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Abstract

This dissertation deals mainly with analyzing and characterizing certain
classes of matrices, nonnegative matrices and generalizations of M-matrices.
More specifically, this involves a detailed study of the structure of the general-
ized eigenspace of nonnegative matrices and the generalized nullspace of gener-
alized M-matrices. We first use preferred and quasi-preferred bases of general-
ized eigenspaces associated with the spectral radius of nonnegative matrices to
analyze the existence and uniqueness of a variant of the Jordan canonical form
which we call a Frobenius-Jordan form. Based on the Frobenius-Jordan form,
spectral and combinatorial properties of nonnegative matrices are discussed.
We also consider graph representations of nonnegative bases for nonnegative
matrices and derived necessary conditions for the existence of such graph bases.

Next we consider two types of generalized M-matrices based on the gener-
alization of nonnegative matrices, namely the class of GM-matrices and M, -
matrices. In this thesis we attempt to generalize the combinatorial proper-
ties of singular M-matrices to the class of singular G M-matrices and singular
M, -matrices. We prove the existence of a preferred basis for a subclass of
M, -matrices and obtain similar equivalent conditions for the equality of the
height and level characteristics of M, -matrices. In an attempt to obtain simi-
lar results for the class of GM-matrices, we give a complete answer regarding
the existence of a preferred basis in terms of the order of such matrices. We
also provide some characterizations of nonsingular M, -matrix involving posi-
tivity of the sums of principal minors and stability. We show that some of the
important properties, such as inverse positivity, do not carry over to the entire
class of M, -matrices, but to a subclass of these matrices. We also extend the
inverse-positivity property of nonsingular M, -matrices to generalized inverses
of singular M, -matrices. Motivated by interesting characterizations of singu-
lar M-matrices, we then introduce the concepts of eventually monotonicity
and eventually nonnegativity on subsets of R”, which are used to characterize

a subclass of M, -matrices.
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Chapter 1

Introduction

1.1 Prologue

This dissertation deals mainly with analyzing and characterizing certain classes
of matrices which are essentially generalizations of the class of M-matrices.
The class of M-matrices introduced in 1937 by Ostrowski [42,43], are of the
form sI — B where B is a nonnegative matrix with spectral radius p(B) and
s > 0 satisfies s = p(B). Some of the most beautiful and elegant applications
of the classical theory of M-matrices arise in the study of Markov chains in
probability and statistics. The theory of Markov process comprises the largest
and one of the most important part of the theory of stochastic processes. This
importance is further enhanced by many applications it has found in the phys-
ical, biological, and social sciences as well as in engineering and commerce.
In addition, many of the modern methods for analyzing these chains make
strong use of recent developments in the theory of singular M-matrices and
generalized matrix inverse. Another important discipline in mathematical sci-
ence in which theory of M-matrices find elegant applications is economics. In
particular, theory of M-matrices are used to greatly simplify the construction
and the analysis of Leontief’s input-output models, which basically deals with
the particular question: What level of output should each of n industries in
a particular economic situation produce, in order that it will just be sufficient
to satisfy the total demand of economy for that product? M-matrices also
arise very frequently in investigations concerning the convergence of iteration

processes in matrix computations in relation to systems of linear equations

-1-
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1.1. Prologue

Ax = b. The reason for this is that very often in practical situations, A has
positive diagonal entries and nonpositive off-diagonal entries, so that the it-
eration matrices for the Jacobi, Gauss-Seidel and S.O.R. (for the relaxation
parameter w satisfying 0 < w < 1) methods are necessarily nonnegative.

Since the concept of an M-matrix is applied in such diverse areas of sci-
ence, there has been extensive research carried out on this class mainly in
two directions. One is in determining and analyzing the properties of singular
reducible M-matrices, the relationship between the spectral and graph theo-
retic properties of these matrices. The otherone is the study of nonsingular
M-matrices in trying to obtain equivalent characterizations of the class based
on the entrywise nonnegativity property of the inverse.

The study of the connection between the graph theoretic and the spectral
properties of a matrix was motivated by Perron and Frobenius’s work on the
spectral radius of a nonnegative matrix. It was shown by Perron [6] and then by
Frobenius [14-16] that (entry-wise) positive matrices and irreducible nonnega-
tive matrices have the spectral radius as one of its eigenvalues. Furthermore, it
is a simple eigenvalue, called the Perron root, and the corresponding eigenspace
is spanned by a positive vector called the Perron eigenvector. Subsequently,
attempts were made to generalize some of these results to the class of general
nonnegative matrices which may be reducible, but the results obtained were
considerably weaker.

In his Ph.D dissertation [46], Schneider studied the combinatorial struc-
ture of the generalized eigenspace corresponding to the spectral radius of a
reducible nonnegative matrix or equivalently the generalized nullspace of a re-
ducible singular M-matrix, which was initiated by Frobenius [16]. He observed
that only under certain extreme conditions, the height characteristic of an M-
matrix, which describes the analytic structure of the generalized nullspace of
the matrix, is equal to its level characteristic, which is determined by the sin-
gular graph of the matrix. Since for an arbitrary M-matrix the height and
the level characteristics are not equal, he questioned the nature of the rela-
tionship between them for the class of M-matrices and the possible conditions
under which the two characteristics are equal. These questions were answered

after a majorization relation between the two characteristics was established

-2
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1.2.  The relevance and aim of the topic of research

for the class of M-matrices and some equivalent conditions for the equality
of the two were obtained. However, these results could only be proved after
the existence of preferred bases was established for the generalized nullspace
of singular M-matrices. A preferred basis is a nonnegative basis of the gen-
eralized eigenspace having certain combinatorial properties determined by the
graph theoretic structure of the matrix written in Frobenius normal form. The
initial contribution in this direction was made by Rothblum [45], Richman and
Schneider [44]. Rothblum combined the combinatorial structure of nonnega-
tive matrices, which was developed by Schneider [47] and Carlson [5], with
the Perron-Frobenius theory of nonnegative matrices to obtain a nonnegative
basis having similar combinatorial properties as the preferred basis for the gen-
eralized eigenspace of the spectral radius. Later Richman and Schneider [44]
proved the existence of a preferred basis for the generalized nullspace of an
M-matrix.

As the eigenvalues and the entries of the eigenvectors of a matrix are con-
tinuous functions of the entries of the matrix, there may exist matrices having
small negative entries, but for which the spectral radius is an eigenvalue and
there is a nonnegative eigenvector associated with this eigenvalue. This obser-
vation motivates many researchers, see [8,29,39], to study this class of matrices.
This class of matrices is said to satisfy the Perron-Frobenius property.

Recently, Noutsos [39] obtained necessary and sufficient conditions for a
matrix to have a Perron eigenvector and extended some of the results of Per-
ron and Frobenius for nonnegative matrices to the class of matrices satisfying
the Perron-Frobenius property. In [33], Naqvi and McDonald introduced an-
other generalization of the class of nonnegative matrices, known as eventually
nonnegative matrices. They studied the combinatorial properties of the gener-

alized eigenspace associated with the spectral radius of this class of matrices.

1.2 The relevance and aim of the topic of re-
search

In this dissertation we focus on studying the combinatorial properties of non-

negative matrices and of generalized M-matrices. An extensive theory on the

-3-
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1.2.  The relevance and aim of the topic of research

properties of M-matrices is developed due to their role in numerical analysis
(e.g., splittings in iterative methods and discretization of differential equa-
tions), modelling of the economy, optimization and Markov chains [1,2]. Re-
searchers are continuously interested to generalize the notion of M-matrices
based on the generalizations of nonnegative matrices. For a general overview
on this, we refer the reader to [7,8,29,33,39-41]. As mentioned earlier, in this
dissertation we consider two types of generalizations of M-matrices, namely
G M-matrices and M, -matrices, and study the combinatorial structure of their
generalized nullspace.

In [39], Noutsos generalized the class of nonnegative matrices based on the
well known Perron-Frobenius theory of this class. It is obvious from the conti-
nuity of the eigenvalues and the entries of the eigenvectors as functions of the
entries of matrices that the Perron-Frobenius property may also hold for ma-
trices having some small negative entries. In [49], Tarazaga et al. presented a
sufficient condition that guarantees the existence of a Perron-Frobenius eigen-
pair for the class of real symmetric matrices with some negative entries. Mo-
tivated by their work, Noutsos in [39], generalized the class of nonnegative
matrices to the class of matrices A such that both A and AT possess the
Perron-Frobenius property and in [8], Elhashash and Szyld termed this class
of matrices as W PFn. Based on this generalization of nonnegative matrices,
Elhashash and Szyld in [7], generalized the class of M-matrices and called it
G M-matrices. They extended some analogous results known to be true for
M-matrices to the class of GM-matrices. In particular, they proved that if A
is a nonsingular GM-matrix, then A=t ¢ WPFn.

Among the other generalizations of nonnegative matrices, eventually noneg-
ative matrices are the focus of study in recent years by many researchers, partly
because they generalize and shed new light on the class of nonnegative matrices
(see [29,33,34,39,53,54]) and partly because of their applications in systems
theory (see [40,50-52]). A matrix A is called an eventually nonnegative matrix
if there exists a ko € N such that A* is a nonnegative matrix for all & > k.
In dynamical systems, one is frequently interested in qualitative information
regarding state evaluation. In particular, due to physical and modelling con-

straints arising in engineering, biological, medical and economic applications,

—4 -

TH-1174_07612305



1.2.  The relevance and aim of the topic of research

it is of common interest to impose condition for nonnegative states [1]. Such

applications typically arise in the theory of linear systems,

z(t) = Az(t), AeR™" 2(0)=x0eR", t=0. (1.1)

The solution is given by z(t) = ez, t = 0 and the set

{x(t) = ez | t € [0, 0)}

is known as the trajectory emanating from xy. Then the trajectory emanating
from zy becomes nonnegative and remains nonnegative if there exists a tg > 0
such that ¢4 > 0 for all £ > ¢y and such a matrix A is termed as an eventually
exponentially nonnegative matrix. In [40], Noutsos and Tstatsomeros proved
that eventually nonnegative matrices having the largest Jordan block of size at
most 1, corresponding to the eigenvalue 0 are eventually exponentially nonneg-
ative matrices. Thus the combination of such a matrix with the initial point
xo results in trajectories that reach and stay in the nonnegative orthant.

The relation between the combinatorial structure of nonnegative matrices
and their spectrums, eigenvectors, and Jordan structure is interesting as well
as useful and an overview of this can be found in [2,21,48]. Frieldland [13],
Handelman [20], Zaslavsky and Tam [54] and Zaslavsky and McDonad [53]
looked at extending these results on the combinatorial structure to eventually
nonnegative matrices, but in their study they found that this relationship was

inconsistent. For example, the eventually nonnegative matrix

11 1 -1
11 -1 1
A=111 1
i |

is irreducible with the spectral radius p(A) = 2 appearing as an eigenvalue

with multiplicity two. Again the irreducible nonnegative matrix

11 1 -1
11 -1 1
B= 11 2 2
11 2 2

has its spectral radius 4 as a simple eigenvalue, but the associated eigenvector
= [0011]7 is not positive. But in [33], Naqvi and McDonald showed that

-5 -
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1.2.  The relevance and aim of the topic of research

the nilpotent part of an eventually nonnegative matrix contributes significantly
in determining the combinatorial structure for the same. Many combinatorial
properties, including the above mentioned properties of nonnegative matrices
carried over to the class of eventually nonnegative matrices if the matrix is
nonnilpotent.

Olesky, Tsatsomeros and Driessche [41] generalized the class of M-matrices
based on eventually nonnegative matrices and termed them as M, -matrices,
that is, an M, -matrix has the form sI — B where 0 < p(B) < s and B is
eventually nonnegative. They showed that M, -matrices satisfied many prop-
erties analogous to that of M-matrices. As mentioned earlier Schneider and
Hershkowitz, in [23-25], studied extensively the combinatorial structure of the
generalized nullspace of M-matrices and the relation between the spectral and
graph theoretic properties of these matrices. Motivated by their work, in this
thesis, we try to generalize the combinatorial properties of singular M-matrices
to the class of GM-matrices and M, -matrices. In this dissertation, we study
the Preferred Basis Theorem (see [45]) for a subclass of M, -matrices and try
to obtain similar equivalent conditions for the equality of the height and level
characteristics of M, -matrices. We also study the combinatorial properties of
these matrices. In an attempt to obtain similar results for the class of GM-
matrices, we give a complete answer regarding the existence of a preferred basis
in terms of the order of such matrices. We use the characteristics of preferred
and quasi-preferred bases of generalized eigenspaces associated with the spec-
tral radius of nonnegative matrices to analyze the existence and the uniqueness
of a variant of the Jordan canonical form which we call the Frobenius-Jordan
form. Based on this Frobenius-Jordan form, interesting results related to the
spectral and combinatorial properties of nonnegative matrices are obtained.

The study of nonsingular M-matrices was initiated by Ostrowski and was
later continued and consolidated by various others like Fan [9], and Fiedler and
Ptak [12]. They presented some useful characterizations of this class in terms
of some easily verifiable conditions. Schneider later tried to obtain analogous
results for the class of singular M-matrices. We in this dissertation try to
extend some of these results to the class of GM and M, -matrices and obtain

some interesting results on the generalized inverses of these matrices.

-6 -
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1.3. Thesis overview

1.3 Thesis overview

The proposed thesis attempts to contribute to the theory of nonnegative matri-
ces and generalized M-matrices. The contents of the chapters in the remaining

part of the thesis are described briefly as follows:

Chapter 2:

In this chapter we discuss the connection between the spectral and the com-
binatorial properties of nonnegative matrices. Because of their nice combina-
torial properties,preferred basis and quasi-preferred basis have special signifi-
cance on the study of nonnegative matrices. In this chapter we use these bases
to analyze the existence and uniqueness of a variant of the Jordan canonical
form called the Frobenius-Jordan form. We also investigate some graph theo-
retic properties of nonnegative matrices with the help of its Frobenius-Jordan
form. Furthermore, we obtain permuted graph representations of nonnega-
tive bases for nonnegative matrices. We derive necessary conditions for the

existence of such graph bases.

Chapter 3:

In this chapter we study the connection between the combinatorial and the
spectral structure of the generalized null space of generalized M-matrices,
namely the class of GM-matrices and the class of M, -matrices. We prove
the Preferred Basis Theorem for a subclass of M, -matrices and obtain similar
equivalent conditions as that of M-matrices for the equality of the height and

level characteristics of this class of matrices.

Chapter 4:

In this chapter, we present some useful characterizations of nonsingular M, -
matrices in terms of stability and positivity of sums of principal minors. We
also obtain some results for the class of M, -matrices similar to those obtained
for M-matrices, for example the inverse-positivity property of nonsingular M-

matrices. Next we study a subclass of singular M, -matrices, and obtain inter-

TH-1174_07612305



1.3. Thesis overview

esting results on the generalized inverses of these matrices. Lastly, we present
some characteristics of matrices of this subclass with reference to their gener-

alized inverses.

Chapter 5:

We conclude by giving a brief summary and analysis of the work reported in
the previous chapters. We also discuss the possible future directions of our

research.

TH-1174_07612305



Chapter 2

The Frobenius-Jordan form of
nonnegative matrices

2.1 Introduction

In this chapter we discuss the relation between the spectral and combinatorial
properties of nonnegative matrices. It is well-known that for the invariant sub-
space associated with the spectral radius of a nonnegative matrix, there exist
several types of nonnegative bases which have a nice combinatorial structure,
see [3,22-25, 30, 36-38, 44, 45, 48], called preferred bases and quasi-preferred
bases. We use these bases to analyze the existence and uniqueness of a variant
of the Jordan canonical form named Frobenius-Jordan form. The said form is
a combination of the classical Jordan canonical form [17,26] in the part asso-
ciated with the eigenvalues that are different from the spectral radius; while it
is like the Frobenius normal form [15] in the part associated with the spectral
radius.

The chapter proceeds as follows: Section 2.2 contains some notation and
preliminary results mostly introduced in [24]. In Section 2.3 we introduce the
Frobenius-Jordan form of a matrix and show the existence and uniqueness
(up to similarity transformation) of such a form for nonnegative matrices.
Furthermore, we investigate some graph theoretic properties of nonnegative
matrices with the help of the Frobenius-Jordan form. In Section 2.4 we obtain
permuted graph representations of nonnegative bases for nonnegative matrices.

We derive necessary conditions for the existence of such graph bases and show

-9-—
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2.2. Notation and Preliminaries

that they need not always exist. We conclude with a summary.

