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Abstract

Relaying improves reliability and extends coverage range in wireless systems. Amplify-

and-forward (AF) and decode-and-forward (DF) are two main relaying protocols. In con-

ventional wireless systems, we assume that all communicating nodes are connected by

continuous power sources or infinite storage batteries. In practice, most of the nodes are

powered by batteries having finite storage which need to be recharged or replaced re-

peatedly in order to sustain the communication process. This may not be favorable in

applications where energy-constrained nodes are not easily accessible or other convenient

methods are available to provide power. Recently, radio frequency (RF)-based wireless

power transfer to energy-constrained nodes has attracted the interest of a vast group of

researchers. Performance analysis of both conventional and wireless powered (WP) relay

systems is an important area of research which aims to investigate capability and reliabil-

ity of the systems. In this thesis, we present the performance analysis of three-node DF

relay systems when i) all nodes are conventionally powered by continuous power sources,

ii) source node transfers wireless power to the energy-constrained relay node, and iii) RF

signal radiated by the relay node powers the energy-constrained source node. In all three

systems, the relay node operates in half-duplex mode and each node is equipped with a

single antenna.

For the analysis, we consider average symbol error rate (SER) as the performance

metric. We have derived the average SER expressions for all three systems and validated

them by simulation results. Asymptotic average SER expressions are also obtained to

simplify the analysis at high signal-to-noise ratio and analyze the diversity order of the

systems. Data is modulated using M -ary phase-shift keying (M -PSK) or orthogonal M -

ary frequency-shift keying (M -FSK) modulation schemes. M -PSK modulated data is

coherently detected at the receiving ends, whereas noncoherent detection is considered

for M -FSK modulated data. We have considered different fading environments for the
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analysis.

The average SER of the conventional relay system is investigated under κ−µ and

η−µ fading for M -PSK modulated data. The relay node employs selective DF protocol.

Selective DF and fixed DF are two sub-categories of DF protocol. In selective DF, relay

forwards only the correctly decoded data to the destination, whereas in fixed DF all the

data received at the relay are forwarded. The direct link between the source and the

destination node (SD link) exists and the two signals arriving at the destination node

from source and the relay node are combined using maximum ratio combining (MRC)

principle. The asymptotic average SERs are used to analyze optimal transmission power

allocation at the source and the relay node.

Next, we propose a transmission technique for a WP three-node selective DF relay

system where energy-constrained relay node is wirelessly powered by the source node.

The end-to-end transmission occurs in three slots. The energy consumption in each slot

is different. For the analysis, we consider two scenarios when a) SD link exists and b)

SD link is deeply faded and hence ignored. In the first scenario, two signals arriving at

the destination node via SD and relayed links are combined using equal-gain combining

(EGC) principle. EGC performs close to MRC for reduced complexity. The average SERs

of this system have been analyzed under Nakagami-m fading for M -PSK modulated data.

The derived asymptotic average SER expressions are used to allocate optimal resources,

namely, energy, power and time in different transmission slots.

Performance of the WP relay system, where the source node is energy-constrained

and wirelessly powered by the relay node is also analyzed under Nakagami-m and κ−µ

shadowed fading. The relay node employs fixed DF protocol. SD link is assumed to be

in deep fade. We investigate the average SER of this system for M -PSK and M -FSK

modulated data. The asymptotic average SERs are used to analyze the optimal relay

location.
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1. Introduction

Relaying offers advantage in terms of increased coverage range and reliable communication. It

finds application in communication networks including device-to-device communication, wireless body

area networks, wireless sensor networks, Internet-of-things (IoT) entities, such as smart homes and

medical implants, etc. In some applications nodes are physically unreachable and therefore, recharg-

ing and replacing batteries at the nodes when exhausted is not always feasible. In recent years, radio

frequency (RF)-based wireless energy harvesting (EH) is considered as an effective solution for pro-

viding monitored energy to energy-constrained nodes. It has attracted the interest of a vast group of

researchers. Wireless EH in relay systems is also a prominent area of research. In this thesis, we study

the performance of relay systems when nodes transmit using i) continuous energy supply and ii) energy

harvested from RF signal transmitted by the other nodes in the system. We analyze the performance

of the relay systems under various fading environments. Before proceeding to the contributions of this

thesis, we briefly take an overview of wireless communications and discuss fading channel modeling,

relaying, and wireless EH.

1.1 An Overview of Wireless Communications

Signals transmitted over wireless propagation medium get affected by deteriorating effects of fad-

ing, which adversely affects the performance of wireless communication systems. Fading is basically

categorized as large-scale fading and small-scale fading. Power dissipated and attenuation in the re-

ceived signal due to propagation over a long distance is described by large-scale fading. Large-scale

fading is sub-categorized as i) path loss, which delineates the reduction in power of the received signals,

and ii) shadowing, which is caused by objects obstructing the propagation of signals. Further, due to

scattering, reflection, and diffraction in the propagation medium, multiple replicas of the signal arrive

at the destination/receiver. These replicas arrive via different paths with dissimilar delays and hence

cause rapid fluctuations in the received signals amplitude and phase over a small distance or time

duration. This fluctuation is described as small-scale fading. Due to the overlap of delayed multipath

at the receiver side, there is spreading of signals energy over time. If the signals energy interferes

with adjacent signals, then the fading is termed as frequency-selective fading, otherwise, it is called

frequency non-selective/flat fading. These sub-categories of smallscale fading are characterized by the

time-spreading phenomenon of fading channels. Based on the time-varying nature of the channel,

small-scale fading can be further categorized as time-selective/fast fading and slow fading. Fast fading

2
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1.1 An Overview of Wireless Communications

implies the scenarios when the channel changes frequently over the symbol duration, while in slow

fading the channel varies slowly over the symbol duration.

1.1.1 Transmission and Reception Over Fading Channels

In digital communication systems, transmitting nodes send data over wireless propagation media

by altering the attributes of the carrier signal. This alteration scheme is widely known as modulation.

If data changes amplitude, frequency, or phase of the carrier signal, it is called amplitude-shift keying

(ASK), frequency-shift keying (FSK), or phase-shift keying (PSK) modulated data, respectively [1].

There exist modulation schemes which alter more than one attributes of the carrier signal to transmit

the data. Such schemes are generally called hybrid modulation schemes. An example of such schemes

is quadrature amplitude modulation (QAM) in which data modulates amplitude and phase of the car-

rier signal. Depending on whether the knowledge of carrier phase is required or not at the receiver for

detection, modulation schemes are classified as coherent and noncoherent modulations, respectively.

PSK and QAM are examples of coherent modulation schemes, while differential PSK (DPSK) mod-

ulation is an example of noncoherent modulation schemes. In DPSK modulation scheme, the phase

of the data is shifted relative to the previous data. FSK modulated data can be detected coherently

and noncoherently as well. Coherent modulation schemes are bandwidth efficient and provide better

performance compared to noncoherent modulation schemes at an increased receiver design complexity.

Noncoherent modulation schemes are power efficient and have simple receiver designs but suffer from

poor performance as compared to the coherent modulation schemes. Data can be transmitted in the

form of bits or by grouping bits as symbols. This leads to multi-level modulation. If m ≥ 1 bits

are grouped, there are M = 2m levels and the corresponding used modulation scheme is termed as

M -ary ASK (M -ASK), -FSK (M -FSK), -PSK (M -PSK), -QAM (M -QAM), and -DPSK (M -DPSK).

Let the constellation is defined by S = {s1, . . . , sM}, where sℓ is the ℓth symbol for ℓ = 1, 2, . . . ,M .

The grouping of bits is done for efficient utilization of the available resources, namely, power and

bandwidth.

In a communication system comprising one source node and one destination node, consider c(t) =

Ac exp ((2πfct+ θc)) be the baseband representation of the carrier signal, where t represents time,

 =
√
−1, and Ac, fc, and θc are the carrier signal’s amplitude, frequency, and phase, respectively. The

baseband equivalent of the modulating data signal is represented as s(t) = a(t) exp((f(t)t + θ(t))),

3
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1. Introduction

0 ≤ t < Ts, where Ts is symbol duration, a(t), f(t) and θ(t) are data signal’s amplitude, frequency

and phase, respectively. A generalized form of the transmitted signal in passband domain is given by

D̃(t) = Re
(

s(t) exp ((2πfct+ θc))
)

, (1.1)

where Re(·) represents the real part. Due to disturbances present in the propagating medium, multiple

copies of D̃(t) arrives with different amplitude and delay at the receiving node. The received passband

signal is represented as [2]

R̃(t) =
∑

n

αn(t)D̃(t− τn(t)) + Ñ(t), (1.2)

where n is the count of received copies, αn(t) is amplitude of the nth copy, τn(t) is the delay, and Ñ(t)

represents the induced noise. Using (1.1) and (1.2), the received signal can be represented as

R̃(t) = Re

(

∑

n

αn(t)d(t− τn(t)) exp(−2πfcτn(t)) exp((2πfct+ θc))

)

+ Ñ(t). (1.3)

The baseband equivalent of the received signal can be represented as [3, Appendix A2.4]

r(t) =
∑

n

(

αn(t) exp((φn(t)))
)

s(t− τn(t)) exp(θe) + n(t), (1.4)

where θe is the phase error introduced due to the imperfect synchronization at the receiver, φn(t) =

−2πfcτn(t) is the phase disturbance induced by fading, and n(t) = Ñ(t) exp(−(2πfct+θc)) is complex

noise component usually modeled using Gaussian distribution.

For delays τn(t) << Ts, (1.4) can be given by

r(t) =
∑

n

(

αn(t) exp(φn(t))
)

s(t) exp(θe) + n(t), (1.5a)

= g(t)s(t) exp(θe) + n(t), (1.5b)

where g(t) =
∑

n

(

αn(t) exp((φn(t))) corresponds to fading. For coherent detection, θe = 0 is desirable

for the best attainable performance, whereas this phase error does not affect the performance of

noncoherent modulation schemes. At the receiver, r(t) is processed through matched filter(s) or

correlator(s) to achieve the maximum energy, based on which the detection of the transmitted symbol

is performed [3].

4
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The fading gain g(t) = h(t)
√

χ(t)d−υ includes the effects of small-scale fading h(t) and large-scale

fading χ(t)d−υ . χ(t) and d−υ represent shadowing and path-loss, respectively where d (in meter) is

the distance between transmitting and receiving nodes and υ is path-loss exponent. In this thesis,

we consider that the effects of shadowing is relatively small and can be sufficiently described by the

path-loss incurred. Hence, the fading gain can be represented as g(t) = h(t)
√
d−υ. In what follows,

we refer to small-scale fading simply as fading. This consideration is general in the literature when

the fluctuations in the received signal due to small-scale fading dominate over shadowing [4]. As such,

we can write (1.5) on ignoring1 θe as

r(t) =
√
d−υh(t)s(t) + n(t) . (1.6)

Note that, (1.5) is resulted considering that τn(t) << Ts. The spread of multipaths over time

is described by delay spread, σd = f(τn(t)), where f(·) is a function of delays, and its frequency

counterpart is called coherence bandwidth, Bc ∝ 1/σd [4]. Representing signal bandwidth as Bs =

2/Ts, the relation τn(t) << Ts is equivalent to Bs < Bc, that is, the signal bandwidth is smaller than

the coherence bandwidth and the channel gain remains constant for all the frequency components of

the signal. This implies that the channel is flat faded. The channel is frequency selective if signal

bandwidth is greater than the coherence bandwidth, that is, Bs > Bc, and hence, channel gain is

different for different frequency components of the signal. Furthermore, the time over which the

channel condition changes is described by coherence time, Tc. If the channel remains constant during

Ts, that is, Ts < Tc, then it is called slow fading channel. Otherwise, if Ts > Tc, the channel is

fast fading. For slow fading channel, h(t) in (1.6) can be simply represented by h assuming that the

channel does not change over the symbol duration. Furthermore, the sampled output of the matched

filter(s) (or the output of the correlator(s)) used for the decision can be given by

r =
√
d−υhs+ n. (1.7)

1.1.2 Fading Channel Modeling

In the literature, there exist many models to characterize the fading environments. The unbounded

path-loss model d−υ in (1.6) is widely adopted in the literature. This model is not valid for small values

1θe can be ignored considering that there is no phase error in case of coherent detection and it does not affect the
performance of noncoherent schemes.
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of d due to the singularity at d = 0, thus bounded path-loss model is proposed [5]. For small d, bounded

path-loss model is more effective when nodes are randomly deployed, which may cause some of the

transmitting and receiving node pairs coincide and result in d = 0 [6]. However, in communication

systems consisting of a few number of nodes with deterministic node location, unbounded path-loss

model can be adopted ignoring the analysis for small d. In this thesis, we adopt the unbounded path-

loss model. Methods such as two-ray model, two-slope two-ray model, etc., can be used to measure

the path-loss incurred between a pair of transmitting and receiving nodes. Furthermore, attenuation

occurred at reference distance plays an important role in measuring the path-loss [7]. However, in this

thesis, we assume unity reference distance attenuation, which is a common practice in the literature.

Shadowing is basically modeled using lognormal and gamma distributions [4, 8, 9]. On the other

hand, a variety of distributions can be used to model the small-scale fading. The channel gain

h =
∑

n αn exp (φn) = X + Y , where X and Y respectively represent in-phase and quadrature

components; the channel can be modeled using complex Gaussian distribution employing the central

limit theorem for sufficiently large n. If there is no line-of-sight (LOS) component, the fading ampli-

tude |h| follows Rayleigh distribution. In presence of LOS component, the fading amplitude is modeled

using Rician distribution. Figures 1.1(a) and (b) show the power delay profile of Rayleigh and Rician

fading channels, respectively. Rayleigh and Rician models consider all mutipaths as a single cluster.

There can be scenarios when multipaths arrive in clusters. Multipaths within a cluster possess similar

delay but among different clusters, the delay is relatively large. Such scenarios can be modeled using

Nakagami-m distribution [10]. The power delay profile for this model is shown in Figures 1.1 (c). The

Nakagami-m fading parameter m ≥ 1/2 characterizes the number of clusters. Non-integer values of m

correspond to the correlation between in-phase and quadrature components. Nakagami-m fading is a

generalized model which includes2 Rayleigh fading when m = 1 and approximates Rician fading for

m > 1. It provides a good fit to some experimental data of radio channels but may deviate adequately

for the other data.

In [11], two more generalized fading models κ−µ and η−µ are proposed to characterize the en-

vironments with and without LOS components, respectively. These generalized models characterize

the non-homogeneous scattering field and provide a better fit to the experimental data. Moreover,

these models unify fading models including one-sided Gaussian, Hoyt, Rayleigh, Rician, Nakagami-m.

The power delay profiles for κ−µ and η−µ fading channels are represented in Figures 1.1(d) and (e),

2 Also, one-sided Gaussian fading and Hoyt fading for m = 1/2 and 1/2 < m < 1, respectively.

6
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RayleighRayleigh

DelayDelay
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(c)(c)

(d)(d) (e)(e)

Figure 1.1: Power delay profile of different fading channels (red dashed lines: LOS components, blue solid
lines: non LOS components).

respectively.

The parameters κ, η, and µ are real quantities. The parameter κ in κ−µ fading represents the ratio

of power in the LOS components and power in the diffused (non-LOS) components. The parameter
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Table 1.1: Special cases of κ−µ shadowed fading model.

κ−µ fading η−µ fading κ−µ shadowed fading

Rayleigh κ→ 0, µ = 1 η = 1, µ = 0.5
κ→ 0, µ = 1 or

m = 1, µ = 1

Nakagami-m κ→ 0, µ = m
η = 1, µ = m/2 or

η → 0, µ = m

κ→ 0, µ = m or

m = m, µ = m

Nakagami-n (Rician) µ = 1 κ = K, µ = 1, m = ∞

Nakagami-q (Hoyt) µ = 0.5 κ→ (1− q2)/2q2, µ = 1, m = 0.5

One-sided Gaussian κ→ 0, µ = 0.5
η → 0, µ = 0.5 or

η → ∞, µ = 0.5

κ→ 0, µ = 0.5 or

m = 0.5, µ = 0.5

κ−µ fading κ, µ κ→ κ, µ = µ, m = ∞

η−µ fading η, µ κ = (1− η)/2η, µ = 2µ, m = µ

Rician shadowed κ = K, µ = 1, m = m

η in η−µ fading describes the correlation between in-phase and quadrature components or the power

imbalance between these components. The parameter µ > 0 in both fading models characterizes the

number of clusters, and its non-integer values correspond to the correlation among clusters. In [12],

κ−µ shadowed fading is proposed to characterize the environment having shadowed LOS components.

Using experimental setup in [13] and [14], it is shown that κ−µ fading and κ−µ shadowed fading

provide a good fit to empirical data in body-to-body communication networks and device-to-device

communication networks, respectively. Table 1.1 lists the mapping of the generalized fading models

to the other fading models [15]. In Table 1.1, the parameters κ, µ, and m correspond to the fading

parameters for κ−µ shadowed fading. Parameters κ and µ are defined in the same manner as the

parameters κ and µ in κ−µ fading. The parameter m captures the shadowing effect. Moreover, the

parameters q and K are the fading parameters of Hoyt fading and Rician fading, respectively.

In the literature, many more fading models have been reported to describe specific wireless envi-

ronments. In [16], two waves with diffuse power (TWDP) fading model is proposed to describe typical

narrow-band receiver operations. In [17], α−µ distribution is suggested which considers non-linearity

of the propagation medium. Further, κ−µ extreme fading model is proposed in [18] to describe the

environments such as airplanes, trains, buses, and shopping malls.

8
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1.1.3 Combating the Effects of Fading

The deteriorating effects of fading can be minimized by means of various techniques explored in

the literature [2, 19–21]. Equalization methods, orthogonal frequency division multiplexing (OFDM),

vector encoding, etc., are useful in minimizing the degradation effects of frequency-selective fading

channels [19]. Techniques such as robust modulation, signal redundancy, coding, and interleaving,

etc., can be effective in mitigating the effects of time-selective fading channels [2,20,21]. If the channel

is both frequency-selective and time-selective then conventional OFDM along with polyphase filtering

and partial-response coding can be utilized to mitigate the distortion incurred [2]. Degradation in

systems performance due to flat fading can be mitigated by employing various diversity techniques.

Diversity techniques take advantage of randomness in the channel which enables to provide redundant

copies of the source data at the destination(s). This can be accomplished in various ways, for example,

by transmitting the source data in multiple time slots or frequency bands, using multiple antennas at

transmitting and/or receiving nodes, etc.

Employing multiple antennas at communicating nodes can improve the systems performance con-

siderably. Diversity gain is usually considered to measure the improvement in the performance with

an increase in the number of antennas. Depending on the number of antennas at the transmitting and

receiving nodes communication systems can be categorized as multiple-input single-output (MISO)

systems, single-output multiple-input (SIMO) systems, and multiple-input multiple-output (MIMO)

systems. In MISO, transmitting nodes are equipped with more than one antenna and receiving nodes

uses a single antenna. On the other side, single antenna at transmitting nodes and multiple antennas

at the receiving nodes are employed in SIMO systems. In MIMO systems, both transmitting and

receiving nodes are equipped with multiple antennas. MISO and SIMO systems can provide improved

diversity gain whereas, MIMO systems can additionally provide enhanced transmission data rate [19].

1.1.4 Performance Analysis

The performance analysis of wireless communication systems is broadly categorized under infor-

mation theoretic approach and communication theoretic approach. In information theoretic approach

mainly outage probability, outage capacity, ergodic capacity, and throughput are considered as the

performance metrics. On the other hand, average bit error rate (BER) and average symbol error rate

(SER) are the main performance metrics in communication theoretic approach. Information theoretic

9
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approach takes transmission data rate into consideration, whereas communication theoretic approach

considers modulation, demodulation, and detection of data. The performance analysis based on the

latter approach provides better insights and is more reliable.

Average SER of communication systems are basically analyzed using i) cumulative distribution

function (CDF), ii) probability density function (PDF), and iii) moment generating function (MGF)

based approaches. Given the conditional SER, the average SER is obtained using the CDF, PDF, and

MGF of the instantaneous received signal-to-noise ratio (SNR). These three approaches produce the

same analytical results and can be chosen depending on the mathematical complexity involved in the

analysis.

1.2 An Overview of Relay Systems

Employing multiple antennas at the transmitting and/or receiving nodes can assist in mitigating

the effects of fading. In communication networks, such as wireless sensor networks, IoT entities,

wireless body area network, etc., installation of multiple antennas at nodes may not be feasible due to

hardware size constraints. In such scenarios, extra nodes can be deployed between the transmitting

and receiving nodes to improve the end-to-end performance. These extra nodes are generally called

relays and can form virtual antenna array in order to improve the diversity gain [22]. In communication

systems like cellular networks, fixing multiple antennas at nodes (including relays) can further enhance

the systems performance [23,24]. In systems where relay nodes are introduced between the source and

destination nodes to improve the diversity gain are known as parallel relay systems. Scenarios can also

exist when the destination node is not in the coverage range of the source node or the channel between

source and destination is blocked such that the source data cannot be conveyed to the destination.

Under such circumstances, multiple relay nodes can be arranged in between source and destination

nodes such that the source data is communicated to the destination in multiple hops and hence the

coverage range is extended. The systems employing arrangement of relays in multiple hop fashion are

commonly known as multihop relay systems [25, 26]. The hybrid arrangement of relay nodes is also

appealing when there is a requirement of diversity enhancement in individual hop [26]. In networks

such as device-to-device communications, usually user devices act as the relay and cooperate with each

other to convey their data to the destination(s). Such user devices are generally called cooperative

relays.

10
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The advantage of relaying in terms of improved performance comes at the cost of increased over-

head, which is caused by the requirement for additional channel state information (CSI), relay se-

lection, and coordination. The increment in overhead in relay systems results in higher end-to-end

delay as compared to point-to-point communications. In the literature, considerable efforts are made

to investigate methods for minimization of the end-to-end delay [27–29], etc. Particularly, in parallel

relay systems, the end-to-end delay can be minimized by appropriately modeling the transmission

duration, applying suitable relay selection methods, etc. [27, 28]. The end-to-end delay in multihop

relay systems is minimum when relays are placed at an equal distance [29]. Usually, half-duplex mode

of operation is considered for the relays which imposes low system throughput. Schemes such as two-

way relaying [30], full-duplex relaying [31], mimicking full-duplex relaying [32], etc., can be useful in

improving the throughput, though this comes at the cost of increased system complexity. Network

coding in relaying systems is also a potential candidate in improving the system throughput [33–35].

The relay nodes basically employ amplify-and-forward (AF) and decode-and-forward (DF) proto-

cols to process the received signal. In AF, relays simply amplify the received signal with some gain and

forward it further, whereas in DF, they first decode the received data, re-encode it and then forward.

Depending on whether the gain by which relays forward the amplified signal is fixed or varying, AF

protocol is called fixed-gain AF or variable-gain AF, respectively. Fixed AF requires no knowledge

of instantaneous channel state information (CSI), whereas CSI of source-to-relay links are required at

the relays in variable-gain AF. DF protocol is sub-categorized as fixed DF and selective DF. In fixed

DF, relays forward all the decoded data, while in selective DF only the correctly decoded data is for-

warded. Correct decoding at the relay nodes can be accomplished using cyclic redundancy check codes

or threshold-based checking. AF protocol has lower complexity, whereas DF protocol outperforms AF

protocol at high SNRs [26,29].

1.2.1 Three-node Relay System

Three-node relay system has a relay node assisting the source and the destination nodes. In case

the direct link connecting the source to destination node is deeply faded, then the relay node is useful

for coverage extension. This arrangement of nodes is widely known as two-hop relay system. Further,

if the direct link exists, the relay node assist in improving the diversity gain by means of diversity

combining schemes such as selection combining (SC), equal-gain combining (EGC), and maximum
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Figure 1.2: System model and transmission technique of 1×1 system, 2×1 system and relaying system.

ratio combining (MRC) [36]. In two-hop relay system, fixed-gain AF may outperform variable-gain

AF at low to medium SNRs but exhibits relatively poor performance at high SNRs [37]. Fixed DF can

outperform AF (both fixed-gain and variable-gain) at low to medium SNRs, although at high SNRs,

these protocols perform identically [37]. In system with direct link, selective DF protocol possesses

better performance than the other protocols [22].

Performance Comparison of Selective DF: Here we compare the performance of a three-

node relay system with that of SISO (single-input and single-output) and MISO systems. Figure 1.2

presents the system model and transmission techniques for three systems: 1) SISO, where source node

S and destination node D are mounted with single antenna, 2) MISO, where node S is equipped with

two antenna and node D with single antenna, and 3) three-node relay system, where each node has a

single antenna. SISO and MISO systems are represented by 1×1 system and 2×1 system, respectively.

In the relay system, the relay node R employs selective DF protocol and operates in half-duplex mode.
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Figure 1.3: Average SER comparison of a three-node selective DF relay system with direct transmission and
2× 1 MISO system for BPSK modulated data under Rayleigh fading.

The direct link between the source and destination nodes exists and the two signals arriving at the

destination via the direct link and relayed link are combined using MRC principle. Each transmission

requires T time. Hence, the relaying system requires a total 2T time of the end-to-end transmission.

This causes a reduction in throughput by half as compared to the other two systems. The total

transmission power in each system is taken as P . In 1×1 system, node S transmits with power P

whereas in 2×1 system, each transmitting antenna at node S transmit with power P/2. In the relay

system, source and relay nodes transmit with power P/2. The background noise is assumed to be

additive white Gaussian noise (AWGN) with mean zero and variance N0. The mean power of the

fading gain is assumed to be unity. Hence, the received SNR is P/N0. Data is considered to be binary

PSK (BPSK) modulated and the fading environment is modeled by Rayleigh distribution. These three

systems are emulated in MATLAB and the corresponding simulated average SER results are presented in

Figure 1.3. We assume unit transmission time duration, that is, T = 1 for simulation. In Figure 1.3,

we observe that the diversity gain of 2×1 system is better than that of the other two systems. The

relay system exhibits diversity gain close to 2×1 system. 1×1 system possesses diversity order (DO) of

one, whereas the other two systems have a DO of two. DO is diversity gain at high SNRs and can be

13

Abstract-TH-2151_136102001



1. Introduction

interpreted as the negative slope of average SER versus SNR curves on the log-log scale. We conclude

that the performance of a communication system having a source and a destination, each equipped

with a single antenna can be improved considerably by introducing a relay node in the system. The

relay system and 2× 1 MISO system perform close and both have DO of two.

Conventionally, it is assumed that nodes are powered by infinite energy capacity or rechargeable

batteries. Although, in practice, energy storage is finite and in some applications communicating

nodes are physically unreachable for recharging and replacing batteries when exhausted. In such

circumstances, the end-to-end communication terminates if there is no sufficient amount of energy at

any of the transmitting nodes. Renewable energy resources, such as wind, solar, mechanical vibration,

etc., are looked upon as prominent solutions for scavenging energy at the energy-constrained nodes

and extending the communication lifetime [38]. Though the quantity of energy arrival is dependent on

geography, weather and many other factors, which make these resources unpredictable and unreliable

[39]. This limits the applicability of these energy harvesting (EH) solutions when there is a requirement

to transmit vital information but harnessed energy is insufficient to support the communication.

Wireless EH in such scenarios is being considered as an effective solution for providing energy to

energy-constrained nodes when required. It has attracted the interest of a vast group of researchers.

Wireless EH in relay systems is also a prominent area of research [40, 41]. In the next section, we

briefly discuss about wireless EH and its applicability in communication systems.

1.3 Wireless Energy Harvesting

Wireless EH or wireless power transfer (WPT) is attractive and promising as it can provide seam-

less, constant and controllable on-demand power to energy-constrained nodes. WPT can be accom-

plished in near-field and far-field of electromagnetic wave [39]. Near-field WPT relies on the coupling

of magnetic fields of electromagnetic waves between two coils and EH is feasible over a tiny air-gap

between the coils, typically few centimeters. The WPT distance can be increased for a reduced EH

efficiency. Inductive coupling due to the magnetic field and magnetic resonance coupling are the two

major techniques for near-field WPT. Far-field WPT enables EH over distances in the range of meters

using electric field of the electromagnetic wave. Near-field WPT is non-radiative in nature. Whereas,

far-field WPT is radiative which can have hazardous effects on the human body hence regularization

of power transmission limit is required. Due to its capability to provide power to nodes located at
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longer distances, far-field or radio-frequency (RF)/microwave-based EH looks more attractive in com-

munication networks. Next, we discuss the past developments and major technical breakthroughs in

WPT before focusing our attention to the applicability of far-field WPT in communication networks.

1.3.1 Background and Technical Breakthroughs

Wireless media are conventionally exploited to transmit information from transmitters to receivers.

Several experimental demonstrations have been reported in the literature over years in an attempt

to make WPT possible [39]. The first confirmed experimentation of WPT was accomplished by H.

R. Hertz in 1888. He used induction coils to transfer power over a tiny air-gap. Later, at the end

of the 19th century, N. Tesla performed experiments to transfer wireless power over longer distances.

Specifically, he realized transmission of 108 Volts of electric power over 48 miles to light 200 bulbs and

run an electric motor. Due to limited technology and therefore possibilities of hazardous effects of the

high electric voltage on human beings and surroundings, further advancement and commercialization

were shelved at that time. Long distance WPT again came into attention after the invention of

magnetron in 1920s and 1930s. But still, the problem remained with the inability to harvest energy.

Later, in 1964, W. C. Brown realized conversion of microwave energy in electric energy using rectenna

and demonstrated WPT to a model helicopter. In 1968, the concept of WPT was introduced to

satellite systems where solar energy is collected at satellites and then it is transmitted back to the

earth through electromagnetic waves. In 1971, M. Cardullo patented first modern radio-frequency

identification (RFID).

1.3.1.1 Near-Field Wireless EH

In the past decade, products launched for WPT has made it a reality from the theories. Qi standard

developed by Wireless Power Consortium in 2008 is capable of WPT using inductive coupling at a

distance up to 4 centimeters [42]. It targets to provide wireless power to mobile devices. Mobile

device manufacturers, namely, Apple, Asus, HTC, Huawei, LG Electronics, Motorola Mobility, Nokia,

Samsung, are working with the Qi standard. Rezence standard developed by Alliance for Wireless

Power (A4WP) in 2012 is a competitor of Qi standard. Rezence is based on the principles of magnetic

resonance and supports WPT of up to 50 Watt over a distance of 5 centimeters [43]. In 2015,

Rezence merged with Power Matters Alliance (PMA) to form AirFuel Alliance, which standardizes

WPT technology for a range of devices including smartphone, laptops, and wearables [44]. Open Dots
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is another competitor of Qi standards and uses conductive charging method for WPT. WiTtricity

technology is founded in 2007 following the demonstration of wirelessly lighting a 60 Watt bulb placed

at a distance of 2.5 meters [45]. It uses magnetic resonance coupling for WPT and mainly targets to

provide wireless power solutions to electric vehicles. The company has collaborated with car makers

Audi, BMW, Chrysler, Jaguar, Nissan, and Toyota.

1.3.1.2 Far-Field Wireless EH

WPT via RF signal enables to wirelessly power energy-constrained nodes located at larger distances

when compared to the WPT via coupling. Yet no standardization for RF-based WPT exists. But

companies, namely, Cota, Pawercast, and Energous, have launched products capable of transferring

power at long distances. Founded in 2008, Cota system works similar to Wi-Fi, except it transmits

wireless power instead of data [46]. It is capable to transmit 1 Watt power which can be delivered at few

meters distance. Powercast system is established in 2011 and uses Powercast transmitters to transmit

wireless power and charge Prodcast receivers [47]. Powercaster and PowerSpot are the two Federal

Communications Commission (FCC) approved transmitters launched by Powercast for consumer use.

In 2015, Energous demonstrated powering an iPhone at 15 feet distance and has developed WattUp

transmitter and receiver exchanging power within 30 feet envelope. WattUp products target to provide

wireless power in far-field and near-field as well [48].

