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Abstract

In this thesis, we present detailed performance analysis and optimization of non

orthogonal multiple access (NOMA) systems aided by massive multiple input mul-

tiple output (MIMO) and intelligent reflecting surface (IRS). To being with, we

analyze the uplink of a massive MIMO-NOMA system in the second chapter,

and deduce new lower bounds on the achievable spectral efficiency (SE) based

on zero-forcing (ZF) decoding at the base station (BS). Users are grouped to em-

ploy NOMA. In order to cancel the inter-group interference, the ZF decoder is

designed as a function of channel estimates acquired based on two low overhead

channel estimation schemes, namely, Scheme-I and Scheme-S. Under these estima-

tion schemes, pilots are shared among users in a group, while they are orthogonal

across groups. User grouping and power allocation are two pivotal ways to regulate

the performance of users in a NOMA system. Thus, to ensure uniform quality-of-

service to all users, we obtain the max-min power control coefficients which max-

imize the minimum achievable SE. Furthermore, we investigate two different user

grouping strategies, namely, the non-scalable near-far (NF) grouping and scalable

neighbor (NB) grouping, and study their impact on the uplink max-min achievable

SE. We benchmark against the performance obtained with maximum ratio (MR)

decoder. Extensive analysis and simulations show that in a substantial portion of

the over-loaded regime and in the entire under-loaded regime, ZF decoder designed

using channel estimates acquired via Scheme-S with NF grouping gives the highest

max-min achievable SE among all the considered decoding and grouping strategies.

The analysis and corresponding contributions made in the second chapter are based

on the assumption of quasi-static fading, which implies that the channel remains
TH-3521_166302001



invariant over the transmission interval, which includes both channel estimation

phase and data transmission phase. However, in a high-mobility scenario, the chan-

nel may vary at a faster rate and the acquired channel estimates may get outdated by

the time those are used for processing. Therefore, in the third chapter, we quantify

the joint impact of channel outdatedness and pilot contamination on the achievable

SE in uplink of a massive MIMO-NOMA system. Specifically, we compute novel

closed-form expressions for achievable SE (i) for both ZF and MR decoders based

on outdated channel estimates obtained using Scheme-I and Scheme-S, and (ii) for

ZF and MR decoders based on predicted channel obtained using Wiener linear pre-

dictor (WLP). The analysis accounts for time-variations in channel due to Doppler

shift, correlation due to pilot sharing and imperfect successive interference cancel-

lation (SIC). We formulate and solve optimization problems for max-min and pro-

portional fairness power control using convex programming. We also study equal

and inversion power control strategies. Intriguingly, among equal, inversion and

max-min power control under channel aging, the ZF decoder based on Scheme-S

(i) gives the highest per-user SE with max-min power control for smaller values

of normalized Doppler shift ( fDTS ≲ 0.25) and with inversion power control for

larger values of fDTS , and (ii) gives the highest minimum user SE with max-min

power control. Proportional fairness power control provides higher per-user SE

than max-min power control while maintaining fairness to a significant extent.

The performance gains provided by massive MIMO systems bank on the avail-

ability of a large number of active RF chains, which are costly and power hungry.

Thus, to address this issue, we then consider an IRS-aided NOMA system as a

cost-efficient alternative to large antenna systems. Here, we analyze the error per-

formance of IRS-aided NOMA systems. We deduce novel approximate analytical

expressions for average symbol error probability (SEP) for pulse amplitude mod-

ulation (PAM) and quadrature amplitude modulation (QAM). We also analyze the

multi-user scenario by deriving novel approximate analytical expressions for (i) the
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average SEP for multicast transmission and (ii) the average pairwise error proba-

bility (PEP) for unicast transmission. We consider Rayleigh faded direct path and

independently Rician faded reflected paths from BS to users via IRS. We also for-

mulate and solve a constrained optimization problem to determine the fraction of

elements to be activated at any IRS in order to guarantee near-identical SEP perfor-

mance for both the users. We present results to elucidate that adding few extra IRS

elements yields signal-to-noise ratio (SNR) gain for both users. Specifically, SNR

gain of around 4 dB is observed with increase in IRS elements from 128 to 256 for

the target SEP of 10−3. Further, we show that increasing the fraction of IRS ele-

ments activated to serve the weaker users allows significant reduction in the fraction

of power allocated to the weaker user in order to match its SEP performance with

that of the strong user. In addition, we show that adding a few extra IRS elements

allows communication with higher-order constellation without significant increase

in SEP/PEP. Furthermore, a 3-bit programmable IRS yields near-identical perfor-

mance as an IRS with infinite precision phase-shift. Impact of estimation error on

average SEP is also investigated.

TH-3521_166302001



Contents

List of Figures xiii

List of Tables xvi

List of Abbreviations xviii

1 Introduction 1

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Potential Technologies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2.1 NOMA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2.1.1 Downlink NOMA . . . . . . . . . . . . . . . . . . . . . . 5

1.2.1.2 Uplink NOMA . . . . . . . . . . . . . . . . . . . . . . . . 8

1.2.2 Massive MIMO . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.2.2.1 Uplink Massive MIMO . . . . . . . . . . . . . . . . . . . 10

1.2.2.2 Downlink Massive MIMO . . . . . . . . . . . . . . . . . . 11

1.2.3 IRS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.3 Literature Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.3.1 Massive MIMO-NOMA Systems without Channel Aging . . . . . 14

1.3.2 Massive MIMO Systems under Channel Aging and Massive MIMO-

NOMA Systems under Channel Aging . . . . . . . . . . . . . . . 15

1.3.3 IRS-Aided NOMA Systems . . . . . . . . . . . . . . . . . . . . . . 17

1.3.4 Research Gaps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.4 Key Challenges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

ix

TH-3521_166302001



Contents

1.5 Problem Statements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

1.6 Thesis Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

1.7 Thesis Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

1.7.1 Massive MIMO-NOMA Systems . . . . . . . . . . . . . . . . . . . 25

1.7.1.1 Contributions . . . . . . . . . . . . . . . . . . . . . . . . 25

1.7.2 Massive MIMO-NOMA Systems under Channel Aging . . . . . . 26

1.7.2.1 Contributions . . . . . . . . . . . . . . . . . . . . . . . . 26

1.7.3 IRS-Aided NOMA Systems . . . . . . . . . . . . . . . . . . . . . . 27

1.7.3.1 Contributions . . . . . . . . . . . . . . . . . . . . . . . . 28

1.8 Thesis Organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

1.9 List of Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2 Massive MIMO-NOMA Systems 32

2.1 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.1.1 Channel Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.1.1.1 Preliminaries on MMSE Estimation . . . . . . . . . . . . 34

2.1.1.2 MMSE Estimates with Scheme-I . . . . . . . . . . . . . . 37

2.1.1.3 MMSE Estimates with Scheme-S . . . . . . . . . . . . . 38

2.1.2 Uplink Data Transmission . . . . . . . . . . . . . . . . . . . . . . 39

2.2 Spectral Efficiency Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.2.1 Achievable SE with ZF based on Scheme-I . . . . . . . . . . . . . 40

2.2.2 Achievable SE with ZF based on Scheme-S . . . . . . . . . . . . . 44

2.3 Max-Min Power Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

2.4 User Grouping Strategies . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

2.5 Numerical and Simulation Results . . . . . . . . . . . . . . . . . . . . . . 53

2.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3 Massive MIMO-NOMA Systems under Channel Aging 61

3.1 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

x

TH-3521_166302001



Contents

3.1.1 Channel Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.1.1.1 MMSE Estimates with Scheme-I . . . . . . . . . . . . . . 66

3.1.1.2 MMSE Estimates with Scheme-S . . . . . . . . . . . . . 67

3.1.2 Uplink Data Transmission . . . . . . . . . . . . . . . . . . . . . . 68

3.2 Spectral Efficiency Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.2.1 Achievable SE with Scheme ZF-I . . . . . . . . . . . . . . . . . . . 69

3.2.2 Achievable SE with Scheme ZF-S . . . . . . . . . . . . . . . . . . 71

3.2.3 Achievable SE with Scheme MR-I . . . . . . . . . . . . . . . . . . 75

3.2.4 Achievable SE with Scheme MR-S . . . . . . . . . . . . . . . . . . 77

3.3 Mitigation of Impact of Channel Aging using Channel Prediction . . . . 79

3.3.1 Linear Prediction of Channel Vectors gnk[t + 1] . . . . . . . . . . . 80

3.3.2 Achievable SE with ZF using Predicted CSI (ZF-I-P) . . . . . . . 81

3.3.3 Achievable SE with MR using Predicted CSI (MR-I-P) . . . . . . 82

3.4 Power Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

3.4.1 Max-Min Power Control . . . . . . . . . . . . . . . . . . . . . . . . 86

3.4.2 Proportional Fairness Power Control . . . . . . . . . . . . . . . . 87

3.5 Numerical and Simulation Results . . . . . . . . . . . . . . . . . . . . . . 87

3.5.1 Impact of Channel Aging on the Per-User Achievable SE . . . . . 88

3.5.1.1 Equal Power Control . . . . . . . . . . . . . . . . . . . . 88

3.5.1.2 Inversion Power Control . . . . . . . . . . . . . . . . . . 89

3.5.1.3 Max-Min Power Control . . . . . . . . . . . . . . . . . . 90

3.5.1.4 Ad-hoc Power Control vs Max-Min Power Control . . . 90

3.5.1.5 Impact of Users Per Group (K) . . . . . . . . . . . . . . 91

3.5.1.6 Impact of User Grouping Strategies . . . . . . . . . . . . 92

3.5.2 Impact of Channel Aging on Minimum Achievable User SE . . . 93

3.5.3 Proportional Fairness Power Control . . . . . . . . . . . . . . . . 94

3.5.4 Performance of ZF Designed using Predicted CSI . . . . . . . . . 95

3.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

xi

TH-3521_166302001



Contents

3.7 Comparison of Contributions in Chapters 2 and 3 . . . . . . . . . . . . . 97

4 IRS-Enabled NOMA Systems 100

4.1 System Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

4.2 Error Probability Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 104

4.2.1 SEP Analysis for Two-User Setup with PAM Symbols . . . . . . 105

4.2.2 SEP Analysis for Two-User Setup with QAM Symbols . . . . . . 108

4.2.3 Error Probability for Multi-User Setup with PAM . . . . . . . . . . 114

4.2.3.1 SEP Analysis for Multicast Transmission . . . . . . . . . 115

4.2.3.2 PEP Analysis for Unicast Transmission . . . . . . . . . . 117

4.3 Numerical and Simulation Results . . . . . . . . . . . . . . . . . . . . . . 119

4.3.1 Two-User Setup with PAM . . . . . . . . . . . . . . . . . . . . . . 119

4.3.1.1 Imperfect CSI . . . . . . . . . . . . . . . . . . . . . . . . 121

4.3.1.2 IRS Activation Ratio . . . . . . . . . . . . . . . . . . . . 122

4.3.1.3 Discrete Phase-Shifts . . . . . . . . . . . . . . . . . . . . 124

4.3.2 Two-User Setup with QAM . . . . . . . . . . . . . . . . . . . . . . 124

4.3.3 Multi-User Setup: SEP Analysis for Multicast Transmission . . . 124

4.3.4 Multi-User Setup: PEP Analysis for Unicast Transmission . . . . 125

4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

5 Conclusions 128

5.1 Research Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

5.1.1 Massive MIMO-NOMA Systems . . . . . . . . . . . . . . . . . . . 129

5.1.2 Massive MIMO-NOMA Systems under Channel Aging . . . . . . 130

5.1.3 IRS-aided NOMA Systems . . . . . . . . . . . . . . . . . . . . . . 131

5.2 Quantification of the Contributions Towards the Objectives of the Thesis131

5.3 Directions for Future Research . . . . . . . . . . . . . . . . . . . . . . . . 133

5.3.1 Massive MIMO Systems with RSMA Transmission . . . . . . . . 133

xii

TH-3521_166302001



List of Figures

5.3.2 Error Probability Analysis of NOMA Systems under Imperfect

CSI . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

5.3.3 IRS-enabled Massive MIMO-NOMA Systems . . . . . . . . . . . 134

5.3.4 Multi-IRS-aided Massive MIMO mmWave/THz Systems . . . . . 135

A Appendix 136

A.1 Proof of Theorem 2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

A.2 Proof of Theorem 2.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

B Appendix 141

B.1 Proof of Theorem 3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

B.2 Proof of Theorem 3.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

B.3 Proof of Theorem 3.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

B.4 Proof of Theorem 3.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

B.5 Proof of Lemma 3.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

B.6 Proof of Theorem 3.6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

B.7 Proof of Theorem 3.7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

C Appendix 156

C.1 Proof of Lemma 4.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

C.2 Proof of Theorem 4.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

C.3 Proof of Theorem 4.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158

C.4 Proof of Theorem 4.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

C.5 Proof of Theorem 4.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

C.6 Proof of Theorem 4.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

Bibliography 163

xiii

TH-3521_166302001



List of Figures

1.1 NOMA vs OMA. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.2 Downlink NOMA. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.3 SE comparison between NOMA and OMA (downlink): |hA| =
√

5
10 , |hB| =

√
5,

Pdl = 40 W, σ2 = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.4 Uplink NOMA. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.5 Capacity region of uplink NOMA: |hA| = 1, |hB| = 0.7, PA
ul = 0.1 W, PB

ul =

0.1 W, σ2 = 0.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.6 Single-cell massive MIMO. . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.7 IRS-aided wireless system. . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.8 Structure of the thesis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.1 System model: Uplink massive MIMO-NOMA. . . . . . . . . . . . . . . . . 34

2.2 Capacity region of uplink NOMA: hA = 1, hB = 0.7, PA
ul = 0.1, PB

ul = 0.1, σ2 =

0.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.3 User grouping strategies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

2.4 Max-min achievable SE comparison: over-loading, M = 64, K = 2. . . . . . 53

2.5 Max-min achievable SE comparison: under-loading, M = 256, K = 2. . . . . 54

2.6 Max-min achievable SE comparison: over-loading, M = 120. . . . . . . . . 56

2.7 Max-min achievable SE comparison: under-loading, M = 200. . . . . . . . . 57

2.8 Max-min achievable sum SE comparison: M = 120. . . . . . . . . . . . . . 58

xiv

TH-3521_166302001



List of Figures

2.9 Fairness comparison among SE achieved with different power allocation

policies using proposed ZF decoder based on Scheme-S and neighbor group-

ing: M = 8, L = 8, K = 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.1 System model: Uplink massive MIMO-NOMA under time-variant channel. 63

3.2 Equal power control: NF grouping, N = 10, K = 2, M = 128. . . . . . . . . 89

3.3 Inversion power control: NF grouping, N = 10, K = 2, M = 128. . . . . . . 89

3.4 Max-min power control: NF grouping, N = 10, K = 2, M = 128. . . . . . . 90

3.5 Ad-hoc vs max-min power control: NF grouping, N = 10, K = 2, M = 128. 90

3.6 ZF-I vs ZF-S under max-min power control with NB grouping: K = 2, 3, 4,

L = 24, M = 128. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

3.7 NF vs NB grouping under max-min power control: K = 2, 3, 4, L = 24,

M = 128. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

3.8 Minimum achievable user SE (in bits/s/Hz) with NF grouping: N = 10,

K = 2, M = 128. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

3.9 ZF-S with NF grouping: N = 10, K = 2, M = 128. . . . . . . . . . . . . . . 94

3.10 Max-min vs proportional fairness with NF grouping: N = 10, K = 2, M = 128. 95

3.11 Comparison of max-min and proportional fairness: N = 10, K = 2, M =

128, NF grouping. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

3.12 ZF with predicted CSI under max-min power control: N = 10, K = 2,

M = 128, NF grouping. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.1 System model: IRS-aided NOMA, two-user case. . . . . . . . . . . . . . . . 102

4.2 System model: IRS-aided NOMA, multi-user case. . . . . . . . . . . . . . . 115

4.3 SEP vs. Eb/N0: two-user PAM, perfect CSI, λ = 0.7. . . . . . . . . . . . . 120

4.4 SEP vs. Eb/N0: two-user PAM, N2 = 64, N1 = 4, λ = 0.95. . . . . . . . . . 121

4.5 Impact of imperfect CSI, two-user PAM: T = 128, λ = 0.7. . . . . . . . . . 121

4.6 Trade-off between γ∗ and λ: N1 = 2, N2 = 4, SNR = 10 dB. . . . . . . . . . 122

4.7 Discrete phase-shift, weak user: N1 = 2, N2 = 4, T = 100, λ = 0.7. . . . . . . 124

xv

TH-3521_166302001



List of Tables

4.8 SEP vs. Eb/N0: two-user QAM, N2 = 16, N1 = 4, λ = 0.95. . . . . . . . . . 125

4.9 SEP vs. Eb/N0: multi-user multicast transmission with PAM, T = 256,

λ = 0.7. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

4.10 PEP vs. Eb/N0 (dB): Multi-user unicast transmission, K = 4, P1 = 0.4P,

P2 = 0.3P, P3 = 0.2P, P4 = 0.1P. . . . . . . . . . . . . . . . . . . . . . . . . 127

xvi

TH-3521_166302001



List of Tables

1.1 Comparison of 5G and 6G in terms of KPIs . . . . . . . . . . . . . . . . . 3

1.2 Research gaps in the literature on uplink massive MIMO-NOMA systems. . 19

1.3 Research gaps in the literature on downlink IRS-aided NOMA systems. . . 21

2.1 Simulation parameters. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

2.2 Comparison of SEs (in bps/Hz) of decoding schemes. . . . . . . . . . . . . 54

3.1 Simulation parameters. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

3.2 Comparison of Per-User Achievable SEs (in bps/Hz). . . . . . . . . . . . . 91

3.3 Comparison of Per-User Achievable SEs (in bps/Hz) under Max-Min Power

Control. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

3.4 Comparison of Minimum Achievable User SEs (in bps/Hz) with scheme

ZF-S under NF Grouping. . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

3.5 Comparison of Per-User Achievable SEs (in bps/Hz) under Max-Min and

Proportional Fairness Power Control. . . . . . . . . . . . . . . . . . . . . . 96

3.6 Comparison of Per-User Achievable SEs (in bps/Hz) ZF under NF Group-

ing and Max-Min Power Control. . . . . . . . . . . . . . . . . . . . . . . . 97

3.7 Comparison of modelling, analysis and contributions in Chapter 2 and

Chapter 3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

4.1 Simulation parameters. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

4.2 Comparison of Average PEP for PAM and BPSK, SNR = 12 dB. . . . . . 126

xvii

TH-3521_166302001



xviii

TH-3521_166302001



List of Abbreviations

List of Abbreviations

AWGN Additive white Gaussian noise

BER Bit error rate

BF Beamforming

BLER Block error rate

BPSK Binary phase shift keying

BS Base station

CDF Cumulative distribution function

CLT Central limit theorem

CSI Channel state information

FDD Frequency-division duplex

FDMA Frequency-division multiple access

IoT Internet-of-Things

IRS Intelligent reflecting surface

KPI Key performance indicator

MIMO Multiple input multiple output

MMSE Minimum mean square error

mmWave Millimeter-wave

MR Maximum ratio

NB Neighbor

NF Near-far

NOMA Non-orthogonal multiple access

OMA Orthogonal multiple access

xix

TH-3521_166302001



List of Abbreviations

PAM Pulse amplitude modulation

PDF Probability density function

PEP Pairwise error probability

QAM Quadrature amplitude modulation

QPSK Quadrature phase shift keying

RF Radio-frequency

RSMA Rate-splitting multiple access

SC Superposition coding

SDMA Space-division multiple access

SE Spectral efficiency

SEP Symbol error probability

SIC Successive interference cancellation

SISO Single input single output

SINR Signal-to-interference-plus-noise ratio

SNR Signal-to-noise ratio

TDMA Time-division multiple access

WLP Wiener linear predictor

ZF Zero-forcing

5G Fifth generation

5G NR Fifth generation new radio

6G Sixth generation

xx

TH-3521_166302001



1
Introduction

Contents
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Potential Technologies . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Literature Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.4 Key Challenges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

1.5 Problem Statements . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

1.6 Thesis Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

1.7 Thesis Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

1.8 Thesis Organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

1.9 List of Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

1

TH-3521_166302001



1. Introduction

1.1 Introduction

Massive connectivity is one of the primary requirements of fifth generation (5G) and be-

yond wireless communication systems along with higher data rates, improved coverage, ultra-

reliability and low-latency [1, 2]. Table 1.1 at the top of the next page presents the comparison

between 5G and sixth generation (6G) technologies in terms of the key performance indica-

tors (KPIs) [3]. It is estimated that more than 125 billion devices will have to be provided

wireless connectivity by 2030 [1, 4, 5]. This is due to an exponential increase in the number

of personal devices and applications such as smart cities, connected vehicles, industry 4.0, e-

health and internet-of-things (IoT) devices. The connection density requirement of 5G is 106

devices/km2 [4]. The 6G networks aim to support connection density of 107 devices/km2 [1].

As technologies evolve further from 5G to 6G, the reliability performance in terms of block er-

ror rate (BLER) is anticipated to improve from 10−5 to 10−9. In addition, high mobility support

is also one of the KPIs which is expected to improve from 500 Km/h to 1000 Km/h. Along

with the important KPIs, improving the spectral efficiency (SE) (measured in bits/s/Hz) is a

persistent requirement of wireless communication systems.

To achieve these ambitious goals, several potential technologies are being thoroughly inves-

tigated by the research community in both industry and academia. For instance, there are several

possible ways to increase wireless connectivity and improve SE. The connection density can be

increased by techniques like (i) increasing the bandwidth and exploiting higher frequencies like

millimeter waves (mmWaves) for communication, (ii) using extremely large number of anten-

nas at the base station (BS), e.g. massive multiple input multiple output (MIMO), (iii) deploying

smaller cells, and (iv) using multiple access technologies for non-orthogonal transmission, e.g.

power-domain non-orthogonal multiple access (NOMA) [6], and rate-splitting multiple access

(RSMA) [4]. Further, it is shown that the reliability in signal detection can be improved us-

ing BF gains achieved with the large multi-antenna systems, e.g. massive MIMO, intelligent

reflecting surfaces (IRSs). Apart from this, wireless connectivity under high-mobility scenar-

ios is challenging because with increase in mobility/speed, the coherence interval shortens.1

1The time duration over which the channel response can be assumed to be constant is termed as coherence

2
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Table 1.1: Comparison of 5G and 6G in terms of KPIs
KPI 5G 6G
Peak data rate 20 Gbps 1 Tbps
User experienced data rate 100 Mbps 1 Gbps
Peak SE 30 bits/s/Hz 60 bits/s/Hz
User experienced SE 0.3 bits/s/Hz 3 bits/s/Hz
End-to-end latency 10 ms 1 ms
Radio-only latency 1 ms 100 µs
BLER 10−5 10−9

Connection density 106 devices/Km2 107 devices/Km2

Position accuracy 1 m 0.1 m
Mobility 500 Km/h 1000 Km/h
Maximum frequency 100 GHz 10 THz
Maximum bandwidth 1 GHz 100 GHz
Satellite integration Partial Full

Thus, the available channel state information (CSI) gets outdated very fast. This phenomenon

is termed as channel aging [8]. Thus, in order to ensure seamless wireless connectivity under

high-mobility scenarios, first and foremost, it is crucial to quantify the impact of channel aging

on wireless system’s performance.

In this thesis, we focus on NOMA for the design and analysis of next-generation wireless

communication systems aiming to improve connection density, ensure fairness in performance

in terms of achievable SE and improve reliability of signal detection.2 We also focus on ensur-

ing wireless connectivity in high mobility scenarios, where the channel gets outdated faster. It

is well-known from the existing literature that NOMA holds the potential to improve the con-

nection density with improvement in SE by providing simultaneous service to multiple users

over the same time-frequency resource [9]. In addition, massive MIMO technology, which

significantly improves SE and reliability due to BF gain achieved using large number of anten-

nas, plays a vital role in 5G and promises to extend its role to future wireless communication

systems. Therefore, it has been noted in the literature that NOMA, when aided with spatial

multiplexing capabilities of massive MIMO systems, can boost the connection density and SE

further [10]. Recently, IRSs are also being explored to understand the improvements in SE,

interval [7].
2Fairness in performance (or equivalently, user fairness) implies that all users experience similar performance

irrespective of differences in users’ channel conditions.

3
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reliability and coverage that can be brought about through their use in next generation wireless

communication systems. The passive nature of IRSs is an added advantage in terms of cost and

energy efficiency. Therefore, it is of great interest to understand how IRSs can improve system

performance when aided by NOMA transmission. Thus, in this thesis, we focus on design and

analysis of massive MIMO-NOMA and IRS-enabled NOMA systems in the context of next-

generation wireless communication. However, each of these technologies in combination with

each other poses several challenges, and it is critical to address these challenges effectively. We

will discuss these challenges in detail subsequently. Below we first discuss the principles of

NOMA, massive MIMO and IRS followed by the detailed literature review in order to present

the state-of-the-art and to identify the crucial research gaps therein.

1.2 Potential Technologies

As discussed above, NOMA is a key technology that has the potential to support massive

connectivity. In addition, massive MIMO is an integral part of 5G new radio (5G NR) owing

to its capability to significantly improve the system performance. Recently, IRS has shown the

ability to provide significant BF gains and improve coverage, thereby emerging as a strong can-

didate technology for future wireless systems. Below we briefly discuss the operating principles

of these technologies.

1.2.1 NOMA

NOMA is a promising technology for future wireless communication systems since it has

the potential to provide massive connectivity by serving multiple users in any time-frequency

resource [9, 11]. While in an orthogonal multiple access technique (e.g. time-division mul-

tiple access (TDMA), frequency-division multiple access (FDMA)), orthogonal resources are

assigned to different users, NOMA uses all available resource to simultaneously serve multi-

ple users, as shown in Fig. 1.1. To enable this, superposition coding (SC) is employed at the

transmitter and successive interference cancellation (SIC) is employed at the receiver(s) [12].

Specifically, users receiving signals at higher power levels can decode their messages by treat-

ing the interfering signals from other users as noise. Meanwhile, users at lower power levels

4
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User A User B

User A and User B

OMA

NOMA

Time Resource

Fig. 1.1: NOMA vs OMA.

can utilize SIC to decode their messages by successively eliminating the signals transmitted by

other users. There are a few key differences in the working principles of uplink and downlink

NOMA, which we discuss below.

1.2.1.1 Downlink NOMA

To understand the details, consider the downlink communication in a network with two

single-antenna users, user A and user B, and a single antenna BS as shown in Fig. 1.2. Let Pdl

be the total transmit power available at the BS. Now, the messages corresponding to both users

are linearly combined with different weights based on the transmit power constraint. Thus, the

superposition coded signal xdl transmitted on the downlink is given by

xdl =
√
αPdl sdl

A +
√

(1 − α)Pdl sdl
B , (1.1)

where α ∈ [0, 1] is the fraction of total downlink transmit power allocated to user A and sdl
k is

the message intended for user k ∈ {A, B} such that E
∣∣∣sdl

k

∣∣∣2 = 1. The signals ydl
A and ydl

B received

by users A and B are respectively given by

ydl
A = h′A

( √
αPdl sdl

A +
√

(1 − α)Pdl sdl
B

)
+ wA , (1.2)

ydl
B = h′B

( √
αPdl sdl

A +
√

(1 − α)Pdl sdl
B

)
+ wB , (1.3)

where h′k is the complex-conjugate of channel coefficient hk from BS to user k ∈ {A, B} and

wk ∼ CN(0, σ2) denotes independent additive white Gaussian noise (AWGN) at user k. Without

loss of generality, let |h′A| ≥ |h
′
B|, i.e., user A be the stronger user and user B be the weaker user.

5

TH-3521_166302001



1. Introduction

5G5G

User A

User B

BS transmits 

superposition 

coded symbol 

on the 

downlink

User B decodes its 

own message, 

treating User A’s 

message as noise

User A first 

decodes the 

message of User B 

and performs SIC

Decodes its own 

message

5G5G

BS

Fig. 1.2: Downlink NOMA.

On the downlink, the optimal decoding order to ensure successful SIC is - the stronger user

(user A) decodes the message of the weaker user (user B) and cancels the interference from user

B to itself (user A) before decoding its own message [9]. Thus, the onus is on user A to cancel

the interference from user B. On the other hand, user B decodes its message from the received

signal by treating the message of user A as noise. This causes intra-group interference to user

B. Assuming availability of perfect CSI at each user, the achievable SE (in bits/s/Hz) for user B

equals

RNOMA
B,dl = log2

(
1 + SINRNOMA

B,dl

)
, (1.4)

where the signal-to-interference-plus-noise-ratio (SINR) at user B equals

SINRNOMA
B,dl =

(1 − α)Pdl|h′B|
2

σ2 + αPdl|h′B|2
. (1.5)

And the achievable SE for user A equals

RNOMA
A,dl = log2

(
1 + SINRNOMA

A,dl

)
, (1.6)

where the SINR at user A equals

SINRNOMA
A,dl =

αPdl|h′A|
2

σ2 . (1.7)

By varying α, different rate-pairs in the capacity region can be achieved [9].

On the contrary, in orthogonal multiple access (OMA), resources are allocated orthogonally

across users to avoid any interference. Examples of OMA are TDMA, FDMA and code-division

6
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Fig. 1.3: SE comparison between NOMA and OMA (downlink): |hA| =
√

5
10 , |hB| =

√
5, Pdl = 40 W,

σ2 = 1.

multiple access (CDMA). In TDMA, users operate in non-overlapping time-slots, whereas in

FDMA, users operate in orthogonal frequency bands. In CDMA, users are assigned orthogonal

codes to avoid interference. When an OMA strategy, e.g., TDMA is employed, the achievable

SE for user k equals

ROMA
k,dl = αk log2

(
1 + SINROMA

k,dl

)
, (1.8)

where the SINR at user k equals

SINROMA
k,dl =

Pdl|h′k|
2

σ2 . (1.9)

The multiplication factor αk in the achievable SE accounts for the fraction of resource allocated

to user k ∈ {A, B}, such that αA + αB = 1. Moreover, SE of each user is directly proportional to

the amount of resource allocated to it. Similarly, the sum SE of both users is given by

ROMA
sum,dl = ROMA

A,dl + ROMA
B,dl = αA log2

(
1 + SINROMA

A,dl

)
+ αB log2

(
1 + SINROMA

B,dl

)
, (1.10)

which is the sum of two linear functions of α. The performance gain achieved with NOMA

over OMA can be observed in Fig. 1.3.3 Specifically, in Fig. 1.3(a), we can observe the superior

performance NOMA over OMA, in terms of achievable rate pairs as α is varied for NOMA and

αk is varied for OMA. Corresponding sum SE comparison is plotted in Fig. 1.3(b).

3Deterministic channel model is used for the ease of exposition.
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5G5G

5G5G

5G5G

User A

User B

BS receives the 

superposition of signals

Users A and B share the 

time-frequency resource

User A transmits its 

message on the uplink

BS decides the decoding 

order based on the 

performance objective.

5G5G

User B transmits its 

message on the uplink

BSBS

Fig. 1.4: Uplink NOMA.

1.2.1.2 Uplink NOMA

The uplink NOMA is in principle different from downlink NOMA, as explained in Fig. 1.4.

In contrast to the downlink, on the uplink, each user transmits its message using the transmit

power available at its end. Let Pk
ul be the uplink transmit power available at user k ∈ {A, B}.

Therefore, the signals transmitted on the uplink by users A and B are, respectively, given by

xA =

√
PA

uls
ul
A , (1.11)

xB =

√
PB

uls
ul
B , (1.12)

where sul
k is the uplink message transmitted by user k ∈ {A, B} and they are chosen such that

E
∣∣∣sul

k

∣∣∣2 = 1. The signal received at the BS is given by

yul
BS =

√
PA

ulhAsul
A +

√
PB

ulhBsul
B + wBS , (1.13)

where wBS ∼ CN(0, σ2) denotes the AWGN at BS.

On the uplink, the onus to do SIC is on the BS, and BS is free to decide the SIC decoding

order depending on the desired rate-pair within the capacity region shown in Fig. 1.5 [7, 13].

For example, suppose the received power of the weaker user’s signal is very less compared to

the received signal power of the stronger user. In that case, the BS first decodes the message of

the stronger user (user A) and cancels the interference that it creates to the weaker user (user B)

before decoding the message of the weaker user. This decoding order guarantees fairness and

maximizes the weaker user’s achievable SE [7,13]. With this decoding order, point P in Fig. 1.5

8
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0 0.2 0.4 0.6 0.8 1 1.2
0

0.1
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Q

Fig. 1.5: Capacity region of uplink NOMA: |hA| = 1, |hB| = 0.7, PA
ul = 0.1 W, PB

ul = 0.1 W, σ2 = 0.1.

is achieved. Therefore, if the objective is to improve fairness, the SINRs for users A and B are

given by

SINRul
A =

PA
ul|hA|

2

σ2 + PB
ul|hB|

2
(1.14)

and

SINRul
B =

PB
ul|hB|

2

σ2 , (1.15)

respectively.

On the other hand, if the BS first decodes the message of the weaker user (user B) and

cancels the interference that it creates to the stronger user (user A) before decoding the message

of the stronger user, then the performance of the stronger user improves, while the performance

of the weaker user deteriorates further [7], [13]. With this decoding order, point Q in Fig. 1.5

is achieved. Therefore, with the decoding order to achieve point Q in Fig. 1.5, the SINRs for

users A and B are given by

SINRul
A =

PA
ul|hA|

2

σ2 (1.16)

and

SINRul
B =

PB
ul|hB|

2

σ2 + PA
ul|hA|

2
, (1.17)

respectively. These two strategies lead to achieving very different points in the achievable

9
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User k

User k’ User K

Fig. 1.6: Single-cell massive MIMO.

capacity region as can be seen in Fig. 1.5.

1.2.2 Massive MIMO

Massive MIMO employs space-division multiple access (SDMA) to achieve multiplexing

gain and serve tens of users on the same time-frequency resource using hundreds of antennas

at the BS [14]. The large number of antennas at the BS facilitates channel hardening and

favorable propagation in the asymptotic regime [14]. While channel hardening implies that,

when the number of antennas at the BS grows very large, the gain of the random fading channel

tends to its mean value [15]. The favorable propagation entails that the directions of channel

vectors corresponding to different users from the BS become pairwise orthogonal as the number

of antennas grows very large [15]. Thus, massive MIMO systems reap the benefits of channel

hardening and favorable propagation to improve the system performance. Next, we briefly

discuss the signal models for uplink and downlink massive MIMO.

1.2.2.1 Uplink Massive MIMO

In uplink data transmission phase, the processing is done at the BS, while users adjust their

symbol powers using power control coefficients and transmit their symbols in synchronism.

We assume that these symbols are independent and have zero mean with unit variance. Each

BS antenna receives the signal transmitted on the uplink, and then processes it using a linear

decoder to detect the transmitted signal qk corresponding to user k. The signal transmitted by

10
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user k is given by

xk =
√
γkqk, (1.18)

where 0 ≤ γk ≤ 1 denotes the corresponding power control coefficient. Thus, the signal received

by the BS is given by

y =
√
ρulHx + w, (1.19)

where ρul denotes the uplink transmit power of each user, H ∈ CM×K denotes the channel

matrix whose (m, k)th element is the channel coefficient between user k and mth BS antenna,

x = [x1, . . . , xK]T is the transmit symbol vector, and w = [w1, . . . ,wK]T is the noise vector. The

BS applies linear decoder L to the received signal y and the processed signal is given by [14]

y =
√
ρulL′Hx + L′w. (1.20)

The linear decoder L is a function of the channel estimates and may take different forms de-

pending on the linear processing technique used. For example, under maximum ratio (MR)

processing, L ∈ CM×K takes the form given by [14]

L = Ĥ, (1.21)

and under zero-forcing (ZF) processing, L takes the form given by [14]

L = Ĥ
(
Ĥ′Ĥ

)−1
, (1.22)

where Ĥ denotes the channel estimate matrix available at the BS.

1.2.2.2 Downlink Massive MIMO

Prior to downlink data transmission, the BS linearly combines the data symbols for different

users using a linear precoder L ∈ CM×K . Thus, the downlink transmit symbol vector x ∈ CM×1

is given by

x = LD
1
2
γq (1.23)

where q =
[
q1, q2, . . . , qK

]T is the data symbol vector and Dγ = diag
[
γ1, . . . , γK

]
is the diagonal

power allocation coefficient matrix such that
∑K

k=1 γk = 1. The collective signal received at K

11

TH-3521_166302001



1. Introduction

users is given by [14]

y =
√
ρdlH′x + w (1.24)

=
√
ρdlH′LD

1
2
γq + w, (1.25)

where ρdl is the downlink transmit power. User k decodes its data symbol from the observation

yk, which is essentially the kth element of y. For ZF processing, the linear precoder L takes the

form given by [14]

L =
√

M − KĤ
(
Ĥ′Ĥ

)−1
, (1.26)

and for the MR processing, the linear precoder L takes the form given by [14]

L =
1
√

M
Ĥ. (1.27)

1.2.3 IRS

An IRS can be used to modify the behaviour of the wireless propagation environment. It is

essentially a metasurface consisting of large number of reflecting elements and it is connected

to the BS via a controller as shown in Fig. 1.7. The reflecting elements can be used to induce

amplitude and phase changes in the incident signal so as to make the reflected multipath com-

ponents add up in phase at the receiver. To configure the phases at each IRS element, PIN

diodes are used. By adjusting the biasing voltages on the PIN diode through a direct-current

(DC) feeding line, the diode can be made to transition between the “ON” and “OFF” states.

This enables the device to induce a phase-shift of π radians on the signal that is incident on it.

IRS can potentially be used to provide coverage to users experiencing blockage and to boost the

received signal strength at the receiver. Essentially, the IRS can steer signals around obstacles,

create stronger paths between nodes, and reduce unwanted noise or interference, all of which

improve network performance [16].

IRS also has several practical benefits. Firstly, the IRS elements beamform the incident

signals without requiring dedicated radio frequency (RF) chains. Thus, IRS can be implemented

at much lower hardware cost and consumes lesser energy compared to standard active antennas
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Fig. 1.7: IRS-aided wireless system.

with dedicated RF chains [17]. Also, IRS can work in a way where it receives and reflects

signals at the same time and doesn’t increase noise or create interference for itself. This makes

it better than the relay systems which are prone to these issues.

To understand the performance gains that may be achieved using an IRS with T elements,

consider a simple single input single output (SISO) system serving a single-antenna user on the

downlink, as shown in Fig. 1.7. Let x denote the transmitted signal, then the received signal is

given by

y =
(
hD + h′B-IΦhI-U

)
x + w, (1.28)

where hD denotes the channel coefficient for the direct path from BS to the user, hB-I ∈ C
T

denotes the channel coefficient vector from BS to IRS, Φ ∈ CT×T denotes the diagonal phase

shift matrix corresponding to the IRS, hI-U ∈ C
T denotes the channel coefficient vector from

IRS to user and w denotes AWGN at receiver. Note that

Φ = diag
[
e jϕ1 , . . . , e jϕT

]
, (1.29)

where ϕt denotes the phase shift induced by the tth IRS element, for t ∈ {1, . . . ,T }. Thus, (1.28)

13

TH-3521_166302001



1. Introduction

can be expanded as

y =

|hD| e jϕhD +

T∑
t=1

∣∣∣ht
B-I

∣∣∣ ∣∣∣ht
I-U

∣∣∣ e j
(
ϕht

B-I
+ϕht

I-U
+ϕt

) x + w. (1.30)

Assuming that the BS has access to perfect CSI, i.e., the BS accurately knows hD, hB-I, and hI-U,

then the BS can set ϕt as

ϕt = ϕhD −
(
ϕht

B-I
+ ϕht

I-U

)
, (1.31)

to ensure that the signal reflected from each IRS element adds up in phase with the signal

reaching at the receiver via direct path [18]. Thus, in comparison to the system without IRS,

now there exist T extra paths through which the signal reaches the receiver and by appropriate

phase programming at IRS, the received signal strength can be boosted.

1.3 Literature Review

In this section, we present and discuss the existing literature to motivate new contributions

of the thesis. NOMA, massive MIMO and IRS are investigated extensively in literature indi-

vidually and in collaboration with other technologies. We first discuss the literature on massive

MIMO-NOMA systems without channel aging followed by the literature on massive MIMO-

NOMA systems under channel aging. Next, we discuss the literature on IRS-aided NOMA

systems. Finally, we discuss the research gaps in the literature.