2.2 Notation and Preliminaries

This section contains basic notations and some preliminary results, mostly
from [24]. We denote the set {1,2,...,n} by (n). For a real n x m matrix

A = [a; ;] we use the following terminology and notation.

e A >0 (A is nonnegative ) if a; ; = 0, for all i € (n), j € (m).

e A >0 (A is strictly positive) if a; ; > 0, for all i € (n), j € (m).
If n = m, then we denote by

e 0(A) the spectrum of A.

o p(A) = maxyeo(a){|A|}, the spectral radius of A.

e N(A) the nullspace of A, and by n(A) the nullity of A.

e index,(A) the size of the largest Jordan block associated with the eigen-

value A, and if A is singular we simply write index(A) as index(A).

e F,(A), the generalized eigenspace of A corresponding to the eigenvalue
A, ioey, N((AL — A)™). In case A is a singular matrix, we simply write
E(A) for Ey(A).

Definition 2.1. An n x n matriz A is said to be reducible if there ezists a

permutation matriz II such that

(2.1)

HAHT=[B C]

0 D

where B and D are square matrices or A = 0 in case n = 1. Otherwise A is

called irreducible.

If A is reducible and of the form (2.1), and if a diagonal block is reducible,

then this block can be reduced further via permutation similarity. If this
-10 -
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2.2. Notation and Preliminaries

process is continued, then finally there exists a suitable permutation matrix II

such that A is in the block triangular form

All A12 Alp
0 Ay ... A

mAn? = | . C® o TR (2.2)
0 0 ... A,

where each block A;; is square and is either irreducible or a 1 x 1 null ma-
trix. This block triangular form is called a Frobenius normal form of A. An
irreducible matrix consists of one block, is in Frobenius normal form.

If A= [A;;]isan n x n matrix in Frobenius normal form with p block rows
and columns, and when discussing matrix-vector multiplication with A or the
structure of eigenvectors of A, we partition vectors b analogously in p vector
components b; conformably with A, and we define, supp(b) := {i € (p) : b; # 0},
as the support of b.

For the matrix A, the (directed) graph of A denoted by I'(A) is a graph
with vertices 1,2,...,n in which (¢, j) is an edge if and only if a;; # 0. A path
from vertex j to vertex m of length t is a sequence of t vertices vy, v, ..., v
such that (vj,v;41) is an edge in T'(A) for I = 1,2,...,t — 1 where v; = j and
v, = m. We say a vertex j has access to m, if ¢« = j or there is a path from
7 to m in T'(A) and in this case we write j — m. We write j - m if j does

not have access to m. The transitive closure of T'(A) denoted by I'(A) is the
graph with the same vertex set as that of I'(A) and (4, j) is an edge in T'(A) if
i has access to j in I'(A). If j has access to m and m has access to j, we say
j and m communicate. The communication relation is an equivalence relation
on {1,2,...,n} and an equivalence class « is called a class of A. For any two
classes a and 3 of A, we say that « has access to 5 in I'(A) if there are vertices
i€ aand j € [ such that ¢ has access to j in I'(A4).

The reduced graph of A, denoted by R(A) is the graph with vertex set
consisting of all the classes in A and (i, j) is an edge in R(A) if and only if 4
has access to j in ['(A).

For any o, < {1,2,...,n}, A, denotes the submatrix of A whose rows

are indexed by a and whose columns are indexed by (. If « is a class of A,

then we say that a is a basic class if p(Aaa) = p(A), a singular class if Agq
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2.2. Notation and Preliminaries

is singular, an initial class if it is not accessed by any other class of A and a
final class if it does not have access to any other class of A.

A chain of classes is a collection of classes such that each class in the collec-
tion has access to or from every other class in the collection. A chain of classes
with initial class J and final class K is called a chain from J to K. The length
of a chain is the number of singular classes it contains. We say J has access

to K in n steps if the length of the longest chain from J to K is n.

Definition 2.2. For a set W of vertices in the vertex set V(A) of R(A) we

introduce the following sets.

(W) = {ieV(A): there exists j € W such that i — j};

(W) = {ieV(A): there exists j € W such that j — i};
top(W) = {ieW:jeW,i— jimplyi=j};

(W) = {ieW:jeW,j—iimplyi=j}.
Definition 2.3. [24,25] Let A be an nxn singular matriz in Frobenius normal
form (2.2), and let H(A) be the collection of all singular vertices in R(A).

(i) We define the singular graph S(A) associated with R(A) as the graph
with vertex set H(A) and (i,7) is an edge if and only if i has access to j
in R(A).

(i) The level of a vertex i in R(A), denoted by level(i), is the maximal

number of singular vertices on a path in R(A) that terminates at i.

(1ii) Let x be a block-vector with p blocks, partitioned according to the Frobe-
nius normal form of A. The level of x, denoted by level(x), is defined to

be max{level(:) : i € supp(x)}.

(iv) For a nonzero vector x in the generalized nullspace E(A), we define the
height of =, denoted by height(zx), to be the minimal nonnegative integer
k such that Akx = 0.

The other essential objects in our analysis are appropriately chosen sets of

basis vectors for the generalized eigenspace associated with the spectral radius.
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Definition 2.4. [23] Let A be a singular matriz in Frobenius normal form
(2.2), and let H(A) = {1, ..., q,}, withoq < ... < oy being the set of singular
vertices in R(A).

A set of vectors x' = [x}],... 29 = |x

for A if :

a

]] > 0 is called a quasi-preferred set

w5 >0if j = a;, and 25 =0 if j » a;

foralli=1,...;qandj=1,...,p.

If in addition we have

q

i koo
—Ax =chﬂ~x ,i=1,....,q,

k=1

where the c; satisfy

cki >0 ifag = oyt #k; and ¢y =0 if ap » ;ori =k

1

then the set of vectors x*, ..., x% is said to be a preferred set for A. A (quasi-

)preferred set that forms a basis for E(A) is called (quasi-)preferred basis for
A,

Important objects that we use to combine the spectral and combinatorial

structure of nonnegative matrices are the level and height characteristics.

Definition 2.5. [2/, 25] Let t = index(A). For i € (t), let n;(A) = n(A") —
n(A™Y). The sequence (ni(A),...,n:(A)) is called the height characteristic of
A, and is denoted by n(A).

Definition 2.6. [25] The cardinality of the jth level of S(A) is denoted by
i (A). If S(A) has m levels, then the sequence (A (A),..., An(A)) is called a
level characteristic of A, and is denoted by \(A).
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Example 2.1. Let

[0 -1 —1 0 0 0 —1 0O 0 0]
0 1 0 —1 0 —1 0 0 0 0
0 0 1 -1 0 0 0 0 —1 0
0 0 0 0 -1 -1 0 —1 0 0
A — 0 0 0 0 0 —1 0 0 0 —1
0 O 0 0 0 1 0 -1 -1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

| 0 0 0 0 0 0 0 0 0 I |

The graph I'(A) of A is: The singular graph S(A) of A is:

If A; is the collection of all vertices of level i, then A; = {1,2,3}, Ay =

(4,7}, Ay = {5,6,10}, Ay = {8,9}.
If wetake x = [0 —1 —11200000]" € E(A), then level(z) = 3
height(x).
Take W = {3,4,5, 8,10}, then top(W) = {8,10} and bottom (W) = {3}.
Also we have A\(A) = (1,2,1,2) and n(4) = (3,1,1,1). O
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2.3. The Frobenius Jordan Form of a Nonnegative matrix

In the following sections we make frequent use of the interplay of a nonneg-
ative matrix B and the M-matrix A = p(B)I — B.

Definition 2.7. An n xn matriz A is called an M-matrix if it can be written
as A = sl — B, where B >0 and s = p(B).

The following results are well-known.

Theorem 2.1. [24] Let A be an M-matriz. If x is a nonnegative vector in
E(A), then height(x) = level(x).

Theorem 2.2. [24,/5] (Preferred Basis Theorem) If A is an M -matriz, then
there exists a preferred basis for the generalized nullspace E(A) of A.

In the next section we introduce the Frobenius-Jordan form of a nonnegative

matrix.

2.3 The Frobenius Jordan Form of a Nonneg-
ative matrix

In this section we prove the existence of a Frobenius-Jordan form for a non-

negative matrix and discuss the combinatorial properties.

Lemma 2.1. [11, 28] If two non-negative matrices have no zero rows then

their product (when defined) has no zero rows either.

Theorem 2.3. Let B be an n x n nonnegative matrix with spectral radius p.
Then there exists a nonsingular matric T = [17 T3] such that the columns of

Ty form a quasi-preferred basis of pI — B and

Zp 7
1 o F 412 | _
T BT—[ o 7 ]—Z, (2.3)

where Zp is nonnegative, in block upper-triangular form

pInl ZLQ Ce Zl,t
Ze=| 0 (2.4
: - e g
0 pln,
- 15—
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2.3. The Frobenius Jordan Form of a Nonnegative matrix

o(Zr) ={p}, p¢t o(Z;), and Z; is in Jordan canonical form. If, furthermore,
for j = 1,...,t =1, none of the blocks Z; ;1 has a zero column, then the

block-sizes ny,...,n; are invariant.

Proof. Consider the M-matrix A = pI — B. Without loss of generality, we may
assume that A is in Frobenius normal form (2.2), and let oy < ap < ... < oy be
the singular vertices of A. Since A is an M-matrix, by Theorem 2.2 it follows
that A has a preferred basis {z!, 22, ..., 29} for the generalized nullspace E(A),

q
with Az = — Z érax”, so that
k=1

q
Bx' = px' + Z iz, (2.5)
k=1
lei
where the ¢ ; satisfy ¢y; > 0 if oy, — o, and ¢&; = 0 if ap » «; for 7,k €

{1,...,q}, 1 # k. If we set Ty = [z',...,29], then equation (2.5) implies that
BT1 = leF with

P Ci2 ... Clq

U Coq
Zr=| . .. . :

: : Cq—1,q

0 0 ... p

nonnegative. Then Zr can always be partitioned as in (2.4). Since the columns
of T are linearly independent, we can extend them to a basis of R" to form
T = [T\ T}], i.e., we have

BT _ 7' [ Ze Zio ]

0 Z

for some matrices Z15 and Z,, where Z, and Zp have no common eigenvalue.
Then there exists a unique solution W to the Sylvester equation ZpW —-W Z5 =
—Z19, (see [17]), and with

T=T [ I w ]diag(l, Vo) = [T1 Ty,

0 I

where V5 is a nonsingular matrix such that V{lZQVQ = Z; is in Jordan canon-
ical form, we have that T7'BT is as in (2.3).

- 16 —

TH-1174_07612305



2.3. The Frobenius Jordan Form of a Nonnegative matrix

It remains to show that the block-sizes n, ..., n; of Zr are invariant if none
of the blocks Z; ;41 in (2.4) has a zero column. Set mo = 0,m; =ny + ...+ n;
and X' = [gm—1 T g™ for i = 1,2,...,t. Let (\f,...,\) be the level
characteristic of A, with ¢ being the length of the longest chain in A.

We first prove by induction on 7 that fori € {1, ..., ¢} we have height(z?) = 1,
for all j € {m; 1 +1,...,m;} with the convention ng = 0. For j € (ny), we
have Az’ = 0, due to (2.3) and the fact that the columns !, ..., 29 of T} form
a quasi-preferred basis for F(A). This shows that height(xz’) = 1, for j € (n;).

Now assume that for any i with i < k < ¢, we have height(x’) = i, for
all j € {m; 1 +1,...,m;}. Thus, we have A’X* = 0 and the columns of
A1X" are nonzero. But then BTy = TyZp implies that —AX* = X7, +
coo+ X1 Z0 1 k. Multiplying with A*=! and A*~2 respectively from the left,
we obtain A*X* = 0 and AFIXF = (AF2XR1) 7, # 0, by Lemma
2.1 as each column of both the matrices Z; ;; and A*=2X*~! is nonzero,
Zr—14 is a nonnegative matrix and either A*2X*"1 or —AF2X* 1 must be

nonnegative. This shows that height(x’) = k, for all j € {mz_y +1,...,ms}.

As a consequence of this and Theorem 2.1, we conclude that for i € {1,... ¢},
level(z7) = i for all j € {m; 1 + 1,...,m;}. Thus, we have n; = ); and
= ]

We call a matrix Z, as defined in Theorem 2.3, a Frobenius-Jordan form of
B and Zp the leading diagonal block of this form.

The following example shows that the block sizes need not always be invariant.

Example 2.2. Consider the matrix A = 2] — B where

[\
—_ = O

1
0
1
1

N OO =

The singular vertices of A are ordered according to their access level here,
level(1) = 1, level(2) = 2 = level(3), level(4) = 3. For the quasi-preferred
basis 2! =[10000]", 22=[11000]", 2>=[10110]", z* =[1100 1]
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2.3. The Frobenius Jordan Form of a Nonnegative matrix

we have
21 2 1 2 [1 2] 0
Alxt 22 28 2] = [2! 2? 2° 2] 201 21, L =:Zp
2 0 0 !
2 I 2
[2 1 [2 1]
Alxt 22 23 2] = 2 [0 1]| =: Zg,
I 21,

So, the block sizes are not unique.

Remark 2.1. If we consider a particular Frobenius normal form of A with the
number of diagonal blocks is equal to the number of levels in R(A) and the ith
diagonal block is of order \;, then the block-sizes in (2.4) are always invariant

and n; = A; for all j.

The following example shows that in general the Frobenius-Jordan form of

a matrix may not be unique.

Example 2.3. Let

2 2]1 1/0 0
2 2(1 1(0 0
0 0]0 4/0 1
B=109 0l4 01 0
0 0/0 0/2 2

| 0 0/0 0]2 2

Then p(B) = 4 and if A =41 — B, then index(A) = 3 and
E(A)=N((4I = B)*) = {z = [1;] e R®' : @1 = 29, 23 = 24, 75 = 76} .

Consider the quasi-preferred bases spanned by the columns of X = [x! 2% 23]
and Y = [y 42 4], with 2! = [110000]%; 22 =[111100]; 2® =
[111111]7; and y* = 2'; y? = 222 y® = 423, Then we have

4 21 4 4 4
BX=X1|1041|=XZr, BY=Y | 0 4 2 | =YZp,.
0 0 4 00 4

Thus, the leading diagonal block of a Frobenius-Jordan form (and hence the

Frobenius-Jordan form) of a nonnegative matrix is not unique.
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Our next theorem shows that the leading diagonal blocks of any two Frobenius-
Jordan forms of a matrix B are related by a similarity transformation via a

block upper triangular matrix.

Theorem 2.4. Let

pIn1 Zl,2 e Zl,t
ZF _ 0 p[n2 Ce Zgﬂg
: : thl,t
0 0 ... pl,
and ~ ~
pIml Z172 e %1,75
i 0 ply, ... Z
g ' P ' i 2t
: : thl,t
0 0 ... pln.

be the leading diagonal blocks corresponding to two Frobenius-Jordan forms of
a nonnegative matric B with ny + ... +ny = mq + ...+ mg = q. Then there

exists an upper triangular matriz F with positive diagonal entries such that
Zp=F'Z.F.

In particular, if the block-sizes are invariant, that is, t = s and n; = m; = \;,
then the matriz F' = [F; ;] has the same block structure and the diagonal blocks

Fiq,..., F are positive diagonal matrices.

Proof. Let A= pl — B and let H(A) = {a1,...,q,}, with oy <as < ... <ay
be the set of singular vertices in R(A) with A = pI — B, where ¢ is the algebraic
multiplicity of the eigenvalue 0 of A. Let Zp and Zp be the leading diagonal
blocks of two Frobenius-Jordan forms of B corresponding to the nonsingular
matrices T = [T} T3] and T = [T} T3], so that the columns of T}y = [z! ... z9]
and T} = [Z!... 7], both form quasi-preferred bases, respectively, with BT} =
T\ Zr and BTl = lep Since the columns of 7} and Tl are bases for the
generalized nullspace of A, there exists a nonsingular matrix F' € R%¢ such
that Ty = T\ F with F = [f;;]. Thus, for any i € (¢ we have

.f'i = fLil'l + f271'33'2 + ...+ quiiCq. (26)
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Let i € {¢) and consider the set V; = {o; € H(A) : f;; # 0}. We now show
that V; < below (o).

Suppose first that a; € top(V;) but a; ¢ below(a;). Then 2}, =0 = 7,
but «; € top(V;) implies that f;; # 0, and if f.; # 0 and a; — «, (in which
case xy, > 0), then r = j.

