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K0 = 5 Å−1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

3.12 The center of the wavepacket, sc, as a function of time for the quantum
- classical calculations shown in Fig. 3.11 where sc(t = 0) = −0.5 Å. . 84
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CHAPTER I

INTRODUCTION

1.1 Overview of methods

The development of advanced beam and laser experiments has made available a large

amount of experimental data and thereby, provide information on chemical reactivity

and energy transfer processes at the molecular level. In many cases the interpretation

of these data is straightforward but in many others, the complexity of the experiments

and the chemical processes demands the support and interpretation from reliable dy-

namical calculations. Moreover, information on many dynamical processes at the

“state resolved” level is needed for simulating bulk phenomena. This kind of in-

formation is often not obtainable experimentally, hence, dynamical calculations are

even more important in those cases. Traditional approach of dynamical calculations

are based on the use of Born-Oppenheimer (BO) separation of the nuclear and elec-

tronic motion. The approach consists three parts: (1) Born-Oppenheimer separation;

(2) Construction of the potential energy surface; and (3) Dynamical calculations.

However many chemical and physico-chemical processes involve so strong coupling

between nuclear and electronic degrees of freedom that this separation is neither the

most convenient nor correct way of proceeding. Nevertheless if the BO separation is

introduced at all, the next step is to construct suitable potential energy surfaces (one

or more) for the nuclear dynamics. If more than one surface is involved, nonadiabatic

coupling terms needed, in principle, can be evaluated by using ab initio electronic

structure calculations. Due to the complexity of the many-electron problem and the

fact that a large part of the nuclear configuration space has to be covered, such cal-

culations are not yet performed routinely. On the other hand, most potential energy
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surfaces are calculated semi-empirically by using ab initio calculation. The next re-

quired step is the construction of analytical potential-energy-surface expressions. At

this stage, it is necessary to include information from sources such as spectroscopy,

experimentally or theoretically determined long-range interactions, measurements of

transport properties and barrier heights. The construction of analytical potential

energy surface is a discipline of its own and no standard methodology is available at

present [1, 2]. Once the potential surface is being constructed, one can perform the

dynamical calculations. When we remove the center of mass motion and assume that

the total angular momentum and its projection on a space-fixed axis are conserved,

the exact solution of the nuclear motion is reduced to 3N − 5 dimensional problem,

where N is the number of particles. At this stage, it is also necessary to introduce ap-

proximations for N > 3 to 4. However, since the nuclear masses are much larger than

the mass of the electrons, it is possible, without significant errors, to introduce an

approximate description of all, or at least part, of the nuclear motion. Though one ob-

vious choice is to use classical dynamics, quantum-classical (semi-classical) techniques

are in many cases more appropriate. The reason for this is that the nuclear motion is

subject to various quantum phenomena such as tunneling, zero-point vibrational en-

ergy, nonadiabatic electronic processes, interference and resonances. Methods which

mix quantum and classical mechanics offer enough flexibility to treat the significant

portion of reaction dynamics rigorously leaving the rest approximately. For dissocia-

tive and reaction coordinates it is convenient to introduce discrete representation of

the wave function namely grid methodology.

Some methods of dynamical calculation do not require complete knowledge of

potential energy surface such as the reaction path approach and the variational and

quantum transition state methods. From the computational point of view, some of the

methods need much less information than, say, state- and energy-resolved differential

cross sections. For example, the transition state theory calculates rate constants
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as a function of temperature or the reaction path approach evaluates state-resolved

rates. These methods require less information on the potential energy surface, that

is information around the transition state and along the reaction path. When very

little information is available on the interaction potential, one can estimate reaction

cross sections using statistical or phase space methods.

Another class of interesting problem is how the environment influences reactivity,

whether the influence is from a solvent, an external field, a “rigid” part of the reacting

molecules or catalytic effects from metals or active sites on proteins. In order to in-

vestigate such processes we need to obtain information about the change of molecular

properties when the molecular system is interacting either with solvent molecules,

surfaces, or electromagnetic fields. The purpose of introducing density operator and

reduced density operator is to handle such complex problem. Such methodology

helps us to focus more on the system of interest with simplified description of the

(chemically) less interesting degrees of freedom.

The molecular processes covering from simple energy transfer processes in the gas

phase, to solvent effects on reactions in liquids, and from small to large molecular

systems within the field of molecular dynamics requires the introduction of many dif-

ferent methods starting from exact quantum mechanical descriptions of small system

to approximate statistical methods for large systems. The outline of some of these

methods are given in Table 1.1.

Table 1.1: Overview of Methods and Descriptions in Molecular Dynamics

Description Dynamics Potential
Classical Trajectories Full
Semiclassical Trajectories, Gaussian wavepackets, Full

coupled equations
Quantum Coupled equations, coupled wavepackets Full
Reaction path Wavepackets, trajectories Restricted
Phase space/statistical Counting of states Restricted
Transition state Counting of states, reactive flux Restricted
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1.2 Classical dynamics

The dynamics of chemical reactions can often be well approximated by classical me-

chanics. It has special importance for heavy atom dynamics because (1) for heavy

atoms, quantum effects such as tunneling, large vibrational energy spacing, contribu-

tions from resonances, zero point energy and so on, are of little importance and, (2)

the solution of the classical equations of motion usually poses no numerical problem

even for a large number of atoms. The approach consists three steps: (1) Initially

specific rotational-vibrational quantum numbers are determined for the asymptotic

molecular states on a given potential energy surface; (2) A classical trajectory is cal-

culated and analyzed asymptotically in order to determine whether the trajectory is

reactive or inelastic/elastic; (3) The information about final coordinates and momenta

may be used to find the classical quantities (actions) corresponding to the vibrational

and rotational quantum numbers whereby, state-to-state probabilities and rates are

in principle obtainable from classical dynamics.

1.2.1 Classical equation of motion

Let us consider a system consisting of three atoms A, B and C. The atom A approaches

the diatomic molecule BC (Fig. 1.1) and the following coordinates and momenta are

used to describe the motion of A with respect to the center of mass of BC:

(X Y Z PX PY PZ) (1.2.1)

where the coordinate and momenta of the diatomic molecule are

(x y z px py pz) (1.2.2)

The kinetic energy for the motion of A relative to the center of mass of BC is:

Ekin =
1

2µ
(P 2

X + P 2
Y + P 2

Z) =
P 2

R

2µ
+

L2

2µR2
(1.2.3)
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Figure 1.1: Coordinates used for a classical treatment of A + BC collisions; ǫ1 =
mB/(mB +mC).

where L is the orbital angular momentum, and PR the momentum for the motion

along the R-axis (the R-axis being that connecting A and BC), and µ is the reduced

mass

µ =
mA(mB +mC)

(mA +mB +mC)
(1.2.4)

For the motion of the diatomic molecule we have

Eint =
1

2m
(p2

x + p2
y + p2

z) + ν(r) =
p2

r

2m
+

j2

2mr2
+ ν(r) (1.2.5)

where j the rotational angular momentum, ν(r) the intramolecular potential, and m

is the reduced mass of the diatomic molecule, m = mBmC/(mB +mC).

If a reaction occurs it is convenient to describe the system using the r′R′ coor-

dinates shown in Fig. 1.2. They may however, be easily expressed in terms of the
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original initial coordinates r, R:

r′ = (x′, y′, z′) = −(X + ǫ1x, Y + ǫ1y, Z + ǫ1z) (1.2.6)

R′ = (X ′, Y ′, Z ′) (1.2.7)

X ′ = −Xǫ2 + x(1 − ǫ2ǫ1) (1.2.8)

Y ′ = −Y ǫ2 + y(1 − ǫ2ǫ1) (1.2.9)

Z ′ = −Zǫ2 + z(1 − ǫ2ǫ1) (1.2.10)

where ǫ1 = mB/(mB +mC) and ǫ2 = mA/(mA +mC). Once the system is initialized

in any channel, say, channel 1 (A + BC), the equations of motion are solved using

the Hamiltonian

H =
1

2µ
(P 2

X + P 2
Y + P 2

Z) +
1

2m
(p2

x + p2
y + p2

z) + V (RAB, RBC , RAC). (1.2.11)

which leads to the following equations of motion

Ẋ =
PX

µ
(1.2.12)

ṖX = −∂V

∂X
(1.2.13)

ẋ =
px

m
(1.2.14)

ṗx = −∂V
∂x

(1.2.15)

along with the corresponding equation for the y/Y - and z/Z-components.

After the collision, the magnitudes of the three distances RAB, RBC , and RAC

determine the channel to which the trajectory contributes

Channel 1: RAB and RAC large (1.2.16)

Channel 2: RAB and RBC large (1.2.17)

Channel 3: RAC and RBC large (1.2.18)

The coordinates for channel 2 are indicated above and the corresponding momenta
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Figure 1.2: Change in the relative position vectors for a chemical reaction.

are

px′

m′
= ẋ′ = −Ẋ − ǫ1ẋ (1.2.19)

PX′

µ′
= Ẋ ′ = −Ẋǫ2 + ẋ(1 − ǫ2ǫ1) (1.2.20)

or

px′ = −m
′

µ
PX − ǫ1

m′

m
px (1.2.21)

PX′ = −µ
′

µ
PXǫ2 +

µ′

m
px(1 − ǫ2ǫ1) (1.2.22)

along with corresponding equations for the y/Y - and z/Z-components. The reduced

channel masses m′ = mAmC/(mA +mC) and µ′ = mB(mA +mC)/(mA +mB +mC).

Similar equations can be obtained for channel 3.

1.3 Semiclassical theories

The solution of the classical equations of motion does not give rise to problems even

for many-particle system but we know as well that quantum effects such as tunneling

and interference, among others can not be neglected in a number of situations. It

is therefore natural attempt to account these effects at least approximately while
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retaining the computational advantage of classical propagation schemes. Several such

quantum-classical or semiclassical schemes have been proposed. In this section we

shall discuss theories which are based on a semiclassical evaluation of the quantum

propagators.

1.3.1 Feynman path integrals

The Feynman path integral formulation is a natural starting point for the introduction

of the semiclassical limit. The approach involves the introduction of a quantity S

which has a definition resembling that of an action integral [3]. Considering a particle

with mass m moving along the x-axis under a one dimensional potential V (x, t), the

quantity S is defined by

S(x2t2; x1t1) =

∫ t2

t1

L(ẋ, x, t)dt (1.3.1)

where ẋ = dx/dt and L is Lagrangian,

L =
m

2
ẋ2 − V (x, t) (1.3.2)

Its connection with quantum mechanics is made through the equation

ψ(x2, t2) =

∫ ∞

−∞

K(x2, t2; x1, t1)ψ(x1, t1)dx1 (1.3.3)

where K(x2, t2; x1, t1) is the propagator indicating the amplitude for a particle going

from the position x1 at time t1 to x2 at t2. The amplitude for a final position, namely

ψ(x2, t2) can be obtained by summing or integrating over all such “transition” am-

plitudes multiplied with the amplitude for a given initial position. We now postulate

that the propagator can be written as an integral over all “paths” leading from (x1, t1)

to (x2, t2) each weighted by a phase factor

exp

[
i

h̄
S(x2, t2; x1, t1)

]
(1.3.4)

Thus one postulates that

ψ(x2, t2) =
1

N

∫ ∞

−∞

exp

(
i

h̄
S(x2, t2; x1, t1)

)
ψ(x1, t1)dx1 (1.3.5)
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where N is a normalization factor at t2 = t1 + △t. The above expression is being

justified by considering a small time increment t2 = t1 + △t and thereby, to arrive

time dependent Schroedinger equation. Thus the left hand side of Eq. (1.3.5) is

expanded as

ψ(x, t) + △t∂ψ(x, t)

∂t
(1.3.6)

where x2 has been replaced by x, and t1 by t. The action given by Eq. (1.3.1) can be

approximated as

m

2

(x− x1)
2

△t −△tV (x̄, t) (1.3.7)

where x̄ is an average distance, x̄ = 1
2(x + x1). Now we introducing the variable

η = x1 − x, and expand in η and △t and get

ψ(x, t) + △t∂ψ
∂t

=

∫ ∞

−∞

dη
1

N
exp

( imη2

2h̄△t
)(

1 − i△t
h̄
V (x, t)

)

·
(
ψ(x, t) + η

∂ψ

∂x
+

1

2
η2∂

2ψ

∂x2

)
(1.3.8)

where the normalization condition

1

N

∫ ∞

−∞

dη exp
( imη2

2h̄△t
)

= 1 (1.3.9)

with

N =

√
2πh̄△t
im

(1.3.10)

When we equate terms of order △t and perform the integrals over the variable η, we

obtain the time dependent Schroedinger equation

ih̄
∂ψ

∂t
= − h̄2

2m

∂2ψ

∂x2
+ V (x, t)ψ (1.3.11)

This result can now be generalized to a finite time interval−simply by repetition−such

that the propagator becomes

K(x2, t2; x1, t1) = lim
△t→0

1

N (n−1)

∫ ∫
....

∫
exp

(
1

h̄
S(x2t2; x1t1)

)
dy1dy2.....dyn−1

(1.3.12)
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The integration is performed over the n− 1 time segments between the end point x1

and x2, i.e., yi is integrated from −∞ to ∞ for i = 1, . . . , n − 1. In some cases this

integration can be carried out analytically−namely if the force is at most linear in

the coordinate x, and in the general case for quadratic Hamiltonian.

1.3.2 Short-time propagator

In order to apply the Feynman path concept in actual numerical calculations it is

convenient to introduce the short time propagator by incorporating various approxi-

mations in the limit of a small △t. One such approximation is Trotter formula [4]

K(x2, t1 + △t; x1, t) =
1

N
exp

[
im(x2 − x1)

2

2h̄△t − i△t
h̄

1

2

(
V (x2) + V (x1)

)]
(1.3.13)

By considering the short time propagator for Harmonic oscillator one gets (to order

△t) an exponent

im(x2 − x1)
2

2h̄△t − 1

6

i△tmω2

h̄
(x2

2 + x2
1 + x1x2) (1.3.14)

While comparing the exponent with the Trotter formula we find that the first term

is identical but the latter is being replaced by

−1

4

i△tmω2

h̄
(x2

2 + x2
1) (1.3.15)

where for the Harmonic oscillator V (x) = 1
2mω

2x2.

Makri and Miller has demonstrated that the proper short time propagator for

small but finite △t is

K(x2, t1 + △t; x1, t) =
1

N
exp

(
im(x2 − x1)

2

2h̄△t − i△t〈V 〉
h̄

)
(1.3.16)

where

〈V 〉 =
1

△x

∫ x2

x1

dxV (x) (1.3.17)

For higher order terms of order △t3 detail description is available elsewhere [5, 6]. It

can easily be demonstrated that expression in Eq. (1.3.16) for the Harmonic oscillator

gives the correct △t terms.
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1.4 Evaluation of kinetic and potential energy op-

erators and Wave packet propagation on space

grid

The efficient evaluation of the effect of kinetic energy operators on a wavefunction

helps to propagate the wavefunction on a space grid with time. In the grid repre-

sentation, the wavefunction is expressed in a discrete manner where the potential

is diagonal. The coupling between the wavefunctions at various grid-points appears

through the kinetic energy term and the potential energy operator is just a multi-

plication with the wavefunction at the grid-point. The Fast Fourier Transformation

(FFT) and Discrete Variable Representation (DVR) methods are the usual way of

evaluating the kinetic energy terms. On the other hand, the time propagation of the

wavefuntion can be performed in different ways, namely, Chebyshev or the Lanczos

time propagation method.

1.4.1 Fourier Transform Method

The FFT method is based on the Fourier transform of the wave function

ψ(xj) =

√
1

N

N/2−1∑

k=−N/2

ck exp
(−i2πkj

N

)
(1.4.1)

where j = 0, 1, . . . , N − 1, N the number of grid points, xj = j△x + 0.5△x and

△x = (xmax − xmin)/N . The FFT method is termed fast due to the fact that it is an

N logN process in the number of operations leading to less computing time [7].

The kinetic energy terms in Fourier space are evaluated by differentiating Eq. (1.4.1)

∂nψ(x)

∂xn
=

√
1

N

∑

k

ck

(
− i2πk

N△x
)n

exp
(−i2πkj

N

)
(1.4.2)

The operators ∂/∂x working on the wavefunction can be evaluated by introducing

the Fourier coefficients

dk = (ωk)
nck (1.4.3)
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with the frequency

ωk = − i2πk

N△x (1.4.4)

and then performing the reverse transform FFT−1 with these coefficients. A complex

FFT routine gives a certain order of the frequencies, starting with zero and ending

with −1/N△x as output, i.e., we have [7],

ωj = − i2π

N△xj for j <
N

2
(1.4.5)

ωj = − i2π

N△x(j −N) for j ≥ N

2
(1.4.6)

where j and k are related by j = k +N/2.

1.4.2 DVR method

If specific boundary conditions need to be fulfilled it is sometimes advantageous to

use the discrete variable representation (DVR) method, which however is of order N2

in the number of operations.

In the DVR method the wavefunction is represented at a discrete set of points,

xm. The function in between the grid points can be evaluated by using a suitable

interpolation,

f(x) =
N∑

j=1

lj(x)f(xj) + E(x) (1.4.7)

where lj(x) is the interpolation polynomial and E(x) is the error. One example of

the interpolation function lj(x) is the Lagrange polynomial,

lj(x) =
PN(x)

(x− xj)p
′
N(xj)

(1.4.8)

with

PN(x) =
N∏

i=1

(x− xi) (1.4.9)
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and P ′N the derivative of PN . The Lagrange polynomial possesses the property

lj(xk) = δjk (1.4.10)

This representation of the function f(x) helps to obtain the derivatives

∂kf(x)

∂xk
=

N∑

j=1

∂k

∂xk
lj(x)f(xj) +

∂kE(x)

∂xk
(1.4.11)

Instead of using the Lagrange function as an interpolation function, it is more con-

venient to use a basis set to construct functions with the above property. Thus a

set of primitive basis functions can be chosen in such a way that specific boundary

conditions are fulfilled. As for example we consider the particle in box (PIB) basis

functions

ψn(x) =

√
2

π
sin (nx) (1.4.12)

where 0 ≤ x ≤ π. This basis functions are zero at the end points. Hence the grid

points are the zeros of ψN+1(x)

xk =
kπ

N + 1
(1.4.13)

where k = 1, . . . , N . Let an arbitrary wavefunction f(x, t) be expanded in terms of

interpolation polynomial

f(x, t) =
∑

n

cn(t)ln(x) (1.4.14)

The expansion coefficients, cn(t) can be evaluated as

cn(t) = ωn

∫ π

0

dxf(x, t)ln(x), (1.4.15)

with ωn is a normalization constant and

ln(x) =
2

N

N∑

k=1

sin (kx) sin (kxn) (1.4.16)
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Finally, ln(x) is determined by performing the summation over k

ln(x) =
1

N

{
cos
[N + 1

2
(x− xn)

]
sin
[N

2
(x− xn)

]
cosec

(x− xn

2

)

− cos
[N + 1

2
(x+ xn)

]
sin
[N

2
(x+ xn)

]
cosec

(x+ xn

2

)}
(1.4.17)

From this expression we can conclude that the basis functions have the following δ

function property: ln(xk) ∼ δnk. For other values of x the function oscillates near

zero. It is important to note that the basis function ln(x) constitute an orthogonal

but not necessarily normalized basis set, namely,

∫ π

0

dxln(x)lm(x) ∼ π

2N
δnm (1.4.18)

As the function ln(x) have the δ function property therefore the integral from Eq.

(1.4.13) is evaluated as

cn(t) = f(xn, t)ωn (1.4.19)

Thus the representation of the wavefunction (Eq. (1.4.12)) becomes

f(x, t) =
∑

n

ωnf(xn, t)ln(x) (1.4.20)

and the derivatives of the wavefunction are now easy to evaluate,

∂kf(x, t)

∂xk
=
∑

n

ωnf(xn, t)
∂k

∂xk
ln(x) (1.4.21)

where the basis functions ln(x), as shown above, are constructed from an orthonormal

basis set ψn(x), (n = 1, . . . , N)

ln(x) =
∑

i

ψ∗i (xn)ψi(x) (1.4.22)

and thereby, the derivatives are

∂k

∂xk
ln(x) =

∑

i

ψ∗i (xn)
∂kψi(x)

∂xk
(1.4.23)
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The evaluation of the derivative at each of the N grid points requires N operations and

therefore, the DVR method is an N2 method. One advantage of DVR method is that

the grid points do not have to be evenly spaced but can be placed in the regions where

the wavefunction is located. The number of grid points can be reduced by remov-

ing points corresponding to the high-energy components by the sequential adiabatic

reduction technique developed by Light and coworkers [8, 9]. This removal of the

high-energy components of the spectrum is also important for the time propagation,

since the time step of the propagators is roughly proportional to h̄/Emax.

1.4.3 Time propagation

There can be different paths for time propagation. The simplest one is the second

order difference (SOD) scheme as shown below

φ(xn, t+ ∆t) = φ(xn, t− ∆t) +
2∆t

ih̄
Ĥ(xn, t)φ(xn, t) (1.4.24)

where Ĥ denotes the Hamiltonian operator for the system. The error in the SOD

method is of order △t3. Though the SOD method is simple to apply, it requires much

smaller time step lengths in order to achieve comparable stability with respect to the

other methods.

A popular as well as stable approach is the split operator method,

φ(xn, t+ ∆t) = exp
(−i∆tĤ

h̄

)
φ(xn, t)

= exp
( ih̄∇2∆t

4m

)
exp

(−iV∆t

h̄

)
exp

(ih̄∇2∆t

4m

)
φ(xn, t)(1.4.25)

The splitting of the kinetic energy operator makes the algorithm a third order method

in △t, and the exponentiation keeps the operator unitary. The operation with the

exponential operators on the wavefunction is evaluated by using an FFT or a DVR

method. While using (Eq. 1.4.1) FFT method, one obtains,

exp
( ih̄∇2∆t

2m

)
φ(xj) =

1√
N

∑

k

ck exp

[
ih̄∆t

2m

(
− i2πk

N∆x

)2
]

exp
(−i2πkj

N

)
(1.4.26)
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Thus the result of operating with the exponential operator on the wavefunction is

found by performing a Fourier transform to obtain the ck coefficients and a back

transformation with

dk = ck exp
(−ih̄∆t

2m

4π2k2

N2∆x2

)
(1.4.27)

The split operator method appears to use two FFTs per time step, but considering

two consecutive time step we obtain

φ(xn, t+ ∆t) = exp
(ih̄∇2∆t

4m

)
exp

(−iV∆t

h̄

)
exp

( ih̄∇2∆t

2m

)

exp
(−iV∆t

h̄

)
exp

(ih̄∇2∆t

4m
)φ(xn, t− ∆t) (1.4.28)

etc. Hence only one FFT evaluation per time step is needed. However, it is also

possible to split the potential instead of kinetic energy term,

exp
(−i0.5V∆t

h̄

)
exp

(ih̄∇2∆t

2m

)
exp

(−i0.5V∆t

h̄

)
(1.4.29)

and therby to use. Since the potential is diagonal on the grid, this may be convenient

if the Hamiltonian is time-dependent. The method is not restricted to the above

simple kinetic energy operator, though complicated operator require more splittings.

The Chebyshev polynomial based method is capable of taking large time step (for

time-independent Hamiltonian) by using the following relation [10]

exp
(−iĤ∆t

h̄

)
= 2

∞∑

k=1

ikJk(Z) cos(kφ) + J0(z) (1.4.30)

where Jn is a Bessel function and

iz cosφ = −iĤ∆t

h̄
(1.4.31)

When we introduce x = cos φ and the recursion relations

ikTk = 2xikTk−1 − ikTk−2 (1.4.32)
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where T0 = 1, T1 = cos φ and Tk = cos(kφ) are the Chebyshev polynomials, we obtain

Sk(y) = 2ySk−1(y) + Sk−2(y) (1.4.33)

with y = ix and Sk = ikTk. Thus we get

zy = −iĤ∆t

h̄
(1.4.34)

Since x must be smaller than unity (x = cosφ) the energy (the Hamiltonian) has

to be rescaled in order to achieve the convergence of the method. Thus, one should

introduce

x = − Ĥ

Emax
(1.4.35)

z =
∆tEmax

h̄
(1.4.36)

and obtain

exp
(
− iĤ∆t

h̄

)
φ = φ+ 2

(
∞∑

n=1

Jn(z)φ̃n −
∞∑

n=1

J2n(z)φ

)
(1.4.37)

where φ̃n is calculated from the recursion formula

φ̃n = 2yφ̃n−1 + φ̃n−2 (1.4.38)

by using φ̃n = Snφ, and

J0(z) = 1 − 2
∑

k=1

J2k(z) (1.4.39)

Thus the above scheme is initiated by evaluating φ̃0 = φ (the initial wave function)

and φ̃1 = −iĤφ/Emax with the relation y = −iĤ/Emax.

The Chebyshev method is convenient to use if the Hamiltonian is time - inde-

pendent [11]. Time interval ∆t is taken to be large enough to cover the complete

dynamics of the system where the convergence criterion is Jk(z) << 0. The value
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of k for which the series may be truncated is being estimated from the asymptotic

formula

Jk(z) ∼
1√
2πk

(
ez

2k
)k. (1.4.40)

The Lanczos reduction technique is yet another method for time propagation.

When the Hamiltonian is time-dependent, either because external fields are are in-

cluded or because part of the system is treated within the classical mechanical ap-

proximation, it is more convenient to use the Lanczos reduction technique [12]. In

this method, the time dependent Schrödinger equation (TDSE) is written in matrix

form as

ih̄φ̇ = Hφ (1.4.41)

where φ is a vector of length N , containing the value of the wavefunction at the N

grid points, and H is an N × N matrix. Then a transformation matrix transforms

the grid representation of the wavefunction to a tridiagonal form and the matrix is

defined by

T = [φ0, φ1, . . . , φL−1] (1.4.42)

where L << N is the number of Lanczos recursions. The elements of T are called

the recursion (Krylov) vectors and are obtained as

Hφ0 = α0φ0 + β1φ1 (1.4.43)

Hφk = βkφk−1 + αkφk + βk+1φk+1 (1.4.44)

where φ0 is the initial wavefunction. Thus the Hamiltonian operates on the initial

wavefunction φ0 and creates the nearest dynamical environment around φ0. If the

step length was zero, the initial wavefunction would be an eigenfunction, i.e., β1 = 0.

Equations (1.4.41) and (1.4.42) along with the orthonormality conditions

〈φn|φm〉 = δnm (1.4.45)
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define the recursion coefficients αk and βk. Hence, the transformed tridiagonal matrix

is given by

H̃ = T†HT =





α0 β1 0 . . . 0 0

β1 α1 β2 . . . 0 0

0 β2 α2 . . . 0 0

· · · · ·

· · · · · ·

· · · · ·

0 0 0 . . . αL−2 βL−1

0 0 0 . . . βL−1 αL−1





(1.4.46)

The tridiagonal matrix is of order L × L and can easily be diagonalized. Thus the

propagated wavefunction is obtained through

φ(t+ ∆t) = TS exp

(
− i

h̄
D∆t

)
S†T†φ(t) (1.4.47)

where D is diagonal (L × L) matrix containing the eigenvalues of the tridiagonal

matrix; T is an (N×L) matrix with the L recursion vectors of length N (the number of

grid points); and S is an (L×L) matrix containing the eigen vectors of the tridiagonal

matrix. The number of Lanczos recursions depends upon the length of the time

step and the magnitude of the Hamiltonian. The rapid convergence of the recursion

demands a Hamiltonian bounded to a region Hmin ≤ H ≤ Hmax at each grid point.

Thus if the potential goes to infinity in certain regions it is simply replaced by a

maximum value Vmax in these regions. The value of Vmax depends, of course, on the

actual problem under consideration and the final result should be independent of its

choice. For a given input vector, Lanczos method will create the nearest dynamical

environment around the input state. The method requires one FFT evaluation per

iteration and is very stable, i.e., can be used for long time propagations.
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1.5 Gaussian Wave Packet based methods

1.5.1 The classical path equations

In the classical path equations [13] the degrees of freedom of a system are separated

into classical and quantum subsets. The classical degrees of freedom are solved with

an effective potential where the quantum degrees have been averaged over. The clas-

sical path equations can be obtained from the first principles by introducing two

approximations: (1) A separability assumption, i.e., a wavefunction of two degrees of

freedom is written as a product type function ψ(r, t)Φ(R, t) where the r and R coor-

dinates represent the quantum and the “ classical” degrees of freedom, respectively.

(2) The second approximation has to do with the form of Φ(R, t). It is taken to be a

Gaussian wave packet (GWP).

The Hamiltonian for a system with two degrees of freedom, r and R, is given by

H = Ĥ0(r, p̂r) −
h̄2

2µ

∂2

∂R2
+ V (r, R) (1.5.1)

and the form of the trial function

ψ(R, r, t) = φ(r, t) exp

{
i

h̄

[
γ(t) + PR(t)(R−R(t)) + A(t)(R− R(t))2

]}
(1.5.2)

If we insert the Hamiltonian and the trial function in the TDSE and equate equal

powers of (R− R(t))k with k = 0, 1, and 2, we obtain the following set of equation

Ṙ(t) =
PR(t)

µ
(1.5.3)

ṖR = − ∂

∂R
〈φ|V (r, R)|φ〉

∣∣∣
R=R(t)

(1.5.4)

Ȧ = −2

µ
A2 − 1

2

∂2

∂R2
〈φ|V (r, R)|φ〉

∣∣∣
R=R(t)

(1.5.5)

γ̇ =
ih̄A

µ
+
P 2

R

µ
(1.5.6)

where the brackets indicate integration over r. For the quantum part of the system

we obtain the following equation of motion

ih̄
∂φ

∂t
=
[
Ĥ0 + V (r, R(t)) + F (t)

]
(1.5.7)
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where the phase factor F (t) is

F (t) = γ̇ − PR(t)2

2µ
− ih̄A(t)

µ
=
PR(t)2

2µ
(1.5.8)

Thus we see that the classical path equations perform the simultaneous integration of

the “classical” equations of motion (Eqs. (1.5.3) and (1.5.4)) and the time-dependent

Schrodinger equation (Eq. (1.5.7)). The equations are coupled self-consistently

through the effective potential.

1.5.2 Corrections to the classical path equations: Hermite corrections

There can be two corrections to the Classical path equations. One is the self-consistent

field (SCF) approach to correct the Gaussian form of the Wave packet [14]. One such

correction is the multitrajectory approach [15], where the interaction between the

two subsystems, namely the quantum and the classical, demands more GWP’s as

the coupling increases. However, these equations of motion for the GWP’s can be

troublesome to work with in practical calculations. The GWP’s form a nonorthogonal

basis set and the solution of the equations of motion involves the inversion of nearly

singular matrices.

Another correction is the attempt to correct the separability approximation, namely,

if the degrees of freedom are strongly coupled, we can not expect to get an accurate

description with the simple product form of the wave function. This kind of correction

is termed as the MCSCF (multiconfiguration self-consistent field) approach. If the

coupling between the R and r degrees of freedom is weak we expect the separability

approximation to be valid. Since GWP is the correct form of the asymptotic (the

initial) wavefunction leading to the classical limit in a natural fashion, the corrected

theory has the classical path theory as the limit. A convenient way to achieve this

correction is based on the use of Hermite polynomial with GWP [15]. The Hermite

correction is also known as the quantum correction to the classical path equation.
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The quantum correction to the classical path equation is based upon the intro-

duction of time-dependent basis function which in the limit gives the classical path

equation. This basis set is introduced only in those degrees of freedom which are

expected to behave classically. The method corrects both in the SCF and MCSCF

direction, and is therefore ideal for the correction of the classical path equations. It

also contains the options for an easy determination of the correlation between the

classical and the quantum degree(s) of freedom and thereby, to determine whether

the primitive classical path theory is expected to work or not.

1.5.3 The Hermite correction method

The product type wavefunction is expressed as

Ψ(r, R, t) =
∑

nk

ank(t)φn(r)Φk(R, t) (1.5.9)

The total Hamiltonian contains the following terms:

H(r, R) = Ĥ0 + TR + V (r, R) (1.5.10)

where the function φn(r) are chosen to be the eigenfunction of H0,

H0φn(r) = Enφn(r) (1.5.11)

and TR is the kinetic energy for the R-motion and V (r, R) the potential which cou-

ples the the two degrees of freedom. At t = t0, the system is represented by the

wavefunction

Ψ(r, R, t0) = φl(r)ΦGWP (R, t0) (1.5.12)

where ΦGWP (R, t0) is a Gaussian wave packet

ΦGWP (R, t0) = exp

{
i

h̄
[γ(t0) + P0(R− R(t0)) + A(t0)(R− R(t0))

2]

}
(1.5.13)
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centered around R0 = R(t0) in coordinate and P0 in momentum space. The initial

condition of the parameters can be taken to be

R0 large, (1.5.14)

P0 arbitrary, (1.5.15)

ReA(t0) = 0, (1.5.16)

ImA(t0) arbitrary, (1.5.17)

Reγ(t0) = 0, and (1.5.18)

Imγ(t0) = − h̄
4
ln(2ImA(t0)/πh̄) (1.5.19)

where the last equation follows from normalization. The initial value of the width

parameter ImA(t0) and P0 are arbitrary in the sense that the final solution is inde-

pendent of where in momentum space we place the wave packet and also of its width.

In practical calculation there will be a dependence on those parameters due to nu-

merical inaccuracies but the wave packet can represent a finite energy range around

the center momentum accurately.

Let the function Φk(R, t) at any time t is

Φk(R, t) = π
1

4 exp

{
i

h̄

(
γ(t) + P (t)[R−R(t)] +ReA(t)[R− R(t)]2

)}
ξk(x)(1.5.20)

where

x =

√
2ImA(t)

h̄
[R− R(t)] (1.5.21)

and

ξk(x) =
1√

k!2k
√
π

exp
(−x2

2

)
Hk(x) (1.5.22)

are the Harmonic oscillator wave functions. The basis function has two important

properties. First they form an orthonormal basis, i.e.,

∫
dRΦ∗k(R, t)φn(R, t) = δkn (1.5.23)
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and second the ground state is the Gaussian wave packet given by Eq. (1.5.13). It

is important to note that the normalization condition not only holds at t0 but at all

time t.