Recent standardizations and commercialization of products for WPT has made wireless EH at

energy-constrained nodes a reality by opening promising directions for further development. RF-

based EH is more attractive in communication networks because of its capability to provide wireless

power to devices located at larger distances. Conventionally, it is considered that RF signals can only

be used for wireless information transfer (WIT). In 2008, L. R. Varshney suggested that RF signals

can be utilized to transport wireless information along with wireless power using information-energy

tradeoff [49]. This has attracted the interest of a vast group of researchers who are working towards

enabling the realization of EH using the ambient and/or dedicated RF signals at energy-constrained

nodes.

The state-of-the-art technologies and products are capable of delivering wireless power in the range

of milliwatt and microwatt [50]. This makes WPT feasible in communication networks supporting

low power devices and sensors, such as wireless sensor networks, wireless body area networks, IoT

entities, etc. In existing cellular networks, most of the devices are complied with 4G standards.
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Such devices require power typically in the range of a few hundred milliwatt [50], which cannot be

adhered by the present WPT technologies and products. Furthermore, devices complying 5G standards

are set for deployment world-wide by 2020. Batteries, hard-wiring, and increased connectivity of

heterogeneous devices in 5G networks would not be able to keep up with the requirements for wireless

EH [46]. Although, it is expected that the further advancement in WPT will comply with the high

power requirement in cellular network devices and other similar devices. Among various technologies,

distributed laser charging (DLC) would play important role in enabling deliver high power wirelessly

[51]. In this regard, wireless EH is considered as a key technology for Beyond 5G cellular networks [52].

1.3.2 Wireless Power Transfer in Communication Networks

Communication networks enabled with WIT and WPT are basically categorized by simultaneous

wireless information and power transfer (SWIPT) networks and wireless powered communication

networks (WPCNs). In SWIPT networks, the RF signals transmitted by nodes are processed for

simultaneous WIT and WPT. Time-switching (TS) and power-splitting (PS) are two practical receiver

designs used for simultaneous information decoding (ID) and EH at receiving nodes [53, 54]. In

WPCNs, different RF signals are used for WIT and WPT, and energy-constrained nodes switch over

time to choose between ID and EH modes. The works in [55–57] provides a study of WPNCs. The

RF signal received at energy-constrained nodes is processed through a rectenna which can convert

electromagnetic energy into electric energy. The electric energy can be used for further operations.

Next, an overview on conversion of electromagnetic energy into electric energy is provided.

1.3.2.1 RF-based EH

Electromagnetic energy can be converted into electrical energy by employing rectenna at the

energy-constrained nodes. Rectenna is basically formed by concatenating antenna and rectifier. Fig-

ure 1.4 illustrates a basic RF-based energy receiver. The received RF signal y(t) at the antenna is

processed through the rectifier, which comprises of a diode and a low pass filter. The output of the

rectifier is direct current (DC) which is managed by a power management unit for further utilization

of the electric energy.

The received signal y(t) over a flat fading channel, can be given using (1.5) as

y(t) = Re
(

g(t)s(t) exp(2πfct)
)

+ na(t), (1.8)
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Figure 1.4: RF-based energy receiver.

where na(t) is the noise introduced by the antenna [53]. y(t) is the input voltage to the diode, and

the corresponding output current can be represented as

i(t) = is (exp(vsy(t))− 1) , (1.9)

where is is diode saturation current and vs is reciprocal of the diode thermal voltage. Using Taylor

series expansion, (1.9) can be given by [53, eq. (6)]

i(t) =

∞
∑

k=1

ak(y(t))
k, ak = isvs/k! . (1.10)

When i(t) passed through a low pass filter, all high-frequency components are filtered out and only

DC component remains at the output. The DC output can be used for further processing or energy

storage, which is handled by a power management unit. Assuming data is transmitted with power P ,

the energy harvested over the symbol duration can be given by [53, eq. (14)]

Eh = ζ|g|2PTs +N ′
0, (1.11)

where ζ ∈ (0, 1) is energy conversion efficiency and N ′
0 is the total energy of antenna and rectifier

noise components, na(t) and nr(t), respectively. N
′
0 can be ignored for a small noise contribution.

The energy harvested at a node can be used in three different ways – harvest-use, harvest-store-use,

and harvest-use-store [58]. In harvest-use approach, the incoming energy is directly used to power

the communicating node. Harvest-store-use approach first stores the harvested energy in a buffer and

then activates communicating node for data transmission if a minimum amount of required energy is
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accumulated. In harvest-use-store approach, a fraction of the harvested energy is used to power the

communicating node and remaining fraction is stored in a buffer for later use.

Furthermore, (1.11) corresponds to a linear energy harvester. Although, due to nonlinearity of

diode(s), capacitors and inductors (in low pass filter block), linear energy harvester is not practical.

Modeling of nonlinear energy harvester is explored in [59–61]. The nonlinear model proposed in [59]

possesses analytical intractability and is simplified using a piecewise linear approximation suggested

in [62]. [60,61] focus on signal designing for WPT based on the nonlinearities of the energy harvester.

A detailed study of fundamental concepts and recent developments on WPT are provided in

[39, 63, 64]. Extensive research on systems employing WPT has been carried out in the literature

[65–67]. The main focus of the research comprises: improving EH circuitry and signal designing

[60,65]; proposing novel EH methods and systems [39,41,66–68]; analyzing the performance of systems

employing RF-based EH [41, 54, 69–71]. The performance analysis of systems involves examining

their capability and reliability in terms of achievable throughput, outage performance, error-rate

performance, etc.

1.4 Motivation of the Present Work

In three node systems, maximum DO can be exploited by employing AF and selective DF protocol

at the relay node. Out of the two, selective DF protocol performs better than the AF protocol [22].

Therefore, we have considered selective DF protocol at the relay node. Further, fading can have

severe effects on the performance of the wireless networks. The accuracy of analytical results depends

upon the accuracy with which the fading model fits with the experimental data and characterizes

the environment. Any deviation from the actual characteristics of the channel can accordingly cause

uncertainty in the analysis. Generalized fading models provide a better fit to the experimental data

under multiple scenarios. Following these motivations, in the first part of our work, we analyze the

average SER for a three-node selective DF relay system under κ−µ and η−µ fading. Data is considered

to be M -PSK modulated. In literature, average SER of a three-node selective DF relay systems is

analyzed in [72] and [73] under Rayleigh fading and Nakagami-m fading, respectively.

In systems such as wireless sensor networks, body area network, etc., nodes may be physically

unaccessible in order to recharge or replace batteries [41]. This can permanently terminate the com-

munication between the nodes. Moreover, in applications such as device-to-device communication,
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the user relay may not be willing to use its own power for transmitting other user’s data [74]. In such

circumstances, wireless EH at the energy-constrained relay node can enable participation of nodes in

communication. In the literature, most of the works available on wireless powered (WP) relay systems

considers information theoretic approach for the analysis. In [71, 75, 76], communication theoretic

analysis for SWIPT networks is explored. However, for three-node WPCNs the analysis is not present

in the literature. Communication theoretic analysis of such systems can be investigated to get better

insights. Under these motivations, we analyze the average SER of a WPCN where energy-constrained

relay node is wirelessly powered by the source node. Relay employs selective DF protocol and data is

M -PSK modulated. The analysis of the system under generalized η−µ, κ−µ, and κ−µ shadowed fad-

ing has mathematical complexity. Hence, we consider that the system is affected under Nakagami-m

fading for simplified analysis.

In applications like medical implants, sensor networks, etc., source nodes may be physically un-

reachable and hence eventually drained batteries can obstruct the transmission of vital data [77]. The

communication lifetime can be extended if the energy-constrained source nodes are wirelessly powered

by other nodes in the network or dedicated power transmitter(s). We consider a dual-hop relay system

where energy-constrained source node harvests energy using the RF signal transmitted by the relay

node. Relay node employs fixed DF protocol. Nakagami-m and κ − µ shadowed fading models are

considered for performance analysis of the system. Data is considered to be M -PSK or orthogonal

M -FSK modulated.

1.5 Thesis Contributions

This thesis aims at communication theoretic performance analysis of conventional and WP three-

node DF relay system under different fading environments. All nodes are equipped with a single

antenna and operate in half-duplex mode. The main contributions of the thesis are summarized as

follows.

I. Conventional DF Relay System under κ−µ and η−µ Fading

We analyze the average SER of a conventional three-node selective DF relay system under gener-

alized κ−µ and η−µ fading for M -PSK modulated data. We derive the high SNR approximation of

the average SER which is used to find the systems DO and optimal power allocation at the source

and relay nodes. Effects of modulation order, channel conditions, and node location on performance
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of the system are examined.

II. WP DF Relay System under Nakagami-m Fading (EH at Relay Node)

Next, we present the average SER analysis of a WP three-node selective DF relay system un-

der Nakagami-m fading for M -PSK modulated data. The relay node is energy-constrained and for

transmission, it relies on WPT by the source node. EH model is linear and harvest-use approach is

considered for processing harvested energy. We derive analytical average SER expressions and their

approximations at high SNR. The high SNR approximations are used to optimize resource allocation

in different slots and obtain DO of the system. For the analysis, two cases are considered i) the direct

link between the source and destination nodes exists and ii) the direct link is blocked. The two cases

are then compared with the conventional point-to-point communication. The effects of modulation

order, channel conditions, relay location on performance of the system are investigated.

III. WP DF relay system under Nakagami-m and κ−µ Shadowed Fading (EH at Source

Node)

Further, we consider that in a three-node relay system the source node is energy-constrained and

harvests energy using the RF signal transmitted by the relay node. We assume linear EH model em-

ploying harvest-use approach to process the harvested energy. The source node utilizes the harvested

energy for data transmission and relay node employs fixed DF protocol to process the received data.

The direct link between the source and destination nodes is assumed to be in deep fade and other

links are characterized by Nakagami-m or κ−µ shadowed fading. Data is considered to be M -PSK

modulated with coherent or orthogonal M -FSK modulated with non-coherent detection. We derive

average SER expressions for both the modulation schemes under two fading environments. High SNR

approximation of the average SERs are also derived which are used to analyze the DO and optimal

relay location. The effects of modulation schemes/order, channel conditions, and relay location on the

performance are analyzed.

1.6 Thesis Organization

This thesis is organized into seven chapters. The summary of each chapter is briefly outlined as

follows. A structural organization of the thesis is shown in Figure 1.5.

• Chapter 1: An overview of point-to-point wireless communication system, models of fading

channels, relay-based communication systems, and wireless EH are presented in this chapter.
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Figure 1.5: Thesis organization.

The fundamental concepts and terminologies defined in this chapter are used in later part of

the thesis. This chapter also briefs some of the existing work in the literature which motivated

our present work, summarizes the thesis contribution, and provides an outline of the thesis

organization.

• Chapter 2: This chapter lists works available in the literature on performance analysis of

conventional and WP relay systems.

• Chapter 3: In this chapter, we present average SER analysis of a conventional three-node DF

relay system under κ−µ, η−µ, and mixed κ−µ and η−µ fading. Data is modulated usingM -PSK
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scheme. The signals received at destination node from source and relay nodes are combined using

MRC principle. Analytical average SER expressions are derived in terms of fourth Lauricella

function. Asymptotic approximation of average SERs at high SNRs are also derived to simplify

the analysis and obtain the DO and optimal power allocation at source and relay nodes of the

system. Effects of channel conditions, modulation order, node location, and power allocation on

performance of the system are demonstrated using numerical examples.

• Chapter 4: In this chapter, we analyze average SER of a WP three-node DF relay system

under Nakagami-m fading. Data is M -PSK modulated. Relay node is energy-constrained and

wirelessly powered by the source node. We examined the performance for two cases i) source-

to-destination link exists and ii) source-to-destination link is blocked. In the former case, the

signals arriving from the source and relay nodes are combined using EGC principle. Analytical

average SER expressions are derived in terms of univariate Meijer-G function and bivariate Fox-

H function. For simplified analysis, an asymptotic approximation of the average SER is also

obtained which is used to find DO and optimal resource allocation. Effects of modulation order,

channel conditions, relay location on performance of the system with and without source-to-

destination link are investigated. Throughput of the system is also analyzed.

• Chapter 5: In this chapter, we consider a two-hop DF relay system where source node is

energy-constrained and relies on the energy harvested using the RF signal transmitted by the

relay node for data transmission. Nakagami-m and κ−µ shadowed fading are considered. Data is

modulated using either M -PSK or orthogonal M -FSK modulation scheme. M -PSK modulated

data is coherently detected at the receiving node, while noncoherent detection is performed for

orthogonal M -FSK modulated data. Average SER and its asymtotic approximation are derived

for the two modulation schemes. Asymptotic results are used to analyze DO and optimal relay

location of the system. Effects of modulation schemes/order, channel conditions, and relay

location on performance of the system are also investigated.

• Chapter 6: This chapter concludes the work done in the thesis and provides some suggestions

which may be considered for future research.
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2. Literature Review: Performance Analysis

In the previous chapter, we have discussed some of the works available in the literature on fading

channel models, relaying, and wireless EH. In this chapter, we further discuss some of the related

works on performance analysis of both conventional and WP relay systems.

2.1 Conventional Relay Systems

Over the past two decades, performance analysis of conventional relay systems has been an in-

teresting area of research as relaying is looked upon as one of the prominent solutions for boosting

the performance of various state-of-the-art technologies. The research aims to analyze the perfor-

mance of multihop relaying [25,78,79], parallel relaying [80,81], two-way relaying [82–84], full-duplex

relaying [85–87], multiple access techniques in relaying [88,89], relay systems equipped with multiple

antennas [90,91], physical layer secrecy in relay systems [92–94], etc. Research work on relay systems,

such as i) full-duplex multihop relaying [95], ii) multihop MIMO [96], iii) multiple access techniques in

multiple antenna assisted relaying [97], multihop relaying [98], two-way relaying [99] and full-duplex

relaying [100, 101], etc is also reported in the literature. In this thesis, we mainly discuss the litera-

ture on performance analysis of one-way half-duplex relay systems where each node is equipped with

a single antenna. First, we present the early stage developments in relay-assisted wireless powered

communications systems. Then the literature on performance analysis of conventional AF and DF

relay systems under different fading environments is presented.

2.1.1 Initial Developments

In [37,102,103], Hasna and Alouini analyzed the outage performance of a two-hop AF relay system.

The results are also compared with the average BER of AF and fixed-DF protocols for binary DPSK

(BDPSK) modulated data. MGF based approach is used for the average BER analysis. Fixed-gain

and variable-gain AF relaying are considered in [102] and [37,103], respectively. The authors provide

analysis considering Rayleigh fading in [37,102]. Nakagami-m fading environment is assumed in [103]

and the analysis is presented in the presence of co-channel interferences. These works suggest that

fixed DF protocol performs better than AF protocol at low to medium SNRs. The performance of

fixed DF and AF protocols is comparable at high SNRs.

Laneman et. al. investigated outage performance of a cooperative relay system under Rayleigh

fading in [22]. The performance of different relaying protocols is compared. It is found that except
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fixed DF protocol, all other protocols, namely, selective DF, fixed-gain AF, and variable-gain AF,

can achieve full diversity. Also, among these protocols, selective DF protocol possesses the best

performance.

In a two-hop relay system with the direct link, full diversity cannot be exploited if fixed-gain DF re-

laying is employed. In order to achieve full diversity, optimal and suboptimal detectors are investigated

in [104,105]. Chen and Laneman considered a parallel relay system and studied optimal maximum like-

lihood (ML) detector for coherent and noncoherent binary FSK (BFSK) modulation schemes in [104].

ML detector is nonlinear and incurs mathematical intractability in the average error rate analysis. A

suboptimal detector with piecewise-linear (PL) combiner is used to approximate the ML detector to

derive the closed-form expression for the average BER. PL detector utilizes the knowledge of average

BER of source-to-relay link at the destination. In [105], Wang et. al. considered multihop-parallel

relay system and utilized the knowledge of instantaneous BER of source-to-relay links to propose

cooperative-MRC (C-MRC) detector. C-MRC provides low-complexity and high-performance com-

pared to PL detector and it is applicable to modulation schemes of higher constellation size. The

PDF-based approach is considered in [104,105] to analyze the performance under Rayleigh fading.

2.1.2 Conventional AF Relay Systems

Communication theoretic analysis of AF relaying is presented in [106, 107]. In [106], Anghel and

Kaveh considered a parallel relay system under Rayleigh fading. They analyzed average SER for M -

PSK modulated data. Lower bound, upper bound, and asymptotic approximation of the average SER

are also presented. In [107], Shin and Song analyzed average SER of three-node (cooperative) AF

relay system for M -PSK modulated data. The destination node is equipped with multiple antennas

and the system is considered to be affected under Nakagami-m fading. In [106,107], signals arriving at

the destination node are combined using MRC principle and the performance is analyzed using MGF

based approach.

Performance of dual-hop AF relay systems under κ−µ and/or η−µ fading is analyzed in [108–111].

In [108], Peppas et. al. investigated outage probability and average BER for binary modulation

schemes using CDF based approach. Mixed κ−µ and η−µ fading are considered for the analysis.

In [109], Zhang et. al. derived high SNR approximations of ergodic capacity and cutoff rate (a

measure of effects of communication reliability on information rate) of the relay system under κ−µ
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and η−µ fading. Hussain et. al. provide information theoretic and communication theoretic analysis

in [110]. CDF based approach is considered for the analysis of binary modulated data. In [111], Yang

et. al. investigated outage probability of a cognitive relay system in the presence of a primary user

under η−µ fading.

In [112], Kodide et. al. analyzed outage probability of a parallel relay system considering κ−µ

shadowed fading environment for AF and DF protocols.

2.1.3 Conventional DF Relay Systems

Su et. al. analyzed the average SER of a three-node selective DF relay system for M -PSK and

M -QAM modulated data in [72]. MGF based approach is considered for the analysis. High SNR

approximations of the average SER are obtained to analyze optimal transmission power at source

and relay nodes. In [113], Sadek et. al. consider parallel selective DF relay system and derived high

SNR approximation of the average SER for M -PSK modulated data. Rayleigh fading environment is

considered in [72,113].

In [73, 114, 115], performance analysis of three-node DF relay systems under Nakagmi-m fading

is investigated. In [114], Suraweera et. al. analyzed the outage probability of selective DF relaying.

In [115], Ikki and Ahmed found the average BER of fixed and selective DF relaying when data is

BPSK modulated. The communication theoretic analysis presented in [72] is extended by Lee and

Tsai in [73].

Performance analysis of two-hop DF relay systems under κ−µ and η−µ fading is explored in

[116–118]. Information theoretic analysis is presented by Li et. al. in [116] for the system affected under

κ−µ and η−µ fading. In [117], Biswas and Chandra examined communication theoretic based energy

efficient relay node placement under η−µ fading. In [118], Peppas provided information theoretic

and communication theoretic analysis of the system in the presence of co-channel interference. All

the links are affected by η−µ fading. Dixit and Sahu have explored the performance of selective DF

relay systems under generalized fading in [119–121]. In [119], outage probability and average BER of

multihop relay system are analyzed under η−µ fading. Average BER of multihop relay system under

κ−µ fading is analyzed in [120]. PDF and CDF based approaches are used for the analysis in [119]

and [120], respectively. Data is M -QAM modulated in both works. In [121], outage probability of

parallel relay system is investigated under mixed η−µ and κ−µ fading.
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In [122–124], the information theoretic performance of cognitive DF relay system under κ−µ

shadowed fading is examined. In [122,123], Kumar and Chouhan provided analysis for a single relay

assisted system. Poreddy et. al. considered parallel relays in [124]. Selective DF protocol is considered

in [122–124].

Table 2.1 presents a comparative study of related works on conventional DF relay systems. The

table indicates that no work is reported in the literature that provides average SER analysis of con-

ventional DF relay system under κ−µ, η−µ, and κ−µ shadowed fading for M -PSK and M -FSK

modulation schemes. Note that, Fikadu et. al. has investigated the average SER of parallel DF

relay system under η−µ fading for M -PSK and M -QAM modulation schemes in [81]. In this thesis,

we present the average SER analysis under κ−µ and η−µ fading for M -PSK modulation scheme in

Chapter 3.

Table 2.1: Performance analysis of conventional DF relay systems.

Reference System Protocol Analysis Modulation Fading

Hasna and Alouini

[37], 2003

Single relay Fixed DF∗ Communication

Theoretic

BDPSK Rayleigh

Hasna and Alouini

[102], 2004

Single relay Fixed DF∗ Communication

Theoretic

BDPSK Rayleigh

Hasna and Alouini

[103], 2004

Single relay Fixed DF∗ Communication

Theoretic

BDPSK Nakagami-m

Laneman et. al.

[22], 2004

Single relay Selective &

Fixed DF

Information

Theoretic

− Rayleigh

Chen and Lane-

man [104], 2006

Parallel relays Fixed DF Communication

Theoretic

BFSK Rayleigh

Wang et. al.

[105], 2007

Multihop and

parallel relays

Fixed DF Communication

Theoretic

BFSK Rayleigh

Su et. al. [72],

2005

Single relay Selective DF Communication

Theoretic

M -PSK,

M -QAM

Rayleigh

Sadek et. al.

[113], 2005

Parallel relays Selective DF Communication

Theoretic

M -PSK Rayleigh

Continued on the next page
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Table 2.1 – Continued from the previous page

Reference System Protocol Analysis Modulation Fading

Suraweera et. al.

[114], 2006

Parallel relays Selective DF Information

Theoretic

− Nakagami-m

Ikki and Ahmed

[115], 2007

Single relay Selective &

Fixed DF

Communication

Theoretic

BPSK Nakagami-m

Lee and Tsai [73],

2009

Single relay Selective DF Communication

Theoretic

M -PSK,

M -QAM

Nakagami-m

Li et. al. [116],

2010

Single relay Fixed DF Information

Theoretic

− κ−µ, η−µ

Biswas and Chan-

dra [117], 2013

Single relay Selective DF Communication

Theoretic

M -QAM η−µ

Peppas [118],

2013

Single relay Fixed DF Communication

Theoretic#

BPSK η−µ

Dixit and Sahu

[119], 2014

Multihop re-

lays

Selective DF Communication

Theoretic#

M -QAM η−µ

Dixit and Sahu

[120], 2017

Multihop re-

lays

Selective DF Communication

Theoretic

M -QAM κ−µ

Dixit and Sahu

[121], 2017

Parallel relays Selective DF Information

Theoretic

− κ−µ, η−µ

Kodide et. al.

[112], 2016

Parallel relays Fixed DF∗ Information

Theoretic

− κ−µ shad-

owed

Kumar and Chou-

han [123], 2016

Single relay,

cognitive

Selective DF Information

Theoretic

− κ−µ shad-

owed

Poreddy et. al.

[124], 2017

Parallel re-

lays, cognitive

Selective DF Information

Theoretic

− κ−µ shad-

owed

∗ Analysis of AF protocol is also provided.

# Information theoretic analysis is also presented.
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2.2 WP Relay Systems

In the previous section, we discussed some of the prominent works available in the literature

on performance analysis of conventional relay systems. Next, we list related works on performance

analysis of WP relay systems. In the literature on WP relay systems, it is generally considered

that relay node(s) is energy-constrained and wirelessly powered by the source node, interferers, or

dedicated power transmitters [41, 62, 69, 70, 125]. The idea is to involve relay node enabled by RF-

based EH in the communication process to extend the communication lifetime. Other scenario has

also been considered in the literature where the destination node is energy-constrained and wirelessly

powered by relay node, source node, and/or interferers to extend the communication lifetime [126,127].

In the literature, relatively less attention is given to systems where source node is energy-constrained.

The analysis of such systems is vital when energy-constrained source node(s) cannot support the

installation of batteries due to its size constraint. In [77, 128, 129], systems are considered where

energy-constrained source nodes rely on RF signal transmitted by the relay and/or destination nodes

for EH.

In the literature, scenarios is also considered when the communicating nodes provide wireless

power to different EH node(s) of the system [130]. In most of the works linear EH model and harvest-

use approach are considered to process the harvested energy. To incorporate more practical aspects

in the analysis, nonlinear EH models are considered in [62] and harvest-store-use in [131, 132] and

harvest-use-store in [133]. Performance analysis of various relaying systems, such as, supporting

MIMO [134], multiple access techniques [135], full-duplex [136], multihop [137], two-way [138], random

node deployment [139], etc., is also reported in literature. In this section, we mainly focus on the

performance analysis of the WP one-way relay systems where nodes operate in half-duplex mode. In

the works mentioned below, energy-constrained nodes employ harvest-use approach and linear energy

harvester and all communicating nodes are considered to be equipped with a single antenna unless

specified otherwise. The study is categorized as analysis of WP relay systems with energy-constrained

i) relay node(s) and ii) source node(s).

2.2.1 EH at Relay Node(s)

The existing works provide performance analysis of WP relay systems with energy-constrained

relay node(s) for both SWIPT networks and WPCNs.
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2.2.1.1 SWIPT Networks

TS and PS EH techniques for point-to-point communications [53,54] are explored by Nasir et. al.

in [41] to investigate the performance of two-hop AF relay system. Information theoretic approach is

considered for the analysis. Nasir et. al. further extended the analysis for two-hop DF protocol in [125].

In [69], Liu et. al. investigated the average SER of a parallel DF relay system where relays are energy-

constrained. Data is assumed to be modulated using M -DPSK and M -FSK modulation schemes

with noncoherent detection. Simulation based results using the proposed detectors are provided. Gu

and Aı̈ssa analyzed information theoretic performance of a WP DF relay system in the presence of

interferences in [70].

The analysis in [41, 69, 70, 125] is carried out for Rayleigh fading environment. Several works

are also available in the literature which consider Nakagami-m fading environment for the analysis

[71, 75, 76, 140–142]. In [75], Tran et. al. analyzed outage probability and average SER of two-hop

AF relay system for M -PSK modulated data. The relay node is equipped with multiple antennas

when the source-to-relay link is Nakagami-m faded and the relay-to-destination link is Rayleigh faded.

In [140], Wand et. al. analyzed outage probability of the system when DF relay is equipped with

multiple antennas and the source-to-relay and relay-to-destination links are Nakagami-m faded. Chen

et. al. analyzed the performance of two-hop AF and DF relaying in the presence of interfering signals

using information theoretic approach in [141] and [142], respectively. In [76], Gao et. al. analyzed

performance of two-hop DF relay system using information theoretic and communication theoretic

approaches. Babaei et. al. investigated average BER of AF and DF relaying for M -PSK and M -

QAM modulations in [71]. In [143], Ye et. al. analyzed performance of a two-hop DF relaying using

information theoretic approach when relay nodes are randomly deployed around the source node and

wirelessly powered by the destination node. Relay and destination nodes use multiple antennas for

reception.

The works in [144–147] consider generalized fading models for the analysis of WP DF relay systems.

Hussain et. al. provided information theoretic analysis under κ−µ fading and η−µ fading in [144]

and [145], respectively. In [144], the system consists of source and destination nodes equipped with

multiple antennas and multiple single antenna relays. Nonlinear energy harvester is considered in [145].

In [146], Badarneh et. al. presented information theoretic and communication theoretic analysis under

mixed κ−µ and η−µ fading. Hussain et. al. analyzed information theoretic performance under κ−µ
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shadowed fading in [147].

2.2.1.2 WPCNs

The Works in [57,148–151] provide information theoretic analysis of relay-assisted WPCNs under

Rayleigh fading. Haghifam et. al. in [148] analyzed the performance of two-hop DF relay system

considering the operational power consumption at the relay node. In [149], Ju and Zhang considered

a WPCN comprising of one hybrid access point (HAP) and two users. HAP transmits wireless power

to users in downlink and users cooperate with each other to transmit their data to the HAP in the

uplink. Time and power is optimized to maximize the sum-rate. Aboelwafa et. al. in [57] generalized

the analysis for multiple users and incorporated relay selection along with the optimal time and power

allocation. DF and AF relaying is considered in [149] and [57], respectively. Di et. al. in [150]

considered a WPCN consisting of one multiple antenna HAP and two single antenna users and jointly

optimized the energy beamforming, time and power allocation to maximize the sum-rate. The user

acting as relay employs DF protocol. In [151], Chen et. al. introduced a pricing mechanism to help

relay user to sell their excess energy. Harvest-use approach is considered in [57, 149, 150] to process

the incoming energy flow, while [151] considered the harvest-store-use approach.

Table 2.2 lists the works available in the literature that provide performance analysis of WP relay

systems where relay node(s) is energy-constrained, operates in half-duplex mode, and employs harvest-

use approach. Interfering signals are not considered in the listed work. We observe that no work is

found in the literature analyzing the average SER of DF relay assisted WPCNs. The table can also

be useful in finding other research gaps in this domain.

Table 2.2: Performance analysis of WP DF relay systems: EH at relay node(s).

Reference Network System Protocol Analysis Fading

Nasir et. al.

[41], 2013

SWIPT Single

relay

AF Information theoretic Rayleigh

Nasir et. al.

[125], 2014

SWIPT Single

relay

DF Information theoretic Rayleigh

Ye et. al.

[143], 2017

SWIPT Parallel

relays

DF Information theoretic Nakagami-m

Continued on the next page
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Table 2.2 – Continued from the previous page

Reference Network System Protocol Analysis Fading

Liu et. al.

[69], 2016

SWIPT Parallel

relays

DF Communication theoretic

(noncoherent M -DPSK &

M -FSK)

Rayleigh

Tran et. al.

[75], 2015

SWIPT Single

relay

AF Communication# theoretic

(M -PSK)

Rayleigh,

Nakagami-m

Wang et. al.

[140], 2016

SWIPT Single

relay

DF Information theoretic Nakagami-m

Gao et al.

[76], 2017

SWIPT Single

relay

DF Communication# theoretic

(BPSK, BFSK, M -PAM)

Nakagami-m

Babaei et. al.

[71], 2018

SWIPT Single

relay

AF & DF Communication theoretic

(M -PSK, M -QAM)

Nakagami-m

Hussain et.

al. [144],

2018

SWIPT Parallel

relays

DF Information theoretic κ−µ

Hussain et.

al. [145],

2018

SWIPT Single

relay

DF Information theoretic η−µ

Badarneh

et. al. [146],

2017

SWIPT Single

relay

DF Communication# theoretic

(M -PSK, M -QAM)

κ−µ, η−µ

Hussain et.

al. [147],

2018

SWIPT Single

relay

DF Information theoretic κ−µ shad-

owed

Haghifam

et. al. [148],

2016

WPCN Single

relay

DF Information theoretic Rayleigh

Ju and

Zhang [149],

2014

WPCN Single

relay

DF Information theoretic Rayleigh

Continued on the next page
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Table 2.2 – Continued from the previous page

Reference Network System Protocol Analysis Fading

Aboelwafa

[57], 2017

WPCN Parallel

relays

AF Information theoretic Rayleigh

Di et. al.

[150], 2017

WPCN Single

relay

DF Information theoretic Rayleigh

# Information theoretic analysis is also presented.

2.2.2 EH at Source Node(s)

In [77,128,129,152,153], WPCNs are considered where energy-constrained source node(s) harvests

energy using the RF signals transmitted by relay and/or destination nodes. Information theoretic

approach is considered to investigate the performance of the system in terms of throughput. In [128],

Chen et. al. considered a system with HAP, an energy-constrained source, and a relay. Relay

employs AF protocol and source is wirelessly powered by the relay and HAP. In [129], Huang and

Ansari considered a three-node DF relay system where energy-constrained source node relies on power

transmitted at relay for EH. Zlatanov et. al. provided analysis for a full-duplex DF relay system

in [152]. In [77], Yang et. al. considered a machine-to-machine communication enabled cellular

network where machine type gateways act as DF relay. Energy-constrained source nodes are wirelessly

powered by relays and adopt nonlinear EH model. In [77, 128, 129, 152], the effect of fading is either

ignored or assumed constant. In a practical scenario, fading can have severe consequences on the

performance of the system and hence its effects cannot be ignored. Moreover, analytical results

obtained without considering fading can largely deviate from the actual outcome. Luo et. al. in [153]

considered mixed fading environment when source-to-relay and relay-to-destination links are Rician

and Rayleigh faded, respectively. The relay employs DF protocol to process the received source data,

and the source node harvests energy using the RF signal radiated by the relay. Harvest-use and

harvest-store-use EH approaches are considered in [77,153] and [128,129], respectively. Whereas, both

harvest-use and harvest-store-use approaches are considered in [152].

