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Abstract

This thesis provides efficient numerical methods for solving singular perturbation prob-
lems (SPPs) of convection-diffusion and reaction-diffusion types with boundary layers. A
differential equation is called singularly perturbed when a small parameter is multiplied
with the highest-order derivative and this small parameter is called the perturbation
parameter. Because of the presence of the parameter in the solution of the differential
equation, steep, thin layers occur at the boundaries or/and interior of the domain. Solu-
tion of singularly perturbed problems normally has smooth and singular components and
its singular component is called the boundary layer function which varies very rapidly in
the boundary layer region and behaves smoothly in the outer region. Due to this layer
phenomena, it is a very difficult and challenging task to provide parameter-uniform nu-
merical methods for solving SPPs. Parameter-uniform numerical methods means those
numerical methods in which the approximate solution converges to the corresponding
exact solution of SPPs independently with respect to the perturbation parameter(s).

It is well-known that uniform meshes with classical schemes fail to converge uniformly
with respect to the singular perturbation parameter. It is desirable to develop methods
which converges uniformly. In this thesis we develop and analyze superconvergence
properties of the non-symmetric interior penalty Galerkin (NIPG) method for solving
SPPs in one- and two-dimensions on layer-adapted meshes.

We begin the thesis with an introduction followed by a section describing the ob-
jectives and the motivation for solving SPPs. Then, we discuss preliminaries which
are used throughout the thesis. Next, we move forward to the main work of the the-
sis. First, we have studied the superconvergence properties of the NIPG for singu-
larly perturbed two-point boundary-value problems (BVPs) of reaction-diffusion and
convection-diffusion types. Then, we have considered two-parameter singularly per-
turbed convection-diffusion-reaction BVPs. Here, in order to discretize the domain, we
used the layer-adapted piecewise-uniform Shishkin mesh, the Bakhvalov mesh and the
exponentially-graded mesh. Also, here, we have established the superconvergence re-
sult of the NIPG method. Further, singularly perturbed coupled system of two-point
BVPs of reaction-diffusion type is considered. The solutions of these problems exhibit
twin overlapping exponential boundary layers. We applied the NIPG method on layer-
adapted piecewise uniform Shishkin mesh. Numerical results are presented to support
the theoretical results.

Then we discuss the numerical solution of singularly perturbed 1D parabolic PDEs.
For the discretization of the parabolic PDESs, one often uses the space semidiscretiza-
tion, also called the method of lines. In this approach, discontinuous Galerkin (DG)
discretization is applied only to the spatial variable, whereas the temporal variable re-
mains continuous. These method have lower-order of accuracy in time. In order to
improve the order of convergence in time also, here, we have used DG discretization
for both the variables and showed the superconvergence properties of the DG method.
Finally, we dealt with the numerical solution of singularly perturbed 2D elliptic BVPs.
Here, we applied the NIPG method on the layer-adapted piecewise-uniform Shishkin
mesh and superconvergence results of the NIPG method are established. Numerical
results are produced to validate the theoretical error estimates.

At the end of the thesis, conclusion and possible future works are discussed.
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CHAPTER ]_

Introduction

1.1 Singular Perturbation Problem

Singular perturbation problems (SPPs) arise in several branches of applied mathematics
which include fluid dynamics, quantum mechanics, elasticity, chemical reactor theory,
gas porous electrodes theory, etc. The presence of small parameter(s) in these problems
prevents us from obtaining satisfactory numerical solutions. It is a well-known fact
that the solutions of SPPs have a multi-scale character. That is, there are thin layer(s)
where the solution varies very rapidly, while away from the layer(s) the solution behaves
regularly and varies slowly. This class of problem is an attractive area for researchers
due to its application nature. For example, consider the time dependent Navier-Stokes

equations appearing in fluid dynamics in two space variables x and y:

ou 1
div u = 0, (1.1.1)

© =0 on the boundary y =10

where u = (uq,uz) is the velocity component along the z,y directions and p is pressure
and f represents body accelerations acting on the continuum. The parameter ‘Re’ is
called Reynolds number, proportional to length, velocity and inversely proportional
to kinetic viscosity. The singularly perturbed nature of these equations becomes
apparent when the magnitude of the convective term is much larger than that of the
diffusion term ¢.e., when the magnitude of the terms involving first-order derivatives is
much larger than that of the second-order derivatives. The Equation (1.1.1) becomes

singularly perturbed when velocity flow is large, such that Re > 103 .

TH-2580_156123007



Chapter 1 1.1. Singular Perturbation Problem

In 1904, Prandtl used the word boundary layer for the first time in his seven page
report, which was published in the proceedings [49]. He discussed about how a quantity
as small as the viscosity of common fluid such as water and air could play a crucial
role in determining their flow. In his paper, Prandtl had shown that the flow about
a body can be divided into two regions: a very thin layer (boundary layer) where the
frictional effect are prominent and remaining as the outside regions. Whereas the term
“singular perturbation” was first introduced by Friedrichs and Wasow in their paper [20]
on nonlinear vibrations.

In general, a differential equation becomes singularly perturbed when the magnitude
of the highest order derivative is dominated by the lower order terms and is often at-
tributed to a small parameter multiplied with the highest order derivative. The small
parameter is called the singular perturbation parameter. So it is natural to impose
question about the role of the “small” parameter (say ) where 0 < ¢ < 1. Because
of the presence of the singular perturbation parameter in the differential equation, the
solution of the differential equation exhibits boundary layer(s), i.e., steep, thin layers
occur at the boundaries and interior of the domain, where the solution varies rapidly
and away from the layer(s) the solution varies slowly and behaves smoothly. Solution of
SPPs normally has smooth and singular components and its singular component is called
the boundary layer function which varies very rapidly in the boundary layer region and
behaves smoothly in the outer region. Finite difference methods (FDMs) and standard
finite element methods (FEMs) give oscillatory and inaccurate solution for such type of
problems on uniform meshes. One can find more details about the numerical solution of
SPPs in the book of Roos et al. [56].

Therefore, it is desirable to develop parameter-uniform numerical methods i.e., in-
dependent of the small parameter € and the space variables x and y in the limiting case;
that solve the singularly perturbed differential equations (SPDEs) effectively. This is
indeed the reason why the methods of singular perturbation are of practical interest.
More precisely, the purpose of SPP theory is to study and capture the boundary and
interior layers in the ‘limiting case’ as ¢ — 0.

The numerical methods for SPPs are widely classified into two categories, namely,
the fitted operator methods (FOMs) and the fitted mesh methods (FMMs). In FOMs,
exponential fitting factors (artificial viscosity) will be used to control the rapid growth
or the decay of the numerical solution in the boundary layers. In [13], Allen et al.
introduced FOMs for solving the problem of a viscous fluid flow past a cylinder. Many
work on FOMs can be seen in the books of Doolan et al. [15] and Miller et al. [42].

The extensions of FOMs to higher-dimensional problems are too difficult and in some

cases it may not be even possible. Whereas, FMMs use nonuniform grids, which will be

Ph.D. Thesis 2
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Chapter 1 1.2. Objective and Motivation

fine (dense) in the boundary layer regions and coarse outside the layer regions. The well-
known layer resolving fitted meshes are the Shishkin meshes [42], which are piecewise
uniform and easy to obtain, the Bakhvalov meshes [33], which are graded and obtained
from some nonlinear mesh generating function. These two meshes will require aprior:
information about the location and width of the boundary layers. For more details on
FMMSs, one can refer the books by Farrell et al. [16], Miller et al. [42] and Roos et al.
[56] and survey articles of Kadalbajoo et al. [24, 25, 26].

1.2 Objective and Motivation

The main aim of this thesis is to develop and analyze superconvergence properties of
the non-symmetric interior penalty Galerkin (NIPG) method for solving SPPs in one-
and two-dimensions on the piecewise uniform Shishkin mesh. A brief survey of the
literature illustrating the motivation behind the present work, carried out in the thesis,
is presented below:

There are several numerical methods available in the literature to solve SPDEs,
for more details, one can refer the books [16, 33, 42, 56|, articles [4, 11, 19, 21, 32,
40, 43, 45, 52, 58] and references therein. The solution of SPDEs has a multi-scale
character, it varies rapidly inside the boundary layer, and varies slowly away from the
boundary layers, therefore, classical numerical schemes fail to yield satisfactory numer-
ical approximate solution on uniform meshes. Special care has to be taken to devise
parameter-uniform numerical methods to these problems.

FEMs will fail to provide parameter-uniform numerical solutions to SPDEs on uni-
form meshes. Therefore, one has to use exponential basis functions as the trial functions
[47], or one has to use layer-adapted nonuniform meshes for classical FEM [56]. There
are several research articles deal with the numerical solution of SPDEs by FEM, we cite
a few of them [55, 59, 60, 67], and the references therein. It is desirable to develop meth-
ods which converges uniformly. In this thesis, we develop and analyze superconvergence
properties of the non-symmetric interior penalty Galerkin (NIPG) for solving SPPs.

Some of the numerical methods for two-parameter SPPs can be found in [37, 61] using
simple upwind finite difference scheme on the Shishkin mesh and fitted finite difference
scheme on uniform mesh, respectively. FEMs are more effective numerical methods
over finite difference schemes to obtain the numerical solutions of SPPs. Kadalbajoo
and Yadaw [27] applied the FEM on the Shishkin mesh for two-parameter singularly
perturbed convection-diffusion-reaction problem and proved almost second-order con-
vergence in the maximum norm. Brdar and Zarin [7] applied the FEM for the same

problem on the Bakhvalov mesh and proved uniform convergence in the discrete energy
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norm. Instead of the Bakhvalov mesh, Zarin used the exponentially graded mesh in [65].
Recent work on two-parameter SPPs can be seen in [6].

There are several research articles available in the literature deal with the numerical
solution of singularly perturbed scalar boundary-value problems (BVPs), whereas only
a few articles exist for singularly perturbed system of BVPs. To cite a few, Madden and
Stynes [39] presented a uniformly convergent numerical method for system of reaction-
diffusion BVPs. Natesan and Deb studied the system of reaction-diffusion problems, and
obtained the numerical solution on Shishkin mesh in [46]. One can see some more work on
the numerical solution of system of reaction-diffusion problems in [12, 29, 34, 35, 36, 41],
and the references therein. Some articles on system of convection-diffusion equations
can be seen in [5, 9, 48, 53, 54].

Discontinuous Galerkin (DG) methods [2, 10] have been widely used for solving a
wide range of problems from computational fluid dynamics. These methods are preferred
over FEMs because of their flexibility in approximating globally rough solutions, their
local mass conservation, their possible definition on unstructured meshes, their potential
for error control and mesh adaptation, etc. DG methods are effective numerical methods
for solving differential equations. Early work on DG methods can be found in Reed and
Hill [50] and Arnold [2], etc.

Most popular DG method is the NIPG method. The NIPG method uses penalty
parameters to enforce weakly both the continuity of the solution and the boundary con-
ditions. Some of the general attractive features of the NIPG method are the flexibility
due to local mesh refinement and ability to handle unstructured meshes and discontin-
uous coefficients. More specific properties include the coercivity property of the bilin-
ear form, stability and convergent for any nonnegative penalty parameters, whereas in
other variants of the DG methods, for example, the symmetric interior penalty Galerkin
(SIPG) method and the incomplete interior penalty Galerkin (IIPG) method, we have
to choose the penalty parameters so that the method should be stable and convergent
and also the proof of the coercivity property is also too complicated. Some work on DG
methods can be seen in [23, 64, 66, 69].

Superconvergence is a property in numerical analysis that shows faster convergence
for the approximate solution arising from the numerical method. Many works have been
done by different researchers in this field. Some of them are: In [68], Zhang shows the
superconvergence properties by improving the order of convergence in the interpolation
error. Chen shows superconvergence properties using piecewise Lagrange interpolation
on Gauss points [10]. Superconvergence in FEMs for SPPs have been studied by Zhang
[67] and references therein. Also, there are some superconvergence results obtained for

the local DG method [63]. But, no superconvergence results are available in the literature
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about the DG method in its primal formulation for SPPs (the local DG method is in
mixed formulation). For an overview of these methods, one can refer the book [51], the
research articles [3, 8, 57, 70], and the references therein.

For the discretization of the parabolic PDEs, one often uses the space semidiscretiza-
tion, also called the method of lines [18]. In this approach, the DG discretization is
applied only with respect to the spatial variable, whereas the temporal variable remains
continuous. These method have low order of accuracy in time. In order to improve the
order of convergence in time also we have used DG discretization with respect to both
the variables. Some recent work in this direction can be seen in [1, 17, 28].

Finally, we have extended the idea of the superconvergence proof for 1D convection-
diffusion BVPs given in Chapter 2 to 2D elliptic BVPs of convection-diffusion type on a
square domain. Here, we apply the NIPG method on the layer-adapted piecewise uniform
Shishkin mesh. In order to improve the order of convergence of the interpolation error,
the piecewise Lagrange interpolation is used at Gauss points. We used this improved
order of convergence to prove the discretization error.

Some of the most recent articles can be seen in [14, 30]. In [14], authors propose an
efficient high order semi-Lagrangian (SL) discontinous Galerkin (DG) method for solving
linear convection-diffusion equations. Proposed method have many attractive features of
the DG and SL methods. These include the uniformly high order accuracy in space and
in time, compact, mass conservative, and stability under large time stepping size. In [30],
authors applied discontinuous Galerkin finite element method for convection-diffusion-
reaction problems with singular perturbation and established a priori error estimate in

a suitable energy norm.

1.3 Preliminaries

In this section, we provide some definitions, notations which will be used throughout
the thesis.

Definition 1.3.1. (Uniformly convergent) Let u be the solution of a singular per-
turbation problem, and let uy, be a numerical approximation of u obtained by a numerical
method with N degrees of freedom. The numerical method is said to be uniformly con-

vergent or robust with respect to the perturbation parameter € in the norm || - || if
|lu—up|| <v(N) for N >N
with a function v and a threshold value Ny > 0 that are both independent of € and

lim v(N) = 0.

N—o0
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The next definition is of Landau’s order symbols O (big-oh) and o (little-oh),
which are used throughout the thesis. Let f(¢) and g(g) be two real valued functions,
where 0 < € < gy < 1.

Definition 1.3.2. The expression f(¢) = O(g(e)) as € — 0, defines that there exist

some positive constants C' and ey satisfying € € (0,e0]| such that
1f(e)] < Clg(e)|, e—0.

Definition 1.3.3. The expression f(e) = o(g(e)) as € — 0, defines that

limﬁ = 0.

=0 g(e)

Definition 1.3.4. A matrizx A = (a,) € R™" is an Lo—matriz if ay > 0 and a;, <0,
foralll#£m, 1 <Il,m<n.

Definition 1.3.5. A matric A = (a,,) € R™ is an M-matriz if A is nonsingular,
A1 >0 and ap, <0, foralll #m, 1 <Il,m <n.

1.3.1 Basic notations for 1D problems

The space of square integrable functions on an interval  C R will be denoted by L*((2),

with the associated inner product

(u, v)g = /Qu(a:)v(a:)da:

Let Tv ={K; = (zj_1,2;) : j =1,..., N} be a partition of the domain 2. For each

element K; € Ty, define the broken Sobolev space of order s as
H(Q, Ty) = {u € L*(Q) : ulx, € H(K;),VK; € Ty}

The corresponding broken Sobolev norm and seminorm are given by

N N
lallm =D Nullls,s Nulin =D lulix,,
j=1 j=1
where, [.[lo,x; and |.|;,k, are the usual Sobolev norm and seminorm defined over the

domain K, respectively.

Let us define the finite element space V() associated with the family Ty as follows

Vi (Q) = {u € L*(Q) : u|x, € P*(K;),VK; € Ty},

Ph.D. Thesis 6
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where P*(K;) denotes the space of polynomials of degree at most k on K;. The functions
in V%(Q) are completely discontinuous across inter element boundaries.

In case of the coupled system of singularly perturbed reaction-diffusion equations,
we get solution as vector-valued function @ = (uy(z), uz(x)). Inner product and Sobolev
space for vector-valued function are defined as follows:

The space of square integrable functions on an interval K; C R will be denoted by

L*(K;), with the associated inner product
(@, #)x, = / iy ()0 (2)dz + / s ()05 ()
K; K;

We use the usual Sobolev space H*(K) to denote the space of functions on K; whose
generalized derivatives are in L?(K;) and it is equipped with the norm and seminorm
1|6, and ||k, , respectively. For any vector-valued function @ = (uq(z), ua(z))", we
will define the norm as

1015, x; = lalli iy + N2l -

The corresponding broken Sobolev norm and seminorm are given by

[ Z||u1||K+Z||u2HsK’ [l 7 = Z|u1\sz< +Z|U2|SK,

where, |[.|[o.p and |.];p are the usual Sobolev norm and seminorm defined over the
domain D, respectively.
In DG method, we allow discontinuity across inter element boundaries. Hence, we

need to introduce jump and average of the trace of v at the interior node z;, by

) = (a), @)} = 50 () + (@), G= 1 N - L

and at the boundary points

[v(z;)] = v

[v(zo)] = v(mo), {v(z0)} =v(®0), [v(zn)]=—v(zNn), {v(zn)}=v(zN),
where
vH(ay) = lim v(e), v (@) = lim o)

1.3.2 Basic notations for parabolic problem

Here, we define the finite element space where we have approximated the numerical
solution for parabolic problems. Let us define the finite element space V{(§2) associated

with the family Ty as follows

VE(Q) = {u € L*(Q) : ulg, € P*(K;),VK; € Tn},
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where P*(K;) denotes the space of polynomials of degree at most k on K;. The functions
in VX(Q) are completely discontinuous across inter element boundaries. Finite element

space to approximate the solution of parabolic problem is given by

I
Vﬁéw(g) ={uc L*G):ul;, = Ztiui with w; € VE(Q)}.

1=0

And for the discontinuous functions in time we introduce the jump at t,, by

where

1.3.3 Basic notations for 2D elliptic BVP

Let Ty denote partition of D = (0, 1)? which contains rectangles K such that

D= |J K

KeTn

Sobolev space on rectangles K is defined as
H*(D, Tn) = {u € L*(D) : u|x € H*(K),VK € Ty}.

Corresponding to the above defined space, we can define Sobolev norm and seminorm

as

lel2m = D Nl Tuliz, = X luliw),

KeTn KeTn

respectively. Finite-dimensional space V(D) for the partition Ty is as follows
Vn(D) = {u € L*(D) : u|x € Qu(K),VK € Ty},

where Qr(K') denotes the tensor products Lagrange polynomial space of degree at most
k in one variable on K.

Let Ex be the set of edges corresponding to the partitioning Ty and &;,,; C En be
the set of all edges e € Ey contained in D. Let I';; = {z € D : x € e for some e € &, }.
Then for each interior edge e, there exists two rectangles K and K’ sharing the interface
e, then we can define the jump and the mean-value of the function v on e as follows:

1
[U]e - Ul@Kﬂe - U|8K’ﬂe> {U}e = _(U|8Kﬂe + U|8K’ﬁe)
2

respectively, where 0K denote the union of all open edge of the element K. With each

interface e € £y we associate the unit normal vector v pointing from K to K', if e C T,

Ph.D. Thesis 8
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we take v to be the unit outward normal vector p. Define inflow and outflow parts of

0K by

0_-K ={x € 0K :b(z) - ux(x) < 0},
0. K ={x € 0K :b(z) - ux(x) > 0},

respectively, where p (x) represents the unit outward normal vector to 0K at the point
r € OK. We define the outer trace vy of v on O_K\I relative to K as the inner trace
v, relative to the element K’ such that 9, K’ N (0_K\I') # ®. The jump of v across
0_K\T is defined by

lv] = vl — v

Let TH

int

(TH) and T},

v (LY denote the set of all interior (boundary) horizontal and vertical

edges, respectively.
Throughout this thesis, C' denotes a generic positive constant that is independent of

the perturbation parameters (e, €4, €, €1, €2) and the mesh parameters.

1.4 Model Problems

In this section, the model problems considered in this thesis are described briefly. For
clarity of the presentation, we elaborately provide these model problems with suitable
information on the given data at the beginning of the subsequent chapters.

The following types of model problems are considered and their concise descriptions

are given below:

1.4.1 Singularly perturbed 1D reaction-diffusion BVP

Here, we consider the following singularly perturbed reaction-diffusion BVP:

—e2u”(z) + c(x)u(z) = f(z), z€Q=(0,1),
(1.4.1)

where 0 < ¢ < 1 is the perturbation parameter and the reaction coefficient satisfies
c(x) > B? > 0. The reaction coefficient c¢(x) and source function f(x) are sufficiently
smooth functions. We know that, solution u(x) of (1.4.1) exhibits boundary layers of
width O(elne) at © = 0 and 1.
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1.4.2 Singularly perturbed 1D convection-diffusion BVP
Consider the following singularly perturbed convection-diffusion BVP:

—eu(x) + b(z)u' () + c(z)u(x) = f(x), z €,
(1.4.2)

with

/
b(x) > >0, 72:m€i§1;1 <c(x)— b(;)) >0, Vx €,

where 0 < ¢ < 1 is the perturbation parameter. The coefficients b(z), ¢(z) and the
source function f(z) are sufficiently smooth functions. We know that, solution u(x) of
(1.4.2) exhibits boundary layer of width O(elne) at x = 1.

1.4.3 Singularly perturbed two-parameter 1D convection-
diffusion-reaction BVP

Here, we consider the following two-parameter singularly perturbed two-point BVP:

—equ” () + eb(x)u (z) + c(x)u(z) = f(z), x€Q,
(1.4.3)

where 0 < 4,6, < 1. The functions b(z), ¢(z) and f(x) are assumed to be sufficiently

/
smooth with b(x) > by > 0, c(z) > ¢o > 0 and +* = migrzl (c(z) & <4 (236)) > 0, where
TE

by, co and v are constants.

1.4.4 Singularly perturbed coupled system of 1D reaction-
diffusion BVP

Here, we consider the following singularly perturbed system of reaction-diffusion BVP:

4 d2
R I B
Li = dx p |@tci=17 zeq
0 —e2— 1.4.4
€2dx2 ( )
@(0) = 0, (1) = 0,

\

where £ = diag(ey, €2) are the perturbation parameters, the coefficients ¢;; and the
source terms f; are sufficiently smooth functions, and are given by

o cn(z)  cra(w) and e fi()

can(x) coa(w) fa(7)
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We shall assume that reaction coefficient matrix C = {cij}%j:l is an Lp—matrix with
min{cn + C12,C21 + C22} > 527 (145)

i.e., C is an M-matrix whose inverse is bounded by 472 in the maximum norm. The
solution @ = (uy, uz)” of (1.4.4) has boundary layers of width O(e; Ine;) and O(ezIney)
at r =0 and 1.