Thus from equation (2.6) we obtain &, = f;;x}_ which implies that f;; = 0,
which is a contradiction. Hence, we have top(V;) < below(w;).

Suppose next that «; € V;\top(V;). Then there exists o, € top(V;) such
that o; — o, and j # r, which implies that «; € below(«;), because top(V;) <
below(q;). This shows that V; < below(e;), i. e., f;; = 0 if a; - «;. Thus
it follows that F' is an upper triangular matrix with nonzero diagonals. Since
ATy = Ty Zp, ATy = T1Zp and Ty = ThF, it follows that Ty ZpF = T\ F Zp,
which implies that ZpF = FZF.

If a,. € V; and a; — @, then «, € below(q;) and thus ¢ = r. This shows

that o; € top(V;) and hence equation (2.6) implies that !, = f; % . Thus

Jii > 0.
The last part of the theorem follows from the fact that for all i € {(¢),V; <
below («y;). O

One may raise the question whether every possible Jordan form as in (2.3)
with a nonnegative basis 7} stems from a quasi-preferred basis. This is not

the case as the following example shows.

Example 2.4. The matrix
210 0O
B=10]11
0]1 1

has p = p(B) = 2. Take A = pI — B. Consider the nonnegative basis of F(A)

spanned by the columns of T = [z, zo], with z; = [1 1 1]7, 2, = [2 3 3]T.
Then B[z x| = |21 x2] g g = TZ, where Z = 21 is the leading block
of Frobenius-Jordan form of B, but the columns of 7" do not form a quasi-

preferred basis for A. Note that in this example indexy(B) = 1.
-0 -
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Since not every nonnegative basis with columns that satisfy condition (2.3)
in Theorem 2.3 is a quasi-preferred basis one may ask whether there is a weaker

relation.

Example 2.5. The matrix

Ol RO
Ol RO
O O~

OO O

has p(B) = 2 and Ey(B) = {x = [2;] € R* : 15 = a3}.
Consider the nonnegative basis of Ey(B) spanned by the columns of T =
[2! 2% 2% with 2! = [1000]%, 2> =[1110]", 23 =[01 1 1]*. Then,

E ="

S O N

01
2 0 =: TZF,
0 2

where Z is the leading diagonal block of a Frobenius-Jordan form of B. Here
we have 23 = 0 but 1 — 3, 7 > 0 but 1 » 2.

In Theorem 2.4 we have shown that Frobenius-Jordan forms of a nonneg-
ative matrix may not be unique, but the leading diagonal blocks of any two
Frobenius-Jordan forms are related via a block upper triangular similarity
transformation with diagonal blocks are positive diagonal matrices.

In order to characterize different Frobenius-Jordan forms of the same matrix
B, we study a Frobenius-Jordan form where the leading block has the maximal

number of nonzeros. We now denote this leading block by Zp ax.

Example 2.6. In Example 2.3, Zp, and Zp, both contain maximal number of
nonzeros and they are not permutationally similar, whereas they are diagonally

similar.

Unfortunately not all Frobenius-Jordan forms with a maximal number of

nonzeros are diagonally similar as the following example shows.
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Example 2.7. Let

2100000
0201100
0011010
B=]10011000
0000201
0 00O0O0Z21
000000 2|
It is easy to check that p(B) = 2 and for A = 2] — B we have index(A) = 5.
Consider the two preferred bases spanned by the columns of X = [2! 22 23 2% 27 2°]
and Y = [y' v* ¥® y* v° 9], where
' = [100000 0], yt = at
2 = [1100000]7, Yy = a?
3 = [2211000]7, y> = [3322000]%,
# = [2200100], y* = [5500400],
25 = [44252010T, 5 = a5,

28 = [181810.258151]%, 4% = af.
We have BX = XZp, and BY = Y Zp, with

(2 111 2 9] 2 1 1 1 ” 9
0211 1 25 0 2 2 4 125 3.375
s 00200502 | . 0020025 0125
Fx 0002 0 I 000 2 0 025
0000 2 1 0000 2 1
0000 0 2] 0000 0 2

If Zp, and Zp, were diagonally similar and D = diag(dy, da, ds, da, d5, dg) such
that Zp,D = DZp,, then D would have to satisfy the homogeneous linear
system dy = dy = d3 = ds = dg, d5s = 1.25 dy, which however only has the

trivial solution, hence Zp, and Zp, are not diagonally similar.

In our next theorem we show that the subgraph of B corresponding to the
leading block of any leading block in a Frobenius-Jordan form is a subgraph

of Zpmax. For this we make use of the following lemma.
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Lemma 2.2. [22] Let B € R™" be in Frobenius normal form (2.2) and let
z € R™ be partitioned analogously. Then supp(Bzx) < below (supp(z)).

Lemma 2.3. Let B € R™" be a nonnegative matriz in Frobenius-Jordan form
(2.3) with leading block Zr = |21, .. ., z4] that corresponds to the quasi-preferred
basis spanned by the columns of Ty = [x', ..., x9]. Let A = pI — B with
p = p(B) and let H(A) = {aq,...,a,}, with oy < ... < ay be the set of
singular vertices in R(A). Then, for any i € {q), supp(z;) < below(a;).

Proof. Let Zp = |z ;]. Then BTy = T} Zp implies that

i—1
Bx' = px' + Z zk?ixk‘, i=1,...,q. (2.7)
k=1
We have to show that for every i € {¢) the inclusion supp(z;) € below(a;)
holds, which is equivalent to top(supp(z;)) < below(ay).
Let a4, € top(supp(z;)). Then (2.7) implies that

(Bxi)ak = pxgk + Zszffik (2.8)

If (Ba')q, = pzl, , then equation (2.8) implies that z,; = 0, which is a con-
tradiction. So we must have oy € supp(Az’) and so by Lemma 2.2 we have
ay € supp(x’). Then from the definition of the quasi-preferred basis it follows
that ay, € below(ay). O

Using this lemma we can now prove the following theorem.

Theorem 2.5. All possible graphs associated with a leading block of a Frobenius-
Jordan form of B are subgraphs of the graph of Zp max.

Proof. Consider the M-matrix A = pl — B with p = p(B). Suppose that
BThwax = TwaxZrmax, With Zpmax = [21, ..., Z,], such that the columns of
Thax form a quasi-preferred basis. By Theorem 2.2, there exist a preferred basis
spanned by the columns of Y = [y, ..., y?] for E(A) and let BY = Y Zp
with Zp = [21, ..., %] be the corresponding part of the Frobenius-Jordan
form. Then by definition, for i € {¢) we have supp(z;) = below(«;). But by
Lemma 2.3, supp(Z;) € below(q;) = supp(z;). Since Zpmax contain maximal

nonzero entries, we must have supp(Zz;) = below(«;). O
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As a consequence of Theorem 2.5 we have that every leading block with a
maximal number of nonzeros is associated with a preferred basis, while all the
leading blocks with fewer nonzeros only are related to quasi-preferred bases.

In this section we introduce Frobenius-Jordan forms and analyzed the re-
lationship between different such forms. In the next section we discuss about

permuted graph bases for the generalized eigenspace associated with p(B).

2.4 Nonnegative permuted graph basis for non-
negative matrices

In this section we present some partial results associated with a special choice
of the nonnegative basis T} for the invariant subspace associated with spectral
radius of a nonnegative matrix B. This topic is of interest in the solution of
nonsymmetric algebraic Riccati equations with elementwise nonnegative solu-

tion, (see [18,19,32]), where for a block matrix, one considers the invariant

Bi1 Bis I |1 7
By By || X | | X |7
and X is the elementwise nonnegative solution of the Riccati equation By +

By X — X By — XBxsX = 0. If the matrix Z; is the matrix associated with

the spectral radius of a nonnegative matrix, then the Frobenius-Jordan form

subspace equation

yields a nonnegative basis, but it is not necessarily of this special form. So one
may ask whether such a special basis exists for a given nonnegative matrix or
at least for permutationally similar matrix.

Another motivation to study this topic is the initialization of discrete-time
dynamical systems. Consider an iteration x; ;1 = By with an n X n nonneg-
ative matrix B of spectral radius 1, and suppose that the columns of a matrix
T1 span the invariant subspace of B associated with the eigenvalues of modulus
equal to 1, i.e., BTy = T1 7,1 and Z;; is associated with all the eigenvalues of

B of modulus 1. Completing 7} to a nonsingular matrix 7" we obtain

1
T~'BT = [ Zé’l 22 ] , Yk = l 3% ] =T 'ay.

)
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Then for arbitrary y2, the iterates are bounded if and only if y} is in the in-
variant subspace spanned by the eigenvectors associated with eigenvalues of
modulus 1, while they grow unbounded if y} has a component in the direction
of a generalized eigenvector. Furthermore, the iteration becomes stationary if
and only if g} is in the invariant subspace spanned by the eigenvectors asso-
ciated with the eigenvalue 1. In many applications such as Markov chains or
positive systems, (see [2,10]), the iterates describe positive quantities such as
probabilities or concentrations and then also the initial vectors must be nonneg-
ative. Such initial vectors can be easily constructed via the Frobenius-Jordan
form. In the transformation matrix to Frobenius-Jordan form the matrix 75
that completes T} to a nonsingular matrix is special (to create the Jordan
structure), but for the analysis and for carrying out such iterations it is not
necessary that the second diagonal block is in Jordan form. A particularly
convenient choice of T5 is obtained if the columns of 77 form a nonnegative
row permuted graph basis [31] for the generalized eigenspace of B associated

with the spectral radius of B, i.e., if it is of the form

=h

with a permutation matrix II and a nonnegative matrix Y, which again solves
an algebraic Riccati equation associated with the nonnegative matrix I1BII7
partitioned in appropriate block form.

If the columns of T; is a nonnegative permuted graph basis, then choosing

ngﬂ[?]wehavethat
o . I 0 1 I 0 T
T_[TlaTQ]_H[Y I:|7T _[_Y [:|H7

and it can be checked that there is a nonnegative starting vectors

o I o]lw]_ Y
xO_TyO_H[Y I][?J%]_Hly§+Yyé

in such a way that the iteration converges. If all other eigenvalues of B except
for the real eigenvalues associated with the spectral radius have modulus less
than 1, then y2 can be chosen arbitrarily and if y} is in the eigenspace of Zi,

then the iteration will converge to a stationary point.
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Thus a nonnegative permuted graph basis would be really helpful, but the
following example shows that such a nonnegative permuted graph basis of the
invariant subspace associated with the spectral radius does not always exist

for every nonnegative matrix.

Definition 2.8. [31] Let U be an n-dimensional subspace of C™*". Then,

there exists a permutation matriz 11, and a square matrix X such that

1
! T
U=1ImIl [ X ]
where the entries of X satisfy |z;j| < 1. It follows that a subspace can be rep-
resented with a basis that has an identity in selected rows and norm-bounded
entries in the remaining ones. We call such a form a permuted graph repre-

sentation and the basis as permuted graph basis.

Example 2.8. Let

(2 2|2 0[2 1 0]

2 212 2/1 0 1

0 0[0 3[0 0 0
B=|00/4 100 0
0 0/00[2 0 2

0 0/0 01 12
| 0 0/0 03 1 0 |

Then p(B) = 4 and for A = 4] — B we have index(A) = 2 so that

E(A) = {m = [2;] e R | 324 = 423,25 = 76 = T7,4(20 — 1) = 224 — :175} .

3

If 2!, 22, 2% is any quasi-preferred basis for F(A), then we have

:L'l = [p7 p7 07 07 07 07 0]T7

9 w 3w T
- 2w, 0,0,0
a:' [u7 u+ 2’ 4 ) w? b ) ] )
3
P = [z,z—l—%—z, Zy’ Y, T, T, x]T

with nonnegative p,u,w,z,y,z. For X = [x! 2* 7] all possible submatrices

of X that may contribute rows to the identity matrix of the permuted graph
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2.4. Nonnegative permuted graph basis for nonnegative matrices

basis are
Xio= [X(1), X3, X(5,0)]"
X, = [X(1,2), X(4,2), X(5,)]%,
X3 = [X(2,9), X(3,:), X(5,:)]%,
X, = [X(2,9), X4, X(5,)]F

But it is easily seen that (XX, Mas, (X X5 )12, (X X5 12, (XX, H)as entries
are all negative. Hence, there does not exist any nonnegative permuted graph

basis for B. Note that in this example, the level and height characteristic are
different, since A(A) = (2,2) # n(A) = (3,1).

Example 2.9. Consider the matrix

2 2(2 02 1 0[]0 0
2 2/2 2(1 0 1[0 0
0 0[0 3[0 1 0[0 0
0 0[4 1/0 0 0[0 0

B=|00[00/202[00],
0 0(0 0|1 1 2[00
0 0/00[310[00
0 0[00/00O0[0 4

| 0 0[0 0|0 0 0[4 0 |

with p(B) = 4 and for A = 4] — B we have index(A) = 3, and

E(A) = {x = [z;] e R | 25 = 29, 75 = 26 = 27, 423 = 373 + 4%,

95

4(1‘2 = 5171) = 233'4 — 98 -

Here again, as in Example 2.8, B does not possess any nonnegative permuted
graph basis, whereas level and height characteristic are equal, A(A) = n(A) =
(2,1,1).

To obtain a criteria for the existence of nonnegative permuted graph bases

we have the following result.

Lemma 2.4. Let a nonnegative matriz B, partitioned as (2.2), having q ba-

sic classes, possess a nonnegative permuted graph basis for the generalized
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2.4. Nonnegative permuted graph basis for nonnegative matrices

eigenspace E,(B) with p = p(B) and let Z; = {k : k belongs to the class vy such
that v € below(w;) and k ¢ below(c;), j <1i—1}. Then each block of X with

columns that form a quasi-preferred basis corresponding to the partitioned
X = , (2.9)

will contribute one row to the identity.

Proof. Let A = pI — B and let H(A) = {aq,...,a,} with g < ... < a, be the
singular classes of A and level(c; 1) < level(q), for all 2 < i < ¢. Without
loss of generality we may assume that B is in Frobenius normal form with a
spectral radius of algebraic multiplicity ¢ . Since A is an M-matrix, it has a
quasi-preferred basis, given by the columns of X = [z!,... 2] where each z;
is partitioned as (2.9). By convention we assume that Z, contains all other
nonbasic classes v which does not have access to any basic class.

We show that each set Z; will contribute a row(in particular the ith row) to
the identity of the nonnegative permuted graph basis.

Suppose that 5 := {01, ..., [,} is the set of indices that are associated with
the identity, i. e., if 8 = (n)\3, then there exists a permutation IT = [II7, HE]T
defined by the indices in 3 and 3 such that X := 15X is invertible, and

IXX;" = [ ﬁi ]Xﬁl = [ if/ ] , (2.10)
with Y > 0.

If our assumption is not true, then there exists an index j such that 3; ¢ Z;,
for all i € {¢). Let j be the least such index. Then j # 1 because otherwise
Xp would have a zero column, which is a contradiction.

Let j > 1. Consider a row k of X3 such that k € Z; and (X3),; > 0,
in particular we choose k to be in the jth basic class as. If yl is the kth
row of Y and ey represents the kth row of the identity matrix, then y] X5 =
(eZXBX/;l)XB = e} X5, and (y{ Xp); = (Xp5),; > 0. Thus (ef X5); = 0 for all
[ € (j—1) imply that y;xs,; = 0 for all i € {g). Thus for i € {¢), yr; # 0 implies

- 28—

TH-1174_07612305



2.4. Nonnegative permuted graph basis for nonnegative matrices

that zg,; = 0 for all [ € (j —1). Consider the set Q = {i € (¢) | yr; # 0}. Then
for any i € Q, x5, = 0 for all [ € (j — 1), that is, 8; = ay, for all [ € (j — 1).
Since (ngg)j = Zykixﬂi,i > 0, there is an ¢ € ) such that both y;; and
1€
5, 5 are positive. Ther?[i’i — a5 and hence §; € Z;, as 8; » «, forall [ € G-1).
This contradicts the assumption that Z; does not contribute any row to the
identity of the permuted graph basis. Thus each Z; will contribute a row to

the identity of the permuted graph basis. O

Lemma 2.4 implies that no block in a Frobenius-Jordan form can contribute
more than one row to the identity. Thus the identity cannot be larger than the
number of blocks. However, as we have seen, there may not exist a nonnegative
permuted graph basis, which means that some blocks do not at all contribute
rows to the identity.

However, if each block is to contribute exactly one row to the identity, then

we must have the following relation.