1.3.1 Massive MIMO-NOMA Systems without Channel Aging

Massive MIMO-NOMA systems are studied extensively in the literature. These studies can

be found in [10, 19–40] and references therein. Specifically, in [10], authors proposed a trans-

mission scheme for downlink massive MIMO-NOMA systems and obtained the results for the

outage probability. Further, authors in [19] proposed antenna selection algorithm for downlink

massive MIMO-NOMA systems considering the practical constraint of limited number of RF

chains at the BS. Outage analysis was presented for the proposed algorithm. Next, in [21], au-

thors analyzed achievable rate for a multicell downlink massive MIMO-NOMA system. Here,

authors proposed a pilot sharing scheme to reduce the pilot overhead. They also proposed a
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max-min power control scheme for a downlink massive MIMO-NOMA system in order to en-

sure fairness in users’ performance.

At the same time, multicell downlink massive MIMO-NOMA systems were studied to

analyze the impact of pilot contamination and imperfect SIC in [22]. Here, the authors re-

established that massive MIMO-NOMA system’s performance is significantly impacted by the

particular power allocation algorithm in place. In addition, K-tier heterogeneous networks were

analyzed for downlink in [23], when massive MIMO is employed for macro-cells and NOMA is

employed for all small cells. Corresponding downlink SE expressions were derived. Impact of

channel estimation error on the achievable downlink SE of massive MIMO-NOMA system was

analyzed in [24]. A user pairing algorithm is proposed for downlink massive MIMO-NOMA

systems in [26] and sum rate expressions were derived. Further, in [29], authors proposed a hy-

brid NOMA and multi-user BF scheme for downlink massive MIMO-NOMA systems, which

was shown to perform better than either of the standalone schemes. A random user pairing

scheme was proposed in [31] in order to minimize outage probability in downlink mmWave

massive MIMO-NOMA systems.

Furthermore, the authors in [36, 41] explored the performance of mmWave NOMA-based

massive MIMO system assuming availability of perfect CSI at the BS. Also, in [37], the authors

proposed a precoder design for a two-user uplink MIMO-NOMA system assuming availability

of perfect CSI. However, in practice, CSI will have to be estimated. In [38,40], authors analyzed

the downlink SE of a NOMA-based massive MIMO system with MR precoding under imperfect

CSI at the BS for independent Rayleigh fading channel, whereas in [39], the authors analyzed

the downlink SE with ZF precoding based on imperfect CSI at the BS for spatially correlated

Rayleigh fading channel.

1.3.2 Massive MIMO Systems under Channel Aging and Massive MIMO-NOMA
Systems under Channel Aging

As discussed in detail above, there is a vast amount of literature on massive MIMO-NOMA

systems without incorporating channel outdatedness. Likewise, the impact of channel aging

on massive MIMO systems standalone (without employing NOMA transmission) has also been
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studied quite well in the literature. For instance, performances of uplink and downlink of mas-

sive MIMO systems under outdated CSI due to channel aging and with predicted channel were

first discussed in [8]. Further, the authors in [42] considered a massive MIMO system and de-

rived closed-form lower bounds on the uplink and downlink SE under channel aging. Therein,

the authors considered MR and ZF processing. In [43], the authors studied how channel outdat-

edness impacts downlink massive MIMO system aided by multi-way relay networks.

Next, the authors in [44] considered MR and regularized ZF precoders to derive the SINR’s

deterministic equivalent for downlink massive MIMO systems. Therein, the authors considered

a channel aging model that captures the channel estimates’ outdatedness due to Doppler shift

and noisy local oscillators. Further, in [45], the authors addressed the throughput maximization

problem for downlink massive MIMO systems under channel aging. At the same time, an

opportunistic user scheduling algorithm for downlink massive MIMO was proposed in [46] to

enhance SE using aged CSI. Next, the uplink massive MIMO system was analyzed in [47]

using regularized ZF and ZF receivers designed based on outdated estimates. Similarly, the

uplink ergodic rate with ZF receiver in massive MIMO system considering outdated channel

was derived in [48].

Furthermore, in [49], the authors investigated frequency-division duplexing (FDD) massive

MIMO systems under channel aging. They derived lower bounds on SE with MR, minimum

mean square error (MMSE) decoders for uplink, and MR, regularized ZF precoders for down-

link. Next, the authors in [50] optimized the frequency of updating the CSI to strike a balance

between the estimation accuracy and estimation overhead. In a similar direction, the authors

in [51] proposed a novel channel estimation scheme to enhance the SE of a downlink massive

MIMO system under channel aging. Also, in [52], the authors proposed an intermittent channel

estimation scheme to enhance the sum-SE of downlink massive MIMO system by exploiting the

temporal correlation under channel aging. At the same time, the authors in [53] explored how

channel outdatedness influences downlink massive MIMO systems in an urban environment

using ray tracing.

However, there is very limited work that studies massive MIMO-NOMA systems under

16

TH-3521_166302001



1.3 Literature Review

channel aging. For instance, the authors in [54] studied downlink massive MIMO-NOMA

systems with MR precoder under channel aging. They derived the SE for the strong and weak

users and compared their performances under ad-hoc power control strategies, namely, equal

and inversion power control.

1.3.3 IRS-Aided NOMA Systems

While IRS was being explored as an alternative technology to large antenna systems due

to its passive nature, it was also being explored in collaboration with other candidate technolo-

gies like NOMA, which is of interest to us. For instance, sum SE maximization problems for

IRS-aided NOMA systems were discussed in [55–59]. Specifically, in [55], the authors inves-

tigated the downlink communications of IRS-assisted NOMA systems. To maximize system

capacity, a joint optimization problem was formulated to address the decoding order, power al-

location, and reflection coefficients. To tackle this problem, a novel two-step iterative algorithm

was proposed. In [56], the authors examined a two-user downlink IRS-assisted network over

fading channels, focusing on NOMA and OMA schemes, specifically TDMA and FDMA. The

objective was to maximize the system’s average sum rate for delay-tolerant transmission while

considering power budget, minimum average user rate, and discrete unit modulus reflection

coefficient constraints. Low-complexity phase shifter adjustment algorithms were proposed.

Next, in [57], the study focused on an IRS-assisted uplink NOMA system, aiming to maxi-

mize the sum rate of all users under individual power constraints. The problem, which required

joint power control at the users and BF design at the IRS, was non-convex. Semidefinite re-

laxation was employed to address it. Furthermore, in [59], the authors focused on joint user

clustering, passive BF, and power allocation in a downlink IRS-assisted NOMA system, aiming

to maximize energy efficiency. The optimization problem was solved iteratively. Further, the

investigations to ascertain fairness in users’ performance were provided in [60, 61] and outage

probability analyses for IRS-aided NOMA systems were conducted in [62–66]. For instance,

in [60] authors examined the deployment of IRS between a single-antenna BS and multiple

single-antenna users to assist downlink NOMA transmission. To ensure fairness among users,

the study aimed to jointly optimize power allocation, decoding order, and phase shifts to maxi-
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mize the minimum user rate under a total power constraint.

Similarly, in [61] the authors analyzed an IRS-assisted NOMA in which a combined-channel-

strength (CCS) based user ordering scheme was proposed. To optimize rate performance and

ensure user fairness, the study maximized the minimum decoding SINR by jointly optimizing

power allocation at the BS and phase shifts at the IRS. In addition, the authors in [62] examined

the impact of hardware impairments on IRS-aided NOMA systems, focusing on performance

metrics. Analytical expressions for outage probability and throughput were derived as KPIs.

Likewise, in [63] authors studied a downlink IRS-aided NOMA system to enhance coverage by

assisting a cell-edge user device (UD) in communicating with the BS. New channel statistics for

the BS-IRS-UD link under Nakagami-m fading were investigated, and based on these statistics,

a closed-form expression for the outage probability was derived.

In [64] the authors derived the best-case and worst-case scenarios of channel statistics to

characterize effective channel gains in IRS-aided NOMA systems. Subsequently, the best-case

and worst-case closed-form expressions for both outage probability and ergodic rate of the prior-

itized user were derived. In [65], the authors presented a simple design for IRS-assisted NOMA

downlink transmission. Initially, conventional SDMA was employed at the BS to create orthog-

onal beams using the spatial directions of near users’ channels. Then, IRS-assisted NOMA was

utilized to serve additional cell-edge users by aligning their effective channel vectors with the

established spatial directions. considered IRS-aided NOMA systems but did not analyze the

error performance. Furthermore, in [66] the authors investigated the downlink performance of

IRS-aided NOMA networks using stochastic geometry. The closed-form expressions for the

coverage probabilities of paired NOMA users were derived. Similarly, in [67], a comparison

between NOMA and OMA in terms of achievable rate in IRS-assisted downlink communica-

tion was conducted, focusing on transmit power minimization under the discrete unit-modulus

reflection constraint for each IRS element. The study analyzed and numerically compared the

minimum transmit powers required by different multiple access schemes.

Furthermore, the error probability for IRS-aided NOMA systems was analyzed in [68, 69]

and recently in [70]. Specifically, the study in [68] examined bit error rate (BER) of an IRS-
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Table 1.2: Research gaps in the literature on uplink massive MIMO-NOMA systems.
Paper Research gaps
[34]

• Focus is on mmWave massive MIMO-NOMA systems
• No analysis with imperfect CSI
• No focus on improving the weaker users’ data rate
• No focus on channel outdatedness

[35]
• Focus on cell-free massive MIMO-NOMA systems
• No analysis for improving weaker users’ data rate
• Employed MR decoder causes intra-group interference
• Did not consider channel outdatedness

[27]
• No analysis with imperfect CSI
• Power allocation does not ensure uniform quality of service
• Did not consider channel outdatedness

[11]
• Considered MR decoder causes intra-group interference limiting the performance
• Did not consider channel outdatedness

[54]
• Considered downlink massive MIMO-NOMA system
• MR precoder is employed
• Focus on ad-hoc power control

aided NOMA system using quadrature phase shift keying (QPSK)-binary phase shift keying

(BPSK) modulation scheme, specifically when the direct link is blocked and the indirect links

through the IRS experience Rayleigh fading. Additionally, in [69], the authors presented an ap-

proximate pairwise error probability (PEP) analysis for an IRS-aided NOMA system. Similarly,

in [70], the authors analyzed the BER performance of IRS and Relay-assisted NOMA systems

with interference cancellation at the relay node.

1.3.4 Research Gaps

As discussed above, very little attention has been paid to analyze uplink massive MIMO-

NOMA and address the challenges therein. For instance, energy efficient power allocation poli-

cies were proposed in [34] and [35] for uplink mmWave massive MIMO-NOMA systems and

uplink cell-free massive MIMO-NOMA systems, respectively. In [34], authors also proposed

a hybrid analog-digital BF scheme considering limited number of RF chains. In [35], authors
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proposed a power control algorithm to ensure maximization of energy efficiency in uplink cell-

free massive MIMO-NOMA systems considering the impact of imperfect CSI. In [27], authors

proposed a receive antenna selection algorithm and a power allocation scheme to maximize

sum-rate in uplink massive MIMO-NOMA systems assuming perfect CSI. Further, achievable

rate analysis and max-min power control for uplink massive MIMO-NOMA system under im-

perfect CSI was discussed in [11] for MR decoder. This is summarized in Table 1.2.

The SE of uplink massive MIMO-NOMA systems under ZF processing has not been an-

alyzed in the literature with and without considering the impact of channel aging. Also, the

impact of channel aging on the performance of MR processing in massive MIMO-NOMA sys-

tems has been studied solely for the downlink scenario as discussed above [54]. This is sum-

marized in Table 1.2. However, the working principles of downlink NOMA are different from

those of uplink NOMA [7, 13]. In addition, channel estimation error and channel outdatedness

lead to imperfect SIC at the BS. Investigations on power control to ensure fairness in users’

performance for uplink massive MIMO-NOMA systems are very limited in the literature.

It is also crucial to understand what counter measures we can take to mitigate the impact of

channel outdatedness in uplink massive MIMO-NOMA systems, which is missing in the exist-

ing literature. Therefore, it is important to answer fundamental and open questions pertaining

to modelling and performance analysis of uplink massive MIMO-NOMA systems under the

collective impact of channel estimation errors, channel aging and pilot contamination.

Furthermore, we observe that there exists very limited literature on error performance anal-

ysis IRS-aided NOMA systems [68], [69], [70]. Although [68], [69] and [70] analyzed the error

performance of IRS-aided NOMA systems, their analysis is applicable only when there is no

direct link between the BS and users, and the reflected links via IRS are Rayleigh faded. More-

over, in [68], BER expressions were derived for a specific constellation pair (QPSK-BPSK) and

were not in closed-form, in [69] approximate expression for the PEP was derived, and the anal-

ysis presented in [70] is not in closed-form and is applicable specifically for BPSK modulation.

This is summarized in Table 1.3.

Based on the discussion above, we observe that the error performance analysis of NOMA
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Table 1.3: Research gaps in the literature on downlink IRS-aided NOMA systems.
Paper Research gaps
[68]

• No direct link between the BS and users
• Indirect channels via IRS are assumed to be Rayleigh faded
• Analysis specific to QPSK-BPSK modulation pair
• No closed-form expressions for BER are provided

[69]
• No direct link between the BS and users
• Indirect channels via IRS are assumed to be Rayleigh faded
• Approximate expressions for PEP are derived

[70]
• No direct link between the BS and the far user
• Indirect channels via IRS are assumed to be Rayleigh faded
• A relay node is employed for SIC
• Upper bound on BER is provided specifically for BPSK modulation

systems with IRS in wireless communication network is still in its infancy and remains an open

problem. Employment of an IRS to aid communication in NOMA systems poses several new

challenges as the signal reaches users via direct path and via reflected path. For instance, the

phase configuration at the IRS becomes crucial while serving multiple users simultaneously.

In addition, it is crucial to account for the effects of practical constraints of IRS-aided

NOMA systems such as discrete-phase shifts at IRS and imperfect CSI, which further lead

to non-coherent reception at receiving users and imperfect SIC. Thus, it is crucial to analyze

the error performance of IRS-aided NOMA systems in a two-user scenario and a multi-user

scenario for any arbitrary modulation scheme. It is also essential to characterize the effects

of non-coherent reception at users due to discrete-phase shifts at IRS and/or due to imperfect

CSI leading to imperfect SIC. Apart from this, while serving users with widely varying channel

conditions, it becomes imperative to design the system to ensure fairness in user performance,

which could be obligatory in certain applications with stringent quality-of-service requirements.
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1.4 Key Challenges

Although, the considered technologies hold the potential to achieve the desired KPIs, there

exist several challenges in practice. First and foremost, owing to the fundamental differences

between uplink and downlink NOMA, it is essential to address the challenges in uplink massive

MIMO-NOMA separately. For instance, when the aim is to serve a large number of users

under the practical constraint of limited coherence interval, it is vital to develop low-overhead

channel estimation schemes.4 In addition, it is essential to reduce inter-user interference to

achieve the desired system performance. It is equally important to investigate the interplay

among channel estimation, decoder, power control and user grouping strategies. Furthermore,

it is critical to ensure fairness in service for different users regardless of the disparity in their

channel conditions.

While designing a massive MIMO-NOMA system with the aim of serving a very large

number of users, it is crucial to understand that the estimated CSI may get outdated by the

time it is used for processing at the BS. This could potentially be due to dynamic wireless

environments and high mobility users and this phenomenon is referred to as channel aging.

Linear processing at the massive MIMO BS and SIC are functions of CSI available at the BS.

Thus, to ensure wireless connectivity in high speed mobility scenario, it becomes critical to

understand the impact of channel aging on the performance of uplink massive MIMO-NOMA

systems. Furthermore, it is equally important to develop counter measures to mitigate the effects

of channel aging on system performance.

As we know, the effective number of degrees-of-freedom offered by massive MIMO essen-

tially depends on the number of active RF chains comprising of signal converters, mixers, and

power amplifiers. Thus, the benefits of massive MIMO-enabled systems come at the cost of

increased hardware complexity and power consumption. Therefore, it is essential to explore the

cost-efficient alternative to large antenna systems, such as IRS-aided systems, and address the

4As we know that the channel estimation in massive MIMO systems requires sending uplink pilots, estimation
takes part of the coherence interval and the remaining part of the coherence interval is used for data transmission.
The portion of the coherence interval used for channel estimation is termed as the channel estimation overhead.
Low-overhead schemes ensure that the channel estimation overhead is low.
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challenges therein. With the objective of ensuring reliability in data detection, there is a strong

motivation behind exploring error probability of IRS-aided NOMA systems, specifically, under

the comprehensive and generic scenario where the direct path from BS to each user may be

present in addition to the cascaded reflected path via IRS. In addition, it is crucial to consider

the practical constraints of discrete phase shifts at IRS and imperfect CSI-induced non-coherent

reception at users. Again, it is important to ensure uniform quality of service among users while

designing a practically relevant IRS-aided NOMA system.

1.5 Problem Statements

Considering the research gaps in the literature on massive MIMO-NOMA systems as tab-

ulated in Table 1.2, and considering the research gaps in the literature on downlink IRS-aided

NOMA systems as tabulated in Table 1.3, we formulate the following problem statements:

• Problem Statement 1: Investigation of effects of channel estimation schemes and user

grouping strategies on the SE of uplink massive MIMO-NOMA systems, and exploring

the interplay between channel estimation schemes and user grouping strategies. Exami-

nation of how the decoding and power control schemes based on the estimated CSI affect

the SE performance of uplink massive MIMO-NOMA systems.

• Problem Statement 2: Examining the effects of channel aging on pilot-sharing-based

channel estimation schemes with different user grouping strategies on SE performance

of uplink massive MIMO-NOMA systems. Further investigations on how various decod-

ing and power control schemes based on the outdated estimated CSI affect SE of uplink

massive MIMO-NOMA systems.

• Problem Statement 3: Examining the effectiveness of the decoders designed based on

predicted channel as a counter measure to channel aging on the SE performance of up-

link massive MIMO-NOMA systems and investigation of the performance under various

power control schemes.

• Problem Statement 4: Investigating the role of IRSs in improving the error perfor-

mance of downlink NOMA systems for pulse amplitude modulation (PAM)/quadrature
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amplitude modulation (QAM) modulation of arbitrary order for two-user and multi-user

scenarios. Also, understanding the effects of practical system constraints, like channel

estimation errors and discrete phase shifts at IRS, on the error probability in downlink

IRS-aided NOMA systems, and exploring how we can employ IRSs to ensure perfor-

mance fairness among users.

1.6 Thesis Objectives

With the motivation of achieving improved connectivity, fairness in terms of SE, and relia-

bility in terms of signal detection, the specific objectives of the thesis are as follows:

• Firstly, the objective is to investigate an uplink massive MIMO-NOMA system under

practical constraints of limited coherence interval, imperfect CSI and imperfect SIC.

Here, we explore two low-overhead channel estimation schemes to acquire CSI. Using

the acquired channel estimates, we design ZF decoders to mitigate inter-group interfer-

ence and analyze the SE performance. Here, we also explore power control to ensure

fairness leading to uniform quality of service.

• Next, we aim to address the challenges involved in an uplink massive MIMO-NOMA

system while serving a large number of users under high Doppler induced due to high

speed mobility. In this direction, we design ZF decoders based on outdated channel esti-

mates and we quantify the impact of channel outdatedness and imperfect SIC on the SE

performance. We also explore channel prediction as a counter-measure to mitigate the

impact of channel outdatedness and power control to ensure fairness while guaranteeing

reasonable performance.

• Finally, we focus on downlink IRS-aided NOMA systems. Here, in order to character-

ize the interactions among SC at the BS, SIC at the strong user, IRS and the modulation

technique employed, we analyze the reliability of data detection in terms of error proba-

bility for both two-user and multi-user scenarios for PAM/QAM of arbitrary order. Here,

we also characterize the system performance under practical constraints of discrete phase

shifts and imperfect CSI.
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With these objectives, we state the contributions of the thesis in the next section.

1.7 Thesis Contributions

In this thesis, we focus on modelling, analysis and optimization of NOMA-based next-

generation wireless communication systems with the aim of providing increased connectivity,

fairness in terms of SE performance and reliability in terms of signal detection. Below, we

provide a concise overview of the problems addressed, followed by an outline of our specific

contributions.

1.7.1 Massive MIMO-NOMA Systems

We consider the uplink of a massive MIMO-NOMA system where, using the same time-

frequency resources, a large number of users communicate with a massive MIMO BS equipped

with hundreds of antennas. In order to employ receive BF, the BS needs to learn the uplink chan-

nel from each user. Since the aim is to serve a large number of users simultaneously and owing

to the limited coherence interval in practical wireless systems, we employ non-orthogonal pilot

assignment and develop two MMSE-based channel estimation schemes, namely, Scheme-I and

Scheme-S, for estimating the channel coefficients on the uplink. To employ non-orthogonal

pilot assignment and NOMA on the uplink, we form groups of users based on two practically

realizable user grouping strategies, namely, near-far (NF) grouping and neighbor (NB) group-

ing. These user grouping strategies are based on large-scale fading coefficients. Given this

setup, we make the following key contributions.

1.7.1.1 Contributions

• Low Overhead Channel Estimation: With the aim of strengthening the quality of channel

estimates to weaker users, we analyze two different channel estimation schemes, namely,

Scheme-I and Scheme-S. While in Scheme-I, channel vector of each user is estimated,

in Scheme-S, sum of channel vectors of all users within a group is estimated. We also

analyze two different user grouping strategies, namely, NF grouping and NB grouping.

• Achievable SE Analysis: We derive new lower bounds on the uplink achievable SE of a

NOMA-based massive MIMO system using ZF decoders designed based on Scheme-I
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and Scheme-S. Also, both the considered schemes provide correlated estimates for all the

K users in a group which share the same pilot. Hence, the ZF decoders designed using

these estimates allow K× connectivity, when compared against conventional ZF decoder

designed using uncorrelated estimates obtained via orthogonal pilot signaling.

• Max-Min Power Control: To ensure uniform quality-of-service to all users in the network,

for both the channel estimation schemes, we formulate and solve the max-min optimiza-

tion problem where the objective is to determine the power allocation coefficients that

maximize the minimum achievable SE.

• Novel Insights: Through our rigorous analysis and extensive simulations, we identify the

operational regimes that favor the use of the ZF decoder to boost the performance in terms

of the max-min achievable SE on the uplink and the number of users served. We observe

that in the entire under-loaded regime and a large portion of the over-loaded regime, the

ZF decoder designed based on channel estimation Scheme-S using NF grouping gives the

highest max-min achievable SE.

1.7.2 Massive MIMO-NOMA Systems under Channel Aging

Next, we extend our study of massive MIMO-NOMA systems to incorporate the practically

relevant case of Doppler-induced channel aging. As non-orthogonal pilot signal assignment,

i.e., pilot sharing is required to keep the estimation overhead small, the system performance

will be influenced by the combined effects of mobility-induced channel outdatedness and pilot-

sharing-induced contamination in channel estimates. Given this model, our objective is to deter-

mine the combination of decoder, pilot control strategy and channel estimation scheme, which

is robust to the cumulative effects of channel aging and pilot contamination. To this end, we

make following key contributions.

1.7.2.1 Contributions

• Channel Modelling with Outdated Estimates: We consider a novel and practically rele-

vant uplink massive MIMO-NOMA system in which channel outdatedness is character-

ized using Jakes model. As before, the channel estimates are acquired using two different
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low-overhead schemes, namely, Scheme-I and Scheme-S. This modelling helps jointly

capture the errors induced due to channel aging, estimation errors and pilot contamina-

tion.

• SE Analysis under Channel Aging: We derive novel lower bounds on the achievable SE

for both ZF and MR decoders that are designed based on outdated channel estimates. This

analysis accounts for the correlation due to pilot sharing, time-variant channel response

due to mobility and the penalty incurred due to imperfect SIC. As before, we also inves-

tigate the impact of two different user grouping strategies, namely, NF grouping and NB

grouping, on the per-user achievable SE.

• Max-Min Fairness Power Control: To ensure fairness in performance under channel ag-

ing, we formulate and solve optimization problems to compute max-min power control

coefficients corresponding to ZF and MR decoders. For ZF decoder based on Scheme-S,

the formulated problem is non-convex. We propose a tight approximation to convert it to

a convex program.

• Proportional Fairness Power Control: In order to improve sum SE while maintaining

fairness to a significant extent, we formulate optimization problems to derive coefficients

for proportional fairness power control. The formulated problems are geometric programs

and we solve them efficiently using convex programming.

• SE Analysis using Predicted CSI: Furthermore, we derive the pth order Wiener linear

predictor (WLP) for predicting the individual channel vectors to all users, using (p + 1)

observations obtained through transmission of shared pilots. We derive the lower bounds

on the achievable SE with ZF and MR decoders designed using the predicted CSI.

While we focused on comprehensive analysis of massive MIMO-NOMA systems so far, in

the next part of the thesis, we investigate IRS-aided NOMA systems since these seem to be

cost-efficient alternative to massive MIMO systems.

1.7.3 IRS-Aided NOMA Systems

In the last part of the thesis, we consider a single antenna BS serving single antenna users

via NOMA, i.e., SC at the transmitter and SIC at the receivers, with the help of two IRSs. We
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1. Introduction

consider Rayleigh faded direct paths from the BS to each user and the links from the BS to

each IRS and from each IRS to its corresponding user are assumed to be Rician faded. We

analyze two-user scenario and then extend the analysis to multi-user scenario as well. With this

comprehensive model, we make following contributions.

1.7.3.1 Contributions

• Average SEP Analysis for Two-User PAM and QAM: We derive the probability density

function (PDF) of the effective channel gain in closed-form. Using the derived PDF, we

derive novel approximate analytical expressions for the average symbol error probability

(SEP) of the weak and strong users considering PAM constellation of arbitrary order for

both users. As a special case, we also present average SEP expressions for both users

when direct links from BS to each user are blocked. We further extend the SEP analysis

to a scenario when both users adopt QAM constellations of arbitrary order for NOMA-

based transmission.

• Error Performance Analysis for Multi-User PAM: For the multi-user scenario, we develop

the average SEP expressions with multicast5 transmission in IRS-aided NOMA system

when PAM modulation of arbitrary order is used. Moreover, for the multi-user scenario,

we also derive closed-form expression for the average PEP under unicast6 transmission.

• Impact of Discrete Phase Shifts and Imperfect CSI: We characterize and elucidate the

impact of discrete phase-shifts at IRS and imperfect CSI on the average SEP.

• Fairness in SEP: We formulate and solve a constrained optimization problem to de-

termine the optimal fraction of elements to be activated at any IRS to guarantee near-

identical SEP for both users in a two-user scenario.

• Novel Insights: Through extensive Monte Carlo simulations, we verify the tightness of

derived novel approximate analytical expressions. Through our rigorous analysis, we

show that the addition of a few passive elements at each IRS (i) helps achieve desired

average SEP with significantly lower signal-to-noise ratio (SNR) for both users in a two-

5Under multicast transmission, we consider that the transmitted signal for all strong users is the same and
similarly, the transmitted signal for all weak users is the same [71].

6Under unicast transmission, we consider that the transmitted signal for all users is different [71].
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user scenario and for all users in a multi-user scenario, (ii) allows communication with

higher-order constellation without substantial increase in average SEP/average PEP, and

(iii) requires allocation of lower power to the weak user to attain the SEP identical to

the strong user in a two-user scenario. We also show that a 3-bit programmable IRS

is sufficient to obtain SEP very close to that obtained by an IRS with infinite precision

phase-shift.

Connections Among Thesis Contributions: The first contribution of the thesis entails the

performance analysis of uplink massive MIMO-NOMA systems to ensure increased connectiv-

ity and user fairness in terms of SE. Herein, we considered quasi-static fading channel which

implies that the channel remains constant over the transmission interval. The channel estima-

tion, uplink data transmission and decoding phases are performed within the coherence interval.

However, considering mobility-induced Doppler shift, in the second contribution of the thesis,

we assume channel aging, i.e., the channel estimates are outdated by the time they are used

for processing at the BS. The decoders are designed based on the outdated channel which is

obtained using Jakes model. Here, we quantify the impact of channel aging on the performance

of uplink massive MIMO-NOMA systems. Next, as a counter-measure to channel aging, we

investigate the performance of uplink massive MIMO-NOMA systems when decoders designed

using predicted channel are employed. Noting that the large BF gain benefit of massive MIMO-

NOMA systems is led by the large number of RF chains at the BS, we next study IRS-aided

NOMA systems as a cost-efficient alternative to massive MIMO systems. Herein, we investi-

gate the reliability performance of downlink massive MIMO-NOMA systems.

1.8 Thesis Organization

The outline of the thesis is summarized in Fig. 1.8 and is as follows. We present com-

prehensive analysis of uplink massive MIMO-NOMA systems and address the corresponding

challenges in Chapter 2. In Chapter 3, we extend our study of uplink massive MIMO-NOMA

systems to incorporate the effects of channel outdatedness due to dynamic wireless environ-

ments. Herein, we analyze the robustness of decoding, channel estimation and user grouping
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Fig. 1.8: Structure of the thesis.

strategies to channel aging. We then investigate IRS-aided NOMA systems in terms of reli-

ability of data detection in Chapter 4. Finally, we discuss conclusions of the thesis and key

directions for the future work in Chapter 5. The detailed proofs are given in the appendices.
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2.1 System Model

In this chapter, we analyze uplink of a massive MIMO NOMA system. We first present

uplink pilot signaling and develop expressions for MMSE-based channel estimates using two

low-overhead estimation schemes, namely, Scheme-I and Scheme-S. While in Scheme-I, the

channel vectors to all users are estimated individually, in Scheme-S, sum of channel vectors of

users within a group is estimated. We then derive new bounds on achievable SE when the BS

uses ZF decoder to decode signals from different users. The decoder is designed as a function

of channel estimates acquired either via Scheme-I or via Scheme-S. Thereafter, we formulate an

optimization problem to maximize the minimum achievable SE and obtain the corresponding

max-min optimal power control coefficients to guarantee uniform quality of service to all users.

We then present extensive numerical results to identify favorable operational regime for ZF

decoder.

Chapter Organization: In Section 2.1, we discuss system model, channel estimation

schemes and uplink data transmission. In Section 2.2, we present detailed SE analysis fol-

lowed by max-min power control in Section 2.3 and discussion on user grouping strategies

in Section 2.4. Extensive numerical results and the corresponding inferences are provided in

Section 2.5. Finally, we state conclusions in Section 2.6.

2.1 System Model

We consider the uplink of a single-cell NOMA-based massive MIMO system where an M

antenna BS serves L single-antenna users in the network.1 To employ NOMA and perform

SIC, we group users based on their large-scale fading coefficients.2 Let N be the total number

of groups and K be the number of users per group, then L = N × K. We denote the kth user

in the nth group by UEnk, for k ∈ {1, 2, · · · ,K} and n ∈ {1, 2, · · · ,N}. Let gnk ∈ C
M×1 denote

the channel vector from the BS to UEnk. We consider independent Rayleigh fading. Thus,

gnk ∼ CN(0, βnkIM), where βnk denotes the large-scale fading coefficient corresponding to UEnk.

Furthermore, the M × L composite channel matrix G from BS to all L users is given by G =
1The notations and symbols used in each chapter are defined separately and uniquely in each chapter.
2User grouping based on large-scale fading is a very effective and practically feasible strategy because the

large-scale fading coefficients vary very slowly and remain unchanged for several coherence intervals [15].
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Fig. 2.1: System model: Uplink massive MIMO-NOMA.

[G1 G2 · · · GK], where Gi =
[
g1i g2i · · · gNi

]
denotes the M×N channel matrix to the ith user in

all the N groups, for i ∈ {1, 2, · · · ,K}, as shown in Fig. 2.1. The channel remains time-invariant

over a coherence interval consisting of τc samples and varies independently across coherence

intervals. Therefore, the channel needs to be estimated once every coherence interval and these

estimates are then used to decode the signal received during uplink data transmission phase.

2.1.1 Channel Estimation

Next, we discuss the MMSE-based low-overhead channel estimation schemes. Prior to this

discussion, we discuss the principles of MMSE estimation.

2.1.1.1 Preliminaries on MMSE Estimation

Let θ be a random variable representing the parameter or signal to be estimated, and let Y

be the observed random variable. The mean square error (MSE) of an estimator θ̂(Y) is defined

as [72]:

MSE = E
[(
θ − θ̂(Y)

)2
]
. (2.1)

The MMSE estimator θ̂MMSE(Y) is the one that minimizes this MSE and is given by

θ̂MMSE(Y) = arg min
θ̂
E

[(
θ − θ̂(Y)

)2
]
. (2.2)
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The error between the true parameter and the MMSE estimate is orthogonal to any function of

the observation. This implies that

E
[(
θ − θ̂MMSE(Y)

)
g(Y)

]
= 0, (2.3)

for any function g(Y). This property is useful for deriving MMSE estimators in practical sce-

narios.

In the case where the relationship between θ and Y is linear, i.e., Y = Hθ +W, where H

is a known matrix andW is a zero-mean noise vector with known covariance matrix ΣW , the

MMSE estimator is given by:

θ̂MMSE = ΣθYΣ
−1
YYY, (2.4)

where ΣθY = E[θYT ] is the cross-covariance matrix between θ and Y , ΣYY = E[YYT ] is the

covariance matrix of Y .

Consider a massive MIMO system where the received pilot signal Y ∈ CM×τp at the BS

during the pilot transmission phase is given by:

Y = HX +W, (2.5)

where H ∈ CM×L is the channel matrix, with [H]ml representing the channel gain between the

m-th BS antenna and the l-th user, X ∈ CL×τp is the pilot matrix transmitted by the users, where

τp ≥ L is the length of the pilot sequence. Each row of X represents the pilot signal from one

user, W ∈ CM×τp is the additive noise matrix at the BS, with each entry being an independent

and identically distributed (i.i.d.) complex Gaussian noise with zero mean and variance σ2
w.

The goal is to estimate the channel matrix H from the received signal Y. The MMSE estimator

minimizes the mean square error between the true channel H and its estimate Ĥ.

Assume the elements of the channel matrix H are modelled as independent complex Gaus-

sian random variables with zero mean and variance βk, representing the large-scale fading:

H ∼ CN(0,R), (2.6)

where R = diag(β1, β2, . . . , βL) is the L × L diagonal covariance matrix of the channel gains.
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The linear MMSE (LMMSE) estimate of the channel matrix H given Y is given by:

Ĥ = RHYR−1
YYY, (2.7)

where RHY = E[HYH] is the cross-covariance matrix between H and Y. RYY = E[YYH] is the

covariance matrix of Y.

Having discussed the principles of MMSE, we consider a coherence interval of length τc

symbols in which initial τp symbols are used for uplink pilot training for channel estimation at

the BS and remaining τc − τp symbols are used for data transmission. The channel is assumed

to be constant over the duration of the coherence interval. We consider a scenario where every

group is assigned an orthogonal pilot sequence while users within a group share the same pilot

sequence for estimating the channel coefficients on the uplink. Let ψψψn ∈ C
τp denote the pilot

sequence assigned to the nth group. The pilot sequences are chosen such that ψψψ′iψψψ j = δi j, which

equals 1 if i = j, and equals 0 otherwise. To ensure this, the length of the pilot sequence must

be at least equal to the number of groups, i.e., τp ≥ N.

The signal Yp ∈ C
M×τp received at the BS during uplink pilot signaling is given by

Yp =
√
τpρul [G1 +G2 + · · · +GK]ΨΨΨ ′ +Wp , (2.8)

where ρul is the power with which any user transmits pilots on the uplink,ΨΨΨ is the τp × N pilot

matrix whose nth column corresponds to the pilot sequence ψψψn assigned to the nth group and

Wp ∈ C
M×τp is the additive noise matrix with CN(0, σ2) entries which are independent and

identically distributed (i.i.d.). We can write (2.8) in a simplified form as

Yp =
√
τpρul

N∑
n=1

K∑
i=1

gniψψψ
′
n +Wp. (2.9)

In order to estimate the channel of users in the nth group, the BS correlates Yp with ψψψn to obtain

ypn ∈ C
M×1 as

ypn ≜ Ypψψψn =
√
τpρul

K∑
i=1

gni + wpn , (2.10)

where wpn = Wpψψψn has identical distribution as Wp because wpn is obtained through a uni-
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tary transformation of Wp. Note that the components of Yp in directions orthogonal to ψψψn are

irrelevant for estimating the channels to users in the nth group.

We next discuss two MMSE-based channel estimation schemes, namely, Scheme-I and

Scheme-S. While in Scheme-I, we estimate the channel vectors to all users in the network

individually, in Scheme-S, for each group of users, we estimate the sum of channel vectors to

users within that group, based on ypn.

2.1.1.2 MMSE Estimates with Scheme-I

Given the observable vector ypn in (2.10), the MMSE estimate ĝnk of the channel vector gnk

to UEnk equals [72]

ĝnk = ζnk ypn = gnk + g̃I
nk , (2.11)

where ζnk =
√
τpρulβnk

σ2+τpρul
∑K

i=1 βni
and g̃I

nk is the corresponding channel estimation error which is given

by

g̃I
nk =

(√
τpρulζnk − 1

)
gnk +

√
τpρulζnk

K∑
j=1, j,k

gn j + ζnkwpn. (2.12)

Note that ĝnk ∼ CN (0, ηnkIM) and g̃I
nk ∼ CN (0, (βnk − ηnk) IM) , where

ηnk =
τpρulβ

2
nk

σ2 + τpρul
∑K

i=1 βni
. (2.13)

For MMSE estimation, g̃I
nk is uncorrelated to ĝnk [14]. We can write ĝnk in the normalized

form as ĝnk =
√
ηnk zn, where zn ∈ C

M×1 is the normalized vector with i.i.d. CN(0, 1) entries.

From (2.11), we can see that the estimated channel vectors of all users within a group are

perfectly correlated. Therefore, zn is independent of the user index k. Under Scheme-I, let

ĜI =
[
ĜI

1 ĜI
2 · · · Ĝ

I
K

]
and G̃I =

[
G̃I

1 G̃I
2 · · · G̃

I
K

]
respectively denote the composite estimated

channel matrix and the composite channel estimation error matrix for all L users, where ĜI
i =[

ĝ1i ĝ2i · · · ĝNi

]
is the matrix of channel estimates of ith user in all the N groups and G̃I

i =[
g̃I

1i g̃I
2i · · · g̃I

Ni

]
is the corresponding channel estimation error matrix, for i ∈ {1, 2, · · · ,K}.

Since, ĝni =
√
ηni zn, for n ∈ {1, 2, · · · ,N},

ĜI
i =

[√
η1i z1

√
η2i z2 · · ·

√
ηNi zN

]
= ZD

1
2
ηi , (2.14)
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where Z = [z1 z2 · · · zN] and Dηi = diag
[
η1i, η2i, · · · , ηNi

]
, for i ∈ {1, 2, · · · ,K}. Note that zi and

z j are uncorrelated to each other for i , j.

2.1.1.3 MMSE Estimates with Scheme-S

Based on Scheme-S, we estimate
∑K

i=1 gni, the sum of independent channel vectors of users

within a group, based on ypn. We can rewrite (2.10) as

ypn =
√
τpρulcn + wpn , (2.15)

where cn =
∑K

i=1 gni. From (2.15), the MMSE estimate ĉn of cn is given by

ĉn = µn ypn = gnk + g̃S
nk, (2.16)

where µn =
√
τpρul

∑K
i=1 βni

σ2+τpρul
∑K

i=1 βni
and g̃S

nk is the corresponding estimation error which is given by

g̃S
nk =

(√
τpρulµn − 1

)
gnk +

√
τpρulµn

K∑
j=1, j,k

gn j + µnwpn. (2.17)

Note that ĉn ∼ CN(0, ηnIM), g̃S
nk ∼ CN(0, αnkIM), where

ηn =
τpρul

(∑K
i=1 βni

)2

σ2 + τpρul
∑K

i=1 βni
(2.18)

and

αnk =
(√
τpρulµn − 1

)2
βnk +

(√
τpρulµn

)2
K∑

j=1, j,k

βn j + µ
2
nσ

2. (2.19)

Note that ĉn and g̃S
nk are correlated. We can write ĉn in the normalized form as

ĉn =
√
ηnvn, (2.20)

where vn is the normalized vector with i.i.d. CN(0, 1) entries. For Scheme-S, let ĜS =[
ĜS

1 ĜS
2 · · · Ĝ

S
K

]
and G̃S =

[
G̃S

1 G̃S
2 · · · G̃

S
K

]
respectively denote the composite estimated chan-

nel matrix and the composite channel estimation error matrix for all L users, where ĜS
i =

Ĉ = [ĉ1 ĉ2 · · · ĉN] is the matrix of the estimates of channel to ith user in all the N groups, for

i ∈ {1, 2, · · · ,K} and G̃S
i =

[
g̃S

1i g̃S
2i · · · g̃S

Ni

]
is the corresponding estimation error. Note that

the variance, ηn, of each entry of ĉn is independent of user index k and depends only on the
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group index n. Therefore, using (2.20), ĜS
i can be equivalently written as

ĜS
i = Ĉ = VD

1
2
η , (2.21)

where V = [v1 v2 · · · vN] and D
1
2
η = diag

[
η1, η2, · · · , ηN

]
. The BS uses the estimated CSI ob-

tained based on either Scheme-I or Scheme-S to decode the signal received during the uplink

data transmission phase.

