Rµ↵��R
↵��

⌫

i
. (1.10)

The four-dimensional novel EGB theory, at the level of equations of motion, can be
obtained as a limit D ! 4 [10], circumventing Lovelock’s theorem. Such a theory
admits BH solutions (it admits both dS as well as AdS branches, see [10, 86, 87] for
details):

ds2 = �f(r)dt2 + f�1(r)dr2 + r2(d✓2 + sin2 ✓d�2), (1.11)
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with

f(r) = 1 +
r2

32⇡↵

"
1�

r
1 +

128⇡↵M

r3
+

64⇡↵⇤

3

#
. (1.12)

where M is related to the gravitational mass of the BH.
This method is conceptually similar to the dimensional regularization procedure

used in QFTs. The goal of this is to produce a new classical gravity theory in four
dimensions that includes a non-vanishing contribution from the Gauss-Bonnet term
to the field equations. It has subsequently attracted a great deal of attention in
recent times. The re-scaling of ↵ as ↵ ! ↵/(D� 4) entirely removes the factor that
usually leads to vanishing contribution from the Gauss-Bonnet term, and leaves a
term that can, in general, be non-zero in the limit D ! 4.

Glavan and Lin in their paper [10] have shown that if they take D-dimensional
Robertson-Walker geometries, with maximally symmetric spatial surfaces of dimen-
sion D�1, then the D-dimensional Friedmann equations remain well-behaved in the
limit D ! 4. Similarly, the D-dimensional spherically symmetric vacuum solutions
of the theory given by Eq. (1.4) with the vanishing bare cosmological constant,
along with (D � 2)-dimensional spherically-symmetric subspaces, were also found
to be well behaved in the appropriate limit. It was shown that the D ! 4 singular
limit of the Gauss-Bonnet term produces some non-trivial contributions to the grav-
itational dynamics, but preserves the number of graviton degrees of freedom. This
novel EGB theory can be shown to be free from Ostrogradsky instability [10] and
does not require coupling to any matter field. Moreover, such a theory bypasses all
conditions imposed by Lovelock’s theorem [60, 88, 89] according to which, Einstein’s
GR with the cosmological constant is the unique theory of gravity if we assume (i)
the spacetime is 3 + 1 dimensional, (ii) di↵eomorphism invariance, (iii) metricity,
and (iv) second order equations of motion. The problem of BH singularity is also
found to be resolved in this theory. These results are suggestive that the theory may
be well-behaved in general in the four-dimensional limit.

Di↵erent solutions and di↵erent aspects of 4D-EGB gravity were studied so as to
find new di↵erences from GR as well as standard EGB theory. Since the proposal of
the novel 4D-EGB theory, a flurry of works have been done in this theory which in-
cludes the formulation of cosmological solutions [90, 91], spherical BH solutions [86,
87, 92, 93], solutions of star-like objects [94], radiating and collapsing solutions [95,
96], extending to four-dimensional Einstein-Lovelock theories [97], thermodynamic
behaviour of BHs in such theories [98–101] and the gravitational and physical prop-
erties of BHs [8, 17, 19, 102–110]. Lot of works has been done on QNMs and stability
of BHs arising out of EGB gravity in spacetime dimensions D > 4 [111–127]. The
stability and QNMs of the asymptotically flat 4D-EGB BH against perturbation by
scalar, electromagnetic, Dirac fields have been studied in [17]. Following the D ! 4
regularization of the scalar and vector type gravitational perturbation of the higher
dimensional EGB BH [128, 129], Konoplya et.al showed that the asymptotically
flat, de Sitter (dS) and anti-de Sitter (AdS) BHs are unstable in the eikonal limit
(large l) for large positive values of the Gauss-Bonnet coupling parameter [17, 130].
The QNMs of the 4D-EGB BH in the asymptotically dS and AdS spacetime due
to scalar, electromagnetic and Dirac perturbations have been studied in [110]. The
quasibound states of massless scalar, electromagnetic and Dirac fields in the asymp-
totically flat 4D-EGB BH and the associated stability problem has been studied

TH-3631_196121027



Chapter 1 12

recently in [131]. In this regard, we have studied the QNMs and greybody fac-
tors of the novel four dimensional Einstein-Gauss–Bonnet BHs in asymptotically dS
spacetime using scalar, electromagnetic and Dirac perturbations.

1.1.1.3 Limitations of the theory

Despite all the above-mentioned studies, the regularization scheme used in this
novel 4D-EGB theory [10] was found to be inconsistent on several grounds [132–
140], which led to the development of di↵erent versions of regularized (consistent)
4D-EGB theories [141–145]. There are several reasons why the method proposed in
[10] does not work. It is well known that the Gauss-Bonnet term in four spacetime
dimensions turns out to be a total divergence i.e., it is a topological term and hence
it does not contribute to any gravitational dynamics. The field equations of EGB
theory defined in its most general form in D > 4 dimensions can be split into two
di↵erent parts. One of the parts of these field equations always remains higher
dimensional, making the limiting procedure of D ! 4 non-trivial [132–135, 138].
Tree-level graviton scattering amplitudes were studied in this regard, independently
of the Lagrangian, and it was shown that the dimensional continuation and D ! 4
limiting procedure applied to Gauss-Bonnet amplitudes does not produce any purely
new four-dimensional Gauss-Bonnet gravitational amplitudes [136]. All these imply
that the existence of D ! 4 limiting solutions does not mean the existence of a
four-dimensional theory as proposed in [10]. Hence, several works appeared in the
literature exploring di↵erent consistent versions of the 4D-EGB theory to discuss
the subtleties of the D ! 4 limit of the EGB gravity [10]. Interestingly enough,
it has been found that the field equations of the di↵erent consistent versions of
the 4D-EGB gravity [91, 141–144] admit the same static spherically symmetric BH
solution as was first proposed in [10] and from here onwards we will refer to it as
4D-EGB BH. It needs to be mentioned that our analysis does not give preference
to any particular version of the 4D-EGB theory.

1.1.2 Loop Quantum gravity (LQG)

Although a great accomplishment in explaining the universe’s large-scale struc-
ture, GR fails at the quantum level. Such loopholes have led to conceptual, mathe-
matical and technical obstacles that have bedevilled physicists for a long time. It is
believed that a viable e↵ort to reconcile GR and quantum mechanics — two foun-
dational theories of contemporary physics can provide a coherent quantum theory
of gravity that might provide suitable solutions to such obstacles. LQG is one such
non-perturbative and background-independent approach to quantum gravity the-
ory. This theory is primarily driven by the necessity of creating a cogent theory by
unifying GR with QFT, that seeks to address the shortcomings of GR at the quan-
tum level by quantizing spacetime itself. It primarily focuses on extreme gravity
regions like the Big Bang proximity and the interior of BHs where the continuous
nature of spacetime as described by GR breaks down as it is expected that in such
regions of strong gravitational fields, the classical trajectories might get altered by
quantum e↵ects and hence new e↵ects will show up. The fundamental idea behind
LQG is that time and space are not continuous but consists of distinct, indivisible
components called “loops” or “spin networks”. The discrete nature of the theory is
manifested in the form of the lowest non-zero eigenvalue of the area operator that
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is allowed in the theory – the area gap �, that dictates the quantum corrections
to Einstein’s equations. It originally started as a canonical quantization scheme
towards GR, [146–148]. Here the phase space of GR is parametrized by the connec-
tion variables e.g. the Ashtekar-Barbero variables [149] which is based on the gauge
group SU(2). These variables define a Hilbert space and further quantize the Hamil-
tonian constraint. One of the areas where LQG can be connected to observation is
via its technical and conceptual application to the subfield of loop quantum cosmol-
ogy (LQC) [150], where the problem of big bang singularity is resolved by o↵ering
finite-dimensional models of quantum cosmology [151]. However, it is di�cult to
obtain a smooth classical spacetime from fundamental quantum geometry present
in LQG. This gives way for the development of spin foams [152], a path integral
approach as well as the group field theory approach [153] to cope with these issues.

In our present thesis we have considered a macroscopic Kruskal extended Schwar-
zschild BH [16, 21, 22] encompassing both the “interior” region that contains clas-
sical singularity and the “exterior” asymptotic region that incorporates corrections
due to quantum geometry e↵ects of LQG and is rendered free from a singularity. It is
well known that the Schwarzschild interior is isometric to the (vacuum) Kantowski-
Sachs cosmological model and hence is naturally foliated by a family of homogeneous
space-like 3-manifolds [66, 154–156]. Hence techniques from loop quantum cosmol-
ogy (LQC) based on LQG can be used to construct a Hamiltonian framework based
on connection and triad variables which help to pass to the quantum theory us-
ing the same methods that are used in full LQG. The phase space variables are
the gravitational SU(2) connections Ai

a
and their canonical conjugate momenta Ea

i

(that represent (densitized) orthonormal triads). Using a step-by-step procedure
based on a geometrical formulation of quantum mechanics, one can then extract an
e↵ective description from the resulting quantum theory. It is to be noted that so far,
there is no systematic procedure for deriving the e↵ective equations starting from
(a symmetry-reduced version of) LQG, rather, these equations are inspired from
LQC. This technique might be helpful in constructing a more complete quantum
description of the singularity resolution for BHs and is considered as a powerful tool
to construct the full quantum theory beyond the FLRW models. Such a theory
is studied extensively as it gives rise to new physics from the underlying quantum
Riemannian geometry.

In chapter (4) we have studied the shadows and super-radiance of a quantum-
corrected BH and discussed the modifications introduced in shadow contours and
super-radiance amplification factors due to the presence of quantum parameters.

In what follows, we will briefly describe the astrophysical processes which are
the main focus of this thesis in the next subsection.

1.2 Astrophysical processes studied in the thesis

1.2.1 Quasinormal modes (QNMs)

QNMs are eigenmodes of dissipative systems. They are the proper modes at
which a BH, a star, or any compact object oscillates when excited by a non-radial
perturbation and the frequencies associated with these characteristic oscillations are
termed as quasinormal frequencies (QNFs). QNMs are a fundamental feature of the
gravitational signal emitted by compact objects in many astrophysical processes.
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When a binary BH merger produces a GW signal, the ringdown phase is especially
interesting because it can be explained by linear perturbations around a stationary
BH and primarily corresponds to a superposition of QNMs. When a BH is perturbed,
it responds to perturbations by emitting GWs whose evolution in time can be divided
into three stages: 1) the first stage consists of an initial outburst of radiation for
a relatively short period of time , 2) the second stage is usually a long period of
damping proper oscillations, dominated by the so-called QNMs and 3) the third
stage occurs at very large time where the QNMs are suppressed by power-law or
exponential late-time tails. These QNMs, associated with the second stage of the
evolution of perturbations have discrete frequencies and its detailed analysis via so-
called “BH spectroscopy” [157], is a priceless tool for testing GR and searching for
distinctive indicators of modified gravity. The spectrum acts as a fingerprint of the
system and via the no-hair theorem only depends on the mass and spin as the two
unknown parameters and are independent of the particular initial perturbation that
excited them. To understand these QNMs theoretically, one can study them via
the perturbation theory where the backgrounds are perturbed in a variety of ways,
by adding dynamical non-vacuum test fields to the BH spacetime, such as scalar
fields, neutrino fields, electromagnetic fields, Dirac fields etc., or by perturbing the
spacetime directly with gravitational perturbations known as metric perturbation
of the spacetime. It is seen that these perturbations follow linear second-order
di↵erential equations, the symmetry characteristics of which are determined by the
background’s symmetries. With the right choice of coordinates, these symmetries
typically enable one to separate variables, which reduces the system to a collection
of linear ordinary di↵erential equations (ODEs) or a single ODE termed in the
literature as master equation having the form

d2 

dr2⇤
+ (!2 � V (r)) = 0 , (1.13)

where  is the radial part of the perturbing field and V (r) is the potential containing
information about the background and the type of perturbation and r⇤ is the tortoise
coordinate defined as

dr⇤ =
dr

f(r)
. (1.14)

with f(r) given by Eq. (1.11). QNMs are then defined as the eigen modes of this
system of equations (1.13) with the precise choice of physically motivated bound-
ary conditions of outgoing waves at spatial infinity (1.15) and ingoing waves at the
horizon (1.16).

 ⇠ ei!r⇤ as r⇤ ! +1 , (1.15)

 ⇠ e�i!r⇤ as r⇤ ! �1 . (1.16)

These boundary conditions are chosen to make sure that no gravitational radi-
ation unrelated to the initial perturbation disturbs the system at late times. The
presence of the horizon, acting as a one-sided membrane serves the purpose of a sink
and makes the system dissipative. The BH now behaves as an open system (with the
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boundary conditions 1.15 and 1.16) and loses energy. Hence, the associated eigenval-
ues are complex, the real part of which is equal to the system’s oscillation frequency
and the imaginary part corresponds to the mode’s damping time accounting for the
energy loss. They di↵er from a normal-mode system in the sense that they are not
truly stationary since they are damped quite rapidly. Also unlike normal modes,
they seem to appear only over a limited time interval, rather than extending from
arbitrary early to arbitrary late times. The ‘normal’ part in the term QNM points
out to the fact that these modes are closely analogous to normal modes in the way
they are determined. The ‘quasi’ part points out to the fact that they have several
di↵erences from the normal modes and are not quite the same. The most important
di↵erence is that they are not really stationary in time due to their strong damping.
It needs to be mentioned that the QNMs generally do not form a complete set, in
the sense that the time evolution of any initial perturbation could be described as a
superposition of such QNMs. Also, they are excited only at a particular instant in
time and decay exponentially with time. This implies that they cannot have existed
for all times. It is limited in the beginning by the initial pulse, and towards late
times by the power-law tail. QNMs were first detected in 1970s in numerical simula-
tions of scattering of Gaussian wavepackets by Schwarzschild BHs. Regge-Wheeler
[158] and Zerilli [159] gave a full mathematical treatment of the gravitational pertur-
bation in a static spherically symmetric background. Later on Vishveshwara [160]
noticed that at late times, these waveform consists of a damped sinusoid, having
ringing frequency almost independent of the Gaussian parameters.

Admittedly, while some theories of alternative gravity may be well constrained
by cosmological observations, solar system tests, and gravitational wave observa-
tions, others are just too complicated to work with. As a specific example, the
lack of numerical relativity simulations or a perturbation theory for rotating BHs
in alternative theories implies that we are not able to make an actual prediction for
what will occur deep into the non-linear dynamical regime of gravity. Therefore, one
already intriguing avenue of starting to test GR within or beyond its predicted limit
is in the GW emission accompanying binary BH mergers. These occurrences explore
the most extreme features of gravity, and ongoing advancements in both current and
upcoming detectors promise high-accuracy observations that will require thorough
explanations which may provide a window to look beyond GR. This will then pose
a challenge to the current methods of treating GR since more accurate data necessi-
tates more accurate modelling. It is expected that the upcoming observation cycles
will yield intriguing results in BH spectroscopy with more accurate measurements.

Di↵erent methods are available in the literature (see [2, 3, 161–163]) to compute
QNMs. One chooses the best methods amongst them pertaining to the context of
the problem they are dealing with. Also, QNFs are only slightly a↵ected (its value
changes just by only a few percent) by considerable change in the BH parameters,
so practically, it is important that QNMs should be calculated with high accuracy.
Hence, both numerical and analytical approaches have appeared in the literature
that makes attempt to calculate QNFs more accurately.

In general, it is di�cult to find exact solutions to the wave Eq. (1.13) and hence
one must resort to numerical methods. However, there are a few noteworthy excep-
tional spacetimes viz: near-extreme Schwarzschild-de Sitter [164], Nariai spacetime
[165] where analytical methods can be exploited to compute the QNMs by replacing
the true potential in the given spacetime by the Pöschl-Teller potential [166]. Such
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analytical solutions concerning the QNM calculation are also possible for pure AdS
spacetimes [167], dS spacetimes[168], BTZ BHs [169], massless topological BHs [170,
171].

On a broader perspective, QNMs can be calculated by sticking to some approxi-
mations, semi-analytical methods or numerical techniques viz: WKB approximation
[172–176], phase integral method [177–180], monodromy technique [168, 181–184],
series solution [185–187], resonance method [188], continued fraction method [189–
191], geometric optics or eikonal limit [192–205], asymptotic iteration method [206–
213], shooting method [214], time evolution [160, 162, 215–218], full numerical rela-
tivity [219–226], Prony’s method [3, 227] and many more.

We shall now discuss the methods that we have adopted in our thesis to compute
the QNFs in case of 4D-EGB BH and NS.

1.2.1.1 Methodology used to compute quasinormal frequencies (QNFs)

(1) WKB approximation and Padé approximation to compute the QNFs
in novel 4D-EGB BH

In order to obtain the QNFs, we have used the 3rd order WKB approxi-
mation. Also to get better results, we have used 3rd order Padé approximation
on the usual WKB formula.

As is well-known, the most important and recognizable usage of the WKB
method is to solve the time-independent Schrödinger equation

� ~2
2m

d2 (x)

dx2
+ (V (x)� E) (x) = 0 . (1.17)

Due to the resemblance of Eq. (1.17) with the master equation (1.13), the
idea to employ the WKB method for BH perturbation theory can be justified.
The di↵erential equation (1.13) to be analysed takes the general form

d2 (r)

dr2⇤
+Q(r⇤) (r) = 0 , (1.18)

with Q(r⇤) = !2 � V (r⇤). The function �Q(r⇤) is such that it is constant but
not necessarily the same in both limits at r⇤ �! ±1 and it rises to a maximum
near r⇤ = r⇤0. Q(r⇤) can be split into three regions as shown in Fig. (1.1) and
r⇤1 , r⇤2 are the two turning points i.e., Q(r⇤1) = 0 and Q(r⇤2) = 0. Region 2 is
known as the matching region with r⇤1 < r⇤0 < r⇤2. Now the basic approach in
this technique is to match the WKB solutions in region 1 and 3 across region 2.
For this, the turning point r⇤1 and r⇤2 must lie close to each other(which implies
that [�Q(r⇤)]max ⌧ |Q(±1)|). At the classical turning points r⇤1 and r⇤2 ,
!2 = V (r⇤) and when the condition that r⇤1 and r⇤2 must lie close to each
other is satisfied, we have !2 ⇠ V0 (V0 is the height of the potential maximum
at r⇤0 as can be seen from Fig. (1.1). Q(r⇤) can be expanded in region 2 with
the help of Taylor series expansion around the point r⇤ = r⇤0 keeping terms
including and upto the order (r⇤ � r⇤0)2 . Upon matching the solutions and
applying the boundary conditions one finds the following “Bohr-Sommerfield
quantization rule” defining the QNM frequencies:
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Figure 1.1: The figure (motivated from Fig. 1 of [172]) shows the function �Q(r⇤)
with the two turning points r⇤1 and r⇤2 and the position r⇤0 where �Q(r⇤) attains
its maximum value.

i
Q0p
2Q

00
0

=

✓
n+

1

2

◆
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The factor n is known as the overtone number, which is a discrete quantity,
and the fundamental oscillation mode is given by n = 0. Hence, the first order
WKB approximation formula to find the QNFs is then given by

!2 = V0 � i

✓
n+

1

2

◆
(�2V 00

0 )
1/2 , (1.20)

where a prime means derivative with respect to r⇤. Here, V0 is the height of the
potential maximum and V (n)

0 is the n-th derivative of the e↵ective potential
V with respect to r⇤, calculated at the maximum of the potential that occurs
at r⇤ = r⇤0. The simplicity of the WKB method is well stated in Eq. (1.20):
instead of solving a rather di�cult di↵erential equation (1.18) numerically, the
frequencies are obtained by solving a much simpler one (1.20). Furthermore,
it can easily be expanded to higher orders of approximation by directly adding
more terms to the equation (1.19) which is obtained by considering the higher
order terms in the Taylor series expansion of Q(r⇤) about r⇤ = r⇤0. For exam-
ple, to study the 1st, 2nd and 3rd order WKB approximation, the potential
in the interior region is expanded upto second, fourth and sixth order respec-
tively, using the Taylor series expansion. Thus, the formula for QNFs using
third order WKB approach is given by [173]

!2 = [V0 + (�2V 00
0 )

1/2⌅̃(n)]� i

✓
n+

1

2

◆
(�2V 00

0 )
1/2[1 + ⇣̃(n)] , (1.21)

where ⌅̃(n) and ⇣̃(n) contains terms upto fourth and sixth order derivatives of
the potential evaluated at r⇤ = r⇤0 respectively. Here, ⌅̃ = ⌅/i, ⇣̃ = ⇣/(n+ 1

2)
with ⌅ and ⇣ given by

⌅(n) =
i

(�2V 00
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1/2
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where ⌫ = n+ 1/2, where n is a positive integer.

It should be noted that the multipole number l and the overtone number n are
the important factors that determine the accuracy of the WKB method. It
has been shown in [228] that, when the multipole number is larger compared
to the overtone: l � n, the WKB approach works extremely well. Under
such conditions, WKB is such a good approximation that its results are in
very good agreement with the results from numerical integration of the wave
equation. However, the WKB approach does not yield satisfactory results if
l = n and is not applicable for l < n. On the other hand, as l increases, the
results given by WKB method are progressively better.

Padé approximation:

Recently, it has been proposed in [176, 229] that, if one needs to increase
the accuracy of the higher order WKB approach, then, one can use Padé
approximation on the usual WKB formula. These works show that Padé
approximation can be often found to give desirable results even beyond the
range of applicability of WKB approximation. It was found that by extending
the order of the WKB terms i.e., increasing the order of the Taylor series
expansion of the potential and constructing the well known Padé approximants
of the formal series for !2, the Padé transforms always yield results that are in
good agreement with the exact numerically obtained QNMs. In this thesis, in
our first work, we have used 3rd-order Padé approximations over the 3rd-order
WKB methods to get more accurate results while computing the QNFs of the
4D-EGB dS BH.

Under the Padé approximation, a function of the form f(x) is approximated
using rational polynomials:

f(x) ⇡ A0 + A1x+ A2x2 + ....+ ANxN

B0 +B1x+B2x2 + ....+BMxM
, (1.24)

where Ais and Bjs are constants. An [N/M ] Padé approximant is formed of a
N -th degree polynomial in the numerator and M -th degree polynomial in the
denominator.

PN

M
(x) =

NP
i=0

Aixi

MP
j=0

Bjxj

. (1.25)

An [N/M ] Padé approximant is always constructed to agree with (N +M)th
order of the Taylor series. We have seen that WKB method makes use of the
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Taylor series expansion. The problem with Taylor series expansion is that it
uses repeated di↵erentiation to produce a series expansion of a function f(x)
about a particular point x = a and is expressed as:

f(x) = f(a) + f
0
(a)(x� a) + (x�a)2

2! f
00
(a) + (x�a)3

3! f (3)(a)

+.......+ (x�a)n

n! f (n)(a) + · · · (1.26)

The Taylor series expansion follows the original function quite well only up to
a short range and hence cannot extrapolate the function for very long before
rapidly diverging to positive or negative infinity whereas Padé approximants
often follow the original function more closely for longer. Dividing one polyno-
mial by other polynomial in Padé approximations cancels out the tendency to
shoot towards plus or minus infinity. Padé approximants can converge faster
than other approximation methods. This rapid convergence makes Padé ap-
proximation a valuable tool for numerical calculations and simulations. Such
approximations are generally numerically stable, meaning that they produce
reliable results even in the presence of rounding errors or computational limi-
tations. This stability makes Padé approximation suitable for use in numerical
simulations and computations. It is in this sense that we have used Padé ap-
proximations in our case in calculating the QNMs as an improvement over
WKB where only the Taylor series expansion of the potential function is used.
It is believed that the development of a mathematically strict and universal
method of calculation of QNMs based on the Padé approximation would give
a very powerful tool to study BH spectroscopy [176, 229, 230].

(2) Prony’s method to extract the QNFs in novel 4D-EGB naked singu-
larity from time evolution data

In our second work in this thesis, while studying the stability of the
4D-EGB NS, we have extracted the mode frequencies from the time profile of
perturbing fields by using Prony’s method [3, 227] of fitting the time-domain
data with a series of damped exponentials with some excitation factors Cjs
given by

 (t) '
pX

j=1

Cje
�i!jt , (1.27)

where  (t) denotes the time evolution of the field in context.