Table 2.3 lists the works available in the literature that provide performance analysis of WP relay

systems where source node(s) is energy-constrained. All the works listed here consider information
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Table 2.3: Performance analysis of WP DF relay systems: EH at source node(s).

Reference System model

Chen et. al. [128], 2014 - AF relaying

- Fading gains are assumed constant

- Information theoretic analysis

Huang and Ansari [129],

2016

- DF relaying

- Fading gains are assumed constant

- Information theoretic analysis

Zlatanov et. al. [152],

2017

- Full-duplex DF relaying

- Nonfading, AWGN channels are considered

- Information theoretic analysis

Yang et. al. [77], 2018 - Machine-to-machine enabled cellular network

- Gateways acting as relay emply DF protocol

- Effects of fading is ignored

- Information theoretic analysis

Luo et. al. [153], 2016 - DF parallel relay system

- Rayleigh/Rician fading

- Information theoretic analysis

theoretic approach for analysis and fading is either ignored or assumed constant in most of them.

2.3 Summary

This chapter provides a thorough review of works on performance analysis of the conventional and

WP relay systems. We found the research gaps which are not addressed in the literature which include

average SER analysis of i) conventional relay systems under generalized fading and ii) WPCNs. This

work is carried out in the thesis.
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3. Conventional DF Relay System under κ−µ and η−µ Fading

In this chapter, we consider a conventional three-node DF relay system where the direct link

between the source and destination nodes exists and the fading environment is modeled using κ−µ

and η−µ fading. MRC principle is employed to combine the two signal arriving at the destination

node via the direct and relayed paths. We provide communication theoretic analysis of the system.

3.1 Introduction

Performance analysis of conventional three-node DF system under Rayleigh fading is presented

in [72, 154]. The analysis in [72] is further extended for Nakagami-m fading in [73]. Nakagami−m

distribution generalizes the fading model, however, it does not fit closely to the experimental data

for non-homogeneous environments [11]. More generalized fading models, κ−µ and η−µ are proposed

in [11] for the non-homogeneous fading environments with LOS components and non-LOS component,

respectively. In [116–118], performance analysis of a two-hop conventional DF relay system is explored

for κ−µ and η−µ fading models. The works in [116–118] ignore the presence of the direct link between

the source and destination nodes. If the direct link is considered, then the performance of the system

can be significantly improved by the means of diversity combining schemes.

The main contributions of this chapter are summarized as

• Average SER for M -PSK modulated data considering the fading environment is modeled using

κ−µ, η−µ, and mixtures of the two fading models. The analysis can be generalized for a wide

range of channel conditions considering mixed fading scenario.

• Asymptotic approximations of the average SER are also obtained to get a better insight about

the dependence of performance on the fading parameters at high SNRs. Optimal transmission

power allocation at source and relay nodes is done using the asymptotic results.

The rest of the chapter is organized as follows. Section 3.2 describes the system model. Expressions

of the average SER and corresponding high SNR approximations are derived for κ−µ and η−µ fading

channels in Section 3.3. In Section 3.4, the expressions are deduced for mixed κ−µ and η−µ faded

environment. The asymptotic average SER expressions are utilized for optimal power allocation and

DO analysis in Section 3.5. Numerical and simulation results are presented in Section 3.6. Section 3.7

gives some concluding remarks.
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3.2 System Model

Consider a relay system comprises of a source node S, a relay node R, and a destination node D.

All nodes are assumed to be powered by unobstructed supply or batteries having infinite storage. Each

node is equipped with a single antenna. The end-to-end transmission takes place in two-time slots,

T1 and T2. Both time slots are of equal duration, that implies T1 = T2. Without loss of generality,

we assume T1 = T2 = 1. In the first time slot, node S broadcasts data with power PS which can be

received at nodes R and D. Node R operates in half-duplex mode and employs selective DF protocol

to process the received data. The relay decodes the received data and if decoding is correct, the data

is re-encoded and then forwarded to the destination with power PR in the second time slot. Correct

decoding at the relay node can be achieved by using cyclic-redundancy-check codes or threshold-based

checking [72, 73]. The inter-node channels are independent, flat-slow faded, and modeled by either

κ−µ or η−µ fading.

Source S transmits M -PSK modulated data with equal energy and equal a priori probability. In

M -PSK, constellation S is given by S = exp (2π(m− 1)/M), where m = 1, 2, ...,M and  =
√
−1.

Nodes S and R transmit symbol s with energy E[ss∗] = 1, where s ∈ S. E[·] denotes the expectation

operator and (·)∗ represents the complex conjugate. When symbol s is transmitted at the ith node,

the baseband signal received at the jth node in the kth time slot is given by

yk,j =

√

P̃i (dij)−αij hij sk + nk,j , k = 1, 2, (3.1)

where i ∈ {S,R}, j ∈ {R,D}, ij ∈ {SD,SR,RD}, P̃i is the power transmitted at the ith node, hij is

the channel fading coefficient of the ij link, (dij)
−αij represents path loss of the ij link over distance

dij (in meter) with path loss exponent αij (ranging from 2 to 6 for wireless medium) and nij is AWGN

with zero mean and N0 variance at the jth node. At the source node, the symbol is transmitted with

power P̃S = PS . If the relay node correctly decodes the received symbol, the power forwarded to the

destination node is P̃R = PR otherwise no transmission occurs and relay remains idle, that is P̃R = 0.

The total power P is given by

P = PS + PR, for 0 < PS , PR < P. (3.2)
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The two signals received at the destination node are combined using MRC principle [73, p. 1219]

y = w1y1,D + w2y2,D, (3.3)

where w1 =
√
PSh

∗
SD/N0 and w2 =

√
PRh

∗
RD/N0. The data is detected at node R in the first slot

using the decision rule

ŝ = arg

{

max
p∈S

Re
(

p∗h∗SRySR
)

}

. (3.4)

When node R detects incorrectly, then node D decides the data in the second slot using the decision

rule

ŝ = arg

{

max
p∈S

Re
(

p∗h∗RDyRD

)

}

. (3.5)

Otherwise, in case of correct detection at node R, node D applies the decision rule

ŝ = arg

{

max
p∈S

Re
(

p∗y
)

}

, (3.6)

where y is given in (3.3).

Let the instantaneous SNRs of the SD, SR and RD links are

γSD =
PS |hSD|2

N0(dSD)αSD
, (3.7a)

γSR =
PS |hSR|2

N0(dSR)αSR
and (3.7b)

γRD =
P̃R|hRD|2

N0(dRD)αRD
, (3.7c)

respectively. The equivalent instantaneous SNR of the combined signal in (3.3) is given by

γMRC =
PS |hSD|2

N0(dSD)αSD
+

PR|hRD |2
N0(dRD)αRD

= γSD + γRD. (3.8)
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The PDF of instantaneous SNR γij under κ−µ and η−µ fading is given by [155]

fγij(γij) =
µij(1 + κij)

µij+1

2 (γij)
µij−1

2

exp(κijµij)(κij)
µij−1

2 (γ̄ij)
µij+1

2

exp

(

−µij(1 + κij)γij
γ̄ij

)

Iµij−1

(

2µij

√

κij(1 + κij)γij
γ̄ij

)

(3.9)

and

fγij(γij) =
2
√
π(µij)

µij+1/2(vij)
µij (γij)

µij−1/2

Γ(µij)(Vij)µij−1/2(γ̄ij)µij+1/2
exp

(

−2µijvijγij
γ̄ij

)

Iµij−1/2

(

2µijVijγij
γ̄ij

)

, (3.10)

respectively where γ̄ij = E[γij ] is the average SNR of ijth link, the parameters κij , µij and ηij are

defined for the respective fading models in Table 1.1. In (3.10), vij = (2 + ηij + η−1
ij ))/4, Vij =

(η−1
ij − ηij)/4 for Format-1 (0 ≤ ηij ≤ ∞) and vij = 1/(1 − η2ij), Vij = ηij/(1 − η2ij) for Format-

2 (−1 ≤ ηij ≤ 1) [11]. In Format-1, ηij is power-ratio between in-phase and quadrature phase

components, whereas in Format-2 it represents correlation between in-phase and quadrature phase

components. In Table 1.1, the column for η−µ fading corresponds to Format-1. For link mean power

λij = E[|hij |2], the average SNR of ijth link is given by

γ̄SD =
PSλSD

N0(dSD)αSD
, (3.11a)

γ̄SR =
PSλSR

N0(dSR)αSR
and (3.11b)

γ̄RD =
P̃RλSR

N0(dRD)αRD
. (3.11c)

3.3 Performance Analysis under κ−µ and η−µ Fading

In this section, exact average SER expressions are analyzed for κ−µ and η−µ faded channels.

We consider the input symbol s to be M -PSK modulated with coherent detection. The end-to-end

average SER can be analyzed by averaging the conditional SER at node D given by [73, eq. (6)]

Pe(γMRC,γSR) = Pe(γSR)Pe(γSD) + Pe(γMRC)(1 − Pe(γSR)). (3.12)

In (3.12), the first summand corresponds to the possibility that if node R detects incorrectly, that is,

transmission over SR link is in error, then no transmission occurs at node R and detection at node D

is erroneous when node D incorrectly detects the symbol received over SD link. The second summand
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tells about the possibility that if node R decodes correctly, then it forwards the data to node D where

error occurs when the combined signal does not result in correct detection.

The SER averaging is done using MGF based approach [156, eq. (9.15)], that is,

Pe,φ =
1

π

∫
(M−1)π

M

0
Mγφ

( g

sin2 θ

)

dθ , (3.13)

where g = sin2(π/M), φ ∈ {SR,SD,MRC}, and My(·) is the MGF of y. By splitting the integral

limits (0 to (M − 1)π/M) into two parts ranging from (0 to π/2) and (π/2 to (M − 1)π/M), (3.13)

can be rewritten as

Pe,φ =
1

π

∫ π
2

0
Mγφ

( g

sin2 θ

)

dθ +
1

π

∫
(M−1)π

M

π
2

Mγφ

( g

sin2 θ

)

dθ . (3.14)

Equation (3.14) is used in the later part of this chapter to simplify the derivation for average SER.

Now, averaging (3.12) over the instantaneous SNRs γSR, γSD, and γMRC, we get

Pe = Pe,SRPe,SD + Pe,MRC(1− Pe,SR) , (3.15)

where Pe,SR = E[Pe(γSR)], Pe,SD = E[Pe(γSD)], and Pe,MRC = E[Pe(γMRC)]. Using (3.13), (3.15) is

written as

Pe =

(

1

π

∫
(M−1)π

M

0
MγSR

( g

sin2 θ

)

dθ

)(

1

π

∫
(M−1)π

M

0
MγSD

( g

sin2 θ

)

dθ

)

+

(

1

π

∫
(M−1)π

M

0
MγMRC

( g

sin2 θ

)

dθ

)(

1− 1

π

∫
(M−1)π

M

0
MγSR

( g

sin2 θ

)

dθ

)

. (3.16)

The MGFs of γij for κ−µ and η−µ faded links are given as [155]

Mγij (s) = exp(−κijµij)
∞
∑

l=0

(κijµij)
l

l!

(

µij(1 + κij)

µij(1 + κij) + sγ̄ij

)µij+l

(3.17)

and

Mγij (s) =

(

4µ2ijvij(2(vij − Vij)µij + sγ̄ij)
−1

(2(vij + Vij)µij + sγ̄ij)

)µij

, (3.18)

respectively.

Next, the average SER in (3.16) is obtained for κ−µ and η−µ fading environment using (3.17) and
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(3.18), respectively.

3.3.1 Analytical Average SER

In this subsection, the average SER expressions are analyzed in the terms of fourth Lauricella

function of p-variables F
(p)
D which is given as [157, eq. (20)]

F
(p)
D (a, b1, b2, · · · , bp; c, x1, x2, · · · , xp) =

1

B(a, c− a)

∫ 1

0

ta−1(1− t)c−a−1

(1− tx1)b1 · · · (1− txp)bp
dt

=
∑

(m1,··· ,mp)

(a)m1+···+mp(b1)m1 · · · (bp)mpx
m1
1 · · · xmp

p

(c)m1+···+mpm1! · · ·mP !
, (3.19)

where summation is p-fold, (λ)υ = Γ(λ+ υ)/Γ(λ) is Pochhammer symbol,

B(x, y) =

∫ 1

0
tx−1(1− t)y−1dt (3.20)

is beta function, and Γ(·) is gamma function.

3.3.1.1 κ−µ Fading

The average SER of link ϕ1 ∈ {SD,SR} under κ−µ fading is analyzed by substituting (3.17) in

(3.14) as

Pe,ϕ1 =
exp(−κϕ1µϕ1)

π

∞
∑

l=0

(κϕ1µϕ1)
l

l!

(
∫ π

2

0
Zϕ1(θ; l)dθ +

∫
(M−1)π

M

π
2

Zϕ1(θ; l)dθ

)

, (3.21)

where

Zϕ1(θ; l) =

(

µϕ1(1 + κϕ1)

µϕ1(1 + κϕ1) + gγ̄ϕ1/sin
2(θ)

)µϕ1+l

. (3.22)

Integrals in (3.21) can be simplified by substituting cos2(θ) = t in the first integral and cos2(θ) =

t cos2((M − 1)π/M) in the second integral. Thus, we get

Pe,ϕ1 =
exp(−κϕ1µϕ1)

2π

∞
∑

l=0

(κϕ1µϕ1)
l

l!
Λ
µϕ1+l
ϕ1

(
∫ 1

0
t−1/2(1− t)µϕ1+l−1/2(1− Λϕ1t)

−µϕ1−ldt

+cos
( π

M

)

∫ 1

0
t−1/2 (1− ωt)µϕ1+l−1/2 (1− ωΛϕ1t)

−µϕ1−l dt

)

, (3.23)

where ω=cos2 (π/M) and

Λϕ1 =
µϕ1(1 + κϕ1)

µϕ1(1 + κϕ1) + gγ̄ϕ1

. (3.24)
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Using (3.19), (3.23) is further simplified as

Pe,ϕ1 =
exp(−κϕ1µϕ1)

2π

∞
∑

l=0

(κϕ1µϕ1)
l

l!
Λ
µϕ1+l
ϕ1

(

B

(

1

2
, µϕ1+ l +

1

2

)

F
(1)
D

(

1

2
, µϕ1 + l;µϕ1 + l + 1,Λϕ1

)

+cos

(

π

M

)

B

(

1

2
, 1

)

F
(2)
D

(

1

2
,
1

2
− µϕ1 − l, µϕ1 + l;

3

2
, ω, ωΛϕ1

)

)

. (3.25)

Next, when the signal is perfectly detected at the relay node, the signal received at the destination

node is MRC of the direct and the relayed signals. As SD and RD links are independent, the MGF

of γMRC is product of the MGFs of γSD and γRD, that is,

MγMRC
(s) = MγSD

(s)MγRD
(s). (3.26)

Hence, the average SER Pe,MRC can be analyzed using (3.17) and (3.26) in (3.14) for φ = MRC as

Pe,MRC =
1

π

∞
∑

l1=0

∞
∑

l2=0

(κSDµSD)
l1(κRDµRD)

l2

l1!l2! exp(κSDµSD + κRDµRD)

×
(

∫ π
2

0
ZSD(θ; l1)ZRD(θ; l2)dθ +

∫
(M−1)π

M

π
2

ZSD(θ; l1)ZRD(θ; l2)dθ

)

, (3.27)

where Zϕ2(θ; l) is defined in (3.22) for ϕ2 ∈ {SD,RD}. By substituting cos2(θ)= t in the first integral

and cos2(θ) = t cos2((M − 1)π/M) in the second integral and then using (3.19), (3.27) is simplified as

Pe,MRC =
1

2π

∞
∑

l1=0

∞
∑

l2=0

(κSDµSD)
l1(κRDµRD)

l2ΛµSD+l1
SD ΛµRD+l2

RD

l1!l2! exp(κSDµSD + κRDµRD)

((

B

(

1

2
, µSD + µRD + l1 + l2 +

1

2

)

×F (2)
D

(

1

2
, µSD + l1, µRD + l2;µSD + µRD + l1 + l2 + 1,ΛSD,ΛRD

))

+

(

cos

(

π

M

)

B

(

1

2
, 1

)

×F (3)
D

(

1

2
,
1

2
− µSD − µRD − l1 − l2, µSD + l1, µRD + l2;

3

2
, ω, ωΛSD, ωΛRD

))

)

, (3.28)

where Λϕ2 is defined in (3.24) for ϕ1 replaced by ϕ2 ∈ {SD,RD}.

The end-to-end average SER under κ−µ fading can be analyzed substituting (3.25) and (3.28) in

(3.15).

3.3.1.2 η−µ Fading

When the system is under η−µ fading, the average SER factor Pe,ϕ1 is obtained by substituting

(3.18) in (3.14), and is given by
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Pe,ϕ1 =
1

π

∫ π
2

0





4µ2ϕ1
vϕ1

2(vϕ1 − Vϕ1)µϕ1 +
gγ̄ϕ1

sin2(θ)





µϕ1




1

2(vϕ1 + Vϕ1)µϕ1 +
gγ̄ϕ1

sin2(θ)





µϕ1

dθ

+
1

π

∫
(M−1)π

M

π
2





4µ2ϕ1
vϕ1

2(vϕ1 − Vϕ1)µϕ1 +
gγ̄ϕ1

sin2(θ)





µϕ1




1

2(vϕ1 + Vϕ1)µϕ1 +
gγ̄ϕ1

sin2(θ)





µϕ1

dθ, (3.29)

Substituting cos2(θ) = t and cos2 = t cos2((M − 1)π/M) respectively in the first and the second

integral, (3.29) can be simplified using (3.19) as

Pe,ϕ1 =
Mγϕ1 ,η−µ(g)

2π

(

B

(

1

2
, 2µϕ1 +

1

2

)

F
(2)
D

(

1

2
, µϕ1 , µϕ1 ; 2µϕ1+1, Cϕ1 ,Dϕ1

)

+cos

(

π

M

)

B

(

1

2
, 1

)

F
(3)
D

(

1

2
;
1

2
−2µϕ1 , µϕ1 , µϕ1 ;

3

2
, ω, ωCϕ1 , ωDϕ1

)

)

, (3.30)

where ω = cos2((M − 1)π/M),

Mγϕ1 ,η−µ(g) =

(

4µ2ϕ1
vϕ1

(2(vϕ1 − Vϕ1) + gγϕ1)(2(vϕ1 + Vϕ1) + gγϕ1)

)µϕ1

, (3.31a)

Cϕ1 =
2(vϕ1 − Vϕ1)µϕ1

2(vϕ1 − Vϕ1)µϕ1 + gγ̄ϕ1

and (3.31b)

Dϕ1 =
2(vϕ1 + Vϕ1)µϕ1

2(vϕ1 + Vϕ1)µϕ1 + gγ̄ϕ1

. (3.31c)

For independent SD and RD links, the average SER factor Pe,MRC is obtained using (3.18) and

(3.26) in (3.14) for φ = MRC, followed by simplification of integrals having limits (0 to π/2) and (π/2

to (M − 1)π/M) with substitutions cos2(θ)= t and cos2(θ) = t cos2((M − 1)π/M), respectively and

then applying (3.19) as

Pe,MRC =
MγSD , η−µ(g)MγRD , η−µ(g)

2π

(

(

B

(

1

2
, 2µSD + 2µRD +

1

2

)

F
(4)
D

(

1

2
, µSD, µSD, µRD, µRD;

2µSD+2µRD+1, CSD,DSD, CRD,DRD

))

+

(

cos

(

π

M

)

B

(

1

2
, 1

)

F
(5)
D

(

1

2
,

1

2
− 2µSD − 2µRD, µSD, µSD, µRD, µRD;

3

2
, ω, ωCSD, ωDSD, ωCRD, ωDRD

))

)

, (3.32)

where Mγϕ2 , η−µ(g), Cϕ2 , and Dϕ2 are defined in (3.31a), (3.31b), and (3.31c), respectively for ϕ1

replaced by ϕ2 ∈ {SD,RD}.

The end-to-end average SER for η-µ faded channels can be analyzed on substituting (3.30) and

(3.32) in (3.15).
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3.3.2 Asymptotic Average SER

We obtain high SNR approximation for the average SER expressions to simplify the system anal-

ysis. At high SNRs, (3.15) can be approximated as

P∞
e = P∞

e,SRP
∞
e,SD + P∞

e,MRC , (3.33)

where P∞
e,SR, P

∞
e,SD, and P

∞
e,MRC are the high SNR approximations of Pe,SR, Pe,SD, and Pe,MRC, respec-

tively, and derived below for the two fading types. The derivation requires high SNR approximation

of the MGFs (3.17) and (3.18).

3.3.2.1 κ−µ Fading

In case of κ−µ fading, the MGF in (3.17) is approximated for γ̄ϕ1 >> 1 as

M∞
γij (s) ≈

(

µij(1 + κij)

sγ̄ij

)µij

exp (−µijκij) , ij ∈ {SR,SD,RD}. (3.34)

The corresponding asymptotic average SER for ϕ1 ∈ {SR,SD} link can be analyzed by substituting

(3.34) in (3.14) as

P∞
e,ϕ1

≈ exp(−µϕ1κϕ1)

π

(

µϕ1(1 + κϕ1)

gγ̄ϕ1

)µϕ1

(

∫ π
2

0

(

sin2(θ)
)µϕ1dθ +

∫
(M−1)π

M

π/2

(

sin2(θ)
)µϕ1dθ

)

. (3.35)

In (3.35), the first integral can be simplified using substitution cos2(θ)= t and the relation (3.20) as

∫ π
2

0

(

sin2(θ)
)µϕ1dθ =

1

2
B

(

1

2
, µϕ1 +

1

2

)

. (3.36)

Similarly, the second integral can be simplified using substitution cos2(θ)= t cos2((M − 1)π/M) and

the relation (3.19) as

∫
(M−1)π

M

π
2

(

sin2(θ)
)µϕ1dθ =

1

2
cos

(

π

M

)

B

(

1

2
, 1

)

F
(1)
D

(

1

2
,
1

2
− µϕ1 ;

3

2
, ω

)

. (3.37)

Using (3.36) and (3.37) in (3.35), we get

P∞
e,ϕ1

≈ exp(−µϕ1κϕ1)

2π

(

µϕ1(1 + κϕ1)

gγ̄ϕ1

)µϕ1

(

B

(

1

2
, µϕ1 +

1

2

)

+cos

(

π

M

)

B

(

1

2
, 1

)

F
(1)
D

(

1

2
,
1

2
− µϕ1 ;

3

2
, ω

)

)

. (3.38)
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The high SNR approximation of Pe,MRC is obtained using (3.34), (3.26) and (3.14) for φ = MRC, ij

replaced by ϕ2 ∈ {SD,RD}, and then applying (3.36) and (3.37) as

P∞
e,MRC ≈ exp(−µRDκRD − µSDκSD)

2π

(

µRD(1 + κRD)

gγ̄RD

)µRD
(

µSD(1 + κSD)

gγ̄SD

)µSD

×
(

B

(

1

2
, µRD + µSD +

1

2

)

+ cos

(

π

M

)

B

(

1

2
,1

)

F
(1)
D

(

1

2
,
1

2
−µRD − µSD;

3

2
, ω

)

)

. (3.39)

The end-to-end asymptotic average SER under κ−µ fading can be analyzed using (3.38) and (3.39)

in (3.33) as

P∞
e ≈ ASRASD

(γ̄SR)µSR(γ̄SD)µSD
+

AMRC

(γ̄RD)µRD (γ̄SD)µSD
, (3.40)

where

ASR =
exp(−µSRκSR)

2π

(

µSR(1 + κSR)

g

)µSR

×
(

B

(

1

2
, µSR +

1

2

)

+ cos

(

π

M

)

B

(

1

2
, 1

)

F
(1)
D

(

1

2
,
1

2
− µSR;

3

2
, ω

)

)

, (3.41)

ASD =
exp(−µSDκSD)

2π

(

µSD(1 + κSD)

g

)µSD

×
(

B

(

1

2
, µSD +

1

2

)

+ cos

(

π

M

)

B

(

1

2
, 1

)

F
(1)
D

(

1

2
,
1

2
− µSD;

3

2
, ω

)

)

, (3.42)

and

AMRC =
exp(−µRDκRD − µSDκSD)

2π

(

µRD(1 + κRD)

g

)µRD
(

µSD(1 + κSD)

g

)µSD

×
(

B

(

1

2
, µRD + µSD +

1

2

)

+ cos

(

π

M

)

B

(

1

2
, 1

)

F
(1)
D

(

1

2
,
1

2
− µRD − µSD;

3

2
, ω

)

)

. (3.43)

3.3.2.2 η−µ Fading

In case of η−µ fading, the high SNR approximation of MGF in (3.18) is

M∞
γij (s) ≈

(

4vijµ
2
ij

s2γ̄2ij

)µij

, ij ∈ {SR,SD,RD}. (3.44)
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Substituting (3.44) in (3.14), the average SER for ϕ1 ∈ {SR,SD} link is given by

P∞
e,ϕ1

≈ 1

π

(

4vϕ1µ
2
ϕ1

g2γ̄2ϕ1

)µϕ1
(

∫ π
2

0
(sin θ)4µϕ1 dθ +

∫
(M−1)π

M

π
2

(sin θ)4µϕ1 dθ

)

, (3.45)

which can be simplified using (3.36) and (3.37) as

P∞
e,ϕ1

≈ 1

2π

(

4vϕ1µ
2
ϕ1

g2γ̄2ϕ1

)µϕ1

(

B

(

1

2
, 2µϕ1 +

1

2

)

+ cos

(

π

M

)

B

(

1

2
, 1

)

F
(1)
D

(

1

2
,
1

2
− 2µϕ1 ;

3

2
, ω

)

)

. (3.46)

The asymptotic expression of P∞
e,MRC is derived using (3.44), (3.26), and (3.14) for φ = MRC, ij =

ϕ2, ϕ2 ∈ {SD,RD}, and then applying (3.36) and (3.37) as

P∞
e,MRC ≈ 1

2π

(

4vRDµ
2
RD

g2γ̄2RD

)µRD
(

4vSDµ
2
SD

g2γ̄2SD

)µSD

×
(

B

(

1

2
, 2(µRD + µSD) +

1

2

)

+ cos

(

π

M

)

B

(

1

2
, 1

)

F
(1)
D

(

1

2
,
1

2
−2(µRD + µSD);

3

2
, ω

)

)

. (3.47)

The end-to-end asymptotic average SER for η−µ fading can be obtained on substituting (3.46)

and (3.47) in (3.33) as

P∞
e ≈ BSRBSD

(γ̄SR)2µSR(γ̄SD)2µSD
+

BMRC

(γ̄RD)2µRD(γ̄SD)2µSD
, (3.48)

where

BSR =
1

2π

(

4vSRµ
2
SR

g2

)µSR

(

B

(

1

2
, 2µSR+

1

2

)

+cos

(

π

M

)

B

(

1

2
, 1

)

F
(1)
D

(

1

2
,
1

2
− 2µSR;

3

2
, ω

)

)

, (3.49)

BSD =
1

2π

(

4vSDµ
2
SD

g2

)µSD

(

B

(

1

2
, 2µSD+

1

2

)

+cos

(

π

M

)

B

(

1

2
, 1

)

F
(1)
D

(

1

2
,
1

2
− 2µSD;

3

2
, ω

)

)

, (3.50)

and

BMRC =
1

2π

(

4vRDµ
2
RD

g2

)µRD
(

4vSDµ
2
SD

g2

)µSD

×
(

B

(

1

2
, 2µSD +

1

2

)

+ cos

(

π

M

)

B

(

1

2
, 1

)

F
(1)
D

(

1

2
,
1

2
− 2µSD;

3

2
, ω

)

)

. (3.51)
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3.4 Performance Analysis under Mixed κ−µ and η−µ Fading

In this section, the average SER of the relay system is analyzed when the three links connecting

source to destination are differently faded. For two kind of fading models, in mixed sense the three

links together can be affected in six ways, that is, three combinations of one link as κ−µ faded and

other two links as η−µ faded and similarly three combinations of one link as η−µ faded and other two

links as κ−µ faded. We analyze the case where the SD link is η−µ faded and the SR and RD links

are κ−µ faded. This combination suggests that there is no LOS component in the SD link, while

LOS components exist in the other two links. In the same manner, the other five combinations of the

fading models can also be analyzed.

The average SER Pe in mixed fading is obtained by substituting Pe,SR, Pe,SD, and Pe,MRC for

respective fading in (3.15). For the considered mixed fading case, Pe,SR and Pe,SD can be evalu-

ated using (3.25) and (3.30), respectively. The analytical expression of Pe,MRC is derived as fallows.

Substituting the MGFs (3.17) (for ij = RD) and (3.18) (for ij = SD) in (3.26), we get the MGF

MγMRC
(s) =

(

4µ2SDvSD(2(vSD − VSD)µSD + sγ̄SD)
−1

(2(vSD + VSD)µSD + sγ̄SD)

)µSD

× exp(−κRDµRD)

∞
∑

l=0

(κRDµRD)
l

l!

(

µRD(1 + κRD)

µRD(1 + κRD) + sγ̄RD

)µRD+l

. (3.52)

Substituting (3.52) in (3.14) and solving the integrals using (3.19) with the help of substitutions

cos2(θ) = t and cos2(θ) = t cos2((M − 1)π/M) respectively in the integral with limit (0 to π/2) and

(π/2 to (M − 1)π/M), we get

Pe,MRC =
exp(−κRDµRD)MγSD, η−µ

(g)

2π

∞
∑

l=0

(κRDµRD)
l

l!
ΛµRD+l
RD

(

(

B

(

1

2
, µRD + 2µSD + k +

1

2

)

×F (3)
D

(

1

2
, µRD + l, µSD, µSD;µRD + 2µSD + l + 1,ΛRD , CSD,DSD

))

+

(

cos

(

π

M

)

B

(

1

2
, 1

)

×F (4)
D

(

1

2
,
1

2
− µRD − 2µSD − l, µRD + l, µSD, µSD;

3

2
, ω, ωΛRD, ωCSD, ωDSD

))

)

, (3.53)

where ΛRD and MγSD, η−µ
(g) are defined in (3.24) (for ϕ1 = RD) and (3.31a) (for ϕ1 = SD), respec-

tively.

Similarly, the end-to-end asymptotic average SER can be analyzed on substituting P∞
e,SR, P

∞
e,SD,

and P∞
e,MRC for the given fading combination in (3.33). P∞

e,SR and P∞
e,SD are derived as in (3.38) and
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(3.46), respectively. P∞
e,MRC is obtained on substituting approximate MGFs (3.34) and (3.44) in (3.26)

and putting the resulting MGF in (3.14), followed by applying (3.36) and (3.37). We get

P∞
e,MRC =

exp(−µRDκRD)

2π

(

µRD(1 + κRD)

gγ̄SD

)µRD
(

4vSDµ
2
SD

g2γ̄2SD

)µSD

×
(

B

(

1

2
, µRD + 2µSD +

1

2

)

+ cos

(

π

M

)

B

(

1

2
, 1

)

F
(1)
D

(

1

2
,
1

2
− µRD − 2µSD;

3

2
, ω

)

)

. (3.54)

Hence, the end-to-end asymptotic average SER is given by

P∞
e ≈ ASRBSD

(γ̄SR)µSR(γ̄SD)2µSD
+

CMRC

(γ̄RD)µRD (γ̄SD)2µSD
, (3.55)

where ASR, BSD are defined as in (3.41), (3.50), respectively and

CMRC =
exp(−µRDκRD)

2π

(

µRD(1 + κRD)

g

)µRD
(

4vSDµ
2
SD

g2

)µSD

×
(

B

(

1

2
, µRD + 2µSD +

1

2

)

+ cos

(

π

M

)

B

(

1

2
, 1

)

F
(1)
D

(

1

2
,
1

2
− µRD − 2µSD;

3

2
, ω

)

)

. (3.56)

3.5 Optimal Power Allocation and Diversity Order

The derived end-to-end asymptotic average SER expressions can be used to allocate optimal power

at nodes S and R and obtain DO of the system.

