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ABSTRACT

In the last decade, designing distributed algorithms for mobile entities (such as mobile

agents) has garnered a lot of interest. There are many fundamental problems in this do-

main, among them our focus in this thesis has been on search and exploration problems.

The thesis diversifies from an underlying topology being a continuous domain (such as the

Euclidean plane) to a discrete domain (i.e., a graph network). Under the graph networks,

the thesis focuses on both static as well as dynamic graphs. The first two problems broadly

fall under the class of search problems.

In the first problem, we study the treasure hunt problem, where the mobile agent is

required to find an inert target (or treasure) in an unknown environment. We study this

problem in the Euclidean plane, where a mobile agent finds the treasure with the help of

pebbles. The treasure is situated at a distance of at most D (> 0) from the initial position of

the agent. An Oracle, knowing the treasure’s position and the agent’s initial location, places

some pebbles to guide the agent towards the treasure. The agent has no knowledge about

the treasure’s position or how many pebbles are placed and where they are placed. Here,

in this problem, we raise the following question and answer it: “For given k ≥ 0, what is the

most efficient treasure hunt algorithm if, at most, k pebbles are placed by the Oracle?”

In the second problem, we study the black hole search problem by a team of mobile

agents. A black hole is a dangerous stationary node in a graph that eliminates any visiting

agent without leaving any trace of its existence. Key parameters that dictate the complexity

of finding the black hole include the number of agents required to locate the black hole, the

number of moves performed by the agents and the time taken to determine the black hole

location. We study this problem when the underlying topology is a dynamic cactus. We

introduce two models of dynamicity: we examine the scenario when the underlying graph

has at most one dynamic edge, and secondly, when the underlying graph can have at most

k dynamic edges. In both these cases of dynamicity, the only constraint is that the under-

lying graph must be connected, irrespective of which edge (or edges) are dynamic. The

choice of edge (or edges) to be dynamic at a certain round is determined by the adversary.

vii
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For each of these two cases, we have established lower and upper bounds on the number

of agents, moves and rounds required to find the black hole.

The following two problems fall under the class of exploration problem. In both of these

problems, we study perpetual exploration in the presence of a malicious node that is more

powerful than a black hole, in terms of maliciousness. We call this version of a more pow-

erful black hole a Byzantine black hole or, in short, a BBH. In our third problem, we study

perpetual exploration of a static synchronous ring in the presence of a BBH. We investi-

gated this problem for any arbitrary starting configuration of the agents (i.e., the agents

can be either co-located or scattered). Next, for each of these starting configurations, we

also looked into various communication models (such as face-to-face, pebble and white-

board). The main objective in this problem is to emphasize minimizing the number of

agents required to guarantee perpetual exploration under all these various conditions and

in the presence of a BBH.

In the fourth problem, we answered the following question: “How can a group of ini-

tially co-located agents explore an unknown graph, when one stationary node occasionally

behaves maliciously, under the control of an adversary?” In other words, we extended our

earlier problem (which is confined to just static rings) to any arbitrary topology. Formally,

we study this perpetual exploration problem in the presence of at most one BBH, without

initial knowledge of the network size. Since the underlying graph may be 1-connected,

perpetual exploration of the entire graph may be infeasible. Accordingly, we define two

variants of the problem, termed as PERPEXPLORATION-BBH and PERPEXPLORATION-BBH-

HOME. In the former, the agents are tasked to perform perpetual exploration of at least one

component, obtained after the exclusion of the BBH. In the latter, the agents are tasked

to perform perpetual exploration of the component that contains the home node, where

agents are initially co-located. Naturally, PERPEXPLORATION-BBH-HOME is a special case

of PERPEXPLORATION-BBH. The mobile agents are controlled by a synchronous scheduler,

and they communicate via face-to-face model of communication.

viii
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Chapter 1

Introduction

Previously, the term distributed systems generally referred to a network of computers, each

with its own specific memory, connected by a dedicated network. These computers used

to be similar (or homogeneous) with the same kind of processors and operating system.

The connection between hosts and these computers used to be reliable as well. However,

these networks have undergone significant evolution over time, thanks to the rapid growth

of internet connectivity. Nowadays, internet connectivity has become part of our lives, and

with it, two terms have become common in network connectivity: pervasive computing

and nomadic computing. Pervasive computing means that everything is now considered a

node in the underlying network, whether it is a computer, mobile device, or any other ap-

pliance. Nomadic computing means that these nodes are not static or fixed in one place;

they move. With all these advancements come challenges as well. For example, the previ-

ous client-server model used in distributed systems cannot solve these huge advances. To

tackle these challenges, the concept of mobile agents has arisen. These are codes that have

the ability to migrate from one node to another while performing the assigned task. They

have the ability to communicate with other agents as well as the host node. These agents

can be thought of as web crawlers, viruses, mobile code, and other similar entities. David

Wall [123] in his pioneering work, visualised mobile agents as autonomous entities, oper-

ating on graphs. This visualisation is an extension of the earlier message-passing network

setting. The hardware (or physical) agents are termed as mobile robots. Unlike mobile
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2 Chapter 1. Introduction

agents, which operate in a networked environment, mobile robots predominantly oper-

ate in a physical environment. These multi-agent systems study how a group of hardware

agents (i.e., mobile robots) or software agents collaboratively execute the tasks to achieve

a common goal.

From an algorithmic perspective, the focus has been on developing efficient and robust

strategies for these agents or robots to perform complex tasks. Some of these fundamen-

tal tasks are search [17], exploration [121], rendezvous [121], gathering [2], flocking [126],

patrolling [74] and dispersion [105], etc. A comparative survey of all well-known problems

and their surveys in both the mobile agent and mobile robot domains can be found in [69].

The thesis focuses on some different varieties of the two fundamental problems, search

and exploration. The objective of search problem is to search for a target in the underly-

ing topology (may be a continuous or discrete topology) with the help of a mobile agent

(or agents). On the other hand, the exploration problem is predominantly focused on the

underlying topology to be a graph network. Here, the objective of the mobile agent is to

visit each node in the network at least once. However, before delving into the details of

the problems studied in the thesis, we discuss the conventional models in the following

section that align with this thesis work and are used in the domain of mobile agents.

1.1 Conventional Models

Here, we present some of the different model attributes commonly used for mobile agents

or mobile robots, as well as those that also intersect with the thesis’s interests. We start with

underlying topology, followed by computational model.

1.1.1 Underlying Topology

Mobile agents generally work in discrete domains, i.e., networks, so the underlying network

is characterised to be a graph network. On the other hand, hardware agents (or mobile

robots) traditionally work on continuous domains, i.e., Euclidean planes, lines, m-rays, or

geometric terrains.
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1.1. Conventional Models 3

Accordingly, we discuss about discrete and continuous domains.

Continuous Domain

The underlying topology, where the mobile robot operates can be on infinite line [7], poly-

gons [66], rays [8], disk [40], euclidean plane [29], and further extending to triangles [11,44],

squares [44] and lp balls [73]. The robots operating in these domains are generally consid-

ered to be point [110] or fat [2] objects.

Discrete Domain

The underlying topology in this case is considered to be a graph network. It is generally

considered to be a finite, simple, undirected (or directed) graph, with G = (V ,E), where

V denotes the set of nodes and E indicates the set of edges. There are also studies that

focus on directed graphs. The nodes of G are either labeled or unlabeled. The incident

edges from a node are labeled, i.e., it indicates the total order on the set of incident edges

from a particular node. These orderings are independent with respect to any node, i.e., the

ordering of one node does not depend on the ordering of another node. The nodes and

edges remain stationary over time.

Now, since networks are predominantly dynamic in nature, researchers have begun to

investigate networks that are not static. Technically, the time is a discrete entity, where it is

measured in terms of rounds. A dynamic graph is defined to be an evolving graph, where

an evolving graph G is a collection of a sequence of static graphs, G0,G1, . . . ,Gr , . . . . The

graph Gi = (V ,Ei ) indicates the static graph at round i , where G0 = (V ,E0) indicates the

initial graph at round 0. We have E0 =∪∞
i=1Ei , since no dynamicity is defined for round 0,

and hence Ei ⊆ E0. In this thesis, our work has revolved around both static and dynamic

networks.

Connectivity is an important issue in dynamic graphs. Various connectivity models of

dynamic graphs have been studied in the literature. We define some of the relevant models,

which are either used in the thesis or are of future relevance to the problems studied here.

• T -interval connectivity [96]: The dynamic graph G is said to be T -interval connected

TH-3897_206123002



4 Chapter 1. Introduction

for T ≥ 1, if for all t ∈ N∪ {0}, the static graph Gt ,T = (V ,∩t+T−1
i=t E(i )) is connected,

where E(i ) indicates the set of edges present in the static graph Gi ,T at time i .

• Connectivity Time [100]: The connectivity time of a dynamic graph G indicates the

minimum time T (where, T ∈N), such that for all t ∈N∪ {0}, the static graph Gt ,T =
(V ,∪t+T−1

i=t E(i )) is connected.

• T -path connectivity [114]: A dynamic graph G is said to be T -path connected for

T ≥ 1, if for all t ∈ N∪ {0}, and for any two nodes u, v ∈ V , there exists at least one

round i ∈ [t , t +T −1], for which there exists a path from u to v in Gi .

Note that, in this thesis, we focus only on dynamic graphs that maintain 1-interval con-

nectivity, i.e., a special case of T -interval connectivity, where T = 1.

1.1.2 Computational Model

The aim of distributed algorithms for mobile agents or mobile robots is to create decentral-

isation such that these entities can execute their tasks autonomously. In order to decen-

tralise them, certain limitations on agents (such as opaqueness, visibility, communication

type, memory, etc.), on graph nodes (fault type), and scheduler types need to be assumed.

Here, in this section, we discuss some of these limitations in detail.

Opaqueness

This idea is valid only for mobile robots. The mobile robots can either be transparent [116]

or opaque [110]. In the transparent model, there is no obstruction as one robot can see

through another robot. In an opaque model, the vision of one robot can be affected due to

the presence of another robot lying in the line of sight.

Visibility

The concept of visibility in a discrete domain differs from that in a continuous domain.

In the discrete domain, i.e., in graph networks, there are mainly two varieties: zero-hop

visibility [75] and l-hop visibility [1]. In zero-hop visibility, agents present at a node in
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1.1. Conventional Models 5

the underlying graph can only see the current node itself. In other words, it can see the

presence of all the mobile agents at the current node, and it can also identify all the port

numbers associated with it. In l-hop visibility, agents can see other mobile agents and the

ports associated with all nodes located within l hops of the current node of the agent. If l

equals the diameter of the underlying graph, it implies that the agent has full visibility.

In the continuous domain, there are variations in the visibility model based on the

agent (or robot) model. The robots may have limited visibility [125] or infinite visibil-

ity [110]. An opaque robot may create an obstruction in visibility, because two robots, ri

and r j , cannot see each other if there exists a third robot, rk , along the line segment joining

ri and r j . This phenomenon is termed obstructed visibility. So, we reformulate the visibility

as the robots can see all the unobstructed robots present inside their visibility range.

Schedulers

The notion of time is an important entity. Even if these agents or robots are bestowed with

some local clock, these clocks may not be synchronised. To execute a cycle of movement

and computation, agents (or robots) may not have uniform execution times. Moreover, the

delay between any two cycles of the same agent (or robot) might not be the same, and it

varies with different agents (or robots). So, to define the activation schedule and timing of

the operations, certain models are defined.

Operation Cycle: Each cycle comprises of Look-Compute-Move phase (termed as LCM

cycle).

• Look: The mobile agent or robot takes a snapshot of its surroundings, based on the

visibility that it has. This snapshot may also include the communications it may have

made with other agents or the data it has collected from its current position.

• Compute: It runs the algorithm, based on the information it gathered during the look

phase, and it decides either to stay at the current position or move to some target

position.
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6 Chapter 1. Introduction

• Move: It performs the action (move or stay) that it has decided during the compute

phase.

Activation Schedule: There are three models of activation scheduler, based on which ei-

ther mobile agents or mobile robots are activated.

• Fully-Synchronous (FSYNC): Time is divided into global rounds, wherein each round,

the agents get activated simultaneously and perform the LCM cycle in synchrony. A

visual representation is shown in Fig. 1.1(a).

• Semi-Synchronous (SSYNC): This model is similar to the FSYNC model; the only dif-

ference is that not all agents need to be activated at each round; only a subset of

agents can be activated. The agents that are activated perform the LCM cycle in syn-

chrony. Also, each agents are activated infinitely often. Refer to Fig. 1.1(b).

• Asynchronous (ASYNC): This is the most general model, where the agents (or robots)

have no common notion of time. Any agent (or robot) can be activated at any point

in time. The time required to perform Look, Compute, Move, or inactive states varies

for each agent. The time required to perform each of these operations takes finite

but unbounded time. Refer to Fig. 1.1(c).

Communication Protocol

Inter-agent communication and interaction are among the most important protocols to

deal with. Several models of these communication protocols have been studied in the lit-

erature, each with its own distinct characteristics. We discuss some of these protocols.

• Global space: This is the most powerful model of communication. There exists a

globally shared memory, where agents can read information concurrently from their

respective positions, whereas writing data must be done in a mutually exclusive man-

ner.
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(a)

(b)

(c)

Figure 1.1: The three main activation scheduler models as indicated in [69]. Yellow indi-
cates Look, blue indicates Compute, red indicates Move and white indicates inactive state.

• Whiteboard: This model is less powerful than the global space model. Here, each

node in the network contains a locally shared memory, which is referred to as the

whiteboard. Any agent visiting a node in the network, say u, can read or write or

modify any data from the whiteboard at u. The agents can access the information on

the whiteboard in a fairly mutually exclusive manner, i.e., concurrent access is not

permitted.

• Pebble or Token: The token (or also called pebble) model is a very classical idea,

initially introduced for the problems related to graph explorations and rendezvous

[15, 20]. These are identical objects that can be placed at a node, picked from a node

and also can be carried to other nodes by the mobile agents. In this model, agents

can only communicate using these tokens; there is no other means of communi-

cation available. Further, there are certain variations of the token model. A more

powerful version is the enhanced token model, in which the tokens can be placed at

a node to mark certain adjacent ports of the node.
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There is a simple relationship between the whiteboard and the token model. If any

algorithm uses at most l tokens to execute the algorithm, then the same algorithm

can be executed in the whiteboard model, where the whiteboards are of size ⌈log l⌉
bits.

• Face-To-Face: It is a simple yet very weak model of communication. Here, the agents

present at a node can communicate with one another. Communications between

these agents occur among themselves, where an agent reads the memory of another

agent, and vice versa. This model is normally used when the scheduler is fully-

synchronous.

Memory

An agent’s memory is an important entity, as the amount of persistent memory it can store

directly indicates the number of tasks it has the ability to perform. The persistent memory

indicates the quantity of information that the agent can carry from the end of the earlier

stage to the beginning of the new stage. Based on these capabilities, we have certain varia-

tions of agents. The agents can be oblivious, i.e., they can have no persistent memory. The

agents can have bounded memory, i.e., of O(1) bits; these types of agents are called finite-

state mobile agents. The bounded memory depends on some graph parameters, such as

the cardinality of the underlying graph network. The agents may also have unbounded

memory; these agents can store any amount of information. In this thesis, we have used

agents with both bounded and unbounded memory.

Knowledge

The agents may require certain initial conditions to execute their algorithm; otherwise, it

may be impossible to execute the algorithm successfully. We describe this phenomenon

with an example: in an unknown and unlabeled graph network, it is not possible for any

agent to visit every node of the network under the face-to-face model of communication.

It is because, in the worst case the agent’s may loop in a cycle of the underlying graph,

infinitely. We provide a brief overview of the type of knowledge typically provided to agents.
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• Number of nodes in the underlying graph network - a precise knowledge of the num-

ber of nodes (n) or an upper bound on the number of nodes is provided.

• Number of edges in the underlying graph network - a precise knowledge or upper

bound on the number of edges is provided. One can deduce the knowledge of n

from this, in any connected graph.

• Number of agents executing the algorithm.

• Underlying topology - the agents may be provided with the information about its un-

derlying topology, this helps to execute specific protocols depending on the family of

graph that it belongs, i.e., trees, rings, cactuses, tori, etc.

• Number of pebbles or tokens placed in the underlying topology - the knowledge about

the total number of tokens or pebbles that can be used or are already placed.

• Map of the underlying graph network - here, the agent is provided with a copy of the

underlying port-labelled network, with a special marked node depicting the agent’s

current location.

• Full knowledge of the underlying graph network + positional knowledge of agents -

here, the agent not only gets a map of the network, but also gets the knowledge about

the positions of other agents inside the map.

Faults of Agents

The faults of agents can be classified into two types: external agents or internal agents.

• External Agents: These agents are normally intruders or viruses. The sole purpose of

these types of agents is to infect or damage nodes in the underlying network.

• Internal Agents: Normally, internal agents are thought to be correct. But during the

execution of assigned protocols, they may develop a glitch, which in turn makes

them harmful. This glitch renders faulty behaviour. Mainly, two main varieties exist

in literature: crash faults (where an agent stops executing its protocol) and byzantine
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faults (where the agent may behave arbitrarily). It is obvious that a byzantine fault is

more powerful than a crash fault. There are two variations of byzantine fault, which

are: weak byzantine and strong byzantine. In a weak byzantine model, agents cannot

alter their IDs, whereas in a strong byzantine model the agents can also fake their

IDs.

Faults of Nodes

There are certain faults that can occur on the nodes of the network as well. We discuss

some of them.

• Black Hole [59]: It is a stationary node that has the capability to destroy any agent

without leaving any trace of its existence. Similarly, one can define black edges as the

edges in the underlying network that have the capability to destroy any agent without

leaving any trace of its existence.

• Black+ Hole [13]: It is a stationary node that acts similarly to a black hole, but from

time t j onwards, where j denotes the j -th round. This time, t j (or precisely the j ) is

chosen by the adversary. If j =∞, then the node is a completely safe node.

• Gray Hole [88]: It is a stationary node that sometimes behaves as a normal node and

sometimes as a black hole, where these changes are completely adversarial. This

unique characteristic makes it difficult to detect its location. Trivially, it is a more

powerful version of a black and black+ hole.

• Byzantine Black Hole (BBH) [76]: In addition to the behaviours of gray hole, this vari-

ation of black hole also has the ability to choose to destroy any information stored

at that node (mainly the case for pebble or whiteboard model of communication).

Trivially, this model is more powerful than gray hole in terms of malicious behaviour.

In Chapter 5, we introduce the concept of BBH.

• Gray+ Hole [13]: In this variation, the Gray+ hole not only has the power of gray hole,

but it also has the power to do many other malicious behaviours. It can hinder the
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fairness by neglecting some agents from its queue forever. It can send the agent to

a node different from the one it is intended to move to, or it can send an agent to a

neighbouring node even if it has not requested to do so, or it can fake its own node

ID (if it exists) to the agents present at that node. It may not respect the queue order

of accessing the whiteboard in that particular node. Finally, it also has the capability

to create multiple fake copies of the agents present at that node.

• Red Hole [13]: In addition to gray+ hole, it has the ability to alter the run-time envi-

ronment (i.e., by changing the whiteboard information). Red hole is more powerful

than gray+ hole.

• Black Virus [33]: It is a different model in comparison to black hole. Here, the black

virus is also a stationary node that has the capability of destroying any visiting agent,

but during destruction, it also spreads its clone along all neighboring nodes, where

there exist no other agents.

1.1.3 Common Problems

We discuss some of the fundamental problems in this domain.

• Rendezvous or Gathering: If the aim is to make two agents meet in an unknown en-

vironment (may be in a discrete or continuous domain), then the problem is termed

as rendezvous, whereas if the task is to make more than two agents meet, then it is

called gathering.

• Searching: The task for a single agent or a group of agents is to search for an entity

in an unknown environment, where it may be a discrete domain or a continuous

domain.

• Black Hole Search: This problem is specifically designed for graph networks, where

there exists a malicious node; the aim of the agents is to locate its position.

• Exploration: The task for a single or a group of agents is to visit each node of the

underlying network at least once.
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• Perpetual Exploration: It is a special version of the exploration problem, where the

aim is to visit each node in the network infinitely often.

• Dispersion: Starting from any arbitrary position, the aim is to create an arrangement

where each node in the network contains at most one agent.

1.2 Scope of Thesis

In Chapter 2, a detailed discussion of the related works is presented. Chapter 3 discuss

about the treasure hunt problem in the Euclidean plane with mobile agents in the pres-

ence of pebbles. Chapter 4 addresses the black hole search problem in the presence of

co-located mobile agents, for the dynamic cactus graph. Chapter 5 and 6 investigate the

problem of perpetual exploration in the presence of a Byzantine black hole (also termed as

BBH) with mobile agents, when the underlying topology is a ring and any arbitrary graph,

respectively. Lastly, the thesis concludes in Chapter 7. In the following section, we give a

brief overview of the results obtained in each chapter.

1.2.1 Treasure Hunt in Euclidean plane

In Chapter 3, we introduce the problem of Treasure Hunt in the presence of pebbles in

the Euclidean plane. The idea behind this problem is that a mobile agent, starting from a

point, must locate the treasure, which is situated at an unknown location in the Euclidean

plane. The agent has no control over the speed, so without any reference, it can move to an

infinite distance without even locating the treasure. To tackle this issue, an external entity,

termed Oracle, which knows the algorithm of the mobile agent, its starting location, and

the position of the treasure, places some pebbles. These pebbles are nothing but markers.

Now, the Oracle also has a constraint in placing these pebbles. Firstly, it can only place k of

them. Secondly, the distance between each pebble must be at least 1. With these notions,

we have formulated a trade-off between the cost of finding the treasure vs. the number of

pebbles the Oracle can place. We have shown that it is impossible to locate the treasure

if the Oracle has only one pebble to place. Next, for different values of k we give different
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strategies. Our algorithms highlight that, as we increase k, the cost of finding the treasure

reduces.

1.2.2 Black Hole Search in a Dynamic Cactus

In Chapter 4 we consider the problem of black hole search (or BHS). This is a very fun-

damental problem in this domain. This problem requires the mobile agents to locate (or

identify) the location of the black hole. We considered our underlying topology to be a dy-

namic cactus graph, where a black hole exists, whose position is unknown to the agents.

The adversary plays a major role by introducing dynamicity in the underlying cactus graph.

It does so by disappearing or reappearing edge(s) from the underlying static graph, consid-

ering that at any point in time, the graph is connected. These edges act as dynamic edges.

The agents initially start at a single node and are controlled by a synchronous scheduler.

The main contributions include two variations of dynamicity. First, the underlying cactus

graph can have at most one dynamic edge. In this case, we show that two agents cannot

solve the BHS problem. With three agents, we provide upper and lower bound results on

the move and round complexity. Second, the underlying cactus graph can have k (> 1)

dynamic edges, and in this case, we also provide upper and lower bound results on the

number of agents, move, and round complexities.

1.2.3 Perpetual Exploration of a Ring with a Byzantine Black Hole

In Chapter 5, we address the perpetual exploration problem of a ring in the presence of a

Byzantine black hole (BBH). A BBH is a more generalised version of the black hole. The

agents are controlled by a synchronous scheduler, and our objective is to optimise the

number of agents required to perform perpetual exploration in the presence of the BBH.

We solve the problem by taking into account various communication models of the agent,

such as whiteboard, pebble and face-to-face, and with different initial configurations of the

agent, such as co-located and scattered.
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1.2.4 Perpetual Exploration of Arbitrary Graphs with a Byzantine Black

Hole

We revisit the problem of perpetual exploration in the presence of at most one Byzantine

black hole (BBH) in Chapter 6. We consider that the agents are initially co-located, they

work synchronously and communicate via face-to-face model of communication. We pro-

pose two variations of this problem. One variation is a specific version of the other varia-

tion. In each variation, we find optimal results in terms of the number of agents when the

underlying graph is acyclic. Further, we propose upper and lower bounds on the number of

agents when the underlying graph is any arbitrary graph. We also highlight the fact that the

presence of a BBH makes solving perpetual exploration harder compared to the presence

of a black hole.
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Chapter 2

Literature Review

In this chapter, our focus is on discussing related works that address fundamental prob-

lems closely aligned with the work presented in this thesis. Since all the works fall un-

der two main fundamental problems in the domain of distributed computing with mobile

agents, namely the search and exploration problem, we will start with these problems ac-

cordingly. Subsequently, we discuss the specific problems in more detail.

2.1 Search and Exploration Problems

Search and Exploration are two of the most fundamental problems in this domain. These

problems have various applications in different fields, ranging from operations research to

robotics and also in theoretical computer science.

The history of the search problem dates back to the 1940s, where it was introduced by

Koopman [86]. Later, Beck and Bellman [17,18] solved many deterministic and probabilis-

tic search problems. Subsequently, numerous surveys and books have narrated the ad-

vancement of this search problem [4,6,38,41]. Nowadays, the search problem is more con-

centrated on calculating the competitive ratio [27], where the competitive ratio is defined

as the ratio between the cost of an online algorithm (which does not have full knowledge)

and that of an offline optimal algorithm. The search can be performed by a single agent

or multiple agents. A classic example of searching by a single entity is the cow-path prob-

lem [10], where the problem asks a single agent to find the target optimally, where the target
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is a point object. This kind of search problem is defined as one-dimensional search. A spe-

cific variation of this one-dimensional search problem is the Treasure Hunt problem, and

this problem has been investigated in Chapter 3. Further, there exists a two-dimensional

search problem as well, where the target is an infinite line. These kinds of problems are

termed shoreline search, and they were introduced by Bellman [19]. Furthermore, multi-

agent or collaborative search has also garnered significant attention [41, 81]. The ANTS

problem [65] is a popular version of the collaborative search problem, where the agents

are identical in nature and their task is to collaboratively search for the target. The main

parameters of complexity that dominate are the trade-off between the number of agents

and the cost of finding the target. There are further extension works on fault-tolerance and

multi-agent coordination [25].

Many tasks in the domain of distributed computing with mobile agents require the

agents to traverse the graph, i.e., visit each node in the network. This phenomenon of vis-

iting each node in the network is referred to as the exploration problem. The exploration

problem can have many variations: it may be of the form “exploration with stop”, “explo-

ration with return” and “perpetual exploration”. In “exploration with stop”, the agent (or

agents) can stop exploration once they visit each node in the underlying graph network.

In “exploration with return”, the agent (or agents) may be instructed to return to the start-

ing node. Next, in “perpetual exploration” problems, the agent (or agents) are required to

continuously monitor the nodes in the network; in these problems, the agents do not need

to terminate, but rather, they are required to visit the nodes infinitely often. The problem

of exploration becomes more relevant and challenging when the agents initially have no

knowledge of the underlying graph. This problem of exploring unknown graphs by finite

automatons (or mobile agents with finite memory), was first introduced by Shannon [117]

in the year of 1951, to explore mazes or labyrinths. But exploring mazes or labyrinths is

far less complicated than exploring graphs. A popular result by Rollik [112] explains that

exploring all graphs is impossible with any finite team of finite-state automata (or agents

with finite memory). Fraigniaud et al. [70] proposed that Ω(logn) bits (n is the total num-

ber of nodes in the graph network) are required to explore all graphs with mobile agents.

Further, an exploration algorithm that requires log-space was proposed by Reingold [111].
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Next, Disser et al. [58] proposed that even agents with less than logarithmic memory can

perform exploration, but then the agents must be provided with O(loglogn) many distinct

pebbles. Panaite and Pelc [107] designed the fastest known exploration algorithm that re-

quires m+O(n) moves, m indicates the number of edges in the underlying graph. There are

also various studies involving exploration of specific families of graphs, such as trees [57],

rings [24, 97], grids [26, 31, 52], tori [16], hypercubes [67], etc. Trivially, exploring directed

graphs is more difficult than exploring undirected graphs, as there might be existence of

no path to backtrack. Deng et al. [49] studied the exploration of directed graphs, whereas

Bender et al. [20] studied the exploration of unlabeled directed graphs with a single pebble,

where the agents only know the size of the graph. There are many variations of the classi-

cal exploration problem, which have also been studied in the literature. Bramas et al. [32]

studied a new version of this problem, in which mobile agents can share energy among

themselves. They considered the underlying topology to be trees, and solved the explo-

ration problem in the presence of asynchronous and synchronous schedulers, where these

agents are prone to crash fault. Devismes et al. [51] studied the graph exploration with mo-

bile agent in distance-constraint model, i.e., the agent needs to deal with the knowledge of

knowing the exact path (or a set of edges) of length D from its current position to its initial

position s.

Next, we discuss about some specific problems related to these two fundamental prob-

lems.

2.1.1 Dispersion Problem

This problem was first introduced by Augustine and Moses Jr. [9]. The main complex-

ity measures studied by them are the trade-off between the memory requirements of the

agents and the time required for the agents to disperse. After this seminal work, there

have been a plethora of studies done on the dispersion problem under various parame-

ters [84, 90, 92, 93, 118]. This problem has been investigated for trees [95], grids [93], and

arbitrary graphs [91, 95, 119], dynamic rings [1], etc. Further, there are studies focusing

on reducing the space complexity by exploring randomized algorithms [46, 105], whereas
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some studies focused on achieving dispersion in the presence of fault [37, 104, 108]. Ex-

ploration with a single agent is related to the dispersion problem, where, unlike the ex-

ploration problem, here only k nodes need to be determined, and for that, k agents are

required.

2.1.2 Treasure Hunt Problem

As discussed earlier, a Treasure hunt is a search problem, where the mobile agent needs to

find an inert target. The papers by Miller et al. [103] and Ta-Shma et al. [122] are the first to

relate the rendezvous and treasure hunt problems in graphs. Many problems in relation to

treasure hunt are studied in the book [5], where several of these algorithms are randomized.

Kao et al. [83] studied the randomized version of the treasure hunt problem, where the un-

derlying topology is a star with m-rays. The authors in [82, 98] studied the treasure hunt

problem, where the treasure is a line located in the plane. Treasure hunt in the Euclidean

plane in the advice model is studied by [109]. Bouchard et al. [30], studied how different

kinds of initial knowledge impact the cost of treasure hunt in a tree network. Bouchard et

al. [28], gave an almost optimal treasure hunt algorithm in a unweighted graph, where they

showed that there does not exist any algorithm which works better than θ(e(d)) complexity

for all graphs, where e(d) represents the number of edges whose at least one endpoint is lo-

cated less than d distance from the starting point s. Recently, Angelopoulos [7] studied the

problem of searching for a target on line with advice. But in this case, he considered that

the advice can either be provided by a trusted source (which is correct) or by an adversary

(which is wrong). In this setting, he studied the Pareto efficiency of his search algorithms

based on the advice provided.

Next, the three following papers [21, 75, 109] are closest to the work done in Chapter 3.

Pelc et al. [109] provided a trade-off between cost and information of solving the treasure

hunt problem in the plane. They achieved optimal and nearly optimal results across vari-

ous ranges of vision radius. Gorain et al. [75] presented an optimal treasure hunt algorithm

in graphs using pebbles, referred to as advice. In [21], the authors studied a trade-off be-

tween the number of pebbles vs. the cost of the treasure hunt algorithm in an undirected
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port-labeled graph. We then investigated the trade-off between the number of pebbles vs.

the cost of the treasure hunt problem when the underlying topology is the Euclidean plane

(refer to Chapter 3), and as far as our knowledge goes, we were the first to do so.

2.1.3 Rendezvous Problem

This problem basically asks two mobile agents starting from different locations to meet at

the same location. The problem was first mentioned in the book: The Strategy of Con-

flict [115]. Following this, a rigorous study has been conducted on this problem. The

reason for this rigorous study is partly due to its applicability beyond distributed algo-

rithms, such as in game theory. A detailed survey of the rendezvous problem can be found

in [3, 5, 89]. In brief, this problem can be categorised into two parts: rendezvous in a graph

and rendezvous in a plane. In the graph, Dessmark et al. [50] solved the rendezvous prob-

lem under a synchronous scheduler, where the number of rounds required for those two

agents to meet using their protocol depends on n (size of graph), l (length of the shorter

of the two labels), τ (delay between their wake-up time). They proposed an open problem,

whether it is possible to perform rendezvous in polynomial time, where the complexity

depends only on n and l . Accordingly, Kowalski and Malinowski [87] proposed a proto-

col that achieves rendezvous in O(log3 l +n15 log12 l ). Ta-Shma and Zwick [122] improved

this complexity to O(n5 log l ), whereas the lower bound proposed by Dessmark et al. [50] is

Ω(n log l ). Das et al. [47] and Miller and Pelc [102] studied the impact on the rendezvous

problem when an external entity (e.g., an Oracle) provides the agent with information in al-

most every round. Fraigniaud and Pelc [71,72] investigated the minimum amount of mem-

ory required by these agents to solve the rendezvous problem. Fault-tolerant rendezvous

algorithms are established by Ooshita et al. [106]. There have also been works where the

agents are considered to be controlled by an asynchronous scheduler [45].

Rendezvous in a plane has been studied under both synchronous and asynchronous

schedulers. Suzuki and Yamashita [120] introduced this problem in a plane under a syn-

chronous scheduler. Numerous studies have examined rendezvous under asynchronous

schedulers in various settings [39].
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2.1.4 Black Hole Problem

The black hole search problem (BHS) is well-studied in the domain of mobile agents. This

problem has been studied under varying underlying topologies, including rings, grids, tori,

and arbitrary topologies. The problem was first introduced by Dobrev et al. [59], who

solved the BHS problem by considering the underlying topology as an arbitrary network. In

this setting, they established tight bounds on the number of agents and calculated the cost

of a size-optimal BHS protocol. After this seminal paper, there has been a plethora of work

done in this domain under different graph classes such as trees [43], rings [12, 36, 62, 63],

tori [35, 99] and in graphs of arbitrary and unknown topology [42, 60]. Mainly, two vari-

ations of this problem are studied: first, when the agents are initially co-located [43] and

second, when the agents are initially scattered [35, 36, 62] in the underlying network.

Most of these studies have been conducted for static networks; there is limited knowl-

edge about this BHS problem for non-static networks. Researchers have started inves-

tigating some of the fundamental problems in this domain for dynamic networks. No-

tably, the exploration problem has already been studied in dynamic rings [53,79], dynamic

tori [78], dynamic cactuses [80] and in dynamic general graphs [77]. In addition to the ex-

ploration problem, other problems regarding mobile agents are also studied in dynamic

networks, such as gathering [55], compacting of oblivious agents [48], and dispersion of

mobile agents [1, 94] are some of them. Compared to that, the only papers regarding BHS

on dynamic networks are as follows [22, 54, 56, 68, 85]. Flocchini et al. [68] studied the

BHS problem in carrier graphs (specifically termed as subway networks), which is a spe-

cial graph within the class of periodic temporal graphs. They showed that the minimum

number of agents required to solve the BHS problem on such a subway network, where an

asynchronous scheduler controls the mobile agents, is γ+1 (γ is denoted to be the min-

imum number of carrier stops at black holes). On the other hand, Di Luna et al. [54, 56]

explored the BHS problem in a dynamic ring. In [56], they considered that the agents are

initially co-located, whereas in [54], they considered the agents are initially scattered arbi-

trarily along the nodes of the ring (where each such initial node does not contain the black

hole). In both papers, they obtained optimal bounds on the number of agents, moves and
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round complexities. Next, Bhattacharya et al. [22,23] extended the BHS problem in the dy-

namic cactus and dynamic torus, in which they gave upper and lower bound results on the

number of agents and round complexity required to execute a BHS algorithm. In Chapter

4, a detailed explanation of the work [23] is provided. Recently, Kaur et al. [85] extended

this problem to dynamic general graphs. Table 2.1 provides a brief survey of all the BHS

problems studied in 1-interval connected graphs.

Dyn. Graph IC Prob. Comm. Agent LB Time UB Agent UB Mem.(WB)

Ring [54, 56]

R 1-BHS
F2F 3 Θ(n2) 3

WB 3 Θ(n1.5) 3 O(log(n))

A
F2F 3 Impossible -

Pebble 3 Θ(n2) 3

Cactus R
1-BHS

WB
3 O(n2) 3 O(∆(log∆

[Chapter 4] k-BHS & F2F k +2 O(kn) 2k +3 +k logk))

Tori [22]

(Size n ×m)

R (n +m) WB
n +2 O(nm1.5) n +3

O(1)
-BHS & F2F O(nm) n +4

A
n +3 O(nm1.5) n +6

O(nm) n +7

Gen. [85]

R
1-BHS

WB
- O(|E |2) 9 O(log(∆))

k-BHS & F2F 2k +2 3∆n(∆+1)2k+n 6k

(n −1)2k

A
1-BHS 2deg (B H) - - -

+1

k-BHS 2k +2 - - -

Table 2.1: Summary of results of BHS in 1-interval connected graphs, where WB indicates
Whiteboard, F2F indicates Face-to-Face, Gen. indicates general graph, n is the number of
nodes in Ring, Cactus and arbitrary graph,∆ indicates the maximum degree of the underly-
ing graph, IC indicates initial configuration, LB indicates lower bound, UB as upper bound,
deg (B H) indicates degree of the black hole node, R and A indicates rooted and arbitrary
initial configuration, respectively, t-BHS means solving BHS when at most t many edges
can be dynamic.
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2.1.5 Variations of Black Hole

A black hole may not be this simple in general. Accordingly, some variations of black holes

are first introduced by Královič et al. [88] and Miklík [101], and they are formally defined

by Bampas et al. [13]. Here, the authors introduced the concept of black+ hole, gray hole,

gray+ hole and red hole (refer the definitions in Section 1.1.2 in Chapter 1). Královič et

al. [88] in their paper considered the scheduler to be asynchronous, with the underlying

topology to be a ring, communication via whiteboard and agents initially co-located. Next,

Bampas et al. [13] significantly improved their results in the same setting. These studies

were confined to only a specific initial configuration, to a specific underlying topology and

to a specific mode of communication.

Graph IC Comp. Type Comm. Scheduler LB UB

Ring [88] Co-loc Any
Gray

WB ASYNC
3 9

Red 3 27

Ring [13] Co-loc Any
Gray

WB ASYNC
4 4

Red 5 7
Ring

Co-loc Any BBH
F2F

FSYNC
3 4

[Chapter 5] Pebble 3 3
WB 3 3

Arb. Any BBH
F2F

FSYNC
- -

Pebble 4 4
WB 3 3

Path
Co-loc

Any
BBH/Gray F2F FSYNC

4 4
[Chapter 6] HC 6 6

Tree
Co-loc

Any
BBH/Gray F2F FSYNC

4 4
[Chapter 6] HC 6 6
Arb. Graph

Co-loc
Any

BBH/Gray F2F FSYNC
2∆−1 3∆+3

[Chapter 6] HC - 3∆+3

Table 2.2: Table gives a summary of all the results in the literature and studied in this thesis
related to gray hole, BBH and red hole. Here, HC implies Home Component, WB indicates
Whiteboard and F2F indicates face-to-face model of communication.

Further, we defined another variation of the black hole, termed as Byzantine black hole

(BBH), which is referred to in Section 1.1.2 in Chapter 1 for the definition of BBH. This

variation is introduced in our work [76], which is explained in detail in Chapter 5. Our

two chapters focus on the presence of this variant of black hole, refer to Chapter 5 and
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Chapter 6. In Chapter 5, we studied the perpetual exploration problem in the presence of

BBH, and considered the underlying topology to be a ring, scheduler to be synchronous,

but initial configuration we considered both co-located and arbitrary (i.e., scattered), with

different modes of communication (i.e., face-to-face, pebble and whiteboard). Further, all

these studies are again confined to the underlying topology being a ring. Hence, in Chapter

6, we extended our problem of perpetual exploration in the presence of at most one BBH

in arbitrary topologies. Moreover, the results obtained in Chapter 6 are the first results

obtained on an arbitrary graph for any powerful variant of black hole. A detailed survey of

results related to gray hole, BBH and red hole is described in Table 2.2.
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Chapter 3

Treasure Hunt in Euclidean Plane

3.1 Introduction

The treasure hunt problem is a significant searching problem, with numerous studies hav-

ing been conducted in the literature since its inception. The use of pebbles as a form of

advice is not new. It has also been used to perform a treasure hunt; however, all these

studies are confined to graph networks. In this chapter, we introduce the use of pebbles

as a means for the mobile agent to determine the location of the treasure, considering the

underlying topology to be a Euclidean plane.

We study the problem of treasure hunting in the Euclidean plane under a very weak

scenario, which assumes very little knowledge and control power for the mobile agent.

Specifically, the agent does not have any prior knowledge about the position of the trea-

sure or its distance from the treasure. Moreover, the agent has no control over its move-

ment speed, and it is assumed that an adversary completely controls the agent’s speed. In

practice, for software agents in a network, the movement speed of the agent depends on

various factors, such as congestion in the network. In the case of hardware mobile robots,

their speeds depend on many mechanical characteristics as well as environmental factors.

The agent is equipped with a perfect compass, which helps the agent to rotate and move in

3This chapter has been published as: “Treasure Hunt in Euclidean plane: Cost vs. Pebble Trade-off” in
International Journal of Foundations of Computer Science (IJFCS), 2025 and as “Pebble Guided Treasure Hunt
in Plane” in Proceedings of the 11th International Conference on Networked Systems (NETYS 2023).
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Treasure

P

x

y

x′

y′

x1

y1
α

α = arctan y1
x1

A

B

Figure 3.1: Signifies the case when treasure is in the first quadrant and pebbles can be
placed anywhere. Placement of pebbles is indicated by blue dots

a prescribed direction, and we also assume that the agent has unbounded memory, i.e., it

is a Turing machine with infinite tape. In practicality, if we suppose the agent has no angu-

lar inaccuracy but has no control over its speed, then it becomes challenging. Consider an

uneven terrain where the slope varies depending on the terrain. In that case, the speed of

the agent may also vary depending on the slope of that terrain, and controlling it becomes

a challenging task. The agent is initially placed at a point P in the plane. The treasure T is

located at most D > 0 distance (unknown to the agent) from P . Without loss of generality,

we may assume the coordinates of P is (0,0). Let the position of the treasure be the point

T with coordinates (xT , yT ), which is D distance apart from P . The agent finds the treasure

only when it reaches the exact position of the treasure. The agent’s initial position is con-

sidered a special point, and the agent can detect this point whenever it visits P (a similar

model is assumed in [64]).

The treasure can be easily found if the agent has full control over its speed and can

accurately measure travel distance during its movement. Let us assume that the position

of the treasure is in the first quadrant. We briefly describe the strategy of the treasure hunt

for the following two cases.

1. Pebbles are allowed to be placed at any point. In this case, draw a line connecting

the starting point of the agent P and the position of the treasure T . Choose a point A

on the line PT within distance ϵ> 0 from P . Draw a perpendicular line from A to the

positive x axis. Let B be the foot of the perpendicular. Two pebbles are placed, one

at A and the other at B . The agent, starting from P , moves along the positive x axis
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until it finds a pebble. Once the pebble is found, it measures its distance x1 from P

and starts moving upwards until it finds another pebble at a distance y1 from its last

position on the x axis. After reaching the position of the second pebble, the agent

calculates α= arctan( y1
x1

), and from y , starts moving at an angle α with respect to the

x axis, to find the treasure. The total distance traveled by the agent is di st (P,T )+O(ϵ).

Figure 3.1 pictorially visualizes this case.

2. The distance between any two placed pebbles must be at least 1. In this case also,

draw a line connecting the starting point of the agent P and the position of the trea-

sure T . Let the slope of that line be m. Now, choose a point A = (x1, y1) on the line

with slope m, such that |y1 − x1| ≥ 1. Now, draw a perpendicular line from A to the

positive x−axis. Let the foot of the perpendicular be B . Two pebbles are placed,

one at A and the other at B . The agent follows the same algorithm as discussed in

the earlier case and finds the treasure. The total distance traveled by the agent is

di st (P,T )+O(d), where d = |x1|+ |y1|.

Now, for other positions of the treasure, i.e., when the treasure lies on a quadrant dif-

ferent from the first quadrant, then to determine the treasure’s position, place a few more

pebbles. These extra pebbles indicate in which quadrant the treasure belongs.

In the absence of control over its movement speed, once the agent decides to move

along a particular angle, it is very important for the agent to learn when to stop its move-

ment. Otherwise, the adversary can increase the speed arbitrarily high, and the agent ends

up traversing an arbitrarily large distance. To enable the agent to have some control over its

movement, an Oracle, knowing the position of the treasure and the agent’s initial position,

places some stationary pebbles on the plane. Note that without any additional informa-

tion provided to the agent, the treasure hunt is not possible to solve even if the treasure

is placed on x−axis. This is because any algorithm must instruct the agent to choose a

direction of movement from its initial position without having any knowledge about the

position of the treasure. Hence, if the agent is instructed to move along the positive x−axis,

then if the treasure is located on the negative x−axis, the adversary can make the agent

move an arbitrarily large distance along the positive x−axis. Hence, some additional in-
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formation about the treasure location must be provided. In this chapter, some additional

information is provided by placing some pebbles on the plane. Further, the agent neither

has the knowledge about the number of pebbles placed nor does it have the knowledge

about the position of the pebbles. We assume a restriction on the pebble placement by the

Oracle: any two pebbles must be separated by a constant distance, i.e., no two pebbles are

placed arbitrarily close 1. We assume that any two pebbles must be placed at least 1 dis-

tance apart. Since the plane is a continuous domain, the pebble placements are designed

in a way to implement some kind of discretization of the plane. If the pebbles are allowed to

be placed arbitrarily, then an uncountable number of pebbles can be placed in a very small

interval, which is equivalent to allowing multiple pebble placements in a point. In order to

avoid such a scenario, and to create a discretization of the plane, pebbles are allowed to be

placed at least some positive distance apart. Note that allowing pebble placement at least

r distance apart for any positive real number works. For simplicity, we assume r = 1. The

agent can detect the existence of a pebble only when it reaches the position where the peb-

ble is placed by the Oracle. This pebble placement helps the agent control its movement

and rules out the possibility of traversing arbitrarily large distances.

Direction δ

Q

P

Direction α

α

xx′

y

y′

(a) The meaning of moving at an angle α means

Direction δ

Q

P

α

xx′

y

y′

(b) The meaning of rotating at an angle α means

Figure 3.2: Illustrates the meaning of rotation and move.

Starting from some position of the plane, the agent, moving along a specific direction,

stops or changes its direction once it encounters a pebble along the path of its movement.

Initially, the agent is facing toward the east direction, i.e., to the direction of the positive x-

axis. At any time, by “the agent moves along an angleα from a point Q”, we mean that from

1This is required if the sensing capability of the agent is weak; two pebbles placed very close to each other
may not be distinguished by the agent.

TH-3897_206123002



3.1. Introduction 29

Q, it started moving along a line that creates a counter-clockwise angle α with the positive

x-axis (refer to Fig. 3.2(a), where the agent at Q while facing direction δ, is instructed to

move at an angle α). Also, by “the agent rotates along an angle α from a point Q”, we mean

that from Q, it started moving along a line that creates a counter-clockwise angle α with

from its previous direction of movement (refer to Fig. 3.2(b), where the agent at Q while

facing direction δ, is instructed to rotate at an angle α). In general, any movement algo-

rithm of the agent gives instructions to move along a specific angle α until it encounters a

special point (i.e., the initial position P or the position of the treasure T ) or it hits a pebble.

Notation Meaning
P Initial position of the agent
T Position of the treasure with co-ordinates (xT , yT )
k Indicates the total number of pebbles to be placed by the Oracle
D T is at most D distance apart from P
r Indicates the least distance between any two pebbles
fk It is the function for Oracle to place pebbles

m1,m2 Indicates slopes of lines
B The square bounded by lines x = 1, x =−1, y = 1 and y =−1
Li Denotes the half-lines (i ∈ {0,1, · · · ,2k−10})
Si Sector bounded by the half-lines Li and Li+1

SnT Sector containing the treasure
F Foot of the perpendicular from T on LnT or LnT +1

θi , αi βi Indicates the angles of rotation, required to identify i -th bit,
there have been abuse in notation between αi and θi , they mean the same

µ Binary string representing the sector of treasure, i.e., the sector SnT

p0 Pebble placed at P
p1, p2, p3 Pebbles placed at specific positions

pt1 , pt2 Pebbles for termination detection
pbi Pebble placed to determine i -th bit

pT1 , pT2 , pT Pebbles placed in the sector containing treasure

Table 3.1: Important notations used in Chapter 3

Formally, for a given positive integer k ≥ 0, the Oracle is a function fk : (E ×E) → E k ,

where E is the set of all the points in the Euclidean Plane. The function takes two points as

input: the first one is the initial position of the agent, and the second one is the position of

the treasure, and gives k points in the plane as output, which represent the placement of a

pebble at each of these k points. The cost of the treasure hunt is defined as the distance the
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agent travels from its initial position until it finds the treasure.

The central question studied in this chapter is: “For given k ≥ 0, what is the minimum

cost of treasure hunt if at most k pebbles are placed in the plane?"

We discuss an overview of the list of important notations used in this chapter, details of

which can be found in Table 3.1.

3.1.1 Our Contribution

In this chapter we solve the treasure hunt problem on the Euclidean plane, with the help

of pebbles. Our contributions in this chapter are summarized below.

• For k = 1 pebble, we have shown that it is impossible to design a treasure hunt algo-

rithm that finds the treasure with finite cost.

• For k = 2 pebbles, we propose an algorithm that finds the treasure with cost at most

(
p

2+2)D+(
p

2+2), where D is the distance between the initial position of the agent

and the position of the treasure.

• For k ≥ 11, we design an algorithm that finds the treasure using k pebbles with cost

at most O(k2)+D
(
sinθ′+cosθ′

)
, where 0 ≤ θ′ < π

2k−10 . For sufficiently large values of

D and k, the cost of this algorithm is arbitrarily close to D , the cost of the optimal

solution in case the position of the treasure is known to the agent.

Table 3.2, represents the results obtained in this chapter.

Number of Pebbles (k) Cost to Find Treasure
k = 1 Impossible
k = 2 (

p
2+2)D + (

p
2+2)

k ≥ 11 O(k2)+D
(
sinθ′+cosθ′

)
, where 0 ≤ θ′ < π

2k−10

Table 3.2: Results obtained in Chapter 3
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3.2 Feasibility of Treasure hunt

In this section, we discuss the feasibility of the treasure hunt problem when the Oracle

places one or two pebbles, respectively.

3.2.1 Impossibility Result for k = 1 pebble

In this section, the following theorem shows that it is impossible to find the treasure at

finite cost using at most one pebble.

Theorem 3.2.1. It is impossible to design a treasure hunt algorithm using at most one pebble

that finds the treasure at a finite cost.

Proof. The agent initially placed at P and the pebble is placed somewhere in the plane by

the Oracle. Since the agent has no prior information about the location of the treasure, the

treasure can be positioned anywhere in the plane by the adversary. The only possible initial

instruction for the agent is to move along a certain angle from P , sayα. The agent, along its

movement, must encounter a pebble; otherwise, it will continue to move in this direction

for an infinite distance, as specified in the model assumptions. After encountering the

pebble, there are three possibilities: (1) either it may return back to P and move at a certain

angle from P or, (2) it may return back to P and move along the same path traversed by the

agent previously to reach the pebble or, (3) it may rotate at a certain angle from the pebble

itself.

Suppose, in the above cases, the agent is next instructed to rotate at an angle θ from the

pebble or move at an angle θ from P . Now, in each case, suppose the adversary places the

treasure at an angle θ+ ϵ (̸= α), for some ϵ > 0, and at a distance D(> 0) from P . In each

case, the agent following any of the possible strategies can never encounter the treasure, as

the position of the treasure is not on the path to be traversed by the agent. Moreover, this

process can continue indefinitely, since the adversary is always able to choose a real-valued

ϵ, such that the treasure placement is not along any of the traveled trajectories. Hence, it is

impossible to find the treasure at a finite cost.
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3.2.2 Treasure Hunt for k = 2 pebbles

In this part, we discuss the strategy of pebble placement and the respective traversal of the

agent towards the treasure when two pebbles are placed by the Oracle.

Pebble Placement: Let the coordinates of the treasure T be (xT , yT ). Based on the location

of the treasure, two pebbles p1 and p2 are placed as follows.

• If xT ≥ 0 and yT ≥ 0, then place the first pebble, i.e., p1 at (z + 1, z + 1), where z =
max{|xT |, |yT |}, whereas, place the second pebble, i.e., p2 at (xT , z +1).

• If xT < 0 and yT ≥ 0, then place p1 at (yT +1, yT +1) and p2 at (xT , yT +1).

• If xT < 0 and yT < 0, then place p1 at (1,1) and p2 at (xT ,1).

• If xT ≥ 0 and yT < 0, then place p1 at (xT +1, xT +1) and p2 at (xT , xT +1).

Treasure Hunt by the agent: The agent initially at P , moves at an angle π
4 with the positive x

axis until it encounters treasure or a pebble (i.e., p1). If a pebble is encountered, then from

this position the agent rotates along an angle π− π
4 and then moves, until it encounters the

treasure or reaches a pebble (i.e., p2). If a pebble is encountered (i.e., from p2), the agent

further rotates along an angle π
2 and moves until it reaches the treasure T .

Theorem 3.2.2. The agent finds the treasure with cost at most (
p

2+2)D+(
p

2+2) using the

above algorithm.

Proof. First, we show that for each possible position of the treasure, our algorithm success-

fully locates it. Based on the position of the treasure, we have the following cases:

Case-1: T = (xT , yT ), where xT ≥ 0 and yT ≥ 0. The agent moves along an angle π
4 from

P . If the treasure lies along this line, then no pebbles are placed, and the agent finds the

treasure.

If the treasure does not lie along this line, then the agent encounters a pebble (i.e., p1)

at the point (z +1, z +1), where z = max{|xT |, |yT |}, since ∠p1PB = π
4 , where B is the foot

of the perpendicular from p1 to x-axis. Next, from p1, the agent is instructed to rotate at

an angle π− π
4 and then move. While moving along this direction, the agent encounters
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the second pebble (i.e., p2). It is because ∠P p1p2 = π
4 (refer to Fig. 3.3(a)). Next, note that

the location of p2 is such that it is perpendicular above the treasure T . Also, since the line

p1p2 being parallel with respect to x−axis (p1 and p2 locations have same y coordinate),

therefore rotating at an angle π
2 from p2, directly aligns the agent along the line p2T . So,

while moving along this line in the third step, it eventually finds the treasure.

Case-2: T = (xT , yT ), where xT < 0 and yT ≥ 0. In this case, as per our pebble placement

strategy, the pebble p1 is placed at (yT +1, yT +1), and the second pebble p2 is placed at

(xT , yT +1). Hence, the agent, starting from P , starts moving along an angle π
4 and finds the

pebble p1. According to the movement algorithm, it then moves along the direction of the

negative x-axis and finds the pebble p2. And finally, moving along the negative y-axis from

the position of p2, it finds the treasure.

Case-3: T = (xT , yT ), where xT < 0 and yT < 0. In this case, as per our pebble placement

strategy, the pebble p1 is placed at (1,1), and the second pebble p2 is placed at (xT ,1).

Hence, the agent, starting from P , starts moving along π
4 and finds the pebble p1. According

to the movement algorithm, it then moves along the direction of the negative x−axis and

finds the pebble p2. And finally, moving along the negative y−axis from the position of p2,

it locates the treasure.

Case-4: T = (xT , yT ), where xT ≥ 0 and yT < 0. In this case, as per our pebble placement

strategy, the pebble p1 is placed at (xT +1, xT +1), and the second pebble p2 is placed at

(xT , xT +1). Hence, the agent, starting from P , moves along π
4 and finds the pebble p1. Next,

as per the movement algorithm, it then moves along the direction of the negative x−axis

and finds the pebble p2. And finally, moving along the negative y−axis from the position

of p2, it locates the treasure.

Next, according to the proposed algorithm, the maximum cost of finding the treasure

is the cost of traversing the path P p1 + p1p2 + p2T (refer to Fig. 3.3 and 3.4), where P is

the initial position of the agent, p1 and p2 are the positions of the first and second pebble,

and T is the position of the treasure, respectively. Let fi : θ −→ R, where i = 1, . . . ,5 and

0 ≤ θ ≤ 2π, be the set of cost functions for each of the following cases, we analyze each of

them as follows:
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p1(z + 1, z + 1)
p2(xT , z + 1)
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(a) Treasure in 1st Quadrant
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(b) Treasure in 2nd Quadrant

Figure 3.3: Movement of the agent when the treasure is located in the upper half of the
plane

1: If the treasure is in the first quadrant, then let A and B each be the foot of the perpen-

dicular drawn from T and p1 to the x−axis, respectively. Let θ be the ∠T PA (refer to

Fig. 3.3(a)), so we have |PA| = xT = D cosθ and |AT | = yT = D sinθ. Now we have the

following cases:

1(a): When xT ≥ yT , then by the pebble placement strategy the pebbles p1 and p2

are placed at (xT +1, xT +1) and (xT , xT +1), respectively. So, |PB | = D cosθ+
1 (since |PA| = D cosθ and |AB | = 1) and |PB | = |B p1|, (since ∠p1PB = 45◦

and tan45◦ = |B p1|
|PB | , so in ∆p1PB we have |PB | = |B p1|). This implies |P p1| =

p
2(D cosθ+1). Moreover in this case, |p1p2| = 1 and, as |p1B | = |p2 A| = xT +1 =

D cosθ+1, hence |p2T | = |p2 A|−|T A| = D cosθ+1−D sinθ. So, the total cost is:
p

2(D cosθ+1)+1+ (D cosθ+1−D sinθ) = (
p

2+1)D cosθ+ (
p

2+2)−D sinθ.

