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Abstract

Derivations and Darboux polynomials are useful methods to study poly-
nomial or rational differential system. In the vocabulary of differential
algebra, Darboux polynomials coincides with generators of polynomial dif-
ferential ideals, that is f € k[x1, ..., z,] is a Darboux polynomial iff f # 0
and the ideal (f) is differential. The present thesis studies certain classes

of derivations having no Darboux polynomials with monomial cofactor.

Another important notion in commutative algebra, simple derivations has
also been studied in this thesis. Simple derivations play an important role
in numerous problems. This thesis studies certain classes of derivations

that are simple.

Chapter 1: In this chapter, firstly, we give the assumptions we will follow
throughout this thesis. Further, we introduce the notion of derivations,
module of derivations, and we recall a few results about derivations. We
describe some properties of module of derivations. We discuss derivations
in polynomial rings. We further describe the ring of constants, d-differential
ideals, Darboux elements, Shamsuddin derivation, isotropy subgroups, Lie
algebra, and some results based on them. We also describe some properties

of simple derivations and some important applications of simple derivations.

Chapter 2: In this chapter, we prove results about non-existence of Dar-
boux polynomial with monomial cofactor of some polynomial derivations
of k[x,y]. More specifically, we show that the following class of deriva-
tions, under suitable conditions, do not have a Darboux polynomial with

monomial cofactor.

xiii
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Xiv

o D=y0,+ (y + gy + ¢)0, (Theorem 2.1.1 for r # 3) and (Theorem
2.1.3 for r = 3)

Chapter 3: In this chapter, we prove results about the simple k-derivation
of the polynomial ring k[z,y]. More precisely, in this chapter, we give
two different derivations of the polynomial ring k[z,y| and show that they
are simple derivations of the polynomial ring k[x,y]. we show that the
following derivations, under suitable conditions, are simple derivations of

the polynomial ring k[z, y].

o D, =y?*d, + (zy + h)9, (Theorem 3.1.1)

o D=yd,+ (y* + 2y + 1)9, (Theorem 3.2.1)

Chapter 4: In this chapter, we first discuss Shamsuddin’s result and then
generalize some of the results from Chapter 3 to higher dimensions. More
precisely, we prove that the following classes of derivations, under suitable

conditions, are simple.

o d, = 150, + 1129+ h)Opy, + (h1w3+11) 00y ++ -+ (0@ + 1, _2)0s,,
(Theorem 4.3.1)

o d =190, +(02® +x129+1)0p, + (h123+11)Opy++ -+ (hn_oTn+t, )0,

(Theorem 4.3.2)

Chapter 5: In this chapter, We pose some problems arising out of the

work carried out in this thesis.
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Introduction

The module of derivations and the module of differentials play an important
role in commutative algebra and algebraic geometry. They are analogous

to the tangent bundles and cotangent bundles of manifolds.

Simple derivations play an important role in numerous problems, especially
in the area of commutative algebra. Simple derivations can be used in the
construction of simple noncommutative rings, which are not division rings.
Let A be a ring and d be a derivation of A. Then it is well known that
the skew polynomial ring A[z;d] is a simple ring if and only if d is simple
(recall that a ring R with unity is said to be simple if its only two-sided
ideals are (0) and R) [CF08, GWO04].

A significant amount of research has been conducted over the past few
years in the field of simple derivations of polynomial rings in finitely many
variables over a field of characteristic zero. The researchers have developed
interest in subject because of its applications in various other areas, for ex-
ample, application to the construction of nonholonomic irreducible module
over Weyl algebra. Let As be the second Weyl algebra, i.e., the ring of

differential operators over the polynomial ring k[x, y] and
d= 0, + f0,,

be a simple k-derivation of k[x,y] with f € k[z,y]. Then, it has been
proved in [DSDLRO06] that there exists a polynomial g € k[x,y], such that
A

is a simple nonholonomic A,- module.

2
Az(d+9)
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Introduction 2

Simple derivations can be used to construct simple Lie rings. Let A be a
commutative ring with unity and let d be a nonzero derivation of A. Recall
that a Lie ring L is said to be simple if it has no Lie ideals other than (0)
and L. Denote by Ay the Lie ring whose elements are the elements of A,

with the product defined as following

la,b] = ad(b) — bd(a),

for all a,b € A. It has been proved by C. R. Jordan and D. A. Jordan
in [JJ78, Theorem 3] that if A is noetherian, then A, is simple if and only
if d is a simple derivation of A. This result was further generalized by A.

Nowicki to the case of non-noetherian rings also [Now85].

Therefore, searching for simple derivations of commutative rings is very
interesting. Examples of simple derivations are not readily available and
are difficult to find, even in the case of polynomial rings. Indeed, it is
generally challenging to check whether a given derivation is simple. The
problem is complicated even for the polynomial ring in two variables over

a field of characteristic zero.

Consider the polynomial ring k[zy,...,x,] in n variables and consider the

k-derivation d of k[xy,...,x,] given by

d=f105 + -+ fuOa,.

Then it would be of great interest to find necessary and sufficient conditions
on fi,..., f, for the derivation d to be simple. In complete generality, the
answer to this question is obviously very complicated. This question is
evident only for n = 1 because all the simple derivations of k[z;] are of
the form «d,, for a € k*. For n = 2, only some sporadic examples of
simple k-derivations of polynomial ring k[z,y| are known. The problem
seems to be complicated even with the extra assumption that d(z) = 1.
Some examples and classes of simple derivations of k[x,y| are available
in [Jor81], [MMONO1], [Leq08] [Now08], [Gav09], [Koul2], [Koul4]. The
description of all the simple k-derivations d of k[z,y] such that d(z) = 1

Darboux Polynomials and Simple Derivations Ph.D. Thesis
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Introduction 3

and d(y) = ay + b, where a(x), b(x) are polynomials of k[z], has been given
in [Now94].

In [Jor81], D. A. Jordan has proved that k-derivation d of k[z,y] of the
form 439, + (1 — 2y)9, is simple. A derivation d of k[x1, - -, z,] such that

d=0p, + Y _(aiwi + )0y,
=2

with a;, b; € k[z4], is called Shamsuddin derivation. In [Leq08], Y. Lequain
has developed an algorithm that characterizes all the simple Shamsuddin

derivations in klxy, ..., z,].

A k-derivation d of klx,y] is called the quadratic derivation if it is of the
form
d=08,+ (v + ay +b) 9y,

where a(z), b(z) € k[z]. In [MMONO1], A. Maciejewski, J. Moulin-Ollagnier,
and A. Nowicki have given an algebraic characterization of simple deriva-
tions d of k[z,y] such that d = 8, + (y* + a(x)y + b(x)) 8, with a(x),b(z) €
k[x]. They have shown that such types of derivations are equivalent to
A, =0, + <y2 - p(x))ay for some suitable p(z) € k[z]. They have further
shown that if p(x) is of an odd degree, then A, is a simple derivation. If
p(z) is a quadratic polynomial, then p satisfies an arithmetic condition is

a necessary and sufficient condition for A, to be simple.

In [BLLO3], P. Brumatti, Y. Lequain, D. Levcovitz have constructed exam-
ples of simple derivations d of the local ring k[z, y](, such that d(z) =1
and deg, d(y) = s, where s is an arbitrary positive integer. Most of the
published examples of simple derivations d of k[z,y] with d(x) = 1 are of
the form d = 0, + f9,, where f € k[r,y| and deg, f < 2. In particular,
there does not seem to be any example with deg, f as an arbitrary positive
integer. In [Now08], A. Nowicki has tried to answer this. He has shown that
the class of k-derivation of the form 0, + (y*+ cx)0, with s > 2 and ¢ € k¥,
is a simple derivation of k[x,y]. In [Gav09], V. S. Gavran has generalized

A. Nowicki’s result and has proved that the derivation 0, + (y™ + az™)d,,

Darboux Polynomials and Simple Derivations Ph.D. Thesis
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Introduction 4

where m,n € N, and a € k*, is a simple derivation of k[z,y|. He actually
showed that the derivation 0, + (y™ +az™)0, is equivalent to the derivation

Oy + (y™ + 2™)0, and proved the simplicity of the latter one.

In [Koul2], S. Kour has studied the simplicity of k-derivations of the form
Y0, + (y°z + g)0,, where 0 < r < s and g € k[y]. She has shown that the
derivation y*~'0, 4+ (y*z+¢(y))d, with g € k[y] degg < s and ged(y, g) =1
is a simple derivation of k[x,y|]. She has also discussed the simplicity of
the derivation in the case when g is a nonzero constant polynomial. In this
case, she has proved that the k-derivation y"0, + (y°x + ¢), where s > 1,
0 <r<s—1,and ¢ € k* is a simple k-derivation of polynomial ring
klx,y]. In [Kould], S. Kour has described simple derivations of the form
Y0z + (y°2' + ¢)0,, where r >0, s,t > 1, and ¢ € k*. She has shown that
the derivation y" 0, + (y*z* + ¢)0, of k[z,y], where s,t > 1,0 < r < s, and

c € k* is a simple k-derivation.

It is shown that certain k-derivations of the polynomial ring k[x, y] are sim-
ple if and only if there is no corresponding Darboux polynomials (see, for
example, [MMONO1, Now08, Koul2]). Darboux polynomials are analogous
to eigenvectors in matrix theory. Among polynomial differential equations,
Darboux polynomials with nonzero cofactors are widely used; they coin-
cide with the partial first integrals (see, for example, [Zc95, MONS95]) of
the system of polynomial differential equations determined by the given

derivation.

A k-derivation d of A[xy,...,x,] is called generalized triangular derivation
if d(z;) € Alxy,... 2], for 1 < i < n. It has been proved in [Koul7]
that if A is a unique factorization domain, d be a generalized triangular
derivation of A[xq,- -, z,], and if d is a simple derivation of A, then d is a
simple derivation of A[x,...,z,] if and only if d has no Darboux element.
Darboux polynomials have been studied in many papers under certain con-
ditions on cofactor (see, for example, [MMONO1], [Now08], [Gav09)]).

A k-derivation of the form 2°0, + x°0, + y°0, for s > 2 of the polynomial
ring k[z,y, 2| is called Jouanolou derivation. It has been proved in [Jou79]

that for every s > 2, the Jouanolou derivation has no Darboux polynomial.

Darboux Polynomials and Simple Derivations Ph.D. Thesis
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Introduction 5

In [Gav09], it has been shown that the derivation 0, + (y™ + z™)0, where
m,n € N, m > 2 does not have a Darboux polynomial F' with monomial

cofactor sy™ !, where s = deg, F.

In [GMM13], an algebro-geometric description of simple derivations and
Darboux polynomials can be found. R. V. Gurjar, K. Masuda, and M.
Miyanishi have given an alternate way to check whether a C-derivation D of
Clx,y] is simple. An element f of affine domain C[x, y] is called an integral
element with respect to D if D(f) is divisible by f in C[x,y]. Clearly, if f is
an integral element of a derivation D of C[z, y] then (f) is a D-differential
ideal, and hence D can not be simple. It is shown in [GMM13, Theorem 2]
that if D is a surjective derivation of Clz,y], then there exists an integral
element with respect to D. In this thesis, we have studied integral elements

and call them Darboux elements.

Structure of the Thesis

This thesis is divided into two parts. The first part of the thesis dis-
cusses the non-existence of Darboux polynomial with a monomial cofactor,
whereas the second part discusses simple derivations of the polynomial ring.
The primary goal of the first part of the thesis is to study some classes of
derivations of the polynomial ring k[z,y] having no Darboux polynomial
with a monomial cofactor. The primary goal of the second part of the

thesis is to study some classes of simple derivations of polynomial rings.

Darboux Polynomials and Simple Derivations Ph.D. Thesis
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Chapter 1

Preliminaries

1.1 Introduction

Throughout this thesis, we assume that all rings are commutative with
unity and k denotes a field of characteristic zero unless specified other-
wise. In this chapter, we introduce the basic terminology and present some
preliminary concepts and facts which will be often used in the subsequent
chapters. In Section 1.2, definitions and basic facts are introduced. In
this section, we present the notion of derivations and the module of deriva-
tions. We describe some properties of module of derivations. We discuss
derivations in polynomial rings. We further describe the ring of constants,
d-differential ideals, Darboux elements, Shamsuddin derivation, isotropy
subgroups, and Lie algebra and recall a few related results that are di-
rectly relevant to this thesis. In Section 1.3, we recall some properties of
simple derivations. In this section, we discuss how Darboux polynomials
can be used to show whether a given derivation is simple. At the end of
Section 1.3, we discuss a result by S. Kour [Koul2], which will be used
in Chapter 3. Section 1.4 discusses some of the important applications of
simple derivations. This section shows how simple derivations can be used

to construct simple noncommutative rings (Ore extension), simple Ore ex-

TH-3352_136123002



Preliminaries 8

tension, simple Lie rings, regular rings, nonholonomic irreducible modules

over Weyl algebra, etc.

1.2 Definitions and Basic Facts

We start this section with the definition of a derivation from [Sin11].

Definition 1.2.1 (Derivation). Let A be a ring and M be an A-module.
Then a map D : A — M 1is called a derivation if D is an additive group

homomorphism and satisfies the Leibniz condition:
D(ab) = aD(b) + bD(a),
for all a,b € A.

By a derivation on a ring A, we mean a derivation A — M for some A-
module M, and by a derivation of a ring A, we mean a derivation A — A.
The set of all derivations A — M is written as Der(A, M). The set of all
derivations A — A is written as Der(A).

Let R be a ring. If A is an R-algebra, then d € Der(A, M) is said to be
an R-derivation if d is an R-module homomorphism. The set of all R-
derivations A — M is denoted by Derg(A, M). We represent the set of all
R-derivations A — A by Derg(A).

Some Properties of Module of Derivations

1. Der(A, M) becomes an A-module in a natural way, with D; 4+ Dy and
aD; defined as

(D1 + Dy)(a) = Dy(a) + Do(a),

Darboux Polynomials and Simple Derivations Ph.D. Thesis
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Preliminaries 9

and

(aDq)(b) = aD;(b),

for all a,b € A and Dy, Dy € Der(A, M). Clearly, Derg(A, M) is an
A-submodule of Der(A, M). Note that Der(A) = Derz(A).

2. If D € Derg(A, M), then by using induction on 7, one can see that

for a € A and non-negative integer n,
D(a™) = na" ' D(a).

More generally, for ay, ... a,, € A and non-negative integers nq, ..., n,,

we have

7t
D(a;™ ...a,"") = E niar™ ... a1 e  ag ML a " D (ay).
i=1

3. If D € Derg(A), then we have Leibniz formula for powers of D (here,

power means the composition of maps).
n n . .
D"(ab) = D'(a)D""(b).
@ =3 (7)r @

If A has characteristic p > 0, where p is a prime, then the above

expression becomes
DP(ab) = bDP(a) + aD"(b),

and hence DP is also a derivation of A.

