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Abstract

Self-organization and the dynamics of rotating spiral waves have captured the interest

of numerous researchers within the realm of nonlinear dynamics over recent decades.

Various biological systems, such as the human heart and chicken retina, exhibit the

presence of spiral waves.

Irregular cardiac rhythm due to spiral wave activity brings great interest in the

control and elimination of this kind of spirals from the system. One of the best labora-

tory model to study the dynamics of cardiac waves is the Belousov-Zhabotinsky (BZ)

reaction-diffusion system. In this thesis, we report the experimental and numerical

works carried out on individual spirals, as well as on their collective dynamics.

Chapter 1 is a brief introduction of the field of “Nonlinear Dynamics” and pat-

tern formation. The historical development of oscillatory chemical reactions and

the Belousov-Zhabotinsky (BZ) reaction has been introduced. The formation of ex-

citable chemical waves as spirals and scrolls and their importance in the context of

studying cardiac wave dynamics are outlined. Chapter 2 briefs about the com-

mon methodologies used for our experiments and computer simulation. The main

findings of our works are reported from Chapter 3 onwards. In Chapter 3, we mod-

ified a model developed from the established FKN mechanism of the BZ reaction to

study the variation of the spiral wave properties with the explicit concentration of

hydrogen ions. We then studied the effect of mild concentration gradients on spiral

wave dynamics in our experimental setup in chapter 4, we also demonstrated how

these results corroborate with our modified model. From Chapter 5 onwards, we

began examining collective spiral wave dynamics in our system. In chapter 5, we

revealed how the counter and corotating pinned spirals synchronize and how they
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differ from each other. Chapter 6 describes the collective phenomena of pinned

spirals arranged in a square network, where we report the formation of clusters and

chimera of oscillators. Chapter 7 establishes the importance of communication in

the synchronization process in a chemical reaction-diffusion system; the observation

being motivated by Huygen’s well-known Pendulum sympathy experiment, but new

in a chemical system. Lastly, Chapter 8 concludes with our results, observations,

answered and unanswered questions and propose future direction.
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Chapter 1

Introduction

A treasure trove of amazing dynamics and design can be found in nature, including

living beings and non-living entities. The globe is diverse and heterogeneous due

to an astonishing variety of animals, ecosystems, landscapes, etc. The presence

of symmetry and asymmetry, different interactions between individuals, and self-

replication processes make the world complex. Science is the methodical investigation

that leads to the understanding of the functioning of nature, and each area of the

scientific discipline aims to do that from their own perspective.

1.1 Background

1.1.1 Nonlinear dynamics

The term nonlinear dynamics is concerned with the system that changes with time

in a nonlinear manner. In dynamics, we often analyze the fate of the system; it

might approach equilibrium or exhibit more complex behavior[1]. A key objective

of nonlinear dynamics research is to provide an explanation for the emergence of

complex structures [2]. The majority of living systems in which we are interested

are nonlinear. Almost every area, including chemistry, physics, biology, geology,

mathematics, engineering, economics, and even the social sciences, has a footprint in

the topic, which makes it very interdisciplinary. Although much of the field’s early
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progress was theoretical, in recent decades, a number of experimental discoveries

have motivated novel computational strategies [3].

1.1.2 Reaction-Diffusion system

Reaction-diffusion systems typically refer to ones in which there is a localized chemi-

cal reaction. The chemical species within the system react to form products and are

simultaneously transported via diffusion. This, mathematically, can be expressed as

follows:

∂u(x, y, z, t)

∂t
= f(u) +D∇2u(x, y, z, t) (1.1)

∇2u =
∂2u

∂x2
+

∂2u

∂y2
+

∂2u

∂z2
(1.2)

where u(x, y, z, t) is the system variable, f(u) is kinetic terms describing reaction

part, D is diffusion constant, the last term of the right hand side of the equation

defines the transfer process or diffusion. ∇2 is the second order derivative with

respect to space coordinates, be it one, two or three dimensional.

1.1.3 Excitable media

An excitable medium is continuous, spatially dispersed media in which perturbation

grows. When a perturbation in an excitable system exceeds the threshold value, a

macroscopic or observable response occurs. The system goes from an excitable to an

excited state, then enters a refractory phase, where the system is not responsive to

any more perturbations during this period. The system then eventually reverts to

an excitable state and becomes susceptible to perturbation again. The coupling in

these systems are local and governed by diffusion-like transport [4].

1.1.4 Self-organization

When a system develops an internal order without any external forcing being im-

posed, is known as self-organization. As the system grows more structured, its en-
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tropy decreases. The second law of thermo-dynamics, on the other hand, stipulates

that an isolated system’s entropy never decreases. For this reason, self-organizing

systems need to be open and exchange mass and/or energy with the surroundings.

The interactions between the components lead to this internal organization, which is

typically independent of the components’ nature. This organization may be spatial,

temporal, and spatiotemporal [5].

1.1.5 Patterns and waves

Nature is full with patterns. The stripes and patches on animal coats, symmetry

in flowers and leaves, the flashing of fireflies, and in arrangement of flying birds.

There are two kinds of patterns: nonstationary and stationary. Patterns that remain

constant in space, once they have developed, are called stationary patterns. In

contrast, a nonstationary pattern involves a shift in the variable throughout time

and space [2], called spatiotemporal patterns.

The presence of reaction along with diffusion or perturbation in the excitable

medium mentioned above controls the emergence of a self-organized pattern. One of

the most studied pattern is the Turing pattern [6, 7]. The pattern forms in animal

coats are examples of the Turing pattern, which is stationary in a short time scale.

On the other hand, patterns in the nerve cells and heart muscles are examples of

nonstationary ones.

1.1.6 Oscillatory chemical systems and a short history

Fechner’s demonstration of an electrochemical cell that generated oscillating current

in 1828 was the first documented account of chemical oscillations. In 1894, Ostwald

noticed that the rate at which chromium dissolves in acid, is periodic. It was thought

at the time that a homogeneous oscillation reaction was impossible since both of the

systems were inhomogeneous [8]. Bray discovered the first oscillatory chemical re-

action in a homogeneous medium in 1921. A periodic change in the concentration

of oxygen and hydrogen was occurring in that reaction which contained iodate, io-

dine, and hydrogen peroxide. The beginning of modern nonlinear chemical dynamics
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started with the accidental reaction of Boris Pavlovich Belousov in his search for a

direct conversion of colorless Ce3+ from yellow-colored Ce4+ from the reaction of the

solution containing bromate, citric acid, and ferric ions, where he observed a periodic

change. His observation was turned down repeatedly for publishing at that time, and

it was not acknowledged by the scientific community. In 1961, Anatol Zhabotinsky,

a young doctoral student at Moscow State University, began to examine Belousov’s

work with minimal alterations to the original reactants. He achieved better results

by substituting citric acid by malonic acid. Around ten papers were published in

the Russian language before the first paper in English on the Belousov-Zhabotinsky

reaction in 1967. Zhabotinsky presented some of his work at a conference on ‘biolog-

ical and biochemical oscillators’ held in Prague in 1968. The Prague conference was

one of the most effective on this subject, which motivated scientists to consider the

Belousov-Zhabotinsky(BZ) reaction. Later, Zhabotinsky used a ferroin indicator,

and Zhabotinsky and Zakin showed ferroin could alone catalyze the reaction with-

out cerium. This modified Belousov-Zhabotinsky is now widely used for studying

nonlinear chemical dynamics. Many have claimed that the oscillation in the Bray

reaction is the result of impurity or the result of bubble formation. The argument

was that the response was not a true homogeneous one.

One of the main reason for rejecting Belousov’s observation was the belief that

it was violating the second law of thermodynamics. It is always challenging to keep

track of the entropy of the universe during a chemical reaction, so measuring the

change in Gibb’s free energy is a way to determine the spontaneity. The main prob-

lem was with comparing the chemical oscillations with the oscillations of a pendulum.

The oscillations in a pendulum pass through an equilibrium point (Fig. 1.1), but that

is not true for an oscillatory chemical reaction. These chemical oscillations are thus

called “far from equilibrium” systems. Here, reactants and products do not oscillate.

Rather, the concentration of the intermediates (bromide and bromous acid in BZ re-

action) oscillates. Though the system’s entropy change decreases, the universe’s total

entropy change does not, so it does not violate thermodynamic laws [8]. Prigogine

and his coworkers showed that self-organization in systems ‘far from equilibrium’ is

possible as long as the total change in entropy of the universe is positive. Field,
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Figure 1.1: Oscillation in BZ reaction and in pendulum.

Körös, and Noyes (FKN) have combined kinetic and thermodynamic approaches

and developed a detailed BZ mechanism known as the Oregonator model. These

advances in theoretical nonlinear thermodynamics and FKN mechanism have led to

the further careful study of oscillating chemical reactions [3], far from equilibrium.

Though the accidental discovery of Belousov’s reaction was initially ignored, many

chemical oscillators were synthesized afterward. The first systematically designed os-

cillatory reaction was a chlorite-iodate-arsenite reaction by De Kepper, Kustin, and

Epstein [9]. Though the major sources for the development of various chemical oscil-

lators are the Bray and BZ reactions, others include sulfur, phosphorus, cobalt, and

manganese chemistry [3]. The following is the overall equation for the conventional

BZ reaction:

2BrO−
3 + 3CH2(COOH)2 + 2H+ −→ 2BrCH(COOH)2 + 3CO2 + 4H2O (1.3)

Despite the complexity of the reaction’s mechanism, three key stages are involved.
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Process-1: The reduction of bromate ion and removal of bromide ion.

BrO−
3 + 2Br− + 3H+ −→ 3HOBr (1.4)

Process 2: Oxidation of metal catalyst and autocatalytic generation of bromous acid.

BrO−
3 +HBrO2 + 2Mred + 3H+ −→ 2HBrO2 + 2Mox +H2O (1.5)

Process 3: The catalyst is reduced and a bromide ion is produced, which restarts the

cycle.

2Mox +MA+ BrMA −→ fBr− +Others (1.6)

Where, MA = CH2(COOH)2 and Mox and Mred are oxidised and reduced state of

the Metal catalyst.

An unstirred BZ reaction, which is an excitable system instead of a spontaneously

oscillatory one, yields patterns. A growing circular wave can be generated by a point

source initiation. Once they have expanded sufficiently, they begin to propagate. A

target pattern consisting of blue circles on a red background appears when periodic

or continuous stimulation is present. When target waves break, two counterrotating

spirals get formed. In an extremely thin reactive layer, a spiral wave is thought to

ex-ist, although different shapes in a three-dimensional setting are also possible. This

three-dimensional counterpart of the spiral wave is called scrolls [10]. In this thesis,

works are carried out with spiral waves.

1.2 Motivation

In the developed world, cardiovascular diseases (CVD) account for over one-third

of all deaths [11]. Clinical practices have demonstrated that ventricular tachycardia

(VT)/fibrillation (VF) and atrial fibrillation (AF) are the primary causes of morbid-
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Figure 1.2: Schematic of heart showing the atrial and ventricles. (Downloaded from
creative-common-licensed products.)

ity and mortality. AF is the most prevalent prolonged arrhythmia. Heart failure-like

diseases are always linked to such sustained arrhythmias [12]. Furthermore, VT or

VF serves as a mediator for SCD or sudden cardiac death. Globally, an estimated

4-5 million people face SCD annually [13].

Our heart is located in the chest cavity, halfway between the left and right lungs.

Its primary job is to circulate blood throughout the body. The electrical impulse

causes a coordinated contraction that results in the pumping of blood. The heart has

four chambers and is separated into two parts. The two lower chambers are called

ventricles; the higher two are called atria. The blood flow is unidirectional from the

atria to the ventricles (Fig. 1.2). The heart is composed of interconnected cells or

heart cells known as myocytes, connecting tissues, blood vessels, and nerves. A heart

tissue has three layers, namely the internal layer or endocardium, myocardium, and

the external layer or epicardium. There is another layer called the subendocardial

layer, which is situated between the endocardium and myocardium layer. The Purk-

inje fibres, or the impulse conducting system, are located at this subendocardial layer
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[14, 15].

Myocytes, or heart cells, have a length of 80–100 micrometers and a radius of

5–10 micrometers. A phospholipid bilayer membrane separates each cell from the

extracellular environment. Through selective ion channels, only specific ions (Na+,

K+, Ca2+, etc.) are permitted to pass through this membrane. The transmembrane

potential difference that results from the resultant charge difference is regulated by

the chemical and electrical gradients present across the cell membrane. For cardiac

cells, the resting potential at which the chemical and electrical forces balance each

other is approximately −85 mV. If the transmembrane potential crosses a threshold

value, it produces an active response. This will occur if a sufficiently large stimulus

is given to a cell. The response is known as the action potential. The amplitude of

it for a cardiac system is around 130 mV.

In simple terms, an action potential is an alteration in the electrical potential of a

cardiac cell that occurs as an electrical impulse passes through it. Figure 1.3 portrays

an action potential characteristic of a cardiac myocyte cell. There are five stages to

it. Na+ influx causes depolarization, or the transition from a negative potential to

a positive potential, in phase 0. Phase 1 then sees a sharp drop in potential driven

on by potassium ion outflow, which is balanced by calcium ion inflow. In phase

3, repolarization is caused by a sluggish outflow of K+ ions and an inactive Ca2+

channel. Phase 4 is when the cell finally reaches its resting potential [15, 16].

The action-potential diagram, which begins at phase 1 and resets at phase 4,

exhibits the characteristic of the re-excitation period, also known as the refractory

period.

An electrocardiogram (ECG) records the electrical activity of the heart. During

an ECG procedure, a person’s thorax is covered with many electrodes to capture

the voltage differences. Any normal ECG will show the atria and ventricles’ de-

polarization and repolarization. An ECG in Figure 1.4 displays the P-wave, QRS

complex, and T-wave. The ventricular depolarization is shown by the QRS complex,

the atrial repolarization is indicated by the P wave, and the ventricular repolariza-

tion is indicated by the T wave. Since atrial repolarization has a significantly smaller

amplitude, it is absent in the diagram [15].
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Figure 1.3: Action potential of cardiomyocytes. Depolarization and re-polarization
is represented from phase-0 to 3. Phase-4 is demonstrating the resting potential.

Figure 1.4: A typical heartbeat traced in ECG depicting P-wave, QRS complex and
T-wave. (Downloaded from creative-common-licensed products.)
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Any abnormalities in cardiac rhythm are possible to be detected by an ECG.

A normal rhythm means it originates from the sinoatrial node and is transmitted

to the ventricles through atrioventricular nodes with regular conduction velocity

in an optimal range. Any deviation causes arrhythmias or irregular beats. Two

important arrhythmias are atrial and ventricular fibrillation. Atrial fibrillation is

caused by an extremely rapid contraction of the atria and does not originate from

the sinoatrial node. Although it does not pose a threat to life, but damages the

heart [17]. Ventricular fibrillation is dangerous and can lead to death if not treated

immediately with an electric shock defibrillation technique.

A generalized concept of cardiac malfunctions such as tachycardia involves the

formation of re-entries or rotors. The term “rotor” bears resemblance to the term

“pinwheel,” which Winfree utilized to denote the center of the spiral. This region

is alternatively referred to as the “core” by physicists. In contemporary medical

literature, spiral waves are now frequently equated with rotors [18]. When electrical

waves passing through the heart come in contact with any appropriate heterogeneity

that can break the traveling wave, the tip of the broken waves curl in to generate the

spiral wave in the cardiac system (Fig. 1.5). The critical curvature of the wavefront,

excitability, and obstacle size are the major determinants of the spiral creation. Any

obstacle greater than 1 mm in size has the potential to generate spiral waves in a

normal heart muscle. The core components of VF also include the spiral rotors.

Multiple waves travel across the heart during VF. The mother spiral breaks apart,

resulting in the presence of multiple rotors(Fig. 1.6) to enhance VF [19].

This discussion about the cardiac system described above introduces the concept

of spiral waves and our motivation for their study. Further research on the spiral wave

theory of the cardiac system is necessary in order to control the aberrant rhythm. The

Belousov-Zhabotinsky reaction system provides an important laboratory model for

the study of the spiral and scroll waves (3-D counterpart of the spiral). Researchers

have tried to control the waves with various gradients, for example, thermal gradient,

electric field gradient, optical feedback, etc. [20, 21, 22]. Moreover, the rotors have

never been studied collectively in the context of cardiac rhythm. This research aims

to study the spirals in BZ reactions individually and collectively, in the presence of
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Figure 1.5: Demonstrating the spiral wave formation in presence of appropriate
heterogeneity.

Figure 1.6: Schematic of cardiac rhythms in terms of spiral wave theory. NSR
represents the normal sinus rhythm, multiple spiral rotors showing VF condition.
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Figure 1.7: A representation of phase singularity or spiral tip. Dashed circle depicts
the core of a spiral rotor.

nonlocal coupling.

1.3 Some basic concepts of spirals

1.3.1 Spiral tip and spiral Core

A spiral center, often referred to as a spiral core, is the region that a spiral wave

revolves around. The spiral tip is the point where a spiral’s wavefront and waveback

converge (Fig. 1.7). For either a planar or circular wave, the scenario is not possible.

For planar and circular waves, all part of the wave move with same velocity; for spiral

waves, this isn’t the case, because of the curvature effect. This has been shown in

figure 1.8. Curvature plays an important role in temporal evolution of spiral waves.

The relation between the normal velocity with curvature is given by the Eikonal

equation [23] as,

N = c−DK (1.7)
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Figure 1.8: Propagation of wave front and wave back for linear (a), circular (b), and
spiral(c) waves.

Where, N is the normal velocity, K is curvature, c is velocity of plane wave in the

excitable media and D is the diffusion coefficient of the autocatalytic species.

1.3.2 Spiral Trajectories

The path of a spiral tip is called its trajectory. A rigid spiral rotor rotates around

a circular path, creating a circular trajectory (Fig. 1.9(a)). The trajectory may be

meandering (Fig. 1.9(b)) due to internal instability or external perturbation.