2.1.2 Uplink Data Transmission

Let qnk ∼ CN(0, 1) and γnk ∈ (0, ρul
]
, respectively denote the transmitted data symbol and

the uplink transmit power for UEnk for k ∈ {1, 2, · · · ,K} and n ∈ {1, 2, · · · ,N}. We assume that

all the symbols are independent of each other. The signal y ∈ CM×1 received at the BS during

uplink data signaling is given by

y = Gx + w , (2.22)

where w ∈ CM×1 is a noise vector with i.i.d. CN(0, σ2) entries and the collective symbol vector

x ∈ CL×1 transmitted by L users equals

x =
[
qT

1 D
1
2
γ1 qT

2 D
1
2
γ2 · · · qT

KD
1
2
γK

]T

, (2.23)

where qi =

[
q1i q2i · · · qNi

]T

is the symbol vector transmitted by the ith user in all N groups and

Dγi = diag
[
γ1i, γ2i, · · · , γNi

]
, for i ∈ {1, 2, · · · ,K}.

2.2 Spectral Efficiency Analysis

In an M × L massive MIMO system, the conventional ZF decoder takes up L = N × K

degrees-of-freedom (DoF) to completely cancel the inter-user interference at the BS. This puts

a constraint that maximum M − 1 users can be simultaneously served with a non-zero achiev-

able SE. Furthermore, the conventional ZF decoder involves computation of the inverse of the

Grammian matrix
(
Ĝu

)′(
Ĝu

)
, for u ∈ {I,S}. Therefore, the conventional ZF decoder cannot be

designed based on correlated channel estimates acquired via shared pilot signaling. This man-

dates acquisition of CSI based on orthogonal pilots, which in turn scales the channel estimation
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overhead proportional to L.

Another decoding strategy used in the literature for NOMA-based massive MIMO systems

is MR decoding [11,73]. The advantage of MR decoding is that its BF gain scales proportional

to the number of antennas (M) at the BS and is independent of the number of users (L) in the

network. While intra-group interference can be cancelled using SIC at the BS, the MR decoder

fails to cancel IGI. Thus, every user experiences IGI and full/partial intra-group interference

based on the order in which SIC is done. This heavy interference badly impacts users with

weaker channel strengths.

In order to mitigate IGI with reduced channel estimation overhead, we first analyze the

achievable SE on the uplink of a NOMA-based massive MIMO system using ZF decoder de-

signed based on Scheme-I in Section 2.2.1 followed by that based on Scheme-S in Section

2.2.2.3 Subsequently, to ensure user fairness, we formulate the max-min optimization problem

and obtain the corresponding power control coefficients to ensure that the minimum achievable

SE is maximized. After that, we investigate two different grouping strategies: the non-scalable

NF grouping and the scalable NB grouping, and analyze their impact on the uplink achievable

SE.

2.2.1 Achievable SE with ZF based on Scheme-I

The ZF decoder A′ ∈ CN×M designed based on Scheme-I takes the following form:

A′ =
[
Z′Z

]−1
Z′ , (2.24)

where the nth column of Z ∈ CM×N with N ≤ L corresponds to the normalized channel estimate

for all users in the nth group. Note that the channel estimates for all users within a group are

perfectly correlated and differ only in the scaling factor captured by different large-scale fading

coefficients associated with different users within a group. However, the columns of Z are

completely uncorrelated since they correspond to distinct groups.

3We would like to note that MMSE decoding can also be employed at the BS. The MMSE decoders can be
designed based on the CSI estimates acquired with Scheme-I and Scheme-S. However, it is important to keep in
mind that it is not possible to obtain closed-form SE expressions for MMSE decoders. Only numerical simulations
can be done and SE can be presented in terms of expected values.
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The decoder in (2.24) is used at the BS to process the received signal y given in (2.22).

Expressing the true channel matrix in terms of its estimate and the estimation error and using

(2.14), we can rewrite (2.22) as

yI = ĜIx + w − G̃Ix

=

[
ZD

1
2
η1 · · ·ZD

1
2
ηK

] [
qT

1 D
1
2
γ1 · · · q

T
KD

1
2
γK

]T
+ nI

=

K∑
i=1

ZD
1
2
ηiD

1
2
γiqi + nI

, (2.25)

where nI
= w − G̃Ix. The BS pre-multiplies yI by the decoder A′ to give

yI
= A′yI = A′

K∑
i=1

ZD
1
2
ηiD

1
2
γiqi + A′nI

. (2.26)

From (2.24), we know that A′Z = IN . Therefore,

yI
=

K∑
i=1

IND
1
2
ηiD

1
2
γiqi + A′nI

. (2.27)

Note that yI
∈ CN×1. Thus, for n ∈ {1, 2, · · · ,N}, the nth entry of yI corresponds to the signal

received from users belonging to the nth group and is given by

yI
n =

K∑
i=1

√
ηniγniqni +

[
A′nI

]
n
. (2.28)

Using yI
n, the BS decodes the signal of UEnk for k ∈ {1, 2, · · · ,K}. Before decoding the sig-

nal of UEnk, the BS performs SIC. The only condition to ensure successful SIC for UEnk (k ∈

{1, 2, · · · ,K}) is that the BS should be able to decode the message of UEni with a rate at least

equal to the target rate of UEni, ∀ i ∈ {1, 2, · · · , k − 1} [74, 75].

Without loss of generality, we assume that, in the nth group

βn1 ≥ βn2 ≥ · · · ≥ βnK , (2.29)

for n ∈ {1, 2, · · · ,N}. With this ordering, the BS decodes the signal of the 1st user, i.e., the

strongest user in the group by treating every other user’s signal as noise. Then before decod-

ing the 2nd user’s signal, BS cancels the interference from the 1st user in the group and treats
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every other user’s signal as noise. In this way, the BS successively cancels the interference and

decodes the users’ signals in each group. Therefore, post-SIC, the processed signal for UEnk

equals

yI-SIC
nk =

√
ηnkγnkqnk +

K∑
i=k+1

√
ηniγniqni +

[
A′nI

]
n
. (2.30)

The interference from UEni is successively cancelled prior to decoding the signal of UEnk, for

i ∈ {1, 2, · · · , k−1}, k ∈ {1, 2, · · · ,K} and n ∈ {1, 2, · · · ,N}. Therefore, BS uses (2.30) to decode

the signal of UEnk.

Justification for the SIC decoding order: To understand the role of SIC decoding order, let

us consider a simple network with two users, user A and user B. Let Pt
ul be the uplink transmit

power available at user t ∈ {A, B}. Each user transmits its message on the uplink using the

transmit power available at its end. Therefore, the signals transmitted on the uplink by users A

and B are given by

xA =

√
PA

uls
ul
A , (2.31)

xB =

√
PB

uls
ul
B , (2.32)

respectively, where sul
t is the uplink message transmitted by user t ∈ {A, B} such that E

∣∣∣sul
t

∣∣∣2 = 1.

The signal received at the BS is given by

yul
BS =

√
PA

ulhAsul
A +

√
PB

ulhBsul
B + zBS , (2.33)

where zBS ∼ CN(0, σ2) is the additive Gaussian noise at BS.

On the uplink, the onus to do SIC is on the BS, and BS has the liberty to decide the SIC

decoding order depending on the desired rate pair within the capacity region [7], [13]. For

example, if the BS first decodes the message of the weaker user (user B) and cancels the inter-

ference that it creates to the stronger user (user A) before decoding the message of the stronger

user, then the performance of the stronger user improves [7], [13] while the performance of the

weaker user deteriorates further. With this decoding order, point Q in Figure 2.2 is achieved.

Therefore, with the decoding order to achieve point Q in Figure 2.2, the instantaneous SINRs
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for users A and B are given by

SINRul
A =

PA
ul|hA|

2

σ2 , (2.34)

SINRul
B =

PB
ul|hB|

2

σ2 + PA
ul|hA|

2
. (2.35)

On the other hand, suppose the received power of the weaker user’s signal is very less com-

pared to the stronger user’s received signal power. In that case, the BS first decodes the message

of the stronger user (user A) and cancels the interference that it creates to the weaker user (user

B) before decoding the message of the weaker user. This decoding order facilitates fairness

and maximizes the weaker user’s achievable rate [7], [13]. With this decoding order, point P

in Figure 2.2 is achieved. Therefore, if the objective is to improve fairness, the instantaneous

SINRs for users A and B are given by

SINRul
A =

PA
ul|hA|

2

σ2 + PB
ul|hB|

2
, (2.36)

SINRul
B =

PB
ul|hB|

2

σ2 . (2.37)

These two strategies lead to achieving very different points in the achievable capacity region as

it can be seen in Figure 2.2. As one of our primary objectives is to ensure performance fairness

in terms of SE, we employ the discussed SIC decoding order where the BS decodes the stronger

users’ signals and cancels the interference prior to decoding weaker users’ signals.

Theorem 2.1. Given yI-SIC
nk , a lower bound on the achievable SE of UEnk in NOMA-based mas-

sive MIMO system that uses ZF decoder designed based on channel estimation Scheme-I is
given by

RI
nk = δ log2

(
1 + SINRI

nk

)
, (2.38)

where δ = (1 − (τp/τc)) accounts for the channel estimation overhead and SINRI
nk denotes the

SINR for UEnk and is given by

SINRI
nk =

(M − N) ηnk γnk

σ2 + λI +
∑K

k′=k+1 (M − N) ηnk′γnk′
, (2.39)

where λI =
∑N

m=1
∑K

i=1 {(βmi − ηmi) γmi}.

Proof. The proof is given in Appendix A.1. □
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Fig. 2.2: Capacity region of uplink NOMA: hA = 1, hB = 0.7, PA
ul = 0.1, PB

ul = 0.1, σ2 = 0.1.

Remark: The term (M−N) in the numerator of (2.39) accounts for the DoF exhausted in IGI

cancellation. The term λI in the denominator of (2.39) accounts for the variance of the channel

estimation error with Scheme-I, and ηmi therein captures variance of the estimate of channel

vector corresponding to UEmi under pilot contamination. The third term in the denominator

of (2.39) is essentially the variance of the residual intra-group interference. Therefore, the

SINR expression in (2.39) captures the effects of (i) the DoF exhausted in IGI cancellation, (ii)

the intra-group pilot contamination under Scheme-I, (iii) the intra-group interference and (iv)

channel estimation errors under Scheme-I.

As we discussed the SE analysis of uplink massive MIMO-NOMA systems under ZF de-

coder designed using the estimates acquired with Scheme-I, we next discuss the SE analysis

under ZF decoder designed using the estimates acquired with Scheme-S.

2.2.2 Achievable SE with ZF based on Scheme-S

The ZF decoder B′ ∈ CN×M designed based on Scheme-S takes the following form:

B′ =
[
V′V

]−1
V′ . (2.40)

Note that the nth column of V ∈ CM×N with N ≤ L corresponds to the normalized channel

estimate for all users in the nth group. Also, the scaling factor captured by large-scale fading

is the same for all users within a group, unlike Scheme-I, and differs only across groups. The
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columns of V are uncorrelated since they correspond to distinct groups.

The decoder in (2.40) is used at the BS to process the received signal y given in (2.22).

Expressing the true channel matrix in terms of its estimate and the estimation error and using

(2.21), we can rewrite (2.22) as

yS = ĜSx + w − G̃Sx

=

[
VD

1
2
η · · ·VD

1
2
η

] [
qT

1 D
1
2
γ1 · · · q

T
KD

1
2
γK

]T
+ nS

=

K∑
i=1

VD
1
2
ηD

1
2
γiqi + nS

, (2.41)

where nS
= w − G̃Sx. The BS pre-multiplies yS by the decoder B′ to give

yS
= B′yS = B′

K∑
i=1

VD
1
2
ηD

1
2
γiqi + B′nS

. (2.42)

From (2.40), we know that B′V = IN . Therefore,

yS
=

K∑
i=1

IND
1
2
ηD

1
2
γiqi + B′nS

. (2.43)

Note that, yS
∈ CN×1. Thus, for n ∈ {1, 2, · · · ,N},

yS
n =

K∑
i=1

√
ηnγniqni +

[
B′nS

]
n
. (2.44)

Note that yS
n denotes the signal received from users belonging to the nth group. Using yS

n , the

BS decodes the signal of UEnk for k ∈ {1, 2, · · · ,K}. Before decoding the signal of UEnk, the

BS does SIC based on the decoding order explained in Section 2.2.1. Therefore, post SIC, the

processed signal for UEnk equals

yS-SIC
nk =

√
ηnγnkqnk +

K∑
i=k+1

√
ηnγniqni +

[
B′nS

]
n
. (2.45)

Theorem 2.2. Given the side information Ω = V and yS-SIC
nk , a lower bound on the achievable

SE of UEnk in NOMA-based massive MIMO system that uses ZF decoder designed based on
channel estimation Scheme-S is given by

RS
nk = δ log2

(
1 + SINRS

nk

)
, (2.46)
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where SINRS
nk denotes SINR for UEnk and is given by

SINRS
nk =

(M − N) ηn γnk

σ2 + λS +
∑K

k′=k+1 (M − N) ηnγnk′
, (2.47)

where

λS =

K∑
i=1


 N∑

j=1

γ jiα ji

 − 1
N

 N∑
j=1

γ
1
2
ji

ϵ ji
√
η j


2 , (2.48)

ϵ ji =
(√
τpρulµ j − 1

) (√
τpρulµ j

)
β ji +

(√
τpρulµ j

)2
K∑

l=1,l,i

β jl + µ
2
jσ

2, (2.49)

with α ji as given in (2.19) and η j as given in (2.18).

Proof. The proof is given in Appendix A.2. □

Remark: The term (M − N) in the numerator of (2.47) accounts for the DoF exhausted

in IGI cancellation. The term λS in the denominator of (2.47) accounts for the variance of the

channel estimation error with Scheme-S, and η j therein captures variance of the estimate of sum

of channel vectors corresponding to all users UE ji in group i under pilot contamination. The

third term in the denominator of (2.47) denotes the variance of the residual intra-group interfer-

ence. Therefore, the SINR expression in (2.47) captures the effects of (i) the DoF exhausted in

IGI cancellation, (ii) the intra-group pilot contamination under Scheme-S, (iii) the intra-group

interference and (iv) channel estimation errors under Scheme-S.

In the next section, we formulate a max-min power allocation problem and solve using

convex programming. Owing to the requirement of convex programming, we obtain an upper

bound on λS so that the optimization problem gets converted to a set of linear feasibility prob-

lems. Recall that λS =
∑K

i=1

[(∑N
j=1 γ jiα ji

)
− 1

N

(∑N
j=1 γ

1
2
ji
ϵ ji
√
η j

)2
]
. Using the fact that for positive

numbers, the square of their sum is lower bounded by the sum of their squares, we get N∑
j=1

γ
1
2
ji

ϵ ji
√
η j


2

≥

N∑
j=1

(
γ

1
2
ji

ϵ ji
√
η j

)2

=

N∑
j=1

γ ji

(
ϵ ji
√
η j

)2

. (2.50)

Therefore,

λS =

K∑
i=1


 N∑

j=1

γ jiα ji

 − 1
N

 N∑
j=1

γ
1
2
ji

ϵ ji
√
η j


2 (2.51)
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≤

K∑
i=1


 N∑

j=1

γ jiα ji

 − 1
N

N∑
j=1

γ ji

(
ϵ ji
√
η j

)2
 (2.52)

=

K∑
i=1

N∑
j=1

γ ji

α ji −
1
N

(
ϵ ji
√
η j

)2 (2.53)

= λS-UB, (2.54)

where λS-UB denotes an upper bound on λS. Using this upper bound λS-UB, we get a lower bound

on SINRS
nk and then we use this lower bound to formulate a max-min power allocation problem

which can be solved using convex programming.

Theorem 2.3. Using the fact that λS-UB is an upper bound on λS, a lower bound on the SINRS
nk

is given by

SINRS-LB
nk =

(M − N) ηn γnk

σ2+λS-UB+
∑K

k′=k+1(M−N) ηnγnk′
, (2.55)

where λS-UB =
∑K

i=1
∑N

j=1 γ ji

(
α ji −

1
N

(
ϵ ji
√
η j

)2
)

with ϵ ji, α ji and η j is given in (2.49), (2.19) and

(2.18), respectively.

Remark: Notice that the coherent BF gain in the numerator of (2.39) and (2.55) is propor-

tional to (M − N), where N ≤ τp < τc. Consequently, with ZF decoders A′ and B′ designed

using the channel estimates acquired based on Scheme-I and Scheme-S, we can increase the

total number of users served by increasing K and keeping N (< min {M, τc}) fixed, while main-

taining a non-zero but reasonable achievable SE.

2.3 Max-Min Power Control

In this section, we investigate max-min power control to ensure that all users achieve a

common optimal rate. The max-min power control implies that the power allocation ensures

maximization of the minimum of the SINRs among all users’ SINRs. Specifically, based on the

result presented in Theorem 2.1, the max-min optimal power control coefficients {γnk} would

ensure that SINRI
nk = SINR

I
, for all n and k, where SINR

I
denotes a constant value. Similarly,

based on the result presented in Theorem 2.3, the max-min optimal power control coefficients

{γnk} would ensure that SINRS-LB
nk = SINR

S-LB
, for all n and k, where SINR

S-LB
denotes a con-

stant value.
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In other words, the max-min power control entails setting all SINR values equal to a com-

mon target SINR value SINR
p

and then finding the largest possible value of SINR
p

while sat-

isfying the constraints 0 ≤ γnk ≤ ρul and SINRnk ≥ SINR
p
, ∀n, k where p ∈ {I,S-LB}. While

the former constraint is the transmit power constraint at every user, the latter constraint ensures

that every user attains an SINR greater than or equal to SINR
p
. Note that ρul is the maximum

transmit power available at each user for uplink data transmission.

Mathematically, the max-min optimization problem can be stated in the epigraph form4

as [11, 14, 76],

P1 : maximize SINR
p
, (2.56)

with respect to γ11, · · · , γnk, · · · , γNK ,

subject to SINRp
nk ≥ SINR

p
, ∀n, k, (2.57)

0 ≤ γnk ≤ ρul, ∀n, k, (2.58)

where the power allocation coefficients {γnk} are the optimization variables, the constraints in

(2.57) and (2.58) are the common target SINR constraint and the power constraint at each user,

respectively. The novel SINR expressions derived for the kth user in the nth group using ZF

decoder based on Scheme-I or Scheme-S can be expressed in a generic form as

SINRp
nk =

(M − N) ηp
nk γnk

σ2 + λr +
∑K

k′=k+1 (M − N) ηp
nk′γnk′

, (2.59)

where p ∈ {I,S-LB}, r ∈ {I,S-UB}, ηI
nk = ηnk, ηS-LB

nk = ηn with λI =
∑N

m=1
∑K

i=1 γmi ami and

λS-UB =
∑N

m=1
∑K

i=1 γmi bmi where ami = (βmi − ηmi) and bmi =

(
αmi −

1
N

(
ϵmi√
ηm

)2
)
. Note that de-

pending on the SIC decoding order at the BS, the number of terms in the intra-group interfer-

ence
∑K

k′=k+1 (M − N) ηp
nk′γnk′ , in the denominator of (2.59) may turn out to be different for every

user. Therefore, for NOMA systems, the max-min optimization problem, as stated above, is an-

alytically intractable. However, this optimization problem can be solved numerically using an

optimization tool referred to as CVX [11,14,15,77]. Using (2.59), we can rewrite the constraint

4In the epigraph form of an optimization problem, an auxiliary variable SINR
p

is introduced which must satisfy
the constraint that SINRp

nk ≥ SINR
p
, ∀n, k, and the objective is to maximize this auxiliary variable itself [76].

48

TH-3521_166302001



2.3 Max-Min Power Control

in (2.57) as

Cnk : SINR
p
σ2 + λr +

K∑
k′=k+1

(M − N) ηp
nk′γnk′

− (M − N) ηp
nkγnk ≤ 0. (2.60)

Therefore, the max-min optimization problem P1 can be rewritten as

P2 : maximize SINR
p
, (2.61)

with respect to γ11, · · · , γnk, · · · , γNK ,

subject to Cnk, ∀n, k (2.62)

0 ≤ γnk ≤ ρul, ∀n, k, (2.63)

where Cnk is given in (2.60). In this optimization problem, we observe that the constraints are

linear with respect to the optimization variables {γnk}, i.e., the power allocation coefficients.

Hence, we can solve P2 as a linear programming feasibility problem for a fixed SINR
p
. While

solving this problem for a given SINR
p
, if the common target SINR constraint Cnk is satisfied

∀n, k, then the transmit power corresponding to each user must be increased as SINR
p

increases

to ensure that all the constraints are satisfied. And essentially, the problem reduces to perform-

ing a line search over SINR
p

to find its maximum value for which the constraints are satisfied

while solving the linear feasibility problem.

The CVX solves any linear programming feasibility problem using the bisection search

method [14,15,76]. Based on this method, a candidate value of SINR
p

is computed through bi-

section over an initially chosen search space between SINR
p
lower = 0 and SINR

p
upper =

(M−N) ηp
nk γnk

σ2 ,

which is the maximum value that can be assumed by the objective function in the absence of any

interference and channel estimation errors. Specifically, SINR
p
candidate =

SINR
p
lower+SINR

p
upper

2 . For

this computed SINR
p
candidate, a linear feasibility problem is then solved to obtain the power allo-

cation coefficients γn,k ∀ n, k. If the solution obtained is feasible, then the search space is updated

with SINR
p
lower = SINR

p
candidate, else the search space is updated with SINR

p
upper = SINR

p
candidate.

Thus, the search space of the max-min SINR value is halved in each iteration. And this reduc-

tion in the search space is continued until the search space, i.e.,
[
SINR

p
lower,SINR

p
upper

]
becomes
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negligibly small. This is when the algorithm terminates and gives the optimal feasible set of

optimization variables
{
γ⋆n,k

}
, and the corresponding optimal value of the linear objective func-

tion, SINR
p⋆

. Note that the set of linear programming feasibility problems can be classified as

a convex program and the solution thus obtained based on bisection search is guaranteed to be

the globally optimal solution [76].

2.4 User Grouping Strategies

Dividing users in the network into several groups with each group consisting of a smaller

number of users is essential to reducing the complexity associated with SIC, reducing the neg-

ative impact of error propagation due to SIC, and controlling the impact of intra-group interfer-

ence [7]. As we know from the NOMA literature, the users’ performance varies significantly

with user grouping and power allocation strategy adopted [78]. Thus, while ensuring uniform

quality-of-service, we investigate two different user grouping strategies, namely, NF grouping

and NB grouping5. The user with the largest large-scale fading coefficient value is called the

strongest user, and the user with the smallest large-scale fading coefficient value is called the

weakest user. In NF grouping, the strongest user is grouped with the weakest user; the sec-

ond strongest user is grouped with the second weakest user, and so on. In NB grouping, the

strongest user is grouped with the second strongest user; the weakest user is grouped with the

second weakest user, and so on. We use an example to elaborate the user grouping strategies

and illustrate their impact on the strength of the channel estimates.6

Example: Consider a 4-user system as shown in Fig. 2.3 with βi denoting the large-scale

fading coefficient value of user i for i ∈ {1, 2, 3, 4}. Let β1 ≥ β2 ≥ β3 ≥ β4. Based on NF

5Although on the downlink, the difference in the channel gains of users within a group is crucial to ensure
successful SIC, on the uplink, the only condition for successful SIC is that the BS should be able to decode the
stronger user’s message with a rate at least equal to its target rate [74], [75]. Therefore, considered user grouping
strategies do not hamper successful SIC at the BS.

6We would like to point out that the considered user grouping strategies, NF grouping and NB grouping, are
easy-to-implement and effective strategies. Although optimal user grouping strategies will optimize the given
objective function, they will put a computational burden on the system. Furthermore, design of optimal user
grouping strategies is an interesting avenue for research. However, it is not the focus of our current work. Our
contributions are focused on employing easy-to-implement user grouping strategies and understand their interplay
with low-overhead channel estimation schemes in the light of ensuring fairness in users’ performance in terms of
achievable SE.
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User 1 

(β1)

User 3 

(β3)

User 2 

(β2)

User 4 

(β4)

Near-Far Grouping – Pair 1

Neighbor Grouping – Pair 1 Neighbor Grouping – Pair 2

Near-Far Grouping – Pair 2

Fig. 2.3: User grouping strategies.

grouping strategy, user 1 is grouped with user 4, and user 2 is grouped with user 3. On the

other hand, based on NB grouping strategy, user 1 is grouped with user 2, and user 3 is grouped

with user 4. Let η j,t
i denote the variance of the channel estimate of user i for grouping strategy

j ∈ {NF,NB} using the channel estimation Scheme-t where t ∈ {I,S} explained in Section 2.1.1.

Therefore, with NF grouping,

ηNF,I
1 =

τpρulβ
2
1

σ2 + τpρul(β1 + β4)
, (2.64)

ηNF,I
4 =

τpρulβ
2
4

σ2 + τpρul(β1 + β4)
, (2.65)

ηNF,S
1 =

τpρul (β1 + β4)2

σ2 + τpρul(β1 + β4)
, (2.66)

ηNF,S
4 =

τpρul (β1 + β4)2

σ2 + τpρul(β1 + β4)
. (2.67)

Similarly, with NB grouping,

ηNB,I
1 =

τpρulβ
2
1

σ2 + τpρul(β1 + β2)
, (2.68)

ηNB,I
4 =

τpρulβ
2
4

σ2 + τpρul(β3 + β4)
, (2.69)

ηNB,S
1 =

τpρul (β1 + β2)2

σ2 + τpρul(β1 + β2)
, (2.70)

ηNB,S
4 =

τpρul (β3 + β4)2

σ2 + τpρul(β3 + β4)
. (2.71)

Using the relationship that β1 ≥ β2 ≥ β3 ≥ β4 and the fact that square (·)2 is a monotonically

increasing function,

ηNB,I
4 ≥ ηNF,I

4 , (2.72)
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Table 2.1: Simulation parameters.
Parameter Description Justification
Inner radius (do) 100 m A typical urban micro-cell
Outer radius 300 m A typical urban micro-cell
Path-loss model (βnk) βnk = 10(ϕ/10)βo (do/dnk)ν, where ϕ ∼

CN(0, σ2
s), σ2

s = 4 dB is the variance
of log-normal shadowing

3GPP path loss model for a typical ur-
ban micro-cell [79]

Reference path loss (βo) −35.3 dB Computed using the model in [79]
Path loss exponent (ν) 2.4 A widely used path loss exponent value

in literature [11]
Length of a coherence in-
terval (τc)

168

Length of each pilot se-
quence

(
τp

) N = number of groups

Bandwidth 20 MHz A typically used value in the literature
[80]

BS noise figure 7 dB
Noise power

(
σ2

)
−93.8 dBm A typically used value in the literature

[80]
UE transmit power (ρul) 20 dBm A typically used value [81]
User locations Users are dropped uniformly within the

annular ring

ηNF,S
4 ≥ ηNB,S

4 , (2.73)

ηNB,S
4 ≥ ηNB,I

4 . (2.74)

Based on (2.72)-(2.74), it is clear that, for channel estimation using Scheme-I, the NB grouping

strengthens the channel estimate of the weakest user, i.e., user 4, while for channel estimation

using Scheme-S, the NF grouping strengthens the channel estimate of the weakest user. Further-

more, unlike NF grouping, NB grouping, by design, is a scalable strategy in which it is feasible

to have more than two users per group. Therefore, along with the ZF decoder, we can use NB

grouping to serve a very large number of users by increasing K and keeping N(< min {M, τc})

constant while maintaining a non-zero data rate. From (2.72)-(2.74), it is clear that irrespective

of grouping strategy, the weakest user’s channel estimate is better with Scheme-S than with

Scheme-I.
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Fig. 2.4: Max-min achievable SE comparison: over-loading, M = 64, K = 2.

2.5 Numerical and Simulation Results

In this section, we present numerical results to quantify the improvement in the uplink max-

min achievable SE of a NOMA-based massive MIMO system that uses a ZF decoder relative

to that obtained using an MR decoder. We also present results to analyze the impact of two dif-

ferent grouping strategies, namely, NF grouping and NB grouping, on the max-min achievable

SE with ZF decoder and prove that NOMA-based massive MIMO system with NB grouping

can serve significantly more numbers of users with a reasonable max-min achievable SE when

compared against conventional massive MIMO system with ZF decoder. The details of the sim-

ulation parameters are given in Table 2.1. Unless mentioned otherwise, we take K = 2, i.e., two

users per group. We obtain the max-min power control coefficients to ensure that the minimum

achievable SE is maximized and users get uniform quality-of-service.

Figure 2.4 plots the max-min achievable rate averaged over user locations for uplink of a

massive MIMO-NOMA system as a function of the number of users L with ZF decoder designed

using channel estimates obtained via Scheme-I and Scheme-S for both the grouping strategies,

namely, NB grouping and NF grouping for M = 64. We present Monte Carlo simulations to

corroborate our analysis. We also benchmark against the performance achieved with MR decod-

ing [11], assuming perfect SIC at the BS. We observe that the ZF decoder based on Scheme-S
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Fig. 2.5: Max-min achievable SE comparison: under-loading, M = 256, K = 2.

L ZF, Scheme-S, NF ZF, Scheme-I, NF ZF, Scheme-S, NB ZF, Scheme-I, NB
40 1.2087 0.3881 1.0808 0.7459
80 0.4695 0.0956 0.4347 0.2588

Table 2.2: Comparison of SEs (in bps/Hz) of decoding schemes.

gives a higher max-min achievable SE compared to that obtained under the ZF decoder based on

Scheme-I for both grouping strategies. Specifically, in under-loaded regime, e.g., L = 40, when

NF grouping is employed, the max-min achievable SE of ZF based on Scheme-S is 3 times that

of ZF based on Scheme-I. On the other hand, in the over-loaded regime, e.g., L = 80, when

NF grouping is employed, the max-min achievable SE of ZF based on Scheme-S is almost 5

times that of ZF based on Scheme-I. Similarly, when NB grouping is employed, the max-min

achievable SE with ZF based on Scheme-S is approximately 1.5 times of that with ZF based on

Scheme-I, for both under-loaded (e.g., L = 40) and over-loaded (e.g., L = 80) regimes. This

is primarily because, Scheme-S boosts the strength of the channel estimate of the weakest user

when compared against Scheme-I, as explained in Section 2.1.1. Also, under Scheme-S, NF

grouping gives a better quality channel estimate to the weakest user when compared against

NB grouping. Hence, the ZF decoder based on Scheme-S gives a higher max-min rate with NF

grouping than NB grouping. Specifically, in the under-loaded regime, e.g., L = 40, the max-min

achievable SE with ZF based on Schemes-S under NF grouping is almost 12% higher than that
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with ZF based on Scheme-S under NB grouping.

Furthermore, for L < M (under-loading), the ZF decoder based on Scheme-S and Scheme-I

both outperform the MR decoder because of their ability to cancel IGI. For L ≥ M (over-

loading), the ZF decoder based on Scheme-S gives the highest max-min achievable SE among

all considered strategies for a substantial portion of the overloaded regime. However, as the

number of users increases, the BF gain achieved with the ZF decoder reduces, but the BF gain

with MR decoder is independent of the number of users and remains constant at M. Hence,

the max-min SE achieved with the MR decoder is marginally higher than that achieved with ZF

decoder for L ≫ M.

Figure 2.5 shows the max-min achievable SE comparison for M = 256 > L, i.e., the under-

loaded regime. As M increases to 256, the max-min SE increases relative to that illustrated in

Fig. 2.4 for M = 64 because of the consequent increase in the BF gain for all strategies. In this

under-loaded regime, we can see that the ZF decoder based on Scheme-S with NF grouping

gives the highest max-min SE among all the channel estimation, user grouping and NOMA

decoding strategies considered. This is essentially due to the complete cancellation of IGI by

the ZF decoder based on Scheme-S and the fact that for Scheme-S, NF grouping boosts the

strength of the estimated channel to the weakest user in the network.

Note that NF grouping is not a scalable strategy, whereas NB grouping is a scalable strategy.

From Figs. 2.4 and 2.5, it is clear that the ZF decoder based on Scheme-S with scalable NB

grouping outperforms every other scalable strategy over a substantial portion of the over-loaded

regime. Therefore, we can serve a large number of users by employing the ZF decoder based

on Scheme-S with NB grouping obtaining a significantly higher max-min SE in a large portion

of the over-loaded regime.

In Fig. 2.6, we plot the max-min achievable rate versus the number of users (L) in the

network for Scheme-S with ZF decoding and scalable NB grouping strategy in the over-loaded

regime, i.e., for L ≥ M = 120. We show results for three different values of K (number

of users per group), namely, K = 2, 3, and 4. We also benchmark against the max-min rate

achieved using conventional massive MIMO decoders in the over-loaded regime. From this
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Fig. 2.6: Max-min achievable SE comparison: over-loading, M = 120.

plot, we observe that in the over-loaded regime, the BF gain (M − N), where M is the number

of antennas at the BS and N is the number of user groups, reduces to zero at a faster rate with

K = 2 users per group when compared against K = 4 users per group. This is because for a

given number of users L = NK in the network, N is larger with smaller K. As expected, the

max-min SE achieved by any user decreases as L increases.

Furthermore, with ZF decoder based on Scheme-S and with NB grouping strategy, a rel-

atively larger number of users can be served while maintaining a reasonable max-min SE in

contrast to the number of users served using conventional massive MIMO decoders. To be

precise, under ZF decoding based on Scheme-S and NB grouping, one can serve K× number

of users, i.e., min{MK, τcK} users for N < min{M, τc}. Contrary to this, zero max-min SE is

achieved with conventional ZF and conventional MR decoders for L ≥ min{M, τc} and L ≥ τc,

respectively.

In contrast, in Fig. 2.7, we plot max-min achievable SE versus the number of users (L) in

the network with ZF decoding based on Scheme-S and the scalable NB grouping strategy in

the under-loaded regime, i.e., for L < M = 200. In the under-loaded regime, we observe a

reversal in the performance trend. Specifically, in the under-loaded regime, as we increase the

number of users in a group from K = 2 to K = 4, due to increase in the number of users that
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Fig. 2.7: Max-min achievable SE comparison: under-loading, M = 200.

share the same pilot sequence within a group, the intra-group pilot contamination increases.

Consequently the achievable max-min SE decreases because the reduction in the max-min SE

due to increased intra-group pilot contamination dominates over the increment in the max-min

SE due to improved BF gain.

Figure 2.8 compares the max-min sum SE for the ZF decoder based on Scheme-S with

scalable NB grouping for different number of users per group (K = 2, 3, 4). We observe that the

sum-SE under max-min power allocation first increases as L increases and then reduces since

the channel estimation overhead reduces the number of samples left for data transmission in a

coherence interval. The ZF decoder based on Scheme-S with NB grouping strategy can provide

a reasonable max-min sum-SE while serving a larger number of users, precisely min{MK, τcK}

for N < min{M, τc} with K users per group.

Observe that the performance trend reverses from under-loaded regime (L < M) to the

over-loaded regime (L ≥ M). In the under-loaded regime, as the number of users within a

group increases, the effect of intra-group pilot contamination increases and the max-min sum-

SE decreases. Therefore, the max-min sum-SE performance for K = 2 is higher than that for

K = 4 in the under-loaded regime. To increase L = NK for a fixed value of K, we need to

increase N. Consequently, as L increases, the BF gain (M − N) decreases. Notice that as L
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Fig. 2.8: Max-min achievable sum SE comparison: M = 120.
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Fig. 2.9: Fairness comparison among SE achieved with different power allocation policies using pro-
posed ZF decoder based on Scheme-S and neighbor grouping: M = 8, L = 8, K = 2.

increases, the BF gain decreases the fastest for K = 2 and the BF gain decreases the slowest for

K = 4 because for a fixed value of L, N = L/2 for K = 2 and N = L/4 for K = 4. Moreover,

the impact of the BF gain variation on the max-min sum-SE is more prominent than that of the

intra-group pilot contamination in the over-loaded regime. Therefore, we observe a reversal in

the performance trend when we move from the under-loaded regime (L < M) to the over-loaded

regime (L ≥ M).

In Figs. 2.9(a), 2.9(b) and 2.9(c), we plot the achievable SE (with the ZF decoder designed

based on Scheme-S and NB grouping) versus user index for three different power allocation

policies. The plot in Fig. 2.9(a) is for max-min power allocation in which optimal power al-
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location coefficients are derived to ensure that the minimum user SE is maximized and every

user gets the same rate at optimality irrespective of user locations. The plot in Fig. 2.9(b) is for

greedy power allocation in which every user transmits with full power equal to ρul intending to

maximize its own signal strength, and hence every user ends up getting a different achievable

SE. And the plot in Fig. 2.9(c) is for inversion power allocation in which kth user in nth group

transmits with power equal to

γnk = ρul
mini, j{ηi j}

ηnk
(2.75)

leading to the user with the minimum estimated channel strength transmitting with the full

power and the user with the maximum estimated channel strength transmitting with the least

power. As we can clearly see in Figs. 2.9(a), 2.9(b), and 2.9(c), the max-min power control

is fairer than the greedy power control and inversion power control. Another precise way

to quantify this fact is to observe Jain’s fairness index for these three power allocation poli-

cies [82], [83]. The Jain’s fairness index is given by

J =

(∑L
i=1 Ri

)2

L
∑L

i=1 R2
i

, (2.76)

where L is the total number of users and Ri is the achievable rate of user i. Notice that 1/M ≤

J ≤ 1. Also, J = 1 indicates the most fair policy, and J = 1/M indicates the least fair policy.

For the plots in Figs. 2.9(a), 2.9(b), 2.9(c), the Jain’s fairness index values are J = 1, J = 0.77

and J = 0.86, respectively.

2.6 Summary

We analyzed the uplink of a NOMA-based massive MIMO system with a ZF decoder de-

signed using estimated uplink CSI at the BS to cancel IGI. We considered two low overhead

channel estimation schemes, namely, Scheme-I and Scheme-S, and two user grouping strate-

gies, namely, NF grouping and NB grouping. We derived new expressions for SINR and lower

bounds on the achievable SE corresponding to both the estimation schemes. To ensure uniform

quality-of-service, we formulated a max-min transmit power allocation problem and obtained

corresponding max-min power allocation coefficients using geometric programming and CVX.
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Through extensive simulations based on derived achievable SE expressions, we draw the fol-

lowing inferences:

• In a substantial portion of the over-loaded regime (L ≥ M) and in entire under-loaded

regime (L < M), the designed ZF decoder based on Scheme-S with NF grouping strategy

gives the highest max-min SE among all the considered NOMA decoding and grouping

strategies.

• Also, for L ≥ M, the designed ZF decoder based on Scheme-S with scalable NB grouping

strategy can support a larger number of users, precisely min{MK, τcK}, with a reasonable

max-min SE when compared against conventional ZF decoder and conventional MR de-

coder that cannot support more than min{M, τc} and τc users, respectively.

• Furthermore, among all the considered scalable strategies, for L < M, L ≥ M but L 4

M, the designed ZF decoder based on Scheme-S with scalable NB grouping gives the

highest max-min SE and can simultaneously serve a very large number of users, precisely

min{MK, τcK} for N < min{M, τc}.

• However, for L ≫ M, MR decoder based on Scheme-I with NB grouping achieves

marginally higher max-min SE when compared against ZF decoder, since the BF gain

with MR decoder is M and is independent of L, whereas, with ZF decoder, the BF gain

(M − N) decreases as L increases keeping K fixed.
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3. Massive MIMO-NOMA Systems under Channel Aging

In the previous chapter, we investigated and discussed the challenges in uplink massive

MIMO-NOMA systems. Therein, we considered quasi-static Rayleigh faded channel where

channel is assumed to be invariant over a coherence interval and hence channel needs to be esti-

mated once every coherence interval. However, in case of high mobility, length of the coherence

interval reduces. With a significantly large number of high-speed mobile users in the network,

there could be a significant delay between the time when the channel estimates are acquired and

the time when the estimates are used for data processing. This phenomenon is called as channel

aging [8].

In this chapter, we investigate the uplink massive MIMO-NOMA systems under channel

aging to quantify the collective impact of channel outdatedness, pilot contamination and imper-

fect SIC. In this direction, we first present uplink pilot signaling and Jakes model to incorporate

effects of channel aging and develop expressions for MMSE-based outdated channel estimates

using two low-overhead estimation schemes, namely, Scheme-I and Scheme-S. We then de-

sign ZF and MR decoders using the outdated channel estimates obtained with Scheme-I and

Scheme-S, and derive corresponding novel lower bounds on achievable SE. The presented anal-

ysis captures the impact of imperfect SIC along with estimation error and channel aging.

