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Abstract

Let Z, r be the space of all continuous functions on the annulus B, p in C" whose
A-twisted spherical mean, in the setup of the Métivier groups, vanishes over the spheres
Ss(z) C B,g with ball B,(0) C B,(z). We characterize the spherical harmonic coeffi-
cients of functions in Z, g, eventually, in terms of polynomial growth, by which we infer
a support theorem. Additionally, we prove that non-harmonic complex cones are sets

of injectivity for the A-twisted spherical mean.

We notice that there are some results, which could not be settled for the Métivier
groups, hold for H-type groups, such as sufficient condition for a function to be in Z,
and the support theorem for continuous functions. Moreover, we derive an analogue of
the Heche-Bochner identity. And we show that the boundary of bounded domains are

sets of injectivity for A\-twisted spherical mean in the H-type groups.

Further, we study the injectivity of the spherical mean for continuous functions on
the Métivier groups. The spherical mean is injective for f(z,.) € LP(R™), 1 < p < 2
with tempered growth in the z-variable. This result is also true for a class of functions
in LP(C"), 1 < p < oo, without tempered growth. Then, we obtain a two-radii theorem

for functions, which are tempered in the z-variable and periodic in the centre variable.

Afterwards, we study the boundedness and several properties of the quaternion
Wigner transform. Using the quaternion Wigner transform as a tool, we define the
quaternion Weyl transform (QWT) and prove that the QWT is compact for a certain
class of symbols in L" (R* Q) with 1 < r < 2. Moreover, it cannot be extended as a
bounded operator for symbols in L™ (R* Q) for 2 < r < oco. To show this, we give an
example of a square-integrable and compactly supported quaternion valued function

TH-2678 15é1f21§8501nﬁnite L' -norm, where ' is the conjugate index of .



ii

In addition, we prove a rank analogue of the Benedicks-Amrein-Berthier theorem
for the QWT. In other words, if an integrable function is supported on a product of

finite measure sets in R? and has finite rank Weyl transform, then it must be trivial.

The quaternion Fourier transform motivated us to define an analogue of twisted
spherical mean in the quaternion setup. However, we later realized that further devel-
opments proceed likely with twisted spherical mean on the Heisenberg group. In the
end, we concluded with some remarks on injectivity and Helgason’s support theorem

for the quaternion twisted spherical mean.
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Chapter 1

Introduction

Let f be a function on R™. The spherical mean of f is defined as the convolution

[ (r) = (z —y)du.(y), (1.0.1)

ly|=¢

where y, is the normalized surface measure on the sphere S"! = {x € R" : |z| = 1}.
This is nothing but the average of f over the sphere of radius ¢ centred at z. The
above transform has been intensively studied in [2,7,17,19,23,34,36], due to its
applications to PDEs, approximation theory, mathematical physics, medical imaging,
etc, see [3-5,120,21}/38,48]. Here we mention some problems related to the spherical

mean f * u,, which have received significant interest.

e Support theorem. For a continuous function f on R", under which conditions, f
is supported in the ball B,(0) if and only if f % p,(z) = 0 for ¢ > |z| + r and for

all z € R™. For details, see [34].

e Sets of injectivity. Finding the set S C R" for C C L. (R") such that f € C and

loc

f*u,(x)=0forall e >0 and z € S, implies f = 0, see [7].

o Injectivity of the spherical mean operator. When does the operator f into f * u,

TH-2678 156123030F 2 fixed ¢ > 0, turn out to be injective [67].



2 Introduction

e Inversion formula. Finding a closed form inversion formula for Rg(f), where
Rs(f) is the restriction of f * p, on some set S C R™ and ¢ > 0. This problem
has been solved when S is a sphere, cylinder, hyperplane, or some other special

hypersurface, we refer to [20,21,32}39},47,49].

e Range description. To characterize the range of Rg(f) for some set S C R™.
For the case, when S is a sphere, this characterization has been determined,

see [3H5148].

Considerable efforts have been made by many authors to generalize the above
mentioned investigations on various spaces such as Euclidean space, Heisenberg group
and spaces of constant curvature. The aim of this thesis is to look into the above listed

first three problems on the Métivier groups.

In a remarkable result, Helgason proved a support theorem for continuous functions
having polynomial growth whose spherical mean vanishes over the spheres surrounding
a ball. In other words, let z, be the normalized surface measure on the sphere S™~1.
If f is a continuous function on R™ (n > 2), such that |z|*f(z) is bounded for each
non-negative integer k, then f is supported in the ball B,.(0) if and only if f*u,(z) =0

for ¢« > |z| 4+ r and for all z € R", (see [34]).

Later in [19], Epstein and Kleiner significantly generalized the Helgason’s support
theorem by characterizing the space of all continuous functions on R”, whose spherical
mean vanishes over all the spheres surrounding a ball, in terms of spherical harmonic
coefficients having polynomial growth. This result was first proved by Globevnik [29)

in the plane.

Let Hj be the restriction of the space of homogeneous harmonic polynomials of

: n—1 .7 _ : :
TH-267%8_%.r§§11§3t6)26he unit sphere S" ! and {Y; : l =1,...,d;} is an orthonormal basis for



Hy. Then any f € C(R") can be expressed as

oo dg

F@) =33 anlp) Yiw),

k=0 =1

where x = pw and p = |z|. In [19], authors had shown that f % p,(z) = 0 for all x € R”

and ¢ > |z| + B as long as ay € span{p* "% :i=0,1,...,k — 1}, whenever p > B.

Consequently, the support theorem is an immediate corollary of the above result

[19]. For other related work, we refer to [12,17.53}71},72].

Further, in the article [46], Thangavelu and Narayanan proved an analogue of the
Helgason’s support theorem for the twisted spherical mean (TSM) for certain Schwartz
class functions on C". In [54], the authors have characterized the space of all continuous
functions on C™ having TSM vanishes over the spheres surrounding a ball, and proved
an exact analogue of the Helgason’s support theorem for the twisted spherical mean on
C" (n > 2). For n = 1, the authors [54] have proved a stronger result relaxing decay
condition. On Riemannian two-point homogeneous spaces, analogues of the Globevnik

problem have been established by V. V. Volchkov and Vit. V. Volchkov [73].

Now, consider the Métivier group denoted by G ~ C" x R™, with the group law

() (w7 = )

where U)’s are skew-symmetric matrices. We prove necessary conditions for a func-
tion to be in Z p, a subspace of ceratin smooth functions on B, r. This result gives a
support theorem for the functions, which transform according to the unitary irreducible
representation of the unitary group U(n). The later functions are known as type func-
tions. A detailed explanation and definition of as yet undefined symbols is provided in
Chapter 2]

TH-2678_156123020



4 Introduction

Moreover, we derive that the non-harmonic complex cones in C™ are sets of injec-
tivity for the A-twisted spherical mean for the class of continuous functions on Métivier
groups. For a brief history of work related to sets of injectivity for TSM on the Heisen-

berg group, we refer to [6}45,58-61].

Further, we study some results on H-type groups, a special case of Métivier groups.
We prove sufficient conditions for a function to be in Z, r and derive a support theo-
rem. Then we notice that an analogue of the Heche-Bochner identity is true, and the

boundary of a bounded domain is a set of injectivity for A\-twisted spherical mean.

We would like to mention that the results in the case of Métivier groups are of
restrictive nature with those in the Heisenberg group due to the fact that the symplectic
bilinear form appears in the group action of the Métivier groups need not be U(n)-
invariant. This happens because of the higher dimensional centre of the Métivier groups,
and the distinct eigenvalues of symplectic matrix V), in general. However, we prove that
the symplectic bilinear form for H-type groups is similar to that of the Heisenberg group

up to an orthogonal transformation.

The third problem, known as one radius theorem, concerning the injectivity of the
spherical mean operator, has recently attracted significant attention. Particularly, does
the operator f into fx*pu, for a fixed ¢ > 0 turn out to be injective. In general, the answer
to this is negative, since there are non-trivial bounded continuous functions, e.g. Bessel
functions ¢, for which ¢ * u, = 0, when ¢ is a zero of the Bessel function. The injectivity
of the spherical mean is an ever interesting question and studied by several authors,
including [1,/56,/67,68,/76]. Thangavelu [67] has shown that the one radius theorem is
true for LP(R™), when 1 < p < 2n/(n — 1), by exploiting the spectral decomposition of

the Laplacian.

TH-2678_156123020



One radius theorem has also been considered for the Heisenberg group H" =~
C" x R. Indeed, in [67], it has been shown that if f € LP(H"),1 < p < oo, then fxu =0
implies f = 0, where p is a compactly supported rotation invariant probability measure
with no mass at the centre. The proof of this result is based on a summability result
due to Strichartz [63] for sub-Laplacian on H". Recently, this summability result has

been extended for the H-type groups, see [44].

Although, in Métivier groups, the analogue to summability result [63] is yet to
settle due to the appearance of a multi-parameter singular integral, whose kernel is
not radial, because of the higher dimensional centre. However, we show that the mean
operator f into f % p is injective, when f(z,.) € LP(R™),1 < p < 2, and f is of
tempered growth in the z-variable. This result is obtained by employing the simplified
A-twisted spherical mean on the Métivier groups, which we introduced in Chapter
and the special Hermite expansion as discuss in Chapter [3] Moreover, when p = pug, the
normalized surface measure on the set {(z,0) : |z| = s}, we prove one radius theorem
for continuous functions f, when f(z,.) € LP(R™),1 < p < 2, and f’\(z)eﬂjgﬂl2 is
in L9(C™),1 < g < oo. In the end, we obtain a two-radii theorem for the tempered

continuous functions in the z-variable and 27-periodic in the t-variable.

Since the symplectic bilinear form appears in the group action of the Métivier
groups is far from U(n)-invariance, the A-twisted spherical mean cannot be radialised
as in the case of the Heisenberg group. However, it is elliptical up to a rotation. We
connect this elliptical mean to the twisted spherical mean of a Lie group having 3n-
dimensional step two nilpotent Lie algebra. This fact unfolds many tools for studying
the spherical mean in the Métivier groups setup. We obtain the spectral decomposition
for L2-functions in terms of eigenfunctions of sub-Laplacian on this particular Lie group.
This reduction eases towards proving an analogue of one radius theorem on the general

Meétivier groups.

TH-2678_156123020



6 Introduction

The next portion of this thesis is devoted to the quaternion Weyl transform
(QWT), a generalized form of the classical Weyl transform. We underline that the gener-
alization is non-trivial due to the multiplication of quaternions being non-commutative.
Over the last few years, the quaternion approach has been widely explored in various
aspects of data analysis, such as colour image processing, flow visualization and spoken

word recognition, etc.

It is interesting to mention that, while the study of quantization problem in quan-
tum mechanics, a certain pseudo-differential operator was anticipated by Hermann
Weyl [74]. This operator is later known as Weyl transform, which is useful in various
areas of mathematics and physics, especially in harmonic analysis, PDE, time-frequency
analysis, etc. The compactness property of the Weyl transform was studied on L?(R")
with the symbol in LP(R*"), when 1 < p < 2, see [75]. In a sharp contrast, the Weyl
transform fails to be even bounded for 2 < p < oo, see [57]. The boundedness property
of the Weyl transform has been considered in different setups, including the Heisen-
berg group, quaternion Heisenberg group, upper half-plane, Euclidean and Heisenberg

motion groups [16}28,51,52].

In recent times, the uncertainty principle for quaternion Fourier transform (QFT)
has received significant attention [10}/15},33,40]. The non-commutativity of the quater-
nion multiplication and the Fourier kernel make QFT different from the classical Fourier
transform. The QFT has an important application in data analysis, particularly in
colour image processing, etc. Since the quaternion algebra decomposes into two com-
plex planes, the QFT can be split into two Euclidean Fourier transforms, which makes
QFT accessible. For instance, a version of Hardy’s theorem studied in [35] can be
generalized to the QFT, see Section [{.1 But that approach cannot be extended to
quaternion Fourier-Wigner transform and QWT. In Section [4.2] we study the bounded-

ness of quaternion Fourier-Wigner transform that arises due to the QFT. Consequently,

TH-2678_156123020
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we consider the boundedness of the QWT for the symbol in LP(R* Q), the space of

quaternion valued LP functions.

In [11], Benedicks proved that if f € L!'(R"), then both the sets {x € R" :
f(x) # 0} and {&€ € R : f(€) # 0} cannot have finite Lebesgue measure, unless f = 0.
Concurrently, in 8], Amrein-Berthier reached the same conclusion via the Hilbert space
theory. This result further extended to certain unimodular groups in the form of the
qualitative uncertainty principle (QUP). A group G is said to satisfy QUP if for each
f € L*G) with m{x € G : f(z) # 0} < m(G) and

[rankf(A) din(\) < oo, (1.0.2)
G

implies f = 0, see [9]. For the Heisenberg group H", the condition ([1.0.2]) of QUP
implies f should be supported on a set of finite Plancherel measure as well as rank f (A)

is finite for almost all \.

In [43], Narayanan and Ratnakumar proved that if f € L'(H") is supported on
B x R, where B is a compact subset of C", and f (A) has finite rank for each A, then
f = 0. Thereafter, the compact set B is replaced by a set of finite measure [25,[70]. An
analogous result is also true for the step two nilpotent Lie groups with MW condition
[14,25], and for the quaternion Heisenberg group [27]. Further, a non trivial extension

of the result for the Heisenberg motion group is established in [26].

In Section [4.3, we consider a quaternion analogue of the Heisenberg group Weyl
transform, and we prove a version of the Benedicks-Amrein-Berthier theorem. In other
words, if g € L'(R* Q) is non-zero and supported on a product of two dimensional

finite measure sets, then the Weyl transform W (g) cannot have finite rank.

