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Abstract

This dissertation deals mainly with analyzing and characterizing certain

classes of matrices, nonnegative matrices and generalizations of M -matrices.

More specifically, this involves a detailed study of the structure of the general-

ized eigenspace of nonnegative matrices and the generalized nullspace of gener-

alized M -matrices. We first use preferred and quasi-preferred bases of general-

ized eigenspaces associated with the spectral radius of nonnegative matrices to

analyze the existence and uniqueness of a variant of the Jordan canonical form

which we call a Frobenius-Jordan form. Based on the Frobenius-Jordan form,

spectral and combinatorial properties of nonnegative matrices are discussed.

We also consider graph representations of nonnegative bases for nonnegative

matrices and derived necessary conditions for the existence of such graph bases.

Next we consider two types of generalized M -matrices based on the gener-

alization of nonnegative matrices, namely the class of GM -matrices and M_-

matrices. In this thesis we attempt to generalize the combinatorial proper-

ties of singular M -matrices to the class of singular GM -matrices and singular

M_-matrices. We prove the existence of a preferred basis for a subclass of

M_-matrices and obtain similar equivalent conditions for the equality of the

height and level characteristics of M_-matrices. In an attempt to obtain simi-

lar results for the class of GM -matrices, we give a complete answer regarding

the existence of a preferred basis in terms of the order of such matrices. We

also provide some characterizations of nonsingular M_-matrix involving posi-

tivity of the sums of principal minors and stability. We show that some of the

important properties, such as inverse positivity, do not carry over to the entire

class of M_-matrices, but to a subclass of these matrices. We also extend the

inverse-positivity property of nonsingular M_-matrices to generalized inverses

of singular M_-matrices. Motivated by interesting characterizations of singu-

lar M -matrices, we then introduce the concepts of eventually monotonicity

and eventually nonnegativity on subsets of Rn, which are used to characterize

a subclass of M_-matrices.
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Chapter 1

Introduction

1.1 Prologue

This dissertation deals mainly with analyzing and characterizing certain classes

of matrices which are essentially generalizations of the class of M -matrices.

The class of M -matrices introduced in 1937 by Ostrowski [42, 43], are of the

form sI � B where B is a nonnegative matrix with spectral radius ρpBq and

s ¡ 0 satisfies s ¥ ρpBq. Some of the most beautiful and elegant applications

of the classical theory of M -matrices arise in the study of Markov chains in

probability and statistics. The theory of Markov process comprises the largest

and one of the most important part of the theory of stochastic processes. This

importance is further enhanced by many applications it has found in the phys-

ical, biological, and social sciences as well as in engineering and commerce.

In addition, many of the modern methods for analyzing these chains make

strong use of recent developments in the theory of singular M -matrices and

generalized matrix inverse. Another important discipline in mathematical sci-

ence in which theory of M -matrices find elegant applications is economics. In

particular, theory of M -matrices are used to greatly simplify the construction

and the analysis of Leontief’s input-output models, which basically deals with

the particular question: What level of output should each of n industries in

a particular economic situation produce, in order that it will just be sufficient

to satisfy the total demand of economy for that product? M -matrices also

arise very frequently in investigations concerning the convergence of iteration

processes in matrix computations in relation to systems of linear equations

– 1 –
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1.1. Prologue

Ax � b. The reason for this is that very often in practical situations, A has

positive diagonal entries and nonpositive off-diagonal entries, so that the it-

eration matrices for the Jacobi, Gauss-Seidel and S.O.R. (for the relaxation

parameter ω satisfying 0   ω   1) methods are necessarily nonnegative.

Since the concept of an M -matrix is applied in such diverse areas of sci-

ence, there has been extensive research carried out on this class mainly in

two directions. One is in determining and analyzing the properties of singular

reducible M -matrices, the relationship between the spectral and graph theo-

retic properties of these matrices. The otherone is the study of nonsingular

M -matrices in trying to obtain equivalent characterizations of the class based

on the entrywise nonnegativity property of the inverse.

The study of the connection between the graph theoretic and the spectral

properties of a matrix was motivated by Perron and Frobenius’s work on the

spectral radius of a nonnegative matrix. It was shown by Perron [6] and then by

Frobenius [14–16] that (entry-wise) positive matrices and irreducible nonnega-

tive matrices have the spectral radius as one of its eigenvalues. Furthermore, it

is a simple eigenvalue, called the Perron root, and the corresponding eigenspace

is spanned by a positive vector called the Perron eigenvector. Subsequently,

attempts were made to generalize some of these results to the class of general

nonnegative matrices which may be reducible, but the results obtained were

considerably weaker.

In his Ph.D dissertation [46], Schneider studied the combinatorial struc-

ture of the generalized eigenspace corresponding to the spectral radius of a

reducible nonnegative matrix or equivalently the generalized nullspace of a re-

ducible singular M -matrix, which was initiated by Frobenius [16]. He observed

that only under certain extreme conditions, the height characteristic of an M -

matrix, which describes the analytic structure of the generalized nullspace of

the matrix, is equal to its level characteristic, which is determined by the sin-

gular graph of the matrix. Since for an arbitrary M -matrix the height and

the level characteristics are not equal, he questioned the nature of the rela-

tionship between them for the class of M -matrices and the possible conditions

under which the two characteristics are equal. These questions were answered

after a majorization relation between the two characteristics was established

– 2 –
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1.2. The relevance and aim of the topic of research

for the class of M -matrices and some equivalent conditions for the equality

of the two were obtained. However, these results could only be proved after

the existence of preferred bases was established for the generalized nullspace

of singular M -matrices. A preferred basis is a nonnegative basis of the gen-

eralized eigenspace having certain combinatorial properties determined by the

graph theoretic structure of the matrix written in Frobenius normal form. The

initial contribution in this direction was made by Rothblum [45], Richman and

Schneider [44]. Rothblum combined the combinatorial structure of nonnega-

tive matrices, which was developed by Schneider [47] and Carlson [5], with

the Perron-Frobenius theory of nonnegative matrices to obtain a nonnegative

basis having similar combinatorial properties as the preferred basis for the gen-

eralized eigenspace of the spectral radius. Later Richman and Schneider [44]

proved the existence of a preferred basis for the generalized nullspace of an

M -matrix.

As the eigenvalues and the entries of the eigenvectors of a matrix are con-

tinuous functions of the entries of the matrix, there may exist matrices having

small negative entries, but for which the spectral radius is an eigenvalue and

there is a nonnegative eigenvector associated with this eigenvalue. This obser-

vation motivates many researchers, see [8,29,39], to study this class of matrices.

This class of matrices is said to satisfy the Perron-Frobenius property.

Recently, Noutsos [39] obtained necessary and sufficient conditions for a

matrix to have a Perron eigenvector and extended some of the results of Per-

ron and Frobenius for nonnegative matrices to the class of matrices satisfying

the Perron-Frobenius property. In [33], Naqvi and McDonald introduced an-

other generalization of the class of nonnegative matrices, known as eventually

nonnegative matrices. They studied the combinatorial properties of the gener-

alized eigenspace associated with the spectral radius of this class of matrices.

1.2 The relevance and aim of the topic of re-

search

In this dissertation we focus on studying the combinatorial properties of non-

negative matrices and of generalized M -matrices. An extensive theory on the

– 3 –

TH-1174_07612305



1.2. The relevance and aim of the topic of research

properties of M -matrices is developed due to their role in numerical analysis

(e.g., splittings in iterative methods and discretization of differential equa-

tions), modelling of the economy, optimization and Markov chains [1, 2]. Re-

searchers are continuously interested to generalize the notion of M -matrices

based on the generalizations of nonnegative matrices. For a general overview

on this, we refer the reader to [7,8,29,33,39–41]. As mentioned earlier, in this

dissertation we consider two types of generalizations of M -matrices, namely

GM -matrices and M_-matrices, and study the combinatorial structure of their

generalized nullspace.

In [39], Noutsos generalized the class of nonnegative matrices based on the

well known Perron-Frobenius theory of this class. It is obvious from the conti-

nuity of the eigenvalues and the entries of the eigenvectors as functions of the

entries of matrices that the Perron-Frobenius property may also hold for ma-

trices having some small negative entries. In [49], Tarazaga et al. presented a

sufficient condition that guarantees the existence of a Perron-Frobenius eigen-

pair for the class of real symmetric matrices with some negative entries. Mo-

tivated by their work, Noutsos in [39], generalized the class of nonnegative

matrices to the class of matrices A such that both A and AT possess the

Perron-Frobenius property and in [8], Elhashash and Szyld termed this class

of matrices as WPFn. Based on this generalization of nonnegative matrices,

Elhashash and Szyld in [7], generalized the class of M -matrices and called it

GM -matrices. They extended some analogous results known to be true for

M -matrices to the class of GM -matrices. In particular, they proved that if A

is a nonsingular GM -matrix, then A�1 P WPFn.

Among the other generalizations of nonnegative matrices, eventually noneg-

ative matrices are the focus of study in recent years by many researchers, partly

because they generalize and shed new light on the class of nonnegative matrices

(see [29, 33, 34, 39, 53, 54]) and partly because of their applications in systems

theory (see [40,50–52]). A matrix A is called an eventually nonnegative matrix

if there exists a k0 P N such that Ak is a nonnegative matrix for all k ¥ k0.

In dynamical systems, one is frequently interested in qualitative information

regarding state evaluation. In particular, due to physical and modelling con-

straints arising in engineering, biological, medical and economic applications,

– 4 –
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1.2. The relevance and aim of the topic of research

it is of common interest to impose condition for nonnegative states [1]. Such

applications typically arise in the theory of linear systems,

9xptq � Axptq, A P Rn,n, xp0q � x0 P Rn, t ¥ 0. (1.1)

The solution is given by xptq � etAx0, t ¥ 0 and the set

txptq � etAx0 | t P r0,8qu

is known as the trajectory emanating from x0. Then the trajectory emanating

from x0 becomes nonnegative and remains nonnegative if there exists a t0 ¥ 0

such that etA ¥ 0 for all t ¥ t0 and such a matrix A is termed as an eventually

exponentially nonnegative matrix. In [40], Noutsos and Tstatsomeros proved

that eventually nonnegative matrices having the largest Jordan block of size at

most 1, corresponding to the eigenvalue 0 are eventually exponentially nonneg-

ative matrices. Thus the combination of such a matrix with the initial point

x0 results in trajectories that reach and stay in the nonnegative orthant.

The relation between the combinatorial structure of nonnegative matrices

and their spectrums, eigenvectors, and Jordan structure is interesting as well

as useful and an overview of this can be found in [2, 21, 48]. Frieldland [13],

Handelman [20], Zaslavsky and Tam [54] and Zaslavsky and McDonad [53]

looked at extending these results on the combinatorial structure to eventually

nonnegative matrices, but in their study they found that this relationship was

inconsistent. For example, the eventually nonnegative matrix

A �

�
���

1 1 1 �1
1 1 �1 1
1 1 1 1
1 1 1 1

�
���

is irreducible with the spectral radius ρpAq � 2 appearing as an eigenvalue

with multiplicity two. Again the irreducible nonnegative matrix

B �

�
���

1 1 1 �1
1 1 �1 1
1 1 2 2
1 1 2 2

�
���

has its spectral radius 4 as a simple eigenvalue, but the associated eigenvector

x � r0 0 1 1sT is not positive. But in [33], Naqvi and McDonald showed that

– 5 –
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1.2. The relevance and aim of the topic of research

the nilpotent part of an eventually nonnegative matrix contributes significantly

in determining the combinatorial structure for the same. Many combinatorial

properties, including the above mentioned properties of nonnegative matrices

carried over to the class of eventually nonnegative matrices if the matrix is

nonnilpotent.

Olesky, Tsatsomeros and Driessche [41] generalized the class of M -matrices

based on eventually nonnegative matrices and termed them as M_-matrices,

that is, an M_-matrix has the form sI � B where 0   ρpBq ¤ s and B is

eventually nonnegative. They showed that M_-matrices satisfied many prop-

erties analogous to that of M -matrices. As mentioned earlier Schneider and

Hershkowitz, in [23–25], studied extensively the combinatorial structure of the

generalized nullspace of M -matrices and the relation between the spectral and

graph theoretic properties of these matrices. Motivated by their work, in this

thesis, we try to generalize the combinatorial properties of singular M -matrices

to the class of GM -matrices and M_-matrices. In this dissertation, we study

the Preferred Basis Theorem (see [45]) for a subclass of M_-matrices and try

to obtain similar equivalent conditions for the equality of the height and level

characteristics of M_-matrices. We also study the combinatorial properties of

these matrices. In an attempt to obtain similar results for the class of GM -

matrices, we give a complete answer regarding the existence of a preferred basis

in terms of the order of such matrices. We use the characteristics of preferred

and quasi-preferred bases of generalized eigenspaces associated with the spec-

tral radius of nonnegative matrices to analyze the existence and the uniqueness

of a variant of the Jordan canonical form which we call the Frobenius-Jordan

form. Based on this Frobenius-Jordan form, interesting results related to the

spectral and combinatorial properties of nonnegative matrices are obtained.

The study of nonsingular M -matrices was initiated by Ostrowski and was

later continued and consolidated by various others like Fan [9], and Fiedler and

Ptak [12]. They presented some useful characterizations of this class in terms

of some easily verifiable conditions. Schneider later tried to obtain analogous

results for the class of singular M -matrices. We in this dissertation try to

extend some of these results to the class of GM and M_-matrices and obtain

some interesting results on the generalized inverses of these matrices.

– 6 –
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1.3. Thesis overview

1.3 Thesis overview

The proposed thesis attempts to contribute to the theory of nonnegative matri-

ces and generalized M -matrices. The contents of the chapters in the remaining

part of the thesis are described briefly as follows:

Chapter 2:

In this chapter we discuss the connection between the spectral and the com-

binatorial properties of nonnegative matrices. Because of their nice combina-

torial properties,preferred basis and quasi-preferred basis have special signifi-

cance on the study of nonnegative matrices. In this chapter we use these bases

to analyze the existence and uniqueness of a variant of the Jordan canonical

form called the Frobenius-Jordan form. We also investigate some graph theo-

retic properties of nonnegative matrices with the help of its Frobenius-Jordan

form. Furthermore, we obtain permuted graph representations of nonnega-

tive bases for nonnegative matrices. We derive necessary conditions for the

existence of such graph bases.

Chapter 3:

In this chapter we study the connection between the combinatorial and the

spectral structure of the generalized null space of generalized M -matrices,

namely the class of GM -matrices and the class of M_-matrices. We prove

the Preferred Basis Theorem for a subclass of M_-matrices and obtain similar

equivalent conditions as that of M -matrices for the equality of the height and

level characteristics of this class of matrices.

Chapter 4:

In this chapter, we present some useful characterizations of nonsingular M_-

matrices in terms of stability and positivity of sums of principal minors. We

also obtain some results for the class of M_-matrices similar to those obtained

for M -matrices, for example the inverse-positivity property of nonsingular M -

matrices. Next we study a subclass of singular M_-matrices, and obtain inter-

– 7 –
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1.3. Thesis overview

esting results on the generalized inverses of these matrices. Lastly, we present

some characteristics of matrices of this subclass with reference to their gener-

alized inverses.

Chapter 5:

We conclude by giving a brief summary and analysis of the work reported in

the previous chapters. We also discuss the possible future directions of our

research.

– 8 –
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Chapter 2

The Frobenius-Jordan form of
nonnegative matrices

2.1 Introduction

In this chapter we discuss the relation between the spectral and combinatorial

properties of nonnegative matrices. It is well-known that for the invariant sub-

space associated with the spectral radius of a nonnegative matrix, there exist

several types of nonnegative bases which have a nice combinatorial structure,

see [3, 22–25, 30, 36–38, 44, 45, 48], called preferred bases and quasi-preferred

bases. We use these bases to analyze the existence and uniqueness of a variant

of the Jordan canonical form named Frobenius-Jordan form. The said form is

a combination of the classical Jordan canonical form [17, 26] in the part asso-

ciated with the eigenvalues that are different from the spectral radius; while it

is like the Frobenius normal form [15] in the part associated with the spectral

radius.

The chapter proceeds as follows: Section 2.2 contains some notation and

preliminary results mostly introduced in [24]. In Section 2.3 we introduce the

Frobenius-Jordan form of a matrix and show the existence and uniqueness

(up to similarity transformation) of such a form for nonnegative matrices.

Furthermore, we investigate some graph theoretic properties of nonnegative

matrices with the help of the Frobenius-Jordan form. In Section 2.4 we obtain

permuted graph representations of nonnegative bases for nonnegative matrices.

We derive necessary conditions for the existence of such graph bases and show

– 9 –
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2.2. Notation and Preliminaries

that they need not always exist. We conclude with a summary.

2.2 Notation and Preliminaries

This section contains basic notations and some preliminary results, mostly

from [24]. We denote the set t1, 2, . . . , nu by xny. For a real n � m matrix

A � rai,js we use the following terminology and notation.

• A ¥ 0 (A is nonnegative ) if ai,j ¥ 0, for all i P xny, j P xmy.

• A ¡ 0 (A is strictly positive) if ai,j ¡ 0, for all i P xny, j P xmy.

If n � m, then we denote by

• σpAq the spectrum of A.

• ρpAq � maxλPσpAqt|λ|u, the spectral radius of A.

• NpAq the nullspace of A, and by npAq the nullity of A.

• indexλpAq the size of the largest Jordan block associated with the eigen-

value λ, and if A is singular we simply write index0pAq as indexpAq.

• EλpAq, the generalized eigenspace of A corresponding to the eigenvalue

λ, i. e., NppλI � Aqnq. In case A is a singular matrix, we simply write

EpAq for E0pAq.

Definition 2.1. An n � n matrix A is said to be reducible if there exists a

permutation matrix Π such that

ΠAΠT �

�
B C
0 D

�
, (2.1)

where B and D are square matrices or A � 0 in case n � 1. Otherwise A is

called irreducible.

