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Abstract

This thesis is on the theory of word-representable graphs — a promising area of

research lying at the intersection of graph theory and combinatorics on words.

A graph is called a word-representable graph if it can be represented by a
word over its vertex set, such that two vertices are adjacent if and only if they
alternate in that word. The minimum value k£ such that a word-representable graph
can be represented by a word in which every vertex appears k times is called its
representation number. Furthermore, if a word-representable graph is represented by
a word which is a concatenation of permutations of its vertices, is referred to as a
permutationally representable graph. The minimum number of such permutations
required to represent the graph is called the permutation-representation number

(prn) of the graph.

In this thesis, we study word-representable graphs, with a special focus on their
representation number and permutation-representation number. While the classes
of graphs with representation number or prn one and two are well-established in
the literature, only few classes of graphs are known to have representation number
or prn three. In fact, the problems of determining the representation number of a
word-representable graph and the prn of a permutationally representable graph are
NP-hard. Specifically, both the problems of deciding whether a word-representable

graph has representation number three and a permutationally representable graph
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vi ABSTRACT

has prn three are NP-complete.

Contributing to the class of graphs with representation number or prn at most
three, we show that the stacked book graphs, melon graphs and their line graphs
belong to this class. Further, we study the representation number of bipartite graphs
and validate the conjecture that the representation number of a bipartite graph on
n = 9 vertices is at most [%], leaving the bipartite graphs whose partite sets are of
equal and even size. We also provide an upper bound for the prn of bipartite graphs.

It is known that word-representable graphs are characterized by semi-transitive
orientations. Using semi-transitive orientations as a tool, in this thesis, we settle
the open problem that whether the line graph of a non-word-representable graph
is always non-word-representable. In this connection, we show that the line graphs
of Mycielski graphs of odd cycles of length at least five, which are known to be
non-word-representable, admit semi-transitive orientations. Further, we also establish
various relations between representation number, boxicity and dimension of posets.

The results of this thesis are primarily established through various constructions

of words, all of which can be executed in polynomial time.
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Introduction

The topic of word-representable graphs is an emerging area of graph theory and word
combinatorics, and has connections to dimension theory of partially ordered sets. This
thesis constructs words representing various graphs and study their representation
numbers. Further, the thesis investigates the permutation-representation number
of a comparability graph, which is indeed the dimension of the associated partially

ordered set.

A graph G = (V, E) is said to be a word-representable if there exists a word w
over its vertex set V, called a word-representant, such that two vertices a and b
in G are adjacent if and only if a and b alternate in the word w. If no such word
exists, then the graph is said to be non-word-representable. Suppose the word w
representing a word-representable graph G is of the form pips ... p, where each p;
is a permutation on the vertex set of G. We call the graph G as permutationally

representable graph or permutationally k-representable graph.

The theory of word-representable graphs originated from algebra, where Kitaev
and Seif [2008] used this notion to study the free spectrum of the Perkin semigroup.
The class of word-representable graphs has connection to rescheduling problem as
described by Graham and Zang [2008]. Moreover, the class of word-representable
graphs is important from a graph-theoretical point of view as it covers several

important graph classes such as circle graphs, cover graphs, comparability graphs
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2 INTRODUCTION

and 3-colorable graphs. Brightwell [1993] showed that it is an NP-complete problem
to recognize the class of cover graphs of posets. This implies that recognizing whether
a graph is word-representable or not is an NP-complete problem. In [Halldérsson
et al., 2011], it was established that the maximum clique problem is polynomially

solvable in the class of word-representable graphs.

An orientation of a graph is semi-transitive if it is acyclic and for any directed
path {ag, a1, ..., ay,) either there is no edge between ag and a,, or @;a; is an edge for
all 0 < i < j < k. An undirected graph is semi-transitive if it admits a semi-transitive
orientation. The notion of semi-transitive orientations was introduced by Halldérsson
et al. [2016], which is a generalization of transitive orientations. An important
subclass of the class of word-representable graphs is the class of permutationally
representable graphs. Kitaev and Seif [2008] showed that the class of comparability
graphs is precisely the class of permutationally representable graphs. Note that
comparability graphs are graphs which admit transitive orientations and have a
close relation with partial orders. In [Hallddrsson et al., 2016], it was proved that
a graph is word-representable if and only if it admits a semi-transitive orientation.
There is a long line of research in the literature where semi-transitive orientations
were used as a powerful tool for studying word-representability of a graph, such
as polyomino triangulations [Akrobotu et al., 2015], (extended-)Mycielski graphs
[Hameed, 2024; Kitaev and Pyatkin, 2025], split graphs [Kitaev et al., 2021; Kitaev
and Pyatkin, 2024], triangle-free graphs [Kitaev and Pyatkin, 2023] and Kneser
graphs [Kitaev and Saito, 2020]. The monograph by Kitaev and Lozin [2015] gives
a comprehensive introduction to the theory of word-representable graphs, their

connections and contributions to various topics.

Kitaev and Pyatkin [2008] showed that for every word-representable graph there
exists a k-uniform word (each letter appears k times) which represents it, for some k;
in which case, we call the graph a k-word-representable graph. The minimum £ such

that a word-representable graph G is k-word-representable is called the representation
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number of G. While the complete graphs are characterized as the graphs with
representation one in [Kitaev and Lozin, 2015], the circle graphs, which are not
complete graphs, were shown to be precisely the word-representable graphs with
representation number two in [Halldérsson et al., 2011]. Further, it was established
that the problem of determining whether a graph has representation k, for fixed
k = 3, is NP-complete. Nevertheless, for certain graph classes the representation
numbers are known. For example, prisms were shown to have representation number
three in [Kitaev, 2013]. The crown graphs with 2n vertices were established to
have representation number [§| in [Glen et al., 2018]. The Cartesian product of

two complete graphs K, and K, were shown to have representation number three

in [Broere and Zantema, 2019]. In [Hefty et al., 2024], it was established that

the k-cube has representation number O <log’i(§()k)). Additionally, Akgiin et al.
[2019] computed the representation number for graphs with up to nine vertices.
Halldérsson et al. [2011] showed that every word-representable graph with n vertices
is n-word-representable. Fleischmann et al. [2024] provided a characterization of

k-word-representable graph in terms of k-circle representation.

For a comparability graph G, the minimum k such that G is permutationally
k-representable is called the permutation-representation number (in short, prn) of
the graph GG. Thus, we see that the representation number of a permutationally
representable graph is at most its prn. The complete graphs are the graphs with
prn one. Every comparability graph with a transitive orientation induces a partially
ordered set (poset). Halldérsson et al. [2011] showed that if the prn of a comparability
graph is k£ then the dimension of the poset associated with the comparability graph
is at most k. Baker et al. [1972] showed that the class of permutation graphs is
exactly the class of comparability graphs whose associated posets have dimension at
most two. Thus, we can see that the class of permutation graphs characterizes the
class of comparability graphs with prn at most two. Yannakakis [1982] established

that determining whether a poset has dimension at most k is NP-complete, for
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4 INTRODUCTION

fixed k£ = 3. This implies that determining whether a permutationally representable
graph has prn at most k is NP-complete, for fixed k£ > 3. Further, from the results
of Yannakakis [1982] and Felsner et al. [2017], we see that determining whether a
height-2 poset has dimenision at most k£ is NP-complete, for fixed £ > 3. The class
of bipartite graphs is exactly the class of comparability graphs whose associated
posets have height-2. Thus, determining whether a bipartite graph has prn at most
k is NP-complete, for fixed £ = 3. However, upper bounds for the prn can be
ascertained from dimension theory for certain comparability graphs such as planar
comparability graphs [Felsner et al., 2015], split comparability graphs [Guenver and
Rampon, 2004], chordal comparability graphs [Ma and Spinrad, 1991], generalized
crown graphs [Trotter, 1974] and treelike comparability graphs [Trotter and Moore,
1977]. In the literature, there are series of articles on the bounds of dimension
of poset, with bounds given in terms of maximum degree by Erdés et al. [1991];
Fiiredi and Kahn [1986]; Scott and Wood [2020]; Trotter [1992]. Moreover, Adiga
et al. [2011] gave relations between the dimension of a poset and the boxicity of its

underlying comparability graph.

Hefty et al. [2024] introduced the representation number of a semi-transitive
orientation, which we refer to as the s-representation number. A uniform word-
representant w of a word-representable graph G induces a semi-transitive orientation
of G such that an edge ab is oriented from a to b if the first occurrence of a appears
on the left hand side of the first occurrence of b in w. An orientation of a graph is k-
word-representable if there exists a k-uniform word which gives the same orientation.
The s-representation number of a semi-transitive orientation is the smallest k£ such
that a k-uniform word yields that orientation. Note that different semi-transitive
orientations of the same graph may have different s-representation numbers. However,
the representation number of the graph is the minimum s-representation number of
all the semi-transitive orientations of that graph. The Hasse diagram of a poset can

be regarded as a graph with a semi-transitive orientation. Hefty et al. gave an upper
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bound on the s-representation of a Hasse diagram of a poset in terms of its width.

Contribution of the thesis

This thesis aims to further the study of the representation number of word-
representable graphs and the permutation-representation number (prn) of compara-
bility graphs. Focusing on the ([%1)—conjecture of Glen et al. on the representation
number of bipartite graphs, the thesis proves that the conjecture is valid for all
bipartite graphs, leaving the bipartite graphs with partite sets of even and equal
size. For the bipartite graphs, the thesis provides a better upper bound for the prn.
Towards contributing to the classes of graphs of representation number three and
of prn three, the thesis completely characterizes and classifies melon graphs and
their line graphs, and certain special classes of bipartite graphs, viz., extended crown
graphs and stacked book graphs, with respect to their representation number and
prn. Furthermore, utilizing the tool of semi-transitive orientations, the thesis settles
one of the open problems on line graphs and shows that the line graphs of non-word-
representable graphs are not always non-word-representable. The thesis also studies
the relationship between the representation number defined via a semi-transitive
orientation of a word-representable graph and the dimension of the poset induced by

the semi-transitive orientation. In establishing the aforementioned results, the thesis

constructs word-representants extensively in an efficient manner.

Organization of the thesis

The necessary preliminaries and background material are presented in Chapter 1
of the thesis. Starting from Chapter 2, the contributions of the thesis have been
organized into seven chapters, which are divided into three parts as follows:

Part-1: Bipartite Graphs

Chapter 2: Permutation-Representation Number

Chapter 3: Representation Number

TH-3842_196123004



6 INTRODUCTION

Chapter 4: Special Classes

Part-II: Melon Graphs

Chapter 5: (Permutation-)Representation Number
Chapter 6: Line Graphs of Melon Graphs
Part-III: Semi-Transitive Orientations

Chapter 7: Line Graphs

Chapter 8: Dimension vs Representation Number

Chapter 2. 1In this chapter, we study the prn of a bipartite graph by using the
concept of a neighborhood inclusion graph. The neighborhood inclusion graph of
a bipartite graph is a comparability graph. The corresponding poset indeed is
a subposet of the stack of a height-2 poset (defined by Trotter [1981]). In this
connection, we devise a polynomial-time procedure to construct permutations on
the vertices of a given bipartite graph whose concatenation represents the bipartite
graph. This gives us an upper bound for the prn of bipartite graphs in terms of
the width of the poset mentioned above. The work contained in this chapter was
presented at the 26th Japan Conference on Discrete and Computational Geometry,
Graphs, and Games (JCDCG3, 2024), Tokyo, Japan, 10-12 September 2024; and

subsequently accepted for publication in the “Journal of Information Processing”.

Chapter 3. Glen et al. [2018] conjectured that the representation number of a
bipartite graph on n vertices is at most [%§]. In this chapter, we focus on validating
the conjecture posed by Glen at al. In fact, we show that the conjecture holds for the
bipartite graphs, leaving the bipartite graphs with partite sets of equal and even size.
Consequently, we also show that the crown graphs have the highest representation
number among all bipartite graphs on 2n vertices, when n is odd, addressing the
conjecture by Akgiin et al. [2019] in this regard. The work contained in this chapter

was submitted to a journal.
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Chapter 4. 1In this chapter, we study two special classes of bipartite graphs, viz.,
extended crown graphs and stacked book graphs. Inspired by the Kimble split oper-
ation for posets (Kimble [1973]), we construct a class of bipartite graphs defined by
posets called extended crown graphs and show that their permutation-representation
number attains the upper bound given in Chapter 2. Further, we prove that the
extended crown graphs defined by posets of width two are circle graphs and have
prn at most three. Next, we focus on a stacked book graph, which is the Cartesian
product of a star graph and a path. We prove that the prn of a stacked book graph
is at most three. Subsequently, we show that the representation number of a stacked
book graph coincides with its prn, and we classify these graphs according to their
prn. The first part of the chapter on extended crown graphs was presented at the
International Conference on Graph Theory and its Applications (ICGTA 2024),
Bengaluru, 20-22 June 2024; and subsequently submitted to a journal. The second
part on stacked book graphs is to appear in the proceedings: Current Progress in

Interdisciplinary Research; Select Papers of RIC 2024, Vol. 3, Springer.

Chapter 5 € 6. Contributing to the class of graphs with prn and representation
number three, this chapter focuses on a subclass of 3-colorable planar graphs, viz.,
melon graphs. We establish that the representation number of a melon graph is at
most three. Furthermore, we characterize the class of permutationally representable
melon graphs and show that their prn is also at most three. We also classify the
melon graphs with respect to their prn as well as representation numbers. In Chapter
6, we consider the line graph of a melon graph and characterize that it is word-
representable if and only if the triangular book graph with three pages is a forbidden
induced subgraph. Subsequently, we show that the representation number as well
as the prn of the word-representable and the permutationally representable line
graphs of melon graphs are at most three. The work contained in these chapters was

submitted to a journal.
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8 INTRODUCTION

Chapter 7. 1t is known that the line graph of a word-representable graph need not
be word-representable. In this chapter, first, we provide an alternative and short
proof for showing that the line graphs of complete graphs K,, (for n > 5) are not
word-representable. Furthermore, Kitaev et al. [2011a,b] posed an open problem
to determine whether the line graph of a non-word-representable graph is always
non-word-representable. In this chapter, we settle this problem by considering a
class of non-word-representable graphs, viz., Mycielski graphs of odd cycles of length
at least five, and show that their line graphs are word-representable. The work

contained in this chapter was submitted to a journal.

Chapter 8. In this chapter, first we study a relationship between the s-representation
number of a semi-transitive orientation of a graph and the dimension of the poset
induced by the semi-transitive orientation. This gives us an upper bound for the
dimension of a poset in terms of the s-representation number of its Hasse diagram.
Furthermore, we also establish that the boxicity of a word-representable graph G
is bounded above in terms of the representation number of G and the length of a
longest directed path of a semi-transitive orientation of G. Consequently, we also

customize the upper bound for the prn of a comparability graph.
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Preliminaries

The word-representable graphs is an interplay between graphs and words. This
concept has connections with partially ordered sets (posets). In order to make the
thesis self-contained to the possible extent, the required definitions and results on
graphs, words and also posets are presented in this chapter. Further, in this chapter,
we also fix the notation for various fundamental concepts used throughout the thesis.
Finally, we provide the necessary background material on word-representable graphs.
This includes formal definitions, exploring the relationships with various classes of
graphs, and presenting key results on word-representable graphs. For the concepts
that are used but not defined in this thesis, if any, we recommend to refer [Golumbic,

2004; Kitaev and Lozin, 2015; Trotter, 1992; West, 1996] on the respective topics.

9
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10 PRELIMINARIES

1.1 Words

In this section we formally define the notion of words and related concepts.

Definition 1.1.1 (Word). An alphabet is a finite set and its elements are called
letters. A word over an alphabet A is a finite sequence of elements of A, written by
juxtaposing the letters in the sequence. The empty word, which contains no letters,

is denoted by .

Definition 1.1.2 (Subword). A subword u of a word w is a subsequence of the
sequence w, denoted by v « w. If u is not a subword of w, we write u € w. A
subword u of a word w is called a factor if w = zuy, for some (possibly empty) words

x and y.
Remark 1.1.3. We extensively use the subword notation « in the thesis.

Example 1.1.4. The word abaa is a subword of w = aabbabac, but not a factor.

Whereas, the subword bbab is a factor of w.

Notation 1.1.5. Given a word w over an alphabet A and a subset B < A, the
subword of w restricted to the letters of B is denoted by w|g. For example, consider

the word w = abbcbaceb over the alphabet {a, b, c}. Then wl(, 4y = abbbab.

Definition 1.1.6. The reverse of a word w, denoted by w¥, is the word obtained
by writing the letters of w in the reverse order, i.e., when w = ajas---a; then

w? = ay - asay.

Definition 1.1.7 (k-uniform word). Let k£ be a positive integer. A word w is said
to be k-uniform if every letter of w occurs exactly k£ times in w. In particular, a

1-uniform word is called a permutation.

Example 1.1.8. The word bacdbadcee is a 2-uniform word.

TH-3842_196123004



1.2 GRAPHS 11

Notation 1.1.9. Suppose the letter a occurs k times in a word w. For 1 < i < k,

a denotes the ith occurrence of the letter a in w from left to right. For example,

bacaabeh = b aM M g2 g3 p(2) (2)p3)

Notation 1.1.10. Suppose every letter of a word w occurs at least k times in w
and {iq,2,...,0y} i a non-empty subset of {1,2,...,k}. The m-uniform subword
of w consisting of the i1th, isth, ..., 7,,th occurrences of each letter of w is denoted

by w{itiz-im}) “For instance, if w = bacdbadceebcaa then wth2) = bacdbadcee.

Definition 1.1.11 (Cyclic shift). Let w = uv be a word, for some words u and wv.

The word vu is called a cyclic shift of w.

Example 1.1.12. The cyclic shifts of the word bacdbadcee are badceebacd and
ebacdbadce.

Definition 1.1.13. Suppose a and b are two distinct letters appearing in a word w.
We say that a and b alternate in w if w|(p is of the form abab--- or baba - -- (of
even or odd length). Otherwise, the letters a and b are said to be non-alternating in

the word w.

Example 1.1.14. Consider the word w = bacdbadce over the alphabet {a, b, c,d, e}.
The letters b and a alternate in w because w|( s = baba, while the letters ¢ and d

are non-alternating in w because w|.qy = cddc.

Definition 1.1.15 (Concatenation). Let u and v be two words over an alphabet A.
The concatenation of u and v, denoted by ww, is the word obtained by appending v
after the last letter of u. For example, if u = abc and v = ca then their concatenation

is uv = abceca.

1.2 Graphs

Definition 1.2.1 (Graph). A graph is a pair (V, E), where V is a finite set called

the set of vertices and E is a finite multi-set (having repetition of elements) of

TH-3842_196123004



12 PRELIMINARIES

unordered pairs of vertices, called the set of edges. For a,b e V', an edge {a,b} € E is
denoted by ab. Every graph is depicted as per the following: each vertex of a graph
is represented by a think dot and each edge is represented by a line/curve connecting

the corresponding two dots.

Definition 1.2.2. A directed graph (in short, digraph) is a graph in which the
edges are ordered pairs of vertices. For two vertices a, b, we write ab to denote a
directed edge from a to b. In the depiction of digraph, the edges are represented

along with the corresponding direction.

Figure 1.1. The digraph H = ({a,b,c, d},{a_l;,a_l;,ﬁ,gc),&)i,cﬁ,cﬁ}) is depicted in

Figure 1.2.
a » )
1 2
d » C
4 3
FIGURE 1.1: A graph G Ficure 1.2: A digraph H

Definition 1.2.4 (Simple graph). An edge in a graph of the form aa is called a loop.
The edges that connect the same pair of vertices are called multiple edges or parallel

edges. A graph without loops and without multiple edges is called a simple graph.

Throughout this thesis, unless stated otherwise, the term ‘graph’ refers to a

simple and undirected graph.

Definition 1.2.5. Let G = (V, E) be a graph and a,be V. If ab € E then a and

b are said to be adjacent in G. Otherwise, a and b are non-adjacent in G. The
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neighborhood of a, denoted by N(a), is given by N(a) = {be V | abe E}. The degree
of a, denoted by deg(a), is the size of N(a).

Definition 1.2.6 (Reduced graph). A graph G is said to be reduced if no two vertices
of G have the same neighborhood.

Definition 1.2.7 (Subgraph). A graph H = (V'  E’) is said to be subgraph of a
graph G = (V, E) it V' € V and E' € E. A graph obtained from G by deleting some
(possibly none) of its vertices (and of course, only those edges incident with these
vertices) is called an induced subgraph of G. The induced subgraph of G on a vertex

set V' < V is denoted by G[V'].

Definition 1.2.8 (Paths and cycles). A path in a graph is a sequence of distinct
vertices (a1, @, . . ., a,y such that there is an edge from a; to a;.1, forall 1 <i < n—1.
A path {aj,as,...,a,) with an exception that a; = a,, is called a cycle. The length
of a path or cycle is the number of its edges. An n-vertex graph itself is a path, then
it is denoted by P,. Similarly, an n-vertex graph itself is a cycle, then it is denoted
by C,,. In case of digraphs, aforementioned path or cycle is called a directed path or

directed cycle.

Definition 1.2.9 (Clique and clique number). In a graph G = (V, E), a clique is a
subset of V' in which every pair of vertices are adjacent in GG. The size of a maximum
clique in G is called the cliqgue number of G, denoted by w(G). If w(G) = |V then

G is called a complete graph, denoted by K,,, where |V| = n.

Definition 1.2.10 (Matching). A matching in a graph G = (V, E) is a subset of
E in which no two edges share a common vertex. A matching is called a perfect

matching if it covers all the vertices of G.

Definition 1.2.11 (Connected graph). A graph is said to be connected if there
is a path between every pair of vertices. Otherwise, it is a disconnected graph. A

maximal connected subgraph of a graph G is called a connected component of G.
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Definition 1.2.12. The complement of a graph G = (V, E) is a graph G' = (V, E’)
such that ab e E' if and only if ab ¢ E, for all a,be V.

Definition 1.2.13 (Local complementation). The local complementation of a graph
G at vertex a is the graph obtained from G by replacing the induced subgraph
G[N(a)] with its complement (and the rest of the graph remains unchanged).

Definition 1.2.14 (Vertex-minor). A wvertex-minor of a graph G is the graph

obtained by a sequence of vertex deletions and local complementations in G.

Definition 1.2.15. Two graphs G; = (V4, E1) and Gy = (14, E5) are said to be
isomorphic if there is a bijection f : V3 — V4 such that ab € E; if and only if
f(a)f(b) € Es, for all a,b € V;. Two isomorphic graphs have the same depiction

(without labeling the vertices).

Here we present several important classes of graphs that appear frequently in

this thesis.

Definition 1.2.16 (Edgeless graph). A graph G = (V. E) is called an edgeless graph
if £ = @. An n-vertex edgeless graph is denoted by O,,.

Definition 1.2.17 (Independent set). In a graph G = (V, E), an independent set is

a subset of V' in which every pair of vertices are non-adjacent.

Definition 1.2.18 (Transitive orientation). An orientation of a graph is an assign-
ment of direction to each edge so that the resulting graph is a directed graph. An
orientation of a graph G is transitive if EI;, be in G then @t in G , for all vertices a, b, ¢

of G.

Definition 1.2.19 (Comparability graph). A graph is said to be a comparability

graph if it admits a transitive orientation.

Remark 1.2.20. Note that a comparability graph can admit multiple transitive

orientations.
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FIGURE 1.3: A comparability graph with a transitive orientation

Definition 1.2.21 (Permutation graph). A graph G is called a permutation graph if
each vertex of G’ can be associated with a line segment connecting two parallel lines
such that two vertices are adjacent in G if and only if their associated line segments

intersect. For example, a permutation graph on six vertices is given in Figure 1.4.

1 2 3 4 5 06 3/5
"i 4 6
UERT &

4 2 6 1 3 5 2

FIGURE 1.4: An example of a permutation graph

Dushnik and Miller [1941] characterized permutation graphs in terms of compa-

rability graphs as per the following theorem.

Theorem 1.2.22 ([Dushnik and Miller, 1941]). The class of permutation graphs is

the intersection of the class of comparability graphs and the class of their complements.
An important generalization of permutation graphs is the class of circle graphs.

Definition 1.2.23 (Circle graph). A graph G is called a circle graph if each vertex

of G can be associated with a chord of a circle such that two vertices are adjacent in
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G if and only if their associated chords intersect. For example, a circle graph on five

vertices is given in Figure 1.5.

FIGURE 1.5: An example of a circle graph

Definition 1.2.24 (Bipartite graph). A graph G = (V, E) is a bipartite graph if its
vertex set V' can be partitioned into two disjoint subsets V' = A U B such that every
edge in G connects a vertex from A to a vertex in B. If each vertex of A is adjacent
to all vertices of B then the bipartite graph is said to be complete and it is denoted

by K., n, where m and n are the sizes of the partite sets.

Definition 1.2.25 (Crown graph). A crown graph, denoted by H, ,, is a graph
obtained from the complete bipartite graph K, ,, by removing a perfect matching.

Figure 1.6 depicts the crown graph on 8 vertices.

1/
dd VV 2'
1 2! 3 4! 4/ 3

FIGURE 1.6: The crown graph Hy4 FIGURE 1.7: The prism Prj
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Definition 1.2.26 (Prism). For n > 3, a prism Pr, is a graph consisting of two
cycles {1,2,...,n} and {1’,2', ... n'} connected by the edges 7/, for i = 1,2,...,n.

The prism Prj is shown in Figure 1.7.

Definition 1.2.27 (Interval graph). A graph G = (V, E) is called an interval graph
if each vertex a € V can be associated with an interval on the real line such that
two vertices are adjacent in G if and only if their associated intervals intersect. We
say that these intervals form an interval representation of the graph G. Figure 1.8

depicts an interval graph on five vertices along with an interval representation.

FIGURE 1.8: An interval graph (left) and an interval representation (right) for it

Definition 1.2.28 (Chordal graph). A graph is called a chordal graph, also known
as a triangulated graph, if every cycle of length at least four has a chord — an edge

connecting two non-adjacent vertices of the cycle.

Definition 1.2.29 (Split graph). A graph is called a split graph if and only if its

vertex set can be partitioned into a clique and an independent set.

Definition 1.2.30 (Planar graphs). A graph G is called a planar graph if it can be

drawn on the plane such that no two edges in G cross each other.

Definition 1.2.31 (Outerplanar). A planar graph is called outerplanar if all its

vertices lie on the unbounded face of a planar drawing.

Definition 1.2.32 (Melon graph). A melon graph is a collection of vertex-disjoint

paths with two common endpoints. We call these paths as the constituent paths of
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the melon graph. Following the notation given in [Dissaux et al., 2023], a melon graph
M is denoted by M = (Ey, Es, ..., E,), where E;’s (1 < i < m) are constituent
paths with common endpoints 0 and 0’. Since the graphs that we are considering are
simple, there will be at most one constituent path of length one in a melon graph.

Figure 1.9 is an example of a melon graph.

0/

Ey Em

FicURE 1.9: Melon graph

Remark 1.2.33. Melon graphs are also known as generalized theta graphs (cf. [Liu
and Yang, 2023]). Note that if all the constituent paths of a melon graph are of same
length then the melon graph is called a theta graph (cf. [Verstraéte and Williford,
2019)).

Definition 1.2.34 (k-colorable graph). A graph G is k-colorable if the vertices of G
can be colored with at most k colors such that no two adjacent vertices share the
same color. The minimum value of k£ in which the graph G is k-colorable is called

the chromatic number of the graph, denoted by x(G).

Definition 1.2.35 (Perfect graph). A graph G is called a perfect graph if x(H) =
w(H), for all induced graph H of G.

Definition 1.2.36 (Line graph). The line graph of a graph G = (V, E), denoted
by L(G), is a graph with F as the vertex set and two vertices in L(G) are adjacent

if and only if their corresponding edges share a vertex in GG. For k > 1, we write

LFY(G) = L(L*(G)), where L'(G) = L(G).
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2
€1 ()]
€1 €2
1 3 es
€4 €3
4 €4 €3
F1GUure 1.10: A graph H FIGURE 1.11: Line graph L(H)

Definition 1.2.37 (Shortcut). A directed graph with the vertices {ai, as, ..., ax}
is called a shortcut if it contains a directed path, say (ay, as, ..., axy, and the edge
aray, called the shortcutting edge, such that there is no edge @;a;, for some 4, j with

1 <1< j < k. In particular, a shortcut must have at least four vertices, i.e., k = 4.

FIGURE 1.12: An example of a shortcut

Definition 1.2.38 (Semi-transitive orientation). An orientation of a graph is said
to be semi-transitive if the directed graph has no directed cycles (acyclic) and no

shortcuts. Figure 1.13 is an example of a semi-transitively oriented graph.

FI1cURE 1.13: A graph with a semi-transitive orientation
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Remark 1.2.39. Note that every transitive orientation is a semi-transitive orienta-

tion. However, the converse is not necessarily true.

The focus of this thesis is on word-representable graphs. This class of graphs
belongs to a wide family of graph classes known as hereditary. In the following, we
review the notion of hereditary and present some fundamental results related to this

notion.

Definition 1.2.40 (Hereditary class). A class C of graphs is hereditary if it contains
all induced subgraphs of each graph in C. In otherwords, C is closed under taking

induced subgraphs.

Remark 1.2.41. Comparability graphs, permutation graphs, circle graphs, and

interval graphs are hereditary classes.

One important property of hereditary classes is that they admit forbidden induced

subgraph characterization.

Definition 1.2.42. Let H be a set of graphs. The class of graphs that do not
contain any graph from H as an induced subgraph is called H-free graphs, denoted

by Free(H) . In this case, the graphs in H are called the forbidden induced subgraphs
for the class Free(#H). If H = {G} then Free(?) is simply denoted by Free(G).

Theorem 1.2.43 ([Kitaev and Lozin, 2015]). A class C of graphs is hereditary if
and only if there is a set H of graphs such that C = Free(H).

Example 1.2.44. The class of complete graphs is hereditary and can be characterized
as Free(Os). Thus, O, is the forbidden induced subgraph for the class of complete
graphs.

Note that there are several classes of graphs that are closed under induced

subgraphs are also closed under subgraphs, vertex-minors, etc. In such cases, these
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classes can be characterized in terms of forbidden subgraphs, vertex-minors, and
other related structures.

The class of circle graphs is hereditary as deleting a vertex from a circle graph is
equivalent to deleting a chord from a circle. Thus, there exists a characterization for
the class of circle graphs in terms of forbidden induced subgraphs. Unfortunately,
the complete list of forbidden induced subgraphs is not known. Nonetheless, the
class of circle graphs is closed under local complementation and hence are closed
under taking vertex minors. Bouchet [1994] characterized the class of circle graphs

by three forbidden vertex minors.

Theorem 1.2.45 ([Bouchet, 1994]). A graph is a circle graph if and only if it does

not contain the three graphs shown in Figure 1.1} as verter minors.

FIGURE 1.14: Forbidden vertex minors for the class of circle graphs

1.3 Posets

Definition 1.3.1 (Poset). A partially ordered set (in short, a poset) is a pair (P, <)
consisting of a set P and a partial order < on P. We always refer a poset by its

underlying set (rather than a pair).

Definition 1.3.2. For two elements a, b of a poset P, if a < b or b < a then a and b

are said to be comparable. Otherwise, they are incomparable.