1(b): When yT > xT , then by the pebble placement strategy, the pebbles p1 and p2

are placed at (yT +1, yT +1) and (xT , yT +1), respectively. So, |B p1| = D sinθ+1

and |PB | = |B p1| (since ∠p1PB = 45◦ and tan45◦ = |B p1|
|PB | , so in ∆p1PB we have

|PB | = |B p1|), this implies |P p1| =
p

2(D sinθ+ 1). Also, |B p1| = |p2 A| = yT +
1 = D sinθ+ 1. Moreover, in this case, |p1p2| = (yT + 1)− xT = (D sinθ+ 1)−
D cosθ and |p2T | = |p2 A| − |T A| = D sinθ+1−D sinθ = 1. So, the total cost is:
p

2(D sinθ+1)+ (D sinθ+1−D cosθ)+1 = (
p

2+1)D sinθ+ (
p

2+2)−D cosθ.

So, we define f1(θ) = max{(
p

2+1)D cosθ+ (
p

2+2)−D sinθ, (
p

2+1)D sinθ+ (
p

2+
2)−D cosθ}.
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Figure 3.4: Movement of the agent when the treasure is located at the lower half of the
plane

2: If the treasure is in the second quadrant, let C be the mirror image of T on the first

quadrant (refer to Fig. 3.3(b)), then consider E , A and B to be the foot of the perpen-

dicular drawn from T , C and p1, respectively. Let ∠T PE = θ, and hence ∠C PA = θ.

So, we have |PA| = |xT | = D cosθ and |AC | = yT = D sinθ. According to the pebble

placement strategy, p1 is placed at (yT +1, yT +1), whereas, p2 is placed at (xT , yT +1).

So, we have |B p1| = D sinθ+ 1 and |B p1| = |PB | (since ∠p1PB = 45◦ and tan45◦ =
|B p1|
|PB | , so in ∆p1PB we have |PB | = |B p1|), this implies |P p1| =

p
2(D sinθ+1). Now,

|p1p2| = |PB | + |PE | = D sinθ + 1 + D cosθ and |p2T | = 1, as p2 = (xT , yT + 1) and

T = (xT , yT ). So, the total cost is:
p

2(D sinθ+1)+ (D sinθ+1+D cosθ)+1 = (
p

2+
1)D sinθ+D cosθ+ (

p
2+2). So, we define f2(θ) = (

p
2+1)D sinθ+D cosθ+ (

p
2+2).

3: If the treasure is in the third quadrant, let A and B each be the foot of the perpen-

dicular drawn from p2 and p1 to the x-axis, respectively. Let ∠T PA = θ (refer to Fig.

3.4(a)) and by the pebble placement strategy, the pebbles p1 and p2 are placed at

(1,1) and (xT ,1), respectively. So, |P p1| =
p

2, |p1p2| = |PB | + |PA| = 1+D cosθ and

|p2T | = |p2 A|+ |AT | = 1+D sinθ. So, the total cost is
p

2+2+D cosθ+D sinθ. So, we

define f3(θ) =p
2+2+D cosθ+D sinθ.

4: If the treasure is in the fourth quadrant, then let A and B each be the foot of the

perpendicular drawn from T and p1 to the positive x-axis, respectively, and ∠T PA =
θ (refer to Fig. 3.4(b)), hence, |PA| = xT = D cosθ and |AT | = |yT | = D sinθ. According

to the pebble placement strategy, p1 and p2 are placed at (xT +1, xT +1) and (xT , xT +
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1), respectively. So, we have |PB | = xT +1 = D cosθ+1 and |B p1| = xT +1 = D cosθ+1,

this implies |P p1| =
p

2(D cosθ+1). Now, |p1p2| = 1 and |p2T | = |p2 A|+ |AT | = (xT +
1)+ |yT | = D cosθ+ 1+D sinθ. So, the total cost is:

p
2(D cosθ+ 1)+ (D cosθ+ 1+

D sinθ)+1 = (
p

2+1)D cosθ+(
p

2+2)+D sinθ. So, we define f4(θ) = (
p

2+1)D cosθ+
(
p

2+2)+D sinθ.

Further, the worst-case cost is f5(θ) = max∀i∈{1,...,4}{ fi (θ)} ≤ (
p

2+2)D + (
p

2+2), since

|sinθ| ≤ 1 and |cosθ| ≤ 1, ∀ 0 ≤ θ ≤ 2π. Hence, from all the above cases, we conclude that

following the above algorithm, the maximum cost required to find the treasure is (
p

2+
2)D + (

p
2+2).

3.3 Improved solution for treasure hunt

In this section, we propose a faster algorithm that requires at least 11 pebbles to perform

the treasure hunt.

3.3.1 High level idea

Before we give the details of the pebble placement algorithm, we describe the high-level

idea. Intuitively, depending on the number of pebbles available, the Oracle divides the

plane into multiple sectors as described in Section 3.3.2. Then it identifies the sector num-

ber nT in which the treasure is located and ‘encodes’ this number by placing the pebbles.

The agent, looking at the pebble placements, ‘decodes’ this encoding and moves to the

specified sector to find the treasure. There are certain challenges that need to be overcome

to implement this idea.

Learning the sector number: The first difficulty is how different placements of pebbles

enable the agent to differentiate between the bit 0 and the bit 1. Since the agent has no

sense of time, distance, or the number of pebbles placed by the Oracle, it is possible that

two different pebble placements may appear identical to the agent. On the other hand, the

agent has no prior information about the encoded integer, so its movement should also

be planned in a way that, using the same movement strategy, the agent will detect the bit
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Figure 3.5: Placement of pebbles by Oracle when the first bit is 1

zero for some instances and the bit 1 for other instances. The capability of detecting P as a

special point is used to overcome this difficulty.

First, we place a pebble p1 at the point (1,0) and two additional fixed pebbles p2 at (1,1)

and p3 at (2,1). The rest of the pebbles are placed based on whether a particular bit of the

encoding is a 0 or 1. Initially, consider the specific scenario of encoding only one bit 0 or

1. The idea is to place a particular pebble p in two possible positions (refer to Fig. 3.5) on

the x-axis such that the agent, starting from P , reaches p1 then p, then rotating at a certain

fixed angle π−α from p and moving in this direction, will reach p2 for one position of p

and p3 for the other position of p. The agent can not distinguish between p2 and p3, but

rotating in a particular angleβ from p2 and then moving will reach P and from p3 will reach

p1. These two different scenarios are distinguished as 1 and 0, respectively. To achieve and

implement the idea, the pebble p is placed at the point (3,0) in the case of encoding 1 and

(4,0) in the case of encoding 0. The advantage of this specific placement is that in case of

placing p at (3,0) moving from P to p, and then rotating at an angle π− arctan( 1
2 ) 2 and

moving in this direction, the agent reaches p2 and then rotating at an angle arctan(3) 3

and moving in this direction, it reaches P . On the other hand, in the case of placing p at

(4,0), using the same angular movement, the agent arrives at p1. Hence, it detects these

two different observations as two different bits, 1 and 0, respectively.

We extend the above idea for encoding any binary string µ as follows: in addition to

the pebbles p1, p2, and p3, one additional pebble for each of the bits of µ is placed. To be

2Consider two lines P p with slope m1, where p = (3,0) and pp2 with slope m2, now we have tanα =∣∣∣ m1−m2
1+m1m2

∣∣∣.
3In this case, consider two lines pp2 with slope m2, where p = (3,0) and p2P with slope m3, accordingly

calculate tanβ=
∣∣∣ m2−m3

1+m2m3

∣∣∣.
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specific, for 1 ≤ i ≤ |µ|, a pebble pbi is placed at (2i+1,0) if the i -th bit is 1, else pbi is placed

at (2i +2,0). Starting from P to pbi , rotating at an angle π−arctan
( 1

2i

)
and moving, until

a pebble is reached, then again rotating at an angle arctan
(2i+1

2i−1

)
and moving, the agent

reaches either P or p1 depending on whether the i -th bit is 1 or 0, respectively. If the agent

ends up at a pebble, it then rotates along 7π
4 and moves until it reaches P , at which point it

is ready to restart the process to learn the next bit.

A difficulty that remains to be overcome is how the agent detects the end of the encod-

ing. This is important because if the termination is not indicated, then there is a possibility

that the agent moves to find more pebbles pb j , j > |µ|, and continues its movement for an

infinite distance. We use two additional pebbles, namely pt1 and pt2 , specifically for the

purpose of termination detection. The position of these two pebbles pt1 and pt2 are as fol-

lows: if the 1st bit of the binary string µ is 1, i.e., pb1 is placed at (3,0), then the pebbles pt1

and pt2 are placed at (4,1) and (2|µ| +6,0), respectively. Otherwise, if the 1st bit is 0 then

these two pebbles are placed at (5,1) and (2|µ|+7,0), respectively (refer to Fig. 3.5). After

visiting the pebble p|µ| for the last bit of µ, the agent returns to P , and moves as usual to

find a pebble, expecting to learn more bits of the binary string. From P , once it reaches pt2 ,

it rotates at an angle π−arctan
(

1
2(|µ|+1)

)
and moves until a pebble is reached. Note that the

two pebbles pt1 and pt2 are placed in such a way that the angle ∠P pt2 pt1 = arctan
(

1
2(|µ|+1)

)
.

Hence using the movement from pt2 at angle π−arctan
(

1
2(|µ|+1)

)
the agent reaches pt1 and

from pt1 rotating at angle arctan
(

2(|µ|+1)+1
2(|µ|+1)−1

)
and moving, it reaches to pb1 . By following the

movement specified above, the agent reaches a pebble, so it will assume that it learned the

bit zero, and will move west (with respect to x−axis) to try to reach P . But moving west from

pb1 , it reaches another pebble (i.e., the pebble p1), instead of P . This special occurrence

indicates that the agent should ignore this final bit 0, and terminate the process of learning

µ. Hence, in this way, the agent learns the binary string µ, and the integer nT whose binary

representation is µ.

Finding the treasure inside the sector: One more pebble pT is placed on the foot of the

perpendicular drawn from T on LnT +1 (or LnT ) (refer to Fig. 3.10), where LnT and LnT +1 are

the two boundaries that form SnT , as defined under case 1a in Section 3.3.2. After learning

the encoding of µ (where the binary string µ obtained represents the integer nT ), the agent
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decodes the integer nT and correctly identifies the two lines LnT and LnT +1, which the agent

will use to locate the treasure.

A difficulty arises here while placing the pebble pT inside the sector, as some pebbles

that are used to encode the sector number might be very close (i.e., distance < 1) from the

prescribed position of pT . To resolve this, we place the encoding pebbles on the positive x-

axis if the treasure’s position is in the left half plane, whereas we place the encoding pebbles

on the negative x-axis if the treasure’s position is in the right half plane. In order to instruct

the agent whether it should move east or west from P to find the encoding pebbles, one

additional pebble p0 is placed at P in one of the two cases.

The following cases are handled separately, based on the position of the pebble pT and

the treasure T .

1.If the treasure is in a position (x, y) such that −1 ≤ x ≤ 1 and −1 ≤ y ≤ 1, then in that

case, placement of the pebble pT on the prescribed position inside the sector may create a

problem as the distance between p0 at P and pT may be less than 1, violating our pebble

placement criteria. To address this case, we propose a specific pebble placement strategy

(refer to Case 2 in Section 3.3.2) that ensures this situation never arises. This strategy only

requires three pebbles, namely, p1, p2 and p3, in which p1 is always placed at (1,0) (or,

(−1,0), based on the position of the treasure) whereas the other two pebbles, are always

outside the region −1 ≤ x ≤ 1 and −1 ≤ y ≤ 1. This, in turn, solves the problem.

2.The position of the treasure (x, y) is such that x > 1, or x < −1, or y > 1, or y < −1, but

the position of the pebble pT at (x1, y1) is such that −1 ≤ x1 ≤ 1 and −1 ≤ y1 ≤ 1. In this

case, the placement of the pebble pT may create a problem as the distance between p0 at

P and pT may be less than 1. To handle this case, an additional two pebbles pT 1 and pT 2

may be used. So, in some cases instead of just pT , two additional pebbles pT 1 and pT 2 are

required.

3.3.2 Pebble placement

The agent is initially placed at P , and the treasure is placed at T . The Oracle, knowing the

initial position P of the agent and the position T = (xT , yT ) of the treasure, places k pebbles
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in the Euclidean plane. Let B be the square region bounded by the lines x = 1, x =−1, y = 1,

and y =−1. The following two cases describe the pebble placement strategy, based on the

treasure’s position.

Case 1: If the treasure T is located outside B (i.e., T ̸∈ B), then for any fixed k ≥ 11, the

pebble placement strategy is as follows.

• Case 1a: If xT ≥ 0, then we have the following pebble placement strategy.

– Place a pebble p0 at P .

– Draw 2k−10 +1 half-lines L0,L1, . . . ,L2k−10 , starting at the initial position P of the

agent, such that L0 goes South and the counter-clockwise angle between con-

secutive half-lines, i.e., Li and Li+1 isπ/2k−10 for i = 0,1, · · · ,2k−10−1. The sector

Si is defined as the set of points in the plane between Li and L(i+1), including

the points on Li and excluding the points on L(i+1). Let nT ∈ {0,1, · · · ,2k−10 −1}

such that T ∈ SnT , and place k ≥ 11 pebbles as follows.

* Place the pebbles p1 at (-1,0), p2 at (-1,-1) and p3 at (-2,-1).

* Let µ be the binary representation of the integer nT with leading k −11−
⌊lognT ⌋ many zeros, when nT > 0 and with leading k − 11 zeroes, when

nT = 0. If 0 ≤ xT ≤ 1 and yT > 1, then µ = 0 ·µ, else µ = 1 ·µ (For example,

suppose µ = 0101 and if 0 ≤ xT ≤ 1 and yT > 1, then µ = 00101, otherwise

µ = 10101). For 1 ≤ ℓ ≤ |µ|, if the ℓ-th bit of µ is 1, then place a pebble at

(−2ℓ−1,0), else place a pebble at (−2ℓ−2,0).

* If the 1st bit of µ is 1, then place a pebble pt1 at (-4,-1), else place pt1 at

(-5,-1).

* If the 1st bit of µ is 1, then place a pebble pt2 at (−2|µ j |−6,0), else place pt2

at (−2|µ j |−7,0).

– If the first bit of µ is 0, then let F be the foot of the perpendicular drawn from

T to LnT +1, else let F be the foot of the perpendicular drawn from T to LnT . We

have the following cases:
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1. If F ∈ B , then let F ′ be the point on LnT +1, or LnT (same line as F ), such that

|F F ′| = 2. Place the pebble pT at F ′. Next, we have the further cases:

* If |F T | < 1, then C be the point towards T , such that ∠PF ′C = π
2 and |F ′C | =

1. Also let D be the point towards T , such that∠F ′C D = π
2 and |C D| = |F F ′|.

Place a pebble pT 1 at C and a pebble pT 2 at D . Refer to Fig. 3.6(a).

* If |F T | ≥ 1, then let C be the foot of the perpendicular from T on the per-

pendicular line originating from F ′. Place a pebble pT 1 at C . Refer to Fig.

3.6(b).

2. If F ∉ B , then place a pebble pT at F .

P
F

F ′

T

C

D

LnT+1

LnT

(a) Represents the pebble placement
when |F T | < 1

P
F

F ′

T

C

LnT+1

LnT

(b) Represents the pebble placement
when |F T | ≥ 1

Figure 3.6: Represents the pebble placement situation when the point F is inside B

• Case 1b: If xT < 0, then the pebble placement strategy is as follows. For each pebble

placed at (m,n), where m ̸= 0 or n ̸= 0 in the above case, place the corresponding

pebble at (−m,−n) in this scenario. Also, place no pebble at P . An example of the

pebble positions is illustrated in Fig. 3.10.

Lemma 3.3.1. With the above pebble placement strategy, the binary string µ always consists

of exactly k −9 bits.

Proof. To prove the above lemma, we have two cases:

Case nT = 0: In this case, initially |µ| = 2 (|µ| defines the length of µ), as µ = 0 and then

either 0 or 1 is appended to µ, based on position of T . Hence, |µ| = 2. Finally, appending

k−11 zeroes at the front of µ, transforms µ in to a binary string of length k−9 (=k−11+2).
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Case nT > 0: In this case, we already know that the binary representation of nT has 1+
⌊lognT ⌋ many bits. Next appending 0 or 1 to µ, based on the position of T , makes |µ| =
2+⌊lognT ⌋. So, adding k −11−⌊lognT ⌋ to µ, makes |µ| = k −11−⌊lognT ⌋+2+⌊lognT ⌋ =
k −9.

Q1

Q2

s = (q1, q2)

P

T

p2

p1

p3

x′ x

y

y′

B

s′ = (q′1, q2 + 1)

Q′
2

h

α α

π − β

Figure 3.7: Placement of pebbles when the treasure is inside B

Thus, in this case where the treasure is outside B , according to the pebble placement

strategy, we use exactly k pebbles. First, a pebble p0 may be needed to be placed at P , then

8 pebbles p1, p2, p3, pt1 , pt2 , pT , pT 1 and pT 2 are placed at appropriate positions based on

the location of T . Lastly, the remaining k −9 pebbles are placed on the x-axis, where each

such pebble represents a bit value of the binary string µ.

Case 2: If the treasure T is located inside B (i.e., T ∈ B), then the pebble placement strategy

for each of the following cases is as follows.

• Case 2a: If xT ≥ 0, then three pebbles are placed as follows (refer to Fig. 3.7).

– Place a pebble p1 at (1,0).

– Let us consider the slope m1 = tan
(
π−arctan( 1

2 )− (π−arctan(3))
)= tan(

arctan(3)−arctan( 1
2 )

)
whereas we have m2 = tan

(
π−arctan

(1
2

))
. Draw a line

Q1 through T with slope m1 and draw a line Q2 through the point (2,0) with

slope m2. Let s = (q1, q2) be the point of intersection between these two lines.

Let s′ be the point on the line Q1 whose y coordinate is q2 +1. Draw the line Q ′
2
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parallel to Q2 and going through s′. Let h be the point of intersection of the line

Q ′
2 with the x-axis.

Two additional pebbles p2 and p3 are placed as follows. If q2 < 1, then place p2

at h and p3 at s′. Otherwise, place p2 at (2,0) and p3 at s.

• Case 2b: If xT < 0, then four pebbles are placed as follows.

– Place the pebbles p0 at P and p1 at (-1,0).

– Let the slopes be denoted by m1 and m2, where we have the value of m1 =
tan

(
π−arctan( 1

2 )− (π−arctan(3))
) = tan

(
arctan(3)−arctan( 1

2 )
)

and the value

of m2 = tan
(
π−arctan

(1
2

))
. Draw a line Q1 through T with slope m1 and draw

a line Q2 through the point (−2,0) with slope m2. Let r = (r1,r2) be the point of

intersection between these two lines. Let r ′ be the point on the line Q1 whose y

coordinate is r2 −1. Draw the line Q ′
2 parallel to Q2 and going through r ′. Let n

be the point of intersection of the line Q ′
2 with the x-axis.

Two additional pebbles p2 and p3 are placed as follows. If r2 > −1, then place

p2 at n and p3 at r ′. Otherwise, place p2 at (−2,0) and p3 at r . Note that these

pebble placements are just mirror placements of case 2a, where xT ≥ 0.

The pseudo-code of the pebble placement strategy is explained in Algorithms 1, 2, 3

and 4. More precisely, the case where T is inside B is explained in Algorithm 2, whereas the

case where T is outside B is explained in Algorithm 3 and in this case, the placement of the

pebbles on the sector is explained in Algorithm 4.

The following lemma states that, irrespective of which direction the agent is moving,

the pebbles are placed in such a way that they satisfy the following principle. If after ro-

tating at a counter-clockwise angle θ from (x, y) will take an agent to (x ′, y ′), then with the

same angular rotation from (−x,−y), the agent will reach (−x ′,−y ′).

Lemma 3.3.2. Suppose that the agent located at (x, y) facing directionδ, performs a counter-

clockwise rotation of θ, then moves forward and reaches point (x ′, y ′) facing direction δ′.

Then, if the agent is located at (−x,−y) facing direction δ+π, performs a counter-clockwise

rotation of θ, then moves forward, it will reach the point (−x ′,−y ′) facing direction δ′+π.
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Algorithm 1: PEBBLEPLACEMENT(k)

1 Draw 2k−10 +1 half lines L0, · · · ,L2k−10 starting from P in the corresponding half plane in which the
treasure lies, where the counter-clockwise angle between two consecutive half-lines is π

2k−10 . If
xT ≥ 0, then L0 goes South, otherwise L0 goes North. Let Sector Si be the sector bounded by the
half lines Li and Li+1 and let T ∈ SnT , nT ∈ {0,1, · · · ,2k−10 −1}

2 if xT ≥ 0 then
3 if 0 ≤ xT ≤ 1 and −1 ≤ yT ≤ 1 then
4 SQUAREPLACEMENT(2)
5 else
6 Place a pebble p0 at P
7 if xT ≤ 1 and yT > 1 then
8 NONSQUAREPLACEMENT(1,0)
9 SECTORPEBBLE(0,1)

10 else
11 NONSQUAREPLACEMENT(1,1)
12 SECTORPEBBLE(1,1)

13 else
14 if −1 ≤ xT < 0 and −1 ≤ yT ≤ 1 then
15 Place a pebble p0 at P and perform SQUAREPLACEMENT(1)
16 else
17 if −1 ≤ xT < 0 and yT <−1 then
18 NONSQUAREPLACEMENT(2,0)
19 SECTORPEBBLE(0,-1)
20 else
21 NONSQUAREPLACEMENT(2,1)
22 SECTORPEBBLE(1,-1)

Algorithm 2: SQUAREPLACEMENT(count )

1 Place a pebble p1 at ((−1)count ,0).

2 m1 = tan
(
arctan(3)−arctan( 1

2 )
)

and m2 = tan
(
π−arctan

( 1
2

))
.

3 Q1 a line drawn through T with slope m1.
4 Q2 a line drawn through ((−1)count ·2,0) with slope m2.
5 s = (q1, q2) point of intersection of the lines Q1 and Q2.
6 s′ the point on the line Q1 with y coordinate (q2 + (−1)count ).
7 Q ′

2 a line parallel to Q2 passing through s′.
8 h point of intersection of Q ′

2 with x- axis.
9 if |q2| < 1 then

10 Place a pebble p2 at h.
11 Place a pebble p3 at s′.
12 else
13 Place a pebble p2 at ((−1)count ·2,0).
14 Place a pebble p3 at s.

Proof. Let L1 be the line originating from A1 = (x, y) with slope m1 towards the direction δ

(refer to Fig. 3.8). Again, suppose L2 be the line originating from A′
1 = (−x,−y) with slope

m′
1 towards the direction δ+π. Hence, the lines L1 and L2 must be parallel to each other,
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Algorithm 3: NONSQUAREPLACEMENT(count ,bi t )

1 Initially l = 1
2 Place a pebble p1 at ((−1)count ,0), a pebble p2 at ((−1)count , (−1)count ), and a pebble p3 at

((−1)count ·2,(−1)count ).
3 µ= bi t · (µ\bi t ), where µ\bi t is the binary representation of the integer nT with leading

k −11−⌊lognT ⌋ (and k −11, when nT = 0) many zeroes, after the first bit, which is represented by
the value bi t .

4 while l ≤ k +1 do
5 if ℓ-th bit of µ is 1 then
6 Place a pebble at ((−1)count · (2ℓ+1),0).
7 else
8 Place a pebble at ((−1)count · (2ℓ+2),0).

9 l = l +1

10 if 1st bit of µ is 1 then
11 Place a pebble pt1 at ((−1)count ·4,(−1)count ).
12 Place a pebble pt2 at ((−1)count · (2|µ j |+6),0).
13 else
14 Place a pebble pt1 at ((−1)count ·5,(−1)count ).
15 Place a pebble pt2 at ((−1)count · (2|µ j |+7),0).

Algorithm 4: SECTORPEBBLE(val ue,domai n)

1 if val ue = 0 then
2 Let F = (x, y) be the foot of the perpendicular drawn from T on LnT +1.
3 else
4 Let F be the foot of the perpendicular drawn from T on LnT .

5 if domai n = 1 then
6 Define box = {(x, y)|0 ≤ x ≤ 1,−1 ≤ y ≤ 1}
7 else
8 Define box = {(x, y)|−1 ≤ x < 0,−1 ≤ y ≤ 1}

9 if F ∈ box then
10 Place the pebble pT at F ′, where F ′ is the point on same line as PF such that |F F ′| = 2.
11 if |F T | < 1 then
12 Let C be the point towards T , such that ∠PF ′C = π

2 and |F ′C | = 1.
13 Let D be the point towards T , such that ∠F ′C D = π

2 and |C D| = 2.
14 Place a pebble pT 1 at C and a pebble pT 2 at D .
15 else
16 Place a pebble pT 1 at C , where C is the foot of the perpendicular drawn on the

perpendicular line originating from F ′, from T .

17 else
18 Place a pebble pT at F .

since tan(δ) = tan(δ+π). So, we have m1 = m′
1. Now, suppose the agent rotates at an angle

θ from A1 in a counter-clockwise direction, it aligns itself along the line A1 A2, facing the

direction δ′. Let the slope of this new line be m2. Similarly, if the agent performs a counter-

clockwise rotation of θ from A′
1, facing δ+π direction, it aligns to the line A′

1 A′
2. Let the
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A1 = (x, y)

δ
θ

L1

A2 = (x′, y′)

A′1 = (−x,−y)

δ + π

θ

A′2

y

xx′

y′

P

L2

δ′

Figure 3.8: Determining that the pebble positions on the adjacent half of y-axis are mir-
rored

slope of this line be x. Now, we have tanθ = m1−m2
1+m1m2

with respect to the lines A1 A2 and L1.

Similarly, we have tanθ = m1−x
1+m1x with respect to the lines A′

1 A′
2 and L2. Hence, we have:

m1 −m2

1+m1m2
= m1 −x

1+m1x
,

which gives (m1
2 + 1)(x −m2) = 0. Hence, we have x = m2, since m2

1 ̸= −1. Now, as the

counter-clockwise direction from A1 is opposite to that from A′
1, the agent will face δ′+π.

Moreover, since the slope of the line passing through (−x ′,−y ′) and A′
1 is the same as the

slope of the line passing through A1 A2, and also the direction of the point (−x ′,−y ′) is along

the direction δ′+π from A′
1. This proves the lemma.

The following lemmas and corollaries ensure that, the pebbles placed on the same half

of the plane as the treasure (i.e., p1, p2 and p3 when T ∈ B and pT , pT 1 and pT 2 when

T ∉ B) obey the condition that the distance between any two pebbles is at least 1. In order

to prove this, first we show in the next lemma that when T ∉ B , the encoding pebbles (i.e.,

those placed on the adjacent half of the plane) which are nearest to pT , pT1 , and pT2 are p0,

p1, and p2, respectively.

Lemma 3.3.3. If T = (xT , yT ) ∉ B, then among all the pebbles used for encoding, the pebbles

p0, p1 and p2 are nearest to the pebbles pT , or pT 1, or pT 2.

Proof. As per the pebble placement strategy, the pebbles pT , or pT1 , or pT2 are located in

the right half of y-axis (resp. left half of y-axis), if xT ≥ 0 (resp. xT < 0), where T = (xT , yT ).
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P
x′ x

y

y′

B

F = (x1, y1)

T = (xT , yT )

LnT

LnT+1

pT

Figure 3.9: Determining the location of the pebble pT

Note that nearest pebbles to y-axis are: p0, placed at P (if xT ≥ 0), p1 at (−1,0) (resp. (1,0)),

p2 at (−1,−1) (resp. (1,1)). It is because the positions of p3, pbi (for i ≥ 1), pt1 and pt2 are

each further from the y-axis and have the same y coordinate as one of the pebbles p0, p1 or

p2 (refer, their positions in Section 3.3.2). This implies that p0, p1, and p2 are the nearest

to any pebble placed while traversing the sector.

The next lemma states that when T lies inside B1, where B1 = {(x, y)| 0 ≤ x ≤ 1 and

−1 ≤ yT ≤ 1}, then the pebbles p0, p1, p2 and p3 are all at least 1 distance apart from each

other.

Lemma 3.3.4. If T = (xT , yT ) ∈ B2, where B2 = {(x, y)| −1 ≤ x < 0 and −1 ≤ yT ≤ 1} then all

the pebbles are at least 1 unit distance apart from each other.

Proof. Since xT < 0, hence the pebbles p0 is placed at P , whereas the pebble p1 is placed at

(−1,0). Next, the pebble p2 is placed at (−2,0) or at n, which is located to the left of (−2,0)

along the x-axis. This shows the pebbles p0, p1 and p2 are at least 1 distance apart from

each other. Next, let the position of p3 be (x1, y1). As per Algorithm 2, |y1| must be greater

than 1. This guarantees that p3 is also at least 1 unit distance apart from the rest of the

pebbles.

Corollary 3.3.5. If T = (xT , yT ) ∈ B1, where B1 = {(x, y)| 0 ≤ x ≤ 1 and −1 ≤ yT ≤ 1} then all

the pebbles are 1 unit distance apart from each other.
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The above corollary follows from the fact that, the position of the pebbles when xT ≥ 0,

is exactly same as xT < 0, just mirrored from earlier positions. Hence, all the conditions

still hold for this case as well. Also, since B = B1∪B2, Lemma 3.3.4 and Corollary 3.3.5 show

that when T ∈ B , all pebbles are at least 1 distance apart from each other. The following

lemma states that if T lies in B ′
1, where B ′

1 = {(x, y)| 0 ≤ x ≤ 1 and yT > 1}, then the foot F of

the perpendicular drawn from T on LnT +1, lies outside B .

Lemma 3.3.6. If T = (xT , yT ) ∈ B ′
1, where B ′

1 = {(x, y)| 0 ≤ x ≤ 1 and yT > 1}, the location

of the foot F of the perpendicular drawn from T on LnT +1 is outside the square B, where

B = {(x, y)| −1 ≤ x ≤ 1 and −1 ≤ y ≤ 1}.

Proof. Let the position of F be (x1, y1), let m1 = y1
x1

be the slope of the line PF and m2 =
yT −y1
xT −x1

be the slope of the line F T (refer to Fig. 3.9). Based on the position of x1, we have the

following cases:

1. x1 = 0: In this case, F must lie on L2k−10 and T ∈ S2k−10−1. As per case 1a of Section 3.3.2,

PF ⊥ F T , so the position of F must be (0, yT ). Further, since yT > 1, this implies that F

must lie outside B .

2. x1 > 0: Again as per the position of F , the condition PF ⊥ F T must hold. So, we have

m1 ·m2 = −1. The slope m1 = y1
x1

is positive as y1 > 0 and x1 > 0, so m2 = yT −y1
xT −x1

must be

negative to satisfy the above condition. Now, m2 can be negative if one of the following

cases is true.

Case 1: yT > y1 and xT < x1, and Case 2: yT < y1 and xT > x1.

In case 1, since xT < x1, the point F must be on the right side of the line x = xT , which is

not possible. In case 2, 1 < yT < y1 and xT > x1. The fact that y1 > yT > 1 implies that F is

outside B since all points in B have y coordinate at most 1.

Corollary 3.3.7. If T = (xT , yT ) ∈ B ′
2, where B ′

2 = {(x, y)| −1 ≤ x < 0 and yT <−1}, the loca-

tion of the foot F of the perpendicular drawn from T on LnT +1 is outside the square B, where

B = {(x, y)| −1 ≤ x ≤ 1 and −1 ≤ y ≤ 1}.

Lemma 3.3.6 and Corollary 3.3.7 shows that whenever T ∈ B ′, where B ′ = {(x, y)| −1 ≤
xT ≤ 1 and |yT | > 1} (where B ′ = B ′

1 ∪B ′
2), the point F on LnT +1 lies outside B . The next
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lemma proves that, when T ∈ B ′, the distance from pebble pT to any other pebble is at

least 1.

Lemma 3.3.8. If T = (xT , yT ) ∈ B ′, where B ′ = {(x, y)| − 1 ≤ xT ≤ 1 and |yT | > 1}, then the

distance between pebble pT and any other pebble is at least 1.

Proof. As per Lemma 3.3.6 and Corollary 3.3.7, we show that whenever T = (xT , yT ) lies on

this domain −1 ≤ xT ≤ 1 and |yT | > 1, then the location of F is outside B . Next, according to

the pebble placement strategy, in this case, when F lies outside B , then only a single pebble

is placed on the sector containing T . This pebble, i.e., pT , is placed on F . Again, as F lies

outside B , so it is at least 1 distance apart from the nearest pebbles p0, p1 and p2 (refer to

Lemma 3.3.3). This proves the lemma.

The above lemmas and corollaries deal with the cases when T ∈ B and when T ∈ B ′,

where B = {(x, y)|−1 ≤ x ≤ 1 and −1 ≤ y ≤ 1} and B ′ = {(x, y)|−1 ≤ x ≤ 1 and |y | > 1}. Now,

the last remaining case to consider is when T does not lie in B or B ′, but the point F lies

inside B . In this case, we show that the distance from each of the pebbles pT , pT1 and pT2

to all the other pebbles is at least 1.

Lemma 3.3.9. If T ∉ B∪B ′ and F = (x1, y1) ∈ B1, where B1 = {(x, y)| 0 ≤ x ≤ 1 and −1 ≤ y ≤ 1}

then the distance from each of the pebbles pT , pT1 and pT2 to all the other pebbles is at least

1.

Proof. Let T ∈ SnT and T ∉ B ∪ B ′, where B = {(x, y)| − 1 ≤ x ≤ 1 and − 1 ≤ y ≤ 1} and

B ′ = {(x, y)| −1 ≤ x ≤ 1 and |y | > 1}. Hence according to Algorithm 1, the point F must lie

on LnT and not on LnT +1. Now, as per Algorithm 4, whenever F = (x1, y1) ∈ B1, the positions

at which the pebbles pT , pT 1 and pT 2 may be placed are F ′, C and D , respectively (refer to

Fig. 3.6(a) and 3.6(b)). Now, based on the distance |F T | we have two cases:

1. |F T | < 1: In this case, all three pebbles pT , pT 1 and pT 2 are placed at F ′, C and D ,

respectively. Now, as per the pebble placement strategy |F F ′| = 2, so the pebble is outside

B . This is because LnT originates from P and the maximum distance of a point inside B

from P is at most
p

2. Next, the point C is such that ∠PF ′C = π
2 and |F ′C | = 1. This shows

that first, the point C is 1 distance apart from F ′ and second, it lies outside B . The reason
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is that, as T lies outside B and the line F T is parallel to F ′C , hence C must lie outside B .

Further the point D is such that, ∠F ′C D = π
2 and |C D| = 2. So, as per construction, F F ′C D

forms a rectangle. This is because ∠F F ′C = ∠F ′C D = π
2 and |F F ′| = |C D| = 2, so the line

perpendicular from F must touch the point D , i.e., ∠DF F ′ = π
2 . This shows that, all three

angles of F F ′C D are of angle π
2 , also |F F ′| = |C D|, so this proves F F ′C D is a rectangle.

Now, as F T ⊥ PF ′ and also F D ⊥ PF ′ and |F T | < |F D| (since F F ′C D being a rectangle,

|F D| = |F ′C | = 1), so we can conclude that T lies on the line segment F D . Hence, D lies

outside B , as T ∉ B . Moreover, the distance between points D and F ′ is at least 1 (since

|F ′D| =p
5) and the distance between D and C is at least 1 (since |C D| = 2).

2. |F T | ≥ 1: In this case, pebbles are placed at F ′ and C . C is the foot of the perpendicular

from T , drawn on perpendicular line originating from F ′. Again, F F ′C T is a rectangle,

because, observe ∠T F F ′ =∠F TC =∠F F ′C = π
2 . So, we have |F F ′| = |C T | = 2 and |F T | =

|F ′C | ≥ 1. This shows that, C and F ′ lie outside B , and are at least 1 distance apart from

each other.

Corollary 3.3.10. If T ∉ B ∪B ′ and F = (x1, y1) ∈ B2 where B2 = {(x, y)| −1 ≤ x < 0 and −1 ≤
y ≤ 1} then all the pebbles placed, i.e., among pT , pT 1 and pT 2, are at least 1 distance apart

from the other pebbles.

Corollary 3.3.11. If T ∉ B ′ and F ∉ B then pT is at least 1 distance apart from remaining

pebbles.

To see why Corollary 3.3.11 is true, note that F ∉ B and T ∉ B ′ imply that F lies on LnT

(if T ∈ SnT ). As per the pebble placement strategy in Algorithm 1, this means that only a

single pebble is placed, and that is pT on F . So, this pebble pT , being outside of B , is at

least 1 distance apart from the nearest pebbles.

The next theorem is a direct consequence of Lemmas 3.3.8 and 3.3.9 and also Corollar-

ies 3.3.10 and 3.3.11.

Theorem 3.3.12. The distance from each of the pebbles pT , pT1 and pT2 to all the other

pebbles is at least 1.
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3.3.3 Treasure hunt

Starting from P , the agent finds the treasure with the help of the pebbles placed at different

points on the plane. On a high level, the agent performs three major tasks: (1) Learn the

direction of its initial movement, (2) Learn the encoding of the sector number in which the

treasure is located, and (3) Move inside the designated sector and find the treasure.

The agent learns the direction of its initial movement by observing whether a pebble

is located at P or not. If a pebble is present, then it learns that the direction of its initial

movement is west, and pebble placement is done for the encoding of the sector number

on the negative x axis. Otherwise, it learns that the direction of its initial movement is east

and pebble placement is done for the encoding of the sector number on the positive x axis

(refer to steps 1-5 of Algorithm 5). Now, for each j = 1,2, · · · , it continues its movement

along a specific path (depending on the value of j ) and learns the j -th bit of the encoding

until it detects the termination of the encoding (refer to steps 15-20 of Algorithm 5). To be

specific, the j -th bit of the encoding is learned by the agent using the movements in the

following order from P (the details of how the agent learns the encoding are described in

Algorithm 6).

• Starting from P , move along x-axis until the ( j +1)-th pebble is reached.

• Rotate at angle π−arctan( 1
2 j ), and continue moving in this direction until a pebble is

reached.

• Rotate at an angle arctan
(

2 j+1
2 j−1

)
and move, until P or a pebble is found.

• If P is found in the previous step, then the bit is 1.

• If a pebble is found, then move along x axis towards P , i.e., rotate at an angle 2π− π
4

and move.

• If P is encountered, then the bit is 0.

• If a pebble is encountered instead of P in the previous step, then the agent learns that

the encoding is completed.
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Algorithm 5: AGENTMOVEMENT

1 if a pebble is found at P then
2 ang l e =π
3 else
4 ang l e = 0

5 t = 2, µ=φ // µ indicates the obtained binary string, which at the beginning is
the empty string φ

6 while the treasure is not found do
7 Start moving at an angle ang le with the positive x axis.
8 if the treasure is found then
9 Terminate

10 else
11 Move in the same direction until the t-th pebble or the treasure is found.
12 if the treasure is found then
13 Terminate
14 else
15 ℓ=FINDBIT(t , ang l e)
16 if ℓ ∈ {0,1} then
17 µ=µ ·ℓ
18 t = t +1
19 else
20 FINDTREASURE(µ)

Algorithm 6: FINDBIT(t , ang l e)

1 Rotate at an angle π−θt , where θt = arctan( 1
2t ) and move until the treasure or a pebble is found.

2 if the treasure is found then
3 Terminate
4 else
5 Rotate at an angle βt , where βt = arctan( 2t+1

2t−1 ) and move in this direction.
6 if the treasure is found then
7 Terminate
8 else if P is found then
9 Return 1

10 else if a pebble is found then
11 Rotate at an angle 2π− π

4 and move.
12 if P is found then
13 Return 0
14 else
15 Continue its movement until P is reached.
16 Return 2

A special case occurs, if T is inside B , then on the first iteration itself, i.e., after it reaches

the 2nd pebble (i.e., p2) on x-axis, it rotates at an angleπ−arctan( 1
2 ) and moves, while mov-

ing finds a pebble (i.e., p3). From this pebble, it rotates at an angle arctan(3) and moves,
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Algorithm 7: FINDTREASURE(µ)

1 Let nT be the integer whose binary representation is µ′, where µ′ =µ\{µ1} and µi represents i -th bit
of µ.

2 if µ1 = 0 then
3 Update val = nT +1 and perform SECTORTRAVEL(val ,2)
4 else
5 Update val = nT and perform SECTORTRAVEL(val ,1)

Algorithm 8: SECTORTRAVEL(val ,r ot ate1)

1 Rotate at an angle 3π
2 +

(
π·val
2k−10

)
and move until a pebble or treasure is found.

2 if Treasure found then
3 Terminate.
4 else
5 Rotate at an angle π+ (−1)r ot ate1 π

2 and move until a pebble or treasure is found.
6 if Treasure found then
7 Terminate.
8 else
9 Rotate at an angle π+ (−1)r ot ate1 π

2 and move until a pebble or treasure is found.
10 if Treasure found then
11 Terminate.
12 else
13 Rotate at an angle π+ (−1)r ot ate1 π

2 and move until treasure is found.
14 Terminate.

the agent reaches T , and the algorithm terminates (refer to Fig. 3.7).

Otherwise, if T is not reached yet (i.e., T is outside B) then let µ be the binary string

learned by the agent in the above process and let nT be the integer value of the binary

string µ′, where µ′ = µ \µ1, i.e., µ′ is a sub-string of µ consisting of the entire binary string

except the first bit of µ. Next, as per Algorithms 7 and 8, if the first bit of µ is 1 (resp. 0) and

a pebble is found at P (i.e., the initial movement is along west and the treasure is located

along the right half of the coordinate axis), then the agent starts moving along LnT (resp.

LnT +1) from P until it hits a pebble or reaches the treasure. Once a pebble is reached, then

the agent rotates at angle π
2 (resp. 3π

2 ). It continues to move in the current direction until it

hits a pebble or reaches the treasure. Once a pebble is reached, the agent again rotates at

an angle π
2 (resp. 3π

2 ). It continues to move in the current direction until it hits a pebble or

reaches the treasure. If it finds a pebble again, it once again rotates at an angle of π
2 (resp.

3π
2 ). It continues to move in this direction until it reaches the treasure.

The following example helps understand the execution of the algorithm.
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Figure 3.10: Figure showing demonstration of Example

Example: Given 13 pebbles, the Oracle divides the left half plane into 213−10 sectors, where

we suppose the treasure is located at sector 6 (as depicted in Fig. 3.10) and it is located out-

side the square B . Also suppose, the location of F , i.e., the foot of the perpendicular on LnT

(or LnT +1) is also outside B . So, the Oracle places the pebbles by the PEBBLEPLACEMENT()

(Algorithm 1) algorithm in such a way that the agent, after following the algorithm AGENT-

MOVEMENT (Algorithm 5), learns the direction of its initial movement and the encoding of

the sector number (i.e., 110 in this case) in which the treasure is located. We describe the

iteration of the algorithms as follows.

An iteration of Algorithm 5 is defined as a cycle that consists of the agent’s movement

starting from P and returning to P . In the first iteration, the agent initially at P does not

find a pebble at P . Algorithm 5 instructs the agent to move towards the east until it en-

counters a second pebble pb1 along the positive x-axis. From pb1 the agent rotates at an

angle π−arctan( 1
2 ) and moves until it encounters a pebble p2. From p2 it further rotates

at an angle arctan
(2+1

2−1

)
and moves until it reaches the origin P . So, after completion of the

first iteration (i.e., the path traversed P → pb1 → p2 → P ), the agent learns that the first bit

is 1. In the second iteration, the agent again moves towards the east until it reaches the

third pebble pb2 . From pb2 , the agent rotates at an angle π−arctan
( 1

2·2
)

and moves until

it encounters a pebble p2, from p2 it further rotates at an angle arctan
(2·2+1

2·2−1

)
and moves

until it reaches the origin P . So, after completion of the second iteration (i.e., the path tra-

versed P → pb2 → p2 → P ), the agent learns that the second bit is 1. In the third iteration,

the agent, after a similar movement towards the east, reaches the fourth pebble pb3 along

the positive x-axis. From pb3 , it further rotates at an angle π−arctan( 1
2·3 ) and moves until
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it reaches the pebble p2. From p2, it rotates along an angle arctan
(2·3+1

2·3−1

)
and moves until

it reaches the origin P . So, after completion of the third iteration (i.e., the path traversed

P → pb3 → p2 → P ), the agent learns that the third bit is 1. In the fourth iteration, with a

similar movement the agent reaches the pebble pb4 , and from this position the agent ro-

tates at an angle π−arctan
( 1

2·4
)

and moves until it reaches p3, from p3 it further rotates at

an angle arctan
(2·4+1

2·4−1

)
and moves until it reaches a pebble p1. From p1, the agent finally

rotates at an angle 2π− π
4 and moves until it reaches P . So, after completion of the fourth

iteration (i.e., the path traversed P → pb4 → p3 → p1 → P ), the agent learns that the fourth

bit is 0. In the fifth iteration, the agent reaches the fifth pebble, i.e., pt2 (refer to Fig. 3.10),

from pt2 it rotates at an angle π−arctan
( 1

2·5
)

and moves until it reaches a pebble pt1 , from

this position it further rotates at an angle arctan
(2·5+1

2·5−1

)
until it reaches a pebble pb1 . Fur-

ther from pb1 , the agent further rotates at an angle 2π− π
4 and moves until it reaches P .

Since the agent encounters the pebble p1 after its last movement from pb1 , this gives the

knowledge to the agent that termination is achieved. Hence, the binary string obtained

by the agent is µ= 1110. The agent gathers information that the treasure is located some-

where in sector 6 with the help of the binary string µ. Further, since the first bit of µ is 1,

the agent then follows the algorithms FINDTREASURE() (Algorithm 7) and SECTORTRAVEL()

(Algorithm 8) in order to determine the half-line L6 along which it travels and encounters

the pebble pT , from which it is further instructed to rotate at an angle π
2 and move, which

ultimately takes the agent to the treasure T , since the point F (i.e., where pT is placed) is

outside B .

3.3.4 Algorithm Analysis

In this section, we prove the correctness and an upper bound on the cost of finding the

treasure from the proposed algorithms. The following two lemmas show the algorithm’s

correctness when the treasure is inside B (where B is the square region bounded by the

lines x = 1, x = −1, y = 1 and y = −1) and the corresponding upper bound of the cost of

treasure hunt in this case.

Lemma 3.3.13. When the treasure is located inside B, at most four pebbles are used, and the
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agent successfully finds the treasure.

Proof. When the treasure is present inside the square B , the Oracle places a pebble p0 at P

if the treasure is located in the left of y-axis, otherwise, no pebble is placed at P as discussed

in case 2 of Section 3.3.2 (also refer to lines 3−4 and 14−15 of Algorithm 1). So, the agent

starts its movement from P along an angle π, i.e., along negative the x-axis if it finds a

pebble p0 at P (refer to lines 1, 2 and 7 of Algorithm 5) otherwise, the agent moves along

an angle 0, i.e., along the positive x-axis if no pebble is found at P (refer to lines 4 and 7 of

Algorithm 5). We have the following cases, depending on the presence of a pebble at P .

• Pebble not found at P : In this case, the Oracle places pebbles by calling SQUARE-

PLACEMENT(2) (refer to line 4 of Algorithm 1). The agent first moves along the pos-

itive x−axis. If the agent finds the treasure, then the algorithm terminates (refer to

lines 8 and 9 of Algorithm 5). Otherwise, the agent finds a pebble p1 placed at (1,0),

which it ignores and continues to move until it reaches the treasure or encounters

another pebble (refer to line 11 of Algorithm 5). If the treasure is not found, then

the pebble encountered is p2, which is placed by the Oracle either at h or at (2,0)

(refer to lines 10 and 13 of Algorithm 2). The agent, after encountering the second

pebble, rotates along an angle π−θ1 and moves, where θ1 = arctan
(1

2

)
. Next, if the

treasure does not lie along slope tan(π− arctan( 1
2 )), then accordingly a pebble (i.e.,

p3) is placed, either at s, or at s′, where the slope of the line passing through (2,0) and

s, or h and s′ is tan(π−arctan( 1
2 )). So, the agent rotating along an angle π−θ1 and

moving in this direction, either leads to a pebble or the treasure. If a pebble is found,

then we have the following cases:

p2 is placed at (2,0): In this case, the pebble p3 is placed at s (where the position of

s can be determined in Algorithm 2, and it is such that the slope of the line p2s =
tan

(
π−arctan( 1

2 )
)
) so that whenever the agent rotates at an angle π−θ1 and moves

from p2, it eventually encounters the pebble p3 at s. Next, the position of s is also

significant, as the slope of the line sT = tan(arctan(3)− arctan( 1
2 )). So, as per Algo-

rithm 6, whenever the agent further rotates at an angle β1 = arctan(3) and moves

from s, it gets directly aligned along the line sT . It is because, if we draw a line
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parallel to the x-axis from T towards Q2, term the intersecting point as H , then

∠HTs = π− (π−β1)−θ1 = β1 −θ1, which is exactly the slope of the line sT (see Fig.

3.7, where β is β1 here and α is θ1 here). Hence, moving along this direction, one

eventually finds the treasure.

p2 is placed at h: In this case, the pebble p3 is placed at s′ (where the position of s′

can be determined in Algorithm 2, and the slope of the line hs′ = tan
(
π−arctan( 1

2 )
)
)

so that whenever the agent rotates at an angle π−θ1 and moves from p2, it encoun-

ters the pebble p3 at s′. Next the position of s′ is also significant as, the slope of

s′T = tan(arctan(3)−arctan( 1
2 )). So, as per Algorithm 6, whenever the agent further

rotates at an angle β1 = arctan(3) and moves from s′, it gets directly aligned along the

line s′T as per earlier arguments, and moving along this direction, eventually finds

the treasure.

• Pebble found at P : In this case, the Oracle places pebbles by calling SQUAREPLACE-

MENT(1) (refer to line 15 of Algorithm 1). The agent moves along the negative x-axis

and performs the exact same movements as performed in the previous case. As per

Algorithm 2, in this case, the pebble positions are just mirrored from the earlier case.

So, according to Lemma 3.3.2, the agent encounters the same pebbles, as described

in the previous case, with the same angular movements. This phenomenon eventu-

ally leads the agent to the treasure.

P

T

p1
x′ x

y

y′

B

s′ = (q′1, q2 + 1)

h(x′, 0)

(xT , yT )

α

π − β

γ

F

(a) Represents the exact path

P

p1x′ x

y

y′

B

A(3, 2)

C(7, 0)

α

α = arctan(0.5)
β = arctan(3)

Q
′′
2

E (0,−1)
F ′

(b) Represents the approximate path

Figure 3.11: Represents the exact and approximate path, when the treasure is inside B
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Lemma 3.3.14. When the treasure is located inside B, the agent starting from P successfully

finds the treasure at a cost less than 7+2(
p

3+p
5).

Proof. The treasure is located at the point T = (xT , yT ). Suppose without loss of generality

xT ≥ 0. Moreover, as T ∈ B , the distance of the treasure from the initial point P is at most
p

2. Now, by the pebble placement strategy, the pebbles p2 and p3 are placed at the posi-

tions (2,0) (or h = (x ′,0)) and s = (q1, q2) (or s′ = (q ′
1, q2+1)), respectively. Now, as per these

placements, the agent needs to travel more if p2 is placed at h and p3 is placed at s′ (refer

to Fig. 3.11(a)), respectively, as explained in Algorithm 2. So, in this situation, the agent fol-

lowing Algorithm 5 needs to traverse the path Ph → hs′ → s′T in order to reach the treasure

from P . Further, since the treasure can be located anywhere inside B at or to the right half

of y-axis, we give an upper bound on the length of the path Ph → hs′ → s′T . Letα=∠Phs′,

β=∠hs′P and lastly γ=∠s′Ph. Observe that since γ=π−(π−arctan(3))−arctan( 1
2 ) = 45◦,

so irrespective of the position s = (q1, q2) (only condition q2 < 1), the x-coordinate of s′

can be at most 3, whereas the y-coordinate of s′ can be strictly less than 2 (designated as

A = (3,2) in Fig. 3.11(b)). It is because, q2+1 < 2 (since q2 < 1) and q ′
1 = q1+ 1

t anγ = q1+1 < 3

(since, q1 < 2 as p2 is placed at (2,0) and ∠P p2s =α and α< π
2 , refer to Fig. 3.7). Now, if we

draw a similar line Q
′′
2 parallel to Q

′
2 from A (where Q ′

2 is defined as in Case 2a in Section

3.3.2), then this line meets the x-axis at the point C = (7,0) (refer to Fig. 3.11(b)). Fur-

ther, we can conclude that |s′T | < |AE | (where E = (0,−1)), as 3 > q ′
1 > q1 ≥ xT ≥ 0 and

2 > q2 + 1 > yT ≥ −1. Also, we can see that |hs′| ≤ |C A| (as |F s′|
|hs′| = |F ′A|

|C A| , and |F s′| < |F ′A|,
hence |hs′| ≤ |C A|, where F = (q ′

1,0) and F ′ = (3,0)). Note that |Ph| ≤ |PC |, since each co-

ordinate of p3’s location is less than or equal to the corresponding coordinate of point A,

whereas ∠PC A =∠Phs′ =α< π
2 , so the lines s′h and C A are parallel to each other, where

s′ lies inside the domain bounded by the left portion of the line x = 3, and the lines y = 1

and y = 2. So, we have |Ph|+ |hs′|+ |s′T | < |PC |+ |C A|+ |AE | = 7+2(
p

3+p
5) (as |PC | = 7,

|C A| = 2
p

5 and |AE | = 2
p

3). So, in this case, the agent in order to reach the treasure tra-

verses a path of length less than 7+2(
p

3+p
5).

Lemmas 3.3.15, 3.3.16, 3.3.17, and 3.3.18 show the correctness and complexity of Algo-

rithm 5 when the treasure is outside B .
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Lemma 3.3.15. When the treasure is outside B, the agent successfully learns the j -th bit of

the binary string µ at cost O( j ).

Proof. To obtain the j -th bit of µ the movement of the agent is as follows. When the trea-

sure is present outside the square B , the Oracle places a pebble p0 at P if the treasure is

located on or to the right of the y-axis, or otherwise, there is no pebble placed at P (refer to

line 6 of Algorithm 1). The movement of the agent from P is as follows:

• p0 found at P : In this case, the Oracle places pebbles by calling NONSQUAREPLACE-

MENT(1,0) or NONSQUAREPLACEMENT(1,1) (refer to lines 6-12 of Algorithm 1). The

agent moves at an angle π, i.e., along the negative x-axis (refer to line 1 of Algorithm

5). Further, it ignores the first j pebbles along the negative x-axis (refer to line 11 of

Algorithm 5). It is because the initial value of t is 2 (as the first pebble to encounter

is p1), so t = j +1 when determining the j -th bit. After learning each bit, the value

of t is incremented, and the invariant t = j + 1 is maintained. Next, after ignoring

the first j pebbles, continues to move until it either finds the treasure or encoun-

ters the ( j +1)-th pebble, i.e., pb j or pt2 placed at either (−2 j −1,0) or (−2 j −2,0) or

(−2 j −6,0) or (−2 j −7,0) (refer to Algorithm 3). If the treasure is not found, the cost

of reaching this pebble is at most 2 j +7. From the present location with pebble, the

agent performs FINDBIT( j +1,π) so it rotates at an angle π−θ j and moves (refer to

line 1 of Algorithm 6), where θ j = arctan
(

1
2 j

)
. Note that, if the agent from pb j rotates

at an angle π− θ j and moves, then based on the position of pb j , this will lead the

agent either to the treasure, or p2, or p3. It is because, if the j -th bit is 1 (or 0), then

pb j = (−2 j −1,0) (or (−2 j −2,0)) and accordingly after this movement, the agent di-

rectly aligns along the line connecting pb j and p2 (or p3) with slope −1
2 j (=tan(π−θ j )).

By the same argument, if the agent is at pt2 , and rotates in the same sequence of an-

gles and moves and if the treasure is not reached, then it will eventually reach pt1 . If

a pebble is found, then this pebble is either p2 placed at (-1,-1) or p3 placed at (-2,-1)

or pt1 placed at either (-4,-1) or (-5,-1), respectively (refer to line 2 of Algorithm 3). So,

the cost of this traversal from the ( j +1)-th pebble to either p2 or p3 or pt1 is at most√
(2 j +2)2 +1. From either of these pebbles, the agent is further instructed to rotate
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along an angle β j and move, where β j = arctan
(

2 j+1
2 j−1

)
(refer to line 5 of Algorithm

6) until it encounters the treasure or encounters the pebble p1, or pb1 or reaches P

with O(1) cost. In each case, if the agent rotates from its current position at an an-

gle β j and moves, it directly aligns itself along the line connecting p2 with P , or p3

with p1, or pt1 with pb1 , having slope tan(β j −θ j ) = tan

(
arctan

( 2 j+1
2 j−1− 1

2 j

1+ 2 j+1
2 j−1 · 1

2 j

))
= 1 (since

arctan(a)−arctan(b) = arctan( a−b
1+ab )). This is exactly the slope of the lines p2 with P ,

or p3 with p1, or pt1 with pb1 . Now we have the following cases:

– If the treasure is found: In this case, the agent has reached its goal, and the whole

process terminates.

