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CHAPTER 1

INTRODUCTION

1.1 Owverview of methods

The development of advanced beam and laser experiments has made available a large
amount of experimental data and thereby, provide information on chemical reactivity
and energy transfer processes at the molecular level. In many cases the interpretation
of these data is straightforward but in many others, the complexity of the experiments
and the chemical processes demands the support and interpretation from reliable dy-
namical calculations. Moreover, information on many dynamical processes at the
“state resolved” level is needed for simulating bulk phenomena. This kind of in-
formation is often not obtainable experimentally, hence, dynamical calculations are
even more important in those cases. Traditional approach of dynamical calculations
are based on the use of Born-Oppenheimer (BO) separation of the nuclear and elec-
tronic motion. The approach consists three parts: (1) Born-Oppenheimer separation;
(2) Construction of the potential energy surface; and (3) Dynamical calculations.
However many chemical and physico-chemical processes involve so strong coupling
between nuclear and electronic degrees of freedom that this separation is neither the
most convenient nor correct way of proceeding. Nevertheless if the BO separation is
introduced at all, the next step is to construct suitable potential energy surfaces (one
or more) for the nuclear dynamics. If more than one surface is involved, nonadiabatic
coupling terms needed, in principle, can be evaluated by using ab wnitio electronic
structure calculations. Due to the complexity of the many-electron problem and the
fact that a large part of the nuclear configuration space has to be covered, such cal-

culations are not yet performed routinely. On the other hand, most potential energy
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surfaces are calculated semi-empirically by using ab initio calculation. The next re-
quired step is the construction of analytical potential-energy-surface expressions. At
this stage, it is necessary to include information from sources such as spectroscopy,
experimentally or theoretically determined long-range interactions, measurements of
transport properties and barrier heights. The construction of analytical potential
energy surface is a discipline of its own and no standard methodology is available at
present [1, 2]. Once the potential surface is being constructed, one can perform the
dynamical calculations. When we remove the center of mass motion and assume that
the total angular momentum and its projection on a space-fixed axis are conserved,
the exact solution of the nuclear motion is reduced to 3N — 5 dimensional problem,
where N is the number of particles. At this stage, it is also necessary to introduce ap-
proximations for N > 3 to 4. However, since the nuclear masses are much larger than
the mass of the electrons, it is possible, without significant errors, to introduce an
approximate description of all, or at least part, of the nuclear motion. Though one ob-
vious choice is to use classical dynamics, quantum-classical (semi-classical) techniques
are in many cases more appropriate. The reason for this is that the nuclear motion is
subject to various quantum phenomena such as tunneling, zero-point vibrational en-
ergy, nonadiabatic electronic processes, interference and resonances. Methods which
mix quantum and classical mechanics offer enough flexibility to treat the significant
portion of reaction dynamics rigorously leaving the rest approximately. For dissocia-
tive and reaction coordinates it is convenient to introduce discrete representation of
the wave function namely grid methodology.

Some methods of dynamical calculation do not require complete knowledge of
potential energy surface such as the reaction path approach and the variational and
quantum transition state methods. From the computational point of view, some of the
methods need much less information than, say, state- and energy-resolved differential

cross sections. For example, the transition state theory calculates rate constants
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as a function of temperature or the reaction path approach evaluates state-resolved
rates. These methods require less information on the potential energy surface, that
is information around the transition state and along the reaction path. When very
little information is available on the interaction potential, one can estimate reaction
cross sections using statistical or phase space methods.

Another class of interesting problem is how the environment influences reactivity,
whether the influence is from a solvent, an external field, a “rigid” part of the reacting
molecules or catalytic effects from metals or active sites on proteins. In order to in-
vestigate such processes we need to obtain information about the change of molecular
properties when the molecular system is interacting either with solvent molecules,
surfaces, or electromagnetic fields. The purpose of introducing density operator and
reduced density operator is to handle such complex problem. Such methodology
helps us to focus more on the system of interest with simplified description of the
(chemically) less interesting degrees of freedom.

The molecular processes covering from simple energy transfer processes in the gas
phase, to solvent effects on reactions in liquids, and from small to large molecular
systems within the field of molecular dynamics requires the introduction of many dif-
ferent methods starting from exact quantum mechanical descriptions of small system
to approximate statistical methods for large systems. The outline of some of these

methods are given in Table 1.1.

Table 1.1: Overview of Methods and Descriptions in Molecular Dynamics

Description Dynamics Potential
(Classical Trajectories Full
Semiclassical Trajectories, Gaussian wavepackets, Full
coupled equations
Quantum Coupled equations, coupled wavepackets Full
Reaction path Wavepackets, trajectories Restricted
Phase space/statistical Counting of states Restricted
Transition state Counting of states, reactive flux Restricted
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TH-421_02612202



1.2 Classtical dynamics

The dynamics of chemical reactions can often be well approximated by classical me-
chanics. It has special importance for heavy atom dynamics because (1) for heavy
atoms, quantum effects such as tunneling, large vibrational energy spacing, contribu-
tions from resonances, zero point energy and so on, are of little importance and, (2)
the solution of the classical equations of motion usually poses no numerical problem
even for a large number of atoms. The approach consists three steps: (1) Initially
specific rotational-vibrational quantum numbers are determined for the asymptotic
molecular states on a given potential energy surface; (2) A classical trajectory is cal-
culated and analyzed asymptotically in order to determine whether the trajectory is
reactive or inelastic/elastic; (3) The information about final coordinates and momenta
may be used to find the classical quantities (actions) corresponding to the vibrational
and rotational quantum numbers whereby, state-to-state probabilities and rates are

in principle obtainable from classical dynamics.
1.2.1 Classical equation of motion

Let us consider a system consisting of three atoms A, B and C. The atom A approaches
the diatomic molecule BC (Fig. 1.1) and the following coordinates and momenta are

used to describe the motion of A with respect to the center of mass of BC:
(XY Z Px Py Py) (1.2.1)
where the coordinate and momenta of the diatomic molecule are

(z y 2 px py p) (1.2.2)

The kinetic energy for the motion of A relative to the center of mass of BC is:

Epin = 1(P%LP%LP?)—P’%JF L (1.2.3)
i X Y R o T 9 R? o
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X

Figure 1.1: Coordinates used for a classical treatment of A + BC collisions; ¢; =
mg/(mp + mc).

where L is the orbital angular momentum, and P the momentum for the motion
along the R-axis (the R-axis being that connecting A and BC), and p is the reduced

mass

= malms + me) (1.2.4)
(ma + mp +me)

For the motion of the diatomic molecule we have

1 5 7
Eiw = 2 2 2 - Lr 1.2.5
T o (p; +p, +p7) +v(r) o + T +v(r) ( )

where j the rotational angular momentum, v(r) the intramolecular potential, and m
is the reduced mass of the diatomic molecule, m = mpme/(mp + me).
If a reaction occurs it is convenient to describe the system using the r'R’ coor-

dinates shown in Fig. 1.2. They may however, be easily expressed in terms of the
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original initial coordinates r, R:

v = () =—-X+eax,Y +eay,Z+62) (1.2.6)
R = (X.,Y.Z) (1.2.7)
X' = —Xe + (1 — e26) (1.2.8)
Y = —Ye +y(l—edq) (1.2.9)
7' = —Zey+ 2(1 — e36q) (1.2.10)

where €, = mp/(mp + me) and € = ma/(ma + me). Once the system is initialized
in any channel, say, channel 1 (A + BC), the equations of motion are solved using

the Hamiltonian

1 1
H =5 (Pyt Pf o+ P) & 5o 0 02) + V (Rap, R, Rac).— (1211)

which leads to the following equations of motion

x = I (1.2.12)
It

Py = —S—; (1.2.13)

i o= % (1.2.14)

Pa = —g—‘; (1.2.15)

along with the corresponding equation for the y/Y- and z/Z-components.
After the collision, the magnitudes of the three distances Rap, Rpc, and Rac

determine the channel to which the trajectory contributes

Channel 1: Rap and Ryc large (1.2.16)
Channel 2:  R4p and Rpc large (1.2.17)
Channel 3:  Rac and Rpc large (1.2.18)

The coordinates for channel 2 are indicated above and the corresponding momenta
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A

Figure 1.2: Change in the relative position vectors for a chemical reaction.

are
paz’ _ A y .
- = @'=-X -« (1.2.19)
m
N S S 1.2.20
,u’ = = — €2+ZL’( —6261) ( L. )
or
m’ m/
Py = ——Px—€e1—ps (1.2.21)
1 m
4 W
le = ——PX62 + _px(l - 6261) (1222)
i m

along with corresponding equations for the y/Y- and z/Z-components. The reduced
channel masses m' = mame/(ma+me) and @' = mg(ma +me)/(ma+ mp +me).

Similar equations can be obtained for channel 3.

1.3 Semaiclassical theories

The solution of the classical equations of motion does not give rise to problems even
for many-particle system but we know as well that quantum effects such as tunneling
and interference, among others can not be neglected in a number of situations. It

is therefore natural attempt to account these effects at least approximately while
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retaining the computational advantage of classical propagation schemes. Several such
quantum-classical or semiclassical schemes have been proposed. In this section we
shall discuss theories which are based on a semiclassical evaluation of the quantum

propagators.
1.3.1 Feynman path integrals

The Feynman path integral formulation is a natural starting point for the introduction
of the semiclassical limit. The approach involves the introduction of a quantity S
which has a definition resembling that of an action integral [3]. Considering a particle
with mass m moving along the z-axis under a one dimensional potential V' (z,t), the

quantity S is defined by

to

t1

where & = dz/dt and L is Lagrangian,

L= %9‘52 — V(z,1) (1.3.2)

Its connection with quantum mechanics is made through the equation

w(.’lig,tg) = / K(l’g,tg;l’l,tl)w(xl,tl)dl'l (133)

where K (xo,ty;x1,t;) is the propagator indicating the amplitude for a particle going
from the position x; at time t; to x5 at t5. The amplitude for a final position, namely
1 (xq,t3) can be obtained by summing or integrating over all such “transition” am-
plitudes multiplied with the amplitude for a given initial position. We now postulate
that the propagator can be written as an integral over all “paths” leading from (x1, 1)

to (x9,ty) each weighted by a phase factor

exp |:%S($2,t2;$1,t1>:| (1.3.4)
Thus one postulates that
1 [ 7
w(xg,tg) = N/ exXp (ﬁS(arg,tQ;xl,tl)) w(xl,tl)dxl (135)
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where N is a normalization factor at t3 = t; + At. The above expression is being
justified by considering a small time increment ¢ty = t; + At and thereby, to arrive
time dependent Schroedinger equation. Thus the left hand side of Eq. (1.3.5) is

expanded as

o(z,t)

Y(x,t) + At o

(1.3.6)

where x5 has been replaced by x, and ¢; by t. The action given by Eq. (1.3.1) can be

approximated as

m (x — 1p)?

S - AW () (1.3.7)

where T is an average distance, z = %(m + x1). Now we introducing the variable

n = x; — x, and expand in n and At and get

2
zmn (VAN
¥(x, )—l—At / dn exp 2hAt><1 h V(z, t))
o o,
<¢($,t) a4 7]8— == 5 W) (138)
where the normalization condition
N/ dn exp 2hAt> 1 (1.3.9)
with
N = ) 2TRAE (1.3.10)
im

When we equate terms of order At and perform the integrals over the variable n, we

obtain the time dependent Schroedinger equation

T

This result can now be generalized to a finite time interval—simply by repetition—such

that the propagator becomes

K(xg,ty;1,1) = 1?_{10 N(” 0 // /exp( $2t2;$1t1)) dyrdys.....dy,—
(1.3.12)
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The integration is performed over the n — 1 time segments between the end point
and o, i.e., y; is integrated from —oo to oo for i = 1,...,n — 1. In some cases this
integration can be carried out analytically—namely if the force is at most linear in

the coordinate x, and in the general case for quadratic Hamiltonian.

1.3.2 Short-time propagator

In order to apply the Feynman path concept in actual numerical calculations it is
convenient to introduce the short time propagator by incorporating various approxi-

mations in the limit of a small Af. One such approximation is Trotter formula [4]

1 ' o
K(.Iz,tl—i-At;xl’t) it NeXp Zm(;;lAt.ﬁ) B Zh L

(V(22) + V(21))| (1.3.13)
By considering the short time propagator for Harmonic oscillator one gets (to order
At) an exponent

im(ze —x1)%  1iltmw?

TN 5T (z3 + 2] + 2123) (1.3.14)

While comparing the exponent with the Trotter formula we find that the first term
is identical but the latter is being replaced by

1 iAtmw?
—ZT(ngrx%) (1.3.15)
where for the Harmonic oscillator V(z) = %mwQ:pQ.

Makri and Miller has demonstrated that the proper short time propagator for

small but finite At is

_ . im(zy —x1)% AV
K(xo,t; + At;xq,t) = ~ &P < 5T At -~ (1.3.16)
where
V)= - /md V() (1.3.17)
7). zV(x 3.

For higher order terms of order At detail description is available elsewhere [5, 6]. Tt
can easily be demonstrated that expression in Eq. (1.3.16) for the Harmonic oscillator

gives the correct At terms.
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1.4 FEvaluation of kinetic and potential energy op-
erators and Wave packet propagation on space
grid

The efficient evaluation of the effect of kinetic energy operators on a wavefunction

helps to propagate the wavefunction on a space grid with time. In the grid repre-

sentation, the wavefunction is expressed in a discrete manner where the potential
is diagonal. The coupling between the wavefunctions at various grid-points appears
through the kinetic energy term and the potential energy operator is just a multi-
plication with the wavefunction at the grid-point. The Fast Fourier Transformation

(FFT) and Discrete Variable Representation (DVR) methods are the usual way of

evaluating the kinetic energy terms. On the other hand, the time propagation of the

wavefuntion can be performed in different ways, namely, Chebyshev or the Lanczos

time propagation method.
1.4.1 Fourier Transform Method

The FFT method is based on the Fourier transform of the wave function

N/j2-1 -
Y(z;) = \/% Z Ck €XP <_Z§\7[Tkj> (1.4.1)

k=—N/2

where j = 0,1,...,N — 1, N the number of grid points, z; = jAz + 0.5Az and
Ax = (Tpmaz — Tmin) /N. The FET method is termed fast due to the fact that it is an
N logN process in the number of operations leading to less computing time [7].

The kinetic energy terms in Fourier space are evaluated by differentiating Eq. (1.4.1)

aEoRE G S I

The operators d/0z working on the wavefunction can be evaluated by introducing

the Fourier coefficients
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with the frequency

127k
NAx

Wy = (1.4.4)

and then performing the reverse transform FFT~! with these coefficients. A complex
FFT routine gives a certain order of the frequencies, starting with zero and ending

with —1/NAx as output, i.e., we have [7],

127 . N
Wi = AR for j < 5 (1.4.5)
127 N
L= = ) — N) for j > — 1.4.
e Nagh — ) forj =5 (1.46)

where j and k are related by j = k + N/2.

1.4.2 DVR method

If specific boundary conditions need to be fulfilled it is sometimes advantageous to
use the discrete variable representation (DVR) method, which however is of order N?
in the number of operations.

In the DVR method the wavefunction is represented at a discrete set of points,
Zm- The function in between the grid points can be evaluated by using a suitable

interpolation,

N

f@) =Y (@) f(z;) + E(x) (1.4.7)

j=1
where [;(z) is the interpolation polynomial and E(x) is the error. One example of

the interpolation function /;(x) is the Lagrange polynomial,

lij(x) = ' (1.4.8)
with

Py(z) = ,H(x ) (1.4.9)
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and Py the derivative of Py. The Lagrange polynomial possesses the property

This representation of the function f(x) helps to obtain the derivatives

Ff(r) o= O oF B(x)
prr 2. o i@ (@) + =5 5=

(1.4.11)

Instead of using the Lagrange function as an interpolation function, it is more con-
venient to use a basis set to construct functions with the above property. Thus a
set of primitive basis functions can be chosen in such a way that specific boundary
conditions are fulfilled. As for example we consider the particle in box (PIB) basis

functions

Py () = \/gsin (nx) (1.4.12)

where 0 < z < 7. This basis functions are zero at the end points. Hence the grid

points are the zeros of ¥y41(x)

k
= 1.4.13
A (14.13)
where k = 1,..., N. Let an arbitrary wavefunction f(z,t) be expanded in terms of

interpolation polynomial

Fla,t) =) en(t)l(@) (1.4.14)

The expansion coefficients, ¢,(t) can be evaluated as

cn(t) = wn/ def(z,t)l,(z), (1.4.15)
0
with w,, is a normalization constant and
g N
() = N kz_:l sin (kz) sin (kz,,) (1.4.16)
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Finally, [,,(x) is determined by performing the summation over k
1 N+1 . [N T — Ty,
l(z) = N{ cos [T(x — a:n)] sin [E(x - xn)} cosec< 5 )

(x + xn)} sin [g(x + xn)] cosec(ﬂlj _;$n> } (1.4.17)

N +1

— COS|:

From this expression we can conclude that the basis functions have the following o
function property: [,(zx) ~ 0nx. For other values of x the function oscillates near
zero. It is important to note that the basis function [,(z) constitute an orthogonal

but not necessarily normalized basis set, namely,

™

/07r dxl, (z)l,(x) ~ ﬁénm (1.4.18)

As the function [,,(x) have the ¢ function property therefore the integral from Eq.

(1.4.13) is evaluated as
ca(t) = f(zn, t)wn (1.4.19)

Thus the representation of the wavefunction (Eq. (1.4.12)) becomes

F@,t) =Y wnf(@n, t)ln(x) (1.4.20)
and the derivatives of the wavefunction are now easy to evaluate,
OF f(x,t oF
% = anf(fm t)%ln(f) (1.4.21)

n

where the basis functions [, (x), as shown above, are constructed from an orthonormal

basis set i, (z),(n=1,...,N)

() = ) f (w0)hi(x) (1.4.22)
and thereby, the derivatives are

fr(s) = 3 o) 57 (14.23)
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The evaluation of the derivative at each of the N grid points requires /N operations and
therefore, the DVR method is an N? method. One advantage of DVR method is that
the grid points do not have to be evenly spaced but can be placed in the regions where
the wavefunction is located. The number of grid points can be reduced by remov-
ing points corresponding to the high-energy components by the sequential adiabatic
reduction technique developed by Light and coworkers [8, 9]. This removal of the
high-energy components of the spectrum is also important for the time propagation,

since the time step of the propagators is roughly proportional to i/ FE,,.,.
1.4.3 Time propagation

There can be different paths for time propagation. The simplest one is the second

order difference (SOD) scheme as shown below

DT, t + AL) = ¢, t — At) + Qi—fﬁ(xn, ) (n, t) (1.4.24)

where H denotes the Hamiltonian operator for the system. The error in the SOD
method is of order At?. Though the SOD method is simple to apply, it requires much
smaller time step lengths in order to achieve comparable stability with respect to the
other methods.

A popular as well as stable approach is the split operator method,

d(zp,t+ At) =

exp <_iAtﬁ)¢($n> N
ihVQAt> exp (—z’VAt) ex (ihZ;At

— exp ( )¢(xn,t11AL25)

The splitting of the kinetic energy operator makes the algorithm a third order method
in At, and the exponentiation keeps the operator unitary. The operation with the
exponential operators on the wavefunction is evaluated by using an FFT or a DVR
method. While using (Eq. 1.4.1) FFT method, one obtains,

ihV2At ihAt ([ i2mk\’
2m NAz

exp ( Sy )qb(xj) = % zk:ck exp

—i2rkj

)(1.4.26)

exp (
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Thus the result of operating with the exponential operator on the wavefunction is
found by performing a Fourier transform to obtain the ¢, coefficients and a back

transformation with

(1.4.27)

—ih At Ar?k? )

o= cve (5= g

The split operator method appears to use two FFT's per time step, but considering

two consecutive time step we obtain

Sz t+ At = exp (ihvat> exp (—z’VAt) o <ihZ;At>
(—iVAt) o (ihVQAt
P 4m

) (20, t — At) (1.4.28)

etc. Hence only one FFT evaluation per time step is needed. However, it is also

possible to split the potential instead of kinetic energy term,

M) - (ihVZAt) exp (M) (1.4.29)

P ( ) ) A

and therby to use. Since the potential is diagonal on the grid, this may be convenient
if the Hamiltonian is time-dependent. The method is not restricted to the above
simple kinetic energy operator, though complicated operator require more splittings.

The Chebyshev polynomial based method is capable of taking large time step (for

time-independent Hamiltonian) by using the following relation [10]

exp <_iﬁAt> =2 i i* T (Z) cos(kp) + Jo(2) (1.4.30)
k=1
where J,, is a Bessel function and
12 Cos ¢ = —iﬁhAt (1.4.31)
When we introduce x = cos ¢ and the recursion relations
Ty = 228"y — " Ty (1.4.32)
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where Ty = 1, T7 = cos ¢ and Ty, = cos(k¢) are the Chebyshev polynomials, we obtain

Sk(y) = 2ySk-1(y) + Sk-2(y) (1.4.33)

with y = iz and S, = i*T},. Thus we get

_zfmt
A

2y = (1.4.34)

Since & must be smaller than unity (z = cos¢) the energy (the Hamiltonian) has

to be rescaled in order to achieve the convergence of the method. Thus, one should

introduce
H
= = 1.4.35
x Emax ( )
AtE1maI
— 1.4.36
2 - (1.4:36)
and obtain

exp ( — iHhAt)qs =¢+2 (Z Tn(2)n = Y Jgn(z)¢> (1.4.37)

where &, is calculated from the recursion formula

O = 2Ybp_1 + Pns (1.4.38)
by using ¢, = S,,é, and
Jo(2) =1-2)  Ju(2) (1.4.39)
k=1

Thus the above scheme is initiated by evaluating ¢§0 = ¢ (the initial wave function)
and ¢ = —iﬁgf)/Emax with the relation y = —i]:I/Emal,.

The Chebyshev method is convenient to use if the Hamiltonian is time - inde-
pendent [11]. Time interval At is taken to be large enough to cover the complete

dynamics of the system where the convergence criterion is Ji(z) << 0. The value
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of k for which the series may be truncated is being estimated from the asymptotic
formula

1 ez

ok 2k

The Lanczos reduction technique is yet another method for time propagation.

Ji(2) ~ )k (1.4.40)

When the Hamiltonian is time-dependent, either because external fields are are in-
cluded or because part of the system is treated within the classical mechanical ap-
proximation, it is more convenient to use the Lanczos reduction technique [12]. In
this method, the time dependent Schrédinger equation (TDSE) is written in matrix

form as
ihd = Ho (1.4.41)

where ¢ is a vector of length NV, containing the value of the wavefunction at the N
grid points, and H is an N x N matrix. Then a transformation matrix transforms

the grid representation of the wavefunction to a tridiagonal form and the matrix is

defined by

T = [¢07 ¢17 T ¢L—1] (1442)

where . << N is the number of Lanczos recursions. The elements of T are called

the recursion (Krylov) vectors and are obtained as

Hopo = aopo+ bin (1.4.43)
Hoy = Bidr-1+ ardr + Brr10k4 (1.4.44)
where ¢ is the initial wavefunction. Thus the Hamiltonian operates on the initial
wavefunction ¢g and creates the nearest dynamical environment around ¢q. If the

step length was zero, the initial wavefunction would be an eigenfunction, i.e., #; = 0.

Equations (1.4.41) and (1.4.42) along with the orthonormality conditions

(Dnldm) = Onm (1.4.45)
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define the recursion coefficients aj, and 3. Hence, the transformed tridiagonal matrix

is given by
(7)) 51 0 ce 0 0
ﬁl (€3] 62 . 0 0
0 ﬁg (0%)] 0 0
A=THT=| - (1.4.46)
0 0 0 ... Qr_o BL*I
0 0 0 e ﬂL,1 1,1

The tridiagonal matrix is of order L x L and can easily be diagonalized. Thus the

propagated wavefunction is obtained through
o(t + At) = TSexp <—%DA1€) SIT (1) (1.4.47)

where D is diagonal (L x L) matrix containing the eigenvalues of the tridiagonal
matrix; T is an (N X L) matrix with the L recursion vectors of length N (the number of
grid points); and S is an (L X L) matrix containing the eigen vectors of the tridiagonal
matrix. The number of Lanczos recursions depends upon the length of the time
step and the magnitude of the Hamiltonian. The rapid convergence of the recursion
demands a Hamiltonian bounded to a region H,,;, < H < H,,.. at each grid point.
Thus if the potential goes to infinity in certain regions it is simply replaced by a
maximum value V,,,, in these regions. The value of V., depends, of course, on the
actual problem under consideration and the final result should be independent of its
choice. For a given input vector, Lanczos method will create the nearest dynamical
environment around the input state. The method requires one FFT evaluation per

iteration and is very stable, i.e., can be used for long time propagations.

35

TH-421_02612202



1.5 Gaussian Wave Packet based methods
1.5.1 The classical path equations

In the classical path equations [13] the degrees of freedom of a system are separated
into classical and quantum subsets. The classical degrees of freedom are solved with
an effective potential where the quantum degrees have been averaged over. The clas-
sical path equations can be obtained from the first principles by introducing two
approximations: (1) A separability assumption, i.e., a wavefunction of two degrees of
freedom is written as a product type function ¢ (r, t)®(R,t) where the r and R coor-
dinates represent the quantum and the “ classical” degrees of freedom, respectively.
(2) The second approximation has to do with the form of ®(R,t). It is taken to be a
Gaussian wave packet (GWP).

The Hamiltonian for a system with two degrees of freedom, r» and R, is given by
H = Ho(r,pr) = 5=5p5 + V(r, R) (1.5.1)

and the form of the trial function
U(R,7,1) = §(r, 1) exp {% (&) + Pr(t) (R — R(1)) + A(t)(R - R(t))?] } (15.2)

If we insert the Hamiltonian and the trial function in the TDSE and equate equal

powers of (R — R(t))* with k =0, 1, and 2, we obtain the following set of equation

R(t) = Fr(t) (1.5.3)
0
3 0]
Pp = —splelVr R (1.54)
. 2 1 0
A= & em Ve R (15.5)
oo AL PR (1.5.6)
pooop

where the brackets indicate integration over r. For the quantum part of the system

we obtain the following equation of motion

ihg—f - [ﬁo +V(r, R(t)) + F(t)] (1.5.7)
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where the phase factor F'(t) is

~ Pr(t)®  ihA(t) _ Pr(t)?
24 I 24

F(t) =4 (1.5.8)

Thus we see that the classical path equations perform the simultaneous integration of
the “classical” equations of motion (Egs. (1.5.3) and (1.5.4)) and the time-dependent
Schrodinger equation (Eq. (1.5.7)). The equations are coupled self-consistently

through the effective potential.
1.5.2 Corrections to the classical path equations: Hermite corrections

There can be two corrections to the Classical path equations. One is the self-consistent
field (SCF) approach to correct the Gaussian form of the Wave packet [14]. One such
correction is the multitrajectory approach [15], where the interaction between the
two subsystems, namely the quantum and the classical, demands more GWP’s as
the coupling increases. However, these equations of motion for the GWP’s can be
troublesome to work with in practical calculations. The GWP’s form a nonorthogonal
basis set and the solution of the equations of motion involves the inversion of nearly
singular matrices.

Another correction is the attempt to correct the separability approximation, namely,
if the degrees of freedom are strongly coupled, we can not expect to get an accurate
description with the simple product form of the wave function. This kind of correction
is termed as the MCSCF (multiconfiguration self-consistent field) approach. If the
coupling between the R and r degrees of freedom is weak we expect the separability
approximation to be valid. Since GWP is the correct form of the asymptotic (the
initial) wavefunction leading to the classical limit in a natural fashion, the corrected
theory has the classical path theory as the limit. A convenient way to achieve this
correction is based on the use of Hermite polynomial with GWP [15]. The Hermite

correction is also known as the quantum correction to the classical path equation.
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The quantum correction to the classical path equation is based upon the intro-
duction of time-dependent basis function which in the limit gives the classical path
equation. This basis set is introduced only in those degrees of freedom which are
expected to behave classically. The method corrects both in the SCF and MCSCF
direction, and is therefore ideal for the correction of the classical path equations. It
also contains the options for an easy determination of the correlation between the
classical and the quantum degree(s) of freedom and thereby, to determine whether

the primitive classical path theory is expected to work or not.
1.5.3 The Hermite correction method

The product type wavefunction is expressed as

U(r, Rt) =Y an(t)on(r)@x(R,1) (1.5.9)
nk
The total Hamiltonian contains the following terms:
H(r,R) = Hy+ T + V(r, R) (1.5.10)
where the function ¢, (r) are chosen to be the eigenfunction of Hy,

Ho¢n(7”) F— E’n¢n(r) (1.5.11)

and Tg is the kinetic energy for the R-motion and V(r, R) the potential which cou-
ples the the two degrees of freedom. At t = ty, the system is represented by the

wavefunction

U(r, R, to) = ¢u(r)Pewp (R, to) (1.5.12)

where ®owp(R, ty) is a Gaussian wave packet

CPGWP(R, to) = exXp {%[’y(to) -+ P()(R - R(to)) + A(to)(R - R(to))Q]} (1513)
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centered around Ry = R(tp) in coordinate and Py in momentum space. The initial

condition of the parameters can be taken to be

Ry large, (1.5.14)
Py, arbitrary, (1.5.15)
ReA(ty) = 0, (1.5.16)
ImA(ty) arbitrary, (1.5.17)
Revy(tp) =0, and (1.5.18)
Imy(to) = —Zln(ZImA(to)/ﬂh) (1.5.19)

where the last equation follows from normalization. The initial value of the width
parameter ImA(ty) and Py are arbitrary in the sense that the final solution is inde-
pendent of where in momentum space we place the wave packet and also of its width.
In practical calculation there will be a dependence on those parameters due to nu-
merical inaccuracies but the wave packet can represent a finite energy range around
the center momentum accurately.

Let the function ®x(R,t) at any time ¢ is

?

