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0Abstract

The study of the properties of graph via matrices is widely studied subject that ties together

two seemingly unrelated branches of mathematics; graph theory and linear algebra. Graham

and Pollak in [GP71] proved a remarkable result which tells that the determinant of the

distance matrix of a tree only depends on the number of vertices in the tree. They showed

that for a tree T on n vertices, the determinant of the distance matrix of T is given by

detD(T ) = (−1)n−12n−2(n − 1). This impressive result created a lot of interest among the

researchers. In the same paper, Graham and Pollak established a relationship between loop

addressing problem in data communication systems and the number of negative eigenvalues

of the distance matrix. Since then many generalizations have been proposed in order to

understand the distance matrix better. Yet, the understanding seems to be far from complete.

We present one such point of view here showing how many more combinatorial objects are

linked together

All graphs considered here are simple and finite. For a bipartite graph, we do not require

the complete adjacency matrix to display the adjacency information in the graph. Godsil

in [God85], used a smaller size matrix to display this information. Later on this matrix was

named the bipartite adjacency matrix. The bipartite adjacency matrix [BM08, pp. 7] has

appeared in many places in the literature and it is used widely in the study the inverse of

the bipartite graph with unique perfect matching. In this thesis, similar to the bipartite

adjacency matrix, we define the bipartite distance matrix of a bipartite graph with unique

perfect matching. That is, the bipartite distance matrix B(G) of a bipartite graph G with a

unique perfect matching on 2p vertices is a p× p matrix whose (i, j)-th entry is the distance

between vertices li and rj, where L := {l1, . . . , lp}, R := {r1, . . . , rp} is a vertex bipartition

of G. Although the size of the bipartite distance matrix is half of the size of the graph,

but we observe that it still provides much information about the underlying graph. We

observe that detB(G) is always a multiple of 2p−1. This is similar to the well known result

of Graham and Pollak which tells that the determinant of the usual distance matrix of a

tree on n vertices is a multiple of 2n−2. We define the bipartite distance index of G as

bd(G) := detB(G)/(−2)p−1.

It is known that if a tree has a perfect matching, then the perfect matching is unique.

We use the word ‘nonsingular tree’ to mean a tree with a (unique) perfect matching. As

a tree is a bipartite graph, the study of the properties of the bipartite distance matrix of

a nonsingular tree is naturally starting point. We show that the bipartite distance index

xiii
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of a nonsingular tree T satisfies an interesting inclusion-exclusion type of principle at any

matching edge of the tree which is explained below (the shaded line is the matching edge

under consideration). This gives us a recursive formula to compute bd(T ).

b b
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b

b

b
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b
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=bd(T )

b b
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Even more interestingly, we show that the bipartite distance index of a nonsingular tree

T can be completely characterized by the structure of T via what we call the f -alternating

sums. By the f -alternating sum fS(T ) of a nonsingular tree T , we define the following sum

fS(T ) :=
∑

P∈AT
P=[u,··· ,v]

[d(u)− 2][d(v)− 2]S
( |P |

2

)
,

where S : N → R is a sequence, AT is the set of all alternating paths (a path which has

the starting edge, each alternate edge thereafter and the last edge from the matching) in T .

We show that the bipartite distance index of a nonsingular tree is actually the f -alternating

sum corresponding to the sequence S = (1, 1, 3, 3, 5, 5, . . .). We also show that, in general,

for any sequence S, the f -alternating sum of a nonsingular tree satisfies the above described

inclusion-exclusion type of principle.

A well known result by Graham, Hoffman and Hosoya [GHH77] is that the determinant of

the distance matrix of a graph only depends on its blocks and is independent of how they are

assembled. In a similar way, we identify some basic elements and a merging operation and

show that each of the trees that can be constructed from a given set of elements, sequentially

using this operation, have the same bipartite distance index, independent of the order in

which the sequence is followed. For the class of trees that can be obtained in this way, we

give a surprisingly simple way to evaluate the determinant of the bipartite distance matrix.

We observe that the bipartite distance matrix of a nonsingular tree is always invertible and

its determinant can be described using the structure of the tree. What about the inverse?

Can the entries of the inverse be described combinatorially? We supply answer to these

questions in the thesis. However, the answer to these questions leads us to an unexpected

generalization of the usual Laplacian matrix of a graph. We call it the bipartite Laplacian

matrix. This generalized Laplacian matrix is usually not symmetric, but it still has many

xiv
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properties like the usual Laplacian matrix. It turns out that the usual Laplacian matrix

of any tree is a very special case of the bipartite Laplacian matrix. We study some of the

fundamental properties of the bipartite Laplacian matrix and compare them with those of

the usual Laplacian matrix. We discuss how a multiplicity of an eigenvalue of the bipartite

Laplacian matrix of a nonsingular tree is related to the tree structure. Further, we provide

a formula for the inverse of the bipartite distance matrix of a nonsingular tree with the help

of its bipartite Laplacian matrix.

A combinatorial description of all the minors of the usual Laplacian matrix of a graph

was supplied by Chaiken in [Cha82] Quite similar to that, we also provide a combinatorial

description of all the minors of the bipartite Laplacian matrix of a nonsingular tree. In

particular we observe that a minor of the bipartite Laplacian matrix of a nonsingular tree

T obtained by deleting k many rows in X ⊆ R and k many columns in Y ⊆ L (with

|X| = |Y | = k) enumerates the number of spanning forests in T that have (a) k trees,

(b) each tree contains exactly one vertex in X and exactly one vertex in Y . As size of

the bipartite Laplacian matrix is half of the size of that tree, it provides a faster way to

enumerate the number of the above described spanning forests compare to Chaiken’s all

minor matrix tree result on the usual Laplacian matrix.

There are many studies of distance-like matrices available in the literature. We consider

two of them. The first one is the q-distance matrix which is a generalization of the usual

distance matrix. We show that the determinant of the q-bipartite distance matrix of a tree

with a unique perfect matching can still be expressed as a combinatorial sum over the set

of alternating paths with respect to a suitable sequence. The second distance-like matrix

we study is the exponential distance matrix, which has a very simple expression for the

determinant. We show that an extremely similar result hold here too. This is unexpected,

as our matrix is of half the order. Recall that, the determinant of the usual distance matrix

of a tree is just dependent on the number of vertices and is independent of the tree structure

and the determinant of the bipartite distance matrix of a tree with a unique perfect matching

was dependent on the tree structure and on some smaller classes it was independent of the

tree structure. We give a similar results for the q-bipartite distance matrix. However, as

another surprise, we show that the determinant of the exponential bipartite distance matrix

of a tree with a unique perfect matching is independent of the tree structure.

xv
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1 Introduction

The study of the properties of a graph via matrices associated with it is known as algebraic

graph theory. The linear algebraic graph theory is a fascinating subject that ties together two

seemingly unrelated branches of mathematics; graph theory and linear algebra. It is a rich

area of research and finds its application in several subjects like chemistry [GR79, Mer89],

computer Science [CS11], electrical networks [Kir47], social networks [CS97], statistical

design [Con87], etc. There is a large literature on algebraic graph theory, well documented

in several books, see for example [Bap14, Big74, BH11, BP94, BR91, CCDS80, GR01].

Throughout this thesis, all graphs are assumed to be simple, connected, undirected, un-

weighted and finite. Let G be a graph with vertex set V = {1, 2, . . . , n} and the edge set

E. An edge between vertices u and v is denoted by [u, v]. We shall use the notation u ∼ v

(resp. u ≁ v) to mean ‘u is adjacent to v’ (resp. u is not adjacent to v). The degree of a

vertex v is denoted by dG(v) or simply by d(v). The distance between two vertices u and v

is denoted by distG(u, v) or simply by dist(u, v).

We shall now recall a few terminologies and some related facts. We refer the reader to the

classical texts [BM08, CCDS80] for other notations and for further clarifications.

• A graph G is called a bipartite graph if the vertex set V can be partitioned into two

subsets L and R, such that no two vertices from the same set are adjacent. We shall

call such a partition (L,R) a vertex bipartition, or simply bipartition of the graph G.

The vertex bipartition (L,R) of G is unique if and only if G is connected. If G is

a bipartite graph, then we shall always denote its vertex bipartition by (L,R). It is

well-known that a graph G is a bipartite graph if and only if G has no cycle of odd

length.

• A matching in graph G is a set of edges such that no two edges have a common end

vertex. A perfect matching of a graph G is a matching that covers every vertex of

graph G. Thus, no graph on an odd number of vertices can have a perfect matching.

For a graph G with a unique perfect matching, we shall use M to denote the unique

perfect matching of G.

• An alternating path in a graph G with a perfect matching M is a path with the

starting edge, each alternate edge thereafter and the last edge from the matching (so,

1
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Introduction

the remaining edges are nonmatching edges). Note that our notion of an alternating

path is a special case of an M-alternating path as defined in [BM08, pp. 415].

◮ Example 1.0.1. Consider the following nonsingular tree T . Here the dashed edges

are the matching edges.
b

b b b b b b

bb b1

6 2 7 3 8 4

105 9

Note that, by our definition of an alternating path, [1, 6] and [1, 6, 2, 7] are alternating

paths but [6, 2, 7] and [10, 5, 7, 3] are not an alternating paths. ◭

• A tree is a special type of connected graph that contains no cycles. In a tree, between

any two vertices, there always exists a unique path. Let T be a tree and u, v be two

vertices in T . By [u, · · · , v] we mean the unique u-v path in the tree T . It is well known

that a tree is always a bipartite graph. Also, when a tree T has a perfect matching,

the perfect matching is unique.

• Let G be a graph. A vertex v ∈ G is called a pendant vertex of G if the degree of the

vertex v is one in G. In the case of tree, we call such vertex a leaf of the tree.

A vertex v ∈ G is called a quasi-pendant vertex of G if it is adjacent to a pendant

vertex of G.

• Let e be an edge of G = (V,E). We define the graph G− e = (V ′, E ′), where V ′ = V

and E ′ = E \ {e}). It is called the graph obtained deleting the edge e from G.

• Let v be a vertex of G. We define the graph G − v = (V ′, E ′), where V ′ = V \ {v}

and E ′ = {e ∈ E | e is not incident on v}. It is called the graph obtained deleting the

vertex v from G. In pictures, deletion of a vertex v means removing the vertex v from

G together with all edges incident with v.

• Let v be a vertex of G. A branch at v of G is a connected component of G− v. If B is

a branch at v of G, then by G− B, we denote the graph obtained by deleting all the

vertices of B from G. (Pictorially all the edges incident with those vertices are also

removed).

◮ Example 1.0.2. Consider the tree T as described in Example 1.0.1. Take G = T and

v = 2. The graph G− v is shown below.

b

b b b b

bb b1

6 7 3 8 4

105 9

Notice that there are two connected components in the graph G− v. Therefore, paths

[1, 6] and [10, 5, 7, 3, 8, 4, 9] are the two branches of G at 2. ◭
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Nonsingular Trees

1.1 Nonsingular Trees

Among the various matrices associated with a graph, the adjacency matrix of a graph is

probably the most popular and extensively investigated one.

Let G be a graph on n vertices. The adjacency matrix A(G) of G is the symmetric square

matrix of size n whose (i, j)th entry aij is given by

aij =




1 if i ∼ j,

0 otherwise.

F. Harary [Har62] in 1962 and independently H. Sachs [Sac64] in 1964 gave a beautiful

combinatorial formula for the determinant of the adjacency matrix of a graph.

◮ Theorem 1.1.1. Let G be a graph on n vertices. Let H be the set of all spanning subgraphs

H of G whose connected components are some paths on two vertices and some cycles. Then

detA(G) =
∑

H∈H

(−1)n−cp(H)(−2)c(H),

where cp(H) denotes the number of components in H which are paths and c(H) denotes the

number of components in H which are cycles. ◭

The adjacency matrix of a graph may or may not be singular. For example, for a tree

with an odd number of vertices, the set H in Theorem 1.1.1 turns out to be an empty set.

Hence detA(T ) = 0 for each tree T with an odd number of vertices.

b b

bb

bb

b b

Figure 1.1: The bipartite graph G

with three perfect matchings and
detA(G) = −1.

For a bipartite graph with a unique perfect matching

M, the set H in Theorem 1.1.1 turns out to be M. This

leads us following well-known observation.

◮ Corollary 1.1.2. Let G be a bipartite graph with a

unique perfect matching. Then detA(G) = ±1. ◭

Here we remark that the converse of Corollary 1.1.2

is not valid in general. For example, see Figure 1.1.

However, the converse is true for trees.

◮ Corollary 1.1.3. Let T be a tree. Then detA(T ) ∈ {0, 1,−1}. Also detA(T ) 6= 0 if and

only if T has a perfect matching. ◭

As we shall be discussing these type of trees, let us use the word ‘nonsingular tree’ to

mean a tree with a (unique) perfect matching.

3
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1.2 Bipartite distance matrix

For a bipartite graph, we do not require the complete adjacency matrix to display the

adjacency information in the graph. Godsil [God85] in 1985, used a smaller size matrix to

display this information. Later on this matrix was named the bipartite adjacency matrix, see

[BM08, YY17].

◮ Definition 1.2.1 (Bipartite adjacency matrix). Let G be a bipartite graph with a vertex

bipartition (L,R), where L := {l1, . . . , lr} and R := {r1, . . . , rs}. The bipartite adjacency

matrix A(G) of G is a r × s matrix whose (i, j)th entry Aij is given by

Aij =




1 if li is adjacent to rj ,

0 otherwise.

Note that rows of A(G) are indexed by l1, . . . , lr and columns of A(G) are indexed by

r1, . . . , rs. ◭

For a bipartite graph G, the adjacency matrix A(G) is permutationally similar to

[
0 A(G)

A(G)t 0

]
.

Therefore, in order to study the properties of the adjacency matrix of a bipartite graph G,

it is enough to study that the same for the bipartite adjacency matrix of G.

Godsil [God85] in 1985 showed that for a bipartite graph with a unique perfect matching,

the bipartite adjacency matrix is similar to a lower triangular matrix with all diagonal entries

equal to one.

◮ Theorem 1.2.2. [God85, Lemma 2.1] Let G be a bipartite with a vertex bipartition (L,R).

Then G has a unique perfect matching if and only if the vertices in L and R can be ordered

such a way that A(G) is a lower triangular matrix, with all its diagonal entries equal to

one. ◭

Let G be a bipartite graph with a unique perfect matching. In view of Corollary 1.1.2,

we can see that A(G) is always invertible and the inverse of A(G) is an integral matrix. If

A(G)−1 is nonnegative (that is, all entries are nonnegative), then A(G) can be viewed as a

bipartite adjacency matrix of another bipartite multigraph. Recently, Yang and Ye [YY17]

provided a complete solution to a long standing problem posed by Godsil in [God85] on

characterizing the bipartite graphs with a unique perfect matching G such that A(G)−1,

the inverse of the bipartite adjacency matrix, is diagonally similar to a nonnegative matrix.

4
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Significant work on the inverse of bipartite graphs with a unique perfect matching can be

found in [HM76, God85, TK09, MM13, PP15b, PP15a, YY17, BPP17, PP17, YY17] and

references therein.

In this thesis, similar to the bipartite adjacency matrix, we define the bipartite distance

matrix of a bipartite graph with unique perfect matching. That is, the bipartite distance

matrix of a bipartite graph with a unique perfect matching on 2p vertices is a p× p matrix

whose (i, j)-th entry is the distance between vertices li and rj, where (L,R) is a vertex

bipartition of G. We will define this matrix in a more rigorous way in Chapter 2. Although

the size of the bipartite distance matrix is half of the size of the graph, but we observe that

it still provides much information about the underlying graph.

◮ Definition 1.2.3 (Distance matrix). Let G be a graph on n vertices. The distance matrix

D(G) of G is the symmetric square matrix of size n whose (i, j)th entry dij is the distance

between i and j. ◭

Let us recall one of the striking results about the determinant of the distance matrix of a

tree given by Graham and Pollack in 1971.

◮ Theorem 1.2.4. [GP71] Let T be a tree on n vertices. Then the determinant of the

distance matrix is (−1)n−12n−2(n− 1). ◭

This result tells us that the determinant of the distance matrix of a tree only depends on

the number of vertices and does not depend on the tree’s structure. It also tells us that the

determinant is a multiple of 2n−2.

Also, note that, by using the results by Stevanović and Indulal [SI09], one can easily find

the determinant of the distance matrix of a complete bipartite graph.

◮ Theorem 1.2.5. [SI09, Corollary 3] Let Ka,b be a complete bipartite graph on n vertices,

where n = a+ b. Then the determinant of the distance matrix of Ka,b is given by

detD(Ka,b) = (−2)n−2[4(a− 1)(b− 1)− ab]. ◭

Here also, we see that the determinant of the distance matrix is a multiple of 2n−2.

It is natural to ask the following question. Let G be a bipartite graph with a unique

perfect matching on 2p vertices. Since the size of the bipartite distance matrix is half of that

of the usual distance matrix, whether the determinant of the bipartite distance matrix is a

multiple of 2p−1? It is surprising and easy to see that the answer is in the affirmative.

We found that the determinant of the bipartite distance matrix of a bipartite graph with

a unique perfect matching on 2p vertices is always divisible by 2p−1.

5
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It is now natural to consider the number obtained by dividing the determinant of the

bipartite distance matrix by (−2)p−1. How does it relate to the structure? We call this

number the bipartite distance index of the graph. By bd(G), we denote the bipartite distance

index of G.

As a tree is a bipartite graph, the study of the properties of a bipartite distance matrix

of a nonsingular tree is naturally a starting point. We show that the bipartite distance

index of a nonsingular tree satisfies an interesting inclusion-exclusion type of principle at

any matching edge of the underlying tree, which is explained in Figure 1.2. This gives us a

recursive formula to compute the bipartite distance index of the underlying tree.

Even more interestingly, we show that the determinant of the bipartite distance matrix of

a nonsingular tree can be described by the combinatorial objects that we call f -alternating

sums. Let S : N → R be a sequence. By the f -alternating sum of a nonsingular tree T , we

mean the following sum

∑

P=[u,··· ,v]

[d(u)− 2][d(v)− 2]S

(
|P |

2

)
,

where the summation is taken over all alternating paths P of T . We show that the bipartite

distance index of a nonsingular tree is actually the f -alternating sum corresponding to the

sequence S = (1, 1, 3, 3, 5, 5 . . .).

Let us recall another fascinating result on the usual distance matrix by Graham, Hoffman

and Hosoya, which states that the determinant of the distance matrix of a graph only depends

on the blocks and it is independent of how they are assembled; thus, it is explaining Theorem

1.2.4 why the determinant of the distance matrix of a tree only depends on the number of

vertices.

◮ Theorem 1.2.6. [GHH77] If G is a strongly connected graph with blocks 1 G1, G2, . . . , Gr,

1 A block is a maximal connected subgraph which has no cut vertex.

b b

b

b

b

b

b

b

b

b

...
... =

=bd(T )

b b

b

b

b

b

b

... -

-bd(T2)

b bb

b

b

b

b

b

b

...
... +

+bd(T1)

b b

b

b

b

...

bd(T1 ∩ T2)

Figure 1.2: Illustration of Theorem 2.3.1, the inclusion-Exclusion principle at a matching edge
(the shaded line is the matching edge under consideration).
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then

cofD(G) =
r∏

i=1

cofD(Gi); detD(G) =
r∑

i=1

detD(Gi)
∏

j 6=i

cofD(Gj),

where cofD(G) means the sum of all the cofactors of the matrix D(G). ◭

The above two results, Theorem 1.1.1 and Theorem 1.2.6, are very attractive due to their

simplicity and many generalizations have been proposed in order to understand them better

and better; for example, see [BKN05, BLP06, ZD16, BS16, Bap19].

It is natural to ask, are there some nonsingular trees on 2p vertices with the same bipartite

distance index (hence the same determinant of their bipartite distance matrices)?

One can easily find examples where these numbers are different. However, to our surprise,

we found some classes of trees which were structurally related to each other having the

same bipartite distance index. It turns out that they are all created from the same set of

basic elements using a merging operation, sequentially. Therefore on this class, the bipartite

distance index remains the same, independent of the structures of the trees. For this class

of trees, one can give a straightforward way to evaluate the determinant of their bipartite

distance matrix.

Let T be a nonsingular tree. For an even natural number k, an alternating path [u1, . . . , uk]

is called a pendant path, if d(u1) = 1, d(ui) = 2, i = 2, . . . , k − 1 and d(uk) ≥ 2. Let

P = [v1, v2, . . . , vk] and P ′ = [v′1, v
′
2, . . . , v

′
k] be two pendant paths in two nonsingular trees T

and T ′, respectively. Then by merging T and T ′ along the pendant paths, we mean the new

tree obtained by identifying the vertices vi with v′i for each i ∈ {1, . . . , k}, while keeping the

rest of the vertices distinct.

b b b b b b b b

v1 v2 v3 v4 T1

b b b b b b

v′1 v′2 v′3 v′4 T2

b b b b b b b bb

b b

T

Figure 1.3: Merging of two trees along pendant paths of four vertices.

Note that if we want to merge T and T ′ along some pendant paths of k vertices, then

there may be more than one way to do it, and the resulting trees could be nonisomorphic.

For example, if we take T and T2 from Figure 1.3 and try to merge them along pendant

paths of 4 vertices, then there are two ways to do it, and the results are nonisomorphic (see

Figure 1.4).

Let T +T ′−Pk denote the set of all trees that can be obtained by merging trees T and T ′

along a pendant path of k vertices. This set will be treated as empty if one of T or T ′ does

not have a pendant path of k vertices. Let F = {Pk1, . . . , Pkn} and G = {Pr1, . . . , Prn−1} be

7
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b b b b b b b bb

b b

b

b b

b b b b b b b bb

b b

b

b b

Figure 1.4: Two nonisomorphic tree obtained by merging of T and T2 from Figure 1.3 along
pendant paths of 4 vertices.

two multisets consisting paths of even order, n ≥ 2. Then by

Pk1 + · · ·+ Pkn − Pr1 − · · · − Prn−1

we denote the class of trees that can be obtained by repeated application of the following

rules in all possible ways, while making G = ∅.

a) Select a path Pri from G. Select two trees T and T ′ from F that have pendant paths of

ri vertices.

b) Merge T and T ′ along some pendant paths of ri vertices. Let the resulting tree be Tr.

c) Delete T and T ′ from F and put Tr in F . Delete Pri from G.

Note that when G = ∅, the set F will contain exactly one tree. If step a) fails at some stage,

then we immediately set F = ∅ and break the loop. This means, we just collect the trees

for those cases, for which we could reach G = ∅. For brevity, let us also use the notation

F − G to denote the above class. We observe that the bipartite distance index remains the

same for each tree in the class F −G, independent of how it has been created, and provide a

simpler formula to calculate that common value. These results are presented in Chapter 2.

1.3 Bipartite Laplacian matrix and the inverse of the

bipartite distance matrix

In Chapter 2, we observe that the bipartite distance matrix of a nonsingular tree is always

invertible, and its determinant can be described using the structure of T . What about the

inverse? Can the entries of the inverse be described combinatorially? For the usual distance

matrix, such a description can be found in [GL78].

◮ Definition 1.3.1 (Laplacian matrix). Let G be a graph on n vertices. Let Deg(G) be the

diagonal matrix of order n with the ith diagonal entry equal to the degree of the vertex i in

G. The Laplacian matrix L(G) of G is defined as L(G) = Deg(G)− A(G). ◭

Let us recall that the inverse of the usual distance matrix of a tree has a definite relationship

with the usual Laplacian matrix.

8
TH-2878_156123009
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◮ Theorem 1.3.2. [BKN05] Let T be a tree on n vertices. For each i = 1, . . . , n, let

δi = 2− d(i), and put δt = [δ1, . . . , δn]. Then

D(T )−1 = −
1

2
L(T ) +

1

2(n− 1)
δδt. ◭

Can we have a similar statement for the bipartite distance matrix too? In that case, what

is an appropriate replacement for the Laplacian matrix? We call it the bipartite Laplacian

matrix. Let T be a nonsingular tree with the vertex bipartition (L = {l1, . . . , lp}, R =

{r1, . . . , rp}). Then the bipartite Laplacian matrix of T is defined as D−At, where A is the

bipartite adjacency matrix of T and D is a square matrix whose (i, j)th is either ±d(ri)d(lj)

or 0 depending on the nature of ri-lj path, see Definition 3.1.1 for more details. We first

observe that the bipartite Laplacian matrix is usually not a symmetric whereas the Laplacian

matrix is always a symmetric matrix. Interestingly, it turns out that the usual Laplacian

matrix of any tree (need not be nonsingular) is a very special case of the bipartite Laplacian

matrix. Although the bipartite Laplacian is usually not a symmetric matrix but this matrix

has many properties similar to that of a Laplacian matrix, see Theorem 3.2.3. Another

motivation to study the bipartite Laplacian matrix is that even though its size is half of the

number of vertices (of the nonsingular tree), it still gives us some information about the tree.

It may save us some time. With the help of the bipartite Laplacian matrix, we present a

formula for the inverse of the bipartite distance matrix of a nonsingular tree which is quite

similar to Theorem 1.3.2. These are the content of Chapter 3.

For a graph G, Chaiken in 1982 [Cha82] gave a combinatorial interpretation of all minor of

usual Laplacian matrix of G as a sum of nonsingular substructures. A similar combinatorial

interpretation of all minor of Laplacian matrix has been discussed for a mixed graph by Bapat,

Grossman, and Kulkarni in [BGK99]. Merris [Mer89] in 1989 considered the edge version of

the Laplacian matrix and established a bridge between its cofactors with the Wiener index,

which has several application in chemistry. Bapat, Grossman, and Kulkarni [BGK00] in 2000

gave a combinatorial interpretation of the minors of the edge version of the Laplacian matrix

when the underlying graph is a tree. The study of finding all minor of the usual Laplacian

matrix finds their use in many different areas, see for example [Kir47, CS97, Con87, Mer89],

etc. and have been subject to many independent studies. Let G be a graph and X, Y ⊆ V (G)

such that |X| = |Y | = k. Recall that Chaiken’s [Cha82] all minor matrix tree results on

the usual Laplacian matrix tells that the absolute value of a minor of the usual Laplacian

matrix obtained by removing its k many rows in X and k many columns in Y is the number

of spanning forest in G that have (a) k trees, (b) each tree contains exactly one vertex in X

and exactly one vertex in Y . Therefore, in order to find the number of spanning forest of G

of the above type, we have to find the determinant of a matrix of size n− k, where n is the

9
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size of the graph. In Chapter 4 we observe that a minor of the bipartite Laplacian matrix

of a nonsingular tree T also enumerates the number of spanning forests of T of the above

type. In particular, we show that a minor of the bipartite Laplacian matrix of a nonsingular

tree T obtained by deleting k many rows in X and k many columns in Y enumerates the

number of spanning forests in T that have (a) k trees, (b) each tree contains exactly one

vertex in X and exactly one vertex in Y . As the size of the bipartite Laplacian matrix is

half of the order of that tree, it may provide a faster way to enumerate the number of the

above described spanning forest of a nonsingular tree compare to Chaiken’s all minor matrix

tree result on the usual Laplacian matrix, see for Example 4.5.2.

1.4 q-analogue versions of the bipartite distance matrix

Bapat, Lal, and Pati [BLP06] in 2006 introduced two types of q-analogue version of distance

matrix, namely, q-distance matrix and exponential distance matrix. Indeed, in the same

paper [BLP06], Bapat et al. generalized many concepts of the distance matrix of a tree

to that of q-distance matrix of a tree. Since then, the q-analogue version of the distance

matrix generated a considerable interest and has been studied by many researchers (see, for

example, [BLP06, Siv10, BS11, LSZ14]). In Chapter 5, we consider q-analogue version of

the bipartite distance matrix. In particular, we consider two types of q-analogue versions of

the bipartite distance matrix, namely the q-bipartite distance matrix and the exponential

bipartite distance matrix. We then completely characterized the determinant of those two

types of q-analogue versions of the bipartite distance matrix of nonsingular tree. Although

the determinant of q-bipartite distance matrix depends on the tree structure (as expected)

but surprisingly, the determinant of the exponential bipartite distance matrix of a nonsingu-

lar tree does not depend on the tree structure. Similar to the bipartite distance index, we

also define q-bipartite distance index of a nonsingular tree and observe that it also satisfies

an inclusion-exclusion type principle at any matching edge of the underlying tree. Finally,

with the help of that inclusion-exclusion principle we show that the q-bipartite distance in-

dex of a nonsingular tree is nothing but a f -alternating sum corresponding to the sequence

(1, 1, q + 2, q + 2, 2q + 3, 2q + 3, . . .).

1.5 Organization of the thesis

The thesis is organized as follows. There are six chapters in the thesis. Chapter 1 contains

a brief introduction of the thesis and a few lines for motivation.

In Chapter 2, we study the bipartite distance matrix of a bipartite graph with unique

perfect matching. We show that the determinant of the bipartite distance matrix of a

10
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bipartite graph with a unique perfect matching on 2p vertices is always divisible by 2p−1.

Based on this observation, we define the bipartite distance index as a quotient obtained

by diving the determinant of the bipartite distance matrix by (−2)p−1. We show that for a

nonsingular tree on 2p vertices, 2p−1 is the highest power of 2 that can divide the determinant

of its bipartite distance matrix. Henceforth, we provide a recursive formula to calculate the

bipartite distance index of a nonsingular tree and using that we provide a combinatorial

description of the determinant of the bipartite distance matrix of a nonsingular tree relating

the tree structure. We identify some basic elements and a merging operation and show that

each of the trees that can be constructed from a given set of elements, sequentially using

this operation, have the same bipartite distance index, independent of the order in which

the sequence is followed. For the class of trees that can be obtained in this way, we give a

surprisingly simple way to evaluate the determinant of their bipartite distance matrix.

In Chapter 3, we supply a combinatorial description of the inverse of the bipartite distance

matrix of a nonsingular tree and establish identities that are similar to some well known

identities. The study leads us to an unexpected generalization of the usual Laplacian matrix

of a graph. We call this bipartite Laplacian matrix. This generalized Laplacian matrix

is usually not symmetric, but it still has many properties like the usual Laplacian matrix.

Further we discuss how a multiplicity of an eigenvalue of the bipartite Laplacian matrix of

a nonsingular tree is related to the tree structure. We also obtain a lower bound on the

geometric multiplicity of the eigenvalue −2 of the bipartite distance matrix of a nonsingular

tree.

Chapter 4, deals with an arbitrary minor of the bipartite Laplacian matrix of a nonsingular

tree. We discuss under what condition a square submatrix of the bipartite Laplacian matrix

of a nonsingular tree becomes singular. Further, we provide a complete combinatorial formula

of any arbitrary minor of the bipartite Laplacian matrix of a nonsingular tree. It turns out

that each minor of the bipartite Laplacian matrix of nonsingular tree counts a particular

type of spanning forest in the underlying tree, depending on the choice of rows and columns

are used to obtain that minor.

In Chapter 5, we study two types of q-analogues versions of the bipartite distance matrix of

a bipartite graph with unique perfect matching, namely exponential bipartite distance matrix

and q-bipartite distance matrix. We extends our results of the bipartite distance matrix that

we obtained in Chapter 2 to that of a q-analogue version of the bipartite distance matrix.

We observe that although the determinant of q-bipartite distance matrix depends on the

tree structure, surprisingly, the determinant of the exponential bipartite distance matrix of

a nonsingular tree does not depend on the tree structure.

In Chapter 6, we outline some future directions of this thesis.

11
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2 The bipartite distance matrix

Since this thesis focuses on the bipartite distance matrices, we dedicate this chapter to the

foundations of the bipartite distance matrices. We begin by defining the bipartite distance

matrix for any bipartite graph with a unique perfect matching and then we observe that

the determinant of the bipartite distance matrix of a bipartite graph with a unique perfect

matching on 2p vertices is always a multiple of 2p−1. Based on this observation, we define the

bipartite distance index of a bipartite graph with a unique perfect matching as a quotient

obtained by dividing the determinant of the bipartite distance matrix by (−2)p−1. It turns

out that for a nonsingular tree on 2p vertices, 2p−1 is the highest power of 2 that can divide

the determinant of its bipartite distance matrix. We provide a combinatorial description

of the bipartite distance index of nonsingular tree via a combinatorial object, known as f -

alternating sum. Finally, we identify some basic elements and a merging operation and show

that each of the trees that can be constructed from a given set of elements, sequentially using

this operation, have the same bipartite distance index, independent of the order in which

the sequence is followed.

2.1 Preliminaries

By the definition of a bipartite graph, we can partition the vertex of a bipartite graph

into two vertex sets L and R so that no vertices belonging to the same set are adjacent to

each other. By following the proof of [God85, Lemma 2.1], we can see that Godsil labels the

vertices of L and R in a particular way in order to get a lower triangular form in the bipartite

adjacency matrix. We define a ‘canonical’ way to order the sets L and R of a bipartite graph

with unique perfect matching and we such a bipartition, a standard vertex bipartition.

◮ Definition 2.1.1 (Standard vertex bipartition). Let G be a labeled, connected, bipart-

ite graph on 2p vertices with a unique perfect matching M. A vertex bipartition (L =

{l1, . . . , lp}, R = {r1, . . . , rp}) of the vertex set of G is called a standard vertex bipartition of

G if M := {[l1, r1], . . . , [lp, rp]}. ◭

◮ Example 2.1.2. Consider the following bipartite graph G with a unique perfect matching.

Here the dashed edges are the matching edges.

13
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b

b b b b b b

bb b1

6 2 7 3 8 4

105 9

Note that (L = {l1 = 1, . . . , l5 = 5}, R = {r1 = 6, . . . , r5 = 10}) is a standard vertex

bipartition of G. ◭

Let us define the bipartite distance matrix of a bipartite graph with a unique perfect

matching.