– If a pebble is found: In this case, the pebble found is either p1 or pb1 . In either of

the cases, the agent is further instructed to rotate along an angle of 2π− π
4 and

move until it reaches P or pebble p1 is found (refer to lines 10-16 of Algorithm

6). One of these points will be encountered, as after rotating by an angle of

2π− π
4 , the agent aligns itself along the x-axis, facing east. It is because, before

rotating at an angle of 2π− π
4 , the agent is facing along a direction that makes a

counter-clockwise angle ofπ− π
4 with respect to the negative x-axis. So, rotating

π− π
4 , aligns the agent on negative x-axis facing west. Further rotation of π after

π− π
4 , aligns the agent towards east, facing the origin P . Then, while moving

east, it either encounters P or finds a pebble. Hence, we have two cases:

* If P is reached: The agent gains the information that the j -th bit of µ is 0

(refer to lines 15-16 of Algorithm 6 and to lines 15-18 of Algorithm 5). So,

the path traversed by the agent is P → pb j → p3 → p1 → P . Hence, the cost

is at most (2 j +2)+
√

(2 j )2 +1+O(1) =O( j ).

* If a pebble is found: In this case, the agent continues to move from p1 until

P is reached with O(1) cost, in which case the agent gains the information

that termination of the binary string is achieved, i.e., the ( j − 1)-th bit is

the terminating bit of the binary string µ. The agent further moves on to

execute algorithm FINDTREASURE() (refer to lines 15-16 of Algorithm 6, as

well as lines 15-16 and 19-20 of Algorithm 5). So, the path traversed by
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the agent is P → pt2 → pt1 → pb1 → p1 → P . Hence, the at most cost is

(2 j +7)+
√

(2 j +2)2 +1+O(1) =O( j ).

– If P is reached: In this case, the agent gains the information that the j -th bit of

µ is 1 (refer to lines 8-9 of Algorithm 6 and lines 15-18 of Algorithm 5). So, the

path traveled to gain this information is P → pb j → p2 → P . So, the cost is at

most (2 j +1)+
√

(2 j )2 +1+O(1) =O( j ).

• No pebble is found at P : In this case, the Oracle places pebbles by calling NON-

SQUAREPLACEMENT(2,0) or NONSQUAREPLACEMENT(2,1) (refer to lines 17-22 of Al-

gorithm 1). The agent moves at an angle 0, i.e., along the positive x−axis (refer to

lines 1, 4 and 7 of Algorithm 5). In this case, the pebbles are placed in the following

manner: for each pebble placed at (m,n), where m ̸= 0 or n ̸= 0 for the case where

xT ≥ 0 (i.e., for the case where a pebble is found at P ), the Oracle in this case, places

the corresponding pebble at (−m,−n). So, as per Lemma 3.3.2, with the same angu-

lar movements, the agent reaches the corresponding pebbles. Hence, for this case as

well, the cost to obtain the j -th bit of the binary string is O( j ).

Hence, in each case, the cost of finding the j -th bit of µ is O( j ).

Lemma 3.3.16. Given k pebbles and the treasure located outside B, the agent successfully

learns the binary string µ at cost O(k2).

Proof. According to Lemma 3.3.15, the agent successfully determines the j -th bit of µ at

O( j ) cost. Now as the binary string µ is of length at most k (specifically k −10), this implies

the total cost to obtain µ is at most:
∑k

j=1 O( j ) =O(k2).

Lemma 3.3.17. When the treasure is located outside B, the agent, after learning the binary

string µ, successfully finds the treasure by executing FINDTREASURE().

Proof. After the execution of the Algorithm 5, the agent performs Algorithm 7 with the

already acquired binary string µ to finally reach the treasure T = (xT , yT ) (if not already

reached).

The treasure is either located somewhere in the region x ≥ 0 (i.e., at or to the right of the

y-axis) or x < 0 (i.e., to the left of the y-axis) and accordingly, the Oracle divides the whole
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left half or right half of the plane into 2k−10 sectors (refer to line 1 of Algorithm 1), where

each sector Si is bounded by half-lines Li and Li+1 (where i ∈ {0,1, . . . ,2k−10 −1}) and the

counter-clockwise angle between consecutive half lines is π
2k−10 . Suppose the treasure is

located somewhere in sector SnT , where µ′ (µ′ = µ \µ1) is the binary representation of nT .

The agent can correctly determine the values of µ1 and nT after executing the algorithm

AGENTMOVEMENT (Algorithm 5). The whole aim of the Oracle is to align the agent either

along the half-line LnT or LnT +1. The alignment of the agent along the half-lines LnT or

LnT +1 depends on the first bit value of µ, i.e., on µ1 (refer to Algorithm 7), where µ = µ1 ·
µ2 · · ·µk−9. Let F be the foot on the perpendicular on LnT or LnT +1, depending on the value

of µ1. Further, let us define B = {(x, y)|−1 ≤ x ≤ 1 and −1 ≤ y ≤ 1}.

Now, as per the Algorithm 8, the agent is instructed to move either along LnT or LnT +1.

Without loss of generality, suppose the agent is instructed to move along LnT (i.e., µ1 = 1),

where xT ≥ 0. The other cases follow analogously, as the agent can either move along LnT

or LnT +1, depending on the value of µ1, irrespective of whether xT ≥ 0 or xT < 0. In the

case of the agent moving along LnT +1, the only change that occurs is the angular rotations

performed by the agent after encountering each pebble until the treasure is found. To be

specific, while the agent moves along LnT +1, it needs to rotate at an angle of 3π
2 after it

encounters any pebble until the treasure is found. This is unlike the case for moving along

LnT , in which it is required to rotate at an angle of π
2 instead of 3π

2 . So, proving our lemma

for LnT , analogously proves for LnT +1.

At the first step from P , the agent is instructed to rotate at an angle 3π
2 + π·nT

2k−10 (as it is

facing east from P , after the terminating iteration of encoding step), which aligns the agent

along LnT (refer to line 1 of Algorithm 8). So, it starts moving along LnT . If T is on LnT , then

the Oracle places no pebble on LnT , and the agent finds T . If T does not lie on LnT , then

a pebble pT is placed either at F or F ′ (for reference of these points refer Algorithm 4), on

LnT . So, it eventually encounters this pebble pT . Next, from pT , the agent is instructed to

rotate at an angle π
2 and move (refer to line 5 of Algorithm 8).

If pT is at F , where F is the foot of the perpendicular to T on LnT , then after encounter-

ing pT , the agent rotates at an angle π
2 , which directly aligns it along the line F T . Hence,

this counter-clockwise rotation from pT at an angle π
2 directly aligns it along the line F T .
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Therefore, while moving along this direction, it eventually finds the treasure (Fig. 3.12(a)).

If pT is at F ′ (i.e., F ∈ B), then another pebble pT 1 is placed at a point C towards T ,

where ∠PF ′C = π
2 (refer to lines 12, 14 and 16 of Algorithm 4 and also Fig. 3.12(a) and

3.12(b)). Therefore, after the agent rotates at an angle of π
2 from F ′, it directly aligns itself

along the line F ′C . Next, moving along this line, the agent finds the next pebble pT 1. Note

that the location of C is significant. Either it is the foot of the perpendicular from T on the

perpendicular line from F ′, or if |F T | < 1, then |F ′C | = 1 (such that ∠PF ′C = π
2 ) and then

another pebble pT 2 is placed at D (refer to Fig. 3.12(b)), where ∠F ′C D = π
2 and |C D| = 2

(refer to lines 13-14 of Algorithm 4). Next, from pT 1, again rotating at an angle of π
2 , aligns

the agent along the line C T (if |F T | ≥ 1) or C D . In either case, the agent finds the treasure or

encounters the pebble pT 2 at D . Next, it further rotates at an angle of π2 , and this eventually

aligns the agent along the line DT (it is because F F ′C D is a rectangle, where T lies on the

line F D) and hence finds the treasure.

Treasure T

F
P

θ′

y′

x′

y

LnT

LnT+1

F ′

C

(a) F ∉ B or F ∈ B and |F T | ≥ 1

Treasure T

F
P

θ′

y′

x′

y

LnT

LnT+1

F ′

C
D

(b) F ∈ B and |F T | < 1

Figure 3.12: Traversal of the agent inside the sector when the first bit of µ is 1

Lemma 3.3.18. When the treasure is located outside B, the agent after learning the binary

string µ finds the treasure with cost at most D(sinθ′+ cosθ′), where 0 ≤ θ′ < π

2k′ and k ′ =
k −10.

Proof. Suppose the treasure is located at a distance D from the initial point P inside the

sector SnT . Let ∠F PT = ∠F ′PT = θ′. The point T must lie between the lines LnT and

LnT +1, so we can conclude: 0 ≤ θ′ < π

2k′ , where k ′ = k −10. Moreover ∠T F P = π
2 (as F is the

foot of perpendicular of T on LnT +1 if µ1 = 0, otherwise F is the foot of perpendicular of T

on LnT ).
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The agent, after learning the binary stringµ, executes the algorithms AGENTMOVEMENT

and FINDTREASURE(), and successfully reaches the treasure by following either the path

PF → F T (if F ∉ B) or PF ′ → F ′C → C T (if F ∈ B and |F T | ≥ 1) or PF ′ → F ′C → C D → DT

(if F ∈ B and |F T | < 1) from P (refer to Fig. 3.12). We analyze the cost of each of these cases.

1. F ∉ B : In this case, the agent follows the path PF → F T . We know |PT | = D , so |PF | =
D cosθ′ and |F T | = D sinθ′. So, |PF |+ |F T | = D(sinθ′+cosθ′).

2. F ∈ B and |F T | ≥ 1: In this case, the agent follows the path PF ′ → F ′C →C T . Since, F ∈ B ,

so |PF | ≤ p
2, this implies |PF ′| ≤ 2+p

2 (since |F F ′| = 2). Recall that |F T | ≥ 1 and F F ′C T

is a rectangle, where |F T | = |F ′C | and |F F ′| = |C T | = 2. Since ∠F PT = θ′, so |F T | = D sinθ′.

Hence |PF ′|+ |F ′C |+ |C T | ≤ D sinθ′+ (4+p
2).

3. F ∈ B and |F T | < 1: In this case, the agent follows the path PF ′ → F ′C →C D → DT . Now,

by earlier argument, as F ∈ B , hence |PF ′| ≤ 2+p
2. Next, again as F F ′C D is a rectangle,

where T lies on the line segment F D , moreover, |F F ′| = |C D| = 2 and |F ′C | = |F D| = 1,

hence |DT | < 1. So, we have: |PF ′|+ |F ′C |+ |C D|+ |DT | < 6+p
2.

Combining Lemmas 3.3.16, 3.3.17, and 3.3.18, we have the final result in Theorem 3.3.19.

Theorem 3.3.19. Given k pebbles, the agent starting from P successfully finds treasure with

cost at most O(k2)+D(sinθ′+cosθ′), where 0 ≤ θ′ < π

2k′ and k ′ = k −10.

Remark 3.3.20. Consider the function f (k) =O(k2)+D(sinθ′+cosθ′), where 0 ≤ θ′ < π
2k−10 .

Note that θ′ approaches 0 as k gets large, so sinθ′ approaches 0 and cosθ′ approaches 1.

Thus, f (k) goes to o(D)+D , as k →∞, which implies that f (k)
D → 1.

3.4 Conclusion

We have shown that it is impossible to find the treasure at a finite cost with the help of a sin-

gle pebble. Following this, it is shown that it is feasible to find the treasure with the help of

two pebbles at a cost of (
p

2+2)D+(
p

2+2), where D is the distance of the treasure from the

initial position of the agent. Lastly, we have proposed an algorithm for a treasure hunt that

finds the treasure in a Euclidean plane using k ≥ 11 pebbles at cost O(k2)+D(sinθ′+cosθ′),

where 0 ≤ θ′ < π
2k−10 . Proving a matching lower bound remains an open problem to consider
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in the future. Next, a natural question is to determine the optimal cost of the treasure hunt

when 2 < k < 11. Our model considers the assumption that the agent recognizes P when-

ever it visits it. This assumption helps us to formulate a faster treasure hunt algorithm,

i.e., with k ≥ 11 pebbles. It will be interesting to design a faster treasure hunt algorithm

without this assumption. Note that if the agent has some visibility, the problem becomes

very trivial even with only one pebble: place a pebble on the line from P to T within a dis-

tance of r from P , where r is the visibility radius of the agent. Starting from P , the agent

sees the position of the pebble, moves to the pebble, and then continues until it reaches

the treasure. However, the problem becomes challenging when the underlying plane has

some obstacles. In that case, extending our algorithm would require the agent to efficiently

determine the binary string µ while navigating around the obstacles, and the binary string

would also need to instruct the agent how to efficiently navigate the obstacles when finding

the treasure.
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Chapter 4

Black Hole Search in a Dynamic Cactus

4.1 Introduction

In this chapter, we look into the black hole search problem. In general, the black hole

search problem (or BHS problem) has been extensively investigated in static graphs, un-

der various communication, scheduler models and in various initial agent configurations.

In this chapter, we investigate this problem when the underlying graph is not static but

dynamic. We consider our underlying graph to be a synchronous evolving graph. These

evolving graphs can be thought of as a collection of static graphs, which evolve over time

but maintain the underlying characteristic. We only focus on a specific dynamic graph,

termed a dynamic cactus. So, to be precise, at each round, some edges can appear or

disappear by the adversary, but the underlying characteristic of a cactus graph should be

preserved. Before we started this study, the BHS problem had only been investigated in

dynamic rings by Di Luna et al. [54, 56]. However, after our study of dynamic cactus, sig-

nificant studies of this problem have been conducted in other dynamic structures as well,

such as in dynamic tori [22] and in dynamic general graphs [85]. We, in this chapter, fo-

cus on two variants of dynamicity: first, when only one edge can be dynamic, and second,

when k edges can be dynamic. The adversary selects the edge to be made dynamic (by

4This chapter has been published as: “Searching for a black hole in a Dynamic Cactus” in Journal of Graph
Algorithms and Applications (JGAA), 2025 and in Proceedings of the 18th International Conference and Work-
shops on Algorithms and Computation (WALCOM 2024).
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either reappearing it or disappearing it), and it does so by maintaining the underlying con-

nectivity condition, that at any point, the underlying graph must be connected. Our aim

in this chapter is to minimize the number of agents required to perform BHS in these dy-

namic settings, while also analyzing the complexity of such a BHS algorithm.

The prominent notations used in this chapter are listed in Table 4.1.

Notation Meaning
Gi = (V ,Ei ) Indicates the static graph at round i

G Indicates the dynamic graph
k Defines the number of at most edges that can be dynamic at any round
n The cardinality of the set V

deg (u) Maximum degree of u in G
∆ Indicates the maximum degree in G
A Indicates the set of all agents
ai Indicates the agent with ID i

Alena1 Variable to store the length of path a1 has traversed from a certain position
Apatha1 Variable to store the sequence of ports of a path a1 has traversed

from a certain position
Llena1 Variable that Leader stores to measure the length a1

has traversed from a certain position
Lpatha1 Variable that Leader stores to track the sequence of ports that a1

has traversed from a certain position

Table 4.1: Table indicates some of the prominent notations used in this chapter

4.1.1 Our Contribution

The following results are obtained when the cactus graph can have at most one dynamic

edge at any round.

1. We establish the impossibility of finding the black hole in a dynamic cactus with 2 agents.

2. We have shown that any black hole search (BHS) algorithm with 3 agents requires at least

Ω(n1.5) rounds andΩ(n1.5) moves, where n is the total number of nodes in the underlying

dynamic cactus graph. Furthermore, we propose a BHS algorithm that operates with three

agents in O(n2) rounds and O(n2) moves.

3. Next, with 4 agents we obtain an improved lower bound ofΩ(n) rounds andΩ(n) moves.

Subsequently, when the cactus graph has at most k (k > 1) dynamic edges at any round,
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we obtain the following results.

4. We establish the impossibility of finding the black hole with k +1 agents.

5. Next, we show that any BHS algorithm with k + 2 agents requires Ω(n1.5) rounds and

Ω(n1.5) moves, respectively.

6. With 2k +3 agents we give an improved lower bound of Ω(n) rounds and Ω(n) moves,

respectively.

7. Lastly with 2k + 3 agents, we establish an upper bound of O(kn) rounds and O(k2n)

moves.

Table 4.2 summarises the list of obtained results. In this chapter, all the pseudo-codes

of the algorithms are presented in Appendix 4.6.

# DE # Agents Moves Rounds Reference

1 3 Ω(n1.5) Ω(n1.5) LB (Cor 4.3.2 & Thm 4.3.4)

3 O(n2) O(n2) UB (Thm 4.4.9)

4 Ω(n) Ω(n) LB (Thm 4.3.6)

k (> 1) k +2 Ω(n1.5) Ω(n1.5) LB (Cor 4.3.8 & Thm 4.3.9)

2k +3 Ω(n) Ω(n) LB (Thm 4.3.10)

2k +3 O(k2n) O(kn) UB (Thm 4.4.14 & Thm 4.4.15)

Table 4.2: Summary of results, where LB , U B and DE represent Lower, Upper Bound and
Dynamic Edge, respectively.

4.2 Model and Preliminaries

Dynamic Graph Model: We consider the dynamic graph to be an evolving graph. An evolv-

ing graphG is defined to be a sequence of static graphs, whereG =<G0,G1, . . . ,Gr , . . . >, and

Gi = (V ,Ei ), such that Ei ⊆ E0. E0 defines the collection of edges present in G0 at round 0,

where we assume that no missing edge exists. We consider time to be discrete, so a round

is defined to be a discrete time step. This means that Gi = (V ,Ei ) is a static graph at round i

(where i ∈Z+). The set of vertices V remains fixed, i.e., does not change over time, but the

edges can disappear (or, in other terms, go missing) and reappear at any round. Note that
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we consider our dynamic graph G to be 1-interval connected, which implies that irrespec-

tive of which edge (or edges) disappear at any round, our graph must remain connected.

In this chapter, our dynamic graph G is considered to be a dynamic cactus. A cactus graph

is defined to be a connected graph in which any two simple cycles have at most one node

in common. The footprint of G is defined to be the initial cactus graph, i.e., G0 = (V ,E0).

We denote deg (u) as the maximum degree of u ∈ G. The maximum degree of the graph

G is denoted as ∆. The vertices (or nodes) in G are anonymous, i.e., unlabeled, although

the edges are labeled. An edge incident to u is labeled via the port numbers ranging from

0, . . . ,deg (u)−1. The ports are labeled uniformly inG in ascending order along the counter-

clockwise direction, where a port with the port number i denotes the i -th incident edge at

u in the counter-clockwise direction. Any edge e = (u, v) ∈ G is labeled by two ports (refer

to the edge (v14, v16) in Fig. 4.1), one among them is incident to u (termed as outgoing port

of u corresponding to the edge e) and the other incident to v (termed as incoming port of v

corresponding to the edge e), they have no relation in common. Any number of agents can

pass through an edge concurrently. Each node in G has local storage in the form of a white-

board, the size of the whiteboard at a node v ∈ V is O(deg (v)(logdeg (v)+k logk)), where

k is the maximum number of dynamic edges at any round. The whiteboard is essential to

store the list of port numbers attached to a node. Any visiting agent can read and/or write

some information corresponding to each port number. Fair mutual exclusion is applied

to all incoming agents, restricting concurrent access to the whiteboard. The network G

contains a malicious node termed as black hole, which can eliminate any incoming agent

without leaving any trace of its existence. The remaining nodes, except the black hole, are

termed as safe nodes.

Agent: We consider A = {a1, · · · , am}, to be the set of m ≤ n agents, which are initially co-

located at a safe node, termed as home. Each agent has a distinct and visible ID of size

⌊logm⌋ bits taken from the set [1,m]. We define an agent to be a t-state automata (such

that t ≥ αn∆ log∆, where α ∈ Z+, n is total number of nodes in G and ∆ is the maximum

degree of G), having a local storage of O(n∆ log∆) bits of memory. An agent visiting a node

can access the information written on the whiteboard, view the IDs of other agents present

at the current node, and can communicate with them. Further, an agent, while traversing
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Figure 4.1: An example dynamic cactus graph with the edge (v7, v8) disappeared, where the
port labeling is indicated on the adjacent edges of v14, v15 and v16. BH represents the black
hole.

along an edge e = (u, v), knows the incoming port (along which it left u), as well as the out-

going port (the port along which it entered v from u). These agents operate in synchronous

rounds, where each agent gets activated at each round. After the agents get activated, they

perform the “Look-Compute-Move" (LCM) cycle. The steps are defined as follows:

Look: During look phase, an agent takes a local snapshot of its current node. This snapshot

includes the presence of other agents at the current node, along with their IDs, as well as

the contents of the whiteboard present at the current node.

Compute: Based on the contents of its local memory, the snapshot obtained during the

look phase and the information gathered from other agents, an agent decides whether to

move from its current node. If it chooses to move, the algorithm outputs a direction di r ,

where if the current node is u ∈ G, then di r ∈ {0,1, . . . ,deg (u)−1}. Otherwise, if di r = ni l ,

the agent does not perform the Move phase and becomes inactive.

Move: In this phase, the agent chooses the port di r at the current node u, then it traverses

along the corresponding edge to reach the adjacent node v , after which it becomes inac-

tive. Moreover, while moving along di r , some information may also be updated on the

whiteboard of u, if required.

An agent takes one unit of time, i.e., one round, to move from a node u to another node

v following the edge e = (u, v). Since the agents operate in synchronous rounds, each agent
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gets activated at each round to perform one LCM cycle synchronously. So, the time taken

by the algorithm is measured in terms of rounds. Another parameter is move complexity,

which counts the total number of moves performed by the agents during the algorithm’s

execution.

We next define the problem definition of this chapter.

Definition 4.2.1 (Problem Definition). Given a dynamic cactus G, an algorithm A for a set

of co-located agents with distinct ID, solves the BHS problem if at least one agent survives

and terminates. The terminating agent must either know the exact node of the black hole

or have knowledge about the sequence of ports in the footprint of G, such that visiting the

last node following this sequence of ports will determine the location of the black hole.

In the following part, we define some specific movements that the agents perform while

executing their algorithms.

Cautious Walk [60]: In this movement, it is ensured that while at least two agents move

together, exactly one agent can get destroyed by the black hole, and the remaining agent

not only survives but also can detect the location of the black hole, provided that the edge

between them exists.

Suppose two agents, say a1 and a2 are located at u, then the lowest ID agent among

them, say a1, travels to an adjacent node v , yet to be explored by any agent. If a1 finds v

safe, it returns to u, while a2 waits at u for a1 to return. If a1 returns to node u at the next

round, both a1 and a2 move to v together. Otherwise, if at the next round, a1 fails to return

to u irrespective of the fact that the edge (u, v) exists, a2 detects v to be the black hole node.

Pendulum Walk [56]: An agent that performs the pendulum walk (say, a1) travels back

and forth, increasing the number of hops after each movement, and always reports back

to another agent (which may be referred to as a “witness” agent). More precisely, let us

consider that two agents a1 and a2 are located at a node u. Now, a1 (which performs the

pendulum walk) decides to move one hop along the edge (u, v) and reaches the node v . If

v is safe, a1 returns to u, which helps a2 understand that v is safe. Next, a1 decides to move

two hops instead of one, along the edges (u, v) and (v, w), thus reaching the node w . If w is

safe, again a1 returns back to u via v . In general, a1 reports back to the witness agent after
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exploring a new node, which increments the hop count by one.

Marking Walk: This walk is a special case of cautious walk. Here, the agent performs a

similar movement as explained in cautious walk, but unlike cautious walk, no other agent

is waiting for the exploring agent to return and then move together to the new node.

In this case, an agent a1 (say) currently at a node u moves one hop to an adjacent unex-

plored node v , along an edge (u, v). If v is safe, it returns to u, marks the port (u, v) as safe,

and in the next round moves to v . In this way, it moves.

4.3 Lower Bound Results

Here we study the lower bound on the number of agents, moves and rounds required to

execute a BHS algorithm on a dynamic cactus. First, we study one dynamic edge case,

then we study the k dynamic edge case.

4.3.1 Lower Bound Results on Single Dynamic Edge

In this section, we present the lower bound results when at most one edge can be dynamic

at any round.

Theorem 4.3.1 (Impossibility for a single dynamic edge). Given a dynamic cactus G of size

n > 3 with at most one dynamic edge at any round, let the agents know that the black hole is

located in any of the three consecutive nodes S = {v1, v2, v3} inside a cycle of G. Then, it is not

possible for two agents to successfully determine the location of the black hole.

The above theorem is a consequence of Lemma 1 in [56]. Note that the proof of Lemma

1 in [56] falls in line with our BHS algorithm definition. It is because, with 2 agents, the ad-

versary can create a situation where both these agents cannot communicate among them-

selves since an agent in S is blocked on one side by a missing edge and on the other side

by the black hole. Hence, the agent outside S can never determine when the other agent

has been destroyed by the black hole or at which node in S it is destroyed. Observe that the

proof technique does not require the use of whiteboards, but the result holds even if the

nodes are equipped with a whiteboard.
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Corollary 4.3.2 (Lower bound on agents for a single dynamic edge). Any BHS algorithm on

a dynamic cactus graph with at most one dynamic edge requires at least three agents.

Lemma 4.3.3 ( [56]). If an algorithm solves BHS with O(n · f (n)) moves with three agents,

then there exists an agent that explores a sequence of at leastΩ( n
f (n) ) nodes such that:

• The agent does not communicate with any agent while exploring any node in the se-

quence.

• The agent visits at most n
4 nodes outside the sequence while exploring any node in the

sequence.

The proof of the above lemma does not incorporate the use of whiteboards, but this

lemma holds even if the nodes are equipped with a whiteboard, as stated in [56].

In the following theorem, we give a lower bound on the move and round complexities

required by any BHS algorithm operating with three agents on a dynamic cactus graph with

at most one dynamic edge at any round.

Theorem 4.3.4. Given a dynamic cactus G, where there can be at most one dynamic edge

at any round, any BHS algorithm operating with three agents requires Ω(n1.5) rounds and

Ω(n1.5) moves.

The above theorem is a consequence of [56, Theorem 6], which uses Lemma 4.3.3. The

following observation gives a brief idea about the movement of the agents on a cycle inside

a dynamic cactus. It states that when a single agent is trying to move along a cycle, the

adversary can confine the agent on any single edge of the cycle. In the case of multiple

agents trying to move along a cycle inside a cactus graph, if their movement is along one

direction, i.e., either clockwise or counterclockwise, the adversary can prevent the agents

from visiting further nodes inside the cycle.

Observation 4.3.5. Let G be a dynamic cactus with a cut U (where |U | > 1), such that the

footprint of U is connected with V \U by the edges e1 and e2 in the clockwise and counter-

clockwise directions, respectively. In this setting, if we assume that all the agents at round

r are present at the nodes in U , and that they attempt to cross to V \U only via the edge e2
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and not e1, then in this scenario the adversary may prevent the agents from visiting a node

outside U .

The above observation follows from [56, Observation 1], where a cut is defined to be a

partition of the vertices of the graph into two disjoint subsets. The next theorem gives an

improved lower bound on the move and round complexity when 4 agents execute a BHS

algorithm instead of 3.

Theorem 4.3.6. Any BHS algorithm with 4 agents requiresΩ(n) rounds andΩ(n) moves on

a dynamic cactus graph G, in the presence of at most one dynamic edge at any round.

Proof. Let a1, a2, a3 and a4 be the four agents that are assigned to detect the black hole in

G. Suppose these agents execute a BHS algorithm H. Let us consider H terminates within

o(n) rounds in the presence of a single dynamic edge.

To contradict this claim, we consider an instance cactus graph G of n nodes, which

consists of a single cycle, denoted as C ′
1, where C ′

1 has n −1 nodes (refer to Fig. 4.2). Let

the black hole be somewhere in the cycle C ′
1, (in Fig. 4.2, the node y1 depicts the black

hole), and suppose that without loss of generality, a1 is the first agent to get destroyed by

the black hole while moving clockwise in C ′
1. Let Q be the set of O(1) many consecutive

counter-clockwise nodes to the black hole in C ′
1 (where |Q| or the cardinality of Q is at least

1) along which a1 has written the exact location of the black hole or the sequence of ports

that leads to the black hole before it got destroyed. As by hypothesis, each node contains a

whiteboard, hence, it is possible for a1 to write this information. This phenomenon implies

that whenever some agent (except a1) visits at least one node in Q, it understands the exact

location of the black hole. Accordingly, H gets terminated (refer to Definition 4.2.1). Let eq

be the edge separating the black hole and the sector Q from the remaining nodes in C ′
1.

Now, as per Observation 4.3.5, if the remaining agents need to locate the black hole in C ′
1,

then at least one agent needs to traverse along C ′
1 in a counter-clockwise direction, and at

least one in a clockwise direction. So, the only possibility remains: while an agent always

tries to visit a node in Q (it cannot do so until the adversary keeps the edge eq missing),

the remaining two agents can correctly locate the black hole location while traversing in a

counter-clockwise direction along C ′
1. This shows that in at least |C ′

1|− |Q| (= n −1−O(1))
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Figure 4.2: A cactus graph, with a cycle C ′
1

with n − 1 nodes, where the red node is the
black hole location.
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Figure 4.3: A cactus graph, with k differ-
ent cycles, where the red nodes in Ck de-
picts possible locations of the black hole.

rounds, one among these three remaining agents detects the black hole location, which

contradicts our claim that H terminates within o(n) rounds. Moreover, at any round, a

constant number of agents are moving, so to successfully locate the black hole location

with four agents, any algorithm requiresΩ(n) rounds andΩ(n) moves.

4.3.2 Lower Bound Results for Multiple Dynamic Edges

In this section, we present the lower bound results when, at most, k (k > 1) edges are dy-

namic.

Theorem 4.3.7 (Impossibility for multiple dynamic edges). It is impossible for k + 1 co-

located agents to successfully locate the black hole position in a dynamic cactus G with at

most k dynamic edges at any round.

Proof. We prove the above statement by contradiction. Let us consider a dynamic cactus

G (refer to Fig. 4.3) of n vertices, in which at most k edges are dynamic at any round. Let us

consider G contains k cycles, denoted by Ci where i ∈ {1,2, · · · ,k}, in which, except for the

last cycle Ck , which is of length n +2−3k, every other cycle is of length 3. Let H be a BHS

algorithm, which successfully terminates with a set of k +1 agents. Each agent is initially

at home, and suppose after following the algorithm H, the agents enter a configuration
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where an agent ai reaches a node vi or wi inside Ci (i ∈ {1,2, · · · ,k −1}), and the remain-

ing two agents enter the cycle Ck . Suppose the black hole is located at any one among the

four consecutive nodes S = {vk , wk , xk , yk } ∈ Ck , of which the agents have no idea. Since

the adversary can disappear and reappear at most k edges at any round, hence, it can re-

strict each ai inside Ci by alternating its position between vi and wi , by removing the edge

(ui , vi ) and (ui , wi ) alternatively (where i ∈ {1, · · · ,k −1}). So, the remaining agents ak and

ak+1 have no choice but to explore Ck . They cannot explore a node in S together for the

first time, as the adversary may place the black hole at that node, eliminating both of them,

whereas the other agents have no idea of the location of the black hole as they are unable

to come out of Ci (i ∈ {1, · · · ,k−1}). So let us consider an agent ak (say) is the first to enter S,

i.e., at a node vk at some round r , or both agents enter a node in S at round r (suppose ak

visits vk and ak+1 visits yk ). At this point, regardless of the position of ak+1, the adversary

removes the edge (vk , pk ). Now, in any case, ak cannot communicate with ak+1 even in the

presence of a whiteboard. It is because on one side, there is a black hole, and on the other

side, there is a missing edge. If vk and wk are safe nodes, ak has no other option but to visit

xk at some round. In the meantime, each of the remaining agents ai are stuck inside Ci

(i ∈ {1, · · · ,k −1}), respectively.

If xk is the black hole node, ak gets destroyed. On the other hand, ak+1 has no other op-

tion but to eventually reach xk , as it has no idea about ak ’s destruction at xk . So, whenever

ak+1 reaches xk , it also gets destroyed. Now, after finding that both of these agents have

failed to return, the remaining agents can only guarantee that at least one among them is

destroyed by the black hole. But they cannot guarantee which among the nodes xk , wk

or vk is indeed the black hole. It is because if xk is safe, ak has already been eliminated.

So, whenever ak+1 reaches xk , the adversary can reappear the edge (vk , pk ) and disappear

the edge (yk , xk ). This restricts ak+1 to come out of S and communicate with other agents,

with the help of a whiteboard, that xk is safe. Hence, in any case, the remaining k−1 agents

cannot terminate the algorithm, as they have no idea which of these three nodes is indeed

the black hole node. This leads to a contradiction.

Corollary 4.3.8 (Lower bound on agents for k dynamic edges). Any BHS algorithm operat-
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ing on a dynamic cactus with at most k dynamic edges at any round requires at least k +2

agents.

The following two theorems provide lower bounds on the complexity of any BHS algo-

rithm with k +2 and 2k +3 agents, respectively.

Theorem 4.3.9. Any BHS algorithm operating on G with k+2 agents requireΩ(n1.5) rounds

andΩ(n1.5) moves, where G is a dynamic cactus with at most k dynamic edges at any round.

Proof. We prove the above statement by contradiction. Let us suppose H be a BHS algo-

rithm that works with k +2 agents within o(n1.5) rounds. Now, consider the same instance

graphG (refer to Fig. 4.3) of k-cycles, where |Ci | = 3 (for all, 1 ≤ i ≤ k−1) and |Ck | = n+2−3k.

The set of k+2 agents A = {a1, a2, · · · , ak+2} are initially co-located at home. Suppose, while

executing the algorithm H, they enter a configuration in which ai gets stuck inside Ci (for

all, 1 ≤ i ≤ k −1), whereas the remaining agents, i.e., ak , ak+1 and ak+2 enter Ck . Now, by

Theorem 6 in [56], a set of 3 agents requireΩ((n +2−3k)1.5) =Ω(n1.5) rounds (since k < n
3 )

to correctly locate the black hole inside Ck . Note that in Ck , at most, one edge can be dy-

namic, similar to a dynamic ring of size n +2−3k. Hence, this leads to a contradiction to

the fact that H locates the black hole in o(n1.5) rounds. Moreover, a constant number of

agents move while exploring Ck , whereas to enter this configuration starting from home,

at least 2k moves are required. So, this shows that at leastΩ(n1.5 +2k) =Ω(n1.5) moves are

required. This proves the theorem.

Theorem 4.3.10. Any BHS algorithm operating on a dynamic cactus G with 2k +3 agents

requiresΩ(n) rounds andΩ(n) moves, where at any round at most k edges can be dynamic.

Proof. We have proved the above statement by contradiction. Suppose a BHS algorithm

H exists, which determines the location of a black hole in o(n) rounds. Let G be the same

graph (refer to Fig. 4.3) with k-cycles, where |Ci | = 3, for all 1 ≤ i ≤ k−1 and |Ck | = n+2−3k,

the agents are initially co-located at home. Now again, suppose the agents executing H

enter a configuration where each ai gets stuck in Ci , for all 1 ≤ i ≤ k −1, then in this sit-

uation, the remaining k + 4 agents try to explore Ck . Next, by Theorem 4.3.6, we know

that it takes four agents among the k + 4 agents to successfully locate the black hole in
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Figure 4.4: Represents a cactus graph, where blue vertices belong to Half-2 and rest in Half-
1. Dashed edges represent the edges from Half-1 to Half-2.

Ω(n + 2− 3k) = Ω(n) (where k < n
3 ) rounds. Hence, this leads to a contradiction. More-

over, the bound on the number of moves comes from at least 2k additional moves that

are required to attain this configuration. On the other hand, a constant number of agents

move to explore Ck . Hence, this shows that any BHS algorithm requires Ω(n) rounds and

Ω(n +2k) =Ω(n) moves.

The next lemma follows from the structural property of a cactus graph.

Lemma 4.3.11. Given two nodes u and v in a cactus graph G, there exists at most two nodes

adjacent to v such that their removal disconnects u from v.

Proof. To prove this claim, we have considered two cases: the node v is part of a cycle in G ,

and v is not part of a cycle.

1. The node v is part of a cycle C in G . Let v0 and v1 be the two adjacent nodes of v (refer

to Fig. 4.4), such that there exists at least one path from u to v0 and at least one path from u

to v1, which do not contain v . In this context, we have contradicted that after removing v0

and v1, the node v remains connected to u. We define Half-1 to be the collection of nodes

in G such that for each node w in Half-1, there exists at least one w to v0 or w to v1 path

which does not pass through v . The remaining nodes belong to Half-2. Now, u belongs

to Half-1. After the removal of v0 and v1, the cycle C gets disconnected. So, if any path

exists from a node in Half-1 to v , that path uses at least one edge that is not part of C . This

violates the definition of the cactus graph, as in the original graph, i.e., in the presence of
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C , there exists at least one edge, which is common between two cycles. This proves that

the removal of v0 and v1 disconnects u from v .

2. The node v is not part of any cycle in G . Let v0 be the adjacent node of v , where at least

one path exists from u to v0 that does not contain v . In this context, we contradict that

after the removal of v0, the node v still remains connected to u. We have defined Half-1 as

the set of nodes in G such that for each node w in Half-1, there exists at least one w to v0

path which does not contain v . So, u belongs to Half-1. After removal of v0, if still there

exists a path from Half-1 to v , then that implies there exists an alternate path to reach v ,

which does not pass through v0. This contradicts the fact that in the original graph, v is

not part of any cycle.

The next corollary follows from Lemma 4.3.11.

Corollary 4.3.12. Suppose a node v in a cactus graph G is part of a cycle, then there exists a

set of three consecutive nodes {v0, v, v1}, such that any path from u to v in G must either pass

through v0 or v1.

4.4 Black Hole Search in Dynamic Cactus

In this section, we first present a BHS algorithm that works in the presence of at most one

dynamic edge. Subsequently, we present another BHS algorithm that works in the presence

of at most k (> 1) dynamic edges. Accordingly, we analyze the correctness and find the

move and round complexities required by each algorithm.

4.4.1 Black Hole Search in Presence of Single Dynamic Edge

Here, we present a BHS algorithm that operates in the presence of at most one dynamic

edge. Our algorithm requires three agents, namely A = {a1, a2, a3}. In this section, we al-

ways call a3 the Leader , and by agents, we only mean a1 and a2. Our BHS algorithm com-

prises two parts, one for the agents (i.e., a1 and a2) and the other for the Leader . The BHS

algorithm executed by the agents is SINGLEEDGEBHSAGENT, whereas SINGLEEDGEBH-

SLEADER is for the Leader . Each of our algorithms intricately uses the whiteboard at each
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node. Before discussing the algorithm idea, we first define all the contents of a whiteboard

required while executing the BHS algorithm.

A whiteboard is maintained at each node v ∈ G, where a list of information is used by

both the agents and the Leader . Formally, for each port j of a node v ∈ G, where j ∈
{0, · · · ,deg (v)−1}, an ordered tuple ( f ( j ),Last.Leader) is stored, where the function f is

defined as follows: f : {0, . . . ,deg (v)−1} −→ {⊥,0,1}∗,

f ( j ) =



⊥, if the port j is yet to be visited by any agent

0◦ A, if the set of agents in A has visited j but yet

to explore the sub-graph originating from j

1, if the sub-graph originating through j is fully explored by

at least one agent and no agent is stuck along that sub-graph

The symbol “◦ " refers to the concatenation of two binary strings. We define A as the col-

lection of agents that have visited the port j . For example, let us assume a2 with ID 2 (i.e.,

10) is the only agent to visit the port j , and it is yet to explore the sub-graph originating

from j . In that case, the function f ( j ) returns the value 010. The first bit represents that

the sub-graph originating from the port j is yet to be fully explored by at least one agent.

The remaining bits of f ( j ) represent the ID of a2.

The other entity, i.e., the Last.Leader at the node v stores the information about the

last movement of the Leader at v . To be precise, Last.Leader= 1 for the j -th port means

that it is the port along which the Leader must have moved from v , the last time it visited

v . For the remaining ports at v , Last.Leader is set to be 0.

Before discussing SINGLEEDGEBHSAGENT and SINGLEEDGEBHSLEADER, we, in the

following part, give a brief idea about the protocol an agent performs while executing their

respective algorithms. Each agent (i.e., a1 and a2) executes the protocol of t-INCREASING-

DFS [70] while exploring the graph G. The t-INCREASING-DFS protocol helps the agent

choose the next port. Additionally, this protocol enables the agent to return to the starting

node. An agent stores each new port it visits from the starting node and stops whenever it
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exceeds t-bits (refer to Section 4.2 for the value of t ). While performing this protocol, the

movement of the agents can be categorised into two main types: explore and trace.

(a): An agent performs explore when it explores a port that is yet to be visited by any other

agent, i.e., if that port is j , then f ( j ) is marked as ⊥. An agent can only perform either

cautious or pendulum walk on such ports (as instructed by the Leader ) while trying to

explore j .

(b): An agent a1 (say) can perform trace when it visits a port, which a2 has visited but not

a1. Additionally, the subgraph originating from this port has not yet been fully explored,

i.e., it is still not marked as 1 on the whiteboard. An agent only performs pendulum walk

along these ports.

Next, the task of the Leader is explained as follows:

(a): It can instruct a1 or a2 to perform cautious or pendulum walk.

(b): It maintains certain variables for the agents a1 and a2, which help the Leader to un-

derstand how far an agent a1 (say) has traversed and along which path. These variables are

defined to be Alena1 and Apatha1
for a1.

(c): It also maintains some more variables, which track how far the Leader has traversed

from a certain agent a1 (say), and along which path. These variables are defined to be

Llena1 and Lpatha1
for a1.

An agent can fail to report to the Leader if either of these conditions holds:

(a): The agent is destroyed by the black hole.

(b): The agent, while traversing along a specific direction, encounters a missing edge.

We now provide a brief overview of our BHS algorithms.

Brief Idea of the Algorithms: Each agent starts from home, where we assume the ID of

a1 < ID of a2 < ID of a3. The agent a3 is elected as the Leader at home. After being elected

Leader , a3 executes the algorithm SINGLEEDGEBHSLEADER, whereas the agents a1 and

a2 execute SINGLEEDGEBHSAGENT. On a high level, the Leader instructs both agents

to perform either one among the two walks: cautious or pendulum walk. Based on their

movements, the Leader stores the path and the distance these agents have traversed. It

also stores the path that it itself traverses away from its previous position. Whenever the

Leader realises that any agent fails to report, it performs the following task. If it finds both
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a1 and a2 fails to report, the Leader understands that the black hole has destroyed at least

one among them. Next, within a finite round, it either detects the exact black hole posi-

tion or concludes the sequence of paths that it needs to traverse to eventually locate the

black hole. Otherwise, if any one agent fail to report, in that case, the Leader traverses

towards that agent following the stored path. If the agent is found, that agent is again in-

structed to perform a particular movement. Otherwise, if the agent is not found and the

Leader encounters a missing edge along its traversal, the Leader waits until the missing

edge reappears. On the other hand, if it neither finds the agent nor any missing edge, the

Leader concludes the black hole position. Both algorithms terminate once the Leader lo-

cates the black hole position or finds the exact sequence of ports to visit in order to locate

the black hole. Next, we give a detailed description of our two algorithms.

Detailed Description of SINGLEEDGEBHSAGENT: This algorithm is executed by a1 and a2

autonomously. Initially, the Leader (which is executing SINGLEEDGEBHSLEADER) instructs

a1 (since it is the lowest ID agent) to perform cautious walk and a2 to perform pendulum

walk. Consider that at the beginning, every port corresponding to each node in the net-

work is marked (⊥,0), as any agent or Leader is yet to visit these nodes. The agents choose

a port based on the protocol of t−INCREASING-DFS (where t ≥ αn∆ log∆, and α ∈ Z+),

which helps them select the next port.

So an agent, a1 (say), executes the following movement after being instructed to per-

form cautious walk. Since the cautious walk is performed with a following agent, in each

scenario, that following agent is the Leader . Let us assume at round r (≥ 0), a1 is with the

Leader at a node u ∈ G. Then at round r +1, a1 first checks whether any port exists at u,

which is marked as ⊥. If so, then a1 chooses the lowest port among them, say that port is

i , and moves along it to an adjacent node v (say). Let m be the incoming port at v along

which a1 reaches v from u. The agent not only moves to v from u through port i but also

writes the data 0◦ {a1} with respect to port i at u and port m at v . This helps others gather

the information that a1 has already visited the nodes u and v , taking the ports i and m,

respectively. This also helps others understand that the subgraph originating from port i

or m is not yet fully explored, or that a1 is stuck somewhere along the subgraph originating

from port i or m.
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Suppose v is safe and the edge (u, v) exists at round r +2, then a1 returns to u from v to

meet with the Leader at round r +2. Next, at round r +3, if the edge (u, v) exists, a1 accom-

panies the Leader along with it to the next node v . But on the contrary, at round r +1, if a1

is unable to find any port at u marked as ⊥, then in this round itself, a1 accompanies the

Leader and backtracks to an adjacent node, already visited by a1 at any previous round.

This is how a1 executes cautious walk.

If an agent, a1 (say), is instructed to perform pendulum walk, it performs the following

movement. If we consider round r , a1 is with Leader at a node u ∈ G, then at the next

round, it checks if at least one port at u is marked as ⊥. If so, then it chooses the lowest port

among them and stores the port number in its internal memory. After which it moves along

this port to an adjacent node v (say) while writing 0◦{a1} both at the outgoing port of u (the

port along which it traverses towards v) and at the incoming port of v (the port along which

it reaches v from u). If there is no such port marked as ⊥, but at least one port is marked

as 0 ◦ {a2}, a1 chooses the lowest among these ports and stores the port number. Next, it

moves to the adjacent node v (say) following this stored port. While moving, it updates the

whiteboard information to 0◦{a1, a2}, both at the outgoing port of u and the incoming port

of v . In the next round, considering this adjacent node to be safe and the edge (u, v) to

be present, a1 returns to u and meets with Leader , conveying the path it has traversed in

order to reach v . After which, at round r +3, again considering the edge (u, v) to be present,

a1 moves alone to v . At round r +4, from v , it reaches some new adjacent node w (based

on the existence of such a port, not marked 1 or 0◦ {a1}, and also the corresponding edge

must not disappear), this information is updated by a1. If w is safe, then at round r + 5,

it returns to v and at round r +6, it returns to the Leader at u and conveys this extended

path to the Leader , provided that all these in between edges have not gone missing. In this

way, the agent executes the pendulum walk. Note that, irrespective of which walk an agent

performs, whenever it encounters a missing edge along its chosen direction of movement,

it immediately stops at the adjacent node of that missing edge until further instruction is

provided to the agent or the missing edge reappears.

Detailed Description of SINGLEEDGEBHSLEADER: This algorithm is executed by a3 once it

is elected as the Leader . Initially co-located with other agents at home, it instructs the
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lowest ID agent, i.e., a1, to start performing cautious walk, and instructs a2 to perform

pendulum walk. The Leader maintains certain variables for the agent currently perform-

ing pendulum walk. In this case, we have a2 performing pendulum walk currently, hence

the variables which the Leader maintains are: Al ena2 and Apatha2
. The variable Apatha2

keeps track of the sequence of ports that a2 has explored while performing pendulum walk,

whereas Al ena2 stores the cardinality of Apatha2
. Each time a2 returns to the Leader after

exploring a new node, the Leader increments Al ena2 by 1, and updates Apatha2
. There-

after, if the Leader moves away from the node where it last met with an agent, the Leader

keeps track of the path it has traversed away from that node. The variables which keeps

track about the Leader ’s movement are: Llena2 and Lpatha2
, for an agent a2 (say) from

which it has moved away. The variable Last.Leader is used by the Leader to help an

agent reach the current position of Leader . This entity is updated by the Leader at the

whiteboard of each node that it visits. To be accurate, if at round r , both Leader and an

agent a2 (say) met at a node u, and after which Leader decides to move away from u to a

node v . In that case, the Leader at round r +1 before reaching v , updates Last.Leader

at the whiteboard of u to 1 for the port j (if the Leader has taken the j -th port to reach

v from u) and the rest of the ports at u to 0. Next, after reaching v , it updates Lpatha2
to

Lpatha2
∪( j ,m) and increments Llena2 by 1, where j and m indicates the port of the edge

(u, v). Next, we discuss the scenarios that may occur for the Leader while executing this

algorithm.

Scenario-1: An agent, say a2, fails to report when it is performing pendulum walk, while

the other agent is performing cautious walk.

In this scenario, Leader can understand a2’s failure to return, only when it finds a2

does not report within (2 · (Alena2 +Llena2 +1)) rounds, since they last. After this realiza-

tion, whenever a1 meets the Leader , it instructs a1 to change its movement from cautious

to pendulum walk. After this, the Leader starts moving towards a2 and while moving, it

updates the respective stored variables (so that a1 can eventually find the Leader ). The

purpose of Leader ’s movement towards a2 is to check about a2, i.e., whether it is stuck (or

waiting) due to a missing edge or has been destroyed by the black hole. The Leader takes

help from the stored variables: Lpatha2
and Apatha2

to reach the last reported node of a2.
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While moving, the Leader may face the following possibilities: Leader may encounter a

missing edge, or it may not find a2, or it may find a2 stuck (or waiting) for a missing edge

to reappear. If the Leader encounters a missing edge, then it waits until the missing edge

reappears. Otherwise, if it does not find a2 but encounters no missing edge, then it con-

cludes that the adjacent node along which a2 last traversed from the last reported node is

the black hole, which terminates the algorithm. Lastly, the Leader may find a2 stuck (or

waiting) for a missing edge. In this case, if the edge is still missing, then the Leader sets a2

free by instructing it to continue performing pendulum walk along alternate ports, whereas

the Leader waits for the missing edge to reappear. This shows that while the Leader waits

for the missing edge to reappear, both a1 and a2 perform pendulum walk. On the con-

trary, if the missing edge reappears, the moment Leader finds a2, then it asks a2 to start

performing cautious walk (note, earlier a2 has been performing pendulum walk). So, a2

performs cautious walk, but a1 continues to perform pendulum walk.

Scenario-2: An agent, say a1 fails to report to the Leader when it is performing cautious

walk, while the other agent is performing pendulum walk.

Before a1 has failed to report, let us suppose both a1 and Leader have been at a node

u, and then a1 has visited an adjacent unexplored node v . If the failure for a1’s return oc-

curs when the edge (u, v) still exists, then the Leader being present at the adjacent node

concludes that v is the black hole. On the other hand, if the failure of a1’s return is due to

the edge (u, v), which has gone missing, then the Leader waits at u until the edge reap-

pears. In between all this, until Leader instructs a2 to change its movement, it continues

to perform pendulum walk.

Scenario-3: Both a1 and a2 fails to report, while a1 and a2 are performing cautious walk

and pendulum walk, respectively.

Without loss of generality, if a1 fails to report before a2, that failure of a1’s return is trig-

gered by the missing edge between the Leader and a1. Otherwise, if the edge has existed

and still a1 fails to return, then Leader must have already concluded the black hole node

and terminated the algorithm. So, while the Leader waits for the missing edge to reappear,

it finds that after waiting for (2·(Al ena2 +Llena2 +1)) rounds since it last met a2, a2 is yet to

return. As this is a sufficient number of rounds for a2 to return, Leader understands that
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a2 also fails to return. Subsequently, the Leader concludes that a2 must have been de-

stroyed by the black hole and terminates the algorithm by concluding the last visited node

of a2 to be the black hole position. Note that the black hole can be found after eventually

reaching the last reported node of a2 following the sequences Apatha2
and Lpatha2

, and

then checking the whiteboard of that node. The whiteboard information indicates the last

port visited by a2, which is indeed the black hole position1.

Scenario-4: Both a1 and a2 fail to report while they are performing pendulum walk.

Here, the Leader moves towards the agent which has the value: mini∈{1,2}(Alenai +
Llenai ). Let that agent be a1. So, the Leader moves towards a1 with the help of Apatha1

and Lpatha1
, while updating Last.Leader, Llena2 and Lpatha2

, respectively. If, while

traversing, the Leader encounters a missing edge along the direction of its movement, it

stops and waits for the missing edge to reappear. While waiting, if the Leader finds that

again a2 fails to report within maxi∈{1,2}(2 · (Alenai +Ll enai +1)) rounds, then it concludes

that a2 is destroyed by the black hole. This node can be located by following the instruc-

tions mentioned in the earlier case. On the contrary, if while traversing towards a1, no

missing edge is encountered, then the Leader reaches to the last reported node of a1 with

the help of Apatha1
and Lpatha1

, respectively. If a1 is not found at this node, the Leader

concludes that a1 is destroyed by the black hole. In addition to that, the node at which

a1 got destroyed is also detected by the Leader . The black hole node is the neighbouring

node of the current position of Leader with respect to the port j if a1 visited the j -th port

for the last time from the last reported node.

Next, we first define the purpose of the states that a1 or a2 or Leader can attain while

executing their respective algorithm.

An agent, i.e., a1 or a2 while executing SINGLEEDGEBHSAGENT can change to any of

these following states:

Cautious: This state resembles the movements performed by an agent while executing

cautious walk. An agent, say a1, is in the state Cautious, first sets the variable Move1 = 0

and checks if a port exists whose f value is ⊥. If such a port exists, it chooses the lowest

1The exact port should be the highest port along which 0◦ A is written and a2 ∈ A, this port is chosen by
a2 based on the protocol t−INCREASING-DFS.
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port among them and traverses along it to an adjacent node. While traversing, it updates

Move1 = 1 and writes 0◦{a1} at the whiteboard of this edge’s incoming and outgoing ports.

Next, if the adjacent port is safe and the edge between the Leader and a1 exists, then it

returns to the Leader . While backtracking, it sets Move1 = 2. In the next round, if the edge

still exists, then it changes Move1 = 0 again and, together with the Leader , traverses to the

adjacent node. Note that after backtracking to the previous node, if the Leader cannot be

found (i.e., the Leader has already moved from its earlier position), then the agent follows

Last.Leader at each node until it meets the Leader , and all this while, the Move1 value

remains the same (i.e., 2). After it finds the Leader , it changes its Move1 to 0.

On the other hand, if no such port exists at the current node with f value ⊥, then it

traverses back to an already visited node along with the Leader and with the same Move1

value (i.e., 0). Further, irrespective of any Move1 value, whenever the agent encounters a

missing edge along its path, it waits at that adjacent node until the edge reappears or the

Leader instructs a specific movement.

Pendulum: This state resembles the movement of an agent performing pendulum walk.

An agent, say a1, is in the state Pendulum, first sets the variable Move2 = 0 and checks

whether a port exists at the current node with f value ⊥. If so, it chooses the minimum

port among them. If not, then it checks if a port exists at the current node with f value

0◦ {a2}. If such a port exists, it chooses the minimum port among them. Now, irrespective

of which port is chosen, i.e., either marked as ⊥ or 0◦{a2}, the agent, while traversing along

this port, updates Move2 = 1 and updates Apatha1
= Apatha1

∪( j ,m) (where j and m are

the ports of the edge along which a1 traverses). Thereafter, it moves towards the adjacent

node while writing 0 ◦ {A ∪ a1} on the whiteboard of both the ports j and m, respectively.

Next, after exploring the new node, it backtracks the next round onwards until it meets the

Leader . While backtracking, the agent follows the stored sequence Apatha1
to navigate

its path towards Leader , and whenever that sequence exhausts and yet the Leader is not

found, then the agent uses Last.Leader at each node to find the Leader . At the same

time, following the edges with the help of Last.Leader, a1 also updates Apatha1
for each

new port that it takes. Whenever it finds the Leader , it changes Move2 from 2 to 1. Next,

a1 again follows Apatha1
to reach its last reported node. If, along this movement, the
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sequence Apatha1
is exhausted, that means a1 has reached the last reported node. So,

after reaching this node, it again sets Move2 = 0 and iterates this process.

On the other hand, if there does not exist any port at the current node, which is either

marked as ⊥ or 0◦ {a2}, then in that case, a1 sets Move2 = 3, and communicates this infor-

mation with the Leader . After which, it backtracks to an already traversed node following

the whiteboard and at each node that the Leader visits, it checks whether there exists a

port that is marked as ⊥ or 0 ◦ {a2}. If it finds such a port, it sets Move2 = 4 and updates

Apathai to store the sequence of ports from Leader to the current node, also updates

Alenai = |Apathai |, where |Apathai | is the cardinality of Apathai . Thereafter it moves to-

wards the Leader , and after the Leader is found, it communicates these Move2, Al enai

and Apathai values to the Leader and returns to the last node, following the sequence

Apathai and sets Move2 = 0. Consecutively, the process mentioned for Move2 = 0 earlier,

is iterated.

Currently, we discuss the states the Leader can attain while executing the algorithm

SINGLEEDGEBHSLEADER.