Corollary 2.1. Suppose that B is a nonnegative matrix having a nonnegative
permuted graph basis for the generalized eigenspace E,(B). If it has a quasi-
preferred basis {z', ..., 29} with o' = [2}], partitioned as (2.9), such that there

i+1y i+1
exist unique ky, . . ., kg with min (x’ )J _| (xl )

i (&), (=),

7

contribute a row to the identity of the nonnegative permuted graph basis.

ks , then each of ki, . .., k, will

Proof. Consider the matrix X = [z! ... 29]. Thus there exists indices
J1,---,Jq from each block that contribute rows to the identity of the non-

negative permuted graph basis. We now show that for each i =1,...,¢q

RS

Then the result will follow from the uniqueness of the k;. Clearly for each

¢t = 1,...,q both the indices k; and j; are from the same block. Since the

. I . )
columns of the matrices X and II ] with some nonnegative Y both are

Y
bases for the generalized eigenspace, there exists a matrix C' € R%? such that
I . . .
X =1 [ v ] C. Note that Y is also block a upper triangular matrix such
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that the indices of the ith block corresponds to the set Z;\{j;}. It can be easily

seen that,
(.T%)]l (xi)jl tte (1‘({)‘]1
C _ 0 (I2)j2 ct (‘/L‘g)jz
0 0 o (:L'g)jq
which implies that for each i = 1,...,q there exist nonnegative scalars (the

elements of Y') o, f; such that

(xﬁ)k = o (332)] (2.11)
i+1 i+1 i+1
(23" )k = B (xiil)jm + oy (7 )J '
Since all £, v, (%) ;; and (:L’zﬁ)ﬂl are nonnegative, the claim follows from the
equations in (2.11). O

Corollary 2.1 gives a computational criterion to check the existence of per-
muted graph basis. One computes a preferred bases and checks the inequalities
and their uniqueness. If this holds then a permuted graph basis exists, if not
then it is an open problem to guarantee the existence.

We have seen that nonnegative permuted graph bases are a very convenient
tool for the initialization of nonnegative dynamical systems, but not every
nonnegative matrix possesses a nonnegative permuted graph basis even if they
possess the same level and height characteristic. It is an open problem to char-
acterize the class of nonnegative matrices that have a nonnegative permuted

graph basis.

2.5 Conclusion

We present a variant of the Jordan canonical form for nonnegative matrices and
show the uniqueness of such a canonical form up to block triangular similarity
transformation. We also study some combinatorial properties of nonnegative
matrices with the help of this canonical form. Finally we present some nec-
essary conditions for the existence of nonnegative permuted graph basis for
nonnegative matrices and we demonstrat the fact that not every nonnegative

matrix has such bases by an example.

- 30 -

TH-1174_07612305



Chapter 3

Combinatorial structure of
generalized M-matrices

3.1 Introduction

In this chapter we consider two types of generalizations of M-matrices, namely
the class of GM-matrices [7] and M, -matrices [41]. We show that Preferred
Basis Theorem and the Index Theorem for M-matrices are not true for G M-
matrices of order greater than 2, whereas we prove the existence of a preferred
basis for a subclass of M, -matrices. We also present a procedure to obtain a
preferred basis from a quasi-preferred basis for the generalized null space for a
certain subclass of M, -matrices. The existence of quasi-preferred basis for this
class of matrices was shown by Naqvi and McDonald in [33]. The existence of
quasi-preferred and preferred bases for M-matrices was shown by Rothblum,
Schneider and Hershkowitz in [45] and [23]. Their proof was accomplished by
induction on the diagonal blocks of an M-matrix in Frobenius normal form.
Here, by using similar techniques we give a constructive method to obtain a
preferred basis from a given quasi-preferred basis for a subclass of M, -matrices.
Also the procedure proves the existence of a preferred basis for this subclass
of M, -matrices.

One interesting problem is to study the relation between the height and level
characteristic of M, -matrices. In [33], it was proved that the height charac-
teristic is always majorized by its level characteristic for a specific subclass of

M, -matrices. In this chapter we give some necessary and sufficient conditions
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for the equality of these two characteristics. Later we describe the concepts of
anchored chains and well structured graphs and give a sufficient condition for
the reduced graph of a subclass of M, -matrices to be well structured.

We now describe the chapter in more detail. In section 3.3 we consider
the class of GM-matrices, which has the form, A = sI — B, where B and
BT possess the Perron-Frobenius property and p(B) < s. We show that a
quasi-preferred basis and hence a preferred basis for the generalized null space
of these matrices of order exceeding 2, need not exist. But we prove that
Preferred Basis Theorem and the Index Theorem hold if the order is 2.

Next we consider another generalization of M-matrices, called M, -matrices
which has the form A = sI — B where B is an eventually nonnegative matrix
and p = p(B) < s. Insubsection 3.4.1 we give a procedure to obtain a preferred
basis from a given quasi-preferred basis for M-matrices and M, -matrices with
index,(A) < 1, written in block triangular form. We summarize the whole
procedure in an algorithm. To end with we illustrate how the algorithm works
through some examples.

Subsection 3.4.2 splits into two subsections. One of them deals with height
and level characteristics and also gives some necessary and sufficient conditions
for their equality, and the other one gives a sufficient condition for the reduced

graph of M, -matrices to be well structured.

3.2 Convention

Let A be a square matrix of order n. Throughout this chapter we assume that
the matrix A is in Frobenius normal form (see 2.2), namely a block (upper)
triangular form with p diagonal blocks where the diagonal blocks are irreducible
matrices and we denote the (7, j)th block of the Frobenius normal form of A
by Ai;. Every x with n entries is assumed to be partitioned into p vector

components x; conformably with A.
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3.3 Combinatorial structure of GM-matrices

In this section we consider one of the generalizations of M-matrices known as
G M-matrices. We extend some results on the combinatorial spectral properties
of M-matrices to this class. In particular, it is shown that the Preferred Basis
Theorem(see Theorem 2.2 in Chap.1) and the Index Theorem do not hold good
for the class of GM-matrices of order n > 3, whereas the theorems are true

for n < 3.

Definition 3.1. A matriz A € R™" is said to have Perron-Frobenius property
if the spectral radius is an eigenvalue associated with a nonnegative eigenvector.
By W PFn we denote the collection of all n x n matrices A, for which both A

and AT possess the Perron-Frobenius property.

Definition 3.2. A matriz A € R™" is said to be a GZ-matriz if it can be
expressed in the form A = sl — B, where s is a positive scalar and B € W PFn.
Moreover, if A = sI — B is a GZ-matriz such that p(B) < s, then A is called
a GM -matriz.

Example 3.1. Consider the matrix
2 00
A=2[-B=2I—-| -1 0 2
1 20

The eigenvalues of B are 2,2,—2. As [1 0 0] and [0 1 1]* are nonnegative
left and right eigenvectors of B corresponding to 2 respectively, so A is a
G M-matrix.

We begin by stating the Index Theorem for M-matrices.

Theorem 3.1. [45/(Index Theorem) If A is a singular M -matriz, then index(A)

is equal to maximum level of a vertex in R(A).

We will show that the size of the largest Jordan block associated with 0,
in the Jordan form of a GM-matrix of order 2, is combinatorially determined,

but the Index Theorem need not be true if the size of the matrix exceeds 2.
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Lemma 3.1. For any A € R?»? with the spectral radius p(A) € o(A), the
length of the longest chain of A is always less than or equal to index,(4)(A).

Proof. 1If index,4)(A) = 2, then the result is obviously true. Suppose
index,(4)(A) = 1 and length of the longest chain = 2.

So there are exactly two basic classes {1} and {2} such that either {1} — {2}

or {2} — {1} and hence either A or AT is of the form ( p(64) p(il) ), where
+ 1s nonzero.
In each of the cases index,4)(A) = 2, a contradiction to our assumption.

Hence the result follows. O

The following example shows that the above result does not hold good if

the order of the matrix exceeds 2.

Example 3.2. Consider the G M-matrix A in Example 3.1. Note that [0, 1, 1]7
and [2,0,1]" are two linearly independent eigenvectors of A corresponding to
the eigenvalue 0, so index(A) = 1. But the maximal level of a vertex in I'(A)

1s 2.

We now give an example of a 2 x 2 matrix that satisfies the hypothesis of the
above theorem and for which index,4)(A) < length of the longest chain in I'(A).
Hence even for 2 x 2 matrices, the condition p(A) € o(A) is not sufficient for

their equality.

170 ) Then p(4) = 1€ o() and ndes, o (4) -

2 whereas the length of the longest chain in I'(A) is 1.

Example 3.3. Let A =

In the next lemma we give a subclass of 2x2 matrices for which index,(4)(A) =
Length of the longest chain in T'(A).

Lemma 3.2. If A = (a;;) € WPF2 but not a nonnegative matriz, then the

following statements are equivalent:
(i) indexp(A) (A) = 2.
(ii) a;; <O for some i # j.
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(i) A is in triangular form with diagonal entries equal to p(A).

Proof. Since A € WPFE2, so there exists nonnegative vectors z = [z;] and
y = [y;] such that,

Az = p(A)z and y' A = p(A)y”"

which imply,

(a1 — p(A))z1 + a192s = 0 (3.1)
ag11 + (azg — p(A))xy =0 (3.2)
(a11 — p(A))y1 + aziys = 0 (3.3)
aroy1 + (ass — p(A))ys = 0. (3.4)

(ii) = (iii): Suppose that (ii) holds and assume that a;5 < 0. We claim that xo
cannot be positive. If 25 > 0, then from equation ( 3.1) we must have x; > 0
and,

a;; > p(A). (3.5)

Since aj1+ags = A+p(A) where A is the other eigenvalue of A, 0 aze—p(A) < 0.
Thus equation ( 3.4) implies that aj3 = 0, a contradiction. So x2 = 0. Then
(3.1) and ( 3.2) imply that a;; = p(A) and ay; = 0. Hence it follows that,
A is an upper triangular matrix. Similarly one can show that y; = 0 and
azs = p(A). Thus it shows that A = p(A).
(iii) = (i) is obvious.

(i) = (ii): Assume that A satisfies condition (i). Since the eigenvalues of
A are (@11 + axp) + \/(an — a92)? + 4ar2a9

a)? + 4aypas; = 0 which implies that ai;s and ag; are of opposite sign, in

and indexp(A)(A) = 2, 50 (a1 —

which case the result holds or one of them must be zero. If one of a;; = 0,
then aj; = age = p(A) and since A is not a nonnegative matrix, so the other

one must be negative. Hence (ii) holds. O

Corollary 3.1. Suppose A € WPF2. Then index,4(A) = 2 if and only if
either A or AT is of the form ( p(A)

* .
) ), where = is nonzero.

0 plA
Corollary 3.2. If Ae WPF2, then index,a)(A) = length of the longest chain
in I'(A).
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Proof. If A = 0, then the result is known to be true. Suppose A is not a
nonnegative matrix. If index,4)(A) = 1, then either A is a diagonal matrix or
has two distinct eigenvalues, but in both the cases length of the longest chain
in I'(A) is 1. If index,(4)(A) = 2, then the result follows from Lemma 3.2. [

Index Theorem for GM-matrices of order 2 is an immediate consequence of

the above corollary.

Theorem 3.2. If A = pl — B is a singular GM-matrixz of order 2, then
index(A) = max{level(i) : i € V(R(A))}, where V(R(A)) is the vertex set of
R(A).

We next show that there is a nonnegative basis for the generalized nullspace

E(A) and the positive entries are combinatorially determined.

Lemma 3.3. Suppose A€ WPF2 and let ay ...cp (M =1 or2) be the basic
classes for A. Then there always exists a monnegative basis {x',... 2™} for
E

w4y (A) such that a:; > 0 if and only if j has access to the ith basic class ;.

Proof. The result is known to be true if A is a nonnegative matrix. Hence
assume that A has at least one negative entry. We consider two cases:

Case I: Suppose that index,(4y(A) = 1. Then by the Corollary 3.2, length of
the longest chain in I'(A) is 1. If A has two basic classes then A is a nonnegative
diagonal matrix with diagonal entries equal to p(A) in which case the result
follows. Let A has only one basic class. By Lemma 3.2 both a5 and as; are
nonnegative. Let one of aj9,as; is 0. Suppose that a5 = 0, then A has two
different diagonal entries, p(A4) and say, A. If a1 = p(A), then o' = [1, F]"
will be the required vector, and if ass = p(A), then z! = [0,1]" will be the

required vector.

Suppose that both a;o and ag; are positive. Then the only basic class of
A will be {1,2}. Since A € WPF2, so there is a nonnegative vector z! =
[z}, 23]" # 0 such that Az' = p(A)x! which implies

(a11 — p(A))x] + apry =0 (3.6)

sy + (a2 — p(A))xy =0, (3.7)
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and hence x; >0 Vy=1,2

Case II: Suppose that index,4)(A) = 2. If A is a nonnegative matrix, then
the result follows from Theorem 2.4. If A is not a nonnegative matrix, then
by Lemma 3.2, A has two basic classes {1},{2} such that either 2 — 1 or
1 — 2. If 2 — 1, then the required generalized eigenvectors are z* = [1,1]"
and % = [0, 1]" that satisfy 2% > 0 if and only if j has access to the ith basic
class, for i, j € {1,2}. O

We now prove Preferred Basis Theorem for GM-matrices of order 2.

Theorem 3.3. If A is a singular GM-matriz of order 2, then there exists a
preferred basis for the generalized null space E(A) of A.

Proof. The result is known to be true if A is an M-matrix, hence let A be
a GM-matrix which is not an M-matrix. The existence of a quasi-preferred
basis for E(A) is an immediate consequence of Lemma 3.3. We now show that
every quasi-preferred basis of E(A) is a preferred basis.

Let the columns of X form a quasi-preferred basis for F(A). If index(A) = 1,
then AX = 0 and hence the columns of X form a preferred basis for A. Suppose
that index(A) = 2 then X = [z! z?%|, where z* is a positive vector and z} > 0.

By Lemma 3.2 exactly one of a5 or as; must be zero. Assume that a;s # 0.
a12$§

Then ag; = 0 = a;; = ay. Then AX = X [ 8 I%O ] Thus the columns of

X form a preferred basis for E(A). O

The following examples show that the conclusions of Theorem 3.2 and The-
orem 3.3 do not hold for W PFn matrices if the order of the matrix exceeds
2.

Example 3.4. Let,

A=31-B=3I-

S =N
O = =
w o O

Clearly B € WPF3 and hence A is a GM-matrix of order 3. Note that
index(A) = 2 whereas max{level(i) : i€ V(R(A))} = 1, where V(R(A)) is the
vertex set of R(A)
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Example 3.5. Consider the matrix

1 -1 0

A=2[-B=2I—| -1 10

0 0 2
Clearly A is a singular GM-matrix with the singular classes {1,2} and {3}.
Suppose that there is a preferred basis {z', 2%} for E(A) such that 27 > 0 if
and only if ¢ has access to the jth singular class. So by the assumption z} > 0,
Vi =1,2. But Az' = 0 implies that x{ + 2} = 0 which cannot happen by our

assumption. Hence Theorem 3.3 is not true for n = 3.

Remark 3.1. By taking A = diag(A, B) € R™", where A is as in Example 3.5
or in Example 3.4 and any matrix B having p(B) < p(A), we can conclude
that Theorems 3.2 and 3.3 do not hold good for any n > 3.

3.4 Combinatorial structure of M, -matrices

3.4.1 Preferred basis for M, -matrices

In this section we first prove some results on the combinatorial properties of
quasi-preferred bases of a subclass of M, -matrices which will be used subse-
quently to give a constructive method for obtaining a preferred basis from a

quasi-preferred basis.

Definition 3.3. Let A € R™". For any two vertices i and j of R(A), we define
hull(z, j) := above(i) ) below(j).

Definition 3.4. A square matriz A is called an eventually nonnegative (pos-
itive) matriz if there is a positive integer ny such that A¥ = 0(A* > 0) for all
k Z no.

Definition 3.5. A square matriz A is called an M ,-matrix if it can be ex-

pressed as A = sI — B with eventually nonnegative B and s = p(B).

Throughout the remaining two sections we assume that a singular M, -
matrix A has the form A = pl — B, where B is an eventually nonnegative
matrix with p = p(B) and A has ¢ singular classes with H(A) = {a, ..., oy}
as the set of singular classes of A, where a; < ... < ay,.

The following results are well known.
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Theorem 3.4. [22] Let A be a square matriz in block triangular form and let
x be a vector. Then supp(Az) < below(supp(z)).