Thereafter, as a counter-measure to channel outdatedness, we derive an optimal WLP to pre-

dict the channel and develop corresponding achievable SE expressions for ZF and MR decoders

designed using predicted CSI. With the aim of improving performance fairness among users

in terms achievable SE, we formulate and solve max-min fairness and proportional fairness

optimization problems, and obtain corresponding power allocation coefficients using convex

programming. We also present extensive numerical results to elucidate the impact of aging,

pilot contamination and imperfect SIC on power control and the type of decoding strategy used

in these systems.

Chapter Organization: In Section 3.1, we discuss system model, channel estimation

schemes and uplink data transmission. In Section 3.2, we present the detailed SE analysis for

ZF and MR decoders based on outdated CSI. Therein, we also discuss max-min power control

and proportional fairness power control. Next, in Section 3.3, we elucidate the SE analysis for
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Fig. 3.1: System model: Uplink massive MIMO-NOMA under time-variant channel.

ZF and MR decoders based on the predicted CSI. Extensive numerical results and discussion

are provided in Section 3.5. Finally, we state conclusions in Section 3.6.

3.1 System Model

We investigate a massive MIMO-NOMA system where L single-antenna users are served

by a BS with M antennas. User grouping is necessary to employ NOMA. We form N groups

of users with K users in each group, where L = N × K. User grouping is based on users’

channel strengths. Let UEnk denote kth user in the nth group, where k ∈ K = {1, 2, · · · ,K} and

n ∈ N = {1, 2, · · · ,N}. We denote the channel vector from the BS to UEnk at tth symbol instant

by gnk[t] ∈ CM×1. We consider that gnk[t] ∼ CN(0, βnkIM) and it varies slowly across symbols.

Note that βnk, which denotes large-scale fading, varies at a much slower time scale compared to

small scale fading coefficients [84]. Let G[t] ∈ CM×L represent the concatenated channel matrix

at tth symbol instant to all users. Therefore, G[t] is given by G[t] = [G1[t] G2[t] · · · GK[t]],

where Gi[t] ∈ CM×N represents the concatenated matrix of channel coefficients to the ith user in

all N groups at tth symbol instant and is given by Gi[t] =
[
g1i[t] g2i[t] · · · gNi[t]

]
, for i ∈ K , as

shown in Fig. 3.1. Based on the aging model in [8], the composite channel matrix at (t + u)th

symbol instant is

G[t + u] = α(u)G[t] − E[t + u], (3.1)
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where α(u) captures the correlation between G[t] and G[t + u], and E[t + u] is the temporally

uncorrelated complex white Gaussian noise matrix at the (t + u)th symbol instant. Note that

E[t + u] is the error due to channel aging [8]. According to Jakes model, α(u) = J0
(
2πfDTS |u|

)
.

Here J0, TS and fD =
vfc
c respectively denote the zeroth-order Bessel function of the first kind,

the channel sampling interval, and the maximum Doppler frequency shift for velocity v and

carrier frequency fc (c denotes the speed of light). Note that 0 ≤ |α(u)| ≤ 1, and channel gets

increasingly outdated as the value of |α(u)| decreases. Also, error due to channel aging is given

by

E[t + u] = [E1[t + u] E2[t + u] · · · EK[t + u]] , (3.2)

with Ei[t + u] = [e1i[t + u] · · · eNi[t + u]] , where enk[t + u] ∼ CN
(
0,

(
1 − α(u)2

)
βnkIM

)
, for

n ∈ N and k ∈ K . Using this model, we can rewrite (3.1) as

G[t + u] = α(u)
(
Ĝ[t] − G̃[t]

)
− E[t + u], (3.3)

where Ĝ[t] and G̃[t] denote the estimated CSI at tth symbol instant at the BS and the corre-

sponding error in estimation.1 The channel estimation is performed at the BS in the uplink pilot

training phase. The channel estimates age with time and are used to design the ZF and MR

decoders at the BS.

3.1.1 Channel Estimation

We consider a frame of observation of T symbols, in which initial τp symbols are used for

uplink pilot training for channel estimation at the BS2 and remaining T − τp symbols are used

for data transmission. During the data transmission phase, the channel is assumed to be constant

for the period of one symbol and varying slowly from symbol to symbol [8, 48, 54].

To estimate the uplink channel coefficients, an orthogonal pilot sequence is allocated to

every group of users. The τp length pilot sequence allocated to the nth group is denoted by

1It is important to note that the channel aging emerges from the outdatedness of the estimated channel due to
time variations in channel caused by mobility-induced Doppler shift. The model used for outdated channel is based
on the time correlation between the estimated channel and the outdated channel. Therefore, modelling outdated
channel without accounting for the channel estimation errors would not be justified.

2The underlying assumption is that the channel remains constant during estimation phase. During estimation
phase of length τp, we neglect the error in estimation that would arise due to channel aging [8, 48, 54, 85].
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ψψψn ∈ C
τp . All users within the nth group transmit ψψψn on the uplink for channel estimation. Note

that the allocated pilot sequences are orthogonal across groups. Therefore, ψψψ′iψψψ j = δi j, where

δi j = 1 for i = j, and δi j = 0 otherwise. This orthogonality is ensured only if τp ≥ N, where N

denotes the total number of groups.

The signal Yp[t] ∈ CM×τp received at the BS during the channel estimation phase is given by

Yp[t] =
√
τpρul [G1[t] + · · · +GK[t]]ΨΨΨ ′ +Wp[t] , (3.4)

where ρul denotes the transmit power of each user, ΨΨΨ =
[
ψψψ1 ψψψ2 · · · ψψψN

]
∈ Cτp×N denotes

composite pilot matrix. Moreover, Wp[t] ∈ CM×τp denotes the AWGN matrix with entries

which are i.i.d. and follow CN(0, σ2) distribution. We can rewrite (3.4) as

Yp[t] =
√
τpρul

N∑
n=1

K∑
i=1

gni[t]ψψψ′n +Wp[t]. (3.5)

The BS exploits the orthogonality of pilot sequences and obtains the de-spreaded signal ypn[t] ∈

CM×1 given by

ypn[t] ≜ Yp[t]ψψψn =
√
τpρul

K∑
i=1

gni[t] + wpn[t] , (3.6)

where wpn[t] = Wp[t]ψψψn ∼ CN(0, σ2IM). The BS uses ypn[t] to estimate CSI corresponding to

users in the nth group.

Using ypn[t], below we explain two MMSE-based estimation schemes, Scheme-I and Scheme-

S, employed at the BS. With Scheme-I, the aim is to obtain the CSI estimate for all users in-

dividually. On the other hand, with Scheme-S, the aim is to obtain the CSI estimate for each

group. Therefore, for each group of users, an estimate is obtained for the sum of all users’

channel vectors within the group.3

3The estimation overhead and type of pilot assignment for both schemes is essentially the same, and considered
schemes reduce the overhead to just N symbols, unlike N × K symbols for conventional schemes.
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3.1.1.1 MMSE Estimates with Scheme-I

Using ypn[t] in (3.6), the MMSE estimate ĝnk[t] of gnk[t] to UEnk is given by [72]4

ĝnk[t] = ζnk ypn[t] = gnk[t] + g̃I
nk[t] , (3.7)

where ζnk =
√
τpρulβnk

σ2+τpρul
∑K

i=1 βni
and g̃I

nk[t] is the error in estimate which is equal to

g̃I
nk[t] =

(√
τpρulζnk − 1

)
gnk[t] +

√
τpρulζnk

K∑
j=1, j,k

gn j[t] + ζnkwpn[t]. (3.8)

Note that ĝnk[t] ∼ CN (0, ηnkIM) and g̃I
nk[t] ∼ CN (0, (βnk − ηnk) IM) , where

ηnk =
τpρulβ

2
nk

σ2 + τpρul
∑K

i=1 βni
. (3.9)

With MMSE estimation, g̃I
nk[t] and ĝnk[t] are uncorrelated to each other [14]. The estimate

ĝnk[t] can be normalized as ĝnk[t] =
√
ηnk zn[t]. Here, the elements of zn[t] ∈ CM×1 are i.i.d.

and CN(0, 1) distributed. From (3.7), it is evident that, for all users within a group, the esti-

mates of channel vectors are perfectly correlated. Thus, zn[t] represents the normalized CSI

estimate for all K users in the nth group. With Scheme-I, let ĜI[t] =
[
ĜI

1[t] ĜI
2[t] · · · ĜI

K[t]
]

and G̃I[t] =
[
G̃I

1[t] G̃I
2[t] · · · G̃I

K[t]
]
, respectively, denote the concatenated CSI estimate matrix

and the corresponding concatenated estimation error matrix for all L users. Here, ĜI
i[t] =[

ĝ1i[t] ĝ2i[t] · · · ĝNi[t]
]

and G̃I
i[t] =

[̃
gI

1i[t] g̃I
2i[t] · · · g̃I

Ni[t]
]
, ∀ i ∈ K . As we know,

ĝni[t] =
√
ηni zn[t], for n ∈ N ,

ĜI
i[t] =

[√
η1i z1[t] · · ·

√
ηNi zN[t]

]
= Z[t]D

1
2
ηi , (3.10)

where Z[t] = [z1[t] z2[t] · · · zN[t]] and Dηi = diag
[
η1i, η2i, · · · , ηNi

]
, for i ∈ K . Note that

E
{
zi[t]z j[t]′

}
= 0 (an all zeros matrix) for i , j.

4Total computational complexity with Scheme-I involves
(
4Mτp + 2MK + K + 1

)
N + 1 real multiplications,(

2Mτp + 2M(τp − 1) + K
)

N real additions and NK real divisions.
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3.1.1.2 MMSE Estimates with Scheme-S

Under Scheme-S, the BS obtains the sum channel estimate for all users within a group.

Specifically, for the nth group, the estimate is obtained for
∑K

i=1 gni[t]. We can modify (3.6) as

ypn[t] =
√
τpρulcn[t] + wpn[t] , (3.11)

where cn[t] =
∑K

i=1 gni[t]. From (3.11), the MMSE estimate ĉn[t] of cn[t] is given by5

ĉn[t] = µn ypn[t] = gnk[t] + g̃S
nk[t], (3.12)

where µn =
√
τpρul

∑K
i=1 βni

σ2+τpρul
∑K

i=1 βni
and g̃S

nk[t] is corresponding error in the estimate which is given by

g̃S
nk[t] =

(√
τpρulµn − 1

)
gnk[t] +

√
τpρulµn

K∑
j=1, j,k

gn j[t] + µnwpn[t]. (3.13)

Here ĉn[t] ∼ CN(0, ηnIM), g̃S
nk[t] ∼ CN(0, ιnkIM), where

ηn =
τpρul

(∑K
i=1 βni

)2

σ2 + τpρul
∑K

i=1 βni
, (3.14)

and ιnk =
(√
τpρulµn−1

)2
βnk+

(√
τpρulµn

)2∑K
j=1, j,kβn j+µ

2
nσ

2. Also, there is correlation between

ĉn[t] and g̃S
nk[t]. The estimate vector ĉn[t] is normalized as

ĉn[t] =
√
ηnvn[t], (3.15)

where the entries of vn[t] are i.i.d. and CN(0, 1) distributed. With Scheme-S, the concatenated

CSI estimate matrix and the corresponding concatenated estimation error matrix for all L users

are given by ĜS[t] =
[
ĜS

1[t] ĜS
2[t] · · · ĜS

K[t]
]

and G̃S[t] =
[
G̃S

1[t] G̃S
2[t] · · · G̃S

K[t]
]
, respectively.

Here, ĜS
i [t] = Ĉ[t] = [ĉ1[t] ĉ2[t] · · · ĉN[t]] and G̃S

i [t] =
[̃
gS

1i[t] g̃S
2i[t] · · · g̃S

Ni[t]
]
, ∀ i ∈ K . It

is evident that each entry of ĉn[t] has variance ηn and is independent of user index k. Therefore,

using (3.15), ĜS
i [t] can be modified as

ĜS
i [t] = Ĉ[t] = V[t]D

1
2
η , (3.16)

5Total computational complexity with Scheme-S involves
(
4Mτp + 2M + 2

)
N + 1 real multiplications,(

2Mτp + 2M(τp − 1) + K
)

N real additions and N real divisions.
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where V[t] = [v1[t] v2[t] · · · vN[t]] and D
1
2
η = diag

[
η1, η2, · · · , ηN

]
. The estimates acquired using

Scheme-I or Scheme-S are used to design the decoder at the BS.

Remark: We observe that the channel estimates ĝnk[t] and ĉn[t] obtained using Scheme-I and

Scheme-S, respectively, are functions of true channel vectors {gn1[t], · · · gnk[t], · · · gnK[t]} of all

users that share the same pilot signal. Thus, the effect of pilot contamination is well-captured.

3.1.2 Uplink Data Transmission

Let qnk[t+u] ∼ CN(0, 1) be the transmit symbol at time (t+u) and γnk[t+u] ∈ (0, ρul] be the

transmit power corresponding to UEnk, for k ∈ K and n ∈ N . All transmit symbols are assumed

to be independent of each other. Let the data signal received on the uplink is given by

y[t + u] = G[t + u]x[t + u] + w[t + u]. (3.17)

Here, w[t+u] ∈ CM×1 is the noise vector with entries which are i.i.d. and CN(0, σ2) distributed.

Moreover, x[t + u] ∈ CL×1 denotes the composite transmit symbol vector given by

x[t + u] =
[
qT

1 [t + u]D
1
2
γ1[t + u] · · · qT

K[t + u]D
1
2
γK [t + u]

]T
, (3.18)

where qi[t+u] =
[
q1i[t + u] q2i[t + u] · · · qNi[t + u]

]T

comprises of the symbols transmitted by

the ith user in all N groups, and Dγi[t + u] = diag
[
γ1i[t + u], · · · , γNi[t + u]

]
, for i ∈ K .

3.2 Spectral Efficiency Analysis

In this section, we derive novel closed-form expressions for the lower bound on the achiev-

able SE of each decoding scheme considered. We use the notation p̄− q̄ to denote the decoding

scheme, which uses the decoder p̄ designed using the estimates acquired based on Scheme-q̄,

where p̄ ∈ {ZF, MR} and q̄ ∈ {I, S}. For example, the notation ZF-I denotes the ZF decoder

designed using the estimates acquired based on Scheme-I.
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3.2.1 Achievable SE with Scheme ZF-I

With decoding Scheme ZF-I, the decoder
(
AZF[t + u]

)′
∈ CN×M for scheme ZF-I takes the

form

(
AZF[t + u]

)′
=

[
(Z[t])′ Z[t]

]−1
(Z[t])′

=

[
a1[t + u] · · · aN[t + u]

]′
, (3.19)

where Z[t] = [z1[t] z2[t] · · · zN[t]] and an[t] is the nth column of AZF[t + u]. The BS processes

the signal y[t + u] using the decoder
(
AZF[t + u]

)′
. The nth column of AZF[t + u] is used as a

decoding vector to decode the signal corresponding to UEnk by the BS. Therefore, the received

signal given in (3.17) is pre-multiplied by a′n[t + u] to give

yZF-I
nk [t + u] =

N∑
n′=1

K∑
k′=1

√
γn′k′[t + u] a′n[t + u]gn′k′[t + u]qn′k′[t + u] + a′n[t + u]w[t + u], (3.20)

which can be expanded as

yZF-I
nk [t + u] =

√
γnk[t + u] a′n[t + u]gnk[t + u]qnk[t + u]

+

k−1∑
k′=1

√
γnk′[t + u] a′n[t + u]gnk′[t + u]qnk′[t + u]︸                                                     ︷︷                                                     ︸

intra-group interference to be removed by SIC

+

K∑
k′′=k+1

√
γnk′′[t + u] a′n[t + u]gnk′′[t + u]qnk′′[t + u]

+

N∑
n′,n;n′=1

K∑
k′=1

√
γn′k′[t + u] a′n[t + u]gn′k′[t + u]qn′k′[t + u]

+ a′n[t + u]w[t + u]. (3.21)

Prior to decoding the signal of UEnk, the BS successively cancels interference from all other

users which are relatively stronger than UEnk. We consider that, for n ∈ N , βn1 ≥ · · · ≥

βnK . Thus, prior to decoding the signal corresponding to UEnk, the BS successively cancels

the interference from UEn1, · · · , UEn(k−1). In (3.21), the first term denotes the desired signal, the

second term denotes the intra-group interference (from relatively stronger users) to be cancelled
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using SIC, the third term denotes the intra-group interference from relatively weaker users, the

fourth term denotes the inter-group interference and the fifth term denotes noise.

The BS has outdated estimated CSI
{
α(u)̂gnk′[t]

}
. Therefore, post-SIC, (3.21) can be written

as

yZF-I-SIC
nk [t + u] =

√
γnk[t + u] a′n[t + u]gnk[t + u]qnk[t + u]

+

k−1∑
k′=1

√
γnk′[t + u] a′n[t + u]

(
gnk′[t + u] − α(u)̂gnk′[t]

)
qnk′[t + u]︸                                                                           ︷︷                                                                           ︸

residual term due to imperfect SIC

+

K∑
k′′=k+1

√
γnk′′[t + u] a′n[t + u]gnk′′[t + u]qnk′′[t + u]

+

N∑
n′,n;n′=1

K∑
k′=1

√
γn′k′[t + u] a′n[t + u]gn′k′[t + u]qn′k′[t + u]

+ a′n[t + u]w[t + u]. (3.22)

Substituting for {gnk[t + u]}, ĝnk[t] =
√
ηnk zn[t] and using the relationship a′n[t + u]zn′[t] = δnn′ ,

where δnn′ = 1 if n = n′, else δnn′ = 0, we get

yZF-I-SIC
nk [t + u] =

√
ηnkγnk[t + u]α(u)qnk[t + u]

+

K∑
k′′=k+1

√
ηnk′′γnk′′[t + u]α(u)qnk′′[t + u] + a′n[t + u]nI[t + u], (3.23)

where nI[t + u] denotes the effective noise and is given by

nI[t + u] =
N∑

n′=1

K∑
k′=1

√
γn′k′[t + u]

(
−α(u)̃gI

n′k′[t] − en′k′[t + u]
)

qn′k′[t + u] + w[t + u]. (3.24)

Note that the inter-group interference term from (3.22) goes to zero due to ZF decoding. Further,

the term a′n[t + u]nI[t + u] can be represented in the matrix form as

a′n[t + u]nI[t + u] =
[(

AZF[t + u]
)′

nI[t + u]
]

n
. (3.25)

Therefore,

yZF-I-SIC
nk [t + u] =

√
ηnkγnk[t + u]α(u)qnk[t + u]
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+

K∑
k′′=k+1

√
ηnk′′γnk′′[t + u]α(u)qnk′′[t + u] +

[(
AZF[t + u]

)′
nI[t + u]

]
n
. (3.26)

The BS decodes the signal corresponding to UEnk using (3.26).

Theorem 3.1. In a massive MIMO-NOMA system that employs Scheme ZF-I, the SE of UEnk

under channel aging and imperfect SIC is lower bounded by

RZF-I
nk [t + u] = log2

(
1 + SINRZF-I

nk [t + u]
)
, (3.27)

where SINRZF-I
nk [t + u] is the corresponding SINR, given by

SINRZF-I
nk [t + u] =

NZF-I
nk [t + u]
DZF-I

nk [t + u]
, (3.28)

where

NZF-I
nk [t + u] = (M − N) α(u)2 ηnk γnk[t + u], (3.29)

DZF-I
nk [t + u] = σ2 + λZF-I[t + u] +

K∑
k′=k+1

(M − N) α(u)2 ηnk′γnk′[t + u], (3.30)

λZF-I[t + u] =
N∑

m=1

K∑
i=1

{(
βmi − α(u)2 ηmi

)
γmi[t + u]

}
. (3.31)

Proof. The detailed proof is provided in Appendix B.1. □

Remark: The term (M − N) in (3.29) accounts for the DoF exhausted in IGI cancellation.

The term λZF-I[t + u] in (3.30) accounts for the variance of the channel estimation error with

Scheme-I under channel aging, and ηmi therein captures variance of the estimate of channel

vector corresponding to UEmi under pilot contamination. The third term in (3.30) is essentially

the variance of the residual intra-group interference under channel aging. Therefore, the SINR

expression in (3.28) captures the effects of (i) the DoF exhausted in IGI cancellation, (ii) the

intra-group pilot contamination with Scheme-I, (iii) the intra-group interference under channel

aging and (iv) channel estimation errors with Scheme-I under channel aging.

3.2.2 Achievable SE with Scheme ZF-S

With decoding scheme ZF-S, the decoder
(
BZF[t + u]

)′
∈ CN×M for scheme ZF-S takes the

form

(
BZF[t + u]

)′
=

[
(V[t])′V[t]

]−1
(V[t])′
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=

[
b1[t + u] · · · bN[t + u]

]′
, (3.32)

where V[t] = [v1[t] v2[t] · · · vN[t]] and bn[t] is the nth column of BZF[t + u]. The BS processes

the signal y[t + u] using the decoder
(
BZF[t + u]

)′
. The nth column of BZF[t + u] is used as a

decoding vector to decode the signal corresponding to UEnk by the BS. Therefore, the received

signal given in (3.17) is pre-multiplied by b′n[t] to give

yZF-S
nk [t + u] =

N∑
n′=1

K∑
k′=1

√
γn′k′[t + u] b′n[t + u]gn′k′[t + u]qn′k′[t + u] + b′n[t + u]w[t + u], (3.33)

which can be expanded as

yZF-S
nk [t + u] =

√
γnk[t + u] b′n[t + u]gnk[t + u]qnk[t + u]

+

k−1∑
k′=1

√
γnk′[t + u] b′n[t + u]gnk′[t + u]qnk′[t + u]︸                                                      ︷︷                                                      ︸

intra-group interference to be removed by SIC

+

K∑
k′′=k+1

√
γnk′′[t + u] b′n[t + u]gnk′′[t + u]qnk′′[t + u]

+

N∑
n′,n;n′=1

K∑
k′=1

√
γn′k′[t + u] b′n[t + u]gn′k′[t + u]qn′k′[t + u]

+ b′n[t + u]w[t + u]. (3.34)

The BS has outdated estimated CSI
{
α(u)̂cn[t]

}
. Therefore, post-SIC, (3.34) can be written as

yZF-S-SIC
nk [t + u] =

√
γnk[t + u] b′n[t + u]gnk[t + u]qnk[t + u]

+

k−1∑
k′=1

√
γnk′[t + u] b′n[t + u]

(
gnk′[t + u] − α(u)̂cn[t]

)
qnk′[t + u]︸                                                                         ︷︷                                                                         ︸

residual term due to imperfect SIC

+

K∑
k′′=k+1

√
γnk′′[t + u] b′n[t + u]gnk′′[t + u]qnk′′[t + u]

+

N∑
n′,n;n′=1

K∑
k′=1

√
γn′k′[t + u] b′n[t + u]gn′k′[t + u]qn′k′[t + u]

+ b′n[t + u]w[t + u]. (3.35)
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Substituting for {gnk[t + u]}, ĉn[t] =
√
ηn vn[t] in (3.35) and using the relationship b′n[t+u]vn′[t] =

δnn′ , where δnn′ = 1 if n = n′, else δnn′ = 0, we get

yZF-S-SIC
nk [t + u] =

√
ηnγnk[t + u]α(u)qnk[t + u]

+

K∑
k′′=k+1

√
ηnγnk′′[t + u]α(u)qnk′′[t + u] + b′n[t + u]nS[t + u], (3.36)

where nS[t + u] denotes the effective noise and is given by

nS[t + u] =
N∑

n′=1

K∑
k′=1

√
γn′k′[t + u]

(
−α(u)̃gS

n′k′[t] − en′k′[t + u]
)

qn′k′[t + u] + w[t + u]. (3.37)

Note that the inter-group interference term from (3.35) reduces to zero due to ZF decoding.

Further, the term b′n[t + u]nS[t + u] can be represented in the matrix form as

b′n[t + u]nS[t + u] =
[(

BZF[t + u]
)′

nS[t + u]
]

n
. (3.38)

Therefore,

yZF-S-SIC
nk [t + u] =

√
ηnγnk[t + u]α(u)qnk[t + u]

+

K∑
k′′=k+1

√
ηnγnk′′[t + u]α(u)qnk′′[t + u] +

[(
BZF[t + u]

)′
nS[t + u]

]
n
. (3.39)

The BS decodes the signal corresponding to UEnk using (3.39).

Theorem 3.2. In a massive MIMO-NOMA system that employs scheme ZF-S, given the side
information Ω[t + u] = V[t], the SE of UEnk under channel aging and imperfect SIC is lower
bounded by

R̃
ZF-S
nk [t + u] = log2

(
1 + S̃INR

ZF-S
nk [t + u]

)
, (3.40)

where S̃INR
ZF-S
nk [t + u] is the corresponding SINR, given by

S̃INR
ZF-S
nk [t+u]=

NZF-S
nk [t + u]

DZF-S
nk [t + u]

, (3.41)

where

NZF-S
nk [t + u] = (M − N) α(u)2 ηn γnk[t + u], (3.42)
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DZF-S
nk [t + u] = σ2 + λZF-S[t + u] + ωZF-S[t + u] +

K∑
k′=k+1

(M − N)α(u)2ηnγnk′[t + u], (3.43)

λZF-S[t + u] = α(u)2
K∑

i=1


 N∑

j=1

γ ji[t + u]ι ji

− 1
N

 N∑
j=1

γ
1
2
ji[t + u]

ϵ ji
√
η j


2 , (3.44)

ωZF-S[t + u] =
K∑

i=1

N∑
j=1

γ ji[t + u]
(
1 − α(u)2

)
β ji, (3.45)

ϵ ji = µ
2
jσ

2 +
(√
τpρulµ j − 1

) (√
τpρulµ j

)
β ji +

(√
τpρulµ j

)2
K∑

l=1,l,i

β jl, (3.46)

and η j, ι ji are given in (3.14).

Proof. The detailed proof is provided in Appendix B.2. □

Remark: The term (M − N) in (3.42) accounts for the DoF exhausted in IGI cancellation.

The term λZF-S[t + u] in (3.43) accounts for the variance of the channel estimation error with

Scheme-S under channel aging, and η j therein captures variance of the estimate of channel

vector corresponding to users in jth group under pilot contamination. The third term in (3.43) is

essentially the variance of the residual intra-group interference under channel aging. Therefore,

the SINR expression in (3.41) captures the effects of (i) the DoF exhausted in IGI cancellation,

(ii) the intra-group pilot contamination with Scheme-S, (iii) the intra-group interference under

channel aging and (iv) channel estimation errors with Scheme-S under channel aging.

In Section 3.4 we formulate the optimization problems for power control, namely, max-

min power control and proportional fairness power control. For converting the optimization

problems to convex programs, we now provide a lower bound on R̃
ZF-S
nk [t + u] given in (3.40).

To do so we compute an upper bound on λZF-S[t + u] given in Theorem 3.2 as follows: N∑
j=1

γ
1
2
ji[t + u]

ϵ ji
√
η j


2

≥

N∑
j=1

γ ji[t + u]
(
ϵ ji
√
η j

)2

. (3.47)

Therefore,

λZF-S[t + u] = α(u)2
K∑

i=1


 N∑

j=1

γ ji[t + u]ι ji

 − 1
N

 N∑
j=1

γ
1
2
ji[t + u]

ϵ ji
√
η j


2

≤ α(u)2
K∑

i=1


 N∑

j=1

γ ji[t + u]ι ji

 − 1
N

N∑
j=1

γ ji[t + u]
(
ϵ ji
√
η j

)2

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= α(u)2
K∑

i=1

N∑
j=1

γ ji[t + u]
ι ji −

1
N

(
ϵ ji
√
η j

)2
≜ λZF-S-UB[t + u], (3.48)

where λZF-S-UB[t + u] is an upper bound on λZF-S[t + u].

Theorem 3.3. Using the inequality in (3.48), S̃INR
ZF-S
nk [t + u] in (3.41) is lower bounded by

SINRZF-S
nk [t + u] =

NZF-S
nk [t + u]

DZF-S-UB
nk [t + u]

, (3.49)

where

DZF-S-UB
nk [t + u] = σ2 + λZF-S-UB[t + u] + ωZF-S[t + u] +

K∑
k′=k+1

(M − N)α(u)2ηnγnk′[t + u], (3.50)

λZF-S-UB[t + u] = α(u)2
K∑

i=1

N∑
j=1

γ ji[t + u]
ι ji −

1
N

(
ϵ ji
√
η j

)2 , (3.51)

with ωZF-S[t+ u], ϵ ji as given in Theorem 3.2 and η j, ι ji as given in (3.14). Hence, R̃
ZF-S
nk [t+ u] in

(3.40) is lower bounded by

RZF-S
nk [t + u] = log2

(
1 + SINRZF-S

nk [t + u]
)
. (3.52)

3.2.3 Achievable SE with Scheme MR-I

With decoding scheme MR-I, the decoder
(
AMR[t + u]

)′
∈ CNK×M takes the form

(
AMR[t + u]

)′
=

(
Ĝ[t]

)′
. (3.53)

The BS processes the signal y[t + u] using the decoder
(
AMR[t + u]

)′
. Specifically, the signal

corresponding to UEnk is decoded using ĝnk[t]. Thus, post-processing, (3.17) can be rewritten

as

yMR-I
nk [t + u] =

N∑
n′=1

K∑
k′=1

√
γn′k′[t + u] ĝ′nk[t]gn′k′[t + u]qn′k′[t + u] + ĝ′nk[t]w[t + u]. (3.54)

Prior to decoding the signal corresponding to UEnk, the BS does SIC according to the NOMA

decoding protocol as explained in Section 3.2.1. Therefore, employing “use and forget CSI”

technique, the signal yMR-I
nk [t + u] after SIC can be rewritten as [14]
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yMR-I-SIC
nk [t + u] =

√
γnk[t + u]E

{̂
g′nk[t]gnk[t + u]

}
qnk[t + u]

+
√
γnk[t+u]

(̂
g′nk[t]gnk[t+u]−E

{̂
g′nk[t]gnk[t+u]

})
qnk[t+u]

+

k−1∑
k′=1

√
γnk′[t + u]̂g′nk[t]

(
gnk′[t + u]−α(u)̂gnk′[t]

)
qnk′[t + u]︸                                                                     ︷︷                                                                     ︸

residual term due to imperfect SIC

+

K∑
k′′=k+1

√
γnk′′[t + u]̂g′nk[t]gnk′′[t + u]qnk′′[t + u]

+

N∑
n′,n,n′=1

K∑
k′′′=1

√
γn′k′′′[t + u]̂g′nk[t]gn′k′′′[t + u]qn′k′′′[t + u]

+ ĝ′nk[t]w[t + u]. (3.55)

Note that due to availability of imperfect and aged CSI, the SIC is also imperfect. This shows up

in the third term of (3.55). The BS decodes the signal corresponding to UEnk using yMR-I-SIC
nk [t +

u].

Theorem 3.4. In a massive MIMO-NOMA system that employs scheme MR-I, the SE of UEnk

under channel aging is lower bounded by

RMR-I
nk [t + u] = log2

(
1 + SINRMR-I

nk [t + u]
)

= log2

(
1 +

V1∑6
i=2Vi

)
, (3.56)

where

V1 = γnk[t + u]α2(u)M2η2
nk, (3.57)

V2 = γnk[t + u]βnkMηnk, (3.58)

V3 =

k−1∑
k′=1

γnk′[t + u]
(
βnk′ − α(u)2ηnk′

)
Mηnk, (3.59)

V4 =

K∑
k′′=k+1

γnk′′[t + u]
(
α(u)2Mηnk′′ + βnk′′

)
Mηnk, (3.60)

V5 =

N∑
n′,n,n′=1

K∑
k′′′=1

γn′k′′′[t + u]βn′k′′′Mηnk, (3.61)

V6 = σ
2Mηnk. (3.62)

Proof. The detailed proof is provided in Appendix B.3. □

Remark: The effects of imperfect SIC and inter-group interference under channel aging
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are captured in V3 and V5, respectively. Moreover, V4 captures the intra-group interference

under channel aging.

3.2.4 Achievable SE with Scheme MR-S

With decoding scheme MR-S, the decoder
(
BMR[t + u]

)′
∈ CN×M takes the form

(
BMR[t + u]

)′
=

(
Ĉ[t]

)′
. (3.63)

The BS uses
(
BMR[t + u]

)′
to process y[t + u] given in (3.17). Specifically, the signal corre-

sponding to UEnk is decoded using ĉn[t]. Thus, post-processing, (3.17) can be rewritten as

yMR-S
nk [t + u] =

N∑
n′=1

K∑
k′=1

√
γn′k′[t + u] ĉ′n[t]gn′k′[t + u]qn′k′[t + u] + ĉ′n[t]w[t + u]. (3.64)

The BS employs SIC prior to decoding the signal corresponding to UEnk as explained in Sec-

tion 3.2.1. Thus, employing “use and forget CSI” technique, the signal yMR-S
nk [t + u] after SIC

can be rewritten as [14]

yMR-S-SIC
nk [t + u] =

√
γnk[t + u]E

{̂
c′n[t]gnk[t + u]

}
qnk[t + u]

+
√
γnk[t + u]

(̂
c′n[t]gnk[t + u] − E

{̂
c′n[t]gnk[t + u]

})
qnk[t + u]

+

k−1∑
k′=1

√
γnk′[t + u]̂c′n[t]

(
gnk′[t + u] − α(u)̂cn[t]

)
qnk′[t + u]︸                                                                   ︷︷                                                                   ︸

residual term due to imperfect SIC

+

K∑
k′′=k+1

√
γnk′′[t + u]̂c′n[t]gnk′′[t + u]qnk′′[t + u]

+

N∑
n′,n,n′=1

K∑
k′′′=1

√
γn′k′′′[t + u]̂c′n[t]gn′k′′′[t + u]qn′k′′′[t + u]

+ ĉ′n[t]w[t + u]. (3.65)

Note that due to availability of outdated and estimated CSI, the SIC is also imperfect. This is

reflected in the third term of (3.65). The BS decodes the signal corresponding to UEnk using

yMR-S-SIC
nk [t + u] given in (3.65).

Theorem 3.5. In a massive MIMO-NOMA system that employs scheme MR-S, the SE of UEnk
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under channel aging is lower bounded by

RMR-S
nk [t + u] = log2

(
1 + SINRMR-S

nk [t + u]
)

= log2

(
1 +

X1∑6
i=2Xi

)
, (3.66)

where

X1 = γnk[t + u]α2(u)M2 |ηn − ϵnk|
2 , (3.67)

X2 = γnk[t + u]
(
Ank − |Bnk|

2
)
, (3.68)

X3 =

k−1∑
k′=1

γnk′[t + u]
[
A3

nk′ +
(
1 − α(u)2

)
ηnMβnk′

]
, (3.69)

X4 =

K∑
k′′=k+1

γnk′′[t + u]Ank′′ , (3.70)

X5 =

N∑
n′,n,n′=1

K∑
k′′′=1

γn′k′′′[t + u]βn′k′′′Mηn, (3.71)

X6 = σ
2Mηn, (3.72)

where, for k̂ ∈ {1, · · · ,K}:

Ank̂ = E
{∣∣∣̂c′n[t]gnk̂[t + u]

∣∣∣2} = A1
nk̂
−A2

nk̂
+A3

nk̂
+A4

nk̂
, (3.73)

Bnk̂ = E
{̂
c′n[t]gnk̂[t + u]

}
= α(u)M

(
ηn − ϵnk̂

)
, (3.74)

ϵnk̂ = āb̄βnk̂ + b̄2
K∑

i,k̂

βni + c̄2σ2, (3.75)

A1
nk̂
= α(u)2M (M + 1) η2

n, A
4
nk̂
=

(
1 − α(u)2

)
ηnMβnk̂, (3.76)

A2
nk̂
= 2α(u)2ℜ


āb̄3β2

nk̂
+ b̄4

K∑
j,k̂

β2
n j + c̄4σ4

 M (M + 1)

+

āb̄3
K∑

j,k̂

βn jβnk̂ + b̄2c̄2
K∑

i=1

βniσ
2 + āb̄c̄2βnk̂σ

2

+b̄2c̄2
K∑

j,k̂

βn jσ
2 + b̄4

K∑
j,k̂

βn jβnk̂ + b̄4
K∑

i, j,k̂

K∑
j,i,k̂

βniβn j

 M2

+

āb̄c̄2βnk̂σ
2 + b̄2c̄2

K∑
j,k̂

βn jσ
2 + b̄2c̄2

K∑
i=1

βniσ
2

 M

 , (3.77)
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A3
nk̂
= α(u)2ℜ


ā2b̄2β2

nk̂
+ b̄4

K∑
j,k̂

β2
n j + c̄4σ4

 M (M + 1)

+

2āb̄3
K∑

j,k̂

βn jβnk̂ + 2āb̄c̄2βnk̂σ
2 + 2b̄2c̄2

K∑
j,k̂

βn jσ
2 + b̄4

K∑
i, j,k̂

K∑
j,i,k̂

βniβn j

 M2

+

ā2b̄2
K∑

j,k̂

βn jβnk̂ + b̄4
K∑

i, j,k̂

K∑
j,i,k̂

βniβn j + b̄2c̄2
K∑

i=1

βniσ
2 + ā2c̄2βnkσ

2

+b̄2c̄2
K∑

j,k̂

βn jσ
2 + b̄4

K∑
j,k̂

βn jβnk̂

 M

 , (3.78)

where ā = √τpρulµn − 1, b̄ = √τpρulµn, c̄ = µn.

Proof. The detailed proof is provided in Appendix B.4. □

Remark: The effects of imperfect SIC and inter-group interference under channel aging are

captured in X3 and X5, respectively. Moreover, X4 captures the intra-group interference under

channel aging.

3.3 Mitigation of Impact of Channel Aging using Channel Prediction

As we have seen so far, channel aging potentially affects quality of estimates. To deal

with the time-varying channel, prediction is a widely used strategy. Thus, to negate the effect

of channel aging, we now consider channel prediction using the pth order WLP based on the

observations
{
ypn[t − p̃]

}p

p̃=0
.

Specifically, using the same pilot assignment strategy as Scheme-I, we collect the channel

observations for (p + 1) symbols. Using these (p + 1) observations, we design a WLP of order

p, which minimizes the mean squared error. Using the designed WLP, we “predict” the channel

vectors of all users individually, just like Scheme-I, where we “estimate” channel vectors of all

users individually.6 We use the predicted channel to design the ZF and MR decoders, and derive

the expressions for the lower bound on the achievable SE.

6A WLP to “predict” the sum of channel vectors of users with each group, (just like Scheme-S, where we
“estimate” the sum of channel vectors of users within each group) can be designed using a similar procedure.
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3.3.1 Linear Prediction of Channel Vectors gnk[t + 1]

We denote the pth order optimal WLP by Pnk ≜
[
P0

nk · · · P
p
nk

]
(where P p̃

nk ∈ C
M×M)

that predicts gnk[t + 1] based on
{
ypn[t − p̃]

}p

p̃=0
, for p̃ ∈ {0, 1, · · · , p}. Also, let ỹpn[t] =[

y′pn[t] · · · y′pn[t − p]
]′

, ỹpn[t] ∈ CM(p+1)×1.

Lemma 3.1. Based on the training observations
{
ypn[t − p̃]

}p

p̃=0
, the pth order optimal WLP Pnk

is given by [8]
Pnk =

√
τpρulαβnk

[
δ(α, p) ⊗ IM

]
T−1

nk (α, p), (3.79)

where δ(α, p) = [1 α · · · αp] and Tnk =
{
τpρulβn

[
∆(α, p) ⊗ IM

]
+ σ2IM(p+1)

}
with βn =

∑K
i=1 βni

and

∆(α, p) =


1 α · · · αp

α 1 · · · αp−1

...
...

...
...

αp αp−1 · · · 1

 , (3.80)

where α = α(1) = J0
(
2πfDTS

)
Proof. The detailed proof is given in Appendix B.5. □

Using the predictor Pnk, the predicted channel vector gnk[t + 1] is given by

ḡnk[t + 1] = Pnkỹpn[t] = gnk[t + 1] + ĕnk[t + 1], (3.81)

where ĕnk[t + 1] is the channel prediction error. Thus, we can compute the mean square error in
prediction as ϖ = tr (βnkIM −Θnk(α, p)) , where the covariance matrix of ḡnk[t + 1] is given as
follows [42]

Θnk(α, p) = α2βnkτpρul
[
δ(α, p) ⊗ IM

]
T−1

nk (α, p)
[
δ(α, p) ⊗ IM

]′ . (3.82)

It can be shown that Θnk(α, p) is a scaled identity matrix and the variance of each element of

ḡnk[t + 1] is [42]

θnk(α, p) =
1
M

tr (Θnk(α, p)) . (3.83)

Finally, note that ḡnk[t+1] and ĕnk[t+1] are uncorrelated, and the covariance matrix of ĕnk[t+1]

is given by (βnk − θnk(α, p)) IM.