◮ Definition 2.1.3 (The bipartite distance matrix). Let G be a labeled, connected, bipartite

graph on 2p vertices with a unique perfect matching. Let (L = {l1, . . . , lp}, R = {r1, . . . , rp})

be a standard vertex bipartition of G. The bipartite distance matrix of G, denoted by B(G)

or simply by B, is a square matrix of order p whose rows are indexed by l1, . . . , lp and

columns are indexed by r1, . . . , rp such that the (i, j)th entry of B(G) is the distance from

li to rj in G. ◭

Note that B(G) = D(L,R) where D is the usual distance matrix of G and D(L,R) is

the submatrix of D induced by the rows corresponding to L and the columns correspond-

ing to R. If the rows and columns of the usual distance matrix D of G are indexed by

l1, . . . , lp, r1, . . . , rp, then the bipartite distance matrix of G is nothing but the upper right

block of D.

◮ Example 2.1.4. For the graph G in Example 2.1.2, the bipartite distance matrix B(G) is

given below along with the usual distance matrix D(G).

D(G) =




0 2 4 6 4 1 3 5 7 5

2 0 2 4 2 1 1 3 5 3

4 2 0 2 2 3 1 1 3 1

6 4 2 0 4 5 3 1 1 3

4 2 2 4 0 3 1 3 5 1

1 1 3 5 3 0 2 4 6 4

3 1 1 3 1 2 0 2 4 2

5 3 1 1 3 4 2 0 2 2

7 5 3 1 5 6 4 2 0 4

5 3 1 3 1 4 2 2 4 0




, B(G) =




1 3 5 7 5

1 1 3 5 3

3 1 1 3 1

5 3 1 1 3

3 1 3 5 1



.

Here we note that B(G) is the upper right block of D(G). ◭

If G is a bipartite graph with a unique perfect matching, then we can have many standard

vertex bipartitions depending on the labeling of its vertices. However, we can see that the

bipartite distance matrices corresponding to them are similar to each other.

14
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◮ Remark 2.1.5. Let G be a labeled, connected, bipartite graph on 2p vertices with a unique

perfect matching. Let (L,R) be a standard vertex bipartition of G.

(a) Let G1 be the graph obtained by interchanging the labels of li with ri for all i = 1, . . . , p

in G. Then B(G) = B(G1)
t. Therefore, B(G) and B(G1) are similar.

(b) Let G2 be obtained by relabeling the vertices within the part L, keeping it a standard

bipartition (that is, we also relabel the respective vertices in R accordingly). Then B(G2)

is similar to B(G).

Hence, in either case, detB(G) = detB(G1) = detB(G2). So detB(G) remains unchanged

under isomorphism. ◭

Let us look at an example of the bipartite distance matrix when the underlying graph is

a nonsingular tree.

◮ Example 2.1.6. Consider the following nonsingular tree T . Here the dashed edges are the

matching edges.

b

b b b b b b

bb b1

6 2 7 3 8 4

105 9

Note that L = {l1 = 1, . . . , l5 = 5}, R = {r1 = 6, . . . , r5 = 10} is the standard vertex

bipartition of T .

The bipartite distance matrix B(T ) is shown below.

B(T ) =




1 3 5 7 5

1 1 3 5 3

3 1 1 3 3

5 3 1 1 5

3 1 3 5 1



.

Here we note that detB(T ) = 24 × 5. ◭

Recall Theorem 1.2.4, the determinant formula of Graham and Pollak for a tree T on n

vertices, showed that detD(T ) is always a multiple of 2n−2. Let T be a nonsingular tree

on 2p vertices. Since the size of B(T ) is half of that of the usual distance matrix D(T )

and detD(T ) is a multiple of 22(p−1), the first (not so logical) question we ask is whether

detB(T ) is always a multiple of 2p−1? It is surprising and easy to see that the answer is in

the affirmative.

◮ Theorem 2.1.7. Let G be a connected, bipartite graph on 2p vertices with a unique perfect

matching. Then, for any standard vertex bipartition, detB(G) is a multiple of 2p−1. ◭

15
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Proof. The proof follows by observing that, each entry of B is odd; replacing the ith column

B:,i with B:,i − B1,iB:,1, for i = 2, 3, . . . , p; and noting that the lower-right submatrix of

order p− 1 has all entries even. �

By Theorem 2.1.7, we can see that detB(G)/2p−1 is an interesting object to study. This

leads us to give following definition.

◮ Definition 2.1.8. Let G be a connected, bipartite graph on 2p vertices with a unique

perfect matching. The bipartite distance index of G is denoted by bd(G) and it is defined as

bd(T ) := detB(T )/(−2)p−1. ◭

◮ Example 2.1.9. Let G be the bipartite graph as defined in Example 2.1.2. We can see

that detB(G) = 25−1 × 5. Therefore, the bipartite distance index of G is 5.

In a similar way, we can see that bd(T ) = 5, for the tree T as defined in Example 2.1.6. ◭

2.1.1 The bipartite distance index

It is natural to wonder whether the bipartite index of a bipartite graph G with a unique

perfect matching is related to the structure of the given graph G. In this context, following

operation plays a crucial role in determining the bipartite distance index of G.

◮ Definition 2.1.10 (Attaching a new P2 at u). (a) Let G be a connected graph and v be

a vertex. Let Ĝ be the graph obtained from G by introducing two new vertices u, w and

adding the edges [v, u], [u, w]. We refer to this operation as attaching a new P2 at the vertex

v.

(b) Let G be a connected bipartite graph on 2p vertices with a unique perfect matching.

Let (L,R) be a standard vertex bipartition of G. Suppose Ĝ is the graph obtained by

attaching a new P2 at some vertex v ∈ G. To compute the bipartite distance matrix of Ĝ

we need to label the new vertices. We adopt the following procedure for that:

i) if v ∈ L, then we put u = rp+1, w = lp+1, and

ii) if v ∈ R, then we put u = lp+1, w = rp+1. ◭

The following result shows that bipartite distance index of a bipartite graph G with a

unique perfect matching remain same after adding a new P2 at any quasi-pendant vertex of

G.

◮ Lemma 2.1.11. Let G be a connected, bipartite graph on 2p vertices with a unique perfect

matching. Let v be a quasi-pendant vertex of G. Let Ĝ be the bipartite graph on 2p + 2

vertices obtained by attaching a new P2 at v. Then

detB(Ĝ) = −2 detB(G), and bd(Ĝ) = bd(G). ◭

16
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Proof. Let L = {l1, . . . , lp}, R = {r1, . . . , rp} be a standard vertex bipartition of G and

assume without loss of generality that v = lp. Let the graph Ĝ be constructed from G by

taking two new vertices u, w and adding the edges [v, u], [u, w].

b b

bb

Remaining part of G

rpv = lp

wu

Clearly, Ĝ is a bipartite graph with a unique perfect matching. In view of item (b) of

Definition 2.1.10, we take u = rp+1 and w = lp+1. It follows that

B(Ĝ) =

[
B(G) B(G)ep

et
pB(G) + 21t 1

]
.

In B(Ĝ), subtracting the column p from the column p+ 1, we get the following matrix

C =




B(G) 0

et
pB(G) + 21t −2


.

By expanding the determinant of C along the last column we see that detB(Ĝ) = detC =

−2 detB(G) and so bd(Ĝ) = bd(G). �

A nonsingular tree has a beautiful structure. It can be generated from a P2 by repeatedly

attaching a new P2 at some vertex.

◮ Remark 2.1.12. The largest of the distances between pairs of vertices in T is called the

diameter of T . We know that P2 is the only nonsingular tree of diameter one and there are no

nonsingular trees of diameter two. Thus any other nonsingular tree will have a diameter at

least three. Let T 6= P2 be a nonsingular tree and P = [v1, . . . , vk] be a path corresponding

to the diameter of T . Thus k ≥ 4. It follows that v1 must be a leaf and the degree d(v2) = 2.

Thus, T can be seen to be generated from another tree by attaching a new P2 at the vertex

v3. ◭

The trees that can be generated from a P2 by repeatedly attaching a new P2 at quasi-

pendant vertices are called corona trees. Corona trees can also be obtained by taking a tree

T and attaching a new leaf at each vertex of T , see Figure 2.1.

As bd(P2) = 1, in view of Lemma 2.1.11, we see that the bipartite distance index of every

corona tree is 1.

17
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b b b b bb

b

b b b b bb

b

b

b

b

b

b

b

b

b

b b

b b

Corona tree

Figure 2.1: Construction of corona tree from a tree.

◮ Corollary 2.1.13. Let T be a corona tree on 2p vertices. Then detB(T ) = (−1)p−12p−1

and bd(T ) = 1. ◭

The converse of this result is not true. The tree T3 in Figure 2.2 is an example.

Since a nonsingular tree is a bipartite graph with a unique perfect matching, the study of

the properties of a bipartite distance matrix of a nonsingular tree is naturally a starting point.

From now onward we focus on characterizing the bipartite distance index of a nonsingular

tree.

2.2 The bipartite distance index of a tree

In this section our main aim is to provide a recursive formula to calculate the bipartite

distance index of a nonsingular tree. Note that if we could supply a result similar to Lemma

2.1.11 where we allow attaching a new P2 at any vertex (not just a quasi-pendant one), then

we would obtain a recursive formula to compute bd(T ). In this section we shall do that. But

for that we need to know the bipartite distance indices of the paths P2p.

◮ Proposition 2.2.1. Let p ∈ N. Then

bd(P2p) =




p if p is odd

p− 1 if p is even.
. ◭

Proof. Let T = [l1, r1, l2, r2, . . . , lp, rp] be a path on 2p vertices.

b b b b · · · b b

l1 r1 l2 r2 lp rp

18
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First notice that the bipartite distance matrix of T can be expressed as

B(T ) =




1 3 5 · · · 2p− 3 2p− 1

1 1 3 · · · 2p− 5 2p− 3

3 1 1 · · · 2p− 7 2p− 5
...

...
...

. . .
...

2p− 5 2p− 7 2p− 9 · · · 1 3

2p− 3 2p− 5 2p− 7 · · · 1 1




For i ≥ 2, let Ei denote the matrix I − eie
t
i−1, where I is the identity matrix and ei is

the standard basis vector (whose all entries are zero except the i-th entry which is one) of

dimension p. First notice that for i > 1

dist(li, rj) =





dist(li−1, rj) + 2 for j < i− 1,

0 for j = i− 1,

dist(li−1, rj)− 2 for j > i− 1

.

Let P = E2E3 · · ·Ep. Then it follows that

PB(T ) = E2E3 · · ·Ep−1B(T ) =




1 3 5 · · · 2p− 3 2p− 1

0 −2 −2 · · · −2 −2

2 0 −2 · · · −2 −2
...

...
...

. . .
...

2 2 2 · · · −2 −2

2 2 2 · · · 0 −2




.

Thus it can be verified that

PB(T )P t =




1 2 2 2 · · · 2

0 −2 0 0 · · · 0

2 −2 −2 0 · · · 0

2 0 −2 −2 0
...

...
...

. . .
. . .

. . .
...

2 0 · · · 0 −2 −2




.

Write PB(T )P T =

[
1 21t

2(1− e1) C

]
. Note that detC = (−2)p−1. Let x be a vector

whose i-th entry is −1/2 if i is odd and 0 otherwise. Let y be a vector whose i-th entry is

19
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−1/2 if i is odd and 1/2 otherwise. As Cx = 1 and Cy = e1, we see that

41tC−1(1− e1) = 41tC−1(Cx− Cy) = 41t(x− y) =

{
−(p− 1) if p is odd;

−(p− 2) if p is even.

By applying the Schur complement formula [HJ12, p. 24] for the determinant, we get

detB(T ) = det(PB(T )P T ) = (−2)p−1
(
1− 21tC−12(1− e1)

)
.

Using bd(T ) = detB(T )/(−2)p−1, the conclusion follows. �

Note that the previous result along with Lemma 2.1.11 can help us evaluate the bipartite

distance index of many nonsingular trees. Consider P6, a path on 6 vertices. By Proposition

2.2.1, bd(P6) = 3. Now consider the tree T1 obtained from P6 as show Figure 2.2. By Lemma

2.1.11, bd(T1) = 3. Similarly, again by Lemma 2.1.11, bd(T2) = 3. Thus, multiplying (−2)p−1

we get the value of detB(T ) for these trees, for example, detB(T2) = (−2)4 × 3.

However, there are trees whose bipartite distance index cannot be computed from these two

results alone. For example, the tree T3 in Figure 2.2 is such a tree. In the next subsection we

shall develop a technique that will help us to compute the bipartite index of any nonsingular

tree.

2.2.1 Recursive formula to calculate the bipartite distance index of

a tree

We need to consider a few combinatorial objects that will helps us to determine the rela-

tionship between the bipartite distance indices of a nonsingular tree T with the tree T̂ is

obtained by attaching a new P2 at any vertex of T .

b b b b b b

P6

b b b b b b

b b

T1

b b b b b b

b b

b b
T2

b b b b b b b b

b b b b

T3

Figure 2.2: The bipartite distance indices of T1 and T2 can be be computed only by Lemma 2.1.11
and Proposition 2.2.1, but that of T3 cannot be computed. Dashed lines are matching edges.
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The following initial observation will play a crucial role to prove many results.

◮ Remark 2.2.2. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition

(L,R). Let [u, v] be an edge in T . Let B1 be the branch at v that contains the vertex u and

B2 be the branch at u that contains the vertex v.

(a) If u ∈ L and [u, v] is a matching edge then there does not exist any alternating path

from a vertex in ri ∈ B1 ∩ R to a vertex in lj ∈ B2 ∩ L.

(b) If u ∈ R and [u, v] is not a matching edge then there does not exist any alternating

path from a vertex in ri ∈ B1 ∩R to a vertex in lj ∈ B2 ∩ L. ◭

Let us classify alternating paths depending on number of its matching edges.

◮ Definition 2.2.3. Let G be a connected, graph with a unique perfect matching. An al-

ternating path in a graph G is called an odd (even) alternating path if it has an odd (even)

number of matching edges. ◭

Let T be a nonsingular tree and v be a vertex in T . Let us denote the set of all even

alternating paths in T that start at v by A+
T,v or simply by A+

v , and the set of all odd

alternating paths in T which start at v by A−
T,v or simply by A−

v .

◮ Definition 2.2.4. Let T be a nonsingular tree and v be a vertex in T . Let us define the

quantity diffT (v) by

diffT (v) := |A+
T,v| − |A−

T,v|,

that is, diffT (v) is obtained by subtracting the number of odd alternating paths at v from

the number of even alternating paths at v in T . ◭

◮ Example 2.2.5. Let us consider the tree T in Example 2.1.6. Note that the set of all odd

alternating paths of T that starts at the vertex 1 is given by

A−
1 = {[1, 6], [1, 6, 2, 7, 5, 10], [1, 6, 2, 7, 3, 8]}.

Similarly, the set of all even alternating paths of T that starts at the vertex 1 is given by

A+
1 = {[1, 6, 2, 7], [1, 6, 2, 7, 3, 8, 9, 4]}.

It follows that

diffT (1) = |A+
1 | − |A−

1 | = 2− 3 = −1.

Let diffT be the vector of size 10 such that the i-th entry of diffT corresponds to diffT (i).

Then we have

diffT =
[
−1 0 0 −1 −1 −1 0 −1 0 −1

]t
. ◭
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b b b

b

b

b

b

v1

v2

vk

v
v′

Figure 2.3: Figure for the proof of Lemma 2.2.6.

We can observe that if v is a quasi-pendant vertex of T then diffT (v) = −1 as there

is a single odd alternating path starting at v. The quantity diffT (v) plays a crucial role

on understanding the bipartite distance index of a nonsingular tree. The following result

supplies a recursive process to compute diffT (v) at any vertex v ∈ T .

◮ Lemma 2.2.6. Let T be a nonsingular tree and v be a vertex of T . Suppose v′ is the

matching partner of v and N(v′) is the set of neighbors of v′. Then

diffT (v) = −1 −
∑

x∈N(v′),x 6=v diffT (x). ◭

Proof. Let us assume that d(v′) = k + 1, k ≥ 0. Suppose N(v′) = {v, v1, . . . , vk}. For an

illustration see Figure 2.3. Note that all alternating path starting at the vertex v must pass

through the vertex v′ and so such paths contains a unique vertex from the set N(v′) \ {v}

except the alternating path [v, v′]. Therefore, an alternating path starting at the vertex

v other than the path [v, v′] corresponds to an alternating path starting at some vertex vi,

i = 1, . . . , k. Further note that an alternating path starting at vi for some i = 1, . . . , k cannot

pass through the vertex v′ and so each alternating path starting at vi also corresponds to

an alternating path starting at v. Therefore there is a bijection map from AT,v \ {[v, v
′]} to

k⋃
i=1

AT,vi.

By Pi we mean a path starting at the vertex vi and by [v, v′, Pi] we mean the path

constructed from Pi by extending it to v through the vertex v′. It is easy to note that

Pi ∈ A−
T,vi

for some i if and only if [v, v′, Pi] ∈ A+
T,v. Similarly, Pi ∈ A+

T,vi
for some i if and
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b b

u v

P2

b b

b b

bb

b

b b

p− 1

T

u v

xp−1

x2

x1

yp−1

y2

y1

Figure 2.4: Tree constructed by attaching p− 1 many P2s at an end vertex of P2.

only if [v, v′, Pi] ∈ A−
T,v \ {[v, v

′]}. Since AT,vi ∩ AT,vj = ∅ for each i 6= j, it follows that

∣∣A+
T,v

∣∣ =
k∑

i=1

∣∣A−
T,vi

∣∣ and
∣∣A−

T,v

∣∣ =
k∑

i=1

∣∣A+
T,vi

∣∣+ 1

This completes the proof. �

By using Lemma 2.2.6 we can easily compute the quantity diffT (v) starting from the

quasi-pendant vertices because each vertex v is connected to some leaf of the tree by an

alternating path starting at v. In the following example we illustrate Lemma 2.2.6.

◮ Example 2.2.7. Let p > 1. Consider the path P2 = [u, v]. Now construct a tree T on 2p

vertices by attaching p− 1 new P2 at the vertex v, as shown Figure 2.4.

Since xi is a quasi-pendant vertex in T , it follows that diffT (xi) = −1, for each i =

1, . . . , p − 1. In a similar way we can conclude that diffT (v) = −1. It is only remain to

calculate diffT (u). Clearly, v is the matching partner of u and N(v) = {u, x1, . . . , xp−1}.

By Lemma 2.2.6, it follows that

diffT (u) = −1−
∑p−1

i=1 diffT (xi) = −1 + (p− 1) = p− 2.

In a similar way, by applying Lemma 2.2.6, we see that

diffT (yi) = −1 −
∑

z∈N(xi),z 6=yi

diffT (z) = −1− diffT (v) = 0,

for each i = 1, . . . , p− 1. ◭

Let us consider the tree T as shown in Figure 2.4. We can note that diffT (u) = p − 2.

Therefore, by taking a suitable value of p we can construct a tree T with | diffT (u)| > 1. It

follows that, for a nonsingular tree T and v ∈ T , the quantity | diffT (v)| can be more than

one.
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◮ Definition 2.2.8. Let T be a nonsingular tree on 2p vertices with a standard vertex bipar-

tition (L,R). The vector τT , or simply τ , of size 2p is defined by

τT (v) := 1− d(v)[1 + diffT (v)], for each v in T . (2.1)

The entries of τT are ordered according to l1, . . . , lp, r1, . . . , rp. The restriction of τT on L is

denoted by τ l
T or simply by τ l and the restriction of τT on R is denoted by τ r

T or simply by

τ r.

Note that τ r
T and τ l

T are vectors of size p whose i-th component is τT (ri) and τT (li),

respectively. ◭

◮ Example 2.2.9. Let us consider the tree T in Example 2.1.6. Note that d(7), the degree

of the vertex 7, is 3. By Example 2.2.5, we know that diffT (7) = 0. It follows that

τT (7) = 1− d(7)[1 + diff(7)] = 1− 3(1 + 0) = −2

By Example 2.1.6, we know that L = {l1 = 1, . . . , l5 = 5}, R = {r1 = 6, . . . , r5 = 10} is a

standard vertex bipartition of T . Therefore, the restriction of τT on L is given by

τ l
T =

[
τT (1) τT (2) τT (3) τT (4) τT (5)

]t
=
[
1 −1 −1 1 1

]t
.

In a similar way, we can calculate the the restriction of τT on R as

τ r
T =

[
τT (6) τT (7) τT (8) τT (9) τT (10)

]t
=
[
1 −2 1 0 1

]t
. ◭

The understanding of τ r is crucial in our discussion.

◮ Remark 2.2.10. (a) Consider the tree T in Figure 2.5. It has a matching edge [lk1, rk1]. Ig-

nore the arrow on it, for now. The other vertices that are adjacent to rk1 are lk1+1, lk2+1, . . . , lks−1+1.

When we delete the edges between rk1 and these vertices, we obtain the following nonsingular

trees: T1 with vertex set {l1, . . . , lk1, r1, . . . , rk1}, T2 with vertex set {lk1+1, . . . , lk2, rk1+1, . . . , rk2},

and so on up to Ts with vertex set {lks−1+1, . . . , lks, rks−1+1, . . . , rks}. For i = 2, . . . , s, let Fi

be the subtree of T obtained by taking T1 and Ti and by inserting the edge [rk1 , lki−1+1].

These are nonsingular trees too.

To understand τ r, let us put an arrow on the edge [lk1, rk1] from rk1 to lk1 . This arrow

indicates that, from a vertex ri in T2, we may have an alternating path to a vertex in T1 or

T2 but we do not have an alternating path to a vertex in T3, . . . , Ts. Similarly, from a vertex

ri in T3, we may have an alternating path to a vertex in T1 or T3 but we do not have an

alternating path to a vertex in T2, T4, T5, . . . , Ts. Similar statements are true for vertices ri
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b b b

b

b

b b

lk1+2, . . . , lk2
rk1+1, . . . , rk2

lk1+1

lk2+2, . . . , lk3
rk2+1, . . . , rk3

lk2+1

lks−1+2, . . . , lks
rks−1+1, . . . , rks

lks−1+1

l1, . . . , lk1−1

r1, . . . , rk1−1 lk1

rk1
T1

T2

T3

Ts

...

T

F2

Figure 2.5: Understanding τ r
T at any matching edge.

in T4, . . . , Ts. Also, from a vertex ri in T1, we only have alternating paths to vertices in T1

but not to a vertex in T2, . . . , Ts.

In this set up, for any ri ∈ F2, ri 6= rk1 , we see that dT (ri) = dF2(ri) and diffT (ri) =

diffF2(ri). Hence,

τT (ri) = τFj
(ri) if ri ∈ Fj , ri 6= rk1 .

(b) Recall that Ai,: means the ith row of A. Let B(F2)k1,: denote the row induced by

B(F2)k1,: on r1, . . . , rks. That is, B(F2)k1,: is obtained by inserting 0 entries into B(F2)k1,:

at the places corresponding to ri /∈ F2. Notice that B(F2)k1,:(ri) = B(F2)k1,:(ri) if ri ∈ F2

and B(F2)k1,:(ri) = 0 if ri /∈ F2. Then it is immediate from the structure that

B(T )k1,: = B(F2)k1,: + · · ·+B(Fs)k1,: − (s− 2)B(T1)k1,:. ◭

Let us illustrate Remark 2.2.10 with an example.

◮ Example 2.2.11. Consider the tree T , as shown in Figure 2.6. Edges in the perfect match-

ing are shown as dashed lines.

Note that [l3, r3] is a matching edge and the other vertices that are adjacent to r3 is l4,

l7. For the given tree T , we take k1 = 3 and k2 = 6 in Remark 2.2.10. Note that T1, T2,

and T3 are nonsingular tree with the vertex set {l1, l2, l3, r1, r2, r3}, {l4, l5, l6, r4, r5, r6}, and

{l7, l8, r7, r8}, respectively. Further, F2 is a subtree tree of T induced by {l1, . . . , l6, r1, . . . , r6}

and F3 is a subtree of T induced by {l1, l2, l3, l7, l8, r1, r2, r3, r7, r8}.
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l3 r3

l7 r7 l8 r8

l4 r4

l6 r6

l5 r5

r2

r1

l2

l1

T

T1

T2

T3

F2

Figure 2.6: Understanding Remark 2.2.10.

a) By direct computation we get

[
τT (r1) · · · τT (r8)

]
=

[
1 1 −5 4 −1 −1 3 −1

]

[
τF2(r1) · · · τF2(r6)

]
=

[
1 1 −3 4 −1 −1

]

[
τF3(r1) τF3(r2) τF3(r3) τF3(r7) τF3(r8)

]
=

[
1 1 −3 3 −1

]

It follows that

τT (ri) = τFj
(ri) if ri ∈ Fj, ri 6= r3.

b) First note that B(F2) is a bipartite distance matrix of F2 and the size of B(F2) is 6×6.

We create a row vector B(F2)3,: of size 1 × 8 whose entries are indexed by r1, . . . , r8 with

B(F2)3,:(ri) = B(F2)3,:(ri) if ri ∈ F2 and B(F2)3,:(ri) = 0 if ri /∈ F2. In the similar way we

calculate B(F3)3,: and B(T1)3,:. It follows that

B(F2)3,: =
[
1 1 1 3 5 5 0 0

]

B(F3)3,: =
[
1 1 1 0 0 0 3 5

]

B(T1)3,: =
[
1 1 1 0 0 0 0 0

]

B(T )3,: =
[
1 1 1 3 5 5 3 5

]

Since s = deg(r3) = 3, from above it follows that

B(T )3,: = B(F2)3,: +B(F3)3,: − (s− 2)B(T1)3,:. ◭

The following result helps us to describe the changes in B(T ) and τ r
T under the operation

of attaching a new P2 at some vertex of a nonsingular tree T .
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◮ Lemma 2.2.12. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition

(L,R). Fix a vertex rk. Let T̂ be obtained by adding two new vertices lp+1 and rp+1 and the

edges [v = rk, lp+1], [lp+1, rp+1] to T .

a) Then we have

τ r
T̂
=




τ r
T

0




−




0
...

1 + diffT (v) position k
...

0

−1− diffT (v)




b) Consider the component of T containing lk after deleting the edge [lk, rk]. Assume that

the vertex set of this component is {l1, r1, . . . , lk−1, rk−1, lk}. Then

B(T̂ )p+1,: =
[

B(T )k,: 0
]

+
[
2 · · · 2 0 0 · · · 0 1

]
,

where the entries 2 in the last vector are for the vertices r1, . . . , rk−1. ◭

Proof. For a concrete illustration of Lemma 2.2.12, consider the tree T in Figure 2.5 and

v = rk = rk1.

a) We already know that τT̂ (ri) = τT (ri) if ri 6= v, rp+1. We also have diffT̂ (v) = diffT (v)

and dT̂ (v) = dT (v) + 1. Hence,

τT̂ (v) = τT (v)− [1 + diffT (v)].

Furthermore, we have, diffT̂ (rp+1) = − diffT (v)− 1 and dT̂ (rp+1) = 1. Hence,

τT̂ (rp+1) = 0− [−1− diffT (v)].

b) This follows, as dist(lp+1, ri) = dist(lk, ri) + 2 for i = 1, . . . , k − 1, dist(lp+1, ri) =

dist(lk, ri) for i = k, k + 1, . . . , p and dist(lp+1, rp+1) = 1. �

◮ Lemma 2.2.13. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition

(L,R). Then 1
tτ r

T = 1. ◭

Proof. We proceed by induction. The base case follows from the fact that τ r
T (r1) = 1 for

T = P2. Let the result be true for all nonsingular trees with less than 2p vertices. Let T̂ be a

nonsingular trees on 2p vertices. Then we can view the tree T̂ obtained from T by attaching
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a new P2 at some vertex v ∈ T . By Lemma 2.2.12, we know that the sum of the entries of

τ r
T is preserved when going from T to T̂ . Therefore, the result follows by applying Lemma

2.2.12. �

The following result will be used as the induction step for our main result of the section.

◮ Lemma 2.2.14. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition

(L,R). Fix the vertex v = rk. Let T̂ be obtained by adding two new vertices lp+1 and rp+1

and the edges [rk, lp+1], [lp+1, rp+1] to T . Assume that bd(T ) 6= 0 and B(T )τ r
T = bd(T )1.

Then we have

B(T̂ )τ r
T̂
= bd(T̂ )1 and bd(T̂ ) = bd(T ) + 2[1 + diffT (v)]. ◭

Proof. Taking y(i) = dist(lp+1, ri) and x(i) = dist(li, rp+1) for each i = 1, 2, . . . , p, we have

B(T̂ ) =

[
B(T ) x

yt 1

]
and B(T̂ )(ep+1 − ek) =

[
21

0

]
. (2.2)

Let us consider the matrix E1 := I − eke
t
p+1. Note that det(E1) = 1 and B(T̂ )E1 =[

B(T ) 21

yt 0

]
. By hypothesis, we have bd(T ) 6= 0 and B(T )τ r

T = bd(T )1. Further, consider

the matrix E2 := I − 2
bd(T )

[
τ r
T

0

]
etp+1. Then we have det(E2) = 1 and

B(T̂ )E1E2 =

[
B(T ) 21

yt 0

]
−

2

bd(T )

[
B(T )τ r

T

ytτ r
T

]
etp+1 =

[
B(T ) 0

yt − 2
bd(T )

ytτ r
T

]
.

Hence det(B(T̂ )) = − 2
bd(T )

ytτ r
T detB(T ) = (−2)pytτ r

T , by definition. It follows that bd(T̂ ) =

ytτ r
T .

Consider the component H of T containing lk after deleting all the edges incident at rk

except the edge [lk, rk]. (Thus, if rk has degree one, then H would be T .) Assume that

the vertex set of this component is {l1, r1, . . . , ls−1, rs−1, lk, rk}. Then, by Lemma 2.2.12, we

obtain
yt =

[
B(T )k,:

]

+
[
2 · · · 2 0 0 · · · 0

]
,

(2.3)

where the entries 2 in the last vector are for the vertices r1, . . . , rs−1.

By Remark 2.2.10, we note that τH(ri) = τT (ri) for each i = 1, . . . , s − 1. Further note
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that dH(rk) = 1 and diffH(rk) = diffT (rk). By Equation (2.1), we get

τH(rk) = 1− dH(rk)[1 + diffH(rk)] = − diffT (rk).

Hence, by Lemma 2.2.13 and Equation (2.3), we have

bd(T̂ ) = ytτ r
T = bd(T ) + 21tτ r

H − 2τH(rk)

= bd(T ) + 2− 2(− diffH(rk))

= bd(T ) + 2[1 + diffH(rk)].

As diffH(rk) = diffT (rk), this establishes the second identity.

To show the first identity note that

B(T̂ )τ r
T̂

=

[
B(T ) x

yt 1

]([
τ r
T

0

]
−

[
[1 + diffT (rk)]ek

−1− diffT (rk)

])

=




bd(T )
...

bd(T )

bd(T̂ )



− [1 + diffT (rk)]

[
B(T ) x

yt 1

][
ek

−1

]

=




bd(T )
...

bd(T )

bd(T̂ )



− [1 + diffT (rk)]B(T̂ )(ek − ep+1)

=




bd(T )
...

bd(T )

bd(T̂ )



+ [1 + diffT (rk)]




2
...

2

2

0




by Equation (2.2)

= bd(T̂ )1,

by the second identity. This completes the proof. �

This brings us to the main result of this section.

◮ Theorem 2.2.15. Let T be a nonsingular tree on 2p vertices with a standard vertex bipar-

tition (L,R).

a) Then bd(T ) is an odd number and B(T )τr(T ) = bd(T )1.
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b) Fix a vertex v and let T̂ be obtained by attaching a new P2 at v. Then bd(T̂ ) =

bd(T ) + 2[1 + diffT (v)]. ◭

Proof. We proceed by induction. Let p = 1 and T = P2. Let v be any arbitrary vertex.

Then diffv = −1. It follows that τ r
T = [1]. Since bd(T ) = 1, we see that B(T )τ r

T = bd(T )1.

So a) holds. In view of Remark 2.1.5, without loss assume that v = rp and T̂ be obtained

by adding two new vertices lp+1 and rp+1 and the edges [rp, lp+1], [lp+1, rp+1] to T . So, by

Lemma 2.2.14, b) holds. (Alternately, one can directly verify this from a P4.)

Now suppose that the statements hold for p. Consider a nonsingular tree T ′ on 2p + 2

vertices. Then it is obtained from some tree T on 2p vertices by attaching a new P2 at

some vertex v, see Remark 2.1.12. Let (L,R) be a standard vertex bipartition of T such that

v = rp. Thus, T ′ is obtained by adding two new vertices lp+1 and rp+1 and the edges [rp, lp+1],

[lp+1, rp+1] to T . By induction hypothesis, we have B(T )τ r
T = bd(T )1. Hence by Lemma

2.2.14, we see that both a) and b) hold for T ′. The proof is complete by induction. �

By item (a) of Theorem 2.2.15, we know that the bipartite distance index of a nonsingular

tree is always an odd number. In particular, the bipartite distance matrix of a nonsingular

tree is always invertible.

◮ Corollary 2.2.16. Let T be a nonsingular tree on 2p vertices. Then the bipartite distance

index of T is an odd number and so the bipartite distance matrix of T is invertible. ◭

◮ Corollary 2.2.17. Let T be a nonsingular tree on 2p vertices with a standard vertex bipar-

tition (L,R). Let τ l
T be the restriction of τT on L. Then (τ l

T )
t
B(T ) = bd(T )1t. ◭

Proof. Let F be the tree obtained by interchanging li with ri for each i. Then B(F ) =

B(T )t and τ r
F = τ l

T . Hence B(F )τ r
F = bd(F )1 = bd(T )1 and taking transpose, we get

(τ l
T )

t
B(T ) = bd(T )1t. �

The following is an immediate corollary to Theorem 2.2.15. It explains why the corona

trees have bd(T ) = 1.