4. If Dy, Dy € Der(A), then [Dq, Ds] = Dy Dy— D5 Dy is also a derivation
of A. Thus, [Dy,Dy] € Der(A). It is, therefore, immediate that
Der(A) together with [, ] becomes a Lie algebra.

Example 1.2.2. Let x be an indeterminate. Define d : Alx] — Alz] by

d (Z aixi> = Zz’aixi_l. Then d is a derivation of Alx].

=1

Darboux Polynomials and Simple Derivations Ph.D. Thesis
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Preliminaries 10

In this thesis, we shall denote it by 0, and call it the partial derivative with

respect to x.

Example 1.2.3. Consider the polynomial ring Alx,y]|, in two variables x
and y over a ring A, then the partial derivative map 0, : Alx,y| — Alz,y]
is a derwation which is Aly|-linear. Hence 0, € Der ap(Alz,y]).

Remark 1.2.4. Let x be an indeterminate and let d be a derivation of A.

Then d extends to a derivation of Alx] by assigning arbitrary value to d(z).

Next two lemmas are elementary observations.
Lemma 1.2.5. Let d be a derivation of A. Then d(1) = 0.

Lemma 1.2.6. Let d be a derivation of A, and let 6 be an automorphism
of A. Then 0d0~! is also a derivation of A.

Remark 1.2.7. Let k be a ring and A be a k-algebra. Assume that the
set S gemerates A as a k-algebra. Let d be a k-derivation of A. Then the

derivation d is completely determined by its values on S.

Derivations in Polynomial Rings

We now discuss k-derivations of the polynomial ring k[z1,...,z,] and of
the field of fractions k(z1,...,x,) of k[zy,..., x,].

Let k[X] = k[x1,...,x,] be the polynomial ring over k. For each i, the
partial derivative 0., is a k-derivation of k[X]. It is the unique derivation
of k[X] such that d(z;) = 1 and d(x;) = 0 for all j # . As a consequence

of the above facts, we get

Theorem 1.2.8 ( [Now94]). Let k[X] = k[z1,...,x,] be the polynomial

ring over a ring k.

(1). If fi,..., fn € k[X], then there exists a unique k-derivation d of k[X]
such that d(x1) = fi,...,d(x,) = fn. This k-derivation is of the form:

Darboux Polynomials and Simple Derivations Ph.D. Thesis
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Preliminaries 11

In this case, d is also written as (f1,..., fn)-
(2). Derg(k[X]) is a free k[X]-module of rank n with basis {0y, ..., 0, }.
(3). 01,0y, = 04,0y, for alli,j € {1,...,n}.

(4). If d € Dery,(k[X]) and f € k[X], then

The following theorem extends the above result to the quotient field of

klxy, ..., )

Theorem 1.2.9 ( [Now94]). Let k(xy,...,x,) be the quotient field of k|x1, . .., x,).

(1). If fi,..., fn € k(x1,...,2,), then there exists a unique k-derivation
d of k(xq,...,x,) such that d(z1) = fi,...,d(z,) = fo. This k-

derivation is of the form:
d= fi0p + ...+ fnOs,.

In this case, d is also written as (f1,..., fn)-

(2). Derg(k(xy,...,2,)) is a free k(z1, . .., x,)-module of rank n with basis

{05, v, Ol
(3). 01,0, = 04,0y, for alli,j € {1,...,n}.

(4). If d € Dery(k(z1,...,x,)) and f € k(zq,...,x,), then

Ring of Constants

We now define the ring of constants from [Now94].
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Definition 1.2.10 (Ring of constants). Let © be a family of derivations
of A. Then the ring of constants of A with respect to ® is defined to be the

set
{a€Alda)=0VdeD},

and is denoted by A®.

Note that this set is a subring of A and is also called the ker(®). If A is a
k-algebra and @ is a family of k-derivations of A, then A® is a k-subalgebra,
of A. If A is a field, then A® is a subfield of A. If ® has only one element,
d, then we write A% instead of A{#. It is evident that A® = Nyep AL

We now recall some elementary results about the ring of constants of A

with respect to a family of derivations of A.

Proposition 1.2.11. ( [NN88, Lemma 2.1]) Let k be a field of characteris-
tic zero and A be a k-domain. If © s a family of k-derivations of A, then
A® is integrally closed in A.

Proof. Let a € A be an integral element over A® and let f(x) = 2" +
biz" 1+ +b, 12+b, € A®[x] be a monic polynomial such that f(a) = 0
that is

a"+ba" 4+ b,a+ b, =0.

We choose n to be minimal among the degrees of all such elements of A®[x].
If d € ®, then

0 = d(0) = d(f(a)) = fu(a)d(a),

where f,(a) denotes the value of 0,(f) at © = a. Clearly, f.(a) can not be
zero (because n is minimal and char(k) is zero). As A is a k-domain, we
get d(a) = 0, that is a € A? for every d € . Thus, a € Ngep A? = A®.

]

Proposition 1.2.12. ( [Now94, Proposition 3.1.4]) Let k be a field of char-
acteristic zero. If ® s a family of k-derivations of a field L containing k,
then the field L® is algebraically closed in L.
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Remark 1.2.13. These results are not true if A is an integral domain of
characteristic p > 0. For example, take A = kx|, where k is a field of

characteristic p > 0 and d = 0,, then A = k[xP], not integrally closed in
A.

d-differential Ideal

Definition 1.2.14 (d-differential ideal). Let d be a derivation of A. An
ideal I of A is called a d-differential ideal (or d-stable ideal or d-ideal or
d-invariant ideal) if d(I) C 1.

An ideal is said to be a maximally d-differential ideal if it is a maximal

element of the family

F ={J C A| Jis a d-differential ideal of A}.
By Zorn’s Lemma, .# has a maximal element.

We now recall the following lemma from [AMG69].

Lemma 1.2.15 ( [AMG69]). Let I be a proper ideal of A. Then {P €
Spec(A)|I C P} has minimal elements.

The lemma leads to the following definition:

Definition 1.2.16 (Minimal Prime Ideal). Let I be a proper ideal of A. A

prime ideal p of A containing I is said to be a minimal prime ideal of I if

it is a minimal element of the family {p € Spec(A)|I C p}.
The minimal primes of the zero ideal are called the minimal primes of A.
If A contains a field of characteristic zero, then Y. Lequain proved that

all minimal prime ideals of a d-differential ideal are d-differential [Leq71].

Therefore, a maximally d-differential ideal is a prime ideal.

Example 1.2.17. Ideals (0) and A are d-differential ideals of A.
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Example 1.2.18. Consider k[z,y] and I = (x*> + y). Let d be the k-
derivation with d(z) = x and d(y) = 2y. Then d(I) C I and hence I is a
d-differential ideal of k[z,y].

Remark 1.2.19. (1). Let A be a ring and d be a derivation of A. If I and
J are d-differential ideals of A, then so are I.J and I + J. Note that
the intersection of any arbitrary family of d-differential ideals is again
a d-differential ideal.

(2). If d is a derivation of A and [ is an ideal of A, then d(I") C I"™! for
all n > 1. Therefore, the ideal M, >¢I" is a d-differential ideal.

Lemma 1.2.20. Let (A,m) be a local ring and d be a derivation of A.

Then A has a unique mazimally d-differential ideal.

Proof. If possible, suppose A does not have a unique maximally d-differential
ideal. Let I; and I, be two maximally d-differential ideals of A. Clearly,
I + I, is also d-differential ideal and I1 + I, C m as [;, I, € m. Therefore,
I, + I, is a proper d-differential ideal of A; hence Iy = I1 + I, = I. This

is a contradiction. ]

The following result gives d-differentiability of minimal primes of a d-

differential ideal.

Lemma 1.2.21. ( [Kap76, Lemma 1.8]) Let A be a ring containing a field
of characteristic zero and d be a deriwation of A. Let I be an ideal of A.
Then

1. If I is a d-differential ideal, then v/I and all minimal prime ideals of

I are also d-differential.
2. If I is mazimally d-differential, then I is a prime ideal of A.
3. If (0) is mazimally d-differential, then A is an integral domain.

Definition 1.2.22 (Simple Derivation). If A has no d-differential ideal
other than (0) and A, then A is called d-simple, and the derivation d is

called a simple derivation.
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Example 1.2.23. Let x be an indeterminate over k and A = k[x]. Then

the derivation 0, is a simple derivation of A.

Example 1.2.24. If k s any field of characteristic p > 0, and if d s
any derivation of klxy,..., x|, then d(x,?) = 0; and hence (x,*) is a d-

differential ideal of d. So, d can not be simple.

In this thesis, we shall consider the field k of characteristic zero.

Definition 1.2.25 (Equivalent Derivations). Two k-derivations, d, and ds
of a k-algebra A, are said to be equivalent if there is an automorphism
o € Auty(A) such that dy = odyo™!.

Remark 1.2.26. If dy and dy are equivalent derivations, then dy is simple

if and only if dy 1s simple.

Example 1.2.27. The derivations 0, and 0, of k[x,y| are equivalent deriva-

1

tions as 0y = 00,0~ ", where o € Auty(k[z,y]) given by

olz)=z+y, o(y) =x.

Example 1.2.28 ( [MMONO1]). Let f,g,h € klz] and let d,6 be deriva-
tions of klz,y| given by

d=0,+ (V" + fy+9)0y,
and

=0+ (V+ (f+2h)y+g+h>+ fh—1)0,

then § = odo™", where o : klx,y] — k[z,y] is a k-automorphism given by

o(x) =z and o(y) =y — h. Hence d and § are equivalent derivations of
klz,y].

Example 1.2.29 ( [Now94]). Let d and 0 be two k-derivations of k[x,y, z]

given by
d = 20, + Y0, + 20.,
and
§ =20, + (y — 2°)0, + (2 — ¥ + 22°y)0.,
Darboux Polynomials and Simple Derivations Ph.D. Thesis
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then d and 0 are equivalent derivations of klx,y,z] as 6 = odo™", where

o € Autg(k[z,y, z]) given by
ox) =z, oly)=y+a*, o(z)=z+y"

Theorem 1.2.30. Let k be an algebraically closed field. Consider the fol-

lowing derivation of klz,y|

0

0
D= f(x) +g(x,y)8—y,

Ox

where f € k[z] \ k and g € k[z,y]. Then D is not a simple derivation of
klz,y].

Proof. Since k is algebraically closed, so every polynomial can be expressed
as a product of linear polynomials. Let z — a be a linear factor of f(x) and
f(z) = (z — ) fi(z) then, we see that

D(z —a) = f(z) = fi(z)(z - a).

Thus, (xr — «) is a D-differential ideal; hence D is not simple. ]

Darboux Elements

Definition 1.2.31 (Darboux element). A nonzero, non-unit element f €
A is said to be a Darbouz element of d if d(f) = Af for some A € A.
This element X is called a cofactor of the Darbouz element f. If A is a
polynomial ring, then this f is called a Darboux polynomial, and X is called
a polynomial eigenvalue. If X\ is a monomial, then f is called the Darbouz

polynomial of d with a monomial cofactor.

Proposition 1.2.32. The product of two Darboux elements of a derivation

d is either zero or a Darboux element of d.

Proof. Let f and g be two Darboux elements of a k-derivation d with
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cofactors A and u, respectively, i.e.,

d(f) = Af and d(g) = ug.

Let fg # 0. Then

d(fg) = fd(g) +gd(f) = A+ p)fg.

Hence, fg is also a Darboux element of k-derivation d. m

Remark 1.2.33. Let A be a unique factorization domain containing a field
k of characteristic zero and d be a k-derivation of A. If f is a Darboux
element of d, then all its wrreducible factors and hence all factors of f are
also Darboux elements of d. It is a consequence of the result of [Leq71]: all

mainimal prime ideals of a differential ideal are differential ideals.

Thus, looking for Darbouz polynomials of a given k-derivation d (where k

is a field of characteristic 0) reduces to looking for irreducible ones.

Proposition 1.2.34. ( [Now94, Proposition 2.2.2]) Let k be a field of char-
acteristic zero and x1, . . .,x, be indeterminates. Let d be a k-derivation of
k(xy,...,2z,) such that d(klxy,...,z,]) C klz1,...,2,]. Let f and g be
non-zero coprime polynomials of klxy,...,x,]. Then f/g € k(z1,...,1,)?

if and only if f and g are Darbouz polynomials with the same cofactor.

Example 1.2.35. (1). If f € A% is a non-zero and non-unit in A, then f

is a Darboux element of d with cofactor 0.

(2). Let f = 2?+y € k[z,y] and d be a k-derivation of k[z,y] with d(z) = =
and d(y) = 2y. Then d(f) = 22 + 2y = 2f, which shows that f is a

Darboux polynomial with eigenvalue 2.

(3). Let f = xy? — yx? € k[z,y] and let d be a k-derivation of k[z,y] such
that d(x) = 2% and d(y) = 2, then d(f) = 2(z + y)f, which shows
that f is a Darboux polynomial with eigenvalue 2(z + y).

(4). [Now08] Let d = 0, + (y°* + px)0, where p(# 0) € k be a derivation
of k[z,y]. If we take s =0, then d(y — z — ipaz?) = 0 so y — x — 1pz?

is a Darboux polynomial with cofactor zero.
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(5). [Now08] Let d = 0, + (y* + px)0, where p(# 0) € k be a derivation of
klz,y]. If we take s =1, then d(y+px+p) =y+pr+p,soy+pr+p
is a Darboux polynomial with cofactor 1.

Shamsuddin Derivations

We quote the definition of Shamsuddin derivation and discuss some results
related to Shamsuddin derivation from [Leq08].

Definition 1.2.36 (Shamsuddin derivation). A derivation d of k[z1, ..., x,]
is called a Shamsuddin derivation if it has the following form:

d = aazl in (a2$2 + b2) axz + o+ (anxn + bn) axna

where a;, b; € k[xq], for every i =2,... n.
Remark 1.2.37. Not all Shamsuddin derivations are simple.

Example 1.2.38. Consider the following Shamsuddin derivation of k|x, y]

d =0, + (zy)0,.

Then d is not simple because (y) is a d-differential ideal.

Example 1.2.39. Consider the following Shamsuddin derivation of k[z,y, z|

d= 0, + (zy +1)0, + (xz + 1)0,.

Then d is not simple because (y — z) is a d-differential ideal (as d(y — z) =
z(y —2)).
At this stage, we can ask the following question

Question 1.2.40. Does there exist a necessary condition for a Shamsuddin

derivation to be simple?
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Y. Lequain answered the question by giving an algorithmic characterization

[Leq08].

