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Abstract

In recent decades, the study of topology in shaping material properties has become a cen-
tral theme in modern-day condensed matter physics. Additionally, the non-Hermitian
(NH) systems reveal a wealth of intriguing phenomena, including the non-Hermitian
skin effect, non-Bloch band theory, exceptional points, and the concept of the general-
ized Brillouin zone. Among various experimental platforms, topolectrical circuits have
emerged as a particularly versatile and easy-to-fabricate analogue for condensed matter

systems.

The first chapter provides a detailed account of the introduction, whereas the second
chapter discusses the methodologies and the working principles of the topolectrical cir-
cuits. The third chapter of the thesis investigates the NH Su-Schrieffer-Heeger model,
considering a P -symmetric model with onsite gain and loss, as well as the other without
PT symmetry (non-reciprocal hopping). We uncover a range of topological and local-
ization phenomena, including the condition for exceptional points, the breakdown of
bulk-boundary correspondence, the presence or absence of skin effect, and the construc-
tion of the generalized Brillouin zone. In the fourth chapter, we study a longer-range
one-dimensional model with intra- and inter-orbital hoppings, featuring two NH variants
tied to PT symmetry, and show that the skin effect is direction-dependent. Interest-
ingly, our findings reveal the absence of skin effect in the non-reciprocal model, which we
explain using pseudo-Hermiticity and non-Bloch band theory. In the fifth chapter, we in-
vestigate a disordered NH Aubry-André model and show an interplay between Anderson
localization and the skin effect. The voltage profile of the circuit exhibits confinement
at the interface, analogous to the skin effect, while the phenomenon of Anderson lo-
calization in the circuit can be perceived via a predicted localization behavior near the
excitation node. The sixth chapter involves exploring the (2D) NH Bernevig-Hughes-
Zhang model, demonstrating that a spin-dependent NH balanced gain/loss potential
induces competition between first- and higher-order topological phases. Using projected
spin spectra and the spin Chern number, we elucidate the revival of the first-order topo-
logical phase. The seventh chapter involves investigating the second-order skin effect,
specifically the hybrid-skin topological effect in a brick-wall lattice, a variant of the hon-
eycomb lattice, where we observe dynamically stable corner skin modes. To provide a
sound experimental platform for the results obtained in each chapter, we propose elec-
trical circuits composed of standard components that capture all the key features arising
from the interplay between topology and non-hermiticity. We conclude the eighth chap-
ter by summarizing the important results on NH topological and localization properties

of the TB models and their corresponding TECs obtained in our thesis.
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Chapter 1

Introduction

Since the development of the band theory of electronic properties through quantum
mechanics in the 1920s, condensed matter physics has been primarily driven by the
search for materials with varied physical and transport characteristics. One of the most
significant achievements in understanding material properties has been the systematic
classification of quantum phases based on spontaneous symmetry breaking. In this
framework, each ordered phase is characterized by an order parameter associated with
a symmetry-breaking, so that a phase transition is indicated by a change (sudden or
gradual) in its value. The specific pattern of symmetry breaking uniquely determines this
order parameter. Such a formalism is provided by the effective field theory known as the
Landau—-Ginzburg theory [6]. This approach relies solely on general features, including
the symmetry properties and dimensionality of the order parameter. It therefore offers a
universal, unified description of a wide range of quantum states of matter. Once a state
of matter is achieved, that is, the system gets into a stable phase (energy is minimized),
it is going to be there forever. For example, the loss of conducting properties (onset
of an insulating phase) is marked by the vanishing of electronic conduction over finite

distances in a crystal.

This symmetry-based viewpoint on phase transition was soon supplemented by an ex-
perimental breakthrough in 1980, when Von Klitzing, Dorda, and Pepper [7] observed an
unexpected transport phenomenon in a two-dimensional (2D) electron gas formed at a
semiconductor heterojunction under a strong magnetic field. In this system, the longitu-
dinal conductance was found to vanish, while the Hall conductance developed a sequence

of precisely quantized plateaus at values ve?/h (v =1,2,3,...; e : charge of electron, h :

1
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Chapter 1: Introduction to Topological Physics 2

Plank’s constant), which later became known as ‘Integer Quantum Hall Effect’. Al-
though the applied magnetic field explicitly breaks time-reversal symmetry in a quantum
Hall system, the emergence of these quantized phases is not accompanied by spontaneous
symmetry breaking. Arguably, no conventional order parameter exists to distinguish be-
tween the different quantum Hall phases. The essential physics instead lies in the spatial
arrangement of the electronic states: electrons in the bulk are localized, whereas those
near the boundary remain delocalized and form robust edge-conducting channels. This
bulk—edge dichotomy is the defining characteristic of a topological phase of matter and

marked a fundamental shift in the understanding of quantum phases.

1.1 Topology in Condensed Matter Physics

Although the quantum Hall effect (QHE) is widely regarded as the starting point of topo-
logical condensed matter physics, the accompanying theoretical advances were equally
crucial in shaping the field. A landmark contribution came in 1982, when D. J. Thouless,
M. Kohmoto, M. P. Nightingale, and M. Den Nijs demonstrated that the Hall conduc-
tance is insensitive to microscopic details of the system [8]. Instead, it is governed by a
global topological property of the filled Bloch bands. In their formulation, the integer v
appearing in the quantized Hall conductance (ve?/h) was identified with a mathematical
object known as the Chern number, thereby elevating it to the status of a topological
invariant. From a geometrical standpoint, this Chern number corresponds to the quan-
tized flux of an effective gauge field defined over a compact manifold, such as the toroidal
Brillouin zone (BZ). This insight makes it clear that the quantization observed in the
QHE has a fundamentally topological origin rather than a dynamical one. The natural
question that follows is how topology explicitly enters the physical description of such
systems, or which precise mathematical framework can be used to identify, classify, and
characterize such topological phenomena? To address this, it is instructive first to recall

how topological ideas arise in geometry.

To organize and compare geometric objects, mathematicians introduced the notion of
topological invariance, which allows shapes to be grouped into broad equivalence classes.
A familiar example is the classification of 2D surfaces by the number of holes they pos-
sess, known as the genus. From this perspective, the surface of a perfect sphere is
topologically equivalent to that of an ellipsoid, since one can be smoothly deformed into
the other without introducing or removing any holes. The intuitive notion of genus can
be formulated rigorously in mathematics through an integral over the local curvature of a
surface, which defines the topological invariant [9] (v for the case of QHE). Analogously,
physics admits topologically quantized observables that can be written as invariant in-
tegrals over momentum space [8]. Such quantities remain unchanged under smooth

deformations of system parameters. Their values can change only during a topological
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phase transition. For example, a coffee cup and a donut are considered topologically
equivalent, as both contain exactly one hole. In quantum mechanical systems, for ex-
ample, consider a general many-particle Hamiltonian whose ground state is separated
from the excited states by a finite energy gap. In this context, a smooth deformation
corresponds to a continuous change of the Hamiltonian (say, via tuning some external
agent, such as an electric field) that preserves the bulk energy gap. With this defini-
tion, the topological implications become meaningful for quantum-mechanical systems.
Under this framework, two gapped quantum states belonging to different topological
classes cannot be continuously connected without closing the gap. Any transformation
between them necessarily involves a quantum phase transition, at which the system
becomes gapless. Through such admissible deformations, seemingly different quantum
phases can be grouped into the same topological equivalence class, culminating in the
development of topological band theory and topological insulators (TIs), semimetals,

and superconductors [10-13].

In the QHE, the Hall conductance is robust and determined by a global topological
invariant; thus, the QHE is considered the birth of topological physics within the broad
purview of condensed-matter systems. Importantly, the specific form and nature of the
topological invariants are not universal but depend on the symmetry class to which a
given system belongs. For Hermitian T1Is, this dependence is systematically captured by
the so-called ten-fold way classification [14]. This scheme categorizes systems according
to the presence or absence of three fundamental symmetries: (i) time-reversal symmetry
(TRS), which reverses the direction of time and checks whether the Hamiltonian remains
invariant; (ii) particle-hole symmetry (PHS), which interchanges particles and holes;
and (iii) chiral symmetry (CS), which arises as a combination of the former two. A
complete classification of TIs and superconductors is provided by exactly ten distinct
symmetry classes, determined by the interplay of fundamental symmetries and spatial
dimensionality. This central result was first systematically established by A. Altland
and M. Zirnbauer [15], also known as ‘AZ symmetry class’ To see why only ten classes
arise, consider first TRS, represented by an anti-unitary operator 7. A Hamiltonian may
(i) lack TRS altogether, denoted by 7 = 0; (ii) be invariant under time reversal with
T2 = +1 (described as T = +1); or (iii) be invariant under time reversal with 72 = —1
(described as T = —1). An entirely analogous trichotomy applies to PHS (also known as
charge-conjugation symmetry), C, for which the Hamiltonian may satisfy C = 0, C = 41,
or C = —1. Taken together, these possibilities suggest 3 x 3 = 9 distinct ways in which
a Hamiltonian H can transform under TRS and PHS. However, CS is defined as the
product I' = 7 .C. For all combinations except the case 7 = C = 0, the value of I is
uniquely fixed. When both TRS and PHS are absent, however, CS may either be absent
(I' = 0) or present (I' = 1). Accounting for this extra distinction leads to a total of
(3 x3—1)4 2 = 10 inequivalent symmetry classes. Let us quickly illustrate the role

of symmetry in topology in a lower dimension by considering a simple one-dimensional
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(1D) toy model. A canonical example is the Su-Schrieffer-Heeger (SSH) model [16],
introduced in 1979 by Wu-Pei Su, John R. Schrieffer, and Alan J. Heeger to describe the
physics of a long polyacetylene chain with Carbon atoms attached to Hydrogen atoms.
A corresponding tight-binding (TB) model is defined on a lattice whose unit cell contains
two sublattices, connected by alternating intra-cell (e.g., C'= C double bond) and inter-
cell (C' — C single bond) hopping amplitudes that are generally unequal. Owing to this
structure, the SSH model respects all three fundamental symmetries, TRS, PHS, and
CS, and consequently falls into the BDI symmetry class [17]. In a regime where intra-cell
hopping is weaker than inter-cell hopping, the system enters a topological phase. Under
open boundary condition (OBC), this phase is characterized by the emergence of two
zero-energy edge states. The corresponding topology is quantified by a winding number,
which is a topological invariant for the BDI class in one dimension and takes the values
1 or 0 for the topologically non-trivial and trivial phases, respectively. We shall return
to this discussion more elaborately again in Chapter 3. For the moment, however, we

shift our focus back to the post-QHE developments.

Following the discovery of the integer QHE, a natural question emerged: could there
exist a quantum analogue of the Hall effect in magnetic materials, such as a ferromag-
net? Indeed, ferromagnetic materials exhibit an anomalous Hall effect, in which the
transverse voltage is much larger than that observed in non-magnetic conductors [18].
Researchers then asked whether a phase with quantized Hall conductance could arise in
the complete absence of an external magnetic field and in a non-magnetic material. A
decisive answer was provided in 1988 by F. D. M. Haldane, who introduced the first con-
crete theoretical model exhibiting quantized Hall conductance without any net orbital
magnetic field [19]. This now-celebrated construction, known as the Haldane model, is
a TB model on a honeycomb lattice featuring real nearest-neighbor hopping amplitudes
and complex next-nearest-neighbor hopping terms. The latter breaks TRS while main-
taining zero net magnetic flux through the unit cell. This work demonstrated that a
non-trivial topological phase with a non-zero Chern number, supporting a quantized
Hall response, can be generated purely through lattice-scale quantum effects, preclud-
ing the presence of Landau levels [7]. Although the Haldane model established the
theoretical feasibility of a quantum anomalous Hall state, identifying a realistic route
to realizing this phase in actual materials remained an open challenge for nearly two
decades. Progress came indirectly, through developments in closely related, yet distinct
phenomena; namely, the spin Hall effect and its quantized counterpart, the quantum
spin Hall (QSH) effect. In the spin Hall effect [20, 21], an applied electric field generates
a transverse flow of spin angular momentum, resulting in a finite spin current perpendic-
ular to the field direction. In contrast, the net charge current in that direction remains
zero. Unlike the conventional charge Hall effect, this phenomenon respects TRS and can
therefore occur in materials even in the absence of an external magnetic field. Thus, the

QSH effect can be viewed as a superposition of two quantum anomalous Hall states, one
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for spin-up and one for spin-down electrons, with opposite chirality. As a consequence,
the transverse charge Hall conductance cancels out, whereas a non-vanishing quantized
spin Hall conductance survives. In this regard, C. L. Kane and E. J. Mele extended the
idea underlying the Haldane model to a honeycomb lattice composed of spin—% electrons
in 2005 [22]. Importantly, TRS remains intact in this setting. As a result, these heli-
cal edge states are protected against non-magnetic impurities and disorder, since elastic
back scattering between the two counter-propagating channels is forbidden by symmetry.
Despite this elegant theoretical proposal, the intrinsic spin—orbit coupling in graphene
is found to be extremely weak, rendering the experimental realization of the QSH effect
in graphene impractical. Motivated by this limitation, in 2006, B. A. Bernevig, T. L.
Hughes, and S. C. Zhang proposed an alternative and experimentally viable platform for
realizing the QSH effect: a CdTe/HgTe/CdTe sandwiched quantum well structure [23].
The band structure of HgTe is inverted, while CdTe has a conventional band structure.
If the thickness of the HgTe layer is tuned, then a band inversion occurs within the
quantum well, resulting in a topological phase transition. Konig et al. confirmed this
prediction experimentally 1 year later [24]. The theoretical model for this experiment

will be discussed in more detail in Chapter 6.

1.2 Non-Hermitian Systems and their Properties

While parallel advances were being made on both theoretical and experimental fronts in
topological condensed matter, a different direction within quantum mechanics was also
developing rapidly, one that would become increasingly important for practical systems:
non-Hermitian (NH) quantum mechanics [25]. Hermiticity is a foundational principle
of quantum mechanics [26], as it ensures that physical observables are represented by
Hermitian (H = H') operators. This requirement guarantees both the conservation of
probability and the reality of the corresponding eigenvalues. However, it was recognized
early in the development of quantum theory that many realistic systems are inherently
non-conservative, exchanging energy or particles with their environment. In such non-
ideal systems, processes involving gain and loss naturally violate probability conserva-
tion, thereby breaking hermiticity. Describing these systems, therefore, necessitates the
use of NH Hamiltonians. It should be emphasized, however, that this non-conservation
is only local: although individual subsystems may exhibit gain or loss, the total energy
of the complete setup, including the environment, remains conserved. In this sense, the
fundamental principle of energy conservation is never violated. A simple example is a
light bulb in an electrical circuit: it converts electrical energy into radiation and heat,
which appears as a loss from the viewpoint of the circuit alone, even though the total
energy of the larger system is conserved. The development of a theoretical framework

for NH systems is especially important for experimental studies, where dissipation and
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loss are almost unavoidable. Motivated by these insights, NH systems have since been
explored extensively, revealing a rich set of physical phenomena with direct implications

for modern topological physics [1, 25, 27-40].

In 1998, C. M. Bender and collaborators showed that not necessarily NH systems had
to possess complex eigenspectra [41, 42]. Instead, real eigenvalues can emerge when the
Hamiltonian satisfies parity-time (P7) symmetry, which can be viewed as an exclusive
variant of the pseudo-hermiticity [43] (shall be discussed later). However, a system
possessing P7T symmetry can also have two distinct phases: (i) P7T-unbroken phase,
characterized by a real spectrum, and (ii) P7-broken phase, where complex eigenvalues
emerge. The transition between these two phases occurs at special critical points in
parameter space, known as exceptional points (EPs) [44], which play a central role in
the physics of NH systems. At an EP, not only do the eigenvalues merge, but the
corresponding eigenvectors also coalesce, rendering the Hamiltonian non-diagonalizable.
Also, the left eigenvector (eigenvector of HT) and the right eigenvector (eigenvector of
H) of an NH Hamiltonian differ from each other, as the eigenvectors no longer form an
orthonormal set due to the non-hermiticity. Instead, they form a biorthonormal set of

eigenvectors and satisfy the biorthonormal condition given by,

HY|wiP) = By

L) W) = BulOAE) (OREIEEE) o, 1)

where WLE and WRE are the left and right eigenvectors corresponding to the eigenvalues
E’ and E,, respectively. Another interesting phenomenon, which arises due to the
interplay between non-hermiticity and topology, is the non-Hermitian skin effect [45]. It
refers to a phenomenon in which the eigenstates of a lattice with OBC become spatially
localized, in sharp contrast to the extended Bloch-wave eigenstates characteristic of
Hermitian systems, posing a question on the bulk-boundary correspondence (BBC) of
an NH system. Additionally, since for a general NH Hamiltonian, the relation H* =
HT is not satisfied, the ten-fold way symmetry classification is also modified. As a
consequence, each of the three conventional symmetries, TRS, PHS, and CS, can yield
different constraints depending on whether the corresponding operator acts on H* or
on H”. In addition, the sub-lattice symmetry, defined through THT ! = —H with
I'? = 1, is no longer equivalent to CS in the NH setting. Therefore, instead of three
symmetry types, one must now consider six distinct symmetry operations: TRS, TRST,
PHS, PHS', CS, and sub-lattice symmetry. Taking this generalized symmetry structure
into account significantly extends the original AZ classification to a much richer 38-
fold classification [35]. These non-trivial features of NH Hamiltonians have revealed a
broad spectrum of new NH topological and localization phenomena. In the following,
we discuss the essential properties of NH systems and outline their relevance in greater

detail.
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1.3 Symmetry Considerations; P77 Symmetry

We begin by discussing a key property of NH Hamiltonians, which forms the basis of
a substantial portion of this thesis. In conventional quantum mechanics, hermiticity of
the Hamiltonian operator, expressed as HI = H, is imposed to ensure the reality of the
energy eigenvalues. In contrast, this stringent mathematical requirement can be relaxed
to the more physically motivated condition of spacetime reflection invariance, namely
PT symmetry, defined by

[H,PT] =0. (1.2)

The PT operator swaps the signs of the spacetime coordinates,
Plg (:C’ Y, %, t) - (_‘T’ -Y, =%, _t)-

Since P7T invariance constitutes a weaker constraint on hermiticity, the ramifications of
PT symmetry have emerged as a fertile ground for both theoretical and experimental
research. By now, the field has grown extensively, with a large number of published
articles, numerous review papers [31, 42], books [32], and doctoral theses. These studies
encompass a wide range of experimental works that are directly or indirectly connected
to PT symmetry, spanning optical setup [46-51], laser and photonic systems [52-56],
atomic systems [57], phononics [58, 59], acoustics [60-62], metamaterials [63-65], and

mechanical systems [66-68].

A primary technique to create a sPT Hamiltonian is to begin with a Hermitian Hamilto-
nian, which is sP7 in nature, and then to perform an sP7T deformation of this Hamilto-
nian [41]. The resulting Hamiltonian, obtained by complex analytic continuation of the
original Hermitian Hamiltonian, remains sP7 but is no longer Hermitian. To illustrate
the construction of a sPT Hamiltonian we perform a simple P7T deformation of the

quantum harmonic-oscillator Hamiltonian

1 &
H==-p>+ =22 1.
5P+ 5 (1.3)

The above Hamiltonian is Hermitian, that is, H' = H, and the corresponding eigenval-

ues, F,, are all real and positive,
1
En:n—ki (n=0,1, 2, ..). (1.4)

The parity operator, P, is a linear Hermitian operator that performs space reflection,
so P2 = I (I is the unity operator) and P~! = P. Consequently, under the parity

operation, both the position operator, x, and the momentum operator, p, change sign,

PaP~! = —u, PpP ! = —p, (1.5)
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while the time-reversal operator leaves z-invariant, but changes the sign of p,
TaT ‘=2,  TpT '=-p, (1.6)

where 72 = I and 7! = 7. However, unlike P, T is anti-linear because it changes the
sign of the complex number i,

TiT ' = —i. (1.7)

The operations of P and 7 are independent and thus P and 7 commute [P, 7] = 0.
According to the definitions above, we see that the Hamiltonian in Eq. (1.3) satisfies
Eq. (1.2), and thus this Hamiltonian is sP7T as well as Hermitian. Now we introduce
non-hermiticity in Eq. (1.3) by including iz, which is NH in nature but possesses PT
symmetry. Therefore, we specifically use ix operator to perform a sP7 deformation of
H,

H = 2P + 3% + ciz, (1.8)

where ¢ is a real parameter. Now H is sPT, and hence H commutes with the PT
operator. A quick calculation verifies an interesting result, namely the eigenvalues of H

in Eq. (1.8) are all real,
1 2
En:n+§(1+g ) (n=0,1,2,..). (1.9)

Even though the eigenvalues of H are real, the associated eigenfunctions v, (z) are
generally complex. Nevertheless, 1, (x) decays exponentially as z — +00. A key feature
of these states is that they are all sPT. Specifically, up to an overall phase factor, 1, (z)
remains unchanged under the simultaneous replacement i — —i (complex conjugation)

and z — —z. In addition, the deformed eigenfunctions retain their mutual orthogonality,
(0.9]
/ dz pm(@)bn(z) =0 (m #£n),
— 0o

for all real €. The Hermitian Hamiltonian obtained at € = 0 therefore represents only a
particular member of this family and is not fundamentally distinct from e # 0. This illus-
trates that, while hermiticity guarantees a real spectrum, it is not a necessary condition

for one.

1.3.1 PT-broken and unbroken Phases

The example above might lead one to conclude that the eigenvalues of any sP7 Hamil-
tonian are all real. Unfortunately, this conjecture is not valid either. Let us prove this
through a simple example. Let @ be an eigenstate of H with eigenvalue E, and H
is sPT, that is, [H,PT] = 0. Now, a theorem from linear algebra states that if two

operators A and B commute, then they are simultaneously diagonalizable; that is, an
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eigenstate of A is also an eigenstate of B [69]. Similarly, if H and P7 commute, then
they are simultaneously diagonalizable; that is, an eigenstate of H is also an eigenstate
of PT,

PTY = My, (1.10)

with A being an eigenvalue of PT operator corresponding to the eigenvector, . Since,
P? =T2?=1and [P,T] = 0 it follows that (P7T)? = I. Subsequently, if we multiply
the above equation on the left by P7T, we obtain,

PT? =PTAp = IYp=PNTy = =\ (1.11)

This verifies that |A| = 1, and hence, the eigenvalues of the P7 operator trace a unit
circle in the complex plane. Finally, we multiply the time-independent Schrodinger’s
equation by the PT operator on the left and divide the resulting equation by A\ (as
A # 0), and conclude that E = E*. While this argument is accurate, the conclusion
is not generally correct. The flaw in the preceding argument lies in a misstatement of
the elementary Theorem: it implicitly assumes that both operators A and B are linear.
As a result, it is not generally valid to conclude that an eigenstate of H must also
be an eigenstate of PT. Although P7 commutes with H, it is not a linear operator;
rather, P7T is anti-linear due to the complex conjugation carried out by 7. However, if
an eigenstate of an sP7T Hamiltonian is simultaneously an eigenstate of P77, then the
associated energy eigenvalue is necessarily real. Accordingly, when a sP7 Hamiltonian
([H,PT] = 0) possesses an entirely real spectrum, it is said to be in the P7T-unbroken
phase, whereas the appearance of complex eigenvalues signals that the Hamiltonian

corresponds to a P7T-broken phase.

1.3.2 Pseudo-hermiticity and P7 Symmetry

At this stage, one might be tempted to conclude that P7T symmetry alone guarantees
a real spectrum even for an NH Hamiltonian. However, the situation is more subtle.
As we shall see, hermiticity by itself is not a sufficient condition for obtaining real
eigenvalues, and, likewise, the presence of PT symmetry is not by itself necessary to
ensure spectral reality. In 2001, Ali Mostafazadeh showed that apart from the P7T
symmetry, another condition for an NH Hamiltonian to exhibit real eigenvalues is the
pseudo-hermiticity [43]. Let us discuss this in detail. An NH Hamiltonian H is said to
be n-pseudo-Hermitian, if there exists an operator 7, such that H satisfies the following
condition,

HY'=nHn L. (1.12)

Note that choosing = 1 reduces the above equation to the condition of the Hermiticity

of the Hamiltonian. The pseudo-Hermitian Theorem states that,
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Theorem: Let H have a discrete spectrum and a complete biorthonormal system of
eigenvectors {|{n,) , |¢n)}. Then H is pseudo-Hermitian if and only if one of the following

conditions holds,

1. H has a real spectrum;

2. The complex eigenvalues come in complex conjugate pairs, and the multiplicity of

complex conjugate eigenvalues is the same.
A direct implication of this Theorem is the following Corollary,

Corollary: Every NH (or sP7T) Hamiltonian with a real spectrum and a complete
set of biorthonormal eigenvectors is pseudo-Hermitian. Note that, in general, an

NH Hamiltonian may not admit a complete biorthonormal system of eigenvectors.

1.4 Exceptional Points

In this section, we are going to explore the existence of EPs [44] of an NH Hamilto-
nian. At these points, the Hamiltonian becomes ill-defined, and a certain number of
linearly independent eigenvectors coalesce, rendering it non-diagonalizable. This is dif-
ferent from the Hermitian degeneracies, where the eigenvectors become orthogonal at a
Dirac point [10]. Although EPs had been understood at a theoretical level for several
decades, their controlled experimental realization has become possible only in recent
years. This development has triggered intense interest, and EPs are now encountered
across a wide range of physical platforms, including acoustic [70, 71], optical [72], pho-
tonic [73-78], mechanical [79], and electronic [80-85] systems. Beyond these settings,
EPs have also been explored in atomic and molecular physics [86], superconductivity [87—
89], and studies of quantum phase transitions [90]. Additionally, their presence gives
rise to a number of remarkable phenomena, such as unidirectional invisibility [91, 92],
double refraction [49], laser mode selectivity [76, 93], non-reciprocal energy transfer [94],

and unconventional quantum dynamics of exciton—polaritons [95, 96].

EPs generically occur in eigenvalue problems that depend on a particular parameter of
the Hamiltonian(s). To find them, one must vary such a parameter. Let us take an

example,
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where wy, and €5 determine the energies Ej, k = 1,2. The expression for the eigenvalues

of the system is given by,

ELQ(/\) = ;(wl —+ wo + )\(61 + 62) + \/(61 — 62)2 + 45152\/()\ — )\1)()\ — /\2))

Now the eigenvalues and eigenvectors of the above matrix coalesce at the following values

of A,
N = —i(wy — wy)
i(er —e) + 26102
T —i(w1 — wy)
2 —-

i(El == 62) — 2\/(5152 .

At these values of A\, E}, will take the following form,

€1wy — €aw] F 14/0102 (w1 + w2)

€1 — €2 F 21/ 51(52 ’

that is, the eigenvalues are the same for each A1 and A\o. Similarly, at those values of A,

E(\ ) =

the right eigenvectors are given by,
4401
|¢1> = V0162 for = )\1
1
and
—id;
|pa) = V511‘52 for A= Xo.
The corresponding left eigenvectors are given by,
I R ) _
(|=(F% 1) for A=x

and

(b = (FZ 1) for A=
Note that the eigenvectors also coalesce at A\; and Ay. Consequently, the eigenvectors do
not span the full Hilbert space, and the system becomes defective at A = Ay and A = Ao,
suggesting them as the EPs of the system. The right and left eigenvectors are also orthog-
onal to each other at the EPs, that is, the scalar product <¢>~k’¢k> for k = 1, 2 vanishes,
which is referred to as self-orthogonality and in turn, a special case of biorthonormal
condition (Eq. (1.1)). From a mathematical standpoint, EP can be described as the
situation in which the algebraic multiplicity of an eigenvalue exceeds its geometric mul-
tiplicity, leading to an incomplete set of eigenfunctions and a defective Hamiltonian [44].
In general, when an m-dimensional Hamiltonian becomes non-diagonalizable at an EP

with energy ¢, it can be transformed into a Jordan block of order m. In this situation,
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the system retains m degenerate eigenvalues, while a single linearly independent eigen-
vector exists, signaling the presence of an m-th order EP [97]. More broadly, an m x m
matrix representing an m-dimensional Hamiltonian may host an EP of arbitrary order
n < m. In such cases, the Hamiltonian can be cast into a block-diagonal form, where one
block consists of an n x n Jordan block, and the remaining block is a (m —n) X (m —n)
diagonal matrix. A quantitative measure of the self-orthogonality of eigenfunctions is
provided by phase rigidity. The phase rigidity r,, is defined as [30],

Fo = <¢~a‘¢a> (1.13)

(Palda)’
where ¢, and ¢, denote the biorthonormal left and right eigenvectors associated with the
state a.. As the system approaches an EP, the left and right eigenvectors progressively
align with each other, leading to the vanishing of the phase rigidity (r, — 0). By
contrast, in a Hermitian system, the phase rigidity is r, = 1. It is also worth noting
that NH systems can also host exceptional contours. These structures consist entirely of
EPs, with the phase rigidity vanishing over a continuous curve rather than at an isolated
point [98]. To realize exceptional contour in a system, the following criteria are stated

below,

Re det[H (0)]
Im det[H (§)] =

0.
0
Such exceptional contours are known to preserve quantized topological charges [99].

1.5 Non-Hermitian Skin Effect (NHSE)

By now, it is evident that NH descriptions not only provide an appropriate framework
for open systems but also give rise to new physics, unconventional phenomena, and
novel applications. A key principle in the study of topological phases is the BBC, which
asserts that the bulk topological invariants manifest as symmetry-protected boundary
states; that is, the behavior of the edge of a system can be predicted from its bulk. The
boundary insensitivity of bulk quantities is essential because it allows us to choose a
convenient boundary condition. In particular, the periodic boundary condition (PBC)
leads to a band-theory picture in momentum space. However, the BBC of topological
systems was set up for a debate once NH systems were introduced. In particular, a mere
change of boundary conditions from periodic to open was sufficient to drive all the bulk
states from being extended to exponentially localized [45, 100]. These results are highly
counterintuitive when viewed from the perspective of Hermitian topological systems.
The underlying mechanism was termed the non-Hermitian skin effect [1, 38,45, 101, 102],

a phenomenon induced by non-hermiticity in which the eigenstates of a lattice with
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OBC become spatially localized, in stark contrast to the extended Bloch-wave nature
of eigenstates in Hermitian systems. NHSE has been realized in various experimental
setups, including topolectrical [4, 103—109], photonic lattices [110-115], optical ring-
resonators [116, 117], phononic and acoustic systems [118-124], and mechanical [125-

128] systems.

The origin of this concept can be traced back to the pioneering works of Hatano and
Nelson [129, 130] in the late 1990s, where a 1D disordered system with non-reciprocal
nearest-neighbor hopping was studied. They demonstrated that such non-reciprocity-
induced non-hermiticity can suppress Anderson localization, resulting instead in a mo-
bility region that supports unidirectional transport. Although their primary focus was
on vortex depinning and localization rather than topology, the physics they uncovered
was very similar to NHSE. Let us first describe the Hatano-Nelson model [129]:

Hiay = Y [(t+ g)elaei + (¢ — g)efein] | (1.14)

i
where ¢ is the site index, and c;-r and ¢; are the fermionic creation and annihilation op-
erators, respectively. ¢ € R and g € R represent the hopping and the non-reciprocity
introduced within the hopping terms, respectively. In matrix representation, the Hamil-

tonian becomes,

0 t—g 0
t+g 0 t—g
Han = | t+g O

Under the PBC, that is, for [Huyn]i,v = t+£ ¢ = [Hun]n,1, the complex energy spectrum

is obtained via the relation,
B = (t+g)e™ + (t—g)e™,

where k = 27j/L with j = 0,1,--- , L—1 and L denoting the total number of lattice sites.
Fig. 1.1(a) illustrates a pictorial representation of the Hatano-Nelson model for the OBC
and PBC configurations, respectively. When tg # 0, the resulting PBC spectra trace
out an ellipse in the complex energy plane, as shown via the blue curve in Fig. 1.1(b).
In contrast, the eigenspectra under the OBC are a straight line along the real (z) axis,
denoted in red. The explanation for the reality of the OBC eigenspectra is as follows. By

employing an imaginary gauge transformation, the OBC Hamiltonian can be mapped
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FIGURE 1.1: (a) PBC and OBC configuration for the Hatano-Nelson model. (b) Energy

eigenvalues are plotted for the PBC (in blue) and OBC (in red) in the complex plane

with ¢t = 1 and g = 0.5. (c¢) Schematic diagram of the PBC, SIBC, and OBC spectra

in the presence of NHSE. The area with the dotted boundary designates the SIBC

spectrum under an imaginary gauge transformation V;., given via Eq. (1.16). The
figures are adopted from Ref. [1].

onto an equivalent Hermitian Hamiltonian without asymmetry,

H" =V, Hn,

N 0 | (1.15)

where V,.[i, j] = ri6ij with r = \/(t + g)/(t — g). Note that the imaginary gauge trans-
formation introduced in Eq. (1.15), when applied to the creation and annihilation oper-
ators, leads to

Vr_chT-VT = ric;-r and V. le V=1l (1.16)

This transformation effectively shifts the Bloch momentum from k to k — ¢ logr. Since
it is a similarity transformation, it preserves the eigenspectra of the Hamiltonian. Con-
sequently, the OBC spectrum of the Hatano—Nelson model coincides with that of the
Hermitian matrix HI({Sli\Im). Fig. 1.1(b) depicts the OBC spectra (red curve), which lie
along a line on the real axis of the complex plane, in sharp contrast to the PBC spectra
(blue curve), which form an ellipse within the same plane. The separate plots indi-
cate the breakdown of the BBC. Consequently, the OBC eigenstates are obtained from
those of HI({Sli\Im) (Eq. (1.15)) through the similarity transformation V, and are exponen-
tially localized at any of the boundaries, depending upon the sign of g. The discussion
above provides a qualitative understanding of the NHSE and the associated breakdown
of the BBC, specifically for the clean Hatano—Nelson model. We now move beyond
this intuitive picture and formulate a more general description based on a topological

perspective.

TH-4061_206121102



Chapter 1: Non-Hermitian Skin Effect (NHSE) 15

1.5.1 Topological Origin of NHSE

Since all Bloch wavefunctions that are extended under PBC in Hermitian systems be-
come localized under OBC in the Hatano—Nelson model [129], given by Eq. (1.14), this
behavior appears to signal the absence of topology for the case of NHSE. However, N.
Okuma et al. demonstrated that the NHSE can also have a topological origin [131].
The condition for the occurrence of the NHSE in a general system can be formulated as
follows,

Theorem: The OBC bulk spectrum cannot possess a non-trivial winding number. As
a direct consequence, if the PBC spectral curve carries a non-trivial winding number,
the corresponding OBC bulk spectral curve must differ from the PBC one. Equivalently,

NHSFE necessarily emerges in such a situation.