◮ Corollary 2.2.18. Let T be a nonsingular tree on 2p vertices and v be a vertex in T such

that diffT (v) = −1. If F is obtained by attaching a new P2 at v in T , then bd(F ) = bd(T ).

In particular, since the corona trees are obtained from P2 by attaching new P2’s at quasi-

pendant vertices, repeatedly, and bd(P2) = 1, we see that the bipartite distance index of each

corona tree is 1. ◭

◮ Remark 2.2.19. From Corollary 2.2.18, we know that the bipartite distance index of each

corona tree is one. But the converse of Corollary 2.2.18 is not true in general. For example,
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consider the tree T3 as shown in Figure 2.2. Clearly, T3 is not a corona tree but bd(T3) = 1,

see Example 2.3.2. ◭

This is a comparison of the vector τ r with an already known vector µ in the literature.

◮ Remark 2.2.20. Consider a tree T on vertices 1, . . . , n and the classical distance matrix

D(T ). Let µ denote the vector whose i-th entry is µ(i) = 2 − d(i), where d(i) means the

degree of i. A well known identity for distance matrix which is similar to Theorem 2.2.15

has been observed by Bapat, Kirkland and Neumann [BKN05]). It says D(T )µ = (n− 1)1.

So D(T )(−µ) = (1− n)1. Notice that, 1 − n = detD(T )/(−2)n−2. This similar to defining

bd(T ) = detB(T )/(−2)p−1. ◭

◮ Remark 2.2.21. Theorem 2.2.15 explains why the bipartite distance index of P2k were

like 1, 1, 3, 3, 5, 5, . . .. Assume k is odd and imagine a new P2 at an end vertex v of P2k.

Notice that diff(v) = −1. Hence, by bd(P2k+2) = bd(P2k). If k is even, then we would get

diff(v) = 0 which is even. Hence, bd(P2k+2) = bd(P2k) + 2 happens in this case. ◭

2.3 The inclusion-exclusion principle

In this section we first show the bipartite distance index bd(T ) of a nonsingular tree T

satisfies an inclusion-exclusion type of principle at each matching edge. This in turn gives us

a much simpler recursive formula to calculate the bipartite distance index of a nonsingular

tree T from its subtrees. Before that let us recall that a branch at a vertex v of a graph G

is a connected component of G − v. We do not include v in a branch at v. A branch at v

is called a trivial branch if it has exactly one vertex. If B is a branch at v in G, then by

G − B, we denote the graph obtained by deleting all the vertices of B from G (and so the

edges incident with those vertices are also removed).

The following result shows that detB(T ) satisfies an inclusion-exclusion type of principle

at any matching edge of the tree T . Figure 1.2 illustrates why we refer Theorem 2.3.1 as an

inclusion-exclusion principle.

◮ Theorem 2.3.1 (Inclusion-Exclusion). Let T be a nonsingular tree on 2p vertices with a

matching edge [u, v] such that s = d(v) ≥ 3. Let w1, . . . , ws−1 be the other vertices adjacent

to v. Let Bwi
be the branches at v containing the vertex wi, i = 1, . . . , s− 1. Then we have

bd(T ) = bd(T −Bw1) + bd(T −Bw2 − · · · −Bws−1)− bd(T −Bw1 −Bw2 − · · · −Bws−1). ◭

Proof. In view of Remark 2.1.5, let us assume that our tree is as shown in Figure 2.5 and

that u = lk1, v = rk1 , wi = lki+1, for i = 1, . . . , s − 1. By Theorem 2.2.15, we know that
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B(T )τ r
T = bd(T )1. Thus

B(T )k1,:τ
r
T = bd(T ).

By Remark 2.2.10 b), we have

B(T )k1,: = B(F2)k1,: + · · ·+B(Fs)k1,: − (s− 2)B(T1)k1,:.

By Remark 2.2.10 a), we have τ r
T (ri) = τ r

Fj
(ri) if ri ∈ Fj , ri 6= rk1. Thus we have the

complete information about τ r
T except at the vertex v = rk1.

Now consider rk1. We have dT (rk1) = s, dT1(rk1) = 1 and for j = 2, 3, . . . , s,

dFj
(rk1) = 2, diffT (rk1) = diffFj

(rk1) = diffT1(rk1).

It follows that

τT (rk1) = −
(
s− 1 + s diffT1(rk1)

)

τFj
(rk1) = −

(
1 + 2 diffT1(rk1)

)
j = 2, . . . , s

τT1(rk1) = −
(
diffT1(rk1)

)
.

Hence, for j = 2, . . . , s, we have

τT (rk1)− τFj
(rk1) = −(s− 2)(1 + diffT1(rk1)) = (s− 2)M,

where M = −(1 + diffT1(rk1)). We also have

τT (rk1)− τT1(rk1) = (s− 1)M.

Therefore, the bipartite distance index of T is given by

bd(T ) = B(T )k1,: τ
r
T = B(F2)k1,: τ

r
T + · · ·+B(Fs)k1,: τ

r
T − (s− 2)B(T1)k1,: τ

r
T

= B(F2)k1,: τ
R
F2

+ (s− 2)M + · · ·+B(Fs)k1,: τ
R
Fs

+ (s− 2)M

−(s− 2)
(
B(T1)k1,: τ

R
T1

+ (s− 1)M
)

= bd(F2) + · · ·+ bd(Fs)− (s− 2) bd(T1).

In a similar argument, we have bd(T −Bw1) = bd(F3)+ · · ·+bd(Fs)− (s−3) bd(T1). Noting

that T − Bw2 − · · · − Bws−1 = F2 and T − Bw1 − Bw2 − · · · − Bws−1 = T1, the conclusion

follows. �

Let us illustrate Theorem 2.3.1 with an example.
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◮ Example 2.3.2. Consider the nonsingular tree T , as shown in Figure 2.7. Edges in the

perfect matching are shown as dashed lines.

Consider the vertex v in T . Note that d(v) = 3. By applying Theorem 2.3.1 we have

bd(T ) = bd

( )
+ bd

( )
− bd

( )

=
(
bd(P6) + bd(P6)− bd(P4)

)
+ bd(P6)− bd(P2)

= 3 bd(P6)− bd(P4)− bd(P2) = 7.

Note also that using Theorem 2.3.1, we can see that the bipartite index of the tree T3 in

Figure 2.2 is 1 and the bipartite index of the tree T in Figure 2.6 is 3. ◭

Theorem 2.3.1 implies that the bipartite distance index of a nonsingular tree can be

expressed as an integer combination of the bipartite distance indices of some paths of the

form P2k in a realizable way.

◮ Corollary 2.3.3. Let T be a nonsingular tree on 2p vertices. Then there exist ai ∈ Z, for

i = 1, . . . , p such that

bd(T ) = a1 bd(P2) + a2 bd(P4) + · · ·+ ap bd(P2p). ◭

In the below result we express the bipartite distance index of a corona tree as an integer

combination of the bipartite distance indices of paths P4 and P2.

◮ Lemma 2.3.4. Let T be a corona tree on 2p vertices (p > 1). Then

bd(T ) = (p− 1) bd(P4)− (p− 2) bd(P2). ◭

Proof. We prove the statement by induction on p. Clearly the statement holds for p ≤ 2.

Assume the statement to be true for p > 2 and consider a corona tree T on 2p vertices.

Let P = [v1, v2, . . . , vm−1, vm] be a path corresponding to the diameter of T . It follows by

Lemma 2.1.11 that

bd(T ) = bd(T − v1 − v2)

v
T

Figure 2.7: Understanding Theorem 2.3.1
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We now apply induction hypothesis on the tree T −v1−v2 to obtain the required result. �

2.4 The f-alternating sums

In this section we study a new type of combinatorial object, known as f -alternating sum.

Recall that AG denotes the class of all alternating paths in G.

◮ Definition 2.4.1 (f -alternating sum). Let S : N → R be a sequence. Let G be bipartite

graph with a unique perfect matching. The f -alternating sum fS(G) of G (with respect to

the sequence S) is defined as

fS(G) :=
∑

P∈AG
P=[u,··· ,v]

[d(u)− 2][d(v)− 2]S
( |P |

2

)
. ◭

Note that from the definition it follows that the f -alternating sum of a path P is fS(P ) =

S(|P |/2) if P is an alternating path and otherwise it is 0. We first show that the function

fS(T ) satisfies the same recurrence relation as that of bd(T ) in Theorem 2.3.1.

◮ Theorem 2.4.2. Let S : N → R be a sequence and T be a nonsingular tree on 2p vertices

with a matching edge [u, v] such that s = d(v) ≥ 3. Let w1, . . . , ws−1 be the other vertices

adjacent to v. Let Bwi
be the branches at v containing the vertex wi, i = 1, . . . , s− 1. Then

we have

fS(T ) = fS(T − Bw1) + fS(T − Bw2 − · · · −Bws−1)− fS(T −Bw1 −Bw2 − · · · − Bws−1). ◭

b b b

b

b

b b

w1

w2

ws−1

u
vT1

Bw1

Bw2

Bws−1

...

T

F2

Figure 2.8: For the proof of Theorem 2.4.2.
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Proof. Let T1 = T − Bw1 + · · · − Bws−1. For j = 2, 3, . . . , s, by Fj denote the tree obtained

from T1 and Bwj−1
by adding the edge [v, wj−1]. For a reference, see Figure 2.8.

Notice that, if j 6= l, then Fj and Fl have T1 in common. It follows that AT =
s
∪
j=2

AFj
.

By Pij, let us denote the unique path between vertices i and j in T . Hence we have

fS(T ) =
∑

P∈AT
P=[i,...,j]

[d(i)− 2][d(j)− 2]fS(Pi,j)

=
∑

P∈AF2
P=[i,...,j]

[d(i)− 2][d(j)− 2]fS(Pi,j) + · · ·+
∑

P∈AFs
P=[i,...,j]

[d(i)− 2][d(j)− 2]fS(Pi,j)

−(s− 2)
∑

P∈AT1
P=[i,...,j]

[d(i)− 2][d(j)− 2]fS(Pi,j)

= fS(F2) + · · ·+ fS(Fs)− (s− 2)fS(T1).

In a similar way, fS(T −Bw1) = fS(F3)+ · · ·+fS(Fs)− (s−3)fS(T1). The proof now follows

by noting that T −Bw2 − · · · − Bws−1 = F2. �

In the following remark we see that how the f -alternating sum of a bipartite graph G with

a unique perfect matching gives structural information of the graph G.

◮ Remark 2.4.3. a) Take S = (1, 1, 1, . . .). Then, by definition, fS(P2p) = 1 and by applying

Theorem 2.4.2, we see that fS(T ) = 1 for each T .

b) Take S = (2, 4, 6, . . .). Then fS(P2p) = 2p and by applying Theorem 2.4.2, we see that

fS(T ) = |T | is the order of T .

c) Let G be a graph with a unique perfect matching. Although we can define the f -

alternating sum of G but the identities obtained in a) and b) need not remain valid. For

example consider the graph G below.

b b

b b

b

b

1
2 3

6
5 4

G

The only paths that contribute to the alternating sums are [1, 2], [5, 6], [1, 2, 3, 4, 5, 6].

Hence, for S = (1, 1, 1, . . .) we have fS(G) = −1 and for S = (1, 2, 3, . . .) we have fS(G) = 1.

d) It would be interesting to know the class of graphs G with unique perfect matching

that have fS(G) = 1 in a) and fS(G) = |G| in b).

e) It would be interesting to know the properties of the f -alternating sums of nonsingular

trees, for some more sequences S. ◭
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2.4.1 Combinatorial formula for the bipartite distance index

In this subsection we prove that bd(T ) is nothing but the f -alternating sum for the sequence

S = (1, 1, 3, 3, 5, 5, . . .).

◮ Theorem 2.4.4. Let T be a nonsingular tree on 2p vertices and S = (1, 1, 3, 3, 5, 5, . . .) be

a sequence. Then

bd(T ) = fS(T ). ◭

Proof. We prove the result by induction on the number of vertices in T . For p = 1 or p = 2,

the only possible nonsingular tree is a path on 2p vertices. This case follows from Proposition

2.2.1, as the nonzero contributions to fS(T ) will come only from the end vertices.

Now suppose that the result is true for every nonsingular tree with number of vertices

less than 2p. Let T be a nonsingular tree on 2p vertices. Note that if T is a path then the

result follows by Proposition 2.2.1. Suppose that T is not a path. Then there exists a vertex

v in T such that d(v) ≥ 3. Let [u, v] be the matching edge involving v. Let w1, . . . , ws−1

be the other vertices adjacent to v. Let Bwi
be the branches at v containing the vertex wi,

i = 1, . . . , s− 1. Then by Theorems 2.3.1 and 2.4.2 we have

bd(T ) = bd(T − Bw1) + bd(T − Bw2 − · · · − Bws−1)− bd(T − Bw1 −Bw2 − · · · − Bws−1)

= fS(T −Bw1) + fS(T −Bw2 − · · · −Bws−1)− fS(T − Bw1 −Bw2 − · · · − Bws−1)

= fS(T ).

The result now follows by induction. �

2.5 Structure independence of the bipartite distance

index

A well known result by Graham, Hoffman and Hosoya [GHH77] is that the determinant of

the distance matrix of a graph only depends on the blocks and is independent of how they

are assembled. In a similar way, we want to construct classes of nonsingular trees such that

bd(T ) remains the same for each class.

◮ Definition 2.5.1 (Pendant Path). Let k be an even natural number. An alternating path

[u1, . . . , uk] in a nonsingular tree T is called a pendant path, if d(u1) = 1, d(ui) = 2, i =

2, . . . , k − 1 and d(uk) =≥ 2. ◭

◮ Definition 2.5.2 (Merging of two trees). Let T and T ′ be two nonsingular tree with the

pendant paths P = [v1, v2, . . . , vk] and P ′ = [v′1, v
′
2, . . . , v

′
k], respectively. By the merging T
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and T ′ along these pendant paths, we mean the new tree obtained by identifying the the

vertices vi with v′i for each i = 1, . . . , k, while keeping the rest of the vertices distinct. ◭

An example of merging is provided in Figure 2.2. If we want to merge two trees T and T ′

along pendant paths of k vertices, we may be able to do so in more than one way and the

resulting trees could be nonisomorphic.

◮ Example 2.5.3. Consider the trees T and T2 from Figure 2.2 below. Let us label the

pendant paths on four vertices in both the trees. Clearly [v1, v2, v3, v4] is a pendant path in

T2 on 4 vertices. Also note that [v′1, v
′
2, v

′
3, v

′
4] and [v′′1 , v

′′
2 , v

′′
3 , v

′′
4 ] are pendant paths in T on

4 vertices.

b b b b b b

v1 v2 v3 v4 T2

b b b b b b b bb

b b

T

v′1 v′2 v′3 v′4 v′′1v′′2v′′3v′′4

If we want to merge T and T2 along pendant paths of 4 vertices, then we have two possible

choices and we obtain two trees T3 and T4, shown below.

b b b b b b b b

bb

b

b

b

b

b b

T3

v1 v2 v3 v4

v′1 v′2 v′3 v′4 v′′1v′′2v′′3v′′4
b b b b b b b b

bb

b b

bb T4

v1v2v3v4

v′1 v′2 v′3 v′4 v′′1v′′2v′′3v′′4

◭

◮ Definition 2.5.4. Let T and T ′ be two nonsingular trees on the same number of vertices.

Let k be an even natural number. By T + T ′ − Pk, we denotes the set of all trees that can

be obtained by merging trees T and T ′ along pendant paths of k vertices. This set will be

treated empty if one of T or T ′ does not have a pendant path of k vertices. ◭

In Example 2.5.3, we see that T + T2 − P4 contains two nonsingular trees T3 and T4.

◮ Definition 2.5.5. Let F = {Pk1, . . . , Pkn} and G = {Pr1 , . . . , Prn−1} be two multisets con-

sisting path of even order, n ≥ 2. Then by

Pk1 + · · ·+ Pkn − Pr1 − · · · − Prn−1

we denote all the trees that can be obtained by repeated application of the following rules

in all possible ways and reaching G = ∅.

a) Select a path Pri from G. Select two trees T and T ′ from F that have pendant paths of

ri vertices.
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b) Merge T and T ′ along some pendant paths of ri vertices. Let the resulting tree be Tr.

c) Delete T and T ′ from F and put Tr in F . Delete Pri from G.

Note that when G = ∅, the set F will contain exactly one tree which is an element of the

class F − G.

If step a) fails at some stage, then we immediately set F = ∅ and break the loop. This

means, we just collect the trees for those cases, for which we could reach G = ∅.

For brevity, let us also use the notation F −G to denote the class Pk1 + · · ·+ Pkn −Pr1 −

· · · − Prn−1 . Also, we allow F = {Pk1},G = ∅, in which case F − G = {Pk1}. ◭

Let us look at an example below.

◮ Example 2.5.6. Let us take F = {P8, P8, P6} and G = {P2, P2}. The expression F − G =

P8 + P8 + P6 − P2 − P2 means the class of the following trees:

b b b b b b b bb

b b b b b b

b

b b b b

b b b b b b b bb

bbbbbb

b

b b b b

b b b b b b b bb

b b b bb

b b b b b b

◭

Note that the class F −G can be empty. By construction, each tree in F −G has the same

order and has a perfect matching. The following result supplies a condition for F −G to be

nonempty.

◮ Proposition 2.5.7. Let F = {Pk1, . . . , Pkn} and G = {Pr1, . . . , Prn−1} be two sets of even

ordered paths, n ≥ 2. Assume that k1 ≤ k2 ≤ · · · ≤ kn and r1 ≤ r2 ≤ · · · ≤ rn−1. Then the

class F − G is nonempty if and only if ki > ri for i = 1, . . . , n− 1. ◭

Proof. Suppose that ki > ri for i = 1, . . . , n − 1. Let Tn−1 ∈ Pkn + Pkn−1 − Prn−1 . Notice

that Tn−1 has a pendant path of rn−1 vertices. Let Tn−2 ∈ Tn−1 + Pkn−2 − Prn−2 . Notice

that Tn−2 has a pendant path of rn−2 vertices. Repeating the process a few times, we obtain

T1 ∈ F − G, where T1 ∈ T2 + Pk1 − Pr1.

Conversely, suppose that F − G 6= ∅. Let T ∈ F − G. Suppose that G contains t paths

g1, . . . , gt of number of vertices at least s and suppose that these paths are used in that order

while generating T . At the stage of gt, we must have used two trees in F which had pendant
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path copies of gt in them. So at this stage, we have at least two trees in F that have pendant

paths of order at least s. Similarly, at the stage of gt−1, we must have used two trees in F

which had pendant path copies of gt−1 in them. So at this stage, we have at least three trees

in F that have pendant paths of order at least s. Continuing, at the stage of g1, we must

have at least t + 1 trees in F that have pendant paths of order at least s. This is possible

if from the beginning we have at least t + 1 paths in F that have order at least s + 1. The

conclusion follows by putting s = rn−1, rn−2, . . . , r1. �

◮ Remark 2.5.8. Let T1 be a nonsingular tree with a pendant path P = [u1, . . . , u2k],

dT1(u1) = 1, and T2 be a nonsingular tree with a pendant path P ′ = [u′
1, . . . , u

′
2k], dT2(u

′
1) = 1.

Let T be formed by merging T1 and T2 along P and P ′. The following statements are imme-

diate from the definition.

a) The number of leaves (pendant vertices) in T equals to those in T1 plus those in T2 minus

one.

b) The degree of any vertex v in T1, v 6= u2k, remains unchanged in the process and the

the degree of any vertex v in T2, v 6= u′
2k, remains unchanged in the process. Also

dT (u2k) = dT1(u2k) + dT2(u
′
2k)− 1.

c) Consider the class X of all alternating paths in T that have pendant endvertices. Let F ∗
T

be the multiset of paths obtained by removing the labels from the paths in X. Then

F ∗
T = F ∗

T1
∪̇F ∗

T2
,

where ∪̇ means the multiset union, that is, if H ∈ F ∗
T1

three times and H ∈ F ∗
T2

two

times then H ∈ F ∗
T five times.

d) Consider the class Y of all alternating paths in T that have one endvertex pendant and

the other of degree more than 2. Let G∗
T be the multiset of paths obtained by replacing

each path P in Y that has an endvertex of degree d > 2 with d− 2 copies of unlabeled

P . Then

G∗
T = G∗

T1
∪̇G∗

T2
∪̇{P2k}. ◭

◮ Lemma 2.5.9. Let n ∈ N and F = {Pk1, . . . , Pkn} and G = {Pr1, . . . , Prn−1} be two sets

consisting paths of even order and T ∈ F − G. Then F ∗
T = F and G∗

T = G. ◭

Proof. The statement is true for n = 1. Assume that it is true for each n < m. Let

F = {Pk1, . . . , Pkm} and G = {Pr1 , . . . , Prm−1} be two sets consisting paths of even order and

T ∈ F − G.

Suppose that T was created by merging T1 and T2 along pendant copies of P2k. Since T1

was already created, it must have been created using some sub-multisets F1 and G1. That
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is, T1 ∈ F1 − G1. Similarly, let T2 ∈ F2 − G2. Since, by the time of the creation of T , F is

singleton and G is empty, we see that

F = F1∪̇F2 and G = G1∪̇G2∪̇{P2k}.

By induction hypothesis, F ∗
T1

= F1 and F ∗
T2

= F2. By Remark 2.5.8 d), we have

F ∗
T = F ∗

T1
∪̇F ∗

T2
= F1∪̇F2 = F .

Similarly, G∗
T = G. The proof is complete by induction. �

2.5.1 Path decomposition

Let us first ask the following question: Given a nonsingular tree T , can we find multisets F

and G of even order paths such that T is in the class F − G? The answer is in the negative.

The following nonsingular tree is an example. Notice that, in the below tree, there are two

degree three vertices and there is no pendant path having an end vertex is one of those

degree three vertex. Therefore, we can not find any F and G of even order paths such that

the below tree is in the class F − G.

b b

b b

b b

b b b b b b

Now focus on the question: Given a nonsingular tree T , suppose that we can we find

multisets F and G of even order paths such that T ∈ F − G. Are F and G unique? The

answer is in the affirmative. We shall call (F ,G) (when it exists), the path decomposition of

T .

◮ Proposition 2.5.10 (Path decomposition). Let F ,G be multisets consisting paths of even

order and T ∈ F − G. Then, the decomposition (F ,G) is unique. ◭

Proof. Suppose that T ∈ F−G and T ∈ F ′−G ′. Then by Lemma 2.5.9, we have F = F ∗
T = F ′

and G = G∗
T = G ′. �

In the following result we observe that the f -alternating sum of all trees belongs to the

class F −G are same. That is, if the class F −G is nonempty, then each tree in the class has

the same f -value and this value can also be given by another expression using the f -values

of the paths in F and G.
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◮ Proposition 2.5.11. Let F = {Pk1, . . . , Pkn} and G = {Pr1, . . . , Prn−1} be two sets consisting

paths of even order, n ≥ 2. Let f : N → R. Then f(T ) remains the same for each T ∈ F−G.

In fact, this common value can be given by a simpler expression

fS(T ) =
∑

Pi∈F

fS(Pi)−
∑

Pj∈G

fS(Pj). ◭

Proof. Let T ∈ F − G. Suppose that T was created by merging T1 and T2 along pendant

copies of P2k. Then in view of Theorem 2.4.2, we have

fS(T ) = fS(T1) + fS(T2)− fS(P2k).

Since T1 was already created, it must have been created using some submultisets F1 and G1.

That is, T1 ∈ F1 − G1. Similarly, let T2 ∈ F2 − G2. Since, by the time of the creation of T ,

F is singleton and G is empty, we see that

F = F1∪̇F2 and G = G1∪̇G2∪̇{P2k}.

Applying induction hypothesis on the size of F , we see that

fS(T1) =
∑

Pi∈F1

fS(Pi)−
∑

Pj∈G1

f(Pj), fS(T2) =
∑

Pi∈F2

fS(Pi)−
∑

Pj∈G2

f(Pj).

Hence

fS(T ) = fS(T1) + fS(T2)− fS(P2k) =
∑

Pi∈F

f(Pi)−
∑

Pj∈G

fS(Pj).

The proof is complete. �

In view of Proposition 2.5.11, we shall write fS(T1 + T2 − Pk) = fS(T1) + fS(T2)− fS(Pk),

with the understanding that the identity is true for each tree in the class T1 + T2 − Pk.

As an immediate corollary, we obtain a simpler formula for the determinant detB(T ) for

the trees that are in some F − G.

◮ Corollary 2.5.12. Let F = {Pk1, . . . , Pkn} and G = {Pr1, . . . , Prn−1} be two sets consisting

paths of even order, n ≥ 2. Then bd(T ) and detB(T ) remain the same for each T ∈ F −G.

These common values are given by

bd(T ) =
∑

Pi∈F

fS(Pi)−
∑

Pj∈G

f(Pj), detB(T ) = (−2)p−1
bd(T ),

where 2p = k1 + · · ·+ kn − r1 − · · · − rn−1. ◭
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We conclude the section with an illustration.

◮ Example 2.5.13. Consider the the tress T3 and T4 in Example 2.5.3. Note that both the

trees T3 and T4 belong to the class F −G, where F = {P8, P6, P6} and G = {P4, P4}. Hence

by Corollary 2.5.12,

bd(T3) = bd(T4) = f(4) + f(3) + f(3)− f(2)− f(2) = 3 + 3 + 3− 1− 1 = 7,

as S = (1, 1, 3, 3, 5, 5, . . .). Since the order 2p = 12, we have p− 1 = 5. Hence

detB(T3) = detB(T4) = (−2)5 × 7 = −224.

We can compute detB(T3) by first taking a standard vertex bipartition. We have taken

one as shown in the picture.

b b b b b b b b

bb

b

b

b

b

b b

T3

l1 r1 l2 r2 l3 r3 l4 r4

l5 r5

l6 r6

For this standard bipartition the matrix B(T3) is




1 3 5 7 5 5

1 1 3 5 3 3

3 1 1 3 3 3

5 3 1 1 5 5

3 1 3 5 1 3

3 1 3 5 3 1




.

It can be checked that the determinant is indeed −224. Of course, one could verify the same

for T4, too. ◭
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In Chapter 2, we proved that the bipartite distance matrix of a nonsingular tree is always

invertible and its determinant can be described using the structure of T . What about the

inverse of the bipartite distance matrix of a nonsingular tree? Can the entries of the inverse

be described combinatorially?. In this chapter we supply a combinatorial description of the

inverse of the bipartite distance matrix and establish identities that are similar to some well

known identities. The study leads us to an unexpected generalization of the usual Laplacian

matrix of a graph. This generalized Laplacian matrix is usually not a symmetric matrix but

it still has many properties like the usual Laplacian matrix.

We introduce the bipartite Laplacian matrix of a nonsingular tree in Section 3.1. In

Section 3.2 we study elementary properties of the bipartite Laplacian matrix and compare

them with those of the usual Laplacian matrix. We then continue our study in Section 3.3 by

finding upper bounds and lower bounds on the multiplicities of eigenvalues of the bipartite

Laplacian matrix. The inverse of the bipartite distance matrix has been discussed in Section

3.4.

3.1 Preliminaries

We start the discussion by defining the bipartite Laplacian matrix of a nonsingular tree.

◮ Definition 3.1.1 (The bipartite Laplacian matrix). Let T be a nonsingular tree on 2p

vertices and (L,R) be a standard vertex bipartition of T . The bipartite Laplacian matrix of

T , denoted by L(T ) or simply by L is the p× p matrix whose rows are indexed by r1, . . . , rp

and the columns are indexed by l1, . . . , lp. The (i, j)th entry of L(T ) is defined as

L(i, j) =





d(ri)d(li)− 1 if i = j;

d(ri)d(lj) if i 6= j and the ri-lj path is an odd alternating path;

−d(ri)d(lj) if i 6= j and the ri-lj path is an even alternating path;

−1 if i 6= j and ri ∼ lj ;

0 otherwise.
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Sometimes we use L(ri, lj) to denote the (i, j)th entry of L. ◭

Here we want to recall that the rows of the bipartite distance matrix B(T ) of T are

indexed by l1, . . . , lp and the columns of B(T ) are indexed by r1, . . . , rp whereas the rows of

the bipartite Laplacian matrix L(T ) of T are indexed by r1, . . . , rp and the columns of L(T )

are indexed by l1, . . . , lp.
2

◮ Remark 3.1.2. Let T be a nonsingular tree with a standard vertex bipartition (L,R). The

bipartite Laplacian matrix of T can also be defined as D − At, where A is the bipartite

adjacency matrix of T and D be the square matrix of order p whose (i, j)th entry is defined

as

D(i, j) =





d(ri)d(lj) if the ri-lj path is an odd alternating path;

−d(ri)d(lj) if the ri-lj path is an even alternating path;

0 otherwise.

Note that here we consider At because by Definition 1.2.1, we indexed rows of A by l1, . . . , lp

and indexed columns of A by r1, . . . , rp. ◭

Let us first look at an example below.

◮ Example 3.1.3. Consider the nonsingular tree T as shown below.

b

b b b b b b

bb bl1

r1 l2 r2 l3 r3 l4

r5l5 r4

T

Here the dashed edges are the matching edges. Clearly, L = {l1, . . . , l5}, R = {r1, . . . , r5} is

the standard vertex bipartition. The bipartite distance matrix B and the bipartite Laplacian

matrix L are given by

B =

r1 r2 r3 r4 r5

l1

l2

l3

l4

l5




1 3 5 7 5

1 1 3 5 3

3 1 1 3 3

5 3 1 1 5

3 1 3 5 1




, L =

l1 l2 l3 l4 l5

r1

r2

r3

r4

r5




1 −1 0 0 0

−3 5 −1 0 −1

2 −4 3 −1 0

−1 2 −2 1 0

1 −2 0 0 1




.

Note that here L is not a symmetric matrix. ◭

2 We adopt this type of indexing for the bipartite Laplacian matrix so that we do not have to use transpose

while giving an expression to the inverse of the bipartite distance matrix.
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For a nonsingular tree T , we can have many standard vertex bipartitions depending on

the labeling of its vertices. However, we can see that the bipartite Laplacian matrices

corresponding to them are similar to each other.

◮ Remark 3.1.4. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition

(L,R).

(a) Let F be the tree obtained by interchanging the labels of li with ri for all i = 1, . . . , p

in T . Then L(T ) = L(F )t. Therefore, L(T ) and L(F ) are similar matrices.

(b) Let F be the tree obtained by relabeling the vertices within the part L, keeping it a

standard vertex bipartition (that is, we also relabel the respective vertices in R accordingly).

Then L(T ) is permutation similar to L(F ). ◭

We now introduce the concept of a signed degree vector at a vertex which is required to

relate the structure of the bipartite Laplacian of the new tree with that of the old one.

◮ Definition 3.1.5. Let T be a nonsingular tree on 2p vertices with the standard vertex

bipartition (L,R) and v be a vertex. Then the signed degree vector µv at v is defined in the

following way.

1. If v ∈ L, then for i = 1, . . . , p, we define

i) µv(i) = dT (ri) if the v-ri path is an odd alternating path,

ii) µv(i) = −dT (ri) if the v-ri path is an even alternating path, and

iii) µv(i) = 0 if the v-ri path is not an alternating path.

2. In a similar way, if v ∈ R, then for i = 1, . . . , p, we define

i) µv(i) = dT (li) if the v-li path is an odd alternating path,

ii) µv(i) = −dT (li) if the v-li path is an even alternating path, and

iii) µv(i) = 0 if the v-li path is not an alternating path. ◭

◮ Example 3.1.6. Consider the tree T in Example 3.1.3. Then the signed degree vector of

T at l2 and at r3 is given by

µl2
=
[
0 3 −2 1 −1

]t
and µr3

=
[
1 −2 2 0 0

]t
. ◭

The signed degree vector at a vertex v has the property that the sum of its entries is

always one.

◮ Lemma 3.1.7. Let T be a nonsingular tree on 2p vertices with a standard bipartition (L,R).

Let u be any vertex in T and µu be the signed degree vector at u. Then 1
tµu = 1. ◭
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Proof. We proceed by induction on p ≥ 1. For p = 1 the result is trivial. Assume the result

to be true for nonsingular trees with less than 2p vertices. Let T be a a nonsingular tree on

2p vertices with a standard bipartition (L,R). Let u ∈ R. (The case of u ∈ L can be dealt

similarly.) Let µ be the signed degree vector of u in T .

Suppose [v0, v1, . . . , vk] is a longest path in T . As p > 1, we have k ≥ 3 and so we may

assume that v0, v1 6= u. As T is nonsingular and this is a longest path, we have d(v0) = 1 and

d(v1) = 2. Without loss of any generality, let us assume v0, v1 ∈ {lp, rp}. Let T̂ = T−{v0, v1}

be the tree obtained from T by removing the vertices v0 and v1. Clearly, u ∈ T̂ . Let µ̂ be the

signed degree vector of u in T̂ . Note that µ̂ is vector of size p−1. Clearly, dT (v) = dT̂ (v) for

each v ∈ T̂ − v2 and dT (v2) = dT̂ (v2) + 1. It follows that µ(i) = µ̂(i) for each li ∈ L \ {v2}.

If either v2 ∈ R or the u-v2 path is not an alternating path then µt =
[
µ̂t 0

]
and the

result follows by induction. Now we assume that v2 ∈ L and the u-v2 path is an alternating

path. Then v2 ∼ rp and dT (lp) = 1. Let v2 = lk for some 1 ≤ k < p. Note that the u-lp path

is also an alternating path and so we have µ̂(k) = (−1)tdT̂ (v2) for some t and µ(p) = (−1)t+1.