We suppose that the quasinormal ringing epoch starts at t = t0 = 0 and ends
at t = Nh, where N is an integer and N � 2p � 1 with p being the total
number of terms that appear in Eq. (1.27) for fitting the time-domain data
within t = t0 = 0 and t = Nh. Here, h is the step size of the integration grid
as shown in Fig. (1.2), used for obtaining the value of the perturbing field at
di↵erent times. Then the formula (1.27) is valid for each value from the profile
data such that for each n 2 (0, N)

xn ⌘  (nh) =
pX

j=1

Cje
�i!jnh =

pX

j=1

Cjz
n

j
. (1.28)
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Figure 1.2: The figure (motivated from Fig. 5 of [231]) shows the numerical grid
used for integration in the (u, v) plane to find the value of the perturbing fields
at di↵erent times. The black points represent the grid points where the value of
the solution (field) is known. The blue points represent the grid points where the
solution needs to be calculated.

where zj = e�i!jh. The Prony method thus helps in finding zj in terms of
xn, which are known from the profile data and hence helps to calculate the
QNFs !j since the step size h is also known. In order to do this, a polynomial
function A(z) is defined as

A(z) =
pY

j=1

(z � zj) =
pX

m=0

↵mz
p�m, ↵0 = 1 . (1.29)

Consider the following sum:
pX

m=0

↵mxn�m =
pX

m=0

↵m

pX

j=1

Cjz
n�m

j

=
pX

j=1

Cjz
n�p

j

pX

m=0

↵mz
p�m

j

=
pX

j=1

Cjz
n�p

j
A(zj) = 0 . (1.30)

Since ↵0 = 1 we find
pX

m=1

↵mxn�m = �xn . (1.31)

Substituting n = p, ..., N into Eq. (1.31) we obtain N � p + 1 � p linear
equations for p unknown coe�cients ↵m.

We rewrite these equations in the matrix form
0

BBB@

xp�1 xp�2 . . . x0

xp xp�1 . . . x1
...

...
. . .

...
xN�1 xN�2 . . . xN�p

1

CCCA

0

BBB@

↵1

↵2
...
↵p

1

CCCA
= �

0

BBB@

xp

xp+1
...
xN

1

CCCA
.
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Such a matrix equation
X↵ = �x , (1.32)

can be solved in the least-squares sense

↵ = �(X†X)�1X†x , (1.33)

where X† denotes the Hermitian transposition of the matrix X.

Since the coe�cients ↵m of the polynomial function A(z) are found, we can
calculate numerically the roots zj of the polynomial and the QNFs !j of the
j-th mode as:

!j =
i

h
ln(zj) .

1.2.2 Greybody factors

Studying the absorption and scattering cross sections of waves by BHs has been
done since the 1970’s. Suppose a wave is impinging on the BH, then the greybody
factor �l(!) can be defined as the probability of the wave to be absorbed by the
BH. The greybody factors can be computed by a classical scattering computation
of a wave packet o↵ the BH. While calculating the greybody factors, one relaxes the
boundary condition of no-incoming wave from infinity. Hence this case is di↵erent
from that in QNMs. The BH geometry outside the event horizon acts as a potential
and the waves will be filtered by this potential: part of it will tunnel through the
potential and the rest will be reflected. It is known, in general, that the explicit
form of the potential depends on the geometry of the spacetime and the properties
of the perturbation under study. Since the greybody factor is defined in terms of
transmission and reflection coe�cients corresponding to the potential barrier, so it
is straightforward that the greybody factor will also depend on some parameters
related to the potential barrier.

Let us assume a wave is coming from the past cosmological horizon rc corre-
sponding to r⇤ ! 1 (r ! rc). When the wave reaches the BH, some of it will be
reflected due to the gravitational potential and some of them will be transmitted.
After scattering o↵ the e↵ective potential, the asymptotic behaviour of the wave
could be written in tortoise coordinate as

 (r⇤) = T (!)e�i!r⇤ ; r⇤ ! �1 , (1.34)

 (r⇤) = e�i!r⇤ +R(!)ei!r⇤ ; r⇤ ! 1 . (1.35)

The greybody factor �l(!) for a given frequency ! and l is given by,

�l(!) = |T (!)|2 .

In the WKB approximation, the reflection coe�cient is given by [232]

R(!) = (1 + e�2⇡i�)�
1
2 , (1.36)

where �, under the third order WKB approximation, is given by

i(!2 � V0)p
�2V 00

0

� V2 � V3 , (1.37)
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where V2 and V3 is given by

V2 = �i⌅(n), (1.38)

V3 =
�1p
�2V 00

0

⇣(n) , (1.39)

where ⌅ and ⇣ are same as in Eqs. (1.22) and (1.23) respectively. Conserving
probability we get

�l(!) = |T (!)|2 = 1� |R(!)|2 . (1.40)

The above-mentioned procedure of finding the reflection coe�cient has been
extensively used in past literature [233–235].

1.2.3 Echoes

The quantum parameters of a theory are believed to show their prominence
in extreme gravity regimes, but if one tries to get a signature of them from an
observational viewpoint then one faces the question of whether their e↵ects survive
in weak gravity regions also, i.e., well outside the horizons. It was found while
studying the radial plunge of a test particle into a thin-shell wormhole that any
correction at the horizon scale due to a surface [236] or to quantum e↵ects [237–
240] will reveal itself in secondary pulses that appear in the late-time ringdown
waveform known as echoes. The presence of a photon sphere in spacetime as well
as a su�ciently large “cavity” serves the purpose of a crucial ingredient for the
appearance of echoes in the GW signal. In absence of these ingredients, there will
be no trapped states in the spectrum, and the late-time ringdown in these cases will
be simply characterized by a damped sinusoid, without the echo structure. It then
follows that one can rely on the signal detected by GW detectors to find signatures of
quantum imprints in the form of echoes even at regions very very far away from those
where its e↵ects are pronounced strongly. Echoes are universally characterized by a
modulated and distorted train of signals of the modes of vibration associated with
the photon sphere that shows up in the late-time ringdown phase, whose amplitude
gets smaller and frequency content also goes down. Thus the presence of echoes is
expected if the BH is surrounded by a mirror or any membrane-like structure near
the horizon [241, 242], that reflects GWs. Thus echoes are produced when GWs that
get trapped between the angular momentum barrier and a “nontrivial structure” at
or near the BH horizon (a reflective barrier) slowly leak out in each interaction with
the angular momentum barrier after getting reflected from the reflective barrier (see
Fig. (1.3)). Thus echoes act as a smoking gun for new physics, potentially reaching
microscopic or even Planckian corrections at the horizon scale [241, 242].

In general, echoes highlight the existence of horizonless compact objects and have
been predicted to be present in the ringdown signals of wormholes, fuzzballs, and
other ECOs [242–249]. The presence of echoes has also been associated with modified
theories of gravity [250] and the existence of higher dimensions [251, 252]. Echoes
in GWs are also expected to bear signatures of quantum gravity via quantization
of the BH area [253, 254], although, Coates et al. [255] have argued di↵erently. For
a detailed review on echoes in GW, we refer the reader to the excellent review by
Cardoso and Pani [7]. Tentative evidence of echoes in GW observations has been
claimed by several authors [256–262], but such findings were disputed by others [263–
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Figure 1.3: The figure (motivated from Fig. 10 of [7]) shows the spacetime depiction
of GW echoes reflected from a nontrivial structure at or near the BH horizon (a
reflective barrier), following a collapse from binary compact object merger event.

266]. Also studies of the LIGO-Virgo-KAGRA Collaboration did not find evidence
for echoes, but rather put constraints on deviations from GR [40, 41].

The GW detectors thus provide a unique opportunity to test GR, as well as the
nature of the merger remnant, by searching for GW echoes. In general, it is very
challenging to search for non-GR e↵ects in existing observations for several reasons.
A key limitation is the sensitivity of the present-day detectors, which require a very
careful treatment of the noise and implies that only the loudest part of the signal
around the merger can be clearly identified. Nonetheless, these echoes are studied
widely in various spacetimes to check for any deviations from GR and to understand
the nature of these compact objects.

In the chapter 3 of this thesis, these echoes can be seen in the time domain
evolution of the perturbing test fields: scalar, electromagnetic and Dirac.

1.2.4 Shadows

The most common definition of shadow is the dark area that is created on
a surface (such as a screen or the ground) when light falling on it encounters an
obstacle in its path. In addition, the word ‘shadow’ can also refer to a body’s dark
silhouette that is seen against a bright background. In this case, the only thing
visible is the outline of the body. In the context of astrophysical objects, like BHs,
shadow refers to a dark region seen in the image of BHs, surrounded by a bright
emission ring. This phenomenon is strongly influenced by the bending of light in
the strong gravitational field near the BHs, as well as the event horizon’s ability
to trap light. The initial idea about the shadow of a BH was given by Synge [267]
(where he studied the ‘escape cone’ of light which is the complement of the shadow
cone) and Luminet [268], for a Schwarzschild BH and later Bardeen [269] extended

TH-3631_196121027



Chapter 1 24

the idea for the Kerr BH.
A cartoon diagram is shown in Fig. (1.4) to give an overview of how the shadow

contour is formed. Photons approaching the BH via path labelled as 1 plunge into
the BH and hence will never come out of it. These are the ones responsible for
the dark part of the shadow whereas those following path 3 will simply undergo
gravitational lensing and will fly away to infinity. For obtaining shadows, the path
labeled as 2 having critical impact parameter bc, is important. All those photons
approaching the BH along this path will go in loops around the BH in unstable
circular null geodesics and will either plunge into the BH or get scattered owing
to even a slight perturbation. Hence it is these photons that determine the outer
contour of the shadow. One might naively think of the event horizon to determine
the boundary of the shadow since event horizon is the last region of escape for
photons. However, in reality, this is not true. As a matter of fact, for Schwarzschild
spacetime, the BH shadow is about two and a half times larger than the event
horizon in angular size than the naive Euclidean estimate suggests [27]. There are
two reasons behind this. Firstly, it is the photon sphere (or the photon region if

Figure 1.4: The figure (motivated from Fig. 3 of [270]) shows the photon path
corresponding to the critical impact parameter bc responsible for forming the shadow
contour.

one incorporates rotation) outside the event horizon, composed of unstable photon
circular orbits (the photon sphere radius rps = 3M in the Schwarzschild case, M
is the BH mass) that determines the boundary of shadow. The second reason is
gravitational lensing. The bending of light around the compact object will make the
photon sphere look bigger for the observer and hence the shadow contour will appear
greater than the boundary of the event horizon. It is in fact greater than the photon
sphere radius. For the case of a Schwarzschild BH, the event horizon radius is at 2M ,
the photon sphere radius is at 3M whereas the shadow radius is at 3

p
3M . In fact,

the boundary of the shadow corresponds to light rays that spiral towards the photon
sphere and not towards the horizon. Thus the shadow contour is the gravitationally
lensed image of the photon sphere and it has been found that the impact parameter
of the photon sphere approximately equals the radius of the BH shadow. Apart from
BHs, some spherically symmetric NS models viz: Janis-Newman-Winicour [271] and
Joshi-Malafarina-Narayan NSs [63], for some particular values of theory parameters,
possess photon spheres and can cast shadows much similar to Schwarzschild BHs.
Shadow is not only the property of a BH, but it can also be cast by various compact
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objects like naked singularities, gravastars, boson stars, wormholes etc. [272–276] .
Depending on whether a spacetime allows integrability of the photon equations or
not, one adopts either an analytical or numerical approach to compute the shadows.
Below we give a very concise overview of these approaches.

1.2.4.1 Analytical calculation for BH shadows

In order to construct the shadow contour analytically, the important thing is
the existence of constants of motion that allow to reduce the di↵erential equations
for lightlike geodesics, which are originally of second order, to a system of first-
order equations. It is thus convenient to calculate shadows analytically in systems
where the photon motion in the spacetime around the compact object in question
is integrable. However, one is supposed to make some idealized assumptions while
following this approach such as: (i) one has to consider a situation where an ob-
server sees a BH against a backdrop of light sources, with no light sources between
the observer and the BH and (ii) light travels unperturbed via any medium along
lightlike geodesics of the spacetime metric [12]. This setting, no doubt, helps one
to analytically calculate the shape and the size of the shadow, for an observer any-
where outside the BH, for a large class of BH models. Although, one cannot expect
realistic image of the shadow from this approach. This is because, unlike the unre-
alistic assumption, there will always be light sources between the observer and the
BH and the light rays on its journey from the BH to the observer will deviate from
lightlike geodesics of the spacetime metric because their propagation will be partly
influenced by a medium resulting in refraction, scattering or absorption. However
one still studies the analytical approach as it helps in analyzing some important
aspects: (i) how the results are a↵ected by certain parameters of the model and
(ii) how good is the validity of numerical codes by providing a test-bed for checking
the codes with simple examples that has already been studied via the analytical
approach. Thus it lays out the basic theoretical foundation to study and analyse
the shadows for the more complicated cases.

To calculate the BH shadows, one investigates the geodesic equations for pho-
tons. In most of the cases, it is found that these equations undergo a separation
of variables and the number of integration constants is equal to the degrees of free-
dom of the photon motion system. Therefore the system is integrable. In the case
of Schwarzschild, owing to the spherical symmetry of the background we have two
constants of motion, namely the energy E and the z-component of the angular mo-
mentum L. For the Kerr case, since, it is not spherically symmetric, at first it might
seem that the spacetime might not allow integrable lightlike geodesic equations.
However, admirably, it is seen that besides the constants of motion E, L (associated
with the Killing vectors connected respectively to stationarity and axial-symmetry
of the spacetime) and the photon’s rest mass (which is zero), one has an additional
constant: the Carter constant Q, due to the presence of a hidden symmetry because
of the existence of a Killing tensor. This constant results from the separability of
the Hamilton–Jacobi equation for geodesics [277]. Thus the null geodesics are fully
separable in the Kerr spacetime also, leading to four constants of motion which fur-
ther allows one to write all four geodesic equations as first-order equations. This
separability further helps in simplifying the expression of motion dynamics for null
geodesics with just two independent critical impact parameters also termed in the
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literature as Chandrasekhar’s constant [278] given by

⇠ =
L

E
and ⌘ =

Q
E2

, (1.41)

which is necessary to obtain the contour of the shadow. On the other hand in the
case of Schwarzschild one needs just one critical impact parameter for the case. It
is thus seen that in special cases for which the geodesic motion is integrable (e.g.
Kerr), it is possible to have an analytical closed form for the shadow edge. In fact,
a striking correspondence between the existence of spherical lightlike geodesics and
the separability condition was found by Glampedakis and Pappas in [279], that if
an axisymmetric and stationary metric admits no non-equatorial spherical lightlike
geodesics, in no coordinate system, then the separability condition cannot be satis-
fied. The next questions that follows this is whether circular lightlike geodesics can
be expected in all classes of BHs. The answer to this query was provided by Cunha
and Herdeiro in [280] where they have shown that as long as one is interested in the
domain of outer communication of an axisymmetric, stationary and asymptotically
flat BH with a topologically spherical and non-degenerate horizon, one will always
have the circular lightlike geodesic. However, there are some classes of BHs where
these features are not available generically and hence the null geodesic equations
have to be solved numerically.

1.2.4.2 Numerical calculation for BH shadows

In the real world, we come across very few systems which are completely
integrable. For systems which are not completely integrable, one must resort to
numerical methods to calculate the shadows. Here instead of evolving the light
rays coming directly from a light source and detecting the ones that reach the
observer, backward ray-tracing method [281–285] is employed. In this numerical
method, the light rays are traced back from the observer in time and the information
carried by each ray is respectively assigned to a pixel to obtain a final image in the
observer’s sky. Then those light rays which fall down into the event horizon of BH
corresponds to black pixels composing the BH shadow. For further studies related
to the numerical calculation of BH shadows, which are not the subject of the present
thesis, one can refer to [286].

The study of shadows is motivated by the fact that the BH shadows obtained
by theoretical calculation can be used to produce some theoretical templates for
the future astronomical observations announced by the upgraded Event Horizon
Telescope [287] and BH Cam [288]. Further analysis of such templates serves as a
tool to promote the development of BH physics and verify various gravity theories.
An important thing that needs to be pointed out while discussing shadows is that
theoretically, it has been found in some works that neither the presence of the event
horizon nor the photon sphere is the necessary condition for compact object to cast
the shadow, rather what is important is that the central object must be compact
enough having strong gravitational e↵ects to bend light to cast a shadow. This
has triggered the studies of shadow in such ultra-compact objects like wormholes,
NSs, etc. Such spacetimes have been studied in great details in the literatures [274,
289, 290] and some of them are important in the sense that they tend to mimic the
shadow of a BH and hence provide us with a lucky chance to check for alternatives
to BHs. Thus, shadows serve as an important tool to distinguish BHs from other
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ultracompact objects which are sometimes called BH mimickers or BH impostors
like wormholes, NSs, boson stars, Proca stars or Fermion stars etc. Although there
is no observational evidence of these objects to date, yet their existence cannot
be ruled out and hence continuing their theoretical studies as well as investigating
the observational consequences of their existence is certainly an important line of
research. Their studies have received a tremendous boost with the introduction of
the EHT and studies are carried out in di↵erent compact objects in di↵erent theories
of gravity so as to keep in hand as much theoretical data and information as possible
so as to compare with the observational one.

In the present thesis in chapter (4) we have obtained the shadow contours for
a quantum corrected BH for the rotating and non-rotating cases and have found
that for both cases, there exist su�cient constants of motion so as to render the
underlying system integrable which further reduces our task since the shadows can
be computed analytically.

1.2.5 Super-radiance

Super-radiance is a radiation amplification phenomenon that is observed in
many di↵erent contexts and in many areas of physics. One of the early examples
of super-radiance in high energy physics was Klein’s paradox [291], in the context
of relativistic particle mechanics which tried to explain the occasional amplification
of reflected number density of particles in comparison to the incident density dur-
ing scattering processes. Super-radiance generally comes hand in hand with the
existence of a dissipative process. BHs are characterized by an event horizon that
functions as a one-way membrane. The event horizon in the context of BHs serves
the purpose of a dissipative surface. Another example of a process close to that
of super-radiance is the Penrose process [292]. Penrose showed that the ergoregion
of Kerr BHs can aid in a special scattering process through which energy can be
extracted out of the BH. He showed that if a particle upon entering the ergoregion
from outside can disintegrate into two particles, then, it can be arranged in a way
such that, one of them has negative energy and can be engulfed by the BH. However,
energy conservation dictates that the other one must have a positive energy greater
than that of the incident particle. This is a characteristic feature of super-radiance.
Zeldovich in [293, 294] showed that classical multipole waves that are incident on
any rotating body with some kind of dissipation will be amplified upon being re-
flected by the rotating body. In [295], the analytical formulas for the amplification
factor of scalar waves upon reflection from a rotating BH has been obtained. Later
on in [296], Press and Teukolsky numerically computed the amplification factor of
scalar waves for the particular case a = M and found that the amplification e↵ect is
extremely small: the energy flux in the wave increases, upon reflection of the wave,
by not more than 0.4%.

While the Penrose process looks at particle scattering against BHs, one can
easily consider fields in a similar setting. Various spin fields scattering against BH
spacetimes can also give rise to super-radiance (although Dirac fields do not exhibit
super-radiance in the classical Kerr geometry). Accordingly, we have studied the
scattering of scalar field against a quantum-corrected rotating BH in chapter (4) and
determined the conditions under which the fields undergo super-radiance scattering.
We have used the Teukolsky formalism to obtain the condition for super-radiance
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to occur and the expression for super-radiant amplification factor. The approach
has been discussed in 4.4.2. A detailed method to compute the super-radiance
amplification factors in the context of the LQG-inspired rotating AOS BH has been
provided in Appendix (B.1.2). For further reference and contemporary work on BH
super-radiance, one can refer to [14, 297].

1.3 Motivation behind our work

Asymptotically, BHs in a number of alternative theories of gravity may give
rise to the same observational signature as that in GR [298]. However, the same
behaviour is not expected for strong gravity regimes. BHs in di↵erent theories can
lead to qualitatively di↵erent features near the event horizon. Hence, exploring var-
ious alternative theories of gravity in the strong field regime still remains a thriving
and fascinating field of study in the context of GW signatures of BHs.

The recent detection of GW has opened a new window to gravitational physics
by giving unprecedented access to the regime of strong gravity. So far, the GW
measurements are in good agreement with the predictions of GR, but the rapidly
increasing number of events and the improved sensitivity of the detectors expected
in the near future will enable one to verify GR to a high degree of precision or,
alternatively, to detect some deviations from GR. In this perspective, it is impor-
tant to consider alternative theories of gravity or extensions of GR, and study how
their predictions deviate from GR, so that future analyses can extract the most rele-
vant information from upcoming GW data. The most straightforward extension are
scalar-tensor theories which involve, directly or in disguise, a scalar field in addition
to the usual metric tensor.

The study of alternatives to standard BHs is further motivated by the infor-
mation loss problem that might give rise to firewalls and quantum e↵ects on the
horizon scale. One of the methods to study the modifications arising out of such
e↵ects at the horizon is to replace the fully absorbing boundary condition at the
horizon with some reflection very close to the would-be horizon, e.g., via membrane
paradigm inspired models [245, 299–301]. We want to emphasize that knowledge
of spectra of rotating BHs in specific theories is necessary if we want to be able to
set constraints on such theories with ringdown observations, as well as performing
a Bayesian comparison with GR.

Thus taking into account the present rate of advancement of technologies in the
field of observations, we now have at hand not just the theoretical output but also the
advantage of checking the theoretical predictions or models with the observational
results which can further help in strengthening the idea of accepting or giving away
some theories, making strong comments on the existence of some objects whose
existence have been questioned since a long time due to the absence of any proper
technology to observe or detect them either directly or indirectly. Accordingly, we
have explored di↵erent solutions (BHs and NSs) in two di↵erent theories of gravity
and have studied aspects of di↵erent physical processes around them.

Out of the di↵erent theories of gravity we have explored the following two theories
with the concerned underlying motivation as explained below:

• 4D-Einstein-Gauss-Bonnet gravity
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This theory, first proposed in [10] as a D ! 4 limit of D dimensional
Einstein-Gauss-Bonnet theory directly challenges Einstein’s GR in 4D as it
bypasses all the Lovelock’s theorem. It is worth to mention that the higher
curvature terms can modify the structure of the BH solutions, showing di↵er-
ent properties with respect to the solutions in GR. Thus the study of such BH
solutions with the presence of higher curvature terms is undoubtedly inter-
esting from the physical point of view. Also, studying di↵erent astrophysical
processes around it gives one the opportunity to not only understand the dis-
tinctive features of this theory but also to test its credibility.

While there were many works on constructing di↵erent BH solutions in
this theory, such as static spherically symmetric BHs [10], BHs in AdS spaces
[86], rotating BHs and their shadows [93, 302], generalised four dimensional
BHs in Einstein-Lovelock gravity [97], radiating Vaidya like BHs [87], regular
BHs [92, 303]; not much e↵ort has gone into figuring out the QNMs of spheri-
cally symmetric BHs, particularly in non-asymptotically flat spacetimes, with
the exceptions of [17–20]. Our aim is to fill up this gap in the literature by
studying the QNMs of spherically symmetric BH in novel four-dimensional
EGB gravity in asymptotically dS spacetime since our universe asymptotes
to a dS spacetime in the infinite future, a fact that is strengthened by the
existence of a nonzero cosmological constant.

The QNMs as we know serve as a characteristic fingerprint as it helps in
commenting directly on the parameters of the source whose QNMs are being
studied. Also with GW detection imminent on the horizon, possible strong-
field deviations from GR is a topic that has received much attention recently.
Henceforth it has strengthened the use of QNMs to help probe the BHs. In this
direction, it is always good to have in hand the QNMs of a number of spacetime
solutions since with every new detections, they can be crosschecked to see if
theoretical calculations are matching with the observational ones. It has been
seen that in the eikonal limit, the characteristic ring feature as obtained in
the existing EHT images, which depends upon the impact parameter of the
photon ring is directly related to the QNMs. QNMs can also be interpreted as
waves trapped at the unstable circular null geodesic (also known as the light-
ring) and slowly leaking out. The instability timescale of the geodesic is equal
to the decay timescale of the QNM, and the oscillation frequency is given by
! ⇠ c

rLR

, with c the speed of light and rLR being the radius of the light-ring
[198]. Thus, constraints on QNMs can in principle provide complementary
information on the BH metric at the photon ring.

The development of new tools to study QNMs has received a tremendous
boost with the possibility that classical BH oscillations could yield insights into
their quantum behavior. This idea was first suggested by York [304] and Hod
[4] and further explored by Dreyer [305] in the context of LQG. Subsequently
the idea was revisited by many authors (see e.g. [306–311]). Although the
relation between QNMs and area quantization stumbled in cases like charged
and rotating four-dimensional geometries, yet Hod’s suggestion was at the
very least an important thrust to complete our understanding of classical BH
oscillation spectra. Not only this but some literatures have highlighted striking
relations between classical and thermodynamical properties of black objects
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which indicates that the thermodynamical phase transitions correspond to
changes in the QNM spectrum [312–317].

From the QNMs, one can learn a lot about stability. The QNM spectrum
contains all the information about stability. In case of the Schwarzschild BH,
stability is demonstrated by Kay and Wald [318] who showed the boundedness
of all solutions with data of compact support. Whiting [319] has proven that
there are no exponentially growing modes for the case of a Kerr BH, and in
his proof, he showed that the growth of the modes is at most linear. Recent
numerical evolution calculations [217, 218] for slowly and fast rotating Kerr
BHs pick up all the expected features (QNM ringing, tails) and show no sign
of exponential growth.

Along with QNMs, greybody factors [5, 114, 320, 321] have also been
widely studied in the literature. They serve as an important parameter that
throws light on how the spacetime around the compact object determines the
reflection and transmission coe�cients and are fundamental in understanding
the quantum nature of BHs and their thermodynamic properties. Such studies
can help in gaining insights into the properties of the BH and its surround-
ing environment which can further help astrophysicists interpret observational
data from BHs.