Or(R,t) = T exp {— (v(t) + P(t)[R — R(t)] + ReA(t)[R — R(t)]?) } &r(x)(1.5.20)

h
where
r =1/ 2ImTA(t)[R — R(t)] (1.5.21)
and
1 —z?
k() = Wexp <T)Hk(x) (1.5.22)

are the Harmonic oscillator wave functions. The basis function has two important

properties. First they form an orthonormal basis, i.e.,
/ ARD: (R, )6 (R, t) = b (1.5.23)
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and second the ground state is the Gaussian wave packet given by Eq. (1.5.13). Tt
is important to note that the normalization condition not only holds at ¢, but at all
time t.

If we include only one basis function and replace a,o with a, we obtain

U(r, R,t) Zan )b (r)do(R, 1) (1.5.24)

When this expansion is inserted in the TDSE, the classical path equations appears

as

ihan(t) = Enan(t) + Y Vam(R(t))am(t), (1.5.25)
Pt) = —Za;(t)am(t)%ﬁ]RzR(t), (1.5.26)
>, - PO

R = = 5 (1.5.27)
Al = —% ——Za aaR’;m)R:R(t), (1.5.28)

L P(t)? mA()
() = ” L (1.5.29)

where the matrix element V,,,, is defined by
Vam(R) = (n|V (R, 7)) (1.5.30)

At this junction, we can formulate rigorous classical path equations of motion

within the MCSCF framework by using the following equations

d _ P(t)

dtR() F I (1.5.31)
d 4
AmA(t) = —;ReA(t)ImA(t) (1.5.32)
%Im”y( t) = %ReA(t) (1.5.33)

The first equation introduce the classical path picture (the center of the wave packet

follows a classical equation of motion) and the two other equations ensures that the
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basis set is normalized at all time t. If we insert the Eq. (1.5.9) in the TDSE and use

Egs. (1.5.26) - (1.5.28), the coupled equations for the expansion coefficients a,,; are

as below,
it = B+ 30Vt + o l(gz“mA@uP(t)?_ Al - 1) V,,)
T ' " H 2 AImA(t)
- %‘/;/ff h/ImA(t) <\/Zam,l71 + \/l—l——laml“)
Vit (VT Dt + VT DT D] (1530
where

VIE (1) = / ARD} (R, 1) Vo (R)B4(R. 1) (1.5.35)

but V! opp and v or¢ are not specified yet. These quantities enter into the equations of
motion for P(t) and ReA(t),

Pit) = -V, (1.5.36)

%ReA() _ —%(ReA(tV—fmA(t)?)—% > (1.5.37)

Comparing Egs. (1.5.21) and (1.5.23) we can write

d
= Z ajnl(t)ank(t)/dR x O] (R, t)ﬁVnm(RﬂR:R(t)(I)k(R, t) (1.5.38)

mlink
2

d
" ,;;kaml( e / AR % B} (R, 1)1 Vin(R) st ®i(R. )(1.5.39)

However it is possible to derive rigorous expressions by using the Dirac - Frenkel

variational principle by minimizing the following integral

/ drdR (—ma‘l’(%if’“ _ HU(r,R, t)*) < (ih%\ll(r, R.t) — HU(r, R, t)(>.5.40)

The equations of motion are obtained by differentiation with respect to P and %ReA(t)
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and after some manipulations(!) we finally get

Ql 5(3) - X12

Q2 5(4) - X22

S® — Xy SO — Xy,

S® — Xo1 SW — Xy

and
5(2) _Xll Ql
15, S — Xo1 Qo
9 eff — (1.5.42)
SO —Xu 89 - X
SB) — X0 SW — X,
where
0 = X o (V= TV (1543
nk;ml P
0 = 3 o (Vi - TS0 (15,41
nk;ml P
Xij = > @Sy Sy (1.5.45)
nknp 1
Vnijz)nk = / AR®} (R, t)Vin(R)(R — R(t)) ®y(R, 1) (1.5.46)
B = / dR®}(R,t)(R — R(t))’ ®4(R, t) (1.5.47)
SO = NN aauSy (1.5.48)
n Ik

One can introduce the projection operator () = I — P, where [ is the identity operator

and

N

P=> " |0,) (P (1.5.49)

m=0

and N is the highest Hermite polynomial used in the expansion. Thus we can express
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the quantities involved in calculating the potential derivatives as

Qi = ) anam{ Ok ARQV, (R)| ) (1.5.50)
mnkl

SE — Xy = Y anan( @ AR QAR D) (15.51)
nkl

Though in the limit P — I we have ) — 0, i.e., both numerator and denominator

approaches zero, still a meaningful ratio can be obtained.
1.5.4 Time-dependent discrete variable representation method (TDDVR)

Based on the classical path theory, Adhikari and Billing have used the time - depen-
dent Gauss - Hermite (G-H) basis functions as the primitive one to construct time
- dependent DVR basis and formulated the novel time - dependent discrete variable
representation (TDDVR) method [16, 17]. In the first version of TDDVR [16], all
the parameters in the GWP were considered time dependent but found that the non-
linear equation of motion for the width parameters (ImA, ReA) leads to extreme
values in many cases. In the subsequent formulation [17], it was attempted to over-
come this problem by introducing a special choice, i.e., the fixed width approach
[ReA(t) = 0,V/;; = 4ImA(t)?/p], and derived an approximate quantum-classical
equation of motion. In this article the potential has been expanded around the tra-
jectory (s—s(t)), and thereby, the comparison of first order terms gives p;, (t) = =V,
and the second order provides 4ImA(t)?/u = ¢y~ When the quantities, p;,(t) and
4ImA(t)?/u, were re-substituted by V. + and Vi, respectively in the quantum equa-
tion of motion, an effective potential such as [V (s) — V(s(t)) — V/;;(s — s(t)) —
1/2V/} (s — s(t))?] dictates the dynamics around the trajectory. This version of fixed
width approach was based on an approximation that the second order term is diag-
onal and subsequently was introduced as the reference potential. It can be shown
that in DVR representation the matrix elements over the first order term, (s — s(t)),
are diagonal but the second order terms are not. Moreover, this formulation is valid

only when the second derivative of the potential is non zero. On the other hand, the
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present version of fixed width approach is general and does not introduce any approx-
imation. Indeed, the derivation has the scope to formulate the rigorous expression for
Vlip and V[, with the help of the Dirac-Frenckel variational principle. It is possible

to apply TDDVR to any kind of potential with the help of the force not really known

from Newtonian mechanics.
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CHAPTER 11

THEORETICAL ASPECTS OF TDDVR

METHOD

2.1 Introduction

Physical processes on the molecular scale are inherently quantum [18] in nature but
rigorous quantum mechanical treatment of large molecular systems is impractical.
Processes like electronic transitions, tunneling and zero-point motion are inherently
quantum mechanical effects and must be treated as such. When we attempt to incor-
porate these quantum effects, calculations even for the motion on a single potential
energy curve/surface, require enormous computational effort. Traditional QM ap-
proaches are impractical even for three or four particle systems, especially when the
atoms are heavy, the energy is high and multiple PESs are involved. Formulation of
quantum molecular dynamical approach for large systems is a growing area of current
interest. In this context, one can distinguish two dynamical regimes namely, quasi-
classical and deep quantum. In the case of quasi-classical regime, classical mechanical
methods with some mild corrections for simple quantum features are good enough
whereas classical mechanics fails even qualitatively to explain features in the deep
quantum regime. Quantum correction to classical mechanics is one of the avenues
to develop first principles based quantum-classical approaches with the motivation:
The method can distinguish both quasi-classical and deep quantum regimes of a sys-
tem and treat quasi-classical regime classically with some mild quantum corrections

and the quantum regime rigorously. Moreover, traditional time-dependent approaches
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use stationary grid-points/basis set to represent a wavefunction and waste many grid-
points/basis functions to specify empty space. Methods with time-dependent basis
functions or moving grid-points may have the scope to achieve convergence signifi-
cantly fast.

One of the commonest ways to pursue such approaches is the use of Gaussian
wave packet (GWP) [19] and its’ extension Gauss - Hermite (G-H) basis set [20-27].
It is possible to parametrize the solution of time - dependent Schroedinger equation
(TDSE) by expanding the wavefunction in terms of G-H basis functions. Time - de-
pendent parameters of GWP appear naturally in the “classical” equation of motion
with more generalized force, not really known from ordinary Newtonian mechanics.
Several attempts to develop methods using time - dependent basis set have been made
but in all the cases main focus has been on how accurately as well as efficiently the
following two tasks can be performed: (a) Equations of motion for the “classical”
parameters of G-H basis have to be solved at each time step to propagate the time-
dependent basis; (b) Evaluation of the matrix elements of the Hamiltonian/effective
Hamiltonian has to be performed at each time step. Kucar and Meyer [25], Hsu
and Coker [26], and Billing [27] proposed different approaches to determine variation-
ally optimized equations of motion for the parameters but all these approaches some
way or the other, encounter computational bottleneck while evaluating the matrix
elements over potential or effective potential. Even if these matrix elements are cal-
culated numerically or analytically (by expressing the potential as a infinite sum of
exponential, Gaussian or powers of the coordinate), we have found [28-30] that the
efficiency remains poor. We have also noticed that bulk of the CPU time goes for
evaluating matrix elements (compared to propagation time) even though the kinetic
energy term is local in G-H basis. Moreover, differential equations for propagating the
“classical” parameters are rather stiff in all these approaches, thereby affecting the

quantum equations of motion too, and increasing the computation time significantly.
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In the discrete variable representation (DVR) [31-35], the wavefunction is presented
as a quadrature over the basis of points ({z} ) with approximate amplitudes at these
grid-points. It gives the possibility of formulating novel time-dependent DVR meth-
ods [16, 17, 36] for which only time-propagation is needed. Time - dependent discrete
variable representation (TDDVR) method [16, 17, 36] is a very convenient formula-
tion with the following attributes: (a) TDDVR is appealing from the computational
point of view; (b) It paves the blending of classical and quantum concepts with a
new twist. Since G-H basis functions are used as the primitive basis, TDDVR has the
advantages arising from DVR representation as well as time - dependent basis. In this
formulation: (a) An optimized set of asymmetrically dense grid-points are generated
from the eigenfunctions of harmonic oscillator around the center of initial wavepacket,
GWP; (b) The movements of unevenly spaced grid-points are dictated by the “clas-
sical” dynamics of the time - dependent parameters of GWP and this reduces the
requirement of number of grid-points for each mode drastically; (c) Both kinetic and
potential energy operators are local. The evaluation of KE matrices is once for the
entire propagation whereas potential energy is diagonal, need to be calculated at each
time step; (d) Couplings among grid-points appear through KE matrices of different
modes. The contribution of various modes on the time - dependent amplitude of a
grid-point of any mode can be evaluated independently on different CPUs; (e) The
requirement of physical memory is negligibly small since the algorithm does not need
the entire string of amplitudes of wavefunction at a time; (f) Quantum - classical
equations indicate the reason for the stiffness of differential equations and allow one
to predict the possibility to eliminate such problems.

In the first attempt, TDDVR [16] was formulated considering all the parameters
in the GWP as time - dependent variables and found, in many cases, width pa-

rameters (ImA, ReA) accumulate extreme values due to nonlinear classical equation
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of motion, finally affecting the quantum propagation also. In a subsequent arti-
cle [17], we tried to overcome the problem by introducing a fixed width approach
[ReA(t) = 0,V/}; = 4ImA(t)*/m] and derived an approzimate quantum - classi-
cal equation of motion (TDDVR). Even though ImA was treated as a time-dependent
variable, solutions of the resulting TDDVR [17] equations were effectively independent
of the time dependence of ImA. In the same article [17], we expanded the potential
around the trajectory ((s—s(t))), compared the second-order term ((s—s(t))?), in the
Schrodinger equation, and equated 4ImA(t)?/u with the double derivative of the po-
tential (V/5;) [Eq. (B5) in Appendix BJ. Similarly, from the first order terms, we get
ps.(t) = =V/;; [Eq. (B3) in Appendix B]. When these terms, p;, (t) and 4ImA(t)*/p,
were re-substituted by V,;, and V};, respectively, in the quantum equation of motion,
an effective potential [V(s) — V(s(t)) — V(s — s(t)) — 1/2V/};(s — s(t))?] around
the trajectory was obtained. Finally, the second term in Eq. (24) of Ref. [17],
which forms a full matrix, was an obvious outcome (Appendix B). Let us now take
note of the following: (1) The first-order term gives an effective potential but the
assumption that the second-order term is diagonal and its subsequent introduction
as the reference potential are approrimations. Matrix elements over the first-order
term, (s — s(t)), are diagonal but the same does not apply to the second order term,
(s —s(t))?. (2) One can pursue this fived width approach, i.e., Vi, = 4ImA(t)*/p
(even though it approximates the quantum equations of motion) only when the sec-
ond derivative of the potential is defined and is nonzero. (8) The time dependence of
ps. and ImA in both the methods [16, 17] was approzimately obtained by using the
force [V = (d/ds)V(s)]s=s] and [V}, = (d?/ds*)V(s)|s=s)] known from classi-
cal mechanics. Of course, one can attempt to derive the rigorous expression of V.,
and Ve/}f from the Dirac-Frenkel variational principle [37, 38], but it is possible only
when (s — s.(t))k, k > 2 terms are not approzimated as diagonal. While deriving this

expression of ps,, we see that the denominator of Eq. (D6) in Appendiz D will be
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trivially zero if (s — s.(t))? term is considered diagonal in DVR.

We reformulate TDDVR method [36, 39-45] for multi - dimensional multi-surface
system where the formulation is based on the following assumptions: (a) The total
wavefunction is expressed as linear combination of product type TDDVR basis func-
tions of different modes with time - dependent coefficients; (b) The TDDVR basis
set is formed by multiplying DVR basis with plane wave; (c¢) Eigenfunctions of har-
monic oscillator are chosen as the primitive basis to construct DVR basis set; (d) The
plane wave is constituted with “classical” trajectory and its’ momentum. When the
total wavefunction is inserted into the TDSE, we obtain the parametrized quantum
equation of motion for time - dependent coefficients and “classical” equation of mo-
tion for the central trajectory and its’ momentum. Since the width parameters are
associated with on- and off-diagonal matrix elements of quantum equation of motion,
any non-linear classical propagation of widths [16] not only increases inaccuracy in
the quantum equation of motion but also brings the stiffness in the classical equa-
tion of motion. Thus, an alternative version of fixed width approach [17] with time -
independent width parameters [36, 39-45] is the obvious choice. On the other hand,
since central trajectory and its’ momentum appear only with on-diagonal elements
of quantum equation of motion, their time-dependence does not affect the final solu-
tion of SE. In this formulation, we are able to bypass all the approximations made
earlier and obtain rigorous quantum equation of motion. Moreover, this approach
has enough scope to formulate variationally optimized “classical” equation of mo-
tion starting from first principles and can achieve quantum correction to “classical”
trajectory or “classical” feedback to quantum dynamics in a self-consistent manner.
The theory can be applied near the classical limit with few grid-points on a particular
mode or in the quantum limit with sufficient grid-points. Nevertheless, it is important
to note that one grid-point corresponds to classical limit.

In the TDDVR [16, 17, 36, 39-45] /DVR [31-35] approaches, evaluation of kinetic
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energy operator (KEO) is an N? but single step process whereas in FFT [46], this cost

scales as C'x N log N with typical computational overhead, C' ~ % and needs to be
calculated at each time step. Multi-dimensional DVR/TDDVR involves sparse matrix
(N >, N;) multiplication and gains the speed effectively on a vector machine. Since
DVR/TDDVR grid-points are unevenly spaced but located around the wavefunction,
convergence reaches with smaller number of grid-points compared to FFT. DVR and
FFT based algorithms require considerable number of grid-points for absorbing po-
tential but TDDVR approaches do not need such potential (Appendix A). Finally,
moving grid-points (TDDVR) reduce computational cost remarkably with respect to
fixed grid-points (DVR). We may mention here that nested interaction representa-
tion (IR) approach [47, 48] is another formulation which introduces moving grid-point
and propagates the wavefunctions (¢;(t)) via FFT-Lanczos routine. Though TDDVR
and PR-adapted nested IR approaches are developed through different routes, their
working equations have similarities. The interaction Hamiltonian (H;) (Appendix A
of ref. [47]) have similar terms like the first three terms of the Hamiltonian matrix
(Eq. (18)). At the same time, the evaluation of H;t¢; in the PR-adapted nested IR
could be computationally costly. Thus, considering the following expansion,

Hr =3 an(®+ Doy, (2.1.1)

n=0 m

any general term (R + %)”wf can be evaluated by sequential operation of (R + %)
on ¢;. The R operation is local in coordinate space but P operation is non-local.
For complicated potentials, polynomial expansion could reach high powers (n) and
the method could become computationally very demanding. We may mention that
the nested IR was formulated in the interaction/Heisenberg representations while
TDDVR is in the Schroedinger representation, although the latter can be derived in
the interaction/Heisenberg representations, also. Time-dependent DVR formulated

by Makri et. al. [49] introduces DVR representation before the evaluation of KEO

from primitive basis. The present TDDVR approach where DVR representation is
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introduced after the kinetic energy operators have acted on the basis functions is
local and it is very simple to evaluate the remaining kinetic energy couplings. In
this respect, TDDVR is similar to the distributed approximating function (DAF)
approach [50, 51] which is again different from TDDVR in the sense that TDDVR

grid-points propagate according to the “classical” dynamics of the system.

2.2 Formulation of the TDDVR method for one
- dimensional multt - curve systems

The general form of the matrix equation for any one-dimensional multi-curve system

in the diabatic representation can be expressed as,

ih%E(s,t) = [T, + V(s)]2(s, 1), (2.2.1)
where
10 - -0 Vii(s) Vaa(s) - - Vaw(s)
01 - -0 Var(s) Vaa(s) - - Vail(s)
T,.=1, . Vi(s) = , (2.2.2)
o0 - -1 VM(S) VkQ(S) ¥ - ka(s)
and
‘Ijl(S,t)
\D2(57t)
E(S,t) = X (223)
\I/k(S,t)

with [dsE(s, t)Z(s,t)= 1 at all time t.

. . ~ h2 82
The kinetic energy operator, Ty = TR

matrix in Eq. (2.2.2) represent potential energy operators for different curves while

and the diagonal elements of the
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off-diagonal elements define the coupling among them. The lth element of the wave-
function matrix in Eq. (2.2.3) is the wavefunction for the 1th curve and we can expand

the time-dependent wavefunction (¥,(s,t)) as follows:

Uy(s,t) = Z ca(t)s(s, b), (2.2.4)

where 1);(s, t) is the time-dependent DVR basis function which can again be expanded
in terms of a primitive (Gauss-Hermite) basis set to represent the coordinate, s, as a

function of time, t,

Yi(s, 1) = (s, 1) ﬁ;ﬁi(%)ﬁn(ﬂﬁ) = éﬁﬁ(%)@%(sa t) (2.2.5)

with - :
2(5,8) = 7 exp (3 {7+ poBls = seld)] + Redls — s (0P}),  (2:26)
tul) = ﬁexp (- %2)Hn(x), (2.2.7)
Enlzi) = \/ﬁ exp ( — %’Z)Hn(:pi) (2.2.8)

and

v - 21;’“4(3 — s(t)), (2.2.9)
v = 21;:“4(32-(15) — s.(1)). (2.2.10)

Among the parameters in GWP (Egs. (2.2.6) - (2.2.10)) we choose the centre of the
wavepacket (s.) and its momenta (ps,) as time-dependent variable whereas v and
width (A) as time-independent with their real parts (Rey = ReA = 0) equal to zero.

The index, 7, in Egs. (2.2.4) and (2.2.5) counts the DVR basis functions where N
is the maximum number of Hermite basis functions included in Eq. (2.2.5) to expand
a particular DVR basis. A DVR grid-point, s;, will be determined by Eq. (2.2.10)

using the root, x;, of N th Hermite polynomial, Hy(z) [17]. Though the roots (z;s)
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of the polynomial are fixed, the position of the DVR grid-points (s;s) will change as

a function of time due to the time-dependent variables, s.(t),

h
2ImA

si(t) = s.(t) + T (2.2.11)

The Hermite basis functions, ®/ (s,t), as introduced in Eq. (2.2.5) have the fol-

lowing two important properties. Firstly, they form an orthonormal basis, i.e.,

/ds@%(s,t)q);(s,t) = Omn (2.2.12)
which is ensured by
h 2ImA
Imvy=——log(—— 2.2.1
my = — log(—=) (2.2.13)

and secondly, the ground state of the Hermite basis is the Gaussian Wave Packet.
The DVR basis functions, v;s, in Eq. (2.2.4) constitute an orthogonal but not
normalized set,
/ dsi (s, )y (s, ) = j—ﬂ (2.2.14)

]
where A is the normalization factor.

We substitute Eqgs. (2.2.2) and (2.2.3) in the time-dependent Schroedinger equa-
tion (Eq. (2.2.1)) and due to the special choice of the form of the TDDVR basis
functions as defined in Eq. (2.2.5), the classical path picture appears naturally along
with the TDDVR matrix equation.

The compact form of the quantum evolution equation for the motion on the kth
curve is given in matrix form as follows:

ihACy = HLCi+Ad VG (2.2.15)
1£k
Equation (2.2.15) can be reorganized into a more convenient form by a similarity
transformation,
ihDy(t) = AV?Hp A7/?Dy + ) VgD, (2.2.16)
1£k
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where Dy = A/2Cy and the explicit expression of an element of the time-dependent

DVR Hamiltonian matrix, H* (Appendix B) is,

I h p$2(t)
il = |5 % Bult) x|/ o X Xoy+ 5252 x Ay
himA himA
+ Tm X Y;J — mn X Zi,j + ka(sl) X Ai,j]> (2217)
N
where Ai,j = Zf;([ﬁj)gk(‘f@), (2218)
k=0

N-—1 N
Xij = > &ala)VE+16(@) + > & () VEé(x:), (2.2.19)
k=0 k=1

N
Y = 3 h(a,)2ké (), (2.2.20)
k=0

Ziy = 3 ()T DT D) + 3 ()R = ()

+ > &) 2k + (). (2.2.21)
k=0

Examination of the component matrices (A, X, Y, Z) that make up the time-
dependent DVR Hamiltonian matrix (H*) bring out several computationally impor-
tant features of the method. Thus, we note that A, X, Y and Z matrices (Tables
2.1-2.4) are time-independent and need to be evaluated once for all. As A and X
matrices are diagonal and multiplied with “classical” variables $.(t) and ps, (t) respec-
tively, quantum equation of motion is free from any non-linearity due to “classical”
motion, i.e., “classical” mechanics can only affect the convergence of the quantum
dynamics. Again, as coupling among the grid-points appears through the full ma-
trices Y and Z and plays major role in quantum dynamics, we wish them to be
free from any non-linearity due to “classical” propagation. The choice of ImA as
a time-independent variable ensures this. We may further note, that although both
the Y and Z matrices are diagonally dominant, the average value of the off-diagonal
elements of Z matrix is much larger than those of the Y matrix. Hence the Z matrix

can not facilitate convergence of the solution of quantum equation of motion like Y if
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ImA is considered as time-dependent. On the other hand, in order to formulate a rig-
orous equation of motion, one needs to include Z matrix and therefore automatically

treat ImA as a time-independent variable, if smooth convergence is to be achieved.

Table 2.1: DVR matrix elements A; ; for N = 8

i/j 1 2 3 4 5 6 7 8

1 3.7018  0.0000  0.0000  0.0000  0.0000  0.0000  0.0000  0.0000
2 0.0000 4.5781 0.0000 0.0000  0.0000 0.0000 0.0000  0.0000
3 0.0000 0.0000 5.0046  0.0000  0.0000 0.0000 0.0000  0.0000
4 0.0000 0.0000 0.0000 5.1901  0.0000 0.0000 0.0000 0.0000
5 0.0000 0.0000 0.0000 @ 0.0000 5.1901  0.0000 0.0000  0.0000
6  0.0000 0.0000 0.0000 0.0000 0.0000 5.0046 0.0000  0.0000
7 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 4.5781  0.0000
g8 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 @ 3.7018

Table 2.2: DVR matrix elements X; ; for N = 8

ifj 1 2 3 4 5 6 7 8

1 —15.3425 0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000
2 0.0000 —12.8302  0.0000  0.0000  0.0000  0.0000 0.0000  0.0000
3 0.0000 0.0000 —8.1902  0.0000  0.0000  0.0000 0.0000  0.0000
4 0.0000 0.0000 0.0000 —2.7979  0.0000 0.0000  0.0000  0.0000
5 0.0000 0.0000 0.0000 0.0000 2.7979  0.0000 0.0000  0.0000
6 0.0000 0.0000 0.0000 0.0000 0.0000 8.1902 0.0000  0.0000
7 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 12.8302  0.0000
g8 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 15.3425

Table 2.3: DVR matrix elements Y; ; for N = 8

1 2 3 4 5 6 7 3
38.4712 —9.1426  2.7371 —1.3487 0.7992 —-0.5151 0.3412 —0.2155
—9.1426 33.3502 —14.0838  3.8060 —1.7462 0.9716 —0.5829  0.3412

2.7371 —14.0838 27.8228 —16.9269  4.3070 —1.8686  0.9716 —0.5151
—1.3487  3.8060 —16.9269 24.7236 —17.8598  4.3070 —1.7462  0.7992

0.7992 —1.7462 4.3070 —17.8598 24.7236 —16.9269  3.8060 —1.3487
—0.5151 09716 —1.8686  4.3070 —16.9269 27.8228 —14.0838  2.7371

0.3412 —0.5829 0.9716 —1.7462  3.8060 —14.0838 33.3502 —9.1426
—0.2155  0.3412 —0.5151 0.7992 —1.3487 2.7371 —9.1426 38.4712

~.
OO\]CDCT\VBQDL\DHS
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Table 2.4: DVR matrix elements Z, ; for N = 8

1 2 3 4 5 6 7 8
67.2897 —4.1167 4.3042 —4.3833  4.3833 —4.3042 4.1167 —3.7018
—4.1167 40.5347 —4.7866  4.8745 —4.8745 4.7866 —4.5781  4.1167
4.3042 —4.7866 18.4080 —5.0965 5.0965 —5.0046  4.7866 —4.3042
—4.3833  4.8745 —5.0965 6.6985 —5.1901  5.0965 —4.8745  4.3833
4.3833 —4.8745 5.0965 —5.1901  6.6985 —5.0965 4.8745 —4.3833
—4.3042  4.7866 —5.0046  5.0965 —5.0965 18.4080 —4.7866  4.3042
4.1167 —4.5781  4.7866 —4.8745 4.8745 —4.7866 40.5347 —4.1167
—-3.7018  4.1167 —4.3042 4.3833 —4.3833 4.3042 —4.1167 67.2897

~.
OO\]CDCH%C«O[\DHE

Similarly the classical path equations can be written as

() = ps. (1) (2.2.22)

ILL A
palt) = ~(=5,0)] 2

E(s,t)> (2.2.23)

s=5c(t)

where the classical force is evaluated by substituting the matrices, Z(s,¢) and V(s)
(Egs. (2.2.2) and (2.2.3) respectively). Using Dirac-Frenkel variational principle
[37], we have arrived at a rigorous expression of ps. for non-adiabatic processes by

minimizing the following integral (Appendix D),
., 0Z%(s,t) i
I 3 /ds( —th — H(ps, $)= (s,t))

X <ih% — H(ps, s)=(s, t)), (2.2.24)

with respect to ps,. At this point, it is important to note that compared to earlier
versions [16, 17], only the present form of TDDVR [36] has the scope for the variational
derivation of the evolution equation for ps.. The compact form of p,, in Eq. (D6)
(Appendix D) can further be simplified when we replace SZ(; ) by SZ(; )(5”- as first order
term (s — s.(t)) is diagonal in DVR (Table 2.2), leading to

A? S hImAp _ SW
Pult) = ;izjc:mm{”j [S§f> sy - ]Z”‘ Ryt - T3]}

/ [chk cir(t Sl); — chk cn(t )} (2.2.25)
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2.3 Formulation of the TDD VR method for mult:
- dimensional multy - surface systems

The general form of the matrix equation for any multi-dimensional multi-surface

system in the diabatic representation can be expressed as,

O E({$0) = [Eey + VSN0,

where
0 -0
1 0
T{sk}ET{sk}
0 1
Va({s*)  Via({s*})
Va({s*})  Vaa({s"})
V{s"H=| . .
Vin({s"})  Via({s"})
VMl({Sk}) VM2({Sk})
and

=({s"}0)

with [Z1({s"}, )2({s"},1)

TH-421_02612202

Uy ({s°}.1)
Uy({s"}, 1)

U ({s},1)

War({s*},1)

57

Viar({s"})
Varr({s"})

Vir({s*})

Vi ({s*})

b_,ds*=1 at any time t.

(2.3.1)

(2.3.2)

(2.3.3)

(2.3.4)



The kinetic energy operator, T{Sk} =5 |22 2—2 +o S5 0° , and the diagonal
elements of the matrix in Eq. (2.3.3) represent potential energy operators for different
surfaces where off-diagonal elements define the coupling among them. The 1¢th element
of the wavefunction matrix in Eq. (2.3.4) is the wavefunction for the 1¢th surface and

we can expand the time-dependent wavefunction (¥;({s*},t)) as below,

U ({s*},t) = Z Cz‘lig....z‘p,z(t)Hl/)ik(sk,t), (2.3.5)
1192...9p k=1

where 1, (s*,t) is the TDDVR basis function for the kth mode which can again be

expanded in terms of DVR basis multiplied by plane wave to represent the coordinate,

sk as a function of time, t,
Ny,
Ui (s5,8) = o(s* 1) D &nlat )& (") (2.3.6)
n=0
Ny,
= Zs,:ufk)@n(sk,t) (2.3.7)
o(s", 1) = eXp< {psr(t)[s"* — st t)]}), (2.3.8)
with harmonic oscillator eigenfunctions as the primitive ones to construct the DVR
basis,
2ImAFN 1/4 1 (zF)?
n(ah) = -y, @ 2.3.9
ae) = (7o) el -7 e 39)
and
2ImAFk
= 777; (s" — s&(1)), (2.3.10)
2ImAF
CAERVES G UREH O (2.3.11)

Alternatively, we can say {®,,(s*,t)} form the G-H basis set. Among the parame-
ters in the G-H basis (Egs. (2.3.5) - (2.3.11)) we choose the center of the wavepacket

({s¥}) and its’ momentum ({ps}) as time-dependent variables, imaginary part of
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the width ({ImA*}) as time-independent parameter and real part of {v*} and width
({ReAk}) are zero for all the time.

