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ABSTRACT 
 

Experimental works were carried out in the batch and continuous modes in the two- and three-

phase systems to examine the effects of the concentration of the ionic (i.e., cationic and anionic) 

and non-ionic surface-active agents, particle size, slurry concentration, superficial gas velocity, 

and superficial slurry velocity on the gas holdup. The gas holdup was inferred by the drift-flux 

model for the batch process. The drift-flux and slip velocity models were used to analyze the 

change in volume fraction of gas for the continuous process. Empirical correlations were 

developed for the batch and continuous modes. The gas holdup of the system increased profoundly 

with increasing superficial gas velocity, whereas it decreased with increasing slurry concentration. 

The effects of four different particle size on gas holdup were also analyzed. The gas holdup of the 

system reduced due to the solid loading, and this reduction was more pronounced at the higher 

slurry concentrations. The gas holdup of the system was higher in the presence of CTAB as 

compared to SDBS and 1-Hexanol. Particle size did not have a significant effect on gas holdup. 

The frictional pressure drop characteristics in a two- and three-phase flotation column was studied 

in the presence of different surfactants. An in-depth investigation was carried out on the impact of 

the operating variables on frictional pressure drop. It was observed from the experimental results 

that the frictional pressure drop increased with increasing slurry concentration, average particle 

size, and superficial gas velocity. However, it decreased by the addition of surfactant to the system. 

Frictional pressure drop was lower in the presence of the cationic surfactant than the anionic and 

non-ionic surfactants. Also, empirical correlations were developed to predict the frictional pressure 

drop for batch and continuous mode operation. 

The dispersion number was computed and analyzed in a three-phase counter-current flotation 

column. The velocity distribution model was used to analyze the axial dispersion phenomenon. 

The parameters of the velocity distribution model, dispersion due to bubble motion, and the 

velocity distribution characteristic factor were also determined under the given experimental 

conditions. Empirical correlations were developed to predict the dispersion number, dispersion 

due to bubble motion, and the velocity distribution characteristics factor. These correlations were 

compared with those reported in the literature. The study was carried out to understand the effects 

of slurry concentration, particle size, surfactant dose, and gas and slurry velocities on the 
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dispersion number. For the three-phase counter-current flow system, the characteristic factor of 

the velocity distribution decreased with increasing superficial gas velocity and surfactant 

concentration. However, it increased as the slurry concentration and particle size increased. The 

dispersion coefficient of the bubble motion increased as the superficial gas velocity and surfactant 

concentration increased. It also increased as the slurry concentration and particle size increased. 

The bubble size and its distribution in the coal slurry were measured by image analysis. The effects 

of the superficial gas velocity, slurry concentration, particle size, surfactant concentration, and 

axial height were enunciated. The Sauter mean bubble diameter was found to vary in the range of 

2.14 –5.94 mm. The Sauter mean bubble diameter increased as the superficial gas velocity, slurry 

concentration, axial height, particle size, and surfactant concentration increased. Correlations were 

developed for the Sauter mean diameter. 

Experiments were conducted in a continuous flotation column to determine the degree of 

entrainment of the coal particles, and to examine its dependence on surfactant concentration, 

particle size, slurry concentration, superficial gas velocity, and superficial liquid velocity. Using 

Warren’s model, the degree of entrainment was analyzed. An empirical correlation was developed 

to predict the degree of entrainment, based on a wide range of operating variables.  It was observed 

that the cationic surfactant gave better entrainment than the anionic surfactant. The degree of 

entrainment of the coal particles was proportional to the superficial gas and slurry velocities. The 

entrainment decreased with increasing particle size but increased with increasing particle 

concentration. 

 

Experiments were carried out to interpret the effects of different operating variables in the presence 

of cationic and anionic surfactants on the recovery of fine coal particles in the flotation column. 

The kinetics of the cumulative recovery was determined. The flotation rate constant and induction 

time were analyzed based on the recovery efficiency, incorporating the stability, attachment, and 

collision efficiencies of the particles with the bubbles. Generalized correlations for the rate 

constant and the induction time were also developed based on the experimental results. The 

correlations were made by the multiple regression analysis of the experimental data. 
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CHAPTER 1: BACKGROUND AND FORMULATION 

OF WORK 

 

1.1. Introduction 

Flotation is the method for separating minerals from gangue by the differences in their 

hydrophobicity, or it is a process for selectively separating hydrophobic materials from hydrophilic. 

Flotation column is a multiphase contacting device where the liquid is in a continuous phase while 

the gas and solid are in the dispersed phase. Inside the flotation column, mixing, dispersion, and 

transportation of materials take place due to the movement of gas bubbles in the continuous liquid 

phase. Fine particle separation is widely encountered in mineral industries. A large number of 

valuable minerals are thrown away as fines and ultrafines because of inadequate technology to 

process them economically. The separation of fine particles is a challenging problem in raw material 

processing units (Rousseau, 1987). It is the most significant beneficiation method in this regard. 

However, when considering finer size ranges, flotation faces problems, because the bubble-particle 

collision probability decreases with decreasing particle size (Weber and Paddock, 1983). 

Hydrophobicity differences between valuable minerals and waste gangue are increased by adding 

surfactants and wetting agents. The selective separation of the minerals makes processing complex 

ores economically viable. It is used for the separation of a large range of carbonates, sulfides, and 

oxides before further refinement, in which particles are removed selectively from the suspension 

by attachment to the rising bubble. The main operating parameters are feed rate, air rate, frother 

dosage, collector dosage, wash water rate, and tailing rate. The controlled variables are froth depth, 

interface level, gas hold up, percentage solids in concentration and pulp density of slurry. 
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The concentrate grade and recovery determine the metallurgical performance after the flotation. 

The recovery can be estimated from a material balance. Accordingly, automatic control and 

optimization of flotation columns need to be performed using process variables with a strong 

influence on the metallurgical performance. It is the most efficient, most sensitive, most 

complicated, most challenging, and least understood mineral processing operation today. It is 

essential in the area of mineral beneficiation because of low energy requirements, high removal 

efficiency, reasonable capital investment, and comparatively low levels of maintenance and 

operational requirements. Also, there is the possibility in many instances of recovery, and re-use, 

not only of the separated substances but also of the somewhat costly surfactants. Nearly one billion 

of ore is treated by this process annually in the world. The basic concept of the flotation process 

looks relatively simple, but the fundamental principles related to the performance of mineral 

processing by the flotation technique are quite complex. So the influence of separation process 

technology on the profitability is strong in the mineral industries (Rousseau, 1987). In this regard, 

flotation is the most common method to separate the valuable components. Flotation is beneficial 

not only to mineral separation but also to a large variety of chemical species such as molecules, 

ions, microorganisms, oil droplets, etc. by this method. It can be separated either from one another 

or concentrated from a solution (Al-Shamrani et al., 2002; Gaudin et al., 1960; Matis and Mavros, 

1991). 

 

1.2. Principle of flotation 

Froth flotation begins by commination, crushing, and grinding, which is used to increase the 

surface area of the ore for subsequent processing and break the rocks into the desired mineral and 

gangue in a process known as liberation, which then has to be separated from the desired ore. The 
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ore is converted into a fine powder and mixed with water to form a slurry. The desired mineral is 

rendered hydrophobic by the addition of a surfactant or collector. The particular chemical depends 

on which ore is processed. The slurry of hydrophobic and hydrophilic particles is then introduced 

to a water bath, which is aerated, creating bubbles. The hydrophobic particles attach to the air 

bubbles, which rise to the surface, forming a froth. The froth is removed, and the concentrate is 

further refined. To be used on a given ore slurry, the collectors are chosen based upon their selective 

wetting of the particles to be separated. A good collector will adsorb, physically or chemically, 

with one of the types of particles. This provides the thermodynamic requirement for the particles 

to bind to the surface of a bubble. The wetting activity of a surfactant on a particle can be quantified 

by measuring the contact angles that the liquid/bubble interface makes with it. Another important 

measure for attachment of bubbles to particles is induction time. The induction time is the time 

required for the particle and bubble to rupture the thin film separating the particle and bubble. This 

rupture is achieved by the surface forces between the particle and bubble. 

The principle for the bubble-particle attachment is very complex and consists of three steps, 

collision, attachment, and detachment. The collision is affected by the velocity of the bubble and 

the size of the bubble. The collision tube corresponds to the region in which a particle will collide 

with the bubble, with the perimeter of the collision tube corresponding to the grazing trajectory. 

The attachment of the particle to the bubble is controlled by the induction time of the particle and 

bubble. The particle and bubble need to bind, and this occurs if the time in which the particle and 

bubble are in contact with each other is larger than the required induction time. This induction time 

is affected by the fluid viscosity, particle and bubble size, and the forces between the particle and 

bubbles. The detachment of a particle and bubble occurs when the shear and gravitational forces 

exceed the force exerted by the surface tension. These forces are complex and vary within the cell. 

TH-2710_126107038



4 
 

High shear will be experienced close to the impeller of a mechanical flotation cell and mostly 

gravitational force in the collection and cleaning zone of a flotation column. Significant issues of 

entrainment of fine particles occur as these particles experience low collision efficiencies as well 

as sliming and degradation of the particle surfaces. 

Coarse particles show a low recovery of the valuable mineral due to the little liberation and 

high detachment efficiencies. Chemical compounds, which cause a reaction in combination with 

another substance, called reagent. Reagents that possess unlike poles (both polar and non-polar) 

called heteropolar. Frothers (heteropolar surface-active) are organic reagents, which can absorb on 

the airwater interface. When the reagent is exposed to water, the water dipoles react with the polar 

groups and hydrate them, but not with the non-polar groups, and the non-polar groups are forced 

into the air phase. During the absorption of heteropolar molecules of frothers, polar groups are 

oriented towards the water and non-polar groups towards the air. Frothers can adsorb on the air-

water interface due to their surface-active property and thus reduce the surface tension, which 

stabilizes the air bubble (Wills, 2006). 

 

1.3. Hydrophobicity and hydrophilicity 

The basis of froth flotation is the difference in the wettabilities of different minerals. Particles, 

which are easily wettable by water, are termed hydrophilic, and those who are water-repellent, are 

termed hydrophobic. If a mixture of hydrophobic and hydrophilic particles are suspended in water, 

and the air is bubbled through the suspension, then the hydrophobic particles will tend to attach to 

the air bubbles and float to the surface. The froth layer that forms on the surface will then be heavily 

loaded with the hydrophobic mineral and can be removed as a separated product. The hydrophilic 

particles will have much less tendency to attach to the air bubbles, and so they will remain in 
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suspension and be flushed away. Particles can be either naturally hydrophobic, or the 

hydrophobicity can be induced by chemical treatments. Usually, hydrophobic materials include 

hydrocarbons and nonpolar solids such as elemental sulfur. Coal is an excellent example of a 

naturally hydrophobic material because it is mostly composed of hydrocarbons. Chemical 

treatments to render the surface of a particle hydrophobic involve coating the surface with a 

monolayer of non-polar oil.  

 

1.4. Flotation reagents 

These are the chemicals that maintain the correct froth characteristics and also make the particles 

hydrophobic. Many different reagents are involved in the froth flotation process, and the selection 

of reagents depends on the specific mineral mixtures being treated. Surfactants are the surface-

active agents, which absorb on the mineral surface and change its characteristics. 

 

1.4.1. Collectors 

Collectors are the chemical reagents, which selectively adsorb on the mineral surface and make it 

hydrophobic. They form a monolayer of non-polar hydrophobic hydrocarbons on the mineral 

surface. Collectors increase the contact angle between the air bubble and the mineral particle so 

that the bubbles will adhere to the mineral surface. The selection of the correct collector is a critical 

factor for an effective separation by froth flotation. Collectors are generally classified depending 

upon their ionic charge, i.e., nonionic, anionic, and cationic. The nonionic collectors are pure 

hydrocarbon oils, while the anionic and cationic collectors consist of a polar part that selectively 

attaches to the mineral surfaces, and the non-polar part projects out into the solution and makes 

the surface hydrophobic. The process in which collectors are chemically bonded to the mineral 

TH-2710_126107038



6 
 

surface is called chemisorption. The process in which collectors are bonded to the mineral surface 

by physical forces is called physical adsorption. An excess concentration of the collector develops 

a multilayer on the mineral surface, which reduces the hydrophobicity and hence restricts the 

recovery of valuable minerals. Examples of industrially-used amphoteric collectors are cetyl 

amino acetic acid, n-lauryl-ρ-amino propionic acid, n-myristyl taurine, n-lauryl-β aminobutyric 

acid, n-lauryl-β iminodipropionic acid, sodium hydroxylethyldodecylamino acetate, and sodium 

cetylamino diacetate. 

Excess concentration of surfactant or collector forms the aggregates called micelles. The bulk 

concentration of the surfactant at which the micelles form is known as critical micelle 

concentration (CMC). If we continuously increase the concentration of surfactant or collector in 

water then there will be a decrease in the surface tension of water up to the CMC; above that, the 

surface tension of water will become roughly constant, because the activity of surfactant remains 

constant above the CMC (Fuerstenau and Han, 2003). 

 

1.4.1.1. Type of collectors  

1.4.1.1.1. Ionizing collectors  

These are complex molecules, which are asymmetric, and are heteropolar as well. They have a 

longer hydrocarbon chain length and possess a powerful water repulsion capability. They ionize 

in water. There are two types of ionizing collectors, i.e., anionic and cationic collectors.  

 

1.4.1.1.1.1. Anionic collectors 

The anionic collector is a negatively-charged ion, which makes the mineral water repellent. It can 

be a weak acid or an acid salt that ionizes in water. It has a negatively-charged end that will attach 
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to the mineral surfaces and a hydrocarbon chain that extends out into the liquid. e.g., carboxylic, 

sulfates, sulphonates, xanthates, sodium oleate.  

 

1.4.1.1.1.2. Cationic collectors 

The cationic collector uses a positively-charged amine group to attach to mineral surfaces. Since 

the amine group has a positive charge, it can connect to negatively-charged mineral surfaces. 

Cationic collectors, therefore, have the opposite effect of the anionic collectors, which attach to 

positively-charged surfaces. Cationic collectors are mainly used for flotation of silicates and 

certain rare-metal oxides, and the separation of potassium chloride (sylvite) from sodium chloride 

(halite). 

The cationic collector is a positively charged ion, which makes the mineral water repellent. In a 

cationic collector, the polar group is cation-based, e.g., pentavalent nitrogen. The cationic collector 

is very sensitive to the pH of the working medium. It is very much sensitive in slightly acidic 

solution and insensitive in strongly alkaline and acid media. It is water repellent based on the 

pentavalent nitrogen e.g., amine, tri-n-amyl amine, amyl amine hydrochloride, tetramethyl 

ammonium chloride, aniline, benzylamine, diphenylamine, pyridine, quinoline hydrochloride, 

piperidine hydrochloride, and ether amine (Bulatovic, 2007). 

 

1.4.1.1.2. Non-ionizing collectors  

These are the collectors, which have an affinity for surfaces that are already partially hydrophobic. 

They selectively adsorb on these surfaces and increase hydrophobicity (e.g., hydrocarbon oils, 

kerosene, and fuel oil used in coal recovery). The non-ionizing collector is a non-polar liquid 

hydrocarbon, which does not dissociate in water. It is practically insoluble in water and makes 
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minerals water repellent by adsorbing on their surface in the form of a thin film. It is assumed that 

the adsorption of the non-ionic collector on the mineral surface takes place by adhesion. The 

common origin of the non-ionic collector is either crude oil or coal. The non-ionic collector does 

not have a fixed chemical composition due to the different properties of crude oil or coal (since 

they are obtained from various sources). Some industrially used non-ionic collectors are kerosene, 

transformer oil, and synthetic hydrocarbon oil (Bulatovic, 2007). 

 

1.4.2. Frother  

Frothers are used to stabilize air bubbles so that they will remain well-dispersed in the slurry, and 

will form a stable froth layer that can be removed before the bubbles burst. Frother helps in the 

formation of stable bubbles in the pulp phase and enhances the flotation kinetics. Frothers are 

heteropolar organic surface-active reagents, which have the potential to adsorb on the air-water 

interface and reduce the surface tension, therefore stabilizing the air bubble. The amount of froth 

generated in the flotation column is known as froth power, which depends on the type of frother 

and the collector used. Generally, the froth power increases when the number of carbon atoms in 

the hydrocarbon chain is up to seven, and start to decrease beyond 8-carbon atom compound, e.g., 

alcohols, particularly Methyl Isobutyl Carbinol (MIBC) and any number of water-soluble 

polymers based on propylene oxide such as polypropylene glycols. Cresols and pine oils are also 

used as frothers (Bulatovic, 2007). 

 

1.4.3. Regulators  

Regulators control the interaction of collectors between discrete minerals. Separation of particular 

mineral increases because the selectivity of the collector on a specific mineral can be increased or 
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decreased by the regulator. It extensively modifies the action of collectors by enhancing or 

reducing its water-repellent effect on the mineral surface. There are three kinds of regulators, i.e., 

activators, depressants, and pH regulators. 

 

1.4.3.1. Activators 

Activators are specific compounds that make it possible for the collectors to adsorb onto surfaces 

that they could not usually attach. A classic example of an activator is copper sulfate, which acts 

as an activator for sphalerite (ZnS) flotation with xanthate collectors. Some of the minerals do not 

adsorb collectors on their surface, and therefore, they do not float. Activators are widely used to 

activate the adsorption of the collectors on the mineral surface.  

 

1.4.3.2. Depressants  

The depressants have the opposite effect of the activators, i.e., they prevent the collectors from 

adsorbing onto particular mineral surfaces. They are used to increase selectivity by preventing one 

mineral from floating while allowing another mineral to float without any obstruction. For 

example, cyanide (CN) is used in the flotation of sulfide minerals, especially pyrite (FeS2). Lime 

is used either as CaO or Ca(OH)2. When it dissolves, it creates the calcium ions, which can adsorb 

onto the mineral surfaces. In combination with its strong alkaline nature, this makes it particularly 

useful in manipulating sulfide flotation. A large number of organic compounds are useful as 

flotation depressants. They are soluble polymers (such as starch), which selectively coat mineral 

surfaces and prevent collectors from attaching. Some of the examples of depressants are 

carboxymethyl cellulose (polymeric, less hazardous than inorganic depressants), phosphate, 

calcium, aluminum salt, sodium silicate, chromates, hydrophilic alkanol amine (silica controls 
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oxide mineral flotation), polyacrylamide-based polymers (depression of iron sulfides in base 

metals sulfide flotation, chitosan starch, carboxymethyl celluloses, lignosulphonates, and guar 

gum (Herrera-Urbina, 2003)). 

 

1.4.3.3. pH regulators 

The simplest modifiers are pH-control chemicals. The surface chemistry of most minerals is 

affected by the pH. In general, the surface of the minerals develops a positive charge under acidic 

conditions, and a negative charge is developed under alkaline conditions. Since each mineral 

changes from negatively-charged to positively-charged at some particular pH, it is possible to 

manipulate the attraction of collectors to their surfaces by pH adjustment. There are also other 

more complex effects due to pH that change how a particular collector adsorbs on the mineral 

surfaces. Sulfhydryl collectors, such as xanthate ions, compete with the OH ions to adsorb on 

mineral surfaces. Therefore, adsorption is a function of pH. This makes it possible for the 

sulfhydryl collectors to separate specific minerals progressively. The pH at which the xanthate ion 

wins the competition with OH ions depends both on the concentration of xanthate in the solution, 

and on the specific sulfide mineral present. 

 

1.4.3.3.1. Acids  

The acids, which give the most considerable pH change at the lowest cost, are generally used. 

Sulfuric acid is the most popular. A pivotal point to consider is that the anion of the acid can 

potentially have effects of its own, apart from lowering the pH. There are some cases where acids 

other than sulfuric acid are more useful.  

 

TH-2710_126107038



11 
 

1.4.3.3.2. Alkalis  

Like acids, the most popular alkalis are those which are cheapest. The lowest-cost alkali is lime 

[i.e., CaO or Ca(OH)2]. However, the calcium ion often interacts with the mineral surfaces to 

change their flotation behavior. In some cases, the calcium ions have beneficial effects, while in 

other cases, they change the flotation in undesirable ways. It may, therefore, be necessary to use 

sodium-based alkalis such as NaOH or Na2CO3, because the sodium cation generally does not have 

any significant effect on the particle surface chemistry. 

 

1.5. Types of flotation and their application 

1.5.1. Dissolved-air flotation 

In this process, the air is dissolved and saturated with water under high pressure. It is then released 

by using the pressure-reducing valve, which causes the generation of microbubbles. Generally, the 

air is used, but gases like methane, carbon dioxide, and nitrogen also have been used in some 

applications. Different sizes of microbubbles are generated by varying the pressure and nozzle 

diameter (Kim et al., 2015). Some of the important applications are separation of nickel, zinc, 

ferric and copper ions from dilute aqueous solutions (Lazaridis et al., 1992), separation of zinc 

from hydroxide precipitate (Qi and Aldrich, 2002), separation of feldspar from feldspathic slime 

and iron-containing minerals in batch mode (Karagüzel, 2010), and separations of mercury, arsenic 

and selenium ions from gold cyanide leach solutions (Tassel et al., 1997; Tessele et al., 1998). 
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1.5.2. Induced- or dispersed-air flotation 

In this method, bubbles are generated by the mechanical mixing of gas and liquid. High-speed 

rotating impellers, diffusers, agitators, and air injection systems are using for mechanical mixing. 

Some applications are wastewater treatment for removing oil or solid [the range of bubble size is 

about 700 – 1500 µm (Rubio et al., 2002)], industrial wastewater treatment [e.g., oil from the 

refinery, natural gas processing plant, and petrochemical and chemical plant (El-Kayar et al., 

1993)]. 

 

1.5.3. Electro-flotation 

An electric field is established between electrodes due to the conductivity of the liquid if liquid 

waste is placed between the electrodes. On electrolysis of water, hydrogen and oxygen bubbles are 

generated on electrodes. Essential variables, which affect the bubble diameter, number of bubbles, 

and current density are pH, type of electrolyte (e.g., NaCl, NaOH, and HCl), and retention time. 

In this process, ions or solid particles, which are suspended or dissolved in the liquid phase, float 

by attaching to the fine bubbles, which rise in the flotation column due to buoyancy. Hydrogen 

and oxygen bubble generate on cathode and anode electrode, respectively. Some of the important 

applications are the separation of emulsified paraffin from water (Mohammed, 2007) and the 

separation of wastewater from washing soil (Mota et al., 2015). This method is efficient for the 

removal of 97% of Pb, Ba, and Zn metals (Mota et al., 2015). (Matis et al., 1993) have given an 

extensive review of the various flotation techniques, which may be useful for further explanation 

of the various methods. 

 

1.5.4. Column flotation 
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Column flotation is highly used in the mineral processing industry. The success of column flotation 

depends on the hydrophilic and hydrophobic nature of minerals, or in their activated form by using 

reagents. Bubbles are generated at the bottom of the column. The hydrophobic mineral particles 

get attached to the bubbles, and they rise up along with the bubble. Gas hold up, bubble generation 

method, bubble size distribution, bubble rise velocity, bubbleparticle interaction, entrainment, 

frictional pressure drop, and drag coefficient are the significant parameters in the degree of particle 

separation in the flotation column. Wastes from asbestos, polymer, paper industries, electroplating, 

vegetables, poultry processing, oil industries, food, dairy, textile fiber, rubber, and dye are 

commonly processed by column flotation using suitable collectors. 

However the studies regarding the hydrodynamics, holdup characteristics, mixing characteristics, 

bubble size distribution and specific interfacial area the flotation kinetics and the particle 

entrainment in the flotation column are scanty. Therefore, a precise knowledge of the 

hydrodynamic, mixing characteristics, bubble size distribution, entrainment charatcteristics and 

flotation finetice of the coal particles in a flotation column, would be of considerable interest based 

on the present study. 

 

1.6. The importance of the hydrodynamic studies 

1.6.1. Gas holdup 

The gas holdup is important for the scale-up process in two-phase and three-phase bubble columns. 

A higher gas holdup may result in higher efficiency of the transport processes. It is also used for 

the estimation of the interfacial area, which directs the particle recovery by flotation. The desired 

recovery has a great dependence on the determination of gas holdup and flow regime (Kantarci et 

al., 2005). An increase in gas holdup increases the gas-liquid interfacial area, which increases the 
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rate of transport and hence increases the yield of the process. The gas holdup in a flotation column 

depends on superficial gas and liquid velocities, liquid and solid phase properties, column 

geometry, operating temperature and pressure, and the design of gas sparger (Kantarci et al., 2005). 

The gas holdup in the flotation column depends on the number of bubbles, average bubble size, 

and rise velocity of the bubbles (Joshi et al., 1998). Small bubbles yield high gas holdup (Kantarci 

et al., 2005). Several models are available to interpret the gas holdup characteristics in a multiphase 

contactor. In this regard, the slip velocity and drift flux model are mostly used. The drift flux model 

is generally applied to analyze the overall holdup of the gas in a vertical column. This model 

considers the effect of non-uniform flow and concentration distribution across the duct as well as 

the effect of local relative velocity between the phases. To analyze the gas holdup data by drift 

flux model the average gas velocity is plotted against the gas-liquid mixture velocity, which is 

given by the equation as,   dslsgo
g

sg uuuC
u




 where Co is the velocity distribution coefficient, 

and ud is the gas phase drift velocity, which are obtained by experiment. The distribution 

coefficient accounts for the interaction of the velocity and gas holdup distributions. ud accounts for 

the effect of local relative velocity between bubbles and liquid. This analysis of gas holdup is 

important to assess the flow patterns of the fluid flow in the column. The more details about it with 

experimental observation is given in the chapter 2. In the present study, an attempt has also been 

made to analyze the experimental gas holdup data of the present system by Slip-velocity model 

proposed by Behringer (1936). A correlation in terms of various physical, geometric and operating 

parameters of the present system has also been developed to analyze the gas holdup. 

 

1.6.2. Pressure drop 
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The pressure drop in the flotation column determines the requirement of flow energy for the 

transportation of fluids in the multiphase system. The pressure drop provides the information on 

the pattern of energy dissipation, which helps in modeling and assessment of the performance of 

the system. High pressure-drop results when the flow rate is high and the viscosity is high. The 

details of the frictional mpressure drop and its analysis is given in Chapter 3. 

 

1.6.3. Mixing characteristics 

Mixing of gas, liquid, and solid inside the flotation column is a significant parameter since it affects 

the bubbleparticle collision and detachment process. The high intensity of mixing is required to 

bring the solid particles in contact with the gas bubbles. The geometry of the column, operating 

conditions, and physicochemical properties of the fluid have important roles in the mixing process. 

Therefore, the study of mixing is necessary for the optimization and design of the flotation column 

(Gharai and Venugopal, 2016). Mixing characteristics inside the flotation column governs the 

particle suspension, fine bubble generation, and dispersion so that the collision between the gas 

bubbles and the particles takes place. Mixing in the flotation column due to pulp recirculation and 

dispersion results from turbulence caused by bubble motion and feed slurry. Liquid circulation in 

the flotation column governs the rate of mixing and degree of particle recovery. Mixing inside the 

flotation column is estimated by the dispersion number, which is related to the Peclet number. The 

analysis of residence time distribution with model is described in details in chapter 4 

 

1.7. Importance of entrainment and flotation kinetics 

 

1.7.1. Entrainment characteristics 
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Entrainment is the root cause that hampers the performance of the flotation column. Entrainment 

of gangue material into the froth concentrates dilutes the desired material and decreases the grade 

of the concentrate and hence improves the selectivity and performance of the column. The froth 

height above the level of pulp significantly affects the performance of the flotation column (Smith 

and Warren, 1989). The more details abot the entrainment cjharacteristics is given in chapter 5. 

 

1.7.2. Analysis of flotation by kinetic and non-kinetic models 

Flotation kinetics determines the variation of rate of change of froth overflow product with time 

and recognizes the variables that affect the flotation kinetics (Fuerstenau, 1962). The removal rate 

of particles or probability of collection of solid particles on gas bubbles in the pulp phase in the 

flotation column is a function of the probability of collision, probability of adhesion, and the 

probability of detachment. According to (Yoon and Luttrell, 1989), the rate constant of the 

flotation process is directly proportional to the probability of collection of particle and surface area 

of the rising bubble. The rate constant signifies the ability of the species to float. The rate constant 

will help to develop kinetic and non-kinetic models of recovery. Knowledge of mathematical 

modeling is important since it predicts the metallurgical behavior of the flotation column. The 

mathematical model helps design, control, and optimization of the flotation column. The analysis 

of the present experimental data is given in more details in chapter 7. 

 

1.8. Formulation of the research work 

1.8.1. Scope of the research work 

The study of hydrodynamics characteristics is important to analyze the process efficiency of a 

flotation system. The hydrodynamic study is an important aspect that helps to understand the 
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performance, control, modeling, design, and optimization of the equipment. Many researchers 

have studied the hydrodynamic characteristics of circular and rectangular flotation columns for 

mineral beneficiation. Flotation technique is the major industrial operation used in mineral 

beneficiation, wastewater treatment, oil separation, and several other separation processes. 

However, it is still very complex to understand complete hydrodynamic behavior. There is a lack 

of study in the separation of coal by flotation, and comparison of efficiency of the process with 

different surfactants; particle entrainment characteristics by the bubble movement in the column 

flotation technique; particle attachment and detachment behaviour during flotation based on the 

different flow pattern regimes, and how gas holdup significantly plays a role in the recovery of the 

particle in a flotation column.  

 

1.8.2. Objectives of the work  

As per the scope of the work, the present study is conducted as per the following objectives: 

 

 Study the holdup characteristics of gas and its analysis in the presence of a surface-active 

agent in batch and continuous modes 

 Study the frictional pressure drop characteristics and its analysis in the presence of a 

surface-active agent in batch and continuous modes 

 Study the mixing characteristics of phases and its analysis in the presence of a surface-

active agent in a flotation column 

 Study the effects of different variables on the entrainment of coal particles in the flotation 

column. 