If A is reducible and of the form (2.1), and if a diagonal block is reducible,

then this block can be reduced further via permutation similarity. If this

– 10 –
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2.2. Notation and Preliminaries

process is continued, then finally there exists a suitable permutation matrix Π

such that A is in the block triangular form

ΠAΠT �

�
����
A11 A12 . . . A1p

0 A22 . . . A2p
...

...
. . .

...
0 0 . . . App

�
���� , (2.2)

where each block Aii is square and is either irreducible or a 1 � 1 null ma-

trix. This block triangular form is called a Frobenius normal form of A. An

irreducible matrix consists of one block, is in Frobenius normal form.

If A � rAijs is an n�n matrix in Frobenius normal form with p block rows

and columns, and when discussing matrix-vector multiplication with A or the

structure of eigenvectors of A, we partition vectors b analogously in p vector

components bi conformably withA, and we define, supppbq :� ti P xpy : bi � 0u,

as the support of b.

For the matrix A, the (directed) graph of A denoted by ΓpAq is a graph

with vertices 1, 2, . . . , n in which pi, jq is an edge if and only if aij � 0. A path

from vertex j to vertex m of length t is a sequence of t vertices v1, v2, . . . , vt

such that pvl, vl�1q is an edge in ΓpAq for l � 1, 2, . . . , t � 1 where v1 � j and

vt � m. We say a vertex j has access to m, if i � j or there is a path from

j to m in ΓpAq and in this case we write j Ñ m. We write j Û m if j does

not have access to m. The transitive closure of ΓpAq denoted by ΓpAq is the

graph with the same vertex set as that of ΓpAq and pi, jq is an edge in ΓpAq if

i has access to j in ΓpAq. If j has access to m and m has access to j, we say

j and m communicate. The communication relation is an equivalence relation

on t1, 2, . . . , nu and an equivalence class α is called a class of A. For any two

classes α and β of A, we say that α has access to β in ΓpAq if there are vertices

i P α and j P β such that i has access to j in ΓpAq.

The reduced graph of A, denoted by RpAq is the graph with vertex set

consisting of all the classes in A and pi, jq is an edge in RpAq if and only if i

has access to j in ΓpAq.

For any α, β � t1, 2, . . . , nu, Aαβ denotes the submatrix of A whose rows

are indexed by α and whose columns are indexed by β. If α is a class of A,

then we say that α is a basic class if ρpAααq � ρpAq, a singular class if Aαα
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is singular, an initial class if it is not accessed by any other class of A and a

final class if it does not have access to any other class of A.

A chain of classes is a collection of classes such that each class in the collec-

tion has access to or from every other class in the collection. A chain of classes

with initial class J and final class K is called a chain from J to K. The length

of a chain is the number of singular classes it contains. We say J has access

to K in n steps if the length of the longest chain from J to K is n.

Definition 2.2. For a set W of vertices in the vertex set V pAq of RpAq we

introduce the following sets.

belowpW q � ti P V pAq : there exists j P W such that iÑ ju;

abovepW q � ti P V pAq : there exists j P W such that j Ñ iu;

toppW q � ti P W : j P W, iÑ j imply i � ju;

bottompW q � ti P W : j P W, j Ñ i imply i � ju.

Definition 2.3. [24,25] Let A be an n�n singular matrix in Frobenius normal

form (2.2), and let HpAq be the collection of all singular vertices in RpAq.

piq We define the singular graph SpAq associated with RpAq as the graph

with vertex set HpAq and pi, jq is an edge if and only if i has access to j

in RpAq.

piiq The level of a vertex i in RpAq, denoted by levelpiq, is the maximal

number of singular vertices on a path in RpAq that terminates at i.

piiiq Let x be a block-vector with p blocks, partitioned according to the Frobe-

nius normal form of A. The level of x, denoted by levelpxq, is defined to

be maxtlevelpiq : i P supppxqu.

pivq For a nonzero vector x in the generalized nullspace EpAq, we define the

height of x, denoted by heightpxq, to be the minimal nonnegative integer

k such that Akx � 0.

The other essential objects in our analysis are appropriately chosen sets of

basis vectors for the generalized eigenspace associated with the spectral radius.
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Definition 2.4. [23] Let A be a singular matrix in Frobenius normal form

(2.2), and let HpAq � tα1, . . . , αqu, with α1   . . .   αq being the set of singular

vertices in RpAq.

A set of vectors x1 � rx1
j s, . . . , x

q � rxqjs ¥ 0 is called a quasi-preferred set

for A if

xij ¡ 0 if j Ñ αi, and xij � 0 if j Û αi

for all i � 1, . . . , q and j � 1, . . . , p.

If in addition we have

�Axi �
q̧

k�1

ck,ix
k, i � 1, . . . , q,

where the ck,i satisfy

ck,i ¡ 0 if αk Ñ αi, i � k; and ck,i � 0 if αk Û αi or i � k

then the set of vectors x1, . . . , xq is said to be a preferred set for A. A (quasi-

)preferred set that forms a basis for EpAq is called (quasi-)preferred basis for

A.

Important objects that we use to combine the spectral and combinatorial

structure of nonnegative matrices are the level and height characteristics.

Definition 2.5. [24, 25] Let t � indexpAq. For i P xty, let ηipAq � npAiq �

npAi�1q. The sequence pη1pAq, . . . , ηtpAqq is called the height characteristic of

A, and is denoted by ηpAq.

Definition 2.6. [25] The cardinality of the jth level of SpAq is denoted by

λjpAq. If SpAq has m levels, then the sequence pλ1pAq, . . . , λmpAqq is called a

level characteristic of A, and is denoted by λpAq.
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Example 2.1. Let

A �

�
���������������

0 �1 �1 0 0 0 �1 0 0 0
0 1 0 �1 0 �1 0 0 0 0
0 0 1 �1 0 0 0 0 �1 0
0 0 0 0 �1 �1 0 �1 0 0
0 0 0 0 0 �1 0 0 0 �1
0 0 0 0 0 1 0 �1 �1 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1

�
���������������

.

The graph ΓpAq of A is: The singular graph SpAq of A is:

1

2

4

5

10

7
3

9

6

8

1

4

5

7

8 9

If ∆i is the collection of all vertices of level i, then ∆1 � t1, 2, 3u,∆2 �

t4, 7u,∆3 � t5, 6, 10u,∆4 � t8, 9u.

If we take x � r0 � 1 � 1 1 2 0 0 0 0 0sT P EpAq, then levelpxq � 3 �

heightpxq.

Take W � t3, 4, 5, 8, 10u, then toppW q � t8, 10u and bottompW q � t3u.

Also we have λpAq � p1, 2, 1, 2q and ηpAq � p3, 1, 1, 1q.
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In the following sections we make frequent use of the interplay of a nonneg-

ative matrix B and the M -matrix A � ρpBqI �B.

Definition 2.7. An n�n matrix A is called an M -matrix if it can be written

as A � sI �B, where B ¥ 0 and s ¥ ρpBq.

The following results are well-known.

Theorem 2.1. [24] Let A be an M-matrix. If x is a nonnegative vector in

EpAq, then heightpxq � levelpxq.

Theorem 2.2. [24,45] (Preferred Basis Theorem) If A is an M-matrix, then

there exists a preferred basis for the generalized nullspace EpAq of A.

In the next section we introduce the Frobenius-Jordan form of a nonnegative

matrix.

2.3 The Frobenius Jordan Form of a Nonneg-

ative matrix

In this section we prove the existence of a Frobenius-Jordan form for a non-

negative matrix and discuss the combinatorial properties.

Lemma 2.1. [11, 28] If two non-negative matrices have no zero rows then

their product (when defined) has no zero rows either.

Theorem 2.3. Let B be an n � n nonnegative matrix with spectral radius ρ.

Then there exists a nonsingular matrix T � rT1 T2s such that the columns of

T1 form a quasi-preferred basis of ρI �B and

T�1BT �

�
ZF Z12

0 ZJ

�
� Z, (2.3)

where ZF is nonnegative, in block upper-triangular form

ZF �

�
����
ρIn1 Z1,2 . . . Z1,t

0 ρIn2

. . .
...

...
. . . . . . Zt�1,t

0 . . . . . . ρInt

�
���� , (2.4)
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σpZF q � tρu, ρ R σpZJq, and ZJ is in Jordan canonical form. If, furthermore,

for j � 1, . . . , t � 1, none of the blocks Zj,j�1 has a zero column, then the

block-sizes n1, . . . , nt are invariant.

Proof. Consider the M -matrix A � ρI�B. Without loss of generality, we may

assume that A is in Frobenius normal form (2.2), and let α1   α2   . . .   αq be

the singular vertices of A. Since A is an M -matrix, by Theorem 2.2 it follows

that A has a preferred basis tx1, x2, . . . , xqu for the generalized nullspace EpAq,

with Axi � �
q̧

k�1

ĉk,ix
k, so that

Bxi � ρxi �
q̧

k�1
k�i

ĉk,ix
k, (2.5)

where the ĉk,i satisfy ĉk,i ¡ 0 if αk Ñ αi, and ĉk,i � 0 if αk Û αi for i, k P

t1, . . . , qu, i � k. If we set T1 � rx1, . . . , xqs, then equation (2.5) implies that

BT1 � T1ZF with

ZF �

�
����
ρ ĉ1,2 . . . ĉ1,q

0 ρ . . . ĉ2,q
...

...
. . . ĉq�1,q

0 0 . . . ρ

�
���� ,

nonnegative. Then ZF can always be partitioned as in (2.4). Since the columns

of T1 are linearly independent, we can extend them to a basis of Rn to form

T
1

� rT1 T
1
1s, i.e., we have

BT
1

� T
1

�
ZF Z12

0 Z2

�

for some matrices Z12 and Z2, where Z2 and ZF have no common eigenvalue.

Then there exists a unique solution W to the Sylvester equation ZFW�WZ2 �

�Z12, (see [17]), and with

T � T
1

�
I W
0 I

�
diagpI, V2q � rT1 T2s,

where V2 is a nonsingular matrix such that V �1
2 Z2V2 � ZJ is in Jordan canon-

ical form, we have that T�1BT is as in (2.3).
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It remains to show that the block-sizes n1, . . . , nt of ZF are invariant if none

of the blocks Zi,i�1 in (2.4) has a zero column. Set m0 � 0,mi � n1 � . . .� ni

and X i � rxmi�1�1, . . . , xmis, for i � 1, 2, . . . , t. Let pλ1, . . . , λ`q be the level

characteristic of A, with ` being the length of the longest chain in A.

We first prove by induction on i that for i P t1, . . . , tu we have heightpxjq � i,

for all j P tmi�1 � 1, . . . ,miu with the convention n0 � 0. For j P xn1y, we

have Axj � 0, due to (2.3) and the fact that the columns x1, . . . , xq of T1 form

a quasi-preferred basis for EpAq. This shows that heightpxjq � 1, for j P xn1y.

Now assume that for any i with i   k ¤ `, we have heightpxjq � i, for

all j P tmi�1 � 1, . . . ,miu. Thus, we have AiX i � 0 and the columns of

Ai�1X i are nonzero. But then BT1 � T1ZF implies that �AXk � X1Z1,k �

. . .�Xk�1Zk�1,k. Multiplying with Ak�1 and Ak�2 respectively from the left,

we obtain AkXk � 0 and Ak�1Xk �
�
Ak�2Xk�1

�
Zk�1,k � 0, by Lemma

2.1 as each column of both the matrices Zk�1,k and Ak�2Xk�1 is nonzero,

Zk�1,k is a nonnegative matrix and either Ak�2Xk�1 or �Ak�2Xk�1 must be

nonnegative. This shows that heightpxjq � k, for all j P tmk�1 � 1, . . . ,mku.

As a consequence of this and Theorem 2.1, we conclude that for i P t1, . . . , tu,

levelpxjq � i for all j P tmi�1 � 1, . . . ,miu. Thus, we have ni � λi and

t � `.

We call a matrix Z, as defined in Theorem 2.3, a Frobenius-Jordan form of

B and ZF the leading diagonal block of this form.

The following example shows that the block sizes need not always be invariant.

Example 2.2. Consider the matrix A � 2I �B where

B �

�
�����

2 1 1 1 1
2 0 0 1

1 1 0
1 1 0

2

�
����� .

The singular vertices of A are ordered according to their access level here,

levelp1q � 1, levelp2q � 2 � levelp3q, levelp4q � 3. For the quasi-preferred

basis x1 � r1 0 0 0 0sT , x2 � r1 1 0 0 0sT , x3 � r1 0 1 1 0sT , x4 � r1 1 0 0 1sT
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we have

Arx1 x2 x3 x4s � rx1 x2 x3 x4s

�
���

2 1 2 1
2 0 1

2 0
2

�
��� �

�
���

2 r1 2s 0

2I2

�
1
0

�
2

�
��� �: ZF1

Arx1 x2 x3 x4s �

�
�2 1 r2 1s

2 r0 1s
2I2

�
� �: ZF2

So, the block sizes are not unique.

Remark 2.1. If we consider a particular Frobenius normal form of A with the

number of diagonal blocks is equal to the number of levels in RpAq and the ith

diagonal block is of order λi, then the block-sizes in (2.4) are always invariant

and nj � λj for all j.

The following example shows that in general the Frobenius-Jordan form of

a matrix may not be unique.

Example 2.3. Let

B �

�
�������

2 2 1 1 0 0
2 2 1 1 0 0
0 0 0 4 0 1
0 0 4 0 1 0
0 0 0 0 2 2
0 0 0 0 2 2

�
�������
.

Then ρpBq � 4 and if A � 4I �B, then indexpAq � 3 and

EpAq � Npp4I �Bq3q �
 
x � rxis P R6,1 : x1 � x2, x3 � x4, x5 � x6

(
.

Consider the quasi-preferred bases spanned by the columns of X � rx1 x2 x3s

and Y � ry1 y2 y3s, with x1 � r1 1 0 0 0 0sT ; x2 � r1 1 1 1 0 0sT ; x3 �

r1 1 1 1 1 1sT ; and y1 � x1; y2 � 2x2; y3 � 4x3. Then we have

BX � X

�
� 4 2 1

0 4 1
0 0 4

�
� � XZF1 , BY � Y

�
� 4 4 4

0 4 2
0 0 4

�
� � Y ZF2 .

Thus, the leading diagonal block of a Frobenius-Jordan form (and hence the

Frobenius-Jordan form) of a nonnegative matrix is not unique.
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Our next theorem shows that the leading diagonal blocks of any two Frobenius-

Jordan forms of a matrix B are related by a similarity transformation via a

block upper triangular matrix.

Theorem 2.4. Let

ZF �

�
����
ρIn1 Z1,2 . . . Z1,t

0 ρIn2 . . . Z2,t
...

...
. . . Zt�1,t

0 0 . . . ρInt

�
����

and

Z̃F �

�
����
ρIm1 Z̃1,2 . . . Z̃1,t

0 ρIm2 . . . Z̃2,t
...

...
. . . Z̃t�1,t

0 0 . . . ρIms

�
����

be the leading diagonal blocks corresponding to two Frobenius-Jordan forms of

a nonnegative matrix B with n1 � . . . � nt � m1 � . . . �ms � q. Then there

exists an upper triangular matrix F with positive diagonal entries such that

Z̃F � F�1ZFF.

In particular, if the block-sizes are invariant, that is, t � s and ni � mi � λi,

then the matrix F � rFi,js has the same block structure and the diagonal blocks

F1,1, . . . , Ft,t are positive diagonal matrices.

Proof. Let A � ρI �B and let HpAq � tα1, . . . , αqu, with α1   α2   . . .   αq

be the set of singular vertices in RpAq with A � ρI�B, where q is the algebraic

multiplicity of the eigenvalue 0 of A. Let ZF and Z̃F be the leading diagonal

blocks of two Frobenius-Jordan forms of B corresponding to the nonsingular

matrices T � rT1 T2s and T̃ � rT̃1 T̃2s, so that the columns of T1 � rx1 . . . xqs

and T̃1 � rx̃1 . . . x̃qs, both form quasi-preferred bases, respectively, with BT1 �

T1ZF and BT̃1 � T̃1Z̃F . Since the columns of T1 and T̃1 are bases for the

generalized nullspace of A, there exists a nonsingular matrix F P Rq,q such

that T̃1 � T1F with F � rfi,js. Thus, for any i P xqy we have

x̃i � f1,ix
1 � f2,ix

2 � . . .� fq,ix
q. (2.6)
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Let i P xqy and consider the set Vi � tαj P HpAq : fj,i � 0u. We now show

that Vi � belowpαiq.

Suppose first that αj P toppViq but αj R belowpαiq. Then xiαj
� 0 � x̃iαj

,

but αj P toppViq implies that fj,i � 0, and if fr,i � 0 and αj Ñ αr (in which

case xrαj
¡ 0), then r � j.

Thus from equation (2.6) we obtain x̃iαj
� fj,ix

j
αj

which implies that fj,i � 0,

which is a contradiction. Hence, we have toppViq � belowpαiq.

Suppose next that αj P Viz toppViq. Then there exists αr P toppViq such

that αj Ñ αr and j � r, which implies that αj P belowpαiq, because toppViq �

belowpαiq. This shows that Vi � belowpαiq, i. e., fj,i � 0 if αj Û αi. Thus

it follows that F is an upper triangular matrix with nonzero diagonals. Since

AT̃1 � T̃1Z̃F , AT1 � T1ZF and T̃1 � T1F , it follows that T1ZFF � T1FZ̃F ,

which implies that ZFF � FZ̃F .

If αr P Vi and αi Ñ αr, then αr P belowpαiq and thus i � r. This shows

that αi P toppViq and hence equation (2.6) implies that x̃iαi
� fi,ix

i
αi

. Thus

fii ¡ 0.

The last part of the theorem follows from the fact that for all i P xqy, Vi �

belowpαiq.

One may raise the question whether every possible Jordan form as in (2.3)

with a nonnegative basis T1 stems from a quasi-preferred basis. This is not

the case as the following example shows.

Example 2.4. The matrix

B �

�
� 2 0 0

0 1 1
0 1 1

�
�

has ρ � ρpBq � 2. Take A � ρI �B. Consider the nonnegative basis of EpAq

spanned by the columns of T � rx1 x2s, with x1 � r1 1 1sT , x2 � r2 3 3sT .