The index, i, in Egs. (2.3.5) and (2.3.6) counts the DVR basis functions for the
kth mode where N, is the maximum number of Hermite basis functions included in
Eq. (2.3.6) to expand a particular DVR basis for the same mode, p and M are the
maximum number of modes and surfaces, respectively involved in a system. A DVR
grid-point, s} , will be determined by Eq. (2.3.11) using the root, 27 , of Nith Hermite
polynomial, Hy, (2*) [17] Though the roots (2} s) of the polynomial are fixed values,
the position of the DVR grid-points (s s) will change as a function of time due to

the time-dependent variables, s*(t),

/| h
k _ .k k

The Gauss-Hermite basis, ®,(s*,¢), for the kth mode as introduced in Eq. (2.3.7)

have the following two important properties. Firstly, they form an orthonormal basis,
/ dshr (85, ), (s*, 1) = oF (2.3.13)

and secondly, the ground state of the G-H basis is the Gaussian Wave Packet.
The DVR basis functions, v, s, in Eq. (2.3.6) for the kth mode constitute an

orthogonal but not normalized set,

where A* is the normalization factor.

We substitute Eqgs. (2.3.2) - (2.3.5) in the time-dependent Schroedinger equation
(Eq. (2.3.1)) and due to the special choice of the form of the TDDVR basis functions
as defined in Eq. (2.3.6), the classical path picture appears naturally along with the

DVR matrix equation. The general form of differential equation for any surface, I, (

29

TH-421_02612202



[, € {1, M}) turns out to be,

ih Z cwww(t)ﬁ{%fi(:ﬂfk)@n(sk’t)}

HRDL D Cuiny {Zs (5" t)}]}i[k{Nész(xf;,)@n(sk:w}
= 2 D Ganny {Zs T >}£[k{§;5;<xf;,>¢n(s’“’,t>}
+ 20 GainiuVal{sh ) H { Nzlgzui-“)@n(a:’f)}

* ; Z Ciria...ipt (1) Vir ({55 })]ﬁ{i&(:ﬂ?)@n(ﬂ“)} (2.3.15)

When we evaluate the terms of 2, (s*,¢) and Tu®,(s",t) for the kth mode and
substitute back in Eq. (2.3.15), some of these terms cancel each other. Collecting the
remaining terms, along with simple manipulation we arrive at the evolution equation
for quantum motion on the [th surface in a compact matrix form,
ihAC, = HjCi+A) VyCy (2.3.16)
V#1
which can be reorganized into a more convenient form by a similarity transformation,
ihDy(t) = A"VPHRA VD + ) VyDy (2.3.17)
V#1
where Dy = AY2C.

The explicit expression of an element of the TDDVR coefficients, d;

1112....0p,

L 1(35)°
ihdiyiy... ip1 = Zps Ak zwk Aivig...ip1 + { Z 5 }diliz....ip,z
k

+ WZ(ZNZ--'-Zp)dilig....ip,l+E Vb/(ilil----ip)diliz....ip,l’
111

p
Z{MmA Z 2Y — 2y, iaia--.iwn@wzf} (2.3.18)

l iS,

+

k k' £k
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Xk, Yk, A
Xbiy = e, Vi = e, and 7 = e (2.3.19)
ot Ak Ak bk Ak Ak Btk Ak Ak
A VN Uyt ™ Vi) 1), NI T
b 1
Aivig..ipl = Cz‘lz‘g....z‘p,ZH(Afwk)E, (2.3.20)
k=1
Nk
Ab o= Y Gk )6, (2.3.21)
n=0
Nk—1 Nk
Xbo= N eVt g (eh) + Y6 ek )Vt (ah), (2.3.22)
n=0 n=1
Nk
YEg = ) &nlak)2néa(ah), (2.3.23)
n=0
Nk—2 NF
Zig = > bnal@ )V I+ Dn+2)&(af) + D& o(ah)v/n(n — 1)éa(f)
n=0 n=2
Nk
+ ) &na)@n+ 1)éa(af) (2.3.24)
n=0

Component matrices ({AX}, {X¥}, {Y*}, {ZX}) of the TDDVR Hamiltonian matrix
Eq. (2.3.18) can infer very important significance on the quantum-classical nature
of this approach. {AX}, {XX} {YX} and {Z*} matrices (Tables 2.1 - 2.4) are time-
independent and need to be evaluated once for all. As {X¥} matrices are diagonal and
multiplied with the “classical” variables {p(f)} respectively, the quantum equations
of motion is free from any non-linearity due to “classical” motion, i.e., “classical”
mechanics can only affect the convergence of the quantum dynamics. Again, as
couplings among the grid-points come through the full matrices {Y*} and {Z¥} and
dominantly shape the quantum dynamics, we wish them to be free from any non-
linearity due to “classical” propagation by choosing {ImA*} as the time-independent
variable. Moreover, both the matrices {Y*} and {Z*} are diagonally dominant, but
the average value of the off-diagonal elements of {Z*} matrix is much larger than

these of the {Y*} matrix. Hence the {Z*} matrix unlike {Y*} can not facilitate the
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converged solution of quantum equations of motion if {ImA*} is considered as time-
dependent. On the other hand, in order to formulate a rigorous equation of motion,
one needs to include {Z¥} matrix and also treat {ImA*} as a time-independent
variable. Last but not the least, Eq. (2.3.18) clearly indicates that {Y*} and {Zk}
matrices couple grid-points or basis function of the £th mode only, hence numerical
handling of differential equation for each mode can be done by parallel computation,
reducing computational cost and making large dimensional calculations possible.
Similarly, the classical path equations for the kth mode can be written as

DPsk (t)
1L

sk(t) = (2.3.25)

ps(t) = —<E({3k}, t)’%

E({sk},t)> (2.3.26)

Sh=sk(t)
where the classical force is evaluated by substituting the matrices, Z({s*},¢) and
V({s*}) (Eqs. (2.3.3) and (2.3.4)), respectively.

Using Dirac-Frenkel variational principle [37], we now arrive at a rigorous expres-
sion of pg for multi-dimensional multi-surface systems by minimizing the following

integral,

p= [~ g, s )

=({sk 4
X (ihw—H({pg},{sk})z({sk},t))gdsk, (2.3.27)

with respect to {ps}. When this derivation (!!!) is done, {p,:} takes the following
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form,

P (1)

c

where

R.

i),

S(”)

(7

T

i),

TH-421_02612202

E :, Ly, ( )
ZZ (%IZQ“Zk'Jpv E;/%/

k
ImA il gul1)
: : : : 2112 k- Zp, [4;/./ Zklk
lklk Yk
*(2)
Z// 02112 Zk Zp,l(t)S ZZZIC S*
E E Civig..i).ip,l ( ) g,
Zkzk Zklk
§ § *(3)
2 2112 k- Zp, 1112~i2~lp7 ( )é; Zkl }
Qg
hImA Z Z Zzg Ciyia. 4y ip,l(t)]%zgz;€ S*
02122 Ak zp, A Zklk
il 15,4},
zg (%122 zk ipJ(t) i} f;*(l
(%1i2“i;.wp, ( ) il
ixd, Zklk
*
2 E : E :CZ1Z2 Ageripl Czli2..i;.~ip,l(t)j;ki§€}}
x
(1)
S B0
iniz- i . Ay ini
zkzk k"k
+(1)
ZZ CZlZ2 Zk iﬁvl( ) ik :;*(1)
Civig..i).ip,l iy,
g}, Zkzk
*(2)
QZZCZI’LQ e zp, zmg..z‘k..z’p,l(t)kg lklﬁc:| (2328)
zkzk
: :g Zk gp Z; ,) p

Zf e [ @ — SO0, (6, s

ng i )& (k) )2p / O* (5%, 1) (5% — sF (1), (s, t)ds® (2.3.29)
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with

[ ot o = stone st odst = Syt VT Tt V1)

[ ot o = stre et = (Vo E D D,
+ (2p+1)bpq + Vp(p — 1)51)—2#1}

[oast o - stare st ont = (i) {(VEF Do 20T D,
+ 3+ 1)v/p+ 10114 + 3py/DPop14

+ V=100 =23, (2.3.30)

Matrices R, S™, T and A involved in Eq. (2.3.28) are time-independent and can
be calculated once for all the time while the time-dependence of pgr arises from the
time-dependent coefficient {c;,4,.i,..5,1(t)}. At this point, it is important to note that
Psk, k=1,...,p does not depend explicitly on the potential of the system unlike its
form in ref [27]. The compact form of pg in Eq. (2.3.28) can further be simplified
when we replace S;klggc by Sz'(klggcéiki; as the first order term (s* — s¥(¢)) is diagonal in

DVR (Table 2.2),

ps'é(t) T ZZ Ciyig. iy, Dgpell zlzg..igc..z'p,l(t)

i),
2(ImA)2 [y SV} hImA¥ S
{ Pl [Sz(,i)/ L] S,fz} dealiis [ ixi, —al —Ti*,ci/]}
s 5w

~

[Z 2 C31i2-~z‘k~z'p,z(t)czm..ik.,ip,l(t)%
1 ik

X7

= D it it Oiin i (DS (2:3.31)

il

2.4 Summary of the TDDVR approach

The TDDVR introduces one central trajectory and a set of grid-points for each de-

gree of freedom. The movement of these grid-points around the central trajectory is

64

TH-421_02612202



dictated by the classical mechanics and grid-points are associated with a distribution
of “classical” momentum. The growth or decay of the amplitudes at these grid-points
on each surface is shaped by quantum evolution. The movement of the grid-points
as well as growth or decay of the amplitudes at these grid-points on a particular
surface effectively wake this approach a multi-trajectory one and enable it to explain
quantum features arising from the individual surface quantitatively. In principle, the
method is exact with enough trajectories (grid-points) but in the other limit, with one
grid-point, the method is reducible to the molecular dynamics approach which is very
useful from the dynamical point of view. We can add even or odd number of grid-
points for a given degree of freedom if the dynamical situation shows the requirement.
Since the grid-points follow the dynamics of the system, depending on the situation
TDDVR needs lesser number of grid-points for any mode compared to corresponding
quantum (DVR/FFT) case. As the major advantages of TDDVR methods come from
its” “classical” equation of motion and it is convenient to introduce classical mechan-
ics either in Cartesian or in Jacobi coordinates, TDDVR approaches are formulated
in these coordinate systems only. At the same time, one can reduce the number of
degrees of freedom in special coordinate system like hyperspherical, where one can
use TDDVR method combining with state expansion approaches.

It is important to note that, while implementing TDDVR on a multi-mode system,
some of the degrees of freedom can be treated in the quantum limit, some other at
near classical limit, and the rest with ”classical” dynamics. At the classical limit
the action (S) appearing in the Feynman path integral formulation can be used to
define a trajectory by introducing a least action principle (65 = 0). The limit & — 0
corresponds to the TDDVR approach with one grid point, where contribution from
paths away from the one defined by 65 = 0 are small due to rapid oscillation of the
path integrand. The quantum trajectory defined in Bohm trajectory is same with the

TDDVR trajectory, when TDDVR is formulated with one basis function (one grid
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point). With a sufficient number of grid points, TDDVR introduces a more general
quantum potential.

The approach is flexible enough to handle any form of complicity of the Hamilto-
nian. In the quantum regime, the dynamics of the centroid of the wavepacket obeys
Ehrenfest theorem, which facilitates the movement of grid-points. At the classical
limit, the lone grid and centroid of the wavepacket are the same point and it is prop-
agated by “classical” dynamics only. TDDVR has appealing applicability for those
large systems where quantum mechanical description is needed in a restricted region.

We found that the method obeys energy conservation, momentum conservation,
microscopic reversibility and unitarity. Moreover, it is applicable to any number of
coupled states and to any kind of electronic coupling. Any electronic representation is
acceptable, although in some situation, diabatic representation may be advantageous
to employ whereas in other cases adiabatic basis is needed.

The number of grid-points required to achieve convergence in DVR depends on
the initial position of the wave-packet. If the initial wave-packet is located far away
from the barrier, more grid-points are needed to cover the reactive side of the barrier.
At the same time, once the convergence is achieved with certain number of grid-
points (trajectories) in TDDVR approach, convergence is independent of the location
of initial wave-packet. But in case of TDDVR, as the quantum propagation is ap-
proximated by “classical” equation of motion, some fluctuations appear in transition
probabilities during the interaction period. We also found no matter how large num-
ber of grid-points are included in the TDDVR calculations,these fluctuations always

remain.
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CHAPTER II1

APPLICATION TO TUNNELING

3.1 Tunneling through an Eckart potential

3.1.1 Formulation of equation of motion

We have investigated the performance of the present method on simple tunneling

problem through an Eckart barrier. The Eckart potential is given by
V(s) = Vp/ cosh®(as), (3.1.1)

where the barrier height, Vo = 100 KJ/mol and the parameter a = 2 A~!. The mass
(u) of the system is 1 amu.

The compact form of the matrix equation and the classical path equations read

as follows,

ihAC = H'C (3.1.2)
S(t) = psCT(t) (3.1.3)
ps.(t) = —d‘;is) e (3.1.4)

We find the explicit expression of an element of the time - dependent DVR Hamil-

tonian matrix, H* (Appendix B) and the normalization matrix, A are,

1 h $2(t himA
Hj; = [—Psc(t) —Xij+ us;( )Ai,j + %

{2V = Zigh+ V() Asy);

(3.1.5)

where the rigorous expressions of A;;, X;;, Yi,; and Z, ; are shown in the previous

chapter (see Egs. (2.2.18) - (2.2.21)).
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Equation (3.1.2) can be rewritten into a more convenient form by a similarity

transformation, i.e.,
ihD(t) = A~Y2H*AY/2D, (3.1.6)

where D = A~Y/2C.

The initial amplitudes of the DVR wavefunction at the grid - points (s;s) are
calculated from GWP (®(s;, 1)) centred around s.(t=0) = - 4 A with it’s momentum
vector, kg = 20 A~! and the imaginary part of the width, ImA = 0.4 amu/7 (117 =

107 sec) as below,

ImA
h

@(Si’ to) A [M} 1/4

wh (si = 30)2], (3.1.7)

X exp [iko(si — Sp) —

In case of DVR, only Eq. (3.1.2) is solved to observe the dynamics and all the terms
containing classical variable(s) in the Hamiltonian matrix (Eq. (3.1.5)) are dropped
while propagation.

Similarly, the initial amplitudes of the TDDVR wavefunction at the grid - points
(s;8) are obtained from GWP (®(s;, ty)) with the same numerical value of the param-

eters used in DVR except zero momentum vector (ko = 0),

ImA
h

QImA} 1/4

(sito) = [ Th

X exp [— (s; — 50)2], (3.1.8)

While TDDVR propagation (Egs. (3.1.2) - (3.1.4) or Eq. (D6)) are solved simulta-
neously where p,. (ko = 20A~") enters as a classical variable through Eq. (3.2.3) and
also through first two terms of the Hamiltonian matrix (Eq. (3.2.5)).

Using the properties of the DVR functions, we can write normalized amplitudes as

di(t = 0) = A, ®(z;) (3.1.9)

1,0

The transmission probability on the reactive side of the barrier can be determined by
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using the coefficient d;s,

Pt) = /Oods|\ll(s,t)\2

=0
= YWt Y &)t () / (s 1) B (s, 1)
i>i* kk' -
N

2
g
£

=

= > _ldi(1)P, (3.1.10)

where * is defined by s;«(t) = s.(t) + > 0, i.e., the sum of the square of the

h
TmA L
amplitudes for the grid - points on the reactive side of the barrier gives the tunneling

probability.
3.1.2 Results and discussion

Figure 3.1 shows the movement of the centre of wavepacket (s.) and its momenta
(ps.) as a function of time where in Fig. 3.2 we display the time - dependent grid -

points (s;8) for N = 10 case. When we use 10 grid - points with the initial wavepacket

1.5 T T T T T
.......................... scgtg —
P (t) - ovee

3 | I I I L | I I I
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

Time 107 sec

ot

Figure 3.1: The trajectory, s. and it’s momenta, ps, as a function of time.
centred around —4 A, three points (1 =28, 9, 10) move to the reactive side and back to
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the non - reactive side (Fig. 3.2) within the time - interval studied. As this quantum
- classical method allows the movement of grid - points, we get the same amount of
tunneling even when the initial wavepacket is located at the farthest away from the
barrier. On the other hand, when we freeze the classical motion in this TDDVR, it
appears to be a full quantum method (DVR) and in order to get tunneling we need

sufficient number of grid - points to cover the reactive side of the barrier. To be

1 T T T T T

0.5

4 I | I I I I I I I
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Time 10~ sec

Figure 3.2: The grid - points (N=10) change their positions as a function of time.

specific, with the initial wavepacket centred around —4 A, DVR need at least 150 grid
- points to represent the other side of the barrier with few points and start showing up
tunneling (which is far below than the converged result). Under the same situation,
tunneling probability calculated by this TDDVR can reach almost the exact value
with 100 grid - points but it decays fast because grid points come back to the non
- reactive side. This problem can be avoided very easily by freezing the classical
motion at the moment when tunneling probability reaches the converged value. If
the interaction region of a system is spreaded over a longer region, one needs a lot of
grid - points to perform accurate DVR/FFT calculation whereas TDDVR requires a

moderate number of grid - points to obtain accurate results irrespective of the initial
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position of the wavepacket.

Figure 3.3 shows tunneling probability as a function of time with increasing num-
ber of grid - points (N). When more and more grid - points are added, not only the
tunneling persists for longer time but also approaches the exact value, which is 0.1906
[52] at the energy (ko = 20 A1) investigated. We obtained a tunneling probability of
0.1906 well within 150 TDDVR grid - points but in order to keep the

0.2 T T T T

0.18 -

0.16 N=10 ——
N=100
N=150 ——
0.14 - N=200 +-----
N=250 ——
0.12 -
Tunneling F
Probability
0.08 -
0.06

0.04 -

0.02

1o \

0 1 2 3 4 5

Time 10~* sec

Figure 3.3: Tunneling probability (P(¢)) calculated by TDDVR through the Eckart
barrier with N = 10, 100, 150, 200, 250. Fluctuations are due to oscillations in the
expansion coefficients.

converged profile unchanged for relatively longer period of time, we need to increase
the number of grid - points (250). It means when we use a large grid, sufficient
number of grid - points remain on the reactive side of the barrier for a long time
and we obtain the desired profile. Instead of increasing grid points, one can freeze
the classical motion at the time when the tunneling probability reaches the converged
value with less number of grid - points (< 150) and can achieve the same profile.

In Fig. 3.4, we compare tunneling probabilities calculated by quantum - classical
(TDDVR) and quantum (DVR) methods with 250 grid - points. Present calculation

shows that fluctuations in tunneling probability as a function of time are much less
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compared to ref. [16, 17] and we believe this is because width (A) has been considered

as a time - independent parameter.

0.2 T T T T T T T

0.18 -

0.16 TDDVR ——
DVR -

0.14 -
0.12 -

Tunneling 1
Probability

0.08 -

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Time 10~ sec

Figure 3.4: Quantum - classical (TDDVR) and quantum (DVR) results of tunneling
probability (P(t)) as functions of time with N = 250.

1

1072

1074 -

1076 |-
Tunneling
Probability

1078

10~10

1012

10~

ko(A™1)

Figure 3.5: Quantum - classical (TDDVR) and quantum (DVR) results of tunneling
probability (P(t = 3.57)) as functions of ky(A~') with N = 250.

Finally, in Fig. 3.5, we have demonstrated tunneling probability at a particular
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time (3.5 7) for different initial kinetic energies (kos) and obtained excellent agree-
ment over the entire energy range with the corresponding quantum results. It is the
most difficult task to achieve this much accuracy, particularly at low energy, from a
quantum - classical method developed so far.

One can also vary the number of grid - points during propagation. If the wave
packet reaches the end points of the grid, it is possible to add some more grid - points

and this can be monitored by watching the magnitude of |d;|? and |dx|?.

3.2 Tunneling through a symmetric double well
potential

3.2.1 The Hamiltonian and the equation of motion

We explore the workability of our TDDVR method to a system investigated previously

[30, 53, 54] and its Hamiltonian H is given by

H(s,po (P AQu}) = %W@

+ Z—+ L@+ S Qe s) - (3:21)

where s is the reaction coordinate and Qs are the bath modes. The potential V (s)
is a symmetric double well where the tunneling probability and the time averaged
tunneling rate from one of the wells to the other are calculated as a function of time.
The time-dependent discrete variable representation method is formulated by using
a coupled wavepacket approach, where the wavefunction is expanded as,

sAQL Y =Y Y Cigterils,t) [ [ 1. (Qu). (3.2.2)

i llaly k

with ¢y, (Q) is the harmonic oscillator basis function for the bath mode k and (s, t)
is the time-dependent DVR basis function representing the reaction coordinate s. The

time-dependent DVR basis functions are again expanded in terms of Gauss-Hermite
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basis set as follows:

i(s,t) = B(s, 1) ﬁ%szwsn(m) - ﬁ%sm)@;(s, 0. (3.2.3)
where - -
2(s,1) = 7/ exp (1 +pa(t)ls — seld] + Redls — se(0}),  (3:24)
ez) = ﬁexp(—xQ/Q)Hn(x), (3.2.5)
bules) = ﬁexm—x?/mﬂn(m (3.2.6)
and
- 217;’4(3—50(@), (3.2.7)

Tl = 4/ @(sz(t) — 5.(t)). (3.2.8)

Parameters in GWP are defined in Eqs. (3.2.4) - (3.2.8). The centre of the wavepacket
(s.) and its momenta (ps,) are considered as time-dependent variables whereas v and
width (A) are considered time-independent with Rey = ReA = 0.

The index, ¢, in Egs. (3.2.2) and (3.2.3) counts the number of DVR basis functions
and N is the maximum number of Gauss-Hermite basis functions included in Eq.
(2.2.3) to expand a particular DVR basis function. It is important to note that a
DVR grid-point, s;, is determined by Eq. (3.2.8) using the root, x; of the N th
Hermite polynomial, Hy(z) [17]. The compact form of the matrix equation and the

classical path equations read as follows,

ihAC = H'C (3.2.9)
Pe(t) = —d‘;is) . (3.2.10)
s(t) = ps:ft) (3.2.11)

where the explicit expression of an element of the time-dependent DVR Hamiltonian

74

TH-421_02612202



matrix, H®, is
1. | h us?(t) hImA
H;j,mhm,m%m ,,,,, men {529&@) —ImAXi,j + 5 A+ 201 {QYM - Zm'}
+ V(SZ)A27]:| 6m1,n16m2,n2 e 6mk7"l

o [0 o

k/

+ Z {fk/(sz')< h )é <\/mk;' + 10, 11n,,

2mwyy

k/

A% \/m—k/(Smk,_l,nk,) H 5mk7m}lei’j; (3212)

k(1)£k!
In the above equation we see that in the DVR-basis, the potential for the reaction
coordinate, s, is diagonal as usual.
Equation (3.2.9) can be reorganized into a more convenient form by a similarity

transformation, i.e.,
ihD(t) = A"Y2HAY/2D, (3.2.13)

where D = A~1/2C.
Using Dirac - Frenkel variational principle [37], it is possible to derive a rigorous

expression for ps, by minimizing the following integral (Appendix D),

I [aquaas(~nZECHIRD g, ny q@uw s (@)
o (2AD e, p) Qe (@0.). (3:2.14)

with respect to ps,. Incidentally, this is the first TDDVR formulation where we have
been able to derive a compact form of ps,. It is natural to expect that one can
achieve correctly converged description of the observables with a minimum number
of basis functions (DVR) and obtain quantum corrections to the classical variables if
the rigorous expression of p,, is used. At the same time, as p,, is one of the phase

variables in GWP, the convergence is guaranteed in the infinite limit of the basis
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functions even with the first order term as in Eq. (3.2.10). In this quantum - classical
formulation, classical equations (Egs. (3.2.10) - (3.2.11)) induce movement of grid -

points in the direction where amplitudes grow to higher values.
3.2.2 Results and discussion

We have investigated the performance of the quantum - classical method proposed
here on a system which is modeled by a double well potential with or without coupling
to bath modes. A maximum of two bath modes has been considered. The potential

along the reaction coordinate, s, and the linear coupling terms are given below,

1 1
V(S) = —§a082+16084

Fi(s) = —as (3.2.16)

(3.2.15)

where k = 1, 2.
The initial amplitudes of the DVR wavefunction are calculated from a GWP

centered around the minimum, s, in the left well of V(s) where,

2ImA71/4 ImA
D(s;,t0) = [ — ] X exp [— - (si — 80)2] (3.2.17)
and
axg(s) =0, so=—1/2a0/c% (3.2.18)
S 5=50

and ImA =mw/2, ps.(to) = 0.

Using the properties of the DVR functions, we can write

“12g(s,) (3.2.19)

The frequencies of the tunneling atom (hydrogen) and the two coupled bath modes
are taken from ref. [53]. Potential parameters and frequencies are displayed in Table

3.1.
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Table 3.1: Potential parameters and frequencies. Distances are in A and energy in
units of € = 100 KJ/mol.

Parameter Value

ao 4.1429 ¢ A2
co 16.357 ¢ A—*
w 1530 cm ™!
w1 2980 cm !
Wo 765 cm ™!
W 1.0 amu
m 1.0 amu
1 1.0 A1

Ca 1.0 At

The differential Egs. (3.2.9) - (3.2.11) have been solved numerically with a time step,
1076 sec and classical force (CF) is included through Eq. (3.2.10). In the case of
quantum force (QF), Eq. (D9) (Appendix D) is used instead of Eq. (3.2.10). The
calculations are done mainly with CF unless the use of QF is specified. When we
perform dynamical calculations with the particular initial states (ki, k2) of the heat
bath, the tunneling probability on the reactive side of the barrier can be determined

by using the time - dependent coefficient d; , 1.,

Pturm(t> = /: ds /Oo dQl /Oo dQQ\If*(S, Ql, Q% t)\l/(& Qh Q%t)
& Z Z Z Czkl,kQ (t>ci,ki,k/ ng T; &c’ X / (I),*(S t)@;/(s t)d

121 k1,ka k/ k/ kk’

X

/ 61, (Q1)bu (Q1)dQ1 / 6, (Q2)bus (Q2)dQ

Z D ik (O As

i>0* ko ko

= 2D ldin kP (3.2.20)

i>1* k1,ko

Q

where ¢* is defined by s;(t) = s.(t) +1/ 57252+ > 0, i.e., the sum of the square of the

21A

amplitudes for the grid - points on the reactive side of the barrier gives the tunneling
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probability. The time - averaged tunneling rate is given by,

tunn

pov (t):% /0 Pdr. (3.2.21)

Prunn

1074 |r T

100 | ]

1 1 I | 1
0 10 20 30 40 50 60 70
Time 10~ sec
(a)

pav
tunn

10-4 2!
1070 .
10-6 ! | | 1 ! 1
0 10 20 30 40 50 60 70
(b) Time 10~ sec

Figure 3.6: (a) Tunneling probability (Pm.) as a function of time for N = 30,
N =50 and N = 100. The initial states of the bath oscillators are chosen as (0,0).
(b) Time average tunneling rate (P2 ) as a function of time for N = 30, N = 50
and N = 100. The initial states of the bath oscillators are chosen as (0,0).

Fig. 3.6 displays (a) the tunneling probability (Pum,(t)) and (b) the time - aver-

aged tunneling rate (P (t)) as functions of time for different grid - points (N) where

tunn
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the initial states of the bath oscillators are chosen as (0,0). When more and more grid
- points are added, both Py,,,(t) and P2 (t) approach the converged values. The

figures clearly indicates that 50 TDDVR basis is sufficient to achieve the convergence,

i.e., the lines with 50 and 100 TDDVR basis are completely indistinguishable.

10~1 T T T

1072 .
TDDVR ——
DVR
1073 |1 h
Prun
107 b
107° 7
10-6 | | ! | ! 1
0 10 20 30 40 50 60 70
Time 10~ sec
(a)
Feps,
10-4 _
107° | .
10-6 1 1 I 1 I !
0 10 20 30 40 50 60 70
(b) Time 10~ sec

Figure 3.7: Comparison of quantum - classical (TDDVR) and quantum (DVR) re-
sults of the (a) tunneling probability (Pu,,) (b) time average tunneling rate (P2 )

tunn
as a function of time with N = 100. The initial states of the bath oscillators are

chosen as (0,0).

At this point, it is important to note that as this quantum - classical method allows
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the movement of grid - points, we get the same amount of tunneling even when the
wniatial wavepacket is farthest away from the barrier. On the other hand, when we
freeze the classical motion in the present formulation of TDDVR, it appears to be a
full quantum method (DVR) and in order to get tunneling we need sufficient number

of grid - points to cover the reactive side of the barrier. In the present problem,

1 T T T
107" | 7
1072 - .

TDDVR ——
DVR .

Piunn 1073 A
1074 3
1075 B

10-6 I | L | I 1
0 10 20 30 40 50 60 70

Time 10~ sec
(a)

1 T T T T
10 F .
1072 - -

TDDVR ——
DVR -

Pl 1073 .
107 —
107° A

10-6 L 1 | I | 1
0 10 20 30 40 50 60 70

(b) Time 104 sec

Figure 3.8: Comparison of quantum - classical (TDDVR) and quantum (DVR) re-
sults of the (a) tunneling probability (Pun,) (b) time average tunneling rate (P2,,)
as a function of time with NV = 100. The initial states of the bath oscillators are

chosen as (0,2).
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both in quantum (DVR) and quantum - classical (TDDVR) calculations, we localized
the initial wavefunction at the minimum of the left well of V() and found, in case of
DVR, more than 50 grid - points are needed to cover the other side of the barrier.