So working along this line in our first work [8], we have studied the QNMs
and greybody factors of the novel four dimensional Einstein-Gauss–Bonnet
BHs in asymptotically dS spacetime for scalar, electromagnetic and Dirac per-
turbations and observed how the presence of the Gauss-Bonnet coupling con-
stant ↵ modifies the QNMs of these spacetimes.

Apart from expecting the QNMs in the ringdown stage of compact bi-
nary mergers, one also has the probability to detect what is known as echo
signals in GW data. These echoes are expected to be present in the GW sig-
nal by Wormholes, NS and other ECOs. Recent detections of merging BHs
allow observational tests of the nature of these compact objects. The work by
Abedi-Dykaar-Afshordi (ADA) in [256] claimed tentative evidence for repeat-
ing damped echo signals following the gravitational-wave signals of the binary
BH merger events recorded in the first observational period of the Advanced
LIGO interferometers hinting at some Planck-scale structure near BH horizons
at false detection probability of 1 % (corresponding to 25 � significance level).
However, just after this work, the authors in [263] reanalyzed the same data
and falsified their claim.

It is only with future observations from interferometric detectors at
higher sensitivity along with more physical echo templates that one will be
able to confirm their existence. Thus the presence of echoes serves as an
important tool that provides possible empirical evidence for confirming the
nature of the compact object and might shed light on the existence of ECOs
and alternatives to classical BHs, such as in firewall or fuzzball paradigms.

It is worth mentioning that apart from BHs, NSs are also one platforms
where such echoes have been studied theoretically before as in the ringdown
signal due to perturbing fields in the case of Janis-Newman-Winicour naked
spacetime, which has a surface like NS at a finite radial distance [322]. So
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taking into account these motivations, in our thesis, we have studied the 4D-
EGB NS to check if there exists some distinctive features from BH and we have
found that the distinction is elucidated by the presence of echoes. However for
any astrophysical system to be observationally relevant it has to be su�ciently
stable. We have further checked this stability of a 4D-EGB NS by studying
the response of the spacetime towards the perturbation by test fields-scalar,
electromagnetic and Dirac fields.

Even though the four-dimensional Gauss-Bonnet theory was formulated
at the level of field equations, nonetheless, it is instructive and important
to probe di↵erent aspects of this theory, particularly to those which are not
restricted to the field equation alone. This will not only add other important
directions in the discussion of four-dimensional Gauss-Bonnet theory but also
help to find further flaws or strengths of this theory at a more fundamental
level. Such theories are of interest partly because string theory predicts that
at the classical level, Einstein’s equations are subject to next-to-leading-order
corrections that are typically described by higher-order curvature terms in the
action.

• Loop Quantum Gravity

By quantizing gravity, LQG o↵ers a framework for examining the uni-
verse’s behaviour at the tiniest scales, when quantum mechanics’ e↵ects be-
come more pronounced. The implications of LQG for comprehending BHs
and their quantum behaviour will help us gain a deeper grasp of these mys-
terious celestial objects. This theoretical framework is essential for advancing
our knowledge of the fundamental nature of the universe. LQG, thus has the
potential to revolutionise our knowledge of the universe and its rules by re-
solving the drawbacks of current theories and o↵ering a fresh viewpoint on the
quantum nature of spacetime.

We have thus explored rotating and non-rotating BH solutions in this
theory. The BH solution that we have chosen has been already derived by
Ashtekar, Olmedo and Singh in [16, 21, 22] (known as AOS BH) by solving
the e↵ective equations incorporating quantum corrections. We have investi-
gated the presence of quantum e↵ects on the shadow of both non-rotating
and rotating quantum-corrected BHs (LQG-inspired BH solutions) and how
much deviation is introduced in the modified shadows due to the presence of
quantum corrections in comparison to that of Schwarzschild and Kerr case.
Also, we have made an attempt to look into the super-radiance e↵ect in such
background.

There are several compelling reasons why scientists are drawn to studying
the shadows of BHs and other compact objects. Recent observation of the BH
M87 and Sagittarius A⇤ has geared up the interest in the study of shadows.
The analysis of the shape and size of these shadows provides insights into the
properties of the BH, such as its mass and spin. Not only this, it also provides
a direct test of Einstein’s theory of GR, which predicts the existence of BHs
and the distortion of spacetime around them. By comparing the observed
BH shadows with the theoretical predictions, we can validate or refine our
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understanding of the fundamental laws of gravity. Thus shadow holds within
it a number of opportunities that have made it a captivating area of research
in astrophysics and also o↵ers a unique window into the extreme gravitational
e↵ects that occur near these enigmatic celestial objects.

Apart from shadows, we have also explored the super-radiance e↵ect
of a scalar wave from rotating AOS BHs in our thesis. The study of super-
radiance sheds light on BH behaviour in quantum mechanics from a theoretical
standpoint. It provides insight into the interplay between quantum mechan-
ics, gravity, and the behaviour of matter in extreme gravitational fields by
comprehending how BHs can transfer energy from rotating motion to external
waves or particles. Moreover, the observation and analysis of superradiant
phenomena around BHs can serve as a powerful tool for probing the nature of
dark matter which is predicted to exhibit superradiant amplification around
spinning BHs [323]. Furthermore, super-radiance research has consequences
for GW detection. GW signals picked up by LIGO and Virgo detectors may
exhibit unique characteristics as a result of the waves surrounding BHs be-
ing amplified. Researchers can gain a better understanding of BH properties
and the dynamics of their interactions with the surrounding environment by
analyzing these signals.

Also, it is well known that the primordial BHs (PBHs) are microscopic
in size and therefore the quantum e↵ects at this scale are not going to be
negligible. Since AOS BH shows significant quantum e↵ects at the Planck
scale it may model these PBHs. Therefore investigation of these quantum
induced spacetime can be useful to understand the nature of PBHs. It is
our belief that such studies will help illuminate the properties of Planck-scale
physics.

We shall now discuss our work on 4D-EGB BH in asymptotically dS space-
time in the next chapter.
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Quasinormal modes and greybody
factors of the novel four dimensi-
onal Einstein-Gauss–Bonnet black
holes in asymptotically de Sitter
spacetime: scalar, electromagnetic
and Dirac perturbations

2.1 Introduction

Black Holes (BH) are one of the most intriguing objects in the theory of General
Relativity (GR). They are the simplest objects that one can come across in the study
of GR, simply because they are parametrised by only three parameters: the mass,
the charge and the spin. It is one of the reasons why BHs have attracted so much
attention apart from the fact that they are mathematically beautiful as well as
strange objects by their own merit at the same time.

Among many other interesting areas of studies, quasinormal modes (QNM) have
gained attention for the last few decades in discussing the perturbations of BHs [2,
3, 161, 162]. quasinormal frequencies (QNF) carry unique information about BH
parameters and despite their classical origin, it was found that QNMs might pro-
vide a hint into the quantum nature of BHs [305, 324, 325]. In addition, QNMs
in anti-de Sitter (AdS) spacetime have been shown to appear naturally in the de-
scription of the dual conformal field theories (CFT) living on the boundary (see [2]
for a detailed list of references). QNMs of BHs have already been observed in the
ground based experiments [28, 326] and they already present a plethora of infor-
mation about BHs. However, research areas still remain open towards interpreting
those results which require the exploration of alternative theories of gravity[327,
328] towards understanding fundamental problems like singularity resolution or a
quantum nature of gravity. One such alternative theory is the Einstein-Gauss-
Bonnet (EGB) theory of gravity which consists of higher curvature corrections to
the Einstein-Hilbert term in the gravitational action. There had been a lot of inter-
ests in BHs arising from higher curvature corrections to Einstein-Hilbert action as
mentioned in chapter (1). However, it is imperative to note that the Gauss–Bonnet
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action in D-spacetime dimensions, having the following form
R
dDx

p
�g↵G, with

G ⌘ R2 � 4Rµ⌫Rµ⌫ +R↵�µ⌫R↵�µ⌫ and ↵ being the Gauss-Bonnet coupling constant,
gives non-trivial equations of motion only in 4 + 1 dimensions or higher, while in
3+1 dimensions, the Gauss–Bonnet term reduces to a topological surface term (see
[60, 88] for details). Thus, in four spacetime dimensions, the Gauss–Bonnet term
does not contribute to the gravitational dynamics since it becomes a surface term.
Although, the role played by the Gauss–Bonnet term in four dimensional gravity
theories has been intriguing for a long time and few studies towards that direction
could be found in [329, 330].

Very recently, Glavan and Lin [10] have shown by constructing a model of the
novel four dimensional Einstein-Gauss–Bonnet (4D-EGB) gravity that the four im-
portant criteria, dictated by Lovelock’s theorem for Einstein’s GR with the cosmo-
logical constant ⇤ to be a unique theory of gravity (viz. existence of 3 + 1 dimen-
sional spacetime, general coordinate invariance, metricity and existence of second
order equations of motion), can be overridden and the model can exhibit modified
dynamics. This theory has been defined in four spacetime dimensions asD ! 4 limit
of the higher dimensional Gauss–Bonnet theory. It has been shown that the EGB
gravity theory can be reconstructed in a particular way where the Gauss–Bonnet
coupling constant ↵, can be re-scaled as ↵

D�4 . This theory in four spacetime dimen-
sions was soon termed as the novel 4D-EGB theory, which is defined as a D ! 4
limit at the level of equations of motion. In this limit, the theory produces some
non-trivial contributions to gravitational dynamics and some solutions as well. The
discovery of such a theory in D = 4 dimensions, therefore, has generated tremen-
dous interest in the area of higher curvature theories which has been reflected in
the large volume of works as mentioned in chapter (1) being done in a short span of
time. However, it should be noted that, since the proposal of the solution by Gla-
van and Lin in their original work, there have been several studies which questions
the existence of this particular solution [132, 137, 143]. These studies argue that
there is no consistent way of taking the D ! 4 limit of a D dimensional theory,
as was suggested by Glavan and Lin. It was also shown in [331], by considering a
semi-classical quantum tunnelling of the vacuum of the solution, that the vacuum
decay rate would exhibit diverging behaviour or complex behaviour, leading to an
unstable or non-physical vacuum of the 4D-EGB solution. Since then, several reg-
ularization schemes have been proposed in order to overcome these shortcomings
[91, 141, 142]. This subsequently led to the development of di↵erent versions of
regularized (consistent) 4D-EGB theories. An explicit formulation of the 4D-EGB
theory based on the idea of an extra dimension of zero proper length has also been
proposed [332], that does not require any singular rescaling of couplings followed by
a classical regularization of divergent actions. For a comprehensive discussion on
the recent developments in 4D-EGB theories, we refer to the excellent review article
[74].

All these theories were seen to admit the same static spherically symmetric BH
solution as was found in the original work. Hence, several works were done in the
literature in the 4D-EGB theory. However, very little attention has been paid to the
dS sector of the solution proposed by Glavan and Lin. Observations suggest that
the present-day universe is undergoing an accelerated expansion, consistent with
a positive cosmological constant (⇤ > 0)) leading to a de Sitter-like geometry at
large scales [333–335]. The early universe’s inflationary era is also modeled using
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near-de Sitter geometries. Hence studying QNMs in de Sitter spacetime might
provide insights into the decay of perturbations and stability of the inflationary
phase. QNMs in dS spacetime can reveal the stability and decay of perturbations in
the late-time accelerated expansion phase of the universe. Also the QNM spectrum
of black holes in dS spacetime can carry imprints of the cosmological constant,
which may be detectable in gravitational wave observations. Thus the study of
QNMs in asymptotically de Sitter spacetime, can help understand both fundamental
cosmological questions and thermodynamical aspects all while linking theory to
observable phenomena like gravitational waves. So, in this work 1 we have aimed at
studying the QNMs of spherically symmetric BHs in four dimensional novel EGB
gravity in asymptotically dS spacetime by analysing the BH’s response to the scalar,
electromagnetic and Dirac perturbation and studied its behaviour with change in
the parameter of the theory - the Gauss-Bonnet coupling constant ↵. We have also
studied the behaviour of greybody factors in presence of ↵ and have explored the
eikonal modes for all the three types of perturbation which has been discussed in
this part of the thesis. Note that in this work, we would proceed by considering the
solution as proposed by Glavan and Lin. We have worked in units where G = c = 1.

2.2 Background spacetime

It is well known that Einstein’s General theory of Relativity is a perturbatively
non-renormalizable theory, and it can be made sensible by adding higher curvature
corrections to the Einstein-Hilbert action in strong gravity regimes. Among di↵erent
choices of higher curvature terms, the Lovelock corrections play a crucial role in the
sense that the field equations contain terms only up to the second derivative of the
metric and secondly, the gravitational dynamics remain free of the Ostrogradsky
instabilities. Of particular interest is the third order Lovelock correction, known as
the Gauss-Bonnet term whose corresponding action looks like

SGB[gµ⌫ ] =
1

16⇡

Z
dDx

p
�g↵G, (2.1)

where, ↵ is the Gauss-Bonnet coupling constant and G is the Gauss-Bonnet term
having the form G = R↵�µ⌫R↵�µ⌫ � 4Rµ⌫Rµ⌫ +R2. Incorporating such terms in the
Einstein-Hilbert action had already generated many interesting scenarios, a few of
which was mentioned in the introduction of this thesis. It was found that such a
theory admits BH solutions (it admits both dS as well as AdS branches, see

ds2 = �f(r)dt2 + f�1(r)dr2 + r2(d✓2 + sin2 ✓d�2), (2.2)

with

f(r) = 1 +
r2

32⇡↵

"
1�

r
1 +

128⇡↵M

r3
+

64⇡↵⇤

3

#
. (2.3)

In the above M is related to the BH mass. In the limit ↵ ! 0, the above so-
lution reduces to the Schwarzschild-dS solution and as r ! 1, f(r) reduces to

1The work presented in this chapter is based on [8]
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the asymptotically dS spacetime with positive cosmological constant. The Gauss-
Bonnet coupling constant ↵ can in principle be either positive or negative. In fact,
it can be shown that in appropriate parameter region, the solution has two horizons:
the event horizon rH and the cosmological horizon rc. However, in the ↵ < 0 regime,
the metric function does not remain real for small values of the radial coordinate.
However, we are not interested in very small values of r, rather our interest lies in
the region rH < r < rc, therefore, we can, in principle allow ↵ to take negative
values.

2.3 Probing the background with test fields: scalar,
electromagnetic and Dirac perturbations

It is well known that the merger event of two compact objects consists of three
basic stages - (i) the inspiral stage which can be well computed by post-Newtonian
theory, (ii) the merger stage which can only be analyzed via numerical techniques
and (iii) the ringdown stage - the final stage, which can be studied by the technique
of perturbation theory. After the merger event, the final product is not stable,
rather, it is in a perturbed state and gives o↵ the perturbation in the form of GW
signal which in general can be divided in three parts: (i) a prompt response at early
times that depends strongly on the initial conditions; (ii) an exponentially decaying
‘ringdown’ phase at intermediate times, where QNMs dominate the signal, which
depends entirely on the final product’s parameters; (iii) a late-time tail (tails are
due to backscattering o↵ the background curvature), usually a power-law fall-o↵ of
the signal.

At the theoretical level, the QNM spectrum is of great relevance for BH physics
as it serves as one way of checking and proving whether BHs are stable or not against
small perturbations. If they are stable, then, there should not exist any unstable
modes and they can be accepted as real astrophysical entities. Also QNMs serve
as characteristic fingerprint of the compact objects as they help in determining
their parameters. The theory of perturbations of di↵erent compact objects have
been one of the main topics of relativistic astrophysics for the last few decades that
helps one to delve into the depths of information about these objects. They are
of particular importance today, because of their relevance to GW astronomy and
forms the basis for calculating such QNMs and frequencies. In this chapter we have
studied the QNMs of the metric (2.2) with f(r) given by (2.3) using test fields:
scalar, electromagnetic and Dirac perturbations to see how they get modified in
presence of the Gauss-Bonnet coupling constant ↵. In our perturbative approach
we assume that the test fields contribute very little to the energy density (i.e., the
quadratic terms in these fields have been dropped throughout, assuming that the
energy-momentum tensors of these test fields are negligible). The problem then
reduces to that of the test fields evolving in a fixed background.

For convenience, we have taken a rescaling of the Gauss-Bonnet coupling constant
32⇡↵ ! ↵, and used this as the new Gauss-Bonnet coupling constant. So the
expression (2.3) simply reduces to

f(r) = 1 +
r2

↵


1�

r
1 +

4↵M

r3
+

2↵⇤

3

�
. (2.4)
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We shall now discuss the dynamics of the scalar, electromagnetic and Dirac fields
on the 4D-EGB BH background.

2.3.1 Scalar field

A massless scalar field � in a BH background (curved spacetime) is governed
by the Klein-Gordon equation

1p
�g

@µ
�p

�ggµ⌫@⌫�
�
= 0 . (2.5)

The spherical symmetry of the background spacetime allows us to separate out
the angular dependence of the scalar field � as,

�(t, r, ✓,�) =
X

l,m

1

r
 scalar(t, r)Ylm (✓,�) , (2.6)

where Ylm (✓,�) are the spherical harmonics of degree l and order m. Substituting
(2.6) in (2.5), it is found that the angular and radial parts are separable. This has
been possible only because of the symmetry of the background which has admitted
the field evolution to be independent of rotations. This suggests that the angular
variables ✓ and � should factor out of the problem which further admits separation
of variables. Hence, Eq. (2.5) takes the form

@2 scalar(t, r)

@t2
� @2 scalar(t, r)

@r2⇤
+ Vscalar(r) scalar(t, r) = 0 . (2.7)

Further considering the time dependence to be of the form e�i!t we have

�(t, r, ✓,�) =
1

r
 scalar(r)e

�i!tYlm (✓,�) .

Hence Eq. (2.7) takes the form of a Schrödinger like wave equation for a particle
encountering a potential barrier on the infinite line and is termed as the master wave
equation in the context of perturbation theory as

d2 scalar(r)

dr2⇤
+ (!2 � Vscalar(r)) scalar(r) = 0 , (2.8)

where,

Vscalar(r) = f(r)

✓
l(l + 1)

r2
+

1

r

df(r)

dr

◆
, (2.9)

is the e↵ective potential for scalar field perturbation and the coordinate r⇤ is defined
analogous to the tortoise coordinate of BHs as

dr⇤ =
dr

f(r)
. (2.10)
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2.3.2 Electromagnetic field

The motion of a test electromagnetic field in a curved background is given by
the equation

1p
�g

@µ
�p

�gF��g
�⌫g�µ

�
= 0, (2.11)

where F�� = @�A� � @�A� and Aµ is the four-vector potential. The spherical sym-
metry of the background spacetime allows us to decompose the angular part of Aµ

in terms of the vector spherical harmonics,

Aµ(t, r, ✓,�)

=
X

l,m

0

BB@

2

664

0
0

a
lm(t,r)
sin ✓

@�Ylm

�alm(t, r) sin ✓@✓Ylm

3

775+

2

664

f lm(t, r)Ylm

hlm(t, r)Ylm

klm(t, r)@✓Ylm

klm(t, r)@�Ylm

3

775

1

CCA ,
(2.12)

where the first term inside the summation is of odd parity, (�1)l+1, while the second
term is of even parity (�1)l. Plugging Eq. (2.12) back into Eq. (2.11) one can arrive
at the equation,

@2 em

@t2
� @2 em

@r2⇤
+ Vem(r) em = 0, (2.13)

where  em = alm for odd parity and  em = r
2

l(l+1)

�
@thlm � @rf lm

�
for even parity

and

Vem(r) = f(r)
l(l + 1)

r2
, (2.14)

is the e↵ective potential for electromagnetic perturbation.

2.3.3 Dirac field

The dynamics of a massless fermionic field ⌥ in a curved background is deter-
mined by the Dirac equation,

�µ (@µ � �µ)⌥ = 0, (2.15)

where �µ are the coordinate dependent Dirac four-matrices and �µ are the spin
connections in the tetrad formalism. Following [336], we separate out the angular
dependence and rewrite the covariant equations of motion given by Eq. (2.15) as

@2 ±
dirac

@t2
� @2 ±

dirac

@r2⇤
+ V ±

dirac
(r) ±

dirac
= 0, (2.16)

where

V ±
dirac

(r) =
l + 1

r
f(r)

 
l + 1

r
⌥
p
f(r)

r
±

d
p
f(r)

dr

!
, (2.17)

are the e↵ective potential corresponding to the two chiralities labelled as ‘+’ and ‘�’.
It is to be noted that for the background spacetime of the form (2.2), the potentials
V dirac

+ (r) and V dirac
� (r) can be transformed into one another following a Darboux

transformation (DT) implying that the QNMs obtained from these two seemingly
di↵erent potentials are isospectral. The DT is a method for relating second-order
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(a) ↵ = 0.2 (red) and ↵ = �0.2 (blue) (b) ⇤ = 0.02 (red) and ⇤ = 0.08 (blue)

Figure 2.1: The figure plots the e↵ective potential Veff with the radial coordinate r
for the scalar (solid), electromagnetic (dotted) and Dirac (dashed) perturbation.

ordinary di↵erential equations (ODE) written in a form without involving first-
order derivative terms [337, 338]. Such forms of an ODE are generally known as
the canonical form. For the case of BH perturbation theory, it was observed that
the equations governing the BH perturbations of di↵erent parity are related. The
Regge-Wheeler equation governing the odd parity perturbations [158] and the Zerilli
equation governing the even parity [159] one are isospectral. Chandrasekhar [278]
showed that the solutions of the two di↵erent parity perturbation equations are
related to each other. The transformation proposed by Chandrasekhar to relate
the odd and even parity perturbations is one example of the DT. The fact that
the solutions to BH perturbation equations corresponding to di↵erent parity can be
transformed among each other using the DT can be seen from the simple fact that
such equations can be written as Schrödinger like second-order ODEs. In the case
of the Dirac equation in curved space-time,  +

dirac
and  �

dirac
are related by the DT

as

 +
dirac

= c

✓p
f(r) +

d

dr⇤

◆
 �

dirac
, c = constant. (2.18)

Therefore one can use either of the two potentials given in Eq. (2.17) for calculation
of QNMs. In our case we have used V dirac

+ (r) for calculations both in this and the
following chapter.

It is worth mentioning here that the stability of the scalar and electromagnetic
perturbations in a general BH background can be confirmed from the positive def-
initeness of the e↵ective potential [17, 339]. However, it was shown very recently
that the situation with the Dirac field is a little bit di↵erent, particularly if one
considers higher curvature corrected BHs as well as study them in asymptotically
dS spacetimes. Firstly, it was shown that even if the e↵ective potential for one of
the chiralities consists of a negative gap, the Dirac field perturbation can keep the
BH stable [340]. However, the positive definiteness of any one of the potentials,
for any one of the chiralities does not help in asymptotically dS BH backgrounds
because the potential for both chiralities, in general, may have negative gaps [341].
Keeping these features in mind, we plan to study the QNMs of the novel Gauss-
Bonnet dS BH in four spacetime dimensions. We plot the e↵ective potential of all
the three kinds of perturbations in Fig. (2.1). In the next section we will look into
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Figure 2.2: The figure plots the imaginary parts of the QNFs vs ↵ of the 4D-EGB dS
spacetime, for di↵erent types of perturbations, for a fixed mass ofM = 0.5,⇤ = 0.02.
The di↵erent colors denote the di↵erent modes for di↵erent values of (l, n): red (0, 0);
blue (1, 0); black (1, 1); green (2, 0); cyan (2, 1) and orange (2, 2)

the computation of the QNFs for the above three types of perturbations.

2.3.4 Computing the QNFs

As already mentioned in the introduction (1.2.1.1), we have generated the
QNFs for the scalar, electromagnetic and Dirac perturbations of the 4D-EGB dS
BH using the 3rd order WKB approximation using the formula (1.21). Also, for
better results, we have used Padé approximation as an improvement over the WKB
method. The results of both these approximations have been quoted in order to
look for the improvements that the Padé approximation induces.

After separation of variables, the radial parts of the equations (2.5), (2.11) and
(2.15) take the form

d2 i(r)

dr2⇤
+ (!2 � Vi(r)) i(r) = 0 (i 2 scalar, em, dirac), (2.19)

The QNMs ‘!’ are then, the solutions of this equation satisfying the conditions of
purely outgoing waves at cosmological horizon and pure ingoing waves at the event
horizon. The frequencies have been obtained for a wide range of parameter values,
by individually varying l, ↵ and ⇤.

2.3.4.1 Results

The results for all the three types of perturbations are presented in Table (2.1)
and Table (2.2). Our findings are summarised in figures (2.2), (2.3), (2.4), (2.5) and
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(c) Dirac perturbation

Figure 2.3: The figure plots the real parts of the QNFs vs ↵ of the 4D-EGB dS
spacetime, for di↵erent types of perturbations, for a fixed mass ofM = 0.5,⇤ = 0.02.
The di↵erent colors denote the di↵erent modes for di↵erent values of (l, n): red (0, 0);
blue (1, 0); black (1, 1); green (2, 0); cyan (2, 1) and orange (2, 2)

(2.6).