3.5.1 Optimal Power Allocation

In relay systems, equal power allocation at transmitting nodes is generally considered, but this is

not energy efficient. Optimal power allocation is an efficient assignment and can improve performance

on the system significantly. Transmitting power at nodes can be optimally allocated if nodes have

partial knowledge of the CSI [72, 73]. In this section, we have analyzed expressions for the optimal

power allocation at the source and the relay node for the given mixed faded relay system. The

asymptotic average SER expression in (3.55) is represented using (3.11) in terms of PS and PR as

P∞
e (PS , PR) =

Ξ1

(PS)2µSD+µSR
+

Ξ2

(PS)2µSD(PR)µRD
, (3.57)

where

Ξ1 = ASRBSD

(

N0(dSR)
αSR

λSR

)µSR
(

N0(dSD)
αSD

λSD

)2µSD

(3.58)
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and

Ξ2 = CMRC

(

N0(dRD)αRD

λRD

)µRD
(

N0(dSD)
αSD

λSD

)2µSD

. (3.59)

Applying the second order conditions [158] it is easy to show that (3.57) is a convex function of

(PS , PR) ∈ [0, P ], where P = PS + PR is the total power used for the transmission. Using (3.57), the

power optimization problem can be formulated as

min
PS ,PR

Ξ1

(PS)2µSD+µSR
+

Ξ2

(PS)2µSD (PR)µRD
(3.60)

subject to

P = PS + PR .

Now, using Lagrange’s method, the objective function is written as

f(PS , PR, λ) =
Ξ1

(PS)2µSD+µSR
+

Ξ2

(PS)2µSD(PR)µRD
+ λ(PS + PR − P ) . (3.61)

On differentiating (3.61) with respect to PS , PR and λ, and equating to zero, we get the relation in

terms of PS as

Ξ2P
µSR

S

(

2µSDP − (2µSD + µRD)PS

)

= −Ξ1(2µSD + µSR)(P − PS)
µRD+1 . (3.62)

Equation (3.62) is valid for 2µSDP − (2µSD + µRD)PS < 0, this gives ranges for PS and PR as

2µSD/(2µSD +µRD)P < PS ≤ P and 0 ≤ PR ≤ µRD/(2µSD +µRD)P , respectively. For 2µSD ≥ µRD,

the optimal power allotted to the source node will always be greater than P/2, whereas for 2µSD <

µRD, the optimal power allotted to the source node can be less than P/2. On solving (3.62), we can

obtain the optimal power allotted at the source and the relay node.

For µSR = µRD = 2µSD = δ and ξ = PS/PR, (3.62) can be written as

Ξ2ξ
δ(ξ − 1)− 2Ξ1 = 0. (3.63)

For δ = 1, the solutions of ξ in (3.63) are

ξ =
1 +

√

1 + 8Ξ1/Ξ2

2
,
1−

√

1 + 8Ξ1/Ξ2

2
. (3.64)
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Using (3.58) and (3.59), it can be shown that
√

1 + 8Ξ1/Ξ2 > 1. Hence, the second solution which is

negative can be discarded. Using the relation P = PS + PR and (3.64), we get

PS =
1 +

√

1 + 8Ξ1/Ξ2

3 +
√

1 + 8Ξ1/Ξ2

P (3.65)

and

PR =
2

3 +
√

1 + 8Ξ1/Ξ2

P , (3.66)

respectively.

Relation with the result existing in the literature: When all links are κ−µ faded, then instead

of 2µSD in (3.57) we have µSD. On assuming µij = δ, we can write the optimization equation for κ−µ

faded channels as (3.63). For µij = 1, all the channels are Rician faded and the optimal power at the

source and the relay node is given by (3.65), in which

Ξ1

Ξ2
=

exp(−κSR + κRD)

2π

(1 + κSR)λRD(dSR)
αSR

(1 + κRD)λSR(dRD)αRD

(C1)
2

C2
, (3.67)

where C1 = B(0.5, 1.5) +B(0.5, 1) cos(π/M)F
(1)
D (0.5,−0.5; 1.5, ω) and C2 = B(0.5, 2.5) +B(0.5, 1)

cos(π/M)F
(1)
D (0.5,−1.5; 1.5, ω). Furthermore, as κij tends to 0, the optimal power allocation ex-

pression reduces to [72, eqs. (21) (22)] for Rayleigh faded channels. Also, C1 and C2 are same as A

and B defined in [72, eqs. (16) and (17)].

The expressions of the optimal power for any value of fading parameters in κ−µ, η−µ, and mixed

κ−µ and η−µ faded channel can be obtained after appropriate changes in (3.62) and solving it in

mathematical softwares like MATHEMATICA, MAPLE, and MATLAB.

3.5.2 Diversity Order

If expression of the asymptotic average SER is known, then DO of the system can be analyzed

using [159, eq. (15)]

DO = − lim
γ̄→∞

log(P∞
e (γ̄))

log(γ̄)
. (3.68)

Now, the end-to-end asymptotic average SER in (3.57) can be rewritten as

P∞
e (γ̄) =

Ξ′
1(PS/P )

−2µSD−µSR

γ̄2µSD+µSR
+

Ξ′
2(PS/P )

−2µSD (PR/P )
−µRD

γ̄2µSD+µRD
, (3.69)
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where γ̄ = P/N0, Ξ
′
1 = Ξ1(N0)

−2µSD−µSR , and Ξ′
2 = Ξ2(N0)

−2µSD−µRD . Using (3.68) and (3.69), we

have

DO = min







− lim
γ̄→∞

log
(

Ξ′
1(PS/P )

−2µSD−µSR/γ̄2µSD+µSR

)

log(γ̄)
,

− lim
γ̄→∞

log
(

Ξ′
2(PS/P )

−2µSD(PR/P )
−µRD/γ̄2µSD+µRD

)

log(γ̄)







. (3.70)

Solving (3.70), we get

DO = 2µSD +min{µSR, µRD}. (3.71)

Similarly, we can obtain the DO when all links are κ−µ faded as

DO = µSD +min{µSR, µRD} (3.72)

and for η−µ faded channels as

DO = 2µSD +min{2µSR, 2µRD}. (3.73)

3.6 Numerical Results

In this section, we present numerical results for average SER of the relay system under κ−µ and

η−µ fading channels. The system model described in Section 3.2 is emulated in MATLAB to get the

simulation results. The analytical results are obtained using the end-to-end average SER expressions

derived in Sections 3.3 and 3.4. The analytical expressions obtained for κ−µ fading are in infinite

series form, however these series converge rapidly with increase in number of summation terms (N),

for example, N = 10 is sufficient to achieve accuracy up to 5th term of decimal. The corresponding

analysis is done for N = 15 for a better and assured accuracy. The channel gains are considered to be

normalized to unity, that is, λij(dij)
−αij = 1, unless otherwise stated.

The average SER versus SNR plots are shown in Figures 3.1 (a) and (b) for different modulation

orders under κ−µ and η−µ fading, respectively. Analytical results under κ−µ fading are plotted using

(3.15), (3.25), (3.28), and under η−µ fading using (3.15), (3.30), (3.32). Simulation results are found

to be in perfect agreement with analytical results, hence validating our analysis. Asymptotic results

are plotted using (3.40), (3.48), and (3.55) for κ−µ, η−µ, and mixed κ−µ and η−µ faded channels,
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Figure 3.1: Average SER performance of the relay system under κ−µ and η−µ fading for different modulation
orders.

respectively. We observe that asymptotic results provide good approximation at high SNRs.

Figure 3.2 presents performance comparison based on channel quality under κ−µ fading. Data

is considered to be 8-PSK modulated. In Figure 3.2 (a), the average SER is plotted for fixed µSD

and κij , and varying µSR and µRD. In Figure 3.2 (a), we observe that the increment in performance

is more for increase in µRD as compared to increase in µSR. In Figure 3.2 (b), µij and κij are kept

constant for SR and SD links, and varied for RD link. We observe that increase in µRD has better

impact on performance than increase in κRD. The SR and RD links with greater values of fading

parameters κ and µ show better performance and among them the parameters of RD link dominate.

Moreover, increase in µRD has better impact compared to increase in κRD.

In Figure 3.3, average SER is plotted for different channel conditions under η−µ fading. 4-PSK

modulation is considered. In Figure 3.3 (a), the average SER is plotted for fixed µij and ηSD, and

varying ηSR and ηRD. We find from the plots that the performance improvement is higher with increase

in ηRD as compared to increase in ηSR. In Figure 3.3 (b), parameters of SR and SD links are kept

constant and the effect of change in parameters of RD link is observed. As seen from plots, increase
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Figure 3.2: Average SER performance of 8-PSK under κ−µ fading channels with different values of κij and
µij .

15 20 25 30
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

SNR, P/N
0
 (dB)

A
ve

ra
ge

 S
E

R

4−PSK

 

 

η
SR

 = 0.02, η
RD

 = 0.02

η
SR

 = 0.2, η
RD

 = 0.02

η
SR

 = 0.02, η
RD

 = 0.2

η
SR

 = 0.2, η
RD

 = 0.02

15 20 25 30
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1 4−PSK

A
ve

ra
ge

 S
E

R

 

 

SNR, P/N
0
 (dB)

µ
RD

 = 0.5, η
RD

 = 0.001

µ
RD

 = 0.5, η
RD

 = 0.02

µ
RD

 = 0.5, η
RD

 = 0.2

µ
RD

 = 2.0, η
RD

 = 0.001

µ
RD

 = 2.0, η
RD

 = 0.02

µ
RD

 = 2.0, η
RD

 = 0.2

(b)(a)

µ
SD

=1.0,η
SD

=0.2
µ

SR
=2.0,η

SR
=0.2

µ
ij
=0.5, η

SD
=0.2

Figure 3.3: Average SER performance of 4-PSK under η−µ fading channels with different values of ηij and
µij .
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in µRD gives better performance as compared to increase in ηRD. The performance improvement is

more for increase in parameters of the RD link compared to increase in parameters of SR link, and

increase in µRD has better impact compared to increase in ηRD.

In Figure 3.4, the average SER results for the relay system with equal and optimal power allocation

are presented. Mixed fading environment is considered, where SD link is η−µ faded and SR and RD

links are κ−µ faded. 4-PSK and 8-PSK modulated data is considered in Figure 3.4 (a) and (b),

respectively. Optimal power allocated to nodes S and R are evaluated by implementing and solving

(3.61) in MATLAB. The results are also compared with that of direct transmission. Total transmission

power in relay system and direct transmission is considered same, that is, P . In both system, each

transmission requires equal duration, that implies relay system requires twice the time required in the

direct transmission. We observe in Figure 3.4 that for better SD link quality, direct transmission can

outperform the relay system with equal power allocation scheme. Although, optimal power allocation

in the relay system performs better than direct transmission under all channel conditions. It also

outperforms the equal power allocation in the relay system.

Assume N0 = 1, the variation in average SER in Figure 3.4 is with total transmission power P .

Furthermore, in (3.62), we can see that the optimal power allocated to node S, PS depends on power

P and the channel conditions. Although, through numerical computation we observed that there is

not much variation in the optimal power-ratio PS/P obtained for different values of P . Moreover, for a

wide range of channel conditions, the corresponding average SER is close to the average SER obtained

for P = 24 dB. In Figure 3.4, the curves with circle marker correspond to the average SER with

optimal power allocation that depends on P . The average SERs obtained for P = 24 dB are found to

overlap with the optimal curves, but not shown in the figure for the sake of clarity. In Figure 3.4, the

value x∗ = PS/P corresponds to the optimal power allocated to node S for P = 24 dB. We observe

that for higher modulation order, the optimal power allotted to the source node increases (and hence

the optimal power allotted to the relay node decreases).

In order to compare the derived analytical results with those presented in [72] and [73], the average

SER of system with Nakagami-m faded channel and 4-PSK modulated data is shown in Figure 3.5.

η−µ fading and κ−µ fading reduce to Nakagami-m fading for ηij = 1 (Format-1) and κij → 0,

respectively. The results are shown for the mixed fading scenario1 when µSD = {0.25, 0.5, 0.75, 1} and

1 SD link is under η−µ fading and SR and RD links are under κ−µ fading. SD link reduces to Nakagami-m fading
for ηSD = 1 and SR and RD links correspond to Nakagami-m fading for κSR, κRD → 0.
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Figure 3.6: Average SER versus source-to-relay distance for the relay system with equal and optimal PA under
mixed fading for different fading parameters, dSR + dRD = dSD, dSD = 2 unit, αij = 3, λij = 1.

µSR, µRD ∈ {0.5, 1.0, 1.5, 2}. Let the Nakagami-m fading parameters of the links be mSD = 2µSD,

mSR = µSR, and mRD = µRD. Thus we have mij ∈ {0.5, 1, 1.5, 2}. It can be noted that the plot for

different values of mij resembles that for the corresponding value of the fading parameter m in [73,

Figure 3] for Nakagami-m fading. Furthermore, for mij = 1 the plot resembles that in [72, Figure 4]

for Rayleigh fading environment. Moreover, the optimal fractions of total power allotted to the source

node is obtained as x∗ = PS/P = 0.6270, which is identical to that obtained in [72, Figure 4]. This

suggests that the average SER expressions for Rayleigh fading and Nakagami-m fading can be traced

using expressions for the generalized fading models.

In Figure 3.6, the average SER is plotted with variation in source-to-relay distance for the relay

system with equal and optimal power allocation under different channel conditions. The nodes are

considered to be collinear and follow the relation dSR+dRD = dSD. The results are shown for dSD = 2

unit, αij = 3, and λij = 1. We observe that when power at nodes S and R are equally allocated then

the optimal relay location lies near midway with approximate distance ratio dSR/dSD ≈ 0.6. This is

in accordance with the result in [160]. Furthermore, when power is optimally allocated and channel
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Table 3.1: Fraction of the total power allocated at the source node (PS/P ) in case of optimal power allocation
for 4-PSK modulated data under the considered mixed fading scenario, P = 24 dB, N0 = 1.

µSR = 1, κSR = 0;

µRD = 0.5, κRD = 0

µSD = 0.5, ηSD = 1;

µRD = 0.5, κRD = 0

µSD = 0.5, ηSD = 1;

µSR = 0.5, κSR = 0

µSD ηSD PS/P µSR κSR PS/P µRD κRD PS/P

0.25

0.01 0.55511

0.5

0 0.80784

0.5

0 0.68339

0.1 0.55511 1 0.74548 1 0.68586

1 0.55511 4 0.70280 4 0.71252

0.5

0.01 0.68866

1

0 0.68866

1

0 0.60712

0.1 0.68866 1 0.68339 1 0.62704

1 0.68866 4 0.66894 4 0.78139

1

0.01 0.80784

1.5

0 0.67204

1.5

0 0.64977

0.1 0.80784 1 0.67010 1 0.68582

1 0.80784 4 0.66682 4 0.87797

condition improves, the optimal relay location moves toward the destination node. Similar observations

can be made for different values of dSD, αij, and λij.

In Table 3.1, the fraction of the total power allocated to the source node (PS/P ) in case of optimal

power allocation is tabulated corresponding to the parameters of the SD, SR, and RD link for 4-PSK

modulated data under the considered mixed fading case. Following observations can be made from the

table: i) PS/P increases with increase in µSD but is not affected by change in ηSD, ii) PS/P decreases

with improvement in SR link quality, and iii) PS/P increases with improvement in RD link quality.

3.7 Conclusion

We have deduced exact expressions of the average SER for a conventional DF system under κ−µ,

η−µ, and mixed κ−µ and η−µ fading when input data is M -PSK modulated. At high SNRs, asymp-

totic approximations of average SERs are also analyzed. Optimal power allocation expressions for the

power allotted to the source and the relay node are obtained. DO for the different fading types is

analyzed and the effect of distance on performance is traced. We observe that the performance im-

provement is more for increase in fading parameters of RD link when compared to increase in fading
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parameters of SR link. Also, among κ and µ parameters in κ−µ fading and η and µ parameters in

η−µ fading, the improvement in performance with increase in µ parameter dominates. The perfor-

mance for shorter SD links is better when compared to longer links. Also, the relative increment in

performance is more when the fading parameters of the SD link increases. In case of high SD link

quality, direct transmission may outperform communication using relay with equal power allocation

at source and relay node. However, the relaying system outperforms the direct transmission in case

of optimal power allocation at nodes, under all channel conditions. Furthermore, the power allotted

to the source node raises with the increase in the modulation order, decline in SR link quality, and

improvement in RD link quality.
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4. WP DF Relay System under Nakagami-m Fading: EH at Relay Node

The previous chapter provides the performance analysis of a conventional three-node DF relay

system. In conventional systems, nodes are considered to be powered by batteries which can be

replaced or recharged if drained. In systems, such as wireless sensor networks, wireless body networks,

etc., the nodes are generally inaccessible and therefore providing power with the aid of such batteries

may not be always feasible. In such a scenario, end-to-end communication is hampered if batteries

of the participating relay node(s) exhaust in-between the communication. Also, there could be a

possibility when the relay node(s) does not want to use its own power for relaying. Under such

circumstances, if the node can be supported by wireless EH methods, it may encourage participation

of the node in communication. In this chapter, we present communication theoretic analysis of a

relay-assisted WPCN under Nakagami-m fading forM -PSK modulated data. The energy-constrained

relay node is wirelessly powered by the source node.

4.1 Introduction

In the literature, performance analysis of WP networks is widely explored. In [41, 70, 125], the

performance of SWIPT networks is analyzed using the information theoretic approach. Energy-

constrained relay node harvests energy using the received RF signals radiated by the source node

and/or interferences. AF and DF protocols are considered in [41] and [70, 125], respectively. In [69],

the average symbol-error-rate (SER) of parallel DF relaying SWIPT network with energy-constrained

relay nodes is given for the noncoherent M -DPSK and M -FSK modulation schemes. Information

theoretic analysis of WPCNs with AF and DF relaying is presented in [57] and [149], respectively.

The works done in [41,57,69,70,125,149] consider Rayleigh fading environment for the analysis. In a

practical scenario, wireless medium is lossy in nature and therefore the applicability of WP systems is

limited to short-range communications. Thus, the possibility that LOS components exist cannot be

ignored. Rician, κ−µ, and κ−µ shadowed fading models are more applicable for short-range commu-

nications. However, analysis for these fading models is difficult and mathematically intractable under

some circumstances. Nakagami-m fading is a generalized model which is Rayleigh model form = 1 and

approximates to Rician fading for m > 1. In [62,71,76,141–143], the performance of WP relay systems

under Nakagami-m fading is analyzed. Information theoretic analysis is carried out in [62, 141–143]

whereas communication theoretic analysis is presented in [71]. [76] exhibit both information theoretic

and communication theoretic analyses. DF protocol is considered in [76,142,143], whereas AF protocol
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in [62,141]. Both AF and DF protocols are considered in [71]. These references provide performance

analysis of SWIPT networks. Moreover, the effect of direct link between the source and destination

is ignored. If the direct link exists and is considered for the analysis, performance of the system can

be significantly improved by employing diversity combining schemes at the destination node.

In this chapter, performance analysis of a three-node relay-assisted WPCN is presented. The

end-to-end transmission is executed in three slots. In the first slot, the relay node is powered by the

source. In the next two slots, selective DF relaying is employed to transfer the information from the

source to the destination using the energy harvested in the first slot. The received SNRs are expressed

as the ratio of signal energy and noise power spectral density (PSD) [69], unlike in Chapter 4, where

these are defined as the ratio of signal power and noise power. By defining the SNRs in terms of

the energy ratio, the energy assigned for each slot can be optimized for the minimum average SER,

which in turn can be used to judiciously optimize the corresponding power transmitted or the slot

duration [161]. We consider two scenarios for the analysis i) direct link is present between the source

and the destination and ii) direct link is ignored. In the latter case, the direct link is considered

to be in deep fade. When a direct link exists, the two signals arriving at the destination via direct

and relayed links are combined using EGC scheme as it performs close to MRC for reduced system

complexity [36].

The main contributions of this chapter are summarized as

• Motivated by the WPT and WIT technique [55] for point-to-point communication in WPCN,

we propose a transmission technique for a relay assisted WPCN. Analytical expressions of the

average SER are derived for M -PSK modulated data under Nakagami-m fading environment.

• We also derive the asymptotic expression of the average SERs to simplify the analysis at high

SNRs. The high SNR approximations are utilized to find the optimal energy assigned for trans-

mission in each slot. Since energy is related to the power transmitted at a node and the slot

duration, the optimal energy expression can be judiciously used to optimize power and time for

the corresponding slot.

• We further analyze the DO and the throughput of the system.

• The effects of modulation order and fading parameters on system performance is also investi-

gated.
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T

P1 P2 P3

T1 T2 T3

WPT at S WIT at S WIT at R

( (1 ) / 2)Tt= - ( (1 ) / 2)Tt= -( )Tt=

Selective DFFigure 4.1: Illustration of the transmission technique.

Rest of the chapter is organized as follows. The system model is described in Section 4.2. Ex-

pressions for average SER and corresponding asymptotic approximations are obtained in Section 4.3.

In Section 4.4, asymptotic expressions are used to find the optimal energy assigned in different slots

for minimum SER, which then determines the corresponding optimal power and the slot duration. In

Section 4.5, DO and throughput are analyzed. Numerical results are presented in Section 4.6 and the

concluding remarks are written in Section 4.7.

4.2 System Model

We consider a three-node WPCN with EH at the relay node R. M -PSK modulated symbols

are communicated from the source node S to the destination node D. Each node is having a single

antenna. We assume half-duplex mode of communication. Each information symbol at the source is

communicated to the destination in a slot of duration T which is further divided in three time slots as

shown in Figure 4.1. In the first slot T1, wireless power P1 transmitted by node S is used to harvest

energy at the energy-constrained node R. The second time slot T2 and the third time slot T3 are

equally divided (T2 = T3) and are engaged in WIT. Let τ be the fraction of T used for harvesting

energy. Then, the three time slots are T1 = τT and T2 = T3 = (1−τ)T/2. Node S broadcasts the data

in slot T2 with power P2. Selective DF is employed at node R, thus the received source data is checked

for its correctness. In case of correct reception, the relay R uses the harvested energy to forward the

re-encoded data to node D in slot T3 with power P3. Correct decoding at node R can be accomplished

by using threshold-based checking or cyclic-redundancy-check codes [72,73]. We consider harvest-use

approach to process the incoming energy flow [58,68].

We assume that the power consumption in operational circuits (like modulator, demodulator,

encoder, decoder, etc.) is comparatively smaller and therefore can be neglected [70,125]. The energy
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harvested at node R in T1 is completely used to forward the encoded data to nodeD. Data transmitted

is M -PSK modulated with equal a priori probabilities. The M -PSK constellation S is given by

S = exp (2π(n − 1)/M), where n = 1, 2, . . . ,M and  =
√
−1. In the kth time slot, xk =

√
PkTksk is

transmitted with energy E[xkx
∗
k] = PkTk, where sk ∈ S and k = 1, 2, 3. E[·] denotes the expectation

operator and (·)∗ represents the complex conjugate. We assume links between nodes S, R, and D are

independent, slow-flat Nakagami-m faded, and link gains are assumed to be constant for time T .

In the kth time slot, the baseband equivalent of the received RF signal at node j is given by

ykj =
√

PkTk dij
−αij hij sk + nkj , k = 1, 2, 3 , (4.1)

where i ∈ {S,R}, j ∈ {R,D}, hij is the fading coefficient of the link connecting node i and node j

having mean power E[|hij |2] = λij, dij
−αij represents path loss of the link between node i and j, dij

is in meters with path loss exponent αij ranging from 2 to 6, and nkj is additive white Gaussian noise

at node j having PSD N0. For a comparatively small noise component, the harvested energy in T1

can be approximated as

ER ≈ ζ|hSR|2P1T1
(dSR)

αSR
, (4.2)

where ζ is energy conversion efficiency, ζ ∈ (0, 1). In T2, s2 is transmitted at node S and selective DF

relaying is employed at node R in T3. This implies, if node R correctly decodes the symbol s2, the

symbol is forwarded to the destination D with power P3 (= ER/T3) in the time slot T3. Otherwise

node R remains idle (P3 = 0). The signals received at node D via direct and relay links on correct

decoding at the relay are combined in slot T3 using EGC [36] as

y = exp(−∠hSD)y2D + exp(−∠hRD)y3D

=

(
√

P2T2(dSD)
−αSD |hSD|+

√

P3T3(dRD)
−αRD |hRD|

)

s2

+
(

exp(−∠hSD)n2D+exp(−∠hRD)n3D

)

, (4.3)

where ∠(·) represents the argument’s angle.

The data is detected at node R in slot T2 using the decision rule

ŝ = arg

{

max
p∈S

Re
(

p∗ exp(−∠hSR)y2R
)

}

. (4.4)
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If the detection is incorrect at node R, then node D decides the data in slot T3 using the decision rule

ŝ = arg

{

max
p∈S

Re
(

p∗ exp(−∠hRD)y3D

)

}

. (4.5)

Otherwise, in case of correct detection at node R, node D uses the decision rule

ŝ = arg

{

max
p∈S

Re
(

p∗y
)

}

, (4.6)

where y is given in (4.3).

The ratio of the power exponent of the equivalent signal and noise components in (4.3) gives the

equivalent instantaneous SNR at node D. That is

γEGC =

(

√

P2T2(dSD)
−αSD |hSD|+

√

P3T3(dRD)
−αRD |hRD|

)2

(

exp(−∠hSD)n2D + exp(−∠hRD)n3D

)2

=
(

ν1|hSD|+ ν2|hSR||hRD |
)2
, (4.7)

where ν1 =
√

P2T2 (dSD)
−αSD/(2N0) and ν2 =

√

ζP1T1 (dSR)−αSR(dRD)
−αRD/(2N0). The instanta-

neous SNRs of SR, RD, and SD links are given by

γSR =
P2T2|hSR|2
(dSR)

αSRN0
, (4.8a)

γRD =
ζP1T1|hSR|2|hRD|2

(dSR)αSR(dRD)αRDN0
, and (4.8b)

γSD =
P2T2|hSD|2
(dSD)

αSDN0
, (4.8c)

respectively. Owing to Nakagami-m fading, the PDF of the fading amplitude |hij | is given by

f|hij|(|hij |) =
2m

mij

ij |hij |2mij−1

Γ(mij)λ
mij

ij

exp

(

−mij|hij |2
λij

)

, (4.9)

where mij is Nakagami-m fading parameter of ij ∈ {SR,SD,RD} link and Γ(·) is gamma function.

The average link SNRs for the SR, RD, and SD links are obtained by taking expectation of the
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instantaneous link SNRs in (4.8) as

γ̄SR =
P2T2λSR

(dSR)
αSRN0

, (4.10a)

γ̄RD =
ζP1T1λSRλRD

(dSR)
αSR(dRD)αRDN0

, and (4.10b)

γ̄SD =
P2T2λSD

(dSD)
αSDN0

, (4.10c)

respectively.

Let P be the average transmission power required to communicate data from the source S to

the destination D. Then, the total energy consumed in the time slots T1, T2, and T3 is PT , where

T = T1 + T2 + T3. The energy in the three slots are P1T1, P2T2, and P3T3, respectively. Since the

relay node is WP; energy harvested in the time slot T1 is used to forward the data at node R in T3.

That is, the relay does not consume any additional energy and therefore, we have PT = P1T1 +P2T2.

This can be rewritten as

τP1 +
(1− τ

2

)

P2 = P or β1 + β2 = 1 , (4.11)

where fractions of total energy consumed in T1 and T2 are given by

β1 = τ
P1

P
and β2 =

1− τ

2

P2

P
, (4.12)

respectively.

We note that for P1 = P2 = P (or β1 = τ) the analysis presented in this work for WPCN is reduced

to the analysis for TS based SWIPT network [71]. β1 = τ corresponds to the time fraction of the

received signal allocated for EH and β2 = (1 − τ)/2 corresponds to the remaining time fraction used

for ID at the relay R in the SWIPT network. Hence, the optimization for energy fraction is reduced to

the optimization for time fraction. In [71], the analysis is presented for TS and PS based two-hop DF

relaying. Though, the corresponding optimization of time and power fractions is not provided there.

4.3 Performance Analysis

In this section, expressions of average SER are analyzed for the system when i) SD link assists in

data transmission and ii) SD link does not assist in data transmission because it is deeply faded. The
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expressions are derived in the terms of univariate Meijer-G and bivariate Fox-H functions. Univariate

Meijer-G function is represented in single Mellin-Barnes integral form as [162, eq. (8.2.1.1)]

Gm1,n1
p1,q1

[

x

∣

∣

∣

∣

a1, . . . , ap1
b1, . . . , bq1

]

=
1

2π

∫

C
θ(p)x−pdp, (4.13)

where C is the contour of the integration and

θ(p) =

∏m1
j=1 Γ(bj + p)

∏n1
j=1 Γ(1− aj − p)

∏q1
j=m1+1 Γ(1− bj − p)

∏p1
j=n1+1 Γ(aj + p)

.

The double Mellin-Barnes integral representation of bivariate Fox-H function is given as [163, eq.

(1.1)]

H
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


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
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∣

∣

∣
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
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=
1

(2π)2

∫

C1

∫

C2

φ(p, q)θ1(p)θ2(q)x
−py−qdpdq, (4.14)

where C1 and C2 represent integral contours, and the definition of φ(p, q), θ1(p), and θ2(q) is followed

from [163, eqs. (1.2), (1.3), and (1.3a)], respectively for p = −s and q = −t. In this chapter, contours

of the integrals in (4.13) and (4.14) are lines1 parallel to the imaginary axis. Therefore, it is possible

to numerically evaluate Meijer-G and bivariate Fox-H functions in mathematical softwares, such as

MATLAB and MATHEMATICA by performing line integration along the strip of analyticity (SoA) [164],

[165]. In the literature, different representations for the Meijer-G and the Fox-H functions are used.

In [163, eq. (1.1)], [166, eq. (9.301)], and [167], the SoA of the corresponding integrals is considered

to be in the left-half of the complex plane whereas in [162, eqs. (8.2.1.1) and (8.3.1.1)] and [165], the

right-half of the complex plane is considered. In this chapter, we use (4.13) and (4.14), where SoA of

the integrals lies in the right-half of the complex plane.
1Contours are loops ensuring poles of complex gamma functions in numerator of the integrand are separated to

guarantee the convergence of integrals [163,164].

68

Abstract-TH-2151_136102001



4.3 Performance Analysis

4.3.1 Analytical Average SER

The average SER for the two cases is analyzed using MGF based approach. The PDF and MGF

of γSR, γSD, γRD, and γEGC are used in the intermediate steps of the analysis.

4.3.1.1 With SD Link

We analyze the end-to-end average SER for the case when SD link assists in data transmission and

the signals received from SD and RD links are combined using EGC principle (4.7) at the destination.