The predicted channel ḡnk[t+1] can be normalized as ḡnk[t+1] =
√
θnk(α, p) hn[t+1]. Here,

the elements of hn[t + 1] ∈ CM×1 are i.i.d. and CN(0, 1) distributed. From (3.81), it is evident

that, for all users within a group, the predicted channel vectors are perfectly correlated. Thus,

hn[t + 1] represents the normalized predicted CSI for all K users in the nth group. With channel
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prediction, let G[t + 1] =
[
G1[t + 1] · · ·GK[t + 1]

]
and Ĕ[t + 1] =

[
Ĕ1[t + 1] · · · ĔK[t + 1]

]
,

respectively, denote the concatenated predicted CSI matrix and the corresponding concatenated

channel prediction error matrix for all L users. Here, Gi[t+1] =
[
ḡ1i[t + 1] · · · ḡNi[t + 1]

]
and

Ĕi[t + 1] =
[
ĕ1i[t + 1] · · · ĕNi[t + 1]

]
, ∀ i ∈ K . As we know, ḡni[t + 1] =

√
θni(α, p) hn[t + 1],

for n ∈ N , therefore,

Gi[t + 1] = H[t + 1]D
1
2
θi(α,p), (3.84)

where H[t+ 1] = [h1[t + 1] · · · hN[t + 1]] and Dθi(α,p) = diag
[
θ1i(α, p), · · · , θNi(α, p)

]
, for i ∈ K .

Note that E
{
hi[t + 1]h j[t + 1]′

}
= 0 (an all zeros matrix) for i , j.

3.3.2 Achievable SE with ZF using Predicted CSI (ZF-I-P)

With predicted CSI, the ZF decoder
(
FZF-I-P[t + 1]

)′
∈ CN×M takes the form

(
FZF-I-P[t + 1]

)′
=

[
(H[t + 1])′H[t + 1]

]−1
(H[t + 1])′ . (3.85)

Substituting for G[t + 1], the BS processes the signal y[t + 1] using the decoder
(
FZF-I-P[t + 1]

)′
to give

yZF-I-P[t + 1] =
K∑

i=1

IND
1
2
θi(α,p)D

1
2
γi[t + 1]qi[t + 1] +

(
FZF-I-P[t + 1]

)′
nP[t + 1] , (3.86)

where nP[t+1]=w[t+1]−Ĕ[t+1]x[t+u]. Note that yZF-I-P[t+1] ∈ CN×1. Therefore, for n ∈ N ,[
yZF-I-P[t + 1]

]
n
= yZF-I-P

n [t + 1] denotes the received signal corresponding to users in nth group,

and it is given by

yZF-I-P
n [t + 1] =

K∑
i=1

√
θni(α, p)γni[t + 1]qni[t + 1] +

[(
FZF-I-P[t + 1]

)′
nP[t + 1]

]
n
. (3.87)

Prior to decoding the signal corresponding to UEnk, the BS does SIC according to the NOMA

decoding protocol as explained in Section 3.2.1. Thus, after SIC at the BS, the processed signal

for UEnk is given by

yZF-I-P-SIC
nk [t + 1] =

√
θnk(α, p)γnk[t + 1]qnk[t + 1]
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+

K∑
i=k+1

√
θni(α, p)γni[t + 1]qni +

[(
FZF-I-P[t + 1]

)′
nP[t + 1]

]
n
. (3.88)

The BS decodes the signal corresponding to UEnk using (3.88).

Theorem 3.6. In a massive MIMO-NOMA system that employs scheme ZF-I-P, the SE of UEnk

under channel aging and imperfect SIC is lower bounded by

RZF-I-P
nk [t + 1] = log2

(
1 + SINRZF-I-P

nk [t + 1]
)
, (3.89)

where SINRZF-I-P
nk [t + 1] is given by

SINRZF-I-P
nk [t + 1] =

NZF-I-P
nk [t + 1]
DZF-I-P

nk [t + 1]
, (3.90)

where

NZF-I-P
nk [t + 1] = (M − N) θnk(α, p) γnk[t + 1], (3.91)

DZF-I-P
nk [t + 1] = σ2 + λZF-I-P[t + 1] +

K∑
k′=k+1

(M − N) θnk′(α, p)γnk′[t + 1], (3.92)

λZF-I-P[t + 1] =
N∑

m=1

K∑
i=1

{(βmi − θmi(α, p)) γmi[t + 1]} . (3.93)

Proof. The detailed proof is given in Appendix B.6. □

Remark: The first, second and third terms of (3.92) correspond to the noise variance, the

variance of the channel estimation error and variance of the intra-group interference, respec-

tively. Therefore, the SINR expression in (3.90) captures the effects of (i) the DoF exhausted in

IGI cancellation, (ii) the intra-group pilot contamination, (iii) the intra-group interference and

(iv) channel estimation errors, under predicted channel.

3.3.3 Achievable SE with MR using Predicted CSI (MR-I-P)

With predicted CSI, the MR decoder
(
FMR-I-P[t + 1]

)′
∈ CNK×M takes the form

(
FMR-I-P[t + 1]

)′
=

(
G[t + 1]

)′
. (3.94)

The BS processes the signal y[t + 1] using the decoder
(
FMR-I-P[t + 1]

)′
. Specifically, the signal

corresponding to UEnk is decoded using gnk[t + 1]. Thus, post-processing, (3.17) can be re-
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written as

yMR-I-P
nk [t + 1] =

N∑
n′=1

K∑
k′=1

√
γn′k′[t + 1] g′nk[t + 1]gn′k′[t + 1]qn′k′[t + 1] + g′nk[t]w[t + 1]. (3.95)

Prior to decoding the signal corresponding to UEnk, the BS does SIC according to the NOMA

decoding protocol as explained in Section 3.2.1. Therefore, employing “use and forget CSI”

technique, the signal yMR-I-P
nk [t + 1] after SIC can be rewritten as [14]

yMR-I-P-SIC
nk [t + 1] =

√
γnk[t + 1]E

{
g′nk[t + 1]gnk[t + 1]

}
qnk[t + 1]

+
√
γnk[t+1]

(
g′nk[t + 1]gnk[t+1]−E

{
g′nk[t + 1]gnk[t+1]

})
qnk[t+1]

+

k−1∑
k′=1

√
γnk′[t + u]g′nk[t + 1]

(
gnk′[t + 1]−gnk′[t]

)
qnk′[t + 1]︸                                                                    ︷︷                                                                    ︸

residual term due to imperfect SIC

+

K∑
k′′=k+1

√
γnk′′[t + 1]g′nk[t + 1]gnk′′[t + 1]qnk′′[t + 1]

+

N∑
n′,n,n′=1

K∑
k′′′=1

√
γn′k′′′[t + u]g′nk[t + 1]gn′k′′′[t + 1]qn′k′′′[t + 1]

+ g′nk[t + 1]w[t + 1]. (3.96)

Note that due to availability of predicted CSI, the SIC is imperfect. This shows up in the third

term of (3.96). The BS decodes the signal corresponding to UEnk using yMR-I-P-SIC
nk [t + 1].

Theorem 3.7. In a massive MIMO-NOMA system that employs scheme MR-I-P, the SE of UEnk

under channel aging is lower bounded by

RMR-I-P
nk [t + u] = log2

(
1 + SINRMR-I-P

nk [t + 1]
)

= log2

(
1 +

W1∑6
i=2Wi

)
, (3.97)

where

W1 = γnk[t + u]M2θ2
nk, (3.98)

W2 = γnk[t + u]βnkMθnk, (3.99)

W3 =

k−1∑
k′=1

γnk′[t + u] (βnk′ − θnk′) Mθnk, (3.100)

W4 =

K∑
k′′=k+1

γnk′′[t + u] (Mθnk′′ + βnk′′) Mθnk, (3.101)
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W5 =

N∑
n′,n,n′=1

K∑
k′′′=1

γn′k′′′[t + u]βn′k′′′Mθnk, (3.102)

W6 = σ
2Mθnk. (3.103)

Proof. The detailed proof is provided in Appendix B.7. □

Remark: The effects of imperfect SIC and inter-group interference under predicted channel

are captured inW3 andW5, respectively. Moreover,W4 captures the intra-group interference

under predicted channel.

3.4 Power Control

Now, we formulate two power allocation optimization problems, namely, max-min power

control and proportional fairness power control. The goal of max-min power control is to max-

imize the minimum SINR or SE among all users in the system. This ensures that the user

experiencing the worst performance has their quality of service (QoS) improved as much as

possible. In this scheme, the power levels of all users are adjusted such that the user with

the lowest SINR or SE gets the best possible performance. This often involves reducing the

power of users with higher SINR to decrease interference and boost the performance of users

with lower SINR. Max-min power control provides a high level of fairness by ensuring that no

user experiences significantly poorer performance than others. This is particularly important

in scenarios with users having varying channel conditions, such as those at the cell edge or

in high interference areas. It guarantees a minimum level of performance (SINR/SE) for all

users, which is beneficial for applications that require reliable connections, such as emergency

communications or voice services.

However, by focusing on the weakest user, the overall system capacity or sum SE may

be compromised, as power is not allocated to maximize the total throughput but to equalize

performance. Users with good channel conditions may have to lower their transmission power,

leading to suboptimal utilization of their potential capacity. In cellular networks, max-min

power control is ideal for improving the performance of users located at the edges of the cell

who generally experience weaker signals and higher interference. It is suited for applications
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where ensuring a minimum quality for all users is more important than maximizing the total

throughput.

On the other hand, the objective of proportional fairness power control is to balance the

trade-off between maximizing the total throughput (sum SE) and ensuring fairness among users.

It aims to allocate resources such that the relative improvement in each user’s SE is proportional

to their current SE. This scheme works by assigning power levels to users in a way that max-

imizes the product of their SEs. It tries to maintain a balance between users, allowing those

with good channel conditions to use higher power while not completely neglecting users with

poorer conditions. The proportional fairness criterion is typically implemented by maximizing

the sum of the logarithms of users’ SEs. It provides a balanced trade-off between fairness and

sum SE. Users with better channel conditions can still achieve high SE, while users with poorer

conditions are not completely deprived of resources.

Compared to max-min power control, proportional fairness generally results in a higher

total system capacity because it allows users with better channels to contribute more to the

total sum SE. While proportional fairness power control ensures a level of fairness, it does not

provide the strict fairness guarantee of max-min power control. Users with very poor channel

conditions might still experience relatively low SE. Proportional fairness is often used in data-

centric networks, where the goal is to maximize the total data throughput while maintaining an

acceptable level of fairness among users. In scenarios with a mix of users having good and poor

channel conditions, such as urban networks with varied user densities, proportional fairness

provides a good balance between throughput and fairness.

Max-min power control focuses on fairness by equalizing the performance of all users,

ensuring that the user with the worst performance is improved. Proportional fairness strikes a

balance between fairness and total system throughput, allowing some users to perform better if it

benefits the overall network performance. Therefore, max-min power control is preferable when

fairness and QoS are critical, and it is essential that no user experiences very poor performance.

And proportional fairness power control is suitable for environments where maximizing sum

SE is important but without completely sacrificing fairness among users. Consequently, max-
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min power control is ideal in environments with high variability in channel conditions, such as

users at the edge of a cell or in high interference zones. And proportional fairness power control

works better in more homogeneous environments or when the system can tolerate some level of

performance inequality among users.

In summary, max-min power control is used when the objective is to ensure fairness and

maintain a minimum acceptable performance level for all users, often at the expense of overall

throughput. Proportional fairness power control is chosen when the goal is to maximize total

system throughput while maintaining a balanced level of fairness among users. Selecting the

appropriate power control strategy depends on the specific requirements of the network, such

as whether fairness or sum SE is prioritized, and the nature of the user distribution and channel

conditions.

3.4.1 Max-Min Power Control

The max-min power control maximizes the minimum achievable SE among all users, boost-

ing the performance of users with weaker channels and ensuring fairness. This is also quantified

in Section 2.5 using a widely used fairness metric called Jain’s fairness index J, which is given

by 2.76 [82]. It is shown that J = 1 for max-min power control, thus making it the fairest

policy [86].

For scheme p ∈ {ZF-I,ZF-S,MR-I,MR-S,ZF-I-P}, the max-min optimization problems can

be formulated as

P1 : maximize SINR
p
[t + u], (3.104)

with respect to γ11[t + u], · · · , γNK[t + u],

subject to SINRp
nk[t + u] ≥ SINR

p
[t + u], n ∈ N , k ∈ K , (3.105)

0 ≤ γnk[t + u] ≤ ρul, n ∈ N , k ∈ K , (3.106)

where the optimization variables are power control coefficients {γnk[t + u]}. Also, (3.105) and

(3.106) denote the common target SINR constraint and each user’s transmit power constraint,

respectively. The formulated problems are convex programs and we solve them numerically
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with the help of CVX, which is a MATLAB-based optimization tool [14, 76].

3.4.2 Proportional Fairness Power Control

There could be scenarios where some users demand higher quality-of-service than others

and complete fairness may not be the best strategy to employ. In this case, proportional fairness

power control can strike a very good balance between fairness and sum SE [87].

For scheme p ∈ {ZF-I,ZF-S,MR-I,MR-S}, the proportional fairness optimization problems

can be formulated as

P2 : maximize
N∏

n=1

K∏
k=1

SINR
p
nk[t + u], (3.107)

with respect to γ11[t + u], · · · , γNK[t + u],

subject to SINRp
nk[t + u] ≥ SINR

p
nk[t + u], n ∈ N , k ∈ K , (3.108)

0 ≤ γnk[t + u] ≤ ρul, n ∈ N , k ∈ K , (3.109)

where the optimization variables are power control coefficients {γnk[t + u]}. Also, (3.108) and

(3.109) denote the common target SINR constraint and each user’s transmit power constraint,

respectively. The formulated problems are geometric programs and we solve them efficiently

using CVX [14, 76].

3.5 Numerical and Simulation Results

In this section, we present numerical results to illustrate the performance of different de-

coding schemes (ZF-I,ZF-S,MR-I,MR-S,ZF-I-P) under channel aging. We plot the analytical

results based on new expressions derived in Theorems 3.1-3.6 in Sections 3.2 and 3.3. We also

present Monte Carlo simulations to corroborate our analysis. The presented numerical results

are averaged over user locations.

Along with max-min and proportional fairness power control discussed in Section 3.4, we

also consider two ad-hoc power control strategies, namely, equal and inversion power control.

In equal power control, UEnk transmits with power γnk[t + u] = ρul, ∀n, k. On the other hand,
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Table 3.1: Simulation parameters.
Parameter Description
User distribution Uniformly dropped in an annular ring
Inner radius of annular ring (do) 100 m
Outer radius of annular ring 300 m
Reference path loss (βo) −35.3 dB
Path loss exponent (ν) 2.4
Path-loss model (βnk) βnk = 10(ϕ/10)βo (do/dnk)ν, where ϕ ∼ CN(0, σ2

s),
σ2

s = 4 dB is the variance of log-normal shadowing,
dnk is the path distance from BS to UEnk

Bandwidth 20 MHz
Noise figure 7 dB
Noise power

(
σ2

)
−93.8 dBm

Transmit power at each user (ρul) 30 dBm

under inversion power control, UEnk transmits with power γnk[t + u] given by

γnk[t + u] = ρul
min

[
βn,1, βn,2 · · · βn,k · · · βn,K

]
βnk

. (3.110)

Table 3.1 lists the simulation parameters.

3.5.1 Impact of Channel Aging on the Per-User Achievable SE

3.5.1.1 Equal Power Control

To comprehend the effect of channel outdatedness when equal power control is employed,

in Fig. 3.2, we plot the per-user achievable SE
(
Rp

avg[t + 1]
)

vs normalized Doppler shift
(
fDTS

)
for schemes ZF-I,ZF-S,MR-I,MR-S that we have analyzed. Here, for scheme p, Rp

avg[t + 1] is

defined as

Rp
avg[t + 1] =

1
L

N∑
n=1

K∑
k=1

log2

{
1 + SINRp

nk[t + 1]
}
, (3.111)

where p ∈ {ZF-I,ZF-S,MR-I,MR-S}. We observe that Monte Carlo simulations closely match

the analysis for each scheme.

Note that, as we increase fDTS, the channel becomes increasingly outdated. Clearly, if the

impact of channel aging on a particular decoding scheme is high, then Rp
avg[t + 1] dies out

faster. We can observe that, Rp
avg[t + 1] of scheme ZF-I dies out faster than that of scheme

ZF-S. This is because the performance of ZF is susceptible to the quality of estimates [14]. As

fDTS increases, the estimates used for ZF become more and more outdated, leading to severe

performance degradation for scheme ZF-I. On the other hand, the quality of estimates acquired
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Fig. 3.2: Equal power control: NF grouping, N = 10, K = 2, M = 128.
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Fig. 3.3: Inversion power control: NF grouping, N = 10, K = 2, M = 128.

using Scheme-S is far better than those acquired using Scheme-I. Therefore, the performance

degradation of scheme ZF-S is the least.

Further, we know that the MR decoder is less sensitive to the quality of channel estimates

than the ZF decoder. The most dominant factor controlling the performance of MR decoder

is the BF gain. Therefore, we see little difference in the rates at which the performances of

schemes MR-I and MR-S die out as the outdatedness of the channel estimates increases.

3.5.1.2 Inversion Power Control

Next, in Fig. 3.3, we plot Rp
avg[t+1] vs fDTS for inversion power control. Simulations closely

match the analysis. We can observe similar performance trends with inversion power control as

observed in Fig. 3.2 with equal power control.
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Fig. 3.4: Max-min power control: NF grouping, N = 10, K = 2, M = 128.
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Fig. 3.5: Ad-hoc vs max-min power control: NF grouping, N = 10, K = 2, M = 128.

3.5.1.3 Max-Min Power Control

Next, we plot Rp
avg[t + 1] vs fDTS for max-min power control in Fig. 3.4. Monte Carlo sim-

ulations closely match the analysis. Trends similar to Figs. 3.2, 3.3 are observed. Specifically,

with max-min power control as well, channel aging leads to severe degradation in performances

of schemes ZF-I, MR-I and MR-S, and on the contrary, scheme ZF-S is the least vulnerable to

channel aging.

3.5.1.4 Ad-hoc Power Control vs Max-Min Power Control

Observing the best performing scheme ZF-S in Figs. 3.2, 3.3 and 3.4, in Fig. 3.5, we plot

RZF-S
avg [t + 1] vs fDTS to compare equal, inversion and max-min power control strategies. We

observe that, for smaller values of fDTS (≲ 0.25), max-min power control provides higher

RZF-S
avg [t + 1] and for higher values of fDTS , inversion power control gives higher RZF-S

avg [t + 1].
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fDTS Max-Min Equal Inversion
0.05 2.596 2.280 2.101
0.6 1.072 1.110 1.311

Table 3.2: Comparison of Per-User Achievable SEs (in bps/Hz).
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Fig. 3.6: ZF-I vs ZF-S under max-min power control with NB grouping: K = 2, 3, 4, L = 24, M = 128.

Specifically, for fDTS = 0.05, the per-user achievable SE with max-min power control is higher

by 14% and 23% than that with equal power control and inversion power control, respectively.

On the other hand, for fDTS = 0.6, the per-user achievable SE with inversion power control is

higher by 18% and 22% than that with equal power control and max-min power control, respec-

tively. This is primarily because inversion power control significantly boosts the SE of users

with relatively weaker channel strengths. In addition, as illustrated in Section 3.2, weaker users

also have an advantage of intra-group interference cancellation due to the order in which SIC

is performed at the BS. However, low power allocation under inversion power control degrades

stronger users’ SE. We emphasize that the boost in weaker users’ performance is more signifi-

cant than the performance degradation of stronger users. Hence, we see that scheme ZF-S with

inversion power control is more robust under channel aging.

3.5.1.5 Impact of Users Per Group (K)

Now, in Fig. 3.6, we plot Rp
avg[t + 1] vs fDTS for schemes ZF-S and ZF-I under max-min

power control for K = 2, 3, 4, using scalable NB grouping, which allows more than two users

in a group. Note that the number of groups N = L/K decreases as K increases, leading to

increase in the BF gain (M − N) and hence increase in the variance of desired signal for both
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fDTS ZF-S: NF for K = 2 ZF-S: NF for K = 3
0.05 2.19 1.56

Table 3.3: Comparison of Per-User Achievable SEs (in bps/Hz) under Max-Min Power Control.
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Fig. 3.7: NF vs NB grouping under max-min power control: K = 2, 3, 4, L = 24, M = 128.

schemes ZF-S and ZF-I, where M is the number of antennas. However, increase in K also leads

to increased pilot contamination during estimation because in both Scheme-I and Scheme-S, all

users within a group share the same pilot signal.

In addition, increase in K leads to increase in the impact of imperfect SIC [86]. In effect, the

performance degradation due to (i) increased pilot contamination and (ii) increased impact of

imperfect SIC, dominates over the performance improvement due to increased BF gain (M−N).

Thus, as we increase K, the performance of both schemes ZF-S and ZF-I degrades. Specifically,

for scheme ZF-S under NF grouping and max-min power control, the per-user achievable SE

with K = 2 is 40% greater than that with K = 3. Also, the performance of both schemes, for all

values of K, degrades with increase in channel outdatedness fDTS .

3.5.1.6 Impact of User Grouping Strategies

Now, we investigate the performance of discussed schemes with two large-scale fading-

based user grouping strategies, namely, NF and NB grouping under channel aging. These user

grouping strategies are discussed in detail in Section 2.4. In Fig. 3.7, we plot Rp
avg[t + 1] vs

fDTS for all considered schemes and grouping strategies under max-min power control. As

channel outdatedness increases, as expected, the performance of all decoding schemes degrades.

Interestingly, scheme ZF-S performs better with NF grouping and scheme ZF-I performs better
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(a) Equal power control. (b) Inversion power control. (c) Max-min power control.

Fig. 3.8: Minimum achievable user SE (in bits/s/Hz) with NF grouping: N = 10, K = 2, M = 128.

with NB grouping.7 Further, scheme ZF-S performs significantly better compared to scheme

ZF-I for both grouping strategies, due to significantly boosted quality of estimates with Scheme-

S.

3.5.2 Impact of Channel Aging on Minimum Achievable User SE

Now, we consider a metric called the minimum achievable user SE. For decoding scheme

p ∈ {ZF-I,ZF-S,MR-I,MR-S}, the minimum achievable user rate is defined as

Rp
min[t + 1] = min{Rp

nk[t + 1], n ∈ N , k ∈ K}. (3.112)

To understand how channel outdatedness impacts Rp
min[t + 1] for each decoding scheme, in

Figs. 3.8(a), 3.8(b) and 3.8(c), we plot Rp
min[t+1] vs fDTS under equal, inversion and the derived

max-min power control, respectively. We observe that, in terms of Rp
min[t + 1] as well, scheme

ZF-S is the most robust to channel aging under considered power control strategies. This is

because of the improved quality of estimates acquired using Scheme-S.

In Fig. 3.9, we compare RZF-S
min [t + 1] vs fDTS under equal, inversion and max-min power

control. Here, the max-min power control significantly boosts RZF-S
min [t + 1] and hence is more

robust to channel aging.8 Specifically, RZF-S
min [t + 1] of Scheme ZF-S under NF grouping for

fDTS = 0.05 with max-min power control is 2.8 times of that with equal power control and is 6.6

times of that with inversion power control. This is because, unlike equal and inversion power

control, the max-min power control ensures that the minimum achievable SE is maximized and
7The impact of pilot contamination experienced by the weakest user is effectively reduced by using: (i) NF

grouping with Scheme-S and (ii) NB grouping with Scheme-I.
8In case of max-min power control for a given decoding scheme, per-user achievable SE is the same as mini-

mum achievable user SE.
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fDTS Max-Min Equal Inversion
0.05 2.596 0.918 0.390

Table 3.4: Comparison of Minimum Achievable User SEs (in bps/Hz) with scheme ZF-S under NF
Grouping.

Fig. 3.9: ZF-S with NF grouping: N = 10, K = 2, M = 128.

all users get the same SE performance.

3.5.3 Proportional Fairness Power Control

Now, we discuss numerical results for the proportional fairness power control discussed in

Section 3.4.2. In Fig. 3.10, we present Rp
avg[t + 1] vs fDTS to compare max-min and propor-

tional fairness power control. We observe the improvement in Rp
avg[t + 1] of each scheme when

proportional fairness is employed instead of max-min power control. Specifically, Rp
avg[t + 1]

of ZF-S under NF grouping for fDTS = 0.05 with proportional fairness is 30% higher than that

with max-min power control. This is due to improved sum SE with proportional fairness power

control.

Furthermore, to quantify the improvement in sum SE at the cost slight degradation in fair-

ness, we plot the SE for 20 UEs in Fig. 3.11. As presented, with max-min power control, J = 1

and with proportional fairness power control, J = 0.8203. At the cost of degradation in fair-

ness, the proportional fairness power control provides the sum SE of 67.8084 bps/Hz, which

is a significant improvement from sum SE of 58.8214 bps/Hz achievable with max-min power

control.
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Fig. 3.10: Max-min vs proportional fairness with NF grouping: N = 10, K = 2, M = 128.
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Fig. 3.11: Comparison of max-min and proportional fairness: N = 10, K = 2, M = 128, NF grouping.

3.5.4 Performance of ZF Designed using Predicted CSI

In Fig. 3.12, we compare Rp
avg[t + 1] vs fDTS under max-min power control for decoding

schemes ZF-I, ZF-S and ZF-I-P, for the prediction filter of order p = 0, 1, 10, 20 and transmit

SNR of 20 dB during pilot training phase.

The predicted channel with order p = 0 is equivalent to outdated estimated CSI. Thus,

schemes ZF-I and ZF-I-P with p = 0 perform the same. As we increase the order p of the

predictor, Rp
avg[t + 1] improves when compared to p = 0.9 For example, the per-user achievable

9It is important to note that the processing complexity increases significantly with increase in predictor order
p [42].

95

TH-3521_166302001



3. Massive MIMO-NOMA Systems under Channel Aging

fDTS Max-Min Proportional Fairness
0.05 2.596 3.390

Table 3.5: Comparison of Per-User Achievable SEs (in bps/Hz) under Max-Min and Proportional Fair-
ness Power Control.

Fig. 3.12: ZF with predicted CSI under max-min power control: N = 10, K = 2, M = 128, NF grouping.

SE for scheme ZF-I-P with predictor of order p = 20 is 12.5% higher than for scheme ZF-

S under NF grouping and max-min power control. However, for the considered setup, the

predictor of order p > 10 is required to achieve better Rp
avg[t+1] than scheme ZF-S with outdated

estimated CSI for lower values of fDTS (≲ 0.04). However, note that, even fDTS = 0.001

corresponds to user speed of 150 meters per second for fc = 2 GHz and TS = 1 µS, which is the

typical speed foreseen in most high mobility applications in 6G.

3.6 Summary

We investigated the performance of a uplink massive MIMO-NOMA system under the in-

fluence of channel outdatedness in the estimates acquired using two different low-overhead

schemes, namely, Scheme-I and Scheme-S. We also investigated two user grouping strategies,

namely, NF and NB grouping. We derived novel lower bounds on the achievable SE for both

ZF and MR decoders that are designed based on outdated channel estimates accounting for

pilot contamination, time-variations in the channel response, and imperfect SIC. Furthermore,

we derived the lower bounds on the achievable SE with ZF and MR decoders designed using

predicted CSI obtained with pth order WLP.

To ensure fairness in performance under channel aging, we formulated and solved max-min
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fDTS ZF-I-P with p = 20 ZF-S
0.01 1.08 0.96

Table 3.6: Comparison of Per-User Achievable SEs (in bps/Hz) ZF under NF Grouping and Max-Min
Power Control.

power control optimization problems for both ZF and MR decoders based on outdated estimated

CSI and also for ZF decoder based on predicted CSI. To strike a balance between fairness and

sum SE, we formulated and solved proportional fairness power control optimization problems

for both ZF and MR decoders based on outdated estimated CSI. We also analyzed equal and

inversion power control. We make a few interesting inferences.

Better quality estimates are obtained for (a) Scheme-I with NB grouping and (b) Scheme-S

with NF grouping. Under outdated estimated CSI and imperfect SIC, among equal, inversion

and max-min power control, scheme ZF-S with NF grouping gives the highest per-user achiev-

able SE under max-min power control for fDTS ≲ 0.25 and with inversion power control for

higher values of fDTS . Also, scheme ZF-S with max-min power control is the least vulnera-

ble to channel aging in terms of minimum achievable user SE. We also identified that, for the

considered setup, the WLP of order p > 10 is needed to beat per-user achievable SE of ZF-S

with outdated estimated CSI for lower values of fDTS (≲ 0.04). These inferences can be used

by a wireless engineer to choose the most suitable decoding and power control strategy under

channel aging and pilot contamination in massive MIMO-NOMA systems.

3.7 Comparison of Contributions in Chapters 2 and 3

As we investigated uplink massive MIMO-NOMA systems in depth in Chapters 2 and 3,

it becomes important to identify the critical distinctions in modelling, analysis and results pre-

sented in these chapters. These key distinctions are presented in Table 3.7 and are discussed in

detail below.

In Chapter 2, the channel is modeled as a quasi-static Rayleigh faded channel, which means

it remains constant over the duration of a coherence interval. To estimate the channel, MMSE-

based estimation schemes, referred to as Scheme-I and Scheme-S, are employed. In Chapter

3, we consider a more dynamic channel model compared to the channel model in Chapter 2.
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Chapter 2 Chapter 3
Channel Model Quasi-static Rayleigh faded chan-

nel assumed to be constant over the
transmission interval. The chan-
nel is estimated using MMSE-based
estimation schemes, Scheme-I and
Scheme-S.

Channel is assumed to be constant
during the channel estimation phase
and varies from one symbol to the
next symbol during data transmis-
sion phase. The outdated estimates
are modelled based on the time cor-
relation between the channel esti-
mates acquired with Scheme-I and
Scheme-S. As a counter measure to
channel aging, channel prediction is
also proposed using linear predic-
tion.

Decoders ZF decoder designed using the
channel estimates acquired with
Scheme-I and Scheme-S.

ZF and MR decoders designed us-
ing the outdated estimates acquired
with Scheme-I and Scheme-S.

Power Control Max-min power control to ensure
fairness in terms of SE

Max-min power control to ensure
fairness in terms of SE and propor-
tional fairness to improve sum SE
while maintaining fairness to a sig-
nificant extent. Performance under
ad-hoc power control policies like
equal power control and inversion
power control are also studied.

Closed-form ex-
pressions

Lower bounds on the achievable SE
with ZF decoders designed using
Scheme-I and Scheme-S, incorpo-
rating the effects of channel estima-
tion error and imperfect SIC.

Lower bounds on the achievable SE
with MR and ZF decoders designed
using outdated estimates acquired
with Scheme-I and Scheme-S, in-
corporating the effects of channel
aging, imperfect SIC, channel es-
timation errors. Lower bound on
achievable SE with ZF decoder de-
signed using the predicted channel
is also presented.

Table 3.7: Comparison of modelling, analysis and contributions in Chapter 2 and Chapter 3.

Here, the channel is assumed to be constant only during the initial channel estimation phase

but becomes outdated after this phase, as it varies from one symbol duration to the next during

the data transmission phase. This variation introduces channel aging. The outdated channel

estimates are modeled based on the time correlation between the channel estimates obtained

using Scheme-I and Scheme-S. To counteract the adverse effects of channel aging, a channel

prediction technique using linear prediction method is proposed, enhancing the reliability of the
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channel estimates over time.

In Chapter 2, we discuss the design of a ZF decoder, which is based on the channel esti-

mates derived from Scheme-I and Scheme-S. The ZF decoder is designed to nullify inter-group

interference, thereby improving the quality of received signal. This approach is suitable for sce-

narios where accurate channel estimation can be achieved, providing a baseline for comparison

with other decoder designs. In Chapter 3, the design of decoders is extended to accommodate

the effects of channel aging. Both ZF and MR decoders are designed using the outdated chan-

nel estimates obtained through Scheme-I and Scheme-S. The ZF decoder design based on the

predicted channel is also investigated.

In Chapter 2, a max-min power control strategy is employed to ensure fairness among users

in terms of SE. This approach aims to maximize the minimum achievable SE among all users,

preventing any single user from experiencing significantly worse performance compared to

others. In Chapter 3, we expand on the power control strategies discussed in Chapter 2 by

introducing additional techniques. Besides the max-min power control, proportional fairness is

introduced to balance the overall sum SE while still maintaining a reasonable level of fairness

among users. In this chapter, we also explore ad-hoc power control policies, such as equal

power control and inversion power control, to examine their impact on system performance

under different channel conditions.

In Chapter 2, we derive lower bounds on the achievable SE for systems using ZF decoders.

These bounds take into account the channel estimation errors and the imperfections in SIC. In

Chapter 3, the analysis is extended to consider the effects of channel aging. Lower bounds on the

achievable SE are derived for both MR and ZF decoders designed using the outdated channel

estimates obtained with Scheme-I and Scheme-S. This comprehensive analysis incorporates

factors such as channel aging, imperfect SIC, and channel estimation errors. Additionally, in

Chapter 3 we present lower bound on the SE for systems employing ZF decoders designed using

predicted channel.
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4.1 System Model

So far, we investigated massive MIMO-NOMA systems in depth and addressed several

practically relevant challenges in Chapters 2 and 3 of the thesis. The performance benefits of

massive MIMO-NOMA systems ensured increased connectivity, improved SE and improved

minimum achievable SE. However, the potential of massive MIMO systems lies in the use of

a large number of antennas and hence a large number of RF chains at the BS. This comes at

a hardware cost. Thus, it is important to explore cost-efficient alternatives to large antenna

systems. IRS is a recent technology which promises the gains similar to large antenna systems

like massive MIMO without employing the active RF chains.

In this chapter, we analyze the error probability performance on the downlink of an IRS-

enabled NOMA system. Firstly, we describe the system model incorporating practically rele-

vant channel model. Then we discuss in detail the SEP analysis of a two-user setup for PAM and

QAM modulation of arbitrary order. Next, we characterize the error probability performance

of a multi-user setup, within which we discuss the SEP analysis for multicast transmission fol-

lowed by PEP analysis for unicast transmission. To bring in the practical aspects of the system,

we characterize the impact of discrete phase shifts at the IRS and imperfect CSI on the average

SEP performance. We also formulate and solve a constrained optimization problem to deter-

mine the optimal fraction of elements to be activated at any IRS to guarantee near-identical SEP

for both users in a two-user setup. Finally, we present extensive numerical results to derive

novel design insights.

Chapter Organization: In Section 4.1, we discuss system model in detail. In Section 4.2,

we present the detailed error probability analysis followed by extensive numerical results and

discussion in Section 4.3. Finally, we summarize the chapter in Section 4.4.

4.1 System Model

We consider a single-antenna BS serving two single-antenna users, UE1 and UE2 on the

downlink using power-domain NOMA. We refer to UE1 as the weak user and UE2 as the strong

user.1 IRSk with T elements is deployed to assist communication to UEk as shown in Fig. 4.1.

1The user is classified as a weak user or strong user based on its effective channel strength compared to the
other user taking the channel ordering into account, i.e., after phase configuration at each IRS.
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Base Station

IRS-Controller: Θ1
: Θ2IRS1

UE1 UE2

g1 g2

h1 h2

t1 t2

IRS2

T1  Elements T2  Elements

Fig. 4.1: System model: IRS-aided NOMA, two-user case.

The use of a separate IRS to serve each user enables constructive interference induced boost in

the received signal energy simultaneously at both the users, since they can then be independently

configured. Moreover, employing two different IRSs enables the system to provide simultane-

ous service to multiple users. On the contrary, use of a single IRS to serve both users leads to

compromise in performance of one of the users or both users. Furthermore, we consider that

the signal reflected by IRSk is too weak to cause any interference to UEk′ , where k, k′ ∈ {1, 2}

and k , k′. We consider only first order reflections, since the reflections between the IRSs will

further weaken the signal.2 The BS broadcasts the superposition coded symbol which reaches

both users via corresponding direct paths BS-UE1 and BS-UE2, and via corresponding reflected

paths through the IRS, namely, BS-IRS1-UE1 and BS-IRS2-UE2.3 The IRS is connected to BS

2The interference to UEk from the signal reflected between the IRSs will be very weak because the signal
reflected between IRSs will reach the undesired user in three hops, i.e., the first hop is from the BS to IRSi, the
second hop is from the IRSi to IRSk and the third hop is from IRSk to UEi, for i , k and i, k ∈ {1, 2}. Therefore, the
effective path-loss corresponding to the interference signal reflected between IRSs is the product of the path-loss
values corresponding to three hops reducing the strength of the interference signal to a negligibly small value. On
top of that, the signal reflected between the IRSi and IRSk will not add up in phase with the desired signal at UEi

since the phase shifts at IRSk are programmed to beamform the signal to UEk and not to UEi. Hence the interference
signals reaching UEk after reflection from IRSi and the interference signal reaching UEk after reflection between
IRSk and IRSi can be neglected without affecting the effective SINR.

3The channel between the BS and each UE is composed of two components: (i) the path from BS to UE without
any reflection from the IRS and (ii) the path from BS to UE with reflection from IRS. The term direct path signifies
the first component of channel through which signal reaches from the BS to each UE without any reflection from
IRS. The term reflected path signifies the second component of channel through which the signal reaches from the
BS to each UE after reflection from IRS. Note that the term direct path does not necessarily signify the line-of-sight
(LoS) channel. The channel fading via direct path may or may not contain an LoS component. We assume that,
there is no LoS component in direct path channel between the BS and each UE. This assumption is based on the
fact that the UE may be located either far from the BS or in a position with its LoS path blocked by the obstacles.
Further, due to an NLoS component owing to rich scattering assumption, we consider the direct path channel as
Rayleigh fading. Similarly, the channel fading via reflected path may or may not contain an LoS component. We
assume that the reflected path component of the channel consists of a NLoS component due to rich scattering as
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through a dedicated control link, and BS configures phase shifts of IRSk to ensure coherent

reception at UEk.

Let zk ∈ C denote the effective channel coefficient from the BS to UEk. It is given by

zk = tk + gT
kΘkhk = tk +

T∑
i=1

∣∣∣gk,i

∣∣∣ e j
(
θgk,i+θk,i+θhk,i

) ∣∣∣hk,i

∣∣∣ , (4.1)

where (·)T denotes the transpose operator, tk = |tk| e jθtk is the channel coefficient of the Rayleigh

fading direct path from the BS to UEk, gk =
[
gk,1 · · · gk,T

]T is the Rician fading channel vec-

tor from the BS to IRSk where gk,i =
∣∣∣gk,i

∣∣∣ e jθgk,i is the channel coefficient from BS to the ith

element of IRSk, hk =
[
hk,1 · · · hk,T

]T is the Rician fading channel vector from IRSk to UEk

where hk,i =
∣∣∣hk,i

∣∣∣ e jθhk,i is the channel coefficient from the ith element of IRSk to UEk, and

Θk = diag
[
e jθk,1 , e jθk,2 , · · · , e jθk,T

]
is the phase-shift matrix corresponding to IRSk, where θk,i de-

notes the phase-shift induced by the ith element of IRSk. Firstly, we assume that the BS has

perfect knowledge of the CSI, which it uses to configure the phases at IRS. Later we also

present results with imperfect CSI in Section 4.3.1.1 to assess how robust SEP is to channel

estimation errors. Based on this, the BS configures the phase shift of the ith element of IRSk as

θk,i = θtk −
(
θgk,i + θhk,i

)
, for i ∈ {1, 2, . . . ,T } to ensure coherent reception at UEk. Therefore, (4.1)

can be modified as

zk = |zk| e jθzk =

|tk| +

T∑
i=1

∣∣∣gk,i

∣∣∣ ∣∣∣hk,i

∣∣∣ e jθtk . (4.2)

This gives |zk| = |tk| +
∑T

i=1

∣∣∣gk,i

∣∣∣ ∣∣∣hk,i

∣∣∣ and θzk = θtk . Let |zk| = uk + vk, where uk ≜ |tk| and

vk ≜
∑T

i=1

∣∣∣gk,i

∣∣∣ ∣∣∣hk,i

∣∣∣.
Based on the channel model, uk is Rayleigh distributed with scale parameter σuk =

√
βtk/2,

where βtk is the path-loss corresponding to the direct channel tk. Since
∣∣∣gk,i

∣∣∣ and
∣∣∣hk,i

∣∣∣ are indepen-

dent random variables, for i ∈ {1, 2, . . . ,T }, vk is the sum of T i.i.d. random variables. Therefore,

invoking central limit theorem (CLT), the distribution of vk approaches Gaussian distribution

with mean µvk and varianceσ2
vk

, where µvk = Tµgkµhk andσ2
vk
= T

([
βgkβhk

]
−

[(
µgkµhk

)2
])

.4 Here,

well as an LoS component. In general, IRSs are expected to be placed at an elevation from ground such that there
is a high probability of LoS between the BS and IRS and between the IRS and each UE. Thus, the reflected path
channel component is modelled as Rician fading.