TH-2678_156123020



8 Introduction

Since the TSM on the Heisenberg group H? and the Fourier transform on C? are
closely related, we can similarly theorize the quaternion twisted spherical mean (QTSM)

as

f Xq ,LLL(p, q) — / eﬂ'(mqrplvl)f(p —u,q — U)eTrj(u2q2ﬂzzvz)dub(u7 U)7

|(u,0)[=2
where fi, is the normalized surface measure on the sphere in R* centred at origin and
radius ¢ > 0. Then we can look at the above listed problems for QTSM. Due to the
fact that the decomposition of quaternion algebra into two complex planes, the QTSM
also split into two Heisenberg group TSMs. Hence, some results directly extend in this
setup as well. Chapter 4] is concluded by a remark about the sets of injectivity and

Helgason’s support theorem for the QTSM.
This thesis is organized as follows:

In Chapter 2| we consider the A\-twisted spherical mean on the Métivier groups.
We give necessary conditions for a function to be in Z; . These conditions are in terms
of spherical harmonic coefficients. As a consequence, we get a support theorem for type
functions. Further, we derive that non-harmonic complex cones are uniqueness sets
for the A-twisted spherical mean. Chapter [2| ends with some results on H-type groups
such as sufficient conditions for a function to be in Z, p, Heche-Bochner identity and
boundary of bounded domains are sets of injectivity for twisted spherical mean in the

H-type setup.

In Chapter |3, we investigate the injectivity of the spherical mean for continuous
functions on the Métivier groups using the spectral decomposition of L2-functions. We
acquire certain classes of functions for which the spherical mean is injective. Moreover,

we obtain a version of the two-radii theorem.

In Chapter [, we begin with QFT and observe that it can be reduced to the

Euclidean Fourier transform, which is not the case for quaternion Wigner transform
TH-2678 156123020



9

and QWT. We study the boundedness and several properties of the quaternion Wigner
transform. Further, we define QW' corresponding to quaternion valued symbols and
look into its boundedness. The next half of this chapter contains a rank analogue of the
Benedicks-Amrein-Berthier theorem for the QW'T and a version of Beurling’s theorem
for the quaternion Fourier-Weyl transform. We end with some comments regarding

quaternion twisted spherical mean.

TH-2678_156123020
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Chapter 2

Spherical mean on Métivier groups
and support theorem

This chapter splits into two parts. In the first part, we study the A-twisted spherical
mean on the Métivier group G ~ C" x R™ and review some important aspects of its
vector fields. Then we prove necessary conditions for a function to be in Z; p followed
by a support theorem for type functions. Further, we show that non-harmonic complex

cones are uniqueness sets for the \-twisted spherical mean.

The second part of this chapter deals with some results on H-type groups, which
could not be settled for Métivier groups. We prove sufficient condition for a function to
be in Z, r. Additionally, we state an analogue of Heche-Bochner identity and see that

the boundary of bounded domains are sets of injectivity for A-twisted spherical mean.

2.1 Preliminaries

Let G be a connected, simply connected Lie group with real step two nilpotent Lie
algebra g. Then g can be decomposed as g = b @ 3, where 3 is the centre of g. We
can choose an inner product on g to make the above decomposition orthogonal. Since

TH-2678 15631%658)0tent, the exponential map exp : g — G is surjective, and hence G can be



12 Spherical mean on Métivier groups and support theorem

parameterized by g, endowed with the exponential coordinates. Now, we can identify
X +T € b®j with exp(X + T) and denote it by (X,T) € R? x R™. Since [b,b] C 3
and [b, [b, b]] = 0, by the Baker-Campbell-Hausdorff formula, the group law on G can
be expressed as

(X, 7)-(V,9) =(X+Y, T+S+%[X,Y]),

where X,Y € b and T,S € 3. Now, for w € 3*, consider the skew-symmetric bilinear
form B, on b by B,(X,Y) = w ([X,Y]). Let m,, be the orthogonal complement of r,, =
{Xe€b:B,(X,Y)=0, VY €b} in b. Then B, is called a non-degenerate bilinear

form when r,, is trivial.

In this thesis, we discuss some particular types of step two nilpotent Lie groups

known as Métivier groups.

Métivier groups. We say group G is Métivier group if B, is non-degenerate for all non-
zero w € 3*. In this case, d = 2n, even. Let By,..., By, and Z3,..., Z,, be orthonormal
bases for b and 3, respectively. Since [b, b] C 3, there exist scalars U ](]? such that

B;, B =Y UYZ, 1<j1<2n.

]7
1

m
k=

For 1 < k < m, define 2n x 2n skew-symmetric matrices by U®) = (U J(I;)) Then the

group law for the Métivier group can be expressed as

(2.1.1)

(I,t)-(f,T):( .CI?Z‘{'&,Z:L,Z?’L )7

tj—|—7'j—{—%<$,U(j)f>, J=1....m

where z,§ € R?" and t,7 € R™ For x = (T1,...,%n,Y1,-..,Yn) € R¥ write z =
(x1 4+ Y1, .., Tp + 1Y) = (21,...,2,) and say, z be the complexification of z. Let

z,w € C" be the complexification of z,& € R**. If we fix the notation UWw for the

TH-2678_156123020



2.1 Preliminaries 13

complexification of UW¢, then (2.1.1) can be simplified to

- = gl ) e

ti+7+1Re(z-UWw), j=1,....m

H-type groups. Suppose g is endowed with an inner product (-,-) such that for each
Z € 3, the map Jz : b — b defined by (Jz(X),Y) = (Z,[X,Y]) for X,Y € b, satisfies
JE = —Jz. We say that g is H-type if J2 = —|Z|*I, whenever Z € 3. Hence it follows
that

Jodz + Iy = —2<Z, Z/>] for all Z, 7' e 3,

where [ denote the identity mapping. A connected, simply connected Lie group G with
H-type Lie algebra is called Heisenberg type (or H-type) group. The H-type groups,
introduced by A. Kaplan [37|, are examples of Métivier groups. However, there are

Métivier groups that differ from the H-type groups. For more details, see [41,42].

Theorem 2.1.1. |[13] Let G be a connected, simply connected Lie group with real step
two nilpotent Lie algebra g. Then G is a H-type group if and only if G is isomorphic to
R2"+™ with the group law and the matrices UM, ... U™ satisfy the following
conditions:

(a) UY) is skew-symmetric 2n x 2n orthogonal matriz, for j=1,...,m.

(b)) UDUD + Oy =0 for all 1< j,1 <m with j #1.

We identify 3* with R™ and denote R™ \ {0} = R?". For A € R, it follows from

* )

Theorem 2.1.1] that

m

> o NUY =Y,

j=1
where V' is an orthogonal matrix. This fact will enable us to deduce that A-twisted

spherical mean on H-type groups is similar to the |A|-twisted spherical mean on the

TH-2678_156195685°T8 8roup-



14 Spherical mean on Métivier groups and support theorem

Let ps be the normalized surface measure on the set {(z,0) : |z] = s} C G. Then

the partial spherical mean of a function F' € L] _(G) can be defined by

loc

Foo pa(2,1) :/H F(5,0) - (—w,0)) dpa(w). (2.1.3)

Let

F’\(z):/ F(z, t)e™at

be the inverse Fourier transform of F' in the ¢-variable. Then

(F* ps)(2) = /les FMz — w)es Zim MRe U gy (), (2.1.4)
Define the A\-twisted spherical mean of f € L*(C") by

fxaus(z) = /|’w|=s flz—w) ez Zita AiRe (= UDw) dps(w). (2.1.5)

From (2.1.4) we get (F * us)* = F* x u,. Thus, the partial spherical mean F x y, on
the Métivier group G can be thought of the A-twisted spherical mean F* x y,. Note

that A-twisted spherical mean ([2.1.5]) is the complexification of the mean

iy /<|— Fla—&) es TN gy (o), (2.1.6)

Definition 2.1.2. Let B, p = {z € C" : r < |z| < R} be an open annulus in C", where
0<r < R<oo. Let Z, g be the space of all continuous functions f on B, r such that

f X ps(2) = 0 on the spheres Ss(z) C B, g and the ball B.(0) C By(z).

Let Z>% be the space of all smooth functions in Z, . Consider a smooth non-

negative radial function ¢ on C, supported in B1(0) and [, ¢ = 1.

TH-2678_156123020
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When € > 0, write ¢.(z) = e *"¢(2). For f € Z%, define Sc(f) by

SN = [ flz—w)e(w)ed TimARe = UDw) gy,

Cn

Then we can deduce that Sc(f) € Z p_.. Since supp ¢. C B.(0), and

S(f)(z) = f(2) = Be(w)ed TimAaRe GUDW (2 ) — f(2))dw

|w|<e

+/ (e DI AR GUDW) 1) £(2)g (w)duw,
|lw|<e

together with f is continuous, letting € goes to 0, it follows that S.(f) converges to f
locally uniformly. Thus, without loss of generality, we can assume the functions in Z,

are smooth.

Since Z, r is closed under small translation, it follows that Z, r will be invariant

under the action of appropriate vector fields on G.

The left-invariant vector fields on G are

_— o)
X; = 3_1,] + 92 Z (Z (mle(,l;‘) + lefE?l,i)) 3_%’

0 1Ix= (< %)
Y’:_+_ (fL‘U(n = U n) YRR
= o+ 530 (S i il ) o

0
Tkza—tk, where k =1,....m, j=1,...,n,

and (T1, ..., Tp, Y1y, Yns b1y -, tm) € R¥ x R™. In fact, they generate a basis of the
Lie algebra of the Métivier group G. Given that U®)’s are skew-symmetry, so we obtain
the following commutation relations

m

m

k)

X“X ZUZ] 8t Xn+Z7Xn+] ZU7(Z+Z ntj at ngXn-f-j ZUZ( +]atk
k=1 k=1

TH-2678_156123020



16 Spherical mean on Métivier groups and support theorem

fori,j =1,...,n. Since UD_ ... U™ are linearly independent, the dimension of the

space spanned by {(UZ%), o UZ(;”)) 4,5 =1,...,n} will be m.

Now, for 1 < 5 < n, define

1 .
Z; = 5(X; —iYj)

S R I (k) ) 0

S ) < 0, )}

azj+4;l:1 {xl< —L l,n+j +yl n+l,j 't n+l,n+j atk

1 ‘

Zj:§(Xj+ij)

e v ) (k) 0

- U ) (U u®) )}—

azj + 4 Zl — {xl ( l,j t1 l,n+j +yl n+l,j +1 n+ln+j 8tk

Consider the function F on G = C" x R™ of type F(z,t) = e f(z), where A € R™.

Then the vector fields Z; and ij reduce to

0 1L : o)) z
2 = g g o AR rial) s+ (B +iaf) )

0 1
= om T B Z (m2z + niz), (2.1.7)
(l#J)
g D o s o
ZjA — 8—2] L 1 ; {(6{\ +za?) 2+ (—ﬁlA +z0z?) zl}
o 1. | L -
B A ;(mzl +mz), (2.1.8)
(1)

since 7; = 0, where we denote

1 & (k k) k)
O‘lA = ) Z Ak (Ul - ZUl(n—i-]) Z Ak ( n+l.j ZUT(L'H n+]>
k=1

and n, = B} +ia), v = =B + iy for 1 <1 < n.

TH-2678_156123020



2.1 Preliminaries 17

The differential operators Z} and Z} play a role of left-invariant vector fields for

M-twisted convolution on C". That is,
ZIf xaps) = Z3f xx prs and ZX(f X prs) = Z3 f X prs-

As an effect, if f € Z, g, then Z}f and Z} f both are in Z, p.

2.1.1 Bi-graded spherical harmonics

To make this thesis self-content, we discuss the bi-graded spherical harmonic expansion

of continuous function on C". See [18,30,55,/69] for details.

For p,q € Z., the set of all non-negative integers, let P, , denote the space of all

polynomials P in z and z of the form

P(z) = Z Z Cap 2°Z".

le|=p |B]=q

Write H,, = {P € B,, : AP = 0}, where A stands for the Laplacian on C". The
elements of H,, restricted to the unit sphere S?"~! are called bi-graded spherical har-
monics. We identify H,, as the space of bi-graded spherical harmonics on S**~!. Let
{Y":1<j <d,,} be an orthonormal basis of H,,. By the Peter-Weyl theorem, the
set {Y/":1<j <dpy pq€ Zy} forms an orthonormal basis for L*(S**~'), and

hence a continuous function f on C" can be expressed as
dpaq
Fo) =5 () YP(w), (2.1.9)

p,q j=1

where p > 0, w € S*1 and af’q are called the spherical harmonic coefficients of f.

TH-2678_156123020



18 Spherical mean on Métivier groups and support theorem

The (p, q)™" projection of f is given by

dp,q

Mg(f)(pw) = Y a(p) Y/ (w). (2.1.10)

j=1

We need the following lemma to decompose a homogeneous polynomial into ho-

mogeneous harmonic polynomials.

Lemma 2.1.3. [69] Every P € B,, can be uniquely expressed as P(z) = Py(z) +

|2]2Py(2) + - - - + |2|* P(2), where P, € Hyj 41 and I < min(p,q).

Corollary 2.1.4. [54] Let P € H,,. Then it follows that

_ oP oP
ZiP(z) = Po(2) +7p,q|2|25, 2P (2) = Py(2) + Yp,ql2|* ==

p—i
5 Zj

where Y4 = Pye Hyy1 and Pj € Hyyq 4.