If we include only one basis function and replace an0 with an we obtain

Ψ(r, R, t) =
∑

n

an(t)φn(r)φ0(R, t) (1.5.24)

When this expansion is inserted in the TDSE, the classical path equations appears

as

ih̄ȧn(t) = Enan(t) +
∑

m

Vnm(R(t))am(t), (1.5.25)

Ṗ (t) = −
∑

nm

a∗n(t)am(t)
∂Vnm(R)

∂R

∣∣∣
R=R(t)

, (1.5.26)

Ṙ =
P (t)

µ
, (1.5.27)

Ȧ(t) = −2

µ
A(t)2 − 1

2

∑

nm

a∗n(t)am(t)
∂2Vnm

∂R2

∣∣∣
R=R(t)

, (1.5.28)

γ̇(t) =
P (t)2

µ
+
ih̄A(t)

µ
, (1.5.29)

where the matrix element Vnm is defined by

Vnm(R) = 〈φn|V (R, r)|φm〉 (1.5.30)

At this junction, we can formulate rigorous classical path equations of motion

within the MCSCF framework by using the following equations

d

dt
R(t) =

P (t)

µ
(1.5.31)

d

dt
ImA(t) = −4

µ
ReA(t)ImA(t) (1.5.32)

d

dt
Imγ(t) =

h̄

µ
ReA(t) (1.5.33)

The first equation introduce the classical path picture (the center of the wave packet

follows a classical equation of motion) and the two other equations ensures that the
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basis set is normalized at all time t. If we insert the Eq. (1.5.9) in the TDSE and use

Eqs. (1.5.26) - (1.5.28), the coupled equations for the expansion coefficients aml are

as below,

ih̄ȧml = Emaml +
∑

nk

ankV
lk
mn(t) + aml

(
2l
h̄ImA(t)

µ
+
P (t)2

2µ
− h̄(l − 1

2
)

4ImA(t)
V ′′eff

)

− 1

2
V ′eff

√
h̄/ImA(t)

(√
lam,l−1 +

√
l + 1am,l+1

)

− 1

8

h̄

ImA(t)
V ′′eff

[√
l(l − 1)am,l−2 +

√
(l + 1)(l + 2)am,l+2

]
(1.5.34)

where

V lk
mn(t) =

∫
dRΦ∗l (R, t)Vmn(R)Φk(R, t) (1.5.35)

but V ′eff and V ′′eff are not specified yet. These quantities enter into the equations of

motion for P (t) and ReA(t),

Ṗ (t) = −V ′eff (1.5.36)

d

dt
ReA(t) = −2

µ
(ReA(t)2 − ImA(t)2) − 1

2
V ′′eff (1.5.37)

Comparing Eqs. (1.5.21) and (1.5.23) we can write

V ′eff =
∑

ml;nk

a∗ml(t)ank(t)

∫
dR× Φ∗l (R, t)

d

dR
Vnm(R)|R=R(t)Φk(R, t) (1.5.38)

V ′′eff =
∑

ml;nk

a∗ml(t)ank(t)

∫
dR× Φ∗l (R, t)

d

dR

2

Vnm(R)|R=R(t)Φk(R, t)(1.5.39)

However it is possible to derive rigorous expressions by using the Dirac - Frenkel

variational principle by minimizing the following integral

∫
drdR

(
−ih̄∂Ψ(r, R, t)∗

∂t
−HΨ(r, R, t)∗

)
×
(
ih̄
∂

∂t
Ψ(r, R, t) −HΨ(r, R, t)

)
(1.5.40)

The equations of motion are obtained by differentiation with respect to Ṗ and d
dt
ReA(t)
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and after some manipulations(!) we finally get

V ′eff =

Q1 S(3) −X12

Q2 S(4) −X22

S(2) −X11 S(3) −X12

S(3) −X21 S(4) −X22

(1.5.41)

and

1

2
V ′′eff =

S(2) −X11 Q1

S(3) −X21 Q2

S(2) −X11 S(3) −X12

S(3) −X21 S(4) −X22

(1.5.42)

where

Q1 =
∑

nk;ml

a∗nkaml

(

V
(1)
ml;nk −

∑

p

S
(1)
kp V

(0)
np;ml

)

(1.5.43)

Q2 =
∑

nk;ml

a∗nkaml

(
V

(2)
ml;nk −

∑

p

S
(2)
kp V

(0)
np;ml

)
(1.5.44)

Xij =
∑

nk;np

∑

l

a∗nkanpS
(i)
kl S

(j)
lp (1.5.45)

V
(j)
ml;nk =

∫
dRΦ∗l (R, t)Vmn(R)(R −R(t))jΦk(R, t) (1.5.46)

S
(j)
lk =

∫
dRΦ∗l (R, t)(R− R(t))jΦk(R, t) (1.5.47)

S(j) =
∑

n

∑

lk

a∗nkanlS
(j)
kl (1.5.48)

One can introduce the projection operator Q = I−P , where I is the identity operator

and

P =

N∑

m=0

|Φm〉〈Φm| (1.5.49)

and N is the highest Hermite polynomial used in the expansion. Thus we can express
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the quantities involved in calculating the potential derivatives as

Qi =
∑

mnkl

a∗nkaml〈Φk|△RiQVmn(R)|Φl〉 (1.5.50)

S(i+j) −Xij =
∑

nkl

a∗nkanl〈Φk|△RiQ△Rj|Φl〉 (1.5.51)

Though in the limit P → I we have Q → 0, i.e., both numerator and denominator

approaches zero, still a meaningful ratio can be obtained.

1.5.4 Time-dependent discrete variable representation method (TDDVR)

Based on the classical path theory, Adhikari and Billing have used the time - depen-

dent Gauss - Hermite (G-H) basis functions as the primitive one to construct time

- dependent DVR basis and formulated the novel time - dependent discrete variable

representation (TDDVR) method [16, 17]. In the first version of TDDVR [16], all

the parameters in the GWP were considered time dependent but found that the non-

linear equation of motion for the width parameters (ImA, ReA) leads to extreme

values in many cases. In the subsequent formulation [17], it was attempted to over-

come this problem by introducing a special choice, i.e., the fixed width approach

[ReA(t) = 0, V ′′eff = 4ImA(t)2/µ], and derived an approximate quantum-classical

equation of motion. In this article the potential has been expanded around the tra-

jectory (s−s(t)), and thereby, the comparison of first order terms gives ˙psc
(t) = −V ′eff

and the second order provides 4ImA(t)2/µ = V ′′eff . When the quantities, ˙psc
(t) and

4ImA(t)2/µ, were re-substituted by V ′eff and V ′′eff , respectively in the quantum equa-

tion of motion, an effective potential such as [V (s) − V (s(t)) − V ′eff(s − s(t)) −

1/2V ′′eff(s− s(t))2] dictates the dynamics around the trajectory. This version of fixed

width approach was based on an approximation that the second order term is diag-

onal and subsequently was introduced as the reference potential. It can be shown

that in DVR representation the matrix elements over the first order term, (s− s(t)),

are diagonal but the second order terms are not. Moreover, this formulation is valid

only when the second derivative of the potential is non zero. On the other hand, the
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present version of fixed width approach is general and does not introduce any approx-

imation. Indeed, the derivation has the scope to formulate the rigorous expression for

V ′eff and V ′′eff with the help of the Dirac-Frenckel variational principle. It is possible

to apply TDDVR to any kind of potential with the help of the force not really known

from Newtonian mechanics.
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CHAPTER II

THEORETICAL ASPECTS OF TDDVR

METHOD

2.1 Introduction

Physical processes on the molecular scale are inherently quantum [18] in nature but

rigorous quantum mechanical treatment of large molecular systems is impractical.

Processes like electronic transitions, tunneling and zero-point motion are inherently

quantum mechanical effects and must be treated as such. When we attempt to incor-

porate these quantum effects, calculations even for the motion on a single potential

energy curve/surface, require enormous computational effort. Traditional QM ap-

proaches are impractical even for three or four particle systems, especially when the

atoms are heavy, the energy is high and multiple PESs are involved. Formulation of

quantum molecular dynamical approach for large systems is a growing area of current

interest. In this context, one can distinguish two dynamical regimes namely, quasi-

classical and deep quantum. In the case of quasi-classical regime, classical mechanical

methods with some mild corrections for simple quantum features are good enough

whereas classical mechanics fails even qualitatively to explain features in the deep

quantum regime. Quantum correction to classical mechanics is one of the avenues

to develop first principles based quantum-classical approaches with the motivation:

The method can distinguish both quasi-classical and deep quantum regimes of a sys-

tem and treat quasi-classical regime classically with some mild quantum corrections

and the quantum regime rigorously. Moreover, traditional time-dependent approaches
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use stationary grid-points/basis set to represent a wavefunction and waste many grid-

points/basis functions to specify empty space. Methods with time-dependent basis

functions or moving grid-points may have the scope to achieve convergence signifi-

cantly fast.

One of the commonest ways to pursue such approaches is the use of Gaussian

wave packet (GWP) [19] and its’ extension Gauss - Hermite (G-H) basis set [20–27].

It is possible to parametrize the solution of time - dependent Schroedinger equation

(TDSE) by expanding the wavefunction in terms of G-H basis functions. Time - de-

pendent parameters of GWP appear naturally in the “classical” equation of motion

with more generalized force, not really known from ordinary Newtonian mechanics.

Several attempts to develop methods using time - dependent basis set have been made

but in all the cases main focus has been on how accurately as well as efficiently the

following two tasks can be performed: (a) Equations of motion for the “classical”

parameters of G-H basis have to be solved at each time step to propagate the time-

dependent basis; (b) Evaluation of the matrix elements of the Hamiltonian/effective

Hamiltonian has to be performed at each time step. Kucar and Meyer [25], Hsu

and Coker [26], and Billing [27] proposed different approaches to determine variation-

ally optimized equations of motion for the parameters but all these approaches some

way or the other, encounter computational bottleneck while evaluating the matrix

elements over potential or effective potential. Even if these matrix elements are cal-

culated numerically or analytically (by expressing the potential as a infinite sum of

exponential, Gaussian or powers of the coordinate), we have found [28–30] that the

efficiency remains poor. We have also noticed that bulk of the CPU time goes for

evaluating matrix elements (compared to propagation time) even though the kinetic

energy term is local in G-H basis. Moreover, differential equations for propagating the

“classical” parameters are rather stiff in all these approaches, thereby affecting the

quantum equations of motion too, and increasing the computation time significantly.
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In the discrete variable representation (DVR) [31–35], the wavefunction is presented

as a quadrature over the basis of points ({x}N) with approximate amplitudes at these

grid-points. It gives the possibility of formulating novel time-dependent DVR meth-

ods [16, 17, 36] for which only time-propagation is needed. Time - dependent discrete

variable representation (TDDVR) method [16, 17, 36] is a very convenient formula-

tion with the following attributes: (a) TDDVR is appealing from the computational

point of view; (b) It paves the blending of classical and quantum concepts with a

new twist. Since G-H basis functions are used as the primitive basis, TDDVR has the

advantages arising from DVR representation as well as time - dependent basis. In this

formulation: (a) An optimized set of asymmetrically dense grid-points are generated

from the eigenfunctions of harmonic oscillator around the center of initial wavepacket,

GWP; (b) The movements of unevenly spaced grid-points are dictated by the “clas-

sical” dynamics of the time - dependent parameters of GWP and this reduces the

requirement of number of grid-points for each mode drastically; (c) Both kinetic and

potential energy operators are local. The evaluation of KE matrices is once for the

entire propagation whereas potential energy is diagonal, need to be calculated at each

time step; (d) Couplings among grid-points appear through KE matrices of different

modes. The contribution of various modes on the time - dependent amplitude of a

grid-point of any mode can be evaluated independently on different CPUs; (e) The

requirement of physical memory is negligibly small since the algorithm does not need

the entire string of amplitudes of wavefunction at a time; (f) Quantum - classical

equations indicate the reason for the stiffness of differential equations and allow one

to predict the possibility to eliminate such problems.

In the first attempt, TDDVR [16] was formulated considering all the parameters

in the GWP as time - dependent variables and found, in many cases, width pa-

rameters (ImA, ReA) accumulate extreme values due to nonlinear classical equation
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of motion, finally affecting the quantum propagation also. In a subsequent arti-

cle [17], we tried to overcome the problem by introducing a fixed width approach

[ReA(t) = 0, V ′′eff = 4ImA(t)2/m] and derived an approximate quantum - classi-

cal equation of motion (TDDVR). Even though ImA was treated as a time-dependent

variable, solutions of the resulting TDDVR [17] equations were effectively independent

of the time dependence of ImA. In the same article [17], we expanded the potential

around the trajectory ((s−s(t))), compared the second-order term ((s−s(t))2), in the

Schrodinger equation, and equated 4ImA(t)2/µ with the double derivative of the po-

tential (V ′′eff ) [Eq. (B5) in Appendix B]. Similarly, from the first order terms, we get

˙psc
(t) = −V ′eff [Eq. (B3) in Appendix B]. When these terms, ˙psc

(t) and 4ImA(t)2/µ,

were re-substituted by V ′eff and V ′′eff , respectively, in the quantum equation of motion,

an effective potential [V (s) − V (s(t)) − V ′eff(s − s(t)) − 1/2V ′′eff(s − s(t))2] around

the trajectory was obtained. Finally, the second term in Eq. (24) of Ref. [17],

which forms a full matrix, was an obvious outcome (Appendix B). Let us now take

note of the following: (1) The first-order term gives an effective potential but the

assumption that the second-order term is diagonal and its subsequent introduction

as the reference potential are approximations. Matrix elements over the first-order

term, (s− s(t)), are diagonal but the same does not apply to the second order term,

(s − s(t))2. (2) One can pursue this fixed width approach, i.e., V ′′eff = 4ImA(t)2/µ

(even though it approximates the quantum equations of motion) only when the sec-

ond derivative of the potential is defined and is nonzero. (3) The time dependence of

psc
and ImA in both the methods [16, 17] was approximately obtained by using the

force [V ′eff = (d/ds)V (s)|s=s(t)] and [V ′′eff = (d2/ds2)V (s)|s=s(t)] known from classi-

cal mechanics. Of course, one can attempt to derive the rigorous expression of V ′eff

and V ′′eff from the Dirac-Frenkel variational principle [37, 38], but it is possible only

when (s− sc(t))
k, k ≥ 2 terms are not approximated as diagonal. While deriving this

expression of ˙psc
, we see that the denominator of Eq. (D6) in Appendix D will be
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trivially zero if (s− sc(t))
2 term is considered diagonal in DVR.

We reformulate TDDVR method [36, 39–45] for multi - dimensional multi-surface

system where the formulation is based on the following assumptions: (a) The total

wavefunction is expressed as linear combination of product type TDDVR basis func-

tions of different modes with time - dependent coefficients; (b) The TDDVR basis

set is formed by multiplying DVR basis with plane wave; (c) Eigenfunctions of har-

monic oscillator are chosen as the primitive basis to construct DVR basis set; (d) The

plane wave is constituted with “classical” trajectory and its’ momentum. When the

total wavefunction is inserted into the TDSE, we obtain the parametrized quantum

equation of motion for time - dependent coefficients and “classical” equation of mo-

tion for the central trajectory and its’ momentum. Since the width parameters are

associated with on- and off-diagonal matrix elements of quantum equation of motion,

any non-linear classical propagation of widths [16] not only increases inaccuracy in

the quantum equation of motion but also brings the stiffness in the classical equa-

tion of motion. Thus, an alternative version of fixed width approach [17] with time -

independent width parameters [36, 39–45] is the obvious choice. On the other hand,

since central trajectory and its’ momentum appear only with on-diagonal elements

of quantum equation of motion, their time-dependence does not affect the final solu-

tion of SE. In this formulation, we are able to bypass all the approximations made

earlier and obtain rigorous quantum equation of motion. Moreover, this approach

has enough scope to formulate variationally optimized “classical” equation of mo-

tion starting from first principles and can achieve quantum correction to “classical”

trajectory or “classical” feedback to quantum dynamics in a self-consistent manner.

The theory can be applied near the classical limit with few grid-points on a particular

mode or in the quantum limit with sufficient grid-points. Nevertheless, it is important

to note that one grid-point corresponds to classical limit.

In the TDDVR [16, 17, 36, 39–45] /DVR [31–35] approaches, evaluation of kinetic
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energy operator (KEO) is an N2 but single step process whereas in FFT [46], this cost

scales as C ∗N logN with typical computational overhead, C ≈ N
log N

and needs to be

calculated at each time step. Multi-dimensional DVR/TDDVR involves sparse matrix

(N
∑

iNi) multiplication and gains the speed effectively on a vector machine. Since

DVR/TDDVR grid-points are unevenly spaced but located around the wavefunction,

convergence reaches with smaller number of grid-points compared to FFT. DVR and

FFT based algorithms require considerable number of grid-points for absorbing po-

tential but TDDVR approaches do not need such potential (Appendix A). Finally,

moving grid-points (TDDVR) reduce computational cost remarkably with respect to

fixed grid-points (DVR). We may mention here that nested interaction representa-

tion (IR) approach [47, 48] is another formulation which introduces moving grid-point

and propagates the wavefunctions (ψI(t)) via FFT-Lanczos routine. Though TDDVR

and PR-adapted nested IR approaches are developed through different routes, their

working equations have similarities. The interaction Hamiltonian (HI) (Appendix A

of ref. [47]) have similar terms like the first three terms of the Hamiltonian matrix

(Eq. (18)). At the same time, the evaluation of HIψI in the PR-adapted nested IR

could be computationally costly. Thus, considering the following expansion,

HIψI =
N∑

n=0

an(R +
Pt

m
)nψI , (2.1.1)

any general term (R + Pt
m

)nψI can be evaluated by sequential operation of (R + Pt
m

)

on ψI . The R operation is local in coordinate space but P operation is non-local.

For complicated potentials, polynomial expansion could reach high powers (n) and

the method could become computationally very demanding. We may mention that

the nested IR was formulated in the interaction/Heisenberg representations while

TDDVR is in the Schroedinger representation, although the latter can be derived in

the interaction/Heisenberg representations, also. Time-dependent DVR formulated

by Makri et. al. [49] introduces DVR representation before the evaluation of KEO

from primitive basis. The present TDDVR approach where DVR representation is
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introduced after the kinetic energy operators have acted on the basis functions is

local and it is very simple to evaluate the remaining kinetic energy couplings. In

this respect, TDDVR is similar to the distributed approximating function (DAF)

approach [50, 51] which is again different from TDDVR in the sense that TDDVR

grid-points propagate according to the “classical” dynamics of the system.

2.2 Formulation of the TDDVR method for one

- dimensional multi - curve systems

The general form of the matrix equation for any one-dimensional multi-curve system

in the diabatic representation can be expressed as,

ih̄
∂

∂t
Ξ(s, t) = [T̂s + V̂(s)]Ξ(s, t), (2.2.1)

where

T̂s ≡ T̂s





1 0 · · 0

0 1 · · 0

· · · · ·

· · · · ·

0 0 · · 1





, V̂(s) ≡





V̂11(s) V̂12(s) · · V̂1k(s)

V̂21(s) V̂22(s) · · V̂2k(s)

· · · · ·

· · · · ·

V̂k1(s) V̂k2(s) · · V̂kk(s)





, (2.2.2)

and

Ξ(s, t) ≡





Ψ1(s, t)

Ψ2(s, t)

·

·

Ψk(s, t)





(2.2.3)

with
∫
dsΞ†(s, t)Ξ(s, t)= 1 at all time t.

The kinetic energy operator, T̂s = − h̄2

2µ
∂2

∂s2 , and the diagonal elements of the

matrix in Eq. (2.2.2) represent potential energy operators for different curves while
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off-diagonal elements define the coupling among them. The lth element of the wave-

function matrix in Eq. (2.2.3) is the wavefunction for the lth curve and we can expand

the time-dependent wavefunction (Ψl(s, t)) as follows:

Ψl(s, t) =
∑

i

cil(t)ψi(s, t), (2.2.4)

where ψi(s, t) is the time-dependent DVR basis function which can again be expanded

in terms of a primitive (Gauss-Hermite) basis set to represent the coordinate, s, as a

function of time, t,

ψi(s, t) = Φ(s, t)

N∑

n=0

ξ⋆
n(xi)ξn(x) =

N∑

n=0

ξ⋆
n(xi)Φ

′
n(s, t) (2.2.5)

with

Φ(s, t) = π1/4 exp
( i
h̄

{
γ + psc

(t)[s− sc(t)] +ReA[s− sc(t)]
2
})
, (2.2.6)

ξn(x) =
1√

n!2n
√
π

exp
(
− x2

2

)
Hn(x), (2.2.7)

ξn(xi) =
1√

n!2n
√
π

exp
(
− x2

i

2

)
Hn(xi) (2.2.8)

and

x =

√
2ImA

h̄
(s− sc(t)), (2.2.9)

xi =

√
2ImA

h̄
(si(t) − sc(t)). (2.2.10)

Among the parameters in GWP (Eqs. (2.2.6) - (2.2.10)) we choose the centre of the

wavepacket (sc) and its momenta (psc
) as time-dependent variable whereas γ and

width (A) as time-independent with their real parts (Reγ = ReA = 0) equal to zero.

The index, i, in Eqs. (2.2.4) and (2.2.5) counts the DVR basis functions where N

is the maximum number of Hermite basis functions included in Eq. (2.2.5) to expand

a particular DVR basis. A DVR grid-point, si, will be determined by Eq. (2.2.10)

using the root, xi, of N th Hermite polynomial, HN(x) [17]. Though the roots (xis)
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of the polynomial are fixed, the position of the DVR grid-points (sis) will change as

a function of time due to the time-dependent variables, sc(t),

si(t) = sc(t) +

√
h̄

2ImA
xi (2.2.11)

The Hermite basis functions, Φ′n(s, t), as introduced in Eq. (2.2.5) have the fol-

lowing two important properties. Firstly, they form an orthonormal basis, i.e.,

∫
dsΦ⋆′

m(s, t)Φ′n(s, t) = δmn (2.2.12)

which is ensured by

Imγ = − h̄
4

log(
2ImA

πh̄
) (2.2.13)

and secondly, the ground state of the Hermite basis is the Gaussian Wave Packet.

The DVR basis functions, ψis, in Eq. (2.2.4) constitute an orthogonal but not

normalized set, ∫
dsψ⋆

i (s, t)ψj(s, t) =
δij
Aij

, (2.2.14)

where A is the normalization factor.

We substitute Eqs. (2.2.2) and (2.2.3) in the time-dependent Schroedinger equa-

tion (Eq. (2.2.1)) and due to the special choice of the form of the TDDVR basis

functions as defined in Eq. (2.2.5), the classical path picture appears naturally along

with the TDDVR matrix equation.

The compact form of the quantum evolution equation for the motion on the kth

curve is given in matrix form as follows:

ih̄AĊk = Ht

kk
Ck + A

∑

l 6=k

VklCl (2.2.15)

Equation (2.2.15) can be reorganized into a more convenient form by a similarity

transformation,

ih̄Ḋk(t) = A−1/2Ht

kk
A−1/2Dk +

∑

l 6=k

VklDl (2.2.16)
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where Dk = A1/2Ck and the explicit expression of an element of the time-dependent

DVR Hamiltonian matrix, Ht (Appendix B) is,

{Hkk}t
i,j =

[1
2
× ṗsc

(t) ×
√

h̄

ImA
×Xi,j +

µṡ2
c(t)

2
×Ai,j

+
h̄ImA

µ
× Yi,j −

h̄ImA

2µ
× Zi,j + Vkk(si) × Ai,j

]
, (2.2.17)

where Ai,j =

N∑

k=0

ξ⋆
k(xj)ξk(xi), (2.2.18)

Xi,j =
N−1∑

k=0

ξ⋆
k+1(xj)

√
k + 1ξk(xi) +

N∑

k=1

ξ⋆
k−1(xj)

√
kξk(xi), (2.2.19)

Yi,j =

N∑

k=0

ξ⋆
k(xj)2kξk(xi), (2.2.20)

Zi,j =
N−2∑

k=0

ξ⋆
k+2(xj)

√
(k + 1)(k + 2)ξk(xi) +

N∑

k=2

ξ⋆
k−2(xj)

√
k(k − 1)ξk(xi)

+

N∑

k=0

ξ⋆
k(xj)(2k + 1)ξk(xi). (2.2.21)

Examination of the component matrices (A, X, Y, Z) that make up the time-

dependent DVR Hamiltonian matrix (Ht) bring out several computationally impor-

tant features of the method. Thus, we note that A, X, Y and Z matrices (Tables

2.1-2.4) are time-independent and need to be evaluated once for all. As A and X

matrices are diagonal and multiplied with “classical” variables ṡc(t) and ṗsc
(t) respec-

tively, quantum equation of motion is free from any non-linearity due to “classical”

motion, i.e., “classical” mechanics can only affect the convergence of the quantum

dynamics. Again, as coupling among the grid-points appears through the full ma-

trices Y and Z and plays major role in quantum dynamics, we wish them to be

free from any non-linearity due to “classical” propagation. The choice of ImA as

a time-independent variable ensures this. We may further note, that although both

the Y and Z matrices are diagonally dominant, the average value of the off-diagonal

elements of Z matrix is much larger than those of the Y matrix. Hence the Z matrix

can not facilitate convergence of the solution of quantum equation of motion like Y if
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ImA is considered as time-dependent. On the other hand, in order to formulate a rig-

orous equation of motion, one needs to include Z matrix and therefore automatically

treat ImA as a time-independent variable, if smooth convergence is to be achieved.

Table 2.1: DVR matrix elements Ai,j for N = 8

i/j 1 2 3 4 5 6 7 8
1 3.7018 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
2 0.0000 4.5781 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
3 0.0000 0.0000 5.0046 0.0000 0.0000 0.0000 0.0000 0.0000
4 0.0000 0.0000 0.0000 5.1901 0.0000 0.0000 0.0000 0.0000
5 0.0000 0.0000 0.0000 0.0000 5.1901 0.0000 0.0000 0.0000
6 0.0000 0.0000 0.0000 0.0000 0.0000 5.0046 0.0000 0.0000
7 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 4.5781 0.0000
8 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3.7018

Table 2.2: DVR matrix elements Xi,j for N = 8

i/j 1 2 3 4 5 6 7 8
1 −15.3425 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
2 0.0000 −12.8302 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
3 0.0000 0.0000 −8.1902 0.0000 0.0000 0.0000 0.0000 0.0000
4 0.0000 0.0000 0.0000 −2.7979 0.0000 0.0000 0.0000 0.0000
5 0.0000 0.0000 0.0000 0.0000 2.7979 0.0000 0.0000 0.0000
6 0.0000 0.0000 0.0000 0.0000 0.0000 8.1902 0.0000 0.0000
7 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 12.8302 0.0000
8 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 15.3425

Table 2.3: DVR matrix elements Yi,j for N = 8

i/j 1 2 3 4 5 6 7 8
1 38.4712 −9.1426 2.7371 −1.3487 0.7992 −0.5151 0.3412 −0.2155
2 −9.1426 33.3502 −14.0838 3.8060 −1.7462 0.9716 −0.5829 0.3412
3 2.7371 −14.0838 27.8228 −16.9269 4.3070 −1.8686 0.9716 −0.5151
4 −1.3487 3.8060 −16.9269 24.7236 −17.8598 4.3070 −1.7462 0.7992
5 0.7992 −1.7462 4.3070 −17.8598 24.7236 −16.9269 3.8060 −1.3487
6 −0.5151 0.9716 −1.8686 4.3070 −16.9269 27.8228 −14.0838 2.7371
7 0.3412 −0.5829 0.9716 −1.7462 3.8060 −14.0838 33.3502 −9.1426
8 −0.2155 0.3412 −0.5151 0.7992 −1.3487 2.7371 −9.1426 38.4712
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Table 2.4: DVR matrix elements Zi,j for N = 8

i/j 1 2 3 4 5 6 7 8
1 67.2897 −4.1167 4.3042 −4.3833 4.3833 −4.3042 4.1167 −3.7018
2 −4.1167 40.5347 −4.7866 4.8745 −4.8745 4.7866 −4.5781 4.1167
3 4.3042 −4.7866 18.4080 −5.0965 5.0965 −5.0046 4.7866 −4.3042
4 −4.3833 4.8745 −5.0965 6.6985 −5.1901 5.0965 −4.8745 4.3833
5 4.3833 −4.8745 5.0965 −5.1901 6.6985 −5.0965 4.8745 −4.3833
6 −4.3042 4.7866 −5.0046 5.0965 −5.0965 18.4080 −4.7866 4.3042
7 4.1167 −4.5781 4.7866 −4.8745 4.8745 −4.7866 40.5347 −4.1167
8 −3.7018 4.1167 −4.3042 4.3833 −4.3833 4.3042 −4.1167 67.2897

Similarly the classical path equations can be written as

ṡc(t) =
psc

(t)

µ
(2.2.22)

ṗsc
(t) = −

〈
Ξ(s, t)

∣∣∣
dV̂ (s)

ds

∣∣∣
s=sc(t)

∣∣∣Ξ(s, t)
〉

(2.2.23)

where the classical force is evaluated by substituting the matrices, Ξ(s, t) and V̂ (s)

(Eqs. (2.2.2) and (2.2.3) respectively). Using Dirac-Frenkel variational principle

[37], we have arrived at a rigorous expression of ṗsc
for non-adiabatic processes by

minimizing the following integral (Appendix D),

I =

∫
ds
(
− ih̄

∂Ξ⋆(s, t)

∂t
−H(ps, s)Ξ

⋆(s, t)
)

×
(
ih̄
∂Ξ(s, t)

∂t
−H(ps, s)Ξ(s, t)

)
, (2.2.24)

with respect to ṗsc
. At this point, it is important to note that compared to earlier

versions [16, 17], only the present form of TDDVR [36] has the scope for the variational

derivation of the evolution equation for psc
. The compact form of ṗsc

in Eq. (D6)

(Appendix D) can further be simplified when we replace S
(1)
ij by S

(1)
ij δij as first order

term (s− sc(t)) is diagonal in DVR (Table 2.2), leading to

ṗsc
(t) =

∑

k

∑

ij

c⋆ik(t)cjk(t)
{2ImA2

µ

[
S

(2)
ij

S(1)⋆

ii

Aii

− S
(3)
ij

]
− h̄ImA

µ

[
Rij

S(1)⋆

ii

Aii

− T ⋆
ij

]}

/ [∑

k

∑

i

c⋆ik(t)cik(t)
S(1)⋆

iiS
(1)
ii

Aii
−
∑

k

∑

ij

c⋆ik(t)cjk(t)S
⋆(2)
ij

]
(2.2.25)
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2.3 Formulation of the TDDVR method for multi

- dimensional multi - surface systems

The general form of the matrix equation for any multi-dimensional multi-surface

system in the diabatic representation can be expressed as,

ih̄
∂

∂t
Ξ({sk}, t) = [T̂{sk} + V̂({sk})]Ξ({sk}, t), (2.3.1)

where

T̂{sk} ≡ T̂{sk}





1 0 · · 0

0 1 · · 0

· · · · ·

· · · · ·

0 0 · · 1





, (2.3.2)

V̂({sk}) ≡





V̂11({sk}) V̂12({sk}) · · V̂1M({sk})

V̂21({sk}) V̂22({sk}) · · V̂2M({sk})

· · · · ·

V̂l1({sk}) V̂l2({sk}) · · V̂lM({sk})

· · · · ·

V̂M1({sk}) V̂M2({sk}) · · V̂MM({sk})





, (2.3.3)

and

Ξ({sk}, t) ≡





Ψ1({sk}, t)

Ψ2({sk}, t)

·

Ψl({sk}, t)

·

ΨM({sk}, t)





(2.3.4)

with
∫

Ξ†({sk}, t)Ξ({sk}, t)
∏p

k=1 ds
k= 1 at any time t.
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The kinetic energy operator, T̂{sk} = − h̄2

2µ

[
∂2

∂s12 + ∂2

∂s22 + · · ·+ ∂2

∂sp2

]
, and the diagonal

elements of the matrix in Eq. (2.3.3) represent potential energy operators for different

surfaces where off-diagonal elements define the coupling among them. The lth element

of the wavefunction matrix in Eq. (2.3.4) is the wavefunction for the lth surface and

we can expand the time-dependent wavefunction (Ψl({sk}, t)) as below,

Ψl({sk}, t) =
∑

i1i2...ip

ci1i2....ip,l(t)

p∏

k=1

ψik(s
k, t), (2.3.5)

where ψik(s
k, t) is the TDDVR basis function for the kth mode which can again be

expanded in terms of DVR basis multiplied by plane wave to represent the coordinate,

sk, as a function of time, t,

ψik(s
k, t) = φ(sk, t)

Nk∑

n=0

ξ⋆
n(x

k
ik

)ξn(xk) (2.3.6)

=

Nk∑

n=0

ξ⋆
n(xk

ik
)Φn(sk, t) (2.3.7)

φ(sk, t) = π1/4 exp
( i
h̄

{
psk

c
(t)[sk − sk

c (t)]
})
, (2.3.8)

with harmonic oscillator eigenfunctions as the primitive ones to construct the DVR

basis,

ξn(xk) =
(2ImAk

πh̄

)1/4 1√
n!2n

√
π

exp
{
− (xk)2

2

}
Hn(xk) (2.3.9)

and

xk =

√
2ImAk

h̄
(sk − sk

c (t)), (2.3.10)

xk
ik

=

√
2ImAk

h̄
(sk

ik
(t) − sk

c (t)). (2.3.11)

Alternatively, we can say {Φn(sk, t)} form the G-H basis set. Among the parame-

ters in the G-H basis (Eqs. (2.3.5) - (2.3.11)) we choose the center of the wavepacket

({sk
c}) and its’ momentum ({psk

c
}) as time-dependent variables, imaginary part of
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the width ({ImAk}) as time-independent parameter and real part of {γk} and width

({ReAk}) are zero for all the time.