-0.48

0.49 ﬁ
. /\
1

|
|
l
|

& oee R
e
e

I I L
0 10 20 30 40 50 60 70

Figure 3.9: The center of the wavepacket, s., as a function of time. The initial states
of the bath oscillators are chosen as (0,0) and s, (t = 0) = — 0.5 A.

I I I
0 10 20 30 40 50 60 70

Time 10~ sec

Figure 3.10: The center of the wavepacket, s., as a function of time. The initial
states of the bath oscillators are chosen as (0,2) and s, (t = 0) = — 0.5 A.

Figs. 3.7 - 3.8 present (a) tunneling probability (P, (t)) and (b) time - averaged
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tunneling rate (P2 (t)) as functions of time for two different cases corresponding to
different initial states (0,0) and (0,2) of the heat bath, respectively. In all these cases,
we have compared our quantum - classical results with the corresponding quantum
ones and found excellent agreement between them. Moreover, it is important to note
that earlier we had investigated the same system [16, 30] with different versions of
quantum - classical method and calculated time - averaged tunneling rate (P, (t));
but the present results have the best agreement with quantum ones, particularly at
shorter times (0 to 10 7, 1 7 = 10~ sec).

We believe that the small oscillations in computed tunneling probabilities (Figs.
3.7(a) and 3.8(a)) are due to frequent collisional encounters of the wavepacket local-
ized in the left well with the barrier. This explanation finds support when we monitor
the center of the wavepacket, s. as a function of time.

Figs. 3.9 and 3.10 show oscillations of s. during the entire propagation time as
we investigate the system for different initial states (0,0) and (0,2) of the heat bath,
respectively. These trajectories clearly demonstrate a classical like feature of a pure
quantum system.

In Table 3.2, we present the CPU time (sec) required to propagate the system
localized in the minimum of the left well with zero initial momentum (p,, = 0) for
different initial states (0,0) and (0,2) of the heat bath. In both the cases, we find

quantum - classical (TDDVR) propagations are faster than corresponding quantum

(DVR).

Table 3.2: CPU time (sec) to propagate the system up to 1 ps for different initial
states of the heat bath.

Initial state DVR TDDVR(CF)
(0,0) 161505 63137
(0,2) 164819 62662

We have also investigated the dynamics of the reaction co-ordinate, s, without
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heat bath coupling for different initial kinetic energies (p,,) of the wavepacket. Figs.
3.11 display respectively the tunneling probability (P, (t)) and the time - averaged
tunneling rate (P2, (t)) as functions of time with the initial kinetic energy, Ky = 5

tunn

A= (p,, = hK;) and their comparison with DVR. results.

1 T T T
107 b
1072 | .

DVR ——
TDDVR

Prunn 1073 3
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(b) Time 10~ sec

Figure 3.11: Comparison of quantum - classical (TDDVR) and quantum (DVR)
results of the (a) tunneling probability (Pi,,) (b) time average tunneling rate (P, )

tunn

as a function of time with N = 100. The system is not coupled to a heat bath and
the initial kinetic energy of wavepacket, Ko =5 AL

Fig. 3.12 shows the dynamics of the center of the wavepacket, s., as a function
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of time. We notice a distinct difference between the trajectories when the wavepacket
1s coupled to a heat bath or is driven by an initial kinetic energy. If the system is
coupled to a heat bath, trajectories oscillate with a mean value which is always away
from the barrier. On the other hand, initial kinetic energy driven trajectory is always

close to the barrier. Both the features are quite expected on the physical grounds.

-0.35

o

=

n &
T

-0.6 - ¥

20.65 I I I 1 I I
0 10 20 30 40 50 60 70

Time 10~ sec

Figure 3.12: The center of the wavepacket, s., as a function of time for the quantum
- classical calculations shown in Fig. 3.11 where s.(t = 0) = —0.5 A.

When the system is coupled to a heat bath, it spends most of the time interacting with
bath modes and get little time to hit the barrier. On the other hand, an initial kinetic
driven trajectory is forced to hit the barrier. This feature is further emphasized by the
increase 1 both the tunneling probability and the time - averaged tunneling rate in
comparison to when the system s coupled to bath modes.

Fig. 3.13 demonstrates the tunneling probability (Pi..,) at a particular time
(1 ps) as functions of initial kinetic energies (Kys). Excellent agreement with the
corresponding quantum results verifies the accuracy and supremacy of the proposed

quantum - classical method (TDDVR).
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Figure 3.13: Comparison of quantum - classical (TDDVR) and quantum (DVR)
results of the tunneling probability (Pun.,) at a particular time (1 ps) as a function
of initial kinetic energy (Kp) of the wavepacket.

Table 3.3 presents CPU time (sec) to propagate the wavepacket localized in the
minimum of the left well for different initial kinetic energies (/) and found TDDVR

propagations to be faster than the corresponding DVR counterpart.

Table 3.3: CPU time (sec) to propagate the wavepacket up to 1 ps for different initial
kinetic energy (ps,)-

Ko DVR TDDVR(CF)
1 7940 3003

7733 3241
5 7956 3624
7 7727 3769
Ko DVR TDDVR(QF)
0 7547 6425

Finally, we have performed dynamical calculations using the rigorous expression
of ps. (Eq. (D9) instead of Eq. (3.2.10)) where the system is not coupled to bath
modes. Figures 3.14 show (a) the tunneling probability [Pi.,.(t)] and (b) time -
averaged tunneling rate [P (t)] as functions of time with zero initial kinetic energy

tunn

[ps.(t = 0) = 0] and excellent agreements with quantum results are obtained. Most
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interesting results are displayed in Fig. 3.15 where s, s, obtained by using classical
force (CF) (Eq. (3.2.10)) and quantum force (QF) (Eq. D9) respectively, are plotted

as a function of time. When we localize initial wavepacket at the minimum of the left

well (s.(t =0) = —+/2a0/cp), CF (axggs) }s:s (t:O)) will be zero and the center of the

wavepacket, s.(t), will remain at the same point for all the time. On the contrary,

10—1 - T T T

1072 VR
0 TDDVR,](DQF) ......

o e

1073 .
Ptunn

107° §

10*6 1 Il | 1 | 1
0 10 20 30 40 50 60 70
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. TDDVRIQH) .-

]
10—3 i -
Pm) f

tunn
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1070 _

10—6 1 1 | 1 1 1
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(b) Time 107 sec

Figure 3.14: Comparison of quantum - classical (TDDVR(QF)) and quantum (DVR)
results of the (a) tunneling probability (Pi,,) (b) time average tunneling rate (P2,.)

tunn

as a function of time with N = 100. The system is not coupled to a heat bath and
the initial kinetic energy of wavepacket, p;_, is zero.

QF not only drives the movement of the center of the wavepacket, s., deep inside
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the barrier but also can possibly lead to a time - dependent effective potential and
thereby, help to understand the mechanism of a tunneling process. CPU time taken
to perform TDDVR(QF) calculation with zero initial kinetic energy is given in Table
3.3. Preliminarily, we see TDDVR(QF) (Egs. (3.2.9), (D9) and (3.2.11)) is slower
than TDDVR(CF) (Egs. (3.2.9) - (3.2.11)) but slightly faster than the DVR.

-0.10 e |
-0.20 - i
ol TDDVR(CF) — |

Se : ' TDDVR(QF) «+++-
035F i
-0.40 - _
-0.45 - |

0.50 bt -

-0.55 1 | I | I |
0 10 20 30 40 50 60 70

Time 10~ sec

Figure 3.15: s.s as a function of time for the quantum - classical calculation with
CF and QF where, in both the cases, s.(t = 0)=— 0.5 A.
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CHAPTER IV

APPLICATION TO NON-ADIABATIC

TRANSITION

4.1 Introduction

There is considerable current interest [28, 55-80] in exploring quantitative techniques
of molecular dynamics in the realm of electronically nonadiabatic processes [81-145].
We apply our method to the models [146] where typical non - adiabatic effects such as
“trapping” and “Stueckelberg” oscillations are planted, to calculate transition prob-
abilities, and thereby, compare with exact quantum results.

On the other hand, for the dynamics of reactive and non - reactive scattering pro-
cesses in the presence of electronically non-adiabatic effects, [28, 64-76] we formulate
our quantum - classical method for multi - dimensional multi - surface systems and
apply it to the quasi - Jahn - Teller model where typical non - adiabatic effects are
present. Here also we calculate transition probabilities and compare with traditional
quantum results.

Moreover, we consider the single surface Extended Born - Oppenheimer (EBO)
Hamiltonians for quasi - “JT scattering” model [70, 74] to calculate state - to -
state transition probabilities. It is well known that calculated reactive transition
probabilities undergo a very sharp change of symmetry from even — even to even
— odd as the single surface Hamiltonian includes the non - adiabatic effects arising
from excited state(s). We formulate the matrix equations of motion for both the EBO
Hamiltonians by using DVR and TDDVR approaches and explore with a motivation

whether TDDVR can follow this sharp change of transition probabilities with the
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change of effective KE of the Hamiltonian and quantitatively reproduce the DVR

results.

4.2 The one dimensional models and TDDVR
equations of motion

4.2.1 Simple avoided crossing

The first model is defined in the diabatic representation with the following interac-

tions,

Vi1 = A[l —exp(—Bs)], s> 0,

Vi1 = —A[l —exp(Bs)], s <0,

Vo = —Vil(s),

Vig = Vi = Cexp(—Ds?) (4.2.1)

From quantum calculations, we expect slight tunneling on the ground adiabatic
curve at momentum k < 4.5 a.u. and there is a trapping in the range 8 < k < 11
a.u. due to the well of the upper adiabatic curve apart from usual reflection and

transmission on both the adiabatic curves.
4.2.2 Dual avoided crossing

The second model is much more challenging. It has two avoided crossings and can
exhibit quantum interference effect (Stueckelberg oscillations). The interactions in

the diabatic representation are

‘/11 = Oa
Voo = —A[l— exp(—BsQ)] + Ey,
Vig = Vi = Cexp(—Ds?). (4.2.2)
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4.2.3 Extended coupling with reflection

The third model is probably the most difficult to address by using classical mechanical
based theory. Quantum calculations predict there will be substantial transmission on
the ground as well as on the excited adiabatic state and very small reflection on the

ground adiabatic state. The interaction in the adiabatic representation are

‘/11 = Aa ‘/22 = _A
Vi = Bexp(Cs), 5 <0,

Vie = B[l —exp(—Cs)], s> 0. (4.2.3)
The parameters used in the above models are given in Table 4.1.

Table 4.1: Potential parameters [146] and other useful data. 1 € = 100 KJ/mol and

17=10"s.
Parameter Value unit
" 1.0893 amu
Im A, (t=0) 0.5 amur !
Re A;(t=0) 0.0 amur !
Re 7 (t=0) 0.0 7 A=2amu~!
Model I:
A 0.2624 €
B 3.0236 A1
C 0.1312 €
D 3.5711 A2
Model II:
A 2.6243 €
B 0.9999 A2
Eo 1.3121 €
C 0.3936 €
D 0.2143 A2
Model III:
A 0.0157 €
B 2.6244 €
C 1.7008 At
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Figure 4.1: Adiabatic potential energy curve as a function of position s. (a) Simple
avoided crossing, (b) Dual Avoided crossing and (c¢) Extended coupling with reflection.
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4.2.4 TDDVR equation of motion

The equation of the motion on the kth curve, in matrix form, is

ihAC, = Hi,Ci+A) VG (4.2.4)
1£k

with a similarity transformation, takes the form

Zth(t) = A_1/2Hf(kA_1/2Dk + Z VD (425)
1k

where Dk = A1/2Ck.
The explicit expression of an element of the time - dependent DVR Hamiltonian

matrix, H* (Appendix B) is,

: 1 [ R us2(t)
{Hkk}f,] T [psc(t) X 5 X m X XZJ + 9 X A'L,]

hImA hImA
Zl X )/z',j — % X Zi’j B ka(Sz) X Ai,j]7 (426)

Similarly the classical path equations can be written as

: o ps (1)
) = A (4.2.7)
Po.(t) = —<E(s,t)‘d‘gis) _ E(s,t)> (4.2.8)

where the classical force is evaluated by substituting the matrices, Z(s,¢) and V(s)
(Egs. (2.2.3) and (2.2.2) respectively). Using Dirac - Frenkel variational principle
[37], we have arrived at a rigorous expression of ps for non - adiabatic processes by
minimizing the following integral (Appendix D),
0=*(s,t
I = /ds( - zh% — H(ps, s)E*(s,t))

X <mazést, 0 _ H(ps,s)E(s,t)), (4.2.9)

with respect to ps,. At this point, it is important to note that compared to earlier

versions [16, 17] only the present form of TDDVR [36] has the scope for the variational
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derivation of the evolution equation for ps,. The compact form of ps, in Eq. (D6)

ppendix D) can further be simplified when we replace S;:” by S..”d;; as first order
Appendix D) can further be simplified wh lace S by S16;; as first ord
term (s — s.(t)) is diagonal in DVR (Table 2.2), leading to

bl = Y e { T s s] A ST gy

*
/ [E Tt %w - S Xl (42.10)

We have applied our quantum - classical method on the above three model prob-
lems [146] and in all the cases, we have also calculated accurate quantum mechanical
(DVR/FFT) results for comparison. Each of these models is a two - state one - dimen-
sional system. Considering the mass of these systems, we may anticipate significant
quantum effect associated with their motion and classical mechanics has no hope of

reproducing these results.
4.2.5 Initialization, propagation and projection

Quantum mechanical calculations have been carried out by using DVR method while
in few cases FF'T based technique was used. Quantum - classical results are obtained
from the TDDVR approach proposed here.

The initial amplitudes of the DVR wavefunction at the grid - points (s;s) were
calculated from GWP (®(s;, ty)) centred around s.(t = 0) = —4A with it’s momentum

vector, ky and the imaginary part of the width, ImA = 0.4 amu/7 (17 = 107! sec):

QImA} 1/4

(i, to) = [ wh

X exp [iko(si — Sp) — (s; — 30)2]. (4.2.11)

h

In case of DVR, only Eq. (4.2.5) was solved to see the dynamics and all the
terms containing classical variable(s) in the Hamiltonian matrix (Eq. (4.2.6)) were
dropped during propagation. At the same time, in FFT - Lanczos propagation we
have used the initial amplitudes calculated from GWP in the presence of proper

absorbing potential.
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Similarly, the initial amplitudes of the TDDVR wavefunction at the grid - points
(s;s) were obtained from GWP (®(s;,tp)) with the same numerical values of the

parameters as used in DVR except that ky was chosen to be zero, leading to

ImA
h

QImA} 1/4

B(s;, to) = [ — (5 — 30)2]. (4.2.12)

xexp[—

During the TDDVR propagation, Eqs. (4.2.5), (4.2.7) and (4.2.8) or Eq. (4.2.10)
were solved simultaneously with p,, (= hkg) entering as a classical variable through
Eq. (4.2.7) and also through the first two terms of the Hamiltonian matrix (Eq.
(4.2.6)).

Using the properties of the DVR or TDDVR basis functions, we can write nor-

malized amplitudes,

din(t = 0) = A *®(x,) (4.2.13)

In all the quantum and quantum - classical calculations, wavepacket was pre-
pared on the lowest adiabatic state (d%! = d;;) and diabatized (D92 = TD2d where
Vad(s) = T1Vdia(s)T) before propagation started. Equations of motion were inte-
grated until the wavepacket or particle or both had completely left the interaction
region.

The reflection or transmission probabilities on both the adiabatic curves can be
calculated by using the time - dependent coefficient d%Zs in the adiabatic representa-
tion,

Pt) — / ds=edT (s, 1)z (s 1) = Z /oodslll?d(s,t)*\llfd(s,t):ZB(t):1

— 00 7

- chad:l ng )& (25) /oo Pr(s', )P (s, t)ds
VN .
YD ldtnrA

=1 =1

= DD ldP, (4.2.14)

=1 =1

Q
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where M is the number of curves involved in the calculations. Hence total probability

of finding the system on a particular curve is,

N

Pty =) _ldi ()P, (4.2.15)

=1

where transmission and reflection are defined as,

Pty = 3 |t ()2, (4.2.16)

1>1*

Pty = |di (). (4.2.17)

i<i*
4.2.6 Results and Discussion

A. Simple avoided crossing

In Figs. 4.1(a) and 4.1(b), we present the convergence profile of transmission
probability on the ground adiabatic state at momentum ko = 10 a.u. as functions of
time with increasing number of grid - points (N). At this energy, sufficient transmission
on the excited state also occurs (see Fig. 4.2(c)). Figure 4.1(a) indicates quantum
results have reached the convergence at least with 200 DVR grid - points whereas
quantum - classical calculations as shown in Fig. 4.1(b) have achieved the same level
of accuracy even with less than 50 TDDVR grid - points.

This model is interesting as well as challenging for total energy below the asymp-
totic energy of the upper adiabatic potential energy curve (i.e. E < 0.02 a.u. = kg
= 9.0 a.u.). It is expected that the upper adiabatic curve is classically closed for the
particle below this energy. At momentum ko < 4.5 a.u. classical particle can not cross
the barrier of the lower adiabatic state and is reflected with cent percent probability.
On the other hand, quantum mechanically neither the upper adiabatic curve is closed
below the energy E < 0.02 a.u. nor 100 % reflection on ground adiabatic state can
occur below the momentum kg < 4.5.

Figures. 4.2(a) - (c) compare transmission and reflection probabilities calculated

by the TDDVR recipe and traditional quantum mechanical method on both the curves
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1 T T n!
0.8 - N=350 (DVR) ——
N=100 (DVR) -
N=150 (DVR) ——
N=200 (DVR) ------
0.6 -
Pgt'ra
04
0.2
0 !
0 1
Time 10~ sec
(a)
1 T T
0.8 |- N=350 (DVR) —— i
N=50 (TDDVR
N=100 (TDDVR) ——
0.6 - -
P;,r n
04 - |
0.2 - |
0 L I
0 1 2 3 4 5
(b) Time 107 sec

Figure 4.2: Simple avoided crossing model. Transmission probability on the ground
adiabatic state as functions of time for (a) N=100, N=150, N=200 and N=350 (DVR)
(b) N=50, N=100 (TDDVR), and N=350 (DVR).

and show excellent quantitative agreement between our TDDVR and quantum results
for the entire energy range. Fig. 4.2(a) clearly indicates that the present quantum -
classical method can quantitatively reproduce the transmission due to tunneling below
ko < 4.5 and over barrier crossing above kg > 4.5. As the grid - points (s; s) move
around the central trajectory (s.) and amplitudes of the grid - points changes with

time, TDDVR essentially behave like a multi - trajectory approach and can mimic
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08 F TDDVR —— 4
DVR -+

0.6 [- \\

0.4 - B

ptran

0.2 B

Figure 4.3: Simple avoided crossing model. Comparison of TDDVR and DVR results
of (a) transmission probability on the ground adiabatic state, (b) reflection probability
on the ground adiabatic state and (c) transmission probability on the excited adiabatic
state as functions of initial kinetic energy (hky). TDDVR and DVR calculations were
performed with 50 and 350 grid - points respectively.
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the reflection due to trapping of the particle. Fig. 4.2(b) demonstrates reflection on
the ground around ko ~ 10.5 a.u. due to temporary trapping of the particle in the
well of the upper adiabatic state. Moreover, the transmission on upper state (Fig.
4.2(c)) increases gradually even below the asymptotic energy of upper adiabatic state
(E < 0.02 au. = ko < 9 a.u.) indicating that the present method as expected can

access the upper state when it is classically closed.

0.6 T T
0.4
ko=4.0 a.u.
k0:4.5 a.u.
0.2 -
3 T T T T T
Dse. =
g 2 - ko=4.0 a.u
ko=4.5 a.u
1
02p % OF
a1k
oL
04 - 3 | ! | | 1
0 2 4 6 8 10
Time 10~ sec
_0.6 ! ! | | ! |
0 2) 4 6 8 10 12 14

Time 10~ sec

si/si(t)

(b) Time 107 sec

Figure 4.4: (a) Simple avoided crossing model. The center of the wavepacket, s., and
it’s momentum, p;, as functions of time, (b) Few DVR grid - points (s;) and TDDVR
grid - points (s;(t)) as functions of time.
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Fig. 4.3(a) display “classical” momentum (ps,) as well as the central trajectory
(sc) as functions of time for two different initial momentum ko = 4.0 and 4.5 a.u..
At ko = 4.0 a.u. trajectory comes back to the negative s with a reverse “classical”
momentum whereas at ko = 4.5 a.u. the trajectory passes over the barrier but it
seems the particle is not moving between 6 - 9 7 which is again corroborated by
sudden decrease of momentum within the same period of time. Fig. 4.3(b) exhibits
the movement of few TDDVR grid - points (s;(t)) around the central trajectory s.(t)
as functions of time (ko = 3 a.u.). As the grid - points move towards the reactive side
(dictated by classical Egs. (4.2.7) and (2.2.11)) and the amplitude of the wavefunction
at those grid - points changes with time (quantum Eq. (4.2.5)), it becomes possible to
cover the reactive side and achieve the required convergence with very small number
of TDDVR grid - points.

B. Dual avoided crossing

Figs. 4.4(a) - (b) demonstrate the convergence profiles of ground state transmis-
sion probabilities at momentum kg = 24 a.u. as functions of time. As the interaction
region of this model is spread over a long range, quantum calculations require a very
large grid to cover the entire configuration space. Fig. 4.4(a) shows that the conver-
gence is achieved at least with 350 DVR grid - points when the initial wavepacket
is located around - 54. On the other hand, as grid - points move in TDDVR, only
50 grid - points are sufficient to reach the convergence (Fig. 4.4(b)) with the same
starting position of the initial wavepacket.

Figs. 4.5(a) - (c) exhibit excellent quantitative agreement between traditional
quantal and present results at all energies, particularly it is impressive at energies
below log.(E) < - 3 (a.u.). As the model has two avoided crossing, it shows strong
Stueckelberg oscillations due to quantum interference effect. The present method can
reproduce all these oscillations even at very low energies. At energies below log.(E) <

- 3 (a.u.), asymptotically the excited adiabatic state is not classically accessible but
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at these energies or even much further below, the well of the excited adiabatic state
can influence the ground state. When the flux is trapped in this well, the probability
of reflection and quantum interference effects due to non - adiabatic transitions may

compete with each other.

1 T T T T
0.8 N=300 (DVR) —— _
N=350 (DVR
N=400 (DVR) ——
N=450 (DVR) ------
0.6 -
piran
04
0.2 -
O | 1
0 0.2 0.4
(a)
1 T T
0.8 - N=50 (TDDVR) ——
N=100 (TDDVR) -
N=450 (DVR) ——
0.6 -
Ptran
g
04
0.2
0 ! !
0 0.2 0.4 0.6 0.8 v 1.2 14
(b) Time 10~ sec

Figure 4.5: Dual avoided crossing model. Transmission probability on the ground
adiabatic state as functions of time for (a) N=300, N=350, N=400 and N=450 (DVR)
and (b) N=50, N=100 (TDDVR), and N=450 (DVR).

Fig. 4.5(b) displays significant reflection below log.(E) < - 3.5 (a.u.) which

is at par with quantum results. At this point, we wish to specify that calculated
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0.8 |-

0.6 -
t
Piran

04

0.2 b

|
-5 -4.5 -4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0
log.(E) (a.u.)
(a)

0.08 T T T T T T

0.07 - 4
0.06 + -

0.05 - TDDVR —A&— B
DVR ——

0.04
Pyl
0.03 i

0.02 - b

0.01 - -

0.8 T T T T T
0.7 -
0.6 -
0.5 -
Pt'r'ano‘4 i
0.3 -

0.2 -

0.1 -

-5 -4.5 -4 -3.5 -3 -2.5 -2 -1.5 -1 -0.5 0
loge(E) (a.u.)
(c)

Figure 4.6: Dual avoided crossing model. Comparison of TDDVR and DVR results of
(a) transmission probability on the ground adiabatic state, (b) reflection probability
on the ground adiabatic state and (c¢)transmission probability on the excited adiabatic
state as functions of initial kinetic energy (hky). TDDVR and DVR calculations were
performed with 50 and 450 grid - points respectively.
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transmission and reflection probabilities on the same model using different versions
of trajectory surface hopping method [80, 146] have reasonably good agreement with
quantum results at higher energies (loge.(E) > -2 (a.u.)) but at lower energies

(loge(E) < -2 (a.u.)) agreements are not as good. “Classical” momentum (ps.) as
well as the central trajectory (s.) are shown in Fig. 4.6 as functions of time. At

k=3.0 a.u. the trajectory moves very fast between 6 -9 7 with a sudden increase in

momentum.
1.8 T
1.6 3 T T T T ko=3 a.u. —
2+  ko=3au.
14 1+ —
Se 0 F
1'2 |- —1 [~ —
-2+
» 1 -3 1 1 L L |
e 0 2 4 6 8 10
Time 10~ sec
0.8
0.6
0.4
02 | L 1 |

Time 10~ sec

Figure 4.7: Dual avoided crossing model. The center of the wavepacket, s., and it’s
momentum, ps, as functions of time.

C. Extended coupling with reflection

Since the potential energy coupling Vi, of this model does not vanish even at s—
0o, diabatic states are coupled asymptotically and it is difficult to perform traditional
quantum calculations (DVR/FFT) in this situation. Of course as the VVj, vanishes
as s — 00, with a large grid and only at high energies (kg > 10 a.u.) one can obtain
converged results by propagating wavepackets by fast fourier transformation (FFT)
based technique. The present method, however can perform diabatic calculations

with this kind of interactions even at very low energies. When the central trajectory
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(a)
1 T
0.8 - TDDVR —A&— —
FFT ——
0.6 -
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0.4 L
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Figure 4.8: Extended coupling with reflection model. Comparison of TDDVR and
FFT-Lanczos results of (a) transmission probability on the ground adiabatic state, (b)
transmission probability on the excited adiabatic state as functions of initial kinetic
energy (hkg). TDDVR and FFT calculations were performed with 50 and 1024 grid

- points respectively.

(s.) of TDDVR is sufficiently away from the point where VVjs = 0, we switch from
diabatic to adiabatic TDSE to avoid numerical artifact. It means outside the interac-
tion region we have performed adiabatic calculations whereas in the interaction region
diabatic calculations were done to include important quantum features. Figures 4.7(a)

and (b) present transmission probabilities on ground and excited state, respectively.
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Our TDDVR results were obtained for the entire energy range and quantum results
were calculated only for higher energies (kg > 10 a.u.). If we compare our TDDVR
results with the fully quantum ones, the agreement is quantitatively excellent and

impressive showing that our method is potentially exact.

4.3 The Born - Oppenheimer treatment, mult: -
dimensional models and TDDVR equations
of motion

4.3.1 The Born - Oppenheimer Treatment

The Schroedinger equation in the adiabatic representation that describes the mo-
tion of the electrons and nuclei, can be integrated over electronic co-ordinates and

expressed as,

n2 Y
“o |:{v2(5ll’ S QTI(I}).V o Tl(l?)}\lll/({sk})]
ll
+ o) - Blnsh =0 @3
Tl(l}) = (QIVaQr); Tl(l?) = <C1|V2Cz/> (4.3.2)
R’ _, n? ;92 o? o?
T{S’“} _Zv = _ﬂ <@ + @ S @) (4.3.3)

where W;({s"})s are considered to be the nuclear wavefunctions associated with dif-
ferent electronic states and (;s form a complete set of electronic eigenfunctions which
depend on the nuclear coordinates parametrically.

When we concentrate on a two dimensional two surface system, Eq. (4.3.1) becomes,

n? - h?

[ -~ —V*+ U, — E} Uy (st s?) — —7W V(s s?)

21 Iz

h2

2p
i 1.2 n? (1) 1.2
[—ZV +U2—E:|‘112(S,S) - ;T VU, (s, s%)

h2
- ZVT(I)‘IH(SI, s?) =0 (4.3.5)

Vi, (st %) =0 (4.3.4)
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where Uss are defined as, U; = U + (h*/2u)(7™))?; 1 = 1,2 and we have made use of
the fact that 72 = V.7 4 (7(1)2,

It turns out that Born - Oppenheimer (BO) treatment leads to a nuclear Hamilto-
nian that contains non-diagonal kinetic energy operators. This fact guarantees that
the nuclear wavefunctions will be of the right symmetry to ensure an overall electronic
- nuclear single - valued solution. The operators which govern the symmetry features
of the solution, are the non-adiabatic coupling terms and therefore it is always im-
portant to incorporate them. When we ignore the non - adiabatic coupling terms,
the ordinary BO approximation will yield the equation,

- 1.2
[—ﬂv LU - BlUy(st, ) =0, I=1,2. (4.3.6)

The general form of electronic eigenfunctions in the adiabatic representation for a

two dimensional two surface system can be expressed with the following orthogonal

basis functions,

cos 0 sin 6
G = and G = (4.3.7)

—sin 6 cos

where the angle § depends on the nuclear coordinates as s' = ¢sinf and s? = g cos#.
Substituting ¢; and ( in Eqgs. (4.3.4) - (4.3.5), we can rewrite these two coupled

equations as,

T, ] E|v h” a\If =
|: q,9+U1— :| 1_W@ 2—0, (438)
. )
|:Tq79 + U2 — E:| \IIQ - W%\Dl — O7 (439)
where
RPro? 10 1 0 _ h?
T :——[— - ——] d U=U+—7=,1=1,2
“0 = "oulag T qag T @ael M U T U g
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We can solve Egs. (4.3.8) - (4.3.9) as such but we may prefer to do it by trans-

forming to the diabatic representation:

Yad cos§ —sin?

> W

ad ) 0
we sing  cosg

\I/(liia
| (4.3.10)
\I/(Qiza

In the diabatic representation, kinetic coupling vanishes and potential energy takes

the following matrix form: [69]

_Ul + Us — (U — Us) cos 0},

(4.3.11)

1_

W11 - 5 U1+U2+(U1—U2)COS0i|,
1

W22 = 5
Lr :

W12 — 5 (Ul_U2)81n0i|.