Initial: This state symbolizes the start of the algorithm SINGLEEDGEBHSLEADER. Initially

the Leader is accompanied by the agents a1 and a2 at home, where the Leader initial-

izes the variables: Apathai
= Lpathai

= NU LL and Alenai = Llenai = 0, for all i ∈ {1,2}.

Next, it instructs the lowest ID agent, i.e., a1, to change to state Cautious and a2 to state

Pendulum, and itself changes its state to Assign.

Assign: This state aims to initialize certain variables based on the fact that which agent

(i.e., a1 or a2) is instructed to perform which walk. After all this initialization, the Leader

changes to state Movement.

Movement: This state discusses the updation of variables and direction of Leader ’s move-

ment (if at all it moves). Let a1 be the agent, which returns to the Leader along the port

j while performing cautious walk. Now, if the Leader is present at the same node at

which it last met a1, it decides to move with a1 to the adjacent node from where a1 has

returned. While the Leader moves, it updates Lpatha2
= Lpatha2

∪ ( j ,m) (where ( j ,m)

are the incoming and outgoing port of the edge chosen by the Leader for its movement)

and Llena2 = Ll ena2 +1. It also updates Last.Leader to 1 for the port j and the remaining
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ports to 0.

On the other hand, if an agent a1 (say) returns along port j with Move2 = 1 while it per-

forms pendulum walk, then the Leader understands that a1 has returned after exploring a

new node. Accordingly, the Leader gathers this information and updates Apatha1
and in-

crements Al ena1 by 1. If a1 returns with Move2 = 3, the Leader understands that there is

no new information to gather from a1 and it does not update Apatha1
and Al ena1 . Lastly,

if a1 returns with Move2 = 4, the Leader understands that while backtracking, about the

fact that the agent a1 has found a port marked as ⊥ or 0◦a2. So, at this point, the Leader

updates the variables Apatha1 and Lpatha1 from a1, and instructs a1 to reach the last re-

ported node and then continues to perform pendulum walk along this available port, after

changing to state Pendulum.

Missing-Edge-Leader: The Leader changes to this state when it finds a missing edge.

There are two possibilities: the current node contains only the Leader , or another agent is

present.

If the Leader is alone, it waits at the current node until the edge reappears. While

waiting, if an agent fails to report, then the Leader changes its state to Fail-to-Report. On

the other hand, if another agent is present, then the Leader changes to state Assign by

assigning the agent to either change to state Cautious or Pendulum. It may be noted that

the Leader can only instruct an agent to change its state to Cautious if it finds the missing

edge reappear, and in addition to that, the other agent is performing pendulum walk.

On the other hand, if the edge reappears and an agent reports, then that agent is in-

structed to continue its earlier walk or change its walk, whereas the Leader changes its

state to Assign. Otherwise, if no agent reports even after the edge has reappeared, then the

Leader continues to perform Fail-to-Report (if, before changing to state Missing-Edge-

Leader, it has been in state Fail-to-Report). Otherwise, if it has been in a different state

before changing to Missing-Edge-Leader, it changes to Fail-to-Report.

Fail-to-Report: This state symbolises the decision that the Leader takes after it finds that

an agent has failed to report. There are two possibilities: (1) an agent a1 (say) fails to report

while performing cautious walk, or (2) a1 fails to report while performing pendulum walk.

If a1 fails to report while performing cautious walk and the edge between the Leader and
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that of a1 is missing, then Leader changes its state to Missing-Edge-Leader. Otherwise,

if there is no missing edge between the Leader and a1, then Leader concludes a1 to be

destroyed by the black hole, which terminates the algorithm. The second scenario occurs

when a1 fails to report while performing pendulum walk. In this scenario, after a1 fails

to report, if the other agent is currently performing cautious walk, then it is instructed to

perform pendulum walk, and the Leader moves towards a1. If a1 is found and a missing

edge is encountered or not, the Leader instructs a1 to either perform cautious or pendu-

lum walk, and it changes to either Assign or Fail-to-Report. If a1 as well as a missing edge

is not found, then the black hole location is concluded, which terminates the algorithm.

Otherwise, if a missing edge is encountered while moving towards a1, the Leader changes

to state Fail-to-Report.

The third scenario arises when the Leader finds both the agents are not reporting,

where we suppose a1 is performing pendulum walk, and a2 is performing cautious walk.

In this scenario, if the edge between the Leader and a2 doesn’t exist, then the Leader con-

cludes that the last visited node of a1 is the black hole. Otherwise, the Leader concludes

a2 is destroyed by the black hole.

The last scenario occurs when both agents a1 and a2 are performing pendulum walk,

and they fail to report. This is understood by the Leader after it waits for
∑2

i=1(2 ·(Alenai +
Llenai +1)) rounds. So, the Leader simply changes its state to Fail-to-Report-Movement.

Fail-to-Report-Movement: This state explains the phenomenon when both agents, i.e.,

a1 and a2, fail to report while performing pendulum walk. The Leader moves towards

the agent with mini∈{1,2}(2 · (Alenai +Ll enai + 1)) value. While moving, if it encounters a

missing edge, it waits. While waiting, if the other agent (say, a2) again fails to report (i.e.

wait time is greater than maxi∈{1,2}(2 · (Alenai +Llenai +1))), then the Leader concludes

that the last node visited by a2 is the black hole. On the other hand, if within the waiting

period a2 reports, then the Leader changes its state to Fail-to-Report.

If while the Leader moves towards the agent with mini∈{1,2}(2 · (Al enai +Llenai +1)),

and encounters no missing edge but finds the agent (say, that agent be a1), in that case it

instructs a1 to change its state to Pendulum and initializes all the parameters associated

with a1 to 0 and NU LL. The Leader , changes to state Fail-to-Report. But if no agent is
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found, the Leader concludes that the last node visited by a1 is the black hole position.

The pseudo codes of SINGLEEDGEBHSAGENT and SINGLEEDGEBHSLEADER are, thus,

explained in Algorithm 9 and Algorithm 10 referred in Appendix 4.6.

Correctness and Complexity

In this section, we have proved the correctness of our algorithm, as well as shown the upper

bound results in terms of move and round complexity.

Lemma 4.4.1. Algorithms SINGLEEDGEBHSAGENT and SINGLEEDGEBHSLEADER on a dy-

namic cactus graph G with at most one edge being dynamic at any round, ensure that be-

tween a1, a2 and Leader , at most 2 among them can be stuck or waiting for a missing edge.

Proof. To prove this claim, we have discussed the decisions that the Leader takes when-

ever it encounters a missing edge along its path. The Leader can either encounter a miss-

ing edge while it is moving with an agent a1 (say), which is performing a cautious walk,

or when it is moving towards an agent a1 (say), which fails to report, while performing a

pendulum walk. We have discussed each case that the Leader may encounter:

• If the Leader encounters a missing edge while it is moving with a1, which is per-

forming cautious walk, then either a1 is with the Leader , or they are separated by

this missing edge. In the first scenario, the Leader instructs a1 to change its state

from Cautious to Pendulum. This implies that a1 starts performing pendulum walk

around the remaining paths (those ports can be identified with the help of a white-

board at each visiting node). In the meantime, the Leader waits until the edge reap-

pears (refer to state Missing-Edge-Leader in Algorithm 10). On the other hand, if the

Leader and a1 are separated due to the missing edge, then Leader remains station-

ary until the missing edge reappears, or the other agent, i.e., a2, also fails to report.

• If the Leader is moving towards a1, which has been performing pendulum walk,

then any of the following two situations can occur: either the Leader can find an

agent stuck due to a missing edge, or it may encounter a missing edge not occupied

by any agent. For the first situation, the agent can be found stuck or waiting, which
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can be either a1 or a2. In that case, the Leader instructs that agent to perform pen-

dulum walk along any alternate available path, and the Leader itself remains sta-

tionary. The Leader remains stationary until the missing edge reappears or it finds

some other agent has failed to report. In the second situation, whenever it encoun-

ters a node incident to a missing edge not occupied by any agent, it waits until the

missing edge reappears or any other agent fails to report.

So, in either case, the Leader does not allow more than one agent to occupy one end

of the missing edge.

Now, we discuss the decisions an agent takes while encountering a missing edge.

• If an agent a1 (say) encounters a missing edge along its movement and finds that an-

other agent a2 is already present for that missing edge, then a1 chooses an alternate

port and continues executing its algorithm, or if there does not exist any available

port, it backtracks from the current node.

• If an agent a1 (say) encounters a missing edge and finds the node adjacent to the

missing edge to be vacant, then a1 waits until the missing edge reappears or the

Leader instructs a1 not to wait by interchanging the position with a1.

Similarly, in this scenario as well, an agent also does not allow more than one agent to

remain stuck or waiting for a missing edge. This ensures our claim that, between a1, a2,

and Leader , at most two among them can be stuck or waiting due to a missing edge.

Lemma 4.4.2. The Leader executing SINGLEEDGEBHSLEADER ensures that if both a1 and

a2 are either stuck or waiting due to a missing edge, then the Leader eventually instructs

one among these agents to move, whereas it itself waits for the missing edge.

Proof. Let r be the first round when both a1 and a2 are stuck or waiting at the nodes u and

v , respectively, due to a missing edge (u, v). The movements of these agents before they

get stuck (or waiting) lead us to the following cases.

• Both a1 and a2 have performed pendulum walk before each of them gets stuck.
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This scenario of both agents performing pendulum walk can only arise when at a

round r ′ < r , the Leader gets stuck or is waiting at one end of the missing edge.

The Leader , while it waits, must have instructed both agents to perform pendulum

walk if not already performing. Now, at round r , while a1 and a2 are performing

pendulum walk, they encounter a missing edge and again get stuck (or wait) due to

the missing edge. This means that from round r onwards, the missing edge for which

the Leader has been waiting has reappeared (since there is at most one dynamic

edge at any round). Let r ′′ (where r < r ′′) be the current round, at which Leader

finds that both agents fail to report. It can happen only when the Leader finds no

agent reporting even after waiting for at most
∑2

i=1(2 · (Alenai +Ll enai +1)) rounds

since any of these agents last reported. This triggers the Leader to move towards

the agent with mini∈{1,2}(2 · (Al enai + Llenai + 1)). Let that agent be a1, so within

r ′′+ (2 · (Al ena1 +Ll ena1 +1)) rounds, the Leader reaches the node occupied by a1

and finds a1. Next, it instructs a1 at u to start pendulum walk.

• One agent has performed cautious walk, whereas the other agent has performed pen-

dulum walk before they get stuck (or wait) for the missing edge at round r .

Let a1 be the agent who has performed cautious walk. So, at round r , whenever it has

chosen to travel through the edge (u, v), it has found that the edge (u, v) is missing

and hence gets stuck or waits for the missing edge to reappear. The Leader , being

present at the same node also, must have found a1 stuck (or waiting) at round r .

Hence, in this situation, it must have instructed a1 to leave u by changing to pendu-

lum walk at round r itself.

Thus, in both these scenarios, it is proved that if both a1 and a2 occupy both sides of a miss-

ing edge, then the Leader eventually instructs one among them to continue performing

its movement, i.e., it makes the stuck or waiting agent free to move, whereas the Leader it-

self remains stationary until either the missing edge reappears or it moves towards certain

agent. Hence, this proves our claim.

Lemma 4.4.3. Neither the agents executing SINGLEEDGEBHSAGENT nor the Leader exe-

cuting SINGLEEDGEBHSLEADER explore any cycle infinitely.
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Proof. We, first, have shown that an agent a1 (without loss of generality) while executing

Algorithm 9 can never explore any cycle infinitely. Let C1 be a cycle in G containing a node

u along which the agent a1 starts exploring this cycle. Let us suppose that from u, a1 moves

to an adjacent node v along the port j . While moving, it updates f ( j ) = f ( j ) ◦ {a1} (here,

earlier A =Φ or A = {a2}) at the whiteboard of u. Next, after exploring all the nodes of C1,

whenever a1 returns to u and it attempts to choose the port j again, it finds that it has al-

ready visited the port j (based on the f ( j ) value written on the whiteboard). Hence, it does

not choose this port again, irrespective of whether a1 is performing cautious walk or pen-

dulum walk. This proves that an agent executing SINGLEEDGEBHSAGENT never explores

any cycle infinitely.

Further, the Leader can move with an agent while the accompanying agent is perform-

ing cautious walk, or it can move towards an agent who has failed to report while executing

pendulum walk. In the first case, as the agent itself never explores any cycle infinitely, the

Leader , accompanying it, can also never explore any cycle infinitely. In the second case,

the Leader moves towards the agent by following the same path that the agent a1 (say) has

already traversed, which is the length at most maxi∈{1,2}(2 · (Alenai +Ll enai +1)). Hence,

in this case, it is impossible for the Leader to explore any cycle infinitely since the agent

itself, executing Algorithm 9, cannot explore any cycle infinitely according to the earlier

argument. This shows that the Leader can also never explore any cycle infinitely.

Lemma 4.4.4. The algorithm SINGLEEDGBHSAGENT ensures that in the worst case, every

node in G is explored by either a1 or a2 until any one among them gets destroyed by the black

hole or the Leader terminates the algorithm.

Proof. As stated earlier, a1, a2 and Leader are all t−state finite automata’s, where t ≥
αn∆ log∆. An agent (either a1 or a2) finds eligible ports 2 at the current node, irrespec-

tive of whether they are executing cautious or pendulum walk. Among these eligible ports,

the one the agent chooses is based on the protocol of t−INCREASING-DFS. It may be noted

that this t−INCREASING-DFS protocol requires O(n∆ log∆) bits of memory for an agent.

It is because the agents, while executing Algorithm 9, not only explore each port in G but

2A port j is eligible for an agent a1 (say) executing cautious walk, if f ( j ) = ⊥, whereas if a1 is executing
pendulum walk, then an eligible port is one, which is either f ( j ) =⊥ or f ( j ) = 0◦ A \ {a1}.
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also store the ports that they visit. The ports are stored via the sequence Apathai
(where

i ∈ {1,2}), where this sequence only gets incremented when an agent is performing pendu-

lum walk. In addition to this, while only exploring a new port (not visited yet by ai ), the

sequence Apathai
is updated. As per the eligibility of a port, a port already visited by ai is

never explored again. Only during backtracking may it be visited, but during this time, the

sequence Apathai
is not updated. Each node in G can have at most ∆ such ports, and in

the worst case, an agent needs to store each such port. So this shows that O(n∆ log∆) bits

are sufficient for an agent to store each port in G. This further implies that, the cardinality

of Apathai
is at most O(n∆ log∆). Further, as stated in Theorem 6 and Corollary 7 of [70],

an agent with O(n log∆) bits of memory is sufficient to explore any static graph with diam-

eter n and maximum degree ∆. So, O(n∆ log∆) bits are more than sufficient for an agent

to explore G. Additionally, Lemma 4.4.2 states that eventually, either Leader or one of a1

or a2 remains stuck (or waits) due to a missing edge. Now, as G can have at most one dy-

namic edge at any round, the other agent among a1 and a2 can unobstructively explore

the remaining graph. It can explore until it is destroyed by the black hole or the Leader

terminates the algorithm by either detecting the position of the black hole or the path that

indicates the black hole location by visiting the last node.

Lemma 4.4.5. Algorithm SINGLEEDGEBHSLEADER ensures that the Leader never gets de-

stroyed by the black hole.

Proof. The Leader can move from its current node for either of these two cases: (1) it is

accompanied by an agent that is performing cautious walk, (2) when it finds that a certain

agent has failed to report. In the first case, it is observed that the Leader only visits a node

after it is ensured safe by the agent performing cautious walk. This means that it is only

possible for the agent to get destroyed by the black hole, as it never explores an unexplored

node while accompanying the agent, performing cautious walk.

In the second case, the Leader moves from its current node only after it finds that

an agent a1 (say) has failed to report while performing pendulum walk. In this case, the

Leader moves towards a1. The path taken by the Leader to reach a1 is already traversed

by either a1 or a2 or both. It is because, the Leader only follows the sequence Apatha1
∪
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Lpatha1
. Hence, the Leader cannot be destroyed by the black hole.

Lemma 4.4.6. At least one among a1 and a2 executing SINGLEEDGEBHSAGENT gets de-

stroyed by the black hole within O(n2) rounds.

Proof. It may be recalled that the Leader instructs one among a1 or a2 to perform cautious

walk, or it instructs both a1 and a2 to perform pendulum walk. We have the following cases

based on these movements, and we have proved our claim for each case.

• The case where one among a1 and a2 is instructed to perform cautious walk and the

other to perform pendulum walk: let us suppose a1 be the agent which is instructed

to execute cautious walk, whereas a2 is instructed to execute pendulum walk. In this

situation, a1 explores and moves to a new node in every 3 rounds (if not stuck or

waiting due to a missing edge), whereas a2 requires at most 2n rounds to explore a

new node. Hence, in the worst case, if a2 is not blocked at all, then it takes O(n2)

rounds to get destroyed by the black hole.

• The case when both a1 and a2 are instructed to perform pendulum walk: as per our

algorithm, this scenario can arise when the Leader is stationary due to an adjacent

missing edge. So, while the Leader is still waiting for the missing edge to reappear,

at least one among these two agents can unobstructively perform pendulum walk. In

the worst case, the other agent may get stuck (or wait) on the other node of the same

missing edge. Now, an agent performing pendulum walk requires at most 2n rounds

to explore a new node, which shows that within O(n2) rounds, at least one agent gets

destroyed by the black hole.

Lemma 4.4.7. Let r be the round at which one among a1 and a2 while executing SIN-

GLEEDGEBHSAGENT, is the first to get destroyed by the black hole, then the Leader while

executing SINGLEEDGEBHSLEADER terminates the algorithm within r +O(n2) rounds.

Proof. Let us assume a1 is the first agent to get destroyed by the black hole at round r . First,

it is needed to be observed that maxi∈{1,2}(Alenai +Llenai ) ≤ n∆≈ n2, since ∆≤ n−1. This
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inequality holds since an agent never explores a port more than once. It can visit a port

more than once while backtracking, but during backtracking, it never stores the port along

which it backtracks. Hence, we have the following cases based on the movement strategies

followed by a1 and a2 while executing Algorithm 9.

• Let a1 is destroyed at round r while it is performing cautious walk.

This means at round r , a1 has visited an unexplored node, while the Leader waits

at the adjacent node for a1 to report. As a1 is performing cautious walk, a2 must

be performing pendulum walk. So, now we have two situations. Either the edge e

between Leader and a1 exists, or it has gone missing. If it exists, then the Leader at

round r +1 finds that a1 has failed to report. Hence, it identifies the black hole and

terminates the algorithm. On the contrary, suppose the edge e is missing from round

r onwards, as the underlying graph can have at most one such dynamic edge at any

round; so while the Leader waits for the missing edge to reappear, the agent a2 can

unobstructively continue pendulum walk until it gets destroyed by the black hole.

It may be noted that pendulum walk requires at most 2n rounds to explore a new

node. This implies that within r +O(n2) rounds, a2 also gets destroyed by the black

hole. If e is still missing, then the Leader finds that a2 fails to report, after waiting for

2 ·(Al ena2 +Llena2 +1) rounds since a2 last met with Leader . This helps the Leader

to conclude that a2 is destroyed by the black hole and accordingly terminates the

algorithm. The Leader terminates the algorithm because it knows the exact path to

visit in order to locate the black hole. Otherwise, if e reappears (within 2 · (Alena2 +
Llena2 +1) rounds since a2 last met with Leader ), then the Leader finds that a1 is

not reporting. So, in the next round itself (as a1 fails to report), the Leader concludes

that a1 is destroyed by the black hole, which terminates the algorithm. This implies

that within at most r +O(n2)+n2 = r +O(n2) rounds, the Leader terminates the

algorithm.

• Let a1 be destroyed at round r by the black hole while performing pendulum walk.

There are two possibilities for this case: (1) a2 is performing cautious walk at round

r , or (2) a2 is performing pendulum walk at round r . The case (2), where a2 is per-
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forming pendulum walk, is discussed in the next case. Let us consider (for case (1))

that a2 is performing a cautious walk. So anyhow the Leader at round r ′ (where

r ′ ≤ r + 2 · (Al ena1 +Ll ena1 + 1) ≤ r +n2) finds that a1 fails to report. This implies

that at round r ′, if a2 is with the Leader , then it instructs a2 to change its movement

from cautious to pendulum. Otherwise, if a2 is not with the Leader , then the Leader

waits for 2 rounds (assuming there is no missing edge between the Leader and a2)

for a2 to report. Then, it instructs a2 to change its movement from cautious to pen-

dulum. Next, in that round, the Leader moves towards a1 following the sequence

Apatha1
∪Lpatha1

. While moving, if it does not encounter any missing edge, then

at round r ′′ (where r ′′ ≤ r ′+Al ena1+Llena1 ≤ r+O(n2)), the Leader identifies that a1

is destroyed by the black hole and terminates the algorithm. On the contrary, while

moving towards a1, if the Leader encounters a missing edge, it waits again for the

missing edge to reappear. In the meantime, a2 has already begun performing pen-

dulum walk, from round r ′ onwards (or from r ′+2 onwards). So, it explores a new

node in at most 2n rounds and then reports to the Leader . If a2 also gets stuck (or

waits) due to a missing edge, and fails to report at some round r1 ≤ r +O(n2), then

the Leader again moves towards a2. Either the Leader finds a2, or a1 again fails

to report (because a1 is already destroyed by the black hole at round r ) and even-

tually, the Leader terminates the algorithm. So, in worst case, the Leader takes

r1 +2n2 +O(n2) = r +O(n2) rounds to terminate the algorithm.

• Let a1 be destroyed by the black hole at round r , while a1 and a2 are performing

pendulum walk.

Earlier, this case arose because the Leader has been waiting for a missing edge to

reappear. Otherwise, both agents are never instructed to perform pendulum walk

while they are still reporting back to Leader . Now, since a1 fails to report, and

if a2 is not obstructed at all, then a2 can explore a new node in every at most 2n

rounds and eventually fails to report, as it gets destroyed by the black hole. So, this

concludes that within r +O(n2) rounds, a2 also gets destroyed. Next, whenever the

Leader finds that a2 has failed to report, then it moves towards mini∈{1,2}(Alenai +
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Llenai ) and either detects the black hole which terminates the algorithm or encoun-

ters a missing edge. If it again encounters a missing edge, then it further waits for

maxi∈{1,2}(Al enai +Llenai ) rounds. Again, the Leader finds that no agent is report-

ing, as both are destroyed. In this case, the Leader detects the agent (based on the

entity maxi∈{1,2}(Alenai +Llenai )) destroyed by the black hole and terminates the al-

gorithm, as it knows the exact agent which has been destroyed and also it knows the

path to follow in order to locate the black hole. In the worst case, this process re-

quires r +2n2 +O(n2) rounds. This shows that the Leader terminates the algorithm

in at most r +O(n2) rounds.

The above cases cover all possibilities, and in each case, we have proved our claim.

Lemma 4.4.8. The Leader executing SINGLEEDGEBHSLEADER correctly terminates the al-

gorithm.

Proof. It may be noted that, according to our Definition 4.2.1, the surviving agent can ter-

minate the algorithm when it either knows the exact black hole node or knows the path

it needs to visit to determine the black hole node. In our BHS algorithm, the Leader is

the one who can terminate the algorithm. The Leader while executing SINGLEEDGEBH-

SLEADER encounters many scenarios. In this proof, we discuss all such scenarios and show

that the Leader correctly terminates the algorithm in each of them.

Case-1: [An agent (say, a1) has been consumed by the black hole while executing cautious

walk.] Let the black hole node be u. Since a1 has been executing cautious walk, the Leader

is located at one of the neighbours of u, say at v . Now, if the edge (u, v) exists, then the

Leader finds that a1 fails to report and concludes that a1 is destroyed by the black hole.

Since the Leader knows the port by which a1 has travelled to reach u, accordingly, the

Leader locates the black hole and terminates the algorithm. Otherwise, if the edge (u, v) is

missing, at the moment when a1 gets destroyed by the black hole. Then the Leader waits

for that edge to reappear, whereas the other agent, i.e., a2, continues to perform pendulum

walk and eventually gets destroyed. In that case, the Leader understands a2’s failure to re-

port, after waiting 2 · (Al ena2 +Llena2 +1) rounds. After which, the Leader concludes that

a2 is destroyed by the black hole and terminates the algorithm. The reason for termination
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is that the Leader currently knows the location of the black hole, as it can be determined

by traversing the sequence of ports in Apatha2
∪Lpatha2

and then accessing the white-

board. It is noted that this conclusion by the Leader is indeed correct. It is because the

Leader at node v is occupying one end of the missing edge, whereas the other node is the

black hole (which has earlier destroyed a1). Now, as the underlying graph has at most one

missing edge, so a2, other than being destroyed by the black hole, must not have faced any

obstruction to report back within 2 · (Al ena2 +Ll ena2 +1) rounds.

Case-2: [An agent (say, a1) has been destroyed by the black hole while executing pendulum

walk.] It may be noted that a1 has been performing pendulum walk before it gets destroyed

by the black hole, and this can only happen if either a2 has failed to report or the Leader

has encountered a missing edge. We have explained each of these possibilities in detail.

• a2 fails to report: In this case, the Leader instructs a1 to change its movement from

cautious to pendulum. Next, while the Leader starts moving towards a2 following

Apatha2
∪Lpatha2

, either it finds a2, or it is not found, or the Leader encounters a

missing edge.

Case-A: If the Leader encounters a missing edge, it waits. In the meantime, a1, while

performing pendulum walk, gets destroyed by the black hole and fails to report. As

a1 has also failed to report, the Leader moves towards a1, leaving the node adjacent

to the missing edge. If it faces no obstruction, it correctly locates the black hole and

terminates the algorithm. But if it encounters a missing edge while moving towards

a1, it waits for a2 and eventually a2 reports to the Leader . It is because the earlier

missing edge for which a2 has failed to report has reappeared (since there can be at

most missing edge at any round). In this case, a2 continues to perform pendulum

walk. While performing, a2 eventually gets destroyed by the black hole and also fails

to report. In this situation, Leader again moves towards a2 as described earlier, leav-

ing the node adjacent to the missing edge and correctly locates the black hole. It is

because while moving towards a2, either a2 is not found or the Leader encounters a

new missing edge. If the missing edge is encountered, then failure of a1’s return con-

cludes that a1 has been destroyed. Moreover, the Leader , having knowledge of the
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path until the last reported node of a1, knows the exact path to visit in order to locate

the black hole and terminates the algorithm. Otherwise, not finding a2 means that

a2 is destroyed by the black hole, which the Leader understands, and terminates the

algorithm.

Case-B: If a2 is found, and whether there is a missing edge along the next direction of

a2 or not, the Leader instructs a2 either to perform cautious or pendulum walk. Now

a1 fails to report since it has been destroyed by the black hole. If a2 has been perform-

ing cautious walk before a1 fails to report, and when the Leader understands that a1

has failed to report, then it instructs a2 to change to pendulum walk. Otherwise, the

Leader instructs a2 to continue performing pendulum walk. Irrespective of which

instruction the Leader provides, it invariably moves towards a1. If the Leader does

not find any missing edge corresponding to the last traversed port of a1 at the last

reported node, it correctly locates the black hole and terminates the algorithm. Oth-

erwise, if the Leader encounters a missing edge, it waits for the missing edge to reap-

pear. When Leader is waiting, a2 is performing pendulum walk. After a few rounds,

a2 either reaches the other end of the missing edge or gets destroyed by the black

hole. This means a2 also eventually fails to report. So, the Leader finds that both a1

and a2 are not reporting. Hence, it moves towards a2 as the path towards a1 is already

blocked by a missing edge. If a2 is found, then the Leader correctly concludes that

a1 has been destroyed by the black hole (location of which can be found after visiting

the sequence of ports Apatha1
∪ Lpatha1

and then finding the last visited port at

the whiteboard of last reported node), which terminates the algorithm. On the other

hand, if the Leader again encounters a missing edge while moving towards a2, it

waits for another maxi∈{1,2}(2 · (Alenai +Llenai +1)) rounds. Thereafter, the Leader

concludes that a1 has been destroyed by the black hole and terminates the algorithm,

as now the Leader knows the sequence of ports, i.e., Apatha1
∪Lpatha1

to reach the

last reported node of a1, and eventually visiting this node will determine the location

of the black hole node.

Case-C: If a2 is not found and there is no missing edge, the Leader correctly con-
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cludes that the black hole has destroyed a2 and locates the position of the black hole

and terminates the algorithm, as otherwise a2 must have been found.

• Leader encounters a missing edge: In this case, both a1 and a2 must execute pendu-

lum walk as per SINGLEEDGEBHSLEADER. While performing their respective move-

ment, if both a1 and a2 fail to report, then the Leader moves towards the agent with

mini∈{1,2}(2 · (Al enai + Ll enai + 1)) (let that agent be a1) and eventually locates the

black hole (refer to the earlier case) and terminates the algorithm. On the contrary,

while moving towards a1, if the Leader encounters a missing edge, then this case is

similar to the earlier Case-B, where the Leader again terminates the algorithm.

Theorem 4.4.9. The agents a1 and a2 executing SINGLEEDGEBHSAGENT and the Leader

executing SINGLEEDGEBHSLEADER correctly terminate the algorithm, in a dynamic cactus

graphG with at most one dynamic edge at any round, within O(n2) moves and O(n2) rounds.

Proof. Lemmas 4.4.6 and 4.4.7 state that our Algorithms 9 and 10 correctly terminate within

O(n2) rounds, and since at each round, the Leader and the agents can move at most once.

Hence, there can be at most 3 moves in each round. This implies that the agents following

Algorithm 9 and the Leader following Algorithm 10 solve the BHS problem within O(n2)

moves.

4.4.2 Black Hole Search in Presence of Multiple Dynamic Edges

In this section, we discuss the case where the dynamic cactus graph G can have at most k

(k > 1 and k ∈Z) dynamic edges. In addition, irrespective of the fact that whichever edges

are dynamic, the underlying constraint of the 1-interval connectivity property has to be

preserved. Accordingly, we present a BHS algorithm, which is termed as MULTIEDGEBHS.

This algorithm works with 2k + 3 agents and locates the black hole within O(kn) rounds

and O(k2n) moves.

Initially, a set of A = {a1, a2, . . . , a2k+3} agents are co-located at home. Our algorithm

requires each node to have a whiteboard with O(deg (u)(logdeg (u)+k logk)) bits of stor-
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age, where u ∈ G. For each node u ∈ G, the whiteboard stores the following information:

for each port j of u, where j ∈ {0,1, . . . ,deg (u)−1}, an ordered tuple (g1( j ), g2( j )) is main-

tained. The function g1 is the same as the function f , defined in Section 4.4.1. The function

g2 is defined as follows, g2 : {0,1, . . . ,deg (u)−1} → {⊥,0,1},

g2( j ) =


⊥, if an agent is yet to visit the port j

0, if no agent has returned to the node u through the j -th port

1, if the node with respect to j -th port is safe

Unlike our earlier BHS algorithm discussed for the single edge dynamic case, we don’t

require any Leader , i.e., each of the 2k+3 agents autonomously executes MULTIEDGEBHS.

Similar to Algorithm 9, each agent executes the protocol of t−INCREASING-DFS (where

t ≥ αn∆ log∆, α ∈ Z+). In this algorithm, an agent performs two types of action: (1) it

explores an unexplored node, or (2) it walks along an already marked safe port. These two

types of actions can be explained as follows:

1. Explore: In this action, an agent explores an unexplored port. While exploring, it either

performs cautious walk or marking walk.

2. Trace: In this action, an agent only moves along safe ports. These ports are marked safe

by an agent that has performed the action explore.

We now provide a brief overview of our algorithm, MULTIEDGEBHS.

Brief Idea of MULTIEDGEBHS: Each of the 2k + 3 agents start from home, where without

loss of generality we order, ID of ai < ID of ai+1 (∀ i ∈ {1,2, . . . ,2k +2}). On a high level, the

task of each agent is to explore each port of G. The exploration continues until the agent is

destroyed by the black hole, encounters a missing edge along its path of movement, or the

black hole is detected. If more than one agent is together, then to explore an unexplored

port, the agents together perform a cautious walk. If only one agent is present, then to

do the very same task, the single agent performs marking walk (refer to the definition of

marking walk in Section 4.2). Next, while traversing G, if an agent discovers a missing

edge along its path of movement and no agent is waiting for that edge, this agent waits

until the edge reappears. Otherwise, if some agent is already waiting for the same missing
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edge to reappear, it simply ignores this port and moves to an alternate port or backtracks.

Whenever an agent finds a port whose g2 value is marked as 0 but the edge corresponding

to this port is not missing, it waits for 2 rounds. If no agent arrives and marks g2 value

to 1, then the agent concludes this adjacent node to be the black hole and terminates the

algorithm.

Detailed Description of MULTIEDGEBHS: At the beginning, the whiteboard entry corre-

sponding to each port and at each node in G is marked as (⊥,⊥). So, each agent initially co-

located at home, sets the following variables: Move1, Wt i me1, Move2, Wt i me2 and Wt i me3

to 0. Next, they change their state to Initial. In this state, if an agent finds multiple agents

are available3 at the current node, they change their state to Cautious. Otherwise, if the

agent finds no other agent is available, it changes to state Marking.

An agent in state Cautious first checks the ports corresponding to the current node.

After checking, the following possibilities may arise: (1) a port can be marked as (⊥,⊥), (2)

a port can be marked as (0 ◦ A,0), (3) a port can be marked as (0 ◦ A,1), (4) a port can be

marked as (1,1). Now, based on these ports, we define all possible actions that an agent

may execute.

1. If at least one port is found, which is marked as (⊥,⊥) (i.e., all these ports are yet to

be visited by any agent), then the following actions are performed. Next, the agent checks

whether the Move1 value is 0. It may be noted that this Move1 = 0 signifies the fact that the

agent is available for the next move. Suppose, among all such ports with marking (⊥,⊥),

let us assume j to be the lowest port. If the edge with respect to the port j exists, then

the lowest ID agent (say, ai ) with Move1 = 0 traverses along this port. While traversing, it

updates the whiteboard with the value (0◦ai ,0), at both ports of this edge (say those ports

are j and m, respectively). After it reaches the adjacent node, it updates Move1 = 2. On the

other hand, for all the agents not with the lowest ID, they set Wt i me2 = 0 and change their

state to Cautious-Wait. On the contrary, if the edge corresponding to the port j is missing,

the lowest ID agent changes its state to MissingCautious-Wait, whereas the other agents

with Move1 = 0, change to state Initial.

3The available agents are the ones that are neither stuck due to a missing edge nor waiting for other agents
to report.

TH-3897_206123002



106 Chapter 4. Black Hole Search in a Dynamic Cactus

If the agent has a Move1 value of 1, then that means the agent has previously performed

a cautious walk and has moved to a new node. This Move1 value also signifies that the

agent is not the explorer agent among all the agents performing cautious walk. It is because

the explorer agent, or the agent leading the cautious walk, never changes its Move1 value

to 1. Currently, this agent checks if the explorer agent is also present at the current node; if

so, it changes the Move1 value to 0 and moves into state Cautious.

If the agent has Move1 value 2, then this signifies that this agent is the explorer agent,

performing cautious walk, and it has reached a node through a port marked as (⊥,⊥). Cur-

rently, it is trying to return to the earlier node through the same edge in order to mark this

port (or corresponding edge) safe. If the edge exists (i.e., it has not gone missing), the agent

returns by marking the corresponding ports with respect to this edge to 1 (g2 value) and

sets Move2 = 3. Other agents agents with Move1 = 0 decides to move along the same port,

through which the agent with Move2 = 3 just returned. Otherwise, if the edge does not

exist, i.e., has gone missing, then the agent waits until the edge reappears.

Finally, if the agent has Move1 value 3, it implies that the agent has returned to the

earlier node (say, u) after reaching a node (say, v) through an unexplored port. Currently,

it is trying to reach v again. If it manages to reach v through the same port, then it sets

Move1 = 0 and changes to state Initial. Otherwise, if the edge (u, v) is missing, then it

waits with the same Move1 value until the edge reappears.

2. If none of the ports has marking (⊥,⊥), then the agent checks for ports with marking

(0◦A,0). If such a port exists, but the edge with respect to the lowest port with this marking

is missing, then the lowest ID agent with Move1 = 0 waits if no agent is already waiting for

this edge. All the other agents with the same Move1 value change to state Initial. On the

contrary, if the edge is not missing and no agent is waiting, then all agents with Move1 = 0

wait for two rounds. If some agent returns, i.e., g2 value of this port changes to 1, they

all change their state to Initial. Otherwise, they conclude that the adjacent node contains

the black hole and terminate the algorithm. On the other hand, if Move1 = 1, then as

discussed in the earlier case, if it finds another agent with Move1 = 0, it updates Move1 = 0.

Otherwise, if Move1 = 2 or Move1 = 3, then the agent will execute the same instructions

as discussed in the earlier case.
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3. If none of the ports is marked as (⊥,⊥) or (0 ◦ A,0), but there exists at least one port

that is marked as (0 ◦ A,1), then the following actions are performed by the agents. If the

agent has a Move1 value of 0, and the edge with respect to the lowest such port (i.e., the

port marked as (0◦ A,1)) is missing, and no other agent is waiting for this edge, the lowest

ID agent with Move1 = 0 waits. The other agents with the same Move1 value change to

state Initial. Otherwise, if another agent is waiting for this missing edge, the agents with

Move1 = 0 attempt to change the port. If no ports are available, they backtrack and change

to the Initial state. On the contrary, if an edge with marking (0◦A,1) is available, they check

the set A with respect to this port. If the set A contains the ID of an agent that is also trying

to traverse through this edge and has Move1 value 0, then all these agents with Move1 = 0,

who are trying to visit this edge, either choose a different port or backtrack and then change

to state Initial. Otherwise, if A does not contain any ID of the agents with Move1 = 0 and

trying to visit this port, each agent with Move1 = 0 moves along this port while updating

(0◦A,1) to 0◦(A∪{ai }) (if, {ai } denotes the collection of all those agents) and then changes

to state Initial. For the remaining Move1 values (i.e., 1, 2 and 3), the same instruction is

followed as explained in earlier cases.

4. If all ports are marked with (1,1) and the agent has Move1 = 0, then it backtracks to an

already traversed node and changes its state to Initial. For the remaining Move1 values,

the actions follow from earlier cases.

An agent is in the state MissingCautious-Wait because it has been the explorer among

the set of agents executing cautious walk, and currently, it is waiting. The purpose of its

waiting is as follows: it has tried to traverse along a port that is marked as (⊥,⊥), but while

traversing, it found that edge to be missing. So, currently, it waits for the missing edge to

reappear, and whenever the edge reappears, it will change to state Initial.

Next, an agent is in state Cautious-Wait because it is one of the follower agents per-

forming a cautious walk, where the explorer agent has traversed along the port, say j , and

has yet to return. If the edge exists, this agent waits for at most two rounds, and the follow-

ing conclusions are established.

(a): If the explorer agent returns and the edge still exists, it moves to this new node. While

moving, it updates the g1 value, Apathai sequence and sets Move1 = 1. Thereafter, it
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changes to state Initial. On the other hand, if the edge does not exist after the explorer

agent returns, it changes to state Initial.

(b): If the explorer agent does not return, the agent concludes that the adjacent node is the

black hole.

Otherwise, if the edge does not exist, and the current agent is of the lowest ID among all

agents in this state, it waits. Otherwise, it changes to state Initial and chooses a different

port, or if no ports are available, it backtracks and changes to state Initial.

An agent in the state Marking can encounter the following types of ports: (1) a port

marked as (⊥,⊥), (2) a port marked as (0 ◦ A,0), (3) a port marked as (0 ◦ A,1), (4) a port

marked as (1,1).

1. An agent finds at least one port marked as (⊥,⊥) and, if that agent is with Move2 = 0,

then the lowest port among them is chosen. Let that port be j . Now, if the edge with respect

to port j exists, then the agent moves along this edge while updating (⊥,⊥) to (0 ◦ {ai },0)

(where ai be the agent). It should be noted that this update is applied to both ports of this

edge, i.e., both the outgoing and incoming ports. The agent ai also changes Move2 value

to 1 from 0. Otherwise, if the edge with respect to port j is missing and no other agent is

waiting for this edge, ai waits. Or, if another agent is already waiting, ai chooses another

port and continues to execute this state. If none of the ports is available, then ai backtracks

and changes to state Initial.

Otherwise, if ai is with Move2 = 1, that means it has already traversed along an unex-

plored port, and currently, it is waiting to return to the previous node and mark the corre-

sponding edge safe. In this situation, if the edge exists, it moves back to the previous node,

sets Move2 = 0, and tries to return. If, after returning, the edge has gone missing, then it

waits until the missing edge reappears. After moving back to the new node with Move2 = 0,

it changes to state Initial.

2. The agent finds no ports with marking (⊥,⊥), but at least one port exists that is marked

as (0◦ A,0). If the agent (say, ai ) has Move2 = 0, then it waits for 2 rounds if no other agent

is already waiting. After waiting, if no agent returns, then ai locates the black hole and

terminates the algorithm. Otherwise, if some agent returns along this port and marks g2

value to 1, then ai changes its state to Initial. If, on the other hand, some agent is already
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waiting, then ai chooses a different port, and if no such port exists to choose from, then

ai backtracks and changes to state Initial. On the contrary, if ai has Move2 = 1, then it

follows the same instruction as discussed in the earlier case.

3. The agent (say, ai ) finds no ports with marking (⊥,⊥) or (0◦ A,0), but finds at least one

port with marking (0 ◦ A,1). If Move2 = 0 and the set A with respect to this port does not

contain the ID of ai , then ai moves along this port while updating g2 to (0◦ (A∪ {ai })) with

respect to both ports of this edge, provided that the edge is not missing. After reaching the

adjacent node, it changes to state Initial. Otherwise, if A contains the ID of ai , then ai

chooses a different port. If no ports are available, it changes to the Initial state.

Otherwise, if the port that is marked with (0◦ A,1) is missing, then ai waits if no other

agent is already waiting. Otherwise, if Move2 = 1, then ai follows similar instructions de-

fined in earlier cases.

4. All the ports are marked as (1,1). If Move2 = 0 and the edge exists, then ai backtracks

to an already traversed port and changes to state Initial. Otherwise, if the edge is missing

and no other agents are waiting, then ai waits. If Move2 = 1, then the same instruction is

followed as defined earlier.

It may be noted that, irrespective of which state an agent is currently executing, when-

ever the agent chooses to traverse a port not explored by it previously, it not only updates

the g1 and g2 values in the whiteboard but also stores this port. This port is updated in

the set Apathai , which contains the sequence of ports that the agent has traversed. The

pseudo code of MULTIEDGEBHS is explained in Algorithm 11 referred to Appendix 4.6.

Correctness and Complexity

In this section, we analyse the correctness and complexity of our algorithm MULTIEDGEBHS.

Lemma 4.4.10. Our algorithm MULTIEDGEBHS ensures that at most 2 agents can be stuck

or waiting due to a missing edge at any round, where the underlying graph G is a dynamic

cactus graph with at most k dynamic edges at any round.

Proof. An agent executing MULTIEDGEBHS can encounter a missing edge along its path

while it is performing cautious walk or marking walk. Irrespective of which walk it per-
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forms, whenever it encounters a missing edge, it either waits for it or ignores it. First, the

agent checks whether there already exists an agent waiting for that particular port (this

can be understood as the agents can communicate among themselves whenever they are

present at the same node). If some agent is already waiting, it ignores this missing edge.

Otherwise, if no agent is waiting and if the agent is of the lowest ID among all agents per-

forming cautious or marking walk, then it waits for the missing edge to reappear (refer to

the case when Move1 = 0 in state Cautious and Move2 = 0 in state Marking, and encoun-

ters a missing edge in Algorithm 11). Hence, this shows that either end of a missing edge

can be occupied by at most 2 agents. In contrast, the remaining agents that encounter

them ignore this missing edge by choosing a different port or by backtracking from the

current node.

Lemma 4.4.11. Our algorithm MULTIEDGEBHS ensures that at most 2 agents can be de-

stroyed by the black hole.

Proof. Let v be the black hole node in G and suppose it is part of some cycle in G, where

the two other adjacent nodes in that cycle are v0 and v1. As per Corollary 4.3.12, any path

originating from u (where u ∈ Half-1) either passes through v0 or v1, to reach v . So, any

agent that first explores the edges (v0, v) and (v1, v) cannot mark these edges to be safe, as

they get destroyed by the black hole the moment they reach v . As we consider, v is part of a

cycle, so the adversary can remove at most one edge in this cycle at any round; otherwise,

the underlying graph will get disconnected. So, while executing Algorithm 11, a round r

must exist at which at least one agent is at the node v0, trying to explore (v0, v), and at least

one other agent is at the node v1, trying to explore (v1, v). So, at both these nodes, they

find the g2 value of the ports corresponding to the edges (v0, v) and (v1, v), marked as 0,

whereas at least one of these edges exists. So, after waiting for at most two rounds, either of

these agents at v0 or v1 can successfully detect the black hole location without destroying

any additional agents. Hence, this shows that our algorithm ensures that at most 2 agents

can be destroyed by the black hole.

Lemma 4.4.12. Our algorithm MULTIEDGEBHS ensures that no agent explores any cycle

infinitely.
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Proof. Consider C be any cycle in G and u be the node in C through which an agent ai

while executing Algorithm 11 starts exploring the cycle C . So, ai may be performing cau-

tious walk or marking walk. If ai is performing cautious walk, then the edge (u, v) ∈ C is

chosen if it is marked as (⊥,⊥) or (0◦ A,1), where the set A does not contain the IDs of the

agents performing cautious walk. So, in this case, an edge already traversed by any agent

performing cautious walk is never chosen again. On the other hand, if ai is performing

marking walk, then it also chooses a port marked as (⊥,⊥) or (0 ◦ A,1), where A does not

contain the ID of the current agent. So, in this case as well, an edge already traversed by

this agent is never explored again. Hence, no agent explores a cycle infinitely.

Lemma 4.4.13. MULTIEDGEBHS ensures that any agent that is not stuck or waiting for a

missing edge can explore the remaining graph until it gets destroyed by the black hole or

detects it.

Proof. As we have stated earlier, each agent is a t-state finite automata, where t ≥αn∆ log∆.

An agent, while executing cautious or marking walk, executes the underlying protocol of

t−INCREASING-DFS. Now, as there are at most k dynamic edges at any round, by Lemma

4.4.10, at most 2k among 2k + 3 agents can be stuck or waiting for these dynamic edges.

This implies that at any round, there exist at least 3 agents that have a static graph to ex-

plore. Moreover, as per Theorem 6 and Corollary 7 in [70], O(n log∆) bits of memory are re-

quired to explore any static graph of diameter n and maximum degree∆. So, the agents ex-

ecuting MULTIEDGEBHS have more than sufficient internal memory to explore any static

graph (as they have O(n∆ log∆) bits of internal memory). Further, it may be noted that

O(n∆ log∆) bits of memory is sufficient for any agent executing Algorithm 11, because, in

this case as well, the agents store the ports of each newly explored edge in Apathai
(there

can be at most n∆many such edges). So, each remaining agent can explore the remaining

graph until it is either destroyed by the black hole or detects it.

Theorem 4.4.14. Our algorithm MULTIEDGEBHS ensures that it requires at most 2k + 3

agents to successfully locate the black hole position on a dynamic cactus graph G with at

most k dynamic edges at any round.
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Proof. By Lemma 4.4.10, we have shown that at most 2 agents can be stuck or waiting due

to a dynamic edge. Now, at any round, there can be at most k dynamic edges, which implies

that at most 2k agents can be stuck or waiting due to these dynamic edges. Moreover, by

Lemma 4.4.11, it is shown that at most 2 agents can get destroyed by a black hole. Also,

Lemma 4.4.13 ensures that any agent, not stuck or waiting, can explore the graph until it

either detects the black hole or gets destroyed by it. Hence, the remaining agent among 2k+
3 agents can traverse along the graph unobstructively. Whenever it finds a node adjacent

to a black hole, i.e., along which a port is marked unsafe (i.e. g2 value with respect to a port

is 0) on the whiteboard, it waits for at most two rounds. If no agent returns and updates g2

to 1, then this remaining agent correctly concludes that the node with respect to the unsafe

port is the black hole.

Theorem 4.4.15. A set of 2k+3 agents executing MULTIEDGEBHS, locates the black hole in

a dynamic cactus graph G within O(kn) rounds and O(k2n) moves, where at any round, G

can have at most k dynamic edges.

Proof. Let us suppose the dynamic cactus graphG contains k many cycles. Let these cycles

are denoted by Ci , where we define |Ci | = li for all i ∈ {1,2, · · · ,k} and li ≥ 3, li ∈ N. Since

G contains k cycles, this means at most k edges can be dynamic at any round. This shows

that, as per Theorem 4.4.14, to execute MULTIEDGEBHS on G, 2k +3 agents are required.

We first analyse the round complexity that our algorithm requires in order to explore

the cycle Ci ∈G. Let us supposeαmany agents (whereα> 5) are currently at a node u ∈Ci ,

where Ci is yet to be explored. Now, as there are multiple agents at u, they start perform-

ing cautious walk, with the lowest ID agent (say a j 1) becoming the explorer, i.e., the first

agent to explore an unexplored node. So, they start their movement, and without loss of

generality, we assume that their movement is along the clockwise direction. While mov-

ing, suppose they encounter a missing edge (v, v ′) ∈Ci . In the worst scenario, this missing

edge separates the explorer from the remainingα−1 agents. Now, as per our algorithm, the

lowest ID agent (say, a j 2) among α−1 agents must wait for the return of a j 1 after the edge

(v, v ′) reappears. So, this implies the edge (v, v ′) separates a j 1 and a j 2 from the remaining

α−2 agents. In this situation, the remaining agents following Algorithm 11 must find an

TH-3897_206123002



4.4. Black Hole Search in Dynamic Cactus 113

available port (i.e., a port which is either marked as (⊥,⊥), or (0 ◦ A,1), where A does not

contain the ID of these α−2 agents). To find this available port, they may need to back-

track as well if no ports are available at the current node (i.e., from v ′ in this case). Let us

assume that theseα−2 agents need to eventually backtrack to u, which we have previously

considered to be the starting node of Ci . Next, from u, there exists an unexplored port in

the counter-clockwise direction. This can lead these α−2 agents to start performing cau-

tious walk in a counter-clockwise direction, with the lowest ID agent among them (say, a j 3)

being the explorer.

In the meantime, when these α−2 agents have already moved from v ′ towards u, the

adversary reappears (v, v ′), which eventually makes a j 1 and a j 2 to reunite. After reuniting,

they continue exploring in a clockwise direction. On the other hand, suppose after the

adversary reappears (v, v ′), it again removes an edge (w, w ′) at some other round. Now, this

edge (w, w ′) can belong on the path of exploration of these α−2 agents, which again, by

the earlier argument can separate two agents, namely a j 3 and the lowest ID agent among

the remaining α−3 agents (a j 4, say). Once more, the remaining α−4 agents (i.e., except

a j 1, a j 2, a j 3 and a j 4) start finding an available port. So, in the quest to find a black hole,

a situation can arise again where these α−4 agents need to backtrack up to v ′ until they

find an available port. This shows that in order to separate 4 agents from a group of α

agents, our algorithm requires O(li ) rounds (more precisely, at most 4·li rounds). Going by

the same argument, if α= 2k +3, then to separate them by reappearing and disappearing

edges in Ci , our algorithm requires at most O(α · li ) =O(k · li ) rounds. It may be noted that

this separation can be performed for each k such cycles. So the total number of rounds

required to detect the black hole is: O(k ·∑k
i=1 li ) = O(kn), it is because O(

∑k
i=1 li ) = O(n)

(this comes from a well known result, that the number of at most edges in a cactus graph of

size n is ⌊3(n−1)
2 ⌋, refer to page 160 in [124]). Moreover, note that, at each round, at most 2k+

3 agents move along a single edge. Hence the worst case move complexity is O(k2n).

Remark 4.4.16. There is a fundamental difference between the algorithm presented in Sec-

tion 4.4.1 and that of the one presented in Section 4.4.2. It is because the algorithm pre-

sented for the single dynamic edge case is optimal in terms of agents. So, there exist cer-
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tain scenarios where both a1 and a2 get destroyed by the black hole. In these scenarios, the

Leader , even knowing which agent has been destroyed by the black hole and also the exact

path to traverse in order to locate the black hole, cannot do so. The reason is that after 2

agents are destroyed, only the Leader remains alive, and the adversary still has the power

to remove any one edge, so what it can do is that whenever the Leader tries to follow the

path to the black hole, the adversary blocks it. If it tries to visit through a separate path,

the adversary reappears the earlier edge and disappears a new edge such that it is again

blocked. This shows that the Leader can never reach the last reported node of one of the

agents, which has been destroyed by the black hole, and identify the exact black hole node.

So, even if the Leader understands the path to visit in order to locate the black hole, the

algorithm still terminates in that case.

The algorithm, explained for the multiple dynamic edges case, does not face these is-

sues. Since a sufficient number of agents are present, an agent can know the black hole

position only if it reaches one of the adjacent nodes through which another agent has al-

ready been destroyed. So, the terminating agent knows the exact black hole node.

4.5 Conclusion

In this chapter, we have studied the BHS problem in a dynamic cactus for two types of

dynamicity. We have proposed algorithms, lower bounds and upper bound complexities

in terms of the number of agents, rounds and moves for each case of dynamicities. First,

we have studied at most one dynamic edge case, where we have shown that, with 2 agents,

it is impossible to find the black hole, and correspondingly designed a BHS algorithm for

3 agents. Our algorithm is tight in terms of the number of agents. Second, we studied the

case when at most k edges are dynamic. In this case, we also propose a BHS algorithm with

2k +3 agents. Further, we have proposed that it is impossible to find the black hole with

k +1 agents in this scenario.

However, as per the problem definition in this chapter, it is only sufficient for the agent

to either identify exactly one port leading to the black hole or to know at least one port

leading to the black hole by traversing its stored sequence of ports in the footprint graph.
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This termination condition does not guarantee that the terminating agent knows exactly

the position of the black hole in the underlying graph. Hence, an immediate future work is

to design such BHS strategies where the terminating agent must know the exact position of

the black hole in the underlying dynamic graph. This strategy will trivially render the de-

struction of more agents, but it will be an interesting direction to be looked upon. Another

interesting future work may be to design an optimal algorithm in terms of the number of

agents when the underlying graph has at most k dynamic edges, in the same setting. Fur-

ther, obtaining an optimal algorithm in terms of complexity in both cases of dynamicity is

another obvious future direction.

4.6 Appendix

In this section, we present the following pseudo-code.

• SINGLEEDGEBHSAGENT, refer to Algorithm 9, defined in Section 4.4.1.

• SINGLEEDGEBHSLEADER, refer to Algorithm 10, defined in Section 4.4.1.

• MULTIEDGEBHS, refer to Algorithm 11, defined in Section 4.4.2.
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Algorithm 9: SINGLEEDGEBHSAGENT(ai )
1 Input: {n,home}
2 States: {Cautious,Pendulum}
3 Initialize Move1 = 0, Move2 = 0, Apathai

= NU LL. // Move1 variable is used for state Cautious and Move2 variable is used for state

Pendulum.
4 In State: Cautious
5 if a missing edge is encountered then
6 Wait
7 else
8 if Move1 = 0 // Move1 = 0 implies the agent is ready to explore
9 then

10 if current node has at least one port marked as ⊥ then
11 Choose min j∈deg (cur r ent−node){ j } such that f ( j ) =⊥
12 Traverse along this port. Update f ( j ) = 0◦ {ai } at the current node and f (m) = 0◦ {ai } at the adjacent port. // j, m are the outgoing and

incoming port of the edge connecting current node and adjacent node, respectively.
13 Update Move1 = 1

14 else
15 Backtrack while accompanying the Leader , along a path previously traversed.

16 else if Move1 = 1 // Move1 = 1 implies the agent has reached an unexplored node.
17 then
18 if a missing edge appears then
19 Wait, until the missing edge reappears.
20 else
21 Move along the port m and set Move1 = 2. // Move1 = 2 means that the agent has started backtracking after exploring a new

node.

22 else
23 if current node does not have Leader then
24 Follow Last.Leader.
25 else
26 If the agent has followed Last.Leader then change Move1 to 0. Otherwise, wait for the instruction of the Leader . If no instruction given, then

accompany the Leader through port j and change Move1 to 0.

27 In State: Pendulum
28 if a missing edge is encountered along its direction of movement and the node is vacant then
29 Wait.
30 else
31 if Move2 = 0// Move2 = 0 implies that the agent is ready to explore
32 then
33 if the current node has at least one port marked as ⊥ then
34 Choose min j∈deg (cur r ent−node){ j } such that f ( j ) =⊥
35 Traverse along this port and update f ( j ) = 0◦ {ai } at the current node and f (m) = 0◦ {ai } at the adjacent port. // j, m are the outgoing and

incoming port of the edge connecting current node and adjacent node, respectively.
36 Update Move2 = 1 and Apathai

= Apathai
∪ ( j ,m).

