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Abstract

The main objective of this thesis is to examine purely critical and supercritical exponent
problems involving nonlocal operator in the symmetric domain. The nonlocal superlinear

semipositone problem is also investigated.

In the first chapter, we talk about the rationale behind writing the thesis as well as
the primary goals that it aims to achieve. After that, we provide a precise summary of the

most important aspects of our primary difficulties as well as the significance of our works.

The preliminaries are presented in the second chapter. The fractional Sobolev spaces
and embedding results are discussed. We look at how different solutions concepts, such as
viscosity and weak solutions, are connected. We also examine topological techniques like

genus theory used in later chapters.

In the third chapter, we establish Struwe’s type global compactness result for the follow-
ing critical exponent problem involving fractional p-Laplace operator in a bounded domain

Q c RY which is invariant under the action of a group G of orthogonal transformations

(—A)u =Q(x)|uf"?u inQ,

(Fpo.0) 8
u =0 on €,
where 0 < s < 1,1 < p < oo such that sp < N, p} := N]\il;s is fractional critical Sobolev

exponent, Q(z) is continuous and strictly positive in Q. We provide a detailed description
of all G-invariant Palais Smale sequences for the energy functional associated with the

problem (P75 q)-
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vi ABSTRACT

In the fourth chapter of the thesis, we study Coron’s type problems involving nonlocal
operators with critical nonlinearities.

In the first part of this chapter, we consider the following problem

(=A)u = |u/*>"2u inQ,

u =0 on ¢,

(F5)

where © C RY be a bounded annular domain which is invariant under a group G of
orthogonal transformations of RY. We establish the existence of a positive and multiple
sign-changing solutions to the problem (FP).

In the second part of the fourth chapter, we show the existence of a positive and multiple

sign-changing solutions to problem (P;Q)

i (=A)u = ufs7?u in Q,
(Pp,Q)
u =0 on €,
in some bounded domain 2 ¢ RY with nontrivial topology under some symmetry assump-

tions.

The fifth chapter of the thesis is dedicated to the study of supercritical exponent

problem involving fractional Laplace operator. We consider the following nonlocal problem

(=A)u =b(x)|ult"%u in Q,

(Fra)
u =0 on 0f),

where Q be a bounded domain in RY with some symmetry assumptions, N > 2s, s € (0, 1),
b € C%*(Q) and positive, ¢ > 2¢. Here, we show the existence of a positive and multiple

sign-changing solutions to problem (Pj,).

The sixth chapter deals with study of nonlocal superlinear subcritical semipositone

problem. We prove the existence of a positive solution to the following Dirichlet boundary
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Vil

value problem

(=A)ju = p(u" —1)in Q,
u >0 in Q,
v =0 on €,

where € be a bounded domain in RY with C? boundary, p —1 <r < pf—1, u > 0is a
parameter.

Finally, the last chapter of the thesis deals with study of nonlocal superlinear criti-
cal semipositone problem. We show the existence of a positive solution to the following

Dirichlet boundary value problem

(—A)pu = uPs™t — 41 in Q,
u >0 in Q,

v =0 on €,

where Q be a bounded domain in RY with C? boundary and p > 0 is a parameter.
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Introduction

1.1 Overview

The study of variational problems using nonlocal operators has received a lot of attention
in the recent years. In contrast to the standard Laplacian, which operates by pointwise
differentiation, these operators are frequently specified by global integration, allowing them
to explain processes such as diffusion in the presence of long-range interactions. In this
context, a model operator is the fractional Laplacian (—A)®, for 0 < s < 1, (see[57]) which

is defined as

s u\r) —u
1
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2 INTRODUCTION

up to a normalized constant. Here, P.V. stands for Cauchy principal values and it is defined

as

u(z) —u(y) . u(z) — u(y)
PV. —— L dy =1 — " dy.
/]RN o — |2 T g RN\ B(z,e) | T —y [N 128 Y

In the literature, fractional Laplacian is defined in many different ways (see [69]). The
fractional Laplacian defined in (1.1.1) is known as integral fractional Laplacian (or also as
Riesz fractional Laplacian).

Another representation of (1.1.1) is the spectral fractional Laplacian. The fractional Lapla-
cian (—A)? is the fractional power of positive Laplace operator —A, in the bounded domain
Q) with zero Dirichlet boundary data defined by its spectral decomposition using the powers
of eigenvalues of the original operator. Let {@;,Aj}jen be the set of eigenfunctions and

eigenvalues of the following Dirichlet problem
—Au=Au inQ, w=0 on 0f,

then {p;, A }jen is the set of eigenfunctions and eigenvalues of the corresponding fractional
problem

(—A)Yu=Au inQ, uwu=0 on N
Let

H3(Q) :={u= Zajgoj € L*(Q): ”uHﬁS(Q): Za?)\j < 00
jeN jeN
We denote by H~#(€) the dual space of I;TS(Q) For u € ﬁIS(Q), U= ienajp; With

aj = [, up;dz, the fractional power of Dirichlet Laplacian (—A)® is defined as
(—Au= ajXp; € H*(Q). (1.1.2)
jEN

One more way to define fractional Laplacian (—A)* of u(z) in RY requires the solution of
elliptic equation involving the standard Laplacian in N 4+ 1 dimensional half plane. This is
called the extension method or the Dirichlet-to-Neumann operator method. It requires the

solution of a degenerate elliptic equation in the half-plane using u(z) as Dirichlet boundary
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1.1 OVERVIEW 3

data, followed by a sort of normal derivative of the solution. We illustrate this method
which is based on the following result from [29]. Given a function u(z) on RY, consider
the extension v(z,t) on RV x (0,00) that solves

div(t'=2Vv) =0

(1.1.3)
v(z,0) =u(x).

Then

C(—A)u(x) = lim v(z, ) = v(z,0)

lim = , (1.1.4)

for some constant C' which depends on N and s. In the bounded domain €2, this method
holds in the case of spectral fractional Laplacian for functions with zero Dirichlet boundary
conditions, the half-plane being substituted by a cylinder C = Q x (0, 00) over the original
domain 2.

The integral and extension method representations of fractional Laplacian in RY are equiv-
alent but not in any bounded domain Q C RY (see for more details [73]). The various
representations of fractional Laplacian require different boundary conditions on bounded

domain. We consider the following prototype problem involving fractional Laplace operator
(—A)’u(z) = f(z,u) inQ, (1.1.5)

where Q be a bounded domain in RY. The Riesz fractional Laplacian requires exterior
boundary conditions on RV\ Q, while the spectral fractional Laplacian admits local bound-
ary condition on 9€2. In the last decade, equations involving fractional Laplacian have been
the main subject of investigation in many of the research works. Caffarelli et al. [27] stud-
ied free boundary value problems involving fractional Laplacian. Chang and Gonzalez [34]
investigated fractional Laplace operator in conformal geometry. Silvestre et al. [28] ob-
tained regularity results of the obstacle problem involving fractional Laplacian. For more

details one may refer to [16] and the references therein.

Over the last several decades, the problems involving quasilinear elliptic partial differential
operators have been the center of attraction. One such example is the p-Laplacian operator

which is nonlinear generalization of Laplace operator. For 1 < p < oo, p-Laplace operator

TH-2935_166123102



4 INTRODUCTION

(see [71]) is defined as
Apu =V - (|VulP~2Vu), (1.1.6)

where the |Vu|P~2 is defined as

p—2

ou \? ou \?| *
YulP~2.= il - -
| u‘ [(8$1> + + <8$N> ]
The operator reduces to the Laplace operator for p = 2.

Let Q be a bounded domain in RY. Problems of the type

—Apu = f(z,u) in Q,
u =0 on 0,

(1.1.7)

for various types of nonlinearities f, have been the main focus for researchers in the past

few decades. The critical power f(z,u) = u? ~!, for N > p, and p* = NL_PP, is the
most important cases of the problem (1.1.7) as the embedding VVO1 P(Q) — LP(Q) is not
compact and hence the standard variational techniques to investigate problems with critical

nonlinearities can’t be used.

For the case p = 2, with critical power f(z,u) = u®> ! and for N > 2, Pohozaev [86]
showed the non-existence of positive solution in a starshaped domain. In the seminal
paper [25], Brézis and Nirenberg established that the critical problem with small linear
perturbation yield positive solutions. In [2|, Ambroseti et al. proved some results on
existence and multiplicity of solutions for a sublinear perturbation of the critical power.
Coron [48] showed the existence of a positive solution to critical exponent problem in the
annulus having small hole. In the pioneering work [4], Bahri and Coron established the
existence of at least one positive solution to critical problem in every domain €2 having
nontrivial reduced homology with Z/2-coefficients.

Critical exponent problems involving p-Laplacian have discussed in the literature [59, 63,

77] and the references therein.

On the other hand, the existence and multiplicity of sign-changing solutions or nodal

solutions of classical elliptic boundary value problems also have been widely investigated

TH-2935_166123102



1.1 OVERVIEW D

in the past decades, one can see [8] and references therein. In [92]|, Struwe studied the
existence of infinitely many solutions of the boundary value problem and existence of

periodic solutions of the ordinary differential equation

2"(t) + f(t,z,2') =0, (1.1.8)

where the growth of the function f with respect to the variable x is faster than linear.
Here, the author presented an example by taking f(¢,z,2') = x|z[*~!, k > 1 in equation
(1.1.8) and showed the existence of infinitely many sign-changing solutions. In [7], Bartsch
studied these types of results in the case of semilinear elliptic equations with subcritical
nonlinearity. The author developed the abstract critical point theory to study nodal solu-
tions to the semilinear elliptic problems.

Some elliptic equations involving various operators such as Laplace operator (|14, 74]), p-
Laplace operator ([11, 13]), and Schrodinger operator ([12]), sign-changing solutions have

been achieved by using min-max method with invariant set of descending flow.

It is a well-known fact that the lack of compactness in elliptic problems, which are invariant
under the translations or dilations leads to interesting phenomena. Specifically, it results
in an effect of the topology of domain on the number of solutions of suitable perturbations
of such problems (see for a detailed discussion [23, 95]). In [39], Clapp studied how the
symmetries of the domain affect the lack of compactness. Here author assumed that the
domain is invariant under the action of some groups of orthogonal transformations of RV,
Clapp proved that lack of compactness can only occur if domain contains some finite G-
orbit.

Clapp and Pacella [44] established the existence of a positive solution and multiple sign-
changing solutions to purely critical exponent problems involving Laplacian operator in
the domains with the arbitrary size of holes. In this paper, the authors made symmetry
assumptions on the domain and demonstrated that the Palais-Smale condition holds for
higher energy levels. Using this fact, they showed the existence of multiple solutions to
semilinear elliptic problems with purely critical nonlinearities in the domains with the ar-

bitrary size of the hole. In [40], the authors showed the existence of multiple solutions to

TH-2935_166123102



6 INTRODUCTION

the Bahri-Coron problem in some domains with nontrivial topology under some symmetry
assumptions.

Pacella et al. [76] investigated the existence of multiple solutions to purely critical expo-
nent problems involving p-Laplacian operator in an annular-shaped domain under some

symmetry assumptions.

For the case f(x,u) = u? with ¢ > p* — 1, the problem (1.1.7) is termed as supercritical
exponent problem. In the past decade, purely supercritical exponent problems involving
semilinear elliptic operators have been widely explored in specific types of domains (for a
detailed discussion see [42, 45]).

In [41], the authors studied the existence of multiple solutions to anisotropic critical and
supercritical problems in symmetric domains. Here, the authors established the results for
particular classes of domains, which either admit a map onto a domain of lower dimension
preserving the Laplace operator or achieved by rotating some domain © of lower dimension
around some linear subspace of RY. This allowed to reduce the supercritical exponent
problem to anisotropic subcritical or critical problems in the domain ©. In [46], the authors
studied the existence of multiple solutions to supercritical exponent problems involving p-

Laplacian operator.

Since 1967, researchers have focused on the study of nonlinear eigenvalue problem of the

form

—Au = pf(u) in Q,
u =0 on 012,

(1.1.9)

where p > 0 is a positive parameter.
(1.1.9) is referred to as positone problem in the literature when f is positive and monotone.
One such example is when one takes f(u) = e".

However, we are interested in the case where f satisfies

f(0) <0, f is monotone and eventually positive, (1.1.10)

which is referred as semipositone problem in the literature. The study of positive solutions

TH-2935_166123102



1.1 OVERVIEW 7

to semipoistone problems is significantly more difficult, because a solution’s range must
include both negative and positive f regions. These issues were examined in [72], and
it was realized that they provided significant hurdles, which was subsequently confirmed
by H. Berestycki, L.A. Caffarelli and L. Nirenberg in [15]. In 1988, Castro and Shivaji
(see [33]) formally introduced semipositone problems with Dirichlet boundary conditions,
where various problematic differences were noticed in their investigation when compared
to the study of positone problems. The initial effort of Castro and Shivaji in [33] has led
to many works in the recent years.

For the recent trends in the problems with semipositone nonlinearities involving semilinear

and quasilinear elliptic operators, we refer to |38, 50, 64] and the references therein.

Recently, there has been increasing attention on studying the non-linear problems involving
the fractional p-Laplacian operators, both in pure mathematical research and in real-world
applications, such as population dynamics, phase transition phenomenon, obstacle prob-
lem, image processing, mathematical finance, game theory and so on. We refer the reader
to [3, 26, 31, 51, 58, 84, 94| and the references therein.

For 0 < s <1 and 1 < p < oo, fractional p-Laplacian (see [57]) is defined as

(-A)pu(x) =PV, | | u(@) = ‘i(i)_lp;N(ﬁ(f) —UW) gy 2 e, (1111)

up to a normalized constant. P.V. is defined as

| u(z) —uy) P72 (u(x) — u(y)) , | u(z) = u(y) P72 (u(x) — u(y))
PV. /RN | i/_ y ‘N—i—sp Y dy = Eg%i RN\ B(a.0) | g_ Y ‘N—l—sp Y dy

In the case when p = 2, the operator reduces to fractional Laplace operator.

Consider the following prototype of nonlocal equation:

(~A)u = fla,u) inQ i
u =0 on ¢,

where Q € RY is a smooth bounded domain. The celebrated work of Nezza et al. [57]
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8 INTRODUCTION

provides the necessary functional set up to study these nonlocal problems using variational

method.

Problems involving fractional p-Laplacian are extensively studied by many researchers (see
[36, 61, 80, 81] ). Here the authors have studied various aspects, viz, existence, multiplicity
and regularity of solutions to the problems involving fractional p-Laplacian operator.

A purely critical exponent problem involving a fractional p-Laplacian operator does not
appear to have been investigated as of yet, as far as we are aware. Additionally, the purely
supercritical exponent problem that involves the fractional Laplacian operator has not
been explored up to this point.

Recently, Dhanya et al. [56] studied the existence of positive solutions to semipositone
problem involving fractional Laplacian. As far as we know, this is the only one article

available related to semipositone problem involving fractional Laplacian.

1.2 Objective and a brief outline of the thesis

The primary goal of this thesis is to investigate purely critical and supercritical exponent
problems in the symmetric domain involving nonlocal operator. We also study the nonlocal
superlinear semipositone problem.

The works carried out in the thesis are presented in seven chapters. Now we present a

concise overview of the thesis and the significance and originality of our findings.

1.2.1 Preliminaries

In the second chapter, we present the preliminaries. We recall the fractional Sobolev
spaces, which describe the solution spaces for the nonlocal problems. The various features
of solution spaces and embedding results are discussed. We explore different notions of
solutions such as viscosity and weak solutions to problems and how they are related. We
go through the various inequalities that have been employed throughout the thesis. We
also recall the important concepts and the results of topological tools like genus theory

that have been used in later chapters.
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1.2 OBJECTIVE AND A BRIEF OUTLINE OF THE THESIS 9

1.2.2 A Global compactness result in symmetric domain

In the third chapter, we establish Struwe’s type global compactness result for the following
nonlocal critical exponent problem in a bounded domain ¢ RY under some symmetry
assumptions

(A = Q@)ulP2u i Q,

(Frq.a) !
g u =0 on €,

where 0 < s < 1,1 < p < oo such that sp < N, p; := N]\E;S is fractional critical Sobolev

exponent, () is continuous and strictly positive in €.

Problems involving critical exponent have always been of immense interest for research.
In his pioneering work in [93|, Struwe studied the non compactness of the embedding of
H'(Q) into L?" (), arising due to the translation and dilation invariance, in details and

gave the splitting of the Palais-Smale sequence for the energy functional J : Dé’Q(Q) — R,

1 1 x
I =5 [ [vup=5 [ P

associated with the critical exponent problem

given by

—Au=u*2uinQ, u=0 ondQ,

where 2* = 1\2,—]_\72 is critical Sobolev exponent. This result finds application in studying
ground state solutions for nonlinear Schrédinger equations, Yamabe-type equations, mini-

mization problem etc.

The Struwe’s type global compactness results are studied in [83] for the critical exponent
problems involving the fractional Laplacian operator and in [22], for the critical exponent
problems involving the fractional p-Laplacian operator.

The main obstacle in treating problem (P;Qﬂ) by using standard variational techniques
is the non-compactness of the embedding Dy?(Q2) < LP<(R2). In addition to this, the

classification of all positive solutions to the critical problem (F; g q) in RV is also not
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10 INTRODUCTION

available. Another issue is the non-existence of sign-changing solutions to problem (Pps’Q’Q)
in a half-space which is not available for p # 2. This problem appears as a limiting problem
to (P;Qﬂ) and must be taken into account when describing the lack of compactness. We
impose some symmetry on the domain which allow us to handle the lack of compactness

of the associated energy functional.

1.2.3 Multiple solutions to nonlocal critical exponent prob-

lem in symmetric domain

The fourth chapter deals with Coron’s type problem involving nonlocal operators. We say

a domain  C RY is an annular shaped domain if
0¢Q, Ap, r, = {2 €RY:0< Ry < |z|< R} CQ, 0<R; <Ry

The classical Coron’s problem goes back to 1984 and says that the critical problem defined

on an annular shaped domain §2

N42
—Au =wuN-2 in (),

u >0 in €,
u =0 on 02,

admits a positive solution provided that Rg/R; is too large, or we can say the size of the

hole is too small.

Consider the following nonlocal purely critical exponent problem

. (=A)u = |u/*>"%u in Q,
(F3)
u =0 on €,
where 2% := 2 is the fractional critical Sobolev exponent and @ C R is an annular

shaped bounded domain which is invariant under a group G of orthogonal transformations

of RN,
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We observe that analogous to the local case, the topology of the domain affects the solution
of the nonlocal critical exponent problem. In [88], Ros-Oton and Serra proved the non-
existence of positive solutions for the purely nonlocal critical exponent problem involving
the fractional Laplacian operator (—A)® in the star-shaped domain.

Secchi et al. [89] studied the Coron problem for fractional Laplacian. They presented
nontrivial solution to a purely critical exponent problem in an annular domain with a suf-
ficiently small hole. Chtioui et al. [1| proved the fractional counterpart of the Bahri-Coron
Theorem [4]. They showed the existence of a nontrivial solution in domains with nontrivial
topology. Nevertheless, the hypothesis of nontrivial topology is not necessary to get the
solution as Shioji et al. [79] got the solution in a contractible domain. So the complete
characterization of the domains for which solution exists to the nonlocal critical exponent
problem is not known. Even this complete characterization of domains is still unknown for
the local cases.

Recently the sign-changing solutions for the problems involving fractional p-Laplacian have
been explored. For sub-critical exponent, Chang et al. [35] have shown the existence of
infinitely many sign-changing solutions to fractional p-Laplacian equations by using the
methods of invariant sets of descending flow and min-max theory.

In [32], Capella discussed the solutions of critical exponent problem involving half-Laplacian
in annular-shaped domains.

We show the existence of a positive solution and multiple sign-changing solutions to the
semilinear critical exponent problem (F) in an annular-shaped domain Q C RY | invariant
under a group G of orthogonal transformation of RY. Here, we establish the multiplicity
results for the domain with a very small hole. Moreover, the multiplicity results for a
domain with the arbitrary size of holes are also shown.

In the second part of this chapter, consider the following purely critical exponent problem

involving fractional p-Laplacian

(-A)pu = lulPs~2 4 in Q,
(Pya)
P u =0 on ¢,

Np

N=ps is fractional critical Sobolev exponent and 2 C R¥ is a bounded domain

where p} =
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with non-trivial topology, which is invariant under a group G of orthogonal transforma-
tions of RY.

We establish the existence of a positive and multiple sign-changing solutions to a critical
problem (Pziﬂ) in domains with some non-trivial topology under some symmetry assump-
tions.

The main ideas to handle to the problems in this chapter are as follows. First, we use the
global compactness result to show that the Palais-Smale condition holds below a certain
energy level. Then, we construct the multiple sign-changing critical points by construct-
ing different invariant sets of descending flow defined by a pseudo-gradient vector field of
the associated energy functional to the problem (PS@) and using the topological tool, the

p

genus, for these invariant sets.

1.2.4 Multiple solutions to nonlocal supercritical exponent

problem in symmetric domain

The fifth chapter deals with the study of purely supercritical exponent problem involving
fractional Laplacian operator in domains of revolutions, under some symmetry assump-

tions. We consider the the following fractional supercritical exponent problem

(Pro)

where © is a bounded domain in RV, N > 2s, s € (0,1), b € C%*(Q) and positive, q¢ > 2

where 27 = NQiVQS is the fractional critical Sobolev exponent.

We consider the cylinder Cq associated with the bounded domain 2 defined as
Co=Q x (0,00) C RYH!

and its lateral boundary

91Co = 09 x (0, 00).
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The points in Cq are denoted by (z,t) where x € Q and ¢ € (0, 00).
Using the s-harmonic extension introduced by Luis Caffarelli [29], we convert the nonlocal

problem (Fyq) into a local problem

—div(t!=25Vv) =0 in Cq,
(Preg) v o= on 0rCq,
95v = b(z)|u|7%u on Q x 0.

The weak solution to the problem (Pbscﬂ) is the critical point of the energy functional
which is defined as

s _ 1
Jo(v) = %/C ¢ 2$|Vv|2d1:dt—q/ﬂb(m)|u(1:)|qd:n.
Q

If v(z,t) satisfies (P, ) then u = v(-,0), defined in sense of traces, is a solution to problem
(Po)

As the problem (Pg: CQ) is a supercritical exponent problem, we convert it into an anisotropic
critical or subcritical exponent problem by rotating some domain © of lower dimension
which is base of cylinder Cg around some linear subspace of RY, preserving the extended

operator. We have following anisotropic critical exponent problem

—div(t!=2%a(x)Vv) =0 in Co,
(Pcf,b,C@) v =0 on 8LC@,
05v = b(z)|u|*"2u on © x 0.

Here, we first establish the Struwe’s type global compactness result for the problem (P?, Ce)'

Precisely, we study the splitting of G-invariant Palais-Smale sequence of the energy func-
tional associated with the problem (Pj’bﬂ@). Then using this result we establish the com-
pactness of Palais-Smale sequence at higher energy levels. Next we show the existence of

multiple nodal solutions using the mountain pass theorem for sign-changing solutions.
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1.2.5 Nonlocal superlinear semipositone problem with sub-

critical growth

The sixth chapter deals with the study of nonlocal superlinear subcritical semipositone

problem. We consider the following problem

(—=A)u = p(u" —1) in O,
u >0 in Q, (1.2.1)

u =0 on €,

where (2 is a smooth bounded domain in RY, p —1 < r < p* —1 and p > 0 be a positive
parameter.

In contrast to positone problems, in which the strong maximum principle ensures the pos-
itivity of non-negative solutions, a semipositone problem can admit non-negative solutions
having zeros in the interior of £} even in the case of the Laplacian, as shown in [33]. Thus,
the most commonly pursued existence theory using monotone iteration which demands a
positive subsolution, can be challenging.

Initially, we construct a pointwise supersolution in the neighborhood of the boundary and
then using this we obtain L°° a priori estimates for the positive viscosity solution. Then
we apply the results from the degree theory and performing delicate analysis, obtain a

positive solution to the problem (1.2.1).

1.2.6 Nonlocal superlinear semipositone problem with criti-

cal growth

In the last chapter, we investigate the superlinear critical semipositone problem involving

nonlocal operator. Consider the following Dirichlet boundary value problem

(—A)u = uPs~t — pin Q,
u >0 in Q, (1.2.2)

v =0 on ¢,
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where € is a smooth bounded domain in RV and ;> 0 is a positive parameter.
It is easy to show that the problem (1.2.2) has no solution for any x > 0 by employing the
Pohozaev type identity for fractional p-Laplacian (see [75]). Therefore, we investigate the
Brezis-Nirenberg type perturbation problem to (1.2.2), that is,
(—A)u = Pt +uPs ! —pin Q,
uw >0 in Q, (1.2.3)

u =0 on {2°,

where A > 0 is a positive parameter. Here, we prove the existence of ground state positive
solution to the problem (1.2.3). Since it is a critical exponent problem, we employ con-
centration compactness arguments to show that the Palais-Smale condition holds below
certain energy level. Subsequently, by obtaining uniform C%(Q) (a € (0, s]) a priori esti-
mates and performing subtle analysis, we get a positive solution to the problem (1.2.3).

Note: Throughout this thesis, C, ¢, ¢;, C;, K;, @ € N, are considered to be generic positive

constants, which may vary from line to line and chapter to chapter.
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Preliminaries

This chapter reviews the different fractional Sobolev spaces that serve as solution spaces to
nonlocal problems. The various properties of fractional Sobolev spaces and the embedding
results have also been examined. The different notions of solutions to nonlocal problems
have been discussed. We recall the concept of symmetric domain and its related termi-
nologies. We also recall the various results related to nonlocal operators which have been

used throughout the thesis.

2.1 Fractional Sobolev spaces

In this section, we discuss the various fractional Sobolev spaces and their embedding results.

17
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2.1.1 Functional spaces

Here we collect some known results about the fractional Sobolev spaces (see [16, 57]). Let
Q C RY be any open set. Then for 0 < s < 1 and 1 < p < 0o, the fractional Sobolev space
W#P(Q) is defined as

|u(z) = u(y)[”

|z — y|Ntsp

WeP(Q) = {u e LP(Q) : /

dxdy < oo}
QxQ

endowed with norm

_ P 1/p
lllyscay= lul ooy + ( / dedy) |

axq |z —y|Nte

Next, we recall the following embedding result for the space W5P(Q):

Proposition 2.1.1. ([57]) Let @ C RY be an open and bounded set with Lipschitz bound-

ary. Also, let s € (0,1) and p € (1,00) be such that sp < N. Then W*P(QQ) — L7()

continuously, for 1 <~y < p¥ = N]\Zp-

Moreover, this embedding s compact for v < p%.

Here p% denotes the Sobolev type critical exponent in the fractional framework. The space
(W=P(Q), ||-[lws»(q)) is separable, reflexive, and uniformly convex Banach space (see [57]).

Next, we state Sobolev-type inequality in the fractional framework.