Theorem 3.5. [33] Suppose that A is an eventually nonnegative matriz with
index(4) < 1 and Dy = {d | 0 — a = <, where re®*™ e o(A),re?™ ¢
o(A), r > 0,c € Z*,d € Z\{0},gcd(c,d) = 1}. Let g be a prime number
such that g ¢ Dy and A* =0 for all k > g. Then R(A) = R(A9).

Il

Lemma 3.4. [33] Let A € C™" and X € 0(A),\ # 0. Then for all k ¢ D4
we have N(AI — A) = N(A*T — A*) and the Jordan blocks of \* in J(AF) are
obtained from the Jordan blocks of \ in J(A) by replacing \ with \F.

Theorem 3.6. [33] Let A be an eventually nonnegative matriz with index(A) <
1. Then A has a quasi-preferred basis for E,(A).

Lemma 3.5. Given any two vertices i, j of T'(A) if for some positive integer
k, (A%);; # 0, then there is a path from i to j in T'(A).

Proof. The proof of the result follows from the fact that

(A5 = D) ) Angiig o Ay
i1 i Tg—1
and Az, A, .. Aip_; # 0 for some 4y, 9, .., 41 only if there is path from ¢ to
j through 71,49, ..., %k 1. ]
Lemma 3.6. Let A be a singular matrix and let X be such that its columns
form a quasi-preferred basis of E(A). If Z is such that AX = XZ, then

In particular, Z s triangular with all its diagonal entries equal to 0.

Proof. Since AX = XZ and X = [z! ... 2], we have

q
ASCj = Z ZU.Z'Z + ijl’j for all ] = 1, .o q. (39)

i=1
1#£]

Take any «; € H(A) and consider the set Q = {«; € H(A)|Z;; # 0}. To show
@ < below(a;), it is enough to show, top(Q) < below(a;).
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Consider any aj, € top(Q). If ay ¢ below(a;) then [(A—Z;;1)a’], =
0, since supp (A — Z;;1)z?) < below(supp(z’)). Then equation (3.9) gives
ZZz‘jl’ka = 0. But a; € top(Q) implies Z;z*
i€Q
i#]
hence oy, € below(a;).

Since AX = XZ and {z',... 27} € E(A), A"X =0 = XZ". Since Z is

triangular and X is of full column rank, all the diagonal entries of Z must be

o, = 0 which is not possible,

equal to 0. O

Lemma 3.7. Let A be an M-matriz and X be such that the columns of X form
a quasi-preferred basis for E(A). Let Z be the matriz satisfying the condition
—AX = XZ. If a; and «; are two singular classes with hull(oy, o) (VH(A) =
{a;,a;}, then Z;; > 0.

Proof. Let there exist a pair of singular classes «;, «; € H(A) such that
hull(e;, ) (VH(A) = {a;,a;} and Z;; < 0. Since X = [z} ... 27], by
Lemma 3.6,

(—ij)ai =zl Zi+...+zl ' Z; (3.10)

As {z',..., 2%} is a quasi-preferred basis for A and hull(ay, ;) (VH(A) =

{a;, a5}, equation (3.10) gives (—Ax?),, =z, Z;; < 0. Also since A is an M-
aj

matrix and (Az?)a, = Ag, a,0, + Z A, w7, it follows that Ag, .27, = 0.

k=a;+1
Since Aq, q; is an irreducible singular M-matrix, A, @), = 0 which implies

@
Ag, el = 0([2],pg.156). Hence it follows that Z Aq, gz, = 0 and for any
k=a;+1
k=a;,+1,...,0; if Ay, r <0 then x{c = 0. This contradicts oy; — «, hence

Lemma 3.8. Let A be an M, -matriz with index,(A) < 1 and X be such
that its columns form a quasi-preferred basis in E(A). Let Z be the matrix

satisfying the condition —AX = XZ. If a; and «; are two singular classes

with hull(a;, o) (Y H(A) = {ay, o}, then Zi; > 0.

Proof. Let A = pl — B, where B is an eventually nonnegative matrix with

index(B) < 1 and p = p(B). Thus there exists a prime number g such that
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g ¢ D and B! > 0 for all integer | > g, where Dp is as defined in Theo-
rem 3.5. Since —AX = XZ, B*X = XZ* for any positive integer k, where
Z = Z+pl. Take B = BY and Z = Z9, then B > 0 and since by Theorem 3.5
the accessibility relations in B and B are same, columns of X will also be a
quasi-preferred basis for E(p?I — B). If a; are singular classes of A with
hull(ev;, o) [V H(A) = {, a;} then by Lemma 3.7, Z;; > 0. We will use in-
duction on [ to show that ij = 1p'=1Z;; for any integer | > 2, hence Zij >0
will imply Z;; > 0.

7—1 7j—1
FOI‘ l = 2, (22)1'3' = 2pZZJ + Z Zille = 2pr + Z Zille-
l=i+1 l=i+1

Since hull(v;, ;) (Y H(A) = {a, o}, from Lemma 3.6 it follows that Z;,Z;; =
0foralll,i+1<1<j—1 Thus (Z2);; = 2pZ;;. Let Z!, = lp'7' Z;; for all

[ <kandk > 2.
Now,
J=1
(Z%); = Zu(Z"Ng+ ), Zu(ZN)y + Zi( 25,4
1=i+1
— p(k—=1)p"2Z; + Z a(Z5 0, + Zigpt (3.11)
l=i+1
— k' Zy 4 Z (25 (3.12)
l=i+1

From Lemma 3.5, if Zil(Zk’l)lj # 0 for some [, 14+ 1 <[ < j — 1 then
there is a path from i to [ in I'(Z) and from [ to j in T'(Z). Hence by Lemma

3.6, there is a path from i to j in I'(A) through at least 3 singular classes i,
and j of A, which contradicts the fact that hull(é, j) () H(A) = {i,7}. Thus

j—1
Z Zil(Zkil)lj = O, or (Zk)” = k’pk_IZU Hence Zl] = gpg_lZij > O, which
l=i+1
implies Z;; > 0 and the result follows. n

If B is an eventually nonnegative matrix with index(B) < 1, it is known
from [33] that B and hence A = pI — B has a quasi-preferred basis. We next
give a procedure to obtain a preferred basis from a quasi-preferred basis for
any M,-matrix A, where A = pI — B with index(B) < 1.
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Procedure 3.1. Constructive method of obtaining a preferred basis

from a quasi-preferred basis:

Let A = pI—B be an M, -matrix with index,(A) < land X = [z 2? ... 2]
be an n x ¢ matrix whose columns form a quasi-preferred basis for E(A) and
let Z be the matrix satisfying —AX = X Z.

We now construct a preferred basis (from the given quasi-preferred basis
X) X such that —AX = X Z for some nonnegative matrix Z.

If the columns of X already give a preferred basis for E(A), then we are

done.
Let X be such that its columns form a quasi-preferred basis but not a preferred
basis for E£(A), then there exist indices ¢ and j such that o; — «; and Z;; <
0. Consider the set Z = {j € {q) | Zi; < 0 for some i} | J{j € (@) | as —
a; and Z;; = 0 for some ¢}, then Z # . Let j be the least index in Z, then
the first j — 1 columns of X forms a preferred set for E(A). To find an 7’ such
that if X is the matrix obtained by replacing the jth column z; of X by @7,
then the first j columns of X will be a preferred set of E(A). Finally we show
that it can be done for every j > 2.

Let

{ieJ—1)|Zy <0}

{ieJ—1|Zi; =00 — oy}

QUR

G210NQ

U= \R

QNR.

By assumption S # . Since for all i € S, a; — «, there exists an [(i) € H(A)
such that oy — a; and hull(ay, ayy) [V H(A) = {as, aygiy}- Since for all i € S,
Z;; <0 and from Lemma 3.8, Z; ;) > 0, (i) < jforallie S.

Case I: Q = &. Let 37 =27 + Zml(i).
1ER
I(i)—1
Since —Az'®) = Z; 2’ + Z Ziypyr™ and —Az? = Z Zia',

N[O N /O
|

IZ;% ieR
1(6)—1
—AF =) Zur' + 3 2 Duar” + ) Ly (3:13)
i€R i€l k1 i€R
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Since the first j—1 columns of X formed a preferred set for E(A) and Zi@y >0

for all i € R, {a',..., 297 27} forms a preferred set for E(A).
Case II: Q # J. Let &7 = a7 + ﬁle(i), then
€S
1(i)—1
—Ai’j = BZ Zi7l(i)$z + Z (62271(1) + Zzy) ZEZ + Z Z ﬂZkJ(l)l'k + Z Zz'jZEZ.
iER i€Q i€S k=1 €S
k#i
(3.14)
— L y
For 8 > Mo { Z J } >0, {z!,..., 277, 77} forms a preferred set for F(A).
¢€ i,1(4)

Hence in both cases if we take X = [z'... 47 ... 2% and if Z is the matrix sat-
isfying the condition —AX = XZ, then the leading j columns of X form a
preferred set for E(A). The above process is repeated with X replaced by X.
Since at every stage at least one more column is included in the preferred set,

after at most ¢ — j steps we will get a preferred basis for E(A).

The following theorem is an immediate consequence of the above procedure.

Theorem 3.7. If A = pI — B is an M, -matriz with index,(A) < 1, then there
is a preferred basis for E(A).

Remark 3.2. Procedure 3.1 can also be used to obtain a preferred basis from

a given quasi-preferred basis for M-matrices.
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We summarize the entire procedure below.

Algorithm 1 Given A € R™" X € R™4
H(A) ={ai,...,q,} basis classes of A
Z = XTAX (X7 is the pseudo inverse of X)
I ={jelq| Ziy <0 for some i} | J{j €{¢) | Zij = 0,; — «;, for some 7}
while Z # ¥ do
J =minZ
Q={ie(G—D|Zy; <0} ={i1,...,0m}
R={ie(j—1)|Zi; =0,0; = o} = {imy1, ... 0}
if ) = ¢ then
for k=m+1:¢do
l(k?) N hull(aik, al(k)) ﬂ H(A) = {Ozik, al(k)} and al(k) — Oy
end for
forr=1:ndo

t
er = er + Z Xrl(k)

k=m-+1

end for
else
for k=1:tdo
I(k) «— hull(a,, ogey) [V H(A) = {as,, cuey} and gy —
end for p
Choose > max {ﬂ}
1<ksm | Ziy k)
forr=1:ndo

t
er e er + ﬁ Z X’rl(k)

k=1
end for

end if
Z=X"AX
T =1{j ey | Zy < Oforsomei}|J{j € (¢ | Zij = 0,0; —
a;, for some i}
end while

We illustrate the above procedure with the help of the following example.
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Example 3.6. Let

22 4 -1 0 0]
22 -1 40 0
00 2 61 —1
B=1g0o 1 11 1|
00 0 00 6
00 0 02 1|

Then B = 0 for all k > 7 with p(B)=4. Consider the M, matrix A = 4] — B
so that F(A) = N(A%) and index,(A) = 1. The reduced graph of A is given by,

Consider the quasi-preferred basis for E(A) given by,

78 = [22000 0]
> = [271 241 36 12 0 0]"
? = [3.0625 1 2.8 1 1.5 1]F

Take X = [2! 22 2°]. Then —AX = XZ implies that

0 36 —0.35
Z=10 0 025
0 O 0

Then the set Z = {j € (4) | Z;; < 0 for some i} | J{j € 4) | Z;; = 0,0, —
a;, for some i} = {3} | J . So 3 is the least index in Z. Now consider the set
Q ={i| Ziz <0} = {1}. Again we have hull(1,2) [ H(A) = {1, 2}. Define the

vector 3, = x® 4+ x? so that

—Az® = 35.65z' + 0.2522% + 423

new new
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Then,
0 36 35.65
—Alzt 2?23 =t 223 ]| 0 0 0.25
0 0 0

Thus we have the preferred basis {z!, 22, 23} for E(A) such that if X ;0 =

new
[z! 2% 23], then

0 36 35.65
_AXfinal — Xfinal 0 0 0.25 = Xfinal Zfinal-
0 0 0

3.4.2 Height and level characteristics of M, -matrices
and well structured graphs

In this subsection we will extend many of the results from by Schneider and
Hershkowitz in [21,24,25] obtained for singular M-matrices, to the class of
singular M, -matrices. This subsection essentially deals with height character-
istic and level characteristic. We give some necessary and sufficient conditions
for their equality. Later we obtain a sufficient condition for the reduced graph

of an M, -matrix to be a well structured graph.

3.4.2.1 Height and level characteristics of M, -matrices

Definition 3.6. [2/, 25] Let t = index(A). For i € {t), let n;(A) = n(A") —
n(A™1Y). The sequence (ni(A),...,n:(A)) is called the height characteristic of
A, and is denoted by n(A). Normally we write n; for n;(A) where no confusion
should result.

The height characteristic is also known as the Weyr Characteristic.
Definition 3.7. [25] Let A be a singular matriz and let index(A) = t.

(i) Let S be a collection of vectors in E(A), and let ni(S) be the number of
vectors in S of height k. We define the height signature n(S) of S as the

t_tuple (T]l(s)a s ﬂ?t(S))
(ii) A basis B for E(A) is said to be a height basis for E(A) if n(B) = n(A).

Definition 3.8. [25] Let A be a singular matriz.
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(i) The Segré Characteristic j(A) of A is defined to be the nonincreasing

sequence of sizes of the jordan blocks of A associated with the eigenvalue

0.

(i) A sequence (x',...,2°) of vectors in E(A) is said to be a Jordan chain
for Aif Azt =21 i€ {2,...,s}, and Ax' = 0. We call z° the top of
the chain (z', ... z%).

(i) A basis for E(A) that consists of disjoint Jordan chains for A is said to
be a Jordan basis for E(A).

As is well known, E(A) always has a Jordan basis.

Remark 3.3. Observe that every Jordan basis for A is height basis, but clearly

a height basis need not be a Jordan basis.

Definition 3.9. [21] Let a = (a4,...,a,) be a nonincreasing sequence of
positive integers. Consider the diagram formed by r columns of stars such that
the jth column has a; stars. The sequence a* dual to a is defined to be the

sequence of row lengths of the diagram, reordered in a nonincreasing order.

It is well known that the height characteristic and the Segré characteristic

are dual sequences (see [48]).

Definition 3.10. [25] The cardinality of the jth level of S(A) is denoted by
Ni(A). If S(A) has m levels, then the sequence (Ai(A),..., \n(A)) is called
the level characteristic of A, and is denoted by A(A). Normally we write \;

for X\i(A) where no confusion should result.

Convention 3.1. We will always assume, the level characteristic and the

height characteristic of A to be (Aq,...,\y) and (11, ..., 1) respectively.

Remark 3.4. [33]If Ais an M, -matrix with index,(A) < 1 then m and ¢ in

the above two definitions are equal.
Definition 3.11. [25] Let A be a square matriz.

(i) Let S be a collection of vectors in E(A), and let \p(S) be the number of
vectors in S of level k. We define the level signature A(S) of S as the
m-tuple (A1(S), ..., An(9)).
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(ii) A basis B for E(A) is said to be a level basis for E(A) if A(B) = n(A).

(i) A basis B for E(A) is said to be a height-level basis for E(A) if B is
both a height and a level basis.

Definition 3.12. Let A be an n x n singular matriz and let B = {z', ... 27}
be a basis for E(A). Denote X = [x'...29] € R™%. Then there exists a unique
matriz C' € R?? such that AX = XC. We call the matriz C, the induced
matrix for A by B, and we denote it by C(A, B).

Example 3.7. Consider the matrix A in Example 2.1. Then A\(A) = (1,2, 1,2),
n(4) = (3,1,1,1) and j(4) = (4,1,1).

The following concepts were introduced in [24].

Definition 3.13. Let P be the set of p-tuples of nonnegative integers. P is
partially ordered in the following way: If a = (as,...,a,) and b = (by,...,b,)
are in P, then we define a < b if

( k k
Mai<) b, kelp-1)
=1 =1
4
p p
2,0 = b
\ i=1 i=1

If a < b, then we say that a is majorized by b. If a < b and a # b, then we

write a < b.

Remark 3.5. Let B be a basis of E(A). If n(B) = (m(B),...,n(B)) is the

height signature of B, then for any k € (t), B has n,(B) +. . .+n,(B) elements of

height at most k and hence n (B) +...+n(B) < ni+... 4+, so n(B) < n(A).
By a similar argument, A\(B) < A(A) for any basis of E(A).