Since µ(k) = (−1)tdT (v2) = µ̂(k) + (−1)t, it follows that

µt =
[
µ̂t (−1)t+1

]
+ (−1)t

[
et
k 0

]
.

Hence the result follows by induction. �

3.2 Basic properties

In the following result we relate the structure of the bipartite Laplacian L of the new tree

with that of the old one.

◮ Lemma 3.2.1. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition

(L,R). Let T̂ be the tree obtained from T by attaching a new P2 at v. Let µv be the signed

degree vector at v of T .

(a) If v = lk for some k, then L(T̂ ) =

[
L(T ) + µve

t
k −µv

−et
k 1

]
.

(b) If v = rk for some k, then L(T̂ ) =

[
L(T ) + ekµ

t

v −ek

−µt

v 1

]
. ◭

Proof. We only provide the proof of item (a) as the proof of item (b) can be dealt in a similar

way. Without loss of any generality, let us assume that T̂ obtained from T by adding a new

path [lk, rp+1, lp+1] for some 1 ≤ k ≤ p. Clearly L̂ = L ∪ {lp+1} and R̂ = R ∪ {rp+1} is a

standard vertex bipartition of T̂ . Let L and L̂ be the bipartite Laplacian matrix of T and T̂ ,

respectively. Since [rp+1, lp+1] is the only alternating path that starts at rp+1 and dT̂ (rp+1) = 2
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with [rp+1, lk] is not a matching edge, it follows that the all entries of the (p + 1)th row of

L̂ is zero except L̂(p + 1, p + 1) = dT̂ (rp+1)dT̂ (lp+1) − 1 = 1 and L̂(p + 1, k) = −1. Hence

L̂(p+ 1, :) =
[
−et

k 1
]
.

Let us take i = 1, . . . , p. Then ri ≁ lp+1. Note that the lk-ri path is an odd alternating

path if and only if the lp+1-ri path is an even alternating path. Similarly, the lk-ri path is

an even alternating path if and only if the lp+1-ri path is an odd alternating path. Since

dT̂ (lp+1) = 1, it follows that L̂({1, . . . , p}, p + 1) = −µlk
, where µlk

is the signed degree

vector of T at lk.

Since dT (u) = dT̂ (u) for each u ∈ T other than lk, it follows that L̂(i, j) = L(i, j) for each

i = 1, . . . , p and j = 1, . . . , k − 1, k + 1, p.

Finally, notice that dT̂ (lk) = dT (lk) + 1. Therefore, for i = 1, . . . , p, we have

L̂(i, k) =





dT (ri)(dT (lk) + 1)− 1 if i = k;

dT (ri)(dT (lk) + 1) if i 6= k and the ri-lk path is an odd alternating path;

−dT (ri)(dT (lk) + 1) if i 6= k and the ri-lk path is an even alternating path;

−1 if i 6= k and ri ∼ lk;

0 otherwise.

Therefore, L̂({1, . . . , p}, k) = L({1, . . . , p}, k) + µlk
. This completes the proof. �

We now recall a well known result. It can be found in [Bap14, Lemma 4.2], for example.

◮ Lemma 3.2.2. Let M be a square matrix of order n with zero row and column sums. Then

the cofactors of any two elements of M are equal. ◭

Proof. We shall first show that (−1)i+jM(i|j) = (−1)i+kM(i|k) for all i, j, and k. Without

loss of generality, let us assume j > k. Since each row sum of M is zero, it follows that

M(x, k) =

n∑

t=1
t 6=k

M(x, t) for each x = 1, . . . , n. Let M(i|j) be the matrix obtained from M(i|j)

by adding all columns of M(i|j) to the column k of M(i|j). Notice that if k = j − 1 then

det (M(i|j)) = − detM(i|k), otherwise by shifting column k to the right of column i− 1 we

can see that

detM(i|j) = (−1)j−1−k(−1) detM(i|k) = (−1)j+k detM(i|k).

Now by applying a similar argument to M t we can show that (−1)i+jM(i|j) = (−1)i+kM(k|j)

for all i, j, and k. This completes the proof. �

Below we list some elementary properties of the bipartite Laplacian matrix and compare

them with those of the usual Laplacian matrix, whenever possible.
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Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition (L,R). Sup-

pose L is the bipartite Laplacian matrix of T . Then the following assertions hold.

(a) The row and the column sums of L are zero. (A similar property also holds for the usual

Laplacian matrix of any graph.)

(b) The cofactors of any two elements of L are equal to one. (For the usual Laplacian matrix

of a graph, the cofactors of any two elements are equal to the number of spanning trees.)

(c) The rank of L is n − 1. (A similar result is also true for the usual Laplacian matrix of

a connected graph.)

(d) The algebraic multiplicity of 0 as an eigenvalue of L is one. (A similar result is also true

for the usual Laplacian matrix of a connected graph.)

(e) If u is an eigenvector of L corresponding to an eigenvalue λ 6= 0 then 1
tu = 0. (A

similar property also holds for the usual Laplacian matrix of any graph.)

(f) If T = F ◦K1 for some tree F on p vertices. Then L(F ) = L(T ) where L is the usual

Laplacian matrix of F . (That is, the usual Laplacian matrix of a tree F can be seen as

a bipartite Laplacian matrix of another tree T .)

(g) The matrix L is a symmetric matrix if and only if T is a corona tree, that is, if T =

F ◦ K1 for some tree F . (Whereas, the usual Laplacian matrix is always a symmetric

matrix.) ◭

Proof of Item (a). The result follows from Lemma 3.2.1 and Lemma 3.1.7.

Proof of Item (b). By Lemma 3.2.2, all cofactors of L are equal. We only need to show that

they are equals to one. We proceed by induction on p ≥ 2. The statement is valid for p = 2.

Assume it holds for all nonsingular trees with vertices less than 2p. Let T be a nonsingular

tree with 2p vertices. Without loss of any generality, we assume that lp is a pendant vertex

in T and d(rp) = 2. Let rp be adjacent to lk, for some 1 ≤ k < p. Let T ′ be the tree obtained

from T by deleting vertices lp and rp from T . Let L′ be the bipartite Laplacian matrix of T ′.

Consider a vertex ri such that 1 ≤ i < p. By Lemma 3.2.1, it follows that

detL(i | p) = (−1)p+k detL′(i | k) = (−1)i+p.

The last identity follows by induction hypothesis. Hence the result follows.

Proof of Item (c). By item (a), 0 is an eigenvalue of L. The remaining part of the proof

follows from item (b).

Proof of Item (d). By item (a), the characteristic polynomial χ(x) := det(xI−L(T )) = xf(x),

where f(x) is some polynomial with integer coefficients. By item (b) it follows that
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f(0) = coefficient of x in χ(x)

= (−1)p−1× (sum of the principal minors of L of size p− 1)

= (−1)p−1p.

This shows that the algebraic multiplicity of 0 is 1.

Proof of Item (e). It directly follows from the fact that 1t
L = 0.

Proof of Item (f). Let us assume that T = F ◦K1 for some tree F on p vertices. Note that

for each v ∈ F we have dT (v) > 1 and there exist a leaf u /∈ F adjacent to v in T . Therefore

for each i = 1, . . . , p, exactly one of li and ri is in F . We label the vertex v ∈ F by vi

if v is adjacent to a pendant vertex li or ri in T . Now note that the (i, i)th entry of L is

dT (li)dT (ri)− 1 = dT (vi)− 1 = dF (vi).

Now consider i 6= j. Since each edge in F is a nonmatching edge in T , all vi-vj paths in T

are not an alternating path in T . Therefore, if vi ≁ vj then both the ri-lj path and the rj-li

path are not an alternating path and so L(i, j) = L(j, i) = 0. Suppose vi ∼ vj . Without

loss of any generality, let us assume vi = li then vj = rj. It follows that the ri-lj path is an

alternating path of length three and rj ∼ li. Therefore, L(i, j) = −dT (ri)dT (lj) = −1 and

L(j, i) = −1. This shows that L = L.

Proof of Item (g). Let T be not a corona tree. Then there exist an alternating path P =

[v0, v1, v2, v3] such that d(v0) = 1, d(v3) > 1. By taking v0 = l1 and v2 = l2 we see that

the (1, 2)th entry of L is −1 but (2, 1)th entry of L is −d(v3) 6= −1. This completes the

proof. �

3.3 Spectra of the bipartite Laplacian matrix

By item (f) of Theorem 3.2.3, all eigenvalues of the bipartite Laplacian matrix of a corona

tree are nonnegative real numbers. An interesting question now arises: Is it true that all

eigenvalues of the bipartite Laplacian of each nonsingular tree are nonnegative real numbers?

Let us investigate it for the tree T as in Example 3.1.3. Let L be the bipartite Laplacian

matrix of the tree T as in Example 3.1.3. Let f(x) = det(xI − L) be the characteristic

polynomial of L. By a direct computation, we see that f(x) = x(x4−11x3+31x2−24x+5).

Clearly 0 is an eigenvalue of L. We can further observe that f(1/4) > 0, f(1/2) < 0,

f(1) > 0, f(3) < 0, and f(10) > 0. Therefore, all eigenvalues of L are nonnegative real

numbers whereas L is not a symmetric matrix. This is quite interesting. It seems that it is

true for the bipartite Laplacian matrix of each nonsingular tree.

◮ Conjecture 3.3.1. Let T be a nonsingular tree on 2p vertices with a standard vertex bi-

partition (L,R). Then all eigenvalues of the bipartite Laplacian matrix are nonnegative real

numbers. ◭
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In Appendix, we show that the above conjecture is true for all tree on at most 10 vertices.

Let G be a graph and L(G) be its usual Laplacian matrix. By p(G) and q(G), denote

the number of pendant vertices and the number of quasipendant vertices of G, respectively.

Faria [Far85] in 1985 observed that the multiplicity of 1 as an eigenvalue of L(G) at least

p(G)− q(G). (This number was called the star degree of a graph G in [Far85].)

◮ Theorem 3.3.2. [Far85] Let G be a connected graph and L(G) be the Laplacian matrix of

G. Then the multiplicity of 1 as an eigenvalue of L(G) is at least p(G)− q(G). ◭

In 1990, Grone, Merris and Sunder gave an upper bound on the multiplicity of any eigen-

value of the usual Laplacian matrix of a tree.

◮ Theorem 3.3.3. [GMS90, Theorem 2.3] Let T be an any tree on n ≥ 2 vertices and L(T )

be the usual Laplacian matrix of T . Then the multiplicity of any eigenvalue of L(T ) is at

most p(T )− 1. ◭

Interestingly, such bounds can also be provided for the bipartite Laplacian matrix of a

nonsingular tree. In order to describe that, we need some more terminologies.

◮ Definition 3.3.4. Let T be a nonsingular tree. By a pendant-two-path at w, we mean a

path [u, v, w] in T such that dT (u) = 1 and dT (v) = 2. (As T is nonsingular, it follows that

dT (w) > 1.) If [u, v, w] is a pendant-two-path at w then the vertex w is referred as the root

of that pendant-two-path.

By P (T ) let us denote the total number of pendant-two-paths (at all vertices) in T . By

Q(T ) let us denote the total number of vertices at which at least one pendant-two-paths are

available (that is, number of roots of pendant-two-paths). ◭

Let us illustrate Definition 3.3.4 by considering the tree T as shown below.

b

b

b

b b b b

b

b

1 2

3 4

5 6

7

8

10

9

13 14

11 12

15 16

Notice that [1, 2, 4] and [5, 6, 4] are two pendant-two-paths at 4. Similarly, [14, 13, 11] and

[16, 15, 11] are two pendant-two-paths at 11. These are the only four pendant-two-paths in T .

It follows that P (T ) = 4. As 4 and 11 are only two vertices at which some pendant-two-path

exist in T , it follows that Q(T ) = 2.

Below we supply a result similar to the previously mentioned Faria’s result for the bipartite

Laplacian matrix of a nonsingular tree. Note that we do not yet know whether the bipartite
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Laplacian matrix is diagonalizable or not. In Appendix, we show that the bipartite Laplacian

matrix of nonsingular tree on at most 10 vertices is diagonalizable.

◮ Theorem 3.3.5. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition

(L,R) and L be the bipartite Laplacian matrix of T . Then the geometric multiplicity of 1 as

an eigenvalue of L is at least P (T )−Q(T ), where P (T ) and Q(T ) are defined above. ◭

Proof. Note that if P (T ) = 0, then the result holds trivially. So, we assume that P (T ) ≥ 1.

Let w be a vertex in T at which the available pendant-two-paths are [ui, vi, w], i = 1, . . . , k.

If k = 1 then the contribution of w to P (T )−Q(T ) is zero. So assume that k > 1.

Let T̄ be the tree obtained from T by removing the vertices u1, v1, . . . , uk, vk. For i =

1, . . . , k, let Ti be the tree obtained from T by removing just the two vertices ui and vi

from T . Let µi be the signed degree vector at v of Ti and let µ be the signed degree

vector at v of T̄ . Without loss of any generality, let us assume that the vertex set of T̄ is

{l1, . . . , ln, r1, . . . , rn}. Note that µi =
[
µt 0 · · · 0

]t
for each i = 1, . . . , k, as the edges

joining w and any of u1, v1, . . . , uk, vk are nonmatching.

Note that for 1 ≤ i ≤ k, ui, zi ∈ {rji, lji} for some ji > n. By Lemma 3.2.1, we have

L =

[
∗ −µ1t

∗ I

]
if w ∈ L and L =

[
∗ −eq1

t

∗ I

]
if w ∈ R, where I is an identity matrix

and 1 ≤ q ≤ n. It follows that L(eji − ejt) = eji − ejt for 1 ≤ i < t ≤ k. This completes the

proof. �

Next, we supply an upper bound on the geometric multiplicity of an eigenvalue of the

bipartite Laplacian matrix of a nonsingular tree. The proof is similar to the proof of Theorem

3.3.3 given in [GMS90].

◮ Theorem 3.3.6. Let T be a nonsingular tree on 2p vertices, p > 1, with a standard vertex

bipartition (L,R). Let L be the bipartite Laplacian matrix of T and let λ be an eigenvalue

of L. Then the geometric multiplicity of λ is at most P (T )− 1. ◭

Proof. We first prove the result for P (T ) = 2. Let us assume P (T ) = 2. Then T is a path.

Let T = [r1, l1, . . . , rp, lp] be the path on 2p vertices. Let L(T ) be the bipartite Laplacian

matrix of T . Let L(T̄ ) be the bipartite Laplacian matrix of T̄ = [r1, l1, . . . , rp−1, lp−1]. We

claim that if x is an eigenvector of L(T ) corresponding to an eigenvalue λ 6= 0 then x(p) 6= 0.

In order to prove the claim, suppose λ 6= 0 is an eigenvalue of the bipartite Laplacian matrix

of T with a corresponding eigenvector x. Let x̄ be obtained from x by deleting the pth entry.

From L(T )x = λx, by Lemma 3.2.1, note that

L(T̄ )x̄+ µ(x(p− 1)− x(p)) = λx̄, and − x(p− 1) + x(p) = λx(p),
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where µ is a signed degree vector at lp−1 of T̄ . If possible let, x(p) = 0. Then x(p− 1) = 0

and L(T̄ )x̄ = λx̄. Therefore, x̄ is an eigenvector of T̄ corresponding to the eigenvalue λ with

x(p − 1) = 0. With a repeated argument we see that x = 0, which is a contradiction as x

is an eigenvector. Therefore x(p) 6= 0.

Suppose that the geometric multiplicity of λ is at least 2. Let x1 and x2 be a two linearly

independent eigenvectors of L(T ) corresponding λ. Then by a linear combination of x1 and

x2 we may find x such that x(p) = 0, which is a contradiction. This shows that if P (T ) = 2

then the geometric of λ is one.

Now suppose P (T ) = k > 2 and lp−k+1, rp−k+1, . . . , lp, rp are the vertices corresponding to

these k pendant-two-paths (excluding their roots). Since T is not a path, in view of Remark

3.1.4, by relabeling the vertices if necessary, we may assume that d(lp) = d(lp−1) = 1.

Let x be an eigenvector for λ. We shall show that among x(p− k + 1), . . . ,x(p), at least

two coordinates must be nonzero. If both x(p) and x(p−1) are nonzero then there is nothing

to prove. If possible let, x(p) = 0. Let T̄ be obtained from T by removing the vertices rp

and lp. Let x̄ be obtained from x by deleting the pth entry.

Note that d(lp) = 1. Let lq, q ≤ p − k, be the root of the pendant-two-path [lq, rp, lp].

Then, by item (a) of Lemma 3.2.1, looking at the last row of L, we see that x(q) = 0. It

follows that L(T̄ ) has λ as an eigenvalue with x̄ as an eigenvector. Therefore, by induction,

there exist at least two coordinates among x(p− k+1), . . . ,x(p− 1) must be nonzero. This

establishes that if x is an eigenvector of L, then among x(p− k + 1), . . . ,x(p), at least two

coordinates must be nonzero.

If possible, let x1, . . . ,xk be linearly independent eigenvectors of L corresponding to λ.

Since for each i = 1, . . . , k, among the last k coordinates of xi at least two coordinates

must be nonzero, it follows that by taking an appropriate linear combinations of the vectors

x1, . . . ,xk it would possible to create an eigenvector z such that at most one coordinates

among last k coordinates of z is nonzero. Thus we arrived at a contradiction. Hence the

geometric multiplicity of λ is at most P (T )− 1. �

We remark here that the above two results applied to corona trees give us the respective

known results for the usual Laplacian matrix, as special cases.

In the following result we discuss how the bipartite Laplacian matrix of a nonsingular tree

can be obtained from some of its nonsingular subtrees.

◮ Remark 3.3.7. Consider the tree T with a matching edge [lk1 , rk1], see Figure 3.1. Let the

degree of lk1 be s, s ≥ 1. Let rk1+1, rk2+1, . . . , rks−1+1 be some distinct vertices other than rk1
that are adjacent to lk1 . Note that when we delete the edges [lk1 , rk1+1], . . . , [lk1, rks−1+1], we

obtain s many smaller nonsingular trees, say T1, . . . , Ts. Assume that the vertex set of T1

is {l1, . . . , lk1, r1, . . . , rk1}, the vertex set of T2 is {lk1+1, . . . , lk2, rk1+1, . . . , rk2}, and so on up
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b b b

b

b

b b

lk1+2, . . . , lk2
rk1+1, . . . , rk2

rk1+1

lk2+2, . . . , lk3
rk2+1, . . . , rk3

rk2+1

lks−1+2, . . . , lks
rks−1+1, . . . , rks

rks−1+1

l1, . . . , lk1−1

r1, . . . , rk1−1 rk1

lk1
T1

T2

T3

Ts

...

T

F2

Figure 3.1: Understanding L(T ).

to the vertex set of Ts is {lks−1+1, . . . , lks, rks−1+1, . . . , rks}. Let us put an arrow on the edge

[lk1, rk1 ] from rk1 to lk1 . This arrow indicates that, from a vertex ri in T2, we do not have

an alternating path to a vertex in T1. Similarly, from a vertex ri in T3, we do not have an

alternating path to a vertex in T1, T2, T4, T5, . . . , Ts. Similar statements are true for vertices

ri in T4, . . . , Ts. Also, from a vertex li in T1, we only have alternating paths to vertices in

T1 but not to a vertex in T2, . . . , Ts. Let us take F1 be the tree T1. For i = 2, . . . , s, let Fi

be the subtree of T obtained by taking Fi−1 and Ti and by inserting the edge [lk1 , rki−1+1].

Clearly Fs is the original tree T .

a) Let µlk1
be the signed degree vector at lk1 of T1 and let µ be the signed degree vector

at lk1 of T . Then µ =
[
µt

lk1
0
]t

.

b) Let L(Fi) be the bipartite Laplacian matrix of Fi for i = 1, . . . , s and L(Ti) be the

bipartite Laplacian matrix of Ti for i = 1, . . . , s. Clearly, L(T1) = L(F1). Let µrki+1
be the

signed degree vector at rki+1 of Ti+1, for i = 1, . . . , s− 1. By Eij we denote the matrix of an

appropriate size with 1 at position (i, j) and zero elsewhere. Then, for i = 2, . . . , s, we have

L(Fi) =




L(T1) + (i− 1)µlk1
et
k1

−µlk1
µt

rk1+1
· · · −µlk1

µt

rki−1+1

−E1k1 L(T2) + e1µ
t

rk1+1
· · · 0

... 0
. . . 0

−E1k1 0 · · · L(Ti) + e1µ
t

rki−1+1



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In particular,

L(T ) =




L(T1) + (s− 1)µlk1
et
k1

−µlk1
µt

rk1+1
· · · −µlk1

µt

rks−1+1

−E1k1 L(T2) + e1µ
t

rk1+1
· · · 0

... 0
. . . 0

−E1k1 0 · · · L(Ts) + e1µ
t

rks−1+1




. ◭

We illustrate the above remark by the following example.

◮ Example 3.3.8. Consider the tree T , as shown in Figure 3.2. Edges in the perfect matching

are shown as dashed lines.

Note that [l3, r3] is a matching edge and the other vertices that are adjacent to l3 are r4, r7.

Consider k1 = 3, k2 = 6 and k3 = 8 in Remark 3.3.7. Note that T1, T2, and T3 are nonsingular

trees with the vertex set {l1, l2, l3, r1, r2, r3}, {l4, l5, l6, r4, r5, r6}, and {l7, l8, r7, r8}, respect-

ively. Further, F2 is a subtree tree of T induced by {l1, . . . , l6, r1, . . . , r6} and F3 is a subtree

of T induced by {l1, l2, l3, l7, l8, r1, r2, r3, r7, r8}. We set F1 = T1.

r3 l3

r7 l7 r8 l8

r4
l4

l6 r6

r5 l5

l2

l1

r2

r1

T

T1

T2

T3

F2

Figure 3.2: Illustration of Remark 3.3.7

Let µl3
be the signed degree vector at l3 of T1, let µr4

be the signed degree vector at r4

of T2, and let µr7
be the signed degree vector at r7 of T3. Notice that

µl3
=
[
−1 −1 3

]t
, µr4

=
[
2 −1 0

]t
, and µr7

=
[
2 −1

]t

Let µ be the signed degree vector at l3 of T . Then

µ =
[
−1 −1 3 0 0 0 0 0

]t
=
[
µl3

0
]t
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Let L(Ti) be the bipartite Laplacian matrix of Ti for i = 1, 2, 3. Then we see that

L(T1) =




1 0 −1

0 1 −1

−1 −1 2


 and L(T2) =




3 −2 −1

−1 1 0

−2 1 1


 and L(T3) =

[
1 −1

−1 1

]

Notice that

L(F2) =




1 0 −2 2 −1 0

0 1 −2 2 −1 0

−1 −1 5 −6 3 0

0 0 −1 5 −3 −1

0 0 0 −1 1 0

0 0 0 −2 1 1




=




L(T1) + µl3
et3 µl3

[
−2 1 0

]

−E13
L(T2) + e1µ

t

r4




=




L(T1) + µl3
et3 −µl3

µt

r4

−E13
L(T2) + e1µ

t

r4




In a similar way, we can see that

L(F3) =




1 0 −3 2 −1 0 2 −1

0 1 −3 2 −1 0 2 −1

−1 −1 8 −6 3 0 −6 3

0 0 −1 5 −3 −1 0 0

0 0 0 −1 1 0 0 0

0 0 0 −2 1 1 0 0

0 0 −1 0 0 0 3 −2

0 0 0 0 0 0 −1 1




=




L(T1) + 2µl3
et3 −µl3

µt

r4
−µl3

µt

r7

−E13
L(T2) + e1µ

t

r4
0

−E13 0 L(T2) + e1µ
t

r7



. ◭

Grone, Merris, and Sunder [GMS90, Theorem 2.1] have talked about the integer eigenval-

ues λ > 1 of the usual Laplacian matrix of tree T . The following is an extension of it to the

bipartite Laplacian matrix of a nonsingular tree.

◮ Theorem 3.3.9. Let T be a nonsingular tree on 2p vertices. Suppose λ is an integer
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eigenvalue of the L(T ) with a corresponding eigenvector u. Then the following assertions

hold.

(a) If λ 6= 0,±1 then λ divides p.

(b) If λ 6= ±1 then no coordinate of u is zero.

(c) If λ 6= ±1 then the geometric multiplicity of λ is one. ◭

Proof of Item (a). By part (a) of Theorem 3.2.3, the characteristic polynomial χ(x) :=

det(xI − L(T )) = xf(x), where f(x) is some polynomial with integer coefficients. By item

(b) of Theorem 3.2.3,

f(0) = coefficient of x in χ(x)

= (−1)p−1× (sum of the principal minors of L(T ) of size p− 1)

= (−1)p−1p.

Suppose λ 6= 0,±1. It follows that, χ(λ) = 0 and hence f(λ) = 0. As each term of f(λ) is

a multiple of λ except f(0), we see that λ divides f(0). The result now follows.

Proof of Item (b). Suppose λ 6= ±1. Notice that if T = P2 then u = [1] and the result holds

for p = 1. Let us assume T be a tree on 2p vertices, p > 1. By way of contradiction, assume

that some u(k) = 0. In that case, either i) d(lk) ≥ 2 or ii) d(lk) = 1 and d(rk) ≥ 2.

Let us first assume that case i) holds. In this case, we locate the matching edge [lk, rk] in

T . Imagine deleting all nonmatching edges at the vertex lk. That will create at least two

components, one of which contains the matching edge [lk, rk].

Recall that, if we do a relabeling of vertices inside L, and call the resulting tree T ′, then

L(T ′) is permutation similar to L(T ) and hence λ will remain an eigenvalue of L(T ′) with a

corresponding eigenvector u′ having a zero entry.

In view of this, we assume that T is already labeled as shown in Remark 3.3.7 and that

u(k1) = 0. That is, when we delete the nonmatching edges at lk1 we have s many components

T1, T2, . . . , Ts where the component T1 has the vertex set {l1, r1, . . . , lk1, rk1}, the component

T2 has the vertex set {lk1+1, rk1+1, . . . , lk2 , rk2}, and so on.

b bb

b

b

b

v1

vm

lk

rk

T1

Tm

...

...

T
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Now, we partition the eigenvector conformally u = [ u1 · · · us ]t. Observe that u1(k1) =

u(k1) = 0 and




L(T1) + (s− 1)µlk1
et
k1

−µlk1
µt

rk1+1
· · · −µlk1

µt

rks−1+1

−E1k1 L(T2) + e1µ
t

rk1+1
· · · 0

... 0
. . . 0

−E1k1 0 · · · L(Ts) + e1µ
t

rks−1+1







u1

...

us




= λ




u1

...

us




.

If all ui = 0 for i = 2, . . . , s then u1 6= 0. It follows that L(T1)u1 = λu1. We may use the

induction hypothesis to conclude that no coordinate of u1 is zero. This is a contradiction

as u1(k1) = 0. Therefore, at least one of u2, . . . ,us is nonzero, say u2 6= 0. Then we have

Zu2 = λu2, where Z = L(T2) + e1µ
t

rk1 + 1. Let C be the matrix obtained from L(T2) by

replacing the first row by µt

rk1 + 1. Note that detZ = detL(T2) + detC. By expanding the

determinant of C along the first row we see that

detC =
∑

i

(−1)1+iµrk1 + 1(i) detL(T2)(1|i).

By part (b) of Theorem 3.2.3, (−1)1+i detL(T2)(1|i) = 1. Therefore, by Lemma 3.1.7,

detC = 1
tµrk1 + 1 = 1. Since detL(T2) = 0, it follows that detZ = 1. Let f(x) =

det(xI − Z) be the characteristic polynomial of Z. Then f(x) is a monic polynomial (with

integer coefficients) such that f(0) = ±1. Therefore, the only possible rational eigenvalues

of Z are 1 and −1. Thus we arrived at a contradiction as λ 6= ±1.

Now we consider the case ii). Assume that d(rk) = m + 1 ≥ 2 and d(lk) = 1. Let

v1, . . . , vm be the vertices other than lk that are adjacent to rk. Let T1, . . . , Tm be nonsin-

gular subtrees of T obtained by deleting the edges [rk, v1], . . . , [rk, vm] and that does not

contain the edge [lk, rk]. Let us assume that the vertex of T1 is {l1, . . . , lk−1, r1, . . . , rk−1},

the vertex set of T2 is {lk+1, . . . , lk+t1, rk+1, . . . , rk+t1},. and so on up to the vertex set of Tm

is {lk+tm−2+1, . . . , lk+tm−1 , rk+tm−2+1, . . . , rk+tm−1}.

Let us partition u = [ u1 u(k) u2 · · · um ]t. Since u is an eigenvector and u(k) = 0,

it follows among u1, . . . ,um at least one them is a nonzero vector, say u1 6= 0. Without loss

of any generality, let us assume that v1 = l1. Notice that from a vertex ri in T1, we do not

have an alternating path to a vertex in T2, . . . , Tm. Further note that dT (v) = dT1(v) for

each v ∈ T1 − l1. It follows that
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


L(T1) + µl1
et
1 −µl1

0

−et
1 m ∗

∗ ∗ ∗







u1

u(k)

ū




= λ




u1

u(k)

ū




,

where ū = [ u2 · · · um ]t. Notice that Xu1 = λu1, where X = L(T1) + µl1
et1. Let

Y be the matrix obtained from L(T1) by replacing the first column by µt

l1
. Note that

detX = detL(T1) + det Y . By expanding the determinant of Y along the first column we

see that

det Y =
∑

i

(−1)1+iµl1
(i) detL(T1)(i|1).

By part (b) of Theorem 3.2.3, (−1)1+i detL(T1)(i|1) = 1. Therefore, by Lemma 3.1.7,

detX = 1
tµl1

= 1. Since detL(T1) = 0, it follows that detX = 1. Let g(x) = det(xI −X)

be the characteristic polynomial of X. Then g(x) is a monic polynomial (with integer

coefficients) such that g(0) = ±1. Therefore, the only possible rational eigenvalues of X are

1 and −1. Thus we arrived at a contradiction as λ 6= ±1. This completes the proof.

Proof of Item (c). It directly follows from item (b). �

We close this section by supplying two observations about the eigenvalues of the bipartite

Laplacian matrix of a path.

◮ Lemma 3.3.10. Let T be a path on 2p vertices with a standard vertex bipartition (L,R).

Let λ be an eigenvalue of the bipartite Laplacian matrix of T . Then the following assertions

hold.

(a) The geometric multiplicity of λ is one.

(b) λ = 2 if and only if p = 2k, for some k. ◭

Proof of Item (a). It follows from Theorem 3.3.6.

Proof of Item (b). Suppose p = 2k. Consider the vector u as follows.

u = [ 1 −1 −3 3 32 −32 · · · (−1)k−13k−1 (−1)k3k−1 ]t.

Then L(T )u = 2u. The converse of the result follows from Theorem 3.3.9. �
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3.4 The inverse of the bipartite distance matrix

In this section, our aim is to find a formula for the inverse of the bipartite distance matrix

of a nonsingular tree.

Let us start the discussion by relating the structures the τ r
T vectors of the new tree with

that of the old one under attaching a new P2 at a vertex

◮ Lemma 3.4.1. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition

(L,R). Let T̂ be the tree obtained from T by attaching a new P2 at v.

(a) If v = rk for some k, then τ r
T̂
=

[
τ r
T

0

]
− (1 + diffT (v))

[
ek

−1

]
.

(b) If v = lk for some k, then τ r
T̂
=

[
τ r
T

−1

]
−

[
µv(T )

0

]
, where µv(T ) is the signed degree

vector at v of T . ◭

Proof of Item (a). It directly follows from item (a) of Lemma 2.2.12 .

Proof of Item (b). Let T̂ be the tree obtained from T by introducing two new vertices

lp+1, rp+1 /∈ T and adding the edges [lk, rp+1],[rp+1, lp+1].

Since [rp+1, lp+1] is the only alternating path that starts at rp+1, it follows that diffT̂ (rp+1) =

−1 and so τ r
T̂
(p+ 1) = 1.

Let us take i = 1, . . . , p. Clearly, dT (ri) = dT̂ (ri). Note that if the ri- lk path is not an

alternating path then Ari,T̂
= Ari,T . It follows that τ r

T (i) = τ r
T̂
(i).

Now assume that the ri- lk path is an odd alternating path. Then the ri- lp+1 path is an

even alternating path. It follows that A−

ri,T̂
= A−

ri,T
and

A+

ri,T̂
= A+

ri,T
∪ {[ri, . . . , lk, rp+1, lp+1]}.

Therefore, diffT̂ (ri) = diffT (ri) + 1 and so we have

τ r
T̂
(i) = 1− dT̂ (ri)

[
1 + diffT̂ (ri)

]
= τ r

T (i)− dT (ri).

In a similar way, we can argue that if the ri- lk path is an even alternating path then we

have

τ r
T̂
(i) = τ r

T (i) + dT (ri).

Hence the result follows by applying the definition of the signed degree vector at lk of T . �

In the below result we discuss the relationship between the bipartite distance matrix and

the bipartite Laplacian matrix of a nonsingular tree.
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◮ Lemma 3.4.2. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition

(L,R). Let B(T ) and L(T ) be the bipartite distance matrix and the bipartite Laplacian matrix

of T , respectively. Let τ r
T be the restriction of τT on R. Then

−L(T )B(T ) + 2τ r
T1

t = 2I. ◭

Proof. We proceed by induction on p. Let p = 1. Then T = P2, L(T ) = [0] and τ r
T = [1].

It follows that −L(T )B(T ) + 2τT1
t = 2. Let p = 2. Then T = P4. Let P4 = [l1, r1, l2, r2].

Then L(T ) =

[
1 −1

−1 1

]
and τ r

T =
[
1 0

]t
. It follows that

−L(T )B(T ) + 2τ r
T1

t = −

[
1 −1

−1 1

][
1 3

1 1

]
+

[
2 2

0 0

]
= 2I.