Definition 1.3.3 (Total order, chain and height). A partial order under which every

pair of elements is comparable is called a total order or linear order. The totally
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ordered set is called a chain. The size of a maximal chain in a poset P is called the

height of the P, denoted by h(P).

Definition 1.3.4 (Chain cover). A chain cover of a poset P is a collection of disjoint

chains of P such that their union is the poset P.

Definition 1.3.5 (Antichain and width). A set of elements of a poset P in which
every pair of elements are incomparable is called an antichain of P. The size of a

maximal antichain of P is called the width of P, denoted by w(P).

The following theorem by Dilworth [1950] established a relationship between a

chain cover and the width of a poset.

Theorem 1.3.6 (Dilworth’s theorem). For a finite poset, the size of the smallest

chain cover is equal to the width of the poset.

Definition 1.3.7 (Cover graph). The cover graph of a poset P, denoted by Gp, is a
graph whose vertex set is the set P and two vertices a and b are adjacent in Gp if
and only if either a covers b or b covers a in P; here, we say a covers b if b < a and

there is no element ¢ in P such that b < ¢ < a.

Definition 1.3.8 (Hasse diagram). The Hasse diagram of a poset P is a depiction
of the cover graph Gp such that an element b is placed above another element a if a

covers b in P.

Definition 1.3.9 (Realizer). A realizer of a poset (P, <) is a set of linear orders on
k
P, say {<1,<a,...,<g}, such that < equals ﬂ <;, e, forall a,be P, a < b if and

i=1
only if a <; b, for all 1 <i < k.

Definition 1.3.10 ([Dushnik and Miller, 1941]). The dimension of a poset P is
the least positive integer k such that P has a realizer of size k, and is denoted by

dim(P).

The following are some of the results on the dimension of posets.
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FIGURE 1.15: A comparability graph D FIGURE 1.16: Hasse diagram of Pp

Theorem 1.3.11 ([Hiraguti, 1955]). Let P be a poset with n = 4 elements. Then
dim(P) < g

Theorem 1.3.12 ([Dilworth, 1950]). Let P be a poset. Then dim(P) < w(P).
Considering the results in [Kimble, 1973; Trotter, 1975, we state the following:

Theorem 1.3.13 ([Dilworth, 1950; Kimble, 1973; Trotter, 1975]). Let P be a poset
with n elements. Then, dim(P) < min{w(P),n — w(P)}.

Remark 1.3.14. Every comparability graph G = (V, E) induces a partial order <
on V', ie., ab e E if and only if a < b.

Example 1.3.15. A comparability graph on four vertices along with a transitive
orientation is given in Figure 1.15. The poset induced by the orientation is depicted

in Figure 1.16.

The following theorem by Trotter et al. [1976] shows that posets with the same

underlying comparability graph have equal dimension.

Theorem 1.3.16 ([Trotter et al., 1976]). Let P and Q) be posets that have the same

underlying comparability graph. Then dim(P) = dim(Q).

Based on the underlying comparability graph of posets, Baker et al. [1972]

provided a characterization of posets with dimension at most two.
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Theorem 1.3.17 ([Baker et al., 1972]). A graph is a permutation graph if and only

if it is the underlying comparability graph of a poset that has dimension at most two.

However, determining the dimension of a given poset remains computationally

hard, as shown by the following theorem.

Theorem 1.3.18 ([Yannakakis, 1982]). For any k = 3, it is NP-complete to deter-

mane if the dimension of a poset is at most k.

Even when restricted to height-2 posets (also called bipartite posets), determining
the dimension remains computationally hard. By combining the complexity result
established in [Yannakakis, 1982] and [Felsner et al., 2017], we have the following

theorem.

Theorem 1.3.19 ([Felsner et al., 2017; Yannakakis, 1982]). For any k = 3, it is

NP-complete to determine if the dimension of a height-2 poset is at most k.

Definition 1.3.20 (Kimble split). The split of a poset (P, <p), denoted by split(P),
is a height-2 poset (@, <g) such that @ = P u P’ where P’ = {d’ | a € P} and for
any a,be @, a <q b if

e ac Pand be P, and
e a4 <pc, where b = ¢, for some ce P.

We have the following results on the dimension of specific posets established in

the literature.

Theorem 1.3.21 ([Trotter, 1974]). If the underlying comparability graph of a poset
P is a crown graph H,, then dim(P) < n.

Theorem 1.3.22 ([Trotter and Moore, 1977]). If the cover graph of a poset P is a
tree then dim(P) < 3.
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Theorem 1.3.23 ([Ma and Spinrad, 1991)). If the underlying comparability graph
of a poset P is chordal then dim(P) < 4.

Theorem 1.3.24 ([Guenver and Rampon, 2004)). If the underlying comparability
graph of a poset P is a split graph then dim(P) < 3.

Theorem 1.3.25 ([Felsner et al., 2015]). If the underlying comparability graph of a
poset P is outerplanar and h(P) = 2 then dim(P) < 3.

Theorem 1.3.26 ([Felsner et al., 2015]). If the underlying comparability graph of a
poset P is planar then dim(P) < 4.

An interesting result on the Kimble split of a poset with respect to the poset

dimension is as follows:
Theorem 1.3.27 ([Kimble, 1973]). Let P be a poset. Then

dim(P) < dim(split(P)) < 1 + dim(P).

1.4 Word-Representable Graphs

Definition 1.4.1 (Word-representable graph). A simple graph G = (V. E) is word-
representable if there exists a word w over V such that, for all a,be V, abe E if
and only if @ and b alternate in the word w. In this case, we say that the word w

represents the graph G, and w is called a word-representant for G.

— 413423124

4 3

F1GURE 1.17: An example of a word-representable graph

TH-3842_196123004



26 PRELIMINARIES

52

FIGURE 1.18: Wheel graph Wj

Remark 1.4.2. Not all graphs are word-representable. The wheel graph Wj (see
Figure 1.18) is the smallest non-word-representable graph [Kitaev and Pyatkin, 2008].

Proposition 1.4.3 ([Kitaev and Lozin, 2015]). The class of word-representable
graphs is hereditary.

Proposition 1.4.4 ([Kitaev and Lozin, 2015]). If w is a word-representant for a

graph G then w' is also a word-representant for G.

Proposition 1.4.5 ([Kitaev and Pyatkin, 2008]). Let w = wyawsaws be a word-
representant for a graph G = (V, E), for some (possibly empty) words wy,wy and
w3, and wy does not contain the vertex a. If X is the set of all vertices that appear
ezxactly once in wo then the possible candidates for a to be adjacent to in G are the

vertices in X.

Definition 1.4.6 (k-word-representable graph). A graph G is k-word-representable

if there exists a k-uniform word-representant for G.

Theorem 1.4.7 ([Kitaev and Pyatkin, 2008]). A graph G is word-representable if

and only if G is k-word-representable, for some k.

Proposition 1.4.8 ([Kitaev and Pyatkin, 2008]). If w is a k-uniform word-

representant for a word-representable graph G then any cyclic shift of w also represents

G.
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Remark 1.4.9. The uniformity of the word-representant in Theorem 1.4.8 is nec-
essary. For example, the word 213243 represents the graph given in Figure 1.17.
However, the word 432132 obtained by cyclic shift of 213243 does not represent the

graph.

Proposition 1.4.10 ([Kitaev and Pyatkin, 2008]). A k-word-representable graph G
is also (k+1)-word-representable. Hence, each word-representable graph has infinitely

many word-representants.

Lemma 1.4.11 ([Broere and Zantema, 2019]). Let w be a k-uniform word-
representant for G. For m > 1, let Ay, As,..., A, be non-empty subsets of
{1,2,... k} such that, for all j € {1,2,...,k — 1}, there exists i € {1,2,...,m}
where {j,7 + 1} < A;. Then the word wAwA2) - wAm) represents the graph G.

Theorem 1.4.12 (Kitaev and Lozin [2015]). A graph G is word-representable if and

only if every connected component of G is word-representable.

The following theorem, given in [Kitaev and Lozin, 2015], establishes the compu-

tational complexity of the recognition problem for word-representable graphs.

Theorem 1.4.13 ([Kitaev and Lozin, 2015]). [t is an NP-complete problem to

recognize whether a given graph is word-representable.

Word-representable graphs are also studied in terms of semi-transitive orientations,

which is very useful in understanding word-representability of graphs.

Theorem 1.4.14 ([Hallddrsson et al., 2016]). A graph G is word-representable if

and only if it admits a semi-transitive orientation.

Theorem 1.4.15 ([Kitaev and Sun, 2024]). Let G = (V, E) be a word-representable
graph and a € V. Then there exists a semi-transitive orientation of G such that a is

a source' (or a sink?).

LA vertex in which all the edges are directed towards its adjacent vertices.
2A vertex in which all the edges are directed to it from its adjacent vertices.
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The following results are the classes of graphs which were shown to be word-

representable in the literature.

Theorem 1.4.16 ([Halldérsson et al., 2011]). All 3-colorable graphs are word-

representable.

Theorem 1.4.17 ([Kitaev and Lozin, 2015]). The class of triangle-free word-

representable graphs is exactly the class of cover graphs of posets.

Remark 1.4.18. If GG is semi-transitively oriented and triangle-free then it is the

Hasse diagram of some poset.

Theorem 1.4.19 ([Kitaev and Lozin, 2015]). All comparability graphs are word-

representable.

1.4.1 Permutationally Representable Graphs

Definition 1.4.20 (Permutationally representable graph). A graph G = (V, E) is
said to be permutationally representable if G has a word-representant of the form
p1p2 - - - P, Where each p; is a permutation on V. In this case, by considering the

number of permutations, the graph is called a permutationally k-representable graph.

Remark 1.4.21. Since each vertex of G appears exactly once in each permuta-
tion, and exhibits the alternating property, any combination of these permutations

P1, P2, - - -, Pr also represents the graph G.

The following theorem gives a characterization for the class of permutationally

representable graphs.

Theorem 1.4.22 ([Kitaev and Seif, 2008]). A graph is permutationally representable
if and only if it 1s a comparability graph.

McConnell and Spinrad [1997] showed that recognizing whether a graph is a

comparability graph can be done in linear time. Thus, recognizing whether a graph
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FIGURE 1.19: co-T5

is permutationally representable can be done in linear time. Furthermore, since
the class of comparability graphs is hereditary, Gallai [1967] provided a complete
characterization of this class in terms of forbidden induced subgraphs.

Note that every bipartite graph is a comparability graph, the following is an

immediate corollary of Theorem 1.4.22.
Corollary 1.4.23. Bipartite graphs are permutationally representable.

Theorem 1.4.24 ([Kitaev and Pyatkin, 2008|). Let G = (V, E) be a graph on n
vertices and a € V be an all-adjacent vertez®. Then G is word-representable if and

only if G[V\{a}] is permutationally representable.

The following theorem provides a necessary condition for a graph to be word-

representable.

Theorem 1.4.25 ([Kitaev and Pyatkin, 2008]). In a word-representable graph, the

netghborhood of each vertex is a comparability graph.

A natural question is to ask whether the converse of Theorem 1.4.25 holds. The
answer to this question is a no. A counterexample to this question was given in

[Halldérsson et al., 2010], and it is called the co-T5 graph (see Figure 1.19).

Theorem 1.4.26 ([Halldorsson et al., 2010]). The graph co-(13) is not word-

representable.

3If deg(a) = n — 1, the vertex a is called an all-adjacent vertex.
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1.4.2 Representation Number

In view of Theorem 1.4.7, we have the following notion associated to word-

representable graphs.

Definition 1.4.27 (Representation number). The minimal k such that a graph G is
k-word-representable is called the representation number of GG, and it is denoted by

R(G).

Remark 1.4.28. Suppose w is a word-representant for a graph G = (V, E) and
Vi € V. Then w|y, is a word-representant for the graph G[V4]. Thus, for an induced
subgraph G’ of G, we have R(G’) < R(G).

Proposition 1.4.29 ([Kitaev et al., 2011a,b]). A k-uniform word representing a
complete graph K, is a word of the form u*, where u is a permutation on K,’s

vertices.

From Proposition 1.4.29, it is evident that the class graphs with representa-
tion number one is precisely the class of complete graphs. We have the following

characterization for the class graphs with representation number two.

Theorem 1.4.30 ([Halldérsson et al., 2011]). For a graph G different from a complete

graph, R(G) = 2 if and only if G is a circle graph.

For k > 3, the class of graphs with representation number k is characterized

through the notion of k-circle representation.

Definition 1.4.31 ([Fleischmann et al., 2024]). For k > 1, a k-circle representation
of a graph G is a drawing in which each vertices of G is associated with a k-gon (a
polygon with & sides) inscribed in a common circle. Two vertex of G are adjacent if
and only if the sides of their corresponding k-gons intersect exactly 2k times. Figure

1.20 depicts an example of a graph and a 3-circle-representation of it.
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FIGURE 1.20: A graph and a 3-circle representation for it.

Theorem 1.4.32 ([Fleischmann et al., 2024]). For k = 3, a graph G is k-word-

representable if and only if there exists a k-circle representation of G.

However, by the following theorem given in [Halldérsson et al., 2011], we see that
determining the representation number of a word-representable graph is NP-complete,

for any fixed k > 3.

Theorem 1.4.33 ([Halldérsson et al., 2011]). Deciding whether a given graph is

k-word-representable for any fized k, 3 < k < [%

5], is NP-complete.

Remark 1.4.34. Suppose G = (V, E) is a disconnected graph and G[Vi], ..., G[V]
be the connected components of G where V' is the disjoint union of V;,...,V;. By
Theorem 1.4.12, we observe that G is word-representable if and only if each G|[V;] is
word-representable, for 1 < ¢ < ¢. Thus, by Theorem 1.4.7 and Proposition 1.4.10,
we observe that R(G) = max{2, R(G[V1]), ..., R(G[Vi])}.

The following are some of the results on the representation number of word-

representable graph available in the literature.

Theorem 1.4.35 ([Kitaev, 2013; Kitaev and Pyatkin, 2008]). For n > 3, the

representation number of the prism Pr,, is three.
Theorem 1.4.36 ([Glen et al., 2018]). For n = 5, the representation number of the

crown graph H, , is [5].
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Theorem 1.4.37 ([Halldérsson et al., 2011]). Let G, be the graph obtained from a
crown graph H, , by adding an all-adjacent vertex. The representation number of

G, is n.

The following are the conjectures related to the representation number of bipartite

graphs.

Conjecture 1.4.38 ([Glen et al., 2018]). Each bipartite graph on n > 9 vertices

has representation number at most [2].

Conjecture 1.4.39 ([Akgiin et al., 2019]). The crown graph H, , has the highest

representation number among all bipartite graphs on 2n vertices.

1.4.3 Permutation-Representation Number

Definition 1.4.40 (Permutation-representation number). The minimal k such that
a graph G is permutationally k-representable is called the permutation-representation

number (in short, prn) of G, and it is denoted by R?(G).
Remark 1.4.41. It is evident that R(G) < RP(G), for a comparability graph G.

Remark 1.4.42. Suppose w is a word that represents the graph G = (V, E') permu-
tationally, and V; € V. Then wly, is a word that represents G[V;] permutationally .
Thus, for an induced subgraph G’ of G, we have RP(G') < RP(G).

In the following, we reconcile the results that reveal the connection between the
prn of a comparability graph and the dimension of its induced poset, and present
explicitly that they are the same. Accordingly, we present the upper bounds for the
prn of comparability graphs, particularly for bipartite graphs.

The notion of the permutation-representation number of a comparability graph
was first coined in [Broere, 2018|, and remarked that the prn of a comparability

graph coincides with the dimension of the poset induced by the graph. While the
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remark is evident from the original result in [Halldérsson et al., 2011], in the following
we recall the result in terms of prn and explicitly present the relation between the

notions of prn and the dimension.

Lemma 1.4.43 ([Halldorsson et al., 2011]). If G is a comparability graph then
RP(G) < k if and only if dim(Pg) < k.

In fact, Halldérsson et al. [2011] showed that every realizer of Py is precisely a set
of permutations of vertices of G whose concatenation represents G permutationally.
Hence, considering such a set of minimal size on either side, we can deduce the

following corollary.

Corollary 1.4.44. If G is a comparability graph then RP(G) = k if and only if
dlm(Pg) = j

Consistently, we use the term dimension when we refer to a poset, and the prn
(in symbols R?(G)) when we refer to a comparability graph, while these concepts
give the same value.

In view of Corollary 1.4.44, we review the results known for the dimension of
posets.

McConnell and Spinrad [1997] showed that the posets of dimension at most two
can be recognized in linear time. Further, Baker et al. [1972] (cf. Theorem 1.3.17)
characterized these posets in terms of their underlying comparability graphs, viz.,
permutation graphs. Thus, permutation graphs are the graphs with prn at most two.
Further, by Theorem 1.3.18 and Corollary 1.4.44, we can conclude that, for a given
k, determining whether a comparability graph has prn k is NP-complete.

Note that bipartite graphs are precisely the underlying comparability graph of
height-2 posets (cf. [Adiga et al., 2011; Felsner et al., 2017]). Thus, by Theorem

1.3.19 and Corollary 1.4.44, we can also conclude the following theorem.

Theorem 1.4.45. For k > 3, its is NP-complete to determine if a bipartite graph
has prn k.
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Further, by Theorem 1.3.13, we deduce the following corollary.
Corollary 1.4.46. For a bipartite graph G = (A L B, E), RP(G) < min{|A|, |B|}.
An upper bound on the prn of bipartite graphs by Broere [2018], is stated below.

Theorem 1.4.47 ([Broere, 2018]). For a bipartite graph G = (A v B, E), we have
R(G) < min{a, 5},

where a = |{N(a)|a € A}| and p = |[{N(b)|be B}|.

1.4.4 Graph Operations

We now present few graph operations that are used in various parts of the thesis.

Definition 1.4.48 (Subdivision of an edge). In a graph G = (V, E), a subdivision
of an edge ab € E is the operation of replacing the edge ab with a path connecting a

and b.

Definition 1.4.49 (k-subdivision). A subdivision of a graph G is a graph obtained
from G by replacing each edge ab in G with a path connecting a and b. A subdivision
is called a k-subdivision if the paths replacing each edge of G is of length at least k.

Suppose G is a word-representable graph and ¢ is a semi-transitive orientation
of G. If ab e ¢, replace ab with the path {a,ay,...,a;, b} and chose the orientation
in this path to be transitive. The orientation obtained for the resultant graph is
semi-transitive. Particularly, for 3-word-representable graphs we have the following

lemma.

Lemma 1.4.50 ([Kitaev and Pyatkin, 2008]). Let G = (V,E) be a 3-word-
representable graph and a,b € V. The graph H obtained from G by adding a path of

length at least three connecting a and b is 3-word-representable.
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The next theorem is an immediate consequence of Lemma 1.4.50.

Theorem 1.4.51 ([Kitaev and Pyatkin, 2008]). For a graph G there exists a 3-word-
representable graph H that contains G as a minor. In particular, a 3-subdivision of

every graph is 3-word-representable.

Definition 1.4.52 (Module). A subset B of the vertex set V' of a graph G is called

a module if each vertex in B have the same neighborhood in the set V\B.

Theorem 1.4.53 ([Hefty et al., 2024; Kitaev, 2013]). Suppose that G = (V, E) is a
word-representable graph and a € V. Let G’ be the graph obtained from G by replacing
the vertex a with a module M, where M is a comparability graph. Then G' is also

word-representable. Moreover, if R(G) = k and RP(M) =1 then R(G') = max{k,(}.

Remark 1.4.54. Note that an edgeless graph O, is a comparability graph and
RP(O,) = 2. From Theorem 1.4.53, we observe that if we replace a vertex of a

word-representable graph G by a module O,, then R(G') = max{R(G), 2}.

Remark 1.4.55. Suppose G is an edgeless graph and we replace a vertex of G
by a module M, which is connected. Then R(G’) = max{2, RP(M)}. Clearly, if
we extend this to prn, we have RP(G') = max{2, RP(M)}. Therefore, prn of a

disconnected graph is the maximum prn among its connected components.

From the above-mentioned remark, it is sufficient to focus on the (permutation-)
representation number of connected graphs. Unless stated otherwise, all graphs

considered in the rest of this thesis are considered to be connected.

Definition 1.4.56 (Cartesian product of graphs). The Cartesian product of two
graph G = (V,E) and H = (V, E), denoted by G[H, is a graph with the vertex

V x V' and any two vertices (u,u') and (v,v") are adjacent in G[JH if and only if
- u=wv and u' and v' are adjacent in H, or

- v =" and v and v are adjacent in G.
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Definition 1.4.57 (k-cube). A k-cube, denoted by @, is the Cartesian product of
K5 with itself £ times, i.e., Q) = {(QDKQD . 'DKg-

k times
The following result shows that the Cartesian product of two graphs preserves

word-representability.

Theorem 1.4.58 ([Kitaev and Lozin, 2015]). Let G and H be two word-representable

graphs. Then the Cartesian product GLIH is also word-representable.

However, if both the graphs G and H are permutationally representable then
G[]H need not be permutationally representable. A counterexample is the prism
Pr3 = K3[1K,, the Cartesian product of complete graphs [Gallai, 1967]. In case,
if both the graphs are bipartite then their Cartesian product is a permutationally

representable graph. In fact, we have the following result.

Proposition 1.4.59 ([White, 1970]). The Cartesian product of two bipartite graphs

18 bipartite.

While the representation number of the Cartesian product of two word-
representable graphs is not known, the following theorem provides an upper bound

on the representation number.

Theorem 1.4.60 ([Srinivasan and Hariharasubramanian, 2024]). Let G and H be
two word-representable graphs with m and n vertices, respectively. If R(G) = k and
R(H) =1. Then

R(GOH) < (k + 1+ min{m,n}).

In particular, the representation number of K,[[1K5, for n > 1, is established in

the theorem below.

Theorem 1.4.61 ([Broere and Zantema, 2019]). The Cartesian product K,[1K> has

representation number n, for n = 1,2,3, and representation number 3, for all n > 3.

TH-3842_196123004



1.4 WORD-REPRESENTABLE GRAPHS 37

Theorem 1.4.62 ([Kitaev, 2013]). For n = 2, the Cartesian product L, = P,[1Ps,

known as ladder graph, has representation number 2.

Theorem 1.4.63 ([Hefty et al., 2024]). The representation number of k-cube is

log k
O )
(log log k)

TH-3842_196123004



38

TH-3842_196123004



Part 1

Bipartite Graphs

39

TH-3842_196123004



TH-3842_196123004



Permutation-Representation Number

In this chapter, we study the permutation-representation number (prn) of bipartite
graphs. First, we observe the properties of permutations that participate in a word
representing a given bipartite graph GG. We then introduce a specific class of directed
graphs called neighborhood inclusion graphs and use them to develop a polynomial-
time procedure for constructing a sequence of permutations that, when concatenated,
represent the graph GG. As a consequence, we obtain an upper bound on the prn of
bipartite graphs. Notably, this bound is expressed in terms of the width of a poset
associated with a neighborhood inclusion graph, which is at most half the number
of vertices in G. In view of Theorem 1.4.47, we focus only on the reduced bipartite

graphs and estimate their prn.

41
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In this chapter, G denotes a reduced bipartite graph (A U B, E) unless stated

otherwise.

2.1 General Properties of Permutations

In this section, we prove some general properties of permutations used in representing
a bipartite graph. These properties will play a vital role in constructing the respective
permutations.

Suppose a bipartite graph G is represented by p; - - - px, where p; (1 <i < k) is a
permutation of the vertices of G. First, we show that a vertex adjacent to two other

vertices will not appear in between them in any permutation p;.
Lemma 2.1.1. If ab,cb € E then abc & p;, for all 1 < i < k.

Proof. Suppose abc « p;, for some t. By the choice of a and ¢, they are non-adjacent
in the bipartite graph G. Hence, as ac < p;, there exists a permutation p, such
that ca « ps. Further, since ab € E and ab « p;, we have ab « p;, for all 1 <i < k.
Consequently, ¢b « p,. This is not possible, as ¢b € E and be « p;. Hence, abe & p;,

forall 1 <7 < k. O

As a consequence of Lemma 2.1.1, we observe that if any vertex adjacent to a
vertex a appears on the right side (or left side) of a in a permutation p; then every
other vertex adjacent to a also appears on the right side (respectively, left side) of a

in the permutation p; and hence in all permutations due to the alternating property.

Lemma 2.1.2. Forabe E and 1 <i <k, if ab < p; then ab' < p;, for all b € N(a)

and 1 < 5 < k.

Proof. For b' € N(a), suppose V'a < p;. Then b'ab « p;. But by Lemma 2.1.1, this is
not possible. Hence, ab’ « p;. Consequently, as a and V/ are adjacent, ab’ « p; for all

5. O
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We now prove a result on appearance of neighbors of two vertices, say a and c,
in a permutation, when they have common neighbors. If the neighbors of a appear
on the right side (or left side) of a in a permutation p; then the neighbors of ¢ also

appear on the right side (respectively, left side) of ¢ in the permutation p;.

Lemma 2.1.3. Let a,c be two vertices of G such that N(a) n N(c) # @&. For
1<i<kandbe N(a), if ab < p; then cb’ < p;, for allb' € N(c). Hence, cl' < p;,

for all j.

Proof. Suppose ab « p;. Let b € N(a)~N(c). By Lemma 2.1.2, ab” « p;. If b"c < p;
then ab”c « p;. This is not possible by Lemma 2.1.1. Hence, ¢b” « p;. Again, by
Lemma 2.1.2, ¢b’ « p;, for all b’ € N(c). O

2.2 Constructing Permutations

Let S = {ai,, ai,, ..., a; } be an ordered set with indices i1 < i < -+ < 7. We write
S to represent the word a;, a;,_, - - - a;, in which the elements of S appear exactly once
and are arranged in such a way that the indices are in decreasing order. Similarly, we

write S to represent the word a;,a;, - - - a;, in which the elements of S appear exactly

k

once and are arranged such that the indices are in increasing order.

Definition 2.2.1 (Neighborhood inclusion graph). Let G = (V, E) be a graph and
A < V. We define a neighborhood inclusion graph of G with respect to A as the
directed graph N4 (G) = (A, E'), where for all a,b € A we have that ab e E' if and
only if N(a) € N(b).

Remark 2.2.2. Since the set containment relation is transitive, the graph Na(G) is

a comparability graph and hence it induces a poset.

Notation 2.2.3. In what follows, let G = (AU B, E) be a bipartite graph. Consider
the neighborhood inclusion graph N4(G) with respect to A. The poset Py, ()
induced by N4(G) is simply denoted by Pj.
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Construction
Consider a chain cover of P, as per the following:

X1 oy <ag <oz << ary,

X2 tag1 < ago < ag3 < - < Agn,

Xk g < g2 < A3 < -0 < Qg gy

For each chain X;, we create a permutation p; of vertices of A u C, where C' is a
relabeled set of B as described below.

For a set of vertices U and a vertex a, let U_, = U\N(a) be the set of non-adjacent
vertices of a in the set U.

Consider one of the chains, say X, and construct a permutation, say p), as per
the following. In X, since N(a1,;-1)) & N(ai,), we write the exclusive neighbors

of ay,, ie., N(al,i),aly(H), on the right side of a;; and on the left side of a; ;_1).

Then we write the vertices in B which are non-adjacent to any of the vertices in
Xi, le, By, , on the left side of a; ,,. Now we write the remaining vertices of G,

Le., the vertices of the chains Xy, ..., X, on the left side of B, , . Although the

al,n

vertices within the sets N(ay ;) and B, , can be written in any order, for

—a1,(i-1)

convenience, we will write them in the increasing order as per their indices. Thus,

Py = IlB—al,nlal,mN(al,nl)—al,(nl_l)al,(nrl) o+ a19N(a12)—ay 011N (a11),

where 21 = X --- X}. Here, for 1 < j <k, Xj = a;10;- - a;p,, the word obtained
by writing the vertices of X in the increasing order as per the ordering of Py.
Consider pj, the subword of pj with the vertices of B. Relabel the word pf
as €103+ ¢y, (where m = |B|) with indices increasing from left to right. Thus,
C ={c1,...,cn} is the relabeled set of B. Now let p; be the permutation obtained
from p) by replacing the relabeled vertices from C' in place of corresponding vertices

of B.
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For i = 2,...,k, based on the chain X;, we construct the permutation p; with

vertices of A u C by

pi = $icfai,ni ai,mN(ai,ni)fai’(ni,l)ai,(m—l) - 'ai,QN(&m)fai,l ai,lN(ai,l)a

where z; = X{ - X; 1 X;,; - X, and the neighborhoods are considered with the
vertices of C'.

Finally, set pp = X, X, |+ X|CnCm_1" " C1.
Demonstration

A demonstration of this method for obtaining a word that permutationally represents

a bipartite graph is given in Example 2.2.4.

Example 2.2.4. Let G = (A u B, E) be the bipartite graph given in Figure 2.1.

FIGURE 2.1: A bipartite graph G

Note that the poset P4 shown in Figure 2.2 has width three. Consider the

following chain cover of Py:

X:1<4
X9:2<5<6
X323

The corresponding permutations are as per the following, in which two-digit

numbers (i.e., 10 and 11) are indicated in brackets.

p1 = 2563(11)47(10)189
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ps = 1436758(11)29(10)
ps = 1425698(10)73(11)
po = 32561498(10)7(11)

The permutations pq, p2, p3, Po On concatenation, i.e., the word pop1pops, represents

the graph G permutationally.

6 9
4 5) 8 10 11
1 2 3 7
FIGURE 2.2: Py FIGURE 2.3: Pp

The poset Pg shown in Figure 2.3, has also width three. Consider the following

chain cover of Pg:

Y,:7T<8<9
Y5 : 10
Y311

The corresponding permutations are as per the following:
¢ = (10)(11)392851764
¢2 = 789(11)13(10)4652

gs = 789(10)412(11)653

The word w = q1¢2q3 does not represent GG as the vertices 1 and 6 are non-adjacent
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in G while wy; gy = 161616. Also, note that

N{7<8<9}(1) < N{7<8<9} (6)
Ni10y(1) & Nyioy (6)

Nayy (1) & Ny (6)

We concatenate gy = (11)(10)789461523 to the word w so that goq1g2q3 represents G

permutationally.

Time Complexity

First, observe that the neighborhood inclusion graph of a graph on r vertices can be
constructed in polynomial time. For instance, using a brute force method, a pair of
neighborhoods can be compared in O(r?) time, and (;) pairs are to be compared
so that it can be done in O(r?) time. Next, recall that obtaining a chain cover of a
poset of s elements can be done in O(s?®) time (cf. [Felsner et al., 2003]). One may
also refer to the algorithm given by Céaceres [2023] to obtain minimum chain cover of
a poset.

Given a bipartite graph G with the partite sets A and B of sizes m and n,
respectively. Let m < n and consider the partite set A. We have, for all a,b € A,
N(a) € N(b) if and only if @ < b in P4. The time complexity for obtaining the poset
P4 takes O((mn)?) time, as for each pair from m vertices, we need to compare the
neighborhoods from the n-vertex set B. Further, a chain cover of P4 can be obtained
in O(m?) time, which can be subsumed within O((mn)?). Assume that each chain
of the chain cover of P, is maintained in an array as per their ordering.