Theorem 1.2.41 ( [Leq08]). It is possible to decide (effectively) when a

Shamsuddin derivation
d = 0y, + (agxe 4 b2) Oy + + -+ + (anxy + by) Op,

1s simple. One has to compute some invariants of the polynomials a;, b; €
k?[flfl]

There are many simple derivations that are not Shamsuddin. For example,

consider the following derivation of k[z1, ..., z,].

Example 1.2.42. ( [Now94, Example 13.4.3]) Let d be the k-derivation of
klxy,...,x,] given by

1=2

Then d is simple, but not Shamsuddin.

Isotropy Subgroup

We give the definition of the Isotropy subgroup.

Definition 1.2.43 (Isotropy Subgroup). We denote by Auty (klx,y]) the
group of k-automorphisms of klx,y]. Let Auty (k[z,y]) act on Dery (k[z,y])

by:

(0,d) — o todoo =0 do.

Fiz a derivation d € Dery(k[x,y]). The isotropy subgroup, with respect to

this group action, is defined as
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Aut Kz, 9)), = {p € Auty (K[, y)) | p~'dp = d}

In Propositions 1.3.7 and 1.3.8, we shall discuss the results by Baltazar
and Bertoncello et al., respectively, which say that the isotropy subgroup
of a simple Shamsuddin derivation is trivial. In Proposition 1.3.9, we shall
discuss a result by Baltazar, which states that an element of isotropy sub-
group of a simple derivation of k[xq, ..., z,] will be trivial if it satisfies a

condition.

Lie Algebra

We present the definition of Lie algebra.

Definition 1.2.44 (Lie algebra). Let M be an A-module. A map [, | :
M x M — M sending (x,y) — [x,y] is called a Lie bracket if it satisfies

the following conditions:

(a). [, ] is bilinear,
(b). [x,x] =0 for allz € M,

(c). [z,[y,2]] + [y, [z, 2] + [z, [, y]] = O for all z,y,z € M.

An A-module M together with [, | is called Lie algebra.

Example 1.2.45. Let M be an A-module. The simplest example of Lie
algebra is given by defining the Lie bracket [z,y] = 0 for all z,y € M. A

Lie algebra satisfying this condition is called abelian.

Example 1.2.46. Let M,(A) denote the ring of n X n matrices over A.
Then the Lie bracket [x,y] = xy — yx for all x,y € M,(A), makes M,(A)

into a Lie algebra.
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As discussed already in §1.2 on page 9, we know that Der(A) is also a
Lie algebra with Lie bracket defined as [Dy, Ds] = D1Dy — Dy Dy for all
Dl; DQ € Der(A)

1.3 Properties of Simple Derivations

In this section, we present some properties of simple derivations. We also

provide proof of some results for the sake of completeness.

Proposition 1.3.1 ( [Now94]). Ifd is a simple k-derivation of a non-zero
k-algebra A, then A (the ring of constants of d) is a field.

Proof. Let r € A%\{0}. Then d(r) =0 € (r), and thus (r) is a d-differential
ideal of A. As d is a simple derivation of A, the ideal (r) = A. Hence sr = 1,
for some s € A. But then

d(s) = 1d(s) = srd(s) = sd(rs) = sd(1) = s0 = 0.

Thus s € A%, so r is invertible in A9. H

Proposition 1.3.2 ( [Now94]). Assume that Q C k. If d is a simple

k-derivation of a non-zero k-algebra A, then A is a k-domain.

Proof. Let p be a minimal prime ideal of A. Since Q C k, p is a d-ideal of A
(Lemma 1.2.21). Therefore, 0 = p is a prime ideal of A. Hence A/{0} ~ A

is a domain. ]

Lemma 1.3.3 ( [Now94]). Let k C k" be a field extension and A be a k-
algebra. Let d be a k-derivation of A. Consider the k'-algebra A @y k' and

define a K'-linear map
AdR1: ARk — A K,

given by (d®1)(a®@a) = d(a)®«a, for everya € A and o € k'. Then d® 1
is k'-derivation of A ®y k'.
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Proof. To show that, d ® 1 is k’-derivation, it suffices to show that d ® 1
satisfies Leibniz condition. Let a = )77  a; ® o; and b = 25:1 b; ® B; be
the two elements of A ® k' , then ab=>"7 | Z§'=1 a;b; ® o, B;. Therefore,

= Z Z d(azb]) X aiﬁj

:ZZ a;d(b;) + b;d(a;)) ® aif;

:ZZaZ ®a2ﬁ]+22bdaz ® a;3;

= ; z; (a; ® o) (d(bj) ® B;) + z_; i (b; ® B;) (d(ai) ® ;)
:Zsli(ai@ai)(d@) b ® B;) +le i 6) (d®1) (a; ® o)
:il(a@ai)i(d@l)( ® B;) +Z (b; ® ;) Zl(d®1)(ai®ai)

=a(d®1)(b) +b(d®1)(a)
Thus, (d ® 1)(ab) = a(d ® 1)(b) + b(d ® 1)(a). This shows that d ® 1 is a
k'-derivation. O

Proposition 1.3.4 ( [Now94]). Let k C k' be a field extension and d is a
k-derivation of a k-algebra A. Then

(1). A is finitely generated over k if and only if AQxk' is a finitely generated

algebra over k.
(2). A=k if and only if (A @y k')t =K'

Proposition 1.3.5 ( [Now94)). Let k C k' be a field extension, and d be
a k-derivation of a k-algebra A with A* = k. Consider the k'-derivation
d®1 of K'-algebra A @y k'. Then d is simple if and only if d® 1 is simple.

Proof. Assume that d is a simple derivation of A and let I’ be a nonzero
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d ® 1-differential ideal of A ®; k’. Consider the following set
I={aceA|la®lel}l.

It is clear that I is a d-differential ideal of A. But d is a simple derivation,

soeither [ =Aor I ={0}. f I=A,then1®1€ ', sol' = A k.

Suppose now that I = {0}. Let B’ = {w; | ¢ € A} be a basis of k' over k
containing 1. Every nonzero element of A®; k' has a unique representation

of the form

a1 QW+ a @ Wy + -+ + 4y @ Wy,

where n € N, aq,...,a, are nonzero elements of A and ws,...,w, are
pairwise different elements from the set B’. Since I’ is nonzero, there

exists a nonzero u € I'. Let
U=0 QW + G @ Wy + -+ + Ay Q@ Wy,

with n and aq,...,a, as above, and assume that n is minimal. If n = 1,
then
a®l=10w ) a@w) €T,

and we have a contradiction as 0 # a; € I = {0}. Thus n > 2. Let J
be the smallest d-differential ideal of A containing a;. Since d is simple

derivation of A, J = A and hence

spai + sid(ay) + 32d2(a1) + -+ s dP () =1,

for some sg, s1,...,5, € A.
p .
Let v = §(u), where § = Z sj(d®1)’. Then v is a nonzero element of I’
=0
of the form

v:1®w1+t2®w2+~-+tn®wn,
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for some to,...,t, € A. But the element
w=(d®1)(v) =d(ts) ® ws + - - + d(t,) @ wy,

is also in I’. Therefore, by the minimality of n, w = 0, that is ty,...,t, €
A? = k. Thus, we have v = 1®t, where t = w; +tows+ - - - +t,w,. Clearly,
t # 0. Hence I’ contains a unit. This completes the proof of the first part.

Assume now that d ® 1 is simple. Let I be a nonzero d-differential ideal of
A. Then I ®; k' is a nonzero d ® 1-differential ideal of A ®;, k’; therefore,
I ®, k' = A®, K. Consider the sequence I —+ A — 0 of A-modules. Since
Ik — AR, K — 0 is exact and &’ faithfully flat over k£, it follows that
I - A — 0 is exact, so [ = A. O

Proposition 1.3.6. ( [MMONO1, Propoposition 10.1]) Let k C k" be an
extension of fields (of characteristic zero), and let d be a derivation of
klxy,...,x,). Consider the derivation d' of K'[x1, ..., x| such that d'(z;) =
d(x;), for i =1,...,n. Then d is simple if and only if d' is simple.

Proof. We may identify klzi,...,x,] ® k" as K'[z1,...,z,] and d® 1 as
d’. Suppose d’ is simple. Then by Proposition 1.3.1, k'[z1,...,2,]¢ is a
field, so K'[z1, ..., 2,]* = k', so k[x1,...,2,]¢ = k by Proposition 1.3.4(2).
By Proposition 1.3.5, d is simple. Conversely, suppose that d is simple.
Then by Proposition 1.3.1, k[z1,...,2,]? is a field, so klzy,...,2,]¢ = k,

so Proposition 1.3.5 implies that d' is simple.

]

Proposition 1.3.7 ( [Ball6]). Let D be a Samsuddin derivation of klz,y].
If D is a simple derivation of k[z,y], then

Aut(klz,y])p = {id}.

Proposition 1.3.8 ( [BL20]). If d is a simple Shamsuddin derivation of

the polynomial ring klx1, ... ,x,],n > 2, then its isotropy group is trivial.

Proposition 1.3.9 ( [Ball6]). Let D € Derg(k[x1,...,2,]) be a simple

deriwation, and p € Aut(k[z1,...,z,])p be an isomorphism in the isotropy
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subgroup. Suppose a mazimal ideal m C klxry, ..., x,| exists such that

p(m) =m, then p = id.

Proposition 1.3.10 ( [Koul2]). Let k be an algebraically closed field of
characteristic zero and let d be a k-derivation of k[x,y| such that (dz,dy) =

klx,y]. Then the following statements are equivalent:

1. d is a simple derivation of k[x,y];

2. d has no Darboux element.

Proof. 1t is trivial that if d is simple, then d has no Darboux polynomial.

Now, assume that d is not simple. Then there exists a proper nontrivial
d-differential ideal of k[z,y] and hence, by Lemma 1.2.21, a nontrivial d-
differential prime ideal p of k[z,y]. If p is a maximal ideal, then p =
(x — a,y — B) for some a, f € k as k is an algebraically closed field. As
d(p) C p, we have d(z) = d(z — «) € p and d(y) = d(y — ) € p but
(dz,dy) = k[x,y] and hence p = k[z,y|, a contradiction.

Hence p is not maximal. This means that p is of height one. Since in k[z, y],

all height one prime ideals are principal, d has a Darboux element. O

Remark 1.3.11. Proposition 1.3.10 remains valid when k is not assumed
to be algebraically closed. (This is a consequence of Proposition 1.3.12, see
below.)

Lemma 1.3.12. Let k be a field of characteristic zero. Let A be a k-algebra
and m a mazimal ideal of A with the property that A/m is an algebraic

extension of k. For any k-derivation d of A, we have dim) C m <=
d(A) C m.

Proof. 1t is obvious that if d(A) C m, then d(m) C m. Now, suppose that
d(m) C m. Let a € A. Since the element a = a+m of A/m is algebraic over
k, we may consider its minimal polynomial P(z) € k[x]. Since P(a) = 0
and P'(a) # 0 (where P’'(x) is the usual derivative), we have P(a) € m and
P'(a) ¢ m. So m 3 d(P(a)) = P'(a)d(a) and consequently d(a) € m. [
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Proposition 1.3.13. Let k be a field of characteristic zero. Let A be a
UFD and a finitely generated k-algebra of Krull dimension 2, and let d be
a k-derivation of A such that (d(A)) = A. Then d is simple if and only if

it has no Darboux element.

Proof. 1t is trivial that if d is simple, then d has no Darboux polynomial.

Conversely, since A is finitely generated k-algebra, every maximal ideal m
of A has the property that A/m is algebraic over k. So Lemma 1.3.12
implies that no maximal ideal m of A is d-differential. If d is not simple,
then there exist a nonzero prime ideal p of A that is d-differential, and this
p is not maximal by the preceding sentence. So p has height 1 and hence

is a principal ideal, say p = (f). Clearly, f is a Darboux element of d. [

Proposition 1.3.14. ( [MMONO1, Proposition 2.1]) If d : k[z,y| — k[z, ]
is a derivation such that d(z)=1, then d is simple if and only if d has no

Darbouz polynomial.

1.4 Applications of Simple Derivations

In this section, we present some applications of simple derivations.

1. Simple derivations are useful in the construction of simple noncom-

mutative rings which are not field.

Let A be a k-algebra and d be a k-derivation on A. Extend d to the
polynomial ring Alz| by setting d(z) = 0. Let 0, denotes the partial
derivative with respect to x. Using d, and the usual addition and

multiplication in Alz], we define another multiplication * in Alz| as
follows: For f,g € Alz], let

P St

1=0

where n = deg,(f). We write S = A[z;d] to mean that
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For a € A, note that « * a = ax + d(a) and a * © = ax. Therefore, if

d is nonzero, then * is always noncommutative.

Such aring S is called a skew polynomial ring or Ore extension of
A with respect to the derivation d. We remark that the Ore extension
also has a more general definition which involves a ring endomorphism
of A, see [Ore33].

In the following proposition, K. R. Goodearl and R. B. Warfield, Jr.
constructed a simple noncommutative ring, i.e., A[z;d], whenever d

is a simple derivation of A.

Proposition 1.4.1. ( [GWO04, Proposition 2.1]) Let A be a ring and
d a derivation of A. Then the skew polynomial ring Alx; d] is a simple
ring (that is, Afz;d] has no two-sided ideals other than 0 and A[z;d])

if and only if d is simple.

2. Simple derivations can be used to construct simple Lie rings.

Recall that a Lie ring L is said to be simple if it has no Lie ideals
other than 0 and L. Denote by A, the Lie ring whose elements are

the elements of A, with the product defined as following

la,b] = ad(b) — bd(a),

for all a,b € A. In this situation, C. R. Jordan and D. A. Jordan
have proved the following theorem [JJ78].

Theorem 1.4.2. [JJ78, Theorem 3] With the notations as above,
suppose A is noetherian. Then Aq is a simple Lie ring if and only if

A is d-simple.

A. Nowicki further extended this result to non-noetherian rings [Now85].
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3. Simple derivations can be used to check the regularity of a ring.

A. Seidenberg showed that if A is a finitely generated domain and d
is simple, then A is regular [Sei67].

R. Hart showed that if A is a finitely generated local domain, then A

is regular if and only if there exists a simple derivation of A [Har75].

4. Simple derivations have been used intensively in constructing non-
holonomic irreducible modules over Weyl algebra. Let A, be the
second Weyl algebra, i.e., the ring of differential operators over the

polynomial ring k[z, y] and
d=0,+ fo,,

where f € k[z,y|, be a simple k-derivation of k[z,y]. Then, it has
been proved in [DSDLRO6] that there exists a polynomial g € k[z, y],

such that is a simple nonholonomic As-module. This result

2
As(d + g)
is also mentioned in [Cou07]. This is a consequence of the following

equivalent statements.