Proposition 2.1.2. (|57]) Let s € (0,1) and p € (1,00) be such that sp < N. Then there
exists a positive constant C = C(N,p,s) such that, for any measurable and compactly

supported function u : RN — R, we have

u(z) — u(y)|? e
HUHLP’S‘(RN)S C (/RNXRN —’x — y|N+sp dmdy .

Consequently, the space W*P(RN) is continuously embedded in LY(RN) for any q € [p, pZ].
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2.1.2 Solution spaces

In order to study the Dirichlet boundary value data of nonlocal problem we consider the

following spaces. Let 2 € RY be an open bounded set
WeP(Q) = {u e WPRY) :u =0 RV \ Q}

equipped with the norm

1
[u(x) — u(y)|P - / [u(r) — u(y)|P e
s, = —_— d = —_— d
HUHW0 P(Q) < o |z —y N dxdy BN xRN |7 — y[N P dxdy ;

where @ = RV \ (RV\ Q) x (RV\ Q)). The set C5°(€2) is dense in W;P(Q2) with respect
to the norm ||-[lyys» () (see [16, 57]).

Proposition 2.1.3. ([57]) Let Q be a bounded open set in RN with Lipschitz boundary
and let v € [1,p%]. Also, let s € (0,1) and p € (1,00) be such that sp < N. Then for
u € W5P(Q), there ezists a positive constant C = C(N,p, s,v) such that

lullzr @) < Cllullwe»q)-

Moreover, this embedding is compact for each ~y € [1, p¥).

The space (W' (£2), [ [lwg» () is separable, reflexive, and uniformly convex Banach space

(see [57]). The dual of the space WP () is denoted by W' (Q) with the norm |- HW,SJ,/(Q),

where p’ = p%l is the conjugate to p.

Now we recall the functional spaces required to study nonlocal critical problem. For a

measurable function u : RY — R, and for sp < N, we consider the space

DSP(RN) = {u € IP'(RN) : [u] pr(en) < oo}
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endowed with Gagliardo seminorm [-] ps»gny which is defined as

B Ju(z) — u(y)|? e
[U]DS,p(RN) = </RNXRN —|:IZ — y|N+sp dx dy .

Let Q ¢ RY is bounded domain with smooth boundary. We consider the following closed

linear subspace of D*P(R™) as the solution space.
DyP(Q) :=={u e D*’(RY) : u = 0in RN \ O},
which is a Banach space endowed with the norm

1= [ pso ey (2.1.1)

as the embedding Dg* (Q) < L"(£) is continuous for 1 < r < p*. Moreover that embedding
is also compact for 1 < r < p%. We can also define the space Dy’ (2) as completion of
C5°(Q) in the norm []psp@ny, provided © has smooth boundary. We note that, for

uw€ DJP(Q) and 1 < r < p¥,

/RN]u(:L‘)]rdx:/Qm(x)V"dw.

and
u(@) — u(y)? _ [ |u(@) —u(y)P
/RNXRN o — gV W Q lz—y/Nte '

For a subset A C RV, we denote the localized Gagliardo seminorm by

. u(z) — u(y)|? Ve

We define

Ssp = uep%%f(RN) {[U]Dsm(RN) ull oz gavy= 1} (2.1.2)

which is the sharp constant for in the Sobolev inequality for D (RN), namely

SS,I’”“HLP;(RN)S [u]%s,p(RNy (213)
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for all u € Dy (RY).
The space (Dy*(£2),||-]|) is separable, reflexive, and uniformly convex Banach space.

The dual of the space DP(Q) is denoted by D~*# (Q) with the norm Il p=s.0" (c2y» Where

o = ]% is the conjugate to p satisfying
1 1
— + 7/ = 1.
p D

2.2 Different notions of solutions

In this section, we discuss the different notions of solutions to the problems involving

nonlocal operators.

2.2.1 Weak and viscosity solution

We recall the following Lebesgue space.

p—1RNY .— oy, p—1 /Ny . ju(z)P= .
(R )._{ e I’ (R )'/RN(lﬂaz|)N+spd < }

Consider the following boundary value problem

(A)u(z) =h(z,u) inQ, (2.2.1)
u(z) =0 on ¢,

Definition 2.2.1. A function v € W5P(RN) 0 L (RN) is a weak supersolution (subso-

lution) of (2.2.1) if

/ Ju(z) — u(y) P> (u(z) — u(y)(e(x) — ¢(y)) da dy > (<)/ h(z,u)pda
RN xRN - ’ |

|z — y|NFsp Q
for every o € WP ().

We say that u is a weak solution of (2.2.1) if it is both a weak supersolution and subsolution
to the problem.

As we know, in the classical p-Laplacian problem for the range 1 < p < 2, the p-Laplacian
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operator becomes singular when Vu = 0. So while defining the correct viscosity solution,
one has to deal with this issue. The same issue holds here. In the nonlocal setting the
singular range is 1 < p < ﬁ To give pointwise sense to the nonlocal operator, we need
to work with a more restricted class of functions [68|. Let D C €2 be an open set, we define

min{d,(x),1}7~1 D?u(x
)= {ue €0y mp (MHET T ) < ).

where d, is the distance from the set of critical points of u denoted as N, that is
dy(x) := dist(x, Ny), N, :=={z € Q: Vu(z) = 0}.

Definition 2.2.2. A function u is a viscosity super-solution (subsolution) of (2.2.1) if
(i) u < 400 (u>—00) a.e. inRY, u> —00 (u < +00) a.e. in (.
(7i) w is lower (upper) semicontinous in Q.
(iii) If ¢ € C2(B(xo,7)) N LE (RN for some B(xo,r) C Q such that ¢(xo) = u(xo), ¢ <
u(¢p > u) in B(xg,r), ¢ =u in Q\ B(xg,r) and one of the following conditions hold:
(@) p> 52 or V(o) £0,
) 1<p< %, Vo(zg) = 0 such that xg is an isolated critical point of ¢, and
¢ € CE(B(LUQ,’I")) for some B> 25, then

(=A)po(20) = (<)h(xo, ¢(0)-

(iv) u_ := max{—u,0} (uy := max{u,0}) belongs to L2, ' (RN).
We say that u is a viscosity solution of (2.2.1) if it is both a viscosity supersolution and

subsolution to the problem.

2.2.2 Equivalence of Weak and Viscosity Solutions

In [6], the authors have discussed the equivalence of weak and viscosity solutions to prob-
lems involving nonlocal operators with a more general non-homogeneous term, including
fractional derivatives. Here we state the equivalence of weak and viscosity solutions for

nonlocal problem (2.2.1).
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Theorem 2.2.1. Let 1 < p < oco. Assume that h = h(z,u) is uniformly continuous in

Q) x R, non-increasing in t, and satisfies the growth condition

[z, )< y([t]) + o(),

with v > 0 is a continous function and ¢ € L°.(Q). Thus, if u € L>®°(RY) and lower semi-

loc

continuous in RN is a viscosity supersolution of (2.2.1) then it is a weak supersolution of

the problem (2.2.1).

Definition 2.2.3. Let u be a weak supersolution to (2.2.1) in D C Q. We say that (u, h)
satisfies the comparison principle (CPP) in D if for every weak subsolution v of (2.2.1)

such that u > v a.e in RN \ D we have u > v a.e in D.

Theorem 2.2.2. Let1l < p < co. Assume u is a continuous weak supersolution of problem
(2.2.1) and h = h(z,u) is continuous in @ x R. If (CPP) holds then u is a viscosity

supersolution of problem (2.2.1).

2.3 Symmetries
In this section, we study the concept of symmetric domain and functions and its related

terminologies that have been used in subsequent chapters.

2.3.1 (G-invariant domains and functions

Let SO(N) be the special group of orthogonal transformation of RY and G be a closed
subgroup of SO(N).

Definition 2.3.1. A domain Q C RY is said to be invariant under the action of G (or

G-invariant ) if for each x € Q,g € G, we have gx € Q.

Definition 2.3.2. A function u : Q — R is said to be invariant under the action of G (or

G-invariant ) if u(gx) = u(z) for each x € Q,g € G.
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For z € R the set
Gz :={gr € RY : g€ G}

is known as the G-orbit x and the subgroup
Gy :={9€G:gzx=ux}

is called the G-isotropy subgroup x. Note that Gz is G-homeomorphic to the homogeneous
G-space G/Gy with |G/Gz|= #Gz, where |G/G,| denotes the index of G, in G and is
#Gx denotes the cardinality of Gz.

2.3.2 G-invariant fractional Sobolev space

We consider the problem

(-A)u = |u/%"2u in Q,

u =0 on €,

(F3)
Weak solution to (F}) are given by the critical points of the energy functional

1 (u(z) — u(y) / )2
I(u) == —_— d d d 2.3.1
9 =5 s e g 3 [ s e
We note that I is a C! functional with the derivative DI € D~%2(2) defined by

(DI(u),v) = /]RNXRN (u(2) ‘z(g);%(f%_ v(v)) dx dy — /Q|u|2:2uv dx, (2.3.2)

where v € D?(Q). For linear transformation g : RN — RY and u € DJ*(g(2)) we define

ug(x) = (det Dg) 7% u(g(x)), (2.3.3)

where det Dg is the Jacobian determinant of the transformation g. Next for G-invariant

domain €2, we define the orthogonal action of g on DS’Q(Q) as gu = ug—1 for every u €
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D8’2(Q) where u,-1 is as defined in (2.3.3). Let

Dy ()Y = {u € Dy*(Q) such that gu = ufor all g € G} (2.3.4)

be the subspace of Dg’Q(Q) of G-invariant functions. Then using (2.3.3) and the fact that
) is G-invariant one can check that I is G-invariant for G C SO(N), i.e. I(gu) = I(u) for
all u € Dg’z(Q). Therefore by the principle of symmetric criticality [82], the critical points
of the restriction of I to the space D8’2(Q)G are G-invariant solutions of problem (F).

We define the G-invariant Palais-Smale sequence for I as follows.

Definition 2.3.1. A sequence {uy}ren such that
ug € DS’Q(Q)G’ I(uy) = ¢, and || DI(uy)||—0 in D **Q)

1s called a G-invariant Palais-Smale sequence for I, or a G-PS-sequence for short.

We say that I satisfies the G-Palais-Smale condition (PS)$ at c if every G-PS-sequence

for I such that I(ug) — ¢ has a convergence subsequence.

2.4 Mountain pass theorem for sign-changing solu-

tions

Mountain pass type theorem for sign-changing solutions to problems involving semilinear
elliptic equations has been studied in section 3 of [44]. Here we recall the same for the
nonlocal setting. Let G be a closed subgroup of SO(N), Q be a G-invariant bounded
domain in RY and I be as in (2.3.1). Consider the negative gradient flow ¢ : G — DS’Q(Q)G
of I, defined by
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where G := {(t,u) : u € DS’Z(Q)G,O <t < T(u)} and T'(u) € (0,00] is the maximal
existence time for the trajectory t — @(t,u). We say that a subset D of Dg’z(Q)G is

strictly positively invariant under ¢ if
o(t,u) € int(D) for every u € D and every t € (0,7 (u))

where int(D) denotes interior of D in D872(Q)G. If D is strictly positively invariant under

@, then the set
A(D) :={u € DS’Z(Q)G i p(t,u) € Dfor somet € (0,T(u))}
is open in D5?(Q), and the entrance time map
ep(u) :=inf{t > 0: p(t,u) € D}

is continuous. We state the following quantitative deformation lemma, which follows using

the similar arguments as in Lemma 3 in [47]. We define the sublevel set as
4= {u € DR : I(u) < d} .

Corollary 2.4.1. If I has no sign-changing critical point u € DS(Q)G with I(u) = d, then
the set
DY := Bo(PY)U Bo(-PE) U T¢

18 strictly positively invariant under o, and the map
. G G A
0a: A(Dy) = Dy, 0d(u) := ‘P(@Ddc (u), u)

is odd and continuous, and satisfies pq4(u) = u for every u € Dg.

2.4.1 Genus

A subset Y of DS’Q(Q)G is called symmetric if —u € Y for every u € V.
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Definition 2.4.1. Let D and Y be symmetric subsets of DS’Q(Q)G. The genus of YV relative
to D, denoted g(¥, D), is the smallest number m € N such that Y can be covered by m + 1

open symmetric subsets Uy, U, ...,Un of DS’Q(Q)G with the following two properties:

(i) YND C Uy and there exists an odd and continuous map Yy : Uy — D such that
Yo(u) =u forue YND,

(1) there exist odd continuous maps ¥ : U; — {—1,1} for every j =1,...,m.

If no such cover exists, we define g(¥, D) := 0.

If D = we write g()) := g(),0). This is the usual Krasnoselskii genus. D is called sym-
metric neighborhood retract if there exist a symmetric neighborhood U of D in DS’Q(Q)G

and an odd continuous map o : Y — D such that o(u) = u for every u € D.

Definition 2.4.2. Let D C H be subsets of DS’Q(Q)G. I satisfies (PS). relative to D in

H, if every sequence {uptnen in H such that
un & D, I(up) — ¢, DI(uy) — 0,

has a convergent subsequence. If D = () we say that I satisfies (PS). in H.

Set D := B, (PY) U Bo(—P%) U I¢, and define
¢j :=inf{c € R: g(DS, D) > 5}

Proposition 2.4.1. Assume that I satisfies (PS)., relative to DS in D8’2(Q)G. Then the

following holds:
(i) There exists a sign-changing critical point u € Dg’z(Q)G of I with I(u) = ¢;.
(i1) If ¢j = cj41, then I has infinitely many sign-changing critical points u € DS’Q(Q)G
with I(u) = ¢;.
Consequently, if I satisfies (PS). relative to D§ in DS’Q(Q)G for every ¢ < d, then I has

at least §(DSE, DY) pairs of sign-changing critical points u € DS’Q(Q)G with I(u) < d.

We now state a mountain pass result for sign-changing solution.
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Theorem 2.4.1. Let W be a finite dimensional subspace of DS’Q(Q)G and let d := supyy 1.
If I satisfies (PS), relative to D§ in Dg’z(Q)G for every ¢ < d, then I has at least dim(W')—

1 pairs of sign-changing critical points u € D8’2(Q)G with I(u) < d.

We refer to Proposition 3.6 and Theorem 3.7 of [44] for the proofs of Proposition 2.4.1 and
Theorem 2.4.1.

2.5 Important results

In this section, we recall the various properties of fractional p-Laplacian and results related
to nonlocal operators. We also recall the different algebraic inequalities that have been
used throughout the thesis.

First we sate a vital property of fractional p-Laplace operator, which does not hold for
classical p-Laplace operator for p # 2.

Lemma 2.5.1. ([36, Lemma 2.2|) The operator (—A)5 : WgP(Q) — W= (Q) is weak to

weak continuous.
The strong maximum principle for fractional p-Laplacian is given as follows:

Lemma 2.5.2. (|80, Lemma 2.3|) Let u € W*(Q) satisfy

(=A)u >0 weakly in Q,

u >0 in RV\Q.

Then u has a lower semi-continuous representative in €2, which is either identically 0 or

positive.

Next we recall some weighted Holder spaces. Let the distance function d : © — Ry be
defined by
d(x) := dist(z, 09), z €. (2.5.1)
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The weighted Holder type spaces are defined as follows:

coQ) = {u e C°(Q) : u/d® admits a continuous extension to Q},

Cg’a(ﬁ) = {u € C°(Q) : u/d® admits a a -Holder continuous extension to Q}
equipped with the norms

||UHcg(§)3: [u/d|| Lo ()

e gyi= lilog+ sup  LADE) —wl) /)

z,y€Q, a7y & — yI* ,

respectively. The embedding C’g’o‘ (Q) == CY(Q) is compact, for all a € (0,1).
Next we state some regularity results for the problems involving fractional p-Laplacian.

Consider the following boundary value nonlocal problem

(—A¥u(z) = f(z) inQ, (2.5.2)
u(z) =0 on Q°,

where Q C R is bounded domain with C! boundary 99Q and f € L>®(fQ).

First we recall global Holder regularity result.

Theorem 2.5.1. (|66, Theorem 1.1]) Let p > 1, there exists o € (0,8] and Cq > 0,
depending only on N,p, and s, with Cq also depending on ), such that, for all weak
solution u € W3(Q) of problem (2.5.2), u € C*(Q) and

Next we state fine boundary regularity result.

Theorem 2.5.2. (|67, Theorem 1.1|) Let p > 2, there exists a € (0,s] and C > 0,
depending on N,p,s and Q, such that, for all weak solution u € WSP(Q) of problem
(2.5.2), u € Cg’a(ﬁ) and

g < CIF T gy (2.5.4)
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We also collect the following discrete Picone inequality.

Proposition 2.5.1. (|19, Proposition 4.2]) Let 1 < p < oo and 1 < g < p. Let u,v be two

measurable functions with v > 0 and u > 0, then

) =)l ule)—u) | £~ O] < o) olo)ute) ). (255)

Next we recall the following truncation lemma.

Lemma 2.5.1. (|22, Lemma A.2|) Let ¢ € C5°(B(0,2)) be a positive function such that
¢(=1on B(0,1). Then

nhjolo [vC(pn-) = U]Ds,p(RN) =0 (2.5.6)
for any v € DyP(RN) N LYRN) with q < pt and {fin}nen C RT such that p, — 0.

We have the following Brezis-Lieb result.

Theorem 2.5.1. (|24, Theorem 1]|) Let Q@ C RY be a bounded domain, {u,} C LP(S),

1 <p < oo be such that ||up||»< C for some C' >0 and u, — u a.e. in Q. Then

ngglooﬂlun - u||€p(Q)_‘|un|‘zzp(ﬂ)+HuH]£p(Q)] =0.

We have the following inequality.

Lemma 2.5.2. ([68, Lemma 3.3|) Let p>1 and a,b € R. Then
llal’~%a — [bP=2b|< c([bl+la = b)P2|a — b|

where ¢ depends only on p.

We also have the well known Simon’s inequalities (see [91]). For all ¢,¢ € RY, we have the

following:

[SIS]

C—elP < [ (CP2 = lelP26) . (¢ - ©) ] (el+em =" 1< p <2,

(2.5.7)
c—eP < 2(icP - g 2).c—9) .  px2
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We also recall the following standard inequalities which follows from [21, Lemma A.2| for

g(t) =t*. Forall a > b and 1 < p < oo, there exists some constant C}, > 0 such that
la™ = bTP< (@ — b)P " (aT —bT) and (a — b)PF < Cp(aP™t —BP7H). (2.5.8)
Another important inequality which is used repeatedly in this thesis is given below.

21+ x2)P <2428 0<p<l, 21,29 >0,
(@1 +22) XA 2 2 (2.5.9)

(1 +22)P <2712l +2b), p>1, 21,29 > 0.
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A Global compactness result in symmetric

domain

In this chapter, we establish Struwe’s type compactness result for the following nonlocal

problem with critical nonlinearity

by C =@ e,
il u(z) =0, on Q°,

where Q is a bounded and G-invariant domain in R and @ is a positive, continuous, and

G-invariant function in Q. Here we study the splitting of Palais-Smale sequence of the

33
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functional associated with the following problem

(—A)u = Q@)[uf*"?u, inQ,

p
(P;SQ) u(z) =0, on Q°,
u(gr) = u(x) for all g € G,

We show that the non-compactness is due to the solutions of the following limiting problem

(—A)pu = lulPs=2u, in RV,
(P;f;o[i) u(z) —0, as |z|— oo,
u(gxr) = u(x) for all g € K,

concentrating at G-orbits of {2 with orbit type G/K for some closed subgroup K of finite

index in G.

3.1 Main Result

In this section we state the global compactness result for nonlocal problems with critical
nonlinearities in the symmetric domain. We define the energy functional associated with
the problems (Pzi’gﬂ) and (Pz‘f,’o}g).

The energy functional Eg : Di*(Q) — R associated with the problem (P;gﬂ) is defined
by

1 lu(z) — u(y)P 1 / .
E — = _— _ — ( ) ps .
o) p /]RN RN |z —y|NEeP drdy Ps Jo fule) dx

We note that Eg is a C! functional with the derivative DEg € D~*# (Q) defined by

w(z) — u(y)|P2(u(x) — u v(x) —v "
(Dt = [ 1) a0 H0l) g ole) =00 g, [ =t

RN xRN |z — y|NFsp

where v € Dy (Q).
The energy functional Ew, : Dy (RY) — R associated to the the problem (P3E) is given
by

1 — p 1 %
Foo(u) = / [u@) = w@)” ) 0 - / (ulP* da.
RN xRN |z —y|NHep s JrN

S
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We recall the G-invariant fractional Sobolev spaces that has been discussed in the chapter
2 for p = 2.

For linear transformation g : RY — RY and u € Dy*(g(Q)), we define

N-—s

ug(z) = (det Dg) ¥ u(g(x)), (3.1.1)

where det Dg is the Jacobian determinant of the transformation g. The orthogonal action
of g on DjP () is defined as gu := u,—1 for every u € Dy”(Q) where u,-1 is as defined in

(3.1.1). Let

g

DyP(0)C = {u € D;?(Q) such that gu = u for all g € G}

be the subspace of Dy”(2) of G-invariant functions. Then using (3.1.1) and the fact that
2 and @ are G-invariant, it is easy to check that Eg is G-invariant for G C SO(N), i.e.
Eqo(gu) = Eg(u) for all u € Dg*(Q). Therefore by the principle of symmetric criticality
[82], the critical points of the restriction of Eg to the space Dy ()¢ are G-invariant
solutions of problem (P, ). The G-invariant solution of the problem (P;gﬂ) are the
critical points of the restriction of the energy functional E¢ to the space D" (Q)C. We

define the G-invariant Palais-Smale sequence for Eq as follows.

Definition 3.1.1. A sequence (uy)ken such that
u, € DFP()Y,  Eg(uy) — ¢, and ”DEQ(Uk)HDﬂ,p/(Q)% 0 in D (Q)

is called a G-invariant Palais-Smale sequence for Eqg, or a G-PS-sequence for short.

We say that E( satisfies the G-Palais-Smale condition (P.S)¢ at c if every G-PS-sequence
for Eg such that Eg(ux) — ¢ has a convergent subsequence.

We state our main result.

Theorem 3.1.1. Let (ug)ren be a G-invariant Palais-Smale sequence for Eq at the level c.
Then, after passing to a subsequence, there exist a (possibly trivial) G-invariant solution u
to problem (P;”SQ), an integer m > 0, m closed subgroups Gy, . ..,Gn, of finite index in G,

m bounded sequences (Y1 k)keN, - - - (Ym,k)keN in RN m sequences (E1k)keN: - - - (Em k) keN
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in (0,00), and m non trivial solutions uy, ..., Uy, to problems
(—A)pui = [wlP%u, € DyP(Hy)

with the following properties:
(1) Gy, =G forallk €N, and y;p — y; in Q ask — oo for eachi=1,...,m.

(13) If ai_,kldist(yi’k,ﬁﬁ) — oo then H; = RN and if (51._’kldist(yi,k,8(2)) is bounded then
H; # RN, Also e} gyir — gvikl— o0 as k — oo for all [¢'] # [g] in G/G; and

1=1,...,m.
(vit) H; and u; is Gi-invariant for each i =1,...,m.
(o) Jim o 0= S Seie e @ (o (<24)) o
(v) Eou)+ i§:1|G/GZ-| <ﬁ) Eoo(iis) = .

Now we discuss the implications of the Theorem 3.1.1. We write

. |G/G -
G = mlELNﬂp N
z€Q Q(CL‘) sp

where s, is the best fractional critical Sobolev constant for the embedding Dy* (RY) —
LPs (RN).
As a consequence of Theorem 3.1.1, we have the following Corollary. We refer to Theorem

2.5 in [46] for the proof.

Corollary 3.1.1. Eg satisfy (PS)S at every c < u;’g. In particular, if every G-orbit in

Q is infinite, then u;’g = oo and hence Eg satisfies (PS)CG at every c € R.

N
For p = 2, we note that %Sﬁs is the energy of the ground state solution of the following
nonlocal limiting problem (P5),
(=A)u = |u/*"2u, inRY,

(P)

e o]

u(x) —0, as |z|— oo,
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which, up to some constant, is given by

N—-2s

IS 2
> , ZERN,5>O.

g2+ |z — z|?

Uesta) = (

They satisfy

U2 () — U2 (y) |? x / "
5 ) d d — S2S — . Ps d .
/RNXRN |z — y|N+2s zdy =3 RN‘U& (@)l da

Next corollary gives the concentration of the non-convergent G-PS-sequences of E at the

level MS, - One can refer to Theorem 6.1 in [43] for the proof.

Corollary 3.1.2. Let {uy}ren be a G-PS-sequence for E such that E(uy) — ug s- Then
a subsequence of {uy}ren either converges strongly to a nontrivial solution of the problem
(Pé’G), or there exist v = £1, and sequences {yx}ren in Q and {ex}ren in (0,00), such

that

(i) yo >y EQask — oo, Gy, =Gy for all k, and

GG o 1G/G

Q)= =2 Q)=

(i) e, 'dist(yg, 0Q) — 00 and e}, |gyx — g'yr|— 00 as k — oo for all [g] # [¢'] € G/G,,

2s—N

(1i) ||lup — (—1)¥ Z Qy) = Usppgyll =0 in DS’Q(RN) as k — 0o.
lgleG/Gy

3.2 Proof of the main result

In this section we provide the proof of the Theorem 3.1.1. We assert that Theorem 3.1.1

follows from the iteration of this result.
Proposition 3.2.1. Let (uy)ren be a G-invariant Palais-Smale sequence for Eg at the

level ¢ > 0 such that up — 0 weakly in Dg’p(Q)G. Then, after passing to a subsequence,

there exist a closed subgroup K of finite index in G, a sequence (yp)ren in RY, a sequence
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(ex)ken in (0,00), a non trivial solution u to the limit problem

(—A)yu=lal” *a, e Dy"(H),

where H = RN if e 'dist(yx, 0Q) — 0o and H={z € RN 1 v(yo) -2 > —d} or H={z €
RN : v(yo) - z > d} if kli)ngo e;; Hdist(yy, 0Q) = d € [0,00) where v(yo) is the interior unit
normal at yo € O for yo = kll}rgo Yk, and a G-invariant Palais-Smale sequence (vy) for Eq
with the following properties:
(i) Gy, =K for allk € N, and yi — yo in Q as k — oc.
(i) If e, 'dist(yg, 9Q) — oo then H = RN and if (e} 'dist(yx, 9Q)) is bounded then
H #RY. Also & gy — g'yr|— 00 as k — oo if [¢'] # 9] in G/K .

(#i7) H and u are K-invariant.

sp=i sp=N
() hm Nug =0k = Djgec/x € © Qlyo) U(g ! (%))H =0.
v) Fg(vg) — c— Lj{,{'s E(u) as k — oo.
Q P
Qyo) P~

First we recall some results that have been used to prove the Proposition 3.2.1.

We have the following Brezis-Lieb type result for the fractional-order space D” (RM) from

22].

Lemma 3.2.1. Let (ug)reny € DyP(RY) be such that uxy — u in Dy¥(RY) and uj, — u

almost everywhere, as k — oo. Then

[uk]%s,p(RN) — [ug — u]zz)s,p(RN) = [u]%w(RN) + o (1).