 Study the efficiency of recovery of fine coal particles by flotation and its analysis by 

kinetics model. 
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CHAPTER 2: GAS HOLDUP CHARACTERISTICS 

This chapter analyzed the gas holdup characteristics is in batch mode and also in continuous mode 

operation. An experimental investigation was carried out to study the effects of particle size, slurry 

concentration, superficial gas velocity, superficial slurry velocity, surfactant concentration, and 

type of surfactant on the gas holdup.  The gas holdup was analyzed by the drift flux model for the 

batch process. The driftflux and slip velocity models were used to analyze the gas holdup for the 

continuous process. An empirical correlation was also established for both batch and continuous 

processes. 

 

2.1. Introduction and literature 

The gas holdup is an essential parameter in the chemical and petroleum industries for coal 

gasification and catalytic synthesis of hydrocarbon. It has an indispensable role in mineral 

beneficiation and chemical and biochemical processes. The process for the liquefaction of coal 

involves preheating slurry consisting of coal particles in a fluidized slurry bubble column reactor 

(Ghani et al., 2011). Flotation is widely used as physical separation process such as for mineral 

processing (Chakraborty et al., 2009; Xing et al., 2018), wastewater treatment (Gharai and 

Venugopal, 2016; Khuntia et al., 2012), oil-water separation in the petroleum industry (Li et al., 

2016), coal particle upgradation (Li et al., 2016; Xing et al., 2017), plastic recycling (Wang et al., 

2015b) and de-inking of paper pulp (Labidi et al., 2007). Due to its high separation efficiency and 

cost-effectiveness, this process is most appropriate (Tao, 2004). For analyzing the efficiency of 

the flotation system, the gas holdup is one of the crucial hydrodynamic characteristics. For proper 

design, operation, scale-up, and modelling of the flotation system, it is used.  A fluidized bed is 
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widely used as a multiphase reactor in petrochemical, chemical, and biochemical process 

industries, and mineral processing (Kunii and Levenspiel, 1991). In the case of coal flotation, the 

gas passes through the reactor in the form of bubbles supplying hydrogen to the slurry where the 

liquefaction reactions take place. The gas phase, as a dispersed phase of bubbles, stays in the 

reactor, and occupies a fraction of the volume of the reactor. The amount of the gas bubbles, i.e., 

the gas holdup in the reactor, determines the residence time of the slurry phase and the degree of 

slurry mixing and mass transfer (Prakash and Majumder, 2017). An increase in the gas holdup 

would increase the gasliquid interfacial area, which would increase the rate of transport and hence 

increase the yield of the process (Prakash et al., 2018b). The gas holdup in the reactor is controlled 

by the superficial gas and liquid velocities, liquid and solid phase properties, column geometry, 

working pressure and temperature, and the design of gas sparger (Ishkintana and Bennington, 

2010; Kantarci et al., 2005). The presence of particle suspension leads to the decrease in the gas 

holdup with slurry concentration (Banisi et al., 1995a; Bhunia et al., 2017; Mena et al., 2005). The 

addition of surfactant to the liquid phase reduces the radial variation of the gas holdup, and this 

reduction increases with the increasing dose of surfactant (Tavera et al., 2001).  

The volume fraction of gas in a multiphase unit depends on many factors, such as the feeding 

device, properties of the gas and the liquid, pressure, temperature, unit size, as well as the 

superficial gas velocity (Tavera et al., 2001). A low gas velocity tends to give a homogeneous 

bubble flow. In contrast, a high gas velocity leads to a heterogeneous bubble flow or a churn-

turbulent flow in which the rising bubbles have either a broad size distribution or irregular distorted 

shapes due to frequent bubble coalescence and/or breakup (Anastasiou et al., 2013). (Bhunia et al., 

2014) reported that the effects of slurry concentration, solid type, superficial liquid and gas 

velocities, and gas holdup in the presence of coal and sphalerite slurry mixture on the axial pressure 
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drop. They reported an axial pressure drop decreases with increasing superficial gas velocity 

because of the increasing gas holdup of the system. Results from the experiments also indicated 

that the sphalerite slurry system containing particles (specific gravity: 3.16) had a higher pressure 

drop than the coal particles (specific gravity: 1.6). In three-phase reactors, all of those factors 

would change more or less along with the progress of coal processing and, in turn, affect the gas 

holdup in a complex manner. The surface-active agents can enhance the gas holdup under control 

of mass transfer in a bubble bed. However, a minimal number of data are available in the literature 

on the gas holdup in the presence of surface active agents. There is a lack of research on a gas 

holdup in flotation columns despite broad applications of the flotation systems. No reliable method 

is available for assessing the gas holdup in the slurry systems and characterizing the fluid flow.  

 

2.2. Experimentation 

2.2.1. Experimental setup  

The diagrammatic representation of the experimental setup is depicted in Figure 2.1. All 

experiments were conducted at standard temperature and pressure. The superficial gas velocity 

range is 0.007 u 0.035sg   m/s, and the superficial liquid velocity range is 

0.007 u  0.035slr   m/s. The slurry concentration range was 1.5 c  10.89slr   kg/m3. The 

experimental setup consisted of a cylindrical column made of Plexiglas (height = 0.91 m and 

diameter = 0.055 m), spherical gas sparger (inner diameter = 0.051 m), liquid rotameter, gas 

rotameter, manometers, compressor, and slurry pump. 

The pore diameter of the gas distributor (i.e., sparger) was 35 m as mentioned by the manufacturer 

(make: Flamingo Filters Pvt. Ltd, India). The rotameter was calibrated, and its accuracy was  2% 
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deviation of the full range (0 – 5 l/min). The locations of the pressure taps were 0.05 and 0.55 m 

from the base of the column within the homogeneous regime. Air was supplied through a 

compressor (make: Friends Air Compressors, India). The gas flow rate was measured by the pre-

calibrated rotameter, and the flow was controlled by a needle valve. For every experiment, the 

initial liquid level was kept at 0.58 m.  
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Figure 2.1: Schematic representation of the experimental setup: 1. pump, 2. flotation column, 3. 

compressor, 4. storage tank, 5. liquid rotameter, 6. gas rotameter, 7. spherical sparger, 8. solenoid 

valve, 9. manometer, 10. globe valve, 11. froth collecting drum, and 12. collection zone of the 

flotation column. 

 

2.2.2. Materials and experimental procedure 

The surface tension, viscosity, and slurry density were estimated by the tensiometer (make: Kyowa 

Interface Science, model: DY-300, Japan), interfacial rheometer (make: Anton Paar, model: 

Physica MCR-301, Austria), and specific gravity bottle, respectively.  

Three different surfactants [i.e., sodium dodecylbenzene sulfonate (SDBS), 1-Hexanol, and 

cetrimonium bromide (CTAB)] were used as surface-active agents. All the surfactants were 

purchased from Merck (India). Tap water was used for the experiment. The coal samples were 

collected from the mines (Meghalaya, India). They were crushed using a Jaw crusher (make: Malik 

Engineering Work, model: MEC-262, India) followed by a roll crusher (make: K. C. Engineers, 

India). The density of the coal was 1400 kg/m3, as calculated by the gas pycnometer.  Three 

different particle size ranges were screened after crushing, i.e., < 150, 150 – 300, 300 – 425, and 

425– 600 m. The diameter of the particles was measured by a particle size analyzer (make: 

Malvern Instruments Ltd, model: Master Sizer 2000, UK). The average size of the particles was 

63.22, 235.61, 404.97, and 507.67 μm, respectively. The slurry concentration range is 3.63 – 10.89 

kg/m3 for batch mode and 1.5 – 10.89 kg/m3 for continuous mode.  The continuous mode refers 

here the flow of slurry and gas countercurrently. The slurry flows downward direction wheras air 
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flows upward direction. A typical result of particle size distribution  63.22 μmpd   is shown in 

Figure 2.2a. 

The gas holdup was determined by the bed expansion technique. The difference in mixture (gas-

liquid-solid-surfactant) height after the aeration and clear slurry height before the aeration was 

taken by a digital camera (make: Nikon, model: Coolpix P520). The digital camera was placed at 

a distance of 0.25 m from the column wall. A halogen lamp (500 Watts) was kept beside the 

column to capture a good quality image. Black paper was also placed to the backside of the column 

to obtain the enhanced quality of the free surface. The level difference was obtained from the 

captured images, and the final level difference was taken by averaging data points from five 

different images. As per this method, the average gas holdup (by the volume of the system) can be 

expressed as per Vadlakonda and Mangadoddy, (2018). The shape of the coal particles was 

analyzed by a field emission scanning electron microscope (FESEM) (make: Zeiss., Germany; 

model: Sigma). A typical image of particle shape for 235.61 μmpd  is shown in Figure 2.2b. 

 

Figure 2.2a. Particle size distribution of coal (dp= 63.22 m). 
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Figure 2.2b: A micrograph showing the particle shape and size analysis obtained by FESEM 

 235.61 μmpd   at 200 magnification. 

The fraction of the gas occupied by the air bubbles in the entire volume of the column is the average 

gas holdup (g). In the current work, the gas holdup is estimated by the bed expansion technique. 

Two types of readings are essential to measuring the gas holdup: one is the gas-liquid mixture 

height after gas sparging is done at the steady-state, and the other is the clear slurry mixture height 

after stoppage of gas sparging at steady state. The average gas holdup of the system can be 

expressed as (Prakash et al., 2018a; Vadlakonda and Mangadoddy, 2018).  











m

l
g h

h
1              (2.1) 

Where mh  and lh  are the gas-liquid-solid height after gas sparging and clear slurry height, 

respectively. Gas holdup measurement by bed expansion technique is widely acceptable for 

laboratory flotation column and pilot column (Vadlakonda and Mangadoddy, 2018). Physical 
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properties of the fluids and also surface tension of the aqueous surfactant solution used in batch 

mode are shown in Table 2.1 and Table 2.2, respectively. Physical properties of the fluids and 

surface tension of the aqueous surfactant solution used in the continuous mode are shown in Table 

2.3 and Table 2.4, respectively.  

Table 2.1: Physical properties of the system in the batch mode measured at 298  1 K. 

Slurry 

concentration 

(kg/m3) 

Surfactant 

concentration 

(g/m3) 

Viscosity (mPa s) Density (kg/m3) 

 

SDBS CTAB 1-Hexanol SDBS CTAB 1-Hexanol 

3.63 3 1.085 1.073 1.092 1000.12 1000.16 1000.13 

6 1.140 1.132 1.135 1000.15 1000.19 1000.17 

10 1.232 1.221 1.211 1000.26 1000.35 1000.31 

7.26 3 1.091 1.083 1.095 1001.21 1001.32 1001.08 

6 1.131 1.155 1.151 1001.35 1001.41 1001.32 

10 1.248 1.251 1.243 1001.61 1001.74 1001.64 

10.89 3 1.098 1.092 1.098 1002.33 1002.09 1002.41 

6 1.169 1.163 1.166 1002.52 1002.32 1002.52 

10 1.271 1.274 1.267 1002.81 

 

1002.72 

 

1002.65 

 

 

Table 2.2: Surface tensions of the aqueous surfactant solutions in the batch mode measured at 298 

 1 K. 

Surface tension (N/m) 
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Table 2.3: Physical properties of the three-phase system in the continuous mode measured at 298 

 1 K. 

Slurry 

concentratio

n (kg/m3) 

Surfactant 

concentrat

ion (g/m3) 

Viscosity × 103 (kg/ms) 

 

Density (kg/m3) 

 

SDBS CTAB 1-Hexanol SDBS CTAB 1-Hexanol 

 
10 

 

1.235 1.248 1.255 1002.21 1002.44 1002.35 

1.5 
30 

 

1.304 1.362 1.308 1002.42 1002.68 1002.57 

 
50 

 

1.408 1.481 1.413 1002.78 1002.95 1002.83 

3.63 

10 

 

1.248 1.256 1.262 1004.26 1004.35 1004.31 

30 1.312 

 

1.371 1.315 1004.42 

 

1004.58 

 

1004.49 

 

Surfactant 

concentration (g/m3) 

SDBS CTAB 1-Hexanol 

3 0.048 0.041 0.061 

6 0.043 0.037 0.060 

10 0.039 0.035 0.059 
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50 1.416 1.492 1.422 1004.67 

 

1004.87 

 

1004.73 

 

7.26 

10 1.259 1.265 

 

1.267 

 

1005.41 

 

1005.16 

 

1005.37 

 

30 1.321 

 

1.377 1.334 

 

1005.65 

 

1005.34 

 

1005.55 

 

50 1.425 

 

1.496 

 

1.438 1005.82 

 

1005.71 

 

1005.78 

 

10.89 

10 1.277 1.286 

 

1.274 

 

1006.48 

 

1006.19 

 

1006.25 

 

30 1.353 

 

1.393 

 

1.351 

 

1006.67 

 

1006.37 

 

1006.47 

 

50 1.470 1.498 1.463 1006.91 

 

1006.84 

 

1006.61 

 

 

Table 2.4: Surface tension of the slurry in the continuous mode measured at 298  1 K. 

 

Surfactant 

concentration (ppm) 

Surface tension (N/m)  

SDBS CTAB 1-HEXANOL 

10 0.039 0.035 0.059 

30 0.033 0.031 0.053 

50 0.030 0.029 0.048 
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2.3. Theoretical background                                                                                      

2.3.1. Theory of the drift-flux model 

(Zuber and Findlay, 1965) presented the drift-flux model, which is based on the presence of local 

slip. Driftflux theory is broadly used to analyze the average gas holdup in the flotation column. 

It contemplates the volumetric flux of the gas resultant to a surface which is movable with a mean 

velocity of dispersion (Gandhi et al., 1999). This model is used to analyze the non-homogeneous 

distribution of the gas phase in the column. It considers the variation of the volume fraction of 

phase distribution in the radial direction, the relative velocity of the phases, and the influence of 

non-uniform flow. In a bubbling fluidized system, the bubbles rise locally relative to the liquid due 

to the density difference between the phases. The gas-phase may accumulate in the slower or faster 

region of the flow resulting in variation in the overall gas holdup. It considers the interstitial gas 

velocity /sg gu   among the phases, the consequence of radial non-homogeneity of gas 

distribution, and superficial gas velocity. For a batch mode, the drift-flux model is represented by   

 sg
o sg d

g

u
C u u


               (2.2) 

This model is based on the actual gas velocity sg gu   and for a continuous system, it can be 

expressed as 

 sg
o sg slr d

g

u
C u u u


                                                                                                           (2.3) 

Where slru  is the superficial slurry velocity, du  is the weighted average drift velocity, and oC  is 

the distribution parameter, sgu  is the superficial gas velocity. The distribution parameter in the 
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driftflux surmises the interaction of phases, velocity distribution, and the gas holdup in the 

flotation column (Kumar et al., 2013). (Clark and Flemmer, 1985) have reported from their 

experimental result that the C0 was 0.95 for the low gas holdup < 0.2 and were 1.2 for a system of 

having a gas holdup > 0.2. (Clark et al., 1990) and (Zuber and Findlay, 1965) demonstrated the C0 

values range 1.2-1.5 for a heterogeneous regime. More details about the basic of the drift flux 

model is given by Bahramian and Elyasi (2020).  In the present study, the parameter C0 and the ud 

were estimated based on the experimental data of gas holdup and fitting the equation (2.3) with 

the experimental data of gas holdup (by calculating usg/g) at different operating conditions. 

For a given superficial gas (or liquid) velocity, thesuperficial liquid (or gas) velocity was chosen 

and corresponding gas volume fraction was measured. Then, usg/g versus usg + usl was plotted to 

produce a straight line with slope of C0 and vertical intercept of ud. A typical plot of the usg/g 

versus usg + usl is shown in Figure 2.3. 

 

TH-2710_126107038



30 
 

0.01 0.02 0.03 0.04 0.05 0.06 0.07
0.04

0.08

0.12

0.16

0.20

0.24

0.28

dp= 235.61 m

csurf = 30 g/m3

uslr= 0.035 m/s

 0.007
 Fitted line
 0.014
 Fitted line
 0.021
 Fitted line
 0.035

         Fitted line

u
sg

/
g (

m
/s

)

u
slr

+u
sg

 (m/s)

u
sg

 (m/s)

 
Figure 2.3: A typical plot of the usg/g versus usg + usl to estimate the ud and Co. 

 

2.3.2. Theory of the slip velocity model 

The slip velocity model was first introduced by Behringer (1952). The slip velocity of bubbles 

relative  to surrounding liquid is defined as  

1
sg slr

s g l
g g

u u
u u u

 

 
          

                                                                      (2.4)  

Here, the negative sign indicates the inverse flow system. The bubble phase holdup data correlated 

as a function of lu , and gu . Lapidus and Elgin, (1957) reported that in the churn turbulent flow 

regime, the indications of bubble interaction characterize the slip velocity within the column. The 
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relationship is often used to find out the slip velocity that justifies the interaction between bubbles 

within the column as a function of the gas holdup, which can be expressed as 

 s b gu u f                                                                                                          (2.5) 

where bu  is the bubble terminal rise velocity, and  gf   displays the result of the interaction of 

adjacent bubbles within the column. The slip velocity can be expressed as 

 1
n

s b gu u                                                                                                                         (2.6) 

 

2.4. Uncertainty analysis of the experimental data 

Each experiment is repeated for five times. The mean of the continual experiment is measured by 





N

i
ix

N
x

1

1

                                    (2.7)  

where N  is the total number of parameters and ix  is the ith component of parameters. The error 

analysis is calculated based on the percentage relative uncertainties rU  of the continual 

experiments and standard uncertainties U . The standard uncertainty of the average value is 

estimated as 

N

STDEV
U 

                        (2.8)  

Relative uncertainty is calculated as 
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%100
x

U
U r

               (2.9)  

The standard deviation can be expressed as 

 2
1

1

N
i

i
x x

STDEV
N







                                                                              (2.10) 

Uncertainty analysis of experimental data for batch mode and continuous mode shows in Table 

2.5 and Table 2.6, respectively. 

 

 

Table 2.5: Uncertainty analysis of the experimental data for the batch mode. 

Parameter Mean, x () STDEV () U () Ur (%) 

g   (two-phase) 5.7210-2  

2.4110-1 

8.8210-3  

7.1310-2 

4.4110-3  

3.5610-3 

1.48 7.72 

g   (three-

phase) 

4.4510-2  

2.2410-1 

7.1210-3  

6.4010-3 

3.5610-3  

3.2010-3 

1.43 7.99 

sgu   6.8710-3  

3.3210-2 

9.3910-5  

1.1810-3 

4.6910-5  

5.8810-4 

6.8410-1 1.77 

 

Table 2.6: Uncertainty analysis of the experimental data for the continuous mode. 

Variables Mean, x () STDEV () U () Ur (%) 
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g (two-phase) 9.98  10-2  

3.11  10-1 

6.9610-3  

1.110-2 

3.4810-3  

5.4810-3 

1.76  

3.49 

g (three-phase) 7.84  10-2  

2.67  10-1 

1.9910-3  

5.6810-3 

9.9410-4 

2.8410-3 

1.06  

1.27 

sgu  6.9410-3  

3.4810-2 

4.2710-4  

5.7210-4 

2.1310-4 

2.8610-4 

8.2110-1  

3.08 

slru  7.1210-3  

3.5210-2 

3.2310-4  

1.0610-3 

1.6110-4 

5.2810-4 

1.50  2.26 

 

 

2.5. Results and discussion 

2.5.1. Effect of different variables on gas holdup in the batch and continuous modes 

2.5.1.1. Effect of superficial gas velocity and slurry concentration on gas holdup 

The effect of slurry concentration  235.61 μmpd    and superficial gas velocity on gas holdup 

in the presence of SDBS  36 g/msurfc   in batch mode is shown in Figure 2.4. It is noticed that 

the gas holdup decreased with increasing slurry concentration, and it increased with the rising 

superficial gas velocity.  
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Figure 2.4: Effect of superficial gas velocity and slurry concentration on gas holdup in the batch 

mode. 

The range of variation of the gas holdup was 4.7 to 20.2% at different slurry concentrations and 

superficial gas velocities. At the slurry concentration of 3.63 kg/m3 and a minimum superficial gas 

velocity of 0.007 m/s, the gas holdup was 5.08%. At the maximum superficial gas velocity of 0.035 

m/s, the gas holdup was 20.2%. With the increase in slurry concentration from 3.63 to 10.89 kg/m3 

(at 0.007 m/s superficial gas velocity), the reduction in gas holdup was 6.18%, and this reduction 

decreased with increasing superficial gas velocity. The decline in gas holdup was 6.18, 5.81, 5.41, 

5.18, and 4.92% at the superficial gas velocity range of 0.007 to 0.035 m/s. It is clearly observed 

that at the lowest superficial gas velocity, the reduction in gas holdup was maximum, and this 

reduction decreased with the rise in superficial gas velocity.  
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The consequence of slurry concentration is more important at the lower gas velocity. The addition 

of particles increased the viscosity of the system. Therefore, it formed large bubbles, which had 

higher rising velocities. Larger bubbles have less residence time in the flotation column, and 

consequently, a low gas holdup is obtained (Fan et al., 2014). According to  Banisi et al. (1995a),  

the bubble wake becomes stable due to the increased slurry viscosity, which successively increases 

the bubble rise velocity and reduces the gas holdup.  

 

Effects of slurry concentrations (i.e., 1.5, 3.63, 7.26, and 10.89 kg/m3) on gas holdup at different 

superficial gas velocities (i.e., 0.007 – 0.035 m/s) at fixed particle size (i.e., 235.61 m), surfactant 

concentration (i.e., 30 g/m3), and superficial slurry velocity (i.e., 0.035 m/s) in continuous mode 

are shown in Figure 2.5. It is perceived that the gas holdup of the system decreases with an increase 

in the slurry concentration while it increases with an increase in the superficial gas velocity. The 

increase in the gas holdup is due to the increase in the volume of the gas with an increase in the 

superficial gas velocity. As the volume of the gas increases, the number of gas bubbles also 

increases, consequently the gas holdup enhances. The decrease in the gas holdup with an increase 

in the slurry concentration is because of the increase in the apparent slurry viscosity and slurry 

density of the system (Ojima et al., 2015; Rabha et al., 2013a, 2013b; Sarhan et al., 2018a). The 

increase in the slurry viscosity of the system increases the rate of bubble coalescence (Prakash et 

al., 2019), which in turn forms the larger bubbles, hence affect the gas holdup of the system. The 

rising velocity of the larger gas bubbles is higher as compared to the smaller bubble size, as a result 

of this, the residence time of the larger bubbles becomes smaller. The smaller residence time of 

the bubbles in any system characterizes the lower gas holdup. A similar trend of a decrease in a 

gas holdup with an increase in the slurry concentration is also reported by many researchers (Banisi 
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et al., 1995b, 1995a; De Swart et al., 1996; Fan et al., 1999; Jianping and Shonglin, 1998; Kato et 

al., 1972; Kelkar et al., 1984; Koide et al., 1984; Lu et al., 1995; Ojima et al., 2015; Rabha et al., 

2013a, 2013b; Reese et al., 1996; Sarhan et al., 2018a). Nevertheless, some contrary result of an 

increase in the gas holdup with an increase in the slurry concentration is also reported by(Fan et 

al., 2007; Jamialahmadi and Müller‐Steinhagen, 1991). For instance, (Kara et al., 1982) reported 

an increase in the gas holdup in the presence of particles with their size less than 600 m. 

Moreover, these contradictions of gas holdup results are because of different techniques for 

measurement of system holdup, and furthermore, the particle size, degree of wettability, and 

particle concentration are not considered equal. It is noticed that gas holdup increase from 0.25 to 

5.04 % for a slurry concentration of 1.5 kg/m3 and 0.1 to 4% for a slurry concentration of 10.89 

kg/m3 at 0.007 m/s and 0.035 m/s superficial gas velocities respectively. The decrease in the gas 

holdups from 60 to 20.63% when the slurry concentration increases from 1.5 to 10.89 kg/m3 within 

a range of superficial gas velocity of 0.007 to 0.035 m/s.  Therefore, from the current observation, 

it can be concluded that the effect of particle concentration is dominant at minimum superficial 

gas velocity.  
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Figure 2.5. Effect of slurry concentration and superficial gas velocity on gas holdup in the 

continuous mode. 

 

2.5.1.2. Effect of superficial slurry velocity on gas holdup 

Variation of the gas holdup at different superficial slurry velocity at constant particle size (i.e., 

235.61 m), slurry concentration (i.e., 7.26 kg/m3), and SDBS surfactant concentration (i.e., 30 

g/m3) in continuous mode is shown in Figure 2.6. It is noticed that the gas holdup of the flotation 

column reduces significantly with an increase in the superficial slurry velocity. This decrease in 

the gas holdup is due to the rise in the bubble coalescence rate, which generates the larger bubble 

size, consequently, reduces the bubble residence time in the flotation column.  A contradictory 

result of an increase in the gas holdup with a rise in the liquid velocity is reported by many 
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researchers (Biń et al., 2001; Jin et al., 2010; Otake et al., 1981). Several investigators reported 

that gas holdup is independent of the effect of liquid velocity either in co-current or counter-current 

operation mode because of lower liquid velocity in comparison to bubble rise velocity (Akita and 

Yoshida, 1973; Rollbusch et al., 2015; Shah et al., 1982; Shawaqfeh, 2003; Voigt et al., 1980).  
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Figure 2.6: Effect of superficial slurry velocity on gas holdup in the continuous mode. 

The decrease or increase in the gas holdup is because of acceleration or deceleration of the gas 

bubble by the liquid motion (Leonard et al., 2015; Rollbusch et al., 2015; Shawaqfeh, 2003). At a 

superficial slurry velocity (i.e., 0.007 m/s), the gas holdup is about 2.70%, whereas, at a superficial 

slurry velocity 0.035 m/s, the gas holdup is 0.21%, a significant reduction of approximately 

92.26% is observed at minimum 0.007 m/s superficial gas velocity. The gas holdup reduces from 
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15.78 to 4.66% at the maximum superficial gas velocity at the same variation of superficial slurry 

velocity. Here, it can be concluded that the effect of slurry velocity on gas holdup at lower 

superficial is more effective as compared to the higher superficial gas velocity.    

 

2.5.1.3. Effect of particle size on gas holdup 

The effect of particle size on gas holdup at the slurry concentration of 7.26 kg/m3 and surfactant 

(i.e., 1-Hexanol) concentration of 3 g/m3 in batch mode is shown in Figure 2.7. It is seen that the 

gas holdup increased with increasing particle size. With the reduction in the bubble and particle 

size, the entrainment efficiency of the particle to the bubble improves (Bhunia et al., 2017; Khare 

and Joshi, 1990; Lee and Lee, 2002). With a further continuous reduction in the particle and bubble 

size, the probability of attachment of particles to the surface of the bubble reaches a critical value, 

after which it begins to decrease (Dobby and Finch, 1986; Yoon, 1993).  

 

0.005 0.010 0.015 0.020 0.025 0.030 0.035

0.04

0.06

0.08

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 
g (
)

u
sg
 (m/s)

c
slr

= 7.26 kg/m3 

c
surf

= 3
 
g/m

3
(1-Hexanol)

 d
P
= 404.97 m

 d
P
= 235.61 m  

 d
P
= 63.22 m

 

Figure 2.7: Effect of particle size on gas holdup in the batch mode. 
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At the fixed quantity of the particle, if the particle size is reduced, the net result is in the increase 

in the number of the particles. The increased particle number results in an increased slurry viscosity 

because of attractive particle interaction (Senapati et al., 2009; Zhou et al., 1993).  In the presence 

of the smaller particles, the particles tend to pack together, which in turn enhances the particle-

fluid and particle-particle interaction, hence the system viscosity increases. The increase in the 

system viscosity promotes the bubble coalesce and starts forming the larger gas bubbles (Prakash 

et al., 2019). The rule of the thumb says that the magnitude of the buoyancy force will be higher 

on the larger bubbles. Consequently, larger bubbles exhibit more significant rising velocity 

(Manjrekar and Dudukovic, 2015); hence the gas holdup reduces. The increased viscosity of the 

system also results in the dissimilarity in the increasing velocity of different size bubbles. The 

differences in the increasing velocity of the bubbles also responsible for bubble coalescence causes 

a reduction in gas holdup (Yoshida et al., 2013). A similar trend of higher gas holdup in the 

presence of larger particle size is also reported by (Prakash et al., 2018a). Some of the researchers 

reported a reduction in the bubble size by increasing the particle size (Ojima et al., 2015; Sarhan 

et al., 2016). The presence of the larger particle size may cause bubble breakup.  

It can be observed that the gas holdups at the particle diameters of 63.22 and 235.61 m were more 

or less the same. The difference between the gas holdups was less than 2.2% at all superficial gas 

velocities. For particle diameters 63.22 and 404.97 m, the difference in gas holdup is in the range 

of 16.69-8.56% at superficial gas velocity range of 0.007-0.035 m/s, respectively. It is observed 

that for the particle diameters  63.22 and 404.97 m, the difference between gas holdups decreased 

with increasing superficial gas velocity. This difference was maximum at the lowest gas velocity 

and minimum at the highest gas velocity. As particle size in the flotation column plays a critical 
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part in the investigation of hydrodynamic characteristics. The gas holdup in the flotation column 

is also affected by the different particle size in the slurry. The effect of different particle size (i.e., 

63.22, 235.61, 404.97, and 507.67 m) on gas holdup at a fixed slurry velocity (i.e., 0.021 m/s), 

slurry concentration (i.e.,7.26 kg/m3), and 1-hexanol surfactant concentration (i.e., 10 g/m3), in 

continuous mode is depicted in the Figure 2.8. It is noticed that the gas holdup of the flotation 

system gradually decreasing with an increase in the particle size. A similar kind of trend is also 

reported by  (Kato et al., 1972),  (Kara et al., 1982), and (Sada et al., 1986).  
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Figure 2.8: Effect of particle size on gas holdup in the continuous mode. 