1.4.5 Singularly perturbed 1D parabolic IBVP

We consider the following singularly perturbed parabolic convection-diffusion-reaction

problem:
ety + btz + )i = f(,8), (2, 8) €Gi= (2 (0, T)),
u(z, 0) = ug, for x € Q, (1.4.6)
u(0, t) =wu(l,t) =0, forte (0, 7],

here, 0 < e < 1 is a small parameter and b(x), c(x) are sufficiently smooth with b(x) >
£ > 0. We also assume that

e

b/
7% = min (c(:v) - (2x)> >0, Vz e Q.
Solution of the IBVP (1.4.6) exhibits boundary layer at z = 1.

1.4.6 Singularly perturbed 2D elliptic BVP

Here, the following singularly perturbed 2D elliptic BVP is considered:

—eAu+b-Vu+cu=f, in D=(0,1)x (0, 1),
(1.4.7)
u=0, on I'=0D,

where ¢ is a small positive parameter, and b(x, y) = (bi(x, y), ba(z, y)) > (b1, B2) >
(8, B8) > (0,0), c(z, y) > 0 for all (z,y) € D, and 7* = (c(z, y) — 3V - b(z, y)) > 0,

where [ and ~ are constants.

1.5 General Outline of the Thesis

In this thesis, we focus on obtaining the numerical solution of SPPs in one and two-
dimensions by the NIPG method.

The rest of this thesis includes six chapters and is organized as follows:
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In Chapter 2, superconvergence properties of the NIPG method for singularly per-
turbed two-point BVPs of reaction-diffusion and convection-diffusion types are studied.
By using piecewise polynomials of degree k on modified Shishkin mesh, superconver-
gence error bounds of O((N~!In N)*!) in the discrete energy norm are established,
where N is the number of elements. Numerical experiments are carried out to validate
the theoretical findings.

We applied the NIPG method to obtain the numerical solution of two-parameter
singularly perturbed convection-diffusion-reaction BVPs in Chapter 3. In order to dis-
cretize the domain, here, we use the layer-adapted piecewise uniform Shishkin mesh,
the Bakhvalov mesh and the exponentially-graded mesh. We establish a superconver-
gence result of the NIPG method, that is, the proposed method is parameter-uniformly
convergent with the order almost (k + 1) on the Shishkin mesh and (k + 1) on the
Bakhvalov mesh and on the exponentially graded mesh in the discrete energy norm,
where k is the order of the polynomials. Numerical results comparing the three different
types of meshes are presented at the end of the chapter supporting the theoretical error
estimates.

Chapter 4 is devoted to the study of the numerical solution of singularly perturbed
system of two-point BVPs of reaction-diffusion type. The solutions of these problems
exhibit twin overlapping exponential boundary layers. To obtain the numerical solu-
tions of these problems, we apply the NIPG method on layer-adapted piecewise uniform
Shishkin mesh. Also, we have proved that the proposed numerical method is uniformly
convergent with order k£ in the £-weighted energy norm, where k is the degree of the
piecewise polynomial in the finite element space. To improve the order of convergence
for the interpolation error, we use piecewise Lagrange interpolation on Gauss points and
discrete energy norm. Numerical results are presented to support the theoretical results.

In Chapter 5, parabolic convection-diffusion-reaction problem is discretized in space
by the NIPG method and in time by DG method. We have shown that the supercon-
vergence properties that is (k 4+ 1)-order of convergence in space and (I + 1)-order of
convergence in time, where k and [ are the degree of piecewise polynomial in finite
element space. Numerical results are given to verify our theoretical findings.

Chapter 6 deals with the numerical solution of singularly perturbed 2D elliptic
BVPs. Here, we obtain the error estimates of the superconvergence of the NIPG method
with interior penalties on layer-adapted meshes of Shishkin type. We have established
the error bound in the discrete energy norm. Numerical tests support our theoretical
estimates.

Finally, Chapter 7, contains the brief summary of the results highlighting the con-

tribution made by this thesis. It also provides various ideas for the scope of future
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investigations of the present work.
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CHAPTER 2

Superconvergence Error Analysis of Discontinuous
Galerkin Method with Interior Penalties for
Singularly Perturbed Two-Point BVPs

This chapter presents, superconvergence properties of the NIPG method for singularly
perturbed two-point BVPs of reaction-diffusion and convection-diffusion SPPs. By using
piecewise polynomials of degree £ on modified Shishkin mesh, superconvergence error
bounds of O((N~!1n N)**1) in the discrete energy norm are established. Finally, the

convergence result is verified numerically.

2.1 Introduction

The main objective of this chapter is to propose the NIPG method for the singularly per-
turbed reaction-diffusion and convection-diffusion problems on layer-adapted Shishkin
mesh and shows superconvergence properties of the NIPG method. To derive the theo-
retical error analysis, we have decompose the error into two parts that is interpolation
error and discretization error. Using the piecewise Lagrange interpolation on Gauss
points, we have derived the bound for interpolation error. Then by combining, with the
discretization error we obtained main convergence result.

The outline of this chapter is as follows: This chapter is mainly divided into two sec-
tions. In Section 2.2, we have considered reaction-diffusion problem whereas convection-
diffusion problem is considered in Section 2.3. We have applied the NIPG method to
discretize the problems. Bounds for the interpolation error and discretization error are
derived in Subsections 2.2.1 and 2.2.2 for reaction-diffusion problem and Subsections
2.3.1 and 2.3.2 for convection-diffusion problem, respectively. Numerical results con-

firming the theoretical error bounds are given in Section 2.4.
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2.2 Reaction-Diffusion BVP

Here, we consider the following singularly perturbed reaction-diffusion BVP:

—e2u"(x) + c(z)u(z) = f(z), z€Q,
(2.2.1)

where 0 < ¢ < 1 is the perturbation parameter and the reaction coefficient satisfies
c(z) > % > 0. We assume that the reaction coefficient ¢(x) and source function f(z)
are sufficiently smooth functions. The exact solution u(z) of (2.2.1) exhibits boundary
layers of width O(elne) at z = 0 and 1.

Lemma 2.2.1. Let p be a positive integer and the exact solution u of the BVP (2.2.1)
can be decomposed asu = S+ FE, where, S and E are smooth and layer parts, respectively.

Then the bounds on the smooth and layer components are

15O(@) < C, (2.2.2)
EO(z)] < Ce'Do(z), 0<1<p, (2.2.3)

where D.(x) = exp((—fz)/e) + exp((—B(1 — x))/e). Here, p depends on the regularity
of the coefficients of the problem (2.2.1).

Proof. The proof of this lemma can be found in [56]. n

To discretize the domain €2, we use the layer-adapted piecewise uniform Shishkin
mesh, which is described as follows: We divide the domain €2 into three subdomains as
Q= Q;UQUQ3, where Qq, Qs and Q3 are [0, 7], [7., 1 —7.] and [1 — 7., 1], respectively.
Here the transition point 7. is defined by

T. = min (}l’ %IHN) ,
where, the constant « is typically chosen to accommodate the error analysis. We assume
that 7. = (ag/B) In N, otherwise N~! is much smaller than e, which is rare in practice.
The mesh-width on the coarse part of the mesh is h; = H = 2(1 — 27.)/N, i = N/4 +
1,...,3N/4, with 1/N < H < 2/N, whereas, on the fine part of the mesh, we have
hi=41./N,i=1,...,N/4 and 3N/4+1,... N.

By using the NIPG method, the finite element approximation for the reaction-
diffusion problem (2.2.1) is given by

find u, € VE(Q), such that
(2.2.4)

B(uh, Uh) = l(Uh), \V/Uh € VJ\]?(Q),
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with B(u, v) = By(u, v) + Ba(u, v) — By(v, u) + Bs(u, v), where

Bi(u, v) = EQZ/K.u'(ac)v’(x)dx—i—Z/K'c(x)u(x)v(x)da:,

N N
By(u, v) = Y {u'(x;)}o(x)], Bs(u, v) = ojlule))][v(z))],
j=0 =0

and

N

l(v) = Z/ fudzx,

j=1 Y K;

where, 0; > 0 (5 = 0,1,..., N) are the so-called discontinuity-penalization parameters

associated with the node z;.

Lemma 2.2.2. Let u be the exact solution of the problem (2.2.1). Then the bilinear
form B(.,.) defined in (2.2.4) satisfies the Galerkin orthogonality property:

B(u —up, v) =0, Yoc VEQ).

Proof. Since, u is the exact solution of (2.2.1), we have [u(z;)] = 0,0 < j < N and
[W/(z;)] =0,1<j <N —1. Then, for all v € VE(Q), we easily get

B(u, v) = Z /K_(EQU’(x)v'(x) + c(@)u(@)v(z))dz + & Z{u’(%)}[v(%)]-

By using integration by parts and the definition of jump and average, one can show that

g i/ v (z)v'(z)dz = —€? i/ u"(z)v(z)dr — & i{u'(xj)}[v(xj)]
j=1 YK j=1 VK j=0
Applying the above estimate and recalling BVP (2.2.1), we can obtain
B(u — up, v) =0, Yo € VE(Q),
which is the required result. ]

Discrete energy norm associated with the bilinear form B(.,.) is

N p N
Holll> =&Y ki > wie! (@) + D> B llvll e, +
=1 j=1 i=1

where x;; are the Gauss points in element K; = (z;_1,2;), w; > 0 are weights for the

oi[v(z))?, (2.2.5)

(2

p-point Gaussian quadrature rule and o; are the penalty parameters. It is easy to show
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that, the bilinear form given in (2.2.4) satisfies the coercivity condition. Hence it can
be verified that

Ifenlll < [1£1l 2@

which implies the uniqueness of the solution of (2.2.4). Because of the finite-dimensional
space, the existence of the solution follows from its uniqueness.
Now, we perform the error analysis for the NIPG method (2.2.4). To obtain the error

estimate, we decompose the error into two parts, as
I = wnl[| < = wrl[| + [lur = unll]-

Let n = uw — u; and £ = u; — up, where n and ¢ are known as the interpolation and

discretization errors, respectively.

2.2.1 Interpolation error

In this subsection, we shall estimate the error using piecewise Lagrange interpolation at

i—1 1T T i — Ti—
E-(t):(x 5 x)+<x ; 1)1&.

Then, F; maps the interval [—1, 1] to [z;_1, z;]. Let

the Gauss points.
Let

—l=ti<th<th<. ... <th=1

be the Lobatto points in [—1, 1], i.e., the k + 1 zeros of the polynomial

dk—l ) "
Py (t) = W(t -1~

Foric1,2,--- N, let z;; = F; (tk) and u; denote the piecewise Lagrange interpolation

using {z; ; }9?:0 as nodal points on each interval [x;_;, x;]. Then, we have for z € [z;_1, x;],

u* (g iy [ )
(=) = () + O [ o),
kD (¢ z
(=) (@) = g ala) - 00 [ o)

where
d*! N *
(I)i,k—l—l(x) = W ((l’ — ZEZ_%) - Z) ’ \Ijz k:( ) zk—l—l( )

Since the leading term of the above equation vanishes at the Gauss points = x;;, we

have

= (i) < O [ (o)l

i—1
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Chapter 2 2.2. Reaction-Diffusion BVP

We know that estimate for the interpolation error u — u;y, for any u € H*1(Q, Ty) is
lu = wrlljz < CHM ' fuligy, 0< 5 <k+1.

The solution u of the BVP (2.2.1) can be decomposed as u = S + E and let S; and E;

be the interpolants of S and E on the piecewise uniform Shishkin mesh. Hence
lu = urll] < YIS = Silll + [[[£ = Exll]-

Theorem 2.2.3. The following result holds true for the interpolation error correspond-

ing to the smooth part
1S = Srll] < C(N ' In N

Proof. Using the definition of the discrete energy norm (2.2.5) and the fact that S; be

the interpolant of .S, we have
N D N
115 = Silll =e* > hi p wi(S = Si)' (@) + B2 3 _11S = Silliegwey  (22:6)
i=1  j=1 i=1
First term in the RHS of (2.2.6) satisfies
N P N xi
DI WOCEENEN e D M
=1 j=1 i=1

2
k+2)< )]dx)
N

<
N/4 3N/4
< Czh2k+3+ Z h2k+3+ Z h2k+3
i=N/4+1 1=3N/4+1
< C(J\F1 In V)22 (2.2.7)

by using '
(S = S1)' (] < CHE / |51+ ()| do.

Ti—1

The second term in the RHS of (2.2.6) can be bounded as

xi

N N
SIS = Sillzaey < CX A [ ISE @)l
i=1 i=1

Ti—1

N
CY n? < C(N ' InN)H (2.2.8)

i=1

IN

Using the estimates obtained in (2.2.7) and (2.2.8) in (2.2.6), we get the desired result. m
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Chapter 2 2.2. Reaction-Diffusion BVP

Lemma 2.2.4. The following result holds true for interpolation error in mazximum norm
for the layer part:
I(E = )| () < Ce N,

Proof. Here, we will derive the estimate in the maximum norm. That is,

I(E = ED) @ oy < ED|ro) + 1ED| 1o ()

< NED|| 1oy, (using ||| o(ay) < B9 zoo(0s))
and

||E(Q)HL<><>(92) < Ce™? max (exp(—pfz/e) + exp(—5(1 —x)/¢))

[re,1-7e
< Ce N~ (using 7. = ((k + 1)e/8) In N).
Hence, we obtain that
I(E — E)D||poo(y) < Ce™IN~*FD,
This completes the proof. ]
Theorem 2.2.5. The interpolation error for the layer part satisfy the following bound:
I|E — Ef||]| < C(N~'In N)*+1.

Proof. Here, we will derive the required bounds separately for fine part and coarse
part of the mesh.
Case 1- (Inner-region )

For the boundary layer regions, we have

N/4 N/4
B = Bl =3 b Y wy(B - BrY (o) LB S NE - Billy (229
=1 7j=1

The first term in the RHS of the above expression satisfies

N/4 N/4 @i 2
3 ZwJE Y (@, < O Zhh”“(/ B o) )

N/4 i xi

< 0522h2k+1 (/ E (k+2) ( )| dx) (/ dx)
N/4 xi

< 052 Z h?kJrQ (/ 52(k+2)D5(§U)2dI'>
i=1 Ti-1

< 05—2(k+1)h?(k+1) < C(N"'InN)? (k+1)
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Chapter 2 2.2. Reaction-Diffusion BVP

Now for the second term in the RHS of (2.2.9), we have

N/4

2(k+1
DI = Billiaey < O PIEF DI,
1=1

< Chf““*”( / : 82(’““)De(x)2d:c)
Ti—1

< C(N'InN)2EHD,

Hence, we obtain that
I1E = Eilllo, < C(N~ I N)*HD,

Similarly, one can show that
1B — Erlllo, < C(N ! In N)EHD,

Case 2- (Outer-region)

Now, we will derive the estimate on the coarse part €2,

3N/4 . 3N/4
IIE - Eilllo, =€ ) ki » wi(E—Er)(z5)°+8 Y |E—Eilja, (22.10)
i=N/4+1  j=1 i=N/4+1

By using Lemma 2.2.4, the first term in the RHS of the above expression satisfies

3N/4 P 3N/
g2 Z hiij(E — EI)/(CUij)Z < g2 Z hi672N72(k+1) k- O N—k+D)
=N/4+1 - 5=l i=N/4+1

The second term in the RHS of (2.2.10) can be express as
& — EI||%2(92) < ||E||%2(92) + ||EI||%2(92)-

Here, we derive both the terms separately as follows

3N/4 3N/4

||E||%2(QZ) - Z ||E||%2(1i) <C Z /Da(x)de < O N2+
i=N/4+1 i=N/4+1 I
and
3N/4 3N/4 i
||EI||%2(Q2) < Z ”EI”%Q(L;) < Z / (EI)le'

i=N/4+1 i=N/4+1 "7 Ti-1

3N/4
< Y hillEilleg, < ONTED,
i=N/4+1

Hence, we obtain that
1B = Erlllr2,) < ON-HHD.
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Chapter 2 2.2. Reaction-Diffusion BVP

Combining the result obtained in case 1 and case 2, we get
1B — Byl < C(N" I )1,
which is the required error bound. ]

Theorem 2.2.6. Let u be the solution of the problem (2.2.1) and u; be its piecewise

Lagrange interpolation at the Gauss points, then the interpolation error satisfies
= sl < OV In NY<#,
Proof. Since, we have
[l — wil[| < IS =Silll + I1£ — Eqll],

then, by combining Theorems 2.2.3 and 2.2.5, we get our desired result. ]

2.2.2 Discretization error

We proceed with the analysis of the discretization error & = u; — wy. By using the

coercivity and the Galerkin orthogonality, we can have

IElI1? < B(E, €) = Blu —un, §) — B(n, §) = =B(n, &).

Theorem 2.2.7. The following estimate holds true:
B(n, €) < C(N~ In N)*FHJIg])].

Proof. Since n(z;) =0, for j = 0,1,2,--- N, which implies that [n(x;)] = 0. By using
this we can estimate By(&, ) = 0, and Bs(n, {) = 0. Also B;(n, £) can be written as

Bin €)= [ en@eie+Y [ doms. 2211

We proceed with separate estimates for each term that appears in the above equation,
first term in the RHS of (2.2.11)

i/K S < (i/K </ W(i [ ) -
< OOV N, (22.12)

and for the second term in the RHS of (2.2.11)

N
3 /K c(@)(@)E(@)dr < Cllll i Ellze < CN T N liglll. (2:213)
j=1 J
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Chapter 2 2.2. Reaction-Diffusion BVP

Collecting (2.2.12) and (2.2.13) into (2.2.11), we get
Bi(n, §) < C(N~ In N)MHJlg]l].

It remains to evaluate Bs(n, &) that is

Bs(1, §) =€’ Z{n’}j[f]j < C(N~H I NSl

Now combining all the above estimates, we get

B(na 5) = 31(77; 5) el 32(777 é.) - B2(£7 77) + B3<7]7 5) ¥ C(Nil 1HN)k+1H|£|H

Hence, we get our desired result. ]

Theorem 2.2.8. Let u be the solution of the problem (2.2.1) and uy, be the solution of
the problem (2.2.4), then, we have

llu = unll| < C(N" In N
Proof. Using the coercivity property and the Galerkin orthogonality, we have
IEN* < B(E, €) = Blu—un, &) — B(n, §) = —B(1, &)
From Theorem 2.2.7, we get
llgl < C(NTF In M)

Combining this with the interpolation error obtained in Theorem 2.2.6, we can obtain

the desired result. m
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2.3 Convection-Diffusion BVP

Consider the following singularly perturbed convection-diffusion BVP:

—eu"(x) + b(x)w' () + c(x)u(z) = f(z), =€,
(2.3.1)

with

b(x) > >0, 72:m€i§1;1 <c(m)— b(;)> >0, Vo eQ,

where 0 < ¢ < 1 is the perturbation parameter. The coefficients b(x), ¢(x) and the
source function f(z) are sufficiently smooth functions. We know that, solution u(x) of
(2.3.1) exhibits boundary layer of width O(¢ln¢) at z = 1.

Lemma 2.3.1. [31] The ezact solution u of the BVP (2.3.1) can be decomposed as
u =S+ FE, where, S and E are smooth and layer parts, respectively. Then for any

positive integer p, the following bounds hold true:

1SO@)] < ¢, (2.3.2)
|EO(z)] < Ce'exp((—B(1—=x))/e), 0<1<p, (2.3.3)

where p depends on the reqularity of the coefficients.

Proof. For detailed proof, one can refer [56]. n

To discretize the domain €2, we use the layer-adapted piecewise uniform Shishkin
mesh, which is described as follows. Since, there is a boundary layer at x = 1, the mesh
should be condensed in the neighborhood of = 1. Hence, we divide the domain €2 into
two subdomains as ) = Q; Uy, where €, and 2 are [0, 7.] and [1 — 7., 1], respectively.
Here, the transition point 7. is defined by

T. = min <%, %111]\7) ,

where, the constant « is typically chosen to accommodate the error analysis. Here, we
will assume that 7. = (aeg/3)In N, otherwise N~! is much smaller than e, which is rare in
practice. The mesh-width on the coarse part of the mesh is h; = H = 2(1 — 7.)/N, i =
1,...,N/2, with 1/N < H < 2/N, whereas on the fine part of the mesh we have
hi =21./N,i=N/2+1,...,N.

By using the NIPG method, the finite element approximation for convection-diffusion

problem is
find u;, € VE(), such that
(2.3.4)
B(Uh, Uh) = l(Uh),VUh S V]@(Q),
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with B(u, v) = By(u, v) + Ba(u, v) — By(v, u) + Bs(u, v), where

Bi(u, v) = Zs/}( o' (2)v' (z)dx + Z/K(b(x)u’(x) + c(x)u(x))v(z)de,

By(u,v) = ) efu'(z;)} ()],

§=0
N N
By(u,v) = Y oglulz;)fo(z;)] + Y blay)ulz))]o(z),
j=0 j=0
and
N
= Z / fudz,
j=1 YK
where, 0; > 0 (j = 0,1,..., N) are the so-called discontinuity-penalization parameters

associated with the node z;.

Lemma 2.3.2. Let u be the exact solution of the problem (2.3.1), then the bilinear form
B(.,.) defined in (2.3.4) satisfies the Galerkin orthogonality property:

B(u—up, v) =0, Yoc VEQ).

Proof. Since u is the exact solution of (2.3.1), we have [u(z;)] =0,0 < j < N and
[u/'(z;)] =0,1<j < N —1. Then, for all v € VE(Q), we easily get

B(u, v) Z/ eu'( x) + b(z)u (x)v (:E)+c(x)u(x)v@))ch—l—Eg{u'(xj)}[v(xj)].

By using integration by parts and the definition of jump and average, one can show that

N
62/ u'(2)v'( ——82/ dx—eZ{u z;)}
j=1 7K
Applying the above estimate and recalling BVP (2.3.1), we can obtain
B(u — up, v) =0, Yo € VE(Q).