Note that the construction of each permutation p; (1 < i < k) involves finding
the neighbors of each vertex in X; and arranging them in order. Assume the graph
GG is maintained in the adjacency matrix. Note that relabeling of vertices of B takes

O(n) time. Except the labels, since B and C are the same, we will use the set B
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for measuring the complexity in the following. Also, maintain an array of vertices
of B in the increasing order of indices and another array of vertices of B in the
decreasing order of indices. Note that we can prepare these arrays in O(n?) time.
Every time, while constructing the permutation p; (from its right side), take a copy
of the chain X; and a copy of arranged vertices of B, say B’. Find the neighbors
of a;; in O(n) time from B’ and arrange them in the same order for constructing
p; while deleting them in B’. Then repeat the same for each a;; (1 < j < n;) to
construct the permutation p; in O(mn) time, which includes arranging the prefix x;.
The permutation py can be easily constructed in O(m + n) time. As the number of
permutations is O(m), the entire process of constructing the permutations will take
O(m?n) time.

Hence, the overall time complexity for constructing permutations on the vertex
set of the bipartite graph G is O((mn)?), that is a polynomial in the number of

vertices of G.

2.3 Correctness and Upper Bound

In continuation, we now prove the correctness of the procedure given in Section 2.2,
and subsequently establish an upper bound for R?(G). Further, we mention a case

for which the prn attains the upper bound.

Theorem 2.3.1. The word pop: - - - pr permutationally represents the bipartite graph
G' = (AU C,E"), where

E' ={ac|abe E (forae A, be B), and b is relabeled as c € C}.

Proof. We show that two vertices a and ¢ are adjacent in G’ if and only if @ and ¢
alternate in the word pop; - - - px.

Suppose ac € E'. Let a € X, say a = as4, for some 1 <t < n,. Since c is in the
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neighborhood of a, ¢ appears on the right side of a in py, i.e., ac € p,. Further, for
all i # s, as a € X, we have a « x; so that ac « p;. Clearly, ac < py. Hence, ac « p;,
for all 0 < i < k, so that a and c¢ alternate in the word pop; - - - ps.

Conversely, suppose a and ¢ are non-adjacent in G'. We deal with this in three
cases. In each case, we identify two permutations: one with the subword ac and the

other with the subword ca.
e Case 1: a,ce A.

— Subcase 1.1: Suppose a,c € X,. Then either a < ¢ or ¢ < a. Without loss

of generality, assume a < ¢. Then ca « p,. Clearly, ac < py.

— Subcase 1.2: Suppose a € X, and c € X, for t # s. Clearly, ac < p; and

ca < ps.

e Case 2: ae A and c e C. Clearly, ac « pg. Suppose a € X,. Then note that

ca K ps.

e Case 3: a,ce C. Let a = ¢, and ¢ = ¢,. Without loss of generality, assume

p < ¢q. Then ac = cpey < p1 and ca = ¢,y < po.
Hence, a and ¢ do not alternate in the word pop; - - - px. O]

For 0 <i < k, let p} be the permutation of vertices of A U B obtained from p; by
relabeling the vertices of C' with their original labels from B. Then clearly, the word
poP) - - - Py represents the graph G as stated in the following corollary of Theorem
2.3.1.

Corollary 2.3.2. The word pyp - - - p;, permutationally represents the graph G.

Further, since the width of Py is the size of a minimum chain cover (Dilworth’s

Theorem 1.3.6), we have the following corollary of Theorem 2.3.1.

Corollary 2.3.3. R?(G) <1+ w(Pa).
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In view of the symmetry between A and B, we also have R?(G) < 1 + w(Pg).
Let ko = min{w(Py4), w(Pp)}. Since the words representing G can be obtained using

chain covers with respect to A or B, we have the following result:

Theorem 2.3.4. For a bipartite graph G = (A v B, E), we have
RP(G) < ]. + K-

If a bipartite graph G has a crown graph as an induced subgraph, we call it as
an induced crown graph of G. Based on the prn for crown graphs (see. Theorem
1.3.21), we state a lower bound on the prn of bipartite graphs. Since the class of
bipartite graphs is hereditary, if H is an induced subgraph of G then R?(H) < R?(G).

Therefore, we have the following result.

Lemma 2.3.5. If Hyj is an induced crown graph of a bipartite graph G then
RP(G) = k.

From the above results, we can conclude the prn of a particular type of bipartite

graph.

Theorem 2.3.6. Let G = (A U B, E) be a bipartite graph and Hyy be a largest
induced crown graph of G. If k = ko then RP(G) = ko or 1 + Ko.

2.4 Conditions for xj-Representability

In this section, we provide a criterion for the chain covers of P4 (or Pg) such that

the given bipartite graph G = (A U B, E) is permutationally xq-representable.

Notation 2.4.1. Let X be a chain in P4 and b € B. The relative neighborhood of b
with respect to X, i.e., N(b) n X, is denoted by Nx(b).

Lemma 2.4.2. Suppose X is a chain in Py. For all b,b' € B, the relative neighbor-
hoods Nx(b) and Nx(b') are comparable, i.e., Nx(b) € Nx(b') or Nx(b') € Nx(b).
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Proof. Let X : a; < ag < -+ < a,. Assume that Nx(b) and Ny (b') are incomparable,
i.e., Nx(b) € Nx (V') and Nx(b') € Nx(b). Then Nx(b) + @ and Nx (V') + @. There
exists a, € Nx(b)\Nx (V') and ay € Nx(b')\Nx(b). As a,,as € X, without loss of
generality, assume a, < as. Then N(a,) € N(as). This implies that b € N (as), which

is a contradiction. Hence, Nx(b) and Nx(b') are comparable. O

Lemma 2.4.3. For any chain X, if Nx(b) & Nx(V'), for all b,b' € B, then b occurs

before b' in the permutation corresponding to the chain X.

Proof. Let X :a; < ay < --- < a, and p be the permutation corrsponding to the
chain X. Suppose b'b « p. We have the following cases:
e Case 1: V' € B_,,. We have Nx(b') = . Clearly, Nx (V') < Nx(b), which is a

contradiction.

o Case 2: For 2 <i<n, b € N(a;)—q,_,- We have b e N(a;)_q,_, where j <.

This implies Nx(b') € Nx(b), which is a contradiction.
e Case 3: b’ € N(ay). Clearly b e N(ay) and we have Nx(b') = Nx(b), which is
also a contradiction.

Hence, b always occur before O in p. H

If the chain cover has only one chain, it is evident that R?(G) = 2. Assume
M ={X;,Xy,...,X;} (k= 2) is a chain cover of poset P4. For t = 2, let X; € M.
For some b,b' € B, if Nx,(b) = Nx,(V') = {aw1, @041y, - - -, G, }, Where 1 <1 < my

then the permutation p; corresponding to X; is of the form

xtB—atynt at,ntN(at,nt)—at,(nt_l)at,(nt—l) T at,lN(at,l)—aL(l_l) at,(l—l) Tt N(at,1)7

where b, € N(at,l)_%(l_l).
Based on this observation, we make a minor modification to the method described
in Section 2.2, i.e., for all b,V € B if Ny, (b) = Nx,(b') and N(V') < N(b) then put b

before ' in p; such that b = ¢, and V' = ¢,, where p < q.
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Remark 2.4.4. Note that the neighborhoods of no two vertices in G are the same.
As X; n X; = @ for i # j, we have N(b') < N(b) if and only if Ny, (b') < Nx,(b) for
all chains X; and Ny, (V') & Ny, (b) for some chain Xj.

We now show that G is permutationally kq-representable based on the containment
between N(b) and N(V'), for all b,b' € B. If N(b) and N(V') are incomparable, for
all b,b' € B then we show that RP(G) < kg. Otherwise, it is inconclusive. However,
when N(b) and N(b') are comparable for some b, b" € B, under certain conditions,

we show that G is permutationally kg-representable.

Theorem 2.4.5. Suppose M = {X;1, Xa,..., Xi} (k = 2) is a chain cover of the poset
Py. If M satisfies the following property with respect to B then G is permutationally

k-representable.

For all b,b' € B, there exist i,j with i # j
such that Nx,(b) € Nx,(b') and Nx,(0') S Nx,;(b). ~  --oeevveennns (CB)

Proof. Let G’ be the relabeled graph of G and w' = pips - - - pr. be the word where
P1, P2, - . -, Pr are permutation of vertices of G’ as per the construction given in Section
2.2, along with the above-mentioned modification to p;. It is sufficient to show that
w’ represents GG’ permutationally as the vertices of G’ can be relabeled back to their
original labeling in w’, which permutationally represents G.

We show that two vertices a and ¢ are adjacent in G’ if and only if a and ¢
alternate in the word w’.

Suppose ac € E'. Let a € Xy, say a = ay, for some 1 <1 < ny. Since c is in the
neighborhood of a, ¢ appears on the right side of a in p;, i.e., ac € p;. Further, for
all i # t, as a € Xy, we have a « x; so that ac « p;. Hence, ac < p;, for all 1 <1 <k,
so that a and c¢ alternate in the word w’.

Conversely, suppose a and ¢ are non-adjacent in GG'. We deal with this in three
cases. In each case, we identify two permutations: one with the subword ac and the

other with the subword ca.
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e Case 1: a,ce A.

— Subcase 1.1: Suppose a,c € X,. Then either a < ¢ or ¢ < a. Without loss
of generality, assume a < ¢. Then ca « p,. Since a,c € X, there exists

X; (t # s) such that a,c ¢ X;. Then ac « X, « z; < p;.

— Subcase 1.2: Suppose a € X, and c € Xy, for t # s. Then ac « X_c «

xTic K pp. Similarly, ca < ps.

e Case 2: ae A and ce C. Suppose a € X,. As ¢ ¢ N(a), clearly ca « p,. Since
a € X, there exists X; (t # s) such that a ¢ X;. Then ac « X, ¢ € ;¢ € p;.

e Case 3: a,ce C. Let a = ¢, and ¢ = ¢;,. Without loss of generality, assume
p < q. Then ac = ¢,¢, € p;, which means that Nx,(a) € Ny, (c). As
Nx,(a) € Nx,(c) and Nx,(c) S Nx;,(a) for some i and j, there exist a chain

X, such that Ny (¢) € Nx, (a).

— Subcase 3.1: Suppose Nx,(c¢) = Nx,(a). As ¢, and ¢, are in the same
exclusive neighborhood in ps and are written in decreasing order, we have

CqCp = Ca K Ps.

— Subcase 3.2: Suppose Nx.(¢) & Nx.,/(a). Then there exists a, €
Nx,(a)\Nx,(c) such that ca « ca,a < ps.

Hence, a and ¢ do not alternate in w’'. O

Theorem 2.4.6. Suppose M = {X;1, Xo, ..., Xi} (k = 3) is a chain cover of the poset
Py. If M satisfies the following property with respect to B then G is permutationally
k-representable.

For any b,V € B, if N(b) < N(V'),

then there exists Xj such that b ¢ N(aj,;). — cooeeeeroeeeen. (vB)
Proof. As per the procedure described in Section 2.2, let py, po, ..., pr be the permu-

tations corresponding to the chains Xy, Xo, ..., X, respectively. For 1 < i < k, note
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that each p; is of the form z;B_q,, Wi, where w; is the subword of p; restricted to
the set X; U N(a;p,).
We now reconstruct new permutations qi, ¢, . . . , & on the set AuB by considering

certain modifications on the permutations py, po, ..., p-

| —
q1 = %Dlwl

T 7
q2 = 332D2w2F1

/ /
Gr—1 = Ty Dp_qwy,_Fp_o

r
dx = kakkakfl

Here, considering Dy = & and X1 = &, for 1 <i < k, D; is the permutation on

the set D; = (B, \Di—1) U Xj (where j =i + 1) given by

Dz B B_a]',nj a/.]’n]N(aJan])_a],(n]—l) T a.]72N(a‘712)_a],1a‘771N(a.]71)‘

Note that D; is the permutation obtained by the procedure described in Section 2.2
by considering the singleton chain cover {X;} and the set B_,, , \D;_, in place of B.

Further, for 1 <¢ <k — 1,
— a is the subword of z; restricted to the set A\(X; U Xi41),
— w)} is the subword of w; restricted to the set (N(a;n,)\D;i—1) v X;, and

— F; is the subword of r(D;) restricted to the set D;\X;,1. Note that 7(D;) is

the reverse of the word D;.

We now show that g1qs - - - qx represents G permutationally.
Suppose a and b are adjacent in the graph G. Let a € X;. For every i ¢ {t — 1,1},

a & x, « x;, this implies ab « ¢;. If b € D,y then ab « D; ;1 « g1 and
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ab « wWiF,_y « q. If b¢ D,y then ab « D;_jw,_Fy_» < q,_, and ab € w) < q;.

Hence, ab « ¢; for all 1 < i < k, so that a and b alternate in the word ¢1¢s - - - qx.
Assume that a and b are non-adjacent in the graph G. We handle this in the

following four cases. In each case, we identify two permutations ¢s; and ¢; (for some

s # t) such that ab « ¢s and ba < ¢.

e Case 1: a,be A.

— Subcase 1.1: Suppose a,b e X,. Then either a < b or b < a. Without loss
of generality, assume a < b. Then ba < W) « ¢5. Since a,b ¢ X; (for any
i # s) and k = 3, there exists X; (t # s, s — 1) such that a,b ¢ X;. Then

ab € T; < .
— Subcase 1.2: Suppose a € X, and b € X, for s # t. Then ba « ¢, and

ab « q.

e Case 2: ae Aand be B. Suppose a € X,. If be D,_; then ba « D,_1 < qs_1

and ab « wiF;_; < gs. Otherwise, ab < ¢;—1 and ba < W, < ¢s.
e Case 3: a,be B and N(a) = N(b). Let a ¢ N(ajn,), for some j (by pp).

— Subcase 3.1: a € D, 1. We have a € F,_;. Suppose b € D,_; then either
ba « Dy 1 « g1 and ab <« F, | € g4, or ab « D, 1 and ba « F, | < ¢,.

Suppose b ¢ D,_1. Then ab « q,_1 and ba « ¢,.

— Subcase 3.2: a ¢ D, ;. We have a € D,. Suppose b € D,. Then either
ab « Dy « g, and ba « Fy « g1, or ba « Dy « ¢ and ab < Fy < ¢si1.

Suppose b ¢ D;. Then ab « g and ba < ggy1.

e Case 4: a,be B, and for i # j, Nx,(a) € Nx,(b) and Nx;,(b) S Nx,(a). In this

case, clearly, we have ab « ¢; and ba « g;.

Hence, a and b do not alternate in ¢iqs - - - qx. O
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Corollary 2.4.7. If kg = w(Pa) (or = w(Pg)) and a minimal chain cover of
Py (or Pgp) satisfies one of the following conditions, (g, Ca, v or ya then G is

permutationally ko-representable.

Remark 2.4.8. Let G = (A u B, E) be a bipartite graph such that both P4 and Py
are antichains. Then P, (also Pg) has only one chain cover. For all a,b € A (also in
B), since N(a) and N(b) are incomparable, the chain cover of P4 (of Pg) satisfies (g
(respectively, C4). Hence, RP(G) < Ko. In particular, every regular bipartite graph is

permutationally kg-representable.

We now present a class of bipartite graphs constructed from Mycielski graphs of

crown graphs and demonstrate the procedure given in Section 2.2 .

Example 2.4.9. Let G be a graph with vertex set [n] = {1,2,...,n}. The Mycielski
graph of G, denoted by (@), is an undirected graph with the vertex set [n] U
{1,2',...,n'} U {0} and the edge set E(G) u {0i’ | i € [n]} U {j7,ij" | ij € E(G)},
where E(G) is the edge set of G. Note that G is an induced subgraph of ;(G). The
graph 1(G)Y is the graph obtained from p(G) by removing the vertex 0 from it. If G
is a bipartite graph with bipartition A and B then u(G)° is also a bipartite graph
with bipartition A u A" and B u B’, where A’ = {i'|i € A} and B’ = {j'|j € B}.

1 2 3
B

A
4 ) 6

FIGURE 2.4: H333

Let us consider the crown graph Hj 3 as shown in Figure 2.4 with partite sets A =
{1,2,3} and B = {4,5,6}. Construct the Mycielski graph u(Hs3) and accordingly
the bipartite graph p(Hs3)°, as shown in Figure 7.11 and Figure 2.6, respectively.
Note that the neighborhood inclusion graphs of p(Hjz3)° with respect to A U A’ and

B u B’ are isomorphic, as shown in Figure 2.7 and Figure 2.8.
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FIGURE 2.5: p(Hs3) FIGURE 2.6: pu(Hs3)°

Consider the following chain cover of the poset P4 with respect to the partite
set AU A" of u(Hs3):
X;:1'<1
X5:2' <2
X;:3 <3

The corresponding permutations are as per the following.

q = 2'23'344'15'6'1'56
q2 = 1'13'355'24'6'2'46

g3 = 1'12'266'34'5'3'45

Note that the chain cover {X7], X}, X’} satisfies Corollary 2.4.7 and hence ¢;¢2¢s3
represent the graph p(Hs3)? permutationally. Further, since Hj 3 is an induced
subgraph of (Hz3)°, we have RP(u(H;3)°) = 3.

Note that for n > 3, the neighborhood inclusion graph with respect to a partite
set of M(Hmn)o is a collection of n disjoint edges. Moreover, since H,, ,, is an induced

subgraph of p(H,,)°, it is evident that RP (u(H,,)") = ko.

Remark 2.4.10. Recall the poset P4 from Example 2.2.4. The chain cover
{X1, X2, X3} of P4 satisfies Corollary 2.4.7; therefore, the word pipsps permuta-
tionally represent the graph G.
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1 2 3 4 5 6
1/ 2/ 3/ 4/ 5/ 6/
FIGURE 2.7: Paa FIGURE 2.8: Pg_p

2.5 Comparison with Broere’s Result

We now show that the upper bound for prn of a bipartite graph obtained in Theorem
2.3.4 is an improvement of the upper bound given by Broere (Theorem 1.4.47).

Let G = (A U B, E) be a reduced bipartite graph. Accordingly, the number of
distinct neighborhoods of A is |4|, i.e., « = |{N(a)|a € A}| = |A|. Also, the number
of distinct neighborhoods of B is |B|, i.e., § = [{N(b)|b € B}| = |B|. Hence, since
w(Py4) < |A] and w(Pg) < |B|, we have ko < min{a, 5}.

In case RP(G) = 1 + Ko, we observe that Ky < min{a, $}. On the contrary,
suppose ko = min{a, 8}. We arrive at a contradiction as shown below in two cases.

Without loss of generality, assume o < 5. Then ro = a = |A].

o If w(P4) < w(Pp) then w(Pys) = ko = |A| so that P, is an antichain. Hence,
by Remark 2.4.8, G is permutationally kq-representable. But R?(G) = 1 + k.

e Else, w(Pg) = ko < w(P4) < |A| = min{«, 8}.
Hence, if R?(G) = 1 + kg, we have kg < min{a, 8}.
Theorem 2.5.1. Let G be a bipartite graph. Then RP(G) < 1+ k¢ < min{a, }.

Example 2.5.2. Consider the bipartite graph G given in Figure 2.9. By Theorem
1.4.47, G is permutationally 3-representable. However, note that the reduced graph
of G satisfies Corollary 2.4.7 and ko = 2. Hence, RP(G) = 2.
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FIGURE 2.9: A bipartite graph
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Representation Number

Focusing on the representation number of bipartite graphs, in this chapter, we show
that every bipartite graph is (1 + [%])—representable, where m is the size of its
smallest partite set. Furthermore, we validate that the conjecture (see Conjecture
1.4.38) by Glen et al. on the representation number of bipartite graphs, case wise
based on the sizes of the partite sets. In fact, we show that the conjecture holds
for all bipartite graphs leaving the bipartite graphs whose partite sets are of equal
and even size. In case of the bipartite graphs with partite sets of equal and even
size, using the neighborhood inclusion graph approach, we prove the conjecture for
certain subclasses, viz., the bipartite graphs with h(P4) > 3 or P4 contains two

disjoint chains of size 2.

61
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In view of Remark 1.4.54, in this chapter, G = (A U B, E) is a reduced bipartite

graph.

3.1 Construction of Uniform Word-Representant

In this section, we construct a uniform word that represents a given bipartite graph.
As a result, we obtain an upper bound on its representation number. Let G be a
bipartite graph with bipartition A = {ay,aq,...,an,} and B = {by,bs,...,b,}, where

m < n.

Construction

Through the following five-step procedure, we construct a (1 + [%])—uniform word-

representant of G.

I. Partition the partite set A into pairs. If m is odd then consider the set
A u{ani1}, where a1 € A B and N(ay,.1) = 9. Accordingly, let m be

even and partition the set A into % pairs, say

(al, CLQ), (ag, (14), - o o ((Im,l, am).

II. Word wy; jy: For any pair (a;, a;), construct a word wy; j) over the set {a;, a;} B
given by

Wi ) = B*ZazBZa]w(i’j)asza]B*j
where,

i. B.;B,;: A permutation on the vertices of B which are non-adjacent to

any vertex of {a;,a;}.

ii. B;: A permutation on the neighbors of a; but not of a;, i.e., N(a;)\N(a;).
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I1I.

IV.

iii. wzm.): A permutation on the common neighbors of a; and a;, i.e., N(a;) N

N{(aj).

iv. Bj: A permutation on the neighbors of a; but not of a;, i.e., N(a;)\N(a;).

We call the words B,;, B;, wEZ.J), B} and B as blocks of the word w

0.5)"

Construction of D, : Consider two consecutive pairs, say (a,, ap1) and
(a-1,ay), for 1<p<m—1;ie,p+2=q—1 If p=m—1 then consider
q = 2, i.e., the last and first pairs. Avoiding these two pairs, from the remaining
pairs, consider the word with second components in the sequence followed by

the word with the first components in the sequence to construct the word Dy,.q).

That is, for various values of p, the words D, , are as per the following:

-

Agag * * * ApAsay * -+ Ay—1, if p =1 (remove first two pairs);
A0y * Ay 40103+ A5, 1f p =m — 3 (remove last two pairs);

A406 * Q20305 - * A3, 1f p=m — 1 (remove last and first pairs);

kCL2(14 o Ap—1Qg42 - AppA1G3 - Ap—20g41 " Am—1, else.

Construction of wy: Consider the reversal of the word w; 2y restricted to the

vertices of B. Then construct the permutation wy on the set A U B by
_ R
Wo = a2a1w(172)|3a4a3 T A1
Construction of w: Finally, construct a (1 + %)—uniform word

w = w(1,2)D(1:4)w(3,4)D(3:6)w(5,6) T 'w(m—l,m)D(m—1:2)w0

over the set A U B.

Remark 3.1.1. Note that if m is odd, we construct the word w over the vertex set
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AU BU{an. 1} Tt is evident that the word obtained by removing all the occurrences

of the vertex a,,,1 from w is a word-representant of the bipartite graph G.

Remark 3.1.2. It is straightforward to observe that the construction of uniform

word-representant given in this section can be done in polynomial time.

Demonstration

FIGURE 3.1: A bipartite graph

Example 3.1.3. Let G = (A U B, E) be the bipartite graph given in Figure 3.1.
Consider the smaller partite set A = {ay, as, as, a4, as}. Since A is of odd size, add

an isolated vertex ag to the graph G such that N(ag) = @. Let A; = A U {ag}.

I. Partition the set A; into pairs, i.e., (a1, as), (a3, a4), (as, ag).
I1. For each pair, we construct the following words:

i. We have, N(ay) = {bs,bs,bs} and N(as) = {b1,bs,b5,b6}. As per the
construction, By, = by, By = b3, w21,2) = bybs, B = b1b; and B, is an

empty word. Thus,
U)(LQ) = bga1b3a2b4b6alblb5(l2.

ii. We have, N(ag) = {b1,ba, bs, b5,bs} and N(ays) = {ba, by, bs5,bs}. As per

the construction, B,z = b3, B3 = by, w23’4) = bobybsbg, B and B, are

empty words. Thus,

U)(374) = bg a3b1 CL4b2 b4b5 b6 asay.
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IIT.

IV.

VL

iii. We have, N(as) = {bs,bs5,bs} and N(as) = &. As per construction,
Bys = bbby, Bs = bsbsbg, w£5’6), B = bib; and B.4 are empty words.
Thus,

’U)(5’6) = blbgb4a5b3b5bﬁa6a5a6.

Note that is in this process, if b € B is not in the neighborhood of a pair

(ags—1, azs), for some s € {1,2,3}, we put b in By(as—1) of was—1,2s)-

Construct the permutations, D(1.4y, D(3:6) and Dys.9), i.e.,

D(1;4) = Qp0As5
D(3:6) = G201

D(5:2) = Q403

Construct the word wy, i.e.,

R
wo = agalw(172)|3a4a3a6a5

Wy = a2a1b5blb6b4bgbga4a3a6a5.

Finally, we have the word w = w1 2) D(1.4)w3.4)D(3:6)W(5,6) D(5:2)wo which repre-

sents G U {ag}.
w = 62a1b3a2b4bﬁa1b1b5a2a6a5b3a3b1a4bgb4b5b6a3a4a2a1blbgb4a5bgb566a6a5a6a4a3

a2a1b5b1 b6b4b3b2a4a3a6a5.

Remove the vertex ag from w, we see that
w|(AuB) = baa1b3a2b4bsa10105a2a503a3b1a4b2b4b5bsazasa2a101b2b4a5b3b5bsasa4a3
a2a1b5b1b6b4b362a4a3a5

is a word-representant for the bipartite graph G.
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Observations and Remarks

We present some remarks on the occurrences of each vertex of G in the word w
for better understanding on the construction of w. Note that a® denote the ith

occurrence of a vertex a in the word w (from left to right).

Remark 3.1.4. For each vertex b € B, we have, for all 1 < s < 7, b) « W(25—1,25),

and b(1T3) « wy.

Remark 3.1.5. For all 1 < s < 3, the word ws_1,2,) contains only the vertices

ass—1 and aqy from the partite set A. For each a € A,
— a € {ay,as}. We have

a(l)a(2) < wW(1,2)
forall3<i<Z, a%« Dz
=22

a & Wp.

— a € {ags_1, as,}, where 2 < s < 3. We have

. Doi1:9i42y, ifi# F;
foralli€{1,2,...,5=2,5+1,..., %}, a) « ( ¥ 2

2

D(m—1:2)7 if i =

s—1)

at*~Val) « W(2s—1,2s)

1+2
al*%) « wy.
Correctness

Remark 3.1.4 and Remark 3.1.5 are very handy in proving that the word w represents

G in the following theorem.
Theorem 3.1.6. The word w represents the bipartite graph G.

Proof. We show that for any two vertices a,b e A U B, a and b are adjacent if and
only if a and b alternate in w, so that w is a word-representant of the bipartite graph

G.

TH-3842_196123004



3.1 CONSTRUCTION OF UNIFORM WORD-REPRESENTANT 67

Suppose a and b are adjacent in G. Let a € A and b € B. We deal this in the

following two cases:

- Case 1: a € {a1,as}. From Remark 3.1.4 and Remark 3.1.5, we have

a0 & w o)
forall 3<i< %, b(i_l) K W(2i—3,2i—2) and a(’) 3¢ D(Qi_3:2i)
b(%) K Wim—1,m)

a3 « g
so that aWpMa@p@ ... O+ pA+T) « 4y,

- Case 2: a € {ag,_1, a3}, for 2 < s < F. From Remark 3.1.4 and Remark 3.1.5,

we have
foreach ie{l,...,s =2,s+1,..., 3}, b « W(2i—1,2:) and
0 D 1:0i42), if1# 3
a' «
D(m71:2)7 if i = %
beD « wias_3.25-2)

a6 al8) « wigs1 94

b+ 3)q(0+%) «
so that bWaMpP g ... pa+3)q(1+5) « .

Hence, a and b alternate in the word w.
Conversely, suppose a and b are non-adjacent in G. We show that, for some 7 > 1,
one of the following words is a subword of w: a@pWIplU+DalU+1) p()a()qlU+DpG+1)

aWqUrDpDpG+D  pplu+1 )6+ We handle this in the following three cases:
- Case 1: a,be A. We have the following subcases:

— Subcase 1.1: a,b belong to the same pair. For 1 < s < %, let a = ag, 1

and b = ao;.
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i) If s = 1 then note that a®b® = oPa{? « w1 9). Further,

wo, for m < 4;
aal?) «

D3y, form =6

so that a@p@pB) B « .

ii) If s = 2 then note that a®b® = a{Pa{? « w3 4). Further,

-

wo, for m < 4;

agg)agg) €4 Dy, for m = 6;

D(5:8)7 for m > 6

so that a@p@pB)¢B) « w.

iii) If s > 2 then we have,
pl=D =D gls=Dpls=h D(25_5:25—2)W(25—1,25) K W.

— Subcase 1.2: a and b belong to different pairs.

i) If one of a,b is in the first pair. Without loss of generality, let a €
{a1,az2}. Then as b ¢ {a1, as}, b does not appear in w; ). Accordingly,
we have

aMa® « w2y SO that aMa@pMp2 « .

ii) If a € {ags_1,as}, for 2 < s < F then consider the following cases

depending on whether b is in the subsequent/preceding pair or not:
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(a) If b € {agsi1, agsio} then

b(s_l) « D(2573:25)
a(s—l)a(s) K W(25—1,25)

bt « W(25+1,25+2)

so that bGE=DaG=D () « qp.

(b) Ifb ¢ {a2s—37 A25—2, 2541, a2s+2} then we have

D §—0148 s—1,2s D s—1:2)» f =
ps=D) (5= o (Dp() (25—3:25)W(25—1,25) L/ (25-1:2) or s

D25 3:26)W(25—1,26) D(2s—1:2612), for s <
so that b= Da—Da()p) « w.

- Case 2: ac Aand be B. Let a € {ag,_1,as}, for 1 <s < 3.

l) Ifbe N(CLQS_l)\N(CLQS) then b(s) K Bgs_l K W(25—1,2s) -

a s = then a‘’a & w19y an & W(3.4)- us,
If | then 5VaMa® (2 and b® se. Th

bD W a@p?) « .

(b) If s > 1 then b1 « W(2s—3,25—2) and b a5 Dals) « W(2s—1,25)- Lhus,

Hs=Dp) (=1 () « .
ll) Ifbe N(CLQS)\N(CLQS_l) then b(s) K Bés K W(25—1,2s) -

(a) If s = 1 then a{Ma@p® « w2 and b« wsay, so that
aDa@pMp? « w.

(b) If s > 1 then b0 ™Y « wias 395 9y and alValbl) « w1 a4, s0
that

b= =1 o (Dp5) « .

iii) If b ¢ N(ass 1) v N(ag,) then either b*) « By 1) or b « By .
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(a) If s = 1 then b(WaMa® « W(1,2) OF aWa@p) « we1,2), and b2 «

U)(374). Thus,
bV aMa@p? « w or adMaPpMp@ « w.

(b) If s > 1 then b1 « W(25—3,25—2), and b5 als) « W(2s—1,25) OF

at=Daps) « W(2s—1,25)- Lhus,
b gD () « qp or b VgD p) « .