Let us examine the mathematical reasoning underlying this Theorem in more detail. Be-
cause no simple analytical expression exists for the OBC spectrum, a direct comparison
between the OBC and PBC spectra is generally not feasible. For this reason, the proof
for this theorem proceeds in two steps: 1. a comparison between the PBC spectrum and
that under a semi-infinite boundary condition (SIBC), and 2. a subsequent comparison
between the SIBC and OBC spectra. Here, ‘semi-infinite’ refers to a 1D lattice with

only a single boundary.

1. The index theorem from spectral theory is employed to connect the SIBC spectrum
to the PBC spectrum. According to this Theorem, the SIBC spectrum consists
of the PBC spectral curve, in addition to all points enclosed by that curve for
which the winding number is non-zero (see Fig. 1.1(c)). Here, the winding number

around a reference point £ € C is defined as

W (E) /% Ik 4 1og det (H (k) - B) (1.17)
= — — [log de - .

o 2midk"® ’
with H (k) being the Bloch Hamiltonian of H under the PBC. A negative (pos-
itive) winding about the point, F, indicates that the right (left) eigenstates are

exponentially localized.

2. we begin with the following inclusion,

oosc(H) C osipe(H), (1.18)

where o denotes the spectrum, and C represents a proper subset. Now, a similarity
transformation modifies the SIBC spectrum, whereas it leaves the OBC spectrum
unchanged, as the latter is defined through the infinite-volume limit of a finite-
dimensional matrix. Consequently, the original OBC spectrum must be contained

within the transformed SIBC spectrum. Such an inclusion can be considered for
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an arbitrary imaginary gauge transformation V, (Eq. (1.15)), we can deduce,

oopc (H) C ﬂ OSIBC (Vr_lHVr) . (1.19)
r€(0,00)

Here, an(O,oo) designates the intersection of all the ogipc (V}_IH V;) with r ranging

from 0 to oo.

If the PBC spectrum of H (k) carries a non-trivial winding in the complex plane, one
can identify an SIBC mode with energy F € C located just inside the PBC spectral
curve, which is exponentially localized near the boundary. Through the imaginary gauge
transformation V,. with a suitable choice of r, this boundary-localized mode is mapped
onto a plane-wave state. The energy E then lies on the boundary of ogigc (V,"LHV;),
equivalently on the PBC spectrum of V,"!HV;,.. As a result, the intersection ogigc(H) N
osisc (V,"1HV,.) becomes strictly smaller than the original SIBC spectrum ogipc(H).
This construction can be iterated repeatedly until the right-hand side of the inclusion
in Eq. (1.19) reduces to a spectral curve without winding. This reasoning ultimately
implies that the OBC spectrum cannot possess non-zero winding (Fig. 1.1(c)). One may
therefore conclude that whenever a system exhibits a non-trivial spectral winding, or a
point-gap topology under PBC (Eq. (1.17)), the corresponding OBC spectral curve in the
complex plane differs substantially from the PBC spectrum and the system necessarily
displays NHSE.

Surprisingly, the same winding number that characterizes the skin modes identifies the
topological boundary zero modes of a Hermitian TI [131]. The trick is to introduce an

extended Hermitian Hamiltonian,

. 0 H-FE
Hp = , 1.20
; (HT . ) (1.20)
where E € C is a reference point. This extended Hamiltonian possesses an additional
CS,
= ~ ) 1 0
IF'Hgl'™" = —Hg with I'= K (1.21)

Within the AZ classification [15], the symmetry class characterized solely by CS is
denoted as class AIIl, for which the topological classification of insulating (gapped)
phases is given by Z. Here, the gapped nature of Hp is defined through the condition
det [H(k) — E] # 0. In fact, the corresponding integer-valued topological invariant is
exactly the winding number of the PBC spectral curve of H around a chosen reference
point E, as defined in Eq. (1.17). Consequently, the same winding number simulta-

neously characterizes a class-AIll TI and the conventional NHSE. Notably, under this
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correspondence, the Hatano—Nelson model, being the minimal model exhibiting the
NHSE, can be naturally extended to the Hermitian SSH model. At first glance, the dis-
cussion above suggests the failure of the conventional BBC in the presence of the NHSE.
However, the correspondence can be restored by introducing an appropriate topologi-
cal invariant defined using the OBC bulk spectral information. Let us introduce the

replacement of the BZ theory in systems where the BBC breaks down.

1.5.2 Generalized Brillouin Zone Theory

In the previous discussion, the connection between the non-trivial spectral winding of the
PBC Hamiltonian and the emergence of NH skin modes under OBC was investigated,
and a rigorous relationship between the two was established. This progress gave birth to
a new concept: generalized Brillouin zone (GBZ) theory [45, 132, 133] or the non-Bloch
theory [134]. This framework was proposed precisely to address the apparent breakdown
of the BBC in NH systems. In this approach, the real Bloch wave vector k is replaced by
a complex wave vector k¥’ = k—ilnr (r being a real parameter). The GBZ is then defined
in terms of £/, allowing NH dynamics to be described as non-Bloch wave propagation
characterized by a generalized phase factor g = ¢'®" = ret* . Unlike the conventional BZ,
where the phase factor e’* traces out a unit circle in the complex plane as k varies from
—7 to 7, the GBZ defined by § generally does not correspond to a unit circle, since r

typically deviates from unity.

Let us now outline how the GBZ, commonly denoted by Cjg, is constructed. In Hermitian
systems, the parameter [ is related to the Bloch wave number k € R through the
relation 8 = e**. For a general NH Hamiltonian #(3), the characteristic equation can
be expressed as

det [H (B) — E] = 0. (1.22)

When k is real, the resulting bulk-band structure reproduces the spectrum of a long open
chain. Extending this idea to NH systems requires selecting appropriate values of 5 such
that the bands of H () faithfully reproduce those of a long open chain. For a finite system
with OBC, the energy levels are discrete; as the system size increases, these levels become
increasingly dense and asymptotically form continuum bands. Accordingly, determining
the GBZ, U, amounts to analyzing the asymptotic distribution of eigenvalues in an open
chain in the limit of large system size. In NH systems, the modulus || is not constrained
to unity, and the corresponding states may be localized near either boundary of the
chain. As a result, these bands cannot be regarded as conventional bulk bands, but
are instead referred to as continuum bands [134]. These are generated by continuously
varying (3 along the contour Cg, as will be demonstrated later. If we number the solutions
Bi (i =1,---,2M) of Eq. (1.22) so as to satisfy |51| < [B2| < -+ < [fanr—1] < |Baml,
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then to get the continuum bands is given via the condition,

|Bu| = [Barsa]- (1.23)

The trajectory of By and Bpr41 gives Cg. In Hermitian systems, the above equation
becomes |Sy| = |Bm4i1| = 1, and Cp is a unit circle. Rigorous analysis has further
shown that although the GBZ forms a closed loop analogous to the conventional BZ,
its mathematical properties are fundamentally different [133]. For instance, the GBZ
encloses equal numbers of zeros and poles of the Hamiltonian when treated as a holo-
morphic function, such that their contributions cancel. As a result, irrespective of the
choice of base point, the eigenvalue evaluated on the GBZ exhibits zero winding. This
implies that the eigenvalue trajectories defined on the GBZ, or equivalently, the OBC
spectrum of the Hamiltonian, do not form closed loops, but instead collapse into arcs
or line segments. Such behavior is entirely consistent with the OBC spectra observed
in the prototypical Hatano—Nelson model (see Fig. 1.1(a)). Thus, we have reviewed
the origin of the NHSE from both mathematical and physical perspectives. In partic-
ular, clarifying the connection between the non-zero winding of the eigenvalues of an
NH Hamiltonian under PBCs and the emergence of the NHSE under OBCs, established
through the calculable GBZ framework, has yielded a complete formalism with a clear
physical interpretation within a single theoretical setting. Owing to its consistency and
explanatory power, this approach has become widely accepted and has recently been

extended to higher-dimensional systems.

1.5.3 Higher-order Skin Effect

In recent years, higher-order counterparts of topological phases have been uncovered
and studied in great detail [135-141]. Generally, spatial symmetries, such as inversion,
mirror, and rotation symmetries, protect these higher-order topological phases. In 2D
systems, higher-order topology gives rise to O(1) (Fig. 1.2(b)) zero modes localized at
the corners, in stark contrast to the O(L) (Fig. 1.2(a)) chiral or helical edge modes asso-
ciated with first-order topology. Likewise, in 3D systems, third-order topology produces
O(1) zero modes confined to the corners, rather than the O(L?) surface states char-
acteristic of first-order TIs. The advent of higher-order topology naturally motivates
the study of higher-order skin effect [142—-145]. Higher-dimensional systems, therefore,
provide a fertile arena in which topological phases and NHSE phenomena can coexist
and intertwine. In 2D systems of size L x L with OBC along both directions, first-order
NHSE is characterized by the accumulation of O(L?) skin modes at generic boundaries
(Fig. 1.2(c)). By contrast, in the case of a higher-order skin effect, only O(L) skin

modes emerge, and these are localized at the corners (Fig. 1.2(d)). This behavior is
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O (L) *  on®

(a) Hermitian (b) Hermitian
first-order edge second-order edge
mode mode

o o
O (L?) O (L)

(c) Non-Hermitian (d) higherorder
first-order skin non-Hermitian
effect skin effect

FIGURE 1.2: Boundary modes, illustrated via red lines or dots, are shown for a 2D

system of size L x L. (a) Hermitian first-order TI, where O(L) chiral or helical modes

emerge along the edges of the system. (b) Hermitian higher-order TI, featuring O(1)

zero modes localized at the corners. (c) First-order NHSE, in which intrinsic NH topol-

ogy gives rise to O(L?) skin modes accumulating at generic boundaries. (d) Second-

order NHSE, where intrinsic NH topology leads to O(L) skin modes localized at the
corners.

fundamentally different from all the previous cases, that is, Figs. 1.2(a), 1.2(b), and
1.2(c).

In purely Hermitian systems, higher-order topology arises from a non-trivial interplay
between topological localization in two or more spatial directions, arranged so that the
first-order topological polarizations cancel each other. In higher-dimensional NH sys-
tems, however, NHSE introduces an additional and fundamentally different localization
mechanism. In this regard, the hybrid-skin topological (HST) effect is noteworthy as
it represents a distinct interplay between NHSE and conventional topological phases,
resulting in eigenstate localization at lower-dimensional boundaries, such as corners in
2D lattices. The concept of the HST effect was first proposed in 2019 by Lee, Li, and
Gong [144], based on a 2D extension of the 1D NH SSH model exhibiting NHSE. In
this construction, the model is formed by stacking the copies of the 1D system along
a spatial direction and is characterized by four independent non-reciprocal parameters.
In the absence of specific parameter constraints, a corner NHSE emerges for all bulk
eigenstates. When the non-reciprocities are balanced, destructive interference occurs
along one direction, giving rise to a line NHSE. By contrast, if the non-reciprocities

cancel along both directions, the bulk states no longer exhibit NHSE along either axis;
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nevertheless, a corner NHSE remains under OBC. This residual localization arises from
first-order topological states that are unevenly distributed across sublattices. Such states
do not undergo complete destructive interference due to non-reciprocity, allowing them

to retain NHSE behavior and thereby form a new class of higher-order skin states.

1.6 Topolectrical Circuits

Having discussed the exceptional properties of the NH systems in detail, we shall now
examine the feasibility of realizing these quantum systems on experimental platforms.
Although topological phenomena were originally discovered in condensed matter physics,
they have since attracted strong interest from a broad range of fields, including photon-
ics, phononics, mechanics, spintronics, and electrical circuits. Among these platforms,
electrical circuits have emerged as a compelling and accessible setting for investigating
topological physics, introducing us to the concept of topolectrical circuits (TECs) [146].
Due to the high level of connection freedom, circuit networks have been used to create
many novel states of matter, such as 2D topological states [147-153], 3D topological
semimetals [3, 154-158], NH topological states [4, 103, 107, 159-163], higher-order topo-
logical states [164—169], and hyperbolic topological states [170-172]. The central idea
underlying TECs is the exact correspondence between TB Hamiltonians in condensed
matter systems and circuit Laplacians (admittance matrices). In particular, circuit
implementations offer substantial freedom in engineering hopping amplitudes and on-
site potentials, including their strengths, directions, and dimensions of a TB model.
Moreover, TEC devices are well-suited for fabrication and miniaturization due to their
compatibility with integrated circuit technology. These advantages make TECs an ef-
fective platform for probing exotic topological phenomena, advancing the understanding
of topological phases, and demonstrating potential practical applications, as explored
throughout this thesis.

The pioneering work, ‘ Topolectrical Circuit’ by Lee et al. [3] provided the first systematic
formulation of the Laplacian framework and established the correspondence between a
circuit Laplacian and a TB Hamiltonian. The early interest in TECs stems from their
close analogy with quantum mechanics. In a TB Hamiltonian, electronic degrees of
freedom are associated with lattice sites, whereas in a circuit, the node voltages play an
equivalent role. In both cases, the governing matrix, the Hamiltonian for quantum sys-
tems, and the Laplacian for circuits, encodes the connectivity between these degrees of
freedom. Despite this parallel, the two objects are not identical. A conventional Hamil-
tonian is Hermitian (though later we will consider NH extensions), satisfying H = HT.
At the same time, the circuit Laplacian appears in an anti-Hermitian form, £ = —£T,
because the admittances of inductors and capacitors contribute an overall factor of i.

Since this imaginary unit is standard to all elements of the Laplacian, one can factor it
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out and work instead with i£ (or equivalently iwLl, where w is the driving frequency),
a standard procedure in this field. The resulting matrix, often referred to as the nor-
malized Laplacian, has real entries and is therefore more convenient for analyzing the
system in direct analogy with a Hermitian TB Hamiltonian. In this representation, the
eigenvalues are real, whereas the eigenvalues of the original Laplacian remain purely
imaginary due to the overall prefactor of i. In a TEC, the existence or absence of a zero
eigenvalue of the normalized Laplacian plays a central role. Using the TB correspon-
dence, the normalized circuit Laplacian £ satisfies an equation formally identical to the
time-independent Schrédinger equation, £|¢) = E|¢), where |¢)) is an eigenvector of
L with eigenvalue E. If the circuit Laplacian possesses a zero eigenvalue, the equation
reduces to L|1p) = |0), with |0) denoting the null vector of the same dimension as L.
Physically, the right-hand side indicates that there are no current sources at any node.
Consequently, the eigenvector |tg) corresponds to a voltage configuration across the cir-
cuit nodes that satisfies Kirchhoff’s current law without requiring any external current
injection. It is important to emphasize that this situation does not contradict energy
conservation, since the circuit must be initially energized to establish such a voltage dis-
tribution. The essential correspondence here is between the eigenvector structure of £
associated with a TEC, and the spatial structure of the eigenstate of a TB Hamiltonian.
In particular, when topological zero modes exist in the non-trivial topological phase,
and their eigenstates are exponentially localized at the boundaries, the voltage response
of a suitably designed TEC must follow the same localization pattern. This correspon-
dence constitutes one of the key signatures of TECs. We shall discuss methodologies

and formalism, along with some examples, in the next chapter.

1.7 Thesis Overview

We now present a concise overview of the thesis, highlighting the main themes, the
physical problems addressed, and the key results obtained during the course of this PhD

work.
Chapter 1 presents a detailed account of the introduction.

Chapter 2 provides a brief discussion on the methodologies and the working principles
of the TECs.

Chapter 3 examines an NH SSH model, highlighting the contrasting topological and
localization behavior between sP7 and non-P7-symmetric (nPT ) regimes. In the nPT
case, non-reciprocal hopping breaks the BBC, giving rise to NHSE, while the sP7T sys-
tem, realized via a complex staggered on-site potential, preserves the BBC and shows
no NHSE. For the nPT system, we restore the BBC via the non-Bloch theory, and show
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that the topological zero-energy edge modes among the skin modes can be character-
ized by the winding number, given via Eq. (1.17). While the topology resembles the
Hermitian case for the sP7T case, it exhibits spontaneous P7T-symmetry breaking as the
imaginary potential strength varies, separating regions with real (unbroken) and com-
plex (broken) eigenvalues. Surprisingly, the Hermitian winding number characterizes
the topological edge modes. We have proposed TEC designs to realize the localization
phenomena in both cases: the skin effect in the nPT case and topological edge modes
in the sPT case. This chapter is based on the results obtained in Ref. [173].

Chapter 4 focuses on a quasi-1D NH model that captures the distinctive features of
the NHSE. Extending its Hermitian counterpart into the NH regime yields two cases:
a sPT model and a nPT model (which may or may not respect TRS). In the sPT
case, spontaneous P7T-symmetry breaking divides the system into regions with real or
complex eigenvalues. Although non-reciprocal hopping typically induces the NHSE, our
analysis reveals that the sP7T model (with non-reciprocal hopping) exhibits an intrinsic
pseudo-skew-Hermitian character, which prevents the NHSE from occurring in the sys-
tem. Overall, the model reveals three regimes controlled by the nature of non-reciprocity:
(a) no NHSE for the sP7 model and the nPT model without TRS, (b) standard NHSE
for the nPT model with TRS, and (c¢) dual-edge NHSE for the nP7T model respect-
ing both TRS and particle-hole symmetry. We characterize the topology of these NH
systems using the complex Berry phase. We have also designed TECs corresponding
to the TB models and demonstrated the absence of NHSE in the non-reciprocal TEC
through its impedance profile (IP). Additionally, we have computationally analyzed the
admittance band structures to support these findings. The key results in this chapter
appear in Refs. [174, 175].

Chapter 5 focuses on a disordered NH model, motivated by the inevitable presence of
disorder, impurities, and defects in real materials. In this chapter, we investigate the in-
terplay between the NHSE, driven by non-reciprocal hopping, and Anderson localization,
induced by quasiperiodic disorder. Using a 1D NH Aubry-André model, we investigate
the localization behavior and time evolution under single-site excitation, revealing quan-
tum jumps between skin and Anderson-localized states. In the corresponding TEC, the
excitation voltage remains localized near the driven node, unlike the NH jumps, pre-
dicted theoretically. The competition between Anderson localization and NHSE creates
a tug-of-war, leading to partial delocalization of the output signal over a limited spatial
range within the TEC. This chapter is based on the results obtained in Ref. [176].

Chapter 6 uncovers a competition between a TRS-preserving NH Bernevig-Hughes-
Zhang model, which includes a spin-dependent gain/loss potential (), subjected to
a TRS-breaking term, specifically an in-plane magnetic field, B,. For an z-periodic
nanoribbon, the magnetic field gaps out the helical edge states and produces higher-

order topological corner modes, while increasing non-hermiticity restores the edge modes
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when v > |By|. Analysis of the NH projected spin spectrum shows that for corner
modes (y < |Byl), the in-plane magnetic field enables spin-mixing channels. In contrast,
stronger non-hermiticity (y > |B,|) suppresses spin scattering and delocalizes corner
modes along the edges. We have also built TECs corresponding to the TB models and
realized first- and higher-order topological models using the IP of the circuit. the key
results in this chapter appear in Ref. [177].

In Chapter 7, we extend our investigation to higher-order skin effect, focusing on the
HST effect by breaking the inversion symmetry of a square lattice. This is achieved by
selectively removing vertical hopping terms, thereby transforming the lattice into a 2D
brick-wall (stretched honeycomb) geometry. With the inclusion of non-hermiticity, the
brick-wall lattice with OBC in both directions exhibits several striking and unconven-
tional spectral features. The eigenvalues associated with the HST modes (or the corner
skin modes) do not produce non-trivial windings in the complex energy plane. Instead,
they form isolated, EP-like points; however, these are not actual EPs since they do not
arise from the coalescence of eigenvectors. Among the corner skin modes, only two,
originating from the topological corner states of the Hermitian brick-wall lattice, are
localized at individual corners. The remaining corner skin modes accumulate at the op-
posite pair of corners. This spatial distribution is in sharp contrast to the second-order
skin effect, in which the corner skin modes are more uniformly distributed. For both
the NH square lattice and the NH brick-wall lattice, we have designed and implemented
the corresponding TECs to visualize these HST modes directly.

We conclude the key findings from Chapters 3-7 in Chapter 8, summarizing the

critical results of our thesis.
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Chapter 2

Fundamentals of Topolectrical

Circuits

This chapter presents the fundamental circuit elements, underlying principles, and
formalisms required to build TECs. In this section, we first present the fundamental
circuit equations for basic electrical components, including resistors, inductors, varac-
tors, and negative impedance converters with current inversion (INICs). Subsequently,
we provide a detailed account of the construction principles of TECs, explaining how
the circuit Laplacian can be mapped onto a TB Hamiltonian and how the circuit equa-
tions correspond to the Schrédinger equation. Finally, we describe practical methods
for experimentally probing and identifying topological edge (and skin) modes via the

electrical circuit implementation of selected TB models.

2.1 Basic Circuit Elements and Equations

Electric circuits are traditionally employed to control and manipulate the flow of electric
charge. An electrical circuit consists of a network of closed loops formed by fundamental
components such as sources, wires, switches, resistors (R), inductors (L), and capacitors
(C), which together provide return paths for current flow [178]. The foundation of the

world of electrical networks is built upon three fundamental laws, namely,

25
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1. Kirchhoff’s current law (KCL): The sum of the currents into any circuit node

is zero.

2. Kirchhoff’s voltage law (KVL): The sum of the voltage drops around any loop

is zero, and

3. voltage—current relation (VCR): The relationship between the current and

voltage when the electric current goes through a component.

Based on KCL and KVL, two standard approaches to circuit analysis are nodal analysis
and mesh analysis. These methods allow linear circuits to be systematically analyzed
by formulating a set of simultaneous equations, which can then be solved to obtain
the node voltages and loop currents. In Fig. 2.1(a), we illustrate the basic elements
used in electrical circuits, including resistors, inductors, capacitors, and varactors. The

voltage-current equations for these four components are written as

y 1 . dv .1t , dv
=5 ZZCE, z:zﬁmvdt, z:CjE, (2.1)

where C; = (bekg/)m denotes the voltage-dependent diode capacitance. Here, Cjy is the
capacitance in the absence of an applied voltage, V represents the applied voltage, V} is
the junction barrier voltage, and m is a material-dependent constant that can range from
small fractional values to several hundred. Resistors, inductors, and capacitors form the
building blocks of linear circuits, whereas the varactors are typically employed to intro-
duce nonlinearity. In addition, memory effects can be incorporated into circuit models
through elements such as memristors, memcapacitors, and meminductors. Fig. 2.1(b)
shows the configuration of INIC. According to the properties of operational amplifiers

(Op-Amps), one can write the voltage-current equations of this unit as,

Il 1 -V vV V1

- 2.2
I Zo\ -1 1 Va (22)

with v = Z_/Z,. Here, Z_, Z, and Z; are impedances of the components shown in
Fig. 2.1(b). Governed by Eq. (2.2), the unit behaves as a positive (negative) impedance
when viewed from right to left (left to right), enabling the realization of non-reciprocal
interactions as well as effective negative-impedance elements. In particular, this circuit
element is exceptionally beneficial for designing TECs corresponding to NH TB models,
as we shall see in the subsequent chapters. To illustrate how circuit equations are
formulated, we consider a simple RLC circuit as an example, shown in Fig. 2.1(c). Using

the nodal-analysis method, the response of this circuit is described by the following set
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FIGURE 2.1: (a) Fundamental electrical components used in circuit designs, namely

the resistor, inductor, capacitor, and varactor diode. (b) Schematic configuration of

INIC. (c) A representative circuit diagram consisting of three interconnected nodes.
The figures are adopted from Ref. [2].

of equations,

. V1 — Vg d(v1 — 1)2) 1 /t

= C — dt
(31 R + C1 I i Tt o viat,
. V1 — V2 d('Ul — 1)2) d(UQ = 1)3) dvs 1 /t
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d —
s & _02% 18
g9

For a sinusoidal steady-state analysis, one can Fourier transform these equations involv-
ing time to the frequency space by assuming v, = V,, exp(iwt) and i, = I, exp(iwt)

(n=1,2,3) at frequency w. The above equation can then be written as,

I G+ iwCi + 1/(iwLg1) —G —iwCy 0 Vi

I, | = -G —iwC G +iwC + iwCs + iwCy + 1/(iwLgg) —iwCy |,

Iy 0 —iwCh wCy+Gy )\ Vs
(2.4)

with G = 1/R and G4 = 1/R,. The 3 x 3 matrix appearing in the above equation is the

admittance matrix, commonly known as the circuit Laplacian [179].

2.2 Circuit Laplacian and the Schrodinger Equation

In TECs, nodal analysis is the primary analytical tool, as the focus is typically on node
voltages rather than mesh currents. For a general linear circuit composed of RLC' ele-
ments, one can introduce N-component vectors V and I to represent the voltages at the
circuit nodes with respect to ground and the externally injected currents, respectively.
The equations of motion for the circuit are then given by,

d d?

ZA(t) = V() + T

& L)+ MV (1), (2.5)

dt
where the C, X, and M are the N x N real-valued matrices . The matrix elements of

C, ¥, and L correspond to the capacitances, inverse resistances, and inverse inductances
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between pairs of nodes or between a node and ground. The circuit response at a driving

frequency w is governed by Kirchhoff’s laws expressed in the frequency domain,
I(w) = J(w)V(w), (2.6)

with .
J(w) =iwC + X + EM (2.7)

being the circuit Laplacian. J(w) can be written in the form ¢£, where £ plays a role
analogous to a TB Hamiltonian in condensed matter physics. In this correspondence,
the diagonal elements of £ represent onsite potentials, while the off-diagonal elements
describe hopping processes between sites. By diagonalizing the circuit Hamiltonian L,
one obtains the admittance spectrum j,, together with the associated eigenfunctions ¢,,,

where n =1,2,3,..., N labels the eigenstates.

In analogy with the Schrodinger’s equation, the homogeneous equations of Eq. (2.5)

(I =0) can be rewritten as 2N differential equations,

.d
—i () = H (D), (23)

with 1 = [V(t), V(t)]” and the block Hamiltonian matrix being

—12 —1
o 8 cH COM 7 (2.9)

where I denotes the N x [N identity matrix. Diagonalizing the second-quantized Hamil-
tonian in the above equation yields the frequency spectrum together with the corre-
sponding voltage profile (VP). The time evolution of the n'® eigenmode is given by
Yn(t) = Ypent (n = 1,2,...,2N), where the eigenfrequencies w, are determined by
the roots of the admittance eigenvalues through the condition j(w,) = 0. In practice,
however, directly measuring the admittance spectrum of a circuit is challenging, since it
would require continuously tuning the admittance by adjusting the inductors or capaci-
tors connected to each node and to ground. By contrast, the frequency spectrum provides
a more accessible alternative for probing band structure, as the driving frequency can
be easily varied. This approach is particularly effective for detecting topological edge

modes.

2.3 Observables in TECs

The most convenient way to visualize the circuit’s response is to measure the impedance

between two nodes. The eigenmodes and the impedance of the circuit are linked by the
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FIGURE 2.2: Instruments used in TEC experiments. (a) An impedance analyzer for

measuring impedance. (b) Signal generator for producing voltage signals. (c) Os-

cilloscope for detecting voltage responses. (d) Power supply for powering the circuit

network. The central image shows the printed circuit boards. The figures are adopted
from the official websites of the respective instruments.

circuit’s Green’s function,

¢=y jingz)nqs;, (2.10)
In

with j, being the n'"" eigenvalue and ¢,, being n'" eigenmode. One can characterize the
topological edge modes using impedance measurements. The impedance between two

nodes of a circuit is given by the formula [179],

Vo — Vi Guili — Gyl Sna— dus?
Zab = aI b= > %b“ = Gaa+Grp—Gap—Gra = Y M, (2.11)
ab i=a,b Jn In

where |¢y, o —dn | is the amplitude difference between a and b nodes of the n* eigenmode.

The impedance measured between node a and the ground is given by,

2
Za,ground = Z |¢—T€7a| . (212)
I
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The above equation indicates that the impedance is highly sensitive to the wave-function
distribution in the vicinity of j, = 0, as it diverges at this point in the absence of dis-
sipation. In realistic circuits, however, losses are unavoidable due to both the circuit
components and the connecting wires. Interestingly, these losses introduce a small imagi-
nary contribution to the admittance spectrum, regularizing the divergence and rendering
the impedance finite. In experiments, the impedance can be measured by directly con-
necting the circuit nodes to the ports of a measurement instrument using wires. The
IP is then obtained with an impedance analyzer, as illustrated in Fig. 2.2(a). Alterna-
tively, static voltage responses can be measured by injecting an external current source

to probe the eigenmodes, since the voltage distribution can be written as,

V=GI=) ,iqﬁnqsLI. (2.13)
I

Accordingly, the VP is predominantly determined by the eigenmodes in the vicinity of
jn = 0 through the factor j.!. Static eigenmodes can thus be characterized either by
impedance measurements or by static voltage measurements. However, such approaches
are insufficient for resolving the dynamical propagation of edge states. To access their
time evolution, one must measure the time-dependent voltage propagation in the circuit.
Experimentally, this can be achieved by introducing a current signal using a waveform
generator (Fig. 2.2(b)) at a chosen (sub) node and recording the voltage response at
other nodes with oscilloscopes (Fig. 2.2(c)). In this way, the temporal propagation of
voltage signals can be reconstructed. This technique is particularly crucial for identifying
the chirality of the edge states in a TI (or hinge states in a higher-order TI). Fig. 2.2(d)
shows a DC power supply, which is used to provide power to active components such as

Op-Amps.

Up to this point, we have introduced the basics of TEC, including circuit elements, gov-
erning equations, and experimental devices. In the following, we shall present several
examples of (NH) TIs and review how topological states and the NHSE are realized and
explored in electrical circuit systems. We begin by recalling conventional topological
states in circuits through the construction of a simple Hermitian SSH circuit [3]. Subse-
quently, we introduce non-Hermiticity by incorporating non-reciprocal intra-cell hopping
and demonstrate the resulting breakdown of the BBC, together with the emergence of
the NHSE, as revealed by the VP of the circuit [4]. Finally, we shall see an example of

TEC realization of a periodically driven system.
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FIGURE 2.3: (a) SSH model (top) and its corresponding TEC realization (bottom).

(b) The admittance spectrum for a system with N = 20 unit cells, where black and

red circles denote bulk and edge modes, respectively. (c) Frequency spectrum of the

circuit. (d) Enlarged view of the frequency spectrum shown in panel (c). The plots are
adopted from Ref. [2].

2.4 Circuit Realization of an SSH Model

The SSH model [16] was initially introduced in the context of solitons in polyacetylene.
Owing to its simple structure and non-trivial topology, it was later recognized as an ef-
fective minimal model for investigating topological states. The SSH model has played an
important role in elucidating how symmetry and topology govern the electronic proper-
ties of materials and has significantly influenced the broader development of topological
physics. To explicitly demonstrate the correspondence between circuit formulations and
TB models, we take the SSH model as a representative example. As illustrated schemat-
ically in the upper panel of Fig. 2.3(a), the SSH lattice is characterized by alternating
hopping amplitudes ¢; and t2. The corresponding TB Hamiltonian reads,

(2.14)

n=1

where ¢; (t2) is the intra- (inter-) cell hopping of a unit cell for a system size of N
unit cells. @y,(af) and by,(b}) are annihilation (creation) operators, corresponding to

the sites at the A and the B sub-lattices, respectively, of the n‘* unit cell. This SSH
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Hamiltonian can be faithfully implemented using the LC circuit shown in the lower
panel of Fig. 2.3(a). For this TEC realization, following Eq. (2.9), the capacitance and

inductance matrices take the form,

Ci1+Cy -4 0 0 0 0 0
il C1+ Oy —Cy 0 0 0 0
0 —Cy Ci1+ Oy -1 0 0 1
=1 o 0 -0 O+ Cy 0 0 M=zl
: 0 - 0
0 0 0 0 —C7 Ch1+Cy NxN
(2.15)

where Zy« y is the identity matrix.

The corresponding circuit Laplacian is given by J(w) = iwC + %./\/l, which yields the
effective circuit Hamiltonian L(w) = wC — %M In this mapping, the terms —wC]
and —wCs directly play the roles of the hopping amplitudes t; and t3, respectively.
Let us define t = % At the resonant frequency wy = 1/,/L(C; + C3), the diagonal
components of L£(w) vanish, resulting in an exact correspondence with the SSH TB
Hamiltonian. For a concrete demonstration, we choose the parameters C; = 0.5 nF,
Cy =1 nF, and L = 39 pH, which give a resonant frequency fy = wo/(27) = 658 kHz.
Diagonalizing £(w) for a chain of N = 20 unit cells produces the admittance spectrum
Jn(w) shown in Fig. 2.3(b), where red symbols highlight the edge-localized modes. For

the same circuit, the Schrodinger-like Hamiltonian takes the form,

0 0
e — , (2.16)
~Inyxny O

with 0 denoting the N X N zero matrix. Diagonalization of H yields the frequency
spectrum shown in Fig. 2.3(c), where each admittance eigenvalue j, corresponds to a
pair of frequencies +f,, determined by the condition j,(w) = 0. A magnified view of
the spectrum reveals that the edge states are pinned near the resonant frequency, as
displayed in Fig. 2.3(d). As a result, the eigenstates of the circuit Hamiltonian £(w)
and those of the Schrodinger-type Hamiltonian H associated with positive frequencies
exhibit a direct one-to-one correspondence. In constructing the circuit Hamiltonian, re-
sistive losses in inductors and capacitors are neglected for simplicity. In realistic circuits,
however, such losses introduce a small imaginary component into the admittance and
frequency spectra, which manifests experimentally as a finite linewidth and broadens

the impedance spectrum.

Let us now examine how the IP of the circuit changes as the capacitor values are varied.
It is clear from Eq. (2.11) that the VP of the circuit is determined by the eigenvalue, j, =

0, or jg, also referred to as the mid-gap eigenvalue. The mid-gap state can be directly
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FIGURE 2.4: (a) Measurement of the mid-gap normalized voltage eigenmode V' (n),
showing excellent agreement with the theoretical prediction, namely V (n) oc ((—t)V,0).