Also we have the following Sobolev type embedding with localized seminorm from Propo-

sition 2.3 in [21].

Lemma 3.2.2. Let s € (0,1) such that sp < N. We fix 0 < r < R, then for every
u € DJP(B(0,r)) there holds

</ | [P da:)
B(0,r)

A

|u(z) — uly)”

gT/ dz dy
BO,R)xB(O,R) T —y[N TP

TH-2935_166123102



3.2 PROOF OF THE MAIN RESULT 39

where the constant T =T (N, s,p,R/r) > 0 and % goes to 0 as R/r converges to 1.

For 1 < p < oo we define the monotone function J, : RN — RN as follows:

Tp(€) = [€PP%¢, € eRY.

We also recall the following Caccioppoli inequality. One can refer Proposition 2.9 [22] for

the proof.

Lemma 3.2.3. Let F € D~*P(Q) and let u € DJP(Q) with

[ ) A=) g, 5 o i D5
RN xRN

|z — y[NroP

Then for every open set ' such that ' NQ # 0 and every positive 1 € C3° () we have

[ W) P g,
Q' xQ

|z — y|N+sp

[Y(x) = P(y)[P

<C |z — y|N+op

1925°394

p—1
+c< sup /R %w) /Q/|u|¢pda¢+C‘<F,u1/)p>

yesppt(w) JRM\@ [ —

(lu(@)[P+|u(y)[?) dady

b

for some constant C > 0.
We recall the following lemma and for the proof one can refer A.1. in [22].

Lemma 3.2.4. Let v be a Lipschitz function with compact support K and u € Dg’p(RN).

Then u € DyP(RY) and we have the estimate

[Wulpesny S Crll oo @) [Wpsn@y + Col VI o0 @y 4l 05 vy
for some C1 = C1(N,s) >0 and Cy = Co(N,s,K) > 0.

Next we discuss invariance of DSP(R™V) and LPs (R™) norms under translation and dilation.

We have the following scaling invariance result for E, from Lemma 2.5 of [22].

TH-2935_166123102



40 A GLOBAL COMPACTNESS RESULT IN SYMMETRIC DOMAIN

Lemma 3.2.5. (Scaling invariance). Fory € RN and A > 0, we set
2 € Qyy = {ZERN:)\z+yEQ}
and for u € DJP(Q), z € Q \, we define
u(z) == )\¥u(>\z +y) € DFF(Qyn) and Q(z) = Q(Az+y).

Then

[l ps.rny = [ul psw(@ny and ”mHLw;(RN) = 1Qull 1oz (m,) -

Also for w,p € DT (RN), we define

sp—N 22—y N-_sp
w(z) =\ 7 w( 5 ), P(z) =27 pAz+y).

Then (DE(w),p) = (DE(w),p) and

sup
pED” ()

DE+ (@),L = sup DE, (w),b@— ;
[@]DSaP(RN) ©EDSP(Qy 2) [SO]D“’(RN)

We also recall Lemma 3.3 in [41] which is used to prove Proposition 3.2.1.

Lemma 3.2.6. Given sequences (x)gen in (0,00) and (&x)ren in RY, there exist a se-
quence (yp)ren i RN and a closed subgroup K of G such that, after passing to a subse-
quence, the following statements hold true:

(i) The sequence (e}, 'dist(G&, yx)) is bounded.
(i) Gy, = K for all k € N.
(ili) If |G/K| < oo then e |gyx — g'yx|— oo for any g,¢' € G with g9~ ¢ K.
(iv) If |G/K| = oo then there is a closed subgroup K' of G such that K C K', |G/K'| =

00 and e |gy — g'yr|— 00 for any 9,9’ € G with g'g™ ¢ K'.

Now we prove the Proposition 3.2.1.

Proof of Proposition 3.2.1: We prove the Proposition 3.2.1 in the following steps:
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Step 1: Since PS-sequences for Eg are bounded in Dj* (),
x N N N
/ Qg dz = Y E(u) — X DB — X6 > 0.
Q s sp s

Let

sp—N %
d := min Ne 1 max "
' sp’2CT \ q '

Let B(z,r) denote the closed ball in RY with centre  and radius r. Then the Levy

Concentration function

@wmzmm/ Qlurl?
B(z,r)

z€RN
satisfies that ®4(0) = 0 and ®g(c0) > § for k large enough. Hence we may choose & € RY

and €5 > 0 such that

SUP/ QIUHPZ—/ Qlug|?* = 6, (3.2.1)
zeRN J B(z,ex) B(&x )

Observe that, since Q2 is bounded, the sequence & is bounded. By Lemma 3.2.6, after
passing to a subsequence, there exist (yx) in R™, a subgroup K of G, and C; > 0 such
that Gy, = K and e, 'dist(G&,yx) < Ci for all k € N. Therefore, (y;) is bounded and
there exists gx € G such that B(gxék,ex) C B(yg,Cer) with C := C; + 1. As Q and wuy

are G-invariant, this implies that

5:/ Q|Uk’p::/ Quk‘ng/ Qlux P> (3.2.2)
B(&kyer) B(gr&k ) B(yx,Cey)

Now we claim that |G/ K| < oo. If not then, by Lemma 3.2.6, there exists a closed subgroup
K’ of G such that K C K', |G/K'| = oo and &, |gyx — ¢'yk|— oo for any [q],[¢'] € G/K’
with [g] # [¢]. Hence, for each m € N, we may choose g1, ..., gm € G such that [g;] # [g;]
in G/K' and B(g;yi, Cer) N B(gjyk, Ce) = 0 for i # j and k sufficiently large. From

inequality (3.2.2) we obtain that

« Nec
Po= e + ox(1),

m5§Z;/B(

mwﬁg/mW
Q

9iYk,Cer)
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for every m € N. This is a contradiction. Hence |G/K| < oc.
Step 2: For z € Qp :={z € RN : epz + yi € Q} set

N—sp

U(2) :=¢;, " up(epz +yk) and  Qn(z) := Q(exz + yk)

Thus, g and Qj, are K-invariant, that is,
[Wkl pzv () = luklpsr(o)  and A Qx| = /QQIUkpS-
k

In particular, 7 is a bounded sequence in D*P(R™)%. Hence up to a subsequence, iz — @
weakly in D*P(RV)5 up — w a.e on RY and wp — u in LY (RY) for every ¢ € [1, p?).

Observe also that, since €, !|¢, — yg|< C < oo for all £,

= [ Qs | Qluy
B(&kyer) B(yr,ex(C+1))

_ / OrlaaP*
B(0,0+1)

and thus it implies that |B(&,ex) N Q> 0.

(3.2.3)

We claim that @ # 0. Suppose by contradiction that % = 0 a.e, then @ — 0 in L (RN)

loc

for every g € [1,p%). Let h € C§°(RY) be positive such that
supp(h) C B(z,1) C B(0,3/2), for anyz € B(0,1/2). (3.2.4)

In Lemma 3.2.2, we take r = 3/2 and R = 2, then the following Sobolev inequality holds
for functions in Dy?(B(0,3/2)), that is

P

_ip* P |1Tk(:c) _A ﬁ(y”p S
5P dx <T dx dy = T [ug]5s, ,
(/3(0,3/2)’ | ) B(0,2)xB(02) | —y/NTeP (@1 Der (0.2
(3.2.5)
for a constant 7 = T(N, s) > 0. By Holder inequality and (3.2.5), since hug, € D§*(B(0,3/2)),
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it follows that

sp

N
(/B(Zl)Qk|W|p:da:) [hufk]%s,p(B(O,Q)) (3.2.6)

N—sp

/ Qmmwﬁdx§7<me>
RN Q

for some positive constant T depending only on N, s,p. We observe that by definition of
DE,

[ ) el ) o
R2N

|z — y|Vtep
— [ Pt o do + (DE<(@R)w). for any ¢ € Dy ().
RN
Then, by applying Lemma 3.2.3 for every k € N with the choices

Q:=Qp @ :=B(0,2), uw:=1u; ¢:=h, F:=QusP 2u;+FE.(ux),

we get

7 2 p
/ |k (z)h(z) x]i(y)h(y)‘ dz dy
B(0,2)xB(0,2) |z — y|N+sp
<C

(@) =hWP
vy (@) PR (Y)P) dody
/B(OQ)XB(OQ) |z — y|N+sp ([uz () [P+ [ax(y) ")

+C sup / M dx / [ |hP dx
yeB(0,3/2) JRM\B(0,2) [T — y[N TP B(0,3/2)

e / QP[P i+ C|(D B () 7507 (3.2.7)
B(0,3/2)

From (3.2.3) we know that B(0,2) N € is a nonempty open set. Now we will estimate the
terms on the right-hand side of (3.2.7). For the first term on the right-hand side, using
the change of variable z = y — x, and using the strong LP convergence of {tg }ren to 0 we
have

(@) = h )P
vy (@) PR (y)F) dx dy
/B(o,z)xB(o,g) 2 — y|N e (ke () [P+ [ () I7)
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h(x) — h(z+ x)|P 1 o o
:/3(02) B(02)’ . ’Z\(p : |Z’N+8p_p(|Uk(z)|p+|Uk(Z+$)|p) dede
X

1 p
<[ / VR 22| ) () P+ (e + )P de de
B(0,2)xB(0,2)

‘Z| Nois—1
-_(/nOQ )x B(0,2)

o
< IIVhllpoo <
()

1

)P
|Vh(x 4 tz)|P dt ELE==

([ (@) [P+ (2 + z)|P) dzdx

‘NW . ) (@) P d

(02 B(0,2) lz —y

+ ||Vh||poo

U (y)|P dy
B(02 ‘N+8p P >| i

= ox(1). (3.2.8)

B(0,2) |z —y

For the second term on the right-hand side of (3.2.7), by using Holder inequality and for
every y € B(0,3/2) we have

ps— p+1

ui X pil N—s * ps
/ T 4 < / = y| TN da
RN\ B(0,2) |z — y| RN\ B(0,2)

'(/RNlu_k *>f;;; (3.2.9)

<M

for some constant M > 0, and due to the strong LP convergence of {uy }ren to 0 , we have

/(0 3/2)|1T,g|p—1hp dx = oy(1). (3.2.10)

For the third term by recalling the definition of Levy Concentration function, we have

sp

N
Qrluz|Ps dz hug] s
</B(z,1) kx| WD (5(0,2))
N—sp
N

<T <max Q> )
Q

N—sp

/ QuhPlug|Ps de < T <max Q>
RN Q

zfs

(g ]? (3.2.11)

D#?(B(0,2))°
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For the last term, using Lemma 3.2.5 and the fact E/_(uy) — 0, first we have

)P N\ —,
<DEOO(Uk), PP > ‘ k(1),

and since {hPug }ren is bounded in DP () in view of Lemma 3.2.4, the above equality

sup
weDP (%)

implies that
|{DEoo(ug),hPug)|= o (1). (3.2.12)

Now by using (3.2.8)-(3.2.12) in (3.2.7), we have

N—sp

N s
Wk Ds.n(0,2)) < €T <m§X Q) 08 (M Desozy + k(1)

N —

This implies [hm]%s,p(3(072)) = 0x(1) as k — oco. Thus by using Lemma 3.2.2, it implies

/ \hag|Ps dz = op(1). (3.2.13)
B(0,3/2)

Since condition (3.2.13) holds for every h € C§°(B(z, 1)), we obtain that {uy } ren converges
to zero in LfEC(B(z, 1)). Again as z € B(0,1/2) in (3.2.4) is arbitrary, we conclude that
{Wg } ren converges to zero in LPs (B(0,1)), which contradicts (3.2.3). Hence @ # 0.

Step 3: After passing to a subsequence, we have that y, — yo in RY and e, — ¢ in [0, 00).
If € # 0 then, as u; — 0 weakly in Dj*(Q), we would have that @ = 0, a contradiction.

Thus, € — 0. Therefore, dy, = (5,;1dist(yk, 00N)) — d € [0, 0],

Qr = Qo=Q(y)  in Lis(RM).
We consider two cases:

1) If d € [0,00) then yg € 9. If, after passing to a subsequence, (yx) belongs to Q we

set dy := —d, otherwise we set dgp := d. Let

H={zeRY:z 1> d},
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where v is the inward pointing unit normal to 92 at yg. Since yg is K-invariant, v is
K-invariant and so is H. An easy geometric argument shows that, if X is compact and
X c RN \ H, then there exists ko such that X C RN \ Q for all k > ko. In particular, as
U, = 0 in RV \  and @; — @ a.e. in RY, we have that @ = 0 a.e. in RN \ H. Therefore,
u € DJP(H). Also, if X is compact and X C H, there exists ko such that X C €, for all
k > ko.

2) If d = oo, we set H = RN, Tt follows from (3.2.1) that y; € Q and, again, if X is
compact and X C H, there exists kg such that X C Q. for all k£ > k.
Let ¢ € C°(H) and set gi(z) := 5:7%1\150(5;1@ — yk)). Then, by the previous remarks,
supp(¢p) C Qi for k large enough and, consequently, supp(pr) C Q. As (¢k) is bounded in

Dy? () we have that

Ip(Ur(2) —wr())(e(@) = o) , .
/RNXRN |z — y|N+5p “w

= (DEq(ug) k) + 0k(1). (3.2.14)

It is easy to check that

Jp(uk(z) — e (y)) (o(x) — ()

i
kggo RN xRN |z — y|Ntsp 2y
Jp(u(z) —au(y))(e(z) — o(y))
— 2.1
/]RNXRN |z — y|N+ep ey (3.2.15)

for every ¢ € C2°(H). Similarly,

tin | Qi ae = [ Qofal . (3.2.16)
H H

k—o00

It follows from (3.2.14), (3.2.15) and (3.2.16) that @ is a weak solution to problem

P2y, we DyP(H).

(~A)5u = Qolu

Therefore,

TH-2935_166123102



3.2 PROOF OF THE MAIN RESULT 47

is a nontrivial, K-invariant solution to problem (Py%).
Step 4: We define v, € DyP(Q)¢ as follows: Let p € C®(RY) be radially symmetric and
such that 0 < ¢ < 1,9 =1 on B(0,1) and ¢ = 0 outside of B(0,2). Let

4py, := min {dist(yx, 0Q), |lgyr — g’ ykl: l9] # [¢'] € G/K}.

Thus, aglpk — 00. Now as G, = K and u is K-invariant, the function

sp—N
V4

Wg ‘= Z S

lg]eG/K

sp—N

Qyo) *»* uley g~ (- — gur)) vl (- — guk)) € Dy ()

is also G-invariant. Indeed, for 7 € G/ K, using the fact that ¢ is radial, we have

sp=N sp—N
we(t ') = Y g, T Qo) ey g (r e — guk)) @lop (7T e — gur))
l9leG/K
sp—N sp—N
= Y & " Qo) uley'g v (@ —Tgur)) e(py ' (@ — Tgyk))
l9eG/K
sp=N sp—N
= Y &, " Qo) = uley'g v @ — Taur)) e(py (& — Tgyk))
[9eG/K
sp—N sp—N
= > g ? Qo) 7 uley "9 (= — gur)) wlpy (& — dur))
[9eG/K
= wy(z)

We set vy, = up —wi € DyP(Q2)¥. So the result (iv) of the Proposition (3.2.1) follows

from the fact that ;' py, — 0o and using Lemma 2.5.1. Next as |G/K|< oo, without loss
sp—N

of generality we assume that G/K = {[g1], ..., [gn]} - Then as uz — u = Q(y) *»* u weakly
in DyP(RY), and uy, is G-invariant, it follows that
n sp—N sp—N — . P
~ 9iYk
Uk — .’ P2 uq; L
k ; v Qo) 9i ( o >
A - =N gy — givi \ ||
= ||€k P Uk(Sk : Jrgiyk) - ZQ(Z/O) sp? u!]; < + Ek)
i=1
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p
_ 91Yx — 9ilYk
— g — Qo) gt = 3 QUuo) 7 iigr ( " /)
i#1 k
_ 2N _ 91Yk — GiYk N )P
= Jurgr ' =D Qyo) =* g ' - + EE— — Qo) g || +ou(1)
i1 k
p
el 91Yk — ik
o= S Q) 5 gt (o P | Q)" P + o)
il &
and, inductively we have
al giy 4 n
N — g N
el = urzek Q™ g () | 1P + 0u(1)
k Qy) =
That is,
IG/K| -
lur]l” = lJowl]” + ——F=5 Iull” + ox(1). (3.2.17)
Q(yo) =
Also using Brézis-Lieb type Lemma 3.2.1, we obtain
G/K i
/QIUklps—/Q!vk!ps _IG/K] /N|sp / |u|Ps (3.2.18)
Q) =" ) B

and thus (v) follows from (3.2.17)-(3.2.18) and hence this completes the proof of the propo-
sition. 0

Now we conclude the proof of Theorem 3.1.1 by giving induction argument as in [39].

3.2.1 Proof of Theorem 3.1.1

First we note that the G-invariant Palais-Smale sequence (u)gen is bounded in D{P(€2),

and thus from

lug () — ug(y) P N N —sp Nc
drdy = —FE - DE —C 1
/RNXRN |z — y|N+sp T Q(ur) Np Q(uk)uk 5 + ox(1),

we infer that ¢ > 0. Let up — u weakly in Dg’p(Q)G and uy — v a.e. in 2. Also we have

DEg(u) = 0 and hence uj. := uj, — u is a G-PS-sequence such that u; — 0 weakly in
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DyP(Q)¢ and kli)nolo Eg(up) = ¢ — Eg(u) + or(1) < ¢. If ¢ — Eg(u) > 0, then applying the
Proposition (3.2.1) on the sequence {U}g}keN, we get a closed subgroup K of finite index
in G, a sequence {yi ; }ren in RN a sequence {€1,k }ken in (0,00), a Kj-invariant solution
uy of the limiting problem (P;”o}gl) and a G-invariant Palais-Smale sequence {v} }ren for E

such that

lim Fg(vi) = lim Eg(uy) — <Q|G/IN{|p> Eoo(u7)

k—o0 k—o0 (yO) sp
— ¢ Ho(u) - <M> Exe (1)
Q(yo)

Now noticing that Eg have G-invariant Palais-Smale sequence only at non-negative level,
the above iteration of Proposition (3.2.1) stops after m number of times, and thus we have

the conclusion of Theorem 3.1.1. O

3.3 Conclusion

In this chapter, we have studied Struwe’s type compactness result for nonlocal critical expo-
nent problems in the symmetric domain. The Theorem 3.1.1 provides a precise description
of all G-invariant Palais-Smale sequences for the energy functional associated with the non-
local problem (P;’G,Q), which relates the symmetries of the concentration points to those
of the solution to the limit problem that concentrates at those points. We observe that
analogous to the local case, for p # 2, the nonexistence result for sign-changing solutions to
problem (P;SQ) in half-space is not available. This problem arises as a limiting problem

to (PpS g o) and must be taken into account when describing the lack of compactness. The

Theorem 3.1.1 allows us to use the symmetries to tackle the lack of compactness.
Corollary 3.1.1 implies that the lack of compactness can only occur if €2 contains some
finite G-orbit. It also asserts that the problem (P;gﬂ) has infinitely many solutions if
every G-orbit of {2 is infinite.
In the continuation, global compactness results for weakly coupled purely critical non-

local systems in the bounded domain under symmetry assumptions would be an interesting
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problem to be investigated.

TH-2935_166123102



Multiple solutions to nonlocal critical

exponent problem in symmetric domain

In this chapter, we investigate the existence of a positive solution and multiple sign-
changing solutions to purely critical exponent problems involving nonlocal operators in

some domains with symmetry assumptions.

o1
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4.1 Coron’s type problem involving fractional Laplace

operator

The first part of this chapter deals with the critical exponent problem involving fractional

Laplace operator

. (—A)u = |u®*"%u inQ,
(F5)
u =0 on {2¢,
where 2} := NQiVQS is the fractional critical Sobolev exponent and © C RY is a bounded

annular-shaped domain which is invariant under a group G of orthogonal transformations
of RV,

We state theorems that assert the multiplicity of solutions for the problem (FPg5). We
assume that  is invariant under the action of a closed subgroup G of SO(N). We denote

by Gz := {rx : r € G} the G-orbit of z € RY | by |G/G,| its cardinality and by
I =1(G) := min{|G/G,|: = € RV \ {0}}.

We state the following multiplicity result for the domain with a small hole.

Theorem 4.1.1. Given § > 0, there exists Rs with the following property: for every closed
subgroup G of SO(N) with |l = I[(G) > 2 and every G-invariant domain § such that

0¢Q, Q>{zeRY: R <|z|< Ry} and 0< Ri/Ry < Ry,

problem(P§) has at least one non-negative G-invariant solution wy and | — 1 pairs of G-

mvariant sign-changing solutions tus, ..., tu; which satisfy

Juj () — i (y)|? g2 ;
/RNXJRN =gV drdy < jS2 + 6, i=1,..,L

The second main result is about existence of solutions for the domains with a hole of

arbitrary size.
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Theorem 4.1.2. Given 0 < Ry < Ry and m € N, there exist a positive integer lg,
depending on m and Ra/Ry such that, for every closed subgroup G of SO(N) with | =

I(G) >y and every G-invariant domain Q such that
0¢9Q, Q>{zeRY: R <|z|< Ry},

problem (Pg) has at least one non-negative G-invariant solution wy and m — 2 pairs of

G-invariant sign-changing solutions tuo, ..., TUpm_1.

Note that the domain with hole of arbitrary size can be handled by considering large value
of | = I(G). Indeed, if N is even, for the group of rotations G, = {>™*/" : k =0, ...,n—1}
we have [(G,,) = n where the group action is given by multiplication on each complex

coordinate of CV /2 = RV,

4.1.1 Radial solution to (PZR1 Rz)

In this section, we show the existence of radial solution to the problem (P§). Note that

the weak solution to (F) are given by the critical points of the energy functional

1 (u(z) — u())’
10 =5 [y oyt o= [ fu(o

We observe that I is a C! functional with DI € D~%2((2) defined as

)% d (4.1.1)

(DI(u),v) = /RNxRN (u(@) = u(y))(v(x) = v(y)) dz dy — /Q|u|2:‘_2uv dz, (4.1.2)

‘l’ _ y1N+2s

where v € DS’Q(Q). Then using (2.3.3) and the fact that €2 is G-invariant one can check
that I is G-invariant, i.e. I(gu) = I(u) for all u € DS’Q(Q) and g € G. Therefore by the
principle of symmetric criticality, the critical points of the restriction of I to the space
DS’z(Q)G are G-invariant solutions of problem (P§). The G-invariant Nehari manifold for

the functional [ is defined by

N(@)% = {ue DFHQT su £ 0, Jull*= ul i o } -
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For G = {1}, N(Q)¢ = N(Q) is the usual Nehari manifold and we set
s N
Coo :=If{I(u) :u e N(Q)} = NSS?S,

where S is the best constant for the Sobolev embedding D*2?(RN) — L2 (RY).

Note that for G = {1} and Q bounded, Ss it is never attained but if G is nontrivial, the
infimum of I on N (2)% might be attained.

We note that for Q = Ag, r, and G = SO(N) then the infimum

¢(Ry, Ry) == inf{I(u) : u € N(Ap, r,)°°™}
is always attained. We define radial fractional Sobolev spaces as follows:

D2 (Q) == {u € DF*(Q) : u(x) = u(|z|)}

Lemma 4.1.1. Let N > 25,0 < Ry < Ry and Q2 = AR, r,, there exist a radially symmet-

ric, non-negative solution of (Fg).

Proof. Consider the energy functional I : Dg’i 0a(82) — R, defined as
L52§ Q)

1 1 2%
I (u) = 5l = |
S

where ut := max{u,0}. Note that [T is a C* functional with DIt € D;QZQ(Q) defined by

+ () ) = (u(z) —u(y))(v(z) —v(y)) cdu— | w1220t da
(DI* (u).) / da dy /Q\I dz,

RN xRN |z — y|N+2s

where v € DS’za 4(©) and admits the mountain pass geometry. Now we claim that /T

satisfies Palais-Smale condition. Indeed let {u, }men be a sequence in DS’? 2a(§2) such that

rad

c:=suplt(upy) <oo and DIT(uy,)—=0 in D 5*(Q),
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where D;a‘f(Q) denotes the dual space of DS:iad(Q)' Now

(4.1.3)

1 1 2
) = glhum P 55 s

and

_ (s () ~ ()W) ~0@)) [y
O o = [ e dady — | st da,
(4.1.4)

where v € Dg’fad(Q). In particular

2*
(DT (i) i) = et~ (4.L5)

It is straight forward to prove that sequence {uy, }men is bounded. Thus up to a subse-

quence {up, }men converges weakly to a limit u in € DS’zad(Q). By the compact embedding

Dgf wa(Q) = LP(Q) for every 1 < p < oo in annular domains [22], we have strong conver-

*

gence of Uy, to u in L% (Q) and |ty |% 2y, to [ul*~2u in L%%l(Q) Passing to the limit

as m — oo in (4.1.4) we get

[, @) ) gy, fpictityas o, a1
RN xRN |z —y|N 2 Q
v E Dg:iad(Q) and passing to the limit in (4.1.5) and by setting v = w in (4.1.6) we get
: 2:
T 2= [ % = [l (4..7)

Thus u,, — u weakly and ||w,,||>— [Ju||? and so u,, — u strongly in Dg’iad(Q). This proves

that I'™ satisfies the Palais-Smale condition. So by the mountain pass theorem [87], there

exists a critical point u of I". Finally, by using Theorem 2.5.1, u € C*(2) and Lemma

2.5.2 implies that u is positive in Q. O

In the following lemma, we construct some radially symmetric test functions with controlled

energy. These functions will be used in the proof of our main results.

Lemma 4.1.2. Given 0 < Ry < Ry and m € R, there exist R =: Py < Py < --- < Py, :=
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Ry and non-negative radial functions wi, ...,wm € N(Ag, ry) °™) such that
1 1
supp(w;) C Ap, p,, and I(w;) =c(R{",Ry"), i=1,...m
where I be as in (4.1.1).

Proof. Let A > 0 and ¢ : RV — RY be the dilation given by ¢(x) = Az. Under this
Mobius transformation, any open and bounded set  transforms into ¢(2) := AQ2. For

u € D8’2(¢>(Q)), we define uy € DS’Q(Q) by

N —

ug(z) = (det DY) 3 u(¢(x)), (4.1.8)

where det D¢ = AV is the Jacobian determinant of the transformation ¢. Then the map

u — ug is a linear isometry of DS’Z(d)(Q)) = D8’2(Q) and of L% (¢(Q)) = L% (Q), as

(ug(@) — us()) (vo(@) = vo(y))
/]RNX]RN |z — y|N+2s dx dy

(4.1.9)
Y INCCETO CORTO P
= Y
RN xRN |z —y|NV+2s
and
/|u¢(a:)|2: dx = / lu(z)|% dz (4.1.10)
Q $(Q)
Also from (4.1.9)-(4.1.10) we have the following dilation invariance property for I.
1 — 2 1 "
/ (U(;S(.CU) U¢(y)) dx dy — /|U¢(l‘)|25 dr
2 Jrvxry |z -yl A2 25 Jo
1 - . 1 :
- / %dmdy— — | Ju(@))* da. (4.1.11)
2 Jrvxry |z -y 25 Jo)

Take A = (Ry/R1)"/™ and define P; = ARy, for i = 1,...,m. Let ¢ be the dilation by X,

that is ¢(x) = Az. Now, fix a non-negative radial minimizer w; of I on N(Ap, p, )W)

and define

wit1(z) = AT wi(Ax).