The index, ik, in Eqs. (2.3.5) and (2.3.6) counts the DVR basis functions for the

kth mode where Nk is the maximum number of Hermite basis functions included in

Eq. (2.3.6) to expand a particular DVR basis for the same mode, p and M are the

maximum number of modes and surfaces, respectively involved in a system. A DVR

grid-point, sk
ik

, will be determined by Eq. (2.3.11) using the root, xk
ik

, of Nkth Hermite

polynomial, HNk
(xk) [17] Though the roots (xk

ik
s) of the polynomial are fixed values,

the position of the DVR grid-points (sk
ik

s) will change as a function of time due to

the time-dependent variables, sk
c (t),

sk
ik

(t) = sk
c (t) +

√
h̄

2ImAk
xk

ik
(2.3.12)

The Gauss-Hermite basis, Φn(sk, t), for the kth mode as introduced in Eq. (2.3.7)

have the following two important properties. Firstly, they form an orthonormal basis,

∫
dskΦ⋆

m(sk, t)Φn(sk, t) = δk
mn (2.3.13)

and secondly, the ground state of the G-H basis is the Gaussian Wave Packet.

The DVR basis functions, ψiks, in Eq. (2.3.6) for the kth mode constitute an

orthogonal but not normalized set,

∫
dskψ

⋆
ik

(sk, t)ψi′
k
(sk, t) = δiki′

k
Ak

iki′
k
, (2.3.14)

where Ak is the normalization factor.

We substitute Eqs. (2.3.2) - (2.3.5) in the time-dependent Schroedinger equation

(Eq. (2.3.1)) and due to the special choice of the form of the TDDVR basis functions

as defined in Eq. (2.3.6), the classical path picture appears naturally along with the

DVR matrix equation. The general form of differential equation for any surface, l, (
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l, l′ ∈ {1,M}) turns out to be,

ih̄
∑

i1i2...ip

ċi1i2....ip,l(t)

p∏

k=1

{ Nk∑

n=0

ξ⋆
n(xk

ik
)Φn(sk, t)

}

+ ih̄
∑

k

∑

i1i2...ip

ci1i2....ip,l(t)
{ Nk∑

n=0

ξ⋆
n(x

k
ik

)
∂

∂t
Φn(sk, t)

} p∏

k′ 6=k

{ Nk′∑

n=0

ξ⋆
n(xk′

ik′
)Φn(sk′

, t)
}

=
∑

k

∑

i1i2...ip

ci1i2....ip,l(t)
{ Nk∑

n=0

ξ⋆
n(x

k
ik

)T̂skΦn(sk, t)
} p∏

k′ 6=k

{ Nk′∑

n=0

ξ⋆
n(xk′

ik′
)Φn(sk′

, t)
}

+
∑

i1i2...ip

ci1i2....ip,l(t)Vll({sk
ik
})

p∏

k=1

{ Nk∑

n=0

ξ⋆
n(x

k
i )Φn(xk)

}

+
∑

l′ 6=l

∑

i1i2...ip

ci1i2....ip,l′(t)Vll′({sk
ik
})

p∏

k=1

{ Nk∑

n=0

ξ⋆
n(x

k
i )Φn(xk)

}
(2.3.15)

When we evaluate the terms of ∂
∂t

Φn(sk, t) and T̂skΦn(sk, t) for the kth mode and

substitute back in Eq. (2.3.15), some of these terms cancel each other. Collecting the

remaining terms, along with simple manipulation we arrive at the evolution equation

for quantum motion on the lth surface in a compact matrix form,

ih̄AĊl = Ht

ll
Cl + A

∑

l′ 6=l

Vll′Cl′ (2.3.16)

which can be reorganized into a more convenient form by a similarity transformation,

ih̄Ḋl(t) = A−1/2Ht

ll
A−1/2Dl +

∑

l′ 6=l

Vll′Dl′ (2.3.17)

where Dl = A1/2Cl.

The explicit expression of an element of the TDDVR coefficients, di1i2....ip,l is,

ih̄ḋi1i2....ip,l =
1

2

{∑

k

ṗsk
c

√
h̄

ImAk
X̄k

ikik

}
di1i2....ip,l +

{∑

k

µ(ṡk
c )

2

2

}
di1i2....ip,l

+ Vll(i1i2....ip)di1i2....ip,l +
∑

l′ 6=l

Vll′(i1i1....ip)di1i2....ip,l′

+
∑

k

{ h̄ImAk

2µ

∑

i′
1
i′
2
....i′p

{
2Ȳ k

iki′
k
− Z̄k

iki′
k

}
di′

1
i′
2
...i′p,l

p∏

k′ 6=k

δik′ i′k′

}
(2.3.18)
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where

X̄k
ik,i′

k
=

Xk
ik,i′

k√
Ak

ik,ik
Ak

i′
k
,i′

k

, Ȳ k
ik,i′

k
=

Y k
ik,i′

k√
Ak

ik ,ik
Ak

i′
k
,i′

k

, and Z̄k
ik,i′

k
=

Zk
ik,i′

k√
Ak

ik,ik
Ak

i′
k
,i′

k

(2.3.19)

di1i2....ip,l = ci1i2....ip,l

p∏

k=1

(Ak
ik,ik

)
1

2 , (2.3.20)

Ak
ik,i′

k
=

Nk∑

n=0

ξ⋆
n(x

k
ik

)ξn(x
k
i′
k
), (2.3.21)

Xk
ik,i′

k
=

Nk−1∑

n=0

ξ⋆
n+1(x

k
ik

)
√
n + 1ξn(x

k
i′
k
) +

Nk∑

n=1

ξ⋆
n−1(x

k
ik

)
√
nξn(xk

i′
k
), (2.3.22)

Y k
ik,i′

k
=

Nk∑

n=0

ξ⋆
n(x

k
ik

)2nξn(x
k
i′
k
), (2.3.23)

Zk
ik,i′

k
=

Nk−2∑

n=0

ξ⋆
n+2(x

k
ik

)
√

(n+ 1)(n+ 2)ξn(xk
i′
k
) +

Nk∑

n=2

ξ⋆
n−2(x

k
ik

)
√
n(n− 1)ξn(x

k
i′
k
)

+

Nk∑

n=0

ξ⋆
n(x

k
ik

)(2n+ 1)ξn(x
k
i′
k
) (2.3.24)

Component matrices ({Ak}, {Xk}, {Yk}, {Zk}) of the TDDVR Hamiltonian matrix

Eq. (2.3.18) can infer very important significance on the quantum-classical nature

of this approach. {Ak}, {Xk}, {Yk} and {Zk} matrices (Tables 2.1 - 2.4) are time-

independent and need to be evaluated once for all. As {Xk} matrices are diagonal and

multiplied with the “classical” variables {ṗsk
c
(t)} respectively, the quantum equations

of motion is free from any non-linearity due to “classical” motion, i.e., “classical”

mechanics can only affect the convergence of the quantum dynamics. Again, as

couplings among the grid-points come through the full matrices {Yk} and {Zk} and

dominantly shape the quantum dynamics, we wish them to be free from any non-

linearity due to “classical” propagation by choosing {ImAk} as the time-independent

variable. Moreover, both the matrices {Yk} and {Zk} are diagonally dominant, but

the average value of the off-diagonal elements of {Zk} matrix is much larger than

these of the {Yk} matrix. Hence the {Zk} matrix unlike {Yk} can not facilitate the
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converged solution of quantum equations of motion if {ImAk} is considered as time-

dependent. On the other hand, in order to formulate a rigorous equation of motion,

one needs to include {Zk} matrix and also treat {ImAk} as a time-independent

variable. Last but not the least, Eq. (2.3.18) clearly indicates that {Yk} and {Zk}

matrices couple grid-points or basis function of the kth mode only, hence numerical

handling of differential equation for each mode can be done by parallel computation,

reducing computational cost and making large dimensional calculations possible.

Similarly, the classical path equations for the kth mode can be written as

ṡk
c (t) =

psk
c
(t)

µ
(2.3.25)

ṗsk
c
(t) = −

〈
Ξ({sk}, t)

∣∣∣
dV̂ ({sk})

dsk

∣∣∣
sk=sk

c (t)

∣∣∣Ξ({sk}, t)
〉

(2.3.26)

where the classical force is evaluated by substituting the matrices, Ξ({sk}, t) and

V̂ ({sk}) (Eqs. (2.3.3) and (2.3.4)), respectively.

Using Dirac-Frenkel variational principle [37], we now arrive at a rigorous expres-

sion of ṗsk
c

for multi-dimensional multi-surface systems by minimizing the following

integral,

I =

∫ (
− ih̄

∂Ξ⋆({sk}, t)
∂t

−H({pk
s}, {sk})Ξ⋆({sk}, t)

)

×
(
ih̄
∂Ξ({sk}, t)

∂t
−H({pk

s}, {sk})Ξ({sk}, t)
) p∏

k=1

dsk, (2.3.27)

with respect to {ṗsk
c
}. When this derivation (!!!) is done, {ṗsk

c
} takes the following
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form,

ṗsk
c
(t) =

[
2(ImAk)2

µ

{∑

l

∑

iki′
k

c⋆i1i2..ik..ip,l(t)

∑
i′′
k
ci1i2..i′′

k
..ip,l(t)S

(2)
i′′
k
i′
k

Ai′
k
i′
k

S⋆(1)

iki′
k

+
∑

l

∑

iki′
k

∑
i′′ c

⋆
i1i2..i′′

k
..ip,l(t)S

⋆(2)
i′′
k
ik

Aikik

ci1i2..i′
k
..ip,l(t)S

⋆(1)
iki′

k

− 2
∑

l

∑

iki′
k

c⋆i1i2..ik..ip,l(t)ci1i2..i′
k
..ip,l(t)S

⋆(3)
iki′

k

}

− h̄ImAk

µ

{∑

l

∑

iki′
k

c⋆i1i2..ik..ip,l(t)

∑
i′′
k
ci1i2..i′′

k
..ip,l(t)Ri′′

k
i′
k

Ai′
k
i′
k

S⋆(1)
iki′

k

+
∑

l

∑

iki′
k

∑
i′′
k
c⋆i1i2..i′′

k
..ip,l(t)R

⋆
i′′
k
ik

Aikik

ci1i2..i′
k
..ip,l(t)S

⋆(1)
iki′

k

− 2
∑

l

∑

ikik′

c⋆i1i2..ik..ip,l(t)ci1i2..i′
k
..ip,l(t)T

⋆
iki′

k

}]

/ [∑

l

∑

iki′
k

c⋆i1i2..ik..ip,l(t)

∑
i′′
k
ci1i2..i′′

k
..ip(t)S

(1)
i′′
k
i′
k

Ai′
k
i′
k

S⋆(1)
iki′

k

+
∑

l

∑

iki′
k

∑
i′′
k
c⋆i1i2..i′′

k
..ip,l(t)S

⋆(1)
i′′
k
ik

Aikik

ci1i2..i′
k
..ip,lS

⋆(1)
iki′

k

− 2
∑

l

∑

iki′
k

c⋆i1i2..ik..ip,l(t)ci1i2..i′
k
..ip,l(t)S

⋆(2)
iki′

k

]
(2.3.28)

where

Riki′
k

=
∑

p

ξ⋆
p(x

k
ik

)ξp(x
k
i′
k
)2p

S
(n)
iki′

k
=

∑

pq

ξ⋆
p(x

k
ik

)ξq(x
k
i′
k
)

∫
Φ⋆

q(s
k, t)(sk − sk

c (t))
nΦp(s

k, t)dsk

Tiki′
k

=
∑

pq

ξp(x
k
ik

)ξ⋆
q(x

k
i′
k
)2p

∫
Φ⋆

p(s
k, t)(sk − sk

c (t))Φq(s
k, t)dsk (2.3.29)
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with

∫
Φ⋆

p(s
k, t)(sk − sk

c (t))Φq(s
k, t)dsk =

1

2

√
h̄

ImAk

{√
p+ 1δp+1,q +

√
pδp−1,q

}

∫
Φ⋆

p(s
k, t)(sk − sk

c (t))
2Φq(s

k, t)dsk =
h̄

4ImAk

{√
(p+ 1)(p+ 2)δp+2,q

+ (2p+ 1)δp,q +
√
p(p− 1)δp−2,q

}

∫
Φ⋆

p(s
k, t)(sk − sk

c (t))
3Φq(s

k, t)dsk =
1

8

( h̄

ImAk

)3/2{√
(p+ 1)(p+ 2)(p+ 3)δp+3,q

+ 3(p+ 1)
√
p+ 1δp+1,q + 3p

√
pδp−1,q

+
√
p(p− 1)(p− 2)δp−3,q

}
(2.3.30)

Matrices R, S(n), T and A involved in Eq. (2.3.28) are time-independent and can

be calculated once for all the time while the time-dependence of ṗsk
c

arises from the

time-dependent coefficient {ci1i2..ik..ip,l(t)}. At this point, it is important to note that

ṗsk
c
, k = 1, . . . , p does not depend explicitly on the potential of the system unlike its

form in ref [27]. The compact form of ṗsk
c

in Eq. (2.3.28) can further be simplified

when we replace S
(1)
iki′

k
by S

(1)
iki′

k
δiki′

k
as the first order term (sk − sk

c (t)) is diagonal in

DVR (Table 2.2),

ṗsk
c
(t) =

∑

l

∑

iki′
k

c⋆iii2..ik..ip,l(t)ci1i2..i′
k
..ip,l(t)

×
{2(ImAk)2

µ

[
S

(2)
iki′

k

S(1)⋆

ikik

Aikik

− S
(3)
iki′

k

]
− h̄ImAk

µ

[
Riki′

k

S(1)⋆

ikik

Aikik

− T ⋆
iki′

k

]}

/
[∑

l

∑

ik

c⋆i1i2..ik..ip,l(t)ci1i2..ik..ip,l(t)
S(1)⋆

ikik
S

(1)
ikik

Aikik

−
∑

i

∑

iki′
k

c⋆i1i2..ik..ip,l(t)ci1i2..i′
k
..ip,l(t)S

⋆(2)
iki′

k

]
(2.3.31)

2.4 Summary of the TDDVR approach

The TDDVR introduces one central trajectory and a set of grid-points for each de-

gree of freedom. The movement of these grid-points around the central trajectory is
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dictated by the classical mechanics and grid-points are associated with a distribution

of “classical” momentum. The growth or decay of the amplitudes at these grid-points

on each surface is shaped by quantum evolution. The movement of the grid-points

as well as growth or decay of the amplitudes at these grid-points on a particular

surface effectively wake this approach a multi-trajectory one and enable it to explain

quantum features arising from the individual surface quantitatively. In principle, the

method is exact with enough trajectories (grid-points) but in the other limit, with one

grid-point, the method is reducible to the molecular dynamics approach which is very

useful from the dynamical point of view. We can add even or odd number of grid-

points for a given degree of freedom if the dynamical situation shows the requirement.

Since the grid-points follow the dynamics of the system, depending on the situation

TDDVR needs lesser number of grid-points for any mode compared to corresponding

quantum (DVR/FFT) case. As the major advantages of TDDVR methods come from

its’ “classical” equation of motion and it is convenient to introduce classical mechan-

ics either in Cartesian or in Jacobi coordinates, TDDVR approaches are formulated

in these coordinate systems only. At the same time, one can reduce the number of

degrees of freedom in special coordinate system like hyperspherical, where one can

use TDDVR method combining with state expansion approaches.

It is important to note that, while implementing TDDVR on a multi-mode system,

some of the degrees of freedom can be treated in the quantum limit, some other at

near classical limit, and the rest with ”classical” dynamics. At the classical limit

the action (S) appearing in the Feynman path integral formulation can be used to

define a trajectory by introducing a least action principle (δS = 0). The limit h̄→ 0

corresponds to the TDDVR approach with one grid point, where contribution from

paths away from the one defined by δS = 0 are small due to rapid oscillation of the

path integrand. The quantum trajectory defined in Bohm trajectory is same with the

TDDVR trajectory, when TDDVR is formulated with one basis function (one grid
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point). With a sufficient number of grid points, TDDVR introduces a more general

quantum potential.

The approach is flexible enough to handle any form of complicity of the Hamilto-

nian. In the quantum regime, the dynamics of the centroid of the wavepacket obeys

Ehrenfest theorem, which facilitates the movement of grid-points. At the classical

limit, the lone grid and centroid of the wavepacket are the same point and it is prop-

agated by “classical” dynamics only. TDDVR has appealing applicability for those

large systems where quantum mechanical description is needed in a restricted region.

We found that the method obeys energy conservation, momentum conservation,

microscopic reversibility and unitarity. Moreover, it is applicable to any number of

coupled states and to any kind of electronic coupling. Any electronic representation is

acceptable, although in some situation, diabatic representation may be advantageous

to employ whereas in other cases adiabatic basis is needed.

The number of grid-points required to achieve convergence in DVR depends on

the initial position of the wave-packet. If the initial wave-packet is located far away

from the barrier, more grid-points are needed to cover the reactive side of the barrier.

At the same time, once the convergence is achieved with certain number of grid-

points (trajectories) in TDDVR approach, convergence is independent of the location

of initial wave-packet. But in case of TDDVR, as the quantum propagation is ap-

proximated by “classical” equation of motion, some fluctuations appear in transition

probabilities during the interaction period. We also found no matter how large num-

ber of grid-points are included in the TDDVR calculations,these fluctuations always

remain.
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CHAPTER III

APPLICATION TO TUNNELING

3.1 Tunneling through an Eckart potential

3.1.1 Formulation of equation of motion

We have investigated the performance of the present method on simple tunneling

problem through an Eckart barrier. The Eckart potential is given by

V (s) = V0/ cosh2(as), (3.1.1)

where the barrier height, V0 = 100 KJ/mol and the parameter a = 2 Å−1. The mass

(µ) of the system is 1 amu.

The compact form of the matrix equation and the classical path equations read

as follows,

ih̄AĊ = HtC (3.1.2)

ṡc(t) =
psc

(t)

µ
(3.1.3)

ṗsc
(t) = −dV (s)

ds

∣∣∣
s=sc(t)

(3.1.4)

We find the explicit expression of an element of the time - dependent DVR Hamil-

tonian matrix, Ht (Appendix B) and the normalization matrix, A are,

H t
i,j =

[1
2
ṗsc

(t)

√
h̄

ImA
Xi,j +

µṡ2
c(t)

2
Ai,j +

h̄ImA

2µ
{2Yi,j − Zi,j} + V (si)Ai,j

]
;

(3.1.5)

where the rigorous expressions of Ai,j , Xi,j, Yi,j and Zi,j are shown in the previous

chapter (see Eqs. (2.2.18) - (2.2.21)).
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Equation (3.1.2) can be rewritten into a more convenient form by a similarity

transformation, i.e.,

ih̄Ḋ(t) = A−1/2HtA−1/2D, (3.1.6)

where D = A−1/2C.

The initial amplitudes of the DVR wavefunction at the grid - points (sis) are

calculated from GWP (Φ(si, t0)) centred around sc(t=0) = - 4 Å with it’s momentum

vector, k0 = 20 Å−1 and the imaginary part of the width, ImA = 0.4 amu/τ (1τ =

10−14 sec) as below,

Φ(si, t0) =
[2ImA

πh̄

]1/4

× exp
[
ik0(si − s0) −

ImA

h̄
(si − s0)

2
]
. (3.1.7)

In case of DVR, only Eq. (3.1.2) is solved to observe the dynamics and all the terms

containing classical variable(s) in the Hamiltonian matrix (Eq. (3.1.5)) are dropped

while propagation.

Similarly, the initial amplitudes of the TDDVR wavefunction at the grid - points

(sis) are obtained from GWP (Φ(si, t0)) with the same numerical value of the param-

eters used in DVR except zero momentum vector (k0 = 0),

Φ(si, t0) =
[2ImA

πh̄

]1/4

× exp
[
− ImA

h̄
(si − s0)

2
]
, (3.1.8)

While TDDVR propagation (Eqs. (3.1.2) - (3.1.4) or Eq. (D6)) are solved simulta-

neously where psc
(k0 = 20Å−1) enters as a classical variable through Eq. (3.2.3) and

also through first two terms of the Hamiltonian matrix (Eq. (3.2.5)).

Using the properties of the DVR functions, we can write normalized amplitudes as

di(t = 0) = A
−1/2
i,i Φ(xi) (3.1.9)

The transmission probability on the reactive side of the barrier can be determined by
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using the coefficient dis,

P (t) =

∫ ∞

s=0

ds|Ψ(s, t)|2

=
∑

i≥i⋆

c⋆i (t)ci(t)
∑

kk′

ξ⋆
k(xi)ξk′(xi)

∫ ∞

−∞

Φ′⋆k (s′, t)Φ′k′(s′, t)ds′

≈
N∑

i≥i⋆

|ci(t)|2Ai,i

=
N∑

i≥i⋆

|di(t)|2, (3.1.10)

where i⋆ is defined by si⋆(t) = sc(t)+
√

h̄
2ImA

xi⋆ > 0, i.e., the sum of the square of the

amplitudes for the grid - points on the reactive side of the barrier gives the tunneling

probability.

3.1.2 Results and discussion

Figure 3.1 shows the movement of the centre of wavepacket (sc) and its momenta

(psc
) as a function of time where in Fig. 3.2 we display the time - dependent grid -

points (sis) for N = 10 case. When we use 10 grid - points with the initial wavepacket
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-0.5
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0.5

1

1.5

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

sc(t)

psc
(t)

Time 10−14 sec

sc(t)
psc

(t)

Figure 3.1: The trajectory, sc and it’s momenta, psc
as a function of time.

centred around −4 Å, three points (i = 8, 9, 10) move to the reactive side and back to

69

TH-421_02612202



the non - reactive side (Fig. 3.2) within the time - interval studied. As this quantum

- classical method allows the movement of grid - points, we get the same amount of

tunneling even when the initial wavepacket is located at the farthest away from the

barrier. On the other hand, when we freeze the classical motion in this TDDVR, it

appears to be a full quantum method (DVR) and in order to get tunneling we need

sufficient number of grid - points to cover the reactive side of the barrier. To be

-4

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

si(t)

Å

Time 10−14 sec

Figure 3.2: The grid - points (N=10) change their positions as a function of time.

specific, with the initial wavepacket centred around −4 Å, DVR need at least 150 grid

- points to represent the other side of the barrier with few points and start showing up

tunneling (which is far below than the converged result). Under the same situation,

tunneling probability calculated by this TDDVR can reach almost the exact value

with 100 grid - points but it decays fast because grid points come back to the non

- reactive side. This problem can be avoided very easily by freezing the classical

motion at the moment when tunneling probability reaches the converged value. If

the interaction region of a system is spreaded over a longer region, one needs a lot of

grid - points to perform accurate DVR/FFT calculation whereas TDDVR requires a

moderate number of grid - points to obtain accurate results irrespective of the initial
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position of the wavepacket.

Figure 3.3 shows tunneling probability as a function of time with increasing num-

ber of grid - points (N). When more and more grid - points are added, not only the

tunneling persists for longer time but also approaches the exact value, which is 0.1906

[52] at the energy (k0 = 20 Å−1) investigated. We obtained a tunneling probability of

0.1906 well within 150 TDDVR grid - points but in order to keep the

0
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N=10
N=100
N=150
N=200
N=250

Figure 3.3: Tunneling probability (P (t)) calculated by TDDVR through the Eckart
barrier with N = 10, 100, 150, 200, 250. Fluctuations are due to oscillations in the
expansion coefficients.

converged profile unchanged for relatively longer period of time, we need to increase

the number of grid - points (250). It means when we use a large grid, sufficient

number of grid - points remain on the reactive side of the barrier for a long time

and we obtain the desired profile. Instead of increasing grid points, one can freeze

the classical motion at the time when the tunneling probability reaches the converged

value with less number of grid - points (≤ 150) and can achieve the same profile.

In Fig. 3.4, we compare tunneling probabilities calculated by quantum - classical

(TDDVR) and quantum (DVR) methods with 250 grid - points. Present calculation

shows that fluctuations in tunneling probability as a function of time are much less
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compared to ref. [16, 17] and we believe this is because width (A) has been considered

as a time - independent parameter.
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Figure 3.4: Quantum - classical (TDDVR) and quantum (DVR) results of tunneling
probability (P (t)) as functions of time with N = 250.
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Figure 3.5: Quantum - classical (TDDVR) and quantum (DVR) results of tunneling
probability (P (t = 3.5τ)) as functions of k0(Å

−1) with N = 250.

Finally, in Fig. 3.5, we have demonstrated tunneling probability at a particular
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time (3.5 τ) for different initial kinetic energies (k0s) and obtained excellent agree-

ment over the entire energy range with the corresponding quantum results. It is the

most difficult task to achieve this much accuracy, particularly at low energy, from a

quantum - classical method developed so far.

One can also vary the number of grid - points during propagation. If the wave

packet reaches the end points of the grid, it is possible to add some more grid - points

and this can be monitored by watching the magnitude of |d1|2 and |dN |2.

3.2 Tunneling through a symmetric double well

potential

3.2.1 The Hamiltonian and the equation of motion

We explore the workability of our TDDVR method to a system investigated previously

[30, 53, 54] and its Hamiltonian H is given by

H(s, ps, {Pk}, {Qk}) =
p2

s

2µ
+ V (s)

+
∑

k

(
P 2

k

2m
+

1

2
mω2

kQ
2
k) +

∑

k

Qkf
k(s) (3.2.1)

where s is the reaction coordinate and Qks are the bath modes. The potential V (s)

is a symmetric double well where the tunneling probability and the time averaged

tunneling rate from one of the wells to the other are calculated as a function of time.

The time-dependent discrete variable representation method is formulated by using

a coupled wavepacket approach, where the wavefunction is expanded as,

Ψ(s, {Qk}, t) =
∑

i

∑

l1l2···lk

Cil1l2···lkψi(s, t)
∏

k

φlk(Qk), (3.2.2)

with φkl
(Qk) is the harmonic oscillator basis function for the bath mode k and ψi(s, t)

is the time-dependent DVR basis function representing the reaction coordinate s. The

time-dependent DVR basis functions are again expanded in terms of Gauss-Hermite
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basis set as follows:

ψi(s, t) = Φ(s, t)
N∑

n=0

ξ⋆
n(xi)ξn(x) =

N∑

n=0

ξ⋆
n(xi)Φ

′
n(s, t), (3.2.3)

where

Φ(s, t) = π1/4 exp
( i
h̄

{
γ + psc

(t)[s− sc(t)] +ReA[s− sc(t)]
2
})
, (3.2.4)

ξn(x) =
1√

n!2n
√
π

exp(−x2/2)Hn(x), (3.2.5)

ξn(xi) =
1√

n!2n
√
π

exp(−x2
i /2)Hn(xi) (3.2.6)

and

x =

√
2ImA

h̄
(s− sc(t)), (3.2.7)

xi =

√
2ImA

h̄
(si(t) − sc(t)). (3.2.8)

Parameters in GWP are defined in Eqs. (3.2.4) - (3.2.8). The centre of the wavepacket

(sc) and its momenta (psc
) are considered as time-dependent variables whereas γ and

width (A) are considered time-independent with Reγ = ReA = 0.

The index, i, in Eqs. (3.2.2) and (3.2.3) counts the number of DVR basis functions

and N is the maximum number of Gauss-Hermite basis functions included in Eq.

(2.2.3) to expand a particular DVR basis function. It is important to note that a

DVR grid-point, si, is determined by Eq. (3.2.8) using the root, xi of the N th

Hermite polynomial, HN (x) [17]. The compact form of the matrix equation and the

classical path equations read as follows,

ih̄AĊ = HtC (3.2.9)

ṗsc
(t) = −dV (s)

ds

∣∣∣
s=sc(t)

(3.2.10)

ṡc(t) =
psc

(t)

µ
(3.2.11)

where the explicit expression of an element of the time-dependent DVR Hamiltonian
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matrix, Ht, is

H t
i,j,m1,n1,m2,n2,...,mk,nl

=

[
1

2
ṗsc

(t)

√
h̄

ImA
Xi,j +

µṡ2
c(t)

2
Ai,j +

h̄ImA

2µ

{
2Yi,j − Zi,j

}

+ V (si)Ai,j

]
δm1,n1

δm2,n2
· · · δmk,nl

+

[{∑

k′

(
mk′ +

1

2

)
h̄ωk′

}
δm1,n1

δm2,n2
· · · δmk ,nl

+
∑

k′

{
fk′

(si)
( h̄

2mωk′

) 1

2

(√
mk′ + 1δmk′+1,nk′

+
√
mk′δmk′−1,nk′

) ∏

k(l)6=k′

δmk ,nl

}]
Ai,j; (3.2.12)

In the above equation we see that in the DVR-basis, the potential for the reaction

coordinate, s, is diagonal as usual.

Equation (3.2.9) can be reorganized into a more convenient form by a similarity

transformation, i.e.,

ih̄Ḋ(t) = A−1/2HtA−1/2D, (3.2.13)

where D = A−1/2C.

Using Dirac - Frenkel variational principle [37], it is possible to derive a rigorous

expression for ṗsc
by minimizing the following integral (Appendix D),

I =

∫
{dQk}ds

(
− ih̄

∂Ψ⋆(s, {Qk}, t)
∂t

−H(ps, s, {Pk}, {Qk})Ψ⋆(s, {Qk}, t)
)

×
(
ih̄
∂Ψ(s, {Qk}, t)

∂t
−H(ps, s, {Pk}, {Qk})Ψ(s, {Qk}, t)

)
, (3.2.14)

with respect to ṗsc
. Incidentally, this is the first TDDVR formulation where we have

been able to derive a compact form of ṗsc
. It is natural to expect that one can

achieve correctly converged description of the observables with a minimum number

of basis functions (DVR) and obtain quantum corrections to the classical variables if

the rigorous expression of ṗsc
is used. At the same time, as psc

is one of the phase

variables in GWP, the convergence is guaranteed in the infinite limit of the basis
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functions even with the first order term as in Eq. (3.2.10). In this quantum - classical

formulation, classical equations (Eqs. (3.2.10) - (3.2.11)) induce movement of grid -

points in the direction where amplitudes grow to higher values.

3.2.2 Results and discussion

We have investigated the performance of the quantum - classical method proposed

here on a system which is modeled by a double well potential with or without coupling

to bath modes. A maximum of two bath modes has been considered. The potential

along the reaction coordinate, s, and the linear coupling terms are given below,

V (s) = −1

2
a0s

2 +
1

4
c0s

4 (3.2.15)

fk(s) = −cks (3.2.16)

where k = 1, 2.

The initial amplitudes of the DVR wavefunction are calculated from a GWP

centered around the minimum, s0, in the left well of V (s) where,

Φ(si, t0) =
[2ImA

πh̄

]1/4

× exp
[
− ImA

h̄
(si − s0)

2
]

(3.2.17)

and

∂V (s)

∂s

∣∣∣∣
s=s0

= 0, s0 = −
√

2a0/c0 (3.2.18)

and ImA = mω/2, psc
(t0) = 0.

Using the properties of the DVR functions, we can write

di(t = 0) = A
−1/2
i,i Φ(si) (3.2.19)

The frequencies of the tunneling atom (hydrogen) and the two coupled bath modes

are taken from ref. [53]. Potential parameters and frequencies are displayed in Table

3.1.
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Table 3.1: Potential parameters and frequencies. Distances are in Å and energy in
units of ǫ̂ = 100 KJ/mol.

Parameter Value

a0 4.1429 ǫ̂ Å−2

c0 16.357 ǫ̂ Å−4

ω 1530 cm−1

ω1 2980 cm−1

ω2 765 cm−1

µ 1.0 amu
m 1.0 amu
c1 1.0 Å−1

c2 1.0 Å−1

The differential Eqs. (3.2.9) - (3.2.11) have been solved numerically with a time step,

10−16 sec and classical force (CF) is included through Eq. (3.2.10). In the case of

quantum force (QF), Eq. (D9) (Appendix D) is used instead of Eq. (3.2.10). The

calculations are done mainly with CF unless the use of QF is specified. When we

perform dynamical calculations with the particular initial states (k1, k2) of the heat

bath, the tunneling probability on the reactive side of the barrier can be determined

by using the time - dependent coefficient di,k1,k2
,

Ptunn(t) =

∫ ∞

s=0

ds

∫ ∞

−∞

dQ1

∫ ∞

−∞

dQ2Ψ
⋆(s,Q1, Q2, t)Ψ(s,Q1, Q2, t)

=
∑

i≥i⋆

∑

k1,k2

∑

k′

1
,k′

2

c⋆i,k1,k2
(t)ci,k′

1
,k′

2
(t)
∑

kk′

ξ⋆
k(xi)ξk′(xi)

∫ ∞

−∞

Φ′⋆k (s′, t)Φ′k′(s′, t)ds′

×
∫ ∞

−∞

φ⋆
k1

(Q1)φk′

1
(Q1)dQ1 ×

∫ ∞

−∞

φ⋆
k2

(Q2)φk′

2
(Q2)dQ2

≈
N∑

i≥i⋆

∑

k1,k2

|ci,k1,k2
(t)|2Ai,i

=

N∑

i≥i⋆

∑

k1,k2

|di,k1,k2
(t)|2, (3.2.20)

where i⋆ is defined by si⋆(t) = sc(t)+
√

h̄
2ImA

xi⋆ > 0, i.e., the sum of the square of the

amplitudes for the grid - points on the reactive side of the barrier gives the tunneling
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probability. The time - averaged tunneling rate is given by,

P av
tunn(t) =

1

t

∫ t

0

P (t′)dt′. (3.2.21)
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Figure 3.6: (a) Tunneling probability (Ptunn) as a function of time for N = 30,
N = 50 and N = 100. The initial states of the bath oscillators are chosen as (0,0).
(b) Time average tunneling rate (P av

tunn) as a function of time for N = 30, N = 50
and N = 100. The initial states of the bath oscillators are chosen as (0,0).

Fig. 3.6 displays (a) the tunneling probability (Ptunn(t)) and (b) the time - aver-

aged tunneling rate (P av
tunn(t)) as functions of time for different grid - points (N) where
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the initial states of the bath oscillators are chosen as (0,0). When more and more grid

- points are added, both Ptunn(t) and P av
tunn(t) approach the converged values. The

figures clearly indicates that 50 TDDVR basis is sufficient to achieve the convergence,

i.e., the lines with 50 and 100 TDDVR basis are completely indistinguishable.
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Figure 3.7: Comparison of quantum - classical (TDDVR) and quantum (DVR) re-
sults of the (a) tunneling probability (Ptunn) (b) time average tunneling rate (P av

tunn)
as a function of time with N = 100. The initial states of the bath oscillators are
chosen as (0,0).