1.3.3 Drift vs Meandering

The drift and the meandering phenomena are not the same. Meandering is the

variation of spiral rotation due to internal instability, whereas drift is the directed

change of the spiral location with time in the presence of a perturbation [24]. Spiral

drifts are of many kinds. A time-dependent force having a period close to the period

of the spiral leads to drift called Resonance drift. If the properties of the system

vary with space, then drift also occurs, known as inhomogeneity drift. However,

if the properties of the system vary with time, then the drift that occurs is called

anisotropy-induced drift. For a bounded media, drift may occur if the spiral is

close to the boundary, termed Boundary-induced drift. Drift may occur due to

the interaction of multiple spirals when their cores are near each other, which is

called interaction drift. Another type of drift is High-frequency induced drift,
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Figure 1.9: Trajectory of two counter-rotating spirals. (a) Rigid rotation and (b)
meandering spirals.

which occurs when a spiral wave is overwhelmed by another excitation wave of a

higher frequency.

1.3.4 Free and Pinned spirals

Pinned spiral waves are those, in which a normal spiral wave gets attached or an-

chored to a heterogeneity (Fig. 1.10). The pinned spiral wave has a more extended

time period than that of free spirals (Fig. 1.11) [25].

1.4 Concepts on collective dynamics

Till now, we have discussed the concepts of dynamics of individual oscillatory sys-

tems. Collective dynamics refers to the study of the coordinated dynamics of those

individuals as a collection. An oscillator in a group may behave differently than its

behavior as an individual. Synchronization and chimera are two of many interesting

phenomena demonstrated in collective dynamics.
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Figure 1.10: Pinned spiral in (a) experimental BZ system and in (b) a numerical
simulation.

Figure 1.11: A table to show how the size of pinning obstacle modify the time period
of a spiral wave.
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1.4.1 Interaction of free spirals

A rigorous study by Kalita et al. [26] showed that multiple spirals in a system,

interact depending on the distance between the spiral cores and wavelength. The

interaction may be attractive, repulsive, etc. If the spirals are far apart, there is no

interaction. A critical distance (dc = λ – ds) is defined by the core diameter (ds) and

the wavelength (λ) of the spirals, govern the interaction outcomes. The experiments

show if the distance between the spirals is l, then the attraction of spirals leading

to annihilation is possible up to l=dc/2, then repulsion starts, and no interaction is

found if the separation is greater than dc.

1.4.2 Synchronization

Probably the first scientist to notice and describe the synchronization phenomena was

the Dutch researcher Christiaan Huygens, who was well-known for his investigations

in optics as early as the seventeenth century. He found that two pendulum clocks

suspended from a single support eventually synced, meaning that their oscillations

precisely coincided and the pendula consistently moved in opposite directions. Since

then, numerous advancements have been made. This phenomenon is now known

to exist in several systems like physical, chemical, biological etc. Synchronization

can be defined as the adjustment of rhythms of oscillating objects due to their weak

interaction. The term “oscillatory system” in physics refers to the“ self-sustaining

oscillator”, which is an active system with an internal energy source that generates

oscillations. In mathematics, these are also referred to as autonomous dynamical

systems. The term synchronization is not valid for oscillators, which are not self-

sustained. The cardiac and BZ systems both exhibit self-sustaining oscillations [27].

1.4.3 Chimera

The term “chimera” describes an intriguing dynamics in which two or more coupled

oscillating systems display unique behaviors that coexist. It indicates that while

one component of the system exhibits coherent or synchronized oscillation, the other
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Figure 1.12: The area of study in a flow-chart.

component behaves incoherently or are desynchronized. Numerous chimera types,

such as phase, frequency, and amplitude chimeras, have been documented in a variety

of research systems [28].

1.5 Problem statements (objectives)

The current research attempts to investigate the spiral wave dynamics in detail in

order to comprehend and find possible mechanism to regulate the cardiac wave dy-

namics. In order to accomplish this, we investigate both pinned and free spirals. We

take on the following suggested challenges.

1. To investigate the effect of a mild gradient in controlling the dynamics of spiral

waves.

2. To explore the collective nature of two pinned spirals.

3. To understand the behavior of multiple pinned spirals in a defined network.
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1.6 Organization of the thesis

The thesis is organized as follows:

Chapter 1 describes the motivation behind the work of this thesis. It briefly

discusses key concepts of the field of study.

Chapter 2 briefs about the common methodologies and techniques used for our

experiments and computer simulations.

Chapter 3 introduces a modified Oregonator model, which is derived from the

established FKN mechanism of the BZ reaction. This chapter shows how the spi-

ral wave properties vary explicitly with the hydrogen ion concentration parameters.

Normal outward spiral, meandering spiral, and even spiral breakup phenomena is

observed.

Chapter 4 demonstrates an experimental and simulation study to control the

spiral wave dynamics with a mild gradient. Here, we used proton exchange resin

bead as a source of hydrogen ions in order to produce a mild concentration gradient.

The results show controlled drifting of spirals in the presence of a gradient, that

increases with increasing number of resin beads.

Chapter 5 displays the observations of synchronization phenomena for pinned

spiral rotors. The chapter distinguishes the synchronization phenomena according

to the orientation of spiral rotations.

Chapter 6 showcases the collective phenomena of pinned spirals in a square

network, where we report the formation of clusters and chimera in our network of

coupled rotors. Experimental observations show that the size of the square deter-

mines the type of dynamics.

Chapter 7 establishes the importance of communication in the synchronization

process in a chemical reaction-diffusion system, the observation is motivated by Huy-

gen’s well-known Pendulum experiment, but is newly observed in a chemical system.

Chapter 8 concludes with our results, observations, answered and unanswered

questions, as well as proposing a future direction for research.
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Chapter 2

Methods and Techniques

2.1 Introduction

Three main techniques have been employed by scientists for a thorough investiga-

tion of excitable chemical waves. These three approaches are analytical methods,

numerical simulation methods, and experimental methods. Here, like in all the re-

search covered in this thesis, numerical simulation techniques and experiments with

unstirred BZ reactions are employed.

2.2 Experimental Methods

2.2.1 Instrumental setup

The instrumental setup for the experiments we performed are as depicted in Fig.

2.1 . Three fundamental components comprise of the instrumental setup: a top-

mounted CCD camera for capturing the dynamics; a bottom-mounted light source for

illuminating; a Petri dish containing the reaction mixture; and a personal computer

for storing the camera-captured snapshots. We alter the system within the Petri dish

based on the requirements for a certain experiment.
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Figure 2.1: An experimental setup showing the reaction system, illuminated with a
light source, a CCD camera placed at the top, and a personal computer to record
and analyze the captured images.

2.2.2 Preparation of stock solution

We prepared stock solutions of 1 M of sodium bromate, 1 M of malonic acid, and

0.5 M of sulphuric acid. We used a ferroin solution with a concentration of 0.16

mM. For the ferroin-catalyzed BZ reaction, we mixed in a 1:1:10:1 ratio of the said

ingredient for our experiments. The final concentrations for our experiments are;

0.04 M sodium bromate, 0.04 M malonic acid, 0.2 M sulphuric acid and 0.006 mM

ferroin.

2.2.3 Wave generation

Sustainable waves can be observed for a certain range of concentrations of the com-

ponents in an unstirred BZ reaction. Waves are produced by placing the mixture

in a Petri dish and waiting for it to stabilize until convection ceases. Next, we

disturb the excitable system by means of a silver wire. In a thin reaction bed, a

two-dimensional circular wave known as target wave forms after a certain induction

period. An example of such a target wave is demonstrated in Fig. 2.2(a).
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Figure 2.2: Patterns in a BZ reaction-diffusion system. (a) a target pattern (b) a
pair of spirals (c) a scroll wave

2.2.4 Spiral and scroll formation

If a target wave is broken because of inhomogeneity, a shift of system excitability,

or another physical condition, its two broken ends curl up to produce spirals that

rotate counter-clockwise. The broken ends propagate more slowly than the rest of

the wave. The frequency of a spiral wave in the same medium is higher than that

of the target wave. As a result, the spiral wave will eventually push out all of these

trigger waves in a given excitable medium and fill the entire space.

In our case, a pair of spiral waves (Fig. 2.2(b)) are formed by cleaving the target

wave. We cleave it with the help of a thin glass slide, as glass is nonreactive with the

solution. In comparison, scroll formation occurs in a thicker solution. To prepare a

scroll (Fig. 2.2(c)), we generate a target wave in a thin solution, as discussed above;

then we pour another layer of the BZ solution over that. A three-dimensional wave

evolved with a cylindrical filament.

2.2.5 Pinning of spirals

Spirals and scrolls get pinned or anchored to unexcitable heterogeneities. Cylindrical

rubber beads or spherical glass beads are examples of some heterogeneities we use

in our experiments. To pin a spiral wave, we carefully place the heterogeneity at the

tip of the spiral.
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2.2.6 Record and analysis

Recording the experiments is the last stage of the experiment. We capture it from

above using a CCD camera and store the images on to a desktop computer. The

images are taken at two second intervals. We then use an inhouse MATLAB code to

analyze the snapshots.

2.3 Numerical Methods

For the most part, we employed a reaction-diffusion (RD) model to interpret the

results of our experiments. The Barkley Model and the Oregonator are the mod-

els most utilized to describe spiral dynamics in BZ reactions. These are activator

inhibitor RD systems.

2.3.1 RD models

2.3.2 Barkley Model

Barkley Model is the most widely used activator-inhibitor model for explaining the

pattern formation in reaction-diffusion systems, expressed as-

ϵ
∂u

∂t
=

[
u (1− u)

(
u− v + b

a

)]
+Du∇2u (2.1)

∂v

∂t
= u− v +Dv∇2v (2.2)

where u acts as activator and v as inhibitor. Du and Dv are diffusion coefficients of

activator and the inhibitor.

2.3.3 Oregonator Model

The Oregonator model is based on FKN [29] mechanism of the BZ reaction.

The standard Oregonator model considers five irreversible steps, in which the

proton concentration is incorporated with the rate constants (k1 = kR3H
2, k2 =
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Figure 2.3: FKN mechanism for cerium catalyzed BZ reaction [29].

kR2H, k3 = kR5H, k4 = kR4) of each steps. These are given as follows:

A+ Y
k1−→ X + P (2.3)

X + Y
k2−→ 2P (2.4)

A+X
k3−→ 2X + 2Z (2.5)

2X
k4−→ A+ P (2.6)

B + Z
kc−→ 1

2
fY (2.7)

where A=BrO−
3 ; B= Organic species; P=HOBr; X=HBrO2; Y=Br−; Z= Metal

in oxidised state, for our study it is Fe3+; f= adjustable parameter. Except X,Y,

and Z, the other species (A,B and P) are present in very higher amounts and so their

concentration is considered constant. Writing rate equations of X,Y and Z and then

making them dimensionless, yields following three equations:
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ϵ
∂x

∂t
= qy − xy + x(1− x) (2.8)

ϵ
′ ∂y

∂t
= −qy − xy + fz (2.9)

∂z

∂t
= x− z (2.10)

where, x=2k4X
k5A

; y=k2Y
k5A

; z=kck4BZ
(k5A)2

; ϵ= 1
k5A

; ϵ
′
= 2k4

k2k5A
; q=2k3k4

k2k5
;

when,

ϵ
′ ≪ ϵ

On applying steady state to y the two variable Oregonator model is obtained

which is very similar to the Barkley model. It is given as-

ϵ
∂x

∂t
= x(1− x) + f

q − x

q + x
z (2.11)

∂z

∂t
= x− z (2.12)

where x behaves as activator and z as inhibitor.

2.3.4 Modification

In order to get closer to the actual physical system under study, people have updated

fundamental models based on requirements of a specific experimental setup. We used

a modified form of the Oregonator model for one study. In chapter 3, the redesigned

model is discussed in detail.

2.3.5 Solving equations on the computer

We discretized our system in space and used a zero flux boundary condition to solve

the equations. To integrate, we used the RK4 and Euler methods in some cases for
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Figure 2.4: A typical experiment. (a) Snapshot 65 min after initiation. (b) Space-
time plot along yellow solid line shown in (a).

the models we used. The Euler method is fast and does not lead to considerable

variations in the characteristics of the results, compared to the RK4 method. A

central difference method is applied to solve the diffusion part of the equations as

follows;

∇2u(x, y, t) = u(x+h,y)+u(x−h,y)+u(x,y+h)+u(x,y−h)−4u(x,y)
h2

(2.13)

where, h is the step size in a 5-point stencil.

2.4 Analysis

Tip trajectories: To examine the spiral dynamics, a study of the spiral tip move-

ment is necessary. For our studies, we can follow the coordinates of the tips in 2-D

space using a self-developed MATLAB code and the captured snapshot images. In
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Figure 2.5: Time series plots. (a) y- coordinate is plotted against time for a typical
experiment with pinned spirals. (b) Show the variation of activator concentration
with time in a numerical simulation.

the case of numerical simulations, we track the tip, which is the intersection of the

isoconcentration lines, by setting a specific concentration value for the activator and

inhibitor.

Time-space plot: A typical space-time plot shown in figure 2.5 helps to monitor

the change in position or characteristics of spiral wave with time.

Time series: A time series, in our case, is the evolution of any of the coordinates

with time. We mostly used the time evolution plots to study the collective dynamics.
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Chapter 3

Control and dynamics: Modified

Oregonator model and spiral

properties

3.1 Introduction

Reaction diffusion processes are oftentimes the storehouse of various spatiotemporal

patterns. Turing patterns like spots, stripes and labyrinths are abound in the chem-

ical and biological world, and are responsible for the stripes of the zebra or spots

on the leopard, inciting awe and admiration amongst the onlooker [30]. Apart from

their aesthetic allure, they also have underlying biological significance, which some-

times surpasses the former purpose. Sometimes, the physiological importance is so

immense that one needs all the help that can be mustered, to understand the system.

One such kind of pattern is the rotating two-dimensional spiral and three-dimensional

scroll wave, that is responsible for cardiac arrest, or neuronal transduction, or the

only way for tiny microbial colonies to sustain their population when food is scarce

[31, 32, 33]. These excitation waves, which could be of electrical nature in the car-

diac and neuronal tissues, muscular origin in uterine tissues, and concentration (of

microbes) waves in the amoebal population, are self-sustained and share several prop-
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erties and follow similar rules of physics [16]. In a chemical reaction-diffusion system,

these waves arise out of concentration variations of chemicals, mostly intermediates

formed in a reaction. The very first example of such patterns encountered in the

chemical laboratory was the Belousov Zhabotinsky (BZ) reaction system [34].

Discovered by Boris P. Belousov in 1951, in his search for an Inorganic analogue

of the Krebs cycle, a stirred batch of the BZ reaction in a beaker showed oscillatory

behavior, in the change of color of its intermediates [35]. The far-from-equilibrium

(thermodynamic) phenomenon was re-verified and modified by some other scientists

in the decades to come, most notable amongst whom was Anatol Zhabotinsky, whose

name got attached to the reaction [36]. In subsequent years, Winfree and coworkers

were able to use a thin [37], unstirred layer of the BZ solution to produce sustainable

chemical waves, reminiscent of Turing patterns [38] and more interesting excitation

waves, namely target patterns and spiral waves. These waves were similar to the

ones found in biological organs and populations, and could be used as a table-top

model for their understanding and control.

The mechanism of the BZ reaction was suggested by a group of scientists, Field,

Körös and Noyes in 1972 [39]. Popularly known as the FKN mechanism, it led to a

better understanding of the kinetics of the complex oscillatory reaction. The most

important steps of the reaction were used to set up mathematical models for the

further study of the dynamics, leading to the widely accepted Oregonator model

[40]. This model, in two dimensions, was an activator-inhibitor model, that was sim-

ilar to theoretical models of the Turing kind [30], like the Gierer-Meinhardt model

[41], which could explain pattern formation and morphogenesis in biological systems.

The Oregonator model consisted of two coupled differential equations of concentra-

tion variables u and v, that showed oscillations in some finite parameter range. Later,

diffusion terms were included in the Oregonator whose numerical simulations could

reproduce the spiral wave behavior in the system [42]. Eventually, simplified math-

ematical models like the Barkley model were also introduced [43] that enabled fast

computer simulations of pattern forming reaction-diffusion processes.

The Oregonator model is a well studied system, that has mostly been able to

explain many of the actual dynamics observed in experiments with the BZ reaction.
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Varying the system parameters, and diffusion coefficients of the two variables, the

Oregonator reaction-diffusion equations were able to support traveling wave solu-

tions [44], spiral waves, and Turing patterns [45], the latter amongst which has not

yet been observed in an experimental BZ system. However, the current form of the

Oregonator model is unable to address the effect of the hydrogen ion concentration

explicitly. In a recent study of spiral wave properties in the BZ, the effect of the hy-

drogen ion was considered to effect only the excitability parameter ϵ [46]. However,

in the development of the Oregonator model, [H+] is also incorporated into other

parameters, which is mostly ignored in these studies. The researchers rightly pre-

dicted some zones of random oscillations, which may or may not be related to spiral

breakup or turbulence. In the cardiac system, sustainable spiral waves are linked

with monomorphic ventricular tachycardia [47], and spiral breakup is related to the

more lethal ventricular fibrillation [48]. Currently, spiral breakup has being observed

in computer simulations of the complex Ginzburg-Landau (CGL) equations [49] and

the Fitz Hugh Nagumo (FHN) models [50], or very rarely in modified versions of the

BZ [51] having gel-liquid interfaces. However, there has not been any evidence of tur-

bulence in a homogeneous layer of BZ. The existing mathematical models are unable

to suggest any control of the experimental parameters so as to capture these elusive

phenomena in the BZ reaction. In order to find parameters within the BZ reaction

system, where such spiral breakup and turbulence can be encountered and studied,

we explore in detail a theoretical model based on the dependable FKN mechanism.