Theorem 1.4.3 ( [DSDLRO06]). Let d = 0,+ f0,, with f € k[z,y], be
a derivation of k[x,y]. Let g € k[z,y|. Then the following statements

are equivalent:

(a) As(d+ g) is a maximal left ideal of As.

(b) d+ g does not admit any Darboux operator in k[z, y](9,).
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Chapter 2

Non-existence of Darboux
Polynomial with Monomial
Cofactor of Some Polynomial

Derivations

In this chapter, we consider the following class of k-derivations
Y0, + (" + gy + ¢)0y, where r € N, g(x), ¢(x) € k[z]

and we prove that there is no Darboux polynomial with monomial cofactors

for these derivations.

!The results in this chapter are communicated for a possible publication [Kes23].
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2.1 The Derivations yd, + (y" + gy + ¢)9, of
klz, y]

In this section, we consider the k-derivation of the form D = yo, + (y" +
gy+c)0,, where r € N, g(z), c(x) € k[z]. We show that if r # 3, degg > 1,
and ¢ € k*, then D does not have a Darboux polynomial with monomial
cofactor. If r = 3, then D does not have a Darboux polynomial with
monomial cofactor if degg > 2 and ¢ € k*. In this section, we prove the

following two theorems.

Theorem 2.1.1. Let D = y0, + (y" + gy + ¢)0,, where r € N, r # 3,
and g(z), c € klx], with degg > 1 and ¢ € k*, be a k-derivation of k[z,y].
Then the derivation D does not have a Darboux polynomial with monomial

cofactor.

In the following remark, we give an example to show that conditions on
r and g are necessary. For example, for »r = 3 and degg = 1, then the

following derivation has a Darboux polynomial with monomial cofactor.

Remark 2.1.2. Ifdegg = 1, then f = x — y? is a Darboux polynomial of
D =y0, + (y* — ay + 3) 0, with cofactor 2y>.

D(f) = (yax + <y3 —xy + %) 3y> (z —y?)

1
= y0,(x — y2) + <y3 —xy + 5) Oy(x — y2)

=y —2y" +21y* — y = 2y°(z — °)

= D(f) =2y*f

If we replace the condition degg > 1 with degg > 2, then the following

theorem covers the case r = 3.

Theorem 2.1.3. Let D = yd, + (y* + gy + ¢)9,, where g(z),c(z) € k[z],
with deg g > 2 and ¢ € k*, be a k-deriwvation of k[x,y]. Then the derivation

D does not have a Darboux polynomial with monomial cofactor.
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2.1.1 The Non-existence of Darboux Polynomial of D
In this section, we prove Theorems 2.1.1 and 2.1.3.

Proof of Theorem 2.1.1. Let f be a Darboux polynomial of D with mono-

mial cofactor \. Write f = Zbiyi € k[z]ly] with bs € k[z] be nonzero.
i=0
Then, we have

— Y <Z byyﬂ) + (" +9y+c) (Z @'biyi—1> - (Z bz-yi> '

=1

In the following lemma, we prove that s > 1.

Lemma 2.1.4. f is a non-constant polynomial in y over klx], in particular,
deg, f = 1.

Proof. 1f f € k[x] then yf, = \f, so f | yf.. Since f € k[z] and f | yf.,
we obtain f | f,, so f, = 0 and hence f € k, which is not possible because

f is a Darboux element. O]

Claim. by # 0.

Indeed, if by = 0 then y | f, so y is a Darboux polynomial of D by Remark
1.2.33. However, D(y) = y" + gy + ¢ where ¢ € k*, so y is not a Darboux

polynomial, which is a contradiction and hence by # 0 is proved. O

If r = 1, then the derivation D becomes y0d, + ((¢ + 1)y + ¢) 9,. For this
derivation, D. Yan has already proved that D does not have a Darboux
polynomial [Yan19]. So we may assume that » > 2 throughout the remain-

der of the proof.
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Substituting r = 2 in (2.1.1), we obtain

y (Z b/g/> + @2 +gy+o (Z ibiyi1> = A (Z by> . (212)

i=

The coefficient of *! in the left-hand side of (2.1.2) is by’ +sb,. If by +sbs =
0 then b, | by, so by’ =0, so b, € k* and sby = b, + sbs = 0, which implies
that s = 0, contradicting Lemma 2.1.4. So b,’ + sb, # 0.

Equating the highest power of y terms on both sides in (2.1.2), we get

by'y*™ 4 sbyy*Tt = Abgy® == b, = (b + sby)y

— b, | (b + sby)

= b, | b
— by, € k.
Therefore, for r = 2, we have
A =sy=sy*!

If r > 3, then equating the highest power of y terms on both sides in (2.1.1),
we have

sbey T = Aoyt = A =sy" L

Thus, for r > 2, we have A = sy"~!. Thus, if D has a Darboux polynomial

with monomial cofactor \, then X is of the form sy .
Hence, (2.1.1) becomes

y (Z b/y") +(y +gy+c) (Z ibz-y"‘l)
1=0

=1

= sy (Z biyi) . (2.1.3)
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From (2.1.3), comparing the the term free from y, we obtain

Lemma 2.1.5. (a) s > 3 and there exists ¢ such that 1 <i < s and b; #
0.
(b) deg, f >r,ie,r <s.

We postpone the proof of this lemma to §2.1.2.

Lemma 2.1.6. degyf >4, i.e,s>4.

We postpone the proof of this lemma to §2.1.2.

Again, from (2.1.3), for 1 < ¢ < r — 2, comparing the coefficients of ¥, we
get

And for r — 1 < i < s — 1, comparing the coefficients ¢, we obtain

(bifl), -+ (Z —7r+ 1)bi_7«+1 -+ Zblg T (Z —+ 1)Cbi+1 = Sbi_r+1. (216)

Again, equating the coefficients of y* and y*™! from (2.1.3), we get

(bs—1) + (5 — 7+ 1)bs_pp1 + 5byg = 8bs_r 41
= (bs_1) + sbsg = (r — )bs_r11 (2.1.7)
bs/ + (8 —r+ 2)bsfr+2 = Sbsfr+2

— b = (r — 2)bs_r 4. (2.1.8)

If r > 4, then we compare the coefficients of ¢, for s +2 < i < s+ 1 — 2
in the (2.1.3), we obtain
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(Z -7+ 1)bi—r+1 = Sbi—r—l-l - (S +r—1— 1)bi—r+1 =0. (219)

We have already shown that by # 0 . Thus, by is either a nonzero constant
or a non-constant polynomial. In both cases, we will obtain a contradiction.

A summary of these cases is depicted in Figure 2.1.

Case 1. by is a nonzero constant.
Using the following lemma, we obtain a contradiction in each of the sub-

cases below, based on deg, f. We postpone the proof of this lemma to
§2.1.2.

Lemma 2.1.7. Ifby € k* then

1. For1<i¢<r—1,0b;=0.

2. Forr <i<s, degb;, = (i —r)degg.
Therefore, f reduces to
f=bg+by" + by ™+ byt by
Sub-case 1.1. s =r.

Then, is this case, we have f = by + bsy®. By part (a) of Lemma 2.1.5, this

case does not occur.

Sub-case 1.2. s > (r 4+ 1).

If r = 2, then from (2.1.7), we have

(bs_1)" + sbsg = by_1 => degb,_; = degb, + degg. (2.1.10)

From Lemma 2.1.7, we have degbs 1 = (s — 3)degg and degbs, = (s —
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2) deg g. Substituting these values in (2.1.10), we get

(s —3)degg = (s —2)deg g+ degg

= degg = 0.

This contradicts the fact that degg > 1.

If > 4, then by Lemma 2.1.7, we see that degb; 1 = (s—1—7)degg >0
as s > r + 1 in this case, but from (2.1.9), we have b,_; = 0, which is a

contradiction.
Summarizing, we see that if by is a nonzero constant, then D has no Dar-
boux polynomial with a monomial cofactor.

Case 2. by is a non-constant polynomial.

Note that (2.1.5) with ¢ = 1 shows that by = 0 <= b, = 0, so the
hypothesis of Case 2 implies that by # 0. Using the following lemma, we
obtain a contradiction below, based on deg, f. We postpone the proof of
this lemma to §2.1.2.

Lemma 2.1.8. If by € k[x] \ k then for 3 < i <s, degb; = degbs + (i —
2)degyg.

We have seen in Lemma 2.1.5 that » < s. Suppose r = 2. Recall that
s > 4. Then, from (2.1.7)

(bs—1) + sbyg = by_y = degb,_; = degb, + degg. (2.1.11)

By Lemma 2.1.8, we have
degbs_1 = degby + (s — 3) degg,

and
degbs = degby + (s — 2) degg.
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Putting these values in (2.1.11), we have

degby + (s —3)deg g = degbs + (s — 2)deg g + deg g

= degg = 0.

This contradicts the fact that degg > 1.

If » > 4, then from Lemma 2.1.8, we see that degbs, 1 = degby + (s —
3)degg > degg, as in this case, we have s > r, but from (2.1.9), we have

bs_1 = 0, which is a contradiction.

Hence, from all the above cases, we see that D = y0, + (y" + gy +¢)9, does
not have any Darboux element f with cofactor A = sy, where s = deg, f.
Recall, we have already proved that if D has a Darboux polynomial with

monomial cofactor A, then X is of the form sy .

[D =y0, + (Y + gy + )0y, 7 # 3}

i

[Case—l by € k*j [Case—Q by ¢ k:*}

Sub-case 1.1
s=r

i Q
S>r

=9 (=1 (=2 (=4

Figure 2.1: The derivation y0, + (y" + gy + ¢)0y, r # 3
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]

Proof of Theorem 2.1.5. Let f = by + by + bay? + - - - + bsy® € k[z][y] with
bs # 0, be a Darboux polynomial of D, with monomial a cofactor \. Recall
that s > 4. Also, as in the proof of Theorem 2.1.1, the cofactor \ is of the

form sy" ! = sy?, as r = 3, and by # 0.

By Lemma 2.1.8, we have degb; = degbs + (i — 2) degg, for all i > 3. In
particular, deg b, = deg bo+(s—2) deg g and degbs_1 = degbs+(s—3) degg
which implies deg b; = deg b;_1 +deg g. Since deg g > 2 and hence deg b, >
deg b, + 2, equivalently, degb,” > degb,_; + 1, i.e., deg b, > degb,_; but

from (2.1.8), we have by’ = b,_;, which is a contradiction.

Hence, we see that D = yd, + (y* + gy + ¢)9, does not have any Darboux
polynomial f with cofactor A = sy?, where s = deg, f.

[D =90, + (v + gy + c)ay]

s>4

Figure 2.2: The derivation yd, + (y* + gy + ¢)d,

2.1.2 Proofs of the Intermediate Lemmas

We continue to use the notations developed during the proof of the Theorem
2.1.1.
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Proof of Lemma 2.1.5. Using A = sy" !, the equation Df = Af can be

written as

yfe+ @ +gy+o)fy,=sy ' f

s—1
— yfet (gy+fy =5y f =y fy =y (sf —yfy) =y D (s — )by’
=0
= yfet+(gy+o)fy =y ' H, (2.1.12)
s—1
where we define H = Z(s — )by’
=0

(a) Indeed, suppose the contrary. Then f = by + bsy® and H = sbg, so
(2.1.12) gives y(by + bs'y®) + (gy + ¢)sbsy* ! = sboy™ 1, s0

bo'y + csbyy* ™t + sbygy® + by'y"T = sboy" L. (2.1.13)

If s =1 then (2.1.13) reads by + (b’ + big)y + bi'y? = boy"~'. Since
by = 0, we get by'y = boy" ', which implies that by = by'. This is

impossible because by # 0.

If s = 2 then (2.1.13) reads (by' + 2¢bs)y + 2bagy® + by'y3 = 2bpy"™ L.
If by, = 0 then this gives by’ = 2by, which is impossible. So 2byg # 0
and consequently by’ + 2cby = 0, 2bygy* = 2bpy" ' and by’ = 0. One
can see that this implies that » = 3 and deg g = 1, which contradicts
the fact that if » = 3 then degg > 2.

It follows that s > 3. But this is impossible, because the left-hand side
of (2.1.13) contains at least two non-zero terms (csb,y*~! and sbsgy®)
whereas the right-hand side contains only one. This contradiction

completes the proof of the claim.

Since there exists ¢ such that 0 < i < s and b; # 0, and since b; = 0
by (2.1.4), it follows that

s > 3 and there exists ¢ such that 1 < i < s and b; # 0.
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(b) By part (a) of Lemma 2.1.5, it follows that deg, H > 2. So (2.1.12)

gives
r+1<deg,(y"H)=deg,(yfe + (gy +0)f)) <s+1

which proves that r < s.
O

Proof of Lemma 2.1.6. By part (a) of Lemma 2.1.5, we know that s > 3.
Arguing by contradiction, suppose that s = 3. Since by = 0 (2.1.4), we
have f = b+ bay? + bsy?, where b; € k[x] and bs # 0. Since we proved that
r < s, we have r € {2, 3}.

If r =2 then A = sy"! = 3y, so D(f) — A\f = D(by+ bay* + b3y3) — 3y(bo +
boy® + b3y?) can be computed explicitly:

D(f) = Af = bs'y* + (3gbs + by’ —by)y® + (2gba +3cbs)y* + (2¢by + by’ — 3bo )y.

Since the above is the zero polynomial in k[z][y], we have b3’ = 0 and
2gbs 4 3cby = 0. The first equation implies that b3 € k* and the second
gives 2gby = —3cbs, so g € k*, a contradiction. So the case r = 2 is

impossible. If r = 3 then A = sy" ! = sy? and
D(f)—=Af = (bs' —ba)y* + (3gbs+ba" )y + (2gba+3chs — 3bo ) y* + (2cby +bo' ) y.
So by’ — by = 0 and 3gbs + by’ = 0, which implies that 3gbs = —by’ = —b3",

so b3 | b3”, so b3" = 0 and consequently 3gbs = 0, a contradiction. So the

case r = 3 too is impossible. This completes the proof that s > 4. O

Proof of Lemma 2.1.7. We prove these using induction on . From Eqn.
(2.1.4), we have by = 0. Suppose b; = 0, for all 1 <i < m < r — 1, then
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from (2.1.5), we have

(by—1)" + mbpg + (m + 1)byp1c =0

- berl == 0

Hence, by induction b; = 0, for all 1 <7 < r — 1. This completes the proof
of the first part of the lemma.