Assume the result is true for p. Let T̂ be the nonsingular tree on 2p+ 2 vertices. Then T̂ is

obtained from some nonsingular tree T on 2p vertices by attaching a new P2 at some vertex

v. Let µ be the signed degree vector at v of T . Notice that either v ∈ L or v ∈ R.

Let us first consider that v = lk for some 1 ≤ k ≤ p. By item (a) of Lemma 3.2.1, we have

L(T̂ ) =

[
L(T ) + µet

k −µ

−et
k 1

]
.

Let x be a vector of size p such that x(i) = dist(li, rp+1) for each i = 1, · · · , p. Then the

bipartite distance matrix of T̂ can be written as

B(T̂ ) =

[
B(T ) x

et
kB(T ) + 21t 1

]
.

Now note that

L(T̂ )B(T̂ ) =

[
L(T ) + µet

k −µ

−et
k 1

][
B(T ) x

et
kB(T ) + 21t 1

]

=

[
L(T )B(T ) + µet

kB(T )− µet
kB(T )− 2µ1t

L(T )x+ µet
kx− µ

−et
kB(T ) + et

kB(T ) + 21t −et
kx+ 1

]

=

[
L(T )B(T )− 2µ1t

L(T )x

21t 0

]
. (3.1)

The last equality follows from the fact that et
kx = x(k) = dist(lk, rp+1) = 1. By item (b)

60
TH-2878_156123009



The inverse of the bipartite distance matrix

of Lemma 3.4.1, we have

τ r
T̂
=

[
τ r
T

1

]
+

[
−µ

0

]
.

By the induction hypothesis we get

L(T )B(T ) = 2τ r
T1

t − 2I. (3.2)

It follows from (3.1) that

−L(T̂ )B(T̂ ) + 2τ r
T̂
1
t = −

[
2τ r

T1
t − 2I − 2µ1t

L(T )x

21t 0

]
+

[
2(τ r

T − µ)1t

21t

]

=

[
2I −L(T )x+ 2(τ r

T − µ)

0 2

]
.

Therefore in order to complete the proof for the v = lk case, we only need to show that

L(T )x = 2(τ r
T − µ).

Let the degree of lk in T be s, (s ≥ 1). Let T1 be the tree obtained from T by removing

all vertices adjacent to lk except the vertex rk. If s = 1 then T1 is the same as T . Without

loss of any generality, let us assume that T1 has the vertex set {l1, r1, . . . , lk−1, rk−1, lk, rk}.

Let µ̂ be the signed degree vector at v of T1. By Remark 3.3.7, µ =
[
µ̂ 0

]t
. Further note

that

x = B(T )ek +
[
2 · · · 2 0 0 · · · 0

]t
, (3.3)

where the entries 2 in the last vector are for the vertices l1, . . . , lk−1. Let z be a vector of

size (p − k) defined as follows. For i = 1, . . . , (p − k), z(i) = −1 if rk+i adjacent to lk and

z(i) = 0 otherwise. Hence, by Remark 3.3.7, we have

L(T )
[
2 · · · 2 0 0 · · · 0

]t
=

[
L(T1) + (s− 1)µ̂et

k ∗

zet
k ∗

][
2(1− ek)

0

]

= 2

[
L(T1)1+ (s− 1)µ̂

z

]
− 2

[
L(T1)ek + (s− 1)µ̂

z

]

= −2

[
L(T1)ek

0

]

= −2

[
µ̂− ek

0

]

= −2µ+ 2ek [By Remark 3.3.7] (3.4)
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From (3.2), (3.3) and (3.4), it follows that L(T )x = 2(τ r
T − µ). This completes the proof of

the case v = lk.

Now we consider the case v = rk for some 1 ≤ k ≤ p. By item (b) of Lemma 3.2.1, we

have

L(T̂ ) =

[
L(T ) + ekµ

t −ek

−µt 1

]

Let y be a vector of size p such that y(i) = dist(ri, lp+1) for each i = 1, · · · , p. Then the

bipartite distance matrix of T̂ can be written as

B(T̂ ) =

[
B(T ) B(T )ek + 21

yt 1

]
.

By using the facts L(T )1 = 0 and µt
1 = 1 we get

L(T̂ )B(T̂ ) =

[
L(T ) + ekµ

t −ek

−µt 1

][
B(T ) B(T )ek + 21

yt 1

]

=

[
L(T )B(T ) + ek(µ

t
B(T )− yt) L(T )B(T )ek + ekµ

t
B(T )ek + ek

−(µt
B(T )− yt) −µt

B(T )ek − 1

]
(3.5)

We claim that the following identity is true

yt − µt
B(T ) = 2[1 + diffT (v)]1

t. (3.6)

In order to verify our claim, suppose the degree of rk in T is m, (m ≥ 1). Let T0 be the

tree obtained from T by removing all vertices adjacent to lk except the vertex rk. If m = 1

then T0 is same as T .

Without loss of any generality assume that T0 has the vertex set {l1, r1, . . . , lk−1, rk−1, lk, rk}.

Now notice that

yt = et
kB(T ) +

[
2 · · · 2 0 0 · · · 0

]t
, (3.7)

where the entries 2 in the last vector are for the vertices r1, . . . , rk−1.

Let lk1, . . . , lkm−1 be the vertices other than lk that are adjacent to rk. Let Ti be the

component of T − rk that contain the vertex lki but does not contain the vertex lk, for

i = 1, . . . , m− 1. For i = 1, . . . , m− 1, we have

etkB(T )− etkiB(t) =
[
−2 · · · −2 0 0 · · · 0

]t
+ zi,

where the entries −2 in the first vector are for the vertices r1, . . . , rk−1, and zi is a vector of
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size p such that zi(j) = 2 if rj ∈ Ti and zi(j) = 0 otherwise. Therefore, it follows that

(m− 1)etkB(T )−
m−1∑

i=1

etkiB(t) =
[
−2(m− 1) · · · −2(m− 1) 0 2 · · · 2

]t
.

Now notice that

etkL(T ) = mµt − et
k − et

k1
− · · · − et

km−1
.

Therefore we get

etkL(T )B(T ) +metkB(T ) = mµt
B(T ) + (m− 1)et

kB(T )−
m−1∑

i=1

et
ki
B(t)

= mµt
B(T ) +

[
−2(m− 1) · · · −2(m− 1) 0 2 · · · 2

]t

= mµt
B(T ) + 21t − 2et

k −m
[
2 · · · 2 0 0 · · · 0

]t
, (3.8)

where the entries 2 in the last vector are for the vertices r1, . . . , rk−1. By (3.7) and (3.8), we

see that

etkL(T )B(T ) = mµt
B(T ) + 21t − 2et

k −myt.

Let b = 1 + diffT (rk). Then τ r
T (k) = 1−mb. By applying induction hypothesis we get

etkL(T )B(T ) = 2τ r
T (k)1

t − 2et
k = 21t − 2et

k − 2mb1t.

It follows that mµt
B(T ) = myt − 2mb1t, and our claim is established.

Now we will use the identity (3.6) to complete the remaining part of the proof. First note

that µt
B(T )ek = y(k)− 2b = 1− 2b. By using the identities (3.6) and (3.2) in (3.5) we get

L(T̂ )B(T̂ ) =

[
L(T )B(T )− 2bek1

t
L(T )B(T )ek + (1− 2b)ek + ek

−2b1t −2 + 2b

]

=

[
2τ r

T1
t − 2I − 2bek1

t 2τ r
T1

tek − 2bek

2b1t −2 + 2b

]
(3.9)

From item (a) of Lemma 3.4.1,

2τ r
T̂
1
t =

[
2τ r

T1
t − 2bet

k1
t

2b1t

]
.

Hence the result follows by using the above identity in (3.9). �

The following result is an immediate consequence of Lemma 3.4.2.
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◮ Lemma 3.4.3. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition

(L,R). Let B(T ) and L(T ) be the bipartite distance matrix and the bipartite Laplacian matrix

of T , respectively. Let τ l
T be the restriction of τT on L. Then

−B(T )L(T ) + 21(τ l
T )

t = 2I. ◭

We are now in a position to supply a formula for the inverse of the bipartite distance

matrix of a nonsingular tree T .

◮ Theorem 3.4.4. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition

(L,R). Let B(T ) and L(T ) be the bipartite distance matrix and the bipartite Laplacian matrix

of T , respectively. Let τ r
T and τ l

T be the restriction of τT on R and L, respectively. Then

B(T )−1 = −
1

2
L(T ) +

1

bd(T )
τ r
T (τ

l
T )

t. ◭

Proof. By using Lemma 3.4.1 and Lemma 3.4.2 we have

(
−
1

2
L(T ) +

1

bd(T )
τ r
T (τ

l
T )

t

)
B(T ) =

1

2

(
−L(T )B(T ) + 2τ r

T1
t
)
= I.

This completes the proof. �

Recall that, for the usual distance matrix D of a tree T , Russell Merris in [Mer90, Corollary

2] showed that the multiplicity of the eigenvalue −2 of D is at least p(T )− q(T )− 1. In the

following result we observe that a similar fact is also true for the bipartite distance matrix

of a nonsingular tree.

◮ Corollary 3.4.5. Let T be a nonsingular tree on 2p (p > 1) vertices with a standard vertex

bipartition (L,R). Let B be the bipartite distance matrix of T . If −2 is an eigenvalue of B

then the geometric multiplicity of −2 is at least P (T )−Q(T ). ◭

Proof. Let L be the bipartite Laplacian matrix of T . If P (T )−Q(T ) = 0 then there is nothing

to prove. Let us assume P (T )−Q(T ) > 1. Let w be a root of at least two pendant-two-paths.

Without loss of any generality, let us assume that w ∈ L. Let [lk1 , rk1, w], . . ., [lkm , rkm, w] be

pendant-two-paths at w. By Theorem 3.3.5, we noticed that eki − ekj , 1 ≤ i < j ≤ m, are

eigenvectors of L corresponding to the eigenvalue 1. Now notice that, for i, j = 1, . . . , m, we

have

τ l
T (ki) = τ l

T (kj) and τ r
T (ki) = τ r

T (kj).

The remaining part of the proof follows from Theorem 3.4.4. �
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The classical matrix-tree theorem was first proved by G. Kirchhoff [Kir47] in 1847 that

relates the principal minor of the Laplacian matrix of G with the number of spanning trees

of G. In the case of a complete graph on n vertices; the classical matrix tree theorem tells

that number of labelled trees on n vertices is nn−2, which is a well known Cayley’s formula

[Cay89]. Tutte [Tut48] in 1948 extended the matrix tree theorem to a loopless directed graph.

Chaiken [Cha82] in 1982 gave a combinatorial interpretation of all minor of Laplacian matrix

as a sum of nonsingular substructures. A similar combinatorial interpretation of all minor of

Laplacian matrix has been discussed for a mixed graph by Bapat, Grossman, and Kulkarni

in [BGK99]. Merris [Mer89] in 1989 considered the edge version of the Laplacian matrix

and established a bridge between its cofactors with the Wiener index, which has several

applications in chemistry. A combinatorial interpretation of the minors of the edge version

of the Laplacian matrix of a tree was given by Bapat, Grossman, and Kulkarni in [BGK00].

The all minor matrix tree theorem find their use in many different areas like electrical

networks [Kir47], social networks [CS97], statistical design [Con87], chemistry [Mer89]. and

have been the subject of many independent studies.

Recall that a combinatorial description of all minor of the usual Laplacian matrix of a graph

was supplied by Chaiken in [Cha82]. Quite similar to that, we also provide a combinatorial

description of all minor of the bipartite Laplacian matrix of a nonsingular tree. In particular,

we observe that a minor of the bipartite Laplacian matrix of a nonsingular tree T obtained

by deleting k many rows in X and k many columns in Y enumerates the number of spanning

forests in T that have (a) k trees, (b) each tree contains exactly one vertex in X and exactly

one vertex in Y . Our all minor result on the bipartite Laplacian matrix (that is, Theorem

4.5.1) provides an alternative way to compute the number of the above mentioned spanning

forest in a nonsingular tree T .

4.1 Preliminaries

The following is a well-known result, and proof of that can be found in existing literature

(see, for example [Bap14, Lemma 2.8]).
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◮ Lemma 4.1.1. Let M be a square matrix of order n such that M has a zero submatrix of

order r × s where r + s ≥ n+ 1. Then detM = 0. ◭

Let M be a m× n and X ⊆ {1, . . . , m}, Y ⊆ {1, . . . , n}. Recall that the submatrix of M

obtained by deleting the rows in X and the columns in Y is denoted by M(X | Y ). The

submatrix of M determined by the rows corresponding to X and columns corresponding to

Y is denoted by M(X, Y ).

Let us recall the following result due to Chaiken [Cha82] which provides a combinatorial

description of a minor of the usual Laplacian matrix of an undirected graph G.

◮ Theorem 4.1.2 ([Cha82]). Let G be a graph and L be its usual Laplacian matrix. Suppose

X, Y are two subsets of V (G) such that |X| = |Y |. Then the absolute value of the the

determinant of the submatrix L(X | Y ) of L is the number of the spanning forest F in G

such that

(a) F has exactly |X| = |Y | trees,

(b) each tree in F contains exactly one vertex in X and one vertex in Y . ◭

In Section 4.5, we provide a faster way to enumerate the number of spanning forests as

described in Theorem 4.1.2 when the underlying graph is a nonsingular tree.

Let T be a nonsingular tree with a standard vertex bipartition (L,R). Let L be the

bipartite Laplacian matrix of T . Suppose X ⊆ R, Y ⊆ L. By the notation L(X | Y )ri,:, we

mean the row in L(X | Y ) corresponding to the vertex ri /∈ X. In a similar way, by the

notation L(X | Y ):,li, we mean the column in L(X | Y ) corresponding to the vertex li /∈ Y .

The symbols L(X, Y )rj ,: and L(X, Y ):,lk have a similar meaning, where rj ∈ X and lk ∈ Y .

◮ Lemma 4.1.3. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition

(L,R) and L be its bipartite Laplacian matrix. Suppose X ⊆ R, Y ⊆ L with |X| = |Y |. Let

v ∈ T and T̂ be the tree obtained from T by attaching a new P2 at v in T . Suppose L̂ is the

bipartite Laplacian matrix of the tree T̂ . Then we have

detL(X | Y ) = det L̂(X | Y ). ◭

Proof. With out loss of any generality, assume that v = ls for some s = 1, . . . , p. Let T̂ be

the tree obtained from T by adding the path [lp+1, rp+1, ls] in T where lp+1, rp+1 /∈ T . (See

Figure 4.1.) Clearly d(lp+1) + d(rp+1) = 3 with rp+1 /∈ X and lp+1 /∈ Y . Let rs, rk1, . . . , rkm
be the vertices other than rp that are adjacent to ls. We consider following two cases.

Case 1. Suppose ls ∈ Y . By L̂(X | Y )rp+1,: we mean the row in L̂(X | Y ) that corresponds

to the vertex rp+1. By Lemma 3.2.1, it follows that L̂(X | Y )rp+1,: =
[
0 · · · 0 1

]
. By

66
TH-2878_156123009



Preliminaries

expanding the determinant of L̂(X | Y ) along the last row yields us

det L̂(X | Y ) = det L̂(X ∪ {rp+1}|Y ∪ {lp+1}).

Clearly dT (v) = dT̂ (v) for each v ∈ T − ls. Since ls ∈ Y , it follows that

L̂(X ∪ {rp+1}|Y ∪ {lp+1}) = L(X | Y ).

Therefore, we get

detL(X | Y ) = det L̂(X | Y ).

b b b

b

b

b

rk1

rkm

rs
lsT1

B1

Bm

...

T̂

T

b

bbb rp+1lp+1

Figure 4.1: Minor of the bipartite Laplacian matrix does not change on adding a new P2.

Case 2. Suppose ls 6∈ Y . Let B1, . . . , Bm be the branches of T̂ at ls that do not contain

rs and rp+1. Let T1 be the tree obtained from T̂ by deleting the vertices lp+1, rp+1 and the

branches B1, . . . , Bm. Clearly dT̂ (ls) = dT (ls) + 1 and dT̂ (v) = dT (v) for each v ∈ T − ls. By

Remark 3.3.7, it follows that L̂(rP+1|lp+1, ls) = L(: |ls).

Let i ∈ {1, . . . , p}. Clearly the ls-ri path is an alternating path if and only the lp+1-ri path

is an alternating path. First notice that,

L̂(rs, ls) + L̂(rs, lp+1) = [dT̂ (rs)dT̂ (ls)− 1] + [−dT̂ (rs)] = dT (rs)dT (ls)− 1 = L(rs, ls).

If i 6= s and the ri-ls path is an alternating path and i 6= s then we have

L̂(ri, ls) + L̂(ri, lp+1) = (−1)t[dT̂ (ri)dT̂ (ls)] + (−1)t+1[dT̂ (ri)]

= (−1)tdT (ri)dT (ls) = L(ri, ls),

where t = (dist(ri, ls)− 1)/2. Further note that if ri ∼ ls, i 6= s, then L̂(ri, lp+1) = 0 and so

L̂(ri, ls) + L̂(ri, lp+1) = L(ri, ls). It follows that

L̂(ri, ls) + L̂(ri, lp+1) = L(ri, ls) for each i 6= p+ 1.

By Lemma 3.2.1, L̂(rp+1, :) = etp+1 − ets. Therefore, by adding the column of L̂(X |
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Y ) corresponds to lp+1 to the column of L̂(X | Y ) corresponds to ls and expanding the

determinant along the last row yields us

det L̂(X | Y ) = detL(X | Y ).

This completes the proof. �

◮ Definition 4.1.4 (Vertex disjoint paths). Let G be a connected graph. Two paths P1 and

P2 are said to be vertex disjoint paths in G if they do not have any vertex in common,

including the end vertices. ◭

Following result can be found in the literature but for the sake of completeness, we give

the proof here.

◮ Lemma 4.1.5. Let T be a tree (not necessarily to be a nonsingular) with the vertex set

V . Let X and Y be the disjoint subset of V with |X| = |Y |. Then there exist at most one

bijection σ : X → Y such that all x-σ(x) path in T are vertex disjoint paths, for x ∈ X. ◭

Proof. Let σ : X → Y be the bijection such that all x-σ(x) path in T are vertex disjoint

paths, for x ∈ X. If possible let, there exist another bijection γ : X → Y such that all x-γ(x)

path in T are vertex disjoint paths, for x ∈ X. Let us order the sets X = {x1, . . . , xk} and

Y = {y1, . . . , yk} such that σ(xi) = yi for i = 1, . . . , k. Note that xi 6= yj for each i, j.

Construct a graph G with the vertex set V (G) = {x1, . . . , xk, y1, . . . , yk} and xi ∼ yj in

G if and only if either σ(xi) = yj or γ(xi) = yj. Clearly, G is a bipartite graph with the

maximum possible degree of the vertex v ∈ G is two. Notice that each edge in G represents

a unique path in the tree T .

We claim that dG(xi) = 2 if and only if dG(yi) = 2. In order to verify our claim, let us

assume dG(xi) = 2. It follows that, γ(xi) 6= yi. Since γ is a bijection, there exist j 6= k such

that γ(xj) = yi. It follows that dG(yi) = 2. In a similar way, we can argue that if dG(yi) = 2

then dG(xi) = 2.

Let J = {i ∈ [k] : dG(xi) = dG(yi) = 2}. Since σ 6= γ, J is nonempty. With out loss of

any generality, let us assume that J = {1, 2, . . . , t}, t ≤ k. Let G[J ] be the induced subgraph

of G induced by the vertex set {x1, . . . , xt, y1, . . . , yt}. Since degree of each vertex in G[J ] is

two, all connected component of G[J ] is a cycle.

Now note that each edge in G[J ] corresponds to a path in the tree T . It follows that the

cycle in G[J ] corresponds a cycle in the tree T , which is a contradiction. This completes the

proof. �
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4.2 Vertex-weighted tree

Let T be a nonsingular tree with a standard vertex bipartition (L,R). Let X ⊆ R and

Y ⊆ L. We have seen in Lemma 4.1.5 that if there exist a bijection σ : X → Y such that

all x-σ(x) paths are vertex disjoint, for x ∈ X, then σ is unique. Our next aim is to find a

necessary and sufficient condition that guarantees an existence of such bijection.

◮ Definition 4.2.1. Let T be a nonsingular tree with a standard vertex bipartition (L,R).

Let X ⊆ R and Y ⊆ L. A vertex v ∈ T is called a selected vertex if v ∈ X ∪ Y .

By the X-Y path system in T we mean the bijection σ : X → Y such that all x-σ(x) paths

in T are vertex disjoint paths, for x ∈ X. ◭

We can construct a vertex weighted tree from T depending on the choice of X ⊆ R and

Y ⊆ L which is defined below.

◮ Definition 4.2.2. Let T be a nonsingular tree with a standard vertex bipartition (L,R).

Let X ⊆ R and Y ⊆ L. We assign a weight w(v) to each vertex v ∈ T , where w(v) is defined

as

w(v) =





+1 if v ∈ X,

−1 if v ∈ Y ,

0 otherwise.

(4.1)

In through out of this chapter, by a weight of a vertex in T , we mean the weight of the

vertex v as defined in (4.1). ◭

The weight of a branch of T can be defined in the following way.

◮ Definition 4.2.3. Let T be a nonsingular tree with a standard vertex bipartition (L,R).

Let X ⊆ R and Y ⊆ L. Let B be a branch of T (at some vertex v). By w(B) we mean the

sum of the weight of all vertices in B, that is,

w(B) :=
∑

v∈B

w(v).

Let [u, v] be an edge in T . By wu([u, v]) we mean the weight of the branch at v that

contains the vertex u. The notation wv([u, v]) has a similar meaning. The weight w([u, v])

of an edge [u, v] in T is defined as the product of wu([u, v]) and wv([u, v]), that is

w([u, v]) := wu([u, v])wv([u, v]). ◭

In order to illustrate the above mentioned definitions we consider the following example.
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◮ Example 4.2.4. Let T be the tree as shown below. Here the dashed edges are the matching

edges. Here we consider X = {r1, r2} and Y = {l3, l4, l5}.

b

b b b b b b

bb b

l1

r1 l2 r2 l3 r3 l4

r5l5 r4
0

1
0 1 −1 0

−1

0−1 0

T

The numerical value near each vertex represents the weight of that vertex in the tree T .

Consider the edge [l2, r2]. Note that the branch at l2 that contains the vertex r2 is the subtree

of T induced by the vertex set {r2, r3, r4, r5, l3, l4, l5}. We can see that

wr2([l2, r2]) = w(r2) +
5∑

i=3

(w(ri) + w(li)) = w(r2) + w(l3) + w(l4) + w(l5) = −2.

In a similar way, we can see that wl2([l2, r2]) = w(l1) + w(r1) + w(l2) = 1. Therefore, the

weight of the edge [l2, r2] is given by

w([l2, r2]) = wl2([l2, r2])wr2([l2, r2]) = −2. ◭

◮ Example 4.2.5. Let T be the tree as shown below. Here the dashed edges are the matching

edges. Here we consider X = {r1, r2} and Y = {l3, l5}.

b

b b b b b b

bb b

l1

r1 l2 r2 l3 r3 l4

r5l5 r4
0

1
0 1 −1 0

0

0−1 0

T

The numerical value near each vertex represents the weight of that vertex in the tree T .

Consider the edge [l2, r2]. Note that the branch at l2 that contains the vertex r2 is the subtree

of T induced by the vertex set {r2, r3, r4, r5, l3, l4, l5}. We can see that

wr2([l2, r2]) = w(r2) +

5∑

i=3

(w(ri) + w(li)) = w(r2) + w(l3) + w(l5) = −1.

In a similar, way we can see that

wl2([l2, r2]) = w(l1) + w(r1) + w(l2) = 1.

Therefore, w([l2, r2]), the weight of the edge [l2, r2] is −1. ◭
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In Example 4.2.5, we observe that |X| = |Y | and wl2([l2, r2]) = −wr2([l2, r2]). This

observation leads us following remark.

◮ Remark 4.2.6. Let T be a nonsingular tree with a standard vertex bipartition (L,R). Let

X ⊆ R and Y ⊆ L.

(a) If |X| = |Y | then w(T ) = 0 and so wu([u, v]) = −wv([u, v]), that is, w([u, v]) < 0 for

each edge [u, v] in T .

(b) If X = L and Y = R then the weight of all matching edges in T are −1 and the weight

of all non-matching edges are zero. ◭

Out of the curiosity, one would ask that whether the existence of a X-Y path system implies

w([u, v]) ∈ {0,−1} for each edge [u, v] in T . The following result supplies an affirmative

answer to that question.

◮ Lemma 4.2.7. Let T be a nonsingular tree with a standard vertex bipartition (L,R). Let

X ⊆ R and Y ⊆ L. Suppose that there exist a X-Y path system in T then the following

assertions hold.

(a) w([u, v]) ∈ {0,−1} for each [u, v] in T .

(b) w(B) ∈ {0, 1,−1} for each branch B (at some vertex v) in T . ◭

Proof of item (a). Let [u, v] be an edge in T and σ be a X-Y path system in T . Since σ is

a bijection from X to Y , it follows that |X| = |Y |. It follows that wu([u, v]) = −wv([u, v])

and so w([u, v]) ≤ 0 for each [u, v] ∈ T . If possible, let us assume that there exist an edge

[u, v] ∈ T such that w([u, v]) = −t where t ≥ 2. With out loss of any generality, we assume

that wv([u, v]) = t1 and so wu([u, v]) = −t1 where t1 is a positive integer such that t = t21.

Clearly t1 > 1. Let Tu and Tv be the components of T − [u, v] that contains the vertex u

and v, respectively. Since wv([u, v]) = t1 > 1, there exist xi ∈ X in the tree Tv such that

σ(xi) ∈ Tu for each i = i1, . . . , it1 . It follows that all xi-σ(xi) paths in T must contains the

edge [u, v] for each i = i1, . . . , it1 . Since t1 > 1, it contradicts that σ is a X-Y path system

in T . This completes the proof.

Proof of item (b). Let B be a branch at some vertex v ∈ T and σ be a X-Y path system in

T . If possible, let us assume that |w(B)| ≥ 2. We take w(B) ≥ 2. The case w(B) ≤ −2 can

be dealt in a similar way. Since w(B) ≥ 2, there exist x1, x2 ∈ B ∩X such that σ(xi) /∈ B

for i = 1, 2. It follows that both the x1-σ(x1) path and the x2-σ(x2) path passes through the

vertex v. This contradicts that σ is a X-Y path system in T . This completes the proof. �

Note that the converse of Lemma 4.2.7 is not true in general, see Figure 4.2 for a counter-

example.
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b b b b

l1 r1 l2 r2

−1 1 −1 0

Figure 4.2: Here X = {r1}, Y = {l1, l2}. The weight of each branch is either 0, 1 or −1 but there
does not exist any bijection between X and Y as |X| 6= |Y |.

Figure 4.3 tells that in order to get the converse of Lemma 4.2.7 to be true, only including

the condition |X| = |Y | is not sufficient. We need something more to supply a sufficient

condition that guarantees the existence of the X-Y path system in T .

b b b b

b b

b

l1 r1 l2 r2

l3r3

−1 1 0 1

−10

Figure 4.3: Here X = {r1, r2}, Y = {l1, l3}. The weight of each branch is either 0, 1 or −1 but
there does not exist any X-Y path system as all l1-rx paths and all l3-rx paths passes through the
vertex r1 for each rx ∈ X.

In the following result we supplies a necessary and sufficient condition that guaranties an

existence of the X-Y path system in T .

◮ Theorem 4.2.8. Let T be a nonsingular tree with a standard vertex bipartition (L,R). Let

X ⊆ R and Y ⊆ L. Then there exist a X-Y path system in T if and only if the following

conditions hold:

(i) |X| = |Y |.

(ii) If v /∈ X ∪ Y then either the weights of all branches at v are zero or there exist exactly

two branches B1 and B2 at v with w(B1) = −w(B2) = 1 and the weights of all other

branches at v are zero.

(iii) If v ∈ X then there exist an unique branch B at v with w(B) = −1 and the weights of

all other branches at v are zero.

(iv) If v ∈ Y then there exist an unique branch B at v with w(B) = 1 and the weights of

all other branches at v are zero. ◭

Proof. Let us first assume that σ be a X-Y path system in T . Clearly, |X| = |Y |. Let v be

a vertex in T with d(v) = m ≥ 1. Suppose v is adjacent to v1, . . . , vm. Let Bi be the branch

at v that contains the vertex vi, for each i = 1, . . . , m.

First assume that v /∈ X ∪ Y . If all w(Bi) = 0 for i = 1, . . . , m then there is nothing to

prove. Let w(B1) 6= 0. Then w(B1) = ±1, by Lemma 4.2.7. We consider w(B1) = 1. The

case w(B1) = −1 can be dealt in a similar way. Since w(v) = 0 and w(T ) = 0, it follows that
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∑m
i=2w(Bi) = −1 and so there exist i = 2, . . . , m such that w(Bi) = −1, say w(B2) = −1.

Therefore, there exist rx ∈ B1 ∩ X and ly ∈ B2 ∩ Y such that the rx-ly path contains the

vertex v and so σ(rx) = ly. Since all x-σ(x), x ∈ X, paths are vertex disjoint, it follows that

σ(x) ∈ Bi if x ∈ Bi ∩X for each i = 3, . . . , m. Therefore, w(Bi) = 0 for each i = 3, . . . , m.

Let v ∈ X. Since w(T ) = 0, it follows that
∑m

i=1w(Bi) = −1. Therefore, there exist

i = 1, . . . , m such that w(Bi) = −1, say w(B1) = −1. It follows that σ(v) ∈ B1. Therefore,

x-σ(x) path does not contains the vertex v, for x ∈ X − v. It follows that w(Bi) = 0 for

each i = 2, . . . , m. In a similar way we can argue that if v ∈ Y then there exist i = 1, . . . , m

with w(Bi) = 1 and w(Bj) = 0 for j 6= i.

Conversely, assume that the conditions (i)-(iv) are hold in T . Since w(B) ∈ {0, 1,−1} for

each branch B in T , it follows that w(e) ∈ {0,−1} for each edge e ∈ T .

Our first aim is to define a suitable bijection from X to Y . Let v be an arbitrary vertex in

X. By (iii), there exist an unique vertex u adjacent to v such that w([u, v]) = −1. Let Pv be

a longest path that originated from v with weights of all of its edge is −1, that is, w(e) = −1

for each edge e ∈ Pv. Let y be an end vertex of Pv other than v. We define σ(v) = y.

In order to verify σ is well defined we need to show that y = σ(v) ∈ Y . Notice that if

v◦ ∈ Pv is an internal vertex of Pv, that is v◦ 6= v, y then there exist two edges incidence

to v◦ with the weight −1 and so by (ii) we have v◦ /∈ X ∪ Y . Furthermore, by (iii), the

weights of all branches at v◦ that does not contain any vertex of Pv are zero. It follows that

if [v′, v′′] ∈ Pv with dist(v, v′) < dist(v, v′′) then wv′([v
′, v′′]) = 1. Since Pv is a longest path

that originated from v with weights of all of its edge is −1, there is exactly one branch B at

y with w(B) 6= 0 and the weights of all branch at y other than B are zero. Let [u, y] ∈ Pv.

Then wu([u, y]) = 1. It follows that u ∈ B and w(B) = 1. Therefore, by (iv), we have y ∈ Y .

Since |X| = |Y |, in order to conclude σ is a bijection it is enough to argue that σ is an

one-one map. Let σ(x1) = σ(x2) for some x1, x2 ∈ X. Let Pxi
be the xi-σ(xi) path for

i = 1, 2. Clearly, the weight of all edges of Pxi
are −1 for i = 1, 2. Let u be the closest

vertex from x1 such that u is in the both Px1 and Px2. Notice that u 6= σ(x1), otherwise it

contradict that Px1 is the longest path that originated from x1 with weights of all of its edge

is −1. Also note that if u is an internal vertex in Px1 then there exist at least three branches

at u with the weight of each of those branches are nonzero. This is a contradiction to our

assumption. So the only possibility is u = x1. Therefore u ∈ X and so by (iii), there exist

an unique edge with nonzero weight that incidence to the vertex x1, it follows that u = x2.

This shows that σ is a one-one map. In a similar way, we can conclude that all the x-σ(x),

x ∈ X, paths in T are vertex disjoint. This completes the proof. �
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4.3 Singular submatrices of the bipartite Laplacian

matrix

In this section we shall discuss how the existence of a X-Y path system plays a crucial role

on determining the value of detL(X, Y ). In particular, we show that if there does not exist

any X-Y path system in T then the matrix L(X, Y ) is singular.

By Theorem 4.2.8, we know that if any one of the condition among (i)-(iv) does not hold in

Theorem 4.2.8 then we can not have any X-Y path system. In order to talk the determinant

of L(X, Y ) we must need |X| = |Y |. So, we only focus on the cases on which one of the

condition among (ii)-(iv) does not hold in T .

The following remark is directly follows from Theorem 4.2.8.

◮ Remark 4.3.1. Let T be a nonsingular tree with a standard vertex bipartition (L,R). Let

X ⊆ R and Y ⊆ L such that |X| = |Y |. Then there does not exist any X-Y path system in

T if one of the following condition holds.

(i) There exist a branch B of T (at some vertex v) such that |w(B)| ≥ 2.

(ii) If v /∈ X ∪ Y and there exist two branches B1 and B2 at the vertex v such that

|w(B1) + w(B2)| ≥ 2.

(iii) If v ∈ X∪Y and there exist a branch B at the vertex v such that |w(v)+w(B)| ≥ 2. ◭

Now our main objective is to argue that for each of the item of Remark 4.3.1 the determ-

inant of the corresponding submatrix of the bipartite Laplacian matrix is zero.