Some of the researchers reported that the apparent slurry viscosity is higher in presence smaller 

size particles because of significant particle interaction (Kara et al., 1982; Kawatra and Eisele, 

1988; Sada et al., 1986; Senapati et al., 2009; Zhou et al., 1993). However, particle interaction may 
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depend on the type of particle. By considering the particle interaction effect, the gas holdup should 

be lower at the smaller particle size; however, in this present experimental result, contradictory 

results have been found. It is noticed that the decrease in the gas holdups were approximately 7.08 

to 6.01% when particle size varied from 63.22 to 404.97 m. It is found that the reduction in a gas 

holdup is more at lower superficial gas velocity, and this reduction in gas holdup decreases with 

an increase in the superficial gas velocity. It can be concluded that the influence of particle size is 

more dominant in lower superficial gas velocity.  

2.5.1.4. Effects of different surfactants on gas holdup 

In this work, three different surfactants, i.e., CTAB (cationic), SDBS (anionic), and 1-Hexanol 

(non-ionic) were used to study the gas holdup in the presence of solid at particular surfactant, 

particle size, and slurry concentrations.  
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Figure 2.9: Effect of different surfactants on gas holdup in the batch mode. 
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It is reported that the gas holdup of the system increases as the bubble size decreases (Dobby et 

al., 1988). The effect of surfactant type on gas holdup in batch mode is shown in Figure 2.9. It is 

noted that the gas holdup was higher in the presence of the cationic (CTAB) surfactant than the 

anionic (i.e., SDBS) and non-ionic surfactants (i.e., 1-Hexanol). The maximum and minimum gas 

holdups were 19.7% (for CTAB) and 4.5% (for 1-Hexanol) at  0.035 m/ssgu   and 

0.007 m/ssgu    respectively. At each superficial gas velocity, the difference in gas holdup 

between the CTAB and SDBS solutions was less than 1.71%, and the same between the SDBS 

and 1-Hexanol solutions was less than 6.07%. A comparison of the gas holdups in the CTAB and 

1-Hexanol solutions shows that the minimum difference was 6.27% at 0.035 m/ssgu   and the 

maximum was 7.68% at 0.007 m/ssgu  . In all surfactant solutions, it was noticed that the 

variation was maximum at minimum superficial gas velocity and vice versa. (Parmar and 

Majumder, 2016)have suggested the importance of a bubble charge on the attachment of particle 

on it during flotation. Bubbles can have a positive or negative charge based on the type of 

surfactant adsorbed on their surfaces. They can attract oppositely-charged particles and entrain 

them. The charge of a particle can be adjusted by using suitable collectors and by controlling the 

pH. The addition of a surfactant diminishes the surface tension of the liquid, which in turn 

generates a large number of bubbles (Parmar and Majumder, 2016; Prakash et al., 2019, 2018a). 

The surfactant also increases the stability of the gas bubbles, which increases the gas holdup. It 

also hinders th.32e coalescence of bubbles, increases the coalescence time, and helps to produce 

smaller bubbles (Duerr-Auster et al., 2009; Ghosh, 2004; Yang and Maa, 1984). 

The effect of three different surfactants, namely, CTAB, SDBS, and 1-Hexanol on gas holdup at a 

fixed slurry concentration (7.26 kg/m3) and particle size (404.97 m) at a different superficial gas 
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velocity in continuous mode is revealed in the Figure 2.10. The comparison of the gas holdup in 

different surfactants is performed at a constant surfactant dose and superficial liquid velocity of 50 

g/m3 and 0.007 m/s, respectively. It can be noticed that the gas holdup in the presence of CTAB 

and SDBS surfactant is more or less the same. This is due to the very little solution surface tension 

difference after the addition of both the surfactant. The difference in the gas holdup is less than 

1% for each superficial gas velocity in the presence of the CTAB and SDBS surfactant.  
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Figure 2.10: Effect of the type of surfactant on gas holdup in the continuous mode. 

The solution surface tensions in CTAB and SDBS are 29 mN/m and 30 mN/m. As it was discussed 

in the earlier section that reduced surface tension of the liquid leads to produce the smaller bubble, 

which in turn enhances the gas holdup of the system. Therefore, it is noted that the solution surface 

tension in the presence of 1-Hexanol is about 48 mN/m, which is higher than both of other 
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surfactants (CTAB and SDBS); therefore, the gas holdup reduces sharply. The reduction in gas 

holdup (in the presence of 1-Hexanol) is approximately in the range of 6.94 – 9.55%.  

 

2.5.1.5. Effect of solid loading on gas holdup 

The effect of solid on gas holdup in the presence of CTAB (at 10 g/m3) in batch mode is shown in 

Figure 2.11. It is noticed that the gas holdup was higher in the absence of the particles as compared 

to their presence. The bubble coalescence induced by the presence of solid particles produces 

larger bubbles with faster rising velocity. Hence, the gas holdup decreases. 
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Figure 2.11: Effect of solid loading on gas holdup in the batch mode. 

The addition of a surfactant stabilizes the bubbles and reduces the rate of bubble breakup. The 

addition of solid particles increases the viscosity of the system, which causes an increase in the 

coalescence behavior of the bubbles; therefore, the gas holdup reduces. Solid-induced-bubble 
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coalescence behavior is reduced in the presence of the surfactant (Banisi et al., 1995a). The 

minimum gas holdup was found to be 5.2% in the presence of particles, whereas the maximum 

was 23.8% in the absence of particles at 0.007 and 0.035 m/s gas velocities, respectively. The gas 

holdup of the system decreased from 6.36 to 5.29% when the solid concentration was increased 

from 0 to 10.89 kg/m3 at 0.007 m/s superficial gas velocity. The gas holdup of the system decreased 

from 23.89 to 20.89% for the same solid concentration range at 0.035 m/s superficial gas velocity. 

Therefore, it can be concluded that the effect of the solid particles was strong at the minimum gas 

velocity, and this effect dwindled with increasing gas velocity.   

It is observed that gas holdup is higher in the two-phase system as compared to the three-phase 

system at all superficial gas velocity. In Figure 2.12, it is noticed that the gas holdup of the flotation 

system decreases with an increase in the slurry concentration, the same argument of a decrease in 

the gas holdup in the presence of particles can be applied here to explain the reason of lower gas 

holdups in the three-phase system in comparison to the two-phase system. The difference in the 

gas holdup between two-phase and three-phase is higher at maximum superficial gas velocity, and 

this difference gradually decreases with a decrease in the superficial gas velocity. The gas holdup 

is approximately 33.83, 29.83, 27.37, 25.57, and 24.14% higher in the two-phase system as 

compared to the three-phase system at 0.007, 0.014, 0.021, 0.028, and 0.035 m/s superficial gas 

velocity respectively.   
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Figure 2.12: Effect of solid loading on gas holdup in the continuous mode. 

2.5.2. Evaluation of gas holdup with the drift-flux model in the batch mode 

The gas holdup was analyzed for the two-phase system by the drift flux model with the operating 

variables, i.e., superficial gas velocity sgu , column diameter cd , surface tension  , liquid 

density l , and liquid viscosity l , the acceleration due to gravity g .  In the present experimental 

conditions, the range of the distribution parameter oC  is found to be 2.27– 2.89 for the two-phase 

system. For the two-phase system, applying the Buckingham’s Pi theorem of dimensional analysis  
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and performing regression analysis, the distribution parameter can be predicted by the following 

correlation,  

0.046 0.041 0.0642.78 Re Fr Weo l l lC        (2.11) 

Where is Rel  Reynolds number l sg c lu d   , Frl  is Froude number sg cu gd , Wel  is the Weber 

number 2
l sg cu d  . The standard error and correlation coefficient of the Eq. (2.11) were found to 

be 0.0061 and 0.9062, respectively.  The correlation is valid within the range of variables :

310.10 Re 1780.06l  ; 3 39.46 10 Fr 47.29 10l
     ; 24.35 10 We 1.89l

   . An empirical 

correlation for drift velocity for the two-phase system was developed based on the present 

experimental data. This correlation is as follows:                                 

0.011 0.534 0.2281.21Re Fr Wed
l l l

sg

u

u
       (2.12) 

The standard error and the correlation coefficient for Eq. (2.12) were found to be 0.0027 and 

0.9999, respectively. The correlation is valid within the range of variables : 

299.19 Re 1785.07l  ; 3 39.46 10 Fr 47.29 10l
     ; 24.35 10 We 1.89l

    .  

 The gas holdup is assessed by the drift-flux model for a three-phase system, with the 

variables such as superficial gas velocity sgu , column diameter cd , slurry density slr , particle 

diameter pd , surface tension  , apparent slurry viscosity slr , the acceleration due to gravity 

g . For a three-phase system, oC  is found to be 2.28–2.93 for the three-phase system, and  the 

distribution parameter oC , and du  can be represented as the function of the dimensionless groups 

as 
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 , , , , , , ,o d sg c p slr slrC u f u d d g     (2.13) 

An empirical correlation for 0C  the three-phase system was developed based on the present 

experimental data. This correlation is as follows:      

0.029
0.273 0.236 0.01836Re Fr We

p
o slr slr slr

c

d
C

d
  

  
 

   (2.14) 

Where Reslr  is Reynolds number slr sg c slru d  , Frslr is Froude number sg cu gd ,  Weslr is the 

Weber number 2
slr sg cu d  . The standard error and the correlation coefficient while using 

Equation (2.14) were found to be 0.0094 and 0.9362, respectively. The correlation is valid within 

the range of variables: 303.50 Re 1764.32slr  ; 3 39.46 10 Fr 47.29 10slr
     ;

24.35 10 We 1.90slr
   ; 3 31.19 10 9.23 10p cd d     . The correlation for weighted mean 

drift velocity du  can be represented as 

0.129

0.286 0.681 0.0161.638Re Fr We pd
slr slr slr

sg c

du

u d
    

  
 

 (2.15) 

The standard error and the correlation coefficient while using Equation (2.15) were found to be 

0.0639 and 0.9939, respectively. The correlation is valid within the range of variables: 

295.16 Re 1769.29slr  ; 3 39.45 10 Fr 47.29 10slr
     ; 25.53 10 We 1.90slr

   ;

3 31.15 10 7.36 10p cd d     . The parity of distribution parameter and mean drift velocity for 

the three-phase system in batch mode is shown in Figures 2.13 and 2.14, respectively.   
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Figure 2.13: Parity of distribution parameter for the three-phase system in the batch mode. 
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Figure 2.14: Parity of drift velocity for the three-phase system in the batch mode. 
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2.5.3. Evaluation of gas holdup with the drift-flux model in the continuous mode 

The gas holdup is assessed by the drift-flux model for a two-phase system based on the operating 

variables such as superficial gas velocity sgu , superficial liquid velocity slu , column diameter 

cd , liquid density l , surface tension , liquid viscosity l , the acceleration due to gravity g . 

The distribution parameter oC  and the weighted mean drift velocity du  can be expressed as the 

function of the following variables 

 , , , , , , ,o d sg sl c l lC u f u u d g                                                                                           (2.16)          

The distribution parameter 0C  can be predicted by the following correlation by dimensional and 

multiple regression analysis. 

0.022
0.009 0.136 0.0821.71Re Fr We sl

o l l l
sg

u
C

u


  

   
 

                                   (2.17)                                                        

The standard error and correlation coefficient of Eq. (2.17) are 0.0096 and 0.9315, respectively. 

The correlation is valid within the range of variables: 2 28.67 10 Re 37.86 10l    ,

2 22.84 10 Fr 11.35 10l
     , 240.47 10 We 13.18l

   , 2 214.29 10 71.43 10sl sgu u     .   

The weighted mean drift velocity parameter du  can be predicted by the following correlation by 

the same procedure.  

0.005

1 0.009 0.484 0.2538.63 10 Re Fr Wed sl
l l l

sg sg

u u

u u
   

 
    

 
                                                   (2.18)                                                                     

The standard error and correlation coefficient of the Eq. (2.18) were found to be 0.0029 and 0.9999, 
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respectively. The correlation is valid within the range of variables: 2 27.70 10 Re 36.88 10l   

, 2 22.837 10 Fr 11.35 10l
     , 240.64 10 We 13.26l

   , 2 214.286 10 71.43 10sl sgu u    

.  

The gas holdup is assessed by the drift-flux model for a three-phase system, with the variables 

such as superficial gas velocity sgu , superficial liquid velocity s l ru , column diameter cd , slurry 

density slr , particle diameter pd , surface tension  , apparent slurry viscosity slr , the 

acceleration due to gravity g . For a three-phase system, the distribution parameter oC  . and 

weighted mean drift velocity parameter du  is expressed as a function of the following variables  

 , , , , , , , ,o d sg sl c p slr slrC u f u u d d g                                                                          (2.19)                                                      

After applying the Buckingham’s Pi theorem of dimensional analysis, the distribution parameter 

can be represented as the function of the succeeding dimensionless groups, which can be expressed 

as 

0.0030.009
0.119 0.088 0.0143.62 Re Fr We

p sl
o slr slr slr

c sg

d u
C

d u


   

        
                                (2.20)  

The standard error and correlation coefficient of Eq. (2.20) are found to be and 0.0039 and 0.9362, 

respectively. The correlation is valid within the range of variables: 2 27.54 10 Re 36.20 10slr   

, 2 22.84 10 Fr 11.35 10slr
     , 240.71 10 We 13.41slr

   , 3 31.19 10 9.23 10p cd d     , 

2 214.29 10 71.43 10sl sgu u      . 
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Similarly, an empirical correlation for drift velocity for the three-phase system can be expressed 

as 

0.00130.019

0.268 0.33 0.20112.94 Re Fr We pd sl
slr slr slr

sg c sg

du u

u d u
  

  
        

                                                     (2.21)                                                           

The standard error and correlation coefficient of the Eq. (2.21) are 0.0243 and 0.9982, respectively. 

The correlation is valid within the range of variables: 2 26.69 10 Re 35.26 10slr    ,

2 22.83 10 Fr 11.35 10slr
     , 240.86 10 We 13.48slr

   , 3 31.15 10 7.36 10p cd d     , 

2 214.29 10 71.43 10sl sgu u     .   

     

2.5.4. Evaluation of gas holdup with the slip velocity model in the continuous mode 

The gas holdup is analyzed by a slip velocity model for a two-phase system with operating 

variables superficial gas velocity sgu , superficial liquid velocity slu , column diameter cd , surface 

tension  , liquid density l , liquid viscosity l , and the acceleration due to gravity g . The 

parameter ,bu n can be expressed as the function of the following variables 

  , , , , , , ,b sg sl c l lu n f u u d g                                                                                 (2.22) 

An empirical correlation for the parameter bu  for the two-phase system can be expressed as 

 

0.643

0.011 0.144 0.23628.80 Re Fr Web sl
l l l

sg sg

u u

u u
 

 
   

 
                                                   (2.23) 

TH-2710_126107038



54 
 

The standard error and correlation coefficient of the Eq. (2.23) were found to be 0.046 and 

0.9905, respectively. The correlation is valid within the range of variables:  

2 27.70 10 Re 36.88 10l    , 2 22.84 10 Fr 11.35 10l
     , 240.63 10 We 13.26l

   , 

2 214.29 10 71.43 10sl sgu u     .      

An empirical correlation for the parameter n for the two-phase system can be expressed as 

1.045

2 0.046 1.75 0.3772.88 10  Re Fr We sl
l l l

sg

u
n

u


 
    

 
                                                  (2.24) 

The standard error and correlation coefficient of the Eq. (2.24) were found to be 0.0049 and 

0.9998, respectively. The correlation is valid within the range of variables: 

3 31.28 10 Re 3.69 10l    , 2 24.73 10 Fr 11.35 10l
     ,1.71 We 13.26l  ,  

0.30 0.71sl sgu u  .        

The Gas holdup is analyzed by a slip velocity model for a three-phase system, also with operating 

variables such as superficial gas velocity sgu , superficial liquid velocity slru , column diameter 

cd , slurry density slr , particle diameter pd , apparent slurry viscosity slr ,  surface tension 

,  acceleration due to gravity g . The parameter ,bu n can be expressed as the function of the 

following variables  

 , , , , , , , ,b sg slr c p slr slru n f u u d d g                                                                    (2.25) 

An empirical correlation for the parameter bu  for the three-phase system can be expressed as 

TH-2710_126107038



55 
 

0.6320.018

0.25 0.232 0.18653.10Re Fr We pb sl
slr slr slr

sg c sg

du u

u d u
 

  
        

                                         (2.26) 

The standard error and correlation coefficient of the Eq. (2.26) were found to be 0.0529 and 0.9871, 

respectively. The correlation is valid within the range of variables: 2 26.69 10 Re 35.26 10slr   

, 2 22.84 10 Fr 11.35 10slr
     , 240.86 10 We 13.48slr

   , 4 411.49 10 73.63 10p cd d     , 

2 214.29 10 71.43 10sl sgu u     .  

An empirical correlation for the parameter n for the three-phase system can be expressed as 

1.150.022

4 0.438 2.29 0.3679.04 10 Re Fr We p sl
slr slr slr

c sg

d u
n

d u
 

  
         

                                      (2.27) 

The standard error and correlation coefficient of the Eq. (2.27) were found to be 0.0826 and 0.9939, 

respectively. The correlation is valid within the range of variables:  2 26.69 10 Re 35.26 10slr   

, 2 22.84 10 Fr 11.35 10slr
     , 240.86 10 We 13.48l

   , 4 411.49 10 73.63 10p cd d     , 

2 214.29 10 71.43 10sl sgu u      .      

2.5.5. Development of empirical correlations for gas holdup in the two- and three-phase 

systems for the batch mode operation 

The gas holdup of the fluidized bed system for the two-phase system depends on several operating 

variables as per the present experimental conditions, which can be expressed as                                                      

 , , , , ,g sg c l lf u d g     (2.28) 
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Dimensional analysis followed by multiple linear regression of experimental data yields the 

following correlation for the two-phase system:                                            

0.007 0.379 0.2220.636 Re Fr W eg l l l    (2.29) 

The standard error and correlation coefficient were 0.0141 and 0.9996, respectively. The 

correlation is valid within the range of variables: 310.10 Re 1780.06l  ;

3 39.46 10 Fr 47.29 10l
     ; 24.35 10 We 1.89l

   . A comparison of the experimental gas 

holdup and the values predicted by Equation (2.29) is shown in Figure 2.15. 

 

 

 

 

 

 

 

 

Figure 2.15: Comparison of experimental and predicted gas holdup of the two-phase system in 

the batch mode. 

The gas holdup of the fluidized bed system for the three-phase system depends on several operating 

variables as per the present experimental conditions, which can be expressed as  
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 , , , , , ,g sg c p slr slrf u d d g     (2.30) 

 

The correlation for predicting the gas holdup for the three-phase system is given by          

0.047
4 0.933 0.315 0.121.74 10 Re Fr We

p
g slr slr slr

c

d

d



   

   
 

 (2.31) 

The standard error and the correlation coefficient were found to be 0.0208 and 0.9990, 

respectively. The correlation is valid within the range of variables: 303.50 Re 1764.32slr  ; 

3 39.46 10 Fr 47.29 10slr
     ; 24.35 10 We 1.90slr

   ; 3 31.19 10 9.22 10p cd d     . The 

parity plot of the experimental and predicted gas holdups is shown in Figure 2.16.  
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Figure 2.16: Comparison of experimental and predicted gas holdup of the three-phase system in 

the batch mode. 
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2.5.6. Development of the general empirical correlation for gas holdup in the continuous 

mode operation 

The gas holdup for a two-phase system is observed to be depended on superficial gas velocity sgu

, superficial liquid velocity slu , column diameter cd , liquid density l , liquid viscosity l , 

surface tension  , and acceleration due to gravity g  which can be expressed as 

 ,u , , , , ,g sg sl c l lf u d g                                                                                           (2.32)                                                  
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Figure. 2.17:  Comparison of experimental and predicted gas holdup of the two-phase system in 

the continuous mode. 
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The following correlation for predicting the gas holdup is developed by multiple linear regression 

analysis with the experimental data 

0.499
1 0.012 0.469 0.2073.03 10 Re Fr We sl

g l l l
sg

u

u



  

    
 

                                            (2.33) 

The standard error and correlation coefficient of Eq. (2.33) are 0.0057 and 0.9999, respectively. 

The correlation is valid within the range of variables: 3 31.45 10 Re 3.79 10l    , 

2 24.73 10 Fr 11.35 10l
     , 1.12 We 13.18l  , 0.2 0.6sl sgu u  . Parity plot of experimental 

gas holdup and predicted gas holdup obtained for a two-phase system by using Eq. (2.33) is shown 

in Figure 2.17. 

The gas holdup of the three-phase system can also be expressed as 

 , u , , , , , ,g sg sl c p slr slrf u d d g                                                            (2.34) 

The following correlation is developed for the three-phase system by applying multiple linear 

regression analyses with experimental data with the correlation coefficient and standard error of 

0.9993 and 0.0121, respectively. 

 

0.5230.015
3 0.521 0.184 0.1163.08 10 Re Fr We p sl

g slr slr slr
c sg

d u

d u



   

         
                                    (2.35) 

The correlation is valid within the range of variables: 3 31.26 10 Re 3.62 10slr    ,

2 24.73 10 Fr 11.35 10slr
     ,1.13 We 13.41slr  , 4 411.87 10 92.30 10p cd d     , 

0.2 0.6sl sgu u   .  
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Parity plot of experimental gas holdup and predicted gas holdup obtained by using Eq. (2.35) is 

shown in Figure 2.18. 
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Figure. 2.18: Comparison of experimental gas holdup and predicted gas holdup for three phase 

system in the continuous mode. 

2.6. Conclusions 

The gas holdup in a laboratory flotation column in the two and three-phase system is studied. The 

in-depth investigation of the influence of superficial gas velocity, superficial liquid velocity, 

particle concentration, particle size, surfactant concentration, surfactant type on the gas holdup is 

done. The gas holdup of the system was reduced due to the solid loading, and this reduction was 

more pronounced at the higher slurry concentrations. The addition of particles decreased the gas 
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holdup at all gas flow rates and slurry concentrations. Solids decreased the gas holdup at all 

superficial gas velocities as a result of increased bubble coalescence, which increased the bubble 

size, and hence the bubble rise velocity through the slurry. The gas holdup of the system was higher 

in the presence of CTAB as compared to SDBS and 1-Hexanol. Particle size did not have a 

significant effect on gas holdup. Nonetheless, a slight increase in gas holdup was observed in the 

presence of larger particles. It is concluded that the gas holdup of the system increased profoundly 

with an increase in superficial gas velocity, whereas it decreases by the rise in the slurry 

concentration. The effects of four different particle sizes (63.22, 235.61, 404.97, and 507.67 μm) 

on gas holdup are also analyzed. It is noticed that the gas holdup of the flotation system is gradually 

decreasing with an increase in particle size due to a reduction in the apparent slurry viscosity. The 

reason for the decrease in the apparent slurry viscosity was the decrease in the particle interaction. 

It is also seen that gas holdup reduces significantly with an increase in the superficial slurry 

velocity. This decrease in the gas holdup is due to a rise in the bubble coalescence rate, which 

generates the larger bubble size, consequently, reduces the bubble residence time in the flotation 

column. The comparison of the gas holdup in different surfactant is also performed. It was noticed 

that the gas holdup was lower in the presence of 1-Hexanol; however, in the case of CTAB and 

SDBS surfactant solution, it was more or less the same. The gas holdup of the flotation system is 

analyzed with the drift-flux and slip velocity model. The generalized correlation model is also 

proposed to interpret the gas holdup in the two and three-phase systems. All developed correlations 

are suited to interpret the experimental values well within the error range of  20%. The present 

analysis will be helpful to enhance the process efficiency and scale-up the flotation systems in 

industrial applications. 
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CHAPTER 3 : PRESSURE DROP CHARACTERISTICS 

 

This chapter reports the effect of operating variables such as particle size, slurry concentration, 

superficial gas velocity, superficial slurry velocity, surfactant concentration, and surfactant type 

on the frictional pressure drop in a flotation column in batch mode and continuous mode. 

Dimensionless correlations have been developed to predict the frictional pressure drop in the 

laboratory flotation column in different conditions. 

 

3.1. Introduction and literature 

Flotation processes are widely used as physical separation processes in mineral processing  

(Chakraborty et al., 2009; Xing et al., 2018), oil-water separation in the petroleum industry (Li et 

al., 2016), wastewater treatment (Gharai and Venugopal, 2016; Khuntia et al., 2012), coal particle 

up-gradation (Li et al., 2016; Xing et al., 2017), de-inking of paper pulp (Labidi et al., 2007), and 

plastic recycling (Wang et al., 2015b). The flotation process is most suitable due to its high 

separation efficiency and cost-effectiveness (Tao, 2004). Flotation column reports better efficiency 

in comparison to a mechanical flotation cell, mainly with fine particles (Honaker and Mohanty, 

1996). The performance of the flotation column is dependent on hydrodynamic characteristics.  

Frictional pressure drop plays an important role in the determination of column performance. 

Pressure drop is one of the essential hydrodynamic characteristics for analyzing the efficiency of 

the flotation system. The knowledge of hydrodynamic characteristics helps to assess the proper 

design, operation, scale-up, and modeling of the flotation system (Prakash et al., 2018b).  

TH-2710_126107038



63 
 

Pressure drop analysis in any multiphase contacting system provides the pattern of energy 

dissipation (Majumder, 2016). The necessity of flow energy requirement is decided by the pressure 

drop in the flotation system. It is necessary to understand the different factors, which cause the 

frictional pressure drop. Changes in the flow direction, friction in the column, turbulence caused 

by the mixing of phases, surface roughness, viscosity, and fluid velocity are some of the prime 

factors, which are responsible for pressure drop in the flotation system (Prakash et al., 2018b). In 

the past, many authors attempted to investigate the frictional pressure drop. As per (Prakash et al., 

2018a), the frictional pressure drop in a three-phase system is a sum of three individual frictional 

forces namely (i) friction between fluid and particle, (ii) particle and column wall, and (iii) fluid 

and wall. They concluded that fluid-wall frictional forces are dominant in comparison to fluid-

particle and particle-column wall.   

The pressure drop decides the necessity of flow energy requirement in the flotation system. 

In a vertical column with a uniform cross-section, the measured pressure drop is known as the total 

pressure drop. It is the summation of hydrostatic, accelerative, and frictional pressure drops. 

Among the three different pressure drops, measurement of the frictional pressure drop is 

complicated, due to its dependence on flow regime, column orientation, and wall roughness. Many 

researchers have attempted to predict the frictional pressure drop in the Newtonian and non-

Newtonian systems in vertical and horizontal two-phase flows (Lee and Lee, 2002; Majumder et 

al., 2011; Pouplin et al., 2011; Xu et al., 2012). However, these researchers have focused on the 

frictional pressure drop, mainly in the two-phase systems. A few studies on frictional pressure drop 

in three-phase systems have been reported by (Bhunia et al., 2014) and (Shukla et al., 2010). 

Bhunia et al. (2014) reported the effects of slurry concentration, solid type, superficial gas and 

liquid velocities, and gas holdup in the presence of coal and sphalerite slurry mixture on axial 
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pressure drop. They reported a decrease in axial pressure drop with increasing superficial gas 

velocity due to the increase in the gas holdup of the system. 

Experimental results also showed that the slurry system containing sphalerite particles 

(specific gravity: 3.16) had a higher pressure drop than the coal particles (specific gravity: 1.6). 

The frictional pressure drop in the flotation system can be contributed by the frictions between 

fluid and wall, particle and wall, and fluid and particle. The frictional forces at the column wall 

and gas-liquid interface contribute to the pressure drop. In a flotation system, the presence of a 

large number of smaller bubbles causes significant frictional losses. Hence friction at the wall can 

be neglected (Bhole and Joshi, 2008). A reduction in frictional pressure drop was observed with 

increasing superficial gas velocity, whereas the frictional pressure increased with increasing slurry 

velocity. The decrease in frictional pressure drop with increasing gas velocity was due to the 

increase in the coalescence of bubbles, which resulted in larger bubbles. An increase in the slurry 

velocity resulted in intense mixing of the phases, which enhanced the particle mobility. Fine 

particles caused more frictional pressure drop than the coarse particles due to their higher mobility. 

Another reason for the high frictional pressure drop associated with the fine particles is their 

greater tendency to form clusters and adhere to the wall. 

The frictional pressure loss occurring at the gasliquid interface in a packed bed of bubbles is 

smaller due to the partial mobility of the interface. (Shukla et al., 2010) investigated the effects of 

various process variables such as gas and liquid velocity, surfactant concentration, and slurry 

concentration on frictional pressure drop. They have reported a negligible change in the frictional 

pressure drop for their experimental conditions. Some of the researchers also reported the impact 

of bubbles and void fraction on the pressure drop reduction in the upward flow (Nouri et al., 2013).  
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Despite the broad applications of the flotation systems, there is a lack of studies on 

frictional pressure drop in flotation columns. There is a lack of availability of reliable technique 

for accurately assessing the frictional pressure drop in the flotation systems. Most of the literature 

reported the evaluation of frictional pressure drop in the two-phase flow in a co-current flow 

arrangement. Only a few researchers have reported the assessment of frictional pressure drop in a 

flotation system for a limited range of experimental conditions. A few of literature shows the in-

depth investigation of various operating parameters (i.e., superficial slurry and gas velocity), 

physical properties of slurry (i.e., surface tension, apparent slurry viscosity), and type of surfactant 

(i.e., cationic, anionic, non-ionic) on the frictional pressure drop. Therefore, the present study aims 

to analyze the effects of superficial gas velocity, superficial slurry velocity, particle size slurry 

concentration, surfactant concentration, and type of surfactant on the average gas holdup and 

frictional pressure drop in the flotation column. There is a lack of availability of frictional pressure 

drop correlations for the counter-current three-phase system.  Therefore, a generalized empirical 

correlation is also proposed for the prediction of the frictional pressure drop as a function of surface 

tension, particle size, slurry concentration, geometric variables, effective slurry viscosity, and 

superficial gas velocity in the flotation column. 