Therefore, using (4.7) the equivalent instantaneous SNR at the destination is

γEGC = (t1+t2)
2; t1=ν1|hSD| and t2=ν2|hSR| |hRD |, (4.15)

where t1 follows Nakagami-m distribution with fading parametermSD and mean power γ̄1 = E[(t1)
2] =

λSD(ν1)
2. The PDF of t2 is analyzed in Appendix A.1 as

ft2(t2) =
2mSRmRDt2

Γ(mSR)Γ(mRD)γ̄2
G2,0

0,2

[

mSRmRD(t2)
2

γ̄2

∣

∣

∣

∣

−
mSR − 1,mRD − 1

]

, (4.16)

where γ̄2 = λSRλRD(ν2)
2. The PDFs of t1 and t2 are used in Appendix A.2 to analyze the PDF for

γEGC in (4.15), thus, the PDF is

fγ EGC
(γEGC) =

mSDmSRmRD γEGC
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(0, 1), (−2, 2)

(mSD−1, 1), (−1, 1)



































.

(4.17)

Next, the end-to-end conditional SER at node D on selective DF relaying is given by (3.12)

Pe(γSR, γSD, γEGC) = Pe(γSR)Pe(γSD) + (1− Pe(γSR))Pe(γEGC), (4.18)

where Pe(γϕ) is the conditional SER and γϕ is the instantaneous SNR of link ϕ ∈ {SR,SD, EGC}.

The instantaneous SNRs γSR, γSD, and γEGC are defined in (4.8a), (4.8c) and (4.7), respectively. The
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end-to-end average SER is obtained by taking expectation of (4.18), given by

Pe = E[Pe(γSD, γSR, γEGC)]

= Pe,SRPe,SD + (1− Pe,SR)Pe,EGC , (4.19)

where Pe,SR = E[Pe(γSR)], Pe,SD = E[Pe(γSD)], and Pe,EGC = E[Pe(γEGC)]. The expectation of

Pe(γϕ) is obtained using the MGF based approach [156, eq. (9.15)], that is expressed as

Pe, ϕ =
1

π

∫
(M−1)π

M

0
Mγϕ

( g

sin2 θ

)

dθ , (4.20)

where g = sin2(π/M) and Mγϕ(s) is MGF of γϕ given by

Mγϕ(s) =

∫ ∞

0
exp(−sγϕ)fγϕ(γϕ)dγϕ . (4.21)

The MGF of the SR (or SD) link under Nakagami-m fading is given using [156, Table 2.2] as

Mγϕ1
=

(

1 + s
γ̄ϕ1

mϕ1

)−mϕ1

, (4.22)

where ϕ1 ∈ {SR,SD} and γ̄ϕ1 = P2T2λϕ1(dϕ1)
−αϕ1/N0 is the average SNR at the receiving node.

Substituting (4.22) in (4.20), the average SER of link ϕ1 can be expressed as

Pe, ϕ1 =
1

π

∫
(M−1)π

M

0

(

1 +
gγ̄ϕ1

mϕ1 sin
2(θ)

)−mϕ1

dθ . (4.23)

The closed-form expression for Pe, ϕ1 in (4.23) is given in [168, eq. (19)]. Similarly, the MGF of γEGC

at node D is given by

MγEGC
(s) =

∫ ∞

0
exp(−sγEGC)fγEGC

(γEGC)dγEGC , (4.24)

where MγEGC
(s) is simplified using (4.14), (4.17), and (B.7) as

MγEGC
(s) =

mSDmSRmRD

Γ(mSD)Γ(mSR)Γ(mRD)γ̄1γ̄2s2
H



































mSRmRD

sγ̄2

mSD

sγ̄1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣







0,1

1,1













2,1

1,2













1,2

2,2







∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(−1; 1, 1)

(−3; 2, 2))

(−1, 2)

(mSR−1,1),(mRD−1,1)

(0, 1), (−2, 2)

(mSD−1, 1), (−1, 1)



































. (4.25)

70

Abstract-TH-2151_136102001



4.3 Performance Analysis

Using (4.20) and (4.25), an exact expression of the Pe,EGC can be obtained on splitting the limits of

integral in (4.20) into two parts ranging from (0 to π/2) and (π/2 to (M − 1)π/M). The expression

can be written in terms of bivariate Fox-H function and trivariate Fox-H function [169, eq. (1.1)].

Trivariate Fox-H function is a triple contour integral, which has computational challenges in math-

ematical softwares like MATLAB. The issues are (i) identifying the SoA, which may not be straight

forward and (ii) long computation time. Therefore, we use an approximation of (4.20) to simplify

the numerical evaluation. The approximation can be obtained using the conditional SER expression

Pe(γϕ) ≈ aMQ(
√

2gγϕ) mentioned in [19, Table 6.1], (4.24), and [156, eq. (4.2)]. That is

Pe, ϕ ≈ aM
π

∫ π
2

0
Mγϕ

( g

sin2 θ

)

dθ , (4.26)

where aM = 1 for M = 2 (BPSK modulation scheme) and aM = 2 for M ≥ 4. The approximation in

(4.26) is exact for BPSK and close for higher modulation orders. A simplified expression of Pe,EGC is

analyzed in Appendix A.3 on substituting (4.25) in (4.26) for ϕ = EGC as

Pe,EGC ≈ aMmSDmSRmRD

2
√
π Γ(mSD)Γ(mSR)Γ(mRD)γ̄1γ̄2g2

H



































mSRmRD

gγ̄2

mSD

gγ̄1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣







0,2

2,2













2,1

1,2













1,2

2,2







∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(−1; 1, 1), (−3/2; 1, 1)

(−3; 2, 2), (−2; 1, 1)

(−1, 2)

(mSR−1,1),(mRD−1,1)

(0, 1), (−2, 2)

(mSD−1, 1), (−1, 1)



































. (4.27)

An approximate expression of the end-to-end average SER can be obtained on substituting (4.23)

and (4.27) in (4.19).

4.3.1.2 Without SD Link

We analyze the end-to-end average SER for the system when SD link is deeply faded. Therefore,

data at the source S is transmitted using SR and RD links (SRD link) only. The data is correctly

decoded at the destination D only if it is correctly received over both SR and RD links. Thus, the

end-to-end conditional SER is given by

Pe(γSR, γRD) = 1− (1− Pe(γSR))(1 − Pe(γRD)), (4.28)
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where Pe(γϕ2) is the conditional SER of ϕ2 ∈ {SR,RD} link and γϕ2 is the corresponding instan-

taneous SNR defined as in (4.8a) and (4.8b). The end-to-end average SER is obtained by taking

expectation of (4.28) as

Pe = E[Pe(γSR, γRD)]

= 1− (1− Pe,SR)(1− Pe,RD) , (4.29)

where Pe,SR = E[Pe(γSR)] and Pe,RD = E[Pe(γRD)]. Pe,SR is given in (4.23) for ϕ1 = SR and Pe,RD

is obtained using the MGF based approach. The PDF of the instantaneous link SNR γRD = 2(t2)
2,

where t2 = ν2|hSR||hRD| is obtained using (4.16) as

fγRD
(γRD) =

mSRmRD

Γ(mSR)Γ(mRD)γ̄RD
G2,0

0,2

[

mSRmRDγRD

γ̄RD

∣

∣

∣

∣

−
mSR − 1,mRD − 1

]

, (4.30)

where γ̄RD = 2γ̄2. The corresponding MGF is obtained on substituting (4.30) in (4.21) and following

the steps adopted in Appendix A.1 as

MγRD
(s) =

mSRmRD

Γ(mSR)Γ(mRD)sγ̄RD

G2,0
0,2

[

mSRmRD

sγ̄RD

∣

∣

∣

∣

0

mSR − 1,mRD − 1

]

. (4.31)

An approximate and computationally efficient expression for the average SER of RD link can be

analyzed on substituting (4.31) in (4.26) for ϕ = RD. Therefore, Pe,RD is

Pe,RD ≈ aM mSRmRD

πΓ(mSR)Γ(mRD)

∫ π/2

0

sin2(θ)

gγ̄RD
G2,0

0,2

[

mSRmRD sin2(θ)

gγ̄RD

∣

∣

∣

∣

0

mSR − 1,mRD − 1

]

. (4.32)

A closed-form solution of (4.32) can be obtained using (4.13) and (A.11). Thus, we have

Pe,RD ≈ aM mSRmRD

2
√
πΓ(mSR)Γ(mRD)gγ̄RD

G2,2
2,3

[

mSRmRD

gγ̄RD

∣

∣

∣

∣

0,−1/2

mSR − 1,mRD − 1,−1

]

. (4.33)

An approximate expression of the end-to-end average SER is obtained on substituting (4.23) and

(4.33) in (4.29).

4.3.2 Asymptotic Average SER

In this subsection, high SNR approximations of the end-to-end average SER are analyzed for the

system with and without SD link.
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4.3.2.1 With SD Link

The end-to-end average SER in (4.19) for γ̄ϕ → ∞ is given by

P∞
e ≃ P∞

e,SRP
∞
e,SD + P∞

e,EGC , (4.34)

where P∞
e,SR, P

∞
e,SD, and P

∞
e,EGC are the high SNR approximations of Pe,SR, Pe,SD, and Pe,EGC, respec-

tively. Now, P∞
e,SD and P∞

e,SR can be obtained using the high SNR approximation of MGF in (4.22),

that is, Mϕ1(s) ≈ (sγ̄ϕ1/mϕ1)
−mϕ1 and (4.26) as

P∞
e,ϕ1

≈ aMΓ(1/2 +mϕ1)

2
√
πΓ(1 +mϕ1)

(

mϕ1

gγ̄ϕ1

)mϕ1

. (4.35)

In order to determine P∞
e,EGC, we approximate PDF and MGF of γEGC at high SNR. Since EGC

combines signal received via independent SD and RD links, PDF and MGF of γEGC are approximated

at high SNR for each link individually.

The PDF in (4.16) is rewritten using (B.4) as

ft2(t2) =
4 (t2)

(mSR+mRD−1)

Γ(mSR)Γ(mRD)

(

mSRmRD

γ̄2

)

(mSR+mRD
2

)

KmSR−mRD

(
√

4mSRmRD(t2)2

γ̄2

)

, (4.36)

where Kr(y) is the r-th order modified Bessel’s function of the second kind. Now, using the relation

(B.6), (4.36) can be approximated for γ̄2 → ∞. We find two cases while doing the approximation: a)

(mSR −mRD) = 0 and b) |mSR −mRD| > 0.

a) For (mSR −mRD) = 0: Let mSR = mRD = ma, the approximation of (4.36) realized using

(B.6) is

f∞t2 (t2) ≈ −4 (t2)
(2ma−1)

(Γ(ma))2

(

(ma)
2

γ̄2

)ma

ln





√

4ma
2(t2)

2

γ̄2



. (4.37)

Using (4.37) and A.6, an approximation of fγEGC
(γEGC) is analyzed in Appendix A.4 as

f∞γEGC
(γEGC) ≈ 2Γ(1 + 2mSD)Γ(2ma)(mSD +ma)

Γ(1 +mSD)Γ(1 + 2mSD + 2ma)(Γ(ma))2

(

mSD

γ̄1

)mSD
(

(ma)
2

γ̄2

)ma

×
(

2Dn − 1

(mSD +ma)
− ln

(

4G2(ma)
2γEGC

γ̄2

))

(γEGC)
(mSD+ma−1), (4.38)

where ln(G2) =
∞
∑

n=1
(2(2ma − 1))/(n(n+ 2ma − 1)) and Dn = (2mSD+2ma)

∞
∑

n=1
(Γ(n+ 2mSD + 2ma))
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/(nΓ(1 + n+ 2mSD + 2ma)). The corresponding MGF is determined using (4.24), (4.38), (B.7) and

(B.9) as

M∞
γEGC

(s) ≈ 2Γ(1 + 2mSD)Γ(2ma)Γ(1 +mSD +ma)

Γ(1 +mSD)Γ(1 + 2mSD + 2ma)(Γ(ma))2

(

mSD

sγ̄1

)mSD
(

(ma)
2

sγ̄2

)ma

×
(

2Dn − ψ(mSD +ma)−
1

(mSD +ma)
− ln

(

4G2(ma)
2

sγ̄2

))

, (4.39)

where ψ(·) is digamma function [170, eq. (6.3.1)]. The high SNR approximation of Pe,EGC is obtained

using (4.26) and (4.39) followed by some algebraic manipulations. The resultant expression is

P∞
e,EGC ≈ aMΓ(1 + 2mSD)Γ(2ma)Γ(1/2 +mSD +ma)√

πΓ(1 +mSD)Γ(1 + 2mSD + 2ma)(Γ(ma))2

×
(

mSD

gγ̄1

)mSD
(

(ma)
2

gγ̄2

)ma
(

− ψ(mSD +ma + 1/2) + ψ(mSD +ma + 1)

−ψ(mSD +ma)−
1

(mSD +ma)
− ln

(

4G2(ma)
2

gγ̄2

)

+ 2Dn

)

. (4.40)

We have used the relations
∫ π/2
0 (sin2(θ))mSD+madθ = (

√
πΓ(mSD +ma +1/2))/(2Γ(mSD +ma + 1))

and (B.10) to obtain the outcome presented in (4.40).

b) For |mSR −mRD| > 0: In this case, an approximation of (4.36) is obtained using (B.6) as

f∞t2 (t2) ≈ 2Γ(|mSR −mRD|)
Γ(mSR)Γ(mRD)

(

mSRmRD

γ̄2

)mb

(t2)
2mb−1, (4.41)

where mb = (mSR +mRD −|mSR −mRD|)/2. Next, we obtain fγEGC
(γEGC) using (4.41) and adopting

steps followed for analyzing (4.38) as

f∞γ EGC
(γEGC) ≈ Γ(1 + 2mSD)Γ(|mSR −mRD|)Γ(2mb)

Γ(1 +mSD)Γ(mSR)Γ(mRD)Γ(2mSD + 2mb)

×
(

mSD

γ̄1

)mSD
(

mSRmRD

γ̄2

)mb

(γEGC)
mSD+mb−1. (4.42)

Using (4.24) and (4.42), the approximate expression of MGF is written as

M∞
γEGC

(s) ≈ Γ(1 + 2mSD)Γ(|mSR −mRD|)Γ(2mb)

Γ(1 +mSD)Γ(mSR)Γ(mRD)Γ(2mSD + 2mb)

×Γ(mSD +mb)

(

mSD

sγ̄1

)mSD
(

mSRmRD

sγ̄2

)mRD
. (4.43)
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P∞
e,EGC can be analyzed using (4.26) and (4.43) as

P∞
e,EGC ≈ aMΓ(1 + 2mSD)Γ(|mSR −mRD|)Γ(2mb)Γ(mSD +mb)

2πΓ(1 +mSD)Γ(mSR)Γ(mRD)Γ(2mSD + 2mb)

×B
(

1

2
,mSD +mb +

1

2

)(

mSD

gγ̄1

)mSD
(

mSRmRD

gγ̄2

)mb

, (4.44)

where B(x, y) = Γ(x)Γ(y)/Γ(x+ y) is beta function.

The high SNR approximations of P∞
e,EGC for (mSR−mRD) = 0 and |mSR−mRD| > 0 in (4.40) and

(4.44), respectively are unified as

P∞
e,EGC ≈ A1(B1 + ρ1 ln(γ̄2))

(γ̄1)
mSD(γ̄2)µ1

. (4.45)

A1, B1, µ1, and ρ1 are defined for each case as follows

a) For (mSR −mRD) = 0: µ1 = ma, ρ1 = 1,

A1 =
aMΓ(1 + 2mSD)Γ(2ma)Γ(1/2 +mSD +ma)(mSD)

mSD(ma)
2ma

√
πΓ(1 +mSD)Γ(1 + 2mSD + 2ma)(Γ(ma))2g

mSD+ma

and

B1 =

(

−ψ(mSD +ma + 1/2) + ψ(mSD +ma + 1)− ψ(mSD +ma)

− 1

(mSD +ma)
− ln

(

4G2(ma)
2

g

)

+ 2Dn

)

.

b) For |mSR −mRD| > 0: µ1 = mb, ρ1 = 0, B1 = 1 and

A1 = B (1/2,mSD +mb + 1/2) (mSD)
mSD (mSRmRD)

mSR

× aMΓ(1 + 2mSD)Γ(|mSR −mRD|)Γ(2mb)Γ(mSD +mb)

2πΓ(1 +mSD)Γ(mSR)Γ(mRD)Γ(2mSD + 2mb)g
mSD+mb

.

Using (4.34), (4.35) and (4.45), asymptotic expression of the end-to-end average SER is given by

P∞
e ≈ Z1

(γ̄SD)
mSD(γ̄SR)

mSR
+

A1(B1 + ρ1 ln(γ̄2))

(γ̄1)
mSD(γ̄2)µ1

, (4.46)

where

Z1 =
(aM )2Γ(1/2 +mSD)Γ(1/2 +mSR)(mSD)

mSD(mSR)
mSR

4πΓ(1 +mSD)Γ(1 +mSR)g
mSD+mSR

.
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4.3.2.2 Without SD Link

The high SNR approximation of the end-to-end SER in (4.29) is given by

P∞
e ≃ P∞

e,SR + P∞
e,RD , (4.47)

where P∞
e,SR and P∞

e,RD are the high SNR approximation of Pe,SR and Pe,RD, respectively. P
∞
e,SR is

same as (4.35) for ϕ1 = SR and P∞
e,RD is determined using the high SNR approximation of the PDF

expression in (4.30). Now, to determine P∞
e,RD, f

∞
γRD

(γRD) is obtained using (4.30), (B.4) and (B.6)

for the cases: a) (mSR −mRD) = 0 and b) |mSR −mRD| > 0 as

f∞γRD
(γRD) ≈ −(γRD)

ma−1

(Γ(ma))2

(

(ma)
2

γ̄RD

)ma

ln

(

4(ma)
2γRD

γ̄RD

)

(4.48)

and

f∞γRD
(γRD) ≈ Γ(|mSR −mRD|)(γRD)

mb−1

Γ(mSR)Γ(mRD)

(

mSRmRD

γ̄RD

)mb

, (4.49)

respectively. The corresponding average SER expressions for cases a) and b) can be analyzed on

adopting the steps followed to analyze (4.40) and (4.44), respectively. Thus, the unified expression of

P∞
e,RD for the two cases can be written as

P∞
e,RD ≈ A2(B2 + ρ2 ln(γ̄RD))

(γ̄RD)µ2
. (4.50)

A2, B2, ρ2, and µ2 are defined for each case as follows

a) For (mSR −mRD) = 0 : µ2 = ma, ρ2 = 1, A2 = (aMΓ(1/2 + ma)(ma)
2ma)/(2

√
πΓ(ma)Γ(1 +

ma)g
ma), and B2 = −ψ(ma)− ψ(ma + 1/2) + ψ(ma + 1)− ln(4(ma)

2/g).

b) For |mSR −mRD| > 0: µ2 = mb, ρ2 = 0, B2 = 1, and

A2 =
aMΓ(|mSR −mRD|)Γ(1/2 +mb)Γ(mb)(mSRmRD)

mb

2
√
πΓ(mSR)Γ(mRD)Γ(1 +mb)gmb

.

The asymptotic expression for the end-to-end average SER is obtained using (4.35), (4.47) and (4.50)

as

P∞
e ≈ Z2

(γ̄SR)
mSR

+
A2(B2 + ρ2 ln(γ̄RD))

(γ̄RD)µ2
, (4.51)

where

Z2 =
aMΓ(1/2 +mSR)(mSR)

mSR

2
√
πΓ(1 +mSR)g

mSR
.

76

Abstract-TH-2151_136102001



4.4 Resources Optimization

4.4 Resources Optimization

In this section, we optimize the fractions of the total energy assigned for slots T1 and T2, such

that the asymptotic average SER obtained in (4.46) and (4.51) are minimum. The optimal value of

energy is then used to determine the power transmitted in slots T1 and T2 and the corresponding slot

duration.

The asymptotic average SER of the system with and without SD link in (4.46) and (4.51), respec-

tively can be rewritten in terms of average link SNRs on considering2 γ̄1 = γ̄SD/2 and γ̄2 = γ̄RD/2.

Therefore, P∞
e for the system with and without SD link are rewritten as

P∞
e =

Z1

(Aγ̄)mSD(Bγ̄)mSR(1−β1)mSD+mSR
+

A1(B1 + ρ1 ln (ηCγ̄β1/2))

(Aγ̄/2)mSD(ηCγ̄/2)µ1(1− β1)
mSD(β1)µ1

(4.52)

and

P∞
e =

Z2

(Bγ̄)mSR(1− β1)
mSR

+
A2

(

B2 + ρ2 ln (ηCγ̄β1)
)

(ηCγ̄)µ2(β1)µ2
, (4.53)

respectively, where γ̄ = PT/N0 and A, B, and C are channel gains of SD, SR, and SRD links,

respectively. The channel gains are defined as A = λSD/(dSD)
αSD , B = λSR/(dSR)

αSR , and C =

λSRλRD/
(

(dSR)
αSR(dRD)αRD

)

. On applying the second-order conditions [158], it is easy to show

that (4.52) and (4.53) are convex functions of β1 ∈ (0, 1). This guarantees that an optimal value of β1

exists in the range. We employ Golden-section search method [73] to identify optimal value of β1 for

the system with and without SD link. The optimal value of β1 for the system with and without SD

link are denoted by β∗w and β∗wo, respectively.

Using (4.11), the optimal solution of the energy consumed in T2 is (1 − β∗ι ), ι ∈ {w,wo}. The

optimal power transmitted by node S in the first two slots and the corresponding slot duration can be

obtained using (4.12) and the optimal solution of energy for slots T1 and T2. Considering the optimal

solution of τ is same for all the slots, that is, τ∗ = 1/3, (or T1 = T2 = T3 = T/3); using (4.11) we get

P1 + P2 = 3P , which implies the power-ratios P1/P , P2/P ∈ (0, 3). Hence, using (4.12) the optimal

power allotted to slots T1 and T2 are given by P ∗
1 = 3β∗1P and P ∗

2 = 3β∗2P , respectively. Similarly,

considering the optimal solution of power transmitted in slots T1 and T2 is same, that is, P ∗
1 = P ∗

2

2Substituting ν1 and ν2 from (4.7) into the definition of γ̄1 and γ̄2 in Section 4.3 and comparing the result with (4.10)
yield the relation between γ̄1, γ̄SD, γ̄2, and γ̄RD.
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(= 2P/(1 + τ∗)), then the optimal time-ratio is obtained using (4.11) and (4.12) as τ∗ = β∗1/(2− β∗1).

4.4.1 Special Case: mij = 1 (Rayleigh Fading)

If the system is Rayleigh faded, the corresponding asymptotic expression of average SER can be

realized by setting mij = 1 in (4.52) and (4.53) for the system with and without SD link, respectively.

For fading parameter mij = 1, we have ρ1 = 1, µ1 = 1, ρ2 = 2, and µ2 = 1 in (4.52) and (4.53). Also,

we get Z1 = (aM )2/(16g2), A1 = aM/(16g
2), B1 = 0.0769+ln(g) for (4.52) and Z2 = aM/(4g), A2 =

aM/(4g), B2 = −0.4228 + ln(g) for (4.53). MATLAB is used to solve the digamma function ψ(·) and

simplify these constants. The values ln(G2) =
∞
∑

n=1
2(n(n + 1))−1 ≃ 2 and Dn = 4

∞
∑

n=1
(n(n + 4))−1 ≃

4× 0.5208 are used to get the simplified form of B1. Thence, (4.52) and (4.53) can be written as

P∞
e =

(aM )2

16g2ABγ̄2(1− β1)2
+

aM (D1 + ln(β1))

4g2ζACγ̄2(1− β1)β1
(4.54)

and

P∞
e =

aM
4gBγ̄(1− β1)

+
aM (D2 + ln(β1))

4gζCγ̄β1
, (4.55)

respectively where D1 = (0.0769 + ln(gζCγ̄/2)) and D2 = (−0.4228 + ln(gζCγ̄)). The optimal value

of β1 can be obtained by differentiating (4.54) and (4.55) with respect to β1 and equating it to zero,

that is,

(aM )2

8g2ABγ̄2(1−β1)3
− aM

(

(D1+ln(β1))(1−2β1)− (1−β1)
)

4g2ζACγ̄2(β1)2(1−β1)2
= 0 (4.56)

and

aM
4gBγ̄(1− β1)2

− aM
(

− 1 + (D2+ln(β1))
)

4gζCγ̄(β1)2
= 0, (4.57)

respectively. Equations (4.56) and (4.57) have a logarithmic term, which makes it difficult to simplify

these equations to obtain the exact expression for optimal β1. Therefore, we use the least square (LS)

based approximation of ln(β1) to obtain a suboptimal solution for β1. In (4.56) and (4.57), ln(β1)

can be approximated as ln(β1) ≈ b1β1 + b2, where the coefficients b1 = 2.0209 and b2 = −1.7963

are evaluated in MATLAB using the relations of b1 and b2 given in [171]. Thus, (4.56) and (4.57) are
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rewritten as

aM
2B(1−β1)

−
(

−1 + b2 +D1 + (1 + b1 − 2(b2 +D1))β1 − 2b1(β1)
2
)

ζC(β1)2
= 0 (4.58)

and

1

B(1− β1)2
− −1 + D2 + b2 + b1β1

ζC(β1)2
= 0, (4.59)

respectively. Equations (4.58) and (4.59) are cubic polynomials of the form

(β1)
3 + a(β1)

2 + bβ1 + c = 0 , (4.60)

where the coefficients are defined as

a =
(

− 1− 3b1 + 2(b2 +D1)− ζaMC/(2B)
)

/(2b1),

b =
(

2 + b1 − 3(b2 +D1)
)

/(2b1), and

c =
(

− 1 + b2 +D1

)

/(2b1)

for the system with SD link and

a =
(

(−1 + b2 +D2)− 2b1 − ζC/B
)

/b1,

b =
(

− 2(−1 + b2 +D2) + b1
)

/b1, and

c =
(

− 1 + b2 +D2

)

/b1

for the system without SD link. We can see that the coefficients for the system with SD link are

independent of the channel quality of SD link. Hence, the suboptimal resource allocation is indepen-

dent of SD link quality under Rayleigh fading environment. Furthermore, the suboptimal resource

allocation for the system without SD link is independent of aM , that is, modulation oder.

Coefficients a, b, and c are real. Let U = (a2 − 3b)/9 and V = (2a3 − 9ab + 27c)/54, then at

high SNRs V 2 < U3 holds. The three real roots of (4.60) are obtained using [172, p. 179] as β1,1 =

−2
√
U cos(θ/3) − a/3, β1,2 = −2

√
U cos((θ + 2π)/3) − a/3, and β1,3 = −2

√
U cos((θ − 2π)/3) − a/3,

where θ = arccos
(

V/
√
U3
)

. Hence, the suboptimal solution of β1 for the system with and without
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SD link denoted by β+w and β+wo, respectively can be obtained as

β+ι = β1,ℓ , if β1,ℓ ∈ (0, 1) , for ℓ = {1, 2, 3}, ι ∈ {w,wo} . (4.61)

Using (4.11) and (4.61), the suboptimal solution for the energy consumed in T2 is (1−β+ι ). Since, the

suboptimal value for the fraction of total energy consumed in T1 and T2 is known, the suboptimal power

and time for the respective slot can be found using (4.12). Similar to the optimal resource allocation

in case of Nakagami-m fading, we consider two cases when i) the three time slots are equally divided,

that is, T1 = T2 = T3 = T/3 or τ = 1/3 and ii) power transmitted in slots T1 and T2 is same, that is,

P1 = P2. In case i), the suboptimal power allocated in slots T1 and T2 can be obtained using (4.12) as

P+
1 = 3β+1 P and P+

2 = 3β+2 P , respectively. In case ii), the suboptimal value of τ found using (4.11)

and (4.12) is τ+ = β+1 /(2 − β+1 ).

4.5 Diversity Order and Throughput

The analytical and asymptotic average SER expressions obtained in the earlier sections can be

used to investigate the DO and the throughput of the system.

4.5.1 Diversity Order

The asymptotic average SER expressions in (4.46) and (4.51) can be used to analyze the achievable

DO of the system with and without SD link, obtained using (3.68) as

DO1 = min

{

mSD +mSR,

(

mSD + µ1 − ρ
ln(ln(γ̄))

ln(γ̄)

)}

(4.62)

and

DO2 = min

{

mSR,

(

µ2 − ρ
ln(ln(γ̄))

ln(γ̄)

)}

, (4.63)

respectively, where ρ = 1 for mSR = mRD and ρ = 0 otherwise. At high SNRs, γ̄ = PT/N0 is the

limiting variable in (4.62) and (4.63). Consider mSR = mRD, then at high SNRs DO1 and DO2 vary

logarithmically with SNR and the maximum value is achieved when ln(ln(γ̄))/ ln(γ̄) tends to 0. This

suggests that when the fading parameters of SR and RD links are identical, maximum DO is achieved

at a rate slower than that of the conventional relay systems [72,73].
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4.5.2 Throughput

We define throughput for the system as

ξ =

(

1− τ

2

)(

log2(M)

2

)

(

1− Pb

)

, (4.64)

where (1 − τ)/2 is the fraction of total time used for non-repeated data transmission, that is, T2/T ,

(log2(M))/2 is the count of bits communicated per second per Hertz (bps/Hz) for the given modulation

orderM [3, eq. (6.52)], and Pb is the average BER at the destination. The average BER can be defined

in terms of average SER by Pb ≈ Pe/ log2(M), where Pe is the average end-to-end SER for the system.

In case of system without direct link, Pe is obtained on substituting (4.23) and (4.33) in (4.29), whereas

for the system with direct link Pe is found by putting (4.23) and (4.27) in (4.19). At high SNR, Pb → 0,

thus

ξ ≈
(

1− τ

2

)(

log2(M)

2

)

. (4.65)

Note that, throughput of the system employing the transmission technique given in Figure 4.1 is

less than that of the conventional relay system by a factor of (1− τ). Throughput of the conventional

relay system can be approximated as log2(M)/4. As τ tends to 0, throughput of the system is close

to that of the conventional relay system. Furthermore, the throughput defined in (4.64) is a com-

munication theoretic performance metric and differs from that used in [41,125] and other references,

which measure the throughput as a function of information theoretic performance matrices, outage

probability, capacity, etc.

4.6 Numerical Results

In this section, numerical results for the performance metrics analyzed in Sections 4.3, 4.4, and 4.5

are plotted to examine the performance of the WP DF relay system. The expressions for the average

SER are derived in terms of univariate Meijer-G and bivariate Fox-H functions which are evaluated in

MATLAB 13a using the Mupad package and [165, Appendix], respectively. The system model described

in Section 4.2 is emulated in MATLAB to obtain the simulation results. Energy conversion efficiency

ζ, time T , and channel gains are considered to be unity unless otherwise stated, thus ζ = 1, T = 1,

and λij(dij)
−αij = 1. ζ = 1 corresponds to maximum energy conversion efficiency. The noise PSD is

considered as N0 = 10−4 watts per hertz (W/Hz) and the average transmission power P is represented

in dBm.
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Figure 4.2: Comparison of average SER for WP three-node DF relay system with and without direct (SD)
link with respect to average transmission power P .

Figure 4.2 compares the average SER performance of the WP DF relay system with and without

direct (SD) link with respect to the average transmission power P . The results are plotted for

modulation orders M = 2, 4, 8 and fading parameters mSD = 1, mSR = 2.2 , mRD = 1.2. We

consider that the total transmission time is equally divided among all the three slots, that is, τ = 1/3.

The power assigned to the source in T1 is assumed as P1/P = x = 1, therefore using (4.11) P2/P =

3− x = 2. In case of the system with SD link, analytical results are computed by substituting (4.23)

and (4.27) in (4.19), whereas for the system without SD link average SER is plotted using (4.23),

(4.29), and (4.33). Simulation results are also shown and they are found to be in perfect agreement

with the analytical results, thus validating our analysis. The corresponding asymptotic results are

plotted using (4.46) and (4.51), and they are found to be close approximation of the average SER at

high SNRs. Note that, for |mSR −mRD| = 0 asymptotic average SER may result in a relatively loose

bound.