- Case 3: a,b e B. Note that w = w 2)uwy, for some u. Clearly, w(172)|3 < Wy 2),
and by construction of wy we have, wﬁz) |p « wq. Since a and b occur exactly
once in w9y (cf. Remark 3.1.4), without loss of generality, assume ab « w 2).
Then w|(ap = ab---ba. Since w is a uniform word, both a and b must occur
the same number of times. Thus, two b’s occur consecutively in w|g 4, so that

a and b do not alternate in w.

Hence, a and b do not alternate in the word w. O

An upper bound on the representation number of a bipartite graph is evident

from Theorem 3.1.6 as stated in the following corollary.

Corollary 3.1.7. The representation number of a bipartite graph is at most 1+ [%],

where m is the size of the smallest partite set.

3.2 Validation of Conjecture

From results given in [Glen et al., 2018] and [Akgiin et al., 2019], we observe that, for
graphs with at most nine vertices, the representation number of a bipartite graph is

at most 1+ [%] and the upper bound is tight. In this section, we focus on validating
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Conjecture 1.4.38 that R(G) <[], for m > 5 through various cases based the

sizes of the partite sets.
Theorem 3.2.1. Let G be a bipartite graph. Then we have the following:

1. Ifn=m+ 3 then R(G) < [™™].

2. If m is even and n € {m + 1,m + 2} then R(G) < [™F2].
Proof.

1. By Corollary 3.1.7, if m = 2k or m = 2k — 1, for some k > 1, we have

R(G)<1+[%1:1+k.

On the other hand, if m = 2k then [Z] > [#£5] = k + 1. Similarly, if

= 2k—1, [2] = [4£5] = k + 1. Hence, in any case, R(G) < 1+k < [Z2].

2. Let m = 2k, for some k = 1. Note that R(G) < 1+ k. If n = m + 1 then
[mn] = [ = k + 1. Similarly, if n = m + 2 then [742] = [42£2] = 4 1

so that R(G) <1+ k = [2].

3.2.1 A Partite Set of Odd Size

We now show that, for m > 5, a bipartite graph is [ ]-representable if m is odd.

Theorem 3.2.2. Let G be a bipartite graph with partite sets of sizes m and n, where

S5<m<n<m+2 Ifmisodd then G is |5 |-representable.

Proof. Let P, = {be B| deg(b) =m — 1} and P, = B\P;. If P, = & then the graph

m

G is the crown graph H,, ,, and hence G is [%5 ]-representable (cf. Theorem 1.4.36).
Suppose Py # @&. Let P, = {b1,by,...,b.} and Py = {b,y1,b,42,...,0,}. We

construct a word representing GG, along the lines of the construction given in Section

TH-3842_196123004



72 REPRESENTATION NUMBER

3.1. For which, since m is odd, we consider the set A U {a,,+1} with a new isolated
vertex a,,,1 and partition it into pairs.

If |Pi| = m, note that P, has at most two vertices. If any one of the vertices of
P, is of degree [%], in the partition of A U {@,,11} into pairs we must have a specific

pair (c1, ¢2) chosen as per the following:

e In case n = m + 2 and deg(bpmy1) = deg(bms2) = [F], if [N(bps1) N
N(byi2)| = 2 then choose c¢1,ca € N(bpi1) N N(bpi2). Otherwise, choose

c1,Cp € N(bpg1)\N (bin2); this is possible since m > 5, we have [%] > 3.

e In case n € {m + 1,m + 2} and only one b € P, is of degree [2], choose

C1,C € N(b)

%
2

For rest of the cases, the partition of A U {a,, 1} into pairs can be done arbitrarily.

For each 1 < i < r, since deg(b;) = m — 1, there exists a; € A such that b; is
non-adjacent to a;. Further, since G is reduced (i.e., each vertex of G has distinct
neighborhood), these a;’s are distinct. Clearly, the remaining vertices of A, say
Gpi1,-- -, Qm, are adjacent to each vertex of P;. If a,, is non-adjacent to a vertex in
Py then |P;| = m. Hence, the size of P; is at most m.

Let My = {(a1,a2), ..., (@m-2, @m-1), (@m,a@ms1)} be a partition of A U {a,,41}
into pairs. In case |P;| = m and deg(b) = [%], for some b € P, then without loss of
generality, let (a1, as) = (c1, ¢2), as selected above.

We say that a vertex c is adjacent to a pair (a;,a;) if ¢ is adjacent to a; or
a

;- Recall that in the construction of the word w41y given in Section 3.1, the

B;, B!

arrangement of the vertices of B within each block among B, By (i41)

i+1)?
and wzu L1y are in any order. For each pair (a;,a;.1), we now construct the word
w;;+1) following the process given in Section 3.1, but by arranging the vertices of B
in each of the blocks in a certain order.

Note that M; has at least three pairs, as m = 5. For each b € B, case wise, first

we implement the following steps:
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1. If b is non-adjacent to (at least) two pairs in M, say (a;, a;+1) and (a;, aj11),

then put b in By, of w41y and put b in B;(j—i-l) of wej j41).-

2. If b is non-adjacent to only one pair (a;,a;11) in M;, where i # m then put b
in By; of w41y if b is in B;_; of some other word wy;;1y. Otherwise, put b in

B;(i-i-l) of w(;it1)-

3. If b is non-adjacent to only (a,, @m1) then put b in B;( ) of Wi m1y if b is

m—+1

in B; of some other word w 11). Otherwise, put b in By, of Wi m1)-

Then we focus on arranging the vertices of B within each block of w; 1), for
all 7. Observe that if two vertices b and b" of B occur in the same block of wy; ;11
then b and " must occur in different blocks of some word w i1y, as G U {@m41} is

reduced; otherwise b and b’ would have the same neighborhood.

e For every pair of vertices b and b" within the same block of wy, ), if 0’ occurs
before b in different blocks of some word w11y then put b before b in the

block of w(; 2. Else, put 0’ before b in the block of w o).

e For i > 1, for every pair of vertices b and b’ within the same block of w; ;41y, if
b" occurs before b in the word w(; 2) then put b before b in the block of w; ;41).

Else, put 0’ before b in the block of w; ;. 1).

By Corollary 3.1.7, the following (1 + [ |)-uniform word w represents G U {@p,41}.

w = w2 Da:aywE,a - Winm 1) Dm:2)Wo

Recall that wy is a permutation on the set A U B U {a,,+1}. We show that the
following [% |-uniform word w; obtained by dropping the suffix wy from w represents

the graph G U {a;,11}.

wy = w(l,Q)D(1:4)w(3,4) v 'w(m7m+1)D(m:2)
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Note that if any two vertices are adjacent in G U {a,,,1} then they alternate
in w and hence they also alternate in w;. Suppose two vertices of G U {a,, 1} are
non-adjacent. If both are in A U {a;,41} or one is in A U {a;,+1} and the other is in
B, observe that they do not alternate in w so that they will not alternate in wy, as

wy does not have any role in the proof of non-adjacency for m > 4 in Corollary 3.1.7.

We only need to show that if a,b e B then a and b do not alternate in w;. Since
every vertex of B occur exactly once in each word w41y of w, we conclude the

result by proving the following claim.

Clarm. There exist two words w41y and w1y such that ab € wg.,41) and
ba € W, s11)-

Let a or b be non-adjacent to at least two pairs in M;. Suppose a and b belong to
the same block of some word w; j;1y. If j = 1 then ab « w9y if only if ba « w441y,
for some ¢ # 1. If j # 1 then ab « wy; 11y if and only if ba « w(; ). Suppose a and b
belong to different blocks in every ws_1,.24), for 1 < s < 7. Let a be non-adjacent to
(ar,ar41) and (as, asiq). Without loss of generality, assume that ¢ « By, € wgpy1)

then a « B;( L Wss41)- We have ab € w41y and ba < W s41)-

s+1)

On the other hand, both a, b are non-adjacent to at most one pair in M;. That is,
a is adjacent to all pairs or a is non-adjacent to exactly one pair. Also, b is adjacent
to all pairs or b is non-adjacent to exactly one pair. Accordingly, by symmetry
between a and b, we have the following cases: (i) both a, b are adjacent to all pairs,
(ii) a is non-adjacent to one pair, say (a;,a;;1), and b is adjacent to all pairs (iii)
a is non-adjacent to one pair, say (a;, a;41), and b is non-adjacent to one pair, say
(a;,a;:1).

Since N(a;,.1) = &, any vertex adjacent to the pair (@, @, 1) must be adjacent
to only a,,. Depending on whether ¢ or j equals m, aforementioned three cases will
yield the following. In case (i), we have a,b € N(a,,). In case (ii), clearly b € N(a,,);
and if ¢ # m then a € N(a,,), otherwise a ¢ N(a,,). In case (iii), we get all four

possibilities based on a € N(a,,) or not, and b € N(a,,) or not. Accordingly, by
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symmetry between a and b, we prove our claim in the following three cases:

- Case 1: a,b € N(a,,). In this case, a and b belong to the same block B,, of
Wim,m+1)- Thus, if ab « w2y then ba « Wi m+1). Otherwise, ab « Wy m+1) if

ba « wW(1,2)-

- Case 2: a,b ¢ N(ay,). If a and b belong to the same block, as seen before,
we have, ab « Wy, me1) if and only if ba « w(;2). Otherwise, without loss of
generality, suppose a € B, and b « B;(m+1) of W, m+1) 50 that ab « Wi m+1)-
Since b « B;(m+1)> as per our construction of placing the vertices of B (cf. step
3), the vertex b must occur in B; of some other word w1). If a and b belong
to the same block of w41y then ab « B; « w41y if and only if ba « w( 2),
when ¢ # 1. However, if ¢ = 1, as M; has at least three pairs, there exists
J ¢ {1,m} such that ba « w; ;1 if and only if ab « w(;,2). Else, if a is not in

the block By of w441y then ba « w41y Thus, in any case, there exist r, s

such that ab « w41y and ba € W, s11).-

- Case 3: a € N(a,,) and b ¢ N(a,,). Suppose a and b belong to the same block
of some word wy; j1y. If j =1 then ab « w9 if and only if ba « w11y, for
some t # 1. If j # 1 then ab « w; ;11 if and only if ba « w(; ). Suppose a
and b belong to different blocks in every w(z,_1,2s), for 1 < s < . We handle

this in the following two subcases.

— Subcase 3.1: b« B;(m+1). In this case, ab « BmB;(mH) & Wim,m+1) and,
by our construction of placing the vertices of B (cf. step 3), b belongs to
By of some word w(41). In the word w41y, if a does not belong to By,
then ba « w(41). Otherwise, ab « By B; € w41). But, since M has
at least three pairs, there exists another word ws 41y with s ¢ {m,t} and

a < Bl | « w(si1y (by step 2 of our construction), so that ba « ws s 1).-

— Subcase 3.2: b « Byy,. Then ba « Wiy, me1). Note that, for all odd j and

1 < j <m, b belongs to either wy; ; ;) or By, ) of w(j+1).
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(i)

(i)

If b is of degree at most m — 2 then b belongs to B, of some word

wee41)- In the word w41y, if @ does not belong to B’ ) then

#(t+1
ab < wg+1). Otherwise, ba « By, 1By, 1) € Wige1). As a < By,
and M, has at least three pairs, a belongs to either B or wzs s+1) of

some word w(s 541y, where s ¢ {t,m} so that ab « w(s s 1).

If b is of degree m — 1 then the size of P, must be m. Note that if
|P;| < m then a,, must be adjacent to each vertex of P;. Also, b
belongs to wEMH), for all odd j and 1 < j < m. Suppose ba <€ w; 1),
for all odd j and 1 < j < m. Then a « Bj,,, for each wy;; 1);

otherwise if a « B’

“(t+1) of some word w; ;1) then the vertex a either

belongs to B or wzs’sﬂ), for all odd s # t and, hence, we arrive at a
contradiction. Thus, deg(a) = [%]. As per the partition of the set
A U {am+1} into pairs, a; and ay are considered to be adjacent to a.
Thus, a belongs to wELZ) of w( 2). This is a contradiction, as a and
b are in different blocks of every wy; 1), for odd j and 1 < j < m.

Hence, there exists ¢ # m such that ab « w41y

Thus, a and b do not alternate in w;.

Hence, wy|4,p represents the graph G so that G is [%]-representable. O

Theorem 3.2.3. Let G be a bipartite graph with partite sets of sizes m and n, where
5<m<n. Ifmis odd then R(G) < [ZF2].

4

Proof. In view of Theorem 3.2.1(1), it is sufficient to verify the statement for n €

{m,m+1,m+2}. Let m =2k + 1, for some k > 2 and n = 2k + ¢, for 1 <t < 3.
Then by Theorem 3.2.2,
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Through Theorem 3.2.1 and Theorem 3.2.3, apart from the bipartite graphs with
partite sets of equal and even size, we proved that the conjecture by Glen et al. on

the representation number of bipartite graphs is valid for all other bipartite graphs.

Remark 3.2.4. As the crown graph on 2n vertices has representation number [%],
in view of Corollary 3.1.7 and Theorem 3.2.2, the conjecture by Akgiin et. al. (see.
Conjecture 1.4.39) that the crown graph H, , has the highest representation number

among all bipartite graphs on 2n vertices holds when 7 is odd.

3.2.2 Partite Sets of Equal and Even Size

In this section, we focus on bipartite graphs with partite sets of equal and even size,
i.e., m = n and m is even. For a subclass of these graphs, we also verify Conjecture
1.4.38 by constructing a uniform word-representant using the neighborhood inclusion
graphs.

Recall that Py is the poset induced by the neighborhood inclusion graph N4 (G)
with respect to A.

Theorem 3.2.5. Let G be a bipartite graph with a partite set A = {ay, as,...,an},
where m = 2k (k = 3), and h(P4) = 3. Then R(G) < k.

Proof. As P, is a poset of height at least three, there exists a chain of size three,
say {a1,as,a3}, such that a; < ay < azg. We now construct a k-uniform word-
representant for G. We follow the same method given in Section 3.1 but with the

following modification. First, partition the set A into £ — 1 pairs given by:

(al < ag < as, CL4), (CL5, a6)7 R (amfla am)

Except for the first pair, as given in Section 3.1, we construct the word wy; ;) for
each pair (a;,a;), for 5 <i < m —1 and odd i. Note that the first component of the

first pair is the chain a; < as < a3. Considering the index of its first element, the
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word wy; jy corresponding the first pair is denoted by w; 4y and constructed over the

set {a1,as, a3, as} U B as per the following:

I I
’LU(174) = B*langangalBla4Cla102a2C’3agB4a4B*4

where,

1.

11.

1i.

1v.

vi.

vii.

Viil.

B,1B.,: A permutation on the vertices of B which are non-adjacent to any

vertex of {ay, as, ag, as}.
By: A permutation on the neighbors of a; but not of a4, i.e., N(a;)\N(a4).

By: A permutation on the neighbors of a; but not of a; and a4, ie.,

N(ag)\(N(ar) v N(as)).

Bs: A permutation on the neighbors of a3 but not of ay and a4, i.e.,

N(az)\(N(az) v N(as)).
C1: A permutation on the common neighbors of a; and ag, i.e., N(ay) N N(a4).

C5: A permutation on the common neighbors of as and as but not of aq, i.e.,

(N(az) 0 N(as))\N(az)-

C5: A permutation on the common neighbors of ay and a3 but not of as, i.e.,

(N(az) N N{ag))\N(az)-

Bj: A permutation on the neighbors of ay but not of ag, i.e., N(as)\NN(as).

Similar to wy constructed in Section 3.1, we construct the permutation ug on the set

AU B by

_ R
Up = A401a203W 7 4 |Basas - - AmGm—1-

Finally, we construct a k-uniform word

W2 = w(1,4)D(1:6)w(5,6)D(5:8)w(7,8) e 'w(m—l,m)D(m—M)Uo
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over the set A U B, where the word D, ) is constructed as per the defini-
tion given in Section 3.1 for consecutive pairs, in which whenever the index
1 is referred the word ajazas will be placed together. For example, Dgg) =
a4G10012 * * * Ay A1G203094171 * ** Am—1-

We show that for any two vertices a,b€ A u B, a and b are adjacent in G if and
only if a and b alternate in w,, so that ws is a word-representant for the bipartite
graph G. The proof is similar to the proof of Theorem 3.1.6, by considering the
construction given here.

Suppose a and b are adjacent in G. Let a € A and b € B. We deal this in the

following three cases:

- Case 1: a € {ay, as,as,as}. We have

dDHDa® « gy g
forall 3<i<k— 1, b(i_l) K W(2i—1,2) and a(z) ¢ D(Qi—1:2i+2)
b1 « W(m—1,m)

a®bk) « g

so that aWpMa@p@ ... ¢F)p*) i a subword of ws.

- Case 2: a € {as,as}. We have

b « w g
aMb@a® « w g
forall 4 <i<hk—1, b« wpioia and a1V « Digi_19i12)
plk—1) « W(m—1,m) and a1 « Din—1:4)

bR ak) « g

so that 8MWaMp@Dq@ ... p*F) q(*) i a subword of ws.

- Case 3: a € {ags 1, ass}, for 4 < s < k. We have
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b(l) K W(1,4)
a(l) K D(1:6)
for all 7 e {3, ey, S — 2, S + ]_, RN k’}, b(iil) < W(2i—1,24)

1) Di1:2i42), if1#k;
a\'" v«

D(m—1:4)7 if i =k
bs—2) « W(25—3,25—2)
als=Dpls=D)g(s—1) « W(2s-1,25)

bR a®) « ug

so that bW aMpPq@ ... pE)q(*) is a subword of ws.

Hence, a and b alternate in the word ws.
Conversely, suppose a and b are non-adjacent in G. We show that, for some 7 > 1,
one of the following words is a subword of ws: a@WpWpU+Dal+1) i) a0 al+Dp0+1)

aW U rDpDpGHD pIplu+1 )60+ We deal this in the following three cases:

- Case 1: a,be A. We have the following subcases:

— Subcase 1.1: a, b belong to the same pair.

i) Let a,b belong to the first pair. If a,b € {ai, as, a3}, without loss
of generality, assume a = a, and b = a; with s > ¢t. Then clearly
aWpWp@a® « wq 4. Otherwise, let a € {a,as,a3} and b = ay.

Then

U, for m = 6;
aWpM@p) « w4y, and b3 «
D(5:8)7 for m > 6
so that a®@b@p®a®) « w,. Thus, in any case, aPpIpU+D g+ «

wsq, for some j.

ii) If a = a5 and b = ag then aWbMa@b® « w54 and
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.
Ug, for m = 6;

b(3)a(3) & < D(7:4), for m = 8;

kD(mo), for m > 8
so that a@bv@p3eB) « ws,.
iii) For 4 < s <k, if a = ass 1 and b = ays then
as=2)ps—2) gls-pls—1) « W(2s—1,25) and

D f = 4;
B3 g-3) o (1:6)> or s =4

Dos—525-2), fors>4

so that b3 q(5=3)q(=2)p(=2) « g,
— Subcase 1.2: a and b belong to different pairs.

i) Let one of a,b belong to the first pair (a1 < as < as, as). Without
loss of generality, let a € {a1,as, as,as}. As b ¢ {ay,as,as, a4}, b does
not appear in w 4. Accordingly, we have aPa® « w4 so that

aDa@pMp@ « 1.

i) If a € {ags_1,ass}, for 3 < s < k then consider the following cases

depending on whether b is in the subsequent/preceding pair or not:
(a) If b€ {ags;1, agsio} then

Dy. fi =3;
b(5_2) « (1:6)» or s )

D(23—3:25)a for s >3
a5 g1 « W(25—1,25)

b DHe) « W(2s+1,25+2)

so that b6=2 (=2 gs=Dps=1) « 4.

(b) Ifb¢ {stfs, A25—2, A25+1, a23+2} then
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-

D(1:6)w(576)D(5:4), for s =3 and m = 6;

Dy Dis.9), f =3 and m > 6;
B5—2) g (5=2) g =D ps=1) ¢ 4 (1:6)W(5,6) L/ (5:8), IO S and m ;

D(Qs—S:Qs)w(Qs—l,Qs)D(25—1:4)7 for s = k;

kD(2373:23)w(2571,2s)D(2371:28+2)a else.

Thus, b2 a2 qDpl—1 « .
- Case 2: a € A and b € B. We deal this case in the following three subcases.

— Subcase 2.1: a € {ay, as, ag, a4}
i) If b € N(as)\N(az) then aWDa®b® « w4 This implies that
aPa@pMp2 « s,
ii) If b € N(a3)\N(as) then bMaMa® « w4y and b « w(g). Thus,
bDaMa@p2 « s,
iii) If b ¢ N(asz) U N(ay) then either b « B, or bV « B, and
@ « w(s6)- Thus, either bV aWa@p2 « wy or aPa@pMp2) « .
— Subcase 2.2: a € {ags 1,095}, for 3 < s < k.

i) If b € N(azs)\N(ags—1)) then b¢~=Y « Bj.. Thus,

W(1,4), for s = 3;

b(5*2) & and &(572)01(571)5(871) < w(23—1,28)7

W(2s—32s—2), for s> 3,

so that b2 g2 g Dpls=1) « 4y,

ii) If b e N(ags—1)\N(ags) then b1 « By,_;. Thus,

W(1,4), for s = 3;

b(5_2) & and b(s—l)a(S—Q)a(S—l) < W(25—1,25)5

W(2s-32s-2), for s> 3,

so that b=2p(=al=2D a5~ « .
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iii) Ifb ¢ N(ags—1)UN(azs) then either b1 « Byas 1yor b D « B!
Thus,

(25)"

562 o W14y, for s = 3;

W(25—3,25—2)> for s >3
so that either b6=2p(=Dg(5=2)q(5=1) « 1y or B2 (5= gls=Dps—1) «

wsy.

- Case 3: a,b e B. The word wj is of the form w; 4yvug. Clearly, w(174)|3 L W14,
and by construction of ug we have, wﬁ 4)| B € up. Since a and b occur exactly
once in w4y, without loss of generality, assume that ab « w4y so that
Wal{apy = ab---ba. Since wsy is a uniform word, both a and b must occur the
same number of times. Thus, two b’s occur consecutively in ws |, so that a

and b do not alternate in ws,.
Hence, wy represents G so that R(G) < k. O

Remark 3.2.6. In view of Theorem 3.2.5, note that Conjecture 1.4.38 holds for all

bipartite graphs considered in this section having h(P4) = 3.

For another special class from the remaining graphs, we have the following

theorem.

Theorem 3.2.7. Let G be a bipartite graph with a partite set A = {ay, as, ..., an},
where m = 2k (k = 3). If h(P4) = 2 and contains at least two disjoint chains of size

two then R(G) < k.

Proof. Let a1 < as and a4 < as be two disjoint chains in P4. We extend the method
given in Theorem 3.2.5, and construct a k-uniform word-representant for GG. First,

partition the set A into £ — 1 pairs given by:

(al < ag, a3)7 (CL4 < as, a6)7 (a7, as); Cee (amflu am)
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Except for the first two pairs, as given in Section 3.1, we construct the word wy, j
for each pair (a;,a;), for 7< i <m —1 and ¢ odd. For the first pair (a; < as, as),

construct the word denoted by w3y on the set {ai, as,as} U B as per the following:
w(l’g) = B*langalBlagClalC’gangagB;?,
where,

i. B, B.s: A permutation on the vertices of B which are non-adjacent to any

vertex of {ay, as, as}.
ii. Bi: A permutation on the neighbors of a; but not of as, i.e., N(ai;)\N(a3).

iii. By: A permutation on the neighbors of as; but not of a; and as, i.e.,

N(az2)\(N(a1) v N(a3)).
iv. C1: A permutation on the common neighbors of a; and as, i.e., N(ay) n N(as).

v. Cy: A permutation on the common neighbors of a3z and as but not of a4, i.e.,

(N(az) N N(az))\N(a1)-
vi. Bi: A permutation on the neighbors of a3 but not of as, i.e., N(az)\N(az).

Similarly, for the pair (a4 < as,as), construct the word denoted by w6 on the set

{ay,as,a6} U B as per the following:
Wa,6) = Byyas Bsay ByagCiasCsas Bgag Blg
where,

i. BuBlg: A permutation on the vertices of B which are non-adjacent to any

vertex of {ay, as, ag}.
ii. By: A permutation on the neighbors of a4 but not of ag, i.e., N(as)\N(ag)-

iii. Bs: A permutation on the neighbors of a; but not of a4, and ag, i.e.,

N(as)\(N(as) v N(ae))-
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iv. C1: A permutation on the common neighbors of a4 and ag, i.e., N(ay) N N(ag).

v. Cy: A permutation on the common neighbors of ag and a5 but not of ay, i.e.,

(N(as) N N(ag))\N (aq).
vi. B§: A permutation on the neighbors of ag but not of as, i.e., N(ag)\N(as).

Now construct the permutation vy on the set A U B by considering the reversal

of the word wy, 3 restricted to the vertices of B as per the following:
) =3 agalagwﬁ,g)baeamsasa? T A m—1
Finally, construct the k-uniform word w3 over A U B as per the following:

w3 = w1,3)D1:6)W(4,6) D(4:8)W(7,8) * * * Wim—1,m) Dm—1:3)V0

Along the similar lines of Theorem 3.2.5, we show that the word ws represents
the graph GG. Suppose a and b are adjacent in GG. Let a € A and b € B. We deal this

in the following four cases:

- Case 1: a € {ay, as, as}: We have

aWpM e « wW(1,3)
@ « w46y and a® « D45
forall 4<i<k—1, b« wpi_1) and al « Digi_19i19)
b* D) W1 m)

a®pF) « vy

so that aMpMa@p@ ... FpFE) « ;.

- Case 2: a € {ay, as, ag}: We have
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b « w3
Dy « wy g
forall 4 <i<k—1, b «wg 12) and eV < Digi 19119
b5 « w1y and a* 7Y « D13

bR o) « v

so that bW aMpDq@ ... pE) (k) « .

- Case 3: a € {ar,ag}: We have

bW « w gy and aY « Dy
b® « wa e
a@b®aB) « wer g
forall 5<i<k—1, bV« W(2i—1,2;) and a® b « D(ai-1:2i+2)
b* Y « w1,y and a*7Y « Dgy,o13

bR ) « v
so that 8MWaMpDg@ ... pE) (k) « .

- Case 4: a € {ags_1, ass}, for 5 < s < k. We have

b « w3 and aV « Dy
b « wiae) and a® « Diy)
forall ie{4,...,5—2s+1,... .k}, i)« wpai_1a and
a1 « Di-raite), i # ks
Dm13), ifi=k
b2 « Wias—3.25-9)
a2 D™D « wige-y o)

b*) k) « vy

so that bMaMp@a@ ... p*)I g « 1.
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Hence, a and b alternate in the word w3. Conversely, suppose a and b are non-adjacent

in G.

- Case 1: a,be A. We have the following subcases:

— Subcase 1.1: a and b belong to the same pair.

i)

i)

iii)

iv)

TH-3842_196123004

Let a,b belong to the first pair. If a,b € {a;,as}, without loss of
generality, assume a = a, and b = a;. Then clearly aWpMp2a?) «
w(1,3). Otherwise, let a € {a;,as} and b = a3. Then a@p@ « w(1,3)
and

f Ty
b5 « Vo, or m = 06;

D5y, for m > 6,
so that a®@b@p®B) « ws. Thus, in any case, a@DbDpU+D 0+ «
ws, for some j.
Let a,b belong to the second pair. If a,b € {a4, a5}, without loss of
generality, assume @ = a5 and b = as. Then clearly aVp(VpP a2 «
ws6). Otherwise, let a € {as, a5} and b = ag. Then a®b® « wy

and
.

V0, for m = 6;

b(3)a(3) & < D(7:3), for m = 87

D(7:10) for m > 8,
\
so that a®@b@p3)aB) « ws. Thus, in any case, aWbDpU+D U+ «
ws, for some 7.

Let a,b € {a7,as}. Without loss of generality, assume a = a; and b =
as. Then bMaM « D1:6y and aPp? « wyrg) so that bW aWa@p2) «
ws.

Let a,b € {ag, ap}. Assume a = ag and b = a1o. Then b?a® « D48

and a®b® « w10y so that ¥PaPa®b3) « w;.
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v) For 6 < s <k, if a = ags_1 and b = ay, then b~ al73) « D(25—5:25—2)

and aC2bE=2) « wige_125). Thus, b¢~3al=Da=2pl=2) « w;.
— Subcase 1.2: a and b belong to different pairs.

i) Let one of a,b be in the first pair (a1 < ag,az). Without loss of
generality, assume a € {a1, a2, az}. Then aMa® « w3 and b
wy,3). Thus, aMa@pMp2) « .

ii) Let one of a,b be in the second pair (a4 < as,as) and assume
a € {ay,as,a6}. Then b « D16y and aWa® « w6 Thus,
bV aMa@p2 « .

iii) For 4 < s <k, if a € {ags1, ass} then consider the following cases

depending on whether b is in the subsequent/preceding pair or not:
(a) If b€ {azsi1, agsro} then
D4:sy, for s = 4;

bs—2) «
D(2573:25)a for s > 4

a/(sfz)a(sil) 1< w(25—1728)

bl « W(2s-+1,25+2)

so that 662 (=2 gs=Dps=1) « 5.

(b) If b ¢ {ags—3, ass—2, 2511, A2s42} then
{

D, for s = 4;
b(872) & K (4:8) 2 ’

D(25—3:28)7 for s >4
\

at 20670 « wias- 1 95)
(
D s—1:2s ’ f k7
pob o { IR T

Dm—1:3), for s =k
\

so that b6=2 (=2 gs=Dps=1) « 5.
- Case 2: a € A and be B. We deal this case in the following three subcases.

— Subcase 2.1: a € {ay, az, ag}.
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i) If be N(as) then aMa@p™) « w(1,3) so that aWaPpMp?2) « 5.

ii) If b € N(az)\N(az) then bMaMa® « w3 and b « wiye. Thus,
bW D 22 « ws.

iii) If b ¢ N(az) U N(as) then either b « B, or b « B, and
aWa® « wq,3)- Thus, either bV aWa@p2 « wy or aMa@pMpR) «
ws.

— Subcase 2.2: a € {ay, a5, ag}.
i) If b € N(ag) then bV « w3 and aWa®b® « wig. Thus,
bV aMa@p@ « .

ii) If b € N(as)\N(ag) then b « w3 and bPaMa® « wiye. Thus,
bW M@ « 5.

i) If b ¢ N(as) U N(ag) then bV « w3y, and either b® « B,y or
b? « B!, so that either b a(Ma® « wy or bMaMa@b?) « w;.

— Subcase 2.3: a € {ags 1,095}, for 4 < s < k.

i) If b € N(ags) then
W(4.6)s if s =4;
B2 o {0 and

W(2s—3)(25—2), if >4,

a®Dal Y« wge_y 94

Thus, b2 a2 gDy « .

UJ(4’6), if s = 4,
ii) If be N(ags 1) then b6~2) « and

W2s—3)(25—2), if 8 >4,

b6 Dal=D a1 « wige1 9. Thus, bE=DpEDal=2glD) « .
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iii) If b ¢ N(ags—1) v N(ags) then

b(5*2) « W(4,6)5 if s = 4,

W(25—3)(25—2)> if s > 4,

and either b1 « By(2s-1) or bl « B;(Qs)' Thus, either

bs=2pls=D (=251 « w3 or B~ als=2als=Dp=D « ;.