37 else if the current node has at least one port marked as f ( j ) = 0◦ (A \ {ai }) then
38 Choose min j∈deg (cur r ent−node){ j } such that f ( j ) = 0◦ (A \ {ai })

39 Traverse along this port and update f ( j ) = 0◦ {A∪ai } at the current node as well as at the adjacent port.
40 Update Move2 = 1 and Apathai

= Apathai
∪ ( j ,m). // Move2 = 1 implies the agent has already performed a new exploration.

41 else
42 Set Move2 = 3 // Move2 = 3 implies that no port to explore at current node

43 else if Move2 = 1 then
44 if current node has the Leader then
45 Communicate the Move2 value with the Leader .
46 Set Move2 = 2 and choose the first port in Apathai

and follow it.

47 else
48 if the sequence Apathai

is exhausted then

49 Backtrack following the Last.Leader for every new node traversed, update Apathai
= ( j ,m)∪ Apathai

// ( j ,m) is the incoming

and outgoing port of the edge along which ai has traversed following Last.Leader
50 else
51 Backtrack following Apathai

.

52 else if Move2 = 2 then
53 if the current port chosen is the last port of Apathai

then

54 Set Move2 = 0.
55 else
56 Continue following the sequence Apathai

.

57 else if Move2 = 3 then
58 if at the current node at least one port exists marked as ⊥ or 0◦ (A \ {ai }) then
59 Set Move2 = 4.
60 Update Apathai to store the sequence of path from the last position of the Leader to the current node and also set Al enai = |Apathai |, where

|Apathai | implies the cardinality of Apathai .

61 else
62 if current node has the Leader then
63 Communicate Move2 value to the Leader and continue backtrack.
64 else
65 Backtrack to an already traversed node.

66 else if Move2 = 4 then
67 if current node has the Leader then
68 Communicate Move2, Al enai and Apathai with the Leader .

69 Move until it reaches the last node, following the sequence Apathai and after reaching set Move2 = 0.

70 else
71 Keep finding the Leader , following Apathai or Last.Leader.
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Algorithm 10: SINGLEEDGEBHSLEADER

1 Input={n,home}
2 States: {Initial,Assign,Movement,Missing-Edge-Leader,Fail-to-Report,
3 Fail-to-Report-Movement}
4 In State: Initial
5 Set Al enai = Ll enai = 0 and Apathai

= Lpathai
= NU LL, where i ∈ {1,2} and

initialize Wti me1 = 0.
6 Instruct a1 to change to state Cautious and a2 to change to state Pendulum in

SINGLEEDGEBHSAGENT and change to state Assign.
7 In State: Assign
8 if am is instructed to change to state Cautious then
9 Update Al enam = Ll enam = 0 and Apatham = Lpatham = NU LL. Change to

state Movement.// am can be either a1 or a2
10 else
11 Update Al enam = Ll enam = 0 and Apatham = Lpatham = NU LL. Change to

state Movement.

12 In State: Movement
13 if a missing edge is encountered then
14 Change to state Missing-Edge-Leader.
15 else
16 if am performing cautious walk returns along port j and the Leader has not

moved from the node at which am last reported then
17 Traverse along the port j .
18 Update Last.Leader at port j to 1 and other to 0. Also update

Llenan = Ll enan +1 and Lpath = Lpath ∪ ( j ,m) // am and an
are agents among a1 and a2 and ( j ,m) is the outgoing
and incoming port of the edge taken by the Leader

19 else if am performing pendulum walk, returns along port j with Move2 = 1 then
20 Update Alenam = Al enam +1 and gather the updated Apatham from

am .
21 else if am performing pendulum walk, returns along port j with Move2 = 3 then
22 Do not update Al enam and Apatham

23 else if am performing pendulum walk, returns along port j with Move2 = 4 then
24 Update Apatham , Al enam and instruct am to follow Apatham till the

last node and then continue in state Pendulum.

25 In State: Missing-Edge-Leader
26 if current node is adjacent to a missing edge, and it is vacant then
27 Wait at the current node and change to state Fail-to-Report if an agent fails to

report.
28 else
29 if the edge is yet to reappear then
30 Wait and instruct the agent at current node to perform state Pendulum.

Change to state Assign and set W ti me1 = 0.
31 else
32 Instruct the agent at current node to perform state Cautious. Change to

state Assign and set W ti me1 = 0.

33 if the Leader is waiting for the missing edge, and it reappears then
34 if an agent reports then
35 Instruct the agent to continue earlier walk. Change to state Assign and set

W ti me1 = 0.
36 else
37 If previous state was Fail-to-Report, then continue performing

Fail-to-Report. Else change to state Fail-to-Report.

38 In State: Fail-to-Report
39 if am fails to report within 2 rounds while performing cautious walk then
40 if there exists an adjacent missing edge then
41 Change to state Missing-Edge-Leader.
42 else
43 Conclude the node visited by am is the black hole node and terminate the

algorithm.

44 else if am does not report within 2 · (Alenam +Ll enam +1) rounds, while performing

pendulum walk then
45 if W ti me1 > 2 then
46 if current node has an then
47 if an is performing cautious walk then
48 Instruct an to change to Pendulum. Set

Apathan = Lpathan = NU LL and
Alenan = Ll enan = 0.

49 Move towards am following Apatham , while updating
Llenan = Ll enan +1 and Lpathan = Lpathan ∪ ( j ,m).

50 else
51 Remain at the current node, instruct an to continue state

Pendulum. Update the parameters according to state
Movement.

52 else
53 if the edge exists and there exists port in Apatham to be traversed

then
54 Move towards am following Apatham , while updating

Llenan = Ll enan +1 and Lpathan = Lpathan ∪ ( j ,m).

55 else if the edge does not exist but there exists port in Apatham to be

traversed then
56 Change to state Missing-Edge-Leader
57 else if the edge does not exist and there is no port in Apatham to be

traversed then
58 Change to state Missing-Edge-Leader
59 else if am is found then
60 If no missing edge is found, then instruct am to perform state

Cautious and change to state Assign. Otherwise change to
state Missing-Edge-Leader.

61 else
62 Conclude am is destroyed by the black hole.

63 else
64 W ti me1 =W ti me1+1.

65 else if am performing cautious walk, does not return within 2 round, and, an
performing pendulum walk, does not return within 2 · (Alenan +Ll enan +1) rounds
then

66 if the edge between am and Leader is missing then
67 Conclude the last visited node of an as the black hole and terminate the

algorithm.
68 else
69 Conclude the adjacent node visited by am is the black hole and terminate

the algorithm.

70 else if both am and an performing pendulum walk does not return within∑2
i=1(2 · (Al enai +Llenai +1)) round then

71 Change to state Fail-to-Report-Movement.

72 In state: Fail-to-Report-Movement
73 if a missing edge is encountered then
74 Wait at the current node.
75 if wait time greater than maxi∈{1,2}(2 · (Al enai +Ll enai +1)) then
76 if no agent reports then
77 Conclude that the last visited node of the agent with

maxi∈{1,2}(2 · (Al enai +Llenai +1)) is the black hole.

78 else
79 Change to state Fail-to-Report.

80 else
81 Move towards the agent with mini∈{1,2}(2 · (Al enai +Ll enai +1)).

82 if the agent is found then
83 Set Al enam = Ll enam = 0, Apatham = Lpatham = NU LL and instruct

am to change to state Pendulum. // am be the agent found.
84 Change to state Fail-to-Report.

85 else
86 Conclude the last visited node of the agent with

mini∈{1,2}(2 · (Al enai +Llenai +1)) is the black hole.
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Algorithm 11: MULTIEDGEBHS(ai )

1 Input = {n,home}
2 States: {Initial,Cautious, Marking, MissingCautious-Wait, Cautious-Wait}
3 Initially set Move1 =Wti me1 = Move2 =Wti me3 = 0
4 In State: Initial
5 if the current node has more than one agent then
6 Change to state Cautious.
7 else
8 Change to state Marking.

9 In State: Cautious.
10 if a port exists at the current node marked as (⊥,⊥) then
11 if Move1 = 0 then
12 if the edge with respect to lowest such port exists then
13 if ai is the lowest ID agent at the current node, in state Cautious then
14 Set Move1 = 2 and traverse along this port, while marking

(0◦ {ai },0) at both the ports of the edge to this adjacent
node, update Apathai

= Apathai
∪ ( j ,m).// j−th

port is the lowest such outgoing port at the
current node, m−th port is the incoming port
of the adjacent node

15 else
16 Set Wti me2 = 0 and change to state Cautious-Wait.

17 else
18 If no agent is waiting and ai is the lowest ID agent, then it changes

to state MissingCautious-Wait whereas other agents change to
state Initial. Otherwise, if an agent is waiting for this edge, then
choose a different port, if no port exists to choose, then backtrack
and change to state Initial.

19 else if Move1 = 1 then
20 if there exists an agent with Move1 = 0 then
21 Set Move1 = 0 and change to state Cautious. Also set Wti me2 = 0.

22 else if Move1 = 2 then
23 If the edge with respect to port m exists, then return to previous node

while updating g2(m) = 1 and g2( j ) = 1, and set Move1 = 3. Otherwise,
if the edge is missing, then wait.

24 else
25 Move along port j and then set Move1 = 0 and change state to Initial.

Otherwise, if edge is missing then wait.

26 else if a port j exists marked with (0◦ A,0) exists then
27 if Move1 = 0 then
28 if the edge is missing and no agent is waiting then
29 If ai is the lowest ID agent with Move1 = 0, then wait. Otherwise,

change to state Initial.
30 else if the edge exists and no agent is waiting then
31 if Wti me1 > 1 then
32 If g2 with respect to this node is marked 1, then change to

state Initial and also set Wti me1 = 0. Otherwise, conclude
the adjacent node to be the black hole.

33 else
34 Wti me1 =Wti me1 +1.

35 else
36 Choose a different port. Otherwise, if no port exists to choose from,

then backtrack and change to state Initial.

37 else if Move1 = 1 then
38 if there exists an agent with Move1 = 0 then
39 Set Move1 = 0 and change to state Cautious also set Wti me2 = 0.

40 else if Move1 = 2 then
41 If the edge with respect to port m exists, then return to previous node,

while updating g2(m) = 1 and g2( j ) = 1, and set Move1 = 3. Otherwise,
if the edge is missing, then wait.

42 else
43 Move along port j and then set Move1 = 0 and change state to Initial.

Otherwise, if edge is missing, then wait.

44 else if a port j exists marked as (0◦ A,1) then
45 if Move1 = 0 then
46 if the set A contains ID of an agent present at current node which is not

waiting for any missing edge then
47 Choose a different port or backtrack and change to state Initial.
48 else
49 if the edge is missing and no agent is waiting for this edge then
50 If ai is the lowest ID agent, then wait. Otherwise change to

state Initial.
51 else if the edge exists but no agent is waiting for this edge then
52 Move along this port and update g1( j ) = g1(m) = 0◦ (A∪ {ai })

and Apathai
= Apathai

∪ ( j ,m), set Move1 = 0 then

change to state Initial.
53 else
54 Choose a different port and if no port exists to choose then

backtrack and change to state Initial.

55 else if Move1 = 1 then
56 If another agent with Move1 = 0 is present, then set Move1 = 0 and change

to state Cautious also set Wti me2 = 0.
57 else if Move1 = 2 then
58 If the edge with respect to port m exists, then return to previous node,

while updating g2(m) = 1 and g2( j ) = 1, and set Move1 = 3. Otherwise,
wait.

59 else
60 Move along port j and then set Move1 = 0 and change state to Initial.

Otherwise, if the edge is missing then wait.

61 else
62 if Move1 = 0 then
63 Backtrack to an already traversed node, and change to state Initial.
64 else if Move1 = 1 then
65 If there exists another agent with Move1 = 0, then set Move1 = 0 and

change to state Cautious and set Wti me2 = 0.
66 else if Move1 = 2 then
67 If the edge with respect to port m exists, then return to previous node,

while updating g2(m) = 1 and g2( j ) = 1, and set Move1 = 3. Otherwise,
wait.

68 else
69 Move along port j and then set Move1 = 0 and change state to Initial.

Otherwise, if the edge is missing, then wait.

70 In State: MissingCautious-Wait
71 if the edge is missing then
72 Wait.
73 else
74 Change state to Initial

75 In State: Cautious-Wait
76 if Wti me2 > 1 then
77 if the edge exists then
78 if there is an agent which returned along port j with Move2 = 3 then
79 if the edge exists then
80 Move along this port update g1( j ) = g1(m) = 0◦ (A∪ {ai }) and

Apathai
= Apathai

∪ ( j ,m), set Move1 = 1 and change

to state Initial.
81 else
82 Change to state Initial.

83 else
84 Conclude the adjacent node to be black hole.

85 else
86 If the agent is of lowest ID among all the agents which are in state

Cautious-Wait, then wait. Otherwise change to state Initial.

87 else
88 Wti me2 =Wti me2 +1
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89 In State: Marking
90 if a port exists at current node marked as (⊥,⊥) then
91 if Move2 = 0 then
92 if the edge with respect to lowest such port exists then
93 Set Move2 = 1 and traverse that port, while marking (0◦ {ai },0) at

both the outgoing port j and incoming port m, update
Apathai

= Apathai
∪ ( j ,m).

94 else
95 If no agent is already waiting, then wait. Otherwise, choose a

different port and if no port exists to choose from, then backtrack
and change to state Initial.

96 else if Move2 = 1 then
97 If the edge with respect to port m exists then return to previous node, while

updating g2(m) = g2( j ) = 1, otherwise wait. If returned then in the next
round move along port j and set Move2 = 0, change to state Initial.
Otherwise if the edge is missing, then wait.

98 else if a port exists at the current node marked with (0◦ A,0) then
99 if Move2 = 0 then

100 if the edge exists then
101 if Wti me3 > 1 then
102 If g2 with respect to this port is marked 1, then change to

state Initial and set Wti me3 = 0. Otherwise, conclude the
node with respect to this port is the black hole.

103 else
104 If no other agent is waiting, then set Wti me3 =Wti me3 +1.

105 else
106 Wait, if no other agent is already waiting, and ai is the lowest ID

among all agents with Move2 = 0. Otherwise, choose a different
port and if no port exists then backtrack and change to state
Initial.

107 else if Move2 = 1 then
108 If the edge with respect to port m exists, then return to previous node,

while updating g2(m) = g2( j ) = 1, otherwise wait. If returned then in the
next round move along port j and set Move2 = 0, change to state Initial.
Otherwise if missing edge then wait.

109 else if a port exists at the current node marked with (0◦ A,1) then
110 if Move2 = 0 then
111 if the edge exists then
112 if A does not contain ai then
113 Move the lowest among such port and update

g2( j ) = g2(m) = 0◦ (A∪ {ai }),
Apathai

= Apathai
∪ ( j ,m) and change to state Initial.

114 else
115 Choose a different port if exists or backtrack and change to

state Initial.

116 else
117 Wait, if no other agent is already waiting, and ai is the lowest ID

among all agents with Move2 = 0. Otherwise, choose a different
port and if no port exists then backtrack and change to state
Initial.

118 else if Move2 = 1 then
119 If the edge with respect to port m exists, then return to previous node,

while updating g2(m) = g2( j ) = 1, otherwise wait. If returned then in the
next round move along port j and set Move2 = 0, change to state Initial.
Otherwise if the edge is missing, then wait.

120 else
121 if Move2 = 0 then
122 if the edge exists then
123 Backtrack to an already traversed port, and change to state Initial
124 else
125 Wait, if no other agent is already waiting, and ai is the lowest ID

among all agents with Move2 = 0. Otherwise, change to state
Initial.

126 else if Move2 = 1 then
127 If the edge with respect to port m exists, then return to previous node,

while updating g2(m) = g2( j ) = 1, otherwise wait. If returned along port
j , then in the next round move along port j and set Move2 = 0, change
to state Initial. Otherwise if missing edge then wait.
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Chapter 5

Perpetual Exploration of a Ring with a

Byzantine Black Hole

5.1 Introduction

In this chapter, we introduce a more powerful version of the black hole, termed as Byzan-

tine black hole (BBH) in comparison to the classical black hole studied in the previous

chapter. The malicious node behaviour of the BBH is far more complex than that of a clas-

sical black hole. So, in order to detect the BBH, just exploration of the network may not be

sufficient; there may be a need for perpetual exploration. BBH is an extension of the earlier

studied gray hole by Královič et al. [88], Miklík [101] and Bampas et al. [13]. Definitions of

all these different variations of black hole can be found in Section 1.1.2 of Chapter 1.

Unlike in Chapter 4, here we consider our underlying topology not to be dynamic but a

static ring. The idea behind considering this particular topology lies behind the fact that all

the previous studies of a variation of black hole by Královič et al. [88], Miklík [101] and Bam-

pas et al. [13] considered only static rings. In addition to that, these studies only focused on

the fact that the agents are initially co-located, with each node contains a whiteboard, and

these agents are controlled by an asynchronous scheduler. We, during our study, found

that not only are the results obtained by them not optimal, but a natural question came to

5This chapter has been published as: “Perpetual Exploration of a Ring in Presence of Byzantine Black Hole”
in Proceedings of the 28th International Conference on Principles of Distributed Systems (OPODIS 2024).
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our mind: what about other initial configurations (the agents may start in a scattered con-

figuration, i.e., the agents can have more than one initial starting position), or what about

other models of communication? Hence, in this chapter, we investigated the problem of

perpetual exploration in the presence of a BBH, under all possible initial configurations

(i.e., the agents may be co-located or they can start from scattered positions), and in all

fundamental models of communication (i.e., face-to-face, pebble and whiteboard). The

agents are controlled by a synchronous scheduler, unlike previous studies in the literature

of an asynchronous scheduler. Changing the scheduler also gave better bounds, as can be

found in this chapter. Almost all the results we obtained are optimal, and there are certain

interesting open questions that lie ahead for further investigation.

A list of all the prominent notations used in this chapter is explained in Table 5.1.

Notation Meaning
R = (V ,E) Ring with vertex set V and edge set E

n Cardinality of V
vi V = {v0, v1, . . . , vn−1} indicates nodes in the ring network
vb Indicates the BBH node in R

A = {a0, . . . , ak−1} Indicates the k agents
home Starting position of all co-located agents

hi Starting position of agent ai in scattered configuration
SUS Set of all suspicious nodes
|SUS| Cardinality of the set SUS

SUS1, SUS2 Two possible locations of BBH identified by the agents
pi Indicates the i -th pebble

Seg (ai ) Set of nodes in segment of ai

(home, I D(ai )) Home type message of ai at hi

(vi si ted , I D(ai )) Visited type message of ai at last node of Seg (ai )
SCi Indicates scenario i , where vi is the BBH location

Table 5.1: Main notations used in Chapter 5

5.1.1 Our Contribution

In this chapter, we investigate the perpetual exploration problem, by a team of synchronous

mobile agents, of a ring R of size n, in the presence of a BBH. First, we consider the case

when the agents are initially co-located. We obtain the following results.
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1. For the pebble model of communication, we obtain that 3 agents are necessary and

sufficient to perpetually explore R.

2. For the face-to-face model of communication, 4 agents are sufficient to perpetually

explore R. In addition, 3 agents are necessary to solve this problem under face-to-

face model of communication.

3. For the whiteboard model of communication, we obtain that 3 agents are necessary

and sufficient to solve this problem.

Next, we consider the case when the agents are initially scattered, and in this context, we

obtain the following results:

1. For the Pebble model of communication, we show that 4 agents are necessary and

sufficient to explore R perpetually.

2. For the Whiteboard model of communication, we obtain an improved bound of 3

agents (in comparison to Pebble model of communication in the scattered configu-

ration), which is necessary and sufficient to explore the ring R perpetually.

In the following Table 5.2, we have summarized the results.

Table 5.2: Summary of our results

Whiteboard Pebble Face-to-Face

Co-located
Upper Bound 3 3 4
Lower Bound 3 3 3

Scattered
Upper Bound 3 4 —
Lower Bound 3 4 —

5.2 Models and Preliminaries

We consider the underlying topology to be an oriented ring, defined by R = (V ,E), where

V = {v0, v1, · · · , vn−1} and each node vi (for some 0 ≤ i ≤ n − 1) is unlabeled and has two

ports connecting the adjacent nodes vi−1 (mod n) and vi+1 (mod n), where they are consis-

tently labeled as left and right. A set of k agents operates on R, denoted by the set A =
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{a0, a1, · · · , ak−1}. These agents have two types of initial configuration, first, each of the k

agents is co-located at a node, termed as home, and, secondly, the agents can start from

several distinct nodes, for which we call the initial configuration to be scattered. Each agent

has the knowledge of the underlying topology R and possesses some computational capa-

bilities, thus requiring O(logn) bits of internal memory. The agents have unique IDs of size

O(logk) bits taken from the set [0,kc ], for some constant c; they are autonomous and exe-

cute the same algorithm. In this chapter, we consider the communication model to be any

of the three distinct models, i.e., face-to-face, pebble, and whiteboard, by which agents can

communicate with each other. In face-to-face model, the agents can communicate with

another agent only while they are co-located. In Pebble model, the agents carry a movable

token. These are used by agents to mark special nodes, allowing other agents to distinguish

them. Finally in whiteboard model, each node in R contains a O(logn) bits of memory, that

can be used to store and maintain information.

The agents operate in synchronous rounds, and in each round, every agent becomes

active and takes a local snapshot of its surroundings. For an agent at a node v in some

round r , the snapshot contains the two adjacent ports of v , already stored data on the

memory of v (if any, only in case of whiteboard model of communication), the number of

pebbles located at v (if any, only in case of pebble model of communication), contents from

its local memory, and IDs of other agents on v . Based on the outcome of this snapshot,

an agent executes some action. This action includes a communication step and a move

step. In a communication step, an agent communicates implicitly or explicitly with other

agents according to the communication models discussed above. In the move step, the

agent can move to a neighbouring node by following a port incident to v . If an agent at a

node v in round r decides to move during the move step, then in round r +1, it resides on

a neighbour node of v . Each of these actions is atomic, so an agent cannot find another

agent concurrently passing through the same edge. It can only interact with another agent

(based on the communication model) only when it reaches another node.

In this chapter, we consider the underlying graph contains a single BBH, while the re-

maining nodes are normal nodes, termed as safe nodes. It is assumed that the starting

positions of the agents must be safe nodes. The BBH node is unknown to the agents. We
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assume that if the adversary decides to activate the black hole nature of the BBH, it does

so at the beginning of its corresponding round, and the node retains the nature till the end

of the round. We have also considered that the BBH can always choose to destroy any in-

coming agent and agents present on the node during its black hole nature, and also choose

to destroy any information present on that node. The goal of our study in this chapter is

to perform perpetual exploration of the ring R using the agents, in the presence of a BBH.

Next, we formally define our problem:

Definition 5.2.1 (PERPEXPLORATION-BBH). Given a ring network R with n nodes, where

one node vb is a BBH and with a set of agents A positioned on R, the PERPEXPLORATION-

BBH asks the agent in A to move in such a way that each node of R except vb is visited by

at least one agent infinitely often.

5.3 Impossibility Results

In this section, we prove all the impossibility results, in regard to solving PERPEXPLORATION-

BBH. Firstly, we find the lower bound on the minimum number of agents required to solve

PERPEXPLORATION-BBH.

Theorem 5.3.1. Two agents in a ring R of size n cannot solve PERPEXPLORATION-BBH even

in the presence of a whiteboard, if the number of possible consecutive BBH positions is at

least 3.

Proof. Let v1, v2 and v3 be three possible consecutive BBH positions in a ring R. Let the

two agents be denoted by a1 and a2, which are sufficient to solve PERPEXPLORATION-

BBH in R. It means that there exists an algorithm A, such that these two agents solve

PERPEXPLORATION-BBH by executing A. Without loss of generality, let a1 explore v2, and

it moves from v1 to v2 for the first time at round t . This means, a1 must be present at v1 at

round t −1. Next, let us consider two copies of the ring R, namely R1 and R2. In R1, v1 is

the BBH, whereas in R2, v2 is the BBH. Let the adversary in R1 destroy a1 at round t −1 and

in R2 destroy a1 at round t . We claim that, at rounds t and t −1, a2 cannot be on either v1

or v2. It may be noted that, at t-th round if a2 is at v2 or at (t −1)-th round a2 is at v1, then
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both a1 and a2 gets destroyed at rounds t −1 and t in rings R1 and R2, respectively. Now,

consider the case if at the t-th round a2 is at v1, this implies a2 must have traversed from

a node u0 (adjacent to v1 and not v2) to v1 at round t −1 or it traversed from v2, since a2

cannot be present at v1 at round t −1.

We first show that a2 cannot be at u0 at round t −1. As the whiteboard content at nodes

except v1 and v2 is the same in both R1 and R2, due to the same execution of a1 up to

round t −1 and the same execution of a2 up to round t . This means, at round t whenever

a2 visits v1, a2 cannot distinguish between R1 and R2. Hence, the problem transforms to

solving PERPEXPLORATION-BBH with a single agent in the presence of two possible BBH

positions, which is impossible to solve. This proves that at round (t −1), a2 cannot be on

u0. Next, we prove that a2 cannot be on v2 at round t − 1. Suppose in R2, the adversary

activates the BBH at round t − 1, destroying a2 at v2. Now it may be observed that, the

effect of this destruction of a2 does not affect the inputs of a1 at round t − 1 on v1, so

inadvertently a1 moves to v2 at round t (as per the execution of A), thus destroying both

a1 and a2, eventually within round t . This implies that a2 must not remain in u0 or v2

at round t − 1. So at round t since all whiteboard contents are the same for R1 and R2,

except at nodes v1 and v2 whose content only differs from round t −1 onwards, and this

cannot be known by a2 as it is not present at these nodes during these rounds, i.e., t−1 and

t . Hence, this information cannot help a2 distinguish between R1 and R2. So, again, the

problem transforms to solving PERPEXPLORATION-BBH with a single agent in the presence

of two possible BBH positions, which is impossible. This contradicts the fact that A solves

PERPEXPLORATION-BBH with 2 agents, on a ring R, the possible consecutive BBH positions

are at least 3.

Corollary 5.3.2. Three agents are necessary to solve PERPEXPLORATION-BBH on a ring R

with n nodes, where each node of R has a whiteboard.

The above corollary follows from Theorem 5.3.1. It may be noted that the lower bound

of 3 agents also holds for agents with the pebble model of communication, as the pebble

model of communication can easily be simulated to the whiteboard model of communi-

cation.
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Corollary 5.3.3. Two agents, each equipped with O(logn) pebbles can not solve the problem

PERPEXPLORATION-BBH on a ring R with n nodes.

The next theorem improves the lower bound on the number of agents when the agents

are scattered and have a pebble model of communication.

Theorem 5.3.4. Three scattered agents, each equipped with a pebble, cannot solve the prob-

lem PERPEXPLORATION-BBH on a ring R with n nodes.

Proof. Let a1, a2 and a3 be three agents each equipped with a pebble, where the initial

positions of these agents be the three nodes h1, h2 and h3, respectively. The distance

between hi and h j is the same for all i , j ∈ {1,2,3} and i ̸= j , and it is considered that

h j is the nearest node of hi in the clockwise direction. We further consider the fact that

these distances between hi and h j are sufficiently large. Let A be an algorithm that solves

PERPEXPLORATION-BBH in this setting. Now, without loss of generality we assume that,

after the agents start executing A, a1 be the first agent to explore the third node (i.e., along

the path h1 → v1 → v2 → v3, if v1, v2 and v3 be those nodes) either in the clockwise or

counter-clockwise direction. As per the execution of A, let a1 reach v3 at round t (for some

t > 0). Let us consider three scenarios, SC 1, SC 2 and SC 3, where in SC i , vi be the BBH,

for i ∈ {1,2,3}. We first claim that a1 cannot carry its pebble during any execution of A,

because if it does, then in SC 1 it would be destroyed along with a1 at v1. In addition to this,

since the distance between two consecutive hi (for all i ∈ {1,2,3}) is sufficiently large, so

other agents will have no idea that any agent is already destroyed. This scenario is equiv-

alent to solving PERPEXPLORATION-BBH with 2 agents having a pebble each, and as n is

sufficiently large, it is impossible as per Corollary 5.3.3.

Suppose the adversary decides to activate the BBH whenever a1 reaches a node among

v1, v2 and v3 (depending on the scenarios, i.e., SC 1, SC 2 or SC 3) for the first time. In this

situation, for all three scenarios, i.e., SC 1, SC 2 and SC 3, from round t onwards, the remain-

ing alive agents a2 and a3 will have no knowledge about where a1 is destroyed, even if they

know that a1 is destroyed. It is because the distance between two consecutive hi is suf-

ficiently large, so their exploration region does not intersect till round t . In addition, the

time-out strategy (or waiting for others) will not work, as for each SC i , every agent gets the
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same timeout output. This shows that, at round t onwards, the number of possible posi-

tions of the BBH is greater than or equal to 3, and all these possible positions are also con-

secutive. So the situation at round t is similar to the problem of solving PERPEXPLORATION-

BBH on a ring R with two agents having a total of 3 pebbles, where the number of possible

consecutive positions of the BBH is greater than or equal to 3. Since we have assumed A

solves the problem, thus A can also solve the problem of PERPEXPLORATION-BBH with

two agents, where the number of possible consecutive positions of the BBH is greater than

or equal to 3. But due to Corollary 5.3.3, it is impossible. Hence, there can never exist

any algorithm that solves PERPEXPLORATION-BBH with 3 scattered agents, each of which

is equipped with a pebble.

Corollary 5.3.5. Four scattered agents each equipped with a pebble is necessary to solve the

problem PERPEXPLORATION-BBH, on a ring R with n nodes.

5.4 Perpetual Exploration with Co-located Agents

In this section, we assume that the agents start from a common node, also called home.

With this assumption, we investigate the number of agents sufficient to solve the problem

PERPEXPLORATION-BBH under different communication models.

5.4.1 Pebble Model of Communication

Here we study the PERPEXPLORATION-BBH problem in the presence of a BBH, explicitly

for the pebble model of communication.

Algorithm Description

We present an algorithm PERPEXPLORE-COLOC-PBL that solves PERPEXPLORATION-BBH

in the presence of 3 co-located agents with the help of an additional pebble.

Given a ring R with a BBH node vb , and a set of agents, A = {a1, a2, a3} (we assume, ID

of a1 < ID of a2 < ID of a3) are initially co-located at home. The agents only know the

following details: the total number of nodes in R (i.e., n), and the fact that home is safe.
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This implies that the remaining n −1 nodes in R are suspicious for each agent. We call the

set of all suspicious nodes SUS, where |SUS| denotes the cardinality of SUS.

High level idea of Algorithm: Initially, two agents a1 and a2 explore the ring R perpetually,

while the third agent, i.e., a3, waits at home. To describe the algorithm, we label the nodes

of the ring R starting from home in the clockwise direction as v0, v1, . . . vn−1. The agents a1

and a2, while perpetually exploring R, execute the following rules.

Rule-I: [All agents are at home along with the pebble at some round, say r ≥ 0]. In this

case, a1 moves clockwise to node v1 and waits until round r +1 for a2 to arrive. At round

(r +1), the agent a2, leaves the pebble at home and moves to v1 to meet a1. So, at round

(r +2) the agents a1 and a2 are together at v1, and the pebble is at home, i.e., at v0. From

this configuration onwards, the agents a1 and a2 follow Rule-II, while a3 waits at home.

Rule-II: [a1 and a2 are at vi (i ̸= 0) and the pebble is at vi−1 at some round r > 0]. At

round r , a1 moves to the next node vi+1 in the clockwise direction and waits for 3 rounds

for a2, i.e., until round (r+3). In the meantime, at round (r+1), a2 leaves vi , moves one step

in a counter-clockwise direction to vi−1, and collects the pebble. Next, in round (r +2), a2

again moves to vi along with the pebble. Subsequently, at round (r +3), a2 again leaves the

pebble at vi and moves in a clockwise direction, to meet a1 (which is waiting at vi+1 for a2

to arrive). Note that, when a2 meets a1 at vi+1, the pebble it was carrying is left by a2 at the

nearest counter-clockwise node, i.e., at vi (for better reference, see Figure 5.1). Also note

that the same configuration translates from vi to vi+1. These agents follow Rule-II again if

i +1 ≤ n −1. For i +1 = n, let the agents follow Rule-II from r ′-th round, so at (r ′+3)-th

round, a2 joins a1 and a3 at home, whereas the pebble is at vn−1. Next, in round (r ′+4), a1

and a2 follows Rule-III, while a3 waits at home.

Rule-III: [a1, a2 and a3 all are at home and the pebble is at vn−1 at some round r > 0].

The agent a1 waits at home till round (r + 1), whereas at round r , the agent a2 moves to

vn−1, collects the pebble and returns to home at round (r + 1). Note that at round r + 2,

all agents and the pebble are located at home. So, from this round onwards, a1 and a2

start to follow Rule-I. So, if the BBH does not destroy any agent or the pebble, then R gets

perpetually explored.

Observation 5.4.1. Let r be the round, at which a1, a2 and a3, along with the pebble, are
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a3 a3 a3

a3 a3

a1
a2

a1a2

a2

a1

a1a2 a1
a2

(a) (b) (c)

(d) (e)

→Pebble

→ home

Figure 5.1: An execution of PERPEXPLORE-COLOC-PBL, starting from the configuration
where a1 and a2 are together on a vertex, to the configuration where a1 and a2 are on the
adjacent clockwise vertex.

at home. Then again, this configuration reoccurs at round r +4n −1 if the BBH does not

intervene.

Intervention by the BBH: While a1 and a2 execute the above rules, if the BBH inter-

venes by destroying either the pebble or any agent(s), then a certain anomaly arises, which

we discuss in the following cases.

Case-1: Let a1 be the only agent, which is the first to be destroyed by the BBH at some

round r (> 0). This node at which a1 gets destroyed is vb (where b ̸= 0). This follows that

a1 and a2 must have been following Rule-I (if b = 1) or Rule-II. So, within round r + 3,

anyway a2 must also visit vb . When a2 visits vb , there can be two situations: either it stays

alive and finds that a1 is not present, or it also gets destroyed at vb by the BBH. For the

first situation, a2 knows the exact location of vb , and it performs perpetual exploration,

avoiding vb . We define r ′ (< r ) as the last round at which all agents and the pebble were

at home, before the round r , i.e., at which the agents a1 and a2 start executing Rule-I. So,

for the second situation at round (r ′+4n), a3 finds none of the agents a1, a2 are present at

home. This triggers a3 to move clockwise. Note that the pebble which was left by a2 during

the execution of Rule-II, is at vb−1. While exploring clockwise, a3 finds the pebble at vb−1,

and from this phenomenon, it interprets the next node (i.e., vb) to be the BBH. Hence, a3

detects the location of the BBH and perpetually explores R, while avoiding BBH (i.e., vb). A
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v0 vb−2 vb−1 vb vn−1

r

r + 1

Rounds

r + 2

r + 3

r′

r − 1

r′ + 4n

r′′

a3
a2
a1
Pebble

→ Agent destroyed
by BBH

→ Detection

clockwisecounter-clockwise

Figure 5.2: Represents the step wise time diagram of PERPEXPLORE-COLOC-PBL where at
round r and r + 3, agents a1 and a2 are destroyed at vb . Starting from round r ′+ 4n, a3

moves clockwise and encounters the pebble at round r ′′ (< r ′+5n), and detects the BBH.

detailed illustration of this case, where both a1 and a2 are destroyed by vb , and eventually

a3 detects the BBH location, is defined via a time diagram in Figure 5.2.

Case-2: Let a2 be the only agent, which is the first to be destroyed by the BBH at some

round r . So, when a2 is destroyed, a1 must be at vi where i = b +1 or b +2. Since, a2 is de-

stroyed at round r , so within round r +3, a1 finds that a2 fails to visit vi . This phenomenon

helps a1 to interpret that, a2 must have been destroyed at vi−1 or vi−2. Note that i cannot

be equal to 1 as a1 can only be at v1 by executing Rule-I, where Rule-I starts with all agents

and the pebble being present at home. This implies that i cannot be equal to 1. Also note

that, if i = 2 then a2 can only be destroyed at v1, as v0 = home. In this case, a1 can exactly

locate the BBH and explore the ring R perpetually, avoiding v1 (i.e., vb).

Now for i ̸= 1,2, there can be two sub-cases, i = 0 and i > 2. Let r ′ be the last round

before r when all three agents and the pebble were at home, and from which a1 and a2

start executing Rule-I.

For i = 0, a1 reaches v0 at round r ′+4n −6, and as per Rule-III it waits for a2 till r ′+
4n − 3 round. Absence of a2’s arrival at v0 at round r ′+ 4n − 2 triggers both a1 and a3 to

conclude, vn−1 and vn−2 to be the two possible locations of the BBH. They identify vn−1
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as SUS1 and vn−2 as SUS2. Accordingly, from r ′+ 4n − 2 round onwards, a1 visits SUS1 in

counter-clockwise, and a2 visits SUS2 in clockwise. After visiting, they return to home,

and wait until both of them are together at home. They repeat this process. Note that if

no further agents are destroyed, perpetual exploration of R is achieved, as all nodes are

perpetually visited by a1 and a3. Since these agents know n, a1 knows exactly how many

rounds to wait for a3 to return after visiting SUS2, which is at most 2n rounds. Failure of

meeting either of a1 or a3 triggers the other agent to identify SUS1 or SUS2 to be the BBH,

and accordingly perform perpetual exploration avoiding vb .

On the other hand, consider the situation where a2 gets destroyed along with the peb-

ble either at round r ′+4n −2 or at r ′+4n −1. This situation can be understood by a1 at

home, when it finds the absence of a2 at round r ′+4n. Accordingly, a1 detects vn−1 to be

the BBH and performs perpetual exploration of R, avoiding vn−1 (i.e., vb). Before explain-

ing the second subcase, we have the following observation.

Observation 5.4.2. For i ̸= 0,1, let r̂ be the first round when a1 and a2 both reach vi together.

Let r ′ be the last round before r̂ at which a1 and a2 start executing Rule-I, from home. Then

r̂ = r ′+4i −3.

For the second sub-case, i.e., i ̸= 0,1,2, a1 finds the absence of a2 within round r ′+4i−2,

where r ′ is the last round before r ′+4i −2 at which a1 and a2 start executing Rule-I. This

triggers a1 to move clockwise until it reaches home. Note that, a1 must reach home within

round r ′+n +3i −3 ≤ r ′+4n −6, since i ≤ n −1 (since, from round r ′+4i −2, a1 moves

clockwise for n − i −1 distance to reach home). At round r ′+n +3i −2, a1 moves counter-

clockwise from home, and it continues to move until it reaches vi , and waits for a3. The

agent a3, on the other hand, finds that at round r ′+n+3i −1, a1 is absent at home, though

it was present at the previous round. Note that r ′+n+3i −1 ≤ r ′+4n−4, this triggers a3 to

move counter-clockwise until it finds a1. The agent a3 got triggered because, except for the

case where a1 detects an anomaly from a node v j (where j ̸= 0,1,2), in all other cases when

a1, after reaching home at round r ′+4n−6, must wait at home for at least 3 more rounds,

i.e., till round r ′+4n −3. In Figure 5.3, an explicit time diagram of this case, starting from

the round at which a2 gets destroyed at vb , until the round at which a1 and a3 gather at vi
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v0 vb−2 vb−1 vb vn−1

r

r + 1

Rounds

r + 2

r + 3

r′

r − 1

r′ + n+ 3i− 2

a3
a2
a1

Pebble

vb+1 vn−2

clockwisecounter-clockwise

r′ + n+ 3i− 1

r′′

r′′ + 1

→ agent
destroyed

by the BBH

r + 4

Figure 5.3: Represents the step-wise time diagram of PERPEXPLORE-COLOC-PBL where at
round r , a2 gets destroyed at vb . a1 detects the anomaly due to absence of a2 at round r +4,
and moves clockwise until v0. It reaches v0 at round r ′+n +3i −3. From r ′+n +3i −2, it
starts moving counter clockwise until it reaches vb+1. a3 also after finding absence of a1 at
round r ′+n+3i −1, starts moving counter-clockwise until it meets a1, say at round r ′′+1.

(= vb+1 in this case), is explained.

After a1 and a3 meets, they recognize SUS1 as vi−1 and SUS2 as vi−2, and operates simi-

larly as described in the first sub-case. Accordingly, we can conclude by a similar argument

that, at least one agent perpetually explores R, avoiding vb .

Case-3: The first agents to be destroyed by the BBH are both a1 and a2. This case has

been explicitly explained in the description of Case-1.

Case-4: Pebble is the first item to be destroyed by the BBH and not any agent. Let r

be the round at which the pebble is destroyed, at a node vb . So, within (r +2)−th round a2

must visit vb to collect the pebble as per Rule-II or Rule-III. At (r +3)−th round a2 is already

destroyed or a2 is alive. If a2 is alive, then it identifies the current node to be the BBH, due

to the absence of the pebble and performs perpetual exploration, avoiding vb . If a2 gets

destroyed, then it cannot return to meet a1, and this is similar to the Case-2, where at least

one agent among a1 and a3 perpetually explores R, avoiding the BBH.

From the above discussion, we have the following theorem.

Theorem 5.4.3. A team of 3 co-located synchronous agents are sufficient to solve the prob-
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lem PERPEXPLORATION-BBH on a ring R with n nodes under the pebble model of commu-

nication, in the presence of one pebble initially co-located with the agents.

The necessary condition of the above theorem follows from Corollary 5.3.3.

5.4.2 Face-to-Face Model of Communication

In this section, we consider the face-to-face model of communication and prove the fol-

lowing theorem.

Theorem 5.4.4. A team of 4 co-located and synchronous agents is sufficient to solve the prob-

lem PERPEXPLORATION-BBH on a ring R with n nodes under the face-to-face model of com-

munication.

In order to prove Theorem 5.4.4, we discuss an algorithm with 4 co-located agents in

this model of communication. Initially, the 3 lowest ID agents, say, a1, a2 and a3 are cho-

sen, where the fourth lowest ID agent, say a4, is associated with the second lowest ID agent,

i.e., a2. The idea of the algorithm resembles that of algorithm PERPEXPLORE-COLOC-PBL.

In this case, as there is no existence of pebbles, the agent a4 is used to mimic the pebble

used in Section 5.4.1. In general, as per algorithm PERPEXPLORE-COLOC-PBL, when we say

that an agent ai carries a pebble p, in this case we mean that the agent ai communicates

a message carry with its associated agent ai ′ such that both these agents simultaneously

move together until further new instruction is communicated. On the contrary as per al-

gorithm PERPEXPLORE-COLOC-PBL, when we say that an agent ai drops (or left) a pebble

p at a node v , then in this case we mean that ai communicates a message drop with ai ′ ,

which in turn instructs ai ′ not to move further and remain stationary at the node v until

further instruction is communicated. Hence, with this terminology, a team of 4 agents can

execute the algorithm PERPEXPLORE-COLOC-PBL, and the correctness also follows simi-

larly. So, this proves Theorem 5.4.4. In addition, the necessary statement of Theorem 5.4.4

is a consequence of Theorem 5.3.1, which follows from the fact that the face-to-face model

can be simulated to the whiteboard model.
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5.4.3 Whiteboard Model of Communication

The algorithm PERPEXPLORE-COLOC-PBL can be simulated in a whiteboard model of com-

munication. A pebble on a node can be simulated by a bit of information, which is marked

on the whiteboard of that node. Note that collecting a pebble from the node is simulated

by erasing the same bit of information on that node and dropping the pebble can be simu-

lated by marking the node with a bit of information as well on the whiteboard of that node.

From this, we get the following result for the whiteboard model of communication.

Theorem 5.4.5. A team of 3 synchronous co-located agents are sufficient to solve the problem

PERPEXPLORATION-BBH on a ring R if each node is equipped with a whiteboard having

constant memory.

The sufficient condition follows from Corollary 5.3.2. Previously in [14], for an asyn-

chronous scheduler, the tight bound for the number of agents to solve this problem was

4. Now from Theorem 5.4.5, we get a trade-off between reducing the optimal number of

agents required vs. the scheduler, in the presence of a more generalized version of gray

hole as well, i.e., the Byzantine black hole.

5.5 Perpetual Exploration with Scattered Agents

In this section, we discuss the problem of PERPEXPLORATION-BBH, when the agents are

initially scattered on more than one node, where each starting node is assumed to be safe.

We investigate this problem under different communication models. First, we discuss the

pebble model of communication, and subsequently, we discuss the whiteboard model of

communication.

5.5.1 Pebble Model of Communication

We discuss the problem when the agents communicate explicitly with the help of pebbles.
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Algorithm Description

Here we discuss the model where the agents are placed arbitrarily along the nodes of the

ring R (note that each such node must be a safe node), where each agent has a mov-

able token (we call it a pebble), which it can carry along with it, and acts as a mode of

inter-agent communication. Moreover, the agent can gather the IDs of other agents that

are currently at the same node at the same round. With this context, we show that 4

scattered agents (namely, A = {a0, a1, a2, a3}) with a pebble each are sufficient to solve

PERPEXPLORATION-BBH on R, using our algorithm PERPEXPLORE-SCAT-PBL. In this algo-

rithm, we assumed that 4 agents are scattered at 4 different nodes of R. To accommodate

the other cases, where 4 agents are scattered at less than or equal to 3 nodes, a slight mod-

ification of PERPEXPLORE-SCAT-PBL is required, which is explained in Remark 5.5.1. Next,

we describe the high-level idea of the algorithm.

High level idea of Algorithm: Let the starting position of a0 be the first, after which a1,

a2, and a3 have their respective starting positions in clockwise increasing order. Let hi is

denoted to be the starting position of ai , for all i ∈ {0,1,2,3} (they are indeed nodes of the

form v j for some j ∈ {0,1, . . . ,n − 1}, but just to indicate them as home of ai , we term it

as hi ). By Seg (ai ) (or segment of ai ) we mean the clockwise arc of nodes, starting from

hi and ending at h(i+1) (mod 4). If no agents are destroyed by the BBH node vb , then the

exploration of R is carried on iteratively by the agents as follows. Let an iteration start with

round r . From round r onwards, agent ai moves clockwise along Seg (ai ) leaving its pebble

at hi until it reaches h(i+1) (mod 4), i.e., end of Seg (ai ). An agent can distinguish the node

h(i+1) (mod 4) by seeing the pebble left there by the agent a(i+1) (mod 4). When ai reaches

h(i+1) (mod 4) traversing Seg (ai ) for the first time, it knows the length of Seg (ai ) and stores

the length in its own memory. For further traversals, it does not depend on seeing pebbles

at the end nodes of the segment, as it can use the length of that segment. Irrespective of

which, after ai reaches h(i+1) (mod 4), it waits there till round r +n − 1. This waiting time

ensures that the other agents have reached the endpoints of their corresponding segments

during their clockwise movement. At round r +n, ai collects the pebble (if it exists) from

h(i+1) (mod 4) (the pebble left by a(i+1) (mod 4)) and starts moving counter-clockwise along
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Figure 5.4: (a) hi ’s are home. Agent ai is on hi initially with a pebble. We name the pebble
initially at hi as pi , but in reality, they are anonymous. (a-b) Each agent ai moves clockwise
until the next home (i.e., h(i+1) (mod 4)) without carrying any pebble. The agents already
reached (here a2 and a4) wait for others. (c-e) All agents are on their clockwise nearest
home. They start moving counter-clockwise together with the pebble present at their cur-
rent location towards their initial home. The agents that have already reached their home
wait for others to reach their home.

with the collected pebble until it reaches its own home, i.e., hi . Also note that, if ai does

not find any pebble to collect at h(i+1) (mod 4), it starts moving counter-clockwise without

any pebble. This case can only happen if a(i+1) (mod 4) is destroyed at the BBH node vb ,

while it was returning back after collecting the pebble from h(i+2) (mod 4) in the previous

iteration. After ai reaches hi during its counter-clockwise movement, it again waits till

round r + 3n before it repeats the whole process in the next iteration. This waiting time

is devised in such a way that if an agent during this iteration detects any anomaly due to

intervention by the BBH, it has enough time to gather with the other agents. Note that,

since ∪3
i=0Seg (ai ) = R, if no agents are destroyed, in each iteration the agents collectively

visit each node of R. Fig. 5.4 illustrates the execution of an iteration.

Intervention by the BBH: The exploration can be hampered only if an agent is destroyed

at the BBH node vb . Since Seg (ai )∩ Seg (a j ) is either empty or consists of a safe node,

and in addition, a segment is explored by only one agent, so at most one agent can be

destroyed by the BBH during an iteration. Without loss of generality, let vb ∈ Seg (a j ), for

some j ∈ {0,1,2,3}. Let us assume a j is the first agent to be destroyed at vb at the i -th
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iteration. Based on this, there are two cases.

Case-I: a j is destroyed while moving clockwise in iteration i . Let ri be the round at

which i -th iteration started. For this case, a j fails to collect the pebble from h( j+1) (mod 4)

left by a( j+1) (mod 4). So, when a( j+1) (mod 4), returns to h( j+1) (mod 4) after moving counter-

clockwise along with the pebble it has collected from h( j+2) (mod 4), it finds two pebble at

h( j+1) (mod 4) within ri + 2n − 1 round. This is considered by a( j+1) (mod 4) as an anomaly,

and it learns that vb must be in the segment, in counter-clockwise direction starting from

h( j+1) (mod 4). In this scenario, a( j+1) (mod 4) waits till round ri +2n −1, so that other agents

return to their corresponding home in the meantime. Next, from round ri +2n, the agent

a( j+1) (mod 4) starts moving clockwise with two pebbles. The aim of this move is to meet

and gather with the other alive agents. Note that the other alive agents wait at their cor-

responding home till round ri + 3n, from round ri + 2n − 1 onwards. It is because, at

their respective home they do not detect any anomaly. Since a( j+1) (mod 4) starts moving

clockwise with the pebbles from round ri +2n, it can cover every node within the round

ri +3n −1. The agent a( j+1) (mod 4) first meets a( j+2) (mod 4) at h( j+2) (mod 4) while it moves

clockwise after detecting anomaly. Then both of them move together, while a( j+2) (mod 4)

carries the pebble, which it was earlier carrying back to home. They move until they meet

with a( j+3) (mod 4) at h( j+3) (mod 4). Note that at this moment 3 agents are at a node (which is

h( j+3) (mod 4)), with 4 pebbles (one carried by a( j+3) (mod 4), two carried by a( j+2) (mod 4) and

one with a( j+3) (mod 4)). In this case, they execute the algorithm PERPEXPLORE-COLOC-PBL

and achieve PERPEXPLORATION-BBH of the ring R. Figure 5.5 represents the time diagram

indicating the movement of the agent starting from ri , then destruction of a j within ri +n

and finally all 3 alive agents with 4 pebbles, gathering at round r ′
i (≤ ri +3n).

Case-II: a j is destroyed while moving counter-clockwise in iteration i . Let ri be the

round at which i -th iteration has started. Since a j is destroyed while moving counter-

clockwise, it implies that it got destroyed after round ri +n−1, and it was carrying the peb-

ble it collected from h( j+1) (mod 4). Now, when all alive agents return to their corresponding

home during iteration i , i.e., within round ri +2n−1, none of them finds any anomaly. Ac-

cordingly, each agent waits till round ri +3n, and starts (i +1)-th iteration from ri +3n +1

round, which we term as ri+1. In this iteration, all agents except a j (since it is destroyed
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Figure 5.5: Represents the i -th iteration time diagram of PERPEXPLORE-SCAT-PBL where at
round ri , a j gets destroyed at vb in Seg (a j ), while moving clockwise. a j+1 detects anomaly
and starts moving with 2 pebbles from ri + 2n onwards. Meets with a j+2 and a j+3, each
accompanying a pebble, gathers at round r ′

i (≤ ri +3n).

at the i -th iteration) move clockwise to the end points of their corresponding segments,

after leaving the pebble at their corresponding home. Note that at this point within round

ri+1 +n −1, each alive agent except a( j+3) (mod 4) finds a pebble at their clockwise home of

their respective segment. According to our algorithm, a( j+3) (mod 4) does not consider the

absence of a pebble at its clockwise adjacent home, as an anomaly. As per our algorithm,

these agents wait there till ri+1+n−1 round and collects pebble (for a( j+3) (mod 4) no pebble

exists) and moves back to their corresponding home (a( j+3) (mod 4) moves back without the

pebble) again within ri+1 +2n −1 round. Now, since a j was destroyed earlier, the pebble

left by a( j+1) (mod 4) was picked by no agents and thus, while a( j+1) (mod 4) returns back to

h( j+1) (mod 4) it finds two pebbles and does the same execution as explained in Case-I. But

in this case, the pebble that a j was carrying may not be destroyed at vb (as the adversary

has the choice to destroy it). So, after gathering, when the remaining alive agents from

h( j+3) (mod 4) start executing PERPEXPLORE-COLOC-PBL, the leading agent (or the lowest

ID agent among them), detects the BBH to be its current node, whenever it finds a pebble

at a node other than h( j+3) (mod 4). Accordingly, after this, it starts exploring R perpetually,

avoiding vb .

The basic idea of this algorithm is to gather three agents with at least 3 pebbles in the

expense of one agent and then execute PERPEXPLORE-COLOC-PBL (ref. Remark 5.5.2) to

solve the PERPEXPLROATION-BBH problem. Figure 5.6 demonstrates via a time diagram,

starting from the i -th iteration at which a j and also the pebble gets destroyed while moving
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Figure 5.6: Represents the i -th iteration time diagram of PERPEXPLORE-SCAT-PBL, where
the agent a j gets destroyed at vb with the pebble, while moving counter-clockwise. a j+1

detects the anomaly within ri+1 + 2n − 1 due to the presence of 2 pebbles at h j+1. Starts
moving clockwise and gathers with remaining alive agents within round r ′

i+1 (< ri+1 +3n)
at h j+3.

counter-clockwise, uptill the round at which the remaining 3 alive agents gather with the 3

remaining pebbles at h( j+3) (mod 4).

In the following remark (ref. Remark 5.5.1), we discuss the modification of algorithm

PERPEXPLORE-SCAT-PBL so that it includes the initial configurations where four agents are

distributed among less than four nodes.

Remark 5.5.1. In the discussion of our algorithm PERPEXPLORE-SCAT-PBL, we have consid-

ered that 4 agents are scattered along 4 distinct nodes. Here we describe how our algorithm

PERPEXPLORE-SCAT-PBL works for the remaining cases (i.e., when 4 agents are scattered

among 3 or 2 nodes initially) by slight modification. Observe that in these remaining cases,

there exists at least one node where initially the multiplicity is greater than 1. Let there exist

a node with multiplicity 3; in this case, these agents directly start executing PERPEXPLORE-

COLOC-PBL. While executing the algorithm, if they encounter the fourth agent (along with

the pebble) somewhere along R, they just ignore this agent and the pebble (note that the

IDs of all three initially co-located agents are already collected by each other) while ex-

ecuting their current algorithm. On the other hand, if initially there exists a node with
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multiplicity greater than 1 and less than 3, then in that case, only the lowest ID agent (say

a1) at the current node performs the iteration, whereas the other agent at the current node

(say a2) waits till ri +2n −1 round (for some i -th iteration). The agent a2 then checks for

an anomaly in the next round (i.e., if the current node has more pebbles than the current

number of agents). If such an anomaly exists after ri +2n−1 rounds, then that implies that

a1 has already detected the anomaly. It is because, a1, while it returned back to its home

within ri +2n −1 rounds, carrying a pebble which it collected from the nearest clockwise

home, it encounters the first anomaly, i.e., the number of pebbles is more than the num-

ber of agents. In that case, a1 waits till ri +2n −1 round and after which it starts to move

clockwise, and on the other hand, a2 also starts moving clockwise. This guarantees that if

the anomaly is detected at a multiplicity, then both a1 and a2 move together to gather with

the third agent, which is waiting till round ri +3n. Now, if the anomaly is not detected at

the multiplicity, then both a1 and a2 wait till ri +3n round at the same node. After which

a1 further starts the (i +1)-th iteration from round ri +3n+1 (= ri+1) onwards and a2 waits

till ri+1 +2n −1. If some other agent detects an anomaly at the i -th iteration, it must meet

a1 and a2 at their home at some round r ′
i (< ri +3n). In that case, they find that there are

3 agents at their home and at least 3 pebbles, and all of them start executing the algorithm

PERPEXPLORE-COLOC-PBL.

Remark 5.5.2. As mentioned in PERPEXPLORE-COLOC-PBL requires, 3 agents and 1 peb-

ble to perform PERPEXPLORATION-BBH, but in this case, we instruct the agents to perform

PERPEXPLORE-COLOC-PBL whenever three agents and at least three pebbles are able to

gather at a node. These agents perform PERPEXPLORE-COLOC-PBL with a slight modifica-

tion that excess pebbles remain at their gathered node, which they term as home.

The following theorem follows from the above description of the algorithm PERPEXPLORE-

SCAT-PBL and ensures the correctness of the algorithm.

Theorem 5.5.3. Algorithm PERPEXPLORE-SCAT-PBL solves thePERPEXPLORATION-BBH prob-

lem on a ring R with 4 synchronous and scattered agents under the pebble model of commu-

nication, where each agents are equipped with a pebble.