Since ¢(Ap,_,,p,) = Ap, p,.,, the dilation invariance of I as given by (4.1.11) yields that
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w;+1 18 a non-negative radial minimizer of I on ./\/'(Api,piH)SO(N), with I(wiy1) = I(wy) =

c(Py, P1). Finally, by rescaling, it follows that c(Py, Py) = c(RY/™, RY/™). 0

4.1.2 Variational principle for sign-changing solutions for (F3)

In this section we discuss the variational principle for the sign-changing solutions for the
problem (Pg). We note that in the local case, that is for s = 1, if u € N€ then ut and

u_ also belong to N'“. In general, in nonlocal setting we have
uis a sign-changing solution to problem (P§) = u™ ¢ N oru™ ¢ N,

This is due to the nonlocal interactions between u™ and v~ in the term [u] Ds:2(RN), glven
by

[u]%S»Q RN) — [U’JF]QDSQ RNY — [u7]2Ds,2 RNY 0 if ui 75 0.
(RY) (RY) (RY)

Therefore we define the sign-changing Nehari set for the functional I as
N ={ue N Q)% :u* #0, (I'(w),ut) = (I'(u)u™) = 0},

where vt (z) = max{u(z),0}, v~ (z) = —min{u(x),0} and (,) denotes the duality pairing
of between (D§*(Q2))* and DS*(92). Clearly, N€ contains all nontrivial solutions of problem
(P3) and sign-changing solutions of problem (Pg) lie on N&. In the following lemma, we

give some bounds for v € N..

Lemma 4.1.3. There exists m1,m2 > 0 such that

(7) ||ui\|2 m for all u € Ng,

(i1) [olu®|? da > for allu € N&.

Proof. For u € NG, we have (I'(u),u™) = 0. This implies

sco
/u|2i_2uu+ dr = / (ut)% da.
Q Q

For u € DS’Q(Q), we define Q_ = {z € Q:u(z) <0} and Q4 := {x € Q@ : u(x) > 0} and
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express
RY xRN = (2, UQ ) x (2, UQ ) U((QLUN) x Q) U (Q° x (Qp UQ))U(Q° x Q).

We observe that

(u() = u(y) (" (@) — u*(y))
/]RNXRN |z — y[N+2s dx dy

_ (uh(x) — u(y))? (wh(z) + u= () (ut (z))

_/QJFXQ+ ‘x_y‘N+25 dx dy +/Q+><Q |x—y\N+25 dx dy
(u”(z) + ut (y))(u* (y)) (ut(2))?

+/Q_><Q+ |x—y|N+28 d:cdy +/Q+ch\a:——mdxdy

+(2))2
+f 4 e dvdy,
and hence we get
(I'(w)u") = (I'(u")u’) + R (u),
where b . B .
Rf (u) = /mm- %dmw/ﬂ_xm dedy.

As for u € N&, we have (I'(u),u™) = 0 and since R; (u) > 0, we obtain (I'(ut),ut) < 0.

sco

This implies that
lut|? < /(u+)2: dz.
Q
Similarly, we obtain
lu=|? < /(u_)2; dz.
Q

Now for any € > 0, there exists C¢ > 0 such that
lu(x)|% < elu(z)>+Celu(z)|?  for all z € Q. (4.1.12)
So by using Sobolev inequalities, there exists C* > 0 such that

|2 < O [l |2+ CeC [lu™| %
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Since 2} > 2, taking € = ﬁ, it is easy to show that (i) holds. Moreover, by using (4.1.12),

we obtain
2 +2 ||, £ (|2 +125
< < O Pl |2,
Now by choosing € = ﬁ, we get
2
Ui +125
= — < S % .

772 205 — HU ”LQS(Q)

This concludes the proof of Lemma 4.1.3. O

Motivated by Theorem 3.2 in [9], the main idea here is to construct the multiple sign-
changing critical points by constructing different invariant sets of descending flow defined
by a pseudo-gradient vector field of the associated even functional I defined by (4.1.1) and
using the topological tool, the genus, for these invariant sets.

We write PY := {u € DS’Q(Q)G : u > 0} for the convex cone of the positive functions in

DS’Q(Q)G and, for o > 0, we set
Bo(PC) == {u € DF*(Q)% : dist(u, PY) < o}

where dist(u, A) == inf |Ju — v|.
veEA

Lemma 4.1.4. There exists a > 0 such that
(i) [Ba(PY)UBa(-PHNNE =0, and
(i3) Ba(PY) and Bo(—PC) are strictly positively invariant under .

Proof. (i): For every u in D3*(Q)C,
U |2:= min |u — v]o:< S5 Y2 min |ju — v||= ST 2dist(u, PE). 4.1.13
oo = i ol < 5712 i s ol = 572t (u, P (1113

Therefore, using Lemma 4.1.3 (i), there exists o > 0 such that dist(u, P%) > « for
every u € NG. Moreover, since NG is symmetric with respect to origin, dist(u, —P%) =
dist(u, P%) > «, and (4) follows.

(71): Here we follow the approach as in [47]. First we claim that DI(u) = u — G(u) where
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G(u) € DS’z(Q) is the unique solution of the equation

(A (G(w) = [u*?u inQ,

Gu) = 0 in RV \ Q.
Indeed note that G(u) is uniquely determined by
(G0} = [ o = (o~ u,0)
From integration by parts formula in [88], we get

(=2)2(G(u)), (~A)20) = ((—=A)*(G(u)), v)

= (Jul* 2 uv)

= / |u|? 2 o dx
Q

This implies

(G(w)(z) = (G(w) (y)(v(z) — v(y)) 2w da
/]RNX]RN ‘m_y‘N—i—Qs dx dy_/Q| ’ dz.

Now from (4.1.2) we have

(DI(u),v) = /RNxRN (u(z) 1;%2?}\}/(-?2)5— U(y))dm dy — /Q|u|2:'2 uv dx
y (u(x) —u(y))(v(z) —v(y))
i /RN xRN |z — y[NH2s g

_/ (G(W)(@) = (G(W) () (v(z) —v(y)) dy
RN xRN

’LU _ y|N+2s

= (u—(G(u)),v)

This proves the claim. Now from the maximum principle [90] we have G(u) € P for

u € P9 Let u € DJ*(Q). Then noticing that dist(G(u), P¢) < ||G(u)~|| and recalling
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(4.1.13), we get
dist(G(u), P9 |G (w)7|| < [|G(u)~|)?
< ((G(w), G(u)7)
:/|u|2:—2uc(u)—dx
Q
—12;-1 w) | dax
< [P iet) |
< Ju 5 G @) |lag

< 8% dist(u, PY) |G u) |

Hence dist(G(u), P¢) < SS_?:/Qdist(u,PG)Z:_l for all u € DS’Z(Q). Thus, for 0 < v < 1,

there exists an ay > 0 such that for 0 < a < ay,
dist(G(u), PY) < v dist(u, PY) for every u € Bo(PY).

Thus G(u) € int(Ba(PY)) for u € Bo(P). As B,(PY) is closed and convex, Theorem
5.2 in [53| implies

u € Bo(PY) = o(t,u) € Bo(PY) for t € [0,T(u)). (4.1.14)

Now, assume that there exists u € B, (P%) and t € (0,T(u)) such that ¢(t, u) € 0B, (P).
Then from Mazur’s separation theorem, there exists a continuous linear functional L €

D™*2(Q) and 8 > 0 such that L(¢(t,u)) = 8 and L(w) > B for w € intB,(P%). Conse-

quently
0
5| Llelru)) = L(=DI((t,v))) = L(G(p(t,u))) = 5 > 0.
r=t
Hence, there exists ¢ > 0 such that L(¢(r,u)) < 3 for r € (t—e,t). Thus p(r,u) ¢ Ba(P%)
for r € (t —¢,t). This contradicts (4.1.14) and hence (é¢) holds. O

Note that for & > 0 in Lemma 4.1.4, I has no sign changing solutions in B,(P%) U
Bo(—PY).

TH-2935_166123102



MULTIPLE SOLUTIONS TO NONLOCAL CRITICAL EXPONENT PROBLEM IN
62 SYMMETRIC DOMAIN

4.1.3 Existence of multiple nodal solutions in annular domain

Let G be a closed subgroup of SO(N), 2 be G-invariant and I be as in (4.1.1). Let

[ := min{|G/Gy|: x € RV \ {0}}.

Lemma 4.1.5. The energy functional I satisfy (PS). in DS’2(Q)G for every ¢ < lcoo.

Proof. First by the standard calculations we note that any (PS). sequence {uy, }men of 1
is bounded in DF*(Q). Thus

Um — v’ i DY*(Q), (4.1.15)

U —u’ in LE(Q), (4.1.16)

where (4.1.16) follows from the continuous embedding of D8’2 (Q) < L (Q). Hence
Um = Uy —u’ =0 in DF*(Q). (4.1.17)
If v, =0 in DS’Q(Q) then (PS). conditions holds and thus completing the proof. So

we assume that v,, = 0 in D8’2 (©). Now we proceed in two steps:

Step I: First we claim that the function u°

is a weak solution of (P§). Moreover
I(vym) > f<c—cx and DI(vy,)— 0.

In fact from (4.1.15) and (4.1.16), for any ¢ € C§°(2), we obtain

0= lim (DI(um),p)

~ lim (um(z) —um(y)(p(@) —oy) o0 [ 22, o

_rr%ﬁoo (/RNXRN |$—y|N+25 d dy /Q‘ m‘ mSOd )
’LLO X —’LLO ) — *

Ny LU CHREU P R

=(DI(u")).
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Hence u°

is a weak solution of (P§). By the Brezis-Lieb lemma in [10]|, we have
2*

25
Lsﬁ(g): | _HUOH +om(1),

[l 1= [t * [l [*+0m (1) and [|vm| 128 Q)

25
|um ||L52§ ()

where lim 0,,(1) = 0. Using this we get
m—0o0

I(vy) =1 () — I(u®) + 0n(1)  and

DI(vy,) =DI(tuy,) — DI(u®) + 0,y (1) = 0,,(1) in D73(Q).

Therefore I(vy,) — 8 < ¢ — ¢ and DI(vy,) — 0. This proves the claim.

Step II: Let u be a weak solution of (FP), then

(u(z) — u(y))(p(x) — $(y)) 2 de —
/]RNszv |.Z'—y‘N+25 dx dy /Q| ‘ pd 0

for every ¢ € C5°(Q). By the density of C§°(2) in Dj(€) we get

[u() = u(y)[? fr
0= DIu,uz/ —————=—dzdy — [ |u|" dx.
\DIb). 4 RVxRN [T — y|NH2s QH

Now as from the Sobolev inequality we have

25

Sulully < llulE= 1l %%s

we infer that any non-trivial critical point of I satisfies

1 1 % s N
1) = (5 = 5 gy 3SF = 0.

2 o
Now applying Propositon 3.2.1 on the sequence {u,, — u°},,en, we have

I(ty) > I(u®) 4 1 Ino (@) + 0 (1).

where @ is the solution of the associated limiting problem and I, (@) denotes the associated
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energy functional. Now we have
¢ —Coo > I(vm) = I(um) — I(u®) + 0 (1) > lese.

This implies ¢ > (I 4+ 1)cs which contradicts our assumption ¢ < lceo. O

In the following lemma, we study the level up to which the compactness holds for the sign-

changing solutions of (P§). The proof follows as in [44]. We give it here for completeness.

Lemma 4.1.6. If | > 2 then there ewists &g such that I satisfy (PS). relative to DS in

D2 () for every ¢ < (I 4 1)coo + €.

Proof. Let g9 € (0, cso) be such that (Fg) has no solution u with I(u) < ¢ + 9. Then,
as [ > 2 and e < ¢, this gives 2lco > (I + 1)e + 0. Equivalently, lcoo > coo + €9 and
since the minimal energy of a solution of (P§) is close to lc, we take ¢ < (I + 1)cs + €0,
which ensures that 2lco > (I 4 1)coo + €0-

Let {tm }men be a (PS). sequence relative to D§' in DS’Q(Q)G ie.,
U & DS, I(um) = ¢ < (14 1)coo + €0, DI(ty) — 0.

By contradiction, assume that {u,, }men has no convergent subsequence. Then Corollary
3.1.2 implies that | < oo and there exist sequence {ym tmen in ©Q, {em}men in (0,00) and

v € {1, -1} such that |G/G,,,|=1 and

Uy — V Z Ue,,-|| = 0 asm — oo.
2€Gym

Now as we have
s N
I(U..) = NSSQS = Coos

this implies that dist(up,, P¢ U —P%) — 0 as m — oo, contradicting that w,, ¢ DS O
p 0

Now we prove Theorems 4.1.1 and 4.1.2.

Proof of Theorem 4.1.1. Let gy € (0,c¢) be as in Lemma 4.1.6 and consider § < &.
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Due to the dilation invariance of I, ¢(Ry, Ra) = ¢(R1/R2,1) and it is easy to verify that
c¢(R,1) = coo as R —0.
Therefore, there exist Rs such that

1)
—— if Ry/Rs < Rs.
I+1 1/ By < Rs
Let wy,...,w;+1 be non-negative radial functions as in Lemma 4.1.2. Then, wy,...,wi+1 €
N(Q)C. Let Wyyq := span{wi,...,wrs1} be the vector space generated by wy, ..., Wky1.
We claim that dim(Wj41) = k. Indeed, as for i # j the functions w; and w; have disjoint
support, we set K; := supp w;, K; := supp w; and estimate the inner product of w; and

wj in D§? () as follows.

N (wi(@) — wi(y))(wj(z) —w;(y))
{wis J>—/RNXM dz dy

’.73 _ y’N"l‘QS
—w; (2)w; (y) / —wi(y)w; (@)
- R e dy + dr d (4.1.18)
/Kiij |z — y|NV+2s Y KxK,; |T—y[Nt2s Y

<0

Thus {w1, ..., wk+1} forms the negative inner product set in DS’Q(Q) and hence by Corollary

2 of |55], we infer that dim(Wj.;) = k. Moreover, for each k =1, ..., 1,

k 1 1

max [ < Y max[(tw;) = ke(R{™, RS ) < koo + 0 < leoo + 0.
W1 = t>0

Since [ > 2, we have that I(w;) < ¢x + 9 < lce. So, by Lemma 4.1.5, inf \rqyo 1 is
attained at a non-negative solution at u; € N (Q)¢ with I'(u1) < coo + 0.
On the other hand, Theorem 2.4.1 and Lemma 4.1.6 give the existence of [ — 1 pairs of

sign-changing critical points fus, ..., +u; € N (Q)¢ of I with
I(ug) < keoo + 6, k=2,..1,

as claimed. O
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Proof of Theorem 4.1.2. Let 0 < Ry < Re and m € N be given. Define

1 m
lo := 7mc(Ri/m,R;/ ) and  wi,...,wm € N(Q)C

Coo

be non-negative radial function as in Lemma 4.1.2. As in the proof of Theorem 3.1.1 let
Wi1 = span {wi, ..., wk41} be the vector space generated by wi, ..., wg4+1 with dim(Wy41) =
k. Since w1, ...,wm € N(Q)%, for each k = 1,...,m — 1 we have

k

max [ < max [ (tw;) = kc(R}/m, R%/m) <lpCoo-
Wk+1 1 t>0

By assumption [ > lp, then maxy, I < lcs and Lemma 4.1.5 implies that infyr e I is
attained at a positive solution at u; € N (Q) with I(uy) < C(R}/m,R;/m). Moreover
Theorem 2.4.1 and Lemma 4.1.6 give the existence of m — 1 pairs of sign-changing critical

points Fusg, ..., um, € N(Q)Y of I with

1/m

I(ug) < ke(RY™ RY™),  k=2..m—1,

as claimed. OJ

4.2 Coron’s type problem involving fractional p-Laplace
operator

We establish the existence of a positive and multiple sign-changing solutions to fractional

p-Laplacian equation with purely critical nonlinearity

(P (—A)yu = |uPs2u in €,
P u =0 on ¢,

in some bounded domain ¢ RY for s € (0,1), p € (1,00) and fractional critical Sobolev

Np
N—sp

of SO(N) and I'-invariant bounded smooth domain D contained in {2 such that #I'y = oo

exponent pi = under some symmetry assumptions. Now we fix I" be a closed subgroup
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for every y € D.

We state our main result:

Theorem 4.2.1. There exists an increasing sequence ({y)men of positive real numbers,
depending only on I', and D with the following property: If Q is a bounded smooth domain
which contains D and if it is invariant under the action of a closed subgroup G of ' for

which the inequality

min|G/Gy|> U, (4.2.1)
z€Q)
holds true, then problem (P;,Q) has at least m—1 pairs of G -invariant solutions uy, ..., Tup,_1
such that uy is positive, us, ..., un—1 change sign, and
| N
/ lu;|Ps < 0S5  for every j=1,...,m. (4.2.2)
Q

Now we illustrate the above result with an example.

Example 4.2.1. Let Dy be a bounded smooth domain in RN=1, N > 3 with

Do C {(z,y) ERXxRN"2: 23> ¢}.

Set D = {(2,2/) e CxRN"2=R" : (|2],y) € Do}, be T'-invariant bounded smooth do-
main such that #T'y = oo for every y € D. Let I' = S' of unit complex numbers act-
ing by € (z,2') := (e¥2,2") then D is T-invariant and every T- orbit in D is circle. If
Gy = {e¥*/" |k =0,---,n—1} then #Gpz = n for every z € (C\ {0}) x RNV=2.
If Q is Gn-invariant smooth bounded domain with D C Q C (C\ {0}) x RVN=2 and

min|Gp,/Gn,|> Ly, Theorem 4.2.1 gives at least m-pair of solutions to the problem (P ).
e )

4.2.1 Proof of main Theorem 4.2.1

A Variational principle for sign-changing solutions for (P;Q)
In this section we first give a variational principle for the sign-changing solutions of the

problem (P;”Q). Then we prove the mountain pass type result for the energy functional
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E : DJ*(©) — R associated with the problem (Pyq) given by

1
B(u) = / [ul@) = xi dz dy — /yu )P3 da.
P JRN xRN ’x - y’ P

We note that E is a C'! functional with E/ € D=5 (Q) defined as

w(z) — u(y) P2 (u(z) —u v(xr) —v x
DB - [ 1) =) M) 00D g [ o,

|z — y|Ntsp

where v € DJ?(€2). In [96], Chang et al. obtained the sign-changing solutions of subcritical
problem for p = 2 by converting the nonlocal problem in to a local problem via harmonic
extension. As DJP(Q2) is not a Hilbert space if p # 2 and the functional E is only of
class C! if p € (1,2), the approach of [96] does not work for the problem (P;Q) . As we
know that E admits a pseudo-gradient vector field. But, in general, this vector field is not
suitable to obtain sign-changing solutions. Using a result of Bartsch, Liu and Weth [13]
we shall obtain a locally Lipschitz vector field, whose associated flow is a descending flow
for E with the property that a small enough neighborhood of the positive and the negative
cone is strictly positively invariant. Then, one can follow the proof given in [44] to obtain
mountain pass type result i.e., Theorem 4.2.2. In order to prove that the assumptions of

Lemma 2.1 in [13] are satisfied, we require the following lemmas.

Lemma 4.2.1. For p € (1,00), there exist C1,Ca, C3,Cy > 0 such that, for all £,n € RY,

- 2
(Jpl©) = Jp(m) - (€ =) zcl(lg'a'% fl<p<o,
(&) = Jp(m) - (€ =) 2Ca € —? o>,
(&) = ()| <Cale P~ if1<p<2,
€ =1 ,
|Jp (&) = Jp(n)] SC47(’£|+|77|)271; if p> 2.

Define ¥ : Dg*(Q2) — D{P(Q) as ¥(u) = v, where v is the unique solution of the
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problem
—A)v = [uPi2y  inQ,
(=8 Ful (4.2.3)
v =0 on €,
which can be written in the weak form
RN xRN LA % Q

for all ¢ € D?(9).
Lemma 4.2.2. There exists C > 0 such that, for every u € DJ?(Q),

Cllu = (@)[* (lull + 1T ()P~ i1 <p<2,

(DE(), u—¥(u) > ‘
Cllu— W) i p>2,

Proof. Let u € DJP(Q2) and ¥(u) = v. Set u(z,y) = u(z) —u(y) and o(z,y) = v(z) —v(y).
Using Lemma (4.2.1) and utilizing the fact that v solves the problem (4.2.3), for p > 2, we

have

- Ty y) < 0@ 9) \ o e
(DB u=ww) = [ dady — | Jup?~Pulu = v)d

|z — y|N e
:/ oz, )@, y) —v@:y) 5 0
RN xRN |z — y|Ntsp

- Ip(0(z,y))(a(z, y) — 9(z,y)) .
/RNXRN |z — y|N+8p &

|1~L(I‘, y) B 17(.7), y)|p
|z — y[NEP

> (o
RN xRN

> Cllu =¥ (w)]”,

dx dy

for some C' > 0. Next, for p € (1,2], again by Lemma 4.2.1 and the fact that v solves the

problem (4.2.3), we have

<DE(u), u— ‘Il(u)> — /RNXRN Jp(ﬁ(fﬂay))(ﬁ(%y) — 17(x,y)) dx dy — /Q’u‘p;—Zu(u _ ’U) dr

|z — y| NP
_ / Jp(t(z,y))(u(z,y) — v(z,y)) dz dy
RN xRN |z — y|N+ep
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_ Ip(0(z,y))(a(z, y) — 0(z.y)) .
/RNXRN |z — y|N+8p da dy

a2, y) = O(x,y)Pla(z,y) + oz, y)["

>C dx dy.
=7 Jen e |z — y|NFep S
Now using Holder’s inequality, we get
v — % P
RVNxRN |z =y
- - - - p(p=2) , _ - p(2—p)
. i(ary) — e, ) P (i ) How ) T (it o) [+How ) T
RV xRN |z — y|NFep Y
i _ =" _ T b
< CO / |U(£E,y) — U(l‘,y)|2(|U(l‘,y)|+|1}(1‘,y)’)p ? dﬂ?dy ?
- RN xRN |z — y|NFsp
| ( [ Gy dxdyy?”
RN xRN |z — y|Ntep
p
iz, y) — (@, y) P(ja(z, y) |+ [0 (=, y) )P~ Z p(2=p)
<a(f, v dedy) (ull+ol) ™
X
for some Cy > 0. Next, we have
2 ~ ~ 2017 ~ )
> _ ~p |a(z, y) — o(z, y)|*(|a(z, y)|+|o(z, y)[)P 2
lu-ol?<cf [ L o (Jull+lol)* .
X
So, for some C' > 0, we obtain
(DE(w), u—=W(u)) > Cllu—C(w)| (||u] + € (u)])*~>.
This proves the Lemma 4.2.2. O

Lemma 4.2.3. There exists C > 0 such that, for every u € Di*(Q),

C llu— ¥ (u)|" if 1<p<2,
Cllu =¥ (Jul + [®@))P~* if p>2.

IN

IDE(W)] p-su Q)

Proof. Let u € Dg*(2) and ¥ (u) = v. Set u(x,y) = u(z) —u(y) and o(x,y) = v(z) —v(y).
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Then for any ¢ € Dy?(€2), setting b(z,y) = () — d(y), we have

Tz, 9)) (9, y)) -
DE(u), ¢ :/ P dxdy—/ups up dx
(DB, o) =| [ AEEOES [Ju
Y L B ICESD) Py
RN xRN |z — y|Ntsp
p—1
- R - 5
S C / ‘Jp(u('xay)) Jp(v(x,y)”?’ dmdy ||¢||
RN xRN |z —y|NFep
Thus,
v p=1
| Jp(t(z, ) — Jp(0(2, y)) |7 T ’
||DE(u)||D,s,p/(Q)§ C /]RNxRN P dx dy . (4.2.5)
For p > 2, using Lemma 4.2.1 and Holder’s inequality we obtain
' o)~ s PR o) 17
u(x,y) — 0(z,y)|71 (Ja(z,y) + 0(z,y)|) »-
IDEu)|| p-st () < C /RNXRN Py E dx dy
< [ i(w,y) = o(x,y) "] » [ (ta,9) + 5@, 0
Ry Ty RN xRN |z — y|Ntep
< Cllu =¥ ()| (flull + [ (u)[hP~>.
Next, for 1 < p < 2, using Lemma (4.2.1) and (4.2.5), we obtain
IDE@) o o< C llu — W(w) [P
This concludes the prove of Lemma 4.2.3. O

The above two lemmas imply that u is a critical point of E if and only if U(u) = u. The

nontrivial G-invariant critical points of E lie on the Nehari manifold

N = {ue DyP( )\ {0} : (DE(u),u) =0} .
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Sign-changing Nehari set for the functional E is defined as
NE = {ue N - u® #0, (DE()ut) = (DE(u)u™) = 0},

where vt (z) = max{u(z),0}, v~ (z) = —min{u(x),0} and (,) denotes the duality pairing
of between Dg?(Q)* and Dg?(Q). Clearly, N'¢ contains all nontrivial solutions of problem
(P q) and sign-changing solutions of problem (B g,) lie on N.

Next we prove the following lemma which gives the bounds for u € Ne.

Lemma 4.2.4. There exists n1,m2 > 0 such that

(i) |Jut]|> 1 for allu € Ny,
(i) [olu®[Ps dz > o for all u € Nie.

Proof. For u € NG, we have (E'(u),u™) = 0. This implies
/\u|p:_2uu+ dr = /(u"')p: dz.
Q Q
For u € Dg*(Q), we define Q_ := {z € Q : u(z) < 0}, Q4 = {z € Q: u(z) > 0} and write
RY xRN = (2, UQ) x (2, UQ ) U (L UN) x QYU (Q° x (Qp UQ)) U (Q° x Q).

We observe that

/ Ip(u(z) = u(y))(u*(z) — u*(y)) dz dy
RN xRN

|z — y[Ntsp
+ —ut P J (uT - +
[ WOl ) BT,
Qpx0y T —y[NtTeP QL xQ_ |z — y| NP
- + + + ()P
B gy, [,
Q_xQ, |z — y|NEep Oy xqe |z —y[NTep
+ ()P
—i—/ 7|u (y]\),L dx dy,
Qexqy |z —y[NTep

and hence we get

(DE(u)u™) = (DE(u™)u’) + Sy (u),
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where
ut(z) +u" ut () — |ut ()P
S5 (u) :/Q+><Q Dl @)+ ‘x(g);(‘]v-i-ip)) [ (@) dx dy
Tp(u” () + u™ () (u" (y)) ~ [T (W)I”
+/§‘2_><Q+ |z — y|NFsp drdy

As for u € NS, we have (DE(u),u™) = 0 and since Sj"(u) > 0, we obtain (DE(u™t),u®) <
0. This implies that
lu™||P < /(u+)p: dz.
Q
Similarly, we obtain
lu™ P < /(u)p: dz.
Q

Now for any € > 0, there exists C'¢ > 0 such that
lu(x) [P < e|u(z)[P+Celu(z)|Ps  for all z € Q. (4.2.6)
So by using Sobolev inequalities, there exists C' > 0 such that
lu* P< Cllu*|[P+CeCllu||P-.