At this point, it is important to note that as this quantum - classical method allows
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the movement of grid - points, we get the same amount of tunneling even when the

initial wavepacket is farthest away from the barrier. On the other hand, when we

freeze the classical motion in the present formulation of TDDVR, it appears to be a

full quantum method (DVR) and in order to get tunneling we need sufficient number

of grid - points to cover the reactive side of the barrier. In the present problem,
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Figure 3.8: Comparison of quantum - classical (TDDVR) and quantum (DVR) re-
sults of the (a) tunneling probability (Ptunn) (b) time average tunneling rate (P av

tunn)
as a function of time with N = 100. The initial states of the bath oscillators are
chosen as (0,2).
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both in quantum (DVR) and quantum - classical (TDDVR) calculations, we localized

the initial wavefunction at the minimum of the left well of V (s) and found, in case of

DVR, more than 50 grid - points are needed to cover the other side of the barrier.
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Figure 3.9: The center of the wavepacket, sc, as a function of time. The initial states
of the bath oscillators are chosen as (0,0) and sc (t = 0) = − 0.5 Å.
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Figure 3.10: The center of the wavepacket, sc, as a function of time. The initial
states of the bath oscillators are chosen as (0,2) and sc (t = 0) = − 0.5 Å.

Figs. 3.7 - 3.8 present (a) tunneling probability (Ptunn(t)) and (b) time - averaged
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tunneling rate (P av
tunn(t)) as functions of time for two different cases corresponding to

different initial states (0,0) and (0,2) of the heat bath, respectively. In all these cases,

we have compared our quantum - classical results with the corresponding quantum

ones and found excellent agreement between them. Moreover, it is important to note

that earlier we had investigated the same system [16, 30] with different versions of

quantum - classical method and calculated time - averaged tunneling rate (P av
tunn(t));

but the present results have the best agreement with quantum ones, particularly at

shorter times (0 to 10 τ , 1 τ = 10−14 sec).

We believe that the small oscillations in computed tunneling probabilities (Figs.

3.7(a) and 3.8(a)) are due to frequent collisional encounters of the wavepacket local-

ized in the left well with the barrier. This explanation finds support when we monitor

the center of the wavepacket, sc as a function of time.

Figs. 3.9 and 3.10 show oscillations of sc during the entire propagation time as

we investigate the system for different initial states (0,0) and (0,2) of the heat bath,

respectively. These trajectories clearly demonstrate a classical like feature of a pure

quantum system.

In Table 3.2, we present the CPU time (sec) required to propagate the system

localized in the minimum of the left well with zero initial momentum (psc
= 0) for

different initial states (0,0) and (0,2) of the heat bath. In both the cases, we find

quantum - classical (TDDVR) propagations are faster than corresponding quantum

(DVR).

Table 3.2: CPU time (sec) to propagate the system up to 1 ps for different initial
states of the heat bath.

Initial state DVR TDDVR(CF)
(0,0) 161505 63137
(0,2) 164819 62662

We have also investigated the dynamics of the reaction co-ordinate, s, without
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heat bath coupling for different initial kinetic energies (psc
) of the wavepacket. Figs.

3.11 display respectively the tunneling probability (Ptunn(t)) and the time - averaged

tunneling rate (P av
tunn(t)) as functions of time with the initial kinetic energy, K0 = 5

Å−1 (psc
= h̄K0) and their comparison with DVR results.
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Figure 3.11: Comparison of quantum - classical (TDDVR) and quantum (DVR)
results of the (a) tunneling probability (Ptunn) (b) time average tunneling rate (P av

tunn)
as a function of time with N = 100. The system is not coupled to a heat bath and
the initial kinetic energy of wavepacket, K0 = 5 Å−1.

Fig. 3.12 shows the dynamics of the center of the wavepacket, sc, as a function
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of time. We notice a distinct difference between the trajectories when the wavepacket

is coupled to a heat bath or is driven by an initial kinetic energy. If the system is

coupled to a heat bath, trajectories oscillate with a mean value which is always away

from the barrier. On the other hand, initial kinetic energy driven trajectory is always

close to the barrier. Both the features are quite expected on the physical grounds.
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Figure 3.12: The center of the wavepacket, sc, as a function of time for the quantum
- classical calculations shown in Fig. 3.11 where sc(t = 0) = −0.5 Å.

When the system is coupled to a heat bath, it spends most of the time interacting with

bath modes and get little time to hit the barrier. On the other hand, an initial kinetic

driven trajectory is forced to hit the barrier. This feature is further emphasized by the

increase in both the tunneling probability and the time - averaged tunneling rate in

comparison to when the system is coupled to bath modes.

Fig. 3.13 demonstrates the tunneling probability (Ptunn) at a particular time

(1 ps) as functions of initial kinetic energies (K0s). Excellent agreement with the

corresponding quantum results verifies the accuracy and supremacy of the proposed

quantum - classical method (TDDVR).
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Figure 3.13: Comparison of quantum - classical (TDDVR) and quantum (DVR)
results of the tunneling probability (Ptunn) at a particular time (1 ps) as a function
of initial kinetic energy (K0) of the wavepacket.

Table 3.3 presents CPU time (sec) to propagate the wavepacket localized in the

minimum of the left well for different initial kinetic energies (K0) and found TDDVR

propagations to be faster than the corresponding DVR counterpart.

Table 3.3: CPU time (sec) to propagate the wavepacket up to 1 ps for different initial
kinetic energy (psc

).

K0 DVR TDDVR(CF)
1 7940 3003
3 7733 3241
5 7956 3624
7 7727 3769

K0 DVR TDDVR(QF)
0 7547 6425

Finally, we have performed dynamical calculations using the rigorous expression

of ṗsc
(Eq. (D9) instead of Eq. (3.2.10)) where the system is not coupled to bath

modes. Figures 3.14 show (a) the tunneling probability [Ptunn(t)] and (b) time -

averaged tunneling rate [P av
tunn(t)] as functions of time with zero initial kinetic energy

[psc
(t = 0) = 0] and excellent agreements with quantum results are obtained. Most
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interesting results are displayed in Fig. 3.15 where sc s, obtained by using classical

force (CF) (Eq. (3.2.10)) and quantum force (QF) (Eq. D9) respectively, are plotted

as a function of time. When we localize initial wavepacket at the minimum of the left

well (sc(t = 0) = −
√

2a0/c0), CF (
∂V (s)
∂s

∣∣
s=sc(t=0)

) will be zero and the center of the

wavepacket, sc(t), will remain at the same point for all the time. On the contrary,

(a)
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Ptunn

Time 10−14 sec

DVR
TDDVR(QF)
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Figure 3.14: Comparison of quantum - classical (TDDVR(QF)) and quantum (DVR)
results of the (a) tunneling probability (Ptunn) (b) time average tunneling rate (P av

tunn)
as a function of time with N = 100. The system is not coupled to a heat bath and
the initial kinetic energy of wavepacket, psc

, is zero.

QF not only drives the movement of the center of the wavepacket, sc, deep inside
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the barrier but also can possibly lead to a time - dependent effective potential and

thereby, help to understand the mechanism of a tunneling process. CPU time taken

to perform TDDVR(QF) calculation with zero initial kinetic energy is given in Table

3.3. Preliminarily, we see TDDVR(QF) (Eqs. (3.2.9), (D9) and (3.2.11)) is slower

than TDDVR(CF) (Eqs. (3.2.9) - (3.2.11)) but slightly faster than the DVR.
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Figure 3.15: scs as a function of time for the quantum - classical calculation with
CF and QF where, in both the cases, sc(t = 0)=− 0.5 Å.
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CHAPTER IV

APPLICATION TO NON-ADIABATIC

TRANSITION

4.1 Introduction

There is considerable current interest [28, 55–80] in exploring quantitative techniques

of molecular dynamics in the realm of electronically nonadiabatic processes [81–145].

We apply our method to the models [146] where typical non - adiabatic effects such as

“trapping” and “Stueckelberg” oscillations are planted, to calculate transition prob-

abilities, and thereby, compare with exact quantum results.

On the other hand, for the dynamics of reactive and non - reactive scattering pro-

cesses in the presence of electronically non-adiabatic effects, [28, 64–76] we formulate

our quantum - classical method for multi - dimensional multi - surface systems and

apply it to the quasi - Jahn - Teller model where typical non - adiabatic effects are

present. Here also we calculate transition probabilities and compare with traditional

quantum results.

Moreover, we consider the single surface Extended Born - Oppenheimer (EBO)

Hamiltonians for quasi - “JT scattering” model [70, 74] to calculate state - to -

state transition probabilities. It is well known that calculated reactive transition

probabilities undergo a very sharp change of symmetry from even → even to even

→ odd as the single surface Hamiltonian includes the non - adiabatic effects arising

from excited state(s). We formulate the matrix equations of motion for both the EBO

Hamiltonians by using DVR and TDDVR approaches and explore with a motivation

whether TDDVR can follow this sharp change of transition probabilities with the
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change of effective KE of the Hamiltonian and quantitatively reproduce the DVR

results.

4.2 The one dimensional models and TDDVR

equations of motion

4.2.1 Simple avoided crossing

The first model is defined in the diabatic representation with the following interac-

tions,

V11 = A[1 − exp(−Bs)], s > 0,

V11 = −A[1 − exp(Bs)], s < 0,

V22 = −V11(s),

V12 = V21 = C exp(−Ds2) (4.2.1)

From quantum calculations, we expect slight tunneling on the ground adiabatic

curve at momentum k < 4.5 a.u. and there is a trapping in the range 8 < k < 11

a.u. due to the well of the upper adiabatic curve apart from usual reflection and

transmission on both the adiabatic curves.

4.2.2 Dual avoided crossing

The second model is much more challenging. It has two avoided crossings and can

exhibit quantum interference effect (Stueckelberg oscillations). The interactions in

the diabatic representation are

V11 = 0,

V22 = −A[1 − exp(−Bs2)] + E0,

V12 = V21 = C exp(−Ds2). (4.2.2)
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4.2.3 Extended coupling with reflection

The third model is probably the most difficult to address by using classical mechanical

based theory. Quantum calculations predict there will be substantial transmission on

the ground as well as on the excited adiabatic state and very small reflection on the

ground adiabatic state. The interaction in the adiabatic representation are

V11 = A, V22 = −A

V12 = B exp(Cs), s < 0,

V12 = B[1 − exp(−Cs)], s > 0. (4.2.3)

The parameters used in the above models are given in Table 4.1.

Table 4.1: Potential parameters [146] and other useful data. 1 ǫ̂ = 100 KJ/mol and
1 τ = 10−14 s.

Parameter Value unit
µ 1.0893 amu
Im A1(t=0) 0.5 amuτ−1

Re A1(t=0) 0.0 amuτ−1

Re γ1(t=0) 0.0 τ Å−2amu−1

Model I:
A 0.2624 ǫ̂
B 3.0236 Å−1

C 0.1312 ǫ̂
D 3.5711 Å−2

Model II:
A 2.6243 ǫ̂
B 0.9999 Å−2

E0 1.3121 ǫ̂
C 0.3936 ǫ̂
D 0.2143 Å−2

Model III:
A 0.0157 ǫ̂
B 2.6244 ǫ̂
C 1.7008 Å−1
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Figure 4.1: Adiabatic potential energy curve as a function of position s. (a) Simple
avoided crossing, (b) Dual Avoided crossing and (c) Extended coupling with reflection.
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4.2.4 TDDVR equation of motion

The equation of the motion on the kth curve, in matrix form, is

ih̄AĊk = Ht

kk
Ck + A

∑

l 6=k

VklCl (4.2.4)

with a similarity transformation, takes the form

ih̄Ḋk(t) = A−1/2Ht

kk
A−1/2Dk +

∑

l 6=k

VklDl (4.2.5)

where Dk = A1/2Ck.

The explicit expression of an element of the time - dependent DVR Hamiltonian

matrix, Ht (Appendix B) is,

{Hkk}t
i,j =

[
ṗsc

(t) × 1

2
×
√

h̄

ImA
×Xi,j +

µṡ2
c(t)

2
×Ai,j

+
h̄ImA

µ
× Yi,j −

h̄ImA

2µ
× Zi,j + Vkk(si) × Ai,j

]
, (4.2.6)

Similarly the classical path equations can be written as

ṡc(t) =
psc

(t)

µ
(4.2.7)

ṗsc
(t) = −

〈
Ξ(s, t)

∣∣∣
dV̂ (s)

ds

∣∣∣
s=sc(t)

∣∣∣Ξ(s, t)
〉

(4.2.8)

where the classical force is evaluated by substituting the matrices, Ξ(s, t) and V̂ (s)

(Eqs. (2.2.3) and (2.2.2) respectively). Using Dirac - Frenkel variational principle

[37], we have arrived at a rigorous expression of ṗsc
for non - adiabatic processes by

minimizing the following integral (Appendix D),

I =

∫
ds
(
− ih̄

∂Ξ⋆(s, t)

∂t
−H(ps, s)Ξ

⋆(s, t)
)

×
(
ih̄
∂Ξ(s, t)

∂t
−H(ps, s)Ξ(s, t)

)
, (4.2.9)

with respect to ṗsc
. At this point, it is important to note that compared to earlier

versions [16, 17] only the present form of TDDVR [36] has the scope for the variational

93

TH-421_02612202



derivation of the evolution equation for psc
. The compact form of ṗsc

in Eq. (D6)

(Appendix D) can further be simplified when we replace S
(1)
ij by S

(1)
ij δij as first order

term (s− sc(t)) is diagonal in DVR (Table 2.2), leading to

ṗsc
(t) =

∑

k

∑

ij

c⋆ik(t)cjk(t)
{2ImA2

µ

[
S

(2)
ij

S(1)⋆

ii

Aii
− S

(3)
ij

]
− h̄ImA

µ

[
Rij

S(1)⋆

ii

Aii
− T ⋆

ij

]}

/ [∑

k

∑

i

c⋆ik(t)cik(t)
S(1)⋆

iiS
(1)
ii

Aii

−
∑

k

∑

ij

c⋆ik(t)cjk(t)S
⋆(2)
ij

]
(4.2.10)

We have applied our quantum - classical method on the above three model prob-

lems [146] and in all the cases, we have also calculated accurate quantum mechanical

(DVR/FFT) results for comparison. Each of these models is a two - state one - dimen-

sional system. Considering the mass of these systems, we may anticipate significant

quantum effect associated with their motion and classical mechanics has no hope of

reproducing these results.

4.2.5 Initialization, propagation and projection

Quantum mechanical calculations have been carried out by using DVR method while

in few cases FFT based technique was used. Quantum - classical results are obtained

from the TDDVR approach proposed here.

The initial amplitudes of the DVR wavefunction at the grid - points (sis) were

calculated from GWP (Φ(si, t0)) centred around sc(t = 0) = −4Å with it’s momentum

vector, k0 and the imaginary part of the width, ImA = 0.4 amu/τ (1τ = 10−14 sec):

Φ(si, t0) =
[2ImA

πh̄

]1/4

× exp
[
ik0(si − s0) −

ImA

h̄
(si − s0)

2
]
. (4.2.11)

In case of DVR, only Eq. (4.2.5) was solved to see the dynamics and all the

terms containing classical variable(s) in the Hamiltonian matrix (Eq. (4.2.6)) were

dropped during propagation. At the same time, in FFT - Lanczos propagation we

have used the initial amplitudes calculated from GWP in the presence of proper

absorbing potential.
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Similarly, the initial amplitudes of the TDDVR wavefunction at the grid - points

(sis) were obtained from GWP (Φ(si, t0)) with the same numerical values of the

parameters as used in DVR except that k0 was chosen to be zero, leading to

Φ(si, t0) =
[2ImA

πh̄

]1/4

× exp
[
− ImA

h̄
(si − s0)

2
]
. (4.2.12)

During the TDDVR propagation, Eqs. (4.2.5), (4.2.7) and (4.2.8) or Eq. (4.2.10)

were solved simultaneously with psc
(= h̄k0) entering as a classical variable through

Eq. (4.2.7) and also through the first two terms of the Hamiltonian matrix (Eq.

(4.2.6)).

Using the properties of the DVR or TDDVR basis functions, we can write nor-

malized amplitudes,

di1(t = 0) = A
−1/2
i,i Φ(xi) (4.2.13)

In all the quantum and quantum - classical calculations, wavepacket was pre-

pared on the lowest adiabatic state (dad
i1 ≡ di1) and diabatized (Ddia = TDad where

V̂ad(s) = T†V̂dia(s)T) before propagation started. Equations of motion were inte-

grated until the wavepacket or particle or both had completely left the interaction

region.

The reflection or transmission probabilities on both the adiabatic curves can be

calculated by using the time - dependent coefficient dad
ik s in the adiabatic representa-

tion,

P (t) =

∫ ∞

−∞

dsΞad†(s, t)Ξad(s, t) =
∑

l

∫ ∞

−∞

dsΨad
l (s, t)⋆Ψad

l (s, t) =
∑

l

Pl(t) = 1

=
∑

l

∑

i

cad⋆

il(t)c
ad
il (t)

∑

kk′

ξ⋆
k(xi)ξk′(xi)

∫ ∞

−∞

Φ′⋆k (s′, t)Φ′k′(s′, t)ds′

≈
M∑

l=1

N∑

i=1

|cad
il (t)|2Ai,i

=

M∑

l=1

N∑

i=1

|dad
il (t)|2, (4.2.14)
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where M is the number of curves involved in the calculations. Hence total probability

of finding the system on a particular curve is,

Pl(t) =

N∑

i=1

|dad
il (t)|2, (4.2.15)

where transmission and reflection are defined as,

P tran
l (t) =

∑

i>i⋆

|dad
il (t)|2, (4.2.16)

P ref
l (t) =

∑

i<i⋆

|dad
il (t)|2. (4.2.17)

4.2.6 Results and Discussion

A. Simple avoided crossing

In Figs. 4.1(a) and 4.1(b), we present the convergence profile of transmission

probability on the ground adiabatic state at momentum k0 = 10 a.u. as functions of

time with increasing number of grid - points (N). At this energy, sufficient transmission

on the excited state also occurs (see Fig. 4.2(c)). Figure 4.1(a) indicates quantum

results have reached the convergence at least with 200 DVR grid - points whereas

quantum - classical calculations as shown in Fig. 4.1(b) have achieved the same level

of accuracy even with less than 50 TDDVR grid - points.

This model is interesting as well as challenging for total energy below the asymp-

totic energy of the upper adiabatic potential energy curve (i.e. E < 0.02 a.u. ≡ k0

= 9.0 a.u.). It is expected that the upper adiabatic curve is classically closed for the

particle below this energy. At momentum k0 < 4.5 a.u. classical particle can not cross

the barrier of the lower adiabatic state and is reflected with cent percent probability.

On the other hand, quantum mechanically neither the upper adiabatic curve is closed

below the energy E < 0.02 a.u. nor 100 % reflection on ground adiabatic state can

occur below the momentum k0 < 4.5.

Figures. 4.2(a) - (c) compare transmission and reflection probabilities calculated

by the TDDVR recipe and traditional quantum mechanical method on both the curves
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Figure 4.2: Simple avoided crossing model. Transmission probability on the ground
adiabatic state as functions of time for (a) N=100, N=150, N=200 and N=350 (DVR)
(b) N=50, N=100 (TDDVR), and N=350 (DVR).

and show excellent quantitative agreement between our TDDVR and quantum results

for the entire energy range. Fig. 4.2(a) clearly indicates that the present quantum -

classical method can quantitatively reproduce the transmission due to tunneling below

k0 < 4.5 and over barrier crossing above k0 > 4.5. As the grid - points (si s) move

around the central trajectory (sc) and amplitudes of the grid - points changes with

time, TDDVR essentially behave like a multi - trajectory approach and can mimic

97

TH-421_02612202



(a)

0

0.2

0.4

0.6

0.8

1

0 5 10 15 20

P tran
g

k0 (a.u.)

TDDVR
DVR

+ + +
+

+

+

+

+

+

+

+

+
+

+ + + + +
+ +

+ + + + + + + + + + + + + + + + +

+

(b)

0

0.2

0.4

0.6

0.8

1

0 5 10 15 20

P ref
g

k0 (a.u)

TDDVR
DVR

+ +
+

+

+

+

+

+

+

+

+

+
+ + + + + + + + + + + + + + + + + + + + + + + +

+

0

0.002

0.004

0.006

0.008

0.01

0.012

8 9 10 11 12 13 14 15

+

+

+

+

+

+

+

+ + +
+ + + + +

(c)

0

0.1

0.2

0.3

0.4

0.5

0.6

0 5 10 15 20

P tran
e

k0 (a.u.)

TDDVR
DVR

+ + + + + + + + + + + + + +
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+

Figure 4.3: Simple avoided crossing model. Comparison of TDDVR and DVR results
of (a) transmission probability on the ground adiabatic state, (b) reflection probability
on the ground adiabatic state and (c) transmission probability on the excited adiabatic
state as functions of initial kinetic energy (h̄k0). TDDVR and DVR calculations were
performed with 50 and 350 grid - points respectively.

98

TH-421_02612202



the reflection due to trapping of the particle. Fig. 4.2(b) demonstrates reflection on

the ground around k0 ≈ 10.5 a.u. due to temporary trapping of the particle in the

well of the upper adiabatic state. Moreover, the transmission on upper state (Fig.

4.2(c)) increases gradually even below the asymptotic energy of upper adiabatic state

(E < 0.02 a.u. ≡ k0 < 9 a.u.) indicating that the present method as expected can

access the upper state when it is classically closed.
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Figure 4.4: (a) Simple avoided crossing model. The center of the wavepacket, sc, and
it’s momentum, psc

as functions of time, (b) Few DVR grid - points (si) and TDDVR
grid - points (si(t)) as functions of time.
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Fig. 4.3(a) display “classical” momentum (psc
) as well as the central trajectory

(sc) as functions of time for two different initial momentum k0 = 4.0 and 4.5 a.u..

At k0 = 4.0 a.u. trajectory comes back to the negative s with a reverse “classical”

momentum whereas at k0 = 4.5 a.u. the trajectory passes over the barrier but it

seems the particle is not moving between 6 - 9 τ which is again corroborated by

sudden decrease of momentum within the same period of time. Fig. 4.3(b) exhibits

the movement of few TDDVR grid - points (si(t)) around the central trajectory sc(t)

as functions of time (k0 = 3 a.u.). As the grid - points move towards the reactive side

(dictated by classical Eqs. (4.2.7) and (2.2.11)) and the amplitude of the wavefunction

at those grid - points changes with time (quantum Eq. (4.2.5)), it becomes possible to

cover the reactive side and achieve the required convergence with very small number

of TDDVR grid - points.

B. Dual avoided crossing

Figs. 4.4(a) - (b) demonstrate the convergence profiles of ground state transmis-

sion probabilities at momentum k0 = 24 a.u. as functions of time. As the interaction

region of this model is spread over a long range, quantum calculations require a very

large grid to cover the entire configuration space. Fig. 4.4(a) shows that the conver-

gence is achieved at least with 350 DVR grid - points when the initial wavepacket

is located around - 5Å. On the other hand, as grid - points move in TDDVR, only

50 grid - points are sufficient to reach the convergence (Fig. 4.4(b)) with the same

starting position of the initial wavepacket.

Figs. 4.5(a) - (c) exhibit excellent quantitative agreement between traditional

quantal and present results at all energies, particularly it is impressive at energies

below loge(E) < - 3 (a.u.). As the model has two avoided crossing, it shows strong

Stueckelberg oscillations due to quantum interference effect. The present method can

reproduce all these oscillations even at very low energies. At energies below loge(E) <

- 3 (a.u.), asymptotically the excited adiabatic state is not classically accessible but
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at these energies or even much further below, the well of the excited adiabatic state

can influence the ground state. When the flux is trapped in this well, the probability

of reflection and quantum interference effects due to non - adiabatic transitions may

compete with each other.
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Figure 4.5: Dual avoided crossing model. Transmission probability on the ground
adiabatic state as functions of time for (a) N=300, N=350, N=400 and N=450 (DVR)
and (b) N=50, N=100 (TDDVR), and N=450 (DVR).

Fig. 4.5(b) displays significant reflection below loge(E) < - 3.5 (a.u.) which

is at par with quantum results. At this point, we wish to specify that calculated
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Figure 4.6: Dual avoided crossing model. Comparison of TDDVR and DVR results of
(a) transmission probability on the ground adiabatic state, (b) reflection probability
on the ground adiabatic state and (c)transmission probability on the excited adiabatic
state as functions of initial kinetic energy (h̄k0). TDDVR and DVR calculations were
performed with 50 and 450 grid - points respectively.
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transmission and reflection probabilities on the same model using different versions

of trajectory surface hopping method [80, 146] have reasonably good agreement with

quantum results at higher energies (loge(E) > -2 (a.u.)) but at lower energies

(loge(E) < -2 (a.u.)) agreements are not as good. “Classical” momentum (psc
) as

well as the central trajectory (sc) are shown in Fig. 4.6 as functions of time. At

k=3.0 a.u. the trajectory moves very fast between 6 -9 τ with a sudden increase in

momentum.
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Time 10
−14
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Figure 4.7: Dual avoided crossing model. The center of the wavepacket, sc, and it’s
momentum, psc

as functions of time.

C. Extended coupling with reflection

Since the potential energy coupling V12 of this model does not vanish even at s→

∞, diabatic states are coupled asymptotically and it is difficult to perform traditional

quantum calculations (DVR/FFT) in this situation. Of course as the ∇V12 vanishes

as s → ∞, with a large grid and only at high energies (k0 > 10 a.u.) one can obtain

converged results by propagating wavepackets by fast fourier transformation (FFT)

based technique. The present method, however can perform diabatic calculations

with this kind of interactions even at very low energies. When the central trajectory
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Figure 4.8: Extended coupling with reflection model. Comparison of TDDVR and
FFT-Lanczos results of (a) transmission probability on the ground adiabatic state, (b)
transmission probability on the excited adiabatic state as functions of initial kinetic
energy (h̄k0). TDDVR and FFT calculations were performed with 50 and 1024 grid
- points respectively.

(sc) of TDDVR is sufficiently away from the point where ∇V12 = 0, we switch from

diabatic to adiabatic TDSE to avoid numerical artifact. It means outside the interac-

tion region we have performed adiabatic calculations whereas in the interaction region

diabatic calculations were done to include important quantum features. Figures 4.7(a)

and (b) present transmission probabilities on ground and excited state, respectively.
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Our TDDVR results were obtained for the entire energy range and quantum results

were calculated only for higher energies (k0 ≥ 10 a.u.). If we compare our TDDVR

results with the fully quantum ones, the agreement is quantitatively excellent and

impressive showing that our method is potentially exact.

4.3 The Born - Oppenheimer treatment, multi -

dimensional models and TDDVR equations

of motion

4.3.1 The Born - Oppenheimer Treatment

The Schroedinger equation in the adiabatic representation that describes the mo-

tion of the electrons and nuclei, can be integrated over electronic co-ordinates and

expressed as,

− h̄2

2µ

M∑

l′

[{
∇2δll′ + 2τ

(1)
ll′ .∇ + τ

(2)
ll′

}
Ψl′({sk})

]

+
[
Ul({sk}) − E

]
Ψl({sk}) = 0 (4.3.1)

τ
(1)
ll′ = 〈ζl|∇ζl′〉; τ

(2)
ll′ = 〈ζl|∇2ζl′〉 (4.3.2)

T{sk} = − h̄2

2µ
∇2 = − h̄2

2µ

( ∂2

∂s12 +
∂2

∂s22 + · · · + ∂2

∂sp2

)
(4.3.3)

where Ψl({sk})s are considered to be the nuclear wavefunctions associated with dif-

ferent electronic states and ζls form a complete set of electronic eigenfunctions which

depend on the nuclear coordinates parametrically.

When we concentrate on a two dimensional two surface system, Eq. (4.3.1) becomes,

[
− h̄2

2µ
∇2 + Ū1 − E

]
Ψ1(s

1, s2) − h̄2

µ
τ (1).∇Ψ2(s

1, s2)

− h̄2

2µ
∇τ (1)Ψ2(s

1, s2) = 0 (4.3.4)

[
− h̄2

2µ
∇2 + Ū2 − E

]
Ψ2(s

1, s2) − h̄2

µ
τ (1).∇Ψ1(s

1, s2)

− h̄2

2µ
∇τ (1)Ψ1(s

1, s2) = 0 (4.3.5)
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where Ūls are defined as, Ūl = Ul + (h̄2/2µ)(τ (1))2; l = 1, 2 and we have made use of

the fact that τ (2) = ∇.τ (1) + (τ (1))2.

It turns out that Born - Oppenheimer (BO) treatment leads to a nuclear Hamilto-

nian that contains non-diagonal kinetic energy operators. This fact guarantees that

the nuclear wavefunctions will be of the right symmetry to ensure an overall electronic

- nuclear single - valued solution. The operators which govern the symmetry features

of the solution, are the non-adiabatic coupling terms and therefore it is always im-

portant to incorporate them. When we ignore the non - adiabatic coupling terms,

the ordinary BO approximation will yield the equation,

[
− h̄2

2µ
∇2 + Ul −E

]
Ψl(s

1, s2) = 0, l = 1, 2. (4.3.6)

The general form of electronic eigenfunctions in the adiabatic representation for a

two dimensional two surface system can be expressed with the following orthogonal

basis functions,

ζ1 =




cos θ

− sin θ



 and ζ2 =




sin θ

cos θ



 (4.3.7)

where the angle θ depends on the nuclear coordinates as s1 = q sin θ and s2 = q cos θ.

Substituting ζ1 and ζ2 in Eqs. (4.3.4) - (4.3.5), we can rewrite these two coupled

equations as,

[
Tq,θ + Ū1 −E

]
Ψ1 −

h̄2

2µq2

∂

∂θ
Ψ2 = 0, (4.3.8)

[
Tq,θ + Ū2 −E

]
Ψ2 +

h̄2

2µq2

∂

∂θ
Ψ1 = 0, (4.3.9)

where

Tq,θ = − h̄2

2µ

[ ∂2

∂q2
+

1

q

∂

∂q
+

1

q2

∂2

∂θ2

]
and Ūl = Ul +

h̄2

8µq2
, l = 1, 2
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We can solve Eqs. (4.3.8) - (4.3.9) as such but we may prefer to do it by trans-

forming to the diabatic representation:




Ψad

1

Ψad
2



 =




cos θ

2
− sin θ

2

sin θ
2

cos θ
2








Ψdia

1

Ψdia
2



 (4.3.10)

In the diabatic representation, kinetic coupling vanishes and potential energy takes

the following matrix form: [69]

W11 =
1

2

[
U1 + U2 + (U1 − U2) cos θ

]
,

W22 =
1

2

[
U1 + U2 − (U1 − U2) cos θ

]
,

W12 =
1

2

[
(U1 − U2) sin θ

]
. (4.3.11)

Similar transformation can be introduced for the adiabatic Schroedinger Eq. (4.3.1)

with three electronic states. Without losing generality, following vectors are consid-

ered as the orthogonal basis functions for three electronic states: [75]

η1 =





cosα cos β

sinα cosβ

sin β




η2 =





cosα sin β sin γ + sinα cos γ

sinα sin β sin γ − cosα cos γ

− cosβ sin γ





η3 =





− cosα sin β cos γ + sinα sin γ

− sinα sin β cos γ − cosα sin γ

cosβ cos γ




(4.3.12)

where angles α, β and γ depend on nuclear coordinates and can be evaluated numer-

ically by solving the differential equation given below,

∇A + τA = 0 (4.3.13)

with A and τ are adiabatic - diabatic transformation (ADT) matrix and non - adia-

batic coupling matrix, respectively. The Adiabatic - Diabatic Transformation (ADT)
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matrix [75] for three state system has the following form,

T =





cosα cosβ sinα cos β sin β

− sinα cos γ cosα cos γ cosβ sin γ

− cosα sin β sin γ − sinα sin β sin γ

sinα sin γ − cosα sin γ cosβ cos γ

− cosα sin β cos γ − sinα sin β cos γ





(4.3.14)

4.3.2 Multi - dimensional models: The quasi - Jahn - Teller “scattering”
model

We have studied a two coordinate quasi -“JT scattering” model in which the harmonic

oscillator potential and linear coupling term are replaced by more general potentials.

The adiabatic PESs Ul, l = 1, 2, 3 are given below,

U1(s
1, s2) =

1

2
µ(ω0 − ω̃1(s

1))2(s2)2 + AA× f(s1, s2)

U2(s
1, s2) =

1

2
µω2

0(s
2)2 − (DD −AA) × f(s1, s2) +DD

U3(s
1, s2) =

1

2
µω2

0(s
2)2 − (DD1 − AA) × f(s1, s2) +DD1 (4.3.15)

where s1 and s2 are the Cartesian coordinates (define in the intervals: −∞ ≤ s1 ≤ ∞

and −∞ ≤ s2 ≤ ∞) related to the polar coordinate q and θ. In this model, s1 is

the reaction coordinate (translational) and s2 is the internal (vibrational) coordinate.

The function ω̃1(s
1) is an s1 dependent function of the following form,

ω̃1(s
1) = ω1 exp((− s1

σ1
)2) (4.3.16)

and f(s1, s2) is chosen to be a Gaussian which peaks at (0,0),

f(s1, s2) = exp
(
− (s1)2 + (s2)2

σ2

)
(4.3.17)
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With this choice, the three adiabatic PESs are well separated from each other and

touch only at the origin (transition state). We have considered that s1 → ∞ is the

reagents asymptote and s1 → −∞ is the products asymptote.

The parameters used in Eqs. (4.3.15) - (4.3.17) are given in Table 4.2.

Table 4.2: Potential energy parameters used for the quasi - Jahn - Teller “scattering”
model.

Parameter value unit
µ 0.58 amu
AA 3.0 eV
DD 5.0 eV
DD1 10.0 eV
σ 0.30 Å
σ1 0.75 Å
ω0 39.14 × 1013 s−1

ω1 7.83 × 1013 s−1

4.3.3 TDDVR equations of motion

The evolution equation for quantum motion on the lth surface in a compact matrix

form,

ih̄AĊl = Ht

ll
Cl + A

∑

l′ 6=l

Vll′Cl′ (4.3.18)

which can be reorganized into a more convenient form by a similarity transformation,

ih̄Ḋl(t) = A−1/2Ht

ll
A−1/2Dl +

∑

l′ 6=l

Vll′Dl′ (4.3.19)

where Dl = A1/2Cl.