The necessary condition of the above theorem follows from Corollary 5.3.5.
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5.5.2 Whiteboard Model of Communication

In this section, we propose an algorithm PERPEXPLORE-SCAT-WHITEBOARD that solves the

problem PERPEXPLORATION-BBH with 3 agents, where the agents are initially scattered,

and they communicate via the whiteboard present at each node of R. This algorithm is

designed for the case when all the agents are starting at different nodes. Note that this

algorithm can be easily modified a bit to include the case where initially three agents are

scattered at two distinct nodes.

High Level Idea of Algorithm: Let a0, a1 and a2 be three agents starting from the nodes

h0,h1 and h2, respectively, where these nodes are in a clockwise order. Let Seg (ai ) (also

called ‘Segment of ai ’) be the clockwise arc starting from hi and ending at h(i+1) (mod 3).

If no agents are destroyed by the BBH node vb , then the exploration of R is carried out

iteratively by the agents in the following manner. Note that, at the start of the iteration,

each agent is at their corresponding home. Let an iteration start at round r . At round r ,

an agent, say ai , first erases all previously stored data (if any) at its own home, i.e., hi .

Subsequently, in this round itself, it writes the message (home, I D(ai )) at hi and starts

moving clockwise. This type of message is called a home type message. It indicates that

hi is the home of ai . The agent ai continues to move clockwise, until it reaches the node

h(i+1) (mod 3), where this node also signifies the end of Seg (ai ), as h(i+1) (mod 3) is the home

of a(i+1) (mod 3). Moreover, when ai moves clockwise along Seg (ai ), it marks each node of

Seg (ai ) by writing right, while erasing any previous such markings (if at all exists), exclud-

ing hi and h(i+1) (mod 3). On reaching the node h(i+1) (mod 3), the agent ai writes the mes-

sage (vi si ted , I D(ai )) at h(i+1) (mod 3) after removing the earlier home type message left by

a(i+1) (mod 3). This type of message is termed as visited type message. It also indicates that

an agent has visited the last node (in clockwise direction) of its own segment. Moreover, ai

also waits until (r +2n −1) round at the node h(i+1) (mod 3). This waiting time is designed

to ensure that, if any agent encounters any information regarding the segment contain-

ing the BBH, it can get enough time to meet all the other alive agents that are waiting till

round r +2n−1. Starting from round r +2n, ai starts to move in a counter-clockwise direc-

tion from h(i+1) (mod 3). While moving counter-clockwise, ai erases previously written right

TH-3897_206123002



5.5. Perpetual Exploration with Scattered Agents 143

h0

h1

h2

home(a1)

home(a0)

ho
m
e
(a

2
)

a0

a1

a2

h0

h1

h2

home(a1)

visited(a2)

ho
m
e
(a

2
)

a0

a1

a2

right
right

right

right

ri
gh
t

h0

h1

h2

visited(a0)

visited(a2)

vi
si
te
d
(a

1
)

a0

a1

a2

right
right

right

right

ri
gh
t

r
ig
h
t

right

h0

h1

h2

visited(a0)

visited(a2)

vi
si
te
d
(a

1
)

a0a1

a2

right
right

right

left

lef
t

r
ig
h
t

left

h0

h1

h2

home(a1)

home(a0)

ho
m
e
(a

2
)

a0

a1

a2

left
left

left

left

lef
t

lef
t

left

(a) (b) (c)

(d) (e)

Figure 5.7: (a) Agent ai is on hi initially, where it writes a home type message. (b-c) Each
agent ai moves clockwise while writing a right message at each node, except at hi and
h(i+1) (mod 3), and stops at h(i+1) (mod 3). At h(i+1) (mod 3), ai writes visited type message.
(d-e) Each agent ai starts returning to hi by moving counter-clockwise by erasing right
message and writing left message. At hi , ai erase visited message and write home message.

marking (which it marked while moving along the clockwise direction) from each node of

Seg (ai ) and writes left there upon arriving, except at the nodes hi and h(i+1) (mod 3). This

counter-clockwise movement continues until ai reaches its own home, i.e., hi . It finds at

hi a visited type message left there by a(i−1) (mod 3) in the current iteration. On reaching hi ,

ai again waits till round r + 4n. This waiting time is again designed to ensure that, if an

agent during its iteration detects any anomaly due to the intervention by the BBH, it has

enough time to meet and gather with other alive agents, who are waiting till round r +4n.

Note that since ∪2
i=0Seg (ai ) = R, if no agents are destroyed by the BBH, in each iteration

the agents collectively visit each node of R. The execution of an iteration is explained in

Fig. 5.7.

Intervention by the BBH: The exploration can only be hampered if an agent is destroyed

by the BBH at vb . Since Seg (ai )∩Seg (a j ) is either empty or consists of a safe node, and

also, since a segment is explored by only one agent, this implies that at most one agent can

be destroyed by the BBH during an iteration. Without loss of generality, let vb ∈ Seg (a j ),

for some j ∈ {0,1,2}. Let us assume that a j be the first agent to be destroyed at vb at the
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i -th iteration. Now, there are two cases.

Case-I: a j is destroyed while moving clockwise in the i -th iteration. Let ri be the round

at which i -th iteration has started. This means, a j has failed to reach h( j+1) (mod 3) within

round ri+n−1, and also has failed to write visited type message there. So, when a( j+1) (mod 3)

returns to its home (i.e., h( j+1) (mod 3)) within round ri +3n−1, it finds no visited type mes-

sage, as it should have, if a j was not destroyed. This helps a( j+1) (mod 3) to interpret that the

adjacent counter-clockwise segment of its own segment has the BBH, and an agent must

have been destroyed there while moving clockwise. This information triggers it to move

clockwise with the aim of gathering with other alive agents, i.e., only a( j+2) (mod 3) in this

case, from round ri +3n. If a( j+1) (mod 3) reached h( j+1) (mod 3) before ri +3n−1, and detects

the above-mentioned anomaly, it waits till round ri +3n−1 and then starts the move from

round ri +3n. This waiting time ensures that while it starts moving with the aim of gather-

ing with other agents, all of them are waiting at their corresponding home. Note that, when

a( j+1) (mod 3) starts moving, a( j+2) (mod 3) is waiting until round ri +4n. This waiting time is

sufficient for a( j+1) (mod 3) to meet with a( j+2) (mod 3). After they meet, a( j+1) (mod 3) shares

the information about its direction of movement in the whiteboard of h( j+2) (mod 3). With

this, they again start moving clockwise together until they reach h j . The agents can distin-

guish h j by the visited type message written there by a( j+2) (mod 3) within round ri +2n−1.

Note that, in the clockwise direction, each node after h j up to the previous node of vb

was marked right by a j before it was destroyed. So, from h j , the agents a( j+1) (mod 3) and

a( j+2) (mod 3), identify themselves as aL and aH , respectively, and follow Rule-I. Figure 5.8

demonstrates the step-wise time diagram of i -th iteration, at which a j gets destroyed, and

subsequently remaining alive agents gather at h j at round r ′
i (≤ ri +4n −1).

Rule-I: In this case, suppose they are at a node v0, from this node the two agents aL

and aH execute the following execution. aL moves clockwise to the next node, say v1 while

the other agent waits at v0. If at v1, aL sees the right marking, it interprets v1 as safe. So,

it comes back to v0. At v0, seeing that aL has returned, aH also interprets v1 to be safe.

So, in the next round, both aL and aH move to v1 together and repeat the process from v1

again. When aL reaches vb , it sees no right marking there. aL if alive, interprets this by

determining the current node to be the BBH. So, it starts perpetual exploration of R, except
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Figure 5.8: Represents the i -th iteration time diagram of PERPEXPLORE-SCAT-
WHITEBOARD. The agent a j gets destroyed at vb at round ri + t +1 (< ri +n) while moving
clockwise. a j+1 detects the anomaly after seeing the home type message at h j+1 within
round ri +3n and starts moving clockwise. Within round r ′

i (≤ ri +4n−1), a j+1 meets with
a j+2 at h j+2 and gathers at h j at round r ′

i .

vb . Otherwise, if aL gets destroyed at vb , it does not return to the previous node where

aH is waiting. Even after waiting, when aH sees that aL has not returned, it interprets this

incident as the next clockwise node is the BBH and starts exploring the ring R, avoiding

that node. Thus, if two agents follow this rule, then perpetual exploration of R except vb is

guaranteed.

Case-II: a j is destroyed while moving counter-clockwise in the i -th iteration. In this

case, both the alive agents a( j+1) (mod 3) and a( j+2) (mod 3) find visited type message after re-

turning to their corresponding home within round ri +3n −1. This is because a j started

performing a counter-clockwise movement from round ri + 2n. So, it wrote visited type

message at h( j+1) (mod 3), and after which during counter-clockwise movement it got de-

stroyed at vb , i.e., between ri +2n and ri +3n−1 rounds. So, all alive agents after waiting at

their home till ri+4n round, starts (i+1)-th iteration from ri+4n+1 (=ri+1) round onwards.

Again in the (i +1)-th iteration, each alive agent starting from their own home first erases

the existing whiteboard content and writes the corresponding home type message before it

starts moving clockwise. This clockwise movement will end when the agents reach the end

of their segment. Note that since a j was destroyed in the i -th iteration, no agent erased the
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whiteboard at h j in the first round of iteration (i +1). So the visited type message, which

was left by a j−1 (mod 3) during iteration i , still remains there at iteration (i +1). So, upon

reaching h j during iteration (i +1), a( j−1) (mod 3) finds the visited type message which was

written there earlier by it within round ri+1 +n − 1. From this information, a( j−1) (mod 3)

interprets that vb must be in the segment adjacent to its own segment in the clockwise

direction. It also interprets that an agent must have been destroyed at vb while it was mov-

ing counter-clockwise in the previous iteration. So, accordingly a( j−1) (mod 3) waits at h j till

round ri+1+n−1, and starts moving counter-clockwise from ri+1+n round onwards. This

waiting time ensures that while a( j−1) (mod 3) starts moving with the aim of gathering with

other alive agents, all of them are at the last node of their corresponding segment, waiting.

Now the other agents wait till round ri+1+2n−1 before moving counter-clockwise back to

their corresponding home. So, it is enough for a( j−1) (mod 3) to meet with these other alive

agents between rond ri+1 +n to round ri+1 +2n −1. During this counter-clockwise move-

ment of a( j−1) (mod 3), it meets a( j−2) (mod 3) (the only alive agent) at h( j−1) (mod 3). After they

meet, a( j−1) (mod 3) communicates the direction of its move to a( j−2) (mod 3) on the white-

board of h( j−1) (mod 3) and they move together until they reach h( j−2) (mod 3)(= h( j+1) (mod 3))

together. They distinguish the node by the home type message left there by a( j−2) (mod 3)

before starting to move clockwise, from ri+1 round onwards. Note that, in the counter-

clockwise direction, the nodes in Seg (a j ), starting from the next node of h( j+1) (mod 3) up

to the previous node of vb are the only nodes that were marked left by a j before it was

destroyed. So, from h( j+1) (mod 3), the agents a( j−1) (mod 3) and a( j−2) (mod 3) identify them-

selves as aL and aH , respectively, and follow Rule-II. Figure 5.9 demonstrates the step-wise

time diagram of the i -th iteration at which a j gets destroyed, and the (i +1)-th iteration, at

which the remaining alive agents gather at h j+1 (mod 3).

Rule-II: This rule for aL and aH are similar to Rule-I, except for the fact that here, af-

ter moving one node in the counter-clockwise direction, the agent aL searches for the left

marking. If it finds such a marking it returns to aH and then both move counter-clockwise

and repeat the process. On the other hand, if aL does not find any left marking (it must be

vb) and it stays alive, aL moves out of that node and starts exploring R, avoiding that node.

On the contrary, if aL gets destroyed, then aH sees that aL has not returned while it should
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Figure 5.9: Represents the i -th iteration time diagram of PERPEXPLORE-SCAT-
WHITEBOARD. The agent a j gets destroyed at vb at round ri + t + 1 (< ri + 3n − 1) while
moving counter-clockwise. a j+2 detects the anomaly at (i +1)-th iteration, within round
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have. From this incident, it is interpreted that the next counter-clockwise node is vb , and

it starts exploring R, avoiding that node. Thus again, if two agents follow this rule, then

perpetual exploration except vb of R is guaranteed.

The next remark discusses the modification required to include the cases where the

initial starting nodes can have multiplicity.

Remark 5.5.4. Let ai , a j , and ak be three agents that start from two initial nodes, say home1

and home2. By Pigeon hole principle, exactly one of home1 and home2 initially must have

two agents. Without loss of generality, let home1 have two agents, say ai and ak , initially. In

this case, the agents having multiplicity greater than one at the current node do not move.

On the other hand, the singleton agent, i.e., a j , writes a home type message at home2,

and starts moving clockwise, while marking each node with message right. If a j reaches

home1 before being destroyed by the BBH, then home1 now has three agents co-located.

Thus, from here the agents execute the whiteboard version of PERPEXPLORE-COLOC-PBL

(refer Subsection 5.4.3). On the other hand, let us consider the case when a j gets destroyed

before reaching home1. Note that irrespective of the location of home2, it takes at most

n − 1 rounds for a j to reach home1 from the beginning. So ai and a j wait for n rounds
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and find that no one has arrived yet. In this case, both ai and ak , together move to home2

from the clockwise direction. They identify home2 by the home type message left by a j .

From home2, ai becomes aL and ak becomes aR , and they execute Rule-I (described in

Case-I). Rule-I ensures that BBH is detected and perpetual exploration of R, except vb is

guaranteed.

From the above description, we have the following theorem that ensures the correct-

ness of the algorithm PERPEXPLORE-SCAT-WHITEBOARD.

Theorem 5.5.5. Algorithm PERPEXPLORE-SCAT-WHITEBOARD solves PERPEXPLORATION-BBH

on a ring R with n nodes and with 3 synchronous agents initially scattered under the white-

board model of communication

The necessary condition of the above theorem follows from Corollary 5.3.2.

5.6 Conclusion

This chapter addresses perpetual exploration of a ring network in the presence of a Byzan-

tine black hole. We term it as PERPEXPLORATION-BBH, and it is explored under three com-

munication models (face-to-face, pebble, and whiteboard) considering two initial config-

urations, one is co-located and another is scattered. The aim has been to minimize the

number of agents required to perform PERPEXPLORATION-BBH. To the best of our knowl-

edge, the concept of BBH has not been introduced before this work. We proposed optimal

results (in terms of number of agents) for Pebble and Whiteboard communication models

under both initial configurations. Further, an upper bound of 4 agents and a lower bound

of 3 agents is provided for the face-to-face model, in case of co-located agents.

Future research could focus on proposing an optimal bound for the face-to-face model

when the agents are initially co-located. Another direction could be proposing construc-

tive lower and upper bounds for the face-to-face model when the agents are initially scat-

tered. Additionally, investigating this problem in different scheduler models can be an-

other future direction.
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Chapter 6

Perpetual Exploration of Arbitrary

Graphs with a Byzantine Black Hole

6.1 Introduction

In Chapter 5, we studied the perpetual exploration problem of a static ring in the presence

of a Byzantine black hole (BBH). The study focused on different initial configurations of the

agents and various communication models. Now, a genuine question arises: what if the

underlying topology is arbitrary? This question intrigued us. The reason being, nothing

was much known about the difficulty of solving perpetual exploration in a topology, except

for a ring, in the presence of BBH.

Observe that, in Chapter 5, our aim is to explore all the safe nodes infinitely often, and

since the ring is 2-connected, we faced no issue. But, what if the agents are initially co-

located and the BBH is a cut-vertex of the network, then it becomes impossible to visit

each safe node in the network, as the BBH may block access by behaving as a black hole.

Hence, we tweak our earlier definition of PERPEXPLORATION-BBH (in Chapter 5) into two

parts: here, our focus is to perpetually explore one connected component of the graph, the

connected components would be obtained if the BBH and all its adjacent edges are re-

6This chapter has been published as: “Perpetual exploration in anonymous synchronous networks with a
Byzantine black hole” in Proceedings of the 39th International Symposium on Distributed Computing (DISC
2025).
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moved from the network. In a 2-connected network, this is exactly the same as what we

did in Chapter 5. Similarly, here we also refer to it as PERPEXPLORATION-BBH. Next, we

studied another variation of the problem, where the agents are required to perpetually ex-

plore specifically the connected component that includes their initial position, i.e., their

home.

Notation Meaning
G = (V ,E ,λ) Indicates the connected port-labeled graph

vb A node belonging to V that indicates the BBH
home or h The starting node

k Number of agents that are initially co-located at home
Ci Indicates the i -th component of G − {vb}
E Indicates an execution

Td Indicates the destruction time
I =<G ,k,h, vb > Indicates an instance

∆,n Maximum degree and number of nodes in the graph G
Cons(E , I , t ) Indicates consistent instances

S(t ) Indicates the suspicious nodes at time t
Si (t ) Denotes the suspicious node set of agent with ID i at time t
posa Indicates the position of the agent a at a certain time

P = (V ,E ,λ) Indicates a path graph
L[vi , v j ] Indicates the induced subgraph of P by

the nodes {vx : 0 ≤ i ≤ x ≤ j ≤ |V |−1}
L,Int1,Int2,F Indicates the agents denoted by Leader,

Intermediate 1, Intermediate 2 and Follower
F1,F2 Indicates the agents denoted by Follower 1 and Follower 2

Anchor(α) Indicates an agent acting as an anchor at the current node
with respect to port α

SG Indicates the agents in smaller group
LGi Indicates the agents in larger group, where LGi+1 ⊂ LGi

E i
j Members of LGi acting as explorers, where 1 ≤ j ≤ 3

N (v) Neighbor nodes of v

Table 6.1: List of prominent notations used in this chapter

We call this variant PERPEXPLORATION-BBH-HOME. PERPEXPLORATION-BBH-HOME

is particularly relevant in practical scenarios where the starting vertex serves as a central

base, for example, to aggregate the information collected by individual agents or as a charg-

ing station for energy-constrained agents. Therefore, during perpetual exploration, it is

essential to ensure that the component being explored by the agents includes their home.
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Note that the two variants are equivalent if the BBH is not a cut vertex.

While investigating these two variations of perpetual exploration, we found many in-

teresting answers, and this chapter covers them. We also observed that there are many

challenging directions to explore in the future, some of which are discussed in the conclu-

sion of this chapter.

A list of some of the prominent notations used in this chapter is presented in Table 6.1.

Another table of notations specifically used in Section 6.5.1 is presented in Table 6.3.

6.1.1 Our Contribution

We study the PERPEXPLORATION-BBH and PERPEXPLORATION-BBH-HOME problems in

synchronous connected networks, where the underlying topology is path, tree and arbi-

trary or general graph, with at most one BBH under the face-to-face communication model.

Our objective is to minimize the number of agents required to solve these problems.

Tree: For tree networks, we provide a tight bound on the number of agents for both prob-

lems. Specifically, we show that 4 agents are necessary and sufficient for PERPEXPLORATION-

BBH in trees, and that 6 agents are necessary and sufficient for PERPEXPLORATION-BBH-

HOME in trees. Our algorithms work without knowledge of the size of the network, i.e., n.

However, knowledge of n would not reduce the number of agents, as our lower bounds do

not assume that n is unknown.

Path: To simplify the presentation, we present these results for path networks, and then we

explain how to adapt the algorithms to work in trees with the same number of agents.

Arbitrary Graph: In the case of arbitrary networks, we propose an algorithm that solves the

problem PERPEXPLORATION-BBH-HOME, hence also PERPEXPLORATION-BBH with 3∆+3

agents, where ∆ is the maximum degree of the graph, without knowledge of the size of the

graph. In terms of lower bounds, we first show that, if the BBH behaves as a classical black

hole (i.e., if it is activated in every round), then at least∆+1 agents are necessary for perpet-

ual exploration, even with knowledge of n. In the underlying graph used in this proof, the

BBH is not a cut vertex, hence the lower bound holds even for PERPEXPLORATION-BBH.

This can be seen as an analogue, in our model, of the well-known ∆+ 1 lower bound for
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black hole search in asynchronous networks [61]. In passing, under the same assumption

of the BBH behaving as a classical black hole, we discuss an algorithm that performs per-

petual exploration with only ∆+2 agents, without knowledge of n.

We then prove a stronger, and more technical, lower bound of 2∆−1 agents in presence

of a BBH. In this last lower bound, the structure and, indeed, the size of the graph is decided

dynamically based on the actions of the algorithm. Hence, the fact that agents do not have

initial knowledge of n is crucial in this proof. In this case, the BBH may be a cut vertex,

but the adversarial strategy that we define in the proof never allows any agents to visit any

other component than the one containing the home node. Therefore, this lower bound

also carries over to PERPEXPLORATION-BBH-HOME. Further, Table 6.2 summarises the list

of results obtained in this chapter.

Graph Type Problem Lower Bound Upper Bound

Path
PerpExploration-BBH 4 agents 4 agents
PerpExploration-BBH-Home 6 agents 6 agents

Tree
PerpExploration-BBH 4 agents 4 agents
PerpExploration-BBH-Home 6 agents 6 agents

General Graph
PerpExploration-BBH 2∆−1 agents 3∆+3 agents
PerpExploration-BBH-Home 2∆−1 agents 3∆+3 agents
PerpExploration-BH ∆+1 agents ∆+2 agents

Table 6.2: Summary of results obtained in this chapter.

6.2 Model and Basic Definitions

The agents operate in a simple, undirected, connected port-labeled graph G = (V ,E ,λ),

where λ= (
λv

)
v∈V is a collection of port-labeling functions λv : Ev → {1, . . . ,deg (v)}, where

Ev is the set of edges incident to node v and deg (v) is the degree of v . We denote by n the

number of nodes and by ∆ the maximum degree of G .

An algorithm is modeled as a deterministic Turing machine. Agents are modeled as

instances of an algorithm (i.e., copies of the corresponding deterministic Turing machine)

which move in G . Each agent is initially provided with a unique identifier.

The execution of the system proceeds in synchronous rounds. In each round, each
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agent receives as input the degree of its current node, the local port number through which

it arrived at its current node, i.e.λv ({u, v}) if it just arrived at node v by traversing edge {u, v},

or 0 if it did not move in the last round, and the configurations of all agents present at its

current node. It then computes the local port label of the edge that it wishes to traverse

next (or 0 if it does not wish to move). All agents are activated, compute their next move,

and perform their moves in simultaneous steps within a round. We assume that all local

computations take the same amount of time and that edge traversals are instantaneous.

Note that we will only consider initial configurations in which all agents are co-located

on a node called “the home”. In this setting, the set of unique agent identifiers becomes

common knowledge in the very first round.

At most one of the nodes vb ∈ V is a BBH. In each round, the adversary may choose to

activate the black hole. If the black hole is activated, then it destroys all agents that started

the round at vb , as well as all agents that choose to move to vb in that round. The agents

have no information on the position of the BBH, except that it is not located at the home

node. Furthermore, the agents do not have initial knowledge of the size of the graph.

6.2.1 Problem Definition

We define the PERPETUAL EXPLORATION problem with initially co-located agents in the

presence of a BBH, hereafter denoted PERPEXPLORATION-BBH, as the problem of perpet-

ually exploring at least one of the connected components resulting from the removal of the

BBH from the graph. If the graph does not contain a BBH, then the entire graph must be

perpetually explored.

If, in particular, the perpetually explored component must be the component contain-

ing the home, then the corresponding problem is denoted as PERPEXPLORATION-BBH-

HOME.

Definition 6.2.1. An instance of the PERPEXPLORATION-BBH problem is a tuple 〈G ,k,h, vb〉,
where G = (V ,E ,λ) is a connected port-labeled graph, k ≥ 1 is the number of agents start-

ing on the home h ∈ V , and vb ∈ (V \ {h})∪ {NU LL} is the node that contains the BBH. If

vb = NU LL, then G does not contain a BBH.
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For the following definitions, fix a PERPEXPLORATION-BBH instance I = 〈G ,k,h, vb〉,
where G = (V ,E ,λ), and let A be an algorithm.

Definition 6.2.2. We say that an execution ofA on I perpetually explores a subgraph H of G

if every node of H is visited by some agent infinitely often.

Definition 6.2.3. Let C1,C2, . . . ,Ct be the connected components of the graph G−vb , result-

ing from the removal of vb and all its incident edges from G . If vb = NU LL, then t = 1 and

C1 ≡G . Without loss of generality, let h ∈ C1.

We say that A solves PERPEXPLORATION-BBH on I , if for every execution starting from

the initial configuration in which k agents are co-located at node h, at least one of the

components C1,C2, . . . ,Ct is perpetually explored.

We say that A solves PERPEXPLORATION-BBH-HOME on I , if for every execution start-

ing from the initial configuration in which k agents are co-located at node h, the compo-

nent C1 (containing the home) is perpetually explored.

Finally, we say thatA solves PERPEXPLORATION-BBH with k0 agents if it solves the prob-

lem on any instance with k ≥ k0 agents (similarly for PERPEXPLORATION-BBH-HOME).

Note that any algorithm that solves PERPEXPLORATION-BBH-HOME also solves the prob-

lem PERPEXPLORATION-BBH.

Next, we discuss some preliminary notions, used to prove Theorem 6.3.12 and Theo-

rem 6.3.17.

For the following, fix a PERPEXPLORATION-BBH instance I = 〈G ,k,h, vb〉, where G =
(V ,E ,λ), let A be an algorithm, and fix an execution E of A on I .

Definition 6.2.4 (Destruction Time). The destruction time, denoted by Td , is the first round

in which the adversary activates the BBH and destroys an agent.

Note that, for a given execution, Td can be infinite if vb = NU LL, or if the adversary

never chooses to activate the black hole, or if it never destroys any agent.

Definition 6.2.5 (Benign execution). We say that an execution of A on I is benign up to

time T if Td > T . We say that it is benign if Td is infinite.
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Definition 6.2.6 (Benign continuation). The benign continuation from time t0 of an execu-

tion E of A on I is an execution which is identical to E up to time t0, and for t > t0 the BBH

is never activated.

Note that agents are deterministic and the system is synchronous. Therefore, if vb =
NU LL, then there exists a unique execution of A on I , which, in addition, is benign. If the

system does contain a BBH, then there exist different executions for different sequences of

actions by the adversary. However, the benign execution is still unique in this case.

Definition 6.2.7 (History of an agent). The history of an agent a at time t ≥ 1 is the finite

sequence of inputs received by agent a, at the beginning of rounds 1, . . . , t .

Definition 6.2.8 (Consistent instances). An instance I ′ is said to be (E , I , t )-consistent if

there exists an execution E ′ of A on I ′ such that:

• At the beginning of round t , the sets of histories of all alive agents in E and in E ′ are

identical.

• If Ẽ and Ẽ ′ are the infinite benign continuations of E and E ′, respectively, from time t ,

then the suffixes of Ẽ and Ẽ ′ starting from time t are identical.

We denote by Cons(E , I , t ) the set of all (E , I , t )-consistent instances.

The usefulness of Definition 6.2.8 lies in the fact that agents with a certain history in

a given execution in a given instance can be swapped into any other consistent instance

and, in a benign continuation, behave exactly as they would in the original instance.

6.3 Path Networks

In this section, our main aim is to establish the following two theorems, giving the optimal

number of agents that solve PERPEXPLORATION-BBH and PERPEXPLORATION-BBH-HOME

in path graphs.

Theorem 6.3.1. 4 agents are necessary and sufficient to solve PERPEXPLORATION-BBH in

path graphs, without initial knowledge of the size of the graph.
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Theorem 6.3.2. 6 agents are necessary and sufficient to solve PERPEXPLORATION-BBH-HOME

in path graphs, without initial knowledge of the size of the graph.

For the necessity part, we prove that there exists no algorithm solving PERPEXPLORATION-

BBH (resp. PERPEXPLORATION-BBH-HOME) with 3 agents (resp. 5 agents), even assuming

knowledge of the size of the graph. For the sufficiency part of Theorem 6.3.2, we provide

an algorithm, which we call PATH_PERPEXPLORE-BBH-HOME, solving PERPEXPLORATION-

BBH-HOME with 6 initially co-located agents, even when the size of the path is unknown

to the agents. Thereafter, we modify this algorithm to solve PERPEXPLORATION-BBH with

4 initially co-located agents, thus establishing the sufficiency part of Theorem 6.3.1.

In Section 6.3.1, we propose our lower bound proofs on the number of agents. Then, in

Section 6.3.2, we describe the algorithms.

6.3.1 Lower bounds in paths

Lemma 6.3.3. If A solves PERPEXPLORATION-BBH with k0 agents, then for every instance I

on a path graph with k ≥ k0 agents, there is no execution E of A on I such that all of the

following hold:

• At some time t ≥ 1, exactly one agent a remains alive.

• Cons(E , I , t ) contains instances I1 = 〈P,h,k, vb1〉 and I2 = 〈P,h,k, vb2〉, where P is a

port-labeled path and vb1, vb2 are two distinct nodes of P.

Proof. For a contradiction, let E be an execution of A on I that satisfies both conditions si-

multaneously at time t ≥ 1, and let Hista be the history of the only remaining alive agent a

at time t . By consistency, there exist executions E1 on I1 and E2 on I2 such that, under both,

the history of a at time t is exactly Hista . Moreover, the benign continuations Ẽ1, Ẽ2 share

a common suffix starting from time t .

We distinguish the following cases:

• In Ẽ1 and Ẽ2, at some t ′ ≥ t , agent a visits vb1 (resp. vb2). Then, the algorithm fails in

instance I1 (resp. I2) by activating the BBH at time t ′.
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• In Ẽ1 and Ẽ2, agent a never visits vb1 or vb2 at any time t ′ ≥ t . Let pos be the position

of the agent at time t . If vb1 and vb2 are on the same side of pos, and vb1 (resp. vb2) is

the farthest from pos, then the algorithm fails on instance I1 (resp. I2) because, after

time t , it never visits node vb2 (resp. vb1), which is in the same component as the

agent and is not the BBH. If pos is between vb1 and vb2, then the algorithm fails on

both instances I1 and I2. To see why, consider the instance I1: in I1, vb2 is not the

BBH and it is in the same component as the agent, but is never visited after time t .

The reasoning is similar, for instance I2.

In all cases, we obtain a contradiction with the correctness of algorithm A.

Lemma 6.3.4. If A solves PERPEXPLORATION-BBH with k0 agents, then for every instance I

on a path graph with k ≥ k0 agents, there is no execution E of A on I such that all of the

following hold:

• At some time t ≥ 1, exactly two agents a,b remain alive.

• Cons(E , I , t ) contains instances Ii = 〈P,h,k, vbi 〉, 1 ≤ i ≤ 3, where P is a port-labeled

path and {vbi : 1 ≤ i ≤ 3} are three distinct nodes of P. Let B be the common suf-

fix, starting from time t, of all benign continuations of the executions witnessing the

(E , I , t )-consistency of Ii , for 1 ≤ i ≤ 3.

• If posa ,posb are the positions of the agents at time t under B, then posa ,posb are on

the same side of all of {vbi : 1 ≤ i ≤ 3}.

Proof. For a contradiction, let E be an execution ofA on I that satisfies all of the conditions

simultaneously at time t ≥ 1, let vb1, vb2, vb3 be ordered by increasing distance from posa

and posb , and let P1 denote the subpath of P from vb1 to an extremity of P , such that P1

does not contain any of posa , posb .

We distinguish the following cases:

Case 1: In Ẽ1, Ẽ2, and Ẽ3, there exists some time t ′ ≥ t such that agent a (without loss of

generality) enters P1 (hence moves to vb1 from outside P1), and agent b moves to, from, or

stays on some node of P1.
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In this case, consider the smallest such t ′, and let t ′1 ≤ t ′ be the last time that agent b

enters P1 before t ′. Note that agent a enters P1 at time t ′ without waiting for agent b to

exit P1. Therefore, even if agent b is destroyed by vb1 at time t ′1, agent a will still enter P1

at time t ′. We obtain a contradiction with the correctness of algorithm A, as it fails on

instance I1 if the BBH vb1 is activated at times t ′ and t ′1.

Case 2: In Ẽ1, Ẽ2, and Ẽ3, whenever an agent enters P1 at some time t ′ ≥ t , then at that

time the other agent is not inside P1, nor is entering or exiting P1.

In this case, there must exist at least one time t ′ ≥ t such that agent a (without loss of

generality) enters P1 and moves on to reach vb2 before exiting P1, while agent b remains

outside of P1. Indeed, if this never happens, then the algorithm fails on instance I3 as it

never explores node vb2.

Let t ′1 > t ′ be the first time after t ′ such that agent a visits vb2. Now, consider the follow-

ing executions:

• E ′
1 on I1: same as Ẽ1 up to time t ′, then vb1 is activated at time t ′ and destroys agent a,

then vb1 is never activated after t ′.

• E ′
2 on I2: same as Ẽ2 up to time t ′1, then vb2 is activated at time t ′1 and destroys agent a,

then vb2 is never activated after t ′1.

Clearly, after time t ′ and as long as agent a hasn’t exited P1, agent b receives exactly the

same inputs in both executions. Therefore, the history of agent b is identical in both exe-

cutions up to at least time t ′1. Let Hist′b be the history of agent b at that time. Moreover,

the benign continuations of both E ′
1 and E ′

2 after time t ′1 must be identical. It follows that

Cons(E ′
1, I1, t ′1) contains I1 and I2. This contradicts Lemma 6.3.3.

Lemma 6.3.5. If A solves PERPEXPLORATION-BBH with k0 agents, then for every instance I

on a path graph with k ≥ k0 agents, there is no execution E of A on I such that all of the

following hold:

• At some time t ≥ 1, exactly two agents a,b remain alive.

• Cons(E , I , t ) contains instances Ii = 〈P,h,k, vbi 〉, 1 ≤ i ≤ 3, where P is a port-labeled

path and {vbi : 1 ≤ i ≤ 3} are three distinct nodes of P. Let B be the common suf-
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fix, starting from time t, of all benign continuations of the executions witnessing the

(E , I , t )-consistency of Ii , for 1 ≤ i ≤ 3.

• If posa ,posb are the positions of the agents at time t underB, then the path connecting

posa to posb contains all of {vbi : 1 ≤ i ≤ 3}.

Proof. For a contradiction, let E be an execution of A on I that satisfies all of the condi-

tions simultaneously at time t ≥ 1, and let vb1, vb2, vb3 be ordered by increasing distance

from posa (and, therefore, decreasing distance from posb).

Claim 6.3.6. In B, no agent ever visits vb2 after time t .

Proof of Claim. Suppose the contrary and, without loss of generality, let a be the first

agent to visit vb2 at time t2 ≥ t . As the two agents are initially on either side of vb2, it

follows that the agents do not meet before t2. Moreover, in order to reach vb2, agent a

must also visit vb1 at some time t1 < t2. By activating the BBH at times t1, t2 in the respec-

tive instances, agent a may be destroyed on either of vb1, vb2. Let B′ be the same as B

up to t2, when vb2 is activated once to destroy agent a and then remains benign. By the

lack of communication between agents, Cons(B′, I2, t2), contains I1, I2, which contradicts

Lemma 6.3.3.

A corollary of the above claim is that agents never meet after time t . We can further

show that agent a never visits vb1 and, by symmetry, agent b never visits vb3. Indeed, if

agent a ever visits vb1, then the algorithm fails on instance I1 by destroying agent a. The

remaining agent b will never visit vb2, thus failing to perpetually explore its component.

We conclude that no agent ever visits any of vb1, vb2, vb3 after time t , and therefore the

algorithm fails on instance I2 because no agent perpetually explores its component.

Lemma 6.3.7. If A solves PERPEXPLORATION-BBH with k0 agents, then for every instance I

on a path graph with k ≥ k0 agents, there is no execution E of A on I such that all of the

following hold:

• At some time t ≥ 1, exactly three agents a,b,c remain alive.
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• Cons(E , I , t ) contains instances Ii = 〈P,h,k, vbi 〉, 1 ≤ i ≤ 7, where P is a port-labeled

path and {vbi : 1 ≤ i ≤ 7} are seven distinct nodes of P. Let B be the common suf-

fix, starting from time t, of all benign continuations of the executions witnessing the

(E , I , t )-consistency of Ii , for 1 ≤ i ≤ 7.

• If posa ,posb ,posc are the positions of the agents at time t underB, then posa ,posb ,posc

are on the same side of all of {vbi : 1 ≤ i ≤ 7}.

• Assuming without loss of generality that nodes vbi are ordered by increasing distance

from posa ,posb ,posc , and letting P1 denote the subpath of P from vb1 to an extremity

of P such that P1 does not contain posa ,posb ,posc , then in B, at most two agents are

ever simultaneously in P1.

Proof. For a contradiction, let E be an execution ofA on I that satisfies all of the conditions

simultaneously at time t ≥ 1, and let, for i ≥ 2, Pi denote the subpath of P1 spanning the

nodes from vbi to an extremity of P . We say that a Pi -event occurs at time t0 ≥ t (1 ≤ i ≤ 7),

if an agent enters Pi at time t0 while another agent is already in Pi .

Claim 6.3.8. In B, a P4-event must occur at some time after t .

Proof of Claim. Indeed, suppose that inB, at most one agent is ever inside P4 after time t .

Then, there must exist some time t ′1 ≥ t at which agent a (without loss of generality) en-

ters P4 and does not exit P4 before reaching vb6 at time t ′2 ≥ t ′1, while the other agents stay

outside of P4. Agent a may be destroyed on any of vb4, vb5, vb6 by activating the BBH in the

respective instance. It follows that I4, I5, I6 are all in Cons(B′, I6, t ′2), where B′ is the same

as B up to time t ′2, when vb6 is activated. This contradicts Lemma 6.3.4.

Note that a P4-event requires a prior P3-event. Let t4 be the time of the first P4-event

in B, involving agents a,b without loss of generality. Let t3 ≤ t4 be the time of the last P3-

event before t4. By definition, the P3-event at time t3 must involve the same agents a,b

and none of these agents may have exited P3 between t3 and t4. Without loss of generality,

let agent b be the one that enters P3 at time t3. Therefore, this is the last time that agent b

enters P3 before t4. Let t1 ≤ t3 denote the last time agent a entered P3.

Claim 6.3.9. In B, agent c does not enter P3 between t1 and t3.
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Proof of Claim. Suppose that agent c enters P3 at time t ′1 (t1 ≤ t ′1 < t3). Given that agent b

enters P3 at time t3, and by the assumption that at most two agents may ever be in P1, it fol-

lows that agent c must reach vb1 at some time t ′2 between t ′1 and t3, while agent a remains

in P3 and agent b remains outside of P1. On the way out, agent c may be destroyed by any

of vb1, vb2, vb3 by activating the BBH in the respective instance. It follows that I1, I2, I3 are

all in Cons(B′, I1, t ′2), where B′ is the same as B up to time t ′2, when vb1 is activated. This

contradicts Lemma 6.3.5.

It follows that only agent b may enter P3 between t1 and t3. Let t2 ≥ t1 be the first time

this happens. Then, agent b may not exit P1 after time t2, by a similar argument as in the

proof of Claim 6.3.9. There is, therefore, no communication after time t1 between agent c

and either of agents a,b. Finally, let t ′4 ≤ t4 be the time when the agent that is already in P4

at time t4 enters P4 for the last time. Now, consider the following executions:

• B1 on I3: same as B up to time t1, when vb3 is activated destroying agent a. Then,

benign up to time t3, when vb3 is activated destroying agent b. Then, vb3 is never

activated after t3.

• B2 on I4: same as B up to time t ′4, when vb4 is activated. Then, benign up to time t4,

when vb4 is activated. At this point, both agents a,b are destroyed and vb4 is never

activated after t4.

Clearly, Cons(B1, I3, t4) contains both of I3, I4, which contradicts Lemma 6.3.3.

Lemma 6.3.10. IfA solves PERPEXPLORATION-BBH with k0 agents, then for every instance I

on a path graph with k ≥ k0 agents, there is no execution E of A on I such that all of the

following hold:

• At some time t ≥ 1, exactly three agents a,b,c remain alive.

• Cons(E , I , t ) contains instances Ii = 〈P,h,k, vbi 〉, 1 ≤ i ≤ 8, where P is a port-labeled

path and {vbi : 1 ≤ i ≤ 8} are eight distinct nodes of P.

• If posa ,posb ,posc are the positions of the agents at time t underE , then posa ,posb ,posc

are on the same side of all of {vbi : 1 ≤ i ≤ 8}.
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• Assuming without loss of generality that nodes vbi are ordered by increasing distance

from posa ,posb ,posc , nodes vb1, vb2, vb3 are consecutive in P.

Proof. For a contradiction, let E be an execution ofA on I that satisfies all of the conditions

simultaneously at time t ≥ 1. LetB be the common suffix, starting from time t , of all benign

continuations of the executions witnessing the (E , I , t )-consistency of Ii , for 1 ≤ i ≤ 8. Let,

for i ≥ 1, Pi denote the subpath of P spanning the nodes from vbi to an extremity of P ,

such that Pi does not contain any of posa ,posb ,posc . We say that a P j
i -event occurs at

time t0 ≥ t (1 ≤ i ≤ 8, 1 ≤ j ≤ 3), if some agent enters Pi at time t0 and at least j agents are

in Pi at time t0 (including the one or the ones that entered at time t0).

By Lemma 6.3.7, a P 3
2 -event must occur in B. Let T be the time of the first P 3

2 -event,

and assume, without loss of generality, that agent c enters P2 at time T while agents a,b

are in P2.

Claim 6.3.11. In B, there is no P 2
3 -event involving agents a,b at or before time T .

Proof of Claim. For a contradiction, let t4 ≤ T be the time of the last P 2
3 -event before

time T , and assume, without loss of generality, that agent a enters P3 while agent b is in P3.

Let t3 ≤ t4 be the time of the last P 2
2 -event before t4 involving agents a,b. Without loss of

generality, let agent a be the one that enters P2 at time t3, and let t1 ≤ t3 be the last time

agent b entered P2.

Consider the following executions:

• B1 on I1: same as B up to time t3, when vb1 is activated destroying agent b. Then,

benign up to time T , when vb1 is activated destroying agent c. Then, vb1 is never

activated after T .

• B2 on I2: same as B up to time t3, when vb1 is activated destroying agent b. Then,

benign up to time T , when vb1 is activated destroying agent c. Then, vb2 is never

activated after T .

Clearly, Cons(B1, I1,T ) contains both of I1, I2, which contradicts Lemma 6.3.3.

By Claim 6.3.11, either none of a,b has entered P3 until T , or only one of a,b has en-

tered P3 until T . We complete the proof by distinguishing the following cases:
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Case 1: None of a,b has entered P3 until time T . Note that, by assumption, a P 3
2 -event

occurs at time T . It follows that, in that round, all agents are either on, moving to, or mov-

ing from node vb2. Therefore, they can all be destroyed in instance I2 by activating vb2 at

time T .

Case 2: Agent a (without loss of generality) enters or is in P3 at time T , and agents b,c en-

ter simultaneously P2 at time T . Then, the adversary can construct executions E1 (resp. E2)

in which it follows B up to time T , when it activates the BBH vb1 (resp. vb2) in instance I1

(resp. I2) to destroy both agents b,c. Cons(E1, I1,T ) contains both of I1, I2, which contra-

dicts Lemma 6.3.3.

Case 3: Each of agents a,b is either on or moving to vb2 at time T . In this case, the

adversary can destroy all of the agents in instance I2 by activating vb2 at time T .

Case 4: At round T , agent a is at vb3, agent b is at vb2, and agent c moves to vb2 from vb1.

Let ta ≤ T be the last time before T that a moved from vb2 to vb3, and let tb ≤ T be the last

time before T that b moved from vb1 to vb2. If tb ≤ ta , then the adversary can activate vb2 in

instance I2 between times ta and T to destroy all the agents. If ta < tb , then the adversary

can construct executions E1 (resp. E2) in which it follows B up to tb , and then it keeps

activating the BBH vb1 (resp. vb2) in instance I1 (resp. I2) to destroy both agents b,c. We

then have I1, I2 ∈ Cons(E1, I1,T ), which contradicts Lemma 6.3.3.

Theorem 6.3.12. There is no algorithm that solves PERPEXPLORATION-BBH with 3 agents

on all path graphs with at least 9 nodes, even assuming that the agents know the number of

nodes.

Proof. Let A be an algorithm that solves PERPEXPLORATION-BBH with 3 agents on all path

graphs with at least 9 nodes. Fix a path P with n ≥ 9 nodes. Let the home node h be one of

the extremities of P , and let vi , 1 ≤ i ≤ 8 be the node at distance i from h. Let 3 agents start

at node h and consider the set of instances I = {〈P,h,3, vi 〉 : 1 ≤ i ≤ 8}. Even with knowledge

of n, at the very beginning of the benign execution E of A (beginning of first round) in, say,

I1, every instance in I is contained in Cons(E , I1,1). Moreover, v1, v2, v3 are consecutive

in P . This contradicts Lemma 6.3.10.

We further refine the result of Theorem 6.3.12 to show that PERPEXPLORATION-BBH-

TH-3897_206123002



164 Chapter 6. Perpetual Exploration of Arbitrary Graphs with a Byzantine Black Hole

HOME is actually impossible even with 5 agents in sufficiently large paths, even assuming

knowledge of the size of the graph (Theorem 6.3.17). To do that, we use the following no-

tion of suspicious nodes to simplify the presentation of the proofs. The suspicious nodes

are potential positions of the BBH on the path. Formally, given an instance I = 〈P,k,h, vb〉,
where P = (V ,E ,λ) is a port-labeled path graph, and an execution E on I , the set S(t ) of

suspicious nodes at time t is defined as:

S(t ) = {s :
〈

P ′,k,h, s
〉 ∈ Cons(E , I , t ) for some path P ′}

Since the graph is assumed anonymous, in this definition a node is identified by its signed

distance from the home node h in P , by assuming that the positive (resp. negative) direc-

tion on the path is the direction of outgoing port number 1 (resp. 2) from h.

Note that, as long as the agents have not learned the size of the path and if the BBH has

not been activated yet, S(t ) is an infinite set. Indeed, Cons(E , I , t ) contains all arbitrarily

long paths which are consistent with the finite history of the agents at time t .

In the following part, though, we will assume that the agents know the size of the path.

This simplifies the definition of S(t ) to:

S(t ) = {s : 〈P,k,h, s〉 ∈ Cons(E , I , t )}

A node is said to be safe if it is in V \ S(t ). At the beginning of an execution only the home

node can be assumed safe, therefore S(1) =V \{h}. In subsequent rounds, each agent keeps

its own track of the suspicious node set, which can only be reduced. Indeed, if an agent

detects the destruction of one or more agents, it can eliminate from its suspicious node

set those nodes that could not house the BBH. Note, however, that it may happen during

an execution that one or more agents have an outdated idea of the suspicious node set,

specifically if they have not yet been able to receive information from the agent(s) that first

detected the destruction of an agent. In this case, the agents with outdated information

must still continue to behave consistently with their presumed suspicious node set until

they can communicate with the agents having the most current information. We use the
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notation Si (t ) to denote the suspicious node set of agent with ID i at time t .

In all the following lemmas and theorems, we assume that n ≥ 9.

Lemma 6.3.13. For any exploration algorithm A with two agents a1 and a2 on a path graph

P = (V ,E ,λ) = L[v0, vn−1] containing a BBH, where L[vi , v j ] indicates the induced subgraph

of P induced by the nodes {vx : 0 ≤ i ≤ x ≤ j ≤ |V |−1}. There exists a time T f ≥ Td such that

the adversary can create one of the two following situations at T f .

1. Both agents are destroyed.

2. Exactly one agent, say ai stays alive and |Si (T f )| ≥ ⌊n
2 ⌋.

Proof. Let the path graph P = (V ,E ,λ) = L[v0, vn−1] where |V | = n. Without loss of gen-

erality, we denote the home h to be v0. It may be noted that Si (T ) = Si (0) = L[v1, vn−1]

where i ∈ {1,2} for all 0 ≤ T ≤ Td . Let us consider the ordered sequence of line segments

L⌊ n
2 ⌋ ⊂ L⌊ n

2 ⌋−1 ⊂ . . .L2 ⊂ L1 ⊂ P , where Li = L[vi , vn−1]. Now we claim that if there is a round

Ti such that at Ti both a1 and a2 are in Pi then the adversary can create i many instances,

denoted by I j = 〈P,2, v0, v j 〉 where both agents are destroyed, where 0 ≤ j ≤ i .

Let the benign execution occur at some round Ti , where both a1 and a2 are in Pi . There-

fore, there is a round such that at T j , both a1 and a2 are in L j , where j ≤ i . Now, without

loss of generality, let a1 first enter L j before a2. Let T ′
j be the last time when a1 was on v j

before T j . So, by activating the BBH at T ′
j and T j , the adversary can destroy both a1 and a2,

creating scenario 1 for all j ≤ i . Here Td = T ′
j and T f = T j .

So, if i = ⌊n
2 ⌋ then, adversary can create ⌊n

2 ⌋ many instances destroying each of the

agents in all those instances given there is a time T⌊ n
2 ⌋ when both agents are in L⌊ n

2 ⌋.

Now, let for all T exactly one agent, say a1, remains outside of L⌊ n
2 ⌋. Due to the benign

execution property, a2 has to explore the whole path graph. So, there exists a time T∗ when

a2 is on vn−1. Let T ′∗ be the last time a2 was on v⌊ n
2 ⌋ before T∗. Then adversary can create

⌊n
2 ⌋ many instances denoted as I∗j = 〈P,2, v0, v j 〉 where ⌊n

2 ⌋ ≤ j ≤ n − 1. In each of these

instances, a2 can be destroyed at vb at time Td by the adversary after T ′∗, and a1 can not

distinguish between any of them. So, for the alive agent a1, S1(T f ) ≥ ⌊n
2 ⌋ where T f = Td .
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Lemma 6.3.14. For any exploration algorithm A on a path graph P = (V ,E ,λ) = L[v0, vn−1]

with 3 agents a1, a2 and a3, in presence of a BBH, there exists a time T f ≥ Td such that at Td ,

the adversary can create any of the following three scenarios.

1. All three agents are destroyed.

2. At least one agent stays alive at the component C1 and no agents are in C2 of the graph

P \ {vb} where C1 contains the home h, P − vb = C1 ∪ C2 and for all alive agents a j ,

|S j (T f )| ≥ ⌊n
4 ⌋.

3. Exactly one agent ai stays alive at component C2 of the graph G − {vb}, where C2 does

not contain the home and |Si (T f )| ≥ 2.

Proof. Without loss of generality, let h = v0, and we denote let Li = L[vi , vn−1] such that

V = {v0, . . . , vn−1}. We first show that, if two agents, say a1 and a2 does not enter L⌊ n
2 ⌋ but

a3 enters it, then the adversary can create scenario 2 at some time T f , where two agents

a1 and a2 stays alive at C1 and |Si (T f )| ≥ ⌊n
2 ⌋ > ⌊n

4 ⌋, for i ∈ {1,2} and for some T f ≥ Td . In

this case, due to a benign execution property, there must exist a time T1 when a3 is at vn−1,

and let T ′
1 be the last time before T1, when a3 was on v⌊ n

2 ⌋. Now, the adversary can create

⌊n
2 ⌋ distinct instances denoted as Iα where Iα = 〈P,3, v0, vn−1−α〉 and 0 ≤ α< ⌊n

2 ⌋ such that

it can destroy a3 in each of these instances at round Td between T1 and T ′
1. We consider

T f = Td here. This construction ensures that a2 and a3 can not distinguish between these

instances. This implies |Si (T f )| ≥ ⌊n
2 ⌋ > ⌊n

4 ⌋ for all i ∈ {1,2} where a1 and a2 are in C1.

So, between T ′
1 and T1, if none among a1 and a2 enters L⌊ n

2 ⌋, then the adversary can

create a situation worse than scenario 2.

So, let us assume between T ′
1 and T1 among a1 and a2 only a2 moved to L⌊ n

2 ⌋ by being

on v⌊ n
2 ⌋, for the first time at T2 and a1 never moves to L⌊ n

2 ⌋. Now, between T2 and T1 if

a2 never enters L⌊ 3n
4 ⌋ then, again adversary can create ⌊n

4 ⌋ instances Iβ = 〈P,3, v0, v⌊ 3n
4 +β⌋〉

where 0 ≤ β ≤ ⌊n
4 ⌋, and destroy a3 at Td for each of these instances between T ′′

1 and T1,

T ′′
1 being the last time a3 was on v⌊ 3n

4 ⌋ before T1. Note that a2 and a3 can not distinguish

between these instances due to the construction. Therefore, if we consider T f = Td , then

the adversary can still create scenario 2 in this case.
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Now let there exists a time Tx0 between T ′
1 and T1, when both a2 and a3 are in L⌊ 3n

4 ⌋. So,

there exists Txi in between T ′
1 and T1 such that both a2 and a3 are in L⌊ 3n

4 ⌋−i and Txi+1 < Txi

for all i where 0 ≤ i ≤ ⌊n
4 ⌋. By similar argument as the second paragraph of Lemma 6.3.13,

adversary can destroy both of a2 and a3 for each of the ⌊n
4 ⌋ instances Ii = 〈P,3, v0, v⌊ 3n

4 ⌋−i 〉
in between time T ′

1 and T1. Let T f be the time when the last alive agent among a2 and

a3 is killed, and T ′
1 ≤ Td ≤ T f ≤ T1. Due to this construction, a1 ∈ C1, can not distinguish

between these instances, and so the adversary can again create scenario 2 at T f .

So, to be specific, till now we have concluded that if there is at least one agent that never

enters L⌊ n
2 ⌋ in between T ′

1 and T1 then the adversary can always create scenario 2.

So, now let us consider the case when there is a time T∗1 between T ′
1 and T1 when

all three agents are in L⌊ n
2 ⌋. Let T∗ be the first time when all agents are in L⌊ n

2 ⌋. Let axi

enters L⌊ n
2 ⌋ last time before T∗ at Txi . Here, for any i ∈ {1,2,3}, xi ∈ {1,2,3} and xi ̸= x j if

i ̸= j . Without loss of generality let, Tx1 ≤ Tx2 ≤ Tx3 ≤ T∗. Now if Tx1 = Tx2 then for the

instance I = 〈P,3, v0, v⌊ n
2 ⌋〉, adversary can destroy ax1 and ax2 at Tx1 = Tx2 and can destroy

ax3 at time Tx3 , creating scenario 1 at time T f = Tx3 . Now let us consider another case,

Tx1 < Tx2 ≤ T∗. Let Tx2 < T∗ and let at Tx2 , ax3 is in L⌊ n
2 ⌋. This contradicts the assumption

that T∗ is the first round when all three agents are inside L⌊ n
2 ⌋. Thus either Tx2 = T∗, or,

Tx2 < T∗ and ax3 is outside of L⌊ n
2 ⌋ at time Tx2 . When Tx2 = T∗ then Tx2 = Tx3 = T∗. In

this case for both the instances I∗1 = 〈P,3, v0, v⌊ n
2 ⌋−1〉 and I∗2 = 〈P,3, v0, v⌊ n

2 ⌋〉, adversary can

destroy both ax2 and ax3 at time Tx2 . Now, if at Tx2 , ax1 is also at v⌊ n
2 ⌋ or moving to it, then

adversary destroys all of them, leading to scenario 1 at time T f = Tx2 . On the other hand,

if ax1 is not at v⌊ n
2 ⌋ or not moving at it at round Tx2 then ax1 can not distinguish between

both of the above mentioned instances. So, this case leads to scenario 3 at time T f = Tx2 .

Now let at Tx2 (< Tx3 ≤ T∗), ax3 is not in L⌊ n
2 ⌋. Let us consider the time span starting at Tx2

ending at T ∗
x3

where T ∗
x3

is the time when ax3 enters L⌊ n
2 ⌋ for the first time after Tx2 . Now

let us consider the two instances I∗1 and I∗2 , as discussed earlier. If the adversary activates

the BBH for all rounds in the above mentioned time span, i.e., between Tx2 and T ∗
x3

, then it

can destroy both the agents ax2 and ax3 . Now if in this time span ax1 visits v⌊ n
2 ⌋ then it will

be destroyed creating scenario 1 at T f = T ∗
x3

. Otherwise if it does not visit v⌊ n
2 ⌋ then only

ax1 stays alive at Tx3 without distinguishing between the instances. This leads to scenario
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3 at T f = T ∗
x3

.

Note that if there is a time when all three agents are in L⌊ n
2 ⌋ implies there is a time T∗i

when all three agents are in L⌊ n
2 ⌋−i , where 0 ≤ i ≤ ⌊n

4 ⌋. So with similar reasoning as above

for each, we can create scenario 1 or scenario 3 where the BBH can be at any one of the

vertices, v⌊ n
2 ⌋−i .

Lemma 6.3.15. For any algorithm A solving PERPEXPLORATION-BBH-HOME on a path

graph P = (V ,E ,λ) = L[v0, vn−1], at least one agent needs to be present at home until the

destruction time Td .

Proof. We prove this lemma by contradiction. Let, without loss of generality, v0 be the

home. Let there be an algorithmA that solves PERPEXPLORATION-BBH-HOME for the path

graph L[v0, vn−1] such that there exists a time T (< Td ) when there are no agents at the home

v0. Let i > 0 be the least integer such that vi contains any agent at time T . Then for the

instance I = 〈P,k, v0, vi 〉 if adversary activates the BBH for all rounds starting from round T ,

then all agents which are alive gets stranded on the component C2 of graph P − {vb} where

vb = vi and C2 does not contain the home v0. So, it contradicts the assumption that A

solves PERPEXPLORATION-BBH-HOME on P .