1
(n+p+q—1)’

2.2 Some results on Métivier groups

2.2.1 Characterization of certain continuous functions

As we know that the A-twisted spherical mean of the Métivier groups need not be

U (n)-invariant, we require to modify the space Z, r appropriately.

We first recall the following fact from Geller [24]. The operator analogue of a

bi-graded harmonic polynomial can be identical to the polynomial itself. Now for our

Z

Z‘) contains the term z%z°, for some multi-

purpose, we assume P]p’q(z) = \z\?’ﬂ}/f’q(

index a, f € Z" with |a| = p and || = ¢. By abuse of notation, we denote

D,q _ a8
TH-2678_156123020 pPriz)=2z2", (2.2.1)
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where 20 = (Z}) -+ (Z)% and 28 = (Z) - (Z)%. Let @7(p) = p040at(p).
where af'? as appears in (2.1.9). Let Z} be the space of smooth functions f on B, r

satisfying the conditions
Moo (P(Z) (W (P}(2) (@5 P]7)))) € Zir

forall p,g€eZ; and 1 < j <d,,.

Now, we fix some notations for our convenience. Denote D; = pa% + %pz and

Dj = pa% — %pQ, where v; is defined in (2.1.8)). For multi-index «, 8 € Z, define

[e5) Qp B Bn
D* = [] (61,1 +2) -+ [] (ki Dn +2) and D® = ] (715, D1 +2) -+ [] (nj Dn +2),

i1=1 tn=1 Ji=1 In=1

Where KJZJ’Z’ I"%kvjk e {’ypl7ql - : O S p/ S p7 O S q/ S q}'

1
(n+p’'+¢'-1)
In order to characterize spherical harmonic coefficients for the functions in Z7 5, it

would be enough to consider the following theorem.

Theorem 2.2.1. Let f(z) = a(p)P,4(2), where p = |z| and P,, € H,,. Then a neces-

sary condition for f € Z) p is that a satisfies the ODE
Z dﬁ,kp%DB Z Caip?'D* | @ =0
1Bl+k=q jol+=p

for some scalars cq;,dgy, € C.

In particular, if Py4(2) = 2]z for some 1 < 1y,ly < n, then there evist A;, B, € C

such that

v, . 4 v,
a(p) = Z Aie—%lﬂp—ﬂp-&-q-#n—z) + Z Bke%Pzp—2(p+q-&-n—/’f)7 (2.2.2)
=0 k=0

TH-2678_15814526 = # < 1t and Ao = 5o =0.



20 Spherical mean on Métivier groups and support theorem

Proof. For p=¢q =0, we have a(p) = a X, u,(0) = 0, whenever r < p < R. To proceed

for the other cases, we need to apply the operator Z]-A to f. That is,

a n
Z/\f = _Zf + VJZJf + - Z(nm +uz)f.
J
(bé)
Since f = aP, the above equation will take the form
- . 1 _\ 4
Af = ( D;a)z;P(2) + az— + - ) _(ma +wz)al(z). (2.2.3)

I#j

Substituting the values of z; P(z) and z;P(z) from Corollary [2.1.4] we have

1 oP il
Z/\f n 7D ia (PO ‘i"Yp,q‘ZP_,) +a8_zj
oP oP
& - Z {ma (P + Yp.al2)? ) + ya <P0+7pq|z| )} :
lséj

After rearranging the terms, we get

1 1
ZAf— DaPO 4§:ylapo+z§ mak,
I#] I#]
1 P oP oP
— (YpgDj +2) 4= —+y—a
+2<7pq + )aa]_‘_4/)%7(1;(7713_5_'—”[3,2[)&

Now, the projection II,_; , of Z;\f is given by

1 oP 1 oP
)14 Zj‘f 2(7qu +2)a(9_+4p quzylazl
Zj

TH-2678_156123020
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0P
If p=1and ¢ =0, then —— is a non-zero constant for some j, say (;. Thus,

0z;
1 5 1 2y
o, ij\f:{%< 2)+1}agj+12%a G (2.2.4)
14

0

Pop t

<[l (25204
{%( = p>+1}&(p),

where d; = (v; + Zl# VlC ). By definition of Z;p, it is clear that Tl O(Z’\f) € Z g

Evaluating A-twisted spherical mean of HO’O(Z]’-\ f) at z =0, we get
1 8 d]_ 2 ~
— (p= 1 = 0.
{Zn (paer 5P ) + }a(p)
By replacing a(p) = e (p) in the above equation, we get
di 2 1 0
P —p= +15d(p) =0.
e 1 {2npap+ }a(p)
Thus, for p =1 and ¢ = 0, we infer that
- 4 2 _9
a(p) = Aje= 2P p=",

However, it would be difficult to solve the ODE for the case ¢ = 0 and p > 2. For

instance, consider P(z) = z;25. Then, applying Z,Z, to aP, we get
{(710D1 + 2)(y2,0D2 + 2) + crc2p* } @ = 0,

which is yet to be solved.

TH-2678_156123020



22 Spherical mean on Métivier groups and support theorem

For p > 2 and ¢ = 0, the function Iy, (PP°(Z) (aP°PPP)) € Z, g, by evaluating

its A\-twisted spherical mean at z = 0, we can infer that a satisfies

Z ca,lmea& = 0.

|| +1=p

By similar argument for p = 0 and ¢ > 1, we get

Z dﬁ’kp%[)ﬁd =0.
|Bl+k=q

In general, while p,q > 1, we conclude that

Z dngkaDB Z Co“lpml)Oé a=0.
|8l +k=q |a|+l=p

However, if P(z) is of the form 2z} z , then we can express a explicitly as in (2.2.2)).
For showing this, first consider the case ¢ = 0 and p > 1. Since a 2] € Z; g, 1t follows
that Io0Z} (aP) € Z . Thus, evaluating M-twisted spherical mean of Iy oZ} (aP) at
z =0, we get

p

H (Vp—(i—l),o Dl1 + 2) a=0.

=1

This, in turn, implies that
Similarly, for p = 0 and ¢ > 1, considering the operator Zl’; , we can derive that
71,

q
i(p) = > Byetrp2ntah),
k=1

TH-267I§ 1?[’5(]6I>2310§(7)y evaluating A\-twisted spherical mean of IlooZ;, 11y, Zf (aP) at z = 0, we
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obtain

q p
H Vog+k—1) Diy +2) H ya Diy +2)a=0.
k=1 =1

Hence, a solution to the above equation can be expressed as

Z A; e 5P p2npa=i) | Z By e 29 p 2tk
k=1

This completes the proof. O

Remark 2.2.2. In the definition of Z; p we have assumed that, for all p,q € Z, and

1<j < dpg,
oo (PPU(Z) (g (PP(Z) (@29PP)))) xa pis(2) =0 (2.2.5)

for all z € C" and s > 0 with Ss(z) C B,.g and B,(0) C B,(z). Howewver, for a proof of
Theorem it is enough to assume that holds for z = 0, wheneverr < s < R.

Consequently, sufficient part of Theorem [2.2.1, at z = 0, is obviously true.

Further, as compared to the Heisenberg group, it would be a reasonable question
to consider eiV’|z| 72 trta=0 P(2) to be in Z,o for the appropriate choice of ¢ and i,
where P € Hy,,. In general, the matriz ZTZI )\jU(j) arises from the symplectic form has
distinct eigenvalues make it difficult to find out the constant c. However, in the case of

H-type groups, all the eigenvalues are identical. We have such a result in Section
Theorem [2.3.1.

2.2.2 Sets of injectivity and support theorem

In this subsection, we simplify the A-twisted spherical mean on the Métivier groups to

TH-2678 15%856 mean, similar to the TSM on the Heisenberg group. This will help proving
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a support theorem for the A-twisted spherical mean on Métivier groups for the type
functions. Further, we prove that non-harmonic complex cones, which are aligned with
one of the coordinate axes in C”, are sets of injectivity for the A-twisted spherical mean

on the Métivier groups.

For A € R, the skew-symmetric matrix V) = Z;n:l MUY is non-singular (see
[42]). Let uy vy, . .., u, £iv, be the eigenvectors of V) with corresponding eigenvalues

Fifing, -5 Fifian, Where gy > -+ >y, > 0. Define
A/\:<\/§Ula""\/ﬁﬂn,\/ﬁul,...,\/iun),

Then A, is an orthogonal matrix and satisfies V), Ay = A,\U,, where
Uy, = (2.2.6)

with J\ = diag(pra, - - -, fan) and 0, is zero matrix of order n. Thus, in view of (2.2.6]),

we have
m

3 M, UDg) = (@, i€) = (Afz, UnALE),

J=1

where A)AY = I. That is,
> NRe(z-UDw) =" pyy Im((21); - (@2);) (2.2.7)
=1 =1

where z, and w) are complexification of Az and ALE, respectively.

Let f € L}(C"), then define

Iz) = f(2), (2.2.8)

TH-2678_156123020
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where z,Z, € C" be the complexification of x, Ayxz € R?", respectively. The following
lemma would simplify the A-twisted spherical mean defined by (2.1.5) on the Métivier

groups.

Lemma 2.2.3. Let f € L'(C") and fy be as in . Then fxps(Zx) = frxaps(2),

where

Paxams(z) = /| ¢ Falz — w) ez Zimring ImGewi) gy (y), (2.2.9)

Proof. In view of (2.1.6]), we can write

Pramn= [ flda =) eHbebinn g, (g

- /a_ fale = A5€) 3B dp (¢)

_ / =g 0 e
&|l=s
- / | Falz = w) e2 Xi=ring ey B0) gy (1)

= fA;()\,U/s(Z)'

]

To deal with the modified A\-twisted spherical mean fy X /s, defined in , it is
required to study the function fy. In particular, we need to find out those polynomials
P such that Py € H,, for some p, q. Let P\ € H,,. By identifying C" with R*", we get
P\ € H;, where | = p+q, and H, is the space of all homogeneous harmonic polynomials
of degree [ on R?". Since P(z) = Py\(Alx) and the Laplacian is rotation invariant, we

get P € H;, and hence

Pe @ Hyy

TH-2678_156123020 p+a=l
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With the above observation, we define

Hz;\,q ={Pe EB Hpy Py € Hp,q}‘ (2.2.10)

p'+q'=p+q

Next, we prove a similar result to the support theorem for the Métivier groups. Consider

the following left-invariant differential operators for the A\-twisted spherical mean ([2.2.9)),

- 0 Ui _ ~ A 0 JIW .
>\ 3J R s

Since P\ € H,,, define Pf’q(Z) as in |) replacing Z by Z.

Theorem 2.2.4. Let f = aP, where P € H?

ngs be a smooth function on C" and

B

|z[Fe™5 ¥* £(2) is bounded for each k € Z.. Then Ty (P)’\”q(Z)f,\> X s(2) = 0 for

all z € C" and s > r + |z| if and only if f is supported in |z| < r.

Proof. If f = aP, then f\ = aP). It is clear that for p =q¢ =0, a = 0. Let p > 1, then

applying Zj’\ to f\, we have

Since Py € H, 4, substituting the value of z; P, from corollary we have

- LA1O  pa) - % 0 Hj _OPy
M= 2= _EM )P Tpa (9 2HAG 1] 522
iy 2(pap 2)6”7“[2 Pap P2 ) T e

_ 1
where v, , = (g

0P,
Consider ¢ = 0 and p = 1. Then there exists a j, such that a—’\ 2 0. Thus, from
Zjo
the given condition that

HO,O(Zj):,f)\) X ps(0) =0

TH-2678_156123020
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for all s > r, we arrived at

whenever p > r. This leads to a solution
HXjo 2 —2n
i(p) = Aje= 1 p2,
By using an induction argument, for ¢ = 0 and p > 1, from

Iy ( ( )fA) XAHs( ) =0

for all s > r, it follows that
p
1 9 2 FAji ~
—— | p=— — p* == 1pa=0.
E{Z(n+p—i) (pap » Y
Solving the above equation, we get
i=1

where ¢; € {p; : 1 < j < n}. Similar conclusion holds true for p =0,¢ > 1.

In general, for p,q > 1, a satisfies the ODE

ﬁ Trat+i-k q+1 k 0 n o d, i ﬁ Vp+l—ig 9, 5 Ci I P
- £ — — = a =

11 Pop 73 L2 Va2 :

and be expressed as

q
[ . d
Gpq(p) = Aje” 10" p 2WHatn=i) L N g o0t pm2ptainh) (2.2.11)
i=1 k=1

TH-2678_156123020
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for all p > r, where ¢;,dy, € {r; : 1 < j < n} and A;, By are constants. Since
pa1 > piay; > 0 for all j, by the given growth conditions, we infer that f\(z) = 0 for all

|z| > r. Thus, we conclude that f is supported in |z| < 7. O

A set K C C" (n > 2), closed under complex scaling, is known as a complex cone.
Further, a complex cone that does not intersect the zero set of any bi-graded homo-
geneous harmonic polynomial is called non-harmonic. The zero set of the polynomial

H(z) = az 23+ |z|?, where a # 0 and z € C" is a non-harmonic complex cone, (see [61]).

Let z € C" be the complexification of € R??, and 2, be the complexification of
Ayx. For a complex cone K, define K, = {z € C": Z, € K}. Then K, is also a complex

cone, and K is non-harmonic if and only if K, is non-harmonic.

Theorem 2.2.5. Suppose K is a non-harmonic complex cone such that K is aligned
with one of the coordinate axes in C" (n > 2). Let f be a continuous function on C"

such that f X\ p.(2) =0, for allr >0 and z € K. Then f = 0.