In this study, we develop from the FKN mechanism, an alternative mathematical

model, which we christen the modified Oregonator model. Our rate equations are

nondimensionalized and the parameters defined, so as to make it suitable for further

numerical analysis. The main difference of our model with the existing ones, is the

explicit appearance of the hydrogen ion concentration in the final equations. This will

enable us to study the system as the initial acid concentrations are varied. Our in-

depth numerical simulations by varying the parameter f and concentration variable

h, open up new zones of spiral wave activity, including stable and drifting spirals,

target patterns, oscillation death, and also spiral breakup leading to turbulence. In

previous studies, specific models or modifications were used to describe a particular
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phenomena, but here we show a plethora of spiral dynamics with our three-variable

reaction-diffusion model, just by tuning some system parameters.

3.2 Model

3.2.1 Mechanism for BZ reaction

The important steps in the mechanism of the BZ reaction proposed by Field-Körös-

Noyes(FKN) [34], used for development of most numerical models, is given as−

BrO−
3 + Br− + 2H+ k1−→ HBrO2 +HOBr (3.1)

HBrO2 + Br− +H+ k2−→ 2HOBr (3.2)

BrO−
3 +HBrO2 +H+ + 2M2+ k3−→ 2HBrO2 + 2M3+ +H2O (3.3)

2HBrO2
k4−→ BrO−

3 +HOBr + H+ (3.4)

2M3+ +MA+ BrMA
k5−→ fBr− + 2M2+ +Other products. (3.5)

The FKN mechanism involves three main processes: the autocatalysis of HBrO2

(step 3); inhibition by bromide ion (steps 1 and 2), and resetting the cycle (4 and 5).

The values of the rate constants are given as k1= 2 M−3s−1, k2= 1.25 × 105 M−2s−1,

k3= 45 M−2s−1, k4= 1.4 × 103 M−1s−1, k5= 6.5 × 10−3 M−1s−1 [34].

Expressing the reactions in a more general form gives-

A+W+ 2H
k1−→ U+P (3.6)

U+W+H
k2−→ 2P (3.7)

A+U+H
k3−→ 2U+ 2V (3.8)

2U
k4−→ A+P+H (3.9)

V+B
k5−→ 1

2
fW (3.10)

This system of equations constitute the modified Oregonator (MO) model, where
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comparison with the FKN would yield A = BrO−
3 , W= Br−, H= H+, U= HBrO2,

P= HOBr,V = oxidized form of catalyst, andB=MA+BrMA (malonic acid and its

derivatives). This scheme is able to give, by simple linear combination of equations,

the overall reaction, fA+ 4B+ (3f + 1)H → (3f + 1)P, with no net production or

destruction of U, V and W. Hence, they are considered as the intermediates, whose

dynamics is of interest to us.

The kinetic behavior of the intermediates can now be written from the above

model as-

dU

dτ
= k1AWH2 − k2UWH + k3AUH − 2k4U

2 (3.11)

dV

dτ
= 2k3AUH − k5BV (3.12)

dW

dτ
= −k1AWH2 − k2UWH +

1

2
k5fBV (3.13)

dH

dτ
= −2k1AWH2 − k2UWH − k3AUH + k4U

2. (3.14)

Here U , V , W , and H are the concentrations of the respective variables in units of

mol L−1 and τ is time in units of s.

3.2.2 Dimensionless form

We further non-dimensionalize the equations in the MO model (11-14), using the

following scaling.

u =
k3
k5

a

b
U, v =

k1k3
k2k5

a2

b
V, w =

k2
k3

1

a
W, h =

2k1k3
k2k5

a2

b
,
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where u, v, w, and h, are the dimensionless variables, giving us the set of non-

dimensional kinetic equations

ϵ
du

dt
=

1

2
wh2 − uwh+ uh− qu2 (3.15)

dv

dt
= uh− v (3.16)

ϵ
′ dw

dt
= −qwh2 − 2quwh+ 2qfv (3.17)

dh

dt
= −wh2 − uwh− uh+ qu2 (3.18)

a and b being the concentrations of A and B. In the above set of equations, the

parameters are given by,

ϵ =
1

h0

k5
k3

b

a
, ϵ

′
=

1

h2
0

2k4k5
k2k3

b

a
, q =

2k1k4
k2k3

,

and t = k5bτ, where h0 =
k2k5b

2k1k3a2
.

The values of a and b are considered to meet usual experimental conditions [42], and

can be varied to give different values of the parameters.

As the reactions are carried out in an acidic environment, the amount of hydrogen

ions can be considered to be in excess. Hence, h in the above equations can be

considered as a constant parameter, and we have a modified version of the three-

variable Oregonator model as equations (3.15-3.17).

Numerical Methods

In order to study spiral wave activity in a spatially extended system, the BZ reaction

is often carried out in an unstirred gel medium where diffusion plays a major role in

modifying the dynamics of the system. The gel however, rules out any convection in
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the medium. For such a system, the reaction-diffusion equations are given as:

du

dt
=

1

ϵ

[
1

2
wh2 − uwh+ uh− qu2

]
+Du∇2u (3.19)

dv

dt
= [uh− v] +Dv∇2v (3.20)

dw

dt
=

1

ϵ′
[
−qwh2 − 2quwh+ 2qfv

]
+Dw∇2w (3.21)

where, Du, Dv, Dw are the diffusion coefficients of u, v and w, respectively.

In order to numerically integrate the equations (19-21), zero flux boundary con-

ditions are applied across all four boundaries. The system parameters are chosen

as ϵ = 0.035, ϵ
′
= 0.008, f = 0.9, q = 0.01. The time-step and space-step were

chosen as ∆t = 0.012 t.u. and ∆x = 0.35 s.u., respectively, which translates to

0.651 ms, and 3.16 µm. These values of ∆t and ∆x are convergent and yield best

resolution of patterns in our parameter range, and also can be varied by around

20%, without causing any major changes to the nature of the waves, or the time

period and wavelength of the corresponding spirals. Simulations were carried out in

a 300×300 (105 s.u. × 105 s.u.) grid. Eulers method is used for the integration, and

a central difference method helped to calculate the diffusion term. Stable rotating

spirals, with non-meandering circular cores are observed in a range of parameters.

For our analysis, we vary the parameters from a base condition, at which the system

supports an outwardly rotating spiral. The base condition has diffusion constants of

Du = 0.1, Dv = 0.057, Dw = 0.11, with h = 0.3. The values of the diffusion coef-

ficients are taken in a ratio so as to match their actual expected values depending

on their molecular weights (molecular weight of u or HBrO2 is 113 g mol−1, of v or

ferroin is 596 g mol−1 and that of w or bromide is 80 g mol−1.). The initial values

of u, v and w are taken to be zero across the entire space, as they are intermediates

of the BZ reaction, except for a thin area signifying the initial wave-front. A plane

wave is initiated in the middle of the square area, by taking three stripes of width

2∆x and length 60∆x having non-zero values of the variables, emulating the front

and back of the wave. The straight plane wave initiated, curled up to form a pair of

counter-rotating spirals.
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Figure 3.1: Stable spiral. All parameters are same as the base condition. (a)-(c)
Snapshots at 552 t.u.,555 t.u., and 558 t.u., respectively. The star marks on the
spiral wave-arm show the outwardly movement of the wave. (d) Time variation of
the three variables u as solid black curve, v the dashed red curve and w is the dash
dotted blue curve (same curve types are used across the images) (e) Time space plot
between 550 to 600 t.u. along yellow arrow shown in (a). Color key for the snapshots
and timespace plots is depicted between (a) and (b), and is similar across the figures.

3.3 Results

3.3.1 Variation with f

Spirals

In our model, we found sustained oscillations in the range of 0.6 < f < 1.5, and

0.1 < h < 0.55. Beyond this zone we get oscillation death, or fixed points. In this

range, stable spirals are obtained for 0.6 < f < 1.2 for 0.28 < h < 0.5. These spirals

were outwardly rotating, meaning that the tip rotates towards its own wave-arm,
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and the wave emanated from a single rotation of the spiral moves outward. Fig. 3.1

show the snapshots of one such counter rotating pair of spirals at the base condition.

Fig. 3.1(a-c) are snapshots at three instants during a single rotation at intervals of

T/3 = 3.0 t.u. A color bar shows the variation of the values of variable u, which

has been plotted here. Light golden colors, seen in the centre of the spiral wave-arm

corresponds to high values of the activator u. Dark colors are areas with low u. A

star mark on the spiral wave-arm keeps track of the position of the wave-arm with

time, hence depicting the outwardly movement of the wave. The concentrations of

the three variables u, v and w oscillate in time at every point in space, and data for

one such point u(150,70), which is at an appreciable distance from the spiral tips, is

shown in Fig. 3.1(d). The sustainable, stable spiral wave pair has a time period of

T = 9.5 t.u. and wavelength λ = 11.7 s.u. that can be easily calculated from the

time-series and time-space plot [Fig. 3.1(d) and (e)].

Core defect and Oscillation death

We then varied the system parameter f . Reducing the value of f , while keeping all

other values same as the base condition, continues to give us stable spirals, until f =

0.62, when we observe core defect, leading to spiral breakup, and finally turbulence.

Fig. 3.2(a) shows the generation of the defects during the initial stage of the spiral

formation, which leads to a chaotic stage with multiple fragments of spiral waves

[Fig. 3.2(b)], which is reminiscent of atrial fibrillation in the cardiac system. The

time space plot also shows the break-up of the spiral wave-pair after 30 t.u. into the

initiation.

Further lowering of the f− value leads to oscillation death, as seen in Fig. 3.3.

Now, increasing the value of f from the base condition, we obtain drifting spirals

at around 1.0, and then target patterns beyond that.

More phenomenon could be obtained by varying the values of ϵ and ϵ
′
. A variation

of the diffusion coefficients to Du = 0.9, Dv = 0.05, Dw = 0.01 did not change the

variation in the nature of the wave-behavior. Only the values of f for which the wave

nature transformed from one kind to another, shifted by a meagre amount. However,
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Figure 3.2: Core-defect leading to spiral wave-break. All parameters are same as the
base condition, except f = 0.57. (a) Snapshot at 32 t.u., (b) snapshot at 500 t.u.,
(c) time space plot between 30 to 80 t.u.
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Figure 3.3: Oscillation death. (a) Snapshot at 432 t.u., (b) time-series of the three
variables showing the decay of oscillation. f = 0.55, all other parameters same as
the base condition. This oscillation death is also observed with lowering h for f=0.9.

we wanted to see if the change in the values of h had any effect on the wave nature.

3.3.2 Effect of hydrogen ion concentration

Earlier studies on the BZ system and the Oregonator model had shown that changing

hydrogen ion concentration had a major effect on the excitability of the system, and

hence modified the wave nature [46]. However, in those studies, the effect of the

H+−ion concentration could only be considered implicitly as a modification of the

system parameter, ϵ, or an added acidity factor [52]. Our modified Oregonator

model enables us to explicitly vary the initial hydrogen ion concentration to predict

the effect of the same on the nature of the system.

In order to explore the effect of h, we start with the base condition, and vary the

value of h. While increasing the value of h upto 0.55, stable spirals are obtained,

beyond which the system has no solution. Decreasing the value of h however yields

interesting results.
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Figure 3.4: Drifting spirals. Snapshots at (a) 360 t.u. and (b) 900 t.u. (c) Time
series (d) is tip trajectory and (e) time space plot (along white line in panel (a))for
the duration of 300 t.u. − 600 t.u. h = 0.22, all other parameters same as the base
condition.
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Figure 3.5: Spiral breakup. Snapshots at (a) 72 t.u., (b) 180 t.u., and (b) 612 t.u.
(d) Time series of the variables, showing envelope kind of variation of the oscillation-
maxima. (e) Time space plot for the duration of 500 t.u. − 600 t.u. All parameters
same as the base condition, except h which is equal to 0.18.

As h is decreased below 0.3, the spiral starts to get unstable. At h = 0.22, one of

the spiral tips become anisotropic, and starts drifting away from its initial position.

The same can be observed in Fig. 3.4. The white arrow in the time-space plot points

to the time when anisotropy seeps into the system. The tip trajectory also explains

the drifting nature of the unstable spiral.

At lower h values, one of the drifting tip starts to undergo wave-break, leading

to a wide-spread spiral break. Fig. 3.5 shows wavebreak for h = 0.18. Although

the final picture [3.5(c)] may seem to have similarities with that of the core defect

leading to wavebreak [Fig. 3.2(b)], the propagation of the wave-break and the nature

of the time-space plots differ much. Here, the spiral starts to break at one site, and
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that propagates, whereas in the former case, the perturbations began as defects near

the spiral cores.

At h ≤0.2, there is no more formation of spiral. The straight plane wave that

we initiate does curl up at its ends, but before they turn further to form a pair of

counter-rotating spirals, the two ends touch and form target waves. The snapshot,

oscillations and time-space plot of target waves for h = 0.16 can be seen in Fig. 3.6.

Time period calculated from Fig. 3.6(b) and (c) give values around 18.3 t.u.

Before we reach oscillation death, at values of h < 0.1, it passes through a fleeting

region of chaotic oscillations, that is distinct from the spiral breakup regions (similar

to Fig. 3.7). This chaotic regime has also been witnessed for some more pairs of

(f, h) values. (depicted by red open circles in Fig. 3.8). This is different from both

kinds of spiral wave-break, as there are no singularities present in the system at any

given time. However, the low-amplitude oscillations are irregular and chaotic, as

seen in Fig. 3.7.

We varied f and h systematically, over the entire range of values, where the

system undergoes sustainable oscillations, while keeping all other parameter values

constant. We were able to generate the phase-diagram Fig. 3.8(a), where all seven

kinds of phenomena discussed above were observed.

We also varied the diffusion coefficients to consider a fast diffusing activator,

and slow inhibitor. Such kind of modifications in diffusion values in computational

studies of FHN model has been previously carried out [50], to explore spiral breakup

in excitable systems. A parallel analysis of our modified model, considering that the

activator u diffuses 20 times faster than the inhibitor v (instead of ∼1.7 times as is

dictated by its molecular formula), we generate a phase diagram of wave behaviors,

as depicted in Fig. 3.8(b). We can see a similar Hopf bifurcation along the horizontal

or vertical directions, as we vary h or f . A comparison of Fig. 3.8(a) and (b) shows

that the exact values at which the wave nature changes has been shifted. Also, the

occurrence of the spiral breakup leading to turbulent states are more frequent in

the latter case of fast activator and slow inhibitor, in keeping with earlier studies.

However, we did not come across any new phenomenon by modifying the diffusion

coefficients in this way. Hence, our modified model is robust enough to generate the
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Figure 3.6: Target patterns. Snapshot at (a) 360 t.u., (b) time series showing oscil-
lations, and (c) Time space plot for the duration of 400 t.u. − 500 t.u. h = 0.16,
while all other parameters are same as the base condition.
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Figure 3.7: Low-amplitude chaotic oscillations. Snapshots at (a) 180 t.u. and (b) 900
t.u.; (c) time series and (d) phase diagram of the propagating variables for f = 0.7
and h = 0.15, and all other parameters same as the base condition.
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Figure 3.8: Variation in wave property with f and h variation. Black full circles
depict oscillation death, while blue open circles designate Target pattern. Red dia-
monds stand for chaotic oscillations and magenta upturned triangles denote spiral
break-up.The orange triangles are for drifting spirals while olive hexagons are the
regular stable spiral waves. The violet squares are for the turbulent dynamics ema-
nating from core defect. (a) forDu = 0.3, Dv = 0.17, Dw = 0.34, (Ratio ofDu:Dv:Dw

is kept same) ∆t = 0.015 t.u. and ∆x = 0.45 s.u. (b) for the figures used in this
chapter for different phenomena described above. Vertical lines are representing the
data points for corresponding phenomena described in details from Fig. 3.1 to 3.7,
here, Du = 0.1, Dv = 0.057, Dw = 0.11, ∆t = 0.012 t.u. and ∆x = 0.35 s.u.
ϵ = 0.035, ϵ

′
= 0.008, and q = 0.01 are kept constant.
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Figure 3.9: Phase diagrams for varied wave nature. (a)limit cycle for sustainable
steady spirals, (b) core defect leading to turbulence, (c) Fixed points in oscillation
death , (d) drifting spirals, (e) spiral breakup, and finally (f) Limit cycle in target
patterns.

entire range of excitation waves, considering natural diffusion coefficients.

The Fig. 3.8 can also be called a Bifurcation diagram, as the change in the wave

nature with variation of the system parameters are portrayed here. This is supported

by the activator-inhibitor (or u− v) phase diagrams for every case, as shown in Fig.

3.9. A Hopf bifurcation can be observed when the f = 0.9 line passes from fixed

points (black closed circles) to limit cycles (blue open circles), as h value increases,

in its lower limits. The black curve traced on the figure [Fig. 3.8(a)] shows the zone

of Hopf Bifurcation for the system, with increase in hydrogen ion concentration.
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3.4 Discussion and Conclusion

In this work, we have proposed a modified version of the Oregonator model, with

an explicit hydrogen ion parameter. Starting from the well established FKN mecha-

nism of the BZ, we have developed the model with necessary non-dimenionalization

and redefined the parameters in the process. The hydrogen ion concentration was

previously incorporated within the rate constants and parameters of the Oregonator

model. Our modified Oregonator model allows for an independent treatment of the

H+−ion concentration, and hence enables us to ascertain the possible effects of this

ingredient in the recipe of the BZ. It has been observed that the nature of the pattern

formation in a spatially extended BZ system, under the influence of diffusion, can

vary widely, with changing initial acid concentrations, depicted as h.