In Figure 4.3, plots for average SER versus average transmission power are shown for different

fading parameters mij and 4-PSK (M = 4) when direct link is considered. Slot durations and trans-
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Figure 4.3: Average SER versus average transmission power P with variation in fading parameters mij .

mission power are assumed to be same as considered for Figure 4.2. In Figure 4.3, it is observed that

the average SER decreases with increase in mij , implying improvement in performance of the system.

Also, the effect of increment in mSR is more on the system performance when compared to mRD.

This is because the increment in mSR corresponds to better connectivity between the source and the

relay. Thus, enhancing EH and the detection capability at node R. Increment in mRD corresponds to

better RD link quality, which adds to the system performance if data is correctly decoded at node R.

It can also be observed from the figure that there is a significant improvement in performance when

fading parameter of both SR and RD links increases.

In Figures 4.4 and 4.5, variation of average SER versus average transmission power is plotted for

the WP relay system with and without SD link for different value of β1. 4-PSK modulation scheme

(M = 4) is considered and fading parameters are taken asmSD = 1,mSR = 2, andmRD = 2. In Figure

4.4, τ is considered to be 1/3, that is, T1 = T2 = T3, and plots corresponding to different fractions

of total transmitted power in the first time slot x = P1/P are shown. Plot for optimal x∗(= 3β∗1)

is also shown in Figure 4.4. In Figure 4.5, power transmitted in slots T1 and T2 are considered to

be equal P1 = P2 and plots for different value of τ are shown. Plot for optimal τ∗(= β∗1/(2 − β∗1) is
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Figure 4.4: Variation of average SER with the average transmission power P for τ = 1/3.
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also shown. We observe that the average SER for optimal resource allocation is minimum as seen in

Figures 4.4 and 4.5. It is also observed that the average SER for plots corresponding to optimal power

and optimal time allocation are same. This is because of the same optimal energy consumption in

the respective phases. Furthermore, values of x∗ and τ∗ are smaller for the system with SD link than

that of the system without SD link. The reason is, presence of direct link offers diversity advance and

improves the performance of the system. Thus, reducing the optimal value of x∗ and τ∗ for the slot

T1. In this scenario, more energy can be assigned to the source for transmission in T2.

Variation of average SER for different dSR is shown in Figure 4.6 for average transmission power

P = 20 dBm, x = 0.5, and τ = 1/3. 4-PSK modulation scheme (M = 4) is considered and fading

parameters are taken as mSD = 0.6, mSR = 2.1, and mRD = 1.5. The three nodes are considered

to be coplanar, therefore dSR + dRD ≥ dSD. A pictorial representation of a two-dimensional nodes

placement and relay location is shown in Figure 4.7.3 In Figure 4.6, Nodes S and D are 2 unit apart

and the path loss exponent of all the links is considered to be αij = 3. We further assume that each

link possesses unit mean power, that is, λij = 1. The analysis we present below follows for different

values of dSD, αij , and λij as well. It is observed from Figure 4.6 that the performance is better if

node R is located close to node S. The performance degrades when node R moves away from node

S and then improves when node R is close to node D. This is due to the fact that when node R is

close to node S, more energy can be harvested at R in slot T1, hence higher P3 is available at node R

for transmission in slot T3, covering a relatively farther destination. Similarly, when node R is close

to node D, relatively small energy can be stored at node R in slot T1, but the energy is sufficient for

communication to the destination. Since the distance dRD is relatively smaller. Hence, the system

performs better when node R is close to either the source or the destination. We observe from Figure

4.6, the optimal location of node R is closer to node S [41,75]. Also, the improvement in performance

on the optimum resource allocation for different dSR is more in the system without SD link. The

crossover of curves suggests that on optimal resource allocation the system without SD link may

perform better than the system with SD link. The possibilities are more when node R is located close

3 In Figure 4.7, the inter-node distance follows the relation dSR + dRD = βdSD, β ≥ 1. The three nodes are collinear
for β = 1, which is represented by path β0. The non-collinear paths are represented by β1, β2 for β2 > β1 > β, β > 1.
For any value of β other than unity there exist two paths, one in the upper half of the SD line and another in the lower
half. The analysis for the two paths corresponding to β1, β2 or any β > 1 remain same. A more compact two-dimensional
node placement has been considered in [126], where relay location follows an elliptical path. The consideration of nodes
placement as in Figure 4.7 provides relatively simplified analysis, as relay paths are controlled by a single factor β. Note
that, the notations β1, β2 refer to relay paths only when we refer to Figure 4.7, otherwise they are meant for energy
fractions (4.12).
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Figure 4.7: An illustration of a two-dimensional nodes placement and relay location.
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to node S. On optimal resource allocation the system with SD link outperforms the system without

SD link.

In Figure 4.8, average SER versus dSR plots are shown to check the variation in the optimal

relay location with change in the values of energy conversion efficiency, ζ ∈ {0.4, 0.6, 0.8, 1.0}. The

system with SD link is considered and results are shown for 4-PSK modulated data. The nodes

placement, fading parameters, and values of P, x, τ are considered as in Figure 4.6. We observe from

Figure 4.8 that the optimal relay location lies near the source node for all values of ζ. With increase

in ζ, the system’s performance improves and the relative improvement in the performance decreases.

Similar analysis follows for the system without SD link and the systems enabled with optimal resource

allocation.

Further, variation of average SER with dSR for different values of β ∈ {1.0, 1.1, 1.3, 1.5, 1.7, 1.9}

is shown in Figure 4.9. The system with SD link is considered. The modulation scheme, resource

allocation, and fading parameters are chosen as in Figures 4.6 and 4.8. Maximum energy conversion

efficiency is assumed, that is, ζ = 1. We observe from Figure 4.9 that the system’s performance

degrades with increase in β, as expected. Moreover, the optimal relay location lies near the source

node for all values of β. Similar analysis follows for the system without SD link and the systems

enabled with optimal resource allocation.

In Figure 4.10, average SER of WP relaying system with and without SD link is plotted with P1/P

for λSR ∈ {1, 10}, λRD ∈ {1, 10}, λSD = 1, and τ = 1/3. BPSK modulation scheme is considered and

fading parameters are taken as mij = 1. The performance is compared with that of direct transmission

for mean power λSD = 1. Nodes are considered to be coplanar and node R is placed at dSR = 0.3dSD

for the node arrangement as in Figure 4.6. The path loss exponent of all the links is considered to be

equal, αij = 3. The average transmission power for the WP relay system is taken as 20 dBm, which is

same as the transmission power in case of direct transmission. We consider equal total transmission

time for WP relaying and direct transmission.

In WP system, the power-ratio varies in the range P1/P ∈ (0, 3), whereas it is constant for direct

transmission. Therefore, direct transmission exhibits constant average SER for different P1/P . For the

assumptions considered, it can be observed from the figure that the WP relaying system with SD link

outperforms the other two systems. Also, the WP relaying system without SD link performs better

than direct transmission for improved channel conditions. On optimal resource allocation (power in
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Figure 4.10: Average SER comparison of the WP relay system and direct transmission for M = 2, mij = 1,
and different mean power for each link λSR ∈ {1, 10}, λRD ∈ {1, 10}, and λSD = 1.
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this case), the performance can be significantly improved when compared to direct transmission. This

analysis can be useful for power allocation in different time slots assimilating Federal Communications

Commission limits. A similar analysis can be followed for P1 = P2, which can be useful in setting

different data transmission rate for varying channel conditions. Moreover, depending on the channel

conditions, the analysis can be used in deciding whether to transmit data directly from source to

destination or through the relay in presence or absence of SD link.

In Figure 4.11, we consider equal power allocation case (P1 = P2 = 2P/(1+ τ)) to plot throughput

in (4.64) versus τ for WP system with and without SD link. Modulation orders M = 2, 4, 8, 16

are considered and fading parameter of each link is taken as mij = 1. The deviation between the

analytical and the simulation results is because of the approximate relationship between the BER and

the SER. We observe from the plot that the throughput improves with increase in modulation order

M and the average transmission power (P ). The system with SD link posses better throughput than

the system without SD link.

Table 4.1 compares the suboptimal solution (β+1 ) obtained using (4.61) and the optimal solution

(β∗1) numerically evaluated solving (4.54) and (4.55) with the help of Golden-section search method

for the system with and without SD link under Rayleigh fading. Comparison is shown for BPSK

and 4-PSK modulation schemes with variation in P . The corresponding asymptotic average SERs

evaluated for β+1 and β∗1 are also shown. It is observed that the solutions β+1 and β∗1 obtained using

these two methods are in close proximity and the difference reduces further with the increase in P .

Moreover, line search methods involve multiple iterations to find out the optimal solution and hence

can take long computational time. Therefore, (4.60) and (4.61) can be used to efficiently compute

suboptimal solutions of the energy assigned to each slot for minimum average SER under Rayleigh

fading. We further observe that the average SERs computed for β+1 and β∗1 are same. Also, the

energy allocations and corresponding average SERs in the system without SD link are independent

of modulation order.

4.7 Conclusion

This chapter presents performance analysis of a three-node DF relay system with WP relay node.

Data is considered to beM -PSK modulated and channels are Nakagami-m faded. The data at source is

communicated to destination in three time slots; the first slot is employed for WPT and the other two

slots are used for WIT. The source node is assumed to have a dedicated power supply. The analysis is
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Table 4.1: Comparison of suboptimal (β+
1 ) and optimal (β∗

1 ) energy allotted to slot T1 and corresponding
average SER under Rayleigh fading for λij(dij)

−αij = 1.

System M
Energy and

average SER

P (dBm)

10 15 20 25

with SD link

2

β+1 0.3750 0.4123 0.4318 0.4440

P∞
e 3.4× 10−4 4.6× 10−5 5.8× 10−6 6.9× 10−7

β∗1 0.3778 0.4140 0.4329 0.4447

P∞
e 3.4× 10−4 4.6× 10−5 5.8× 10−6 6.9× 10−7

4

β+1 0.3040 0.3753 0.4057 0.4236

P∞
e 2.2× 10−3 3.2× 10−4 4.2× 10−5 5.1× 10−6

β∗1 0.3579 0.3975 0.4186 0.4321

P∞
e 2.2× 10−3 3.2× 10−4 4.2× 10−5 5.1× 10−6

without SD link

2

β+1 0.6189 0.6632 0.6929 0.7148

P∞
e 2.1× 10−2 8.2× 10−3 3.0× 10−3 1.1× 10−3

β∗1 0.6220 0.6646 0.6935 0.7151

P∞
e 2.1× 10−2 8.2× 10−3 3.0× 10−3 1.1× 10−3

4
β+1 0.6189 0.6632 0.6929 0.7148

β∗1 0.6220 0.6646 0.6935 0.7151

presented for the system with and without the SD link. We consider MGF based approach to analyze

the expressions of the average SER. High SNR approximations of the average SER are also obtained

to optimize the resources assigned for each slot and determine DO and throughput of the system. The

following observations are made: i) the system performs best on optimal resource allocation, ii) the

average SER and the throughput of the system enhance with increase in M , iii) increment in mSR

results in better performance when compared to increase in mRD, and iv) the performance improves if

the relay node is placed close to either source or destination; optimal results are achieved when relay is

placed close to source. The average SER and the throughput of the system with direct link is always

better when compared to the system without direct link for given energy assigned to each slot or on

optimal resource allocation. We also analyze suboptimal resource allocation for the special case when

mij = 1, which corresponds to Rayleigh fading. The suboptimal and optimal resource allocation are

in close proximity at high SNRs.
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5. WP DF Relay System under Nakagami-m and κ−µ Shadowed Fading: EH at Source Node

In this chapter, we examine the average SER of a WP relay system where the source node is energy-

constrained and harvests energy using RF signal radiated by the relay node. The energy-constrained

source node needs to harvest energy before it starts transmitting data. The analysis for such systems

can be vital in applications like wireless sensor networks, wireless body area networks, machine-to-

machine communication, and internet of things (IoT) entities, such as, smart home, medical implant,

etc., [66, 67].

5.1 Introduction

In the literature on wireless EH, relay node(s) are mostly considered to be energy-constrained

and wirelessly powered by source node(s), interferes, or dedicated power transmitter(s) [41,70,71,74].

However, in certain scenarios relay nodes can also be considered as energy suppliers when they are

in the range of source and destination node(s). In the literature, relatively less attention is given to

systems where source node is energy-constrained. In [77,128,129,152,153], energy-constrained source

node(s) rely on RF signals transmitted at relay and/or destination node(s) for EH. The performance of

these systems is analyzed in terms of throughput. In [77,128,129,152], the performance is investigated

either ignoring fading or assuming it constant. In a practical scenario, fading cannot be ignored

due to its adverse effects on the performance. The analytical results obtained without considering

fading can largely deviate from the actual results. In [153], the analysis is provided considering mixed

Rayleigh and Rician fading environment. In this chapter, the average SER of the system is derived

on considering that the fading environment is modeled by Nakagami-m distribution, which is then

extended for κ−µ shadowed fading. We consider the direct link connecting the source and destination

is blocked. Data is either M -PSK or orthogonal M -FSK modulated and transmitted in two time

slots. Coherent detection is performed for M -PSK modulated data, while noncoherent detection for

orthogonalM -FSK modulated data. The relay node employs fixed DF protocol to decode the received

source data and forward the re-encoded data to the destination. Source and destination nodes are

considered to be located in the coverage range of the relay. Hence, both source and destination

simultaneously receive RF signal broadcasted by the relay. Source node utilizes the received RF signal

for EH, while destination node performs detection. The energy harvested at source is used for data

transmission in the following slot. The process is pursued in an iterative manner to transmit data

from source to destination. The main contributions of this chapter include:
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• Average SER analysis of a WP DF relay system under Nakagami-m and κ−µ shadowed fading

for M -PSK and orthogonal M -FSK modulated data.

• High SNR approximations of the average SERs to find the optimal relay location and DO of the

system.

• Examining the effects of modulation scheme/order, relay location, and fading parameters on

performance of the system.

Nakagami-m fading is a special case of κ−µ shadowed fading as shown in Table 1.1. Hence, the

analysis for the former can be traced from that for the latter with appropriate fading parameter

setting. However, we present analysis for the two fading models separately because the average SER

for κ−µ shadowed fading involves infinite series of integrals which can take long computational time

in mathematical softwares, such as, MATLAB. The average SER expressions for Nakagami-m fading

involves a single integral only, which is a relatively simpler form for computation in mathematical

softwares and obtaining asymptotic approximation and optimal relay location.

The organization of this chapter is as follows. In Section 5.2, the system model is described.

The system’s performance is investigated in terms of average SER in Section 5.3 and Section 5.4 for

Nakagami-m and κ−µ shadowed fading, respectively. Optimal relay location and DO are also analyzed

in Section 5.3 and Section 5.4. Section 5.5 presents numerical results. Finally, conclusions are written

in Section 5.6.

5.2 System model

We consider a WPCN comprising an energy-constrained source node S, a relay node R, and a

destination node D. We assume half-duplex mode of communication and all nodes are equipped with

single antenna. The direct link between nodes S and D is considered to be deeply faded and hence

it is ignored. Relay R employs fixed DF protocol to process the received source data. Nodes S and

D lie in the coverage range of node R and hence the signal transmitted at node R is received at both

S and D. The system model is illustrated in Figure 5.1. We consider a traditional two-hop DF relay

system in this chapter, that is, node S transmits data to the node R in odd time slot and node R

relays data to node D in even time slot. In addition, node S harvests energy using RF signal received

in even time slot. Node S communicates data in the following odd slot using the harvested energy
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T2k-1 T2k T2k+1

R {S,D} S RS RRRR

SS

RR

DDWIT

WIT
WPT

Odd Slots

Even Slots

(a) System model

(b) Transmission protocol

Figure 5.1: The system model and the transmission technique.

only. That is, in the odd time slot (2k− 1) (k is a positive integer), node S transmits data to node R

using energy harvested in the previous time slot. Further, in the even time slot 2k, node R broadcasts

RF signal which on reception at node S and node D is used for EH and detection, respectively. The

process is repeated in the following odd and even slots. We consider the slots are of equal duration.

For notational convenience, we refer odd and even time slots as TO = [2(k − 1)Ts, (2k − 1)Ts) and

TE = [(2k − 1)Ts, 2kTs), respectively where Ts is symbol duration and k = 1, 2, . . ..

We consider harvest-use approach to process the incoming energy flow [38,68]. Power consumptions

in operational circuits such as encoder, modulator, etc., is comparatively small and therefore can be

neglected [70,125]. Hence, the energy harvested at node S in even slots is entirely used to send data

sequentially to node R in odd slots. We consider twoM -ary signaling schemesM -PSK and orthogonal

M -FSK for data transmission. At receiving nodes, coherent detection is performed for orthogonal

M -PSK and noncoherent detection for M -FSK. The symbols are transmitted with equal a priori

probability. The constellation S is given by S = {S1, . . . , SM}, where S1, . . . , SM are the constellation

points corresponding to M symbols 1, . . . ,M , respectively. In case of M -PSK, the constellation is

given by

Sm = exp (2π(m− 1)/M), m = 1, . . . ,M , (5.1)

where  =
√
−1. The orthogonal M -FSK constellation can be represented as

Sm = exp ( 2π (∆fm) t) , m = 1, . . . ,M, (5.2)
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where ∆fm denotes the shift of the mth frequency from the carrier such that

1

Ts

∫ Ts

0
SmS

∗
udt =











1, m = u

0, m 6= u
. (5.3)

We assume links between nodes are independent and slow-flat Nakagami-m or κ−µ Shadowed faded.

The baseband equivalent of received RF signal at node R in slot TO is given by

yOSR =
√

PSTs (dSR)−αSR hSR x+n
O
R , (5.4)

where x ∈ S is the symbol transmitted by node S with power PS , hSR is the fading coefficient of SR

link, (dSR)
αSR represents path loss of SR link, dSR is distance in meters with path loss exponent αSR,

and nOR is AWGN at node R. Here, PS depends on the energy harvested at node S in the previous

even time slot. As node S relies for data transmission on the energy harvested in the previous slot, an

arbitrary RF signal can be transmitted by the relay (say, in time slot T0) to start the communication.

Further, in the subsequent slot TE, the baseband equivalent of signal communicated by node R to

node j is

yERj =
√

PRTs (dRj)−αRj hRj x̂+n
E
j , j = S,D (5.5)

where x̂ is the estimate of symbol x transmitted in slot TO, PR is power transmitted by node R, hRj

is the fading coefficient of Rj link, (dRj)
αRj represents path loss of Rj link, dRj is distance in meters

with path loss exponent αRj , and nOj is AWGN at node j. Path loss exponent ranges from 2 to 6

based on environmental conditions. The noise components nOR and nEj are independent of each other

and the channel fading coefficients. They are zero-mean complex Gaussian with PSD N0.

For a comparatively small noise component, the energy harvested at node S in slot TE can be

approximated as

ES ≈ ζPRTs |hRS |2
(dRS)αRS

, (5.6)

where ζ is energy conversion efficiency. Since, ES = PSTs, (5.6) can be re-written as

PS ≈ ζPR |hRS |2
(dRS)αRS

. (5.7)

In case of M -PSK, the detected data x̂ resulting from coherent detection at node R in slot TO is
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obtained from the decision rule

x̂ = arg

{

max
s∈S

Re
(

s∗h∗SRy
O
SR

)

}

, (5.8)

where Re(·) represents the real component of the argument. At the destination, we get the detected

symbol ˆ̂x in slot TE, given by

ˆ̂x = arg

{

max
s∈S

Re
(

s∗h∗RDy
E
RD

)

}

. (5.9)

In case of orthogonal M -FSK, the detected data x̂ resulting from noncoherent detection at node R in

slot TO is obtained from the decision rule

x̂ = arg

{

max
s∈S

∣

∣s∗yOSR
∣

∣

2
}

, (5.10)

and, finally, at the destination, we get the detected symbol ˆ̂x in slot TE , given by

ˆ̂x = arg

{

max
s∈S

∣

∣s∗yERD

∣

∣

2
}

. (5.11)

5.2.1 PDF and MGF of Instantaneous SNRs

The instantaneous received SNRs at nodes R and D can be expressed using (5.4), (5.5), and (5.7)

as

γSR =
ζPRTs|hRS |2|hSR|2

(dRS)αRS (dSR)αSRN0
and (5.12a)

γRD =
PRTs|hRD|2
(dRD)αRDN0

, (5.12b)

respectively. On taking expectation of the instantaneous SNRs in (5.12), we can obtain the corre-

sponding average received SNRs as

γ̄SR =
ζλRSλSRPRTs

(dSR)αSR+αRSN0
and (5.13a)

γ̄RD =
λRDPRTs

(dRD)αRDN0
. (5.13b)

In (5.13), the E[|hij |2] = λij is mean power of ij link is, where E[·] represents expectation operator.

The PDF and the MGF of γSR and γRD for Nakagami-m and κ−µ shadowed fading are given below.
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They are used to analyze the average SERs in the later part this chapter.

5.2.1.1 Nakagami-m Fading

For Nakagami-m fading, the power variates of the channel coefficients |hij |2 are gamma distributed

with PDF

f|hij|2(|hij |) =
(mij)

mij |hij |mij−1

Γ(mij)(λij)mij
exp

(

−mij|hij |
λij

)

, (5.14)

where mij is Nakagami-m fading parameter of link ij ∈ {SR,RS,RD} and Γ(·) is gamma function.

The instantaneous received SNRs given in (5.12a) and (5.12b) can be expressed as γSR = bSR|hRS |2

|hSR|2 and γRD = bRD|hRD|2, respectively where bSR = ζPRTs/ (N0dRS
αRS+αSR) and bRD = PRTs/

(N0dRD
αRD). Using the relation for the PDF of the product of two random variables,

fγSR
(γSR) =

∫ ∞

0

1

bSR t
f|hRS |2

(

γSR
bSR t

)

f|hSR|2(t)dt, (5.15)

the PDF of γSR is obtained on substituting (5.14) and (B.14) in (5.15) as

fγSR
(γSR) =

2

Γ(mSR)Γ(mRS)γSR

(

mRSmSRγSR
γ̄SR

)

mRS+mSR
2

KmSR−mRS

(

2

√

mRSmSRγSR
γ̄SR

)

, (5.16)

where γ̄SR = bSRλRSλSR and Kr(·) is the r-th order modified Bessel’s function of the second kind.

The PDF of γRD is obtained using the relation fγRD
(γRD) = 1/bRDf|hRD|2(γRD/bRD) as

fγRD
(γRD) =

mRD
mRDγRD

mRD−1

Γ(mRD)(γ̄RD)mRD
exp

(

−mRDγRD

γ̄RD

)

, (5.17)

where γ̄RD = bRDλRD. The MGF of γϕ for ϕ ∈ {SR,RD} is

Mγϕ(s) =

∫ ∞

0
exp(−sγϕ)fγϕ(γϕ)dγϕ . (5.18)

Substituting (5.16) in (5.18) and using (B.15), we get the MGF of γSR as

MγSR
(s) =

(

mRSmSR

sγ̄SR

)

mRS+mSR−1

2

exp

(

mRSmSR

2sγ̄SR

)

W 1−mRS−mRS
2

,
mRS−mSR

2

(

mRSmSR

sγ̄SR

)

, (5.19)

where Ws,t(·) is Whittaker’s function. Next, substituting (5.17) in (5.18) and using (B.7), the MGF

99

Abstract-TH-2151_136102001



5. WP DF Relay System under Nakagami-m and κ−µ Shadowed Fading: EH at Source Node

of γSR is given by

MγRD
(s) =

(

1 + s
γ̄RD

mRD

)−mRD

. (5.20)

The expression for MGF in (5.20) is a well known result.

5.2.1.2 κ−µ Shadowed Fading

The PDF of the power variate for κ−µ shadowed fading link gains is given by [12, eq. (4)]

f|hij |2(|hij |) =
µij

µijmij
mij (1 + κij)

µij

Γ(µij)λij(µijκij +mij)mij

( |hij |
λij

)µij−1

× exp

(

−µij(1 + κij)|hij |
λij

)

1F1

(

mij, µij ;
µij

2κij(1 + κij)|hij |
(µijκij +mij)λij

)

, (5.21)

where κij is the ratio of total power of the LOS components and the total power of non-LOS compo-

nents, µij corresponds to the number of clusters, mij captures the shadowing effect of the fading envi-

ronment, 1F1(·) represents confluent hypergeometric function [166, eq. (9.210.1)], and λij = E[|hij |2]

is the mean power of |hij |. Deriving the average SER using the PDF (5.21) requires dealing with

the integration of integrands involving confluent hypergeometric function. This makes it difficult to

derive the closed-form expression of the average SER for SR link. To simplify the derivation, we use

the series form representation of the PDF1 given in [173]. In [173], the series form representation of

confluent hypergeometric function [166, eq. (9.210.1)] is used to get the PDF

f|hij |2(|hij |) =

∞
∑

ln=0

pij(cij)
ln+µij |hij |ln+µij−1 exp(−cij |hij |), (5.22)

where pij and cij are defined as

pij,ln =
(mij)ln

Γ(mij)ln!(µij)ln

(

µijκij
µijκij +mij

)ln ( mij

µijκij +mij

)mij

and cij =
µij(1 + κij)

λij
, (5.23)

1Another series form representation of the PDF is provided in [15, eq. (12)] which requires computation of N moments

of h [15, eq. (11)], where N is number of terms in the series. Although, for small value of κijmuij/mij the series in [15, eq.

(12)] converges to the exact PDF faster than (5.22) but as κijmuij/mij increases it requires large N . For large N and

κijmuij/mij , the higher order moments cannot be evaluated in MATLAB due to computational limitation and, hence,

for some cases [15, eq. (12)] can diverge from the exact PDF. This can be observed through numerical results, which

are included to avoid the deviation. We further observed that (5.22) does not converge to the exact PDF for higher

κijmuij/mij , especially at tails. However, (5.22) is considered in this work due to the simplicity it offers in the analysis.
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with n = 1 for ij = RS, n = 2 for ij = SR, and n = 3 for ij = RD.

The PDF of γSR obtained by substituting (5.22) and (B.14) in (5.15) is

fγSR
(γSR) =

2aSR
γ̄SR

∞
∑

l1=0

∞
∑

l2=0

pRS,l1 pSR,l2

(

aSRγSR
γ̄SR

)

l1+l2+µRS+µRS
2

−1

Kl2+µSR−l1−µRS

(

2

√

aSRγSR
γ̄SR

)

, (5.24)

where γ̄SR = bSRλRSλSR and aSR = µRSµSR(1 + κRS)(1 + κSR). The PDF of γRD is obtained using

the relation fγRD
(γRD) = 1/bRDf|hRD|2(γRD/bRD) and (5.22) as

fγRD
(γRD) =

aRD

γ̄RD

∞
∑

l3=0

pRD,l3

(

aRDγRD

γ̄RD

)l3+µRD−1

exp

(

−aRDγRD

γ̄RD

)

, (5.25)

where γ̄RD = bRDλRD and aRD = µRD(1 + κRD).

Substituting (5.24) in (5.18) and applying (B.15), the MGF of γSR is given by

MγSR
(s) =

∞
∑

l1=0

∞
∑

l2=0

pRS,l1 pSR,l3Γ(l1 + µRS)Γ(l2 + µSR)

(

aSR
sγ̄SR

)

l1+l2+µRS+µRS
2

−1

× exp

(

aSR
2sγ̄SR

)

W 1−l2−µSR−l1−µRS
2

,
l2+µSR−l1−µRS

2

(

aSR
sγ̄SR

)

, (5.26)

where Ws,t(·) is Whittaker’s function. Similarly, on replacing (5.25) in (5.18) and using (B.7), the

MGF of γRD is written as

MγRD
(s) =

∞
∑

l3=0

pRD,l3Γ(l2 + µRD)

(

1 +
sγ̄RD

aRD

)−l3−µRD

. (5.27)

5.3 Performance Analysis under Nakagami-m Fading

In this section, we analyze the average SER of the system in Figure 4.1 for M -PSK modulation

scheme with coherent detection and orthogonal M -FSK modulation scheme with noncoherent detec-

tion. Both the signaling schemes have symmetric constellations. Consider symbol Sp is transmitted

at node S in slot TO and detected as Sq at node R. Further, in slot TE symbol Sq is transmitted at

node R and detected as Sr at node D. Note that Sp, Sq, Sr ∈ S. Now, the symbol transmitted at node

S can be correctly detected at node D, only if, Sp = Sr. Thus, the end-to-end probability of correct

reception is a function of the possibilities when symbol Sp transmitted at node S is detected as Sq at

node R, which when forwarded by R is detected as Sp at node D.
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Let Pp,q(γϕ) represents conditional probability to transmit symbol Sp and receive Sq over link

ϕ, where Sp, Sq ∈ S and ϕ ∈ {SR,RD}. Pp,q(γϕ) for p 6= q corresponds to conditional paired

error probabilities, conditioned on the instantaneous SNR γϕ [25, 174]. The conditional end-to-end

probability of correct detection at node D can be expressed as [174]

Pc(γSR, γRD) =
1

M

M
∑

ℓ=1

M
∑

m=1

Pℓ,m(γSR)Pm,ℓ(γRD) . (5.28)

The end-to-end average probability of correct detection can be obtained by taking expectation of the

conditional probability in (5.28), given by

Pc =
1

M

M
∑

ℓ=1

M
∑

m=1

PSR
ℓ,mP

RD
m,ℓ , (5.29)

where PSR
ℓ,m = E[Pℓ,m(γSR)] and P

RD
m,ℓ = E[Pm,M (γRD)] are the average error probabilities. Let Ψ be a

set of SR and RD links, that is, Ψ = {SR,RD}. In signaling schemes with symmetric constellations,

the paired error probability is dependent on the Euclidean distance between the two constellation

points, therefore Pϕ
ℓ,m = Pϕ

m,ℓ, ϕ ∈ Ψ. We represent Pϕ
ℓ,m = Pϕ

m,ℓ = Pϕ
|ℓ−m|, for ℓ,m ∈ {1, . . . ,M}.

Thus, (5.29) can be re-written as

Pc =
1

M

M
∑

ℓ=1

M
∑

m=1

PSR
|ℓ−m|P

RD
|ℓ−m|

=
M−1
∑

ν=0

PSR
ν PRD

ν . (5.30)

The average probabilities of correct decision corresponding to ν = 0 in (5.30) are represented as

PSR
0 = (1 − Pe,SR) and PRD

0 = (1 − Pe,RD). Pe,SR and Pe,RD are the average error probabilities for

SR and RD links, respectively. Thus, end-to-end probability of correct decision can be represented

in terms of the average link error probabilities and the pairwise error probabilities as

Pc = (1− Pe,SR)(1− Pe,RD) +

M−1
∑

ν=1

PSR
ν PRD

ν . (5.31)

Using (5.31), the end-to-end average SER is given by

Pe = Pe,SR + Pe,RD − Pe,SRPe,RD −
M−1
∑

ν=1

PSR
ν PRD

ν . (5.32)
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5.3.1 Analytical Average SER

Next, we obtain the factors Pe,SR, Pe,RD, P
SR
ν , and PRD

ν used for the average SER analysis for

the two modulation schemes.

5.3.1.1 M-PSK

The average error terms in (5.32) are represented in integral form using [174, eqs. (7) and (8)] as

Pe,ϕ =
1

π

∫ φ0

0
Mγϕ

( g0

sin2 θ

)

dθ and (5.33)

Pϕ
ℓ =

1

2π

∫ φ1

0
Mγϕ

( g1

sin2 θ

)

dθ − 1

2π

∫ φ2

0
Mγϕ

( g2

sin2 θ

)

dθ, ϕ ∈ Ψ, (5.34)

where φ0 = (M − 1)π/M , g0 = sin2(π − φ0), φ1 = (π − 2πℓ/M + π/M), g1 = sin2(π − φ1), φ2 =

(π − 2πℓ/M − π/M), g2 = sin2(π − φ2), and Mγϕ(s) is the MGF of γϕ.