Then Brx1 x2s � rx1 x2s

�
2 0
0 2

�
� TZ, where Z � 2I is the leading block

of Frobenius-Jordan form of B, but the columns of T do not form a quasi-

preferred basis for A. Note that in this example index2pBq � 1.
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Since not every nonnegative basis with columns that satisfy condition (2.3)

in Theorem 2.3 is a quasi-preferred basis one may ask whether there is a weaker

relation.

Example 2.5. The matrix

B �

�
���

2 0 0 1
0 1 1 0
0 1 1 0
0 0 0 2

�
���

has ρpBq � 2 and E2pBq � tx � rxis P R4 : x2 � x3u.

Consider the nonnegative basis of E2pBq spanned by the columns of T �

rx1 x2 x3s with x1 � r1 0 0 0sT , x2 � r1 1 1 0sT , x3 � r0 1 1 1sT . Then,

BT � T

�
� 2 0 1

0 2 0
0 0 2

�
� �: TZF ,

where ZF is the leading diagonal block of a Frobenius-Jordan form of B. Here

we have x3
1 � 0 but 1 Ñ 3, x2

1 ¡ 0 but 1 Û 2.

In Theorem 2.4 we have shown that Frobenius-Jordan forms of a nonneg-

ative matrix may not be unique, but the leading diagonal blocks of any two

Frobenius-Jordan forms are related via a block upper triangular similarity

transformation with diagonal blocks are positive diagonal matrices.

In order to characterize different Frobenius-Jordan forms of the same matrix

B, we study a Frobenius-Jordan form where the leading block has the maximal

number of nonzeros. We now denote this leading block by ZF,max.

Example 2.6. In Example 2.3, ZF1 and ZF2 both contain maximal number of

nonzeros and they are not permutationally similar, whereas they are diagonally

similar.

Unfortunately not all Frobenius-Jordan forms with a maximal number of

nonzeros are diagonally similar as the following example shows.
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Example 2.7. Let

B �

�
���������

2 1 0 0 0 0 0
0 2 0 1 1 0 0
0 0 1 1 0 1 0
0 0 1 1 0 0 0
0 0 0 0 2 0 1
0 0 0 0 0 2 1
0 0 0 0 0 0 2

�
���������
.

It is easy to check that ρpBq � 2 and for A � 2I � B we have indexpAq � 5.

Consider the two preferred bases spanned by the columns ofX � rx1 x2 x3 x4 x5 x6s

and Y � ry1 y2 y3 y4 y5 y6s, where

x1 � r1 0 0 0 0 0 0sT , y1 � x1,

x2 � r1 1 0 0 0 0 0sT , y2 � x2,

x3 � r2 2 1 1 0 0 0sT , y3 � r3 3 2 2 0 0 0sT ,

x4 � r2 2 0 0 1 0 0sT , y4 � r5 5 0 0 4 0 0sT ,

x5 � r4 4 2.5 2 0 1 0sT , y5 � x5,

x6 � r18 18 10.25 8 1 5 1sT , y6 � x6.

We have BX � XZFX
and BY � Y ZFY

with

ZFX
�

�
�������

2 1 1 1 2 9
0 2 1 1 1 2.5
0 0 2 0 0.5 0.25
0 0 0 2 0 1
0 0 0 0 2 1
0 0 0 0 0 2

�
�������
, ZFY

�

�
�������

2 1 1 1 2 9
0 2 2 4 1.25 3.375
0 0 2 0 0.25 0.125
0 0 0 2 0 0.25
0 0 0 0 2 1
0 0 0 0 0 2

�
�������
.

If ZFX
and ZFY

were diagonally similar and D � diagpd1, d2, d3, d4, d5, d6q such

that ZFX
D � DZFY

, then D would have to satisfy the homogeneous linear

system d1 � d2 � d3 � d5 � d6, d5 � 1.25 d2, which however only has the

trivial solution, hence ZFX
and ZFY

are not diagonally similar.

In our next theorem we show that the subgraph of B corresponding to the

leading block of any leading block in a Frobenius-Jordan form is a subgraph

of ZF,max. For this we make use of the following lemma.
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Lemma 2.2. [22] Let B P Rn,n be in Frobenius normal form (2.2) and let

x P Rn be partitioned analogously. Then supppBxq � belowpsupppxqq.

Lemma 2.3. Let B P Rn,n be a nonnegative matrix in Frobenius-Jordan form

(2.3) with leading block ZF � rz1, . . . , zqs that corresponds to the quasi-preferred

basis spanned by the columns of T1 � rx1, . . . , xqs. Let A � ρI � B with

ρ � ρpBq and let HpAq � tα1, . . . , αqu, with α1   . . .   αq be the set of

singular vertices in RpAq. Then, for any i P xqy, supppziq � belowpαiq.

Proof. Let ZF � rzi,js. Then BT1 � T1ZF implies that

Bxi � ρxi �
i�1̧

k�1

zk,ix
k, i � 1, . . . , q. (2.7)

We have to show that for every i P xqy the inclusion supppziq � belowpαiq

holds, which is equivalent to toppsupppziqq � belowpαiq.

Let αk P toppsupppziqq. Then (2.7) implies that

pBxiqαk
� ρxiαk

� zk,ix
k
αk
. (2.8)

If pBxiqαk
� ρxiαk

, then equation (2.8) implies that zk,i � 0, which is a con-

tradiction. So we must have αk P supppAxiq and so by Lemma 2.2 we have

αk P supppxiq. Then from the definition of the quasi-preferred basis it follows

that αk P belowpαiq.

Using this lemma we can now prove the following theorem.

Theorem 2.5. All possible graphs associated with a leading block of a Frobenius-

Jordan form of B are subgraphs of the graph of ZF,max.

Proof. Consider the M -matrix A � ρI � B with ρ � ρpBq. Suppose that

BTmax � TmaxZF,max, with ZF,max � rẑ1, . . . , ẑqs, such that the columns of

Tmax form a quasi-preferred basis. By Theorem 2.2, there exist a preferred basis

spanned by the columns of Y � ry1, . . . , yqs for EpAq and let BY � Y ZF

with ZF � rz1, . . . , zqs be the corresponding part of the Frobenius-Jordan

form. Then by definition, for i P xqy we have supppziq � belowpαiq. But by

Lemma 2.3, supppẑiq � belowpαiq � supppziq. Since ZF,max contain maximal

nonzero entries, we must have supppẑiq � belowpαiq.
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2.4. Nonnegative permuted graph basis for nonnegative matrices

As a consequence of Theorem 2.5 we have that every leading block with a

maximal number of nonzeros is associated with a preferred basis, while all the

leading blocks with fewer nonzeros only are related to quasi-preferred bases.

In this section we introduce Frobenius-Jordan forms and analyzed the re-

lationship between different such forms. In the next section we discuss about

permuted graph bases for the generalized eigenspace associated with ρpBq.

2.4 Nonnegative permuted graph basis for non-

negative matrices

In this section we present some partial results associated with a special choice

of the nonnegative basis T1 for the invariant subspace associated with spectral

radius of a nonnegative matrix B. This topic is of interest in the solution of

nonsymmetric algebraic Riccati equations with elementwise nonnegative solu-

tion, (see [18, 19, 32]), where for a block matrix, one considers the invariant

subspace equation �
B11 B12

B21 B22

� �
I
X

�
�

�
I
X

�
Z1

and X is the elementwise nonnegative solution of the Riccati equation B21 �

B22X � XB11 � XB12X � 0. If the matrix Z1 is the matrix associated with

the spectral radius of a nonnegative matrix, then the Frobenius-Jordan form

yields a nonnegative basis, but it is not necessarily of this special form. So one

may ask whether such a special basis exists for a given nonnegative matrix or

at least for permutationally similar matrix.

Another motivation to study this topic is the initialization of discrete-time

dynamical systems. Consider an iteration xk�1 � Bxk with an n� n nonneg-

ative matrix B of spectral radius 1, and suppose that the columns of a matrix

T1 span the invariant subspace of B associated with the eigenvalues of modulus

equal to 1, i.e., BT1 � T1Z1,1 and Z1,1 is associated with all the eigenvalues of

B of modulus 1. Completing T1 to a nonsingular matrix T we obtain

T�1BT �

�
Z1,1 Z1,2

0 Z2,2

�
, yk �

�
y1
k

y2
k

�
� T�1xk.
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2.4. Nonnegative permuted graph basis for nonnegative matrices

Then for arbitrary y2
0, the iterates are bounded if and only if y1

0 is in the in-

variant subspace spanned by the eigenvectors associated with eigenvalues of

modulus 1, while they grow unbounded if y1
0 has a component in the direction

of a generalized eigenvector. Furthermore, the iteration becomes stationary if

and only if y1
0 is in the invariant subspace spanned by the eigenvectors asso-

ciated with the eigenvalue 1. In many applications such as Markov chains or

positive systems, (see [2, 10]), the iterates describe positive quantities such as

probabilities or concentrations and then also the initial vectors must be nonneg-

ative. Such initial vectors can be easily constructed via the Frobenius-Jordan

form. In the transformation matrix to Frobenius-Jordan form the matrix T2

that completes T1 to a nonsingular matrix is special (to create the Jordan

structure), but for the analysis and for carrying out such iterations it is not

necessary that the second diagonal block is in Jordan form. A particularly

convenient choice of T2 is obtained if the columns of T1 form a nonnegative

row permuted graph basis [31] for the generalized eigenspace of B associated

with the spectral radius of B, i.e., if it is of the form

T1 � Π

�
I
Y

�

with a permutation matrix Π and a nonnegative matrix Y , which again solves

an algebraic Riccati equation associated with the nonnegative matrix ΠBΠT ,

partitioned in appropriate block form.

If the columns of T1 is a nonnegative permuted graph basis, then choosing

T2 � Π

�
0
I

�
we have that

T � rT1, T2s � Π

�
I 0
Y I

�
, T�1 �

�
I 0

�Y I

�
ΠT ,

and it can be checked that there is a nonnegative starting vectors

x0 � Ty0 � Π

�
I 0
Y I

� �
y1

0

y2
0

�
� Π

�
y1

0

y2
0 � Y y1

0

�

in such a way that the iteration converges. If all other eigenvalues of B except

for the real eigenvalues associated with the spectral radius have modulus less

than 1, then y2
0 can be chosen arbitrarily and if y1

0 is in the eigenspace of Z11,

then the iteration will converge to a stationary point.

– 25 –

TH-1174_07612305



2.4. Nonnegative permuted graph basis for nonnegative matrices

Thus a nonnegative permuted graph basis would be really helpful, but the

following example shows that such a nonnegative permuted graph basis of the

invariant subspace associated with the spectral radius does not always exist

for every nonnegative matrix.

Definition 2.8. [31] Let U be an n-dimensional subspace of Cm�n. Then,

there exists a permutation matrix Π, and a square matrix X such that

U � Im ΠT

�
I
X

�

where the entries of X satisfy |xij|   1. It follows that a subspace can be rep-

resented with a basis that has an identity in selected rows and norm-bounded

entries in the remaining ones. We call such a form a permuted graph repre-

sentation and the basis as permuted graph basis.

Example 2.8. Let

B �

�
���������

2 2 2 0 2 1 0
2 2 2 2 1 0 1
0 0 0 3 0 0 0
0 0 4 1 0 0 0
0 0 0 0 2 0 2
0 0 0 0 1 1 2
0 0 0 0 3 1 0

�
���������
.

Then ρpBq � 4 and for A � 4I �B we have indexpAq � 2 so that

EpAq �
 
x � rxis P R7,1 | 3x4 � 4x3, x5 � x6 � x7, 4px2 � x1q � 2x4 � x5

(
.

If x1, x2, x3 is any quasi-preferred basis for EpAq, then we have

x1 � rp, p, 0, 0, 0, 0, 0sT ,

x2 � ru, u�
w

2
,

3w

4
, w, 0, 0, 0sT ,

x3 � rz, z �
y

2
�
x

4
,

3y

4
, y, x, x, xsT

with nonnegative p, u, w, x, y, z. For X � rx1 x2 x3s all possible submatrices

of X that may contribute rows to the identity matrix of the permuted graph
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2.4. Nonnegative permuted graph basis for nonnegative matrices

basis are

X1 � rXp1, :q, Xp3, :q, Xp5, :qsT

X2 � rXp1, :q, Xp4, :q, Xp5, :qsT ,

X3 � rXp2, :q, Xp3, :q, Xp5, :qsT ,

X4 � rXp2, :q, Xp4, :q, Xp5, :qsT

But it is easily seen that pXX�1
1 q23, pXX

�1
2 q12, pXX

�1
3 q12, pXX

�1
4 q23 entries

are all negative. Hence, there does not exist any nonnegative permuted graph

basis for B. Note that in this example, the level and height characteristic are

different, since λpAq � p2, 2q � ηpAq � p3, 1q.

Example 2.9. Consider the matrix

B �

�
�������������

2 2 2 0 2 1 0 0 0
2 2 2 2 1 0 1 0 0
0 0 0 3 0 1 0 0 0
0 0 4 1 0 0 0 0 0
0 0 0 0 2 0 2 0 0
0 0 0 0 1 1 2 0 0
0 0 0 0 3 1 0 0 0
0 0 0 0 0 0 0 0 4
0 0 0 0 0 0 0 4 0

�
�������������
,

with ρpBq � 4 and for A � 4I �B we have indexpAq � 3, and

EpAq �
 
x � rxis P R9,1 | x8 � x9, x5 � x6 � x7, 4x3 � 3x3 �

4x6
7
,

4px2 � x1q � 2x4 �
9x5
28

(
.

Here again, as in Example 2.8, B does not possess any nonnegative permuted

graph basis, whereas level and height characteristic are equal, λpAq � ηpAq �

p2, 1, 1q.

To obtain a criteria for the existence of nonnegative permuted graph bases

we have the following result.

Lemma 2.4. Let a nonnegative matrix B, partitioned as p2.2q, having q ba-

sic classes, possess a nonnegative permuted graph basis for the generalized
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2.4. Nonnegative permuted graph basis for nonnegative matrices

eigenspace EρpBq with ρ � ρpBq and let Ii � tk : k belongs to the class γ such

that γ P belowpαiq and k R belowpαjq, j ¤ i� 1u . Then each block of X with

columns that form a quasi-preferred basis corresponding to the partitioned

X �

�
����
XI1
XI2

...
XIq

�
���� , (2.9)

will contribute one row to the identity.

Proof. Let A � ρI�B and let HpAq � tα1, . . . , αqu with α1   . . .   αq be the

singular classes of A and levelpαi�1q ¤ levelpαiq, for all 2 ¤ i ¤ q. Without

loss of generality we may assume that B is in Frobenius normal form with a

spectral radius of algebraic multiplicity q . Since A is an M -matrix, it has a

quasi-preferred basis, given by the columns of X � rx1, . . . , xqs where each xi

is partitioned as (2.9). By convention we assume that Iq contains all other

nonbasic classes γ which does not have access to any basic class.

We show that each set Ii will contribute a row(in particular the ith row) to

the identity of the nonnegative permuted graph basis.

Suppose that β :� tβ1, . . . , βqu is the set of indices that are associated with

the identity, i. e., if β̄ � xnyzβ, then there exists a permutation Π � rΠT
β ,Π

T
β̄
sT

defined by the indices in β and β̄ such that Xβ :� ΠβX is invertible, and

ΠXX�1
β �

�
Xβ

Xβ̄

�
X�1
β �

�
I
Y

�
, (2.10)

with Y ¥ 0.

If our assumption is not true, then there exists an index j such that βi R Ij,
for all i P xqy. Let j̃ be the least such index. Then j̃ � 1 because otherwise

Xβ would have a zero column, which is a contradiction.

Let j̃ ¡ 1. Consider a row k of Xβ̄ such that k P Ij̃ and pXβ̄qk,j̃ ¡ 0,

in particular we choose k to be in the j̃th basic class αj̃. If yTk is the kth

row of Y and ek represents the kth row of the identity matrix, then yTkXβ �

peTkXβ̄X
�1
β qXβ � eTkXβ̄, and pyTkXβqj̃ � pXβ̄qk,j̃ ¡ 0. Thus peTkXβ̄ql � 0 for all

l P xj̃�1y imply that ykixβi,l � 0 for all i P xqy. Thus for i P xqy, yki � 0 implies
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2.4. Nonnegative permuted graph basis for nonnegative matrices

that xβi,l � 0 for all l P xj̃� 1y. Consider the set Q � ti P xqy | yki � 0u. Then

for any i P Q, xβi,l � 0 for all l P xj̃ � 1y, that is, βi Û αl, for all l P xj̃ � 1y.

Since pyTkXβqj̃ �
¸
iPQ

ykixβi,j̃ ¡ 0, there is an i P Q such that both yki and

xβi,j̃ are positive. Then βi Ñ αj̃ and hence βi P Ij̃, as βi Û αl, for all l P xj̃�1y.

This contradicts the assumption that Ij̃ does not contribute any row to the

identity of the permuted graph basis. Thus each Ii will contribute a row to

the identity of the permuted graph basis.

Lemma 2.4 implies that no block in a Frobenius-Jordan form can contribute

more than one row to the identity. Thus the identity cannot be larger than the

number of blocks. However, as we have seen, there may not exist a nonnegative

permuted graph basis, which means that some blocks do not at all contribute

rows to the identity.

However, if each block is to contribute exactly one row to the identity, then

we must have the following relation.

Corollary 2.1. Suppose that B is a nonnegative matrix having a nonnegative

permuted graph basis for the generalized eigenspace EρpBq. If it has a quasi-

preferred basis tx1, . . . , xqu with xi � rxijs, partitioned as p2.9q, such that there

exist unique k1, . . . , kq with min
j

�
xi�1
i

�
j

pxiiqj
�

�
xi�1
i

�
ki

pxiiqki
, then each of k1, . . . , kq will

contribute a row to the identity of the nonnegative permuted graph basis.