Proof. In view of Lemma [2.2.3] f X\ g = 0 on K implies fyxpur, = 0 on K,. By
the hypothesis, without loss of generality, we can assume z = (21,0, ...,0) € K for all

z1 € C. Thus,

/ Frlz 4 w)e 2 D= wag iz 05) gyy — / Faxa ps(2)s™tds =0
|w|<r 0

for all r > 0 and z € K. Applying 20., to the above equation, we get

_8 i n _
/ 8w (f)\(z + w)6_§ Zj:l 5% Im(z]-.wj))dw
lw|<r 1

w|<r

TH-2678_156123020
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It follows by an application of Green’s theorem that

[ (e wge s e
|w|=r

r

B % wlf)\('z + w)e’%z?:l KX, 5 Im(zj.wj)dw.

w|<r

Let F(t) = t>"'g x u(z), where g(z) = 7 fr(z). Then we have

E(r) _ma 7
r 2 Jo

F(s)ds. (2.2.12)

It is easy to see that (2.2.12)) satisfies the ODE

F(r) = <’“2’“” " 1) F(r)

with the general solution

That is,

r2
r?2g Xy pue(2) = c(z)eM41

Letting r tends to 0, we get ¢(z) = 0. Hence

zlf)\ >~</\ NT(’Z) = 07

for all » > 0 and 2z € K. By replicating the above procedure, we get

(Pfa)xx pr(2) =0

for arbitrary polynomial P(z1, z1). By a similar argument as in ( [61], Theorem 3.1), we

can conclude that f\ = 0 and hence f = 0. ]
TH-2678 156123020
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Remark 2.2.6. If we consider H-type groups instead of the general Métivier groups,

then the restriction on the cone to align with one of the coordinates axes could be relazed.

2.3 Some results on H-type groups

In this section, we see that the A-twisted spherical mean on the H-type groups can be
related to the |A|-twisted spherical mean on the Heisenberg group. Although the A-
twisted spherical mean on H-type groups is not U(n)-invariant, we can prove sufficient
condition for a function to be in Z, o, and an analogue of Helgason’s support theorem
together with Heche-Bochner identity for the H-type groups. Further, we prove that
the boundary of bounded domains are sets of injectivity for A-twisted spherical mean

on the H-type groups.

We know that for the H-type groups, p; = |A| for all j, due to the fact that

Py MUY = |\|V. Thus (2-2.7) becomes

> ARe(z-UDw) = [A| Im (2y - m))

j=1

and from Lemma [2.2.3] we have

fxaps(2) = faxa ps(za) = fa X ps(20), (2.3.1)

where fy x5 s denotes the |A|-twisted spherical mean on the Heisenberg group. Sim-
ilarly, the A-twisted convolution on the H-type groups can be related to the twisted

convolution on the Heisenberg group by

fxxg(2) = foa X ga(2a). (2.3.2)
TH-2678 156123020
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Next, we present the sufficient condition for functions to be in Z, o, which was

mentioned in Remark 2.2.9]

Theorem 2.3.1. Let P € H;:q and

e%”ZPP(z)
- |Z|2(n—|—p+q—i) ’

where 1 < i < p and H), is defined in . Then h € Z, .

Proof. To prove the result, it needs to verify that h x, ps(z) = 0 for all z € C" and
s > |z| 4. From ([2.3.1)), it is enough to show that hy x5 ps(2) = 0 for all z € C" and

s> |z| + 7.
Let n = n + p + q and consider

(Al 2
|z4w| P( ) k

e1 Nz W) i tas
hy % (2) = : e~z A mGD) g, ().
» X Hal2) /|w|s |z + w219 ps(w)

Simplifying the exponential terms, it is enough to show the following integral is zero

A

-
/ - 22t ) 0 ),

|2 + w]2(=1)

Again, if we expand the exponential term, the above integral will reduce to

/ WP W) ) ),
|w

|=s |Z + w|2(77—i)

Hence we arrived at the same Euclidean situation, proved in ( [54], Theorem 3.3). Thus,

it follows that hy x| ps(2) = 0 for all z € C" and s > |z| + - O

Next, we shall prove a support theorem for the A- twisted spherical mean on the

TH-2678 15 gi—ztgé)fogroups, for which we need to recall the following support theorem for the TSM
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on the Heisenberg group.

Theorem 2.3.2. [54] Let g be a continuous function on C" such that for each k € Z,,
|2|ke'T12P g(2) s bounded. Then g is supported in |2| < r if and only if g Xa ps(2) =0

for all z € C" and s > r +|z|.

Using ([2.3.1]), we can prove the following support theorem for the H-type groups.

Theorem 2.3.3. Suppose f is a continuous function on C" such that for each k € Z,
|z]ke%‘z|2f(z) is bounded. Then f is supported in |z| < r if and only if f x ) us(z) =0

for all z € C™ and s > r + |z|.

Proof. We know that f\(z)) = f(z), where z and z, are the complexification of z
and A%z, respectively. Since ]z|ke%‘z|2f(z) is bounded, it follows from |z| = |z,| that
BN,

|z|Fe'7 2 f(2) is bounded. Now, f is supported in |z| < r if and only if fy is supported
in |z| < r. Hence, we get the desired result from (2.3.1)) and Theorem [2.3.2] O

Now, we state the Heche-Bochner identity for the twisted convolution on the

Heisenberg group. Recall the Laguerre functions on C”,
n—1 n—1 1 2 —1z2
) = Lt (5P e he
For A € R, define ¢} \!'(2) = ¢ (|AV22).

Theorem 2.3.4. [69] Let f € LY(C") be of the form f = Pg, where g is radial and
P e H,, Then for A >0,

F i) = (2m) NP (2)g x5 pp PN (), if k> p
A FEA =
0, otherwise
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and for A < 0,

» (27) APFIP(2)g X o PN (2),  ifk > g
I X SOZ,,\ (2) =
0, otherwise,

where convolution on the right-hand side is on C" TP+,

An analogue of the above Heche-Bochner identity for H-type groups can be stated

as follows.

Theorem 2.3.5. Let f € L'(C") be of form f = gP where g is radial and P € H;‘,q,
where HY . defined in . Then for X\ € R™,

B (2m) " APHP(2)g XA o AT, ifk>p
fxxein (2) =
0, otherwise,

where z' € C"P14 e such that |z| = |2'| and convolution on the right is on C"*P+a,

Proof. Since goz;\l is radial, by l} and Theorem we get

FXa il (2) = fr Xpa ora (20)
= (2m) AT (20)g X a e PRI ()

= (2m) M APTIP(2)g xx @A),

where 2}, 2/ € C"*P*4 such that |z)\| = |24] = |/|. O

Next, we deduce an injectivity result for the H-type groups, which is known for

the Heisenberg group.
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Theorem 2.3.6. [6] Let 02 be the boundary of a bounded domain Q0 in C". Let f
be such that f(z)e(%”)k‘2 € LP(C"), for some e > 0 and 1 < p < oco. Suppose that

fxps(z) =0 for all z € 92 and s > 0. Then f = 0.

Now, we state an analogue of the above result for the H-type groups.

Theorem 2.3.7. Let 052 be the boundary of a bounded domain §2 in C™. Let f be such
that f(z)e(%JrE)')“'Z'Q € LP(C"), for some € > 0 and 1 < p < oco. Suppose that f X

ws(z) =0 for all z € O and s > 0. Then f = 0.

Proof. From ({2.3.1)), we have
I ps(2) = fa Xpap ps(2)-

Define ' = {z, € C" : z € Q}. Since the boundary of bounded domain €' is 99" =
{zx: 2z € 0Q}, by Theorem we can conclude that fy =0 and hence f =0. O

Concluding remark: We know that in the case of Métivier groups, the symplectic

bilinear form

Z NRe (z - UbOw)

j=1
cannot be made U(n)-invariant, due to the fact that all of 4, ; need not be identical.
Hence we require more assumptions on the functions to prove similar results as to the
Heisenberg group. However, in the case of the H-type groups, all p, ; are identical, so

we do not require further assumptions to prove the results for H-type groups.
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Chapter 3

Injectivity of spherical mean on
Meétivier groups

In this chapter, we perceive that there is a Lie group with real 3n-dimensional step
two nilpotent Lie algebra, whose twisted spherical mean is similar to fyx ., is defined
in Lemma We look for eigenfunctions of sub-Laplacian on this particular group,
and via that, obtain the spectral decomposition for L-functions. We derive some
auxiliary results related to the special Hermite functions. Then we procure certain
classes of functions for which spherical mean operator is injective. Further, we obtain

a version of the two-radii theorem.

3.1 Twisted spherical mean and spectral decompo-
sition

Consider the group G' ~ R?** x R™ as {(x,y,t) : z,y,t € R"} equipped with the

group law
1
(z,y,t) - (2, 1) = (:c +taly+y gty - y’x)) 7

where the notation zy := (z1y1, - ,x,y,) for z,y € R™ denotes the coordinatewise
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multiplication. Note that group G is not a Métivier group but the direct product of

n copies of one dimensional Heisenberg group H'! with a basis of left-invariant vector

fields
0 1 0 0 1 0 0
Xi=—+-y—, Y, =———x,— dT, = — 3.1.1
J al‘j + 2y] 8tj’ J 8yj Qx] at] o J at]" ( )
where j = 1,...,n. The sub-Laplacian on G is

n

L=-2 (G+7).

Jj=1

For each \' € R”, we can see that the operator my (z,y,t) acting on L*(R") by
(2, y,t)p(€) = € 2 Nt /\'j(xjéj+%wjyj)¢(£ + ) (3.1.2)

are all possible irreducible unitary representations of G, where ¢ € L2(R"). If my/(2) =
T (2,0), then my (2, ) = €'y (2). Identifying G with C" x R™, let Ly be the operator
defined by

L <ei’\l'tf(z)) = 'Ly f(2),

where z = x + iy. Then Ly can precisely be expressed as

1 — - 0 0
L)\/ = —AZ + 4_1 E )\/j2|2j|2 + 7:./\/')\/, where N)\/ = E )\/j <5L’38_ - yj%) . (313)
=1 =1 Yi 7

Let f € L'(G) and

f’\/(z) = f(z, t)ei)‘/'tdt

]Rn

be the inverse Fourier transform of f in the ¢-variable. Then, for this particular group
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G, the N-twisted spherical mean can be explicitly calculated as

Y X p(2) = / (2 = w)er Zia N @) gy (), (3.1.4)

|w|=r

where 4, is the normalized surface measure on the set {(z,0) : |z| =7} € G. Similarly,

if f,g € L'(G), then we can also define the N-twisted convolution as

¥ xx g (2) = / P (2 — w) g (w)ed Xi= XoIme ) gy, (3.1.5)
(Cn

Remark 3.1.1. For any A € R*, m > 2, the modified \-twisted spherical mean
coincides with the N -twisted spherical mean , where N € R} and each coordinate
of X can be identified with the imaginary part of an eigenvalue of V. Therefore, studying
the injectivity of spherical mean on an arbitrary Métivier group G is enough to consider

the spherical mean on G.

For a € Z7, let ®,(x) = II}_, hq, (x;) , where hq, are normalized Hermite functions
on R. Then @, is an eigenfunction of Hermite operator H = —A + |z|? with eigenvalue

(2|a| 4 n). For more details, see [69]. Moreover, for X = (Xy,..., X},,) € R?, if we define

() = [T IV, (\/ |xj|xj) 7
j=1

then \Ilél are the eigenfunctions of the elliptic Hermite operator

n

Hy =—-A+ Z(ijj)z

j=1

with eigenvalues ) (2a; + 1)|X;|. Thus,
j=1

n

L)\/ <7T)\/(Z>\I/3/, \Ijg/> = Z (206] + 1) |>\,]‘ (71')\/(2)\1/?!/, \Ijgl> .
TH-2678 156123020 =1
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For a, 8 € Z7, define the function as

WY(2) (H \/|T ) 2w, v

Then ‘Pg'ﬁ are eigenfunctions of the operator

1 n
—A, + 1 Z Nyl
j=1

The set {2, : o, 3 € Z1} form a complete orthonormal set for L2(C").

Next, we come up with some identities for \Ifg/ﬂ, which can be derived by a suitable
change of variables in the special Hermite function. Thus, for every f € L*(C"), we

have the expansion
=35 (1) v,
o B

Recall that the Laguerre function ¢}~ ' on C" is given by

1
Pe) =L (S ) e,

where L}~ are Laguerre polynomials of type (n — 1). For X' € R?”, define 192;\,1 (z) =
o1 (1/|N]z), where the notation /| Nz is fixed by

VIN|z = (le,...,\/WZn> : (3.1.6)

As similar to the special Hermite function, W  can be expressed in terms of Laguerre

functions as

>UL ( V] \zy) Wil (3.1.7)

N (2 (E[
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Then we can derive the formula

(H N ) W (2) = (2m) 05 (2). (3.1.8)

|laf=k

Let f € L*(C"), then in view of 1-) and the completeness of \I/)‘ﬁ’s in L*(C"), f

will satisfy the identity

Z Z <f, ‘113/5> H |/\, | Cn 197];;\/1(2 . w)e% o ' N Im(z5. wﬂ)dw.

lal=k B

Since, the right-hand side is simply (H] | )ﬁk v X f(z) and 192‘/\,1 Xy f(z) =

fxx 9357 (), we have

) = <H |;_;|) D w05 2). (3.1.9)

The following Proposition shows that the X-twisted spherical mean of 19k v will satisfy

the following functional relation.