Similar transformation can be introduced for the adiabatic Schroedinger Eq. (4.3.1)

with three electronic states. Without losing generality, following vectors are consid-

ered as the orthogonal basis functions for three electronic states: [75]

cos « cos (3
m = sin « cos (3 N2 =
sin 3
— cos asin 3 cosy + sin arsin vy
N3 = —sin asin 3 cos y — cos arsin 7y

cos 3 cosy

cos asin 3 sin 7y + sin a cos 7y
sin o sin J siny — cos a cos 7y

— cos Bsiny

(4.3.12)

where angles «, 3 and v depend on nuclear coordinates and can be evaluated numer-

ically by solving the differential equation given below,

VA+7A =0

(4.3.13)

with A and 7 are adiabatic - diabatic transformation (ADT) matrix and non - adia-

batic coupling matrix, respectively. The Adiabatic - Diabatic Transformation (ADT)
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matrix [75] for three state system has the following form,

cos a cos (3 sin av cos 8 sin 3
— sin v cos 7y COS (X COS 7Y cos 3 siny
T = | —cosasinfAsinvy — sin arsin Bsiny (4.3.14)
sin o sin vy — cos arsin vy cos 3 cosy
— cos acsin (3 cosy — sin acsin 3 cos y

4.3.2 Multi - dimensional models: The quasi - Jahn - Teller “scattering”
model

We have studied a two coordinate quasi - “JT scattering” model in which the harmonic
oscillator potential and linear coupling term are replaced by more general potentials.

The adiabatic PESs U}, [ = 1,2, 3 are given below,

1

Uh(s',s%) = FHlwo = @1(s1))%(s*)? + AA x f(s', 5%
Us(s', %) = %uwg(SZ)Q — (DD — AA) x f(s*,s*)+ DD
Uy(s',s?) = %,Mg(s?)? _(DD1— AA) x f(s',s3) + DD (43.15)

where s! and s? are the Cartesian coordinates (define in the intervals: —oo < s' < 0o
and —oo < s? < o0o) related to the polar coordinate q and #. In this model, s' is
the reaction coordinate (translational) and s is the internal (vibrational) coordinate.
The function @;(s') is an s' dependent function of the following form,

sl

O1(sh) = w exp((—a—1)2) (4.3.16)

and f(s',s?) is chosen to be a Gaussian which peaks at (0,0),

f(s',s%) =exp ( - w) (4.3.17)

o2
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With this choice, the three adiabatic PESs are well separated from each other and
touch only at the origin (transition state). We have considered that s! — oo is the
reagents asymptote and s — —oo is the products asymptote.

The parameters used in Eqgs. (4.3.15) - (4.3.17) are given in Table 4.2.

Table 4.2: Potential energy parameters used for the quasi - Jahn - Teller “scattering”

model.

Parameter value unit
" 0.58 amu
AA 3.0 eV
DD 5.0 eV
DD1 10.0 eV
o 0.30 A
o1 0.75 A
wo 39.14 x 103 o
w1 7.83 x 10 st

4.3.3 TDDVR equations of motion

The evolution equation for quantum motion on the [th surface in a compact matrix

form,

’LhAC] = H};ICI + A Z Vll’Cl’ (4318)
V#1

which can be reorganized into a more convenient form by a similarity transformation,

ihDy(t) = A7V2PHRATV?Dy + ) VyDy (4.3.19)
U#1

where D] = A1/2C1.

The explicit expression of an element of the TDDVR coefficients, d;,4,...,, is,
. 1 [ h fu(se)?
ihdiyiy... ip1 = 5{ Zps'g mXiik}diliQ....z’p,l + { Z 5 }dilig....ip,l
k k
+ Vi(irizeeip)digiy.iga + Y Vie(iriyeoiy)diyiy iy
V£l
hImA* — k. — 4
+ Z { 2/,L Z {2}/,%2; - Zlklk}dl/ll/zllpvl H (5@@2/}, (4320)
k iyl k' £k
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and the classical path equations for the kth mode is

() = 2 ) (4.3.21)

1
pult) = —(2((s4y.0| LA

=({s", t)> (4.3.22)

sk=sk(t)
where the classical force is evaluated by substituting the matrices, Z({s*},t) and
V({s*}) (Eqs. (2.3.3) and (2.3.4)), respectively.

Using Dirac-Frenkel variational principle [37], we now arrive at a rigorous expres-
sion of pg for multi-dimensional multi-surface systems by minimizing the following

integral,

P= [ (- gy, =)

X (”‘W — H{p'), {sk})E({sk},t)> [Tds*, (4323

with respect to {p,}. When this derivation (!!!) is done, {ps} takes the following

form,

]555(15) = ZZCziiz..’ik..ip,l(t)cil’iQ..’i;C..’ip,l(t)
!

i,
; {Q(ImAk)2 |:S(2) S(l):kik 5@ } B hImAk[ S(l):kik . ]}
0 Wi A, K H A ik
sy . st

~

[0 Gl it (it () ——
l ik

Ikl

— Z Z Cflz‘g..z‘k..z‘p,l(t)cz‘liz..i;c..ip,l(t)S*EiZJ (4.3.24)

i gl
4.3.4 Initialization and projection

Quantum mechanical calculations have been carried out by using DVR as well as
FFT based methods while quantum - classical results are obtained from the TD-
DVR approach. Both in the DVR and TDDVR cases, we need to specify the initial

wavefunction to initialize the d vector (Eq. (4.3.20)). As we wish to investigate the
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reaction dynamics on the ground electronic state, the corresponding nuclear wave-
function at t = 0 is expanded in terms of traditional basis functions as well as in the

DVR basis set leading to
\111(817 SQat = 0) = Z &kl,lq)k(sl)fl(SQ)
kl
Nl N2
= ) i Y &(@)0u(s) D &n(a))Pu(s?)  (4.3.25)
i n=0 m=0

Since GWP and harmonic oscillator wavefunctions can represent translational (s!)
and vibrational (s*) motion respectively, and both are members of Gauss - Hermite
basis set, we can set the initial wavefunction as the product of GWP and pth eigen-

function of the harmonic oscillator,
a1 (to) = Ok001p (4.3.26)
Hence one can rewrite Eq. (4.3.25) in the following form,
N1 N2
Bo(s")6p(57) = D i D &nl@)®u(s") D &n(23) Bn(s%) (4.3.27)
i n=0 m=0

Using the properties of DVR basis as defined in Eq. (2.3.13), we can simplify Eq.

(4.3.25) as,
N1 N2
Co(sD)E(s]) = ciga ) Enl@))®uls)) Y Emla])Pm(s?)
n=0 m=0
Cij,lA}iA?j (4328)

Alternatively, Eq. (4.3.28) can be rearranged to define the vector d,

Dy (s} 52
diji = cijiy AjAs; = M (4.3.29)

A,

The initial amplitudes of the DVR/TDDVR wavefunction are calculated at those

grid - points (s¥, k = 1,2) defined in Eq. (2.3.12). In the case of quantum (DVR)

ik’
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propagations, the amplitudes of GWP are calculated by including the momentum

vector kg in its’ exponent,

ImA*
X exp [iko(sgL —55) — 77’;1 (s; — 35)2], (4.3.30)

2(ImAY)2q1/4

ait = (A8

0(81 0) h

and only Eq. (4.3.20) is solved to monitor the dynamics and all the terms containing
classical variable(s) are dropped while propagating the packet.

On the other hand, in the case of quantum - classical propagations, contribution

of the GWP on the initial amplitudes are calculated from,

1\2 1/4 1
2(ImA") ] Xexp[—]mA 1

Do (s, ty) = [ = = (s1 si)Q], (4.3.31)

where the momentum vector kg in the exponent of GWP is set to zero but it enters as
a classical variable ( p, = hkq ) through Eqs. (4.3.21) and (4.3.20). In the TDDVR
propagation, Eqs. (4.3.20) - (4.3.22) or Eq. (4.3.24) are solved simultaneously.

In order to calculate energy resolved state - to - state (vibrational) reactive and
non - reactive transition probabilities on the ground electronic state, we need to
project on a different basis as for example the product of plane waves and vibrational

wavefunctions of harmonic oscillator,

Ui(s', s%t) = >y, (t) exp(ikys')&(s”)
nl

= ZCij,l(t)an(%l)‘I’n(Sl)Zﬁm(xi)q’m@?) (4.3.32)

Hence the expansion coefficients (a,;1) can be written as,

1 ho Nz h o \e
G = S aimn) (i) 2 ) 2 &nladn(e?)
X /Cbn(sl)exp(:Fik;gsl)dxl/CIDm(SQ){l(SQ)de (4.3.33)

Since [ da* (&, (z%))2 = 1, and approximately we have [ dz* — 37, 1/A% at the roots

112

TH-421_02612202



(2}.) of the Hermite polynomial, we can further simplify Eq. (4.3.33) as,

i

ai:l,l = \/12_7T<ZI7ZA1>§ <2]ZA2>§ Z \/d%f)%

X

sl (7 (57— sh} exp+ (02, (5] — )
X exp(Fikys;)a(s?) (4.3.34)

From these expansion coefficients we obtain the energy resolved state - to - state

reactive (P7) and non - reactive (P;;) transition probabilities on the ground electronic

state as,
k |ail 1|2
p=E E)y—=-n_1 "™l 4.3.35
TLl<—IO( ) k] P(k[, kO) ( )
where
P = P"+P =) (P+P,)
nl
2 2
P(kr, ky) = Ax ;exp(—Q(Ax(kI — ko))?)
2 2
Etot _ (hkn) 4 Evib el (hkf) + Eénb (4336)

3 20 ! 2u
4.3.5 Results and disscusion

We have solved the time - dependent Schroedinger equation in the diabatic repre-
sentation with two or three coupled PESs by using the DVR as well as the TDDVR
approach. Calculations are performed at four selected total energies 1.25, 1.75, 2.25
and 2.75 eV, respectively where the ground and the first excited diabatic states are
5.0 eV apart at the asymptotic region but intersect at 3 eV in the interaction region.
Similarly, second excited diabatic state intersects at 3 eV with the ground and first
excited states.

In Tables 4.3 and 4.4 we demonstrate various non - reactive and reactive state -
to - state transition probabilities, respectively on the ground adiabatic state at the

same four selected energies when calculations are performed with two diabatic PESs.
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Table 4.3: Non - reactive state - to - state transition probabilities when calculations
are performed on two diabatic surfaces.

E(V) 0-0 0—-1 0—-2 0—-3 0—-4 0—-5 0—-6 0—-7 0—38

1.25 0.6855% 0.0000 0.2167
0.6851° 0.0000 0.2172

1.75 0.4370 0.0000 0.1942 0.0000 0.1234
0.4368 0.0000 0.1950 0.0000 0.1246

2.25 0.2881 0.0000 0.1336 0.0000 0.0991 0.0000 0.0524
0.2862 0.0000 0.1320 0.0000 0.0983 0.0000 0.0531

2.75 0.1641 0.0000 0.0796 0.0000 0.0607 0.0000 0.0501 0.0000 0.0196
0.1652 0.0000 0.0799 0.0000 0.0607 0.0000 0.0500 0.0000 0.0196

@ DVR
b TDDVR

Table 4.4: Reactive state - to - state transition probabilities when calculations are
performed on two diabatic surfaces.

E(V) 0-0 0—-1 0—-2 0—-3 0—-4 0—-5 0—-6 0—7 0—38

1.25 0.0000 0.0815* 0.0000 0.0164
0.0000 0.0813" 0.0000 0.0166

1.75 0.0000 0.0526 0.0000 0.0598 0.0000 0.1287
0.0000 0.0538 0.0000 0.0575 0.0000 0.1295

2.25 0.0000 0.0112 0.0000 0.0560 0.0000 0.2326 0.0000 0.1275
0.0000 0.0116 0.0000 0.0540 0.0000 0.2299 0.0000 0.1323

2.75 0.0000 0.0016 0.0000 0.0401 0.0000 0.1669 0.0000 0.3164 0.0000
0.0000 0.0010 0.0000 0.0404 0.0000 0.1686 0.0000 0.3145 0.0000

“ DVR
® TDDVR

In both these Tables, DVR results are shown in the first row whereas the results
of second row are obtained from the TDDVR approach. Table 4.3 indicates that non
- reactive transition probabilities apparently maintain same parity (even — even and
odd — odd) like Table 5.6 (see Chapter V) but magnitudes of transition probabilities

at high energies (2.25 and 2.75 eV) are affected due to non - adiabatic processes. On
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the other hand, non - adiabatic effect is so strong in case of reactive transition that
not only transitions occur in different parity (i.e. even — odd and odd — even) but
also the magnitudes of transition probabilities change (see Tables 5.7 and 4.4). At
this point, it is important to note that present quantum - classical treatment follows

correct symmetry as well as achieves high accuracy compared to the DVR results.

1 : : T : 15
T 0.1 r T T

d 0.0004

1h 0.0002 |

si(t)/

Ppaa(t)

0.98 DVR ——

\\\X 0.04
0.96 - ' )
- 1

t )

0

-0.0002 -

-0.0004
0 05 1 15 2 25 3 4

Pi(t)

Figure 4.9: (a) Comparison of TDDVR and DVR results of total non - reactive (P~)
and reactive (P*) transition probabilities on the ground adiabatic state as functions of
time where all calculations are performed in diabatic representation with two coupled
PESs. (b) Central trajectories (s} and s?) and their momenta (p,: and p,z2) for both
the modes as functions of time. (¢) Few TDDVR grid - points (trajectories) around the
central trajectory (s!) of the reaction coordinate and DVR grid - points as functions
of time. (d) Few momenta (p;) associated with the TDDVR grid - points as functions
of time.

We have obtained excellent agreement between the quantum and quantum - clas-
sical results of non - reactive (P~) and reactive (P%) transition probabilities as func-
tions of time at the total energy 1.25 eV (see Fig. 4.8(a)). Time - dependent transition
probabilities obtained from TDDVR approach fluctuate around DVR results during

the interaction period but outside this period perfect matching is obtained. Again

we wish to mention that the quantum - classical calculations require 50 grid - points
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(trajectories) on the reaction coordinate whereas in the case of fully quantum cal-
culations, at least 200 grid - points are needed for converged results. Fig. 4.8(b)
shows central trajectories (s} and s2) and their associated momenta (ps: and py2) as
functions of time.

Fig. 4.8(c) displays movements of few grid - points (trajectories) around the
central trajectory (s!) as functions of time. As the growth and decay of the amplitudes
at the grid - points occur with the displacement of grid - points (trajectories), this
quantum - classical approach attain convergence very fast. Fig. 4.8(d) presents the
change of few momenta (p;s)(Appendix E) associated with the corresponding grid
points (s}s) as functions of time. It is interesting to note that momenta of some grid
- points are more effectively changing than the others. In the reaction coordinate, an
initial positive momentum is given to the “classical” particle, the particle approaches
the barrier until its momentum becomes zero and finally comes back with a negative
momentum (see Fig. 4.8(b)). From Fig. 4.8(d), we see: (i) At t = 0, total “classical”
momentum is distributed over the grid - points (trajectories) but grid - points with
negative momenta accumulate higher magnitudes with time such that the overall
“classical” momentum (p,1) decays; (ii) Before reaching the barrier, magnitudes of all
the momenta components approach zero so that overall “classical” momentum is zero
and simultaneously they change their sign; (iii) Again momenta of the grid - points
with positive magnitudes increase sharply which agree with the overall increment of
the momentum of the particle (ps ).

In Tables 4.5 and 4.6 we present various non - reactive and reactive state - to - state
transition probabilities, respectively on the ground adiabatic state at the same four
selected energies when calculations are performed with three diabatic PESs. Both
Tables 4.5 and 4.6 indicate that non - reactive and reactive transition probabilities
are following same parity (even — even and odd — odd) like what we found in Tables

5.6 and 5.7 (see Chapter V), but magnitudes of transition probabilities at all energies
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are substantially different from Tables 5.6 and 5.7 due to non - adiabatic effects.

Again we wish to mention that the present TDDVR calculation can achieve correct

symmetry as well as high accuracy with respect to DVR results.

Table 4.5: Non - reactive state - to - state transition probabilities when calculations
are performed on three diabatic surfaces.

E(V) 00 0—1

0—-2 0—-3 0—-4 0—-5 0—-6 0—7 0—38

1.25 0.6837¢ 0.0000
0.6852° 0.0000

1.75 0.4347 0.0000
0.4349 0.0000

2.25 0.2942 0.0000
0.2940 0.0000

2.75 0.1665 0.0000
0.1675 0.0000

0.2178
0.2169

0.1915 0.0000 0.1267
0.1934 0.0000 0.1258

0.1295 0.0000 0.0768 0.0000 0.0702
0.1290 0.0000 0.0777 0.0000 0.0705

0.0762 0.0000 0.0522 0.0000 0.0476 0.0000 0.0250
0.0764 0.0000 0.0516 0.0000 0.0469 0.0000 0.0262

“ DVR
® TDDVR

Table 4.6: Reactive state - to - state transition probabilities when calculations are
performed on three diabatic surfaces.

E(V) 00 0—1

0—2 0—-3 0—-4 0—-5 0—-6 0—7 0—28

1.25 0.0499* 0.0000
0.0493" 0.0000

1.75 0.0465 0.0000
0.0496 0.0000

2.25 0.0062 0.0000
0.0069 0.0000

2.75 0.0102 0.0000
0.0094 0.0000

0.0482
0.0485

0.0097 0.0000 0.1643
0.0098 0.0000 0.1611

0.0164 0.0000 0.1503 0.0000 0.2381
0.0164 0.0000 0.1510 0.0000 0.2355

0.0143 0.0000 0.1155 0.0000 0.2450 0.0000 0.2348
0.0135 0.0000 0.1097 0.0000 0.2447 0.0000 0.2410

¢ DVR
> TDDVR

In Fig. 4.9(a) we compare quantum and quantum - classical results of non -
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reactive (P~) and reactive (PT) transition probabilities as functions of time at the

total energy 1.75 eV.

DVR ——
TDDVR ——
0.95 - i
0.9 |- i
Pi(t) 0 Il Il L
0.8 0.5 1 15 2 2.5 3
: Time 10~ sec
0.8 F -
075 1 L | 1
0.5 1 15 2 2.5 3
Time 10~ "sec
(a)
-1.5 T T T T T
1k _
05 - -
e(t)/ i ) 05 1 15 2 25 |
Pt (t) . Time 10~ sec

‘ 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 . 7

Time 10~ sec

Figure 4.10: (a) Comparison of TDDVR and DVR results of total non - reactive (P~)
and reactive (PT) transition probabilities on the ground adiabatic state as functions
of time where all calculations are performed in diabatic representation with three
coupled PESs. (b) Central trajectories (s} and s2) and their momenta (p,1 and pz)
for both the modes as functions of time.

Even though TDDVR profiles have some fluctuations in the interaction region, asymp-

totically excellent agreement is obtained. All the quantum - classical calculations are
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performed with 50 grid - points (trajectories) on the reaction coordinate but more
than 200 grid - points in the same coordinate are used to obtain converged quan-
tum results. Fig. 4.9(b) displays central trajectories (s! and s?) and their associated

momenta (ps1 and p,2) as functions of time.

4.4 The effective Hamiltonian and TDDVR the-
ory for the EBO equation

4.4.1 The model system and it’s effective KE operator for single surface
EBO equations

The three adiabatic PESs of two - coordinate quasi - “JT scattering” model [70, 75]

are given below:

w(rR) = %,u(wo —0u(r)?R® + Ay x f(r,R)
UQ(T, R) = %,ung2 — (Dl — Al) X f(’f‘, R) + D1
us(r,R) = %,ungQ — (Dy — Ay) x f(r,R) + Dy (4.4.1)

where @;(r) = w; exp (( - 0%)2)7 f(r,R) = exp < _r? ;LQR2> and R and r are the
vibrational and reaction coordinates, respectively. The PES parameters are defined
as = 0.58 amu, A; = 3.0 eV, D; = 5.0 eV, Dy = 10.0 eV, wy = 39.14 x 1013 s71,
wy =7.83%x10% s, 0 =0.3 A and 0y = 0.75 A.

The non - adiabatic effects on the ground adiabatic state can be incorporated by
including a vector potential into the kinetic energy (KE) operator of the Hamiltonian.

When two or three electronic states are coupled, the effective KE operators for the

corresponding single surface EBO [70, 75] equations take the following forms,

. | o* R 9} r %) 1

T (r,R) = —— | =— — - — = - ——
a(r R) 2m [0r2 * OR? - <r2 + RQ) "or (r2 + RQ) "OR 4(r2 + R?)

and

. | o* 5P R 9} r %) 1

T'(r,R) = —— | = 2 — 2 )i — ———
W) =5 [W Tor T ( r2+R2) "or ( r2 +R2) "OR T (12 + RY)

respectively.

Y
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4.4.2 TDDVR equations of motion

We present the relevant equations of motion in the simplest but general way for the
current perspective. We expand the time - dependent wavefunction for the single

surface EBO Hamiltonian as
U(r,R,t) = Z cij()Yi(r, ) (R, 1)
5]

= Y 0D GlDR )Y e IP(R ) (442)

where v;(r, t) and ¢;(R, t) are the ith and jth TDDVR basis function for the modes, r
and R, respectively and the basis of a particular coordinate, ¢ (= r or R), is expanded
in terms of DVR basis multiplied by plane wave to represent the same coordinate as
a function of time, t.

We derive the TDDVR equations of motion for the ground electronic state of “JT
scattering” model where the corresponding EBO Hamiltonian is constituted with the
potential energy, u;(r, R) and the effective KE operator, TT,Z(’I“, R) or TT/Z/(T, R). When
the TDDVR wavefunction (Eq. (4.4.2)) and EBO Hamiltonian are substituted in

TDSE, we arrive to the following evolution equation for quantum motion

ihAC = HC. (4.4.3)
The similarity transform of Eq. (4.4.3) is more convenient form to handle,

ihD = H'D, (4.4.4)

with D = A2C and Ht = A~—2HA 2. The explicit expression of an element, d;;, in
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the TDDVR equations of motion is given by,

[pf (t) +p%ac (®) R Opr(t) - (t)pRC(t)} K2

2m( () + Bt I COEO

bt pnlt i
" \/72 LuwOivlis + \/TRZij’éjj’dij/

hImA hImA
Z z ;= R Z Y?/d”/ + ul(ri(t)> Rj (t))dl]

ihdy;

+ 2 Zh { \/ him Z ”/ —’f‘i(t)\/ hImARZZ;;/dU’}
3

2m(2(0) + RA(1)
(4.4.5)

where X[ V1 Z1 and A, have the form shown by Egs. (2.3.19) - (2.3.24).

With the above choice of TDDVR wavefunction (Eq. (4.4.2)), equations for ”clas-
sical parameters” appear naturally. We derive the rigorous expression of ¢.(¢) and
Dq.(t) for present perspective using Dirac-Frenkel variational principle as describe
earlier and obtained the following:

ro(t) = p”(t)+[z'21m’4ﬁ/lm’4 {ZZ% Zcz, s;fA

p m
2 sz
L ZZC”(t)Z SZPA ZZ Cpj t)eii(t
th [ImA, 5
o Y005} - F (EE6 0T won
DI WAODWEHOL AT B WA CHOLE

* Z Z C;j(t)cw(t)mp} + z{ Z Z C;J(t) Z ) J(t)r :%_ R2 Qu A

T Z Z Cij (t> Z C;j (t)%QZ/PA—Zp - Z Z C;j (t>cij (t> r2 _Ri_jRg Pz;
* Rj * * * Q:p

- zj: %: Cz‘j(t)cpj(t)mpij” / [ Z Z ij(t) Z: Ci’j(t>Qiz‘/ A

T Z Z ciy (1 Z Qwi Z Z C;j(t)cij(t>Pi;] ,
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and

20 = | PR E e T
T ZZ% “S*“—QZZW ()5 )
- mmA{ZZ% e ) SA_m
R s
2T T 00T}~ g {z;% e
- S S QT.RQ@H T IMACS
+ L 0wt ][0 y
+ ZZCU il fz S5y - QZZ B)ey(t S*ﬂ
where
Sy = Zg / (r — ro(8)) (1, t) By (r, t)dr

R; = g{kx

T, = kzsmz)s;(x;)zk [ = )i )0 )

@ = Tans, (@) [V 18} 10t) — VDL (1,0} B, )

Zy = S 6a6n) [ (= re@)VET 18} t) = VEDL (0} B, )
Ps = S alg) ST (1) = VES] (r,1)

{(Vm + 10,1 (r,t) — vVm®,,_1(r,t) }dr
Y, — Z e / (r = ro(O){VE T 1L, (ry 1) — RO} (r £)dr
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S e w2k [(VEF IO () = VEDL (0} 0

It is worth mentioning that, here we have formulated an alternative fixed width
approach of TDDVR where both quantum as well as ”classical” equations of motions
are derived from the first principles without any approximations, nor we have assumed
a ”classical” path (¢ = Z) around the centre of the wavepacket.

Finally, in a similar manner, we expand the time - dependent wavefunction in the
DVR representation considering harmonic oscillator eigenfunctions as primitive basis,

U(r,Rt) = ) e;(t)gi(r)d;(R)

]
= D et an thsm )en(R,t),  (4.4.6)

substitute the wavefunction along with EBO Hamiltonian in the TDSE and obtain

the time derivative of DVR expansion coefficient, é;;(t) as,

himA, ﬁ] A
ihé;; = — . ZYZZ’GU m RZ ,ez] + uy (i, Rj)ei;

2m

,L'/

y i €ij + i {R szzz’elj

8m(ry + R?) 2m(r? + R?)

— iV hImAR Z ij/eij/}. (447)
j/

It is important to note that the last term both in Eqs. (4.4.5) and (4.4.7) is the
contribution due to vector potential in the TDDVR and DVR equation of motion,

respectively.
4.4.3 Initialization and projection

We calculate energy resolved state - to - state (vibrational) transition probabili-
ties on the ground electronic state by projecting the time - dependent wavefunction
(DVR/TDDVR) on the product of plane waves and vibrational wavefunctions of har-

monic oscillator at the asymptote, and obtain the energy resolved state - to - state
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reactive and non - reactive (P3) transition probabilities (see Eq. (4.3.34)) on the

ground electronic state as,

PE_ L (E) = by 1l (4.4.8)
nl—1I0 - k] P(k[,ko) 4.
where
2 2
P(kr ko) = Az ;exp(—Q(Aw(kI—ko)))
hk,)? 4 (hkr)? -
Etot — ( n Emb — Evzb 4.4.
2 + Ly 2 + Ly (4.4.9)

4.4.4 Results and discussion

We have performed the dynamics on quasi - “JT scattering” model by using the single
surface EBO equations, where the corresponding EBO Hamiltonians were derived
[70, 75] by considering systems with two or three coupled electronic states. In the
present model, as the point of conical intersection among the adiabatic electronic
states is at 3 eV, calculations are performed at four selected total energies 1.00, 1.20,
1.40 and 1.60 eV, respectively such that EBO equations are approximately valid, i.e.,
upper electronic state(s) are classically closed with respect to the ground.

Since the functional forms of the PESs ({u;}) in quasi - “JT scattering” model
are even in the vibrational coordinate, dynamical calculations on any electronic state
using ordinary BO equation [41, 70, 75] show up state - to - state transition probabil-
ities only between states of same parity, i.e., even — even and odd — odd transitions
are allowed but even — odd and odd — even are forbidden. On the contrary, the
form of EBO equation differs with the number of electronic states originally cou-
pled and thereby, bring qualitative as well as quantitative changes in the state - to -
state transition probabilities. As for example, EBO equation derived from two cou-
pled electronic states have sharp qualitatively different results compared to the single
surface EBO equation of three coupled states. We demonstrate the workability of

TDDVR method whether our approach can follow the correct symmetry and obtain
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accurate transition probabilities with the change of EBO Hamiltonian. We have car-
ried out the dynamics on a single surface EBO equation (formulated from doubly
coupled adiabatic electronic states), calculated state - to - state vibrational transition
probabilities for the reactive and non - reactive modes by using TDDVR and DVR
equations of motion and presented those results in Tables 4.7 - 4.9. These results
indicate that even — even and odd — odd state - to - state transitions are appeared
as allowed one for non - reactive mode whereas in reactive mode, even — odd and
odd — even transitions have non - zero contributions. Table 4.7 demonstrates the
convergence profile of reactive transition probabilities (Fy_) calculated by TDDVR
and DVR approaches with increasing number of basis functions (/N,) on the scatter-
ing coordinate, r and a fixed number of basis functions (Ng = 50) on the vibrational
coordinate, R. We find that TDDVR achieves excellent quantitative agreement and
convincingly fast convergence of calculated transition probabilities at total energies,
1.00 and 1.20 eV. Though the CPU time to propagate the “classical” equations of
motion in TDDVR is not just negligible, the propagation time in TDDVR is still
much lower than DVR propagation to achieve the required level of the convergence.
Moreover, matrix construction time in DVR is substancially higher than TDDVR  (see
Table 4.7). Table 4.8 and 4.9 present converged non - reactive and reactive state -
to - state vibrational transition probabilities, respectively where in each Table, com-
parison between TDDVR and DVR results has been made. Transition probabilities
calculated by TDDVR approach not only follow the correct symmetry but also obtain
quantitative agreement with DVR. At this point, it is important to mention that in
Table 4.8 and 4.9, all the TDDVR calculations are performed with 50 grid - points
each on the scattering (r) and vibrational (R) coordinates, respectively whereas DVR
need at least 170 grid - points on the reaction coordinate, r. We had carried out the
same calculation on the said EBO equation using FFT - Lanczos technique [46] and

obtained converged results with 512 grid - points [70].
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Table 4.7: Convergence(*) profile of vibrational transition probabilities from v = 0
to v = 1 for reactive scattering of “JT model” as functions of TDDVR and DVR
grid - points, N,, on the scattering coordinate, r with a fixed number of grid - point
(Nr=>50) on the vibrational coordinate, R. The propagation time, T}, as well as total
time, T (including matrix construction) for each calculation is also presented.