Proof. Consider the matrix X � rx1 . . . xqs. Thus there exists indices

j1, . . . , jq from each block that contribute rows to the identity of the non-

negative permuted graph basis. We now show that for each i � 1, . . . , q�
xi�1
i

�
ki

pxiiqki
¥

�
xi�1
i

�
ji

pxiiqji

Then the result will follow from the uniqueness of the ki. Clearly for each

i � 1, . . . , q both the indices ki and ji are from the same block. Since the

columns of the matrices X and Π

�
I
Y

�
with some nonnegative Y both are

bases for the generalized eigenspace, there exists a matrix C P Rq,q such that

X � Π

�
I
Y

�
C. Note that Y is also block a upper triangular matrix such
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2.5. Conclusion

that the indices of the ith block corresponds to the set Iiztjiu. It can be easily

seen that,

C �

�
����
px1

1qj1 px2
1qj1 . . . pxq1qj1

0 px2
2qj2 . . . pxq2qj2

...
...

. . .
...

0 0 . . .
�
xqp
�
jq

�
���� ,

which implies that for each i � 1, . . . , q there exist nonnegative scalars (the

elements of Y ) αi, βi such that

�
xii
�
ki

� αi
�
xii
�
ji

(2.11)�
xi�1
i

�
ki

� βi
�
xi�1
i�1

�
ji�1

� αi
�
xi�1
i

�
ji
.

Since all βi, αi,px
i
iqji and

�
xi�1
i�1

�
ji�1

are nonnegative, the claim follows from the

equations in (2.11).

Corollary 2.1 gives a computational criterion to check the existence of per-

muted graph basis. One computes a preferred bases and checks the inequalities

and their uniqueness. If this holds then a permuted graph basis exists, if not

then it is an open problem to guarantee the existence.

We have seen that nonnegative permuted graph bases are a very convenient

tool for the initialization of nonnegative dynamical systems, but not every

nonnegative matrix possesses a nonnegative permuted graph basis even if they

possess the same level and height characteristic. It is an open problem to char-

acterize the class of nonnegative matrices that have a nonnegative permuted

graph basis.

2.5 Conclusion

We present a variant of the Jordan canonical form for nonnegative matrices and

show the uniqueness of such a canonical form up to block triangular similarity

transformation. We also study some combinatorial properties of nonnegative

matrices with the help of this canonical form. Finally we present some nec-

essary conditions for the existence of nonnegative permuted graph basis for

nonnegative matrices and we demonstrat the fact that not every nonnegative

matrix has such bases by an example.
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Chapter 3

Combinatorial structure of
generalized M-matrices

3.1 Introduction

In this chapter we consider two types of generalizations of M -matrices, namely

the class of GM -matrices [7] and M_-matrices [41]. We show that Preferred

Basis Theorem and the Index Theorem for M -matrices are not true for GM -

matrices of order greater than 2, whereas we prove the existence of a preferred

basis for a subclass of M_-matrices. We also present a procedure to obtain a

preferred basis from a quasi-preferred basis for the generalized null space for a

certain subclass of M_-matrices. The existence of quasi-preferred basis for this

class of matrices was shown by Naqvi and McDonald in [33]. The existence of

quasi-preferred and preferred bases for M -matrices was shown by Rothblum,

Schneider and Hershkowitz in [45] and [23]. Their proof was accomplished by

induction on the diagonal blocks of an M -matrix in Frobenius normal form.

Here, by using similar techniques we give a constructive method to obtain a

preferred basis from a given quasi-preferred basis for a subclass ofM_-matrices.

Also the procedure proves the existence of a preferred basis for this subclass

of M_-matrices.

One interesting problem is to study the relation between the height and level

characteristic of M_-matrices. In [33], it was proved that the height charac-

teristic is always majorized by its level characteristic for a specific subclass of

M_-matrices. In this chapter we give some necessary and sufficient conditions
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for the equality of these two characteristics. Later we describe the concepts of

anchored chains and well structured graphs and give a sufficient condition for

the reduced graph of a subclass of M_-matrices to be well structured.

We now describe the chapter in more detail. In section 3.3 we consider

the class of GM -matrices, which has the form, A � sI � B, where B and

BT possess the Perron-Frobenius property and ρpBq ¤ s. We show that a

quasi-preferred basis and hence a preferred basis for the generalized null space

of these matrices of order exceeding 2, need not exist. But we prove that

Preferred Basis Theorem and the Index Theorem hold if the order is 2.

Next we consider another generalization of M -matrices, called M_-matrices

which has the form A � sI � B where B is an eventually nonnegative matrix

and ρ � ρpBq ¤ s. In subsection 3.4.1 we give a procedure to obtain a preferred

basis from a given quasi-preferred basis for M -matrices and M_-matrices with

indexρpAq ¤ 1, written in block triangular form. We summarize the whole

procedure in an algorithm. To end with we illustrate how the algorithm works

through some examples.

Subsection 3.4.2 splits into two subsections. One of them deals with height

and level characteristics and also gives some necessary and sufficient conditions

for their equality, and the other one gives a sufficient condition for the reduced

graph of M_-matrices to be well structured.

3.2 Convention

Let A be a square matrix of order n. Throughout this chapter we assume that

the matrix A is in Frobenius normal form (see 2.2), namely a block (upper)

triangular form with p diagonal blocks where the diagonal blocks are irreducible

matrices and we denote the pi, jqth block of the Frobenius normal form of A

by Aij. Every x with n entries is assumed to be partitioned into p vector

components xi conformably with A.
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3.3 Combinatorial structure of GM-matrices

In this section we consider one of the generalizations of M -matrices known as

GM -matrices. We extend some results on the combinatorial spectral properties

of M -matrices to this class. In particular, it is shown that the Preferred Basis

Theorem(see Theorem 2.2 in Chap.1) and the Index Theorem do not hold good

for the class of GM -matrices of order n ¥ 3, whereas the theorems are true

for n   3.

Definition 3.1. A matrix A P Rn,n is said to have Perron-Frobenius property

if the spectral radius is an eigenvalue associated with a nonnegative eigenvector.

By WPFn we denote the collection of all n� n matrices A, for which both A

and AT possess the Perron-Frobenius property.

Definition 3.2. A matrix A P Rn,n is said to be a GZ-matrix if it can be

expressed in the form A � sI�B, where s is a positive scalar and B P WPFn.

Moreover, if A � sI �B is a GZ-matrix such that ρpBq ¤ s, then A is called

a GM-matrix.

Example 3.1. Consider the matrix

A � 2I �B � 2I �

�
� 2 0 0
�1 0 2

1 2 0

�
� .

The eigenvalues of B are 2, 2,�2. As r1 0 0sT and r0 1 1sT are nonnegative

left and right eigenvectors of B corresponding to 2 respectively, so A is a

GM -matrix.

We begin by stating the Index Theorem for M -matrices.

Theorem 3.1. [45](Index Theorem) If A is a singular M-matrix, then indexpAq

is equal to maximum level of a vertex in RpAq.

We will show that the size of the largest Jordan block associated with 0,

in the Jordan form of a GM -matrix of order 2, is combinatorially determined,

but the Index Theorem need not be true if the size of the matrix exceeds 2.

– 33 –

TH-1174_07612305



3.3. Combinatorial structure of GM -matrices

Lemma 3.1. For any A P R2,2 with the spectral radius ρpAq P σpAq, the

length of the longest chain of A is always less than or equal to indexρpAqpAq.

Proof. If indexρpAqpAq � 2, then the result is obviously true. Suppose

indexρpAqpAq � 1 and length of the longest chain � 2.

So there are exactly two basic classes t1u and t2u such that either t1u Ñ t2u

or t2u Ñ t1u and hence either A or AT is of the form

�
ρpAq �

0 ρpAq



, where

� is nonzero.

In each of the cases indexρpAqpAq � 2, a contradiction to our assumption.

Hence the result follows.

The following example shows that the above result does not hold good if

the order of the matrix exceeds 2.

Example 3.2. Consider the GM -matrix A in Example 3.1. Note that r0, 1, 1sT

and r2, 0, 1sT are two linearly independent eigenvectors of A corresponding to

the eigenvalue 0, so indexpAq � 1. But the maximal level of a vertex in ΓpAq

is 2.

We now give an example of a 2�2 matrix that satisfies the hypothesis of the

above theorem and for which indexρpAqpAq   length of the longest chain in ΓpAq.

Hence even for 2 � 2 matrices, the condition ρpAq P σpAq is not sufficient for

their equality.

Example 3.3. LetA �

�
2 �1
1 0



. Then ρpAq � 1 P σpAq and indexρpAqpAq �

2 whereas the length of the longest chain in ΓpAq is 1.

In the next lemma we give a subclass of 2�2 matrices for which indexρpAqpAq �

Length of the longest chain in ΓpAq.

Lemma 3.2. If A � paijq P WPF2 but not a nonnegative matrix, then the

following statements are equivalent:

piq indexρpAqpAq � 2.

piiq aij   0 for some i � j.
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piiiq A is in triangular form with diagonal entries equal to ρpAq.

Proof. Since A P WPF2, so there exists nonnegative vectors x � rxjs and

y � ryjs such that,

Ax � ρpAqx and yTA � ρpAqyT

which imply,

pa11 � ρpAqqx1 � a12x2 � 0 (3.1)

a21x1 � pa22 � ρpAqqx2 � 0 (3.2)

pa11 � ρpAqqy1 � a21y2 � 0 (3.3)

a12y1 � pa22 � ρpAqqy2 � 0. (3.4)

piiq ñ piiiq: Suppose that piiq holds and assume that a12   0. We claim that x2

cannot be positive. If x2 ¡ 0, then from equation ( 3.1) we must have x1 ¡ 0

and,

a11 ¡ ρpAq. (3.5)

Since a11�a22 � λ�ρpAq where λ is the other eigenvalue of A, so a22�ρpAq   0.

Thus equation ( 3.4) implies that a12 ¥ 0, a contradiction. So x2 � 0. Then

( 3.1) and ( 3.2) imply that a11 � ρpAq and a21 � 0. Hence it follows that,

A is an upper triangular matrix. Similarly one can show that y1 � 0 and

a22 � ρpAq. Thus it shows that λ � ρpAq.

piiiq ñ piq is obvious.

piq ñ piiq: Assume that A satisfies condition piq. Since the eigenvalues of

A are
pa11 � a22q �

a
pa11 � a22q2 � 4a12a21

2
and indexρpAqpAq � 2, so pa11 �

a22q
2 � 4a12a21 � 0 which implies that a12 and a21 are of opposite sign, in

which case the result holds or one of them must be zero. If one of aij � 0,

then a11 � a22 � ρpAq and since A is not a nonnegative matrix, so the other

one must be negative. Hence piiq holds.

Corollary 3.1. Suppose A P WPF2. Then indexρpAqpAq � 2 if and only if

either A or AT is of the form

�
ρpAq �

0 ρpAq



, where � is nonzero.

Corollary 3.2. If A P WPF2, then indexρpAqpAq � length of the longest chain

in ΓpAq.
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Proof. If A ¥ 0, then the result is known to be true. Suppose A is not a

nonnegative matrix. If indexρpAqpAq � 1, then either A is a diagonal matrix or

has two distinct eigenvalues, but in both the cases length of the longest chain

in ΓpAq is 1. If indexρpAqpAq � 2, then the result follows from Lemma 3.2.

Index Theorem for GM -matrices of order 2 is an immediate consequence of

the above corollary.

Theorem 3.2. If A � ρI � B is a singular GM-matrix of order 2, then

indexpAq � maxtlevelpiq : i P V pRpAqqu, where V pRpAqq is the vertex set of

RpAq.

We next show that there is a nonnegative basis for the generalized nullspace

EpAq and the positive entries are combinatorially determined.

Lemma 3.3. Suppose A P WPF2 and let α1 . . . αMpM � 1 or 2q be the basic

classes for A. Then there always exists a nonnegative basis tx1, . . . , xMu for

EρpAqpAq such that xij ¡ 0 if and only if j has access to the ith basic class αi.

Proof. The result is known to be true if A is a nonnegative matrix. Hence

assume that A has at least one negative entry. We consider two cases:

Case I: Suppose that indexρpAqpAq � 1. Then by the Corollary 3.2, length of

the longest chain in ΓpAq is 1. If A has two basic classes then A is a nonnegative

diagonal matrix with diagonal entries equal to ρpAq in which case the result

follows. Let A has only one basic class. By Lemma 3.2 both a12 and a21 are

nonnegative. Let one of a12, a21 is 0. Suppose that a12 � 0, then A has two

different diagonal entries, ρpAq and say, λ. If a11 � ρpAq, then x1 � r1, a21
ρpAq�λ

sT

will be the required vector, and if a22 � ρpAq, then x1 � r0, 1sT will be the

required vector.

Suppose that both a12 and a21 are positive. Then the only basic class of

A will be t1, 2u. Since A P WPF2, so there is a nonnegative vector x1 �

rx1
1, x

1
2s
T � 0 such that Ax1 � ρpAqx1 which implies

pa11 � ρpAqqx1
1 � a12x

1
2 � 0 (3.6)

a21x
1
1 � pa22 � ρpAqqx1

2 � 0, (3.7)
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and hence x1
j ¡ 0 @j � 1, 2.

Case II: Suppose that indexρpAqpAq � 2. If A is a nonnegative matrix, then

the result follows from Theorem 2.4. If A is not a nonnegative matrix, then

by Lemma 3.2, A has two basic classes t1u, t2u such that either 2 Ñ 1 or

1 Ñ 2. If 2 Ñ 1, then the required generalized eigenvectors are x1 � r1, 1sT

and x2 � r0, 1sT that satisfy xij ¡ 0 if and only if j has access to the ith basic

class, for i, j P t1, 2u.

We now prove Preferred Basis Theorem for GM -matrices of order 2.

Theorem 3.3. If A is a singular GM-matrix of order 2, then there exists a

preferred basis for the generalized null space EpAq of A.

Proof. The result is known to be true if A is an M -matrix, hence let A be

a GM -matrix which is not an M -matrix. The existence of a quasi-preferred

basis for EpAq is an immediate consequence of Lemma 3.3. We now show that

every quasi-preferred basis of EpAq is a preferred basis.

Let the columns ofX form a quasi-preferred basis for EpAq. If indexpAq � 1,

then AX � 0 and hence the columns ofX form a preferred basis for A. Suppose

that indexpAq � 2 then X � rx1 x2s, where x2 is a positive vector and x1
1 ¡ 0.

By Lemma 3.2 exactly one of a12 or a21 must be zero. Assume that a12 � 0.

Then a21 � 0 � a11 � a22. Then AX � X

�
0

a12x22
x11

0 0

�
. Thus the columns of

X form a preferred basis for EpAq.

The following examples show that the conclusions of Theorem 3.2 and The-

orem 3.3 do not hold for WPFn matrices if the order of the matrix exceeds

2.

Example 3.4. Let,

A � 3I �B � 3I �

�
� 2 �1 0

1 4 0
0 0 3

�
� .

Clearly B P WPF3 and hence A is a GM -matrix of order 3. Note that

indexpAq � 2 whereas maxtlevelpiq : i P V pRpAqqu � 1, where V pRpAqq is the

vertex set of RpAq
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Example 3.5. Consider the matrix

A � 2I �B � 2I �

�
� 1 �1 0
�1 1 0

0 0 2

�
� .

Clearly A is a singular GM -matrix with the singular classes t1, 2u and t3u.

Suppose that there is a preferred basis tx1, x2u for EpAq such that xji ¡ 0 if

and only if i has access to the jth singular class. So by the assumption x1
i ¡ 0,

@i � 1, 2. But Ax1 � 0 implies that x1
1 � x1

2 � 0 which cannot happen by our

assumption. Hence Theorem 3.3 is not true for n � 3.

Remark 3.1. By taking Ã � diagpA,Bq P Rn,n, where A is as in Example 3.5

or in Example 3.4 and any matrix B having ρpBq   ρpAq, we can conclude

that Theorems 3.2 and 3.3 do not hold good for any n ¡ 3.

3.4 Combinatorial structure of M_-matrices

3.4.1 Preferred basis for M_-matrices

In this section we first prove some results on the combinatorial properties of

quasi-preferred bases of a subclass of M_-matrices which will be used subse-

quently to give a constructive method for obtaining a preferred basis from a

quasi-preferred basis.

Definition 3.3. Let A P Rn,n. For any two vertices i and j of RpAq, we define

hullpi, jq :� abovepiq
�

belowpjq.

Definition 3.4. A square matrix A is called an eventually nonnegative (pos-

itive) matrix if there is a positive integer n0 such that Ak ¥ 0pAk ¡ 0q for all

k ¥ n0.

Definition 3.5. A square matrix A is called an M_-matrix if it can be ex-

pressed as A � sI �B with eventually nonnegative B and s ¥ ρpBq.

Throughout the remaining two sections we assume that a singular M_-

matrix A has the form A � ρI � B, where B is an eventually nonnegative

matrix with ρ � ρpBq and A has q singular classes with HpAq � tα1, . . . , αqu

as the set of singular classes of A, where α1   . . .   αq.

The following results are well known.
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Theorem 3.4. [22] Let A be a square matrix in block triangular form and let

x be a vector. Then supppAxq � belowpsupppxqq.

Theorem 3.5. [33] Suppose that A is an eventually nonnegative matrix with

indexpAq ¤ 1 and DA � td | θ � α � c
d
, where re2πiθ P σpAq, re2πiα P

σpAq, r ¡ 0, c P Z�, d P Zzt0u, gcdpc, dq � 1u. Let g be a prime number

such that g R DA and Ak ¥ 0 for all k ¥ g. Then RpAq � RpAgq.

Lemma 3.4. [33] Let A P Cn,n and λ P σpAq, λ � 0. Then for all k R DA

we have NpλI � Aq � NpλkI � Akq and the Jordan blocks of λk in JpAkq are

obtained from the Jordan blocks of λ in JpAq by replacing λ with λk.