(1) Scalar perturbation

The inference that can be made from figures (2.2), (2.3), (2.4), (2.5) and
(2.6) is that both the oscillation frequency (real part of the QNF) and the
damping rate (imaginary part of the QNF) decreases with increasing values
of ⇤. Also as ↵ decreases and eventually becomes negative, the real part of
the frequency decreases whereas the imaginary part becomes more negative
implying that the damping increases. For positive increasing values of ↵, the
real part of the frequency increases, except for the l = 0 mode where the real
part was found to be decreasing with increasing ↵, whereas the imaginary part
increases.

(2) Electromagnetic perturbation

We observed similar behaviour to the case of scalar perturbation in case
of the electromagnetic perturbation i.e., both the oscillation frequency and
the damping rate decreases with increasing values of ⇤. As ↵ becomes more
negative, the real part of the frequency decreases, whereas the imaginary part
becomes increasingly more negative implying that the decay of the modes is
faster. For increasing values of ↵, both the real part and the imaginary part
increases, implying increasing oscillation and a decrease in the damping rate.
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(b) Electromagnetic perturbation
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(c) Dirac perturbation

Figure 2.4: The figure plots the real parts of the QNFs vs ⇤ of the 4D-EGB dS
spacetime, for di↵erent types of perturbations, for a fixed mass of M = 0.5,↵ = 0.2.
The di↵erent colors denote the di↵erent modes for di↵erent values of (l, n): red
(0, 0); blue (1, 0); black (1, 1); green (2, 0); cyan (2, 1) and orange (2, 2)

(3) Dirac perturbation

The qualitative behaviour of the Dirac case is also pretty similar to the
above two cases. The oscillation frequency and the damping rate decreases
with increasing values of ⇤. With decreasing values of ↵, the real part of
the frequency decreases, whereas the imaginary part becomes more negative
implying increase in the damping rate and vice-versa.

(4) Common behaviour exhibited by all the three types of perturbations

One common nature observed in all the three cases is that for a fixed
value of l, as n increases, the real part of the frequency decreases, whereas the
imaginary part becomes more negative implying that as the overtone increases
for a fixed l, the damping rate increases. We also observe that for all the three
types of perturbations, as ↵ decreases, the oscillation frequency decreases with
increasing damping rates, whereas as ⇤ decreases, the oscillation frequency
increases with increasing damping rates. The results are summarised in figures
(2.2), (2.3), (2.4), (2.5) and (2.6), where we have plotted the real and imaginary
part of the QNF for di↵erent sets of parameter values. In particular, the plot
of real vs. imaginary part of the frequencies tell us the same story as we have
observed above: for all three types of perturbations studied in this work, the
behaviours are quite similar for the real vs. imaginary parts of ! when we (i)
varied ↵, keeping ⇤ fixed and (ii) varied ⇤, keeping ↵ fixed. In the case (i),
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(b) Electromagnetic perturbation
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(c) Dirac perturbation

Figure 2.5: The figure plots the imaginary parts of the QNFs vs ⇤ of the 4D-EGB dS
spacetime, for di↵erent types of perturbations, for a fixed mass of M = 0.5,↵ = 0.2.
The di↵erent colors denote the di↵erent modes for di↵erent values of (l, n): red
(0, 0); blue (1, 0); black (1, 1); green (2, 0); cyan (2, 1) and orange (2, 2)

the Re(!) grows as �Im(!) decreases while for the case (ii), Re(!) decreases
as �Im(!) decreases.

2.3.5 Eikonal QNMs, Lyapunov exponents and null geodesics

In the previous section we studied the QNFs for the 4D-EGB dS BH solution
employing third order WKB and Padé approximants. In this section, we would be
interested in looking at the QNFs in the eikonal limit i.e., for very very large l values.

It has been well known that for static spacetimes, the scalar, electromagnetic
and Dirac perturbations have similar behaviour in the eikonal limit [342] and their
e↵ective potential in this limit could be simultaneously given by

Veikonal = l(l + 1)
f(r)

r2
. (2.20)

Exploiting this simple observation and the fact that the location (r⇤0) of the peak
of the e↵ective potentials in the eikonal limit, coincides with the radius (rps) of the
unstable null geodesics, Cardoso et.al. [198] showed that the QNFs of a spherically
symmetric, asymptotically non-AdS BH, in the eikonal limit, could be expressed
by a very simple formula, which only depends on the metric function f(r) and the
position of the unstable null geodesic rps, given by

!QNM = ⌦psl � i(n+ 1/2)|}| , (2.21)

TH-3631_196121027



Chapter 2 44

●
●
●
●
●●

●
●●

●
●
●
●
●●

●
●
●

● ● ●
●

●●

●
●

●

●
●
●

●

●●

●
●

●

●
●

●

●

●●

●
●

●

●

●

●

●

● ●

●
●

●

-1.2 -1.0 -0.8 -0.6 -0.4 -0.2 0.0
0.0

0.2

0.4

0.6

0.8

1.0

Im ω

R
e
ω

(a) Scalar perturbation(↵ is varied)
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(b) Scalar perturbation(⇤ is varied)
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(c) Electromagnetic perturbation(↵ is varied)
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(d) Electromagnetic perturbation(⇤ is varied)
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(e) Dirac perturbation(↵ is varied)
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Figure 2.6: The figure plots the real part of the QNFs vs the imaginary part for
di↵erent parameters (↵,⇤) of the four dimensional Einstein-Gauss-Bonnet dS space-
time, for di↵erent types of perturbations, for a fixed mass of M = 0.5. The di↵erent
colors denote the di↵erent modes for di↵erent values of (l, n): red (0, 0); blue (1, 0);
black (1, 1); green (2, 0); cyan (2, 1) and orange (2, 2)
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Table 2.1: The table shows the QNFs for scalar, electromagnetic and Dirac per-
turbation calculated using 3rd order WKB and 3rd order Padé approximation for
di↵erent modes and for di↵erent values of the cosmological constant ⇤ with a fixed
value of ↵ = 0.2TH-3631_196121027
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Table 2.2: The table shows the QNFs for scalar, electromagnetic and Dirac per-
turbation calculated using 3rd order WKB and 3rd order Padé approximation for
di↵erent modes and for di↵erent values of the coupling constant ↵ with a fixed value
of ⇤ = 0.02

TH-3631_196121027
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l Scalar EM Dirac Approximate frequency from Eq. (2.21)

3500 1321.97 - 0.169845 i 1321.97 - 0.169845 i 1322.16 - 0.169845 i 1321.778513516667 - 0.169844849949930 i

4000 1510.79 - 0.169845 i 1510.79 - 0.169845 i 1510.98 - 0.169845 i 1510.604015447620 - 0.169844849781841 i

4500 1699.62 - 0.169845 i 1699.62 - 0.169845 i 1699.81 - 0.169845 i 1699.429517378572 - 0.169844849666595 i

5000 1888.44 - 0.169845 i 1888.44 - 0.169845 i 1888.63 - 0.169845 i 1888.255019309525 - 0.169844849584157 i

5500 2077.27 - 0.169845 i 2077.27 - 0.169845 i 2077.46 - 0.169845 i 2077.080521240477 - 0.169844849523160 i

Table 2.3: The table shows the QNFs for the n = 0 mode and for very large multipole
numbers l for a four dimensional Einstein-Gauss-Bonnet dS BH with M = 0.5,
↵ = 0.2 and ⇤ = 0.05

where, ⌦ps =
q

fps

r2ps
and

} =
1p
2

vuut�r2
ps

fps

 
d2

dr2⇤

f

r2

!

r=rps

, (2.22)

where the subscript ‘ps’ denotes that the corresponding quantity has been calculated
at the unstable null radius rps and r⇤ is the tortoise coordinate. Physically, ⌦ps

denotes the angular frequency of the unstable orbiting photons and } denotes the
principle Lyapunov exponent at the unstable null geodesics. Thus in the eikonal
limit, the real part of the QNMs can be related to the orbital frequency ⌦ps of null
rays at the unstable photon orbit and the imaginary part can be related to the
Lyapunov exponent } of the unstable photon orbit. We find the eikonal frequencies
for all the three types of perturbation using the third order WKB approximation
and also from the approximate formula given by Eq. (2.21) and report the numbers
in Table (2.3). The convergence of the frequencies with each other and with the
approximate formula with increasing value of l is evident from the table.

2.4 Greybody Factor

In this section we discuss the frequency dependent reflection and transmission
coe�cient, R(!) and T (!) respectively, for a scattering process of the scalar, elec-
tromagnetic and Dirac wave from the novel 4D-EGB dS BH. This case is di↵erent
from the QNF calculation since the boundary condition: there should be no incom-
ing wave from infinity, is no longer imposed now as we need an incoming wave from
infinity to calculate the greybody factors.

We have plotted the behaviour of the reflection and transmission coe�cient with
the frequency of the wave, for a wide range of parameter values in Fig. (2.7).
It is seen that the general nature of the greybody factors for all the three types of
waves: scalar, electromagnetic and Dirac is essentially similar. The greybody factors
decrease with an increasing l and increasing Gauss-Bonnet coupling constant ↵. This
also implies that the greybody factors for negative ↵ would be greater than positive
ones. The greybody factors tend to increase with an increase in the cosmological
constant. We have summarised the behaviour of the greybody factors for all the
three cases in Table (2.4) for di↵erent sets of parameters ↵, ⇤ and l.
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(a) ↵ = 0.4 (red) and ↵ = 0.1 (blue) for ⇤ =
0.02 and l = 1

(b) ↵ = 0.4 (red) and ↵ = 0.1 (blue) for ⇤ =
0.02 and l = 1

(c) ⇤ = 0.02 (red) and ⇤ = 0.08 (blue) for
↵ = 0.15 and l = 1

(d) ⇤ = 0.02 (red) and ⇤ = 0.08 (blue) for
↵ = 0.15 and l = 1

(e) l = 1 (red) and l = 2 (blue) for ⇤ = 0.02
and ↵ = 0.15

(f) l = 1 (red) and l = 2 (blue) for ⇤ = 0.02
and ↵ = 0.15

Figure 2.7: The figure plots the reflection and transmission coe�cient of the scat-
tered scalar (solid), electromagnetic (dotted) and Dirac (dashed) wave for M = 0.5
and di↵erent parameter values.
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! Scalar case EM case Dirac case

|T (!)|2 |T (!)|2 |T (!)|2

l = 1, n = 0, ↵ = 0.4, ⇤ = 0.02

0 0.000773933 0.00108008 0.000104834

0.4 0.00804935 0.0176695 0.000716339

0.8 0.80129 0.932633 0.181766

1.0 0.985614 0.99713 0.847873

1.2 0.99943 0.999939 0.989076

l = 1, n = 0, ↵ = 0.1, ⇤ = 0.02

0 0.0020804 0.00297354 0.000500328

0.4 0.0171343 0.0377988 0.00275507

0.8 0.817021 0.937127 0.307556

1.0 0.982834 0.996419 0.868466

1.2 0.999061 0.999892 0.987348

l = 1, n = 0, ↵ = 0.15, ⇤ = 0.02

0 0.00186814 0.0028915 0.000138091

0.4 0.0157618 0.0361107 0.000928069

0.8 0.814444 0.933686 0.300518

1.0 0.983062 0.996153 0.902012

1.2 0.999105 0.999882 0.992818

l = 1, n = 0, ↵ = 0.15, ⇤ = 0.08

0 0.00221037 0.00275257 0.000266319

0.4 0.0251606 0.0502415 0.00216865

0.8 0.906484 0.968742 0.52664

1.0 0.993986 0.998805 0.951385

1.2 0.999791 0.999978 0.997278

l = 1, n = 0, ↵ = 0.15, ⇤ = 0.02

0 0.00186903 0.00268915 0.000421534

0.4 0.0157688 0.0348879 0.00237434

0.8 0.814445 0.936004 0.290641

1.0 0.983062 0.99645 0.865661

1.2 0.999105 0.999897 0.987467

l = 2, n = 0, ↵ = 0.15, ⇤ = 0.02

0 0.0000821326 0.000103032 0.0000164771

0.4 0.000328439 0.000454599 0.000053879

0.8 0.0205558 0.0375335 0.00187998

1.0 0.301218 0.468458 0.0262424

1.2 0.861667 0.920698 0.371926

Table 2.4: The table shows the greybody factor of the scattered scalar, electromag-
netic and Dirac wave for di↵erent parameter values.

TH-3631_196121027



Chapter 2 50

2.5 Conclusion and discussions

Very recently, it has been shown [10] that the EGB gravity theory in 4 dimen-
sions can be reconstructed in a particular way where the Gauss-Bonnet coupling
constant can be re-scaled as ↵/(D � 4). This theory in four spacetime dimensions,
defined as a D ! 4 limit at the level of equations of motion, admits BH solutions
in asymptotically flat and AdS spaces. The QNMs of the scalar, gravitational and
Fermionic fields for the asymptotically flat BHs in this background were already
studied in [17, 110]. Motivated by this, in this chapter, we have extended the calcu-
lations to asymptotically dS spacetime and evaluated the QNMs of massless scalar,
electromagnetic and Dirac field respectively. The method to compute the QNFs
have already been discussed in the 1st chapter (1.2.1.1). As an addition, we have
also computed the greybody factors in this background using the 3rd order WKB
method as discussed in (2.4). We summarise the results of our study in Table (2.5).
We find that both the oscillation frequency and the damping time decreases with

Parameterchanges
Greybodyfactor |T (!)|2 QNF (!)

Re (!) Im (!)

Scalar case

↵ " # " "

⇤ " " # "

l " # " "

Electromagnetic case

↵ " # " "

⇤ " " # "

l " # " #

Dirac case

↵ " # " "

⇤ " " # "

l " # " #

Table 2.5: Qualitative changes in the greybody factor and the QNF for all the three
cases i.e. scalar, electromagnetic and Dirac cases with increasing values of ↵, ⇤ and
l. An increase/decrease in a particular quantity has been shown by an up/down
arrow.

increasing values of the cosmological constant ⇤. On the other hand, we observe
that as the Gauss-Bonnet coupling ↵ decrease and eventually crosses over to nega-
tive values, the real part of the frequency starts decreasing whereas the imaginary
part also starts to become more negative, implying that the damping increases. For
positive increasing values of ↵, the real part of the frequency increases. This remains
the qualitative feature of all the three di↵erent types of perturbations that we have
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considered in this chapter. Although the stability of the scalar and electromagnetic
perturbations can be confirmed from the positive definiteness of the potential, but
the same cannot be concluded for the Dirac case. Thus, one may require to per-
form a full time domain analysis in order to understand the stability feature of the
spacetime under Dirac perturbation. The present study therefore, can only give
the qualitative nature of variations of the QNFs with the Gauss-Bonnet coupling
constant ↵ and cosmological constant as far as fermionic perturbation is concerned.

It needs to be mentioned here that the WKB approach limits the spectral analysis
of dS BHs, as this method does not capture the dS modes associated with the
cosmological horizon. It is known that WKB method can be used for e↵ective
potentials which have the form of potential barriers that approach to a constant value
at the horizon and spatial infinity [3], so, it does apply in our study to determine
the QNFs of 4D-EGB BH in asymptotically dS spacetime, however only the photon
sphere modes can be obtained with this method and not the dS modes. WKB fails
for dS modes mainly because the e↵ective potential doesn’t form a proper barrier
with two turning points.Also QNMs in dS spacetimes, especially those linked to the
cosmological horizon, are often purely damped (purely imaginary)[343–345]. This
means that there is no oscillation and the wavefunction is exponentially decaying
everywhere. However the use of WKB depends on matching oscillatory solutions
between turning points. Since there is no oscillation in case of purely damped
modes, so there exists no region where WKB’s oscillatory approximation is valid.
To capture de Sitter modes e↵ectively, alternative methods such as pseudospectral
methods - which is a discretization method, can be employed [343]. Such methods
are adept at capturing the full spectrum of modes, including those associated with
the cosmological horizon.

Along with the QNMs, we have also performed the calculation of the greybody
factor for all the three di↵erent types of perturbations. We have figured out that the
general feature of the greybody factors for the three di↵erent types of perturbation
fields is essentially similar. The greybody factor decreases with an increasing l and
an increase in the Gauss-Bonnet coupling constant ↵. Finally, the greybody factors
tend to increase with an increase in the cosmological constant. This behaviour could
be easily explained by looking at Fig. (2.1). The fraction of the wave transmitted
upon scattering depends inversely on the height of the e↵ective potential. With an
increase in ↵, the e↵ective potential increases, for all three cases, and hence the
transmission coe�cient decreases. On the other hand, with an increase in ⇤, the
e↵ective potential decreases and hence the transmission coe�cient increases. The
dependence on l could similarly be seen from Eq. (2.9), Eq. (2.14) and Eq. (2.17).
The e↵ective potential for all the three cases increases with an increase in l and
hence the transmission coe�cient decreases.

Novel 4D-EGB gravity has created a lot of uproar ever since it was proposed. The
importance of the theory lies in the fact that, so far, which was a higher dimensional
theory (the Gauss-Bonnet term was only a topological term in four dimensions), can
now be applied in the context of four dimensional spacetime in which we live in.
This can open up many interesting windows to the study of alternative theories of
gravity. Moreover, having a look at the AdS branch will also be interesting in its own
right. Calculations of the perturbations and the stability study of the novel 4D-EGB
BH in AdS background will be an important future extension of the present work.
This may also be important to understand the AdS/CFT (Conformal Field Theory)
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conjecture, since QNMs describe the approach to equilibrium in the conformal field
theory side.

In the next section we have explored the NS solution in the novel 4D-EGB
theory which is obtained by considering large enough values of the Gauss-Bonnet
coupling constant ↵. We have made an attempt to check whether such a spacetime
is astrophysically viable or not and if it actually exists, how can one distinguish such
a spacetime from BH background from the technique of perturbation viewpoint.
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Naked singularity in novel 4D
Einstein-Gauss-Bonnet gravity:
Echoes and Instability

3.1 Introduction

The first dynamical collapse solution of a spherically symmetric and homogeneous
dust cloud was derived by Datt in 1937 [346] and Oppenheimer and Snyder in 1939
[347], where it was shown that the final end state of such a collapse will always
be a Schwarzschild black hole (BH). However, since the model was based on the
ideal assumption of homogeneity which, in general, is not a realistic scenario, one is
motivated to consider more physical situations for the collapsing body. Also what
will be produced as a final product of the collapsing matter depends on the initial
data. General Relativity (GR) predicts that when large enough masses collapse
under their own gravity, a spacetime singularity forms necessarily. Nevertheless,
this does not simultaneously imply that along with the singularity, an event horizon
will also be formed necessarily. In cases where a singularity is formed without an
event horizon, one gets a naked or visible singularity [348, 349]. According to cosmic
censorship conjecture [30], all singularities arising out of gravitational collapse are
shielded by an event horizon, and that no “naked singularities” visible to a distant
observer can exist in nature. This implies that one cannot expect the formation of
an NS as the end state of a gravitational collapse. However, works like [62, 63] have
shown theoretically that if one starts from a regular initial condition, then an NS
may form as the end state of a gravitational collapse.

The four dimension Einstein-Gauss-Bonnet (4D-EGB) BH for large enough val-
ues of the coupling constant (↵ > M2) leads to a Naked Singularity (NS) [350],
violating the Cosmic Censorship Conjecture. A brief overview of the di↵erent as-
pects of the 4D-EGB theory of gravity has already been explained in chapter (1).
Gyulchev et al. [350] studied the image of thin accretion disk around the weakly
naked (with a photon sphere) 4D-EGB singularity and observed a series of distinc-
tive bright rings in the central part of the image which are otherwise absent for
4D-EGB BHs. However, for any astrophysical system to be observationally rele-
vant, it has to be su�ciently stable. This means that such systems must be stable
or exist over timescales comparable to or longer than the duration of the observa-
tions. If they are unstable, they might radiate energy or change structure so rapidly
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that they go undetected, or cannot be studied in detail. Stability ensures that the
observable properties (such as emitted radiation, gravitational waves, or shadows)
remain steady or evolve predictably during and across observation windows. Hence,
while encountering a spacetime with a central NS, one naturally seeks answer to
the question “Whether such a spacetime with a central NS is at all stable under
perturbation? If so, how its response will be di↵erent from that of a standard 4D-
EGB BH [17, 130]? There are various compact objects that can mimick BHs so it
is always good to look out for various ways that can help check for the di↵erences
between a BH and its mimickers. Such studies are important as they help in testing
theories of gravity and also to comment on the status of compact objects other than
BHs.

In chapter (2) we studied the asymptotically de Sitter 4D-EGB BH solutions
and their QNMs and greybody factors. In the present work 1, we have considered
the NS solution of the novel 4D-EGB theory and made an attempt to search for any
distinctive feature exhibited by the NS solution as compared to the BH solution in
the 4D-EGB theory of gravity. We have done this from perturbation viewpoint by
studying the nature of the time-evolution of test fields on the background. For sta-
bility purpose, we have studied the response of the 4D-EGB NS-spacetime towards
perturbation by test fields. Accordingly, we probe the spacetime by test scalar,
electromagnetic and Dirac fields. Once again we note that such an analysis does
not give preference to any particular version of the (consistent) 4D-EGB theory and
hence can be considered to hold equally in all the di↵erent consistent versions of
4D-EGB theory that gives rise to the same solution (1.11).

It should be noted that since now, in case of an NS, there is no event horizon, so
the boundary conditions as compared to BH will change. Near the singularity one
needs to choose a proper boundary condition so that the dynamics of the perturbing
field in an NS background can be determined. In course of our study we find that
in case of NS, the time-domain profile shows the presence of echoes. Such echoes
are found to be absent in case of BHs and hence they serve to distinguish the NS
background from BHs. Hunting for them in the signals detected by gravitational
wave (GW) detectors is very crucial as their presence, as already mentioned in
chapter (1), might throw light on not only the existence of objects alternative to
BHs like worm holes, fuzzballs and other exotic compact objects but also on the
quantum nature of gravity to some extent. Throughout this chapter, we employ
units in which G = c = 1.

3.2 Background Spacetime

The background is the same asymptotically flat, static, spherically symmetric
metric in 4D-EGB theory as discussed in chapter (2) and is given by

ds2 = �f(r)dt2 +
1

f(r)
dr2 + r2

�
d✓2 + sin2 ✓d�2

�
. (3.1)

For convenience we have taken a rescaling of the Gauss-Bonnet coupling constant
16⇡↵ ! ↵, and used this as the new Gauss-Bonnet coupling constant. So the metric

1The work presented in this chapter is based on [9]
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(1.12) (without the cosmological constant ⇤) simply reduces to

f(r) = 1 +
r2

2↵

 
1�

r
1 +

8↵M

r3

!
, (3.2)

with ↵ being a positive constant and M being the (Arnowitt–Deser–Misner) ADM
mass. The spacetime (3.1) also appears as a solution to semi-classical Einstein’s
equation with Weyl anomaly and in the context of Einstein gravity with quantum
corrections [351, 352]. The uniqueness of the BH solution (3.1) in the scalar-tensor
formulation of the 4D-EGB theories has been discussed in [353] along with another
branch of solution that leads to an NS.

The nature of the solution (3.1) depends on the values of the dimensionless
constant parameter � = ↵/M2.

(1) For � in the range [0, 1], the spacetime defined by Eq.(3.1) represents a BH of
mass M , characterised by an outer event horizon at r+ and an inner horizon
at r�, hiding a central curvature singularity at r = 0, where

r± = M
⇣
1±

p
1� �

⌘
. (3.3)

(2) For � = 1, the line element (3.1) corresponds to an extremal BH characterised
by a single horizon at r+ = r� = M .

(3) However, for � > 1, the horizons cloaking the singularity cease to exist and
the singularity at r = 0 becomes globally naked [350]. It is this range of �
that we are interested in this chapter.

It was shown that the Kretschmann scalar diverges at the location of the sin-
gularity at r = 0, however it does so in a slower rate than the Schwarzschild one.
Also from Fig. (3.1) one can see that the angular momentum barrier (peak of
the potential) remains only for � in the range (1, 3

p
3/4) which means that the

spacetime is surrounded by a photon sphere of radius rps only for this range of �
and the singularity in this case is classified as being “Weakly naked”, whereas for
� > 3

p
3/4(= 1.29904), this peak in the potential vanishes and the potential is

characterized by infinite wall near the singularity. Hence for this range of � no such
photon rings are present and the singularity is classified as “strongly naked” [354].

We shall now discuss the response of the NS background to the scalar, electro-
magnetic and Dirac perturbations.

3.3 Perturbation by test fields

To analyse the stability and ringdown signatures of the spacetime (3.1) with
a central NS, we study the perturbation of the spacetime against test scalar, elec-
tromagnetic and Dirac fields.