This is the required result. ]

Discrete energy norm associated with the bilinear form B(.,.) is

I[oll]* = 52 hi ijvl(xij)2 +7° Z v[1Zx, Z ( (i) + Uz) [o(x:)]?, (2.3.5)

where z;; are the Gauss points in element K; = (x;_1,%;), w; > 0 are weights for the

p-point Gaussian quadrature rule and o; are the penalty parameters. It is easy to show
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that, the bilinear form given in (2.3.4) satisfies the coercivity condition. Hence it can
be shown that

Ifenlll < [1£1l 2@

which implies the uniqueness of the solution of (2.3.4). Because of the finite-dimensional

space, the existence of the solution follows from its uniqueness.

2.3.1 Interpolation error

The solution u of the BVP (2.3.1) can be decomposed as v = S + E and let S; and Ej

be the interpolants of S and E on the piecewise uniform Shishkin mesh. Hence, we have
I — urll] < 15— Stlll + [l £ — Exll]-

Theorem 2.3.3. Let u be the solution of the problem (2.3.1) and u; be its piecewise

Lagrange interpolation on the piecewise uniform Shishkin mesh, then
lu = url]| < C(N~'In N)F.

Proof. By following the approach as discussed in Theorem 2.2.6, one can derive the

required result. n

2.3.2 Discretization error

We proceed with the analysis of the discretization error £ = uy —uy,. Using the coercivity

and the Galerkin orthogonality, we can write

IEN? < B(& &) = Blu—un, §) — B(n, £) = —B(n, &).

Theorem 2.3.4. The following estimate holds true:
[B(n, )] < C(N" In N)M[¢]l].

Proof. Since n(z;) =0, for j = 0,1,2,--- N, which implies that [n(z;)] = 0. By using
this we can estimate By(&, n) = 0, and Bs(n, ) = 0. Therefore, from the bilinear form

given in (2.3.4), we have

-y /K e - 3 /K D) ()

+ Z / z) — ¥ (x))n(z)€(x)dz. (2.3.6)
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We proceed with separate estimate for each term that appears in the above equation,

first term in the RHS of (2.3.6)

il/l{j et < (Z/ )dx) /2<il/l{ja(§/)2(x)dx> v

< C(NT'InN)Mlg]l,

bound for the second term in the RHS of (2.3.6) is

‘ Z/ x)ne' dx

< C(Inlle=@ € i) + 1nllze@) 1€ 1L @)

< CWNT' I N)MHJE],

and for the last term in the RHS of (2.3.6), we have

Z / ) = ¥(@)n(@)E(@)de < Clnllzz@lll =@ < C(N T N)H €]l

Comblnmg the above estimates, we get
Bi(n, §) < C(N~'In N)M[g]l]-

It remains to evaluate Ba(n, £), that is,

N
&) =c) {n};l€l; < CN" In NYFje]l|.
j=0
Now combining all the above estimates, we obtain that

B(n, &) = Bi(n, &) + Ba(n, &) — Ba(&, m) + Bs(n, §) < C(N"'In N)F[|€]]].

Hence we get our desired result. ]

Theorem 2.3.5. Let u be the solution of the problem (2.3.1) and wy, be the solution of
the problem (2.3.4), then

[lu — upl]] < C(N""In N1
Proof. We know that
HEN® < B(&, &) = Blu—u, §) — B(n, §) = —B(n, §).
By using Theorem 2.3.4, we get
gl < C(NT I N)=,

combining this with the interpolation error given in Theorem 2.3.3, we get the required

estimate. -
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2.4 Numerical Result

Here, we experimentally verify the convergence results by considering the numerical

solution of the following two-point BVPs.

2.4.1 For reaction-diffusion BVP

Example 2.4.1. Consider the singularly perturbed reaction-diffusion BVP on (0, 1):

—eu’(x) + u(z) = =,
(2.4.1)

The exact solution is
6(:1:—1)/5 . e—(x-i—l)/e

1—e2%e

To visualize the appearance of the boundary layer, we have given plots of the
exact and numerical solutions and their corresponding error (error=|exact solution —
numerical solution|) for Example 2.4.1 for e = 1072 with N = 32.

We calculate the error in the discrete energy norm as defined in (2.2.5) also in L*-
norm and maximum norm. The order of convergence is computed by using the formula
r = In(ex/ean)/In2, where, ey is the computational error with N number of intervals.
Tables 2.1, 2.2 and 2.3 provide the numerical results in discrete energy norm, L?-norm
and maximum norm respectively, with the linear finite element space. Tables 2.4, 2.5
and 2.6 provide the numerical results in discrete energy norm, L2-norm and maximum
norm respectively, with the quadratic finite element space. To visualize the order of
convergence of the numerical solutions, we have given the loglog plot for ¢ = 1076,
Figure 2.2(a) and 2.2(b) depict the order of convergence in the discrete energy norm,
L?-norm and maximum norm in the loglog scale using the NIPG method for Example

2.4.1 with linear and quadratic finite element space, respectively.

2.4.2 For convection-diffusion BVP

Example 2.4.2. Consider the following singularly perturbed BVP:

—eu(x) + u/(x) +u(x) = f(x), z€Q,

w(0) = u(1) = 0, (2.4.2)
where, f(x) is chosen such that
u(z) = (1 —exp((x —1)/¢e))sinz,
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1 T T T T -3
x10
3 T
—Numerical solution
0.gl-[.° Exact solution 25+
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0.2 051
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(a) Solution (b) Error
Figure 2.1: Solution and corresponding error for Example 2.4.1 for ¢ = 1072 with
N = 32.
Table 2.1: Error in the discrete energy norm and order of convergence for Example 2.4.1
for k=1.
€ Number of mesh intervals N
32 64 128 256 512 1024
1 | 4.4398e-04 1.5788e-04 5.5980e-05 1.9820e-05 7.0125e-06 2.4802e-06
1.4916 1.4959 1.4979 1.4990 1.4995
1072 | 3.1340e-03 1.0709¢-03 3.5022e-04 1.1086e-04 3.4222¢-05 1.0352e-05
1.5491 1.6125 1.6594 1.6958 1.7250
1074 | 3.1325e-03  1.0696e-03 3.4963e-04 1.1065e-04 3.4138¢-05 1.0305e-05
1.5503 1.6132 1.6598 1.6966 1.7280
107° | 8.6189e-03 3.1327e-03 1.0696e-03 3.4935e-04 1.1011e-04 3.0472e-05
1.4601 1.5504 1.6143 1.6657 1.8534

is the exact solution of (2.4.2).

Exact and numerical solutions and their corresponding error (error=|exact solution—
numerical solution|) for Example 2.4.2 for ¢ = 1072 with N = 32 are shown in Figure
2.3.

We calculate the error in the discrete energy norm as defined in (2.3.5) also in L*-
norm and maximum norm. The order of convergence is computed by using the formula
r = In(en/ean)/In2, where, ey is the computation error with N number of intervals.
Tables 2.7, 2.8 and 2.9 provide the numerical result in discrete energy norm, L2-norm
and maximum norm, respectively, with the linear finite element space. Tables 2.10, 2.11
and 2.12 provide the numerical result in discrete energy norm, L?-norm and maximum
norm, respectively, with the quadratic finite element space. To visualize the order of
convergence of the numerical solutions, we have given the loglog plot for ¢ = 1075. Figure

2.4(a) and 2.4(b) depict the order of convergence in the discrete energy norm, L*-norm

Ph.D. Thesis 28
TH-2580 156123007



Chapter 2

2.5. Conclusions

Table 2.2: Error in the L?>-norm and the order of convergence for Example 2.4.1 for

k=1.
€ Number of mesh intervals N
32 64 128 256 512 1024
1 2.1538e-04  5.3950e-05 1.3500e-05 3.3764e-06 8.4429e-07 2.1109e-07
1.9972 1.9987 1.9994 1.9997 1.9998
1072 | 4.0898¢-04 1.4330e-04 4.8468e-05 1.5788e-05 4.9889¢-06 1.5384e-06
1.5130 1.5639 1.6182 1.6621 1.6973
107* | 1.7552e-04 3.3094e-05 7.0615e-06 1.7951e-06 5.1528¢-07 1.5393e-07
2.4070 2.2285 1.9759 1.8006 1.7431
107% | 1.7266e-04 3.0544e-05 5.4139e-06 9.6548e-07 1.7517e-07  3.4206e-08
2.4990 2.4962 2.4873 2.4625 2.3564
Table 2.3: Error in the maximum norm and the order of convergence for Example 2.4.1
for k=1.
€ Number of mesh intervals N
32 64 128 256 512 1024
1 | 4.7398e-04 1.2029e-04 3.0295e-05 7.6016e-06 1.9039e-06 4.7640e-07
1.9784 1.9893 1.9947 1.9974 1.9987
1072 | 2.9491e-03 1.0530e-03 3.5583e-04 1.1611e-04 3.6705¢-05 1.1319e-05
1.4858 1.5652 1.6157 1.6615 1.6972
1074 | 2.9023e-03 1.0415e-03 3.5254e-04 1.1507e-04 3.6406e-05 1.1224e-05
1.4785 1.5628 1.6152 1.6603 1.6976
107° | 2.9018e-03 1.0414e-03 3.5245e-04 1.1474e-04 3.5913e-05 7.9545e-06
1.4784 1.5631 1.6191 1.6757 2.1747

and maximum norm in the loglog scale using the NIPG method for Example 2.4.2 with

linear and quadratic finite element space, respectively.

2.5 Conclusions

In this chapter, superconvergence of the NIPG method is proposed and analyzed for
singularly perturbed BVPs on piecewise uniform Shishkin meshes. Theoretically, we
proved that the proposed method is uniformly convergent of order (k + 1) in the e—
weighted discrete energy norm, where k is the degree of the piecewise polynomial in
the finite element space. Predicted order of convergence is observed through numerical

experiments.
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Table 2.4: Error in the discrete energy norm and order of convergence for Example 2.4.1

for k= 2.

€ Number of mesh intervals N
32 64 128 256 512 1024

1072 | 3.2918e-04 8.3991e-05 1.9586e-05 4.3922e-06 9.6152e-07 2.0600e-07
1.9706 2.1004 2.1568 2.1915 2.2226

1074 | 9.2741e-06  2.0485e-06 3.7809e-07 6.1839¢-08 9.3475e-09 1.3503e-09
2.1786 2.4378 2.6121 2.7259 2.7913

1076 | 8.9554e-07 1.9619¢-07 3.5727e¢-08 5.7146e-09 8.3278¢-10 1.1344e-10
2.1905 2.4572 2.6443 2.7786 2.8760

1078 | 8.9522e-08 1.9610e-08 3.5708e-09 5.7111e-10 8.7109e-11  1.2976e-11
2.1907 2.4572 2.6444 2.7129 2.7470

Table 2.5: Error in the L?>-norm and the order of convergence for Example 2.4.1 for

k=2.

€ Number of mesh intervals N
32 64 128 256 512 1024

1072 | 2.6544e-04 5.9434e-05 1.0872e-05 1.7242e-06 2.4751e-07 3.3114e-08
2.1590 2.4506 2.6566 2.8004 2.9020

107% | 2.2274e-05 4.8846e-06 8.9153e-07 1.4273e-07 2.0801e-08 2.8298¢-09
2.1891 2.4539 2.6430 2.7786 2.8778

1076 ] 2.2305e-06 4.8865e-07 8.9140e-08 1.4268e-08 2.0791e-09 2.8278e-10
2.1905 2.4546 2.6433 2.7787 2.8782

1078 | 2.2305e-07 4.8864e-08 8.9143e-09 1.4258e-09 2.0823e-10 4.5696e-11
2.1905 2.4546 2.6443 2.7755 2.1880

Table 2.6: Error in the mazimum norm and the order of convergence for Example 2.4.1

for k=2.
€ Number of mesh intervals N
32 64 128 256 512 1024
1072 | 1.7904e-03 5.2178e-04 1.4240e-04 3.9047e-05 1.0687e-05 2.9281e-06
1.7788 1.8736 1.8666 1.8693 1.8678
107* | 3.8497e-03 9.4966e-04 2.3107e-04 5.4715e-05 1.2272e-05 2.4725e-06
2.0192 2.0391 2.0783 2.1566 2.3113
1076 | 3.9057e-03 9.7629¢-04 2.4401e-04 6.0969e-05 1.5226e-05 3.7981e-06
2.0002 2.0004 2.0008 2.0016 2.0031
1078 | 3.9062¢-03 9.7656e-04 2.4414e-04 6.1034e-05 1.5258e-05 3.8145¢-06
2.0000 2.0000 2.0000 2.0000 2.0001
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Figure 2.2: Visualization of the order of convergence through loglog plot for Example

2.4.1 for e = 1076,
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Figure 2.3: Solution and corresponding error for Example 2.4.2 for ¢ = 1072 with

N = 32.

Table 2.7: Error in the discrete energy norm and the order of convergence for Example

2.4.2 for k =1.
3 Number of mesh intervals N
32 64 128 256 512 1024
1 3.6274e-03  1.4486e-03 5.8297e-04 2.3663e-04 9.6818e-05 3.9878e-05
1.3243 1.3131 1.3008 1.2893 1.2797
1072 | 3.7665e-04 1.4848e-04 5.5020e-05 1.9709e-05 6.9542¢e-06 2.4467e-06
1.3429 1.4323 1.4811 1.5029 1.5070
107% | 1.1892e-04 4.6877e-05 1.7368e-05 6.2208¢-06 2.1949e-06 7.7231e-07
1.3431 1.4324 1.4813 1.5029 1.5069
107° | 1.1890e-07 4.6894e-08 1.7296e-08 6.3432e-09 2.3781e-09 7.6642¢-10
1.3423 1.4389 1.4472 1.4154 1.6336

Table 2.8: Error in L>-norm and the order of convergence for Example 2.4.2 for k = 1.

€ Number of mesh intervals N
32 64 128 256 512 1024
1 6.1967e-04 1.6536e-04 4.4740e-05 1.2290e-05 3.4261e-06 9.6805e-07
1.9059 1.8859 1.8641 1.8428 1.8234
1072 | 4.2479e-04 1.2437e-04 3.7754e-05 1.1501e-05 3.4749e-06 1.0387e-06
1.7722 1.7199 1.7149 1.7267 1.7422
1074 | 3.2333e-04 7.7302e-05 1.9558e-05 5.1767e-06 1.4077e-06 3.8773e-07
2.0644 1.9828 1.9177 1.8787 1.8602
107° | 3.1020e-04 7.0275e-05 1.6411e-05 3.9374e-06 9.6220e-07 2.3768e-07
2.1421 2.0983 2.0594 2.0328 2.0173
Ph.D. Thesis 32
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Table 2.9: Error in maximum norm and the order of convergence for Fxample 2.4.2 for

k=1.

€ Number of mesh intervals N
32 64 128 256 512 1024

1 1.4984e-03 5.2544e-04 1.8433e-04 6.4748e-05 2.2775e-05 8.0210e-06
1.5118 1.5112 1.5094 1.5074 1.5056

1072 | 9.8797e-03 3.2485e-03 9.8393e-04 2.8717e-04 8.5487e-05 2.5248e-05
1.6047 1.7232 1.7767 1.7481 1.7595

1074 | 9.8682¢-03 3.2446e-03 9.8269e-04 2.8673e-04 8.5335e-05 2.5196e-05
1.6048 1.7232 1.7771 1.7485 1.7600

107% | 9.8664e-03 3.2400e-03  9.9500e-04 2.6672e-04 6.1770e-05 2.5878e-05
1.6065 1.7032 1.8994 2.1104 1.2551

Table 2.10: Error in the discrete energy norm and the order of convergence for Example

2.4.2 for k = 2.
€ Number of mesh intervals N
32 64 128 256 512 1024

1072 | 2.0739¢-04 4.4246e-05 7.9400e-06 1.2581e-06 1.8215e-07 2.4672¢-08
2.2287 2.4783 2.6579 2.7880 2.8841

107* | 2.1819¢-05 4.5411e-06 7.8949e-07 1.2337¢-07 1.7846e-08 2.4173e-09
2.2645 2.5240 2.6780 2.7893 2.8841

107% ] 2.1973e-06  4.6470e-07 8.3916e-08 1.3567e-08 2.0087e-09 2.6211e-10
2.2413 2.4693 2.6288 2.7558 2.9380

1078 | 2.1765e-07 4.7009e-08 8.7525e-09 1.4767e-09 2.3294e-10 4.8426¢-11
2.2110 2.4252 2.5673 2.6644 2.2661

Table 2.11: Error in L?-norm and the order of convergence for Example 2.4.2 for k = 2.

€ Number of mesh intervals N
32 64 128 256 512 1024

1072 | 1.9188e-04 4.2009e-05 7.6547e-06 1.2243e-06 1.7832e-07 2.4254e-08
2.1914 2.4563 2.6444 2.7794 2.8782

107% | 2.0267e-05 4.2682e-06 7.5899¢-07 1.2031e-07 1.7511e-08 2.3814e-09
2.2475 2.4915 2.6574 2.7804 2.8783

1076 | 2.0376e-06 4.3157e-07 7.7368e-08 1.2257¢-08 1.7729¢-09 2.3945¢e-10
2.2392 2.4798 2.6581 2.7895 2.8883

1078 | 2.0849e-07 4.3924e-08 7.8455e-09 1.2407e-09 1.8077e-10 3.7921e-11
2.2469 2.4851 2.6607 2.7789 2.2531
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Table 2.12: Error in mazimum norm and the order of convergence for Example 2.4.2

for k =2.
€ Number of mesh intervals N
32 64 128 256 512 1024
1072 | 2.2168e-04 6.2157e-05 1.7370e-05 4.8279¢-06 1.3330e-06 3.6569e-07
1.8345 1.8393 1.8472 1.8567 1.8660
107% | 2.9253e-03  7.6550e-04 2.2164e-04 6.2179¢-05 1.7379¢-05 4.8293¢-06
1.9341 1.7882 1.8337 1.8391 1.8475
1075 ] 2.9599¢-03 7.8299e-04 2.2165e-04 6.2184e-05 1.7380e-05 4.8301e-06
1.9185 1.8207 1.8337 1.8391 1.8473
1078 | 2.9602e-03 7.8317e-04 2.2164e-04 6.2274e-05 1.7525e-05 4.5276e-06
1.9183 1.8211 1.8315 1.8292 1.9526
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Figure 2.4: Visualization of the order of convergence through loglog plot for Example
2.4.2 for e = 1076,
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CHAPTER 3

Superconvergence Properties of the NIPG Method
for Two—Parameter Singular Perturbation Problems
on Several Layer-Adapted Grids

In this chapter, we apply the NIPG method to obtain the numerical solution of two-
parameter singularly perturbed convection-diffusion-reaction BVP. In order to discretize
the domain, here, we use the layer-adapted piecewise uniform Shishkin mesh, the
Bakhvalov mesh and the exponentially-graded mesh. We establish a superconvergence
result of the NIPG method, that is, the proposed method is parameter-uniformly conver-
gent with the order almost (k 4 1) on the Shishkin mesh and (k + 1) on the Bakhvalov
mesh and on the exponentially graded mesh in the discrete energy norm, where k is
the order of the polynomials. Numerical results comparing various types of meshes are

presented at the end of the chapter supporting the theoretical error estimates.

3.1 Introduction

In this chapter, we consider the following two-parameter singularly perturbed two-point
BVP:

(3.1.1)

where 0 < 4,6, < 1. The functions b(x), ¢(x) and f(z) are assumed to be sufficiently
b'(x)
5 > (0, where

smooth with b(x) > by > 0, c(x) > ¢y > 0 and 7? = 1;116151 (c(x) — &,
by, co and v are constants.

Therefore, in this chapter, we apply the NIPG method to solve singularly perturbed
two-parameter BVP, on the Shishkin mesh, the Bakhvalov mesh and the exponentially

graded mesh. Further, we have shown the superconvergence properties of the NIPG
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method.

The rest of the chapter is organized in the following way: Bounds for the solution of
the continuous problem are given in Section 3.2. Numerical discretizations are introduced
in Section 3.3. Further, Section 3.4 is divided into three subsections. Error analysis on
the Shishkin, Bakhvalov and exponentially graded meshes are described in Subsections
3.4.1, 3.4.2 and 3.4.3, respectively. Section 3.5 provides some numerical examples to

validate the theoretical results. And the chapter ends with the conclusions.

3.2 Bound for the Solution of the Continuous Prob-
lem

Here, we present some standard results for the solution of the continuous problem (3.1.1),
and bounds for the smooth and layer components of the solution. As we know that the
solution of the reduced problem of (3.1.1), in general, does not satisfy both the boundary
conditions, therefore, there exist boundary layers at both the boundaries, x = 0 and
x = 1. To describe the layers, let ry and r; be the two solutions of the characteristic
equation:
—eqr?(z) + eb(z)r(z) + c(z) = 0.

Here, ro(x) < 0, r1(z) > 0 describe the boundary layers at x = 0 and = = 1, respectively.

Set

= — max 7g(x » = min (),
He xE[O,)i] 0< ) K z€[0,1] 1( )

where p, and p, are defined as

—&cb 2p? 4 b 22 1
[y = min eeb() + \/86 (z)+ 8d6($)7 [y = min ecb(z) + \/56 (z) + 5dc($).
z€[0,1] 2e4 z€[0,1] 2e4

Depending on the values of the perturbation parameters, we can classify the problem

(3.1.1) into the following three categories:

Case 1. When ¢4 < &, = 1, then py = O(g;') and p, = O(1), this case is similar to

convection-diffusion equation.

Case 2. When g4 < €2 < 1, then py = O(e.g;") and p, = O(e;;'). Here p, is larger than
te, and hence the boundary layer at x = 1 is stronger than the boundary layer at
x = 0.

Case 3. When €2 < g4 < 1, then py and g, will be of order O(egl/ %) and layers are similar

to the reaction-diffusion equation.
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Theorem 3.2.1. (/33]) Let p, k € (0, 1) be arbitrary and assume that
e[l o) < k(1 —p).
Then, the derivatives of the solution of the BVP (3.1.1) satisfy
W™ ()] < C(1 + pke P 4 ykemprr=2)y e Q. for 0 <k <q,

where q depends on the smoothness of the data. Further, the smooth and layer compo-

nents of the solution w =S + Ey + E, satisfy the following bounds:

sP@)] < ¢,
EY ()] < cwe—w
[E® (@) < Cpkemnliza),

forx e Qand 0 <k <q.