- Case 3: a,b € B. The word ws is of the form w; 3yvvg. Clearly, w(173)|3 &
w(1,3), and by construction of vy, we have wg73)|3 & . Since a and b occur
exactly once in w( 3), without loss of generality, assume ab « w 3) so that
w3|{ajb} = ab---ba. Since ws is a uniform word, both a¢ and b must occur the
same number of times. Thus, two b’s occur consecutively in ws|¢p. Thus, a

and b do not alternate in ws.

Hence, ws represents G so that R(G) < k. O
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Special Classes

Focusing on identification of graphs with the (permutation-)representation number
three, in this chapter, we investigate two classes of bipartite graphs — the extended
crown graphs and the stacked book graphs. The extended crown graphs are inspired
by the Kimble split operation for posets. We show that the prn of extended crown
graphs attains the bounds given in Theorem 2.3.6. Notably, we show that when the
poset has width two then its extended crown graph belongs to the class of circle
graphs and has prn at most three. For stacked book graphs, we prove that the prn
is at most three, and subsequently show that the representation number and the prn
of a stacked book graph coincide. Finally, we provide a complete classification of

stacked book graphs based on their representation numbers.

91
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4.1 Extended Crown Graphs

Definition 4.1.1 (Extended crown graph). Given an n-element poset P, an extended
crown graph defined by P is a bipartite graph G = (A U B, E) on 2n vertices

constructed as per the following:
i. Let A be the set of elements of P and B = {v' : ve A}.
ii. Consider a largest antichain M = {a,as,...,ar} S A of the poset P.
iii. Let M' ={d},d},...,a}} € B.

iv. For 1 <i,j < k and i # j, put {a;, a;-} € F, i.e., construct a crown graph of 2k

vertices with M and M’ as partite sets.
v. Then, for all ve A\M, put {v,v'} € E.

vi. Further, for all u,v € A, if u < v in P then iteratively make the vertices of

N(u) adjacent to v, i.e., for all w € N(u),{w,v} € E.
vii. The resulting graph G = (A u B, F) is an extended crown graph.

Remark 4.1.2. Note that an extended crown graph defined by a poset of width
two is isomorphic to the split of the poset (for the definition of split, see Definition
1.3.20). However, this may not be true for an extended crown graph and the split of

a poset of width at least three, as shown in Figure 4.1.

1 2 3 1 2 3 6 4 5 203 6 4 5
Wy AR
I 2/ 3/ 4/ 5/ 6/ I/ 2// 3// 4// 5// 6//
§
Poset P Extended crown graph of P Split of P

FIGURE 4.1: An extended crown graph and a split of a poset
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/ 2/ 3/ 4/

1 1 2 3 4
2
P G:
3 o
4 1

FIGURE 4.2: An extended crown graph of a 4-element chain

1 1
/ //Q\
3 4 5 3 4 5
P Py

FIGURE 4.3: An example for Remark 4.1.5

Remark 4.1.3. If a poset on n elements is an antichain then the corresponding

extended crown graph is the crown graph H,, .

Remark 4.1.4. An extended crown graph of a chain will have H; ; as its largest
induced crown graph. An example of the extended crown graph of a 4-element chain

considering the largest antichain {1} is depicted in Figure 4.2.

Remark 4.1.5. Let G = (A U B, E) be the extended crown graph generated by a
poset P of width two. It can be easily observed that P, and P are the same, where
P, is the poset induced by the neighborhood inclusion graph of G with respect to A.
This need not be true for posets of width at least three. For example, the poset P

and the corresponding P, given in Figure 4.3 are not the same.

However, in the following proposition, we observe that the widths of P and P4
are the same. Accordingly, the prn of extended crown graphs can be estimated as

stated in Corollary 4.1.8.

Proposition 4.1.6. Suppose G = (A U B, E) is an extended crown graph defined by
a poset P. Then w(P4) = w(P) and hence, min{w(P,), w(Pg)} = w(P).
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Proof. Let M be a largest antichain of P. It can be observed from the construction
of G using M that the neighborhoods of any pair of vertices in M are incomparable,
as the vertices of M and M’ form a crown graph. Hence, M is an antichain in P, so
that w(P4) = w(P).

On the other hand, as per Step-6 in the construction of G, if u < v in P then
N(u) € N(v) in G. Thus, any two comparable elements in P are comparable in Py.
Hence, w(P4) < w(P).

Further, since G' has a crown graph of size w(P), we have w(Pg) = w(P).

Consequently, min{w(P,), w(Pg)} = w(P). O

If w(P) = k, since Hyy, is an induced subgraph of G, we have the following

corollary of Proposition 4.1.6.
Corollary 4.1.7. If w(P) = k then Hyy, is the largest induced crown graph of G.

This, in turn, establishes that the extended crown graphs satisfy Theorem 2.3.4,

as stated in the following corollary.

Corollary 4.1.8. If G is an extended crown graph defined by a poset P then
RP(G) = w(P) or 1+ w(P).

Remark 4.1.9. If GG is an extended crown graph defined by a poset of width one
then R?(G) = 2 because G is a bipartite graph.

4.1.1 Posets of Width 2

We now determine the prn as well as the representation number of extended crown
graph defined by a poset of width two.

Let P be a poset of width two. By Corollary 4.1.8, the prn of an extended crown
graph G defined by P is either two or three. Here, in Theorem 4.1.11, we prove that
RP(G) = 2 if and only if the cover graph of P is a path or a disconnected graph.
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Sl 82

FIGURE 4.4: Forbidden induced subgraphs for the graphs with prn two

First, note that if the cover graph of P is disconnected then P is a union of
two chains (in which no two elements chosen one each from the two chains are
comparable). In this case, the graph G is disconnected, having two components. It
can be observed that the poset induced by the neighborhood graph of each of these
components is a chain. Accordingly, we can conclude R?(G) as per the following

remark.
Remark 4.1.10. If P is a union of two chains then R?(G) = 2.

If the cover graph of P is connected then one among the posets P, P, Ps,
Py, P}, Py and P given in Figure 4.5 is a subposet of P. Note that the cover graph
of each of P, P{ and P, is a path, but it is not in the case of Ps, P;, Py and P5;. The
extended crown graph defined by both Ps, P; is G5, while it is G4 for P, and G5 for
P5 as shown in Figure 4.5. Recall from Gallai [1967] that S; and Sy given in Figure
4.4 are forbidden induced subgraphs for the graphs with prn two. As S; is an induced
subgraphs of G5 and G4, and S5 is an induced subgraph of G5, the prn of G3, G4
and G5 are at least 3. Hence, by Corollary 4.1.8, R?(G3) = RP(G4) = R*(G5) = 3.

Suppose the cover graph of P is a path. Then P has Py, P| or P, as one of its
subposets and hence, P can be seen as any one of the two types shown in Figure 4.6.
Accordingly, as per the following cases, we prove that an extended crown graph G

defined by P has prn two.

e Pisof Type-1: Let P = X; U X5 U {a}, where X; and X, are chains and none

of the elements of X; are comparable to elements of X5 and vice versa. Also,
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7N e N

Py P/ Py

P3 Pé P4 P5
Gs Gy Gs

FIGURE 4.5: Posets of width two and corresponding extended crown graphs

the element a is comparable to all elements of P. Note that {{a} U X, X5} is a
minimal chain cover of P and hence of P4 in view of Remark 4.1.5. The chain

cover satisfies the condition ({p) given in Theorem 2.4.5. Hence, R?(G) = 2.

AT
BRERSe *

Type-1 Type-2

<
N

)
I Ap+2

Q
i

Ak+1

FIGURE 4.6: Posets whose cover graph is a path

e P is of Type-2: Consider the largest antichain {a;,a;} of P. The respective
extended crown graph G is as shown in Figure 4.7. Consider the following
permutations:

/ /
P1 = W1Qk4+1a5Q 1 QW2 and py = w3wy
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where,

/ / !/ !/
W1 = AnplpQn—1Gp_y * "~ ;- Q2040

I I I I
Wy = Ap—1Qp_q1 " CLi(lj cr o Ao0o1Gy

w3:a1a2"'ai"'ak‘alla12"'a;‘"'az

!/ !/ !/ !
w4:ak_+1ak_+2...a/j...anak+1ak+2...ai...an

It can be observed that the word p;ps represents G permutationally. Hence,

RP(G) = 2.

ay Ai—1 a; @41 ag Ag+1  Gj-1 G5 Gj11 anp,

ay Wiy @ Gy ay U1 TGy G
FIGURE 4.7: Extended crown graph for Type-2 poset

Thus, the result obtained in this section is summarized in the following theorem.

Theorem 4.1.11. Let G be the extended crown graph defined by a poset P of width
two. Then RP(G) = 3 if and only if the cover graph of P is connected and not a
path.

In the following, we further provide the representation number of the extended

crown graphs.

Theorem 4.1.12. Let P be a poset of width two and G is an extended crown graph
defined by P then R(G) = 2.

Proof. Consider a minimal chain cover M = {X7, X5} of the poset P, where

Xi:a1<as---<a,

X22b1<bz"'<bs
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Let {at,by,}, for some ¢; and ty, be a largest antichain of P. Set X| =
!/ ! / / ! ! !/ _ / / / ! / /
{al,ah, ... a;, b, ap ... a0} and X5 = {b], by, ... by a0, UL

Consider the following words:

! ! / / 1
W1 = ApQQr 10, g -~ A, -+ - a2a5a1a,Cra1Cray - - - a1 Cra, Cy

Wo = bsb;bsflbgfl ce bj&:ﬁ s bgblzblblllelDsz s bsleSbsDo

-

a permutation of the set X)\N(a,), i=0

where, C; = { a permutation of the set X} n N(a1), i=1
& permutation of the set (X5 n N(a;))\N(a;—1), 2<i<r

ra permutation of the set X7\N(by), j=0

Dj = { a permutation of the set X! n N(by), j=1

a permutation of the set (X] n N(b;))\N(bj—1), 2<j<s

L
In each permutation, arrange the vertices in increasing indices. Addition-
ally, bj, must occur between a;, ; and a;,,;. Similarly, a;, must occur between b}, ;
and by, 41

Note that w; is a word over the set X; u B where vertices of X; occur twice and
the vertices of B occur only once. Similarly, ws is a word over the set X5 U B where
the vertices of X5 occur twice and the remaining vertices occur only once. If we
concatenate the words w; and ws, the resultant word is a 2-uniform word over the
set Au B.

We now show that the word w;ws represents the extended crown G, i.e., for any
two vertices a and b of GG, a and b are adjacent if and only if a and b alternate in
W Ws.

Suppose a and b are adjacent in G. We deal this part in the following two cases:

e a € Xy: Clearly, aba « wy and b < wy. We have, abab < wyws.
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e ac Xy We have, b €« wy and aba « w,. Therefore, baba < wiws.

Thus, a and b alternate in wqws.
Conversely, suppose a and b are non-adjacent in G. We show that a and b do not

alternate in wyws through various cases as per the following:
e a,be A:
-a,be Xy: Let a = g; and b = aj, where 1 < ¢ < j < r. We have
baab « w;.
- a,be Xy: Let a = b; and b = b;, where 1 <7 < j < s. We have baab « w,.

- a€ X; and b e Xo: We have, aa € w; and bb « ws. Clearly, aabb « wyws.
e gcAand be B:

- a€ X;and be X{: baa < wy and b < wsy. Clearly, baab < wyws.
- a€ X;and be Xi: aab < wy and b < wy. We have, aabb « wyws.
-a€ Xyand be X|: b« w; and aab < wy. We have, baab « wiws.

-a€ Xyand be X): b« wy and baa < wy. Thus, bbaa < wyws.

e a,be B: Note that if C;’s or D,’s are not an empty word then clearly there is
an edge joining the two chains X; and X,. Assume that a; < b,,, for some [
and m in P. Clearly, {a},a),...,a;} < N(by,). Similarly, if b, < a,,, for some
[ and m in P then {b],0},...,b;} < N(am). We observed that the subwords
CCy---C.Cy = Uiy ---ay, b, and D1Dy--- DyDy = ajay---bj, ---a,. We

! / N} ! AN /! /! / !/ 4
have, a, -0}, ---ayby---ajy - bbg---ay ---biaj--- by, - -a, € wiwe. With-

out loss of generality, abba « wiw,.
Hence, a and b do not alternate in wws. O

Corollary 4.1.13. The extended crown graph defined by a poset of width two is a

circle graph.
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4.2 Stacked Book Graphs

Definition 4.2.1. A stacked book graph, denoted by B,,, ,,, is K ,,[1F,, the Cartesian

product of a star graph and a path (see Figure 4.8).

ai

FIGURE 4.8: Stacked book graph B, ,

Note that both the star graphs and paths are bipartite graphs, hence every
stacked book graph B,,, is a bipartite graph. We consider the vertex sets of the star
graph K., as {0,1,2,...,m} and the path P, as {1,2,...,n}. In B,,,, = K, ,,(0P,,
the vertices are denoted as a; j rather than (¢, j). The set S = {ag1,a02,.-.,00,} is
referred to as the spine of the stacked book graph B,, ,,.

In the following, we give a characterization for the permutationally representable

Cartesian products of graphs.

Theorem 4.2.2. A graph GG’ is permutationally representable if and only if either
both G and G' are bipartite graphs or one of them is permutationally representable

and the other is an edgeless graph.

Proof. Suppose G is permutationally representable and G’ is an edgeless graph with

n vertices. Then the graph G[]G' is a disconnected graph consisting of n copies of
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4.2 STACKED BOOK GRAPHS 101

the graph G. Since G is permutationally representable, GL]G' is also permutationally
representable, from Remark 1.4.54.

By Proposition 1.4.59, if G and G’ are bipartite graphs then GCJG’ is a bipartite
graph, and hence, it is permutationally representable.

Conversely, suppose G or G’ is not permutationally representable. By definition
of the Cartesian product, both G and G’ are induced subgraphs of GJG’'. Hence, by
hereditary property, GCJG' is not permutationally representable.

Suppose G and G’ are permutationally representable where GG is not a bipartite
graph and G’ is not an edgeless graph. Note that if G is triangle-free then G contains
an odd cycle and hence G is not permutationally representable. Let a,b,c € V and
a', ' € V' such that ab, be,ac € E and o't/ € E'. Consider a transitive orientation ¢
on GCIG'. Without loss of generality, (a,a’)(b,d’), (b,a’)(c,d")), (a,d’)(c,d’) in GOIG'.
Since a’ and b’ are adjacent, (b,a’) and (b,V') are adjacent in GCIG'. If W

in the transitive orientation ¢ of GLJG’ then by transitive relation, (a,a’) must be
oriented to (b, V). If (b,b')(b,a’) in ¢ of GCIG’ then (b,1') must be oriented to (a,a’).

However, (a,a’) and (b, V') are non-adjacent in G[JG’, which is a contradiction. [

4.2.1 The prn of B,,,

We now establish that a stacked book graph B,, ,, is permutationally 3-representable.
We achieve this by explicitly constructing three permutations over the vertices of
B, ,, such that their concatenation represents B,, , permutationally.

First, we consider the case when n is even and then extend the process for all
n. Consider a stacked book graph B,, , and remove its spine. The resultant graph,
denoted by Bgm, has m connected components each of which is isomorphic to the path
P, as shown in Figure 4.9. It is known that a path is permutationally 2-representable
(cf. [Gallai, 1967]) and hence B)) , is permutationally 2-representable, in view of

Remark 1.4.55. However, in the direction of constructing three permutations for

B, », we indeed construct a 3-uniform word that permutationally represents Bgm
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and extend it to B, .

21
aii am 1
a1,2 ¢ (22 am,2
a1,3 e (23 am,3
i 1 i 1 1
| | | | |
| | | | |
| | | | |
Ain e ° ° ° o Umn
a2 n

FIGURE 4.9: BY, ,
Consider the following three permutations over the vertices of Bgm:

¢ =z(n)r(n —2)---x(4)z(2)
¢y = y(1)y(2) - --y(m — 1)y(m)

G5 = 1m0 0112(2)2(4) - 2(n — 2) @ pGm10 Q10

where, for 2<i<n,1<j<mand2<k<n—2,
$(l) = Om,i—10m iAm—1,i—10m—14 " " @1,i—101 3
Y(J) = 41053 Qjn-10jnQjn—2 " Aj2

Z(/f) = Qm,k+1Am kAm—1,k+10m—1,k * * * A1 k+101 K

We now show that the 3-uniform word ¢}¢5¢5 represents By, ..

Lemma 4.2.3. If n is even, the word q\q4qs represents By, .

Proof. Let a and b be two vertices of B, . We prove that ab is an edge in By, if
either ababab or bababa is a subword of ¢}¢,q5, and conversely.

Suppose ab is an edge in Bgz,n' Then a = a;; for some 1 <7 < n—1, and
b = aj,;1 for some 1 < j < m (or vice versa, which can be addressed by symmetry).

We consider the following cases and prove this part:

TH-3842_196123004



4.2 STACKED BOOK GRAPHS 103

e i is even: We have ba « z(i + 2)z(i) < ¢}, ba < y(j) « ¢4 and ba < z(i) < gj.

Thus, bababa < q1q5q5.

e i is odd: We have ab « z(i + 1) < ¢}, ab < y(j) < ¢4. For the permutation g3,
we have the following subcases:
— i =1: We have, ab « a;12(2) < ¢;.
—1<i<n—1: Wehave ab « z(i —1)z(i + 1) < ¢}.
— i =n—1: We have, ab « z(n — 2)a;, < ¢;.

APV AN |

Thus, ababab « q;¢575.

Hence, a and b alternate in the word ¢ ¢5q;.

Conversely, assume that ab is not an edge in B?n’n. Let a = ay, 5, and b = a,, ,,

where 1 <7y <ry <m and 1 < 59,59 < n. We consider the following cases:

e 1 =1y Clearly, |s; — so| = 2. We have

/
a'rl,nflarl,nan,n73ar1,n72 e arl,la'n,Q < q1

and @y, 16, 305, 2" Qpy 10y n—20n < ¢5. Without loss of generality, assume

$1 < S9 then ba « ¢} and ab « ¢j.

e 1 < ryand s; = sy: We have ba « x(t) « ¢f, for some even 1 <t < n and

/

ab < y(r1)y(rz) < gs.

e 1 <19 and |s; — so| = 1: Either s; or sy is even. Assume s; is even. Then
ba < x(s1) < ¢y or ba € z(81)Ary nry n < ¢4, and ab < ¢j. The case is similar

when s, is even.

e 1 <719 and |s; — sg| = 2: Suppose s; < so. Then ba « ¢} and ab « ¢). If

s1 > s9 then ba « ¢§ and ab < ¢b.
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Hence, the result. O

As per the following, we extend the permutations qi, ¢3, ¢5 constructed for the
graph Bgm to the permutations g1, g2, g3, respectively, over the vertex set of B,, ,

such that g;q2q3 represents B,, ,, permutationally.

1. Set
q1 = qlﬂo,l

!
q2 = Apndon—2 " " @0,24200,140,3 * * - Ao,n—1

q3 = Am,10m—11"" -a1,1a0,12(2) o -z(n - 2)Clm,n i Qip

2. For © = 2 to n in the sequence, we update the permutations ¢; and g3 with the

vertex ag;, as described in the following steps:

i) if ¢ is even then replace (i) with ag;x (i) in ¢, and replace ag,;_; with
@,;Q0,i—1 n gs.
ii) if ¢ is odd and ¢ < n — 1 then replace ag,; 1 with ag;_1a¢,; in ¢, and

replace z(i + 1) with ag;2(7 + 1) in gs.

iii) if i = n—1 then replace ag s with ag,_2a0,—1 in g1, and replace z(n—2)

with z(n — 2)ag,—1 in gs.

Theorem 4.2.4. If n is even, the word q1q2qs represents B, .

APV AN |

Proof. The graph Bgm is an induced subgraph of B,,,, and the word ¢}g5q5 repre-
senting B?,m is a subword of ¢¢2q3. For word-representability, it is sufficient to verify
the adjacency and non-adjacency of the vertices ag 1, a2, ..., a, with vertices of
Bn.

Let a = ag;, where 1 <i<nand b=a,, where 0 <r <mand 1<s<n We
claim that ab is an edge in B,,,, if either ababab or bababa is a subword of ¢;q2qs,
and conversely.

Suppose ab is an edge in B,,,. We have the following two cases:
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o = (0: We have
a0,n00,n—200,n—100,n—4 * * * A0,500,200,300,1 < (1,
a0,nA0,n—2 " A0,2040,120,3 " * " A0,n—300n—1 K q2,

0,200,100,400,3 * * * @0,n—200n—300,00n—1 K 3.

Clearly, if 7 is odd and s =i + 1 then ba < ¢, ba < ¢ and ba « q3. If i <n is

even and s =4 + 1 then ab « ¢, ab € ¢ and ab « q3.

e r# 0 and s =i If i is even then we have ab « ag;x(i) < g1, ab < ag;p2 < q2
and ab < ag;2(1)0.1n00.n—10mnGm—1mn- " 01, < gs. If i is odd then we have
ba « x(i+ 1)ag; € qu, ba € paag; < g and ba K Ay 1Gm—11 - 110012(1 —

1)&0,1' < q3.

Conversely, if ab is not an edge in B, ,, then we prove the result in the following

cases:

e r = (: Clearly from the above case, we see that if s < ¢ then ba « ¢, and

ab < qs. Else, if s > i then ab « ¢; and ba « gs.
e r # 0 and s # i: We consider this in three subcases:

— i =1: We have ba « ¢; and ab < ag12(2)---2(n — 2)amp - - Q10 < g5.

— 1 is even: We have, ab « ¢o. If i < s then ba « ¢;. Else if, i > s then

ba < gs.

— ¢ is odd: We have, ba « ¢o. If i < s then ab « ¢3. Else if ¢ > s then

ab « q.

Thus, a and b do not alternate in the word ¢,¢2¢q3. Hence, the word ¢;¢-q3 represents

the graph B,, ,,. O

Theorem 4.2.5. Every stacked book graph is permutationally 3-representable.
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ap,1 Qo,1
aii az 1 11 21
12 a2 2 ai 2 as 2
Qo3 ap,3
ai3 23 1,3 2.3
FIGURE 4.10: B3 FIGURE 4.11: Local complementation at ag,1,a1,3 and a3
ap,1 a3»1

1,1 3,1
12 @29 I a3,
ay i @21
FIGURE 4.12: B3o FIGURE 4.13: Local complementation of B39 at ag 1

Proof. By Theorem 4.2.4, we see that if n is even then B,,, is permutationally
3-representable. If n is odd then consider the stacked book graph B,, 1, which
is permutationally 3-representable. Since B,,,, is an induced subgraph of B,, 1,
by hereditary property of word-representable graphs, B,, , is also permutationally

3-representable. O

4.2.2 C(Classification

In this section, we give a complete classification of stacked book graphs with respect

to their representation number and the prn.
Lemma 4.2.6. The representation number of By s (given in Figure 4.10) is three.

Proof. First, we show that R(B23) = 3. Suppose R(Bs3) = 2, i.e., By is a circle

graph. Since the class of circle graphs is closed under local complementation, consider
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the local complementions at vertices ag1,a13 and as 3 of in the graph By3. The
resultant graph, as shown in Figure 4.11, is not a circle graph. This is evident
as it contains the wheel graph W5 as an induced subgraph, which is a non-word-
representable graph. Thus, the graph By 3 is not a circle graph, so that R(Ba3) = 3.
By Theorem 4.2.5, we see that R(Bs3) < 3. Hence, R(Ba3) = 3. O

Lemma 4.2.7. The representation number of Bs o (given in Figure 4.12) is three.

Proof. Suppose R(Bss2) = 2. Since the circle graphs are closed under local comple-
mentation, consider the graph obtained by local complementation at vertex ag; of
Bs 5, as shown in Figure 4.12. Note that its induced subgraph represented in thick
edges in Figure 4.13 is not a word-representable graph (compare with the list of
graphs in [Kitaev and Lozin, 2015, Figure 3.9]). Hence, the graph in Figure 4.13 is
not a circle graph and so is Bss. Therefore, R(Bs) = 3. Since R(Bs2) < 3, we have
R(Bsz2) = 3. O

Theorem 4.2.8. A stacked book graph has the representation number three if and

only if it contains By g or Bso as an induced subgraph.

Proof. Suppose B,,, does not contain By and Bss as induced subgraphs. The

values for m and n are as follows:

e m =n=1: B, , is the complete graph K5, which is known to have represen-

tation number one.

m =1 and n > 2: B,,, is isomorphic to the ladder graph L,,. From Theorem

1.4.62, ladder graphs are shown to have representation number two.

e m > 2andn = 1: B, is isomorphic to the star graph K ,,, which has

representation number two.

m =mn = 2: By is isomorphic to the ladder graph Ls. Thus, R(By,.n) = 2.
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Thus, R(Bm.n) < 2 if B,,,, does not contain By 3 and Bs s as induced subgraphs.
From Lemma 4.2.6 and Lemma 4.2.7, we have R(Bz3) = R(Bs2) =3. lf m =2
and n > 3, the stacked book graph B,,, contains B3 as an induced subgraph.
Similarly, it m > 3 and n = 2, the stacked book graph B,,, contains B3, as an
induced subgraph. If m,n = 3 then the stacked book graph B,, ,, contains both By ;
and Bs o as induced subgraphs. By hereditary property of word-representable graphs,
R(Bm.n) = 3. Hence, by Theorem 4.2.5, we conclude that the representation number

of By, is three, for all B,,, containing By 3 or B3 o as an induced subgraph. O

Note that for a permutationally representable graph, the prn is at least its

representation number. The following is a consequence of the above result.

Corollary 4.2.9. The graphs By s or Bss is an induced subgraph of B, , if and
only if RP(By.n) = 3.

Thus, we have the following classification of stacked book graphs with respect to

their representation number and prn.
Theorem 4.2.10. For a stacked book graph B,, ., we have,
1. ifm=1and n =1 then R(By,,) = RP(Bm,) = 1;
2. otherwise, if m =1 orn =1 orm =n =2 then R(Bm,) = R?(Bun) = 2;

3. otherwise, R(Bm.n) = RP(Bmn) = 3.

4.3 Future Directions of Part-I

In Chapter 2, we developed a polynomial-time algorithm (cf. Section 2.2) to generate
permutations of the vertices of a given bipartite graph. It is natural to ask for
extending this computational procedure to comparability graphs, in general. Further,
one can explore the neighborhood inclusion graphs and come up with better ways to

improve the bounds.
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In Chapter 3, we used the neighborhood inclusion graph approach and established
that the conjecture by Glen et al. [2018] holds for certain subclasses of bipartite
graphs, whose partite sets are of equal and even size. Accordingly, we propose that
the conjecture is also valid for the remaining bipartite graphs. In our approach, we
considered a specific chain cover of the poset associated with the partite set of a
bipartite graph. Considering a smallest chain cover and refining our method, one
may improve the upper bound on the representation number of bipartite graphs.

In Chapter 4, for an extended crown graph G defined by a poset P, we showed
that the w(P) < RP(G) € 1+ w(P). We also determined the prn and representation
number for a specific case of extended crown graphs, which are defined by posets of
width two. Characterizing the prn of extended crown graphs defined by posets of
width at least three is an open problem. Further, we conjecture that the representation
number of an extended crown graph defined by a poset P equals the representation
number of the crown graph with 2w(P) vertices.

In view of the work on stacked book graphs in Chapter 4, a general problem of
determining the prn as well as the representation numbers of the Cartesian product

of two arbitrary bipartite graphs remains open.
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Melon Graphs
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(Permutation-)Representation Number

The class of melon graphs is a subclass of planar graphs that are 3-colorable and hence
all melon graphs are word-representable (cf. Theorem 1.4.16). In this chapter, we
study the representation number of melon graphs and prove that it is at most three.
We also provide a characterization of melon graphs with representation number three.
Towards finding the prn of melon graphs which are permutationally representable,
first we provide a characterization for the melon graphs admitting the transitive
orientations in terms of the lengths of their constituent paths. In view of Theorem
1.3.26, it is known that the prn of permutationally representable melon graphs is at
most four. However, in this chapter, we show that their prn is indeed at most three

and characterize the melon graphs with prn three.

113
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5.1 Representation Number

In this section, we show that the melon graphs are 3-word-representable and classify
the graphs with representation numbers two and three. It is evident that the complete

graphs Ky and K3 are the only melon graphs with representation number one.
Lemma 5.1.1. Every melon graph is 3-word-representable.

Proof. Suppose all the paths of a melon graph M = (E4, ..., E,,) are of length at
most two. Since M is simple, there will be at most one path of length one. If M
has a path of length one, say E, then all other paths E; (2 < i < m) are of length
two, say F; = {0, x;,0"), with intermediate vertex x;. Clearly, the 2-uniform word
Tox3 ... 2,002, ... x32500" represents M. If all paths are of length two in M then
M = K,,,, a complete bipartite graph, so it is a circle graph. Note that a path of
length at least three is also a circle graph, as it is a tree.

Further, it can be observed that an arbitrary melon graph can be obtained by
adding paths of length at least three to a circle graph described in the previous
paragraph, i.e., a path of length at least three or a melon graph in which all paths
are of length at most two. Since adding a path of length at least three to a 3-word-
representable graph results in a 3-word-representable graph (cf. Lemma 1.4.50), we

have all melon graphs are 3-word-representable. O

We now classify the melon graphs based on their number of constituent paths
and give their representation numbers through a series of lemmas.

Let M = (F4, Es, ..., E,) be a melon graph. If m < 2 then M is either a path
or a cycle; in which case, if M # Ky or K3 then R(M) = 2.

Lemma 5.1.2. For m = 3, if m — 2 constituent paths of M are of length at most

two then R(M) = 2.

Proof. In Lemma 5.1.1, we observed that if the length of each constituent path is at
most two then R(M) = 2. If M has one or two constituent paths of length at least
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three, we show the result as per the following cases:

e Suppose M has a constituent path, say Fi, of length at least three and others
of length two. Let E; = (0,ay,as,...,a;,0), and E; = <0,z;,0"), for all
2 < i < m. Consider the cycle {E}, Es} and construct a 2-uniform word, as per
the following, representing the cycle using the technique given in [Kitaev and

Lozin, 2015, Section 3.2]:

w = 0z9a,0asa,a3as - - - apag_10 apx0’

Since xg, 3, ..., T, have the same neighbourhood, i.e., {0,0'}, replace first
occurrence of xs by the word zsxs3 - - - x,,, and the second occurrence of x5 by
the word z,, - - - x3x5 in w to get the following 2-uniform word, which evidently

represents M:

O0z9xs3 - - Tmaq0asaqasas - - - apan_10'ara,, - - - x3020’

e Suppose M has two constituent paths, say E; and F,, of length at least
three and others of length two. For kq, ko = 2, let By =0, ay,as,...,a;,0),
Ey =0,b1,bs,...,by,, 0", and E; = (0, z;,0"), for all 3 < ¢ < m. We construct

a 2-uniform word w’, representing the cycle {E7, Es}, given by

?,U/ i 0[)1@10@2@1 S O'le kaO'ka_lka T begble.