For the second part of the lemma, substituting i = r— 1 in (2.1.6), we have

(br_a) 4 (r — 1)by_1g + rb,c = sby

Sbo

= b, = — (constant).
re

Thus, degb, = 0 = (r —r) deg g. Suppose that degb; = (i —r) deg g, for all
r <1 <m <s. Then, from (2.1.6), we have

(bme1) + (M =74 Dbpy_ry1 + mbyg + (m + 1) b1 = Sbm_ri1.

Now, since the degrees of (bm,l)' and b,, .1 are less than the degb,,, we

get
degb,,+1 = degb,, + degg
= (m —r)degg +degg
=(m+1—r)degg
Hence, by induction degb; = (i — r) deg g, for all r < i < s. O

Proof of Lemma 2.1.5. We prove this using induction on i. If r = 2, then

from (2.1.6) for i = 2, we have

2bog + 3cbs =0 = degbsz = degby +degyg
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If r = 3, then from (2.1.5) for i = 1, we get by’ + 2¢by = 0, and from (2.1.6)
for i = 2, we get
ngg + 3b30 = Sbo

Note that, for » = 3, deg g > 2 and hence degbyg = degby’g > degby + 1.
Therefore
deg b3 = deg by + deg g.

If r > 3, then from (2.1.5) for ¢ = 2, we have

2029 + 3bsc =0

—> degbs = degby + degg.

Suppose that degb; = degby + (i — 2)degg, for all 3 < i < m < s, then
from (2.1.5) and (2.1.6), we obtain

(bm—l)/ + (m -7+ ]-)bm—r—i—l + mbmg + (m - 1)Cbm+1 =3 Sbm—r-‘,—la

where by,_,41 = 0, for all m < r — 2. Now, degrees of (by,_1)" and by,_pi1

are less than the degb,,g, we get
deg by, 11 = degb,,+deg g = deg bo+(m—2) deg g+deg g = degbo+(m—1) deg g.

Therefore, by the induction, degb; = deg by + (i —2) deg g, for alli > 3. [
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Chapter 3

Some Simple k-derivations of

klz,y]

Let k denotes a field of characteristic zero. In this chapter, we consider the
class of k-derivations 4?0, + (zy + h)d,, where h € k[y], ged(y, h) = 1 and
deg, h < 1 and y0, + (y* + zy + 1)d, of the polynomial ring k[z,y], and
we show that these are simple derivations of the polynomial ring k[x, y]. In

the view of Proposition 1.3.5, we may assume that k is algebraically closed.

3.1 The Derivation y*d, + (zy + h)9, of k[z,y]

Our discussion in this section focuses on the simplicity of the k-derivation
y?0, + (zy + h)9,, where h € kly], ged(y,h) = 1, and deg, h < 1 of
the polynomial ring k[z,y|. For h € k[y], let ©), denote the k-derivation
y?0; + (zy + h)9,. In this section, we prove the following theorem.

Theorem 3.1.1. Suppose h € k[y| be such that ged(y, h) = 1, and deg, h <
1. Then ®y, is a simple derivation of k[x,y].

!The results in this chapter are published in [KW24]. .
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We first prove the following Lemma.

Lemma 3.1.2. Suppose h € k[y| be such that gcd(y,h) =1, and deg, h <
1. Then Dy, is simple iff D1 is simple.

Proof. Put h = ay + b, with b # 0. Let o € k be such that o?bh = 1.
Consider the k-algebra automorphism o : k[z,y| — k[z,y] given by o(x) =
a(zr +0b), o(y) = ay. Then 07 'Dy0 = a (y?0, + (xy + 1)d,) = o 'D;.
Therefore, ®), is simple if and only if ©; is simple. O]

Therefore, to prove the simplicity of ®,, = y?0,+(xy+h)d,, where h € k[y],
ged(y,h) = 1, and deg, h < 1, it suffices to prove that ®, = 5?9, + (zy +

1)0, is a simple derivation of k[, y].
Throughout this section we write d for the derivation ®; = y?9,+(zy+1)d,.
We use Proposition 1.3.10 to prove that d is simple.

We now recall the following definition.

Definition 3.1.3. Let f € k(x) be a rational function. Then a point xo € k
is called a pole of order m of f(x), zf% has a zero of order m at xq i.e. if
(= 20)™f(x) € k[x](z_sp) and (x — z0)™ ' f(z) & klz](z—sy). We denote

this number m by pol-ord,—,, f.

We now prove some lemmas.

Lemma 3.1.4. Considering d to be the derivation of k(y)[x], let f =
St o aixt be a Darbouz polynomial of the derivation d in the polynomial
ring k(y)[z] with a, =1 and n > 1. Then a; € kly], for 0 <i<n—1.

Proof. Let p be the cofactor of Darboux polynomial f in the ring k(y)[x],
i.e., d(f) = pf. Thus,

n n

y? Z i 4 (ry + 1)) (a),7" = p Z a;x’, (3.1.1)
i=1 =0 i=0

7

where (a;), denotes the differentiation of a; in k(y) with respect to y.
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Claim 3.1.1. p #0

If possible suppose p = 0 then from (3.1.1), we have

y? Z ia;x' ™t + (zy + 1) Z(ai)ymi =0 (3.1.2)
i=1

=0

Equating coefficient of 2™ in (3.1.2) to 0, we get
Y(an-1)y =0 = (ap-1)y =0

Equating coefficient of "~ in (3.1.2) to 0, we have

2 ny2
ny- + (an,l)y aF y(an,g)y S0— Ap—2 = —T “+ Cp_9

where ¢, € k. Comparing the coefficients of 2”72 in (3.1.2) yields

(n — 1)y?an_,

(n—1)an—1y*+(an—2)y+y(an_3)y =0 = a,_3 = ny— 5 FCn—3

where ¢,_3 € k. Comparing the coefficients of 272 in (3.1.2), we have

(n — 2)an_2y2 + (an—3)y o y(an—4)y =0

n(n — 2)y? n

- (an—4) 7 — Cp—2y + (N — 1)an—l =
Y 9 ( y

n(n—2)y*  cp_oy?
— QAp—g4 = 3 B +(n—=1)ap1y —nlny +cp_y

where ¢,,_4 € k. This shows that a,,_4 contains a term involving In y, which

is a contradiction as a,_4 € k(y). This completes the proof of the claim.

In (3.1.1), Since (a,), = 0, it follows that d(f) has degree at most n in
x, i.e., deg,(f) > deg,(df). Therefore, u € k(y) and deg,(f) = deg,(df).

Darboux Polynomials and Simple Derivations Ph.D. Thesis

TH-3352_136123002



Some Simple k-derivations of k[z,y] 46

Comparing the coefficient of 2™ in (3.1.1), we get

n= y<an71)y~

It follows that
d(f) = y(anfl)yfv

and hence that, for 0 <i < n,

y(ai_l)y = y(an_l)yai — (ai)y — y2(l + 1)(1@4.1, (313)

where a_; = 0.

By (3.1.3), it is sufficient to demonstrate that a,_; € k[y],. Assume, if
possible, that a,_; ¢ klyl,. Then a,_; will have a pole at some nonzero

element, say « of order, say m > 0.

Claim. pol-ord,—,a,_; = jm, for every, j =1,...,n.

We shall prove the claim using induction on j. It is clear that the result is
valid for j = 1. Let’s suppose for 1 < i < j < n, a,_; has a pole of order
im at «. Substituting i = n — j in (3.1.3), we get

Y(tn-j-1)y = Y(@n-1)yan—j = (@n—j)y — (0 = j + D)y’au_j11.  (3.1.4)

Note that pol-ordy—oy(@n—1)ya,—; = (j+1)m+1, pol-ordy—(a,—;), = jm+
1, and pol-ord,—ay?a,—j+1 = (j—1)m. Thus by (3.1.4), pol-ord,—ay(an_j_1), =
(j +1)m + 1. This gives pol-ord,—aa,_;j—1 = (j + 1)m. This completes the

proof of the claim.

In particular, pol-ord,—,ap = nm. But from (3.1.3), for i = 0, we have

y(an-1)ya0 = (ao)y + y*ar. (3.1.5)

Therefore, pol-ord,—,(ag), = nm + m + 1, i.e., pol-ord,—,ay = nm + m.
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This is a contradiction as pol-ord,—,ay = nm. O

Lemma 3.1.5. Let f = > ja;x" be a Darbouz polynomial of the deriva-
tion d in the polynomial ring klyl,[x] with a, = 1 and n > 1. Then

Qp_1 = % for some integer o > 0.

Proof. Firstly, we shall show that a, 1 € k[1/y]. Assume, if possible,
that a,—1 ¢ k[1/y]. Then deg,(a,—1) is well defined and is positive. Put
deg,(an—1) = s> 1.

Case 1. s=1.

In this case, a,_1 has the form a,_1 = By + ap + % + Z‘—S + o4 %, where
B,a0,a,; € k for i = 2,...,l and § # 0. Then, as a,_5 € k[yl,, the

constant term of y(a,—2), will be 0. However, by (3.1.3), we have

y<an—2)y = Z/<an—1)yan—1 - (an—l)y - ny2.

Note that the constant term of y(a,—1)ya,—1 is 0, the constant term of
(an-1), is B, and the constant term of ny? = 0. Therefore the constant

term of y(a,—2), is —fF, which is nonzero. This is a contradiction.
Case 2. s > 1.

Claim. deg,(a,;) = js, for every, j =1,...,n.

We shall prove the claim using induction on j. Clearly, the result is true
for j = 1. Suppose deg,(a,—;) = is, for 1 <7 < j < n. Putting i =n — j
in (3.1.3), we have

Y(tn-j-1)y = Y(an-1)yan—j = (@n—j)y — (0 = j + D)y’a,_j11.  (3.1.6)
Note that deg, (y(an—1)yan—j;) = (j + 1)s, deg, ((an—j),) = js — 1, and

deg, (y*an—j+1) = (j — 1)s + 2. Therefore by (3.1.6), deg, (y(an—j-1),) =
(j+1)s, ie., deg, (an—j-1) = (j +1)s.
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In particular, deg, ap = ns. But from (3.1.5), deg, ag = ns + s + 1, which

is a contradiction as deg, ag = ns.

Therefore, a,_1 has the following form

a e y
p-1 = Qo+ —+ — + -+ —,
Y Y
where ag,a,c; € k, V¥V i = 2,...,1. There now follows a sequence of
sublemmas that will complete the proof of Lemma 3.1.5. O

Sublemma 1. a; =0, V 7> 1.

Proof. 1f possible, suppose there exists ¢ > 1 such that «; # 0. Then a,_;
has a pole of the order, say t > 1, at y = 0.

Claim. pol-ord,—oa,—; = jt, for every, 7 =1,...,n.

We shall prove the claim using induction on j. Clearly, the claim is true
for j = 1. Suppose pol-ordy—ga,—; = it, for 1 <7 < j < n. From (3.1.4),
we have
pol-ord,—oy(a,—1)yan—; = (j + 1)t,
pol-ordy—o(an—;), = jt + 1,
pol-ordy—oy’a,_j1 = (j — 1)t — 2.
Thus by (3.1.4), pol-ord,—oy(a,—;j—1)y = (j+1)t. This gives pol-ord,_¢a,_;j_1 =

(7 + 1)t. This completes the proof of the claim.

In particular, pol-ord,—oay = nt. But from (3.1.5), pol-ord,—pag = nt+t—1,

which is a contradiction as pol-ord,—gay = nt.
Therefore, a,,_; reduces to a,_1 = ag + %, where aq, a € k. O

Sublemma 2. o =0

Proof. If possible, suppose ay # 0. Then a,,_, = ozo—l—%, and (ap_1)y = —

wal o)

Darboux Polynomials and Simple Derivations Ph.D. Thesis

TH-3352_136123002



Some Simple k-derivations of k[z,y] 49

Claim. For all 7 > 1, we have:

n+1
o if j <

J , then dega,_o; = 27,

n
o if j < §J, then deg a,—(2j+1) = 25.

We shall prove the claim using induction on j. Putting i = n—1 in (3.1.3),

we have

Y(@n-2)y = Y(@n1)yln-1 = (an_1)y —

! o) a 9
= Y(an-2)y =y 7 ap + — +E_ny

8} (0 (0
= o= (=) (w4 5) + oo

— dega, o= 2.

Again, from (3.1.3), for i = n — 2, we get

y(an—3)y = y(angl)yanﬂ — (an—2)y — (n — 1)an;1y2

s (g Qnz_(n2)y (ao " g) y

y? Yy
Ay, — Ay
= (ap_3)y = — 2 2 yQ)y —(n=1) (ay + @)

—> dega,_ 3 =2.

Thus, the claim is true for j = 1. Suppose dega,_s; = 2j for some 1 <

n+1 n
7 < L 5 J and deg a,_(2j41) = 2j for some 1 < j < ng Putting
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i=n—2j—1in (3.1.3), we obtain

Y(an-2j-2)y = Y(an-1)ytn—2j-1 — (n-2j-1)y — (N — 2j)an_2;y>
_ Qlp—2j—1 (aanjfl)y
y? Y

— (an—Qj—Q)y = —(n— Qj)ﬁln—2jy

= dega,_2j_2 =dega,_o; +2=2(j+1).

Again, from (3.1.3), for i = n — 2j — 2, we have

y(an—zj—3)y = y(an—l)yan—zj—z — (Gn—2j—2)y —(n—2j— 1)%—2]'—192

Alp—25—2 (an—zj—2)y ( ;
- = — (n—2j = 1)an_sj-1y
y? y -

= (An-2j-3)y =

= dega,_9j—3 = dega,_2j_1 +2 = 2(5 +1).
This completes the proof of the claim. In particular, the degree of 0 = a_;
is positive, which is a contradiction. Hence ag = 0. Therefore, a,,_; reduces

to

Ap—1 — —.

Sublemma 3. o # 0.

Proof. 1f possible, suppose o« = 0. Then we shall get a contradiction in

each of the following cases, which will conclude that o # 0.

Case 1. n = 1.
Then, in this case, ap = 0 and a; = 1. Putting ¢ = 0 in (3.1.3), we obtain

y(a_l)y = y(a())yao — (ao)y — gf = () = —y2,

which is absurd.

Case 2. n = 2.
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Then, in this case, a; = 0 and ay = 1. From (3.1.3), for i = 0, we get

(ag)y = 0. Again, from (3.1.3), for i = 1, we have

ylag)y = —2y° = —2y> =0,

which is absurd.

Case 3. n = 3.

Then, in this case, as = 0 and ag = 1. From, (3.1.3), for ¢ = 0, 1,2, we

have

(a0)y = —y*a (3.1.7)
y(ao)y = —(ar), (3.1.8)
(a1)y, = —3y (3.1.9)

Putting the values of (ao), and (a1), from (3.1.7) and (3.1.9) into (3.1.8),
we obtain a; = —-%, which implies (a;), = &, which is a contradiction as
Y vy

we have (a;), = —3y from (3.1.9).