The dynamics of these test fields along with their e↵ective potentials in a curved
background have already been discussed in (2.3.1), (2.3.2) and (2.3.3). In all the
three cases it has been found that the perturbation equation takes the form of a
Schrödinger like equation given by
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@2 i

@t2
� @2 i

@r2⇤
+ Vi(r) i = 0 . (3.4)

where, i = “scalar” refers to scalar field, i = “em” refers to electromagnetic
field and i = “Dirac” refers to Dirac field. However in case of Dirac field, as
already stated, we will have two equations of the form (2.17) corresponding to the
two chiralities labelled as ‘+’ and ‘�’. An interesting feature is that both these
equations corresponding to two di↵erent potentials yield the same set of QNFs and
are hence termed as isospectral as the corresponding potentials can be related to
each other via Darboux transformation. Thus, we will only consider the potential
V +
dirac

for our calculation. Here r⇤ is the tortoise coordinate defined as

dr⇤ =
dr

f(r)
. (3.5)

Close to the singularity, the coordinate r⇤ varies linearly with r, such that the
singularity is by definition at r⇤ = 0. 2

Having set up the perturbation equations and knowing the potentials, we are now
in a state to comment on the viability of this solution and seek for some distinctive
features in the ringdown part of the signal. However, before answering this question,
we stumble upon another question - “Can one actually have sensible dynamics in
NS spacetime, since, it violates the well known Cosmic Censorship Conjecture?”

A stronger version of the Cosmic Censor hypothesis asserts that any physically
reasonable spacetime must be globally hyperbolic which by definition implies that
in such spacetimes, there exist an initial data surface (Cauchy surface) whose do-
main of dependence is the entire spacetime. This makes it possible to determine or
predict the dynamical equations in certain regions of the spacetime from initial con-
ditions on such a surface. However, the same is not true for non-globally hyperbolic
spacetimes, as in case of NS, due to the presence of the singularity, the dynamical
equations say nothing about what can (or cannot) come out of a singularity. Unless
some additional type of boundary conditions can be imposed upon the singularity,
a complete breakdown of predictability occurs in any region of the spacetime where
the singularity can be seen. It is seen that the problem of defining the dynamics in
such a background can be loosely translated into the problem of finding self-adjoint
extensions of the spatial part of the wave operator given by

Ai ⌘ � d2

dr2⇤
+ Vi . (3.6)

In our present study we get an NS with � > 1 that renders the spacetime
globally non-hyperbolic. So, even before checking the stability and analysing the
time evolution of test fields in this background, the very question that comes to
our mind is whether it is possible to define dynamics in such a spacetime, meaning,
“Is sensible dynamics allowed or not?” It has been found in one of the seminal
papers by Wald [355] and also in a number of literatures (see Refs.[356–359]) that,

2For numerical computations, we shifted the origin of the tortoise coordinate from r = 0 to
r = 0 + ✏, ✏ << 1. Thus, the exact position of the singularity is excluded from the domain of
numerical study but the e↵ect of the singularity in terms of the divergence of the e↵ective potential
drives the dynamics of the test fields.
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it is possible to uniquely define dynamics of test fields even in such a spacetime,
provided there exists a unique self-adjoint extension of the operator Ai . This
operator acts on the Hilbert space of square integrable functions, H = L2 (r⇤, dr⇤)
on a static hypersurface orthogonal to a unit time-like Killing vector @t. To analyse
the existence of a unique self-adjoint extension of the operator Ai, one studies the
eigenfunction of the equation,

Ai i = ±i  i . (3.7)

The operator Ai is said to be essentially self-adjoint (existence of a unique self-
adjoint extension) if atleast one of the eigenfunctions of Ai (for each sign of i)
fails to be square integrable near the singularity. Close to the singularity, one can
approximate

f(r) ⇡ 1�
r

2

�M
r1/2 +O

�
r3/2
�
, (3.8)

r⇤ ⇡ r +O
�
r3/2
�
, (3.9)

Vi(r) ⇡ l(l + 1) + 2Ci

2�M2
+

l(l + 1)

r2
+O

�
r�3/2

�
, (3.10)

where Ci = 1, 0, 3(8� � 1)(l + 1)/(32�) for scalar, electromagnetic and Dirac
perturbations respectively. Thus, close to the singularity one can write Eq. (3.7) as

�d2 i (r⇤)

dr2⇤
+

✓
l(l + 1)

r2⇤
+ · · ·

◆
 i(r⇤) = ±i  i (r⇤) . (3.11)

The general solution to Eq. (3.11) close to the singularity is of the form (for both
signs of the eigenvalue ±i)

 i ⇠ C1
�
r�l

⇤ + · · ·
�
+ C2

�
rl+1
⇤ + · · ·

�
as r⇤ ! 0. (3.12)

The first solution fails to be square integrable near the singularity and hence,
Ai is essentially self adjoint. Thus we have seen that following Wald’s prescription,
we have found that a unique self-adjoint extension exists in this case which implies
that we can now carry out our further study of stability analysis and signatures of
ringdown in this non-globally hyperbolic spacetime.

It is important to note that addition of positive terms to the e↵ective potential in
Eq. (3.11) (including mass of the test field) does not alter the essential self adjoint-
ness of the operator Ai. Such terms e↵ectively act as repulsive terms, increasing the
rate of divergence of the larger solution and the convergence of the smaller solution
close to the singularity [360, 361].

3.3.1 Potential profile

We plot the e↵ective potential for scalar, electromagnetic and Dirac pertur-
bation as a function of the coordinate r⇤ for di↵erent values of the dimensionless
parameter � in the NS regime in Fig. (3.1).

We observe that in the regime of weakly NS
�
1 < � < 3

p
3/4
�
, the potential pro-

file for all the three types of perturbations are characterised by a peak at r⇤ > 0 which
rises to an infinite wall close to the singularity [V (r ! 0) ! 1], except for the l = 0
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Figure 3.1: Plots of the e↵ective potential for massless scalar (top left panel), elec-
tromagnetic (top right panel) and Dirac (bottom panel) perturbations with respect
to the coordinate r⇤ for l = 1 and di↵erent values of � in the NS regime.
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Figure 3.2: The left panel shows the di↵erence in the e↵ective potential for the
scalar, electromagnetic and Dirac perturbations for � = 1.005 and l = 1. The right
panel shows the e↵ective potential for massless scalar perturbation for � = 1.005 for
di↵erent values of l.
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mode of scalar perturbation. The e↵ective potential for the l = 0 mode of scalar
perturbation diverges to �1 close to the singularity,

⇥
V l=0
scalar

(r ! 0) �! �1
⇤
, ren-

dering the system unstable [3]. Henceforth, unless otherwise mentioned we will only
consider l > 0 modes of scalar and electromagnetic perturbations and l � 0 modes
of Dirac perturbation.

The divergence of the e↵ective potential near the singularity distinguishes the
spacetime (3.1) with an NS from the corresponding BH solution. In case of a BH,
the e↵ective potential is characterized by a single potential peak outside the event
horizon, whereas in case of an NS, as can be seen from Figs. (3.1) and (3.2), for
a particular range of � values, we get a potential well between the peak of the
potential and the divergence near the singularity. This nature of the potential is
further responsible for producing distinctive features for an NS spacetime in the
form of echoes that can help distinguish an NS from a BH. As � is increased from
� ⇡ 1, the potential peak shifts towards smaller values of r⇤, and the width of the
potential well also decreases. The potential peak keeps on shifting until it changes
to a plateau and finally merges with the potential wall at su�ciently large values
of �. In this case, the e↵ective potential is characterised solely by the infinite wall
near the singularity and the potential well vanishes. We also note from Fig. (3.2)
that the height of the peak of the potential profile for a given value of the parameter
� changes with the type of perturbation considered. From Fig. (3.2) we note that
for a given � the height of the peak of the e↵ective potential is maximum for the
Fermionic (or Dirac) perturbation and minimum for electromagnetic perturbation.
Also, for each type of perturbation the peak height and width increases with the
multipole number. It is these behaviour of the potentials that will modify the signal
accordingly that reaches an asymptotic observer and provide hints to some unique
characteristics.

In the next section we will integrate the master equation numerically and obtain
the time-domain profile of the test fields in the background to explore the stability
and other features of the 4D-EGB NS solution.

3.3.2 Time evolution of Perturbation

To study the time-evolution of the perturbation we rewrite the perturbation
equations (2.7),(2.13) and (2.16) in terms of null coordinates, u = t�r⇤ and v = t+r⇤,

4
@2

@u@v
 i (u, v) + Vi (u, v) i (u, v) = 0 ; i 2 (scalar, em , dirac) . (3.13)

To numerically integrate Eq. (3.13), we follow the integration scheme, proposed by
Chirenti and Rezolla [231],

 i(N) = ( i(W ) + i(E))
16��2Vi(s)

16 +�2Vi(s)
� i(S) +O

�
�4
�
, (3.14)

where � is the step-size and S = (u, v), W = (u + �, v), E = (u, v + �) and
N = (u + �, v + �) are the grid-points in the u � v plane. Eq. (3.13) is then
numerically integrated in the (u, v) plane with the algorithm (3.14) using a triangular
grid as shown in Fig. (3.3). For an e↵ective potential of the form, depicted in Figs.
(3.1), (3.2), the above integration scheme is found to be more stable compared to
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Figure 3.3: The figure (motivated from Fig. 5 of [231]) shows the numerical grid
used for integration in the (u, v) plane and the domain of interest. The black points
represent the grid points where the value of the solution (field) is known. The blue
points represent the grid points where the solution needs to be calculated.

more popular integration scheme due to Gundlach, Price and Pullin [362], consistent
with the observation in Ref. [231].

In general, in the linear regime the eigen frequencies are not sensitive to the choice
of the initial conditions, hence, we model the initial perturbation by a Gaussian wave
packet of width � centered around v = vc ,

 i(u = 0, v) = e�
(v�vc)

2

2�2 . (3.15)

We also assume that close to the singularity the perturbation is constant,

 i(r⇤ = 0, t) =  i(u = v � v0, v) = 0, 8t; ✏ << 1. (3.16)

The choice of the null boundary condition (3.16) deserve some attention as we will
see soon that this guarantees that the perturbation field close to the singularity is
normalizable.

If we now assume the time-dependence of the perturbation field as  i (t, r⇤) =
e�i!t i (r⇤), we can write Eqs. (2.7),(2.13) and (2.16), near the singularity (upto
leading order in r⇤) as

�d2 i (r⇤)

dr2⇤
+

✓
l(l + 1)

r2⇤
+ · · ·

◆
 i(r⇤) = !2 i (r⇤) . (3.17)

The general solution of the Eq. (3.17) is of the form as Eq. (3.12) and for  i to be
normalizable close to the singularity, C1 must vanish, which implies

rl⇤ i |r⇤=0 = 0. (3.18)

Thus, boundary condition (3.16) guarantees that the perturbation field is normaliz-
able close to the singularity and is also consistent with Ref. [355].
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Figure 3.4: Semi-logarithmic plots of the time-evolution of massless scalar field
perturbation for the l = 1 mode and di↵erent values of � . The time-profile has
been extracted at r⇤ = 200.
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Figure 3.5: Semilogarithmic plots of the time-evolution of the l = 1 mode of elec-
tromagnetic perturbation. The time-profile has been extracted at r⇤ = 200.
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Figure 3.6: Semilogarithmic plots of the time-evolution of the l = 0 mode of Dirac
perturbation. The time-profile has been extracted at r⇤ = 200.

3.3.3 Observations: Echoes and instability

The time evolution of the scalar perturbation for the l = 1 mode along a line
of constant r⇤ has been shown in Figure (3.4). We observe that close to the BH
limit (� = 1) the time profile of the scalar perturbation is characterised by distinct
echoes with diminishing amplitude and frequency. This is evident from the potential
profile since one can see that for this range of gamma, the potential profile exhibits
a well-shaped nature that serves the purpose of a trapping cavity to trap the signal
that has transmitted through the angular momentum barrier, which then bounces
o↵ the barrier near the singularity and a portion of it leaks out to an asymptotic
observer upon interaction with the peak of the potential again thereby giving rise to
echoes whose amplitude and frequency goes on decreasing at each interaction with
the barrier as shown in Fig. (1.3). The timescale between two such consecutive
echoes will be proportional to two times the distance between infinite potential wall
near the singularity and the peak of the potential barrier. As � increases, the width
of this well decreases, the time gap between two corresponding echoes decreases
and hence they start overlapping eventually making these echoes less prominent.
For su�ciently large values of �, this well vanishes and there is no cavity left to
trap these modes and so the enveloping oscillation of the echoes align to give rise
to characteristic QNMs. Regarding the ringdown phase, it is di�cult to exactly
point out when this phase sets in. In our case, we have chosen the initial time
value (tinitial = to) roughly from the time-domain profile, when the ringdown phase
appears to set in and extracted the fundamental QNF using Prony’s method. We
have repeated this procedure by choosing tinitial = to + �t, tinitial = to � �t and
checked if the fundamental QNF remains stable for these cases. At su�cient late
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Figure 3.7: Semilogarithmic plots of the time-evolution of the l = 1 mode of Dirac
perturbation. The time-profile has been extracted at r⇤ = 200.

times, the signal will decay to give late-time tails. A study on the time domain
profiles for all the three di↵erent types of perturbations suggests that the tail falls
o↵ as t�(2l+2+�).

It may be noted that although the existence of distinct echoes in the time evolu-
tion of massless scalar perturbations are indicative of the presence of weakly NS in
the spacetime, the quasinormal ringing and late-time tails can also be observed in
the time evolution of massless scalar field, when the singularity is strongly naked.

Time evolution of the l = 1 mode of electromagnetic and l = 0, 1 modes of Dirac
fields also show similar characteristics (Figs. (3.5), (3.6) and (3.7)). However, for
higher values of the multipole number, all the three types of perturbation (scalar,
electromagnetic and Dirac) grows unboundedly with time suggesting an instability.
This restricts the parameter space of ↵. For the scalar case, as already shown,
the e↵ective potential for the l = 0 mode diverges to �1 close to the singularity,⇥
V l=0
scalar

(r ! 0) �! �1
⇤
, rendering the system unstable. Figure (3.8) shows the

time-evolution of the l = 2, 3, 4, 8 modes of the perturbations. To ascertain that
the instability of the 4D-EGB NS-spacetime is not a numerical artefact, we have
also checked our results by slightly shifting the location of the inner boundary,
(rin = r0

in
± ✏2, where r0

in
⇠ ✏; ✏ << 1 ). The consistency of our numerical analysis

is further supported by testing the instability of the negative-mass Schwarzschild
singularity against even parity metric perturbations [359, 363, 364].
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Figure 3.8: Semilogarithmic plots of the time-evolution of the l = 2, 3, 4, 8 modes of
scalar (top left panel), electromagnetic (top right panel) and Dirac fields (bottom
panel) for � = 1.005 .

3.3.4 Extracting the QNMs from time profile data: Prony’s
method

Now a natural question after observing these time profile data would be to
which value of the QNF do they correspond. The answer can be found out with the
help of Prony’s method of fitting the time profile data by superposition of damped
exponents with some excitation factors. This has already been described in chapter
(1). Once the echoes align, mode frequencies can be extracted from the time profile
by using Prony’s method [3, 227].

 (t) '
pX

j=1

Cje
�i!jt , (3.19)

where Cj denotes the excitation factors and !j is the complex QNF of the j-th mode.
The real part of the QNF corresponds to the actual frequency of the wave motion
while the imaginary part corresponds to the damping rate. The fundamental QNM
frequency is characterised by the value of !j with the lowest damping rate i.e., with
the smallest Im(!). The timescale of decay of a mode can be roughly calculated
from the imaginary part of the QNM frequency using:

⌧QNM ⇡ 1

|Im(!j)|
(3.20)

Table (3.1) shows the characteristic fundamental QNFs for the l = 1 mode of scalar
and electromagnetic perturbation and l = 0, 1 modes of Dirac perturbation. The
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Figure 3.9: Plots of the e↵ective potential for massive scalar field (left) and the
corresponding time-domain profile (right) for the l = 1 mode with � = 1.005.

QNFs has been extracted for values of the dimensionless parameter � for which the
echoes have aligned. We observe that the magnitude of both the real and imaginary
parts of the QNFs increases with � for each type of perturbation.
Another important feature that needs to be mentioned here is that echoes have
modes linked to the potential well, representing stable light rings in the eikonal
limit, which could potentially be analyzed using a WKB approach as done in [365].
In the eikonal limit (l >> 1), massless fields propagate as null particles. It has
been well known that for static spacetimes, the scalar, electromagnetic and Dirac
perturbations have similar behaviour in the eikonal limit and their e↵ective potential
in this limit could be simultaneously given by

Veikonal = l(l + 1)
f(r)

r2
. (3.21)

One can then see from Fig. (3.10) that, in the eikonal limit, there exists two light
rings, one at r = rLR1 which is a stable light ring and the other at r = rLR2 which
is an unstable light ring. The stable light ring e↵ectively confines the field leading
to long-lived modes which manifests themselves in the form of echoes in the time-
domain evolution of perturbing fields. A WKB analysis of these trapped (long-lived)
modes can then be done following [365]. In the eikonal limit, the frequency of a class
of long-lived modes in four spacetime dimensions is given by WKB approach as

! ⇠ al � ibecl l >> 1 (3.22)

Here a,b and c are positive constants. The constant ‘a’ is found to be associated
with the angular velocity ⌦LR1 of the stable null geodesic at the light-ring location
r = rLR1 given by

a ⇠ ⌦LR1 ⌘
p
f(rLR1)

rLR1
(3.23)

Thus it can be seen that the modes of the echoes can be linked to the potential well,
representing stable light rings.

Further, if we now consider the mass (µ) of the perturbing scalar field to be
non zero then the e↵ective potential in Eq. (2.9) gets modified to,

V (µ)
scalar

(r) = f(r)

✓
l(l + 1)

r2
+

1

r

df(r)

dr
+ µ2

◆
. (3.24)
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Figure 3.10: The figure shows the potential profile in the eikonal limit for M=1 and
� = 1.005

Table 3.1: Characteristic fundamental QNFs for l = 1 mode of massless scalar and
electromagnetic perturbations and l = 0, 1 modes of massless Dirac perturbations.

�
Scalar
! (l = 1)

Electromagnetic
! (l = 1)

Dirac
! (l = 0) ! (l = 1)

1.25 0.3699� 0.0082i 0.3528� 0.0132i 0.2545� 0.0131i 0.4676� 0.0084i
1.28 0.3797� 0.0107i 0.3613� 0.0166i 0.2614� 0.0149i 0.4787� 0.0113i
1.29 0.3827� 0.0116i 0.3638� 0.0177i 0.2634� 0.0155i 0.4820� 0.0123i
1.30 0.3855� 0.0125i 0.3662� 0.0188i 0.2653� 0.0161i 0.4852� 0.0133i
1.35 0.3977� 0.0170i 0.3766� 0.0243i 0.2750� 0.0207i 0.4985� 0.0186i
1.40 0.4074� 0.0215i 0.3842� 0.0301i 0.2827� 0.0248i 0.5097� 0.0241i
1.60 0.4314� 0.0390i 0.3943� 0.0451i 0.2957� 0.0392i 0.5375� 0.0399i

Thus the asymptotic value of the e↵ective potential changes to V (µ)
scalar

(r ! 1) ! µ2

as can be seen in Fig. (3.9). In this case also a potential well exists that gives rise
rise to echoes as in the massless case for values of � close to unity, however for
su�ciently large mass of the probing scalar field, it can be seen from the potential
profile that there exists a trough in the e↵ective potential outside the peak, resulting
in quasi-bound states, which are manifested as elongation of the individual echoes
(see Fig. (3.9)).

The QNFs evaluated using Prony’s method depends on the choice of the starting
point of the ringdown profile. To eliminate possible errors in the determination of the
QNFs we have verified the QNM frequencies with time-profile date generated using
di↵erent grid sizes (�). For each such time profile, we have checked the stability
of the fundamental QNM frequencies by fitting with the series in Eq. (3.19) with
di↵erent number of terms (⇠ 100� 200).
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3.4 Conclusion and discussions

The Cosmic Censorship Conjecture [30] suggests that spacetime singularities
must always be hidden by an event horizon, however, it has been argued that under
suitable initial conditions of the collapsing matter, (if the collapse starts from a
regular initial data) gravitational collapse may lead to an NS [62, 63]. In general
for gravitational collapse, the quantum considerations are towards an avoidance of a
singularity [366–368]. So, if for certain values of theory parameters, a gravity theory
predicts the occurrence of an NS, then it is of paramount importance to check the
stability of such a spacetime with NS against perturbation. If such a spacetime
happens to be su�ciently stable, then one asks the associated question of how to
observationally distinguish such an atypical spacetime.

In the present work, we considered an asymptotically flat, static, spherically sym-
metric spacetime (3.1) with a central singularity. We observed that the singularity
becomes globally naked for � > 1. It is important to emphasise that the metric (3.1)
satisfies the field equations of all variants of the (consistent) 4D-EGB theory [91,
141–144], hence, we studied the stability and response of such an NS-spacetime
against perturbation by test fields without resorting to any particular version of the
(consistent) 4D-EGB theory.

We added test scalar, electromagnetic and Dirac fields in the background of
the 4D-EGB NS-spacetime and observed the time evolution of the perturbations
numerically. The e↵ective potential of all the three types of perturbation diverges
to 1 close to the singularity. So, we chose the null Dirichlet boundary condition
consistent with [322, 369]. We observe that for the l = 1 mode of scalar and
electromagnetic perturbations and for the l = 0, 1 modes of Dirac perturbation,
when ↵ & M2 (� is slightly greater than unity - weakly NS regime) , the signature
of the di↵erence between the spacetime due to a BH and the NS is quite distinctly
elucidated by the existence of echoes in case of the 4D-EGB NS spacetime. However,
that is not the only interesting feature that we obtain. We also find that as the
coupling constant is increased further, the timegap between the individual echoes
decreases and finally for su�ciently large gamma values the echoes align,the QNM
structure of the 4D-EGB NS-spacetime ringdown becomes prominent and one can
obtain the characteristic QNF of the spacetime from the time domain data using
Prony’s method. However, as l is increased from unity, the time-domain profile (Fig.
(3.8)) suggests an instability. The scalar case exhibits instability for l = 0 itself due
to the divergence of the potential to �1 close to the singularity. We have verified
the instability of the spacetime for all the types of perturbations till l = 10.

Such studies not only help in pointing out the distinctive nature of such atypi-
cal spacetimes but also helps in putting constraint on the parameter theory which
itself is interesting from observational viewpoint. So, we conclude that the 4D-
EGB spacetime with NS is unstable against test scalar, electromagnetic and Dirac
perturbations which constraints the Gauss-Bonnet coupling constant ↵  M2.

TH-3631_196121027



68TH-3631_196121027



Chapter 4

Shadow of quantum extended
Kruskal black hole and its
super-radiance property

4.1 Introduction

Black Hole (BH) solutions are ubiquitous in the theory of gravity. In fact it
is believed that every galaxy contains one supermassive BH at its centre. Several
observational evidences have confirmed this, including the one in our galaxy. From
the very beginning of Einstein’s general theory of relativity, vast attention has been
given to these compact objects, starting from various observational to theoretical
aspects and their analyses. While its existence is now unquestionable, its detection,
since nothing can escape from it, still remains a very tough job. Recent detections
of the Gravitational Wave (GW) signals from the merger events of compact objects
by the GW detectors have shed light on their indirect detection. However for direct
detection, one needs to actually rely on the photons coming from near the BH, reach-
ing an asymptotic observer (detector) and check if these can be closely connected
to an important observable. So one needs to actually track the escape of photons
from such gravitationally intense compact objects and hence carry out observations
and analysis in the electromagnetic channel. In this direction, the concept of “BH
shadow” becomes very important. We know that in general shadow actually cor-
responds to a lack of radiation - the absence of photons, the same goes with when
one talks in context of BHs and other compact objects. It is a region in the ob-
server’s sky from where there is no incoming radiation. Synge [267] and Luminet
[268] gave the initial idea about the shadow of a BH which was later extended for
Kerr case by Bardeen in [269]. Recently, the event horizon telescope has observed
the shadow of the BH in the centre of the M87⇤ galaxy [27] and the shadow of
the Supermassive BH Sagittarius A⇤ in the Center of the Milky Way Galaxy [370].
This was a major breakthrough that was achieved exactly a century after the first
observation of gravitational light deflection during a solar eclipse in 1919 which was
the first experimental confirmation of a prediction from the general theory of rela-
tivity. Till the emergence of this concept, huge attention has been devoted to find
the characteristics of shadows of di↵erent BHs (for a review and more references on
the development of the subject, see [11, 12]), for various reasons. In general it was
found out that for a wide range of rotating BHs, the shadow radius is dependent on
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the BH spin parameter, the configuration of the light emission region near the BH
and on the angle of inclination [371]. Studies along di↵erent avenues such as: shapes
of BH shadows with various configurations and in various background geometries
[285, 372–375], non-rotating and rotating BH spacetime shadows in several modified
theories of gravity [376–381], constraining and measuring BH parameters from the
study of shadows [382–386], BH shadows in dynamically evolving spacetimes [387],
testing the general theory of relativity using BH shadows [388–390], proposing new
methods of calculating BH shadows [391, 392], shadows of quantum corrected BHs
[393–395], proposals to use shadows as standard rulers [396, 397] were already done
in the literature. On another hand, it is to be mentioned that the shadow of an
object in the sky does not always necessarily mean to be that of a BH, it may be of
some exotic compact objects too [7, 13, 62, 398, 399] and all the above analyses can
be done with such shadows which will further give us important information about
these objects too. Thus shadow in itself holds a lot of opportunity for us to explore
to infer important conclusions regarding not only these mysterious compact objects
but also the alternatives to GR.