We substitute the factors 0bya,0 and 0/ay, by, 0" of w' by 0bjxsxy - - - a0 and
0'ag, @y, - - - 4231, 0, respectively, to get the following 2-uniform word, which

represents M:

Ob1I3$4 T xmaloagal T O’akla}m et $4I3bk20/bk2,1bk2 T b2b3b1b2

TH-3842_196123004



116

(PERMUTATION-) REPRESENTATION NUMBER

e Suppose M has a constituent path, say FE;, of length at least three, a

constituent path, say F,, of length one, and others of length two. Let
Ey ={0,a1,as,...,a5,0), Ey =0,0"), and E; = {0,z;,0"), for all 3 <i < m.
Consider the cycle {E1, Es} and construct the following 2-uniform word repre-

senting the cycle:

w” = 00'a;0asay - - - ag, ag, —10'ag,

Since x3, x4 ..., T, have the same neighbourhood, i.e., {0, 0}, replace the factor
00" by the word zsxy - - - x,,00'x,, - - - x4x3 to get the following 2-uniform word,

which represents M:

3%y Ty 00/ @, - - - 43010000y - - - ag, ax, 10 ay,

Suppose M has two constituent paths, say F; and E,, of length at least
three, a constituent path, say FEj3, of length one, and others of length two.
Let By = {0,a1,as,...,a5,0), Ey = {0,b1,bs,...,b,,0", E5 = (0,0, and
E; ={0,2;,0), for all 4 < i < m. Then, as per the previous case, consider the

2-uniform word representing {E1, 3, Fy, ..., E,} as per the following:

Ty 0002y, - - - 24010000y - - agax, 10" ag,

In this word, replace the factor 00’ by the word by0byb1b3bs - - - by, by, —10'by, to

get the following 2-uniform word representing M:

! /
Loy " - l’mblobgblbgbg e kaka_lo kaIm e I5ZE4(1106L2(11 e aklakl_l() ak1

Hence, R(M) = 2. O

Lemma 5.1.3. Let M3 be a melon graph with three constituent paths, each of length
exactly three. Then R(M3) = 3.
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0’ 0’
///’\\\
1 e : — 3
| 3 -
4 6 4 6
0 0
FIGURE 5.1: M; FIGURE 5.2: Local complementation of Mz at 0’

Proof. Assume R(M3) = 2. Since the class of circle graphs is closed under local
complementation, consider the graph as shown in Figure 5.2, obtained by local
complementation at vertex 0’ of M3 (given in Figure 5.1). Note that its induced
subgraph represented in thick edges has representation number three (compare with
the list of graphs in [Akgiin et al., 2019, Figure 4]). Hence, the graph in Figure 5.2
is not a circle graph and so is M3. Hence, R(M;) = 3. ]

Let M3 be the family of melon graphs with three constituent paths, each of
length at least three.

Lemma 5.1.4. If M € M3 then R(M) = 3.

Proof. By Theorem 1.2.45, the class of circle graphs is closed under vertex-minor.
Note that M3 can be obtained from M by a successive operations of local comple-
mentation followed by vertex deletion on the intermediate vertices of the constituent
paths. Thus, if R(M) = 2 then M3 must be a circle graph; a contradiction to Lemma
5.1.3. Hence, R(M) = 3. O

Lemma 5.1.5. The representation number of the graph Bs (given in Figure 5.3) is
three.

Proof. The graph Bj is isomorphic to the stacked book graph Bs 5. Hence, by Lemma

4.2.7, the representation number of Bs is three. O
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0/

FIGURE 5.3: B3

We have the following consequence of Lemma 5.1.5. Let My be the family of
melon graphs with four constituent paths, of which one is of length one and the

others of length at least three.
Corollary 5.1.6. If M € My, since Bz is a vertez-minor of M, we have R(M) = 3.

We now classify the melon graphs with respect to their representation numbers.
Indeed, we show that the representation number of a melon graph is three if and
only if it has three constituent paths, each of length at least three.

Let M = (FE4,..., E,) be a melon graph. If the number of constituent paths of
length at least three is at most two then by Lemma 4, R(M) = 2. On the other
hand, M has at least three constituent paths of length at least three. Suppose F1, E»
and Ej5 are of length at least three. If M has the edge 00/, say E, then it can be
observed that M has an induced subgraph from M,, which is obtained by deleting
Es, ..., E,, except the endpoints. Hence, by Corollary 5.1.6, R(M) = 3. If 0 and
0" are non-adjacent in M then we can observe that M has an induced subgraph
from M3 so that R(M) = 3. Thus, we have the following characterization of melon

graphs in terms of induced subgraphs with respect to the representation number.

Theorem 5.1.7. Let M be a melon graph. Then R(M) = 3 if and only if it contains

an induced subgraph from Mz u My.

Note that the melon graph Mj is a vertex-minor of every member in Mj3. Also,
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the melon graphs in M, contain Bjs as vertex-minor. Thus, we have the following

corollary with a characterization in terms of vertex-minors.

Corollary 5.1.8. Let M be a melon graph. Then R(M) = 3 if and only if M

contains Ms or Bs as a vertex-minor.

Further, we have the following corollary for the representation number of book

graphs.

Corollary 5.1.9. Let B,, be a book graph. Then R(B,,) = 3 if and only if it contains

B3 as an induced subgraph.

5.2 Characterization for Comparability

All melon graphs are word-representable but not all melon graphs are comparability
graphs. For example, if we consider a melon graph with two constituent paths, one
of even length and the other of odd length then the melon graph is an odd cycle,
which is not a comparability graph, except K3. In this section, we characterize the
melon graphs admitting the transitive orientations.

First, we prove that the melon graphs with constituent paths of the same parity

are comparability graphs.

Lemma 5.2.1. If all the constituent paths of a melon graph M have the same parity
(either all of them are of even length or of odd length) then M is a bipartite graph.
Hence, M is a comparability graph.

Proof. We prove the result using induction on the number of constituent paths m in
the melon graph M = (Ey, ..., E,).

If m =1 or 2 then clearly M is a bipartite graph, as M is a path or an even
cycle, respectively. Consider a melon graph M with k + 1 constituent paths of the
same parity. By inductive hypothesis, the melon graph (Ej, ..., Ey) is a bipartite
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graph with bipartition, say {A, B}, of vertex set. Without loss of generality, suppose
0€ A. Let Eypyq = {ag = 0,a4,...,a, = 0'). Place the vertices of Ej; such that
a; € Aif i is even and a; € B if 7 is odd. If all the constituent paths of M are of even
length then clearly 0’ € A; otherwise, 0’ € B. In any case, the proposed partition of

vertices of Ej,q ensures the bipartition so that M is a bipartite graph. O

Remark 5.2.2. Suppose a melon graph M has constituent paths of lengths both
even and odd. If M has a constituent path of even length at least four then this
along with any odd length constituent path results in an odd cycle of length at least
five so that M is not a comparability graph.

Now, suppose all constituent paths of even parity have length exactly two. If 0
and 0/ are non-adjacent then a constituent path of length two along with an odd
length constituent path forms an odd cycle of length at least five. Again, M is not a
comparability graph in this case. In case 0 and 0’ are adjacent, we observe that M
is a comparability graph. First, consider the subgraph, say M’, of M consisting of
all odd length constituent paths. Note that M’ is a bipartite graph with bipartition,
say {A, B} and 0 € A. Suppose the edges of M’ are oriented from A to B. Let
E ={0,z,0") be any constituent path of length two in M. Orient the edges of £
as 0z and 9[:—07 and note that M’ along with E is a comparability graph as 00’ is an
edge and the transitivity is preserved. Similarly, any constituent path of length two
in M can be oriented so that M is a comparability graph.

Thus, we have the following theorem to characterize the melon graphs admitting

transitive orientations.

Theorem 5.2.3. A melon graph M is a comparability graph if and only if one of
the following holds:

1. All constituent paths of M have the same parity.

2. The endpoints 0 and 0" are adjacent, and all constituent paths of even parity

should be of length two.
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5.3 Permutation-Representation Number

Let M. = (E,..., E,) be a melon graph that satisfies one of the criteria given in
Theorem 5.2.3, i.e., M, is a comparability graph. In the following, we show that
RP(M.) is at most three.

First, we partition the vertex set of M, into a star, say S,,, and a tree, say T,,,
as shown in Figure 5.4. Note that the star graph .5,, is the complete bipartite graph
Ky, or it is Ky ,,_; when one of the Es is of length one, i.e., 0 and 0’ are adjacent.
The graphs S,, and T}, are induced subgraphs of M., where the tree T, = M:\S,,
has at most m leaves. Note that if M. has k number of E!s of lengths one or two

then the number of leaves in 7T,, will be m — k.

It can be ascertained from Theorem 1.3.22 that the prn of trees is at most three.
In the following, we construct a specific type of permutations of the vertices of T},

which will be extended to the permutations of the vertices of M..

0 Tm
1 ]\v
1/ 2! 3 m’

444.44
444.44
. e--
. _
_

=

.,

82

.,

.,

2

-

o --o--

FIGURE 5.4: Melon graph and its partition
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5.3.1 Permutations for 7,,

Consider the tree T,,, with m leaves (constructed above), while the number of leaves
in 7}, might be less than m. We construct a word representing 7;,, with m leaves
permutationally. Subsequently, the leaves that were not present in 7}, originally can
be deleted from the word.

Considering the root 0 in zeroth level, we divide all the vertices of T}, into two
sets based on the parity of levels they are present. Let A be the set of vertices of T;,
present in odd levels and B be the set of vertices in even levels. We construct three
permutations pi, po and p3 on the vertices of T}, using Algorithm 1 and show that

the word w = pipops3 represents T;, permutationally.

Remark 5.3.1. Algorithm 1 follows breadth first search (BFS) for visiting the
vertices of the input tree. If n is the number of vertices of T,,, visiting the vertices
takes O(n) time, as input being a tree (cf. [Cormen et al., 2009]). Except the vertices
0’,1,...,m', when other vertices are visited, the permutations p;, p», and ps are
updated, which takes O(n) time at each vertex. Hence, Algorithm 1 runs in O(n?)

time.

Remark 5.3.2. Let a and b be two vertices of 7},. If the vertex a is inserted on
the left side of b in a permutation p; (1 < i < 3), the order that they appear in p;

remains unchanged, i.e., a always appears on the left side of b in p;.
In the following, we now prove the correctness of Algorithm 1.
Theorem 5.3.3. The 3-uniform word pipsps represents T,, = (A v B, E).

Proof. We show that for any two vertices a,be A U B, ab e E if and only if a and b
alternate in pypaps.

Suppose a and b are adjacent in T),, i.e., ab € E. Without loss of generality,
assume that b = t(a) (this also means that s(b) = a). We consider the following two

cases:
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Algorithm 1: Generating permutations for 7;,.

Input: T, = (Au B, E) with root 0’ and A is the set of vertices present in
odd level and B is the set of vertices present in even level.
Output: Three permutations p1, po and ps of the vertices of T,,,.
1 Let ) be a queue.

2 Q — {t(1),t(2),....t(m")}.

3 pp <« Ut(1)2"---m/0't(2') - - - t(m/). = t(a) is the child of a
4 py —m't(m')---2'¢(2") 10"t (1).

5 p3 — Ut(1)2't(2") - - m't(m’)0'.

6 while () is not empty do

7 Remove the the first element a from Q).
8 if a is not a leaf then

9 if a € A then

10 Replace a with at(a) in p;.

11 Replace as(a) with as(a)t(a) in p,. > s(a) is the parent of a
12 Replace a with at(a) in ps.

13 end

14 else

15 Replace a with t(a)a in p;.

16 Replace a with t(a)a in ps.

17 ps < t(a)ps.

18 end

19 Append t(a) to Q.

20 end
21 end
22 return The permutations p;, p; and ps.

- Case 1: a € A. As per the construction and Remark 5.3.2, we have

ab = at(a) < py
as(a)b = as(a)t(a) < py
ab = at(a) < p3

so that ababab « p1pops.

- Case 2: a € B. Suppose a = (. Clearly, be {1',2',...,m'}, so that bababa «
p1paps3. Suppose a # 0. As per the construction and Remark 5.3.2, we have
ba = t(a)a « p; for all 1 < i < 3 so that bababa < pipaps.
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Hence, a and b alternate in the word pipaps.
Conversely, suppose ab ¢ E. We need to show that there exist two distinct
permutations such that ab « pir and ba « pj, for some ¢ and j. We deal this in the

following two cases:

- Case 1: The path connecting a and b does not contain the vertex 0'. Let
{ag,ay,as, ...,a), where ag = a and a; = b, be the path connecting a and b.
Without loss of generality, assume that a is visited before b. This means that
a; = t(a),ay = t(a;) = t(t(a)) and so on. Then we handle this in the following

two subcases.

— Subcase 1.1: a € A. Since a; is the child of a, we have aa; = at(a) < p;
for all 1 <7 < 3. The vertex a; must be present in an even level, i.e.,

a; € B. As per the construction, we have

aay K aasa; = at(ay)a; € py
aas K aas = at(al)al < P2

asa < asaa; = t(ay)aa; € ps

By Remark 5.3.2; the vertices a and as do not alternate. When the vertices
as, as, . ..ag are visited sequentially, since aq is not the parent of ao, for

any 3 < ¢ < k, we have

aa; K p1
aa; L P2

a;a < p3
so that ababba « pipops.

— Subcase 1.2: a € B. Note that aja = t(a)a « p; for all 1 < i < 3.
The vertex a; must be present in an odd level, i.e., a; € A. As per the

construction, we have
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asa < ajaza = art(az)a K py
aay K ajaay = ajat(ar) € po
asa < ajasa = art(ar)a < ps
By Remark 5.3.2, the vertices a and as do not alternate in p;psps. When
the vertices as, as, . .. ap are visited sequentially, since ag is not the parent
of ay, for any 3 < i < k, we have
a;a < py
aa; < Py
a;a < ps3

so that baabba < pipaps.

- Case 2: The path connecting a and b contains the vertex 0. We handle this in

the following three subcases.

— Subcase 2.1: a,be {1',2',...,m'}. Without loss of generality, assume that

a =1 and b = j' where i < j. By steps 3 and 4 of Algorithm 1, we have

ab « p; and ba < po.

Subcase 2.2: a € {1',2',...,m'} and b ¢ {1",2,...,m'}. Let a =i and
consider the path (', 0, 5,...,b) where j # i. If i < j then ¢/j’ « p;
and j'i' « py. As per the construction and Subcase 1.1, 7/j'b « p; and
j'ba &« py. Thus, ab « p; and ba « py. If i > j then then j'i' « p;
and 7'j’ « py. As per the construction and Subcase 1.1, j'ba « p; and

aj'b < py. Thus, ba « p; and ab < ps.

Subcase 2.2: a,b ¢ {1',2',... ,m'}. Let {a,...,i,0,7,...,b) be the path
from a to b. Without loss of generality, assume i < 7. We have, i'j’ < p;
and j'i" « py. By Subcase 1.1, i'aj’b « p; and j'bi'a « py. Thus, ab < p;

and ba < ps.

Thus, a and b do not alternate in pipaps.

TH-3842_196123004



126 (PERMUTATION-) REPRESENTATION NUMBER

8(1”) IS(Q,I) I Is(gl/)I Is<mll)
1// 2// 3// m/l

FiGURE 5.5: Depiction of T;,

Hence, the word pypop3 permutationally represents 7,,. O

5.3.2 Word-Representant for M.

In this section, we extend the 3-uniform word p;psps representing 7), to a 3-uniform
word that permutationally represents M..

Let 17,2",...,m"” be the leaves of T,,. Note that some of them are possibly
non-existing, as the number of leaves in 7;,, may be less than m. Note that s(a) is
the parent of a (non-root) vertex a in 7,,. With this notation, the tree 7}, can be

depicted as shown in Figure 5.5.
Lemma 5.3.4. If all the constituent paths are of even length then RP(M.) < 3.

Proof. 1f each constituent path of M, is of length two then M. is a complete bipartite
graph K, so that RP(M.) = 2. If one of the constituent paths is of length at least
four then we construct three permutations whose concatenation represents M..

Let M. = (Ey, ..., E,) such that the constituent paths are arranged in non-
increasing order by their lengths. As stated in Theorem 5.3.3, consider the word
p1p2ps that represents the tree T,,. Since the constituent paths of M, are of even
length, the leaves of T, are present in even levels. For reference, the permutations

p1, p2 and p3 will be as shown in Figure 5.6.
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b= V) s (US)  (2 D) o7 1)
2o t(t(@)) - s(@)i"s(s (")) - (7)< - £(E(m])) - - - s(m")m"s(s(m")) - - t(m)
pa= U (o)) P ) ) )
S 2H(E(2))UZ) -+ s(27)s(s(27)) 2"V OE(E(1))E(L) - - - s(17) s(s(17)) 1"
p3 = s(m”)ym”---s(i")i" ---s(2")2"s(1")1" - - - V(1) 2't(2) - - - "t (¢") - - - mt (M)

FIGURE 5.6: Permutations for T, with leaves at even levels

We now extend the permutations pq, po and ps to the vertices of M. using the

following 2-step process:

1. For each path F;, from ¢ = 1 to m, update the permutations p; and p, iteratively

as per the following:

i) If E; is of length two then replace 0’ by 0’ in p; and p,.

ii) If E; is of length four and ¢ # 1 (i.e., ¢’ is not the leftmost child of 0),

replace " by i7" in py, and replace s(i")i” by is(i")i" in ps.

iii) In all other cases, replace s(i")i” by is(i")i"” in p;, and replace ¢” by " in

D2.

2. Using the resultant permutations p;, po and ps, set pj = p10, py = p20 and
Ph =P} fm 03 Note that p’1|ﬁ 2. 15 the reversal of the subword of py

,,,,,,,,,,,,

consisting of only occurrence of the letters 1,2,...,m.

We show that the word p)phps represents M. permutationally. Since pipaps
represents T}, and p1pops < w, it is sufficient to show that the vertices 0,1, ..., m of
Sm updated in the permutations p}, pj and p4 maintain the adjacency in M.. We
indeed prove in the following three cases that, for 1 < i < m, the vertices 0 and ¢
alternate, and 7 alternates with 0" or i”, depending on the length of E;; but not with

any other vertex of M..
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1. For 1 < ¢ < m, we have i0 « p), i0 « ph and i0 « p4 so that ¢ and 0
alternate in w. For each vertex b in 7},,, we have b0 « p} but 0b « pj. Thus,
b and 0 do not alternate in w. Further, it can be observed that ij « p| then

Ji < pl ﬁg oy € ph, for any j # i in S, \{0}.

,,,,,

2. For 1 <i < m, if E; is of length two then the neighborhood of i, N (i) = {0,0'}.
Note that i0'0 « pi, 10’0 « ph, and 00" < p% so that ¢ alternates with 0 and 0/
in w. For each vertex b in T,,\{0'}, if b € E; then we have bi « p/, and ib « pj;

otherwise, we have bi « pj, and ib « p5. Thus, b and ¢ do not alternate in w.

3. For 1 <i <m, if E; is of length at least four then N (i) = {0,7"}. Note that
it" « pi,it" « ph, and 7" « p4. Thus, along with Case-1, we have i alternates
with 0 and ¢" in w. For b € T,,\N (i), since ¢ belongs to the factor substituted
in place of the factors ¢ and s(i")i” in p; and ps, as well as the prefix added to
ps3, any vertex which does not alternate with ¢” in 7,,, also does not alternate

with ¢, i.e.,

b=10. If i =1 then i0’ « pj and 0'i < p,. Otherwise, if i # 1 then

0" « p} and 0" < py.

be EN{0,s(i")}. We have bi < ph and ib « pj.

be E;\{0'} and j < i. We have bi « p} and ib « pj.

be EN{0'} and j > i. We have bi « p), and ib < pl.

Note that, except s(i”), no vertex in T}, alternates with i” and hence with 1.
Moreover, as per the construction of p] and p), it can be observed that i does

not alternate with s(i”). Thus, ¢ and b do not alternate in w.

Hence, the word p)phps represents the graph M, so that RP(M..) < 3. O

Lemma 5.3.5. If all the paths are of odd length then RP(M,) < 3.
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o1 = Vi(t(1) - s(s(UN)17s(17) - £(1) 273 - - 0t (£(2)) - - 5(s(27)) 275 (27) - - -
- t(2) -t (t(m)) -+ s(s(m”))ms(m”) - -t (m)

m't(t(m’))t(m') - -m"s(m”) - - 2't(t(2)t(2) - - - 2"s(2M) VOt (¢ (1)) t(1)) - - - 17s(1")
m” - 2"1"s(s(m”))s(m”) - - - s(s(1"))s(1") - - - 1t(1")2'¢(2') - - - m/t(m/ )/

b2
b3

FIGURE 5.7: Permutations for T}, with leaves at odd levels

Proof. Let M. = (Ey, ..., E,) such that the constituent paths are arranged in non-
decreasing order by their lengths. As stated in Theorem 5.3.3, consider the word
p1p2ps that represents the tree T,,. Since the constituent paths of M, are of odd
length, the leaves of T}, are in odd levels. For reference, the permutations p;, ps and
p3 will be as shown in Figure 5.7.

We now extend the permutations pq, po and ps to the vertices of M. using the

following steps:

1. Replace 2" in p; with 012’

2. For each path F;, from ¢ = 2 to m, update the permutation p, iteratively as

per the following and set the resultant permutation as p:

i) If E; is of length three then replace i” with i”i. Note that in this case

ii) Else, if E; is of length at least five then replace ¢(i') with ¢(i')i.

3. If 0 and 0’ are adjacent then replace 0’ with 00" in py; else, replace 0" with 00

in ps.
4. Using the resultant permutation po, set py = pom - - - 21.

5. Remove the vertices 17,2",...,m"” from p3 and add the prefix m” ---2"1", say

P is the resultant permutation.
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6. Iteratively update the permutation pj by replacing " with "7, for all 1 <i < m;

then set pfy = Opf.

We show that the word p)php} permutationally represents M, . Since the con-
stituent paths of M, are arranged in non-decreasing order by their lengths, if we re-
move the leaves 1”,2” - -+ m” from p3 and add the prefix m” - - - 1” to p3 then the word
p1p2ps also represents 1), permutationally. It is sufficient to show that, for 1 < i < m,
the vertex " alternates only with s(i") in p1popf. Clearly, i"s(i") « py, i"s(i") < po

"

and "s(i") < p4, and so, i and s(i") alternate in pypop3. For b e T,,\{s(:"),7"}, in

the following cases, we observe that b and i” do not alternate:
i) be E;. We have bi” « py and i"b « pf.
ii) be E;\{j"} and j > i. We have bi" « py and i"b « pf.
iii) b = 75" and j > ¢. We have i"b < p; and bi" < pf.
iv) be E; and j < i. We have bi” « p; and ¢"b < pf.

Now we show that the vertices 0,1,...,m of S,, updated in the permutations
Py, Py and p5 maintain the adjacency in M.. We indeed prove in the following two
cases that, for 1 <14 < m, the vertices 0 and ¢ alternate, and ¢ alternates with 0’ or

i", depending on the length of E;; but not with any other vertex of M..

1. If 0 and 0" are non-adjacent in M. then note that 00" « p} and 0’0 « p), so
that 0 and 0’ do not alternate in p|p,ps. Otherwise, the neighborhood of 0,
N(0) = {0',1,2,...,m}. Note that 0a « p), Oa « p, and Oa « pj, for all
a € N(0).

For each vertex b in 7,,,\IN(0), if b € E; then note that b0 « p} and 0b < pi;

otherwise, 0b « p) and b0 « pf,. Hence, b and 0 do not alternate in p) p)ps.

2. For each 1 < i < m, note that i"i « p!, i"i « p} and "¢ « p4. Thus, ¢" and i

alternate in p/phps.

TH-3842_196123004



5.3 PERMUTATION-REPRESENTATION NUMBER 131

SN AN

For b in M\{0,14,4"}, we observe that b and ¢ do not alternate in p/pip5, as per
the following:
i) b=0". We have 0'i « p,, and i0' « pj.
ii) be E\{i",0,0'}. We have bi < p| and ib < pj.
iii) be E;\{j",0,0'} where j > i. We have bi « p}, and ib < p}.
iv) be E;\{j",0,0'} where j <i. We have bi « pj and ib < p}.
v) be {1”,2" ..., (i—1)"}. We have bi « p} and ib < pf.
vi) be {(i +1)",...,m"}. We have ib « p| and bi « p.
vii) For be S,,,\{0}. If b < i then bi « p} and ib « p,. Otherwise, ib « p} and
bi < p.
Hence, the word p)phph permutationally represents M, so that RP(M.) < 3. ]

Lemma 5.3.6. Suppose the endpoints 0 and 0 are adjacent, and each constituent

path of even parity is of length two. Then RP(M.) < 3.

Proof. Without loss of generality, assume E; = (0,0") and, for 2 < i < k, E; =
{0, z;,0"y are paths of length two in M,. First, construct the permutations, say q1, g
and g3, for the graph obtained by considering only the odd paths in M, (cf. Lemma
5.3.5). Then update the permutations as per the following:

1. In gy, substitute 0(k + 1) by 0(k + 1)xg - - - z.
2. In g9, substitute 00’ by Oxg - - ;0.
3. In g3, substitute (k + 1)" by xj - - - z2(k + 1)

We observe that q;q2q3 represents M..
Note that 0xy -« - 2,0 « ¢q, Oxg - - - 20" K g9, and Oxy, - - - 220" « g3. Therefore, all

z;’s alternate with 0 and 0’ in ¢;¢2q3. However, for all b € M \{0,0', xo, ..., %}, if
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b ¢ Eg1) then x;b < ¢ and bx; < qo. If b€ Eygyy\{(k + 1)’} then bx; « ¢ and
z;b € qo. If b = (k + 1)’ then bz; < ¢; and z;b « g3. Thus, we have b and z; do not
alternate in ¢;¢2g3. Furthermore, for all 2 <14 < j < k, z; and x; do not alternate in

419243, as T;T; < q1 and T;iT; € q3. ]

CQn
FIGURE 5.8: Graphs with prn three

We now conclude this section with the prn of M.

Theorem 5.3.7. RP(M.) = 3 if and only if it contains an even cycle Cy,, for n = 3,

or Ty (given in Figure 5.8) as an induced subgraph.

Proof. In [Gallai, 1967], the permutation graphs, i.e., the class of graphs with
prn at most two, are characterized in terms of forbidden induced subgraphs (see,
e.g., [Limouzy, 2010, Theorem 7, Page 200]). Among the forbidden subgraphs for
permutation graphs, only Cy, (for n = 3) and T3 are the possible induced subgraphs
of M.. Note that T5 is an induced subgraph of M. if M., is a book graph with at least
three pages (in which Cj is a largest induced cycle). Accordingly, in view of Lemma

5.3.4, Lemma 5.3.5 and Lemma 5.3.6, since R”(M,) < 3, the result follows. O

Remark 5.3.8. Among melon graphs, while RP(K,,) = 1 (for n < 3), we have
RP(M,.) = 2 if M. is the book graph with two pages or the constituent paths of M.

are of length at most two or M, is the combination of both.
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5.4 Future Directions

The melon graphs are series-parallel graphs. It is known that the class of series-
parallel graphs is a subclass of 3-colorable planar graphs (see [Dissaux et al., 2023])
and hence a simple series-parallel graph is word-representable. Accordingly, one may
try to extend the work presented in this chapter to series-parallel graphs. More

precisely, the following questions arise in this connection.
1. What is the representation number of a series-parallel graph?

2. One can ask for a classification of permutationally representable series-parallel

graphs with respect to their prn between three and four.

In the literature, characterizing the word-representability of planar graphs is an
open problem. Several authors have contributed to this problem by characterizing
the word-representability of some subclass of planar graphs through operations,
such as triangulations and face subdivison, on a known word-representable planar
graph, as demonstrated in [Akrobotu et al., 2015; Chen et al., 2016; Glen, 2019;
Glen and Kitaev, 2017]. It would be interesting to study the word-representabilty of

triangulation (face-subdivision) of melon graphs.
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Line Graphs of Melon Graphs

In this chapter, we contribute yet another class of graphs — with representation
number and prn three — by studying the word-representability of line graphs of melon
graphs. First, we prove that the line graphs of melon graphs are word-representable
if and only if the melon graphs do not contain the triangular book graph with three
pages as induced subgraphs. Then we show that their representation number is
at most three and that the value three attains by only those melon graphs which
consists of three constituent paths of length at least two. Further, we observe that
the only comparability graphs arising from line graphs of melon graphs are paths
and cycles of even length, along with the wheel graph W,. Consequently, we obtain

their prn to be at most three.

135
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6.1 Representation Number

If a melon graph M has only two constituent paths, i.e., M is a cycle then the line
graph L(M) is isomorphic to M and hence it is a 2-word-representable graph. In
addition, if 0 and 0’ are adjacent in M (as shown in Figure 6.1), we construct a

2-uniform word representing L(M) as per the following:

1. Using the method given in [Kitaev and Lozin, 2015, Section 3.2], we construct

a 2-uniform word for the cycle {a,b,...,y,d,c, ...z x, ay, that is,
axba---dyed---xz
2. By including e, consider the 2-uniform word
axbea - - - dyced---xz

and note that it represents L(M). Hence, L(M) is a 2-word-representable
graph.

L(M)

FIGURE 6.1: A melon graph with three constituent paths and its line graph

Suppose a melon graph M = (FEy, ..., E,,) has all its constituent paths of length
exactly two. Then the line graph of the melon graph is the Cartesian product

TH-3842_196123004



6.1 REPRESENTATION NUMBER 137
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L(M)
0 e;
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¢ |
€ = GilI I
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A constituent path of M The corresponding path in L(M)

FIGURE 6.2: A melon graph and its line graph

K,,[ 1K, of the complete graphs K,, and K, as shown in Figure 6.2. In Theorem
1.4.61, it was shown that the representation number of K,,[1K5 is at most three.
In the following, we show that the line graphs of the melon graphs whose

constituent paths are of length at least two are 3-word-representable.

Lemma 6.1.1. Let M be a melon graph such that the endpoints 0 and 0 are
non-adjacent. Then L(M) is 3-word-representable.

Proof. 1f the constituent paths of M are of length two then L(M) = K, [1K> as
shown in Figure 6.2, and its representation number is at most three. In fact, the
following 3-uniform word w representing K,,[ 1K, can be constructed using the

method given in [Broere and Zantema, 2019]:

!/ ! !/ 1/ ! ! !/ /!
W= €163+ €pe1€1€3€2 * = * €, €€ €y "+ €, €1€1€2€ * * * €.
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€1 e}

€0

€2 €9

L(As3)

FIGURE 6.3: A triangular book graph and its line graph

Note that, as shown in Figure 6.2, the line graph L(M) has the edge e;¢} corresponding
to the two-length path (e;, e}).
Suppose M has a constituent path F; of length at least three. For k > 3, let

E; = {e; = €, ... e = ¢;), where ¢;,, 1 < j <k, are the edges. Note that the line

k
graph L(M) has a path of length k£ — 1 corresponding to E; of M, which can be
obtained by applying the subdivision (i.e., replacing an edge by a path) on the edge
?e; as shown in Figure 6.2, and extend the word w representing K,,[ 1K5.

If the edge ?e; is replaced by a path of length two, say (e;, z, €}) then replace the
factors ele; and e;el in w by we;elx and e;xe], respectively. Note that e; and e} do
not alternate in the word after the replacement. Between two consecutive occurrence
of z only e; and €, occur exactly once. Hence, z alternate only with e; and €.