Theorem 6.3.16. A set of 4 agents cannot solve PERPEXPLORATION-BBH-HOME on a path

graph of size n′, where n′ > 36.

Proof. Let us choose the path graph, P = (V ,E ,λ), to be of length n′ = 4n > 36. Without loss

of generality, let v0 be the home. We prove this theorem by proving the following cases one

by one.

Case-I: Let until Td the number of agents staying at home is 3. Let ax be the only agent

exploring the path graph P until Td . In this case, due to benign execution, ax must visit

vn−1 at some point, say T1. Let T ′
1 be the time ax visited v0 last time before T1. So adversary

can create n −1 instances I j = 〈P,4, v0, v j 〉 where 1 ≤ j ≤ n −1 and can destroy ax in each

of these instances in between T ′
1 and T1 at Td . Thus, the remaining 3 agents at home can

not distinguish between these instances. Thus, the problem can be thought of as solving

PERPEXPLORATION-BBH-HOME with 3 agents for a path graph of length ⌊n′
4 ⌋ = n > 9 (where

n ≥ 9 as assumed), which is impossible due to Theorem 6.3.12.
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Case-II: Let until Td the number of agents staying at home is 2.

In this case, by Lemma 6.3.13, adversary can create two possible scenarios, i.e., there

exists a time T f ≥ Td such that, either both the agents are destroyed on or before T f or,

at T f there is exactly one agent, say ax among the three agents, remains alive in the com-

ponent C1 of graph P − {vb} such that C1 contains the home and |Sx(T f )| ≥ ⌊n′
2 ⌋ = 2n >

18. It can be easily proved that until T f , no other agent leaves home if until Td , 2 agents

stays at home. Otherwise, the adversary can force more agents to leave home before Td ,

which contradicts our assumption. For both of these cases, this problem can be reduced

to solving PERPEXPLORATION-BBH-HOME on a path graph of size greater than 9 with at

most 3 agents. By Theorem 6.3.12, we conclude that there is no algorithm that solves

PERPEXPLORATION-BBH-HOME on a path graph with 4 agents until Td , if 2 agents stay

at home.

Case-III: Let until Td the number of agents staying at home is 1.

In this case, for the rest of the 3 agents, the adversary can create one of the three cases

as described in Lemma 6.3.14 at some time T f ≥ Td . It can be easily shown that agents who

are staying at home until Td never leave home until T f if the number of agents staying at

home until Td is 1. It can be shown by providing an adversarial strategy to force the agent

at home to leave home before Td .

Now, if all three agents are destroyed, then the problem reduces to solving the problem

PERPEXPLORATION-BBH-HOME on a path graph with at least ⌊n′
4 ⌋ = n > 9 nodes with one

agent. This is impossible by Theorem 6.3.12. For the case where by time T f at least one

among the 3 agents exploring is destroyed and the remaining agents axi are alive at C1 (C1

being the component of P − {vb} that contains the home) with |Sxi | ≥ ⌊n′
4 ⌋ = n > 9. So the

problem can be reduced to solving the PERPEXPLORATION-BBH-HOME with 2 or 3 agents

on a path graph of size n. Now it is impossible due to Theorem 6.3.12. Now let us consider

the case where there is exactly one alive agent, say ax , among the three agents exploring

initially before T f and it is at C2 having |Sx(T )| ≥ 2 at T f . So, after T f , it is the sole duty of the

agent at home, say ah , to explore C1 perpetually. But due to argument in the last paragraph

of Lemma 6.3.14, we have |Sh(T )| ≥ ⌊n′
4 ⌋ = n > 9. So, it has to visit vb at some time T∗ > T f .

Now, if the adversary activates, vb for all rounds after T f , then no agents from C2 can cross
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vb to come to C1 and also ah gets destroyed at T∗. This implies that the agents cannot solve

PERPEXPLORATION-BBH-HOME.

From all the above cases, it is evident that there can not be an algorithm that solves

PERPEXPLORATION-BBH-HOME with 4 agents on any path graph.

Theorem 6.3.17. A set of 5 agents cannot solve PERPEXPLORATION-BBH-HOME on a path

graph of size n′, where n′ > 144.

Proof. Let without loss of generality,the path graph P = (V ,E ,λ) we assume is L[v0, v16n−1]

such that n > 9. Let v0 be the home. Let k be the number of agents that stay at v0 until Td .

Based on the values of k ∈ {1,2,3,4}, we have the following cases. We prove this theorem by

proving these cases.

Case-I (k = 4): Let until Td the number of agents staying at home is 4. In this case, only

one agent, say ax , explores the path graph until Td . Now, by a similar argument as in Case-I

of Theorem 6.3.16, at Td , the problem can be reduced to solving PERPEXPLORATION-BBH-

HOME with four agents on a path graph of length at least 4n > 36, which is impossible due

to Theorem 6.3.16.

Case-II (k = 3): Let until Td , the number of agents staying at home is 3. Now, let ax1

and ax2 be the only two agents exploring the path graph L[v0, v16n−1] until Td . Now, as

stated in Lemma 6.3.13, the adversary can create two scenarios which are as follows. There

exists a round T f ≥ Td such that at T f either both the agents are destroyed or exactly one,

say axi where i ∈ {1,2}, remains alive with |Sxi (T f )| ≥ 8n. Also, till T f , no agents that are

staying at home till Td leave home. Otherwise, an adversary can make them leave home

even before Td , which is a contradiction to our assumption that only two agents explore the

path until Td . So, for both cases, the problem now reduces to solving PERPEXPLORATION-

BBH-HOME using at most 4 agents on a path of length at least 4n > 36, which is impossible

due to Theorem 6.3.16.

Case-III (k = 2): Let until Td , the number of agents staying at v0 is 2. So, there are

three agents, say, ax1 , ax2 and ax3 exploring the path graph until Td . By Lemma 6.3.14, the

adversary can create three scenarios at some time T f ≥ Td . Also, for each of these scenarios,

the agents staying at home till Td never leave home even until T f . Otherwise, by delaying
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Td , the adversary can enforce agents staying at home till Td to leave home before Td , which

is a contradiction to our assumption that until Td exactly two agents stay at home.

In the first scenario, all three agents are destroyed in at least 4n > 36 many distinct in-

stances denoted by I j = 〈L[v0, v16n−1],5, v0, v j 〉, where 1 ≤ j ≤ 4n (by argument from the

last paragraph of Lemma 6.3.14). So at T f , the problem transforms to solving the problem

PERPEXPLORATION-BBH-HOME on a path of length at least 4n > 36 with two agents, which

is impossible due to Theorem 6.3.12. Now for the second scenario, where adversary de-

stroys at least one agent among axi where i ∈ {1,2,3}, without loss of generality, let it be the

agent ax3 . Then, ax1 and ax2 stays at C1, where C1 is the component of L[v0, v16n−1] \ {vb}

containing v0. Also due to Lemma 6.3.14, |Sxi (T f )| ≥ 16n
4 = 4n > 36, for each i ∈ {1,2}. So at

T f , the problem now reduces to solving PERPEXPLORATION-BBH-HOME with 3 or 4 agents

on a path graph of size at least 4n > 36, which is impossible due to Theorem 6.3.16. Now

we consider the scenario three at T f , where the adversary can create a situation where,

exactly one of ax1 , ax2 and ax3 remains alive at the component C2, where C2 is the com-

ponent of L[v0, v16n−1] \ {vb} such that v0 ∉ C2. Let without loss of generality, ax1 be the

alive agent at C2 then as per the condition in Lemma 6.3.14, we have |Sx1 (T f )| ≥ 2 where

T f ≥ Td . In fact, Sx1 (T f ) is a contiguous segment of the path graph. Also from the argu-

ment in last paragraph of Lemma 6.3.14, adversary can create 4n instances denoted by

I j = 〈L[v0, v16n−1],5, v0, v j 〉, where 1 ≤ j ≤ 4n, such that for each of these 4n > 36 instances,

adversary can induce scenario 3 at some time T f . So, after scenario 3 is induced at T f , the

two agents, say ax4 and ax5 at home, has the sole duty to explore C1. Note that, at T f , agents

ax4 and ax5 , has |Sxi (T f )| ≥ 4n > 36 where i ∈ {4,5}. Now by Theorem 6.3.12, it is impossible

for two agents to solve PERPEXPLORATION-BBH-HOME on a path graph of length 4n > 36.

So to able to perpetually explore, at least one of the agents, i.e., ax4 or ax5 must meet with

ax1 after T f . Let for ax1 , two possible positions of BBH are, vp and vp+1. Without loss of

generality, let ax1 meets ax4 . Note that before meeting, if ax1 reaches vp+1, then for the

instance 〈L[v0, v16n−1],5, v0, vp+1〉 adversary can destroy ax1 before it can meet any of ax4

and ax5 , thus for the remaining alive agents ax4 and ax5 , the problem still remains to solve

PERPEXPLORATION-BBH-HOME on a path graph of size at least 4n > 36 which is impossible

due to Theorem 6.3.12. Also we claim that ax4 cannot meet ax1 for the first time at vx where
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x > p +1. This is because in this case ax4 have to cross vp , and adversary can chose from

any of the two distinct instances 〈L[v0, v16n−1],5, v0, vp〉 and 〈L[v0, v16n−1],5, v0, vp+1〉 to

destroy ax4 in both instances and the other agent in C1 i.e., ax5 can not distinguish between

these two instances, if it is located at vx (x < p) when ax4 moves to vp+1 from vp . Thus fail-

ing to solve PERPEXPLORATION-BBH-HOME as well. Note that when ax4 moves from vp to

vp+1, if at this round ax5 is on vx where x ≥ p then for the instance 〈L[v0, v16n−1],5, v0, vp〉
adversary activates the BBH for all the upcoming rounds and all alive agents gets stranded

in C2, again failing to solve PERPEXPLORATION-BBH-HOME. So if ax4 and ax1 meets, it

must be at the node vp+1. Let they meet first time on vp+1 at some round T ∗. In this case

at round T ∗−1, ax4 must be on vp and ax1 must be on vp+2. Now if at T ∗−1, ax5 is with ax4

at vp then, adversary can chose the instance 〈L[v0, v16n−1],5, v0, vp〉 and makes the BBH

act as BH for the rest of the execution from round T ∗−1, such that it destroys both ax4 and

ax5 and make the only living agent ax1 , get stranded at C2, thus making PERPEXPLORATION-

BBH-HOME impossible. On the other hand, if at T ∗−1, ax5 is not with ax4 at vp in C1 then

adversary can chose any of the following two instances, I1 = 〈L[v0, v16n−1],5, v0, vp〉 and

I2 = 〈L[v0, v16n−1],5, v0, vp+1〉, and makes the BBH act as BH for the rest of the execution.

In this case, the agent ax5 can not distinguish between these two instances and can not

meet ax1 for any further help. So in this case also, PERPEXPLORATION-BBH-HOME remains

impossible to solve. Next, we tackle the case where k = 1.

Case-IV (k = 1): In this case until Td , 4 agents namely, ax1 , ax2 , ax3 and ax4 , explores the

path graph L[v0, v16n−1]. Now let only one agent, without loss of generality, say ax1 , enters

L12n , then by similar argument as in first paragraph of Lemma 6.3.13, adversary can create

4n > 36 instances denoted by I j = 〈L[v0, v16n−1],5, v0, v j 〉 (12n ≤ j ≤ 16n − 1) for each of

which it can destroy ax1 . Thus, the problem now reduces to solving PERPEXPLORATION-

BBH-HOME by 4 agents on a path graph of length at least 4n > 36, which is impossible due

to Theorem 6.3.16.

Now let only two agents, among ax1 , ax2 , ax3 and ax4 enters L12n . Let these agents who

enters L12n be, ax1 and ax2 . Without loss of generality, let there exist a round T1 when ax1

is at v16n−1. Let T ′
1 be the time when ax1 was at v12n for the last time before T1. We can

say that there exists a time T ∗
1 between T ′

1 and T1 when both ax1 and ax2 are in L12n ⊂ L8n
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(due to similar argument as in second and third paragraph of Lemma 6.3.14). If no other

agents ever enters L8n when ax1 and ax2 are in L8n+ j where 0 ≤ j ≤ 4n, then we can also

conclude there are rounds T ∗
j such that at T ∗

j both these agents ax1 and ax2 are in L8n+ j

where 0 ≤ j ≤ 4n. Now due to similar argument used in Lemma 6.3.13, adversary can create

4n distinct instances denoted as Iα = 〈L[v0, v16n−1],5, v0, v8+α〉 (0 ≤α≤ 4n) such that it can

destroy both the agents for each of these 4n > 36 instances. So now the problem reduces

to solving PERPEXPLORATION-BBH-HOME with 3 agents on a path graph of length at least

4n > 36 which is impossible due to Theorem 6.3.12.

Now as argued in Lemma 6.3.14, there is a time when at least three agents are in L8n .

So, let there exist a round T2 such that three agents, without loss of generality, say ax1 , ax2

and ax3 are in L8n ⊂ L4n . Let ax1 , ax2 and ax3 are in L4n+ j ( for all 0 ≤ j ≤ 4n), but ax4 never

enters L4n . Now as argued in the last paragraph of Lemma 6.3.14, adversary can create

4n many instances denoted as Iβ = 〈L[v0, v16n−1],5, v0, v8n−β〉 (0 ≤ β≤ 4n) for which it can

create scenario 1 or 3 of Lemma 6.3.14, considering each vertex of segment [v0, v4n−1] as

segmented home, which implies the agent which did not leave actual home and ax4 which

did not leave the segment [v0, v4n−1] are at segmented home and rest of three agents left

segmented home, to explore the rest of the path. Now, if scenario 1 is achieved, the problem

reduces to solving PERPEXPLORATION-BBH-HOME on a path of length at least 4n > 36 with

two agents, which is impossible due to Theorem 6.3.12. If scenario 3 is achieved, then, as

argued in case III of this proof, similarly, we can say that solving PERPEXPLORATION-BBH-

HOME is impossible for this case too.

So, this concludes that there is a round T3 (the existence of such a round follows by ex-

tending the arguments in Lemma 6.3.14) when each of the 4 agents, ax1 , ax2 , ax3 and ax4

needs to be in L4n ⊂ L1, as in earlier case we assumed that ax4 did not leave the segment

[v0, v4n−1]. Let Tm be the first round, at which all these four agents are at L4n . In this situ-

ation, the adversary can create Ii = 〈L[v0, v16n−1],5, v0, vi 〉, where 1 ≤ i ≤ 4n −1 instances,

and in each instance it activates the BBH from round Tm onwards. Now, this shows all

agents except ax5 (which is at home till Tm) gets stuck at C2, and it is impossible for ax5 to

detect the BBH in the segment [v1, v4n−1].

So we conclude that for each of the cases (i.e., k ∈ {1,2,3,4}) it is impossible to solve
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PERPEXPLORATION-BBH-HOME. So, it is impossible to solve PERPEXPLORATION-BBH-

HOME with 5 agents.

6.3.2 Description of Algorithm PATH_PERPEXPLORE-BBH-HOME

We provide an algorithm that solves PERPEXPLORATION-BBH-HOME with 6 agents, even

when the size of the path is unknown to the agents. We also show how to adapt this al-

gorithm to solve PERPEXPLORATION-BBH with 4 agents. Note that, by Theorems 6.3.12

and 6.3.17, these are the optimal numbers of agents and they cannot be reduced, even

assuming knowledge of the size of the path.

We call this algorithm PATH_PERPEXPLORE-BBH-HOME. Let 〈P,6,h, vb〉 be an instance

of PERPEXPLORATION-BBH-HOME, where P = (V ,E ,λ) is a port-labeled path. As per Def-

inition 6.2.3, all agents are initially co-located at h (the home node). To simplify the pre-

sentation, we assume that h is an extremity of the path, and we explain how to modify

the algorithm to handle other cases in Remark 6.3.18. Our algorithm works with 6 agents.

Initially, among them, the four least ID agents will start exploring P , while the other two

agents will wait at h for the return of the other agents. We first describe the movement

of the four least ID agents, say, a0, a1, a2 and a3, on G . Based on their movement, they

identify their role as follows: a0 as F , a1 as INT2, a2 as INT1 and a3 as L. The exploration is

performed by these four agents in two steps. In the first step, they form a particular pattern

on P . Then, in the second step, they move collaboratively in such a way that the pattern

is translated from the previous node to the next node in five rounds. Since the agents do

not have the knowledge of n, where |V | = n, they do the exploration of P in logn phases,

and then this repeats. In the i -th phase, the four agents start exploring P by continuously

translating the pattern to the next node, starting from h, and move up to a distance of 2i

from h. Next, it starts exploring backwards in a similar manner, until it reaches h. It may be

observed that, in any phase after j−th phase (where 2 j = n), the agents behave in a similar

manner, as they behaved in the j−th phase, i.e., they move up to 2 j distance from h, and

then start exploring backwards in a similar manner, until each agent reaches h. Note that

since all the agents have O(logn) bits of memory, each of them knows which phase is cur-
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rently going on. Let Ti be the maximum time, required for these 4 agents (i.e., L, INT1, INT2

and F ) to return back to h in i−th phase. Let us denote the waiting agents at h, i.e., a4, a5 as

F1, F2. Starting from the i -th phase, they wait for Ti rounds for the other agents to return.

Now, if the set of agents L, INT1, INT2 and F fail to return back to home within Ti rounds in

phase, i , the agents F1 and F2 starts moving cautiously (refer to Section 4.2 in Chapter 4).

Now, if the first set of agents (i.e., L, INT1, INT2 and F ) fails to return to h within Ti

rounds, then that means the adversary has activated at vb . In this case we claim that, at

least one agent among L, INT1, INT2 and F stays alive at a node in C2 knowing the location

of BBH, where C2 is the component of P−{vb}, such that it does not contain h. Letαbe such

an alive agent, where α ∈ {L,INT1,INT2,F }. Then, α places itself on the adjacent node of vb

in C2. It may be noted that α knows which phase is currently going on, and so it knows the

exact round at which F1 and F2 start cautious move. Also, it knows the exact round at which

F1 first visits vb , say at round r . α waits till round r −1, and at round r it moves to vb . Now

at round r , if the adversary activates BBH, it destroys both F1 and α, then F1 fails to return

to F2 in the next round. This way, F2 knows the exact location of BBH, while it remains in

C1. So it can explore C1 by itself perpetually. The right figure in Fig. 6.8, represents the case

where L detects BBH at round r0 +2, and waits till round r1 +3. In the meantime, at round

r1 (where r1 = r ′
0 +Ti , r ′

0 < r0 and r ′
0 is the first round of phase i ), F1 and F2 starts moving

cautiously. Notably, along this movement, at round r1+4, F1 visits vb , and at the same time

L as well visits vb from v j+3. The adversary activates BBH, and both are destroyed. So, at

round r1+5, F2 finds failure of F1’s return and understands the next node to be BBH, while

it is present in C1. Accordingly, it perpetually explores C1.

On the other hand, if at round r , the adversary doesn’t activate BBH, then F1 meets with

α and knows that they are located on the inactivated BBH. In this case, they move back to

C1 and start exploring the component C1, avoiding BBH. The left figure in Fig. 6.8 explores

this case, where L detects the position of BBH at round r0 +2, and stays at v j+3 until r1 +3,

then at round r1 +4, when F1 is also scheduled to visit vb , L also decides to visit vb . But, in

this situation, the adversary does not activate BBH at round r1+4, so both F1 and L meets,

gets the knowledge from L that they are on BBH. In the next round, they move to v j+1,

which is a node in C1, where they meet F2 and share this information. After which, they
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perpetually explore C1.

We now describe how the set of four agents, i.e., L, INT1, INT2, and F , create and trans-

late the pattern to the next node.

Creating pattern: L,INT1,INT2 and F take part in this step from the very first round of any

phase, starting from h. In the first round, L, INT1 and INT2 move to the next node. Then in

the next round, only INT2 returns to home to meet with F . Note that, in this configuration

the agents L, INT1, INT2 and F are at two adjacent nodes while F and INT2 are together

and L and INT1 are together on the same node. We call this particular configuration the

pattern, and it is pictorially explained in Fig. 6.1.

v1

F, Int2, Int1, L

F Int2, Int1, L

F, Int2 Int1, L

Round-0

Round-1

Round-2

Home

Home

Home v1

Figure 6.1: Depicts step-by-step move-
ment, while creating the pattern from h

h BBH

r

r + 1

L F Int1 Int2

r + 2

Figure 6.2: The time diagram, which de-
picts the case when F detects the posi-
tion of the BBH while it is at h, while cre-
ating a pattern.

Note that, in the second round of creating pattern if INT2 does not return to F , F knows

that it must have been destroyed in the next node by the BBH. So F knows the exact location

of the BBH and explores the component C1 (where P − {vb} = C1 ∪C2, where C1,C2 ⊂ P and

h ∈ C1) perpetually, refer to Fig. 6.2.

Translating pattern: After the pattern is formed in the first two rounds of a phase, the

agents translate the pattern to the next node until the agent L reaches either one end of the

path graph P , or reaches a node at a distance 2i from h in the i -th phase. Let, v0, v1, v2

be three consecutive nodes on P , where, suppose L and INT1 is on v1 and F and INT2 is on

v0. This translation of the pattern makes sure that after 5 consecutive rounds L and INT1

is on v2 and F and INT2 is on v1, thus translating the pattern by one node. We call these

5 consecutive rounds where the pattern translates, starting from a set of 2 adjacent nodes,

say v0, v1, to the next two adjacent nodes, say v1, v2, a sub-phase in the current phase. The
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description of the 5 consecutive rounds, i.e., a sub-phase without the intervention of the

BBH at vb (such that vb ∈ {v0, v1, v2}) is as follows.

Round 1: L moves to v2 from v1.

Round 2: INT2 moves to v1 from v0 and L moves to v1 back from v2.

Round 3: INT2 moves back to v0 from v1 to meet with F . Also, L moves back to v2 from v1.

Round 4: F and INT2 moves to v1 from v0 together.

Round 5: INT1 moves to v2 from v1 to meet with L.

After the completion of round 5, the pattern is translated from nodes v0 and v1 to nodes

v1 and v2. The pictorial description of the create and translate pattern is explained in Fig.

6.4.

vj vj+1 vj+2

vj vj+1 vj+2

vj vj+1 vj+2

vj vj+1 vj+2

vj vj+1 vj+2

vj vj+1 vj+2

F, Int2 Int1, L

F, Int2 Int1 L

F Int2, Int1, L

F, Int2 Int1 L

F, Int2, Int1 L

F, Int2Int1, L

Round-0

Round-1

Round-2

Round-3

Round-4

Round-5

Figure 6.3: Depicts the step-wise inter-
change of roles, when the agents reach the
end of the path graph, while performing the
translate pattern

vj vj+1 vj+2 vj+3

vj vj+1 vj+2 vj+3

vj vj+1 vj+2 vj+3

vj vj+1 vj+2 vj+3

vj vj+1 vj+2 vj+3

vj vj+1 vj+2 vj+3

F, Int2 Int1, L

F, Int2 Int1 L

F Int2, Int1, L

F, Int2 Int1 L

F, Int2, Int1 L

F, Int2 Int1, L

Round-0

Round-1

Round-2

Round-3

Round-4

Round-5

Figure 6.4: Depicts translating pattern steps

Now, suppose v2 is the node up to which the pattern was supposed to translate at the

current phase (or, it can also be the end of the path graph). So, when L visits v2 for the first

time, in round 1 of some sub-phase, it knows that it has reached the end of the path graph

for the current phase. Then in the same sub-phase at round 2 it conveys this information

to INT2 and INT1. In round 3 of the same sub-phase, F gets that information from INT2.

So, at the end of the current sub-phase, all agents have the information that they have ex-
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plored either one end of the path graph or the node up to which they were supposed to

explore in the current phase. In this case, they interchange the roles as follows: the agent

which was previously had role L changes role to F , the agent having role F changes it to

L, INT1 changes role to INT2 and INT2 changes role to INT1 (refer to Fig. 6.3). Then, from

the next sub-phase onwards, they start translating the pattern towards h. It may be noted

that, once L (previously F ) reaches h in round 1 of a sub-phase, it conveys this informa-

tion to the remaining agents in a similar manner as described above. So, at round 5 of this

current sub-phase, F (previously L) and INT2 (previously INT1) also reaches h, and meets

with L (previously F ) and INT1 (previously INT2). We name the exact procedure as TRANS-

LATE_PATTERN.

Intervention by the BBH: Next, we describe the situations that can occur if the BBH de-

stroys at least one among these 4 agents within sub-phase i in phase j , say. At the starting

of sub-phase i , suppose the agents L, INT1 is on v1 and F , INT2 is on v0, at the end sub-

phase i , the goal of L, INT1 is to reach v2 and F , INT2 is to reach v1. Without loss of gener-

ality, we assume here that the pattern is translating away from h in the current sub-phase.

Case-I: In this case, we look into the case when v2 is not the endpoint for the current sub-

phase.

If v2 is BBH: We describe the cases that can arise, depending on which round within this

sub-phase, BBH gets activated and destroys at least one among these 4 agents.

Let at round 1, BBH is activated for the first time in the sub-phase i . Then, in round 2

of the sub-phase i , L does not return to v1 and meets with INT1 and INT2. Thus INT1 and

INT2 knows that v2 is BBH and they can explore C1 by themselves as in round 2 all of them

are at C1 (refer to (i) of Fig. 6.5, where v j+2 is BBH and it symbolises v2 in the description,

also here in the figure, the sub-phase starts from round r ).

If it is activated at round 2 for the first time in the sub-phase i , then no agents are

destroyed, as at round 2 none of these agents are present at v2, and they continue the next

rounds of the sub-phase as usual.

If at round 3, BBH is activated for the first time in the sub-phase i , then at round 5 of

sub-phase i when INT1 reaches v2 and it stays alive then it knows that it is on BBH as L is

not there (refer to (ii) of Fig. 6.5, where L gets destroyed at round r +3 ≈ 3 of sub-phase i ,
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vj BBH

r

r + 1

r + 2

r + 3

r + 4

r + 5

r

r + 1

r + 2

r + 3

r + 4

r + 5

vj+1 vj+3

r

r + 1

r + 2

r + 3

r + 4

r + 5

vj BBHvj+1 vj+3

vj BBHvj+1 vj+3 vj BBHvj+1 vj+3

r + 7

r

r + 1

r + 2

r + 3

r + 4

r + 5

r + 7

r + 8

(i) (ii)

(iii) (iv)

Figure 6.5: Time Diagram depicting each case, that can arise if vb = v j+2 intervenes, while
4 agents are translating the pattern.

and INT1 detects it at round r +5 ≈ 5 of sub-phase i , when it visits BB H = v j+2). So, in this

case, it moves back to v1 ∈ C1 and starts exploring C1 by itself. On the other hand if at round

5 of sub-phase i , INT1 is also destroyed at v2 then at round 2 of sub-phase (i + 1), when

INT2 reaches v2, if it stays alive, it knows that it is on BBH as both INT1 and L are missing

(refer to (iii) of Fig. 6.5, where at round r +5 ≈ 5 of sub-phase i , INT1 also gets destroyed,

and INT2 detects it when it visits BBH at round r +7 ≈ 2 of sub-phase (i +1)). Similarly, it

moves back to v1 and starts exploring C1 by itself. Now, if INT1 is also destroyed at round

2 of sub-phase (i +1) then at round 3 of sub-phase (i +1), F at v1(∈ C1) finds that INT2 is

missing. From this, F interprets that the BBH is at v2, and thus it starts exploring C1 by

itself.

Let the BBH be activated at round 4, for the first time in the sub-phase i , then it destroys
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vj BBH

r

r + 1

L F Int1 Int2

r + 2

r + 3

r + 4

r + 5

vj BBH

r

r + 1

r + 2

r + 3

r + 4

r + 5

vj+2 vj+3 vj+2 vj+3

(i) (ii)

Figure 6.6: Depicts the time diagram, where v j+1 = vb , in (i) it is activated at r +1 and in (ii)
it is activated at rounds r +1 and r +2

L, so at round 5 of the same sub-phase, when INT1 moves to v2 and it stays alive, it finds

that L is missing. Hence, it knows that it is on the BBH (refer to (ii) of Fig. 6.5, except that

instead of round r +3 ≈ 3 of sub-phase i , BBH is activated at round r +4 ≈ 4 of sub-phase

i ) and moves back to v1 ∈ C1 and starts exploring C1 by itself.

If BBH is activated at v2 in the sub-phase i for the first time in round 5, then it destroys

both L and INT1 at v2. Next, when INT2 moves to v2 at round 2 of sub-phase (i+1), suppose

BBH is again activated (if not already activated), then INT2 is also destroyed at round 2 of

sub-phase (i +1), so it fails to return back to v1 at the same round. So, at round 3 of sub-

phase (i+1), F knows that v2 is the exact location of BBH by finding out that INT2 is missing

at v1 (refer to (iv) of Fig. 6.5, where after L, INT1 gets destroyed at round r +5 ≈ 5 of sub-

phase i , INT2 also gets destroyed at round r +7 ≈ 2 of sub-phase (i +1), then F understands

this at round r +8 ≈ 3 of sub-phase (i +1)). So, F then starts exploring C1 by itself.

If v1 is BBH: Again, we describe the cases, which can arise depending on at which round

within i -th sub-phase, BBH is activated, and destroys at least one among these 4 agents.

Let at round 1, the BBH is activated for the first time in the sub-phase i . Then, in round

2 of the sub-phase i , when INT2 and L visit v1, and if they stay alive, they find that INT1 is

missing. This information helps them understand that they are on the BBH (refer to (i) of

Fig. 6.6 where at round r +2 ≈ 2 of sub-phase i , L and INT1 detect the position of the BBH),
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vj BBH

r

r + 1

LFInt1Int2

r + 2

r + 3

r + 4

r + 5

vj BBH

r

r + 1

r + 2

r + 3

r + 4

r + 5

vj+2 vj+3 vj+2 vj+3

(i) (ii)

Figure 6.7: Depicts the time diagram, where v j+1 = vb , in (i) it is activated at r +3 and in (ii)
it is activated at rounds r +3 and r +4

so they move back to v0 ∈ C1 and start exploring C1, perpetually. On the other hand, if BBH

is activated at round 2, then both L and INT2 also get destroyed at v1 at round 2. In this

situation, at round 3, whenever F (present at v0 ∈ C1) finds that INT2 has not arrived from

v1, it understands that v1 is BBH (refer to (ii) of Fig. 6.6, where L detects the position of the

BBH at round r +3 ≈ 3 in sub-phase i , after INT2, L gets destroyed at round r +2 and INT1

gets destroyed at r +1), and explores C1 perpetually.

If at round 2, the BBH is activated for the first time in the sub-phase i . Then, in round

2 itself, INT1, INT2 and L gets destroyed at v1. In this case, F present at v0 ∈ C1, finds that

INT2 fails to return from v1 at round 3, hence it understands, v1 is the BBH, and performs

perpetual exploration of C1. Refer to (ii) of Fig. 6.6, a similar case is discussed, where all

three agents L, INT1 and INT2 gets destroyed due to v j+1 being the BBH and that is detected

by F at round r +3 ≈ 3 in sub-phase i .

If at round 3, the BBH is activated for the first time in the sub-phase i . Then, at round

4, whenever F and INT2 visit v1, and if they stay alive, then they find that INT1 is missing.

Hence, they understand that they are on the BBH, and so they return to v0 ∈ C1, and explore

C1 perpetually. In (i) of Fig. 6.7, a similar case is discussed.

On the other hand, if the BBH is active at round 4 as well, then F and INT2 also get

destroyed at v1. In this situation, at round 5, L present at v2 ∈ C2, finds that INT1 fails to
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return from v1. Hence, L understands that v1 is the BBH (refer to (ii) of Fig. 6.7). In this

situation, since L ∈ C2 hence it cannot reach h in the current phase. However, it knows the

distance between h and v1, and it also knows the exact round since the start of the current

phase. Moreover, it also understands when the other two agents, i.e., F1 and F2, currently

waiting at h, start their cautious movement, and exactly one of them reaches v1 after it

identifies the BBH uniquely. Let t1 be that round. In this scenario, L waits until round t1−1

and moves to v1 at round t1 along with exactly one agent, say F1, from the group that was

moving cautiously. Next, if the BBH is activated at round t1, then at round t1+1, F2, waiting

for F1 at v0 ∈ C1, finds that F1 fails to return. In this situation, F2 understands that v1 is the

BBH, and explores C1 perpetually (refer to (ii) of Fig. 6.8). On the other hand, if at t1, the

BBH is not activated, then at round t1 it meets with L, gathers the knowledge that v1 is the

BBH, and returns to v0 ∈ C1, and explores C1 perpetually (refer to (i) of Fig. 6.8).

h BBH

r0

r0 + 1

r0 + 2

r1

vj+1 vj+3

r1 + 1

r1 + 2

r1 + 3

r1 + 4

r1 + 5

h BBH

r0

r0 + 1

r0 + 2

r1

vj+1 vj+3

r1 + 1

r1 + 2

r1 + 3

r1 + 4

r1 + 5

F2 F1 F Int2 Int1 L

Figure 6.8: Represents the time diagram, in which at least one among F1 and F2 detects the
BBH, and perpetually explores the path graph

In round 4, if the BBH is activated for the first time at v1. Then, F , INT2 and INT1 each

are destroyed at v1. In this case, L present at v2 ∈ C2 understands v1 to be the BBH, when at

round 5, it finds that INT1 fails to return from v1 (refer to Fig. 6.10). By a similar argument,

as described earlier, at least F2 explores perpetually.

Now, if the BBH is activated at v1 in the sub-phase i for the first time in round 5, then it

destroys F and INT2. In this situation, INT1 and L understands this, when they are at v2 ∈ C2

in round 2 of sub-phase (i +1), after failure of INT2’s return from v1 at the same round.
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vj+1BBH

r

r + 1

LFInt1Int2

r + 2

r + 3

r + 4
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r + 2
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r + 4

r + 5

vj+2 vj+3 vj+1BBH vj+2 vj+3

(i) (ii)

Figure 6.9: Depicts the time diagram, where v j = vb , in (i) it is activated at r +1 and in (ii) it
is activated at round r +2

If v0 is BBH: We accordingly describe the cases, which can arise depending on at which

round within this sub-phase, the BBH gets activated and destroys at least one among these

4 agents.

Let at round 1, the BBH is activated for the first time in the sub-phase i . Then it destroys

both F and INT2, and this can be understood by L and INT1 at round 2, when they find that

INT2 fails to meet them from v0 at round 2 (refer to (i) of Fig. 6.9). By a similar argument,

described for the case when v1 is BBH, here as well, at least F2 perpetually explores C1.

If the BBH is activated for the first time at round 2, then F is destroyed at v0. Next, in

round 3 of this sub-phase, whenever INT2 visits v0 and it is not destroyed, it finds that F

is missing. Hence, it understands that v0 is the BBH (refer to (ii) of Fig. 6.9), and moves

to v1 ∈ C2. On the contrary, if INT2 also gets destroyed at round 3, then at round 4 of this

sub-phase, whenever INT1 finds that F and INT2 fail to return from v0. INT1 understands

that v0 is the BBH (refer to Fig. 6.11), and it stays at v1 ∈ C2, until F1 visits v0. Similar to the

earlier argument, here as well, at least F2 perpetually explores C1.

In rounds 4 and 5 of this sub-phase, if the BBH is activated for the first time, then since

no agents are present on v0, none of the agents understands that v0 is the BBH.

Case-II: In this case, we look into the case where v2 is the end node (i.e., either the end

of the path graph, or the last node to be explored in the current phase) for the current
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vj BBH
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r + 2

r + 3
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vj+2 vj+3

LFInt1Int2

Figure 6.10: Depicts the time diagram, where
v j+1 = vb and it is activated at round r +4

LFInt1Int2

vj+1BBH

r

r + 1

r + 2

r + 3

r + 4

r + 5

vj+2 vj+3

Figure 6.11: Depicts the time diagram,
where v j = vb and it is activated at round
r +3

sub-phase. We will only discuss a few particular cases; the other cases are similar to those

described in Case I.

Let us consider i to be a sub-phase, at which L first understands that v2 is the end node,

so within round 5 of this sub-phase, each agent understands this fact, and at round 5, they

change their roles (refer to Fig. 6.3). Suppose v2 is the BBH, and let the adversary activate

it at round 5 of sub-phase i , while new INT2 and F are present at v2. This destroys both

of them, and in round 2 of sub-phase (i +1), the new L and INT1 finds that new INT2 fails

to visit v1 from v2, hence they identify v1 to be the BBH, and as they are present in C1, so

they perpetually explore C1. Refer to (i) of Fig. 6.12, where v j+3 is the last node, and it is the

BBH. The adversary activates the BBH at round r +1, which symbolises the last round of

the earlier sub-phase. In this round, all alive agents change their roles, i.e., earlier F , INT2

change to L and INT1 at v j+1. From the next round onwards, they begin executing the next

sub-phase with their new roles. So, accordingly, at round r +3, both L and INT1 finds that

new INT2 fails to arrive from v j+2, and accordingly detect v j+2 to be the BBH, and continue

exploring C1 perpetually.

On the other hand, if v1 is selected to be the BBH, and it is activated at round 5 of sub-

phase i , when they are about to change their roles, after understanding v2 to be the end

node. Hence, the new L and INT1 gets destroyed, whereas in round 2 of sub-phase (i +1),
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vj BBH

r

r + 1

r + 2

r + 3

r

r + 1

r + 2

r + 3

vj+1 vj+2 vj BBHvj+1 vj+3

F Int2 Int1 L

(i) (ii)

Figure 6.12: Depicts the time diagram, where in (i) v j+3 = BB H and it is activated at round
r +1, in (ii) v j+1 = BB H and it is activated at round r +1 as well

r

r + 1

r + 2

r + 3

r + 4

vj BBHvj+1 vj+3

F Int2 Int1 L

Figure 6.13: Depicts the time diagram, where v j+2 = vb and it is activated at rounds r +1
and r +3.

new INT2 visits v1. If the BBH is not activated at this round, INT2 finds L and INT1 to be

missing, hence concludes that the current node is the BBH (refer to (ii) of Fig. 6.12), and

returns to v2. Next, by a similar argument as described in Case-I, when v1 is the BBH,

eventually F1 and F2 start moving from h, cautiously, and at the end, at least F2 perpetually

explores C1. On the contrary if the BBH is activated at round 2 of sub-phase (i+1), then INT2

gets destroyed at v2, and this is detected by new F at v2 at round 3 of sub-phase (i+1), when

it finds INT2 fails to arrive from v1 (refer to Fig. 6.13). It stays at v2 until F1 visits v1, and

by a similar argument as described in the earlier case, at least F2 explores C1 perpetually.

The other situations in this case follow exactly the same pattern as those in Case I. Only

difference is that, in all situations in Case-I, where the agent detects the BBH, the moment

it is situated on the BBH, then it is asked to visit the previous node (as the previous node is

in C1) and explore C1 perpetually, but here in Case-II, in all those situations, the agent must
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visit the next node (as now the previous node belongs to C2 and the next node belongs to

C1, since they changed their direction).

Remark 6.3.18. If h is not at an extreme end of the path graph P , then the first group of

4 agents choose the lowest port direction first, starting from h, at the start of each phase.

They make pattern and then translate the pattern along that direction until at most 2i dis-

tance (if the current phase is i−th phase), then they start returning back to h by translating

the same pattern, and thereafter from h, make pattern and translate the pattern to the

other direction, again until at most 2i distance. Thereafter, using similar movement, re-

turns to h. Only after all agents return to h, the current phase ends.

Theorem 6.3.19. Algorithm PATH_PERPEXPLORE-BBH-HOME solves PERPEXPLORATION-

BBH-HOME with 6 agents in path graphs, without knowledge of the size of the graph.

It may be noted from the high-level idea that, in any benign execution, the first set

of 4 agents perpetually explores P . Otherwise, if the BBH intervenes in the movement of

the first 4 agents, either when they are making pattern or translating pattern, then two

situations can occur: (1) at least one agent is alive, it knows the precise position of the BBH

and it is situated in C1, (2) at least one agent is alive, it knows the precise position of the

BBH and it is situated in C2.

In situation (1), since the agent is in C1, and it knows the position of the BBH, it can

perpetually explore C1, so PERPEXPLORATION-BBH-HOME is achieved, since h ∈ C1. In sit-

uation (2), it has been shown in Case I and Case II earlier that at least F2 eventually also

gets to know the position of the BBH, while it is still positioned in C1, and thereafter it per-

petually explores C1. In this situation as well, PERPEXPLORATION-BBH-HOME is achieved.

Corollary 6.3.20. The algorithm consisting of MAKE_PATTERN and TRANSLATE_PATTERN

solves PERPEXPLORATION-BBH with 4 agents in path graphs, without knowledge of the size

of the graph.

The above corollary follows from the fact that, in any benign execution, the 4 agents

executing these algorithms explores P perpetually, but if the BBH intervenes, then these

algorithms ensure that at least one agent remains alive either in C1 or C2, knowing the exact
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position of the BBH. Hence, thereafter it can perpetually explore its current component, in

turn solving PERPEXPLORATION-BBH.

6.4 Tree Network

In this section, we modify the path algorithm in Section 6.3.2, and we show how to ob-

tain algorithm TREE_PERPEXPLORE-BBH-HOME, which solves PERPEXPLORATION-BBH-

HOME with 6 agents in trees, without the agents having knowledge of the size of the tree.

Let 〈G ,6,h, vb〉 be a PERPEXPLORATION-BBH-HOME instance, where G = (V ,E ,λ) is a

port-labeled tree. As per Definition 6.2.3, all agents are initially co-located at h (the home

node). We consider, without loss of generality, the node h to be the root of G . Initially, the

four least ID agents start exploring G , while the other two agents wait at h. The four agents,

namely, a0, a1, a2 and a3, are termed as L, INT1, INT2 and F , based on their movements.

The exploration they perform is exactly the same as the one explained in Section 6.3.2 (i.e.,

MAKE_PATTERN and then TRANSLATE_PATTERN). But unlike a path graph, where, except

for the parent port (i.e., the port along which the agent has reached the current node from

the previous node), only one port remains to be explored from each node, here there can

be at most ∆−1 ports to choose, where ∆ is the maximum degree in G . To tackle this, the

agents perform a strategy similar to k −Increasing-DFS [70]. Similar to earlier algorithm

on a path graph, the exploration of first four agents is divided in to phases, in the i -th phase,

the agents explore at most 2i nodes and then returns back to h, where in each phase the

pattern is translated. As stated in [70], to explore a graph with diameter at most 2i and

maximum degree ∆, performing k −Increasing-DFS where k ≥ α2i log∆ such that α is a

constant, for each phase the agents require O(2i log∆) memory, i.e., in total O(n log∆) bits

of memory. So, within Ti ≤ 5 ·2i+1 +5 rounds, if the first four agents fail to reach h, then

the remaining two agents, a4 and a5, termed as F1 and F2 start moving cautiously, while

executing k−Increasing-DFS, where k ≥α2i log∆. As per the earlier argument, if the first

four agents fail to return, that implies at least one agent is alive, which knows the exact

position of the BBH, and it is located in C j (1 < j ≤ i ), where G −vb = C1 ∪·· ·∪Ci , such that

h ∈ C1. In addition to that, since the two agents F1 and F2 follow exactly the same path,
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as followed by the first four agents, the only alive agent, say L, not only knows the exact

round at which F1, F2 started their movement from h, but it also knows the path they must

follow. So, inevitably, it knows the exact round at which F1 (minimum ID among F1, F2) is

scheduled to visit vb . At the same time, L also jumps to vb , and as per the earlier argument

in the case of a path graph, at least F2 gets to know the position of the BBH, while it is still

in C1, hence it can perpetually explore C1.

The next theorem concludes the successful solution of PERPEXPLORATION-BBH-HOME

with 6 agents in trees, and the proof follows from the preceding discussion and the argu-

ments of Section 6.3.2 for path graphs.

Theorem 6.4.1. Algorithm TREE_PERPEXPLORE-BBH-HOME solves PERPEXPLORATION-BBH-

HOME with 6 agents in tree graphs, without knowledge of the size n of the graph. Each agent

needs at most O(n log∆) bits of memory, where ∆ is the maximum degree of the tree.

The necessary condition of Theorem 6.4.1 follows from Theorem 6.3.17.

Again, at least one agent among the first four agents remains alive and eventually knows

the position of the BBH if the BBH intervenes in their movement. Moreover, the alive agent

(or agents) with knowledge of the BBH is either in C1 or C j , for some j ̸= 1. Hence, it can

perpetually explore C1 or C j . This concludes our next corollary.

Corollary 6.4.2. A modification of TREE_PERPEXPLORE-BBH-HOME solves PERPEXPLORATION-

BBH with 4 agents in tree graphs, without knowledge of the size n of the graph. Each agent

needs at most O(n log∆) bits of memory, where ∆ is the maximum degree of the tree.

The necessary condition of Corollary 6.4.2 follows from Theorem 6.3.12.

6.5 Arbitrary Graphs

In this section, we establish upper and lower bounds on the optimal number of agents

required to solve perpetual exploration in arbitrary graphs with a BBH, without any ini-

tial knowledge about the graph. In particular, we give a lower bound of 2∆−1 agents for

PERPEXPLORATION-BBH (Theorem 6.5.1 below), which carries over directly to the problem
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PERPEXPLORATION-BBH-HOME, and an algorithm for PERPEXPLORATION-BBH-HOME us-

ing 3∆+3 agents (Theorem 6.5.28 below), which also solves PERPEXPLORATION-BBH.

6.5.1 Lower bound in arbitrary graphs

In this section, we construct a class of graphs G , and we show that, given any algorithm A

that claims to solve PERPEXPLORATION-BBH with 2(∆−1) agents, where∆ is the maximum

degree of the graph, an adversarial strategy exists such that it chooses a G ∈G on which A

fails. Accordingly, we prove the following theorem.

Theorem 6.5.1. For every ∆ ≥ 4, there exists a class of graphs G with maximum degree ∆,

such that any algorithm using at most 2∆− 2 agents, with no initial knowledge about the

graph, fails to solve PERPEXPLORATION-BBH in at least one of the graphs in G .

The construction of G is based on incremental addition of blocks as follows.

Block-1 (Constructing Path): We define a path P , which consists of two types of vertices.

The first type of vertices are denoted by vi , for all i ∈ {1,2, . . . ,∆}. The second type of ver-

tices lie between vi and vi+1, for all i ∈ {1,2, . . . ,∆−1}, and they are denoted by ui
j , for all

j ∈ {1,2, . . . , li }, where li +1 = di stP (vi , vi+1), such that di stG (a,b) indicates the shortest

distance between two vertices a and b in G . Fig. 6.14 illustrates the path graph P , with

vertices of type vi and ui
j .

v1 v2 v∆−1 v∆

u1
1 u1

l1 u2
1

u∆−2
l∆−2 u∆−1

1
u∆−1
l∆−1

Figure 6.14: This figure depicts the path graph P , constructed in Block-1 consisting of two
types of vertices, where li−1 depicts the di st (vi−1, vi )−1.

Block-2 (Attaching BBH): We partition the set V = {v1, v2, . . . , v∆−1} in to two disjoint sets

V1 and V2. For each vi ∈ V1, the BBH node is attached to vi ; this extension structure is

called Ext1. Finally, from the BBH, a node z is attached, which is further connected to

∆− 1 other degree 1 vertices. For each vi ∈ V2, a node wi is connected, which is further

connected to ∆−2 vertices of degree 1. Finally, each wi is connected to the BBH; this type
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of extension structure is denoted by Ext2. If |V1| = 0 we have a special case1. An example

in Fig. 6.15 is illustrated the aforementioned extension, where at least v1, v∆−1 ∈ V1 and at

least v2 ∈V2.

v1 v2 v∆−1 v∆

u1
1 u1

l1 u2
1

u∆−2
l∆−2 u∆−1

1
u∆−1
l∆−1

w2

BBH z
∆− 1 vertices

∆− 1 vertices

Figure 6.15: Indicates the addition of Ext1 and Ext2 along P , where at least v1, v∆−1 ∈ V1

and at least v2 ∈V2.

Block-3 (Attaching Trees): With respect to a vertex v , we define a tree Tv as follows: Tv is

rooted at v with height 2, v has only one child, say v ′ and where v ′ has∆−1 leaves attached

to it. In particular, if from v , the edge (v, v ′) originating from v has port i , then we call the

tree T i
v . Next, these trees are attached from each vertex along P in the following manner:

1. From v1 ∈ P , ∆−2 such trees are attached, only except the port leading to u1
1 and

the port leading to Ext1 or Ext2, depending on v1 ∈V1 or V2.

2. From each vi ∈P , where i ∈ {2, . . . ,∆−1}, ∆−3 such trees are attached, except along

the ports leading to ui−1
li−1

, ui+1
1 and the one leading to Ext1 or Ext2, depending on vi ∈

V1 or V2.

3. From each ui
j ∈ P where i ∈ {1,2, . . . ,∆−1} and j ∈ {1,2, . . . , li }, ∆−2 such trees are

attached, except the ports leading to the previous and next node along P .

4. If v∆ ∈V2, then ∆−2 such trees are attached from v∆, except along the ports leading

to Ext2 and u∆−1
l∆−1

. If v∆ ∉ V2, then ∆−1 such trees are attached from v∆, except along the

port leading to u∆−1
l∆−1

.

Final Graph Class: The final graph class G is amalgamation of Block-1, Block-2 and Block-

3. Now, based on the partition of V , three separate graph subclass can be defined from

1As a special instance, abusing the definition of V we can include v∆ to the set V2 if |V1| = 0. Otherwise, if
|V1| > 0, then v∆ ∉V1 or v∆ ∉V2.
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v1 v2 v3 v4

BBH

z

u1
1 u1

2 u2
1 u2

2 u3
1

Figure 6.16: Illustrates an example graph of a member of graph class G1, where∆= 4, where
the distance between v1, v2 is 2, v2, v3 is 2 and v3, v4 is 1.

v1 v2 v3 v4

BBH

u1
1 u1

2 u2
1 u2

2 u3
1

(i)

(ii)

v1 v2 v3 v4

BBH

u1
1 u1

2 u2
1 u2

2 u3
1

z

w1

w2 w3

w4

w1

w3

Figure 6.17: (i) Illustrates an example graph from graph class G2, (ii) an example graph from
graph class G3, where v1, v3 ∈ V2 and v2 ∈ V1. In both graphs the ∆= 4, such that distance
between v1, v2 is 2, v2, v3 is 2 and v3, v4 is 1.

G , namely G1, G2 and G3. The graph class G1, preserves the characteristics that, each vi

belong to V1, where i ∈ {1,2, . . . ,∆− 1}, refer Fig. 6.16. The graph class G2, preserves the

characteristics that, each vi belong to V2, where i ∈ {1,2, . . . ,∆− 1}, refer to Fig. 6.17(i ).

Lastly, the remaining graphs in G belong to G3, refer to Fig. 6.17(i i ).

Given an algorithmAwhich claims to solve PERPEXPLORATION-BBH with 2(∆−1) agents,

the adversarial counter strategy takes the graph class G and algorithm A as input, and re-

turns a specific port-labelled graph G ∈G . We will prove that the algorithm A fails on G .

Before formally explaining the counter strategies used by the adversary for all choices

(i.e., the instructions given to the agents during the execution), the algorithm A can have,
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we define some of the functions and terminologies to be used by the adversary to choose

a graph from G ∈ G . Let Vexp denote the nodes in G , already explored by the collec-

tion of agents executing A, and V c
exp denote the remaining nodes to be explored, where

V =Vexp ∪V c
exp . The function λ1

u,A : Eu → {1, . . . ,deg (u)} denotes the port label ordering to

be returned from each node of u ∈V \ {v1, v2, . . . , v∆}, based on the algorithm A. The func-

tion λ2
v,A : Ev → {1, . . . ,deg (v)} returns the port label ordering from each v ∈ {v1, v2, . . . , v∆},

based on the algorithm A. So, λ1 = (λ1
u,A)u∈V \{v1,...,v∆} and λ2 = (λ2

v,A)v∈{v1,...,v∆} are denoted

to be the set of port label, and finally λ = λ1 ∪λ2 is defined to be the collection of port la-

bels on G . Next, we define the distance function DA : {v1, . . . , v∆}× {v1, . . . , v∆} →N, which

assigns the graph to be chosen from G , to have a distance of di stP (vi , v j ) from vi to v j

along P (defined in Block-1) on the chosen graph, for i ̸= j and vi , v j ∈ {v1, v2, . . . , v∆}.

The adversarial counter strategy works as follows: v1 is set as home for any graph cho-

sen from G , i.e., all the agents are initially co-located at home. Next, we discuss all possible

choices A can use from v1, then from v2 and finally from vi (where i ∈ {2, . . . ,∆−1}) one

after the other. Accordingly, we state the counter strategies of the adversary to choose a

graph from G , after each such choice. We start with home (i.e., v1).

Choices of algorithm A and counter strategies of adversary at home : The agents are

initially co-located at v1, since it is designated as home. Based on the choices that an algo-

rithm can have from v1, we explain the countermeasures taken by the adversary to choose

a certain graph from G as per A, accordingly.

Choice-1: If at the first step, A assigns at least 2 agents to perform the first movement,

and suppose it is along a port j from v1, where j ∈ {1, . . . ,deg (v1)}.

Counter: The adversary chooses a graph in which v1 ∈ V1. Moreover, the port-labeled

function at v1, λ2
v1,A, returns an ordering where the port from v1 along the edge (v1,BB H)

is j .

Choice-2: As per the execution of A, let r1 (for some r1 > 0) be the first round, at which

any one agent from v1 travels a node, which is at a 2-hop distance.

Counter: If there exists a round r ′
1 < r1 at which more than one agent visits a neighbor

node of v1 with respect to some port j , then in that scenario, adversary selects v1 ∈ V1
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and returns λ2
v1,A such that v1 is connected to the BBH via port j . On the other hand, if

there does not exist such a round r ′
1, then choose v1 ∈ V1 or v1 ∈ V2, if v1 ∈ V1 then return

λ2
v1,A and λ1

BB H ,A such that at r1 − 1 and r1 rounds, the single agent must be at the BBH

and z, respectively. If v1 ∈ V2 then return λ2
v1,A and λ1

w1,A (where w1 is part of Ext2, refer

explanation in Block-2) such that at rounds r1 − 1 and r1, the single agent must be at w1

and the BBH, respectively.

Lemma 6.5.2. As per Counter of Choice-2, if there exists no r ′
1 < r1, then the adversary can

activate the BBH, such that even after the destruction of one agent within round r1, the re-

maining alive agents cannot know the exact node of the BBH from v1.

Proof. Consider two instances, first v1 ∈ V1 and second v1 ∈ V2. In both instances, the

adversary activates the BBH at rounds r1 −1 and r1, respectively. Now, since no new infor-

mation is gained by the agent till round r1−1 considering the fact that deg (BB H) = deg (z)

if v1 ∈V1 and deg (BB H) = deg (w1) =∆, where w1 is part of Ext2 if v1 ∈V2. So this means

the agent will invariably move to the BBH from w1, if v1 ∈ V2 and to z from the BBH, if

v1 ∈V2 at round r1. This shows that, even after an agent is destroyed, the remaining agents

cannot know which among the two nodes along this 2-length path from v1 is indeed the

BBH.

According to the above lemma, it is demonstrated that, even after the destruction of

one agent from v1 by the BBH, the exact location of the BBH relative to v1 cannot be deter-

mined. But, since A aims to solve PERPEXPLORATION-BBH, A needs to destroy at least one

more agent from v1 in order to detect the exact position of the BBH from v1. Let that round

at which the second agent gets destroyed by the BBH from v1 be r ′′
1 . So, [r1,r ′′

1 ] signifies

the total number of rounds between the destruction of the first agent and the second agent

along v1. Finally, after all the possible choices that can arise from v1 as per execution of

A, and its respective countermeasures of the adversary, the possible choices of graph class

reduce to G 1, where G 1 ⊂G .

Theorem 6.5.3. At least 2 agents are destroyed by the BBH from v1.

The proof of the above theorem follows from the Counter of Choice-1 and the conclu-

sion of Lemma 6.5.2, i.e., in other words, it is shown that for any choice A taken from v1,
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at least 2 agents are destroyed by the BBH, within 2 hops of v1. Next, from v1 the agents

eventually reach v2, while executing A. Based on the choices that A can have from v2, we

discuss the counter strategies of the adversary in the next section.

Choices of algorithmAand counter strategies of adversary at v2: We explain the choices

that an algorithm A can have while exploring new nodes from v2; accordingly, we present

the adversarial counters. The following lemma discusses the fact that, after reaching v2 for

the first time, any agent trying to explore V c
exp from v2 needs to traverse at least 2 hops from

v2.

Lemma 6.5.4. In order to explore V c
exp from v2, A must instruct at least one agent to travel

at least 2 hops from v2.

Proof. Any graph in which a node of the form v2 exists, as per the construction of G , there

exist vertices at least 2 hop distance apart, which are only reachable through v2. This im-

plies that, if no agent from v2 visits a node which is at 2 hop distance, then there will exist

some vertices which will never be explored by any agent, in turn contradicting our claim

that A solves PERPEXPLORATION-BBH.