It is known that in strong gravitational regime, the quantum nature of spacetime
cant be neglected and it is very important to construct a viable theoretical model
of the dynamics of gravity. Furthermore, the singularity inside the BH has been
a troubling and uncomfortable region. Non-singularly complete solutions, such as
regular BHs are one of the suitable candidates to avoid such situations. There exists
already many regular BH solutions in the literature [400–404]. However, in most of
the cases, such BH spacetimes are not obtained as a solution of some underlying
theory, neither are they connected to any quantum theory of gravity. On the other
hand, it is well know that near the BH singularity the quantum e↵ects are not
negligible and must be incorporated within the solution itself. In this respect, Loop
Quantum Gravity (LQG) has been one of the very few successful attempts to come
up with a better understanding of quantum gravity.

There are few LQG inspired BH solutions [65–69] in literature and the charac-
teristics of their shadows have been studied both for non-rotating as well as rotating
[394] cases. Very recently, Ashtekar, Olmedo and Singh [16, 21, 22] found a com-
plete regular static BH spacetime from an e↵ective LQG motivated theory which is
a quantum extended version of Kruskal geometry. The usual singular point r = 0
is hidden within a minimum area element. Throughout the rest of the chapter 1,
we will denote this background as AOS BH, named after Ashtekar, Olmedo and
Singh. Not many works have been done on this particular BH background except
[405], where the authors have studied scalar perturbations of the AOS BH and found
significant di↵erence in the QNFs when compared with the Schwarzschild one. The
purpose of the present chapter is to understand the quantum correction through its
e↵ect on the BH shadow. In the process, we also find the rotating counter part of
the static AOS BH by employing the modified Newman-Janis Algorithm (NJA). It
is important to note that the AOS BHs are not derived from an underlying phys-
ical theory. The e↵ective equations are yet to be systematically derived from the
quantum evolution in this model. Inspite of this, we have studied the rotating so-
lution obtained via modified NJA as it simply serves the purpose of one possible
model for capturing quantum corrections to the classical Kerr metric. We have then
obtained the shadows for both non-rotating and rotating AOS BHs. Along with

1The work presented in this chapter is based on [15]
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the shadows, in this chapter we have tried to analyse how the quantum parameters
modify the super-radiance amplification and what information can they provide us
with regarding the physics taking place at quantum length. In context of BHs, it
is well known that super-radiance involves amplification in the radiation that has
been scattered o↵ a BH and has been observed in many di↵erent contexts and in
many areas in physics. BH super-radiance and stability has been studied in detail
in various contexts and similar works can be found in the literature [406–416]. Its
study is important as it is greatly connected with the understanding of BH ther-
modynamics. Theoretically one can study this e↵ect by scattering of fields from
BH spacetime. In our work we have considered the scattering of a massless scalar
field from rotating AOS BH and studided how the quantum parameters a↵ect the
condition for massless scalar field super-radiance,amplification factor and available
window of energy for the scalar field to perform super-radiance.

We observe that the LQG inspired corrections can provide noticeable e↵ect on
the shadow and super-radiance amplification only when the BH is of the order of
Planck size and for the rotating case, the e↵ect is more pronounced for very fast
rotating BHs. Thus if one needs to draw any sort of inference regarding the modifi-
cations pronounced by the quantum parameters, one must look for small mass and
highly spinning quantum BHs solutions. However as we are working in the Planck-
ian length, so these modifications are very very small and therefore at present, in
all practical situations, the quantum e↵ects should remain non-detectable. Never-
theless, new physics can appear at di↵erent length scales in the theory. Having said
this, completely from the theoretical aspect, we investigate the shadows and super-
radiance at the Planck scale. On the other hand the microscopic BHs are important
at primordial level. Therefore understanding these LQG inspired BHs might be rel-
evant to understand few important aspects of the inflationary era during the early
stages of our universe. We use units where G = c = ~ = 1 unless otherwise specified.

4.2 AOS black hole

AOS BH is a complete regular static solution of LQGmotivated e↵ective theory
[16, 21, 22]. This does not contain the singular point r = 0 as it has been hidden
by a minimum area element, determined by “some” underlying microscopic theory.
The original solution is spherically symmetric and non-rotating. This solution was
obtained as an e↵ective theory and not from full dynamical equations. Here we first
briefly review the original non-rotating AOS BH as obtained by the authors in [22]
and then its rotating counter part that we have obtained for the very first time by
using the NJA formalism.

4.2.1 Non-rotating AOS: a brief review

The e↵ective solution was first obtained in a symmetry reduced phase space
framework and then expressed as a quantum corrected spacetime metric as is done
in LQC. The e↵ective metric, exterior to trapping and anti-trapping horizons, is
given by static, spherically symmetric form:

gµ⌫dx
µdx⌫ ⌘ ds2 = � p2

b

pc L2
o

dx2 +
�̃2pc �2b

sinh2(�bb)
dT 2 + pcd!

2 , (4.1)
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where, x and T are the time and radial coordinates, respectively and d!2 is the
metric on a unit 2-sphere and �̃ is the Barbero-Immirzi parameter2. The parameters
appearing in metric coe�cients are determined as

tan
⇣�cc (T )

2

⌘
=
�̃L0�c
8m

e�2T ,

pc (T ) = 4m2
⇣
e2T +

�̃2L2
0�

2
c

64m2
e�2T

⌘
,

cosh
�
�b b(T )

�
= bo tanh

✓
1

2

⇣
boT + 2 tanh�1

� 1
bo

�⌘◆
,

pb(T ) = �2m�̃L0
sinh (�b b(T ))

�b

1

�̃2 � sinh2(�b b(T ))
�
2
b

, (4.2)

where m = GM

c2
= M (in the units mentioned above) is the mass parameter, b2

o
=

1+�̃2�2
b
and b(T ), c(T ), pb(T ) and pc(T ) are the 4 dimensional phase space coordinates.

Here �b and �c are the quantum parameters that encloses within itself the entire
quantum corrections given by,

�b =
⇣ p

�p
2⇡�̃2m

⌘1/3
; Lo�c =

1

2

⇣ �̃�2

4⇡2m

⌘1/3
. (4.3)

It is these parameters that will modify the shadow and super-radiance that we will be
studying. In the above, � is the minimum non-zero eigenvalue of the area operator
in LQG, given by� ⇡ 5.17`2

P l
and �̃ ⇡ 0.2375. Lo is an infrared regulator introduced

to make the phase space description and hence the physical results well-defined. The
location of horizon is determined by T = 0.

In order to express (4.1) in our familiar static, spherically symmetric form

ds2 = �f(r)dt2 +
dr2

g(r)
+ h(r)

�
d✓2 + sin2 ✓d�2

�
, (4.4)

in Schwarzschild like coordinates the following change of notations has been consid-
ered in [21]:

t = x, rS = 2m, r = rS e
T , b0 ⌘ (1 + �̃2�2

b
)
1
2 = 1 + ✏ . (4.5)

In this case the metric coe�cients are identified as:

�f(r) = �
✓

r

rS

◆2✏

⇣
1�

�
rS

r

�1+✏
⌘⇣

2 + ✏+ ✏
�
rS

r

�1+✏
⌘2

16
⇣
1 +

�2cL
2
0�̃

2r2
S

16r4

⌘
(1 + ✏)4

✓
(2 + ✏)2 � ✏2

⇣rS
r

⌘1+✏
◆

;

(4.6)

1

g(r)
=
⇣
1 +

�2
c
L2
0�̃

2r2
S

16r4

⌘
⇣
✏+

⇣
r

rS

⌘1+✏

(2 + ✏)
⌘2

⇣⇣
r

rS

⌘1+✏

� 1
⌘⇣⇣

r

rS

⌘1+✏

(2 + ✏)2 � ✏2
⌘ ; (4.7)

2Note that we will be denoting the Barbero-Immirzi parameter of LQG [417] by �̃ instead of
� as was done in our original work [15] to avoid any confusion with the dimensionless parameter
� = ↵

M2 introduced in chapter (3).
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and

h(r) = 4m2

✓
e2T +

�̃2L2
0�

2
c

64m2
e�2T

◆
= r2

✓
1 +

�̃2L2
0�

2
c
r2
S

16r4

◆
. (4.8)

Henceforth the quantum parameters are �c and ✏ (since we switched from �b to ✏).
This form of the metric will be suitable for our main purpose.

Few important features of the form (4.4) are worth mentioning here. f(r) di-
verges as one goes to r ! 1. But still AOS can be shown to be asymptotically
Minkowski. As mentioned in [21] while one generally checks asymptotic flatness by
checking the r ! 1 limit of the metric components, and comparing with ⌘µ⌫ , one
can show that a given metric gµ⌫ can be taken to be asymptotically flat at spatial
infinity if the components reduce at least as fast as 1/r as r ! 1, to the compo-
nents of some flat metric ⌘̃µ⌫ which exists, while the coordinates (t, ✓,�) are kept
constant. In [21], they show asymptotic flatness of the above metric using this idea
and a time dependent coordinate change. Then, this time coordinate is no longer
associated with a timelike Killing vector. For the detailed analysis see Sec IV.B. of
[21]. Also since the e↵ective equations of the theory have been obtained starting
with a symmetry reduced theory, it is not known if there is a 4-dimensional covariant
action whose symmetry reduction yields these equations.

4.2.2 Rotating spacetime through modified Newman-Janis
Algorithm (NJA)

Although non-rotating spacetimes are widely studied because of their simplic-
ity yet it is believed that for a spacetime to be astrophysically viable or relevant
the inclusion of rotation in the non-rotating spacetime is very crucial. Motivated
by this in 1965, Newman and Janis, using a complex coordinate transformation
[23, 418] showed that one can obtain a rotating spacetime from non-rotating one.
They were able to obtain the Kerr metric from the Schwarzschild metric. Using the
same method the authors of [418] derived the Kerr-Newman metric, which repre-
sents a spacetime geometry of the electrically charged and rotating BH from a static
Reissner-Nordström metric. Thus in general, the Newman-Janis algorithm (NJA) is
used to construct a stationary and axisymmetric spacetime from a static and spher-
ically symmetric one having the form (4.4). The steps involved in the algorithm
have been discussed in Appendix (A). This formalism has been successfully used in
several cases to find the rotating counter part of the static spherically symmetric
metric[23, 418–420]. So, applying NJA to the metric (4.4), one can in principle
obtain the rotating counterpart of the same. However, in course of applying the
algorithm to the static case, the job of choosing the exact complexified form of the
metric functions is a tedious one because there are various ways in which this can
be done and it also needs to be chosen in such a way that the transformation (A.11)
is allowed i.e., �1(r) and �2(r) must be functions of r only and not any other co-
ordinates because only then these equations will be integrable. However it is found
that the usual procedure fails to satisfy this for our present metric (4.4) (for details
see Appendix (A)).

To do away with this, we resort to the modified version of NJA as was proposed
by Azreg-Aı̈nou’s non-complexification procedure [24], where the modification is
incorporated in the third step (rest all steps are same). As per this new procedure,
the complexification of the radial coordinate r is simply dropped and instead of that

TH-3631_196121027



Chapter 4 74

we consider �µ
⌫
, in Eq. (A.6), transform as a vector under the transformation (A.7).

In that case the metric coe�cients f(r), g(r) and h(r) transform to F = F (r, a, ✓),
G = G(r, a, ✓) and H = H(r, a, ✓), respectively where a is the spin parameter in
length dimension and is defined corresponding to the total angular momentum J
as a = J

M
(the dimensionless spin parameter can be written as J

M2 ) and ✓ is the
angular coordinate in Boyer-Lindquist coordinates (BLC). The di↵erence from the
original NJA is that earlier, since the exact complexified form of r was known, so
the exact expressions of F, G and H were also known, however now, in the modified
version one does not come up with a predefined complexified form of r, rather one
simply assumes that F,G and H are the complex forms (without knowing their exact
expressions) of the original metric f(r), g(r) and h(r) respectively and then continues
on with the rest of the steps. The final form of the rotating metric in BLC after
applying the modified NJA becomes (see Appendix (A.2)):

ds2 = �Fdt2 � 2a sin2 ✓

✓r
F

G
� F

◆
dtd�+

H

�(r)
dr2

+ Hd✓2 + sin2 ✓


H + a2 sin2 ✓

✓
2

r
F

G
� F

◆�
d�2 , (4.9)

where

�(r) = GH + a2 sin2 ✓ = g(r)h(r) + a2 ; (4.10)

and F,G are given by (A.16) and (A.17), respectively whileH remains undetermined
(its expression is however obtained by comparing the quantum case with classical
counterpart - see (B.1.1)). The above one represents the rotating AOS BH where
we have calculated the shadow contour and super-radiance.

4.3 Finding the shadows

As already disussed in the introduction of the thesis, shadows can be studied
both analytically and numerically. In our thesis we have adopted the analytical
method. We have used the Hamilton-Jacobi separation method to study the general
expressions for lightlike geodesics to find the nature and shape of shadows. Also for
the calculations related to shadows, we have not set G = c = ~ = 1.

4.3.1 Working formulas

We shall now discuss the equations involved in obtaining the contour of the
shadow. Since shadow contours correspond to unstable circular null geodesics, it is
necessary to obtain such equations first for the metric of our case. To find the null
geodesics around the AOS BH we shall use the Hamilton-Jacobi (H-J) equation. We
give here the required expression for rotating case, given by metric (4.9). After some
calculations (see Appendix (A.3)), the separated geodesic equations for the photon
are found to be

F

G
�(r)

dt

d�
=

"
H + a2 sin2 ✓

 
2

r
F

G
� F

!#
E � a

 r
F

G
� F

!
L ; (4.11)
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F

G
�(r) sin2 ✓

d�

d�
= a sin2 ✓

 r
F

G
� F

!
E + FL ; (4.12)

and

H
dr

d�
= ±

p
R(r) ; (4.13)

H
d✓

d�
= ±

p
⇥(✓) , (4.14)

where
R(r) = [⌃(r)E � aL]2 ��(r)

⇥
Q+ (L� aE)2

⇤
, (4.15)

and
⇥(✓) = Q+ a2E2 cos2 ✓ � L2 cot2 ✓ . (4.16)

In the above ⌃(r) symbolizes

⌃(r) =

r
G

F
H + a2 sin2 ✓ =

s
g(r)

f(r)
h(r) + a2 . (4.17)

Here R(r) and ⇥(✓) must be non-negative; i.e., for the photon motion, we must have

R(r)

E2
= [⌃(r)� a⇠]2 ��(r)

⇥
⌘ + (⇠ � a)2

⇤
� 0 , (4.18)

and
⇥(✓)

E2
= ⌘ + (⇠ � a)2 �

✓
⇠

sin ✓
� a sin ✓

◆2

� 0 , (4.19)

In the above ⇠[= L/E] and ⌘[= Q/E2] are the critical impact parameters that de-
termine the motion of the photon.

As already stated, the contour of a shadow depends on the unstable light rings.
In the general rotating spacetime, these unstable circular photon orbits must satisfy
R(rps) = 0, R0(rps) = 0 and R00(rps) � 0, where r = rps is the radius of the unstable
photon orbit. From the first two conditions we have

[⌃(rps)� a⇠]2 ��(rps)
⇥
⌘ + (⇠ � a)2

⇤
= 0 , (4.20)

and
2⌃0(rps) [⌃(rps)� a⇠]��0(rps)

⇥
⌘ + (⇠ � a)2

⇤
= 0 . (4.21)

The valid solution for ⇠ for describing a BH shadow that is found from above is

⇠ =
⌃(rps)�0(rps)� 2�(rps)⌃0(rps)

a�0(rps)
. (4.22)

Using this and solving for ⌘ we have,

⌘ =
4a2⌃02

ps
�ps �

⇥
(⌃ps � a2)�0

ps
� 2⌃0

ps
�ps

⇤2

a2�02
ps

. (4.23)

where the subscript “ps” indicates that the quantities are evaluated at r = rps.
The general expressions for the critical impact parameters ⇠ and ⌘ of the unstable
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photon orbits are given by equations (4.22) and (4.23). In order to obtain the
apparent shape of a shadow, the celestial coordinates ↵ and � which lie in the
celestial plane perpendicular to the line joining the observer and the center of the
spacetime geometry are used. If the observer is situated at (r0, ✓0), r0 being the
radial coordinate of the observer, i.e., the distance of the observer from the BH and
✓0 being the inclination angle of the observer which is the angle that the line joining
the observer and the BH makes with the direction of axis of rotation of the BH,
then the celestial coordinates are defined as [421]

↵ = �r20 sin ✓0
d�

dr

���
(r0,✓0)

, (4.24)

and

� = r20
d✓

dr

���
(r0,✓0)

, (4.25)

If the general metric is asymptotically flat, then the above equations reduce to

↵ = � ⇠

sin ✓0
, (4.26)

and
� = ±

p
⌘ + a2 cos2 ✓0 � ⇠2 cot2 ✓0 . (4.27)

Using Eqs. (4.22), (4.23), (4.26) and (4.27), parametric plots of ↵ and � are
obtained by using the unstable photon orbit radius rps as a parameter that define
the contour of the shadow. It is to be mentioned here that the expressions for ⌃(r)
(4.17) and �(r) (4.10) contain the spherically symmetric static metric functions
f(r), g(r) and h(r). So to obtain the shadow for rotating metric, the information
from the non-rotating spacetime will be used.

4.3.2 Shadow for non rotating case

In this section we shall discuss how the shadow contour looks for the case of
a non-rotating AOS BH i.e., for a = 0 as described by the metric (4.4). Also since
the underlying metric now is spherically symmetric, so the shadow to an observer
seems the same whatever be the value of ✓0. Hence we can take up the simple case
of ✓0 =

⇡

2 . Equation (4.26) and (4.27) then reduces to

↵ = �⇠ ; � = ±p
⌘ , (4.28)

and so we have
↵2 + �2 = ⇠2 + ⌘ . (4.29)

With the spin parameter a set to zero we have �(r) = G(r)H(r) = g(r)h(r) and

⌃(r) = k(r) =
q

g(r)
f(r)h(r) =

q
G(r)
F (r)H(r) and, from the conditions R(rps) = 0 and

R0(rps) = 0 we obtain the following equations

⌘ + ⇠2 =
h(rps)

f(rps)
, (4.30)

and
f 0(rps)h(rps)� f(rps)h

0(rps) = 0 . (4.31)
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Solving equation (4.31) we get the value of radius of the photon sphere rps. Putting
this value in (4.30) gives the value of Rsh, the radius of the shadow contour:

Rsh =
p
↵2 + �2 =

p
⇠2 + ⌘ =

s
h(rps)

f(rps)
. (4.32)

The shadows for the non-rotating AOS BH along with the Schwarzschild one is
plotted in Fig. (4.2) for di↵erent values of m and the quantum parameters �c and ✏
as mentioned in Table (4.1). It is immediately seen that the shadow radius for the
quantum corrected AOS BHs are always small for a whole range of mass, starting
from 1`P l to 10`P l, with lP l being the Planck’s length, compared to the shadow
radius of the Schwarzschild BH. As the mass of the AOS BH increases from 1`P l to
10`P l, the radii also increase accordingly.

m �̃ �c �b ✏ rps Rsh

1`P l - 0 0 0 4.84⇥10�35 8.39⇥10�35

1`P l 0.2375 2.92⇥ 10�36 2.52 0.16 4.99⇥10�35 8.17⇥10�35

2`P l 0.2375 2.32⇥ 10�36 2.01 0.11 9.87⇥10�35 1.6⇥10�34

10`P l 0.2375 1.35⇥ 10�36 1.17 0.03 4.87⇥10�34 8.34⇥10�34

Table 4.1: The table shows the values of di↵erent parameters for the non-rotating
case. The first row contains the numbers for Schwarzschild BH with mass m =
1`P l and the corresponding rows contain the values for the AOS BH with masses
1`P l, 2`P l and 10`P l respectively.

-4 -2 2 4

α

m

-4

-2

2

4

β

m

Figure 4.1: Shadows for the classical Schwarzchild BHs for di↵erent valued masses.
Note that all the plots coincide since the ratios ↵

m
, �

m
scale uniformly, independent

of the mass. As in Fig. (4.2), the red, blue and black lines correspond to masses
m = 1`P l,m = 2`P l and m = 10`P l
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Figure 4.2: Shadows for the non rotating AOS BH for di↵erent values of the quantum
parameters �c and ✏. The green circle corresponds to the standard Schwarzschild
BH shadow with m = 1`P l. The red, blue and black circles correspond to the
quantum case with masses m = 1`P l, m = 2`P l and m = 10`P l respectively. A
partly zoomed plot of the shadow contour in the first quadrant is plotted in the
inset for understanding the di↵erence between the standard Schwarzschild case with
the non-rotating AOS one.

4.3.3 Shadow for the rotating AOS BH

We shall now apply the above formulae to obtain the contour of the shadow of
a rotating AOS BH (which is physically more relevant owing to its rotation) whose
corresponding non-rotating counterpart is represented by the metric (4.4) with the
metric coe�cients given by (4.6), (4.7) and (4.8). Also we want to compare and see
how the shadow contour for quantum case varies with that of Kerr case i.e., upto
what extent the quantum parameters leave its imprint on the shadows. The classical
Kerr results can be obtained by setting the quantum parameters �c and ✏ in (4.6),
(4.7) and (4.8) to zero.

In Fig. (4.3), the contours of the shadow are shown for the rotating AOS and
Kerr BHs for di↵erent values of m and spin parameter a.

Also the shape of shadows at di↵erent inclination angles ✓0 for spin parameter
a = 0.9m ( m = 1`P l ) has been shown in Fig. (4.4) to see the variation in shadow
with varying inclination angles.

It is observed after comparing the Quantum and Kerr case in Fig. (4.3) that
the presence of quantum parameters tends to shrink the shadow i.e., the size of
the shadow decreases due to quantum e↵ect. Note that in Fig. (4.3) the dashed
contours represent the Kerr case while the solid contours represent the rotating
AOS BH. As the quantum parameters �c and ✏ are increased(i.e. for the smaller
masses), both the photon sphere radius and shadow radius decreases. In Figs. (4.1)
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Comparing Kerr and Rotating AOS Shadows m = 1 lPl
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Comparing Kerr and Rotating AOS Shadows m = 2 lPl
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Comparing Kerr and Rotating AOS Shadows m = 10 lPl

Figure 4.3: The figure shows the contours of shadow for di↵erent values spin param-
eter a with m = 1`P l, 2`P l, 10`P l. Color codes: Red (a = 0.2m), Blue (a = 0.7m)
and Black (a = 0.9m). The dashed contours represent the Kerr case while the solid
contours represent the rotating AOS BH.

to (4.5), we are plotting ↵

m
and �

m
. In the Kerr (see first figure of Fig. (4.5)) and

Schwarzchild (see Fig. (4.1)) cases, this quantity scales uniformly, and hence we
do not see a di↵erence with changing mass. However, in the AOS case (see second
figure of Fig. (4.5)), since the masses are a function of the quantum parameters,
the scaling of these ratios are not uniform, which lead to the corrections observed
in the plots. Observing these figures, it can be inferred that for a fixed mass, the
shadow shrinks more on the right hand side than on the left hand due to quantum
e↵ect when compared with the Kerr case and as the mass is increased, there is not
much variation in the shadows of Kerr case and quantum AOS case.This happens
because the quantum parameters �c and ✏ are inversely proportional to m as can
be seen from Eq. (4.3), so their values decrease when mass is increased and hence
their impact on the shadow also reduces. With increasing values of a, not only
the shadow size decreases but also the shape gets distorted. As can be seen, this
distortion is more on the left part of the plot than on the right. While classically as
well the asymmetry can be explained by frame dragging, the quantum corrections
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Figure 4.4: Shadows for the e↵ective quantum metric with various values of incli-
nation angles ✓0 for a = 0.9m with m = 1`P l. Color codes: (Blue ✓0 = 170), (Black
✓0 = 300), (Green✓0 = 450), (Red ✓0 = 600), (Cyan ✓0 = 900).

a↵ect the rotating AOS BH di↵erently compared to a simple mass scaling. For a
fixed value of the rotation parameter a, if we compare the change in mass of Kerr to
that of rotating AOS as in Fig. (4.5), we find that there is a non-trivial di↵erence
in the shadow curvature at the left and right points in AOS while in Kerr, the
shadow contours are una↵ected. As noted earlier, we see that the deviation from
the mass is more on the right side. This can be explained by looking at how the
quantum corrections a↵ect the curvature of the shadow at the left and right points.
The two sides in the shadow contour generally reflect the prograde and retrograde
orbits around the BH. We can compare the curvature at the two extreme points
for the Kerr and AOS case, as is done in Fig. (4.6). Further we wish to point out
that the left curvature for the AOS rotating BH, falls faster than that of Kerr for
larger a

M
. In Fig. (4.6), the curvature on the left crossing point crosses the X axis

before a = M , indicated by the dashed black line. This has to do with the horizon
structure of the rotating AOS BHs in this regime, and will be studied in detail in
(4.4.2.1). Also from Fig. (4.4), it is seen that for a fixed value of m and a, if the
inclination angle is increased, then the deviation from circularity increases and the
shadow size also becomes smaller.