We began with a base condition where the system could sustain stable spiral

waves. At first we explore the change in the dynamics of the excitation waves, with

variation of f . We observed that spirals were formed in the range 0.6 < f < 1.6;

increasing value of f beyond this, yielded no spirals. Decreasing the f− value below

0.6 first gave core defect leading to turbulence (f = 0.57), before quickly transform-

ing into a steady state, signifying oscillation death (f ≤0.55). Next we varied the

h−value. The trajectory of spiral tips as a function of H+−ion concentration had

been studied in detail in an earlier study [46]. Here, we try to explore the change in

the overall nature of the waves. It was seen that with decrease in the value of h, the

oscillations and the entire dynamics of the system slows down. This is reflected in

the increase of the time period of oscillations, and a corresponding decrease in the

amplitude. For the target patterns where the values of h are quite low (h = 0.16),

the time period is around 18.5 t.u., which is almost twice than that of the stable

spiral formed in the base condition (h = 0.3), when all other parameters are held

constant. Such a trend in time periods was also observed in earlier experiments

with the BZ, where decrease in time period of spirals was observed by increasing

the H+−ion concentration [46]. In the same study, while the numerical solution of

the reaction-diffusion process did not yield any turbulent state, simulations with the

original two variable Oregonator model (sans diffusion) had predicted that spiral
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waves will give way to random oscillations, followed by stable oscillations without

spiral formation, with increase in the excitability parameter ϵ. This ϵ is considered

inversely proportional to [H+], so the trend we have observed in our wave charac-

teristics is supportive of the earlier findings too. However, with the two-variable

model of the Oregonator, the spatial patterns were not well explained in the pre-

dicted range of ϵ values depicting “random oscillations”. In our current model, by

explicitly considering the H+−ion concentration, our simulations enable us to ob-

serve the spatiotemporal dynamics of the concentration waves, as h is varied. With

decreasing h−value, we have observed stable spirals (h = 0.3) giving way to spiral

breakup with chaotic oscillations (h = 0.22) leading to turbulence. The system then

generates target patterns with stable oscillations (h = 0.16, stable limit cycle), and

finally oscillation death (h < 0.1, stable fixed points), as h−value is further lowered,

reminiscent of the Hopf bifurcation diagram with increase in excitability parameter

ϵ, in the two-variable Oregonator model.

Spiral breakup was observed in some earlier numerical studies of the generic

Barkley model or the modified versions of the FHN model [53], mostly with some

modifications, such as delay in the production of inhibitor [50], external or internal

gradients (like concentration, electric current) [54, 55], or multiple reaction layers

[51]. The current work is different in the sense that it uses a model derived from

the original FKN mechanism, and all dynamical behavior can be obtained by only

changing the parameters. Here we explored mainly the role of parameter f and the

effect of hydrogen ion concentration, h, on the system dynamics. Unlike the previous

studies, we did not neglect the diffusion of the inhibitors, viz. v or Fe3+ and w or

Br−.

In experiments with the BZ, the effect of substrate concentration, [BrO−
3 ], [MA]

and [H2SO4], has been carried out in earlier studies [46, 56]. The change in initial

substrate concentration of these three species does change the excitability of the

medium. However, the excitability depends on various factors other than hydrogen.

So, in order to observe the sole effect of the hydrogen ion concentration, our mod-

ification of the Oregonator model was required. The current three variable model

was able to support the formation of stable spirals, target patterns, and finally os-

46

TH-3502_196122019



cillation death. It was also successful in demonstrating other elusive phenomena like

spiral breakup and defect-mediated wave-break, through a systematic parametric in-

vestigation of the model. Further study can be carried out to observe changes in

system dynamics with changes in ϵ and q− values. A reduced two variable model

of our modified Oregonator is also successful in sustaining spiral waves, and can be

explored further as a more simplified model. Again, for more involved calculations,

one may carry out numerical studies with all the four variables, including the fast-

diffusing h−variable. In case there is a local variation in hydrogen ion concentration

or diffusion, the four-variable model will enable one to study the same in intricate

details.

Summary
� In this chapter we introduced a modified Oregonator model dervied from the

FKN mechanism.

� Spiral wave properties are observed with explicit hydrogen ion concentration

change.

� Phenomena like spiral break-up is observed by varying the hydrogen ion con-

centration in different ranges of diffusion.

� Oscillation death, target pattern, spiral drift are other phenomena observed

with our model.

� This model can be used to explain the effect of a gradient of hydrogen ions

on the spiral wave dynamics in a BZ reaction, as will be described in the next

chapter.
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Chapter 4

Control and dynamics: Drift of

spiral waves in presence of a mild

gradient

4.1 Introduction

Certain chemical and biological systems are able to sustain excitation waves like

target waves, two dimensional (2D) spiral waves and three-dimensional (3D) scroll

waves. These waves are selfsustained and are ruled by laws of curvature dynamics

[57]. A concave wavefront is faster than a plane one, and hence, once a spiral is

formed in the media, its frequency will surpass those of any regular plane waves in the

system [58]. This is why when such rotating waves are created in the cardiac system,

it becomes an independent pace maker in the heart, leading to tachycardia, or faster

heart beats. A further break-up of spiral and scroll waves leading to the formation of

many such rotors will result in lethal conditions of atrial and ventricular fibrillation,

that can reflect as cardiac arrest [59]. Hence, the study and control of these waves is

of paramount importance to physicians and scientists alike. However, it has always

been challenging to control the complex spatiotemporal dynamics appearing in such

excitable media. Sudden cardiac arrest is often treated with a defibrillator that
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involves the administering of strong, fast electric shocks. While this may remove

the unwanted electrical rotors from the heart, it may sow the seeds of future cardiac

arrest. So scientists are on the lookout for milder techniques to control such waves

of electrical activity in the heart [60, 19].

Other than the cardiac system, biological systems such as the social ameoba,

Dictyostelium discoidium [61], neuronal [62], uterine [63] and retinal [64] tissues,

and some other nonlinear chemical systems like the Belousov-Zhabotinsky reaction

system [65] and the catalytic oxidation of CO on Pt [66], also sustain spiral and

scroll waves. The BZ system, which constitutes the oxidation of an organic acid by

sodium bromate, in the presence of sulphuric acid and a metal catalyst with variable

oxidation states, is a well known laboratory model for the study of these excitation

waves [67]. Its chemical kinetics, established by Field, Koros, and Noyes, known as

the FKN mechanism, has been able to explain the oscillatory behavior of the system

[29]. Considering the most important steps in the kinetics of the complicated reac-

tion, the group from Oregon established the mathematical Oregonator model for the

BZ system [68]. Considering a diffusive coupled-process to emulate an unstirred layer

of the BZ, the Oregonator model was able to show the formation of excitation waves,

viz. 2D spirals waves and 3D scroll waves [10]. Both the BZ and its mathematical

model have been extensively used for the study of the control and dynamics of these

spiral and scroll waves [69, 70].

Previous experimental and theoretical studies have shown that different kinds of

external and internal perturbation, like light, noise, electrical potential, electromag-

netic field, and thermal gradient, can affect the excitability of a reaction diffusion

system [71, 72, 73, 74]. This can lead to a change in the dynamics of its sustained ex-

citable waves. Spiral waves drift away from their initial position under the influence

of electrical and thermal gradients [20, 21, 22], while scroll waves align themselves

perpendicular to the direction of the gradient [75, 76]. A vertical CO2 gradient in

a closed container of BZ reaction has shown to induce a twist in 3D-scroll waves

[77], while spiral rotors drifted under the influence of other high frequency excitation

waves [78].

In this work, we try to control the dynamics of a spiral wave in the BZ reac-
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tion system, by applying a concentration gradient of hydrogen ions. Here, we use

ion exchange resin beads to produce a concentration gradient of H+ions in our two-

dimensional reaction system. Increasing H+ion concentration is known to increase

the excitability of the BZ-medium. A homogeneous increase in the concentration

of sulphuric acid, and hence [ H+], is known to result in a linear increase in the

frequency of the spiral, and an exponential decay of the wavelength [79], [80]. Hence,

we expected that a gradient of H+ions would effect the dynamics of the spiral tips

in some way. It remained to be seen if the concentration gradient acted like the ex-

ternal gradients that had already been studied, or the effect was somewhat different.

Compared to the strong external gradients used earlier to control spiral and scroll

waves, like electric fields and thermal gradients, the concentration gradient applied

in our study is much weaker and can be internally applied within the system. We

find that our spiral drifts under the influence of a gradient of hydrogen ions. If the

spiral wave pair is placed along the gradient, resulting in the two tips experiencing

different strengths of the gradient, the spiral tips move in different directions. The

amount of drift depends upon the strength of the gradient and the position of the

spiral. The usual form of the Oregonator model cannot be used to precisely describe

our experimental system. Hence, we use a modified kinetic model, that we derive

from the FKN mechanism. The numerical simulations carried out on this modified

Oregonator model corroborates well our experimental results.

4.2 Experimental methods

We carried out experiments using the BZ reaction system. The reaction mixture

was composed of a solution of 0.04 M sodium bromate, 0.04 M malonic acid, 0.2 M

sulphuric acid, 0.6 mM ferroin indicator, and agarose (0.8 wt/vol %), in millipore

water. The mixture was heated upto the melting temperature of the gel, after which

it was allowed to cool for about 6 minutes with continuous stirring. Then it was

poured into a Petri dish so as to form a layer of 3 mm height. The gel matrix was

used in order to avoid convection. A circular wave was generated dipping the tip

of a silver wire for a few seconds at the centre of the dish. This wave was then
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Figure 4.1: Experimental set up: (a) describes a full set-up of our experimental
system, and (b) illustrates the initial snapshot of a typical experiment, in the presence
of a concentration gradient introduced in the form of a column of ion-exchange resin
beads (black circles on the left). Area of the snapshot is 6.40 cm × 3.75 cm and d
is the distance between the column of beads and the center of the line joining the
spiral tips. The direction of concentration gradient (∇c) is shown by an arrow.
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allowed to expand before it was cleaved manually, to form a pair of counter-rotating

spiral waves. The reaction system was monitored with a charged coupled device

(CCD) camera (mvBlueFOX 220a) through a blue filter, while it was illuminated

from below with a diffused white light. A schematic diagram of the set-up has been

given in Fig. 4.1(a). The images were recorded onto a personal computer at an

interval of 2 seconds. The data was analysed with inhouse MATLAB codes. All the

experiments were performed at room temperature (22±1 ◦C).

To study the effect of a concentration gradient, we introduced hydrogen exchange

resin beads, Amberlyst 15 hydrogen form, into the system. This is expected to act as

a source of H+− ions. A typical experiment is shown Fig. 4.1(b). After the initiation

of the spiral pair, we allowed it to rotate atleast three times before introducing the

resin beads, in the form of a straight line, thus creating a gradient of hydrogen

ions, that decreases as we move away from the column. All the beads were kept

equidistant from each other within a length (column height) of 3.0 cm. The distance

(d) between the line joining the tips of the spirals (before introduction of the beads)

and the column of beads was varied to change the gradient strength experienced by

the spiral pair.

4.3 Experimental results

Ion exchange resins appear as solid, insoluble beads, which contain weakly bound

ions. They are capable of exchanging these ions when they are in contact with other

solutions. Normally, ion exchange resins consist of a matrix of cross-linked polymers

with uniformly distributed ion active sites. In our case, we used a cation exchange

resin (Amberlyst 15 hydrogen form), which means its matrix is negatively charged

and capable of losing or exchanging positive ions (hydrogen ions). In our reaction

system, the cations present are Na+ and Fe2+/3+. Soaking the beads overnight in a

solution of the Ferroin catalyst did not change their color. We decanted the liquid

solution and carried out UVspectrophotometric analysis of the same (fig. 4.2). There

was no change in absorption intensity, which proves that neither did the Ferroin bind

to the resin, nor was the H+ion exchanged by the Fe2+/3+ of the catalyst.
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Our column of resin beads on one side of the spiral would create a gradient of

hydrogen ion concentration in the medium. Increasing the number of resin beads

would also increase the strength of the gradient.

Fig. 4.3(a and b) show the snapshots from one of our experiments. A visual

comparison of the initial (Fig. 4.3(a)) and final (Fig. 4.3(b))snapshots clearly shows

the drift of the tips. We trace the spiral tips with time and see that the left tip

moves upward while the right tip moves downward (Fig. 4.3(c)). It is notable that

the distance separating the two tips also increases with time. Here, one of the tips

starts rotating a little faster than its counterpart, leading to an asymmetric meeting

of the spiral tips as is seen in Fig. 4.3(b) (area encircled in red). This can also

be verified by generating the time-space plot, and calculating the time periods of

the two tips at a later stage of the experiment. The time space plot (Fig. 4.3(d))

is constructed from the cross section of the snapshots of the experiments along the

yellow line shown in Fig. 4.3(a). It spans a time interval of 32 min. We see that the

left spiral has a time period of 380 s, while for the right one it is 390 s. So the spiral

tip nearer to the beads is rotating slightly faster than its counterpart.

To get a quantitative measure of the drift of the spirals we calculated the distances

traveled by the tips for 120 minutes after addition of the resin beads. We calculate

the final displacement of the tip from its initial position as the path length, L and the

actual distance covered by the tip at every instant along its hypocycloid trajectory

29, as the traversed distance s. We report here the L and svalues for the tip close

to the column of resin beads, the left tip in our case. As the number of beads (n)

is increased, the drift of the tip increases (Figs. 4.4(a) and Fig. 4.4(c)), suggesting

a linear dependence of the drift on n. Results for nine experiments with varying

d values show that the trend is same for any separation distance. Hence, more the

number of beads, more is the gradient strength. Figs. 3b and 3d depict the change in

path length (L) and traversed length (s) as functions of d. As the initial separation

of the resin beads from the center of the tips increases, the drift of the tip decreases.

This means that the net effect of the gradient applied due to a fixed number of beads

(n) on the spiral tip decreases, as we move it away from the resin column. When

n = 4, the decreasing trend of s is no longer linear (Fig. 3d), may be because the
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gradient strength is a bit weak, and increasing distance renders it even weaker. This

is also reflected in the path length (L) for higher d values

Fig. 4.5 show a comparison between left and right tip. The path length, L and

the traverse length, s travelled by both the tip is measured with increasing gradient

strenght (increasing n) for d= 1.5 cm is shown in Fig. 4.5(a and c). Both show that

the right tip travels more than the left one, and s, and L increases with gradient

strength. Fig. 4.5(b and d) depicts the effect of separation distance, d for n=6. A

nonlinear decrease of the travelled distance (s and L), occured with increment of the

separation.

4.4 Model

The BZ-system is traditionally studied by the Oregonator model which is derived

from the FKN (Field Koros Noyes) mechanism [29] of the reaction. The Oregonator

model is a three-variable system, that is often simplified to a two-variable activator

inhibitor model, where bromous acid (HBrO2) is the activator, u, and the oxidized

form of the catalyst,(Fe3+) is the inhibitor, v [40].

∂u

∂t
=

1

ε

(
u(1− u)− fv(u− q)

(q + u)

)
(4.1)

∂v

∂t
= u− v (4.2)

However, the hydrogen ion concentration does not appear in either the two- or three-

variable models of the Oregonator, as it gets embedded in the kinetic parameters f ,

q and ϵ. In order to model our reaction system with a source of hydrogen ions in

a particular area, we had to modify the Oregonator model. In previous chapter we

reported in the details of our modification of the Oregonator model to include the

explicit concentration of the hydrogen ions. The modified Oregonator is given as a

four variable model.
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Figure 4.2: Result from a UV spectrometric analysis of only ferroin solution (black)
and of resin-soaked ferroin solution showing that the ferroin is not being loaded in
the resin matrix.
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Figure 4.3: Drift of the spiral tips for an experiment, with 6 beads, at a distance of d
= 1.0 cm. (a) Initial snapshot of the experiment just after the addition of the resin
beads, (b) snapshot 94 min after the addition of beads. Area of the snapshots are
2.15 cm × 2.15 cm. (c) Position of spiral tips (red, left and black, right) at intervals
of 24 min. (d) Timespace plot of the experiment showing time periods of the two
tips around 13-18 rotations (78-110 min).
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Figure 4.4: Experimental results. (a,b) Path length, L and (c,d) traversed length, s
of the left tip during 120 min of the reaction. (a) and (c) Variation of L and s with
number of beads, n. Blue squares (solid line) are for d = 1.0 cm, red circles (dashed
line) are for d = 1.5 cm and black triangles (dashed dotted line) represent values
for d = 2.0 cm. (b) and (d) Trend of changing lengths with increasing distance d.
Black triangles (dashed dotted line), red circles (dashed line) and blue squares (solid
line)are for n = 4, 6, and 8, respectively.
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Figure 4.5: Depicts the plot of path length(L) and traverse length(s) with respect
to the number of beads and separation distance in our experimental study.(a) Show
the path traveled and (c) show the traverse length by left(red) and the right(black)
tip with respect to number of resin beads(d=1.5 cm). (b) and (d) show the change
in L and s for different separation distances(n=6).
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ϵ
du

dt
=

1

2
wh2 − uwh+ uh− qu2 (4.3)

dv

dt
= uh− v (4.4)

ϵ
′ dw

dt
= −qwh2 − 2quwh+ 2qfv (4.5)

dh

dt
= −wh2 − uwh− uh+ qu2 (4.6)

where u, is the concentration of the activator HBrO2, and v, that of the inhibitor

Fe3+, w is [Br−], and h is the concentration of hydrogen ions.

As, ϵ
′
<< ϵ, steady state approximation can be employed on w [40], giving us

w =
2fv

h(h+ 2u)

Substituting this value of W in the above equations [3-6], we have

ϵ
du

dt
= fv

h− 2u

h+ 2u
+ u(h− qu) (4.7)

dv

dt
= uh− v (4.8)

dh

dt
= −2fv

h+ u

h+ 2u
− u(h− qu) (4.9)

This can be further simplified by considering that excess h is initially present in

the system, so that the hydrogen ion can be considered as a parameter. We thus

obtain a two variable model with the following equations

ϵ
du

dt
= fv

h− 2u

h+ 2u
+ u(h− qu) (4.10)

dv

dt
= uh− v (4.11)

In the presence of diffusion, the modified Oregonator model takes the following
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form.