The explicit expression of an element of the TDDVR coefficients, di1i2....ip,l is,

ih̄ḋi1i2....ip,l =
1

2

{∑

k

ṗsk
c

√
h̄

ImAk
X̄k

ikik

}
di1i2....ip,l +

{∑

k

µ(ṡk
c )

2

2

}
di1i2....ip,l

+ Vll(i1i2....ip)di1i2....ip,l +
∑

l′ 6=l

Vll′(i1i1....ip)di1i2....ip,l′

+
∑

k

{ h̄ImAk

2µ

∑

i′
1
i′
2
....i′p

{
2Ȳ k

iki′
k
− Z̄k

iki′
k

}
di′

1
i′
2
...i′p,l

p∏

k′ 6=k

δik′ i′k′

}
, (4.3.20)
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and the classical path equations for the kth mode is

ṡk
c (t) =

psk
c
(t)

µ
(4.3.21)

ṗsk
c
(t) = −

〈
Ξ({sk}, t)

∣∣∣
dV̂ ({sk})

dsk

∣∣∣
sk=sk

c (t)

∣∣∣Ξ({sk}, t)
〉

(4.3.22)

where the classical force is evaluated by substituting the matrices, Ξ({sk}, t) and

V̂ ({sk}) (Eqs. (2.3.3) and (2.3.4)), respectively.

Using Dirac-Frenkel variational principle [37], we now arrive at a rigorous expres-

sion of ṗsk
c

for multi-dimensional multi-surface systems by minimizing the following

integral,

I =

∫ (
− ih̄

∂Ξ⋆({sk}, t)
∂t

−H({pk
s}, {sk})Ξ⋆({sk}, t)

)

×
(
ih̄
∂Ξ({sk}, t)

∂t
−H({pk

s}, {sk})Ξ({sk}, t)
) p∏

k=1

dsk, (4.3.23)

with respect to {ṗsk
c
}. When this derivation (!!!) is done, {ṗsk

c
} takes the following

form,

ṗsk
c
(t) =

∑

l

∑

iki′
k

c⋆iii2..ik..ip,l(t)ci1i2..i′
k
..ip,l(t)

×
{2(ImAk)2

µ

[
S

(2)
iki′

k

S(1)⋆

ikik

Aikik

− S
(3)
iki′

k

]
− h̄ImAk

µ

[
Riki′

k

S(1)⋆

ikik

Aikik

− T ⋆
iki′

k

]}

/
[∑

l

∑

ik

c⋆i1i2..ik..ip,l(t)ci1i2..ik..ip,l(t)
S(1)⋆

ikik
S

(1)
ikik

Aikik

−
∑

i

∑

iki′
k

c⋆i1i2..ik..ip,l(t)ci1i2..i′
k
..ip,l(t)S

⋆(2)
iki′

k

]
(4.3.24)

4.3.4 Initialization and projection

Quantum mechanical calculations have been carried out by using DVR as well as

FFT based methods while quantum - classical results are obtained from the TD-

DVR approach. Both in the DVR and TDDVR cases, we need to specify the initial

wavefunction to initialize the d vector (Eq. (4.3.20)). As we wish to investigate the
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reaction dynamics on the ground electronic state, the corresponding nuclear wave-

function at t = 0 is expanded in terms of traditional basis functions as well as in the

DVR basis set leading to

Ψ1(s
1, s2, t = 0) =

∑

kl

akl,1Φk(s
1)ξl(s

2)

=
∑

ij

cij,1

N1∑

n=0

ξn(x1
i )Φn(s1)

N2∑

m=0

ξm(x2
j )Φm(s2) (4.3.25)

Since GWP and harmonic oscillator wavefunctions can represent translational (s1)

and vibrational (s2) motion respectively, and both are members of Gauss - Hermite

basis set, we can set the initial wavefunction as the product of GWP and pth eigen-

function of the harmonic oscillator,

akl,1(t0) = δk,0δl,p (4.3.26)

Hence one can rewrite Eq. (4.3.25) in the following form,

Φ0(s
1)ξp(s

2) =
∑

ij

cij,1

N1∑

n=0

ξn(x1
i )Φn(s1)

N2∑

m=0

ξm(x2
j )Φm(s2) (4.3.27)

Using the properties of DVR basis as defined in Eq. (2.3.13), we can simplify Eq.

(4.3.25) as,

Φ0(s
1
i )ξp(s

2
j ) = cij,1

N1∑

n=0

ξn(x1
i )Φn(s1

i )

N2∑

m=0

ξm(x2
j )Φm(s2

j)

= cij,1A
1
iiA

2
jj (4.3.28)

Alternatively, Eq. (4.3.28) can be rearranged to define the vector d,

dij,1 = cij,1

√
A1

iiA
2
jj =

Φ0(s
1
i )ξp(s

2
j)√

A1
iiA

2
jj

(4.3.29)

The initial amplitudes of the DVR/TDDVR wavefunction are calculated at those

grid - points (sk
ik
, k = 1, 2) defined in Eq. (2.3.12). In the case of quantum (DVR)
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propagations, the amplitudes of GWP are calculated by including the momentum

vector k0 in its’ exponent,

Φ0(s
1
i , t0) =

[2(ImA1)2

πh̄

]1/4

× exp
[
ik0(s

1
i − s1

0) −
ImA1

h̄
(s1

i − s1
0)

2
]
, (4.3.30)

and only Eq. (4.3.20) is solved to monitor the dynamics and all the terms containing

classical variable(s) are dropped while propagating the packet.

On the other hand, in the case of quantum - classical propagations, contribution

of the GWP on the initial amplitudes are calculated from,

Φ0(s
1
i , t0) =

[2(ImA1)2

πh̄

]1/4

× exp
[
− ImA1

h̄
(s1

i − s1
c)

2
]
, (4.3.31)

where the momentum vector k0 in the exponent of GWP is set to zero but it enters as

a classical variable ( p1
sc

= h̄k0 ) through Eqs. (4.3.21) and (4.3.20). In the TDDVR

propagation, Eqs. (4.3.20) - (4.3.22) or Eq. (4.3.24) are solved simultaneously.

In order to calculate energy resolved state - to - state (vibrational) reactive and

non - reactive transition probabilities on the ground electronic state, we need to

project on a different basis as for example the product of plane waves and vibrational

wavefunctions of harmonic oscillator,

Ψ1(s
1, s2, t) =

∑

nl

a±nl,1(t) exp(±ikn
0 s

1)ξl(s
2)

=
∑

ij

cij,1(t)

N1∑

n=0

ξn(x
1
i )Φn(s1)

N2∑

m=0

ξm(x2
j )Φm(s2) (4.3.32)

Hence the expansion coefficients (anl,1) can be written as,

a±nl,1 =
1√
2π

( h̄

2ImA1

) 1

2

( h̄

2ImA2

) 1

2
∑

ij

cij,1(t)
∑

nm

ξn(x
1
i )ξm(x2

j )

×
∫

Φn(s1) exp(∓ikn
0 s

1)dx1

∫
Φm(s2)ξl(s

2)dx2 (4.3.33)

Since
∫
dxk(ξm(xk))2 = 1, and approximately we have

∫
dxk →

∑
i 1/A

(k)
ii at the roots
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(xk
ik

) of the Hermite polynomial, we can further simplify Eq. (4.3.33) as,

a±nl,1 =
1√
2π

( h̄

2ImA1

) 1

2

( h̄

2ImA2

) 1

2
∑

ij

dij(t)√
A1

iiA
2
jj

× exp{ i
h̄

(p1
sc

(s2
i − s1

c)} exp{ i
h̄

(p2
sc

(s2
j − s2

c)}

× exp(∓ikn
0 s

1
i )ξl(s

2
j) (4.3.34)

From these expansion coefficients we obtain the energy resolved state - to - state

reactive (P+
nl) and non - reactive (P−nl) transition probabilities on the ground electronic

state as,

P±nl←I0(E) =
kn

kI

|a±nl,1|2
P (kI , k0)

(4.3.35)

where

P = P+ + P− =
∑

nl

(P+
nl + P−nl)

P (kI , k0) = ∆x

√
2

π
exp(−2(∆x(kI − k0))

2)

Etot =
(h̄kn)

2

2µ
+ Evib

l =
(h̄kI)

2

2µ
+ Evib

0 (4.3.36)

4.3.5 Results and disscusion

We have solved the time - dependent Schroedinger equation in the diabatic repre-

sentation with two or three coupled PESs by using the DVR as well as the TDDVR

approach. Calculations are performed at four selected total energies 1.25, 1.75, 2.25

and 2.75 eV, respectively where the ground and the first excited diabatic states are

5.0 eV apart at the asymptotic region but intersect at 3 eV in the interaction region.

Similarly, second excited diabatic state intersects at 3 eV with the ground and first

excited states.

In Tables 4.3 and 4.4 we demonstrate various non - reactive and reactive state -

to - state transition probabilities, respectively on the ground adiabatic state at the

same four selected energies when calculations are performed with two diabatic PESs.
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Table 4.3: Non - reactive state - to - state transition probabilities when calculations
are performed on two diabatic surfaces.

E (eV) 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 5 0 → 6 0 → 7 0 → 8
1.25 0.6855a 0.0000 0.2167

0.6851b 0.0000 0.2172

1.75 0.4370 0.0000 0.1942 0.0000 0.1234
0.4368 0.0000 0.1950 0.0000 0.1246

2.25 0.2881 0.0000 0.1336 0.0000 0.0991 0.0000 0.0524
0.2862 0.0000 0.1320 0.0000 0.0983 0.0000 0.0531

2.75 0.1641 0.0000 0.0796 0.0000 0.0607 0.0000 0.0501 0.0000 0.0196
0.1652 0.0000 0.0799 0.0000 0.0607 0.0000 0.0500 0.0000 0.0196

a DVR
b TDDVR

Table 4.4: Reactive state - to - state transition probabilities when calculations are
performed on two diabatic surfaces.

E (eV) 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 5 0 → 6 0 → 7 0 → 8
1.25 0.0000 0.0815a 0.0000 0.0164

0.0000 0.0813b 0.0000 0.0166

1.75 0.0000 0.0526 0.0000 0.0598 0.0000 0.1287
0.0000 0.0538 0.0000 0.0575 0.0000 0.1295

2.25 0.0000 0.0112 0.0000 0.0560 0.0000 0.2326 0.0000 0.1275
0.0000 0.0116 0.0000 0.0540 0.0000 0.2299 0.0000 0.1323

2.75 0.0000 0.0016 0.0000 0.0401 0.0000 0.1669 0.0000 0.3164 0.0000
0.0000 0.0010 0.0000 0.0404 0.0000 0.1686 0.0000 0.3145 0.0000

a DVR
b TDDVR

In both these Tables, DVR results are shown in the first row whereas the results

of second row are obtained from the TDDVR approach. Table 4.3 indicates that non

- reactive transition probabilities apparently maintain same parity (even → even and

odd → odd) like Table 5.6 (see Chapter V) but magnitudes of transition probabilities

at high energies (2.25 and 2.75 eV) are affected due to non - adiabatic processes. On
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the other hand, non - adiabatic effect is so strong in case of reactive transition that

not only transitions occur in different parity (i.e. even → odd and odd → even) but

also the magnitudes of transition probabilities change (see Tables 5.7 and 4.4). At

this point, it is important to note that present quantum - classical treatment follows

correct symmetry as well as achieves high accuracy compared to the DVR results.
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Figure 4.9: (a) Comparison of TDDVR and DVR results of total non - reactive (P−)
and reactive (P+) transition probabilities on the ground adiabatic state as functions of
time where all calculations are performed in diabatic representation with two coupled
PESs. (b) Central trajectories (s1

c and s2
c) and their momenta (ps1

c
and ps2

c
) for both

the modes as functions of time. (c) Few TDDVR grid - points (trajectories) around the
central trajectory (s1

c) of the reaction coordinate and DVR grid - points as functions
of time. (d) Few momenta (p1

i ) associated with the TDDVR grid - points as functions
of time.

We have obtained excellent agreement between the quantum and quantum - clas-

sical results of non - reactive (P−) and reactive (P+) transition probabilities as func-

tions of time at the total energy 1.25 eV (see Fig. 4.8(a)). Time - dependent transition

probabilities obtained from TDDVR approach fluctuate around DVR results during

the interaction period but outside this period perfect matching is obtained. Again

we wish to mention that the quantum - classical calculations require 50 grid - points
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(trajectories) on the reaction coordinate whereas in the case of fully quantum cal-

culations, at least 200 grid - points are needed for converged results. Fig. 4.8(b)

shows central trajectories (s1
c and s2

c) and their associated momenta (ps1
c

and ps2
c
) as

functions of time.

Fig. 4.8(c) displays movements of few grid - points (trajectories) around the

central trajectory (s1
c) as functions of time. As the growth and decay of the amplitudes

at the grid - points occur with the displacement of grid - points (trajectories), this

quantum - classical approach attain convergence very fast. Fig. 4.8(d) presents the

change of few momenta (p1
i s)(Appendix E) associated with the corresponding grid

points (s1
i s) as functions of time. It is interesting to note that momenta of some grid

- points are more effectively changing than the others. In the reaction coordinate, an

initial positive momentum is given to the “classical” particle, the particle approaches

the barrier until its momentum becomes zero and finally comes back with a negative

momentum (see Fig. 4.8(b)). From Fig. 4.8(d), we see: (i) At t = 0, total “classical”

momentum is distributed over the grid - points (trajectories) but grid - points with

negative momenta accumulate higher magnitudes with time such that the overall

“classical” momentum (ps1
c
) decays; (ii) Before reaching the barrier, magnitudes of all

the momenta components approach zero so that overall “classical” momentum is zero

and simultaneously they change their sign; (iii) Again momenta of the grid - points

with positive magnitudes increase sharply which agree with the overall increment of

the momentum of the particle (ps1
c
).

In Tables 4.5 and 4.6 we present various non - reactive and reactive state - to - state

transition probabilities, respectively on the ground adiabatic state at the same four

selected energies when calculations are performed with three diabatic PESs. Both

Tables 4.5 and 4.6 indicate that non - reactive and reactive transition probabilities

are following same parity (even → even and odd → odd) like what we found in Tables

5.6 and 5.7 (see Chapter V), but magnitudes of transition probabilities at all energies
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are substantially different from Tables 5.6 and 5.7 due to non - adiabatic effects.

Again we wish to mention that the present TDDVR calculation can achieve correct

symmetry as well as high accuracy with respect to DVR results.

Table 4.5: Non - reactive state - to - state transition probabilities when calculations
are performed on three diabatic surfaces.

E (eV) 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 5 0 → 6 0 → 7 0 → 8
1.25 0.6837a 0.0000 0.2178

0.6852b 0.0000 0.2169

1.75 0.4347 0.0000 0.1915 0.0000 0.1267
0.4349 0.0000 0.1934 0.0000 0.1258

2.25 0.2942 0.0000 0.1295 0.0000 0.0768 0.0000 0.0702
0.2940 0.0000 0.1290 0.0000 0.0777 0.0000 0.0705

2.75 0.1665 0.0000 0.0762 0.0000 0.0522 0.0000 0.0476 0.0000 0.0250
0.1675 0.0000 0.0764 0.0000 0.0516 0.0000 0.0469 0.0000 0.0262

a DVR
b TDDVR

Table 4.6: Reactive state - to - state transition probabilities when calculations are
performed on three diabatic surfaces.

E (eV) 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 5 0 → 6 0 → 7 0 → 8
1.25 0.0499a 0.0000 0.0482

0.0493b 0.0000 0.0485

1.75 0.0465 0.0000 0.0097 0.0000 0.1643
0.0496 0.0000 0.0098 0.0000 0.1611

2.25 0.0062 0.0000 0.0164 0.0000 0.1503 0.0000 0.2381
0.0069 0.0000 0.0164 0.0000 0.1510 0.0000 0.2355

2.75 0.0102 0.0000 0.0143 0.0000 0.1155 0.0000 0.2450 0.0000 0.2348
0.0094 0.0000 0.0135 0.0000 0.1097 0.0000 0.2447 0.0000 0.2410

a DVR
b TDDVR

In Fig. 4.9(a) we compare quantum and quantum - classical results of non -
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reactive (P−) and reactive (P+) transition probabilities as functions of time at the

total energy 1.75 eV.
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Figure 4.10: (a) Comparison of TDDVR and DVR results of total non - reactive (P−)
and reactive (P+) transition probabilities on the ground adiabatic state as functions
of time where all calculations are performed in diabatic representation with three
coupled PESs. (b) Central trajectories (s1

c and s2
c) and their momenta (ps1

c
and ps2

c
)

for both the modes as functions of time.

Even though TDDVR profiles have some fluctuations in the interaction region, asymp-

totically excellent agreement is obtained. All the quantum - classical calculations are
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performed with 50 grid - points (trajectories) on the reaction coordinate but more

than 200 grid - points in the same coordinate are used to obtain converged quan-

tum results. Fig. 4.9(b) displays central trajectories (s1
c and s2

c) and their associated

momenta (ps1
c

and ps2
c
) as functions of time.

4.4 The effective Hamiltonian and TDDVR the-

ory for the EBO equation

4.4.1 The model system and it’s effective KE operator for single surface
EBO equations

The three adiabatic PESs of two - coordinate quasi - “JT scattering” model [70, 75]

are given below:

u1(r, R) =
1

2
µ(ω0 − ω̃1(r))

2R2 + A1 × f(r, R)

u2(r, R) =
1

2
µω2

0R
2 − (D1 −A1) × f(r, R) +D1

u3(r, R) =
1

2
µω2

0R
2 − (D2 −A1) × f(r, R) +D2 (4.4.1)

where ω̃1(r) = ω1 exp
((

− r
σ1

)2)
, f(r, R) = exp

(
− r2 +R2

σ2

)
and R and r are the

vibrational and reaction coordinates, respectively. The PES parameters are defined

as µ = 0.58 amu, A1 = 3.0 eV, D1 = 5.0 eV, D2 = 10.0 eV, ω0 = 39.14 × 1013 s−1,

ω1 = 7.83 × 1013 s−1, σ = 0.3 Å and σ1 = 0.75 Å.

The non - adiabatic effects on the ground adiabatic state can be incorporated by

including a vector potential into the kinetic energy (KE) operator of the Hamiltonian.

When two or three electronic states are coupled, the effective KE operators for the

corresponding single surface EBO [70, 75] equations take the following forms,

T̂ ′n(r, R) = − h̄2

2m

[
∂2

∂r2
+

∂2

∂R2
+

(
R

r2 +R2

)
i
∂

∂r
−
(

r

r2 +R2

)
i
∂

∂R
− 1

4(r2 +R2)

]

and

T̂ ′′n (r, R) = − h̄2

2m

[
∂2

∂r2
+

∂2

∂R2
+

(
2

R

r2 +R2

)
i
∂

∂r
−
(

2
r

r2 +R2

)
i
∂

∂R
− 1

(r2 +R2)

]

,

respectively.
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4.4.2 TDDVR equations of motion

We present the relevant equations of motion in the simplest but general way for the

current perspective. We expand the time - dependent wavefunction for the single

surface EBO Hamiltonian as

Ψ(r, R, t) =
∑

ij

cij(t)ψi(r, t)ψj(R, t)

=
∑

ij

cij(t)

Nr∑

n=0

ξn(xr
i )Φn(r, t)

NR∑

m=0

ξm(xR
j )Φm(R, t) (4.4.2)

where ψi(r, t) and ψj(R, t) are the ith and jth TDDVR basis function for the modes, r

and R, respectively and the basis of a particular coordinate, q (≡ r or R), is expanded

in terms of DVR basis multiplied by plane wave to represent the same coordinate as

a function of time, t.

We derive the TDDVR equations of motion for the ground electronic state of “JT

scattering” model where the corresponding EBO Hamiltonian is constituted with the

potential energy, u1(r, R) and the effective KE operator, T̂ ′n(r, R) or T̂ ′′n (r, R). When

the TDDVR wavefunction (Eq. (4.4.2)) and EBO Hamiltonian are substituted in

TDSE, we arrive to the following evolution equation for quantum motion

ih̄AĊ = HC. (4.4.3)

The similarity transform of Eq. (4.4.3) is more convenient form to handle,

ih̄Ḋ = HtD, (4.4.4)

with D = A
1

2C and Ht = A−
1

2HA−
1

2 . The explicit expression of an element, dij , in
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the TDDVR equations of motion is given by,

ih̄ḋij =
[p2

rc
(t)

2m
+
p2

Rc
(t)

2m
+
h̄
{
Rj(t)prc

(t) − ri(t)pRc
(t)
}

2m(r2
i (t) +R2

j (t))
+

h̄2

8m(r2
i (t) +R2

j (t))

]
dij

+
ṗr(t)

2

√
h̄

ImAr

∑

i′

X̄r
ii′δii′di′j +

ṗR(t)

2

√
h̄

ImAR

∑

j′

X̄R
jj′δjj′dij′

− h̄ImAr

2m

∑

i′

Ȳ r
ii′di′j −

h̄ImAR

2m

∑

j′

Ȳ R
jj′dij′ + u1(ri(t), Rj(t))dij

+
ih̄

2m(r2
i (t) +R2

j (t))

{
Rj(t)

√
h̄ImAr

∑

i′

Z̄r
ii′di′j − ri(t)

√
h̄ImAR

∑

j′

Z̄R
jj′dij′

}

(4.4.5)

where X̄q
ij, Ȳ

q
ij, Z̄

q
ij and Aq

ij have the form shown by Eqs. (2.3.19) - (2.3.24).

With the above choice of TDDVR wavefunction (Eq. (4.4.2)), equations for ”clas-

sical parameters” appear naturally. We derive the rigorous expression of q̇c(t) and

ṗqc
(t) for present perspective using Dirac-Frenkel variational principle as describe

earlier and obtained the following:

ṙc(t) =
prc

(t)

µ
+
[
i
2ImAr

µ

√
ImAr

h̄

{∑

j

∑

ip

c⋆pj(t)
∑

i′

ci′j(t)S
⋆2
ii′
Q⋆

ip

Aii

−
∑

j

∑

ip

cij(t)
∑

i′

c⋆i′j(t)S
2
i′p

Qip

Aii
−
∑

j

∑

ip

c⋆pj(t)cij(t)Yip

+
∑

j

∑

ip

c⋆pj(t)cij(t)Y
⋆
ip

}
− ih̄

µ

√
ImAr

h̄

{∑

j

∑

ip

c⋆pj(t)
∑

i′

ci′j(t)Rii′
Q⋆

ip

Aii

−
∑

j

∑

ip

cij(t)
∑

i′

c⋆i′j(t)R
⋆
i′p

Qip

Aii
−
∑

j

∑

ip

c⋆pj(t)cij(t)W
⋆
ip

+
∑

j

∑

ip

c⋆pj(t)cij(t)Wip

}
+

h̄

2µ

{∑

j

∑

ip

c⋆pj(t)
∑

i′

ci′j(t)
Rj

r2
i′ +R2

j

Q⋆
ii′
Q⋆

ip

Aii

+
∑

j

∑

ip

cij(t)
∑

i′

c⋆i′j(t)
Rj

r2
i′ +R2

j

Qi′p

Q⋆
ip

Aii

−
∑

j

∑

ip

c⋆pj(t)cij(t)
Rj

r2
i +R2

j

P ⋆
ij

−
∑

j

∑

ip

c⋆ij(t)cpj(t)
Rj

r2
i +R2

j

P ⋆
ij

}]/[∑

j

∑

ip

c⋆pj(t)
∑

i′

ci′j(t)Q
⋆
ii′
Q⋆

ip

Aii

+
∑

j

∑

ip

cij(t)
∑

i′

c⋆i′j(t)Qip

Q⋆
ip

Aii
−
∑

j

∑

ip

c⋆pj(t)cij(t)P
⋆
ip

]
,
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and

ṗrc
(t) = −∂U

∂r

∣∣∣
r=rc(t),R=Rc(t)

+
[2ImA2

r

µ

{∑

j

∑

ii′

c⋆ij(t)ci′j(t)
S

⋆(2)
i′i

Aii

S⋆(1)
ii

+
∑

j

∑

ii′

cij(t)c
⋆
i′j(t)

S
(2)
i′i

Aii
S⋆(1)

ii − 2
∑

j

∑

ip

c⋆pj(t)cij(t)S
⋆(3)
ip

}

− h̄ImAr

µ

{∑

j

∑

ii′

c⋆ij(t)ci′j(t)R
⋆
i′i

S
⋆(1)
ii

Aii

+
∑

j

∑

ii′

cij(t)c
⋆
i′j(t)Ri′i

S
⋆(1)
ii

Aii

− 2
∑

j

∑

ip

c⋆pj(t)cij(t)T
⋆
ip

}
− ih̄

2µ

√
h̄ImAr

{∑

j

∑

ii′

c⋆ij(t)ci′j(t)
Rj

r2
i′ +R2

j

Q⋆
i′i

S
⋆(1)
ii

Aii

−
∑

j

∑

ii′

cij(t)c
⋆
i′j(t)

Rj

r2
i′ +R2

j

Qi′i
S

⋆(1)
ii

Aii

−
∑

j

∑

ip

c⋆pj(t)cij(t)
Rj

r2
i +R2

j

Z⋆
ip

+
∑

j

∑

ip

c⋆ij(t)cpj(t)
Rj

r2
i +R2

j

Zip

}]/[∑

i

∑

j

c⋆ij(t)cij(t)
S

⋆(1)
ii

Aii
S⋆(1)

ii

+
∑

i

∑

j

c⋆ij(t)cij(t)
S

(1)
ii

Aii

S⋆(1)
ii − 2

∑

j

∑

ip

c⋆pj(t)cij(t)S
⋆(2)
ip

]
,

where

Sn
ij =

∑

km

ξk(x
r
i )ξ

⋆
m(xr

j)

∫
(r − rc(t))

nΦ⋆
k(r, t)Φm(r, t)dr

Rij =
∑

k

ξk(x
r
i )ξ

⋆
k(x

r
j)2k

Tij =
∑

km

ξk(x
r
i )ξ

⋆
m(xr

j)2k

∫
(r − rc(t))Φ

⋆
k(r, t)Φm(r, t)dr

Qij =
∑

km

ξk(x
r
i )ξ

⋆
m(xr

j)

∫
{
√
k + 1Φ⋆

k+1(r, t) −
√
kΦ⋆

k−1(r, t)}Φm(r, t)dr

Zij =
∑

km

ξk(x
r
i )ξ

⋆
m(xr

j)

∫
(r − rc(t)){

√
k + 1Φ⋆

k+1(r, t) −
√
kΦ⋆

k−1(r, t)}Φm(r, t)dr

Aii =
∑

k

ξk(x
r
i )ξ

⋆
k(x

r
i )

Pij =
∑

km

ξk(x
r
i )ξ

⋆
m(xr

j)

∫
{
√
k + 1Φ⋆

k+1(r, t) −
√
kΦ⋆

k−1(r, t)}

{
√
m+ 1Φm+1(r, t) −

√
mΦm−1(r, t)}dr

Yij =
∑

km

ξk(x
r
i )ξ

⋆
m(xr

j)

∫
(r − rc(t))

2{
√
k + 1Φ⋆

k+1(r, t) −
√
kΦ⋆

k−1}Φm(r, t)dr
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Wij =
∑

km

ξk(x
r
i )ξ

⋆
m(xr

j)2k

∫
{
√
k + 1Φ⋆

k+1(r, t) −
√
kΦ⋆

k−1(r, t)}Φm(r, t)dr.

It is worth mentioning that, here we have formulated an alternative fixed width

approach of TDDVR where both quantum as well as ”classical” equations of motions

are derived from the first principles without any approximations, nor we have assumed

a ”classical” path (ẋ = p
m

) around the centre of the wavepacket.

Finally, in a similar manner, we expand the time - dependent wavefunction in the

DVR representation considering harmonic oscillator eigenfunctions as primitive basis,

Ψ(r, R, t) =
∑

ij

eij(t)φi(r)φj(R)

=
∑

ij

eij(t)
Nr∑

n=0

ξn(xr
i )ξn(r, t)

NR∑

m=0

ξm(xR
j )ξm(R, t), (4.4.6)

substitute the wavefunction along with EBO Hamiltonian in the TDSE and obtain

the time derivative of DVR expansion coefficient, ėij(t) as,

ih̄ėij = − h̄ImAr

2m

∑

i′

Ȳ r
ii′ei′j −

h̄ImAR

2m

∑

j′

Ȳ R
jj′eij′ + u1(ri, Rj)eij

+
h̄2

8m(r2
i +R2

j )
eij +

ih̄

2m(r2
i +R2

j )

{
Rj

√
h̄ImAr

∑

i′

Z̄r
ii′ei′j

− ri

√
h̄ImAR

∑

j′

Z̄R
jj′eij′

}
. (4.4.7)

It is important to note that the last term both in Eqs. (4.4.5) and (4.4.7) is the

contribution due to vector potential in the TDDVR and DVR equation of motion,

respectively.

4.4.3 Initialization and projection

We calculate energy resolved state - to - state (vibrational) transition probabili-

ties on the ground electronic state by projecting the time - dependent wavefunction

(DVR/TDDVR) on the product of plane waves and vibrational wavefunctions of har-

monic oscillator at the asymptote, and obtain the energy resolved state - to - state
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reactive and non - reactive (P±nl) transition probabilities (see Eq. (4.3.34)) on the

ground electronic state as,

P±nl←I0(E) =
kn

kI

|a±nl,1|2
P (kI , k0)

(4.4.8)

where

P (kI , k0) = ∆x

√
2

π
exp(−2(∆x(kI − k0))

2)

Etot =
(h̄kn)

2

2µ
+ Evib

l =
(h̄kI)

2

2µ
+ Evib

0 (4.4.9)

4.4.4 Results and discussion

We have performed the dynamics on quasi - “JT scattering” model by using the single

surface EBO equations, where the corresponding EBO Hamiltonians were derived

[70, 75] by considering systems with two or three coupled electronic states. In the

present model, as the point of conical intersection among the adiabatic electronic

states is at 3 eV, calculations are performed at four selected total energies 1.00, 1.20,

1.40 and 1.60 eV, respectively such that EBO equations are approximately valid, i.e.,

upper electronic state(s) are classically closed with respect to the ground.

Since the functional forms of the PESs ({ui}) in quasi - “JT scattering” model

are even in the vibrational coordinate, dynamical calculations on any electronic state

using ordinary BO equation [41, 70, 75] show up state - to - state transition probabil-

ities only between states of same parity, i.e., even → even and odd → odd transitions

are allowed but even → odd and odd → even are forbidden. On the contrary, the

form of EBO equation differs with the number of electronic states originally cou-

pled and thereby, bring qualitative as well as quantitative changes in the state - to -

state transition probabilities. As for example, EBO equation derived from two cou-

pled electronic states have sharp qualitatively different results compared to the single

surface EBO equation of three coupled states. We demonstrate the workability of

TDDVR method whether our approach can follow the correct symmetry and obtain

124

TH-421_02612202



accurate transition probabilities with the change of EBO Hamiltonian. We have car-

ried out the dynamics on a single surface EBO equation (formulated from doubly

coupled adiabatic electronic states), calculated state - to - state vibrational transition

probabilities for the reactive and non - reactive modes by using TDDVR and DVR

equations of motion and presented those results in Tables 4.7 - 4.9. These results

indicate that even → even and odd → odd state - to - state transitions are appeared

as allowed one for non - reactive mode whereas in reactive mode, even → odd and

odd → even transitions have non - zero contributions. Table 4.7 demonstrates the

convergence profile of reactive transition probabilities (P0→1) calculated by TDDVR

and DVR approaches with increasing number of basis functions (Nr) on the scatter-

ing coordinate, r and a fixed number of basis functions (NR = 50) on the vibrational

coordinate, R. We find that TDDVR achieves excellent quantitative agreement and

convincingly fast convergence of calculated transition probabilities at total energies,

1.00 and 1.20 eV. Though the CPU time to propagate the “classical” equations of

motion in TDDVR is not just negligible, the propagation time in TDDVR is still

much lower than DVR propagation to achieve the required level of the convergence.

Moreover, matrix construction time in DVR is substancially higher than TDDVR (see

Table 4.7). Table 4.8 and 4.9 present converged non - reactive and reactive state -

to - state vibrational transition probabilities, respectively where in each Table, com-

parison between TDDVR and DVR results has been made. Transition probabilities

calculated by TDDVR approach not only follow the correct symmetry but also obtain

quantitative agreement with DVR. At this point, it is important to mention that in

Table 4.8 and 4.9, all the TDDVR calculations are performed with 50 grid - points

each on the scattering (r) and vibrational (R) coordinates, respectively whereas DVR

need at least 170 grid - points on the reaction coordinate, r. We had carried out the

same calculation on the said EBO equation using FFT - Lanczos technique [46] and

obtained converged results with 512 grid - points [70].
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Table 4.7: Convergence(*) profile of vibrational transition probabilities from v = 0
to v = 1 for reactive scattering of “JT model” as functions of TDDVR and DVR
grid - points, Nr, on the scattering coordinate, r with a fixed number of grid - point
(NR=50) on the vibrational coordinate, R. The propagation time, Tp as well as total
time, T (including matrix construction) for each calculation is also presented.

TDDVR DVR
Nr 0 → 1 Tp T Nr 0 → 1 Tp T
1.00 eV
30 0.0427 543 549 150 0.0470 783 996
50 0.0502 813* 826 170 0.0449 1253 1603
70 0.0504 1218 1248 200 0.0503 1782* 2445
100 0.0508 1425 1471 250 0.0503 2688 4300
1.20 eV
30 0.0332 518 524 130 0.0041 592 715
50 0.0570 821* 835 150 0.0509 818 1033
70 0.0571 1239 1270 170 0.0572 1110* 1460
100 0.0567 1488 1533 200 0.0570 1427 2091

Table 4.8: Converged state - to - state vibrational transition probabilities for elastic
and inelastic scattering on “JT model”. TDDVR/DVR calculations are performed
on single surface adiabatic equation where extended BO equation is derived [70, 75]
from doubly coupled adiabatic electronic states.