3.2. Experimentation  

3.2.1. Experimental setup  

The diagrammatic representation of the experimental setup for frictional pressure drop is shown 

in Figure 2.1,  section 2.2.1, in chapter 2, and the details and information about the different parts 

of the set up are also already discussed there in section 2.2.1. 
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3.2.2. Materials and experimental procedure 

3.2.2.1. Materials 

The details and specification of the surfactants and the information about the coal particle crushing 

and size analyzing are already discussed in section 2.2.2 in chapter 2.  A typical particle size 

distribution is shown in Figure 2.2. The surface tension and conductivity of the water used for the 

experiment were 0.070 N/m and 156.70 μS/m, respectively.  

3.2.2.2. Experimental procedure 

All the experimental works were conducted at standard temperature and pressure. The particle 

concentration range was 1.5  10.89 slrc  kg/m3, the superficial gas velocity range was 

0.007  0.035 sgu  m/s, and the superficial slurry velocity range was 0.007  0.035 slru 

m/s. The details and information about the measurement of density, surface tension, and viscosity 

measurement were already discussed in section 2.2.2. The physical properties of the fluids used in 

the experiments and the surface tensions of the surfactant solutions for batch and continuous mode 

are shown in section 2.2.2, Tables 2.1, Table 2.2, Table 2.3, and  Table 2.4, respectively. The 

pressure taps were kept at 0.05 and 0.55 m from the base of the column within the homogeneous 

regime. For every set of experiments, the initial liquid level was kept at 0.58 m. 

 

3.3. Theoretical background                                                                                      

3.3.1. Frictional pressure drop  
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In a vertical multiphase system, the total pressure drop  TP  is the sum of the hydrostatic 

pressure drop  hP , pressure drop due to friction  fP , and pressure drop due to acceleration 

 aP . The total pressure drop is given by                      

T f h aP P P P                                                                                                          (3.1) 

According to (Hughmark and Pressburg, 1961), the pressure drop due to acceleration in a vertical 

system of uniform cross-sectional is very small as compared to the total pressure drop. Therefore, 

it can be neglected and the Equation (3.1) reduces to 

T h fP P P                                                                                                                (3.2) 

The hydrostatic pressure drop can be expressed as 

h mP g H                                                                                                                       (3.3) 

where the three-phase mixture density  m  can be calculated from the following equation:  

m g g l l s s                                                                                                            (3.4) 

After putting Equation (3.4) into Equation (3.3), the pressure drop due to hydrostatic pressure can 

be expressed as 

 h g g l l s sP g H                                                                                               (3.5) 

Where, , , and g l s    are the holdups of the gas, liquid, and solid, and , ,  and g l s    are their 

respective densities. H  is the distance between the two successive pressure ports. Putting 
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Equation (3.5) into Equation (3.2) and after rearrangement, the pressure drop due to the friction 

can be expressed as 

 f T g g l l s sP P g H                                                                                    (3.6) 

For a single-phase system, the Fanning’s friction factor is related to the frictional pressure drop as 

2

, 2

2 sp sp sg
f sp

g c

f u H
P

d






                                                                                                   (3.7) 

Similarly, the frictional pressure drop for the three-phase system can be represented as 

2

, 2

2 tp tp sg
f tp

g c

f u H
P

d






                                                                                                     (3.8)  

The friction factor in the countercurrent laminar flow condition can be expressed by  (Majumder, 

2016) 

16
,

Retp
r

f   for  Re 2100r                               (3.9)  

The friction factor for the transition region could be represented as (Desouky and E1-Emam, 1981) 

 0.31850.125 0.0112 Retp rf    valid for 2100 Re 4000r                                                    (3.10)  

For turbulent flow condition friction factor for the three-phase system is given by Blasius equation 

0.25
0.079

Re
tp

r

f    for          Re 4000r                                          (3.11)  

Where Rer  is the gas Reynolds number based on the relative velocity of gas and slurry, which can 

be expressed as 
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Re m r c
r

g m

u d
 

                  (3.12)  

where     1r sg g sl gu u u     and m  is the mixture viscosity, which is given as (Majumder, 

2016)   

 1.4
g slr

m
g slr gX

 


  


 
                                                                                               (3.13)   

where X is the Martinelli parameter and slr  is the slurry apparent viscosity. Which 

can be expressed as (Majumder, 2019) 

   
0.5

f fslr g
X P z P z       

                                                                                     (3.14)                                                                             

  16.621 2.5 10.5 0.00273 s
slr l s s e                                                                        (3.15) 

where s  is the particle volume fraction in the slurry. 

3.4. Uncertainty analysis 

The theory regarding the uncertainty analysis is already discussed in section 2.4.  

 

 

 

 

 

TH-2710_126107038



70 
 

Table 3.1: Uncertainty analysis of the experimental data for the batch mode.  

Parameter Mean, x () STDEV () U () Ur  (%) 

  (two-

phase) 

3.4721.70 0.170.56 8.29  10-30.28 1.292.39  

 

  (three-

phase) 

3.9628.50 0.200.30 9.83  10-30.15 0.353.79 

  6.87  10-3  

3.32  10-2 

9.39  10-5  

1.18  10-3 

4.69  10-5  

5.88  10-4 

0.681.77 

 

Table 3.2: Uncertainty analysis of the experimental data for the continuous mode. 

Variables Mean, x () STDEV () U () Ur (%) 

Pf  (two-phase) 16.43  110.30 9.1310-2 

1.0110-1 

4.5610-2 

5.0410-2 

4.5710-2  

2.7810-1 

Pf  (three-phase) 22.77  168.51 9.0610-2 

1.1310-1 

4.5310-2 

5.6610-2 

2.6910-2  

2.4910-1 

sgu  6.9410-3 

3.4810-2 

4.2710-4 

5.7210-4 

2.1310-4 

2.8610-4 

8.2110-1 

3.08 

slu  7.1210-3 

3.5210-2 

3.2310-4 

1.0610-3 

1.6110-4 

5.2810-4 

1.502.26 

 

3.5. Results and discussions  

fP

fP

sgu
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3.5.1. Effect of different variables on frictional pressure drop in the batch and continuous 

modes 

3.5.1.1. Effect of superficial gas velocity and slurry concentration on frictional pressure 

drop  

The variation of frictional pressure drop with the change in slurry concentration and superficial 

gas velocity at constant particle diameter  i.e., 235.61 μmpd   and SDBS concentration (i.e., 6 

g/m3) in batch mode is shown in Figure 3.1. 
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Figure 3.1: Effect of superficial gas velocity and slurry concentration on frictional pressure drop 

in the batch mode. 

It was noticed that the frictional pressure drop increased with increasing superficial gas velocity 

and slurry concentration. The increase in the frictional pressure drop with superficial gas velocity 
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may be due to the rise in the number of gas bubbles, which increased the gas holdup in the flotation 

column and hence increased the actual liquid velocity. The increase in the slurry concentration 

increased the effective viscosity of the system, which led to an increase in the frictional pressure 

drop of the system. The minimum and maximum frictional pressure drops were 15.28 Pa 

 3for c 1.5 kg/mslr  and 25.32 Pa  3for c 10.89 kg/mslr  at the superficial gas velocities of 0.007 

and 0.035 m/s, respectively. The frictional pressure drop increased with solid loading. The 

frictional pressure drop increased from 22.92 to 25.32 Pa (i.e., 10.47% increment) when the solid 

content increased from 1.5 to 10.89 kg/m3 at the maximum superficial gas velocity of 0.035 m/s. 

The frictional pressure drop changed from 15.28 to 17.40 Pa (i.e., 13.87% increment) for the 

change in the solid content in the same range at the minimum superficial gas velocity of 0.007 m/s. 

The frictional pressure drop increments were about 49.99, 48.92, 46.92, and 45.49% when the 

superficial gas velocity was increased from 0.007 to 0.035 m/s at the fixed slurry concentrations 

of 1.5, 3.63, 7.26, and 10.89 kg/m3, respectively. A comparison between the frictional pressure 

drops at 3.63, and 7.26 kg/m3 slurry concentrations show that the minimum difference was 5.26% 

at 0.035 m/s, and the maximum difference was 6.69% at 0.007 m/s. 

Similarly comparing at 7.26 and 10.89 kg/m3, it was 2.80 and 3.80% at the same superficial gas 

velocity.  It was observed that the difference in frictional pressure drop was highest at the minimum 

superficial gas velocity, and this difference decreased with increasing superficial gas velocity. The 

highest and lowest increase in the frictional pressure drop was about 13.87% and 10.47% at the 

minimum and maximum superficial gas velocities (i.e., 0.007 and 0.035 m/s) when the particle 

concentration was increased from 1.5 to 10.89 kg/m3. Therefore, it can be concluded that the effect 

of slurry concentration was more predominant at the minimum superficial gas velocity.  
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Effect of range of superficial gas velocity (0.007 – 0.035 m/s) and range slurry concentration (1.5 

– 10.89 kg/m3) on the frictional pressure in the presence of fixed particle size (235.61 m), slurry 

velocity (0.021 m/s), and surfactant concentration (SDBS, 30 g/m3) in the continuous mode are 

shown in the Fig. 3.2.  
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Figure 3.2: Effect of superficial gas velocity and slurry concentration on frictional pressure drop 

in the continuous mode. 

It is perceived that the frictional pressure drop is decreasing with an increase in the superficial gas 

velocity. However, it is increasing with an increase in slurry concentration. In a counter-current 

flow arrangement, downflow slurry exerted a higher drag on the rising bubbles leads to produce a 

circulation of bubble-slurry aggregate in the wall region. The circulation of the bubble-slurry 

mixture generates turbulence and increases the total pressure drop of the system. The formation of 

a large number of bubbles increases the turbulence in the column, which leads to an increase the 
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total pressure drop in the column. On the other hand, the increase in the superficial gas velocity 

causes a reduction in the mixture density. Consequently, hydrostatic pressure decreases. Finally, 

the frictional pressure drop is increased. It was also noticed that the frictional pressure drop is more 

in the presence of higher slurry concentration as related to the lower slurry concentration. The 

reason for more frictional pressure drop in the presence of higher slurry concentration is an 

increase in the apparent slurry viscosity. As the slurry apparent viscosity increase, the friction 

between the fluid and the wall increase, hence the frictional pressure drop. 

The viscosity of the flowing fluid is an important factor behind the intensification of the frictional 

pressure drop (Ganat and Hrairi, 2018). In general, the frictional pressure drop is caused by a 

change in the potential and kinetic energy of the fluid because of friction between the flowing fluid 

and the column wall (Besarati et al., 2015; Ganat and Hrairi, 2018). A similar trend of reduction 

in frictional pressure drop is also reported by (Pal et al., 1980). In the bubbly flow regime, some 

other researchers also reported that the reduction in the frictional pressure drop with an increase in 

the superficial gas velocity (Duangprasert et al., 2008; Ghajar and Bhagwat, 2013). The reduction 

in the frictional pressure drop is approximately 78.56%  31.5 kg/mslrc  , 77.05%

 33.63 kg/mslrc  , 76.09%  37.26 kg/mslrc  , and 73.53%  33.63 kg/mslrc   when the 

superficial gas velocity is varied from 0.007 to 0.035 m/s. Similarly, the increase in the frictional 

pressure drop is approximately 15.05, 26.82, 25.89, 34.94, and 42.04% when the slurry 

concentration varied from the 1.5 to 10.89 kg/m3 at the 0.007, 0.014, 0.021, 0.028, and 0.035 m/s 

superficial gas velocity, respectively. From the present experimental finding, it can be concluded 

that the superficial gas velocity more dominantly affects the frictional pressure drop as compared 

to the slurry concentration.      
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3.5.1.3. Effect of superficial slurry velocity on frictional pressure drop  

Effect of superficial slurry velocity on frictional pressure drop at a constant slurry concentration 

(i.e., 3.63 kg/m3) in the presence of SDBS surfactant (i.e., 30 g/m3) in continuous mode is reported 

in Fig. 3.3.  
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       Figure 3.3: Effect of superficial slurry velocity on frictional pressure drop in the continuous 

mode. 

It is noticed that the frictional pressure drop is significantly increased with an increase in the 

superficial slurry velocity for all superficial gas velocities. As the superficial slurry velocity 

increases, it causes an increase in the bubble coalescence rate, which in turn produces a larger gas 

bubble. The larger gas bubble possesses higher rising velocity (Götz et al., 2016) and also 

responsible for the increase in the phase circulation velocity (Wilkinson et al., 1993). The increase 

in the phase circulation velocity causes an increase in the slurry momentum; therefore, the 

frictional pressure drop increases. According to (Joshi and Sharma, 1979), the value of circulation 
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velocity depends on the holdup characteristics, superficial gas velocity, and slip velocity of the 

phases. It is noticed that the difference in frictional pressure drop at the minimum superficial slurry 

velocity (0.007 m/s) is not significant, however with an increase in the slurry velocity (0.007 – 

0.035 m/s) this difference augments. The maximum and minimum frictional pressure drop noticed 

to be 27.87  0.035 m/ssgu  , and 500.61 Pa  0.007 m/ssgu  at the 0.007 m/s and 0.035 m/s 

superficial slurry velocity, respectively. 

 

3.5.1.4. Effect of particle size on frictional pressure drop  

The effect of particle size (i.e., 63.22, 235.61, 404.97, and 507.67 m) on frictional pressure drop 

at the constant concentrations of the slurry (i.e., 7.26 kg/m3) and 1-Hexanol (i.e., 3 g/m3) in batch 

mode are shown in Figure 3.4. It was observed that the frictional pressure drop increased with the 

particle size at all superficial gas velocities.  
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             Figure 3.4: Effect of particle size on frictional pressure drop in the batch mode. 

The frictional pressure drop increment was about 24.77% when the particle diameter increased 

from 63.22 to 507.67 m at the minimum superficial gas velocity (i.e., 0.007 m/s). This increment 

was reduced to 19.94% at the maximum superficial gas velocity of 0.035 m/s. The rate of increase 

in frictional pressure drop at the lower gas velocity was more than that at higher gas velocity. For 

the higher superficial gas velocity, two opposite effects were observed on frictional pressure drop, 

i.e., rise in the bubble population as well as in the rate of coalescence of the bubbles. An increase 

in the bubble population was responsible for the increase in the frictional pressure drop, which is 

caused by the rise in the actual liquid velocity in the column (Mandal et al., 2004). The increase in 

the rate of coalescence of the bubbles increases the frictional pressure drop because the coalescence 

of bubbles formed larger bubbles, and consequently the liquid holdup was increased. Due to the 

prevalence of the first effect, the frictional pressure drop increased with superficial gas velocity, 
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but the rate of increment was lower than that at the lower gas superficial gas velocity. At 63.22, 

235.61, 404.97, 507.67 m particle diameters, the maximum changes in the frictional pressure 

drop were 48.88, 44.81, 44.01, and 43.10% within the minimum and maximum superficial gas 

velocities. At the maximum particle size, the increment in frictional pressure drop was lowest. A 

comparison shows that the maximum and minimum increases of the frictional pressure drop at 

235.61 and 404.97 m are 3.83% and 3.26% at the maximum and minimum superficial gas 

velocities, respectively. The maximum and the minimum differences (i.e., 24.77 and 19.94%) were 

observed at the particle diameters of 63.22 and 507.67 m, respectively when the superficial gas 

velocity was changed from the minimum to maximum. The increase in frictional pressure drop 

was more between the particle diameters of 63.22 and 235.61 m, as compared to that for the 

particle diameter greater than 235.61 m. After the change in particle diameter from 235.61 to 

404.97 m the change in frictional pressure drop is below 3.83%. Therefore, it can be concluded 

that the effect of particle size on frictional pressure drop was more significant for the smaller 

particles than the larger ones.  

The effect of four different particle sizes 63.22, 235.61, 404.97, and 507.67 µm at a fixed slurry 

concentration (i.e., 7.26 kg/m3) in the presence of 1- Hexanol (i.e., 10 g/m3) surfactant in 

continuous mode is shown in Fig. 3.5.  
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 Figure 3.5: Effect of particle size on frictional pressure drop in the continuous mode. 

It is observed that the frictional pressure drop is increasing with an increase in the particle diameter 

for all superficial gas velocity. As the particle size in the slurry increases, the friction between the 

flowing fluid and the column wall also increases, hence the frictional pressure in case of the 

presence of the larger particle sizes is more as compared to the smaller particle size. According to  

Besagni and Inzoli (2017) lift fore pushes the larger bubble size to the center of the column, which 

rises fast, which causes a rise in the phase circulation velocity; therefore, the momentum of the 

slurry increase. This increased momentum of the slurry is also one of the prime causes of the 

increase in the frictional pressure drop. A converse result of an increased frictional pressure drop 

noticed by decreasing the size of fine particles in the range of 4.85 – 52.26 m (Prakash et al., 

2018a). They explained that the apparent viscosity of the system is higher in the presence of the 

smaller particle size (Ojima et al., 2015; Rabha et al., 2013a, 2013b; Sarhan et al., 2016), because 
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of the attractive particle interaction (Kawatra and Eisele, 1988; Senapati et al., 2009; Shukla et al., 

2008; Yoshida et al., 2013; Zhou et al., 1993). Therefore, the increased viscosity is responsible for 

the increase in the bubble coalescence rate, consequently larger bubbles produce. The increase in 

the frictional pressure drop is approximately 16.04, 26.99, 40.34, 37.84, and 53.66% of the 

variation of particle size from 63.22 to 404.97 m in different superficial gas velocity of 0.007, 

0.014, 0.021, 0.028, and 0.035 m/s respectively. The highest increment (53.66%) in the superficial 

gas velocity occurs at the superficial gas velocity of 0.035 m/s, whereas the lowest increment 

(16.04%) is at 0.007 m/s superficial gas velocity. It can be deduced from the present result that at 

a lower superficial gas velocity the effect of particle size on the frictional pressure drop reduces, 

whereas at the higher superficial gas velocity the effect of the particle size is dominant.    

 

3.5.1.6. Effect of surfactant concentration on frictional pressure drop  

The effect of SDBS concentration (i.e., 1, 3, 6, 10, and 12 g/m3) on frictional pressure drop at a 

fixed particle diameter (i.e., 235.61 m) and slurry concentration (i.e., 10.89 kg/m3) in batch mode 

is shown in Figure 3.6. It was observed that the frictional pressure drop decreased with increasing 

concentration of the surfactant in the slurry. Similar trends have been reported by (Parmar and 

Majumder, 2014; Prakash et al., 2018a). 
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Figure 3.6: Effect of surfactant concentration on frictional pressure drop in the batch mode. 

This decrease in the frictional pressure drop was due to the generation of a large number of small 

bubbles as a result of the reduction in surface tension, which reduced the liquid holdup in the 

column, hence the momentum decreases. As the momentum of the slurry decreases, the total 

pressure drop of the system also decreases. Therefore the frictional pressure drop falls. The 

frictional pressure drop was reduced from 19.34 to 15.13 Pa (i.e., 21.77% reduction) when the 

surfactant concentration increased from 1 to 12 g/m3 at the superficial gas velocity of 0.007 m/s. 

The frictional pressure drop decreased from 27.93 to 22.31 Pa, which was 20.12% less for the 

variation of surfactant concentration in the same range at the superficial gas velocity of 0.035 m/s. 

At the superficial gas velocity of 0.007 m/s, the maximum reduction in frictional pressure drop 

was 6.38 and 8.56% when the surfactant concentration was increased from 3 to 6 g/m3 and 6 to 10 

g/m3, respectively. It was observed that the reduction in frictional pressure drop was highest at the 

minimal superficial gas velocity, and this difference reduces with a further rise in superficial gas 
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velocity. The frictional pressure drop increment was about 44.63% when the superficial gas 

velocity varied from 0.007 to 0.035 m/s at a fixed surfactant concentration of 3 g/m3. 

Similarly, this increment was 44.42, 45.49, 46.85, and 47.46% at the surfactant concentration of 

1, 6, 10, and 12 g/m3 at the same range of variation of superficial gas velocity. It is found that an 

increase in the frictional pressure drop with superficial gas velocity is increasing with the rise in 

the surfactant concentration. The significant decrease in the surface tension of the slurry enables 

to form a considerable number of small bubbles with air flow rate. It is noticed that the reduction 

in surface tension reduces the frictional pressure drop of the system. 

Effect of surfactant (SDBS) concentration at a fixed superficial liquid velocity (i.e., 0.035 m/s) 

and slurry concentration (i.e., 10.89 kg/m3) in continuous mode is reported in Fig. 3.7.  
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          Figure 3.7: Effect of surfactant concentration on frictional pressure drop in the continuous 

mode. 
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It is noticed that frictional pressure drops are decreasing with an increase in the surfactant 

concentration. The addition of surfactant to the liquid reduces the surface tension of the liquid, 

which in turn produces a large number of tiny bubbles. Due to the further increment in the 

surfactant concentration, a massive amount of smaller gas bubbles produced, which reduces both 

the total pressure drop as well as hydrostatic pressure, consequently, frictional pressure drop 

reduces. Frictional pressure drop reported in the present system is mainly considered to be 

primarily due to the liquid-wall friction. The surfactant solution is well known to enhance the 

bubble stability as well reduces its size. After the addition of a surfactant in the liquid, the number 

of tiny bubbles in the system increases, which reduces the direct interaction of the liquid with the 

column wall and also reduces the interfacial shear stress between the bubble and liquid. Hence the 

system frictional pressure drop reduces. It was discussed earlier that larger bubbles are responsible 

for higher circulation velocity, which in turn increases the circulation velocity, therefore the slurry 

momentum increases, which increases the frictional pressure drop. In the presence of high 

surfactant concentration, the bubble sizes are smaller and do not cause much circulation of slurry 

and therefore tend to reduce the frictional pressure drop. The reduction in the frictional pressure 

drop is approximately 9.44% when the surfactant concentration changes from 10 to 30 g/m3 and 

about 3.29% due to the further increment in the surfactant concentration to 50 g/m3 at a minimum 

superficial gas velocity of 0.007 m/s. The difference in frictional pressure drop is more significant 

as the surfactant concentration varies from 10 to 30 g/m3 whereas this difference reduces to 3.29% 

when the surfactant concentration further increases from 30 to 50 g/m3.    

 

3.5.1.8. Effect of surfactant type on frictional pressure drop  
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The effect of different surfactant type (i.e., SDBS, CTAB, and 1-Hexanol) on frictional pressure 

drop at the particular slurry concentration (i.e., 7.26 kg/m3) and surfactant concentration (i.e., 10 

g/m3) in batch mode is shown in Figure 3.8. 
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Figure 3.8: Effect of surfactant type on the frictional pressure drop in the batch mode. 

The frictional pressure drop of the CTAB surfactant solution is lower than the SDBS and 1-

Hexanol surfactant solution. The solution having lower surface tension can able to produce a vast 

amount of tiny bubbles than the higher surface tension solution. The presence of an immense 

amount of small bubbles will reduce the circulation velocity as well as the momentum of the slurry 

in the system. Therefore, the frictional pressure drop reduces. The decrease in frictional pressure 

drop in the CTAB surfactant solution as compared to SDBS is less than 2.33% at all superficial 

gas velocities. The minimum reduction in frictional pressure drop of 1.63% was noticed at the 

superficial gas velocity of 0.035 m/s. Comparing the frictional pressure drop of the SDBS 

surfactant solution with a 1-Hexanol surfactant solution, it was observed that the reduction in 
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frictional pressure drop was 13.08% at minimum superficial gas velocity and 10.86% at maximum 

superficial gas velocity. The frictional pressure drop decrease is about 15.72% when the surface 

tension of the solution decreases from 0.059 (i.e., 1-Hexanol) to 0.035 N/m (i.e., CTAB) at a fixed 

superficial gas velocity of 0.007 m/s. 

Similarly,   reduction in frictional pressure drop is found to be 12.68% at the same range of change 

in surface tension of the solution at the superficial gas velocity of 0.035 m/s. The frictional pressure 

drop increase was about 47.86% when the superficial gas velocity varied from 0.007 to 0.035 m/s 

for the CTAB solution. Similarly, this increment was 46.86 and 43.98% at SDBS and 1-Hexanol 

surfactant at the same range of superficial gas velocity, respectively. The decrease in frictional 

pressure drop at lower surface tension solution compared to higher surface tension solution is 

highest at the minimum superficial gas velocity, and it is found to decrease with rising in the 

superficial gas velocity.  

The effect of three different surfactants, namely SDBS  0.030 N/m  , CTAB

 0.029 N/m   , and 1-Hexanol  0.048 N/m  at a constant concentration  350 g/msurfc   

in the presence of slurry  37.26 kg/mslrc   in continuous mode, is shown in Fig. 3.9. 
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   Figure 3.9: Effect of surfactant type on the frictional pressure drop in the continuous mode. 

It is noticed that the frictional pressure drop in the presence of 1-Hexanol is higher as compared to 

the CTAB and SDBS surfactant. It was because the surface tension reduction capability of 1-

Hexanol surfactant was smaller than the other two surfactants. Frictional pressure drop in the 

presence of CTAB and SDBS is slightly differed because of approximately the same surface 

tension of the liquid in the three-phase, as reported in Table 2.4. As we have discussed in the 

previous figure (Fig. 3.8), the higher the surface reduction capacity of the liquid, the higher is the 

production of large numbers of the tiny bubbles and lowers the total frictional as well as hydrostatic 

pressure. The difference in the frictional pressure drop in the presence of SDBS and CTAB is 

approximately less than 0.5% for all superficial gas velocities. The reduction in frictional pressure 
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drop is about 25.20% (i.e., CTAB), 25.04% (i.e., SDBS), and 28.65% (i.e., 1-Hexanol) when the 

superficial gas velocity increases from 0.007 m/s to 0.035 m/s. The decrease in frictional pressure 

drop is about 18.07, 15.72, 14.12, 13.42, and 12.62% at superficial gas velocity of 0.007, 0.014, 

0.021, 0.028, and 0.035 m/s respectively. It can be noticed that the influence of surfactant addition 

is more effective on the frictional pressure drop at lower superficial gas velocity, and it decreases 

with an increase in the superficial gas velocity.   

 

3.5.1.10. Effect of loading of solids on frictional pressure drop  

According to the earlier discussion, the presence of a particle increases the viscosity of the system. 

Therefore, the total pressure drop increases. As a result, the frictional pressure drop increases. The 

effect of presence and absence of particle on frictional pressure drop at fixed particle diameter 

 . .,  63.22  μmpi e d  , slurry concentration  3. .,  10.89 kg/mslri e c  , and surfactant 

concentration  3. .,  10 g/msurfi e c   in batch mode is shown in Figure 3.10. It is found that the 

frictional pressure drop is higher in the presence of particle compared to frictional pressure drop 

in the absence of particle at all superficial gas velocities consider in the present work. The addition 

of particle causes to increase the viscosity of the system, hence the frictional pressure drop 

increases. The frictional pressure drop increment is about 65.23 and 50.71% in the presence and 

absence of the particle, respectively, when the superficial gas velocity varied from 0.007 to 0.035 

m/s. It can be noticed that the increase in frictional pressure drop with an increase in superficial 

gas velocity is more in the presence of particle than that in the absence of the particle. The frictional 

pressure drop increases from 10.11 to 13.73 Pa (i.e., 35.79% increment) after the addition of 

particles at 0.007 m/s superficial gas velocity. It is found that an increase in frictional pressure 
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drop after particle addition at minimum superficial gas velocity is highest, and this increase in 

frictional pressure drop is reduced with a rise in the superficial gas velocity from minimum to 

maximum. 
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Figure 3.10: Effect of loading of solids on frictional pressure drop in the batch mode. 

Fig. 3.11 reflects the effect of the presence and absence of the solid particles on the frictional 

pressure drop in the presence of CTAB surfactant  330 g/msurfc   in continuous mode in a 

flotation column. It is observed that the frictional pressure drop in the three-phase system is 

significantly higher as compared to the two-phase system. (Prakash et al., 2018a) reported the 

frictional pressure drop in a slurry system is mainly due to the friction between the fluid-particle, 

particle-wall, and fluid-wall. Generally, a prime contribution of frictional pressure drop is 

considered to be due to the friction between the fluid-wall, but in the presence of a three-phase 

system additional two frictional forces, namely fluid-particle and particle-wall included. 
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Figure 3.11: Effect of frictional pressure drops on loading of solid particles. 

Due to the addition of two extra frictional forces, the frictional pressure drop in the three-phase 

system is more as compared to the two-phase system. The addition of a particle also increases the 

slurry viscosity, which tends to form the larger bubble, consequently the circulation velocity of the 

phases increases. This increased circulation velocity enhances the momentum of the slurry, hence 

the frictional pressure drop increases. At minimum superficial gas velocity (0.007 m/s), the 

frictional pressure drop is about 165.85 Pa (without particle) and 308.82 Pa (with particle), a 

profound increase of approximately 86.20%. The difference in frictional pressure drop is reducing 

as the superficial gas velocity increases up to 0.035 m/s. At maximum superficial gas velocity 

(0.035 m/s), the difference in frictional pressure drop in the system with and without particle is 

about 57.49%. The minimum frictional pressure drop is noticed to be 44.44 Pa (in the absence of 

particle) at the 0.035 m/s superficial gas velocity.      
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3.5.2. Development of empirical correlation for frictional pressure drop in the batch mode 

Frictional pressure drop per unit length is found to be dependent on superficial gas velocity , 

column diameter , particle diameter , surface tension , slurry density l , apparent slurry 

viscosity l , and acceleration due to gravity .  