3.3 The NIPG Method

The finite element approximation using the NIPG method for the convection-diffusion-

reaction problem (3.1.1) is given by

find u, € VE(Q), such that
(3.3.1)

B(Uh, Uh) = l(vh)7 \V/Uh S V]\]}’,(Q),
with B(u, v) = By(u, v) + Bs(u, v) — Bay(v, u) + Bs(u, v), where

Bi(u, v) — i(w /K o (2)0! (2)dz + e /K b (z)o(z)dz + / c(x)u(x)v(x)dx),

=1 j i R
N
By(u, v) = > eafu(x;)}olay)],
j=0
N N
Bs(u, v) = ojlu(zy)]v(@;)] +ec Y bla)[u(z;)]v(z;),
j=0 Jj=0
and
N
l(v) = Z fodz
j=1 7K
here, o; are the penalty parameters at the grid points x; for 7 =0,1,..., V.

Discrete energy norm can be defined as

N p N N
Mol =ead ki Y w! (@) + 92> olawy + Y ( (z:) + az) [v(2:)]2,(3.3.2)
i=1 j=1 i=1

=0
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where x;; are the Gauss points in element K; = (x;_1, x;), w; > 0 are the weights for the
p-points Gaussian quadrature rule. With simple calculations, one can show that (3.3.1)

satisfies the coercivity condition. Using the coercivity condition it is easy to show that

Hurlll < 1] z2(0)- (3.3.3)

Further, using inequality (3.3.3), we can show the uniqueness of the solution of (3.3.1).
Because of the Rank-Nullity Theorem in finite-dimensional space and using the unique-

ness of the solution we can be prove its existence.

Lemma 3.3.1. Let u and uy, be the solutions of the continuous problem (3.1.1) and the
discrete problem (3.8.1), respectively. Then the Galerkin orthogonality property can be
stated as:

B(u—up, v) =0, Yo e VEQ).

Proof. This can be proved by using the ideas given in Lemma 2.3.2 of Chapter 2. =
Here we use the piecewise Lagrange interpolation at the Gauss points. Let u; denote

the piecewise Lagrange interpolation using {xij};‘fzo as nodal points on each interval

[z;_1, z;]. Then, we have for x € [z; 1, =],

u(k—i—l) x 4R
(u—up)(z) = @Tﬁ)@mm Lot [ Wt Hwdn, (334
u(kJrl) T g
(= (o) = g Piala) 4+ 008 [ D @) (3:3.5)
where - .
(I)i,k+1($) = % ((m r 551‘—%) - %) ) \I’zk(x) rF (b;,k—l—l(x)’
and

(i1 + ;)
Yy

1
2
5) will be zero at the Gauss points x = x;;, using

o
The first term of Equation (3.3.

this, we can show that

= wr) ()| < OB [ 120 (3.3.6)

Ti—1

It is well-known that the interpolation error u — uy, for any u € H*"1(Q, Ty) satisfies
lu—urljm < CR M I ulpy e, 0<j<k+1. (3.3.7)

We decompose the solution u of the BVP (3.1.1) as u = S + Ey + E,, where S is the
smooth component, F, and F, represent the layer components at x = 0 and = = 1,

respectively. And, therefore, we have
lu = urll] < IS = Silll + [ Ee — Eeall| + 1 Er — Evsll], (3.3.8)

where Sy, Ey; and E, ; are respectively the interpolants of S, E, and E,.
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3.4 Error Estimates

3.4.1 On the Shishkin mesh

In this subsection, first, the Shishkin mesh for the BVP (3.1.1) is introduced, and then
the NIPG method is applied on the Shishkin mesh. On {2, the Shishkin mesh of N
intervals is constructed as follows: The domain 2 is divided into three subdomains as
QO =Q,UQ,UQ,, here

Q= [077—0}7 Q, = [7—071_7—1]a Q, = [1_7—171]

for some 7y and 71, where

1 1
Tozmin{—,lln]\f}, and lemin{—,lln]\/'},
4 27 4 py

here 7 > 1 is a user chosen parameter. The step-size in each of the subdomain is given

by
(4 T
——InN for €
an , or €,
2(1 — 7 —
m=¢ 20 g,
illnN, for €,.
\ N,u/r

The following bounds on the step-size can be easily obtained

C(NYInN)u, ', for Qy,
h; < CN_I, for Qov
C(N7'InN)p,t, for Q,.

Theorem 3.4.1. Let S; denotes the piecewise Lagrange interpolation of the smooth part
S of the solution u of (3.1.1), then we have

1S = Sill| < CNTHHY,

Proof. From the definition of the discrete energy norm (3.3.2), one can have

N D N
1S = Silll* =€a Y hi Y wi(S =81 (2i)> + 7Y _ NS = Stllfai,)- (3.4.1)
=1

i=1  j=1

We will derive the bounds separately for both the terms in the RHS of (3.4.1). The first
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term can be bounded by

N V4 N X5
5dzhizwj(s - SI)/(xz‘j)z < CZhih?k(/ |
i=1 j=1 j=1

2
SkF2) () |dm)
i1
N
C Z h?k+3

<
N/4 3N/4
< C’Zh2k+3+ Z h2k+3_|_ Z h2k+3
i=N/4+1 i=3N/4+1

< C(N(NfllnN)%*?’W (2k+3) 1 N=204D) (3.4.2)

1

where, we have used the inequality given in (3.3.6), and g, ' < u; " and the values of

the step-size. Bound for the second term in the RHS of (3.4.1) is given by

xi

N N
SIS = Sillay < O3 RS / 5%+ ()] do
=1 =1

Ti—1

N
< CY WP < ON(NT I N) B B Ny 3 4 3)

By using (3.4.2) and (3.4.3), in Equation (3.4.1), we can obtain
IS — Sill| < CN=0+Y,
here, we have used the inequality u;l < N°L ]

Lemma 3.4.2. Let Ey; denotes the piecewise Lagrange interpolation of the left layer
component Ey of the solution u of (3.1.1), then we have

1(Be — Eo.)?|| oo ,u0,) < CudN—EFD,
Proof. Using the Cauchy—Schwarz inequality, we can express
I(Ee — Eer) Pl rmounny < B zm(ovan) + 1B | =0,
< B @uonn, (using |2 | ixmun, < 1B |~ @0m,).
and, we have

||Eggq)||L°°(QouQr) < C,ugr[naf]c(e Prew
70

< Cuple PN (using 7 = ilnN),

< C'MZN’(W) < C,ugN’(k“), (using p7 >k + 1),

which is the required estimate. ]
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Lemma 3.4.3. Let E,; denotes the piecewise Lagrange interpolation of the right layer
part E, of the solution u of (3.1.1), then we have

(B, — Evn)' | e ou0,) < CHIN~FHD,

Proof. Following the idea given in the above Lemma 3.4.2, we can derive the required
result. ]
Let £ = E;,+ E, and Er = Ey; + E, 1, then by combining the errors for the left and

right layer components, we can obtain following result.

Theorem 3.4.4. Let E; denotes the piecewise Lagrange interpolation of the layer com-

ponent E, then the interpolation error for the layer component satisfies
I|E = Efl]| < C(N"'1n N)F+L,

Proof. We can express the errors in terms of the left and right layer components, i.e.,

corresponding to x =0 and x =1 as
I1E = Erlll < [[1Ee — Eerlll + [[|1Br = Evsll] (3.4.4)

We will derive the bounds for both the terms in the RHS of the inequality (3.4.4),
separately. First, we will estimate on the subdomain €2,, that is, on the fine mesh region
in the LHS of the domain:

N/4  p N/4
1B — Eerlllf, = €2 Y hi Y wi(Be— Bog)'(x:)* + 97> I1Be — Buglliogy.  (3.45)

=1 j=1 i=1
Bound for the first term in the RHS of the above equation is obtained as

N/4 P N/4

T; 2
k
ea Y hi > wi(By— Eyp)(ng)? < Ceqd  hih ( / | B} +2)(x)\dx)
=1 j=1 i=1 T

N/4 % .
Ceay  h2HH! ( / | B2 (x)|2dx) ( / dx)
i=1 Ti—1 Ti—1

N/4

< CSth?HQ (/ @ M?(k+2)€—2pumdm)
i=1 Fi-1

< C(N~'n N)HE+D, (3.4.6)

IN

where we have used the inequality (3.3.6) and g4 pp < C.
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Second term in the RHS of the (3.4.5) can be bounded by

N/4 N/4
2(k+1 k+1
> B — Eeilliak,y < Ozhi( B e,
=1 =1
N/4 i
< CZhZ(kH (/ M?(Hl) 2pwxda:>
< C(N~'n N)E+D, (3.4.7)

here, we have used inequality (3.3.7). Using (3.4.7) and (3.4.6) in (3.4.5), we can obtain
11Ee — Eofllla, < C(N~!n N)*L, (3.4.8)
Similarly, we can show that
1B, = E.1ll|lo, < C(N7'In N), (3.4.9)

On the domain €2, U §2,, we can derive the bound using the maximum norm bound and

the triangle inequality. Consider the interpolation error for E, in 2, U €,

N D N
1B — Eorllyon, =€ D, hi Y wi(Be— Bor) @)’ +9° > 1B — Eoallia,)-
i=N/4+1  j=1 i=N/4+1
(3.4.10)
Bound for the first term in the RHS of the above equation is
N D N
€4 Z h; Z w;(By — Egp)(zi5)* < Ceq Z hi,ugN_Q(kH)(using Lemma 3.4.2)
i=N/a+1  j=1 i=N/4+1
< N2k,
and bound for the second term in the RHS of Equation (3.4.10) is given as
”Eé B EZ,IH%%QOUQT) < HEEH%P(QOUQT) + ”EE,IH%Q(QOUQT)' (3-4-11)

Now, we obtain the bounds for both the terms in the RHS of the above inequality

separately. Bound for the first term in the RHS of inequality (3.4.11) is
N

Bl ~ S 1Bl <C 3 /
i=N/4+1 i=N/4+1
< OCN~ k+1)

The second term in the RHS of inequality (3.4.11) is bounded by

N
1Bty = > 1Bl <C Z / Eop)da
i*N/4+1 i=N/4+1

< C Z Wil Bt 1y < CN72E. (using | Ex gl < Cl Eell =,

i=N/4+1
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Combining both the inequalities and (3.4.11), we have

1| Be — Evrll|g,00, < ON72RD, (3.4.12)
Similarly, we can prove that

1B = Ep g0, < CN72ED. (3.4.13)

By combining the inequalities (3.4.4) (3.4.8) (3.4.9) (3.4.12) and (3.4.13), we can obtain

the desired result. m

Theorem 3.4.5. Let u; be the piecewise Lagrange interpolation of the solution u of

(3.1.1) at the Gauss points. Then the interpolation error satisfies
lu —ug||| < C(N~"'In N)FHL,
Proof. From the solution decomposition, we know that
I = wrll] <15 = Silll + [[|£ — Exl].

Using the results from Theorems 3.4.1 and 3.4.4, we can obtain the required estimate. m
Now it remains to prove the bound for the discretization error £ = u; — uy. To prove
discretization error, we use the coercivity and the Galerkin orthogonality properties of

the bilinear form.

Theorem 3.4.6. Let u and uy, be the solution of the continuous problem (3.1.1) and the
discrete problem (3.3.1), respectively and let u; be the piecewise Lagrange interpolation

of the solution u, then the discretization error & = u; — uy, satisfies
HEN < (N~ In N)*1
Proof. Using the coercivity and the Galerkin orthogonality, we can write

IEN? < B(& €) = Blu—un, §) — B(n, §) = =B(n, &). (3.4.14)

By the definition of the interpolation, we have n(z;) =0, 7 =0,1,---, N, which implies
that [n(z;)] = 0. Using this in the bilinear form (3.3.1), we get Bs(§, n) = 0 and
Bs(n, £) = 0. Further, we will estimate the bounds separately for the nonzero terms of
Bi(n, &) and By(n, £). We have

Bi(n, &) = Z/K'adn’(x)f’(x)dx—i—ecZ/K.b(x)n'(a:)ﬁ(:v)dx

+ 2 /K c(a)n(x)8(x)dz. (3.4.15)
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Using integration by parts for the second term in the RHS of above equation, we get

Z/K'Sdn/(l’)gl(l')diK—FECZ/I;b(%)n(l‘)f/<l‘)dl‘

*Z/ ) — ecb'(x))n(x)§ (x)d. (3.4.16)

Using the Cauchy—Schwarz inequality and the bound for the interpolation error, we can
derive the bound for each of the term of (3.4.16), separately. The first term in the RHS
of Equation (3.4.16) can be bounded as

< (Z / 240 (0)d /(i / jed@')?(x)dx)m

< C(NT I N)MHlel.

eqn ()€ (x)dx

To bound the second term in the RHS of (3.4.16), we use the bound of the interpolation

error in the maximum norm. That is, we obtain

ecb(@)n(@)g (x)de| < C(lInllze@nlle' L@y + Il @€ 1220

+ (7l oo @) 1€ [l L1 (20
< C(N'In N,

here, we have used ||¢'|| 1, < C(k; " I N)Y2||€] 20 < Cleg 1yt In N)V2|[|€]]|. And
for the third term in the RHS of (3.4.16), we have

= e (2))n(@)é(2)dz| < Cllnllz@ €]l 2@ < CNT In N ]

Finally, we derive the bound for Bsy(n, £) as

vl & 1/2 , n 1/2
€
0l < (Y Zun) (Sni)
j=0 "7 =0
< CNTTIn N[,
here, we have used 0; = N, j = 0,1,--- , N. Now combining all the above estimates with

the bilinear form (3.3.1), we get

[B(n, &) < C(N~HIn N)M[[e]]]. (3.4.17)
Combining inequalities (3.4.14) and (3.4.17), we can obtain the required result. "
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Theorem 3.4.7. Let u and uy, be the solution of the continuous problem (3.1.1) and the
discrete problem (3.3.1), respectively. Then the error satisfies the following bound in the

discrete energy norm:
I —upl|| < C(NT? lnN)k“.

Proof. From the triangle inequality, we have
I = unl] < [[lu = wrlll + [wr — wnll],

using the estimates obtained in the Theorem 3.4.5 and Theorem 3.4.6 in the above

inequality, we get the required result. ]

3.4.2 On the Bakhvalov mesh

Let N € N, N > 8, be divisible by 4 and the mesh generating functions ¢, and ¢, are
given by

go(t) = —In(1 = 4(1 — 1, ")1),

$1(t) = =In(1 = 4(1 — )1 = 1)),
which are piecewise continuously differentiable. The grid points for the Bakhvalov-type

mesh are defined as

(T
_¢0ti7 fOI'Z.ZO,l,"',E,
Pl (%) 4
;=2 +2ti—H1-m-m), fori=2F4+1,... (3.4.18)
T
i o1(t:), fori =38 3N 1 1... N,
(P &) T
wheret; =i/N,i=0,1,---, N. One can easily see the following bounds on the step-size:
C,u;l, for €,
h; << ON-L, for Q,,
Cu:t, for Q,.

Interpolation error for the smooth part will be the same as derived in the case of the
Shishkin mesh, whereas for the layer components there will not be any logarithmic term.

We can have the following result for the interpolation error for the layer components.

Theorem 3.4.8. Let E; be the piecewise Lagrange interpolation of the layer component

E, then the corresponding interpolation error satisfies

IIE — Efll| < CN-0*D.
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Discretization error can be obtained as we proved in the case of the Shishkin mesh.
Hence the error estimate in the discrete energy norm on Bakhvalov-type mesh is given

in the following theorem.

Theorem 3.4.9. Let u be the solution of the continuous problem (3.1.1) and uy, be the
solution of the discrete problem (3.3.1) obtained on the Bakhvalov-type mesh (3.4.18),

then we have the following error bound:

Il = unl] < CNZEHD,

3.4.3 On exponentially graded mesh

Let N € N, N > 8, be divisible by 4 and 7 > 1. The mesh generating functions ¢, and
¢1, for the exponentially graded (eXp) mesh are given by

¢o(t) = —In(1 — 46t),
61(t) = —In(1 — 40, (1 — 1)).

The constants 6y and 0, are defined as

90:1—€Xp(7_(%_ﬁ]€1)), 91:1—exp<%)

The grid points for the eXp mesh are defined as

FT
—(k+ 1)oo(t;), for i=0,1,--- , X —1,
QPW( + 1) o (t:) or i .
- T3N/4+1 — TN/4—1 . . N N 3N
T = $N/4—1+< N2+ 2 )(Z—N/4+1)7 fore=7,7+1,---,°F,
. _ 3N 3N
\ 1—2pur<k+1>¢1<tz>, fOTZ—T+1,T+2,"',N,
(3.4.19)
where t; = i/N,i = 0,1,---,N. Here on the domain Q, = [0, zn/4—1] and Q, =
[#3n/441,1] the mesh points are gradually distributed while on Q, = [xn/a-1, T3n/a41]

mesh points are equidistant. Further, one can have the following bound on the step-

sizes:
Cu,*,  for Q,
hi << CON-L, for Q,,
Cut, for Q,.

We can derive alternate width of the mesh in the layer region, by introducing the

mesh characteristic functions ¢; = exp(—¢,), j =0, 1. For i € {2, we have

T _ : 1A 2ppip;
hy < ——(k + 1)N""max |[¢h]|e®®) < Cu'N~e (—> . 3.4.20
= qug( ) m XW0|6 = IU’K XD T(k—f‘ 1) ( )
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For i € €),., we have

B | e 2ppir (1 — 1)
< 1 HNefrti-1) < Ly—1 4.21
i = Dhyr (b4 DN maxfife =G B (T - (342
and
= E+1 1/4—-1/N
TN/4-1 qu ——(k+1)go(1/ /N)
— k4 1)In(l — 60, +4N"10
2pﬂz< bin( " 0
— 4Nl (14N bR )
+ ) exp <T(k—i—1)

Hence, we have

7(k+1)/21In(1—0p+4N ~16p)

e PHeTN/4-1 S e
< C(1 =6+ 4N"1,)"k+D/2
< CN—T(]C"FI)/Q.

Similarly, we can show that

e_p/»“‘(l_mSN/4+1) < C’N—T(k+1)/2'

The interpolation error for the smooth component can be derived as we have done
in the case of Shishkin mesh. Hence, we have the following bound for the smooth
component of the solution:

1S = S;|| < CN—*+D), (3.4.22)

To derive the interpolation error for the layer components, we will use Lemma 3.4.2

and length of the step-sizes from inequality (3.4.20) and (3.4.21). Using the definition

of the discrete energy norm (3.3.2), we have

N/4 p N/4
1B — Eetlllé, =Y hi Y wi(Ee — Eeg) (zig)* + ZHEE Eurll7agr,. (34.23)
=1 =1l

The first term in the RHS of the (3.4.23) can be bounded by

N/4 N/4 2
(k
D’ ij Fe Bt < eyt ([ 1EE )

N/4 T Zq

< ce o ([ Empa) ([ o)
N/4 ;

< Cey ZthH (/ M?(kﬁ)em”‘”da:)

< CN~ ’f“), (3.4.24)

here we have used ey < C and h; = Cp; ' N~texp <—3‘€5ﬁ))
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The bound for the second term in the RHS of the (3.4.23) can be derived by

N/4 N/4
2(k+1 k+1
Y oNE = Eliagey < CD R VES Rk,
i=1 =1
N/4 i
< Cth(Hl)( / u?('””e‘?””fwdx)
i=1 Ti-1
< CON7ARRD, (3.4.25)

Using (3.4.24) and (3.4.25) in (3.4.23), we obtain

I|E: = Eetll]a, < CN~¢+HD, (3.4.26)
Similarly, we can show that
I|E: — Eplllq, < CN~*+D, (3.4.27)
Now on the domain 2, U €2,, we have
N D N
1B — Eoillltua, =€ >, hi> wi(Be—Eor)(zi;)> +7° Y Ee— Eualliagy
i=N/4+1  j=1 i=N/4+1
(3.4.28)
The first term in the RHS of (3.4.28) satisfies
N D N
€4 Z hiij(Eg — Epp)(z:5)2 < Cey Z hi/L?N_Z(kH) (using Lemma 3.4.2)
i=N/4+1  j=1 i=N/4+1
Second term in the RHS of (3.4.28), can be bounded by
1B = BerllZaquonn < IEelain + 1Berlagun: (3.4.29)

Now we obtain the bounds for both the terms in the above inequality separately. We
get the following bound for the first term in the RHS of (3.4.29)

N N
HE€|’%Q(QDUQT) = Z ||Eé||%2(1i)§(J Z /(e_p“w)Qdf
i=N/4+1 i=N/a+17 li
< N2k,

Second term in the RHS of (3.4.29) can be bounded as

N N
1EtlZoon, = 3 IBul?g, <C S0 / (Bor)de
i=N/4+1 i=N/4+1 I;

N
< > hillBullieq,y < CNTERD
i=N/4+1
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Combining the above inequalities with (3.4.29), we have the following estimate:

1B — Bl on, < CN20D, (3.4.30)
Similarly, we can prove that

1B, = Evillf3yq, < CN-200), (3.4.31)

Now, we are in a position to provide the following theorem, which shows the bounds for

the interpolation error.

Theorem 3.4.10. If u is the solution of the convection-diffusion-reaction problem

(3.1.1) and uy is its Lagrange interpolants, then
[l — ugll] < CN~E*D.
Proof. From inequality (3.3.8), we have
lu = wrl[l < S = Silll + 1Ee = Bl + (I Er = E1ll]- (3.4.32)

From inequality (3.4.22), bound for the interpolation error for the smooth component

of the solution (3.1.1) is given by
IS = S| < ON=EHD,

To obtain the bound for the second term in the RHS of the inequality (3.4.32), we

express the term as
1B = Belll* = | Be = Eeallfa, + 11Be — Eeilllé,on,
using inequalities (3.4.26) and (3.4.30) in the above equation, we get
I1Ee — Beglll < ON-EHD.
Similarly, for the third term in the RHS of the inequality (3.4.32), we have
1B, = Epg|II* = || E- — Evll

?z,y + |||ET . ET,I|||?24UQO7
using inequalities (3.4.27) and (3.4.31) in the above equation, we get
1B, = Ens|l| < ON-HD.

Using all the above inequalities in (3.4.32), we can obtain the desired result. n
Discretization error can be derived in a similar way as we have done in the case of
Shishkin mesh. Hence error in the discrete energy norm on exponentially graded mesh

is given in the following theorem.