E (eV) 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 5
1.00 0.7265a 0.0022 0.2118 0.0024

0.7254b 0.0013 0.2183 0.0006

1.20 0.6239 0.0021 0.2332 0.0032 0.0458
0.6232 0.0037 0.2324 0.0030 0.0415

1.40 0.5612 0.0027 0.2130 0.0069 0.0777
0.5659 0.0066 0.2150 0.0080 0.0712

1.60 0.4925 0.0047 0.2140 0.0038 0.1237 0.0017
0.4944 0.0014 0.2271 0.0040 0.1247 0.0037

a TDDVR
b DVR

We have also formulated TDDVR and DVR equations of motion for another EBO

Hamiltonian of the ground electronic state (an effective Hamiltonian considering the

non - adiabatic effect from two excited electronic states), performed the dynamics
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Table 4.9: Converged state - to - state vibrational transition probabilities for reactive
scattering on “JT scattering model”. TDDVR/DVR calculations are performed on
extended BO equation derived [70, 75] from doubly coupled electronic states.

E (eV) 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 5
1.00 0.0007 0.0514a 0.0020 0.0284

0.0000 0.0502b 0.0014 0.0270

1.20 0.0070 0.0570 0.0034 0.0351 0.0069
0.0024 0.0570 0.0042 0.0349 0.0030

1.40 0.0003 0.1233 0.0048 0.0239 0.0028
0.0013 0.1168 0.0033 0.0278 0.0032

1.60 0.0070 0.1712 0.0002 0.0235 0.0055 0.0234
0.0023 0.1701 0.0030 0.0201 0.0014 0.0137

a TDDVR
b DVR

Table 4.10: Converged state - to - state vibrational transition probabilities for non
- reactive scattering on “JT model” where TDDVR/DVR calculations are performed
with extended adiabatic equation derived [75] from three coupled adiabatic electronic
states.

E (eV) 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 5
1.00 0.7176a 0.0022 0.2036 0.0028

0.7179b 0.0028 0.2058 0.0033

1.20 0.5981 0.0064 0.2141 0.0087 0.0262
0.6065 0.0072 0.2229 0.0072 0.0281

1.40 0.4928 0.0030 0.2129 0.0059 0.1024
0.4963 0.0021 0.2290 0.0037 0.1194

1.60 0.5093 0.0054 0.1749 0.0043 0.0837 0.0021
0.5126 0.0057 0.1880 0.0025 0.0812 0.0041

a TDDVR
b DVR
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Table 4.11: Converged state - to - state vibrational transition probabilities for reac-
tive scattering on “JT model”. TDDVR/DVR calculations are performed on single
surface adiabatic equation where extended BO equation is formulated [70, 75] from
three coupled adiabatic electronic states.

E (eV) 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 5
1.00 0.0261a 0.0046 0.0405 0.0040

0.0261b 0.0016 0.0369 0.0023

1.20 0.0263 0.0024 0.0511 0.0020 0.0167
0.0308 0.0014 0.0538 0.0018 0.0202

1.40 0.0684 0.0057 0.0671 0.0068 0.0136
0.0620 0.0017 0.0694 0.0073 0.0143

1.60 0.0519 0.0048 0.0716 0.0056 0.0849 0.0043
0.0512 0.0047 0.0781 0.0019 0.0919 0.0027

a TDDVR
b DVR

and calculated state - to - state vibrational transition probabilities at four selected

energies, 1.00, 1.20, 1.40 and 1.60 eV. Table 4.10 and 4.11 present converged transition

probabilities for the non - reactive and reactive mode, respectively, where even → even

and odd → odd transitions are allowed one in both the modes. In these tables, we

have demonstrated TDDVR and DVR results for comparison and found excellent

quantitative agreements. Again, it is worth to mention that TDDVR dynamics are

being performed with 50 grid - points each on the reactive and vibrational coordinates

whereas in DVR calculations, scattering coordinate (r) requires at least 170 grid -

points to achieve the desired level of convergence. Similar calculations by using FFT

- Lanczos technique [46] on the same EBO equation were performed with 512 grid -

points [75] to achieve convergence on the reaction coordinate.
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CHAPTER V

APPLICATION TO SCATTERING PROCESSES

5.1 Introduction

We have formulated our TDDVR method for the present perspective (multi - dimen-

sional multi - surface systems) to explore (a) vibrational transitions in the inelastic

scattering models and (b) the dynamics of reactive and non - reactive scattering

processes on the single surface ordinary BO quasi - Jahn - Teller model.

5.2 Quantum dynamics of inelastic scattering

5.2.1 Theoretical Aspects of TDDVR

In this TDDVR, we formulate the quantum equations of motion in adiabatic or dia-

batic representation depending upon the system but “classical” equations of motion

are derived in adiabatic representation in order to have real valued “classical” trajec-

tories.

The time - dependent wavefunction, Ψl({qk}, t), in the diabatic representation for

the lth surface of a p - dimensional system can be expanded as

Ψl({qk}, t) =
∑

i1i2...ip

ci1i2....ip,l(t)

p∏

k=1

ψik,l(qk, t), (5.2.1)

where ikth TDDVR basis function, ψik ,l(qk, t), for the kth mode on the lth surface is

being expressed in terms of DVR basis and plane wave to represent the coordinate,

qk, as a function of time, t.

In the diabatic representation, couplings among different electronic states (l, l′ ∈

{1,M}) come through off - diagonal elements of the potential energy operator and

the kinetic energy operator, T̂{qk} = − h̄2

2µ
[ ∂2

∂q1
2 + ∂2

∂q2
2 + · · · + ∂2

∂qp
2 ], is diagonal.
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The compact form of the matrix equation for the quantum equation of motion on

the lth surface can be expressed as below,

ih̄AĊl = Ht

ll
Cl + A

∑

l′ 6=l

Vll′Cl′ (5.2.2)

which can be reorganized into a more convenient form by a similarity transformation,

ih̄Ḋl(t) = A−1/2Ht

ll
A−1/2Dl +

∑

l′ 6=l

Vll′Dl′ (5.2.3)

where Dl = A1/2Cl and Ht

ll
= A−1/2HllA

−1/2.

The explicit expression of an element of the TDDVR coefficients, di1i2....ip,l is,

ih̄ḋi1i2....ip,l =
1

2

{∑

k

ṗc
l
k

√
h̄

ImAk
X̄ikik

}
di1i2....ip,l +

{∑

k

µ(q̇c
l
k)

2

2

}
di1i2....ip,l

+ Vll(i1i2....ip)di1i2....ip,l +
∑

l′ 6=l

V̄ll′(i1i1....ip)di1i2....ip,l′

+
∑

k

{ h̄ImAk

2µ

∑

i′
1
i′
2
....i′p

{
2Ȳiki′

k
− Z̄iki′

k

}
di′

1
i′
2
...i′p,l

p∏

k′ 6=k

δik′ i′k′

}
(5.2.4)

where i1 = 1, 2 · · · N1, i2 = 1, 2 · · · N2, · · ik = 1, 2 · · · Nk, · · ip = 1, 2 · · · Np and

l = 1, 2 · · ·M .

The elements of the matrices (Xk, Yk, Zk and Ak) are defined in Eqs. (2.3.19) -

(2.3.24) and

V̄ll′(i1i2....ip) = Vll′(i1i2....ip)

p∏

k=1

φ⋆
l (ik)φl′(ik) (5.2.5)

It is clear from Eq. (5.2.5) that couplings among different electronic states are

due to the off - diagonal elements of the potential energy matrix (Vll′) where kinetic

energy matrices, Yk and Zk, couple grid - points or basis functions of the kth mode

only on the surface, l. Hence, computational cost reduces substantially, particularly,

for multi - dimensional multi - surface systems.

While deriving the “classical” path equations, we rewrite the diabatic wavefunc-

tion in the adiabatic representation,

Ψad
l ({qk}, t) =

∑

i1i2...ip

ei1i2....ip,l(t)

p∏

k=1

ψik ,l(qk, t), (5.2.6)
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where the adiabatic coefficient vector, E, is obtained from diabatic one, C (Eq.

(5.2.1)), under the diabatic - adiabatic transformation, E = TC. The transformation

matrix, T, is defined as, U = T†VT where V and U are diabatic and adiabatic

potential energy matrices, respectively. At this point, it is important to note that

time - dependent expansion coefficient vector, C/E and transformation matrix, T are

located on the time - dependent grid - points.

When we substitute Eq. (5.2.6) in the TDSE and introduce classical path picture,

“classical” path equations for the kth mode on the lth surface are,

q̇c
l
k(t) =

pc
l
k(t)

µ
(5.2.7)

ṗc
l
k(t) = −

〈
Ψad

l ({qk}, t)
∣∣∣
dÛl({qk})

dqk

∣∣∣
qk=qc

l
k
(t)

∣∣∣Ψad
l ({qk}, t)

〉
(5.2.8)

where the “classical” force is evaluated by substituting adiabatic wavefunction (Ψad
l

({qk}, t)) and potential energy surface (Ûl({qk})).

As the quantum equations of motion in the present TDDVR are formulated with

a rigorous approach contrary to the earlier versions of TDDVR, we have enough scope

to derive a close form of ṗc
l
k(t) starting from first principle. Using Dirac - Frenkel

variational principle, we have reformulated the rigorous expression of ṗc
l
k(t) for multi -

dimensional multi - surface systems by minimizing the following integral with respect

to ṗc
l
k(t),

Il =

∫ p∏

k=1

dqk

(
− ih̄

∂Ψ⋆ad
l ({qk}, t)
∂t

−H({pk}, {qk})Ψ⋆ad
l ({qk}, t)

)

×
(
ih̄
∂Ψad

l ({qk}, t)
∂t

−H({pk}, {qk})Ψad
l ({qk}, t)

)
, l = 1, 2, . . . ,M. (5.2.9)
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obtain the form of ṗc
l
k(t) as,

ṗc
l
k(t) =

∑

i1i2..iki′
k
..ip

e⋆
iii2..ik..ip,l(t)ei1i2..i′

k
..ip,l(t)

×
{2(ImAk)

2

µ

[
S

(2)
iki′

k

S(1)⋆

ikik

Aikik

− S
(3)
iki′

k

]
− h̄ImAk

µ

[
Riki′

k

S(1)⋆

ikik

Aikik

− T ⋆
iki′

k

]}

/
[ ∑

i1i2..ik..ip

e⋆
i1i2..ik..ip,l(t)ei1i2..ik..ip,l(t)

S(1)⋆

ikik
S

(1)
ikik

Aikik

−
∑

i1i2..iki′
k
..ip

e⋆
i1i2..ik..ip,l(t)ei1i2..i′

k
..ip,l(t)S

⋆(2)
iki′

k

]
, (5.2.10)

Matrices R, S(n), T and A are time - independent and calculated once for all the

time. It is important to note that at each time step, diabatic coefficients ({ci1i2..ik..ip,l

(t)}) obtained from quantum equations of motion are transformed to adiabatic one

({ei1i2..ik..ip,l (t)}) and used to evaluate the so called “quantum correction to classical

force”.

5.2.2 Initialization, Projection and Propagation

We investigate the performance of our TDDVR method in inelastic scattering of an

atom from a diatom. We consider two different 2-d model Hamiltonians where the

first example represent the scattering process on single surface and the second one

shows strong non - adiabatic effect due to first excited state on the ground. Quan-

tum - classical (TDDVR) results are compared with those obtained from traditional

quantum mechanical (DVR and FFT based approach) calculations.

Energy resolved state - to - state (vibrational) elastic and inelastic (non - reactive)

transition probabilities on the ground electronic state are calculated by projecting

the asymptotic (t → ∞) wavefunction on the product of outgoing plane waves and

vibrational wavefunctions of harmonic oscillator,

Ψ1(q1, q2, t) =
∑

nl

a−nl,1(t) exp(−ikn
0 q1)ξl(q2)

=
∑

i1i2

ci1i2,1(t)

N1∑

n=0

ξn(xi1)Φn,1(q1)

N2∑

m=0

ξm(xi2)Φm,1(q2) (5.2.11)
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where the expansion coefficients (a−nl,1) can be written as,

a−nl,1 =
1√
2π

( h̄

2ImA1

) 1

2

( h̄

2ImA2

) 1

2
∑

i1i2

ci1i2,1(t)
∑

nm

ξn(xi1)ξm(xi2)

×
∫

Φn,1(q1) exp(+ikn
0 q1)dq1

∫
Φm,1(q2)ξl(q2)dq2 (5.2.12)

From the expansion coefficients we obtain the energy resolved state - to - state

non - reactive (P−nl) transition probabilities on the ground electronic state as,

P−nl←I0(E) =
kn

kI

|a−nl,1|2
P (kI , k0)

(5.2.13)

where

P (kI , k0) = ∆x

√
2

π
exp(−2(∆x(kI − k0))

2)

Etot =
(h̄kn)

2

2µ
+ Evib

l =
(h̄kI)

2

2µ
+ Evib

0 (5.2.14)

5.2.3 Model systems, results and discussion

We assume that the following Hamiltonian with single adiabatic PES mimics inelastic

scattering of an atom from a diatom,

H(q1, q2) =
p2

1

2m1

+ C exp(−α(q1 − γq2)) +
p2

2

2m2

+ v(q2), (5.2.15)

where v(q2) is the harmonic potential. Potential and dynamical parameters used in

this model are given in Table 5.1.

The initial wavefunction is the product of translational wavepacket (GWP) and

vibrational wavefunction centered around qc1 (1.5 Å) and qc2 (0.7418 Å), respectively.

Dynamical calculations are performed with different initial kinetic energies of the

atom but only from ground vibrational state of the diatom.

Table 5.2 demonstrates kinetic energy resolved transition probabilities (P−1←0) at

t → ∞ as functions of increasing number of grid - points, Nq1
, on the scattering

coordinate, q1. At each energy, the results of first three columns are obtained from
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moving grid approach and the last three columns stand for traditional DVR results. In

general, Table 5.2 indicates transition probabilities calculated by TDDVR approach

achieve convergence only with 30 grid - points whereas in DVR, at least 200 grid -

points are required for the same mode. Fig. 5.1(a) displays inelastic (P−1←0) transition

probabilities at kinetic energy 4.0 eV as functions of time with increasing number of

TDDVR grid - points (Nq1
) on the reaction coordinate. Time - dependent profile of

transition probabilities with 50 TDDVR grid - points has excellent agreement with

DVR (Nq1
= 250) results. Table 5.2 and Fig. 5.1(a) clearly show that convergence

of P−1←0 with increasing number of grid - points either at t → ∞ or as functions of

time is remarkably fast in TDDVR compared to DVR. Since the growth and decay

of the amplitudes at the grid - points occur with the displacement of grid - points

(trajectories), TDDVR achieves convergence in such faster rates.

Table 5.1: Potential energy and dynamical parameters used in the calculations.

Model I: Model II:
parameter value unit parameter value unit

α 4.5167 Å−1 µ 0.58 amu
m1 1.875 amu A 3.0 eV
m2 0.666667 amu D 5.0 eV
ω 9.7715 × 1014 s−1 σ 0.30 Å
qc2 0.7416 Å σ1 0.75 Å
γ 0.666667 ω0 39.14 × 1013 s−1

C 0.01 eV ω1 7.83 × 1013 s−1

ρ 0.333 Å
qf -2.403 Å

ImA1 2 × 1014 amu s−1 ImA1 0.3969 × 1014 amu s−1

qc1(t0) 1.5 Å qc1(t0) 5.0 Å

Table 5.3 presents kinetic energy resolved converged transition probabilities to all

accessible vibrational states where at each energy, first row results are calculated by

using TDDVR approach and second row from DVR. We find that in all energies,

TDDVR needs only 50 grid - points to achieve the same level of accuracy as DVR
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Table 5.2: Convergence profile of vibrational transition probabilities from v = 0 to
v = 1 for atom - diatom collision as functions of TDDVR and DVR grid - points,
Nq1

, on the scattering coordinate, q1.

TDDVR DVR
KE(eV)/Nq1

10 30 50 150 200 250
3.00 0.0277 0.0308 0.0308 0.0887 0.0305 0.0305
4.00 0.0033 0.1030 0.1030 0.0775 0.1030 0.1030
5.00 0.0005 0.1919 0.1918 0.0411 0.1916 0.1921
6.00 - 0.2783 0.2785 0.0221 0.0721 0.2789

with 250 grid - points. Fig. 5.1(b) displays elastic (P−0←0) and inelastic (P−1←0) tran-

sition probabilities (converged) at kinetic energy 3.00 eV as functions of time. The

figure indicates that transition probabilities calculated by using moving grid approach

(Nq1
= 50) have quantitative agreement with DVR (Nq1

= 250) results.

Table 5.3: Converged state - to - state vibrational transition probabilities for atom
- diatom elastic and inelastic scattering.

KE (eV) 0 → 0 0 → 1 0→ 2 0→ 3
3.00 0.9691a 0.0308

0.9694b 0.0305

4.00 0.8938 0.1030 0.0032
0.8938 0.1030 0.0031

5.00 0.7923 0.1918 0.0154
0.7920 0.1921 0.0154

6.00 0.6746 0.2785 0.0436 0.0032
0.6740 0.2789 0.0438 0.0032

a TDDVR (Nq1
= 50)

b DVR (Nq1
= 250)

Fig. 5.1(c) and Fig. 5.1(d) show the change of few TDDVR grid - points ({qi1})

around the “classical” trajectory on the reaction coordinate and their associated mo-

menta ({pi1}) (Appendix E), respectively as functions of time where the momentum

(pc1) of the central trajectory on the same coordinate is in-set in Fig. 5.1(d). In the
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Figure 5.1: (a) Convergence of TDDVR results for non - reactive state - to - state
transition probabilities (P−1←0) at KE 4.0 eV as functions of time with increasing
number of grid - points (Nq1

) on the reaction coordinate, q1. (b) TDDVR (Nq1
= 50)

and DVR (Nq1
= 250) results (converged) of non - reactive state - to - state transition

probabilities (P−0←0 and P−1←0) at KE 3.0 eV as functions of time. (c) Few TDDVR and
DVR grid - points (qi1(t)/qi1) around the central trajectory of the reaction coordinate
as functions of time. (d) Few momenta (pi1) associated with the TDDVR grid - points
(qi1) and “classical” momentum (pc1) of the translational coordinate as functions of
time.

translational coordinate, a negative momentum is given to the “classical” particle,

the particle approaches the classical turning point until its momentum is zero and

returns back with a positive momentum (see Fig. 5.1(d)). It is interesting to note

that: (i) At the beginning of propagation, associated momenta of the grid - points

with positive magnitudes accumulate higher values compared to negative components

such that overall momentum of the “classical” particle increases; (ii) Before reaching

the classical turning point, magnitudes of all the component momenta approach to

zero so that overall “classical” momentum is zero and consequently they change their

sign; (iii) Again magnitudes of the negative components change sharply with respect

to positive momenta and finally all the components along with the overall “classical”
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momentum approach to the constant magnitudes at t→ ∞.

We have also investigated the “non - reactive quasi -JT scattering model” in which

the harmonic oscillator potential and the coupling term are replaced by more general

potentials. The adiabatic PESs Ul, l = 1,2 are as below,

U1(q1, q2) =
1

2
µ(ω0 − ω̃1(q1))

2q2
2 + A× f(q1, q2) + g(q1)

U2(q1, q2) =
1

2
µω2

0(q2)
2 − (D − A) × f(q1, q2) +D (5.2.16)

where q1 and q2 are the Cartesian coordinates (define in the intervals: −∞ ≤ q1 ≤ ∞

and −∞ ≤ q2 ≤ ∞) related to the polar coordinate r and θ as q1 = r cos θ and

q2 = r sin θ. In this model, q1 is the reaction coordinate (translational) and q2 is the

internal (vibrational) coordinate. The function ω̃1(q1) is an q1 dependent function of

the following form,

ω̃1(q1) = ω1 exp(− q2
1

σ2
1

) (5.2.17)

and f(q1, q2) is chosen to be a Gaussian which peaks at (0,0),

f(q1, q2) = exp
(
− q2

1 + q2
2

σ2

)
(5.2.18)

These adiabatic PESs are well separated from each other but touch only at the origin

(transition state). This non - reactive double slit model is constructed by introducing

the following form of the function, g(q1),

g(q1) = exp(−[(q1 − qf)/ρ]) (5.2.19)

In the diabatic representation, PESs take the following matrix form,

V11 =
1

2

[
U1 + U2 + (U1 − U2) cos θ

]
,

V22 =
1

2

[
U1 + U2 − (U1 − U2) cos θ

]
,

V12 =
1

2

[
(U1 − U2) sin θ

]
. (5.2.20)

Potential and dynamical parameters are given in Table 5.1.
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It is well known that this Hamiltonian models atom - diatom non - reactive col-

lision and exhibits strong non - adiabatic effect on the ground due to the excited

state. Table 5.4 presents convergence of vibrational transition probabilities (P−2←0) at

t → ∞ as functions of increasing number of TDDVR and DVR grid - points at four

selected total energies 1.25, 1.75, 2.25 and 2.75 eV when calculations are performed

with two diabatic PESs. At all energies, we obtain the converged P−2←0 only with 30

- 50 TDDVR grid - points whereas in order to achieve convergence with DVR, 260 -

290 grid points are needed.

Table 5.4: Convergence profile of vibrational transition probabilities from v = 0 to
v = 2 for inelastic scattering of “non - reactive JT model” as functions of TDDVR
and DVR grid - points, Nq1

, on the scattering coordinate, q1.

TDDVR DVR
E(eV)/Nq1

10 30 50 170 200 230 260 290
1.25 0.2959 0.2149 0.2177 0.1965 0.2404 0.2183 0.2180 0.2179
1.75 0.0807 0.2520 0.2555 0.2215 0.2726 0.2519 0.2546 0.2525
2.25 0.1886 0.2282 0.2282 - 0.1359 0.1560 0.2203 0.2290
2.75 - 0.2029 0.2024 - - 0.1332 0.2148 0.2047

Table 5.5 demonstrates various non - reactive state - to - state converged transition

probabilities on the ground adiabatic state at different energies. At each energy,

TDDVR results are shown in the first row of Table 5.5 where the results of second

row are obtained from DVR approach. Quantitative agreement between TDDVR and

DVR results imply that TDDVR can achieve very high level of accuracy with small

number of grid - points.

Figure 5.2 exhibits non - reactive transition probabilities (converged) (P−0←0 and

P−2←0) at total energies (a) 1.25 and (b) 1.75 eV as functions of time. It is important

to note that transition probabilities calculated by using moving grid approach follow

correct symmetry as well as achieve high accuracy compared to DVR results. Even

though time - dependent profiles of transition probabilities calculated by TDDVR
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Table 5.5: Converged state - to - state vibrational transition probabilities for elastic
and inelastic scattering of “non - reactive JT model” when calculations are performed
on two diabatic surfaces.

E (eV) 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 5 0 → 6 0 → 7 0 → 8
1.25 0.7557a 0.0000 0.2177 0.0001 0.0265

0.7550b 0.0000 0.2179 0.0004 0.0266

1.75 0.6076 0.0000 0.2555 0.0000 0.1189 0.0001 0.0178
0.6082 0.0001 0.2525 0.0002 0.1195 0.0000 0.0195

2.25 0.4902 0.0000 0.2282 0.0000 0.1625 0.0001 0.1035 0.0001 0.0154
0.4806 0.0006 0.2290 0.0032 0.1603 0.0053 0.1021 0.0029 0.0160

2.75 0.4024 0.0000 0.2024 0.0000 0.1539 0.0000 0.1308 0.0005 0.0960
0.3982 0.0005 0.2047 0.0110 0.1454 0.0248 0.1053 0.0118 0.0860

a TDDVR (Nq1
= 50)

b DVR (Nq1
= 290)

approach have some fluctuation around DVR results during the interaction period,

asymptotically (t → ∞) perfect matching is obtained. At this point, it is worth

mentioning that all the quantum - classical calculations require even less than 50 grid

- points on the reaction coordinate for convergence whereas for the same coordinate,

at least 260 grid - points are needed in the DVR calculations. Moreover, when the

dynamical calculations on “reactive JT model” were performed [46] by using FFT-

Lanczos technique, convergence of state - to - state transition probabilities appear

with 512 grid - points on the scattering coordinate. Finally, Fig. 5.2(c) displays the

change of few momenta (p1
i1) associated with corresponding grid - points (q1

i1) and

momentum (pc
1
1) of the “classical” particle as functions of time. This figure carries

similar interpretations as we have discussed in case of Fig. 5.1(d).

One may note that in case of TDDVR, as the quantum propagation is approxi-

mated by “classical” mechanics, some fluctuations may appear in the transition prob-

ability profiles (See Fig. 5.2(a) - (b)). More specifically, at each time step (∆t),

quantum equation of motion face the potential energy surface calculated at the time
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- dependent grid - points and theoretically, only when ∆t → 0, perfect adiabatic

switching of the amplitudes of wavefunction can be achieved.

We have solved the time - dependent Schroedinger equation in the adiabatic repre-

sentation with ordinary BO approximation by using the DVR as well as the TDDVR

approach. Calculations are performed at four selected total energies 1.25, 1.75, 2.25

and 2.75 eV, respectively where the ground and the first excited adiabatic states are

5.0 eV apart at the asymptotic region but meet at 3 eV in the interaction region.

It is expected that in the case of single - surface adiabatic calculation with ordinary

BO approximation, non - adiabatic effects due to excited state(s) on the ground will

be absent. At the same time, as the PES is even in the vibrational coordinate,

transitions will occur only between states of the same parity. Hence, even → even

and odd → odd transitions will differ from zero but even → odd and odd → even

transitions will be forbidden. This selection of transition will be applicable both for

the reactive and non - reactive cases.

Table 5.6: Non - reactive state - to - state transition probabilities when calculations
are performed on the single adiabatic surface with BO approximation (Eq. (4.3.6)).

E (eV) 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 5 0 → 6 0 → 7 0 → 8
1.25 0.6815a 0.0000 0.2177

0.6812b 0.0000 0.2183

1.75 0.4294 0.0000 0.1901 0.0000 0.1250
0.4282 0.0000 0.1886 0.0000 0.1272

2.25 0.2767 0.0000 0.1211 0.0000 0.0738 0.0000 0.0688
0.2775 0.0000 0.1214 0.0000 0.0742 0.0000 0.0693

2.75 0.1350 0.0000 0.0646 0.0000 0.0482 0.0000 0.0283 0.0000 0.0341
0.1417 0.0000 0.0672 0.0000 0.0489 0.0000 0.0289 0.0000 0.0348

a DVR
b TDDVR

In Tables 5.6 and 5.7 we present various non - reactive and reactive state - to - state

transition probabilities, respectively at four selected energies. The first row stands
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Figure 5.2: TDDVR (Nq1
= 50) and DVR (Nq1

= 290) profiles (converged) of non -
reactive vibrational transition probabilities (P−0←0 and P−2←0) on the ground adiabatic
state as functions of time when calculations are performed on two diabatic states
at total energy (a) 1.25 eV and (b) 1.75 eV, respectively. (c) Few momenta (p1

i1)
associated with the TDDVR grid points (q1

i1
) and “classical” momentum (p1

c1
) of the

reaction coordinate on the ground adiabatic state as functions of time.
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Table 5.7: Reactive state - to - state transition probabilities when calculations are
performed on the single adiabatic surface with BO approximation (Eq. (4.3.6)).

E (eV) 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 5 0 → 6 0 → 7 0 → 8
1.25 0.0390a 0.0000 0.0619

0.0386b 0.0000 0.0616

1.75 0.0450 0.0000 0.0190 0.0000 0.1691
0.0452 0.0000 0.0163 0.0000 0.1685

2.25 0.0290 0.0000 0.0109 0.0000 0.1547 0.0000 0.2541
0.0282 0.0000 0.0103 0.0000 0.1495 0.0000 0.2494

2.75 0.0470 0.0000 0.0010 0.0000 0.0974 0.0000 0.2146 0.0000 0.3172
0.0469 0.0000 0.0017 0.0000 0.0950 0.0000 0.2116 0.0000 0.3083

a DVR
b TDDVR

for results obtained from the DVR and only even → even and odd → odd transitions

appear as allowed ones. The results reported on the second row are calculated by using

the present TDDVR approach. Transition probabilities obtained from the quantum -

classical approach are seen not only to follow the correct symmetry but also achieve

the accuracy at the level of DVR. Fig. 5.3(a) demonstrates the non - reactive (P−)

and reactive (P+) transition probabilities as functions of time at a total energy 2.25

eV and shows excellent agreement between results of DVR and TDDVR. Even though

quantum - classical profiles have some fluctuations around quantum results during the

interaction period, these fluctuations vanish asymptotically (t → ∞). It is important

to note that all the TDDVR calculations have been performed with 50 grid - points

(trajectories) on the reaction coordinate and 50 grid - points (trajectories) on the

harmonic mode. On the other hand, DVR requires at least 200 grid - points on

the reaction coordinate and calculations on the same model were carried out [70] by

using FFT - Lanczos approach with 512 grid - points. TDDVR takes the advantage

of both the DVR representation as well as time - dependent basis set. The movement

of grid - points (trajectories) and the changes of amplitudes at these grid - points
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help to achieve fast convergence. Fig. 5.3(b) displays central trajectories (s1
c and s2

c)

and their associated momenta (ps1
c

and ps2
c
) as functions of time. For the harmonic

mode, initial values of both s2
c and ps2

c
are set equal to zero and these parameters

vary around zero as functions of time. The reaction coordinate mimic the interaction

between atom and diatom where the initial position and momentum (s1
c and ps1

c
) of

the atom enter through GWP and their change as functions of time are quite expected

as shown in Fig. 5.3(b).
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Figure 5.3: (a) Comparison of TDDVR and DVR results of total non - reactive
(P−) and reactive (P+) transition probabilities on the ground adiabatic state as
functions of time where all calculations are performed in adiabatic representation.
(b) Central trajectories (s1

c and s2
c) and their momenta (ps1

c
and ps2

c
) for both the

modes as functions of time.
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CHAPTER VI

APPLICATION TO PHOTO - ABSORPTION

SPECTRUM OF PYRAZINE

6.1 Introduction

The dynamical aspects of photo - excited pyrazine molecule have been investigated

over the past years [147–159]. We have used the present method to compute the photo

- absorption spectrum of pyrazine by using two different model Hamiltonians [147–

149]. The system has a conical intersection, and undergoes ultrafast non - radiative

energy transfer after excitation to the S2 state. Since the vibrational states of S2 state

have short lifetime, the spectrum appears with broad peaks. The experimental spec-

trum is well reproduced either after homogeneous broadening of the 4 - mode model

spectrum or by introducing the other vibrational modes as a bath. The details of the

photo - absorption spectrum are interesting both with respect to experimental and

theoretical point of view. Since this system is a challenging as well as benchmark to

investigate the workability of any newly formulated method, we wish to find whether

TDDVR can accurately calculate and thereby, reproduce the spectrum obtained from

other contemporary approaches [147–149].

6.2 Molecular dynamics with linearly coupled model

Hamiltonian

6.2.1 The Model Hamiltonian

The experimental spectrum [160] of electronic transition from the ground state S0

to the S1 and S2 states of pyrazine has been accurately estimated. The important

aspects of the spectrum are noted as: The excitation to the S1 state generates a set
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of discrete lines while excitation to the S2 state yields a broad band with little struc-

ture. In the recent past, molecular dynamics of pyrazine has brought an insight into

the mechanism of protophysical processes. The broad band resulting from S2 state

indicates fast intramolecular vibrational energy transfer mainly due to the presence

of a conical intersection (CI) between the two excited electronic states. The non -

adiabatic effects originating from CI, also known in many molecular systems, bring

special interest on dynamical aspects. Considering the four main vibrational modes,

the theoretical description can reproduce the essential features of the experimental

spectrum. In order to simulate the broad experimental spectrum due to S2 state, the

Lorentzian broadening of the theoretically calculated spectrum is a necessity. This

convolution of spectrum appears to be a phenomenological dephasing, not just to

attribute to the resolution of spectrophotometer but arises due to a further ultra-

fast relaxation from four main modes to the 20 remaining vibrational modes. The

detailed description of the system dynamics requires a model Hamiltonian which ex-

plicitly includes the other degrees of freedom as weakly coupled heat bath affecting

the dynamics of the four main modes.

The total Hamiltonian includes the four main vibrational modes as the system,

the bath modes as environment and the coupling between them as below,

Ĥ = Ĥs + Ĥb + Ĥsb (6.2.1)

The model Hamiltonian has been developed based on accurate ab initio calcu-

lations considering all the 24 modes of the system, where the inter - and intra -

electronic state vibronic couplings are represented only with linear terms [147, 148].

Quantum dynamical benchmark calculations using multiconfigurational time - depen-

dent Hartree (MCTDH) method [164–166] have been performed on both forms of the

model Hamiltonian [148, 149] and obtained excellent agreement with experimental

findings. Indeed, such rich model is an optimal system to test the performance of

semi - classical [157] as well as quantum - classical approaches [159] and to find the
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possibility of applicability of such approaches in very large and complex systems. We

consider the four mode model Hamiltonian as system with linear vibronic couplings,

Ĥs =
∑

i=10a,6a,1,9a

ωi

2

(
− ∂2

∂Q2
i

+Q2
i

)



1 0

0 1



+




−∆ 0

0 ∆





+




0 λ

λ 0



Q10a +
∑

j=6a,1,9a




κ

(1)
j 0

0 κ
(2)
j



Qj (6.2.2)

where Qis are the normal modes of pyrazine. The non - totally symmetric mode,

Q10a, couples the two diabatic electronic states with non - diagonal matrix element

λ; the remaining three tuning modes (Q6a, Q1, Q9a) are totally symmetric with in-

trastate coupling constant,κjs and 2∆ is the energy gap between the two PESs at the

equilibrium (Q = 0 ).