4We have verified that the mean squared error (MSE) between the cumulative density functions (CDFs) of
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βgk and βhk are path-losses corresponding to the channels gk and hk, respectively. Moreover,

µgk =

√
(π/4)

[
βgk/

(
1 + Kgk

)]
L1/2

{
−Kgk

}
, µhk =

√
(π/4)

[
βhk/

(
1 + Khk

)]
L1/2

{
−Khk

}
, where Kgk ,

Khk are the corresponding Rice factors, andL1/2 {·} denotes Laguerre polynomial of order 1
2 [88].

Lemma 4.1. The PDF of the effective channel gain |zk| = uk + vk is given by

f|zk |(x) = f1,k(x) −
[
f2,k,1(x) + f2,k,2(x)

]
− f3,k(x) , (4.3)

where f1,k(x), f2,k,1(x), f2,k,2(x), and f3,k(x) are given by

f1,k(x) =
√

2/(π bk)(1/q̄k)e
−

(ck−x)2

2bk , (4.4)

f2,k,1(x) =
ak
√

2/(π bk)
(ak + bk) q̄k

e−
(ck−x)2

2bk , (4.5)

f2,k,2(x) =
√

(2bk)/π
(ak + bk) q̄k

e−
(ak c2

k + bk x2)
2akbk , (4.6)

f3,k(x) = q̄k
−1

(
(ck − x)

√
ak

(ak + bk)3/2 e−
(ck−x)2

2bk

{
Erf

[ √
ak (x − ck)

√
2 ak (ak + bk)

]
+ Erf

[
akck + bkx

√
2 akbk (ak + bk)

]})
, (4.7)

where ak = σ
2
uk

, bk = σ
2
vk

, ck = µvk , q̄k =
(
1 + Erf

[
ck√
2bk

])
, and Erf[·] denotes the error function.

Proof. The proof is given in Appendix C.1. □

The superposition coded symbol transmitted by the BS is given by s =
√

P1s1 +
√

P2s2,

where s1 and s2 are symbols with unit average power drawn from N1-PAM/N1-QAM and N2-

PAM/N2-QAM constellations, respectively. Note that P1 = λP and P2 = (1 − λ)P, where

λ ∈ (0, 1) is NOMA power allocation coefficient and P is total transmit power at BS. In case of

PAM constellation for both users, the power allocation is done such that P1 >
(N2−1)(N2

1−1)
(N2+1) P2 to

ensure non-overlapping decision regions of different constellation points [89].

4.2 Error Probability Analysis

The signal received at UEk is given by

yk = zk s + wk = |zk| e jθzk s + wk = |zk| e jθtk s + wk, (4.8)

and wk ∼ CN(0, σ2
k) is AWGN at UEk. We assume that the receiver UEk has phase information

of the effective channel and does phase compensation before processing the received signal.

vk =
∑T

i=1 |gk,i||hk,i| (derived) and vk ∼ N
(
µvk , σ

2
vk

)
(CLT) decreases with increase in T . At T = 200, the MSE

between the CDFs is of the order of 10−5, which is negligible.
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Therefore, after phase compensation, the received signal at UEk reduces to

ỹk = yk e− jθtk = |zk| s + w̃k , (4.9)

where w̃k = wke− jθtk has same distribution as wk owing to circular symmetry property.

4.2.1 SEP Analysis for Two-User Setup with PAM Symbols

The SEP of UE1 conditioned on |z1|, when N1-PAM constellation is used for UE1 and N2-

PAM constellation is used for UE2, is given by [89]

PC
1 (e) ≜ P1(e| |z1|) =

2 (N1 − 1)
N2N1

N2/2∑
m=1

2∑
i=1

Q {Li(m) |z1|} , (4.10)

where Q{·} denotes the Q-function, L1(m) = (d1−(2m−1)d2)√
σ2

1/2
, L2(m) = (d1+(2m−1)d2)√

σ2
1/2

. Also, d1 =√
3P1

(N1−1)(N1+1) , d2 =

√
3P2

(N2−1)(N2+1) are half the distances between neighboring constellation points

of N1-PAM and N2-PAM constellations, respectively. Similarly, the SEP of UE2 conditioned on

|z2| is given by

PC
2 (e) ≜ P2(e| |z2|) = PC

2,1(e) − PC
2,2(e) (4.11)

=
2 (N2−1)

N2
Q {L3 |z2|} −

N1−1∑
n=1

2 (N1−n)
N2N1

(N2−1)

 5∑
i=4

(−1)iQ {Li(n) |z2|}

+ 7∑
i=6

(−1)iQ {Li(n) |z2|}

 ,
(4.12)

where

L3 =
d2√
σ2

2/2
, L4(n) =

(2nd1 − d2)√
σ2

2/2
, L5(n) =

(2nd1 + d2)√
σ2

2/2
, (4.13)

L6(n) =
((2n − 1)d1 + (N2 − 1)d2)√

σ2
2/2

, L7(n) =
((2n − 1)d1 − (N2 − 1)d2)√

σ2
2/2

. (4.14)

Here, PC
2,1(e) and PC

2,2(e) are the first and the second terms of (4.12), respectively. We next

analyze the average SEP of both users that employ NOMA decoding protocol.

Theorem 4.1. In an IRS-aided NOMA system where symbols of UE1 and UE2 are drawn from
N1-PAM and N2-PAM constellations, respectively, the average SEP of UE1 is given by

Pe
1(T ) ≈ I11 −

(
I12,1 + I12,2

)
− I13 , (4.15)
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where

I11 =

N2/2∑
m=1

e−
c2
1

2b1 (N1−1)
∑2

i=1

(
χ1

Li(m)+ Ξ
1
Li(m)

)
6N2N1

√
b1q̄1

, (4.16)

I12,1 =

N2/2∑
m=1

e−
c2
1

2b1 (N1−1)a1
∑2

i=1

(
χ1

Li(m)+Ξ
1
Li(m)

)
6N2N1

√
b1 (a1 + b1) q̄1

, (4.17)

I12,2 =

M/2∑
m=1

e−
c2
1

2b1 (N1 − 1)
√

b1
∑2

i=1
∑2

j=1 Ω
j
Li(m)

6N2N1(a1 + b1)q̄1
, (4.18)

where, for i ∈ {1, 2}:

χ1
Li(m)=

e
c2
1

2b1+2L2
i (m)b2

1

(
1 + Erf

[
c1

√
L2

i (m)+ 1
b1

√
2(1+L2

i (m)b1)

])
√

L2
i (m) + 1

b1

, (4.19)

Ξ1
Li(m)=

3e
3c2

1
6b1+8L2

i (m)b2
1

(
1+Erf

[
c1

√
6L2

i (m)+ 9
2b1

3+4L2
i (m)b1

])
√

4L2
i (m)
3 + 1

b1

, (4.20)

Ω1
Li(m) =

1√
L2

i (m) + 1
a1

, Ω2
Li(m) =

3√
4L2

i (m)
3 + 1

a1

, (4.21)

and

I13 =

∫ ∞

x=0
PC

1 (e) f3,1(x)dx, (4.22)

where Erf[·] denotes error function.

Proof. The proof is given in Appendix C.2. □

Special Case I: When direct path channel t1 is blocked, then the average SEP at UE1 sim-

plifies to: Pe
1(T ) = I11.

Theorem 4.2. In an IRS-aided NOMA system where symbols of UE1 and UE2 are drawn from
N1-PAM and N2-PAM constellations, respectively, average SEP of UE2 is given by

Pe
2(T ) ≈

2∑
j=1

(−1)( j+1)
[
J

j1
2 −

(
J

j2,1
2 +J

j2,2
2

)
− J

j3
2

]
, (4.23)

where

J11
2 =

e−
c2
2

2b2 (N2 − 1)
(
χ1

L3
+ Ξ1

L3

)
3N2
√

2π
√

b2q̄2

, (4.24)
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J
12,2
2 =

e−
c2
2

2b2 (N2 − 1)
√

b2

 1√
L2

3+
1

a2

+ 3√
4L2

3
3 +

1
a2


(6N2(a2 + b2)) q̄2

, (4.25)

J21
2 =

N1−1∑
n=1

e−
c2
2

2b2 (N1 − n)

3N2N1
√

2π
√

b2q̄2


 7∑

j=6

(−1) j
(
χ2

L j(n) + Ξ
2
L j(n)

)
+

(M − 1)
5∑

j=4

(−1) j
(
χ2

L j(n) + Ξ
2
L j(n)

)
 , (4.26)

J
22,2
2 =

N1−1∑
n=1

e−
c2
2

2b2 (N − n)
√

b2

6N2N1(a2 + b2)q̄2


 4∑

i=3

7∑
j=6

(−1) jΩi
L j(n)

 + (M − 1)

 4∑
i=3

5∑
j=4

(−1) jΩi
L j(n)


 , (4.27)

J
12,1
2 =

a2

a2 + b2
J11

2 ,J22,1
2 =

a2

(a2 + b2)
J21

2 , (4.28)

where, for j ∈ {4, 5, 6, 7}:

χ1
L3
=

e
c2
2

2b2+2L2
3b2

2
√

π
2

(
1 + Erf

[
c2

√
L2

3+
1

b2
√

2(1+L2
3b2)

])
√

L2
3 +

1
b2

, (4.29)

Ξ1
L3
=

3e
3c2

2
6b2+8L2

3b2
2
√

3π
(
1 + Erf

[
c2

√
6L2

3+
9

2b2

3+4L2
3b2

])
√

8L2
3 +

6
b2

, (4.30)

χ2
L j(n)=

e
c2
2

2b2+2L2
j (n)b2

2
√

π
2

(
1+Erf

[
c2

√
L2

j (n)+ 1
b2

√
2
(
1+L2

j (n)b2
)
])

√
L2

j(n) + 1
b2

, (4.31)

Ξ2
L j(n)=

3e
3c2

2
6b2+8L2

j (n)b2
2

(
1+Erf

[
c2

√
6L2

j (n)+ 9
2b2

3+4L2
j (n)b2

])
(
1/
√

3π
) √

8L2
j(n) + 6

b2

, (4.32)

Ω3
L j(n) =

1√
L2

j(n) + 1
a2

, Ω4
L j(n) =

3√
4L2

j (n)

3 + 1
a2

, (4.33)

and

J13
2 =

∫ ∞

x=0
PC

2,1(e) f3,2(x)dx , (4.34)
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J23
2 =

∫ ∞

x=0
PC

2,2(e) f3,2(x)dx. (4.35)

Proof. The proof is given in Appendix C.3. □

Special Case II: When direct path channel t2 is blocked, then average SEP at UE2 simplifies

to: Pe
2(T ) = J11

2 − J
21
2 .

4.2.2 SEP Analysis for Two-User Setup with QAM Symbols

The SEP of UE1 conditioned on |z1|, when N1-QAM constellation is used for UE1 and N2-

QAM constellation is used for UE2, is given by [89]

P
C-QAM
1 (e) ≜ PQAM

1 (e| |z1|) = 1 −

1 − 2
(√

N1 − 1
)

√
N2N1

√
N2/2∑

m=1

2∑
i=1

Q
{
L̃i(m) |z1|

}
2

, (4.36)

where L̃1(m) = (d̃1−(2m−1)d̃2)
√
σ2

1/2
, L̃2(m) = (d̃1+(2m−1)d̃2)

√
σ2

1/2
. Also, d̃1 =

√
3P1

2(N1−1) , d̃2 =

√
3P2

2(N2−1) are

half the distances between neighboring constellation points of N1-QAM and N2-QAM constel-

lations, respectively. Similarly, the SEP of UE2 conditioned on |z2| is given by [89].

P
C-QAM
2 (e) ≜ PQAM

2 (e| |z2|) = 1 −
(
P

C-QAM
2 (c)

)2
, (4.37)

where, PC-QAM
2 (c) is given by

P
C-QAM
2 (c) ≜ 1 −

2
(√

N2 − 1
)

√
N2

Q {L3 |z2|}

+

√
N1−1∑
n=1

2
(√

N1 − n
)

√
N2N1

( √N2 − 1
)  5∑

i=4

(−1)iQ {Li(n) |z2|}

 +  7∑
i=6

(−1)iQ {Li(n) |z2|}

 . (4.38)

Therein, L̃3 =
d̃2√
σ2

2/2
, L̃4(n) = (2nd̃1−d̃2)

√
σ2

2/2
, L̃5(n) = (2nd̃1+d̃2)

√
σ2

2/2
, L̃6(n) = ((2n−1)d̃1+(N2−1)d̃2)

√
σ2

2/2
, L̃7(n) =

((2n−1)d̃1−(N2−1)d̃2)
√
σ2

2/2
.

As it can be observed in (4.36), (4.37) and (4.38), the conditional SEP expressions for UE1

and UE2 involve the square of a summation term. The summations are over modulation orders

N1 and N2. And the square of the summation cannot be expanded without fixing the values of

N1 and N2. Therefore, it may not be possible to derive corresponding closed-form average SEP

expressions. However, given the values of N1 and N2, one can expand the respective summations
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in (4.36) and (4.37). Thereafter, the conditional SEP expressions with expanded summations

can be used to derive the corresponding average SEP expressions by taking their expectation

over the PDF of the effective channel gain. As an example, we consider N1 = 4 and N2 = 16

and expand the summation terms in PC-QAM
1 (e) and PC-QAM

2 (e). For N1 = 4 and N2 = 16,

P
C-QAM
1 (e) = 2A1 − (A1)2 , (4.39)

whereA1 =
1
4

∑2
m=1

(
Q

{
L̃1 |z1|

}
+Q

{
L̃2 |z1|

})
. Similarly,

P
C-QAM
2 (e) = 2A2 − 2B2 + 2A2B2 − (A2)2

− (B2)2 , (4.40)

where B2 =
1
4

(
2
∑5

i=4(−1)iQ
{
L̃i |z2|

}
+

∑7
j=6 Q

{
L̃ j |z2|

})
, A2 =

3
2Q

{
L̃3 |z2|

}
. We use these condi-

tional SEP expressions for N1 = 4 and N2 = 16 to derive corresponding average SEP expres-

sions in the following theorems.

Theorem 4.3. In an IRS-aided NOMA system where symbols of UE1 and UE2 are drawn from
4-QAM and 16-QAM constellations, respectively, the average SEP of UE1 is given by

P
e,QAM
1 (T ) ≈ IQAM

11 −
(
I

QAM
12,1 + I

QAM
12,2

)
− I

QAM
13 , (4.41)

where
I

QAM
12,1 =

a1

a1 + b1
I

QAM
11 , (4.42)

I
QAM
13 =

∫ ∞

x=0
P

C-QAM
1 (e) f3,1(x)dx, (4.43)

and IQAM
11 and IQAM

12,2 are given by

I
QAM
11 =

e−
c2
1

2b1

1152
√

2π
√

b1q̄1


 2∑

i=1

2∑
j=1

Γ1

(
L̃i( j)

) −
 2∑

i=1

2∑
j=1

Γ2

(
L̃i( j)

) +
 2∑

i=1

2∑
j=1

Γ3

(
L̃i( j)

)
−

 2∑
i=1

2∑
j=1

Γ4

(
L̃i( j)

) −
 2∑

i=1

2∑
j=1

Γ5

(
L̃i( j)

)
−

9∑
k=6


 2∑

i=1

2∑
j=1

Γk

(
L̃2(i), L̃1 ( j)

) + [
Γk

(
L̃2(2), L̃2 (1)

)
+ Γk

(
L̃1(2), L̃1 (1)

)]
 , (4.44)

I
QAM
12,2 =

e−
c2
1

2b1
√

b1

1152
√

2π(a1 + b1)q̄1


 2∑

i=1

2∑
j=1

∆1

(
L̃i( j)

) −
 2∑

i=1

2∑
j=1

∆2

(
L̃i( j)

) +
 2∑

i=1

2∑
j=1

∆3

(
L̃i( j)

)
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−

 2∑
i=1

2∑
j=1

∆4

(
L̃i( j)

) −
 2∑

i=1

2∑
j=1

∆5

(
L̃i( j)

)
−

9∑
k=6


 2∑

i=1

2∑
j=1

∆k

(
L̃2(i), L̃1 ( j)

) + [
∆k

(
L̃2(2), L̃2 (1)

)
+ ∆k

(
L̃1(2), L̃1 (1)

)]
 , (4.45)

where

Γ1

(
L̃i( j)

)
=

48e
c2
1

2b1+2L̃i( j)2b2
1
√

2π
(
1 + Erf

[
c1

√
L̃i( j)2+ 1

b1
√

2(1+L̃i( j)2b1)

])
√

L̃i( j)2 + 1
b1

, (4.46)

Γ2

(
L̃i( j)

)
=

e
c2
1

2b1+4L̃i( j)2b2
1
√

π
2

(
1 + Erf

[
c1

√
L̃i( j)2+ 1

2b1

1+2L̃i( j)2b1

])
√

2L̃i( j)2 + 1
b1

, (4.47)

Γ3

(
L̃i( j)

)
=

288e
3c2

1
6b1+8L̃i( j)2b2

1
√

3π
(
1 + Erf

[
c1

√
6L̃i( j)2+ 9

2b1

3+4L̃i( j)2b1

])
√

8L̃i( j)2 + 6
b1

, (4.48)

Γ4

(
L̃i( j)

)
=

3e
3c2

1
6b1+14L̃i( j)2b2

1
√

6π
(
1 + Erf

[ √
3
2 c1

√
7L̃i( j)2+ 3

b1

3+7L̃i( j)2b1

])
√

7L̃i( j)2 + 3
b1

, (4.49)

Γ5

(
L̃i( j)

)
=

9e
3c2

1
6b1+16L̃i( j)2b2

1

√
3π
2

(
1 + Erf

[
c1

√
12L̃i( j)2+ 9

2b1

3+8L̃i( j)2b1

])
√

8L̃i( j)2 + 3
b1

, (4.50)

Γ6

(
L̃i( j), L̃i

(
j
))
=

e

c2
1

2b1

(
1+L̃i( j)2b1+L̃i( j)2

b1

)
√

2π

1 + Erf

 c1

√
L̃i( j)2+L̃i( j)2

+ 1
b1

√
2
(
1+L̃i( j)2b1+L̃i( j)2

b1

)

√

L̃i( j)2 + L̃i

(
j
)2
+ 1

b1

, (4.51)

Γ7

(
L̃i( j), L̃i

(
j
))
=

3e

3c2
1

2b1

(
3+4L̃i( j)2b1+3L̃i( j)2

b1

)
√

6π

1 + Erf


√

3
2 c1

√
4L̃i( j)2+3

(
L̃i( j)2

+ 1
b1

)
3+4L̃i( j)2b1+3L̃i( j)2

b1


√

4L̃i( j)2 + 3
(
L̃i

(
j
)2
+ 1

b1

) , (4.52)

Γ8

(
L̃i( j), L̃i

(
j
))
=

3e

3c2
1

2b1

(
3+3L̃i( j)2b1+4L̃i( j)2

b1

)
√

6π

1 + Erf


√

3
2 c1

√
3L̃i( j)2+4L̃i( j)2

+ 3
b1

3+3L̃i( j)2b1+4L̃i( j)2
b1


√

3L̃i( j)2 + 4L̃i

(
j
)2
+ 3

b1

, (4.53)
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Γ9

(
L̃i( j), L̃i

(
j
))
=

9e

3c2
1

2b1

(
3+4L̃i( j)2b1+4L̃i( j)2

b1

)
√

6π

1 + Erf

 c1

√
6L̃i( j)2+6L̃i( j)2

+ 9
2b1

3+4L̃i( j)2b1+4L̃i( j)2
b1


√

4L̃i( j)2 + 4L̃i

(
j
)2
+ 3

b1

, (4.54)

∆1

(
L̃i( j)

)
=

48
√

2π√
L̃i( j)2 + 1

a1

, (4.55)

∆2

(
L̃i( j)

)
=

√
π√

4L̃i( j)2 + 2
a1

, (4.56)

∆3

(
L̃i( j)

)
=

288
√

3π√
8L̃i( j)2 + 6

a1

, (4.57)

∆4

(
L̃i( j)

)
=

3
√

6π√
7L̃i( j)2 + 3

a1

, (4.58)

∆5

(
L̃i( j)

)
=

9
√

3π
2√

8L̃i( j)2 + 3
a1

, (4.59)

∆6

(
L̃i( j), L̃i

(
j
))
=

√
2π√

L̃i( j)2 + L̃i

(
j
)2
+ 1

a1

, (4.60)

∆7

(
L̃i( j), L̃i

(
j
))
=

6
√

3π√
8L̃i( j)2 + 6

(
L̃i

(
j
)2
+ 1

a1

) , (4.61)

∆8

(
L̃i( j), L̃i

(
j
))
=

6
√

3π√
6L̃i( j)2 + 8

(
L̃i

(
j
)2
+ 6

a1

) , (4.62)

∆9

(
L̃i( j), L̃i

(
j
))
=

18
√

3π√
8L̃i( j)2 + 8

(
L̃i

(
j
)2
+ 6

a1

) (4.63)

Proof. The proof is given in Appendix C.4. □

Theorem 4.4. In an IRS-aided NOMA system where symbols of UE1 and UE2 are drawn from
4-QAM and 16-QAM constellations, respectively, average SEP of UE2 is given by

P
e,QAM
2 (T ) ≈ JQAM

11 −
(
J

QAM
12,1 +J

QAM
12,2

)
− J

QAM
13 , (4.64)

where
J

QAM
11 = 48T1 + 288T2 − T3 − 9T4 − 3T5 + T6 + 3T7 + 3T8 + 9T9, (4.65)
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J
QAM
12,2 = 48U1 + 288U2 +U3 + 3U4 +U5 + 6U6 +U7 + 6U8 + 18U9, (4.66)

J
QAM
12,1 =

a2

a2 + b2
J

QAM
11 , (4.67)

J
QAM
13 =

∫ ∞

x=0
P

C-QAM
2 (e) f3,2(x)dx, (4.68)

and Tk andUk, for all k, are given by

Tk =
[
6Υk

(
L̃3(1)

)
− 2Υk

(
L̃4(1)

)
+ 2Υk

(
L̃5(1)

)
− Υk

(
L̃6(1)

)
+ Υk

(
L̃7(1)

)]
, for k = 1, 2

(4.69)

=
[
18Υk

(
L̃3(1)

)
+ 2Υk

(
L̃4(1)

)
+ 2Υk

(
L̃5(1)

)
+ Υk

(
L̃6(1)

)
+ Υk

(
L̃7(1)

)]
, for k = 3, 4 (4.70)

=
[
36Υk

(
L̃3(1)

)
+ 4Υk

(
L̃4(1)

)
+ 4Υk

(
L̃5(1)

)
+ Υk

(
L̃6(1)

)
+ Υk

(
L̃7(1)

)]
, for k = 5 (4.71)

= 12Υk
(
L̃3(1), L̃4(1)

)
− 12Υk

(
L̃3(1), L̃5(1)

)
+ 6Υk

(
L̃3(1), L̃6(1)

)
− 6Υk

(
L̃3(1), L̃7(1)

)
(4.72)

+ 4Υk
(
L̃4(1), L̃4(5)

)
− 2Υk

(
L̃4(1), L̃4(6)

)
+ 2Υk

(
L̃4(1), L̃4(7)

)
+ 2Υk

(
L̃5(1), L̃4(6)

)
− 2Υk

(
L̃5(1), L̃4(7)

)
+ Υk

(
L̃6(1), L̃4(7)

)
, for k = 6, 7, 8, 9, (4.73)

Uk = −

[
6Υ

k (
L̃3(1)

)
− 2Υ

k (
L̃4(1)

)
+ 2Υ

k (
L̃5(1)

)
− Υ

k (
L̃6(1)

)
+ Υ

k (
L̃7(1)

)]
, for k = 1, 2

(4.74)

=

[
36Υ

k (
L̃3(1)

)
+ 4Υ

k (
L̃4(1)

)
+ 4Υ

k (
L̃5(1)

)
+ Υ

k (
L̃6(1)

)
+ Υ

k (
L̃7(1)

)]
, for k = 3, 4 (4.75)

=

[
162Υ

k (
L̃3(1)

)
+ 18Υ

k (
L̃4(1)

)
+ 18Υ

k (
L̃5(1)

)
+

9
16
Υ

k (
L̃6(1)

)
+

9
16
Υ

k (
L̃7(1)

)]
, for k = 5

(4.76)

= −12Υ
k (

L̃3(1), L̃4(1)
)
+ 12Υ

k (
L̃3(1), L̃5(1)

)
− 6Υ

k (
L̃3(1), L̃6(1)

)
+ 6Υ

k (
L̃3(1), L̃7(1)

)
− 4Υ

k (
L̃4(1), L̃4(5)

)
+ 2Υ

k (
L̃4(1), L̃4(6)

)
− 2Υ

k (
L̃4(1), L̃4(7)

)
− 2Υ

k (
L̃5(1), L̃4(6)

)
+ 2Υ

k (
L̃5(1), L̃4(7)

)
− Υ

k (
L̃6(1), L̃4(7)

)
, for k = 6, 7, 8, 9, (4.77)

where, for i, j = 1, 2, 3, 4, 5:

Υ1
(
L̃i(1)

)
=

e
c2
2

2b2+2L̃i(1)2b2
2
√

2π
(
1 + Erf

[
c2

√
L̃i(1)2+ 1

b2
√

2(1+L̃i(1)2b2)

])
√

L̃i(1)2 + 1
b2

, (4.78)

Υ2
(
L̃i(1)

)
=

e
3c2

2
6b2+8L̃i(1)2b2

2
√

3π
(
1 + Erf

[
c2

√
6L̃i(1)2+ 9

2b2

3+4L̃i(1)2b2

])
√

8L̃i(1)2 + 6
b2

, (4.79)
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Υ3
(
L̃i(1)

)
=

e
c2
2

2b2+4L̃i(1)2b2
2
√

2π
(
1 + Erf

[
c2

√
L̃i(1)2+ 1

2b2

1+2L̃i(1)2b2

])
√

2L̃i(1)2 + 1
b2

, (4.80)

Υ4
(
L̃i(1)

)
=

e
3c2

2
6b2+16L̃i(1)2b2

2
√

6π
(
1 + Erf

[
c2

√
12L̃i(1)2+ 9

2b2

3+8L̃i(1)2b2

])
√

8L̃i(1)2 + i
b2

, (4.81)

Υ5
(
L̃i(1)

)
=

e
3c2

2
6b2+14L̃i(1)2b2

2
√

6π
(
1 + Erf

[ √
i
2 c2

√
7L̃i(1)2+ i

b2

3+7L̃i(1)2b2

])
√

7L̃i(1)2 + i
b2

, (4.82)

Υ6
(
L̃i(1), L̃ j(1)

)
=

e
c2
2

2b2(1+L̃i(1)2b2+L̃ j(1)2b2) √2π
(
1 + Erf

[
c2

√
L̃i(1)2+L̃ j(1)2+ 1

b2
√

2(1+L̃i(1)2b2+L̃ j(1)2b2)

])
√

L̃i(1)2 + L̃ j(1)2 + 1
b2

, (4.83)

Υ7
(
L̃i(1), L̃ j(1)

)
=

e
3c2

2
2b2(3+4L̃i(1)2b2+3L̃ j(1)2b2) √6π

1 + Erf


√

3
2 c2

√
4L̃i(1)2+3

(
L̃ j(1)2+ 1

b2

)
3+4L̃i(1)2b2+3L̃ j(1)2b2


√

4L̃i(1)2 + 3
(
L̃ j(1)2 + 1

b2

) , (4.84)

Υ8
(
L̃i(1), L̃ j(1)

)
=

e
3c2

2
2b2(3+3L̃i(1)2b2+4L̃ j(1)2b2) √6π

(
1 + Erf

[ √
3
2 c2

√
3L̃i(1)2+4L̃ j(1)2+ 3

b2

3+3L̃i(1)2b2+4L̃ j(1)2b2

])
√

3L̃i(1)2 + 4L̃ j(1)2 + 3
b2

, (4.85)

Υ9
(
L̃i(1), L̃ j(1)

)
=

e
3c2

2
2b2(3+4L̃i(1)2b2+4L̃ j(1)2b2) √6π

(
1 + Erf

[
c2

√
6L̃i(1)2+6L̃ j(1)2+ 9

2b2

3+4L̃i(1)2b2+4L̃ j(1)2b2

])
√

4L̃i(1)2 + 4L̃ j(1)2 + 3
b2

, (4.86)

Υ
1 (

L̃i(1)
)
=

√
2π√

L̃i(1)2 + 1
a2

, (4.87)

Υ
2 (

L̃i(1)
)
=

√
3π√

8L̃i(1)2 + 6
a2

, (4.88)

Υ
3 (

L̃i(1)
)
=

√
π√

4L̃2
i +

2
a2

, (4.89)
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Υ
4 (

L̃i(1)
)
=

√
6π√

7L̃i(1)2 + 3
a2

, (4.90)

Υ
5 (

L̃i(1)
)
=

√
6π√

8L̃i(1)2 + 3
a2

, (4.91)

Υ
6 (

L̃i(1), L̃ j(1)
)
=

√
3π√

8L̃i(1)2 + 6
(
L̃ j(1)2 + 1

a2

) , (4.92)

Υ
7 (

L̃i(1), L̃ j(1)
)
=

√
2π√

L̃i(1)2 + L̃ j(1)2 + 1
a2

, (4.93)

Υ
8 (

L̃i(1), L̃ j(1)
)
=

√
3π√

6L̃i(1)2 + 8L̃ j(1)2 + 6
a2

, (4.94)

Υ
9 (

L̃i(1), L̃ j(1)
)
=

√
3π√

8L̃i(1)2 + 8L̃ j(1)2 + 6
a2

. (4.95)

Proof. The proof is given in Appendix C.5. □

Insights: The expressions given in Theorems 1-4 bring out the dependence of the average

SEP on system and channel parameters like transmit power (P), PAM and QAM constellation

sizes (N1 and N2), path-loss values, Rice-factor (K), noise variance, number of IRS elements

(T ), NOMA power allocation coefficient (λ), and distance between adjacent constellation points

(d1, d2 , d̃1, d̃2).

4.2.3 Error Probability for Multi-User Setup with PAM

Now, we extend the error performance analysis to a multi-user scenario with K users. The

system model is given in Fig. 4.2. We discuss two separate cases. In Section 4.2.3.1, we discuss

the SEP analysis of a multi-user system with multicast transmission. Herein, we consider that

the transmitted signal for all strong users is the same and similarly, the transmitted signal for all

weak users is the same. In Section 4.2.3.2, we discuss the PEP analysis of a multi-user setup

with unicast transmission.5 Therein, we consider only one group of all users to employ NOMA.

5Unicast transmission refers to the scenario when different information symbols (messages) are to be transmit-
ted to different users [90].
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IRS-Controller: Θ1
: Θ2IRS1

IRS2

T  Elements T  Elements

IRS-Controller: Θ1
: Θ2IRS1

IRS2

T  Elements T  Elements

IRS Partition 1

IRS Partition K/2

IRS Partition 1

IRS Partition K/2

IRS-Controller: Θ1
: Θ2IRS1

IRS2

T  Elements T  Elements

Base Station

IRS-Controller: Θ1
: Θ2IRS1

IRS2

T  Elements T  Elements

IRS Partition 

(K/2)+1
IRS Partition k

IRS Partition K

IRS Partition k’

Fig. 4.2: System model: IRS-aided NOMA, multi-user case.

4.2.3.1 SEP Analysis for Multicast Transmission

Multicast transmission refers to the scenario when a common information symbol (mes-

sage) is to be transmitted to a set of users. According to 3GPP standards Release 17, multicast

and broadcast applications are very important use cases of 5G services [91]. Therefore, in or-

der to extend the SEP analysis to multi-user case, we consider a multicast application and the

corresponding system model is shown in Fig. 4.2. Here we consider K
2 pairs of users that will

be simultaneously served on the downlink using two IRSs. IRS1 will serve all K
2 weak users

and IRS2 will serve all K
2 strong users. In fact, we consider that IRS1 will be partitioned into K

2

parts and phase of the kth part will be configured to beamform the reflected signal to UEk, for

k ∈ KW =
{
1, · · · , K

2

}
. Similarly, IRS2 will be partitioned into K

2 parts and phase of the (k′)th

part will be configured to beamform the reflected signal to UEk′ , for k′ ∈ KS =
{

K
2 + 1, · · · ,K

}
.

Let z̃k ∈ C denote the effective channel coefficient from the BS to UEk̃, for k̃ ∈ KW∪KS, where

∪ denotes the union operator. Note that z̃k is the same as zk given in (4.1) after replacement of T

by 2T
K . Therefore, the PDF f|z̃k|

(x) of z̃k is the same as the PDF f|zk |(x) of z̃k given in Lemma 4.1

after the replacement of T by 2T
K .

Under multicast transmission, we consider that the transmitted signal for all strong users is

the same and similarly, the transmitted signal for all weak users is the same. Moreover, each

strong user is paired with a weak user for NOMA transmission. Specifically, UEk and UEk′

denote the weak and strong users, for k ∈ KW and k′ ∈ KS. The symbol s1 is intended for each

weak user UEk and symbol s2 is intended for each strong user UEk′ , for k ∈ KW and k′ ∈ KS.
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The superposition coded symbol transmitted by the BS is given by s =
√

P1s1 +
√

P2s2, where

s1 and s2 are symbols with unit average power drawn from N1-PAM and N2-PAM constellations,

respectively.

With this setting, the signal received at UEk̃ is given by

ỹk = z̃k s + wk̃ =
∣∣∣z̃k

∣∣∣ e jθz̃
k s + wk̃ =

∣∣∣z̃k

∣∣∣ e jθt̃
k s + wk̃, (4.96)

for k̃ ∈ KW∪KS,where wk̃ ∼ CN
(
0, σ2

k̃

)
is the AWGN at UEk̃. We assume that the receiver UEk̃

has phase information of the effective channel and does phase compensation before processing

the received signal. Therefore, after phase compensation, the received signal at UEk̃ reduces to

ỹ̃k = ỹk e− jθt̃
k =

∣∣∣z̃k

∣∣∣ s + w̃k̃ , (4.97)

where w̃k̃ = wk̃e
− jθt̃

k has same distribution as wk̃ owing to circular symmetry property.

For k ∈ KW and k′ ∈ KS, the SEP of UEk conditioned on |zk|, when N1-PAM constellation

is used for UEk and N2-PAM constellation is used for UEk′ , is given by [89]

PC
k (e) ≜ Pk(e| |zk|) =

2 (N1 − 1)
N2N1

N2/2∑
m=1

2∑
i=1

Q {Li(m) |zk|} , (4.98)

where L1(m) = (d1−(2m−1)d2)√
σ2

1/2
, L2(m) = (d1+(2m−1)d2)√

σ2
1/2

. Similarly, the SEP of UEk′ conditioned on |zk′ |

is given by

PC
k′(e) ≜ Pk′(e| |zk′ |) = PC

k′,1(e) − PC
k′,2(e) , (4.99)

where

PC
k′,1(e) =

2 (N2 − 1)
N2

Q {L3 |zk′ |} , (4.100)

PC
k′,2(e) =

N1−1∑
n=1

2 (N1 − n)
N2N1

(N2 − 1)

 5∑
i=4

(−1)iQ {Li(n) |zk′ |}

 +  7∑
i=6

(−1)iQ {Li(n) |zk′ |}

 ,
(4.101)

with L3 =
d2√
σ2

2/2
, L4(n) = (2nd1−d2)√

σ2
2/2

, L5(n) = (2nd1+d2)√
σ2

2/2
, L6(n) = ((2n−1)d1+(N2−1)d2)√

σ2
2/2

, L7(n) = ((2n−1)d1−(N2−1)d2)√
σ2

2/2
.

Here, PC
k′,1(e) and PC

k′,2(e) are the first and the seconds terms of (4.99), respectively [89]. We

next state the average SEP of UEk and UEk′ that employ NOMA decoding protocol.
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Corollary 4.1. In a multi-user IRS-aided NOMA system of K users where symbols of UEk

and UEk′ , for k ∈ KW and k′ ∈ KS, are drawn from N1-PAM and N2-PAM constellations,
respectively, the average SEP of UEk under multicast transmission can be obtained by replacing
T with 2T

K in Theorem 4.1.

Corollary 4.2. In a multi-user IRS-aided NOMA system of K users where symbols of UEk

and UEk′ , for k ∈ KW and k′ ∈ KS, are drawn from N1-PAM and N2-PAM constellations,
respectively, the average SEP of UEk′ under multicast transmission can be obtained by replacing
T with 2T

K in Theorem 4.2.

4.2.3.2 PEP Analysis for Unicast Transmission

Now we derive the PEP for multi-user setup. The corresponding system model is shown in

Fig. 4.2. However, here we consider unicast transmission and consider that all K users form a

single group for employing NOMA. Therefore, the BS transmits the symbol s given by

s =
K∑

k=1

√
Pksk, (4.102)

where sk is the information symbol intended for UEk and Pk is the corresponding power alloca-

tion coefficient, for k ∈ {1, · · · ,K}. Note that
∑K

k=1 Pk = 1 and the information symbols sk for

all, k, are taken from an arbitrary constellation. Furthermore, K
2 weak users are served by IRS1

and K
2 strong users are served by IRS2. Moreover, we partition IRSk, where k ∈ {1, 2}, into K

2

parts such that the phase of kth part will be configured to beamform the reflected signal to UEk.

With this setting, the signal received at UEk is given by

yk = zk s + wk = |zk| e jθzk s + wk = |zk| e jθtk s + wk, (4.103)

where wk ∼ CN
(
0, σ2

k

)
is the AWGN at UEk. We assume that the receiver UEk has phase in-

formation of the effective channel and does phase compensation before processing the received

signal. Therefore, after phase compensation, the received signal at UEk reduces to

ỹk = yk e− jθtk = |zk| s + w̃k , (4.104)

where w̃k = wke− jθtk has same distribution as wk owing to circular symmetry property.

The PEP of UEk is defined by the probability of the event that symbol sk is transmitted and

symbol sk is detected, where sk , sk. Using maximum-likelihood decision rule, the conditional
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PEP for UEk is given by

P (sk → sk| |zk|) = Pr
{∣∣∣∣̃yk − |zk|

√
Pksk

∣∣∣∣2 ≤ ∣∣∣∣̃yk − |zk|
√

Pksk

∣∣∣∣2} . (4.105)

Note that the PEP in (4.105) is conditioned on the effective channel gain |zk|, transmitted sym-

bols and detected symbols of all users. By substituting ỹk in (4.105), we get

P (sk → sk| |zk|) = Pr
{∣∣∣∣|zk|

( √
Pk∆k + Xk

)
+ w̃k

∣∣∣∣2 ≤ ∣∣∣∣ |zk| Xk + w̃k

∣∣∣∣2} , (4.106)

where ∆k = sk − sk and Xk =
∑k−1

i=1
√

Piδi +
∑K

j=k+1

√
P js j. Here, δi = si − ŝi, where ŝi is the

symbol detected at UEi, for all i. Simplifying (4.106) further, we get

P (sk → sk| |zk|) = Pr
{
2
√

Pkℜ
{
∆kw̃∗k

}
≤ − |zk|

(∣∣∣∣ √Pk∆k + Xk

∣∣∣∣2 + |Xk|
2
)}
, (4.107)

which after further simplification gives

P (sk → sk| |zk|) = Q
{
|zk| υk

ιk

}
, (4.108)

where υk =
√

Pk |∆k|
2 + 2ℜ

{
∆kX∗k

}
, ιk = |∆k|

√
2σ2

k . Now, we derive the PEP of UEk.