TDDVR DVR
N, 0—1 T, T N, 0—1 T, T
1.00 eV
30 0.0427 543 549 150 0.0470 783 996
50 0.0502  813* 826 170 0.0449 1253 1603
70 0.0504 1218 1248 200 0.0503  1782* 2445
100 0.0508 1425 1471 250 0.0503 2688 4300
1.20 eV
30 0.0332 518 524 130 0.0041 592 715
50 0.0570  821* 835 150 0.0509 818 1033
70 0.0571 1239 1270 170 0.0572  1110%* 1460
100 0.0567 1488 1533 200 0.0570 1427 2091

Table 4.8: Converged state - to - state vibrational transition probabilities for elastic
and inelastic scattering on “JT model”. TDDVR/DVR calculations are performed
on single surface adiabatic equation where extended BO equation is derived [70, 75]
from doubly coupled adiabatic electronic states.

E (eV) 0—-0 0—1 0—-2 0—-3 0—4 0-—5
1.00 0.7265*  0.0022 0.2118 0.0024
0.7254°  0.0013 0.2183 0.0006

1.20 0.6239 0.0021 0.2332 0.0032 0.0458
0.6232 0.0037 0.2324 0.0030 0.0415

1.40 0.5612 0.0027 0.2130 0.0069 0.0777
0.5659 0.0066 0.2150 0.0080 0.0712

1.60 0.4925 0.0047 0.2140 0.0038 0.1237 0.0017
0.4944 0.0014 0.2271 0.0040 0.1247 0.0037
¢ TDDVR
® DVR

We have also formulated TDDVR and DVR equations of motion for another EBO
Hamiltonian of the ground electronic state (an effective Hamiltonian considering the

non - adiabatic effect from two excited electronic states), performed the dynamics
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Table 4.9: Converged state - to - state vibrational transition probabilities for reactive
scattering on “JT scattering model”. TDDVR/DVR calculations are performed on
extended BO equation derived [70, 75] from doubly coupled electronic states.

E(V) 050 0—1 052 0—-3 0—4 0—5
1.00 0.0007  0.0514° 0.0020  0.0284
0.0000  0.0502° 0.0014  0.0270

1.20 0.0070 0.0570 0.0034 0.0351 0.0069
0.0024 0.0570 0.0042 0.0349 0.0030

1.40 0.0003 0.1233 0.0048 0.0239 0.0028
0.0013 0.1168 0.0033 0.0278 0.0032

1.60 0.0070 0.1712 0.0002 0.0235 0.0055 0.0234
0.0023 0.1701 0.0030 0.0201 0.0014 0.0137
¢ TDDVR
® DVR

Table 4.10: Converged state - to - state vibrational transition probabilities for non
- reactive scattering on “JT model” where TDDVR/DVR calculations are performed
with extended adiabatic equation derived [75] from three coupled adiabatic electronic

states.
E (eV) 0—-0 O0—-1 0—-2 0—-3 0—-54 0—-5
1.00 0.7176*  0.0022 0.2036 0.0028
0.7179°  0.0028 0.2058 0.0033
1.20 0.5981 0.0064 0.2141 0.0087 0.0262
0.6065 0.0072 0.2229 0.0072 0.0281
1.40 0.4928 0.0030 0.2129 0.0059 0.1024
0.4963 0.0021 0.2290 0.0037 0.1194
1.60 0.5093 0.0054 0.1749 0.0043 0.0837 0.0021
0.5126 0.0057 0.1880 0.0025 0.0812 0.0041
¢ TDDVR
®» DVR
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Table 4.11: Converged state - to - state vibrational transition probabilities for reac-
tive scattering on “JT model”. TDDVR/DVR calculations are performed on single
surface adiabatic equation where extended BO equation is formulated [70, 75] from
three coupled adiabatic electronic states.

E (eV) 0—0 0—-1 0—-2 0—-3 0—-4 0-—5
1.00 0.0261*  0.0046 0.0405 0.0040
0.0261°  0.0016 0.0369 0.0023
1.20 0.0263 0.0024 0.0511 0.0020 0.0167
0.0308 0.0014 0.0538 0.0018 0.0202
1.40 0.0684 0.0057 0.0671 0.0068 0.0136
0.0620 0.0017 0.0694 0.0073 0.0143
1.60 0.0519 0.0048 0.0716 0.0056 0.0849 0.0043
0.0512 0.0047 0.0781 0.0019 0.0919 0.0027
¢ TDDVR
®* DVR

and calculated state - to - state vibrational transition probabilities at four selected

energies, 1.00, 1.20, 1.40 and 1.60 eV. Table 4.10 and 4.11 present converged transition

probabilities for the non - reactive and reactive mode, respectively, where even — even

and odd — odd transitions are allowed one in both the modes. In these tables, we

have demonstrated TDDVR and DVR results for comparison and found excellent

quantitative agreements. Again, it is worth to mention that TDDVR dynamics are

being performed with 50 grid - points each on the reactive and vibrational coordinates

whereas in DVR calculations, scattering coordinate (r) requires at least 170 grid -

points to achieve the desired level of convergence. Similar calculations by using FFT

- Lanczos technique [46] on the same EBO equation were performed with 512 grid -

points [75] to achieve convergence on the reaction coordinate.
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CHAPTER V

APPLICATION TO SCATTERING PROCESSES

5.1 Introduction

We have formulated our TDDVR method for the present perspective (multi - dimen-
sional multi - surface systems) to explore (a) vibrational transitions in the inelastic
scattering models and (b) the dynamics of reactive and non - reactive scattering

processes on the single surface ordinary BO quasi - Jahn - Teller model.

5.2 Quantum dynamaics of inelastic scattering
5.2.1 Theoretical Aspects of TDDVR

In this TDDVR, we formulate the quantum equations of motion in adiabatic or dia-
batic representation depending upon the system but “classical” equations of motion
are derived in adiabatic representation in order to have real valued “classical” trajec-
tories.

The time - dependent wavefunction, ¥;({q},t), in the diabatic representation for
the [th surface of a p - dimensional system can be expanded as

{Qk}t Z Civig....ip,l )Hwik,l(Qkat)> (521)
k=1

i182...7p
where i;th TDDVR basis function, v, ;(qx,t), for the kth mode on the Ith surface is
being expressed in terms of DVR basis and plane wave to represent the coordinate,
gk, as a function of time, t.
In the diabatic representation, couplings among different electronic states (I,1" €
{1, M}) come through off - diagonal elements of the potential energy operator and

the kinetic energy operator, T{qk} 2u[¢9q12 + 8q22 +-- 4+ %22], is diagonal.
p
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The compact form of the matrix equation for the quantum equation of motion on

the [th surface can be expressed as below,

ihAC; = HYC + A Z Vi Cy (5.2.2)
V£l
which can be reorganized into a more convenient form by a similarity transformation,
ihDy(t) = A7*HRATV?Dy + ) Vi Dy (5.2.3)
V#1
where D; = A1/201 and Hfl = A71/2H11A71/2.
The explicit expression of an element of the TDDVR coefficients, d;,;,

il 18,

iy U(CijVc)Q
Zhdi1i2....ip,l = chk il A zkzk zlzg....z‘p,l o { Z 5 }dilig....ip,l
k

= Vll(Z122----Zp)diliz....ip,z+E Vll'(i1i1----ip)diliQ....z'p,Z/

V£l
himA B p
+ Z{ 2 k Z {Qszzk Ziki;}di’lié...i]’g,l H 52‘1«@';/} (5.2.4)
k 141y, )

where iy = 1,2+« Ny, i3 = 1,2+ Ny, + - g = 1,2+ N, - - i, = 1,2+ - N, and
1=1,2--- M.

The elements of the matrices (X, Yk, Zx and Ay) are defined in Eqgs. (2.3.19) -
(2.3.24) and

p
Wz/(ilig....ip) = ll/ 2122 H¢ Zk ¢l’ Zk (525)
k=1

It is clear from Eq. (5.2.5) that couplings among different electronic states are
due to the off - diagonal elements of the potential energy matrix (Vy) where kinetic
energy matrices, Yy and Zy, couple grid - points or basis functions of the kth mode
only on the surface, [. Hence, computational cost reduces substantially, particularly,
for multi - dimensional multi - surface systems.

While deriving the “classical” path equations, we rewrite the diabatic wavefunc-

tion in the adiabatic representation,

Ui ({g}, 1) Z Ciri....ipd(t) Hwik,l(qlc,t), (5.2.6)
k=1

1112...19p
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where the adiabatic coefficient vector, E, is obtained from diabatic one, C (Eq.
(5.2.1)), under the diabatic - adiabatic transformation, E = TC. The transformation
matrix, T, is defined as, U = TTVT where V and U are diabatic and adiabatic
potential energy matrices, respectively. At this point, it is important to note that
time - dependent expansion coefficient vector, C/E and transformation matrix, T are
located on the time - dependent grid - points.

When we substitute Eq. (5.2.6) in the TDSE and introduce classical path picture,

“classical” path equations for the kth mode on the [th surface are,

-l P pcgc(t)
Gep(t) = . A (5.2.7)
Pep(t) = —<\D7d({qk},t)’%$’“}) N \If?d({qk},t)> (5.2.8)

where the “classical” force is evaluated by substituting adiabatic wavefunction (¥¢4
({gr},t)) and potential energy surface (U;({qi})).

As the quantum equations of motion in the present TDDVR are formulated with
a rigorous approach contrary to the earlier versions of TDDVR, we have enough scope
to derive a close form of p..(t) starting from first principle. Using Dirac - Frenkel
variational principle, we have reformulated the rigorous expression of .., (t) for multi -

dimensional multi - surface systems by minimizing the following integral with respect

to p’cﬁc (1),

i TTn(- PRI iy faywrad.n)

) (ihaw_({qk},w

an —H({pk},{qk})xpgd({qk},t)), [=1,2,....M. (52.9)
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obtain the form of p.. () as,

Pei(t) = Z € igeipipd (U €iris.if i1 (1)

i1i2..’iki;c..ip

2(ImAy)? ® S(l)ikik @] RImA, N S(l)ikik -
X S, S Ri. T
M Ck Azkzk ke /"L 4§ Alk’bk ke
SV S
/ Z 6:1i2..ik..ip,l(t)eili}.ik..ip,l(t)%
’i1i2..’ik..ip 1ktk
* * 2
- Z eiliQ..ik..ip,l(t)ehiz..i;..ip,l(t)s Ekzz], (5.2.10)

i kil ip
Matrices R, S, T and A are time - independent and calculated once for all the
time. It is important to note that at each time step, diabatic coefficients ({Cilz‘2__ik“ip7l
(t)}) obtained from quantum equations of motion are transformed to adiabatic one
({€i1i9..i5..ip4 (1)}) and used to evaluate the so called “quantum correction to classical

force”.
5.2.2 Initialization, Projection and Propagation

We investigate the performance of our TDDVR method in inelastic scattering of an
atom from a diatom. We consider two different 2-d model Hamiltonians where the
first example represent the scattering process on single surface and the second one
shows strong non - adiabatic effect due to first excited state on the ground. Quan-
tum - classical (TDDVR) results are compared with those obtained from traditional
quantum mechanical (DVR and FFT based approach) calculations.

Energy resolved state - to - state (vibrational) elastic and inelastic (non - reactive)
transition probabilities on the ground electronic state are calculated by projecting
the asymptotic (¢ — oo) wavefunction on the product of outgoing plane waves and

vibrational wavefunctions of harmonic oscillator,

i1, qo,1) = Z 1 (1) exp(—ikgq1)&i(g2)
nl

= > () Y Gl Pui(ar) Y (i) Pma(g2) (5.2.11)

1112
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where the expansion coefficients (a,, ;) can be written as,

- 1 ho N2/ h \3
CLnl,l = \/%<2[mA1> <2ImA2) %;Ciliz,l(t);fn(xh)fm(xiz)

/q)n,l(%)exp(ﬂkgql)dm/Cbm,l(%)&(%)d% (5.2.12)

X

From the expansion coefficients we obtain the energy resolved state - to - state

non - reactive (P,;) transition probabilities on the ground electronic state as,

P o(E)= R laal” (5.2.13)
nl«—I0 k‘] P(k[, kO)
where
2 2
P(kr ko) = Ax —exp(—2(Az(kr = ko)) )
2 2
Etot _ (hk”) + E’Uib — (hkl) + E(';)Zb (5214)

2 : 24
5.2.3 Model systems, results and discussion

We assume that the following Hamiltonian with single adiabatic PES mimics inelastic

scattering of an atom from a diatom,

2 2
Hn, @) = 5 0=+ Coxp(—ala — 1) + 5= + (), (5.2.15)

where v(qy) is the harmonic potential. Potential and dynamical parameters used in
this model are given in Table 5.1.

The initial wavefunction is the product of translational wavepacket (GWP) and
vibrational wavefunction centered around q.; (1.5 A) and g, (0.7418 A), respectively.
Dynamical calculations are performed with different initial kinetic energies of the
atom but only from ground vibrational state of the diatom.

Table 5.2 demonstrates kinetic energy resolved transition probabilities (P;_,) at
t — oo as functions of increasing number of grid - points, IV,,, on the scattering

coordinate, g;. At each energy, the results of first three columns are obtained from
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moving grid approach and the last three columns stand for traditional DVR results. In
general, Table 5.2 indicates transition probabilities calculated by TDDVR approach
achieve convergence only with 30 grid - points whereas in DVR, at least 200 grid -
points are required for the same mode. Fig. 5.1(a) displays inelastic (P,_,) transition
probabilities at kinetic energy 4.0 eV as functions of time with increasing number of
TDDVR grid - points (N,,) on the reaction coordinate. Time - dependent profile of
transition probabilities with 50 TDDVR grid - points has excellent agreement with
DVR (N,, = 250) results. Table 5.2 and Fig. 5.1(a) clearly show that convergence
of P, with increasing number of grid - points either at ¢ — oo or as functions of
time is remarkably fast in TDDVR compared to DVR. Since the growth and decay
of the amplitudes at the grid - points occur with the displacement of grid - points

(trajectories), TDDVR achieves convergence in such faster rates.

Table 5.1: Potential energy and dynamical parameters used in the calculations.

Model I: Model ITI:
parameter  value unit parameter  value unit
o 4.5167 AT 1 0.58 amu
my 1.875 amu A 3.0 eV
ma 0.666667 amu D 5.0 eV
w 9.7715 x 101 57! o 0.30 A
Ges 0.7416 A o1 0.75 A
v 0.666667 wo 39.14 x 1013 st
C 0.01 eV w1 7.83 x 1013 st
0 0.333 A
qr -2.403 A
ImA, 2 x 10 amus ! ImA; 0.3969 x 10 amu s !
qu(tO) 1.5 A QCl(tO) 0.0 A

Table 5.3 presents kinetic energy resolved converged transition probabilities to all
accessible vibrational states where at each energy, first row results are calculated by
using TDDVR approach and second row from DVR. We find that in all energies,

TDDVR needs only 50 grid - points to achieve the same level of accuracy as DVR
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Table 5.2: Convergence profile of vibrational transition probabilities from v = 0 to
v = 1 for atom - diatom collision as functions of TDDVR and DVR grid - points,
N,,, on the scattering coordinate, ¢;.

TDDVR DVR
KE(eV)/N, 10 30 50 150 200 250
3.00 0.0277  0.0308  0.0308 0.0887  0.0305  0.0305
4.00 0.0033  0.1030  0.1030 0.0775  0.1030  0.1030
5.00 0.0005  0.1919  0.1918 0.0411  0.1916  0.1921
6.00 - 0.2783  0.2785 0.0221  0.0721  0.2789

with 250 grid - points. Fig. 5.1(b) displays elastic (F,._,) and inelastic (P;_,) tran-
sition probabilities (converged) at kinetic energy 3.00 eV as functions of time. The
figure indicates that transition probabilities calculated by using moving grid approach

(N, = 50) have quantitative agreement with DVR (V,, = 250) results.

Table 5.3: Converged state - to - state vibrational transition probabilities for atom
- diatom elastic and inelastic scattering.

KE (eV) 0—0 0—1 0— 2 0— 3
3.00 0.9691*  0.0308
0.9694° 0.0305

4.00 0.8938 0.1030 0.0032
0.8938 0.1030 0.0031

.00 0.7923 0.1918 0.0154
0.7920 0.1921 0.0154

6.00 0.6746 0.2785 0.0436 0.0032
0.6740 0.2789 0.0438 0.0032

@ TDDVR (N,, = 50)
> DVR (N,, = 250)

Fig. 5.1(c) and Fig. 5.1(d) show the change of few TDDVR grid - points ({g;, })
around the “classical” trajectory on the reaction coordinate and their associated mo-
menta ({p;, }) (Appendix E), respectively as functions of time where the momentum

(pey) of the central trajectory on the same coordinate is in-set in Fig. 5.1(d). In the
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Figure 5.1: (a) Convergence of TDDVR results for non - reactive state - to - state
transition probabilities (P;_,) at KE 4.0 eV as functions of time with increasing
number of grid - points (N, ) on the reaction coordinate, ¢;. (b) TDDVR (N,, = 50)
and DVR (N,, = 250) results (converged) of non - reactive state - to - state transition
probabilities (F,_, and P;_,) at KE 3.0 eV as functions of time. (c¢) Few TDDVR and
DVR grid - points (g;, (t)/q;, ) around the central trajectory of the reaction coordinate
as functions of time. (d) Few momenta (p;, ) associated with the TDDVR grid - points
(¢i,) and “classical” momentum (p.,) of the translational coordinate as functions of
time.

translational coordinate, a negative momentum is given to the “classical” particle,
the particle approaches the classical turning point until its momentum is zero and
returns back with a positive momentum (see Fig. 5.1(d)). It is interesting to note
that: (i) At the beginning of propagation, associated momenta of the grid - points
with positive magnitudes accumulate higher values compared to negative components
such that overall momentum of the “classical” particle increases; (ii) Before reaching
the classical turning point, magnitudes of all the component momenta approach to
zero so that overall “classical” momentum is zero and consequently they change their
sign; (iii) Again magnitudes of the negative components change sharply with respect

to positive momenta and finally all the components along with the overall “classical”
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momentum approach to the constant magnitudes at ¢ — oo.
We have also investigated the “non - reactive quasi -JT scattering model” in which
the harmonic oscillator potential and the coupling term are replaced by more general

potentials. The adiabatic PESs U, | = 1,2 are as below,

Ullq, @2) = %M(wo —01(@1)’ 6 + A X f(q1, ¢2) + 9(qn)
Us(q1,q2) = %,uwg(qgf —(D—-A) x f(q,92) + D (5.2.16)

where ¢; and ¢y are the Cartesian coordinates (define in the intervals: —oo < ¢; < 00
and —oo < ¢o < o0) related to the polar coordinate r and 6 as ¢ = rcosf and
g2 = rsinf. In this model, ¢; is the reaction coordinate (translational) and ¢ is the
internal (vibrational) coordinate. The function w;(q;) is an ¢; dependent function of

the following form,

2
1(q1) = wy exp(—%) (5.2.17)
i

and f(qi1,q2) is chosen to be a Gaussian which peaks at (0,0),

4 + 4
0-2

f(q1,q2) = exp ( — (5.2.18)

These adiabatic PESs are well separated from each other but touch only at the origin
(transition state). This non - reactive double slit model is constructed by introducing

the following form of the function, g(q),

9(q1) = exp(=[(q1 — qr)/p]) (5.2.19)

In the diabatic representation, PESs take the following matrix form,

1 -
Vil = 5 U1+U2+(U1—U2)COS(9:|,
1 -
Vi = 5|Ui+Us— (Ui - Ug)cose},
1 -
Vie = 3 (Ul—Ug)sinQ] (5.2.20)

Potential and dynamical parameters are given in Table 5.1.
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It is well known that this Hamiltonian models atom - diatom non - reactive col-
lision and exhibits strong non - adiabatic effect on the ground due to the excited
state. Table 5.4 presents convergence of vibrational transition probabilities (P,. ) at
t — oo as functions of increasing number of TDDVR and DVR grid - points at four
selected total energies 1.25, 1.75, 2.25 and 2.75 eV when calculations are performed
with two diabatic PESs. At all energies, we obtain the converged P, only with 30
- 50 TDDVR grid - points whereas in order to achieve convergence with DVR, 260 -
290 grid points are needed.

Table 5.4: Convergence profile of vibrational transition probabilities from v = 0 to

v = 2 for inelastic scattering of “non - reactive JT model” as functions of TDDVR
and DVR grid - points, Ng,, on the scattering coordinate, ¢;.

TDDVR DVR

E(eV)/N, 10 30 50 170 200 230 260 290
1.25 0.2959 0.2149 0.2177 0.1965 0.2404 0.2183 0.2180 0.2179
1.75 0.0807 0.2520 0.2555  0.2215 0.2726 0.2519 0.2546 0.2525
2.25 0.1886 0.2282 0.2282 - 0.1359 0.1560 0.2203 0.2290
2.75 - 0.2029 0.2024 - - 0.1332 0.2148 0.2047

Table 5.5 demonstrates various non - reactive state - to - state converged transition
probabilities on the ground adiabatic state at different energies. At each energy,
TDDVR results are shown in the first row of Table 5.5 where the results of second
row are obtained from DVR approach. Quantitative agreement between TDDVR and
DVR results imply that TDDVR can achieve very high level of accuracy with small
number of grid - points.

Figure 5.2 exhibits non - reactive transition probabilities (converged) (F,_, and
P;_,) at total energies (a) 1.25 and (b) 1.75 eV as functions of time. It is important
to note that transition probabilities calculated by using moving grid approach follow
correct symmetry as well as achieve high accuracy compared to DVR results. Even

though time - dependent profiles of transition probabilities calculated by TDDVR

138

TH-421_02612202



Table 5.5: Converged state - to - state vibrational transition probabilities for elastic
and inelastic scattering of “non - reactive JT model” when calculations are performed
on two diabatic surfaces.

E(V) 0-0 0—-1 0—-2 0—-3 0—-4 0—-5 0—-6 0—7 0—38

1.25 0.7557% 0.0000 0.2177 0.0001 0.0265
0.7550° 0.0000 0.2179 0.0004 0.0266

1.75 0.6076 0.0000 0.2555 0.0000 0.1189 0.0001 0.0178
0.6082 0.0001 0.2525 0.0002 0.1195 0.0000 0.0195

2.25 0.4902 0.0000 0.2282 0.0000 0.1625 0.0001 0.1035 0.0001 0.0154
0.4806 0.0006 0.2290 0.0032 0.1603 0.0053 0.1021 0.0029 0.0160

2.75 0.4024 0.0000 0.2024 0.0000 0.1539 0.0000 0.1308 0.0005 0.0960
0.3982 0.0005 0.2047 0.0110 0.1454 0.0248 0.1053 0.0118 0.0860

@ TDDVR (N,, = 50)
> DVR (N,, = 290)

approach have some fluctuation around DVR results during the interaction period,
asymptotically (f — oo) perfect matching is obtained. At this point, it is worth
mentioning that all the quantum - classical calculations require even less than 50 grid
- points on the reaction coordinate for convergence whereas for the same coordinate,
at least 260 grid - points are needed in the DVR calculations. Moreover, when the
dynamical calculations on “reactive JT model” were performed [46] by using FFT-
Lanczos technique, convergence of state - to - state transition probabilities appear
with 512 grid - points on the scattering coordinate. Finally, Fig. 5.2(c) displays the
change of few momenta (p; ) associated with corresponding grid - points (¢;,) and
momentum (p.}) of the “classical” particle as functions of time. This figure carries
similar interpretations as we have discussed in case of Fig. 5.1(d).

One may note that in case of TDDVR, as the quantum propagation is approxi-
mated by “classical” mechanics, some fluctuations may appear in the transition prob-
ability profiles (See Fig. 5.2(a) - (b)). More specifically, at each time step (At),

quantum equation of motion face the potential energy surface calculated at the time
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- dependent grid - points and theoretically, only when At — 0, perfect adiabatic
switching of the amplitudes of wavefunction can be achieved.

We have solved the time - dependent Schroedinger equation in the adiabatic repre-
sentation with ordinary BO approximation by using the DVR as well as the TDDVR
approach. Calculations are performed at four selected total energies 1.25, 1.75, 2.25
and 2.75 eV, respectively where the ground and the first excited adiabatic states are
5.0 eV apart at the asymptotic region but meet at 3 eV in the interaction region.

It is expected that in the case of single - surface adiabatic calculation with ordinary
BO approximation, non - adiabatic effects due to excited state(s) on the ground will
be absent. At the same time, as the PES is even in the vibrational coordinate,
transitions will occur only between states of the same parity. Hence, even — even
and odd — odd transitions will differ from zero but even — odd and odd — even
transitions will be forbidden. This selection of transition will be applicable both for

the reactive and non - reactive cases.

Table 5.6: Non - reactive state - to - state transition probabilities when calculations
are performed on the single adiabatic surface with BO approximation (Eq. (4.3.6)).

E(V) 0-0 0—-1 0—-2 0—-3 0—-4 0—-5 0—-6 0—7 0—38

1.25 0.6815% 0.0000 0.2177
0.6812° 0.0000 0.2183

1.75 0.4294 0.0000 0.1901 0.0000 0.1250
0.4282 0.0000 0.1886 0.0000 0.1272

2.25 0.2767 0.0000 0.1211 0.0000 0.0738 0.0000 0.0688
0.2775 0.0000 0.1214 0.0000 0.0742 0.0000 0.0693

2.75 0.1350 0.0000 0.0646 0.0000 0.0482 0.0000 0.0283 0.0000 0.0341
0.1417 0.0000 0.0672 0.0000 0.0489 0.0000 0.0289 0.0000 0.0348

¢ DVR
® TDDVR

In Tables 5.6 and 5.7 we present various non - reactive and reactive state - to - state

transition probabilities, respectively at four selected energies. The first row stands
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Figure 5.2: TDDVR (V,, = 50) and DVR (N,, = 290) profiles (converged) of non -
reactive vibrational transition probabilities (F,_, and P,. ) on the ground adiabatic
state as functions of time when calculations are performed on two diabatic states
at total energy (a) 1.25 eV and (b) 1.75 eV, respectively. (c) Few momenta (p;,)
associated with the TDDVR grid points (¢ ) and “classical” momentum (p; ) of the

reaction coordinate on the ground adiabatic state as functions of time.
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Table 5.7: Reactive state - to - state transition probabilities when calculations are
performed on the single adiabatic surface with BO approximation (Eq. (4.3.6)).

E(V) 0-0 0—-1 0—-2 0—-3 0—-4 0—-5 0—-6 0—-7 0—38

1.25 0.0390* 0.0000 0.0619
0.0386° 0.0000 0.0616

1.75 0.0450 0.0000 0.0190 0.0000 0.1691
0.0452 0.0000 0.0163 0.0000 0.1685

2.25 0.0290 0.0000 0.0109 0.0000 0.1547 0.0000 0.2541
0.0282 0.0000 0.0103 0.0000 0.1495 0.0000 0.2494

2.75 0.0470 0.0000 0.0010 0.0000 0.0974 0.0000 0.2146 0.0000 0.3172
0.0469 0.0000 0.0017 0.0000 0.0950 0.0000 0.2116 0.0000 0.3083

¢ DVR
> TDDVR

for results obtained from the DVR and only even — even and odd — odd transitions
appear as allowed ones. The results reported on the second row are calculated by using
the present TDDVR approach. Transition probabilities obtained from the quantum -
classical approach are seen not only to follow the correct symmetry but also achieve
the accuracy at the level of DVR. Fig. 5.3(a) demonstrates the non - reactive (P~)
and reactive (PT) transition probabilities as functions of time at a total energy 2.25
eV and shows excellent agreement between results of DVR and TDDVR. Even though
quantum - classical profiles have some fluctuations around quantum results during the
interaction period, these fluctuations vanish asymptotically (¢ — o0). It is important
to note that all the TDDVR calculations have been performed with 50 grid - points
(trajectories) on the reaction coordinate and 50 grid - points (trajectories) on the
harmonic mode. On the other hand, DVR requires at least 200 grid - points on
the reaction coordinate and calculations on the same model were carried out [70] by
using FF'T - Lanczos approach with 512 grid - points. TDDVR takes the advantage
of both the DVR representation as well as time - dependent basis set. The movement

of grid - points (trajectories) and the changes of amplitudes at these grid - points
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help to achieve fast convergence. Fig. 5.3(b) displays central trajectories (s’ and s?)
and their associated momenta (p,: and p,2) as functions of time. For the harmonic
mode, initial values of both s? and ps2 are set equal to zero and these parameters
vary around zero as functions of time. The reaction coordinate mimic the interaction
between atom and diatom where the initial position and momentum (s; and p,1) of
the atom enter through GWP and their change as functions of time are quite expected

as shown in Fig. 5.3(b).

1

P (t)
07 1.5
: Time 10~ "sec
0.6 -
0.5 ! 1 1
0.5 1 1.5 2 2.5
Time 10~ sec
(a)
1.75 T T T T T T
........................... 0.0004
- -
125 0.0002
s2(t
HOTNN
0.75 - ps2(t) 7
-0.0002
0.25 - 20.0004 L L L —
EH g 0 05 1 15 2 25
psg(t) . Time 10~ sec
-0.25 - e -
T
-0.75 F " . i
,/ '
-
1.25 —
_175 1 1 1 1 1 1 1 1 1
0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6

Time 107 sec

Figure 5.3: (a) Comparison of TDDVR and DVR results of total non - reactive
(P~) and reactive (PT) transition probabilities on the ground adiabatic state as
functions of time where all calculations are performed in adiabatic representation.
(b) Central trajectories (s; and s2) and their momenta (ps and psz) for both the
modes as functions of time.
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CHAPTER VI

APPLICATION TO PHOTO - ABSORPTION

SPECTRUM OF PYRAZINE

6.1 Introduction

The dynamical aspects of photo - excited pyrazine molecule have been investigated
over the past years [147-159]. We have used the present method to compute the photo
- absorption spectrum of pyrazine by using two different model Hamiltonians [147—
149]. The system has a conical intersection, and undergoes ultrafast non - radiative
energy transfer after excitation to the S, state. Since the vibrational states of Sy state
have short lifetime, the spectrum appears with broad peaks. The experimental spec-
trum is well reproduced either after homogeneous broadening of the 4 - mode model
spectrum or by introducing the other vibrational modes as a bath. The details of the
photo - absorption spectrum are interesting both with respect to experimental and
theoretical point of view. Since this system is a challenging as well as benchmark to
investigate the workability of any newly formulated method, we wish to find whether
TDDVR can accurately calculate and thereby, reproduce the spectrum obtained from

other contemporary approaches [147-149].