Since the electronic states of the system have different electronic multipole mo-

ments, an added heat bath represented by a set of harmonic oscillators around the

system polarizes the environment differently and leads to different equilibrium posi-

tions of the bath oscillators for each electronic state. The bath and system - bath

coupling Hamiltonians are given by,

Ĥb =

nbath∑

b=1

ωb

2

(
− ∂2

∂Q2
b

+Q2
b

)



1 0

0 1



 , (6.2.3)

Ĥsb =

nbath∑

b=1




κ

(1)
b 0

0 κ
(2)
b



Qb. (6.2.4)

The bath modes are like tuning modes but couple the system and bath with much

smaller coupling constants. It is important to note that energy and population trans-

fer from the system to the bath are expected due to non - zero interstate coupling

constant, λ. Since there are no off - diagonal elements in the system - bath Hamil-

tonian, the bath has no direct contribution for interstate coupling but modulates the
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energy gap between the states. The parameters of this model Hamiltonian are taken

from Krempl et. al. [147] and listed in Table 6.1.

Table 6.1: Parameters (in eV) for the linearly coupled model Hamiltonian.

ω κ(1) κ(2)

ν10a 0.0936 – –
ν6a 0.0740 -0.0964 0.1194
ν1 0.1273 0.0470 0.2012
ν9a 0.1568 0.1594 0.0484
b1 0.1347 0.0308 -0.0308
b2 0.3431 0.0782 -0.0782
b3 0.1157 0.0261 -0.0261
b4 0.3242 0.0717 -0.0780
b5 0.3621 0.0780 -0.0780
b6 0.2673 0.0560 -0.0560
b7 0.3052 0.0625 -0.0625
b8 0.0968 0.0188 -0.0188
b9 0.0589 0.0112 -0.0112
b10 0.0400 0.0069 -0.0069
b11 0.1726 0.0265 -0.0265
b12 0.2863 0.0433 -0.0433
b13 0.2484 0.0361 -0.0361
b14 0.1536 0.0210 -0.0210
b15 0.2105 0.0281 -0.0281
b16 0.0778 0.0102 -0.0102
b17 0.2294 0.0284 -0.0284
b18 0.1915 0.0196 -0.0196
b19 0.4000 0.0306 -0.0306
b20 0.3810 0.0269 -0.0269

∆ = 0.4617 λ = 0.1825

6.2.2 Theoretical aspects of TDDVR approach

In view of the current perspective, the matrix form of TDDVR equation for quantum

motion on the lth PES can be written as,

ih̄AĊl = Ht

ll
Cl + A

∑

l′ 6=l

Vll′Cl′ (6.2.5)

148

TH-421_02612202



and under a similarity transformation take the following convenient form,

ih̄Ḋl(t) = A−1/2Ht

ll
A−1/2Dl +

∑

l′ 6=l

Vll′Dl′ (6.2.6)

where Dl = A1/2Cl and l = 1, 2.

The explicit expression of the differential equation for an amplitude, di1i2....ip,l on

the lth surface is,

ih̄ḋi1i2....ip,l =
1

2

{∑

k

ṖQc
k

√
h̄

ImAk
X̄ikik

}
di1i2....ip,l +

{∑

k

µ(Q̇c
k)

2

2

}
di1i2....ip,l

+ Vll(i1i2....ip)di1i2....ip,l +
∑

l′ 6=l

Vll′(i1i1....ip)di1i2....ip,l′

+
∑

k

{ h̄ImAk

2µ

∑

i′
1
i′
2
....i′p

{
2Ȳiki′

k
− Z̄iki′

k

}
di′

1
i′
2
...i′p,l

p∏

k′ 6=k

δik′ i′k′

}
(6.2.7)

On the other hand, the classical path equations for the kth mode can be written

as

Q̇c
k(t) =

PQc
k
(t)

µ
(6.2.8)

ṖQc
k
(t) = −dV̂ ({Qk})

dQk

∣∣∣
Qk(t)=Qc

k
(t)

+QF
k (t) (6.2.9)

where the rigorous expression of quantum force, QF
k (t), is derived by using Dirac -

Frenkel variational principle [37]. The following integral is minimized,

I =

∫
(−ih̄∂Ξ

⋆({Qk}, t)
∂t

−H({PQk
}, {Qk})Ξ⋆({Qk}, t))

× (ih̄
∂Ξ({Qk}, t)

∂t
−H({PQk

}, {Qk})Ξ({Qk}, t))
p∏

k=1

dQk, (6.2.10)
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with respect to ṖQc
k

to obtain the explicit form of QF
k (t),

QF
k (t) =

∑

l

∑

i1i2..iki′
k
..ip

c⋆iii2..ik..ip,l(t)ci1i2..i′
k
..ip(t)

×
{2(ImAk)

2

µ

[
S

(2)
iki′

k

S(1)⋆

ikik

Aikik

− S
(3)
iki′

k

]
− h̄ImAk

µ

[
Riki′

k

S(1)⋆

ikik

Aikik

− T ⋆
iki′

k

]}

/
[∑

l

∑

i1i2..ik..ip

c⋆i1i2..ik..ip,l(t)ci1i2..ik..ip,l(t)
S(1)⋆

ikik
S

(1)
ikik

Aikik

−
∑

i

∑

i1i2..iki′
k
..ip

c⋆i1i2..ik..ip,l(t)ci1i2..i′
k
..ip,l(t)S

⋆(2)
iki′

k

]
(6.2.11)

6.2.3 Numerical details and absorption spectra

We have studied the dynamics of the photoexcited pyrazine molecule involving S1 and

S2 diabatic states assuming a vertical excitation from its ground (S0) to the excited

(S2) state at the Frank - Condon point. Thus, the initial wavefunction on the S2

state is the wavefunction of the ground state, i.e., a product of Gaussian functions

(ΦGWP ) centered around the equilibrium geometry (Q = 0) of the S0 state. In order

to specify the initial amplitude vector (d) (Eq. 6.2.7), multi - dimensional TDDVR

wavefunction is equated with the product of ΦGWP functions,

p∏

k=1

ΦGWP (Qk) =
∑

i1i2....ip

ci1i2....ip,2

p∏

k=1

ψik(Qk, t)

=
∑

i1i2....ip

ci1i2....ip,2

p∏

k=1

Nk∑

n=0

ξn(xik)Φn(Qk). (6.2.12)

Using the property of the TDDVR basis,

ψik(Qk, t) =

Nk∑

n=0

ξ⋆
n(xik)Φn(Qk, t) ≈ δ(Qk −Qik), (6.2.13)

Eq. (6.2.12) takes the following form,

p∏

k=1

ΦGWP (Qik) = ci1i2....ip,2

p∏

k=1

Nk∑

n=0

ξn(xik)Φn(Qik)

= ci1i2....ip,2

p∏

k=1

Aikik . (6.2.14)
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Alternatively, Eq. (6.2.14) can be rearranged to define the vector d2 on the S2

surface,

di1i2....ip,2 = ci1i2....ip,2

√√√√
p∏

k=1

Aikik =

∏p
k=1 ΦGWP (Qik)√∏p

k=1Aikik

, (6.2.15)

whereas the initial expansion coefficient vector d1 on the S1 surface is,

di1i2....ip,1 = 0. (6.2.16)

The width parameters of the Gaussian functions are defined by the frequencies of

the respective normal modes. The dynamical evolution of the system is performed

by simultaneously propagating the set of differential Eqs. (6.2.7), (6.2.8) and (6.2.9)

and the time - dependent amplitudes on the two surfaces are given by,



d1(t)

d2(t)



 . (6.2.17)

Since d vectors are defined at the grid points, the probability of finding the system

on a particular diabatic surface is obtained by mere grid - summation,

Pl(t) =
∑

i1i2....ip

|di1i2....ip,l|2, l = 1, 2. (6.2.18)

In order to calculate adiabatic population on a particular surface, diabatic ampli-

tude vector (d) is transformed to the adiabatic (e) one,

e = T†d (6.2.19)

where the T matrix defines the transformation of diabatic (V) to adiabatic (U) PES

matrices, U = T†VT.

The optimum number of TDDVR grid - points used are: N6a=13, N1=27, N9a=9

andN10a=21 for the first four modes, Nb1 orNb6 =2, Nb2 =3, Nb3 orNb7 =2,Nb4=3 and

Nb5=3 for the next five modes and one basis function for the remaining bath modes.

In order to know the quality of the calculated results, we find out the magnitude
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of the error due to the use of finite TDDVR basis and estimate the change in the

autocorrelation function by calculating the following quantity,

∆(t) = |〈Ψ(0)|Ψ(t)〉 − 〈Ψ′(0)|Ψ′(t)〉|2 (6.2.20)

where Ψ′(t) is the wavefunction ignoring the least populated TDDVR basis function.

In case of four mode model and the system with five bath modes, we found that

the change of autocorrelation function, ∆(t), remains below 10−3 on addition or

subtraction of a TDDVR basis in a particular mode.

When a sufficient number of grid - points are used, TDDVR formulation is such

that quantum results are independent of the initial choice of “classical” momentum

of the central trajectory. Indeed, the choice is important when a mode is treated at

the classical limit ( a single grid - point) because the dynamics is solely dictated by

classical mechanics. In our calculation, we have chosen Qi(t0) = 0 and Pi(t0) = 0 for

those modes which are treated by a minimum of two TDDVR basis. On the other

hand, the choice of classical parameters for one grid - point dynamics are Qi(t0) = 0

and Pi(t0) =
√
h̄mωi.

The prime interest is to calculate the photo - absorption spectrum of pyrazine.

The nuclear wavefunction propagated by TDDVR method is used to calculate the

autocorrelation function (C(t)) and the Fourier transform of C(t) gives S1 and S2

absorption spectrum,

I(ω) ∝ ω

∫ ∞

−∞

C(t) exp(iωt)dt (6.2.21)

where

C(t) = 〈Ψ(t)|Ψ(0)〉 (6.2.22)

= 〈Ψ⋆(
t

2
)|Ψ(

t

2
)〉 (6.2.23)

It is important to note that Eq. (6.2.23) is more accurate and faster [163] than

previous Eq. (6.2.22). At the same time, Eq. (6.2.23) is valid only if the wavefunction
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is real at t=0 and the Hamiltonian is symmetric. Since the propagation of wavefunc-

tion and the calculated autocorrelation function is upto finite time, artifacts known

as Gibbs phenomenon develop in the spectrum. It can be reduced by multiplying the

autocorrelation with the following function,

g(t) = cos(
πt

2T
), (6.2.24)

where T is the length of propagation. This function convolutes the spectrum with,

g̃(ω) =
4πT

π2 − (2ωT )2
cos(ωT ). (6.2.25)

such that C(t) is smoothened to zero.

6.2.4 Results and Discussion

The TDDVR wavefunction [44] of the four mode model is propagated upto 120 fs using

21 grid - points in the coupling mode (ν10a) and 13, 27 and 9 grid - points respectively

for the tuning modes (ν6a, ν1 and ν9a). The propagation time of 120 fs corresponds

to 240 fs in the propagation of autocorrelation function (Eq. (6.2.23)). The absolute

values of the autocorrelation functions for DVR and TDDVR calculations are plotted

as functions of time in Fig. 6.1(a). The TDDVR profile essentially follows the peaks

and resonances obtained by DVR calculation during the entire propagation except

for some small differences. The figure implies that the loss of coherence throughout

the whole propagation is small. Since TDDVR method with sufficient grid - points

converges to the exact quantum mechanical results, we can eliminate those differences

with increasing number of grid - points. On the other hand, in view of including more

number of modes explicitly in the model, TDDVR calculations are performed with

moderate number of grid - points considering results are sufficiently close to the

quantum one.

The population of the S2 diabatic state demonstrates the coupling between the

diabatic states and the effect of conical intersection. Calculated time - dependent
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Figure 6.1: Calculated absolute values of the autocorrelation function using TDDVR
approach as functions of time for the following cases: (a) Four mode model (system);
(b) System coupled with five bath modes; (c) System coupled with twenty bath modes.
Fig. 6.1 (a) and (b) envelopes are compared with corresponding traditional quantum
mechanical results.
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probabilities of finding the isolated system on S2 diabatic state are shown as functions

of time in Fig. 6.2(a). It is remarkable to see that TDDVR and DVR profiles

coincide perfectly with each other. The interstate population transfer starts almost

immediately and the population drops to even below 0.2 around 45 fs. Again the

population sharply arises to 0.4 after 75 fs and then quickly decays to 0.2 around 100

fs. There are some repeated patterns with smaller amplitudes at longer time.

(a)
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0.4

0.6

0.8

1

0 2 4 6 8 10 12

S2

diabatic
population

Time [10−14 Sec]

TDDVR
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(b)
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0.4

0.6

0.8
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0 2 4 6 8 10 12
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population

Time [10−14 Sec]

TDDVR(4 mode)
TDDVR(9 mode)

TDDVR(24 mode)

0
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0 2 4 6 8 10 12

TDDVR(9 mode)
DVR(9 mode)

Figure 6.2: Population dynamics on the S2 diabatic state as functions of time for the
(a) four mode model and (b) four, nine and twenty four mode model. TDDVR results
for the four and nine mode model are compared with corresponding DVR profiles.
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Fig. 6.3(a) presents the adiabatic S2 population as functions of time and found excel-

lent agreement with quantum mechanical results. The initial adiabatic S2 population

is slightly below one (1.0) since the rest contributes to the initial S1 state population

and generates S1 spectrum. Though the initial decay of adiabatic S2 state population

is much slow upto 10 fs, after this delay, the transfer is fast and the population reduces

to much lower value compared to the diabatic case. Again, around 80 fs, adiabatic

population of S2 state increases but not as much as the diabatic population at the

same period of time. It is important to note that when the system is around the con-

ical intersection, the population transfer occurs from one state (diabatic/adiabatic)

to another.

The absorption spectrum of pyrazine for the four mode model is reported in Fig.

6.4(a) and we obtained good agreement with DVR envelop. Fig. 6.4(b) displays

the convoluted spectrum with inclusion of phenomenological broadening and again

compared with corresponding DVR results. Both the spectra have two interesting

parts: (I) The discrete lines on the lower energy side represent the S1 state spectrum;

(II) The spectrum in the higher energy region is due to S2 state. The details of the

S1 state spectrum are shown as inset in Fig. 6.4(a).

The effect of the bath modes on the system dynamics has been investigated by

including more and more number of bath degrees of freedom. We have propagated

the wavefunction of the nine mode model by using 21 grid - points in the coupling

mode (ν10a), 13, 27 and 9 grid - points respectively for the tuning modes (ν6a, ν1 and

ν9a), and 2, 3, 2, 3 and 3 grid - points respectively for the bath modes (b1, b2, b3, b4

and b5). It is important to note that the bath modes effectively behave like tuning

modes. The autocorrelation functions calculated by TDDVR and DVR approaches

are presented as functions of time in Fig. 6.1(b). Except for some small differences,

profiles have good matching with each other during the entire propagation period.

We have also performed the dynamics of the total model Hamiltonian with the same
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number of grid - points in the coupling and tuning modes and with 3, 3, 3, 2 and 2

grid - points for the bath modes, b2, b4, b5, b6 and b7, respectively but with one

(a)

0

0.2

0.4

0.6

0.8

1

0 2 4 6 8 10 12

S2

adiabatic
population

Time [10−14 Sec]

TDDVR
DVR

(b)
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0.4

0.6

0.8
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0 2 4 6 8 10 12
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Time [10−14 Sec]

TDDVR(4 mode)
TDDVR(9 mode)

TDDVR(24 mode)

Figure 6.3: (a) TDDVR and DVR results for the adiabatic S2 population of the four
mode model as functions of time. (b) the adiabatic S2 state population for the four,
nine and twenty four mode models as functions of time.

TDDVR basis for the rest of the bath modes, b1, b3, b8, b9 ...... b20. Fig. 6.1(c)

displays the autocorrelation function calculated by TDDVR method for the total

model Hamiltonian as a function of time. Figs. 6.1(b)-(c) indicate the sharp effect of

bath modes on the system, i.e., the peaks of the autocorrelation function are not only

much lower in magnitude but also they appear with more structures. These structures
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are due to the involvement of several normal mode frequencies of the Hamiltonian in

the dynamics.

(a)
4 4.5 5 5.5 6

Intensity

Energy [eV]

TDDVR
DVR

4.44.24

(b)
4 4.5 5 5.5 6

Intensity

Energy [eV]

TDDVR
DVR

(c)
4 4.5 5 5.5 6

Intensity

Energy [eV]

TDDVR
DVR

(d)
4 4.5 5 5.5 6

Intensity

Energy [eV]

TDDVR

Figure 6.4: The absorption spectrum of the S1 and S2 states of pyrazine molecule for
the four model model (a) without or (b) with phenomenological broadening where the
inset in Fig. 6.4(a) is the detailed spectrum of the S1 state. Results are compared with
corresponding quantum mechanical profile. The convoluted absorption spectrum of
the S1 and S2 states for the (c) nine and (d) twenty four mode model. The spectrum
for nine mode model is compared with exact profile.

In Fig. 6.2(b), we have plotted the population of the S2 diabatic state for the

dynamics of nine mode model and total model Hamiltonian. The population dynam-

ics of nine mode model calculated by present approach has excellent agreement with

quantum dynamical results. In order to see the effect of bath modes, we have also

displayed the diabatic population of S2 state for the four mode model in the same

figure. The inclusion of bath modes brings faster interstate population transfer and

reduces the final population of the S2 state. The population of the same state ef-

fectively decays to near zero after 35 fs and again rises to 0.3 around 85 fs before it

decays around 100 fs. The effect is strong with the addition of first five bath modes

compared to the addition of rest of the modes. Fig. 6.3(b) presents the effect of
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bath modes on the adiabatic S2 population of the system due to the inclusion of

increasing number of modes. Adiabatic population of the system also decays faster

to a lower magnitude in presence of bath modes. The fast transfer of diabatic or

adiabatic population is due to the lowering of conical intersection in the presence of

bath modes.

Figs. 6.4(c)-(d) present the absorption spectra of pyrazine for the nine mode

model and the entire model system. The effect of bath modes on the S2 spectra is

pronounced but on the form of S1 spectra is very little. The addition of first five bath

modes on the four mode model sharply reduces the structures of the S2 spectrum

appeared in the isolated system. With further inclusion of bath modes, the broad

band of S2 spectrum remains the same except for some small changes in the finer

details.

It is also interesting to investigate the effect of coupling between the system and the

environment by calculating the following quantities: (a) Energy flow from the system

to the bath; (b) The relaxation of the system due to the bath. The instantaneous

bath energy (Eb(t)) has been defined [148] by considering virial theorem, 2 ¯〈Tb〉t =

¯〈Hb〉t + 0.5 ¯〈Hsb〉t without including the time average as below,

Eb(t) = 〈Hb(t)〉 + 0.5〈Hsb(t)〉. (6.2.26)

Fig. 6.5 displays the instantaneous bath energy as functions of time for the nine

mode model and the total model Hamiltonian. The profiles indicate that the bath

energy increases sharply upto 25 fs and then follows a plateau before the curve slowly

rises from 80 fs onwards. Whenever there is energy transfer from the system to the

bath, it is obvious that the system is around the conical intersection. As the number

of bath modes increases, there is more and more energy flow from system to the bath.

Considering the average frequency of the bath degrees of freedom and the “weak”

coupling of the bath with system vis - a - vis the amount of energy transfer to the

bath modes at the end of the propagation, these modes may be treated at or near
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the classical limit.
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Figure 6.5: The energy transfer from the system to the bath oscillators as functions
of time with increasing number of bath modes.

The effect of bath modes on the isolated system wavefunction can be followed by

calculating the overlap of time - dependent wavefunctions of the model Hamiltonian

with and without bath modes. Since the dimension of the wavefunction for the four

mode model is different from system - bath wavefunction, we calculate the following

quantity [148],

S(t) = tr{ρ(4)(t)ρ(red)(t)}, (6.2.27)

where ρ(4) is the density matrix for the isolated system and ρ(red) is the reduced

density matrix obtained by taking trace over bath modes.

The density overlap, S(t), has been plotted as functions of time with increasing

number of bath modes in Fig. 6.6. The effect of bath modes on S(t) is huge and

interesting. The profile decays over first 20 fs, then passes through a plateau upto

80 fs and again loses its magnitude between 80 to 100 fs. The plateau indicates that

system is away from conical intersection.

All calculations are performed on a 2 CPU IBM workstation with 1 GHz processor.
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Figure 6.6: The effect of bath modes on the density overlap function (Eq. (6.2.27))
as functions of time when the system is coupled either with five or with twenty bath
oscillators.

The amount of physical memory used and CPU time needed for the dynamics of four

mode model are 40 MByte and 90 minutes, respectively whereas the system with five

bath modes requires 3 GByte memory and 160 hour CPU time. It is important to note

that the dynamics of nine mode model has been performed with more than 7 million

grid - points on each surface. On the other hand, in case of total model Hamiltonian,

many bath degrees of freedom are being treated with one grid - point/TDDVR basis

function, where the algorithm neither requires more physical memory nor longer CPU

time. TDDVR approach has enough scope to further reduce the present requirement

of CPU time as well as physical memory since the contribution of different modes on

the time - dependence of an amplitude of any mode can be calculated parallelly on

various CPUs and the entire string of amplitudes is not needed at a time to calculate

those contributions by using direct access I/O.
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6.3 Molecular dynamics with a realistic model

Hamiltonian

6.3.1 The model Hamiltonian

The detail description of the system dynamics requires a suitable model Hamiltonian

that incorporates the symmetry property of the molecule and should reproduce the S1

and S2 absorption spectra and the fast relaxation. Köppel et al. [161, 162] developed

a model Hamiltonian consisting of four (4) vibrational modes for any such system.

Though this model with ab - initio PE data for pyrazine molecule was found to mimic

it’s essential dynamics, a convolution with a broad Lorentzian was necessary to obtain

good agreement between the computed [151–153] and experimental spectrum [154].

In order to eliminate this artificial inclusion of phenomenological broadening, the

four mode model was extended by Krempl et al. [147] by including the twenty (20)

remaining modes as the heat bath. The desired fast relaxation was achieved, but the

model could not be expected to reproduce the S2 absorption spectra and essential

physical aspects since coupling constants among the normal modes were randomly

chosen and do not retain the symmetry of the pyrazine molecule.

A further refinement of the model was made by Stock et al. [155], where they had

introduced another seven (7) most relevant vibrational modes to the system, based on

CASSCF and MRCI ab initio calculations. The intra - state coupling was expanded

up to second order but the expansion of the inter - state coupling was restricted

up to first order. This refined model obeys the proper symmetry of the pyrazine

molecule but to reproduce the S2 absorption spectra, a strong artificial broadening

was included again.

Raab et al. [149] developed the most realistic model Hamiltonian, where both
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intra - and inter - state coupling terms were expanded up to second order as below,

Ĥ =
∑

i

ωi

2
(− ∂2

∂Q2
i

+Q2
i )1 +




−△ 0

0 △



+
∑

i∈G1




ai 0

0 bi



Qi

+
∑

(i,j)∈G2




ai,j 0

0 bi,j



QiQj +
∑

i∈G3




0 ci

ci 0



Qi

+
∑

(i,j)∈G4




0 ci,j

ci,j 0



QiQj (6.3.1)

The point group of the pyrazine molecule is D2h, where it’s S1 and S2 states are

B3u and B2u symmetry, respectively. An expansion coefficient for coupling the two

electronic states is nonzero if the corresponding vibrational mode (for linear coupling)

or the product of the two vibrational modes (for bilinear coupling) belongs to B1g

symmetry. Similarly, an expansion coefficient which leads to intra - state coupling, is

nonzero if the corresponding vibrational mode (for linear coupling) or the product of

the vibrational modes (for bilinear and quadratic coupling) is of symmetry Ag. The

first term in the above expression represents the ground - state Hamiltonian within

harmonic approximation where ωi (Table 6.2) denotes the ground - state vibrational

frequency of the ith normal mode, and Qi is the corresponding dimensionless normal

- mode coordinate [Qi = (xi − xeq
i )(mwi)

−1/2]. The second term is the difference in

energy (2△) between the two states at Q0. The sum G1 denotes the linear intra -

state coupling with Ag symmetry. The third sum (G2) contains quadratic and bilinear

intra - state coupling with identical symmetry (e.g., B2g ×B2g). The fourth sum (G3)

presents a single linear off - diagonal expansion term with B1g symmetry for inter -

state coupling between S1 and S2 states. The last sum (G4) contains bilinear off -

diagonal terms where the product of all pairs of modes has B1g symmetry with the

possible combinations like Ag ×B1g, B2g ×B3g, Au ×B1u, and B2u ×B3u. Thus, there

are one hundred and two (102) coupling constants ai, bi ,ci, ai,j , bi,j and ci,j which
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describe the shapes of the S1 and S2 potential energy surfaces (PESs) (Table 6.3 -

6.5).

Table 6.2: Experimental [160] harmonic vibrational frequencies (in eV) of the ground
state of pyrazine.

Symmetry Mode Frequencies Symmetry Mode Frequencies
Ag ν6a 0.0739 Au ν16a 0.0423

ν1 0.1258 ν17a 0.1190
ν9a 0.1525 B1u ν12 0.1266
ν8a 0.1961 ν18a 0.1408
ν2 0.3788 ν19a 0.1840

B1g ν10a 0.1139 ν13 0.3734
B2g ν4 0.0937 B2u ν18b 0.1318

ν5 0.1219 ν14 0.1425
B3g ν6b 0.0873 ν19b 0.1756

ν3 0.1669 ν20b 0.3798
ν8b 0.1891 B3u ν16b 0.0521
ν7b 0.3769 ν11 0.0973

Table 6.3: Linear coupling constant (in eV) of the S1 and S2 diabatic potentials of
pyrazine at the CIS level [149].

Mode ν6a ν1 ν9a ν8a ν2

ai −0.0981 −0.0503 0.1452 −0.0445 0.0247
bi 0.1355 −0.1710∗ 0.0375 0.0168 0.0162

∗ The value b1 = −0.0171 was taken, which lies between the MRCI and the CIS level.

6.3.2 Calculation of the spectra

The nuclear wavefunction propagated by TDDVR method is used to calculate the

autocorrelation function (C(t)) and the Fourier transform of C(t) gives S1 and S2

absorption spectrum,

I(ω) ∝ ω

∫ ∞

−∞

C(t) exp(iωt)dt (6.3.2)
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where

C(t) = 〈Ψ(t)|Ψ(0)〉 (6.3.3)

= 〈Ψ⋆(
t

2
)|Ψ(

t

2
)〉 (6.3.4)

Equation (6.3.4) is more accurate, computationally faster [163] and convenient to

implement than previous Eq. (6.3.3). On the other hand, Eq. (6.3.4) is valid only if

the initial wavefunction is real and the Hamiltonian is symmetric. Since the experi-

mental spectral lines due to the resolution of the spectrometer appear broadened, one

can incorporate this effect to the calculated spectra by convoluting with a suitable

peaked curve. In the time - dependent picture, this phenomenological broadening is

equivalent to damping the autocorrelation function by a time - dependent function

as chosen below:

h(t) = exp
(
− |t|

τ

)
(6.3.5)

with an appropriate parameter, τ . Though the experimental broadening alone of a

spectrum requires a large value of τ (≈ 150 - 250 fs), the calculated S2 spectrum

of pyrazine for the four mode model (by neglecting bath degrees of freedom) has

qualitatively well agreement with the experimental one [160] with τ = 30 fs.

Moreover, as the propagation of wavefunction and the calculated autocorrelation

function is up to a finite time, artefacts known as Gibbs phenomenon develop in the

spectrum. It can be reduced by multiplying the autocorrelation with the following

function,

g(t) = cos(
πt

2T
), (6.3.6)

where T is the length of propagation. This function convolutes the spectrum with,

g̃(ω) =
4πT

π2 − (2ωT )2
cos(ωT ). (6.3.7)

such that C(t) is smoothened to zero.
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Table 6.4: quadratic on diagonal coupling constants (in eV) of the S1 and S2 diabatic potentials of pyrazine obtained at the
CIS level [149]. Values specified with an asterisk are the adjusted values based on the comparison of CIS data and MRCI
[151–153]/CASSCF [155] data.

Ag ν6a ν1 ν9a ν8a ν2 B1g ν10a

ai,j ν6a 0.00000∗ 0.00108 −0.00204 −0.00135 −0.00285 ai,j ν10a −0.01159
ν1 0.00000∗ 0.00474 0.00154 −0.00163
ν9a 0.00000∗ 0.00872 −0.00474
ν8a 0.00000∗ −0.00143
ν2 0.00000∗

bi,j ν6a 0.00000∗ −0.00298 −0.00189 −0.00203 −0.00128 bi,j ν10a −0.01159
ν1 0.00000∗ 0.00155 0.00311 −0.00600
ν9a 0.00000∗ 0.01194 −0.00334
ν8a 0.00000∗ −0.00713
ν2 0.00000∗

B3g ν6b ν3 ν8b ν7b Au ν16a ν17a

ai,j ν6b −0.00741 0.01321 −0.00717 0.00515 ai,j ν16a 0.01145∗ 0.00100
ν3 0.05183 −0.03942 0.00170 ν17a −0.02040
ν8b −0.05733 −0.00204
ν7b −0.00333

bi,j ν6b −0.00385 −0.00661 0.00429 −0.00246 bi,j ν16a −0.01459∗ −0.00091
ν3 0.04842 −0.03034 −0.00185 ν17a −0.00618
ν8b −0.06332 −0.00388
ν7b −0.00040

B1u ν12 ν18a ν19a ν13 B2g ν4 ν5

ai,j ν12 −0.04819 0.00525 −0.00485 −0.00326 ai,j ν4 −0.02252∗ −0.00049
ν18a −0.00792 0.00852 0.00888 ν5 −0.01825
ν19a −0.02429 −0.00443
ν13 −0.00492

bi,j ν12 −0.00840 0.00536 −0.00097 0.00034 bi,j ν4 −0.03445∗ 0.00911
ν18a 0.00429 0.00209 −0.00049 ν5 −0.00265
ν19a −0.00734 0.00346
ν13 0.00062

B2u ν18b ν14 ν19b ν20b B3u ν16b ν11

ai,j ν18b −0.00277∗ 0.00016∗ −0.00250 0.00357 ai,j ν16b −0.02176 −0.00624
ν14 0.03924∗ −0.00197 −0.00355 ν11 0.00315
ν19b 0.00992 0.00623
ν20b −0.00110

bi,j ν18b −0.01179∗ −0.00844∗ 0.07000∗ −0.01249 bi,j ν16b −0.02214 −0.00261
ν14 0.04000∗ −0.05000∗ 0.00265 ν11 −0.00496
ν19b 0.01246 −0.00422
ν20b 0.00069
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Table 6.5: Quadratic off-diagonal (vibronic) coupling constants (in eV) of the S1 and
S2 diabatic potentials of pyrazine obtained at the CIS level [149]. Values specified
with an asterisk are the adjusted values based on the comparison of CIS data and
MRCI [151–153] /CASSCF [155] data.

B1g × Ag ν6a ν1 ν9a ν8a ν2

ci,j ν10a −0.01000∗ −0.00551 0.00127 0.00799 −0.00512
B2g × B3g ν6b ν3 ν8b ν7b

ci,j ν4 −0.01372 −0.00466 0.00329 −0.00031
ν5 0.00598 −0.00914 0.00961 0.00500

Au × B1u ν12 ν18a ν19a ν13

ci,j ν16a −0.01056 0.00559 0.00401 −0.00226
ν17a −0.01200 −0.00213 0.00328 −0.00396

B3u × B2u ν18b ν14 ν19b ν20b

ci,j ν16b 0.00118 −0.00009 −0.00285 −0.00095
ν11 0.01281 −0.01780 0.00134 −0.00481

6.3.3 The numerical details

The optimum number of TDDVR grid - points used are: N6a=13, N1=27, N9a=9

and N10a=21 for the first four modes, N8a=2, N2 =2, N4 = 3, N5 = 3, N6b=2,

N3=1, N8b=1 and N7b=1 for the next eight modes and then one basis function for

the remaining bath modes. We calculate the quality of the results by estimating the

magnitude of the error due to the use of finite TDDVR basis in the autocorrelation

function,

∆(t) = |〈Ψ(0)|Ψ(t)〉 − 〈Ψ′(0)|Ψ′(t)〉|2 (6.3.8)

where Ψ′(t) is the wavefunction ignoring the least populated TDDVR basis function.

We found that the change of autocorrelation function, ∆(t), in the four mode model

and the system with eight bath modes remains below 10−3 on addition or subtraction

of a TDDVR basis in a particular mode.

It is important to note that with a sufficient number of grid - points, TDDVR

formulation is such that the calculated results appear as independent of the initial
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choice of “classical” momentum of the central trajectory and thereby, we have chosen

Qi(t0) = 0 and Pi(t0) = 0 for those modes. On the other hand, this choice plays a

key role when a mode is treated at the classical limit (a single grid - point) or at near

classical limit (few grid - points) because the dynamics is solely or essentially dictated

by classical mechanics. In the present calculations, the choice of classical parameters

for one grid - point dynamics are Qi(t0) = 0 and Pi(t0) =
√
h̄mωı.

6.3.4 Results and discussion

The TDDVR wavefunction for the four-mode model is being propagated up to 120 fs

by using 13, 27, and 9 grid - points for the tuning mode, ν6a, ν1, and ν9a, respectively

and 21 grid - points in the coupling mode, ν10a, where a similar calculation has been

performed by using relatively larger number of basis functions namely 19, 43, 13 and

29 grid - points for the mode, ν6a, ν1, ν9a and ν10a, respectively [45]. The Eq. (6.3.4)

implies that the propagation of wavefunction up to 120 fs corresponds to 240 fs in the

profile of auto - correlation function. Fig. 6.7(a) displays the absolute values of the

auto - correlation functions calculated by using the above two sets of TDDVR basis

functions. It shows reasonably good agreements even at the peaks, and resonances

during the entire propagation, with some small exceptions at longer time. Since

the loss of coherence throughout the whole propagation is small, and in principle,

the TDDVR method with sufficient grid - points can reproduce the exact quantum

mechanical results, we wish to perform TDDVR calculations with the smaller set of

basis functions so that, the results are close enough to the exact quantum ones and

more number of modes could be included explicitly in the dynamical process.

The inset in Fig. 6.8 demonstrates the calculated time - dependent probabilities of

finding the four - mode subsystem on the S2 diabatic state by using smaller and larger

number of TDDVR basis functions and shows a remarkable agreement between them.