The pressure drop per unit length fP L  for a two-phase system can be expressed as the function 

of all these variables as                                                             

 , , , , ,
f

sg c l l
P

f u d g
L

  


                                                                                                       (3.16) 

Applying Buckingham’s Pi-theorem of dimensional followed by multiple linear regression 

analysis, a general correlation for the two-phase system was developed to predict the frictional 

pressure drop is given as 

  5 0.739 1.692 0.405
2

3.624 10  Re  Fr  We  
c f u c

l l l
sg l

d P L E d

Lu 
  

                                       (3.17) 

Where Rel is the Reynolds number  l sg c lu d  , Frl  is the Froude number sg cu gd , Wel is the 

Weber number 2
l sg cu d   . The standard error and correlation coefficient of the Equation (3.17) 

are 0.0188 and 0.9998, respectively. The correlation is valid within the range of variables:

310.10 Re 1780.06l  ; 3 39.46 10 Fr 47.29 10l
     ; 24.35 10 1.89lWe    . The parity plot 

of experimental frictional pressure drops and predicted frictional pressure drops calculated by 

Equation (3.17) is shown in Figure 3.12. 

sgu

cd pd 

g
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Figure 3.12: The parity of experimental and predicted frictional pressure drop for the two-phase 

system in the batch mode.  

The pressure drop per unit length fP L  for a three-phase system can be expressed as the function 

of all these variables as                                                             

 , , , , , ,
f

sg c p slr slr
P

f u d d g
L

  


                                                                                      (3.18) 

Similarly, for the three-phase system, a correlation is developed for the prediction of frictional 

pressure drop, which can be represented as   

  0.087
0.916 0.44 0.224

2
93.1Re  Fr  We   

c f pu c
slr slr slr

csg slr

d P L dE d

L du 
   

   
 

                              (3.19) 
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where Reslr is the Reynolds number slr sg c slru d   , Frslr  is the Froude number sg cu gd  and 

Weslr is the Weber number  2
slr sg cu d  . The standard error and correlation coefficient of Equation 

(3.19) were found to be 0.0396 and 0.9992, respectively. The correlation is valid within the range 

of variables: 303.50 Re 1764.32slr  ; 3 39.46 10 47.29 10slrFr     ; 

24.35 10 We 1.90slr
   ; 3 31.19 10 9.22 10p cd d     . The parity of the empirical correlation 

proposed for the interpretation of frictional pressure drop and experimental values is shown in 

Figure 3.13. 
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Figure 3.13: The parity of experimental and predicted frictional pressure drop for the three-phase 

system in the batch mode. 
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3.5.3. Development of empirical correlation for frictional pressure drop in the continuous 

mode 

Theoretically, interpretation of the frictional pressure drop is not possible due to a lack of 

quantitative information about the wall friction, momentum exchange among the phases, and the 

shear at the phase interface (Friedel, 1978). Therefore, a significant effort has taken to generate an 

empirical correlation by dimensional analysis to interpret the frictional pressure drop as a function 

of the quantifiable variables. Frictional pressure drop per unit length for the two-phase system is 

found to be dependent on superficial gas velocity sgu , superficial liquid velocity slu , liquid 

viscosity l , liquid density l , column diameter cd , particle diameter pd , surface tension  , 

and acceleration due to gravity g . The pressure drop per unit length P L  can be expressed as 

the function of all these parameters. 

 ,u , , , , , ,
f

sg sl c p l l
two phase

P
f u d d g

L
  



 
 

 
                                              (3.20)                                                          

There fore, for the two-phase system, the developed correlation for prediction of frictional pressure 

drop is  

  0.457
4 0.515 1.458 0.425

2
9.63 10 Re Fr We

c u c sl
l l l

sgsg l
two phase

Pd E d uL
L uu 

  



               

        (3.21) 

The standard error and correlation coefficient of the Eq. (3.21) are 0.0611 and 0.9969, respectively. 

The correlation is valid within the range of variables: 2 28.67 10 Re 37.86 10l    ;

2 22.84 10 Fr 11.35 10l
     ; 2 24 0.47 1 0 W e 13 .18 1 0l

     ; 
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0.14 0.5sl sgu u  . The parity plot of experimental frictional pressure drops and predicted 

frictional pressure drop (from Eq. 3.21) for a two-phase system is shown in Fig. 3.14. 
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Figure 3.14: The parity of experimental and predicted frictional pressure drop for the two-phase 

system in the batch mode. 

Similarly, frictional pressure drop per unit length for a three-phase system is found to be dependent 

on superficial gas velocity sgu , superficial slurry velocity slru , apparent slurry viscosity slr , 

slurry density slr , column diameter cd , particle diameter pd , surface tension , and 

acceleration due to gravity g . The pressure drop per unit length fP L  can be expressed as 

the function of all these parameters.  

 ,u , , , , , ,
f

sg slr c p slr slr
three phase

P
f u d d g

L
  



 
 

 
                                        (3.22)       
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By using the Buckingham’s Pi technique of dimensional evaluation, developed general correlation 

which can predict the frictional pressure drop will be represented as 

   
  0.4910.031

1 0.233 1.093 0.238
2

7.76 10 Re Fr We
c p sl

slr slr slr
c sgsg slr

three phase

Pd d uL
d uu 

   



                   

  (3.23) 

The standard error and correlation coefficient of Eq. (3.23) were found to be 0.0497 and 0.9979, 

respectively. The correlation is valid within the range of variables:

2 27.54 10 Re 36.20 10slr    ; 2 22.84 10 Fr 11.35 10slr
     ;

2 240.86 10 We 13.41 10slr
     ; 214.29 10 0.5sl sgu u   ; 3 31.18 10 9.23 10p cd d    

. The parity plot of experimental frictional pressure drops and predicted frictional pressure (Eq. 

3.23) drop for the three-phase system is given in Fig. 3.15. 

0.5 1.0 1.5 2.0 2.5 3.0

0.5

1.0

1.5

2.0

2.5

3.0

err
or

: -
9.3

9%

err
or

: +
10

.25
%

 

 

(d
c

P
f/L

)/
( 

sl
ru2 sg

)-
 p

re
di

ct
ed

 (
-)

(d
c
P

f
/L)/(

slr
u2

sg
)- experimental (-)

 

Figure 3.15: The parity of experimental and predicted frictional pressure drop in the three-phase 

system in the continuous mode. 
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3.6. Conclusion 

Effects of slurry concentration, surfactant concentration, gas flow rate, particle size, and surfactant 

type on frictional pressure drop in the batch mode were studied. From the current study, it can be 

concluded that the frictional pressure drop of the system increases with an increase in the 

superficial gas velocity, slurry concentration, and average particle size. The frictional pressure 

drop is higher in the three-phase system compared to the two-phase system. The addition of 

surfactant to the liquid reduces the frictional pressure drop, and this reduction is more towards the 

increase of the surfactant concentration. In the presence of CTAB surfactant, the frictional pressure 

drop was smaller compared to SDBS and 1-Hexanol surfactant. The friction factor is observed to 

decrease with an increase in the gas Reynolds number. An empirical correlation is produced to 

interpret the experimental frictional pressure drop in the two and three-phase systems. The present 

study may be useful to understand the hydrodynamic characteristics of the laboratory flotation 

column, which may be used for industrial applications. The same increased with increasing slurry 

concentration, superficial gas velocity, and average particle size. The addition of surfactant to the 

liquid phase reduced the frictional pressure drop. The same was lower in the presence of 

cetyltrimethylammonium bromide than sodium dodecylbenzene sulfonate and 1-Hexanol. 

Frictional pressure drops in a laboratory flotation column in the two and three-phase systems are 

studied in the continuous mode flotation column. The in-depth investigation of the influence of 

superficial gas velocity, superficial slurry velocity, slurry concentration, particle size, surfactant 

concentration, surfactant type on the frictional pressure drop is analyzed. It is found that in 

frictional pressure drop decreases with an increase in the superficial gas velocity while it increases 

with an increase in the slurry concentration and superficial slurry velocity. The increase in particle 

size leads to an increase the frictional pressure drop. The highest increment in frictional pressure 
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drop (53.66%) occurs at the superficial gas velocity of 0.035 m/s. However, the lowest increase 

(16.04%) is at 0.007 m/s superficial gas velocity when the particle size varies from 63.22 to 404.97 

m. The frictional pressure drop in the three-phase systems is decreasing with increases in the 

surfactant concentration. Frictional pressure drop reported in the present system is mainly 

considered to be primarily due to the liquid-wall friction and phase circulation velocity. It is 

concluded that the larger bubbles are responsible for higher circulation velocity, which in turn 

increases the slurry momentum, hence the frictional pressure drop increases. In the presence of 

high surfactant concentration, the bubble sizes are smaller and do not cause much circulation of 

slurry and, therefore, tend to reduce the frictional pressure drop. The frictional pressure drop in the 

presence of 1-Hexanol is higher as compared to the CTAB and SDBS surfactant, which is because 

of the fact that the surface tension decreasing capability of 1-Hexanol surfactant is smaller than 

other two surfactants. It is also concluded that the frictional pressure drop in the flotation column 

is lower in the case of two-phase in comparison to the three-phase system. The addition of particles 

to the system led to an increase in the frictional pressure drop. The correlation model is also 

proposed to interpret the frictional pressure drop in the two and three-phase systems. All developed 

correlations are suitable to interpret the experimental values well within the error range of  20%. 

The present analysis will be helpful to enhance the process efficiency and scale-up the flotation 

systems at the industrial scale.   
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CHAPTER 4 : MIXING CHARACTERISTICS 

 

This chapter reports the experimental analysis of the dispersion characteristics in a three-phase 

counter-current flotation column. The residence time distribution (RTD) technique was used to 

estimate the dispersion number based on the axial dispersion model. The velocity distribution 

model was applied to analyze the dispersion due to bubble motion, and the velocity distribution 

characteristic factor. The parameters in the velocity distribution model, dispersion due to bubble 

motion, and velocity distribution characteristic factor were also determined based on the 

experimental conditions. An empirical correlation was developed to predict the dispersion number, 

dispersion due to bubble motion, and the velocity distribution characteristics factor.  

 

4.1. Introduction and literature 

Flotation columns are widely used in the mineral industries (Hassanzadeh and Karakas, 2017; 

Sarhan et al., 2018b, 2017a; Tian et al., 2018; Xia et al., 2017a), wastewater treatment (Li et al., 

2016; Sarhan et al., 2016), plastic recycling  (Wang et al., 2015b), removal of heavy metals (Li et 

al., 2016), ink removal (Labidi et al., 2007; Li et al., 2016; Sarhan et al., 2016; Vashisth et al., 

2011), and recycling of organic compounds (Li et al., 2016). The flotation column is advantageous 

over other flotation devices in terms of low power consumption (due to the absence of rotating 

parts), low capital investment, large aerated space, ease of controlling the air flowrate and 

dispersion, and low floor area requirement (Massinaei et al., 2019; Rubinstein, 1994; Wills and 

Finch, 2015). The bubble generation technique and usage of wash water distinguish the flotation 

column from other conventional flotation machines. In a flotation column, bubbles are generally 
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generated from the sparger, which is located at the bottom of the column, and the bubbleparticle 

interaction takes place counter-currently. The knowledge of hydrodynamic characteristics is 

relevant because it helps in the proper design, scale-up, control, and modeling of the column 

(Prakash et al., 2018b). Flow regime, gas holdup, bubble size distribution, frictional pressure drop, 

and mixing characteristics are some of the important hydrodynamic parameters, which affect the 

performance of the flotation systems. Recently, (Fahad et al., 2019) have reported hydrodynamic 

studies on gas holdup in a flotation column at different slurry concentrations and particle size. Due 

to the complex flow behavior, the performance of the flotation column is affected by the flow 

characteristics of the process (Jena et al., 2008). The analysis of the mixing of the material in the 

column is required to assess the dynamic behavior of the flotation process (Massinaei et al., 2007). 

Numerous researchers have conducted experiments on the mixing characteristics in the flotation 

column (Bhunia et al., 2018; Massinaei et al., 2007; Tokoro and Okano, 2001; Yianatos et al., 

2005). Most of these studies have reported the effect of different variables, such as the impact of 

slurry flow rate, gas flow rate, and the internals in the two-phase system (Farzanegan et al., 2017). 

The flotation column is more effective than the conventional flotation cell for fine coal recovery,  

due to the presence of smaller bubbles, a quiescent environment that enhances the probabilities of 

the bubbleparticle collision, attachment of particles to the gas bubble, and ease of procurement 

of the froth washing system (Mankosa et al., 1992). Flotation columns have been successfully 

adopted worldwide for the recovery of fine coal particles in the coal preparation unit (Bhunia et 

al., 2018; Massinaei et al., 2019; Xia et al., 2017b). The mixing is important in the flotation 

processes because it is required for suspending the fine particles, generating fine bubbles, and 

promoting the probability of bubbleparticle collision and attachment  (Yianatos et al., 2005). 

Thus, the mixing in the flotation column is primarily due to the convective slurry circulation and 
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dispersion due to the turbulence caused by the bubble motion. Knowledge of the mixing 

characteristics helps to scale-up the flotation column (Yianatos et al., 2005). 

The residence time distribution (RTD) provides a way to express the mixing characteristics 

(Lelinski et al., 2002). The axial dispersion model (ADM) has been frequently used to analyze 

column performance, design, and scale-up  (Tokoro and Okano, 2001; Yianatos et al., 2005). Axial 

dispersion in the multiphase system reflects the degree of back mixing and molecular diffusion of 

fluid particles in the axial direction (Bahadori, 2012). The RTD technique provides the probability 

density function, which gives an idea of the time spent by an element inside the column. Variation 

in the RTD occurs due to the complex interaction between the phases (i.e., gas, liquid, and solid), 

and it affects the metallurgical performance of the flotation systems (Yianatos et al., 2015). The 

ADM can be used for interpreting the hydrodynamics behavior in the laboratory- or pilot-scale 

flotation columns because it is suitable for dispersion numbers below 0.2. However, it cannot be 

used for large-scale flotation columns due to the high values of the dispersion number (i.e., in the 

range of 0.3 – 2.7) (Massinaei et al., 2007). The tanks-in-series model can also characterize the 

flow behavior in a flotation column. For small-diameter columns, the axial dispersion model or 

the tanks-in-series model can be applied, but for the large diameter columns (> 1.50 m), the tanks-

in-series model is more suitable (Mills et al., 1992). The mixing behavior in a flotation column is 

greatly influenced by the gas flow rate and column diameter (Cruz, 1997). Several researchers 

have claimed that the axial particle mixing is the same as axial fluid mixing in the case of the fine 

and low-density particles in the three-phase system (Finch and Dobby, 1990; Yianatos and Bergh, 

1992). (Massinaei et al., 2007) have measured the mean residence time for liquid, and they 

observed that the liquid phase of the slurry closely exhibited the behavior of the solid particles. 

(Bhunia et al., 2018) have studied the mixing characteristics in a three-phase (i.e., airwatercoal) 
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counter-current flotation column. They found that the dispersion number varied between 0.30 and 

0.60, and the mean residence time was 45 s. They attempted to fit the experimental RTD with 

different boundary conditions (i.e., openopen and closedclosed) and by various methods. The 

closed–closed boundary condition fitted their experimental data well, and the same was used to 

determine the dispersion number. The dispersion characteristics have been studied extensively by 

many researchers to fulfill industrial needs (Kato, 1972; Muroyama et al., 1978; Vail et al., 1968). 

They have reported that the dispersion characteristics depend directly on the heat and mass transfer 

phenomena. In a bed of larger particles, the axial dispersion coefficient slightly decreased with 

increasing gas velocity, whereas, for beds with smaller particles, a reverse phenomenon was 

observed. 

According to (Kato et al., 1972), the axial dispersion coefficient is directly proportional to 

the diameter of the column. (Kato et al., 1985) suggested a correlation between the dispersion 

coefficient and the Peclet number. (Kang and Kim, 1986) represented the axial and radial 

dispersion coefficients in two- and three-dimensional liquid flows by the theory of isotropic 

turbulence. It was observed that the dispersion coefficient increases with increasing gas velocity 

and particle size and reaches a maximum value at a given liquid velocity. Several authors have 

studied the effects of the physical properties, and liquid and gas velocities on the dispersion 

coefficient. (Kim et al., 1992) observed that the axial dispersion coefficient increased with 

increasing liquid and gas velocities and the size of the column, but decreased with increasing 

particle size. (Kara et al., 1982) observed that the axial dispersion coefficient was highly dependent 

on the gas and slurry velocities, and the particle size, but it was independent of the particle 

concentration. For the two-phase system, the dispersion coefficient increased with increasing 

superficial gas velocity and decreased with the liquid velocity. They could not accurately analyze 
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the effect of particle size on the dispersion coefficient due to the large scatter in their data. Based 

on their correlation, a lower dispersion coefficient value was observed with larger particle sizes. 

(Mills et al., 1992) reported that the dispersion coefficient increased exponentially as the particle 

size increased. (Cao et al., 2008) observed that the sparger design had a significant effect on the 

Peclet number at lower solid loadings and gas velocities less than 0.025 m/s.  

In contrast to the two-phase semi-batch operation, fewer studies have been devoted to the 

mixing characteristics in the three-phase counter-current mode, mainly due to challenges in 

measuring the degree of axial slurry dispersion. Therefore, the present study focuses mainly on the 

dispersion characteristics and their variation with slurry concentration, particle size, slurry and gas 

velocities, and surfactant dose in a counter-current flotation column. The present work attempts to 

bring together the influence of all critical variables that significantly influence the mixing 

characteristics in the counter-current flow. In this work, the velocity distribution model has been 

applied to interpret the dispersion coefficient of bubble motion and the characteristic factor of 

velocity distribution. Also, correlations are proposed to explain the axial dispersion coefficient, 

dispersion coefficient of bubble motion, and the characteristic factor of velocity distribution.  

 

4.2. Experimentation 

4.2.1. Experimental setup and procedure 

All the experimental works were conducted at standard temperature and pressure. A schematic 

diagram of the experimental setup is shown in Figure 4.1 (a). An image of the spherical sparger is 

shown in Figure 4.1 (b). The details and information about the different components of the 

experimental set up are already discussed in section 2.2.1 in the chapter 2. The experiments were 
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performed in the particle concentration and superficial gas and slurry velocities range of 

1.5 10.89slrc   kg/m3,0.007 0.021sgu  , and 0.007 0.021slru   m/s, respectively.  

 

Figure 4.1: (a) A schematic diagram of the experimental setup: 1. air compressor, 2. storage tank, 

3. pump, 4. spherical sparger, 5. solenoid valve, 6. flotation column, 7. control valve, 8. liquid 

rotameter, 9. gas rotameter, 10. conductivity probe, 11. conductivity meter, 12. computer, 13. 

syringe, and (b) an image of the spherical sparger.  

The details about the extraction, crushing, and size analysis of the coal is already discussed in 

section 2.2.2. For each experiment, 9 liters of the slurry was prepared in the slurry tank. The slurry 

was the mixture of water, particle, and surfactant and mixed with the stirrer for at least 30 minutes 

for proper mixing. Slurry is fed to the flotation column at the height of 0.73 m from the base of the 
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column. For every set of experiments, the gas–slurry mixture level was maintained at the height 

of 0.60 m by adjusting the valve installed in the slurry outlet pipe, as shown in Figure 4.1 (a).   

The liquid-phase residence time distribution (RTD) was determined by a tracer injection method. 

In order to characterize the dispersion characteristics, sodium chloride (NaCl) was used as the 

tracer. The amount of tracer used was less than 1% (w/v) (Levenspiel, 1972; Reith et al., 1968). 

For each experimental run, about 0.01 kg of a 58.44 kg/m3 NaCl solution was used for the injection. 

When a continuous steady-state operation was attained, the tracer was injected at the topmost 

position of the column (i.e., at the height of 0.91 m from the basement of the column). The tracer 

injection was done quickly and smoothly by a high pressure loaded syringe, and samples were 

collected at every 3 s interval from the bottom of the column at the height of 0.05 m from the 

basement. The conductivity of the collected samples was measured with the help of a conductivity 

meter. The fraction of the gas occupied in the entire volume of the column is termed as the gas 

holdup  g . It was measured by the bed expansion technique, and it is already discussed in section 

2.2.2. 

4.2.2. Materials and physical properties of the system 

The cationic surfactant, cetyltrimethylammonium bromide (CTAB) (99% purity) was purchased 

from Loba Chemie (India). The measurement techniques of slurry desnsity, slurry viscosity, and 

surface tension are discussed in section 2.2.2. The physical properties and the surface tensions of 

the three-phase system are given in Tables 1 and 2, respectively.  
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Table 4.1: Physical properties of the three-phase system at 298  1 K. 

Slurry concentration 

(kg/m3) 

Surfactant (CTAB) 

concentration (g/m3) 
Viscosity (mPa s) Density (kg/m3) 

1.5 

10 

30 

50 

1.248 

1.362 

1.481 

1002.44 

1002.68 

1002.95 

3.63 

10 

30 

50 

1.256 

1.371 

1.492 

1004.35 

1004.58 

1004.87 

7.26 

10 

30 

50 

1.265 

1.377 

1.496 

1005.16 

1005.34 

1005.71 

10.89 

10 

30 

50 

1.286 

1.393 

1.498 

1006.19 

1006.37 

1006.84 

 

Table 4.2: Surface tension of the slurry measured at 298  1 K in the presence of CTAB. 

Surfactant 

concentration (g/m3) 

Surface tension (N/m) 

10  0.035  

20  0.033  

30  0.031  
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4.2.3. Calibration of the conductivity meter 

A digital conductivity meter (make: VSI Electronics Pvt. Ltd., India; model: VSI-04 ATC Deluxe) 

was used to measure the conductivity of the samples. The range of this conductivity meter was 0 

 999 mS/m. For the calibration of the conductivity meter, the conductivity probe was cleaned by 

using Millipore water. Then different solutions of NaCl were prepared in tap water with 

concentrations ranging from 0 to 0.05 g/m3.  

           

0.00 0.01 0.02 0.03 0.04 0.05
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1
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K
C
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m
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m
)
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K
C
 = 87.74 C + 0.147

R2 = 0.994

Conductivity 
of tap water 
= 0.147 mS/m

 

Figure 4.2: Calibration plot of the conductivity meter. 

40  0.030  

50  0.029  

TH-2710_126107038



107 
 

The conductivity probe was dipped in the sample solutions, and the readings from the conductivity 

meter were recorded. A graph of conductivity  CK  with concentration  C  was plotted, as shown 

in Fig. 4.2. The data were fitted by a least-squares straight line. The correlation can be represented 

as 

87.74 0.147CK C                                                                                                             (4.1)      

 

4.3. Phase mixing theories and modeling 

The most crucial factor affecting the performance of the flotation column is phase mixing (Manish 

and Majumder, 2009). Therefore, for determining the efficiency of a flotation column, sufficient 

knowledge on mixing quality is required. Many researchers have applied the ADM to analyze the 

axial dispersion coefficient. The assumptions underlying the ADM are: (i) the slurry velocity 

distribution throughout the column is uniform, (ii) bulk flow exists only in the axial direction, (iii) 

the tracer is symmetrically distributed in the axial direction, and (iv) the liquid phase dispersion 

exists in the axial direction only. 

The ADM was developed by (Finch and Dobby, 1990) to calculate the vessel dispersion 

number and explain the mixing condition in the industrial and laboratory columns. It was used to 

describe the axial liquid mixing in the columns. Diffusion and convection are the key phenomena 

considered in this model. The dimensionless form of the ADM is expressed as 

     2

2

, , ,
d

C z C z C z
N

z z
    


  
 

  
                                                                     (4.2) 

where 0  C C C  ,   t  , and z x L  
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1

PedN                                                                                                             (4.3)  

 Pe
1

slr

g z

u z

E



                                                                                                                     (4.4) 

A minimal value of the Peclet number (i.e., Pe 0 ) represents complete mixing, whereas a very 

large value of the same (i.e., Pe ) reflects the plug flow behavior. For a closed vessel in 

which the tracer is injected in the pulse mode at 0z  , the initial and boundary conditions are as 

follows (Xu et al., 1991): 

At 0  ,  z,0 0C  , for all z,  0 1z          (4.5) 

At 0z  , 
     0,

0,d

C
N C

z





  


 


        (4.6) 

At 1z  , 
 1,

0
C

z
 




          (4.7) 

where     is the Dirac delta function, which represents the pulse tracer input. The different 

solutions of Eq. (4.2) for closedclosed boundary conditions are given by Eqs. (4.84.10). 

 
 

2

22
1

Pe Sin 2 cos1
exp 1 exp

2 2 PePe 2 Pe
n n n n n

nd n

C
N

     






             
         

     (4.8) 

  1 2 2 2

2 2
1

2 1 1 41
4 exp exp

2 4 4 1 4

n

n d n d
d

nd n d d d

N N
C N

N N N N

  






                 
      (4.9) 
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 2 2 2

2 2
1

2 cos sin 1 41
4 exp exp

2 4 4 1 4
n n d n d n n d

d
nd n d d d

N N N
C N

N N N N

     






                 
   (4.10) 

where n  represents the nth positive root of the transcendental equations [Eqs. (4.8), (4.9), and 

(4.10)]. It is given by  

Pe
cot

Pe 4
n

n
n




            (4.11) 

The Peclet number and residence time can be determined by the method of moments, described by 

(Levenspiel, 1972). As per this method, the mean and the variance of the RTD curve are related to 

the mean residence time and Peclet number as follows: 

2
2

2 2
8 2

PePemt


                                                                                                                  (4.12) 

where 2
  and 2  are the normalized variance and variance, respectively. The variance and the 

mean residence time can be calculated from the time-dependent experimental data of tracer as 

follows: 

2
2 2i i i

m
i i

t C t
t

C t


 


                                                                                                               (4.13) 

i i i
m

i i

t C t
t

C t




                                                                                                                                                                                  (4.14) 

 

4.4. Uncertainty analysis of the experimental data 
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The theories related to uncertainty analysis is already discussed in section 2.4. The Uncertainty 

analysis of experimental data is reported in Table 4.3. 

Table 4.3: Uncertainty analysis of the experimental data. 

Variables Mean, x () STDEV () U () Ur (%) 

dN  1.71  10-2  2.49  
10-1 

1.36  10-3 1.08  
10-2 

6.81  10-4 5.38  
10-3 

2.16  4.00 

sgu  0.0072  5.72  10-4  
10-3 

2.86  10-4 
10-4 

2.12  

slru  0.0073  7.77  10-4  
10-3 

3.88  10-4  
10-4 

3.19  

 

4.5. Results and discussions  

The RTD for the three-phase system was analyzed by the axial dispersion model. It was observed 

that the variables such as gas and slurry flow rates, slurry concentration, particle size, and 

surfactant concentration affected the mixing intensity in the column. Their effects are discussed 

in the following sections 

4.5.1. Effect of different variables on the RTD  

4.5.1.1. Effect of superficial gas and slurry velocities on the RTD 

The variations of C/C0 with t/ at different superficial gas velocities at a constant superficial slurry 

velocity (i.e., 0.007 m/s), particle size (i.e., 273.13 µm), slurry concentration (i.e., 3.63 kg/m3), 

and surfactant concentration (i.e., 10 g/m3) are shown in Fig. 4.3 (a). The tracer particle 

concentration was initially zero in the sample collected. After injection, the tracer particle 

dispersed in the column and underwent mixing. As it kept moving downwards, it underwent more 

mixing. Due to this phenomenon, a few moments were taken up by the particles to reach the sample 
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collection port. For the superficial gas velocities of 0.007, 0.014, and 0.021 m/s, the mean time () 

was found to be 46.01, 47.54, and 48.21 s, respectively. There was an increase in the flow 

fluctuation and internal fluid circulation when the gas flow rate was higher, which increased the 

mean time of the tracer in the column. 

The variations in C/C0 with the superficial slurry velocity at a constant superficial gas 

velocity (i.e., 0.021 m/s), particle size (i.e., 273.13 µm), slurry concentration (i.e., 3.63 kg/m3) and 

surfactant concentration (i.e., 10 g/m3) are shown in Fig. 4.3 (b). It can be observed that the peak 

was maximum at the superficial slurry velocity of 0.007 m/s, and it was a minimum at 0.021 m/s. 

The maximum and minimum peaks reflect higher and lower mean residence times of the tracer 

particles in the column. The mean time () was found to be 48.21, 47.29 and 46.87 s for 0.007, 

0.014, and 0.021 m/s superficial slurry velocities. As the slurry velocity was increased, the three-

phase mixture dissipated more energy resulting in more circulation, which enhanced the dispersion 

in the liquid. This ultimately reduced the mean time of the tracer particles and resulted in more 

tracer in the outlet.  
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Figure. 4.3: The RTD curve depicting the effects of superficial (a) slurry velocity and (b) gas 

velocity. 

 

4.5.2. Effect of different variables on the dispersion number 
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4.5.2.1. Effect of slurry and superficial gas velocities on the dispersion number 

Figure 4.4 shows the variation of the dispersion number with the slurry and superficial gas 

velocities. It is observed that the dispersion number increased with increasing both slurry and gas 

velocities. There was a significant deviation from the plug flow as the gas flow rate increased due 

to the turbulence in the column. This caused the dispersion number to decrease. More intense 

turbulence in the column resulted when the velocity of the slurry or gas was increased, which 

increased the extent of mixing in the solidliquidgas mixture, and led to an increase in the 

dispersion number. Moreover, as the gas holdup increased with increasing gas velocity, more 

bubbles were produced, which led to more significant interactions and promotes bubble breakup 

because of the bubble-eddy collision rate (Sarhan et al., 2018c). This increased the dispersion 

number. With the increase in the gas holdup, the area in the column available for slurry flow 

decreased, which led to the variation in the actual velocity of the slurry  1a slr gu u     . This 

led to more circulation of the fluid and formed a circulation cell inside the flotation column. The 

velocity of the fluid element increased with increasing superficial gas velocity since the flowing 

gas bubbles accelerated the liquid elements in the upward direction. This led to an increase in the 

mixing of the slurry in the column. In the present experiments, the dispersion coefficient showed 

more variation at the higher superficial gas velocities. An increase in the flow rate of the slurry 

increased the fluctuations of the particles in the column (Lim et al., 2011), which increased the 

mixing of the phases and increased the dispersion number. Similar trends have been reported by 

other researchers (Eissa and Schugerl, 1975; Gondo et al., 1973; Liang et al., 1996; Muhsin, 2008; 

Ohki and Inoue, 1970; Rubio et al., 2004). 
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Figure 4.4: Effects of slurry and superficial gas velocities on the dispersion number. 