The end-to-end average SER for M -PSK modulation scheme under Nakagami-m fading can be

obtained by substituting (5.33) and (5.34) in (5.32) and using (5.19) and (5.20).

5.3.1.2 Orthogonal M-FSK

In case of orthogonal M -FSK, the Euclidean distance between different constellations points is

same, therefore the paired error probabilities are related as Pϕ
1 = . . . = Pϕ

M−1, ϕ ∈ Ψ [25]. Thus, the

end-to-end average probability of error in (5.32) is modified as

Pe = Pe,SR + Pe,RD − Pe,SRPe,RD − (M − 1)PSR
1 PRD

1 , (5.35)

where PSR
1 = Pe,SR/(M − 1) and PRD

1 = Pe,RD/(M − 1). Hence, (5.35) can be re-written as

Pe = Pe,SR + Pe,RD − M

M − 1
Pe,SRPe,RD . (5.36)

The conditional error probability expression for link ϕ in orthogonal M -FSK with noncoherent detec-

tion is given by [1, eq. (13.59c)]

Pe,ϕ(γϕ) =

M−1
∑

l=1

(−1)l+1

(l + 1)

(

M − 1

l

)

exp

(

− lγϕ
(l + 1)

)

. (5.37)
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The average error probability Pe,SR can be obtained by taking expectation of (5.37) using the PDF

in (5.16). The simplified expression obtained on applying (B.15) is written as

Pe,SR =

M−1
∑

l=1

(−1)l+1

(l + 1)

(

M − 1

l

)

exp

(

(l + 1)mRSmSR

2lγ̄SR

)

×W 1−mRS−mRS
2

,
mRS−mSR

2

(

(l + 1)mRSmSR

lγ̄SR

)(

(l + 1)mRSmSR

lγ̄SR

)

(

mRS+mSR−1

2

)

. (5.38)

Averaging (5.37) with the PDF of γRD (5.17) and using (B.7), Pe,RD in (5.36) is analyzed as

Pe,RD =

M−1
∑

l=1

(−1)l+1

(l + 1)

(

M−1

l

)(

1+
lγ̄RD

(l+1)mRD

)−mRD

. (5.39)

The end-to-end average SER for orthogonalM -FSK modulation scheme under Nakagami-m fading

can be obtained on substituting (5.38) and (5.39) in (5.36).

5.3.2 Asymptotic Average SER

At high SNRs, the end-to-end average SER expression in (5.32) can be approximated as

P∞
e ≈ P∞

e,SR + P∞
e,RD , (5.40)

where P∞
e , P∞

e,SR, and P
∞
e,RD are asymptotic approximation of Pe, Pe,SR, and Pe,RD, respectively.

5.3.2.1 M-PSK

The high SNR approximation of Pe in (5.40) can be obtained by determining the asymptotic

approximation of Pe,SR and Pe,RD. P
∞
e,SR can be obtained by approximating fγSR

(γSR) for the cases

when a) (mRS −mSR) = 0 and b) |mRS −mSR| > 0 using (B.6). The PDF expressions thus obtained

for the two cases are then used to analyze the corresponding MGF M∞
γSR

(s) and the error term P∞
e,SR

as follows:

a) (mRS −mSR) = 0: For this case, the PDF in (5.16) is approximated as

f∞γSR
(γSR) ≈ −2(γSR)

ma−1

(Γ(ma))2

(

(ma)
2

γ̄SR

)ma

ln

(
√

4(ma)2γSR
γ̄SR

)

, (5.41)

where ma =mRS =mSR. The corresponding MGF is obtained by substituting (5.41) in (5.18) and

104

Abstract-TH-2151_136102001



5.3 Performance Analysis under Nakagami-m Fading

using (B.9) as

M∞
γSR

(s) ≈ 1

Γ(ma)

(

ln

(

sγ̄SR
4(ma)2

)

− ψ(ma)

)(

(ma)
2

sγ̄SR

)ma

, (5.42)

where ψ(·) is digamma function. Substituting (5.42) in (5.33) followed by solving the integral using

(B.10) gives the approximation of P∞
e,SR as

P∞
e,SR ≈ 1

πΓ(ma)

(

(ma)
2

g0γ̄SR

)ma
(

J (ma, φ0; θ) +

(

ln

(

g0γ̄SR
4(ma)2

)

− ψ(ma)

)

I(ma, φ0; θ)

)

, (5.43)

where

I(p, φ0; θ) =

∫ φ0

0
(sin2θ)pdθ, and (5.44)

J (p, φ0; θ) =

∫ φ0

0
(sin2θ)p ln

(

sin2θ
)

dθ. (5.45)

b) |mRS −mSR| > 0: For this case, the PDF in (5.16) is approximated as

f∞γSR
(γSR) ≈ Γ(|mRS −mSR|)

Γ(mRS)Γ(mSR)

(

mRSmSR

γ̄SR

)mb

(γSR)
mb−1, (5.46)

where mb = (mRS +mSR − |mRS − mSR|)/2. The corresponding MGF is obtained by substituting

(5.46) in (5.18), thus

M∞
γSR

(s) ≈ Γ(|mRS −mSR|)Γ(mb)

Γ(mRS)Γ(mSR)

(

mRSmSR

sγ̄SR

)mb

. (5.47)

Further, P∞
e,SR is obtained by using (5.33) and (5.47) as

P∞
e,SR ≈ Γ(|mRS −mSR|)Γ(mb)

πΓ(mRS)Γ(mSR)

(

mRSmSR

g0γ̄SR

)mb

I(mb, φ0; θ) , (5.48)

where I(mb, φ0; θ) is defined in (5.44). P∞
e,SR in (5.43) and (5.48) can be unified as

P∞
e,SR ≈ A

(γ̄SR)mr

(

(B+ρ1 ln(γ̄SR))I(mr, φ0; θ)+ρ2J (mr, φ0; θ)
)

, (5.49)

where A, B, mr, ρ1, and ρ2 are defined for the two cases as follows:

a) For (mRS −mSR) = 0, we have mr = ma, ρ1 = 1, ρ2 = 1,

A =
1

πΓ(ma)

(

(ma)
2

g0

)ma

,

B = ln

(

g0
4(ma)2

)

− ψ(ma).
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b) For |mRS −mSR| > 0, we have B = 1, mr = mb, ρ1 = 0, ρ2 = 0,

A =
Γ(|mRS −mSR|)Γ(mb)

πΓ(mRS)Γ(mSR)

(

mRSmSR

g0

)mb

.

Next, P∞
e,RD in (5.40) can be obtained using the asymptotic approximation of MGF MγRD

(s). For

(sγ̄RD/mRD) >> 1, the MGF in (5.20) is approximated as

M∞
γRD

(s) ≈
(

mRD

sγ̄RD

)mRD

. (5.50)

Substituting (5.50) in (5.33), Pe,RD is obtained as

P∞
e,RD ≈ 1

π

(

mRD

g0γ̄RD

)mRD

I(mRD, φ0; θ) . (5.51)

The asymptotic end-to-end average SER for M -PSK can be expressed substituting (5.49) and

(5.51) in (5.40) as

P∞
e ≈ A

(γ̄SR)mr

(

(B+ρ1 ln(γ̄SR))I(mr, φ0; θ) + ρ2J (mr, φ0; θ)
)

+
C

(γ̄RD)mRD
I(mRD, φ0; θ), (5.52)

where C = (mRD/g0)
mRD /π.

Following (4.26), integrals (5.44) and (5.45) can be approximated as I(p, φ0; θ) ≈ aM
∫ π/2
0 (sin2θ)pdθ

and J (p, φ0; θ) ≈ bM
∫ π/2
0 (sin2θ)p ln

(

sin2θ
)

dθ, respectively, where aM , bM = 1 for M = 2 and

aM , bM = 2 for M ≥ 4. The approximation is exact for M = 2 and close for M ≥ 4. Us-

ing [166, eq. (3.621.1)] and (B.10), the closed-form representation of the approximations for I(p, φ0; θ)

and J (p, φ0; θ) are

I(p, φ0; θ) ≈ aM22p−1B
(

p+ 1/2, p + 1/2
)

(5.53)

and

J (p, φ0; θ) ≈ bM

√
πΓ(p + 1/2)

2Γ(p+ 1)

(

ψ(p + 1/2)− ψ(p + 1)
)

, (5.54)

respectively, where B(s, t) = Γ(s)Γ(t)/Γ(s+ t) is beta function.

5.3.2.2 Orthogonal M-FSK

To obtain P∞
e,SR for orthogonal M -FSK modulation, the conditional SER in (5.37) is averaged

using the approximate expression of fγSR
(γSR). Two cases are observed for approximation, that is, a)
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(mRS −mSR) = 0 and b) |mRS −mSR| > 0. The approximations of fγSR
(γSR) for the cases a) and b)

are given by (5.41) and (5.46), respectively. Thus, P∞
e,SR for the two cases is given as follows:

a) (mRS − mSR) = 0: The resulting expression for P∞
e,SR is obtained on taking expectation of

(5.37) using (5.41) and (B.9) as

P∞
e,SR ≈ 1

Γ(ma)

(

(ma)
2

γ̄SR

)ma M−1
∑

v=1

D(v)

(

ln

(

lγ̄SR
4(v + 1)(ma)2

)

− ψ(ma)

)

, (5.55)

where

D(v) =
(−1)v+1

(v + 1)

(

M − 1

v

)(

(v + 1)

v

)mr

, (5.56)

with mr = ma.

b) |mRS −mSR| > 0: Averaging (5.37) using (5.46) gives

P∞
e,SR ≈ Γ(|mRS −mSR|)Γ(mb)

Γ(mRS)Γ(mSR)

(

mRSmSR

γ̄SR

)mb M−1
∑

v=1

D(v) , (5.57)

for mr = mb. P
∞
e,SR in (5.55) and (5.57) are unified as

P∞
e,SR ≈ A(v;M) + ρ1B(v;M) ln(γ̄SR)

(γ̄SR)mr
, (5.58)

where mr, ρ1, A(v;M), and B(v;M) are defined as

a) For (mRS −mSR) = 0, mr = ma, ρ1 = 1,

A(v;M) =
(ma)

2ma

Γ(ma)

M−1
∑

v=1

D(v)

(

ln

(

v(ma)
−2

4(v + 1)

)

− ψ(ma)

)

and

B(v;M) =
(ma)

2ma

Γ(ma)

M−1
∑

v=1

D(v) . (5.59)

b) For |mRS −mSR| > 0, mr = mb, ρ1 = 0, B(v;M) = 1, and

A(v;M) =
Γ(|mRS −mSR|)Γ(mb)(mRSmSR)

mb

Γ(mRS)Γ(mSR)

M−1
∑

v=1

D(v) .

Further, in (5.39) vγ̄RD/((v + 1)mRD) >> 1 at high SNRs, thus the asymptotic approximation of
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Pe,RD is

P∞
e,RD ≈

M−1
∑

v=1

(−1)v+1

(v + 1)

(

M − 1

v

)(

(v + 1)mRD

vγ̄RD

)mRD

. (5.60)

The asymptotic end-to-end average SER for orthogonal M -FSK obtained on substituting (5.58)

and (5.60) in (5.40) is given by

P∞
e ≈ A(v;M) + ρ1B(v;M) ln(γ̄SR)

(γ̄SR)mr
+

C(v;M)

(γ̄RD)mRD
, (5.61)

where

C(v;M) =
M−1
∑

v=1

(−1)v+1

(v + 1)

(

M−1

v

)(

(v + 1)mRD

v

)mRD

.

5.3.3 Optimal Relay Location

In this subsection, (5.52) and (5.61) are used to analyze the optimal relay location for M -PSK and

orthogonal M -FSK modulation schemes. Using (5.13a) and (5.13b), (5.52) can be rewritten as

P∞
e ≈ A′

(

(B′−ρ1(αRS+αSR) ln(dSR))I(mr, φ0; θ)+ ρ2J (mr, φ0; θ)
)

(dSR)
mr(αRS+αSR)

+ C′(βdSD − dSR)
mRDαRDI(mRD, φ0; θ), (5.62)

where A′ = A (Z1)
mr , B′ = B − ρ1(ln(Z1)), and C′ = C(Z2)

mRD , with Z1 = 1/(ζλRSλSR γ̄), Z2 =

1/(λRD γ̄), and γ̄ = PRTs/N0. The nodes are considered to be planner (Figure 4.7) and inter link

distances follow the relation dSR + dRD = βdSD, β ≥ 1. When β = 1, the nodes are collinear. Next,

for orthogonal M -FSK (5.61) is written as

P∞
e ≈

(

A(l;M)− ρ1B(l;M)
(

ln(Z1) + (αRS + αSR) ln(dSR)
)

)

(Z1)
mr(dSR)

mr(αRS+αSR)

+ C(l;M)(Z2)
mRD(βdSD − dSR)

mRDαRD . (5.63)

Now, applying the second-order conditions [158], it is easy to show that (5.62) and (5.63) are convex

functions of dSR. Hence, at high SNRs an optimal relay location achieving minimum average SER for

M -PSK and orthogonal M -FSK can be obtained using (5.62) and (5.63), respectively. Golden-section

search method [73] is used to obtain the optimal values.
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5.3.4 Diversity Order

The asymptotic average SER in (5.52) and (5.61) can be represented in the form

P∞
e =

Y1(Y2 + ρ1 ln(γ̄))

(γ̄)mr
+

Y3

(γ̄)mRD
, (5.64)

where Y1, Y2, and Y3 encapsulate the terms independent of γ̄ (= PRTs/N0) and are different for

M -PSK and orthogonal M -FSK modulation schemes. The DO of the system can be evaluated using

the relation DO = − lim
γ̄→∞

ln(P∞
e )/ln(γ̄) where P∞

e is given in (5.64). We get

DO = min

{(

mr − ρ
ln ln(γ̄)

ln(γ̄)

)

,mRD

}

, (5.65)

where ρ = 1 for case a) and ρ = 0 for case b). Essentially, at significantly high SNRs DO for case a)

tends to the DO for case b), that is, DO= min{mr,mRD}.

5.4 Performance Analysis under κ−µ Shadowed Fading

In this section, we derive the average SER for the two modulation schemes when the system is

under κ−µ shadowed fading. We also obtain the high SNR approximations of the average SERs.

5.4.1 Analytical average SER

The derivation of average SERs for M -PSK and orthogonal M -FSK modulated data is given as

follows.

5.4.1.1 M-PSK

The end-to-end average SER for M -PSK modulated data under κ−µ shadowed fading can be

evaluated on putting (5.33) and (5.34) in (5.32) and using equations (5.26) and (5.27).

5.4.1.2 Orthogonal M-FSK

The average SER for κ−µ shadowed fading can be obtained by averaging the conditional SER in

(5.37) using the PDF (5.24) and applying (B.15). We get

Pe,SR =
∞
∑

l1=0

∞
∑

l2=0

pRS,l1 pSR,l2Γ(l1 + µRS)Γ(l2 + µSR)
M−1
∑

v=1

(−1)v+1

v + 1

(

M − 1

v

)

exp

(

(v+1)aSR
2vγ̄SR

)

×
(

(v+1)aSR
vγ̄SR

)

l1+l2+µRS+µRS−1

2

W 1−l2−µSR−l1−µRS
2

,
l2+µSR−l1−µRS

2

(

(v+1)aSR
vγ̄SR

)

, (5.66)
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Similarly, using (5.37) and the PDF (5.25), Pe,RD is derived as

Pe,RD =

∞
∑

l3=0

pRD,l3Γ(l3 + µRD)

M−1
∑

v=1

(−1)v+1

v + 1

(

M − 1

v

)(

1 +
vγ̄RD

(v + 1)aRD

)l3−µRD

. (5.67)

The end-to-end average SER for orthogonal M -FSK modulated data can be analyzed by replacing

(5.66) and (5.67) in (5.36).

5.4.2 Asymptotic Average SER

At high SNRs, the end-to-end average SER in (5.32) can be simplified as

P∞
e = P∞

e,SR + P∞
e,RD, (5.68)

where P∞
e , P∞

e,SR, and P∞
e,RD are approximations of Pe, Pe,SR, and Pe,RD, respectively. P

∞
e for the

two modulation schemes are analyzed below.

5.4.2.1 M-PSK

In order to obtain P∞
e in (5.68), an approximate expression of PDF fγSR

(γSR) is used to derive

P∞
e,SR. The PDF in (5.24) is a series containing Kr(·). When γSR >> 1, Kr(·) can be approximated

using (B.6) for the two cases r = 0 and |r| > 0, where r = (l2+µSR− l1−µRS). The approximation is

done considering only the first term of (5.24), that is, the term for l1 = 0 and l2 = 0. The considered

approximation of the average SER is good for κij → 0 and deviates with increase in the values of κij.

In order to get a better approximation for higher values of κij , it is required to include more number

of terms in the series which raises with increase in κij . The method used for approximation of κij → 0

can be followed when κij is large by choosing appropriate number of terms in the series dependent on

κij .

For l1 = 0 and l2 = 0, (5.24) can be written as

fγSR
(γSR) ≈ 2pSR

(

aSR
γ̄SR

)

µRS+µRS
2

γSR
µRS+µRS

2
−1KµSR−µRS

(

2

√

aSRγSR
γ̄SR

)

, (5.69)

where pSR = pRD,0 pSR,0, pij,0 = (µijκij/(µijκij +mij))
mij/Γ(µij). Now, applying (B.6), (5.69) can

be approximated for the two cases: a) (µRS − µSR) = 0 and b) |µRS − µSR| > 0. The approximated
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PDF for cases a) and b) are

f∞γSR
(γSR) ≈ pSR

(

aSR
γ̄SR

)µa

γSR
µa−1 ln

(

γ̄SR
4aSRγSR

)

(5.70)

and

f∞γSR
(γSR) ≈ pSRΓ(|µSR − µRS |)

(

aSR
γ̄SR

)µb

γSR
µb−1, (5.71)

respectively where µa = µRS = µSR and µb = (µRS + µSR − |µRS − µSR|)/2. The PDFs in (5.70) and

(5.71) can be unified as

f∞γSR
(γSR) ≈ pSR(Γ(|µSR − µRS |))ρ1

(

aSR
γ̄SR

)µr

γSR
µr−1

(

1 + ρ2 ln

(

γ̄SR
4eaSRγSR

))

, (5.72)

where e is Euler’s number, µr = µa, ρ1 = 0, and ρ2 = 1 for case a), and µr = µb, ρ1 = 1, and ρ2 = 0

for case b).

Putting (5.72) in (5.18) and applying (B.9), the approximated MGF is given by

MγSR
(s) ≈ pSR(Γ(|µSR − µRS |))ρ1Γ(µr)

(

aSR
sγ̄SR

)µr
(

1 + ρ2 ln

(

sγ̄SR
4eaSR

)

− ρ2ψ(µr)

)

, (5.73)

where ψ(·) is digamma function. Substituting (5.73) in (5.33) and using (B.10), the approximate

average SER P∞
e,SR is

P∞
e,SR ≈ pSR(Γ(|µSR − µRS |))ρ1Γ(µr)

π

(

aSR
g0γ̄SR

)µr

×
((

1 + ρ2 ln

(

g0γ̄SR
4eaSR

)

− ρ2ψ(µr)

)

I(µr, φ0; θ) + ρ2J (µr, φ0; θ)

)

, (5.74)

where I(µr, φ0; θ) and J (µr, φ0; θ) are defined in (5.44) and (5.44), respectively.

For γ̄RD >> 1 and l3 = 0, (5.27) can be approximated as

M∞
γRD

(s) ≈ pRDΓ(µRD)

(

aRD

sγ̄RD

)µRD

, (5.75)

where pRD = pRD,0 = (µRDκRD/(µRDκRD + mRD))
mRD/Γ(µRD). Substituting (5.75) in (5.33), we

get

P∞
e,RD ≈ pRDΓ(µRD)

π

(

aRD

g0γ̄RD

)µRD

I(µRD, φ0; θ), (5.76)
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where I(µr, φ0; θ) is defined in (5.44).

The asymptotic end-to-end average SER forM -PSK modulated data can be expressed on replacing

(5.74) and (5.76) in (5.68). Thus

P∞
e ≈ A

(γ̄SR)µr

(

(B+ρ2 ln(γ̄SR))I(µr, φ0; θ) + ρ2J (µr, φ0; θ)
)

+
C

(γ̄RD)µRD
I(µRD, φ0; θ), (5.77)

where

A =
pSR(Γ(|µSR − µRS |))ρ1Γ(µr)

π

(

aSR
g0

)µr

,

B = 1 + ρ2 ln

(

g0
4eaSR

)

− ρ2ψ(µr) and

C =
pRDΓ(µRD)

π

(

aRD

g0

)µRD

.

5.4.2.2 Orthogonal M-FSK

For orthogonal M -FSK modulated data, P∞
e,SR is derived by averaging the conditional SER (5.37)

using the PDF in (5.72) and using (B.9) as

P∞
e,SR ≈ pSR(Γ(|µRS − µSR|))ρ1Γ(µr)

M−1
∑

v=1

(−1)v+1

v + 1

(

M − 1

v

)

×
(

(v + 1)aSR
vγ̄SR

)µr
(

1 + ρ2 ln

(

vγ̄SR
4e(v + 1)aSR

)

− ρ2ψ(µr)

)

. (5.78)

For vγ̄RD/((v + 1)µRD) >> 1 and considering l3 = 0, (5.67) is reduced to

P∞
e,RD ≈ pRDΓ(µRD)

M−1
∑

v=1

(−1)v+1

v + 1

(

M − 1

v

)(

(v + 1)aRD

vγ̄RD

)µRD

. (5.79)

On substituting (5.78) and (5.79) in (5.68), the asymptotic end-to-end average SER for orthogonal

M -FSK modulated data is given by

P∞
e ≈ A(v;M) + ρ2B(v;M) ln(γ̄SR)

(γ̄SR)µr
+

C(l;M)

(γ̄RD)µRD
, (5.80)

where

A(v;M) = B(v;M)

(

1 + ρ2 ln

(

v

4e(v + 1)aSR

)

− ρ2ψ(µr)

)

, (5.81)

112

Abstract-TH-2151_136102001



5.5 Numerical Results

B(v;M) = pSR(Γ(|µRS − µSR|))ρ1Γ(µr)
(

aSR
γ̄SR

)µr M−1
∑

v=1

D(v :M) ,

C(v;M) = pRDΓ(µRD)

M−1
∑

v=1

(−1)v+1

(v + 1)

(

M − 1

v

)(

(v + 1)aRD

v

)µRD

, and

D(v;M) =
(−1)v+1

(v + 1)

(

M − 1

v

)(

(v + 1)

v

)µr

. (5.82)

5.4.3 Optimal Relay Location

The end-to-end asymptotic average SERs (5.77) and (5.80) can be utilized to obtain the optimal

relay location as in Section 5.3.3. However, the analysis is applicable only for κij → 0. Therefore a

more reliable analysis for higher values of κij can be investigated on considering appropriate number

of terms in the infinite series (5.24).

5.4.4 Diversity order

The asymptotic average SER in (5.77) and (5.80) can be rearranged to get the form (5.64). Thence,

the DO of the system can be obtained as

DO = min

{(

µr − ρ
ln ln(γ̄)

ln(γ̄)

)

, µRD

}

, (5.83)

where ρ = 1 for case a) and ρ = 0 for case b). At significantly high SNRs, the system possesses

DO= min{µr, µRD}.

5.5 Numerical Results

The different results derived in this chapter are plotted in this section. Simulated results are also

obtained by emulating the system described in Section 5.2 in MATLAB. The end-to-end average SER

expressions deduced in Sections 5.3 and 5.4 for Nakagami-m and κ−µ shadowed fading environment,

respectively are plotted. The numerical results for these two fading models are also presented. Without

loss of generality, we assume unit symbol duration, that is, Ts = 1 second. The transmission power

at the relay is considered in dBm and the noise PSD is taken as N0 = 10−4 watts per hertz (W/Hz).

Channel gains and energy conversion efficiency are assumed to be unity, that is, λij(dij)
−αij = 1 and

ζ = 1, respectively, unless otherwise stated.
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Figure 5.2: Average SER versus transmission power PR for M -PSK and orthogonal M -FSK when mij = 1.

5.5.1 Nakagami-m Fading

In this subsection, we present numerical results for the end-to-end average SER of the system

affected under Nakagami-m fading.

Figure 5.2 compares average SER of M -PSK and orthogonal M -FSK for different modulation

orders when mij = 1. Analytical average SER (Pe) for M -PSK is obtained on substituting (5.33),

(5.34), (5.19), and (5.20) in (5.32), whereas for orthogonal M -FSK the terms in (5.36) are evaluated

using (5.38),(5.39). The plots in Figure 5.2 depict that the analytical result matches perfectly with the

simulation results, hence validating our analysis. Asymptotic average SERs forM -PSK and orthogonal

M -FSK are also presented using (5.52) and (5.61), respectively. The asymptotic results are found to

be close approximation of the average SER at high SNRs. The plots in Figure 5.2 can be useful for

selecting modulation scheme and order based on reliability, feasible system complexity, and available

resources such as power and bandwidth, etc.

In Figures 5.3 and 5.4, plots showing variation in the average SER with source-to-relay distance

dSR are presented for 4-PSK and orthogonal 2-FSK schemes, respectively. Nodes are considered to

be planner and inter link distances follow the relation dSR + dRD = βdSD. Let mRS = mSR = ma
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Figure 5.3: Variation in average SER for 4-PSK with fading parametersmij and distance dSR for dSR+dRD =
βdSD, β = 1.1, dSD = 2 unit, λij = 1, αij = 3.

0 0.5 1 1.5 2
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

Source−to−relay distance, d
SR

A
ve

ra
ge

 S
E

R

2−FSK; P = 15dBm

 

 

analytical
simulation
asymptotic

0 0.5 1 1.5 2
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

A
ve

ra
ge

 S
E

R

2−FSK; P = 15dBm

 

 

analytical
simulation
asymptotic

(a) (b)

m
RD

 = 2.2

m
RD

 = 1.2

m
RD

 = 3.2

m
RD

 = 2.2

m
a
 = 1.2

m
a
 = 2.2

m
a
 = 3.2 m

a
 = 2.2

Figure 5.4: Variation in average SER for orthogonal 2-FSK with fading parameters mij and distance dSR for
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(Case a)), dSD = 2 unit, λij , and αij = 3. In Figures 5.3(a) and 5.4(a), plots are shown for varying

ma when mRD is fixed. Further, plots for different mRD when ma is constant are presented in Figures

5.3(b) and 5.4(b). We observe that the optimal relay location depends on links quality; it lies between

the source and destination nodes and moves toward the node with poor link quality. In Figures 5.3(a)

and 5.4(a), the optimal relay location inclines toward node S for small ma and when ma is increased

the optimal solution shifts toward node D. Similarly, in Figure 5.3(b) and 5.4(b), the optimal relay

location is close to node D for small mRD and when mRD is increased, it moves toward node S. For

small ma, if node S is located close to node R then the energy harvested at the node S is relatively

high to support reliable end-to-end transmission. Otherwise, if node R is located close to node D then

even for small mRD the chances of reliable reception increases.

The optimal relay location in case of 4-PSK and orthogonal 2-FSK modulation schemes can be

obtained by applying Golden-section search method on (5.62) and (5.63), respectively. In Figure 5.3(a),

the optimal distance for ma = 1.2 and ma = 2.2 are obtained as dSR = 0.5871 and dSR = 0.8847,

respectively. Similarly, in Figure 5.3(b), the optimal distances are dSR = 0.8847 and dSR = 0.0.7719

for mRD = 2.2 and mRD = 3.2, respectively. The optimal relay location in Figure 5.4(a) are obtained

as 0.6080 and 0.8911 for ma = 1.2 and ma = 2.2, respectively. In Figure 5.4(b), the optimal relay

location for mRD = 2.2 and mRD = 3.2 are obtained as 0.8911 and 0.7833, respectively. However,

in Figures 5.3(a) and 5.4(a), we observe that the plot of P∞
e for ma = 3.2 is not convex. Therefore

optimal relay location cannot be obtained for this case using the asymptotic approximation. Similarly,

optimal relay locations cannot be obtained formRD = 1.2 in Figures 5.3(b) and 5.4(b). The conditions

for which P∞
e is not convex can be derived using (5.62) and (5.63).

In Figure 5.5, variation in average SER with energy conversion efficiency ζ and distance dSR is

shown for 4-PSK scheme, dSR + dRD = βdSD, dSD = 2 unit, β = 1.1, and PR = 15 dBm. Fading

parameters are taken as ma = 2.2, mRD = 2.2. We observe that with increase in ζ: i) the system’s

performance improves and ii) the relative improvement in the performance degrades. Further, the

optimal relay location inclines toward the source node for smaller value of ζ.

In Figure 5.6, variation in average SER with β is shown for 4-PSK scheme, dSR + dRD = βdSD,

dSD = 2 unit, ζ = 1, and PR = 15 dBm. Fading parameters are taken as ma = 2.2, mRD = 2.2. We

observe that the optimal relay location shifts toward the destination node with increase in β.

The asymptotic average SER P∞
e in (5.40) is sum of high SNR approximations P∞

e,SR and P∞
e,RD.
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Since P∞
e,SR, P

∞
e,RD, and P

∞
e are error probabilities, therefore they must be individually positive. P∞

e,RD

in (5.51) and (5.60) for M -PSK and orthogonal M -FSK modulation schemes, respectively is always

positive. Also, P∞
e,SR for |mRS − mSR| > 0 in (5.48) and (5.57) is positive in the two modulation

schemes. When (mRS −mSR) = 0, P∞
e,SR in (5.43) for M -PSK and (5.55) for orthogonal M -FSK can

be negative because of the terms
(

ln
(

g0γ̄SR/(4m
2
a)
)

− ψ(ma)
)

and
(

ln
(

lγ̄SR/(4(l + 1)m2
a)
)

− ψ(ma)
)

,

respectively. In case of M -PSK modulation scheme with (mRS −mSR) = 0, P∞
e,SR in (5.43) is negative

for

γ̄SR <
4m2

a

g0
exp

(

ψ(ma)−
J (ma, φ0; θ)

I(ma, φ0; θ)

)

,

where I(ma, φ0; θ) and J (ma, φ0; θ) are defined in (5.44) and (5.45), respectively. Similarly, in case

of orthogonal M -FSK modulation schemes with (mRS −mSR) = 0, P∞
e,SR in (5.55) is negative for

γ̄SR <

(

exp(c1ψ(ma))

c2

)1/c1

,

where c1 =
∑M−1

l=1 D(l) and c2 =
∏M−1

l=1 (l/(4(l + 1)m2
a))

D(l) for mr = ma.

118

Abstract-TH-2151_136102001



5.5 Numerical Results

In Figure 5.7, P∞
e,SR, P

∞
e,RD, P

∞
e , and Pe are plotted with dSR considering PR = 15 dBm and data

is 4-PSK modulated. The markers used in Figure 5.7(a) also applies to Figures 5.7(b) and (c). We

observe from plots that P∞
e is mainly determined by P∞

e,RD for small dSR and a transition is observed

for dSR greater than optimal dSR when dependency shifts to P∞
e,SR. For optimal dSR sum of P∞

e,SR

and P∞
e,RD is minimum. In Figure 5.7(a) for (mRS −mSR) = 0, P∞

e,SR is negative and thus the plot

of asymptotic average SER is non-convex. Next, we consider |mRS − mSR| = 0.1 in Figure 5.7(b)

and observe that the asymptotic average SER is a loose bound for small value of |mRS − mSR|.