Proposition 3.1.2. Denote 9}, (r) = 9} ) (w) for Jw| =r. Then

n

1 kl(n —1 A .
192)\, X\’ /LT (H ) ) 192’)\,1(2>§k7>\/1<7’). (3110)

VAN k+n—

Proof. From ( [65], Theorem 2.1), it is known that the twisted spherical mean of ]

with respect to the Heisenberg group can be written as

kl(n —1)!

ms@?”(zwz*(ﬂ. (3.1.11)

o/ or ! (z = w)es ™ dp, (w) =
TH-2678_156123020 Iv|=r
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Now, by a change of variable, we can rewrite
19n)\/ X\ ,ur( ) = /I I 192’;\/1(2 — w)e% 51 N Im(zj- ;) dur(w)
_/ SNV 2 = Ve M) g (3.1.12)
|w|=r

B / Pr (2 —w)es ™ Dy, (w),
| VN w|

where 2 = v/ Nz. By a suitable change of variable in (3.1.11)), we can write the above

equation (3.1.12)) as

[ = e ) (H ) e el (),

j:l
Hence the identity (3.1.10]) is followed. O
Let m = (my,...,my,) € Z". A function f on C" is called m-homogeneous if

it satisfies f(e?2) = f(ez,...,e"%z,) = e™Of(2), where § = (6,,...,0,). For a

function g on C" define m-radialization R,,g by

Rng(z) = (277)”/ g (e”z) e ™?dp. (3.1.13)

[0,2m)™

Then R,,f is m-homogeneous and we have

= R f(z)e™’. (3.1.14)

The series in the right-hand side of (3.1.14}) converges in the topology of Schwartz class
function S (C™), see [67].

Since \Ifg\yig is (8 — a)-homogeneous, we can see that

(£.92) = | ()
TH-2678_156123020 cn
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is non-zero only when 8 = o + m. Thus, if f is m-homogeneous, we can write

n /' , ,
[ 3w I = (H %—;l) S (£ ) WY (3.1.15)

J=1 1Bl=k

In [67], it has been proved that the special Hermite series of an m-homogeneous function
converges in the topology of & (C") for the Heisenberg group. By imitating the prove

in the Métivier Group case, we have the following result.

Lemma 3.1.3. If f is a Schwartz class function and m-homogeneous, then the series

of f converges in the topology of S (C™).

3.2 Injectivity of Spherical mean

This section deals with the injectivity of spherical mean f * u, where u € Xp(G), the
space of compactly supported rotation invariant probability measure with no mass at

the centre of Métivier group G.

Proposition 3.2.1. Let 1 < p; < 2 fori =1,2. Let f € C(G) be such that f(z,) €
LPL(R™) and f* € LP*(C") for a.e. A € R™. If f satisfies f*p = 0 for some i € Xp(G),
then f = 0.

Proof. For A € R™, let f* and p* be the partial Fourier transform of f and p in the
t-variable, respectively. Then applying A-twisted convolution, we get f* x, u* = 0.

Since u € Xp(G), by the Choquet’s Theorem, we get

Aot = / A X\ pr dM, (3.2.1)
E

where £ = {{, }, pt, is the normalized surface measure on the sphere of radius r centred

TH-2678 15§f2%%8rigin in C", and M is the measure on E. For more details, refer to [62]. From
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Lemma [2.2.3] using the modified A-twisted spherical mean, we can rewrite (3.2.1)) as

Ao pt = /E(fA)A X\ fhy dM, (3.2.2)

where (f*)\(z) = f*(Axz) defined as in Lemma [2.2.3, For fixed ), and considering
Remark 3.1.1] we can write

(Fx Xa e = (F)r X o (3.2.3)

for some X" € R”. On the right-hand side, the \'-twisted spherical mean is with respect
to G as defined in 1} By an appropriate approximation identity, we may assume
that (f*), € L?(C"). Then applying the spectral decomposition (3.1.9), (f*), can be

expressed in terms of 192}1 as

(P = (H |

J=1

) ST xS (3.2.4)

k=0

where the series converges in L?*(C"). Now, it is enough to prove that each spectral

projection (f*)x Xy U5 = 0. From (3.2.2) and (3.2.4), we have
Z/(fA>A X\ 192;\/1 X b dM = 0.
k=0 F

In view of Proposition [3.1.2] we get

S (0530 (P xw Vst =0,
k

0o
=0

where

W) = [

Cn

Dt = / O dM.
v E

Since for each k € Z,, pu* (192;\,1) vanishes only for countable many values of A\. Hence
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(fM)a X 192},1 = 0 implies (f*)x X pr = 0 for a.e. X and each k. Thus, (f*)y = 0 for

a.e. A, which concludes f = 0. O

In the following result, we relax the integrability condition of f* in the z-variable

with tempered growth with the help of some approximation lemmas from Section [3.1]

Theorem 3.2.2. Let f be a continuous function on G with f(z,-) € LP(R™), 1 <p <2
and A has tempered growth in C" for a.e. A\ € R™. If f satisfies f * u = 0 for some

p € Xp(G), then f = 0.

Proof. Since f is integrable in the second variable, applying A-twisted convolution on
f*pu=0,weget f»x,p =0 for a.e. \. Hence we claim f* = 0 for almost all \. But

tempered growth of f* reduces to show that

fA2)g(2)dz =0
Cnr

for every g in S (C") . Since g admits an m-radialization expansion, we can replace both

g and f* with their m-radialization. Therefore, it is enough to consider

- R fMN2)g(2)dz =0 (3.2.5)

for all m-homogeneous g € S (C"). If we fix A, then there exists A’ € R’} as in ([3.2.3)),
and by Lemma , we can reciprocate g with g x 19}3}\,1 in 1' Hence it is enough
to examine

Rmf)\(Z)g X ﬁz;}(Z)dZ =0
Cn

for every k, which is equivalent to

/ I X R f2(2)g(2)dz = 0.
TH-2678_156123020 no
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From (3.1.15)), it is clear that 1927\,1 Xy R f* € L*(C"). And we also have
Dy X R f* xa i = 0.

Using Proposition , we conclude that 1927\,1 Xy Ry f = 0. This proves the theorem.
m

In the previous results, we have considered p € Xp(G). In the following result,
we replace p with g, the normalized surface measure on {z € C" : |z| = r}, which
requires more decay in the z-variable. Let denote J§ be a diagonal n X n matrix such

that (J{)? = Jy, where J, is defined in (2.2.6)).

Theorem 3.2.3. Let f be a continuous function on G such that f(z,-) € LP(R™),
1<p<2 and f’\(z)e%“]gz*’ is in LY(C"),1 < g < oo, for a.e. A € R If f satisfies

f*p. =0 for somer >0, then f = 0.

Proof. Applying M-twisted convolution on f * u, = 0, we get f* x u, = 0 for a.e. .
For fix A, there exists A’ € R} as in (3.2.3), and then using Lemma [2.2.3] it follows that

(f)x X ptr = 0. (3.2.6)

Consider the M-twisted convolution of equation 1) and 19’,;”;,1 Then using Proposi-

tion [3.1.2], we get
192;\/1 (T) (f)\))\ X\ 192:\,1 =0

for all k € Z,. Since the zero sets of Laguerre polynomials are disjoint, ?9’,3}/1(7“) # 0

for all k except one, say k = [. That is, (f*)x X 192‘;,1 = 0 for all k # [. Hence

A _ A n—1 _ . A . _
TH-ZG?@Sl%Eél&éO% = C(f*)x xx U}y, for some non-zero constant C. Since R,,(f*)x is m
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homogeneous, in view of (3.1.15)), we get

Y / /
Run(f*)x = CRu(f)r X3 075 = © (H %) > (P08 ) Y

J=1 181=l

Replacing R,,,(f*)x with R, ((f*)a e’%‘)‘lzﬁ), we have

11y id )\/| / / 1y
Ru(F) et = € (H |27> 0 (P ) W
B |BI=t
L] gr .. |2
By the hypothesis f*(z)e? [l e L (C™), it follows that the left-hand side is in L4(C™).

Since the right-hand side is a polynomial, we conclude that f = 0. O]

Now, we prove a version of the two-radii theorem for the class of tempered contin-

uous functions on the Métivier group G, which are periodic in the centre variable.

Theorem 3.2.4. Let f be a tempered continuous function in the z-variable and 2m-
periodic in the centre variable of G. If [ satisfies f * p,, =0, ©« = 1,2, then f =0 as
long as

(i) % is not a quotient of zeros of Laguerre polynomials L}~ for any k.

(ii) :—; 18 not a quotient of zeros of Bessel functions J,_1.
Proof. For | € Z™, define the [-th Fourier coefficient of f by

Y2) = 2, t)eltdt.
o= et

It follow from Lemma that f' € L?(C"). Further, taking the [-twisted spherical
mean of f x u,, = 0 by using uniqueness of the Fourier series, we get f! x; u,, = 0 for

i =1,2. Let fix [ # 0, then using Lemma and Equation (3.2.3)), we can write

TH-2678_156123020 (fl)l X pir, = 0 for some X € R} and i = 1,2,



46 Injectivity of spherical mean on Métivier groups

where (f!); = f'(A;x) as defined in Lemma [2.2.3] Then using Proposition [3.1.2] we get
) (F > 9053 (z) = 0 for i = 1,2,

Since for each k, either 1927\,1 (r1) # 0 or 19;5\,1 (r9) # 0, we have (f'); X 192;,1 = 0. Hence
(fY = 0. When | = 0, the I-twisted spherical mean conditions f * p,, = 0, i = 1,2
led to two radii theorem on C". Hence each Fourier coefficient of f is zero, and thus

f=0. O

Remark 3.2.5. Since the twisted spherical mean of a Métivier group is coherence with
the direct product of n copies of one dimensional Heisenberg group, we could show one
radius theorem for f € LP(G), 1 < p < 2. However, when we approach as similar to
the Heisenberg group [07] for f € LP(G), 2 < p < oo, based on a summability result,
we seek LP- boundedness of a multi-parameter singular integral, whose kernel may fail

to be a Calderon-Zygmund kernel.
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Chapter 4

Boundedness and uniqueness of
Quaternion Weyl transform

In this chapter, we review some important properties of the quaternion Fourier
transform and quaternion Wigner transform. Then we define quaternion Weyl transform
(QWT) via quaternion Wigner transform and discuss its boundedness. Further, we

prove a variant of the Benedicks-Amrein-Berthier theorem for the QWT.

4.1 Preliminaries and some auxiliary results

The quaternion algebra. The quaternion algebra was discovered by W. R. Hamilton in
1843. It is an extension of complex numbers to a four dimensional algebra, which is
denoted by Q. Every element of Q is a linear combination of a real scalar and three

orthogonal imaginary units ¢, j and k& with real coefficients. In other words,
Q={¢=q+iq +jo+ ke | ¢ ¢ 6 € R},
where the imaginary units ¢, j and k follow the Hamilton’s multiplication rules

TH-2678 156123000 — 7 — =ik =—1 i =—ji=k jk=—kj=i ki=-ik=j
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The conjugate of ¢ is defined by ¢ = qo — 1q1 — g2 — kqs3, which satisfies

=q, ptq=p+q,

qg=qp, forall p,qgeQ.

]

The module |g| is given by

kﬂqu*=¢%+@%+ﬁ+@§

Since Q is non-commutative in multiplication, various results on the complex field
cannot directly extend to the quaternion algebra. To be in control of it, Q can be split

into two planes spanned by {i — j,1 +4j} and {i + j, 1 — ij}. Precisely for ¢ € Q,
1 .
qg=q++q-, whereqy = §(q:I:zq]). (4.1.1)

Writing in terms of the real components qg, ¢1, 2, g3 € R, we have

1+k 1+k ‘
5 = 5 (wEatilntae)). (4.1.2)

¢ ={wxtg+ilaFe)}

Then, it satisfy the modulus identity |g|*> = |q¢.|*> + |¢_|*>. The following commutator

relations give a justification for the above decomposition (4.1.2)),

(14 k)e*™ = T (1 + k) and (1 — k)e™ = =" (1 — k), where a € R. (4.1.3)

A quaternion valued function f : R? — Q can be expressed as

[z, 20) = fo (21, 22) +if1 (21, 22) + jfo (21, 22) + kfs (21, 22),
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where each f; (21, z2) is a real valued function. Let a = (aq, a0) € Z2 and |a| = aq +as,

where Z, denotes the set of all non-negative integers. Define the differential operator

J\" J\"
D = —i— —i— .
( Z@m) ( Z&JIQ)

The Schwartz space S (R? Q) is the set of smooth functions from R? to Q satisfying

N o
sup sup (1+ o) [(D°) (@)] < ox.
|a|<N zeR2?

for every N € Z,. For 1 < r < oo, L™ (R? Q) is the space of all quaternion valued

functions such that

1/r
Her=( / |f<x1,a:2>vdx1dxz) B .
R2

and for 7 = oo, L™ (R? Q) is the space of all essentially bounded measurable functions
with ||f|lec = esssup,ep: |f(x)| < oo. For r = 2, define the inner product of f,g €

L* (R%,Q) by

(fig9)= y f(z)g(z)dx.