First, we discuss all possible knowledge that the set of agents can acquire, before reach-

ing v2 from v1. Let at least one agent reach v2 at round r ◦
2 for the first time from v1, and

r2 (> r ◦
2 ) is the first round when at least one agent is destroyed from v2 within at most 2

hops of v2. The agents can gain the map of the set Vexp , explored so far. Define r ′′
1 −r1 = t1,

r2 − r ◦
2 = W ai t 2 and t1 −W ai t 2 = T i me1. Next, we define the concept of Conflict-Free for

any node vi ∈V .

Definition 6.5.5 (Conflict-Free). A node vi ∈G (for some G ∈G ) is said to be Conflict-Free,

if as per the execution ofA, any agent first visits vi at round r ◦
i , and round ri (ri > r ◦

i ) be the

first round after r ◦
i , at which at least one agent gets destroyed by the BBH within at most

2 hop distance of vi , while moving from vi , then the adversary must ensure the following

condition:

• Within the interval [r ◦
i ,ri ], no agent from v j , for all j ∈ {1,2, . . . , i − 1}, tries to visit

along Ext1 if v j ∈V1 or Ext2 if v j ∈V2.
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To ensure, v2 to be Conflict-Free, the adversary sets the distance between v1 and v2

along P as follows: if T i me1 > 0, and there exists an l1 ∈ N, such that c1 ·∆l1+1 < T i me1,

where c1 (is a constant) is the maximum round for which each alive agent remains station-

ary while moving from v1 towards v2, then return DA(v1, v2) = l1 +1, and modify the port-

labeling of v1 using λ2
v1,A, and insert the port label of u1

i using λ1
u1

i ,A (for all i ∈ {1,2, . . . , l1})

such that the first agent’s l1 distance movement from v1 after round r1 is to v2. Otherwise,

return DA(v1, v2) = r ′′
1 + 1. Call DA(v1, v2) = l1 + 1. Again, modify the port-labeling of v1

using λ2
v1,A, and insert the port label of u1

i using λ1
u1

i ,A (for all i ∈ {1,2, . . . , l1}) such that the

first agent’s l1 distance movement from v1 after round r ′′
1 is to v2. So, this means the graph

to be chosen from G must have u1
1, . . . ,u1

l1
many nodes between v1 and v2. In the following

lemma, we prove that v2 is Conflict-Free.

Lemma 6.5.6. v2 is Conflict-Free.

Proof. Without loss of generality, a single agent performed the first 2-hop distance move-

ment from v1, and got destroyed at round r1. As per the conclusion of Lemma 6.5.2, at

least one other also gets destroyed through v1 at round r ′′
1 , in order to determine the exact

position of the BBH. If two agents first performed a movement from v1, in that case r1 = r ′′
1 .

Now, [r1 +1,r ′′
1 −1] is the interval within which no agent from v1 tried to visit two possible

positions of the BBH from v1, and moreover, the adversary acts in such a way that, at round

r ′′
1 +1 onwards, each agent trying to visit from v1 knows the exact position of the BBH. As per

the construction of G , to reach v2 from v1, except using the nodes connected to v1 via Ext1

or Ext2, any agent takes at most c1 ·∆l1+1 rounds, where c1 signifies the maximum num-

ber of rounds for which each alive agent remains stationary during their movement from

v1 towards v2. Next, T i me1 calculates the number of rounds remaining after subtracting

t1 = r ′′
1 −r1 (i.e., the number of rounds between the first and second agent destruction from

v1) with W ai t 2 = r2−r ◦
2 (i.e., the number of rounds between an agent first arrives at v2 and

an agent gets destroyed by the BBH from v2). There are two conditions for choosing the

graph:

Condition-1: If there exists an l1 ∈ N such that it satisfies the condition c1 ·∆l1+1 <
T i me1, then the adversary returns DA(v1, v2) = l1 +1, and the adversary chooses a graph
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from G , such that di stP (v1, v2) = l1 + 1. Also, it performs the port labeling at the nodes

v1,u1
1, . . . ,u1

l1
, in a way that, whenever an agent, executing A, visits a neighbour at a dis-

tance l1 for the first time from v1, then it reaches the node v2. Set this round as r ◦
2 . In the

worst case, r ◦
2 = r1 + c1 ·∆l1+1. It may be noted that, since T i me1 = t1 −W ai t 2 > c1 ·∆l+1,

this implies t1 > W ai t 2 + c1 ·∆l+1, which also implies r ′′
1 > r1 + r2 − r ◦

2 + c1 ·∆l+1. This sig-

nifies that during the interval [r ◦
2 ,r2] no agent from v1 tries to locate the BBH, hence v2 is

Conflict-Free.

Condition-2: Otherwise, if there does not exist such l1 to satisfy the above condition,

then the adversary returns DA(v1, v2) = r ′′
1 +1, we call it l1+1. In this situation, the adversary

activates the BBH in such a way that, any agent from v1 knows the exact position of the BBH

from round r ′′
1 +1 onwards, and we assume that, further no agent from v1 tries to visit the

BBH along Ext1 or Ext2 (if it does, then a simple modification of DA(v1, v2) will ensure

further that, again v2 is Conflict-Free). This shows that, since r ◦
2 ≥ r ′′

1 +1, so it implies that

v2 is Conflict-Free.

Next, since, BB H ∈ Vexp (as per Choice-2 from the node v1, if v1 ∈ V1), so as part of

the map of Vexp , the agents can know the port labeling of the edge (v1,BB H). Based on

these, A can have two classes of choices: the agents use the knowledge of the port label of

(v1,BB H), and second, they do not. We call these first class of choices as Choice-A class

and second as Choice-B class. We discuss all possible choices in Choice-A class first.

Choice-A1: Algorithm A may instruct at least 2 agents to explore a neighbor of V c
exp at

round r2 along port j , where r2 > r ◦
2 and j ∈ {1,2, . . . ,deg (v2)}.

Counter: The adversary sets v2 ∈ V1, and accordingly it chooses a graph in G satisfy-

ing this criteria. Moreover, the port-labeled function at v2, i.e., λ2
v2,A, returns an ordering

where the port from v2 towards the edge (v2,BB H) is j .

Choice-A2: As per the execution of A, let r2 (> r ◦
2 ) be the first round, at which a single

agent travels a node which is at 2 hop distance of v2 in V c
exp .

Counter: If there exists a round r ′
2, such that r ◦

2 < r ′
2 < r2, at which more than one agent

tries to visit a neighbor of v2 in V c
exp with respect to some port j , then in that scenario,

adversary selects v2 ∈V1 and returns λ2
v2,A such that v2 is connected to the BBH via port j .
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On the other hand, if there does not exist such r ′
2, then choose v2 ∈V1 or v2 ∈V2. If v2 ∈V1,

then return λ2
v2,A and modify λ1

BB H ,A such that at rounds r2 −1 and r2, the agent is at the

BBH and at any neighbor of the BBH except v2. If v2 ∈ V2, then return λ2
v2,A such that at

round r2 −1 the agent is at w2, and return λ1
w2,A such that the port label of w2 to the BBH

is exactly same as the port label of the BBH to v1.

Lemma 6.5.7. If A instructs at least two agents to move simultaneously to a neighbor of v2

in V c
exp , then the adversary can destroy all of these agents, even if A uses the knowledge of

the map of Vexp during its execution from v2.

The proof of the above lemma is simple, as after the agent’s reach v2 from v1 at round

r ◦
2 , if A decides to send at least two agents from v2 along port j , where the j -th port does

not belong to the current map, in that case, the adversary can choose v2 ∈ V1 and set the

port connecting v2 to the BBH as j . This shows that even if the algorithm A uses the map

of Vexp , the adversary is still able to destroy all the agents, which are instructed to move

from v2 after round r ◦
2 for the first time.

Lemma 6.5.8. As per Counter of Choice-A2, if there exists no r ′
2, such that r ◦

2 < r ′
2 < r2, then

the adversary can activate the BBH, such that after destruction of one agent from v2 within

round r2, remaining agents cannot know the exact node from v2 to the BBH.

Proof. Since the Counter is part of the Choice-A class, A uses the knowledge of the port

from the BBH to v1, while exploring 2 hops from v2 for the first time after round r ◦
2 . Let

that port connecting the BBH to v1 be ρ (where ρ ∈ {1, . . . ,∆}). First, it must be noted that

the distance from v1 to v2 through the BBH along an induced subgraph of G , defined by

H = (V \{u1
1, . . . ,u1

l1
},E) where G ∈G is at least 2. So, in order to reach v1 from v2, any agent,

say ai , needs to visit a node which is at least 2 hop distance from v2 on H . So, to make use

of the knowledge of the port from the BBH to v1, the algorithmA can use only the following

strategy. A uses the gained knowledge, places some agent at v1, and instructs ai to use the

port ρ at r2 −1 rounds, since at round r2 any agent from v2 visits a node which is at 2 hop

distance, for the first time after r ◦
2 .

In this strategy, as per our Counter of Choice-A2, the adversary can create two in-

stances, first v2 ∈V1 (refer to Instance-1 in Fig. 6.18), and activate the BBH at round r2 −1.
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v1

BBH

u11
u1l1

v2

ρ

v1

BBH

u11
u1l1

v2

ρ
ρ

z z

Instance-1 Instance-2

Figure 6.18: Illustrates the two instances, which the adversary can create in Counter of
Choice-A2.

In the second instance, v2 ∈ V2, where the port number from w2 to the BBH is ρ (refer to

Instance-2 in Fig. 6.18), and activates the BBH at round r2. Since both the BBH and w2 are

of degree ∆, the agent ai till round r2 − 1 does not gain any different knowledge. Hence,

in the first instance, it gets destroyed at r2 − 1 and in the second instance gets destroyed

at r2. The remaining alive agents (including the one waiting at v1) do not gain any differ-

ent knowledge, as in both instances ai fails to reach v1 from round r2 onwards. So, the

remaining agents cannot determine the location of the BBH from v2.

Next, we discuss the choices in the class Choice-B, i.e., in which the agent does not use

the knowledge of the port label from the BBH to v1.

Choice-B1: A may instruct at least 2 agents to explore a neighbor of V c
exp at round r2

along port j , where r2 > r ◦
2 and j ∈ {1,2, . . . ,deg (v2)−1}.

Counter: Similar counter as the one described in Choice-A1 for the node v2.

Choice-B2: As per the execution of A, let r2 be the first round, at which a single agent

travels to a node which is at 2 hop distance of v2 in V c
exp .

Counter: If there exists a round r ′
2, such that r ◦

2 < r ′
2 < r2, at which more than one agent

visits a neighbor of v2 with respect to some port j , then in that scenario, adversary selects

v2 ∈ V1 and returns λ2
v2,A such that v2 is connected to the BBH via port j . If there does

not exist such r ′
2, then choose v2 ∈ V1 or v2 ∈ V2. If v2 ∈ V1, then return λ2

v2,A and modify

λ1
BB H ,A such that at rounds r2−1 and r2, the agent is at the BBH and at any neighbor of the

BBH, except v2. If v2 ∈V2, then return λ2
v2,A and λ1

w2,A such that at rounds r2−1 and r2, the

agent is at w2 and at the BBH.
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Lemma 6.5.9. As per Counter of Choice-B2, if there exists no r ′
2, then the adversary can acti-

vate the BBH, such that after the destruction of one agent from v2 within round r2, remaining

agents cannot know the exact node from v2 to the BBH.

The idea of the proof is similar to Lemma 6.5.2. Moreover, we can similarly conclude

that, at least one more agent must be destroyed by the BBH from v2 irrespective of the

knowledge gained by the agents while traversing from v1 (refer to Lemmas 6.5.7, 6.5.8 and

6.5.9), and that round is denoted as r ′′
2 .

Corollary 6.5.10. Given any graph from G , at round r ◦
2 −1, the set Vexp , can only contain

the nodes v1, u1
j (for all j ∈ {1,2, . . . , l1}) along P of G ∈G .

The above corollary is a direct consequence of Lemma 6.5.2 and Lemma 6.5.6, as any

path to a node in V c
exp from v1 must either pass through the BBH or through v2. Since v2 is

conflict-free, that implies till round r ◦
2 , either one agent is destroyed at the BBH from v1, or

the adversary can activate the BBH in such a way that at least 2 agents have been destroyed

and no more agent can cross the BBH without being destroyed. Moreover, r ◦
2 indicates the

first round any agent moves from v1 to v2. This proves the corollary, claiming Vexp can

contain only the nodes v1, u1
j (for all j ∈ {1,2, . . . , l1}) along P of G ∈G .

Theorem 6.5.11. At least 2 agents are destroyed by the BBH from v2.

Proof. The adversary chooses G ∈G , such that v2 is Conflict-Free. This implies, the adver-

sary does not require to activate the BBH between the interval [r ◦
2 ,r2] due to any agent’s

movement from v1, towards Ext1 or Ext2 (depending whether v1 ∈ V1 or v1 ∈ V2). Next,

as per Lemmas 6.5.7, 6.5.8 and 6.5.9, shows that irrespective of the knowledge gained by

the agents, there exists a round r ′′
2 (≥ r2) at which the second agent gets destroyed from v2,

while traversing along Ext1 or Ext2 from v2 (depending on v2 ∈V1 or v2 ∈V2). Hence, this

proves the theorem.

Finally, after all possible choices that can arise from v2 as per execution of A, and its

respective counter measures of the adversary, the possible choices of the graphs reduces to

G 2, where G 2 ⊂G 1 ⊂G . Next, in general, we discuss the choices A can have after reaching

TH-3897_206123002



200 Chapter 6. Perpetual Exploration of Arbitrary Graphs with a Byzantine Black Hole

vi (where i ∈ {3, . . . ,∆−1}), and accordingly discuss the adversarial counters in the following

section.

Choices of algorithm A and counter strategies of adversary at vi , for 2 < i ≤ ∆− 1: In

this case as well, we explain the choices that an algorithm A can have while exploring new

nodes from vi ; accordingly, we present the adversarial counters.

Lemma 6.5.12. In order to explore V c
exp from vi , A must instruct at least one agent to travel

at least 2 hops from vi .

The idea of the proof of the above lemma is similar to Lemma 6.5.4. Next, we discuss

the possible knowledge the agents might have gained when any agent visits vi for the first

time.

Let the round at which at least one agent reaches vi for the first time be r ◦
i , and ri (> r ◦

i )

indicates the round at which at least one agent gets destroyed from vi within 2 hops of vi .

The agent can gain the map of the set Vexp , explored yet. Define T max
i−1 = maxi−1

j=1(r ′′
j − r j ),

ri − r ◦
i =W ai t i and T max

i−1 −W ai t i = T i mei−1.

To ensure vi to be Conflict-Free, the adversary sets the distance between vi−1 and vi

along P as follows: if T i mei−1 > 0, and there exists some li−1 ∈N such that C ′
i−1 ·∆li−1+1 <

T i mei−1, where C ′
i−1 = max{c1,c2, . . . ,ci−2}, then return DA(vi−1, vi ) = li−1 + 1 and mod-

ify the port-labeling of vi−1 using λ2
vi−1,A, and port label ui−1

j using λ1
ui−1

j ,A (for all j ∈
{1,2, . . . , li−1}) such that first agent’s l j distance movement from v j on V c

exp , after round

r j−1 is to v j . Otherwise, return DA(vi−1, vi ) = r ′′
i−1 +1, call it li−1 +1. Also modify the port-

labeling of vi−1 using λ2
vi−1,A, and port label of λ1

ui−1
j ,A (for all j ∈ {1,2, . . . , li−1}) such that

the first agent’s li−1 distance movement after round r ′′
i−1 is to vi . In the following lemma,

we have shown that vi is indeed Conflict-Free.

Lemma 6.5.13. vi is Conflict-Free.

Again, the proof of this is similar to the one discussed in Lemma 6.5.6.

Next, for all v j ∈V1 where j ∈ {1,2, . . . , i −1}, the agent can know the exact port labelings

of the edge (v j ,BB H). Based on these, we have again two classes of choices: first, the
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agents use the knowledge of the port labels (vi ,BB H) for all such j , and second, they do

not. We call the first class of choices Choice-A and the second class of Choice-B. We discuss

all the possible choices in Choice-A class first.

Choice-A1: A may instruct at least 2 agents to explore a neighbor of vi from V c
exp at

round ri along port j , where ri > r ◦
i and j ∈ {1,2, . . . ,deg (vi )}.

Counter: The counter idea is the same as the one explained in Choice-A1 for v2.

Choice-A2: Let ri be the first round, at which a single agent travels a node which is at 2

hop distance of vi belonging to V c
exp .

Counter: The counter idea is similar to the one explained in Choice-A2 for v2.

Lemma 6.5.14. If A instructs at least two agents to move simultaneously to a neighbor of v2

in V c
exp , then the adversary can destroy all of these agents, even if A uses the knowledge of

the map of Vexp during its execution from v2.

The proof of the above lemma is similar to Lemma 6.5.7.

Lemma 6.5.15. As per Counter of Choice-A2, if there exists no r ′
i , where r ◦

i < r ′
i < ri , then the

adversary can activate the BBH, such that after the destruction of one agent from vi within

round ri , remaining agents cannot know the exact node from vi to the BBH.

The proof of the above lemma is similar to Lemma 6.5.15.

Next, we discuss the choices in the class Choice-B, i.e., when the agents do not use the

knowledge of the port label from the BBH to v j , for any j ∈ {1,2, . . . , i −1}.

Choice-B1: A may instruct at least 2 agents to explore a neighbor of vi from V c
exp at

round ri along port j , where ri > r ◦
i and j ∈ {1,2, . . . ,deg (vi )}.

Counter: The counter idea is similar to the one described for Choice-B1 of v2.

Choice-B2: Let ri be the first round at which a single agent travels a node which is at 2

hop distance of vi in V c
exp .

Counter: The counter idea is similar to the one described for Choice-B2 of v2.

Lemma 6.5.16. As per Counter of Choice-B2, if there exists no r ′
i < ri , then the adversary can

activate the BBH, such that after the destruction of one agent from vi within round ri , the

remaining agents cannot know the exact node from v2 which is the BBH.

TH-3897_206123002



202 Chapter 6. Perpetual Exploration of Arbitrary Graphs with a Byzantine Black Hole

The proof of the lemma is similar to Lemma 6.5.9.

Corollary 6.5.17. Given any graph G at round r ◦
i −1, the set Vexp can only contain the nodes

v j , u j
k (where j ∈ {3, . . . ,∆−1} and k ∈ {1,2, . . . , l j }) along P of G ∈G .

Theorem 6.5.18. At least 2 agents are destroyed by the BBH from vi .

Proof. The graph chosen by the adversary from G , satisfies the condition that, vi is Conflict-

Free, i.e., within the interval [r ◦
i ,ri ], the adversary need not activate the BBH, due to any

movement from v j along Ext1 or Ext2 (for all vi ∈ V1 or vi ∈ V2, where j ∈ {1,2, . . . , i −
1}). Further, Lemmas 6.5.14, 6.5.15 and 6.5.16, ensure that, irrespective of the knowledge

gained by the agents before round r ◦
i , there exists a round r ′′

i (≥ ri ) at which the second

agent gets destroyed from vi , while traversing along Ext1 or Ext2 from vi (depending on

vi ∈V1 or vi ∈V2). Hence, this proves the theorem.

So, the possible graph class choices eventually reduces to G ∆−1, where G ∆−1 ⊂ ·· · ⊂
G 1 ⊂G .

Remark 6.5.19. If v∆ ∈V2, then choose DA(v∆−1, v∆), in a similar idea as chosen for vi (for

all i ∈ {3,4, . . . ,∆−1}). Also, the choices posed by A from v∆ are exactly similar to the ones

from v∆−1, and their adversarial countermeasures are also similar. So, using them, we can

conclude that not only v∆ can be Conflict-Free, but also, similar to Theorem 6.5.18, we can

say that at least 2 agents are destroyed by the BBH from v∆.

Otherwise, set DA(v∆−1, v∆) = 2. So, finally we can conclude that depending on whether

v∆ ∈V2 or v∆ ∉V2, the possible graph choices further reduces to G ∆, where G ∆ ⊂G ∆−1.

Finally, to conclude the proof of Theorem 6.5.1, the adversary chooses the graph G =
(V ,E ,λ) from G ∆, where G ∆−1 ⊂ G ∆−2 ⊂ ·· · ⊂ G , and sets v1 = home. Next starting from

v1, Theorems 6.5.3, 6.5.11 and 6.5.18 ensure that 2 agents are destroyed from each vi ∈
V , where i ∈ {1,2, . . . ,∆− 1}. This contradicts the fact that A solves PERPEXPLORATION-

BBH with 2(∆−1) agents.
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Notation Description
G Indicates the specific graph from which the adversary chooses the graph, as per A.

G i Subclass of G , where G i ⊂G i−1 ⊂ ·· · ⊂G .

P Indicates the path graph on a graph in G consisting of vertices of type vi and ui
j .

V Indicates the set of vertices v1, . . . , v∆−1.

di stP (vi−1, vi ) Indicates the distance between vi−1 and vi along P , also denoted by li−1 +1.

Ext1,Ext2 Indicates two variation of subgraphs.

G1,G2,G3 The different sub-class under class G , where G i ∈G1 or G2 or G3, for all i .

wi It is a vertex connected to vi ∈V2, where it is of degree ∆

T i
v A tree special tree (explained in Block-3) originating from v along port i .

λ1
v,A Function for adversary to port label each vertex, except {v1, v2, . . . , v∆}.

λ2
vi ,A Function for adversary to port label each vertex vi , where i ∈ {1,2, . . . ,∆}.

Vexp , V c
exp Indicates the set of explored and unexplored vertices, such that V =Vexp ∪V c

exp .

r ◦
i Indicates the round at which any agent first visits vi .

ri ,r ′′
i Indicates the rounds at which the first and second agent destroyed from vi .

ti Indicates the interval of rounds between the destruction of the first agent.

and second agent from vi .

T max
j Maximum of ti , for all i ∈ {1,2, . . . , j −1}.

W ai t i Indicates the number rounds between any agent first visits vi

and the first agent (or agents) getting destroyed.

T i mei−1 Indicates T max
i−1 −W ai t i

Table 6.3: Table for the notations used in Section 6.5.1.

6.5.2 Description of Algorithm GRAPH_PERPEXPLORE-BBH-HOME

Here we discuss the algorithm, termed as GRAPH_PERPEXPLORE-BBH-HOME that solves

PERPEXPLORATION-BBH-HOME on an arbitrary graph, G = (V ,E ,λ). We will show that

our algorithm requires at most 3∆+ 3 agents. Let 〈G ,3∆+3,h, vb〉 (where vb be the BBH

node) be an instance of the problem PERPEXPLORATION-BBH-HOME, where G = (V ,E ,λ)

is a simple port-labeled graph. The structure of our algorithm depends upon four separate

algorithms TRANSLATE_PATTERN along with MAKE_PATTERN (discussed in Section 6.3.2),

EXPLORE (explained in this section) and BFS-TREE-CONSTRUCTION [34]. Before delving

into the details of our algorithm that solves PERPEXPLORATION-BBH-HOME, we recall the

concept of BFS-TREE-CONSTRUCTION.

An agent starts from a node h ∈ V (also termed as home), where among all nodes

in G , only h is marked. The agent performs breadth-first search (BFS) traversal, while

constructing a BFS tree rooted at h. The agent maintains a set of edge-labeled paths,
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P = {Pv : edge labeled shortest path from h to v , ∀v ∈V such that the agent has visited v}

while executing the algorithm. During its traversal, whenever the agent visits a node w

from a node u, then to check whether the node w already belongs to the current BFS tree

of G constructed yet, it traverses each stored edge labeled paths in the set P from w one

after the other, to find if one among them takes it to the marked node h. If so, then it

adds a cross-edge (u, w) to its map. Otherwise, it adds to the already constructed BFS

tree, the node w , accordingly P = P ∪ Pw is updated. The underlying data structure

of ROOT_PATHS [34] is used to perform these processes. This strategy guarantees as per

Proposition 9 of [34], that BFS-TREE-CONSTRUCTION algorithm constructs a map of G , in

presence of a marked node, within O(n3∆) steps and using O(n∆ logn) memory, where

|V | = n and ∆ is the maximum degree in G .

In our algorithm, we use k agents (as shown in Theorem 6.5.28, k = 3∆+3 agents are

sufficient), where they are initially co-located at a node h ∈V , which is referred to as home.

Initially, at the start our algorithm asks the agents to divide in to three groups, namely,

Marker, SG and LG0, where SG (or smaller group) contains the least four ID agents, the high-

est ID agent among all k agents, denoted as Marker stays at h (hence h acts as a marked

node), and the remaining k − 5 agents are denoted as LG0 (or larger group). During the

execution of our algorithm, if at least one member of LG0 detects one port leading to the

BBH from one of its neighbor, in that case at least one member of LG0 settles down at that

node, acting as an anchor blocking that port which leads to the BBH, and then some of the

remaining members of LG0 form LG1. In general, if at least one member of LGi detects the

port leading to the BBH from one of its neighbors, then again at least one member settles

down at that node acting as an anchor to block that port leading to the BBH, and some of

the remaining members of LGi forms LGi+1, such that |LGi+1| <|LGi |. It may be noted that a

member of LGi only settles at a node v (say) acting as an anchor, only if no other anchor is

already present at v . Also, only if a member of LGi settles as an anchor, then only some of

the members of LGi forms LGi+1.

In addition to the groups LG0 and SG, the Marker agent permanently remains at h. In

a high-level the goal of our GRAPH_PERPEXPLORE-BBH-HOME algorithm is to create a sit-

uation, where eventually at least one agent blocks, each port of C1 that leads to the BBH
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(where C1,C2, . . . ,Ct are the connected components of G − vb , such that h ∈ C1), we term

these blocking agents as anchors, whereas the remaining alive agents must perpetually ex-

plore at least C1.

Initially from h, the members of SG start their movement, and the members of LG0

stay at h until they find that none of the members of SG reach h after a certain number

of rounds. Next, we explain one after the other how both these groups move in G .

Movement of SG: The members (or agents) in SG works in phases, where in each phase

the movement of these agents are based on the algorithms MAKE_PATTERN and TRANS-

LATE_PATTERN (both of these algorithms are described in Section 6.3.2). Irrespective of

which, the node that they choose to visit during making pattern or translating pattern is

based on the underlying algorithm BFS-TREE-CONSTRUCTION.

More specifically, the i -th phase (for some i > 0) is divided into two sub-phases: i1-th

phase and i2-th phase. In the i1-th phase, the members of SG make at most 2i translations,

while executing the underlying algorithm BFS-TREE-CONSTRUCTION. Next, in the i2-th

phase, irrespective of their position after the end of i1-th phase, they start translating back

to reach h. After they reach h during the i2-th phase, they start (i +1)-th phase (which has

again, (i1+1) and (i2+1) sub-phase). Note that, while executing i1-th phase, if the members

of SG reach h, in that case they continue executing i1-th phase. We already know, as per

Section 6.3.2, each translation using TRANSLATE_PATTERN requires 5 rounds and creating

the pattern using MAKE_PATTERN requires 2 rounds. This concludes that, it requires at

most T i j = 5 ·2i +2 rounds to complete i j -th phase, for each i > 0 and j ∈ {1,2}.

If at any point, along their traversal, the adversary activates the BBH, such that it in-

terrupts the movement of SG. In that scenario, at least one member of SG must remain

alive, exactly knowing the position of the BBH from its current node (refer to the discus-

sion of Intervention by the BBH in Section 6.3.2). The agent (or agents) that knows the

exact location of the BBH stays at the node adjacent to the BBH, such that from its current

node, it knows the exact port that leads to the BBH, or in other words, they act as anchors

with respect to one port, leading to the BBH. In particular, let us suppose, the agent holds

the adjacent node of BBH, with respect to port α from BBH, then this agent is termed as

Anchor(α).
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Movement of LG0: These group members stay at h with Marker, until the members of SG

are returning back to h in the i2-th phase, for each i > 0. If all members of SGdo not reach h,

in the i2-th phase, i.e., within T i 2 rounds since the start of i2-th phase, then the members

of LG0 start their movement.

Starting from h, the underlying movement of the members of LG0 is similar to BFS-

TREE-CONSTRUCTION, but while moving from one node to another, they do not execute

either MAKE_PATTERN or TRANSLATE_PATTERN, unlike the members of SG. In this case, if

all members of LG0 are currently at a node u ∈V , then the three lowest ID members of LG0

become the explorers; they are termed as E 0
1 , E 0

2 and E 0
3 in increasing order of their IDs,

respectively. If based on the BFS-TREE-CONSTRUCTION, the next neighbor to be visited by

the members of LG0 is v , where v ∈ N (u), then the following procedure is performed by the

explorers of LG0, before LG0 finally decides to visit v .

Suppose at round r (for some r > 0), LG0 members reach u, then at round r + 1 both

E 0
2 and E 0

3 members reach v . Next at round r + 2, E 0
3 traverses to the first neighbor of v

and returns to v at round r + 3. At round r + 4, E 0
2 travels to u from v and meets E 0

1 and

then at round r +5 it returns to v . This process iterates for each neighbor of v , and finally,

after each neighbor of v is visited by E 0
3 , at round r + 4 · (deg (v)− 1)+ 1 both E 0

2 and E 0
3

return to u. And in the subsequent round, each member of LG0 visits v . The whole process

performed by E 0
1 , E 0

2 and E 0
3 from u is termed as EXPLORE(v), where v symbolizes the node

at which the members of LG0 choose to visit from a neighbor node u. After the completion

of EXPLORE(v), each member of LG0 (including the explorers) visit v from u.

It may be noted that, if the members of LG0 at the node u, according to the BFS-TREE-

CONSTRUCTION algorithm, are slated to visit the neighboring node v , then before executing

EXPLORE(v). The members of LG0 check if there exists an anchor agent blocking that port,

which leads to v . If that is the case, then LG0 avoids visiting v from u, and chooses the next

neighbor, if such a neighbor exists and no anchor agent is blocking that edge. If no such

neighbor exists from u to be chosen by LG0 members, then they backtrack to the parent

node of u, and start iterating the same process.

From the above discussion, we can make the following remark.

Remark 6.5.20. If at some round t , the explorer agents of LGi (i.e., E i
1,E i

2 and E i
3), are ex-
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Figure 6.19: Depicts the round-wise execution of EXPLORE(v) from u by the explorer agents
of LGi , for some i ≥ 0 on the neighbors w1 and w2 of v .

ploring a two length path, say P = u → v → w , from u, then all members of LGi agrees on

P at t . This is due to the fact that the agents, while executing EXPLORE(v) from u, must fol-

low the path u → v first. Now, from v , E i
3 chooses the next port in a particular pre-decided

order (excluding the port through which it entered v). So, whenever it returns to v to meet

E i
2 after visiting a node w , E i

2 knows which port it last visited and which port it will choose

next and relay that information back to other agents of LGi on u. So, after E i
2 returns to v

again from u when E i
3 starts visiting the next port, all other agents know about it.

During the execution of EXPLORE(v) from u, the agent E 0
3 can face one of the following

situations:

• It can find an anchor agent at v , acting as Anchor(β), for some β ∈ {1, . . . ,deg (v)}. In

that case, during its current execution of EXPLORE(v), E 0
3 does not visit the neighbor

of v with respect to the port β.

• It can find an anchor agent at a neighbor w (say) of v , acting as Anchor(β′), where

β′ ∈ {1, . . . ,deg (w)}. If the port connecting w to v is also β′, then E 0
3 understands v

(or its previous node) is the BBH, and accordingly tries to return to u, along the path

w → v → u, and if it is able to reach to u, then it acts as an anchor at u, with respect

to the edge (u, v). On the other hand, if the port connecting w to v is not β′, then E 0
3

continues its execution of EXPLORE(v).

TH-3897_206123002



208 Chapter 6. Perpetual Exploration of Arbitrary Graphs with a Byzantine Black Hole

The agent E 0
2 during the execution of EXPLORE(v), can encounter one of the following

situations, and accordingly, we discuss the consequences that arise due to the situations

encountered.

• It can find an anchor agent at v where the anchor agent is not E 0
3 , in which case it

continues to execute EXPLORE(v).

• It can find an anchor agent at v and finds the anchor agent to be E 0
3 . In this case, E 0

2

returns back to u, where LG1 is formed, where LG1 = LG0 \ {E 0
3}. Next, the members of

LG1 start executing the same algorithm from u, with new explorers as E 1
1 , E 1

2 and E 1
3 .

• E 0
2 can find that E 0

3 fails to return to v from a node w (say), where w ∈ N (v). In this

case, E 0
2 understands w to be the BBH, and it visits u in the next round to inform

this to remaining members of LG0 in the next round, and then returns back to v , and

becomes Anchor(β), where β ∈ {1, . . . ,deg (v)} and β is the port connecting v to w .

On the other hand, LG0 after receiving this information from E 0
2 , transforms to LG1

(where LG1 = LG0 \ {E 0
2 ,E 0

3}) and starts executing the same algorithm, with E 1
1 , E 1

2 and

E 1
3 as new explorers.

Lastly, during the execution of EXPLORE(v), the agent E 0
1 can face the following situa-

tion.

• E 0
2 fails to return from v , in this situation E 0

1 becomes Anchor(β) at u, where β is

the port connecting u to v . Moreover, the remaining members of LG0, i.e., LG0 \

{E 0
1 ,E 0

2 ,E 0
3} forms LG1 and they start executing the same algorithm from u, with new

explorers, namely, E 1
1 , E 1

2 and E 1
3 , respectively.

For each E 0
1 , E 0

2 and E 0
3 , if they do not face any of the situations discussed above, then

they continue to execute EXPLORE(v).

From the above discussions, we conclude the following lemma.

Lemma 6.5.21. Let at round t (for some t > 0), the explorer agents of LGi (i.e., E i
1,E i

2 and E i
3)

starts exploring the 2 length path P = u → v → w from u while executing EXPLORE(v). Then,

during the exploration of the path P, we have the following results.
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1. If any of the explorer agents gets destroyed at v then, there will be at least one explorer

agent of LGi that identifies v as the BBH and the port from u leading to v is the port

leading to the BBH. Also, it can relay this information to the remaining agents of LGi .

2. If any of the explorer agents gets destroyed at w then, there will be at least one explorer

agent of LGi that identifies w as the BBH and the port from v leading to w is the port

leading to the BBH. Also, it can relay this information to the remaining agents of LGi .

3. If an explorer agent meets an anchor agent at w pointing the port from w to v as

the port leading to the BBH then, there will be at least an explorer agent of LGi that

identifies v as the BBH and the port from u leading to v is the port leading to the BBH.

Also, it can relay this information to the remaining agents of LGi .

Illustration of points 1 and 3 of Lemma 6.5.21 is described in (i) and (ii) of Fig. 6.20.

It may be noted that, if for some j > 0, |LG j |<3, then those members perpetually explore

G by executing simply BFS-TREE-CONSTRUCTION and not performing EXPLORE(), unlike

the movement for the members of LGt , for 0 ≤ t < j . Whenever during this execution, the

member of LG j , encounter Anchor(β) at a node, say u, then the member of LG j avoids

choosing the port β for its next move.

In addition to that, after the members in LGi (for some i ≥ 1), obtain the map of G , they

perpetually explore each node in G except the BBH, by performing simple BFS traversal,

and while performing this traversal, the members of LGi always avoids the ports, blocked

by some anchor agent.

Next, we prove the correctness of our algorithm GRAPH_PERPEXPLORE-BBH-HOME.

Lemma 6.5.22. The members of SG perpetually explore G until their movement is intervened

by the BBH.

Proof. The members of SG operate in phases. As stated earlier, each i -th phase (for some

i > 0) is sub-divided into two parts: i1-th phase and i2-th phase. In the i1-th phase, the

agent translates up to 2i nodes, and each node that it translates to is decided by the under-

lying algorithm BFS-TREE-CONSTRUCTION. In the i2-th phase, no matter what the position

of the members of SG, they start translating back to the home. By Proposition 9 of [34], it
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is shown that if an agent follows BFS-TREE-CONSTRUCTION algorithm, then it eventually

constructs the map within O(n3∆) steps with O(n∆ logn) memory, where |V | = n and ∆ is

the maximum degree of G = (V ,E). This implies that, for a sufficiently large j , such that

2 j ≥ cn3∆, for some constant c, the members of SG must have obtained the map of G in the

j1-th phase, if the BBH does not intervene in the movement of SG, in any phase less than

equal j -th phase. So, for any subsequent phase after j -th phase until the BBH intervenes,

the members of SG explores G .

Lemma 6.5.23. If BBH intervenes in the movement of SG, at least one member of SG acts as

an anchor.

Proof. The movement of the members of SG is based on translation, and in order to trans-

late, they execute the algorithms MAKE_PATTERN and TRANSLATE_PATTERN. If the BBH

intervenes during their movement, it means the BBH intervenes during translation, or in

other words, the BBH intervenes during MAKE_PATTERN or TRANSLATE_PATTERN. We al-

ready know that if the BBH intervenes during the execution of either MAKE_PATTERN or

TRANSLATE_PATTERN, then at least one agent executing these algorithms must identify the

location of the BBH (as per Section 6.3.2). As per the argument in Section 6.3.2, if at round

r (for some r > 0), the member determines the position of the BBH, then either it is on BBH

at round r in which case it moves to an adjacent node in C1, say v , or at round r the mem-

ber is present at an adjacent node v ′ (v ′ ∈ C1 or C j , j ̸= 1). In either situation, the member

remains at v or v ′, anchoring the edge connecting BBH to v from round r onwards or BBH

to v ′ from round r ′ onwards.

Before going to the next section of correctness, we define the notion of LGi at a node u

(for any u ∈V ), if every member that is part of LGi is at that node u.

Lemma 6.5.24. For any i ≥ 0, LGi can never be located at the BBH.

Proof. If possible, let there exist a round t (for some t > 0) and i ≥ 0 such that LGi is located

on the BBH node vb at round t . Without loss of generality, let this be the first round when

LGi is on the BBH for any i . Now, since initially LG0 was located at h ∈ C1 (C1 is the compo-

nent of G−vb containing h), LGi must have moved onto vb from some vertex u ∈ N (vb)∩C1.

TH-3897_206123002



6.5. Arbitrary Graphs 211

u v w(BBH) u v w(BBH)

r

r + 1

r + 3

r

r + 1

r + 2

r + 4

r + 2

r + 3

Ei
1 Ei

2 Ei
3

(i) (ii)

r + 4

Figure 6.20: Depicts the time diagram of EXPLORE(v) of LGi along a specific path P = u →
v → w , where v = vb , in which w contains an anchor agent for the edge (v, w). In (i), it
depicts even if vb is not activated, an explorer agent settles as an anchor at u for the edge
(u, v). In (ii), it depicts that activation of vb destroys both E i

2 and E i
3, then an explorer E i

1
gets settled as anchor at u for (u, v).

This implies there must exists a round t ′ < t such that at t ′, LGi is at u and E i
1,E i

2 and E i
3

starts procedure EXPLORE(vb) from u. Note that u does not have any agent acting as an-

chor, otherwise LGi can never move to vb from u. Now, since there is at least one neighbor,

say u′, of vb where there is an agent settled as an anchor (as per Lemma 6.5.23), the dis-

tance between u and u′ must be 2. So when executing EXPLORE(vb), either E i
3 meets with

the anchor agent at u′ while exploring the path u → vb → u′ or, at least one of E i
2 and E i

3

gets destroyed at vb while executing EXPLORE(vb). Now, from the results obtained in points

1 and 3 of Lemma 6.5.21, there exists an explorer agent that will know that vb is the BBH

and the port, say β, from u leading to vb is the port leading to the BBH. In this case, this

agent relays this information to the other members of LGi located at u and settles at u as

Anchor(β). The remaining members of LGi forms LGi+1 and continue the algorithm, avoid-

ing the portβ from u. This contradicts our assumption that LGi moves to vb from u. Hence,

we can conclude that LGi can never be located on the BBH for any i ≥ 0.

From the above result, we can have the following corollary.

Corollary 6.5.25. For any i ≥ 0, LGi can never be located at a node outside C1, where G−vb =
C1 ∪·· ·∪Ct and h ∈ C1, vb is denoted to be the BBH.
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Lemma 6.5.26. Let U ⊆ N (vb)∩C1, such that if u ∈U , then u does not contain any anchor. If

|U | > 0, then our algorithm GRAPH_PERPEXPLORE-BBH-HOME ensures that |U | decreases,

eventually.

Proof. If at time t (for some t > 0), the members of LGi (for some i ≥ 0) reach u, then we

show that eventually u will not belong to U . As per our algorithm, whenever LGi reaches

a node u, then three explorer agents of LGi perform EXPLORE() on the next neighbor node

to be chosen by LGi to visit from u. Suppose, at time t ′ > t , LGi chooses to visit vb from u

(since u ∈ N (vb)). Hence, before visiting vb , three explorer agents start EXPLORE(vb), and

during this execution, as per points 1 and 3 of Lemma 6.5.21, one explorer agent of LGi

settles down at u acting as an anchor for the edge (u, vb). So, now u cannot belong to U (as

it violates the definition of the set U ), so U gets modified to U \ {u}.

Let at time t , we assume |U | = c for some constant c, and we suppose U does not de-

crease from t onwards. Now, as per the definition of U , it contains all such nodes which

are neighbors to vb but does not contain any anchor. Let u1 ∈ V be the last node in U , at

which an anchor got settled at time t ′ (where t ′ < t ) and due to which LGi got formed from

LGi−1. Now, as per our assumption, as U does not decrease from t onwards, so LGi remains

LGi . As per our algorithm, it follows that LGi will visit every node of G (except through the

edges, blocked by anchor). This means that LGi will visit vb through a neighbor node that

does not contain any anchor, which cannot happen as per Lemma 6.5.24.

The corollary follows from the above lemma.

Corollary 6.5.27. Our algorithm ensures that eventually, U becomes ;.

We can now prove Theorem 6.5.28, which we recall below:

Theorem 6.5.28. Algorithm GRAPH_PERPEXPLORE-BBH-HOME solves PERPEXPLORATION-

BBH-HOME in arbitrary graphs with 3∆+ 3 agents, having O(n∆ logn) memory, without

initial knowledge about the graph.

Proof. As per Corollary 6.5.27, we know that eventually |U | = φ. This means that every

neighbor of vb , reachable from h, contains an anchor agent, blocking that edge which
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leads to vb . Again, as per the correctness of BFS-TREE-CONSTRUCTION or just BFS traversal

(provided the remaining agents know the map of G), the remaining agents (i.e., the agents

which are alive and not anchor or Marker) will visit every reachable node of G , except the

ones blocked by anchor, perpetually. Since, only vb is blocked to visit by all the anchors,

present at all of its neighbors, so this guarantees that C1 will be perpetually visited, hence

it solves PERPEXPLORE-BBH-HOME.

Next, we consider just one 2 length path P = u → vb → w (refer to Fig. 6.20, where u ∈U
and w contains an anchor, blocking the port (v,BB H). So, whenever LGi (for some i ≥ 0)

reaches u (it will reach u, as per Lemma 6.5.26), according to our algorithm EXPLORE(vb)

will start eventually (i.e., before LGi decides to move to vb), and it is known as per Lemma

6.5.21, an explorer will settle as a anchor at u, surely after they finish visiting the path P (it

may happen earlier during the execution of EXPLORE(vb) as well). Now, while visiting P ,

in the worst scenario, the adversary can activate vb , the moment E i
2 and E i

3 are at vb . This

means, the remaining explorer E i
1 will become an anchor at u, for the edge (u, vb) and u

will not be in U . Now, this situation can occur from each neighbor of vb , except one, i.e.,

where already at least one member of SG is settled as an anchor. This proves that, 3(∆−1)

agents are required to anchor, ∆−1 adjacent ports of vb (if deg (vb) =∆), in the worst case.

So, except the Marker agent (which remains stationary at h), in the worst case 3∆+1 agents

are required to anchor each ∆ many adjacent ports of vb , including members of SG. Now,

this does not ensure perpetual exploration, as all alive agents are stationary, either as an

anchor or Marker. Hence, we require at least 3∆+3 agents to solve PERPEXPLORE-BBH-

HOME. In addition to this, to execute our algorithm, we use the underlying concept of BFS-

TREE-CONSTRUCTION, and this requires each agent to have a memory of O(n∆ logn).

The next remark calculates the total time required for SG to translate to each node in G .

Remark 6.5.29. The movement of SG is performed in phases. So, in j -th phase it performs

at most 2 j translations using the underlying algorithm of BFS-TREE-CONSTRUCTION, and

then returns back to h using again at most 2 j translations. Each translation further requires

5 rounds. So, j -th phase is executed within O(23 j∆) rounds. Hence, to explore G it takes∑logn
j=1 O(23 j∆) =O(n3∆) rounds.
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The following remark discusses the time required to explore every node of G by LGi after

SG fails to return at the i -th phase, for some i > 0. and SG, respectively.

Remark 6.5.30. Let v be a node, and w be a neighbor of v with degree ∆. It must be ob-

served that, to perform EXPLORE(w) by LGi from u (for some i ≥ 0), and eventually reach

w , it takes 4(∆−1)+2 rounds, as to explore a neighbor of w it takes 4 rounds and except

the parent, all neighbors must be explored, and finally from v to reach w it takes another

2 rounds. As discussed earlier, in general, to perform BFS-TREE-CONSTRUCTION, it takes

O(n3∆) rounds to visit each node of G , and construct a map of G .

So, for LGi to visit each node in G , and accordingly construct a map also during the

course of which anchor each port in C1, LGi takes (4(∆−1)+2) ·O(n3∆) =O(n3∆2) rounds.

6.5.3 Perpetual Exploration in the Presence of a Black Hole

In the special case in which the BBH is activated in each round, i.e., behaves as a classical

black hole, we show that the optimal number of agents for perpetual exploration (we call

this problem PERPEXPLORATION-BH) drops drastically to between ∆+1 and ∆+2 agents.

The lower bound holds even with initial knowledge of n, and even if we assume that

agents have knowledge of the structure of the graph, minus the position of the black hole

and the local port labelings at nodes. This can be seen as an analogue, in our model, of the

well-known ∆+1 lower bound for black hole search in asynchronous networks [61].

For a fixed ∆ ≥ 4, we construct an (unlabeled) graph G∆ = (V∆,E∆), of maximum de-

gree ∆, which contains (referring to Figure 6.21) a single vertex v of degree ∆ (i.e., the max-

imum degree in G), ∆many vertices of degree 4 (refer to the vertices ui , for i ∈ {0,1, . . . ,∆−
1}), and ∆many vertices of degree 1 (refer to the vertices wi , for i ∈ {0,1, . . . ,∆−1}).

Theorem 6.5.31. For every ∆ ≥ 4, there exists a port-labeling of graph G∆ such that any

algorithm using at most ∆ agents fails to solve PERPEXPLORATION-BH in G∆.

Proof. Consider the graph G = (V ,E ,λ) explained in Fig. 6.21, and let u0 be home, where

initially the agents A = {a1, . . . , a∆} are co-located, consider v to be the BH. We shall prove

this theorem by contradiction. Suppose, A be an algorithm that solves PERPEXPLORATION-

TH-3897_206123002



6.5. Arbitrary Graphs 215

v

u∆−1
u0

ui1

ui1+1

ui2

ui2+1

ui2+2

ui3

ui3+1

ui4

w∆−1

w0

wi1

wi1+1

wi2

wi2+1

wi2+2

wi3

wi3+1

wi4

Figure 6.21: Depicts a graph G = (V ,E ,λ), with the vertex v being the BBH.

BH with∆ agents, starting from u0. It may be noted that the agents do not have the knowl-

edge of the port-labeling of G∆.

Since, in the worst case, to gather the map of G , the algorithm A must instruct the

agents to visit every node in V . Now, for each ui ∈V , whenever ui is visited by an agent for

the first time, say at round ri , the agent cannot identify the ports from ui leading to wi or

v or ui+1. So, the adversary, based on which, has returned the port-labeling function λui ,A

for each i ∈ {0,1, . . . ,∆−1}, such that, let r ′
i be the first round after ri at which any agent (say,

a j ) from ui decides to visit an unexplored port, then a j reaches v at round r ′
i +1, based on

λui ,A. Since v is the BH, a j gets destroyed along the edge (ui , v). This phenomenon can

occur for each ui ∈ V , for all i ∈ {0,1, . . . ,∆− 1}. This shows that ∆ agents are destroyed,

leading to a contradiction for the algorithm A.

Next remark discusses an algorithm that solves PERPEXPLORATION-BH with∆+2 agents.

Remark 6.5.32. A slight modification of BFS-TREE-CONSTRUCTION algorithm can generate

a ∆+2 algorithm for PERPEXPLORATION-BH. A brief idea of which is as follows: an agent

stays at home, acting as a Marker. Among the remaining agents, one agent is selected to

be an Explorer. Each agent maintains a set of edge-labeled paths, P , as explained in

BFS-TREE-CONSTRUCTION. During their traversal, the agents perform a cautious walk,

i.e., the Explorer agent is the one to visit a new node, and after Explorer agent finds it

safe, then only remaining agents visits the new node. After the agents visit a new node, say

v , they check whether v has already been visited or not. To check this, Explorer remains

at v , whereas other agents return to Marker. Next, they start visiting all the paths stored
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in P , one after the other. If any of these paths lead to v (where the Explorer is present),

they update the edge, say (u, v), taken by the Explorer to reach v , as a cross edge in the

map. Otherwise, if no path leads to the Explorer, then v is added to the map, and P =
P ∪Pv . Accordingly, the remaining agents, except Marker, reach back to the Explorer.

This process repeats.

Now, suppose v is already visited, and there exists a port ρ, which leads to the black

hole. So, whenever Explorer visits the node with respect to ρ, it gets destroyed. Remain-

ing agents at v , update in the map that, with respect to v , the port ρ leads to the black

hole. Accordingly, a new Explorer is elected, and the process continues. In future, during

this process, if ever the agents again reach v (which they understand via the stored edge-

labeled paths in P), through any cross edge not already present in the map constructed

yet, then the agents do not take the port ρ from v again. This shows that, at most ∆ agents

are destroyed, one agent remains alive, except the Marker, which has the knowledge of all

the ports leading to the black hole, and can perpetually explore the current component of

G −BH. So, a ∆+2 agent PERPEXPLORATION-BH algorithm can be formulated, using this

strategy.

6.6 Conclusion

In this chapter, we gave the first non-trivial upper and lower bounds on the optimal num-

ber of agents for perpetual exploration, in the presence of at most one BBH in arbitrary

graphs.

A few natural open problems remain. First, close the important gap between 2∆− 1

and 3∆+ 3 for the optimal number of agents required for PERPEXPLORATION-BBH and

PERPEXPLORATION-BBH-HOME, in arbitrary graphs. Second, note that our arbitrary graph

lower bound of 2∆−1 holds only for graphs of maximum degree at least 4 (Theorem 6.5.1).

Could there be a 4-agent algorithm for graphs of maximum degree 3? Third, in the spe-

cial case of a black hole (or, equivalently, if we assume that the BBH is activated in each

round), close the gap between∆+1 and ∆+2 agents. Lastly, what about this study in other

scheduler models (such as in semi-synchronous or asynchronous scheduler models)?
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Conclusion

In this thesis, we have touched on many interesting and fundamental topics related to dis-

tributed algorithms with mobile entities. Our goal has been to design problems that ad-

dress many relevant models of interest. Starting from Chapter 3, we studied the treasure

hunt problem. We considered the underlying topology to be the Euclidean plane, and in-

troduced how pebbles can be used to design efficient treasure hunt algorithms. This chap-

ter showcases the trade-off between the number of pebbles (k) that can be placed vs. the

cost of finding the treasure. We obtained many interesting results based on the value of

k, but for the case when k ≥ 11, we are unable to provide any lower bound on the cost of

finding the treasure. Hence, this remains an open question.

In Chapter 4, we looked into the black hole search problem. Normally, this problem is

often studied in static graphs. Nothing much was known about this problem on dynamic

graphs, except the results by Di Luna et al. [54, 56], which only focused on the dynamic

ring. So, we extended this problem to a dynamic cactus. We solved this problem for two

models of dynamicity: first, when one edge is dynamic, and second, when at most k edges

are dynamic. Here, the results obtained by us are not optimal, and there is a significant gap

for k dynamic edge case, on the number of agents. So, these are some of the interesting

future directions.

Next, in Chapters 5 and 6, we looked into the problem of perpetual exploration in the

presence of a more powerful variant of black hole, termed as Byzantine black hole (BBH).
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In Chapter 5, we specifically studied this problem when the underlying topology is a static

ring. Here, we investigated how the bounds on the number of agents required to solve this

problem change with different models of communication (such as pebble, whiteboard and

face-to-face) under various initial agent configurations (such as co-located and scattered).

Almost all our results in this chapter are either optimal or close to optimal; however, certain

open directions still remain. For example, we are not able to establish any upper or lower

bound results on the number of agents to solve this problem when the agents are initially

scattered and they communicate via a face-to-face model of communication.

In Chapter 6, we extended the problem of perpetual exploration in the presence of a

BBH in arbitrary unknown graphs. This chapter analyses the fact that, by just making the

black hole more powerful, the same problem becomes more difficult to solve. The results

obtained in acyclic graphs are optimal; however, there is a gap between the upper bound

and lower bound results for the arbitrary graph case. So, an immediate extension is to

establish optimal bounds for the arbitrary graph case as well.

In Tables 7.1 and 7.2, we give a summary of all the chapters studied in the thesis. It

contains the aim of the chapters, an overview of the results obtained and finally, in the

remarks, we discuss the positive and negative sides of the chapter.

Component Key Findings / Results / Remarks

CHAPTER 3: Treasure Hunt in Euclidean Plane

Question For given k ≥ 0, what is the minimum cost of treasure hunt if at
most k pebbles are placed in the plane?

Result 1. Proved it is impossible to find treasure with 1 pebble.
2. Designed a treasure hunt algorithm when k = 2 and k ≥ 11.

Remarks 1. First work to explore the treasure hunt problem with peb-
bles in the Euclidean plane.
2. No lower bound exists.

Table 7.1: Summary of Thesis Results and Remarks
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Component Key Findings / Results / Remarks

CHAPTER 4: Black Hole Search in a Dynamic Cactus

Aim Design an efficient black hole search algorithm under various
models of dynamicity.

Results 1. When one edge is dynamic, obtained optimal black
hole search strategy in terms of number of agents.
2. When k edges are dynamic, obtained upper bound and
lower bound results to perform a black hole search.

Remarks 1. Not many results were known before this work for black hole
search in dynamic graphs.
2. Solves a weak version of the black hole search.
3. The results are not optimal.

CHAPTER 5: Perpetual Exploration of a Ring with a Byzantine Black Hole

Aim Design an efficient perpetual exploration algorithm that ex-
plores each safe node in the presence of a BBH

Results 1. Obtained optimal or close to optimal results when the
agents are initially co-located, for each model of communi-
cation (pebble, whiteboard, face-to-face).
2. Obtained optimal results for the pebble and whiteboard
model of communication, when the agents are initially scat-
tered.

Remarks 1. Investigates each model of communication in each agent’s
initial configuration.
2. Obtaining algorithm and lower bound when agents are ini-
tially scattered, for face-to-face model of communication is
open.

CHAPTER 6: Perpetual Exploration of Arbitrary Graphs with a Byzantine Black Hole

Aim 1. Design an efficient perpetual exploration algorithm that ex-
plores each safe node in the presence of a BBH of at least one
component of G − {BB H }
2. Design an efficient perpetual exploration algorithm that ex-
plores each safe node in the presence of a BBH of the compo-
nent containing the starting node.

Results 1. Obtained optimal results for acyclic graphs.
2. Arbitrary graph results highlight how the presence of BBH
makes the problem more difficult to solve in comparison to
the presence of a black hole.

Remarks 1. First results obtained for a more powerful variant of a black
hole in arbitrary graphs.
2. A gap exists in the arbitrary graph result.

Table 7.2: Extension of Table 7.1
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7.1 Future Work

As a byproduct of this thesis there can be several directions for future work, here in this

section we list some of the results.

1. Consider the same treasure hunt problem as defined in Chapter 3, but now sup-

pose the adversary has the ability to misplace some of the pebbles from the positions

placed by the Oracle. First, let us suppose a single pebble is misplaced by the adver-

sary, how difficult will the same treasure hunt problem become? This is an interesting

direction, as similar studies have only been done in graph networks [113].

2. In the black hole search problem we studied in Chapter 4, we only considered the

underlying topology to be 1-interval connected. Now, some connectivity models are

defined in Chapter 1, such as T -interval connectivity (where T > 1), Connectivity

time and T -path connectivity. What about solving the black hole search problem in

these connectivity models of dynamicity? This is an interesting and open direction.

3. In Chapter 6, we studied the perpetual exploration in the presence of a byzantine

black hole. What about perpetual exploration in the presence of other more powerful

variants of the byzantine black hole, such as gray+ hole or red hole?

4. Another question: what if there are multiple gray holes or byzantine black holes? In

that case, what is the minimum number of agents required to perpetually explore the

underlying topology?

5. In Chapter 5 and 6, we considered the scheduler to be synchronous. What about the

case where the scheduler is semi-synchronous or asynchronous?
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