ϵ
du

dt
= fv

h− 2u

h+ 2u
+ u(h− qu) +Du∇2u (4.12)

dv

dt
= uh− v +Dv∇2v (4.13)

where Du and Dv are the diffusion coefficients of u and v respectively.

4.5 Numerical methods

We integrate the equations [4.12-4.13] by discretizing the space over 300 × 300 grid

points (105 s.u. × 105 s.u.), with the grid spacing kept at 0.35 space units. Euler

integration method with time steps of 0.01 time units was employed. The system

parameters f=1.0 , q=0.01, ϵ=0.09 are kept constant throughout the simulations.

DU and DV are taken as 0.7 and 0.3 respectively. The initial value of H is taken as

H0 = 0.5. This set of parameter values can sustain spiral waves which undergo rigid

rotation. We have maintained no flux boundary conditions for our simulations.

A target wave is initiated by choosing the wave front and back as isoconcentration

areas (u = 0.09, v = 0.0) and (u = 0.0, v = 0.0002), respectively. We allow the wave

to expand and at t = 3.0 time units, we cleave it at the middle like we did in our

experiments, by setting zero concentration values as (u = 0.0, v = 0.0).

To create a gradient of hydrogen ions similar to our experiments, we varied H

systematically as per the following equation:

H(x, t) = H0 + a(105− x)2 + bt (4.14)

where, the parameters a and b were varied to emulate the slow release of the H+−ions

from the column of resin beads. For ease of presentation, we express the gradient

strength in our results and discussions, in terms of the value calculated at the far

left after 1000 time units, ∆h = a× 1052 + b× 1000.

The direction of the gradient and the change in hydrogen ion concentration in

space with time can be understood in figure 4.6. It also shows how the gradient
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Figure 4.6: Space-Time plot of hydrogen ions. (a) demonstrate the gradient in space
with time for a linear gradient. (b) depicts for a nonlinear gradient. White arrow
show the direction of the gradient.

works if the variation of H+−ions in linear fashion as well as in nonlinear mode.

Comparison between figure 4.6(a and b) tells us that the achivement of maximum

limit of hydrogen ion concentartion is faster in case of linear gradient compared

to that of nonlinear variation. We chose the nonlinear one, which replicates our

experimental observations.

4.6 Numerical results

We carried out simulations for three different gradient strengths, ∆h = 0.04, 0.06 and

0.08. A visual observation of the experiments revealed a drift of the spiral tips when

a gradient in the concentration of H-ions was introduced into the system, which was

absent earlier. The snapshots from two cases, one with zero gradient (Fig. 4.7(a and

b)) and another with ∆h = 0.04 (Fig. 4.7(c and d)) at two different times are shown

in Fig. 4.7. The later image is after over 200 rotations. It clearly shows that, in the

presence of the gradient, there is an appreciable drift of both the tips.

By our definition of the concentration gradient [equation (14)], the value ofH(x, t)

experienced by the two tips are different, the left tip enduring a larger value ofH(x, t)

at any given time than its right counterpart. This accounts for the faster rotation of

the left spiral as compared to the right one, its expanding wave arm causing a greater
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Figure 4.7: Results of numerical simulations. Snapshots showing the difference be-
tween two cases (a-b) zero gradient, (c-d) ∆h=0.04. (a) and (c) are initial snapshots
at 150 t.u. and (b) and (d) are snapshots at 1000 t.u.
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Figure 4.8: Movement of spiral tips under a concentration gradient. Trajectories of
the spiral pair for 1000 t.u. at different gradient strengths (a) ∆h=0.0 (b) ∆h=0.04
(c) ∆h=0.06, and (d) ∆h=0.08.
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Figure 4.9: Influence of gradient strength on drift of spiral tips. (a) and (c) show
the trend of path length, L and traversed length, s on varying values of ∆h. (b) and
(d) are plots for the L and s with changing spiral position, d. Distances covered at
900 time units by the left tip are depicted as red circles (dashed) that by the right
tip as black triangles (dash-dot). In (a) and (c) d = 50.75 s.u. and in (b) and (d)
∆h = 0.04.
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Figure 4.10: Snapshots (105 s.u× 105 s.u) from the numerical simulations at different
gradient strengths at d=50.75 s.u. (a,c,e) show the initial position of the spiral tips(at
100 t.u.) and (b,d,f) show the tip positions at 900 t.u. for gradient strengths of -
(b)0.04, (d)0.06, (f)0.08
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Figure 4.11: Snapshots (105 s.u× 105 s.u) from the numerical simulations at different
positions of the spirals at a gradient strength of 0.04.(a,c,e) are the initial snapshots
at 100 t.u. for d=40.25,50.75,61.25 s.u. respectively. (b,d,f) represents the same at
900 t.u.
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drift of the right tip (Fig. 4.7d). This is clearly reflected in the tip trajectories of the

two spiral tips. Trajectories from four numerical experiments, with varying hvalues

are depicted in Fig. 4.8. With time the two tips are moving away from each other,

the left tip moving in an upwardly fashion, while the right tip moves downward. The

distance moved in the case of higher gradient is observably larger.

The distance traversed by both the spiral tips are plotted in Fig. 4.9(a and

c) as functions of ∆h. The path length (final displacement of the tip), L, and

traversed length (actual distance covered by a tip), s, are seen to linearly vary with

gradient strength. Next we varied the initial position of the spiral, with respect to

the left boundary, where the concentration is the highest (Fig. 4.9(b and d)). With

increasing dvalues, the net drift decreases. The path length of the left tip (black

triangles in the figures) is smaller than the right one (red circles in figure), in a given

time, except when d is very large, or the spiral pair very far from the left boundary.

This was also evident from the plots of the trajectories (Fig. 4.8). However, there is

no appreciable difference in the traversed length, s, for the two tips, with increasing

gradient strength. On the other hand, with increasing d, the traversed length for the

left tip supersedes the right one, for higher dvalues. This could be because the left

tip rotates faster causing the greater drift of the right spiral, leading to comparable

and sometimes greater traversed lengths of the former. This causes a nonlinear trend

in the change of s with d.

All these drifting analysis and observations can also be read in more simpler

way, with the snapshots. Fig. 4.10 show the drift of spiral tips with increasing

gradient strength, while Fig. 4.11 describes the effectiveness of a particular gradient

strength. Snapshots reveal that the higher gradient strength causing more drift and

effectiveness decreases with separation distance, as we analyzed in terms of traverse

distance and path length.

4.7 Discussions and conclusions

By introducing a source of protons into an otherwise homogenous layer of BZ solution

(gel), we have successfully employed a chemical gradient in the system. When spiral
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waves are subjected to this gradient of protons released from the ion exchange resin

beads, their motion is affected by the resulting inhomogeneity. We have observed that

the tip lying close to the column of beads starts rotating faster than its counterpart,

albeit with only a slight increase in frequency. Both spiral tips start reorienting

themselves, and the left tip moves towards the top of the medium, while the right

one moves downward. Such a kind of reorientation of spiral tips, and subsequent

breaking of the symmetry of the two counterrotating tips, leading to deformation of

spiral shape, was also seen in earlier studies with stronger gradients like electric field

[21]. Here they observed that the two spiral tips separated from each other as they

moved towards the anode. In yet another study, it was observed that the distance

between the two spiral tips would decrease with time [20]. In our case, we observed

that the distance between the two counter-rotating spiral tips kept on increasing over

time.

In our numerical simulations, we carried out studies considering the gradient

strength as a function of distance. Initially, we considered it a linear function of

the distance (from the column of resin beads), as H(x, t) = H0 + a(105 − x) + bt.

However, the trends obtained from our computational studies did not exactly match

that of our experiments. Figure 4.6 displays a comparison of hydrogen ion mobility

in both linear and nonlinear gradients. Hence, we considered the nonlinear variation

of the gradient strength (as in Eq. 4.14). The results now matched the experimental

observation more closely. This points to a non-linear variation of the gradient in

space. This is markedly different from any external gradient that one may employ,

like electromagnetic fields or thermal gradients. The movement of the hydrogen ions

in the 2D space as ion exchange takes place, leading to a gradient in the concentration

of protons, will be an interesting study by itself, and may be carried out in the future.

Furthermore, our numerical simulations allow us to study the effects of a stronger

concentration gradient across larger distances.

In conclusion, we can summarize that a concentration gradient can influence the

dynamics of spiral waves. Proton-exchange resin beads that do not bind to the

metal catalyst is an able candidate to introduce a concentration gradient within the

homogeneous BZ media. In our experiments we observed that drift of the spiral
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tips were higher with more number of beads and decreased as we moved the spiral

away from the column of beads (increased d). In our numerical simulations with

the modified Oregonator model that we developed to include the explicit effect of

the H+ion concentration at every point, we observed similar changes in the spiral

dynamics with a nonlinear form of gradient. As the spiral was shifted away from the

left boundary (high concentration), the drift decreased. One may wonder if there is

a critical distance beyond which the effect of the concentration gradient is negligible.

Future work can be carried out with this aim. The conclusions drawn from this work

improves our understanding of the effect of ionic gradient on these excitation waves,

and may help us in their control in biological systems, such as cardiac tissues.

Summary
� This chapter describes how mild gradient is able to drift spiral waves.

� Experimental observations are corroborated by numerical simulations with our

modified model.

� Drift of the spiral tip is controllable with gradient strength/number of resin

beads.

� We could not unpin a pinned spiral with this mild gradient.
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Chapter 5

Collective dynamics:

Synchronization phenomena of

pinned spiral rotors

5.1 Introduction

Synchronization of biological oscillators are highly typical [81], and examples can be

found in the flashing of fireflies [82], neuronal network [83], Cryptocurrency network

[84], etc. In the mercury beating heart (MBH) experiments [85], the presence of

synchronization phenomena is also observed in a chemical system. Theoretical ex-

periments on arrays of coupled rotors have been carried out where phenomena like

synchronization and chimera were observed, which often depended on the coupling

strength [86, 87, 88]. Synchronization phenomena in a network are also effective in

explaining the difficulties in the recognition of facial emotions of an ADHD individual

[89].

Here we study the interaction of spiral waves and their synchronization. Spirals

and scroll patterns are often encountered in nature [90, 91, 92, 93]. These excitable

waves are also well-studied phenomena in self-organized systems. Understanding the

dynamic behaviors of these waves is vital to explain many physiological activities
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like cardiac arrhythmia [94]. The study of the control these waves has been carried

out using various gradients like thermal [95], electric field, or cross fields [96]. The

study of synchronization of spiral waves in experimental systems in the BZ reaction,

without photosensitization, is one of the latest additions to the field. A recent study

on the interaction of multiple spiral waves reveals different kinds of dynamics like

attraction and repulsion, depending upon the separation of the spiral-cores [97].

Steinbock and others numerically explored the synchronization phenomena of

pinned spiral rotors depend on their wavelength and the separation of the two rotors

[98]. Rotational synchronization in phase and frequency of counterrotating pinned

spirals were also shown in simulation as well as in experiments with BZ reaction

where the spirals have been pinned to obstacles of different diameters [25]. Recent

experiments with camphor boats have shown synchronization phenomena [99]. Pin-

ning locks the frequency of spiral rotors and arrests any kind of drift. This situation

is very much comparable to the case when rotating singularities formed in cardiac

waves get attached to scar tissues. In this manuscript, we look into the phase syn-

chronization phenomena of pinned spirals having the same sense of rotation.

Structures beyond pairwise interactions are widespread in various fields like neu-

rology, ecology, biology, sociology, etc. [100, 101]. Practical phenomena are more

prominently higher order than pairwise interaction and so more complex. The abrupt

dynamical shift is standard in HOI [102]. The most straightforward higher-order in-

teraction is a 2-simplexes system. The correlation in the neuronal activity in the

brain is often described by the interaction in 2-simplexes [103]. Achieving a synchro-

nization state in such a complex system was always a challenge and becomes more

complex in an experimental study [104, 105].

Synchronization of spiral wave patterns was observed in a nonlocally coupled

two-layer network of discrete oscillators [106]. One of the very recent studies showed

the mixed synchronization of oscillators in a network containing three nodes[107].

Though most of the connections or interactions present in nature are complex and

of higher order, they are still less studied in experimental systems. A motif of a

higher order can have a wide range of geometry and interconnections between the

nodes[108]. Here we explored a system with three nodes, where each node are indi-
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vidual spirals rotating in the same reaction medium, and thus one may consider the

involvement of a higher order interaction. Towards achieving these means, we extend

our system to a network of three oscillators in a triangular geometry in a BZ reaction-

diffusion system. Till date, no such studies are reported in literature. Through our

experiments and numerical simulations, we show that two corotating pinned spirals

may behave differently than counter-rotating ones. Also, three co-rotating pinned

spirals in a triangular network can reach a state of lag-synchronization, with respect

to the initial condition.

5.2 Experimental Methods

We performed our experiments with the Belousov-Zhabotinsky reaction system. The

BZ reaction is a redox reaction, in which the bromate ion oxidizes the organic acid

to carbon dioxide and reduces it to bromide ion. The reaction is a multistep reaction

and a possible mechanism is the FKN mechanism. Intermediates formed during

the reaction are responsible for the chemical oscillations. BZ reaction can produce

sustainable oscillation for up to a long time. The stock solutions for our experiments

are prepared using millipore water. The concentration of the ingredients in the

final solution were: 0.04 M sodium bromate, 0.04 M malonic acid, 0.16 M sulphuric

acid, and 0.001 M ferroin. 0.8 wt./vol % of agar gel is used to embed the reaction

ingredients. The experiments were carried out in a petri dish with a diameter of 6

cm. The temperature was maintained at 23±1◦C, at normal atmospheric pressure

throughout the experimental observations. The layer of the reaction mixture is 2

mm in depth. We initiated a circular wave by inserting a silver wire at the center of

the dish for a little while. Spirals are created by physically cleaving the spontaneous

circular waves using a thin glass slide. A glass slide is non-reactive with the BZ

solution and can thus be used to create two pairs of spirals. Spherical glass beads of

1.4 mm diameters are put near the tips of the spirals, in order to anchor them. We

pinned the two co-rotating spirals, and the other two are allowed to drift apart to near

the boundary so that the free counterparts of the spirals do not affect the pinning

site. We pinned three spirals in the same way to examine a higher order network.
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Figure 5.1: Snapshots and the details of the experimental and numerical system
studied. (a) is the snapshot of a typical experiment (2 cm × 2.5 cm) with two
corotating pinned spirals. (b) and (c) are the snapshots from numerical simulations.
(b) describes the system with three pinned rotors arranged in a triangular geometry,
(c) depicts the numerical snapshot of two corotating spirals pinned to heterogeneities.
l is center to center distance between the two rotors arranged in a line. (d) shows a
zoomed view of one pining site with the positions marked. (xi, yi) is the instantaneous
position of the ith spiral tip and (xc, yc) is the center of the spiral core in the global
coordinate system. (xn, yn) is the tip-position in local coordinate system (taking the
centre of the circular obstacle as origin).
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Figure 5.2: Experiment with two counter-rotating spirals pinned to similar hetero-
geneity. (a) Snapshot of the experimental system (b) depicts the time evolution plots
of the y−coordinates of both the counterrotating spirals, (c) demonstrate the phase
plots of x and y- coordinates show the complete synchronization.

We monitored the experiment under a CCD camera, recorded the snapshots on a

personal computer at 2-second intervals, and analyzed the images using a MATLAB

code.

5.3 Experimental Results

5.3.1 Complete synchronization of counterrotating pinned

spirals

Before starting experiments with corotating spirals we checked the phenomena for

counterrotating spirals. We pin both the counterrotating spirals with rubber baeds

of same diameter (1.8 mm) and observed the attainment of complete synchronization

from very early. This can be seen in Fig-5.2. The time-series plot at Fig-5.2(b) show

the simultaneous increase and decrease of the y− coordinates with time, and the

phase plot at Fig-5.2(c) confirms the conserveness of the rotation in a particular

space due to complete synchronization.
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Figure 5.3: Experiments with two corotating pinned spirals with a variation of the
center-to-center distance, l. (a) and (c) show the time evolution plots of the y-
coordinates of both the spiral rotors at initial and final stages for l=9.5 mm. (b)
and (d) show phase plots corresponding to (a) and (c). (e) and (g) show the time
evolution plots of the y coordinates of the spiral rotors at the initial and final stages
of experiment for l=14.9 mm. (f) and (h) show the corresponding phase plots for (e)
and (g). The time evolution plot and the phase plots clearly show the increment of
lag for l=9.5 mm in (a-d), and a transition to a synchronized state for l=14.9 mm
(e-h).
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5.3.2 Lag formation in corotating pinned spirals

Fig-5.1 demonstrates the experimental system as well as the numerical system under

study. A snapshot from a typical experiment is shown in Fig-5.1(a), while simi-

lar snapshots from the numerical simulations for two and three co-rotating pinned

spirals are shown in Fig-5.1(b) and (c). Initially, two or three pairs of spirals are

created by the method described earlier. We took a chemically unreactive object

and pushed the counterpart of each pair to the boundary physically with great care.

The main difference between a free spiral and a pinned spiral is that they differ in

their frequency and they mostly do not meander. The frequency of the free spiral is

greater than a pinned one. We pinned all the spirals with glass beads of the same

diameter to make the natural frequency of the rotors identical. We then study the

phase synchronization of the pinned rotors. Though it should be noted that the

counterpart of each pinned spiral is free and so certainly moving faster, we can ne-

glect the effect of these waves for a certain time frame (120 mins in our situation), as

the free counterpart is far away from our area of observation. All our observations

were made within that time period. Fig-5.1(d) shows the coordinates of the center

of a spiral core (xc , yc) and the positions of the spiral tip (xi , yi).

To analyze the system, we looked at the y-coordinates of all the rotors. The

positions of both the tips (in local coordinates) are taken as follows:

yn = yi − yc

The y-cordinate of spiral the tips in the local coordinate system has been taken

by considering the spiral core as origin. We normalized the yi’s of all the spiral

rotors obtained from their tip position and then plotted against time to get the time

evolution plot.