Theorem 3.4.11. Let u be the solution of the continuous problem (3.1.1) and wy be
the solution of the discrete problem (3.5.1) obtained on the exponentially graded mesh
(3.4.19), then we have the following error bound:

Il = unl] < CNZEHD,
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3.5 Numerical Experiments

In this section, in order to validate the theoretical error estimates derived in the pre-
vious section, we perform some numerical experiments with a test problem. Here, we
have considered two examples one with variable coefficients and other with constant
coefficients. Numerical results are given for the NIPG method and the standard FEM
on all three types of meshes namely the Shishkin mesh, the Bakhvalov mesh and the

exponentially graded mesh.

Example 3.5.1. Consider the following two-parameter singularly perturbed two-point

BVP:
—eqt’(z) + e.(1 + z2)u/(z) + u(z) = f(z), x€Q,
(3.5.1)
u(0) =wu(l) =0,
where f(x) is chosen such that
u(r) = acoswx + bsinmx + Ae H® 4 Be Hr(1-2),
is the exact solution of (3.5.1). Here
eqm? +1 : £
a = =
e2m2 4 (gqm? + 1)%’ 212 + (gqm? + 1)’
4= 1+ e Hr 5 B 1+ e He /vLZ,r::[:80+ 52—|—4€d.

a ) a )
1 — e #He—Hr 1 — e He—pr 2e4

Example 3.5.2. Consider the two-parameter singularly perturbed convection-diffusion-
reaction BVP:
—equ"(z) — el (x) +u(z) =0, 2 €Q,

u(0) =u(1) = 0. (3.5.2)

The exact solution is given by

e(m2+1) _ 1 1 _ 6(m1+1) e(l_x)
— miT mox
u@) D¢ T D T mtim+l)

where,
D =¢e(e™ —e™)(my + 1)(ma + 1),

—e. — /€2 + 44 —ec+ /€2 +4eqg

my = mo =
28d 7 25d

The exact and numerical solutions and the corresponding error for different values

of the perturbation parameters are given in Figures 3.1, 3.2 and Figures 3.3, 3.4 for
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Example 3.5.1 and Example 3.5.2, respectively. We can observe from the Figure 3.1 and
Figure 3.3 that whenever €2 < g4 < 1, the appearance of the boundary layers will be
similar to the reaction-diffusion BVPs for both the examples. Whereas, if 4 < 2 < 1,
then the boundary layers at x = 1 is sharper than the boundary layer at x = 0 for
Example 3.5.1 and boundary layer at x = 0 is sharper than the boundary layer at x =1
for Example 3.5.2 which can be seen in Figure 3.2 and Figure 3.4, respectively.

The numerical results are given in the form of tables and figures. Table 3.1 shows
the discrete energy norm error and the order of convergence for Example 3.5.1 using the
NIPG method for £ = 1 on all the three layer-adapted meshes discussed in this chapter.
Whereas Table 3.2 shows the discrete energy norm error and the order of convergence
for Example 3.5.1 using the standard FEM for £ = 1. In the same way discrete energy
norm error and the order of convergence using the NIPG method and the standard FEM
for Example 3.5.2 for £k = 1 are given in Tables 3.3 and 3.4, respectively. Tables 3.5
and 3.6 provide the numerical result in discrete energy norm for Example 3.5.2 with the
quadratic finite element space. In all the tables, the singular perturbation parameters
take values from the set S = {(gq4, &.)|eqa = 107%, e, = 1071, 1072, .- - | 10710}

In order to reveal the numerical order of convergence, we have plotted the error in
the loglog scale. Figures 3.5(a) and 3.5(b) depict the order of convergence in the discrete
energy norm in the loglog scale for the NIPG method and the standard FEM for £ =1
for Example 3.5.1, respectively. Figures 3.6(a) and 3.6(b) represent the loglog plot of the
error in discrete energy norm for the NIPG method and the standard FEM for £ = 1 for
Example 3.5.2, respectively. Figures 3.7(a) and 3.7(b) depict the order of convergence
through loglog plot for £ = 2 using the NIPG method for Example 3.5.1 and Example
3.5.2, respectvely.

0.025 ‘
© Exact solution
0.02}
051
0.015
0
0.01}
i 0.005
1 . . . . 0 . :
0 02 04 06 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) Solution (b) Error
Figure 3.1: Solution and corresponding error for Example 3.5.1 for ¢4 = 1073 and
g, = 107% with N = 32.
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Table 3.1:

Comparison of error on different types of meshes using the NIPG method

for Example 3.5.1 for k =1 on the set S.

Number of mesh intervals N
32 64 128 256 512 1024

S-mesh | 6.5975e-01 2.4282e-01 8.3020e-02 2.7094e-02 8.5619e-03 2.6264e-03
1.4447 1.5525 1.6224 1.6707 1.7421

B-mesh | 1.0798e-02 2.8729e-03 7.4219e-04 1.8658e-04 4.6557e-05 1.1615e-05
1.9102 1.9527 1.9920 2.0027 2.0030

eXp-mesh | 2.8838e-03 7.4581e-04 1.8738e-04 4.6677e-05 1.1611e-05 2.8947e-06
1.9511 1.9928 2.0052 2.0073 2.0057

Table 3.2:  Comparison of error on different types of meshes using standard FEM for

Example 3.5.1 for k =1 on the set S.

Number of mesh intervals NV
32 64 128 256 512 1024

S-mesh | 2.7007e-02  1.6925e-02 1.0260e-02 6.0141e-03 3.4428e-03 1.9377e-03
0.67420 0.72210 0.77061 0.80477 0.82921

B-mesh | 2.1486e-02 1.0717e-02 5.3517e-03 2.6725e-03 1.3330e-03 6.6483e-04
1.0034 1.0019 1.0018 1.0035 1.0036

eXp-mesh | 2.1464e-02 1.0678e-02 5.3233e-03 2.6590e-03 1.3296e-03 6.6585e-04
1.0073 1.0043 1.0014 0.99987 0.99776

Table 3.3:  Comparison of error on different types of meshes using the NIPG method

for Example 3.5.2 for k =1 on the set S.

Number of mesh intervals N
32 64 128 256 512 1024

S-mesh 1.6905e-04 6.3357e-05 2.1893e-05 7.1877e-06 2.2784e-06 7.0360e-07
1.4159 1.5330 1.6069 1.6575 1.6952

B-mesh | 9.1020e-03 2.3817e-03 6.0275e-04 1.5191e-04 3.8662e-05 9.9885e-06
1.9342 1.9823 1.9884 1.9742 1.9526

eXp-mesh | 9.1495e-03 2.3944e-03 6.0546e-04 1.5181e-04 3.8035e-05 9.7304e-06
1.9340 1.9836 1.9957 1.9969 1.9668
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Table 3.4:  Comparison of error on different types of meshes using standard FEM for
Example 3.5.2 for k =1 on the set S.
Number of mesh intervals N
32 64 128 256 512 1024
S-mesh | 6.9305e-02 4.3323e-02 2.5225e-02 1.4082e-02 7.7124e-03 4.1965e-03
0.67783 0.78030 0.84093 0.86865 0.87800
B-mesh | 5.5507e-02 2.5993e-02 1.2166e-02 5.7930e-03 2.8100e-03 1.3812e-03
1.0946 1.0953 1.0704 1.0438 1.0246
eXp-mesh | 5.5695e-02 2.6082e-02 1.2207e-02 5.8120e-03 2.8190e-03 1.3856e-03
1.0945 1.0954 1.0705 1.0438 1.0247
Table 3.5:  Comparison of error on different types of meshes using the NIPG method
for Example 3.5.1 for k = 2 on the set S.
Number of mesh intervals N
32 64 128 256 512 1024
S-mesh | 1.9260e-04 3.8753e-05 6.5889e-06 9.9586e-07 1.3865e-07 1.8218e-08
2.3132 2.5562 2.7260 2.8445 2.9280
B-mesh | 1.6590e-03 1.9058e-04 1.9370e-05 1.8382e-06 1.6834e-07 1.5155e-08
3.1218 3.2985 3.3975 3.4489 3.4735
eXp-mesh | 1.9278e-04 1.9652e-05 1.8740e-06 1.7317e-07 1.5854e-08 1.4628e-09
3.2942 3.3905 3.4358 3.4493 3.4381
Table 3.6:  Comparison of error on different types of meshes using the NIPG method
for Example 3.5.2 for k = 2 on the set S.
Number of mesh intervals N
32 64 128 256 512 1024
S-mesh | 1.0235e-04 2.0141e-05 3.3956e-06 5.1209e-07 7.1345e-08 9.4000e-09
2.3453 2.5684 2.7292 2.8435 2.9241
B-mesh | 1.9084e-04 1.9447e-05 1.8541e-06 1.7132e-07 1.5685e-08 1.4476e-09
3.2948 3.3907 3.4359 3.4492 3.4377
eXp-mesh | 1.9281e-04 1.9655e-05 1.8743e-06 1.7320e-07 1.5857e-08 1.4631e-09
3.2942 3.3905 3.4358 3.4493 3.4380
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© Exact solution 0.035F
05 g 0.031
0.025
0 0.02
0.015
-0.5+ 0.01r
0.005 1
4 ) ) ) ) 0 N/\‘\ : .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) Solution (b) Error

Figure 3.2: Solution and corresponding error for Example 3.5.1 for ¢, = 107! and
g = 1072 with N = 32.

25 ‘ ‘ ‘ Numerical solution 0.0
— —Error
© Exact solution
0.03 1

0.025

151 0.02

0.015
0.01

0.5
0.005

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(a) Solution (b) Error
Figure 3.3: Solution and corresponding error for Example 3.5.2 for ¢4 = 1072 and

g, = 107% with N = 32.

3.6 Conclusions

In this chapter, we have applied the NIPG method to obtain the numerical solution of
two-parameter singularly perturbed two-point BVP, on the Shishkin, Bakhvalov and ex-
ponentially graded meshes. Further, we have studied the superconvergence of the NIPG
method on these layer-adapted meshes and obtained almost (k+ 1)—order of convergence
on the Shishkin mesh and exactly O(k + 1) on the Bakhvalov and exponentially graded
meshes. Numerical experiments are carried out to validate the theoretical error bounds

derived in this chapter.
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3 T T 0.07 T T T T
—Numerical solution
© Exact solution |
25 1 0.06
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Figure 3.4: Solution and corresponding error for Example 3.5.2 for ¢4, = 107!? and
e, — 1072 with N = 32.
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(b) For standard FEM.

Figure 3.5: Visualization of the order of convergence through loglog plot for Example
3.5.1 for k =1.
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Figure 3.6: Visualization of the order of convergence through loglog plot for Example

3.5.2 for k=1.
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(a) For Example 3.5.1.
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(b) For Example 3.5.2.

Figure 3.7: Visualization of the order of convergence through loglog plot for £ = 2 using
NIPG method.
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CHAPTER 4:

Parameter-Uniform Numerical Scheme for a
Coupled System of Singularly Perturbed
Reaction-Diffusion Equations

Here, we study the numerical solution of singularly perturbed system of two-point BVPs
of reaction-diffusion type. The solutions of these problems exhibit twin overlapping
exponential boundary layers. To obtain the numerical solutions of these problems, we
apply the NIPG method on layer-adapted piecewise uniform Shishkin mesh. Also, we
have proved that the proposed method is uniformly convergent with order k in the &-
weighted energy norm, where k is the degree of the piecewise polynomial in the finite

element space. Numerical results are presented to support the theoretical results.

4.1 Introduction

Here, we consider the following singularly perturbed system of reaction-diffusion BVP:

4 d2
—et— 0 p
Li = dx p |@+ci=17f zeq
0 —e2— 4.1.1
€2d$2 ( )
@(0) = 0, (1) = 0,

\

where € = diag(eq, €3), 0 < g1 < g9 < 1 are the perturbation parameters, the coefficients

¢;; and the source terms f; are sufficiently smooth functions, and are given by

o en(r)  ci(x) and [ — fi(z)
car(z)  coa(w) fo()
We shall assume that reaction coefficient matrix C = {c¢;;}7,_; is an Lo-matrix with
min{cy; + €12, ca1 + 2} > 7, (4.1.2)
60
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Chapter 4 4.2. Solution Decomposition and Domain Discretization

i.e., C is an M-matrix whose inverse is bounded by 472 in the maximum norm. The
solution @ = (uy, uz)” of (4.1.1) has boundary layers of width O(e; Ine;) and O(ez Iney)
at x = 0 and 1, see [39] for more details.

This chapter is organized in the following style: Section 4.2 has divided into two sub-
sections. In Subsection 4.2.1, bounds for the smooth and layer parts of the solution are
given. Piecewise uniform Shishkin mesh is defined in Subsection 4.2.2. We introduce the
NIPG method for system of SPPs and prove its existence and uniqueness in Section 4.3.
Parameter-uniform error estimate is derived in Section 4.4. Further, superconvergence
error analysis are carried out in Section 4.5. Section 4.6 contains the results of numeri-
cal experiments in order to illustrate the theoretical bounds. We shall also assume that
g1 <CN!and ey < CN7! as is generally the case.

4.2 Solution Decomposition and Domain Discretiza-
tion

Here, in the section, first, we study the properties of the analytical solution of the system
(4.1.1). In particular, we obtain the bounds for the smooth and singular components
of the solution and its derivatives. Later, we introduce the piecewise uniform Shishkin

mesh for discretization of the domain.

4.2.1 Solution decomposition

The solution # of the BVP (4.1.1) can be decomposed as @ = S+ E, where S and E are
respectively the solutions of the following BVPs:

LS=f on Q and S=A"'f on 00=/{0,1}, (4.2.1)

and
LE=0 on Q and E=i—S on 00 (4.2.2)

Here, S and E are the smooth and layer parts of the solution .

Lemma 4.2.1. For a positive integer p the derivatives of the smooth and layer compo-

nents S and E satisfy the following bounds:

sy <cC,  for i=1,2,

|E£Z)(x)| S 0(51_ZD51(x) + 82_1D52(:L‘)), 0 S l S D, (4 2 3)
B (2)] < Cle;'Doy(w), 0<1<2, -
EY(x)] < C(e7'Dey(2) +6,' Dey(a)),  3<1<p,
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Chapter 4 4.3. Problem Discretization: The NIPG Method

where D, (z) = exp((—pz)/v) + exp((—B(1 — x))/v). Here, p depends on the regularity

of the solutions.

Proof. The proof of this lemma can be seen in [39)]. n

4.2.2 Piecewise uniform Shishkin mesh

To discretize the domain €2, we use the layer-adapted piecewise uniform Shishkin mesh,
which is described in the following. We divide the domain © = (0, 1) into five subdomains
as Q = Q; Uy U Q3 U QU Qs where Qy, Qo Q3, Q4 and Q5 are [0, 72,], [72,, T,
[Teyy 1 — 7o), [1 — 7oy, 1 — 72, ] @and [1 — 7, 1], respectively. Which can be seen in Figure

4.1. Here, the transition point 7., and 7., are defined by

Te, = Min (i,%@ln]\f), Te, = min (1752,a—<€11nN).

Figure 4.1: Domain discretization and piecewise uniform mesh

Where « is user chosen constant and we shall assume that 7., = (ag2/5) In N as the
case 7., = 1/4 occurs only when N is exponentially large relative to €9, which is rare in
practice.

The step-size in each of the subdomain is given by

87.,/N, for €, and Qs,
hi = 8(7, — 7e,)/N, for Qy and Qy,
2(1 —2r,)/N, for Qs.

4.3 Problem Discretization: The NIPG Method

The finite element problem corresponds to the system of BVP (4.1.1) by the NIPG

method is given by
find i@, € V{(2)?, such that
(4.3.1)
B(tp, Up) = L(T), VO, € VH(Q)?,
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Chapter 4 4.3. Problem Discretization: The NIPG Method

with B(u, v) = By(u, ¥) + Bs(u, U), where

Bi(a, 7) = & Z/ uy(2)vi(z)de + €, Z({Uﬁ(%)}[ﬂl(%)]—{Ull(%)}[ul(mjm

7=0

ZUJ uy (x)][v1 () +Z/ c11(x)ur(x) + cro(z)ug(z))vy (z)de,

By(u, ¥) = & Z/ uh()vy(w)dr + &5 Z({%(fﬂj)}[vz(%)]—{vz(fcj)}[w(fcj)b

7=0

+ Z 0j[ua(z;)][va(zy)] + Z /K (car(m)ur (z) + coa()ug(z))v2(7)dz,

and
N
0= [ (ot fovs)do
j=1"Ki
here, o; (7 =0,1,..., N) are the so-called discontinuity-penalization parameters associ-

ated with the node x;, which are nonnegative constants.

Lemma 4.3.1. The bilinear form B(., .) defined in (4.3.1) satisfies the Galerkin orthog-
onality property:
B(ii — iy, ¥) =0, Y€ VEQ)

Proof. Since # is the exact solution of (4.1.1), we have [uy(z;)] = [uz(z;)] =0, 0 < j <
N and [u)(z;)] = [uh(x;)] =0, 1 < j < N — 1. Then, for all ¥ € V(Q)?, we easily get

N N

B, 0) = &3 [ ahla@ut(e)ds+ it Y ()Y )

+Z/ cn(x)ul(x)vl(x)da:JrZ/ c12(2)ug (2) vy (z)dz.

j=1 YK j=1 7 Kj

Similarly, we can write for By(i, ¥). Using integration by parts and the definition of the

jump and the average, one can show that

223 [ e = Z [ e e S, ),
and

62221 /K u(w)vy()de = —52221 /K g ()va(w)da —gzzzo({u;(mj)}[vg(xj)]).
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Using the above estimates and recalling (4.1.1), we can obtain that
B(i, ) = L(¥), Vi€ VEQ)>2 (4.3.2)
By subtracting (4.3.2) from (4.3.1), we get

B(i — iy, ) =0, Vo€ VEQ)? n

A natural norm associated with the bilinear form B(.,.) is the E—weighted energy

norm
N N
ol = Z (512”“1“%2(1@ +522||U§||2L2(Kj)) +5ZZ (||U1||%2(Kj) + ||U2H%2(Kj))
J=1 j=1
N N
> ailor(@)lF + Y ojlea()], (433)
J=0 J=0

where ¢; are the penalty parameters and / is such that it satisfies min{ey; + 12, co1 +
022} > 62.
It is easy to show that, the bilinear form given in (4.3.1) satisfies the coercivity

condition, and hence it can be shown that

I[anllle < 1F1l 22,

which implies the uniqueness of the solution of (4.3.1). Because VE(2)? is a finite-

dimensional space, the existence of the solution follows from its uniqueness.

4.4 Error Analysis

In this section, we perform the error analysis for the NIPG method (4.3.1). We will
show that the NIPG method possesses optimal order of convergence. Following the idea
given in [60], we introduce a special interpolant on each element K, for any w € C(Kj),
we define k£ 4+ 1 nodal functional N; by
No(w) = w(zj-1), Ni(w) = w(z;),
1 i
Ni(w) = —)1/ (x —z; ) w@)de, 1=1,...,k—1.
j—1

(@ — xj-1)' Ja,

Now the local interpolation w;|; € P*(Kj;) is defined by Nyj(w; —w) = 0,1 =0,..., k.
Lemma 4.4.1. [60] Let w; be the interpolant of w, then we have the following properties:

]w - w[‘l’Kj < Ch?+1il|w|k+1,](j,l = O, 1, .. .,k’ + 1,Vw € HkJrl(Kj),

lw = willimey < CHE il o, Voo € W),

where K is any element of the partition Ty and h; is the length of element K;.
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Lemma 4.4.2. Let S; and E; be the interpolants of S and E, respectively, on the
piecewise uniform Shishkin mesh. Then, we have u; = 5} + E’} and for m = 1,2 the

following estimates hold true:

[t — Uty < C(N“'InN)M for i=1,2,4,5, (4.4.1)

1S = Smn) P2 < CNZE for1=0,1,2,... k, (4.4.2)

1 Enll(0s) + €2 2| B2y < CONT°, (4.4.3)
I1EW| 2q) < Ce*'NT% forl=0,1,-- k, (4.4.4)

NEL Nz + | Emillrz@y < CleaPN~ + N-1/2ZF)), (4.4.5)
by — U fl| o (g < C(NTEFD 4 N7, (4.4.6)

Proof. The linearity of the interpolation operator implies u; = (§ E) = S; + E.

From Lemma 4.4.1, we can have
[t — Ul o) < CRG Ul 0, (4.4.7)

using the solution decomposition and the bounds on the smooth and the layer compo-

nents given in (4.2.3), we can obtain that
6V ooy < 1SV poo gy + 1B o) < Cler™® DDy, (2) + o~ *TV D, (2)).

We know that the interval length of the mesh in the subdomains €2; and €25 is given by
h; = (8ag;/B)N ' In N. From (4.4.7) and the above inequality, we obtain

lur — wir|l (o < C(N"'In N for i =1,5.
In a similar way, we can show that
13" |0 < Cea™ V] Dy (0),
now from the inequality (4.4.7) and the above inequality, we can obtain that
|uz — s 1|z < C(N"'In N)¥ for i = 1,5.

Next, we will prove inequality (4.4.1) in the subdomains 5 and €y, as we know that the
interval length of the mesh in the subdomains QQ and ()4 is given by h; = 8(7., — 7., )/N.
Using inequality (4.4.7) and the value of h; = (62 —&e1)N7'In N in Q, and €, we can
obtain that

[t — w1l 2oy < C(N"'In N)* for i = 2,4 and m = 1,2.
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Next by using Lemma 4.4.1 for the smooth part of the solution and the bounds on
the smooth part given in (4.2.3), we get

1(Sim = Sm) Dl r2@) < CN"FS i1 i, < CNEEED,
To prove (4.4.3), we need to show that

[Emll=@s) < € max (Dg () + De,(2))

[7—62 71_TE2

< C max (exp(—pfz/e2) + exp(—F(1 —x)/e2))

[7—8271_7—52]

< CN™% (using 7., = (aey/B)In N),

here, we have used D., (z) < D.,(z). From the definition of the L?>-norm and the value

of 7.,, we obtain that

177'52
1Ballsoy < Cf " (Dal@)+ Dula)ida
Teq

: C/ h (exp(—2Bz/e2) + exp(—26(1 — z)/e2))dz

2

S C€2N_2a.
By adding the above two inequalities, we can get
HEmHL"O(QS) + 52_1/2HEmHL2(S23) < CN™“.