Since p§ > p, taking e = it is easy to show that (i) holds. Moreover, by using (4.2.6),

1
2C"
we obtain

+ ralllEs +P5
7 < uFP< eCllu™|P+Ce|lu IIZ,,;(Q)-

Now by taking € = , we get

R
2C

m + P
={—£3& ¥ ..
Y2 20, = HU HLpS(Q)

This proves the Lemma 4.2.4. ]

We write P¢ = {u € Dy¥(Q)¥ : u > 0} for the convex cone of positive functions in
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DyP(Q)¢ and, for e > 0, we set
B(PY) := {u € DJP(Q)C : dist(u, PY) < ¢},

where dist(u, X) := in)f( |lu— vl .
vE

Lemma 4.2.5. There exists € > 0 such that
(i) [B(PY)UB.(—P)| NNG =0,
(ii) W(B:(PY)) Cint (B-(PY)) and ¥(B.(—PY)) Cint(B-(—P%)).
Proof. (i): It follows from the uniqueness of the solution to problem (4.2.3) that v €

DyP(Q)¢ if u € DJP(2)Y and it also follows that ¥ is odd. Furthermore, by the maximum

principle, ¥(u) € P if u € PY. Now, for every u € Dy” ()%, we have
oy = i 1~ )< S il — vl= S Pist(, PO). (427

Therefore, using Lemma 4.2.4 (ii), there exists ¢g > 0 such that dist(u, P%) > € for
every u € N&. Moreover, since NG is symmetric with respect to origin, dist(u, —P%) =
dist(u, PY) > €, and (a) holds true for every e € (0, €p).

(73): Next, set ¥(u) = v. Take ¢ = v~ in (4.2.4) and using Holder’s and Sobolev inequality

we get

[ A CC S0 G B ) P

[z — y|Ntep
:/|u|p;_2uv_ dx
Q

:/\u\pg%v dx
Q

n -
* Ps * Ps
S </ |U_|p5> </|'U_|p5>
Q Q
_ _ypi—1 _
< S (|7 i 10711

Using this inequality with (4.2.7) we obtain

. G\p— —1p— — —||pi—1
dist(v, PE)PH < o7 P S [l ([T g

< S;gi/p dist (u, PE)PL,
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Hence, there exists € € (0,¢9) such that ¥(B.(PY)) Cint(B.(P%)). Since ¥ is odd, this is

also true for —PC. O

Proposition 4.2.1. Let K := {u € Dy¥(Q)% : E'(u) = 0} and W := Dy?(Q)¢ K. Then
there exists a locally Lipschitz continuous vector field ® : W — DS’p(Q)G with the following

properties:

(i) For ¢ > 0 as in Lemma 4.2.5 ®(B.(P%)) Cint(B.(P%)) and ®(B.(—P%)) C
int(B.(—PY)).
(13) For allu e W,

% Ju = @(u)|| < [lu—¥(u)|| <2[u—2(u)].

(t3i) For C' >0 as in Lemma 4.2.2 and all u € W,

5C llu = @) |* (Jull + 1) )>~> i 1<p<2

(DE(u),u — ®(u)) > . .
10 Ju— b i p>2
(iv) @ is odd.

Proof. By using Lemma 4.2.2-4.2.5, the assumption of Lemma 2.1 in [13] is satisfied. So
the proof follows. 0

Combining Proposition 4.2.1 and Lemma 4.2.3 we have
(DE(u),u— () = C [DEW)|| vy llu - T@)l| Vue DFP@C.  (4.2.8)

Now we prove mountain pass type theorem to obtain the sign-changing solutions.

Theorem 4.2.2. Let V be a finite dimensional subspace of D‘S’p(Q)G. If E satisfies con-
dition (PS)S in DgP(Q) for every ¢ < supy E, then E has at least dim V — 1 pairs of sign

changing critical points u € DyP(Q)¢ such that E(u) < supy, E.

Proof. For a fixed € > 0 as in Lemma 4.2.5,F : Dg’p(Q)G — R does not have sign changing
critical points in B.(PY) U B.(—PY). For u € W, let ¢(t,u) be the unique solution to the
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Cauchy problem
(4.2.9)

with maximal existence interval [0,7(u)). As ¢ is odd, ¢(t,u) is odd in w. From (4.2.8),

we have

2 B(p(tw) = ~(DE(p(t ). o(t.u) — D(p(t,w))

dt
< —CIDE(p(t, )| p-s () llp(ts ) — T (i, w))|

<0.

Therefore, t — E(p(t,u)) is strictly decreasing in [0,7'(u)). If E does not have a sign
changing critical point u € Dy?(Q)¢ with E(u) = ¢, then the closed set is
BY := B.(PY)U B.(—P%) U E°

c

is strictly positively invariant under o, where E¢ := {u € DyP(Q)% : BE(u) < c}. It is

evident that
A(BS) :={ueW : o(t,u) € BS for some t e (0,T(u))}
is open in Dg?(2)%, and the entrance time map e, : A(BS) — R is defined as
ee(u) ;== inf{t > 0: o(t,u) € BY}

is continuous. In addition the map g, : A(BS) — BS given by o.(u) := ¢(ec(u),u) is odd
and continuous. By noticing that, if | DE(p(t, u))HD_S,p/(Q) > 3> 0foralltel0,t), then
)

from Proposition 4.2.1 and inequality (4.2.8) we get

dt

to d
Justtou)l < [ | et
0
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to
<9 /0 ot ) — W(plt, )| dt
9 [t g
<_7 -
=7cp ), @

- Czﬁ[E(u) — E(p(to, u))]-

E(o(t,u))dt

Using the above inequality we can imitate the proof of Proposition 3.6 in [44] to conclude

the proof of the Theorem 4.2.2. O

Now we proceed as in [44] to prove the Theorem 4.2.1.
Proof of main Theorem 4.2.1: Let P;1(D) be the collection of all nonempty I'-invariant

bounded smooth domains contained in D, and define
Pm(D) :={(D1,...,Dn) : D; € P1(D), D;ND; =0 if i # j}.

Since #I'z = oo for all € D;, Corollary 3.1.1 asserts that E satisfies condition (PS)!
in Dy?(D;) for every ¢ € R. Hence mountain pass theorem [87] yields a nontrivial least

energy I'-invariant solution wp, to problem (P;’Q) in D; which satisfies

E(wp,) = I?ZagiE(thi). (4.2.10)

N
Clearly, wp, € Dg?(Q)%, we set ¢ p i= &S5 and define

Cm, 1= inf{ E(wp,) : (D1,...,Dy) € Pm(D)} and £, = cgo{pcm.
i=1

Next we claim that (¢,,) is strictly increasing. We note that E(wp) > ¢;1. Since E(wp,) >

Coo,p, S0 for any (Dy, ..., Dy,) € P (D) with m > 2 we have

m

m—1
ZE(wDi) = Z E(WDl) + E(me) > Cm—1 7+ Coo > Cm—1
=1

=1 7

It follows that

Cm—1F Coop < Cm and L1 +1 <Ly,
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Let G is a closed subgroup of I' and 2 is a G-invariant bounded smooth domain which

contains D and satisfies (4.2.1), we choose € > 0 and (D, ..., Dp,) € Pn(D) such that
m
cm < Y E(wp,) < cm+e< <min|G/GI|> Coop-
i=1 z€Q

Let V' be the subspace of Dy?(2)¢ generated by {wp,,...,wp,,}. Since D; N D; = 0 if
i # j, we have that dim V' = m — 1. Using (4.2.10) we obtain that

m—1
sup B < E Blop,) < (minlG/Gel ) e
v =1 e

It follows from Corollary 3.1.1 that E satisfies condition (PS)S in DyP () for every ¢ <
sup E, so the mountain pass theorem [87] yields a positive critical point uj of E in Dg?(Q)¢
agd Theorem 4.2.2 yields dim V' — 1 pairs of sign changing critical points fus, ..., tu, €
DP(Q)¢ such that E(u;) < sup E.

Now we can argue as in [41], t‘g show that the u;’s may be suitably chosen so that (4.2.2)

holds true. This completes the proof of the Theorem 4.2.1. O

4.3 Conclusion

In this chapter, we have studied the Coron’s type problems involving nonlocal operators in
some bounded domain under symmetry assumptions. In the first part of the chapter, we
have established the existence of a positive solution and multiple sign-changing solutions
to the problem involving fractional Laplacian with critical growth in the annular-shaped
domain, which is invariant under a group G of orthogonal transformations. We have shown
the existence results for the domains with a hole of arbitrary size as symmetry assumptions
on the domains allow us to handle it by considering the large value of [.

Since we are dealing with the nonlocal operators, the sign-changing Nehari set is different
from the local cases. In the local case, the radially symmetric test functions with con-
trolled energy on disjoint concentric annular-shaped subsets of {2 are orthogonal. However,
in the nonlocal case, these are not orthogonal due to the nonlocal interactions in the energy

norm.
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In the second part of this chapter, we have investigated the existence of multiple sign-
changing solutions to the problem involving fractional p-Laplace operator with critical
growth in domains with nontrivial topology under symmetry assumptions. Here, we have
established these results in more general domains with nontrivial topology by exploiting
symmetry assumptions on the domain.

The Coron’s problem involving fractional p-Laplace operator is still open without the sym-
metry assumptions on the domain.

Another challenging problem in this direction is the complete characterization of the do-
mains for which solutions exist to nonlocal purely critical exponent problems. As far as

we know, this is still open even in local case.
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Multiple solutions to nonlocal supercritical

exponent problem in symmetric domain

In this chapter, we show the existence of a prescribed number of solutions to the following
problem involving fractional Laplacian with supercritical growth in domains of revolutions

under symmetry assumptions

5 (=A)u = b(x)|ulT2u in Q,
(Pro)
u =0 on 0f),

where (2 is a bounded domain in RN, N > 2s, s € (0,1), b € C%%(Q) and positive, ¢ > 2%

and 27 = NQi\;S is fractional critical Sobolev exponent.

81
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5.1 Preliminaries and functional setting

In this section, we discuss the different representations of fractional Laplacian and corre-
sponding energy formulations associated to the problem (FP;,). We also discuss solution
spaces and symmetries on extended domain.

Let {¢},Aj};en be the eigenfunctions and eigenvalues of the following Dirichlet problem
—Au=Au inQ, u=0 on 052,

then {¢;, A }jen is the set of eigenfunctions and eigenvalues of the corresponding fractional
problem

(=A)Yu=Au inQ, u=0 onIN.

Let

=

H3(Q) :={u= Zajgoj e L¥( |u||HS ZaQ)\j < 00
JEN JEN

We denote by H () the dual space of ﬁS(Q) For u € I:TS(Q), U= ienGjp; With

aj = [, up;dz, the fractional power of Dirichlet Laplacian (—A)® is defined as

—A)u=> a;Xp; € H (),
jEN

which is also known as spectral fractional Laplacian. We define the inner product on ﬁg Q)

by

It is easy to show that ﬁg(ﬂ) is Hilbert space. We note that ||u||ﬁs(ﬂ): ”(—A)%U/HL2(Q)
0

Definition 5.1.1. We say that u € I;TS(Q) is a solution to the problem (P} ) if it satisfies

/Q(—A)2u(—A)2g0dx:/Qb(:r)|u]q_2u<pd:r
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for all p € H(Q).

Associated to the problem (P}(,), we consider the energy functional

I(u) = ;/Q\(—A)gu|2dx—;/gb(m)]u(:c)qu.

This functional is not well defined in E’S(Q) as we are dealing with supercritical exponent
problem (Fyq).

One of the main difficulties in the study of problem (Pli ) 1s that the fractional Laplacian is
a nonlocal operator. Caffarelli et al. [29] developed a local interpretation of the fractional
Laplacian in RY by considering a Dirichlet to Neumann type operator in the domain
{(z,t) e RN+ : ¢ > 0}.

We consider the cylinder Cq associated with the bounded domain {2 denoted as
Co = Q x (0,00) C RYT := {(2,¢) c RV*! such that z € RVt € (0,00)}  (5.1.1)
and the lateral boundary of Cq is denoted by d1,Cq and is defined as
01Cq = 90 x (0,00).

The points in Cq are denoted by (z,t) where z € Q and ¢ € (0, 00).
We consider the s-harmonic extension v = E;(u) in the cylinder Cq for a given function

u € ﬁg (Q) as a solution of the problem

—div(t!=25Vv) =0 in Cq,
v =0 on 01,Cq,

v(z,0) =wu(x) on Q x 0.

Then, (—A)%, is given by the following Dirichlet to Neumann map of v on Q x 0,
u— Opv i= —cg lim tl_zsatv\gxo,
t—0

where v = (0,---,0,—1) € RN*! and ¢, := 2/[(47)%T(2 — 2s)].
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The extension function belongs to the space
vl 2
X3(Ca) = Cg°(Ca) "0 with [[w] xs ()= cs </ 72| Vw|? dx dt> .
Ca
We note that the extension operator is an isometry between X(Cq) and ﬁg(Q) ie.
1Bl xsicay= olull sy Yu € ).

Now we can reformulate our problem (P;,) using s-harmonic extension as
b

—div(t!725Vv) =0 in Cq,
(PbS,CQ) v =0 on 8LCQ,
95v = b(x)|u|7%u on Q x 0.

A weak solution to the problem (P ) is a function v € X{§(Cq) such that
cs/ 1=V . Vo drdt = / blu|li2up(-,0) dz, Y o€ X5(Ca).
Ca Q

For any weak solution v € X§(Cq) to the problem (P ), the function u = v(-,0), defined
in the sense of trace, belongs to the space ﬁg (Q) and is a weak solution to the problem
(Pbsﬂ). The converse is also true. Hence, both formulations are equivalent.

We denote by Trq the trace operator on € x 0 for functions in X§(Cq), and consistently
use the notation

u="Trq(v) for ve X;(Cq).
The energy functional associated with the problem (Plfcg) is given as

Cs

1
Jo(v) = 2/ t1_25|Vv|2d:L‘dt—/ b(@)|u(z)|" da.
Co qJa

Again we observe that the functional Jq is not well-defined in X§(Cq) due to supercritical

non-linearity terms in the problem (Plfcn). Next we recall the following trace inequality

[5]-
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Theorem 5.1.1. For every v € X{§(Cq), 1 <r < 2% and N > 2s, we have the following

trace inequality:

2
C </|u(:1:)|rdx>r g/ 25| da dt (5.1.2)
Q Ca
where u = Trqu and C = C(r,s,N,Q) > 0.

Remark 5.1.1. When r = 2%, the best constant in (5.1.2) will be denoted by Ss. It is not
achieved on any bounded domain, so we have

N—2s

N
Ss (/ ]u(:):)]NZiV?s dx) < / t1=2| Vo2 dedt Yove XS(Rf‘H).
RN RY*!

However, it is achieved when Q = RN and u takes the form

u(z) = ur(z) = (7 — zo[2+12) N-2s

for some xg € RN, 7 >0 and v = Eq(u).

Next we consider the following definition of group action. We denote by O(N) the group
of linear isometries of RY. We say that a closed subgroup G of SO(N) acts on the base of

Rf“ if for g € G and (z,t) € Rf“

g(xvt) = (ng t)'

Therefore, G(x,t) := ({gz s.t g € G},t) denotes its G-orbit and #G(x,t) = #Gx its
cardinality. A subset X of R is said to be G-invariant if G(z,t) € X for every (z,t) € X
and a function u : X — R is called G-invariant if it is constant on every G(z,t) with
(z,t) € X. The G-fixed-point set of X is the set X := {(z,t) € X : (ga,t) = (a,t)
Vg € G}.

5.2 Main result

In this section, we demonstrate some domains of revolutions for which the supercritical

exponent problem (FPyc ) exhibits solutions.
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2(N—Fk)

— * P
Take ¢ = 25,N,k = N_k—2s

to the problem (P ) in the domain of the following form:
Write k := k1 + -4+ kg with k1,...,kg € N, 1 < d < N — k — d, and we consider €2 to be

the base of cylinder Cq as

Q= {(a}, ...,z 2") e R\TL x ... x Rkatl 5 RN—h=d . (|x1\, \xd|,x’) €0}, (5.2.1)

]RN—k

where © is a bounded smooth domain in whose closure is contained in (0,00)% x

RN=k=d We assume that b is radial in 27, i.e. it can be written as
bzt ..., z% 2") = ~(zY, ..., |29, 2). (5.2.2)

Note that 27 . is the critical exponent for the Sobolev embedding in the trace sense
X§RYHIFY oy L2nn (RNF),
In order to obtain solutions, we will assume that Co has some symmetries. We consider

O(N — k —d) as a subgroup of O(N — k) and action of this subgroup is defined as
g(z" 2’ t) .= (2", g2’ t) V(" ' t) € R x RN~ % (0,00), g € O(N — k — d).

Next, we fix a closed subgroup I'" of O(N — k — d) and a I'-invariant bounded smooth
domain D contained in (0,00)¢ x RYN=#=? such that #I'y = oo for every y € D. Let

0:(0,00)% x R¥N=F=d _ R be the function given by

k —k—
oY1, s Y2, o) i= y’fl Yy yi € (0,00), v € RN—k—d, (5.2.3)
Under these assumptions, we obtain the following result.

Theorem 5.2.1. There exists an increasing sequence ({y,) of positive real numbers, de-
pending only on I' and D, with the following property: If © is a bounded smooth domain
in RVN=F such that D € © C (0,00)? x RN=*=4_ and if © is invariant under the action of

a closed subgroup G of I' for which

( )N—k

2s
min —2Y 4Gy > b,
ved y(y)
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then the supercritical problem (Plfcﬂ) with ¢ = 2% . has at least m pairs of solutions

Fv1,...,Lvy in Cq of the form

Uj(a:l,...,:cd,x/,t):wj (‘xl d

’x/7t) )

where vy is positive, va, ..., vy change sign, and w; is G-invariant and satisfies

e

/ v(y) |T7“671)j|2:’1\”’c < KjSéV/QS for every j=1,...,m.
(S

Theorem 5.2.1 gives sufficient conditions for the existence of a prescribed number of so-
lutions. It does not require the cardinality of all orbits to be infinite, but it does require
that orbits have large enough cardinality.

For example, we may take I' to be the group of unit complex numbers acting by mul-

RN=,=3 and D to be a I-invariant domain

tiplication on the second factor of R x C x
whose closure is contained in (0,00) x (C ~\ {0}) x R¥=* =3 Then, every T-orbit in D
is a circle. If G, := {eka/n : k = 0,..,n — 1} is the cyclic subgroup of T of order
n, then #G,y = n for every y € R x (C ~ {0}) x R¥=% =3 S0, if © is Gy-invariant,

D C O C (0,00) x (C~ {0}) x RV=F=3 and
n [dist(0, {0} x RN F=1y)k > ¢,

then Theorem 5.2.1 yields at least m pairs of solutions to problem (Plicﬂ) with ¢ = 2:’ Nk
in Cq.
It is easy to show that the problem (Pbscﬂ) with ¢ = 27 5, can be reduced to an anisotropic

nonlocal critical problem of the form

—div(t!=2%o(y)Vw) =0 in Co,
w =0 on 9;Co, (5.2.4)

ow = (y)|Trew/*¥ *Trow on © x 0

on the domain © as in (5.2.1).
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5.3 Anisotropic nonlocal critical problem in domain

of lower dimension

In this section, we study anisotropic nonlocal critical exponent problem in domain of lower

dimension.

2(N—k)

We note that 2% \ = F5=3;

is the critical exponent in dimension n := N — k = dim ©.
We assume that Cg is G-invariant bounded smooth domain in Riﬂ in this section and
a,b € C°(©) are G-invariant functions such that a and b are positive on ©.

We consider the following problem

—div(t!=?%a(x)Vv) =0 in Co,
(Fasco) v =0 on 9;Ce,
05v = b(z)|u|%2u on © x 0,
* __ _2n
where 27 = =5

5.3.1 Dilation invariance and group action

Here we demonstrate the dilation invariance of energy functional associated with the prob-
lem (P;,b,ce)7 which is very crucial for studying global compactness result.

Let A > 0 and ¢ : Rﬁ“ — R:‘_H denote the dilation defined by ¢(z,t) = (Az, At). The
Mobius transformation ¢ converts any cylinder Cg into a rescaled version of itself given by

#(Co) = XCo. We note that the Jacobian Wy of ¢ satisfies
W (2, ) Wy(x,t) = N1

where T' denotes the tranpose and I is (n + 1) x (n + 1) identity matrix. We also have
|det Wy (z,t)| = A", For v,w € X§(Co), we define

vgy(x,t) = ho¢ with h(z,t) = )\nEQSv(:v, t) and wg(x,t) = kog with k(x,t) = An325w(x,t).
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Next we observe that

/tl—stv¢-Vw¢dxdt:/ 125 Wy (2, ) Vh(p(,1))] - [Wy(z, t)Vk(p(z,t))] do dt
Co Co

/C WS (2, )Wy (2, ) Vh(B(x, 1)) - VE((, 1)) da dt

2N IVh(p(x,t)) - VE((x, 1)) do dt

©

(AN IT2ANTINZTG (2, 1)) - VE(H(2, 1)) da di

0]

AN 20 | det Wy (2, )| VR((2, 1)) - VE(S(2, 1)) d dt

©

NETI=28G ) (1 1) - VE(x, t) do dt
(Co)

4 / =2V - Vw dz dt. (5.3.1)
#(Ce)

1
— o

Therefore the map v — vy is a linear isometry of X§(¢(Ceo)) = X5(Co). Let ¢, : R* — R”
denote the dilation defined by ¢, (z) = Az. It is easy to show that

/\u%y% da::/ 2 da. (5.3.2)
o 62(0)

That is the map u — ug, is also a linear isometry of L% (¢,(©)) & L% (©).
As we know that the solutions of the problem (Pcf,b,C@) are the critical points of the energy

functional Jg : X§(Ce) — R defined by

Cs

1 *
Jolw) = & /C 1 a() Vol d dt — 5 /@ b()u(z) | da. (5.3.3)
(€) S

From the invariance (5.3.1) and (5.3.2) it follows that Jo(vg) = Jye)(v)-
We observe that Jg is a C'' functional with D.Jg € X *(Cg) defined as

(DJo(v).g) = c, /

t1=%q(2)Vu.Vo de dt — / blu|®2up(-,0) dz, YV e X3 (Co).
Ca ©

(5.3.4)
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Let G be a closed subgroup of SO(n), and assume that Cg is G-invariant on the base ©.

The action of G on © induces an orthogonal G-action on X3(Ce) is given by

(gv)(x,t) := v(g_lq:,t).

The energy functional defined on X§(Ce) is G-invariant, that is, Jg(gv) = Jg(v) for every
ve Xj(Co), g€
Therefore by the principle of symmetric criticality [82], weak solution of problem (P, )

a

are the critical points of the restriction of Jg to the subspace of G-fixed points
X§5(Co) == {v e Xi(Co) : v(gx,t) = v(x,t) for all g € G}

of X§(Ce). The G-invariant solution of the problem (Pasf co) defined in subsection 5.3.3

are the critical points of the restriction of the energy functional Jg to the space X (Co)C.

5.3.2 Existence result for anisotropic nonlocal critical prob-

lem (Pﬁb’ce)

a

We fix a closed subgroup I' of SO(n) and a I'-invariant bounded smooth domain D in R"
such that #I'z = oo for every x € D. We assume that the functions a and b are I'-invariant.

Then, the following result holds true.

Theorem 5.3.1. There exists an increasing sequence (£y,) of positive real numbers, de-
pending only on I', D, a and c, with the following property: If © is a bounded smooth
domain which contains D and if it is invariant under the action of a closed subgroup G of

I' for which the inequality

a(z)z #Gx
min Uifz > U (5.3.5)
€O b(,f[]) 2s
holds true, then problem (P;,b,c@) has at least m pairs of G -invariant solutions vy, ..., +v,
such that vy is positive, va, ..., v, change sign, and
/ b(x) |T'r@vj]2: < (;8F for every j=1,...,m, (5.3.6)
©
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where S is the best Sobolev constant for the embedding X§(R'yT) — L% (R™).

5.3.3 Representation of G-invariant Palais-Smale sequences

We first establish Struwe’s type compactness result for the following anisotropic fractional

Laplace equation with critical nonlinearity

( —div(t!2%a(x)Vv) =0 in Co,
v =0 on 0rCeo,
(Ps’ch ) LYo
a,b,Ce P
div = b(x)|u|*"*u on O x 0,
v(gr,t) =wv(z,t) forallg € G.

We study the splitting of G-invariant Palais-Smale sequence of the functional associated
with the problem (ij o) We show that the non-compactness is due to the solutions of

the following limiting problem

1 : 1
—div(t!=25Vv) =0 in R,
(PE) 9%v = |u|*2uon R"” x 0,

v(gz,t) =wv(x,t) forallge K

concentrating at G-orbits of © with orbit type G/K for some closed subgroup K of finite

index in G.

Definition 5.3.1. A sequence {v}ren such that
vkeXS(C@)G, Jo(vg) = ¢, and ||DJg(vg)|]|— 0 in X_S’Q(C@)

1s called a G-invariant Palais-Smale sequence for Jg.

We say that Jg satisfies the G-Palais-Smale condition (PS)¢ at c if every G-invariant

Palais-Smale sequence for Jg such that Jg(vr) — ¢ has a convergence subsequence.
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We write Jo : X (]Rfrl) — R for the energy functional for the problem (POSO’K), given by

1 *
Telv) =5 [ P drde - o [ futo) e
RY s JR?

We shall prove the following theorem.

Theorem 5.3.2. Let {vi}ren be a G-invariant Palais-Smale sequence for Jgo at ¢ € R.
Then, replacing {vi tren by a subsequence if necessary, there exist a solution v of problem
(PSEC ), m closed subgroups K1, ..., Ky, of finite index in G and, for each i =1,....,m, a
sequence {Yiktren in O, a sequence {€; i tren tn (0,00), a Kj-invariant solution v; of the
limiting problem (P such that

(1) Gy, = K forallk > 1, and y;x — yi as k — oo,

(17) 5;,€1|gy,‘7;c — 9'Yix|— oo and ei_,,idist(yi,kﬁ@) — 00 as k — oo for all [g] # [¢'] €

G/K;,

g s T )
=1 LS X3 (RTH)
in X3RIH),
. n/2s ~
(iv) Jo(vg) = Jo(v) + > |G/ K| <j> Joo(V;) as k — oo.

b(y:)

For every solution v to problem (P;bGC ), we have Jo(v) > 0 and Joo(v) > 2S& for
every non-trivial solution v to problem (POSC;K), the following assertion follows directly

from Theorem 5.3.2.