Lemma 3.9. [2}] Given A, let y be a linear combination of the n-component

vectors zt, ... x". Then, level(y) < max{level(z') : i € {ry}.

Lemma 3.10. [24] Given A, let y be a linear combination of the n-component
vectors x', ... x". Then, height(y) < max{height(z") : i € (r)}.
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Lemma 3.11. If B is a preferred basis of an M., -matriz A with index,(A) < 1,
then level(AFz) < level(x) — k for allx € B and k > 1.

Proof. Let B = {z',...,z9}. Since

(D) AR =33 i, e, i # A #
i 2 i

and ¢, ... ¢ > 0 for some 7; # ... # 4y # ¢ if and only if there is a chain of

length k from i; to i, it follows that level(z*) < level(z") — k, for all 4;. Hence
by Lemma 3.9 the result follows.

O

Corollary 3.3. For any preferred basis B of A, height(z) < level(z), for all
x e B.

Proof. Follows from the above lemma. n

Lemma 3.12. Let A be any M, - matriz with index,(A) < 1 and x € E(A).
Then height(z) < level(z).
q
Proof. Let B = {z',..., 29} be a preferred basis for A, then x = Zcixi for
i=1
some ¢;’s. Let @ = {i | ¢; # 0}, then clearly, | = level(x) = max{level(z")

|
i € top(Q)}. From Corollary 3.3 it follows that for all i € @, height(z?) <
level(z?) < I, or Alz? = 0. So it follows that A’z = 0 and therefore, height(z) <
[ =level(x).

O

Remark 3.6. From the above lemma we can easily conclude that if A is any
M- matrix with index,(A4) < 1 and B is any basis for £(A) then A\(B) < n(B).

Remark 3.7. If Ais any M, - matrix with index,(A) < 1 then from Lemma 3.9,
the set Ax(A) consisting of all vectors in E(A) with level less than or equal to

k form a vector space and in view of the above lemma, Aj(A) € N(AF), hence
A(A) < n(A).

Lemma 3.13. Let A be an M, -matriz with index,(A) < 1. Then for any
nonnegative vector x in E(A), height(z) = level(z).
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Proof. Tt suffices to show that level(z) < height(z). Let {x!,... 2%} be a
a

preferred basis for E(A) then x = Z c;x" for some scalars ¢;, and | = level(z) =
i—1
max{level(x?) | i € top(Q)} where @ is as defined in Lemma 3.12. Clearly since

x is nonnegative, for any i € top(Q), ¢; > 0. In view of the above argument it
is enough to show A'~'z # 0.
q

Let —Ax' = Z crix® where the ¢;’s are as in the definition of a preferred
k=1

(_1)171141713: _ (_1)l71 (Z CiA11$i> )

1€Q
From Lemma 3.12, height(z) < level(z) and hence it follows that

(_1)1—1 (Z CiAllxi> - (_1)1—1 Z ciAlflaji

i€Q i€Q
level(z;)=l

%
= Y Y e

basis, then

i1 12 i—1 i€qQ
level(z;)=l
Since for every i € @ with level(z') = [, ¢; > 0 and there is a sequence
of distinct indices 4;,%9,...,%—1 such that ¢, ...¢;_;; > 0, it follows that
Al £ 0. O

Remark 3.8. From the above lemma it is clear that for any nonnegative level
basis of E(A) and in particular for a preferred basis B of E(A), n(B) = A\(B) =
A(A).

Remark 3.9. If B is a nonnegative height basis, then n(B) = A(B) = n(A) and
this together with Remark 3.8 and 3.5 imply that n(B) = A\(B) = n(A) = A(A).

Hence B is also a level basis.

In [33], it was shown that the level characteristic of an eventually non-
negative matrix B with index(B) < 1 is majorized by the height charac-
teristic which implies that the level characteristic of an M, - matrix A with
index,(A) < 1, is also majorized by the height characteristic. Motivated by
the necessary and sufficient conditions obtained by Schneider and Hershkowitz

in [24] for the equality of these two characteristics for singular M-matrices,
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we independently try to obtain similar conditions for the equality of these two

characteristics for the class of M, -matrices.

Theorem 3.8. Let A be an M, -matriz with index,(A) < 1. Then the following

are equivalent:

(ii) For all x € E(A), height(z) = level(z).
(i) For every basis B of E(A), height(x) = level(x) for all x € B.
(iv) For some height basis B of E(A), height(z) = level(x) for all x € B.
(v) Every height basis for A is a level basis for A.
(vi) Ewery level basis for A is a height basis for A.
(vii) Some preferred basis for A is a height basis for A.
(viii) There ezists a nonnegative height-level basis for A.
(ix) There is a nonnegative height basis for A.
(x) For all j € (t), there exists a nonnegative basis for N(A7).

(xi) For every level basis B for A with induced matriz C' = C(A, B), the block
Cr—1x has full column rank for all k € (t).

(xii) There exists a level basis B for A with induced matriz C' = C(A, B), such
that for all k € {ty, the blocks Cy_1 have full column rank.

Proof. (i) = (ii): Condition (i) implies that for any k, dim(Ax(A)) = A\ +
coet A=+ -+ e = dim(N(AF)). So from Remark 3.7 it follows that
Ar(A) = N(A*) and hence (ii) follows.

(ii) = (iii) = (iv) is obvious.

(iv) = (v) : By assumption we have a height basis B such that for each
x € B, height(x) = level(x), hence it follows that n(A) = n(B) = A\(B). Since
A(B) < A(A) from Remark 3.5, and n(A) > A(A), it follows that n(A) = A\(A),
hence (i) and (iii) hold.
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If B’ is any height basis, then (iii) and (i) imply A(B') = n(B') = n(A) = A(A).
Thus B’ is a level basis.

(v) = (vi) : Consider a Jordan basis B for F(A) derived from the set T" =
{y',...,y"} and let max{height(y*) | k € {f)} = I. Since A is an M,-matrix
with index,(A) < 1, index(A) is equal to the length of the longest chain in A
and hence it follows that max{level(yy) | k € {t)} = L.

Since B is a height basis, n(B) = n(A), hence by assumption \(B) = A(A).
Also for any basis B/, A\(B") < n(B') < n(A) and A(B') = M(A) < n(A) if it is a
level basis, hence to show that every level basis is a height basis, it is enough
to show n(A) = A(A) or n(B) = A\(B).

Any ' for which height(y?) = level(y), height(A4*y") = height(y’) — k =
level(y®) — k = level(A*y?), hence it follows that height(A*y') = level(A*y?)
for any k < height(y?). Then for y° for which height(y’) = [, height(A*y’) =
level(A*y) for any k < . From the above argument it follows that if \(B) #
n(B), then there exists a y* € T with height(y’) < [ such that height(y?) <
level(y’). Let height(y’) = s and level(y’) = p. Consider any 3/ € T with
height (/) = | = level(y’), then there exists an 7 such that height(A"y’) =
height(y') = s. Consider the element z = y® + A”y’, and the new basis B
obtained from B by replacing A"y’ with z. Since B is a height basis, the
new basis B so constructed will also be a height basis and since level(A"y’) =
height(A"y?) = s, level(z) = p > s. Hence A\(B) < A(B) = A\(A) which con-
tradicts the assumption that every height basis is a level basis. Hence for any
y' € T, height(y") = level(y’) which implies n(B) = \(B).

(vi) = (vii) and (vii) = (viii) follow from the fact that every preferred basis
is a level basis.

(viii) = (ix) : is obvious.

(ix) = (x) : Let B be a nonnegative height basis for A. Then n(B) = n(A) =
(m,...,np). Thus for any j € (p), there are n; +...+n; elements in B of height
at most j and since dim(N(A7)) = n; + ... + n; these elements will form a
nonnegative basis for N(A7).

(x) = (xi) : Suppose that for each j € (p), there exists a nonnegative basis
for N(A7). Let B be a level basis for A with the induced matrix C' = C(4, B).

To show that for each &k, C}_; 4 has full column rank.
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Suppose that there is a k such that Cj_; ; does not have full column rank and

we assume that k is the least of such indices. We have,

[ 0 012 013 . Clt ]
0 Cy ... Co
A[XD X0 = [xO . x O 0 - : (3.15)
Ci1
i 0

with X@ = [21.. .o | in which the columns give the elements of B having
level 1.

Since Cy_1 = [Cffl’k 4 Cl/\tlk] does not have full column rank, so there
is a column say C’f_l’k in Cy_1 which is a linear combination of its preced-

ing columns. Since every column of Cy_; ) is a nonzero vector, there exists

j-1
scalars f31,...,3j_1, not all zeros, such that C’ffl’k = Z B,C** Then from
r=1

equation (3.15) for r = 1,...,7 — 1 we have,
Azk = XxWobk 4 x@o2k 1 4 xE=Dok-LE (3.16)

and

j—1
Azb = XWOr* + XOCH 4+ 4 x*D (Z &Cf_l’k) . (3.17)

r=1

j—1
If = = ok — ) B,af, then it follows that height(z) < k — 1. Let height(z) = h,
r=1

then by assumption N(A") has a nonnegative basis, say, {y',...,y™}. Then
z = dyy'+. . .+d,y™ for some scalars d;. Let level(z) = [, then since level(y*) =
height(y’) < h, | < h < k. Construct a new basis B from B by replacing xf
with z in B. Then \;(B) = \; for all i ¢ {I,k}; N(B) = N+ 1; \e(B) = A\ — 1,
hence it follows that A(B) > A(A), which is a contradiction. Thus (xii) holds.
(xi) = (xii) : is obvious.
(xii) = (i) : Let there exist a level basis B for A with the induced matrix

C = C(A,B) such that for all k € (t) the block Cy_; has full column rank.
To show that A(A) = n(A).
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From equation (3.15) we have A*1X®) = X(l)C’lgng...C'k_Lk. Since
C;_1;’s are of full column rank so height(z¥) = k for all i € {\;). Hence
we have height(x) = level(x) for all z € B and, n(B) = A(B) = A(A).

If n(A) > A(A) then there exists a k for which A, > n;. Since A¥1X®) =
XWC1Ch . .. Ci—1,, and each of the matrices Xy, Cia, Cos, ..., Ci_1 is of full
column rank, rank(AF~*X®)) = X\ (B) = A, which is equal to the number of
columns in X *). Hence no linear combination of the columns in X *) can belong
to N(AF1). Also since A*X®) is the 0 matrix, 1, = n(A*) — n(A*1) = A,
which is a contradiction. Hence it follows that n(A) = A\(A).

[

Theorem 3.9. Let A be an M, -matriz with index,(A) < 1. Then n(A) =

AA) if and only if there exists a nonnegative Jordan basis for —A.

Proof. Since every nonnegative Jordan basis for —A is a nonnegative height
basis for A, the ‘if’” part follows from Theorem 3.8(ix).

The ‘only if” part can be obtained by proceeding as in Theorem 6.10 of
[24]. m

We next consider two extreme cases: (i) Each path in R(A) has at most

one singular vertex, (ii) all singular vertices lie on a single path.

Theorem 3.10. [47] Let A be an M-matriz. Then the following are equiva-

lent:
(i) The Segré characteristic of A is (1,1,...,1).
(it) The level characteristic of A is (t).

Theorem 3.11. [/7] Let A be an M-matriz. Then the following are equiva-

lent:
(1) The Segré characteristic of A is (t).
(i7) The level characteristic of A is (1,1,...,1).

Theorems 3.10 and 3.11 are also true for an M, -matrix A with index,(A) <
1, due to Theorem 3.5 and Lemma 3.4.
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Remark 3.10. Let A be an M, -matrix with index,(A) < 1. Then in Theo-
rem 3.10 since 0 is a simple eigenvalue of every singular block in the Frobenius
normal form of A, ¢ is the algebraic multiplicity of 0. Also, the number of
1’s in the Segré characteristic in Theorem 3.10 is t. Therefore Theorem 3.10
states that in the extreme case (i) we have that \(A) = j(A)* = n(A).

Similarly for the other extreme case (ii), considered in Theorem 3.11, A(A4) =
J(A)" = n(A).

The following examples show that the results in Theorem 3.10 and Theo-

rem 3.11 need not be true for an M, -matrix A having index,(A) > 1.

Example 3.8. Consider the M, -matrix

2 2[1 1] 0 0
2 2/1 1/0 o0
0 0|1 L] 1 —1
A=al-B=41—| o ol 1121 1
0 0/0 0] 2 2

| 0 0|0 0] 2 2

The matrix A has indexs(A) =2 > 1; ¢t = 2 and A is in Frobenius normal
form having irreducible diagonal blocks Aqq,As2, A3z so that the singular ver-
tices in R(A) are 1 and 3. The Segré characteristic is (1,1) since it has two
jordan blocks of size 1 corresponding to the eigenvalue 0, whereas the [evel

characteristic is (1,1).

Example 3.9. Consider the M, matrix A given by,

2 2 05 05
2 2 05 05
A=4l-B=4l—| | 55
-1 1 2 2

Then the matrix A has indexy(A) = 2 > 1. The Segré characteristic j(A) of
A is (2) since it has only one jordan block corresponding to 0 of size 2, whereas
the level characteristic is (1) since it has only one irreducible block, the matrix
itself.
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3.4. Combinatorial structure of M, -matrices

3.4.2.2 Hall condition and well structured graphs

In this section we show that the reduced graph of an M, -matrix is a well
structured graph with the help of the Hall Marriage condition.

We first state Hall’s theorem essentially as it is found in [4].

Theorem 3.12. [}/ Let Fy,..., Ey be subsets of a given set E. Then the
following are equivalent:

(i) We have,
> |al,  for all o < <{h). (3.18)

U

1o

(ii) There exist distinct elements ey, ..., e, of E such that e; € E;, i € {(h).
The condition (3.18) is often referred to as the Hall Marriage condition.

Definition 3.14. [25] Let S be an acyclic graph. A chain (iy,. .., iy,) is called

an anchored chain if the level of iy is k, k € {m).
Definition 3.15. [25] Let S be an acyclic graph.

(i) A set k of chains in S is said to be a chain decomposition of S if each

vertex of S belongs to exactly one chain in k.

(ii) A chain decomposition k of S is said to be an anchored chain decompo-

sition of S if every chain in K is anchored.

(iii) S s said to be well structured if there exists an anchored chain decom-

position of S.
The following result is due to [25].

Theorem 3.13. [25] Let S be an acyclic graph with levels Ly, ..., L. Then

the following are equivalent:

(i) The sets E; = below(i) () Ly, i € Liy1, satisfy the Hall Marriage Condi-
tion for all k e (t — 1).

(ii) S is well structured.
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In the next theorem we show that reduced graph of an M, -matrix is well

structured.

Theorem 3.14. Let A be an M, -matriz with index,(A) < 1. Ifn(A) = A(A),
then the reduced graph R(A) is well structured.

Proof. Let {a, ..., o} be the set of all singular vertices of A ordered according
tolevels. Ly,..., L; mentioned in the above lemma are the levels of R(A), i.e.,
L; is the collection of singular vertices of level ¢ and t is the length of the
longest chain in R(A). It suffices to show that, F; = below(a;) ()L, with
«; € L1 satisfies the condition (i) of Theorem 3.13, for all k € {t — 1).

Suppose if the E;’s as defined above do not satisfy the Hall marriage con-
dition for all k € {(t — 1), then there exists a kg and an o € (A, 1) such that
| Ujeo Bl < || Without loss of generality let v = {1,2,...,7}.

Consider a preferred basis B. Since 1n(A) = A(A) it is also a height basis.
If X is the matrix, the columns of which give the elements of B and C' is the
corresponding induced matrix, then since n(A) = A(A), Cris1’s are of full
column rank, for all k € (¢ — 1). Since B is a preferred basis, C;; # 0 if and
only if o; — ;. Hence || J;_, ;| < r implies that in the submatrix of Cy, x,+1
of order A\, x r formed by taking only the first » columns of Cj, 1,+1, there are
less than r nonzero rows, which contradicts the fact that the r columns are

linearly independent.
O

Remark 3.11. Note that n(A) = A(A) is a sufficient condition for the reduced
graph R(A) to be well structured, which need not be a necessary condition.

For example, consider the M-matrix A = I — B where,

1 011
CAR'RY:
A% 0010
0 001
The reduced graph R(A) of A is given by,
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3.5. Conclusion

Then {(1,3), (2,4)} is an anchored chain decomposition for A and hence R(A)
is well structured. But note that A(A) = (2,2) whereas n(A) = (3,1).