Theorem 4.5. In an IRS-aided multi-user NOMA system with K users, where users’ symbols
are drawn from any arbitrary constellation, the average PEP of UEk is given by

PPEP (sk → sk) ≈ PPEP
k,1 −

(
PPEP

k,21 + P
PEP
k,22

)
− PPEP

k,3 , (4.109)

where
PPEP

k,21 =
ak

ak + bk
PPEP

k,1 , (4.110)

PPEP
k,31 =

∫ ∞

x=0
P (sk → sk| |zk|) f3,1(x)dx, (4.111)

and PPEP
k,1 and PPEP

k,22 are given by

PPEP
k,1 =

e−
c2
k

2bk

6
√

2π
√

bkq̄k



e
ι2k c2

k
2ι2k bk+2υ2

k b2
k
√

π
2

1 + Erf


ι2kck

√
υ2

k
ι2k
+ 1

bk
√

2(ι2k+υ2
kbk)


√

υ2
k
ι2k
+ 1

bk

+

3e
3ι2k c2

k
6ι2k bk+8υ2

k b2
k

√
3π
2

1 + Erf


ι2kck

√
6υ2

k
ι2k
+ 9

2bk

3ι2k+4υ2
kbk


√

4υ2
k

ι2k
+ 3

bk


,

(4.112)

118

TH-3521_166302001



4.3 Numerical and Simulation Results

Table 4.1: Simulation parameters.
Parameter Description
Two-user path distances (UE1): (i) BS-
UE1, (ii) BS-IRS1, and (iii) IRS1-UE1

(i) 500 m, (ii) 400 m, (iii) 200 m

Two-user path distances (UE2): (i) BS-
UE2, (ii) BS-IRS2, and (iii) IRS2-UE2

(i) 300 m, (ii) 200 m, (iii) 150 m

Multi-user path distances
(
UEk∈KW

)
:

(i) BS-UEk, (ii) BS-IRS1, and (iii)
IRS1-UEk path distances

Uniformly distributed in annual rings of radii [rin, rout]
given by (i) [490 m, 510 m], (ii) [390 m, 410 m], and (iii)
[190 m, 210 m]

Multi-user path distances
(
UEk′∈KS

)
:

(i) BS-UEk′ , (ii) BS-IRS2, and (iii)
IRS2-UEk′ path distances

Uniformly distributed in annual rings of radii [rin, rout]
given by (i) [290 m, 310 m], (ii) [190 m, 210 m], and (iii)
[140 m, 160 m]

Frequency of operation ( fc) 3 GHz [92]
LoS Path-loss: βLoS (dB) −22 log10(d) − 28 − 20 log10( fc), where d is the distance in

meters [93]
NLoS Path-loss: βNLoS (dB) −36.7 log10(d) − 22.7 − 26 log10( fc) [93]
Rice-factor (K) model (dB) 13 − (0.03d) [93]
Total power (P) 10 W [81]
Per bit SNR: Eb/N0 (βEnd-To-EndP)/

(
log2(MN)σ2

k

)
, βEnd-To-End = βtk (1 − [π/4])

+Tk

([
βgkβhk

]
−

[(
µgkµhk

)2
])

PPEP
k,22 =

e−
c2
k

2bk
√

bk

6
√

2π(ak + bk)q̄k


√

π
2√

υ2
k
ι2k
+ 1

ak

+
3
√

3π
2√

4υ2
k

ι2k
+ 3

ak

 . (4.113)

Proof. The proof is given in Appendix C.6. □

4.3 Numerical and Simulation Results

We present numerical results to validate our rigorous mathematical analysis and to elucidate

how the error performance of an IRS-aided NOMA system is influenced by different system

parameters. Simulation parameters are listed in Table 4.1.

4.3.1 Two-User Setup with PAM

Based on the average SEP analysis presented in Theorems 1 and 2, in Fig. 4.3 we plot the

average SEP versus Eb/N0 for UE1 (weak user) and UE2 (strong user), for T ∈ {128, 256},

N2 ∈ {2, 4}, and N1 = 2. The results obtained based on mathematical analysis match well with

the simulation results, thus validating the tightness of the derived expressions. We benchmark

against the average SEP performance of conventional NOMA systems that do not use IRS
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Fig. 4.3: SEP vs. Eb/N0: two-user PAM, perfect CSI, λ = 0.7.

(T = 0). And we observe that the target SEP can be attained at much lower SNR with IRS-

aided NOMA systems for both users. To be specific, if the target SEP of weak user is 10−3

(for N2 = 4, N1 = 2), then it can be achieved at SNR of 15 dB and 11 dB with T = 256

and T = 512, respectively. Similarly, if the target SEP of strong user is 10−3 (for N2 = 4,

N1 = 2), then it can be achieved at SNR of 14 dB and 10 dB with T = 256 and T = 512 IRS

elements, respectively. This implies that, by adding 256 elements at each IRS, we can obtain

the average SEP of 10−3 with 4 dB lower SNR for both users. The SEP performance improves

as the number of IRS elements increases due to constructive interference-induced increase in

the received signal power.

Furthermore, we can observe that, increasing the PAM modulation order (N2) of UE2 from

2 to 4, and keeping T fixed at 128, causes significant increase in SEPs of both users. If we also

simultaneously increase T from 128 to 256 along with increase in N2 from 2 to 4, then we can

significantly reduce SEPs of both users relative to the case with N2 = 4, N1 = 2 and T = 128.

In other words, communication using a higher order constellation is supported by adding 128

extra IRS elements without significant increase in the SEP. In Fig. 4.4, we also plot SEP vs.
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Line: Analysis, Marker: Simulation

Fig. 4.4: SEP vs. Eb/N0: two-user PAM, N2 = 64, N1 = 4, λ = 0.95.
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Fig. 4.5: Impact of imperfect CSI, two-user PAM: T = 128, λ = 0.7.

Eb/N0 for higher order constellation, i.e., N2 = 64, N1 = 4, T ∈ {200, 300}. We can observe that

the average SEP performance can be improved for both users by adding 100 extra IRS elements

at both IRSs. These results in Fig. 4.4 re-establish the fact that we can employ higher order

constellation without performance degradation by using extra IRS elements.

4.3.1.1 Imperfect CSI

We model imperfect CSI based on a generic Gauss-Markov uncertainty model presented

in [94].6 Based on this model, the estimates of the direct link and the cascaded reflected link
6The average SEP analysis with imperfect CSI is considerably more involved and beyond the scope of this

work due to the presence of uncompensated residual phase component at the UEs. And it is an interesting avenue
for future research.
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Fig. 4.6: Trade-off between γ∗ and λ: N1 = 2, N2 = 4, SNR = 10 dB.

are respectively given by

t̂k =
√

1 − σEtk +
√
σE t̃k, (4.114)

̂̆vk,i =
√

1 − σE v̆k,i +
√
σE˜̆vk,i, (4.115)

where tk is true direct channel from BS to UEk, t̃k is corresponding estimation error, v̆k,i is true

cascaded reflected channel from BS to UEk via ith element of IRSk, ˜̆vk,i is corresponding estima-

tion error in this link, for i ∈ {1, 2, . . . ,T }. The parameter σE captures variance of estimation

error.

Based on (4.114) and (4.115), the BS configures phases at IRSk. Also, it feeds back an esti-

mate of the direct channel phase for compensation at the respective UEs. Figs. 4.5(a) and 4.5(b)

plot the SEP vs. Eb/N0 for UE1 and UE2, respectively, with imperfect CSI for three different

values of σE, namely, 0.01, 0.03 and 0.05. As we decrease σE, the SEP performance improves

for both users and approaches the performance with perfect CSI, since reflected signals align

better with the signals via direct path. Also, as variance of estimation error increases, the SEP

performance of UE2 that performs SIC at its end, degrades relatively more compared to the

SEP of UE1. Essentially the SEP of UE2 flattens out as σE increases, due to the joint impact of

estimation error and imperfect SIC at UE2.

4.3.1.2 IRS Activation Ratio

Next, we formulate and solve a constrained optimization problem to determine the fraction

of elements that must be activated at each IRS such that average SEP of both users is near-
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identical subject to the constraint that sum total of active IRS elements at both IRSs is equal to

T . Mathematically, this can be stated as:

minimize
0 < γ ≤ 1

∣∣∣Pe
1(T1) − Pe

2(T2)
∣∣∣

subject to T1 + T2 = T,

(4.116)

where Tk is number of elements activated at IRSk such that T1 = γT , T2 = (1 − γ)T where

γ ∈ (0, 1) is the fraction of IRS elements activated at IRS1, T is the number of elements at each

IRS, andPe
k(Tk) is the average SEP at UEk, for k ∈ {1, 2}. Coherence interval would be limited in

dynamic wireless environment with high speed users and fraction of coherence interval spent on

channel estimation scales with number of IRS elements that are activated. Hence, the constraint

T1+T2 = T in (4.116) is well-motivated to limit the channel estimation overhead while meeting

the uniform QoS requirements of both users irrespective of their locations.

Optimization can be performed at BS using brute-force search based on CSI estimated on

the uplink. Hence, no CSI feedback is needed. The number of search operations needed to

obtain γ∗ depends on feasible range of γ and step-size for search, and is independent of T .

Smaller the step-size, closer will be the SEP values of both users. We present the relationship

between NOMA power allocation λ and the fraction γ of T that must be activated at IRS1 for

fixed values of path-loss, N1, N2, K, and noise variance.

Fig. 4.6 plots optimal γ (γ∗) versus T for different values of the fraction λ of total power P

allocated to UE1, i.e., λ ∈ {0.65, 0.75, 0.8}. We observe that as we decrease λ, a larger fraction γ

of total IRS elements T needs to be activated at IRS1 such that the average SEP of both users is

near-identical. In other words, if we decrease the fraction λ of total power P allocated to UE1,

then we need to increase the fraction γ of total number of IRS elements T that must be activated

at IRS1 to obtain the near-identical performance for both users. For example, as λ reduces from

0.80 to 0.65, the power allocated to UE1 reduces from 0.8P to 0.65P, where P denotes the total

power at any UE. Therefore, for T = 200, the fraction of total elements that must be activated

at IRS1 (which is serving UE1) increases from 0.275 to 0.51.
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Fig. 4.7: Discrete phase-shift, weak user: N1 = 2, N2 = 4, T = 100, λ = 0.7.

4.3.1.3 Discrete Phase-Shifts

Finally, to address the practical aspect of phase-shift compensation, in Fig. 4.7, we plot

the SEP versus Eb/N0 for UE1 considering 1-bit, 2-bit and 3-bit programmable discrete phase-

shifters at the IRS. Note that j-bit discrete phase-shifter can facilitate 2 j levels of phase-shift. It

is evident that only 3-bit discrete phase-shifters are sufficient to obtain nearly the same SEP as

obtained by phase-shifters with infinite precision at IRS.

4.3.2 Two-User Setup with QAM

Based on the average SEP analysis presented in Theorems 4.3 and 4.4, we present the nu-

merical results in Fig. 4.8. Specifically, we plot SEP vs. Eb/N0 for T ∈ {100, 200}, N1 = 4,

N2 = 16. The results obtained based on mathematical analysis match well with the simulation

results, thus validating the tightness of the derived expressions. We can observe that the SEP

performance for both users improves as we increase the number of IRS elements at both users.

Furthermore, we can observe that SEP performance of UE2 (strong user) is worse than that of

UE1 (weak user). This is primarily because of the effect of error propagation while doing SIC

at UE2. Other reasons for this performance difference are the higher constellation size used for

UE2 (N2 = 16) and lower power allocation to UE2 (5%).

4.3.3 Multi-User Setup: SEP Analysis for Multicast Transmission

Based on the results presented in Corollaries 4.1 and 4.2, we present the numerical results

in Fig. 4.9. Specifically, we present the SEP averaged over both small-scale fading and over the

number of users for weak users and strong users. That is, in Fig. 4.9 we present the average
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Fig. 4.8: SEP vs. Eb/N0: two-user QAM, N2 = 16, N1 = 4, λ = 0.95.

SEP given by

P
e,Avg
k (T ) =

2
K

∑
k∈KW

Pe
k

(
2T
K

)
, (4.117)

P
e,Avg
k′ (T ) =

2
K

∑
k′∈KS

Pe
k′

(
2T
K

)
. (4.118)

The results obtained based on mathematical analysis match well with the simulation results, thus

validating the tightness of the derived expressions. Here we present the results for K = 2, 4, 8

and T = 256. As we increase the number of users, the SEP performance worsens for both UEk

and UEk′ . This is because the number of IRS elements used to beamform the signal to each

user reduces with increase in number of users. Alternatively, size of each partition reduces with

increase in number of users for a fixed value of T .

4.3.4 Multi-User Setup: PEP Analysis for Unicast Transmission

Finally, based on the derived average PEP expressions presented in Theorem 5, in Fig. 4.10

we present the numerical results for UE1, i.e., the weakest user in terms of effective channel

strength among K = 4 users. We plot the average PEP vs. Eb/N0 for BPSK and 4-PAM con-

stellations. The results obtained based on mathematical analysis match well with the simulation

results, thus validating the tightness of the derived expressions. The power allocation coeffi-
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Fig. 4.9: SEP vs. Eb/N0: multi-user multicast transmission with PAM, T = 256, λ = 0.7.

T 4-PAM BPSK
50 0.0456311 0.0111268

200 0.0222565 0.0009458
Table 4.2: Comparison of Average PEP for PAM and BPSK, SNR = 12 dB.

cients considered are: P1 = 0.4P, P2 = 0.3P, P3 = 0.2P and P4 = 0.1P, where P = 10 W is

the power budget. We present the results for T ∈ {50, 200}. As the number of IRS elements T

increases, the number of reflected paths adding constructively at the receiver increases, boost-

ing the received signal strength. This, in turn, improves the average PEP. Thus, then average

PEP performance with T = 200 is better than that with T = 50, for both BPSK and 4-PAM.

For example, with SNR = 12 dB, the average PEP of 4-PAM is 75% lesser with T = 200 than

that with T = 50. Similarly, with SNR = 12 dB, the average PEP of BPSK is 95% lesser with

T = 200 than that with T = 50. Furthermore, the average PEP performance of BPSK is better

than that of 4-PAM owing to the smaller constellation size, which allows more accurate symbol

detection.

4.4 Summary

We derived novel approximate analytical expressions for the average SEP of UE1 (weak

user) and UE2 (strong user) in an IRS-aided NOMA system employing PAM and QAM constel-

lations. We also analyzed the error performance of multi-user IRS-aided NOMA system in two
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Fig. 4.10: PEP vs. Eb/N0 (dB): Multi-user unicast transmission, K = 4, P1 = 0.4P, P2 = 0.3P,
P3 = 0.2P, P4 = 0.1P.

ways. Specifically, we derived the average SEP expressions for a multi-user multicast trans-

mission employing PAM constellation. Further, we also derived the average PEP expression

for a multi-user unicast transmission employing arbitrary modulation scheme. Using extensive

simulations, we verified the tightness of the derived average SEP expressions. We proved that

by adding a few extra IRS elements: i) the target average SEP can be obtained at a much lower

SNR for both the users in two-user scenario and for all users in multi-user scenario, ii) commu-

nication using a higher-order constellation can be supported without significant increase in the

average SEP/average PEP, and iii) a smaller fraction of the total power needs to be allocated to

the weak user to obtain near-identical average SEP performance as that of the strong user. Also,

a 3-bit programmable IRS is sufficient to obtain SEP performance close to that of an IRS with

infinite precision phase-shift. Impact of imperfect CSI is also elucidated.
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5.1 Research Contributions

We summarize the research contributions of our work in Section 5.1 and conclude this thesis

with some of the future directions in Section 5.3.

5.1 Research Contributions

In this thesis, we focused on modeling, optimization and performance analysis of (i) uplink

massive MIMO-NOMA systems with the objective of achieving increased connectivity while

guaranteeing uniform quality of service (equivalently, performance fairness) in terms of SE

with and without channel aging as summarized in Sections 5.1.1 and 5.1.2 below, and (ii) IRS-

enabled NOMA systems with the objective of achieving increased reliability of data detection

as summarized in Section 5.1.3 below. To be specific, in this thesis, we performed detailed

mathematical analysis, extensive numerical simulations and looked at several key design aspects

such as developing low overhead channel estimation schemes, understanding the impact of

pilot contamination, Doppler induced channel aging, imperfect SIC, discrete phase shifts, user

grouping strategies, max-min optimal and proportional fairness power control techniques on

system performance and use of prediction to counter the impact of channel aging.

5.1.1 Massive MIMO-NOMA Systems

We first investigated the uplink of a NOMA-based massive MIMO system with a ZF de-

coder designed using estimated CSI at the BS to completely cancel inter-group interference

under quasi-static Rayleigh fading channel. We considered two low-overhead channel estima-

tion schemes, namely, Scheme-I and Scheme-S, and two user grouping strategies, namely, NF

grouping and NB grouping. We derived new expressions for achievable SE corresponding to ZF

decoder designed using both the estimation schemes. To ensure uniform quality-of-service, we

formulated a max-min transmit power allocation problem and obtained corresponding max-min

power allocation coefficients using geometric programming and CVX. Through extensive sim-

ulations based on derived achievable SE expressions, we showed that, in a substantial portion

of the over-loaded regime and in entire under-loaded regime, the designed ZF decoder based on

Scheme-S with NF grouping strategy gives the highest max-min achievable SE among all the

considered NOMA decoding and grouping strategies. We also showed how scalable NB group-
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ing strategy can be used to ensure massive connectivity and uniform service to all users in the

network. Therein, we showed that among all the considered scalable decoding strategies, the

designed ZF decoder based on Scheme-S with scalable NB grouping gives the highest max-min

achievable SE and can simultaneously serve a very large number of users.

5.1.2 Massive MIMO-NOMA Systems under Channel Aging

Next, we investigated a more practical case of time-varying channel, where we identified

how the performance of uplink massive MIMO-NOMA system is influenced by channel aging

and pilot contamination. Particularly, we considered the ZF and MR decoders for processing

at the BS and considered two pilot-sharing-based channel estimation schemes, Scheme-I and

Scheme-S. We obtained novel closed-form expressions for the lower bounds on the achievable

SE for each decoding scheme. We also obtained an optimal WLP of order p to predict the CSI

and derived novel expressions for the lower bound on achievable SE with ZF and MR decoders

designed using the predicted CSI.

To ensure fairness in achievable SE performance, we formulated a max-min optimization

problem based on the expressions derived for each decoder and converted it to a convex program

in order to obtain the corresponding max-min power allocation coefficients. Further, to strike

a good balance between fairness and sum SE, we formulated and solved proportional fairness

optimization problem based on the expressions derived for each decoder and obtained the corre-

sponding proportional fairness power allocation coefficients using geometric programming. To

quantify the impact of channel aging on performance, in addition to max-min and proportional

fairness power control, we also considered equal and inversion power control.

Through rigorous derivations and extensive simulations, we showed that the ZF decoder

based on Scheme-S performs the best under channel aging among all considered decoders in

terms of the per-user achievable SE and the minimum achievable user SE for three practically

well-motivated power control strategies, namely, equal, inversion and max-min power control.

Moreover, for ZF decoder based on Scheme-S, the inversion power control is more robust to the

impact of channel aging when its per-user achievable SE performance is compared to that of

equal power control and max-min power control. Finally, for ZF decoder based on Scheme-S,
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max-min power control is the most robust to channel aging when its minimum achievable user

SE is compared to that under equal and inversion power control.

5.1.3 IRS-aided NOMA Systems

Finally, we investigated the challenges involved in ensuring increased connectivity and reli-

ability in an IRS-aided NOMA system, which is a cost-efficient alternative to a massive MIMO

system. Therein, we derived novel approximate analytical expressions for the average SEP in a

two-user IRS-aided NOMA system employing PAM and QAM constellations of arbitrary order.

We also analyzed the error performance of multi-user IRS-aided NOMA system in two ways.

Specifically, we derived the average SEP expressions for a multi-user multicast transmission

employing PAM constellation. Further, we also derived the average PEP expression for a multi-

user unicast transmission employing arbitrary modulation scheme. Using extensive simulations,

we verified the tightness of the derived average SEP/average PEP expressions. We proved that

by adding a few extra IRS elements: i) the target average SEP can be obtained at a much lower

SNR for both the users in two-user scenario and for all users in multi-user scenario, ii) commu-

nication using a higher-order constellation can be supported without significant increase in the

average SEP/average PEP, and iii) a smaller fraction of the total power needs to be allocated to

the weak user to obtain near-identical average SEP performance as that of the strong user. We

also showed that a 3-bit programmable IRS is sufficient to obtain SEP performance close to that

of an IRS with infinite precision phase-shift. Impact of imperfect CSI is also elucidated.

5.2 Quantification of the Contributions Towards the Objectives of the Thesis

As we discussed in Chapter 1 of the thesis, the key objectives of the thesis are improving

wireless connectivity, ensure fairness in user performance in terms of achievable SE and im-

proving reliability in signal detection. In this direction, we made significant contributions in

Chapters 2-4.

Specifically, in Chapters 2 and 3, we considered an annular ring of outer radius of 300

m and inner radius of 100 m and showed that we can serve L = NK = min{MK, τcK}, for

N ≤ min{M, τc}, number of users under the assumption of quasi-static fading while guaranteeing
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fairness in performance in terms of achievable SE using the proposed decoding strategies and

max-min power control. If we scale the numbers for a better picture, with M = 128 antennas

at the BS and coherence interval of length τc = 168 samples, we can provide simultaneous

wireless connectivity to 256, 384 and 512 UEs with K = 2, K = 3, and K = 3 users per group,

respectively, while ensuring the Jain’s fairness index equal to 1. Similarly, with M = 168 and

τc = 168, we can provide simultaneous wireless connectivity to 336, 504 and 672 UEs with

K = 2, K = 3, and K = 3 users per group, respectively, while ensuring the Jain’s fairness index

equal to 1.

In addition to this, in Chapter 3, we also showed that the we can maintain this increased con-

nectivity even under high mobility, while simultaneously ensuring Jain’s fairness index equal

to 1. Specifically, among the considered values for the normalized Doppler shift, fDTS = 0.001

corresponds to the relative velocity of 540 kilo meters per hour with TS = 1µS and fc = 2

GHz. In addition, in Chapter 4 we showed that using IRSs, we can ensure increased reliability

in terms of signal detection. Quantitatively, for SNR ≈ 15 dB and number of elements at IRS

T = 256, we can achieve the average SEP of 10−5, and this performance is expected to improve

as we increase the value of T based on the observed trends.

Now, let us compare the improvements made in connectivity, reliability and fairness. As

discussed in Chapter 2, with massive MIMO-NOMA systems, we were able to ensure simul-

taneous wireless connectivity to min{MK, τcK} users, which is K times of that with massive

MIMO-OMA which allows simultaneous wireless connectivity to min{M, τc} users. Further, if

we look at the fairness in user performance in terms of achievable SE, the proposed max-min

power control provides the Jain’s fairness index J = 1, which is 23% higher than that of the

equal (or greedy) power control (J = 0.77) and 14% higher than that of the inversion power

control (J = 0.86). Further, if we look at the improvement made in the reliability of signal

detection, then the proposed IRS-aided NOMA transmission achieves the average SEP equal to

10−5, while the corresponding non-IRS-aided NOMA transmission achieves the average SEP

higher than 10−2. Such a huge improvement is achieved only with T = 256, and the order to

improvement is expected to increase further with increase in T .
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5.3 Directions for Future Research

This thesis lays the groundwork for extending its fundamental ideas and mathematical anal-

ysis in diverse directions. Below we discuss a few potential problems for future research.

5.3.1 Massive MIMO Systems with RSMA Transmission

In the first part of this thesis, we investigated uplink of a massive MIMO-NOMA systems

to derive novel lower bounds on the achievable SE for ZF decoders based on imperfect CSI

and for ZF/MR decoders based on imperfect CSI under channel aging. The comprehensive

investigations therein can be extended to massive MIMO-RSMA systems, where RSMA is

employed instead of NOMA. RSMA principally differs from NOMA in the signal modelling in

the sense that, the transmitted signal of each user is separated into a common part and a private

part, and at the receiver(s), multi-user detection is employed. It would be crucial to identify the

regimes where massive MIMO-RSMA systems outperform massive MIMO-NOMA systems for

linear processing at the BS based on imperfect CSI. Also, it would be interesting to investigate

the performance of massive MIMO-RSMA systems under channel aging. Below we present

probable problem statements for future research.

• Problem Statement 1: Investigation of the effects of channel estimation schemes and

user grouping strategies on the SE of uplink massive MIMO-RSMA systems, with an

emphasis on exploring the interplay between these channel estimation methods and user

grouping approaches. Examination of how decoding and power control schemes, de-

signed based on the estimated CSI, influence the SE performance of uplink massive

MIMO-RSMA systems.

• Problem Statement 2: Investigation of the effects of channel aging on pilot-sharing-

based channel estimation schemes in combination with various user grouping strategies,

focusing on their impact on the SE of uplink massive MIMO-RSMA systems. Further

exploration of how the implementation of different decoding and power control schemes,

which utilize outdated estimated CSI, affects the SE performance of these systems.
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5.3.2 Error Probability Analysis of NOMA Systems under Imperfect CSI

In this thesis, we performed comprehensive error probability analysis of IRS-enabled NOMA

systems assuming that the perfect CSI is available at the BS. While we have quantified the ef-

fect of CSI errors on the error probability performance of IRS-enabled NOMA systems using

a widely used model. However, the problem of obtaining the analytical closed-form expres-

sions for error probability of NOMA systems with imperfect CSI for PAM/QAM modulation is

still open. This study of error probability analysis with imperfect CSI can further be extended

to IRS-enabled NOMA systems. Below we state the probable problem statements for future

research directions.

• Problem Statement 1: Error probability analysis of two-user and multi-user NOMA/RSMA

systems when SIC is based on the estimated CSI with PAM/QAM modulation of arbitrary

order.

• Problem Statement 2: Error probability analysis of two-user and multi-user IRS-enabled

NOMA/RSMA systems when IRS phase configurations and SIC are based on the esti-

mated CSI with PAM/QAM modulation of arbitrary order.

• Problem Statement 3: Error probability analysis of two-user and multi-user IRS-enabled

NOMA/RSMA systems when IRS phase configurations and SIC are based on the out-

dated estimated CSI (and/or predicted CSI) with PAM/QAM modulation of arbitrary or-

der.

5.3.3 IRS-enabled Massive MIMO-NOMA Systems

The study presented in the later part of the thesis addresses challenges involved in IRS-

aided NOMA systems with single-antenna BS. This study can be interestingly extended to IRS-

aided massive MIMO systems with limited number of RF chains, wherein it would be crucial to

come up with efficient antenna selection algorithm and efficient power allocation algorithms for

various system objectives like maximizing the sum SE, maximizing the minimum achievable

SE, etc. Below we state probable problem statements for future research directions.

• Problem Statement 1: Investigation of the effects of channel estimation schemes and
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user grouping strategies on the SE of IRS-aided uplink massive MIMO-NOMA/RSMA

systems, with an emphasis on exploring the interplay between these channel estima-

tion methods, user grouping approaches and IRS phase configurations. Examination of

how decoding, power control schemes and IRS phase configurations, designed based on

the estimated CSI, influence the SE performance of IRS-aided uplink massive MIMO-

NOMA/RSMA systems.

• Problem Statement 2: Investigation of the effects of channel aging on pilot-sharing-

based channel estimation schemes in combination with various user grouping strategies,

focusing on their impact on the SE of IRS-aided uplink massive MIMO-RSMA sys-

tems. Further exploration of how the implementation of different decoding, power control

schemes and IRS phase configuration strategies, which utilize outdated estimated CSI, af-

fects the SE performance of these systems.

• Problem Statement 3: Investigation of diversity gains offered by IRS in uplink and

downlink massive MIMO-NOMA/RSMA systems under perfect CSI, estimated CSI and

outdated CSI.

5.3.4 Multi-IRS-aided Massive MIMO mmWave/THz Systems

It would also be interesting and challenging to develop low-latency beam-training algo-

rithms for multi-IRS-aided massive MIMO systems. Here it is important to note that the beam-

training algorithm should jointly take care of active and passive beams at the BS and each IRS,

respectively. Tools like matching theory, compressed sensing can be potentially explored to

come up with an efficient solution. Below we state the probable problem statement for future

research directions.

• Problem Statement: Design of computationally efficient active and passive beam-training

algorithms for multi-IRS-aided massive MIMO mmWave/THz systems.
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A
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A.1 Proof of Theorem 2.1

The signal model in (2.30) corresponds to the deterministic channel impaired by additive

non-Gaussian noise [14]. Thus, lower bound on the achievable SE for UEnk is given by

RI
nk = δ log2

(
1 + SINRI

nk

)
. (A.1)

From (2.30), SINRI
nk is given by

SINRI
nk =

ηnkγnk∑K
i=k+1 ηniγni + Var

{[
A′nI

]
n

} . (A.2)

We next compute variance of the effective noise term in closed-form as follows:

Var
{[

A′nI
]

n

}
=

[
Cov

{
A′nI

}]
n,n

=
[
E

{
A′nI

(
A′nI

)′}]
n,n

=

[
EZ

{
A′EG̃I

{
nI

(
nI

)′∣∣∣∣Z}
A
}]

n,n
. (A.3)
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Since G̃I is independent of Z,

EG̃I

{
nI

(
nI

)′∣∣∣∣Z}
= EG̃I

{
nI

(
nI

)′}
= σ2IM + EG̃I

{
G̃Ix

(
G̃Ix

)′}
. (A.4)

Further,

EG̃I

{
G̃Ix

(
G̃Ix

)′}
= EG̃I

{
G̃IE {xx′}

(
G̃I

)′}
= EG̃I

{
G̃IDγ

(
G̃I

)′}
= EG̃I

 K∑
i=1

G̃I
iDγi

(
G̃I

i

)′
=

K∑
i=1

EG̃I

 N∑
n=1

γnig̃I
ni

(
g̃I

ni

)′
=

N∑
n=1

K∑
i=1

{γni (βni − ηni) IM} , (A.5)

where, in the second equality above, Dγ = diag
[
γ11, · · · , γN1, · · · , γ1K , · · · , γNK

]
. Using (A.4)

and (A.5), we can rewrite (A.3) as

Var
{[

A′nI
]

n

}
=

[
EZ

{
A′

(
σ2IM + λ

IIM

)
A
}]

n,n
, (A.6)

where λI =
∑N

n=1
∑K

i=1 {(βni − ηni) γni}. Using the result that EZ
{
[A′A]i,i

}
= (M − N)−1 [14],

Var
{[

A′nI
]

n

}
=

(
σ2 + λI

)
(M − N)−1. (A.7)

Substituting (A.7) in (A.2) gives (2.39).

A.2 Proof of Theorem 2.2

In (2.45), the third term is correlated to the first and second terms. But, given the side

information Ω = V, all three terms in (2.45) are uncorrelated. Thus, we can use the capacity

bound for fading channel with additive non-Gaussian noise and side information. Thus, lower

bound on the achievable rate for UEnk is given by [14]

RS
nk ≥ R

S
nk = EV

{
δ log2

(
1 + SINRS-UB

nk

)}
, (A.8)
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where SINRS-UB
nk is given by

SINRS-UB
nk =

ηnγnk∑K
i=k+1 ηnγni + Var

{[
B′nS

]
n

∣∣∣∣∣V} . (A.9)

We next compute variance of the effective noise term conditioned on Ω = V in the closed-form

as follows:

Var
{[

B′nS
]

n

∣∣∣∣V}
=

[
Cov

{
B′nS

∣∣∣∣V}]
n,n

=

[
B′E

{
nS

(
nS

)′ ∣∣∣∣V}
B
]

n,n

=

[
B′EG̃S

{
nS

(
nS

)′ ∣∣∣∣V}
B
]

n,n
. (A.10)

Since G̃S and V are correlated,

EG̃S

{
nS

(
nS

)′∣∣∣∣V}
= σ2IM + EG̃S

{
G̃Sx

(
G̃Sx

)′∣∣∣∣V}
. (A.11)

Further,

EG̃S

{
G̃Sx

(
G̃Sx

)′∣∣∣∣V}
= EG̃S

{
G̃SE {xx′}

(
G̃S

)′∣∣∣∣V}
= EG̃S

{
G̃SDγ

(
G̃S

)′∣∣∣∣V}
= EG̃S

 K∑
i=1

G̃S
i Dγi

(
G̃S

i

)′∣∣∣∣∣∣∣V


=

K∑
i=1

Cov
{
G̃S

i D
1
2
γi

∣∣∣∣V}
. (A.12)

Therefore, (A.10) can be rewritten as

Var
{[

B′nS
]

n

∣∣∣∣V}
=

B′ σ2IM +

K∑
i=1

Cov
{
G̃S

i D
1
2
γi

∣∣∣∣V} B


n,n

. (A.13)

Using the result that Cov {P|Q} = Cov {P} − E {PQ′}
(
E

{
QQ′

})−1
(E {PQ′})′ [72],

Cov
{
G̃S

i D
1
2
γi

∣∣∣∣V}
= Cov

{
G̃S

i D
1
2
γi

}
− E

{
G̃S

i D
1
2
γiV
′

} (
E

{
VV

′
})−1

(
E

{
G̃S

i D
1
2
γiV
′

})′
. (A.14)
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Now we calculate each term on the RHS of (A.14) one by one. Firstly,

Cov
{
G̃S

i D
1
2
γi

}
= E

{
G̃S

i Dγi

(
G̃S

i

)′}
=

N∑
j=1

γ jiE
{
g̃S

ji

(
g̃S

ji

)′}
=

N∑
j=1

γ jiα jiIM. (A.15)

Then, using g̃S
nk =

(√
τpρulµn − 1

)
gnk +

√
τpρulµn

∑K
j=1, j,k gn j + µnwpn and ĉn =

√
ηnvn, we get

E
{
G̃S

i D
1
2
γiV
′

}
=

N∑
j=1

γ
1
2
jiE

{
g̃S

jiv
′
j

}
=

N∑
j=1

γ
1
2
ji

ϵ ji
√
η j

IM, (A.16)

where ϵ ji =
(√
τpρulµ j − 1

) (√
τpρulµ j

)
β ji +

(√
τpρulµ j

)2 ∑K
l=1,l,i β jl + µ

2
jσ

2. Next,

(
E {VV′}

)−1
=

 N∑
j=1

E
{
v jv′j

}
−1

=

 N∑
j=1

IM


−1

=
1
N

IM. (A.17)

Substituting (A.15), (A.16) and (A.17) in (A.14), we get,

Cov
{
G̃S

i D
1
2
γi

∣∣∣∣V}
=


 N∑

j=1

γ jiα ji

 − 1
N

 N∑
j=1

γ
1
2
ji

ϵ ji
√
η j


2 IM. (A.18)

Substituting (A.18) in (A.13),

Var
{[

B′nS
]

n

∣∣∣∣V}
=

[
B′

(
σ2IM + λ

SIM

)
B
]

n,n

=
(
σ2 + λS

) [
B′B

]
n,n

(A.19)

where λS =
∑K

i=1

[(∑N
j=1 γ jiα ji

)
− 1

N

(∑N
j=1 γ

1
2
ji
ϵ ji
√
η j

)2
]
. Therefore, (A.9) can written as

SINRS-UB
nk =

ηnγnk∑K
i=k+1 ηnγni +

(
σ2 + λS) [B′B]

n,n

. (A.20)

Now, using Jensen’s inequality, for any random variable z,

E
{
log2 {1 + z}

}
≥ log2

1 +
1

E
{

1
z

}
 . (A.21)
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Therefore,

R
S
nk ≥ δ log2

1 +
1

E
{

1
SINRS-UB

nk

}
 . (A.22)

Using the result EV{[B′B]i,i} = (M − N)−1 [14],

E

{
1

SINRS-UB
nk

}
= E


∑K

i=k+1 ηnγni

ηnγnk
+

(
σ2 + λS

) [
B′B

]
n,n

ηnγnk


=

∑K
i=k+1 ηnγni

ηnγnk
+

(
σ2 + λS

)
E

{[
B′B

]
n,n

}
ηnγnk

=

∑K
i=k+1 ηnγni

ηnγnk
+

(
σ2 + λS

)
(M − N)ηnγnk

=
σ2 + λS +

∑K
i=k+1 (M − N) ηnγni

(M − N) ηn γnk
. (A.23)

Therefore, (A.22) can be written as

R
S
nk≥ δ log2

{
1 +

(M − N) ηn γnk

σ2+λS+
∑K

k′=k+1(M−N) ηnγnk′

}
. (A.24)

Using (A.24), and (A.8), we get (2.46).
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B.1 Proof of Theorem 3.1

As (3.26) represents the signal with deterministic channel corrupted by additive non-Gaussian

noise [14], the corresponding SE at (t + u)th symbol instant for UEnk is lower bounded by

RZF-I
nk [t + u] = log2

(
1 + SINRZF-I

nk [t + u]
)
. (B.1)

Since all terms in (3.26) are uncorrelated, SINRZF-I
nk [t + u] can be written as

SINRZF-I
nk [t + u] =

NZF-I
nk [t + u]
DZF-I

nk [t + u]
, (B.2)

where

NZF-I
nk [t + u] =

(
α(u)2ηnkγnk[t + u]

)
, (B.3)

DZF-I
nk [t + u] =

K∑
i=k+1

α(u)2ηniγni[t + u] + Var
{[(

AZF[t + u]
)′

nI[t + u]
]

n

}
. (B.4)

To compute SINRZF-I
nk [t + u], now we calculate the variance of the third term in (3.26) as

Var
{[(

AZF[t + u]
)′

nI[t + u]
]

n

}
=

[
Cov

{(
AZF[t + u]

)′
nI[t + u]

}]
n,n

(B.5)
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=

[
EZ[t]

{(
AZF[t + u]

)′
EG̃I[t]

{
nI[t + u]

(
nI[t + u]

)′ ∣∣∣∣Z[t]
}

AZF[t + u]
}]

n,n
.

(B.6)

Since G̃I[t] is independent of Z[t],

EG̃I[t]

{
nI[t + u]

(
nI[t + u]

)′ ∣∣∣∣Z[t]
}
= EG̃I[t]

{
nI[t + u]

(
nI[t + u]

)′}
= σ2IM + EG̃I[t]

{
α(u)2G̃I[t]x[t + u]

(
G̃I[t]x[t + u]

)′}
+ E

{
E[t + u]x[t + u] (E[t + u]x[t + u])′

}
. (B.7)

Further,

EG̃I[t]

{
G̃I[t]x[t + u]

(
G̃I[t]x[t + u]

)′}
= EG̃I[t]

 K∑
i=1

G̃I
i[t]D

1
2
γi[t + u]

(
G̃I

i[t]D
1
2
γi[t + u]

)′
=

N∑
n=1

K∑
i=1

{γni[t + u] (βni − ηni) IM} . (B.8)

Similarly,

E
{
E[t + u]x[t + u] (E[t + u]x[t + u])′

}
=

N∑
n=1

K∑
i=1

{
γni[t + u]

(
1 − α(u)2

)
βniIM

}
. (B.9)

Substituting (B.7), (B.8) and (B.9) in (B.6), then substituting (B.6) in (B.2) and simplifying

using the result that EZ[t]

{[(
AZF[t + u]

)′
AZF[t + u]

]
i,i

}
= (M − N)−1 [14], we get (3.28), where

λZF-I[t + u] =
∑N

n=1
∑K

i=1

{(
βni − α(u)2ηni

)
γni[t + u]

}
.

B.2 Proof of Theorem 3.2

The terms in (3.39) are correlated. However, if the side information Ω[t + u] = V[t] is

available, then all three terms in (3.39) are uncorrelated. Thus, using the corresponding result

from [14], the SE for UEnk is lower bounded by

R̃
ZF-S
nk [t + u] = EV[t]

{
log2

(
1 + SINRZF-S-UB

nk [t + u]
)}
, (B.10)

where SINRZF-S-UB
nk [t + u] can be written as

SINRZF-S-UB
nk [t + u] =

NZF-S-UB
nk [t + u]

DZF-S-UB
nk [t + u]

, (B.11)
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where

NZF-S-UB
nk [t + u] = α(u)2ηnγnk[t + u], (B.12)

DZF-S-UB
nk [t + u] =

K∑
i=k+1

α(u)2ηnγni[t + u] + Var
{ [(

BZF[t + u]
)′

nS[t + u]
]

n

∣∣∣∣∣V[t]
}
. (B.13)

Given Ω[t + u] = V[t], we now derive the variance of the effective noise term as

Var
{[(

BZF[t + u]
)′

nS[t + u]
∣∣∣∣V[t]

]
n

}
=

[
Cov

{(
BZF[t + u]

)′
nS[t + u]

∣∣∣∣V[t]
}]

n,n

=

[(
BZF[t + u]

)′
EG̃S

{
nS[t + u]

(
nS[t + u]

)′ ∣∣∣∣V[t]
}

BZF[t + u]
]

n,n
.