Here, % = V2 =t for the n'® two-site unit cell counted from the left. (b) Impedance

measurements for the configurations ¢ = 0.22 and ¢ = 1/4.5. Although serial resis-

tance and component non-uniformities are non-negligible, a pronounced SSH mid-gap

impedance peak is clearly observed for ¢ = 0.22, while it is absent in the ¢t = 1/4.5
configuration. The plots are adopted from Ref. [3].

detected through impedance measurements. Let V; and Vo be the voltage differences
across C1 and (5, respectively, and satisfy the condition, @ = C1V; = C3V,. For
C1 < (9, this implies that the voltage drop across C; is greater than that across each
Cy. This further implies that t = V5/V; = C1/Cs < 1, indicating that the TEC is in
the topological phase. When an AC source drives the circuit, the potentials V; and
Va5 oscillate out of phase, giving rise to a spatial voltage configuration of the form,
V(n) (1,0,—%,0, (%)2,0, —(%)3,0, . (—%)”,0), where the index n runs through
the two-node unit cells [3]. This alternating pattern is reflected in the normalized VP
shown in Fig. 2.4(a). Likewise, for ¢ < 1, namely in the regime where jj exists, the circuit
displays a strongly enhanced, divergent impedance response at the resonant frequency
wo = 1/y/L(C1 + Cs), as illustrated in Fig. 2.4(b). In contrast, no such divergent

impedance behavior is observed for ¢ > 1.

2.5 NHSE realized through Circuits

In this section, we review the experiment done by T. Helbig et al. in 2020, to observe skin
effect in an NH SSH model with nonreciprocal intra-cell hopping [4]. The Hamiltonian
of the NH SSH model is given in Eq. (2.14), with a minor change in notation where the
hopping parameters are identified as t; = v and to = r, as illustrated in Fig. 2.5(a). Non-
reciprocity was introduced through the parameter v in the intra-cell hopping amplitude
v. A circuit chain consisting of N = 10 unit cells was constructed, as shown in Fig. 2.5(b).

The detailed circuit elements forming a single unit cell are specified in Fig. 2.5(c), and

TH-4061_206121102



Chapter 2: Circuit Realization of Skin Effect 34

a picture of a fabricated unit-cell board cutout is displayed in Fig. 2.5(d). The key
components of Fig. 2.5(d) are:

1. An LC resonator formed by two parallel surface-mounted device capacitors (C; =
2 x 150nF) and a high-current surface-mounted device inductor on the backside
(L1 = 10.1 pH), which together realize v(w).

2. An INIC consisting of an surface-mounted device capacitor (C3 = 47nF), a nulling
potentiometer (R, = 5k), jumpers (short, conductive wires that bridge, com-
plete, or configure circuits without permanent soldering) for grounding the Op-
Amp inputs during nulling, auxiliary impedance-conversion elements (two identi-
cal pairs of an surface-mounted device capacitor Cyux = 470nF and a metal-film
resistor Raux = 20 2), the Op-Amp LT1363, and radio-frequency bypass capacitors
(100 nF) for the positive and negative supply voltages on the backside, collectively

generating ~.
3. An auxiliary intra-cell resistor (10 €2, not utilized).

4. The grounding network for sub-lattice A, comprising a trimmer resistor Ry (set
to 2012), a shielded wire-wound inductor Ly ~ 33 uH on the backside, and two

parallel surface-mounted device capacitors Cy = 2 x 47 nF.

5. The grounding network for sub-lattice B, identical to 4. except for the capacitor
configuration; and 6. intercell coupling r realized using parallel surface-mounted

device capacitors (Cy = 2 X 47nF).

For a given AC input current of frequency w = 27 f, when ~ # 0, the intra-cell cou-
pling becomes effectively non-reciprocal, giving rise to a non-reciprocal SSH circuit. For
each driving frequency f, the voltage amplitudes |V;,| of the n'" eigenvector under OBC
are plotted as functions of the node index x in Fig. 2.5(e). The green and blue curves
denote skin modes and topological edge modes, respectively. As illustrated in panels
(i) and (ii) ((iv) and (v)), when v(w) < 0 (v(w) > 0), all voltage modes accumulate at

the left (right) boundary of the circuit, demonstrating NHSE within the TEC. At the

21
vV L1Ch
panel (iii), the bulk modes exhibit no localization. To analyze the topological nature

itinerant transition point v = 0, occurring at a frequency f ~ ( ) and shown in
of the circuit, the OBC Laplacian is subsequently mapped onto an effective reciprocal
lattice model that restores the BBC. To enable a direct comparison between theoretical
predictions and experimental observations, the effective description was refined into a
full-scale fitting model that incorporates parasitic resistances in the inductive couplings,
which constitute the dominant experimental imperfections. Specifically, the inductances
were modified according to L; — L;j+ Ry /(iw), where Ry, denotes the series resistance
associated with the inductor L;. This procedure leads to a complexification of the intra-

cell coupling, such that v(w) is renormalized to v(w) — vgr + dv; within the effective
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FIGURE 2.5: (a) Asymmetric intra-cell couplings vy give rise to an NH non-reciprocal
TB model. (b) Schematic of the complete circuit configuration composed of N = 10
unit cells, illustrating periodic (red) and open (green) boundary conditions. (¢) TEC
setup of the non-reciprocal circuit model corresponding to panel (a). The parameter
~ is implemented using INICs, while an intra-cell LC resonator is employed to tune
v(w). (d) Photograph of a circuit-board cutout corresponding to a single unit cell. All
circuit modules can be connected or disconnected independently using jumpers. (e)
NHSE observed in the TEC for different driving frequencies, f. The images and plots
are adapted from Ref. [4].

model. Subsequently, the OBC Laplacian was transformed via a similarity transforma-
tion, £/ = STILS, where S = diag(1, o, a2, a?,...,a") for a system consisting of N unit
cells. The resulting Laplacian £’ supports topological zero-energy edge modes, which

are indicated by the blue curves in Fig. 2.5(e).

2.6 Building a Circuit for periodically Driven Systems

While the exploration of NH topological systems has already unveiled a multitude of
exotic physical phenomena, a further dimension of control and novelty can be achieved
by extending these studies beyond static scenarios. In this context, Floquet engineer-

ing [180-183] has emerged as a powerful technique, offering an elegant and systematic
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framework for tailoring and manipulating topological properties in out-of-equilibrium
scenarios. By periodically modulating system parameters, Floquet theory reveals that
additional non-trivial states of matter can be realized beyond their static analogues,
such as the emergence of m-modes [184] and drive-induced longer-range interactions.
This has been convincingly demonstrated in various experimental platforms, including
ultracold atoms trapped in optical lattices, photonic waveguide arrays [185-188], etc. In
this section, we explore a periodically driven model and demonstrate how NHSE may
emerge even in the absence of non-reciprocity. The primary motivation is to realize such

a driven system within a TEC framework [189].

Let us now discuss the advantages of analyzing the Floquet drive in the frequency
domain. We begin with a sinusoidally driven system described by the Hamiltonian
H(t) = Hy+Vj cos wt, where V) and w denote the amplitude and frequency of the driving
term, respectively, and Hj is a generic static Hamiltonian. Floquet theory allows the
time-dependent Schrodinger equation to be solved using the ansatz |¢(t)) = e ~*#! |u(t)),
where |u(t+T)) = |u(t)) denotes the time-periodic Floquet modes and E represents
the Floquet quasi-energies. In close analogy with the quasi-momentum in crystals,
the quasi-energies are defined modulo 27 /T, i.e., within the Floquet Brillouin zone
E € [-7/T : w/T]. From this perspective, the Floquet modes can be interpreted as the

eigenstates of the stroboscopic time-evolution operator,

U(T) 19(0)) = [(T)) ,
(T) [u(0)) = e~ [u(T)) = ™7 [u(0)) . (2.17)

>

Hence, the Floquet stroboscopic time evolution operator is,
A T .
O(T) = Texpl—i | H(t)dt) = 15T, (2.18)
0

T denotes the time ordering product and Heg is the effective time-independent Hamil-

tonian. One can obtain F and |u(t)) by solving the Floquet-Bloch equation,
[H (t) = i0] |ug(t)) = E ux(t)) - (2.19)

The operator H(t) —i0; = Hp is called the Floquet Hamiltonian. Because of the time
periodicity, it is convenient to consider the composite Hilbert space R ® T" where R is
the usual Hilbert space with a complete set of orthogonal basis, and 7' is the space of

time periodic functions spanned by {e~"“!}. This yields the following form of Hp,

Hp = b) ! Td H(t)e Hm=m’wt 2.20
F—Z(mwm,m/—i—f/o tH(t)e ) (2.20)

m,m/’

This leads to a situation in which we can split the driven spectrum into an infinite number
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of copies of the static Hamiltonian, each separated from the other by mw, where the
index m defines a subspace called the m'™ Floquet replica. A general representation of

the Floquet Hamiltonian can thus be represented as,

Ho—2w H_1 H_o H_s H_,
Hq Ho—w H_; H_» H_3
Hp=|... Ho Hy Hy H_, H_o ..., (2.21)
Hj Ho H, Ho+w H_,
Hy Hj Hs> H, Hp + 2w

where the elements Hy,, = & fOT H(t)eT™m@tdt get rid of the explicit time dependence
of the system. The Hamiltonian Hp is termed the Shirley-Floquet Hamiltonian. The

elements of the Floquet Hamiltonian can be represented as,
(m| Hp |m") = mwéy, s + EoOm m/ + Hin—mr, (2.22)

where Ej is the energy of the static Hamiltonian, and the Fourier elements H.,, are
expressed as the second term in the right-hand side of the above equation. The elements

H\,,, except for m = 0, +1, vanish owing to the mathematical form of the drive.

To implement a driving protocol in a system that demonstrates topological modes and
may have non-hermiticity-induced standard features, we consider a Creutz ladder [190]
as a paradigmatic model. Let us briefly mention the basic properties of a Creutz ladder.
It is composed of two parallel chains (or ‘rungs’) of lattice sites, interconnected via
diagonal (tp), vertical (¢y), and horizontal (fz) hopping amplitudes, as illustrated in
Fig. 2.6. A distinctive feature of this model is the presence of a magnetic flux threading
the ladder, thereby introducing an additional degree of freedom through the Peierls
phase (¢) associated with horizontal hopping. Each unit cell contains two sub-lattice
sites, denoted by a, and b,. The corresponding Hamiltonian in momentum space takes

the form,

Hy = Z {tH (ewa,tanﬂ + €_i¢bjlbn+1) +tp (aILan + aLan) + tvaILbn} + H.c.,

! (2.23)
The magnetic flux ¢ threads each plaquette of the ladder, which is related to the hopping
phase via 2¢ = q%v with @y denoting the magnetic flux quantum. The static model ex-
hibits a topological phase transition at ¢ty = 2tp. The system shows nontrivial behavior
for 2tTVD < 1 and trivial behavior for thVD > 1. For the driven scenario, when the driving
frequency, w (Eq. (2.20)), is larger than the bandwidth of the system, D, (defined as
D = 2(Jty| + 2|tp|), higher-order couplings (|m| > 1) are strongly suppressed, so that
keeping only a few replicas suffices to capture the essential physics. Thus, Eq. (2.21)

reduces to a 3 x 3 matrix, with diagonal entries as Hy — w, Hy, and Hy + w.
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FIGURE 2.6: Schematic representation of the quasi-1D Creutz ladder, where a,, and
b, denote the two distinct sub-lattices. The different hopping amplitudes, ¢y, tv, tp,
denote the horizontal, vertical, and diagonal hoppings, respectively.

We next examine the impact of adding a sub-lattice-dependent imaginary onsite poten-

tial, represented by the term,
Hy = i(ya afan + 75 blby). (2.24)
n

With the introduction of H, to the Hermitian Hamiltonian H in Eq. (2.23), the total

Hamiltonian of the system can be written as,
Ho=H+ H, (2.25)

Subsequently, as a driving protocol, a harmonic modulation of the vertical hopping term
is introduced via
ty (t) = (2Vp coswt + ty ). (2.26)

Here, Vj is the driving strength and w = 27 /T is the driving frequency with 7" being

the time period.

For better comprehension, let us briefly go through the theoretical results obtained
for a driven NH Creutz ladder, described via a combination of Eqgs. (2.25) and (2.26).
Interestingly, when a staggered configuration is imposed, specifically, v4 = —vp = 7,
and the pseudo-spin basis is rotated as o, — 0, — —0oy., an effective asymmetry emerges
in the intra-cell hopping terms involving ¢y, and 7. This asymmetry mimics that found
in non-reciprocal extensions of the SSH model [45, 173], thereby enabling the onset of
NHSE in the Creutz ladder. As shown in Fig. 2.7(a), for positive values of ¢y, the upper
diagonal elements are fully occupied, leading to all the eigenstates being localized at the
left edge of the system. Conversely, when ¢y is negative (Fig. 2.7(b)), the lower diagonal
elements become completely occupied, resulting in all eigenstates being localized at the
right edge. Although examining the geometric winding in either of the symmetric time
frames provides insight into the system’s topological characteristics, it does not provide
a complete description of the number or type of edge modes present. Depending on the

periodic table of Floquet TIs [191], each non-trivial phase in the system can then be
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FIGURE 2.7: Panels (a) and (b) denote the distribution of the NH skin modes at
the edges corresponding to positive (¢, = 1) and negative (tyy = —1) values of ty,
respectively. (c) Topological phase diagram in the w—ty plane characterized by the pair
(v0,vx). The phase boundaries are determined by solving the gap-closing conditions
of the effective Hamiltonian Heg derived using high-frequency expansion. The other
parameters have been chosen as tgy =tp = 0.6, V5 = 0.3, w =1, and v = 0.4.

characterized by a pair of winding numbers, vy and v, given as,

vy + g V] — V2
5 Vn= g (2.27)

vy =

where v; and v denote the conventional definition of winding numbers [17, 192] as-
sociated with the effective Hamiltonians in the two symmetric time frames, with the
integration being carried out along the GBZ contour obtained from analyzing the NH
setting of the model [189]. Fig. 2.7(c) illustrates these phase boundaries in the w — ty
plane. Evidently, these three distinct boundaries divide the parameter space into eight
subregions (as shown in Fig. 2.7(c)). Furthermore, via analyzing the quasienergy spec-
trum and evaluating the two invariants at representative points within these regions,
one can classify each subregion as a distinct nontrivial phase characterized by its corre-

sponding pair of vy and v, values.

Having understood the basics, let us now design a TEC capable of faithfully mimick-
ing the Floquet NH Creutz ladder.

phenomenon in an electrical setting, but to directly visualize the localization behavior

The goal is not merely to simulate a quantum

predicted by the TB model within the TEC framework. The voltage and impedance
profiles, being the key measurable quantities in such circuits, will serve as direct probes
of the TB model’s features. The Hermitian Creutz ladder (Eq. (2.23)), is emulated
by an equivalent electrical circuit, shown in Fig. 2.8(a), whose Laplacian is denoted by
L. Positive hopping amplitudes are achieved using capacitors, resulting in a positive
imaginary admittance without dissipation under AC driving. In particular, the diagonal
(vertical) hopping amplitude tp (ty) in Fig. 2.6 is implemented via a capacitor Cp (Cy)
as shown in Fig. 2.8(a). The admittance of Cp (Cy) is given by iwrCp (iwrCy) and

TH-4061_206121102

ty =1 ®) ty = —1 \\\ //
N (1,0) /
—
(11> / \ (171)
y 9 \
/
== w=22p+ /B -2
e =22y - VB
// ===y =2+ 2 \
80 120 40 80 -1 0 1
n n ty

(0,0)




Chapter 2: Circuit Realization of Driven Systems

40

Ground

T

g g LN N )
5 = S <
S <
+Ry +Ry +Ry
VA Vay1,4
|| Il ||
HCD [ CD HCD .
7*CV _-— CV
Co <o o
Vo,B D Vat1,B
LRy +Ry Ry
m —
[N ) \_6 N % N oo
~ ~
Ground

Ground

FIGURE 2.8: (a) The TEC diagram corresponding to the NH Creutz ladder. The output
voltage at the subnode A/B of the n*® node is denoted by Vn,a/B- The circuit elements
+Ry, Cp, and Cy represent the hopping amplitudes +ity, tp, and ty, respectively.
Further, the resistors Rg(A/B) encode the NH onsite potentials +iy. A grounded
inductor L is included at each subnode to tune the diagonal terms of the TEC Laplacian
at the resonating frequency, wg. (b) Circuit implementation of =Ry between two
adjacent nodes n and n + 1. A unidirectional current passing through diode D1, from
node n to n+ 1, experiences an effective negative resistance of —(R; + Rs) = —Ry due
to the 7 phase shift in the output voltage V,,+1, generated by the inverting amplifier
configuration of the Op-Amp U. However, when flowing in the reverse direction, that
is, from n + 1 to n, the current experiences a positive resistance of (R; + R2) = Rpy.
(¢) The TEC diagram corresponding to the NH Creutz ladder under a harmonic drive
applied to the vertical hopping. The diagram illustrates three replicas of the original
TEC, corresponding to Floquet indices |m| = 0, 1, interconnected by capacitors Cy;.
These capacitors simulate the Floquet drive by coupling adjacent Floquet layers.
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must satisfy the condition,
‘inCD‘ =1p and ‘inC\/‘ = tv. (2.28)

The value of the grounded inductor, L, is chosen to satisfy the following relation,

in(CV + QCD) + 0, (2.29)

iwRrL -
at the resonating frequency, wgr. The remaining terms in H (Eq. (2.23)) correspond to
horizontal hopping modified by the Peierls phase tge®®, with ¢ = 7/2. These terms
are implemented using resistors, which introduce dissipative impedance into the circuit.

Note that the values must satisfy the condition,
i
—| =Lty 2.30
| =kt (2:30

This negative resistance, — Ry, is implemented using an inverting Op-Amp configura-
tion, which functions as an amplifier with fixed negative gain, producing an output
voltage of opposite polarity. In Fig. 2.8(b), if V,, (V,,4+1) is taken as the input (output)
voltage, assuming current flows only from V,, to V11, the effective impedance is given
by —(R; + Rs), where Ry + Rs = Rpy. This is equivalent to —ity in the TB model.
The configuration is implemented by placing a diode (D7) at the inverting output of the
Op-Amp (U), ensuring unidirectional current flow from the n'® to the (n + 1) node,
which effectively generates negative resistance for currents in the intended direction. To
realize the hopping term +ity (the Hermitian conjugate of —ity), a parallel path is
added between the n' and (n+ l)th nodes, consisting of a series connection of Ry, Ra,
and a diode (D3) oriented opposite to D, as shown in Fig. 2.8(b). To realize the onsite
imaginary potential, +iv, given via Eq. (2.24), within the TEC, resistors Rg(A) and
Rg(B) at the subnodes A,, and B, respectively, are placed such that their magnitudes
are equal. Still, their signs are opposite, consistent with the relation v4 = —vp = ~.
Thus, depending upon the sub-lattice index (a,, or by) as illustrated in Fig. 2.6, the cor-
responding resistors must exhibit positive or negative resistance (A, or By), as shown
in Fig. 2.8(a). The values of Rg(A) and Rg(B) is given by,

Rg(A) = —Rg(B) = m (2.31)
The negative resistance, — Rg(B), is implemented using the same configuration as —Ry;.
Let us derive the Laplacian £ of the TEC with a total number of Ny nodes, driven at
an arbitrary angular frequency w,. The analytical details behind the formulation of
the Laplacian and its equivalence to the Hamiltonian of the TB model at the resonant

angular frequency, wg, are thoroughly discussed in Appendix B.
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Let us now simulate the Floquet Hamiltonian using TECs. The design consists of mul-
tiple interconnected circuit layers, each representing a specific Fourier mode, as shown
in Ref. [193] for a driven Hermitian SSH TEC. Nevertheless, one can still opt for a
real-time implementation with dynamically varying circuit parameters as suggested in
Refs. [194, 195], which offer a direct way to probe Floquet physics. In the context of
the driven NH Creutz ladder, the mathematical form of the drive associated with the
vertical hopping ¢y, ensures that only the Fourier components with m = 0 and |m| =1
contribute significantly to the Floquet expansion. In Fig. 2.8(c), the circuit diagram
corresponding to the driven NH Creutz ladder is presented schematically. The diag-
onal blocks H + w in Eq. (2.21) are implemented using grounded inductors (L,,) and
capacitors (C,,) connected to each subnode, depending on the sign of the shift, and the

following relations must be satisfied,

1

m = W, and ’iWRCVO‘ = ‘/0 (232)

liwgCly| =
The non-zero off-diagonal couplings between the adjacent Floquet replicas (|m| =0, 1)
are realized using capacitors of value Cly;, corresponding to a driving amplitude V.
Thus, Fig. 2.8(c) provides the complete TEC-based realization of the driven NH Creutz
ladder. For convenience, the following parameter values are fixed, Cp = 0.6 uF (tp =
0.6), C, =3uF (w=3), Cy, =03uF (Vp =0.3), Ry = gﬂ (tg = 0.6) and Rg(A) =
250 (v =0.4).

Let us first analyze the TEC corresponding to the static Hermitian Creutz ladder. For
the Hermitian model, the topological phase transition is governed by the vertical and
diagonal hoppings in Eq. (2.23), in particular by the ratio %. As shown in Fig. 2.8(a),
setting Rg(A) = Rg(B) — oo effectively removes the connection, yielding v = 0.
Fig. 2.9(a) shows the IP of the Hermitian Creutz TEC, using Eq. (2.11). In the topo-
logical regime, that is, for Cyy < 2Cp, two topological edge modes emerge, resulting in a
substantial increase in the circuit impedance. This manifests as two prominent edge IPs.
The first port is fixed at the first (last) node, while the second port is swept across all
nodes to obtain the second (first) edge IP. Each node is connected to two Cp capacitors
and one Cy capacitor, and for a fixed amount of charge @, this asymmetry leads to

significant potential differences.

For the driven case, the IP of the Hermitian Creutz TEC is constructed according
to Fig. 2.8(c), with the values of the circuit elements kept unchanged. As shown in
Fig. 2.9(b), the IP exhibits localization at the edges of each Floquet replica (|m| =0, 1).
Specifically, the first (second) edge IP is predominantly localized at the left (right) edge of
the central Floquet replica (m = 0), consistent with the spatial probability distribution
of the topological edge modes in the corresponding TB model. To construct the NH
Floquet Creutz TEC, the resistors Rg(A/B), with Rg(A) = —Rg(B) = 2.5, are being
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FIGURE 2.9: (a) The IP of the Hermitian Creutz ladder TEC, consisting of 21 unit
cells, is shown for both the trivial and topological regimes. The first and second edge
IPs are represented by red triangles and blue squares, respectively. (b) The IP of the
driven Creutz TEC, incorporating three Floquet replicas (Jm| = 0,1), is presented. In
this case, the first edge IP is predominantly localized near the right edge of the m =0
ladder (84*" node), while the second edge IP localizes near its left edge (43'¢ node).
Additionally, each edge IP exhibits minor localization near the adjacent edges to its
primary localization node. The topological phase, which is evident from the presence
of edge modes in the IP, is achieved by setting Cyy = 0.4 uF < 2Cp.

included. As demonstrated via Figs. 2.7(a) and 2.7(b), the staggered imaginary onsite
potential +ivy induces the NHSE in the driven NH Creutz ladder. This phenomenon
manifests in the TEC as shown in Fig. 2.10(a), where the absolute values of all the
eigenmodes of the Laplacian are plotted against the node index. The localization at
the edges clearly indicates the presence of NHSE, as shown by theoretical simulations
of the TEC setup. To experimentally probe NHSE in such a setup, one must excite the
TEC at a randomly chosen node and measure the resulting VP. Fig. 2.10(b) illustrates
this situation, where a specific node, namely, the 66" node, is excited using a current
source, and the voltage at each node is recorded accordingly. As demonstrated for the TB
model, reversing the sign of ¢y alters the direction of NHSE, resulting in the localization
of bulk modes at the opposite edge of the system (see Figs. 2.7(a) and 2.7(b)). To
implement this sign reversal of ¢y, within the TEC, one must effectively reverse the sign
of the vertical hopping, which requires replacing the capacitor Cy with an inductor Ly

of the same magnitude. The value of Ly must satisfy the relation =ty, and a

corresponding adjustment must be made to the grounded inductor L. It has previously
been demonstrated that an onsite potential can induce NHSE even in the absence of
non-reciprocity in static cases [107] via TECs. This clearly demonstrates that one can
control the direction and amplitude of voltage localization in the TEC by switching
between vertical capacitors and inductors, an analogue of which has been elaborately

discussed in the TB model.

We now explore the topological zero and m-modes, as illustrated in Fig. 2.7(c). To

demonstrate this, three representative points from distinct regions of the phase diagram
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FIGURE 2.10: (a) The eigenmodes of the Laplacian for the driven NH Creutz ladder
TEC with Rg(A) = 2.5 exhibit localization near the edges of the Floquet replicas,
signaling the emergence of NHSE in the TEC. The value of Cy is chosen to be 0.3 uF.
(b) A random node (node 66 in this case) is excited using a current source of amplitude
1A, and the resulting VP is plotted against the node index. The circles (peak at the
434 node) and stars (peak at the 84" node) correspond to the cases with capacitors
(Cy = 1uF) and inductors (Ly = 1uH), respectively. The IP in the logio scale
are plotted for three different cases, (cl) Cy = 0.3uF, (c2) Cy = 0.7uF, and (c3)
Cy = 1.7 uF. The red triangles (blue squares) correspond to the IP for the realization
of the zero (m) energy modes via the TEC.

in Fig. 2.7(c), characterized by the following winding numbers, 1.9 = 1,v; =0, 2.9 =
1,v, = -1, 3.9 =0,v, = —1, are being considered. For the first case, corresponding to
vy = 1, the logarithm of the IP is plotted in Fig. 2.10(c1). The impedance exhibits peaks
at the right edges of each circuit row, indicating the presence of zero-energy modes. In
the second case (1yp = 1, vr = —1), both zero and © modes are predicted by the TB
model. However, since the 7 modes have non-zero energies =%, they do not lead to
impedance divergence in the conventional setup used to detect zero modes. As a result,
the m modes are not directly visible in the standard IP measurement. To detect the 7-
modes in the TEC, an effective chemical potential shift of 4 must be introduced. This
can be achieved by incorporating additional capacitors (to add 4% ) or inductors (to add
—%) [193]. This adjustment ensures that the circuit impedance diverges at eigenenergies
of the Laplacian corresponding to the m-mode energies of the TB model. Accordingly,
Fig. 2.10(c2) shows two configurations: one without added inductors (capturing the zero
modes), and another with inductors that simulate the required chemical potential (—%),
enabling the detection of the m-modes. In both the cases, the IP exhibits maxima at the
right edges of the circuit rows, signaling the presence of both zero and m modes in the
TEC. Finally, Fig. 2.10(c3) corresponds to the third region (v = 0,;v; = —1), where
only m-modes are present, with no accompanying zero modes. This is consistent with

the phase diagram in Fig. 2.7(c).
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Chapter 3

Exploring P7T Symmetry in
Non-Hermitian SSH Model

The topological properties of the SSH model [16] have already been discussed briefly
in Section 2.4 of the previous chapter. It comprises two atoms per unit cell. When the
intra-cell hopping amplitude is weaker than the inter-cell hopping, the system encodes
a topological phase characterized by two doubly degenerate zero-energy modes at both
edges of an open chain. These edge states are quantified by winding number [196].
In the Hermitian SSH model, the winding number is zero in the topologically trivial
phase and unity in the non-trivial phase. In this chapter, we investigate a generalized
1D NH SSH model. Specifically, we demonstrate two NH versions of the SSH model,
namely the sP7T and nP7T SSH models, based on the protocol of incorporating non-
hermiticity. The nPT SSH model is achieved via non-reciprocal hopping integrals (both
within and across unit cells), while the sP7 SSH model is realized through the inclusion
of complex staggered on-site potential. We compare and contrast the corresponding
topological phases, NHSE, and the structure of the EPs in each case. For the nPT SSH
model, we employ the non-Bloch theory [134] to distinguish the topological phases of the
model. For each model, we propose a TEC design and show the impedance (voltage)
profile to realize the topological zero-energy (skin) modes. This chapter is organized
as follows. We introduce the Hamiltonians corresponding to the sP7, and the nP7T
cases in Section 3.1. We discuss the nP7 SSH model in Section 3.2, and explore the
conditions for the EPs and NHSE in the model. We then construct the GBZ for the

model, calculate the winding number, which is defined specifically for this model, and

45
TH-4061_206121102



Chapter 3: NH SSH Models 46

FIGURE 3.1: (a) NH SSH model with non-hermiticity induced in the intra-cell (¢;) and
the inter-cell (¢2) hopping amplitudes. (b) NH SSH model with imaginary potential, .
The box represents a single unit cell.

propose the TEC design. In Section 3.3, we study the topology of the sP7 SSH model.

Finally, we conclude with a brief summary of our results in Section 3.4.

3.1 Model Hamiltonians and Symmetries

The Hamiltonian of the Hermitian SSH model is given by Eq. (2.14) of the previous
chapter. First, we consider a model with non-reciprocity in both the intra-cell and the
inter-cell hopping energies, which are pictorially shown in Fig. 3.1(a). The corresponding

Hamiltonian can be written as,
A N A A~ A A~
Hy = Z [(tl — 81) Gl bn + (t1 + 61) bl.an + (t2 — 62) bl ang1 + (t2 + 82) E¢7T~b+1bn] (3.1)
n=1
where, 01 (d2) is the non-reciprocity in t1 (t2). An alternative NH model can be obtained

by including a staggered imaginary on-site potential within the Hermitian SSH model,

while keeping the hopping parameters unaltered. This Hamiltonian can be written as,
A N ~ ~ A ~ ~ A
Hy =" [iu (han — blbn) + 11 (ahbn +bhan) +t2 (Bhaner +al,100)]  (32)
n=1

where u is the strength of the imaginary on-site potential. The system can be visualized

as presented in Fig. 3.1(b).
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Next, we Fourier transform H; (j = {1,2}) and write them in the Bloch form as,

Hy =" (a], b)) hi(k) (ak) , (3.3)

k i)k
where,
0 ty — 0 to + dg)eF
hi(k) = ke ooty (3-4)
(tl + (51) + (tg — 52)61 0
and,
ha(k) = ( yog M ) . (3.5)
t1 + tae’ —U

Both Egs. (3.4) and (3.5) can be expressed in the form of the standard Dirac Hamiltonian
as Hj = d_;' - 0, where d_;- denotes vectors in the complex plane, and o denotes the Pauli

matrices. Further, the components of the d_; are written as,

dy = (dY,, dy,, di) = (t1 +tacosk, tysink, 0);

dy = (di,, di,, di,) = (=d2sink, —61 + dcosk, 0), (3.6)

and

dR = (d¥, dgy, d}) = (t1 + tacosk, tasink, 0);

dy = (dy,, dy,, dy,) = (0, 0, u), (3.7)

where, d,?, d;- (j = {1,2}) represent the real and the imaginary parts of d_;- respectively.

The eigenvalues of these Hamiltonians are given by,
E; = #|dj|. (3.8)
Let us examine the symmetries of the Hamiltonians, h;. hi(k) clearly has the CS,
ox hi(k) oy = —h1(k), (3.9)

as the CS operator, I, is o, for this system [197]. However, it does not possess the PT

symmetry, that is,
oz hi(k) ox # hi(k), (3.10)

as the PT operator is given via 0,K, with K being the complex conjugation opera-

tor [17]. While the opposite happens for ha(k), that is, P7T symmetry exists,

oo 13(K) o0 = ho(k), (3.11)
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however, CS is lost,
o, ha(k) 0, # —ha(k). (3.12)

To make the preceding discussion more structured, in the following section, we separate
the discussion of our results into those for the case with absent P7 symmetry and
those for the case with P7T symmetry. While doing so, we have considered two cases
corresponding to the topological and trivial phases of the Hermitian SSH model, namely
t1 <ty and t; > to, respectively, to compare the results obtained from the NH settings
to those with the Hermitian model. Specifically, we consider ¢; = 1, and fix ¢5 at 2 and

0.5 throughout the chapter to maintain the consistency.

3.2 nPT SSH Model

Since the NH Hamiltonians for both cases can be written in terms of d_; o (3 =A1,2}),
it may be instinctive to obtain a detailed structure of d}, which inevitably acquires a
complex form, which we elucidate below. In the nP7T case, the components of the dr

can be expressed via a complex angle ¢, which is defined by,

dly d{{y Z.dlly
t = — = —=———= 3.13
an ¢ i dli{ac idllx ( )

with di, = Re(dy,), d}, = Im(d12), d?y = Re(dyy) and dlly = Im(dy,). ¢ can be termed

as an angle between the components (di,,d1y), and can be expressed as,

¢ = PR + i1, (3.14)

where ¢r and ¢; denote the real and the imaginary parts of ¢. These components can

further be expressed in terms of the components of d [198],

; d
2igr _ (214
o =(a2)/

which, in turn, can be simplified into,

tan 2¢p = Im (j?) /Re (jﬁ) . (3.16)

div
di

div

’ d e 241 —
dl_ an €

, (3.15)

Here, di4+ are defined by,

d1+ = d{{x - dIly + Z(d{{y + dllx)v di— = d?x + dIly - Z(d{{y - dIl:r:) (317)
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Let us now focus on finding the EPs of this system. The eigenvalues given by Eq. (3.8)

will coalesce when F14+ = 0, that is, when the following condition is satisfied,
(df, + id,)? + (df, + idy,)* = 0. (3.18)

From the above equation, it is evident that the real part of the energy, E7, will be zero
when
dy, =+dy, and  df, = Fd,, (3.19)

and the imaginary part becomes zero when the hopping amplitudes satisfy,

th 41

Ry 2
% 5 (3.20)

Following Eq. (1.1) of Chapter 1, the right eigenvector of the Hamiltonian, hi(k), is

M, ; 4+, /M1 —i(on+az)/2
QRE\ _ | e Mp 3.21
‘ 1i> My + My 1 ( )

with e’ being a phase factor. Further,

given by,

, and

My = ’(751 — 1) + (to + 02)e™

, M= ’(t1 +01) + (ta — 2)e™
(t2 + 92)sink } ] [ (ta — 02) sink
, (g =tan .
t1 —01) + (t2 + d2) cos k (t1 4+ 01) + (t2 — 92) cos k

a1 =tan ! {(

Now the coalescence of the eigenvectors at the EPs demands that M; has to vanish.

This is equivalent to the condition,
|(51 — (52’ =ty +1t3 and |(51 + 52| = |t1 — tg’, (3.22)

at k = £m and k = 0 respectively. Hence, the location of the EPs is given by Eq. (3.19)
along with the criteria laid down in Eq. (3.22).