3.5 Conclusion

We consider two types of generalizations of M-matrices, namely the GM-
matrices and the M, -matrices. Initially we show the existence of a preferred
basis for GM-matrices of order 2 and also demonstrate with the help of an
example, the fact that a quasi-preferred (and hence a preferred) basis need not
exist if the order of the matrix exceeds 2.

Next we consider another generalization of M-matrices, known as M, -
matrices and show the existence of preferred basis for a subclass of these matri-
ces. In particular we give a method to obtain a preferred basis for M-matrices
and M, -matrices, from a quasi-preferred basis. We next consider height, level
and Segré characteristics of M, -matrices and try to understand their mutual
relationship. Based on results obtained for M-matrices in [24], we state and
prove some equivalent conditions for the equality of the height characteristic
and the level characteristic for a subclass of M, -matrices. We also present a

sufficient condition for the reduced graph of M, -matrices to be well structured.
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Chapter 4

Characterization of Generalized
M-matrices

4.1 Introduction

Nonsingular M-matrices can be characterized in various ways, in terms of
positivity of principal minors, stability and the inverse positivity property
(see [27]). In subsection 4.2.1 of this chapter we give some useful characteri-
zations of nonsingular M, -matrices in terms of positivity of sums of principal
minors and stability. Also we show that some of the important properties, such
as inverse positivity, do not carry over to the entire class of M, -matrices, but
to a subclass of these matrices. In subsection 4.2.2 we generalize the inverse-
positivity property for a subclass of nonsingular M, -matrices, which was given
by Elhashash and Szyld in [7], to singular M, -matrices. Next we introduce the
concepts of eventually monotonicity and eventually nonnegativity on a subset
of R", to characterize a subclass of M, -matrices. In addition, this subclass
of M, -matrices A with index(A4) < 1, is also characterized in terms of some

special types of generalized inverses.

4.2 Characterization of M, -matrices

In this section we consider the class of M, -matrices and also extend some

results known for M-matrices to the class of M, -matrices.

Definition 4.1. [8/ For any real matriz A, we define a set of integers D4
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4.2. Characterization of M, -matrices

(the denominator set of the matriz A) as follows:

Dy = {d |0 —a = 2, where 1e?™ re? i e g(A),r > 0,ce 7+,
de Z\{0},(c,d) =1, and |0 — | ¢ {1,2...}}.

Py:= {kd|d>0,keZ andde Ds} (Problematic Powers of A).

Ny:= {1,2..}\Pa (Nice Powers of A).

The set D, consists of the denominators of the reduced fractions that rep-
resent the argument difference, normalized by %, of two distinct eigenvalues
of A that lie on the same circle with center at the origin. Note that D, is

always a finite set and is empty if and only if one of the following conditions
hold:

1. A has no distinct eigenvalues lying on the same circle with center at the

origin.

2. The argument difference of two distinct eigenvalues lying on the same

circle with center at the origin are irrational multiples of 2.

Definition 4.2. [8/ A matrix A € R™ is said to have the strong Perron-
Frobenius property if the spectral radius p(A) is a simple positive eigenvalue
that is strictly larger in modulus than any other eigenvalue and there exists a
positive eigenvector corresponding to p(A). By PFn we denote the collection

of all n X n matrices A such that A is an eventually positive matrix.

Remark 4.1. [39] It turns out that A € PFn if and only if both A and A”

possess the strong Perron-Frobenius property.

4.2.1 Nonsingular M, -matrices

In this subsection we consider the class of nonsingular M, -matrices. We show
that in general the inverse of a nonsingular M, -matrix need not be in W PFn,
but under certain additional conditions, the inverse is in W PFn. We also
obtain some new characterizations of nonsingular M, -matrices, in terms of

the positivity of sums of the principal minors and stability.
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4.2. Characterization of M, -matrices

Theorem 4.1. [33] Let A be an eventually nonnegative matriz with index(A) <
1. Let g be a prime number such that g ¢ D4 and A® = 0 for all s = g. Let
k= (Ky,...,Ky) be the order partition of {(n)y such that AY is in Frobenius-

normal form. Then Ay is in Frobenius-normal form.

Lemma 4.1. Let B be a nonnilpotent, eventually nonnegative matriz. Then
there exists a nonnegative vector x such that Bx = px with p = p(B). Fur-
thermore, if index(B) < 1 and B is irreducible, then the vector x is positive

and p(B) is simple.

Proof. Since B is eventually nonnegative, we can always choose a prime num-
ber ko € N such that B¥ = 0 for all k = ko. Since p(B*) = p(B)™ = pko and
B > (), there exists a nonnegative vector x such that B¥x = p* 2 and hence
by Lemma 3.4 of Chapter 3, Bz = px.

As B is irreducible with index(B) < 1, so Theorem 4.1 implies that B* is
irreducible and hence z(or —z) must be a positive vector. Also p is a simple
positive eigenvalue follows from the fact that for all k& > ky, B* is an irreducible

nonnegative matrix and Lemma 3.4. [

Note that the above result is not true if B is nilpotent or if index(B) > 1,
as the following two examples illustrate.
1 1

-1 -1
tent, eventually nonnegative matrix, and there does not exist any nonnegative

Example 4.1. Consider the matrix B = Then B is a nilpo-

eigenvector corresponding to its spectral radius 0.

Example 4.2. Consider the matrix

—_ = O O
— = O O
—_ =
e S O e g

Then B is an irreducible, nonnilpotent, eventually nonnegative matrix with
index(B) = 2. If x = [z;] is any eigenvector of B associated with its spectral
radius 2, then x4 = 0 and thus there can not exist a positive eigenvector

corresponding to p(B).
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4.2. Characterization of M, -matrices

Theorem 4.2. [39] Let A € R™" be a nonnilpotent eventually nonnegative

matriz. Then both A and AT possess the Perron-Frobenius property.

Theorem 4.3. Let A written as sI — B, for some B, be a matriz in R™"
whose eigenvalues (counting multiplicity) are arranged in the following man-
ner: | \| = X = ... = |\u|. If B is an irreducible, nonnilpotent, eventually
nonnegative matriz with index(B) < 1, then the following statements are equiv-

alent:
(i) A is a nonsingular M., -matriz;
(ii) A~ is an eventually positive matriz and 0 < X\, < Re(\;) for all i # n.

Proof. (i) = (ii): From assumption, A = sI — B is an M, -matrix, with
s > p(B) = p and B an irreducible, nonnilpotent, eventually nonnegative
matrix. Hence p is positive and is a simple eigenvalue of B. We first show that
0 < Ay < Re(N\;) for all i # n.

Note that for every i, \; = s — \;(B) for a corresponding \;(B) € o(B). Hence
s — p is a simple eigenvalue of A and since 0 < s—p = |s—p| < [s — | \i(B)|| <
|s = Xi(B)|, \n = s — p and A, > 0.

For any i # n, \, = s—p < s— Re(\(B)) if Re(A\y(B)) >0and \, = s—p <
s < s — Re(\(B)) if Re(\;(B)) < 0.

Lastly we need to show that A~! is an eventually positive matrix. Since B
(and hence BT) is an irreducible, nonnilpotent, eventually nonnegative matrix,
by Lemma 4.1 p is simple and there exist positive vectors x,y such that Az =
Mz and yTA = M\,y”. Without loss of generality we may assume that X =
[ r XM ], then

-1 1 n 0 y"
Al 2 X<>][Adl JMHW)]

where X, YO € Rrn1 and J,_; € R 1L with ﬁ ¢ o(J,—1). Thus for

any positive integer k£ we have that,
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_ L 0 yT
A~k — [:L‘ X(l)] g Jkl][y(l)]

L n

>

- E A—k (1) [ 1 0 y"

e, MAT = [z XU ] 0 D(k)l v (4.1)
where D), = Xk J*_ and eigenvalues of D,(f_)l are % with |%| < 1 and thus
klim D,(f_)l = 0. Hence the equation (4.1) implies that

—00

klgrolo MNeATF = 9T > 0.
So, there exists a positive integer kg such that (14*1)]c > 0 for all k& > ko, i.e.,
A1 is eventually positive.

(ii) = (i): Since B is nonnilpotent, eventually nonnegative matrix, so B €
W PFn by Theorem 4.2 and so the assumption implies that A is an invertible
G M-matrix(see [7]). Thus it follows that s > p(B), and A is an invertible
M, -matrix. O

Since the inverse of a reducible matrix is reducible, so the irreducibility of
B (and hence of A) cannot be relaxed. One may ask whether there is a weaker

relation.

Example 4.3. Consider the matrix,

A=5]—-B=5]—-

OO = =
OO = =
NN = =
N DN — =

Note that A is an invertible M,-matrix as B* > 0 for all k > 2 and p(B) = 4.
Also the eigenvalues of A are 5,5,3,1 and,

0.2667 0.0667  0.04 —0.04
0.0667 0.2667 —0.04  0.04

_1 _ _
A7 = 0 0 06 04 |=FtFGay)
0 0 04 06
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0.2667 0.0667 0 0

_ | 0.0667 0.2667 0 0 a1
where F = 0 0 06 04 and ' = A E.

0 0 04 06

Note that FF = FE = %F and F? = 0. Then by induction argument it

can be easily checked that for any positive integer k,
A™F = EF + k5 FF

Thus for any positive integer k, the (1,4)th and the (2,3)th entries of A=*
are always negative, hence A ! is not eventually positive although B is a
nonnilpotent, eventually nonnegative matrix with index(B) = 1. Note that

the matrix B is reducible.

The following example show that the condition index(B) < 1 in Theorem 4.3

cannot be relaxed.

Example 4.4. [7] Consider the invertible M, -matrix

A=31—-B =3I —

— = = =
— = = =
— = = =
— = = =

Note that index(B) = 2 and A~! = 372(F + F) where

6 30 0 00 1 -1
3600 00 —1 1
E=lgoggs|2F=1¢g0 o o
99 3 6 00 0 0

As EF = FE = 3F and F? = 0, it can be easily seen that (A71)* = 372k pF 4
k3 %'F and hence A~! is not an eventually nonnegative matrix although B

is an irreducible, nonnilpotent, eventually nonnegative matrix.

We now give equivalent characterizations of nonsingular M, -matrices in
terms of stability and positivity of sums of principal minors. We first state
some equivalent characterizations of nonsingular M-matrices, which could be
found in [2,26].
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Theorem 4.4. Let A = sI — B be an n x n matriz, where B = 0. If A is

nonsingular, then the following statements are equivalent:
(i) A is an invertible M -matrix.
(ii) A is positive stable.
(iii) s > p(B).
(iv) All the real eigenvalues of A are positive.
(v) The sum of the all principal minors of size k are positive, for all k € {(n).
(vi) A+ tI is nonsingular for all t > 0.

(vil) A + I is nonsingular and G = (A + I)"'(A — I) is convergent, i.e.,
p(G) < 1.

(viii) There ezists an x > 0 such that Ax > 0.
(ix) A+ D is nonsingular, for every nonnegative diagonal matriz D.

Olesky, Tsatsomeros and Driessche [41] in an attempt to extend the above

theorem to the class of M, -matrices, obtained the following result.

Theorem 4.5. [{1] Let A = sI — B be an n x n matriz, where B is a
nonnilpotent, eventually nonnegative matriz with power index ko = 0, that is,
ko is the least positive integer such that B¥ > 0 for all k = ky. Let K be the

cone defined as K = BkOR’}r. Then the following statements are equivalent:
(a) A is an invertible M, -matriz.
(b) s> p(B).
() A7 exists and A 'K < R".
(d) Az e K implies x = 0.

In the next theorem we show that the conditions (ii) — (vii) in Theorem 4.4
are also equivalent characterizations for M, -matrices, whereas it is shown that

the conditions (viii) and (ix) need not be true for M, -matrices.
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Theorem 4.6. Let A = sI — B be an n x n matriz, where B is a nonnilpotent,
eventually nonnegative matriz with p = p(B). If A is nonsingular, then the

following statements are equivalent:
(i) A is an invertible M., -matriz.
(ii) A is positive stable.
(iii) s > p.
(iv) All the real eigenvalues of A are positive.
(v) The sum of the all principal minors of size k are positive, for all k € (n).
(vi) A+ tI is nonsingular for all t > 0.

(vii) A + I is nonsingular and G = (A + I)7'(A — I) is convergent, i.e.,
p(G) < 1.

Proof. 1t is obvious from the definition of an M, -matrix, that the conditions
(i) — (iii) are equivalent.

(iii) = (iv): For any real eigenvalue A of A, s — X is a real eigenvalue of B
and thus s — A < p. Since s > p, so A > 0.

(iv) = (iii): As p is an eigenvalue of B, so s — p is a real eigenvalue of A
and hence by our assumption s > p.

(ii) = (v) is true, [see, Problem no. 2 of Chapter 2.1, pg 94 in [27]].

(v) = (vi): The expansion of det(A + tI) as a polynomial in ¢ is a monic
polynomial of degree n whose coefficients are Ej(A), for k € (n), where E}(A)
is the sum of all £ x k& minors of A. Since the Ej(A)’s are positive for all
k € {(ny, det(A + tI) is nonsingular for all ¢ > 0.

(vi) = (iv): If X is any real eigenvalue of A and A < 0, then by condition
(vi), A — Al is nonsingular, which is a contradiction. Hence A > 0.

(vi) & (vii): A + I is nonsingular by assumption. If p is any eigenvalue
of G = (A+ I)"Y(A — I), then there is an = # 0 such that Gz = puz, i.e.,
(A—I)x = pu(A + I)x, which implies p # 1 and Az = (H—“) x. Then by

1-p
condition (i), Re (}j—g) >0, i.e., Re((1+ p)(1 — @) > 0. Thus, |p| < 1 and
hence p(G) < 1.
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Conversely, if \ is any real eigenvalue of A, then by condition (vii), A # —1.

So there is an x # 0 such that Gz = (351) « and thus by assumption [A —1] <

|A + 1| which implies that A > 0. O

The following examples show that conditions (viii) and (ix) of Theorem 4.4

do not in general hold good for M, -matrices.

Example 4.5. Consider the M, -matrix A = 12.5] — B where

9.5- § 1% L5
B=| —-145 16 10.5
105 =3 4.5

Consider the nonnegative diagonal matrix D = diag(2,0,32). Then it can be

seen that the matrix A + D is singular.

Example 4.6. Consider the M,-matrix A = 0.75] — B where

1 -1 -1 0
1 1 1 0
5= 0 0 0 0
0 0 0 05

For any positive vector z = [ #; 2 @3 x4 |* we have that,

1751’1 + 29 + 23
—X — 025232 — I3
0.75x3
025134

Az =

As x > 0, so the second entry of Ax is always negative. Thus Az can not be

a positive vector.

4.2.2 Singular M, -matrices

In this section we study a subclass of M, -matrices. We try to extend the notion
of inverse-eventually positivity to this subclass and show that any matrix in
this class will have a generalized inverse which is eventually positive. Various
types of generalized inverses have been defined and studied by several authors.
The important class of generalized inverses for our purpose are those that
leave the subspace V4 = range(A™) invariant. The following definitions are
due to [35].
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Definition 4.3. Let A € R™" with m = index(A). Then each Y € R™"
satisfying the condition,

o0
YAz = x for all x € Vi with Vy = ﬂ range(A") = range(A™)
k=0

is called a generalized left inverse of A. Similarly, each Z € R™"™ satisfying
the condition,
tTAZ = 27 for allz e Vy

is called a generalized right inverse of A.

Some equivalent definitions of generalized left inverses are given in the fol-

lowing lemma.

Lemma 4.2. [2,35] Let A€ R™". Then the following statements are equiva-
lent for Y e R™":

(i) Y is a generalized left inverse of A.
(i) YA™ = A™ where m = index(A).
(iii) Y A*L = AF where k > index(A).
(iv) YA = Ak for some k = 0.

Similar characterization can obviously be obtained for generalized right in-

verses.

Definition 4.4. Let A,Y € R™"™. Consider the following conditions:

(1) AY A = A.

(2) YAY =Y.

(3) AY = (AY)T.

(4) YA=(YAT.

(5) AY =Y A.

(6) YA =A™ = index(A).
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Let X be any subset of {1,2,3,4}, which contains 1. Then a M-inverse of A
1s a matriz Y which satisfies the condition i, for each i € \.
TheDrazin inverse of A is a matriz Y which satisfies the conditions (2), (5)

and (6), hence it is a generalized left inverse.

In our next theorem we extend Theorem 4.3 for a subclass of singular M, -

matrices.