(B.14)

Since G̃S[t] and V[t] are correlated,

EG̃S[t]

{
nS[t + u]

(
nS[t + u]

)′∣∣∣∣V[t]
}
= σ2IM + E

{
E[t + u]x[t + u] (E[t + u]x[t + u])′

}
+ EG̃S[t]

{
α(u)2G̃S[t]x[t + u]

(
G̃S[t]x[t + u]

)′∣∣∣∣V[t]
}
. (B.15)

Further,

EG̃S[t]

{
G̃S[t]x[t + u]

(
G̃S[t]x[t + u]

)′∣∣∣∣V[t]
}
= EG̃S[t]

 K∑
i=1

G̃S
i [t]Dγi[t + u]

(
G̃S

i [t]
)′∣∣∣∣∣∣∣V[t]


=

K∑
i=1

Cov
{
G̃S

i [t]D
1
2
γi[t + u]

∣∣∣∣V[t]
}
. (B.16)

Using the result that Cov {X|Y} = Cov {X} − E {XY′}
(
E

{
YY′

})−1
(E {XY′})′ [72],

Cov
{
G̃S

i [t]D
1
2
γi[t + u]

∣∣∣∣V[t]
}
= Cov

{
G̃S

i [t]D
1
2
γi[t + u]

}
− E

{
G̃S

i [t]D
1
2
γi[t + u] (V[t])′

}
(
E

{
V[t] (V[t])′

})−1
(
E

{
G̃S

i [t]D
1
2
γi[t + u] (V[t])′

})′
. (B.17)

Now, we need to compute the terms in (B.17). Firstly,

Cov
{
G̃S

i [t]D
1
2
γi[t + u]

}
=

N∑
j=1

γ ji[t + u]E
{̃
gS

ji[t]
(̃
gS

ji[t]
)′}

=

N∑
j=1

γ ji[t + u]ι jiIM. (B.18)
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Using g̃S
nk[t] and ĉn[t] as given in Section 3.1.1.2, we get

E
{
G̃S

i [t]D
1
2
γi[t + u] (V[t])′

}
=

N∑
j=1

γ
1
2
ji[t + u]E

{̃
gS

ji[t]
(
v j[t]

)′}
=

N∑
j=1

γ
1
2
ji[t + u]

ϵ ji
√
η j

IM, (B.19)

where ϵ ji =
(√
τpρulµ j − 1

) (√
τpρulµ j

)
β ji +

(√
τpρulµ j

)2 ∑K
l=1,l,i β jl + µ

2
jσ

2. Next,

(
E

{
V[t] (V[t])′

})−1
=

 N∑
j=1

E
{
v j[t]

(
v j[t]

)′}
−1

=

 N∑
j=1

IM


−1

=
1
N

IM. (B.20)

Substituting (B.18), (B.19) and (B.20) in (B.17), then substituting (B.17) in (B.16), substituting

(B.16) in (B.15), substituting (B.15) in (B.14) and finally substituting (B.14) in (B.13), we get

DZF-S-UB
nk [t + u] =

K∑
i=k+1

α(u)2ηnγni[t + u]

+
(
σ2 + λZF-S[t + u] + ωZF-S[t + u]

) [(
BZF[t + u]

)′
BZF[t + u]

]
n,n
, (B.21)

with

λZF-S[t + u] =
K∑

i=1

α(u)2


 N∑

j=1

γ ji[t + u]ι ji

 − 1
N

 N∑
j=1

γ
1
2
ji[t + u]

ϵ ji
√
η j


2 , (B.22)

ωZF-S[t + u] =
N∑

n=1

K∑
i=1

{
γni[t + u]

(
1 − α(u)2

)
βni

}
. (B.23)

Now, using the Jensen’s inequality and using a result that EZ[t]

{[(
BZF[t + u]

)′
BZF[t + u]

]
i,i

}
=

(M − N)−1 [14], we get

R̃
ZF-S
nk [t + u] ≥ log2

1 +

 1

E
{

1
SINRZF-S-UB

nk [t+u]

}

 , (B.24)

where

E

{
1

SINRZF-S-UB
nk [t + u]

}
=
σ2 + λZF-S[t + u] + ωZF-S[t + u] +

∑K
i=k+1 (M − N)ηnγni[t+u]

(M − N) ηn γnk[t + u]
. (B.25)
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Therefore, (B.10) can be written as

R̃
ZF-S
nk [t + u] ≥ log2

{
1 + S̃INR

ZF-S
nk [t + u]

}
, (B.26)

where

S̃INR
ZF-S
nk [t + u] =

NZF-S
nk [t + u]

DZF-S
nk [t + u]

, (B.27)

where

NZF-S
nk [t + u] = (M − N) α(u)2 ηn γnk[t + u], (B.28)

DZF-S
nk [t + u] = σ2 + λZF-S[t + u] + ωZF-S[t + u] +

K∑
k′=k+1

(M − N) ηnγnk′[t + u]. (B.29)

B.3 Proof of Theorem 3.4

The post-SIC received signal corresponding to UEnk is given in (3.55). Note that all the

terms in (3.55) are uncorrelated to each other. Thus, the SE for UEnk is lower bounded by

RMR-I
nk [t + u] = log2

(
1 + SINRMR-I

nk [t + u]
)

= log2

(
1 +

V1∑6
i=2Vi

)
, (B.30)

where Vi is the variance of the ith term in (3.55), for i ∈ {1, · · · , 6}. Now, we calculate the

variance of each term in (3.55) one-by-one.

To begin with, the first term in (3.55) is

T1 =
√
γnk[t + u]E

{̂
g′nk[t]gnk[t + u]

}
qnk[t + u]. (B.31)

Here,

E
{̂
g′nk[t]gnk[t + u]

}
= E

{̂
g′nk[t]

(
α(u)̂gnk[t] − α(u)̃gI

nk[t] − enk[t + u]
)}
= α(u)Mηnk. (B.32)

Thus,

V1 = Var {T1} = γnk[t + u]α(u)2M2η2
nk. (B.33)
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Second term in (3.55) is

T2 =
√
γnk[t + u]

(̂
g′nk[t]gnk[t + u] − E

{̂
g′nk[t]gnk[t + u]

})
qnk[t + u]. (B.34)

Thus,

V2 = γnk[t + u]Var
{̂
g′nk[t]gnk[t + u]

}
= V21 −V22, (B.35)

where

V21 = γnk[t + u]E
{∣∣∣̂g′nk[t]gnk[t + u]

∣∣∣2} (B.36)

V22 = γnk[t + u]
(
E

{̂
g′nk[t]gnk[t + u]

})2
. (B.37)

Now, substituting for gnk[t + u], we getV21 as

V21 = γnk[t + u]E
{∥∥∥∥̂g′nk[t]

(
α(u)̂gnk[t] − α(u)̃gI

nk[t] − enk[t + u]
)∥∥∥∥2}

= γnk[t + u]E
{
α(u)2

∥∥∥̂gnk[t]
∥∥∥4
+ α(u)2

∥∥∥̂g′nk[t]̃g
I
nk[t]

∥∥∥2
+

∥∥∥̂g′nk[t]enk[t + u]
∥∥∥2

}
= γnk[t + u]

(
βnk + α(u)2Mηnk

)
Mηnk. (B.38)

From (B.32), we know that V22 = γnk[t + u]α(u)2M2η2
nk. Therefore, V2 = V21 − V22 can be

simplified to get

V2 = γnk[t + u]βnkMηnk. (B.39)

Next, the third term in (3.55) is given by

T3 =

k−1∑
k′=1

√
γnk′[t + u]̂g′nk[t]

(
gnk′[t + u] − α(u)̂gnk′[t]

)
qnk′[t + u]. (B.40)

We have

gnk′[t + u] − α(u)̂gnk′[t] = −α(u)̃gI
nk′[t] − enk′[t + u]. (B.41)

Thus,V3 can be computed as

V3 =

k−1∑
k′=1

γnk′[t + u]
(
α(u)2E

{̂
g′nk[t]̃g

I
nk′[t]

(̃
gI

nk′[t]
)′

ĝnk[t]
}
+ E

{̂
g′nk[t]enk′[t]e′nk′[t]̂gnk[t]

})
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=

k−1∑
k′=1

γnk′[t + u]
(
βnk′ − α(u)2ηnk′

)
Mηnk. (B.42)

Further, the fourth term in (3.55) is

T4 =

K∑
k′′=k+1

√
γnk′′[t + u]̂g′nk[t]gnk′′[t + u]qnk′′[t + u]. (B.43)

Thus, substituting for gnk[t + u],V4 can be computed as

V4 =

K∑
k′′=k+1

γnk′′[t + u]
(
E

{
α(u)2

∥∥∥̂g′nk[t]̂gnk′′[t]
∥∥∥2
+ α(u)2

∥∥∥̂g′nk[t]̃g
I
nk′′[t]

∥∥∥2
+

∥∥∥̂g′nk[t]enk′′[t]
∥∥∥2

})
=

K∑
k′′=k+1

γnk′′[t + u]
(
α(u)2Mηnk′′ + βnk′′

)
Mηnk. (B.44)

Now, the 5th term in (3.55) is

T5 =

N∑
n′,n,n′=1

K∑
k′′′=1

√
γn′k′′′[t + u]̂g′nk[t]gn′k′′′[t + u]qn′k′′′[t + u]. (B.45)

Therefore,

V5 =

N∑
n′,n,n′=1

K∑
k′′′=1

γn′k′′′[t + u]βn′k′′′Mηnk. (B.46)

Similarly,V6 = σ
2Mηnk.

B.4 Proof of Theorem 3.5

The post-SIC received signal corresponding to UEnk is given in (3.65). Note that all six

terms on the RHS of (3.65) are uncorrelated to each other. Therefore, the SE for UEnk at (t+u)th

symbol instant is lower bounded by

RMR-S
nk [t + u] = log2

(
1 + SINRMR-S

nk [t + u]
)

= log2

(
1 +

X1∑6
i=2Xi

)
, (B.47)

where Xi is the variance of the ith term in (3.65), for i ∈ {1, · · · , 6}. Now, we calculate the

variance of each term in (3.65) one-by-one.
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The desired signal term in (3.65) is

P1 =
√
γnk[t + u]E

{̂
c′n[t]gnk[t + u]

}
qnk[t + u]. (B.48)

Therefore,

X1 = γnk[t + u]
∣∣∣E {̂

c′n[t]gnk[t + u]
}∣∣∣2 . (B.49)

Here,

E
{̂
c′n[t]gnk[t + u]

}
= E

{̂
c′n[t]

(
α(u)̂cn[t] − α(u)̃gS

nk[t] − enk[t + u]
)}

= α(u)Mηn − α(u)E
{̂
c′n[t]̃gS

nk[t]
}
. (B.50)

Now, E
{̂
c′n[t]̃gS

nk[t]
}

is computed as

E
{̂
c′n[t]̃gS

nk[t]
}
= E


b̄ K∑

i=1

g′ni[t] + c̄ w′pn[t]


āgnk[t] + b̄

K∑
j,k

gn j[t] + c̄ wpn[t]




= E

āb̄g′nk[t]gnk[t] + b̄2
K∑

j,k

g′n j[t]gn j[t] + c̄2 w′pn[t]wpn[t]

 = ϵnkM, (B.51)

where ā = √τpρulµn − 1, b̄ = √τpρulµn, c̄ = µn and ϵnk =
(
āb̄βnk + b̄2 ∑K

j,k βn j + c̄2σ2
)
. Substi-

tuting (B.51) in (B.50), and then substituting (B.50) in (B.49), we get

X1 = γnk[t + u]α(u)2M2 |ηn − ϵnk|
2 . (B.52)

Now, the second term in (3.65) is

P2 =
√
γnk[t + u]

(̂
c′n[t]gnk[t + u] − E

{̂
c′n[t]gnk[t + u]

})
qnk[t + u]. (B.53)

Thus,

X2 = γnk[t + u]
[
E

{∣∣∣̂c′n[t]gnk[t + u]
∣∣∣2} − (

E
{̂
c′n[t]gnk[t + u]

})2
]
. (B.54)

LetAnk = E
{∣∣∣̂c′n[t]gnk[t + u]

∣∣∣2}. Therefore,Ank is computed as

Ank = E
{∣∣∣̂c′n[t]gnk[t + u]

∣∣∣2}
= E

{̂
c′n[t]gnk[t + u]g′nk[t + u]̂cn[t]

}
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= α(u)2E
{∥∥∥̂cn[t]

∥∥∥4
}
− 2α(u)2ℜ

[
E

{̂
c′n[t]̂cn[t]

(̃
gS

nk[t]
)′

ĉn[t]
}]

+ α(u)2E
{̂
c′n[t]̃gS

nk[t]
(̃
gS

nk[t]
)′

ĉn[t]
}
+ E

{̂
c′n[t]enk[t + u]e′nk[t + u]̂cn[t]

}
= A1

nk −A
2
nk +A

3
nk +A

4
nk, (B.55)

whereA1
nk,A

2
nk,A

3
nk andA4

nk are given by

A1
nk = α(u)2E

{∥∥∥̂cn[t]
∥∥∥4

}
= α(u)2M (M + 1) η2

n, (B.56)

A2
nk = 2α(u)2ℜ

[
E

{̂
c′n[t]̂cn[t]

(̃
gS

nk[t]
)′

ĉn[t]
}]
, (B.57)

A3
nk = α(u)2E

{̂
c′n[t]̃gS

nk[t]
(̃
gS

nk[t]
)′

ĉn[t]
}
, (B.58)

A4
nk = E

{̂
c′n[t]enk[t + u]e′nk[t + u]̂cn[t]

}
=

(
1 − α(u)2

)
ηnMβnk. (B.59)

Further,A2
nk andA3

nk can be computed as

A2
nk = 2α(u)2ℜ

E

b̄ K∑

i=1

g′ni[t] + c̄ w′pn[t]

 b̄ K∑
i=1

gni[t] + c̄ wpn[t]

āg′nk[t] + b̄
K∑

j,k

g′n j[t] + c̄ w′pn[t]


b̄ K∑

i=1

gni[t] + c̄ wpn[t]





= 2α(u)2ℜ


āb̄3β2

nk + b̄4
K∑

j,k

β2
n j + c̄4σ4

 M (M + 1) +

āb̄3
K∑

j,k

βn jβnk + b̄2c̄2
K∑

i=1

βniσ
2

+āb̄c̄2βnkσ
2 + b̄2c̄2

K∑
j,k

βn jσ
2 + b̄4

K∑
j,k

βn jβnk + b̄4
K∑

i, j,k

K∑
j,i,k

βniβn j

 M2

+

āb̄c̄2βnkσ
2 + b̄2c̄2

K∑
j,k

βn jσ
2 + b̄2c̄2

K∑
i=1

βniσ
2

 M

 , (B.60)

and

A3
nk = α(u)2E


b̄ K∑

i=1

g′ni[t] + c̄ w′pn[t]


āgnk[t] + b̄

K∑
j,k

gn j[t] + c̄ wpn[t]

āg′nk[t] + b̄
K∑

j,k

g′n j[t] + c̄ w′pn[t]


b̄ K∑

i=1

gni[t] + c̄ wpn[t]




= α(u)2ℜ


ā2b̄2β2

nk + b̄4
K∑

j,k

β2
n j + c̄4σ4

 M (M + 1) +

2āb̄3
K∑

j,k

βn jβnk + 2āb̄c̄2βnkσ
2
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+2b̄2c̄2
K∑

j,k

βn jσ
2 + b̄4

K∑
i, j,k

K∑
j,i,k

βniβn j

 M2 +

ā2b̄2
K∑

j,k

βn jβnk + b̄4
K∑

i, j,k

K∑
j,i,k

βniβn j

+b̄2c̄2
K∑

i=1

βniσ
2 + ā2c̄2βnkσ

2 + b̄2c̄2
K∑

j,k

βn jσ
2 + b̄4

K∑
j,k

βn jβnk

 M

 . (B.61)

SubstitutingA1
nk,A

2
nk,A

3
nk andA4

nk in (B.55) and then substituting (B.55) and X1 in (B.54), we

get X2.

Now, the third term in (3.65) is given by

P3 =

k−1∑
k′=1

√
γnk′[t + u]̂c′n[t]

(
gnk′[t + u] − α(u)̂cn[t]

)
qnk′[t + u]. (B.62)

Here,

gnk′[t + u] − α(u)̂cn[t] = α(u)̂cn[t] − α(u)̃gS
nk′[t] − enk′[t + u] − α(u)̂cn[t]

= −α(u)̃gS
nk′[t] − enk′[t + u]. (B.63)

Thus,

P3 =

k−1∑
k′=1

√
γnk′[t + u]̂c′n[t]

(
−α(u)̃gS

nk′[t] − enk′[t + u]
)

qnk′[t + u]. (B.64)

Thus, X3 can be computed as

X3 =

k−1∑
k′=1

γnk′[t + u]E
{̂
c′n[t]

(
−α(u)̃gS

nk′[t] − enk′[t + u]
) (
−α(u)

(̃
gS

nk′[t]
)′
− e′nk′[t + u]

)
ĉn[t]

}
=

k−1∑
k′=1

γnk′[t + u]
[
α(u)2E

{̂
c′n[t]̃gS

nk′[t]
(̂
c′n[t]̃gS

nk′[t]
)′}
+ E

{̂
c′n[t]enk′[t + u]

(̂
c′n[t]enk′[t + u]

)′}]
.

(B.65)

where α(u)2E
{̂
c′n[t]̃gS

nk′[t]
(̃
gS

nk′[t]
)′

ĉn[t]
}

can be obtained by replacing k with k′ in A3
nk given in

(B.58), and we denote it asA3
nk′ . Moreover,

E
{̂
c′n[t]enk′[t + u]e′nk′[t + u]̂cn[t]

}
=

(
1 − α(u)2

)
ηnMβnk′ . (B.66)

Thus,

X3 =

k−1∑
k′=1

γnk′[t + u]
(
A3

nk′ +
(
1 − α(u)2

)
ηnMβnk′

)
. (B.67)
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Next, the fourth and fifth terms in (3.65) are

P4 =

K∑
k′′=k+1

√
γnk′′[t + u]̂c′n[t]gnk′′[t + u]qnk′′[t + u], (B.68)

P5 =

N∑
n′,n,n′=1

K∑
k′′′=1

√
γn′k′′′[t + u]̂c′n[t]gn′k′′′[t + u]qn′k′′′[t + u]. (B.69)

Thus, X4, X5 can be obtained as

X4 =

K∑
k′′=k+1

γnk′′[t + u]Ank′′ , (B.70)

X5 =

N∑
n′,n,n′=1

K∑
k′′′=1

γn′k′′′[t + u]ηnMβn′k′′′ , (B.71)

where Ank′′ = E
{∣∣∣̂c′n[t]gnk′′[t + u]

∣∣∣2} and it is obtained by replacing k with k′′ in Ank given in

(B.55).

Finally, the sixth term in (3.65) is P6 = ĉ′n[t]w[t + u]. Therefore, X6 = ηnMσ2.

B.5 Proof of Lemma 3.1

We know that the observation vector is orthogonal to the error in prediction. Using this

orthogonality property of linear prediction, we get

E
{(

gnk[t + 1] − Pnkỹpn[t]
)

ỹ′pn[t]
}
= 0. (B.72)

After expansion, we get

E
{
gnk[t + 1]̃y′pn[t]

}
= PnkE

{̃
ypn[t]̃y′pn[t]

}
. (B.73)

Therefore,

Pnk = RgỸ[1]R−1
Ỹ

[0], (B.74)

where

RgỸ[1] ≜ E
{
gnk[t + 1]̃y′pn[t]

}
, (B.75)

RỸ[0] ≜ E
{̃
ypn[t]̃y′pn[t]

}
. (B.76)
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Here,

Rg̃y[k + 1] ≜ E
{
gnk[t + 1]y′pn[t − k]

}
= α|k+1|IM. (B.77)

Therefore,

RgỸ[1] = α
[
δ(α, p) ⊗ IM

]
. (B.78)

Next,

Ry[k − q] ≜ E
{
ypn[t − q]y′pn[t − k]

}
. (B.79)

Therefore,

RỸ[0] = E
{̃
ypn[t]̃y′pn[t]

}

=



Ry[0] Ry[1] · · · Ry[p]

Ry[1] Ry[0] · · · Ry[p − 1]
...

...
...

...

Ry[p] Ry[p − 1] · · · Ry[0]


= Tnk(α, p) (B.80)

Finally, substituting (B.80) and (B.78) in (B.74), we get (3.79).

B.6 Proof of Theorem 3.6

As (3.88) represents the signal with deterministic channel corrupted by non-Gaussian ad-

ditive white noise, the corresponding SE at (t + 1)th symbol instant for UEnk is lower bounded

by [14]

RZF-I-P
nk [t + 1] = log2

(
1 + SINRZF-I-P

nk [t + 1]
)
. (B.81)

Since all terms in (3.88) are uncorrelated, SINRZF-I-P
nk [t + 1] can be written as

SINRZF-I-P
nk [t + 1] =

θnk(α, p)γnk[t + u]∑K
i=k+1 θni(α, p)γni[t + 1] + Var

{[(
FZF-I-P[t + 1]

)′
nP[t + 1]

]
n

} . (B.82)
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B.7 Proof of Theorem 3.7

To compute SINRZF-I-P
nk [t + 1], now we calculate the variance of the third term in (3.88) as:

Var
{[(

FZF-I-P[t + 1]
)′

nP[t + 1]
]

n

}
=

[
Cov

{(
FZF-I-P[t + 1]

)′
nP[t + 1]

}]
n,n

=

[
EH[t+1]

{(
FZF-I-P[t + 1]

)′
EĔ[t+1]

{
nP[t + 1]

(
nP[t + 1]

)′∣∣∣∣H[t + 1]
}

FZF-I-P[t + 1]
}]

n,n
. (B.83)

Since Ĕ[t + 1] is independent of H[t + 1],

EĔ[t+1]

{
nP[t + 1]

(
nP[t + 1]

)′∣∣∣∣H[t + 1]
}
= EĔ[t+1]

{
nP[t + 1]

(
nP[t + 1]

)′}
= σ2IM + EĔ[t+1]

{
Ĕ[t + 1]x[t + 1]

(
Ĕ[t + 1]x[t + 1]

)′}
= σ2IM +

N∑
n=1

K∑
i=1

{γni[t + u] (βni − θni(α, p)) IM} .

(B.84)

Substituting (B.84) in (B.83), then substituting (B.83) in (B.82) and simplifying using the results

that

EH[t+1]

{[(
FZF-I-P[t + 1]

)′
FZF-I-P[t + 1]

]
i,i

}
= (M − N)−1,

we get (3.90), where λZF-I-P[t + 1] =
∑N

n=1
∑K

i=1 {(βni − θni(α, p)) γni[t + 1]}.

B.7 Proof of Theorem 3.7

The post-SIC received signal corresponding to UEnk is given in (3.96). Note that all the

terms in (3.96) are uncorrelated to each other. Thus, the SE for UEnk is lower bounded by

RMR-I-P
nk [t + 1] = log2

(
1 + SINRMR-I-P

nk [t + 1]
)

= log2

(
1 +

W1∑6
i=2Wi

)
, (B.85)

where Wi is the variance of the ith term in (3.96), for i ∈ {1, · · · , 6}. Now, we calculate the

variance of each term in (3.96) one-by-one.

To begin with, the first term in (3.96) is

T 1 =
√
γnk[t + 1]E

{
g′nk[t + 1]gnk[t + 1]

}
qnk[t + 1]. (B.86)
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Here,

E
{
g′nk[t + 1]gnk[t + 1]

}
= E

{
g′nk[t + 1] (gnk[t + 1] + ĕnk[t + 1])

}
= Mθnk. (B.87)

Thus,

W1 = Var
{
T 1

}
= γnk[t + 1]M2θ2

nk. (B.88)

Second term in (3.96) is

T 2 =
√
γnk[t + 1]

(
g′nk[t + 1]gnk[t + 1] − E

{
g′nk[t + 1]gnk[t + 1]

})
qnk[t + 1]. (B.89)

Thus,

W2 = γnk[t + 1]Var
{
g′nk[t + 1]gnk[t + 1]

}
=W21 −W22, (B.90)

where

W21 = γnk[t + 1]E
{∣∣∣g′nk[t + 1]gnk[t + 1]

∣∣∣2} (B.91)

W22 = γnk[t + 1]
(
E

{
g′nk[t + 1]gnk[t + 1]

})2
. (B.92)

Now, substituting for gnk[t + 1], we getW21 as

W21 = γnk[t + 1]E
{∥∥∥g′nk[t + 1]

(
gnk[t + 1] + ĕnk[t + 1]

)∥∥∥2
}

= γnk[t + 1]E
{∥∥∥gnk[t + 1]

∥∥∥4
+

∥∥∥̂g′nk[t + 1]
∥∥∥2

}
= γnk[t + 1] (βnk + Mθnk) Mθnk. (B.93)

From (B.87), we know that W22 = γnk[t + 1]M2θ2
nk. Therefore, W2 = W21 − W22 can be

simplified to get

W2 = γnk[t + 1]βnkMθnk. (B.94)

Next, the third term in (3.96) is given by

T 3 =

k−1∑
k′=1

√
γnk′[t + 1]g′nk[t + 1]

(
gnk′[t + 1] − gnk′[t + 1]

)
qnk′[t + 1]. (B.95)
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We have

gnk′[t + u] − gnk′[t] = −ĕnk[t + 1]. (B.96)

Thus,W3 can be computed as

W3 =

k−1∑
k′=1

γnk′[t + 1]
(
E

{
g′nk[t + 1]ĕnk[t + 1] (ĕnk[t + 1])′ gnk[t + 1]

})
=

k−1∑
k′=1

γnk′[t + u] (βnk′ − θnk′) Mθnk. (B.97)

Further, the fourth term in (3.96) is

T 4 =

K∑
k′′=k+1

√
γnk′′[t + u]g′nk[t + 1]gnk′′[t + 1]qnk′′[t + 1]. (B.98)

Thus, substituting for gnk′′[t + 1],W4 can be computed as

W4 =

K∑
k′′=k+1

γnk′′[t + 1]
(
E

{∥∥∥g′nk[t + 1]gnk′′[t + 1]
∥∥∥2
+

∥∥∥g′nk[t + 1]ĕnk′′[t + 1]
∥∥∥2

})
=

K∑
k′′=k+1

γnk′′[t + u] (Mθnk′′ + βnk′′) Mθnk. (B.99)

Now, the 5th term in (3.96) is

T 5 =

N∑
n′,n,n′=1

K∑
k′′′=1

√
γn′k′′′[t + u]g′nk[t + 1]gn′k′′′[t + 1]qn′k′′′[t + 1]. (B.100)

Therefore,

W5 =

N∑
n′,n,n′=1

K∑
k′′′=1

γn′k′′′[t + 1]βn′k′′′Mθnk. (B.101)

Similarly,W6 = σ
2Mθnk.
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C
Appendix

C.1 Proof of Lemma 4.1

As explained in detail in 4.1, the effective channel gain is given by

|zk| = uk + vk, (C.1)

where uk ≜ |tk| and vk ≜
∑T

i=1

∣∣∣gk,i

∣∣∣ ∣∣∣hk,i

∣∣∣. Since uk and vk are independent random variables, the

PDF of their sum is given by

f|zk |(z) =
∂F|zk |(z)
∂z

, (C.2)

where F|zk |(z) is the CDF of |zk|. The CDF F|zk |(z) is given by

F|zk |(z) =
∫ z

x=0

∫ z−x

y=0
fukvk (x, y) dydx, (C.3)

where fukvk (x, y) is the joint PDF of uk and vk. Note that the joint PDF of two independent

random variables is equal to the product of their individual PDFs. We know that uk is Rayleigh

distributed random variable with scale parameter σuk . Therefore, the PDF of uk is given by

fuk(x) =
x
σuk

exp
(
−

x2

2σ2
uk

)
. (C.4)
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C.2 Proof of Theorem 4.1

Moreover, as stated above, vk is the sum of T i.i.d. random variables. Therefore, invoking CLT,

the distribution of vk approaches complex Gaussian distribution with mean µvk and variance σ2
vk

.

Therefore, the PDF of vk is given by

fvk(y) = q̄k
−1 1√

2πσ2
vk

exp
−(

y − µvk

)2

2σ2
vk

. (C.5)

The scaling by q̄k
−1 =

{
1
2

(
1 + Erf

[
µvk√
2σ2

vk

])}−1

ensures that
∫ ∞

y=0
fvk(y) dy = 1. Substituting the

PDF of uk from (C.4) and the PDF of vk from (C.5) to simplify (C.3), taking the derivative with

respect to z as in (C.2) and simplifying further, we get the PDF of the effective channel gain |zk|

between the BS and UEk as

f|zk |(x) = f1,k(x) −
[
f2,k,1(x) + f2,k,2(x)

]
− f3,k(x) , (C.6)

where f1,k(x), f2,k,1(x), f2,k,2(x), and f3,k(x) are given in (4.4), (4.5), (4.6) and (4.7) with ak = σ
2
uk

,

bk = σ
2
vk

, ck = µvk , and q̄k =
(
1 + Erf

[
ck√
2bk

])
.

C.2 Proof of Theorem 4.1

We know that, the average SEP for UE1 is given by

Pe
1(T ) = E|z1 | {P1(e| |z1|)} =

∫ ∞

x=0
PC

1 (e) f|z1 |(x)dx , (C.7)

where f|z1 |(x) is given in (4.3), and PC
1 (e) is given in (4.10). Expanding (C.7) using (4.3) and

(4.10), average SEP at UE1 is

Pe
1(T ) = I11 −

(
I12,1 + I12,2

)
− I13 , (C.8)

where

I11 =

∫ ∞

x=0
PC

1 (e) f1,1(x)dx , (C.9)

I12,1 =

∫ ∞

x=0
PC

1 (e) f2,1,1(x)dx , (C.10)

I12,2 =

∫ ∞

x=0
PC

1 (e) f2,1,2(x)dx, , (C.11)
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I13 =

∫ ∞

x=0
PC

1 (e) f3,1(x)dx. (C.12)

Using the following approximation of Q-function [95]

Q { j} ≈ (1/12)e−
j2
2 + (1/4)e−

2 j2
3 ≜ Q̃ { j} , j > 0 (C.13)

to expand the integrand of I11 and I12,2, we get

I11 ≈

N2/2∑
m=1

∫ ∞

x=0
KI11e

−
(c1−x)2

2b1

2∑
j=1

Q̃
{
L j(m) x

}
dx , (C.14)

I12,2 ≈

N2/2∑
m=1

∫ ∞

x=0
KI12,2e

−
c2
1a1+b1 x2

2a1b1

2∑
j=1

Q̃
{
L j(m) x

}
dx , (C.15)

where KI11 = K1/
√

b1, KI12,2 = (K1
√

b1)/(a1 + b1) with K1 = (2(N1 − 1)
√

2/π)/(N2N1q̄1).

Using the identity given in [96, Eqn. (2.33.1)],∫ ∞

x=0
e−[Ax2+2Bx+C]dx = 0.5

( √
π/A

)
e
B2−AC
A

(
1 − Erf

[
B/
√
A

])
, (C.16)

we get I11 and I12,2 as given in (4.16) and (4.18), respectively.

Using (4.4), (4.5) and I11,

I12,1 =
a1

(a1 + b1)
I11. (C.17)

Since I13 involves the product of error function and exponential function, the integration is

mathematically intractable and we use numerical integration just to evaluate this term.

C.3 Proof of Theorem 4.2

We know that the average SEP of UE2 is given by

Pe
2(T ) = E|z2 | {P2(e| |z2|)}=

∫ ∞

x=0
PC

2 (e) f|z2 |(x)dx, (C.18)

where f|z2 |(x) is given in (4.3) and PC
2 (e) = PC

2,1(e)−PC
2,2(e) is given in (4.12). Expanding (C.18)

using (4.3) and (4.12), we get

Pe
2(T ) =

2∑
j=1

(−1)( j+1)
[
J

j1
2 −

(
J

j2,1
2 +J

j2,2
2

)
− J

j3
2

]
, (C.19)

158

TH-3521_166302001



C.3 Proof of Theorem 4.2

where, for ᾱ, ρ̄, δ̄ ∈ {1, 2} and ζ̄ ∈ {1, 3},

J
ᾱζ̄
2 =

∫ ∞

x=0
PC

2,ᾱ(e) fζ̄,2(x)dx , (C.20)

J
ρ̄2,δ̄
2 =

∫ ∞

x=0
PC

2,ρ̄(e) f2,2,δ̄(x)dx. (C.21)

Expanding RHS of J11
2 , J12,2

2 , J21
2 and J22,2

2 using (C.62), we get

J11
2 ≈

∫ ∞

x=0
KJ11

2
e−

(c2−x)2

2b2 Q̃ {L3 x} dx , (C.22)

J
12,2
2 ≈

∫ ∞

x=0
K
J

12,2
2

e−
c2
2a2+b2 x2

2a2b2 Q̃ {L3 x} dx , (C.23)

J21
2 ≈

N1−1∑
n=1

∫ ∞

x=0
KJ21

2
e−

(c2−x)2

2b2 Υdx , (C.24)

J
22,2
2 ≈

N1−1∑
n=1

∫ ∞

x=0
K
J

22,2
2

e−
c2
2a2+b2 x2

2a2b2 Υdx , (C.25)

where Υ =
∑5

j=4(−1) j(N2 − 1)Q̃
{
L j(n) x

}
+

∑7
j=6(−1) jQ̃

{
L j(n) x

}
and

KJ11
2
= K2/

√
b2 , (C.26)

K
J

12,2
2
= (K2

√
b2)/(a2 + b2) , (C.27)

K2 = 2(N2 − 1)/(N2q̄2

√
π/2) , (C.28)

KJ21
2
= K3/

√
b2 , (C.29)

K
J

22,2
2
= (K3

√
b2)/(a2 + b2) , (C.30)

K3 = 2(N1 − n)/(N2N1q̄2

√
π/2). (C.31)

Solving J11
2 , J12,2

2 , J21
2 and J22,2

2 using the identity given in [96, Eqn. (2.33.1)], we get J11
2 ,

J
12,2
2 , J21

2 and J22,2
2 as in (4.24), (4.25), (4.26), and (4.27), respectively.

Using (4.4), (4.5) and (C.21),

J
12,1
2 =

a2

(a2 + b2)
J11

2 , (C.32)

J
22,1
2 =

a2

(a2 + b2)
J21

2 . (C.33)

Next, since J13
2 and J23

2 involve the product of error function and exponential function, the
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integration is intractable and we use numerical integration just to evaluate these terms.

C.4 Proof of Theorem 4.3

We know that, for N1 = 4 and N2 = 16, the conditional SEP for UE1 is given by

P
C-QAM
1 (e) = 2A1 − (A1)2 , (C.34)

whereA1 =
1
4

∑2
m=1

(
Q

{
L̃1 |z1|

}
+Q

{
L̃2 |z1|

})
. Therefore, the average SEP of UE1 is given by

P
e,QAM
1 (T ) =

∫ ∞

x=0
P

C-QAM
1 (e) f|z1 |(x) dx. (C.35)

Expanding (C.35) using the PDF of the effective channel gain |z1|, the average SEP at UE1 is

given by

P
e,QAM
1 (T ) = IQAM

11 −
(
I

QAM
12,1 + I

QAM
12,2

)
− I

QAM
13 , (C.36)

where

I
QAM
11 =

∫ ∞

x=0
P

C-QAM
1 (e) f1,1(x)dx , (C.37)

I
QAM
12,1 =

∫ ∞

x=0
P

C-QAM
1 (e)(e) f2,1,1(x)dx , (C.38)

I
QAM
12,2 =

∫ ∞

x=0
P

C-QAM
1 (e) f2,1,2(x)dx , (C.39)

I
QAM
13 =

∫ ∞

x=0
P

C-QAM
1 (e) f3,1(x)dx. (C.40)

Expanding the integrands ofIQAM
11 andIQAM

12,2 using the following approximation of Q-function [95]

Q { j} ≈ (1/12)e−
j2
2 + (1/4)e−

2 j2
3 ≜ Q̃ { j} , j > 0 (C.41)

and using the identity given in [96, Eqn. (2.33.1)],∫ ∞

x=0
e−[Ax2+2Bx+C]dx = 0.5

( √
π/A

)
e
B2−AC
A

(
1 − Erf

[
B/
√
A

])
, (C.42)

we get IQAM
11 and IQAM

12,2 as given in (4.44) and (4.45), respectively.
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C.5 Proof of Theorem 4.4

Using the PDF of the effective channel gain and IQAM
11 ,

I
QAM
12,1 =

a1

(a1 + b1)
I

QAM
11 . (C.43)

Since the integrand of IQAM
13 involves the product of error function and exponential function,

the integration is mathematically intractable and we use numerical integration just to evaluate

this term.

C.5 Proof of Theorem 4.4

We know that, for N1 = 4 and N2 = 16, the conditional SEP for UE2 is given by

P
C-QAM
2 (e) = 2A2 − 2B2 + 2A2B2 − (A2)2

− (B2)2 , (C.44)

where

A2 =
3
2

Q
{
L̃3 |z2|

}
, (C.45)

B2 =
1
4

2 5∑
i=4

(−1)iQ
{
L̃i |z2|

}
+

7∑
j=6

Q
{
L̃ j |z2|

} . (C.46)

Therefore, the average SEP of UE2 is given by

P
e,QAM
2 (T ) =

∫ ∞

x=0
P

C-QAM
2 (e) f|z2 |(x) dx. (C.47)

Expanding (C.47) using the PDF of the effective channel gain |z2|, the average SEP at UE2 is

P
e,QAM
2 (T ) = JQAM

11 −
(
J

QAM
12,1 +J

QAM
12,2

)
− J

QAM
13 , (C.48)

where

J
QAM
11 =

∫ ∞

x=0
P

C-QAM
2 (e) f1,2(x)dx , (C.49)

J
QAM
12,1 =

∫ ∞

x=0
P

C-QAM
2 (e)(e) f2,2,1(x)dx , (C.50)

J
QAM
12,2 =

∫ ∞

x=0
P

C-QAM
2 (e) f2,2,2(x)dx , (C.51)

J
QAM
13 =

∫ ∞

x=0
P

C-QAM
2 (e) f3,2(x)dx. (C.52)
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Expanding the integrands ofJQAM
11 andJQAM

12,2 using the following approximation of Q-function [95]

Q { j} ≈ (1/12)e−
j2
2 + (1/4)e−

2 j2
3 ≜ Q̃ { j} , j > 0, (C.53)

and using the identity given in [96, Eqn. (2.33.1)],∫ ∞

x=0
e−[Ax2+2Bx+C]dx = 0.5

( √
π/A

)
e
B2−AC
A

(
1 − Erf

[
B/
√
A

])
, (C.54)

we get JQAM
11 and JQAM

12,2 as given in (4.65) and (4.66), respectively.

Using the PDF of the effective channel gain and JQAM
11 ,

J
QAM
12,1 =

a2

(a2 + b2)
J

QAM
11 . (C.55)

Since the integrand ofJQAM
13 involves the product of error function and exponential function,

the integration is mathematically intractable and we use numerical integration just to evaluate

this term.

C.6 Proof of Theorem 4.5

Using the conditional PEP given in (4.108) and the PDF given in Lemma 4.1, the average

PEP of UEk is given by

PPEP(sk→ sk)=
∫ ∞

x=0
P (sk → sk| |zk|) f|zk |(x) dx. (C.56)

Expanding (C.56) using Lemma 4.1 and (4.108), the average PEP at UEk is given by

PPEP (sk → sk) = PPEP
k,1 −

(
PPEP

k,21 + P
PEP
k,22

)
− PPEP

k,3 , (C.57)

where

PPEP
k,1 =

∫ ∞

x=0
P (sk → sk| |zk|) f1,k(x) dx, (C.58)

PPEP
k,21 =

∫ ∞

x=0
P (sk → sk| |zk|) f2,k,1(x)dx, (C.59)

PPEP
k,22 =

∫ ∞

x=0
P (sk → sk| |zk|) f2,k,2(x)dx, (C.60)
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C.6 Proof of Theorem 4.5

PPEP
k,3 =

∫ ∞

x=0
P (sk → sk| |zk|) f3,k(x)dx. (C.61)

Using the following approximation of Q-function [95]

Q { j} ≈ (1/12)e−
j2
2 + (1/4)e−

2 j2
3 ≜ Q̃ { j} , j > 0 (C.62)

to expand the integrand of PPEP
k,1 and PPEP

k,21, we get

PPEP
k,1 ≈

√
2/(π bk)(1/q̄k)

∫ ∞

x=0
e−

(ck−x)2

2bk Q̃
{

xυk

ιk

}
dx, (C.63)

PPEP
k,22 ≈

√
(2bk)/π

(ak + bk) q̄k

∫ ∞

x=0
e−

(ak c2
k + bk x2)

2akbk Q̃
{

xυk

ιk

}
dx, (C.64)

Using the identity given in [96, Eqn. (2.33.1)],∫ ∞

x=0
e−[Ax2+2Bx+C]dx = 0.5

( √
π/A

)
e
B2−AC
A

(
1 − Erf

[
B/
√
A

])
, (C.65)

we get PPEP
k,1 and PPEP

k,22 as given in (4.112) and (4.113), respectively. Using (4.4), (4.5) and PPEP
k,1 ,

PPEP
k,21 =

ak

(ak + bk)
PPEP

k,1 . (C.66)

Since the integrand of PPEP
k,3 involves the product of error function and exponential function,

the integration is mathematically intractable and cannot be obtained in closed-form. So we use

numerical integration just to evaluate this term.
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