Let us turn towards the discussion on the spectral properties of the system. For the
time being, we shall proceed with the BZ theory, that is, we employ the momentum
space Hamiltonian, hi(k) (Eq. (3.4)). Diagonalizing h(k), we get the expression for the

energy, F1(k), in terms of Bloch momenta k&,

Eli(k‘) = :t\/t% + t% — 5% — 5% + 2(t1t2 + 5152) cosk — 2i(t152 + t251) sin k. (323)

Since the model possesses chiral symmetry, that is, the Hamiltonian in Eq. (3.1) satisfies
Eq. (3.9), each eigenvalue F is always accompanied by a chiral partner —E. The PBC
spectra for the parameter set to = 2, §1 = 0.3, d2 = 0.2 are shown in Fig. 3.2(a); the

motivation for choosing these values will be clarified shortly. The PBC spectrum is
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FIGURE 3.2: The upper and the lower panels represent Re(E;) vs Im(FE;) plots for
the PBC and the OBC spectra, respectively. The parameters are, for (a) & (¢) to =
2, 8§, = 0.3, 0, = 0.2, and for (b) & (d) t2 = 0.5, §; = —0.3, &5 = 0.4.

composed of two well-separated bounded regions, each corresponding to a mon-trivial
point-gap topology, thereby signaling the presence of the NHSE [45] in the system. In
contrast, the OBC spectrum for the same parameters, displayed in Fig. 3.2(c), consists
entirely of real eigenvalues and features a pair of zero-energy modes (Re(E;) = 0). This
behavior indicates that, for this specific parameter choice, the Hamiltonian Hj can be
mapped to an effective Hermitian Hamiltonian, analogous to the situation encountered
for the real-space Hatano—Nelson Hamiltonian (see Eq. (1.15)), previously discussed in
Section 1.5 of Chapter 1.

A qualitatively different situation arises for the parameter set to = 0.5, 61 = —0.3, 6o =
0.4. In this case, the OBC spectrum shown in Fig. 3.2(d) becomes complex, whereas the
corresponding PBC spectrum in Fig. 3.2(b) remains largely similar to that in Fig. 3.2(a).
Notably, the pair of zero-energy modes present in Fig. 3.2(c) is absent in Fig. 3.2(d),
highlighting a clear distinction between these two regimes. The probability distribution
of the wavefunctions, exhibiting NHSE, is depicted in Fig. 3.3. Fig. 3.3(a) shows that
nearly all the eigenstates for both cases are localized at the edges of the system, with the
zero energy modes present for the choice of parameters as in Fig. 3.2(a). However, these
are absent in Fig. 3.3(b), bearing signatures of trivial phases, where the parameters are
kept the same as in Fig. 3.2(b).

3.2.1 Non-Bloch Band Theory for the nP7T SSH Model

Let us now discuss the topology of the BBC-broken nP7 system with the help of the
non-Bloch theory [134], as reviewed earlier in Section 1.5.2 of Chapter 1, which helps
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F1GURE 3.3: Occurrence of NHSE in the nPT SSH model is shown. The parameters
are, (a) to = 2, 51 = 03, 52 = 0.2, (b) to = 05, 51 = —0.3, 62 =0.4.

correctly enumerate the topological phases and their invariants. The following discussion
on obtaining the topological phases (and invariant) should be made with caution, since
the Bloch momentum, k, no longer remains real as a result of the breakdown of the
BBC, and hence the notion of a standard BZ in principle does not exist. To this end,
we replace the Bloch factor by 8 = e’*. For Hermitian systems, the GBZ reduces to the
conventional BZ, where Cg forms a unit circle in the complex plane, since |3 = |e'*| = 1.
In contrast, for NH systems, this condition is generally violated. Following the procedure
outlined in Ref. [134], we therefore rewrite Eq. (3.4) explicitly in terms of the complex

parameter 8. Thus, we get,
hi(8) = Ry (B)ot + R_(B)o—, (3.24)

where,
Ry(B) = (t2+8)87" + (1 —&1), R_(B) = (t1 +61) + (t2 — 82)3, (3.25)

with o4 = ﬁ;% To some extent, R4 () and R_(f) corresponds to di4+ and dj— in
Eq. (3.17) in the GBZ setting. The first step toward constructing the GBZ, denoted by
(3, is to solve the characteristic equation of the n?7 SSH model,

det[h1(8) — E] = 0, (3.26)
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together with the constraint specified in Eq. (1.23) of Chapter 1. Consequently, the

characteristic equation, in terms of R4 (8) and R_(3), becomes,
Ri(8) R_(8) = E2. (3.27)

This is a quadratic equation in terms of 3, and hence only has two solutions for 5, which

are given by,

(2 +t2 -6 -3 - EY) £ \/(t% + 13— 02 — 62 — E2)2 — 4(t1 — 01)(ta — 62)(t1 + 1) (t2 + 02)
2(t; — 1) (te — d2)

Bi,2 =

(3.28)
Now, imposing the condition, |51]| = |52], to get the continuum bands [134], we get the

following condition,
(t% + t% e 5% — 5% = E2)2 — 4(t1 = 51)(t2 = 52)(t1 + (51)(t2 + (52) =0. (3.29)
Solving the above equation for E?, we get,
2
E? = (\/t% N 5%) . (3.30)

Putting the above expression for £? in Eq. (3.28) along with the condition in Eq. (3.29),

we get the branch point values of s in the locus of the GBZ curve, Cg,

= (G25) (252) oo

We next determine the remaining values of 3 in the form |B|e**, with k € [—, 7], and

plot them in Figs. 3.4(a) and 3.4(b), corresponding to the two parameter sets used in
Figs. 3.3(a) and 3.3(b), respectively. Note that when |5| = 1, that is, (t1 +61)(t2+d2) =
(t1—01)(t2—02), the system reduces to a Hermitian Hamiltonian. It is worth emphasizing
that, for the nP7T SSH model, the modulus || is constant and does not explicitly depend
on the energy E. In more general NH systems, however, S typically takes the form
B = p(E)e™* where the factor p(E) depends on the energy. In such cases, p(E) must be
determined for each value of k by solving the characteristic equation det[H(8) — E] =0
(Eq. (1.22) of Chapter 1), together with the condition for forming continuum bands,
namely |Sa| = [Bam+1] (Eq. (1.23) of Chapter 1). Substituting |3| from Eq. (3.31) in
Eq. (3.25), Ry (/) can be expressed as,

V@R - B-%) ,

Ry(B) = CFT) + (t1 — 61),
2 52 2 52 A
R_(8) = \/(tl “ 1_) ((;3 d e + (t1 + 01). (3.32)

TH-4061_206121102



Chapter 3: Results of nPT SSH model 53

(a)
1 K\ 1

=
E
-1 -1
—9 —2
-9 0 2 -2 0 2
Re (B)
4
< Ry(P) d - R(B)
3 (©) - R(B) o) (4 . R(B)
2 0.4
% 1 //_\ % 0.2
& =
E 0 \J g 0.0
—1
-0.2
-2
—0.4
-3 0 2 4 0 1 2
Re [R.(B)] Re [Ry(B)]

FIGURE 3.4: The GBZ, denoted by Cpg, in the complex plane, corresponding to cases
(a) t2 = 2, (51 = 03, 52 = 0.2, and (b) t2 = 0.5, 51 = —0.3, 52 =04. It may be
noted that the radii are greater than unity, as opposed to the Hermitian case, where it
is always 1. (c) & (d) winding of R (/) and R_(/5) in the complex plane corresponding
to the GBZ in (a) & (b), respectively. The red dot in each case denotes the origin.

2_52 2_52
These equations represent that R () and R_(/3) traces a circle with radius %

V(H-07)(83-93) . . .
and Y——les—= with centers at [(t1 — 01), 0] and [(¢; + 61), 0], respectively, in the

complex plane. Thus the circle traced out by R4 () or R_(/3), shown in Figs. 3.4(c) and
3.4(d), contains the origin (marked by the red dot), only when \/t% -8 < \/t% — 83.

Following the expression for the winding number, w, given in Ref. [134], defined for the
BBC-broken systems,

Wy — W_ 1
w = _%, where w4 = %[arg Ri(ﬁ)]cﬁ, (3.33)
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we compute the winding number, w, for our system. In the above equation, w = 1, or
equivalently wi = F1, and that is only possible when the curves traced by R, () or
R_(pB) contain the origin. Fig. 3.4(c) illustrates the winding of R, (/) (blue curve) and
R_(B) (orange curve) for the parameter set used in Fig. 3.3(a). Both the trajectories
encircle the origin, yielding wy = F1 and hence a total winding number w = 1 for the

choice ty = 2, 61 = 0.3, 62 = 0.2 <\/t% -6 < \/t% - 5%) The same parameters were

employed in Figs. 3.2(c) and 3.3(a), to show the appearance of topological zero-energy
edge modes in the spectral plot and the probability density of the system, respectively.
By contrast, for \/t% -6 > \/tg — 63, the trajectories of Ry (3) (blue) and R_(3) (or-

ange) do not enclose the origin, as shown in Fig. 3.4(d). Consequently, w vanishes, and

no topological zero-energy edge modes appear in Figs. 3.2(d) and 3.3(b), indicating that
the system is topologically trivial in this regime. Thus, the condition to get a topological

phase transition, is,

VB =\8-0; t#d (3.34)

Therefore, although the conventional BBC breaks down in the nPT case, the topological
characterization of the model is recovered within the non-Bloch framework, specifically
through the generalized definition of the winding number for NH systems given by
Eq. (3.33).

3.2.2 TEC Construction of the nP7 SSH Model

Having explored the TB model and its associated symmetries, let us now shift our focus
to constructing a corresponding electric circuit. The procedure involves substituting the
atoms in a unit cell of the TB model with nodes or junctions in the TEC, as shown
in the formalism and examples of the previous chapter. Writing KVL, KCL, and VCR
(illustrated in the previous chapter) for any random node, i, we shall have the following

relation,

ﬁij = Xz'j + 5ijWi, where W, = ZXU + X;, and i=1,2,3,...20L, (3.35)
J

where X;; is the conductance between two distinct nodes 7 and j, and Lg is number of
total unit cells of the TEC. V; and I; denote the voltage and the current flowing into
node ¢ from the source placed elsewhere. Note that the term X;; bears no meaning and
can be set to zero, whereas X; is the resultant conductance between node i and the
ground. The TEC corresponding to the Hermitian SSH model and its Laplacian was
previously introduced in Section 2.4 of the previous chapter. In that circuit, the intra-
and inter-cell hopping amplitudes, t; and to, are implemented using capacitors C; and
(3, respectively, which are kept the same for this TEC also, as illustrated in Fig. 3.5(a).
Additionally, the non-reciprocal components of the hoppings, denoted by d; and do for

TH-4061_206121102



Chapter 3: Circuit Realization of non-reciprocal SSH Model 55

@
L1 L2 47 %u L2

D1 D1
I } ‘\INIC:: ::INIC/‘ I I I I \INIC::
C1 C2
Il [l [
1l 1l 11

250
(b)

200
N
=

o 150
=
o
o
5]

EP 100
<

50

0 .
0 20 40 60 80 100
Node Index

FIGURE 3.5: (a) TEC design for the nPT SSH model. (b) The VP of the TEC is

plotted at the node indices, which shows a voltage localization at the right edge. The

output is a direct visualization of Fig. 3.3(a). The number of nodes considered here is
100.

the TB model (Eq. (3.1)), are realized through the capacitors D1 and D2, along with
INICs (see Fig. 2.1(b) of the previous chapter), connected in series with them. The
circuit parameters are chosen as ¢y = 1 uF, Co =2 uF, D1 = 0.3 uF, and D2 = 0.2 uF
to maintain the consistency with the values of the parameters (t1, t9, 01, and d2) used
in the TB model. L; and Ly are the grounded inductors, kept for tuning the diagonal
elements of the Laplacian of the TEC [3]. The TEC is operated at a driving frequency
of f =1/(2r) MHz. We hence probe the VP of the TEC by exciting it with a current,
I =1pA, at a random node. For voltage measurements, one terminal of the measuring
instrument (e.g., a multimeter) is kept fixed, while the voltage at each node is recorded

by varying the other terminal. The resulting VP, shown in Fig. 3.5(b), reveals voltage
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FIGURE 3.6: Re(E) vs Im(FE) with PBC (left column) and OBC (right column) for
three cases: (a) and (b) correspond to w = 0.5, (c) and (d) correspond to u = 2, (e)
and (f) correspond to u = 3.5, keeping to = 2.

accumulation at the right boundary of the circuit, thereby confirming the right-edge

localization characteristic of the NHSE depicted in Fig. 3.3.

3.3 sPT SSH Model

In this section, we shall explore an alternate route for rendering non-hermiticity to our
dimerized Hamiltonian, which is achieved via the inclusion of an imaginary potential, u.

The Bloch Hamiltonian is given by ha(k) in Eq. (3.5), and its eigenvalues by,

Epi = %\/[t1 + toeik[2 — a2, (3.36)

using Eq. (3.8). Using the above expression, we plot energy spectra in the complex
plane for both the PBC and the OBC corresponding to ¢; < t5 in Fig. 3.6. Due to PT

symmetry (obeys Eq. (3.11)), the energy eigenvalues always occur in complex conjugate
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pairs, that is, there must be an E* for every E. For t; < to with OBC (right column
of Fig. 3.6, two edge modes exist with £ = +iu for all values of u, a scenario that is
absent for ¢; > to (not shown here). The energy eigenvalues remain purely real (except
the points E = +iu in Fig. 3.6(b)) until the parameter u satisfies u = [t; — t2|, as shown
in Figs. 3.6(a) and 3.6(b). Beyond that, the number of purely imaginary eigenvalues
increases with w, until u = t; 4 t2 (Figs. 3.6(c) and 3.6(d)). Finally, all the energies
become purely imaginary for larger values of u, as demonstrated via Figs. 3.6(e) and
3.6(f). So, u = |t; —t2] can be thought of as the transition point between the P7T-broken
and the unbroken regions, prior to which the P7T symmetry is unbroken, while beyond
u = |t — ta|, it is broken (Table 3.1). Furthermore, the PBC spectra do not exhibit

Range of u PT symmetry Eigenvalue nature
0<wu<lt] —tg PT -unbroken Purely real
|t1 — ta] < u < t; +to | PT-breaking phase Complex
u >t +ty PT-broken Purely imaginary

TABLE 3.1: The PT-broken and the unbroken regions of the sP7T SSH model are

shown as a function of the imaginary potential, u. The phase transition between the

PT-unbroken phase with purely real eigenvalues and PT -breaking phase with complex

eigenvalues happens at w = [t; — ta|. Similarly, the phase transition between the

PT-breaking phase with complex eigenvalues and P7T-broken phase purely imaginary
eigenvalues happens at u = t; + to.

any non-trivial winding in the complex energy plane, implying the absence of point-gap

topology (and hence the absence of NHSE within the system).

Let us now examine the topological aspects of the system. The right eigenvectors of

ho(k) are given by,

—igk 0 —e~ Pk gin 0
fE) = [© OFF) and [eRP)= (T ETR) (3.37)
sin 0, cos 0y,
where, ¢, = iln ﬁ% and 6, = tan~! (,/%) As the BBC of the system is

preserved, the topological invariant for the sP7T SSH model is considered as the winding

number for the Hermitian systems. The winding number, v, is represented by [33],

1
v=o ]2 Opd(k) dk, (3.38)

where ¢(k) is the argument of d, that is ¢(k) = tan~!(dgy/day), given via Eqgs. (3.7).
The contour C' denotes the BZ, that is, k goes from —7 to w. There are no zero energy
modes (|E| = 0) as long as u # 0. However, for t; < to, we still get v = 0 for t; > t9, and
v =1 for t; < tg9 irrespective of the values of u, which is similar to the Hermitian SSH
model. This simply means that the energies of edge modes are now raised to E = +iu
from zero energy due to the introduction of the imaginary potential, +iu. Now, let us

focus on finding the EPs of this system. The energy eigenvalues coalesce when FEsi
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become zero, which leads to,
|ty + toe™ ™% = 2. (3.39)

The coalescence of the eigenvectors also demands Eq. (3.39) to be satisfied, and thus is in
contrast with the nPT case, where the conditions corresponding to the coalescence of the
cigenvalues and the eigenvectors are distinct. In terms of components of dy (Eq. (3.7)),
Eq. (3.39) can be written as,

which is the equation of a circle with radius u in a space spanned by d&. — dQRy. Conse-
quently, the EPs are arranged on the circumference of a circle of radius u, constituting

an exceptional contour [98].

3.3.1 TEC Construction of the sP7T SSH Model

Following the procedure outlined in Section 3.2.2, we construct a TEC corresponding to
the sP7T SSH model. A crucial aspect of this construction is the implementation of the
staggered imaginary on-site potential +4u within the circuit. The negative imaginary
potential (—iu) can be readily realized by introducing a resistor R, which serves as a
dissipative element, in parallel with the grounded inductor L; (Fig. 3.7(a)). In contrast,
generating the positive imaginary potential (+iu) requires the use of an INIC connected
in series with a resistor R, in parallel with the grounded inductor Ly. While the primary
role of the INIC is to introduce non-reciprocal current flow between nodes, its impact on
the circuit’s Laplacian becomes negligible when one of the connected nodes is grounded,
as is the case in our setup. This can be understood as follows. An INIC, placed in series
with an impedance, introduces a positive impedance in one direction and a negative
impedance of equal magnitude in the opposite direction, thereby breaking reciprocity.
When placed in series with an impedance that connects a node to ground, the impedance
seen from that particular node becomes negative. However, relative to the ground, the
impedance remains positive. Since the Laplacian is constructed by applying KCL at each
node (excluding the ground), only the impedance as viewed from the node is relevant.
Therefore, despite breaking reciprocity, the use of INICs still allows us to realize negative
impedance in an anticipated manner, thereby eliminating non-reciprocal effects. Note
that reversing the sign of iu does not alter the results of the corresponding TB model.
Likewise, in the TEC implementation, the specific placement of the INIC, whether in
series with L1 or with Lo, does not affect the resulting behavior. To realize topological
(non-zero-energy) modes, we choose the circuit parameters as C; = 1 uF, Co = 2 uF, and
R =19, which correspond to t; = 1, t3 = 2, and v = 1 in the TB model. The procedure
to obtain the IP of the TEC is the same as demonstrated in Section 3.2.2, that is, the

circuit is excited with a current source, I = 1 yA, at a random node, and then keeping
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FIGURE 3.7: (a) TEC design for the sP7 SSH model. The IP of the TEC is plotted at
the node indices in the (b) topological region and (c) trivial region. The total number
of nodes in this case is kept fixed at 20.

one terminal of the measuring instrument (e.g., a multimeter) fixed at the left end of
the TEC, the voltage at each node is recorded by varying the other terminal. Fig. 3.7(b)
displays the IP of the sPT SSH circuit, obtained via Eq. (2.11) of the previous chapter.
The edge localization of the IP at the right end of the circuit closely reproduces one of
the two topological edge modes predicted by the TB model. Note that the other edge
mode would be localized at the left end of the circuit, which is not shown here, and would
only require fixing one terminal of the measuring instrument at the right end (instead
of the left) of the TEC. When the value of C5 is modified and set to Cy = 0.5 uF, the
edge localization in the IP disappears. Instead, the IP exhibits fluctuating behavior
characteristic of the trivial regime (C; > C3), as shown in Fig. 3.7(c).

3.4 Summary

In this chapter, we have investigated the NH SSH model and examined two cases, namely
the sPT case (modeled by a complex on-site potential) and the nP7T case (modeled
by breaking reciprocity in the hopping amplitudes). The topological properties of the
nPT system are obtained via the non-Bloch (GBZ) theory due to the breakdown of
the BBC. Consequently, the PBC spectra (corresponding to BZ theory) exhibit a point-
gap topology in the complex plane. The conditions for EPs, in a more general sense,
have also been provided. For the sP7T case, the eigenvalues are either purely real (P7-
unbroken region) or purely imaginary (P7-broken region). This model does not show
NHSE; instead, only two non-zero-energy topological edge modes, characterized via the
winding number, are observed for ¢; < to. The scenario is similar to the Hermitian SSH
model Also, we observe the emergence of an exceptional contour rather than EPs. The
localization phenomena (NHSE for the nPT case and topological edge modes for the

sPT case) are correctly captured in the corresponding TEC setups.
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Chapter 4

Unraveling Skin Effect in a
Non-Hermitian Quasi-1D System

Having studied the NH SSH model along with its TEC analogues in the previous
chapter, we explore the topological properties of another, and somewhat unconventional
system, namely, an NH quasi-1D model, comprising spinless fermions residing at A and
B atoms within a unit cell, in this chapter. We introduce non-hermiticity into the
Hermitian model in the same way as in the previous chapter, namely, via staggered
onsite imaginary potential and non-reciprocal hopping amplitudes. Hence, we classify
such NH systems based on their adherence to the P7 symmetry. Furthermore, we
observe the existence of BBC [199] within a distinct non-reciprocal model, suggesting
that NHSE does not occur in this specific system. To explore the topological properties
of the model, we proceed to calculate the topological invariant, which is the complex
Berry phase [200], and the inverse participation ratio (IPR) to observe the behavior
of the edge modes. Additionally, we identify a different kind of non-reciprocal system
that exhibits both the conventional NHSE and the NHSE appearing at both edges.
Subsequently, we propose TEC designs for each TB model. This chapter is organized
as follows. In section 4.1, we provide a concise introduction to the Hermitian model
and its representations in real and momentum space. This is followed by a systematic
presentation of the results from the Hermitian model, including analyses of IPR, energy
spectra, and the topological invariant, the Berry phase. In section 4.2, we introduce
the two nPT NH models, categorizing them based on the presence and absence of

TRS. In section 4.3, we discuss the sP7T NH model, characterized by non-reciprocal

61
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hopping amplitudes. The non-existence of NHSE is carefully scrutinized in this case.
The corresponding TEC setups are explored following the discussion of each TB model.

In section 4.4, we summarize the results obtained in this chapter.

4.1 Hermitian Model

We begin by discussing a 1D ladder model comprising A and B atoms in a unit cell.

The Hamiltonian of the system is given by,

L L L—1
Hy = Z {EA&}LCALi—{—EBbIbi} —Z tAB(AL;-rbl;l—i—Z —tA(Az;rfLiJrl+tBb;-rbi+1—|—tABijbi+1 +H.c.,
=1 =2 =1

(4.1)
where €4 and ep are the onsite potentials corresponding to the A and B atoms, —t4
(tg) and tap (—tap) being the hopping strengths for A™~! ++ A® (B*~! + BY) and
A=Y« BY (B! < AY), respectively (double-headed arrows denote the Hermitian
case). A’ and B’ suggest A and B atoms at i'" unit cell respectively and L denotes
the total number of unit cells. a; (&j») and b; (l;j) are annihilation (creation) operators
for spinless fermions pertaining to the A and B atoms of the i*! unit cell respectively.
Under PBC, the Hamiltonian in Eq. (4.1) can be written in the following Bloch form in

momentum Space as,

Ho(k) = (a} b}) ho(k) (“’“) , (4.2)
k

by,

with ho(k) being the Bloch Hamiltonian which has a form,

e B e 2it g sink
ho(k) = [ 4~ ™ " AB | (4.3)
—2itapsink eg + tge ik —I—t}fgelk

Before going to the NH versions of the system described by Eq. (4.1), first, we need
to understand the properties of the Hermitian counterpart. For this, we shall study a
special case of this Hamiltonian by setting eq = —ep = eand t4 =tp =t} =ty =t.

With this simplification, the model Hamiltonian in real space can be written as,

L L L—-1
H =) {E(dj‘dz‘ - bgbi)] N tapafbii+ > {— t(af i1 — blbip1) +tapalbis | +Hee.
=1 =2 =1

(4.4)

after the Fourier transformation of Eq. (4.4), the Bloch Hamiltonian takes the form,

hi(k) = (4.5)

€ — 2tcosk 2it g sink
—2itygsink —e+ 2tcosk '
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O——®O——=®

tAB - tAB

—tg taB

N ]
®——1®—

FIGURE 4.1: Pictorial representations of the simplified version (Hi, given by Eq. (4.4))
of the Hermitian quasi-1D system. The rectangular box represents a unit cell.

This implies a staggered potential of strength +e at each of the atoms A and B, hopping
amplitudes of £t (A" <+ AT! B' «» B and 4+tap (A" < B! and A" « B 1),
shown in Fig. 4.1. Let us discuss the symmetries of H;. The system has TRS [192], as
the Bloch Hamiltonian, hj(k), satisfies the following relation,

Tihi (k)T = hi(=k); with 7,77 = +1, (4.6)

where T (= UrK, Up being a unitary matrix) is the TRS operator that is anti-unitary
in nature. For systems consisting of spinless fermions, 7 is nothing but the complex
conjugation operator K and 72 = 1. The system also possesses PHS [15], which is
written as,

Ch(k)C™' = —h(—k); with C?*=4+1. (4.7)

The anti-unitary PHS operator C = UcK (Uc is unitary) anti-commutes with the Bloch
Hamiltonian hi(k) with Uo = o0,. Thus, the eigenvalues come in pairs, £F, with
corresponding eigenvectors being |1)) and C |¢). The presence of CS [15] is also noted,
as the CS operator (I') is nothing but I' = T -C. These characteristics lead us to classify
the system within the class BDI in AZ symmetry class [15].

Next, we explore the topological properties and edge-states of this model with OBC and
calculate the topological invariants for each PBC model. First, we take the Hermitian
model represented by Eq. (4.4) for a 1D chain of length L. In Fig. 4.2(a), we have
presented the real-space eigenspectra with the onsite energy e being varied from 0 to
4t. Here, we have set t = t4p = 1 and, in most cases, set the energy scale to a unit of
t. The existence of a two-fold degenerate zero energy edge state till ¢ = 2t and their
disappearance beyond that point suggest a topological phase transition at that point.
Thus, for e < 2t (e > 2t), the model is topological (trivial). To ascertain the localization
of the zero energy edge states, we use the familiar approach of computing the IPR [201],
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FIGURE 4.2: (a) Eigenvalues of Hy (Eq. (4.4)) vs ¢, showing the appearance (disap-

pearance) of the zero energy eigenstates prior to (beyond) e = 2t, (b) mIPR vs € is

shown, suggesting that the edge states vanish beyond the point e = 2¢, and (c) system
size effects on mIPR is shown with € = 0.5¢.

defined via,

R _ _2n it (4.8)

(X [42)*

where IPR® is the IPR of the ;! eigenstate and n denotes site index. IPR of a particu-
lar state varies inversely with the system size (~ L~!) when it is extended. In contrast,
the IPR becomes independent of system size for localized states and approaches 1 (in
the thermodynamic limit) when they are completely localized at a given site. Here, the
maximum [PR (mIPR) represents the IPR of the topological edge modes. Further, it de-
notes the highest IPR among all eigenstates in the trivial phase, which lacks topological
edge modes. It is plotted as a function of the potential, ¢, in Fig. 4.2(b). The non-zero
values suggest that the edge states exist until € = 2t and vanish afterwards. As the value
of the IPR (or mIPR) is sensitive to the total number of unit cells, we also investigate the
system-size effect on mIPR. Fig. 4.2(c) shows the corresponding plot, suggesting that it
is independent of the system size beyond a critical system size of L ~ 1000. Thus, we

have fixed the number of unit cells at 1000 for the numerical analysis of mIPR.

We select the topological invariant as the Berry phase [202] in our case. It is a geometric
phase acquired by the eigenstates during an adiabatic cycle in parameter space, such as

time, position, or momentum. The definition of the Berry phase is given via

vy =i 74 (s (k)] Vi [ (k) dk, (4.9)
BZ

where |11 (k)) (J©—(k))) is the eigenvector corresponding to the upper (lower) band of
the Bloch Hamiltonian, and + signs label the band index. Generally, the Berry phase
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FIGURE 4.3: The locus of d_’; (an ellipse) in dy,, — d}, plane for the two cases, namely,
(a) € < 2t, where the origin (0,0) is inside the closed loop, and (b) € > 2t, where the
origin is outside the ellipse. The center of the ellipse is at (—¢,0).

is an integer (positive or negative) in the unit of 7. Let us now discuss the properties of
the momentum space Hamiltonian, hi(k) (Eq. (4.5)). hi(k) can be written as a Dirac
Hamiltonian, h(k) = d_i - o, where d_i = (0, —2tgpsink, e — 2tcosk) and o denote the
Pauli matrices. The presence of the di, term in dx poses a challenge for computing
the Berry phase from Eq. (4.9). Hence, to make d;, zero, we shall perform a unitary

transformation on hq(k). This is achieved via a unitary matrix U, such that,

1 ({1 -1
n' (k) = U'hy(K)U; where, U= — , 4.10
() = Utha (k) v <1 ) ) (4.10)
which yields,
0 —e+2tcosk +2it in k
h'l(k) _ € + 2t cos +21t A Sin ’ (4'11)
—e+ 2tcosk — 2itypsink 0

The Dirac form for b (k) is given as, b} (k) = d_’i-a with d_’i = (—e+2tcosk, —2tapsink, 0).

The unitary transformation interchanges the x and the z components of d; in addition

to rendering a negative sign, that is, dj, = —dy, and d}, = —di1,. Now that we have
", = 0, we shall use the eigenvectors of h (k) corresponding to the eigenvalues E14 (k),

which are given by,

, B L 4 e~ 1P1k
Wu(k»—iﬁe C( . ) (4.12)
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FIGURE 4.4: The energy dispersion corresponding to hi(k) shown for the three cases,

namely, (a) € < 2t (gapped), (b) € = 2t (where the spectral gap closes), and (c) € > 2¢

(gap reopens) keeping t = tap = 1. (a) and (c) imply the topological and the trivial
phases of Hy, whereas (b) shows a gap closing (phase transition) point.

where ( is independent of k and ¢y is given by,

$1 = tan ! ( —2tapsink )

_— 4.1
—e+ 2tcosk (4.13)

Putting |4}, (k)) in Eq. (4.9), we will get the expression of the Berry phase, v+, given
via,

7z Ok 2

dk. 4.14
—e + 2t cos k)? + 4t% g sin? k (4.14)

1 0 1 2t ap(ecosk — 2t

%:7?{ Puk g ?( AB( )
B (

The Berry phase depends on the values of € and t; however, it is independent of t45.

For € < 2t, the Berry phase acquires the value —7, and for ¢ > 2t it vanishes, marking

the topologically non-trivial and trivial regimes, respectively. These are reminiscent of

the appearance and disappearance of two zero-energy edge states (shown in Fig. 4.2(a)).

The transformed Bloch Hamiltonian R} (k) (Eq. (4.11)) falls under the same symmetry
class, namely BDI, which ensures that it has all the symmetries which the original model
(represented by hy(k)) possesses. As shown in Fig. 4.3, in the d}, —d, plane, d_’; forms a
loop as k goes from —7 to +7 in the BZ and includes the origin (0,0), about which the
trajectory of d_’i can be seen to look for the topological properties. For the case € < 2t,
the EP is enclosed (Fig. 4.3(a)) and excluded (Fig. 4.3(b)) when e > 2¢, indicating
topologically non-trivial and trivial phases, respectively. The expression for the energy,

E (k) corresponding to Bloch Hamiltonians hq (k) or h}(k), is given by,

Ev4 (k) :t\/ (—e+2tcosk)? + 4t psin? k, (4.15)
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FIGURE 4.5: Circuit diagram for 3 consecutive unit cells corresponding to the Hermi-

tian model in Eq. (4.4). The unit cells and the atomic degrees of freedom are denoted

by m and A/B, respectively. The rectangular box represents a particular unit cell. The

black dots represent all the connections (or junctions). The expressions (and values) of
all the remaining circuit elements are mentioned in the text.

and is plotted in Fig. 4.4. Figs. 4.4(a) and Fig. 4.4(c) show gapped eigenspectra cor-
responding to the cases € < 2t and € > 2t, respectively, but with different values of
the Berry phase, which are —7 and 0, respectively. They correspond to the scenario
depicted in Fig. 4.3(a) and Fig. 4.3(b), respectively. The spectral gap vanishes at k =0
in Fig. 4.4(b), which corresponds to € = 2¢, which is the case when the EP (0,0) lies on

the locus of d_’;.

4.1.1 Circuit Realization of the Hermitian Model

Having explored the TB model and its associated symmetries, let us now shift our focus
to constructing a corresponding electric circuit. The procedure involves substituting the
atoms in a unit cell of the TB model with nodes or junctions in the TEC, as shown in
the formalism and examples of Chapter 2. The relationship between the Hamiltonian
characterizing the TB model, delineated by Eq. (4.4), and the Laplacian pertaining to
the analogous circuit portrayed in Fig. 4.5, can be elucidated through the following
elaboration. The hopping parameters ¢t (—t) and t4p (—tap) of the TB model are
embodied by the capacitors (and inductors) denoted as Cy (and Li) and Cy (and Lg),
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as shown in Fig. 4.5. Furthermore, the modulation of the onsite potential, denoted by
+e, is achieved by utilizing elements C5 and Ls. Note that the circuit elements C' (and
L), which are connected to the ground, are parallel combinations of C, Co and C5 (and
Ly, Ly and L), respectively, which yields C' = 3C, — Cy — C3 (and % = L% — L% — L%,)
For the present case, we set |R| = oo, which implies that the connection is disjunctive
there. Consider the Laplacian of the Hermitian circuit denoted as Jy,. This Laplacian

can be expressed as follows,

JHl(w) =
—(E+ ) 0 o iwCh 0o ...
iw(CQ + C)
0 —iw (201 + Cq)— o iwCh 1 S
1 /1 1
wzt1;)
1 1 1 2 1 1 .
m iwlha *E(Lfl + ch)i 0 m ’LUJCQ 0
iw(CQ + C)
iwCh iwCh 0 —iw(2C) 4 Co)— o iwCy 0
1,1 1
wlz+1;)
1 1 1 2 1 1
0 0 whr whs -wtn)- 0 ©on
iw(Cy + C)
(4.16)

The Laplacian, Jg, (wp), replicates the Hamiltonian H; (Eq. (4.4)) at a resonance angular

frequency wy, defined via,

1 1 1
VLG VI:Cy  I3C3

wo = 2w fo = (4.17)
The next task is to obtain the IP of the TEC, in which one port remains anchored at
the edge of the circuit while the other is systematically connected to each node within
the network. Fig. 4.6 demonstrates the IP of the TEC at the resonance frequency wy.
The first port is fixed at the first (last) node to obtain the second (first) edge mode.
We have kept the values of C, L1, C3 and L3 fixed at 22 puF', 27 pH, 6.8 pF and
87 wH, respectively. The resonance frequency of the circuit is fo ~ 6.53 kHz. Notably,
the IP observed, corresponding to the topological scenario in which Cy 4+ C3 < 3C1,
remarkably mirrors the exponentially decaying probability distribution (blue and orange
curves). This is a direct visualization of the doubly-degenerate zero-energy boundary
modes observed in the corresponding TB model (see Fig. 4.2(a)). For the trivial case
(Co+C5 > 3C1), we have kept the values of Cy and Lo fixed at 68 pF' and 8.7 pH, while
for topological case (Cy + C3 < 3C1), those have values 33 uF and 18 uH, respectively.
Consequently, the topological phase transition, that is, an emergence of a trivial phase

in our TEC, manifests at the critical condition Cy + C'5 = 3C;. This equivalence can
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FIGURE 4.6: The IP of the Hermitian circuit, comprising of eight unit cells, for both
the trivial and the topological cases. The TEC comprises 16 nodes.

be understood as follows: the TB potential, ¢, is expressed as ¢ = Cy + C3 — C1, and
t = (', as mentioned before, and the spectral-gap-closing scenario that occurs for the
TB model at € = 2t (Fig. 4.4). Within the trivial regime, the entire IP hovers near zero,

indicating an extended eigenmode in the corresponding TB model.