Quaternion Fourier transform. For f € L'(R? Q), the quaternion Fourier transform

F(f): R? - Q is defined by

F(f) (y1,y2) = / e‘gmzlylf (21, x2) e~ 2mIT2Y2 e dis. (4.1.4)

RQ

This is also known as two-sided quaternion Fourier transform. Further, f can be recon-

structed from the QFT.
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Theorem 4.1.1. [15/33](Inversion formula) If f and F(f) both are in L' (R% Q) , then

[y, 29) = / eI F(£) (1, yo )€™V dy; dys.
RQ

Due to the fact that ie¥ = ¢ % a € R, the QFT of f € L?(R%* Q) can be
reframed by

e 2L (31 35) e 22 4y g
2

e AT TR IR (f (11, ) + ] fo (21, 42)) d1dy
2

F(f) (1, 12) =

T

(4.1.5)
a8 / e~ MY 2TIT2Y2 (G f) (1, m9) + ks (21, T2)) dr1dTy
R2
— / e~ 2miov = 2nimw2 1 (1, 3,) dz1ds,
R2
where
F @y w2) = fo (20, 2) +ify (@1, ~22) + 2 (01, 22) + Kfs (21, ~22). (4.1.6)
Similarly,
F(f) (vr,92) = / f (21, w2) €7 2T W eI gy iy, (4.1.7)
R2
where
Filawn, me) = fo(zy, @) +ifi (21, 22) + i fa (21, 22) + kfs (21, 22) . (4.1.8)

The right-hand side of is known as the left-sided quaternion Fourier transform of
fi, where the right-hand side of is known as the right-sided quaternion Fourier
transform of f7. Note that ||f|l2 = ||f7l|2 = ||f7|lo. Further, if f(x1, —x2) = f(21,x2),
then f7 = f and if f(—xy,x3) = f(21,22), then fi = f.
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Theorem 4.1.2. (Parseval’s theorem) Let f,g € L'(R? Q)N L?(R%* Q), then

FHWFQwy = | J'@)5@de, (4.1.9)

RQ

where f and §' are defined as in . In particular, if f and g are even in first
variable, then (F(f),F(g)) = {f,q).

Proof. The left integral [0, F(f)(y)F(g)(y)dy of l} is equal to
[ [ e amye e gt daa'
r? JR2 JR2

By adapting the method used in (4.1.7)), the above integral becomes

e 9. _ - - Y o e
/ / fz (.T)e 2mmly1€ 2mjray2 62%]121;2 e27rz:r1ylgz (I,)d.’lfdl’/dy
R2 JR2 JR2

:/R2 4 fi@)o(a' — 2)g(@)de'de = | fix)gi(x)de.

RZ

Theorem 4.1.3. (Plancherel theorem for QFT) If f € L? (R%,Q), then

1fll2 = 1F -

Proof. For f € L'(R? Q) N L*(R%* Q), Plancherel theorem will follow from ,
as ||fll = || fill2- For arbitrary f € L?*(R? Q), since L'(R? Q) N L?*(R? Q) is dense
in L?(R? Q), there exists a sequence {f,} in L'(R? Q) N L?(R* Q) such that {f,}
converges to f in L*(R? Q). Then {F(f,)} is a Cauchy sequence and will converge to
some g € L*(R? Q). We shall define F(f) = g. Thus,

IF(F)ll2 = T [ F ()l = T [ fulla = 1]

TH-2678_156123020
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Asin (4.1.1), f € L' (R?,Q) can be decomposed by f = f, + f_. Then the QFT

becomes

F) ry2) = F (F+) (W m2) + F (F-) (01, 42) - (4.1.10)

Using (4.1.3), the QFT of fy reduces to the Euclidean Fourier transform, i.e.,

F(fi) (yla y2) —3 / 672”1’(9:1?/1:’:122’/2)][; (.]71, .1'2) dl'ldfﬂg. (4111)

RZ

Due to the modulus identity |q|> = |q4|” + [¢_|*, we have the following two relations
for f € L1 (R%,Q).
|f (@1, @) " = | fs (@0, 22) |+ | f= (@0, 22) 7,

(4.1.12)
IF(f) (v, 9)* = |F (£4) (i, 90)[* + 1F () (g, 92) |

Hardy’s theorem and rotations. In [35], an extension of Hardy’s classical characterization
of real Gaussians to the case of complex Gaussians proved for the Euclidean Fourier

transform, and later generalized to the unitary space C", see [64]. We notice that the

fundamental result in [35] can be extended to QFT with the help of (4.1.10). We state

the result in [64] for n = 2.

Theorem 4.1.4. [64] Let f € L' (R?) and ¢° = (¢9,49) € (—7/2,7/2)* such that the
integral

f(e“po s) = . f(z)exp (—2772':6 (ewos» dx

converges for all s € R? and satisfies

()

where Cy and o are positive constants. Then f has an analytic extension to C?. Fur-

< Cre e (4.1.13)

thermore, suppose 0° = (09,09) € R? is such that the extension of f satisfies

W) < Gyl 4.1.14
TH-2678_156123020 ‘f (e "’)’— 2¢ (4.1.14)
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for some Cy > 0 and all r € R?, where « is as above. Then f is a rotation of a multiple

of e~malzl® through the angle —9? with respect to x; in the z;-plane (j =1,2):
—2i69 _2 —2i69 _2 —if° 2
f(z) =Cexp <—7T04 (6 121 te 222)> =Cexp|—7a <e z) .
Moreover, =09 = ¢ (mod) and |z/1?| ZE, i =2

Now, consider a function g € L' (R? Q) satisfying the hypotheses of Theorem
[M.1.4)in terms of QFT. Using and (4.1.11), F(g) can be split into the Euclidean
Fourier transform of g, where g, are complex valued functions and g = §+# + §_%.
Hence both g4 will satisfy the hypotheses of Theorem [{.1.4] Therefore, g4 are rotations
of multiple of e~ molal? through the angle —9? with respect to z; in the z;-plane. Thus,

we have the following version of Hardy’s theorem associated with QFT.

Suppose g € L' (R* Q) such that F(g)(e™’s) converges for all s, and satisfies
|F(g)(e’s)| < Cre~s*/@ where 4°,Cy and o are as in Theorem . Then g has
an analytic extension to C?. Furthermore, suppose 8° € R? such that the extension of g
satisfies |g(ei90r)] < Coe ™ for some Cy > 0 and all v € R2. Then g is a rotation of

a multiple of e~melzl? through the angle —0° on C%. That is

o) = Coxp =na (2)") & Cexp (=0 (2) Y .

Moreover, —02 = ¢§) (modm) and |¢?| <5 Jj=12

TH-2678_156123020
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4.2 The Fourier-Wigner transform and Weyl trans-

form

4.2.1 Boundedness of Fourier-Wigner transform.

Before exploring the Weyl transform, define a related transform known as Fourier-
Wigner transform, a helpful tool for studying the Weyl transform. For simplicity,
throughout the Section, we use the terminology Fourier-Wigner transform, Wigner
transform and Weyl transform instead of quaternion Fourier-Wigner transform, quater-
nion Wigner transform and quaternion Weyl transform, respectively, since it will be

clear from the context.

Definition 4.2.1. Let f and g be in S (R*, Q). Then the Fourier-Wigner transform of
f and g is defined by

V(f, g) (C],p) b /1;{2 627ri(l]1$1+%f11p1)f($ +p)g<x)627rj(Q212+%Q2p2)dx, (4‘2‘1)

where ¢ = (q1, ¢2), p = (p1, p2) € R*.

Using a simple change of variable, we can rewrite (4.2.1]) as

Viraan = [ e (v 5)a (y=F)emmray @22)

Note that V : S (R%, Q) x S (R?,Q) — S (R*, Q) is a bilinear map.

Now, we regard some properties of the Wigner transform. For studying the Weyl
transform, we required the notion of the Wigner transform of two functions from

L? (R% Q) . Consequently, we begin with the QFT of the Fourier-Wigner transform.
TH-2678 156123020
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Theorem 4.2.2. Let f and g be in S (R?,Q), then for x, £ € R?,

e~ 2miip f (a: + E) g <x — ]—))6_2”j52p2dp. (4.2.3)

FV(f9) (@6) = [ (-2

R2
Proof. For € > 0, define the function W, on R* by

Welo ) = [ [ oot e ammmantny fg) g, p)e 27 o dadp, (4.2
By Fubini’s theorem and the fact that Fourier transform of
o(z) = e ™ for z € R? (4.2.5)

is equal to ¢, we get

W€<x7§) :/ 6—27”'51171/ </ 6—627F|¢11|26—2m'(901—y1)1hdq1) f (y L 8 2) g (y _ ]_9)
R2 R2 R 2 2

</ 6—27Tj(932—y2)Q2€—627T|Q2qu2) dy 6—27Tj§2p2dp
R

. W‘x— |2 7 D\ .
_ / = 2mi€apy / eV <y +?2> g<y_13)dy ¢t gy,
b, - 2 2

Now, for each p € R?, define the function F}, by

Fyy)=f <y + g) 9 (y - g) (4.2.6)
Using , we get

We(z, &) = / e 2P (o 4 F,) (z)e™2m %P2y
RQ

— 2 x 2 :
TH-2678_156T§§%\285($) = “p (E) . For fixed p € R*, from " it follows that ¢, * F}, converges
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to F}, uniformly on compact subsets of R%. Let N be any positive integer. Then there

exists a positive constant Cy such that

fe+5)o(- B)) <Cy(1+pP)7", (4.2.7)

o+ B) @) < sup £ (a+5) g (=2

z€eR?

for all € > 0. So, by (4.2.7) and the dominated convergence theorem, we get

6—27Ti£1p1f (x + E) g (:1: _ E)e*%i&zpzdp.

R2

But, applying the dominated convergence theorem in (4.2.4)), we can conclude that

lim WE(:L', f) _ / / e—27ria:1q1727ri§1p1v(f, g)(q,p)e_%jm(p*%j&mdqdp
e—0 R2 JR2

= F(V(f.9) (z,8).

In view of Theorem the Wigner transform of f, g € S (R?, Q) can be defined
by

e~ 2miEp f (x + 12) g (m _ E)e—wﬁzpzdp_ (4.2.8)

W9 = [ (-2

R2

Some of its properties are obtained in the following.

Proposition 4.2.3. Let f, g € S(R?,Q) and 2 < r < oo, then the Wigner transform
W(f,g) € L" (R*, Q). Moreover,

W)l < (1 fll2llgll2.

iti 2 (P2 2 (M2
TH-2678_15%t1£%1(5%‘6S from Proposition that W can extend to L* (R* Q) x L* (R* Q).
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Proof. Let f, g € S(R% Q). By Cauchy-Schwartz inequality, we get

Wit.o)w o)l = | [ s (o+5) g (o g)e-%mdp‘

< [ (@+8)Ja (o= 5)|ao < 17kl

Hence

W (f, 9)lloe < NI ll2llgl2-

Now for r = 2, the Plancherel theorem gives

W, g)(z,€) dadé = F @) g@=p)| dp)ds =] flllgll>
L) L (L )

The result follows from the Riesz-Thorin interpolation. O]

Though we show that the Wigner transform is L? bounded for all f and g in

L? (R?,Q), we could only prove the orthogonality relation for a sub-class of functions.

Theorem 4.2.4. (The Moyal Identity) Let fi, g1, fo, g2 € S (R, Q) such that fi(z1,xs) =

fil(=mz1,22) and g1, v2) = gi(—21,22) for 1 =1,2. Then

W (fi,91), W (f2, 92)) = (fr, f2 (G2, 1)) -

Proof. Consider

W (o) W (g = [ [ W () 0. T (o) (0, Ededs (429)

— / / / / ¢~ 2T £, (I n 12) 0 (m _ E>6—27rj§2p2
R2 JR2 JR2 JRR2 2 2

/ /
x e2mI€ps g <~”E - %) f2 (96 + %) T dpdp/ ddg.
TH-2678_156123020
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We can write fi = 355 i1 4+ £ fio, fo = for25E + foo 2 from (4.1.2) and g = igi —
J12, g2 = 1go1 — Goo, Where fi,,, and g, for 1 < [,m < 2 are combinations of two real

valued functions with imaginary unit j, for example h; + jhe. Then we have

WDl e S G (e Dy (o),

1<1,m<2
p/ B v p/ p/ 1+(_1)7rz’k
Oy ey S S s PR A T
1</, m/<2

Replacing these values in (4.2.9) and then using the commutator rules (4.1.3) together
with the assumptions of functions, the integral (4.2.9)) can be phrased as

[Lox G e D) i (- 2)

1<l,m,l’,m/ <2
v 1+ (-1
o (o= 2) e 4 3) G

= oL (2 8) 21 (a= ) (o= 5) fa (o + )

By an appropriate change of variables we can conclude that

W (o) W (a0 = [ [ m@loa(e) Elodudo = (fi, fa a2 1)

Zeros of the Wigner transform. The zero set of the Wigner transform is useful in study-
ing the injectivity of a general Berezin transform and the generalized Berezin quan-
tization problem. In [31], the authors studied under which conditions the Euclidean
Wigner transform never vanishes. It is shown that when f and g are generalized Gaus-
sian, then the Euclidean Wigner transform is never vanishing. Moreover, some pairs
are obtained from the basic example of the one-sided exponential function e™*1g o).

Now, we produce some examples of pairs (f,g) for which W (f, g) is never vanishing.

TH-2678_156123020
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Let f,g € L?*(R?) be such that the Euclidean Wigner transform does not vanish.

Then consider

672m'€1p1f (ZC + 12) g <£C _ B) (1 _ k)e*ZWj&dep,

W+ B9 = [ 3) 9073

R2

where a,b € R. By using (4.1.3)), we get

e 2P f (x + 2) g <a: - 2) (1 —E)dp.