Thus we see that in case of shadows, the quantum e↵ects are more prominent in
the regime of small mass and high value of spin parameter. We now move on to see
if the same feature is exhibited in case of super-radiance as well.

4.4 Super-radiance phenomena

We have already discussed about this phenomenon in chapter (1). Here, we
will be dealing with the scattering of massless scalar fields o↵ the rotating AOS
BH wherein we study the super-radiance e↵ect and how it is a↵ected in presence of
quantum parameters.
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Effect of Mass on Kerr Shadow
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Effect of Mass on AOS Shadow

Figure 4.5: The figure shows the contours of shadow for a fixed spin parameter
a = 0.9m with varying masses. Color codes: Black (m = 1`P l), Red (m = 2`P l) and
Purple (m = 10`P l).
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left points of the shadow contour. The region to the left of the dashed black line
indicates the allowed region for the horizon in the AOS case (see discussion in Sec.
(4.4.2.1)).
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4.4.1 Condition for super-radiance

For super-radiance one needs to concentrate on the near horizon field modes
which are radially in going. In the semi-classical level the modes can be taken as
the following form

� ⇠ eiS(t,r,✓,�) . (4.33)

In the above, the action S(t, r, ✓,�), for our rotating metric (4.9) can be considered
of the form (A.22) with µ = 0. The radial part can be determined from the solution
of (A.24). Since we are interested in near horizon regime, this equation will be solved
after reducing it in the near horizon form. Note that the horizon is determined by
the vanishing of �(r), given in (4.10). Using the tortoise coordinate r⇤, defined as
dr⇤/dr = (k(r) + a2)/�(r), Eq. (A.24) can be expressed as

�
⇣dSr

dr⇤

⌘2
+

"⇣q
G

F
H + a2 sin2 ✓

⌘
E � aL

k(r) + a2

#2
� (L� aE)2 +Q

(k(r) + a2)2
� = 0 . (4.34)

In the near horizon limit as �! 0, the above can be written approximately as

⇣dSr

dr⇤

⌘
' ±

h
E � aL

k(rH) + a2

i
, (4.35)

where k(r) is given in (A.15). The solution is found out to be as

Sr ⇠ ±
h
E � aL

k(rH) + a2

i
r⇤ . (4.36)

Therefore, by (4.33) the near horizon mode solution comes out to be

� ⇠ S✓e
�iEteiL�e

±i

h
E� aL

k(rH )+a2

i
r⇤

, (4.37)

where we denote eiS✓ by S✓, as explicit expression of S✓ is unimportant for the
present purpose. The value of k(rH) reduces to a very simple form:

k(rH) = 4r2
H

⇣
1 +

�̃2L2
0�

2
c
r2
S

16r4
H

⌘ (1 + ✏)2
�
rH

rS

�2+✏

⇣
✏+ (2 + ✏)( rH

rS
)1+✏

⌘2 . (4.38)

In (4.37), negative (positive) sign corresponds to the ingoing (outgoing) mode. Since
we are interested for the super-radiant modes, we will concentrate on the ingoing
mode solution.

In order to find the condition for ingoing mode to be super-radiant one can follow
the usual procedure (e.g. see the analysis in Section 8.6 of [422]). Since rest of the
analysis is identical to the usual one, without going into the details we just give
the final condition for finding super-radiant mode. Following [422] one finds the
expression for energy flux through the horizon for massless scalar field as

dE
dt

= C1E
⇣
E � aL

k(rH) + a2

⌘
, (4.39)
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where C1 is a positive constant, whose value is not important here. Then the
condition for massless scalar field super-radiance in the present situation turns out

to be
⇣
E � aL

k(rH)+a2

⌘
< 0; i.e.

0 < E <
aL

k(rH) + a2
, (4.40)

where k(rH) is given by (4.38).
Let us now concentrate to find the angular velocity of the rotating AOS BH.

This can be easily found out by considering ✓ = ⇡/2 in metric (4.9). Under this
circumstances, for the null geodesics, the metric reduces to

h
H + a2

⇣
2

r
F

G
� F

⌘i⇣d�
dt

⌘2
� 2a

⇣rF

G
� F

⌘⇣d�
dt

⌘
� F = 0 . (4.41)

Remember that in the above all the function are defined at ✓ = ⇡/2. The solutions
are

⇣d�
dt

⌘

±
=

a
⇣q

F

G
� F

⌘
±
r

a2
⇣q

F

G
� F

⌘2
+ F

h
H + a2

⇣
2
q

F

G
� F

⌘i

H + a2
⇣
2
q

F

G
� F

⌘ . (4.42)
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Figure 4.7: Behaviour of the horizon angular velocity (⌦H) of the rotating AOS and
the Kerr BH with respect to k(rH) with mass m = 1`P l and for di↵erent values of
the spin parameter a. The open circles are for the AOS BH and the open squares are
for the Kerr case. Di↵erent colours of the legends imply di↵erent spin parameters
for the BH, viz., Red: a = 0.1m, Green: a = 0.2m, Blue: a = 0.3m, Black:
a = 0.4m, Cyan: a = 0.5m, Orange: a = 0.6m, Yellow: a = 0.7m, Grey: a = 0.8m
and Magenta: a = 0.9m respectively. For smaller values of a, there is an overlap
between the rotating AOS and Kerr results.

The horizon angular velocity is given by the minimum value of
⇣

d�

dt

⌘
, calculated

at the horizon. For ✓ = ⇡/2, from (A.16) and (A.17) we have F = (gh/k2)H and
G = gh/H. Substituting these in the negative sign solution in (4.42) one finds

⇣d�
dt

⌘

�
=

a
⇣

1
k
� gh

k2

⌘
� 1

k

p
a2 + gh

1 + a2
⇣

2
k
� gh

k2

⌘ . (4.43)
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Now at the horizon we have �(rH) = 0 which, from (4.10), yields g(rH)h(rH)+a2 =
0. Using this in the above we find the angular velocity of the BH as

⌦H =
a

k(rH) + a2
. (4.44)

Then in terms of the horizon angular velocity, the condition for massless scalar field
super-radiance take the following form:

0 < E < L⌦H , (4.45)

which is similar in form for the usual Kerr BH. In this case only ⌦H has been
modified which incorporates all the quantum e↵ects. A behaviour of the angular
velocity of the horizon with respect to k(rH) for the AOS BH with mass 1`P l and
for di↵erent values of the spin parameters (starting from a = 0.1m to a = 0.9m
is plotted in Fig. (4.7). We have also plotted the respective Kerr angular velocity
in the same plot for the same value of mass. It turns out that the behaviour of
the horizon angular velocity of the Kerr BHs and the rotating AOS BHs are very
similar and almost exactly matches for small values of the spin parameter a, while,
as the spin parameter increases, the value of the angular velocity starts to change
significantly i.e., the rotation of the AOS BH becomes more than Kerr in the low
mass regime. This implies that for low mass and high ‘a’ AOS BH, the window for
energy of scalar field to perform super-radiance is larger than higher mass system
and this behaviour is evident from Eq. (4.45), as one can see that for high ‘a’, ⌦H for
AOS is greater than Kerr and so the maximum value E can take also increases which
means that the window for super-radiance phenomenon has increased. Further as
increase in mass reduces the e↵ect of the quantum parameters, so this window will
become narrower and ultimately for large mass the window will coincide with Kerr
value.

Thus the quantum parameters tend to modify the super-radiance condition by
a↵ecting the horizon angular velocity. We shall now study the e↵ect quantum pa-
rameters have on the amplification factor.

4.4.2 Amplification factor: scalar field scattering and the
Teukolsky formalism

The calculation of super-radiance amplification factors can be done using the
Teukolsky formalism. The approach is discussed in detail in the recent review [423].
In the Kerr geometry (stationary and axisymmetric spacetime) various types of
perturbations propagating on fixed BH metrics can be expressed in the form of the
Teukolsky master equation after a Fourier-decomposition and harmonic expansion of
the time-domain fields [424, 425]. For scalar perturbation, the dynamical equation
is given by the Klein-Gordon equation in this curved spacetime. Here we consider
massless scalar field � propagating in the rotating AOS background (4.9). Thus,
the Klein-Gordon equation is given by ⇤� = 0. Using the symmetry in (t,�), we
consider the ansatz

�(t, r, ✓,�) = e�i(!t+q�)S(✓)J(r) , (4.46)

where q is the azimuthal number. Under the above form of solution, in tortoise
coordinate we can then write the radial part of the Klein-Gordon equation in the
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following Schrödinger like form (see Appendix (B.1)):

d2'

dr2⇤
+ Ve↵ ' = 0 , (4.47)

where function ' is related to the radial function J(r) as ' =
p

k(r) + a2J and the
potential Ve↵ encodes the curvature of the background and the properties of the test
field and is of the form

Ve↵ =

✓
K2 ��(%+ a2!2 � 2aq!)

(k + a2)2
� u(r)2 � ⌧u0(r)

◆
, (4.48)

which is implicitly a function of r⇤ and u(r) = ⌧k
0

2(k+a2)2 . The solutions of Eq. (4.47) is
obtained under a boundary condition such that their asymptotic form must satisfy

' =

(
Te�ikHr⇤ for r ! rH
Ie�ik1r⇤ +Reik1r⇤ for r ! 1 ,

(4.49)

where I,R and T are the incident, reflection and transmission coe�cients respec-
tively. These boundary conditions correspond to an incident wave of amplitude I
from spatial infinity giving rise to a reflected wave of amplitude R and a transmitted
wave of amplitude T at the horizon. The wave numbers kH and k1 are given by
k2
H

= Ve↵(r ! rH) and k2
1 = Ve↵(r ! 1), respectively. Since the background is

stationary, the field equations are invariant under the transformations t ! �t and
! ! �!. Thus, there exists another solution '̄ to Eq. (4.47) which satisfies the
complex conjugate boundary conditions. The solutions ' and '̄ are linearly inde-
pendent and standard theory of ODEs tells us that their Wronskian is independent
of r⇤. Thus, the Wronskian evaluated near the horizon,W = �2◆kH |T |2, must equal
the one evaluated at infinity, W = 2ik1(|R|2 � |I|2), so that [423]

|R|2 = |I|2 � kH
k1

|T |2 . (4.50)

For super-radiant amplification, we must have |R|2 > |I|2. It will be satisfied if one
has kH

k1
< 0. For scalar fields, the amplification factor is defined as [423]

Zslq = Z0lq =

����
R

I

����
2

� 1 . (4.51)

Using the above one we will find the amplification factor for AOS BH.
To obtain the coe�cients R, I, we need to solve the radial part (4.47). In terms

of J variable and r coordinate this takes the form

d

dr

✓
�
dJ

dr

◆
+

✓
K2

�
� %

◆
J = 0 , (4.52)

whereK = (k(r)+a2)!�qa and % = A0lq+a2!2�2aq! is the constant of separation.
A0lq are the angular eigenvalues (see Appendix (B.1)). To solve it we consider the
small rotation approximation, as adopted in [423]. For su�ciently small rotation i.e
a! << 1, the angular eigenvalues are given by A0lq = l(l + 1) + O(a2!2). In what
follows, we set ~ = 1 (in addition to G = c = 1) and take E = !, L = q and take
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m = GM/c2 ⌘ M as the BH mass. Note that solving (4.52) is equivalent to solving
(4.47) since one can derive (4.47) from (4.52) as shown in Appendix (B.1).

We solve this using matching asymptotic techniques, which is discussed in detail
in Appendix (B). It must be noted to obtain the solution one should have the
knowledge of the outer horizon. In the case of AOS, we have not yet considered the
structure of the horizon. But in the regime where quantum corrections are small,
we demand that the outer horizon of AOS be obtained by finding the quantum
corrections to the outer horizon of Kerr. In the following section, we discuss in
detail how to obtain these roots, upto first order in ✏.

4.4.2.1 Horizon Structure

For the rotating AOS BH, we do not yet have an analytical expression for
the horizon. This is di�cult since the roots of � = 0 generally give the horizon,
but here, the quantum parameters are found in the exponent of the variable r in
the function, if one explicitly writes it down. In this context, we consider ‘small’
quantum corrections such that one can expand � about the Kerr outer horizon.
That is, we will consider a Taylor’s expansion of � upto 2nd order about r = rKerr

+

and up to first order about ✏ = 0, which gives us two roots for �. On considering
the classical limit, we find that one of the roots reduces to rKerr

+ . We denote this
root as r+ in what follows, and is (up to first order in ✏) the outer horizon of the
rotating AOS metric. The other root represents some other surface which does not
have the interpretation of the horizon, and we shall denote this by r0. Thus, around
r = rKerr

+ , we can approximately write � in the form � = (r � r+) (r � r0), upto
first order in ✏. The actual expressions are included in a Mathematica notebook
[426].
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Kerr

Usually, demanding that � = 0 has real roots is used to find the location of
the horizon and to avoid an NS. For the Kerr BH, this is achieved by the condition
M > a. In the AOS case, this is modified. Given the form of �, one can check
whether roots to this equation exist, in the region where the classical condition
holds. That is, we want to check the horizon structure of the rotating AOS BH,
inside the classically allowed region. In doing so, we find the following parameter
space. We see that even with maintaining M > a, certain values of a are only
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Figure 4.8: Comparing allowed parameter space in a

M
vs M plane for Kerr and AOS.

available to BHs with higher masses since � becomes completely positive and hence
has no roots, when a

m
is high. The precise threshold of a

m
past which � fails to have

roots depends on the value of M and is seen to increase, for increasing M . This
can be observed from the parameter space plot, shown in Fig. (4.8). The complete
region represents the classically allowed region of parameters. The blue curve and
the region under the curve represents the threshold at which the rotating AOS BH
horizon ceases to exist since � ceases to have roots beyond the threshold value of
a

M
. Therefore, even in the classically allowed region, the quantum corrections play

a role so as to further restrict the parameter space under which the rotating AOS
BH horizon is well defined. Note that this does not require the first order expansion
in ✏, � since this is obtained directly from the function �. A simulation showing the
change in the function � is included in the Mathematica notebook attached [426].

4.4.2.2 Estimation of amplification factor

We can now solve the radial equation, (see Appendix (B.1)) and obtain the
amplification factors. The amplification factors Z011 and Z033 are plotted as a func-
tion of !M in Fig. (4.9) and Fig. (4.10). We look at the e↵ect of the rotation
parameter a and the e↵ect of the mass of the BH in Fig. (4.9) and (4.10) respec-
tively. We observe from Fig. (4.9) that for BHs of a constant mass, an increase
in the rotation parameter ‘a’ increases the separation between the AOS and Kerr
super-radiance amplification factor with AOS having the greater value of Z. In this
mass regime, super-radiant amplification in AOS starts out lower than that of Kerr,
but increases and exceeds Kerr with an increase in a. Fig. (4.10) points out the fact
that by varying the mass with a constant rotation parameter, the opposite e↵ect
is observed. The amplification factor now is much more closer between Kerr and
AOS. This can be understood by noting that an increase in mass corresponds to a
decrease in quantum correction e↵ects and so these two cases approach. Thus, the
large mass limit and the classical limit, are identical.

TH-3631_196121027



Chapter 4 88

0.15 0.20 0.25 0.30
ω M

4.×10-4

6.×10-4

8.×10-4

0.0010

0.0012

0.0014

Z011 (%)
a = 0.9 M, M = 102

AOS
Kerr

0.15 0.20 0.25 0.30
ω M

0.0010

0.0015

0.0020

0.0025

Z011 (%)
a = 0.99 M, M = 102

AOS
Kerr

0.15 0.20 0.25 0.30
ω M

0.0010

0.0015

0.0020

0.0025

0.0030

Z011 (%)
a = 0.997 M, M = 102

AOS
Kerr

Figure 4.9: Comparing the e↵ect of the rotation parameter a for Z011 with M = 102

(in units of lP l).
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Figure 4.10: Comparing the e↵ect of increasing mass M on Z011 with a = 0.99M
(with M in units of lP l).
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4.5 Conclusion and discussions

We investigated the properties of the shadow of a recently obtained regular BH
known as AOS BH. The spacetime is being modified from the LQG inspired theory.
It is found that the singularity r = 0 is now hidden by a lowest possible value of
the area element. We studied shadows for both non-rotating and as well rotating
cases. It is being found that the quantum corrections can put significant signature
in shadow when the BH size is of the Planck order. We noticed that although the
shape of the shadows, comparing with those for Schwarzschild BH, do not change
in non-rotating case in presence of the quantum corrections, but the area of the
shadow decreases. The shadow radius increases as we increase mass of the BH and
after certain value of mass both are indistinguishable. This shows that the quantum
correction makes prominent signature on shadow for a very small Planck mass BH.

The rotating counterpart also behaves similarly. Here also the area of the shadow
decreases due to quantum e↵ect. Moreover, the contraction is less on the left hand
side compared to the other side in rotating AOS BH shadow when compared with
its classical counterpart, i.e. the Kerr BH. As we increase the mass of the BH, the
distortion from Kerr starts to reduce. Increase of the rotation also imparts more
distortion on the right side while the same decreases on the left part.

It needs to be mentioned here that the NJA is known to give rotating BH so-
lutions within the context of Einstein gravity. However, in other theories, the NJA
or its modifications is not guaranteed to give a rotating BH solution of the un-
derlying theory [427]. The AOS BHs are not derived from an underlying physical
theory, nor are they required to satisfy Einstein’s field equations from classical gen-
eral relativity. These are BH models which serve as possible quantum corrections to
classical solutions. It is well known that in loop quantum cosmology (LQC), the full
quantum evolution is extremely well approximated by certain quantum-corrected,
‘e↵ective equations’. Just as these e↵ective equations provided a powerful tool in
providing guidance for full quantum theory beyond the FLRW models, the hope
is that e↵ective equations in LQG would serve the same purpose for the ongoing
e↵orts (see, e.g. [428–430]) to construct a more complete quantum description of
the singularity resolution for BHs. Although the NJA is used to obtain the rotating
solution, we make modifications to this procedure to account for the di↵erences in
the AOS metric and follow the revised procedure as outlined in [24]. We believe
that the solution thus obtained is simply one possible model for capturing quantum
corrections to the classical Kerr metric, and we note that this quantum-corrected
rotating solution derived in this manner does reduce to the classical Kerr metric
under the appropriate limit as mentioned before.

We also studied the super-radiance phenomenon for the rotating AOS BH. We
observed that the condition for massless scalar field super-radiance is identical to
that of the Kerr case except for the fact that it now incorporates the quantum
e↵ects. The quantum parameters further restrict the parameter space under which
the rotating AOS BH horizon is well defined.

The amplification factors also exhibit trends similar to that observed in case of
shadows i.e., the quantum signatures are more prominent for small mass and high
spin parameter valued BHs. A natural next step would be to understand super-
radiant scattering of other spin fields (in this work we only consider s = 0) in this
background. This can be done by looking at the perturbations using the Newman-
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Penrose formalism [431], as done by Teukolsky, Press and others [424, 425, 432] for
the Kerr geometry. One can make a straightforward generalisation of the Kinnersely
tetrad in the Kerr case, to look at other spin fields in AOS.

Finally, it may be worth mentioning that the primordial BHs (PBHs) are mi-
croscopic in size and therefore the quantum e↵ects at this scale are not going to be
negligible. Since AOS BH shows significant quantum e↵ects at the Planck scale it
may model these PBHs. Therefore investigation of these quantum induced space-
time can be useful to understand the nature of PBH. It is our belief that the present
study will illuminate the properties of Planck scale physics.
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Conclusion and Future prospects

5.1 Conclusion

Although the present observations complement the status of GR as a strong
contender to explain gravitational physics and it is considered as one of the pillars
of modern physics, yet one should not be biased and should always remain open
to look out for alternatives to GR for reasons discussed earlier in the thesis. The
introduction of GW astronomy via the GW detectors along with the imaging of
BH via EHT has helped to gather immense information about the extreme compact
objects in the universe in the electromagnetic as well as in the gravitational domain.
This has provided the platforms to test the predictions of GR and also to look out for
alternatives to GR. It is therefore imperative to say that these recent observational
advancements have spurred a renewed interest in finding possible deviations from
GR. A number of alternatives to GR have been the context of study among a
large number of researchers. One such alternative is the Einstein-Gauss-Bonnet
theory that incorporates higher order curvature corrections in the action in addition
to the Einstein-Hilbert term. However it is well known that such a theory can
have sensible dynamical contribution in 4D only if there is a scalar field minimally
coupled to gravity. Recently, a proposal in [10] has triggered the study in this
theory by claiming that one can still get a contribution to dynamics from the Gauss-
Bonnet term in the action without the need for extra degrees of freedom by simply
considering a proper rescaling of the Gauss-Bonnet coupling constant ↵ as ↵

D�4 . This
proposal was subsequently criticised by a number of authors for the regularization
scheme adopted in the original work. In [132] it was shown that the novel 4D-
EGB theory lacks tensorial description. In [134], the nonlinear perturbations of the
metric were studied and it was found that they cannot be regularized by taking
the limit D ! 4 as divergent terms appear in the corresponding equations of the
Gauss–Bonnet theory. Again in [136] it was pointed out that in four dimensions,
there is no four-point graviton scattering tree amplitudes other than those leading
to the Einstein theory, so that additional degrees of freedom, for instance, a scalar
field (@�)4, should be added for consistency. Following this debate, few di↵erent
consistent theories in 4D came up as an attempt to circumvent the ill-behaviour
exhibited by this proposal. A scalar-tensor approach was proposed in [91, 141] where
the authors first assume a particular ansatz in a higher dimensional spacetime and
then take the limit D ! 4. However the scalar field is found to be infinitely strongly
coupled. These works clarify the essential problem of the original regularization
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scheme as well as the scalar–tensor approach is the infinitely strong coupling [91,
136]. A consistent description of the 4D theory was later on suggested in [144], where
the authors constructed the Hamiltonian theory using the ADM decomposition and
showed that the well-defined theory does not have an extra scalar degrees of freedom
and therefore is free of the problem of infinite coupling. The beauty that was seen
in all such various approaches was that the final solution in all these theories were
same as that in [10]. In our thesis, in chapter (2) and chapter (3) respectively, we
have considered the BH and NS solution of this novel 4D-EGB theory and probed
them via the technique of perturbation theory.

It is known that in spite of its success, GR has a number of loopholes of which
singularity poses as one of the major loopholes as all the laws of physics break down
here. For more than 80 years, theoretical physicists have been trying to develop a
complete and consistent theory of quantum gravity which would successfully combine
the tenets of Einstein’s theory of GR together with those of QFT in a bid to check
if this attempt could help get rid of the singularity problem. One such attempt at
the canonical quantisation of gravity is LQG. In LQG, the spacetime is rendered
regular as the theory admits the minimum eigenvalue of the area operator to be non-
zero. In chapter (4), we have chosen one of the quantum-corrected BH solutions in
this theory, viz. the AOS BH as proposed in [56] and made an attempt to study
the imprints that quantum parameter leaves on the shadow and super-radiance in
this background. We shall now provide below a brief conclusion about the di↵erent
studies we have done in the above mentioned areas in di↵erent chapters.

The thesis starts with a brief overview of the alternatives to GR, that we have
worked on. Di↵erent astrophysical processes that we have analysed in the BH and
NS solutions of the novel 4D-EGB and LQG theories along with the motivation
behind studying them has been outlined in chapter (1). In the same chapter, we also
provide the methodologies to study the astrophysical processes, such as calculations
of QNMs, greybody factors, echoes, shadows and super-radiance.

In chapter (2), we have studied the asymptotically de Sitter branch of the novel
4D-EGB BH solution’s response to test fields: scalar, electromagnetic and Dirac
perturbations and computed the QNFs using the 3rd order WKB approximation.
To further improve the accuracy we have used Padé approximations as well. The
greybody factors �l have also been computed and the e↵ect of ↵ and ⇤ on the QNFs
and �l have been discussed. It is found that for all the three types of perturbations,
as ⇤ increases, the oscillation frequency and the damping time decreases. Also,
as ↵ decreases and eventually crosses over to negative values, the real part of the
frequency starts decreasing whereas the imaginary part also starts to become more
negative, implying that the damping increases. However, when ↵ increases in the
positive side, the real part of the frequency increases. On the other hand, the
greybody factors decrease with an increase in ↵ and increase with an increase in ⇤.
Similar trend is seen in all the three types of perturbations. Along with these, the
eikonal limits have also been explored for the three cases.