4.2 nPT NH Models

Next, we explore the NH extensions of the Hermitian model described by Eq. (4.4).
Following the method described in the previous chapter to break the hermiticity of a
model, we employ the following techniques,

1. introduce imaginary onsite potential.

2. break the reciprocity in the hopping strengths between the lattice sites.
We shall explore models that lack the P7T symmetry in the subsequent subsections.

Furthermore, we have categorized nPT NH models into two groups, namely, those with

and without TRS, and examined their topological and localization properties in detail.
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4.2.1 nPT NH Model without TRS

In this section, we introduce a staggered imaginary onsite potential in the system. This

will result in a Hamiltonian of the form given by,

L L—-1
Hy = Z [ie(&g&i —BI(A)@)] —Z tABfl;[lA)l;l + Z [—t(@;-r@i+1 —lA?;rlA)iJrl) +tAB&Il;i+1 +H.c.,
=2 =1

i=1
(4.18)
where € is real. The corresponding Bloch Hamiltonian is given by,
e —2tcosk  2it in k
ha (k) = i€ ' coS 'z AB sin . (4.19)
—2itpapsink —ie+ 2tcosk

The ie term will break TRS and hence will not possess P7 symmetry, which can be
realized via,

(PT)ha(k)(PT)™! = ~his(k) # ha(k),

where the PT operator is equal to 0,K (0, :  component of Pauli matrices and K :
complex conjugation operator). It is known that in NH systems, there exists an AZ}

symmetry class [34], apart from the AZ symmetry class, since H* # H”. Thus, this

1.3

1.2

1.1

LDOS

1.0

0.9

0 50 1000'8

€ € Site Index

FIGURE 4.7: The (a) real part and (b) imaginary part of the eigenvalues of Hy are

plotted as a function of e for 100 unit cells. (b) shows the absence of purely real

eigenvalues and hence is suggestive of a nPT scenario. (a) and (b) show the appearance

(disappearance) of doubly degenerate absolute zero energy edge modes, that is, both

the real and imaginary parts of the eigenvalues being zero, for € < 2t4p (¢ > 2tap). (c)

LDOS is calculated for both the topological and the trivial phases. The plot confirms
the absence of NHSE.
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system possesses another symmetry TRST from the AZ' class, which demands,
CihT(k)Ci' = h(—k); with C.CY = +1, (4.20)

for any h(k), with C; being an unitary matrix. Further, ho(k) satisfies hl (k) = hao(—k).
So, the present model falls in the class AI' in the real AZT symmetry classification due

to the TRST symmetry present in the system.

We now analyze the topological and localization properties of the edge modes of this
model. The potential +ie on the A and B atoms in the Hamiltonian Hs physically im-
plies ‘gain’ and ‘loss’ of energy that the system experiences due to the non-hermiticity.
Fig. 4.7(a) suggests that doubly degenerate zero energy edge modes exist till € = 2 (in
units of t45), and disappear beyond that. The presence of non-zero imaginary parts in
the energy spectrum depicted in Fig. 4.7(b) serves as evidence for the absence of PT
symmetry of the system. Figs. 4.7(a) and 4.7(b) demonstrate that the energy eigenval-
ues, F, appear in pairs, that is +F, which is a manifestation of PHS. In Fig. 4.7(c),
we have shown the local density of states (LDOS), which can be obtained from the

expression,

2L
LDOS™ =3 |y %,
=1

corresponding to the n'® lattice site, where the summation index, i, runs over all eigen-
values. Higher values of LDOS at the edges of the system for the case € < 2t4p support
the existence of the two localized edge modes, which contrasts with the case correspond-
ing to € > 2t4p. It is clear from Fig. 4.7(c) that the NHSE is absent in this system as

LDOS is non-zero at the interior of the system. The IPR is given by the same formula as

3
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FIGURE 4.8: mIPR versus € is plotted here for different values of ¢t 4p keeping t = 1.
The plot suggests that the existence of the edge states now depends on t4p. The
scenario is unlike the Hermitian model, where it depends on t.
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in Eq. (4.8), except that the right eigenvectors, determined via Eq. (1.1) of Chapter 1,
will have to be used for this case. The mIPR, defined in the previous section, is com-
puted as a function of € for three different values of ¢t 45, namely, tag = 1, 1.5, 2.0, and
is shown in Fig. 4.8. The presence of the zero-energy edge states for the model depends
on t4p. The mIPR is non-zero (edge states) for values of € lower than 2¢4p, and beyond
that, it is zero, implying that the edge states exist till € = 245, and disappear beyond
that.

It may be noted that, owing to the fact that BBC is preserved in this case (absence of
NHSE), involving the non-Bloch band theory [134] is superfluous. Thus, we proceed to
analyze the PBC scenario with standard BZ theory. We perform the same unitary trans-
formation as done in the previous section, given in Eq. (4.10), on the Bloch Hamiltonian,
ho(k) in Eq. (4.19), which yields,

hy(k) =

0 —i€ + 2t cosk + 2itpg sin k (4.21)
—ie + 2tcosk — 2itypsink 0 : '

which can be written in a Dirac form as, hf (k) = d_é-a with d_’; = (—ie+2tcosk, —2tapsink, 0).
d_é has all the symmetries, that is, both PHS and TRS'. Evidently, dy and d_’; have the

same eigenspectra, and are given by,

Eas (k) = %/(—ie + 2t cos k)2 + 4¢3 ; sin? k. (4.22)

The left (|JA54(k))) and the right (|45, (k))) eigenfunctions of hb (k) are given by,

1 [ e 1 . [ e~ P2k
X)) = e ( 4 ); \wgi<k>>=ﬁeﬂ"( “ ) (423

Here 7 is a constant (and independent of k and ¢9f), and ¢y, is given by,

_ —2tapsink )
—tan ' [ ——28 27 )
Dok = (—ie + 2t cos k

With the help of a bit of algebra, one can show that the locations of the two EPs in
a space spanned by dot — dg; are at (dIQIy, —dy,) and (—d’QIy,dgx) (173, 198] which are
(0,€) and (0, —e) respectively, where dyt (dg;) and dy, (dgy) represent the real and the
imaginary parts of dy, (d5,) respectively. At these EPs, for k = §, E2(k) vanish and
(MNoy (k) |95 (k)) becomes ill-defined. The locus of the real part of d72 constitutes an
ellipse with the center at (0,0) in the dogt — d;lz plane as shown in Figs. 4.9(a) and
4.9(b) corresponding to two representative values of €, namely, ¢ = 1.5 and ¢ = 2.5
respectively. The EPs are inside (outside) the ellipse in Fig. 4.9(a) (Fig. 4.9(b)) for
€ < 2tap (€ > 2typ). Thus, Fig. 4.9(a) is referred to as the topological phase with two
zero-energy edge modes, while Fig. 4.9(b) is in the trivial phase. Further, Figs. 4.9(c)
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FIGURE 4.9: Real part of d), is drawn in a plane spanned by dof —d;% for the parameters

t=1,tap =1, and (a) e = 1.5, where the ellipse encloses the EPs (topological case),

and (b) € = 2.5, where it excludes the EPs (trivial case). (c) and (d) represent 3D

plots of the band structures (F24 (k) vs k) with the real and the imaginary parts of

the energy being plotted along the x and y axis, respectively. At the same time, the

momentum k is along the z direction. The points in green and brown denote the actual
data points and their 2D projections, respectively.

and 4.9(d) are the band structures for the same parameters as used in Figs. 4.9(a) and
4.9(b), respectively. The plot shown in green color denotes Eqi (k) as a function of k,
and the one in brown color represents the 2D projection of the same in the complex
plane. Fig. 4.9(c), which corresponds to the topological phase, shows that there is a real
line gap in the band structure as Re(E2(k)) # 0 V k. The base axis is the imaginary
axis, with the projected Eo(k) lying on either side. At € = 2t4p, the two bands are

s

2
gapless at these points, where the topological to the trivial phase transition occurs. In

intertwined at the points, —7, 0 and in the BZ. Thus, the Hamiltonian becomes
contrast, in Fig. 4.9(d), for € > 2t 4, the line gap becomes imaginary, with the base axis
now being replaced by the real axis, and the system is in a trivial phase. The absence

of non-trivial point-gap topology in this system is reminiscent of the absence of NHSE.

We have also computed the complex Berry phase [197, 200], the NH version of the Berry
phase, given via Eq. (4.9), to characterize the topological phases in the system. It en-
codes both geometric phase (real part) and geometric amplification or decay (imaginary
part), revealing how topology survives and is reshaped by the non-hermiticity. The
origin of this topological invariant remains the same as in the Hermitian case, with the
only difference that both left and right eigenvectors, defined via Eq. (1.1) of Chapter 1,

must now be employed for computation. Thus, the definition becomes,

12 =i g (R Vilp(b) d. (420
BZ
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for the left (right) eigenvector (A(k)| (|(k))) of any general NH Hamiltonian. Substi-
tuting the expressions of |A\yy (k)) and |¢h. (k)) (Eq. (4.23)) in Eq. (4.24), we get the

expression as,

ljg Oda, i 1 2t gp (i€ cosk — 2t)
B

== == dk. 4.25
T z 0k 2 JBz (—ie+ 2t cosk)? + 4t 5 sin? k (425)

2
From the above equation, we get that while the complex Berry phase is independent of
t, it changes value from —7 to 0 at € = 2t4p, denoting that these are the topological
and the trivial phases, respectively. Thus, a phase transition occurs at ¢ = 2t 4. These
phenomena are almost the same as the Hermitian case, except for the fact that the roles

of t and ta4p are interchanged with regard to the topological phase transitions.

4.2.2 TEC Realization of the nPT Model (without TRS)

The creation of an analogous electric circuit is accomplished by incorporating both pos-
itive and negative resistive components (£R), as illustrated in Fig. 4.5, with R being
finite for this case. They are strategically connected between the circuit nodes and the
reference ground. Furthermore, we have set C = 2C and L = % to cancel out any addi-
tional terms in the onsite potential other than £+ R. This makes the scenario completely
equivalent to the imaginary onsite potential, +ie, in the corresponding TB model. It
is important to note that negative impedance is implemented via INIC. The construc-

tion and working principle of INIC is already discussed in Chapter 2 (Fig. 2.1(b)). In

% 10%

—_ — 1st edge mode

S _

~— 4] 2nd edge mode
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5] —— Trivial case

=

=

D 2]
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— 0 e TR T e e e
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FIGURE 4.10: The IP of the nPT NH circuit, constituting of eight unit cells. The
trivial and the topological cases correspond to the values of R being 10 © and 100 €2,
respectively.

Fig. 4.10, we present the IP for the nPT NH circuit, which has been achieved within

both the trivial and topological regions employing the method expounded in the previous

section. The resonance frequency of the circuit is approximately fo = 52 ~ 206.5 kH 2.
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The criterion for the topological phase transition in this scenario is succinctly expressed

as R = 2w;C’2 ~ 11.68 €0, which is equivalent to ¢ = 2t 4g for the TB model.

4.2.3 nPT NH Model with TRS

We proceed to construct another type of NH model that lacks P7 symmetry but retains
TRS. To accomplish this, we fabricate a model where the non-reciprocity term is included
in the A <+ A" and B? <+ B**! hopping. The Hamiltonian in real space is given by,
L—1 r o
Hy = Hy = > [A@fas — afyya5) + A@bi — by, 0] (4.26)
i=1
where A (A) is the non-reciprocity in the hopping between A (B) atoms, and H; is
given by Eq. (4.4). The corresponding Bloch Hamiltonian can be written as,

h(K) = € —2tcosk + 2iAsin k 2itagsink (4.27)
K —2itspsink —e+2tcosk + 2iAsink | '

Now, we discuss two special cases of the above equation, namely, (i) A = A and (1i) A =
—A. Tt becomes evident that the Hamiltonian hs(k) possesses TRS regardless of the
relationship between A and A. Asa result, the eigenvalues appear in complex conjugate
pairs. However, h3(k) lacks inversion (parity) symmetry, thereby classifying it as an nPT
model. Additionally, hs(k) holds the following relations,

C_h¥(k,A = A)C_ = —hs(—k,A = A), C_C* ==L

Thy(k, A==A)T " = —hg(—k, A = —A); TT* =1,

where C_ = T7_ = o0,. Based on these conditions, we can conclude that the model
possesses PHS (PHS') when A = A (A = —A), and fall in the BDI (Dt) class in AZ
(AZ') symmetry classification.

From now on, we work in real space, that is, a finite chain, for this case. To begin
with, the localization phenomena are investigated by computing the LDOS. As depicted
in Fig. 4.11, the LDOS exhibits pronounced accumulation either at one edge or both
edges of the 1D chain, contingent upon the specific relationship between A and A. This
indicates the presence of NHSE in both scenarios. For A = —A, represented by orange
circles in Fig. 4.11, the LDOS appears to have a higher value at the left edge, indicating
that a majority of the bulk wave functions are localized at this edge. This observation
elucidates the usual NHSE, with the accumulation of the states at the left edge. In
contrast, when A = A, there are higher values of LDOS at both edges, suggesting that
most of the bulk eigenstates are localized at both edges simultaneously. This can be

understood as follows. As demonstrated in Ref. [203], PHS compels two particle-hole
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FIGURE 4.11: NHSE at left and at both edge(s) for the cases A = +A, respectively.
The LDOS for both cases vanishes inside the chain and has finite value only at the
edges.

partner skin modes to localize at opposite boundaries. These skin modes, although
localized at different boundaries and connected by PHS, are not degenerate and instead
exhibit different eigenvalues. Our nP7 NH model having TRS (A = A), also adheres
to PHS. This particular symmetry leads to non-degenerate skin modes localized at both
edges, which are related by the PHS. When A changes sign, the system forfeits PHS,
but acquires another symmetry, namely, PHST, resulting in NHSE to occur exclusively
on one edge (left edge here). It is noteworthy to mention that this phenomenon is
very similar to the bidirectional NHSE [204], which requires the system to have TRST.
However, unlike our case, the skin modes are degenerate and localized at both edges. It
is intriguing how a simple change in the sign of the non-reciprocity parameter, A, can
drive the system from normal NHSE to NHSE at both the edges.

4.2.4 TEC Realization

We now construct the TEC corresponding to the TB model defined in Eq. (4.26). The
Hermitian version of the circuit is shown in Fig. 4.5, where R — oo (i.e., the resistor
is disconnected). To incorporate non-reciprocity A (A) on the nodes m,A < m+1,A4
(m,B < m + 1, B), as illustrated in Fig. 4.12, we introduce INIC elements D1 (D2)
connected in parallel with L; (Cp). The internal structure of D1 contains a capacitor
whose value encodes the strength of the non-reciprocity parameter A. We keep D1 fixed.
However, when A = A, the INIC D2 is implemented using a capacitor, whereas for

A = —A it is implemented using an inductor. All remaining circuit components retain
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F1GURE 4.12: Circuit diagram for 3 subsequent unit cells corresponding to the Hermi-
tian model in Eq. (4.26).

the same values as those in Fig. 4.5; however, the values of the grounded capacitors (C)

and inductors (L) are adjusted accordingly to accommodate the chosen non-reciprocity.

In general, the NHSE in a TEC is identified by examining the VP, as demonstrated
in Section 3.2.2 of the previous chapter for the n’/PT SSH circuit. In the present case,
however, the system exhibits NHSE not only in its conventional form but also simul-
taneously at both edges, arising from the condition A = iA, as shown in Fig. 4.11.
Consequently, instead of the VP, we analyze the IP of the TEC to capture both these
scenarios. Fig. 4.13 shows the resulting IP of the TEC for the case D1 = +D2. When
D1 = —D2, indicated by orange circles, the IP accumulates at the left boundary, signal-
ing behavior analogous to the conventional NHSE within the TEC. By contrast, when
D1 = D2, represented by blue squares, enhanced IP localization appears at both edges.
This indicates that the impedance is simultaneously localized at the two boundaries,
corresponding to the NHSE occurring at both edges of the TEC. Interestingly, the IP
has lower values at B subnodes compared to A subnodes. The same phenomenon was
observed for the Hermitian SSH circuit (see Fig. 2.4(a) of Chapter 2) and can be un-
derstood as follows. Let Vi and V5 be the voltage differences across the adjacent nodes.
When the circuit is driven by an AC source, the potentials V; and Vs oscillate out of
phase due to the setting, D1 = D2, giving rise to a spatial voltage configuration of

the form, V(n) « (1,0, —%,O, (%)2,0, —(%)3,0, ... (—%)”,0), where the index n runs
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F1GURE 4.13: Normal NHSE and NHSE at both edges are being realized in TEC
for different setups of D2, that is, whether it contains an inductor or a capacitor. The
impedance values at the edges are significantly larger for D1 = D2 than for D1 = —D2.

through the two-node unit cells. This alternating pattern is reflected in the IP (blue
squares). In the case D1 = —D2, the voltages V; and V; oscillate in phase, and con-
sequently, no alternating pattern is manifested in the IP of the TEC (orange circles).
This enhancement indicates greater TEC sensitivity to circuit perturbations when the

NHSE occurs simultaneously at both boundaries.

4.3 sPT NH Model

Now we break the Hermiticity of Hy (Eq. (4.4)) by including a non-reciprocity parameter,
J, in the hopping term (f45) among the A and B atoms from neighbouring unit cells.

The new Hamiltonian takes the form,

L—1 L
Hy=H{+¢ Z(fljbprl — erlCALZ) — Z(&jbzfl — bl:lfll) , (428)
i=1 i=2
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FIGURE 4.14: The (a) real part, and the (b) imaginary part of eigenspectra plotted as
a function of the non-reciprocity parameter, 0, with e = 1.5¢, t =1, tap = 1.5. (c) The
LDOS is calculated for e = 1.5 (< 2t) and € = 3 (> 2t). The LDOS plot confirms the
absence of NHSE.
with the Bloch Hamiltonian, h4(k), given by,
€ —2tcosk 2i(tap + 9)sink
ha(k)=| (tap +9) (4.29)
—2i(tap — 0)sink  —e+ 2tcosk

which indicates that the forward (A* — B**!) and the backward (A% < B**!) hopping
amplitudes between A’ and B't! are tap — ¢ and tap + 0, respectively. The non-
reciprocity term does not affect the TRS or the PHS (relevant to this case), as ha(k)

satisfies,

C_hI(k)C! = —hy(—k); with C_C* = =+1,
Tihi(k)T: = ha(—k); with T4 T =41,

where C_ is 0,, and T, is the complex conjugation operator, K. Hence, hy(k) has CS
but does not have sub-lattice symmetry, which is defined via, Sh(k)S™! = —h(k); with
S? = 1, for any h(k). Here, S denotes a unitary matrix. While CS and sub-lattice
symmetry are identical for a Hermitian system, they differ for NH systems [35]. For NH
systems, the CS operator, I' demands, ThT(k)['~! = —h(k); with T'? = 1, for any h(k).
Thus, the system falls in class BDI in real AZ symmetry class due to the presence of
all three symmetries, namely, TRS, PHS, and CS. In addition, the model also has PT

symmetry, as we shall see later.

We now explore the evolution of the properties as we vary the parameters e (onsite

potential) and ¢ (non-reciprocity). The eigenvalues of Hy (Eq. (4.28)) are plotted in
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F1GURE 4.15: The mIPR is shown as a function of § for t = t4p = 1 corresponding to
the cases e = 1.2 (< 2t) and € = 2.6 (> 2t), respectively.

Figs. 4.14(a) and 4.14(b) for € < 2¢. The imaginary part of E is zero as long as
the condition [§] < tap is satisfied, suggesting that this regime belongs to the P7T-
unbroken phase [41], and beyond that (|6|] > tap), the system enters a PT-broken
phase. Fig. 4.14(c) represents the LDOS plots via two pairs of (almost) flat lines corre-
sponding to € < 2t (lines in blue) and € > 2t (orange lines). These lines denote discrete
LDOS values at lattice sites and oscillate from one site to the next. The LDOS has
finite values at the interior of the system, leading to a unique phenomenon: the absence
of NHSE in a non-reciprocal system. The explanation and the analyses behind this sur-
prising incident are discussed in Appendix B in detail via pseudo-hermiticity [43] and
the non-Bloch band theory [134]. Further, for e < 2¢, the blue lines demonstrate the
existence of edge modes via higher values at the edges, while the orange ones do not have
any such signature. The degree of localization of these edge states, measured by mIPR,
is shown in Fig. 4.15 as a function of the non-reciprocity parameter, §, in the range
[-1 : 1]. The mIPR is non-zero for € < 2t and indicates the presence of edge states,
suggesting that this is a topological phase. These edge modes, along with the mIPR,
vanish as soon as € becomes larger than 2t when all the eigenstates become extended.

Thus, a phase transition occurs at € = 2¢.

Since the BBC is preserved in this system (NHSE is absent), we shall analyze it in the
momentum space using the standard BZ theory to characterize its topological properties.
We shall proceed in the same manner as in the previous sections, that is, the basis of the

Bloch Hamiltonian, h4(k), will be rotated via a unitary operator, U, given in Eq. (4.10).
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The resultant Bloch Hamiltonian, let us call it as h)(k), is given by,

hg‘(k) _ ( 20 sin k —e + 2tcosk + 2it op sin k) 7 (4.30)

—e+2tcosk — 2itygsink —2i6sink

with d, = (—e+2tcosk, —2tppsin k, 2id sin k), suggesting that all, but the z component

of d_ﬁ; is real, that is,
dff = —e+2tcosk, dfy = —2tapsink, dfy = 0;dj, =0, dj, =0, df, = 2idsink,

where the notations bear a similar meaning to those given in the previous section. It is
clear that h/j(k) commutes with the PT operator given by ¢,k and hence preserves PT

symmetry. The expression for the band structure is given by,

Eax (k) = £/ (df + id,)2 + (df +id,)2 + (df +id])2.
= /(—e + 2t cosk)? + 4(t%; — 62) sin? k. (4.31)

Moreover, the left and the right eigenvectors of R (k) are obtained as,

1 —siné'Ze_”Mk 1 sin Qe P4k
Mo(k)) = +— eiioz* +1+4-cos 0 : ' (k) = 4+ —— BreTie +1—cos 0, ’
[ Nys(R)) \@51 . | (k) \/552 )

(4.32)

where « is independent of k£ and ¢4 and 0y are given by,

“2tapsink] [V(met2tcosk)? + 42 5 sin® k
- @ . — .t - .
—e+ 2t cos IJ s 2i0 sin k

buap = tan—! {

61 and B satisfy the relation,

1
B B2 = 5(1 — cosb),

and are periodic functions of k. Putting [N, (k)) and |¢4, (k)) from Eq. (4.32) into

Eq. (4.24), we get an expression as,

_ 1 O0¢ak
2 Jpz Ok
1

oA (14 cosby) dk

2tap (ecosk — 2t) 210 sin k
— f L — dk.
2 Jpz (—e+ 2tcosk)? + 4t% gsin k E4 . (k)

From the above equation, the complex Berry phase takes a value of —7 (0) for € <
2t (e > 2t), hinting that the topological phase transition occurs at € = 2¢t. The energy
E4:(k) in Eq. (4.31) becomes zero when df = 0 and dif; = |dL|. These two conditions
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FIGURE 4.16: The locus of d} is plotted in a plane spanned by df — dif; for the

parameters t = 1, t4p = 1 and (a) € = 1.5, where the ellipse contains the origin (0, 0)

(topological case) and (b) € = 2.5, where it excludes the origin (trivial case). (c) and

(d) represent 3D figures of the band structures. The parameters are the same as those

of (a) and (b). The green and the brown points are the actual data points and their
2D projections, respectively.

are for an EP. Putting these conditions in Eq. (4.32), we see that,

<)‘£Lj:(k)|¢zll:t(k)> =0.

This shows that the biorthonormality condition is violated at the EP, and that the left
and right eigenvectors subsequently become self-orthogonal, as discussed in Section 1.4
of Chapter 1.

Figs. 4.16(a) and 4.16(b) represent the trajectory of d_fl, which is an ellipse in a plane
spanned by di& — dif; for two values of €, namely, ¢ = 1.5 and ¢ = 2.5, respectively.
In Fig. 4.16(a), the origin (0,0) is inside the ellipse, that is, € < 2t, suggesting that it
denotes a topological phase. On the other hand, Fig. 4.16(b) describes the trivial phase
as the ellipse excludes the origin when e > 2t. Similar to the nPT case (without TRS),
the energy gap, in this case, too, represents a line gap. However, due to the presence of
PT symmetry, the eigenvalues are either purely real or purely imaginary (Figs. 4.16(c)
and 4.16(d)) in this case Note that the PT-broken-unbroken phase transition has an

analytic dependence on the parameters given by,

€0 = 24/0% 4+ 2 — 12 . (4.33)

Fig. 4.16(c) shows the case where P7T symmetry is still unbroken since the condition

€ > € is satisfied, resulting in the eigenspectra to be purely real. When the value of €
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FIGURE 4.17: Circuit diagram for the sP7 circuit. The INICs are denoted by the

arrowheads, which offer an impedance ¢’ = C, and C' = —C, for the forward

(m—-1, A/B — m, B/A) and backward (m, A/B — m — 1, B/A) flow of cur-

rent, respectively. The expressions (or values) for the remaining circuit elements are
the same as for the Hermitian case.

falls below the critical value, €g, it corresponds to the P7T-breaking phase; that is, the
system has not yet entered the P7-broken phase. This phase is depicted in Fig. 4.16(d),
where some of the eigenvalues become purely imaginary. Finally, for large values of |J|,
all the eigenvalues become imaginary and appear in pairs with an imaginary line gap.
The absence of the non-trivial point gap in Figs. 4.16(c) and 4.16(d) also suggests that
the BBC is preserved for this system, and hence GBZ theory is not performed here.
To provide a lucid description, we present Table 4.1 to summarize localization phenom-
ena across different NH models, highlighting their unique features and enumerating the

presence or absence of NHSE and its variants.

4.3.1 TEC Realization

The inclusion of non-reciprocity in a circuit is achieved via the INICs, connected in
parallel with Cy and Ly between the nodes, as shown in Fig. 4.17. They provide a ca-
pacitance ¢’ = +C, equivalent to +4 in the corresponding TB model. The expressions

for C' and L remain unchanged from those in the Hermitian circuit (Fig. 4.5). The IP,
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Cases 1 2 3 4
NH models nPT nPT nPT sPT model
model without TRS model with TRS model with both
but no PHS (A = —A) | TRS & PHS (A = A)
Cause of onsite staggered non-reciprocity in non-reciprocity in non-reciprocity in

non-Hermiticity

imaginary potential

t (A<>Aor B+ B)

t (A< Aor B+« B)

tap (A <+ B)

NHSE

no NHSE

normal NHSE

NHSE at both edges

no NHSE

TABLE 4.1: Presence or absence of NHSE in different NH quasi-1D models. A and A are the
parameters, responsible for preserving (or breaking of) PHS within the nPT (with TRS) system,

defined in Eq. (4.26).

é\ — 1st edge mode
= 401 2nd edge mode
D .
O —— Trivial case
=
= 20y
o,
g
D 10 15
Node index

F1GURE 4.18: The IP for the sP7 NH circuit. The plot is obtained with the same
values of circuit elements used for the Hermitian case (Fig. 4.6) and fixing the value of
|C'| at 15 pF.

mimicking the edge modes, is shown in Fig. 4.18, as long as Cs + C'5 < 3C, which is
similar to the condition, € < 2t in the TB model.

4.4 Summary

In this chapter, we have explored NH extensions of a quasi-1D ladder model, comparing
them with their Hermitian counterparts to understand the effects of non-hermiticity. The
extension into the NH realm bifurcates the model into two distinct versions: an sPT
model and an nPT model (with or without TRS). Notably, we have found that in the
SPT system, spontaneous P7T symmetry breaking occurs, segregating the system into
PT-unbroken and P7T-broken phases. For the sPT system, depending on the choice of
non-reciprocity, three different phenomena emerge, namely, a) no NHSE (sP7 model),
b) normal NHSE (nP7 model with TRS), and ¢) NHSE at both edges (nPT model with
TRS and PHS). Thus, by simply tuning the model’s parameters, it is possible to realize
the buildup of bulk states at either edge (normal NHSE), at both edges, or even their
delocalization (no NHSE). We have constructed TECs for all three models, in which the
IP of each circuit faithfully mimics the topological edge modes (or skin modes) within

the corresponding TB model.
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Chapter 5

Anderson Localization and NHSE
in an Aubry-André (AA) Model

The previous chapters examined the NH properties of the SSH model and a quasi-
1D system, uncovering a range of intriguing phenomena, from the GBZ theory to the
absence of the NHSE in another variant of a non-reciprocal model (Section 4.3 of Chap-
ter 4). These remarkable consequences of the interplay between non-hermiticity and
topology naturally motivate a deeper investigation of NH systems. In this chapter, we
focus on a 1D NH system in the presence of disorder. Since disorder, impurities, and
defects are unavoidable in realistic material fabrication, incorporating them provides a
more comprehensive and physically relevant understanding of NH systems. Since the
pioneering work of Anderson in 1958 [205], it has been understood that disorder can
localize a quantum particle despite the presence of quantum tunneling, widely known
as Anderson localization (AL). It was shown that an infinitesimal random disorder in
a system induces a transition from an extended to a localized phase in any dimension
less than three. Thus, in three dimensions, for a fixed energy and beyond a critical
disorder strength, quantum states transition from being delocalized to a completely lo-
calized phase. Substantial progress in elucidating the underlying physics (e.g., the role
of dimensionality, mobility edge, etc) was made during the 1970s and 1980s through the

development of scaling theory and field-theoretical approaches to localization.
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Interestingly, the localization phenomenon is neither a prerogative of random disorders
nor limited to three-dimensional systems. Quasiperiodic (QP) disorders with incommen-
surate periods can also result in localization effects, which we describe as AL. Among
the various QP models, the Aubry-André model [206] has garnered significant attention
for its theoretical elegance [207-209] and experimental realizations in platforms like pho-
tonic crystals [210-212], ultra-cold atoms [213, 214], and superconducting circuits [215].
A hallmark of the AA model is the absence of mobility edges, an energy-dependent local-
ization transition in the system. This robustness makes the AA model an excellent plat-
form for exploring localization phenomena. Furthermore, the interplay between disorder
and non-hermiticity has also gained significant attention, particularly with the proposal
of the Hatano-Nelson model in 1996 [129] (also discussed in Section 1.5 of Chapter 1 in
detail). Within the TB framework, this 1D model, characterized by asymmetric hopping
and random disorder, exhibits a delocalization-localization (DL) transition. Thus, disor-
dered NH systems, particularly the NH QP models [216-221], have attracted significant
research interest. Interestingly, AL and NHSE are two distinct confinement phenomena
of the eigenstates, induced by disorder and non-reciprocity, respectively. Thus, un-
derstanding their interplay within a unified framework offers valuable insights into the
localization properties of low-dimensional systems. In this chapter, we investigate an
NH AA model, which serves as an ideal platform due to its unique self-dual properties
and its ability to exhibit a DL transition in one dimension. While a substantial body of
literature exists on the realization of the NHSE using TECs [4, 104, 108, 109, 175] and
on AL in QP systems [222-225], the intricate interplay between these two phenomena
has been addressed in only a few recent studies [222, 226-228]. For instance, Ref. [228]
explores a Hatano—Nelson model with coexisting QP and periodic potentials and pro-
poses a TEC realization. However, it does not demonstrate the competition between AL
and NHSE in a realizable setup. Other theoretical works, such as Refs. [226, 227], ana-
lyze this competition, but do not address any experimental implementation. In contrast,
Refs. [104, 109] present experimental demonstrations of phenomena like higher-order skin
effect and scale-tailored localization in TECs, albeit in the absence of any QP disorder.
Similarly, while Ref. [222] investigates the AL-NHSE transition in a non-reciprocal AA
model and proposes a TEC framework; it does not provide a means to control the inter-
play between these two localization mechanisms, either in the TB model or its circuit
realization. In this work, we bridge these gaps by offering a comprehensive analysis of
the competition between AL and NHSE, demonstrating its realization in TEC as usual.
However, to provide readers with a more realistic perspective on circuit construction and
the corresponding outputs of TECs, we perform simulations using the LTspice software
developed by ‘Analog Devices’ [229]. This approach yields results that closely reproduce
experimental conditions and therefore offer a faithful representation of experimentally

observable behavior.

The chapter is organized as follows: Section 5.1 introduces the theoretical TB framework,
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outlining the fundamental physics. In section 5.2, we investigate the time evolution of
the AA model when excited at an arbitrary site. Section 5.3 explores the construction of
the electrical analog of the NH AA model, and the theoretical time evolution of the TEC.
Sections 5.4 and 5.5 focus on the visualization of NHSE and AL, respectively, in the TEC
setting through voltage measurements performed using LTspice. Section 5.6 examines
the interplay between AL and NHSE within the TEC. Finally, section 5.7 summarizes
our findings and discusses potential experimental realizations or device implementations

inspired by our theoretical framework.