◮ Theorem 4.3.2. Let T be a nonsingular tree with a standard vertex bipartition (L,R) and L

be its bipartite Laplacian matrix. Let X ⊆ R and Y ⊆ L with |X| = |Y |. Suppose that there

exist a branch B at some vertex u ∈ T such that |w(B)| ≥ 2. Then detL(X | Y ) = 0. ◭

Proof. Let T be a nonsingular tree on 2p vertices. Let B be a branch at some vertex u ∈ T

such that |w(B)| ≥ 2. Consider w(B) = t ≥ 2. The case w(B) ≤ −2 can be dealt in similar

way. Let v ∈ B be adjacent to u. Let F be the branch at v that contains the vertex u.

(See Figure 4.4.) Suppose |F ∩ X| = m and |B ∩ X| = n. Then |F ∩ Y | = m + t and

|B ∩ Y | = n− t. We denote the set B ∩ L by BL and B ∩R by BR. The notations FL and

FR have similar meaning. Let r = |FR − X| and s = |BL − Y |. Note that the size of the

square matrix L(X | Y ) is p−m− n.

We divide the proof into the following two cases.

Case 1. Suppose u ∈ R. (Clearly, v ∈ L.) First assume that [u, v] is not a matching edge.

Then there does not exist any alternating path starting from a vertex in FR to a vertex in
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b b vuF B
|F ∩X| = m

|F ∩ Y | = m+ t

|B ∩X| = n

|B ∩ Y | = n− t

Figure 4.4: For the edge [u, v], B be the branch at u that contains v and F be the branch at v

that contains u.

BL. This shows that L(ri, lj) = 0 for each ri ∈ FR − X − u and li ∈ BL − Y . Therefore,

L(X | Y ) has a zero submatrix of order (r − 1)× s.

Since [u, v] is not a matching edge, both B and F are nonsingular trees. Let |BL| = k.

Then |FR| = p− k. Now notice that

r + s− 1 = |FR −X|+ |BL − Y | − 1

= [(p− k)−m] + [k − (n− t)]− 1

= p−m− n+ (t− 1).

Since t− 1 ≥ 1, by Lemma 4.1.1, it follows that detL(X | Y ) = 0.

Now we assume that [u, v] is a matching edge. Let µv be the signed degree vector of T at

v. Suppose y be the restriction of µv on the set FR−X−u. Note that, for ri ∈ FR−X−u,

we have

y(ri) =





d(ri) if the v-ri path is an odd alternating path,

−d(ri) if the v-ri path is an even alternating path,

0 otherwise.

For a vertex z ∈ BL, we define ǫ(z) = (−1)dist(v,z)/2 if the u-z path is an alternating path

and 0 otherwise.

Now notice that for each z ∈ BL we have

L(ri, z) = ǫ(z)d(z)y(ri) for each ri ∈ FR −X − u.

It follows that

L(FR −X − u, z) = ǫ(z)d(z)y for each z ∈ BL.

Let Z be the matrix obtained from L(X | Y ) by applying a sequence of column operation

(of type adding a multiple of a column to another) that transform each columns of the

submatrix L(FR −X − u,BL − Y ) to a zero column except possibly one column. Note that

detZ = detL(X | Y ). Clearly, the matrix Z has a zero submatrix of order (r− 1)× (s− 1).

Let us assume |BR| = k. Since [u, v] is a matching edge and u ∈ R, it follows that
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|BL| = k + 1 and |FR| = p− k. Therefore, we get

r + s− 2 = |FR −X|+ |BL − Y | − 2

= [(p− k)−m] + [(k + 1)− (n− t)]− 2

= p−m− n+ (t− 1).

Since t− 1 ≥ 1, by Lemma 4.1.1, it follows that detL(X | Y ) = 0.

Case 2. Suppose u ∈ L. (Clearly, v ∈ R.) First assume that [u, v] is a matching edge.

Then there does not exist any alternating path starting from a vertex in FR to a vertex in

BL. This shows that L(ri, lj) = 0 for each ri ∈ FR−X and li ∈ BL−Y . Therefore, L(X | Y )

has a zero submatrix of order r× s. Let |BR| = k. Since [u, v] is a matching edge and v ∈ R,

it follows that |BL| = k − 1 and |FR| = p− k. Therefore, we get

r + s = [(p− k)−m] + [(k − 1)− (n− t)] = p−m− n+ (t− 1).

Since t− 1 ≥ 1, by Lemma 4.1.1, it follows that detL(X | Y ) = 0.

Finally, we assume that [u, v] is not a matching edge. Let µu be the signed degree vector

of T at u. Suppose ȳ be the restriction of µu on the set FR−X. Note that, for ri ∈ FR−X,

we have

ȳ(ri) =





d(ri) if the u-ri path is an odd alternating path,

−d(ri) if the u-ri path is an even alternating path,

0 otherwise.

For a vertex z ∈ BL, we define ǫ(z) = (−1)dist(u,z)/2 if the u-z path is an alternating path

and 0 otherwise.

Now notice that for each z ∈ BL we have

L(ri, z) = ǫ(z)d(z)ȳ(ri) for each ri ∈ FR −X.

It follows that

L(FR −X, z) = ǫ(z)d(z)ȳ for each z ∈ BL.

Let Z̄ be the matrix obtained from L(X | Y ) by applying a sequence of column operation

(of type adding a multiple of a column to another) that transform each columns of the

submatrix L(FR − X,BL − Y ) to a zero column except possibly one column. Note that

det Z̄ = detL(X | Y ). Clearly, the matrix Z̄ has a zero submatrix of order r × (s− 1).

Let us assume |BR| = k. Since [u, v] is not a matching edge, both the trees F and B are
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nonsingular. It follows that |BL| = k and |FR| = p− k. Therefore, we get

r + s− 1 = |FR −X|+ |BL − Y | − 1

= [(p− k)−m] + [k − (n− t)]− 1

= p−m− n+ (t− 1).

Since t − 1 ≥ 1, by Lemma 4.1.1, it follows that detL(X | Y ) = 0. This completes the

proof. �

The idea of the proof of the below result is similar to that we used in the proof of Theorem

4.3.2.

◮ Theorem 4.3.3. Let T be a nonsingular tree with a standard vertex bipartition (L,R) and

L be its bipartite Laplacian matrix. Let X ⊆ R and Y ⊆ L with |X| = |Y |. If there exists a

vertex u /∈ X ∪Y such that |w(B′)+w(B′′)| ≥ 2 for some branches B′, B′′ of T at the vertex

u, then detL(X | Y ) = 0. ◭

Proof. Let T be a nonsingular tree on 2p vertices. If either |w(B′)| ≥ 2 or |w(B′′)| ≥ 2

then the result follows by Theorem 4.3.2. With out loss of any generality, we assume that

w(B′) = ±1 and w(B′′) = ±1. Since |w(B′) + w(B′′)| ≥ 2, it follows that either w(B′) =

w(B′′) = 1 or w(B′) = w(B′′) = −1. We consider w(B′) = w(B′′) = 1. The other case can

be dealt in a similar way.

Let v′ ∈ B′ and v′′ ∈ B′′ such that u ∼ v′ and u ∼ v′′. Let F1 be the component of

T − {v′, v′′} that contains the vertex u. Take F2 = B′ ∪ B′′. (See Figure 4.5.)

b

b

b

b

v′

v′′

u
F1

B′

B′′

F2

|F1 ∩X| = n

|F1 ∩ Y | = n+ 2

|F2 ∩X| = m

|F2 ∩ Y | = m− 2

Figure 4.5: For the edge [u, v], B be the branch at u that contains v and F be the branch at v

that contains u.

Let |B′ ∩ X| = m1, |B′ ∩ Y | = m1 − 1, |B′′ ∩ X| = m2, |B′′ ∩ Y | = m2 − 1. Take

m = m1 +m2. Then we have |F2 ∩X| = m and |F2 ∩ Y | = m − 2. Let |F1 ∩X| = n then
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|F1 ∩ Y | = n + 2. Suppose r = |FR
1 −X| and s = |FL

2 − Y |. Clearly, the size of the matrix

L(X | Y ) is p−m− n. The set F1 ∩ L is denoted by FL
1 and the set F1 ∩ R is denoted by

FR
1 . The notations FL

2 and FR
2 have similar meaning. Now note that either u ∈ L or u ∈ R.

We divide the proof into the following two cases.

Case 1: Let us first consider u ∈ R. First assume that [u, v′] and [u, v′′] both are not

matching edges. Then there does not exist any alternating path starting from a vertex in

FR
1 to a vertex in FL

2 . This shows that L(ri, lj) = 0 for each ri ∈ (FR
1 − u) − X and

lj ∈ FL
2 −Y . Therefore, L(X | Y ) has a zero submatrix of order (r−1)×s. Since both [u, v′]

and [u, v′′] are not matching edges, F1 is a nonsingular tree and F2 is a forest consisting of

two nonsingular trees. Let |FR
1 | = k. Then |FL

2 | = p− k. It follows that

r + s− 1 = |FR
1 −X|+ |FL

2 − Y | − 1

= (k − n) + [(p− k)− (m− 2)]− 1

= p−m− n+ 1.

By Lemma 4.1.1, it follows that detL(X | Y ) = 0.

Now consider [u, v′] is a matching edge. (The case [u, v′′] is a matching edge can be dealt

in a similar way.) Let µv′ be the signed degree vector of T at v′. Suppose y be the restriction

of µv on the set FR
1 −X − u . Note that, for ri ∈ FR

1 −X − u, we have

y(ri) =





d(ri) if the v′-ri path is an odd alternating path,

−d(ri) if the v′-ri path is an even alternating path,

0 otherwise.

For a vertex z ∈ FL
2 , we define ǫ(z) = (−1)dist(v

′,z)/2 if the u-z path is an alternating path

and 0 otherwise. It is easy to note that ǫ(z) = 0 for each z ∈ B′′ ∩ L. Now notice that, for

each z ∈ FL
2 , we have

L(ri, z) = ǫ(z)d(z)y(ri) for each ri ∈ FR
1 −X − u.

Therefore, we get

L(FR
1 −X − u, z) = ǫ(z)d(z)y for each z ∈ FL

2 .

Let Z be the matrix obtained from L(X | Y ) by applying a sequence of column operation

(of type adding a multiple of a column to another) that transforms each columns of the

submatrix L(FR
1 −X − u, FL

2 − Y ) to a zero column except possibly one column. Note that

detZ = detL(X | Y ). Clearly, the matrix Z has a zero submatrix of order (r− 1)× (s− 1).
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Let us assume |FR
1 | = k. Since [u, v′] is a matching edge and u ∈ R, it follows that

|FL
1 | = k − 1 and so |FL

2 | = p− (k − 1).

r + s− 2 = (k − n) + [(p− (k − 1))− (m− 2)]− 2

= p−m− n+ 1.

Hence, by Lemma 4.1.1, detL(X | Y ) = 0.

Case 2: Now we consider u ∈ L. First we assume that [u, v′] and [u, v′′] both are not

matching edges. Let ȳ be the restriction of µu on the set FR
1 −X. Then for each ri ∈ FR

1 −X

we have

ȳ(ri) =





d(ri) if the u-ri path is an odd alternating path,

−d(ri) if the u-ri path is an even alternating path,

0 otherwise.

For a vertex z ∈ B′ ∩L, we define ǫ(z) = (−1)(dist(v
′,z)+1)/2 if the v′-z path is an alternating

path and 0 otherwise. Similarly, for a vertex z ∈ B′′ ∩L, we define ǫ(z) = (−1)(dist(v
′′,z)+1)/2

if the v′′-z path is an alternating path and 0 otherwise. Therefore ǫ is defined on FL
2 .

Therefore, for each z ∈ FL
2 − Y , we have

L(ri, z) = ǫ(z)d(z)ȳ(ri) for each ri ∈ FR
1 −X.

It follows that

L(FR
1 −X, z) = ǫ(z)d(z)ȳ for each z ∈ FL

2 − Y.

Let Z̄ be the matrix obtained from L(X | Y ) by applying a sequence of column operation

(of type adding a multiple of a column to another) that transform each columns of the

submatrix L(FR − X,FL
2 − Y ) to a zero column except possibly one column. Note that

det Z̄ = detL(X | Y ). Clearly, the matrix Z̄ has a zero submatrix of order r × (s− 1).

Let |FR
1 | = k. Since [u, v′] and [u, v′′] are not matching edges, |FL

2 | = p−k. It follows that

r + s− 1 = (k − n) + [(p− k − (m− 2)]− 1 = p−m− n+ 1.

Hence, by Lemma 4.1.1, detL(X | Y ) = 0.

Finally, we assume that [u, v′] is a matching edge. (The case [u, v′′] is a matching edge can

be dealt in a similar way.) Notice that for each ri ∈ FR
1 , the u-ri path is not a alternating

path. Furthermore, there is no alternating path from a vertex in ri ∈ FR
1 to a vertex in

lj ∈ FL
2 . This follows that L(ri, lj) = 0 for each ri ∈ FR

1 and lj ∈ FL
2 . Therefore, L(X | Y )

has a zero submatrix of order r×s. Let |FR
1 | = k. Since [u, v′] is a matching edge and u ∈ R,
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it follows that |FL
1 | = k + 1 and so |FL

2 | = p− k − 1. Therefore, we get

r + s = (k − n) + [(p− k − 1)− (m− 2)]

= p−m− n + 1

By Lemma 4.1.1, it follows that detL(X | Y ) = 0. This completes the proof. �

◮ Theorem 4.3.4. Let T be a nonsingular tree with a standard vertex bipartition (L,R) and

L be its bipartite Laplacian matrix. Let X ⊆ R and Y ⊆ L with |X| = |Y |. Suppose that

there exists a vertex u ∈ X ∪ Y such that |w(u) + w(B)| ≥ 2 for some branch B of T at the

vertex u. Then detL(X | Y ) = 0. ◭

Proof. Let d(u) = m ≥ 1. Let B1, . . . , Bm be the branches at u. With out loss of any

generality, let us assume that |w(u) + w(B1)| ≥ 2. Note that if |w(Bi)| ≥ 2 for some

i = 1, . . . , m then the result directly follows by Theorem 4.3.2. Therefore, we assume that

|w(Bi)| < 2 for each i = 1, . . . , m.

Now note that the inequality |w(u) + w(B1)| ≥ 2 yields us either w(u) = w(B1) = 1

or w(u) = w(B1) = −1. Since w(T ) = 0, it follows that either
∑m

i=2w(Bi) = −2 or∑m
i=2w(Bi) = 2. In either of these cases there exist Bi and Bj with 2 ≤ i < j ≤ m such

that |w(Bi) + w(Bj)| = 2. Hence the result follows by Theorem 4.3.3. �

In view of Remark 4.3.1, we can unify Theorems 4.3.2, 4.3.3, and 4.3.4 into the following

result.

◮ Theorem 4.3.5. Let T be a nonsingular tree with a standard vertex bipartition (L,R) and

L be its bipartite Laplacian matrix. Take subsets X ⊆ R and Y ⊆ L with |X| = |Y |. Suppose

that there is no X-Y path system in T . Then detL(X | Y ) = 0. ◭

By Theorem 4.3.5, note that, in order to get a nonzero minor of L(T ), we must choose

X ⊆ R and Y ⊆ L such that T has a X-Y path system. In view of this, a general study

of such path systems and their structural properties is required. We do that in the next

section.

4.4 The class FX,Y
T

In this section, we introduce a class of spanning forests of a nonsingular tree T with a standard

vertex bipartition (L,R), depending on the choice of X ⊆ R and Y ⊆ L. The study of this

class is crucial to obtain a formula for any minor of the bipartite Laplacian matrix. We shall

see how the number of elements in this class changes under various operations done on the

underlying tree. We start the discussion by defining this class FX,Y
T .
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Let T be a nonsingular tree with a standard vertex bipartition (L,R). Suppose that

X ⊆ R and Y ⊆ L are nonempty sets with |X| = |Y | = k (say). Consider a spanning forest

F of T with k components in which each component contains one vertex from X and one

from Y . The collection of all such spanning forests F of T is denoted by FX,Y
T . ◭

The following is an immediate observation.

◮ Lemma 4.4.2. Let T be a nonsingular tree with a standard vertex bipartition (L,R). Sup-

pose X ⊆ R and Y ⊆ L are nonempty sets with |X| = |Y |. The class FX,Y
T is nonempty if

and only if T has an X-Y path system. ◭

Proof. Let X = {x1, . . . , xk} and Y = {y1, . . . , yk}. First assume that F ∈ FX,Y
T . Let

F1, . . . , Fk be the components of F . Without loss, assume that Fi contains the points xi ∈ X

and yi ∈ Y . Thus the xi-yi-path is contained in Fi. So T has a X-Y path system.

Conversely, assume that T has a X-Y path system. Without loss, assume that the path

system contains the vertex disjoint paths Pi, i = 1, . . . , k, where Pi is the xi-yi-path.

Let V1 be the set of all those vertices of T from which there is a path to a vertex of P1

which does not pass through any vertex of P2, P3, . . . , Pk. Denote the induced graph 〈V1〉 by

T1.

In general, for i > 1, let Vi be the set of all those vertices of T −V1−· · ·−Vi−1 from which

there is a path to a vertex of Pi which does not pass through any vertex of Pi+1, . . . , Pk.

Denote the induced graph 〈Vi〉 by Ti.

Then the forest F that contains T1, . . . , Tk is in FX,Y
T . �

◮ Remark 4.4.3. Let T be a nonsingular tree with a standard vertex bipartition (L,R).

Suppose X ⊆ R and Y ⊆ L with |X| = |Y |. Let FX,Y
T 6= ∅. Then, from the proof of Lemma

4.4.2, we can see that each spanning forest F ∈ FX,Y
T corresponds to a X-Y path system. By

Lemma 4.1.5, we know that there can have at most one X-Y path system in T . It follows

that all elements of FX,Y
T corresponds to a unique X-Y path system. ◭

Now our aim is to see how the number of element in the class FX,Y
T changes under some

operation in the underlying tree T .

◮ Lemma 4.4.4. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition

(L,R). Suppose X ⊆ R, Y ⊆ L with |X| = |Y |. Let v ∈ T and T̂ be the tree obtained from

T by attaching a new P2 at v in T . Then we have FX,Y
T = FX,Y

T̂
. ◭

Proof. Let u, z /∈ T and let T̂ be the tree obtained from T by attaching a P2, [v, u, z], at v

in T .
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Let F ∈ FX,Y
T . Then there exist a component Tv of F that contain the vertex v. Let us

construct a spanning forest F̂ of T̂ by attaching a new path P2, [v, u, z] at v in Tv. Clearly,

F̂ ∈ FX,Y

T̂
.

Conversely, note that for each forest F1 ∈ FX,Y

T̂
, the vertices v, u, z always lies in a same

component of F1. Therefore, from a spanning forest F1 ∈ FX,Y

T̂
of T̂ , we can construct a

forest F̄1 ∈ FX,Y
T by deleting the vertices u and z. This completes the proof. �

◮ Lemma 4.4.5. Let T be a nonsingular tree with a standard vertex bipartition (L,R). Let

X ⊆ R and Y ⊆ L such that |X| = |Y |. Suppose FX,Y
T 6= 0 and w ∈ X ∪ Y be a vertex in T .

Let T̂ be the tree obtained from T by introducing two new vertices u, v /∈ T and adding the

path [w, v, u] in T . Let (L̂, R̂) be the standard vertex bipartition of T̂ obtained by extending

the standard vertex bipartition (L,R) of T to T̂ . Then we have

∣∣FX,Y
T

∣∣ =
∣∣F X̂,Ŷ

T̂

∣∣,

where X̂ = (X ∪ {u, v}) ∩ R̂ and Ŷ = (Y ∪ {u, v}) ∩ L̂. ◭

Proof. With out loss of any generality, let us assume w ∈ X. Then L̂ = L ∪ {v} and

R̂ = R ∪ {u}. It follows that X̂ = X ∪ {u} and Ŷ = Y ∪ {v}.

Let σ be the X-Y path system in T . Let us define σ̂ : X̂ → Ŷ such that σ̂(x) = σ(x) for

x ∈ X and σ̂(u) = v. It follows that σ̂ is the X̂-Ŷ path system in T̂ .

Now we establish one-one corresponding between the elements of the sets FX,Y
T and F X̂,Ŷ

T̂

as follows.

• Let F ∈ FX,Y
T be a spanning forest of T . Construct a spanning forest F̂ of T̂ by adding

a new component in F which is a path [u, v]. Clearly, F̂ ∈ F X̂,Ŷ

T̂
.

• Let H ∈ F X̂,Ŷ

T̂
be a spanning forest of T̂ . Since σ̂(u) = v and w is selected vertex, it

follows that H has a component T1 which is a path [u, v]. By removing T1 from H we

see that the remaining part is an element of FX,Y
T .

This completes the proof. �

◮ Lemma 4.4.6. Let T be a nonsingular tree with a standard vertex bipartition (L,R). Let

X ⊆ R and Y ⊆ L such that |X| = |Y |. Suppose σ is the X-Y path system in T . Let [u, v]

be an edge in a x-σ(x) path, for some x ∈ X, such that either x is adjacent to u or σ(x) is

adjacent to v. Then ∣∣FX,Y
T

∣∣ =
∣∣FX∪{v},Y ∪{u}

T

∣∣. ◭

Proof. We only consider the case x is adjacent to u. The other case can be dealt in a similar

way.
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Clearly, u ∈ L and v ∈ R. Let X̂ = X ∪ {v} and Ŷ = Y ∪ {u}. We define the bijection

σ̂ : X̂ → Ŷ by σ̂(x) = u, σ̂(v) = σ(x) and σ̂(z) = σ(z) if z ∈ X \ {x}. Note that σ̂ is a X̂-Ŷ

path system in T .

Let us define a map Γ : FX,Y
T → F X̂,Ŷ

T as follows. For each F ∈ FX,Y
T , there is a component,

say TF , that contains the x-σ(x) path. Let us construct a new spanning forest F̂ of T from

F by deleting the edge [u, v] from F . Clearly F̂ has |X̂| = |X| + 1 components. We define

Γ(F ) = F̂ . It is easy to note that Γ is a bijection. This completes the proof. �

◮ Lemma 4.4.7. Let T be a nonsingular tree on 2p with a standard vertex bipartition (L,R).

Let X ⊆ R and Y ⊆ L such that |X| = |Y | and FX,Y
T 6= ∅. Suppose u ∈ X ∪ Y , v /∈ X ∪ Y

such that v is a leaf and u is adjacent to v. Let T̂ be the tree obtained from T by attaching k-

many paths [zi, ui, v] at the leaf v where ui, zi /∈ T for i = 1, . . . , k, see Figure 4.6. Let (L̂, R̂)

be the standard vertex bipartition of T̂ obtained by extending the standard vertex bipartition

(L,R) of T to T̂ . Then ∣∣F X̂,Ŷ

T̂

∣∣ = (k + 1)
∣∣FX,Y

T

∣∣,

where X̂ = (X ∪ {u1, . . . , uk, z1, . . . , zk}) ∩ R̂, Ŷ = (Y ∪ {u1, . . . , uk, z1, . . . , zk}) ∩ L̂. ◭

bb

bb

b b

b

bb

...

T

T̂

v u

u1z1

u2z2

ukzk

Figure 4.6: Attaching k-many P2 at a pendant vertex.

Proof. With out loss of any generality, assume that v ∈ R. Then we have

L̂ = L ∪ {u1, . . . , uk}, and R̂ = R ∪ {v1, . . . , vk}.

Clearly, X̂ = X ∪ {z1, . . . , zk} and Ŷ = Y ∪ {u1, . . . , uk}. Let σ be the X-Y path system

in T . We define the map σ̂ : X̂ → Ŷ by σ̂(x) = σ(x) for each x ∈ X and σ̂(zi) = ui for

i = 1, . . . , k. Clearly, σ̂ is a X̂-Ŷ path system in T̂ .

Let F in F X̂,Ŷ

T̂
. Since u, u1, . . . , uk ∈ Ŷ , the degree of the vertex v in F is always one.

Therefore, in each F ∈ F X̂,Ŷ

T̂
, either the vertex v is adjacent to u or the vertex v is adjacent

to ui for some i.
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Let us define a relation ⊛ on the set F X̂,Ŷ

T̂
as follows. Two forests F1, F2 ∈ F X̂,Ŷ

T̂
are related

to each other if and only if the vertex v has same neighbor in both F1 and F2. Clearly, ⊛

defines an equivalence relation on the set F X̂,Ŷ

T̂
. Notice that ⊛ partitioned the set F X̂,Ŷ

T̂

into (k + 1) equivalence class and each class has equal number of elements which is |FX,Y
T |.

Therefore,
∣∣F X̂,Ŷ

T̂

∣∣ = (k + 1)
∣∣FX,Y

T

∣∣. �

◮ Lemma 4.4.8. Let T be a nonsingular tree on 2p with a standard vertex bipartition (L,R).

Let X ⊆ R and Y ⊆ L such that |X| = |Y | and FX,Y
T 6= ∅. Suppose u, v /∈ X ∪ Y such that

v is a leaf and u is adjacent to v. Let T̂ be the tree obtained from T by attaching k-many

paths [zi, ui, v] at the leaf v where ui, zi /∈ T for i = 1, . . . , k, see Figure 4.6. Let (L̂, R̂) be the

standard vertex bipartition of T̂ obtained by extending the standard vertex bipartition (L,R)

of T to T̂ . Then ∣∣F X̂,Ŷ

T̂

∣∣ = (k + 1)
∣∣FX,Y

T

∣∣+ k
∣∣FX′,Y ′

T

∣∣,

where X̂ = (X ∪ {u1, . . . , uk, z1, . . . , zk}) ∩ R̂, Ŷ = (Y ∪ {u1, . . . , uk, z1, . . . , zk}) ∩ L̂ and

X ′ = (X ∪ {u, v}) ∩R, Y ′ = (Y ∪ {u, v}) ∩ L. ◭

Proof. With out loss of any generality, assume that v ∈ R. Then we have

L̂ = L ∪ {u1, . . . , uk}, and R̂ = R ∪ {v1, . . . , vk}.

Clearly, X ′ = X ∪ {v}, Y ′ = Y ∪ {u} and X̂ = X ∪ {z1, . . . , zk}, Ŷ = Y ∪ {u1, . . . , uk}.

Let σ be the X-Y path system in T . Let us define σ′ : X ′ → Y ′ and σ̂ : X̂ → Ŷ by

σ̂(x) = σ′(x) = σ(x) for each x ∈ X and σ′(v) = u, σ̂(zi) = ui for i = 1, . . . , k. Clearly, σ′

and σ̂ are X ′-Y ′ path system and X̂-Ŷ path system, respectively.

Let F be an element of F X̂,Ŷ

T̂
. Since u1, . . . , uk ∈ Ŷ , the degree of the vertex v in F is

either one or two. Further note that if dF (v) = 2 then u is adjacent to v in F .

Let us define a relation ⊛ on the set F X̂,Ŷ

T̂
as follows. Two forests F1, F2 ∈ F X̂,Ŷ

T̂
are related

to each other if and only if dF1(v) = dF2(v) and NF1(v) = NF2(v), where NG(v) denotes the

set of all vertices of G that are adjacent to v. Clearly ⊛ defines a equivalence relation on

F X̂,Ŷ

T̂
.

Let F ∈ F X̂,Ŷ

T̂
. Then note that if dF (v) = 1 then there are k + 1 choices available for

NF (v), which are {u}, {u1}, . . . , {uk}. Also, if dF (v) = 2 then there are k choices available

for NF (v), which are {u, u1}, . . . , {u, uk}. Therefore, the equivalence relation ⊛ partitioned

the set F X̂,Ŷ

T̂
into 2k+1 equivalence classes. Let E1, . . . , Ek+1 be the equivalence classes that

are corresponds to dF (v) = 1 and Ē1, . . . , Ēk be the equivalence classes that are corresponds

to dF (v) = 2.

For i = 1, . . . , k + 1, let us define a map Γi : Ei → FX,Y
T by Γi(F ) = F̂ , where F̂ is a

spanning forest of T obtained from F by adding the edge [u, v] (if they are not adjacent)
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and removing the vertices u1 . . . , uk, z1, . . . , zk. Clearly Γi defines a bijection. Therefore,

|Ei| = |FX,Y
T | for each i = 1, . . . , k + 1.

Similarly, for i = 1, . . . , k, let us define a map Γ̄i : Ēi → FX′,Y ′

T by Γ̄i(F ) = F̄ , where

F̄ is a spanning forest of T obtained from F by removing the vertices u1 . . . , uk, z1, . . . , zk.

Clearly Γi defines a bijection. Therefore, |Ēi| = |FX′,Y ′

T | for each i = 1, . . . , k.

Hence, it follows that
∣∣F X̂,Ŷ

T̂

∣∣ = (k + 1)
∣∣FX,Y

T

∣∣+ k
∣∣FX′,Y ′

T

∣∣. This completes the proof. �

The proof of the next result is easy and is omitted.

◮ Lemma 4.4.9. Let T be a nonsingular tree on 2p with a standard vertex bipartition (L,R).

Let X ⊆ R and Y ⊆ L such that |X| = |Y |. Suppose there exist a X-Y path system in T . Let

v /∈ X ∪Y be a leaf in T and u ∈ X ∪Y be adjacent to v. Let T̂ be a tree obtained from T by

attaching a new P2 at the vertex v, say [v, u1, z1], where u1, z1 /∈ T . Then
∣∣F X̂,Ŷ

T̂

∣∣ =
∣∣FX,Y

T

∣∣,
where X̂ = (X ∪ {u1, v}) ∩ R, Y ′ = (Y ∪ {u1, v}) ∩ L. ◭

The proof of the next result is easy and is omitted.

◮ Lemma 4.4.10. Let T be a nonsingular tree on 2p with a standard vertex bipartition (L,R).

Let X ⊆ R and Y ⊆ L such that |X| = |Y |. Suppose there exist a X-Y path system in T .

Let u ∈ X ∪ Y be a leaf in T and v be adjacent to u. Let T̂ be a tree obtained from T by

attaching a P2 at the vertex v, say [v, z1, v1], where v1, z1 /∈ T . Then
∣∣F X̂,Ŷ

T̂

∣∣ =
∣∣FX,Y

T

∣∣, where

X̂ = ((X \ u) ∪ {z1}) ∩ R, Y ′ = ((Y \ u) ∪ {z1}) ∩ L. ◭

The proof of the next result is very similar to the proof of Lemma 4.4.8 and so it is omitted.

◮ Lemma 4.4.11. Let T be a nonsingular tree on 2p with a standard vertex bipartition (L,R).

Let X ⊆ R and Y ⊆ L such that |X| = |Y |. Suppose there exist a X-Y path system in

T . Let u /∈ X ∪ Y be a leaf in T and v /∈ X ∪ Y be adjacent to u. Let T̂ be a tree

obtained from T by attaching a P2 at the vertex v, say [v, z1, v1], where v1, z1 /∈ T . Then∣∣F X̂,Ŷ

T̂

∣∣ =
∣∣FX,Y

T

∣∣ +
∣∣F X̄,Ȳ

T

∣∣, where X̂ = (X ∪ {v1, z1}) ∩ R, Ŷ = (Y ∪ {v1, z1}) ∩ L and

X̄ = (X ∪ {u, v}) ∩R, Y ′ = (Y ∪ {u, v}) ∩ L ◭

85
TH-2878_156123009



All minor of the bipartite Laplacian matrix

4.5 Formula to calculate any minor of the bipartite

Laplacian matrix

Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition (L,R). Note

that L = {l1, . . . , lp} and R = {r1, . . . , rp} are linearly ordered sets with the partial order

“<” defined as li < lj and ri < rj if and only if i < j.

Let X ⊆ R and Y ⊆ L with |X| = |Y |. Let π : X → Y be a bijection. The pair

{ri, rj} ⊆ X is called an inversion in π if ri < rj and π(ri) > π(rj). Let n(π) denotes the

number of inversions in π. The sign ǫ(π) of π is defined by ǫ(π) := (−1)n(π). The sign ǫ(X)

of X and the sign ǫ(Y ) of Y are defined by

ǫ(X) := (−1)

∑
ri∈X

i

and ǫ(Y ) := (−1)

∑
li∈Y

i

.

We define the notation ǫ(X, Y ) by

ǫ(X, Y ) =




1 if there does not exist any X-Y path system,

ǫ(σ) if σ is the X-Y path system.

Let U be a set and A be a subset of U . Suppose a1, · · · , ak and b1, · · · , bℓ are some distinct

elements in U . By the notation A− a1 − · · ·− ak + b1 + · · ·+ bℓ, we shall mean the following

set operation,

A− a1 − · · · − ak + b1 + · · ·+ bℓ := (A \ {a1, . . . , ak}) ∪ {b1, . . . , bℓ}

◮ Theorem 4.5.1 (All Minor Matrix Tree Theorem). Let T be a nonsingular tree on 2p

vertices with a standard vertex bipartition (L,R). Let X ⊆ R and Y ⊆ L such that |X| = |Y |

Then

detL(X | Y ) = ǫ(X)ǫ(Y )ǫ(X, Y )|FX,Y
T |. ◭

Proof. We prove the result by induction on p. Note that the base case follows by item (b)

of Theorem 3.2.3. Let the result be true for all nonsingular trees with less than 2p vertices.

Suppose T is a nonsingular tree on 2p vertices. Note that if there does not exist any X-Y

path system, by Theorem 4.3.5, detL(X | Y ) = 0 and so the result follows by Lemma 4.4.2.