Case 4. n > 4.

Then, in this case, a,_1 = 0 and a, = 1. From, (3.1.3), for i = n — 1, we

obtain

ny?

(An—2)y = —NY = Qp—o = = + by, (3.1.10)

where b,_» € k. Putting i = n — 2 in (3.1.3), we have

Y(an—3)y = —(an-2)y = (an_3)y =n = an_3 =ny+b,_3, (3.1.11)
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where b, _3 € k. Again, from (3.1.3), for i =n — 3, we get

Y(an-s)y = —(an-3)y — (n = 2)an_y*

2
= y(an-4)y =—"n—(n— 2)y2 (—% + bng)

2
n  n(n—2)y?
— 2t — )b,y
= G4 = —nlny+ z 5 Jy + (n ; 2V (3.1.12)

Thus, it shows that a,_4 contains a term involving In y, which is a contra-

diction as a,—4 € k[y],.
Hence a # 0. ]

Sublemma 4. « is a strictly positive integer.

Proof. We have a1 = ¢, which implies (a,-1), = —7. From (3.1.3), for

1 =n— 1, we have

y(an—Z)y — y(an—l)yan—l B (an—l)y _ ny2

a\a o 9
- y(a'n—Q)y:y _? 5‘{‘?—77/'3/
ala—1
— y(an_Q)y = —% - nfUQ
ala—1 ny?
. - (2y2 ) _ g + Cris, (3.1.13)

where ¢,_» € k. Putting i =n — 2 in (3.1.3), we get
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y(anfi%)y = y(anfl)yaan - (aan)y - (n - 1)an71y2

oo () (0 )

y? 292 2

ala—1
- (-5 ) - = e

0404—1 a—2 Qc,—

s Yang)y =~ + (= )y - 2
—1 —2) _

— (o =~ B (0t ) - QZ; :

a(a—l

= Up_3 = +(n a+—>
(3.1.14)

where ¢,_3 € k. Proceeding in this fashion, we see that the coefficient

of y ™7 in a,_; is w for 1 < j <n+1 Since 0 = a_; and

a # 0, it follows that « is one of 1,2,...,n. This completes the proof of
this sublemma. O

Lemma 3.1.6. d does not have a Darbouz polynomial.

Proof. Suppose d has a Darboux polynomial say g. Put d(g) = Ag for some
A € k[z,y]. Note that g ¢ k[y] for if g € k[y|, then dg = (zy+1)0,(g9) = Ag.

o If \ =0, then (zy+1)0,9g =0 = 0,0 =0 = g € k, which is

impossible.

e If A # 0, then as zy + 1 is irreducible and deg,(xy 4+ 1) = 1, we have
g | 9y(g), hence g € k, which is impossible.

Note that (g) is a nonzero proper ideal of k(y)[x|, which is invariant under

the derivation d. Hence k(y)[z] is not simple. Write

g = bnxn + bn—lxn_l + -+ b(),
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where b, #0, n > 1, and b; € kly]. Put f = £, then

d(f) = d (bi)
_ bad(g) — gd(bs)

by
b, — d(by)
B
b, — d(by,)
- ()
= nf,
b, — d(by,)
where p = 7 . Thus, it shows that f is a Darboux polynomial of
bi

d in k(y)[z]. Put a; = = then

-1
f = anxn + anflxn + - ao,

where n > 1, a,, = 1, and for everyogignaizé’—i.

By Lemmas 3.1.4 and 3.1.5, for every 0 < ¢ < n — 2, a; € k[y], and
Ap—1 = %, where o > 0. Then we shall arrive at a contradiction in each of

the following cases, showing that such a ¢ does not exist.

Case 1. n=1.

From (3.1.13), for n = 1, we have

Rl I
- 212 2

Comparing the coefficients of y? on both sides, we get —% = 0, which is

absurd.
Case 2. n = 2.
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From (3.1.14), for n = 2, we have

ala—1)(a—2)
6y?

ac
a_y = +2y+70+c,1:0.

Comparing the coefficients of  on both sides, we get 2 = 0, which is absurd.

Case 3. n > 3.

The constant term in y(a,—4), will be 0. From, (3.1.3) for i = n — 3, we

have
y(an—4)y = y(an—l)yan—3 - (an—3)y - (7’L - 2)%—2y2
a
== y(an—4)y = _Zan—3 — (a'n—3)y I (n - 2)an—2y2-
Thus, the constant term of y(a,—4), = —a( coeflicient of y in a,_3)

— constant term of (a,_3), — (n — 2)( coefficient of ;—2 in a, o).
By (3.1.14), the coefficient of y in a,_3 is (n — a + %), the constant term
of (an-3)y is (n — a+ ") and by (3.1.13), the coefficient of % in a, 5 is

1
Yy
@. Therefore, the constant term of y(a,_4), is

ol ) (1mas ) - oo

— (2—n)a’ =na+n. (3.1.15)

Note that the L.H.S. of (3.1.15) is a negative quantity as n > 3 and o > 0,

whereas the R.H.S. is positive, which is absurd.

Therefore, d does not have a Darboux polynomial. O

Theorem 3.1.7. Let x,y be indeterminates over k and k[z,y| be the poly-
nomial ring. The deriation d = y*0, + (xy + 1)d, is a simple derivation

of the ring k[z,y|.

Proof. Note that (dx,dy) = k[z,y|. So, by Proposition 1.3.10, it suffices to

show that d does not have any Darboux polynomial. In Lemma 3.1.6, we
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have demonstrated that d does not have Darboux polynomial. Therefore

the polynomial ring k[z,y| is d-simple. O

3.2 The Derivation yd,+(y*+xy+1)9, of k[z, ]

In this section, we study the k-derivation of the form D = yd, + (y*+ zy +
1)0,. A. Maciejewski, J. Moulin-Ollagnier, and A. Nowicki have shown that
the derivation 9, + (y* + ay + b)d,, where a(z),b(x) € k[z] is equivalent
to the derivation A, where, A, = 9, + (y* — p)9,, where p(z) € kz]
[MMONO1]. They have further given some conditions on p(z) under which
A, is simple. This derivation gives us the motivation to study the derivation

y0, + (y* + zy + 1)d,. We prove that this is a simple derivation of k[z, y].
We use Proposition 1.3.10 to prove the following theorem.

Theorem 3.2.1. The ring klz,y] is a D-simple where D = y0, + (y* +
xy + 1)0, represents a k-derivation of k[x,y].

Proof. By Proposition 1.3.10, it suffices to show that <D(m),D(y)> =
k[x,y] and that the derivation D has no Darboux polynomial to establish

that D is a simple derivation of k[z,y]. Now D(z) =y, D(y) = y* +xy+1,

then we express 1 as a combination of D(x) & D(y) as follows:
l=(—y—2)y+ (> +zy+1),

=(~y—x)D(x)+1- D(y).

So, <D($), D(y)> = <y, y? + xy + 1> = k[z,y]. Suppose D has a Darboux
polynomial say f, with cofactor A. Write f = ag + a1y + - - - + asy® with
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a; € k[z] and as # 0. Then, we have

D(f) = Af

— vy (Z a/yi> + (P +ay+1) (Z iaiyi1> =\ (Z aiyi)
1=0 =1 1=0

(3.2.1)

The coefficient of y**1 in the left-hand-side of (3.2.1) is a,/ + sa,. If ay’ +
sas = 0 then a5 | a/ = a5 € k* and sa;, = 0 = s = 0 and
ag € k* = f = ap € k*, which contradicts the fact that f is Darboux
polynomial.t So as’ + sas # 0 and consequently A = 0. Since A # 0, we can

write A = by’ with b; € k[z] and b, # 0.

=0

Equating the highest power of y terms on both sides, we have

s+ i

(a! + sa,)y*™ = aby*™ =t =1 and d, + sa, = a,b

= as | dl, + sas

= a, | a,

— as € k.

Thus, we have t = 1 and b, = s(# 0). Since, as € k* and therefore, we may

assume without loss of generality that a; = 1. Thus, (3.2.1) now becomes

y (Z a/yi) +(y* +ay+1) (Z z’aiyi1> = (bo+sy) <Z aiyi> . (3.2.2)

Again, comparing the coefficients of y*, we have

a, |+ szas+ (s — 1)as_1 = boas + sa,_y

= by =a, |+ sr—as.
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Thus,
A=a, | +sr—as 1+ sy.

Hence, (3.2.2), now becomes

S S S

Z 'y (Y ey +1) (Z mz‘yi_1> = (dh_y + 52— ay1 + sy) (Z ay’
=0 i=1 o

(3.2.3)

From (3.2.3), comparing the terms free from y on both sides, we have

N———

a; = (al_; + sx — as_1)ay. (3.2.4)

Again, comparing the coefficients of 4, 1 < i < s — 2 both sides in (3.2.3),

we obtain
(i4+ a1 =(s—i+Daj_1 —a;_, + (ah_1 — as_1 + sz)a; — ia;x. (3.2.5)
Comparing the coefficients of y*~! both sides in (3.2.3), yields
a, o —2as 9 —as v+ s=(a, | —as 1)as_1. (3.2.6)

Now notice that ag # 0 because if ag = 0 then a; =0 foralli =0,...,s—1,

so (3.2.6) gives s = 0, a contradiction.

Claim 3.2.1. s > 2.

If s=1, then f =ap+yand A\ =2 +y+ aj — ap. Thus,

Df =X\ = agy+ (y* + 2y +1) = (z+y+ay —ao)(ao +y)
— (lo(l’ + a6 — CL()) =1.
This shows that both ag and x + aj — a¢ are units; hence, comparing the

coefficients of x on both sides, we get ag = 0, which contradicts that ag # 0.
Therefore s > 2.
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From the above discussion, we can see that for 1 < < s — 2, a; can be
expressed in terms of a;_; and ag. For all possible values of as_; € k[x], we
prove that there is no Darboux polynomial. We prove this by considering
cases as_1 € k and as_; ¢ k. A summary of these cases is depicted in

Figure 3.1.
Case 1. a,_; € k.

Claim 3.2.2. dega; =degag + 1, fori=1,2,...,s5 — 1.
We shall prove this claim using induction on i. From (3.2.4), we have
dega; = degag + 1.

This shows that the claim is true for ¢ = 1. Suppose that deg a; = deg ag+1,
for every 1 <1i < p < s— 1, then from (3.2.5), for i = p, we have

(p+1)ap1 = (s —p+1)ay, 1+ a;;—l + (s — as_1)a, — payx
= dega,+1 =dega, +1=degag+ (p+ 1).
Thus, by induction, dega; = degag +1i, Vi=1,...,5s — 1. In particular,

degas_1 = degap + (s — 1) > 1. This contradicts the fact that as_; € k.

Thus, this case is not possible.
Case 2. a,_; € k[z] \ k.
Lemma 3.2.2. If a;,_y € klz]| \ k then the following hold.

(a) s >3
(b) If s =3 and deg(as) = 1 then deg(ap) > 1.

(¢c) If s =4 and deg(az) = 1 then deg(ag) > 0.

Proof.  (a) We have already proved that s > 2. Arguing by contradiction,
assume that s = 2. Then (3.2.4) and (3.2.6) give:

a; = (a1 + 2x — a1)ag (3.2.7)
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ay’ —2ap — a4+ 2 = (a;" — a1)ay (3.2.8)

We have ay | a1 by (3.2.7), so (3.2.8) gives ag | (ap’ + 2). Then
ag’ +2 =0, so (3.2.8) gives —2a¢ — a1x = (a;’ — ay)ay, so a; | ap and
hence a; = pag for some p € k*. By (3.2.7), ai’ + 2x —a; = p € k*,
so a; = 2x + ¢ for some ¢ € k. Since ay’ = —2 and 2 = a;’ = pay’,
We get p = —1. So =1 = pu=ay'+2x —a; =2 — ¢ gives ¢ = 3,
i.e., a; = 2x+ 3 and ag = —22 — 3. This contradicts (3.2.8), so (a) is

proved.

(b) Arguing by contradiction, assume that s = 3, deg(az) = 1 and
deg(ap) < 1. Write a9 = pxr + q and ay = ur + v with p,q,u,v € k,
u # 0 and (p,q) # (0,0). Equation (3.2.4) gives a1 = ((3 —u)xr +u—
v)(pr+¢q). We also have A = ay' +3x—as+3y = (3—u)z+3y+u—v.
With these values values of A, ag, a1, as (and a3 = 1), we can compute
the quantity P = D(f) — \f explicitly. We find:

P =(—pu® + 5pu — 6p)z’y + (2pu + u® — 6p — u)r’y?
+ (2pu® — 2puv — qu® — 5pu + 5pv + Squ — 6q)x Y
+ (—4pu + 2pv + 2qu — u® + 2uv + 6p — 6q — v)xy?
+ (—pu?® + 2puv — pv® + 2qu* — 2quv — Squ + Squ — 3p + 2u)xy
+ (pu — pv — 3qu + 2qu — uv + v* + 3¢ + 3)y?

+ (—qu® + 2quv — qu* + p — 3¢ + 20)y (3.2.9)
Since P is the zero polynomial in k[z,y], we have
plu—2)(u—3) =0

2pu +u* — 6p —u =0

2pu’ — 2puv — qu® — Spu + 5pv + Squ — 6¢ = 0

Darboux Polynomials and Simple Derivations Ph.D. Thesis

TH-3352_136123002



Some Simple k-derivations of k[z,y] 61

—4pu + 2pv + 2qu — u* + 2uv + 6p — 6g — v =0
—pu? + 2puv — pv? + 2qu® — 2quv — 5qu + 5qu — 3p + 2u =0
—qu? 4 2quv — qv* +p—3¢+20 =0
pu—pv—3qu+2qu —uv + 12 +3¢+3=0

If we set p = 0 then ¢ # 0 and second and third equation simplify
to u(u — 1) = 0 and —¢q(u — 2)(u — 3) = 0, which have no common
solutions. So there are no solutions with p = 0. By the first equation,
all solutions have u € {2,3}. Setting u = 3 in the second equation

gives “6 = 07, which is absurd.

If u = 2 then setting u = 2 in second equation gives p = 1. Again,
putting v = 2 and p = 1 in third equation gives v = 2. Further,
putting © = 2,p = 1 and v = 2 in the fourth equation gives ¢ = 2.
Finally, substituting u = v = ¢ = 2 and p = 1 in sixth equation, we

get —1 = 0, which is absurd.

So the above equations have no solutions p, ¢, u, v € k such that u # 0
and (p, q) # (0,0). This proves (b).