In the phase plots, the coordinates (y2 or y2 and y3) are plotted with respect to

y1 for the initial and final time series with a dashed line. The black and navy solid

curve on the phase plots over the dashed curve is added externally to represent the

synchronized dynamics more evidently, except for the cases of asynchrony, where

one may observe the phase plot of the asynchronous rotor covering the entire phase
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space.

Fig-5.3(a-d) represent the experimental observations and results of two corotating

spirals for l = 9.5 mm. We can observe that the initial phases are in complete

synchronization (5.3(a)) but there is a phase lag, that increases (5.3(c)) with the

evolution of time. The increment of this phase lag can be easily understood from the

phase plots. The initial phase plot in Fig-5.3(b) shows an almost fully synchronized

state, whereas the final state in Fig-5.3(d) describes the lag formation.

We further varied the l distance. Fig-5.3(e-h) shows an experimental result with

l = 14.9 mm. Here, the separation is 1.6 times more than the earlier case. Here,

we observed that the two rotors attained complete phase-synchronization, which is

evident from Fig- 5.3(g), which shows the time evolution plot for the final 25 minutes

of the reaction. The phase plot at Fig-5.3(h) also points towards the increase in phase

synchronization.

5.3.3 Lag synchronization in a triangular network

For pairwise interaction, we observed a transition from one synchronized state to

another. Does it behave in the same way as a higher-order network system? To

answer this, we investigated the simplest higher-order network with three spiral rotors

pinned to heterogeneities and arranged in a triangular geometry. Fig-4 describes such

a situation in an experiment. Fig-5.4(a) is the snapshot describing the placement

of the rotors. The snapshot is the zoomed and stretched view of an area of 1.1

× 2.8 cm2, where the black, red and green circles represent the trajectories of the

rotors. Fig-5.4(b,c) show the time evolution of the y-coordinates of the rotors. Fig-

5.4(e,f) are the phase-plots showing the dynamical behavior at initial(5.4(d)) and

final (5.4(e)) stages. It can be seen from the phase plots that y1 and y3 were in lag

sync from the beginning but there exists a little asynchrony between y1 and y2. Final

phase plot shows that all the rotors are in lag synchronization with each other.
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Figure 5.4: Experimental results of three corotating pinned spirals in a triangular
network. (a) illustrates the experimental description with the three rotors pinned
to circular heterogeneities. Black, red, and green circles over the heterogeneous
obstacles represent the tip trajectories of the spirals attached to them. (b) and (c)
show the time series at initial and final times. (d) and (e) are the phase plots at
the initial and later time. The time series as well as the phase plots describe the
transition to lag synchronized state of all the rotors. The figures have been color
coordinated, as time series and phase plots for y2 are given in red, and y3 given in
green.
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5.4 Numerical Methods

We used Barkley’s Reaction-Diffusion model to simulate our experimental system, as

the model incorporates an activator and an inhibitor dynamics, like our experimental

one [109]. Hence, it is widely used to describe the BZ reaction system [110].

ϵ
∂u

∂t
=

[
u(1− u)(u− v + b

a
)

]
+Du∇2u (5.1)

∂v

∂t
= u− v +Dv∇2v (5.2)

where,

∇2u =
∂2u

∂x2
+

∂2u

∂y2

∇2v =
∂2v

∂x2
+

∂2v

∂y2

Here, u is the activator, and v an inhibitor. Spiral patterns were generated with

a specific set of parameter values, a = 0.85, b = 0.07, ϵ = 0.02. Diffusion coefficient

values Du and Dv are considered equal (1.0). This set of parameter values generated

sustainable spirals in our 300 × 300 space grid system when we solved the numerical

integration using Euler’s method. The time step is taken as 0.01, and the space

step size is taken as 0.35. For choosing the space-step and time-step, we checked for

different values and selected the best out of that, which produces good numerical

accuracy and yields a stable pair of spirals in our system with counter-rotating spirals.

For the corotating spirals we used the same step-size. The maximum time step limit

for solving the said model using Euler’s method can also be found in the article of D.

Barkley [109] for generating stable spirals. Circular regions of the diameter of 7 space

units are modelled as heterogeneous obstacles to pin the spirals, by maintaining the

magnitudes of u and v as zero inside this region.

80

TH-3502_196122019



Figure 5.5: Numerical simulation with two counter-rotating spirals pinned to similar
heterogeneity. (a) Numerical snapshot of the system, (b) depicts the time evolution
plots of the y−coordinates of both the counterrotating spirals, (c) demonstrate the
phase plots of x and y- coordinates show the complete synchronization.

5.5 Numerical Results

5.5.1 Complete synchronization of counterrotating pinned

spirals

Like our experiments, we performed numerical simulation for a system with two

counterrotating pinned spirals before we move towards the corotating one. Fig-

5.5 demonstrate the result of such system where the disk diameters are 5.25 s.u.

The time-series plot in Fig-5.5(b) show the simultaneous increase and decrease of

the y−coordinates with time and phase-plot in Fig-5.5(c) of both x, y− coordinates

confirms the complete synchronization behavior.

5.5.2 Lag formation in corotating pinned spirals

To mimic our experiments, we varied l in our numerical simulations. Fig-5.6 demon-

strates the numerical results where l is 17.5 s.u. and 21.0 s.u., respectively. We

noticed the formation of a lag in each case. The generation of lag is significantly less

if the value of l is very high as 24.0 s.u. or 28.0 s.u. In these scenarios, the initial

and final states remain in almost the same condition, which means they maintain the
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Figure 5.6: Results of numerical simulations for two corotating pinned spirals with
a variation of l. (a) and (c) show the time evolution plots of the y-coordinates of
the spiral rotors at initial and final stages for l=17.5 s.u. Here final stage is after
synchronization has been achieved. (b) and (d) show the corresponding phase plots
for (a) and (c). (e) and (g) show the time evolution plots of the y-coordinates of
corresponding phase plots of (f) and (h) for l=21.0 s.u. (a-d) illustrates the transition
from a more lag-synchronized state to a lesser lag, (e-h) describes a situation of
increasing lag for a system with two corotating pinned spirals.
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complete synchronization behavior if they were initially in complete synchronization.

This can be explained on the basis of coupling strength. The more the l value, the

coupling decreases and so the less transition from the initial behavior is observed.

The features of the experimental results can be compared with the numerical

findings demonstrated in Fig-5.6(a-h). Fig-5.6(a-d), where l is 17.5 s.u., the behavior

is similar to that observed in Fig-5.3(e-h) for the experiments. In both the cases, we

notice a transition to complete synchronization behavior. The initial and final time

series plots and the respective phase plots represent the transition.

Fig-5.6(e-h), in the same way, demonstrates the situation observed in Fig-5.3(a-d)

for the experiment. The increase of phase lag and transition to a lag-synchronized

state from an almost completely synchronized state is obsered from the time series

and the phase plots.

5.5.3 Lag synchronization in a triangular network

This behavior can also be observed in Fig-5.7, which explains the results of the nu-

merical simulation where three rotors are placed in a similar network. A description

of the system is given in Fig-5.7(a). Fig-5.7(b,d) shows the initial time evolution and

the phase plots. Both show that y1 and y3 are in little asychrony but y1 and y2 are

in lag synchrony. Fig-5.7(c,e) depicts final dynamics in time series and phase plots.

It can be seen that both y2 and y3 are in a synchronized state with respect to y1,

with some amount of lag.

5.6 Discussion and conclusion

Counter-rotating spirals attached to heterogeneities of the same diameter remain in

a synchronized state, or if there is any phase difference in the beginning, it overcomes

that [25]. Previously, we showed synchronization is evident even if the heterogeneity

is of different diameters for counterrotating spirals in the work of Kalita et al. [97].

So, it was an obvious question: what happens if the rotors were co-rotating? Here

in this article, we show experimentally that a pair of co-rotating pinned spirals may
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Figure 5.7: Numerical results of three corotating pinned spirals in a triangular net-
work. (a) illustrates the description of the system. (b) and (c) show the time series
at the initial and final state. (d) and (e) depicts the phase plots corresponding to
the initial and final time series. A comparison of the time series and the phase plots
of the initial and the final states illustrate the formation of lag-synchronized states
of all the rotors at the final state. Figures have been color coordinated as in Fig-5.4.

84

TH-3502_196122019



behave differently, starting from a phase synchronized state it can reach to another

state through a lag.

In our experiments, we could not remove the counterparts of the corotating spirals

entirely from the system. As a pair of counter-rotating spirals are formed when we

cleave the circular wave, we has to push the unpinned counterpart to such an extent

that it barely effects the pinned spirals, which are under our active investigation.

However, a limitation of our setup is that we could not run our experiments for a

very long time without the influence of the free counterpart. Hence our system was

not perfect, as our experiments had a time-restriction. Making a perfect network of

corotating spirals in an experimental system still remains a challenge. The simulation

results on the other hand are free from these experimental barriers. In our numerical

simulations, we found that the fate of the network of two and three spirals is the same

as that of or experiments, that is, there is a change in synchronization behavior from

the initial state through a lag. For a pairwise system, if the separation is higher, in

our case at 35.5 or 45.5 space units, we found that the complete phase synchronization

remains unchanged with time. If the separation (17.5 or 21.0 space units) is less, a

shifting of one rotor is very obvious, which means a lag is formed. The development

of lag with the progression of time was noticed in our experiment, too.

For three corotating spirals in triangular network, the phases of all the rotors

finally reached a synchronized state, though they were not in synchrony at the be-

ginning. We observed the same phenomena of reaching a synchronized state through

mutual interaction in both our experiments as well as in our numerical simulations.

We did not check the observations varying the separation(l) for our network, which

can be a scope of further study.

Synchronization in a complex system depends on the coupling strength among

the oscillators. In our case, the distance seprating the rotors determines the cou-

pling strength. The effect of the simplicial complex on synchronization has been

shown using Rulkov-map neurons connected pairwise and in higher-order chemical

interaction [111]. Gallo et al. [112] showed that directed higher-order interaction

brings in synchronization. The common abrupt transition between incoherent and

synchronized states is also known [113]. The test with a chemical network was first
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carried out by Showalter et al. [114] using a photochemical BZ reaction in a star

network. The novelty of our work lies in the fact that the higher-order network of

rotating spirals in a BZ solution has not been studied before. The rotation direc-

tions of all the oscillators are made unidirectional. The pinning obstacles are of the

same diameter, and so are the frequencies of the spiral waves. The spiral rotors are

globally coupled. The coupling strength for these or more spirals could have been

varied with the separation(l), making it more asymmetric. This could open up a new

direction in the study of the system. A recent work reported the uncertain delay in

the neuronal network leading to turbulence, through a synchronization transmission

[115]. Whether this could happen in our experiments with the BZ system, is a scope

of future research.

Though most of the work in the higher dimensional network is motivated by a

neuronal network system, we propose that it can help in the understanding of even

the cardiac system, where the electrical activity of our heart gives rise to cardiac

waves. Pinning of spiral waves to heterogeneities in the BZ, may be compared with

the cardiac waves pinned to scar tissues. More pinning may produce different kinds

of interaction. So, for better understanding of pinned cardiac waves in a network,

we need to study similar kind of situations.

Summary
� Synchronization of biological oscillators are found everywhere.

� In this chapter we report the synchronization of spiral rotors in the BZ reaction-

diffusion system.

� Counter-rotating pinned spiral rotors show complete synchronization when

they are pinned with similar heterogeneity.

� Corotating pinned spirals demonstrate a lag synchronization.
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� Corotating pinned spirals arranged in triangular geometry also show a lag syn-

chronization.
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Chapter 6

Collective dynamics: Cluster and

chimera states in a network of

pinned rotors

6.1 Introduction

Synchronization and related complex dynamics in lattices of coupled oscillators has

been a topic of general interest in the field of nonlinear sciences. It has its applica-

tions in the understanding of natural phenomena and designing engineering marvels,

and is widely studied across biology, physics and chemistry [116, 117, 118, 119].

While the first documented study of synchronization can be said to be the Huygens’

pendulum in the 17th century [120], we have since come a long way, through the

systematic study of coupled oscillators by Winfree in 1967 [121], to the studies of

Kuramoto [122], Strogatz [123], and Crawford [124]. The concept of collective syn-

chronization [125] paved the way for the discovery of more exquisite phenomenon

like partial synchrony and cluster formation [126]. The icing on the cake came with

the discovery of chimera states, the simultaneous coexistence of coherent and inco-

herent behavior, in a network of non-locally coupled oscillators [127, 128]. The first

experimental evidences of the phenomenon were found almost simultaneously, in two
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different systems, an array of coupled maps realized optically [129] and a network

of photosensitive chemical oscillators [130]. Ever since, several systems have been

discovered that show the emergence of chimera states. In nature, the observation

of partial synchronization patterns can be used to explain unihemispheric sleep in

some mammals, first-night effect and collective social behavior in humans, and even

epileptic seizures [131, 132]. The existing experimental and theoretical studies on

chimera and cluster states have tried to achieve a better understanding of these in-

triguing phenomena. However, these studies were unable to provide an explanation

of processes such as arrhythmia and fibrillation in heart tissues that results in sud-

den cardiac death [133]. The role of synchronization in the working of the cardiac

system is well established. The cells of the heart synchronize, and their collective

dynamics results in the beating of the heart [134]. The fibrillation of the heart is

accompanied by the presence of several rotating singularities; two-dimensional spiral

and three-dimensional scroll waves, causing different parts of the heart to beat out of

sync [58]. Such a rotating singularity is also known to attach itself to heterogeneities

in the cardiac muscle (phenomenon of pinning), like scar tissues [19]. Other than

cardiac tissues, these spiral waves are also responsible for intricate physiological phe-

nomena in neuronal and uterine tissues and colonies of living matter [62, 63, 61].

Hence, the interaction of such excitable rotors, and their synchronization behavior,

is of great fundamental interest. In this letter we study the synchronization of a

network of identical spiral rotors in an experimental system. We choose a minimal

network of four identical spirals, in a chemical reaction-diffusion system. The ques-

tion of the minimal number to demonstrate the phenomenon of chimera was solved

in recent years, as four oscillators could constitute two subsets of population, one

synchronized and the other asynchronized [135, 136]. Chemical oscillators were one

of the first experimental systems used to demonstrate the existence of a chimera

state [130]. However, that study and corresponding work in the field considered a

large population of discrete chemical oscillators, either locally coupled by diffusion

[137] or globally coupled by light [[118], [138]]; or non-locally coupled electrochemi-

cally [139]. The novelty of the present work lies in considering a network of globally

coupled spiral rotors, pinned to circular unexcitable heterogeneities, in an otherwise

90

TH-3502_196122019



homogeneous reaction-diffsuion system. Spiral waves have an intrinsic frequency of

rotation, which can be modified when these singularities are pinned to unexcitable

osbtacles of varying sizes and shapes [140]. We also develop a mathematical model of

Kuramoto oscillators, coupled by complex potentials, to better understand the dy-

namics of these interacting spiral rotors. We successfully demonstrate, for the first

time, the existence of chimera and cluster states in arrays of pinned spiral rotors.

Such a system can be further explored to study larger and more complicated net-

works of rotors in natural processes. We believe, the study of the mutual dynamics of

these waves in a confined space, will shed light on the role of partial synchronization

of spiral waves in the advent of cardiac arrest.

6.2 Experimental Methods

Our experiments are carried out using a Belousov-Zhabotinsky (BZ) reaction system.

It comprises of a solution of 0.16 M sulfuric acid, 0.04 M sodium bromate, 0.04 M

malonic acid, and 0.001 M ferroin, embedded in a 0.8 % w/v agar gel matrix. The

solutions are prepared in Millipore water. All experiments are carried out in Petri-

dishes of 8 cm diameter, at room temperature (23±1 ◦C). The thickness of the

reaction gel is maintained at around 2 mm. Two plane waves are initiated, side by

side, in the center of the circular dish, far from the system boundaries, by inserting

the tip of two silver wires into the reaction mixture for a few seconds. When a

circular wave reaches the desired dimension, we cleave it with the help of a thin

glass slide. The free ends of the wave now curl in to form a pair of counterrotating

spiral waves. Subsequently, four identical, chemically-inert, rubber cylinders, with a

height equal to the thickness of the reaction layer, are placed in a square lattice, so

as to allow the tips of the four spirals to anchor onto them, as shown in Fig. 6.1.

The system is illuminated from below with a diffused, cold white light source, and

is observed by a charge-coupled device camera (mvBlueFOX 220a) mounted over

it. A blue dichroic filter is used on the camera for better imaging. The images are

recorded onto a personal computer every 2 seconds and are later analyzed by using

interactive, inhouse MATLAB codes. The spiral tip position is recognized as the
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Figure 6.1: Experiments to study synchronization of a globally coupled network of
four spiral rotors pinned to identical obstacles. (a) Snapshot of a typical experiment
with light-colored spiral waves anchored to black rubber disks. Area of the snapshot
is 31.7 × 31.7 mm2. (b) Illustration defining the parameters of the pinned rotors:
instantaneous position (xi, yi), phase angle (θi), radius of the rotor (ri). rij is the
distance between two rotors at any instant. (c) depicts an image of the experimental
setup, showing the camera placed over the reaction-containing petri-dish, which has
been illuminated from below with a white light source.
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point of highest curvature touching the unexcitable disk.

6.3 Experimental Results

Figure 6.1(a) shows the snapshot of a typical experiment, where each of the four

spirals are anchored to a rubber disk of radii 1.8 mm. The centres of the circular

disks are placed on the vertices of a square of dimension l = 10 mm. An illustrative

sketch of this network of four identical rotors, is shown in Fig. 6.1(b), with all im-

portant parameters marked therein. The tips of the spirals are located at (xi,yi),

measured in reference to the local-coordinate frame. The positions and phases of the

rotors can be monitored by noting the values of (xi,yi) and θi respectively, at any

given time. In all our subsequent figures, we report only the yi coordinates of the

rotors, as θi and xi values can easily be calculated for aknown value of yi [141].