Let σ be the X-Y path system. In view of Lemmas 4.1.3 and 4.4.4, we may assume

that there does not exist {lk, rk} ⊆ V (T ) \ (X ∪ Y ) such that d(lk) + d(rk) = 3. Let

P = [v0, v1, v2, . . . , vk] be a path corresponding to the diameter of T . With out loss of any

generality, we assume that v0 = rp and v2 = rp−1. Since d(v0)+d(v1) = 3, both v0 and v1 can

not be an element of V (T ) \ (X ∪ Y ). Therefore, either v0 ∈ X or v1 ∈ Y or v0, v1 ∈ X ∪ Y .
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Let T̂ be the tree obtained from T by removing the vertices v0 and v1. Let L̂ be the

bipartite Laplacian matrix of T̂ . We divide the proof into two main cases.

Case I: Suppose there exist a leaf, say u, is adjacent to the vertex v2. (See Figure 4.7.)

Clearly [u, v2] is a matching edge and so u = lp−1. It is easy to note that

L(rp | lp) = L̂+



0 · · · 0
...

. . .
...

0 · · · 1


 (4.2)

• Let us first assume v2 ∈ X. It follows that v1 ∈ Y , because if v1 /∈ Y then v0 ∈ X, this

contradict that σ is a X-Y path system.

Clearly, if v0 ∈ X, then L(X | Y ) = L̂(X − v0 | Y − v1) and so by the induction

hypothesis and Lemma 4.4.5, the result follows. Now consider v0 /∈ X. It follows that

u /∈ Y . Therefore, all entries of the last row of L(X | Y ) are zero except the last entry

which is −1. Therefore, by expanding the determinant of L(X | Y ) along its last row, we get

detL(X | Y ) = − det L̂(X | Y −lp+lp−1). It is easy to note that ǫ(X, Y ) = ǫ(X, Y −lp+lp−1).

By applying induction hypothesis and Lemma 4.4.10, we see that

detL(X | Y ) = −ǫ(X, Y )ǫ(X)ǫ(Y − lp + lp−1)
∣∣∣FX,Y−lp+lp−1

T̂

∣∣∣ = ǫ(X, Y )ǫ(X)ǫ(Y )
∣∣∣FX,Y

T

∣∣∣.

Hence the result follows.

• Now we assume v2 /∈ X. We divide the proof of this part into two sub cases. Let us first

consider u ∈ Y .

Clearly, if v1 ∈ Y then v0 ∈ X (otherwise it will contradict that FX,Y
T 6= ∅) and so

L(X | Y ) = L̂(X − v0 | Y − v1). Therefore, if v1 ∈ Y , then the result follows by the

induction hypothesis. Let us take v1 /∈ Y . Then v0 ∈ X and so σ(v0) = u. Notice that all

entries of the last column of L(X | Y ) are zero except the last entry which is −1. It follows

b bb bb

b

b

b

b

b

...
v0
rp

v1

lp

v2
rp−1

lp−1u T̂

T

Figure 4.7: Case I: there exist a leaf u adjacent to the vertex v2. (Here dashed edges are matching
edges.)
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that detL(X | Y ) = − det L̂(X − rp + rp−1 | Y ). By Lemma 4.4.5 and 4.4.6, we get

FX,Y
T ≡ F

X+rp−1,Y+lp
T ≡ F

X−rp+rp−1,Y

T̂
.

It is easy to note that ǫ(X, Y ) = ǫ(X−rp+ rp−1, Y ). Therefore, by the induction hypothesis,

the result follows.

Now we consider u /∈ Y , that means, u, v2 /∈ X ∪ Y . First notice that if v0, v1 ∈ X ∪ Y ,

then by Equation (4.2), it follows that

detLT (X | Y ) = det L̂(X − rp | Y − lp) + detLT̂ (X − rp + rp−1 | Y − lp + lp−1).

It is easy to note that ǫ(X, Y ) = ǫ(X − rp, Y − lp) = ǫ(X − rp + rp−1, Y − lp + lp−1). By

Lemma 4.4.11, it follows that

|FX,Y
T | =

∣∣∣F
,X−rp,Y−lp

T̂

∣∣∣+
∣∣∣F

,X−rp+rp−1,Y−lp+lp−1

T̂

∣∣∣.

Hence, by the induction hypothesis, the result follows.

Now we assume either v0 ∈ X, v1 /∈ Y or v0 /∈ X, v1 ∈ Y . Notice that in these cases we

have either the all entries of the last column or the all entries of the last row of L(X | Y )

are zero except the last entry which is −1. It follows that

detL(X | Y ) =




− det L̂(X | Y − lp + lp−1) if v0 /∈ X, v1 ∈ Y,

− det L̂(X − rp + rp−1 | Y ) if v0 ∈ X, v1 /∈ Y.

Note that, if v0 /∈ X and v1 ∈ Y , then by Lemma 4.4.10, we get FX,Y
T ≡ F

X,Y−lp+lp−1

T̂
. For

v0 ∈ X and v1 /∈ Y , we apply Lemma 4.4.6 and 4.4.5 to get

FX,Y
T ≡ F

X+rp−1,Y+lp−1

T ≡ F
X−rp+rp−1,Y

T̂
.

Therefore, by applying induction hypothesis, the result follows.

Case II: Suppose there does not exist any leaf in T that is adjacent to v2. Then [v2, v3]

is a matching edge. Therefore, v3 = lp−1. Let d(v2) = m + 2 where m ≥ 0 and B1, . . . , Bm

be the branches at v2 that does not contain vertices v1 and v3. Since no leaf is adjacent to

v, the branches Bi have exactly two vertices, say ui, zi ∈ Bi with ui ∼ v2, for i = 1, . . . , m.

(See Figure 4.8)

We divide the proof of this case into three main parts depending upon whether v0 ∈ X or

v1 ∈ Y .

Sub-case 1: Let us first consider v0 ∈ X and v1 ∈ Y . For x ∈ X, we shall use Px to denote
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b bb bb b b b

b

b

bb

b

b

b

B1 Bm

v0 v1 v2 v3 vk−1 vk

u1

z1

um

zm

· · ·

rp lp rp−1
lp−1

T̂

T

b

b

b· · ·

Figure 4.8: Case II: there does not exist any leaf in T that adjacent to v2. (Here dashed edges are
matching edges.

the x-σ(x) path, x ∈ X. Clearly, if v2 ∈ X, then the result directly follows by applying

induction hypothesis and Lemma 4.4.5. Therefore, we take v2 /∈ X.

• Suppose v2 ∈ Px for some x ∈ X. Then, there exist two branches at v2, say B and B′,

such that w(B), w(B′) 6= 0. Without loss of any generality, let us assume B′ = B1. Note

that either v3 ∈ B or v3 /∈ B.

Let us first assume that v3 ∈ B. By part (ii) of Theorem 4.2.8, u2, . . . , um ∈ Y and

z2, . . . , zm ∈ X.

Note that if w(B1) = 1, then z1 ∈ X and u1 /∈ Y . Without loss of any generality, let us

assume that u1 = lp−2. Note that all entries of L(X | Y ) in the column corresponds to u1

are zero except the last entry which is −1. Therefore detL(X | Y ) = − det L̂(X− rp+ rp−1 |

Y − lp + lp−2) if v3 ∈ Y and detL(X | Y ) = det L̂(X − rp + rp−1 | Y − lp + lp−2) if

v3 /∈ Y . It is easy to note that n(X, Y ) = n(X − rp + rp−1, Y − lp + lp−2) if v3 ∈ Y and

n(X, Y ) = n(X−rp+rp−1, Y −lp+lp−2)−1 if v3 /∈ Y . Further, by Lemma 4.4.5 and 4.4.6, we

have F
,X−rp+rp−1,Y−lp+lp−2

T̂
≡ F

,X−rp,Y−lp

T̂
≡ FX,Y

T . Therefore, by the induction hypothesis, it

follows that detL(X | Y ) = ǫ(X)ǫ(Y )ǫ(X, Y )|FX,Y
T |.

Further note that if w(B1) = −1, then, u1 ∈ Y and z1 /∈ X. Since v2 /∈ X, it follows

that v3 /∈ Y . Clearly, L(rp−1, li) + dT (rp−1)L(rp−2, li) = 0 for each li /∈ Y ∪ {lp−1} and

L(rp−1, lp−1) + dT (rp−1)L(rp−2, lp−1) = −1. Therefore, detL(X, Y ) = − det L̂(X − rp+ rp−1 |

Y − lp + lp−1). Clearly, n(X, Y ) = n(X − rp + rp−1, Y − lp + lp−1)− 1. By Lemma 4.4.6 and

Lemma 4.4.5, we have F
X−rp+rp−1,Y−lp+lp−1

T̂
= F

X−rP ,Y−lp

T̂
= FX,Y

T . Hence, by the induction

hypothesis, it follows that detL(X | Y ) = ǫ(X)ǫ(Y )ǫ(X, Y )|FX,Y
T |.

Now we shall assume v3 /∈ B. Then w(Bi) 6= 0 for some i ≥ 2. Without loss of any

generality, let us assume w(B2) 6= 0. By part (iv) of Theorem 4.2.8, w(B1) = −w(B2) = ±1

and w(Bi) = 0 for each i > 3. Without loss of any generality, we assume w(B1) = −1

and z2 = rp−3. Therefore, u1 ∈ Y and z2 ∈ X. It follows that L(rp−1, lp−3) = −1 and
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L(ri, lp−3) = 0 for each i = 1, . . . , p − 4, p − 2. Therefore, detL(X | Y ) = − det L̂(X −

rp + rp−1 | Y − lp + lp−3) if v3 ∈ Y and detL(X | Y ) = det L̂(X − rp + rp−1 | Y − lp +

lp−3) if v3 /∈ Y . Notice that n(X, Y ) = n(X − rp + rp−1, Y − lp + lp−3) − 1 if v3 ∈ Y

and n(X, Y ) = n(X − rp + rp−1, Y − lp + lp−3) if v3 /∈ Y . Further note that ǫ(X) =

(−1)p+(p−1)ǫ(X − v0 + v2) and ǫ(Y ) = (−1)p+(p−3)ǫ(Y − v1 + u2). By Lemma 4.4.6 and

Lemma 4.4.5, we have F
X−rp+rp−1,Y−lp+lp−3

T̂
= F

X−rp,Y−lp

T̂
= FX,Y

T . Therefore, by induction

hypothesis, detL(X | Y ) = ǫ(X)ǫ(Y )ǫ(X, Y )|FX,Y
T |.

• Suppose v2 /∈ Px for each x ∈ X. Clearly ui, zi ∈ X ∪ Y for each i = 1, . . . , m. Consider

the tree T̄ obtained from T by removing v0, v1 and B1, . . . , Bm. Suppose L̄ is the bipartite

Laplacian matrix of T̄ . Notice that dT̄ (v2) = 1 and L(rp−1, li) = dT (rp−1)L̄(rp−1, li) for each

li /∈ Y ∪ v3.

If v3 ∈ Y then we see that detL(X | Y ) = (m+ 2) det L̄(X − v0 − z1 − · · · − zm|Y − v1 −

u1−· · ·−um) and the result follows by applying induction hypothesis together with Lemma

4.4.7.

Now we take v3 /∈ Y . Take X ′ = X+v2−v0−z1−· · ·−zm and Y ′ = Y +v3−v1−u1−· · ·−um.

It follows that

L(X | Y ) =

[
L̄(X ′ | Y ′) L̄(R−X ′, v3)

dT (v2)L̄(v2, L− Y ′) dT (v2)dT (v3)− 1

]
,

where (L̄, R̄) is the standard vertex bipartition of T̄ . Therefore we get

detL(X | Y ) = dT (v2) det L̄(X
′ − v2 | Y

′ − v1) + (dT (v2)− 1) det L̄(X ′ | Y ′)

By Lemma 4.4.8, it follows that

∣∣FX,Y
T

∣∣ = (m+ 2)
∣∣FX′−v2,Y ′−v1

T̄

∣∣+ (m+ 1)
∣∣FX′,Y ′

T̄

∣∣

Hence the result follows by induction hypothesis.

Sub-case 2: Now consider the case v0 ∈ X but v1 /∈ Y . Clearly v2 /∈ X. Notice that all

entries of the last column of L(X | Y ) are zero except the last entry which is −1. It follows

that

detL(X | Y ) = − detL(X − rp + rp−1|Y ).

By Lemma 4.4.6 and Lemma 4.4.5, we have

|FX,Y
T | = |F

X+rp−1,Y+lp
T | = |F

X−rp+rp−1,Y

T̂
|.

Hence the result follows by induction hypothesis.

Sub-case 3: Now consider the case v0 /∈ X but v1 ∈ Y . First note that if there exist any
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Bi such that w(Bi) = 0 then ui, zi ∈ X ∪ Y and so the result follows from sub-case 1. If

there exist zi ∈ Bi, for some i, such that zi ∈ X and σ(zi) = v1, then the result follows

from sub-case 2. Thus we only need to argue the case for which dT (v2) = 2. Let us assume

dT (v2) = 2. Notice that

L(rp, li) = L̂(rp−1, li) for each i = 1, . . . , p− 2

L(rp, lp−1) = −dT (lp−1) = −L̂(rp−1, lp−1)− 1
(4.3)

• Let us first assume v3 ∈ Y . It follows that v2 ∈ X. Clearly σ(v1) = v2. Since v3 ∈ Y and

v2 ∈ X, it follows that L(X | Y ) = Z, where Z is the matrix obtained from L̂(X−v2 | Y −v1)

by multiplying its last row (that is, the row corresponds to v2) by −1. Therefore,

detL(X | Y ) = − det L̂(X − v2 | Y − v1).

Hence the result follows by applying induction hypothesis and Lemma 4.4.9.

• Now we consider v3 /∈ Y . We divide this part into two cases. First we assume v2 /∈ X.

Notice that

L(rp−1, li) = −2L(rp, li) for each i = 1, . . . , p− 2

L(rp−1, lp−1) = 2dT (lp−1)− 1 = −2L(rp, lp−1)− 1

By using elementary row operation on L(X | Y ) we see that

detL(X | Y ) = detL(X + v2 | Y + v3) = det L̂(X | Y − v1 + v3).

By Lemma 4.4.6, |FX,Y
T | = |FX+v2,Y+v3

T |. Again, by Lemma 4.4.9, |FX+v2,Y+v3
T | = |FX,Y−v1+v3

T̂
|.

Hence the result follows by applying induction hypothesis.

Finally we assume v2 ∈ X (and v3 /∈ Y ). Clearly σ(v2) = v1. Let K be the matrix

obtained from L̂(X − v2 | Y − v1) by multiplying its last row (that is, the row corresponds

to v2) by −1. By (4.3), we observe that

L(X | Y ) = K +

[
0

0 · · · 0 −1

]
.

It follows that

detL(X | Y ) = − det L̂(X − v2 | Y − v1)− det L̂(X | Y − v1 + v3)

Let X1 = X − v2, Y1 = Y − v1 and X2 = X, Y2 = Y − v1 + v3. Notice that ǫ(X1)ǫ(Y1) =
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−ǫ(X)ǫ(Y ) = ǫ(X2)ǫ(Y2). Further, it is easy to note that ǫ(X, Y ) = ǫ(X1, Y1) = ǫ(X2, Y2)

Now it’s only remains to show that |FX,Y
T | = |FX1,Y1

T̂
|+ |FX2,Y2

T̂
|.

Notice that there are two types of forests are there in the class FX,Y
T ; one type which

contain the edge [v2, v3] and an another type which does not contain the edge [v2, v3]. Let

F ∈ FX,Y
T . Then there exist a tree T ∗ ∈ F that contains the vertex v2. Since σ(v2) = v1, it

follows that v0, v1 ∈ T ∗.

i) If [v2, v3] /∈ F then T ∗ = [v0, v1, v2], a path on three vertices. Let us construct a new

forest F1 from F as follows. First remove vertices v0, v1 from F and then add the edge [v2, v3].

Note that F1 ∈ FX1,Y1

T̂
.

ii) If [v2, v3] ∈ F then we construct a new forest F2 from F by removing the vertices v0, v1.

It is easy to note that F2 ∈ FX2,Y2

T̂
.

Therefore, it follows that

|FX,Y
T | ≤ |FX1,Y1

T̂
|+ |FX2,Y2

T̂
|

Conversely, let F1 ∈ FX1,Y1

T̂
and F2 ∈ FX2,Y2

T̂
. Clearly [v2, v3] ∈ F1, F2. Let T1 ∈ F1 and

T2 ∈ F2 such that [v2, v3] ∈ T1, T2. Now we construct two new spanning forests F ∗
1 and F ∗

2

of T as follows.

i) First delete the edge [v2, v3] from T1 to construct two new trees, say T 1
1 and T 2

1 . Let

v2 ∈ T 1
1 . Now construct a new tree T 1

1 from T 1
1 by introducing two new vertices v0, v1 and

then adding the path [v0, v1, v2]. Let F ∗
1 = {F1 − T1, T 1

1 , T
2
1 }. Clearly [v2, v3] /∈ F ∗

1 and

F ∗
1 ∈ FX,Y

T .

ii) Construct a new tree T2 from T2 by introducing two new vertices v0, v1 and then adding

the path [v0, v1, v2]. Let F ∗
2 = {F2−T2, T2}. Clearly [v2, v3] ∈ F ∗

2 and F ∗
2 ∈ FX,Y

T . Therefore,

we get

|FX,Y
T | ≥ |FX1,Y1

T̂
|+ |FX2,Y2

T̂
|

This completes the proof. �

Let us discuss one application of Theorem 4.5.1 in the following example.

◮ Example 4.5.2. Let us consider the tree T as shown below. Clearly (L = {1, 3, . . . , 15}, R =

{2, 4, . . . , 16}) is a standard vertex bipartition of T . Let L and L be the bipartite Laplacian

matrix and the usual Laplacian matrix of T , respectively. We consider X = {4, 12, 14}

and Y = {1, 9, 15}. Recall that by using Chaiken’s result, that is, Theorem 4.1.2 we get

|FX,Y
T | = |L(X | Y )|. Also, by using Theorem 4.5.1, we know that |FX,Y

T | = |L(X | Y )|.

That means, if we apply Chaiken’s result to calculate |FX,Y
T | then we have to find the
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5 6

13 14 15 16

7
8

11 12

9 10

4

2

3

1

T

Figure 4.9: An application of Theorem 4.5.1. Here circled vertices are selected vertices.

determinant of the following 13× 13 submatrix of the usual Laplacian matrix of T

L(X | Y ) =




−1 2 0 −1 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0 0

0 0 −1 −1 0 0 0 0 0 0 0 0 0

0 −1 0 3 −1 0 0 0 0 0 0 0 0

0 0 0 −1 3 −1 0 0 0 0 −1 0 0

0 0 0 0 −1 2 −1 0 0 0 0 0 0

0 0 0 0 0 −1 3 −1 0 −1 0 0 0

0 0 0 0 0 0 0 −1 1 0 0 0 0

0 0 0 0 0 0 −1 0 0 2 0 0 0

0 0 0 0 0 0 0 0 0 −1 0 0 0

0 0 0 0 −1 0 0 0 0 0 2 0 0

0 0 0 0 0 0 0 0 0 0 −1 −1 0

0 0 0 0 0 0 0 0 0 0 0 −1 1




.

Whereas if we apply Theorem 4.5.1 to calculate |FX,Y
T | then we need to find the determ-

inant of the following 5× 5 submatrix of L

L(X | Y ) =




0 −1 0 0 0

−3 8 −1 0 −1

3 −9 5 −1 0

−1 3 −2 0 0

−1 3 0 0 −2



.

In both the above mentioned cases we see that |FX,Y
T | = |L(X | Y )| = L(X | Y ) = 8.

Therefore, Theorem 4.5.1 provide an alternate way to calculate FX,Y
T on which we have to

calculate a determinant of a 5× 5 matrix instead of 13× 13. ◭
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5 q-analogues of the bipartite distance matrix

Bapat, Lal, and Pati [BLP06] in 2006 introduced two types of q-analogue version of distance

matrix, namely, q-distance matrix and exponential distance matrix. Indeed, in the same

paper [BLP06], they generalized many concept of the distance matrix of a tree to that of

q-distance matrix of a tree. The q-analogue version of the distance matrix generated a

considerable interest and has been studied by many researcher (see, for example, [BLP06,

Siv10, BS11, LSZ14]). In this chapter we extended almost all result of the bipartite distance

matrix of nonsingular tree to that of a q-analogue version of the bipartite distance matrix.

5.1 Preliminaries

Let q be an indeterminate. For a positive integer k, we define {k} := 1+ q+ q2 + · · ·+ qk−1.

We set {0} = 0. Let us recall the definitions of q-distance matrix and exponential distance

matrix of a graph G.

◮ Definition 5.1.1. Let G be a connected graph on n vertices. The q-distance matrix Dq(G)

of G is the square matrix of order n whose (i, j)th entry is {distG(i, j)}.

The exponential distance matrix De(G) of G is the square matrix of order n whose (i, j)th

entry is qdistG(i,j). ◭

If q = 1, then D1(G) = D(G) and so the distance matrix D(G) is a particular case of the

q-distance matrix Dq(G).

The formulas for the determinants of the q-distance matrix and exponential distance mat-

rix of a tree can be found in [BLP06, YY07].

◮ Theorem 5.1.2. Let T be a tree on n vertices. Let Dq and De be the q-distance matrix and

the exponential distance matrix of T , respectively. Then det(Dq) = (−1)n−1(n− 1)(1+ q)n−2

and det(De) = (1− q2)n−1. ◭

In the following definition we define two types of q-analogues of the bipartite distance

matrix of bipartite graph with a unique perfect matching.
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◮ Remark 5.1.5.
q-analogues of the bipartite distance matrix

◮ Definition 5.1.3. Let G be connected, bipartite graph with a unique perfect matching on

2p vertices with a standard vertex bipartition (L,R). The q-bipartite distance matrix of G,

denoted by Bq(G), is the square matrix of order p such that the (i, j)th entry of Bq(G) is

given by {distG(li, rj)}. Note that each entry of Bq(G) is a polynomial in q.

The exponential bipartite distance matrix of G, denoted by Bǫ(G), is the square matrix of

order p such that the (i, j)th entry of Bǫ(G) is given by qdistG(li,rj).

Note that the rows of Bq(G) and Bǫ(G) are indexed by l1, . . . , lp and the columns of Bq(G)

and Bǫ(G) are indexed by r1, . . . , rp.

If q = 1 then Bq(G) = B(G) and Bǫ(G) = 11
t. Therefore, the q-bipartite distance matrix

of G is a generalization of the bipartite distance matrix of G. ◭

Let us first look at the following example.

◮ Example 5.1.4. Consider the nonsingular tree T as shown below. Here the dashed edges

are the matching edges.

b

b b b b b b

bb bl1

r1 l2 r2 l3 r3 l4

l5r5
r4

T

Clearly, L = {l1, . . . , l6}, R = {r1, . . . , r6} is a standard vertex bipartition of T . The

q-bipartite distance matrix Bq of the tree T is given by

Bq =




1 q2 + q + 1 q4 + q3 + q2 + q + 1 q6 + q5 + q4 + q3 + q2 + q + 1 q4 + q3 + q2 + q + 1

1 1 q2 + q + 1 q4 + q3 + q2 + q + 1 q2 + q + 1

q2 + q + 1 1 1 q2 + q + 1 1

q4 + q3 + q2 + q + 1 q2 + q + 1 1 1 q2 + q + 1

q4 + q3 + q2 + q + 1 q2 + q + 1 q2 + q + 1 q4 + q3 + q2 + q + 1 1




The exponential bipartite distance matrix Bǫ of the tree T is shown below along with the

bipartite distance matrix B of T .

Bǫ =




q q3 q5 q7 q5

q q q3 q5 q3

q3 q q q3 q

q5 q3 q q q3

q5 q3 q3 q5 q



, B =




1 3 5 7 5

1 1 3 5 3

3 1 1 3 1

5 3 1 1 3

5 3 3 5 1



. ◭

For a bipartite graph G with a unique perfect matching, we can have many standard

vertex bipartitions depending on the labeling of its vertices. However, we can see that the q

analogues of the bipartite distance matrices corresponding to them are similar to each other.
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Let G be a connected, bipartite graph with a unique perfect matching. Let (L,R) be a

standard vertex bipartition of G.

a) Let Ĝ be the graph obtained by interchanging the labels of li with ri for all i = 1, . . . , p

in G. Then Bq(G) = Bq(Ĝ)t and both the matrices are similar. Also Bǫ(G) = Bǫ(Ĝ)t and

both the matrices are similar.

b) Let Ĝ be the graph obtained by relabeling the vertices within the part L, keeping it a

standard vertex bipartition (that is, we also relabel the respective vertices in R accordingly).

Then Bq(G) is permutation similar to Bq(Ĝ). Also Bǫ(G) is permutation similar to Bǫ(Ĝ).

◭

The q-bipartite distance matrix and the exponential bipartite distance matrix of a nonsin-

gular tree T are closely related to each other by the following identity.

◮ Lemma 5.1.6. Let G be a connected, bipartite graph with a unique perfect matching. Then

for each standard vertex bipartition we have

(1− q)Bq(G) = 11
t −Bǫ(G). ◭

Proof. The proof follows from the identity

(1− q){k} = 1− qk, for k ∈ N. �

The following result tells that if k is even then −1 is always a zero of {k}.

◮ Lemma 5.1.7. Let k be an even integer. Then there exist a polynomial g in q of integer

coefficient such that

{k} = (q + 1)g(q). ◭

Proof. Let h(q) = 1+q+ · · ·+qk−1. Since k−1 is an odd integer, h(−1) = 0. This completes

the proof. �

Let T be a tree on 2p vertices. By Theorem 5.1.2, we see that detDq(T ) is always a

multiple of (1 + q)2(p−1). Since the size of Bq(T ) is half of that of the Dq(T ), one would ask

whether detBq(T ) is a multiple of (1 + q)p−1. In the following result we see the answer is in

the affirmative.

◮ Theorem 5.1.8. Let G be a connected, bipartite graph on 2p vertices with a unique perfect

matching. Let (L,R) be the standard vertex bipartition of G. Then detBq(G) is divisible by

qp−1(1 + q)p−1. ◭
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Proof. Clearly the distance between li ∈ L and rj ∈ R in G is a odd number. Therefore,

each entry of Bq(G) is of the form {k}, for some odd number k.

Let Ei denote the matrix I − e1e
t
i, for i = 2, . . . , p. Let P = E2E3 · · ·Ep. Then we have

Bq(G)P =

[
1 xt

∗ Q

]
,

for some vector x. Since dist(li, rj) is odd for each i, j, all entries of Q are of the following

form

qt + qt+1 + · · ·+ qs−1, for some even numbers t and s.

Let ki = dist(li, r1) and kj = dist(li, rj) where i = 1, . . . , p and j = 2, . . . , p. Let ti,j =

min{ki, kj} ≥ 1. Notice that

{kj}− {ki} = ±qti,j{|ki − kj|}.

By Lemma 5.1.7, it follows that detBq(G) has a factor qp−1(1 + q)p−1. This completes the

proof. �

From the above result, it is easy to note that detBq(G) = 0 for q = 0,−1. As our main

aim is to find the determinant of q-distance matrix of a nonsingular tree, so q = 0,−1 are

not in our interest. For q = 1, the above result gives us Theorem 2.1.7.

In view of Theorem 5.1.8, we see that in order to find the determinant of the q-bipartite

distance matrix it is enough to calculate the quantity detBq(T )/q
p−1(1+q)p−1. This motivate

us to define q-bipartite distance index of T .

◮ Definition 5.1.9. Let G be a connected, bipartite graph on 2p vertices with a unique perfect

matching. The q-bipartite distance index of G is denoted by bdq(G) and is defined by

bdq(G) :=
detBq(G)

qp−1(1 + q)p−1
, q 6= 0,−1. ◭

◮ Example 5.1.10. Consider the following bipartite graph G with a unique perfect matching.

Here the dashed edges are the matching edges.

b

b b b b b b

bb bl1

r1 l2 r2 l3 r3 l4

r5l5 r4

Let Bq(G) be the q-bipartite distance matrix of G. Then we can see that detBq(G) =

q4(1 + q)4(2q + 3). It follows that bdq(G) = 2q + 3.
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In a similar way, we can check that the q-bipartite distance index of T as defined in

Example 5.1.4, is also 2q + 3. ◭

5.2 The q-bipartite distance index

The following result tells us that the bdq(G) remains same if we attach a new P2 at any

quasi-pendant vertex of G. Note that for q = 1, the result below gives us Lemma 2.1.11.

◮ Theorem 5.2.1. Let G be a connected, bipartite graph on 2p vertices with a unique perfect

matching. Let v be a quasi-pendant vertex of G. Let Ĝ be the bipartite graph on 2p + 2

vertices obtained by attaching a new P2 at v. Then

detBq(Ĝ) = −q(1 + q) detB(G), and bdq(Ĝ) = bdq(G). ◭

Proof. Let L = {l1, . . . , lp}, R = {r1, . . . , rp} be a standard vertex bipartition of G and

assume without loss of generality that v = lp. Let the graph Ĝ be constructed from G by

taking two new vertices lp+1, rp+1 and adding the edges [lp, rp+1], [rp+1, lp+1].

b b

b

b

b

b

b b

... rplp

lp+1 rp+1

G
Ĝ

The q-bipartite distance matrix of Ĝ can be written as

Bq(Ĝ) =

[
Bq(G) Bq(T )ep

(1 + q)1t + q2et
pBq(G) 1

]
.

By subtracting the column p from the column p + 1 in Bq(Ĝ) we get

Q =




Bq(G) 0

(1 + q)1t + q2et
pBq(G) −(q + q2)




Hence detBq(Ĝ) = detQ = −q(1 + q) detB(G) and bdq(Ĝ) = bdq(G). �

Since a corona tree can be obtained from P2 by repeatedly attaching a new P2 at quasi-

pendant vertices and bdq(P2) = 1, the following corollary is immediate from Theorem 5.2.1

which tells that the q-bipartite distance index of a corona tree is always one.
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◮ Corollary 5.2.2. Let T be a corona tree on 2p vertices. Then, bdq(T ) = 1. In particular,

detBq(T ) = (−1)p−1qp−1(1 + q)p−1. ◭

We want to remark that the converse of Corollary 5.2.2 is not true. Let T be the tree as

shown in Figure 5.1. By computation, we see that bdq(T ) = 1 whereas T is not a corona

tree.

b b

b b b b

b b

b b

b b

b b

Figure 5.1: A non-corona tree T with bdq(T ) = 1.

Note that Theorem 5.2.1 helps us to calculate the q-bipartite distance index of certain

type of tree. In the next section we shall supply a recursive formula to compute bdq(T ) of

any nonsingular tree T similar to Theorem 5.2.1 where we allow attaching a new P2 at any

vertex.

5.3 The q-bipartite distance index of a tree

Since a nonsingular tree is a bipartite graph with a unique perfect matching, the study of

the properties of a bipartite distance matrix of a nonsingular tree is naturally a starting

point. From now onward we mainly focus on characterize the bipartite distance index of a

nonsingular tree.

In the below result we calculate the q-bipartite distance indices of the paths P2p.

◮ Theorem 5.3.1. Let P2p be a path on 2p vertices. Then detBǫ(P2p) = qp(1 − q2)p−1 and

for q 6= 0,−1,

bdq(P2p) =

⌈
p− 2

2

⌉
q +

⌈p
2

⌉
,

where ⌈x⌉ is the ceiling function that maps x to the least integer greater than or equal to

x. ◭

Proof. Let T = [l1, r1, l2, r2, . . . , lp, rp] be a path on 2p vertices.

b b b b · · · b b

l1 r1 l2 r2 lp rp

Our first aim is to prove detBǫ(T ) = qp(1− q2)p−1.
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Let T ′ = [l1, r1, . . . , lp−1, rp−1]. That is, T ′ is a path on 2p − 2 vertices. Notice that the

matrix Bǫ(T ) can be written as

Bǫ(T ) =

[
Bǫ(T

′) q2Bǫ(T
′):,p−1

xt q

]
,

where x = [ q2p−3 q2p−5 · · · q ]t. Take E = I − q2ep−1e
t
p. It is easy to note that

Bǫ(T )E =

[
Bǫ(T

′) 0

xt q − q3

]
.

Therefore, by applying induction, we see that detBǫ(T ) = qp(1− q2)p−1.

Notice that for q = 1 the result follows directly follows from Proposition 2.2.1. Thus our

aim is to prove the remaining part of the result for q 6= 0,±1. By Lemma 5.1.6 know that

(1− q)Bq(T ) = 11
t −Bǫ(T ).

Since q 6= 0,±1, Bǫ(T ) is invertible. It follows that

(1− q)p detBq(T ) = (−1)p det(Bǫ(T ))
(
1− 1

t
Bǫ(T )

−1
1
)
. (5.1)

Let us consider the vector x of size p defined as follows.

x(i) =





1/q if i is odd,

−q if i is even but i 6= p

0 if i = p and i is even.

It is easy to verify that Bǫ(T )x = 1 and so Bǫ(T )
−1
1 = x. Further note that

1
tx =

⌈p
2

⌉1
q
−

⌈
p− 2

2

⌉
q.

Let k =
⌈
p−2
2

⌉
. Then k + 1 =

⌈
p
2

⌉
. By (5.1), we get

(1− q) detBq(T ) = (−1)pqp(1 + q)p−1

[
1− (k + 1)

1

q
+ kq

]

= (−1)pqp−1(1 + q)p−1[(q − 1) + k(1 + q)(q − 1)]

= (−1)p−1qp−1(1 + q)p−1[kq + (k + 1)].
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b b b b b b

P6

b b b b b b

b b

T1

b b b b b b

b b

b b
T2

b b b b b b b b

b b b b

T3

Figure 5.2: The q-bipartite distance indices of T1 and T2 can be be computed only by Theorem
5.2.1 and Proposition 5.3.1, but that of T3 cannot be computed. Dashed lines are matching edges.