Theorem 3.6. [33] Let A be an eventually nonnegative matrix with indexpAq ¤

1. Then A has a quasi-preferred basis for EρpAq.

Lemma 3.5. Given any two vertices i, j of ΓpAq if for some positive integer

k, pAkqij � 0, then there is a path from i to j in ΓpAq.

Proof. The proof of the result follows from the fact that

pAkqij �
¸
i1

¸
i2

. . .
¸
ik�1

Aii1Ai1i2 . . . Aik�1j

and Aii1Ai1i2 . . . Aik�1j � 0 for some i1, i2, .., ik�1 only if there is path from i to

j through i1, i2, ..., ik�1.

Lemma 3.6. Let A be a singular matrix and let X be such that its columns

form a quasi-preferred basis of EpAq. If Z is such that AX � XZ, then

Zij � 0 if αi Û αj (3.8)

In particular, Z is triangular with all its diagonal entries equal to 0.

Proof. Since AX � XZ and X � rx1 . . . xqs, we have

Axj �
q̧

i�1
i�j

Zijx
i � Zjjx

j for all j � 1, . . . , q. (3.9)

Take any αj P HpAq and consider the set Q � tαi P HpAq|Zij � 0u. To show

Q � belowpαjq, it is enough to show, toppQq � belowpαjq.
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Consider any αk P toppQq. If αk R belowpαjq then rpA� ZjjIqx
jsαk

�

0, since supp ppA� ZjjIqx
jq � belowpsupppxjqq. Then equation (3.9) gives¸

iPQ
i�j

Zijx
i
αk

� 0. But αk P toppQq implies Zkjx
k
αk

� 0 which is not possible,

hence αk P belowpαjq.

Since AX � XZ and tx1, . . . , xqu � EpAq, AnX � 0 � XZn. Since Z is

triangular and X is of full column rank, all the diagonal entries of Z must be

equal to 0.

Lemma 3.7. Let A be an M-matrix and X be such that the columns of X form

a quasi-preferred basis for EpAq. Let Z be the matrix satisfying the condition

�AX � XZ. If αi and αj are two singular classes with hullpαi, αjq
�
HpAq �

tαi, αju, then Zij ¡ 0.

Proof. Let there exist a pair of singular classes αi, αj P HpAq such that

hullpαi, αjq
�
HpAq � tαi, αju and Zij ¤ 0. Since X � rx1 . . . xqs, by

Lemma 3.6, �
�Axj

�
αi
� xiαi

Zij � . . .� xj�1
αi
Zj�1,j. (3.10)

As tx1, . . . , xqu is a quasi-preferred basis for A and hullpαi, αjq
�
HpAq �

tαi, αju, equation (3.10) gives p�Axjqαi
� xiαi

Zij ¤ 0. Also since A is an M -

matrix and pAxjqαi
� Aαi,αi

xjαi
�

αj¸
k�αi�1

Aαi,kx
j
k, it follows that Aαi,αi

xjαi
¥ 0.

Since Aαi,αi
is an irreducible singular M -matrix, Aαi,αi

xjαi
¥ 0 which implies

Aαi,αi
xjαi

� 0( [2],pg.156). Hence it follows that

αj¸
k�αi�1

Aαi,kx
j
k � 0 and for any

k � αi � 1, . . . , αj, if Aαi,k   0 then xjk � 0. This contradicts αi Ñ αj, hence

Zij ¡ 0.

Lemma 3.8. Let A be an M_-matrix with indexρpAq ¤ 1 and X be such

that its columns form a quasi-preferred basis in EpAq. Let Z be the matrix

satisfying the condition �AX � XZ. If αi and αj are two singular classes

with hullpαi, αjq
�
HpAq � tαi, αju, then Zij ¡ 0.

Proof. Let A � ρI � B, where B is an eventually nonnegative matrix with

indexpBq ¤ 1 and ρ � ρpBq. Thus there exists a prime number g such that
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g R DB and Bl ¥ 0 for all integer l ¥ g, where DB is as defined in Theo-

rem 3.5. Since �AX � XZ, BkX � XZ̄k for any positive integer k, where

Z̄ � Z � ρI. Take B̃ � Bg and Z̃ � Z̄g, then B̃ ¥ 0 and since by Theorem 3.5

the accessibility relations in B and B̃ are same, columns of X will also be a

quasi-preferred basis for EpρgI � B̃q. If αi, αj are singular classes of A with

hullpαi, αjq
�
HpAq � tαi, αju then by Lemma 3.7, Z̃ij ¡ 0. We will use in-

duction on l to show that Z̄ l
ij � lρl�1Zij for any integer l ¥ 2, hence Z̃ij ¡ 0

will imply Zij ¡ 0.

For l � 2, pZ̄2qij � 2ρZ̄ij �
j�1̧

l�i�1

Z̄ilZ̄lj � 2ρZij �
j�1̧

l�i�1

ZilZlj.

Since hullpαi, αjq
�
HpAq � tαi, αju, from Lemma 3.6 it follows that ZilZlj �

0 for all l, i � 1 ¤ l ¤ j � 1. Thus pZ̄2qij � 2ρZij. Let Z̄ l
ij � lρl�1Zij for all

l   k and k ¡ 2.

Now,

pZ̄kqij � Z̄iipZ̄
k�1qij �

j�1̧

l�i�1

Z̄ilpZ̄
k�1qlj � Z̄ijpZ̄

k�1qjj

� ρpk � 1qρk�2Zij �
j�1̧

l�i�1

ZilpZ̄
k�1qlj � Zijρ

k�1 (3.11)

� kρk�1Zij �
j�1̧

l�i�1

ZilpZ̄
k�1qlj. (3.12)

From Lemma 3.5, if ZilpZ̄
k�1qlj � 0 for some l, i � 1 ¤ l ¤ j � 1 then

there is a path from i to l in ΓpZq and from l to j in ΓpZ̄q. Hence by Lemma

3.6, there is a path from i to j in ΓpAq through at least 3 singular classes i, l

and j of A, which contradicts the fact that hullpi, jq
�
HpAq � ti, ju. Thus

j�1̧

l�i�1

ZilpZ̄
k�1qlj � 0, or pZ̄kqij � kρk�1Zij. Hence Z̃ij � gρg�1Zij ¡ 0, which

implies Zij ¡ 0 and the result follows.

If B is an eventually nonnegative matrix with indexpBq ¤ 1, it is known

from [33] that B and hence A � ρI � B has a quasi-preferred basis. We next

give a procedure to obtain a preferred basis from a quasi-preferred basis for

any M_-matrix A, where A � ρI �B with indexpBq ¤ 1.
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Procedure 3.1. Constructive method of obtaining a preferred basis

from a quasi-preferred basis:

LetA � ρI�B be anM_-matrix with indexρpAq ¤ 1 andX � rx1 x2 . . . xqs

be an n � q matrix whose columns form a quasi-preferred basis for EpAq and

let Z be the matrix satisfying �AX � XZ.

We now construct a preferred basis (from the given quasi-preferred basis

X) X̃ such that �AX̃ � X̃Z̃ for some nonnegative matrix Z̃.

If the columns of X already give a preferred basis for EpAq, then we are

done.

Let X be such that its columns form a quasi-preferred basis but not a preferred

basis for EpAq, then there exist indices i and j such that αi Ñ αj and Zij ¤

0. Consider the set I � tj P xqy | Zij   0 for some iu
�
tj P xqy | αi Ñ

αj and Zij � 0 for some iu, then I � H. Let j be the least index in I, then

the first j�1 columns of X forms a preferred set for EpAq. To find an x̃j such

that if X̃ is the matrix obtained by replacing the jth column xj of X by x̃j,

then the first j columns of X̃ will be a preferred set of EpAq. Finally we show

that it can be done for every j ¥ 2.

Let

Q � ti P xj � 1y | Zij   0u
R � ti P xj � 1y | Zij � 0, αi Ñ αju
S � Q

�
R

Q̄ � xj � 1yzQ
R̄ � xj � 1yzR
S̄ � Q̄

�
R̄.

By assumption S � H. Since for all i P S, αi Ñ αj, there exists an lpiq P HpAq

such that αlpiq Ñ αj and hullpαi, αlpiqq
�
HpAq � tαi, αlpiqu. Since for all i P S,

Zij ¤ 0 and from Lemma 3.8, Zi,lpiq ¡ 0, lpiq   j for all i P S.

Case I: Q � H. Let x̃j � xj �
¸
iPR

xlpiq.

Since �Axlpiq � Zi,lpiqx
i �

lpiq�1¸
k�1
k�i

Zk,lpiqx
k and �Axj �

¸
iPR̄

Zijx
i,

�Ax̃j �
¸
iPR

Zi,lpiqx
i �

¸
iPR

lpiq�1¸
k�1
k�i

Zk,lpiqx
k �

¸
iPR̄

Zijx
i. (3.13)
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Since the first j�1 columns of X formed a preferred set for EpAq and Zi,lpiq ¡ 0

for all i P R, tx1, . . . , xj�1, x̃ju forms a preferred set for EpAq.

Case II: Q � H. Let x̃j � xj � β
¸
iPS

xlpiq, then

�Ax̃j � β
¸
iPR

Zi,lpiqx
i �

¸
iPQ

�
βZi,lpiq � Zij

�
xi �

¸
iPS

lpiq�1¸
k�1
k�i

βZk,lpiqx
k �

¸
iPS̄

Zijx
i.

(3.14)

For β ¡ max
iPQ

"
�Zij
Zi,lpiq

*
¡ 0, tx1, . . . , xj�1, x̃ju forms a preferred set for EpAq.

Hence in both cases if we take X̃ � rx1 . . . x̃j . . . xqs and if Z̄ is the matrix sat-

isfying the condition �AX̃ � X̃Z̄, then the leading j columns of X̃ form a

preferred set for EpAq. The above process is repeated with X replaced by X̃.

Since at every stage at least one more column is included in the preferred set,

after at most q � j steps we will get a preferred basis for EpAq.

The following theorem is an immediate consequence of the above procedure.

Theorem 3.7. If A � ρI�B is an M_-matrix with indexρpAq ¤ 1, then there

is a preferred basis for EpAq.

Remark 3.2. Procedure 3.1 can also be used to obtain a preferred basis from

a given quasi-preferred basis for M -matrices.
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We summarize the entire procedure below.

Algorithm 1 Given A P Rn,n, X P Rn,q

HpAq � tα1, . . . , αqu basis classes of A
Z � X�AX (X� is the pseudo inverse of X)
I � tj P xqy | Zij   0 for some iu

�
tj P xqy | Zij � 0, αi Ñ αj, for some iu

while I � H do
j � min I
Q � ti P xj � 1y|Zij   0u � ti1, . . . , imu
R � ti P xj � 1y|Zij � 0, αi Ñ αju � tim�1, . . . , itu
if Q � H then

for k � m� 1: t do
lpkq ÐÝ hullpαik , αlpkqq

�
HpAq � tαik , αlpkqu and αlpkq Ñ αj

end for
for r � 1: n do

Xrj ÐÝ Xrj �
ţ

k�m�1

Xrlpkq

end for
else

for k � 1: t do
lpkq ÐÝ hullpαik , αlpkqq

�
HpAq � tαik , αlpkqu and αlpkq Ñ αj

end for

Choose β ¡ max
1¤k¤m

"
�Zikj
Ziklpkq

*
for r � 1: n do

Xrj ÐÝ Xrj � β
ţ

k�1

Xrlpkq

end for
end if
Z � X�AX
I � tj P xqy | Zij   0 for some iu

�
tj P xqy | Zij � 0, αi Ñ

αj, for some iu
end while

We illustrate the above procedure with the help of the following example.
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Example 3.6. Let

B �

�
�������

2 2 4 �1 0 0
2 2 �1 4 0 0
0 0 2 6 1 �1
0 0 1 1 1 �1
0 0 0 0 0 6
0 0 0 0 2 1

�
�������
.

Then Bk ¥ 0 for all k ¥ 7 with ρpBq=4. Consider the M_ matrix A � 4I �B

so that EpAq � NpA3q and index4pAq � 1. The reduced graph of A is given by,

1

2

3

Consider the quasi-preferred basis for EpAq given by,

x1 � r2 2 0 0 0 0sT

x2 � r271 241 36 12 0 0sT

x3 � r3.0625 1 2.8 1 1.5 1sT

Take X � rx1 x2 x3s. Then �AX � XZ implies that

Z �

�
� 0 36 �0.35

0 0 0.25
0 0 0

�
� .

Then the set I � tj P x4y | Zij   0 for some iu
�
tj P x4y | Zij � 0, αi Ñ

αj, for some iu � t3u
�
H. So 3 is the least index in I. Now consider the set

Q � ti | Zi3   0u � t1u. Again we have hullp1, 2q
�
HpAq � t1, 2u. Define the

vector x3
new � x3 � x2 so that

�Ax3
new � 35.65x1 � 0.25x2 � 4x3

new

– 45 –

TH-1174_07612305



3.4. Combinatorial structure of M_-matrices

Then,

�Arx1 x2 x3
news � rx1 x2 x3

news

�
� 0 36 35.65

0 0 0.25
0 0 0

�
� .

Thus we have the preferred basis tx1, x2, x3
newu for EpAq such that if Xfinal �

rx1 x2 x3
news, then

�AXfinal � Xfinal

�
� 0 36 35.65

0 0 0.25
0 0 0

�
� :� XfinalZfinal.

3.4.2 Height and level characteristics of M_-matrices
and well structured graphs

In this subsection we will extend many of the results from by Schneider and

Hershkowitz in [21, 24, 25] obtained for singular M -matrices, to the class of

singular M_-matrices. This subsection essentially deals with height character-

istic and level characteristic. We give some necessary and sufficient conditions

for their equality. Later we obtain a sufficient condition for the reduced graph

of an M_-matrix to be a well structured graph.

3.4.2.1 Height and level characteristics of M_-matrices

Definition 3.6. [24, 25] Let t � indexpAq. For i P xty, let ηipAq � npAiq �

npAi�1q. The sequence pη1pAq, . . . , ηtpAqq is called the height characteristic of

A, and is denoted by ηpAq. Normally we write ηi for ηipAq where no confusion

should result.

The height characteristic is also known as the Weyr Characteristic.

Definition 3.7. [25] Let A be a singular matrix and let indexpAq � t.

piq Let S be a collection of vectors in EpAq, and let ηkpSq be the number of

vectors in S of height k. We define the height signature ηpSq of S as the

t-tuple pη1pSq, . . . , ηtpSqq.

piiq A basis B for EpAq is said to be a height basis for EpAq if ηpBq � ηpAq.

Definition 3.8. [25] Let A be a singular matrix.
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piq The Segré Characteristic jpAq of A is defined to be the nonincreasing

sequence of sizes of the jordan blocks of A associated with the eigenvalue

0.

piiq A sequence px1, . . . , xsq of vectors in EpAq is said to be a Jordan chain

for A if Axi � xi�1, i P t2, . . . , su, and Ax1 � 0. We call xs the top of

the chain px1, . . . , xsq.

piiiq A basis for EpAq that consists of disjoint Jordan chains for A is said to

be a Jordan basis for EpAq.

As is well known, EpAq always has a Jordan basis.

Remark 3.3. Observe that every Jordan basis for A is height basis, but clearly

a height basis need not be a Jordan basis.

Definition 3.9. [21] Let a � pa1, . . . , arq be a nonincreasing sequence of

positive integers. Consider the diagram formed by r columns of stars such that

the jth column has aj stars. The sequence a� dual to a is defined to be the

sequence of row lengths of the diagram, reordered in a nonincreasing order.

It is well known that the height characteristic and the Segré characteristic

are dual sequences (see [48]).

Definition 3.10. [25] The cardinality of the jth level of SpAq is denoted by

λjpAq. If SpAq has m levels, then the sequence pλ1pAq, . . . , λmpAqq is called

the level characteristic of A, and is denoted by λpAq. Normally we write λi

for λipAq where no confusion should result.

Convention 3.1. We will always assume, the level characteristic and the

height characteristic of A to be pλ1, . . . , λmq and pη1, . . . , ηtq respectively.

Remark 3.4. [33] If A is an M_-matrix with indexρpAq ¤ 1 then m and t in

the above two definitions are equal.

Definition 3.11. [25] Let A be a square matrix.

piq Let S be a collection of vectors in EpAq, and let λkpSq be the number of

vectors in S of level k. We define the level signature λpSq of S as the

m-tuple pλ1pSq, . . . , λmpSqq.
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piiq A basis B for EpAq is said to be a level basis for EpAq if λpBq � ηpAq.

piiiq A basis B for EpAq is said to be a height-level basis for EpAq if B is

both a height and a level basis.

Definition 3.12. Let A be an n� n singular matrix and let B � tx1, . . . , xqu

be a basis for EpAq. Denote X � rx1 . . . xqs P Rn,q. Then there exists a unique

matrix C P Rq,q such that AX � XC. We call the matrix C, the induced

matrix for A by B, and we denote it by CpA,Bq.

Example 3.7. Consider the matrixA in Example 2.1. Then λpAq � p1, 2, 1, 2q,

ηpAq � p3, 1, 1, 1q and jpAq � p4, 1, 1q.

The following concepts were introduced in [24].

Definition 3.13. Let P be the set of p-tuples of nonnegative integers. P is

partially ordered in the following way: If a � pa1, . . . , apq and b � pb1, . . . , bpq

are in P, then we define a ¤ b if

$'''''&
'''''%

ķ

i�1

ai ¤
ķ

i�1

bi, k P xp� 1y

p̧

i�1

ai �
p̧

i�1

bi

If a ¤ b, then we say that a is majorized by b. If a ¤ b and a � b, then we

write a   b.

Remark 3.5. Let B be a basis of EpAq. If ηpBq � pη1pBq, . . . , ηtpBqq is the

height signature of B, then for any k P xty, B has η1pBq�. . .�ηkpBq elements of

height at most k and hence η1pBq� . . .�ηkpBq ¤ η1� . . .�ηk, so ηpBq ¤ ηpAq.

By a similar argument, λpBq ¤ λpAq for any basis of EpAq.

Lemma 3.9. [24] Given A, let y be a linear combination of the n-component

vectors x1, . . . , xr. Then, levelpyq ¤ maxtlevelpxiq : i P xryu.