Choosing identical cylindrical disks as pinning heterogeneities ensures that the

frequency of all the rotors is initially the same. Also, every rotor will experience

the exact same force, if they were fully synchronized. Hence, we can call the system

globally synchronized. Across our experiments, we vary the dimension of the square,

keeping the radii of the pinning heterogeneities unchanged.

6.3.1 Cluster states

Figure 6.2 shows examples of two experiments where the formation of cluster states

has been observed. When l = 10 mm, the spiral rotors are arranged into groups of

two kinds: rotors 1 and 3 move in sync, while rotors 2 and 4 are lag synchronized with

respect to them. This is evident from the time-series [Fig. 6.2(d)] and phase-plot

[Fig. 6.2(e)] of the experiment. This kind of behavior can be called a doublet-

singlet-singlet cluster. We consider the rotors that are synced in-phase to constitute

a group. The upper panel in the figure is representative of a triplet-singlet kind of

cluster formation, where rotors 1, 2 and 4 are in-phase synchronized, as is observed

from the temporal evolution of the rotors [Fig. 6.2(a)] and their phase portrait [Fig.

6.2(b)]. Rotor-3 is in lag synchrony to this triplet. Here, l = 7 mm.
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Figure 6.2: Phase-cluster formation of four identical rotors. (a)-(c) Triplet-singlet
synchrony for l = 7 mm, (d)-(f) Doublet-singlet-singlet cluster for l = 10 mm. (a)
and (d) depict the experimental time-series of the four rotors after synchronization
has been reached. (b) and (e) show phase diagrams of the experiments with respect
to y1, during this later period of time. (c) and (f) are illustrations of the final
synchronization of the rotors, color coordinated and showing all the connections
between them. Colors used in corresponding time series and phase diagrams are
same as the color of the rotors depicted in the illustrations. (a)-(c) Rotors 1,2 and
4 and in sync, while 3 in a lag synchronized. (d)-(f) Rotors 1 and 3 are in sync,
forming a doublet, while rotor 2 and 4 maintains a lag.
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Figure 6.3: Experimentally observed chimera states in a network of four identical
rotors for l = 14 mm. (a) Temporal evolution of the yposition of rotors during the
later part of the reaction: y1(orange dash-dot-dotted curve), y2(dashed red curve),
y3(solid olive curve) and y4(dash-dotted blue curve). Phase portraits with respect to
(b) y1 and (c) y3. (d) Illustration depicting final synchronization of the rotors: Rotor
1 and 2 form a in-phase synchronized cluster, rotor 3 and rotor 4 are asynchronized.

95

TH-3502_196122019



6.3.2 Chimera Dynamics

An example of a chimera phenomenon is demonstrated in Fig. 6.3. The system

evolves over time and stabilizes in a dynamics where the rotors 1 and 2 move in

sync, while the rotor-4 is almost anti-phase to this pair. The time series of the

system [Fig. 6.3(a)] hints at this. The rotor-3 seems to be out of sync to the rest

of the rotors, as its position is drifting across the cycles. The phase diagram with

respect to rotor-1 [Fig. 6.3(b)], makes the dynamics even more explicit. While the

rotor-2 shows in-phase synchronization with rotor-1; rotor-4 shows some amount of

asynchrony, and rotor-3 fills the entire region of space, which points at its complete

lack of phase synchronization with the other rotors. Figure 3(c) supports the same

observation. This kind of a behavior of the population of rotors, showing simultane-

ous synchronization (rotors 1 and 2) and asynchronization (rotors 3 and 4) is typical

of classic chimera.

6.4 Numerical Methods

The governing equations of the system can be written as:

∂θi
∂t

= ωi(t) (6.1)

∂ωi

∂t
= Fi(t)ri − c (ωi(t)− Ωi) (6.2)

where, Ωi is the natural frequency of the rotor i and the term c(ωi(t)−Ωi) signifies

the tendency of the rotor to achieve its autonomous or natural frequency, Ωi [142].

Fi is the tangential component of the forces on the ith particle due to its neighbors.

It has been assumed here that the radial component of the force is balanced by the

constraint arising from the pinning of the spirals onto the circle. Fi is given by:

Fi(t) =
∑n

j=1,j ̸=1 [c1e
(−k1rij)(1 + k1rij) − c2e

(−k2rij)(1 + k2rij)] × [sin(θi − θj) −
∆Cx sin θi −∆Cy cos θi]/r

3
ij

Here θi, θj and rij are function of time. For a Yukawa potential P = e−k1rij(t)/rij(t),

the force has taken the form e−k1rij(t)(1 + k1rij(t))/rij(t)
2. rij(t) being the instanta-
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neous distance between the two point rotors i and j. The Eqs. 6.1 and 6.2 are solved

using the fourth-order Runge-Kutta method with a time interval of 10−4. It requires

the system a finite amount of time (around 5000 time units) to evolve and reach a

stable state. We analyze the synchronization pattern at a much later time. This

pattern is stable, and remains so for thousands of rotations. We carry out several

simulations by varying the distance l.

6.5 Numerical Results

To further understand the mechanism of formation of cluster and chimera states in

this square network of pinned spirals, we invoke a set of coupled differential equations,

inspired by the Kuramoto model [143]. The rotors are considered as point particles,

having an instantaneous frequency of ωi and an angular position of θi, rotating

around circles of radii ri = 1.0, for i = 1 to 4. Since the rotors are identical, all

circles are considered to have the same size, with their centers placed at the vertices

of the square having length l, as shown in Fig. 6.1(b). The rotors are globally

coupled, each experiencing a potential from the others. The force of interaction

experienced by a particle due to a neighbor is considered to be a difference of two

Yukawa potentials. This is because, the interaction between free spirals are known

to depend on the distance between their cores [26]. The interaction is attractive till a

particular distance, beyond which it becomes repulsive. When they are further apart,

at a distance nearly equal to their wavelength, the spirals do not seem to influence

each other. Similar behavior was also observed in three dimensional scroll waves

[144], and the trend could be fitted quite well using the difference of two Yukawa

potentials. Earlier theoretical studies [145] also used similar potentials, that could

describe both the attractive and repulsive behaviors, as a function of the distance of

separation.
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Figure 6.4: Clustering of a four-rotor model system, coupled according to Eqs. 1
and 2 . (a)-(c) Triplet-singlet system showing clustering for l = 3.17 units. (d)-(f)
Doublet-singlet-singlet phase-clustering for l = 4.01 units. (a) and (d) show the time
evolution of the four rotors long after synchronization has been reached. (b) and
(e) are phase diagrams that display the nature of clustering with respect to y1. (c)
and (f) are illustrations of the corresponding system, color coordinated to show final
synchronization.
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Figure 6.5: Chimera state observed in a four-rotor model system for l = 2.57 units.
(a)-(b) Shows temporal evolution of the ycoordinates across two different periods of
time that clearly illustrates the asynchronous dynamics of the blue (dash-dot-dotted
line) and olive (solid line) rotor. (c) and (d) are phase diagrams with respect to
rotor1 and 3, respectively, showing the space-filling chiral dynamics of rotor 4, and a
slow asynchrony of rotor 3, as rotors 1 and 2 synchronize in-phase to form a cluster.
(f) is the color-coordinated illustrations of the rotors.
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6.5.1 Cluster states

Figure 6.4 shows two results where the system exhibits clustering phenomena. A

doublet-singlet-singlet state is observed for l = 4.01, where rotors 2 and 3 have

synchronized in phase, and rotors 1 and 4 are lag synchronized, as is evident from

the time-evolution and phase portrait [Fig 6.4(d) and (e)]. The lower panel of Fig.

6.4 demonstrates a triplet-singlet system for l = 3.17 space units. The phase portrait

here clearly shows the in-phase synchronization of the three rotors 2, 3, and 4 [Fig.

6.4(a and b)]. For oscillators having exactly identical natural frequencies, cluster

states are found over an appreciable range of l values. A phase diagram of the

dynamical states with variation of l is explained below.

6.5.2 Chimera Dynamics

We introduced a tiny mismatch (<0.1%) in the value of the natural frequencies of

the rotors, Ωi. This could reflect the inherent heterogeneity of the experimental

system, that could arise out of local noise or fluctuation. Considering this slight

mismatch in the natural frequencies of the oscillators led to the observation of the

elusive chimera dynamics, with a doublet cluster, albeit over a very narrow range of

l-values. An example of a chimera state is given in Fig. 6.5. The time series of the

four rotors show the prominent drift of the blue rotor-4. The rotors 1 and 2 are phase-

locked, as is evident from Fig. 6.5(c), while rotor-3 displays an appreciable amount

of asynchrony. The phase diagrams [Figs. 6.5(c) and 6.5(d)] bear testimony to the

strikingly asynchronous dynamics of rotors 3 and 4, with respect to the synchronized

pair, and each other. This coexistence of coherent and incoherent behavior is the

signature of a chimera state.

6.5.3 Other dynamical states

Varying l for a large range is not possible for the experimental set-up, whereas in

numerical simulation, it is possible. We explored dynamical states other than phase

cluster and chimera. Fig. 6.6 shows two such phenomena. The phase portrait in
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Figure 6.6: Phase lock cluster and complete asynchrony. Complete phase lock
asynchronization at l = 2.45 of the unperturbed system (a to c). (a and b) are time
series at two different stages, much after synchronization has been reached. Phase
portraits at (c) show the absence of asynchrony in the system. (d, e, f) show the
complete asynchrony at l = 3.15 for system with slightly perturbed natural frequency.
Phase plot at (f) show the complete asynchronous behavior.
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Figure 6.7: Phase diagram showing the variation of synchronization behavior with
increasing l, for (a) unperturbed system (Ωi = 2.0) and (b) perturbed system (noise
in Ω). Unique symbols have been used to depict a particular kind of synchronization
and cluster formation. chimera-2 and chimera-3 are chimera like dynamics, but
not exact chimera what we described in fig. 6.5, complete filling of the asynchronous
oscillator is not observed in case of chimera-2 and chimera-3. TS, DSS, FS, NCS, DD
represents Triplet-Singlet, Dublet-Singlet-Single, Full Synchonization or complete
synchronization, No cluster synchronization or phase lock cluster, Doulet-Doublet
states respectively. It can be seen that asynchrony is more prominant feature for a
perturbed system than the unperturbed.102
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6.6(c) shows that all the oscillators are in sync with others, maintaining a definite lag.

We call it a phase lock cluster. We also observed complete asynchrony of the rotors

for certain l values when the initial frequency is slightly perturbed. One of those

situation can be seen at 6.6(d,e,f). Complete filling of space in 6.6(f) represents the

asynchronous dynamics. Figure 6.7 demonstrate the obseration of a range of different

dynamical states.

6.6 Discussion and Conclusion

The coupling strength between any two particles depends upon their mutual force of

interaction, which is a complex function of the inter-particle distance (r) and falls off

with increasing r . Even when the spiral rotors are identical in their frequencies and

placements, there exists an intrinsic heterogeneity in the interactive force experienced

by each rotor, and hence the coupling strength, as the instantaneous distances of one

rotor from all other rotors are determined by their mutual phase.

In conclusion, we have experimentally shown how a square network of pinned

spirals in the BZ reaction-diffusion system, can be a candidate for the study of

synchronization behavior of homogeneously coupled spiral rotors. Over and above

general lag synchronization, and complete asynchrony, we have observed that spiral

rotors can also form phase-clusters. In our experiments we came across two distinct

types of cluster states, the doublet-singlet-singlet clusters and triplet-singlet clusters.

We were also able to observe the state of coexisting synchronous and asynchronous

behavior, or the chimera. Our mathematical model is able to shed some light on the

emergence of the asymmetry in the otherwise symmetric system. One may merely

envisage to what extent the interaction of multiple spirals (or scrolls) would alter

the dynamics of an intricate system, such as the heart, were they to form partially

synchronized states. It would be interesting to explore if such partial synchronization

patterns are responsible for the cardiac death ensuing ventricular fibrillation. In

networks of coupled oscillators, chimera has been known to lead to amplitude death

[146]. Future studies of interacting spirals could focus on the possible death of
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oscillations in excitable systems.

Summary
� Clustering and chimera dynamics is observed in a square network of four pinned

spiral rotors.

� Chimera is the state where both synchronization and asynchronization takes

place simultaneously in the same medium.

� Numerical study is being carried out with a modified Kuramoto based model.

� In experiment, the change of dynamics from a Triplet-Singlet cluster to Doublet-

Singlet-Singlet cluster to chimera occurred with cahnge in size of the square.

� In numerical simulations, we found a rich dynamics over and above the above

three states.
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Chapter 7

Synchronization through signal

transmission

7.1 Introduction

We went into detail about the synchronization phenomenon in the introductions of

Chapters 5 and 6. We have demonstrated the synchronization of a pair of pinned

counter-rotating spiral waves anchored to heterogeneities of different diameters [25]

as well as synchronization pinned corotating spirals[147]. We observed cluster and

chimera dynamics in a network of pinned spiral rotors in the previous chapter. Then

we wondered how communication could play an important role in synchronization.

Huygen’s pendulums show synchronization behavior when they are connected

through a common wall [148]. The information from one clock to another clock was

passed through the common base. This transformation of information leading to

synchronization, gives a very basic idea that a communicator is required for oscillators

to synchronize. So, the synchronization process can also be studied in terms of signal

transmission. One of the very first signal transmission studies with BZ reaction was

performed by Showalter et al. in 1994 [149]. However, in our knowledge, there is no

such study with the spirals in the BZ reaction to date.

In earlier studies, it was observed that the pinned spirals anchored to heterogene-
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Figure 7.1: The system of study. Snapshot of an (a)experimental system (1.8 cm ×
1.8 cm) and a (b) numerical simulation. The counter-rotating spirals are pinned to
two circular regions, which are pinning heterogeneities of diameter 1.4 mm for the
experimental system, and 24.5 s.u. for numerical simulation. A separating boundary
separates the two spiral waves. The messenger wave near from the boundary grow
towards the separated waves.

ity are unpinned and finally terminated when encountered with a wave train [150].

Here in this study, we investigated two pinned spirals, separated by a boundary.

These individual pinned spirals are allowed to communicate with another wave, here

we call a messenger wave. We report the occurrence of complete synchronization of

the individual oscillators by the communication of this messenger. We also performed

the numerical simulations on similar system and and encountered similar results.

7.2 Experimental methods

The basic experimental ingredients and procedure is same as described in chapter-6.

Here we used thin boundary to separate the pinned spiral rotors, as shown in Fig

7.1(a). Thereafter a free spiral wave was generated from below. The free spiral has a

faster frequency and is allowed to interact with the separated waves. Experimental
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snapshots at 2s interval were recorded with a CCD camera placed on the top. Images

were saved on a personal computer and analyzed with a MATLAB code. 7.1(a)

demonstrates the experimental system under observation.

7.3 Numerical methods

The experimental scheme was mimicked in our numerical system. We carried out

our numerical simulations with Barkley’s reaction-diffusion model. The model loosely

explains the BZ reaction-diffusion system has the form,

ϵ
∂u

∂t
=

[
u(1− u)(u− v + b

a
)

]
+Du∇2u (7.1)

∂v

∂t
= u− v +Dv∇2v (7.2)

Here,∇2u = ∂2u
∂x2+

∂2u
∂y2

,∇2v = ∂2v
∂x2+

∂2v
∂y2

; where, u is an activator, and v an inhibitor. A

specific set of parameter values were able to generate spiral patterns. The parameter

values were as follows: a = 0.85, b = 0.07, ϵ = 0.02. Diffusion coefficient values

Du and Dv are considered equal (1.0). The numerical integration was solved using

Euler’s method to generate sustainable spirals in our 500 × 500 space grid system.

The time step was taken as 0.01, and the space step size was taken as 0.35. We

checked different values for choosing the space-step and time-step and selected the

best values that produce good numerical accuracy and yields a stable pair of counter-

rotating spirals in our system with zero flux boundary conditions. To separate the

spirals we introduce a rectangular area setting u and v zero inside that area and also

setting a zero flux boundary (at the separating-boundary). To observe the influence

of a messenger wave, the separating-boundary was set up to a desired distance(s.u.)

as shown in Fig. 7.1(b). Spirals under our observation were anchored to a circular

heterogeneity of diameter of 24.5 s.u. They were pinned with a time lag so that a

phase difference remain at the initial stage.
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Figure 7.2: Experimental results for symmetrical system with respect to physical
boundary. Snapshots - a (2 cm × 2 cm) and d (1.5 cm × 1.5 cm) are at the begining
(1st rotation) and after the synchronization is achieved (11th rotation). (b) and (e)
depicts the initial and final time series, (c) and (f) show the corresponding phase
plots. The top pannel (a,b, and c) show the intial dynamics and (d,e, and f) show
the final dynamics after synchronization.

7.4 Results

7.4.1 Experimental Findings

We first separated two counterrotating spiral waves with a thin boundary and then

pinned them with a circular heterogeneity of diameter of 1.4 mm. One arm of each

spiral was attached to that thin boundary. For analysis, we observed the trajectories

of both the pinned spiral rotors. A time series analysis of the y-coordinates and

phase plots of both spiral rotors is efficient in explaining the change of dynamics
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Figure 7.3: Experimental results for assymmetric system with respect to physical
boundary. (a and d) are the snapshots (2 cm × 2 cm) at the begining and after
the synchronization is achieved . (b) and (e) demonstrate the initial and final time
evolution plots, (c) and (f) show the corresponding phase plots. The top pannel
(a,b, and c) show the intial dynamics and (d,e, and f) show the final dynamics after
synchronization.
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Figure 7.4: Illustrates the phase synchronization with snapshots and a time-space
plot. (a) show the snapshot (1.5 cm × 2.2 cm) at 7 min after the beginning of the
reaction. (b) show a snapshot (1.5 cm × 2.2 cm) at 72 min after the beginning of the
reaction. (c) show a time-space plot of around 100 minutes. The yellow arrow at (b)
show the line along which the time-space plot is recorded. The tip position of the
rotors 1 (left) and 2(right) at (a) clearly shows the phase difference, whereas, in (b)
the rotors have zero phase difference. The time-space plot also describes the phase
change scenario. The black boxes in (c) show how the phase difference between the
spirals decreases with time. A zoomed view of the space-time plot is depicted in (d)
for intial and in (e) for final stage of the reaction.
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before and after the interaction with the free messenger wave. yi is the instantaneous

y-coordinate of the i− th spiral under our observation.