Corollary 5.3.1. The functional Jo satisfies (PS)S for every

.- (mMG/Gl) 5ok

n—2s

z€Q b(;];) 2
Moreover, if |G /Gy|= oo for all x € ©, then Jg satisfies condition (PS)S for every c € R.

We recall the following Brezis-Lieb type result from [46].
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Lemma 5.3.1. Let g € [1,00), {bi}ren be a bounded sequence in L*°(R™) and {uy}ren
be a bounded sequence in LI(R™), such that by(z) — b(z) and ugx(x) — u(x) a.e. in R™.

Then uw € LY(R™) and

lim (/ bk ]uk]q - bk \uk — u|q> = / 5|u]q .
k—o0 R R™

Next we prove the Brezis-Lieb type result for energy norm.

Lemma 5.3.2. let {ax}ren be a bounded sequence in L°(R") and @ € L>®°(R"™) be such

that aj, — @ in LS (RTY) and let {vy}ren be a sequence in X§(RTHY) such that vy, — v

weakly in X§(RT). Then

lim (/ 1725 (ag| Vo > —ag |V (v, — v)|?) dz dt) = / tH=25G|Vo|? dz dt
R7_'7:+1 R1+1

k—o0

Proof. We proceed as in the Lemma 3.5 [46]. We observe that

$l=2s (ak\vuk|2—ak\ka - v)|2—a\vu\2) (5.3.7)

= {12 ((ak — @)V(2up — v) Vv + 26V (vg — v)w).

For a fix R, r > 0 and (z,7) € R there exists a constant C' > 0 such that

/ =2 ((ak —a)V(2ug — v)Vv) dx dt
R+

<

/ 2’ ((ak —a)V(2u;, — U)Vv) dx dt
B((zr),R)

+ 7 ((ak —a)V(2u, — v)Vv) dx dt

/]RT‘I\B((z,r),R)

< Clag — @l g (B((zr),r)) +C t1725|Vo|? da dt.
R7+L+1\B((z,r),R)

Consequently,

<C 25| Vo|? da dt
RYPN\B((zr),R)

lim sup
k—o0

/ $l=2s ((ak — @)V (205 — U)Vv) dz dt
R7H!
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and letting R — oo, we have

lim $1-2s ((ak — @)V (2u, — v)Vv) dz dt = 0. (5.3.8)

k—oo Jpn+l
R+

On the other hand, as vy — v — 0 weakly in XS(R’}FH), we conclude that

lim 172GV (v — v)Vo dz dt = 0. (5.3.9)

k—o00 R’i+1
Using equations (5.3.7),(5.3.8) and (5.3.9), we get the desired result. O

Lemma 5.3.3. Let {b;}ren be a bounded sequence in L>°(R™) and b € L™(R") be such
that by — b in L (R™). Let {vg}ren be a sequence in X§(R') such that v, — v weakly
in X§(R™) with u € L2, (R™). Then

b e =% g, — bg | — w7 (upy — ) — Bu*"Pu in X 2R,

Proof. The proof is similar to that of Lemma 8.9 in [95]. O

First, we establish the following proposition. Theorem 5.3.2 follows from the iteration of

this result.

Proposition 5.3.1. Let {vi}ren be a G-invariant Palais-Smale sequence for Jg such that
v — 0 weakly in XS(C@)G and Jo(vg) — ¢ > 0. Then, replacing {vi }ren by a subsequence
if necessary, there exist a closed subgroup K of finite index in G, a sequence {yi}ren in
©, a sequence {e tren in (0,00), a K-invariant solution v of the limiting problem (P&K),
and a G-invariant Palais-Smale sequence {wy }ren for Jo such that

(i

Gy, = K for all k, and yr, — yo as k — oo,

(11) ;' lgyk — 9'yk|— oo and e dist(yy, 9O) — o0 as k — oo for all [g] # [¢'] € G/K,

)
) 2
2s—n u . _ L . ) n
(i) wi =i~ Sgeauear® (i) © 7 (07 (7)) +ol1) in X5,
)

Jo(wg) — ¢ — |G/K| (bm/) Joo(®) as k — .

W
( (yo) 2s

We also recall Lemma 3.3 in [41] which is used to prove Proposition 5.3.1.
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Lemma 5.3.4. Given sequences {ex}ren in (0,00) and {&k}ren in R™, there exist a se-
quence {ygtren in R™ and a closed subgroup K of G such that, after passing to a subse-
quence, the following statements hold true:
()
(i)
(ili) If |G/K| < oo then e |gyx — g'yx|— oo for any g,¢' € G with g9~ ¢ K.
) If |G/K| = oo then there is a closed subgroup K' of G such that K C K', |G/K'| =

The sequence (g, ' dist(G€y, yx)) s bounded.
Gy, = K for all k € N.

(iv

oo and 5,;1|gyk — g'yr|— oo for any g,¢9' € G with g'g™' ¢ K'.

Now we give the proof of Proposition 5.3.1.
Proof of Proposition 5.3.1:
We prove the Proposition 5.3.1 in the following steps:
Step 1: We define sequences {ex }ren € (0,00), {yr}reny € R™ and a subgroup K of finite
index in G such that Gy, = K. Let {v;}ren be a G-invariant Palais-Smale sequence for

Jo at the level ¢ > 0. So it is bounded in X;(Ce) and

NnCy ne

blug|% dz = = _ "% p € 0.
/@ |uk| a0 SJ@(Uk) 25< J@(vk),vk>—> 5 >0

Set

Semin_= %
§ := min { 25, min,cg (@) (5.3.10)
2s 2(max, g b(x)) =

Let B(z,r) denote the closed ball in R™ with centre x and radius r. Then the Levy

Concentration function

()= sup [ buf
zeR™ J B(z,r)

satisfies that ®4(0) = 0 and ®j(oc0) > 0 for k large enough. Hence we may choose & € R

and & > 0 such that

Sup/ b|uk|2::/ blug|* = 0. (5.3.11)
2€R™ J B(z,ek) B(k-ek)

By Lemma 5.3.4, after passing to a subsequence, there exist {yg }ren in R™, a subgroup K of
G, and C; > 0 such that Gy, = K and ¢, 'dist(G&, yx,) < Ci for all k € N. Therefore, (y)
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is bounded and there exists g € G such that B(giék,er) C B(yg, Cey) with C := Cy + 1.

As b and uy are G-invariant, this implies that

5:/ b‘uk|2::/ b|uk|2:§/ b|uk|2;. (5.3.12)
B(&ker) B(gk&k k) B(yk,Cer)

Now we claim that |G/ K| < co. If not then, by Lemma 5.3.4, there exists a closed subgroup
K’ of G such that K € K', |G/K'| = oo and &}, '|gyx — ¢'yx|— oo for any [g], [¢'] € G/K’
with [g] # [¢]. Hence, for each m € N, we may choose g1, ..., gm € G such that [g;] # [g;]
in G/K' and B(giyk, Cer) N B(g;yk, Cer) = 0 for i # j and k sufficiently large. From
inequality (5.3.12) we obtain that

m
* * nc
mo & Z/ blug|* < / blug|*> = — + ox(1),
i—1 v B(9iyk,Cer) e) s

for every m € N. This is a contradiction. Hence |G/K| < oc.
Step 2: We assert that 5;1dist(yk, 00) — oo and that y; € O, and we define a nontrivial
K-invariant solution ¥ € X§(R7*!) to the problem (P,

For z € O :={z e R" : g2 + y, € O} and Cg, := O X [0, 0), set
n—2s
Uk(z,t) =€, % vk(enz + Yk ext), ar(z) = alexz +yr), br(z) :=0b(exz +yx) and
n—2s

sz(z) =gy 2 uk(EkZ + yk).
As Gy, = K and vg,uy,a and b are G-invariant, we have that vy, u, ap and by, are K-

invariant. We note that

/ 7% a(x) |V |* de dt = / 7% ay(2)|Vog|* dz dt and
Co

Co,,

[ vt do = [ (el d

O

Therefore, {Tf } ken is bounded in XS(R’}FH). As a consequence, up to a subsequence, v —

v weakly in X (Rfﬁ“), Ty — U strongly in L? (Rﬁ“), uy — U strongly in L] (R™), for1 <

loc loc

r < 2% and up — uw a.e. in R™. If 7 = 0 and so @ = 0 then, for every (z,7) € R’ffl and

s9
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every h € CX(B((z,r),1)),

2
%

N i Tre, ()| ) s/c 1725V () |2
K Oy
:/ tl_QSVUk'V(hQ’Uk)—FCQ/ t1_25|Vh|2W2
Co, Coy,
< / 172 Voy, - V(h?0g) + ok (1)
C@k

“ (aggor) ([ st (=3 o)

+ ox(1)

n—2s 2s

1 2s
< (maxa@) (maxb<a:>) ( / bkw:) '
€O z€O B(z,1)

2
.\ 2%
< |Tr@k<hm>\25) T op(1)
O

2s

< (masa) " (magte) " 9% ( [ rve, e

€O €0

2* %
S) +Ok(1)

Ss

2
= 2( [ |Tro, (R ) ¥ + oi(1) (5.3.13)
2 O

where the first inequality is Trace Sobolev’s inequality, second inequality follows from
ox — 0 strongly in L2 (R'7*1), third follows from the fact that {vj}ren is a Palais-Smale

sequence and Holder’s inequality, and the last one uses (5.3.10). We observe that for every

¢ € CRRTM), we XG(R}H)

[ et re(o)Pde < ( | o) i) g ([ irrotwe ar)
(5.3.14)

Using (5.3.13) and (5.3.14), we have that Tre, (0;) = ur — 0 in L* (R™). However, since

loc

n—2s

;. M€k — yk|< C < oo for all &,

5:/ b|uk|2z§/ blug|*
B(&kyer) B(yg,ex(C+1))

(5.3.15)
- / bl < (maxb(z)) / .
B(0,0+1) z€6 B(0,C+1)
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This is a contradiction. Hence, @ # 0 and so v # 0.

As {ek}ren and {yi }ren are bounded, up to a subsequence, g — ¢ in [0, 00) and yr — yo
in R™. We claim ¢ = 0. Suppose it is not zero, then, as vy — 0 weakly in X§(Cg), we have
that ¥ = 0, which is a contradiction. So, € = 0. It follows that

ar — ap :=a(yo) and by — by :=0b(yy) in L. (R™).

loc

Let ¢ € CSO(RTJFH) be such that supp(y) C Cg, for k large enough and set ¢y(2,t) :=
25—n

e, " o (2 — yk)st). As () is bounded in X§(Co) we have that

/ t1_25ak(z)V§k -Vedzdt — / bk\ﬂk\22_2ﬂk¢ dz = langleDJg(vg),px) = ox(1).
Co,

O
(5.3.16)
It is easy to check that
lim 172y (2) VT, - Vo dzdt = / 17250y VT - Vo dz dt. (5.3.17)
k—o0 R+ R
+ +
Similarly, we have
lim / be|T 20 dz = / bo % 2T dz. (5.3.18)
k—o0 Rn Rn

Using (5.3.16), (5.3.17) and (5.3.18), we conclude that
/ 1%V - Vo dz dt — / bolu|* g dz = 0
R1+1 R”

for every ¢ € C2° (R?fl) with supp(y) C Ce, for k large enough. By arguing as in [93, 95],
one can show that if the sequence {e; 'dist(yk, 90)}ren are bounded, then © will be the

solution to the problem

1 - 1
—div(t!=25Vv) =0 in HH,
88

_ b 27 -2 n
pU = 2ful* " u on H" x 0,

in some half-space Hiﬂ in Rﬁ“, contradicting the fact that this problem does not have a
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non-trivial solution in a starshaped subdomain of R} ! ( see [18]). Hence ¢ 'dist(yx, 00) —
oo. This implies that yi € ©, otherwise B(yg, Cer) C R™ \ O, contradicting (5.3.12). This

also shows that v is a solution to problem

e : 1
—div(t!=25Vv) =0 in R,

.
Ov = % |u|%2y on R™ x 0.
ao

Hence,

n—2s

Z (b0> ) Y
v = —
ao

is a non-trivial K-invariant solution to the problem (P&K).

Step 3: We define a sequence {wy}ren which satisfies (ii7) and (iv) and is G-invariant
Palais-Smale sequence for Jg.

Let G/K = A{[a1], .-, [9m]} and
1 . . . .
vy, = 7 min{dist(ye, 90), [giyk — gjykl: 4,5 = 1, myi # -

Choose a radially symmetric function y € CSO(R:L_H) such that 0 < xy < 1, x(z) = 1 if
|z|< 1 and x(x) = 0 if |z[> 2 and define

m 2s—n €T — Q;
—( - 9iYk;t 2
wg(z,t) == vg(z,t) — E £ T (gi ! ( - )) X(ry (& — giye: 1))
i=1

Since v is K-invariant and G,, = K for all £ € N, we have wy, is G-invariant. Similarly,

for j =1, ..., m, the functions

. o 2s—n — - t
U (x,t) == vg(z,t) — Zek 2] (gi_l (%))
i=

are G-invariant in X§(R’7"'). We note that rye, ' — oo. Then one can check that

m 2s—n .
5 — — = GilYk, -
Uk—wk—ZEkQ 11(9,-1(6; ))

i=1

= Hlllc - wk”xg(ﬂ{i“): 0.

lim
k—oo
X§REH

(5.3.19)
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Thus {wy} satisfies (7ii). Now set

n—=2s .

U.(2,1) =g, 2 U(exz + gjyr ext)

n—2s m . .
[ — 95Yk — GiYk I
=&, vplenz + gjyn, ext) — E v (gi 1 <z SR LA L 6 ! ,t)) — v(gj 12,75)
i=j+1 k
m
—Tlg; s~ Y @ (g;1 <z + 7%%% g"”’“,t)) ~B(g; 20 t)

i=j+1

Since Ty, — v weakly in XS’(RTFI) and alzllgjyk — giyr|— oo for every i # j, we have

m

_ — [ - 9iYk — 9:iYk _ .

Uk 0 9g; t- Z v (gi ! <'+ j)?l—?>> —7voy; ! weakly in XS(R:‘_H).
i=j+1

Using Lemma 5.3.2 we get

/H tl—%a(:p)\wgy?dxdt:/ 1725, (2)|VIL|2 dz dt
R}

R+
m
:/ 1tkzsak Voot - Y v(gi_l <_+gjyk gzyk7'>>
Ry i=j+1 £k

- / 1240 | V(T 0 g7 1) Prox(1)
Rf_“

m
_ 125, |57 [ o — Z 5¥6 - © = GiYky"
R ’ g ' €k

i=j+1

— / 17240 | VT[> 4o (1)
R+

= / t1_2sa]Vli+1]2—/ 725 00| VT2 40k (1).
Ri+1 Ri+1
These identities for j = 1,...m, along with (5.3.19), gives

/ t1—2sa’vwk|2:/ tl_QSCLIVZ]Hz:/ t1—2sa’vvk’2_m/ t1—28a0’v§|2+0k(1).
Co Rfrl Co R7+L+1

(5.3.20)
Similarly

/b|wk|2’f:/ b\Vuk|2:—m/ bo|v|* +oi(1). (5.3.21)
© (S Ry
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Thus from (5.3.20)-(5.3.21) we obtain

1 1 «
Jo(vg) = Jo(wg) +m </ tl%aoyw?—*/ b0]v|25> +op(1)
2 Ri+1 25 Rn

n/2s

= Jo(wy) + |G/K]| (M) Joo(@) + or(1).
0

This proves (iv).
Since DJso(v) = 0, a similar argument using Lemma 5.3.3 shows that
or(1) = DJo(vg) = DJo(wy) + o(1) in X 53R,

Thus {wy} is the required G-invariant Palais-Smale sequence for Jg. This completes the
proof of the Proposition 5.3.1.
Proof of the Theorem 5.3.2 is similar to proof of Theorem 3.1.1.

5.4 Proof of Theorem 5.2.1 and Theorem 5.3.1

To obtain the sign-changing solutions in Theorem 5.3.1, we require the following results.

Theorem 5.4.1. Let V be a finite dimensional subspace of X§(Co)®. If Jo satisfies
condition (PS)E in X§(Co)® for every T < supy, Jo, then Jo has at least dimV — 1 pairs

of sign changing critical points v € X§(Co)® such that Jo(v) < supy Jo.

We note that the above theorem has been studied for the case s = % in [32]. We refer to
Theorem 2.6 of [46] for the proof of Theorem 5.4.1.

For the proof of the Theorem 5.3.1, we proceed as in [41].

Proof of Theorem 5.3.1. We define ¢, as follows: Let P (D) be the collection of all nonempty

I'-invariant bounded smooth domains contained in D, and define
Pm(D) = {(Dl, .. ,Dm) :D; € P1<D>, D; ij =0Qifs #* j}

Note that P, (D) # 0 for each m € N. Since #I'z = oo for all z € D;, Corollary 5.3.1
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asserts that Jg satisfies condition (PS)L in X§(Cp,) for every 7 € R. Hence, the mountain
pass theorem [87, Theorem 2.2] yields a nontrivial least energy I'-invariant solution wep, to

problem (P, - ) in Cp, which satisfies
Jo(wep,) = max Jo(ewep, ). (5.4.1)

Extending we,, by zero outside Cp, we have that we, € X§(Cp,). Set 7o = %SL;TS and

define
Tm = inf { > Jo(wep,) 1 (D1, D) € Pm(D)} and £y, == T . (5.4.2)

3£l

It is easy to see that (¢,,) is nondecreasing.
If G is a closed subgroup of I and © is a G-invariant bounded smooth domain which

contains D and satisfies (5.3.5), we choose € > 0 and (Dy, ..., Dp,) € Pn(D) such that

m a
Tm < > Jo(wep, ) < T +€ < | min ————
i=1 ¢ z€® b(x) 2

Let V be the subspace of X§(Co)€ generated by {wep, s -+ s wep,, }- Since D; ND; = 0 if
i # j, we have that dim V' = m. Moreover, identity (5.4.1) implies that
m 3 H#G
J@(wCDZ_) < (min W) Too-
=1

sup Jg < n
14 €O b(x) 2s

(2

It follows from Corollary 5.3.1 that Jg satisfies condition (PS)% in X§(Ce)® for every
7 < supy Jo, so the mountain pass theorem [87, Theorem 2.2| yields a positive critical
point v of Jg in X§(Ce)® and Theorem 5.4.1 yields dim V — 1 pairs of sign changing
critical points £va, ..., +v, € X§(Ce)® such that Jo(v;) < supy Jo. Now we argue as in

[41], to show that the v;’s may be suitably chosen so that (5.3.6) holds true. O

Now we give the proof of the Theorem 5.2.1.

2@

g e ey

Proof of Theorem 5.2.1. Let Qbeasin (5.2.1). Ifv(z!,... 2% 2/ t) = w (|o*

@ t)
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with w € C%(Cg) then

—div(t'=%Vu(z, 1)) = — div(t1 =2 o(y) Vw(y, t))

1
o(y)

where (z,t) = (2!,...,2% 2/ 1), (y,t) = (‘xl z?|,2’,t) and g is the function defined

geeey

in (5.2.3). Hence, v satisfies
—div(t'7*Vv) =0 in Cq

if and only if w satisfies

—div(t'"*o(y)Vw) = 0 in Ce

As we know that 2:,N,k = % is the critical exponent in dimension n := N—k = dim ©.

Therefore, Theorem 5.2.1 follows immediately from Theorem 5.3.1. O

5.5 Conclusion

In this chapter, we have studied the existence of a prescribed number of solutions to the
problem involving fractional Laplacian with supercritical growth in domains of revolutions
under symmetry assumptions. Firstly, we convert the nonlocal problem to the local one
using s-harmonic extension method. Then, by rotating some domain of lower dimension
around some linear subspace of RY, preserving the extended operator, the supercritical
exponent problem gets reduced to a critical or a subcritical anisotropic problem. Then,
we have established the global compactness result for that anisotropic critical exponent
problem. At last we have investigated the existence of the multiple sign-changing solutions.
The salient feature of this problem is that the extended degenerate elliptic equations in
N + 1 dimensional upper-half space preserves the rotational symmetry on the base.

The existence of a prescribed number of solutions to the purely supercritical exponent
problem involving fractional p-Laplacian for p # 2 is still open as s-harmonic extension

method does not exist for p # 2.
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Nonlocal superlinear semipositone problem

with suberitical growth

In this chapter, we investigate the existence of a positive solution to p-superlinear semi-

positone problem with subcritical growth involving fractional p-Laplace operator.

105
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6.1 Main result

We look for a positive solution to following Dirichlet boundary value problem

(=A)ju = p(u" —1) in Q,
(P*) u >0 in €, (6.1.1)
u =0 on {2°,
where Q is a smooth bounded domain in R, p — 1 < r < p* — 1 with pf := N]XI;S is

fractional critical Sobolev exponent.

Theorem 6.1.1. For p > 2, there exists pg > 0 such that the problem (P*) admits a

positive solution for p € (0,up) and p — 1 <r < pk — 1.

Remark 6.1.1. We remark that with slight modification the above theorem can be proved
for more general Dirichlet problem like (—=A);u = Af(u) in Q and u =0 in RN\ Q where
f :]0,00) — R is such that f(0) < 0, f(s) > 0 for s >> 1 and an additional growth

assumption limg_ oo gq(—f)l =b for someb>0 and g € (p—1,pt —1).

6.2 L a priori estimate for viscosity solutions

In this section, we give some regularity results, which are used in subsequent sections to

prove the main results.

6.2.1 Removal of PV

First we make an important observation that if u is smooth enough, the principal value
P.V. in the definition of fractional p-Laplacian can be replaced with integral over RY in
the degenerate case i.e when p > % For brevity of the notation, for any real number a,
by aP~! we mean a?~! = |a[P~2a. With this notation, we can also define

(w(z) —u(z + 2))P~1 + (u(x) — u(x — 2))P~1

(—=A)Ju(x) = P.V. FREES

p

dz. (6.2.1)
RN
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The equivalence of the definitions (1.1.11) and (6.2.1) can be proved using a simple change
of variable.

We recall Lemma 2.11 of [67].

Lemma 6.2.1. If u € C’ll(;g(Q),’y € [0,1], and K C Q is compact, then there exist
Crku, Rk > 0 such that for all x € K,z € B(0, Rg)

u(z) — u(z + 2)P~ + (u(2) —ule - 2))P7Y < CralaP7 ifp=>2,

lu(z) — u(x 4+ 2))P1 + (u(@) —u(e —2))P7H < Cgulz|0FVE-D fp <2,

Now using above estimate we argue for removing of the principal value from the expression

(6.2.1).

Lemma 6.2.2. Ifp > 3%, and u € L®(RN) N CL1(Q),~ € [0,1] then

loc

uw(z) — u(z + 2))P1 + (u(z) — u(z — 2))P~1
it - W) ule I ule) vl — 9,

Proof. Let p > 2 and ¢ € K for some K compactly contained in €. Using the Lemma
6.2.1,

_ p—1 - — )1
/ |(u(z) — ula + 2)) L(SW) W@ =) e / 2PN sp g < o,
B(O,RK) |Z| & B(07RK)

It can easily be seen that

/ |(uz) = w@+2)""" + (ul@) —u(z - )P _
Be(0,Rx)

‘Z‘N-&-sp

|(u(z) —u(z +2))P " + (u(z) = u(z — 2))P"}|
|| N+sp

Therefore, e LY(RY) and hence by domi-

nated convergence theorem we can write,

(u(z) — u(z + 2))P~ + (u(z) — u(z — 2))P~*
ERET

JCCE Lt TORTCED i
RN |z|N+sp :

dz =

lim
€20 J2eBe(0,¢)
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2
2—s?

Now if p € ( 2) then again using the second pointwise estimate in Lemma 6.2.1, and

arguing as in the above case p > 2, we can prove that

|(u(z) —u(@ +2)"" + (u(@) —u(z — 2))" |
|z‘N+ps

e LY(RM)

and thus the conclusion follows as before.

6.2.2 Barrier function under fractional p-Laplacian

Here we study the behaviour of distance function under the fractional p-Laplacian operator,
by defining an appropriate barrier function. We refer to [60] for the barrier function for
fractional Laplacian.

We recall the next two Lemmas from [68].

Lemma 6.2.3. Let e be a unit vector in RN, let p > 1, and let a > 0. Then
/ (le - w|4+a)P~2 dw < ¢(1 + a)P~2
SN

where SN is the unit sphere around the origin and ¢ depends only on n and p.

Lemma 6.2.4. Let [l be an affine function and let r € (0,00). Then

e+ )~ MP2 (U +y) 1) ,
N+s dy =0
B(z,r\B(z,e) ‘y| P

for all e € (0,7).

We denote by d(x) by the distance of z to €2, that is,
d(x) := dist(x,00), x €.
For some § > 0, we define {25 as follows:

Qs ={z € Q/d(z,00) < 6}
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We always assume that § > 0 is small enough such that d(x) is well defined and C? in Qs.

We define the barrier function as follows

dB(z) ifx € Qs
@) =qr(x) ifzeQ\Qy (6.2.2)

0 itz € Q°

for B > 0 and a function 7 such that ¢ is positive and C? in Q with

r(z) > d°(z) for z € Q\ Q. (6.2.3)

Lemma 6.2.5. Let p > % There ezist 6 > 0 and C > 0 such that for g € (0, ps_pl)

~(~A)E(e) < ~Cd@)PTI i Q.

Proof. Through out the proof we assume that « € €}5. For simplicity in notation, we write

fractional p-Laplacian as

—(=A)Su(z) = /R - Q+<“’f”"yy)| ;ﬁ;(“’x’y) dy, zeRN. (6.2.4)
where
o+ (u,z,y) = |u(e +y) — u(@)["(u(z + y) — u(z))
and

o-(u,z,y) = |u(z —y) — u(@)P*(u(z — y) — u(z)).

Since ¢ is C? function, it is easy to show that there is a constant C; such that for y €

B<(0,8)

—(~A)E ()< /B » |9+<€afv7f/;|;+§p<£,x,y>| . 625)
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Now we will estimate the integral over B(0,d). We write

‘y|N+sp

B(0,5) (6.2.6)
=I(z) + Iz, (z) + I2_(z) + I3(2),
where
_9 p—2
o+ (& 2,y) = [€(@)[P~*¢(x)
R /D2+ 3 lyI* e v (6.2.7)
— 57 9 B 5 p—2€ o
13(1:) :/D3 Q+(£7$’|y;|;+€;(§?xay) dy
with the following domains of integration.
Dy ={ye B(0,d)/z+y¢Q and z—y¢Q},
Dy, ={y€ B(0,0)/r+yeQ and zFy¢Q} (6.2.8)

D3 ={y € B(0,0)/r+y€Q and z—yeN}

For notational simplicity we denote d = d(x), whenever there is no confusion.