If we replace the edge ;e; by a path of length k, for £ > 3 then first replace
the edge by a path of length two (with an intermediate vertex ) and note that
the resultant graph is 3-word-representable, as described above. Then delete the

intermediate vertex x and add the path of length k. By Lemma 1.4.50, it can be
observed that the resultant graph is 3-word-representable. O]

Lemma 6.1.2. Let A3 be the triangular book graph with three pages, as shown in

Figure 6.3. The line graph L(As) is not word-representable.
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Proof. Suppose L(Aj3) is word-representable. Then by Theorem 1.4.25, the subgraph
induced by the neighborhood of every vertex of L(A3) must be a comparability graph.
However, it can be observed that the subgraph of L(A3) induced by the neighborhood
of the vertex e is the prism Pry (cf. Figure 6.3), which is not a comparability graph.
For instance, the complement of Prs is the graph Cgs. Since Cy is a comparability
graph with prn three, Pr3 is not a comparability graph (see [Gallai, 1967]).

Thus, L(Aj3) is not word-representable. O

Lemma 6.1.3. The graph H = (V, E), where V. = {ay,a2,...,0y,b1,b2,... by, x}
and E = {Waj|z';éj}u{rbj|i;éj}u{x_y|er\{x}}u{m,@}, is

permutationally 3-representable.

Proof. Consider the following three permutations over the set V:

@1 = arbaagbsasby - - - apbrasbix
g2 = a1a3aq - - - amb2a2b3b4 bbbz

g3 = babsby - - - baibiasay - - - apasx

We show that the word w = ¢1¢2q3 represents H permutationally.

Note that z occurs at the end of each permutation in w so that x alternates with
all a;’s and b;’s in w. Since ajas - - - a,as < q;, for all © = 1,2, 3, we have a, and ag,
for r # s, alternate in w. Similarly, for each ¢ = 1,2, 3, we have bybsby - - - b,,b1 < ¢;
so that b, and by, for r # s, alternate in w. Further note that a1b1a:b1a167 € w and
boasboasbsas « w. Hence, any two adjacent vertices of H alternate in w.

We consider all the non-adjacent pairs of vertices in H and observe that they
do not alternate in w. For all r;s € {3,...,m}, a, and by are non-adjacent in H
and a,bsbsa, < q2q3 < w. Further, for 2 < r < m, ay is non-adjacent to b, and note
that a1b,.br.a; € gaqz < w. Also, ay is non-adjacent to by, for s € {1,3,...,m} and,
clearly asbsbsas < q2q3 < w. Next, note that b; is non-adjacent to a, for 2 <r <m

and we have a,b1bia, < ¢qoq3. Finally, observe that by is non-adjacent to ag, for
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se{l,3,...,m} and asbsbras < ¢a2qs. O
0/

B B, ool

M

FIGURE 6.4: Melon graph with 00’ and its line graph

Lemma 6.1.4. Let M be a melon graph in which the endpoints 0 and 0’ are adjacent

and does not contain Az as an induced subgraph. Then L(M) is 3-word-representable.

Proof. Let M = (Ey, E\, ..., E;) such that the constituent paths are arranged in
the non-decreasing order by their lengths. Thus, Ej is the constituent path of length
one. Further, since M does not contain As as an induced subgraph, M must have at
most two constituent paths each of length two, i.e., E; and E, are possibly of length
two, and the remaining are of length at least three.

As shown in Figure 6.4, note that L(M) has two copies of K,,, with vertex
sets {a1,...,an,} and {by,...,bn,}, as induced subgraphs connected by paths E!
(1 <7< m) between a; and b; (1 < i < m) and having a vertex x adjacent to all the
vertices a;’s and b;’s. Here, the vertex x corresponds to the path Ey of M and, for
1 <7 < m, the path E! corresponds to the path E; of M and of length one less than
the length of E;.

In the following, we construct a 3-uniform word representing L(M) by iteratively
extending the word w representing the graph H given in Lemma 6.1.3.

Case 1: Suppose the length of E; (for i = 1,2) is two. Note that H is clearly
an induced subgraph of L(M) in which a;b;, and asb, are the paths E| and E,

respectively. Set H' = H and v’ = w.
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Case 2: Suppose FEj is of length three. Update the path Ff in the graph H with
an intermediate vertex y; so that E| = {ay,yi, b1 ) is a path of length two. Let H; be
the resultant graph. Accordingly, extend the word w to w; by replacing the factor
a1b; with the word y,b1a1y,, and the first occurrence of b, with by,;. Note that the
replacement of the word y1b1a1y; ensures that the vertices a; and b; do not alternate
and y; alternates only with a; and b,. Hence, the 3-uniform word w; represents H;.

Case 3: Suppose Fj is of length three. If F; is of length two then set w; = w
and H; = H. Otherwise, consider the graph H; and its word-representant w; from
Case 2. Update the path EY in the graph H; with an intermediate vertex y, so that
El = {ay,ys,bs) is a path of length two. Let Hy be the resultant graph. In the word
wi, replace the factor byas with the word ysasbsy, and the third occurrence of as
with as1s. Note that the resultant 3-uniform word wy represents Hs. Set H' = Hy
and w' = ws.

Case 4: For ¢ = 1 or 2, suppose F; is of length k, where £ > 4. Consider the
graph Hy from Case 3 and its word-representant ws. Remove the intermediate vertex
y; of E! in Hy and connect a; and b; with a path of length £ — 1. By Lemma 1.4.50,
the resultant graph, say H', is 3-word-representable. Let w’ be the word-representant
of H'.

Suppose each of Ej3, ..., E; (for some t < m) is of length three. Update the
graph H' by the paths E! = {a;, y;, b;), for 3 <i < t. Let H" be the resultant graph.
Accordingly, extend w" to w” by replacing the factor a;b; in w’ with the word y;a;b;y;
and the second occurrence of b; by b;y;. For 3 < i < ¢, the factor y;a;b;y; ensures that
y; alternates only with a; and b; in w”. Hence, the 3-uniform word w” represents H”.

For the paths F;,q,..., E,, which are of length at least four in M, consider
the graph H” and add paths E! between the vertices a; and b;. Note that the
resultant graph is L(M). Since H” is 3-word-representable, by Lemma 1.4.50, L(M)

is 3-word-representable. O

Theorem 6.1.5. Let M be a melon graph. The line graph L(M) is word-representable
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€1 €9

€o

Ay L(Ay)

FIGURE 6.5: Triangular book graph with two pages and its corresponding line graphs

Sl SQ

FIGURE 6.6: Non-comparability graphs
if and only if M does not contain Az as an induced subgraph.

Theorem 6.1.6. For a melon graph M, if L(M) is word-representable then
R(L(M)) < 3. Furthermore, R(L(M)) = 3 if and only if M consists of three

constituent paths of length at least two.

Note that the graph K3[]K5 is not a circle graph. Further, any melon graph M
consisting of at least three constituent paths always contains K3[]K5 as a vertex-

minor. Hence, we have the following corollary of Theorem 6.1.6.

Corollary 6.1.7. For a melon graph M, let L(M) be word-representable. Then
R(L(M)) = 3 if and only if L(M) contains K3[1Ks as a vertex-minor.

6.2 Permutation-Representation Number

Finally, we present the following result on the prn of the permutationally representable

line graphs of melon graphs.
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Theorem 6.2.1. Among the line graphs of melon graphs, the following are the only
comparability graphs: L(P,), L(Cs,), for n = 2, and L(Ay). Here, P, is the path on
n vertices, Cy, 1s the cycle on 2n vertices and Ay is the graph given in Figure 6.5.

Moreover, the following on their prn are evident.
1. RP(L(Py)) =1 and RP(L(P,)) = 2, for n = 3.
2. RP(L(Cy)) =2 and RP(L(Cyy,)) = 3, forn = 3.
3. RP(L(Ag)) = 2.

Proof. Suppose M is a melon graph with three constituent paths of length at least
two. Clearly, the line graph of M contains K3[]K> as a vertex minor (see Figure
6.2). Note that K3[]K, is the prism Prs, which is not a comparability graph (see
Lemma 6.1.2). Also, note that the graph obtained by applying subdivision on the
edges joining two copies of K3 in K3 JK, contains S; or Ss given in Figure 6.6 as
an induced subgraph. It is known that S; and Sy are not comparability graphs (see
the characterization of comparability graphs in [Gallai, 1967]). Thus, M is not a
comparability graph. Hence, M can have at most two paths, or whenever M has
three paths, it has a path of length one.

If M has only one constituent path then M = P,, for some n > 2. Then
L(M) = P, 1 and hence it is a permutation graph.

Suppose M = (Ey, Ey). As M is a cycle, L(M) is isomorphic to M. Note that
odd cycles are not comparability graphs. Hence, in this case, the line graph of M is
a comparability graph if both E; and E, are of the same parity, i.e., M is an even
cycle.

Suppose M = (Ej, Es, E3) is a melon graph, where Ej is of length one. We have

the following cases:

e [5 and Fj3 are not of the same parity: The line graph of M contains an odd
cycle of length at least five as an induced subgraph. Thus, L(M) is not a
comparability graph.
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e F5 and FEj are of odd parity: From Figure 6.1, it can be observed that the
line graph L(M) contains either S} or Sy, given in Figure 6.6, as an induced

subgraph. Thus, L(M) is not a comparability graph.
e F5 and Ej3 are of even parity:

- If E5 or Ej3 is of length at least four then M contains an odd cycle of
length at least five, which includes E;. Accordingly, the line graph of M
will also contain an odd cycle as an induced subgraph so that L(M) is

not a comparability graph.

- If both Ey and FEj3 are of length two then M = A,, as shown in Figure
6.5. Accordingly, L(As), which is isomorphic to the wheel graph W,
is a permutation graph (refer to the forbidden induced subgraphs of
permutation graphs in [Gallai, 1967]).
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Semi-Transitive Orientations
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Line Graphs

In the literature, it is known that the line graph of a word-representable graph
need not be word-representable. For instance, while the line graph of a cycle is
word-representable, the line graph of the complete graph Kj is not. Among the
non-word-representable graphs, there are examples of non-word-representable graphs
whose line graphs are non-word-representable. However, there exists no example of a
non-word-representable whose line graph is word-representable. Thus, it is an open
problem that whether the line graph of a non-word-representable graph is always
non-word-representable or not? In this chapter, we address this open problem by
considering a class of non-word-representable graphs, viz., Mycielski graphs of odd

cycles of length at least five, and show that their line graphs are word-representable.

147
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7.1 Line Graphs of Word-Representable Graphs

In this section, we discuss two key results related to the word-representability of line
graphs. First, we provide an alternative proof for the word-representability of line
graphs of complete graphs. Then we show that if a connected graph G on at least
six vertices contains a vertex of degree at least four then the line graph operation
applied at least two times to the graph G is non-word-representable.

Kitaev et al. [2011a,b] showed that the line graph of the complete graph K, for
n < 4, is word-representable, whereas the line graphs of other complete graphs are

non-word-representable.

Theorem 7.1.1 ([Kitaev et al., 2011a,b]). Forn = 5, the line graph of a complete

graph K, 1s non-word-representable.

1
Y/

FIGURE 7.1: K FIGURE 7.2: L(K})

Consider the graph K given in Figure 7.1. Note that the line graph L(K]})
is as per Figure 7.2, in which the vertices a;; are corresponding to the edges ij
in K}. It can be observed that L(K}) is isomorphic the graph co-(T3), which is

non-word-representable by Theorem 1.4.26. Hence, we have the following lemma.
Lemma 7.1.2. The graph L(K}) is non-word-representable.

Note that if H is a subgraph of G then L(H) is an induced subgraph of L(G).
By hereditary property of word-representable graphs, all induced subgraphs of a
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word-representable graph are word-representable. Hence, by Lemma 7.1.2, we have

the following corollaries.

Corollary 7.1.3. If a graph G contains K} as a subgraph then its line graph L(G)

18 non-word-representable.

In particular, since a complete graph K, for n > 5, contains K| as a subgraph,
the line graph L(K,,) is non-word-representable. Thus, we have a shorter and
alternative proof for the word-representability of line graphs of complete graphs given

in Theorem 7.1.1.

Corollary 7.1.4. If G is a connected graph on at least five vertices and contains K,

as an induced subgraph then L(G) is non-word-representable.

The following theorem allows us to turn almost every graph into a non-word-

representable graph by applying the line graph operation at most k times.

Theorem 7.1.5 ([Kitaev et al., 2011a,b]). If a connected graph G is neither a
cycle, a path nor the complete bipartite graph K3 then the line graph L*(G) is

non-word-representable, for k = 4.
Using Corollary 7.1.4, we establish the following theorem.

Theorem 7.1.6. Let G be a connected graph on six vertices which contains a vertex

of degree at least four. Then L*(G) is non-word-representable, for k = 2.

Proof. Note that the complete bipartite graph K 4 is a proper subgraph of G and
hence K is a proper subgraph of L(G). Thus, by Corollary 7.1.4, we see that L?(G)
is non-word-representable. Further, the line graph L*(G), for each k > 2, contains K,
as a proper subgraph. Hence, we can conclude that L¥(G) is non-word-representable,

for k = 2. O]
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7.2 Line Graphs of Non-Word-Representable
Graphs

In this section, we address the following open problem posed in [Kitaev et al.,

2011a,b).

Problem 1. Is the line graph of a non-word-representable graph always non-word-

representable?

Problem 1 was highlighted at multiple contexts (e.g., see [Kitaev, 2017; Kitaev
and Pyatkin, 2018]) and there have been attempts to address the problem. For
instance, in [Akbar et al., 2021; Akrobotu, 2021], a negative answer to Problem 1 was
attempted by giving the graph A depicted in Figure 7.3 as counterexample. However,
we show that the line graph of A is non-word-representable. As a result, the problem
remains open. Nevertheless, we settle the problem by showing that the line graph of

the Mycielski graph of odd cycle u(Cy,11), for n = 2, is word-representable.

7.2.1 L(W}) is Non-Word-Representable

In [Akbar et al., 2021; Akrobotu, 2021], the non-word-representable graph A given
in Figure 7.3 was considered and shown that L(A) is word-representable. Note that
the graph A contains W} given in Figure 7.4 as a subgraph, and thus L(A) contains
L(W}) as an induced subgraph. As word-representable graphs are hereditary, L(WW})
must be word-representable if L(A) is word-representable. However, we observe
that L(W}) is non-word-representable showing that the graph in Figure 7.3 is not a

counterexample to Problem 1.

Notation 7.2.1. The statement 3(abca) is true for a word w denotes that there
exists at least two consecutive occurrences of the vertex a in the word w such that

vertices b and ¢ occur between them and b appears before c.

Notation 7.2.2. For the statement V(abca) is true for the word w denotes that
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€2

€1 b 2

€2 €1
A ‘s
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e3‘a €5 b4

€4 €4

FIGURE 7.3: A FIGURE 7.4: Wi FIGURE 7.5: L(WY)

between every two consecutive occurrences of the vertex a in w, the vertices b and ¢

occur once, and b appears before c.

The following two results are needed to prove that the graph L(W}) is non-word-

representable.

Proposition 7.2.3 ([Kitaev et al., 2011a,b]). Let w represents a graph G = (V, E),
and a,b,c €V and ab,ac € E. Then

e if bc ¢ E then both the statements I(abca) and 3(acba) are true for w, while
e if bc € E then exactly one of the statement ¥(abca) and ¥(acba) is true for w.

Lemma 7.2.4 ([Kitaev and Saito, 2020]). Suppose that the vertices in {a,b,c,d}
induce a subgraph S in a partially oriented graph such that ab and be are edges,
cd and da are non-oriented edges, and S is different from the complete graph K,.

Then the unique way to orient ¢d and da in order not to create a directed cycle or a

shortcut is ad and de.
Theorem 7.2.5. The line graph L(W?) is non-word-representable.

Proof. Suppose L(W?) is word-representable and w is a k-uniform word that repre-
sents L(W}). Since any cyclic shift of a word representing a graph also represents the
same graph (see Proposition 1.4.8), assume that the leftmost letter of w is b;. Since

{1, ba, b3, by} induces a clique in L(WZ2), w](p, by a4} 18 0f the form u*, by Proposition
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1.4.29, where u = byb;,b;,b;, such that iy, 43,44 € {2,3,4}. In the following, we show
that either v = b1bybsbs or u = bybsbsbs.

Suppose ig,i4 € {3,4} so that u = byb;,beb;,. Applying Proposition 7.2.3 on the
vertices by, b;, and by, the statement V(byb;,b9b;) is true for w. Similarly, applying
Proposition 7.2.3 on the vertices by, by and b;,, the statement ¥ (byb2b;,b1) is true for w.
As the vertex es is non-adjacent to b;, but adjacent to by, the statements 3(byesb;, by)
and 3(b1b;,exb1) are true for w. Also, since the vertex e, is non-adjacent to b,
the statements 3(byeqb;,b1) and 3(byb;,e2b1) are true for w. From the statements
A(bresbi,b1) and V(b1b;,bob1), we get I(breaboby). From the statements 3(byb;,e2b1)
and V(b1bab;,b1), we get 3(biboesby). Thus, we can conclude that 3(biesbyb;) and
3(b1baesby ) are true for w. This is a contradiction to Proposition 7.2.3 when applied

to the vertices by, by and ey. Thus, either u = b1bsb;,b;, or u = b1b;,0;,bs.

Suppose u = by bobybs. Then applying Proposition 7.2.3 to the vertices b, b3 and
by, the statement V(bybsb3bsy) is true for w. Similarly, applying Proposition 7.2.3 to
the vertices by, by and by, the statement V(bobsbybs) is true for w. Since the vertex es is
non-adjacent to b; but adjacent to bs, the statements 3(byesbibs) and I(babiesbs) are
true for w. Also, since the vertex es is non-adjacent to b4, the statements 3(baesbsbs)
and 3(bebsesby) are true for w. From the statements 3(bybiesbs) and V(bobsbbs), we
get I(bobsesby). From the statements J(boegbybs) and V(babsbsbs), we get F(baesbsbs).
Thus, we can conclude that 3(bsesbsbs) and F(bebsesbe) are true for w. This is a
contradiction to Proposition 7.2.3 when applied to the vertices by, b3 and e3. Thus,

u = blbzb3b4.

Suppose u = bybsbsbs. Then, applying Proposition 7.2.3 to the vertices by, by and
bz, the statement V(bybb3bs) is true for w. Similarly, applying Proposition 7.2.3 to
the vertices by, by and by, the statement V(bybsbybs) is true for w. Since the vertex eg
is adjacent to by but non-adjacent to by, the statements 3(bgesbiby) and I(babieshs)
are true for w. Also, since eg is non-adjacent to by, the statements 3(boezbsbs) and

I(bobyesby) are true for w. From the statements 3(boegbiby) and V(babibsbs), we get
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A(bgegbzby). From the statements 3(bybyesbs) and V(babsbyibs), we get I(babzeshs).
Thus, we can conclude that 3(baesbsbs) and I(bobseghy) are true for w. This is a
contradiction to Proposition 7.2.3 when applied to the vertices by, b3 and e3. Thus,
u = b1bybsbs.

Note that the second case, i.e., u = bybsbsbs, can be obtained from the first case,
i.e., u = bibobsby, by reversing the word w and taking a cyclic shift. Therefore, it is
sufficient to prove the theorem for the first case.

Let Dy be the orientation of L(W}) associated with the word w such that for any
two adjacent vertices a and b in L(W)), ab € Dy if and only if the first occurrence of
a occurs before the first occurrence of b in w. Since w represents L(WV}), in view of
Theorem 1.4.14, Dy must be a semi-transitive orientation. However, we show that
Dy cannot be semi-transitive so that L(W}) is non-word-representable.

Since the vertex by is the leftmost letter of w, b; must be a source in Dy. Thus,

we have blel,bleg,blbg,b1b3 and bl—l%: Further, since ’w|{b17b27537b4} = (b1b2b3b4)k, we

have bybs, bybs, bsbs in Dy.

€2
€1 b 2
€3
€5
by
€4

FIGURE 7.6: Partial orientation of L(WY)

Consider the subgraph induced by {by, ba, b3, €2}. Note that if eg—b; € D, then Zrb;
becomes the shortcutting edge of the directed path (b, es, ba, b3), which is not possible
as Dy does not contain any shortcut. Thus, l;e; € Dy. Similarly, considering the
subgraph induced by {b1, ba, €1, €2}, we must have é1e; € Dy. The partial orientation

of W! with respect to the semi-transitive orientation Dy is shown in Figure 7.6.
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Claim 1. For 2 < 7 < 4, €i€i+1 € DQ.

Suppose eze; € Dy. Consider the subgraph induced by {b1, b, €2, e3}. Note that if
bg—eg: € Dy then bre, becomes the shortcutting edge of the directed path (b, by, e3, €2),
which is not possible in Dy as it does not contain any shortcut. Thus, €3—b; € Dy. If
l@ € Dy then the vertices {by, b3, e3} form a directed cycle, which is not possible
as Dy is an acyclic orientation. Thus, eg—b‘; € Dy. Now applying Lemma 7.2.4 to
the vertices {es, b3, by, e4}, we have eze; and e4—lx:. If bg—&; € D, then bl—lxz becomes
the shortcutting edge for the directed path (by,bs, e4,bs), which is not possible.
Thus, 64—6; € Dy. Again applying Lemma 7.2.4 to the vertices {e4, b3, bs, 5}, we
have ezez, 65—1%; € Dy. Finally, if eye3 then bl—lxz becomes the shortcutting edge of the
directed path (b, ey, es5,by). Thus, ésé; € Dy. But then, {es, ey, €5, €1, e5) forms a

shortcut with the shortcutting edge ese; as shown in Figure 7.7. Hence, we have

€e9€3 € DO .
€2
€1 b 2
€3
€5
by
€4

FIGURE 7.7: The directed path {es, e4, €5, €1, €2) forms a shortcut

Suppose éze; € Dy. By a similar argument, considering the subgraph induced
— L —> —>

by {bs, b3, €2, e3}, we have bgeg € Dy. Note that if e3by € Dy then b1by becomes the

shortcutting edge of the directed path (by, b3, e3, by, which is not possible. Thus,

5;63) € Dy. If @I then bg,—e; becomes the shortcutting edge of the directed path

(b3, by, 4, €3y, which is not possible. Thus, @I € Dy. By a similar argument,

considering the subgraph induced by {bs, b3, by, €4}, we have e4—b§ € Dy. Applying
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€9 €9

€3 €3

€5 €5

(a) (b)

FIGURE 7.8: (a) {e4, €5, €1,€2,e3) and (b) (b1, ey, e5,bs) form shortcuts

Lemma 7.2.4 to the vertices {ey, b3, by, €5}, €s€3, 65—1»: € Dy. Finally, if ese; € Dy then
ése3 becomes the shortcutting edge of the directed path {ey, €5, e, €z, e3) in Dy (see
Figure 7.8 (a)), which is not possible. Otherwise, if e;e; € Dy then the edge biby is
the shortcutting edge of the directed path <{by, €1, €5, bs) (see Figure 7.8 (b)), which
is not possible in Dy. Hence, eze; € Dy.

Suppose eses € Dy. Then ejes € Dy; otherwise if ese; then ese; becomes the
shortcutting edge of the directed path {es, 1, ez, €3, €4y, which is not possible in Dj.
In the subgraph induced by the vertices {by, by, €1, €5}, it is clear that b4—e5) € Dy, as
the directed edge @ will create a shortcut (b1, eq,e5,b4). As b4—6g € Dy, if @ e Dy
then @ becomes the shortcutting edge of the directed path (bs, by, €5, €4) in Dy (see
Figure 7.9 (a)), which is not possible. If eabs € Dy then the vertices {b3, by, e5,€4}
form a directed cycle (see Figure 7.9 (b)), which is also not possible in Dy. Since
any orientation of the edge bses leads to a shortcut or a directed cycle, we arrive at

a contradiction. Thus, eze; € D).

As ;e;1 € Dy, for all 1 < i < 4. When é1e; € Dy then é1¢; is the shortcutting
edge of the directed path {ej,eq, €3, €4, €5) (see Figure 7.10 (a)). When ése; € Dy

then the vertices {e1, 3, €3, €4, e5} forms a directed cycle in Dy (see Figure 7.10 (b)).

Thus, Dy cannot be a semi-transitive orientation and hence L(W?) is non-word-

representable. O
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€9 €9
el b P €1 b 2
€3 €3
€5 €5
by by
€4 €4

(a) (b)

FIGURE 7.9: (a) (b3, b4, €5, e4) forms a shortcut and (b) (b3, b4, €5, €4, b3) forms a directed
cycle

€9 €9

€3 €3

€5 €5
b4 b4

(a) (b)

FIGURE 7.10: (a) {e1, e, €3, eq, e5y forms a shortcut and (b) {e1, e, 3, e4, €5, e1) forms
a directed cycle

7.2.2 Mycielski Graphs of Odd Cycles

In this section, we show that the line graph of a Mycielski graph of an odd cycle of

length at least five is word-representable.

Definition 7.2.6 (Mycielski graph). Let G be a graph with vertex set [n] =
{1,2,...,n}. The Mycielski graph of G, denoted by p(G), is an undirected graph
with the vertex set [n] U {1’,2/,...,n'} U {0} and the edge set E(G) u {0i' | i €
[n]} U {ji',ij" | ij € B(GQ)}, where E(G) is the edge set of G.

Remark 7.2.7. Note that G is an induced subgraph of u(G).
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Example 7.2.8. The Mycielski graph of an odd cycle Cy,,4; is shown in Figure 7.11.

Theorem 7.2.9 ([Kitaev and Pyatkin, 2025]). The graph 1(Capt1) is non-word-

representable for alln > 1.

Remark 7.2.10. The Mycielski graph 1(C3) contains W! as a subgraph (see Figure
7.12) and hence L(u(Cj3)) is non-word-representable by Theorem 7.2.5.

Remark 7.2.11. Note that a graph G is always an induced subgraph of its Mycielski
graph. Thus, if G is not triangle-free then L(u(G)) is non-word-representable.

In the following, for n > 2, we prove that the line graph of p(Cy,.1) is word-

representable by giving a semi-transitive orientation to L(1(Ca,41)).

Theorem 7.2.12. For n = 2, the line graph L(1u(Ca,11)) is word-representable.

FIGURE 7.11: p(Copn+1) FIGURE 7.12: p(Ch3)

To describe the line graph L(u(Ca,11)), we give a double-indexed label for each
edge of p(Cops1). For 1 <@ < j < 2n+1, let ¢;; denote the edge of the cycle Cy,4q
in u(Cy,y1) with endpoints ¢ and j. For 0 < i <2n+1land 1 <j < (2n+ 1), let
a;7 be the edge of (1(Cy,41) with end points ¢ and j'. Note that two vertices in
L(1(Cy,11)) are adjacent if and only if one of their indices are the same.

We consider the following two subgraphs of 1(Cs, 1) which partition its edge set,

as per the labeling ¢;;’s and a;;’s given to the edges. The part with the edges ¢;;’s is
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the original graph Cy,.; and let By, .1 be the spanning subgraph with the remaining
edges a;;’s. Observe that By, is a bipartite graph.

To prove our main result stated in Theorem 7.2.12, we give an orientation D to the
edges of L(11(Cani1)), for n = 2, and show that D is a semi-transitive orientation. We
consider the edge set of L((Co,+1)) in three parts, viz., (i) the edges of L(Ba,+1), (ii)
the edges of L(Cy,41), and (iii) the remaining edges between L(Ba, 1) and L(Coy;,41),

and assign the orientation D as per the following:

I. Semi-transitive orientation assigned to L(Bs,;1): The graph By, .1 is a
subgraph of the complete bipartite graph Ko, 122,41, S0 that L(Ba, 1) is an
induced subgraph of L(Ks,192,+1). Note that the line graph of a complete
bipartite graph L(K, ) is isomporphic to the Cartesian product of the complete
graphs K, and K, (cf. de Werra and Hertz [1999]) as shown Figure 7.13. The
vertices in each rectangular box form a clique, i.e., for 1 <i < m, L; = {a;;| 1 <
j <n}and, for 1 <j<n, Lj={ay|1<i<mjform cliques in L(K,,,). By
Theorem 1.4.58, the line graph L(kK,,,) is word-representable. By hereditary
property of word-representable graphs, L(Ba, 1) is word-representable and
hence admits a semi-transitive orientation. In view of Theorem 1.4.58, consider

the following semi-transitive orientation of L(Ks;,122,+1) restricted to the graph

L(B2n+1)'
(i) For 0 <i <2n+ 1, ayag if ji < jo.

(11) For 1 <] < 2n + 1, Qjy jr Qi 5 if 11 > 19.

II. Semi-transitive orientation assigned to L(Cy,.1): Consider the following

orientation on L(Cyy,1).

(i) For 1 <i<2n—1, Charnr2)Ciirn)-

(ii) C1(2n+1)C12 and C(2n)(2n+1)C1(2n+1)-
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Am1 |Am2!] a
m m | mn Lm
agy| |Gy Ay Lo
aiy| |Gy A1y Ly
i ! !
Ly Ly Ly,

L(Kp,) = K,OK,

FIGURE 7.13: K, and L(K,,,) with a semi-transitive orientation

Note that this orientation does not contain any directed cycles and shortcuts

and hence a semi-transitive orientation.

I[II. Orientation of the edges between L(By,,;) and L(Cy,,1): Each edge ac
in L(u(Cany1)), where a is a vertex in L(Ba,41) and ¢ is a vertex in L(Cay,41),

orient ac in D.

Note that the edges between L(Ba, 1) and L(Cy,.1) in L(pu(Capny1)) are
precisely as per the following: (i) each vertex a of L; is adjacent to ci(2p41)
and c¢q9, (ii) each vertex a of Lo, is adjacent to Ci(2n+1) and c(an)2n+1), and

(iii) for 2 < 7 < 2n, each vertex a of L; is adjacent to c;i;,1) and c_1y;.

Remark 7.2.13. In the subgraph L(Bs, 1), the vertices in each L; are as follows:
Ly = {a01'7a02/, e 760(2n+1)'}7 L, = {a12”a1(2n+1)’}7 Lopyy = {a(2n+1)1’7a(2n+1)(2n)’}7
and, for 2 <i < 2n, L; = {ait_1y, i1y }-

Further, the vertices in each L} are as follows: L} = {ao1/, agi, G@ninyr}, Lo,y =

{aons1y, @12n+1ys A2n)2ns1y }, and L = {agy, agi—1yy, a1y}, for 2 < j < 2n.
J
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A(2n+1)1/ A(2n+1)(2n)
L2n+1
aen)(2n—1)|| a2n)(2n+1)
/ L2n
C(2n)(2n+1)
e
3
21 ° Lo
Y
a9 a ’ L [
12 1(2n+1) 1 . Cr(ant1)
Qg A C34
o1/ QAo(2n+1) Ly
Ca3
Lll LIQ Ll2n+1
Ci2
FIGURE 7.14: L(Bap+1) FIGURE 7.15: L(C2p+1)

Remark 7.2.14. As per the orientation D assigned to the induced subgraph L(Bs;,+1)

(see Figure 7.14), we have the following observations:

i) There is no directed path from any vertex of L; to any vertex of L; when j > i

in L(B2n+1).

ii) For all 2 < i < 2n + 1, there is no directed path from a vertex of L; to any

vertex of L; 1 in L(Ba,y1).

iii) There is no directed path from any vertex of L] to any vertex of L when j < i

iv) For all 1 <i < 2n, there is no directed path from a vertex of L} to any vertex

of L;+1 in L(Bgn+1).