Chapter (3) discusses the NS solution in the novel 4D-EGB theory of gravity that
is obtained when ↵ > M2. The underlying spacetime is globally non-hyperbolic,
which however, does not pose a problem in our case as we have seen, following
Wald’s prescription, that one can still have an essentially self-adjoint operator in
such a background. This statement loosely translates into the fact that in spite
of the singularity being naked, dynamics can still be defined by imposing suitable
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boundary conditions near the singularity. We have studied how the NS solution
responds to scalar, electromagnetic and Dirac perturbations and checked for stability
from time-domain evolution technique. It is found from the time evolution profile of
the test fields that, for higher multipole modes, all the three types of perturbation
grows unbounded with time, suggesting an instability. This further restricts the
parameter space of ↵. Also the major finding in this chapter was that for values of
↵

M2 slightly greater than unity, the time domain profile shows a distinctive feature
for the NS case in the form of echoes which are absent in case of BHs. This distinct
feature serves the purpose of a signature that one can search for in the detectors or
in the available data that might throw light on alternatives to BHs (BH mimickers
or BH impostors) or some quantum modifications near the horizon. As ↵

M2 further
increases, the echoes align to yield QNMs which we have computed using Prony’s
method for l = 1 mode of massless scalar and electromagnetic perturbations and
l = 0, 1 modes of massless Dirac perturbations.

Finally, chapter (4) discusses a BH solution obtained in [56] and termed as AOS
BH, which is the Kruskal extension of the quantum-corrected Schwarzschild BH
solution. It is an LQG-motivated regular BH solution. Here, we have tried to
obtain the imprints of the quantum parameters of the theory on the shadow and
super-radiance in the AOS background. For the very first time, we have obtained the
rotating AOS BH by applying the modified Newman-Janis Algorithm. Accordingly,
we studied the shadow of the non-rotating AOS BH and shadow and super-radiance
of the rotating AOS BH. The important features that we found in this chapter
were that the general shape of the shadow for non-rotating AOS BH is circular
in shape as is expected for its classical counter part too, but the presence of loop
quantum gravity inspired modification contracts the shadow radius. This e↵ect is
found to reduce with the increase in the mass of the BH which scales inversely with
the quantum parameters. On a similar note, in the rotating situation, we found
contraction in shadow contours due to quantum e↵ects. The tapered nature of the
shadow contour was also seen as expected from the classical Kerr case which is one
of the most paradigmatic solutions in GR, having a major potential for astrophysical
relevance [433]. Also, instead of the symmetrical contraction, like non-rotating one,
we found more contraction on one side relative to the other when we compared
our result with the shadow of the Kerr BH. This asymmetry further increases with
increase in the value of the spin parameter. However the di↵erence that we noted
was that for a fixed mass, the quantum parameters tend to shrink the right hand side
contour of the shadow more than the left hand side as compared to Kerr. From this,
one can infer that the quantum e↵ects are pronounced di↵erently on the prograde
and retrograde orbits around the BH. One salient feature noted for super-radiance
e↵ect was that the condition for massless scalar field super-radiance in rotating AOS
BH remains identical to that of the Kerr case. However, since the angular velocity
of the horizon of the rotating AOS BH was found to be more as compared to Kerr in
the low mass regime, so in case of rotating AOS BH, the massless scalar field now,
has a wide range of allowed energy values to perform super-radiance. Apart from
this, we also noticed that the parameter space under which the rotating AOS BH
horizon is well-defined, gets restricted in the presence of the quantum parameters.
From our investigation we can infer that the quantum parameters can exhibit their
e↵ects on shadows and super-radiance amplification factors more strongly as long as
we are dealing with small mass BHs with high spin parameter values. As the mass
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is increased, one approaches results similar to the classical case.
In the section that follows, some potential avenues for research in future are

mentioned that are consistent with the above methodology and could, at most, be
instructive or fascinating.

5.2 Scope for future works

We are entering into an era of precision GW astronomy. This, in turn, will
help us to place stronger constraints on the limits of GR and parameters of alterna-
tive theories of gravity because of the increase in the sensitivity and the number of
ground-based observatories, the development of third-generation gravitational-wave
observatories like the Einstein Telescope [434], and the upcoming building of the
Laser Interferometer Space Antenna (LISA) [435]. Along with this, we now, also
have access to the electromagnetic domain that holds within it, the capability to pro-
vide important observations regarding BHs and other exotic compact objects. There
are a good number of such exotic compact objects, which has been widely discussed
in the literature for decades, that could potentially mimic BHs and thereby create
degeneracy in observations from these detectors. Thus, access to the electromag-
netic domain, might provide us with a direct method to actually obtain the images
of these compact objects whose existence have remained a question since long. The
classical and quantum conceptual issues related to the existence of an event horizon
and of a curvature singularity further motivates one to look out for such mimickers.
Since, in this thesis, we have focused on ringdown phase of perturbed backgrounds
containing BHs and NSs, we will first mention a few possible future extensions of
our works related to this aspect.

In order to understand the behaviour of BHs, one generally studies the test field
perturbations as a toy model. However, in order to have a complete understanding
of the underlying spacetime and to connect to the real physical observable e↵ects,
it is crucial to understand metric perturbation. Therefore, it is absolutely essential
to study the full gravitational perturbation of the 4D-EGB BH and NS in di↵er-
ent versions of the (consistent) 4D-EGB theory. Such an analysis will provide an
opportunity to put constraints on the parameter space of the Gauss-Bonnet cou-
pling constant ↵. It can also help to predict direct observational distinctions, if
any, between the di↵erent versions of the 4D-EGB theories. Further as an extension
to our work, rotating solutions in EGB gravity can be constructed and a possible
study of the super-radiance phenomenon in such case will provide many interesting
information.

Wormholes are extensively studied (especially the traversable ones) and it also
poses as one of the BH mimickers. QNMs of di↵erent wormhole solutions serve
as a tool for testing specific wormhole models with GW data [436]. Hence the
subject calls for further research. Along this line, the Dirac and electromagnetic
perturbation in wormhole backgrounds can be studied and one can check for the
signature of echoes. As an extension to this work, a study on the background in
presence of plasma and finding out the modifications induced due to the presence
of plasma can serve as a tool to understand environmental e↵ects near such exotic
compact object backgrounds.

On the other hand, in this thesis, we also have focused on shadows. From that
perspective, one can look at the following future directions:
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Some spherically symmetric NS models viz: Janis-Newman-Winicour [271] and
Joshi-Malafarina-Narayan NSs [63], for some particular values of theory parameters,
possess photon spheres and cast shadows much similar to Schwarzschild BHs. How-
ever in the absence of photon spheres, the images of NS di↵er from those of BHs
[437]. Along this line, a detailed investigation of other possibilities of the no-horizon
cases of rotating spacetimes, resembling the BH shadows can be carried out.

It is important to mention here that recently, it was hypothesized that some
galactic nuclei may not be the supermassive BHs, but entrances to wormholes [438,
439]. This has attracted the attention of the researchers towards the study of issues
related to the physics of wormholes. However, this hypothesis, calls for a test. One
way to do so is to study the behavior of light rays in the vicinity of the entrance
of a wormhole, as well as to analyse the possibility of the appearance of a shadow,
similar to the case of BH, where shadow formation does take place.

Some of the above-mentioned works are presently in progress.
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Appendix A

Derivation of metric for rotating
BH through Newman-Janis
algorithm (NJA) and the photon
trajectories

A.1 Original NJA

The NJA, originally proposed in [23, 418], helps to construct a stationary and
axisymmetric metric from a static and spherically symmetric metric of the form

ds2 = �f(r)dt2 +
dr2

g(r)
+ h(r)

�
d✓2 + sin2 ✓d�2

�
. (A.1)

To find the required result there are certain prescribed steps to be followed. Without
going into the details, let us here just follow the prescribed steps.

The first step of the algorithm is to write down the metric (A.1) in the advanced
null (Eddington-Finkelstein) coordinates (u, r, ✓,�). This is achieved by using the
following transformation:

du = dt� drp
fg

. (A.2)

The non-rotating metric in the advance null coordinates then becomes

ds2 = �f(r)du2 � 2

s
f

g
dudr + h(r)

�
d✓2 + sin2 ✓d�2

�
. (A.3)

The second step is to use a null tetrad Zµ

↵
= (lµ, nµ,mµ, m̄µ) to express the inverse

metric gµ⌫ in the form

gµ⌫ = �lµn⌫ � l⌫nµ +mµm̄⌫ +m⌫m̄µ . (A.4)

Here, the tetrad vectors satisfy the relations

lµl
µ = nµn

µ = mµm
µ = lµm

µ = nµm
µ = 0 ;

lµn
µ = �mµm̄

µ = �1 , (A.5)

and m̄µ is the complex conjugate of mµ.
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The tetrad vectors satisfying the above relations are found to be

lµ = �µ
r
, nµ =

r
g

f
�µ
u
� g

2
�µ
r
, mµ =

1p
2h

✓
�µ
✓
+

i

sin ✓
�µ
�

◆
. (A.6)

The third step is to perform the complex coordinate transformations in the (u, r)
plane,

u0 = u� ia cos ✓; r0 = r + ia cos ✓ , (A.7)

where a = J

m
will be identified as the specific angular momentum or spin parameter

of the BH, andm, J are the mass and the angular momentum of the BH, respectively.
Under these transformations the new null tetrads are

l0µ = �µ
r
;

n0µ =

s
G(r, ✓)

F (r, ✓)
�µ
u
� G(r, ✓)

2
�µ
r
;

m0µ =
1p

2H(r, ✓)

✓
ia sin ✓(�µ

u
� �µ

r
) + �µ

✓
+

i

sin ✓
�µ
�

◆
, (A.8)

where F (r, ✓) = f(r0), G(r, ✓) = g(r0) and H(r, ✓) = h(r0) are respectively, the
complexified form of f(r), g(r) and h(r). Using the new tetrad, the new inverse
metric is found to be

g0µ⌫ = �l0µn0⌫ � l0⌫n0µ +m0µm̄0⌫ +m0⌫m̄0µ . (A.9)

Then the new metric in the advanced null coordinates becomes

ds2 = �Fdu2 � 2

r
F

G
dudr + 2a sin2 ✓

 
F �

r
F

G

!
dud�+ 2a

r
F

G

⇥ sin2 ✓drd�+Hd✓2 + sin2 ✓

"
H + a2 sin2 ✓

 
2

r
F

G
� F

!#
d�2 .(A.10)

The final step of the algorithm is to rewrite the above metric in Boyer-Lindquist
form (where the only nonzero o↵-diagonal term is gt0�0) using the global coordinate
transformations of the form

du = dt0 + �1(r)dr, d� = d�
0
+ �2(r)dr . (A.11)

In the above �1(r) and �2(r) are chosen in such a way that the metric will have
only gt0�0 non-vanishing o↵-diagonal term in (t0, r, ✓,�0) coordinates. Substitution of
(A.11) in (A.10) and then demanding the above criterion one finds the metric of the
form (4.9) with the following choices of �1(r) and �2(r):

�1(r) = �

q
G(r,✓)
F (r,✓)H(r, ✓) + a2 sin2 ✓

G(r, ✓)H(r, ✓) + a2 sin2 ✓
⌘ �A(r)

B(r)
, (A.12)

�2(r) = � a

G(r, ✓)H(r, ✓) + a2 sin2 ✓
⌘ � a

B(r)
. (A.13)
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In (4.9) we dropped the prime in time and azimuthal coordinates. This line element
represents the desired metric for stationary, axisymmetric spacetime.

It must be mentioned that the transformations in (A.11) are possible (i.e. these
have to be integrable) only when �1(r) and �2(r) are functions of only r and not
✓. This implies that the denominator in (A.13) must be a function of r only, which
we call as B(r). Consequently, the numerator in (A.12) must be again a function of
r only (we call this as A(r)). This is a very non-trivial restriction and may not be
always satisfied for any value of f(r), g(r) and h(r) under the complexification (A.7).
Incidentally for Schwarzschild BH, this is satisfied and one obtains the Kerr metric
from (4.9). Whereas our present static, spherically symmetric metric coe�cients,
given in (4.6), (4.7) and (4.8), do not satisfy these conditions. Therefore the above
ditto procedure fails to provide the rotating solution for AOS BH.

A.2 Modified NJA

We see that the original NJA may fail for some spherically symmetric static
metric, like the present one. A little modification in the approach, as shown in
[24], successfully overcomes this di�culty. For that, it is assumed that we have
somehow obtained a metric of the form (A.10). In this case, we do not know the
exact form of G,F and H; i.e. we are not using the specific complexification, given
in (A.7). But the null tetrads are of the form (A.8) so that we have a rotating
metric, given by (A.10). Then in the final step of the earlier subsection, take again
the transformations of u and � coordinates similar in form as (A.11):

du = dt0 + &(r)dr, d� = d�
0
+ �(r)dr . (A.14)

But here, unlike before, instead of substituting these values in (A.10) and then
finding the values of &(r) and �(r), we choose these unknown functions as

&(r) = � k(r) + a2

g(r)h(r) + a2
; �(r) = � a

g(r)h(r) + a2
; k(r) =

s
g(r)

f(r)
h(r) . (A.15)

Note that the above choice is inspired by the forms (A.12) and (A.13). Since &
and � have to be a function of r only, the original metric coe�cients of (A.1)
are intentionally positioned at the places where, in (A.12) and (A.13), we had the
complexified versions of them. Also, sin2 ✓ has been removed. This guarantees
only radial dependence of our unknown functions for any given static, spherically
symmetric metric which is exactly what we want.

To find F,G and H we will use the earlier trick. Since we want the metric
to be in Boyer-Lindquist form, after inserting (A.14) with (A.15) in (A.10), set
gt0r and g

r�
0 to be zero. This will give us the relations among F,G,H and known

functions f(r), g(r), h(r). But since we have only two equations corresponding to
the vanishing of two o↵-diagonal metric coe�cients, one function among F,G,H
will remain undetermined. This yields

F =
g(r)h(r) + a2 cos2 ✓

(k(r) + a2 cos2 ✓)2
H ; (A.16)

G =
g(r)h(r) + a2 cos2 ✓

H
, (A.17)
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where we choose H to be undetermined. In this case the metric (A.10) takes the
form

ds2 = �Fdt2 � 2a sin2 ✓

✓r
F

G
� F

◆
dtd�+

H

g(r)h(r) + a2
dr2 +Hd✓2

+ sin2 ✓


H + a2 sin2 ✓

✓
2

r
F

G
� F

◆�
d�2 , (A.18)

where we have dropped the primes in t and �. Now as from (A.17) we have

GH + a2 sin2 ✓ = g(r)h(r) + a2 , (A.19)

the metric (A.18) reduces to our desired form (4.9). Remember that in this case, H
remains undetermined, whereas F and G are given by (A.16) and (A.17), respec-
tively.

A.3 Photon trajectories

The Hamilton-Jacobi (H-J) equation in GR is given by

@S

@�
+H = 0 ;

@S

@�
+

1

2
gµ⌫pµp⌫ = 0 , (A.20)

where S is the Jacobi action of the photon, � is the a�ne parameter of the null
geodesic, H is the Hamiltonian and pµ is the momentum given by

pµ =
@S

@xµ
= gµ⌫

dx⌫

d�
. (A.21)

Now from (4.9) one can see that the metric gµ⌫ is independent of t and �. There-
fore we have two constants of motion – the conserved energy (E) and the angular
momentum of the photon in the direction of the rotation axis (L). In that case, the
ansatz for S is taken as

S =
1

2
µ2�� Et+ L�+ Sr(r) + S✓(✓) , (A.22)

where µ is the rest mass of the particle moving in the BH spacetime. For photons,
we have µ = 0. In the above choice, the radial and ✓ dependence are taken to be
separated as we have another conserved quantity, known as Carter constant Q, for
our metric. Putting Eq. (A.22) in the Hamilton-Jacobi equation (A.20), we obtain
after some simplifications

�
�
GH + a2 sin2 ✓

� ✓
dSr

dr

◆2

+

h⇣q
G

F
H + a2 sin2 ✓

⌘
E � aL

i2

�
GH + a2 sin2 ✓

� � (L� aE)2

=

✓
dS✓

d✓

◆2

+ L2 cot2 ✓ � a2E2 cos2 ✓ . (A.23)
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Now, since the quantities
�
GH + a2 sin2 ✓

�
= g(r)h(r) + a2 = �(r) and⇣q

G

F
H + a2 sin2 ✓

⌘
= k(r) + a2 =

q
g(r)
f(r)h(r) + a2 = ⌃(r) are functions of r only,

the left- and right-hand side of Eq. (A.23) are only functions of r and ✓ respectively.
Therefore, each side of this equation must be equal to some separation constant.
Thus introducing the Carter constant Q as the separation constant we have after
separation

�
�
GH + a2 sin2 ✓

�✓dSr

dr

◆2

+

h⇣q
G

F
H + a2 sin2 ✓

⌘
E � aL

i2

�
GH + a2 sin2 ✓

� � (L� aE)2 = Q ,

(A.24)
and ✓

dS✓

d✓

◆2

+ L2 cot2 ✓ � a2E2 cos2 ✓ = Q . (A.25)

The geodesic equations (4.11), (4.12), (4.13) and (4.14) are then obtained from
(A.21) by making use of (A.24) and (A.25).

TH-3631_196121027



Appendix B

Obtaining the super-radiance
amplification factors from the
Klein-Gordon equation in rotating
AOS spacetime

B.1 Klein-Gordon equation in rotating AOS space-
time

B.1.1 Deriving the Schrödinger like form

We want to solve ⇤� = 0. From the line element (4.9), the inverse metric
elements are given by:

gtt = �⇢
4 + 2a2 sin2 ✓⇢2 + a4 sin ✓4 � a2 sin2 ✓

�H
; (B.1)

gt� =
a�� a3 sin2 ✓ � a⇢2

�H
; (B.2)

grr =
�

H
; (B.3)

g✓✓ =
1

H
; (B.4)

g�� =
�� a2 sin2 ✓

�H sin2 ✓
. (B.5)

Using these the Klein-Gordon equation can be expanded as:

✓
(k + a2)2 ��a2 sin2 ✓

�

◆
@2�

@t2
� 2a (gh� k)

�

@2�

@t@�
�
✓
�� a2 sin2 ✓

� sin2 ✓

◆
@2�

@�2

� ⇢2

H

@

@r

✓
H�

⇢2
@�

@r

◆
� ⇢2

H sin ✓

@

@✓

✓
H sin ✓

⇢2
@�

@✓

◆
= 0 . (B.6)

Note that the form of H is still unknown to us. Without this, the solution can not
be obtained. We proceed in the following way to encounter the situation.

Under the classical limit the functions k, f, g, h have the limits given by: h(r) !
r2,
q

g(r)
f(r) ! 1, k(r) ! r2. Thus, if we take the classical limit of (B.6), demanding
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that this must be the Klein-Gordon equation for a massless scalar field in Kerr,
we can fix the form for the so far undetermined function H. This turns out to be
H = ⇢2 = k(r) + a2 cos2 ✓. Substituting this into the Klein-Gordon equation, we
have:

✓
(k + a2)2 ��a2 sin2 ✓

�

◆
@2�

@t2
� 2a (gh� k)

�

@2�

@t@�
�
✓
�� a2 sin2 ✓

� sin2 ✓

◆
@2�

@�2

� @

@r

✓
�
@�

@r

◆
� 1

sin ✓

@

@✓

✓
sin ✓

@�

@✓

◆
= 0 . (B.7)

Now, we consider the ansatz given in (4.46). Using this in the above equation we
can separate (B.7) into radial and angular parts given by the following equations:

d

dr

✓
�
dJ

dr

◆
+

✓
!2(k + a2)2 + 2q!a (gh� k) + q2a2

�
� a2!2 � A0lq

◆
J = 0 ; (B.8)

and
1

sin ✓

d

d✓

✓
sin ✓

dS

d✓

◆
+

✓
!2a2 cos2 ✓ � q2

sin2 ✓
+ A0lq

◆
S = 0 , (B.9)

where A0lq = %�a2!2+2aq!, with % being the constant of separation and A0lq being
the angular eigenvalues. Comparing the angular equation (B.9) with what one would
obtain in Kerr, we can see that they are identical. This is to be expected since, the
quantum corrections are only found in the functions of the metric that depend on r
and do not have any pure angular dependence. Consequently, the solution to S(✓)
is the spin-weighted spheroidal harmonics (with spin s = 0 for scalar fields).

The radial equation (B.8) is rewritten as

d

dr

✓
�
dJ

dr

◆
+

✓
K2

�
� %

◆
J = 0 , (B.10)

where K = (k(r)+a2)!� qa and H = ⇢2. We solve this using matching asymptotic
technique, which is explained below.
First, we write it in a Schrödinger like form in the tortoise coordinate:

dr

dr⇤
=

�

k(r) + a2
⌘ ⌧(r) . (B.11)

Using this, and rewriting (B.10), we have:

d2J

dr2⇤
+

k0�

(k + a2)2
dJ

dr⇤
+

✓
K2 ��(%+ a2!2 � 2aq!)

(k(r) + a2)2

◆
J = 0 . (B.12)

Now, we take a transformation to define a new function: ' =
p
k + a2J . Using this,

we can write down the final Schrödinger like equation as:

d2'

dr2⇤
+ Ve↵ ' = 0 , (B.13)

where the form of the e↵ective potential is given by Eq. (4.48).
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B.1.2 Solving for amplification Factors

To obtain the coe�cients R, I, we solve (B.10). As noted earlier, this is equiv-
alent to solving the Schrödinger like equation (B.13). We now consider only the
slowly rotating approximation a! << 1. Defining a new coordinate x given by

x =
r � r+
r+ � r0

, (B.14)

the radial equation (B.10) can be approximately written as:

x2(x+ 1)2
d2J

dx2
+ x(x+ 1)

dJ

dx
+
h
k̃2x4 � %x(x+ 1) +Q2

i
J = 0 . (B.15)

In the above di↵erent constants are defined as

Q =
! � q⌦H

4⇡�H
; 4⇡�H =

(r+ � r0)

k(r+) + a2
; k̃ =

1

2

@2K

@r2

����
r+

, (B.16)

with �H being associated with the temperature of the BH. Next, we will follow the
conventional steps which are mentioned below (see e.g. [423]):

(1) Obtain the near horizon solution of Eq. (B.15); i.e. the solution for the regime
x << 1.

(2) Obtain the far horizon limit of Eq. (B.15); i.e. in the regime x >> 1.

(3) Compare the large x limit of the solution obtained in step 1 and the small
x limit of the solution obtained in step 2 with the demand that these solu-
tions must be equal due to the continuity of �. This will fix the integration
constants.

(4) Finally demand that the obtained solutions are asymptotically of the form
given in (4.49). This will lead to the identification of the coe�cients T, I, R.

For the amplification factor (see Eq. (4.51)) we need only I and R. Following the
above steps these coe�cients will be obtained below.

In the near horizon regime x << 1 the equation (B.15) becomes:

x2(x+ 1)2
d2J

dx2
+ x(x+ 1)

dJ

dx
+
⇥
Q2 � %x(x+ 1)

⇤
J = 0 . (B.17)

This has a solution given by:

J(x) = A1x
�iQ(x+ 1)�iQF (�l, l + 1, 1� 2iQ,�x) , (B.18)

where F is the hypergeometric function. In the above, we have used the ingoing
boundary condition at the horizon. Following the slowly rotating approximation,
we have also used Alq = l(l+1). In the far region limit x >> 1 Eq. (B.15) becomes:

d2J

dx2
+

2

x

dJ

dx
+
h
k̃2 � %

x2

i
J = 0 . (B.19)

This has a solution of the form:

J(x) = C1e
�ik̃xxlU

⇣
1� l, 2l + 2, 2ik̃x

⌘
+ C2e

�ik̃xx�l�1U
⇣
�l,�2l, 2ik̃x

⌘
, (B.20)
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where U is the confluent hypergeometric function. Next, follow step 3. Matching
the cross limits of (B.18) and (B.20) we find the integration constants C1 and C2 in
terms of A1 as

C1 = A1
� (1� 2iQ)� (2l + 1)

� (l + 1)� (l + 1� 2iQ)
; (B.21)

and

C2 = A1
� (1� 2iQ)� (�1� 2l)

� (�l � 2iQ)� (�l)
. (B.22)

Finally comparing the far solution with the asymptotic solution at infinity (given in
(4.49)) we have the required coe�cients:

I =
1

!

"
k̃l+1C2 (�2i)l � (�2l)

� (�l)
+ k̃�l

C1 (�2i)�l�1 � (2l + 2)

� (l + 1)

#
; (B.23)

and

R =
1

!

"
k̃l+1C2 (2i)

l � (�2l)

� (�l)
+ k̃�l

C1 (2i)
�l�1 � (2l + 2)

� (l + 1)

#
. (B.24)

Using this form for R, I we calculate the amplification factor from (4.51).
It must be mentioned that we encounter � functions with negative arguments in

the amplification factors of both the Kerr and AOS BHs. To circumvent this, we
can manipulate the functions using the � function reflection formula [440]:

�(s� a+ 1)

�(s� b+ 1)
= (�1)b�a

�(b� s)

�(a� s)
. (B.25)

for a, b 2 Z and complex s. This is a very standard technique in this context.
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