5.1 The Hamiltonian

We adopt the non-reciprocal version of the NH AA model introduced by S. Longhi [216],
incorporating an interface at a particular lattice site of the chain. The Hamiltonian (in

1D) is given by,

Lo 2L 2L 41
H=3" [(t +7)é] 18+ (= V)élékﬂrl] ) [(75 R (s V)ézékﬂ] +3° Ml
k=1 k=Lo+1 k=1
(5.1)

where A\, = 2\ cos(2nf5k +ia), and ¢, v, and A\ denote the strengths of the nearest-
neighbor hopping, non-reciprocity, and QP disorder, respectively. All of these parame-
ters are assumed to be real and positive. Note that all parameters in this TB model are
in the unit of £. Our system comprises (2L + 1) lattice sites, and (Lo + 1) site marks
the position of the interface, starting from the first node. The existence of an interface is
convenient, though not indispensable, for the demonstration of a competitive behavior of
AL and NHSE, which is the main focus of this chapter. For concreteness, we set Lo = L
in Eq. (5.1) for further discussions and the corresponding circuit design. The parameter
« introduces a complex component to the QP potential and plays a pivotal role in the
delocalization-localization transition of our model. Its prominence will become evident
in the subsequent discussions. § is an irrational number given by 3 = (v/5 — 1)/2 with
B! being the golden ratio. It is obtained via 8 = lim,_s0 (FI’;—:) , where the Fibonacci
numbers Fj,s are defined recursively by F,,+1 = F,, + F,—1 and Fy = 0,F; = 1. The
operators ¢, and 6;2 denote the annihilation and creation operators for spinless fermions
at the site k.

The behavior of the system depends on two distinct scenarios: (a) A = 0: in the absence
of the QP potential, the system reduces to the clean Hatano-Nelson model (without
any disorder). Here, NHSE arises due to the non-reciprocal hopping parameter ~y. (b)
A# 0, a # 0 and v # 0: the model reduces to a non-reciprocal NH AA model that
includes a complex QP potential with the introduction of a.. In the clean Hatano-Nelson

model without an interface, all the bulk states accumulate at one of the edges (termed
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FIGURE 5.1: Numerical analyses for a total number of lattice sites, (2L + 1) = 233,

being a Fibonacci number, with ¢ = 0.65 and v = 0.35, are presented. (a) Real vs

Imaginary parts of the energy spectra for A = o = 0; (b) Probability distribution of

the corresponding eigenstates, which localize at site index (L + 1) = 117. (¢) Same as

(a) but with A = 0.9, @ = 0.2. (d) The skin states in (b) have now become AL states
as « exceeds a. (@, ~ 0.105).

as NHSE), which is determined by the sign of the non-reciprocity parameter, v. The
energy spectra for PBC and OBC are markedly different, with the former creating closed
loops in the complex plane that enclose the energy spectra corresponding to the open
chain, which lies along the real axis [101]. The real valuedness of the OBC spectrum
in the Hatano—Nelson model follows from the fact that its NH Hamiltonian can be
mapped to a Hermitian Hamiltonian via a similarity transformation (see discussion on
Fig. 1.1 in Section 1.5 of Chapter 1 for a detailed description). Fig. 5.1(a) shows the
energy spectrum of H for A = 0, which effectively represents a combination of a clean
Hatano—Nelson model and its mirror image, joined back-to-back at the interface located
at k = L. As a result of this structure, the energy spectrum becomes entirely real
in the absence of the QP potential. The probability distribution of the corresponding
eigenstates is shown in Fig. 5.1(b). These eigenstates localize at exactly the interface
(k=1L).

In the presence of the QP potential (A # 0, o # 0) along with v # 0, the spectrum
displays a hierarchical structure of three bands, as illustrated in Fig. 5.1(c). In the case

of v = a = 0, the system undergoes an AL transition at A = ¢ [230], governed by the
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NH parameters a=0 a#0
7=0 Ac =1t ae =1In|t/)\|
v#0 Ae =max(t+y,t —7) | ae=In|max(t +v,t —v)/\|

TABLE 5.1: The table presents analytically determined delocalization-localization tran-
sition points as functions of the two NH parameters, namely, o (the imaginary phase
of the QP potential) and ~ (the non-reciprocity parameter in the hopping amplitude).

self-duality of the model. This property ensures the system is either fully extended or
localized, dictated solely by the QP potential strength, A. The introduction of & modifies
this behavior, shifting the AL transition to a critical value of «, which is In [¢/A|. This
occurs because all the localized eigenstates in the self-dual space share a uniform inverse
localization length of In|\/¢| [216]. With a = 0 and 7 # 0, the localization transition
instead occurs at A\ = max(t +~,t — ) [222]. Using Avila’s global theory [231], Li et
al. [221] demonstrated that for a generalized scenario (a # 0,7 # 0), the AL transition
occurs at

ae = In |max(t + v,t — )/l (5.2)

Thus, Fig. 5.1(d) highlights this scenario through the probability distribution of eigen-
states for a high value of & (@ > ), where the AL dominates the NHSE. The above

results are summarized in Table 5.1.

Let us briefly recapitulate the origin and the role of the imaginary component (i«) in the
QP potential, namely, A\ = 2\ cos(275k + ia). Hatano and Nelson [129] demonstrated
that an imaginary vector potential induces a DL transition in a 1D randomly disordered
system. Following this, extensive theoretical and experimental efforts have explored
the role of an imaginary vector potential, particularly in QP-disordered 1D systems.
Among those, the work of S. Longhi [216] is discernible, where he showed that an
imaginary gauge field, introduced via complex QP potential having P7 symmetry, the
entire spectrum undergoes a DL transition along with PT-symmetry-breaking when the
imaginary gauge field exceeds a critical threshold value. In our system, the transition
between AL and NHSE can be understood as follows. The non-reciprocity comes into
play in the form of v, which effectively swaps its role with a under a discrete Fourier
transformation. Thus, when « exceeds a critical value a., which corresponds to the
decay length of skin modes arising from -, a DL transition occurs, converting skin
modes into Anderson-localized states. In this way, « functions as a tunable imaginary
gauge field that mediates the competition between boundary-localized NHSE states and

disorder-induced Anderson localization.
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FIGURE 5.2: The temporal evolution of the excitation spectrum in our model is illus-
trated for three scenarios: (a) A=0, (b) A=1, « =0.425, and (¢) A=1, «a =0.9. In
the first case, the wavefunction localization at the interface is attributed to the NHSE.
In the second case, at a = a, a slight shift in the localization is observed. Finally, for
a much larger value of a, the wavefunction localizes from the 5" site to the 4" site,
then to the 7'M site for an extended period, and eventually localizes at the 20" site.

5.2 Time Evolution of the NH AA model

We have explored the localization properties of the eigenstates of the Hamiltonian for
the NH AA model given by Eq. (5.1). An intriguing question arises: does the interplay
between the NHSE and the AL persist over long time scales, or does the time-evolved
system unveil any interesting physics? To address this, we investigate the time evolution
of an excited wavefunction in the NH AA model. Let the initial wavefunction at ¢ = 0
be |¥(z,0)), which can be expanded as a linear combination of the eigenstates of H in

Eq. (5.1), be given as
2041

(2, 0)) = 3 ag(0)¢y(2), (5.3)

q=1
where a4(0) is the coefficient corresponding to the ¢'! eigenstate (1,) at t = 0 and is
responsible for the time evolution of the initial wavefunction, |¥(z,0)). Note that x is
a discrete variable and lies in the range « € [1,2L + 1]. As, the eigenstates, 1,(z) of H

form a complete orthonormal basis, we can express a4(0) and a,4(t) as,

aq(0) = (g () (, 0)[thg(x)[¥(z,0)) .
AL E# 0, agt) = (g ()| ¥ (,0) g (x) [z, 0)) e~ 7" (5.4)

for any g, where Ej is the eigenvalue corresponding to the eigenvector, ¢, ().
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FIGURE 5.3: (a) Circuit diagram of an INIC is shown. The current entering the INIC

from the left (right) side experiences a negative (positive) impedance in the rectangular

box. (b) The TEC diagram corresponds to the non-reciprocal NH AA model. The

rectangular box denotes the (N + 1)*® node of the TEC. V[N] denotes the output
voltage at N*® node.

Now, as an initial condition, we choose a delta-type excitation, created at z = m (m :

denoting the site index) of the form,
| W (z,0)) = d(x — m), (5.5)

which is localized entirely at the m'" site and is zero elsewhere. The time evolution of
|¥(z,0)) from Egs. (5.3) and (5.4), can be expressed as,

2L41 iBqt
U, b)) = D (Wq(2)|¥(z, 0)|1hq(x)|¥(x,0)) e 7 thy(). (5.6)
q=1
However, this equation applies explicitly to systems without boundaries, where x ranges
from —oo to +o00. Hence, assuming that the wavefunction yields vanishing probability
density at the edges of the chain, any reflection of the state during its evolution is thereby
precluded. Subsequently, we can reliably use Eq. (5.6) to determine |¥(z,t)) for any

finite range of x at all subsequent times.

NH systems are known for their non-conservation of energy, leading to non-unitary time
evolution. As a result, these systems violate probability conservation, resulting in the
norm of the wavefunction either growing or diminishing as a function of time. Thus,
we have to normalize the amplitude of the evolved wavefunction with its norm at each
small interval dt, which occurs through a two-step process [232]. First, the wavefunction
evolves according to,

iH

W, t)) (5.7)

| (z,t+dt)) =€
This is hence followed by a normalization step,

¥t +d) =1 Iiﬁiiiiﬁii Ik 5:8)

TH-4061_206121102



Chapter 5: TEC Construction of NH AA Model 92

where ||.|| denotes the norm.

Let us now employ Egs. (5.7) and (5.8) to numerically analyze |¥(x,t)). As an example,
we excite the delta-type wavefunction at a specific site, namely the 5% site, that is,
m = 5 in Eq. (5.5). Fig. 5.2(a) illustrates the NHSE observed at the interface in the
absence of any QP potential (A = 0). Fig. 5.2(b) represents the system at a critical
value of a, given by a. = In|max(t + ~,t — v)/A| ~ 0.425 for A\ = 1. At this point, the
eigenstates of H undergo a transition from exhibiting NHSE to AL, and the localization
of the time-evolved wavefunction starts to shift away from the interface. For a > a,
|W(z,t)) no longer remains localized at the interface, as shown in Fig. 5.2(c). Instead,
the wave propagates via quantized jumps between the AL states, randomly distributed
across distinct sites of the chain, a phenomenon termed NH jumps [233-235]. These
jumps are distinctive artefacts of the NH disorder, incorporated via the parameter « in
our case. Thus, the time evolution of the wavefunction involves several NH jumps over
a specific time frame, as depicted in Fig. 5.2(c). The jumps can be predicted with the
help of both the initial wavefunction |¥(x,0)) and a,(t). Note that a4(t) depends on the

corresponding eigenvalues, given by Eq. (5.4).

5.3 TEC of an NH AA Model

Now, we focus on forming an analog circuit corresponding to the TB model given by
Eq. (5.1). To achieve the goal, the Laplacian of the circuit must accurately replicate the
Hamiltonian at the resonant frequency, fr, of the circuit. The inter-site hoppings can be
modeled by capacitors (C'), while the non-reciprocity in the hoppings () is introduced
via INIC (see Fig. 2.1(b) and the discussion therein of Chapter 2) in the circuit. As
shown in Fig. 5.3(a), for the realization of the INIC, an Op-Amp is employed. The Op-
Amp is operated in negative feedback configuration, meaning its output is coupled to
its inverting (negative) input via the impedance formed by C'1 and C2 (in our case). To
ensure the stability of the circuit, two resistors (R1 = R2 = 20(2) are placed in parallel
to the capacitors, C'1 and C2, as shown in Fig. 5.3(a). The resonant frequency of the

circuit is given by,

1 1
fr= ez =591z wp= s, (5.9)
with L = 10puH and C = 47 uF. All these values are standard for commercial uses
and are kept fixed throughout this work. The real and the imaginary parts of the QP
potential, A\; in Eq. (5.1), are represented by node-dependent capacitors (C[k]) and
resistors (R[k]), respectively, with |Re(\;)| = wg C[k], and |Im(\;)| = [R[k]] L. Here, k
denotes the node index and is analogous to the site index of Eq. (5.1). Building on the

formalism and methods used to simulate TEC in the previous chapters, we write KVL
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and KCL for each node of the TEC corresponding to the NH AA model. The detailed
mathematical rigor behind the formation of the Laplacian of this TEC is provided in
Appendix C. The switches for the circuit elements are denoted by S and S1. The circuit
also includes master switches for S and S1 (not shown in Fig. 5.3(b)), which control all
the S and S1 switches across the circuit. For instance, the master switch for S (S1)
can simultaneously open or close all S (S1) switches. However, this functionality does
not extend to S2, as S2 is specifically designed to alter the signs of C[k] or R[k] based
on the values of \p, which, in turn, depend on the node index, k. The total number
of nodes is (2N + 1) = 21, which is kept fixed throughout the analysis. It is worth
noting that 21 nodes for a TEC are sufficient to obtain reliable results with the TEC
framework using LTspice [229]. Let us briefly summarize the measurement process and
the data acquisition thereafter using LTspice. Users can select from LTspice’s built-in
device models or define their own. To construct a circuit in the software, elements from
its library (or customized models) are placed on the schematic to obtain a desired circuit
diagram, followed by appropriate connections. Once assembled, the circuit is simulated
to observe its response under various conditions, including the presence or absence of
external sources. It is important to note that LTspice presents the node voltages and
currents through circuit elements as functions of time using a graphical interface. To get
results in support of the theoretical results in Fig. 5.1, we have to obtain the eigenvectors
of the Laplacian in terms of measurable quantities like the VP or the IP. However, to do
that, every node must be excited via a current (or a voltage) source, making the process
unnecessarily complicated. Instead, a more practical approach is to excite a single node
using a current (or a voltage) source and simulate the voltage response of the TEC using
LTspice. The calculations still allow us to observe the localization of the VP, which is
analogous to NHSE and AL in the TB model (Figs. 5.1(b) and 5.1(d)). Interestingly,

both these phenomena are tunable in our TEC.

5.3.1 Time Evolution of the Voltage Profile

In this section, we theoretically demonstrate the results of an NH AA circuit. It is
difficult to visualize a specific eigenstate of the Laplacian, £, as a measurable VP. This
challenge arises because every node in the TEC network must be excited via a precisely
calibrated current source. For example, to measure the k' eigenstate of £, denoted as

Vi, the amplitude of the current source at each node must satisfy the equation,
I' =LV, = Vi,

where ¢, is the k" eigenvalue of £. To overcome this challenge, a current source, I(t),
can be applied at any node, and the VP (V(¢)) can be measured at a later time. Similar

to Eq. (5.3), V(t) can also be expanded as a linear combination of the eigenvectors of
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L, with time-dependent coefficients a (1),
V()= ap(t)Vs. (5.10)
k=1
We assume that V), forms a complete orthonormal basis for £ with VaTVb = dgp. Substi-
tuting these into KVL and KCL leads to

_V,JI(t)
G

10 = V() = Y an)GVis ax(t) (5.11)
k=1
Thus, the coefficients ag(t) can be evaluated at any time ¢, provided the input current I(t)
is uniquely defined. The expression for a(t) in Eq. (5.11) becomes directly comparable
to the coefficients a,4(t) in Eq. (5.4) only when I(t) takes the form of a delta-type
excitation, that is, a sharply peaked current pulse of very high amplitude at t = 0 with
vanishingly short duration. Only under this condition does the time evolution of the
VP in Eq. (5.10) accurately correspond to the evolution of the wavefunction |¥(z,t))
described in Eq. (5.6). However, to study the dynamical behavior of the TEC, we
resort to a specific case and excite the 18" node with a current source, I (t) = sinwgt,
having an amplitude of 1 mA and wg representing the resonant frequency of the circuit.
By employing Egs. (5.10) and (5.11), we obtain V(¢), which is then represented as a
colormap in Fig. 5.4. Figs. 5.4(a) and (b) illustrate the scenario for o < e, where the
NHSE still dominates over AL in the TEC. This behavior mirrors that of the NH AA
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FIGURE 5.4: (a) The occurrence of NHSE is evident as the V (¢) localizes at the inter-

face, specifically at 11*® node. (b) When a = a., all the eigenstates of the Laplacian

L transition from being the skin states to the AL states, yet the VP remains localized

at the interface. (c) Finally, for a larger value of «, the localization shifts towards the
excitation node, which is the 18" node.
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model in Figs. 5.2(a) and (b), as the excitation remains localized at the interface (the
11*" node). However, compared to Fig. 5.2(c) for the case of the TB model, no NH
jumps are observed in the TEC, as seen in Fig. 5.4(c). This difference arises because
the input current I(¢) in the circuit is a sinusoidal function of time rather than a delta-
type excitation. Instead, the VP settles at the 19*" node, located in the vicinity of the

excitation (18'"") node.

5.4 NHSE in NH AA Circuit

To realize and explore the NHSE in the non-reciprocal circuit, we open (disconnect) the
master switch for all the S switches and close (connect) the master switch for all the
S1 switches in Fig. 5.3(b), thereby configuring the TEC to replicate the clean Hatano-
Nelson model with an interface. To demonstrate a voltage build-up, we excite the 39
node with a voltage pulse of amplitude 1 mV for a duration of 10 us and record the
output signal at each node for 3000 us. To effectively analyze the output, we calculate
the root-mean-square (RMS) values of the voltage signal at suitable time intervals for
each node. It is important to note that we have verified that all the relevant phenomena
are captured with this time range (3000 us). Thus, for this particular setup, observations
are made for a time duration of ¢ = 3000 us, corresponding to the maximum value along
the y-axis (representing time). Using LTspice, these data are visualized in a color map
of VP as a function of time in Fig. 5.5. The results show that the VP localizes at the
interface, specifically at 11*® node, as illustrated in Fig. 5.5. This behavior closely reflects
the NHSE observed in our TB model (Fig. 5.1(b)). Moreover, this interface localization
of the VP serves as a direct representation of the time-evolved wavefunction in the TB
model (see Fig. 5.2(a)) and the TEC (Fig. 5.4(a)), where the delta excitation at the 5

site ultimately localizes at the 11"

site. The grounded inductors at the edges have a
distinct value of Leqge ~ 62 pH, while the inductor at the 11*" node, representing the
interface, is chosen as L' ~ 6 uH. These values differ from the other grounded inductors,
L (= 10pH). To ensure that the resonance conditions required by the Laplacian of
the TEC (see Eq. (C.2) of Appendix C) are satisfied for faithfully reproducing the
TB model, we choose specific values for Leqge and L’. The role of the non-reciprocity
parameter, 7 is implemented using C’ (= 32 uF) along with an INIC (see Fig. 5.3(b)).
The mapping between the TB model and the circuit is thus established via the relations
(t+7v) =wr(C£C") ~ (1.53 +1.04). Recently, Liu et al. [104] demonstrated NHSE
at the interface in TECs for both 1D and 2D systems by employing a voltage follower,
where the current flows unidirectionally, instead of using an INIC. Both approaches are

well-accepted and provide reliable results for constructing non-reciprocal circuits.

Let us now illustrate the measurement procedure to generate Fig. 5.5 and its production

from the raw data obtained from LTspice. Since the excitation (voltage pulse) at the
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FIGURE 5.5: Colormap of the RMS values of the output VP as functions of both time

and node index is shown. Commencing around 500 us and continuing until approxi-

mately 2000 us, the VP shows localization at the interface, located at the 11" node.

The red arrow illustrates the progression of the excitation from the 3'¢ node to the
interface at large times.

3" node is short-lived and vanishes after 10 us, localization for a short duration appears
at the 3'4 node in Fig. 5.5 when the voltage is measured. Consequently, the circuit’s
response is temporally constrained, implying that the output voltage at any node decays
with time due to the presence of dissipative elements, such as the resistors (embedded
within the INIC). This makes smooth voltage measurement as a function of time (at very
short intervals) challenging. Therefore, the most effective approach is to measure the
RMS values of the output over non-equivalent discrete time intervals. For instance, the
output voltage at the 11*" node (interface) is measured at the following time intervals:
(i) 0—600 us, (ii) 600 — 2000 us, and  (iii) 2000 — 3000 ps. These chosen time intervals
vary from node to node, depending on where the output signal reaches its maximum
amplitude and how long it is sustained before decaying. This measurement process is
responsible for the appearance and disappearance of the voltage localization occurring
in a stepwise manner, observed in Fig. 5.5. Furthermore, the data along the z-axis,
representing the RMS values of output voltages at different nodes and time intervals,
are linearly interpolated in Python to ensure smooth transitions while preserving the
integrity of the raw data obtained from LTspice. Interestingly, no signal is detected
at the 11" node up to t = 600 us, as the RMS value of the output voltage in this

interval is nearly zero. However, during the 600 — 2000 us interval, the RMS value
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increases significantly, leading to the ‘dark’ region (approximately 990 4V) in Fig. 5.5.
Alternatively, this can be understood by noting that, initially excited at the 3¢ node,

1*" node, represented by the

the signal requires 600 us to reach the interface at the 1
red arrow, and hence, no output signal is observed at the 11*" node before t = 600 us.
Similarly, in the 2000 — 3000 us interval, the RMS output voltage diminishes due to
dissipation in the circuit. This localization occurs regardless of the excitation node and
the pulse amplitude (or pulse form, such as square, triangular, etc.), demonstrating the
robustness of the phenomenon. Interestingly, it parallels the phenomenon of topological
funneling of light, where a light field within a photonic mesh lattice with an interface is

directed toward the interface, irrespective of its shape or the input location [236].

5.5 AL in an NH AA Circuit

As depicted in Fig. 5.3(b), to isolate and observe the AL, we close the master switch
for S while keeping S1 open. The only practical technique to incorporate the onsite
QP potential in the circuit is to place the capacitors and resistors obeying the following

equations, namely,

C[k] = —Re(M\x)/wr = —2Acos (2n5k) cosh a/wg, (5.12)
R[k] = [Im(A\)] 7! = [—2Asin (278k) sinha] ™!, (5.13)

derived from the expression for \; in Eq. (5.1) with 3~! being the golden ratio. It is
crucial to note that both Re(A\;) and Im(\g) being oscillatory functions, can assume
negative values, and consequently, C[k] and R[k] may be negative. To avoid negative
capacitance values, a capacitor of constant value can be grounded [225], ensuring no
impact on the central results. However, this strategy is not feasible for resistors, as
additional grounded resistors would unnecessarily increase dissipation in the circuit.
As a remedy, we implement negative resistors using INICs. The reason behind the
employment of the INIC in this case is very similar to that of PT-symmetric SSH
circuit, discussed in Section 3.3.1 of Chapter 3. To get —R[k] or —C/[k], the absolute
values of them are placed at each node based on the values of |Re(\x)| and [Im(Ag)],
respectively, and S2 switches are carefully toggled (closed or opened) at each node to
fix the signs of Re(A\;) and Im(Ag). Moreover, the grounded inductors at the edges have
a value of Leqge = 20 puH, while L' is identical to L as there exists no interface in this

case.

Fig. 5.6 illustrates the VP of this TEC setup, analogous to the reciprocal NH AA
model, as a function of a, with A = 1 in Eq. (5.1). A constant current source of
amplitude 1 mA and frequency fr, as defined in Eq. (5.9), is applied at the 4" node.

This leads to a smooth variation of VP, in contrast to the stepwise pattern observed
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FIGURE 5.6: The RMS values of the output signal, measured over a time duration
between 600 us and 2000 us, are presented as functions of the node indices and «. The
red dashed line denotes the critical value of o, namely, a, obtained from Eq. (5.2). The
two black vertical lines indicate the localization of the VP at the 5*® node for a > «..

in Fig. 5.5. Consequently, there is no need to compute the RMS value of the output
voltage over different time segments for different nodes. For the reciprocal NH AA
model, the AL transition should occur at the critical value a, = In|t/)\|, calculated
using Eq. (5.2), with v = 0. The red dashed line in the figure marks this critical value,
o ~ 0.425. However, a sharp transition is not observed due to practical factors such as
the finite system size (only 21 nodes being considered) and the simulational limitations
of LTspice. Nevertheless, the results demonstrate that for o« > «., the VP becomes
predominantly localized at the 5" node. When our simulation is repeated by considering
excitation at different nodes (not shown here), the localization consistently occurs in
the vicinity of the respective excitation node, thus highlighting a predictable and robust
localization center. The predictability sharply contrasts with the NH jumps observed in
our TB model (Fig. 5.2(c)), where wave packet evolution transpires not through gradual
diffusion but sudden transitions between the distinct states. This discrepancy arises
from the nature of the input excitation. In experimental setups, the time evolution of
the VP is highly sensitive to the form of the initial stimulus. While the NH jumps in
theoretical simulations result from the spontaneous evolution of an initially localized
delta-type wavefunction, the VP localization for the TEC in Fig. 5.6 emerges under a

steady sinusoidal current source, which we have thoroughly discussed in Section 5.3.1.
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FIGURE 5.7: (a) The RMS values of the VP are plotted for different values of « at
A = 1.5. The time interval 1000 us — 3000 us is used as a prototype over which the
integration is carried out to calculate the RMS voltage for improved accuracy. The
VP moves towards the 4™ node at a = a, with a much smaller amplitude. The inset
depicts the VP without any QP potential A = 0, measured over the duration 2000 us
to 5000 us. Note that all the values are in mV, suggesting voltage amplification relative
to the constant external signal over a sufficiently long time. (b) The same profile,
but for values of o between zero and the critical value (c.). The two black-dashed
vertical lines enclose the key nodes (exciting and interface nodes) that contain the
partial delocalization of the VP.

5.6 Competition between AL and NHSE in TEC

The interplay between NHSE and AL in the NH AA model exhibits fascinating behavior
in the localization transition. AL directs a single-site excitation toward a focal point,
determined by the weight factors based on the overlap between the initial excitation
and exponentially localized eigenstates [233], while NHSE drives it to an interface (or
the edges). To probe deeper into this interplay in the TEC, we close both S and S1 to
incorporate both the non-reciprocity and the QP potential and again excite the 4** node
with a current source, as described earlier. Fig. 5.7(a) shows that when the QP disorder is
real (o = 0), the disorder potential is weak compared to the non-reciprocity parameter
(7) and is unable to drive the signal towards the excitation node. However, once o
surpasses the critical value o, >~ 0.54 (determined using Eq. (5.2)), the localization of
the output voltage shifts to the excitation (4'") node. The VP for a = 1 represents
the analogous scenario in the TEC corresponding to the non-reciprocal NH AA model

depicted in Fig. 5.1(d). An intriguing aspect of this behavior is that the output amplitude
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diminishes with increasing . This behavior is attributed to the significant rise in |R[k],
which scales as [sinh ]! (Eq. (5.13)). Consequently, by tuning «, one can effectively
manipulate both the spatial localization and the amplitude of the output signal. This
dual ability to modulate the NHSE and the AL dynamics is a distinctive feature of our
TEC with potential applications similar to information transfer communication devices
or developing highly sensitive sensors. Upon closer inspection, a gradual increase in
a, from zero to a. while keeping A fixed (A = 1.5 in this case) unveils a peculiar

phenomenon.

As previously discussed, AL is spatially confined over a short range near the excitation
node in the TEC. On the other hand, NHSE drives the excitation towards the interface.
This interplay generates a fascinating tug-of-war scenario between the NHSE and the
AL-induced localization, resulting in a partial delocalization of the output signal within
a particular spatial range. Fig. 5.7(b) illustrates this phenomenon, where the VP shows
non-zero oscillations between the two controllable key nodes, namely, the interface (11*")
and the excitation (4*") node, beyond which VP decays to zero. During the transition,
the output signal’s amplitude becomes relatively uniform across the intermediate nodes,
effectively creating a spatial channel for the signal. Furthermore, the position and width
of this channel can be tuned by altering the excitation node or the interface of the circuit,
offering versatile control over the behavior of the input signal to propagate. Thus, as
said earlier, a serves as a critical parameter, acting as a switch that toggles between the

phenomenon of NHSE and AL on the spreading dynamics of a single-site excitation.

5.7 Summary

In this work, we have investigated the interplay between the NHSE and AL in a 1D
chain, where non-reciprocal hopping amplitudes drive the former, while quasiperiodic
disorder induces the latter. Using an NH AA model, we have explored the localization
properties and analyzed its time evolution under single-site excitation. Additionally,
we have analyzed the time evolution to reveal quantum jumps between skin states and
Anderson-localized states within the system. To bridge the gap between theory and
experiment, we have proposed a TEC to realize the model. Specifically, we observe a
distinct behavior in circuits: the excitation voltage remains localized near the excitation
node, in contrast to the NH jumps predicted by the model. Our designed circuit can
regulate the VP across the circuit network, specifically between the excitation node and
the interface, leading to partial delocalization of the output voltage. The competition
between Anderson localization and NHSE manifests in a tangible, experimentally acces-
sible manner, enabling precise control over the output and establishing electrical circuits
as a powerful platform for studying these effects. The data that support the findings of
this chapter are openly available in Ref. [237].
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Chapter 6

Competing Topological Phases in
an NH TRS-broken
Bernevig-Hughes-Zhang (BHZ)

model

So far we have focused on 1D or quasi-1D spinless NH systems, with and without
disorder, and analyzed their behavior in terms of NH topology and localization phenom-
ena. In this chapter, we move beyond this setting and investigate a higher-dimensional
spinful system in order to understand the impact of non-hermiticity in a more complex
setting. To this end, we adopt the BHZ model as a representative platform. The BHZ
model, which underlies QSH insulators [23], supports robust spin-filtered helical edge
states in a nanoribbon geometry. These edge modes are protected by an intrinsic TRS
of the model. We first introduce non-hermiticity through an on-site, spin-dependent
gain—loss potential. While this NH term does not qualitatively alter the underlying
topological nature of the system, it drives the energy spectrum into a complex plane.
Next, we incorporate a TRS-breaking in-plane magnetic field (IPMF). Beyond a critical
field strength, the helical edge states for OBC acquire a gap, and topological corner
modes emerge. Strikingly, when the strength of the NH potential surpasses that of
the magnetic field, the previously gapped helical edge states are restored. Through an

analysis of the projected spin spectra and the spin Chern number, we clearly establish
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FIGURE 6.1: A spinless 1D system contains two fundamental modes: a right-moving
and a left-moving channel (top left). In a quantum Hall system, these two modes are
spatially separated, as schematically expressed by the relation 2 = 1+1: the upper edge
hosts only a right-moving mode, while the lower edge supports only a left-moving mode.
Such chiral edge states are intrinsically robust against disorder, since they can bypass
impurities without undergoing back-scattering (bottom left). In contrast, a spinful 1D
system possesses twice as many degrees of freedom due to the spin degeneracy, yielding
four modes in total (top right). In a time-reversal invariant QSH system, these modes
are separated in a TR-symmetric manner, summarized by the relation 4 = 2+ 2. On a
given edge, a right-moving spin-up mode coexists with a left-moving spin-down mode,
while the opposite spin configuration appears on the other edge. These helical edge
states are protected against nonmagnetic disorder, i.e., impurities that preserve the
TRS of the QSH phase (bottom right). The figure is adopted for illustration from
Ref. [5].

the re-emergence of first-order topological features in the TRS-broken BHZ model in-
duced by non-hermiticity. Finally, we construct a corresponding TEC that realizes both
first-order topological edge modes and corner modes, in close analogy with the circuit

implementations developed for the earlier models.

6.1 Introduction to the BHZ Model

The BHZ model realizes a QSH insulator, hosting helical edge modes that are protected
by TRS and classified by a Zs topological invariant. To set the stage, let us briefly explain
the QSH effect via a pictorial representation. As noted above, the defining feature of
the quantum Hall state is that electrons propagate only in a single direction along a
given edge. Relative to a 1D system of spinless electrons (top left Fig. 6.1), the top edge

of a quantum Hall system therefore hosts only half of the available degrees of freedom
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(bottom left Fig. 6.1). This spatial separation gives rise to chiral edge channels and can
be symbolically expressed as 2 = 1 + 1, where each ‘1’ denotes a distinct chirality. Such
a chiral transport rule is highly efficient in suppressing scattering: since electrons move
unidirectionally, they can circumvent impurities (green dot in bottom left Fig. 6.1) and
cannot undergo backscattering. The QSH state, by contrast, can be viewed heuristically
as two copies of the quantum Hall state, one for each spin species. Accordingly, the edge
structure of the QSH phase (bottom right Fig. 6.1) can be visualized as a superposition
of two quantum Hall edge configurations (bottom left Fig. 6.1) with opposite chiralities
assigned to opposite spins. Compared to a spinful 1D system (top right Fig. 6.1), the top
edge of a QSH insulator again contains only half of the degrees of freedom. The resulting
boundary modes are termed helical, reflecting the locking between spin orientation and
direction of motion. This form of spatial separation is captured by the symbolic relation
4 = 2+ 2, where each ‘2’ corresponds to a distinct helicity. Although electrons in a
QSH system may propagate both forward and backward along the same edge, reversing
direction necessarily requires a spin flip, which in turn demands the breaking of TRS.
As long as TRS is preserved, as is the case for nonmagnetic impurities, backscattering
is forbidden. In the QHE, TRS is broken by an external magnetic field, whereas in a
QSH insulator, TRS is broken by an internal magnetic field. This internal field can
be interpreted as a mass term for emergent Dirac fermions in 2 + 1 dimensions, with
the sign of the mass determining the chirality of the edge states. In the QSH effect,
by contrast, helical edge modes arise from time-reversal invariant spin—orbit coupling.
Because the QSH phase combines a bulk insulating gap with gapless helical boundary
states that are robust against disorder in the presence of TRS, it constitutes a genuinely
new topological state of matter and is distinct from quantum Hall phases that harvest

chiral edge modes.

We are now set to study a variant of the BHZ model under different boundary conditions:
(a) Toroidal configuration: When the lattice is periodic in both the z- and y-directions,
it is referred to as the ‘toroid’. (b) Nanoribbon configuration: When the lattice is periodic
in one direction while being aperiodic in the other, it is referred to as the ‘nanoribbon’,
with the specific periodic direction mentioned. (c) Open boundary condition: When
the system is fully aperiodic, it has boundaries in both directions. We then construct a
rhombic structure that is composed of multiple square BHZ unit cells. We refer to this as
the ‘rhombic supercell. Having elaborated upon the different geometric configurations
that have been used to study the topology of varying orders in the system, we now
embark upon the Hamiltonian for the original (Hermitian) BHZ model [23, 238], which

in the momentum space is given by:

H(ky, ky) = [A —2t(cosky + cos ky)| 00 @ T, + 2ty [sinky (0, ® 72) + sinky (oo @ 7)) .
(6.1)
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Here A, t, and tg, are real-valued parameters with o and 7 being Pauli matrices corre-

sponding to the spin and orbital degrees of freedom, respectively.