In order to prove (4.4.4), we need to show that

1—7'52
IEO 2oy < C / B (2)Pde

2

< 0oy ? / 7 exp(— 282 /25) + exp(—28(1 — x)/ex))da

2

S 0821721]\772047

here, we used ¢, "D, (x) < e,7%D_,(x) and by taking the square root, we get the

required result
1ER N[220y < Cea'* N2
An inverse inequality yields

NHEL ez + |Bmillzzgs < CllEmillrzs)-
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In order to prove (4.4.5) it remains to bound ||E,, f||r2(04). Consider the element K; =

(j_1,2;). The local nodal functionals can be estimated by

[Ni(Ep)| < Clexp(—pBxj-1/e2) + exp(—B(1 — x5)/e2)),

thus, we have from the local representation,

k
Epmilk, = Z Ni(Em)oi,
i=0

the estimate

k
1B tlT2cy < D INi(B) PllillZ2 ey

< CTNfl(exp(—2ﬁxj,1/52) +exp(=26(1 — z;)/e2)), (4.4.8)

where we have used ||¢s||2(x,) < CN~", summing up, we get,

3N/4
D NEnillzaw,) SCNTE Y (exp(—262-1/65) + exp(—26(1 — z;) /22)).
K;€Qs j=N/4+1

Recall that the mesh size on the coarse mesh has been denoted by H and satisfies
1/N < H <2/N. The RHS of the above inequality becomes,

exp(=26z;j-1/e2) + exp(=26(1 — z;)/ea) = exp (=201 + 20x; — 262;)/22)
+exp ((=2B(1 — ;) + 2Bz;_1 — 2Pz;-1)/e2)
< exp(28H/ez)(exp (—2Bx/es) + exp (—28(1 — x)/e2)), for x € (z;_1, x;).

Integrating the above inequality over (z;_1,x;), we obtain that
N~Hexp (=281 /e2) + exp (=2B(1 — ;) /e2)) < exp(26H /e5) %

/ (exp(—28 /=) + exp(—28(1 — 1) /22))d,

and summing up for j = N/4+1,...,3N/4 — 1, we have

3N/4-1

N™' ) (exp(—2Bxj1/e2) + exp(—2B(1 — ;) /22)) < CeaN 7>

j=N/4+1

For the last interval (z3n/4—1, T3n/4), We get from inequality (4.4.8) that

1B t[72rc,) < CN~-(+2),
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Combining the above two estimates, we get our desired result, 7.e.,
N7YEL 2@ + | Bmrllizi,) < C(e/2N7 4 N=U/2F))

using the solution decomposition and the triangle inequality, we can get

|t = U, 1|l Lo 5) < |Sm — Szl zoe(@a) + ([ Em |l 2o () + | Em, 1l Lo (025)

< C(N-HD 4 Ny, n
To obtain the error estimate of the NIPG method, we decompose the error in two

parts, as

@ = nllle < [ll@ = drllle + [l[dr — tnllle-

Let 7 = @ — u; and E = Uy — Uuy,. For proving the error estimates for the interpolation on

the element boundaries, we need the following multiplicative trace inequality.
Lemma 4.4.3. [70] For any w € H'(K;), we have
) < 2085 lwlBage, + ol ez, @ € K;.
Lemma 4.4.4. Fora =k +1, {n,,} satisfies
. 5 082_2(N_1 111N>2k, for T; € Q\Q3,
{nn (25)}° <
05272N7(2k+1), for S (3,

where Ny, = Uy, — U1, form =1,2.

Proof. From the definition of the average, and Lemma 4.4.3, we can write

U@ = S0h(zy) + @) <

1 (M (27)? 4 M (2)?)

IA

hy 1y + 1l 2 lmmmll 2oy + Pyl Ze gk
+ ||77':n”L2(K7'+1)||n;:z||L2(Kj+1)‘

Now, we have to estimate ||, | r2(k,

) and |97 [l 22(k,), separately. From (4.4.2), we can

have

H(Sm - Sm,[)/||L2(Kj) S ON_ka

1(Sm = Smt)" 22,y < CNTF for all K; € Q.

In order to obtain the bounds for |jn;,|z2(x,) and [|n;,||z2(x,), it remains to estimate

[(Em — Em1)' |2k, and [[(Ep — Enp)"||22k;) inside and outside the boundary layer
regions.
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First, we will estimate |[(E, — Ep1)'|l22x,) and |[(Ep — Ep )"l 12(k,) outside the
boundary layer region, that is, for K; € Q3. From (4.4.4) and (4.4.5) and using the fact
that ¢g < OCN7!, a =k + 1, we can obtain

(B — Em1) lr2e;) < B2y + | Br iz, < Cep™2NTED,

Similarly, using the inverse inequality and the fact that ¢, < CN~!, oo = k + 1, we can

have
1B = Eont)' 2y < W llzas) + 1Bz
< B llza) + Chy B 2y

< 052_3/2N_(k+1).

Now we will estimate ||( £y, — Em,1)'||z2(x;) and [|(Eyn — Em,1)" || 22(x,) inside the boundary
layer regions, that is, K; € Q\ 3. From Lemmas 4.4.1 and 4.2.1, for [ = 1,2, we have

1/2
||(Em — Em,l)(l)||L2(Kj) S Ch;H—l_l (\/I; 62_2(k+1)B§2(ZL‘)d£I))

J

< 0521/2_Z(N_1 In N)k+3/2_l.
From the triangle inequality and the above estimate, we can obtain

| CeyV/2(N—1In N)k+1/2, for K; € O\ s,
22 a5 <
Cey V2N=F(go1/2 + N7Y), for K; € (3,

and
Cey™2(N~1In N)k-1/2, for K; € Q\ Qs,
[l L2y <
Cey 32N1F(e53/2 + N72),  for K; € Q3.
By combining all the above estimates we can get the desired result. ]

Theorem 4.4.5. For a = k + 1, we have following interpolation error bound:

l7lle < C(NT'In N)F,

l

=\
Il

N1
|
~

where
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Proof. Since @ — i is continuous in €2, we have [m]; = [n2]; =0, 7 =0,..., N. Then
N N
IAlIE =D (el Tew,) + e ImalTac,)) + B2 D (e + lmelie,)):
j=1 j=1

From Lemma 4.4.2, we can easily conclude that

1/2||Um - Um,1||L°°(92) +

|t — Um,1][22() < |Ql|1/2||um — U, || Lo (1) + [€22]
Q1" |t — 1|l oo @20 + Qa2 [ty — 1| £ (2) +
|Q5|1/2||um T um,l||L°°(Qs)

731/2Hum - um,IHL‘X’(Qﬂ S Tsl)I/QHUm - um,IHLw(Qz) +

IN

1/2

(1- 27’52)1/2”1% = um,IHL‘X’(Qg) A+ (Tey = 7e1) ||t — um,IHL‘X’(sz) +

(7e) "2 |t — tim,l| 2o 02)

< CO(N'InN)*, form=1,2.
Similarly, we can show that
1|t — Um,1]1,0 < C(N? lnN)k, and ea|ty, — Um 1|10 < C(N™* lnN)k.

Hence, we have
l7lle < C(N~" In N)F,

which is the required result. ]

Theorem 4.4.6. Let 5: Uy — uy. Then gsatisﬁes the following error bound:
1€]lle < C(N~"In N,

Proof. From the bilinear form given in (4.3.1), for the first term of By (7], 5 ), we have

i /| @EE < (i / | sl2<nz>2<x>dx) /(i / 512@;)2(@@)

< allmllzollélle < CNT N ]Ellle.

1/2

and using the fact that [1]; =0, j =0,..., N, bound for the second term of B (7, E) is

S et @) < (if,i{na}j?)m(iaj[&ﬁ)uz

=0 j=0 ~J =0

=

< C(N I N)MIIE]e,
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where o; is defined by
N

Uj:

1, for K; € Qs.
Again using the fact that [m]; = 0, 7 = 0,..., N, third term will vanish and we can

, for K; € Q\ Qs,

—

show that the fourth term of the bilinear form By (7, £ ) given in (4.3.1) satisfy

> [ en@m@as < CO NIl

N

Z /K cia(@)p(@)é(x)dr < C(NT I N)*[€]l]e-

—
—

Similarly, we can show that the bound for the bilinear form By (7], £) is

By(, €) < (N In N[ |€]l -

Using Galerkin orthogonality and coercivity of bilinear form, we have |||€]|]e <
C(N~'1n N)*. .
From Theorems 4.4.5 and 4.4.6, we can obtain the parameter-uniform error estimate

for the NIPG method, which is given in the following theorem.

Theorem 4.4.7. Let u and uy be respectively the solutions of the continuous problem
(4.1.1) and the discrete problem (4.3.1). Then, we have the following error bound:

@ — dnllle < C(N "' In N)¥.

4.5 Remarks on the Superconvergence Error Anal-
ysis

In our error analysis, we separated the error into two parts, namely, the interpolation
error and the discretization error. And we find the bound of the discretization error using
the bound on the interpolation error. For the superconvergence, one has to improve the
order of convergence of the interpolation error. To improve the order of convergence for
the interpolation error, we use piecewise Lagrange interpolation on Gauss points and
discrete energy norm. Here, we will derive theoretical error bound for the interpolation
error and discretization error. Using the interpolation result from Chapter 2, we have
following result.

Let u; denote the piecewise Lagrange interpolation using {w; ; }é?:o as nodal points

on each interval [z;_y, x;]. Then

T

(= ur) )| < OB [ (a2

Ti—1
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And discrete energy norm is defined as

1=

N P N P N
NP = e8> hd wivh(@y)® +e3 > hi > wivh(xi)” + B Y (lvilFzgy + lvallFe i)
=1 j=1 =1 j=1 1

+ ) i (@) + ) oifva(i)]. (4.5.1)

=0 1=0

Theorem 4.5.1. Let i be the solution of (4.1.1) and Wy denotes the piecewise Lagrange

interpolation on Gauss points, then we have

1@ — @l < GV~ In N)A+.

Proof. Since @ — d; is continuous in €2, we have [m]; = [n2]; =0, 7 =0,..., N. Then
N P N p
IR = e3> k> wirh(wsg)® +¢3 > hi > wimh(wi;)
=1 j=1 =1 j=1
N
+52 Z(Hnl“%%m) + H772H%2(Ki))' (4.5.2)
i=1

From Lemma 4.4.2, we can easily conclude that

|L°°(Q1) + |Q2’1/2Hum - um,I”L‘X’(QQ) +

||um - um,IHL2(Q) S |Qlyl/2Hum — Um,I

2|

|Q3|1/2||Um - Um,1 |L°°(Q3) + |Q4 |Um — um7l||Loo(Q4) +

|Q5|1/2||Um — Um,1 |Loo(95)

7'511/2||um T um,I”L‘x’(fh) + (7e, — 7'61)1/2Hum F um,l||L°°(Qz) +

VAN

1/2

('S 27—62)1/2”1% - um,IHL‘X’(Qg) + (Tey — Tey) M|t — um,IHL‘X’(sz) +

(7es) [t — 1| o)

<C(N'InN* form=1,2.

Now, we will derive bound for the first term in the RHS of (4.5.2)
N P N p

1Y hi Yy wmi(xg)® = > b > wilur — i) (wy)°
=1 j=1 i=1  j=1

N P N P
= D hiy wi(Si— S0 (@) + 1Y hi Y wi(Ey— Eyp)(zy)*.
=1 j=1 i=1  j=1

(4.5.3)
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First term in the RHS of (4.5.3) can be bounded as

N P N xi 2
23 om Y usi- sy < ¢ ([ 180 @)
=1  j=1 1 zio1

N
=1
< C(N7'lnN)*+2, (4.5.4)

We derive bound for the second term in the RHS of (4.5.3) separately, for inside and

outside of the boundary layer. For subdomain €24

N/8 p N/8 zi 2
ey h > wi(Br — Ery)(zy)? < cgfzmh?k( / yEf’““)(x)ux)
=1 7j=1 i=1 Ti_1
N/8

< cgfzm%ﬂ( / yE§’“”>(x)|2dx>< / da:)
i=1 Ti—1 Ti—1

< C(N~'lnN)HE+D,

Similarly using the mesh size on other subdomain, we can derive bound for the sub-
domain €2, €4, and 5. Now, we will derive bound outside boundary layer that is the

subdomain (23

3N/4 P 3N/4
6? Z hz ij(El — ELI)/(ZL‘M)Q S 8% Z hi€2_2N_2(k+1) S ON_2(]€+1),
i=N/4+1 J=1 1=N/4+1

where, we have used
1(Br = B @l ay) < Cey "N-HHY.

And above inequality can be proved by

1B | oo (@) + I B o= (525)
< NED ey, (using B ||z < B 15 (0))+

1(Ey — Byp)' || 1< ()

IN

and

1B | 1o (o)

IN

Cey" max  (exp(—fr/ez) +exp(=f(1 — z)/e2))

[Teq,1—Tes]
< Oy !N~ (using 7., = ((k + 1)e2/8) In N).
Hence, we obtain that

I(E1 — E1 1)@ oy < Cey “N~FHD,
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Similarly, bound for the second term in the RHS of (4.5.2) is
N p
e3> hi > wimh(wiy)? < CN2EFY,
=1 j=1

Hence, we have
I17ll] < C(N~ I N)*H,

which is the required result. ]

Theorem 4.5.2. Let i), denotes the solution of (4.3.1), then bound for the discretization
error {: up, — Uy 1s:

Il < GVt N )<+,

Proof. By following the approach as discussed in Theorem 4.4.6, and using interpolation

error from Theorem 4.5.1, one can derive the require result. ]

Theorem 4.5.3. Let i be the solution of the BVP (4.1.1) and 1y, be the solution of the
NIPG method defined in (4.5.1). Then error of the scheme satisfies

@ — ||| < C(N~'n N),

Proof. Combining Theorem 4.5.1 and Theorem 4.5.2, we get required result.

4.6 Numerical Results

In this section, we verify experimentally the convergence results obtained in Sections 4.4

and 4.5, by considering the numerical solution of a constant coefficient problem.

Example 4.6.1. Consider the following singularly perturbed system of BVP:

(

—e?uf(x) 4+ 2u (z) — ug(z) = fi(z), =€,

—e?uf(x) — ui(z) + 2uz(z) = fo(w), (4.6.1)

u1(0) = u2(0) = uy (1) = ug(1) =0,

\

where fi(x), fo(x) are chosen such that

w(z) = (exp(—z/e1) + exp(—(1 — x)/e1)) N (exp(—z/e2) + exp(—(1 — z)/e2)) .y
(14 exp(—1/e1)) (1+exp(—1/e2)) ’
(exp(—z/e2) + exp(—(1 — x)/e2)) .

(1+exp(—1/ez)) ’

are the exact solution of the system of BVP (4.6.1).

us()
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Chapter 4 4.6. Numerical Results

We know that both the solutions of Example 4.6.1 have exponential layers of width
O(ea1nes), whereas only u(x) has an additional sublayer of width O(e; Ine;). This can
be seen in Figure 4.2 for the solution of Example 4.6.1 with e; = 107% and &, = 1074

Figure 4.3 and Figure 4.4 depict the plot of the exact and numerical solu-
tions for wui(x) and ws(x) and their corresponding error (error=|exact solution —
numerical solution|) for Example 4.6.1 for &1 = 107% and &, = 10™* with N = 64.

We calculate the error in the £€—weighted energy norm as defined in (4.3.3) and as
well as in discrete energy norm defined in (4.5.1). Table 4.1 provides the numerical
results with the finite element polynomials of degree £ = 1,2 in the £ —weighted energy
norm as well as in the maximum norm. For our experiments, the singular perturbation
parameters take values on the set S = {(&1, g9)|ea = 1072,...,107%, &1 = 107 &y }.

Figure 4.5 represents the log-log plot of the error in the the £ —weighted energy norm
and maximum norm and for the NIPG method with linear and quadratic elements with
e; = 1075 and ey = 10™*. Further, Figure 4.5(a) depicts first-order of convergence in
&—weighted energy norm and second-order of convergence in maximum norm for linear
finite elements space, whereas Figure 4.5(b) represents second-order of convergence in
both the norms for quadratic finite elements space.

Table 4.2 shows the numerical results with the finite element polynomials of degree
k = 1,2 in the discrete energy norm. Figure 4.6 represents the log-log plot of the error
in the discrete energy norm for the NIPG method with linear and quadratic elements
with e; = 107% and &, = 10~*. Superconvergence properties of the NIPG method can
be observed in Table 4.2 and Figure 4.6.

0 0 —
—u,00 —u,00
—u,(x) —Uu,(x)
05 2 05 L 277
-1 -1
-1.5 -1.5
-2 -2
0 0.2 0.4 0.6 0.8 1 0 0.005 0.01 0.015 0.02
0
_ulix; 0 )
—u_(x
2 —u(x)
-05 05 2
1 1
-1.5
-1.5
-2
2 0 0.5 1 15 2
0 0.002 0.004 0.006 0.008 0.01 %107

Figure 4.2: Overlapping boundary layers for Example 4.6.1 for £; = 107% and &, = 10~*
with N = 64.
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4.7. Conclusion and Discussion
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(a) Solution for uq(z).
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(b) Error for u;(z).

Figure 4.3: Solution wu;(z) and corresponding error for Example 4.6.1 for £; = 107¢ and
gy = 107% with N = 64.
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(a) Solution for us(x).
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(b) Error for us(x).

Figure 4.4: Solution uy(z) and corresponding error for Example 4.6.1 for £, = 107¢ and
gy = 107% with N = 64.

4.7 Conclusion and Discussion

In this chapter, in order to obtain the numerical approximate solution of singularly

perturbed system of reaction-diffusion BVP of the form (4.1.1), we have applied the

NIPG method on the piecewise uniform Shishkin mesh. Theoretically, we proved that

the proposed method is parameter-uniformly convergent with order & in the & —weighted

energy norm, where k is the degree of the piecewise polynomial used in the finite element

space. To verify the theoretical error bound, we have implemented the proposed method

to a test problem, and the results are highly convincing.
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Table 4.1:  Error in E—weighted energy norm and mazximum norm for Example 4.6.1

Norm k Number of mesh intervals N
16 32 64 128 256

l|lu—upl|le | 1| 3.4893e-01 1.7965e-01 8.7736e-02 4.1533e-02 2.0297e-02
0.95773 1.0340 1.0789 1.0330

l|lu—upl|le | 2 | 6.4085e-03 1.6295e-03 4.7208e-04 2.6658e-04 2.4388e-04
1.9756 1.7873 1.8244 1.2841

lu — uplloo | 1 | 8.9355e-02 3.4948e-02 1.1507e-02 3.5525e-03 1.1093e-03
1.3544 1.6026 1.6957 1.6792

|lu — uplloo | 2 | 7.2582¢-02 1.8476e-02 3.6888e-03 8.3755e-04 2.0969¢-04
1.9739 2.3244 2.1389 1.9979

Table 4.2:  Error in discrete energy norm for Example 4.6.1

Norm k Number of mesh intervals N
16 32 64 128 256
llu—wupl|| | 1| 1.4688¢-03 5.5029¢-04 1.9012¢-04 6.2411e-05 1.9781e-05
1.4164 1.5333 1.6070 1.6577
llu—upl|l| | 2| 4.5411e-06 7.8949e-07 1.2337e-07 1.7846e-08 2.4173e-09
2.5240 2.6780 2.7893 2.8841
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(a) For linear finite elements.
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Figure 4.5: Order of convergence in the £—weighted energy norm and maximum norm
for Example 4.6.1.
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Figure 4.6: Order of convergence in the discrete energy norm through loglog plot for
Example 4.6.1.
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CHAPTER 5

Superconvergence Properties of Discontinuous
Galerkin Method for Singularly Perturbed Parabolic
IBVPs

In this chapter, a parabolic convection-diffusion-reaction problem is discretized in space
by the NIPG method and in time by DG method. We have shown superconvergence
properties that is (k + 1)—order of convergence in space and (I + 1)—order of convergence
in time, where k and [ are the degree of piecewise polynomial in finite element space.

Numerical results are given to verify our theoretical findings.

5.1 Introduction

Superconvergence properties of DG method meaning to show faster rate of convergence
for the approximate solution. In Chapter 2, we have shown superconvergence proper-
ties of the NIPG method by using the discrete energy norm and piecewise Lagrange
interpolation on the Gauss points. In the present chapter, we have applied the NIPG
method for the spatial variable and DG method for the temporal variable and shows
superconvergence properties of DG method.

Here, we consider the following singularly perturbed parabolic convection-diffusion-

reaction IBVP:
Up — EUgy + b(X)uy + c(x)u = f(z,t), x€G=(2x(0,T)),

u(z, 0) = ug, forx €Q, (5.1.1)
u(0,t) =u(l,t) =0, forte (0, 7],

here, 0 < ¢ < 1 is a small parameter and b(z), ¢(z) are sufficiently smooth with b(z) >
£ > 0. We also assume that

| ¥()
2 P —_— —_——
7_%£<C(I) 5 >>0, Vo € Q.
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Chapter 5 5.2. Domain Discretization

We decompose the exact solution u(z, t) of the IBVP (5.1.1) into smooth and singular

components as u(x, t) = S(z, t) + E(z, t), then bounds on S, E and its derivatives are

given by
OFHS (x, 1)
_— 1.2
Oxkot! ’ = 6 (5:1.2)
O E(z, t) .
Tl < ek BOn)e, 1.
‘ EREn ’ < Ce e (5.1.3)

Proof of these bounds can be seen in [44].

The rest of the chapter is organized as follows: Domain discretization is given in
Section 5.2. In Section 5.3, we have defined numerical scheme. Further, error analysis
is derived in Section 5.4. Numerical results and conclusions are given in Section 5.5 and

5.6, respectively.

5.2 Domain Discretization

Here, we use uniform mesh to discretize the temporal domain and piecewise uniform
Shishkin mesh for the spatial domain. On the time domain [0, T'], we introduce the

equidistant meshes with uniform time step At = (¢,, — t,,_1) such that
SM = {t,, = mAt, m=0,1,--- M, At=T/M}.