Lemma 3.10. [24] Given A, let y be a linear combination of the n-component

vectors x1, . . . , xr. Then, heightpyq ¤ maxtheightpxiq : i P xryu.
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Lemma 3.11. If B is a preferred basis of an M_-matrix A with indexρpAq ¤ 1,

then levelpAkxq ¤ levelpxq � k for all x P B and k ¥ 1.

Proof. Let B � tx1, . . . , xqu. Since

p�1qkAkxi �
¸
i1

¸
i2

. . .
¸
ik

ci1i2 . . . cikix
i1 , i1 � . . . � ik � i,

and ci1i2 . . . ciki ¡ 0 for some i1 � . . . � ik � i if and only if there is a chain of

length k from i1 to i, it follows that levelpxi1q ¤ levelpxiq � k, for all i1. Hence

by Lemma 3.9 the result follows.

Corollary 3.3. For any preferred basis B of A, heightpxq ¤ levelpxq, for all

x P B.

Proof. Follows from the above lemma.

Lemma 3.12. Let A be any M_- matrix with indexρpAq ¤ 1 and x P EpAq.

Then heightpxq ¤ levelpxq.

Proof. Let B � tx1, . . . , xqu be a preferred basis for A, then x �
q̧

i�1

cix
i for

some ci’s. Let Q � ti | ci � 0u, then clearly, l � levelpxq � maxtlevelpxiq |

i P toppQqu. From Corollary 3.3 it follows that for all i P Q, heightpxiq ¤

levelpxiq ¤ l, or Alxi � 0. So it follows that Alx � 0 and therefore, heightpxq ¤

l � levelpxq.

Remark 3.6. From the above lemma we can easily conclude that if A is any

M_- matrix with indexρpAq ¤ 1 and B is any basis for EpAq then λpBq ¨ ηpBq.

Remark 3.7. IfA is anyM_- matrix with indexρpAq ¤ 1 then from Lemma 3.9,

the set ΛkpAq consisting of all vectors in EpAq with level less than or equal to

k form a vector space and in view of the above lemma, ΛkpAq � NpAkq, hence

λpAq ¤ ηpAq.

Lemma 3.13. Let A be an M_-matrix with indexρpAq ¤ 1. Then for any

nonnegative vector x in EpAq, heightpxq � levelpxq.

– 49 –

TH-1174_07612305



3.4. Combinatorial structure of M_-matrices

Proof. It suffices to show that levelpxq ¤ heightpxq. Let tx1, . . . , xqu be a

preferred basis for EpAq then x �
q̧

i�1

cix
i for some scalars ci, and l � levelpxq �

maxtlevelpxiq | i P toppQqu where Q is as defined in Lemma 3.12. Clearly since

x is nonnegative, for any i P toppQq, ci ¡ 0. In view of the above argument it

is enough to show Al�1x � 0.

Let �Axi �
q̧

k�1

ckix
k where the cki’s are as in the definition of a preferred

basis, then

p�1ql�1Al�1x � p�1ql�1

�¸
iPQ

ciA
l�1xi

�
.

From Lemma 3.12, heightpxq ¤ levelpxq and hence it follows that

p�1ql�1

�¸
iPQ

ciA
l�1xi

�
� p�1ql�1

¸
iPQ

levelpxiq�l

ciA
l�1xi

�
¸
i1

¸
i2

. . .
¸
il�1

¸
iPQ

levelpxiq�l

ci1i2 . . . cil�1icix
i1 .

Since for every i P Q with levelpxiq � l, ci ¡ 0 and there is a sequence

of distinct indices ii, i2, . . . , il�1 such that ci1i2 . . . cil�1i ¡ 0, it follows that

Al�1x � 0.

Remark 3.8. From the above lemma it is clear that for any nonnegative level

basis of EpAq and in particular for a preferred basis B of EpAq, ηpBq � λpBq �
λpAq.

Remark 3.9. If B is a nonnegative height basis, then ηpBq � λpBq � ηpAq and

this together with Remark 3.8 and 3.5 imply that ηpBq � λpBq � ηpAq � λpAq.

Hence B is also a level basis.

In [33], it was shown that the level characteristic of an eventually non-

negative matrix B with indexpBq ¤ 1 is majorized by the height charac-

teristic which implies that the level characteristic of an M_- matrix A with

indexρpAq ¤ 1, is also majorized by the height characteristic. Motivated by

the necessary and sufficient conditions obtained by Schneider and Hershkowitz

in [24] for the equality of these two characteristics for singular M -matrices,
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we independently try to obtain similar conditions for the equality of these two

characteristics for the class of M_-matrices.

Theorem 3.8. Let A be an M_-matrix with indexρpAq ¤ 1. Then the following

are equivalent:

piq ηpAq � λpAq.

piiq For all x P EpAq, heightpxq � levelpxq.

piiiq For every basis B of EpAq, heightpxq � levelpxq for all x P B.

pivq For some height basis B of EpAq, heightpxq � levelpxq for all x P B.

pvq Every height basis for A is a level basis for A.

pviq Every level basis for A is a height basis for A.

pviiq Some preferred basis for A is a height basis for A.

pviiiq There exists a nonnegative height-level basis for A.

pixq There is a nonnegative height basis for A.

pxq For all j P xty, there exists a nonnegative basis for NpAjq.

pxiq For every level basis B for A with induced matrix C � CpA,Bq, the block

Ck�1,k has full column rank for all k P xty.

pxiiq There exists a level basis B for A with induced matrix C � CpA,Bq, such

that for all k P xty, the blocks Ck�1,k have full column rank.

Proof. piq ñ piiq: Condition piq implies that for any k, dimpΛkpAqq � λ1 �

. . . � λk � η1 � . . . � ηk � dimpNpAkqq. So from Remark 3.7 it follows that

ΛkpAq � NpAkq and hence piiq follows.

piiq ñ piiiq ñ pivq is obvious.

pivq ñ pvq : By assumption we have a height basis B such that for each

x P B, heightpxq � levelpxq, hence it follows that ηpAq � ηpBq � λpBq. Since

λpBq ¤ λpAq from Remark 3.5, and ηpAq ¥ λpAq, it follows that ηpAq � λpAq,

hence piq and piiiq hold.
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If B1 is any height basis, then piiiq and piq imply λpB1q � ηpB1q � ηpAq � λpAq.

Thus B1 is a level basis.

pvq ñ pviq : Consider a Jordan basis B for EpAq derived from the set T �

ty1, . . . , yt̄u and let maxtheightpykq | k P xt̄yu � l. Since A is an M_-matrix

with indexρpAq ¤ 1, indexpAq is equal to the length of the longest chain in A

and hence it follows that maxtlevelpykq | k P xt̄yu � l.

Since B is a height basis, ηpBq � ηpAq, hence by assumption λpBq � λpAq.

Also for any basis B1, λpB1q ¤ ηpB1q ¤ ηpAq and λpB1q � λpAq ¤ ηpAq if it is a

level basis, hence to show that every level basis is a height basis, it is enough

to show ηpAq � λpAq or ηpBq � λpBq.
Any yi for which heightpyiq � levelpyiq, heightpAkyiq � heightpyiq � k �

levelpyiq � k ¥ levelpAkyiq, hence it follows that heightpAkyiq � levelpAkyiq

for any k ¤ heightpyiq. Then for yi for which heightpyiq � l, heightpAkyiq �

levelpAkyiq for any k ¤ l. From the above argument it follows that if λpBq �
ηpBq, then there exists a yi P T with heightpyiq   l such that heightpyiq  

levelpyiq. Let heightpyiq � s and levelpyiq � p. Consider any yj P T with

heightpyjq � l � levelpyjq, then there exists an r such that heightpAryjq �

heightpyiq � s. Consider the element z � yi � Aryj, and the new basis B̄
obtained from B by replacing Aryj with z. Since B is a height basis, the

new basis B̄ so constructed will also be a height basis and since levelpAryjq �

heightpAryjq � s, levelpzq � p ¡ s. Hence λpB̄q   λpBq � λpAq which con-

tradicts the assumption that every height basis is a level basis. Hence for any

yi P T , heightpyiq � levelpyiq which implies ηpBq � λpBq.
pviq ñ pviiq and pviiq ñ pviiiq follow from the fact that every preferred basis

is a level basis.

pviiiq ñ pixq : is obvious.

pixq ñ pxq : Let B be a nonnegative height basis for A. Then ηpBq � ηpAq �

pη1, . . . , ηpq. Thus for any j P xpy, there are η1� . . .�ηj elements in B of height

at most j and since dimpNpAjqq � η1 � . . . � ηj these elements will form a

nonnegative basis for NpAjq.

pxq ñ pxiq : Suppose that for each j P xpy, there exists a nonnegative basis

for NpAjq. Let B be a level basis for A with the induced matrix C � CpA,Bq.
To show that for each k, Ck�1,k has full column rank.

– 52 –

TH-1174_07612305



3.4. Combinatorial structure of M_-matrices

Suppose that there is a k such that Ck�1,k does not have full column rank and

we assume that k is the least of such indices. We have,

ArXp1q . . . Xptqs � rXp1q . . . Xptqs

�
������

0 C12 C13 . . . C1t

0 C23 . . . C2t

0
. . .

...
. . . Ct�1,t

0

�
������ (3.15)

with Xpiq � rxi1 . . . x
i
λi
s in which the columns give the elements of B having

level i.

Since Ck�1,k � rCk�1,k
1 . . . Ck�1,k

λk
s does not have full column rank, so there

is a column say Ck�1,k
j in Ck�1,k which is a linear combination of its preced-

ing columns. Since every column of Ck�1,k is a nonzero vector, there exists

scalars β1, . . . , βj�1, not all zeros, such that Ck�1,k
j �

j�1̧

r�1

βrC
k�1,k
r . Then from

equation (3.15) for r � 1, . . . , j � 1 we have,

Axkr � Xp1qC1,k
r �Xp2qC2,k

r � . . .�Xpk�1qCk�1,k
r , (3.16)

and

Axkj � Xp1qC1,k
j �Xp2qC2,k

j � . . .�Xpk�1q

�
j�1̧

r�1

βrC
k�1,k
r

�
. (3.17)

If z � xkj �
j�1̧

r�1

βrx
k
r , then it follows that heightpzq ¤ k� 1. Let heightpzq � h,

then by assumption NpAhq has a nonnegative basis, say, ty1, . . . , ymu. Then

z � d1y
1�. . .�dmy

m for some scalars di. Let levelpzq � l, then since levelpyiq �

heightpyiq ¤ h, l ¤ h   k. Construct a new basis B̃ from B by replacing xkj

with z in B. Then λipB̃q � λi for all i R tl, ku; λlpB̃q � λl � 1; λkpB̃q � λk � 1,

hence it follows that λpB̃q ¡ λpAq, which is a contradiction. Thus pxiiq holds.

pxiq ñ pxiiq : is obvious.

pxiiq ñ piq : Let there exist a level basis B for A with the induced matrix

C � CpA,Bq such that for all k P xty the block Ck�1,k has full column rank.

To show that λpAq � ηpAq.
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From equation (3.15) we have Ak�1Xpkq � Xp1qC12C23 . . . Ck�1,k. Since

Cj�1,j’s are of full column rank so heightpxki q � k for all i P xλky. Hence

we have heightpxq � levelpxq for all x P B and, ηpBq � λpBq � λpAq.

If ηpAq ¡ λpAq then there exists a k for which λk ¡ ηk. Since Ak�1Xpkq �

Xp1qC12C23 . . . Ck�1,k and each of the matrices X1, C12, C23, . . . , Ck�1,k is of full

column rank, rankpAk�1Xpkqq � λkpBq � λk, which is equal to the number of

columns inXpkq. Hence no linear combination of the columns inXpkq can belong

to NpAk�1q. Also since AkXpkq is the 0 matrix, ηk � npAkq � npAk�1q ¥ λk,

which is a contradiction. Hence it follows that ηpAq � λpAq.

Theorem 3.9. Let A be an M_-matrix with indexρpAq ¤ 1. Then ηpAq �

λpAq if and only if there exists a nonnegative Jordan basis for �A.

Proof. Since every nonnegative Jordan basis for �A is a nonnegative height

basis for A, the ‘if’ part follows from Theorem 3.8pixq.

The ‘only if’ part can be obtained by proceeding as in Theorem 6.10 of

[24].

We next consider two extreme cases: piq Each path in RpAq has at most

one singular vertex, piiq all singular vertices lie on a single path.

Theorem 3.10. [47] Let A be an M-matrix. Then the following are equiva-

lent:

piq The Segré characteristic of A is p1, 1, . . . , 1q.

piiq The level characteristic of A is ptq.

Theorem 3.11. [47] Let A be an M-matrix. Then the following are equiva-

lent:

piq The Segré characteristic of A is ptq.

piiq The level characteristic of A is p1, 1, . . . , 1q.

Theorems 3.10 and 3.11 are also true for an M_-matrix A with indexρpAq ¤

1, due to Theorem 3.5 and Lemma 3.4.
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Remark 3.10. Let A be an M_-matrix with indexρpAq ¤ 1. Then in Theo-

rem 3.10 since 0 is a simple eigenvalue of every singular block in the Frobenius

normal form of A, t is the algebraic multiplicity of 0. Also, the number of

1’s in the Segré characteristic in Theorem 3.10 is t. Therefore Theorem 3.10

states that in the extreme case piq we have that λpAq � jpAq� � ηpAq.

Similarly for the other extreme case piiq, considered in Theorem 3.11, λpAq �

jpAq� � ηpAq.

The following examples show that the results in Theorem 3.10 and Theo-

rem 3.11 need not be true for an M_-matrix A having indexρpAq ¡ 1.

Example 3.8. Consider the M_-matrix

A � 4I �B � 4I �

�
�������

2 2 1 1 0 0
2 2 1 1 0 0
0 0 1 1 1 �1
0 0 1 1 �1 1
0 0 0 0 2 2
0 0 0 0 2 2

�
�������
.

The matrix A has index4pAq � 2 ¡ 1; t � 2 and A is in Frobenius normal

form having irreducible diagonal blocks A11,A22, A33 so that the singular ver-

tices in RpAq are 1 and 3. The Segré characteristic is p1, 1q since it has two

jordan blocks of size 1 corresponding to the eigenvalue 0, whereas the level

characteristic is p1, 1q.

Example 3.9. Consider the M_ matrix A given by,

A � 4I �B � 4I �

�
���

2 2 0.5 0.5
2 2 0.5 0.5
1 �1 2 2
�1 1 2 2

�
��� .

Then the matrix A has index4pAq � 2 ¡ 1. The Segré characteristic jpAq of

A is p2q since it has only one jordan block corresponding to 0 of size 2, whereas

the level characteristic is p1q since it has only one irreducible block, the matrix

itself.

– 55 –

TH-1174_07612305



3.4. Combinatorial structure of M_-matrices

3.4.2.2 Hall condition and well structured graphs

In this section we show that the reduced graph of an M_-matrix is a well

structured graph with the help of the Hall Marriage condition.

We first state Hall’s theorem essentially as it is found in [4].

Theorem 3.12. [4] Let E1, . . . , Eh be subsets of a given set E. Then the

following are equivalent:

piq We have, �����
¤
iPα

Ei

����� ¥ |α|, for all α � xhy. (3.18)

piiq There exist distinct elements e1, . . . , eh of E such that ei P Ei, i P xhy.

The condition (3.18) is often referred to as the Hall Marriage condition.

Definition 3.14. [25] Let S be an acyclic graph. A chain pi1, . . . , imq is called

an anchored chain if the level of ik is k, k P xmy.

Definition 3.15. [25] Let S be an acyclic graph.

piq A set κ of chains in S is said to be a chain decomposition of S if each

vertex of S belongs to exactly one chain in κ.

piiq A chain decomposition κ of S is said to be an anchored chain decompo-

sition of S if every chain in κ is anchored.

piiiq S is said to be well structured if there exists an anchored chain decom-

position of S.

The following result is due to [25].

Theorem 3.13. [25] Let S be an acyclic graph with levels L1, . . . , Lt. Then

the following are equivalent:

piq The sets Ei � belowpiq
�
Lk, i P Lk�1, satisfy the Hall Marriage Condi-

tion for all k P xt� 1y.

piiq S is well structured.
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In the next theorem we show that reduced graph of an M_-matrix is well

structured.

Theorem 3.14. Let A be an M_-matrix with indexρpAq ¤ 1. If ηpAq � λpAq,

then the reduced graph RpAq is well structured.

Proof. Let tα1, . . . , αqu be the set of all singular vertices of A ordered according

to levels. L1, . . . , Lt mentioned in the above lemma are the levels of RpAq, i.e.,

Li is the collection of singular vertices of level i and t is the length of the

longest chain in RpAq. It suffices to show that, Ei � belowpαiq
�
Lk with

αi P Lk�1 satisfies the condition (i) of Theorem 3.13, for all k P xt� 1y.

Suppose if the Ei’s as defined above do not satisfy the Hall marriage con-

dition for all k P xt � 1y, then there exists a k0 and an α � xλk0�1y such that

|
�
iPαEi|   |α|. Without loss of generality let α � t1, 2, . . . , ru.

Consider a preferred basis B. Since ηpAq � λpAq it is also a height basis.

If X is the matrix, the columns of which give the elements of B and C is the

corresponding induced matrix, then since ηpAq � λpAq, Ck,k�1’s are of full

column rank, for all k P xt � 1y. Since B is a preferred basis, Cij � 0 if and

only if αi Ñ αj. Hence |
�r
i�1Ei|   r implies that in the submatrix of Ck0,k0�1

of order λk0� r formed by taking only the first r columns of Ck0,k0�1, there are

less than r nonzero rows, which contradicts the fact that the r columns are

linearly independent.

Remark 3.11. Note that ηpAq � λpAq is a sufficient condition for the reduced

graph RpAq to be well structured, which need not be a necessary condition.

For example, consider the M -matrix A � I �B where,

B �

�
���

1 0 1 1
0 1 1 1
0 0 1 0
0 0 0 1

�
��� .