 

4.5.2.2. Effect of slurry concentration on the dispersion number 

    The effect of variation in the slurry concentration (i.e., 1.50 10.89 kg/m3) on the dispersion 

number at different superficial gas velocities (i.e., 0.007 – 0.021 m/s) at a fixed particle size 

 i.e., 273.13 μmpd  , surfactant concentration  3i.e., 10 g/msurfc  , and slurry velocity 

 i.e., 0.007 m/sslru   is shown in Fig. 4.5. The dispersion number decreased with increasing 

slurry concentration. The increase in the particle concentration led to an increase in the viscosity 

of the mixture (Sarhan et al., 2018d), which in turn reduced the momentum transfer and the rising 

velocity of the gas bubbles. This retards the bubble-bubble interaction, consequently the rate of 

bubble coalescence. The bubble coalescence takes place when they are able to overcome the 
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resistance that exists in the liquid film that separates them. The probability of coalescence of 

bubbles increases when the resistance in the liquid film is reduced (Sarhan et al., 2018a). This 

leads to prevailing bubble size distribution consists of small to mostly medium-size bubbles. 

Smaller bubbles have small wakes and carry less fluid while rising, however in the case of larger 

bubbles can carry more fluids behind the wakes and bubble breakup is frequent (Rubio et al., 2004) 

. During the upward rising of the gas bubble in the column forms a wake around the bubble, which 

replaces the fluid close to the bubble. This results in dispersion in the slurry phase due to transport 

of the slurry from one location to another behind the path of the gas bubble. Bubble transport in 

the fluid also stimulates eddy currents behind it, which form a local turbulence condition. This 

case is true for churn-turbulent flow conditions (Deckwer, 1992). (Kim et al., 1992) reported a 

slight reduction in dispersion coefficient with increasing the continuous phase viscosity (1 – 72.5 

mPa.s). A negative effect of continuous phase viscosity is reported by (Hikita and Kikukawa, 

1974) and elucidated that the dispersion coefficient is inversely proportional to the viscosity. 

Similar kind of trends has been reported by other researchers (Kelkar et al., 1984; Kim and Kim, 

1983; Krishna et al., 2000; Liang et al., 1996; Parmar and Majumder, 2015). The dispersion 

number decreased by 2.73, 5.50, and 7.04% at 0.007, 0.014, and 0.021 m/s superficial gas 

velocities, respectively. As observed, the reduction in dispersion number as slurry concentration 

increases from 1.50 to 10.89 kg/m3 is not significant because of little enhancement in the slurry 

viscosity (from 1.248 to 1.286 mPa.s). The increase in viscosity is about 3.04%. Therefore, it may 

be concluded that the increase in the slurry concentration did not have a significant impact on the 

dispersion number under the present experimental conditions. 
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Figure 4.5: Effect of slurry concentration on the dispersion number. 

 

4.5.2.3. Effect of particle size on the dispersion number 

Particle size is one of the important variables which should be considered during the study of the 

hydrodynamic characteristics of the flotation column. Slurry dispersion in the flotation column is 

because of slurry circulation, eddy formation, and turbulence due to entrapment of slurry behind 

the rising gas bubbles (Degaleesan et al., 1997). It is the quantitative contribution of the back 

mixing that occurs in fluids in the flotation column. The effect of particle size on the dispersion 

number at different superficial gas velocities and constant slurry concentration, surfactant 

concentration, and slurry velocity (i.e., 0.021 m/s) are reported in Fig. 4.6. The dispersion number 

was found to decrease with an increase in the particle size. This is attributed to the considerable 

impact of slurry property and bubble-particle interaction on fluid flow behavior. (Uribe-Salas et 
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al., 2008) performed an experiment using silica particles and reported that the rising velocity of 

bubble-particle aggregate retards as their diameter reduces. Furthermore, the viscosity of the slurry 

is higher in smaller particles in comparison to that of the larger particle size due to the attractive 

particle interaction (Prakash et al., 2018a; Senapati et al., 2009). The increased slurry viscosity 

would retard the bubble rising velocity, bubble-bubble interaction, consequently decreases the 

momentum of the fluid and turbulence in the column. The lower apparent viscosity of the system 

in the presence of smaller particles. A few researchers have reported an insignificant impact of the 

particle size on the axial dispersion coefficient (Kelkar et al., 1984). However, other investigators 

have reported a reduction in the axial dispersion coefficient with increasing particle size (Kim et 

al., 1992).  
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Figure 4.6: Effect of particle size on the dispersion number.  
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4.5.2.4. Effect of surfactant concentration on the dispersion number 

The effect of five different surfactant concentrations at different superficial gas velocities for fixed 

particle size, slurry concentration, and slurry velocity is shown in Fig. 4.7. The dispersion number 

was found to increase with increasing surfactant concentration. As the surfactant concentration in 

the slurry increased, the surface tension of the slurry decreased. The reduced surface tension of 

slurry creates a smaller bubble size, increases the stability of the gas bubble, and retards the bubble 

coalescence rate.  

The surface tension of the slurry decreased from 0.035 to 0.029 N/m when the surfactant 

concentration increased from 10 to 50 g/m3. The present results corroborate the results reported 

earlier (Parmar and Majumder, 2015). 
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Figure 4.7: Effect of surfactant concentration on the dispersion number. 
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4.5.3. Prediction of dispersion number by the correlation model 

No correlation has been developed so far, which depicts the cumulative impact of different 

variables on the axial dispersion coefficient  zE  or the dispersion number  dN  in counter-current 

operation. The present result was compared with the other systems studied earlier, e.g., two-phase 

semi-batch and three-phase packed bed systems. The present experimental results at 63.22 μmpd 

, 33.63 kg/mslrc  , 330 g/m  (CTAB)surfc  , 0.007 m/sslru  , and 0.007 0.021 m/ssgu    were 

compared with the correlations of  (Kang and Kim, 1986; Lim et al., 2011; Muroyama et al., 1978; 

Shawaqfeh, 2003; Towell, 1972), as shown in Fig. 9a.  It is found that the correlation of   (Towell, 

1972) and (Shawaqfeh, 2003) overpredicted, whereas the correlation of (Kang and Kim, 1986) 

underpredicted the axial dispersion coefficient. However, some of the present experimental data 

are close to the correlations suggested by (Muroyama et al., 1978) and (Lim et al., 2011). 

Since most of the correlations reported in the literature are in terms of the axial dispersion 

coefficient  zE , the same has been used for the comparison with our data. The comparison (shown 

in Fig. 4.8 (a) reflects that the correlations available in the literature are unable to predict the 

present experimental results accurately. The reason for this deviation lies in the different 

experimental conditions. Therefore, it was necessary to develop an empirical correlation valid for 

the present experimental conditions. The important variables which influence the dispersion 

number are superficial slurry velocity  slru , superficial gas velocity  sgu , column diameter  cd , 

particle diameter  pd , apparent slurry viscosity  slr , slurry density  slr , surface tension   , 

and acceleration due to gravity (g). The parameter, dN ,  is expressed as a function of the following 

variables: 
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 , , , , , , ,d slr sg c p slr slrN f u u d d g           (4.15) 

Using Buckingham’s Pi technique and multiple linear regression analysis, the following 

correlation was developed based on the experimental results: 

0.013 0.321

3 0.522 1.24 1.2193.78 10 We Re Frpslr
d slr slr slr

sg c

du
N

u d




   

         
                                                        (4.16) 

Where Weslr  is the Weber number  2
slr sg cu d  , Reslr  is the Reynolds number 

 slr sg c slru d  , and Frslr  is the Froude number )/( csg gdu . The standard error and 

correlation coefficient for Eq. (4.16) are 0.0771 and 0.9915, respectively. The percentage error of 

the correlation is ±15.47. This correlation is valid for the following ranges:  0.33 3.0slr sgu u 

,  3 31.15 10 7.36 10p cd d     , 2 27.62 10 We 83.09 10slr
     , 251.23 Re 908.14slr  , and 

3 39.46 10 Fr 28.38 10slr
     . The parity of the experimental data and the values predicted by the 

correlation [i.e., Eq. (4.16)] is shown in Fig. 4.8 (b). The correlation is not valid for ,   0slr sgu u  . 
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Figure 4.8: (a) Comparison of the experimental values of the axial dispersion coefficient with the 

correlations reported in the literature and (b) parity of the experimental data and those computed 

from Eq. (21). 

 

4.5.4. Analysis of dispersion by the velocity distribution model 

The axial dispersion coefficient  zE  of fluid flow through a pipe can be determined by the equation 

given by (Taylor, 1953), and (Aris. R., 1956) based on the method of moment, 

2 2
0c

z T
T

d u
E D

kD
                                                                                                              (4.17) 

where TD  and 0u  represent the molecular diffusivity and maximum velocity at the axis of the 

column, respectively. The constant, k, represents a characteristic factor, which depends on the 

velocity distribution in the system. The model presented by Eq. (4.17) has been applied to study 

and analyze the dispersion coefficient for the present solidliquidgas three-phase system. It is 

assumed that the flow in the column is homogenous and there is continuous mixing of liquid and 

solid with uniform distribution of the gas bubbles. Based on these assumptions and by replacing 

TD   with the dispersion coefficient of bubble motion, bD , Eq. (4.17) is expressed as  

2 2
0c

z b
b

d u
E D

kD
                (4.18) 

For a counter-current system, the interstitial liquid velocity  0u  can be expressed as 

 0 2
1

slr

g

u
u





                                                                                                              (4.19) 

Substituting 0u  from Eq. (4.19) into Eq. (4.18) we get 
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 
2 2

2

4

1

c slr
z b

g b

d u
E D

kD
 


                                                                                                 (4.20)                                                                                             

The dispersion coefficient of bubble motion  bD  and velocity characteristic factor  k  are 

estimated by fitting Eq. (4.20) to the experimental data on zE . 

 

4.5.4.1. Influence of different variables on the dispersion coefficient of bubble motion (Db) 

and the characteristics factor of velocity distribution (k)  

The influence of different variables such as slurry and superficial gas velocities, particle 

concentration, particle size, and surfactant concentration on the dispersion coefficient of bubble 

motion  bD  and the characteristics factor of velocity distribution  k  is shown in Fig. 4.9. The 

superficial gas velocity profoundly influences fluid mixing. Hitherto, it has been noticed that 

turbulence and liquid circulation are the prime reasons for the mixing phenomena (Wilkinson et 

al., 1993). Figure 4.9 (a) shows the influence of superficial gas velocity on bD  and k for constant 

particle size, surfactant concentration, and slurry concentration. It is observed that bD  increased 

while k decreased as the superficial gas velocity increased. The phase circulation in the column 

took place in counter-current mode, with the bubbles flowing upward through the center of the 

column. This pushed the flowing slurry near the column wall downward, creating a circulation of 

the phases. The increase in the superficial gas velocity at a fixed slurry velocity led to the increase 

in the rising velocity of the gas bubbles, which caused an enhancement in the turbulence 

throughout the column. Therefore, bD  increased while k decreased. Our results corroborate the 
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trend reported by the previous workers (Kawase and Moo-Young, 1986; Yang and Fan, 2003). As 

per the present analysis, bD  depends on the superficial gas velocity  sgu  as 1.463
b sgD u . 

The variation of bD  and k with the slurry concentration at a constant particle size, surfactant 

concentration, superficial gas velocity, and slurry velocity is shown in Fig. 4.9 (b). It is observed 

that an increase in the slurry concentration significantly increased k (i.e., by 35.14%) but decreased 

bD  (i.e., by 42.06 %). As the slurry concentration increased, the slurry viscosity also increased 

(Sarhan et al., 2020, 2017b), which resulted in a reduction in the extent of mixing of the gas-liquid-

solid system. Also, the circulation of the phases was reduced due to the increase in the viscosity. 

Therefore, bD  reduced while k increased. According to (Lim et al., 2011), an increase in the slurry 

concentration reduces the particle mobility due to more friction losses between the particle and the 

liquid, which ultimately reduces the dispersion. Our findings on the influence of slurry 

concentration on bD  and k are in accordance with the previous findings (Sivaiah and Majumder, 

2013a, 2013b).  

In the flotation process, the particle size plays an important role during the recovery of the 

desired particle. Particle size may also impact the probabilities of the bubbleparticle collision, 

bubbleparticle attachment, and bubbleparticle detachment, which ultimately controls the 

performance of the flotation system. As per the literature, the flotation technique is suitable for 

processing the particle size range 10  500 µm (Fornasiero and Filippov, 2017). Four different 

average particle sizes (i.e., 63.22, 273.13, 404.97, and 507.67 µm) were chosen to assess their 

impact on bD  and k, as shown in Fig. 4.9 (c). As expected, it was found that bD  and k were 
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significantly influenced by the presence of the larger particles in the flotation column. With an 

increase in the particle size, bD   decreased, whereas k increased.  
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Figure 4.9: Variation of bD  and k with (a) superficial gas velocity, (b) particle concentration, (c) 

particle size, and (d) surfactant concentration. 

As per our knowledge, no work has been reported on the impact of particle size on bD  and 

k. However, a few works have been reported analyzing the effect of slurry concentration on bD  

and k (Sivaiah and Majumder, 2013a, 2013b). Based on the present data, bD  and k varied with the 
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particle diameter  pd  as 0.620
b pD d and 0.983

pk d . The surface tension of the slurry plays a 

significant role in the generation of fine bubbles and the mixing of the phases in the flotation 

column. Figure 4.9 (d) reports the variation of bD  and k  with the surface tension of the slurry. 

Five different concentrations of the surfactant (i.e., 10, 20, 30, 40, and 50 g/m3) were chosen to 

assess the influence of slurry surface tension on bD  and k. It was observed that bD  increased 

whereas k decreased as the surfactant concentration increased. The addition of surfactant to the 

slurry significantly reduced the surface tension, which in turn produced a large number of tiny gas 

bubbles. As the number of gas bubbles increased, the randomness and turbulence also increased, 

which resulted in an enhancement of bD . Small gas bubbles carried more liquid behind their wakes, 

which further increased the back-mixing of the phases (Rice et al., 1981). 

 

4.5.4.2. Interpretation of the diffusion coefficient of bubble motion  bD  and the 

characteristics factor of the velocity distribution  k  

The values of bD  and k were compared with the values reported in the literature for other systems 

(e.g., two-phase semi-batch, three-phase semi-batch, and three-phase packed bed column). The 

comparison is shown in Fig. 4.10 (a). The values of bD  were compared with those reported by 

(Baird and Rice, 1975; Deckwer et al., 1974; Hikita and Kikukawa, 1974; Kato and Nishiwaki, 

1971; Kawase and Moo-Young, 1986; Yang and Fan, 2003).  It is observed that the present values 

are lower than those reported in the literature. This may be due to the different flow arrangements, 

column dimension, physical properties of the system, and the range of gas and liquid flow rates. 

The experimental values of k, under various experimental conditions, were also compared with 
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those reported by (Baird and Rice, 1975; Joshi, 1980; Reith et al., 1968; Towell, 1972). The 

comparison is shown in Fig. 4.10 (b). It is observed that the values of k widely differed from the 

literature values. This may be due to the range of the superficial gas and slurry velocities in the 

present experiment.  
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Figure 4.10: Comparison of the experimental values of (a) bD  and (b) k with those reported in 

the literature. 

Based on the present experimental data, a new empirical correlation was developed for Db 

as follows. 
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             (4.21) 

where Weslr  is the Weber number  2
slr slr cu d  , Reslr  is the Reynolds number 

 c slr slr slrd u   , and Frslr  is the Froude number  slr cu gd . The standard error and the 

correlation coefficient for the fit are 0.1044 and 0.9947, respectively. This correlation is valid for 

the following ranges: 0.333 3.0sg slru u  , 3 31.15 10 7.36 10p cd d     , 
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2 27.62 10 We 83.09 10slr
     , 251.23 Re 908.14slr  , and 3 39.46 10 Fr 28.37 10slr

     . The 

percentage error of the correlation given by Eq. (4.21) is ±16.87. The parity of the experimental 

data and  b slr cD u d  calculated from Eq. (4.21) is shown in Fig. 4. 11 (a).  
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Figure 4.11: Parity of the experimental values of (a) bD  and (b) k with those calculated from Eqs. 

(4.21) and (4.22). 

 

A correlation was developed to predict k, which is given by 
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                                  (4.22)                                                        

The standard error and the correlation coefficient of the fit are 0.0460 and 0.9981, respectively. 

This correlation is valid for the following ranges: 0.333 3.0sg slru u  , 

3 31.15 10 7.36 10p cd d     , 2 27.62 10 We 83.09 10slr
     , 251.23 Re 908.14slr  , and 

3 39.46 10 Fr 28.38 10slr
     . The percentage error of the correlation given by Eq. (4.22) is ± 
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11.17. The parity of the experimental data and the values of k calculated from Eq. (4.22) is shown 

in Fig. 4.11 (b). 

 

4.6. Conclusion 

The present work reports the dispersion characteristics of the slurry phase in the counter-current 

flotation column. The study shows that the dispersion number is a strong function of slurry 

concentration, particle size, surfactant dose, and gas and slurry velocities. The residence time 

distribution (RTD) technique was used to estimate the dispersion number based on the axial 

dispersion model. The velocity distribution model was successfully applied to analyze the 

dispersion due to bubble motion and the velocity distribution characteristic factor. The dispersion 

number was found to increase with increasing gas and slurry velocities. The prime cause was 

increased turbulence and interaction between the phases in the column. An increase in the slurry 

concentration caused a little reduction in the dispersion number. It was due to the rise in the 

apparent viscosity of the system. The increase in the particle size significantly reduced the 

dispersion number. For three-phase counter-current flow systems, the characteristic factor of the 

velocity distribution decreased with increasing superficial gas velocity and surfactant 

concentration. In contrast, it increased as the slurry concentration and particle size increases. The 

dispersion coefficient of the bubble motion increased as the superficial gas velocity and surfactant 

concentration increased, while it decreases with an increase in slurry concentration and particle 

size. A correlation was developed for the prediction of dispersion number in terms of 

dimensionless groups, which was in good agreement with the experimental results. This work will 

be helpful for improving the transport efficiency of flotation systems.  
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CHAPTER 5: ENTRAINMENT CHARACTERISTICS 

 

In this chapter, experiments were conducted in a continuous flotation column to determine the 

degree of entrainment of coal particles and examine its dependence on surfactant concentration, 

type of surfactant, particle size, superficial gas velocity, slurry concentration, and superficial liquid 

velocity. The degree of entrainment was analyzed using Warren’s model. An empirical correlation 

was developed, based on a wide range of operating variables, to predict the degree of entrainment. 

The size of the bubble, required for the model analysis, was experimentally measured by a 

photographic method under different operating conditions. Based on the experimental data, a 

general correlation was developed, which was used to calculate the bubble diameter. 

 

5.1. Introduction and literature 

The degree of entrainment is an important parameter in the processing of minerals and in various 

chemical industries, which is often hypothesized to be a function of particle size. The entrainment 

of coal particles refers to the mechanical recovery of the coal particles suspended in water using 

froth flotation. Entrainment is the transport process by which fine particles, suspended in liquid, 

are entrained by bubbles, generated by a frothing agent, in a flotation column. This technology is 

mainly used in the processing of the ores with a large proportion of fine gangue particles 

(Fuerstenau, 1980; Kirjavainen, 1996). Flotation is also widely used in wastewater treatment, 

paper de-inking, and mineral beneficiation. From the theoretical viewpoint, froth flotation may be 

considered as a sequence of two operations, i.e., reaction and separation (Matis, K.A, 1994). The 

reaction primarily occurs in the pulp zone. A particlebubble aggregate, which is less dense than 
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the medium, moves upward against gravity to the froth zone, while the hydrophilic particles reach 

the tails (Yianatos et al., 2009). The effective separation occurs at the pulpfroth interface when 

the froth is transported to the concentrate launder. 

The entrainment process can be explained using three theories. The boundary layer theory for 

entrainment suggests that the bubble lamina (i.e., a thin hydrodynamic layer of water covering the 

bubble) of froth is used to transport the mineral particles to the froth phase (Bascur and Herbst, 

1982; Gaudin, 1957; Hemmings, 1981; Moys, 1978). The bubble wake theory  (Smith, 1984; 

Yianatos et al., 1988) provides the concept of particles, rising along with the water, with the energy 

gained from the wake of an ascending bubble. Both theories fail due to the mass of mineral 

particles transported. Hence, (Smith and Warren, 1989) proposed another theory, known as the 

bubble swarm theory, to describe the mechanism of transport. According to this theory, the bubble 

travels upward and gets stocked up below the frothpulp region. In the region, some of the water 

along with the suspended mineral particles fall back, while the others are pushed upward due to 

the buoyant force of the bubble swarm. 

 

Various principal factors affect the entrainment of particles. (Jowett, 1966) was the first scientist 

to recognize the water current as a significant factor for the entrainment of mineral particles. 

(Johnson, 1972) was able to establish a direct correlation between the recovery of mineral particles 

and the recovery of water in the concentrate, and the degree of entrainment. Surfactant, as a frother, 

is an important factor that affects the transport of the particles directly by entrainment. It is used 

to generate the froth that carries the particles to the concentrate region. The surfactant also 

determines the characteristics of the bubbles. The concentration of particles in the feed is also a 

determining factor for the degree of entrainment  (Yianatos et al., 2009). For a large-scale flotation 
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cell, the particle concentration in the pulp is an important factor that influences the entrainment 

significantly. The amount of particle recovered through entrainment is larger for a perfectly 

dispersed feed. Particle density is also an important factor, which affects the entrainment degree. 

The degree of entrainment increases with decreasing particle density (Bisshop, 1974). 

The particles with lower density tend to move with water due to their less tendency for 

sedimentation. Entrainment to the concentrate increases as the particles become finer. If the 

particles are coarser, the drainage will occur significantly and reduce the entrainment  (Runge, 

2010). According to (Zheng et al., 2006), the amount of gas flow has a mixed effect on the recovery 

by entrainment. The number of particles taken from the pulp phase to the froth phase increases, 

the extent of drainage of water. The liquid flow rate is directly proportional to the number of 

particles carried to the froth section from the pulp phase. It also provides additional energy to carry 

the particles by entrainment. (Neethling and Cilliers, 2002) described a froth simulator (i.e., 

UMIST FrothSim) to assess the degree of entrainment. Their model is able to explain entrainment 

and collection of gangue by flotation. (Szatkowski, 1987) investigated the gangue distribution in 

the froth and studied the effects of the ash content in the froth in coal flotation with variation in 

the bubble size, air flow rate, and mineral concentration. (Zheng et al., 2006) reported about the 

effect of the operating parameters such as froth height and air flow rate on the degree of 

entrainment. (Yianatos et al., 2009) reported the efficacy of the recovery of solids and liquids by 

entrainment through direct measurement of the fraction of liquid and solid concentration in the 

flotation cell. (Wang et al., 2015a) assessed the effects of parameters such as impeller speed, gas 

flow rate, and froth height on the degree of entrainment. Based on the experimental data,  

(Johnson, 1972) established a correlation between the recovery of particles by entrainment and 

water recovery to the concentrate. (Melo and Laskowski, 2007) investigated the effect of the 
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frother on the degree of entrainment. They reported that frother had a significant effect on the froth 

structure, which changed the entrainment. Rheological effects on entrainment were explained by 

(Shabalala et al., 2011). They reported that a variation in viscosity influenced the turbulence, which 

had a significant effect on the extent of solids entering the froth. (Laplante et al., 1989) 

proposed a non-linear relationship between particle size and degree of entrainment. They also 

proposed a relation between the degree of entrainment and water recovery for coarse and ultra-

fine particles. The study of  (Wang et al., 2015a) suggests that particle density and particle size 

have significant effects on the degree of entrainment. (Ata, 2001) focused on the interface that 

separated the gangue from the mineral particles, which significantly changed the degree of 

entrainment. 

This work investigates the entrainment of coal particles in a continuous flotation column at regular 

time intervals to determine its dependence on the type of surfactant, surfactant concentration, 

slurry concentration, particle size, and gas and slurry velocities. The size of the bubble was 

experimentally determined by a photographic method under different operating conditions. Based 

on the present experimental data, a general correlation was developed, which was used to calculate 

the bubble diameter. Using Warren’s model, the degree of entrainment was analyzed. A general 

correlation for the degree of entrainment was also developed. 

 

5.2. Experimentation 

5.2.1. Experimental setup  

Fig. 5.1 (a) represents the schematic diagram of the experimental setup for entrainment 

characteristics. The details and specification of components of the experimental set up is already 

discussed in section 2.2.1. 

TH-2710_126107038



132 
 

 

 

 

Figure 5.1: (a) Diagrammatic representation of the experimental setup: 1. air compressor, 2. 

storage tank, 3. pump, 4. spherical sparger, 5. solenoid valve, 6. flotation column, 7. control valve, 

8. liquid rotameter, 9. gas rotameter, 10. collecting hood, 11. collecting beaker, and (b) a photo of 

the spherical sparger. (This figure is withhold because of copyright) 

 

5.2.2. Materials and experimental procedure 

The anionic surfactant sodium dodecyl benzene sulfonate (SDBS) (> 99 % purity) and the cationic 

surfactant, N-cetyl-N,N,N-trimethylammonium bromide (CTAB) (99% purity), were bought from 

Sigma Aldrich (Germany), and Loba Chemie (India) respectively, which were used as surface-

active agents. The extraction, crushing, and size analysis of coal particle was discussed in section 

2.2.2 in the chapter 2. 

All the experimental works were carried out at standard conditions of temperature and pressure. 

The span of superficial gas velocity and superficial slurry velocity were 0 .02 1 0 .06 3sgu   

m/s, and  0.007 0.021slru   m/s, respectively. Five surfactant concentrations i.e., 25, 50, 75, 100, 

and 150 g/m3 were considered in the present work. The measurement techniques of slurry density, 

slurry viscosity, and surface tension are already discussed in section 2.2.2. 

The physical properties of the materials used in the experiments and the surface tensions values of 

the aqueous surfactant solutions are given in Tables 5.1 and Table 5.2, respectively.  
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Table 5.1: Physical properties of the system at 298  1 K. 

Surfactant Surfactant 

concentration 

(g/m3) 

Slurry 

concentration 

(kg/m3) 

Viscosity 

(mPa s) 

Density (kg/m3)  

CTAB 25 5.56 1.347 1004.94 

CTAB 50 5.56 1.494 1005.29 

CTAB 100 5.56 1.786 1005.94 

SDBS 100 5.56 1.619 1005.73 

SDBS 100 8.33 1.621 1006.33 

SDBS 100 11.11 1.702 1007.47 

 

Table 5.2: Surface tensions of the aqueous surfactant solutions at 298  1 K. 

Surfactant Surfactant 

concentration (g/m3) 

Slurry concentration 

(kg/m3) 

Surface tension (N/m) 

CTAB 25 5.56 0.0312 

CTAB 50 5.56 0.0290 

CTAB 100 5.56 0.0162 

SDBS 100 5.56 0.0208 

SDBS 100 8.33 0.0208 

SDBS 100 11.11 0.0208 
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The flotation column was thoroughly cleaned and washed with tap water. For all the experiments, 

tap water was used. Coal particles were added to the solution tank. The tank was filled with 9 dm3 

of water. The slurry was introduced at the height of 0.73 m from the base of the column. Froth 

generated in the column was collected at 0.174 (i.e., bottom section), 0.373 (i.e., middle section), 

and 0.547 m (i.e., top section) heights from the bottom at a regular interval of 10 s. Each set of 

experiments was done for 60 s. The samples were dried in an oven (make: Sonuu, India; model: 

Digitel) at 383 K for ~24 h. The analysis was done for several parameters such as superficial gas 

velocity, particle size, superficial slurry velocity, surfactant concentration, and slurry 

concentration using two surfactants (i.e., CTAB and SDBS). 

5.3. Principle of degree of entrainment 

5.3.1. Method of Warren 

The method of Warren (Warren, 1985) involves a number of batch flotation tests keeping the 

flotation time the same for all but with variable froth height and froth removal rate to change water 

recovery. It was observed that there was a linear relationship between the mineral and water 

recovered for each system. These characteristics show the linear correlation between the true 

flotation and entrainment as 

c TF P wR R e R                                                                                                                      (5.1)                                                                       

and 

G G wR e R                                                                                                                              (5.2) 

where cR  and GR  are the cumulative mass recoveries of the valuable and gangue particles, 

respectively at a particular time t, TFR  is the intercept of the extrapolated line on the recovery axis 
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(i.e., recovery by true flotation), pe  and Ge  are the degrees of entrainment for the valuable and 

gangue particles, respectively, and WR  is the cumulative mass of the water recovered. 

 

5.4. Estimation of bubble size and its distribution 

The photographic technique will be used to measure bubble size. This is the simplest method to 

determine the bubble size. The snap of bubbles in motion was captured by the high-speed camera 

(Make: Sony Cybershot, Model: DSC-H300, 20.1 MP). A halogen lamp was placed on the 

opposite side of the camera to have a clear vision for capturing the images. The captured digital 

images were intensified and enlarged by an image processing software (Digimizer, version 4.2) 

through which the boundaries of the bubbles were distinguished. The mean of the bubble size was 

defined by the Sauter-mean bubble diameter, i.e.  