The experiments are performed in two categories. (1) When pinned spiral rotors

are placed symmetrically from the thin separating boundary and (2) when they are

in asymmetric position with respect to the boundary. Fig. 7.2 demonstrates the

first case. Two individual pinned spirals were not in synchrony at the initial stages.

This can be seen from the time evolution plot at Fig. 7.2(b). The phase plot at Fig.

7.2(c) also confirms the observation. Fig. 7.2(c) show the y2 coordinate is spread

over the whole space when plotted against y1 and confirms that the two spirals are

out of sync. The Fig. 7.2(e) shows the time series for a later stage of the experiment,

and the corresponding phase plot at Fig. 7.2(f) demonstrates the achievement of

synchronization. This synchronization through the forcing of the messenger wave

can also be observed in Fig. 7.4. The initial snapshot (Fig. 7.4(a)) and the final

snapshot (Fig. 7.4(b)) show the decrease of phase difference. The time-space plot at

Fig. 7.4(c,d,e) also confirms the same phenomena.

The Fig. 7.3 demonstrates a different scenario, when the pinned spirals are

asymmetrically placed with respect to the separating boundary. The time evoluation

plots at Fig. 7.3 (b) show the initial asynchrony, whereas Fig.7.3(e) at the later stage

show the synchronized dynamics. The phase plots at 7.3(c and f) also replicate the

same behaviors.

7.4.2 Numerical Findings

We establish a similar situation in our numerical simulations. Three different situa-

tions are created- 1) when two pinned spirals are symmetric with respect to separating

boundary in presence of messenger wave, 2) when two pinned spirals are asymmetric

with respect to the separating boundary and 3) When there is no messenger wave.

We looked at the tip positions and plotted the y-coordinate positions with respect

to time. A phase plot of the initial and the final state also describes the dynamical

change.

For case-1 and 2, when pinned spirals under our observation are arranged in
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Figure 7.5: Illustration of simulation results for a symmetrical system. (a) and
(d) are the snapshots ((116.6 s.u. × 145.8 s.u)) of 100 t.u. and 500 t.u. for a
numerical simulation where the separation boundary is up to a particular length, and
a messenger wave is communicating from the below. The direction of propagation
of the communicating wave is described with the upward arrow in (a). (b, e) show
the time series and (c, f) are corresponding phase plots. (e,f) demonstrate the final
synchronization states.
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Figure 7.6: Illustration of simulation results for a assymmetric system. (a) and (d)
are the snapshots ((175.0 s.u. × 175.0 s.u)) of 100 t.u. and 700 t.u. (b and e) show
the time series and (c, f) are the corresponding phase plots. (e,f) demonstrate the
final synchronization states.
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Figure 7.7: The simulation time series and phase plots for a system with two com-
pletely separated pinned spirals in the absence of messenger wave. (a) Snapshot of
the system, (b) and (c) are the initial and final time evolution plots describing no
change in the collective behavior. (d) and (e) are the corresponding phase plots for
the time series plots at (b) and (c), respectively. The phase plots at the initial and
final times show the absence of any synchronization phenomena.
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symmetric and asymmetric fashion with respect to the separating boundary, we

noticed the synchronization phenomena is spotted finally. Fig. 7.5(b and c) show

the initial dynamics for a symmetrical system and indicate the presence of asynchrony

at the initial stage. This is same for asymmetric system as shown in Fig. 7.6(b and

c). The final state is a synchronized state in both the cases for symmetrical as well

as for asymmetrical and can be perceived from Fig. 7.5(e and f) and from Fig. 7.6(e

and f) when a third messenger wave is forcing from below. For the case-3, when there

is no messenger wave, synchronization is not achieved as illustrated in Fig. 7.7. The

time series plot describes the asynchrony at initial and final states. The phase plots

also show the spreading of y2 over the whole space with respect to y1.

7.5 Discussion and conclusion

We report the phase synchronization of two spiral rotors under the influence of a

third (messenger) wave. The final complete synchronization is actually complete

antiphase synchronization as our rotors are counterrotating. We did not make the

rotors unidirectional during our calculation as our intention was to notice the effect

of the messenger wave only. Complete (phase/antiphase) synchronization behavior

in presence of the messenger wave show the decrease of the phase difference.

Our experiment showed that complete synchronization occurs if there is some

communication. If no communication is present, a complete phase synchronization

state will not occur. In chapter-5, We discussed if two counterrotating spirals were

pinned in a BZ medium, they completely synchronize if the pinning heterogeneity is

of the same diameter, and synchronized with a lag if they are of different diameters.

Here we cut off the initial communication between the counterrotating pinned spi-

ral rotors so that they behave like individual spiral rotors. We establish that those

individual waves do not synchronize until the communicating messenger wave com-

municates with them. Our numerical simulation also supports the results obtained

in the experiments. As the nature of any wave is to communicate information, here

also we found the information sharing of messenger waves leads to complete synchro-

nization. This synchronization of the pinned rotors by the signal transmission of the
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messenger wave in the BZ chemical system is being reported for the first time. It

establishes Huygen’s observation of pendulum sympathy in chemical systems. Waves

are capable of sending information and here they determine the fate of the other two

which were under our observation. Our messenger spirals can also be compared with

wave trains. A study by Pumir et al. [150] showed that loosely anchored spirals can

be unpinned with wave trains. In our study we found this wave train can help in

synchronizing.

A broad range of work can be found on synchronization induced by noise, optical

feedback etc. Here we described the synchronization induced by another wave. One

can further work by applying chemical noise to the system of two separated pinned

spiral waves. Future work can also be done by manyfold compartmentalizing our

present system and observing the collective nature. As signal transmission is a very

important process in terms of our communication system as well as our neuronal

system, this work may shed light on those systems.

Finally, we conclude our discussion by explaining the relation with our cardiac

system. As scar tissues are present in our heart, broken cardiac waves may get

attached to those. The presence of both free and multiple pinned spirals in our

heart and their mutual communication leading to synchronization may lead to fatal

situation. Thus, the study of this kind is necessary.

Summary
� Synchronization occurs through communication or coupling.

� Two individual pinned spirals separated through a boundary is studied.

� Another wave (messenger) forced to phase-synchronize two individual waves.

� Numerical results show synchronization of separated spirals will not take place

if there is absence of the messenger wave.
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� Relative position of the pinned spirals from the separating boundary (Symmet-

ric/Asymmetric) does not affect the final outcome.
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Chapter 8

Conclusions

In this thesis we began with a free individual spiral and attempted to control it

with a mild concentration gradient. Then, we moved to a pair of pinned spiral

waves and looked at their synchronization. We then investigated pinned spirals in

a network. Our findings es-tablish that mild gradients can control the dynamics of

spirals in a BZ reaction but are un-able to unpin them from heterogeneities. We

report the synchronization in a pair of spirals and clustering and chimera dynamics

in a network of four spirals placed in square geome-try. We hope this work, motivated

by the cardiac system, will enrich the literature and con-tribute to understanding the

mechanism of ventricular fibrillation and defibrillation tech-niques in a better way.

We have been able to answer a few questions and the outcomes have also generated

some new questions to work on.

8.1 Answered and Unanswered Questions

The major contributions and original works in this thesis will be summarised in this

section.
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8.1.1 Spiral Breakup

We explored (chapter 3) in our numerical simulations of a modified Oregonator

model developed from FKN mechanism that a spontaneous spiral breakup leading

to chaos is possible and that it can be brought about by a change in the concentration

of hydrogen ion in the system. Although, as of now, we do not have any experimental

evidence from our experiments with the BZ system, which depicts this phenomena

inside a Petri Dish.

8.1.2 Spiral drift with mild gradient

In chapter 4, we have shown how a mild concentration gradient can drift rigidly

rotating spirals. We showed that the drift is controllable by varying the gradient

strength, i.e. by modifying the source of the concentration gradient; in our case a

proton exchange resin.

Anamolous drift of spiral tips

In our experiments for spiral drift in presence of a mild concentration gradient we

observed some chaotic movements of the spiral tips at a later stage of the experiment

(after 120 min from the addition of the beads). This can be seen in Fig. 8.1. The

reason of this anamolous drift is still unknown to us.

8.1.3 Synchronization and Chimera dynamics

The cardiac system is more heterogeneous than our experimental system that is

largely homogeneous. Hence, incorporating heterogeneity in the medium will take it

closer to the cardiac system. For the first time, we have shown in our experiments,

as well as in our numerical simulation, that pinned spiral rotors synchronize in fre-

quency as well as in phase (chapter 5 and 6). We have also reported a plethora of

dynamical states including chimera and clusters for identical spiral rotors arranged

in a square geometry (chapter 6).
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Figure 8.1: Anamolous drift of spiral tips. Full trajectory of right(red) and
left(black) spiral tips. The Olive colour show the intial trajectory (0-30 min) af-
ter the addition of the resin beads for our typical experiment.

Extended Eight Rotor System

From a square geometry of four rotors we extended our system to a regular octagonal

network. As the number of oscillators increased, the complexity of the system also

increased. One can expect the outcome of chimera dynamics is more feasable in a

bigger network. In our experiment with eight rotors we observed a clustering dy-

namics. Figure 8.2 show one such example of TTSS (Triplet-Triplet-Singlet-Singlet)

cluster. It may be possible to have chimera dynamics depending upon the size of the

octagon or other coupling parameters, which needs further study and analysis.
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Figure 8.2: Clustering in an eight rotor experimental system. (a) and (b) depict the
initial and final time-evaluation plots of the rotors. The rotors are grouped according
to their clustering pattern. Color coordinated (c) shows the Triplet-Triplet-Singlet-
Singlet dynamical state.

8.1.4 Synchronization through a messenger wave

In chapter 7, we reproduced the Huygen’s observation of pendulam sympathy in

our chemical reaction-diffusion system where a wave or messenger transfers its infor-

mation to other two individual spirals and controll their collective nature.

8.2 Limitations

1. There is a limitation in the production of spirals at such concentrations of hydrogen

ions in our experimental system, so as to achive a spiral breakup phenomena.

2. Making a perfect corotating spiral in our experimental system is still a challenge

for us.

8.3 Future Directions

We studied spiral waves with a motivation of understanding the human cardiac

system. Spirals in the BZ system are the two dimensional counterparts of scroll
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waves, which are three dimensional in nature. While we could not unpin the pinned

spirals with our mild concentration gradient, future works can be carried out to study

the unpinng of a pinned scroll wave with such mild gradients. The synchronization

we observed for pinned spirals, can be extended to pinned scrolls in the future. We

achived synchronization of two separated spirals through information transmition by

another wave. Information transmission properties of spiral waves can be explored

in details in the future. Besides these, as we studied the collective behavior of pinned

rotors in a network, one can extend this work for more complex higher order networks.

These are some possible future works but should not be limited to this.
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Wang, Stefano Boccaletti, and Matjaž Perc. Chimeras. Physics Reports, 898:1–

114, 2021.

[29] Richard J Field, Endre Koros, and Richard M Noyes. Oscillations in chemical

systems. ii. thorough analysis of temporal oscillation in the bromate-cerium-

malonic acid system. Journal of the American Chemical Society, 94(25):8649–

8664, 1972.

[30] AM Turing. The chemical basis of morphogenesis. Phil. Trans. R. Soc. Lond.

B, 237:37–72, 1952.

[31] Elizabeth M Cherry and Flavio H Fenton. Visualization of spiral and scroll

waves in simulated and experimental cardiac tissue. New Journal of Physics,

10(12):125016, 2008.

[32] Xiaoying Huang, Weifeng Xu, Jianmin Liang, Kentaroh Takagaki, Xin Gao,

and Jian-young Wu. Spiral wave dynamics in neocortex. Neuron, 68(5):978–

990, 2010.
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[72] Hana Sevč́ıková, Milos Marek, and Stefan C Müller. The reversal and split-

ting of waves in an excitable medium caused by an electrical field. Science,

257(5072):951–954, 1992.

136

TH-3502_196122019



[73] Sumana Dutta and Deb Shankar Ray. Thermodiffusion-induced instabilities in

reactive systems. Physical Review E, 75(6):066206, 2007.

[74] Masakazu Kuze, Mari Horisaka, Nobuhiko J Suematsu, Takashi Amemiya,

Oliver Steinbock, and Satoshi Nakata. Chemical wave propagation in the

belousov–zhabotinsky reaction controlled by electrical potential. The Journal

of Physical Chemistry A, 123(23):4853–4857, 2019.

[75] Michael Vinson, Sergey Mironov, Scott Mulvey, and Arkady Pertsov. Control

of spatial orientation and lifetime of scroll rings in excitable media. Nature,

386(6624):477–480, 1997.

[76] Nirmali Prabha Das and Sumana Dutta. Controlling three-dimensional vortices

using multiple and moving external fields. Physical Review E, 96(2):022206,

2017.

[77] Dennis Kupitz, Sergio Alonso, Markus Bär, and Marcus JB Hauser. Surfactant-

induced gradients in the three-dimensional belousov-zhabotinsky reaction.

Physical Review E, 84(5):056210, 2011.

[78] Sumana Dutta and Oliver Steinbock. Spiral defect drift in the wave fields of

multiple excitation patterns. Physical Review E, 83(5):056213, 2011.

[79] Dhriti Mahanta, Nirmali Prabha Das, and Sumana Dutta. Spirals in a reaction-

diffusion system: dependence of wave dynamics on excitability. Physical Review

E, 97(2):022206, 2018.

[80] Theo Plesser, Stefan C Mueller, and Benno Hess. Spiral wave dynamics as a

function of proton concentration in the ferroin-catalyzed belousov-zhabotinskii

reaction. Journal of Physical Chemistry, 94(19):7501–7507, 1990.

[81] Arkady Pikovsky, Michael Rosenblum, Jürgen Kurths, and A Synchronization.

A universal concept in nonlinear sciences. Self, 2:3, 2001.

[82] Edward S Morse. Fireflies flashing in unison. Science, 43(1101):169–170, 1916.

137

TH-3502_196122019



[83] Nicolas Brunel and Vincent Hakim. Fast global oscillations in networks

of integrate-and-fire neurons with low firing rates. Neural computation,

11(7):1621–1671, 1999.

[84] Sheida Ansarinasab, Farnaz Ghassemi, Fahimeh Nazarimehr, Dibakar Ghosh,

and Sajad Jafari. Phase synchronization in cryptocurrency network and its

features. International Journal of Modern Physics C (IJMPC), 35(02):1–21,

2024.

[85] Animesh Biswas, Dibyendu Das, and P Parmananda. Scaling dependence and

synchronization of forced mercury beating heart systems. Physical Review E,

95(4):042202, 2017.

[86] BC Daniels, STM Dissanayake, and BR Trees. Synchronization of coupled

rotators: Josephson junction ladders and the locally coupled kuramoto model.

Physical Review E, 67(2):026216, 2003.

[87] J Schwarz-Linek, C Valeriani, A Cacciuto, ME Cates, D Marenduzzo, AN Mo-

rozov, and WCK Poon. Phase separation and rotor self-assembly in ac-

tive particle suspensions. Proceedings of the National Academy of Sciences,

109(11):4052–4057, 2012.
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[106] Andrei V Bukh, Eckehard Schöll, and VS Anishchenko. Synchronization of

spiral wave patterns in two-layer 2d lattices of nonlocally coupled discrete os-

cillators. Chaos: An Interdisciplinary Journal of Nonlinear Science, 29(5),

2019.

[107] Palash Kumar Pal, Sourav K Bhowmick, Partha Karmakar, and Dibakar

Ghosh. Mixed synchronization in multiplex networks of counter-rotating oscil-

lators. Chaos, Solitons & Fractals, 176:114069, 2023.

[108] Quintino Francesco Lotito, Federico Musciotto, Alberto Montresor, and Fed-

erico Battiston. Higher-order motif analysis in hypergraphs. Communications

Physics, 5(1):79, 2022.

[109] Dwight Barkley. A model for fast computer simulation of waves in excitable

media. Physica D: Nonlinear Phenomena, 49(1-2):61–70, 1991.

140

TH-3502_196122019



[110] Anatol M Zhabotinsky. Belousov-zhabotinsky reaction. Scholarpedia,

2(9):1435, 2007.

[111] Simin Mirzaei, Mahtab Mehrabbeik, Karthikeyan Rajagopal, Sajad Jafari, and

Guanrong Chen. Synchronization of a higher-order network of rulkov maps.

Chaos: An Interdisciplinary Journal of Nonlinear Science, 32(12), 2022.

[112] Luca Gallo, Riccardo Muolo, Lucia Valentina Gambuzza, Vito Latora, Mattia

Frasca, and Timoteo Carletti. Synchronization induced by directed higher-

order interactions. Communications Physics, 5(1):263, 2022.

[113] Per Sebastian Skardal and Alex Arenas. Higher order interactions in com-

plex networks of phase oscillators promote abrupt synchronization switching.

Communications Physics, 3(1):218, 2020.

[114] David Mersing, Shannyn A Tyler, Benjamas Ponboonjaroenchai, Mark R Tins-

ley, and Kenneth Showalter. Novel modes of synchronization in star networks of

coupled chemical oscillators. Chaos: An Interdisciplinary Journal of Nonlinear

Science, 31(9), 2021.
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