6.2 Molecular dynamics with linearly coupled model
Hamaltonian
6.2.1 The Model Hamiltonian

The experimental spectrum [160] of electronic transition from the ground state Sy
to the S; and S, states of pyrazine has been accurately estimated. The important

aspects of the spectrum are noted as: The excitation to the S; state generates a set
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of discrete lines while excitation to the S, state yields a broad band with little struc-
ture. In the recent past, molecular dynamics of pyrazine has brought an insight into
the mechanism of protophysical processes. The broad band resulting from S5 state
indicates fast intramolecular vibrational energy transfer mainly due to the presence
of a conical intersection (CI) between the two excited electronic states. The non -
adiabatic effects originating from CI, also known in many molecular systems, bring
special interest on dynamical aspects. Considering the four main vibrational modes,
the theoretical description can reproduce the essential features of the experimental
spectrum. In order to simulate the broad experimental spectrum due to S, state, the
Lorentzian broadening of the theoretically calculated spectrum is a necessity. This
convolution of spectrum appears to be a phenomenological dephasing, not just to
attribute to the resolution of spectrophotometer but arises due to a further ultra-
fast relaxation from four main modes to the 20 remaining vibrational modes. The
detailed description of the system dynamics requires a model Hamiltonian which ex-
plicitly includes the other degrees of freedom as weakly coupled heat bath affecting
the dynamics of the four main modes.

The total Hamiltonian includes the four main vibrational modes as the system,

the bath modes as environment and the coupling between them as below,
H=H,+ H,+ Hy (6.2.1)

The model Hamiltonian has been developed based on accurate ab initio calcu-
lations considering all the 24 modes of the system, where the inter - and intra -
electronic state vibronic couplings are represented only with linear terms [147, 148].
Quantum dynamical benchmark calculations using multiconfigurational time - depen-
dent Hartree (MCTDH) method [164-166] have been performed on both forms of the
model Hamiltonian [148, 149] and obtained excellent agreement with experimental
findings. Indeed, such rich model is an optimal system to test the performance of

semi - classical [157] as well as quantum - classical approaches [159] and to find the
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possibility of applicability of such approaches in very large and complex systems. We

consider the four mode model Hamiltonian as system with linear vibronic couplings,

N w; o2 10 -A 0
o= 3 (gt @) +
i=10a,6a,1,9a Qs 0 1 0 A
0 A kD0
+ Quoa + Y L@ (6.2.2)
A0 j=6a,1,9a \ 0 k2

where ();s are the normal modes of pyrazine. The non - totally symmetric mode,
(D104, couples the two diabatic electronic states with non - diagonal matrix element
A; the remaining three tuning modes (Qgq, @1, Qoa) are totally symmetric with in-
trastate coupling constant,s;s and 2A is the energy gap between the two PESs at the
equilibrium (Q =0).

Since the electronic states of the system have different electronic multipole mo-
ments, an added heat bath represented by a set of harmonic oscillators around the
system polarizes the environment differently and leads to different equilibrium posi-
tions of the bath oscillators for each electronic state. The bath and system - bath

coupling Hamiltonians are given by,

~ wb 2
H, = ) —( - —+ Qb) : (6.2.3)
b=1 2 0Qy 01
b Nbath K;l()l) O
Hy, = ) Q- (6.2.4)
b=1 \ 0 Iil(] ‘

The bath modes are like tuning modes but couple the system and bath with much
smaller coupling constants. It is important to note that energy and population trans-
fer from the system to the bath are expected due to non - zero interstate coupling
constant, A. Since there are no off - diagonal elements in the system - bath Hamil-

tonian, the bath has no direct contribution for interstate coupling but modulates the
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energy gap between the states. The parameters of this model Hamiltonian are taken

from Krempl et. al. [147] and listed in Table 6.1.

Table 6.1: Parameters (in eV) for the linearly coupled model Hamiltonian.

o D e
U10a 0.0936 - -

Vgq 0.0740 -0.0964 0.1194
121 0.1273 0.0470 0.2012
Vyq 0.1568 0.1594 0.0484
by 0.1347 0.0308 -0.0308
by 0.3431 0.0782 -0.0782
bs 0.1157 0.0261 -0.0261
by 0.3242 0.0717 -0.0780
bs 0.3621 0.0780 -0.0780
bs 0.2673 0.0560 -0.0560
bs 0.3052 0.0625 -0.0625
bs 0.0968 0.0188 -0.0188
by 0.0589 0.0112 -0.0112
b1o 0.0400 0.0069 -0.0069
b11 0.1726 0.0265 -0.0265
b12 0.2863 0.0433 -0.0433
b1 0.2484 0.0361 -0.0361
b14 0.1536 0.0210 -0.0210
bis 0.2105 0.0281 -0.0281
bi6 0.0778 0.0102 -0.0102
b1z 0.2294 0.0284 -0.0284
b1g 0.1915 0.0196 -0.0196
b1g 0.4000 0.0306 -0.0306
bao 0.3810 0.0269 -0.0269
A= 0.4617 A= 0.1825

6.2.2 Theoretical aspects of TDDVR approach

In view of the current perspective, the matrix form of TDDVR equation for quantum

motion on the [th PES can be written as,

ihAC, = H{Ci+A) VyCy (6.2.5)
I+l
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and under a similarity transformation take the following convenient form,

ihDy(t) = A7V?PHRATV?Dy + ) VyDy (6.2.6)
U#1

where D; = AY2C, and [ = 1, 2.

The explicit expression of the differential equation for an amplitude, d;,;,.; ; on

celip,

the [th surface is,

o 1 o [ h o 1(Q5)?
ihdiyiy... 50 = i{zk:PQ; mXikik}diliQ....ip,zﬂL{zk: 5 }diliQ....ip,l

* ‘/ll(i1i2-‘-‘Z.p)dilig....ip,l+E Vir (i181.0p) i
VAl

h]mAk - _ P
y Z { Z {QY;H'; - Ziki;}di/lig.,.i'p,z H 51';«2';,} (6.2.7)

g
k H iyl k' £k

On the other hand, the classical path equations for the kth mode can be written

Qs(t) = PQi(t) (6.2.8)
'  dV({Q}) F
Fort) = 0Qc low-azn T O () (6.2.9)

where the rigorous expression of quantum force, Q% (¢), is derived by using Dirac -

Frenkel variational principle [37]. The following integral is minimized,

r= [ pre ) @iz @)

< @00 e, tozi@a. ) [Jden  (6210)
k=1
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with respect to PQE to obtain the explicit form of Qf (¢),

Qf(ﬂ = Z Z C:iil/ik"ipvl(t)ciliQ"i;c"ip(t)
U ivig..igily.ip
L lklk A Zklk

gtk

sm* g

’Lklk 27%2%
|:§ : § : 1122 Agedp,l )ciliz..ik..ip,l(t)T

ikl
I d112..0%..9p K%k

2
- Z Z C:1i2-.ik..ip,l(t)ciliQ..i;c..ip,l(t)S*EM);;c:| (6.2.11)

i dvin.dgil.dp

~

6.2.3 Numerical details and absorption spectra

We have studied the dynamics of the photoexcited pyrazine molecule involving S7 and
Sy diabatic states assuming a vertical excitation from its ground (Sp) to the excited
(S2) state at the Frank - Condon point. Thus, the initial wavefunction on the S
state is the wavefunction of the ground state, i.e., a product of Gaussian functions
(Pewp) centered around the equilibrium geometry (Q = 0) of the Sy state. In order
to specify the initial amplitude vector (d) (Eq. 6.2.7), multi - dimensional TDDVR

wavefunction is equated with the product of &4y p functions,

p
[[2ewr@k) = D Ciinipe | ] i (Qst)

ka1 11%2....9p k=1
p  Ng
- Z czlzz....zp 2 H Z fn(xzk)q)n(Qk) (6 2 12)
2122....20p k=1 n=0

Using the property of the TDDVR basis,

Vi (Qs ) ZE iy ) Pu(Qrs t) = 8(Qr — Qi) (6.2.13)

Eq. (6.2.12) takes the following form,

p p  Ng
HCDGWP(Q%) - Cuzg....zp HZ xzk sz)

k=1

p
Cirig....ip,2 H il (6214)
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Alternatively, Eq. (6.2.14) can be rearranged to define the vector dy on the Sy

surface,
P 1%
IT—i Pawp(Qi,)
Aiyiy....ip,2 = Ciyin....ip,2 HAikik = =2k=1 o b (6.2.15)
k=1 k=1 "tk
whereas the initial expansion coefficient vector d; on the S; surface is,
diyiy...i1 = 0. (6.2.16)

The width parameters of the Gaussian functions are defined by the frequencies of
the respective normal modes. The dynamical evolution of the system is performed
by simultaneously propagating the set of differential Eqs. (6.2.7), (6.2.8) and (6.2.9)

and the time - dependent amplitudes on the two surfaces are given by,

dq(t)
da(t)

(6.2.17)

Since d vectors are defined at the grid points, the probability of finding the system
on a particular diabatic surface is obtained by mere grid - summation,
Pt)= > l|diis..ipal’ 1 =1,2. (6.2.18)
i1ig.ip
In order to calculate adiabatic population on a particular surface, diabatic ampli-

tude vector (d) is transformed to the adiabatic (e) one,
e=T'd (6.2.19)

where the T matrix defines the transformation of diabatic (V) to adiabatic (U) PES
matrices, U = TTVT.

The optimum number of TDDVR grid - points used are: Ng,=13, N1=27, Ng,=9
and Nyo,=21 for the first four modes, N,, or Ny, =2, Ny, =3, Ny, or N, =2, Ny, =3 and
Np,=3 for the next five modes and one basis function for the remaining bath modes.

In order to know the quality of the calculated results, we find out the magnitude
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of the error due to the use of finite TDDVR basis and estimate the change in the

autocorrelation function by calculating the following quantity,
A(t) = [(T(0)| ¥ (1)) — (¥'(0)[¥'(1))|* (6.2.20)

where V() is the wavefunction ignoring the least populated TDDVR basis function.
In case of four mode model and the system with five bath modes, we found that
the change of autocorrelation function, A(t), remains below 10~ on addition or
subtraction of a TDDVR basis in a particular mode.

When a sufficient number of grid - points are used, TDDVR formulation is such
that quantum results are independent of the initial choice of “classical” momentum
of the central trajectory. Indeed, the choice is important when a mode is treated at
the classical limit ( a single grid - point) because the dynamics is solely dictated by
classical mechanics. In our calculation, we have chosen Q;(to) = 0 and P;(ty) = 0 for
those modes which are treated by a minimum of two TDDVR basis. On the other
hand, the choice of classical parameters for one grid - point dynamics are @;(ty) =0
and Pj(tg) = vAimw;.

The prime interest is to calculate the photo - absorption spectrum of pyrazine.
The nuclear wavefunction propagated by TDDVR method is used to calculate the
autocorrelation function (C(t)) and the Fourier transform of C(t) gives S; and S;

absorption spectrum,

I(w) x w/oo C(t) exp(iwt)dt (6.2.21)

where
C(t) = (¥(t)|w(0)) (6.2.22)
= (@) (6:2.23)

It is important to note that Eq. (6.2.23) is more accurate and faster [163] than

previous Eq. (6.2.22). At the same time, Eq. (6.2.23) is valid only if the wavefunction
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is real at t=0 and the Hamiltonian is symmetric. Since the propagation of wavefunc-
tion and the calculated autocorrelation function is upto finite time, artifacts known
as Gibbs phenomenon develop in the spectrum. It can be reduced by multiplying the

autocorrelation with the following function,

g(t) = cos(%), (6.2.24)

where T is the length of propagation. This function convolutes the spectrum with,

47T

T2 (2wT)? cos(wT). (6.2.25)

g(w) =
such that C(t) is smoothened to zero.
6.2.4 Results and Discussion

The TDDVR wavefunction [44] of the four mode model is propagated upto 120 fs using
21 grid - points in the coupling mode (v1g,) and 13, 27 and 9 grid - points respectively
for the tuning modes (vg,, v1 and vo,). The propagation time of 120 fs corresponds
to 240 fs in the propagation of autocorrelation function (Eq. (6.2.23)). The absolute
values of the autocorrelation functions for DVR and TDDVR calculations are plotted
as functions of time in Fig. 6.1(a). The TDDVR profile essentially follows the peaks
and resonances obtained by DVR calculation during the entire propagation except
for some small differences. The figure implies that the loss of coherence throughout
the whole propagation is small. Since TDDVR method with sufficient grid - points
converges to the exact quantum mechanical results, we can eliminate those differences
with increasing number of grid - points. On the other hand, in view of including more
number of modes explicitly in the model, TDDVR calculations are performed with
moderate number of grid - points considering results are sufficiently close to the
quantum one.

The population of the S, diabatic state demonstrates the coupling between the

diabatic states and the effect of conical intersection. Calculated time - dependent
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Figure 6.1: Calculated absolute values of the autocorrelation function using TDDVR
approach as functions of time for the following cases: (a) Four mode model (system);
(b) System coupled with five bath modes; (c) System coupled with twenty bath modes.
Fig. 6.1 (a) and (b) envelopes are compared with corresponding traditional quantum
mechanical results.
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probabilities of finding the isolated system on S, diabatic state are shown as functions
of time in Fig. 6.2(a). It is remarkable to see that TDDVR and DVR profiles
coincide perfectly with each other. The interstate population transfer starts almost
immediately and the population drops to even below 0.2 around 45 fs. Again the
population sharply arises to 0.4 after 75 fs and then quickly decays to 0.2 around 100

fs. There are some repeated patterns with smaller amplitudes at longer time.

1 T T T
TDDVR ——
DVR «-----
0.8 |- B
0.6 - 7
So
diabatic
population

0.4 | 7
0.2 -

0 | | | | |

0 2 4 6 8 10 12
Time [10~1* Sec]
(a)
1 T T T T T
TDDVR(4 mode ! I I ‘ ;
TDDVREQ mode 0.8 TDB\V,%ES ﬁfﬂﬁ; ...... 1
0.8 - TDDVR(24 mode) - - - -- 0.6 ) -
0.4
06 L 0.2 F J
Sy 0
diabatic 0
population )

0.4 B i
0.2

0 I ! I ! !

0 3 4 6 8 10 12
Time [107* Sec]
(b)

Figure 6.2: Population dynamics on the Sy diabatic state as functions of time for the
(a) four mode model and (b) four, nine and twenty four mode model. TDDVR results
for the four and nine mode model are compared with corresponding DVR profiles.
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Fig. 6.3(a) presents the adiabatic Sy population as functions of time and found excel-
lent agreement with quantum mechanical results. The initial adiabatic S, population
is slightly below one (1.0) since the rest contributes to the initial S; state population
and generates S7 spectrum. Though the initial decay of adiabatic S5 state population
is much slow upto 10 fs, after this delay, the transfer is fast and the population reduces
to much lower value compared to the diabatic case. Again, around 80 fs, adiabatic
population of Sy state increases but not as much as the diabatic population at the
same period of time. It is important to note that when the system is around the con-
ical intersection, the population transfer occurs from one state (diabatic/adiabatic)
to another.

The absorption spectrum of pyrazine for the four mode model is reported in Fig.
6.4(a) and we obtained good agreement with DVR envelop. Fig. 6.4(b) displays
the convoluted spectrum with inclusion of phenomenological broadening and again
compared with corresponding DVR results. Both the spectra have two interesting
parts: (I) The discrete lines on the lower energy side represent the 5 state spectrum;
(IT) The spectrum in the higher energy region is due to 55 state. The details of the
Sy state spectrum are shown as inset in Fig. 6.4(a).

The effect of the bath modes on the system dynamics has been investigated by
including more and more number of bath degrees of freedom. We have propagated
the wavefunction of the nine mode model by using 21 grid - points in the coupling
mode (v104), 13, 27 and 9 grid - points respectively for the tuning modes (vg,, 11 and
Voa), and 2, 3, 2, 3 and 3 grid - points respectively for the bath modes (by, by, b3, by
and bs). It is important to note that the bath modes effectively behave like tuning
modes. The autocorrelation functions calculated by TDDVR and DVR approaches
are presented as functions of time in Fig. 6.1(b). Except for some small differences,
profiles have good matching with each other during the entire propagation period.

We have also performed the dynamics of the total model Hamiltonian with the same
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number of grid - points in the coupling and tuning modes and with 3, 3, 3, 2 and 2
grid - points for the bath modes, by, by, b5, bg and b7, respectively but with one

1

0.8

0.6
So
adiabatic
population
0.4
0.2
0 - L | | |
0 2 4 6 ] 10 12
Time [1071* Sec]
(a)
1 : | | : |
TDDVR(4 mode
TDDVR(9 mode
0.8 - TDDVR(24 mode) - - - - i
0.6 -
So
adiabatic
population
0.4
0.2 -
0
0
Time [107* Sec]
(b)

Figure 6.3: (a) TDDVR and DVR results for the adiabatic Sy population of the four
mode model as functions of time. (b) the adiabatic Sy state population for the four,
nine and twenty four mode models as functions of time.

TDDVR basis for the rest of the bath modes, by, b3, bg, by ...... by. Fig. 6.1(c)
displays the autocorrelation function calculated by TDDVR method for the total
model Hamiltonian as a function of time. Figs. 6.1(b)-(c) indicate the sharp effect of
bath modes on the system, i.e., the peaks of the autocorrelation function are not only

much lower in magnitude but also they appear with more structures. These structures
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are due to the involvement of several normal mode frequencies of the Hamiltonian in

the dynamics.

TDDVR —— TDDVR ——
DVR -~ DV

TDDVR —— TDDVR ——
DVR

L 4 [ N LA
5 5 .5 4 5 5
(C) Energy [eV] (d) Energy [eV]

Figure 6.4: The absorption spectrum of the S; and Sy states of pyrazine molecule for
the four model model (a) without or (b) with phenomenological broadening where the
inset in Fig. 6.4(a) is the detailed spectrum of the S; state. Results are compared with
corresponding quantum mechanical profile. The convoluted absorption spectrum of
the S; and S, states for the (¢) nine and (d) twenty four mode model. The spectrum
for nine mode model is compared with exact profile.

In Fig. 6.2(b), we have plotted the population of the Sy diabatic state for the
dynamics of nine mode model and total model Hamiltonian. The population dynam-
ics of nine mode model calculated by present approach has excellent agreement with
quantum dynamical results. In order to see the effect of bath modes, we have also
displayed the diabatic population of S5 state for the four mode model in the same
figure. The inclusion of bath modes brings faster interstate population transfer and
reduces the final population of the S, state. The population of the same state ef-
fectively decays to near zero after 35 fs and again rises to 0.3 around 85 fs before it
decays around 100 fs. The effect is strong with the addition of first five bath modes

compared to the addition of rest of the modes. Fig. 6.3(b) presents the effect of

158

TH-421_02612202



bath modes on the adiabatic S; population of the system due to the inclusion of
increasing number of modes. Adiabatic population of the system also decays faster
to a lower magnitude in presence of bath modes. The fast transfer of diabatic or
adiabatic population is due to the lowering of conical intersection in the presence of
bath modes.

Figs. 6.4(c)-(d) present the absorption spectra of pyrazine for the nine mode
model and the entire model system. The effect of bath modes on the Sy spectra is
pronounced but on the form of S; spectra is very little. The addition of first five bath
modes on the four mode model sharply reduces the structures of the Sy spectrum
appeared in the isolated system. With further inclusion of bath modes, the broad
band of Sy spectrum remains the same except for some small changes in the finer
details.

It is also interesting to investigate the effect of coupling between the system and the
environment by calculating the following quantities: (a) Energy flow from the system

to the bath;

—~

b) The relaxation of the system due to the bath. The instantaneous

Ey(t)) has been defined [148] by considering virial theorem, 2(T;), =

—~

bath energy
{

(H,), + 0.5(Hg), without including the time average as below,
Ey(t) = (Hy(t)) + 0.5(Hg(t)). (6.2.26)

Fig. 6.5 displays the instantaneous bath energy as functions of time for the nine
mode model and the total model Hamiltonian. The profiles indicate that the bath
energy increases sharply upto 25 fs and then follows a plateau before the curve slowly
rises from 80 fs onwards. Whenever there is energy transfer from the system to the
bath, it is obvious that the system is around the conical intersection. As the number
of bath modes increases, there is more and more energy flow from system to the bath.
Considering the average frequency of the bath degrees of freedom and the “weak”
coupling of the bath with system vis - a - vis the amount of energy transfer to the

bath modes at the end of the propagation, these modes may be treated at or near
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the classical limit.
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Figure 6.5: The energy transfer from the system to the bath oscillators as functions
of time with increasing number of bath modes.

The effect of bath modes on the isolated system wavefunction can be followed by
calculating the overlap of time - dependent wavefunctions of the model Hamiltonian
with and without bath modes. Since the dimension of the wavefunction for the four
mode model is different from system - bath wavefunction, we calculate the following

quantity [148],
S(t) = tr{p D (£)p" (1)}, (6.2.27)

where p® is the density matrix for the isolated system and p"*? is the reduced
density matrix obtained by taking trace over bath modes.

The density overlap, S(t), has been plotted as functions of time with increasing
number of bath modes in Fig. 6.6. The effect of bath modes on S(t) is huge and
interesting. The profile decays over first 20 fs, then passes through a plateau upto
80 fs and again loses its magnitude between 80 to 100 fs. The plateau indicates that
system is away from conical intersection.

All calculations are performed on a 2 CPU IBM workstation with 1 GHz processor.
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Figure 6.6: The effect of bath modes on the density overlap function (Eq. (6.2.27))
as functions of time when the system is coupled either with five or with twenty bath
oscillators.

The amount of physical memory used and CPU time needed for the dynamics of four
mode model are 40 MByte and 90 minutes, respectively whereas the system with five
bath modes requires 3 GByte memory and 160 hour CPU time. It is important to note
that the dynamics of nine mode model has been performed with more than 7 million
grid - points on each surface. On the other hand, in case of total model Hamiltonian,
many bath degrees of freedom are being treated with one grid - point/TDDVR basis
function, where the algorithm neither requires more physical memory nor longer CPU
time. TDDVR approach has enough scope to further reduce the present requirement
of CPU time as well as physical memory since the contribution of different modes on
the time - dependence of an amplitude of any mode can be calculated parallelly on
various CPUs and the entire string of amplitudes is not needed at a time to calculate

those contributions by using direct access 1/0O.
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6.3 Molecular dynamics with a realistic model
Hamziltonian
6.3.1 The model Hamiltonian

The detail description of the system dynamics requires a suitable model Hamiltonian
that incorporates the symmetry property of the molecule and should reproduce the Sy
and Sy absorption spectra and the fast relaxation. Kdppel et al. [161, 162] developed
a model Hamiltonian consisting of four (4) vibrational modes for any such system.
Though this model with ab - initio PE data for pyrazine molecule was found to mimic
it’s essential dynamics, a convolution with a broad Lorentzian was necessary to obtain
good agreement between the computed [151-153] and experimental spectrum [154].
In order to eliminate this artificial inclusion of phenomenological broadening, the
four mode model was extended by Krempl et al. [147] by including the twenty (20)
remaining modes as the heat bath. The desired fast relaxation was achieved, but the
model could not be expected to reproduce the Ss absorption spectra and essential
physical aspects since coupling constants among the normal modes were randomly
chosen and do not retain the symmetry of the pyrazine molecule.

A further refinement of the model was made by Stock et al. [155], where they had
introduced another seven (7) most relevant vibrational modes to the system, based on
CASSCF and MRCI ab initio calculations. The intra - state coupling was expanded
up to second order but the expansion of the inter - state coupling was restricted
up to first order. This refined model obeys the proper symmetry of the pyrazine
molecule but to reproduce the S, absorption spectra, a strong artificial broadening
was included again.

Raab et al. [149] developed the most realistic model Hamiltonian, where both
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intra - and inter - state coupling terms were expanded up to second order as below,

o w; 82 _A 0 a; 0
H = ) S(amm+QD1+ + ) Q;
( 2 an 0 A 1€Gh 0 bz
a; yi 0 C;
+ ) QiQ;+ ) i
(i,5)€G2 0 b icGs \ ¢ O
0 Ci j
+ o) " Qi (6.3.1)
Gj)eGs \ Cij O

The point group of the pyrazine molecule is Dy, where it’s S; and Sy states are
B3, and By, symmetry, respectively. An expansion coefficient for coupling the two
electronic states is nonzero if the corresponding vibrational mode (for linear coupling)
or the product of the two vibrational modes (for bilinear coupling) belongs to B,
symmetry. Similarly, an expansion coefficient which leads to intra - state coupling, is
nonzero if the corresponding vibrational mode (for linear coupling) or the product of
the vibrational modes (for bilinear and quadratic coupling) is of symmetry A,. The
first term in the above expression represents the ground - state Hamiltonian within
harmonic approximation where w; (Table 6.2) denotes the ground - state vibrational
frequency of the ith normal mode, and @); is the corresponding dimensionless normal
- mode coordinate [Q; = (z; — 257)(mw;)~*/?]. The second term is the difference in
energy (2A\) between the two states at ()g. The sum G; denotes the linear intra -
state coupling with A, symmetry. The third sum (G2) contains quadratic and bilinear
intra - state coupling with identical symmetry (e.g., By, X Bay). The fourth sum (G3)
presents a single linear off - diagonal expansion term with B;, symmetry for inter -
state coupling between S; and Sy states. The last sum (G4) contains bilinear off -
diagonal terms where the product of all pairs of modes has B;, symmetry with the
possible combinations like Ay x By, Byy X Bsg, Ay X By, and By, X Bs,. Thus, there

are one hundred and two (102) coupling constants a;, b; .¢;, a;j, b;; and ¢;; which
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describe the shapes of the S; and Sy potential energy surfaces (PESs) (Table 6.3 -

6.5).

Table 6.2: Experimental [160] harmonic vibrational frequencies (in eV) of the ground
state of pyrazine.

Symmetry Mode Frequencies Symmetry Mode Frequencies

A, Vea 0.0739 A, Vita 0.0423
121 0.1258 V17 0.1190
V9q 0.1525 Blu V12 0.1266
Vsa 0.1961 Visa 0.1408
1] 0.3788 V194 0.1840
By, Vioa 0.1139 Vi3 0.3734
By, vy 0.0937 By, V18h 0.1318
1% 0.1219 V14 0.1425
Bs, Vel 0.0873 V19b 0.1756
V3 0.1669 V20b 0.3798
Vgp 0.1891 Baa, Vieh 0.0521
120 0.3769 28 0.0973

Table 6.3: Linear coupling constant (in eV) of the S; and S diabatic potentials of
pyrazine at the CIS level [149].

Mode Vga 121 V9q Vsq Vo
a;  —0.0981 —0.0503 0.1452 —0.0445 0.0247
b; 0.1355  —0.1710*  0.0375 0.0168  0.0162

* The value b; = —0.0171 was taken, which lies between the MRCI and the CIS level.

6.3.2 Calculation of the spectra

The nuclear wavefunction propagated by TDDVR method is used to calculate the
autocorrelation function (C(t)) and the Fourier transform of C(t) gives S; and Ss

absorption spectrum,

I(w) x w/_oo C(t) exp(iwt)dt (6.3.2)
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where

Cit) = (U(t)|w(0)) (6.3.3)

= (@) (63.4)

Equation (6.3.4) is more accurate, computationally faster [163] and convenient to
implement than previous Eq. (6.3.3). On the other hand, Eq. (6.3.4) is valid only if
the initial wavefunction is real and the Hamiltonian is symmetric. Since the experi-
mental spectral lines due to the resolution of the spectrometer appear broadened, one
can incorporate this effect to the calculated spectra by convoluting with a suitable
peaked curve. In the time - dependent picture, this phenomenological broadening is
equivalent to damping the autocorrelation function by a time - dependent function

as chosen below:

1]

h(t) = exp ( — T) (6.3.5)

with an appropriate parameter, 7. Though the experimental broadening alone of a
spectrum requires a large value of 7 (& 150 - 250 fs), the calculated Sy spectrum
of pyrazine for the four mode model (by neglecting bath degrees of freedom) has
qualitatively well agreement with the experimental one [160] with 7 = 30 fs.
Moreover, as the propagation of wavefunction and the calculated autocorrelation
function is up to a finite time, artefacts known as Gibbs phenomenon develop in the
spectrum. It can be reduced by multiplying the autocorrelation with the following

function,

7t

9(t) = cos(or), (6.3.6)

where T is the length of propagation. This function convolutes the spectrum with,

g(w) = % cos(wT'). (6.3.7)

such that C(t) is smoothened to zero.
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Table 6.4: quadratic on diagonal coupling constants (in eV) of the S; and Sy diabatic potentials of pyrazine obtained at the
CIS level [149]. Values specified with an asterisk are the adjusted values based on the comparison of CIS data and MRCI
[151-153]/CASSCF [155] data.