3

1
,32

2

1

n
i bi

i
b n

i bi
i

n d

d

n d









                                                                                                                       (5.3)        

where 𝑛௜ is the number of bubbles of diameter 𝑑௕௜. The two-dimensional shape of the bubbles was 

assumed as a spheroid. Hence, their minimum and maximum axes were analyzed by the image 

analysis software (Polli et al., 2002). 

 

5.5. Results and Discussions 

5.5.1. Effect of gas velocity on the entrainment of coal particles 
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The effect of superficial gas velocity on the entrainment of coal particles at a constant slurry 

concentration (i.e., 5.56 kg/m3), surfactant concentration (i.e., 100 g/m3), superficial slurry velocity 

(i.e., 0.021 m/s), and particles size (i.e., 235.61 µm) in the presence of SDBS is shown in Fig. 5.2. 

The degree of entrainment increased with increasing gas velocity. 

 Figure 5.2: Effect of gas velocity on the entrainment of coal particles: (a) top, (b) middle, and (c) 

bottom sections. (This figure is withhold because of copyright) 

More particles were carried from the pulp phase to the froth phase as the gas velocity was 

increased. According to  (Wang et al., 2015), the change in the gas flow rate changes the drainage 

of particles suspended in the froth, at a given height. The rise in the gas flow rate enhances the rise 

velocity of the froth, which decreases the retention time. (Zheng et al., 2006) reported that the 

increase in gas flow rate increased the number of particles and water in the froth phase, which 

could affect the drainage of the particles. (Kursun, 2017) reported that an increase in gas velocity 

increased the amount of water carried away along with the suspended particles. So the increase in 

the gas flow rate increased the degree of entrainment of the particles. The degree of entrainment 

at the top section, middle section, and the bottom section at different superficial gas velocities are 

given in Table 5.3. 

Table 5.3. Degree of entrainment at different superficial gas velocities at 298  1 K. 

Location Degree of entrainment  Ge  

0.021 m/ssgu   0.042 m/ssgu   0.063 m/ssgu   

Top section 0.584 0.793 0.826 

Middle section 0.570 0.653 0.718 

Bottom section 0.502 0.620 0.708 
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5.5.2. Effect of superficial slurry velocity on the entrainment of coal particles 

The effect of superficial slurry velocity on entrainment of coal particles at a constant slurry 

concentration (i.e., 5.56 kg/m3), surfactant concentration (i.e., 100 g/m3), superficial gas velocity 

(i.e., 0.063 m/s), and particle size (i.e., 235.61 µm) in the presence of SDBS is shown in Fig. 5.3  
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Figure 5.3: Effect of slurry velocity on the entrainment of coal particles: (a) top, (b) middle, and 

(c) bottom sections. 

Based on these results, it is concluded that the degree of entrainment increased with increasing 

slurry velocity. The degree of entrainment at different superficial slurry velocities are shown in 

Table 5.4.  

Table 5.4:  Degree of entrainment at different superficial slurry velocities at 298  1 K. 

 

Location Degree of entrainment  Ge  

0.007 m/sslu   0.014 m/sslu   0.021 m/sslu   

Top section 0.543 0.786 0.826 

Middle section 0.540 0.683 0.718 

Bottom section 0.506 0.572 0.708 
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5.5.3. Effect of particle size on the entrainment of coal particles 

The effect of size of coal particles on the entrainment at a constant slurry concentration (i.e., 5.56 

kg/m3), surfactant concentration (i.e., 100 g/m3), superficial gas velocity (i.e., 0.063 m/s), and 

superficial slurry velocity (i.e., 0.021 m/s) in the presence of SDBS is shown in Fig. 5.4. 
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Figure 5.4: Effect of particle size on the entrainment of coal particles: (a) top, (b) middle, and (c) 

bottom sections. 
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It was observed that the degree of entrainment decreased with increasing particle size. This 

corroborates the results of (Runge, 2010), who showed that the entrainment increased as the 

particles became finer. The degree of entrainment varying with particle size is given in Table 5.5.  

Table 5.5: Degree of entrainment for different particle sizes at 298  1 K. 

Location Degree of entrainment  Ge  

63.22  μmpd   235.61 μmpd   3 2 5 .2 6  μ mpd   

Top section 0.841 0.826 0.757 

Middle section 0.743 0.718 0.651 

Bottom section 0.735 0.708 0.640 

 

5.5.4. Effect of slurry concentration on the entrainment of coal particles 

The effect of slurry concentration on the entrainment of coal particles at a fixed particle size (i.e., 

235.61 µm), surfactant concentration (i.e., 100 g/m3), superficial gas velocity (i.e., 0.063 m/s), and 

superficial slurry velocity (i.e., 0.021 m/s) in the presence of SDBS is shown in Fig. 5.5. 
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Figure 5.5: Effect of slurry concentration on the entrainment of coal particles: (a) top, (b) middle, 

and (c) bottom sections. 

It is concluded that the degree of entrainment increased with the increasing concentration of the 

particles at all the sections of the column. As the concentration of particles increases, more 

particles are transferred to the froth. (Wang et al., 2015a) reported that the increase in particle 

concentration increases the number of entrained particles. An increase in the density of the pulp 

increases the entrainment of the particles. The degree of entrainment at different slurry 

concentrations is shown in Table 5.6. 

Table 5.6: Degree of entrainment at different slurry concentrations at 298  1 K. 

Location Degree of entrainment  Ge  

35.56 kg/mslrc   38.34 kg/mslrc   311.12 kg/mslrc   

Top section 0.826 0.867 0.877 
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Middle section 0.718 0.756 0.766 

Bottom section 0.708 0.735 0.747 

 

5.5.5. Effect of surfactant concentration on the entrainment of coal particles 

The effect of surfactant concentration on the entrainment of coal particles at a constant slurry 

concentration (i.e., 5.56 kg/m3), particle size (i.e., 235.61 µm), superficial gas velocity (i.e., 0.063 

m/s), and superficial slurry velocity (i.e., 0.021 m/s) in the presence of CTAB is shown in Fig. 5.6.  
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Figure 5.6: Effect of surfactant concentration on the entrainment of coal particles: (a) top, (b) 

middle, and (c) bottom sections. 

From the experimental results, it is seen that the degree of entrainment  pe  increased as the 

concentration of the surfactant was increased from 25 to 100g/m3. The degree of entrainment at 

the top, middle, and bottom sections at different surfactant concentrations are given in Table 5.7. 

Table 5.7: Degree of entrainment at different surfactant concentrations at 298  1 K. 

Location Degree of entrainment  Ge  

325 g/msurfc   350  g/msurfc   3100 g/msurfc   

Top section 0.711 0.743 0.881 

Middle section 0.696 0.721 0.841 

Bottom section 0.693 0.711 0.816 

 

5.5.6. Effect of the surfactant type on the entrainment of coal particles 

The effect of surfactant type (i.e., SDBS and CTAB) on the entrainment of coal particles at a 

constant slurry concentration (i.e., 5.56 kg/m3), particle size (i.e., 235.61 µm), surfactant 

concentration (i.e., 100 g/m3), superficial gas velocity (i.e., 0.063 m/s), and superficial slurry 

velocity (i.e., 0.021 m/s) is shown in Fig. 5.7. 
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Figure 5.7: Effect of surfactant type on the entrainment of coal particles: (a) top, (b) middle, and 

(c) bottom sections. 

From the experimental results, it was observed that the degree of entrainment of the coal particles 

was greater in CTAB presence than SDBS in all the sections. The degree of entrainment for the 

different types of surfactants is given in Table 5.8. 

Table 5.8: Degree of entrainment for the different types of surfactants at 298  1 K. 

Location Degree of entrainment  Ge  
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CTAB (100 g/m3) SDBS (100 g/m3) 

Top section 0.881 0.826 

Middle section 0.841 0.718 

Bottom section 0.816 0.708 

 

5.6. Development of the general empirical correlation for entrainment of the coal particles 

The degree of entrainment of the coal particles is observed to rely on superficial gas velocity  sgu

, superficial slurry velocity  slru , sauter mean diameter  ,32bd , diameter of the particles  pd , 

height of the column  h , diameter of the column  cd , surface tension (σ), slurry density  slr

, slurry viscosity  slrµ , and the acceleration due to gravity (g). This dependence can be expressed 

as 

,32( , , , , , , , , , )G sg slr b p c slr slre f u u d d h d g                                                             (5.4) 

The following correlation is developed for predicting the entrainment of coal particles using 

dimensional analysis and multiple linear regression of the experimental data. 

1.388 2.115 0.116 0.063

0.160 0.263 1.7082.44 We Re Frsg pb
G slr slr slr

slr c c c

u dd h
e

u d d d

 

       
        

       
                  (5.5) 

where Reslr  is the Reynolds number  i.e., c sl slr slrd u   , Weslr is the Weber number 

 2i.e., c sg slrd u   , and Frslr  is the Froude number  i.e., sg cu gd . 

TH-2710_126107038



146 
 

The standard error and correlation coefficient of equation (5.5) are 0.0477 and 0.9509, 

respectively. The correlation is valid within the following ranges: 1.0 9.0sg slru u  ;

2 24.79 10 9.11 10b cd d     ; 3.164 9.945ch d  ; 3 31.15 10 7.36 10p cd d     ;

0.128 We 1.484slr  ; 212.51 Re 844.29slr  ; 3 29.459 10 Fr 2.838 10slr
     . 

A comparison between the degree of entrainment experimentally obtained and that predicted by 

equation (5.6) is shown in Fig. 5.8. 

0.1 0.2 0.3 0.4 0.5 0.6

0.64

0.68

0.72

0.76

0.80

0.84

0.88

Experimental, C
surf

= 100 g/m3(CTAB)

 Predicted, C
surf

= 100 g/m3(CTAB)

 Experimental, C
surf

= 50 g/m3(CTAB)

 Predicted, C
surf

= 50 g/m3(CTAB)

  Experimental, C
surf

= 25 g/m3(CTAB)

 Predicted, C
surf

= 25 g/m3(CTAB)

 

 

  

h (m)

e
G
 (
 )

Bottom Middle Top 

 

Figure 5.8: Comparison of degree of entrainment at different surfactant concentrations. 
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5.7. Effect of different variables on mean bubble size 

The size of the bubbles was measured by a photographic method under different operating 

conditions. A typical snapshot of the bubble in the column is shown in Figure 5.9.  

Fig. 5.9. Typical images of the bubbles in the three-phase system at different superficial gas 

velocity, slurry concentration, particle size, axial height, and surfactant concentration. A typical 

bubble size distribution is shown in Figure 5.10. (This figure is withhold because of copyright) 

 

Figure 5.10: A typical bubble size distribution for the particle size  pd  range of 150300 m and 

300425 m. (This figure is withhold because of copyright) 

 

5.7.1. Effect of superficial gas velocity, axial height, and slurry concentration on Sauter 

mean diameter 

The effect of axial height (0.2, 0.4, and 0.6 m), superficial gas velocity (0.007, 0.021, and 0.035 

m/s), slurry concentration (0.2 and 0.8 wt %) on Sauter mean diameter at fixed particle size 235.61 

µm in Figure 5.11. There are 3 different regions of the axial height of the column is used for the 

bubble size measurement  i.e, region A (0 to 0.2 m), region B (0.2 to 0.4 m), region C (0.4 to 0.6 

m). 
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Figure 5.11: Effect of superficial gas velocity, axial height, and slurry concentration on mean 

bubble size. 

It is noticed that the bubble size is increasing with an increase in gas flow rate and axial height. 

Many authors pointed out the increase in bubble size with an increase in superficial gas velocity 

(Passos et al., 2015; Tyagi and Buwa, 2017). The coalescence of the bubbles increases with an 

increase in superficial gas velocity and therefore increases the bubble size. When the bubbles travel 

from region A to region C, along the axial direction, it’s get coalesced, and increases its size. 

Bubble coalescence theory describes that due to the buoyant force, the bubbles dissimilar diameter 

have different rise velocity, which causes collision among bubbles and coalescence (Shukla et al., 

2008). It is observed that the bubble size increases with an increase in slurry concentration at all 

superficial gas velocities. The addition of particles increases the viscosity of the fluid. Due to 

increase in the viscosity of the system causes the coalescence of the gas bubbles, and therefore 

increases the bubble size (Götz et al., 2016; Kara et al., 1982; Kato et al., 1972; Ojima et al., 2015; 

Rabha et al., 2013b; Sehabiague and Morsi, 2013). 
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5.7.2. Effect of particle size and surfactant concentration on Sauter mean bubble diameter 

The effect of Sauter mean bubble diameter on different particle sizes (235.61 and 428.55 µm) and 

different surface concentrations (4 and 10 g/m3) at a fixed superficial gas velocity 0.021 m/s, fixed 

slurry concentration 0.2 wt % shows in Fig. 5.12.   
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            Fig 5.12: Effect of particle size and surfactant concentration on mean bubble size.  

It is observed that the increase in surfactant concentration increases the bubble size. Because, when 

surfactant concentration increases, the surface tension reduces. So bubble size increases. It is also 

seen that when it increases the particle size, increases the bubble size. 

Based on the present experimental data, a general correlation was developed, which was used to 

calculate the bubble diameter from equation (5.6). The correlation can be expressed as 
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                                                                       (5.6) 

 which is valid within the ranges 3 34.284 10 9.23 10p cd d     ; 0.068 We 1.899slr  ; 

308.063 Re 1741.62slr  ; 0.00946 Fr 0.0473slr  ; 3.636 10.909ch d  .  

5.8. Conclusion 

From the entrainment studies of coal particles carried out in a laboratory flotation column, it was 

observed that CTAB gave better entrainment than SDBS. The entrainment of coal particles 

increased with the increasing concentration of the surfactants, i.e., it is seen that the degree of 

entrainment  pe  increased as the concentration of the surfactant was increased from 25 to 100

g/m3. The degree of entrainment was proportional to the superficial gas and liquid velocities. An 

increase in the gas and liquid velocities significantly increased the entrainment. An increase in the 

particle size decreased the entrainment, whereas the increase in the particle concentration increased 

entrainment. An empirical correlation based on the aforementioned parameters was developed for 

predicting the entrainment of the coal particles, which may be useful for the scale-up of the process 

for industrial applications. 

CHAPTER 6: KINETICS OF FLOTATION FOR FINE 

PARTICLE RECOVERY 

 

In this chapter, the recovery of coal particles in a continuous flotation column was investigated at 

regular time intervals to determine its dependence on the type of surfactant, particle size, and gas 
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and slurry velocities. The kinetics of the cumulative recovery was established. The induction time 

and flotation rate constant were analyzed based on the recovery efficiency incorporating the 

stability, attachment, and collision efficiencies of the particles with the bubbles. A generalized 

correlation for the rate constant and the induction time was also proposed on the basis of the 

experiments carried out under different operating conditions. The proposed work will be useful to 

intensify the transport efficiency of the flotation systems during scale-up on the industrial scale. 

 

6.1. Introduction and literature 

Froth flotation separates and concentrates minerals depending on the variation in the 

physicochemical properties of the interfaces, e.g., the surface hydrophobicity and floatability 

between the mineral and gangue particles. Generally, the separation is carried out in mechanical 

cells in which the entrainment of the fine hydrophilic gangue particles takes place in the froth 

phase. Because of the intrinsic mechanics of the phenomenon, it has a damaging effect on the 

performance (metallurgical) of the process. A successful method to impede the entrainment of 

such fine gangue came forth with the advent of the column flotation cell, which utilizes a deep 

froth zone. To prompt a cleaning action of the froth, this zone is washed with water (termed as 

“wash water”). This introduction of the column has become a plus to the conventional flotation 

circuits (Uribe et al., 1999). A typical scheme of movement of any gangue or valuable component 

between the froth and pulp zones in a flotation column is shown in Fig. 6.1. 

 

Figure 6.1: Transfer of materials between the froth zones and pulp. ((This figure is withhold 

because of copyright) 
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Regardless of the transportation mechanism employed for getting to the froth region, particles can 

go back to the pulp region, or at last, set off the froth region into the concentrate launder if the 

levels of the controlled variables permit the froth removal. 

Considerable work over the past decades done on column flotation shows the increasing interest 

in this technology, a direct result of which is the research on many aspects of column flotation. 

Flotation columns perform relatively better (e.g., a better product grade is achieved) as compared 

to the mechanical cells (conventional) in the washing operations due to their special froth 

operation, which has been explained in detail by Finch and Dobby (1990). The industrial use of 

this technology has spread in many fields like the treatment of coal, wastewater, corn, clays, 

proteins, resins, dyes, rubber, glass, fats, plastics, cane sugar, and fruit juices. A considerable 

number of parameters involved, and the interaction between three phases (i.e., gas, liquid, and 

solid) makes it one of the most compound mineral processing operations. Various components 

related to the floated mineral can affect the efficiency of separation by flotation, such as its surface 

properties, degree of liberation, several operating variables (gas and liquid velocity, frother 

concentration, particle concentration, and size), and grade. The particle shape is also a very 

important factor that affects the floatability of many minerals (Allan and Woodcock, 2001; Guven 

et al., 2016; Hicyilmaz et al., 2006; Hiçyilmaz et al., 2004; Jordens et al., 2016; Ulusoy et al., 

2004; Xia, 2017). 

Many degrees of freedom in the operating variables of the flotation columns have led to significant 

variations in the metallurgical performance, which have provided much scope for improving their 

control (Jordens et al., 2016). That is why it is necessary to understand the factors affecting the 

process to comprehend the mechanism of flotation. Several studies have been carried out to 

understand the kinetics of flotation and its recovery efficiency. Most of the flotation test data from 
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the literature suggest the first-order rate equation under practical operating conditions (Agar et al., 

1998; Cilek, 2004; Dowling et al., 1985; Jameson et al., 1977; Oliveira et al., 2001; Wills and 

Finch, 2015). Li et al. (2018) examined the flotation kinetics of coal with different size fractions 

and aeration rates and proposed a new kinetic model based on their results. Their work indicated 

that the efficiency of flotation relies on the size of the coal particles. Chen et al. (2018) employed 

an oily-bubble flotation method for optimizing the parameters that affect the recovery efficiency 

of a gangue particle. They achieved a better flotation efficiency and higher material recovery at a 

much lower dosage of the collector. For the combustible matter recovery, they proposed a 

quadratic model. Sarikaya and Özbayoǧlu (1995) observed that the size of the particles has a 

significant effect on the flotation process. Cai et al. (2018) proposed a comprehensive flotation 

mechanism for the low-rank metamorphic oxidized coal slimes. Their analysis showed that the 

number of pores, the specific surface area, and the number of oxygen-containing functional groups 

on the surface increased after oxidation, which increased the recovery efficiency of the particles 

by flotation. 

According to Dey et al. (2013), the oxidized coals have a negative surface charge due to the 

presence of the functional groups such as –COOH and –OH. Using mechanical and column 

flotation cells, they studied flotation at different pH and determined the pre-treatment efficiency 

of the coal particles. Rahman et al. (2012) studied the recovery efficiency in a laboratory-scale 

flotation column by changing the feed size. Abkhoshk et al. (2010) studied the effect of particle 

size on the flotation recovery and observed that it has a significant effect on the kinetic constants. 

Ofori et al. (2014) developed a kinetic model for flotation to predict the rate constants and recovery 

of coal particles. Szczerkowska et al. (2018) studied the kinetics of flotation of various 

hydrophobic platelets of different shapes in the aqueous solutions of a non-ionic frother. 
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Kurniawan et al. (2011) studied the effect of frother (Dowfroth 250) presence in the MgCl2, NaCl, 

and NaClO3 solutions, which can affect the efficacy of flotation of coal particles. They explained 

the mechanism of flotation improvement and attempted to connect the recovery of flotation with 

bubble size in the froth stability and froth phase. They reported that the presence of electrolytes in 

the system increased the flotation recovery based on its concentration and type. They came to the 

conclusion that the introduction of salt to a flotation system produced finer bubbles in the froth 

phase, which enhanced the kinetics of the coal flotation. The type and concentration of the 

electrolyte were found to be effective. They also reported a relationship between the flotation 

recovery and the stability of the froth. 

Moreover, a direct correlation was established between the bubble size distribution and the 

flotation recovery in the froth phase. Recently, Vinnett et al. (2019a) have characterized the 

kinetics based on an inversion approach. Vinnett et al. (2019b) evaluated the flotation rate with a 

set of one-parameter models. Conventionally, rougher recovery achieved at a certain time is used 

for the evaluation of flotation efficiency. Since the cumulative recovery of a constituent in the 

concentrate is proportional to the time of flotation, it can be contemplated as a time-rate recovery 

(Sripriya et al., 2003; Yuan et al., 1996). So, a mathematical model, including both the recovery 

and rate functions, can thoroughly relate the recovery profiles. It is found that coal particles in a 

flotation pulp possess a variety of rate constants, which are based on floatability (Ofori et al., 

2006). Several researchers have deliberated the kinetic aspects of froth flotation with a focus on 

the particle size (Hernáinz and Calero, 2001; Loewenberg and Davis, 1994; Polat et al., 2003; 

Uçurum and Bayat, 2007). However, because of the accumulation of the fine particles,  a complex 

relationship is established between particle size and flotation rate (Al Taweel et al., 1986; Humeres 

and Debacher, 2002). Later, for a better knowledge of the flotation process, several models have 
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been developed. Dowling et al. (1985) examined 13 different models of flotation and differentiated 

among them based on several sets of data on time recovery profiles of copper ore. Zhou et al. ( 

2019) have reported the relationships between the surface properties of the meta-bituminous, and 

sub-bituminous coals, and their flotation properties. In addition, they investigated the usability of 

the flotation kinetic constants obtained from various kinetic models for the prediction of the 

flotation response. They analyzed the flotation data by six flotation kinetic models successfully. 

They reported that with increasing collector dosage, the flotation rate constants decreased while 

the opposite trend was observed for flotation recovery. Lynch et al. (1981) have described three 

sets for the flotation models (i.e., probability, empirical, and kinetic). The empirical models include 

a trial and error feedback method to optimization and are too specific to their environment. 

Moreover, model parameters from statistical techniques do not have any physical significance and 

do not provide any information of the flotation process. The empirical models offer little predictive 

capacity beyond the conditions used in their evaluation (Nguyen and Schulze, 2004). The 

probability models mainly evaluate the probabilities of froth stability, particlebubble collision, 

and adhesion. The simple form of the probability approach is similar to the kinetic models (Sripriya 

et al., 2003; Yuan et al., 1996), and it has been highly useful to better understand which leads to 

reasonably accurate predictions (Hernáinz and Calero, 2001). This work considers a kinetic model 

based on the probabilities of adhesion, particlebubble collision, and froth stability. Recovery of 

coal particles in a continuous flotation column has been investigated at regular time intervals to 

determine its dependency on the type of surfactant, particle size, gas and slurry velocities. The size 

of the bubble, as required for the model analysis, was experimentally estimated by a photographic 

method under different operating conditions. Based on the present experimental data at different 

operating conditions, a general correlation was developed, which was used to calculate the bubble 
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diameter. A generalized correlation for the rate constant and the induction time was also proposed 

based on the experimental data under the different operating conditions. 

 

6.2. Experimentation 

6.2.1. Experimental setup  

Fig. 6.2 denotes the schematic representation of the experimental setup for the recovery of fine 

coal particles. The details and information about the different components of the experimental set 

up are already discussed in section 2.2.1 in Chapter 2. 

 

 

 

 

Figure 6.2: (a) Schematic representation of the experimental setup: 1. air compressor, 2. storage 

tank, 3. pump, 4. spherical sparger, 5. solenoid valve, 6. flotation column, 7. control valve, 8. liquid 

rotameter, 9. gas rotameter, 10. collecting hood, 11. collecting beaker, and (b) spherical sparger. 

((This figure is withhold because of copyright) 

 

6.2.2. Materials and experimental procedure 

The anionic surfactant sodium dodecylbenzene sulfonate (SDBS) (> 95 % purity) and cationic 

surfactant, N-Cetyl-N, N, N-trimethyl ammonium bromide (CTAB) (99% purity) were purchased 
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from Sigma Aldrich (Germany), and Loba Chemie (India) respectively. These two chemicals were 

used as surface-active agents. The extraction, crushing, and particle size analysis of the coal 

particle is already discussed in section 2.2.2. 

All the experiments were carried out at standard conditions. The ranges of superficial slurry 

velocity and superficial gas velocity are 0.007 0.021slru   and 0.021 0.063sgu   m/s, 

respectively. Five different surfactant concentrations (i.e., 25, 50, 75, 100, and 150 g/m3) were 

used. The details of the measurement of slurry density, slurry viscosity, and surface tension already 

discussed in section 2.2.2. The physical properties of the materials used in the experiments are 

shown in Tables 6.1 and Table 6.2.  

Table 6.1: Physical properties of the systems at 298  1 K. 

Slurry concentration 

(kg/m3) 

Surfactant 

concentration (g/m3) 

Viscosity (mPa s) Density (kg/m3) 

SDBS CTAB SDBS CTAB 

5.56 25 1.309 1.347 1004.96 1004.94 

50 1.421 1.494 1005.25 1005.29 

75 1.516 1.639 1005.47 1005.61 

100 1.619 1.786 1005.73 1005.94 

150 1.827 2.079 1006.24 1006.61 

 

Table 6.2: Surface tensions of aqueous surfactant solutions at 298  1 K. 

Surfactant concentration 

(g/m3) 

Surface tension (N/m) 

SDBS CTAB 
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25 0.0358 0.0312 

50 0.0300 0.0290 

75 0.0258 0.0212 

100 0.0208 0.0162 

150 0.0108 0.0062 

 

The flotation column was thoroughly cleaned and washed with tap water. For all the experiments, 

tap water was used. Coal particles, along with the surfactant, were added to the solution tank. The 

tank was filled with 9 dm3 of water. The slurry was introduced at a high point of 0.73 m from the 

base of the column. Froth generated in the column, under a particular set of operating conditions, 

accumulated in the collector box. At regular intervals of 120 s, the froth was collected continuously 

in beakers. Each set of experiments was done for 1200 s. The samples after collection were dried 

in an oven (make: Sonuu, India; model: Digitel) at 383 K for ~1 d. The analysis was performed 

for a set of constraints such as particle size, superficial liquid velocity, superficial gas velocity 

surfactant concentration, and surfactant type. 

6.3.  Model for flotation kinetics 

Flotation works by three main processes, i.e., (i) aeration (ii) mixing, and (iii) separation. Various 

models were proposed to interpret the flotation kinetics in terms of hydrodynamics (Dai et al., 

2000; Finch and Dobby, 1990; Tuteja et al., 1994). The kinetic models are focused on the 

interaction between the bubbles and particles. In this work, the flotation of fine coal particles by 

bubbling was considered as a first-order process. The kinetic equation for the rate of recovery of 

particles can be expressed as (Bloom and Heindel, 1997). 
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                   (6.1) 

where K  is the rate constant, and pN  is the number density of floatable mineral particles. The 

parameter, Z, is linked to the bubble–particle collision frequency. It depends on the flotation pulp 

hydrodynamics and size of the bubbles and particles, and aE , cE , and sE  are the particle–bubble 

adhesion, collision, and stability efficiencies, respectively. The parameter, Z, is expressed as  (Pyke 

et al., 2003). 
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where 
pV  and 

bV  are the average velocity of the particle and bubble relative to fluid velocity. 

The number density  bN  of the bubble can be calculated from the following equation. 
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where g  denotes the gas holdup and ,32bd  represents the Sauter mean bubble diameter. In the 

present work, since 𝑑௕ ≫ 𝑑௣,  1/ 22
pV can be neglected. Therefore, Eq. (6.2) can be written as 
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The root-mean-square velocity of the bubbles can be calculated as (Schubert, 1999). 

TH-2710_126107038



160 
 

 
2/34/9 7/91/2 ,322

1/3

0.33 b
b

f

d
V

 


 
   

 
                          (6.5) 

where  is the difference in the densities of the fluid  f  and particle  p  , ν is the kinematic 

viscosity of the fluid and   is the energy dissipation rate per unit mass.  can be calculated as 

(Wu and Patterson, 1989). 
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              (6.6) 

where L is the flow length scale and cU  is the circulation velocity of slurry. The length scale is 

0.07dc (Cant, 2001). Therefore Eq. (6.6) can be expressed as 
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Eq. (6.4) can be modified by using Eqs. (6.5) and (6.7) as  
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Substituting Z from Eq. (6.8) to Eq. (6.1), the expression of K becomes 
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       (6.9) 

where    2 2 2 22 2cx cy cz cU U U U                                                                                     (6.10) 
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At any time, the fractional recovery of the particle ,c tR  by flotation is expressed as 

 , max 1 expc tR R Kt                   (6.11) 

The fractional recovery  ,c tR  is the ratio of cumulative recovery of the particles at a time to the 

initial feed of the particles. maxR  is the maximum (fractional) theoretical flotation recovery of the 

particles, t is the cumulative flotation time, and the parameter, K is called the flotation rate constant. 

By fitting the model to an experimental recoverytime curve Rmax (maximum recovery) and K 

(first-order rate constant) are obtained. To evaluate the variables affecting the flotation process, 

they can be used. An assumption that the concentration of the floatable material is the only 

independent variable is taken for the derivation of this equation (Gupta and Yan, 2016; Labidi et 

al., 2007). 

6.3.1. Collision efficiency 

The collision efficiency is defined as the ratio of the number of particles colliding with the 

bubble to the number of particles swept across the projected area of the bubble per unit time 

(Weber and Paddock, 1983). A review of the different models for calculating the collision 

efficiency has been given by Dai et al. (2000). Collision efficiency for the mobile bubble 

surface can be predicted by the Sutherland equation (Sutherland, 1948; Weber and Paddock, 

1983). The model for the collision efficiency proposed by Weber and Paddock (1983) is based 

on the assumption that the particles are very small, and the particle–fluid hydrodynamic 

interaction is insignificant. According to their model, the collision efficiency can be expressed 

by two components, i.e., one involving the particle settling velocity due to the gravity and the 

other involving the fluid velocity at the bubble surface. The former component is known as the 

gravitational effect, and the latter is termed as an interceptional effect. They are dependent on 
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the bubble Reynolds number and are obtained from the NavierStokes equations. The collision 

efficiency, expressed by Weber and Paddock (1983) is given by  

c cg ciE E E                                         (6.13) 

The collision efficiency resulting because of the gravitational effect  cgE  is given by Weber 

and Paddock (1983)  
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Figure 6.3: A typical diagram for the collision between the bubble and the particle (This figure is 

withhold because of copyright). 