Let I, = (tm-1, tm]|. For the piecewise uniform Shishkin mesh, we divide N/2 mesh-

intervals in the layer region and N/2 mesh-intervals in the outside layer region:

ﬁi\[:{o:x()axl"" ,$N/2:1—T€,"‘ ,I'N:l}

Here, the transition point 1 — 7., which separates the coarse and fine portion of the mesh,
12
T. = min {—, —glnN}.
2B
Let Ty = {K; = (zj_1,2;) : y=1,..., N}, be a partition of the domain €.

is obtained by taking

5.3 Numerical Scheme

By using the NIPG method for the space and DG method for the time, the finite element

approximation for the parabolic convection-diffusion-reaction problem (5.1.1) is
Find uy, € V]\kjiw(g) such that

(5.3.1)
B(up, vp) = U(vg), Yon € Vi, (G),
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where B(u, v) is defined as

M M-1

B(u, v) = Z / ’ ((ue, v) + A(u, v))dt + Z([[u]]m,vg) + (ug, vg), (5.3.2)

m=1"tm-1 m=1
and [(v) is defined as
I(v) = /OtM(f, v)dt + (o, v7),
here u; represents the derivative with respect to ¢ and A(u, v) is defined by

A(u, v) = Ay (u, v) + As(u, v) — As(v, u) + As(u, v),

where

2

Ai(u, v) = Zg/ uxvxd:v—FZ/ )ty + c(z)u)vde,

Az(u, v) = Z€{Uo:}y[]
As(u, v) = ZUJ jlvl; + Zb z;) :

<.
Il
o

here u, denotes the derivative with respect to x.

If w; are the weight function for the p-point Gaussian quadrature rule and z;; are the
Gauss points in the element K; = [z;_1, x;], then the discrete energy norm associated
with the bilinear form A(., .) is defined as follows:

N P N N
oll|* =€ Z h; Z wivg (i, 1) + 7 Z HUH%Q(KZ') + Z o [v)?. (5.3.3)
=1 g=1 i—1 =0

We define the dG norm associated with the bilinear for B(., .) by

M-1
b
|U||dG_Z/t lvll]*dt + 5 Hvollem) 5 2 olnl[f20) + 5 HUMHLz - (5.34)
m—1 m=1

Lemma 5.3.1. (Galerkin orthogonality) Let u be the exact solution of the problem
(5.1.1). Then the bilinear form B(.,.) defined in (5.5.1) satisfies the Galerkin orthogo-
nality property:

B(u —up, v) =0, Yve V]%/[(g)

Ph.D. Thesis 82
TH-2580 156123007



Chapter 5 5.3. Numerical Scheme

Proof. First, we claim that B(u, v) = [(v) then combining with (5.3.1), we get the
required result.

Now we prove our claim i.e., B(u, v) = l(v). As u is the exact solution of (5.1.1),
hence we have [u]; =0, 0 <j <N, [u,]; =0, 1 <j<N-—1and [[u]],=0,1<m<
M — 1. Using these values in the bilinear form (5.3.1), we get

B(u, v) = Z / : ((ug, v) + Ai(u, v) + As(u, v))dt + (ug, vy). (5.3.5)

tm—1

Using integration by parts for the first term of A;(u, v), that is

N N N
Zs/ UpUgda = —€ Z/ Uggvdz — > {ug};[v];.
j=1 7K j=1 7K j=1

Using the above equation in A;(u, v) and adding with As(u, v), we get
N
Aq(u, v) + As(u, v) = Z/ ((—eugy + b(z)u, + c(z)u), v)d. (5.3.6)
j=17K;

Combining Equations (5.3.5) and (5.3.6), we get

M

B(u, v) = Z/m (f, v)dt + (ug, vy ),

m=1"tm-1

with this we proved our claim. ]

Lemma 5.3.2. The bilinear form B defined in (5.3.2) satisfies the following

M oy 1 1 M-1 1
Blo,w) =Y [ A, o+ STy + 5 O Meallan + 305y
m=1"tm-1 m=1

Proof. As we know the bilinear form defined in (5.3.2) is

M M-1

tm

Bluv) = > [ (o) + A o)t + Y (o) + o 0f). (53)
m=1"tm-1 m=1

Using integration by parts for the first term in RHS of Equation (5.3.7), we obtained

B(u, v) = Z/tm ((—u, v) + A, 0)dt + Y (g, v7) = (i, v,21))

m=1

M
+ Z(U;fl = U1, V1) + (g, V)
m=2
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By adding the second and third sums in RHS of the above equation, we get

M tom, M-1
Blu o)=Y [ (- w) + Al o)t = 3 (u [oll) + (up v3). (539
m=1"tm-1 m=1
Putting © = v in Equations (5.3.7) and (5.3.8), we obtained
M tom, M-1
B(v, v) = Z/ (v, v) + Av, 0))dt+ Y ([[]lm, ) + (v, v,
m=1"tm-1 m=1
M tom, M—-1
B(v,v) = Z/ (=0, v0) + A(v, v))dt = > (v, [[V]]lm) + (var, v3).
m=1"tm-1 m=1
By adding above identities and dividing by two, we get our desired result. ]

Lemma 5.3.3. (Coercivity) The bilinear form B defined in (5.3.2) satisfies the co-
ercive property, that is, there is a positive constant « independent of perturbation and

mesh parameter such that
B(v, v) > allv|lie, Vo € Vyi(9).

Proof. Using Lemma 5.3.2 and the coercive property of A(u, v), we obtained

m=1

M tm 1 1 M-1 1
2 2 2 — 12
Bo,o) 2 a Y [ lllPd+ e+ 5 X Wiethal oy + 5115 B
m=1"tm-1
2 kil
> aljvl[e, Vv € V' (9).
This completes the proof. ]

Lemma 5.3.4. (Stability) Let uy be the solution of (5.5.1) then uy, is uniquely deter-

mined and satisfies the following stability estimate
lunllac < C(llunoll + 1 £llz222),
T
where Hf”%z(p) = fo Hf”%mz)dt'
Proof. Setting v = u;, in the bilinear form, we obtain that

tm
B(up, up) = / (f, un)dt + (uno,ufy), Yuy € V]\]?:&(g)-
0

Using the coercivity property and the Cauchy-Schwarz inequality, we obtain the desired

result. m
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5.4 Error Analysis on Shishkin Mesh

5.4.1 Interpolation error

Let u be the solution of (5.1.1) and u;, be the solution of (5.3.1) then to get the bound
on the error, we decompose the error into two parts that is interpolation error and
discretization error:

u—up = (u—mu) + (Tu — up).

Let the interpolation error n = u — mu and discretization error & = mu — uy, where

u € V]\%\/[(D) is the piecewise polynomial in ¢ of degree [ with

/ 5 (ru(t) — ult), ¢*)dt =0, V¢* € Vil (G). (5.4.1)

tm—1

Let u; represent piecewise Lagrange interpolation at the Gauss points, then
mu(t,,) = ur(t,,), m=1--- M. (5.4.2)
We split the interpolation error into two parts as
u—mu=(u—ur)+ (uy — wu). (5.4.3)
By using the methodology from Chapter 2, one can obtain that

lw—ul]] < C(N'lnN)* (5.4.4)
fur = 7ul)| < CM~UHD, (5.4.5)

Theorem 5.4.1. The interpolation error satisfies the following bound
[u — 7uflag < C((N"Hn NP 4 pr=0HD),
Proof. By using the decomposition (5.4.3), we can express

|u — mullac = l|u — urllac + [lur — 7ullac-

From the definition of the dG norm (5.3.4) and the fact that w; is the interpolation of

u, we have
M t’UL
u-wlis = > [ lla wllPa
m=1"tm-1
S C(Nfl In N)Q(kJrl)’
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here, we have used (5.4.4). Again using the definition of dG norm (5.3.4) and the fact

that 7u is the interpolation of u;, we have

M tm
fur —mully = 0 / s — o)t
m=1

tm—1

< CM~2HD | (from (5.4.5)).

By combining the above identities, we obtain the desired result. ]

5.4.2 Discretization error

Theorem 5.4.2. The discretization error satisfies the following bound:
1€llac < C((N~HIn N)*HE 4 p=0+D),
Proof. By using the coercivity property, we can have

I€l7e < B €) (5.4.6)

and using the Galerkin orthogonality, we obtain

B(&, §) = B(mu—up, §) = Blu—utmu—un, §) = B(u—un, §)=B(u—mu, §) = —B(n, §).

(5.4.7)
From Equation (5.3.8), we can write
M e, M M1
B =3 [ =&t > [ Al e = 3 s [€ln) + s €l
m=1"tm—1 m=1"tm-1 m=1

Third and fourth terms in the RHS of the Equation (5.4.8) vanishes due to the interpo-
lation error, that is,
N =0, form=12--- M.

Therefore, we have

B &)=Y / "t e+ S / " A, ). (5.4.9)

tm—1

Using (5.4.1), first term in (5.4.9) will vanish, and hence

Moy
B(n, §) = Z/ A(n, §dt. (5.4.10)
m=1"Ytm-1
Using Equations (5.4.7) and (5.4.10) in the inequality (5.4.6), we get
Mg
lelie < Y [ A ar (5.411)
m=1"tm-1
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Now, we need the bound A(n, &), using the idea from Chapter 2 one can simply show
that
A(n, &) < C((N"'In N)MH 4 =Dy |igl)). (5.4.12)

Using inequality (5.4.12) in (5.4.11), we obtained the desired result. "

Theorem 5.4.3. Let u be the solution of (5.1.1) and uy, be the solution of (5.5.1), then

following result hold true.
lu — upllae < C((N"'1n N)F 4 M*(l+1)).

Proof. Combining Theorems 5.4.1 and 5.4.2, we can obtain the required result. ]

5.5 Numerical Results

In this section, we verify experimentally the convergence result, by considering the nu-

merical solution of singularly perturbed parabolic IBVP.

Example 5.5.1. [22] Consider the following singularly perturbed parabolic IBVP:

(

Ut — €Uy + (1 + (1 — 2))u, = f(x,t), (x,t) € (0,1) x (0,1),
u(z,0) = up(x), 0<zx<l,

u(0, t) = u(l, t) =0, 0<t<L

\

We have taken initial data wuo(z) and the source function f(z,t) from the exact

solution
u(z, t) = e (O 4 Chz — e~ 179)/E),

where, O} = e /¢ and Oy =1 — e~ /=,

We calculate the error in the dG norm as defined in (5.3.4). Table 5.1 provides the
numerical results in the dG norm, with linear finite elements in space as well as in time
using the NIPG method in space and DG method in time. Whereas Table 5.2 shows the
error and the order of convergence using the standard FEM in space and implicit Euler
method in time.

To visualize the order of convergence of the numerical solutions, we have given the
loglog plot in Figure 5.1 for ¢ = 1072,107%,107% for the NIPG method in space and
DG method in time and Figure 5.2 shows loglog plot for ¢ = 1072,10%,10~° using the
standard FEM in space and implicit Euler method in time. Further, Figure 5.3 depict
the surface plots of the solution for ¢ = 1072 and ¢ = 107° for N = 32.

Ph.D. Thesis 87
TH-2580 156123007



Chapter 5

5.6. Conclusions

Table 5.1:

space and DG method in time.

Number of mesh-intervals N / temporal mesh-size At

32/

64/ 1

128/ =

256/ 5=

512/5%

8.5979e-03 2.5155e-03 6.8464e-04 2.9513e-04 1.4911e-04

1.7731

1.8774

1.2140

0.9849

1072

1.5937e-02
1.2613

6.6481e-03
1.4136

2.4955e-03
1.5302

8.6403¢-04
1.6105

2.8295e-04

1073

1.6079e-02
1.2555

6.7349e-03
1.4201

2.5167e-03
1.5341

8.6901e-04
1.6127

2.8416e-04

1074

1.6095e-02
1.2551

6.7433e-03
1.4197

2.5205e-03
1.5336

8.7065e-04
1.6129

2.8465e-04

107

1.6097¢e-02
1.2551

6.7441e-03
1.4197

2.5209e-03
1.5335

8.7079e-04
1.6129

2.8471e-04

107°

1.6097e-02
1.2551

6.7442e-03
1.4197

2.5209e-03
1.5335

8.7081e-04
1.6129

2.8471e-04

1077

1.6097e-02
1.2551

6.7442e-03
1.4197

2.5209e-03
1.5336

8.7078e-04
1.6128

2.8471e-04

5.6 Conclusions

Error and order of convergence for Example 5.5.1 using NIPG method in

Here, in this chapter, we have applied the NIPG method in space and the DG method
in time for singularly perturbed parabolic IBVPs. Theoretically, it is shown that the

proposed method is almost (k + 1)-order of convergence in space and (I + 1)-order of

convergence in time, where k£ and [ are the degree of piecewise polynomial used in finite

element space. To validate theoretical finding we have presented numerical example.
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Chapter 5 5.6. Conclusions

Table 5.2:  Error and order of convergence for Example 5.5.1 wusing standard FEM in
space and implicit FEuler method in time.

Number of mesh-intervals N / temporal mesh-size At
32/35 64/ 41 128/ 52 256/ 52 512/ 15
107! | 2.0634e-02 1.0397e-02 5.2157e-03 2.6122e-03 1.3071e-03
0.9889 0.9952 0.9975 0.9988
1072 | 2.8496e-02 1.4507e-02 7.3177e-03 3.6744e-03 1.8408¢-03
0.9740 0.9872 0.9939 0.9971
1073 | 2.9977e-02 1.5241e-02 7.6845e-03 3.8592e-03 1.9337e-03
0.9759 0.9879 0.9936 0.9968
1074 | 3.0183e-02 1.5362e-02 7.7436e-03 3.8868¢-03 1.9472e-03
0.9743 0.9882 0.9944 0.9972
1077 | 3.0203e-02 1.5374e-02 7.7509e-03 3.8908e-03 1.9491e-03
0.9742 0.9880 0.9943 0.9972
1079 | 3.0205e-02 1.5375e-02 7.7516e-03 3.8912e-03 1.9494e-03
0.9741 0.9880 0.9942 0.9972
1077 | 3.0206e-02 1.5376e-02 7.7517e-03 3.8912e-03 1.9494e-03
0.9741 0.9880 0.9942 0.9972
10} ]
§
mm
1073¢ :
“B-¢=102
H-g=10*
@ g=10°
10 9-O(N?In’N)| , S
102 Number of intervals 108

Figure 5.1: Order of convergence through loglog plot for Example 5.5.1 using the NIPG
method in space and DG method in time.
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10t

Bg=107
K-g=10"
"0 g=10"°
©-oN'In N)|

102 Number of intervals 103

102

Figure 5.2: Order of convergence through loglog plot for Example 5.5.1 using standard
FEM in space and implicit Euler method in time.

(a) For ¢ = 1072,

(b) For e = 107°.

Figure 5.3: Surface plots of the solutions for Example 5.5.1 for N = 32.
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CHAPTER 6

Superconvergence Error Analysis of the NIPG
Method for Singularly Perturbed 2D Elliptic BVPs

This chapter focuses on numerical solution of singularly perturbed 2D elliptic BVPs.
Here, we obtain the error estimates of the superconvergence of the NIPG method with
interior penalties on layer-adapted meshes of Shishkin type. We have established the
error bound in the discrete energy norm. Numerical tests support our theoretical esti-

mates.

6.1 Introduction

In the present chapter, we extend the idea of the superconvergence analysis given in
Chapter 2 for 1D convection-diffusion BVPs to 2D elliptic BVPs of convection-diffusion
type on a square domain. Here, we apply the NIPG method on the layer-adapted
piecewise uniform Shishkin mesh. In order to improve the order of convergence of the
interpolation error, the piecewise Lagrange interpolation is used at the Gauss points.
We use this improved order of convergence to prove the discretization error.

Here, the following singularly perturbed 2D elliptic BVP is considered:

—cAu+b-Vu+cu=f, in D=(0,1)x(0,1),
(6.1.1)
u=0, on I'=0D,

where ¢ is a small positive parameter, and b(z, y) = (bi(z, y), ba(z, y)) > (1, B2) >
(8, B) > (0,0), ¢(z, y) > 0 for all (z,y) € D, and 7> = (c(z, y) — 3V - b(z, y)) > 0,
where § and ~ are constants.

This chapter is organized as follows: In Section 6.2, we have given the bounds for
the continuous solution of the model problem (6.1.1). Piecewise uniform Shishkin mesh

is described in Section 6.3. Section 6.4 contains finite element approximation for the

91
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Chapter 6 6.2. The Continuous Problem

2D elliptic BVPs. Error analysis is carried out in Section 6.5. Numerical results and

conclusions are given in Sections 6.6 and 6.7, respectively.

6.2 The Continuous Problem

For SPPs, we need to decompose the solution v into smooth and layer parts separately.
For model problem (6.1.1), the solution decomposition and bounds for the smooth and
layer parts and their derivatives are taken from [38]. We are providing the following

lemma without the proof.

Lemma 6.2.1. Let b and c be sufficiently smooth functions, and let f € C*'(D) satisfies
the compatibility conditions f(0,0) = f(0,1) = f(1,0) = f(1,1) = 0. Then the BVP
(6.1.1) admits a unique solution u € C3'(D). Further, one can decompose the solution

u into smooth and layer components as
u= 958+ E; + Ey + Eis,

where for all (x,y) € D. Then, the derivatives of the smooth and layer components

satisfy the following bounds:

885:95] (z, y)| £ G,

g::]ai; (z,y)] < CeieAl-alle

g;;ij(x, y)| < CeiePUule
aa?a%z(% Y| < Ce )80/ =B0-v)/e

Proof. One can see the detailed proof in [38]. n

6.3 Domain Discretization

We define the rectangular mesh D using the tensor product of the 1D Shishkin meshes

with N subintervals in each direction which can be seen in Figure 6.1. Mesh transition

— min 1 2¢eIn N
T. = 5 3 .

In the case of SPPs, we generally assume that 7. = (2¢Iln N)/8. Otherwise N is expo-

parameter is defined as

nentially large compared to e(1/2),
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Let the domain D be divided into four subdomains
Koy =(0,1-7)*  Kp=(01-7,1)x(0,1-7),
Ky=0,1-7)x(1-7,1), Kj=(1-7,1)7>
The step-size in each of the subdomains is given by

4eIn N/NS, for Ky; and Kia,

hz,i -
2(1 —71.)/N, for K9 and Koo,
) 4deln N/Np, for Ky and Ko,
e 2(1 —7.)/N, for K5 and Ko,
fori,j =0,1,---, N.
(0, 1) (1, 1)
K21 Kll
N/2
(011 —|7)
KQQ KIQ
N/2
<070) (1 _T€70) (10)
N/2 | NJ2
- 0 -

Figure 6.1: Visualization of the Shishkin mesh on the unit square (0,1) x (0, 1).

6.4 Finite Element Approximation

We apply the NIPG method for the elliptic BVP given in (6.1.1) and the corresponding

weak formulation is

find uy, € Vy (D), such that
(6.4.1)
B(Uh, Uh) = l(Uh), VUh S VN(D),
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where B(u, v) is defined as

B(u,v) = > (5/KVu-Vvdx—i-/K(b~Vu+cu)vda;—/ (b - pg)utvtds

KeTn o_KMr
— /8K\F(b : MK)LUJU+dS) + 5/F(u(Vv ) — (Vu - p)v)ds + /F ouvds
boe /F ([T}~ {Vu v} s + /F ofulelds (6.4.2)

Z(U) = Z (f> U)K

KeTn
for u,v € HY(D, Ty). Here o denotes penalty parameter.

The discrete energy norm can be defined by

P = 3 (ol +2Pelan) + [ ootds+ [ ofoas

KeTn Cint
1 p—
*3 Z (115 e + loF = o713 g + 0115, &Ar) - (6.4.3)
KeTn

We define the following discrete seminorm over Gauss points

k

W2y = D ellVolltawy =€ D haihyy ) V(@i 430, (6.4.4)

KeTn KeTn p=0
where {z;,, yjp}’;:() are the Gauss points on the interval [z;_;, z;] and [y;_1, y;], respec-
tively. Using [23], we can show the the bilinear form satisfies the Galerkin orthogonality,

and the existence and uniqueness of the solution of the weak formulation (6.4.1).

6.5 Error Analysis

In the theory of error analysis, we have to divide the error mainly into two parts, i.e., the
interpolation and the discretization errors. Here, the piecewise Lagrange interpolation
is used at the Gauss nodes. To bound the discretization error, we use bound of the
interpolation error. For improving convergence order, we have to improve the conver-
gence order of interpolation error. Let n = v — uy and £ = u; — u;, be respectively, the

interpolation and the discretization errors, then we have
u—up =n+&=(u—ur)+ (u —un),

where u; represents the continuous piecewise bilinear interpolant of « which vanishes on
the boundary I'.
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Chapter 6 6.5. Error Analysis

Now we will estimate [||n]|| and |||£]||, separately. Let w; denotes the piecewise La-
grange interpolation of a continuous function w defined on [z;_1, x;] X [y;_1, y;] by using
the Gauss points {xip,yjp}lgzo as nodal points in [z;_1, ;] and [y;_1, y;], respectively.
Then, we have

1 O w(x, y) 1 0" Vw(z, y)
(w—wr)(z, y) = %¢ik+l(x)w + %@Hl(y)w

1\? PEDw(z, y) 1) PF Dy (z, y)
+ (2_1{]'> ¢ik+1($)¢ik+l(y) ax(k+1)ay(k+1) - (2_k|> ¢ik+1(x)¢ik+1(y) ax(k+1)ay(k+1)

1 \?2 H2(k+1) w(z, y) T 8(k+2)w(:v Y)
- (%) ¢¢k+1($)¢ik+1(y)8H1—W O(hk+1)/ ax—,ﬁgdfﬂ

vi 9k 2ey(x, y)

k+1 k+171k+1
+O(hy;>/ Wd +Oh+h+ /
y=yj—1 r=x;1 Jy

82(k+2)w(£€ y)

922 gyt2) da:dy,

where

k—1 2 k—1
d 3 d

h " h2 \"
_ 2 b _ 2 J
Gikt1(T) = e ((x — xi,%) Ty ) ;and  @ipy1(y) = dyF—1 <(y - ?/jfé) - Z]>

Since, we know that {x;,}F_, and {y;,}*_, are the zeros of the polynomial ¢i41(z) and
oir+1(y), respectively. Hence in above equation terms containing polynomial ¢;x.1(x)
and ¢;x+1(y) will be zero at the Gauss points. So above equation on the Gauss points
can be written as

(0= wn)aw ) = OMED) [

T=Tij—-1

T4 8<k+2)w(ac

)
—os dz + O(h’;;l) /

Y=yYj—1

k+1 k+1

Ok / /y - e 8y 0 @ Y) dady. (6.5.1)
T=Ti—1

Derivative of the interpolation error at the Gauss points with respect to x and y can

i 9wz, y)
Dy +)

be written as

= e ) = 06 [ I E D oty [* L,

I Ok +2 v Dz Oyk+2
E ity W PERw(z, y)
O(hy g / /y y 8x’“+28 — A drdy. (6.5.2)
and
o T; ak+3 Yj 8k+2
ay(w wr)(Tip, Yjp) = O(hijl)/ ax#fa’;)qut(’)(h;j)/ 321% y)dy
Ti—1 Yj—1
k+1 N Yj 62 k+2 )
O(hy; by, / /y x’“”@ k+2 ———————Zdxdy. (6.5.3)
—1

The solution u can be decomposed as, u = S + E; + FE> + Ei9, where S is the smooth

part of the solution and E;, Es and Ej, are the layer parts at x = 1, y = 1 and corner
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layer, respectively. Let S;, Ei 1, Eor and Eja; be the interpolations of S, Fy, Ey, Es,

respectively.