We now include a spin-dependent imaginary potential of the form,
Hyn = iyo. ® 7o, (6.2)

where v, being a positive real quantity, describes the strength of the non-hermiticity.
This balanced gain/loss induces an energy disparity between the spin-up (1) and the
spin-down (J) states. Upon including an IPMF, B = (B, By, 0) such that the additional

part of the Hamiltonian acquires the form,
Hp = (Bgog + Byoy) @ 1. (6.3)

The total Hamiltonian Hr is now given by,
Hr =H + Hp. (6.4)

It is worth mentioning that, without loss of generality, the magnetic field vector B is
aligned along the y-direction (B, = 0) unless specified otherwise. Due to the presence
of the mirror symmetry M, in the system, the spectrum of this Hamiltonian is studied
on a rhombic supercell, consisting of two M, invariant corners [239]. With no loss of

generality, B, can be made to vanish, which will simply swap the symmetry coordinates.

In this section, we discuss a nanoribbon configuration of the BHZ model that is periodic
in the z-direction but has finite unit cells along the y-direction. Before delving into
the specifics of the nanoribbon, it is essential to elucidate the pillar symmetry inherent
in the system, which corresponds to TRS. Bernevig, Hughes, and Zhang considered a
four-band model on a square lattice in which each unit cell contains two s/, states,
|s,1) and [s,]), and two p3/y states, |p; +ipy,T) and [p; —ipy, ). In simplifying the
notation of ps; states corresponding to the p orbital, we denote them as [p, 1) for states
with spin up, and |p, ) for states with spin down. The Hamiltonian of the BHZ model

in the momentum space takes the form,

Clst
f Crpt | _ [ hk)  O2xa
Chos .l sl Crpy ) H(K) ; H(k) = , (6.5)
zk:( kst “kpt “ksl kpi) Cks¢ 02><2 h*(—k)
Ckp|

where 0sy2 denotes null blocks and

h(k) A —2t(cosk, +cosky)  2tg(sink, —isink,)
B Uep(sinky +isink,) —A + 2t(cosky + cosk,) |
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Chst (c;[c ¢1) denotes the annihilation (creation) operator for a spin-up (1) electron with a
momentum k in the s orbital. A similar notation has been adopted for the creation and
annihilation operators corresponding to the p orbitals. ¢ and ts, denote (real-valued)
hopping parameters for transitions between s (or p) orbitals and s to p orbitals (or vice-
versa) respectively, located in adjacent sites. A (—A) represents the onsite potential for
the s (p) orbital. The TRS operator is given by T = i, K®7), where o, and 79 act on the
spin and the orbital bases, respectively. I is simply the complex conjugation operator.
The TRS in the BHZ model is verified through the relation, 7H*(—k)T ! = H(k),
where H (k) is the Bloch Hamiltonian in Eq. (6.5). Now, we shall discuss the z-periodic
BHZ nanoribbon. The total number of unit cells in the y-direction is L,, and the

Hamiltonian of the nanoribbon is given by

_ ap LT T T
H(”ya kz) - Z (_1) Acny’kmagcny7kza0' - Z |:2t Cos km (Cny,kmsocnmkz&f - Cny,kmpacnmkzPU)

Ny, k0,0 Ny ke ,0

1 1 T 1
+t (Cny—l—l,k:zsacny,kmSU - Cny—l—l,kwpcrcny,kacpff + tSP Cny—l-l,kzsacny,k’z-pff - Cny_LkmsgCny,kwpU +
o

2itsp sin kye 2 Cny,kmsacny»kwpo'} + H.c.,

(6.7)

where o denotes the spin orientation, taking a numerical value of +1 (—1) corresponding
to the up (down) spin and « represents the orbital type within a unit cell, that is,
a = (s,p), and takes the values, 0,1, corresponding to the s, p orbitals respectively.

Furthermore, c,, i a0 (cJr is the annihilation (creation) operator for an electron

ny,kzac)
with spin, o (up or down), in orbital a of the nzh unit cell in the y-direction, possessing
a momentum k;. n, runs from 1 to L,. Similarly, the y-periodic BHZ nanoribbon, with

a total number of unit cells in the x-direction being L, is given by,

—3 aA .t T T
H(nx7 ky) - Z (_1) Acngc,kyaa'cnzakyaa i Z |:2t Ccos ky (an,kysgcnwkyso' - Cnx,kypacnzvkyp") +
ng,ky,0,0 Ng,ky,0

T T
t (Cnx—&—l,kysocnmkysa u Cnx—&—l,kypacnz,kypa + tSPe 2

T T
(Cnx-i-l,kyso'cnzak'ypo' L Cnx—l,k‘ysocnz»kypo' +
. . t
2it gy sin kycnx,kysgcnz,kypo + H.c.,

(6.8)

where the mathematical symbols bear usual meaning as those for the z-periodic BHZ

nanoribbon.

6.2 NH BHZ Model

When the non-hermiticity Hxp, described by Eq. (6.2), is introduced in the BHZ Hamil-
tonian (Eq. (6.1)), the helical edge states along both the z-and y-directions persist, since
Hyp does not break the TRS of the system. However, the energy spectra exhibit pairs of

TH-4061_206121102



Chapter 6: NH BHZ Model 106

the form Er 417, where ER is the real part of the eigenspectrum. Notably, a significant
amount of experimental work has been conducted concerning spin-dependent potentials
within 2D ultracold atomic gases [240-243]. Now, let us include the spin-dependent
imaginary potential, Hxy, to the Hamiltonian H (ny, k), given via Eq. (6.7), and study
the eigenspectra for the nanoribbon in the absence of the IPMF. As established earlier,
the inclusion of Hyg does not disrupt the TRS of the system, thus ensuring the sta-
bility of QSH states. However, Hyyp introduces an imaginary component to the energy
spectrum, leading to all eigenenergies appearing as pairs of F and E* (= E £ i), as
illustrated in Fig. 6.2(a), as a manifestation of the TRS in the system. The absence
of an energy gap along the real axis, coupled with a 2v gap along the imaginary axis,
indicates that the erstwhile robust helical edge states are now dynamically unstable.
The introduction of the IPMF into the NH system brings about a nuanced interplay
between the TRS-breaking effects due to the IPMF and the TRS-preserving influence
of Hxp- The underlying mechanism hinges on the ability of Hyp to modify the energy
landscape of the system in such a way that it mimics the conditions necessary for QSH
states to emerge, effectively mitigating the disruptive influence of the IPMF. As depicted
in Fig. 6.2(b), when |B,| > 7, an energy gap emerges along the real axis, indicating the
absence of zero-energy helical edge states. Conversely, in the regime where |By| < v, as
illustrated in Fig. 6.2(c), the dominance of Hyg over the IPMF leads to the reassurance
of QSH states. In this case, an energy gap appears along the imaginary axis, suggesting
a transition from a real line gap to an imaginary line gap transition at |B,| = ~. This
transition underscores the critical role of the interplay between the competing influ-
ences of Hyyg and By in shaping the system’s topological characteristics. When Hypy

is incorporated into the y-periodic nanoribbon (H (ng,ky)), given via Eq. (6.8) in the
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FIGURE 6.2: Real vs imaginary parts of the eigenspectra of an z-periodic ribbon are
plotted for (a) |By| = 0,7 =0.2, (b) |By| =0.4,7 = 0.2, and (c) |By| = 0.5,y =0.7.
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FIGURE 6.3: The spectra of the Hermitian z-periodic nanoribbon, H(n,,k;), is de-
picted in (a) the absence (|By| = 0), and (b) the presence (|B,| = 0.2) of the IPMF.
Without the IPMF, the system resembles the original BHZ model with helical edge
states. However, on applying the IPMF, these helical edge states get gapped out. (c)
The energy spectra of the Hermitian BHZ model under the influence of the IPMF
(|By| = 0.2) show the presence of distinct zero-energy states separated from the bulk
when projected on a rhombic supercell. (d) The probability density of the zero-energy
states shows confinement at two specific corners of the rhombic supercell |B,| = 0.2.

absence of the IPMF, the Hamiltonian exhibits results analogous to those observed in

the z-periodic NH BHZ nanoribbon, as particularly noted in Fig. 6.2(a).

6.3 Influence of in-Plane Magnetic Field on the BHZ Model

The introduction of the IPMF, described by Hy = Byo,®19 (Eq. (6.3)), to the z-periodic
nanoribbon, H(ny, k;) (Eq. (6.7)), fundamentally alters the symmetry properties of the
system. When A /2t < 2, a pair of edge states appears along the boundary of the system,
as shown in Fig. 6.3(a). These edge states remain robust even when subjected to TR
invariant perturbations and are protected by the presence of TRS, which gives rise to a
Zo topological invariant. Consequently, this system is equivalent to two independent
quantum Hall systems with equal and opposite Hall conductivities, which guarantees a

pair of spin-filtered counter-propagating edge states on each boundary of the system.
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FIGURE 6.4: Band structure of H(ns,k,) in the presence of IPMF is plotted for (a)

|By| = 0.2, (b) |B,| = 0.5 in the absence of any non-hermiticity. Interestingly, the in-

troduction of the IPMF generates duplicate energy bands and narrows the gap between

them, bringing the system closer to a (semi-)metallic state. The total number of unit

cells in the z-direction is fixed at 32. The other parameters are ¢t = 0.5, ts, = 0.3, and
A =1.0.

In essence, the system represents a topologically nontrivial insulator that cannot be
smoothly transformed into a trivial insulator through adiabatic processes. The direct
consequence of breaking TRS with an IPMF is the destabilization and eventual vanishing
of the QSH states (Fig. 6.3(b)) and the emergence of two pairs of zero energy in gap
corner states, which is vividly captured in the associated energy spectra for a rhombic
supercell with fully OBC, shown in Fig. 6.3(c). These states are localized at the two
opposite corners of the rhombic supercell, as shown in Fig. 6.3(d), and provide a clear
illustration of the first-order topology getting gapped out, and the system transcends
into into a higher-order topological phase (HOTP). This transformation from edge states
to corner states under the influence of an IPMF is a clear demonstration of how external

fields can be utilized to manipulate the transition between different topological phases.

Let us now discuss the fate of the QSH states in the presence of the IPMF in the y-
periodic BHZ nanoribbon. Despite the disruption of TRS by B, the unique helical edge
states show resilience at lower magnetic field strengths, as demonstrated in Fig. 6.4(a).
The magnetic field influences the system by splitting the spin and narrowing the band
gap. As the strength of B, increases, we observe the bands drawing closer, leading to
an eventual overlap shown in Fig. 6.4(b). This signals a shift towards a more (semi-
Jmetallic state with the formation of sub-bands. However, it can be safely said that
the effect of IPMF on the edge states of a y-periodic nanoribbon is much weaker than
that of an z-periodic one. Upon integrating the IPMF with the NH BHZ nanoribbon,
intriguing properties emerge in the system. As illustrated in Fig. 6.4(c), non-hermiticity
effectively resists the impending band overlap initially caused by the IPMF (as depicted
in Fig. 6.4(b)), leading to the re-strengthening of the QSH states.
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FIGURE 6.5: (a) The real part of the energy spectra of the x-periodic nanoribbon for
the Hamiltonian Hpg is plotted. For v < |By| (|By| = 0.2), the real energy spectrum is
gapped. (b) The helical states are restored when 7 exceeds B,. (c) The bulk Re(E)
vs. Im(E) spectra show a transition from a real line gap to (d) a mixed line gap as a
function of the non-hermiticity parameter. Here, the strength of the non-hermiticity,
that is -y, takes a value of 0.1 for (a) and (c), and 0.3 for (b) and (d), respectively.

6.4 Competition between Non-Hermiticity and Magnetic
Field

Our primary objective is to investigate the impact of non-hermiticity on the z-periodic
nanoribbon in the presence of the IPMF', observing how the edge states, which are gapped
out by the IPMF, respond to non-hermiticity. Henceforth, unless otherwise specified,
we will refer to the nanoribbon as the z-periodic only. We find that as the strength of
the non-hermiticity v approaches the strength of the IPMF, |By|, the band gap in the
real part of the energy spectra slowly diminishes, as presented in Fig. 6.5(a). At the
critical point, v = | B/, this real energy band gap closes, and thus, the dispersive helical
states connecting the conduction and valence bands are revived in the region v > |B,|
(Fig. 6.5(b)). Let us denote the resulting Hamiltonian by Hg, which under a toroidal
configuration, is obtained via adding Hxy (Eq. (6.2)) to Hp (Eq. (6.3)),

Hr = Ht + Hnu. (69)
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FIGURE 6.6: (a) The probability distribution of the zero energy states in the NH

HOTP, that is, v < |B,|, is shown. (b) The probability distribution of the same state

in the regime v > |B,| shows a spread along the edges of the supercell, signaling the
retrieval of the helical edge modes. The value of |B,| is kept fixed at 0.2.

The spectrum of Hpy illustrates a noteworthy transition: from a real line gap [35] for
v < |By| (Fig. 6.5(c)), to a mixed line gap in the region where v exceeds | B,| (Fig. 6.5(d)).
The spectral gap transition, occurring at v = |B,|, signals the presence of exceptional
points in the system, marking the onset of a criticality where the properties undergo
significant transformations. We now focus on analyzing the Hamiltonian under full
OBC. In the region where v < |B,|, diagonalization of Hr on the previously men-
tioned rhombic supercell shows that the zero energy states similar to the Hermitian
case (Eq. (6.4)) still persist. The biorthogonal probability densities of these zero energy
states (Re(£) = Im(£) = 0) show confinement at the M, invariant corners of the rhom-
bus, which confirms the existence of the NH HOTP as long as the effect of the IPMF
dominates over the NH parameter (Fig. 6.6(a)). Beyond the critical point (y = |By]),
the probability distribution of the states that were earlier confined at the corners of the
rhombus now gets delocalized along the edges of the supercell (Fig. 6.6(b)). This situa-
tion highlights the re-emergence of the first-order topological phase, characterized by the
presence of helical edge states. Hence, we affirm that a very clear tussle exists between
a first-order and higher-order topology, which is directly influenced by the strength of

the non-hermiticity.

6.4.1 Revival of the Helical Edge Modes

We now focus on analyzing the physical mechanism behind the suppression of the HOTP
and resurgence of the helical edge states in the NH BHZ model in the presence of the
IPMF. Due to the absence of TRS in the system, the conventional strategy of calculating
the Zy invariant ceases to be useful. Hence, we switch to calculating SCN, Cy/, a valid

topological invariant for QSH systems having no TRS [244, 245]. Our initial emphasis
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FIGURE 6.7: The spin Berry curvature for the (a) t-spin and the (b) |-spin states is

calculated using the eigenvectors ¢; and (4 of the Hermitian-projected spin operator

S(k) (Eq. (6.11)), respectively. ¢, A, tg, and B, are kept fixed at 0.5, 1, 0.3 and 0.2
respectively.
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would be on analyzing how the indicator of a first-order topological phase (in our case,
the SCN) for the hermitian BHZ Hamiltonian gets affected by the IPMF. To evaluate
C}/,, we construct a projector, P(k), on the occupied subspace of the Hamiltonian, Hr,
presented by the Eq. (6.4),

P(k) = |u (k) (u1 (k)| 4 [uz(k))(uz (k)], (6.10)

where |uj(k)) and |ug(k)) correspond to the valence eigenstates. In this case, the pro-

jector is a 4 x 4 matrix. The projected spin operator S is constructed via,
S(k) = P(k)OP(k), (6.11)

where O = o, ®7y. Diagonalization of S gives four distinct eigenvalues, (B, ES, E3,EY),
of which |Ef| = |Ej| and E5 = E5 = 0. Employing the Fukui’s method [246], the
SCNs C4 and C| are now respectively calculated using the eigenvectors |(1) and |(4) of
S(k), corresponding to the eigenenergies Ef and Ej. Further the spin Berry curvature,
Qi/\L(k:z, ky) is plotted in Fig. 6.7 where [246, 247],

3, () = z[< ag,if)

Here ¢ € {(1,¢4} corresponding to the T-spin and |-spin states respectively. An alter-

¢ (k) >_ <a<<i¥>

ok,

e 9 (k) >} (6.12)

Ok,

native to Fukui’s method, integrating the spin Berry curvature over the entire BZ also
yields the SCN (C4/;). We observe that the SCN for the Hamiltonian Hr is non-trivial,
namely, C4 = —C| = 1, even in the presence of the IPMF. This indicates that the IPMF
does not destroy the first-order bulk topology. It only provides a channel through which
the 1-spin state can scatter into a |-spin state. This scattering leads to the gapping
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FIGURE 6.8: The real energy spectra for the NH projected spin operator on the nanorib-

bon configuration are plotted (Eq. (6.13)) corresponding to (a) v = 0.0, (b) v = 0.1, and

(¢) v = 0.3. The bands correspond to the real parts of the energy eigenvalues, namely,

Re(E%) and Re(FEj), similar to the Hermitian scenario as mentioned in Eq. (6.11). The
value of B, is kept fixed at 0.2.

out of helical edge states, consequently giving rise to the HOTP, as observed in the
form of corner states on the rhombic supercell. Nevertheless, the introduction of Hny
gradually mitigates this scattering effect. We show this by plotting the spectra of the
projected spin operator Syg constructed for Hg over the nanoribbon configuration for
different strengths of the non-hermiticity v in Fig. 6.8. The projected spin operator,
S(k) presented in Eq. (6.11), is redefined for the NH systems as,

Snui(kz) = Pr(kz)OPr(ky), (6.13)

where
Py (ky) = GENZ e (k) Gy (R ) (6.14a)
Pr(k;) = e% (k) (uty (k) (6.14b)

Here, |uk(k,)) (eigenvector of H;r{) and |uf(k;)) (eigenvector of Hp) refer to the left
and right occupied eigenstates for the nanoribbon configuration. The orthonormality
condition in this case is given by, <u#\u§> = Omn, where m and n correspond to the
band indices [199].

Let us now discuss Fig. 6.8 in detail. We observe that when v = 0 and B, # 0 (no
non-hermiticity, only IPMF), the band gap of the projected spin spectra is absent, as
illustrated in Fig. 6.8(a), and it remains so as long as v < | B[, depicted in Fig. 6.8(b).
This observation, in conjunction with the non-trivial spin Berry curvature (Fig. 6.7),
indicates that the inclusion of the IPMF only establishes an <] spin scattering at
the edges of the nanoribbon, without harming the topology of the bulk. This, in turn,
causes the spin-filtered states at the edges of the BHZ model, in the presence of IPMF,
to be gapped, as shown in Fig. 6.5(a). Note that the gap in the spin spectra is non-
existent both in bulk and at the edges in Fig. 6.8(b). However, as the value of v exceeds
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|By| in Fig. 6.8(c), the spectrum becomes fully gapped. We thus establish that the
1 < | scattering caused by the IPMF is suppressed as the non-hermiticity becomes the
dominating factor in the system. This opens the gap in the spin spectra, as shown in
Fig. 6.8(c), and retrieves the spin-filtered edge states (Fig. 6.5(b)).

6.5 TEC Realization

Using the TEC construction formalism developed in the previous chapters, we now
realize a circuit implementation of the NH BHZ model defined in Eq. (6.9). The hopping
amplitude ¢, corresponding to the coupling si=1 « pt (with i labeling the lattice site

along the z-direction), is implemented by a capacitor Cs,. Likewise, the hopping ¢,
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FIGURE 6.9: (a) Circuit realization of the NH BHZ model. Each dotted square rep-

resents a unit cell corresponding to the TB model. Each unit cell consists of four

subnodes, s1, s2, pl, and p2, to emulate the four sites of the BHZ model: s 1, s |, p T,

and p J. (b) TEC configuration for a particular unit cell incorporating both the IPMF
and non-hermiticity.
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which represents s'—!

< s' coupling, is replaced by a capacitor C,, and throughout
the TEC construction we set t; = ¢. In contrast, hoppings with a negative sign are
implemented using inductive elements. Specifically, the hopping —ts,, corresponding
to s}jl > p};, is realized by an inductor Ly, while the hopping ¢, (= —t), describing
pitl

hoppings *ity, encode the couplings 3;_1 > p:fj and s

< p' coupling, is implemented by using another inductor, L,. The imaginary
i+1
y

the TEC, these terms are implemented through imaginary potentials +ivy: a resistor R

— pé with opposite signs. In

is used to realize the dissipative term corresponding to —its,, while a resistor in series
with an INIC (see Fig. 2.1(b) of Chapter 2) is employed to generate the effective gain
term corresponding to +its,. The complete TEC schematic corresponding to the NH
BHZ model is shown in Fig. 6.9(a). To incorporate the spin-dependent imaginary on-
site potential given in Eq. (6.2), we follow the same strategy used for the sP7 SSH
circuit discussed in Section 3.3.1 of Chapter 3. In particular, grounded resistors R,
are used to implement the —iy potential, while an INIC connected in series with R,
generates the +iy term. In this configuration, the INIC does not act as a reciprocity-
breaking element; instead, since the opposite end is grounded, it simply provides an
effective negative impedance. A detailed discussion of this mechanism can be found in
Section 3.3.1 of Chapter 3.

At first glance, one might expect that the magnetic field used in the TB model could
be applied directly to the circuit. However, doing so would have no effect on the TEC,
since a physical magnetic field does not modify the circuit Laplacian. Therefore, the
influence of the IPMF must instead be incorporated at the level of the effective Hamil-
tonian. To this end, we first analyze how the IPMF modifies the TB Hamiltonian. The
IPMF term, Hp (Eq. (6.3)), with the B, component set to zero, enters into the diagonal
elements of the momentum-space BHZ Hamiltonian (Eq. (6.6)). Because the remain-
ing field component B, is coupled to oy, it generates terms of the form +iB, in the
TB description. As a result, the implementation of the IPMF in the TEC follows the
same strategy as that used for the spin-dependent imaginary potential. Specifically, it
is realized using resistors Rp together with INICs connected in series. The circuit con-
figuration for a particular unit cell incorporating both the IPMF and non-hermiticity is

shown schematically in Fig. 6.9(b).

In Fig. 6.10, we present the IP of the 2D NH BHZ TEC, obtained using the same mea-
surement protocol adopted in the previous chapters. When R, < Rp, corner-localized
modes emerge clearly in the IP (Fig. 6.10(a)), corresponding to the situation illustrated
for the TB model in Fig. 6.6(a). This regime therefore implements the HOTP in the
TB description. By contrast, when R, exceeds Rp, equivalently, when |y| > B, in the
TB model, the corner localization disappears and edge modes resurface in the TEC, as
shown in Fig. 6.10(b).
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FIGURE 6.10: (a) TEC realization of HOTP for R, < Rp. The topological corner

modes can be realized via the IP of the circuit, where impedance is higher at the

opposite corners of the TEC. This is analogous to Fig. 6.6(a). (b) Revival of the first-

order topological phase within the TEC when R, > Rp. The black spot at 20 < z <
30, y = 0 marks the connection of the power supply to the TEC.

6.6 Summary

In this work, we investigate the consequences of the interplay between non-hermiticity,
introduced via an onsite spin-dependent gain—loss potential, and IPMF confined to the
plane of the BHZ model. While non-hermiticity alone does not qualitatively modify the
topological characteristics of the system, it renders the energy eigenspectra to acquire a
complex structure, as the imaginary potential preserves TRS. Upon introducing a TRS-
breaking unidirectional IPMF (v < |By|), the helical edge modes become gapped, and
corner modes emerge beyond a critical field strength. Remarkably, when the strength of
the NH potential exceeds that of the IPMF (v > | B,|), the previously gapped helical edge
states reappear. By analyzing the projected spin spectra and the spin Chern number,
we unambiguously demonstrate the revival of first-order topological properties in the
TRS-broken BHZ model in the presence of non-hermiticity. The suppression of this spin
channel by non-hermiticity is also exhibited by the spin spectrum of the nanoribbon in
the regime v > |B,|, and subsequently, the corner modes in the rhombic supercell get
delocalized along the edges. We have also built TECs corresponding to the TB models

and realized first- and higher-order topological models via the IP of the circuit.
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Chapter 7

Second-order Skin Effect in a
Brick-Wall (BW) Lattice

Having discussed the competition between first- and higher-order topologies in the
previous chapter, let us explore the interplay between topology and the skin effect in
two dimensions. 2D lattices exhibiting Dirac-like crossings in their eigenspectra provide
a versatile platform for studying topological quasiparticles and effects of Berry phase on
the band topology [11, 248] as well as emergent topological order [249]. In this context,
the honeycomb lattice provides a prominent platform for hosting Dirac fermions, and
the effect of various kinds of symmetry breaking on the topology of the hexagon has
been extensively studied [250-252]. Evidently, Dirac-like band crossings present a useful
setting for studying numerous emergent topological effects. However, it is imperative to
mention here that such band crossings are not limited to the hexagonal lattice structure,
but can also be obtained in other lattice geometries as well, including the Lieb and
Kagome lattices [253, 254]. Another model with an underlying square geometry, which
is topologically equivalent to the honeycomb and consequently supports Dirac band
crossings, is demonstrated by the Brick-Wall (BW) lattice [255]. Geometrically, a BW
lattice can be obtained by stretching the honeycomb lattice appropriately, such that the
resulting structure resembles a square lattice with alternately missing vertical bonds.
The BW lattice is hence a 2D bipartite structure providing an alternative realization
of the hexagonal topology, but on a much simpler lattice geometry. This formulation
has been employed to explore the topology of the hexagon and hence study non-trivial

insulating phases in cold atoms and optical lattices [256]. Recent literature has also
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extensively explored the effect of hopping anisotropy, flux patterns, as well as NH and
time-periodic perturbations that shift, merge, or gap out Dirac-like band crossings in
square and variants of the square lattices, thereby generating novel emergent topological
phases in a geometry much simpler than the hexagonal [135, 257, 258]. Interestingly, our

engineered BW structure exhibits two Dirac cones that merge under certain conditions.

On the other hand, investigations of higher-order skin effects in higher-dimensional sys-
tems have recently become a central theme in the study of NH physics due to their
distinctive localization properties [142-145]. In particular, in the first-order NHSE, an
extensive number of eigenstates accumulate at the system boundaries. More precisely,
in a d-dimensional lattice of linear size L, the number of skin modes scales as O(L9).
In contrast, for the higher-order NHSE discussed in Section 1.5.3 of Chapter 1, the
majority of eigenstates remain delocalized and form bulk bands, while only a subset of
states exhibits skin localization. In particular, for the second-order skin effect (SOSE)
in two dimensions, a system of size L x L hosts O(L?) bulk modes together with O(L)
corner skin modes (see Fig. 1.2 for details). Another interesting phenomenon, which
originates from the unique interplay between NHSE and topology, and leads to eigen-
state localization at lower-dimensional boundaries, such as corners in 2D lattices, is the
HST effect [144]. Motivated by the above, in this chapter, we study the BW lattice or its
engineered variant, which may exhibit features not discussed in the thesis so far. Specif-
ically, we consider an NH variant of our modified BW model, in which non-reciprocal
hopping in the vertical direction is the source of non-hermiticity. We further compare
the results obtained for the NH BW lattice with the previously reported findings for the
NH square lattice [142, 259]. This chapter is organized as follows. In Section 7.1, we first
analyze the Hermitian BW lattice and discuss its band structure in momentum space.
Section 7.2 analyzes the study of the SOSE in the NH square lattice. In Section 7.3, we
demonstrate how dynamically stable HST modes emerge when the NH square lattice is
continuously transformed into the NH BW lattice. This transformation is achieved by
tuning the inter-chain couplings of the initial square lattice along the vertical direction.
For each case, we also propose corresponding TEC implementations for both the NH
square lattice and the NH BW lattice, enabling direct visualization of the predicted HST

modes.

7.1 Model Hamiltonian for a BW Lattice

The ordinary Hermitian BW lattice provides a convenient representation of a bipartite
structure that is topologically similar to a honeycomb lattice, yet realized on a square
lattice. The essential low-energy characteristics of the honeycomb lattice (and by exten-
sion, graphene) are thus captured accurately in a BW structure. In fact, the BW lattice

can be visualized as a stretched honeycomb, with the hexagonal unit cell stretched to
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FIGURE 7.1: A schematic representation of the modified BW lattice is shown. The

vertical hopping, which is allowed only between the intracell A and C' sub-lattices

and intercell B and D sub-lattices, is denoted by t. The horizontal direction resem-

bles a stacked SSH model with a bipartite hopping structure characterized by hopping

strengths ¢; and ¢5. This model is Hermitian, with the hopping terms identical for both
in the forward (upward) and reverse (downward) directions.

flatten the upper and lower vertices while keeping the hopping and sub-lattice structure
the same. This modification retains the Dirac cones while changing the crystal sym-
metry from Cg to Cq. We study a slightly modified version of the original BW lattice
that retains the alternating vertical-hopping structure while discarding the direct cor-
respondence with the stretched honeycomb geometry. To begin with, our version of the
Hermitian BW lattice consists of four sub-lattices, namely A, B, C, and D (as shown

in Fig. 7.1). The real space Hamiltonian is given via,

Ly, L,
= ZU [t (chyemp+choenn) +ta (chysgcmptclys perc) +t (chyerp+ el perc) + Hel,
7

(7.1)
where L, and L, are the number of sites in z- and y-directions, respectively. The hopping
in the vertical direction is denoted by ¢t and assumes an alternating structure similar to
the original BW lattice. To elaborate, while the intra-cell hopping between the A and
C' sub-lattices is allowed and has a hopping amplitude ¢, inter-cell hopping between the
sub-lattices is restricted, giving rise to the required BW structure. In the horizontal

direction, the hopping within the unit cell is denoted by t¢;, whereas it is t5 for the
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FIGURE 7.2: The bulk bandstructure showing (a) the presence of four-fold Dirac cones
for t < t; +t2 and (b) the gapped spectra for t > t1 + ts.

intra-unit cell hoppings. The horizontal direction, therefore, resembles a stack of SSH
chains with dimerized hopping structures, denoted by t; and ts. The bulk Hamiltonian

for this 4-band Hermitian model is given by,

H(E) = (tl =+ tge*ikl) E,A CE,B+(t1 4 tge“““”) c%c kD +tCTE,A CppT te*ikych CE7C+H.C.
(7.2)
This modified version of the BW lattice amalgamates the topology of the SSH model
with the honeycomb to give rise to two four-fold degenerate Dirac cones in the regime
t <ty +ty. At t =t + to, the Dirac cones merge at the I' point of the BZ to finally
gap out beyond this point. The band structure is, however, completely invariant with

respect to the relative magnitude of ¢; and ts.

As mentioned earlier, the modified Hermitian BW lattice exhibits the presence of two
Dirac cones in the bulk Hamiltonian when the strength of the vertical hopping ¢ is less
than the strength of the horizontal hopping ¢ and ¢ combined, as shown in Fig. 7.2(a).
The Dirac cones move towards each other and merge at the I' point when ¢ = t; + to,
finally gapping out for ¢ exceeding (¢; + t2) (Fig. 7.2(b)). A nanoribbon geometry
shows the Dirac points being connected by a flat band (Fig. 7.3(a)). For t > t; + to,
the valence and the conduction bands in the nanoribbon are completely disconnected.
However, in-gap states are found to traverse the energy gap in this parameter region (Fig.
7.3(b)). There are no significant topological properties of the Hermitian model; hence,
we have only demonstrated the spectral properties. Having discussed the Hermitian
BW model, we now move to the NH BW lattice, where we introduce non-reciprocal
hopping in the vertical direction, which drastically changes the nature of the energy
eigen spectra. For the NH counterpart of the modified BW lattice, we introduce non-
reciprocal hopping such that two successive vertical rungs permit upward hopping with
amplitude ¢, while the next two vertical rungs allow downward hopping with the same

strength. We will return to the detailed consequences of this construction shortly. Before
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(@ 3!

FIGURE 7.3: The ribbon (z-periodic) spectra for (a) t < t; +t3 and (b ¢t > t; +t2. For
t > t1 + to, the spectrum is completely gapped. However, the existence of an in-gap
flat band is observed.

doing so, however, it is instructive to first consider a reference system that exhibits a
SOSE. To this end, we discuss NHSE in an NH square lattice.

7.2 SOSE in an NH Square Lattice

We begin with a simple Hermitian square lattice in which the chains along the z-direction
emulate the traditional SSH model, featuring staggered hopping amplitudes ¢; and %o,
while those along the y-direction are uniform with amplitude ¢. In this particular vari-
ant of the model, non-reciprocity is introduced by rendering the y-direction chains non-
reciprocal, allowing hopping only in one direction. The directions of the hopping are
reversed along the alternate chains; that is, the hopping amplitudes along the neighbor-
ing chains are oriented in mutually opposite directions. The bulk Hamiltonian for this

model is given via,

HS(E) — Z {(tl + th_ikz) cJr CE,B + (tl + thikz) CTE,C CE,D + te_iky CT CE,D + teiky CT’CCE,B] .

kA kA K,
ka,ky
(7.3)
H (k) has both the mirror symmetries, M, and M,, which are defined via,
Mz =19®0,; and My =1, ® oo, (7.4)

where 7s and os are the Pauli matrices that describe additional degrees of freedom.
Consequently, Hg(k) has the inversion symmetry, which is defined via the product of
M, and M,,. A closely related model to Hy(k), that exhibits SOSE, was discussed by
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Kawabata et al. in Ref. [142]. It was further argued that such an NH square lattice
can be systematically extended to a Hermitian Benalcazar—Bernevig—-Hughes model,
which serves as a paradigmatic example of a second-order topological insulator, originally
proposed by Benalcazar, Bernevig, and Hughes [135, 260]. Specifically, if H (k) exhibits
SOSE, then the corresponding Hermitian Benalcazar-Bernevig-Hughes Hamiltonian in

k space can be constructed as,

(7.5)

ﬁBBH<k:)=( 0 Hs<k))'

Hi(k) 0

In this model, no edge modes appear when open boundary conditions are imposed
along only one spatial direction. However, when the system is open along both di-
rections, zero-energy modes emerge at the corners once the intra-cell hopping becomes
weaker than the inter-cell hopping. This model respects both the inversion and the chi-
ral symmetries, which together play a crucial role in stabilizing higher-order topology.
In particular, when a 2D Hermitian system possesses chiral and inversion symmetries,
which are denoted by mutually anti-commuting operators, intrinsic second-order topol-
ogy emerges [261]. As a consequence, the Hamiltonian H (k) supports an intrinsic SOSE,
as proposed in Ref. [259], where topological zero-energy corner modes are protected by
the bulk topology. By extending the notion of second-order topology to point gaps,
the authors of Ref. [259] further demonstrated that NH systems can host skin modes
localized at the corners. This scenario is referred to as an intrinsic SOSE, as the cor-
ner localization is directly rooted in the bulk topological properties. In contrast, an
extrinsic HOTP arises when the bulk is topologically trivial, while the edges are topo-
logically nontrivial. In such cases, the edge bands carry an imprint of 1D first-order
topology protected by the chiral symmetry, and the edge—corner correspondence yields
corner modes through closing of the edge gap at zero energy. The nontrivial topology
of the 1D edges can then support skin modes localized at the corners. However, unlike
H(k) in Eq. (7.5), the NH square-lattice Hamiltonian Hg(k) cannot be extended to a
Hermitian Hamiltonian (with inversion symmetry) that exhibits intrinsic second-order
topology. As a result, Hs(k) does not exhibit intrinsic SOSE. Instead, it realizes an
extrinsic SOSE, according to Ref. [259], where the corner skin modes originate from the
interplay between non-hermiticity and first-order topology of the SSH chains along the
x-direction (see Fig. 7.1). This mechanism underlies what is commonly referred to as
the hybrid skin—topological effect [144].