Theorem 4.7. If A = pl — B is a singular M, -matriz where p(B) = p, B is
an irreducible, nonnilpotent, eventually nonnegative matriz with index(B) < 1,

then there always exists an eventually positive generalized left inverse of A.

Proof. Let A= XJX~! be the Jordan canonical form of A. Then there exists
positive vectors z and y such that Az = 0 and y”"A = 0. Without loss of
generality we may assume that X = [ z XM ], then

0 0 a
_ 1
A=l X”][o D][y(l)]>
where D € R" 17! is the nonsingular part of the Jordan canonical form .J of

A.
Choose a large positive number s such that s > ﬁ for all A(# 0) € o(A).

)
s 0
hi= [ 0 D! ]
Take Y = XY, X!, so for any positive integer k, Y* = XY}X~!. Then
i, 1 0 yr
vk = €3] -
i R ][0 D(k)“ym]’

where D(k) = % (D™ and any cigenvalue A(k) of D(k) is of absolute value

less than 1. Hence it follows that, klim D(k) = 0 and,
-

Counsider the matrix

.1
klgglo S—kYk =2y’ > 0.

This shows that there exists a positive integer ky such that Y* > 0 for all
k = ko, that is, Y is an eventually positive matrix. We now show that Y is a

generalized left inverse of A. Let m = index(A). Then,

i1 |5 0 0 0 ] [0 0] m
hJ _lo D—1H0 Dm+1]_[o pm | =77
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Thus XY, X ' XJmH X1 = XJnX 1 or, Y AmHL = A™, 0

Remark 4.2. Note that from the above theorem we cannot conclude that

every generalized left inverse of A is eventually positive. Consider the matrix

3 2 3
A=81—-B=8I— 3 6 —1
-1 2 7

Then B* > 0 for all k > 3 and so A is an M, -matrix satisfying the conditions
of the previous theorem. Let A = XJX ! be the Jordan canonical form of A

where
0.25 2 0.75
and X = | 0.25 —2 —0.25

0.25 2 —0.25

P

o oo
8 ok o
S = O

Consider the generalized left (Drazin) inverse,

0 0 0
X1 0 025 —0.0625 | X!
0 0 0.25

Y =XJX!

0.0625 —0.125  0.0625
0.0625  0.125 —0.1875
—0.1875 —0.125  0.3125

Then for any positive integer k, Y* = XJ*X 1. Using induction, it can be
easily checked that

i 00 0
Jk: 0 4Lk _4k_13—1 )
00 &
which implies
YE = XJkX 1
[ 1 3
T I
= |+ =2 -1 |JkX
1 1
[ 2 —i
B = 1 2 1
= |0 -z = [0 -1 1
| 0 & -ZH 1 0 -1
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4.2. Characterization of M, -matrices

This shows that for any positive integer k, the (1,2)th entry of Y* is always

negative. Hence Y is not an eventually positive matrix.

The following theorem gives some characterizations of singular M-matrices
in terms of generalized left inverses, obtained by Neumann and Plemmons
in [35].

Theorem 4.8. [35] Let A = sI — B where B = 0 and s > 0. Then the

following statements are equivalent:
(i) A is an M-matriz.
(ii) A has a generalized left inverse Y with Y > 0.
(iii) A has a generalized left inverse Y, which is nonnegative on V. That is,

zr=20andzeVy=Yzx >=0.

(iv) A is monotone on V4. That is,

Az =20 and x e V4= 2 = 0.

Motivated by these characterizations of singular M-matrices, we now in-
troduce some new definitions and concepts, in order to give some interesting

characterizations of a subclass of singular M, -matrices.

Definition 4.5. Let Ae R™" and S < R". Then we say that A is eventually
nonnegative on S, if x € S and x = 0 imply that there exists a positive integer
ko, such that A¥z =0, for all k = k.

Remark 4.3. Note that if A is an eventually nonnegative matrix such that

A¥ >0 for all k > g, then we can choose ko = g.

Definition 4.6. Let A€ R™" and S € R™. Then we say that A is eventually
monotone on S, if there exists a positive integer ko, such that for any x €
S, AFz =0, for all k = kg, implies © = 0.

The following is an example of a matrix which is eventually monotone on a

subspace S of R%.
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4.2. Characterization of M, -matrices

Example 4.7. Consider the matrix

1 0
A= [ LY ] .
Take S = R%. Let x € S and there exists ko such that A¥z > 0 for all & > k
which imply that

1 0 T
[O (_Q)k][$2]>0forallk>ko,

which implies that x5 = 0 and 27 = 0. Hence x = 0 on S and thus the matrix

satisfies eventually monotone property on S.

Next theorem gives some equivalent characterizations for a subclass of M, -

matrices.

Theorem 4.9. Let A = sI—B where s > 0 and B is an eventually nonnegative
matrix satisfying the conditions of Theorem 4.7. Then the following statements

are equivalent:

(i) A is an M, -matriz.

(ii) A has a generalized left inverse Y, which is eventually positive.
(iii) A has a generalized left inverse Y, which is eventually nonnegative.

(iv) A has a generalized left inverse Y, which is eventually nonnegative on
Vy.

(v) A is eventually monotone on V.

Proof. (i) = (ii) follows from Theorem 4.7 and (ii) = (iii) and (iii) = (iv) are
obvious.

(iv) < (v): Let Y be a generalized left inverse of A such that if z € V4 and
2 = 0, then there exists a k such that Y*z = 0 for all k& > k. To show that A
is eventually monotone on V4.

Let € V4 and k; be a positive integer such that A*z > 0 for all k > k;
and let m = index(A). Choose ks such that ke > max{k;, m}. Since z €
Va = R(A™), there exists a z such that x = A™z. Thus for any k > ks,
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4.2. Characterization of M, -matrices

Aky = AmFz € V4 and Az > 0. Again by assumption (iv), there exists a k3
such that Y*A*z > 0 for all s = k3 and for all k > ky. Choose ko = max{ky, k3}.
Then for any k > ko, YFA*z > 0, ie., YEA™F2 > 0. Thus Y A1 = AF for
all k > m implies that YA™ 2 >0, or, 2 = A"z = Y A™ 2 > 0.

Conversely let A be eventually monotone on Vy, i.e., if x € V4 and there
exists a ko such that Az > 0, for all k > ko, then 2 > 0. Let Y be the Drazin

inverse of A. To show that Y is eventually nonnegative on V4.

=
=

Let x € Vi, x = 0 and x = A™z for some z. For any k£ > m we have
that A¥(Ykz) = YE(Akz) = YEA™Hky = Y AT, = A™2 > 0. Hence by our
assumption Y*z > 0 for all k¥ > m. Thus (iv) holds.

(iv) = (i): Let Y be a generalized left inverse of A which is eventually
nonnegative on V4. To show that s = p, where p = p(B).

Suppose that s # p. Choose a nonnegative vector x such that Bx = px
and thus for any positive integer k, Az = (s — p)*x and hence z € V4. So, by
(iv) there exists a ko such that Y*z = 0 for all k > ky. Take k = max(ko, m),

where m = index(A). Then for any k > k,
(S _p)erkl. — Aerk:L‘
— Y Amtktl,
_ YkAm+2kx
= (s— p)m+2kka

Thus (s — p)fz = (s — p)?*Y*x for all k > k. As z and Y*z with k > k are all

nonnegative vectors, so we must have s > p. O

Lemma 4.3. Let A be any real square matriz of order n. If Y is a {1}-inverse
of A with range(Y A) = range(A), then

(i) YAz = x, for all x € range(A).

(ii) YA = A% for all k = 1. In particular, index(A) < 1 and Y is a

generalized left inverse of A.

Proof. (i) Since range(YA) = range(A), so any z € range(A) can be written
as xr = Y Az, for some z and hence YAr = YAY Az =Y Az = x.

(ii) We prove it by induction on k. Let k = 1 and x € R". Then Az €
range(A) and hence by the given hypothesis there exists a z such that
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4.2. Characterization of M, -matrices

Az = Y Az, which implies that Y A%z = YAY Az = YAz = Ax. Thus
Y A% = A. Now suppose that k£ > 1 and Y A'*! = A? for all t < k. Then
YA =YV AF. A = AF1. A = A

Suppose that, m = index(A) > 1. Then there exists an x, such that
x € range(A) and z ¢ range(A?). Hence x = Ay for some y € R™. Take
y = u + v with u € range(A™) and A"™v = 0. So, A™y = A™u, or,
Y A™y = Y A™u and since m > 1, so A™ 'y = A" 1y, Repeating this
process upto (m — 1) steps, we get © = Ay = Au, hence x € range(A™ )
and m > 1 imply that = € range(A?), a contradiction. Thus index(A) <
14

]

Lemma 4.4. Let A be any real square matriz of order n. If Z is a {1}-inverse
of A with range(ZT AT) = range(AT), then

(i) 2T AZ = 2T, for all x € range(A).

(i) A*1Z = A*, for all k = 1. In particular, index(A) < 1 and Z is a

generalized right inverse of A.

Proof. Proof is similar to that of Lemma 4.3. O

The following result gives characterizations of M-matrices in terms of some

special types of generalized inverses.

Theorem 4.10. [35] Let A = sI — B where B > 0, s > 0 and p(B) = p.

Then for S = range(A), the following statements are equivalent:

TH-1174_07612305

(i) A is an M-matriz with index(A) < 1.

(ii) A has a {1}-inverse Y which is a nonnegative matriz and range(Y A) =

S.

(i) A has a {1}-inverse Y with range(Y A) = S, such that Y is nonnegative

on S.

(iv) A has a {1,2}-inverse Z with range(Z) = S, such that Z is nonnegative

on S.
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4.2. Characterization of M, -matrices

(v) A is monotone on S.

We conclude this chapter by giving similar characterizations in terms of
generalized inverses of a singular M, -matrix, A = pI —B, where B is eventually
positive, index(A) < 1 and p(B) = p.

Theorem 4.11. Let A = sI — B where B is an eventually positive matriz,
s > 0 and p(B) = p. Then for S = range(A), the following statements are

equivalent:
(i) A is an M, -matriz with index(A) < 1.

(ii) A has a {1}-inverse Y which is an eventually nonnegative matriz and

range(Y A) = S.

(i) A has a {1}-inverse Y with range(Y A) = S, such that Y is eventually

nonnegative on S.

(iv) A has a {1,2}-inverse Z with range(Z) = S, such that Z is eventually

nonnegative on S.
(v) A is eventually monotone on S.

Proof. We first show that if A is a matrix with index(A) < 1, then Y is a
generalized left inverse if and only if YV is a {1}-inverse with range(YA) =
range(A).

If index(A) < 1, that is, A is nonsingular, Then the result is obviously true,
hence assume that index(A) = 1. If The ‘if’ part follows from Lemma 4.3. Now
for the ‘only if part’, let us assume that Y is a generalized left inverse of A.
Any x € R™ can be written as * = u + v with u € range(A) and Av = 0. Then
Az = Au. Since Y is a left inverse and index(A) = 1, so we have YAu = u
and AY Az = AY Au = Au = Az and hence AY A = A.

Next if x € range(Y A), then as in the earlier case, x can be written as z = Y Ay
for some y € range(A). Since Y is a left inverse, x = y € range(A). Conversely
if = € range(A), then x = Y Az and so = € range(Y A). Hence range(Y A) =
range(A).
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4.3. Conclusion

From Theorem 4.9 it follows that if index(A) < 1, then the conditions
(ii), (iii), (v) are equivalent to the statement that “A is an M, -matrix”. Thus
we have (i) = (ii) < (ili) < (v). To complete the proof it is enough to show
(iii) = (iv) = (i).

(iii) = (iv): Let Y be a {1}-inverse of A such that range(Y A) = range(A)

and Y is eventually nonnegative on range(A). Take Z = Y AY. Then it
can be easily checked that Z is a {1,2}-inverse of A. Since Z = Y AY and
range(Y A) = range(A), so range(Z) < range(A). Again if x € range(A), then
by Lemma 4.3(i), x = YAz = ZAzx and hence range(Z) = range(A). In order
to show that Z is eventually nonnegative on range(A), it suffices to show that
ZFx = Y*z for all z € range(A), and for all positive integer k.
Let © = Au for some u € R", then Zx = YAYr = YAY Au = YAu = Y.
Now assume that k > 1, and Zfx = Y'x, for all z € range(A) and for all ¢ < k.
Then Zkx = Z¥Y(Zx) = Z*¥Y(Yz) = Y*~1(Yz) = Y*2 and by induction on
k, Z¥x = Y*z for all positive integer k.

(iv) = (i): Suppose that Z is a {1, 2}-inverse of A such that range(Z) =
range(A) and Z is eventually nonnegative on R(A). Then Z is a {1}-inverse
implies that range(ZA) = range(A) and hence by Lemma 4.3, index(A4) < 1
and Z is a generalized left inverse of A. Hence the generalized left inverse Z
is eventually nonnegative on V4 = R(A) and (i) follows from Theorem 4.9.

Thus the conditions (i) — (v) are equivalent. O

Remark 4.4. Similar results can be obtained for generalized right inverses Z,
with S = range(AT) and range(Y A) replaced by range(Z7 AT) in the above

statements.

4.3 Conclusion

We present some useful characterizations of nonsingular M, -matrices in terms
of stability and positivity of sums of principal minors. We also obtain some re-
sults for the class of M, -matrices analogous to those obtained for M-matrices,
for example the inverse-positivity property of nonsingular M-matrices. Next

we study a subclass of singular M, -matrices, and obtain interesting results on
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4.3. Conclusion

the generalized inverses of these matrices. Lastly, we present some characteri-

zations of this subclass, in terms of generalized inverses.
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Chapter 5

Conclusion and Future works

In this dissertation we study the combinatorial properties of nonnegative ma-
trices and generalized M-matrices. To begin with, we consider several types of
nonnegative bases which have interesting combinatorial structures, namely the
quasi-preferred and preferred bases. We use these bases to introduce a variant
of the Jordan canonical form for nonnegative matrices and proved the unique-
ness of such a canonical form up to block triangular similarity transformation.
We also study some combinatorial properties of nonnegative matrices with the
help of this canonical form. Moreover, we consider permuted graph representa-
tions of nonnegative bases for nonnegative matrices and derived some necessary
conditions for the existence of such bases. Nonnegative permuted graph ba-
sis is a very convenient tool for the initialization of nonnegative dynamical
systems, but not every nonnegative matrix possesses a nonnegative permuted
graph basis. It is an open problem to characterize the class of nonnegative
matrices that have a nonnegative permuted graph basis.

Next we consider two types of generalizations of M-matrices based on gener-
alizations of nonnegative matrices, called G M-matrices and M, -matrices and
try to extend the combinatorial properties of singular M-matrices to the class
of GM-matrices and M, -matrices. We prove the existence of a preferred basis
for a subclass of M, -matrices and obtain similar equivalent conditions as those
obtained for singular M-matrices, for the equality of the height and level char-
acteristics for this class of matrices. It is interesting to study combinatorial
properties for the entire class of M, -matrices. We also try to obtain similar

results for the class of GM-matrices and show the existence of a preferred
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basis for this class, if the order of the matrix does not exceed 2. We give a
counterexample to show that we cannot conclude the same if the order of the
matrix exceeds 2.

Motivated by results obtained for the characterization of nonsingular M-
matrices we try to characterize the class of nonsingular M, -matrices in terms
of stability and positivity of sums of principal minors. In addition to this,
we prove that for a subclass of nonsingular M, -matrices the inverse of these
matrices has eventually positivity property, analogous to the inverse-positivity
property for nonsingular M-matrices. We also demonstrate, with the help of
examples, that the above property is not carried over to the entire class of
M, -matrices. We also extend the notion of eventually nonnegativity property
of the inverse, for a subclass of nonsingular M, -matrices to the eventually
nonnegativity property of generalized left and right inverses of a subclass of
singular M, -matrices. We could not, however, establish this property for the
entire class of singular M, -matrices. We also find some interesting characteri-
zations of a subclass of M, -matrices in terms of some other types of generalized
inverses. It would be interesting to study all these properties for the entire class

of M, -matrices.
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communicated

Based on the work in this thesis, the following research articles are communi-

cated/to be communicated.
1. M. Saha, V. Mehrmann, The Frobenius-Jordan form of nonnegative matri-
ces, communicated.

2. M. Saha, S. Bandopadhyay, Combinatorial structure of generalized M -matrices,

communicated.

3. M. Saha, S. Bandopadhyay, Characterization of Generalized M-matrices,

under preparation.
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