Theorem 6.5.1. Let S and S; represent the smooth part of the solution and its inter-

polant, then interpolation error for the smooth part is
1S = St < C(N "' In N)*HL
Proof. By the definition of the discrete energy norm (6.4.3), we have

1S = Sill2 = 3 (eIVS = S ey + 9208 = SDlagrr) - (65.4)

KeTn
Using Equation (6.4.4), Equation (6.5.4) can be written as
k
S =SilIP =& Y hoihyy D IV(S=S0)(@ips yip) P+ D VIS =S|y (6.5.5)
KeTn p=0 KeTn

First term in the RHS of Equation (6.5.5) is

k 2
a(S — Sy)
5= 81 < C 35 s 32|25 i)
KeTn p=0
i ms Sp) 2
I
+y° (Zip, Ysp) ) (6.5.6)
p=0

Using Equations (6.5.2) and (6.5.3), we can derive the bound for (6.5.6) as
1S = 512y < CN2FFD (1n N)2EFD,

Similarly, bound for the second term in the RHS of Equation (6.5.5) can be derived
using Equation (6.5.1) that is we get

DS = S)lFag) < ONTHED (In N+,

KeTn
Combining both the terms, we get our required result. .
In the next step we estimate bound for the interpolation error for layer parts. We
consider only the terms I} — E; 1 because the other ones can be estimated in a similar

way.

Theorem 6.5.2. Let Ey and E, 1 represent the layer part of the solution at x =1 and

its interpolant, then the error satisfies the following bound:

I|Ey — Evfll] < C(N~!n N)FHL
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Proof. By the definition of the discrete energy norm (6.4.3), we have
B — Bl = ) (5HV( — By )72y + 7N (Br — ELI)H%?(K)) -(6.5.7)
KeTn

First, we will derive the bound for the first term in all subdomains, separately. On the

subdomain K;; bound can be derived as

Tq 8k+2E Yj ak-l—SE
Bl — BulPy<Ce Y huhy, (h’“ / T B 1) g,y i / T A y),,

k+2 k+2
ot i ox v 010y
v v QR B (7, y) T OB (x, )

kE g k+1 1(z, y k-+1 1\&, Y

t ol /xz 1/ Drh+29yk+2 dzdy + /xl 1 de
Yi o2 [ (x yi 92k+2) g ) 2

k 1\Z, y k-l—l k

+ h’y,j /y"l Wd +h h / / J}k+26yk+2 dx dy) . (658)

We will derive bound for each terms separately, first term in RHS of (6.5.8) can be

bounded as

T k+2 2
gthh“( / aE—Mda:> < Ce(eln N/N)*(eln N/N)%

KeTn =1 Ouh 2
1
</ 8—(k+2)65(1:p)/5dx)
1—7¢

< C(InN/N)XE+D,

2

To derive the bound for the second term in the RHS of (6.5.8), we write

bR (2, y) |\ - LOORBE (2, y) o\’
e Y, hayih ,~<h’“+-1/ —’dy> < Cehyihy ;h20T ></ —’dy)
K;N y.d \ "y v Dz dyk+2 y.5' by L. OzOyP?
S C€2k+5(ln N/N)2k+6.
Bound for the third term in the RHS of (6.5.8) is
vi PR B (z, ) 2

k pk+l i\, y 2k+2 4k+5

£ g heihy. (hy]hyj / /y R r=rver d:rdy) < Ce™™(In N/N )™,

KeTn

Fourth term in the RHS of (6.5.8) can be bounded by

z; 8k+3E1({L‘, y) 2 2(kt1) - B
e Y haihy; <h§;§1 / de) < ehyihyhl; < /1 e 2k+2) =281 Vfdx)

KeTn

< C&*(In N/N)2k+2),
Now for the fifth term in the RHS of (6.5.8), we have

Yj ak+2E1($ y) 2 1 B o
€ Z hmhy]( / Wdy) < Ceh, hyjhzkj(/lT e~26(-2)/ dy)

KeTn Yj-1
< C€2k+5(N_1 In N)2k+4.
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And finally bound for the sixth term in the RHS of (6.5.8) is given by

c Z Bl hk+1hk vi 92k+2) )d d < 052k+3<1n N)41<;+5N_4(k+1)
z,illy, g\ g :Ek+26yk+2 Yy ’
KeTn Yj—1

By combining all the above terms, we obtain the bound on the subdomain K1,
|E1 - E1’[|€’N S C(N_l In N)k+1.

Similarly, we can obtain the bound on the subdomain Ki5. On the subdomains K5 and

KQQ, we have

Bi— Bl <e > haihyg[VEP4+e > haihy |VELP (6.5.9)

KeKo1UKoo KeKo1UKoo

The first term in the RHS of (6.5.9) satisfies

OB, OFE,|
N hnVER € e B hn |22 408
KeK21UKo22 KeKo1 UKoy X Y
<o S et e
KeK31UKag
< 1+5/ / e=280-2)/% gy
Y - (6.5.10)

Now considering the second term in the RHS of the inequality (6.5.9), we obtain

0By |’
& Z hx,ihy,j|VE1,I|2 S & Z hx,ih%j%
KeKo1UKo9 KeKo1UKo9
OBy |?
te Y. hmhwa—“ (6.5.11)
KeK21UK22 Y

The first term in the RHS of the inequality (6.5.11) will be bounded by

O, | [uthe (9 O
a—;(% vi) = o / . (8—;(%%—hy,j)+a—;($,yj+hy,j))d$,

xi+hg; -1 xi+hg;
OFE, 1 / e lg=B-a)/e g < 05 / e~ P=z)/e g,
8*7; 4h$,l xi_hz‘,i B h/:E,’L xi_hz‘,i

And, hence, we have

aElJ —1hy,j o —2B(1—x)/e —(2k+2)
€ Z hyihy o < (e o e der < CN )
KeK31UKa2 z1 J0
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Similarly, the second term in the RHS of inequality (6.5.11) can be shown to be
bounded by N~(?*+2) By combining the bound for the first and second term of inequality
(6.5.11), we obtain

e Y hyihy|VE P < ONTER), (6.5.12)
KeKo1UKog
On combining inequalities (6.5.9), (6.5.10) and (6.5.12), we obtain the following
bound outside layer region:

|Er — Ey1len < CN~*+D),

Hence we obtain the bound for the first term of the Equation (6.5.7) on all the domain.
Now we will derive bound for the second term of the Equation (6.5.7). Using Equation

(6.5.1), we obtain the following bound in L?-norm

Z |(Ey — E1,I)||%2(K) < C’N‘Q(’f“)(ln N)Q(kﬂ)_

KeTn
Combining both the terms of Equation (6.5.7), we get our desired result. ]
Theorem 6.5.3. Let u and u; represent the solution of the problem (6.1.1) and its

piecewise Lagrange interpolation at the Gauss points, respectively. Then, bound for the

interpolation error is

Il = urll] < C(NT In N)**.

Proof. Combining the results of Theorems 6.5.1 and 6.5.2, we obtain the desired esti-
mate. ]
Using the coercivity property and the Galerkin orthogonality properties of bilinear

form, we can obtain that

IEN* < B(E, €) = Blu—un, € — B(n, §) = =B, €),

hence, to prove the discretization error & = u; — up, we need to prove the following

theorem.

Theorem 6.5.4. The following estimate holds true:

[B(n, §)] < CN-HD(In N)M[[¢]]].
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Proof. From Equation (6.4.2), the bilinear form can be written in terms of 7 and ¢ as
follows

B(n, &) = > (e/Kvn~vgdx+/K(b-vn+cn)gdx

KeTn

[ e | PRI f+ds)
v [V ) = (V- we)as + [ ancis

ve [ (Ve )~ {TneDds + [ oligds. (6513

int
Since uy is the piecewise Lagrange interpolation of v and u|r = 0. Hence the values of

n|r and [n] will be zero. Using this value in the above equation, we get

B(n, &) = > (5/KV17-V§d:L’+/Kb-ander/Kcnfd:c)

KeTn

— 5/F(V77 - p)€ds — 5/Fv {Vn-v}¢]ds. (6.5.14)

int

Using the Cauchy-Schwarz inequality, the first term in the RHS of Equation (6.5.14)
can be bounded with

> 5/ Vn - VEdx
K

KeTn

< cmsm( T sl/zuvmmm)

KeTn

< C(NT I N)MHig]l.

For the second term in the RHS of Equation (6.5.14), we perform integration by

parts, and we get

> /Kb~V77§dx = > (—/K(b-vg)ndx

KeTn KeTn

—2/ céndx + 272/ gndx). (6.5.15)
K K
First term in the RHS of Equation (6.5.15) can be estimated as

> [ m-venad < il 3 ||n||%2m)1/2

KeTn KeTn

< C(NT'InN)MHlE].

Second and third terms in the RHS of Equation (6.5.15) can be bounded by

1/2
S [engas] < el X i )

KeTn KeTn

< C(NT'InN)Mligl,
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and

1/2
< cmsnr( 5 72||n||%2(m)

KeTn

< C(Nn Nl

> /Kinfdx

KeTn

Third term in the RHS of Equation (6.5.14) can be express as

1/2
> [ < cllel( S Il

KeTn KeTn

< C(NTTIn NP (6.5.16)

Fourth term in the RHS of Equation (6.5.14) can be bounded as

€A(Vn~u)€ds = > 6/(V'rz~u)€ds

eeEnNIl <

= ([ o) (foes)

eeEnNT

el Y ( [Zn-pras)”

eeEnNT

IN

IN

Using the trace inequality, bound for interpolation error and the value of the penalty

parameter ¢ = N/In N, we obtained

< C(N~ I N)MHlIE].

6/F(Vn - p)éds

Bound for the fifth term in the RHS of Equation (6.5.14) is

/F' el€{Vn -vids = Z 5/{V17 i) [€uds

eEEint €

> ([Zwnmias) " ([ora)”

e€€int

£2 g2 1/2
< ¢ [ = wloxneds + | =(Vn- ) lormeds ) €],
e O e

e€€int

IN

where we have used the definition of average {.} and e € &;,; is an interior edge shared
by the elements K and K’. Again using the trace inequality, bound for the interpolation

error and value of the penalty parameter, we get

< C(N" I N)MHlgll]

/ T vds

Combining all the above estimates, we get the required bounds. ]
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Theorem 6.5.5. Let u be the solution of the problem (6.1.1) and wuy, be the solution of
the problem (6.4.1), then, we have

w— upl|| < C(N~'n N),

Proof. Using Theorems 6.5.3 and 6.5.4, we get the required estimate. ]

6.6 Numerical Results

In this section, we present numerical results for the following two examples, first one with
constant coefficients and second one with variable coefficients. The results are given in
the form of tables and figures, which reveal the superconvergence of the NIPG method,

as discussed in Theorem 6.5.5.
Example 6.6.1. Consider the following 2D elliptic BVP:

—eAu—uy —uy +u=f, in D,

(6.6.1)
u=0, on I'=0D,
where f is chosen such that
u(z, y) = sin(l — ) sin(1 — y)(1 — e 2/5)(1 — e /)
is the exact solution of (6.6.1).
Table 6.1: L2-error and order of convergence for Example 6.6.1
Number of mesh intervals N
32 64 128 256 512
kE=11|6.1710e-03 1.7771e-03 4.7017e-04 1.2061e-04 3.0530e-05
1.7960 1.9183 1.9628 1.9821
k=2|6.8710e-04 8.2726e-05 1.0134e-05 1.2447e-06 1.7266e-07
3.0541 3.0292 3.0253 2.8498
Example 6.6.2. Consider the following elliptic BVP:
3
—eAu— (2—2)uy —uy,+-u=f, in D, (6.6.2)

2

where f is chosen such that

T e~v/e — 71/ 1 — ev/eE
u<x7 y) - COS(?) - 1 — e-l/e 1 — e-l/e

is the exact solution of (6.6.2) and dirichlet boundary condition are taken from the exact

solution.
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Table 6.2: Discrete energy norm error and order of convergence for Example 6.6.1

Number of mesh intervals N
32 64 128 256 512
k=11 22794e-03 1.3808e-03 6.4311e-04 2.3955e-04 7.5455e-05
0.72313 1.1024 1.4247 1.6666
k=21 8.0241e-04 1.4679e-04 2.2228e-05 2.9990e-06 3.8541e-07
2.4506 2.7233 2.8898 2.9601

Table 6.3: L%*-error and order of convergence for Example 6.6.2

Number of mesh intervals N
32 64 128 256 512
k=111.5269e-02 3.6068¢-03 &.7499e-04 2.1528e-04 5.3385¢-05
2.0818 2.0434 2.0230 2.0117
k=21 5.8618c-03 8.7566e-04 1.1235e¢-04 1.4131e-05 1.7776e-06
2.7429 2.9624 2.9910 2.9909

Table 6.1 and Table 6.2 show the error and order of convergence in L?-norm and
discrete energy norm, respectively for Example 6.6.1. From the order of convergence
results given in these tables, we can observe that when we are using the linear elements
in the finite element space, we are getting second-order convergence in the L?-norm
and almost second-order in discrete energy norm and when we are using the quadratic
elements in the finite element space, we are getting third-order convergence in L? norm
and almost third-order in discrete energy norm.

Similarly, Table 6.3 and Table 6.4 show the error and order of convergence in L?-norm
and discrete energy norm, respectively, for Example 6.6.2.

Figure 6.2 and Figure 6.3 represent the log-log plot of the error in L?>-norm and
discrete energy norm for Example 6.6.1 for linear finite elements and quadratic finite
elements, respectively. Similarly, Figure 6.4 and Figure 6.5 depict the log-log plot of

error in L>norm and discrete energy norm for Example 6.6.2 for linear finite elements

Table 6.4: Discrete energy norm error and order of convergence for Example 6.6.2

Number of mesh intervals N
32 64 128 256 512
k=11 1.9485e-03 8.1781e-04 3.3446e-04 1.1917e-04 3.7017e-05
1.2525 1.2900 1.4889 1.6867
k=21 3.6115e-03 1.1203e-03 2.4235¢-04 4.0314e-05 5.7208¢-06
1.6887 2.2087 2.5878 2.8170
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Figure 6.2: Order of convergence in L?> norm and discrete energy norm for Example
6.6.1 for linear finite elements.

and quadratic finite elements, respectively.
Further, Figure 6.6 and Figure 6.7 provide the surface plots of the exact and numerical

solution for e = 107* and N = 32 for Example 6.6.1 and Example 6.6.2, respectively.

6.7 Conclusions

In this chapter, we have applied the NIPG method for singularly perturbed 2D elliptic
convection-diffusion BVPs. We have showed the superconvergence of the NIPG method
that is, we have proved O(N~1In N)*! order of convergence in the discrete energy

norm. Finally, the theoretical error estimates are supported by the numerical results.
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Figure 6.3: Order of convergence in L?>-norm and discrete energy norm for Example
6.6.1 for quadratic finite elements.
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Figure 6.4: Order of convergence in L?>-norm and discrete energy norm for Example
6.6.2 for linear finite elements.
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Figure 6.5: Order of convergence in L?>-norm and discrete energy norm for Example
6.6.2 for quadratic finite elements.
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Figure 6.6: Surface plot of the exact and numerical solutions for Example 6.6.1 for
e=10"%and N = 32.
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Exact Solution

solution u
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(a) Exact solution.
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(b) DG solution.

Figure 6.7: Surface plot of the exact and numerical solutions for Example 6.6.2 for
e=10"%and N = 32.
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CHAPTER 7

Summary and Future Scopes

A brief overview of main result of this thesis is given in this chapter. Further, possible

extensions of the present works are given.

7.1 Summary of the Results

The main aim of this thesis is to study superconvergence properties of the NIPG method
for solving singularly perturbed problems. Some important results of this thesis are
highlighted below:

e Superconvergence properties of the NIPG method for singularly perturbed two-
point BVPs of reaction-diffusion and convection-diffusion types are studied. We
consider singularly perturbed 1D reaction-diffusion and convection-diffusion prob-
lems, and we use the NIPG method to discretize the problems on the Shishkin
mesh. We study the convergence of the scheme in the discrete energy norm, which
shows the method converges uniformly with order of convergence (N~!ln N )+
where k and N are the degree of the piecewise polynomials and number of ele-
ments, respectively. To validate the theoretical findings, numerical experiments

are carried out.

e Next, we applied the NIPG method to obtain the numerical solution of two-
parameter singularly perturbed convection-diffusion-reaction BVPs. First, we dis-
cretize the domain using the piecewise uniform Shishkin mesh and establish a
superconvergence result of the NIPG method, that is, the proposed method is
parameter-uniformly convergent with the order almost (k + 1), where k is the or-
der of the polynomials. Then to improve the order of convergence, we discretize the

domain using the Bakhvalov mesh and the exponentially-graded mesh and show
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the proposed method is parameter-uniformly convergent with the order (k + 1).

Numerical results comparing the three different types of meshes are presented.

e Then, we studied the numerical solution of singularly perturbed system of two-
point BVPs of reaction-diffusion type. The solutions of these problems exhibit twin
overlapping exponential boundary layers. Here, we applied the NIPG method on
layer-adapted piecewise uniform Shishkin mesh to obtain the numerical solutions
of these problems and we have proved that the proposed method is uniformly
convergent with order k£ in the £-weighted discrete energy norm, where k is the
degree of the piecewise polynomial in the finite element space. Further, to improve
the order of convergence, we use piecewise Lagrange interpolation on Gauss points.
Then we derived error bound in discrete energy norm. Numerical results are

presented to support the theoretical results.

e Further, singularly perturbed 1D parabolic convection-diffusion-reaction IBVP is
discretized in space by the NIPG method and in time by the DG method. We
have shown the superconvergence properties, that is, (k + 1)—-order of convergence
in space and (I 4 1)-order of convergence in time, where k and [ are the degree of
piecewise polynomial in finite element space. Numerical results are given to verify

our theoretical findings.

e Finally, we propose a parameter-uniform NIPG method to solve singularly per-
turbed 2D elliptic BVPs. Here, we obtain the error estimates of the superconver-
gence of the NIPG method on layer-adapted meshes of Shishkin type. We have
established the error bound in the discrete energy norm. Numerical tests support

our theoretical estimates.

7.2 Scope for Future Work

A brief outline, describing the possible extensions of the current work to be carried out
in the future with suitable model problems, are presented below:

In Chapter 2 we have applied the NIPG method for singularly perturbed two-point
BVPs of reaction-diffusion and convection-diffusion types. In the NIPG method, we
integrate by parts on each mesh element, and then sum over all the elements. Two
stabilization terms are then added: symmetrizing term and penalty term. Another
related DG method is the SIPG method, this method differ from the NIPG method by
only one sign: symmetrizing term are subtracted instead of being added. In the SIPG

method, we get symmetric linear systems that can be easily solved by standard solvers
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for symmetric matrices (such as conjugate gradient). It will be interesting to solve this
type of the problems using the SIPG method.
The numerical scheme discussed in Chapter 3 can be applied to solve the following

singularly perturbed 2D elliptic BVPs with two parameters:

—eqAu+eb-Vu+c(z, y)u= f(x,y), in D,
(7.2.1)
u=0, on I'=0D,

where 0 < £4,¢. < 1 is a small positive parameter, and b(z, y) = (bi(z, y), ba(z, y))
(B, B) > (B,B) > (0,0),c(z,y) > 0 for all (x,y) € D, and > =
(c(a:, y) — €CM> > 0, where § and v are constants.

The computational technique developed in Chapter 4 can be applied to solve the

following singularly perturbed system of 2D reaction-diffusion BVPs:

—EAU+Adi=f in D
utdi=J i D, (7.2.2)
u=20 on ['=0D,
where @(z) = (uy (), us(z), -+ ,up(z)) and € = diag(ey, - - - ,enr) is an diagonal matrix

of order M with parameters 0 < g; < 1. We assume that A(z) = (a;j(x)) and f(x) =
(fi(x), -, fa(z)) are sufficiently smooth.

In Chapter 5, we considered singularly perturbed 1D parabolic convection-diffusion
IBVPs. It will be interesting to extend this method to singularly perturbed 2D parabolic
IBVPs of the form:

ut_SAu"i_bu:f(xvy?t)? V(LC, Y, t) € (DX (07 T])a
uw(z,y,0) =0, V(z,y) €D,
uw(z,y,t) =0, VY(x,y,t)€ oD x (0, T].

Finally, in Chapter 6, we applied the NIPG method to solve singularly perturbed 2D
elliptic BVP. It is well-known that in the continuous and discontinuous Galerkin finite
element method, one needs to choose approximating function in such a way that the
gradient operator V can be successfully applied to them in the classical sense. Recently
in 2013, Wang and Ye [62] introduced a weak gradient operator defined on a space of
generalized functions. Now by using the weak gradient operator, we can discretize the
standard weak formulation of the problem. The corresponding finite element method
is called the weak Galerkin finite element method. In future, we are planning to solve
singularly perturbed 2D elliptic BVP using weak Galerkin finite element method.

colorblue
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7.3 Possible Limitations

In this thesis, we have applied the NIPG method to solve singular perturbation problems
of different types. But because of the NIPG method we get non-symmetric matrices,
solving non-symmetric matrices are more difficult and costly. In future, we are planning
to solve these problems using SIPG method. In the SIPG method, we get symmetric
linear systems that can be easily solved by standard solvers for symmetric matrices (such
as conjugate gradient).

As we know in the discontinuous Galerkin method, one needs to choose approximat-
ing function in such a way that the gradient operator V can be successfully applied to
them in the classical sense. In future, we are planning to solve these problems using
weak Galerkin finite element method (WGFEM). In WGFEM, we use weak gradient

operator defined on a space of generalized functions.
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