Estimation of I1(x): We observe that 0 ¢ D;. With a change of variable y = d(z)z, we

have
1

T - _dﬁ(p—l)—szn/ -

1(z) 41D, || NFsp

For some R > 0 we have d~!D; C B¢(0, R) and there exists Cy > 0 such that

I(z) < —CodPP=1)=sp, (6.2.9)
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Estimation of o, (x):

T — [&(2)|P2€ (2

12+(.CE) :/D2 Q+(€7 7y‘)y’N‘§_£p)‘ ‘g( )dy
_ |d°(x + y) — d° () P2(d° (x + y) — d°(x)) —|dP (z)|P—2d° ()
-, PIRRRE dy+ [ S

24 24

(6.2.10)

The estimation of second integral in I, () is same as Iy (). Taking d°P=2)d(x)? outside
the integral of first integral in (6.2.10), and using the fact that for A > 0, Adist(x,0Q) =
dist(Az, A0S2) and with a change of variable y = d(z)z in first integral in (6.2.10), we have

| 2| N+sp o

dﬁ(p_l)_sp/ |(dist(d~ e + z,d='00N))P — 1|P~2((dist(d 'z + z,d710Q))? — 1) p
(171D2+
We write
d'Dy, = (d'Dy, N B(0,R)) U (d ' Dy, N B(0,R)°) := By rp U Bo g.
We find that for 0 < 8 < fy < 1% we have

dist(d 'z + 2z,d7100))? — 1 < |z|.

Therefore if R is large

z

/ (dist(d"a + 2,d=199))° — 17-((dist(d~"w + =,d=199)" ~ 1)
By r

|Z|N+sp
‘Z|ﬁ0(17—1)
< ——d
= /BQR ‘Z‘N—f—sp z

<C3
independent of 8. To conclude, we see that for fixed R we have

((dist(d™ 'z + 2z, d~100))? — 1P2((dist(d 'z + z,d~10Q))? — 1)

B dz =0,

lim
£—0 Bi g
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so we conclude that for all 8 small, for some C4 > 0 we have
I, (z) < —CydPP=D=sp, (6.2.11)

Similarly, we estimate Iy (z).

Estimation of I3(z): We observe that 0 € D3. For some € > 0 we write:

D3 = B(0,ed) U (D3 \ B(0,¢ed)) := By U Bs.

We have
o+ (& 2,y) + 0 (§,2,y)
Ds |y|VHep
Here we only estimate / #ﬁ;y) dy in I3(x), as the estimation of / %f;y)
Dy |YlN P Dy [ylNteP

follows using the similar arguments. We also estimate I3(z) on By only because on By the

estimation of I3(x) is same as I, (x). So we estimate

£z +y) — @) P2 (E(x +y) — E(x)
/B1 |y|NFsp dy"

Since ¢ is C? function, using Taylor’s expansion, we have
E(x+y)=E(x)+ V@) -y+y' - D%*(a) -y for some o€ z+0y,6¢c(0,1).

We denote
Uz +y) =E&(x) + VE(z) v,

so we have

Ea+y)—lx+y) =y - D*(a)-y.

Similarly, we have

E(x) = E(aty)+VeE(+y)-(—y)+(=y) -D*¢(7)-(—y) for some v € aty—0y,0 € (0,1).
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We denote

lz) =&z +y) + VEx+y) - (—y),
s0 we have

E(x) —Ux) = (=y)" - D*(7) - (~y)
and

lz +y) —l(x) = VE(2) - y.

Let g(t) := [t|P~2¢ and using Lemma 6.2.4 and Lemma 2.5.2, we have

€@ +y) —E@)P*E+y) =€)

Bi ’y‘N”LsP Y
< lg(§(x +y) —€(ﬂ|7))|N—+9(l(ﬂ7+y) —l(z))| dy
B Y| TP
< (Jl(x +y) — l(fﬂ)|+|§|§jj)v;i(x)|)p‘2\§(x) —I(2)] "
B1
<0 (IVE() - yl+(=y) " - D2§(7|)y-|l(v—+2\)p‘2l(—y)T - D*¢(v) - (=)l ay.
By

Since x € Qs, £(2) = d®(x). Then

V(x) = pd’ ' Vd(x),

82 - . .
635;2 =pB(B - 1)dﬂ 2Aij(33) for 1<14,5 <N,
where
2
Ajj(z) = dd(z) 9d(x) n d(z) 0%d(x)

(91'7; 8% B —1 890,83;] F

We have y =z +y — 0y, 0 € (0,1) and = € Q5,y € By so A;; is bounded. We denote

sup B(8 — 1) Ay(v) = M, 4,
o
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so we have | D2¢(7)|< dP~2M for some M > 0. Hence we have our estimates as

/ (2 +y) — E(@)P?E(x +y) — &(x)) dy
B1

|y’N+sp
(18d°~'Vd(x) - y|+|d° > My[*|)P~2|d° > M |y|? |

< C

=7 Ik, [y[NFsp
<C5d(52)(p1)/ (18dVd(x) - y|+|M|y[?])P~2| M |y|? !
B B ’y|N+sp

With a change of variable y = d(z)z, we have
(18Vd(z) - 2|+ M2)P—2| M 2]
|Z‘N+sp

<Csdf3(10*1)sp/ (18Vd(x) - z|+|M|z|?]|)P~2| M |z|? |
N B(0,¢) | 2|V +ep

< C5d'3(p1)5p/ / (|6Vd(x) -wlr + Mr2)p_2 Mr'=*P dw dr

Vd(zx | Mr p=2 1 L
< ﬂpl)szv// |6 p—1-sp p—2
Csd o |6Vd + AV Mr |BVd(z)[P~* dw dr

< CsdB=2=1) g2(0=2) g2 g—5p /
B(0,€)

M s
< CsMdPP=D—sp /0 /S N (1 @) de)\> P19 3V d () P2 dw dr

If p > 2 using Lemma 6.2.3, we get

If(fv+y)— E@)P*(E(= +y) — &) dy‘

|y|N+sp
MP— 274’ 2
< C Mdﬁ(p 1) 510/ / p—1=sp| 3\ P2 dud
< CgMdP®—D-sp (mw(gg)va—?eﬁ—w + MP—26P—2+P<1—8>) ; (6.2.12)

If 5= <p <2 and using Lemma 6.2.3, we have

/ (2 +y) — ()P *(E(x +y) — &(x)) dy‘
B1

|y|N+sp

€ —2
< CwMdPP—1—sp Mr : P=1=| 8\ d(z) [P~ d
- o \[BVd@]) " o

< CgMP1qB—1)=spep—24p(1=s) (6.2.13)
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So, for p > 2, using (6.2.5), (6.2.9), (6.2.11), (6.2.12), we have

—(—A)¢(x) <d(z)PP—1)=sp (Cld(x)sp—ﬁ(p—l) — Oy — C4>

+ CeMd(z)PP=H=r <\5Vd(x)|p726p75p + Mp’er*“P(l*S)) .
Thus, there exists C' > 0 such that
—(=A)3E(z) < —Cd(z)PP~D=* in Q.

Similarly, for % < p < 2, using (6.2.5), (6.2.9), (6.2.11), (6.2.13), we get the desired

result. O
We recall the Holder estimates for viscosity solutions from Theorem 1 of [70].

Theorem 6.2.1. For 1 < p < oo, assume f € C(B(0,2)) N L>*(B(0,2)) and let u €

L®(RN) be wiscosity solution of

(=A)pu=f in B(0,2).

Then w is Holder continuous in B(1,0) and in particular there exist o € (0,1) and c

depending on s,p such that

1
fullesaoyS © (Tollowqao 41T oy ) - (62:11)

We also recall the following comparison principle for the viscosity solutions from Theorem

4.1 of [68].

Theorem 6.2.2. Let u and v be viscosity supersolution and viscosity subsolution, respec-
tively, in Q2. Assume further that both v and —u are upper semicontinuous in Q0 and u > v

on 02 and almost everywhere in Q€. Then u > v in Q.

We define for zg € 092, 7 >0

Q% ::{xERN::c0+Tx€Q}.
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Also for the function ¢ defined in (6.2.2), we set £ (z) := {(xo + 7) and define

dr(z) == dist(z,09;,) = T Ydist(xzg + T2, 090). (6.2.15)

Lemma 6.2.6. Assume Q is a C? bounded domain, s € (0,1) and 2 < p < oo. Also let
B =sp—=0in (6.2.2) for § € (%, sp). Then there exist cg,d > 0 such that

(AT > cpdP "2 P=0P=D i (O )5, 0 < T < 1. (6.2.16)

~ ~ s sp®—2sp—0(p—1) . yr - -
Moreover, if u satisfies (—A)pu < cd; m on for some ¢; > 0 with u =0 in

RN\ Q7 | then

o’

u(e) < e (e + Jullp=(ag,) ) &7, = € (9,)s (6.2.17)

for some co > 0 is only depending on s,d,0,p and cg.

Proof. First, from (6.2.15), we observe that

ze(Q)s e {zeRY iag+72€Q, dr(2) <3}
& {z eRY i3+ 72 € Q, dist(z,007,) < 5}
e{reRYN 2o+ 71z €Q, 7 dist(xg + 72,00) < §}
o {zeRY 29+ 72 € Q, dist(zo+ 7x,00) < 76}

S xo+ 72 € (Q)rs (6.2.18)

Now as 7 < 1 and ()5 C (£2)s, hence for x € (€2}, )s we have 2o + 72 € ()75 C (Q)s.
The rest of the arguments for establishing (6.2.16) follows using the similar calculations as
in the proof of the Lemma 6.2.5 by taking # = sp — 6 and translating {(x) to ] (v) and
(Q)s to (2, )s-
Next we prove (6.2.17). For this, let u be a viscosity solution of

(—A)u < ed? 720Dy or

o’ (6.2.19)
u =0 on (Q7,)°.
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We choose R > 0 and let v = RE], |, then we have

xo?

(—A)50 > coRPLaP 20700 > o @20 =00=1) > (LAY in ()5

1/(p=1)
if we take R > <%> . We also have u = v =0 in RV \ Q7 and v > win QF \ (0, )5
if R is chosen so that R > ||U||LOO(Q;O)(7_5)6_SP. Then by comparison principle v < v in

(927,)5. We observe that if we take

¢\ /- 1
R=(2) @) uleor,)

then
e 1/(p—1)
R> <a> and R > (78)"*"||ul| oo gy, )

o

so we have proved
u(@) < ez ()" + Jullpeqoz,) ) 70 in ()5

where ¢o = ((76)77%F + (00)71/(10—1)). O

6.2.3 Regularity results

In this section we give the regularity of the solutions of the semipositone subcritical expo-
nent problem. Here we consider the following nonexistence result as considered in [22].
(NA): Let H be a half-space in R or whole of R and ;z > 0. Then there does not
exist any nontrivial u € C%(H) which solves the following semipositone critical exponent
problem.

(—A)u = p(ful’i~2u—1) in H,

P (6.2.20)
u =0 on RV \ .

Theorem 6.2.3. Assume Q is a C? bounded domain, 0 < s < 1,2 <p <oo,p—1<

q< 1\/(59\[%12;@? and g € ¢(Q x R) satisfies |g(z, 2)|< c|z|", x € Q, 2 € R where ¢ > 0 and
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0 <r < gq. Let u is positive viscosity solution of the problem

(—A)ju(z) =u+g(w,u) inQ, (6.2.21)
u(xz) =0 on Q°.

Then there exists a constant C' > 0 such that

1wl ooy < C.

Proof. Assume this is not true so there exists a sequence of positive solutions {uy} of
problem (6.2.21) such that My, = |lug| (@)= 00. Let z € 2 be points with uy(zy) = My

and introduce the functions

Uk (T + Ury
vp(y) = %» RS ka

where

Qk::{yERN:a:k-l-,ukyEQ},,ukE]R,

and functions vy satisfies 0 < v < 1 and vg(0) = 1. Next we have

Mt
—5 (=A)yur(y) = v + hi,
e (M) = o]
—(g=(p—1))
where |hi|< CM, % and hy, € C(QF). We choose u, = M, which tends to zero.
k k
Then
—A)Pui(y) =vl+h, in QF. 6.2.22
P k

Next passing to subsequences, there are two cases, either d(azk)u,;l — 00 or d(mk),u,;l —
d>0.

Suppose that the first case holds, then €, — RM as k — oo. As the right hand side
in (6.2.22) is uniformly bounded and using estimates in (6.2.14) with an application of
Arzela-Ascoli’s theorem and a diagonal argument to get vy — v locally uniformly in RV,

On passing the limit in (6.2.22), thanks to Corollary 4.7 in [30], we obtain that v solves

TH-2935_166123102



6.2 L°° A PRIORI ESTIMATE FOR VISCOSITY SOLUTIONS 119

(=A)jv = v? in viscosity sense. By using Theorem 6.2.1 we get v € CY(RY) for some

a € (0,1). Since v(0) = 1, the strong maximum principle implies v > 0. Thus v solves

strongly (—A)yv = v?in RYN. However due to non-existence assumption (M.A) for p—1 <

N(p—1)+sp

< N_sp Ve get a contradiction.

If the second case holds then we assume that z; — z¢ € 02. Without loss of generality,

we assume v(xg) = —e”. Define
U +
w(y) = k(CkM 1%Y) y € D,
k
where ( € 0€2 is the projection of xj on 0f2 and
DF .= {y e RN : G + ppy € Q). (6.2.23)
Observe that
0 € D, (6.2.24)

and

D* - RY = {y e RY : yy > 0} ask — +oo.

It is easy to show that wy satisfies (6.2.22) in D* with a different function hy, but with
the same bounds. Setting
_ Tk — Gk

Y '= ——
27

so that |yg|= d(xg)u, ", we observe that wg(yr) = 1. Next by passing to further subse-
quence yx — Yo, with |yo|=d > 0, we claim that yg is in the interior of half-space ]Rf. For

this it is sufficient to show that
d= lim d(zx)p;;" > 0. (6.2.25)
k—o0
We observe that by (6.2.22), and since r < ¢, we get

(—A)swy, < C < CdP 2P0 yy k.
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for every 6 € (%,sp), where di.(y) = dist(y,0DF). By Lemma 6.2.6, for a fixed
0 there exists constant Cy > 0 and § > 0 such that wg(y) < Cody(y)~0 if di(y) < 9.
Clearly, since by (6.2.24) |yr|> di(yr), if di(y) < 6, then 1 < Codi(y)*P~% < Colyr|*P~Y,
which asserts that |yx| is bounded from below so that we have (6.2.25).

Now again using (6.2.14) as in the first case to obtain wy — w uniformly on compact set

of RY, with 0 < w < 1, w(yp) = 1 and w(y) < C'y;?fe for yn < d. Thus w € C(RY) is

non-negative, bounded solution of

(—A¥w =w! inRY,

w =0 in RV \ RY.

s
p

Again using Theorem (6.2.1) we get w € C*(RY) for some « € (0, 1). Since w(0) = 1, the
strong maximum principle implies w > 0. Again this is contradiction due to non-existence

assumption (NA). So this proves the theorem. O

6.3 Proof of main result

r+l-p _

Using the substitution w = yu where ~ w, we see that (6.1.1) is equivalent to the

nonlocal problem

(-Ayw =w"—4" inQ,
w >0 in 0, (6.3.1)

w =0 on ¢,

We use the above observation to study the equivalent problem.

Definition 6.3.1. We define K : C(Q) — C(2) N W3P(Q) as K(f) = u where u is the

unique weak solution of (=A)ju = f in Q and u =0 on Q°.

The weak solution u can be obtained as the minimizer of the associated functional in

WiP(Q). Using Theorem 2.5.1, u € C%(Q) for o € (0,s] and thus the map K is well

defined. Also, from Theorem 2.2.2, we infer that the weak solution w is in fact a viscosity
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solution. Set

Py u) = p(ful"—1) (6.3.2)

Finding a weak solution of the nonlinear problem

(=A)Pu = F(p,u) in Q,
u >0 in Q, (6.3.3)

u =20 on £)°.

is equivalent to finding a fixed point of the map K F'(u,u). By the regularity results for
subcritical problem (see, [65]), the solution of (6.3.3) is in L*°(2). Now using the regularity
result as before u is a continuous viscosity solution of (6.3.3) i.e. u = KF(u,u). Using the

rescaling argument we see that v = K F(u, u) iff w = KF(y,w) where w satisfies

—APw =|w["—" in Q,
(=A) lw["— (6.3.4)
w =0 on €,

and F(y,w) = |w|"—~". We shall denote
S(y,w) = w — KF(vy,w) for 0 <~ < . (6.3.5)

For v = 0, the map S(0,w) is denoted as Sp(w). The solutions of Sp(w) = 0 are nothing

but the solutions of

—A¥w =|w|" in Q,
8% vl (6.3.6)
w =0 on Q-

To prove Theorem 6.1.1, we determine the degree of Sy as follows.

Lemma 6.3.1. There exists 0 < Ry < Ry such that So(w) # 0 for all [|w| g oy€ {0, R1}
and deg(So, BR2 — ERNO) = —1.

To prove this lemma we use Proposition 2.1 and Remark 2.1 of [52]. We state the result

here for sake of completeness.
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Proposition 6.3.1. Let C be a cone in a Banach space X and ® : C' — C be a compact
map such that ®(0) = 0. Assume there exists 0 < Ry < Ry such that
(i) = #tP(z) for allt € [0,1] and ||z||x= Ry.
(i) There exists a map T : Br, x [0,00) — C such that T(z,0) = ®(x) for all ||z||x=
Ry, T(z,t) # x for ||z||x= R2 and 0 < t < oo and T(x,t) = = has no solution for
T € Bg,, t > to.
Then if U = {& € C : Ry < |lz|[x< R} and B, = {z € C : ||z||x< p}, one has
deg(I — ®,Bg,,0) =0,deg(I — ®,Bg,,0) =1 and deg(I — ®,U,0) = —1.

Next we have the following lemma which follows using the strict convexity of the domain

and the monotonicity of the solutions given in Theorem 1.1 in [49].

Lemma 6.3.2. Let Q be a strictly conver bounded smooth domain, and define Qs = {x €
Q : dist(x,00) > §} for § > 0. Then the following holds for a weak solution u € Cg’a(ﬁ)
for some a € (0, s] of the problem (6.3.6)

there exist v,€ > 0, depending only on ), such that
Vo e Q\ Q. there is a part of a cone I, with
(i)u() > u(z) ¥ & € L,
(1)1, C Q¢,

(tii)meas(I;) > 7. (6.3.7)

Proof of Lemma 6.3.1. Let X = C(Q), C = {u € X : u(z) > 0} and ® : KF(0,) :

C(Q2) — C(92). By the Theorem 2.5.1 and compactness of C'(2) — C(£2), we prove that
the map @ is compact. We shall prove first (7). We shall prove that if ¢®(u) = u for some

t € [0,1], then necessarily [|ul|fe)> c(s,p, 7). Let t®(u) = u, i.e

(=Apu =t Hu" inQ,

u =20 on °.

(6.3.8)

Using the variational characterization of the principal eigenvalue and the L* regularity of
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the weak solution of (6.3.8)

_ +1—
Vf,s/MpS [ullwsr @)= t" 1/|U|r+1§ ||u||200(91;/|u|p.
0 Q 0

Now by choosing R; small enough we have (i) of Proposition 6.3.1. Now we shall verify
(i). Define T'(u,t) = KF(0,(Ju|+t)"). Then T(u,0) = ®(u) and we need to verify two

more conditions, viz.,

(a) T(u,t) # u for all [|ul|ge(qy= R2 and 0 <t < oo.

(b) T(u,t) = u has no solution for u € Bg, and t > tg.

We will verify condition (b) first. We claim a stronger result:

Claim: T'(u,t) = u has no solution of ¢t > #y. Suppose that for any arbitrary ¢ there exists a

solution us € C(Q) of T'(u,t) = u;. Taking

D
ufil as the test function and using Proposition
t

2.5.1, we have

/ (ue +8) ey :/ Ju(z) — u(y) P~ (us(x) — us(y)) ( (@) 1) >
Q RN xRN

WPt |z — y[N+sp wp ()P~ g (y)Pt
< / o1 (2) — 1 (m)I”
= Jrvxry |z —y|NEEP
-y / 0P (6.3.9)
Q

Now, by Lemma 6.3.2, for any = € Q \ Q. we have that

it QgD 7 < [ G0

Iy

< /Q“:_p+1(fv)<ﬂl($)dﬂf
</ (ue + )"}

~Ja uffl
=/\1/\901‘p-
Q

Thus we get that [Ju||feo\0.)< C for all £ and u; > 0 in .
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Now again using (6.3.9) we have the following estimate

p p D
1 1 1
t/ gt/ 1 gt/ 1 :A1/|@1|P. (6.3.10)
. CP 1 oo udt Qul™? Q

Thus, from (6.3.10), we infer that T'(u,t) = u has no solution for ¢ > ¢.

Next we verify claim (a). We proceed as in [62]. We show that if u solves T'(u,t) = u for
t € [0,00) then [Jul|fo@y< M (independent of #).

Suppose |[ul| e () is not uniformly bounded, i.e., there exists t; € [0,00) such that for
corresponding solutions u, ||ug||zeq)— oo. Denote My = |lug || poc(q)— oo and let x4, € Q

be points with My, = ug(x). First we show that, up to a subsequence,

tr,

—— s 0as k — oo.
|kl Lo~ @)

Indeed, without loss of generality, we assume that t; > 0 for all £ and tx — co. Define

wy, = %’: and \j := t;fpﬂ. Then, it is easy to check that (wy, \g) satisfies

wyp(2) — wi () P2 (w(@) — wi(®))(6(z) — 6(y)) - B
/RNxRN |z — y|Ntsp _)‘k/ﬂ( k+1)"¢.

Then from the comparison principle, we have wy > wy where w, € C* for a € (0, s] and

satisfies

[ 1w e w6 ), [ gy
RN xRN @ 7 a

|z — y|N+sp

for all ¢ € C§°(2). If supy||wi|| o ()= C, then taking ¢ = wy, in (6.3.11), we get

lwn |y n ) S CArl. (6.3.12)
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Now for a nontrivial ¢ > 0 in (6.3.11), using Holder’s inequality we get

0< /be <= /RN BN @ (2) — @ (y) [P~ (D (2) — Dk (y)) (d(2) — ¢(y))

Ak | — y| N

-1

|wy ”%/;vp(g) ”‘bHWOS’p(Q)

1
<+
k
—1

<\ C1—0, (6.3.13)

which is a contradiction. Therefore we have

HukHLoo(Q)
sup ——

> = sup||wg | oo (@) > sup||w || o @)= oc-
k k k k

Now we introduce the Gidas-Spruck translated function

ugp(Tr + Ury
vp(y) = %7 y € QF

where
_r=(m=1)

Qk:{yERN::vk-l-,ukyEQ} and pup = M, **

A straight forward calculation yields

(—=A) vk(x) = (Uk(SU) + t—’“)r, (6.3.14)

and since ty € [0, to], A%% — 0ask — oo.

Then using the arguments as in the proof of Theorem 6.2.3, if we pass through the limit we
get a contradiction to the non-existence results for a sub-critical problem in RY or upper
half plane. Hence |ul|ze(q) is uniformly bounded.

Now if we choose Ry > max{Ry, M} then we have verified the assumptions of the Proposi-
tion 6.3.1. So we have deg(I—K F(0,-), Br,—Bg,,0) = —1, or deg(S(0,w), Br,—Brg,,0) =
—1. That is deg(So, Br, — Br,,0) = —1. O

Next we proceed as in [37]. We determine the degree of S(v,.) by connecting S(v,.) and
S(0,.) using the homotopy invariance of degree with respect to . In particular, this will

imply that S(v,w) has a solution w satisfying Ry < |[w||ge(q)< R2. Then we show that
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solution of the rescaled problem (6.3.4) is positive in € for some small .

Theorem 6.3.1. For p > 2, the problem (6.3.4) admits a positive solution for v € [0, o).
Hence, problem (6.1.1) admits a positive solution for all p € (0, p1o).

Proof. We prove the theorem in two steps:

STEP 1: There exists a 79 > 0 such that deg(S(v, ), Br, — Bg,,0) = —1 for all v € [0,7q].
STEP II: S(v,w) = 0 for some w in Bgr, — B, implies w > 0.

Step I follows if we can show that S(v,w) # 0 for ||w||€ {R1, R2}, then using the standard
properties of degree we can show that deg(S(7,-), Br, —Br,,0) = —1. Suppose there exists
a sequence (v, wy,) such that v, — 0 and ||wy||€ {Ry, R2}. Since KF(v,-) : C(Q) — C(Q)
is compact, we can find a function wy € C(Q) with ||wo|€ {R1, R2} and S(0,wg) = 0.
This contradicts the previous lemma and hence Step I is proved. Now we prove the step
II. If wp is a non-zero solution of S(wg,0) = 0, then wy > 0 and inf,cq %(;C)) > 0. Let
Cy = {u € C%(Q) : u(z) > 0}. Then wy is in the interior of C. Let S(7,,w,) = 0 and

Yn — 0. Since [|wn| ¢ g) is bounded, using Theorem 2.5.1 and Theorem 2.5.2, we have

Wn,

E@) oo =

C*(Q)

Jinllny< € and |

Thus, by Ascoli Arzela theorem, upto a subsequence

w wo . —
wy, — wy and —— — —— in CY(Q).

d*(x)  d*(z)

Lastly, the positivity of wg in € follows using the above by uniform convergence and the
wy ()
d* ()
solution for v small enough and thus for (P,) for p < po.

fact that > 0 in Q for large n. Hence we conclude that there exists a positive

6.4 Conclusion

In this chapter, we have studied the existence of a positive solution to the nonlocal super-

linear semipositone problem with the subcritical growth term. The salient feature of this
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problem is to construct a barrier function in the neighbourhood of the boundary, which
is used to get L°° a priori bound for the viscosity solutions. Then we applied the degree
theory results to obtain the positive solution to the problem (P*). Here the restriction on
P, viz., p > 2 in Theorem 6.1.1 and Theorem 6.3.1 is due to non availability of the fine
boundary regularity results involving fractional p-Laplace operator for the case 1 < p < 2.
This embarks to consider the case ﬁ < p < 2 for future exploration.

Next considering the problems involving fractional (p, ¢)-Laplace operators open news ques-

tions that to be explored.
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Nonlocal superlinear semipositone problem

with critical growth

In this chapter, we study the existence of a positive solution to p-superlinear semipositone

problem with critical growth involving fractional p-Laplace operator.

129
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7.1 Main results

We consider the following nonlocal semipositone problem

(—A)su =S~ —pin Q,

u >0 in Q, (7.1.1)
u =0 on °,
where Q is a smooth bounded domain in RY, Dy = NA_TJZ - is fractional critical Sobolev

exponent, p > 0 is a positive parameter.
It is easy to show, using the Pohozaev identity (see [75]), that the problem (7.1.1) has no
solution for any g > 0 in a star-shaped domain. This motivates us to study the Brezis-
Nirenberg type critical semipositone fractional p-Laplacian problem
(—A)su = Pt 4 uPs~ — pin Q,
u >0 in €, (7.1.2)

u =0 on {2¢,

where A\, > 0 are parameters. For a given A > 0, The solution of the problem (7.1.2) are

the critical points of the energy functional E,, : Dy (2) — R defined by

1 = p 1 .
Eu(u):/ M%dmdy—k/uﬁ’da:—*/ufl’sal:c—k/uudaz.
P JrVxry | —y[VEP P Jo Ps Jo Q

All the weak solutions of problem (7.1.2) lie on the set

s, : u(x) — u(y)|P .
N, :{UEDOP(Q):u>01nQand /RNXRN%dxdy:/Q()\up—l—ups—uu)dx}.