Remark 7.2.15. As per the orientation D assigned to the induced subgraph L(Cs,,.1)
(see Figure 7.15), there is a directed path from the vertex c;;, 1, for 2 < < 2n, to
a vertex cj(j41) in D if j <. Further, considering the orientation assigned to the

edges between L(Bayp1) and L(Capy1), there is a directed path from a € L; to ¢;41)
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if j > i. Note that if j € {1,2n,2n + 1} then there is a directed path from a € L; to

C1(2n+1)-

Remark 7.2.16. There is no directed edge from a vertex of L(Cy,1) to a vertex of
L(Bsy+1) in the orientation D of L(u(Cap1)). Thus, there cannot be any directed
path from a vertex of L(Cs,41) to a vertex of L(Ba,.1). Consequently, Remark

7.2.14 is valid for the entire graph L(u(Capi1)).

Example 7.2.17. The orientation D assigned to L(u(Cs)) is depicted in Figure
7.16.

1
! 1
! 1
! 1
! 1
asy v !
! 1
Cy5 1
! 1
! !
p C34
asy’ : ] 3 :
aza! :
! 1
! |
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

C15
1
Aoy’ , '
agar ! y
) 1
! 1
12/ 15/ :
1
1
ap’ Qo3 oy’ :
Qo1 aops’ 1
:
1
1
1

_________________________________________________________

FIGURE 7.16: L(u(C5)) with the semi-transitive oreintation D

To conclude that the orientation D of L(u(Cayy1)) is semi-transitive, we prove

the following two lemmas.

Lemma 7.2.18. For n > 2, the orientation D of L(u(Cani1)) is acyclic.
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Proof. Suppose the orientation D of L(1(Cs,41)) contains a directed cycle, say
{by, by, ..., bg,b1). Since the orientation D restricted to the induced subgraphs
L(Ban+1) and L(Cy,yq1) of L(p(Conyq)) are semi-transitive, the directed cycle
(by,ba, ..., bk, by must involve some vertices of L(Bs,;1) and some vertices of
L(Cop1).

Suppose by is a vertex of L(Cs,,1). Then there exists b; (2 < ¢ < k) such that
b; is a vertex of L(Bs,y1). This implies that there is a directed path from b; to b;,
contradicting Remark 7.2.16. Similarly, if b is in L(Ba,11), then b; is in L(Cay41) for
some 2 < j < k. Then there is a directed path from b; to by, contradicting Remark

7.2.16. Hence, the orientation D is acyclic. O]

Lemma 7.2.19. For n > 2, the orientation D of L(j/(Cani1)) does not contain any

shortcut.

Proof. Suppose that the orientation D contains a shortcut X = {by, by, ..., bx),
for k = 4, with the shortcutting edge m Since the orientation D restricted
to L(Bayy1) and L(Cy,41) are semi-transitive, the shortcut X must involve some
vertices of L(Ba,.1) and some vertices of L(Cy,.1). Further, if b; is a vertex in
L(Cpn41), then for any j > 4, b; cannot be in L(By,11); otherwise, there will be a
directed path from b; to b;, which is a contradiction to Remark 7.2.16. Thus, there
exists 2 < t < k such that by, by, ..., b, 1 are vertices of L(Bs,.1) and by, ..., by are
vertices of L(Cy,.1). Note that b; and b, must be a vertex of L(Bs,.1) and L(Cap41),
respectively. However, we show that by, is not in L(C5, 1) so that none of the vertices
of L(Cy,41) are in X. Hence, no such shortcut is possible in D, which concludes the
proof.

We show that by, is not in L(Cy,41) in the following four cases:

e Case 1: by = cip. Since by is a vertex of L(Bs,.1) and adjacent to c¢io,
the vertex b; must be among the vertices a1, ai@nt1y, a2y and azy. Also,

since b1 is adjacent to cig, the vertex b,_; must be among the vertices
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Cl(2n41), €23, 412/, A1(2n4+1), G217 and azy. We handle this in the following four

subcases.

— Subcase 1.1: by = a;». By Remark 7.2.16 and Remark 7.2.15, there is

no directed path from a5 to any of the vertices asys, asy and co3. Thus,
the only possible shortcut is {aia, @1(2n+1y; Ci(2n+1); C12). However, these
vertices induce a clique (see Figure 7.17) in L(u(Ca,41)), and hence by

cannot be aqy.

Ao/

FIGURE 7.17: The subgraph of L(1(Ca,+1)) induced by a1/, ai(on41y, Cians1) and cia

Subcase 1.2: by = ay(2p+1y. By Remark 7.2.16 and Remark 7.2.15, there
is no directed path from a;(2,41y to any of the vertices ca3, ajor, azir and
azy. This implies that by_; must be cy2,41). Clearly, there is no directed
path of length at least two from a;(n+1y to ci2n+1). Then the shortcut
X is a clique of size three, which is a contradiction to the length of a

shortcut. Thus, by cannot be ay(2n41y -

Subcase 1.3: by = aorr. By Remark 7.2.16 and Remark 7.2.15, there
is no directed path from asr to any of the vertices a1y, aign41y and
Ci2n+1)- Thus, the only possible shortcut is {asyr, asy, c23, c12). However,
these vertices induces a clique in L(p(Ca,41)) (see Figure 7.18). Hence,

b1 cannot be aqy/.

gy A c1o
N N

FIGURE 7.18: The subgraph of L(1(C2,+1)) induced by asyr, asy, cos and c19
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— Subcase 1.4: by = asy. By Remark 7.2.16 and Remark 7.2.15, there is
no directed path from ags to any of the vertices cian41), @12/, @1(2n+1y and
a1. This implies that b, 1 must be co3. Clearly, there is no directed path
of length at least two from asg to co3. Then the shortcut X is a clique of
size three, which is a contradiction to the length of a shortcut. Thus, b;

cannot be ass.
Hence, b, cannot be c¢qo.

e Case 2: For 2 <1 < 2n — 1, by = ¢;41)- The vertex by must be among the
vertices aji—1y, @iG+1y, A1) and agyryicey, and the vertex by 1 must be
among the vertices Cli+1)(i42)s Qi(i—1)5 Ai(i+1) 5 G(i+1)’ and Ai+1)(i42)’ - We handle

this case in the following four subcases:

— Subcase 2.1: by = a;;—1y. By Remark 7.2.16 and Remark 7.2.15, there is
no directed path from a;;_,y to any of the vertices ag.1)i, ag+1)@i+2y and
Cli+1)i+2)- Thus, b1 must be a;41y. Clearly, there is no directed path
of length at least two from a;;_1y to a;i+1y. Then the shortcut X is of

length two, which is a contradiction. Hence, b; cannot be a;(_1y.

— Subcase 2.2: b; = a;i41y. By Remark 7.2.16 and Remark 7.2.15, there
is no directed path from a;i41y to any of the vertices a;i—_1y, agtyy,
agi+1)@i+2)y and ¢ +1)+2)- This implies that there is no directed path from
a1(2n4+1y to any possible vertices of by_;. Thus, b; cannot be a;;1y.

— Subcase 2.3: by = a(i+1)#. By Remark 7.2.16 and Remark 7.2.15, there
is no directed path from a1y to the vertices a;;_1y, aii+1y. The only
possible shortcut is {a1)i, ag41)@r2)ys Clr1)@+2)s Cigir1))- However, these
vertices induce a clique in L(p(Cap 1)) (see Figure 7.19). Thus, b; cannot
be Qi+1)i -

— Subcase 2.4: by = a(i1)i+2y- By Remark 7.2.16 and Remark 7.2.15, there

is no directed path from a(;1)i+2y to any of the vertices a;i—1y, a1y
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FIGURE 7.19: The subgraph induced by a1, a@iy1)i+2ys Cr1)(i+2) and 1)

and ag1yy. Thus, br_; must be cgy1yir2). Clearly, there is no directed
path of length at least two from a(;11y(i+2y t0 c(i+1)i+2). Then the shortcut
X is a clique of size three, which is a contradiction. Thus, agi1yi+2y

cannot be b;.
Hence, by, cannot be c;it1y, for 1 <7 < 2n — 1.

o Case 3: by = cian+1). The vertex b; must be one among the vertices ay,
a1(2n41y, A2n+1)1r a0d a,41)2ny; and the vertex by_; must be among the ver-
tices cian)2nt1), G125 G1@n+1ys Gns1)r AN Gapiyeny- If b1 € {a12, a1ni1y}
then, by Remark 7.2.16 and Remark 7.2.15, there is no directed path from
the vertex b; to any possible vertices of b, ;. Thus, by can neither be ajy
nor ay(2n4+1y. Further, if by = a,41)1r then the only possible shortcut is
{A(2n11)1; A2t 1)(2nY s C@n)(2n41)s Cl(2n+1))- However, these vertices induce a

clique in L(p(Csp41)) (see. Figure 7.20). Thus, b; cannot be a(,11)1-

FIGURE 7.20: The subgraph induced by a(2,11)1/; @2n+1)2n)s C(2n)(2n+1) a0 C1(2541)

If by = a(2n41)(2ny then there is no directed path from b; to any of the vertices
a(2n+1)1, 12 and ajap41y. Thus, br_; must be ciap)2n+1). Clearly, there is no
directed path of length at least two from by to c(an)2n41). Thus, the shortcut

X forms a clique of size three, which is a contradiction. Hence, b; cannot be

Q(2n+1)(2n) -
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o Case 4: by = c(an)(2n+1)- SINCE Ciap)(2n+1) 1S a source in the orientation D when
restricted to the induced subgraph L(Cs,,1). The vertex b1 must be a vertex
from L(Ba,41). Thus, the vertices of by and b1 must be among the vertices
A(2n)(2n—1Y A2n)(2n+1)s A@2n+1)17 A0 G2n11y2ny - By Remark 7.2.16 and Remark
7.2.15,if by € {a(2n)(2n,1)/, a(2n+1)1:} then the shortcut X must be a clique size
three, which is a contradiction. If by € {a(n)@2n+1y; G2n+1)(2ny} then there is no
directed path of length at least two from by to c¢(2p)2n+1). Thus, the shortcut

X forms a clique of size two, which is a contradiction. Hence, by cannot be

C(2n)(2n+1)-
0

Proof of Theorem 7.2.12. In view of Lemma 7.2.18 and Lemma 7.2.19, there exists a
semi-transitive orientation for L(u(Co,+1)). Hence, by Theorem 1.4.14, L(1(Caps1))

is word-representable. O

7.3 Future Directions

The class of graphs that we have considered in this work is the Mycielski graphs
of odd cycles of length at least five, which are known to be triangle-free and non-
word-representable. We showed that their corresponding line graphs are, in fact,
word-representable. Further, in view of Corollary 7.1.4 and Remark 7.2.11, we raise

the following questions:
1. Is the line graph of a triangle-free graph always word-representable?

2. Does there exist a non-word-representable graph with clique number three

whose line graph is word-representable?

The answers to the above-mentioned two questions could potentially lead to a

complete characterization of word-representability of line graphs.
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Dimension vs Representation Number

Hefty et al. [2024] introduced the concept of representation number of a semi-transitive
orientation (s-representation number) and established a connection with the posets.
We further the relationship between the posets and word-representable graphs. First,
we show that the dimension of a poset arising from a semi-transitive orientation
is bounded above by a function of its s-representation number. That is, given a
semi-transitive orientation with s-representation number ¢, the dimension of the
corresponding poset is at most 3t — 2. Further, we establish an upper bound on the
boxicity of a word-representable graph G in terms of its representation number and
the length of longest directed path of a semi-transitive orientation of G. Consequently,

we also find an upper bound for the prn of a comparability graph.

167
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8.1 Upper Bound for Poset Dimension
Word-representable graphs are the graphs that admit semi-transitive orientations.

Notation 8.1.1. Let G = (V, E) be a graph and ¢ be a semi-transitive orientation
of G. We denote the resulting directed graph as G4 = (V, ¢). Note that the edge set

is identical to the relation ¢.

Remark 8.1.2. From the proof of Theorem 1.4.14, one can observe that if w is a
word-representant of a graph G = (V, E) then the semi-transitive orientation ¢ of G
induced by w is as follows: for abe E, a(™) occurs before b") in the word w if and

only if ab e ¢. Note that the leftmost vertex in w will be a source in G.

In view of Remark 8.1.2, Hefty et al. [2024] defined the k-word-representatbility

and the s-representation number of a semi-transitive orientation as per the following.

Definition 8.1.3. A semi-transitive orientation ¢ of a graph G is said to be k-word-
representable it there exists a k-uniform word w which induces the same orientation.

We say that the word w represents the semi-transitive orientation ¢.

Definition 8.1.4. The s-representation number of a semi-transitive orientation ¢ is

the minimal k such that ¢ is k-word-representable. It is denoted by R*(¢).

Remark 8.1.5. The representation number of a word-representable graph is the
minimum s-representation number among all semi-transitive orientations of G, i.e.,

R(G) = min{R*(¢) | ¢ is a semi-transitive orientation of G}.

Notation 8.1.6. Let G be a word-representable graph with R(G) = k and
S(G) = {& | ¢ is a semi-transitive orientation of G and R*(¢) = k}. We define

lg = ¢rréi(ré){l(G¢) + 1}, where I(G,) is the length of a longest directed path in Gy.
€

A graph G = (V, E) with a semi-transitive orientation G4 gives rise to a partial

order < on V defined by, for a,b e V', a < b if there is a directed path from a to b in
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Gy. We say that P@; is the associated poset of G, and é\(b =(V, quS) is the underlying
comparability graph of the poset P@;. The transitive orientation induced by the
graph G, is denoted by gg

Remark 8.1.7. If ¢ is a transitive orientation of G then G, = é; However, if ¢ is

semi-transitive but not transitive then G # é;

In the following, we establish a relationship between s-representation number of

¢ and the dimension of the poset associated with Gj.

Proposition 8.1.8. Let w be a k-uniform word-representant of G that induces the
semi-transitive orientation ¢ . If {a,a1,as,...,as, by is a directed path from a to b in

Gy then there exists no j € {1,2,...,k} such that b9al) « w.
Proof. We proof by induction on the length of the directed path {a,ai, as, ..., as,b).

- Base case: Suppose the directed path is of length two, i.e., (a,as, by. Assume
that there exists j € {1,2,...,k} such that 6¥)al) « w. Since aib € ¢, agt)
must appear before b, for all ¢ € {1,2, ..., k}. Thus, agj)b(j) & agj)b(j)a(j) L w.
This is a contradiction as aa; € E(G,) and a® must appear before agt), for all

te{l,2,...,k}.

- Induction hypothesis: Assume that for the directed path {a,ay,as,...,a;_1,b)
of length ¢, there exists no j € {1,2,...,k} such that b0)al) « w.

- Inductive step: Consider the directed path {a,ay, as,...,a;, by of length ¢ + 1.
Applying induction hypothesis on the directed path {(a,as,...,a;), we have
a(i)agi) « w, forallie{1,2,... k}. Since ab € ¢, we have agi)b(i) « w, for all

ie{1,2,...,k}. Thus, a®b® « w, for all i e {1,2,...,k}.
Hence, there exists no j € {1,2,...,k} such that v)al) « w. O

Theorem 8.1.9. Let ¢ be a semi-transitive orientation of a word-representable graph

G = (V,E). Then dim(P@;) < 3R*(¢) — 2.
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Proof. Let R*(¢) = k and let w be a k-uniform word which represents ¢. By Lemma
1.4.11, the word w(:2D 230 ... qy{k=LED als0 represents ¢, i.e., for any two vertices

a,beV,

i) if @ and b are adjacent in G then a®b@a(HDp1) « U+ for 1 <4 < k-1,

or bW ag@plitD (it (a1} for 1 <4 <k — 1.

ii) if a and b are not adjacent in G then there exists j € {1,2, ...,k — 1} such that
one of the following holds:
o o@D qUtDpDpU+D « oEd+1D
o bBUHD g0 qU+D) « ol +1D)

DD+ g+ ¢ (i +1D)

o gD DpG+Y) « o(Ld+1)

For each w1 we construct an interval graph I;, in which, for a € V we asso-
ciate the interval [(a, w11 (g, w{@#1)2] where (a, w & *1D)! is the position
of the first occurrence of a in w4+ and (a, w{*+1))2 is the position of the second
occurrence of @ in w{H+1),

Note that each w1 is a 2-uniform word. Let a,be V. If abab « wl&i+1) or
baba « w1 or abba « W) or baab « w1 then the intervals assigned
to a and b intersect. Thus, a and b are adjacent in [;. If aabb « w{@+1) or
bbaa « wte+1) then the intervals assigned to a and b do not intersect, and hence a
and b are non-adjacent in I;.

Let f; denote the interval representation of I; constructed with respect to the

word w1 We now construct two linear orders L} and L? corresponding to I;.

In order to get the two linear orders, we define two sets C; and D; as follows: for
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every non-adjacent pair of vertices a, b in é’; with respect to [;,

R if and only if (a,w({““}))2 < (b,w({““}))l,
ba € Dz

Let Gy = (V, Ey) and Gy = (V, E,), where By = ¢ U C; and Ey = ¢ U D;.
Claim 2. G; and G are acyclic digraphs.

We prove the claim for Gy. If é;, is complete graph then C; = @. Thus, G, is
acyclic as C/?; is transitively oriented. Suppose é\d, is not a complete graph. Then
C; # &. Assume that Gy is not acyclic. Let D = {ay,as,...,a;,a1) be a shortest
directed cycle in G.

First, we show that ¢t > 2. If ¢ = 2 then there exists a,b € V' such that Eg, ba € E.
As C/J; is a simple graph, both the directed edges cannot be in qg By construction of
the set (;, both the directed edges also cannot be in C;. Without loss of generality,
assume that ab e 5 and ba € C;. But if ab e 5 then a and b must be adjacent in é;
and thus ba ¢ C;, which is a contradiction.

Now, we show that two consecutive edges of D cannot be to qg or C;. Suppose there

exists two consecutive edges @;a;11 and a;;1a;3 in D such that a;ja; 1, a;1a;12 € (5
Since ngS is a transitive orientation, we have @;a; 5 € gg Thus, we get a directed cycle
of length t — 1, which is a contradiction to our assumption that D is the shortest

cycle in .

Suppose there exists two consecutive edges a;a;;1 and @;{1a;45 in D such that

a;a;11,a;:10;.5 € C;.  As per the interval representation f;, (a;, wfH+1h)2 <
(a1, w I and (a0, w2 < (a0, wd D)L This means that
(a;, w T HN2 < (a5, wEHINL and hence a; and a4 are non-adjacent in Gy. If
a; and a;yo are adjacent in é; either there is a directed path from a; and a;,o or
there is a directed path from a;, and a;;; in G4. Applying Proposition 8.1.8, we

see that there is a directed path from a; and a;,2. Hence, a;a;15 € gg, which forms
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a directed cycle of length ¢ — 1, contradicting our assumption of D. If a; and a;.-
are non-adjacent in (/}; then clearly @;a;,» € C;, which also forms a directed cycle of
length ¢t — 1, which is a contradiction. Thus, the edges of D alternate between $ and

C;. It also follows that t > 4 is even.

Without loss of generality, assume that aia3,azaz,...a;1,a; € C;. Then we

have, (aj, w12 < (a1, wHNL for each odd j and 1 < j < ¢t — 1. Also,

203, G405, . . . Ay—2, A4_1, Qf, A1 € ngS Note that if ab € ngﬁ then there is a directed path
a to b in Gy. By Proposition 8.1.8, (a, w1 < (b w{B+)L Thus, for all
odd j and [ > j + 1, we have (a;, w+1)2 < (q;, w1 50 that a; and q; are
non-adjacent in G4. But if a; and @; are adjacent in gg then we get a directed cycle
of length at most ¢ — 1, which is a contradiction to our assumption. Also, if a;a; € C;
then, in this case also, we get a directed cycle of length at most ¢ — 1, which is also a
contradiction.

Thus, we proved that there cannot be any directed cycles in GG;. In a similar way,
we can show that G, is an acyclic directed graph.

As Gy and Gy are acyclic, we can construct the linear orders L} and L? by using
topological sorting on G; and G, respectively.

Now we consider the set {w® | 1 < i < k}. Note that if a and b are non-
adjacent in G and a®@p@pli+D g+ « U+ then ab « w) and ba « w1,
Thus corresponding to each word w), we construct a linear order L} such that
ab « wd) if and only if aLlb.

Thus, the set {L},L? | 1 <i<k—1} U {Li1 <i < k} is a realizer of the poset

P@;. Hence, dim(P@) <2(k—1)+k = 3k — 2 so that dim(Pé-;) <3RY(¢) —2. O
According to Theorem 1.4.30, circle graphs are the graphs whose representation

number is at most two. The following corollary is an immediate consequence of

Theorem &.1.9.

Corollary 8.1.10. If G is a circle graph and ¢ is a semi-transitive orientation that

yields a 2-uniform word-representant of G then dim(P@;) < 4.
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In view of Remark 1.4.18 and Theorem 8.1.9, we have obtained a relation between

the s-representation number of a hasse diagram of a poset and its dimension.

Corollary 8.1.11. Supppose H is the Hasse diagram of a poset P. Then dim(P) <
3R*(H) — 2.

8.2 Boxicity

Definition 8.2.1 (k-box). A k-boz is the Cartesian product of closed intervals on

the real line, i.e., [a1,b1] X [ag,ba] X <+« X [a, bi].

Definition 8.2.2. A k-box representation of a graph G is a mapping of each vertex
of G to a k-box in the k-dimensional Euclidean space such that two vertices in G are
adjacent if and only if their corresponding k-boxes intersect. Note that if £ = 1 then
(G is an interval graph as each 1-box is a closed interval. Figure 8.1 is an example of

a 2-box-representation of a graph.

Definition 8.2.3 ([Roberts, 1969]). The bozicity of a graph, denoted by box(G), is

the minimum integer k£ such that G has a k-box representation.

By definition, the boxicity of a complete graph is zero, as there are no non-adjacent
vertex pairs to represent geometrically. Furthermore, it is easy to see that a graph
has boxicity one if and only if it is an interval graph. Cozzens [1981] established that
computing the boxicity of an arbitrary graph is NP-hard. Subsequently, Yannakakis
[1982] showed that deciding whether the boxicity of a graph is at most three is
NP-complete. Finally, Kratochvil [1994] strengthened this result by proving that
determining whether a graph has boxicity at most two is also NP-complete.

Let G = (V,E) be any graph and G; = (V,E;), 1 < i < t such that F =
EynEsn---n E;. We say that GG is the intersection graph of G;’s and denoted as
G = ﬂle (G;. Boxicity of a graph can be defined in terms of intersection of graphs

as follows:
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X2

B,

By

L1 3 1

FIGURE 8.1: A 2-box representation of a graph

Lemma 8.2.4 ([Roberts, 1969]). The boxicity of a non complete graph G is the
minimum. positive integer t such that G can be represented as the intersection of t

interval graphs. Moreover, if G = (i_; G; for some G;, then box(G) < 3., box(G;).

For comparability graphs, Adiga et al. [2011] established a connection between
dimension of a poset and the boxicity of its underlying comparability graphs, as

stated in the following theorems.

Theorem 8.2.5 ([Adiga et al., 2011]). Let P be a poset such that dim(P) > 1. Then
dim(P) < 2box(Gp).

Theorem 8.2.6 ([Adiga et al., 2011]). Let P be a poset, and x(Gp) > 1. Then
box(Gp) < (x(Gp) — 1) dim(P).

By Theorem 8.1.9 and Theorem 8.2.6, the following theorem gives an upper
bound on the boxicty of a comparability graph in terms of s-representation number
and length of a longest directed path of a semi-transitive orientation associated with

the comparability graph.
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Theorem 8.2.7. Let ¢ be a semi-transitive orientation of a word-representable graph
G. Then
box(Gy) < (3R*(9) — DI(Gs).

Proof. From Theorem 8.1.9, we have dim(P@-;) < 3R*(¢) — 2. Applying Theorem
box(Gy)
X(Gy) — 1

—~

X(é;) = w(Gy). By Proposition 8.1.8, we have w(é;) = l(Gy) + 1 so that

8.2.6 < dim(Pé;). Since comparability graphs are perfect, we have

box(Gy) < (3R*(6) — 2)I(Gy).

O

As a consequence of Theorem 8.2.7, we obtained an upper bound on the boxicity
of the underlying comparability graphs of a poset in terms of the s-representation
number of its Hasse diagram and height. It is worth noting that the height of a poset

is equal to the clique number of its underlying comparability graph.

Corollary 8.2.8. Let H be the Hasse diagram of a poset P. Then
box(Gp) < (BR*(H) — 2)h(P).

As word-representable graphs are a generalization of comparability graphs, in the
following theorem we provide an upper bound on the boxicty of a word-representable
graph G in terms of its representation number and length of a longest directed path

in a semi-transitive orientation of G.

Theorem 8.2.9. Let G = (V, E) be a word-representable graph with R(G) = k.
Then,
box(G) < gk — 1.

Proof. Let w be a k-uniform word-representant for G and ¢ be a semi-transitive

orientation induced by w such that [(Gy) = g - 1. For 1 < i < k, let w® be
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the subword consisting of ith occurrence of each vertex of G in w. The word
uw = wty ... w({k}), being concatenation of permutations on V', represents a
comparability graph, say G, over the vertex set V. For all a,b € V, note the

following;:

1. If ab € ¢ then b « w for all 1 < i < k. Thus, a®b® « w® for all

1 <@ < k, and hence a and b are adjacent in G,,.

2. If ab ¢ E and aWbp@pU+Da0+) « w, for some 1 < j < k, then a0 « w)

and Ut g+ « wl+Y 5o that a and b are not adjacent in G,,.

3. If ab¢ E and b0 aalU+Vp0+1) « w, for some 1 < j < k, then b0)a0) « w)

and aUtDpU+D « U+ g0 that @ and b are not adjacent in Gy,.

However, when ab ¢ E, having a@aU+Dp0p0+D) « w or bWDpU+D @) a0+ « w, for
some j, does not guarantee the non-adjacency of a and b in GG,,. In order to tackle
these cases, we construct k — 1 interval graphs as per the following.

For 1 <i < k—1, let w®**Y be the 2-uniform subword of w consisting of the ith
and (i 4 1)th occurrence of each vertex of G. For each word w%**1}) e construct an

interval graph I; over the vertex set V, say {a,as, ..., a,}, by assigning the interval
[(ai7 w({i,z’+1}))17 (ai; w({i,i+1}))2]

to each vertex a;, for 1 < i < n. Note that (a;, w1 is the position of Ist
occurrence of a; in w1 and (a;, w»*))2 is the position of 2nd occurrence of
a; in wlHrh,

Now, if ab ¢ E(G) and aValU+DpDp0+D) « w or b0+ a0 a0+ « 1, for some
J, then in the interval graph I, constructed based on w07+ the corresponding

intervals of @ and b do not intersect. Thus, a and b are not adjacent in ;. Hence,
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the graph G can be written as the intersection of the graphs given by

G=Gynhinlhn---nIj;_.

Thus, by Lemma 8.2.4, we have box(G) < box(G,,) + k — 1.
Since G, is a comparability graph, in view of Theorem 8.2.6, we have box(G,,) <
(X(Gy) — 1)dim(Pg,, ). However, since comparability graphs are perfect, we have

X(Gy) = w(Gy). Also, note that dim(Pg,) = R*(G,) < k. Hence,

box(G) < box(G,) + k — 1
< (W(Gy) — Dk +k—1
= w(Gy)k -1
=lck — 1,

as w(Gy) is equal to number of vertices in a longest directed path in G, by Proposi-
tion 8.1.8. 0
Corollary 8.2.10. For a circle graph G, box(G) < 2(¢ — 1.

From Corollary 1.4.44, the prn of a comparability graph and dimension of a poset
associated to it have the same value. In view of Theorem 8.2.5 and Theorem 8.2.9,

we have the following corollary.

Corollary 8.2.11. Let G be a comparability graph with R(G) = k. Then

k< RP(G) < 2(gk —1).

Note that the class of complete graphs characterizes the class of graphs with
(permutation)-representation number one. In the following, we provide a bound on
the prn of comparability graphs with representation number two and show that this

bound is tight.
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8.3 Future Directions

An interesting direction for future research is to investigate lower bounds on the
dimension of a poset in terms of the s-representation number of its Hasse diagram.
Specifically, given a s-representation number ¢ of semi-transitive orientation that
induces a poset P, is there a function g(¢) such that ¢g(¢) < dim(P)? Establishing such
a bound would provide a new perspective and help in characterizing the dimension of
a poset more precisely in terms of the s-representation number of its Hasse diagram.
Similarly, it would be worthwhile to examine whether lower bounds exist for the

boxicity of word-representable graphs in terms of representation numbers.
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U_g, 44 Free(H), 20

W, 26 Pr,, 17

W!, 150 box(G), 173
187

TH-3842_196123004



188 INDEX

S, 43 clique number, 13
e, 10 comparability graph, 14
C/?;, 169 comparable, 21
a®, 11 complete graph, 13
h(P), 22 concatenation, 11
k-box, 173 cover graph, 22
k-box representation, 173 crown graph, 16
k-circle representation, 30 extended, 92
k-colorable, 18 cycle, 13

k-cube, 36 directed, 13
k-subdivision, 34 length, 13
w(P), 22 cyclic shift, 11
wls, 10 degree, 13

w, 10 digraph, 12

prn, 32

dimension, 22

adjacent, 12 edge, 12

antichain, 22 edgeless graph, 14

bipartite graph, 16 edges

blocks. 63 multiple, 12

boxicity, 173 parallel, 12

exclusive neighbors, 44
Cartesian product, 35
factor, 10

forbidden induced subgraph, 20

chain, 22

chain cover, 22

chordal graph, 17 graph, 11
chromatic number, 18 complement, 14
circle graph, 15 component, 13
clique, 13 connected, 13
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directed, 12
reduced, 13
simple, 12

Hasse diagram, 22

hereditary, 20

incomparable, 21
independent set, 14
interval graph, 17

isomorphic, 14

line graph, 18
local complementation, 14

loop, 12

matching, 13
perfect, 13
melon graph, 17
module, 35
Mycielski graph, 56, 156

neighborhood, 13

relative, 50

neighborhood inclusion graph, 43

orientation, 14

k-word-representable, 168

s-representation number, 168

semi-transitive, 19

transitive, 14
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partially ordered set, poset, 21
path, 13

directed, 13

length, 13
perfect graph, 18
permutation, 10
permutation graph, 15
permutation-representation number,

32

permutationally-representable, 28
planar graph, 17

outer, 17

prism, 17

realizer, 22

representation number, 30

shortcut, 19
split graph, 17
split(P), 24
stacked book graph, 100
subdivision
graph, 34
edge, 34
subgraph, 13
induced, 13

total order, linear order, 21

triangulated graph, 17

vertex, 11
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vertex minor, 14 reverse, 10
subword, 10
width, 22 word-representable graph, 25
word, 10 k-, 26
k-uniform, 10 word-representant, 25
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