W (7, (4 Bg) :6) = | 3) 9775

R2

Hence we obtain that the pair (f, (a+0bk)g) makes Wigner transform into zero free. It is
also clear that Gaussian ¢ defined in (4.2.5)) makes so. Further, we give some examples

of such pairs, generalized from the Gaussian. For a,b, ¢, d € R? define

Thy—a (0).f () = 7O f (@ —a), ) g (c)f(x) = W2 f(z —c).
Then W (n}, _, (a)f, WZ2_d2 (c)g) (z,€) is equal to

/ eQm’((blfdl)(m+%1)*§1p1)f (ZE —a+ B) g ($ e— 2)627rj((bz—dz)(f:r2+%2)*§2p2)dp‘
2 2
R2

Replacing p by p 4+ a — ¢, the above integral can be written as

eQTri((bl7d1)ml7(a17c1)§1+%(alfcl)(blfdl)) W(f, g) (:C/7 5/)6277]'(7(bzfd2)m2*(a2*c2)€2+%(a2*c2)(b2*d2)) ,

a+tc

where 7/ =z — 5

that W (f,g) # 0 if only if W (7} (a)f, WZQ(c)g) # 0.

and £ = ¢ — %. By suitable change of variables, we can conclude

TH-2678_156123020
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4.2.2 The Weyl transform.

In this subsection, we introduce the Weyl transform and look for its connection with
the Wigner transform. Let o € S (R*, Q) be a symbol. Then define the Weyl transform

W, on S (R?, Q) corresponding to o by

Wat.g) = [ [ o @OW(£9) (2.0t (1.2.10)

where f,g € S (R?, Q). It can be seen that W, is continuous on S (R? Q).

Theorem 4.2.5. Let 0 € L" (R*, Q) for 1 <r < 2. Then W, is a bounded operator on
L? (R?,Q) and satisfies ||W,|| < ||o]],-

Proof. The proof will follow from Proposition 4.2.3 O]

The Weyl transform (4.2.10)) is defined involving the Wigner transform. The fol-
lowing result illuminates the Weyl transform and later on describes the compactness of

the Weyl transform for a sub-class of symbols.

Theorem 4.2.6. Let 0 € S(R* Q) such that o(x,&) = o(x,—£). Then for ¢ €

L*(R*,Q),

(Woe) (v) = / / e 2miki(vi—u1) 5 (u ;— 075) 6_2Wj£2(v2_u2)g0(u)dud§.
R2Z JR2

Proof. Let ¢, ¢ € L* (R?,Q) . From (4.2.10)), we have

<W0§07 ¢>

o (z, )W (e, ¥) (z,§)dxdg

2

, /R? o (z,8) e e (m + g) @Z)(q;——g>6—27fj£2pzdp dz de.

—
5
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By the change of variables u = x + £ and v = x — £, the above integral becomes

/ / / o <U + U,f) 6_27ri£1(Ul_ul)¢(U>W6_2Wj§2(v2_u2)dudvdé..
RrR2 Jr2 JR2 2

Using arguments like (4.1.5)), (4.1.7)) and the fact that o(x, —¢) = o(z,§), we get

<W09071/’> _ /R2 </R2 /R2 e 2mik1(vi—u1) <U ;L U,f) 62ﬂj£2(v2“2)¢(u)dud§> de'

Hence, we can conclude that

(Wop) (v) = /2 /2 R G (u ;— U,ﬁ) e~ 2mig2(vau2) o () duy .
R2 JR

O

Theorem 4.2.7. Let o € L' (R* Q) such that o(z,§) = o(x,—£). Then W, is a trace

class operator on L* (R?, Q).

Proof. From Theorem we get that W, is an integral operator with the kernel

K(U’ ,U) — / 6—27T7:§1(U1—u1)0_ (u —2i_ U)é') 6—27Tj£2(7)2—uQ)d€.
RQ

For 0 € L' (R*, Q) , we have

Walls, = [ 1KGwldu [ [ 1o (.6)ldude =

Hence, we conclude that W, is a trace class operator. O

Theorem 4.2.8. Let 0 € L™ (R, Q),1 < r < 2, such that o(x,§) = o(x,—&). Then

W, is a compact operator on L* (R? Q).

TH-2678 156@.%62&11 view of Theorem we obtain that W, is an integral operator with the
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kernel

K(u)v) = / e*27ri£1(v1fu1) (U + U’€> —2mj€2(va— ug)df.
R2

Suppose o € L? (R*,Q), then the Hilbert-Schmidt norm of W, will be

IWol3, = / / K (u,0)| dUdU_/Rz/Rz
[ L] femerawer
_/RQ < - |(F2o(z,-)) (P)|2dp) dx

where Fy0 denotes the QFT in the second variable. Now by the Plancherel theorem

2
dxdp

a:——:c—|—2>

dxdp (4.2.11)

4.1.3] we can conclude that [|[W5[|g, = [|o]f3.

Let 0 € L" (R*,Q),1 < r < 2. Then we can choose a sequence o in S (R* Q)
converges to 0 € L" (R*, Q). Therefore, each W, is a Hilbert-Schmidt operator, and
hence compact. By Theorem W, is the limit of W,, in the space of bounded

linear operators on L? (R? Q). Thus, W, is compact. O
The following results will give necessary and sufficient conditions for boundedness
of the Weyl transform for » > 2.
Proposition 4.2.9. The following two statements are equivalent:
1. The Weyl transform W, is a bounded linear operator on L*(R? Q) for all o €
L™ (R*, Q) , where 2 < r < oo,
2. There exists a positive constant C' such that |W(f,g)|l» < C|fll2llgll2 for all

f,9 € L*(R?,Q), where r and ' are conjugate indices.

We skip the proof of Proposition [4.2.9) as it will be similar to the Euclidean case

TH-2678 861285200 66-69).
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Proposition 4.2.10. Let f € L*(R?,Q) be a compactly supported function such that
Jgo f(@)dx # 0. If W, is a bounded operator on L* (R* Q) for every o € L" (R*, Q),

where 2 < r < oo, then || F(f)|l» < oc.

Proof. Let f € L? (R? Q) be supported on the unit disk D = {z € R?: |z| < 1} . Con-
sider the function f? defined in (4.1.8). Then f* € L? (R?,Q) and is supported on D.
Let f(a:) = f(—=x). Then, W(]a,f)(x,f) = ( for all £ € R?, if |z| > 1. By Proposition

F2.9) we get
IS

Therefore, by Minkowshki’s integral inequality and Holder’s inequality, we have

(/RQ /x|<1 ey (fiv f) (z, £)e 62 gy ' df) e
y /mlgl (/R2 L (flﬂ (x,g)‘rl dg)'}' "
< </|z|<1 ) </Rz /RQ (z 5)’ /dxd§>:/ -

drdf < 0.

:vé)

Hence,

[(f) — /H<1 €4m'£1x1W <]?Z, f) (x,f)€4ﬂj£2md$ c Lr’ (RQ, Q) . (4'2'12)

But

0= [ [ < (1+8)3 (=) o
:/ / 64”i51”1fi(u)f(v)e“j&”zdudv,
R2 JR2
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where the last equality follows by a change of variables. A similar calculation as

in (4.1.7) leads to
1O = [ fw) [ e o) mendudu = F () 0)F () (26)
R R
From (4.2.12)), it follows that | F(f), < oc. O
Now, we illustrate that QW'T is not a bounded operator for 2 < r < co. Contrary

to Proposition [4.2.10}, for each 2 < r < oo, we give example of f € L? (R? Q), which is

non-negative and compactly supported, satisfying || F(f)]|.» = oo.

Example 4.2.1. First recall the example of such function for the Fuclidean Fourier

transform, which was produced by Simon [57]. Consider the cube
Q={zeR":—a<z;<a, j=1,2,...,n} (4.2.13)
lying inside {x € R" : |z| < 1}. For a € (0,3) define the function g, on R™ by

[z, = e @\ {0}

0, otherwise.

Jga(x) = (4.2.14)

Here g, is positive, square-integrable and compactly supported real valued function on
R". For each 1 < r' < 2, there ezists a € (0, 3) such that [5, [Ga(§)|” dé = oo, where g,

is the Fuclidean Fourier transform of gq.

Now, we will modify the above example for the quaternion Fourier transform on

R2. Let Q) be the cube on R? as in . Fora e (0, %) define

fal@) = gale) =t

, 4.2.15
TH-2678_156123020 2 (219
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where go () is a function on R? defined as in (4.2.14]). From (4.1.11)), we get

1—k

f(foc)(g) = /]RQ 6_2m($1§1+z2§2)fa(x1a xQ)dx1d172 = ga(f)T

Hence from the Euclidean setup it follows that for each 1 < r' < 2, there exists a € (O, %)

such that [, | F(fa)(§)|" dé = oo.

4.3 Uniqueness results

4.3.1 Benedicks-Amrein-Berthier theorem for the Weyl trans-

form.

A fruitful method of working on certain problems in the Heisenberg group is to
consider the Weyl transform instead of group Fourier transform. For the Heisenberg

group, the Weyl transform of h € L'(C") is defined by
W(h) = / h(z)(z)de (4.3.1)
where 2 = z + iy € C" and 7(2) is an operator on L*(R") defined by
m(2)() = EmEEEIY(E +y). (43.2)

Further, for v, 1, € L?(R"), the following square integrability relation holds

(m(2)tr, ¥o)[dz = |2, (4.3.3)

|
cn

In addition, the inversion formula for the Weyl transform holds (see [68]),

TH-2678_156123020 iz) = e (Wh)m(=2, —y)) (4.3.4)
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and satisfies the Plancherel formula
IW(R)|[ s = [|h]]2. (4.3.5)

It appeared in [25}43,|70] that a non-trivial function h € L'(C") supported on a set of
finite measure cannot have finite rank Weyl transform YW (h). In this section, we prove

an analogous result for the Weyl transform, which is defined in terms of QFT.

Consider the Weyl transform defined in (4.2.10) and assume that o is even. From
(4.2.3) and (4.2.8), we have

Wopo) = [ [ otwg) [ [ ememsemyig ) pe e iy dod.
R?2 JR R? JR

By proceeding through similar techniques as in (4.1.5)), (4.1.7) and then using o(—z, —¢) =
O'(SL’,&), we get

<Wo-§0, ¢> _# /]R2 \/]Rz <\/]RL2 /]R;2 e—27ri(w1q1+§1p1)a(x75)6—27rj(w21&+§2p2)dxd§) ‘/’(()07 w)<qu)dqdp

:/ / (]:U)(QJU)/ 627ri(QI$1+%q1pl)<p(x_|_p)w(x)eQWj(QZZ'Q"F%QQIE)dxdqdp7
R? JR2 R2

where the last equality holds from (4.2.1). Again using an argument like (4.1.5)) and
the fact that o(—x, —¢§) = o(z, &) implies (Fo)(—q,—p) = (Fo)(q, p), leads to

(Wop, ) = /RQ (/Rz /Rz (Fo)(g, p)e?milazrtiar) o(p +p)e2”j(q?x2+%q2p2>dqdp) )(x)dz.  (4.3.6)

For z = (z1,73), y = (y1,y2) € R?, consider the operator p(z,y) defined on L*(R? Q)
by

p(x, y>gp(£) — 6271'1'(961€1+%x1y1)90(£ 4 y)€2ﬂ'j($‘2&-2+%12y2), (437)
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where ¢ € L?(R%, Q). Let z,y,u,v € R?, then the following relation holds

plu,v)p(a,y)p(§) = e p(u + 2,0 + y)p(€)e™ 2 ran), (4.3.8)

where ¢ € L?*(R?* Q) and ¢ € R%

For g € L'(R*, Q), in view of (4.3.1)) and (4.3.6)), define Weyl transform of g by

W)= [ [ o). v)dady

Consider the subspaces L% (R?, Q) = {4 : ¢ € L*(R?,Q)} and let Py be the projections
of L?(R?,Q) onto L% (R? Q), respectively. Since (1 — k)(a + jb) = (a + ib)(1 — k) for
a,b € R, we have

p(u,v)p(z,y)p- = m(u, v)m(z,y)p-. (4.3.9)

Next, we shall show that g can be retrieved from the following so-called inversion formula

for the Weyl transform.

Theorem 4.3.1. (Inversion formula) Let g € L'(R*, Q). Then

g(z,y) = tr(W(g)p(—z, —y)P-) .

Proof. Let {& : I € A} be an orthonormal basis for L*(R?). Then, it follows that
B={¢ = él(%) : | € A} is an orthonormal basis of L? (R* Q). We extend B to an

orthonormal basis {¢; : [ € '} of L?(R?,Q), where A C N'. Now,

tr (W(g)p(—z, —y)P-) = > _ (W(g)p(—z, —y)P-er,er) = Y _ (W(g)p(—x, —y)er, 1)

leN LeN
=) " (W(h)p(—z, —y)er,e1) + j (W (ha)p(—2, —y)er, e1)) ,
leN

TH-2678 156%(3509 = hy + jhe and hy, hy are complex valued functions. In view of (4.3.1)) and
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(4.3.9), we have

tr (W(g)p(—z, —y)P-) = > (W(h1)m (=2, —y)er, e1) + j (W(ha)w (=, —y)er, 1))
len

=Y (Wh)r(—z, —y)&, &) + j (Who)m(—a, —y)ér, &)
=)

where the last equality holds as (l;ﬂk)(%) = 1. Hence,
tr (W(g)p(—z, —y)P-) = tr W(h)m (=2, —y)) + j tr W(h2)7(—2z, —y))
Thus, by (4.3.4) we get

tr (W (g)p(—z, —y)P-) = hi(z,y) + jha(z,y) = g(z,y).

O

Let g € L?*(R*, Q) and write g = h; + jhs for complex valued functions i, and hs.
If we follow the proof of Theorem [£.3.1] then we can have

W (9)P-|lzrs = IW(ha)llzrs + [V (Ra2)llFrs = llall3. (4.3.10)

where the last equality obeys from the Plancherel formula (4.3.5)).