Ay V6a v V9q V8 125 Big V104
aij  Vea 0.00000* 0.00108 —0.00204 —0.00135 —0.00285 a; j V10a —0.01159
121 0.00000* 0.00474 0.00154 —0.00163
V9q 0.00000* 0.00872 —0.00474
VSa 0.00000* —0.00143
vy 0.00000*
bij vea  0.00000° —0.00208 —0.00189 —0.00203 —0.00128 bij Viea  —0.01159
1 0.00000* 0.00155 0.00311  —0.00600
V9q 0.00000* 0.01194 —0.00334
V3a 0.00000* —0.00713
vy 0.00000*
Bsg V6b Z Ugp v7p Ay V16a V17a
a;j  ve, —0.00741 0.01321 —0.00717 0.00515 a; j V16a 0.01145* 0.00100
2 0.05183 —0.03942 0.00170 Ui7a —0.02040
vgp —0.05733 —0.00204
U7y —0.00333
bi’j vep, —0.00385 —0.00661 0.00429 —0.00246 bi,j Viga —0.01459* —0.00091
Vs 0.04842 —0.03034 —0.00185 Vi7a —0.00618
vsp —0.06332 —0.00388
U7p —0.00040
By, V12 V18a V19a V13 Bag 2 Vs
ajj V12 —0.04819 0.00525 —0.00485 —0.00326 a;j V4 —0.02252* —0.00049
V18q —0.00792 0.00852 0.00888 Us —0.01825
V194 —0.02429 —0.00443
13 —0.00492
bij s —0.00840  0.00536 —0.00097  0.00031 bij v —0.03445°  0.00911
Vi8a 0.00429 0.00209 —0.00049 Vs —0.00265
V19a —0.00734 0.00346
V13 0.00062
Bo, V18b V14 V19 V20b Bs, V16b Vi1
aij  Vigh —0.00277* 0.00016*  —0.00250 0.00357 a;,j Vigb —0.02176 —0.00624
V14 0.03924* —0.00197 —0.00355 V11 0.00315
V19 0.00992 0.00623
v —0.00110
bi’j vigy  —0.01179*  —0.00844* 0.07000* —0.01249 bi,j Vigb —0.02214 —0.00261
V14 0.04000* —0.05000* 0.00265 V11 —0.00496
V19 0.01246 —0.00422
V20b 0.00069

TH-421_02612202

166



Table 6.5: Quadratic off-diagonal (vibronic) coupling constants (in eV) of the S; and
Sy diabatic potentials of pyrazine obtained at the CIS level [149]. Values specified
with an asterisk are the adjusted values based on the comparison of CIS data and
MRCI [151-153] /CASSCF [155] data.

Blg X Ag Veaq, 131 Vyq Vggq vV
Cij Voo —0.01000* —0.00551 0.00127 0.00799 —0.00512
Bay X B3 Véb V3 gh Vrp

Cij Uy —0.01372 —0.00466 0.00329 —0.00031
Vs 0.00598 —0.00914 0.00961 0.00500

Ay, X By V12 V18a V19q V13
Cij V16 —0.01056 0.00559 0.00401 —0.00226
V17 —0.01200 —0.00213 0.00328 —0.00396

Bs,, x By, V18b V1g Vi9b V20b
Cij V16p 0.00118 —0.00009 —0.00285 —0.00095
11 0.01281 —0.01780 0.00134 —0.00481

6.3.3 The numerical details

The optimum number of TDDVR grid - points used are: Ng,=13, N1=27, Ny,=9
and Nig,=21 for the first four modes, Ng,=2, Ny =2, Ny = 3, Ny = 3, Ng=2,
N3=1, Ng,=1 and Nz=1 for the next eight modes and then one basis function for
the remaining bath modes. We calculate the quality of the results by estimating the
magnitude of the error due to the use of finite TDDVR basis in the autocorrelation

function,
A(t) = [(T(0)| ¥ (1)) — (¥'(0)[¥'(1))* (6.3.8)

where V() is the wavefunction ignoring the least populated TDDVR basis function.
We found that the change of autocorrelation function, A(t), in the four mode model
and the system with eight bath modes remains below 1073 on addition or subtraction
of a TDDVR basis in a particular mode.

It is important to note that with a sufficient number of grid - points, TDDVR

formulation is such that the calculated results appear as independent of the initial
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choice of “classical” momentum of the central trajectory and thereby, we have chosen
Qi(to) = 0 and P;(ty) = 0 for those modes. On the other hand, this choice plays a
key role when a mode is treated at the classical limit (a single grid - point) or at near
classical limit (few grid - points) because the dynamics is solely or essentially dictated
by classical mechanics. In the present calculations, the choice of classical parameters

for one grid - point dynamics are Q;(ty) = 0 and P;(ty) = v hmw,.
6.3.4 Results and discussion

The TDDVR wavefunction for the four-mode model is being propagated up to 120 fs
by using 13, 27, and 9 grid - points for the tuning mode, vg,, 11, and vy,, respectively
and 21 grid - points in the coupling mode, v4o,, where a similar calculation has been
performed by using relatively larger number of basis functions namely 19, 43, 13 and
29 grid - points for the mode, vg,, V1, Vo, and vyg,, respectively [45]. The Eq. (6.3.4)
implies that the propagation of wavefunction up to 120 fs corresponds to 240 fs in the
profile of auto - correlation function. Fig. 6.7(a) displays the absolute values of the
auto - correlation functions calculated by using the above two sets of TDDVR basis
functions. It shows reasonably good agreements even at the peaks, and resonances
during the entire propagation, with some small exceptions at longer time. Since
the loss of coherence throughout the whole propagation is small, and in principle,
the TDDVR method with sufficient grid - points can reproduce the exact quantum
mechanical results, we wish to perform TDDVR calculations with the smaller set of
basis functions so that, the results are close enough to the exact quantum ones and
more number of modes could be included explicitly in the dynamical process.

The inset in Fig. 6.8 demonstrates the calculated time - dependent probabilities of
finding the four - mode subsystem on the S, diabatic state by using smaller and larger
number of TDDVR basis functions and shows a remarkable agreement between them.

The population dynamics of the Sy diabatic state indicates the coupling between the
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Figure 6.7: Calculated absolute values of the autocorrelation function using TD-
DVR approach as functions of time for the following cases: (a) Four mode model
(subsystem); (b) Subsystem coupled with eight bath modes; (¢) Subsystem coupled
with twenty bath modes. Fig. 6.7(a) envelope compares the results obtained by using
smaller and larger sets of TDDVR basis functions.
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diabatic states in presence of conical intersection. The interstate population transfer
starts almost immediately with a drop to even below 0.2 at around 45 fs and sharply
arises again to 0.4 after 75 fs with a quick decay to 0.2 at around 100 fs. Though there
are some repeated patterns with smaller amplitudes at longer time, but these are not
much interesting to follow. In a similar manner, the inset of Fig. 6.9 displays the
adiabatic Sy state population of the four - mode subsystem as functions of time with
an excellent agreement between the TDDVR profiles calculated by using two sets of
basis functions. It is important to note that the initial population on the Sy adiabatic
state starts at slightly below one (1.0) since the remaining amplitude contributes to
the initial adiabatic S state population leading to S state spectrum. Though the
initial decay of the adiabatic S, state population is much slower compared to the
diabatic one, this transfer after 10 fs in the adiabatic case is not only faster but also
reduces the population to a much lower value. Finally, at around 80 fs, there is a
slight increase of the adiabatic population of the Sy state, which is negligibly small
change compared to the diabatic one, but shows the effect of conical intersection at
the same period of time.

Fig. 6.10(a) presents the S5 state absorption spectrum of pyrazine calculated by
using TDDVR wavefunction for the four - mode model, where the same figure includes
the quantum envelope [149] indicating a reasonably good agreement. The calculated
spectrum in Fig. 6.10(a) have two interesting parts namely the small discrete lines on
the lower energy side show the S; state spectrum and the higher energy side profile
originates from Sy state. On the other hand, Fig. 6.10(b) displays convoluted S,
state spectrum with the inclusion of a strong phenomenological broadening (7 = 30
fs) and clearly demonstrates good agreement between quantum - classical (TDDVR)
and quantum mechanical (MCTDH) results [149].

We have investigated the effect of bath modes on the subsystem dynamics by

including different number of bath degrees of freedom. The wavefunction of the
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Figure 6.8: Population dynamics on the S5 diabatic state as functions of time for
the four, twelve and twenty four mode models where the inset in Fig. 2 is the result
for the four mode model with smaller and larger number of TDDVR basis functions.
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Figure 6.9: TDDVR results for the adiabatic S, population of the four, twelve and
twenty four mode models as functions of time where the inset in Fig. 3 is the adiabatic
S, state population for the four mode model as functions of time with two different
sets of basis functions.
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twelve - mode model is being propagated by using 21 grid - points in the interstate
coupling mode (v1¢,), 13, 27, and 9 grid - points for the tuning mode, vg,, v1, and
Vga, Tespectively and 2, 2, 3, 3, 2, 1, 1, 1 grid - points for the bath mode, vg,, 1o,
vy, Us, Ugp, V3, Vgp and g, respectively. We have also performed the dynamics of
the total model Hamiltonian with the same number of grid - points in the coupling,
tuning and first eight bath modes of g symmetry as before but with one TDDVR basis
for each mode of the rest bath degrees of freedom. Indeed, it is important to note
that the bath modes effectively behave like tuning mode. Figures 6.7(b) and 6.7(c)
display the absolute values of autocorrelation functions of the subsystem calculated by
using TDDVR wavefunction for the twelve - mode and total model Hamiltonian as a
functions of time. Both the figures demonstrate the sharp effect of bath modes on the
subsystem. We find that the peaks of the autocorrelation functions in Figs. 6.7(b)
and 6.7(c) are not only much suppressed in magnitude but also appear with more
structures compared to the Fig. 6.7(a). These structures are due to the involvement
of the multiple normal mode frequencies of the bath Hamiltonian in the subsystem
dynamics.

Figure 6.8 displays the population dynamics of the subsystem S, diabatic state
obtained by persuing the molecular dynamics of the twelve - mode and the total
model Hamiltonian. In order to see the effect of bath modes, we have also shown the
diabatic Sy state population for the four mode model as function of time in the same
figure. The inclusion of bath mode leads to a faster interstate population transfer and
brings down the final population of the S, diabatic state. The population decays to
0.18 after 40 fs and then rises to 0.38 at around 85 fs before the final decay after 100
fs. The transfer of population with the inclusion of first eight bath modes on the four
- mode model is more effective than with the addition of rest of the bath modes. In
Fig. 6.9, we present the effect of increasing number of bath modes on the adiabatic

S, state population dynamics of the subsystem. The figure clearly demonstrates that
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the adiabatic population of the subsystem in presence of bath modes decays faster to
lower values than the subsystem alone. The fast transfer of the adiabatic or diabatic
population and also relatively low rise of population at around 80 fs in presence of

bath modes is due to the lowering of the conical intersection.
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Figure 6.10: The calculated absorption spectrum of the S5 states of pyrazine molecule
for the four model model (a) without or (b) with a strong phenomenological broad-
ening (7=30 fs). Results are compared with corresponding quantum mechanical en-
velopes [149]. The convoluted absorption spectrum of the S, states for the (c) twelve
(1 =50 fs) and (d) twenty four (7 = 150 fs) mode model are presented and compared
with quantum mechanical profile [149].

Figs. 6.10(c) and 6.10(d) show the theoretical photoabsorption spectrum of pyrazine
for the twelve - mode model and the total model system along with the quantum pro-
file. We find that the calculated spectrum have good agreement with the quantum

one [149]. Moreover, it is interesting to see that the effect of bath modes on the S;
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spectrum is very sharp in a way that only a weaker (7 = 50 fs) and the weakest
(1 = 150 fs) phenomenological broadening are needed for the twelve - mode model
and the total model system, respectively to reproduce quantum mechanical as well
as experimental spectrum. The inclusion of first eight bath modes on the isolated
subsystem reduces the structures of the four - mode S; spectrum and thereby, brings
good matching with quantum results. On the other hand, we see that the broad band
of the S5 spectrum remain unchanged except some finer details with the addition of
the rest of the bath modes.

We are also interested to investigate the effect of coupling between the subsystem
and the environment and thus, have calculated the following quantities: (a) The
energy flow from subsystem to the bath; (b) The relaxation of the subsystem due to
the bath. The bath energy [E,(t)] as a function of time is defined by considering the
virial theorem, 2(Tp), = (H,),+0.5(Hy),, without including the time average, Ej(t) =
(Hp(t))+0.5(Hg(t)), where H, and Hg, are the bath and subsystem - bath interaction
Hamiltonian known from Eq. (6.3.1). The effect of environment on the subsystem
can be monitored by calculating the overlap of time - dependent wavefunctions of the
model Hamiltonian with or without including the bath modes. Since the dimension of
the wavefunction for the subsystem is different from subsystem - bath wavefunction,
we calculate the overlap between the density matrix (p®) for the isolated subsystem
and the reduced density matrix (p?) by taking the trace over the bath modes as,
S(t) = tr{p®(t)prD(t)}.

The inset in Fig. 6.11 presents the instantaneous bath energy as a function of time
for the twelve - mode model. The bath energy increases up to 30 fs, then sharply
decays before it steady rises around 80 fs until the end of propagation. The energy
transfer from the subsystem to the bath is more effective when the system is around
the conical intersection. Fig. 6.11 displays density overlap, S(t), as a function of time

for the twelve mode model system. The effect of the eight bath modes on S(t) is huge
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Figure 6.11: The effect of bath modes on the density overlap function as functions
of time when the system is coupled with eight bath oscillators. The inset in Fig. 5
displays the energy transfer from the system to the bath oscillators as functions of
time with increasing number of bath modes.

and interesting. The profile decays within first 20 fs, then passes through some small
peaks before it rises sharply around 80 fs and finally decays after 100 fs. The sharp
rise indicates that the system is around the conical intersection. Since the calculated

profiles of Ey(t) and S(t) for the total model system appear as very similar to that of

twelve - mode model case, those results are not being presented.

6.3.5 Computational and theoretical aspects of TDDVR and the other
contemporary approaches

We have done all the calculations on a 2 CPU Sun blade 2500 work station @1.6
GHz Ultra SPARC 11Ii processor with 4 GB RAM. The amount of physical
memory used and CPU time needed to perform the dynamics of four - mode model are
46 Mbytes and 45 min, respectively. The subsystem with eight bath modes requires
around 3.4 Gbytes physical memory with 360 h CPU time, where the dynamics has

been carried out by using 5x10° number of TDDVR grid - points on each surface. It is
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important to note that in case of total model Hamiltonian, since many bath degrees
of freedom are being treated with one TDDVR grid - point/basis, the algorithm
demands the same amount of physical memory with little more CPU time compared
to the dynamics of twelve - mode Hamiltonian. On the contrary, the MCTDH [164—
167] calculations were performed for the four - mode and twelve - mode model on
an IBM RS/6000 power2 workstations and for the twenty - four mode model on
a CRAY T90 vector computer and require [149] much less CPU time compared to
the TDDVR approach. At the same time, one must note that MCTDH calculation
[149] has considered the symmetry of the system or grouping of the modes due to
simplicity of the Hamiltonian but at least for the time being, TDDVR method has
been implemented in a robust manner leading to much higher requirement of physical
memory as well as CPU time. In a similar context, we may compare the numerical
efficiency of our approach with the semiclassical calculations performed on the same
system. Thoss et. al. [157] have carried out such calculations for the 4 -, 14 - and 24
- mode linear coupling model of pyrazine on a COMPAQ XP1000 workstation with
a cost of 15, 121, and 380 CPU hours and 4 Mbytes physical memory for all cases.
Though such semiclassical calculations [157, 158] have clear advantage over TDDVR
(even over MCTDH) at least with respect to the requirement of physical memory,
the comparison between TDDVR and MCTDH approaches is more meaningful in the
sense that TDDVR with sufficient grid - points on each mode tend to a quantum
mechanical approach.

Though the efficiency of the MCTDH method is often significantly enhanced by
grouping a number of degrees of freedom together and thereby, treating the group

“mode combination”, MCTDH achieves further advan-

as a single particle known as
tage by using correlation DVR (CDVR) [168] to evaluate the potential energy matrix
elements very fast on the time - dependent grid with accurate correlation while em-

ploying mode combination [169]. On the other hand, since our TDDVR approach
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uses time - dependent DVR basis functions (constructed with GWP multiplied by
harmonic oscillator (primitive) basis set), the calculations of potential energy matrix
elements need to be performed only once for all the time. The movements of the grid
- points in the TDDVR are dictated by so called “classical” mechanics and help to
avoid the wastage of many grid - points to represent empty space. At this junction,
we also wish to mention that the TDDVR approach has the clear scope to scale down
the present necessity of physical memory and CPU time substantially since it has the
possibility to parallelize the major areas of the algorithm. The contribution of differ-
ent modes on a time - dependent amplitude (diligmip,l) can be evaluated (Eq. (6.2.7))
independently, i.e., Yy and Zy matrices (Egs. (2.3.23) and (2.3.24)) couple grid -
points or basis functions of the kth mode only. This feature will allow parallelization
of the algorithm, reduce computational cost remarkably and pave the possibility to
pursue relatively large dimensional calculations. Moreover, we remind that the ex-
pansion of wavefunction in terms of TDDVR basis set can be such that one may also
introduce the idea of mode combination either based on physical and/or symmetry
consideration to reduce the present computational cost. Of course the correlation
among the modes is a necessity to increase accuracy and its’ implementation in our

TDDVR approach is definitely possible.
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APPENDIX A

TDDVR THEORY AND THE ABSORBING

POTENTIAL

The theory is based on an expansion of the wavefunction in the Gauss - Hermite (G

- H) basis set
2, t) =Y an(t)tn(a,t), (A1)
where 1, (z,t) are the G - H basis functions

¢n(x’t) = (I)(xat)an(g?t) (AZ)

where the Gaussian wave packet (®(x, t)) and harmonic oscillator wavefunction (¢, (&, 1))

®(z,t) = 7/iexp (Z (1(2) (z — 2(t)) + ReA(z — x(t))2)> (A3)
an(g?t) - \/W n exp ( B _5 ) (A4)

with H,(x) is the Hermite polynomial and & = /2ImA(t)/h(x — z(t))
In order to obtain DVR representation we introduce the grid - points as zero’s of
the Nth basis function (¢,(z)). These zero’s are the roots (z;) of the Nth Hermite

polynomial and thereby, we can introduce

an(t) = Z ¢i(t)n(2:) (A5)

Substituting Eq. (A5) in (A1), we obtain the expansion of the wavefunction in terms

of time - dependent basis on a grid (DVR)

U(x,t) = Zci(t) D ale, t)n(z). (A6)

179

TH-421_02612202



Thus, the method attempts to take the best of both worlds, namely, the basis set and
DVR representation. Alternatively, the basis is moving on a time - dependent grid.
The amplitutes of the wavefunction are always around the center of the wave packet
in the sense that the boundary grid - points hardly accumulates higher magnitudes

of the amplitudes. Thus, the question of reflection from the boundary does not arise.
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APPENDIX B

FORMULATION OF TDDVR HAMILTONIAN

MATRIX FOR MULTI - CURVE SYSTEMS

When the TDDVR wavefunctions (Egs. (2.2.3) -(2.2.5)) are substituted in time -
dependent Schroedinger equation (2.2.1), the general form of differential equation for

any curve ( k < M) is as below,

m%{zcik(t)Zg;(xi)cpg(s,t (T + Vik(s {Zcm Z (2;)®" (s,1)}

+ > Vals) {ch Z ;)@ (s, 1)} (B1)

1+£k

M is the number of curves involved in the calculation, Vkl(s) is “diagonal” in DVR
basis. Considering z; = \/(2ImA/h)(s;(t) — sc(t)), both the operators 2 and T will

not operate on £*(z;), hence Eq. (B1) can be written as,

ih{Zczk Zf x;) P! (s,t) }—l—lh{zcm Z (gtq);(s t)}

{Zcm Z () (T (s,1)) }+{Zczk Win(s:) Y &n(@) (s, 1)}
+ Z{Z Cir () Vi (i) 25 ()@ (s,1)} (B2)

£k i

Evaluating the terms of gtcbil(s t) and T (s,t), when we substitute back in Eq.

(B2) some of them cancel each other. The terms that remain from ih-2®’ (s, t) are,

ot~ n
B0 50) = ) (5 = sl (5. (B3)

where

(5 = se(D)P (5.1) = 3\ T (VT T (5,0) 4 VA (s.0)). (BA)
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From Eq. (B2) (after substituting Egs. (B3) and (B4) in Eq. (B2) and projecting by
a particular TDDVR basis, Zﬁzo Em(x)®! " (s,1)}), we get the first term (X) of Eq.
(2.2.17).

Similarly, the terms from T®’ (s, t) are,

0 (o.1) - 4”;“‘ X (s — so(t))® (s, ) + M/TA x (20 + 1)) (s, 1) (B5)
where
(5 — 5.())°®! (s,) = AJhA{\/ n+1)(n+2)®, . ,(s,t) + (2n + 1)@/ (s, 1)
+ Vn(n=1)® 5(s, 1)} (B6)

Hence the terms in Eq. (B5) using Eq. (B6) can be expressed as,

2 (t hImA
%()Q);(s,t) — o ——{V/(n+ 1) (n+2)®, ,(s,t) +/n 1@, ,(s,t)
21

+ (2n+ 1) (s, t)} + %(Qn + 1)@ (s,t) (B7)

From the first term of Eq. (B3) and the third term of Eq. (B7), we get the third
term (Y) of Eq. (2.2.17) whereas the fourth term (Z) of Eq. (2.2.17) comes from the

second term of (BT7).
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APPENDIX C

MATRIX REPRESENTATION OF HIGHER

ORDER COUPLING TERMS

Higher order coupling terms (s — s.)¥(k > 2), are non - diagonal in DVR (here
harmonic oscillator eigenfunctions form the primitive basis) and matrix elements over
(s — s.)* are

D& (x)d(s,1)

l

Zy = (O &lw) (s )]s — o)

= > 6Ew) [ o0l = et s

= | 2 S ) (VT2 x 5. 10hatos s

+ \/ﬁ/d) (s,8)8)_o(s,t)ds + (21 + 1) /d) (s,t)Pi(s, t)ds}}
Zy = ;szﬂuj)wm1><k+2>sk<xi>+k§_;sz2<xj>mfk<wi>

+ Y Gi() (2k + Dé(a), (C1)

where x;’s are the roots of the Hermite polynomials. If we assume that the Z matrix
is diagonal, off-diagonal elements of Zg:o Ei(2;)(2k +1)&k(x;) should compensate for
the corresponding elements of the first two sum in Eq. (C1). But that is not the case;
at least numerical calculation shows Z is very much a full matriz.

If we wish to construct a 2 x 2 Z matrix, we need the following three Hermite
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polynomials:

Ho(z) = 1
Hi(z) = 2=, (C2)

Hy(x) = 4a° -2,

and the corresponding Harmonic oscillator basis functions are

flr) = L) exp(—a?/2),

6 = AN S exp(—a?/2)r (3)
_ 2ImA 1a 1 2 2

o) = (R8s exp(a 2 4" - 2).

The roots of the highest Hermite polynomial (Hy(z)) will be (422 —2 = z; =

+1/v/2 and x5 = —1/+/2. From Eq. (B1) we can write Z5 as

Zin = &(2)V26(x1) + & (22)V26a(21)
+ &o(@2)éo(w1) + &7 (22) 381 (1) (C4)

+ & (22)58(21)

The first and second terms of Z;, came from first and second sum of Z;;, respec-
tively, and the last three terms of Z;, are from the third sum of Z;;. [It is important to
note that in Z15 a three harmonic oscillator basis and two roots of the highest Hermite
polynomials, Hy(x) are involved.]

We simplify Eq. (C4) by noting that & (x;) and & (x9) (also their complex conju-

gate, as they are real functions) are zero as x; and xs are roots of Hy(x),

Zio = &(w2)60 (1) + &7 (22)3&1 (1) (C5)
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Substituting &, and & [from Eq. (C3)] for the roots z; and x5 in Eq. (C5), we get

2ImA

7h
2ImA

Th
2ImA
= (F)Pexp(—a/2) exp(—23/2)(1 + 61122)

= o) oxp(—a? ) exp(—a3/2) £ 0 (C6)

Ziz = ( )2 exp(—27/2) exp(—a3/2)

+ ( )1/2 exp(—22/2) exp(—x§/2)3\/§x1\/§x2

Table 2.1 indicates that we have calculated the correct roots of the Hermite polynomial
because they can form an orthogonal DVR basis. With these roots, we have calculated

a Z matrix ( see Table 2.4).
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APPENDIX D

DERIVATION OF QUANTUM FORCE FOR

ELECTRONIC TRANSITION

When we substitute Eq. (B2) along with Egs. (B3) and (B5) of Appendix B in Eq.
(2.3.27), we obtain

j' = /dsF*(s,t)F(s,t) (D1)
where
f1(57t)
f2(57t)
F(s,t) = (D2)
fk(s,t)

and for a particular curve (k), the functional f;(s,t) takes the following form
fu(s 1) = ihzéik(t)zg(%)q’;(&t) —psc(t)Zcik(t)
XZf z;) (s — s.(t)) P, (s,t) — ,us Z“‘f Z§ (x;)®! (s,t)
+ QIZLA Z Zg 2)(5 — su(£))2® (5, 1)
Z§ z;)2n®’ (s,t) chk () Vir(si Z§ x;)®! (s,1)

hImA
- ZZcz JWial(s Zsum;(s,w (D3)

l#k 1

The rigorous expresion of ps, can be derived[36] by minimizing integral (C1) with
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respect to ps.,

ar
dps,

= 0 3 00 - ()

S ICLALAY / (5 = 5.(0) @5 (5, ) (5, £)ds

DD SEICERCD S A (R O A S
b0 3D e Dl @) [ = setn @ s, . 00ds

- A IPICICENC) BELEACH [ = 55,08, (5, )ds
+ WmAZZ% Deplt an )z Qn/(s—sc(t))@;(s,t)%(s,t)ds
+ ZZ% e(E) Vi (5, Zgn 2z, / (5 — so(t)) 0" (s, 1) (s, £)ds
+ ZZ% Cin(t) Vin(s an ;)€ / (5 — 80()) ' (5,1) P!, (5, 1)ds
b3 D e Vals) X e ) [[(5 = sel) @ (5,02, ()5

klk#L i

+ 0> et Vials an ;)€ / (s — 50(£))®"% (5,8)®". (5, t)ds(D4)

klL,k#L g

Projecting Eq. (B2) by a particular TDDVR basis, Z;V:O Ep(21) @) (s, ), we obtain

zhclk( )
D022 ¢in(t) 2oy & () Eq (@) | 215(s,8)(s = se(t)) B (s, t)ds EAUN t)
3, & @)é (@) 2
C2ImA? Y k() 30, () 8a(w) [ P1G(s, 1) (s — se(t))* P (s, t)ds
K Zp 5;(552)519(%)
hImA Y, cin(t) 32, &5 (xi)&p(x;)2p (s1)c e
+ . S & ()6 () + Vi (i) cin(t) + ;sz i)ci( (D5)

Substituting (D5) in (D4) and after some algebraic simplification (!), the compact
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form of p,_, can be written as

pult) = [2””*“2{22 il

DN
B hImA{ZZ o

N ZZ 20+ch

’L’ CZ/k; )S(l) (

[ [ETaw

z’ Cz’k )R

(2
Z/ Cilk t)SZ’] *(1)
=L g

JJ

05 -2 ittt}

73 gx(1)

JJ

5 222 it S*<] (D6)

§ = Senalate) [ sl - a0 .0

pr o) 2p/<b’;(s,t)(s — sc(t))i);(s,t)ds

where
Ry = > &,(®:)&(a;)2p
P
S(") —
T, =
Aij = prﬂﬁi &p(z5)
p
with

/@';(s, t)(s = sc(t)) Py (s, t)ds
/CID';(S, t)(s — sc(1))* @ (s, t)ds

/ % (5,8)(s — solt)) ! (s, £)ds

TH-421_02612202

(D7)
1 h
= Im—A{Vp + 10p11,4 + V/POp-1,4}
h
1 x{V+1)(p+ 2)5p+2,q + (2p + 1)5p,q

Vo —1)0p 24}

1 h
8(1 A P2 x AV (p+ 1P +2)(p+3)5pa,
3(p+ 1)/ 4 10p41,4 + 3p\/Pop-1,4
Volp—1)(p — 2)8,-3,4} (D8)
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Matrices (R, S™, T and A) involved in Eq. (D6) are time - independent and can
be calculated once for all the time while the time - dependence of ps, arises from
the coefficient {c;(t)}. At this point, it is important to note that ps, does not depend
explicitly on the potential of the system unlike its form in ref.[27]. Those terms which
are diagonal (or considered as “diagonal”) in DVR as shown in equation (D4), vanish
when (D5) is substituted in (D4).

We can further simplify equation (D6) when we replace SZ(; ) by SZ(; )(5”- as first order
term (s — s.(t)) is diagonal in DVR (Table 2.2),

plt) = 3 e OO 2 59500 - 5]
ijlila.. K b
himA Swr . b S(l);si(il)
S LR 1 [P O TG IO S
wW1l2.. ..l

Y i ®emin <t>s*§?] (DY)

ijlals..
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APPENDIX E

TDDVR AS AN EFFECTIVELY MULTTI -

TRAJECTORY APPROACH

In the multi - dimensional DVR representation (Eqs. (2.3.5) -(2.3.8)), ixth basis
function corresponds to the i,th grid - point (sf;) where k indicates a particular
mode. Again ith grid - point (s} ) is related with 4th root (x} ) of the Hermite

polynomial,

T, = (s, (1) = sc (1)) (E1)

From the property of the TDDVR basis,
N
Vi (8°,8) = > &l )Puls", 1) ~ 6(s" — 55, (E2)
n=0

we can infer that the contribution of G-H ({®,(s*,¢)}) basis set to the i;th TDDVR

basis comes through the amplitudes only at the point, s¥ . The nth G-H at the grid

ik

- point, s , is,

Do(shit) = 7 exp({pa(D]sh, — sEOIE) (E3)

We can rewrite the “classical” momentum term in the exponent of G-H as,

1

1+% % /2]77;4’“

i

I} > si)en(ar)  (E4)

1
q)n(sfw t) - 7T1/4 eXp(ﬁ{ps’g (t)[
The position, s¥ (t) and momentum, pf (t) of the i th TDDVR function is different

i
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from the 7. th TDDVR function as below,

1
pi(t) = pa(t) e (E5)
1+ ;?k X 4/ "fz
t) = sk f k E6

where iy = 1,2.....Ny, k=1,2.....pand [ = 1,2..... M. N, is the number of TDDVR
grid - points in the kth mode where p and M are the total number of modes and
surfaces, respectively involved in a system.

Time - dependence of TDDVR grid - points, {s. (t)} and their momenta, {pf (t)}
are solely dictated by “classical” variables s%(t) and p% (f). Moreover, in case of
TDDVR propagation, quantum calculations are performed on the potential evaluated
at the time - dependent grid - points, {s7 (t)}. On the other hand, in DVR, {s} } are
time - independent and {pf } are zero for all time because not only p% is zero at t=0

but also it does not change with time.
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