The schematic diagram of the bubble and particle collision is shown in Fig 6.3. c  is the angle of 

tangency between the particle grazing trajectory and the bubble surface, or the collision angle 

above which no collision is possible, bR is the radius of the bubble, pr  is the radius of the particle, 

r  is the distance between the surfaces of the bubble and particle, cR is the centre distance between 

particle and bubble at an angle, c as shown in Fig. 6.3 and pU  is the particle velocity. The value 

of the maximum collision angle is governed by the bubble Reynolds number and can be given by 

the following equations, which were developed by the empirical curve fitting to the collision data 

(Woo and Sun-Wai, 1971).   

 78.1 7.37log Rec sl     for   20 Re 400sl                                                          (6.15) 
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 98 12.49log 10Rec sl       for   1 Re 20sl                           (6.16) 

 90 2.5log 100Rec sl          for   0.1 Re 1sl                                      (6.17) 

The collision efficiency governed by interceptional effect  ciE  is given by Weber and 

Paddock (1983)  

 

2

,32

Re3
1.5 1

16 1 0.249 Re
psl

ci
sl b

d
E

d

                  
   for      Re 200sl                        (6.18) 

 

6.3.2. Stability efficiency 

Stabilization or destabilization of a bubble–particle aggregate can be assessed by the stability 

efficiency. Joachim (1993) proposed that the acceleration force that controls the detachment 

of a particle from the bubble depends on the intensity of turbulence in the flow. The attachment 

forces are hydrostatic and capillary while the detachment forces are due to buoyancy, gravity, 

and capillary pressure inside the gas bubble. According to Duan et al. (2003), the sum of these 

forces is zero at equilibrium. At this equilibrium condition, the stability efficiency can be 

expressed as 

   
      22

,32

6 sin sin
1 exp 1

1.5 sin
s

p p c p b

E
d g a d f d

   

  

         

                                (6.19) 

where ca  is the centrifugal acceleration, and σ is the surface tension, which is dependent on the 

level of turbulence in the turbulent flow field in the flotation column.  denotes the angle of a 
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particle at the liquidgas interface  180 2    and g is the acceleration due to gravity. The 

function,  ,32bf d , is defined as (Joachim, 1993) 

  ,32
,32

4
b b f

b
f d d g

d

 
 

  
  

                                    (6.20) 

If the particle is smaller than the bubble, the centrifugal acceleration  ca  can be calculated by  

2/3

1/3
,32

1.9c
b

a
d


                            (6.21) 

where   is the energy dissipated per unit mass of the dispersed phases. It can be calculated as  

 g sl

sl dis

P Q Q

V




 
                                                                                                               (6.22) 

where P is the frictional pressure drop, disV  is the volume of discharge, gQ  is the gas flow rate, 

sl  is the slurry density, and slQ  is the slurry flow rate. 

 

6.3.3. Attachment efficiency 

In mineral flotation, the attachment of a hydrophobic particle to a bubble is the major phenomenon 

in the particle–bubble interaction. When the contact time is more than the induction time  iT  of 

the particle–bubble, the particle–bubble attachment prevails. The time required for the liquid film 

between the bubble and the particle to thin and collapse is known as induction time. If a particle 

collides on the bubble surface with kinetic energy sufficient enough to result in a substantial 

distortion of the surface, the colliding particle bounces from the deformed surface due to the elastic 
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energy of the deformed portion. The portion of all colliding particles that stay on the bubble for a 

time greater than the induction time is termed as attachment efficiency  aE  (Dobby and Finch, 

1987). After the collision, the particle slides over the bubble, and attachment takes place when the 

liquid film thins and ruptures (Dobby and Finch, 1987). Thus, particles that have sliding time 

higher than the induction time will attach to bubbles. According to Dobby and Finch (1987) the 

attachment efficiency, based on the modification for the particlebubble system, can be expressed 

as 

 
 

2
sin

sin
a

a
m

E



 
  
 

                (6.23) 

where a  is the adhesion angle when the particle impacts the bubble. This angle relates to the 

induction time and the sliding time to the attachment efficiency due to the sliding time is equal to 

the induction time (Dai et al., 1998). m  is the maximum probable collision angle of the particle 

on the surface of the bubble, which is given by (Dukhin, 1982) 

 
1/2

1/21 2sin 2 1m      
    

  
            (6.24) 

where the parameter,  , is a function of the relative significance of the interceptional and inertial 

contributions to the collision process, which is defined as (Dai et al., 1999) 

4

9
su

a

E

K
                   (6.25) 

where suE  is the collision efficiency, defined by (Sutherland, 1948) 
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,323 /su p bE d d .                          (6.26) 

The parameter, aK , is defined as  (Dai et al., 1998) 

  2

,32

2

9

c p f p
a

b

U d
K

vd

 
                          (6.27) 

Under potential flow conditions, the adhesion angle is given by (Dobby and Finch, 1987) 
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,321
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p b
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p b

d
U U U

d d
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d d
 

                
  

  
    

                      (6.28) 

In this work, the induction time  iT  is obtained by fitting Eq. (6.10) to the experimental data on 

the recovery under different operating conditions. The flotation rate constant was determined by 

this method. From the rate constant, the induction time was calculated based on Eq. (6.9) or (6.11). 

A typical result of the variation of recovery with time, and the determination of the rate constant 

by using Eq. (6.11) are shown in Fig. 6.4. 
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Figure 6.4: Variation of recovery with time, and determination of the rate constant. 

6.4. Results and discussion 

6.4.1. Effect of superficial gas velocity on the recovery of coal particles  

The effect of superficial gas velocity on the recovery of coal particles at a constant slurry 

concentration (i.e., 5.56 kg/m3), surfactant concentration (i.e., 100 g/m3), superficial slurry velocity 

(i.e., 0.007 m/s), and particle size (i.e., 235.61 µm) in the presence of CTAB (i.e., cationic 

surfactant) and SDBS (i.e., anionic surfactant) is shown in Fig. 6.5. The bubbles were responsible 

for carrying the coal particles to the recovery plate. The recovery of the coal particles increased 

with the increasing volume of the froth. 

TH-2710_126107038



168 
 

0.02 0.04 0.06

0.1

0.2

0.3

u
sg

 (m/s)

R
c (
)

d
p
= 235.61 m

c
slr

= 5.56 kg/m
3

c
surf

= 100 g/m3

u
slr

= 0.007 m/s

 SDBS
 CTAB

 

  

 

Figure 6.5: Effect of superficial gas velocity on the recovery of the coal particles. 

It was found that the amount of recovery was increased with the increasing amount of the gas 

passing through the column. As the gas velocity was increased from 0.021 to 0.063 m/s, the 

percentage recovery in the presence of CTAB increased from 13 to 27%, and the same in the 

presence of SDBS increased from 11.5 to 20 %. The model developed by Soni (2013) predicts that 

the recovery of the particles by flotation would increase with the increased airflow rate. Similar 

results were obtained by Mackay et al. (2018). They have reported the complex effects of the 

superficial gas velocity and particle size on the recovery of copper. 

6.4.2. Effect of superficial slurry velocity on the recovery of coal particles 

The effect of superficial slurry velocity on the recovery of coal particles at a constant slurry 

concentration (i.e., 5.56 kg/m3), surfactant concentration (i.e., 100 g/m3), superficial gas velocity 
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Figure 6.6: Effect of liquid velocity on the recovery of the coal particles. 

 (i.e., 0.063 m/s) and particles size (i.e., 235.61 µm) in the presence of CTAB (i.e., cationic 

surfactant) and SDBS (i.e., anionic surfactant) is shown in Fig. 6.6. It was found that the amount 

of recovery of the particles depended on the slurry flow rate.  

When slurry velocity was increased from 0.007 to 0.021 m/s, the recovery increased from 27 to 

49% in the presence of CTAB. For SDBS, the recovery increased from 23 to 39%. Due to the 

lower surface tension of CTAB, gets very stable small bubble. So recovery rate of coal particle is 

higher in presence of CTAB compared to SDBS. 

 

6.4.3. Effect of particle size on the recovery of coal particles 
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The effect of particle size on the recovery of coal particles at a constant slurry concentration (i.e., 

5.56 kg/m3), superficial gas velocity (i.e., 0.063 m/s), and superficial slurry velocity (i.e., 0.021 

m/s) is shown in Fig. 6.7. 
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Figure 6.7: Effect of particle size on the recovery of the coal particles. 

It was observed from these experiments that the amount of recovery was more for the smaller 

particles, which is expected because the smaller particles are easily carried with the froth. The 

maximum recovery was ~60% in the presence of 100 g/m3 CTAB for the 95.36 µm particles. When 

the size of the particles was increased, the time required for the particles to attach to the bubble 

surface increased, which resulted in a decrease in recovery (Ye et al., 1989; Yoon and Yordan, 

1991). 

6.4.4. Effect of surfactant concentration on the recovery of coal particles 
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The surfactant concentration’s effect on the recovery of coal particles for CTAB and SDBS is 

shown in Fig. 6.8.  
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Figure 6.8: Effect of surfactant concentration on the recovery of the coal particles. 

The surfactant concentration was varied from 25 to 100 g/m3. The slurry concentration (i.e., 5.56 

kg/m3), particle size (i.e., 235.61 µm), superficial gas velocity (i.e., 0.063 m/s), and superficial 

slurry velocity (i.e., 0.021 m/s) were kept constant.  

The surfactant concentration significantly influences the number density of the bubbles and the 

stability of the particles on the bubble surface. The probability of collision between a particle and 

the bubble is significantly affected by the surfactant concentration. The probability of collision 

increases with increasing particle size but decreases with increasing bubble size. 
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From the experimental results, it was observed that the recovery of coal particles increased with 

increasing surfactant concentration in the feed. However, after a certain limit, the recovery was 

reduced inasmuch as the amount of froth reached its maximum limit. The same phenomenon was 

observed for CTAB as well as SDBS. When the concentration of CTAB was increased from 25 to 

100 g/m3, the recovery increased from 29 to 49%. For the same increment in the SDBS 

concentration, the recovery increased from 24 to 40%. The recovery began to decrease when the 

surfactant concentration was increased beyond 100 g/m3.  It decreased to 43 and 37% for CTAB 

and SDBS, respectively, when the surfactant concentration was 125 g/m3. 

 

6.4.5. Variation of recovery of the particles with time 

The variation of the recovery of the coal particles with time in the CTAB and SDBS surfactant’s 

presence at a constant slurry concentration (i.e., 5.56 kg/m3), particle size (i.e., 235.61 µm), 

surfactant concentration (i.e., 100 g/m3), superficial gas velocity (i.e., 0.063 m/s), and superficial 

slurry velocity (i.e., 0.021 m/s) is shown in Fig. 6.9. The amount of coal recovery increased as the 

time elapsed because the coal particles were carried to the top along with the froth and were 

separated from the feed. 
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Figure 6.9: Variation of recovery of the particles with time. 

 

From these results, it can be concluded that the fractional recovery initially increased with time, 

and then decreased at longer times.  

 

6.4.6. Interpretation of induction time 

Sven-Nilsson (1934) presented the concept of induction time by moving a bubble towards a flat 

mineral surface and then receding it away. The induction time is the minimum contact time for the 

successful thinning of the intervening liquid film to critical thickness, where the film ruptures. The 

induction time is dependent on many physical constraints (Yoon and Yordan, 1991). From the 

experimental results, it is observed that the induction time is a function of the concentration, 
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particle size, superficial gas velocity, and superficial slurry velocity. It is dependent on the type of 

surfactant as well. 

An increase in superficial slurry velocity decreases the time for the particlebubble adhesion and 

results in the reduction of the induction time. Particles having a shorter induction time can be 

captured with ease, and are supposed to have a higher selectivity. As shown in Fig. 6.10, the 

induction time increases with increasing particle size. A correlation for the induction time has been 

developed by dimensional analysis in terms of the operating variables. The numerical constants of 

the correlation were determined by the multiple regression analysis using the present experimental 

data. The correlation can be expressed as 

1.354 4.255 0.297

,324 0.191 0.171 0.5804.10 10 We Re Frsg pbi sl
slr slr slr

c sl c c

u ddT u

d u d d



      
       

     
                             (6.29) 

where Reslr  is the Reynolds number  c sl slr slrd u   , Weslr is the Weber number  2
c sl slrd u  

, Frslr is the Froude number   sl cu gd . The correlation coefficient and standard error of Eq. 

(6.29) are 0.9498, and 0.1181 respectively. The correlation is valid for the following ranges: 

3 9sg slu u  ;0.06 0.091b cd d  ; 3 31.15 10 7.36 10p cd d     ; 0.1284 We 3.8808slr  ;

212.51 Re 844.29slr  ; 3 39.45 10 Fr 28.36 10slr
     . The percentage error of the correlation 

given by Eq. (6.29) is ± 18.31.   
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Figure 6.10: Variation of induction time with Weber number for different particle sizes. 

 

6.4.7. Interpretation of the flotation rate constant 

The flotation rate constant depends on the superficial slurry velocity, superficial gas velocity, type 

of surfactant, surfactant concentration, and particle size. A rise in the superficial slurry velocity 

significantly raises the frequency of collision. It is also seen that the surfactant concentration has 

an important effect on the rate constant. The presence of a surfactant enhances the rate constant in 

two ways. Firstly, it decreases the bubble size, which increases the particlebubble collision. As 

shown in Fig. 6.11, the flotation rate constant decreases with increasing particle size. With the 

experimental data, a correlation has been developed to predict the flotation rate constant. This 

correlation is 
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The correlation coefficient and standard error of Eq. (6.30) are 0.9864, and 0.1653 respectively. 

The ranges of validity of these correlations are: 3.0 9.0sg slu u  ; 0.0694 0.0911b cd d  ;  

3 31.149 10 7.36 10p cd d     ; 0.1284 We 3.8808slr  ; 212.51 Re 869.24slr  . The 

percentage error of the correlation given by Eq. (6.30) is ± 17.29. 
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Figure 6.11: Variation of the flotation rate constant with Weber number for different particle 

sizes. 
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6.5. Conclusion 

The present study was carried out to determine the effects of superficial slurry velocity, superficial 

gas velocity, particle size, and surfactant concentration on the recovery of fine coal particles in a 

counter-current flotation column. CTAB and SDBS were used as the cationic and anionic 

surfactants, respectively. It was found that the coal recovery increased with the superficial gas 

velocity. As the gas velocity was increased from 0.021 to 0.063 m/s, the recovery in the presence 

of CTAB increased from 13 to 27%, and the same in the presence of SDBS increased from 11.5 

to 20%. Also, the recovery increased with the superficial slurry velocity. For CTAB, when the 

slurry velocity was increased from 0.007 to 0.021 m/s, the recovery increased from 27 to 49%. On 

the other hand, the recovery increased from 23 to 39% for SDBS. The recovery was more for the 

smaller particles. The maximum recovery was ~60% at 100 g/m3 CTAB for the 95.36 µm particles. 

The recovery of the particles increased with the surfactant concentration in the feed. However, 

beyond a certain limit, the recovery was reduced, inasmuch as the amount of froth reached its 

maximum. The same trend was observed for both the surfactants. When the CTAB surfactant’s 

concentration was increased from 25 to 100 g/m3, the recovery increased from 29 to 49%. For the 

same increase in the SDBS concentration, the recovery increased from 24 to 40%. For CTAB and 

SDBS, the recovery decreased to 43 and 37%, respectively, when the surfactant concentration was 

125 g/m3.  
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CHAPTER 7 : OVERALL CONCLUSIONS AND 

RECOMMENDATIONS 

7.1. Overall conclusions 

The present study is about the hydrodynamics and efficiency of the fine coal particle recovery in 

a laboratory-scale flotation column under batch and continuous modes. Hydrodynamics such as 

gas holdup, frictional flow resistance, mixing characteristics of phases were studied and analyzed 

based on the effect of several operating variables in the presence of surface-active agents. 

The gas holdup of the system was found increased profoundly with increasing superficial gas 

velocity, whereas it decreased with increasing slurry concentration. The effects of four different 

particle size on gas holdup were analyzed. The gas holdup of the system reduced due to the solid 

loading, and this reduction was more pronounced at the higher slurry concentrations. The gas 

holdup of the system was higher in the presence of the cationic surfactant as compared to the 

anionic surfactant. The addition of particles decreased the gas holdup at all gas flow rates and 

slurry concentrations. Solids decreased the gas holdup at all superficial gas velocities as a result of 

increased bubble coalescence, which increased the bubble size, and hence the bubble rise velocity. 

The gas holdup of the system was higher in the presence of CTAB as compared to SDBS and 1-

Hexanol. Particle size did not have a significant effect on gas holdup. Nonetheless, a slight increase 

in gas holdup was observed in the presence of larger particles. The gas holdup of the flotation 

system is analyzed with the drift-flux and slip velocity model. The generalized correlation model 

is also proposed to interpret the gas holdup in the two and three-phase systems. All developed 

correlations are suited to interpret the experiments' values well within the error range of  20%.  
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Effects of slurry concentration, surfactant concentration, gas flow rate, particle size, and surfactant 

type on frictional pressure drop were studied. From the current study, it can be concluded that the 

frictional pressure drop of the system increases with an increase in the superficial gas velocity, 

slurry concentration, and average particle size. The highest increment in frictional pressure drop 

(53.66%) occurs at the superficial gas velocity of 0.035 m/s. However, the lowest increment 

(16.04%) is at 0.007 m/s superficial gas velocity when the particle size varies from 63.22 to 404.97 

m. The frictional pressure drop in the three-phase systems is decreasing with increases in the 

surfactant concentration. Frictional pressure drop reported in the present system is mainly 

considered to be primarily due to the liquid-wall friction and phase circulation velocity. It is 

concluded that the larger bubbles are responsible for higher circulation velocity, which in turn 

increases the slurry momentum, hence the frictional pressure drop increases. In the presence of 

high surfactant concentration, the bubble sizes are smaller and do not cause much circulation of 

slurry and, therefore, tend to reduce the frictional pressure drop. The frictional pressure drop in the 

presence of 1-Hexanol is higher as compared to the CTAB and SDBS surfactant, which is because 

of the fact that the surface tension decreasing capability of 1-Hexanol surfactant is smaller than 

other two surfactants. It is also concluded that the frictional pressure drop in the flotation column 

is smaller in the case of two-phase in comparison to the three-phase system. The addition of 

particles to the system led to an increase in the frictional pressure drop. The correlation model is 

also proposed to interpret the frictional pressure drop in the two and three-phase systems. All 

developed correlations are suitable to interpret the experimental values well within the error range 

of  20%.  

The effects of slurry concentration, particle size, surfactant dose, and gas and slurry velocities on 

the mixing characteristics were studied. For the three-phase counter-current flow systems, the 
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characteristic factor of the velocity distribution decreased with increasing superficial gas velocity 

and surfactant concentration. However, it increased as the slurry concentration, and particle size 

increased. The dispersion coefficient of the bubble motion increased as the superficial gas velocity 

and surfactant concentration increased. It also increased as the slurry concentration, and particle 

size increased. The study shows that the dispersion number is a strong function of slurry 

concentration, particle size, surfactant dose, and gas and slurry velocities. The velocity distribution 

model was successfully applied to analyze the dispersion due to bubble motion and the velocity 

distribution characteristic factor. The dispersion number was found to increase with increasing gas 

and slurry velocities. The prime cause was increased turbulence and interaction between the phases 

in the column. An increase in the slurry concentration caused a little reduction in the dispersion 

number. It was due to an increase in the apparent viscosity of the system. The increase in the 

particle size significantly reduced the dispersion number. The characteristic factor of the velocity 

distribution decreased with increasing superficial gas velocity and surfactant concentration, while 

it increased as the slurry concentration and particle size increases. The dispersion coefficient of 

the bubble motion increased as the superficial gas velocity and surfactant concentration increased, 

while it decreases with an increase in slurry concentration and particle size. A correlation was 

developed for the prediction of dispersion number in terms of dimensionless groups, which was in 

good agreement with the experimental results.  

From the entrainment studies of coal particles carried out in a laboratory flotation column, it was 

observed that CTAB gave better entrainment than SDBS. The entrainment of coal particles 

increased with the increasing concentration of the surfactants, i.e., the degree of entrainment  pe  

increased as the concentration of the surfactant was increased from 25 to 100 g/m3. An increase in 

the gas and liquid velocities significantly increased the entrainment. An increase in the particle 
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size decreased the entrainment, whereas the increase in the particle concentration increased 

entrainment. An empirical correlation based on the parameters was developed for predicting the 

entrainment of the coal particles, which may be useful for the scale-up of the process for industrial 

applications. An empirical correlation based on a wide range of operating variables was developed 

to predict the degree of entrainment. It was observed that the cationic surfactant gave a better 

degree of entrainment than its anionic counterpart. The Sauter mean bubble diameter was found to 

vary in the range of 2.14 –5.94 mm. Bubble size distribution was approximated by the log-logistic 

distribution.  

The present study was also carried out to determine the effects of superficial slurry velocity, 

superficial gas velocity, particle size, and surfactant concentration on the recovery of fine coal 

particles in a counter-current flotation column in the presence of surface-active agents. It was 

found that the coal recovery increased with the superficial gas velocity. As the gas velocity was 

increased from 0.021 to 0.063 m/s, the recovery in the presence of CTAB increased from 13 to 

27%, and the same in the presence of SDBS increased from 11.5 to 20%. Also, the recovery 

increased with the superficial slurry velocity. For CTAB, when the slurry velocity was increased 

from 0.007 to 0.021 m/s, the recovery increased from 27 to 49%. On the other hand, the recovery 

increased from 23 to 39% for SDBS. The recovery was more for the smaller particles. The 

maximum recovery was ~60% at 100 g/m3 CTAB for the 95.36 µm particles. The recovery of the 

particles increased with the surfactant concentration in the feed. However, beyond a certain limit, 

the recovery was reduced, inasmuch as the amount of froth reached its maximum. The same trend 

was observed for both the surfactants. When the CTAB surfactant’s concentration was increased 

from 25 to 100 g/m3, the recovery increased from 29 to 49%. For the same increase in the SDBS 
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concentration, the recovery increased from 24 to 40%. For CTAB and SDBS, the recovery 

decreased to 43 and 37%, respectively, when the surfactant concentration was 125 g/m3.  

 

7.2. Recommendations for future work 

Today, many chemical and biochemical industries are facing major challenges due to the complex 

phenomenon of gas-liquid and gas-liquid-solid in multi-phase contactors. This work focuses on 

hydrodynamics studies, recovery, and kinetics of coal flotation. However, more studies are 

required for further understanding of complex hydrodynamic behavior to asses the efficacy of the 

mineral beneficiation in the flotation column and its scaleup for industrial installation. 

Some recommendations for further study as follows. 

 The computational flow dynamics for the hydrodynamics and also for the kinetics of 

flotation is to be studied with real ore from different sources.  

 Hydrodynamic studies with different non-Newtonian fluid and its modeling are required 

as the slurry system is non-Newtonian fluid in nature.  

 Studies on the radial distribution of gas holdup with different surfactants, with different 

particles, in various sizes of the column also required for industrial application.  

 In this thesis, axial mixing is studied and analyzed, but there is a lack of study in radial 

mixing. A CFD approach for mixing phenomenon is recommended. 

 For the entrainment study, only one type of particle (coal) is used. The entrainment study 

with more than one particle will be useful as the real ore is of a mixture of different types 

of materials. Also the true flotation behavior to be studied in continuous flow operation. 
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 The scale-up of the recovery of coal particle and its kinetic analysis is also recommended 

for future study based on changing the geometry of the flotation column.  

 Also recovery of more than one particle and its separation is also recommended for future 

study. 

 

Nomenclature 

ca   centrifugal acceleration of the particle (m/s2) 

slrc   slurry concentration (kg/m3) 

surfc   surfactant concentration (g/m3) 

C   tracer concentration (g/dm3) 

C                    dimensionless tracer concentration, C/C0 () 

0C                   initial tracer concentration (g/dm3) 

oC      distribution parameter () 

,32bd                 Sauter mean diameter (m) 

bid                   individual bubble diameter (m) 

cd    column diameter (m) 

pd   diameter of particle (m) 
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bD    dispersion coefficient of bubble motion (m2/s) 

TD                    molecular diffusivity at the axis of the column (m2/s) 

Ge   degree of entrainment for the coal particles () 

aE   attachment efficiency () 

cE    collision efficiency () 

cgE   collision efficiency due to gravitational effect () 

ciE                   collision efficiency governed by interceptional effect 

sE   stability efficiency () 

suE    collision efficiency as defined in Eq. (6.26) () 

zE   axial dispersion coefficient (m2/s) 

spf               single phase Fanning friction factor () 

tpf               three-phase Fanning friction factor () 

g   acceleration due to gravity (m/s2) 

h                     height of the column (m) 

lh                     slurry height before gas sparging (m) 
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mh                   slurry height after gas sparging (m)  

k                      characteristics factor of velocity distribution () 

K   flotation rate constant   

aK   parameter defined in Eq. (6.27) (kg/m3) 

CK   conductivity (mS/m) 

L   flow length (m) 

N   total number of parameters () 

bN   number density of the bubbles (1/m3) 

pN   number density of the particles (1/m3) 

gQ    gas flow rate (m3/s)  

slQ   slurry flow rate (m3/s) 

pr                    radius of the particle (m) 

bR                   radius of the bubble (m) 

cR                    cumulative mass recovery of the valuable particles (%) 

,c tR    recovery of the coal particles with time () 

maxR   maximum recovery () 
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TFR   recovery by true flotation (%) 

GR   cumulative mass recovery of the gangue particles (%) 

WR                    cumulative mass recovery of water (%) 

t                       time (s) 

mt   mean residence time (s) 

iT   induction time (s) 

0u                    maximum velocity at the axis of the column (m/s) 

au                    actual velocity of the slurry (m/s) 

bu                    bubble terminal rise velocity (m/s) 

du                    weighted average drift velocity (m/s) 

gu                   actual gas velocity (m/s) 

lu                   actual liquid velocity (m/s) 

ru                  relative velocity (m/s) 

su                     slip velocity (m/s) 

sgu    superficial gas velocity (m/s) 

slu                   superficial liquid velocity (m/s) 
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slru                  superficial slurry velocity (m/s) 

U    the standard uncertainty of the average value () 

bU                    bubble rise velocity (m/s) 

cU   bubbleparticle circulation velocity (m/s) 

pU    particle velocity (m/s) 

rU   percentage relative uncertainties of the continual experiments () 

spU    suspension velocity (m/s) 

bV   velocity of bubble (m/s) 

 1/ 22
bV  root mean square velocity of the bubbles (m/s) 

 1/ 22
pV              root mean square velocity of the particles (m/s) 

disV    volume of discharge (m3) 

x  axial distance between the locations of tracer input and measurement (m)  

x    mean of the continual experiment () 

ix                     ith component of parameters () 

z  dimensionless axial distance between the locations of tracer input and the 

measurement position, x L  () 
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Z   parameter in collision efficiency () 

 

Greek   

                    parameter defined in Eq (6.25) (kg/m3) 

     Dirac delta function  ()   

H              difference between the two pressure points (m) 

P    frictional pressure drop (N/m2) 

aP              pressure drop due to acceleration (Pa) 

fP              frictional Pressure drop (Pa) 

hP              hydrostatic pressure drop (Pa) 

,f spP            frictional pressure drop for single phase system (Pa) 

,f tpP             frictional pressure drop for three phase system (Pa) 

TP              total pressure drop (Pa) 

   energy dissipation rate per unit mass (m2/s3) 

g   gas holdup () 

l              liquid holdup () 
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s              solid holdup () 

  dimensionless time, t   () 

g    gas viscosity (kg/m s) 

l    liquid viscosity (kg/m s) 

m    mixture viscosity (kg/m s) 

slr                  apparent slurry viscosity (m Pas) 

    kinematic viscosity (m2/s ) 

    density difference between the particle and the fluid (kg/m3) 

f                   density of fluid (kg/m3) 

p                   density of particle (kg/m3) 

l              liquid density (kg/m3) 

g                 gas density (kg/m3) 

m                 mixture density (kg/m3) 

s                 solid particle density (kg/m3) 

slr                   slurry density (kg/m3) 

sp                single phase density (kg/m3) 
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tp                three-phase density (kg/m3) 

   surface tension (N/m)  

2   variance () 

2
   normalized variance () 

                      mean residence time (s) 

                     geometric factor of the particle () 

s                   solid volume fraction in the slurry () 

    contact angle (rad) 

a   adhesion angle (rad) 

c   collision angle above which no collision is possible (rad) 

m   maximum possible collision angle defined in Eq. (6.24) (rad) 

X                    Martinelli parameter () 

   Angle of a particle at the gasliquid interface (rad)   

 

Abbreviations 

CTAB  N-cetyl-N,N,N-trimethylammonium bromide 
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SDBS  Sodium dodecyl benzene sulfonate 

STDEV standard deviation  

 

Dimensionless numbers 

Eu                        Euler number () 

lFr    Froude number for two-phase system () 

slrFr               Froude number for three phase system () 

dN   dispersion number () 

Pe  Peclet number () 

Reg       Reynolds number of gas () 

Rel                    Reynolds number of liquid () 

Rer       gas Reynolds number based on relative velocity of gas and slurry () 

Reslr                  Reynolds number of slurry () 

lWe                    Weber number for two-phase system ()   

slrWe                 Weber number for three-phase system () 
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