A weak solution that minimizes E, on N, is a ground state solution for (7.1.2). Let A\

denotes first Dirichlet eigenvalue of the fractional p Laplacian, which is defined as

_ p
[ o,
RN xgN |z — y| VP

Al = inf

7.1.3
ueDy? ()\{0} Jolu(z)P dx (7.1.3)
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Now we state our main results.

Theorem 7.1.1. Forp > 2, if N > sp? and A € (0, \1), then there exists u* > 0 such that
p € (0, %), problem (7.1.2) has a ground state solution u, € Cg’a(ﬁ) for some o € (0, s].
-1
We observe that the scaling v — p?s-2u transforms the first equation in the following
critical semipositone nonlocal problem
(—A)su = M~ 4 p(uPs—! — 1) in Q,

u >0 in €, (7.1.4)

u =0 on €,
into

ps—1

(=A)pu = MP~t Pl pyrie,

Theorem 7.1.2. Forp > 2, if N > sp? and A € (0, \1), then there exists u* > 0 such that

p € (0, %), problem (7.1.4) has a ground state solution u,, € CS’O‘(Q) for some a € (0, s].

7.2 Proof of the main results

In this section, we give the proof of our main results. We proceed as in [85]. We consider

the modified problem

—1

(-A)u = )\uﬁ__l +ufs ™ — pf(u) in Q, (72.1)
u =0 on €,
where u4 (z) = max{u(x),0} and
1 £>0,
fA)=q1-ppt -1<t<o,
0 t < —1.

TH-2935_166123102



132NONLOCAL SUPERLINEAR SEMIPOSITONE PROBLEM WITH CRITICAL GROWTH

Weak solution of this problem coincide with the critical point of the C'-functional
1 - p A p D5
E,(u) :/ dedy+/ _&_u% da:—i—,u/ udx
RNxRN | — y|V TP Q D P {u>0}

p
p—1
/ <u_u\u| ) dx — (1—1> {u < -1}
{—1<u<0} p p

where |.| denotes the Lebesgue measure in RY.

)

+p

We also recall the definition of S .

[ e,
_ | N+sp
=  inf RYRN |2yl (7.2.2)

Sop = 5.p p/ps
w00 i )
Q

is the best constant in Sobolev inequality, which is independent of 2. We recall the

following proposition from [20] regarding the minimization problem (7.2.2).

Proposition 7.2.1. Let 1 <p < oo, s € (0,1), N > sp, and Ss be as in (7.2.2).

(1) There exists a minimizer for S .

(ii) For every minimizer U, there exists xg € RY and a constant sign monotone function

u: R — R such that U(z) = u(|z — xo|).

(7i1) For every minimizer U, there exists Ay > 0 such that

(U(z) — Uly))~ (v(z) — v(y)) _ -lyge Gue DAP(RN
/]RNXJRN oy d:ndy—AU/RNU dr Yve DRV

We state the concentration compactness theorem involving fractional p-Laplace operator

which is used to prove that £, satisfies Palais-Smale condition below certain energy level.

First we recall the definition of fractional gradient.

Definition 7.2.1. [17] (s,p) gradient of a function v € DyP(RYN) is defined as

(@ + h) — v(@)
s P
| D%v(x)[P= /IRN Ve dh.

We note that (s, p) gradient is well defined a.e in RN and |D*v|€ LP(RY).
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Next we recall the concentration compactness theorem [17].

Theorem 7.2.1. Let (u,) C Dy¥(RY) be a weakly convergent subsequence with weak limit
u. Then there exist two bounded measures k and v, an atmost enumerable set of indices I,
and positive real numbers k;,v;, points x; € Q,i € I, such that the following convergence

hold weakly* in the sense of measures.

|D*uy |Pdx — k > |D*ulPdx + Z Kilz,

icl
up|Psdz = v = |u|Psdx + Z Vidg,
i€l
S;é}’uil/ps < mi/p forall i€l

where Sy, as in (7.2.2).
For the proof of the Theorem 7.1.1, we use the following compactness result.

Lemma 7.2.1. For any fized A\, > 0, E,, satisfies the (PS). conditions for all

1
e < SN - (1 - p) ulQ. (7.2.3)

Proof. Let (uy,) be a (PS). sequence. First we claim that (u,) is bounded. We have

1 - — Uy, D )\ D Dy
E,(un) :/ [in(2) ~ 1m0l d:cdy—i—/ T ey dx—i—u/ p daz
D JRN kRN |z —y|N TP Q D Ds {un>0}

p—1
/ <un—M) dz — <1—1> fun < —13|
{—1<u,<0} b p

+u =c+o,(l) (7.24)

and

Un () — un (V)P 2 (up () — up v(r) —v
Dyl = [ 1) )t 0)) 0l g,

+ /Q (Auﬁfv - ufﬁf%) dz + ;1

/ vdx+/ (1= |upP~ ") vdz
{un>0} {~1<un<0}

— ou(D)llo]| Vo € DFP(9).
(7.2.5)

TH-2935_166123102



13ANONLOCAL SUPERLINEAR SEMIPOSITONE PROBLEM WITH CRITICAL GROWTH

Taking v = u, in the equation (7.2.5), we get

|[un () — un(y)[P / :
DE,,(u,)uy,) = dx d P, —ubs ) d
\DE(un) ) /RNXRN |z — y|Ntep v Q< et un+) !

/ undx—l—/ (1= |unlP™ 1) up dz| = 0,(1)||un]-
{un>0} {—1<un<0}

(7.2.6)

+

Dividing (7.2.6) by p and subtracting from (7.2.4), we have

(1 ) 1) /Q B dp = (1 s ]19) ot < —1} [+ + on (@) + unl)

N
1
—i—u(-—l) / undac—i-/ Uy, dT
p {un>0} {—1<un<0}
S

* 1
/uf;; de < (1= =) ul@+e+ 0n(1)(1 + [lus) (727)
N Jq p
We also have,

. p/ps
/ ub dax <|Q[/N (/ ub, dw)
Q Q

N 1
<joppv [(1 - 5) U+ 0 (1)(L + lun])

S

- (7.2.8)

Similarly we use Holder’s inequality to estimate other terms in (7.2.4). So using (7.2.7) and
(7.2.8) and the fact that 1% < 1, we can show that sequence (uy,) is bounded in Dj”(Q).
Since (uy,) is bounded so is (uy+ ), & renamed subsequence which converges to some u4 > 0

weakly in DjP(Q2), strongly in LI(Q) for all ¢ € [1,p%), a.e. in  and
| D% upy [Pdx — &, ufla_d:c 2y (7.2.9)

in the sense of measure, where k¥ and v are bounded measures. Using Theorem 7.2.1 there
exists a countable index set I and positive real numbers k;, v;, points x; € Q, i € I such

that

k > |D%uy|Pdx + Z Kilg;, V= uzfda: + Z Vidg, (7.2.10)
iel icl
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and S;,é;puil/p; < K;/p for all i+ € I. We claim that I = (). Suppose by contradiction that
there exists 4 € I. We fix a concentration point z;, a smooth function ¢ : RN — [0, 1] such

that p(z) =1 for |2|< 1 and ¢(z) =0 for |z|> 2 and for i € I and p > 0 set

vip(x) =¢ (av—pmz) .z eRY,

Clearly ¢;, : RN — [0,1] is smooth function such that ¢; ,(z) = 1 for |z — 2;/< p and
@i p(x) =0 for |z — z;|> 2p. We note that the sequence (p; un) is bounded in DJP ().
Taking v = ¢; puny in (7.2.5), we get

[, ) o) @it ) st
RN xRN

[ =yl (7.2.11)
4 *_1
— /Q ()\ug;(pi’puwr + uﬁ; cpiypunJr) dx — u/ﬂgpi,pu,w dx + op(1).
The term on the left hand side of (7.2.11) can be estimated as
Jun () — un (1) P2 (Un (&) — un () (PipUn+ (%) — i ptin+ (y))
dx dy
RN xRN |z — y|Ntsp
|un+ (:U) — Un+ (y) ’p
> 3 dzd .2.12
[un () — un (1) P2 (un () — un()) (9ip(2) = Qi ()
’ - - dx dy.
o ERT ofl) oo

For the first term in right hand side of (7.2.12), for a fixed x, taking the transformation
y —x = h and using the definition (7.2.1) and (7.2.9), we have

|un+(x) — un+(y)|p /
. dzx d i o dR. 7.2.13
/]RNXRN |z — y|NTep pip(T) dzx dy — RNSO,p K ( )

For the second term in right hand side of (7.2.12), using the definition of (s, p) gradient,

we have

Un(T) —u P=2(u () — u () — o
/RNXRNI n () = un(y) P |Z(_)y|Nfs§oy))(%’p( )=o), 0 e dy

) (7.2.14)

<c ( / \uanm,er) .
]RN

TH-2935_166123102



13GNONLOCAL SUPERLINEAR SEMIPOSITONE PROBLEM WITH CRITICAL GROWTH

Now we consider the first term in right hand side of (7.2.11) i.e.,
/Q (Auﬁﬁ"i,p + Upy Pip — M%L,punJr) dzx.

Using (7.2.9) we have
/ ity d — / ipdv. (7.2.15)
Q Q

Now we observe that

/ Jun (@) — un () [P~2 (un(2) — un())(Pip(z) = Pip(y))
RN xRN

|I _ yIN-i-sp Un+ (y) dx dy

+ / (=i 0ip + 6pi pting ) da
Q

1
<’ (/ |un+P|Ds%’p’pdw>” +/ uﬁ+dx+,u/ Upg4dx | .
RN QNBap(z;) QNBap(x;)

We also have

/ ub  dr — ut dw. (7.2.16)
QNBa,(z;) QNB2p(xi)

Next passing to the limit in (7.2.11) and using (7.2.12)-(7.2.16), we get

/ goi,pd/i—/goiypdl/
RN Q

1
(/ |un+|P|D8<pi7p|de>p —I—/ uﬁd:eru/ u+d$] :
RN Qﬂng(:Ui) Qﬂsz(xi)

Now letting p — 0, right hand side of the above inequality goes to 0. This implies x; < v;,

<C

which together with v; > 0 and S;é;pyil/p; < /ig/p gives v; > S?ZSP. On the other hand,

passing the limit in (7.2.7) and using (7.2.9) and (7.2.10) we get
v < N [(1 — 1) u!QH-c} < SN/sp
s p ’

a contradiction. Hence I = () and

/ui;; da:—>/uz_§ dz. (7.2.17)
Q Q
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Next passing to further subsequence, u, converges weakly to u i.e., u, — w in D{P(€),
strongly in L"(Q) for r € [1,p¥) and a.e. in €.

We note that u weakly solves the problem (7.2.1) and using the Brezis-Lieb type lemma
and (7.2.17) we can show that w, — w in Dj*(Q). This complete the proof of Lemma
7.2.1. O

Next we state some results regarding the minimization problem (7.2.2) (See [78]) that is

used to prove mountain pass results. For any € > 0, the function

— |z]

is a minimizer for S, , and also satisfy the following equations

(—A)U = U, and |U|P= IOIIE, vy = Sh P

Due to absence of explicit formula for U, we have the following asymptotic estimates.

Lemma 7.2.2. There exists c1,ca > 0 and 60 > 1 such that for all T > 1,

Cc1 (6]
) D) Ulr) < r(N=sp)/(p—1)

and
U(6r) <& 1
U(r) = ¢y §(N=sp)/(p=1)"

We have some auxiliary estimates from [78].

For €,0 > 0, and 6 as in Lemma 7.2.2, set

. 4 Ue(9)
<7 UL(8) — U.(69)
and
0 if 0 <t <U.(65)
9es(t) = § m? 5(t — Uc(65)) if U.(06) < t < U(0)

t+U(0)(mP5 1) ift > U(9),
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and let
0 if0 <t < U(69)
t
Geo(t) = /0 9es(T) AT = S m5(t — U (06))  if U(06) <t < Ue(6) (7.2.19)
t if t > U(6).

The functions g/ 5 and G, are nondecreasing and absolutely continuous. Consider the

radially symmetric nonincreasing function
Ues(r) = Ges(Ue(r)),

which satisfies

(Ue(r) ifr <¢
Ue5(r) =
0 if r > 66.

We have the following estimates for u. s.

Lemma 7.2.3. There exists a constant C = C(N,p, s) > 0 such that for any e < §/2,

4 e\ (N—sp)/(p—1)
e sllP< SN/ +C (5) (7.2.20)
Lesp] [ N — sp2
o€ log (6) if Sp
[tte,5 17 p vy = (7.2.21)
%GSP if N > sp?
. N/s e\ N/ (1)
([te,5 ig« &N s/ — ¢ <5> (7.2.22)

From Lemma 7.2.3, we get the following estimates for

_ NueslP=Allueslzy

Ses(A) =

lucsl,:
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there exists a constant C' = C(N, s, p) > 0 such that for any € < /2,

Ses(M) < Ssp—ZePlog (2) +C(5)" N =sp?
€,0

(7.2.23)
Ssp— %ESP +C (%)(N_Sp)/(p_l) if N > sp?

Now we show that for all sufficiently small 4 > 0 E,, has a uniformly positive mountain

pass level below the threshold for compactness given in Lemma 7.2.1 .

Lemma 7.2.4. There exist pg, p,co, R > p and 8 < %Sﬁ%sz’ such that the following hold
for all v € (0, po):
(1) Eu0) =0 and E,(u) > cy for all w such that ||u||= p,
(i1) Eu(tucs) <0 forallt > R and € < 6/2 and 6 € (0,1],
(iii) denoting by T' = {y € C([0,1], Dy?(2)) : v(0) = 0,7(1) = Rues} the class of paths
joining the origin to Rue g,

1
< o= | < [ — — = 2.
0 < = inf guax Bu(2(0) < 5 - (1) uie) (7.2.21)

for all sufficiently small € > 0,

(iv) E, has a critical point u, at the level c,.

Proof. Using (7.1.3) and (7.2.2), we have

1 A Sep? 1
Ey(u) > = (1= — | lullP—=2—lu||”*— (2)9 7.2.25
e e L o ey R [ A

Since A < Ay, so (i) follows from (7.2.25) for sufficiently small cg, 1, p > 0 .

Next, as ue s > 0, for t > 0, we have

P — p AP 105 "
E,(tucs) = / [ues() Jl\tfi’i(y)‘ d:cdy—/ ufadcz:—*/ uf%d:ﬁ—ut/u@gdm
p Jryxry |z —y[NEP P Ja © Ps Ja Q

Using the Holder’s and Young’s inequalities, we obtain

1—1 1/p _Db Atp
ut/ Ues dr < pt|Q /p /ufsd:n < Chpr—1 + / uf dx
Q o ° 2p Jo ©
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where ,

(o) ()

So we get

P — p AP Ps . .

Eu(tue,(S) < / ’U,e,é(x) xii(y)‘ dl,dy_/ufédm_*/uf%dx+c>\upfl
p Jrvxry  |o—y|[N TP 2p Jo © P Ja ©

(7.2.26)

Now by (7.2.23) for §, u € (0,1] and € < §/2 with |lucs||,,z= 1, we have

tP tP5 »
Eu(tuﬁ’(;) S ; (Ss,p - C) I == C)\/J/pfl,

S

from which (i) follows for sufficiently large R > p.
The first inequality in (7.2.24) follows from (i) as R > p. Next we maximize the right hand
side of (7.2.26) over t > 0 with [[ucs||;,z= 1 and obtain

s e 5(2) — ues(y)|P A / ik b
— ’ 7 dedy— = [ uf,d CopvT,
“E=N URNXW oyt W T [ Yes | O

and (7.2.23) gives that the integral on the right hand side of the above inequality is strictly
less than S, for all sufficiently small ¢ < §/2,6 > 0 since N > sp? and A > 0, so the
second inequality in (7.2.24) holds for sufficiently small x> 0.

Clearly (iv) follows from (7) — (#4i), Lemma 7.2.1, and mountain pass lemma. O

Next we show that w, is uniformly bounded in Dj*(Q) and uniformly equi-integrable in

LP:(Q), and also uniformly bounded in Cg’a (Q) for some « € (0, s], for all sufficiently small

IUS (07 ,UU)

Lemma 7.2.5. There exists p. € (0, uo| such that the following hold for all u € (0, . ):

(i) uy, is uniformly bounded in Dy (Q).
i u,|P5 dx as |E|— 0, uniformly in .
ElUp

(¢4i) wy, is uniformly bounded in Cg’a(ﬁ) for some a € (0, s].
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Proof. We have,

1 _ P )\Up ’U/p:
E,(uy) :/ s () x’i(y” dz dy + / R KA ,u/ uy, dzx
pJrNxry | —y[N TP 0 P p (>0}

S

p—1
/ <uu_uu|uu|> dx—<1—1>|{uu§—1}| =Cu
{-1<u,<0} p p

+

(7.2.27)

and

Uylx) —u “2(u,(z) —u v(xr) —v
(DB, () ) = /RNXRN| w(@) = uu(y)P? |§3 “(ny+sp“(y))( @) =) 4o g

/ vda:—i—/ (1= |upP~ ) vdz
{u, >0} {—1<u, <0}

+ /Q (Auﬁfv — uﬁi_lv) dr + i
=0 YveDi?(Q).
(7.2.28)

By taking v = w, in (7.2.28), dividing by p and subtracting from (7.2.24), we get
S [t dw< (1-2) yQlte, < 8 (7.2.29)
N /s u, dr < 2 1 cu < B. 2.

Then (7) follows from (7.2.29) and (7.2.28) with v = w,,.
Suppose (i7) does not hold. Then there sequence ;i; — 0 and (E;) with |E;|— 0 such that

/ |y, |P* da > 0. (7.2.30)
Ej

Since (uy,,) is bounded by (i), so is (u,,, ) a renamed subsequence which converges to some

uq > 0 weakly in D{?(2). Following the argument as in compactness Lemma 7.2.1 we get

* ps
/QuﬁjJr dr — /Qu+ dzx. (7.2.31)

As in the proof of Lemma 7.2.1, upto a subsequence, (u,;) then converges to u in D§P (%),
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and so also in LPs (). Then

/ |u#j|p: dazg/ ‘|uﬂj|p3_|u|p§
E; Q

contradicting (7.2.30). Thus (77) holds.

dx + / [ulP* dz — 0,
Ej

The regularity assertion in (7ii) follows from the following theorem. O

Theorem 7.2.2. Let Q2 be a bounded, pu € (0, p) and uy, € Dy () weakly solve (—A)5u, =

f(x,uy) in Q for f satisfying the following growth condition
|f(z,t)|< Oy + Caolt|Ps 1, (7.2.32)

where C1,Cy > 0 are constants. Assume that w, is uniformly bounded in Dy*(Q). In
addition [p|u,[P* dz as |E|— 0, uniformly in p. Then w, is is uniformly bounded in

C’g’a(ﬁ) for some a € (0, s].

Proof. By [21], it is sufficient to show that f(z,u,) € LI(Q) for some g > %. We define
g-(t) == t(tx)", where ¢ := min{¢t,k} and & > 0, > 0,7 > 0 and extend g, and t; as an

odd function in R. We have

¢ - 1/
Grt) = [ (aron s = PTED D ge ) (1233

and due to [21] and (7.2.32)

Gty < (-D)gr(0)) < € ( [ upllual”dos [ ol de)

By using Sobolev’s inequality and (7.2.33) we get

([

Now, given {u,},c(0,,,) = F is uniformly integrable in LP:(£2), so we have

2

i 7 dx) " <0, (/ ]uMHuu’kax—l—/|uu|p:\u#7k\7d$>. (7.2.34)
Q Q
lim sup/ lu,|P= dz | =0
Moo (u#ef >y
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i.e. for o > 0, there exists My(o), such that for all M > My(o)

sup / |, |P5 dz < o
up€F J{Jup|> M}

This implies that
/ luulPs dz < o ¥ M > Mo(o) and ¥ i € (0, ).
{Juy >}

Now we estimate the first term on right side of equation (7.2.34) as follows

/ ety ] < / oty ]l + / g ]
Q {Jup|<Mo} {lup|>Mo}

SMOT/\uMdaH-/ |uu\p§|uﬂyk|7d:r
Q {lup|>Mo}

-2

* Ps * ﬁ P

<M [fuddo+ ([ jupias ( [l a5 das)
Q {lup|>Mo} Q

P

< My Q|uu|d93+0 Pe Q|uu| lupel » dw )

We also estimate the second term on right side of equation (7.2.34),

/ P a7 e < / P [t 5] iz + / ot P 1|7 v
Q {lup|<Mo} {Jup|>Mo}
D

-2
* * Ps * ﬁ Ps
< MOT/|uﬂ|1175 dr + / |up|Ps dx (/ | |P5 [y n] P dm>
Q {lup|>Mo} Q

p

T o (1-%) - a2 T
< Mj Q]u#] sdx 4o\ s Q]u#] *|upk P da )

Now by collecting all these estimates, we have

B *"ﬁ

P

. - . 2

* TPs s * _ D * TPs S

(/ g |P* g o] 7 d‘”)p < C-Mg l/ T+l l7) diz -+ 0 075) (/ ety |P* g | 7 d“””>p
Q Q Q

_ D
We choose o such that 0(1 Pfé) = % and using the fact that u, is uniformly bounded in
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Dy () we have,

N3
* TPs Ps
(/Q’u“’psmﬂﬂ : dw) < Cr Mg [uu]psr () < C

where C7 is independent of . Now letting kK — oo we obtain
L
</ |uﬂ|p§(1+£) d:E) Pe <0
Q

”uuHLp:(H%)(Q)E Cs. (7.2.35)

i.e., we have

Then our result follows from [36] and Theorem 2.5.2. O

Proof of the Theorem 7.1.1: We claim that w, is positive in €. Tt is sufficient to show
that for every sequence p; — 0, a subsequence u,,; is positive in 2. By Lemma 7.2.4, we

have

1 uy, (x) —u,. (y)P b uP?
EM(W:/ () = 1, (4) dmdﬁ/ Mt Mt dxw/ 4, do
pJrNxrN |z —y[NEeP Q p P {uy.; >0}

p—1
/ Uy, — M o B <1 _ 1) Hu“j < -1}
{—1<uu,; <0} p p

= Cu; & €0

+ 1y

and also have

Up L) — Uy _QU..T—’U,. v\r) —v
(DB, (uy,)0) = /RNXRN| 1y () = s, ()P ‘; T;‘Lﬂpmy»( @ =v) ,

/ vder/ (1- |uuj]p_1)vdx
{uy.; >0} {—1<uy; <0}

-1 4
+/Q ()\uﬁjJrv —uﬁ‘jJr v) dx + pj

=0 VveDy’ Q).

Now as for p; — 0, u,; — u in C*(Q), so we have

1 . D )\ p p;
/ M dz dy +/ _2 u—t dz > ¢ (7.2.36)
p Jrvyry | —y[NTEP Q P Ds
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and

Ju(a) — ()P (u(a) — u(y)) () - v(y) 1 e
/RNXRN |z — y|N+sp dz dy—i—/Q ()\u+ ty — ul; 17)) dx =0

Vv € DgP(). So u is a nontrivial weak solution of the problem

“A¥u = P 4+ d i Q,
0 i * (7.2.37)

u =0 on ¢,
We claim v > 01in €. Since u satisfy (7.2.36) and from mountain pass Lemma 7.2.4, we have
¢p > 0 this implies that « can not be identically zero. For each z € Q, )\uﬂ_l (x)+u3_§71 (x) >

0 and using strong minimum principle and Hopf’s lemma [54], we have
u(z) > ed®(z) > 0in Q.

Now since w,; — u in Cg’a(ﬁ) for o € (0, s], then wuy,; > 0 in  for sufficiently large j. So
we conclude that for small p, w, > 0 is solution of the problem (7.1.2) with DE, (u,) =0
and E,,(uy,) = ¢, where ¢, is as given in Lemma 7.2.4 viz.,

= inf FE t
ou = Inf max L (v(2))

where T' = {7y € C([0,1], Dy*(2)) : v(0) = 0,~7(1) = Rucs}. Now we will show that u, is
ground state solution, that is, u, minimizes E, on N,. Let o = inj\f[ E,(w) then a < ¢,.
we

o

So it remains to show that ¢, < a. For w € N, define the fibering map g : [0,00) — R by
g(t) := E,(tw), so we have for ¢ > 0

*

P _ p AP Ps .
g(t) = E,(tw) = / % dx dy—/ wP dm——* wPs d:c—Hﬂf/ wdzx.
P JrNxry T —y[VHEP P Ja Ps Ja Q

It is easy to show that g is differentiable with respect to ¢ and for w € N, we have

—_ p * *
gt) :tpl/ dedy—)\tpl/wpdx—tpsl/wps dw+,u/wdx
RN xRN [T — y[V P Q Q Q

k. - p k.
() [ O g i ¢ (10 f v
RN xRN |z —y|NHep Q Q
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We observe that integrals inside box bracket is positive since A < A1 and other integral is
also positive since w > 0, so ¢'(t) > 0 for 0 <t < 1, ¢(1) = 0 and ¢'(¢t) < 0 for ¢t > 1.
Therefore

E =F
max L (tw) w(w) >0

since g(0) = 0. For fixed 9 > max{1, R}, we define the map v : [0,1] — Dj*(Q) as
v(t) := (tow)t that satisfies £, (tow) < 0 and so v € I'. Hence

< < =
cu < max E,(y(t) < max By (tw) = Ey(w).

Since w € N, is arbitrary, we get ¢, < a. This completes the proof of the Theorem 7.1.1.

7.3 Conclusion

In this chapter, we have investigated the existence of a positive solution to the semipositone
problem involving a fractional p-Laplacian operator with critical growth. Here, we have
studied Brezis- Nirenberg type perturbation to the problem (7.1.1). First we have proved
that the energy functional associated with the modified problem satisfies the Palais-smale
condition below some energy level by employing the concentration compactness theorem.
Next, we have shown that energy functional has a mountain pass type geometry below
some energy level. Then we have demonstrated that the modified problem has a positive
solution, hence a solution to our perturbed problem for small u.

The research in this chapter has raised some open questions for further investigation. Here
we have solved our problem for the case p > 2 as the fine boundary regularity result is
available only for this case. It will be interesting to study the case when 1 < p < 2. In this
case, one of the main challenges would be the requirement of fine boundary type regularity
result.

Another exciting exploration will be the study of the semipositone problem involving frac-
tional (p, q)-Laplacian operators with critical growth terms. Here the main challenges are
the requirement of the concentration compactness theorem and fine boundary regularity

result.
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