The reduced graph RpAq of A is given by,

1

3 4

2
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Then tp1, 3q, p2, 4qu is an anchored chain decomposition for A and hence RpAq

is well structured. But note that λpAq � p2, 2q whereas ηpAq � p3, 1q.

3.5 Conclusion

We consider two types of generalizations of M -matrices, namely the GM -

matrices and the M_-matrices. Initially we show the existence of a preferred

basis for GM -matrices of order 2 and also demonstrate with the help of an

example, the fact that a quasi-preferred (and hence a preferred) basis need not

exist if the order of the matrix exceeds 2.

Next we consider another generalization of M -matrices, known as M_-

matrices and show the existence of preferred basis for a subclass of these matri-

ces. In particular we give a method to obtain a preferred basis for M -matrices

and M_-matrices, from a quasi-preferred basis. We next consider height, level

and Segré characteristics of M_-matrices and try to understand their mutual

relationship. Based on results obtained for M -matrices in [24], we state and

prove some equivalent conditions for the equality of the height characteristic

and the level characteristic for a subclass of M_-matrices. We also present a

sufficient condition for the reduced graph of M_-matrices to be well structured.

– 58 –

TH-1174_07612305



Chapter 4

Characterization of Generalized
M-matrices

4.1 Introduction

Nonsingular M -matrices can be characterized in various ways, in terms of

positivity of principal minors, stability and the inverse positivity property

(see [27]). In subsection 4.2.1 of this chapter we give some useful characteri-

zations of nonsingular M_-matrices in terms of positivity of sums of principal

minors and stability. Also we show that some of the important properties, such

as inverse positivity, do not carry over to the entire class of M_-matrices, but

to a subclass of these matrices. In subsection 4.2.2 we generalize the inverse-

positivity property for a subclass of nonsingular M_-matrices, which was given

by Elhashash and Szyld in [7], to singular M_-matrices. Next we introduce the

concepts of eventually monotonicity and eventually nonnegativity on a subset

of Rn, to characterize a subclass of M_-matrices. In addition, this subclass

of M_-matrices A with indexpAq ¤ 1, is also characterized in terms of some

special types of generalized inverses.

4.2 Characterization of M_-matrices

In this section we consider the class of M_-matrices and also extend some

results known for M -matrices to the class of M_-matrices.

Definition 4.1. [8] For any real matrix A, we define a set of integers DA
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(the denominator set of the matrix A) as follows:

DA :�
!
d | θ � α �

c

d
, where re2πiθ, re2πiα P σpAq, r ¡ 0, c P Z�,

d P Zzt0u, pc, dq � 1, and |θ � α| R t1, 2 . . .uu .

PA :� tkd | d ¡ 0, k P Z and d P DAu pProblematic Powers of Aq.

NA :� t1, 2 . . .u zPA pNice Powers of Aq.

The set DA consists of the denominators of the reduced fractions that rep-

resent the argument difference, normalized by 1
2π

, of two distinct eigenvalues

of A that lie on the same circle with center at the origin. Note that DA is

always a finite set and is empty if and only if one of the following conditions

hold:

1. A has no distinct eigenvalues lying on the same circle with center at the

origin.

2. The argument difference of two distinct eigenvalues lying on the same

circle with center at the origin are irrational multiples of 2π.

Definition 4.2. [8] A matrix A P Rn,n is said to have the strong Perron-

Frobenius property if the spectral radius ρpAq is a simple positive eigenvalue

that is strictly larger in modulus than any other eigenvalue and there exists a

positive eigenvector corresponding to ρpAq. By PFn we denote the collection

of all n� n matrices A such that A is an eventually positive matrix.

Remark 4.1. [39] It turns out that A P PFn if and only if both A and AT

possess the strong Perron-Frobenius property.

4.2.1 Nonsingular M_-matrices

In this subsection we consider the class of nonsingular M_-matrices. We show

that in general the inverse of a nonsingular M_-matrix need not be in WPFn,

but under certain additional conditions, the inverse is in WPFn. We also

obtain some new characterizations of nonsingular M_-matrices, in terms of

the positivity of sums of the principal minors and stability.
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Theorem 4.1. [33] Let A be an eventually nonnegative matrix with indexpAq ¤

1. Let g be a prime number such that g R DA and As ¥ 0 for all s ¥ g. Let

κ � pK1, . . . , Kkq be the order partition of xny such that Agκ is in Frobenius-

normal form. Then Aκ is in Frobenius-normal form.

Lemma 4.1. Let B be a nonnilpotent, eventually nonnegative matrix. Then

there exists a nonnegative vector x such that Bx � ρx with ρ � ρpBq. Fur-

thermore, if indexpBq ¤ 1 and B is irreducible, then the vector x is positive

and ρpBq is simple.

Proof. Since B is eventually nonnegative, we can always choose a prime num-

ber k0 P NB such that Bk ¥ 0 for all k ¥ k0. Since ρpBk0q � ρpBqk0 � ρk0 and

Bk0 ¥ 0, there exists a nonnegative vector x such that Bk0x � ρk0x and hence

by Lemma 3.4 of Chapter 3, Bx � ρx.

As B is irreducible with indexpBq ¤ 1, so Theorem 4.1 implies that Bk0 is

irreducible and hence x(or �x) must be a positive vector. Also ρ is a simple

positive eigenvalue follows from the fact that for all k ¥ k0, Bk is an irreducible

nonnegative matrix and Lemma 3.4.

Note that the above result is not true if B is nilpotent or if indexpBq ¡ 1,

as the following two examples illustrate.

Example 4.1. Consider the matrix B �

�
1 1

�1 �1

�
. Then B is a nilpo-

tent, eventually nonnegative matrix, and there does not exist any nonnegative

eigenvector corresponding to its spectral radius 0.

Example 4.2. Consider the matrix

B �

�
���

0 0 1 1
0 0 1 1
1 1 1 1

�1 �1 1 1

�
��� .

Then B is an irreducible, nonnilpotent, eventually nonnegative matrix with

indexpBq � 2. If x � rxis is any eigenvector of B associated with its spectral

radius 2, then x4 � 0 and thus there can not exist a positive eigenvector

corresponding to ρpBq.
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Theorem 4.2. [39] Let A P Rn,n be a nonnilpotent eventually nonnegative

matrix. Then both A and AT possess the Perron-Frobenius property.

Theorem 4.3. Let A written as sI � B, for some B, be a matrix in Rn,n

whose eigenvalues (counting multiplicity) are arranged in the following man-

ner: |λ1| ¥ |λ2| ¥ . . . ¥ |λn|. If B is an irreducible, nonnilpotent, eventually

nonnegative matrix with indexpBq ¤ 1, then the following statements are equiv-

alent:

piq A is a nonsingular M_-matrix;

piiq A�1 is an eventually positive matrix and 0   λn   Repλiq for all i � n.

Proof. piq ñ piiq: From assumption, A � sI � B is an M_-matrix, with

s ¡ ρpBq � ρ and B an irreducible, nonnilpotent, eventually nonnegative

matrix. Hence ρ is positive and is a simple eigenvalue of B. We first show that

0   λn   Repλiq for all i � n.

Note that for every i, λi � s� λipBq for a corresponding λipBq P σpBq. Hence

s� ρ is a simple eigenvalue of A and since 0   s� ρ � |s� ρ| ¤ |s�|λipBq|| ¤

|s� λipBq|, λn � s� ρ and λn ¡ 0.

For any i � n, λn � s� ρ   s�RepλipBqq if RepλipBqq ¥ 0 and λn � s� ρ  

s   s�RepλipBqq if RepλipBqq   0.

Lastly we need to show that A�1 is an eventually positive matrix. Since B

(and hence BT ) is an irreducible, nonnilpotent, eventually nonnegative matrix,

by Lemma 4.1 ρ is simple and there exist positive vectors x, y such that Ax �

λnx and yTA � λny
T . Without loss of generality we may assume that X ��

x Xp1q
�
, then

A�1 �
�
x Xp1q

� � 1
λn

0

0 Jn�1

� �
yT

Y p1q

�

where Xp1q, Y p1qT P Rn,n�1 and Jn�1 P Rn�1,n�1 with 1
λn
R σpJn�1q. Thus for

any positive integer k we have that,
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A�k �
�
x Xp1q

� � 1
λkn

0

0 Jkn�1

� �
yT

Y p1q

�

i.e., λknA
�k �

�
x Xp1q

� � 1 0

0 D
pkq
n�1

� �
yT

Y p1q

�
(4.1)

where D
pkq
n�1 � λknJ

k
n�1 and eigenvalues of D

pkq
n�1 are λkn

λki
with |λ

k
n

λki
|   1 and thus

lim
kÑ8

D
pkq
n�1 � 0. Hence the equation (4.1) implies that

lim
kÑ8

λknA
�k � xyT ¡ 0.

So, there exists a positive integer k0 such that pA�1q
k
¡ 0 for all k ¥ k0, i.e.,

A�1 is eventually positive.

piiq ñ piq: Since B is nonnilpotent, eventually nonnegative matrix, so B P

WPFn by Theorem 4.2 and so the assumption implies that A is an invertible

GM -matrix(see [7]). Thus it follows that s ¡ ρpBq, and A is an invertible

M_-matrix.

Since the inverse of a reducible matrix is reducible, so the irreducibility of

B (and hence of A) cannot be relaxed. One may ask whether there is a weaker

relation.

Example 4.3. Consider the matrix,

A � 5I �B � 5I �

�
���

1 1 1 �1
1 1 �1 1
0 0 2 2
0 0 2 2

�
��� .

Note that A is an invertible M_-matrix as Bk ¥ 0 for all k ¥ 2 and ρpBq � 4.

Also the eigenvalues of A are 5, 5, 3, 1 and,

A�1 �

�
���

0.2667 0.0667 0.04 �0.04
0.0667 0.2667 �0.04 0.04

0 0 0.6 0.4
0 0 0.4 0.6

�
��� � E � F (say),
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where E �

�
���

0.2667 0.0667 0 0
0.0667 0.2667 0 0

0 0 0.6 0.4
0 0 0.4 0.6

�
��� and F � A�1 � E.

Note that EF � FE � 1
5
F and F 2 � 0. Then by induction argument it

can be easily checked that for any positive integer k,

A�k � Ek � k51�kF.

Thus for any positive integer k, the p1, 4qth and the p2, 3qth entries of A�k

are always negative, hence A�1 is not eventually positive although B is a

nonnilpotent, eventually nonnegative matrix with indexpBq � 1. Note that

the matrix B is reducible.

The following example show that the condition indexpBq ¤ 1 in Theorem 4.3

cannot be relaxed.

Example 4.4. [7] Consider the invertible M_-matrix

A � 3I �B � 3I �

�
���

1 1 1 �1
1 1 �1 1
1 1 1 1
1 1 1 1

�
��� .

Note that indexpBq � 2 and A�1 � 3�2pE � F q where

E �

�
���

6 3 0 0
3 6 0 0
9 9 6 3
9 9 3 6

�
��� and F �

�
���

0 0 1 �1
0 0 �1 1
0 0 0 0
0 0 0 0

�
��� .

As EF � FE � 3F and F 2 � 0, it can be easily seen that pA�1qk � 3�2kEk�

k3�k�1F and hence A�1 is not an eventually nonnegative matrix although B

is an irreducible, nonnilpotent, eventually nonnegative matrix.

We now give equivalent characterizations of nonsingular M_-matrices in

terms of stability and positivity of sums of principal minors. We first state

some equivalent characterizations of nonsingular M -matrices, which could be

found in [2, 26].
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Theorem 4.4. Let A � sI � B be an n � n matrix, where B ¥ 0. If A is

nonsingular, then the following statements are equivalent:

piq A is an invertible M-matrix.

piiq A is positive stable.

piiiq s ¡ ρpBq.

pivq All the real eigenvalues of A are positive.

pvq The sum of the all principal minors of size k are positive, for all k P xny.

pviq A� tI is nonsingular for all t ¡ 0.

pviiq A � I is nonsingular and G � pA � Iq�1pA � Iq is convergent, i.e.,

ρpGq   1.

pviiiq There exists an x ¡ 0 such that Ax ¡ 0.

pixq A�D is nonsingular, for every nonnegative diagonal matrix D.

Olesky, Tsatsomeros and Driessche [41] in an attempt to extend the above

theorem to the class of M_-matrices, obtained the following result.

Theorem 4.5. [41] Let A � sI � B be an n � n matrix, where B is a

nonnilpotent, eventually nonnegative matrix with power index k0 ¥ 0, that is,

k0 is the least positive integer such that Bk ¥ 0 for all k ¥ k0. Let K be the

cone defined as K � Bk0Rn
�. Then the following statements are equivalent:

paq A is an invertible M_-matrix.

pbq s ¡ ρpBq.

pcq A�1 exists and A�1K � Rn
�.

pdq Ax P K implies x ¥ 0.

In the next theorem we show that the conditions piiq� pviiq in Theorem 4.4

are also equivalent characterizations for M_-matrices, whereas it is shown that

the conditions pviiiq and pixq need not be true for M_-matrices.
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Theorem 4.6. Let A � sI�B be an n�n matrix, where B is a nonnilpotent,

eventually nonnegative matrix with ρ � ρpBq. If A is nonsingular, then the

following statements are equivalent:

piq A is an invertible M_-matrix.

piiq A is positive stable.

piiiq s ¡ ρ.

pivq All the real eigenvalues of A are positive.

pvq The sum of the all principal minors of size k are positive, for all k P xny.

pviq A� tI is nonsingular for all t ¡ 0.

pviiq A � I is nonsingular and G � pA � Iq�1pA � Iq is convergent, i.e.,

ρpGq   1.

Proof. It is obvious from the definition of an M_-matrix, that the conditions

piq � piiiq are equivalent.

piiiq ñ pivq: For any real eigenvalue λ of A, s � λ is a real eigenvalue of B

and thus s� λ ¤ ρ. Since s ¡ ρ, so λ ¡ 0.

pivq ñ piiiq: As ρ is an eigenvalue of B, so s � ρ is a real eigenvalue of A

and hence by our assumption s ¡ ρ.

piiq ñ pvq is true, [see, Problem no. 2 of Chapter 2.1, pg 94 in [27]].

pvq ñ pviq: The expansion of detpA � tIq as a polynomial in t is a monic

polynomial of degree n whose coefficients are EkpAq, for k P xny, where EkpAq

is the sum of all k � k minors of A. Since the EkpAq’s are positive for all

k P xny, detpA� tIq is nonsingular for all t ¡ 0.

pviq ñ pivq: If λ is any real eigenvalue of A and λ   0, then by condition

pviq, A� λI is nonsingular, which is a contradiction. Hence λ ¡ 0.

pviq ô pviiq: A � I is nonsingular by assumption. If µ is any eigenvalue

of G � pA � Iq�1pA � Iq, then there is an x � 0 such that Gx � µx, i.e.,

pA � Iqx � µpA � Iqx, which implies µ � 1 and Ax �
�

1�µ
1�µ

	
x. Then by

condition piiq, Re
�

1�µ
1�µ

	
¡ 0, i.e., Re pp1� µqp1� µ̄qq ¡ 0. Thus, |µ|   1 and

hence ρpGq   1.
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Conversely, if λ is any real eigenvalue of A, then by condition pviiq, λ � �1.

So there is an x � 0 such that Gx �
�
λ�1
λ�1

�
x and thus by assumption |λ�1|  

|λ� 1| which implies that λ ¡ 0.

The following examples show that conditions pviiiq and pixq of Theorem 4.4

do not in general hold good for M_-matrices.

Example 4.5. Consider the M_-matrix A � 12.5I �B where

B �

�
� 9.5 1 1.5
�14.5 16 10.5

10.5 �3 4.5

�
� .

Consider the nonnegative diagonal matrix D � diagp2, 0, 35
8
q. Then it can be

seen that the matrix A�D is singular.

Example 4.6. Consider the M_-matrix A � 0.75I �B where

B �

�
���
�1 �1 �1 0

1 1 1 0
0 0 0 0
0 0 0 0.5

�
��� .

For any positive vector x � r x1 x2 x3 x4 s
T we have that,

Ax �

�
���

1.75x1 � x2 � x3

�x1 � 0.25x2 � x3

0.75x3

0.25x4

�
��� .

As x ¡ 0, so the second entry of Ax is always negative. Thus Ax can not be

a positive vector.

4.2.2 Singular M_-matrices

In this section we study a subclass of M_-matrices. We try to extend the notion

of inverse-eventually positivity to this subclass and show that any matrix in

this class will have a generalized inverse which is eventually positive. Various

types of generalized inverses have been defined and studied by several authors.

The important class of generalized inverses for our purpose are those that

leave the subspace VA � rangepAmq invariant. The following definitions are

due to [35].
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Definition 4.3. Let A P Rn,n with m � indexpAq. Then each Y P Rn,n

satisfying the condition,

Y Ax � x for all x P VA with VA �
8£
k�0

rangepAkq � rangepAmq

is called a generalized left inverse of A. Similarly, each Z P Rn,n satisfying

the condition,

xTAZ � xT for all x P VA

is called a generalized right inverse of A.

Some equivalent definitions of generalized left inverses are given in the fol-

lowing lemma.

Lemma 4.2. [2,35] Let A P Rn,n. Then the following statements are equiva-

lent for Y P Rn,n:

piq Y is a generalized left inverse of A.

piiq Y Am�1 � Am, where m � indexpAq.

piiiq Y Ak�1 � Ak, where k ¥ indexpAq.

pivq Y Ak�1 � Ak, for some k ¥ 0.

Similar characterization can obviously be obtained for generalized right in-

verses.

Definition 4.4. Let A, Y P Rn,n. Consider the following conditions:

p1q AY A � A.

p2q Y AY � Y .

p3q AY � pAY qT .

p4q Y A � pY AqT .

p5q AY � Y A.

p6q Y Am�1 � Am, m � indexpAq.
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Let λ be any subset of t1, 2, 3, 4u, which contains 1. Then a λ-inverse of A

is a matrix Y which satisfies the condition i, for each i P λ.