The population dynamics of the S2 diabatic state indicates the coupling between the
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Figure 6.7: Calculated absolute values of the autocorrelation function using TD-
DVR approach as functions of time for the following cases: (a) Four mode model
(subsystem); (b) Subsystem coupled with eight bath modes; (c) Subsystem coupled
with twenty bath modes. Fig. 6.7(a) envelope compares the results obtained by using
smaller and larger sets of TDDVR basis functions.
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diabatic states in presence of conical intersection. The interstate population transfer

starts almost immediately with a drop to even below 0.2 at around 45 fs and sharply

arises again to 0.4 after 75 fs with a quick decay to 0.2 at around 100 fs. Though there

are some repeated patterns with smaller amplitudes at longer time, but these are not

much interesting to follow. In a similar manner, the inset of Fig. 6.9 displays the

adiabatic S2 state population of the four - mode subsystem as functions of time with

an excellent agreement between the TDDVR profiles calculated by using two sets of

basis functions. It is important to note that the initial population on the S2 adiabatic

state starts at slightly below one (1.0) since the remaining amplitude contributes to

the initial adiabatic S1 state population leading to S1 state spectrum. Though the

initial decay of the adiabatic S2 state population is much slower compared to the

diabatic one, this transfer after 10 fs in the adiabatic case is not only faster but also

reduces the population to a much lower value. Finally, at around 80 fs, there is a

slight increase of the adiabatic population of the S2 state, which is negligibly small

change compared to the diabatic one, but shows the effect of conical intersection at

the same period of time.

Fig. 6.10(a) presents the S2 state absorption spectrum of pyrazine calculated by

using TDDVR wavefunction for the four - mode model, where the same figure includes

the quantum envelope [149] indicating a reasonably good agreement. The calculated

spectrum in Fig. 6.10(a) have two interesting parts namely the small discrete lines on

the lower energy side show the S1 state spectrum and the higher energy side profile

originates from S2 state. On the other hand, Fig. 6.10(b) displays convoluted S2

state spectrum with the inclusion of a strong phenomenological broadening (τ = 30

fs) and clearly demonstrates good agreement between quantum - classical (TDDVR)

and quantum mechanical (MCTDH) results [149].

We have investigated the effect of bath modes on the subsystem dynamics by

including different number of bath degrees of freedom. The wavefunction of the
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Figure 6.8: Population dynamics on the S2 diabatic state as functions of time for
the four, twelve and twenty four mode models where the inset in Fig. 2 is the result
for the four mode model with smaller and larger number of TDDVR basis functions.
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Figure 6.9: TDDVR results for the adiabatic S2 population of the four, twelve and
twenty four mode models as functions of time where the inset in Fig. 3 is the adiabatic
S2 state population for the four mode model as functions of time with two different
sets of basis functions.
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twelve - mode model is being propagated by using 21 grid - points in the interstate

coupling mode (ν10a), 13, 27, and 9 grid - points for the tuning mode, ν6a, ν1, and

ν9a, respectively and 2, 2, 3, 3, 2, 1, 1, 1 grid - points for the bath mode, ν8a, ν2,

ν4, ν5, ν6b, ν3, ν8b and ν7b, respectively. We have also performed the dynamics of

the total model Hamiltonian with the same number of grid - points in the coupling,

tuning and first eight bath modes of g symmetry as before but with one TDDVR basis

for each mode of the rest bath degrees of freedom. Indeed, it is important to note

that the bath modes effectively behave like tuning mode. Figures 6.7(b) and 6.7(c)

display the absolute values of autocorrelation functions of the subsystem calculated by

using TDDVR wavefunction for the twelve - mode and total model Hamiltonian as a

functions of time. Both the figures demonstrate the sharp effect of bath modes on the

subsystem. We find that the peaks of the autocorrelation functions in Figs. 6.7(b)

and 6.7(c) are not only much suppressed in magnitude but also appear with more

structures compared to the Fig. 6.7(a). These structures are due to the involvement

of the multiple normal mode frequencies of the bath Hamiltonian in the subsystem

dynamics.

Figure 6.8 displays the population dynamics of the subsystem S2 diabatic state

obtained by persuing the molecular dynamics of the twelve - mode and the total

model Hamiltonian. In order to see the effect of bath modes, we have also shown the

diabatic S2 state population for the four mode model as function of time in the same

figure. The inclusion of bath mode leads to a faster interstate population transfer and

brings down the final population of the S2 diabatic state. The population decays to

0.18 after 40 fs and then rises to 0.38 at around 85 fs before the final decay after 100

fs. The transfer of population with the inclusion of first eight bath modes on the four

- mode model is more effective than with the addition of rest of the bath modes. In

Fig. 6.9, we present the effect of increasing number of bath modes on the adiabatic

S2 state population dynamics of the subsystem. The figure clearly demonstrates that
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the adiabatic population of the subsystem in presence of bath modes decays faster to

lower values than the subsystem alone. The fast transfer of the adiabatic or diabatic

population and also relatively low rise of population at around 80 fs in presence of

bath modes is due to the lowering of the conical intersection.

(a)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

 4.4  4.6  4.8  5  5.2  5.4  5.6

In
te

ns
ity

Energy [eV]

(a) TDDVR
Quantum

(b)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

 4.4  4.6  4.8  5  5.2  5.4  5.6

In
te

ns
ity

Energy [eV]

(b) TDDVR
Quantum

(c)

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 4.4  4.6  4.8  5  5.2  5.4  5.6

In
te

ns
ity

Energy [eV]

(c) TDDVR
Quantum

(d)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

 4.4  4.6  4.8  5  5.2  5.4  5.6

In
te

n
si

ty

Energy [eV]

(d) TDDVR
Quantum

Figure 6.10: The calculated absorption spectrum of the S2 states of pyrazine molecule
for the four model model (a) without or (b) with a strong phenomenological broad-
ening (τ=30 fs). Results are compared with corresponding quantum mechanical en-
velopes [149]. The convoluted absorption spectrum of the S2 states for the (c) twelve
(τ = 50 fs) and (d) twenty four (τ = 150 fs) mode model are presented and compared
with quantum mechanical profile [149].

Figs. 6.10(c) and 6.10(d) show the theoretical photoabsorption spectrum of pyrazine

for the twelve - mode model and the total model system along with the quantum pro-

file. We find that the calculated spectrum have good agreement with the quantum

one [149]. Moreover, it is interesting to see that the effect of bath modes on the S2
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spectrum is very sharp in a way that only a weaker (τ = 50 fs) and the weakest

(τ = 150 fs) phenomenological broadening are needed for the twelve - mode model

and the total model system, respectively to reproduce quantum mechanical as well

as experimental spectrum. The inclusion of first eight bath modes on the isolated

subsystem reduces the structures of the four - mode S2 spectrum and thereby, brings

good matching with quantum results. On the other hand, we see that the broad band

of the S2 spectrum remain unchanged except some finer details with the addition of

the rest of the bath modes.

We are also interested to investigate the effect of coupling between the subsystem

and the environment and thus, have calculated the following quantities: (a) The

energy flow from subsystem to the bath; (b) The relaxation of the subsystem due to

the bath. The bath energy [Eb(t)] as a function of time is defined by considering the

virial theorem, 2 ¯〈Tb〉t = ¯〈Hb〉t+0.5 ¯〈Hsb〉t, without including the time average, Eb(t) =

〈Hb(t)〉+0.5〈Hsb(t)〉, where Hb and Hsb are the bath and subsystem - bath interaction

Hamiltonian known from Eq. (6.3.1). The effect of environment on the subsystem

can be monitored by calculating the overlap of time - dependent wavefunctions of the

model Hamiltonian with or without including the bath modes. Since the dimension of

the wavefunction for the subsystem is different from subsystem - bath wavefunction,

we calculate the overlap between the density matrix (ρ(4)) for the isolated subsystem

and the reduced density matrix (ρ(red)) by taking the trace over the bath modes as,

S(t) = tr{ρ(4)(t)ρ(red)(t)}.

The inset in Fig. 6.11 presents the instantaneous bath energy as a function of time

for the twelve - mode model. The bath energy increases up to 30 fs, then sharply

decays before it steady rises around 80 fs until the end of propagation. The energy

transfer from the subsystem to the bath is more effective when the system is around

the conical intersection. Fig. 6.11 displays density overlap, S(t), as a function of time

for the twelve mode model system. The effect of the eight bath modes on S(t) is huge
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Figure 6.11: The effect of bath modes on the density overlap function as functions
of time when the system is coupled with eight bath oscillators. The inset in Fig. 5
displays the energy transfer from the system to the bath oscillators as functions of
time with increasing number of bath modes.

and interesting. The profile decays within first 20 fs, then passes through some small

peaks before it rises sharply around 80 fs and finally decays after 100 fs. The sharp

rise indicates that the system is around the conical intersection. Since the calculated

profiles of Eb(t) and S(t) for the total model system appear as very similar to that of

twelve - mode model case, those results are not being presented.

6.3.5 Computational and theoretical aspects of TDDVR and the other
contemporary approaches

We have done all the calculations on a 2 CPU Sun blade 2500 work station @1.6

GHz Ultra SPARC IIIi processor with 4 GB RAM. The amount of physical

memory used and CPU time needed to perform the dynamics of four - mode model are

46 Mbytes and 45 min, respectively. The subsystem with eight bath modes requires

around 3.4 Gbytes physical memory with 360 h CPU time, where the dynamics has

been carried out by using 5×106 number of TDDVR grid - points on each surface. It is
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important to note that in case of total model Hamiltonian, since many bath degrees

of freedom are being treated with one TDDVR grid - point/basis, the algorithm

demands the same amount of physical memory with little more CPU time compared

to the dynamics of twelve - mode Hamiltonian. On the contrary, the MCTDH [164–

167] calculations were performed for the four - mode and twelve - mode model on

an IBM RS/6000 power2 workstations and for the twenty - four mode model on

a CRAY T90 vector computer and require [149] much less CPU time compared to

the TDDVR approach. At the same time, one must note that MCTDH calculation

[149] has considered the symmetry of the system or grouping of the modes due to

simplicity of the Hamiltonian but at least for the time being, TDDVR method has

been implemented in a robust manner leading to much higher requirement of physical

memory as well as CPU time. In a similar context, we may compare the numerical

efficiency of our approach with the semiclassical calculations performed on the same

system. Thoss et. al. [157] have carried out such calculations for the 4 -, 14 - and 24

- mode linear coupling model of pyrazine on a COMPAQ XP1000 workstation with

a cost of 15, 121, and 380 CPU hours and 4 Mbytes physical memory for all cases.

Though such semiclassical calculations [157, 158] have clear advantage over TDDVR

(even over MCTDH) at least with respect to the requirement of physical memory,

the comparison between TDDVR and MCTDH approaches is more meaningful in the

sense that TDDVR with sufficient grid - points on each mode tend to a quantum

mechanical approach.

Though the efficiency of the MCTDH method is often significantly enhanced by

grouping a number of degrees of freedom together and thereby, treating the group

as a single particle known as “mode combination”, MCTDH achieves further advan-

tage by using correlation DVR (CDVR) [168] to evaluate the potential energy matrix

elements very fast on the time - dependent grid with accurate correlation while em-

ploying mode combination [169]. On the other hand, since our TDDVR approach
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uses time - dependent DVR basis functions (constructed with GWP multiplied by

harmonic oscillator (primitive) basis set), the calculations of potential energy matrix

elements need to be performed only once for all the time. The movements of the grid

- points in the TDDVR are dictated by so called “classical” mechanics and help to

avoid the wastage of many grid - points to represent empty space. At this junction,

we also wish to mention that the TDDVR approach has the clear scope to scale down

the present necessity of physical memory and CPU time substantially since it has the

possibility to parallelize the major areas of the algorithm. The contribution of differ-

ent modes on a time - dependent amplitude (ḋi1i2....ip,l) can be evaluated (Eq. (6.2.7))

independently, i.e., Yk and Zk matrices (Eqs. (2.3.23) and (2.3.24)) couple grid -

points or basis functions of the kth mode only. This feature will allow parallelization

of the algorithm, reduce computational cost remarkably and pave the possibility to

pursue relatively large dimensional calculations. Moreover, we remind that the ex-

pansion of wavefunction in terms of TDDVR basis set can be such that one may also

introduce the idea of mode combination either based on physical and/or symmetry

consideration to reduce the present computational cost. Of course the correlation

among the modes is a necessity to increase accuracy and its’ implementation in our

TDDVR approach is definitely possible.
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APPENDIX A

TDDVR THEORY AND THE ABSORBING

POTENTIAL

The theory is based on an expansion of the wavefunction in the Gauss - Hermite (G

- H) basis set

Ψ(x, t) =
∑

n

an(t)ψn(x, t), (A1)

where ψn(x, t) are the G - H basis functions

ψn(x, t) = Φ(x, t)φn(ξ, t) (A2)

where the Gaussian wave packet (Φ(x, t)) and harmonic oscillator wavefunction (φn(ξ, t))

are

Φ(x, t) = π1/4 exp
( i
h̄

(
γ(t) + p(t)(x− x(t)) +ReA(x− x(t))2

))
(A3)

φn(ξ, t) =
1√

n!2n
√
π
Hn(ξ) exp

(
− 1

2
ξ2
)

(A4)

with Hn(x) is the Hermite polynomial and ξ =
√

2ImA(t)/h̄(x− x(t)).

In order to obtain DVR representation we introduce the grid - points as zero’s of

the Nth basis function (φn(z)). These zero’s are the roots (zi) of the Nth Hermite

polynomial and thereby, we can introduce

an(t) =
N∑

i=1

ci(t)φn(zi) (A5)

Substituting Eq. (A5) in (A1), we obtain the expansion of the wavefunction in terms

of time - dependent basis on a grid (DVR)

Ψ(x, t) =

N∑

i=1

ci(t)
∑

n

ψn(x, t)φn(zi). (A6)
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Thus, the method attempts to take the best of both worlds, namely, the basis set and

DVR representation. Alternatively, the basis is moving on a time - dependent grid.

The amplitutes of the wavefunction are always around the center of the wave packet

in the sense that the boundary grid - points hardly accumulates higher magnitudes

of the amplitudes. Thus, the question of reflection from the boundary does not arise.
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APPENDIX B

FORMULATION OF TDDVR HAMILTONIAN

MATRIX FOR MULTI - CURVE SYSTEMS

When the TDDVR wavefunctions (Eqs. (2.2.3) -(2.2.5)) are substituted in time -

dependent Schroedinger equation (2.2.1), the general form of differential equation for

any curve ( k ≤M) is as below,

ih̄
∂

∂t
{
∑

i

cik(t)

N∑

n=0

ξ⋆
n(xi)Φ

′
n(s, t)} = (T̂ + V̂kk(s)){

∑

i

cik(t)

N∑

n=0

ξ⋆
n(xi)Φ

′
n(s, t)}

+
∑

l 6=k

V̂kl(s)){
∑

i

cil(t)
N∑

n=0

ξ⋆
n(xi)Φ

′
n(s, t)} (B1)

M is the number of curves involved in the calculation, V̂kl(s) is “diagonal” in DVR

basis. Considering xi =
√

(2ImA/h̄)(si(t) − sc(t)), both the operators ∂
∂t

and T̂ will

not operate on ξ⋆
n(xi), hence Eq. (B1) can be written as,

ih̄{
∑

i

ċik(t)

N∑

n=0

ξ⋆
n(xi)Φ

′
n(s, t)} + ih̄{

∑

i

cik(t)

N∑

n=0

ξ⋆
n(xi)(

∂

∂t
Φ′n(s, t))}

= {
∑

i

cik(t)
N∑

n=0

ξ⋆
n(xi)(T̂Φ′n(s, t))} + {

∑

i

cik(t)Vkk(si)
N∑

n=0

ξ⋆
n(xi)Φ

′
n(s, t)}

+
∑

l 6=k

{
∑

i

cik(t)Vkl(si)

N∑

n=0

ξ⋆
n(xi)Φ

′
n(s, t)} (B2)

Evaluating the terms of ∂
∂t

Φ′n(s, t) and T̂Φ′n(s, t), when we substitute back in Eq.

(B2) some of them cancel each other. The terms that remain from ih̄ ∂
∂t

Φ′n(s, t) are,

h̄ImA

µ
Φ′n(s, t) − ṗsc

(t) × (s− sc(t))Φ
′
n(s, t) (B3)

where

(s− sc(t))Φ
′
n(s, t) =

1

2

√
h̄

ImA
{
√
n + 1Φ′n+1(s, t) +

√
nΦ′n−1(s, t)}. (B4)
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From Eq. (B2) (after substituting Eqs. (B3) and (B4) in Eq. (B2) and projecting by

a particular TDDVR basis,
∑N

m=0 ξm(xj)Φ
′
m

⋆(s, t)}), we get the first term (X) of Eq.

(2.2.17).

Similarly, the terms from T̂Φ′n(s, t) are,

µṡ2
c(t)

2
Φ′n(s, t) − 1

2
× 4ImA2

µ
× (s− sc(t))

2Φ′n(s, t) +
h̄ImA

µ
× (2n+ 1)Φ′n(s, t) (B5)

where

(s− sc(t))
2Φ′n(s, t) =

h̄

4ImA
{
√

(n+ 1)(n+ 2)Φ′n+2(s, t) + (2n + 1)Φ′n(s, t)

+
√
n(n− 1)Φ′n−2(s, t)}. (B6)

Hence the terms in Eq. (B5) using Eq. (B6) can be expressed as,

µṡ2
c(t)

2
Φ′n(s, t) − h̄ImA

2µ
{
√

(n+ 1)(n+ 2)Φ′n+2(s, t) +
√
n(n− 1)Φ′n−2(s, t)

+ (2n+ 1)Φ′n(s, t)} +
h̄ImA

µ
(2n+ 1)Φ′n(s, t) (B7)

From the first term of Eq. (B3) and the third term of Eq. (B7), we get the third

term (Y) of Eq. (2.2.17) whereas the fourth term (Z) of Eq. (2.2.17) comes from the

second term of (B7).
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APPENDIX C

MATRIX REPRESENTATION OF HIGHER

ORDER COUPLING TERMS

Higher order coupling terms (s − sc)
k(k ≥ 2), are non - diagonal in DVR (here

harmonic oscillator eigenfunctions form the primitive basis) and matrix elements over

(s− sc)
2 are

Z ′ij = 〈
∑

k

ξk(xi)φ
′∗
k (s, t)

∣∣∣(s− sc)
2
∣∣∣
∑

l

ξ∗l (xj)φ
′
l(s, t)〉

=
∑

kl

ξk(xi)ξ
∗
l (xj)

∫
φ′∗k (s, t)|(s− sc)

2φ′l(s, t)ds

=
h̄

4ImA

[∑

kl

ξk(xi)ξ
∗
l (xj)

{√
(l + 1)(l + 2) × φ′∗k (s, t)φ′l+2(s, t)ds

+
√
l(l − 1)

∫
φ′∗k (s, t)φ′l−2(s, t)ds+ (2l + 1)

∫
φ′∗k (s, t)φ′l(s, t)ds

}]
,

Zij =

N−2∑

k=0

ξ∗k+2(xj)
√

(k + 1)(k + 2)ξk(xi) +

N∑

k=2

ξ∗k−2(xj)
√
k(k − 1)ξk(xi)

+

N∑

k=0

ξ∗k(xj)(2k + 1)ξk(xi), (C1)

where xi’s are the roots of the Hermite polynomials. If we assume that the Z matrix

is diagonal, off-diagonal elements of
∑N

k=0 ξ
∗
k(xj)(2k+1)ξk(xi) should compensate for

the corresponding elements of the first two sum in Eq. (C1). But that is not the case;

at least numerical calculation shows Z is very much a full matrix.

If we wish to construct a 2 × 2 Z matrix, we need the following three Hermite
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polynomials:

H0(x) = 1

H1(x) = 2x, (C2)

H2(x) = 4x2 − 2,

and the corresponding Harmonic oscillator basis functions are

ξ0(x) = (
2ImA

πh̄
)1/4 exp(−x2/2),

ξ1(x) = (
2ImA

πh̄
)1/4

√
2 exp(−x2/2)x (C3)

ξ2(x) = (
2ImA

πh̄
)1/4 1

2
√

2
exp(−x2/2)(4x2 − 2).

The roots of the highest Hermite polynomial (H2(x)) will be (4x2 − 2 = x1 =

+1/
√

2 and x2 = −1/
√

2. From Eq. (B1) we can write Z12 as

Z12 = ξ∗2(x2)
√

2ξ0(x1) + ξ∗0(x2)
√

2ξ2(x1)

+ ξ∗0(x2)ξ0(x1) + ξ∗1(x2)3ξ1(x1) (C4)

+ ξ∗2(x2)5ξ2(x1)

The first and second terms of Z12 came from first and second sum of Zij, respec-

tively, and the last three terms of Z12 are from the third sum of Zij. [It is important to

note that in Z12 a three harmonic oscillator basis and two roots of the highest Hermite

polynomials, H2(x) are involved.]

We simplify Eq. (C4) by noting that ξ2(x1) and ξ2(x2) (also their complex conju-

gate, as they are real functions) are zero as x1 and x2 are roots of H2(x),

Z12 = ξ∗0(x2)ξ0(x1) + ξ∗1(x2)3ξ1(x1) (C5)
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Substituting ξ0 and ξ1 [from Eq. (C3)] for the roots x1 and x2 in Eq. (C5), we get

Z12 = (
2ImA

πh̄
)1/2 exp(−x2

1/2) exp(−x2
2/2)

+ (
2ImA

πh̄
)1/2 exp(−x2

1/2) exp(−x2
2/2)3

√
2x1

√
2x2

= (
2ImA

πh̄
)1/2 exp(−x2

1/2) exp(−x2
2/2)(1 + 6x1x2)

= −2(
2ImA

πh̄
)1/2 exp(−x2

1/2) exp(−x2
2/2) 6= 0 (C6)

Table 2.1 indicates that we have calculated the correct roots of the Hermite polynomial

because they can form an orthogonal DVR basis. With these roots, we have calculated

a Z matrix ( see Table 2.4).
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APPENDIX D

DERIVATION OF QUANTUM FORCE FOR

ELECTRONIC TRANSITION

When we substitute Eq. (B2) along with Eqs. (B3) and (B5) of Appendix B in Eq.

(2.3.27), we obtain

I =

∫
dsF ⋆(s, t)F (s, t) (D1)

where

F (s, t) ≡





f1(s, t)

f2(s, t)

·

·

fk(s, t)





(D2)

and for a particular curve (k), the functional fk(s,t) takes the following form

fk(s, t) = ih̄
∑

i

ċik(t)
∑

n

ξ⋆
n(xi)Φ

′
n(s, t) − ṗsc

(t)
∑

i

cik(t)

×
∑

n

ξ⋆
n(xi)(s− sc(t))Φ

′
n(s, t) − µṡ2

c(t)

2

∑

i

cik(t)
∑

n

ξ⋆
n(xi)Φ

′
n(s, t)

+
2ImA2

µ

∑

i

cik(t)
∑

n

ξ⋆
n(xi)(s− sc(t))

2Φ′n(s, t)

− h̄ImA

µ

∑

i

cik(t)
∑

n

ξ⋆
n(xi)2nΦ′n(s, t) −

∑

i

cik(t)Vkk(si)
∑

n

ξ⋆
n(xi)Φ

′
n(s, t)

−
∑

l 6=k

∑

i

cil(t)Vkl(si)

N∑

n=0

ξ⋆
n(xi)Φ

′
n(s, t) (D3)

The rigorous expresion of ṗsc
can be derived[36] by minimizing integral (C1) with
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respect to ṗsc
,

dI

dṗsc

= 0

= ih̄
∑

k

∑

ij

(ċ⋆ik(t)cjk(t) − c⋆ik(t)ċjk(t))

×
∑

nm

ξn(xi)ξ
⋆
m(xj)

∫
(s− sc(t))Φ

′⋆
n(s, t)Φ

′
m(s, t)ds

+ 2ṗsc
(t)
∑

k

∑

ij

c⋆ik(t)cjk(t)
∑

nm

ξn(xi)ξ
⋆
m(xj)

∫
(s− sc(t))

2Φ′
⋆
n(s, t)Φ′m(s, t)ds

+ µṡc
2(t)

∑

k

∑

ij

c⋆ik(t)cjk(t)
∑

nm

ξn(xi)ξ
⋆
m(xj)

∫
(s− sc(t))Φ

′⋆
n(s, t)Φ

′
m(s, t)ds

− 4ImA2

µ

∑

k

∑

ij

c⋆ik(t)cjk(t)
∑

nm

ξn(xi)ξ
⋆
m(xj)

∫
(s− sc(t))

3Φ′
⋆
n(s, t)Φ

′
m(s, t)ds

+
2h̄ImA

µ

∑

k

∑

ij

c⋆ik(t)cjk(t)
∑

nm

ξn(xi)ξ
⋆
m(xj)2n

∫
(s− sc(t))Φ

′⋆
n(s, t)Φ′m(s, t)ds

+
∑

k

∑

ij

c⋆ik(t)cjk(t)Vkk(sj)
∑

nm

ξn(xi)ξ
⋆
m(xj)

∫
(s− sc(t))Φ

′⋆
n(s, t)Φ′m(s, t)ds

+
∑

k

∑

ij

c⋆ik(t)cjk(t)Vkk(si)
∑

nm

ξn(xi)ξ
⋆
m(xj)

∫
(s− sc(t))Φ

′⋆
n(s, t)Φ′m(s, t)ds

+
∑

kl,k 6=l

∑

ij

c⋆ik(t)cjl(t)Vkl(sj)
∑

nm

ξn(xi)ξ
⋆
m(xj)

∫
(s− sc(t))Φ

′⋆
n(s, t)Φ′m(s, t)ds

+
∑

kl,k 6=l

∑

ij

c⋆ik(t)cjl(t)Vkl(si)
∑

nm

ξn(xi)ξ
⋆
m(xj)

∫
(s− sc(t))Φ

′⋆
n(s, t)Φ′m(s, t)ds(D4)

Projecting Eq. (B2) by a particular TDDVR basis,
∑N

p=0 ξp(xl)Φ
′
p
⋆(s, t), we obtain

ih̄ċik(t)

=
ṗsc

(t)
∑

j cjk(t)
∑

pq ξ
⋆
p(xj)ξq(xi)

∫
Φ′⋆q(s, t)(s− sc(t))Φ

′
p(s, t)ds∑

p ξ
⋆
p(xi)ξp(xi)

+
µṡ2

c(t)

2
cik(t)

− 2ImA2

µ

∑
j cjk(t)

∑
pq ξ

⋆
p(xj)ξq(xi)

∫
Φ′⋆q(s, t)(s− sc(t))

2Φ′p(s, t)ds∑
p ξ

⋆
p(xi)ξp(xi)

+
h̄ImA

µ

∑
j cjk(t)

∑
p ξ

⋆
p(xi)ξp(xj)2p∑

p ξ
⋆
p(xi)ξp(xi)

+ Vkk(si)cik(t) +
∑

l 6=k

Vkl(si)cil(t) (D5)

Substituting (D5) in (D4) and after some algebraic simplification (!), the compact

188

TH-421_02612202



form of ṗsc
can be written as

ṗsc
(t) =

[2ImA2

µ

{∑

k

∑

ij

c⋆ik(t)

∑
i′ ci′k(t)S

(2)
i′j

Ajj
S⋆(1)

ij

+
∑

k

∑

ij

∑
i′ c

⋆
i′k(t)S

⋆(2)
i′i

Aii
cjk(t)S

⋆(1)
ij − 2

∑

k

∑

ij

c⋆ik(t)cjk(t)S
⋆(3)
ij

}

− h̄ImA

µ

{∑

k

∑

ij

c⋆ik(t)

∑
i′ ci′k(t)Ri′j

Ajj
S⋆(1)

ij

+
∑

k

∑

ij

∑
i′ c

⋆
i′k(t)R

⋆
i′i

Aii
cjk(t)S

⋆(1)
ij − 2

∑

k

∑

ij

c⋆ik(t)cjk(t)T
⋆
ij

}]

/ [∑

k

∑

ij

c⋆ik(t)

∑
i′ ci′k(t)S

(1)
i′j

Ajj
S⋆(1)

ij +
∑

k

∑

ij

∑
i′ c

⋆
i′k(t)S

⋆(1)
i′i

Aii
cjkS

⋆(1)
ij

− 2
∑

k

∑

ij

c⋆ik(t)cjk(t)S
⋆(2)
ij

]
(D6)

where

Rij =
∑

p

ξ⋆
p(xi)ξp(xj)2p

S
(n)
ij =

∑

pq

ξ⋆
p(xi)ξq(xj)

∫
Φ′

⋆
q(s, t)(s− sc(t))

nΦ′p(s, t)ds

Tij =
∑

pq

ξp(xi)ξ
⋆
q(xj)2p

∫
Φ′

⋆
p(s, t)(s− sc(t))Φ

′
q(s, t)ds

Aij =
∑

p

ξ⋆
p(xi)ξp(xj) (D7)

with

∫
Φ′

⋆
p(s, t)(s− sc(t))Φ

′
q(s, t)ds =

1

2

√
h̄

ImA
{
√
p+ 1δp+1,q +

√
pδp−1,q}

∫
Φ′

⋆
p(s, t)(s− sc(t))

2Φ′q(s, t)ds =
h̄

4ImA
× {
√

(p+ 1)(p+ 2)δp+2,q + (2p+ 1)δp,q

+
√
p(p− 1)δp−2,q}

∫
Φ′

⋆
p(s, t)(s− sc(t))

3Φ′q(s, t)ds =
1

8
(
h̄

ImA
)3/2 × {

√
(p+ 1)(p+ 2)(p+ 3)δp+3,q

+ 3(p+ 1)
√
p + 1δp+1,q + 3p

√
pδp−1,q

+
√
p(p− 1)(p− 2)δp−3,q} (D8)
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Matrices (R, S(n), T and A) involved in Eq. (D6) are time - independent and can

be calculated once for all the time while the time - dependence of ṗsc
arises from

the coefficient {cil(t)}. At this point, it is important to note that ṗsc
does not depend

explicitly on the potential of the system unlike its form in ref.[27]. Those terms which

are diagonal (or considered as “diagonal”) in DVR as shown in equation (D4), vanish

when (D5) is substituted in (D4).

We can further simplify equation (D6) when we replace S
(1)
ij by S

(1)
ij δij as first order

term (s− sc(t)) is diagonal in DVR (Table 2.2),

ṗsc
(t) =

∑

ijl1l2...lk

c⋆il1l2...lk
(t)cjl1l2...lk(t)

{
2ImA2

µ

[
S

(2)
ij

S(1)⋆

ii

Aii
− S

(3)
ij

]

− h̄ImA

µ

[
Rij

S(1)⋆

ii

Aii
− T ⋆

ij

]}/[ ∑

il1l2...lk

c⋆il1l2...lk
(t)cil1l2...lk(t)

S(1)⋆

iiS
(1)
ii

Aii

−
∑

ijl1l2...lk

c⋆il1l2...lk
(t)cjl1l2...lk(t)S

⋆(2)
ij

]
(D9)
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APPENDIX E

TDDVR AS AN EFFECTIVELY MULTI -

TRAJECTORY APPROACH

In the multi - dimensional DVR representation (Eqs. (2.3.5) -(2.3.8)), ikth basis

function corresponds to the ikth grid - point (sk
ik

) where k indicates a particular

mode. Again ikth grid - point (sk
ik

) is related with ikth root (xk
ik

) of the Hermite

polynomial,

xk
ik

=

√
2ImAk

h̄
(sk

ik
(t) − sk

c (t)). (E1)

From the property of the TDDVR basis,

ψik(s
k, t) =

N∑

n=0

ξ⋆
n(x

k
ik

)Φn(sk, t) ≈ δ(sk − sk
ik

), (E2)

we can infer that the contribution of G-H ({Φn(sk, t)}) basis set to the ikth TDDVR

basis comes through the amplitudes only at the point, sk
ik

. The nth G-H at the grid

- point, sk
ik

, is,

Φn(sk
i , t) = π1/4 exp(

i

h̄
{psk

c
(t)[sk

ik
− sk

c (t)]})ξn(xk
ik

) (E3)

We can rewrite the “classical” momentum term in the exponent of G-H as,

Φn(sk
ik
, t) = π1/4 exp(

i

h̄
{psk

c
(t)[

1

1 + sk
c (t)

xk
ik

×
√

2ImAk

h̄

]} × sk
ik

)ξn(x
k
ik

) (E4)

The position, sk
ik

(t) and momentum, pk
ik

(t) of the ikth TDDVR function is different
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from the i′kth TDDVR function as below,

pk
ik

(t) = psk
c
(t) ×




1

1 + sk
c (t)

xk
ik

×
√

2ImAk

h̄



 (E5)

sk
ik

(t) = sk
c (t) +

√
h̄

2ImAk
× xk

ik
, (E6)

where ik = 1, 2.....Nk, k = 1, 2......p and l = 1, 2.....M . Nk is the number of TDDVR

grid - points in the kth mode where p and M are the total number of modes and

surfaces, respectively involved in a system.

Time - dependence of TDDVR grid - points, {sk
ik

(t)} and their momenta, {pk
ik

(t)}

are solely dictated by “classical” variables sk
c (t) and pk

sc
(t). Moreover, in case of

TDDVR propagation, quantum calculations are performed on the potential evaluated

at the time - dependent grid - points, {sk
ik

(t)}. On the other hand, in DVR, {sk
ik
} are

time - independent and {pk
ik
} are zero for all time because not only pk

sc
is zero at t=0

but also it does not change with time.
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[161] H. Köppel, W. Domcke, and L. S. Cederbaum, Adv. Chem. Phys. 57, 59 (1984).

[162] L. S. Cederbaum, W. Domcke, H. Koppel, and W. Von Niesen, Chem. Phys.
26, 169 (1977).

[163] V. Engel, Chem. Phys. Lett. 189, 76 (1992).

[164] H. -D. Meyer, U. Manthe, and L. S. Cederbaum, Chem. Phys. Lett. 165, 73
(1990).

[165] U. Manthe, H. -D. Meyer, and L. S. Cederbaum, J. Chem. Phys. 97, 3199
(1992).

[166] H. -D. Meyer, The Encyclopedia of Computational Chemistry, edited by P. v.
R. Schleyer et al (Wiley, New York, 1998).
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