We now turn to the spectral and localization properties of the NH square lattice with
open boundaries imposed along both directions, focusing on the regime t < t1 +t5. The
real parts of the eigenenergies, shown in Fig. 7.4(a), indicate the absence of an energy
gap. The corresponding complex-energy spectra, plotted in Fig. 7.4(b), reveal that

the spectral trajectories associated with the HST modes exhibit a nontrivial winding
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FIGURE 7.4: (a) The real part of the energy spectra of a finite NH square lattice (OBC

in both directions) for ¢ < ¢; + 3. (b) The spectral distribution in the complex plane.

The corner skin modes are arranged as an ellipse. (c¢) IPR of the corner skin modes is

non-zero. (d) The probability distribution of a random second-order skin mode, shown
via yellow dots inside the red circles.

in the complex plane. Such winding is forbidden in the case of the first-order NHSE,
highlighting the distinct properties of these modes. Fig. 7.4(c) displays the IPR, which
is finite for the corner skin modes, demonstrating their localized character. These modes
are not part of the bulk spectrum and are instead confined to the system boundaries,
with localization occurring specifically at the corners, while the remaining bulk modes
remain delocalized. Out of the total number of eigenstates (L, x L, of them), the
number of corner skin modes is 2L,, whereas the number of delocalized bulk modes
is Ly x (Ly — 2). This counting follows from the fact that each SSH chain along the
z-direction contributes two zero-energy topological modes, and there are L, such chains
in total. For the numerical results presented here, we set L, = L, = 40, yielding 80 HST
modes. A representative probability distribution for one such corner skin mode is shown
in Fig. 7.4(d). Importantly, when the SSH chains along the z-direction are tuned into
the topologically trivial regime, that is, ¢; > to, these corner skin modes disappear. This
confirms that their existence originates from the interplay between first-order topology

and non-hermiticity.
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7.2.1 TEC of an NH Square Lattice

We now construct the TEC corresponding to the NH square lattice model. This con-
struction is relatively straightforward, since the system consists of SSH chains along
the z-direction, and the Hermitian SSH circuit has already been demonstrated in Sec-
tion 2.4 of Chapter 2. The only additional step is to couple these SSH circuits along the
y-direction using unidirectional hoppings with amplitude ¢, in accordance with the tight-
binding model. To realize the unidirectional couplings along the y-direction, we employ
diodes, which restrict the flow of the current along a single direction. Notably, INICs
are not required here, even though the model is non-reciprocal. This is because the
non-reciprocity arises purely from direction-selective hoppings along the y-axis, rather
than from asymmetric bidirectional couplings. The complete TEC layout is shown in
Fig. 7.5(a), while the configuration of the grounded inductors is depicted in Fig. 7.5(b).
In general, skin modes are visualized through the VP of the TEC, as demonstrated in
Section 3.2.2 of Chapter 3 and in Chapter 5. However, for the SOSE, only O(L) skin
modes exist out of a total of O(L?) bulk modes. In this situation, the HST modes
are more effectively designated through the IP of the circuit. This is because the cor-
ner skin modes exhibit a much stronger localization at the corners compared to bulk
states, giving them a disproportionately large contribution to the impedance between
two nodes, as described by Eq. (2.11) of Chapter 2, even though their energies are not
exactly zero. To measure the IP, the TEC is excited by injecting a current at a randomly
chosen node, and the impedance at each node is recorded, following the same procedure
as described in the earlier chapters. The angular frequency of the AC driving source is
fixed at w = 10 MHz. The circuit parameters are chosen as C; = 0.5 uF, Cy = 1 uF,
and C = 0.5 uF. The grounded inductors are set to,

—1
Ly =Ly = [w?(C+Ci+Cy)|  ~0.67uH, (7.6)

The resulting IP is shown in Fig. 7.5(c). A pronounced enhancement of the impedance
is observed at the two opposite corners, reaching values of order ~ 3 x 107 Q. This
behavior faithfully reproduces the HST modes observed in the tight-binding results
shown in Fig. 7.4(d).

7.3 SOSE in an NH BW Lattice

We now turn to the NH BW lattice and examine the distinctive properties of the associ-
ated skin modes. To introduce non-reciprocity into the otherwise Hermitian BW model,
we render the hopping along the y-direction asymmetric in a patterned manner: two
consecutive y-direction chains are made unidirectional with the same orientation, while

the two subsequent chains are assigned unidirectional hopping in the opposite direction.
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FIGURE 7.5: (a) TEC design of NH square lattice. (b) Grounded inductors, associated
with each node. (c¢) IP of the TEC, imitating the corner skin modes (yellow dots inside
the red circles) in Fig. 7.4(d).

As we shall see, his staggered arrangement of non-reciprocity plays a crucial role in dis-
tinguishing the second-order skin modes obtained from the NH square lattice. The bulk

Hamiltonian for this model is given via,

HBW(E) = Z [(tl + tge_ik”) C}L}',A B aF (tl = tgeikz) CTE,C i D = tc%,A kD + tetky CJL
ke ky
(7.7)

Since the BW lattice is obtained by selectively removing hoppings from the square
lattice, it does not possess mirror symmetry about the z-axis, that is, it lacks M.
It does, however, retain mirror symmetry about the y axis, with the corresponding
operator given by M, = 7,0,. Since inversion can be viewed as the product of the two
mirror operations, M, and M,, the Hermitian BW lattice does not exhibit inversion
symmetry. As in the previous case, the Hamiltonian Hpy (k) cannot be promoted to a
Hermitian Hamiltonian that preserves inversion symmetry and supports intrinsic second-
order topology. Therefore, the second-order skin modes realized in the NH BW lattice
are also extrinsic in nature. In other words, they correspond to HST modes, arising
from the interplay between non-hermiticity and lower-dimensional topological features

rather than from an intrinsic bulk second-order topology.

Now we turn to the most interesting part of this chapter. The NH BW lattice exhibits
substantially richer physics than the NH square lattice. As shown in Fig. 7.6(a), the real
part of the spectrum develops a clear energy gap. The small step-like structures visible
inside this gap correspond to the extrinsic second-order skin modes (or HST modes).
In addition, the spectrum contains two zero-energy edge modes that originate from the
parent Hermitian BW lattice. To be precise, in a Hermitian BW lattice of size L, x Ly,

there are 2L, first-order topological edge modes for ¢ < t;. These originate from the L,
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FIGURE 7.6: (a) The real part of the energy spectra of an NH BW lattice with OBC in

both directions for ¢ < t; +t5. (b) The spectral distribution in the complex plane. The

corner skin modes now form EP-like structures. (c) IPR of the corner skin modes is

non-zero. However, there are two zero-energy modes that have much higher IPR than

the corner skin modes. (d) The probability distribution of a random second-order skin
mode is shown via yellow dots inside the red circles.

independent SSH chains along the z-direction, with each chain contributing two topolog-
ical edge modes. Among these 2L, modes, however, only two lie exactly at zero energy
(E = 0). The remaining (2L, — 2) modes have finite energies £ = +t. Importantly,
the two zero-energy modes are localized at two corners of the lattice, whereas the other
(2L, — 2) first-order modes are localized along the y edges. These (2L, — 2) modes
are degenerate at energies £ = =+t in the Hermitian limit, but this degeneracy is not
associated with the EPs. Upon introducing non-hermiticity, these (2L, — 2) degenerate
edge modes evolve into extrinsic second-order skin modes localized at the other two
corners of the lattice. Their energies become almost degenerate, acquiring only a very
small imaginary part, which gives rise to the step-like features observed in Fig. 7.6(a).
These modes are neither zero-energy modes nor part of the bulk spectrum; instead, they
remain spectrally isolated from the bulk bands. In Fig. 7.6(b), these modes appear as
two point-like clusters in the complex-energy plane. These skin modes are remarkable

for two key reasons, namely,
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FIGURE 7.7: (a) TEC design of NH BW model. (b) Grounded inductors, associated
with each node, are shown. (c) IP of the TEC, imitating the corner skin modes, shown
via yellow dots inside the red circles, in Fig. 7.6(d).

1. they originate from degeneracies of the parent Hermitian Hamiltonian (the Her-
mitian BW lattice in this case). Consequently, despite their appearance, they are

not exceptional points.

2. They are almost dynamically stable, possessing only negligible imaginary parts in
their energies. This behavior is highly unusual compared to previously studied
HST systems [142, 144, 259], where the skin modes typically exhibit appreciable

amplification or decay.

Fig. 7.6(c) shows the IPR of the corner skin modes. (2L, — 2) modes have a lower IPR,
while the remaining two zero-energy modes inherited from the Hermitian BW lattice
become localized at a single corner of the lattice. Fig. 7.6(d) shows the probability
distribution of a random second-order skin mode, localized at two opposite corners of
the lattice.

7.3.1 TEC of an NH BW Lattice

We conclude this chapter by constructing the TEC corresponding to the NH BW model.
The procedure closely follows that used for the NH square lattice in Section 7.2.1. The
only modifications required are the removal of selected capacitors along the y-direction
and an appropriate reorientation of the diodes along the y-axis, which together imple-
ment the NH BW lattice geometry and its non-reciprocal couplings. The resulting NH
BW circuit diagrams are shown in Figs. 7.7(a) and 7.7(b). All the circuit element values
are kept identical to those used in Section 7.2.1. The corresponding IP is presented in
Fig. 7.7(c). This IP closely resembles that of the NH square lattice shown in Fig. 7.5(c)
and successfully reproduces the HST behavior observed in the TB results of Fig. 7.6(d).

It should be noted, however, that the two special corner skin modes identified in the NH
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BW TB model cannot be individually resolved in the TEC realization. This limitation
arises since, in terms of the probability density, these modes are indistinguishable from
the other corner skin modes when computing the impedance via Eq. (2.11) of Chapter 2.
As a result, while the TEC faithfully captures the overall HST localization, it does not

allow separate identification of these particular corner modes.

7.4 Summary

In this chapter, we have investigated the NH variant of the BW model, which realizes
an HST effect (or extrinsic SOSE), and systematically compared its behavior with that
of the NH square lattice. To set the stage, we first introduced the Hermitian BW model
and analyzed its spectral properties. In the Hermitian variant, the BW lattice does
not host intrinsic higher-order topology; any topological features arise solely from the
dimerized hopping emulating the SSH chains along the z-direction. Upon introducing
non-hermiticity, the BW model displays several unusual features in the spectral proper-
ties of the HST modes. In contrast to previously studied SOSE systems, these modes do
not generate non-trivial spectral windings in the complex plane. Instead, they appear
similar to the EPs in the complex-energy spectrum, although they are not genuine EPs.
Among all the corner skin modes, only two, which descend from the topological corner
modes of the Hermitian BW lattice, are localized at individual corners. The remaining
corner skin modes accumulate at the opposite pair of corners. This behavior is markedly
different from that observed in the NH square lattice, where the corner skin modes are
distributed more uniformly. For both the NH square lattice and the NH BW lattice, we
have constructed corresponding TEC realizations. These circuit implementations enable
direct visualization of the HST modes and faithfully simulate an experimental platform

to corroborate the theoretical predictions.
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Chapter 8

Conclusion

THIS thesis investigates a broad range of compelling physical phenomena arising
from the interplay among non-Hermitian physics, localization phenomena, and topologi-
cal quantum systems, with particular emphasis on the nature of non-Hermitian topology
and its associated localization properties. Truly closed quantum systems are seldom real-
ized experimentally, as unavoidable exchanges of energy or particles with the surrounding
environment effectively render the system Hamiltonian, or the corresponding governing
equations, non-Hermitian. As a result, interest in non-Hermitian quantum physics has
grown rapidly over the past few decades. In parallel, topological systems have assumed
a central role in condensed matter physics owing to the incorporation of topological con-
cepts within energy band structures. The convergence of these two major developments
has uncovered a wealth of novel phenomena, including the non-Hermitian skin effect,
in which systems exhibit extreme sensitivity to boundary conditions; the formulation of
non-Bloch band theory; and the emergence of exceptional points, together with general-
ized Brillouin zone theory. These distinctive features, unique to non-Hermitian topology,
have proven highly valuable in experimental contexts. For instance, exceptional points,
where both eigenvalues and eigenvectors coalesce, enhance system sensitivity and have
been exploited in optical and photonic sensing applications. Likewise, the global localiza-
tion of eigenstates associated with the skin effect offers a mechanism to confine quantum
particles at specific spatial and temporal locations. Motivated by these promising the-
oretical insights and practical applications, this thesis explores non-Hermitian topology

in several tight-binding models and realizes them experimentally using electrical circuits

129
TH-4061_206121102



Chapter 8: Conclusion 130

engineered to emulate the underlying theoretical frameworks. Such circuit implementa-
tions provide a versatile platform for probing quantum-to-classical correspondence and
for extracting practical insights relevant to a wide range of applications. Moreover, ow-
ing to the accessibility, low cost, and high flexibility of circuit components, topolectrical
circuits offer an excellent opportunity for use in undergraduate laboratories as tangible

demonstrations of quantum-mechanical phenomena.

Chapter 1 introduces the foundational concepts required to understand this thesis and

outlines the motivation for the work presented.

Chapter 2 then develops the formalism and methodologies for implementing quantum
systems in topolectrical circuits, accompanied by representative examples. Specifically,
we demonstrate the working principles of the basic circuit components required to con-
struct a complete electrical circuit that realizes tight-binding models. We also mention
a few examples of topolectrical circuits, including (non-Hermitian) Su-Schrieffer-Heeger
models, along with a driven Creutz ladder, and present the topological edge modes and

skin modes within the circuit.

Chapter 3 focuses on the NH SSH model, exploring how its topological character-
istics differ between P7T-symmetric and non-P7 -symmetric regimes. In the non-P7T-
symmetric case, non-reciprocity is introduced in both the inter- and intra-cell hopping
amplitudes. This leads to a non-trivial winding of the complex energy spectrum under
periodic boundary conditions, signaling a complete breakdown of bulk-boundary corre-
spondence and the emergence of the skin effect. We have explained this phenomenon
via the non-Bloch theory. Conversely, in the P7T-symmetric scenario, reciprocity of all
hopping amplitudes is maintained by a complex on-site staggered potential. As a re-
sult, the system preserves the usual bulk-boundary correspondence and exhibits no skin
effect. The topological behavior of this P7T-symmetric case closely mirrors that of its
Hermitian counterpart, but with an additional feature, a spontaneous P7T-symmetry
breaking that occurs upon tuning the strength of the imaginary staggered potential,
where we find that the broken and unbroken regions can be characterized by eigenvalues

being real and complex, respectively.

After developing a foundational understanding of NH topological phenomena, we turn
our attention to exploring the exceptional features of the NHSE in the Chapter 4. Our
investigation centers around a quasi-1D, two-orbital model with intra- and inter-orbital
hoppings. It is commonly expected that systems with non-reciprocal hopping amplitudes
naturally exhibit NHSE. However, our results reveal notable exceptions, underscoring
the need for a more comprehensive analysis to accurately identify the presence or absence
of NHSE and its variants. Interestingly, we find that introducing non-reciprocity in the
inter-orbital hopping terms can give rise to three distinct behaviors: conventional NHSE,
NHSE at both edges, or a complete absence of NHSE. Extending the Hermitian model

TH-4061_206121102



Chapter 8: Conclusion 131

into the NH regime effectively divides it into two distinct cases: a P7T-symmetric model
and a non-P7T-symmetric model (which may or may not respect time-reversal symme-
try). In the PT-symmetric scenario, we observe spontaneous P7-symmetry breaking,
separating the system into regions characterized by real or complex eigenvalues in the
PT-unbroken and PT-broken phases, respectively, with no sign of NHSE. It appears
that the nonreciprocal, yet P7T-symmetric, model possesses an inherent pseudo-skew-
Hermitian property, leading to the suppression of the NHSE and the preservation of
the bulk-boundary correspondence. To probe the topological properties of these NH
systems, we employ the complex Berry phase as a topological invariant. Altogether, our
study constructs a versatile model where tuning the degree and type of non-reciprocity
leads to three distinct regimes: (a) No NHSE — for the P7-symmetric model, (b)
Normal NHSE — for the non-P7T -symmetric model with time-reversal symmetry, and
(c) Dual-edge NHSE — for the non-P7-symmetric model possessing both time-reversal
and particle-hole symmetries. Thus, by simply adjusting the model parameters, one can
control the localization behavior of bulk states, inducing their accumulation at a single
edge (normal NHSE), both edges (dual-edge NHSE), or eliminating localization entirely
(no NHSE).

Chapter 5 deals with the disordered NH model. In this work, we have investigated the
interplay between the NHSE and AL in a one-dimensional chain, where non-reciprocal
hopping amplitudes drive the former, while quasiperiodic disorder induces the latter.
Starting with a 1D NH A A model featuring an interface separating two non-equivalent
AA chains, we explored the localization properties and analyzed the time evolution un-
der single-site excitation. Additionally, we have analyzed the time evolution to reveal
quantum jumps between skin states and Anderson-localized states within the system.
Within the topolectrical circuits, we observe a distinct behavior: the excitation voltage
remains localized near the excitation node, in contrast to NH jumps, as predicted by
the model. As previously discussed, AL is spatially confined over a short range near the
excitation node in the topolectrical circuit. On the other hand, NHSE drives the exci-
tation towards the interface. This interplay generates a fascinating tug-of-war scenario
between the NHSE and the AL-induced localization, resulting in a partial delocalization

of the output signal within a particular spatial range in the topolectrical circuit.

After exploring disordered systems, we next incorporated spin degrees of freedom to
examine how a spinful system responds to an external field, specifically, an in-plane
magnetic field. This investigation forms the focus of Chapter 6. The Bernevig-Hughes-
Zhang (BHZ) model serves as a paradigmatic platform for quantum spin Hall insulators,
supporting robust spin-filtered helical edge states in a nanoribbon geometry. In this
work, we investigate the consequences of the interplay between non-Hermiticity, intro-
duced via an onsite spin-dependent gain—loss potential, and a planar magnetic field con-

fined to the plane of the BHZ model. While non-Hermiticity alone does not qualitatively
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modify the topological characteristics of the system, it renders the energy eigenspectra
complex, as the imaginary potential preserves time-reversal symmetry. Upon introduc-
ing a time-reversal symmetry-breaking planar magnetic field, the helical edge modes
become gapped, and corner modes emerge beyond a critical field strength. Remarkably,
when the strength of the non-Hermitian potential exceeds that of the magnetic field, the
previously gapped helical edge states reappear. By analyzing the projected spin spectra
and the spin Chern number, we unambiguously demonstrate the revival of first-order
topological properties in the time-reversal symmetry-broken BHZ model in the presence

of non-Hermiticity.

In Chapter 7, we investigate the emergence of a hybrid skin—topological effect, which
manifests as the action of the skin effect exclusively on topological edge modes in higher-
dimensional systems. This behavior is realized by selectively suppressing specific hopping
processes along the vertical direction, thereby generating a brick-wall lattice that can
be interpreted as a stretched two-dimensional honeycomb geometry. By continuously
tuning the inter-chain couplings of an initially square lattice along the vertical axis, we
identify dynamically stable hybrid skin—topological modes. In this process, the second-
order skin modes of the square lattice collapse into well-defined energy eigenvalues.
This condensation arises from the Hermitian topology brick-wall model itself. Thus,
the interplay of the first-order topology of the Hermitian brick-wall model and the skin
effect from the selective non-reciprocity introduced in the y-direction induces hybrid

skin—topological effect within the system.

We have constructed topolectrical circuits for all of these systems to bridge the gap
between theory and experiment. The impedance profile or voltage profile, obtained by
anchoring one port at the edge of the circuit and systematically connecting the other
to each node in the circuit network, faithfully mimics the edge or skin modes of the

corresponding TB models for the topological phase.
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Appendix A

Circuit Laplacian of an NH
Creutz Ladder

In this section, we are going to construct and analyze the Laplacian of the TEC corre-

sponding to the Hamiltonian Hi.. The real space Hamiltonian is given by,
H=— Z ta(e®al ani1 + e bl byin) + tp(al b1 + aILan) + tyalb, + hc., (A1)
n

which comprises three main components, expressed as H = Hyg + Hp + Hy, where Hy,
Hp, and Hy represent the Hamiltonians associated with the horizontal, diagonal, and
vertical hopping terms, respectively, as depicted in Fig. 1. For an electrical network
consisting of Ny nodes, let £ denote the Laplacian matrix of the circuit, and let V; 4 /p
and I; o/p represent the voltage and net external current at the subnode A/B of the
i*h node, respectively. We now derive the Laplacian £ of the TEC that emulates the
Hamiltonian of the Creutz ladder in Eq. (2.23), as shown in Fig. 6(a) of the main text,

driven at an arbitrary angular frequency w,. By applying Kirchhoff’s current law at each
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node in the absence of any external source, we obtain the following set of 2Ny equations,

Vi,a Via  Via . . (Vi,a—Voa)
’ ’ A 4 iw,Cp Vi a+issoCy (Via — Vi g) + A "24)
Ro(A) " TRy + iou L + 1w, Cp V1 a+iw v ( 1,4 173) + "Ry +
iw,Cp (V1,4 — Vo,B) =0,
Vi.B iz Vip . . (V1B — Va.B)
’ ’ B4 i0aCp Vi ptiwaCy (Vi — Vi a) + BB~ 228)
R (B) +—|—RH+iwaL+Zw p V1,Btww v ( 1,B 1,A)+ "Ry +

iw,Cp (Vi,p —Va,4) =0,

Vi,A Via  (Via—Viia

)

Ro(A) T imL Ru

+iweCp (Via — Vic1,B) + iw,Cy (Via — Vip)+

(Vi,a — Vig1,4)
"Ry

+iw,Cp (Vi — Vic1,4) +iw,Cy (Vi — Via)+

+ iwaCD (Vi,A - W—i—l,B) = 07

Vi ViB p (Vi.B —Vi—1.B)

Rg(B)  iwgL + R
iwaCp (Vi,p — Vit1,4) + W#B%H’B) =0,
R‘Z\Ej) + legz + Zi\;z +1weCp Vi, a+iw,Cv (VN4 — VN,B) + (VN’A;R‘ZVI’A)-F
iweCp (VN a—VNn_1,B) =0,
Vog | Yoe | VB e, Vi priwnCy (Vi 5 <) eV VE —Vv-18)

Rg(B) —Rpy  iwgL +Rpy

iwaCD (VN7B — VN—l,A) = 07

By expressing the set of 2Ny equations in matrix form as I = LV, where I and V
denote the column vectors of currents and voltages at each node, respectively, the re-
sulting Laplacian matrix £ accurately reproduces the Hamiltonian Hioy (Eq. (A.1)) at

the resonant angular frequency wg. Thus, the matrix form of £ is obtained as,

1 = 1 s
TG (A) wrCy Ry iwrCp o ...
: 1 : 1
—ZwRCV le(B) —szCD Ra o ...
1 . 1 . 1 .
E . — E —ZWRCD m —ZWRCV E —’L(JJRCD cee

(WR) - . 1 . 1 . 1
c = Z(A)RCD —m —ZWRCV RG(B) —ZOJRCD E e

1 . 1 .

“ Ry —ZWRCD Ra(A) —leCV
1 : 1

—szCD Ry —’leCV Ra(B)
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Appendix B

Absence of Skin Effect in the
Non-Reciprocal Model

Until now, a substantial body of literature suggests the NHSE is directly connected to
the system being non-reciprocal. Through the reciprocal skin effect found in Ref. [107],
it is known that non-reciprocity is not a necessary condition for NHSE. What we really
demonstrate in our work is that non-reciprocity is neither a necessary nor a sufficient
condition for NHSE. In our particular case, the absence of NHSE in a non-reciprocal,
yet PT-symmetric, system can be explained through mathematical reasoning. Let us

elaborate on these below.

B.1 Pseudo-Hermiticity of the Hamiltonian

NH Hamiltonians with real eigenvalues necessarily belong to a particular class, namely
the pseudo-Hermitian (PH) Hamiltonians, which are discussed in detail in Ref. [43]. The
condition for pseudo-Hermicity for an arbitrary NH Hamiltonian, Hy, can be stated

as,
Hpy=nHynn ", (B.1)

where 7 is the PH operator and Hyp is called n-PH Hamiltonian. In our case, the Bloch

Hamiltonian for the non-reciprocal model can be written as (Eq. (4.29) of Chapter 4),

€ — 2tcosk 2i(tap + 9) sin k) ' (B.2)

ha(k) = . .
—2i(tap — 0)sink  —e+ 2tcosk
Specifically, consider an operator, 7, for which h4(k) also satisfies the following relation,

hi(k) = =i ha(k)i ", (B.3)
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(a) : (b)

/[i\ A
z 0 A 0
—l 0 5l 0 3
Re(F) Re(E)

F1cURE B.1: Real and imaginary parts of the energy, corresponding to the Hamiltonian
Hy, given via Eq.(4.28) in Chapter 4, for PBC (left panel) and OBC (right panel). The
blue circles and the red triangles correspond to the cases, € < 2t and € > 2t, respectively.

where 77 = Ulo, U with U = % - and o, is z-component of the Pauli ma-
trix. Hence, h4(k) qualifies as a 7-pseudo-skew-Hermitian (7-PSH) Hamiltonian, since
it anticommutes with 77. By this argument, the system (obeying Eq. (B.3)) exhibits the
behavior of a skew-Hermitian system owing to its pseudo-skew-Hermiticity. This char-
acteristic effectively suppresses the occurrence of the NHSE in our system. It is worth
mentioning that, we have shown that hy(k) is P7T-symmetric through a unitary trans-
formation via the same operator U, that is h)(k) = Uthy(k)U. Since R/ (k) respects
PT symmetry, expressed via PT = 0,K, where K denotes the complex conjugation

operator, the following relation holds,
hy(k) = (PT)Ry(k)(PT)~". (B.4)

Hence, Eq. (B.3) illustrates a more general aspect of the PT symmetry inherent in
R (k). Adhering to the properties of PH Hamiltonians outlined in Ref. [43], it can be

demonstrated that, for PSH Hamiltonians, one of the following conditions must hold,

1. The eigenvalues of the Hamiltonian are real and come in positive and negative
pairs, that is, (£F).

2. The complex eigenvalues come in negative complex conjugate pairs with opposite
signs, that is, (E, —E*).

Fig. B.1 provides a clear visualization of the above conditions. The blue circles represent

the eigenspectra of the Hamiltonian Hy (see Eq.(4.28) of Chapter 4) in the topological
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region (e < 2t), where the eigenvalues are real and occur in positive and negative pairs.
In contrast, the red triangles are in the trivial region (e > 2t), where some eigenvalues
are real, occurring in positive and negative pairs, and others are purely imaginary. The
essential hallmark of NHSE lies in the sensitivity of the eigenspectra to changes in the
boundary conditions of the system [102]. The illustration in Fig. B.1 clearly depicts that
the eigenvalue spectra exhibit insensitivity to boundary conditions (open and periodic),
except for the presence of zero energy modes in the topological phase. This insensitivity
is a crucial observation, providing robust evidence that the non-reciprocal Hamiltonian

does not manifest any NHSE.

B.2 Non-Bloch Band Theory

The non-Bloch band theory dictates that the reformulation of the Bloch Hamiltonian
ha(k), in Eq. (B.2), must be rewritten in terms of h4(f), where 8 = e* [134]. The
ensuing characteristic equation, denoted as |h4(8) — E¥| = 0 subsequently leads to an

equation for a function of 3, namely f(3), where

1\2 1
f(8) = (52 +2 - tiB) (6 + E> — 2¢t (,8 + E) + € +4(thp — 6°) = E*,  (B.5)
where F is the energy. Since this equation is quartic, it admits four solutions for 3,
which may be denoted by B1, B2, 83, and B4. To ensure the existence of continuum

bands, the following condition must be satisfied,

|B1] < |Ba| = [Bs] < |Bal- (B.6)

In the framework of Hermitian systems, the GBZ, represented as Cpg, takes the form of
a unit circle in the complex plane. It is hence crucial to establish that the solutions of
Eq. (B.5) fulfill the condition |B2| = |#3| = 1 to show that it still mimics the behavior of
a Hermitian system and hence respects BBC, despite the non-reciprocity of the system.
This assertion implies that the solutions 2 and B3 lie on a unit circle in the complex

plane, akin to the characteristic behavior observed in Hermitian systems.

It will aid if we can decompose f(5) in Eq. (B.5) to two quadratic equations. To this
end, let us assume that § and 3’ are two distinct solutions (any two out of four in
Eq. (B.6)), that satisfy Eq. (B.5) and |8] > |#'|. We then assume 3 = af'e, with 6
being real and 6 € (0,27) and a > 1. From Eq. (B.5), we get f(8) — f(8') = 0, which

can be written as,

(62 + 2 = #3p) <5 + ;)Q—M (5 + ;)—(62 +# — ) (6’ + 51,>Q+26t (5’ + 61’) =0.
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Putting the value of 8’ in terms of 3 in the above equation, we get,

,86 0 i0 9 5 5 Be_w aei@ 1
—-p—= ) t°—t — — | —2et| =0. (B.7
. Bﬁﬁ(+ e e (B.7)
Vanishing of the first square bracket yields,
/86719 i0
—B—-== B.8
5 5 (B.8)

The above equation demands that o = 1, which confirms the desired conditions namely,
IB] = |8| = 1. Thus, 8 from Eq. (B.8) and ' = Be v yields 32 and 3 and confirms
that |52] = |B3| = 1. The other solutions namely, 51 and B4 are obtained for vanishing
of the second square bracket in Eq. (B.7). The mathematical explanation presented
above provides a rigorous proof of the Hermiticity of our Hamiltonian, despite its non-

reciprocity, clarifying why the NHSE is not observed in our work.
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Appendix C

Circuit Laplacian of an NH AA
Model

The TEC corresponding to the Hamiltonian, H (Eq. (5.1) of Chapter 5), is constructed
and analyzed in section 5.3. For an electrical network with 2N + 1 nodes, which is 21
for this case (N = 10), let £ represent the Laplacian, and V; and I;, respectively, denote
the voltage and the total current from an external source at i™® node. Let us now derive
the Laplacian of the circuit (refer to Fig. 5.3(b)) under the condition where the master
switch for S is open and .57 is closed, representing the non-reciprocal circuit without
the QP potential. Following the general equation (take Eq. (3.35) of Chapter 3 as an
example) to construct TEC corresponding to a TB model, we write down the KVL and
KCL at each node of the TEC. Without any external source and the following 2V + 1

equations,
1
j WLedge

1
W—LVQ + jw(C + C") (Vo — V1) + jw(C — C")(Va — V3) =0,

Vi + jw(C — C") (V4 = V3) =0,

1 ) '
ij’VNJrl +jw(C+ C) (Vg1 = Vi) 4 jw(C = C)(Vivia — Vivee) =0,

1 . .
jWiLVQN +]W(C — C/)(VQN — VQN_l) +]w(C + Cl)(VzN — VQN_H) =0,

. VL + jw(C = C")(Van41 — Van) =0,
Lo ( )(Van )

where Vj is the voltage at i*" node, and the values of the circuit elements, C, C’, L, L/
and Legge are defined in the sections 5.4 and 5.5 of Chapter 5. Note that j represents
the imaginary number (= /—1) and (N + 1)™ node denotes the interface. When we
formulate these 2N + 1 (= 21) equations corresponding to Kirchhoff’s law in the form

139
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I = LV, the resulting Laplacian matrix, £ is given as,

ol TIw(C = C") —jw(C ~ ) 0
—jw(C 4+ C") ar 1 2jwC —jw(C —C") 0
L(w) = -0 —jw(C+C") i +2jw(C+C") —ju(C+ ) 0--
0 —jw(C —C") WLL + 2jwC —jw(C +C"
0 —jw(C —C") m + jw(C = C")
(C.1)
Note that the diagonal terms vanish at the resonant frequency,
1 1 1
= VBLC \/Ld (C - V2I'(C + C7) (€2)
edge
Subsequently, at w = wgr, £ becomes,
0 wgr(C —C") 0
wr(C+C") 0 wr(C —C") 0
L(wr) = —j -0 wr(C +C") 0 wr(C+C") - -.
0 wr(C —C") 0 wr(C +C")
0 wR(C — C/) 0
(C.3)

Thus, the Laplacian, £, effectively replicates the matrix form of H with A = 0, including
a scaling factor of —j. Consequently, the eigenvalues and the eigenvectors of £ directly
correspond to those of H with A = 0. This equivalence ensures that the localization
properties of the eigenvectors of the TB model are reflected in the VP derived from
the Laplacian. Note that the capacitors are analogous to the hopping terms in the TB
model, where (t +v) = wr(C + ).

Let us incorporate the QP potential, as described in Eq. (5.1), into the TEC. This
addition introduces extra diagonal terms in £, stemming from the node-specific values
of the capacitors, C[k], and the resistors, R[k] at the k" node. According to Eq. (5.1),
the QP potential is expressed as,

Ak = 2X [cos (2m5k) cosh a — i sin (27 Bk) sinh o] .
Thus, at the resonant frequency, wgr, C[k] and R[k| assume following forms,

Clk] = —Re(\)/wr = —2Xcos (2n8k) cosha/wr, R[k] = [Im(\)] ™! = [~2\sin (278k) sinha] ',
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After including these grounded capacitors and the resistors in Eq. (C.3), £ assumes,

~wrCl) + g wr(C =) 0
wr(C+C")  —wrC[2] + #fy wr(C —C") 0
0 wr(C+C")  —wrCIN + 1]+ iy wr(C +C") 0---
0 wr(C —C") ~wrC2N] + 7Ny wr(C +C") |
0 wr(C — ") —wrC2N + 1] + gE{

(C.4)
Thus, Egs. (C.3) and (C.4) represent the Laplacians for non-reciprocal TECs in the

absence and presence of the complex QP disorder, respectively.
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