Let A C R* be of the form
A= AL 5 ACD (4.3.11)

where A1) = {(z1,91) € R? : (21, 20,91,%2) € A} and APY = {(29,15) € R? :
(21, 2,91, y2) € A} are the projections of A in X;Y;j-plane and X,Y5-plane, respectively.

Then the following is the main result of the section.
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Theorem 4.3.2. Let g € L'(R*, Q) and {(z,y) € R* : g(z,y) # 0} C A, where
A = AW3) x ARY s defined as in (4.3.11]). Suppose A3 and APY have finite 2-

dimensional Lebesque measure. If W(g) has finite rank, then g = 0.

Let g € L*(R* Q), and W(g) be a finite rank operator. Then there exists an
orthonormal basis {1, ¢s,...} of L*(R? Q) such that R(W(g)) = S, where S =
span{py,...,on} and R stands for the range. Define the orthogonal projection Pg
of L?(R? Q) onto S. Let A be a measurable subset of R*. Define a pair of orthogonal

projections E4 and Fs of L*(R*, Q) by
Eag = xag and W (Fsg) = PsW(g), (4.3.12)

where x4 denotes the characteristic function of A. Then R(E4) = {g € L*(R*, Q) : g =

xag} and R(Fs) = {g € L*(R*, Q) : R(W(g)) € S}.

Now we compute the Hilbert-Schmidt norm of E4Fg, when m(A) is finite.

Lemma 4.3.3. The operator EoFs is an integral operator with kernel

K(z,y,u,v) = xa(z,y)tr(Psp(u, v)p(—z, —y) P-),

where z,y,u,v € R2.

Proof. For g € L*(R*,Q), we have W(Fsg) = PsW(g). Then by Theorem the

inversion formula for the Weyl transform, we have

(Fsg)(w,y) = tr (W(Fsg)p(—x, —y)P-) = tr (PsW(g)p(—z, —y)P-)

— [ gtuv)tr (Papla.v)pl—a, ~y)P-) dudv,
TH-2678_156123020 -
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Hence, we can write

(EaFsg)(w,y) = xa(x,y)(Fsg)(z,y)

= xaa) [ ot 0)tr (Pepuv)p(—a,~y)P-) dudy

R4

where K(l’, Y, u, U) = XA(xa y)tr (ng(u, ’U)p(—JZ, _y)P—) : [

Lemma 4.3.4. EsFs is Hilbert-Schmidt satisfying ||EaFs||3s < m(A)N?, where N =
dim(95).
Proof. Tt is proved in Lemma that E4Fg is an integral operator with kernel

K(x,y,u,v). Therefore,

1EaFslis = [ [ 1 G,y u.0)Pdududady
R4 JR4

= [ atzp)P ( [ (Pt v)pt—, —y)P_>|2dudv) ddy
R4 R4
R

Z/]R4XA($,?/) ( y

(
Z<p(u, v)p(~z, —y) P_j, ¢;)

2
dudv) dxdy.
(4.3.13)

In view of (4.3.9)), the above inner integral reduces to

N ] N
(r(u (=2~ Pyt = [ | St 0005%, [ dua,
=1 R =1
where ¢ = m(—x, —y)P-p; and [[¢]Y[]y < [lp;lla = 1 for all 2,y € R?. Then using
(4.3.3), we get
N
(u, v)7Y, @) dud 05 dudvgNQ.

2 2
TH-ZG%STg%fE%]Z’ we have ||E4Fs||f¢ < m(A)N-. O
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We need the following result from [8], which describes an interesting property of

measurable sets with finite measure. Let denote uB = {x € R" : . — u € B}.
Lemma 4.3.5. [8] Let B be a measurable set in R™ with 0 < m(B) < co. If By is a

measurable subset of B with m(By) > 0, then for e > 0, there exists u € R"™ such that

m(B) < m(BUuBy) < m(B) + e.

Let E and F' be orthogonal projections on a Hilbert space H. Denote E N F be

the orthogonal projection of H onto R(E) N R(F'). Then, we have the relation

|ENF|%s =dmR(ENFE) < ||EF|%s- (4.3.14)
Proposition 4.3.6. Let A = A3 x ACY be defined as in (4.5.11]). Suppose A3 and

ACY have finite 2-dimensional Lebesque measure. Then the projection E4 N Fg = 0.

Proof. Assume towards contrary that there exists a non-zero function gy € R(E4N Fs).

Then R(W(go)) € S. Let

A(()Lg) ={(z1, ) € ALY 13 () © AP with m([(ﬂﬁlvyl)) >0 (4.3.15)

and go(w1, T, Y1, Y2) # 0V (72, 92) € ‘[(xhyl)}'
Clearly, 0 < m(A{"*”) < c0. Choose s € N such that
s > 2m(A{*)m(ACY) N2,

where N = dim(S). Now, we construct an increasing sequence of measurable sets

{Al(l’?’) : 1 =1,...,s} containing Aél’?’). Let By = A((]l’g) and B = Al(i’f)y by Lemma

4.3.5), for € = there exists u; = (ul(l), “1(2)) € R? such that

1
2m(ACD)NZ

1
m(A(i’S)) < m(A(i’g) U ulA(1’3)) < m(A(i’?’)) T —
TH-2678_156123020 - ! ° =1 T (AR N2
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Write Al(l’g) = Al(i’f) U ulA(()l’g) and A, = A§1’3) x A@Y In view of (4.3.14) and Lemma

4.3.4, we obtain

dim R(E4, N Fg) < m(A,)N? = m(AL3)m(ARD) N2

S
m) m(APY)N? < s. (4.3.16)

Next, we shall produce s + 1 linearly independent functions in R(E4, N Fs). Let

(1) (2) 7ri(y1ul(1)—zlul(2>)

gl(x7y) o gO(xl —U; ", T2,Y1 — Yy 792)6 .

We shall show that g, € R(Fs) for each [ = 1,...,s. To do so, let ¢ € L*(R? Q) and
7 > N. Then

<W(gl)§07§0j> = /R4 91(961,372,ylvy2)</?($1,l’27y17y2)<ﬂ7ﬁpj>d$1d$2dy1dy2

(1) () ) 2

=/4go(:v1—ul To Y1 — Uy s Y2)
R

; (1 (
eﬂ'z(y1ul —T1Uy

(p(z,y)p, p;)dxdy

(1)

]RAL

2)
)<P(2E1 +u,; T2, Y1 T Y,

—$1u§

yY2) @, i) dxdy.

From (4.3.8)), we have

(1) (1))

p(xl’ L2, Y1, y2)ﬂ(“§1)7 07 ul(2)7 0) == eﬂi(ylul —TiY (1)

p(x1 +ull %

, L2, Y1 + u[2 ay2)-

Thus,

(1)

Wg)p, ;) = /4go(x,y><p(w1,xa,yl,ya)p(wl 2,0
R

) 07 u; -, )907 90]>d._'lfdy

= [ o) ol ) )y = (W (o) ) = O

Hence R(W (g;)) C S. Since, A, = (AL Uy ASPU- - U, A7) x A and g, = 0 on
(ulA(()l’?’) x AZN)e we have B4 g = g for | = 1,...,m. Furthermore, Exnam_191=0

for i =1,...,m — 1 and, in view of (4.3.15)), E4,\4,,_,9m # 0. Therefore g,, cannot
TH-2678 156123020
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be written as a linear combination of gy, ..., gm_1. Thus, go,...,9s € R(Ea, N Fs), are
linearly independent functions, which contradicts (4.3.16)). O]

Proof of Theorem [[.3.2, For g € L*(R* Q), the result follows from Proposition [4.3.6]
Further, if g € L'(R* Q), then (4.3.10) and the finite rank assumption on W(g) give

g € L?*(R*, Q). This completes the proof. O

Beurling’s theorem. The version of Beurling’s theorem for the Fourier-Weyl transform
on step two nilpotent Lie groups proved in [50] can be generalized for the quaternion

Fourier-Weyl transform.

For £ = (¢,¢"), where &, £" € R?, define the quaternion Fourier-Weyl transform
of f € L'(RY, Q) by

FV())E) = / / PTG [z, ), )X ) Gy,
R2 JRR2

Then, we have the following version of Beurling’s theorem.

Theorem 4.3.7. Let f € L'(R* Q) be such that

L, L 1@ [(Fav)©p. 0| ¢ oldnayagas” < oo, (4317

where p(z) = e"™** is the Gaussian. Then f = 0.

Proof. Let g(z,y) = f(z,y)(p(x,y)p, @), then (F(W(f))(€)p,¢) is the Fourier trans-
form of g(z,y) at (—¢”,¢). Now from (4.3.17)), we get

/R4 /]R‘l l9(z,y)| ’F(g)(_fﬂ’5/)‘e%leﬁiy{/'d:[dydf/df” < 0.

Applying Beurling’s theorem [33] for the QFT, we get g(z,y) = 0. Since (p(z,y)p, p) =

—%(w\2+|y‘2), we can conclude that f = 0. =

|
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4.3.2 A remark on injectivity sets for the QTSM

Let recall the spherical mean and associated set of injectivity problems discussed in
Chapter [2| Suppose 11, be the normalized surface measure on the sphere S*~1 of radius
v centred at the origin in R™. Consider S C R" and C C L (R"). Then S is a set of

loc

injectivity for the spherical mean for C if for every g € C,

g* p(r) = /|: g(r —y)dp,(y) =0

for all (¢,2) € (0,00) x S implies g = 0. The injectivity problem was studied for the
Heisenberg group in terms of the twisted spherical mean (TSM). A subset I' C C" is a

set of injectivity for the TSM for G C L] (C") if for every g € G,

loc

gx @) = [ 9= w)e D w) =0
|w|=t

for all (¢,2) € (0,00, ) x I" implies g = 0. A considerable amount of work has been done

in this direction, see [45,[59}61},71].

In particular, let u, be the normalized surface measure of the sphere centre at origin

and radius ¢ in R*. Now, consider A CR* and Gg = G - (15) + G- (155) C L (R*, Q).

We say A is a set of injectivity for the quaternion twisted spherical mean (QTSM) in

Gy, if for every f € Go,
[ o m(p,q) = /( ! emiman=pvL) £(p gy q — p)e™ 2P gy (4 p) = 0

for all « > 0 and for all (p,q) € A implies f = 0. In view of (4.1.3)), it can be inferred

that A is a set of injectivity for the QTSM for Gg if and only if A and A are set of

TH.o6 8By the TSM for G, where A = {(p1,p2, 1, ¢2) * (1, —p2. 1, —2) € A}
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Helgason’s support theorem. In a remarkable result, Helgason proved the following
support theorem (see [34]). If g is a continuous function on R" (n > 2) such that
|z|'g(z) is bounded for each | € Z, , then g is supported in the ball B,(0) if and only if
g*u,(xr) =0,V 2z e R"and Vi > |z| + r. Together with different analogues in various
setups, Helgason’s support theorem extended for TSM, see [19,146,54]. In view of the

above discussion, the following is holds true.

Let f be a quaternion valued continuous function on R* such that |(p,q)|'f(p,q)
is bounded for each | € Z.. Then f is supported in the ball B,.(0) if and only if f Xq

. (p,q) =0,V (p,q) € R and Ve > |(p, q)| + -

TH-2678_156123020
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Chapter 5

Concluding Remarks

In Chapter , we prove the necessary conditions for a function to be in Z; p, and
some results on the H-type groups. It would be interesting to establish the sufficient
conditions for a function to be in Zp, and extension of the results for H-type groups

to Métivier groups.

In the recent article [44], it has been investigated the injectivity results for three
different spherical means on H-type groups. The first one is the standard spherical
mean, the average of a function over the spheres in the complement of the centre, which
is similar to the spherical mean considered in this thesis. The second one is bi-spherical

mean, the average over the product of spheres in the centre and its complement, i.e.,

f*urys(z,t):/ /|| f(z—w,t—u—%[z,w]) dp, dv,,

where p, s = i, X Vs, Vs is the normalized surface measure on the sphere {t € 3 : |t| = s}.
The third one is the homogeneous spherical mean. The H-type group admits a family

of dilations acting as automorphisms by

0 (2,t) = (7’2,7’215) , > 0.

TH-2678_156123020
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This family of dilations make the H-type group a homogeneous Lie group whose homo-

geneous dimension is @) = 2n + 2m. Then the Koranyi norm is defined as
1/4
|(z,t)| = (\z|4 + ]t|2) , or(z,0)] = 7|(2,1)].

There exists a unique Radon measure o on the unit sphere ¥ = {(z,t) : |(z,t)| = 1}

such that integral of integrable function can be written in polar coordinates as

/Gf(%t)dzdt:/Om/zf(ér(z,t))dar‘?_ldr.

For r > 0, define 0, = §,(0) by

/Gf(Z,t)dUrI/Gf(ér(z,t))da.

Then the homogeneous spherical mean of a function f is defined as

fro.(z,t) = /zf ((z, )0, (w, s)~") do.

Therefore, it is natural to ask whether the results in this thesis proved for spherical

mean can be generalized for bi-spherical mean and homogeneous spherical mean.

In the article [63], it has been proved that for f € LP(H"), 1 < p < oo,

: k > A .
iy /_mf*ekdu@)—f,

where the limit exists in the LP-norm. Recently, this summability result has been ex-
tended to the H-type groups in [44]. We would like to investigate a similar summability
result for functions in the Métivier groups. Then it will help to extend the injectivity

of spherical mean operator for p > 2, which was proved for 1 < p < 2 in chapter [3]

TH-2678_156123020
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In chapter [ we have posed some restrictions on symbols for some results. That
is we consider symbols, which are even in some variables. We would like to explore if

such restrictions can remove for those results.
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