TheDrazin inverse of A is a matrix Y which satisfies the conditions p2q, p5q

and p6q, hence it is a generalized left inverse.

In our next theorem we extend Theorem 4.3 for a subclass of singular M_-

matrices.

Theorem 4.7. If A � ρI �B is a singular M_-matrix where ρpBq � ρ, B is

an irreducible, nonnilpotent, eventually nonnegative matrix with indexpBq ¤ 1,

then there always exists an eventually positive generalized left inverse of A.

Proof. Let A � XJX�1 be the Jordan canonical form of A. Then there exists

positive vectors x and y such that Ax � 0 and yTA � 0. Without loss of

generality we may assume that X �
�
x Xp1q

�
, then

A �
�
x Xp1q

� � 0 0
0 D

� �
yT

Y p1q

�
,

where D P Rn�1,n�1 is the nonsingular part of the Jordan canonical form J of

A.

Choose a large positive number s such that s ¡ 1
|λ|

for all λp� 0q P σpAq.

Consider the matrix

Y1 �

�
s 0
0 D�1

�
.

Take Y � XY1X
�1, so for any positive integer k, Y k � XY k

1 X
�1. Then

1

sk
Y k �

�
x Xp1q

� � 1 0

0 D̃pkq

� �
yT

Y p1q

�
,

where D̃pkq � 1
sk
pD�1q

k
and any eigenvalue λpkq of ˜Dpkq is of absolute value

less than 1. Hence it follows that, lim
kÑ8

˜Dpkq � 0 and,

lim
kÑ8

1

sk
Y k � xyT ¡ 0.

This shows that there exists a positive integer k0 such that Y k ¡ 0 for all

k ¥ k0, that is, Y is an eventually positive matrix. We now show that Y is a

generalized left inverse of A. Let m � indexpAq. Then,

Y1J
m�1 �

�
s 0
0 D�1

� �
0 0
0 Dm�1

�
�

�
0 0
0 Dm

�
� Jm.
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Thus XY1X
�1XJm�1X�1 � XJmX�1, or, Y Am�1 � Am.

Remark 4.2. Note that from the above theorem we cannot conclude that

every generalized left inverse of A is eventually positive. Consider the matrix

A � 8I �B � 8I �

�
� 3 2 3

3 6 �1
�1 2 7

�
� .

Then Bk ¡ 0 for all k ¥ 3 and so A is an M_-matrix satisfying the conditions

of the previous theorem. Let A � XJX�1 be the Jordan canonical form of A

where

J �

�
� 0 0 0

0 4 1
0 0 4

�
� and X �

�
� 0.25 2 0.75

0.25 �2 �0.25
0.25 2 �0.25

�
� .

Consider the generalized left (Drazin) inverse,

Y � XJ̃X�1 � X

�
� 0 0 0

0 0.25 �0.0625
0 0 0.25

�
�X�1

�

�
� 0.0625 �0.125 0.0625

0.0625 0.125 �0.1875
�0.1875 �0.125 0.3125

�
� .

Then for any positive integer k, Y k � XJ̃kX�1. Using induction, it can be

easily checked that

J̃k �

�
� 0 0 0

0 1
4k

� k
4k�1

0 0 1
4k

�
� ,

which implies

Y k � XJ̃kX�1

�

�
� 1

4
2 3

4
1
4
�2 �1

4
1
4

2 �1
4

�
� J̃kX�1

�

�
� 0 2

4k
3�2k
4k�1

0 � 2
4k

2k�1
4k�1

0 2
4k

�2k�1
4k�1

�
�
�
� 1 2 1

0 �1
4

1
4

1 0 �1

�
� .
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This shows that for any positive integer k, the p1, 2qth entry of Y k is always

negative. Hence Y is not an eventually positive matrix.

The following theorem gives some characterizations of singular M -matrices

in terms of generalized left inverses, obtained by Neumann and Plemmons

in [35].

Theorem 4.8. [35] Let A � sI � B where B ¥ 0 and s ¡ 0. Then the

following statements are equivalent:

piq A is an M-matrix.

piiq A has a generalized left inverse Y with Y ¥ 0.

piiiq A has a generalized left inverse Y , which is nonnegative on VA. That is,

x ¥ 0 and x P VA ñ Y x ¥ 0.

pivq A is monotone on VA. That is,

Ax ¥ 0 and x P VA ñ x ¥ 0.

Motivated by these characterizations of singular M -matrices, we now in-

troduce some new definitions and concepts, in order to give some interesting

characterizations of a subclass of singular M_-matrices.

Definition 4.5. Let A P Rn,n and S � Rn. Then we say that A is eventually

nonnegative on S, if x P S and x ¥ 0 imply that there exists a positive integer

k0, such that Akx ¥ 0, for all k ¥ k0.

Remark 4.3. Note that if A is an eventually nonnegative matrix such that

Ak ¥ 0 for all k ¥ g, then we can choose k0 � g.

Definition 4.6. Let A P Rn,n and S � Rn. Then we say that A is eventually

monotone on S, if there exists a positive integer k0, such that for any x P

S, Akx ¥ 0, for all k ¥ k0, implies x ¥ 0.

The following is an example of a matrix which is eventually monotone on a

subspace S of R4.
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Example 4.7. Consider the matrix

A �

�
1 0
0 �2

�
.

Take S � R2. Let x P S and there exists k0 such that Akx ¥ 0 for all k ¥ k0

which imply that �
1 0
0 p�2qk

� �
x1

x2

�
¥ 0 for all k ¥ k0,

which implies that x2 � 0 and x1 ¥ 0. Hence x ¥ 0 on S and thus the matrix

satisfies eventually monotone property on S.

Next theorem gives some equivalent characterizations for a subclass of M_-

matrices.

Theorem 4.9. Let A � sI�B where s ¡ 0 and B is an eventually nonnegative

matrix satisfying the conditions of Theorem 4.7. Then the following statements

are equivalent:

piq A is an M_-matrix.

piiq A has a generalized left inverse Y , which is eventually positive.

piiiq A has a generalized left inverse Y , which is eventually nonnegative.

pivq A has a generalized left inverse Y , which is eventually nonnegative on

VA.

pvq A is eventually monotone on VA.

Proof. piq ñ piiq follows from Theorem 4.7 and piiq ñ piiiq and piiiq ñ pivq are

obvious.

pivq ô pvq: Let Y be a generalized left inverse of A such that if x P VA and

x ¥ 0, then there exists a k̃ such that Y kx ¥ 0 for all k ¥ k̃. To show that A

is eventually monotone on VA.

Let x P VA and k1 be a positive integer such that Akx ¥ 0 for all k ¥ k1

and let m � indexpAq. Choose k2 such that k2 ¥ maxtk1,mu. Since x P

VA � RpAmq, there exists a z such that x � Amz. Thus for any k ¥ k2,
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Akx � Am�kz P VA and Akx ¥ 0. Again by assumption pivq, there exists a k3

such that Y sAkx ¥ 0 for all s ¥ k3 and for all k ¥ k2. Choose k0 ¥ maxtk2, k3u.

Then for any k ¥ k0, Y kAkx ¥ 0, i.e., Y kAm�kz ¥ 0. Thus Y Ak�1 � Ak for

all k ¥ m implies that Y Am�1z ¥ 0, or, x � Amz � Y Am�1z ¥ 0.

Conversely let A be eventually monotone on VA, i.e., if x P VA and there

exists a k0 such that Akx ¥ 0, for all k ¥ k0, then x ¥ 0. Let Y be the Drazin

inverse of A. To show that Y is eventually nonnegative on VA.

Let x P VA, x ¥ 0 and x � Amz for some z. For any k ¥ m we have

that AkpY kxq � Y kpAkxq � Y kAm�kz � Y Am�1z � Amz ¥ 0. Hence by our

assumption Y kx ¥ 0 for all k ¥ m. Thus pivq holds.

pivq ñ piq: Let Y be a generalized left inverse of A which is eventually

nonnegative on VA. To show that s ¥ ρ, where ρ � ρpBq.

Suppose that s � ρ. Choose a nonnegative vector x such that Bx � ρx

and thus for any positive integer k, Akx � ps� ρqkx and hence x P VA. So, by

pivq there exists a k0 such that Y kx ¥ 0 for all k ¥ k0. Take k̃ � maxpk0,mq,

where m � indexpAq. Then for any k ¥ k̃,

ps� ρqm�kx � Am�kx
� Y Am�k�1x
� Y kAm�2kx
� ps� ρqm�2kY kx

.

Thus ps� ρqkx � ps� ρq2kY kx for all k ¥ k̃. As x and Y kx with k ¥ k̃ are all

nonnegative vectors, so we must have s ¡ ρ.

Lemma 4.3. Let A be any real square matrix of order n. If Y is a t1u-inverse

of A with rangepY Aq � rangepAq, then

piq Y Ax � x, for all x P rangepAq.

piiq Y Ak�1 � Ak, for all k ¥ 1. In particular, indexpAq ¤ 1 and Y is a

generalized left inverse of A.

Proof. piq Since rangepYAq � rangepAq, so any x P rangepAq can be written

as x � Y Az, for some z and hence Y Ax � Y AY Az � Y Az � x.

piiq We prove it by induction on k. Let k � 1 and x P Rn. Then Ax P

rangepAq and hence by the given hypothesis there exists a z such that
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Ax � Y Az, which implies that Y A2x � Y AY Az � Y Az � Ax. Thus

Y A2 � A. Now suppose that k ¡ 1 and Y At�1 � At, for all t   k. Then

Y Ak�1 � Y Ak � A � Ak�1 � A � Ak.

Suppose that, m � indexpAq ¡ 1. Then there exists an x, such that

x P rangepAq and x R rangepA2q. Hence x � Ay for some y P Rn. Take

y � u � v with u P rangepAmq and Amv � 0. So, Amy � Amu, or,

Y Amy � Y Amu and since m ¡ 1, so Am�1y � Am�1u. Repeating this

process upto pm�1q steps, we get x � Ay � Au, hence x P rangepAm�1q

and m ¡ 1 imply that x P rangepA2q, a contradiction. Thus indexpAq ¤

1.

Lemma 4.4. Let A be any real square matrix of order n. If Z is a t1u-inverse

of A with rangepZTAT q � rangepAT q, then

piq xTAZ � xT , for all x P rangepAq.

piiq Ak�1Z � Ak, for all k ¥ 1. In particular, indexpAq ¤ 1 and Z is a

generalized right inverse of A.

Proof. Proof is similar to that of Lemma 4.3.

The following result gives characterizations of M -matrices in terms of some

special types of generalized inverses.

Theorem 4.10. [35] Let A � sI � B where B ¥ 0, s ¡ 0 and ρpBq � ρ.

Then for S � rangepAq, the following statements are equivalent:

piq A is an M-matrix with indexpAq ¤ 1.

piiq A has a t1u-inverse Y which is a nonnegative matrix and rangepY Aq �

S.

piiiq A has a t1u-inverse Y with rangepY Aq � S, such that Y is nonnegative

on S.

pivq A has a t1, 2u-inverse Z with rangepZq � S, such that Z is nonnegative

on S.
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pvq A is monotone on S.

We conclude this chapter by giving similar characterizations in terms of

generalized inverses of a singularM_-matrix, A � ρI�B, where B is eventually

positive, indexpAq ¤ 1 and ρpBq � ρ.

Theorem 4.11. Let A � sI � B where B is an eventually positive matrix,

s ¡ 0 and ρpBq � ρ. Then for S � rangepAq, the following statements are

equivalent:

piq A is an M_-matrix with indexpAq ¤ 1.

piiq A has a t1u-inverse Y which is an eventually nonnegative matrix and

rangepY Aq � S.

piiiq A has a t1u-inverse Y with rangepY Aq � S, such that Y is eventually

nonnegative on S.

pivq A has a t1, 2u-inverse Z with rangepZq � S, such that Z is eventually

nonnegative on S.

pvq A is eventually monotone on S.

Proof. We first show that if A is a matrix with indexpAq ¤ 1, then Y is a

generalized left inverse if and only if Y is a t1u-inverse with rangepYAq �

rangepAq.

If indexpAq   1, that is, A is nonsingular, Then the result is obviously true,

hence assume that indexpAq � 1. If The ‘if’ part follows from Lemma 4.3. Now

for the ‘only if part’, let us assume that Y is a generalized left inverse of A.

Any x P Rn can be written as x � u� v with u P rangepAq and Av � 0. Then

Ax � Au. Since Y is a left inverse and indexpAq � 1, so we have Y Au � u

and AY Ax � AY Au � Au � Ax and hence AY A � A.

Next if x P rangepY Aq, then as in the earlier case, x can be written as x � Y Ay

for some y P rangepAq. Since Y is a left inverse, x � y P rangepAq. Conversely

if x P rangepAq, then x � Y Ax and so x P rangepY Aq. Hence rangepY Aq �

rangepAq.
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From Theorem 4.9 it follows that if indexpAq ¤ 1, then the conditions

piiq, piiiq, pvq are equivalent to the statement that “A is an M_-matrix”. Thus

we have piq ñ piiq ô piiiq ô pvq. To complete the proof it is enough to show

piiiq ñ pivq ñ piq.

piiiq ñ pivq: Let Y be a t1u-inverse of A such that rangepY Aq � rangepAq

and Y is eventually nonnegative on rangepAq. Take Z � Y AY . Then it

can be easily checked that Z is a t1, 2u-inverse of A. Since Z � Y AY and

rangepY Aq � rangepAq, so rangepZq � rangepAq. Again if x P rangepAq, then

by Lemma 4.3piq, x � Y Ax � ZAx and hence rangepZq � rangepAq. In order

to show that Z is eventually nonnegative on rangepAq, it suffices to show that

Zkx � Y kx for all x P rangepAq, and for all positive integer k.

Let x � Au for some u P Rn, then Zx � Y AY x � Y AY Au � Y Au � Y x.

Now assume that k ¡ 1, and Ztx � Y tx, for all x P rangepAq and for all t   k.

Then Zkx � Zk�1pZxq � Zk�1pY xq � Y k�1pY xq � Y kx and by induction on

k, Zkx � Y kx for all positive integer k.

pivq ñ piq: Suppose that Z is a t1, 2u-inverse of A such that rangepZq �

rangepAq and Z is eventually nonnegative on RpAq. Then Z is a t1u-inverse

implies that rangepZAq � rangepAq and hence by Lemma 4.3, indexpAq ¤ 1

and Z is a generalized left inverse of A. Hence the generalized left inverse Z

is eventually nonnegative on VA � RpAq and piq follows from Theorem 4.9.

Thus the conditions piq � pvq are equivalent.

Remark 4.4. Similar results can be obtained for generalized right inverses Z,

with S � rangepAT q and rangepY Aq replaced by rangepZTAT q in the above

statements.

4.3 Conclusion

We present some useful characterizations of nonsingular M_-matrices in terms

of stability and positivity of sums of principal minors. We also obtain some re-

sults for the class of M_-matrices analogous to those obtained for M -matrices,

for example the inverse-positivity property of nonsingular M -matrices. Next

we study a subclass of singular M_-matrices, and obtain interesting results on
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the generalized inverses of these matrices. Lastly, we present some characteri-

zations of this subclass, in terms of generalized inverses.
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Chapter 5

Conclusion and Future works

In this dissertation we study the combinatorial properties of nonnegative ma-

trices and generalized M -matrices. To begin with, we consider several types of

nonnegative bases which have interesting combinatorial structures, namely the

quasi-preferred and preferred bases. We use these bases to introduce a variant

of the Jordan canonical form for nonnegative matrices and proved the unique-

ness of such a canonical form up to block triangular similarity transformation.

We also study some combinatorial properties of nonnegative matrices with the

help of this canonical form. Moreover, we consider permuted graph representa-

tions of nonnegative bases for nonnegative matrices and derived some necessary

conditions for the existence of such bases. Nonnegative permuted graph ba-

sis is a very convenient tool for the initialization of nonnegative dynamical

systems, but not every nonnegative matrix possesses a nonnegative permuted

graph basis. It is an open problem to characterize the class of nonnegative

matrices that have a nonnegative permuted graph basis.

Next we consider two types of generalizations of M -matrices based on gener-

alizations of nonnegative matrices, called GM -matrices and M_-matrices and

try to extend the combinatorial properties of singular M -matrices to the class

of GM -matrices and M_-matrices. We prove the existence of a preferred basis

for a subclass of M_-matrices and obtain similar equivalent conditions as those

obtained for singular M -matrices, for the equality of the height and level char-

acteristics for this class of matrices. It is interesting to study combinatorial

properties for the entire class of M_-matrices. We also try to obtain similar

results for the class of GM -matrices and show the existence of a preferred
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basis for this class, if the order of the matrix does not exceed 2. We give a

counterexample to show that we cannot conclude the same if the order of the

matrix exceeds 2.

Motivated by results obtained for the characterization of nonsingular M -

matrices we try to characterize the class of nonsingular M_-matrices in terms

of stability and positivity of sums of principal minors. In addition to this,

we prove that for a subclass of nonsingular M_-matrices the inverse of these

matrices has eventually positivity property, analogous to the inverse-positivity

property for nonsingular M -matrices. We also demonstrate, with the help of

examples, that the above property is not carried over to the entire class of

M_-matrices. We also extend the notion of eventually nonnegativity property

of the inverse, for a subclass of nonsingular M_-matrices to the eventually

nonnegativity property of generalized left and right inverses of a subclass of

singular M_-matrices. We could not, however, establish this property for the

entire class of singular M_-matrices. We also find some interesting characteri-

zations of a subclass of M_-matrices in terms of some other types of generalized

inverses. It would be interesting to study all these properties for the entire class

of M_-matrices.
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List of papers communicated/to be
communicated

Based on the work in this thesis, the following research articles are communi-

cated/to be communicated.

1. M. Saha, V. Mehrmann, The Frobenius-Jordan form of nonnegative matri-

ces, communicated.

2. M. Saha, S. Bandopadhyay, Combinatorial structure of generalized M-matrices,

communicated.

3. M. Saha, S. Bandopadhyay, Characterization of Generalized M-matrices,

under preparation.
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