(¢) Arguing by contradiction, assume that s = 4, deg(az) = 1 and
deg(ag) = 0. Write ag = ¢ € k* and a3 = ux + v with u € k*,
v € k. Equation (3.2.4) gives a; = ¢((4 — u)x + u — v). Equa-
tion (3.2.5) with i = 1 gives 2as = 4ag — ao’ + (a3’ — a3 + 3x)a; =
494+ q¢(3 —wz +u —v)((4 — u)r + u —v). We also have A\ =
ap3 +4x — a3 + 4y = (4 — uw)z + 4y + v — v. With these values of
A, ag, ay, as, az (and ay = 1), we compute the quantity P = D(f)—Af.
We find:
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P = (—qu* + Tqu + u® — 12q — u)z*y?
+ (3qu* — 2quv — 14qu + Tqu — u® + 2uv + 12q — v)zy?
du-Du-Hu-1) 2
5 x°y” + | —16q + 3u — 3qu“v
3quuv? 9qv?  3qu®  9qu? ,
9 dqu — —
+ + 9quv + dqu 5 + 5 5 Ty
q(3u* — 18u + 26)(u — v)
B 22y
2
Tqu Tqu
+ 4—4q+v2—|—7—2qu2—q02— 7—uv+3quv y?
qu®  quv? 3qu?v  3quu? ,
4g+ 30 — — + — + 5qu — 6 -
+ | 4q +ov 5 + 7 + oqu — bqu + 5 5 Y
(3.2.10)

Since P is the zero polynomial in k[x,y], we obtain the following

equations:

—qut +Tqu+u®> —12¢—u=0
3qu® — 2quv — 1dqu + Tqu —u> + 2uv + 12 —v =0

q(u=2)(u—=3)(u—-4)=0

3qu® — 6quPv + 3quv® — 9qu* + 18quv — 9qv* + 10qu — 32q + 6u = 0

—q(3u* — 18u + 26)(u —v) =0

—4qu? 4 6quv — 2qu* + Tqu — Tqu — 2uv + 202 — 8¢+ 8 = 0

—qu3 + 3quv — 3quv® + qv* — 12qu + 10qu + 8¢ + 6v =0

Since ¢ # 0, the third equation gives u € {2, 3,4}, so the fifth equa-

tion gives u = v. Setting u = v in second equation gives

qu® —Tqu +u> + 12 —u=0
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Adding the first equation and above the above equation gives u?—u =

0 = u =0 or 1, which is a contradiction because u € {2,3,4}.

So the above equations have no solutions ¢, u, v € k such that ¢, u # 0.
This proves (b).

We shall break this case into the following sub-cases.

1. as1 # (s—m)(z +a) for any a € kand m € {0,1,...,s — 2}.
2. as_1 = (s—m)(x+ «) for some a € k\ {1} and m € {0,1,...,s—2}.

3. as—1 = (s —m)(x +1) for some m € {0,1,...,s —2}.

In each sub-case, we show that the Darboux polynomial does not exist.

Sub-case 2.1. a;_; # (s—m)(z+a) for any o € k and m € {0,1,...,s—
2=

Claim 3.2.3. dega; = degag +idegas_q, fori=1,...,5s — 1.
We shall prove this claim using induction on i. From (3.2.4), we have
dega; = degay + dega,_.

This shows that the claim is true for ¢ = 1. Suppose that dega; = degag +
idegas_1, for every 1 <i < p < s—1, then from (3.2.5), for i = p, we have

(p+1Dap = (s —p+1)ap_1 —a, | + (a;,_; — as_1 + s57)a, — payx

= degay1 = dega, +degas_; =degag+ (p+ 1)degas_;.

Thus, by induction, dega; = degag + idegas_1, Vi =1,...,s — 1. In
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particular,

dega,_1 = degag+ (s —1)degas_4

= degag = (2 — s)degas_.

Now, since degag > 0, this implies (2 — s)degas_1 > 0, i.e., s < 2, which

contradicts Lemma 3.2.2. So this sub-case is not possible.

Sub-case 2.2. a;_1 = (s — m)(z + «) for some o € k\ {1} and m €
{0,1,...,s—2}.
deg(ag) + i for 1<i<m,

Claim 3.2.4. deg(a/z) - {deg(ao) + (Z . 1) fO’I" m < Z S S 1

The proof of the claim can be divided into two cases m = 0 and m > 1.

(a) If m =0, then a,_; —as_1 + sz = s(1 — a).

We shall prove this claim using induction on . Fori = 1, from (3.2.4),
we have

a; = s(1 — a)ay = dega; = degay.
This shows that the claim is true for « = 1. Suppose that dega; =
degag + (1 — 1), for every 1 < i < p < s — 1, then from (3.2.5), for
1 =p, we get
(p+ Dappr = (s —p+1)ap-1 — apy + (s — a)a, — payz

—> dega,y1 = dega, +1 =degag + p.

Thus, by induction, dega; = degag+ (i — 1), fori=1,...,s — 1.

(b) If m > 0 then in this case a,_; — as_1 + sz = (s — m)(1 — «) + ma.
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From (3.2.4) and (3.2.5), we have

a; = ((s —m)(1 — a) + mx)a,
2ay = sag — ap + [(s = m)(1 — a) + (m — 1)z]ay,

3az = (s — 1)a; — a} + [(s —m)(1 — @) + (m — 2)z]as,

My, = (s =M+ 2)am 2 — ay,_, +[(s = m)(1 — @) + zlam_1,
(m+1am1 = —m+Day_1—a, ;+(s—m)(1—a)an,

(1 + 2)amsz = (5 — m)am — iy + [(s — m)(1 — @) = alamsr,

(i + Va1 = (s —i+ a1 —aj_; + [(s =m)(1 — @) + (m —i)7]a;.
(3.2.11)

We shall prove it using induction on . From (3.2.11), we have
a1 = ((s = m)(1 — a) + mx)ag = dega; = degag + 1.

This shows that the claim is true for ¢ = 1. Suppose deg a; = degap+
i, for all 1 <i <p < m, then from (3.2.11), we get

P+ Dapss = (s —p+ Dap1 =, +[(s =m)(1 — a) + (m — p)z]a,

= dega,y1 =dega, +1=degao+ (p+1).

Thus, by the induction, deg a; = deg ag+1, for i < m. This completes
the proof of the first part of the claim.

For the second part of the claim, putting i = m in (3.2.11), we obtain

(m+1am1 =(s—m+Day_1—a, ;+(s—m)(1l—a)an

—> dega,,+1 = dega,, = degag + m.
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Suppose dega; = degag + (1 — 1), for all m < i < p < s — 1, then
from (3.2.11), for i = p, we obtain

(p+Dapr = (s —p+1)ap_1 —a,  +[(s —m)(1 —a)+ (m — p)zla,

= degapy = dega, +1 = degag + p.

Thus by induction, dega; = degag + (i — 1), for m <i < s— 1. This

completes the proof of the second part of the claim.

In particular deg(as—1) = deg(ag) + (s —2) = 1, so deg(ap) = 3—s > 0,i.e.,
s < 3. But in part (a) of Lemma 3.2.2, we have s > 3. It follows that
s = 3, deg(ap) = 0 and deg(az) = 1, which contradicts the part (b) of
Lemma 3.2.2. So this case is not possible.

Sub-case 2.3. a,_1 = (s —m)(xz + 1) for some m € {0,1,...,5s —2}.
deg(ag) + 1 for 1<i<m,

Claim 3.2.5. deg(a;) = {deg(ao) + (i —2) for max(m,1) <i<s—1

The proof of the claim can be divided into two cases m = 0 and m > 1.

(a) If m =0 then a's_; — as_1 + sz = 0. From (3.2.4), a; = 0.

We shall prove the claim using induction on . From (3.2.5), fori = 1,
we have

2ay = sag — ay’ = degay = degay.

This shows that the claim is true for ¢ = 1. Suppose that dega; =
degag + (i — 2), for every 2 < i < p < s — 1, then from (3.2.5), for

1 = p, we have

(p+1Daps = (s —p+ 1ap—1 — ap—1’ — pa,

— dega,+1 =dega, +1=degap+ (p—1)

Thus, by induction, dega; = degag + (1 — 2), foralli =2,... s — 1.
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(b) If m > 0 then a’s_1 — as—1 + sz = ma. From (3.2.4) and (3.2.5), we

get the following set of equations

a; = mxag,
/
2a5 = sag — ay + (m — 1)zay,

3az = (s — 1)a; — a} + (m — 2)zay,

Mamy = (S —m+ 2)am—2 - afm_g + TQypy—1, > (3212)
(m+1Dan1=(—m+1a, 1—a, 4

(m+2)anye = (s — m)ay, —a,, — Tan.1,

(Z + 1>CLZ'+1 = (S — 1)@1'_1 — a;_l = (m — Z)$CL1 )
We shall prove it using induction on . From (3.2.12), we have
a1 = mxayg = dega; = degag + 1.

This shows that the claim is true for i = 1. Suppose deg a; = deg ap+
i, for all 1 <i < p < m, then from (3.2.12), we get

(p+1ap = (s —p+1)ap_1 —a, | +(m —p)za,

= dega,1 = dega, +1=degao+ (p+1).

Thus, by the induction, deg a; = deg ag+1, for i < m. This completes
the proof of the first part of the claim.
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For the second part of the claim, putting ¢ = m in (3.2.12), we obtain

(m+Dapy =(s—m+1)ay,1—a,_
—> deg a1 = dega,,_1 =degag+m — 1.

Suppose dega; = degag + (1 — 2), for all m < i < p < s — 1, then
from (3.2.11), for i = p, we obtain

(p+1apy =(s—p+1)a, 1 — a;—1 + (m — p)ra,
= dega,y =dega, +1=degag+p—1.

Thus by induction, dega; = degag+ (i — 1), for m <i < s — 1. This

completes the proof of the second part of the claim.

In particular deg(as_1) = deg(ag) + (s — 3) = 1, so deg(ag) = 4 — s > 0,
i.e., s < 4. But in part (a) of Lemma 3.2.2, we have s > 3. It follows that
one of the following holds:

e s =23, deg(ap) =1 and deg(az) = 1,

o s =4, deg(ap) =0 and deg(as) = 1.

Each one of these cases contradicts Lemma 3.2.2, so this case is impossible.

Thus, in all the cases, we get a contradiction; hence, there is no f €
klx,y] \ k such that Df = Af. This means D does not have a Darboux
polynomial in k[x, y] implies D = yd,+ (y*+zy+1)d, is a simple derivation
of klz,y].
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[D =90, + (v* + 2y + 1)83,}

f Sub-case 2.1 \/O\( Sub-case 2.3 )

as—1 # (s —m)(z + a) as—1=(s—m)(x +1)
Sub-case 2.2

for any o € k and for some

m € {0,1,...,s—2}. as-1= (s —m)(z + ) m € {0,1,...,s—2}.
for some o € £\ {1} and

me{0,1,...,s—2}.

-

s=3

Figure 3.1: The derivation yd, + (y* + zy + 1)9,
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Chapter 4

Simple Derivations in Higher

Dimensions

4.1 Introduction

Throughout this chapter, we assume n > 2. In this chapter, we study two
different classes of simple derivations of the polynomial ring k[xy, ..., z,].

We use the same notations as those in the previous chapters.

There are very few known examples of simple derivations in higher dimen-
sions. The first ever published example of simple k-derivation of k[x1, . .., z,]
was given by D. A. Jordan in [Jor81]. He showed that the following deriva-

tion is simple.

Example 4.1.1 ( [Jor81]). The derivation given by
(51 = (1 — 1'1.1'2)811 + xlgﬁm + l’gamg 4+ -+ :cn,lﬁxn,

is a simple derivation of the polynomial ring klx1, ..., x,].

IThe results in this chapter are published in [KW24]. .

71
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J. Archer, in his Ph.D. thesis, had given the following example, which he

claimed is a simple derivation of k[zy,...,x,] [Jor81].
0g = Or, + Z Ti%i-10x;,
i=2

but (xq) is a do-ideal, so d9 is not a simple derivation. A. Nowcki has shown

that a small correction:
(x;z;—1 + 1) instead of x;z; 1,

gives an example of simple k-derivation of k[x,. .., z,] [Now94].

A. Nowicki has given the following example of simple derivation of the

polynomial ring k[zy, ..., z,| [Now94, Example 13.4.3].

Example 4.1.2 ( [Now94|). The k-derivation given by
63 = axl + (.%'12232 =y xl)axg +- 4 (xn—lQIn + xn—l)axn-
is a simple derivation of the polynomial ring k(xy, ..., z,)].

A. Maciejewski , J. Moulin-Ollagnier and A. Nowicki have given following

two examples of simple derivations of k[zq, ..., x,].

Example 4.1.3 ([MMONO1]). The k-derivations 04 and 05 of k[x,y,t1, ..., t,]

defined as following are simple derivations.

u() = 1 (55(a) =1
oa(y) =y* +x 05(y) = y* + 2° + 2z
54(t1) =y 55<t1) = I’Ztl + Ty
Su(ty) = tity +1 and 05(t2) = t1%ty + t
O4(ts) = tats + 1 5(t3) = tats + o
54(tn) =tp_1t, +1 65(tn) = tn—12tn +tn-1.
\ \
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S. Kour has given the following classes of simple derivations of k[x1, . .., x,].

Example 4.1.4 ( [Koul2)). Let xy,...,x, be indeterminates. Let o be the

class of k-derivations of k[, ..., x,] given by
(56 = (:clsxg —+ C>aac1 —+ Jilram + g381«3 + -+ gn(?mn, (411)

where s >2,0<r <s—1,cek\ {0}, and g; € klx;_1] \ k for 3 <i<n.
If r > 1, then ¢ is simple derivation of klxy, ..., z,].

Example 4.1.5 ( [Kould]). Let xy,...,x, be indeterminates. Let 67 be a

k-derivation of k[xy,. .., x,] given by
67 = (21°15" +¢)0p, + 21" 0y + 9305, + -+ + Gn0s,, (4.1.2)

where r,s,t € N, r < s, ¢c € k*, and g; € klx;_1|\ k for 3 <i <mn. Then i,

is a simple derivation of klx1, ..., x,].

The simplicity of the derivations dg and d; have been proved using the

following lemma and induction on n.

Lemma 4.1.6. Let 0 be a deriwation as defined in Examples 4.1.4 and
4.1.5. Let f € klzy,...,xy], for some 2 < m < n, be such that §(f) €
klx,]. Then f € k.

4.2 Shamsuddin’s Result

We recall the following Theorem from [Sha77]. Many applications of this
result can be seen in [Jor81] and [Now94]|. We recall the proof of this result

for the sake of completeness from [Now94].