This is because the approximation of Kr(·) in (5.16) used to obtain (5.41) and (5.46) is loose when

|mRS − mSR| → 0. Further, in Figure 5.7(c) with |mRS − mSR| = 0.7, the plot corresponding to

asymptotic average SER is relatively close to the analytical results. This difference reduces further

with increase in |mRS − mSR|. Thus we conclude that for negative P∞
e,SR, optimal dSR cannot be

determined using Golden-section search method if P∞
e is non-convex. This can be true if i) the relay

is close to the destination node, that is, dSR is large or (βdSD−dSR) is small and ii) either ma increases

for fixed mRD or mRD decreases for fixed ma. The optimal dSR for |mRS −mSR| > 0 can be obtained

using (5.62) and (5.63) for M -PSK and orthogonal M -FSK modulation schemes, respectively. The

accuracy improves with increase in |mRS −mSR|.

5.5.2 κ−µ Shadowed Fading

For system affected under κ−µ shadowed fading, analytical results for M -PSK modulation scheme

are obtained using (5.33), (5.34), (5.26), and (5.27) in (5.32), and for orthogonal M -FSK modulation

scheme using (5.66) and (5.67) in (5.36). Analytical average SER evaluation requires computation of

average SER factors P∞
e,SR and P∞

e,SR which are in infinite series form. These series converge faster

with increase in the number of terms. Let N1 and N2 terms are required for the computation of P∞
e,SR

and P∞
e,SR, respectively. The required number of terms in the series varies with change in the value of

fading parameters κij , µij , and mij . Analytical results in this section are obtained for N1 = 20 and

N2 = 20. ForM -PSK and orthogonalM -FSK, (5.26) and (5.66), respectively are two-fold summations.

The number of terms N1 is equally divided for the two summations, that is, the upper limit of each

summation is N1/2 − 1. Asymptotic average SER are also evaluated using (5.70) and (5.71) and

plotted to check the accuracy of the approximation.

Figure 5.8 presents average SER versus relay transmission power PR plots for the two modulation
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Figure 5.8: Average SER comparison of coherent M -PSK and noncoherent orthogonal M -FSK modulation
scheme when the system is affected under κ−µ shadowed fading.

schemes. We choose κij = 1, µij = 1, mij = 1. The analytical results match with the simulation

results for all modulation schemes and orders. Hence, our analysis for the system is validated.

Figure 5.9 compares the closeness of asymptotic average SER with analytical average SER for

different values of κRS = κSR = κa ∈ {0, 1, 2}. 4-PSK modulation scheme is considered. We observe

that for κa = 0 the asymptotic average SER is a good approximation of the analytical average SER at

high SNRs. However, it deviates for the higher values of κa. The asymptotic average SER is derived

considering the first term of the series (5.24). A better approximation for higher values of κa can be

attained using the asymptotic average SER expression derived by considering more than one term in

the series. This comparison follows for case b) and other orders of both modulations schemes.

In Figure 5.10, we plot average SER versus source-to-relay distance for 4-PSK with variation in

µij. We consider nodes are located on a plane satisfying the distance relation dSR + dRD = βdSD,

for β ≥ 1. We assume β = 1.1, αij = 3, λij = 1. Let µRS = µSR = µa, κRS = κSR = κa and

mRS = mSR = ma for case a). In Figure 5.10(a), we fix the fading parameters µRD = 2, κij = 2 and

mij = 2, except µa and plot average SER for µa ∈ {1, 2, 3}. In Figure 5.10(b), plots are shown for
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5.5 Numerical Results
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5.6 Conclusion

µRD ∈ {1, 2, 3} when other fading parameters are constant, that is, µa = 2, κij = 2, mij = 2. We

observe that the optimal relay location is close to the node with poor link quality. We further observe

that improvement in the performance is more for increase in µa as compared to µRD when relay is

near to the destination node. To visualize this effect compare the change in average SER with µa and

µRD in Figure 5.10(a) and Figure 5.10(b), respectively for dSR > 1. When relay is located near the

source node, that is, dSR < 1, then improvement in the performance is more for increase in µRD as

compared to µa. This analysis applies to case b) and other modulation orders/scheme as well.

In Figure 5.10, we compared the change in performance with µa and µRD. Now, we compare

the change in performance with fading quality of SR link in Figure 5.11 and Figure 5.12 for 4-PSK

and 4-FSK, respectively. The node location and other assumptions are made as in Figure 5.10. In

Figure 5.11(a) and Figure 5.12(a), for fixed κij , µRD and mRD, plots are presented to compare the

variation in the performance with µa and ma. We observe that increase in the values of µa has better

impact on the performance improvement as compared to that of ma. Similarly, in Figure 5.11(b) and

Figure 5.11(b), for constant mij, µRD and mRD we compare the variation in the performance with µa

and κa. The increase in µa dominates over the increase in κa. Moreover, comparing Figure 5.11(a)

and Figure 5.11(b) for 4-PSK and Figure 5.12(a) and Figure 5.12(b) for 4-FSK, it can be observed

that increase in ma dominates over increase in κa. A similar analysis can be followed with variation

in fading quality of RD link.

5.6 Conclusion

In this chapter, we deduce expressions for the average SER of a three-node WP DF relay system

under Nakagami-m and κ−µ shadowed fading. Energy-constrained source node harvests energy using

the RF signal radiated by the relay node. The analysis is presented for M -PSK and orthogonal

M -FSK modulated data. We also obtained high SNRs approximation of the average SER for the

two modulation schemes when links are Nakagami-m faded. In case of κ−µ shadowed fading, the

approximations are satisfactory when κ parameter of SR link tend to zero (κRS , κSR → 0). Through

numerical results we observe that the optimal relay location lies almost halfway between source node

and destination node with slight inclination towards the node having poor link quality. We also

observe that if relay node is located near the source node then the performance improvement is more

for increase in fading parameters of the RD link when compared with that of the SR link. Instead, if
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5. WP DF Relay System under Nakagami-m and κ−µ Shadowed Fading: EH at Source Node

relay is close to the destination then increase in fading parameter of the SR link dominates over that

for the RD link. Furthermore, in κ−µ shadowed fading environment, among the fading parameters

κ, µ and m, increment in µ has the best impact on the performance improvement, while increment in

κ has the least impact.
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6. Summary and Discussions

In this thesis, we analyze the average SER of conventional and WP three-node DF relay systems

under different fading environments. High SNR approximations of the average SER are also obtained

for each system to simplify the analysis. This chapter presents a summary of the thesis and suggests

possible future directions.

6.1 Summary of the Present Work

This section briefly summarizes the thesis and discusses the main contributions and findings from

the work.

X Exhaustive literature review on performance analysis of conventional and WP relay

systems:

We have done an in-depth review of the literature available on performance analysis of relay

systems. The main focus of the work is analyzing the performance of one-way half-duplex

relay systems where nodes are equipped with a single antenna. Some of the related works

which consider more complex systems, including two-way relaying, full-duplex relaying, multiple

antenna assisted relaying, multiple access in relaying, etc., are also discussed. The literature

review is carried out for both conventional and WP relay systems. Different fading models and

basics of RF-based EH have also been briefed.

X Average SER analysis of conventional three-node DF relay system under κ−µ, η−µ,

and mixed κ−µ and η−µ fading:

We considered a conventional three-node DF relay system where all nodes are powered by bat-

teries, which have infinite storage or can be recharged or replaced when exhausted. Average SER

analysis is presented for M -PSK modulated data when links are κ−µ, η−µ, and mixed κ−µ and

η−µ faded. High SNR approximation of the average SER is also obtained to analyze DO of the

system and allocate optimal power to source and relay node. Through numerical results, we

observed that: i) when the total power is optimally assigned to the source and the relay node,

the system performs better. ii) the optimal relay location lies almost halfway between the source

and the destination node, and shifts toward the destination node when channel quality improves,

iii) improvement in RD link quality results in better performance when compared to increase in

that of SR link, and iv) among κ and µ parameters in κ−µ fading and η and µ parameters in

η−µ fading, the improvement in performance with increase in µ parameter dominates.
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6.2 Suggestions for Future Work

X Average SER analysis of WP three-node DF relay system under Nakagami-m fading

(EH at relay node):

Next, we present SER analysis when data is transmitted over a WP three-node DF relay system.

Average SER and throughput of the system are analyzed for M -PSK modulated data under

Nakagami-m fading. Two cases are considered for the analysis; in the first case, direct (SD) link

is considered for the analysis; while in the second case, it is assumed that direct link is in deep

fade and hence its effect is ignored. Asymptotic average SER expressions are also derived at high

SNRs to obtain DO of the system and allocate optimal resources, viz. energy, power, and time.

Through numerical results, the following main observations are made: i) improvement in SR

link quality results in better performance when compared to increase in that of RD link, ii) the

performance improves if the relay node is placed close to either source or destination, optimal

results are achieved when relay is placed close to source, and iv) average SER and throughput

of the system with direct link is always better than the system without direct link.

X Average SER analysis of WP three-node DF relay system under Nakagami-m and

κ−µ shadowed fading (EH at source node):

Lastly, we have analyzed the average SER of a WP two-hop DF relay system under Nakagami-m

and κ−µ shadowed fading. Energy-constrained source node relies on the RF signal radiated by

the relay node for EH. Data follows either M -PSK or orthogonal M -FSK modulation. Asymp-

totic average SERs are derived and used to analyze system’s DO and optimal relay location.

Through numerical results we observed that if the relay node is located near the source node

then the performance improvement is more for the increase in fading parameters of the RD link

when compared with that of the SR link. Otherwise, if the relay node is near to the destination

node then the increase in fading parameters of the SR link dominates over that of the RD

link. The optimal relay location lies between source node and destination node with inclination

towards the node with poor link quality. Also, under κ−µ shadowed fading environment, the

impact of µ is maximum on the performance improvement among the fading parameters κ, µ,

and m, whereas increment in κ has the least impact.

6.2 Suggestions for Future Work

The possible future research directions in which our present work can be extended are listed below.
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⋆ Conventional relay systems: The work in Chapter 3 can be further explored in the following

directions.

• Average BER of conventional multihop DF relay system under κ−µ and η−µ fading for

M -QAM scheme is analyzed in [119, 120]. In [121], outage probability is examined for

conventional parallel DF relay system under κ−µ and η−µ fading. Outage probability under

κ−µ shadowed fading is analyzed for conventional parallel AF and DF relay systems in [112].

In [81], average SER of parallel DF relay system under η−µ fading is analyzed for M -

PSK and M -QAM modulation schemes. Average BER/SER of conventional parallel relay

systems under κ−µ and/or κ−µ shadowed fading can be analyzed for M -ary modulation

schemes.

• Outage probability and average BER of dual-hop DF relay system under η−µ fading in

the presence of co-channel interference are examined in [118]. Binary modulation schemes

are considered for the analysis. To the best of our knowledge, investigation of the average

BER/SER for dual-hop, multihop, and/or parallel relay systems in the presence of co-

channel interference is not reported in the literature for M -ary modulation schemes and

generalized fading models. Because it can have mathematical challenges. The analysis

can be simplified with the help of mathematical tools, such as Meijer-G function, Fox-H

function, Mellin transform, etc.

• In [86], average BER of full-duplex dual-hop relay system under Rayleigh and Nakagami-

m fading is analyzed for BPSK scheme. The analysis can be extended for higher order

modulation schemes under κ−µ, η−µ, and/or κ−µ shadowed fading.

⋆ WP relay systems: The analysis for WP relay systems in Chapters 4 and 5 can be extended

to following possible future directions.

• In [146], the average BER is investigated for binary modulation schemes under κ−µ and

η−µ fading. The analysis can be extended for M -ary modulation schemes. Though, it may

incur mathematical difficulties, which can be tackled with the help of mathematical tools,

namely, Meijer-G function, Fox-H function, and Mellin transform.

• Instead of a single relay node, multiple relay nodes can be considered between source and

destination. This would improve the diversity gain of the system. Full-duplex mimicking

128

Abstract-TH-2151_136102001



6.2 Suggestions for Future Work

[32] can be considered to improve the throughput. The analysis can be further extended

for the system having nodes equipped with multiple antennas. Effects due to the presence

of interference can also be investigated. In [141, 142], analysis of SWIPT networks in the

presence of co-channel interferences in presented.

• In this thesis, we have made assumptions to simplify the analysis of the WP relay systems.

The main assumptions are i) negligible power consumption in elementary circuitries, such

as encoder, decoder, modulator, demodulator, etc., ii) linear EH model, and iii) harvest-use

approach to process the incoming energy flow. In practical scenarios, power consumption

in these circuitries cannot be neglected [148], and EH model is nonlinear [59, 175, 176].

Moreover, due to small RF-based energy arrival at harvester, the harvest-store-use approach

for processing harvested energy can be more desirable [131]. This approach enables energy-

constrained nodes to accumulate energy until a minimum amount of energy is stored. Then

the accumulated energy can be used for data transmission. By considering these facts, the

analysis can be extended to incorporate more practical scenarios.

• Performance analysis of WP heterogeneous cellular networks using stochastic geometry is

also an interesting area of research [74,139,143]. In such networks, nodes are considered to

be randomly deployed and their location is modeled using a Poisson point process. Perfor-

mance of a system comprising one source, one destination, and multiple energy-constrained

random relay nodes is analyzed in [143]. The transmission technique considered in Chap-

ter 4 can be investigated for such systems on incorporating the appropriate modifications.
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A. Derivation of Pe,EGC, PDF fγEGC
(γEGC) and Its Asymptotic Approximation

A.1 Product of Two Nakagami-m Distributed Random Variables

The cumulative distribution function (CDF) of the random variable t2 = ν2|hSR||hRD|, which is

a scaled version of the product of two Nakagami-m distributed random variables, can be obtained by

solving

Ft2(t2) = Pr[ν2|hSR||hRD | ≤ t2]

=

∫ ∞

0
Pr

[

|hSR| ≤
t2

ν2|hRD|

]

f|hRD|(|hRD|)d|hRD |. (A.1)

Equation (A.1) can be simplified using the PDF of |hRD| in (4.9) and the CDF of |hSR| given as

F|hSR|(|hSR|) =
1

Γ(mSR)
γ
(

mSR,
mSR

λSR
|hSR|2

)

,

where γ(·) is lower incomplete gamma function. Thus, (A.1) is

Ft2(t2) =

∫ ∞

0

1

Γ(mSR)
γ

(

mSR,
mSR

(ν2)2λSR

(

t2
|hRD |

)2
)

×2(mRD)
mRD |hRD|2mRD−1

Γ(mRD)(λRD)mRD
exp

(

−mRD|hRD|2
λRD

)

d|hRD|. (A.2)

Using (B.2), the incomplete gamma function in (A.2) can be represented in terms of Meijer-G function,

which on employing (4.13) can be written in integral form. Hence, on changing the order of integration

(A.2) can be rewritten as

Ft2(t2) =
2(mRD)mRD

Γ(mSR)Γ(mRD)(λRD)mRD

(

1

2π

)
∫

C

Γ(mSR + p)Γ(−p)
Γ(1− p)

(

mSR

(ν2)2λSR
(t2)

2

)−p

×
∫ ∞

0
|hRD|2mRD+2p−1 exp

(

−mRD|hRD|2
λRD

)

d|hRD | dp. (A.3)

Now, on employing (B.7), the inner integral in (A.3) can be simplified in the terms of gamma function,

thence (A.3) is written as

Ft2(t2) =
1

Γ(mSR)Γ(mRD)

(

1

2π

)
∫

C

Γ(mSR+p)Γ(mRD+p)Γ(−p)
Γ(1− p)

(

mSRmRD

γ̄2
(t2)

2

)−p

dp, (A.4)

where γ̄2 = λSRλRD(ν2)
2. The PDF of t2 is obtained by differentiating (A.4) with respect to t2 and

using the relation x = Γ(1 + x)/Γ(x) as

ft2(t2) =
2mSRmRD t2

Γ(mSR)Γ(mRD)γ̄2

(

1

2π

)
∫

C
Γ(mSR+p)Γ(mRD+p)

(

mSRmRD

γ̄2
(t2)

2

)−p−1

dp . (A.5)
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A.2 PDF fγEGC
(γEGC)

On replacing (p) by (p− 1) in (A.5), the expression can be rewritten in terms of Meijer-G function as

in (4.16) with the help of (4.13).

A.2 PDF fγEGC
(γEGC)

The CDF of a random variable z defined as z = t1 + t2 is given by

Fz(z) = Pr(t1 + t2 ≤ z)

=

∫ z

0
Pr(t1 ≤ z − t2)ft2(t2)dt2, (A.6)

where t1 is Nakagami-m distributed with CDF Ft1(t1) =
1

Γ(mSD)γ
(

mSD,
mSD

γ̄1
(t1)

2
)

and the PDF of t2

is given by (A.5). (A.6) can be simplified by using the PDF in (A.5) and the integral form of Ft1(t1)

obtained from (B.2) and (4.13), followed by change in the order of integration. We get

Fz(z) =
2mSRmRD

Γ(mSD)Γ(mSR)Γ(mRD)γ̄2

(

1

2π

)2 ∫

C1

∫

C2

Γ(mSR − 1 + p)Γ(mRD − 1 + p)

Γ(1− q)

×Γ(mSD+ q)Γ(−q)
(

mSD

γ̄1

)−q (mSRmRD

γ̄2

)−p
(

∫ z

0
t2

1−2p(z − t2)
−2qdt2

)

dpdq. (A.7)

The innermost integral in (A.7) can be written in terms of the beta functionB(x, y) = Γ(x)Γ(y)/Γ(x+

y) [166, eq. (3.191.1)]. Hence, (A.7) is simplified as

Fz(z) =
2mSRmRDz

2

Γ(mSD)Γ(mSR)Γ(mRD)γ̄2

(

1

2π

)2 ∫

C1

∫

C2

Γ(mSR − 1 + p)Γ(mRD − 1 + p)Γ(2− 2p)

Γ(3− 2p − 2q)

×Γ(mSD + q)Γ(−q)Γ(1− 2q)

Γ(1− q)

(

mSDz
2

γ̄1

)−q (
mSRmRDz

2

γ̄2

)−p

dpdq . (A.8)

On differentiating (A.8) with respect to z and replacing q by (q − 1) in (A.8), the PDF fz(z) is

fz(z) =
2mSDmSRmRDz

3

Γ(mSD)Γ(mSR)Γ(mRD)γ̄1γ̄2

(

1

2π

)2 ∫

C1

∫

C2

Γ(mSR − 1 + p)Γ(mRD − 1 + p)Γ(2− 2p)

Γ(4− 2p− 2q)

×Γ(mSD − 1 + q)Γ(1− q)Γ(3− 2q)

Γ(2− q)

(

mSDz
2

γ̄1

)−q (
mSRmRDz

2

γ̄2

)−p

dpdq . (A.9)

Using (A.9) and (4.14), the PDF of γEGC = z2 is obtained as in (4.17).
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A. Derivation of Pe,EGC, PDF fγEGC
(γEGC) and Its Asymptotic Approximation

A.3 Simplification of Pe,EGC

On substituting (4.25) in (4.26) and expanding the bivariate Fox-H function in contour integral

form using (4.14), the average SER for EGC can be written as

Pe,EGC =
aM mSDmSRmRD

πΓ(mSD)Γ(mSR)Γ(mRD)γ̄1γ̄2g2

(

1

2π

)2 ∫

C1

∫

C2

Γ(2− p− q)Γ(mSR − 1 + p)

Γ(4− 2p − 2q)

×Γ(mRD − 1 + p)Γ(2− 2p)Γ(mSD − 1 + q)Γ(1− q)Γ(3− 2q)

Γ(2− q)

×
(

mSD

gγ̄1

)−q (mSRmRD

gγ̄2

)−p
(

∫ π
2

0
(sin2(θ))2−p−qdθ

)

dpdq. (A.10)

The innermost integral in (A.10) is solved using the substitution cos2(θ) = t, applying (B.5), and

using the relation B(x, y) = Γ(x)Γ(y)/Γ(x+ y) as

∫ π
2

0
(sin2(θ))2−p−qdθ =

√
πΓ(5/2− p− q)

2Γ(3− p− q)
. (A.11)

On substituting (A.11) in (A.10) and using (4.14), Pe,EGC is given as in (4.27).

A.4 Asymptotic Approximation of PDF fγEGC
(γEGC)

Using (4.37) and the contour integral representation for the CDF of t1 in (A.6), we get

F∞
z (z) ≈ −2

Γ(mSD)(Γ(ma))2

(

m2
a

γ̄2

)ma
(

1

2π

)∫

C

Γ(mSD + q)Γ(−q)
Γ(1− q)

×
(

mSD

γ̄1

)−q




z
∫

0

t2ma−1
2 (z − t2)

−2q ln

(

4m2
at

2
2

γ̄2

)

dt2



 dq, (A.12)

where the inner integral is expanded as

I =

∫ z

0
(t2)

2ma−1(z − t2)
−2q ln

(

4m2
at

2
2

γ̄2

)

dt2

= z2ma−2q−1 ln

(

4m2
az

2

γ̄2

)

z
∫

0

(

t2
z

)2ma−1(

1− t2
z

)−2q

dt2

+2z2ma−2q−1

z
∫

0

(

t2
z

)2ma−1(

1− t2
z

)−2q

ln

(

t2
z

)

dt2. (A.13)
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A.4 Asymptotic Approximation of PDF fγEGC
(γEGC)

Using (B.5) and (B.8), followed by rearrangement of terms with the help of (B.11), we get

I = z2ma−2qΓ(2ma)Γ(1− 2q)

Γ(1 + 2ma − 2q)

(

ln

(

4(ma)
2z2

γ̄2

)

+
∞
∑

n=1

2(2ma − 1)

n(2ma + n− 1)
−

∞
∑

n=1

2(2ma − 2q)

n(2ma − 2q + n)

)

. (A.14)

Using (A.14), (A.12) is rewritten as

F∞
z (z) ≈ − 2Γ(2ma)z

2ma

Γ(mSD)(Γ(ma))2

(

m2
a

γ̄2

)ma
(

ln

(

4G2(ma)
2z2

γ̄2

)

× (J1)−
∞
∑

n=1

2

n
× (J2)

)

, (A.15)

where ln(G2) =
∞
∑

n=1
(2(2ma − 1))/(n(2ma + n− 1)),

J1 =
1

2π

∫

C1

Γ(mSD + q)Γ(−q)Γ(1− 2q)

Γ(1− q)Γ(2ma + 1− 2q)

(

mSDz
2

γ̄1

)−q

dq (A.16)

and

J2 =
1

2π

∫

C1

Γ(mSD + q)Γ(−q)Γ(1− 2q)Γ(2ma + n− 2q)

Γ(1− q)Γ(2ma − 2q)Γ(1 + 2ma + n− 2q)

(

mSDz
2

γ̄1

)q

dq. (A.17)

The relation x = Γ(x+ 1)/Γ(x) is used to obtain (A.17). Using (B.12), (A.16) and (A.17) can be

represented in terms of univariate Fox-H function which on substitution in (A.15) give

F∞
z (z) ≈ − 2Γ(2ma)z

2ma

Γ(mSD)(Γ(ma))2

(

(ma)
2

γ̄2

)ma

×
(

ln

(

4G2(ma)
2z2

γ̄2

)

H1,2
2,3

[

mSDz
2

γ̄1

∣

∣

∣

∣

(1, 1), (0, 2)

(mSD, 1), (0, 1), (−2ma , 2)

]

−
∞
∑

n=1

2

n
H1,3

3,4

[

mSDz
2

γ̄1

∣

∣

∣

∣

(1, 1), (0, 2), (1 − n− 2ma, 2)

(mSD, 1), (0, 1), (1 − 2ma, 2), (−2ma − n, 2)

]

)

. (A.18)

In (A.18), Fox-H functions are dependent on γ̄1. Therefore, approximations of the Fox-H functions as

γ̄1 → ∞ can be obtained to determine the high SNR expression for the CDF F∞
z (z). Using [177, Th.

1.3], the Fox-H functions in (A.18) are expanded in power series form as

H1,2
2,3

[

mSDz
2

γ̄1

∣

∣

∣

∣

(1, 1), (0, 2)

(mSD, 1), (0, 1), (−2ma , 2)

]

∼
∞
∑

l=0

(

mSDz
2

γ̄1

)mSD+l
(−1)l

l!

× Γ(mSD + l)Γ(1 + 2mSD + 2l)

Γ(1 +mSD + l)Γ(1 + 2ma + 2mSD) + 2l)
(A.19)
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and

H1,3
3,4

[

mSDz
2

γ̄1

∣

∣

∣

∣

(1, 1), (0, 2), (1 − n− 2ma, 2)

(mSD, 1), (0, 1), (1 − 2ma, 2), (−2ma − n, 2)

]

∼
∞
∑

l=0

(−1)l

l!

Γ(mSD + l)Γ(1 + 2mSD + 2l)

Γ(1 +mSD + l)Γ(2ma + 2mSD + 2l)

Γ(n+ 2ma + 2mSD + 2l)

Γ(n+ 1 + 2ma +mSD + 2l)

(

mSDz
2

γ̄1

)mSD+l

.

(A.20)

We consider only the first dominating term of the approximations as γ̄1 → ∞, thus the right hand

side in (A.19) and (A.20) can be simplified as

Γ(mSD)Γ(1 + 2mSD)

Γ(1 +mSD)Γ(1 + 2mSD + 2ma)

(

mSDz
2

γ̄1

)mSD

(A.21)

and

Γ(mSD)Γ(1 + 2mSD)Γ(n+ 2mSD + 2ma)

Γ(1 +mSD)Γ(2mSD + 2ma)Γ(1 + n+ 2mSD + 2ma)

(

mSDz
2

γ̄1

)mSD

, (A.22)

respectively. Substituting (A.21) and (A.22) in (A.18), the CDF is expressed as

F∞
z (z) ≈ − 2Γ(2ma)

Γ(mSD)(Γ(ma))2

(

mSDz
2

γ̄1

)mSD
(

m2
az

2

γ̄2

)ma

×
(

ln

(

4G2m2
az

2

γ̄2

)

Γ(mSD)Γ(1 + 2mSD)

Γ(1 +mSD)Γ(1 + 2mSD + 2ma)

−
∞
∑

n=1

2Γ(mSD)Γ(1 + 2mSD)Γ(n+ 2mSD + 2ma)

nΓ(1 +mSD)Γ(2mSD + 2ma)Γ(1 + n+ 2mSD + 2ma)

)

. (A.23)

Therefore, the approximate expression for the CDF F∞
γEGC

(γEGC) is

F∞
γEGC

(γEGC) ≈ − 2Γ(2ma)

Γ(mSD)(Γ(ma))2

(

mSD

γ̄1

)mSD
(

m2
a

γ̄2

)ma

×γ(mSD+ma)
EGC

(

ln

(

4G2m2
aγEGC

γ̄2

)

Γ(mSD)Γ(1 + 2mSD)

Γ(1 +mSD)Γ(1 + 2mSD + 2ma)

−
∞
∑

n=1

2Γ(mSD)Γ(1 + 2mSD)Γ(n+ 2mSD + 2ma)

nΓ(1 +mSD)Γ(2mSD + 2ma)Γ(1 + n+ 2mSD + 2ma)

)

. (A.24)

Differentiating (A.24) with respect to γEGC results in the PDF (4.38).

136

Abstract-TH-2151_136102001



B
Some Useful Mathematical Relations

Contents

B.1 Some Useful Mathematical Relations . . . . . . . . . . . . . . . . . . . . . 138

137

Abstract-TH-2151_136102001
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B.1 Some Useful Mathematical Relations

Some of the useful mathematical relations used in this thesis are listed as follows.

⋆ Exponential function, lower incomplete gamma function, and modified Bessel’s function of the

second kind can be represented in terms of Meijer-G function using [162, eq. (8.4.3.1)], [162, eq.

(8.4.16.1)] and [162, eq. (8.4.23.1)] as

exp(−x) = G1,0
0,1

[

x

∣

∣

∣

∣

−
0

]

, (B.1)

γ(ν, x) = G1,1
1,2

[

x

∣

∣

∣

∣

1

ν,

]

, (B.2)

and

Kν(2
√
x) =

1

2
G2,0

0,2

[

x

∣

∣

∣

∣

−
ν/2,−ν/2

]

, (B.3)

respectively.

⋆ Univariate Meijer-G function to modified Bessel’s function of the second kind using [178, eq.

(07.34.03.0605.01)]

G2,0
0,2

[

x

∣

∣

∣

∣

−
b, c

]

= 2x(b+c)/2Kb−c(2
√
x). (B.4)

⋆ Beta function B(µ, ν) = Γ(µ)Γ(ν)/Γ(µ + ν) in integral form is given by [166, eq. (3.191.1)]

B(µ, ν) = u1−µ−ν

∫ u

0
xµ−1(u− x)ν−1dx. (B.5)

⋆ The r-th order modified Bessel’s function of the second kind, Kr(y) can be approximated for

y → 0, Kr(y) using [170, eqs. (9.6.6), (9.6.8) and (9.6.9)] as

Kr(y) ≈











− ln(y), r = 0

1
2Γ(|r|)

(

1
2y
)−|r|

, |r| > 0
. (B.6)

⋆ An integral involving product of algebraic and exponential functions [166, eq. (3.381.4)]

∫ ∞

0
xu exp(−sx)dx = s−1−uΓ(1 + u) (B.7)
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⋆ An integral involving product of algebraic and logarithmic functions is given as [166, eq. (4.253.1)]

∫ 1

0
xµ−1(1− x)ν−1 ln(x) dx = B(µ, ν)

(

ψ(µ)− ψ(µ+ ν)
)

, (B.8)

where ψ(·) is digamma function [170, eq. (6.3.1)].

⋆ An integral involving product of algebraic, logarithmic and exponential functions is given by [166,

eq. (4.352.1)]
∫ ∞

0
xν−1 ln(x) exp(−µx) dx = µ−νΓ(ν)

(

ψ(ν)− ln(µ)
)

. (B.9)

⋆ An integral involving functions of trigonometric function is given by [166, eq. (4.387.2)]

∫ π/2

0
ln(sin(x)) sinµ−1(x)dx =

√
πΓ(µ/2)

4Γ((µ + 1)/2)
(ψ(µ/2) − ψ((µ + 1)/2)) . (B.10)

⋆ Series form representation of digamma function is given as [170, eq. (6.3.16)]

ψ(1 + x) = −ξ +
∞
∑

n=1

x

n(n+ x)
, for x 6= −1,−2,−3, . . . (B.11)

where ξ = 0.577215 is Euler-Mascheroni constant.

⋆ Univariate Fox-H function is represented in Mellin-Barnes integral form as [162, eq. (8.3.1.1)]

Hm1,n1
p1,q1

[

x

∣

∣

∣

∣

(a1, A1), . . . , (ap1 , Ap1)

(b1, B1), . . . , (bq1 , Bq1))

]

=
1

2π

∫

C
θ(p)x−pdp, (B.12)

where

θ(p) =

∏m1
j=1 Γ(bj +Bjp)

∏n1
j=1 Γ(1− aj −Ajp)

∏q1
j=m1+1 Γ(1− bj −Bjp)

∏p1
j=n1+1 Γ(aj +Ajp)

.

⋆ The duplication formula of Gamma function is [164, Eq. (2.19)]

Γ(2r) =
22r

2
√
π
Γ(r)Γ(1/2 + r). (B.13)

⋆ An integration involving algebraic function and exponential function [179, eq. (2.3.16.1)]

∫ ∞

0
xr−1 exp(−px− q/x)dx = 2

(

q

p

)r/2

Kr(2
√
pq)), (B.14)
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where Kr(·) is the r-th order modified Bessel’s function of the second kind.

⋆ An integration involving algebraic function, exponential function and the second kind Bessel’s

function [180, eq. (2.16.8.4)]

∫ ∞

0
xa−1 exp(−px2)Kr(cx)dx =

p(1−a)/2

2c
Γ

(

a+ r

2

)

Γ

(

a− r

2

)

exp

(

c2

8p

)

W(1−a)/2,r/2

(

c2

4p

)

,

(B.15)

where Ws,t(·) is Whittaker’s function.
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