Theorem 4.2.1 ( [Sha77]). Let A be a k-algebra, and let d be a simple
k-derivation of A. Let t be an indeterminate. Extend the derivation d to
a derivation d of the polynomial ring Alt] by setting g(t) = at + b where

a,b e A. Then the following two conditions are equivalent.
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(1) d is simple.

(2) There exists no element r of A such that d(r) = ar + b.

Proof. (1) = (2). If there is an element r € A such that d(r) = ar + b,
then (¢t — r) is a proper d-ideal of A[f].

(2) = (1). Suppose that there exists a nonzero d-ideal I of A[t] such
that _77& A[t]. Then INAisa proper d-differential ideal of A; hence, since
d is simple, I N A = {0}. Let | = min{deg(f) | f #0, f € I} and let

[={0yu{reA|3fel, deg(f)=1¢c;=r},

where ¢y denotes the leading coefficient of a polynomial f. As I # {0} and
INA=/{0}, we have [ > 1. It is clear that I is an ideal of A.

We now show that [ is a d-differential ideal of the k-algebra A. Let r € I
and f be a polynomial in A[t] such that f € I, deg(f) =l and ¢f = 7.
If d(r) = 0, then obviously d(r) € I. Assume that d(r) # 0 and put

= (z(f) — laf. Now note that g is of degree [ with ¢, = d(r). Clearly,
g € I, that is d(r) € I. Therefore I is a d-differential ideal of A. The
simplicity of d and the fact that I # {0} imply that I = A. Thus, there

exists a monic polynomial f € I such that deg(f) = 1. Let

f=t+rm 7 o it + g,

where 7g,...,7.1 € A and consider the polynomial g = g(f) —laf. Then
g€ I and

g=st""t 45 ot 4o syt + s,
for some sg, ..., 8.2 € Aand s =1b+d(r_1) — ar;_;.

As g € T, by the minimality of [, we have g = 0. In particular, s = 0. We
get the equality d(r) = ar + b, where r = —r;_1/l. It is a contradiction

with the second condition. Hence, d is a simple derivation of A[t].

O
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4.3 Main Results

In this section, we discuss two classes of simple derivations of the polyno-
mial ring k[xq,...,2,]. In Theorem 4.3.1, we generalize Theorem 3.1.1 to
higher dimensions. In Theorem 4.3.2, we give a generalization of Theo-
rem 3.2.1 to higher dimensions. In the proof, we use Shamsuddin’s result
(Theorem 4.2.1).

Theorem 4.3.1. Let xy,...,x, be indeterminates. Let d be a k-derivation

of klz1, ..., x,] given by

dn = x228:c1 =+ (l'1$2 =+ h)axg =+ <h1x3 + tl)axg +oee A+ (hn—an + tn72)axn7
where h € k[xs], ged(z2,h) =1 and deg,, h < 1 and h;, t; € K[z, ..., 244],
ti # 0 with deg,,,  t; < deg,,  hi, deg,, hi > 3 and for i > 1, deg,,  h; >

1. Then d, is a simple derivation of k[xy,. .., x,).

Proof. We prove this using induction on the number of indeterminates.

Consider the following derivation of k[zq, x2]
dy = 19°0;, + (2122 + )0y,

where h € k[zs], ged(xs, h) = 1, and deg,, h < 1 then by Theorem 3.1.1 ,
ds is simple.
Let a = hy(x1,z2) with deg,, by = l; > 3 and b = t;(x1, 22).

Claim 4.3.1. There does not ezist any f € k[xy, x5 such that dof = af+b.

Write f = ag+ ajxe + + - - + as(x2)® with a; € k[z1]. Suppose

dgf :(Zf +0
s s s
— 1> (Z ai'xgi) + (mlxg + h) (Z iaixgi_l) =a (Z ai:mi) +b.
=1 =1 i=1
(4.3.1)
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Now, note that f # 0, for if f = 0, then b = ¢; = 0, which is a contradiction

since t; # 0. Comparing the coefficients of (z5)*™ in (4.3.1), we have
as =0,

which is absurd. Thus there does not exist any f € k[zi,z5] such that
dof = af +b. Hence, by Theorem 4.2.1

d3 = Cfivg = xf(?ml T (Ill‘Q + h)@zz + (hl <I2)$3 + tl(Il, 132))8333,

is a simple derivation. Now let us assume that

dn,1 = .1'228351 + (:leg T h)(?m aF (hll’g aF t1>ax3 + -

+ (hn_gl'n_l -+ tn,g)&vn_l, (432)

is a simple derivation of k[zy,...,2, 1]. Let a = h,_o(x1,...,2,1) with
deg,  hno=1I2>1andb=1t, s(x1,...,2,-1) # 0. Now, we want to
check whether there exists f € k[zy,...,2,_1] such that d,,_f = af +b.
Write f = ag + a1@p—1 + -+ + as(xp—1)® € k[z1, ..., Ty _s][z,_1] and

dn—lf = CLf +b.

Now note that f # 0, for if f = 0, then b = ¢, o = 0, which is a con-
tradiction since t,_» # 0. Comparing the coefficients of (z,_1)**"-2, we
have

a, =0,

which is absurd. Thus there does not exist any f € k[zy,...,x,_1] such
that d,_1f = af + b. Hence, by Theorem 4.2.1

dn == dn—l = xQZaxl+(xlx2+h)ax2+(hlx3+tl)ar3+' . '+(hn—2xn+tn—2)axn7

is a simple derivation.
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Therefore by induction, d,, is simple for n > 2. O]

Theorem 4.3.2. Let xy,...,x, be indeterminates. Let d be a k-derivation

of k[x1,...,x,] given by
d= .Z'Qazl + (Z’QQ + X129 + 1)8362 + (hll'g + t1>ar3 + -+ (hn,Q.Tn -+ tn,2>axn,

where for each i, hi,t; € k[zy, ..., 7i41], ti # 0 with deg,,  t; < deg,,,  hi,
deg,, h1 > 2 and for i > 1, deg, . h; > 1. Then d is a simple derivation
of klxy, ..., xy).

Proof. For n = 2, this statement is precisely the Theorem 3.2.1. For n > 2,
the proof is almost the same as that of Theorem 4.3.1. O]

4.4 Alternate Proof of Theorems 4.3.1 and

4.3.2

Discussion in this section is based on the suggestions given by one of the
examiners of this thesis. Our sincere thanks to him for these constructive

suggestions.

Definition 4.4.1. Let A be a ring. A degree function on A is a set map
deg : A - NU{—o0} that satisfies the following conditions for all f,g € A:

(i) deg(f) = =00 <= f=0
(i) deg(f + g) < maz(deg(f),deg(g))
(ii) deg(fg) = deg(f) + deg(g).

Remark 4.4.2. (i) If A admits a degree function then A is either an

integral domain or the zero ring.

(i) If deg is a degree function on A then deg(u) = 0 for all units u of
A, and if f,g € A are such that deg(f) # deg(g) then deg(f + ¢g) =

maz(deg(f), deg(g))-
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Definition 4.4.3. Let A be a domain with a degree function deg : A —
NU{—oo}, and let D : A — A be a derivation. Let Sp = {deg(Df) —
deg(f) | f € A\ {0}} and observe that Sp is a nonempty subset of 7, U
{—o0}. If the set Sp has a mazimum element then we say that the degree
of D is defined, and we define deg(D) = max(Sp). If Sp does not have a

maximum element, we say that the degree of D is undefined.

Example 4.4.4. Let A = k[z,y]. Then y-degree is a degree function, deg, :
A — NU{—oc}. Consider the derivations Dy : A — A and D : A — A of
Theorems 3.1.1 and 3.2.1:

Dy = y?0, + (zy + 1)9, and D =y, + (y* + zy + 1)9,.

Then the degrees of Dy and D with respect to deg, are defined: deg,(D;) =
2 and deg, (D) = 1.

The following is a consequence of Shamsuddin’s result (Theorem 4.2.1).

Corollary 4.4.5. Let k be a field of characteristic 0, let A be a k-domain
and let deg : A — N U {—oc0} be a degree function on A. Suppose that
d: A — Ais a simple k-derivation such that deg(d) is defined. Let a,b
be non-zero elements of A such that deg(a) > deg(d) and deg(a) > deg(b),
and let d : A[t] — A[t] be the unique derivation that extends d and satisfies
J(t) = at +b. Then d is simple. Moreover, consider the degree function
deg, : Alt] — NU {—oc}. Then the degree of d with respect to deg, is

defined and deg,(d) = 0.

Proof. Suppose that there exists r € A such that d(r) = ar + b. Then
r # 0 (because b # 0) and consequently deg(dr) — deg(r) € Sp. Since
deg(d) = max(Sp), we obtain

deg(d) > deg(dr) — deg(r) (4.4.1)
Note that deg(b) < deg(a) < deg(a) + deg(r) = deg(ar), so deg(ar +b) =

deg(ar) (by the second part of Remark 4.4.2). It follows that deg(d(r)) =
deg(ar +b) = deg(ar) = deg(a) +deg(r), so deg(d(r)) —deg(r) = deg(a) >
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deg(d). This contradiction shows that no element r of A satisfies d(r) =
ar +b. By Theorem 4.2.1, it follows that d is simple. It is clear that the

t-degree deg, is a degree function on A[t].

In order to prove that deg,(d) = 0, it suffices to check the following two

facts:

(i) For every f € A[t] \ {0}, deg, d((f)) — deg,(f) < 0.

(ii) There exists f € A[t] \ {0} such that deg, d((f)) — deg,(f) = 0.

Here, (i) is an obvious consequence of d(t) = at + b and of the formula
d(f(t)) = f9(t) + f/(t)d(t), and (ii) is satisfied by f = t.

Therefore, deg,(d) = maz(S;) = 0. O

Corollary 4.4.6. Let k be a field of characteristic 0, let A be a k-domain
and let deg : A — N U {—o0} be a degree function on A. Suppose d :
A — A is a simple k-derivation such that deg(d) is defined. Consider the
polynomial ring Alty, ..., t,] and suppose that (a;)}=y and (b;))}=, satisfy:
o ag, by € A\ {0}, deg(ag) > deg(d) and deg(ag) > deg(bo);
o Foreachic {1,...,n—1}, a;,b; € Alty,...,t;]\ {0}, deg, (a;) > 0
and deg, (a;) > deg, (b;).

Let d : Alty, ... tn] = Alt, ..., L] be the unique derivation that extends d

and satisfies

d(tl) = ai—lti + bi—l; fO’I" all1 = 1, <oy N
Then d is simple.
Proof. This follows by n applications of Corollary 4.4.5. m

It is clear that Theorems 4.3.1 and 4.3.2 are special cases of Corollary 4.4.6.
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Chapter 5

Future Scope

5.1 Special Cases

Based on the work carried out in this thesis, we discuss the simplicity of
the class of k-derivations of the form y™0, + (yg + h)0,, where m > 0 and
g(x), h(z) € k[z]. We have proved the case m = 0 as follows:

Theorem 5.1.1. Consider D = 0, + (yg(x) + h)0,, where g(x) € k[x]. If
degg(x) > 1, and h € k*, then D is a simple derivation of k[x,y].

Proof. We know that the derivation d; = a% is a simple derivation of k|x].

Now, we claim that there does not exist any f € k[z] such that

Suppose that f'(x) = g(z)f(x) + h. Then f(x) # 0, because h € k*. So
deg(f' — h) = deg(gf) = degg + deg f > deg f is absurd. So f does not

exist.

81
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Thus there is no f € k[z] such that d; f = af +b. Hence by Theorem 4.2.1,

is a simple derivation. O

Remark 5.1.2. The converse of Theorem 5.1.1 need not be true, i.e., if
D is simple then degg > 1 and h € k* need not be true. For example, the
derivation 0, + ((:L‘2 + x)y + x2)8y, given in §13.3 of [Now94], is a simple

derivation of klz,y].

For the case m > 1, we have proved the following statement.

Theorem 5.1.3. Consider D = y™0, + (yg + h)d,, where m € N, and
g(x), h(z) € k[z]. If D is simple, then h(x) € k* and degg > 1.

Proof. If h(z) ¢ k*, then D(h) = y™h' € (h(z),y) and D(y) = yg + h €
(h(z),y). Thus, it shows that (h(x),y) is a D-differential ideal; hence, D
is not simple. Thus, if D is simple then h € k*.

If degg(x) = 0 and g(x) € k*, then D(yg + h) = g(yg + h), i.e., the ideal
(yg(z) + h(z)) is a D-differential ideal; hence, D is not simple.

If g(x) =0, then D(y™" — (m + 1)zh(z)) = 0, which shows that (y™*! —
(m + 1)zh(zx)) is a D-differential ideal; hence, D can not be simple. O

5.2 Some Questions

In view of Theorem 5.1.3, and generalizing Theorem 5.1.1, we ask the

following question.

Question 5.2.1. Consider D = y™0, + (yg + h)0,, where m € N, and
g(x),h(x) € klz]. Is it the case that D is simple if and only if h(z) € k*
and degg > 1.

Darboux Polynomials and Simple Derivations Ph.D. Thesis

TH-3352_136123002



Future Scope 83

If Question 5.2.1 has an affirmative answer, then many known results follow

as special cases. For example:

1. If we take m = 3, g(z) = —z and h(z) = 1, then the derivation
y?0, + (1 — 2y)d,, is simple [Jor81, Theorem 1].

2. With g(z) = 2 , this becomes the special case of Theorems 4.1 and
6.1 of [Koul4] by taking s = 1.

3. With m = 0 and h(z) € k* in Theorem 5.1.1, this coincides with
examples from §13.3 of [Now94| and gives a more general class of

simple derivations.

We now propose some more problems emerging from work carried out in
this thesis.

Q1. Let (F,\); denotes Darboux polynomial F' with cofactor A of the

derivation d.

Using the technique introduced by V.S. Gavran in [Gav09] and Jiantao
Li in [Lil5], we wish to find ¢ € Aut,(k[z,y]) and a primitive root
of unity e such that o~'do? = e'd, where d is one of the derivations
introduced in Chapter 2. Further, for (F, \)g4, we wish to find (F, \)4

with the help of o *do? = €'d, such that ) is a monomial.

Thus, it suffices to consider only the monomial cofactors for the exis-
tence of a Darboux polynomial. In Chapter 2, we have already proved
that each of these derivations does not have a Darboux polynomial
with monomial cofactor. Following Proposition 1.3.10, an affirmative
answer to above question will imply that all these derivations are

simple.

Q2. For almost all the results in this thesis, while proving that the deriva-
tion is simple, one needs to consider many cases. In turn the proof
becomes specific to the derivation under consideration. To avoid this
situation, we would like to give a generic criteria for checking the

simplicity of the derivation.
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