This completes the proof. �

Note that the previous result along with Theorem 5.2.1 can help us evaluate the bipartite

distance index of many nonsingular trees. Consider P6, a path on 6 vertices. By Proposition

5.3.1, bdq(P6) = q + 2. Now consider the tree T1 obtained from P6 as show Figure 2.2. By

Theorem 5.2.1, bdq(T1) = q + 2. Similarly, again by Theorem 5.2.1, bdq(T2) = q + 2. Thus,

multiplying (−q)p−1(1 + q)p−1 we get the value of detBq(T ) for these trees, for example,

detBq(T2) = (−1)p−1(q)p−1(1 + q)p−1(q + 2).

However, there are trees whose bipartite distance index cannot be computed from these

two results alone. For example, the tree T3 in Figure 5.2 is such a tree. In the next section we

shall develop a technique that will help us to compute the bipartite index of any nonsingular

tree.

5.4 Recursive formula to calculate the q-bipartite

distance index of a tree

In this section we prove that the determinant of the exponential bipartite distance matrix

of a nonsingular tree depends only on the number of vertices but not on the structure of

the tree and provide a recursive formula to calculate the q-bipartite distance index of any

nonsingular tree. Before that let us define the following vector which is a q-analogue version

of the τT vector, as defined in Definition 2.2.8.

◮ Definition 5.4.1. Let T be a nonsingular tree on 2p vertices with a standard vertex bipar-

tition (L,R). The vector qτT , or simply qτ , of size 2p is defined by

qτT (v) := −
[
(dT (v)− 1)q2 +

(
1 + (dT (v)− 1)q2

)
diffT (v)

]
, for each v in T . (5.2)

102
TH-2878_156123009
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The entries of qτT are ordered according to l1, . . . , lp, r1, . . . , rp.

The restriction of qτT on L is denoted by qτ l
T or simply by qτ l and the restriction of qτT on

R is denoted by qτ r
T or simply by qτ r.

Note that qτ r
T and qτ l

T are vectors of size p whose i-th component is qτT (ri) and qτT (li),

respectively. ◭

Note that if q = 1 then qτT (v) = 1 − dT (v)[1 + diffT (v)] for each v in T . Therefore, the

vector qτT is a generalization of the vector τT as defined in Definition 2.2.8.

◮ Example 5.4.2. Consider the tree T as shown below. Here the dashed edges are matching

edges. The numerical value near at the vertex v represent the value diffT (v).

b b b b b b b

bb b

l1 r1 l2 r2 l3 r3
l4

l5r5 r4

0 −1 0 −1

0

−1 1 −2

1−1

Note that d(l2), the degree of the vertex l2, is 3 and diffT (l2) = −1. It follows that

qτT (l2) = −(3− 1)q2 −
(
1 + (3− 1)q2

)
× (−1) = 1.

In a similar way, we can see that

qτT (r2) = −(2− 1)q2 −
(
1 + (2− 1)q2

)
× 1 = −1− 2q2.

Therefore, qτ l
T and qτ r

T of T is given by

qτ l
T =

[
0 1 −q2 1 0

]t
, and qτ r

T =
[
1 −1 − 2q2 2 + q2 −1 1

]t
. ◭

The following theorem gives us insight to how the values of qτ r and qτ l changes under the

operation attaching a new P2 at a vertex.

◮ Lemma 5.4.3. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition

(L,R). Let T̂ be the tree obtained from T by attaching a new P2 at v.

(a) If v = rk for some k, then qτ r
T̂
=

[
qτ r

T

0

]
− (1 + diffT (rk))

[
q2ek

−1

]
.

(b) If v = lk for some k, then qτ l
T̂
=

[
qτ l

T

0

]
− (1 + diffT (lk))

[
q2ek

−1

]
. ◭

Proof. We prove only item (a) as the proof of item (b) can dealt in a similar way. Without

loss of any generality, let us assume that T̂ be the tree obtained from T by taking two new
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vertices lp+1, rp+1 and adding the edges [rk, lp+1], [lp+1, rp+1]. Note that if ri ∈ T then the

alternating path starting from ri lies inside the tree T . This shows that diffT (ri) = diffT̂ (ri)

for each i = 1, . . . , p. Now, each odd alternating path starting from rk corresponds to an

even alternating path starting from rp+1 and each even alternating path starting from rk

corresponds to an odd alternating path starting from rp+1. This shows that diffT̂ (rp+1) =

−1 − diffT (rk).

Since dT̂ (v) = dT (v) for each v ∈ T − {rk}, it follows that qτT̂ (ri) =
qτT (ri) for each i 6= k

and i = 1, . . . , p. Note that dT̂ (rk)− 1 = dT (rk). Therefore, we get

qτT̂ (rk) = −
[
dT (rk)q

2 +
(
1 + dT (rk)q

2
)
diffT (rk)

]
= qτT (rk)− q2(1 + diffT (rk)).

Since dT̂ (rp+1) = 1, it follows that qτT̂ (rp+1) = 1+diffT (rk). This completes the proof. �

5.4.1 The exponential bipartite distance matrix

The following result will be used as inductive step to calculate the determinant of the expo-

nential bipartite distance matrix.

◮ Lemma 5.4.4. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition

(L,R). Let T̂ be the tree obtained by attaching a new P2 at v.

(a) If v = rk for some k and Bǫ(T )
qτ r

T = q1, then Bǫ(T̂ )
qτ r

T̂
= q1.

(b) If v = lk for some k and (qτ l
T )

t
Bǫ(T ) = q1, then (qτ l

T̂
)tBǫ(T̂ ) = q1t.

Furthermore, detBǫ(T̂ ) = q(1− q2) detBǫ(T ). ◭

Proof. We only provide the proof of item (a) as the proof of item (b) can be dealt in a similar

way. Clearly, the standard vertex bipartition of T is (L = {l1, . . . , lp}, R = {r1, . . . , rp}). Let

T̂ be the tree obtained from T by introducing two new vertices lp+1, rp+1 and adding the

edges [rk, lp+1], [lp+1, rp+1].

Note that the matrix Bǫ(T̂ ) can be written as

Bǫ(T̂ ) =

[
Bǫ(T ) q2Bǫ(T )ek

yt q

]
,

where y(i) = qdist(lp+1,ri) for i = 1, . . . , p. By item (a) of Lemma 5.4.3, we know that

qτ r
T̂
=

[
qτ r

T

0

]
− (1 + diffT (rk))

[
q2ek

−1

]
.
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First note that

Bǫ(T̂ )

[
−q2ek

1

]
= −q2Bǫ(T̂ )ek+Bǫ(T̂ )ep+1 = −q2

[
Bǫ(T )ek

q

]
+

[
q2Bǫ(T )ek

q

]
=

[
0

−(q3 − q)

]
.

Therefore, by applying Bǫ(T )
qτ r

T = q1, we have

Bǫ(T̂ )
qτ r

T̂
=

[
q1

ytqτ r
T − (q3 − q)(1 + diffT (rk))

]
. (5.3)

Let F be the component of T obtained by removing all edges incident at rk except the

edge [lk, rk], that contain the vertex lk. It is easy to note that if dT (rk) = 1 then F is T itself.

Further note that, an alternating path starts at ri ∈ F lies inside the tree F . It follows that

diffT̂ (ri) = diffT (ri) = diffF (ri) for each ri ∈ F .

Clearly, dT (v) = dF (v) for each v ∈ F − rk. Therefore,

qτ r
T (ri) =

qτ r
F (ri), for each ri ∈ F − rk.

Notice that y(i) = qdist(lk,ri) if ri ∈ (T − F ) ∪ {rk} and y(i) = q2qdist(lk,ri) if ri ∈ F − rk.

Therefore we get

ytqτ r
T =

p∑

i=1

qdist(lk ,ri)qτ r
T (ri) + (q2 − 1)

∑

ri∈F

i6=k

qdist(lk,ri)qτ r
T (ri)

= etkBǫ(T )
qτ r

T + (q2 − 1)

[
∑

ri∈F

qdist(lk ,ri)qτ r
F (ri)

]
− q(q2 − 1)qτ r

F (rk)

= q + (q2 − 1)etkBǫ(F )qτ r
F + q(q2 − 1) diffF (rk)

= q + q(q2 − 1)(1 + diffT (rk)). (5.4)

By (5.3) and (5.4), it follows that Bǫ(T̂ ) = q1.

If q = 0 then detBǫ(T ) = detBǫ(T̂ ) = 0 and so detBǫ(T̂ ) = q(1 − q2) detBǫ(T ) holds

trivially. Let us assume q 6= 0. Take E = I − q2eke
t
p+1. Note that all entries in the last

column of Bǫ(T̂ )E are zero except the p + 1-th entry is q − q3. Hence, it follows that

detB(T̂ ) = q(1− q2) detB(T̂ ). This completes the proof. �

◮ Theorem 5.4.5. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition

(L,R). Then Bǫ(T )
qτ r

T = q1 and detBǫ(T ) = qp(1− q2)p−1. ◭

Proof. We prove the statement by induction on p. Clearly the statement holds for p = 1, as
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in this case Bǫ(T ) = [q] and qτ r
T = [1]. Assume the statement to be true for p. Let T̂ be a

nonsingular tree on 2p+2 vertices. Then T̂ is obtained from some nonsingular tree T on 2p by

attaching a new P2 at some vertex v. Let (L,R) be the standard vertex bipartition of T such

that v = rp. By the induction hypothesis, Bǫ(T )
qτ r

T = q1 and detBǫ(T ) = qp(1 − q2)p−1.

Therefore, by Lemma 5.4.4, Bǫ(T̂ )
qτ r

T̂
= q1 and detBǫ(T̂ ) = q(1 − q2) detBǫ(T ). This

completes the proof. �

Here we remark that if q = 1 then the above result gives us Lemma 2.2.13. Hence, Theorem

5.4.5 is a generalization of Lemma 2.2.13.

The following corollary is immediate from Theorem 5.4.5.

◮ Corollary 5.4.6. Let T be a nonsingular tree on 2p vertices with a standard vertex bipar-

tition (L,R). Then (qτ l
T )

t
Bǫ(T ) = q1t and detBǫ(T ) = qp(1− q2)p−1. ◭

5.4.2 The q-bipartite distance matrix

The following result will be used as inductive step in the proof of Theorem 5.4.8.

◮ Lemma 5.4.7. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition

(L,R). Let T̂ be the tree obtained by attaching a new P2 at v. Suppose q 6= 0,−1.

(a) If v = rk for some k and Bq(T )
qτ r

T = bdq(T )1 then

Bq(T̂ )
qτ r

T̂
= (bdq(T ) + (1 + q)[1 + diffT (v)])1.

(b) If v = lk for some k and (qτ l
T )

t
Bq(T ) = bdq(T )1, then

(qτ l
T̂
)tBǫ(T̂ ) = (bdq(T ) + (1 + q)[1 + diffT (v)])1

t.

Furthermore, bdq(T̂ ) = bdq(T ) + (1 + q)[1 + diffT (v)]. ◭

Proof. We only provide the proof of item (a) as the proof of item (b) can be dealt in a similar

way. Clearly, the standard vertex bipartition of T is (L = {l1, . . . , lp}, R = {r1, . . . , rp}). Let

T̂ be the tree obtained from T by introducing two new vertices lp+1, rp+1 and adding the

edges [rk, lp+1], [lp+1, rp+1].

Note that the matrix Bǫ(T̂ ) can be written as

Bq(T̂ ) =

[
Bq(T ) (1 + q)1+ q2Bǫ(T ):,k

yt 1

]
,
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where y(i) = {dist(lp+1, ri)} for i = 1, . . . , p. By item (a) of Lemma 5.4.3, we know that

qτ r
T̂
=

[
qτ r

T

0

]
− (1 + diffT (rk))

[
q2ek

−1

]
.

First note that

Bq(T̂ )

[
−q2ek

1

]
= −q2Bq(T̂ )ek +Bq(T̂ )ep+1 =

[
(1 + q)1

1− q2

]
. (5.5)

Therefore, by applying Bǫ(T )
qτ r

T = bdq(T )1, we have

Bǫ(T̂ )
qτ r

T̂
=

[
[bdq(T ) + (1 + q)(1 + diffT (rk))]1

ytqτ r
T + (1− q2)(1 + diffT (rk))

]
. (5.6)

Let F be the component of T obtained by removing all edges incident at rk except the

edge [lk, rk], that contain the vertex lk.

It is easy to note that if dT (rk) = 1 then F is T itself. Further note that, an alternating

path starts at ri ∈ F lies inside the tree F . It follows that

diffT̂ (ri) = diffT (ri) = diffF (ri) for each ri ∈ F .

Clearly dT (v) = dF (v) for each v ∈ F − rk. Therefore,

qτ r(T )(ri) =
qτ r

F (ri), for each ri ∈ F − rk.

Notice that y(i) = {dist(lk, ri)} if ri ∈ (T − F ) ∪ {rk} and y(i) = {dist(lk, ri) + 2} if

ri ∈ F − rk. Therefore we get

ytqτ r
T =

p∑

i=1

y(i)qτ r
T (ri)

=

p∑

i=1

{dist(lk, ri)}
qτ r

T (ri) +
∑

ri∈F

i6=k

({dist(lk, ri) + 2}− {dist(lk, ri)})
qτ r

T (ri)

= etkBq(T )
qτ r

T +
∑

ri∈F

i6=k

(1 + q)qdist(lk,ri)qτ r
F (ri)

= bdq(T ) + (1 + q)

[
∑

ri∈F

qdist(lk ,ri)qτ r
F (ri)

]
− (1 + q)qqτ r

F (rk)

= bdq(T ) + (1 + q)ekBǫ(F )qτ r
F − (1 + q)qqτ r

F (rk)

107
TH-2878_156123009



q-analogues of the bipartite distance matrix

By Lemma 5.4.4, we know that Bǫ(F )qτ r
F = q1. Since qτ r

F (rk) = − diffF (rk) = − diffT (rk),

it follows that

ytqτ r
T = bdq(T ) + q(1 + q)(1 + diffT (rk)) (5.7)

From the identity (5.7) we note that

ytqτ r
T + (1− q2)(1 + diffT (rk)) = bdq(T ) + (1 + q)(1 + diffT (rk)) (5.8)

By substituting (5.8) in (5.6) we see that

Bǫ(T̂ )
qτT̂ = [bdq(T ) + (1 + q)(1 + diffT (rk))]1.

Therefore, in order to establish the result it only remains to show that

bdq(T̂ ) = bdq(T ) + (1 + q)(1 + diffT (rk)). (5.9)

Let us first assume that bdq(T ) 6= 0. Clearly, q 6= 0,−1. Consider the matrix E1 =

I − q2eke
t
p+1 and E2 = I − 1+q

bdq(T )

[
qτ r

T

0

]
et
p+1. Notice that

Bq(T̂ )E1E2 =

[
Bq(T ) (1 + q)1

yt 1− q2

]
E2 =

[
Bq(T ) 0

yt (1− q2)− 1+q
bdq(T )

ytqτ r
T

]
.

It follows that

bdq(T̂ ) =
1

q

[
ytqτ r

T + (1− q) bdq(T )
]

(5.10)

Using the identity (5.7) in (5.10) we get

bdq(T̂ ) = bdq(T ) + (1 + q)(1 + diffT (rk)) (5.11)

By substituting (5.8), (5.9) in (5.6), it establishes that if bdq(T ) 6= 0 then Bq(T̂ )
qτT̂ =

bdq(T̂ )1 and bdq(T̂ ) = bdq(T ) + (1 + q)(1 + diffT (rk)).

Now we assume the case bdq(T ) = 0 for some q∗ ∈ C. Let B
∗ is a matrix obtained from

Bq(T ) by substituting q = q∗. Since detBq(T ) is a polynomial in q, it has finitely many zeros.

Therefore, there exist an sequence {qn} converges to q∗ such that detBn 6= 0 for each n where

Bn is the matrix obtained from Bq(T ) by substituting q = qn. Since each entry of Bq(T ) is a

polynomial in q, it follows that Bn converges to B∗. Let f(qn) = det(Bn)/(−q)p−1(1 + q)p−1.

Since determinant is a continuous function, it follows that f(qn) tends to 0. Therefore,

f(qn) + (1 + qn)(1 + diffT (rk)) converges to (1 + q∗)(1 + diffT (rk)). This establishes that

bdq(T̂ ) = (1 + q)(1 + diffT (rk)) for q = q∗. Hence the proof is complete. �
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b b

b

b

b

b

b

b

b

b

...
... =

=bdq(T )

b b

b

b

b

b

b

... -

-bdq(T2)

b b b

b

b

b

b

b

b

...
... +

+bdq(T1)

b b

b

b

b

...

bdq(T1 ∩ T2)

Figure 5.3: The inclusion-exclusion principle.

Now we are ready to supply our main result of this section which gives us a recursive way

to calculate q-bipartite distance index of any nonsingular tree T .

◮ Theorem 5.4.8. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition

(L,R). Suppose q 6= 0,−1. Then following assertions hold.

(a) Bq(T )
qτ r

T = bdq(T )1.

(b) Let v be a vertex and let T̂ be the tree obtained from T by attaching a new P2 at v.

Then

bdq(T̂ ) = bdq(T ) + (1 + q)(1 + diffT (v)). ◭

Proof. We prove both the statements by induction on p. Clearly the item (a) holds for

p = 1, as in this case Bq(T ) = [1] and qτ r
T = [1]. By Proposition 5.3.1, the item (b) holds

for p = 1. (One can also verify the item (b) for p = 1 by taking P2 and P4.) Assume

the statement to be true for p. Let T̂ be a nonsingular tree on 2p + 2 vertices. Then T̂

is obtained from some nonsingular tree T on 2p by attaching a new P2 at some vertex v.

Let (L,R) be the standard vertex bipartition of T such that v = rp. By the induction

hypothesis, Bq(T )
qτ r

T = bdq(T̂ )1. Therefore, by Lemma 5.4.4, we have Bq(T̂ )
qτ r

T̂
= bdq(T̂ )1

and bdq(T̂ ) = bdq(T ) + (1 + q)(1 + diffT (rk)). This completes the proof. �

For q = 1, Theorem 5.4.8 gives us Theorem 2.2.15.

5.5 The inclusion-exclusion principle

In this section our first aim is to establish that the q-bipartite distance index of a nonsingular

tree satisfies an inclusion-exclusion type of principle at each matching edge and then using

that result we show that the q-bipartite distance index of a nonsingular tree is nothing but

a f -alternating sum with respect to the sequence S = (1, 1, q + 2, q + 2, 2q + 3, 2q + 3, . . .).
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◮ Theorem 5.5.1. Let T be a nonsingular tree on 2p vertices with a matching edge [u, v]

such that s = d(v) ≥ 3. Let w1, . . . , ws−1 be the other vertices adjacent to v. Let Bwi
be the

branches at v containing the vertex wi, i = 1, . . . , s− 1. Suppose q 6= 0,−1. Then we have

bdq(T ) = bdq(T −Bw1)+bdq(T −Bw2 −· · ·−Bws−1)−bdq(T −Bw1 −Bw2 −· · ·−Bws−1). ◭

Figure 5.3 illustrates why we refer the above result as an inclusion-exclusion principle.

Proof of Theorem 5.5.1. Let (L,R) be the standard vertex bipartition of T such that v = lk.

Let the degree of rk be s, s ≥ 1. We set k1 = k. Let lk1+1, lk2+1, . . . , lks−1+1 be some distinct

vertices other than lk1 that are adjacent to rk1 , see Figure 5.4. Let Bi be the branches at

v containing the vertex lki+1, i = 1, . . . , s − 1. Let B0 = T − B1 − B2 − · · · − Bs−1. Note

that each Bi is a nonsingular tree for i = 0, . . . , s − 1. Assume that the vertex set of B0

is {l1, . . . , lk1, r1, . . . , rk1}, the vertex set of B1 is {lk1+1, . . . , lk2 , rk1+1, . . . , rk2}, and so on up

to the vertex set of Bs−1 is {lks−1+1, . . . , lks, rks−1+1, . . . , rks}. Let us put an arrow on the

edge [lk1, rk1] from rk1 to lk1 . This arrow indicates that, from a vertex ri in B1, we do not

have an alternating path to a vertex in B0. Similarly, from a vertex ri in B2, we do not

have an alternating path to a vertex in B0, B1, B3, B4, . . . , Bs−1. Similar statements are true

for vertices ri in B3, . . . , Bs−1. Also, from a vertex li in B0, we only have alternating paths

to vertices in B0 but not to a vertex in B1, . . . , Bs−1. Let us take T1 be the tree B0. For

i = 2, . . . , s, let Ti be the subtree of T obtained by taking T1 and Bi and by inserting the

edge [lk1 , rki−1+1].

b bb

b

b

b b

lk1+2, . . . , lk2
rk1+1, . . . , rk2

lk1+1

lk2+2, . . . , lk3
rk2+1, . . . , rk3

lk2+1

lks−1+2, . . . , lks
rks−1+1, . . . , rks

lks−1+1

l1, . . . , lk1−1

r1, . . . , rk1−1 lk1

rk1
B0, T1

B1

B2

Bs−1

...

T

T2

Figure 5.4: Branching of a nonsingular tree into its nonsingular subtrees.

Let Bq(T2)k1,: denote the row induced by Bq(T2)k1,: on r1, . . . , rks. That is, Bq(T2)k1,: is

obtained by inserting 0 entries into Bq(T2)k1,: at the places corresponding to ri /∈ F2. Notice

that Bq(T2)k1,:(ri) = Bq(T2)k1,:(ri) if ri ∈ T2 and Bq(T2)k1,:(ri) = 0 if ri /∈ T2. Then it is
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immediate from the structure that

Bq(T )k1,: = Bq(T2)k1,: + · · ·+Bq(Ts)k1,: − (s− 2)Bq(T1)k1,:. (5.12)

Note that for any ri ∈ Tj , ri 6= rk1, we see that dTj
(ri) = dT (ri) and diffTj

(ri) = diffT (ri)

for j = 1, . . . , s. Hence,

qτ r
Tj
(ri) =

qτ r
T (ri) if ri ∈ Tj, ri 6= rk1.

Clearly, dT (rk1) = s, dT1(rk1) = 1 and for j = 2, 3, . . . , s, we have

dTj
(rk1) = 2, and diffT (rk1) = diffTj

(rk1) = diffT1(rk1).

It follows that

qτ r
T (rk1) = −

(
(s− 1)q2 + (1 + (s− 1)q2) diffT1(rk1)

)

qτ r
Tj
(rk1) = −

(
q2 + (1 + q2) diffT1(rk1)

)
j = 2, . . . , s

qτ r
T1
(rk1) = −

(
diffT1(rk1)

)
.

Therefore, for j = 2, . . . , s, we get

qτ r
T (rk1)−

qτ r
Fj
(rk1) = −(s− 2)q2(1 + diffT1(rk1)) = (s− 2)C,

where C = −q2(1 + diffT1(rk1)). Further note that,

qτ r
T (rk1)−

qτ r
T1
(rk1) = (s− 1)C.

By Theorem 5.4.8, we know that Bq(T )
qτ r

T = bdq(T )1. In particular, we have Bq(T )k1,:
qτ r

T =

bdq(T ). It follows that

bdq(T ) = Bq(T )k1,:
qτ r

T = Bq(T2)k1,:
qτ r

T + · · ·+Bq(Ts)k1,:
qτ r

T − (s− 2)Bq(T1)k1,:
qτ r

T

= Bq(T2)k1,:
qτ r

T2
+ (s− 2)C + · · ·+Bq(Ts)k1,:

qτ r
T2

+ (s− 2)C

−(s− 2)
(
Bq(T1)k1,:

qτ r
T2

+ (s− 1)C
)

= bdq(T2) + · · ·+ bdq(Ts)− (s− 2) bdq(T1).

In a similar argument, we have bdq(T −B1) = bdq(T3) + · · ·+ bdq(Ts)− (s− 3) bd(T1). The

conclusion follows by noting that T −B2 − · · · −Bs−1 = T2 and T −B1 −B2 − · · ·−Bs−1 =

T1. �
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Now we illustrate Theorem 5.5.1 with the following example to see how we can calculate

q-bipartite distance index of T from its (nonsingular) subtrees.

◮ Example 5.5.2. Consider the nonsingular tree T , as shown Figure 5.5. Edges in the perfect

matching are shown as dashed lines.

b b b b b b b bb b b b b b

b b b b

b

b b b

b b b b b b

b

b b b b b

v

w

Figure 5.5: Illustration of Theorem 5.5.1

Consider the vertex v in T . Note that d(v) = 3. By applying Theorem 5.5.1 at v, we have

bdq(T ) = bdq

(
b b b b b b b bb b b b b b

b b b b

b

b b b

w

)
+ bdq

( b b b bb b

b b b b b b

b

b b b b b

)

− bdq( b b b bb b )
(5.13)

Further, by applying Theorem 5.5.1 at w, in the first tree of the right hand side of the above

equation yields us

bdq

(
b b b b b b b bb b b b b b

b b b b

b

b b b

w

)
= bdq

(

b b b bb b

b b b b

b

b b b
)

+ bdq( b b b b b b b bb b b b b b )

− bdq( b b b bb b )

= 2 bdq(P8)− bdq(P4)

(5.14)

Therefore, by (5.13) and (5.14), it follows that

bdq(T ) = (2 bdq(P8)− bdq(P4)) + bdq(P10)− bdq(P4)

= 2 bdq(P8) + bdq(P10)− 2 bdq(P4)

= 2(q + 2) + (2q + 3)− 2 = 4q + 5.

Hence, detBq(T ) = (−1)p−1qp−1(1 + q)p−1(4q + 5). ◭

By applying Theorem 5.5.1, we can check that bdq(T ) = 1 for the tree T as defined in

Figure 5.1, bdq(T ) = 2q + 3 for the tree T as defined in Example 5.1.4, and bdq(T ) = q + 2

for the tree T as defined in Example 5.4.2.
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f -alternating sum

5.6 f-alternating sum

Let T be a nonsingular tree. In Chapter 2, we define f -alternating sum of T with respect

to a sequence S and observe that the f -alternating sum of T satisfies the same recurrence

relation as that of bdq(T ) in Theorem 5.5.1, see Theorem 2.4.2.

In the following result we argue that bdq(T ) is nothing but the f -alternating sum with

respect to the sequence S = (1, 1, q + 2, q + 2, 2q + 3, 2q + 3, . . .).

◮ Theorem 5.6.1. Let T be a nonsingular tree on 2p vertices and S = (1, 1, q+ 2, q+ 2, 2q +

3, 2q + 3, . . .) be a sequence. Then bdq(T ) = fS(T ). In particular,

detBq(T ) = (−1)p−1qp−1(1 + q)p−1
∑

P∈AT
P=[u,··· ,v]

[d(u)− 2][d(v)− 2]S
( |P |

2

)
. ◭

Proof. We prove the statement by induction on p. Note that for p = 1 and p = 2, the only

possible nonsingular tree is a path on 2p vertices and for a path the nonzero contributions

to f(T ) will come only from the end vertices. Therefore, by Proposition 5.3.1, the base step

holds.

For the inductive hypothesis, let us assume that the statement hold for each nonsingular

tree on less than 2p vertices. Let T be a nonsingular tree on 2p vertices. If T is a path then by

Proposition 5.3.1, the result holds. Suppose that T is not a path. Then there exists a vertex

v in T such that d(v) ≥ 3. Let [u, v] be the matching edge involving v. Let w1, . . . , ws−1

be the other vertices adjacent to v. Let Bwi
be the branches at v containing the vertex wi,

i = 1, . . . , s− 1. Then by Theorems 2.3.1 and Theorem 2.4.2 we have

bdq(T ) = bdq(T − Bw1) + bdq(T − Bw2 − · · · − Bws−1)− bdq(T − Bw1 − Bw2 − · · · − Bws−1)

= fS(T − Bw1) + fS(T −Bw2 − · · · − Bws−1)− fS(T −Bw1 − Bw2 − · · · − Bws−1)

= fS(T ).

This completes the proof. �

113
TH-2878_156123009



TH-2878_156123009



6 Conclusion and Future Work

This dissertation investigated the bipartite distance matrix and the bipartite Laplacian mat-

rix. We also studied minor of the bipartite Laplacian matrix and explore q-analogue versions

of the bipartite distance matrix. The work performed in this dissertation provides basis for

future research in several areas. These areas include:

• The bipartite distance index of a bipartite graph with a unique perfect matching.

• Classifying f -alternating sum for some other sequence S.

• Path decomposition of a nonsingular tree.

• Spectra of the bipartite Laplacian matrix.

• Further study on the q-bipartite distance matrix.

The bipartite distance index

In Chapter 2 we define bipartite distance matrix of a bipartite graph with a unique perfect

matching. Although we completely characterized the determinant of a nonsingular matrix

but we did not talked much about the determinant of an arbitrary bipartite graph with a

unique perfect matching. We shall try to characterize the bipartite distance index of an

arbitrary bipartite graph with a unique perfect matching.

f-alternating sum

In Chapter 2 and Chapter 5 we observed that the bipartite distance index and the q-bipartite

distance index of a nonsingular tree are a particular type of a f -alternating sum. Further we

noticed in Theorem 2.4.2 that the f -alternating sum satisfies an inclusion-exclusion type of

principle at any of its matching edge. We also discussed few properties of f -alternating sums

of a tree corresponding to some sequence S. It would be interesting to know properties of the

f -alternating sums of nonsingular trees, for some more sequences S. We believe that there

are many interesting facts lying there to be observed. In particular, it would be interesting

to know the class of graphs G with a unique perfect matching that have fS(G) = 1 or

fS(G) = |G|.
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Path Decomposition

By Theorem 2.3.1, one could argue that the bipartite distance index of a nonsingular tree

can be expressed as an integer combination of bipartite distance indices of some paths P2k.

One could ask the following question: from a given set of paths P2k is it possible to construct

a nonsingular tree T (by using some kind of merging operation) such that the bipartite

distance index of T can be obtained as a integer combination of bipartite distance indices of

given paths? We partially answered this question in Section 2.5.

Spectra of the bipartite Laplacian matrix

In Chapter 3, we have introduced bipartite Laplacian matrix which is a generalization of the

usual Laplacian matrix of a tree. It was shown that it enjoys many proprieties that are true

for usual Laplacian matrix. There are two properties that we believed are true but we do

not have complete proofs. We mention them below.

Conjecture 1. Let L be a bipartite Laplacian matrix of a nonsingular tree T . Then each

eigenvalues of L is a nonnegative real number.

Conjecture 2. Let L be a bipartite Laplacian matrix of a nonsingular tree T . Then L is

diagonalizable.

Further study on the q-bipartite distance matrix

In Chapter 5, we studied two types of q-analogue versions of the bipartite distance matrix

of nonsingular tree, namely, the q-bipartite distance matrix and the exponential bipartite

distance matrix. We observe that although the determinant of the q-bipartite distance matrix

depends on the tree structure but the determinant of the exponential bipartite distance

matrix is independent of the tree structure. We need a further study in order to understand

why only the determinant of the q-bipartite distance matrix depends on the tree structure.
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6Appendix

In the below table we give a list of all nonsingular trees on at most 10 vertices with their

bipartite distance index, eigenvalues of their bipartite Laplacian matrix and whether their

bipartite Laplacian matrix is diagonalizable.

p Tree T on 2p vertices bd(T ) Eigenvalues of L(T )
Is L(T ) diag-

onalizable?

1 b b 1 0 Yes

2 b b b b 1 0, 2 Yes

3 b b b b b b 3 0, 0.7, 4.30 Yes

3

b b

b bb b b 1 0, 1, 3 Yes

4 b b b b b b b b 3 0, 0.35, 2, 5.65 Yes

4 b b b b b bb

b b

3 0, 0.44, 2, 4.56 Yes

4 b b b b b bb

b b

5 0, 0.63, 1, 6.37 Yes

4 b b b b b bb

b

b

b

1 0, 0.58, 2, 3.41 Yes

4
b b b b bb

b

b

bb

1 0, 1, 1, 4 Yes

5

b b b b b b b b

bb 5 0, 2.2, 1.1, 3.28, 6.40 Yes

5 b b b b b b b bb

b b

3 0, 2.4, 1.33, 2.68, 5.74 Yes

5 b b b b b b b bb

b b

3 0, 0.29, 1, 2.32, 7.38 Yes

5 b b b b b b b bb

b b

5 0, 0.34, 0.73, 2.84, 7.09 Yes

5 b b b b b bb

b b b b

5 0, 0.26, 1, 3.73, 5 Yes

5 b b b b b b b bb

b

b

b

3 0, 0.28, 1.52, 2.44, 4.76 Yes

5 b b b b b bb

b b

b

bb

5 0, 0.36, 1, 2.13, 6.50 Yes
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p Tree T on 2p vertices bd(T ) Eigenvalues of L(T )
Is L(T ) diag-

onalizable?

5 b b b b b b b bb

b

b

b

3 0, 0.31, 1.22, 2.87, 4.60 Yes

5
b b b b b bb

b b

b

bb

5 0, 0.43, 0.76, 2.35, 6.46 Yes

5
b b b b b bb

bb

b

b b

9 0, 0.53, 1, 1, 9.47 Yes

5 b b b b b bb

b

b

b

b

bb

1 0, 0.38, 1.38, 2.62, 3.62 Yes

5
b b b b b bb

bb

b

bb

3 0, 0.38, 1, 2.62, 5 Yes

5
b b b b b bb

bb

b

bb

7 0, 0.59, 1, 1, 8.40 Yes

5
b b b b b bb

b

b

b

b

bb

1 0, 0.52, 1, 2.31, 4.17 Yes

5
b b b

b b

b

b

b

bb

b

b b

1 0, 1, 1, 1, 5 Yes
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6Index

A

adjacency matrix 3

algebraic graph theory 1

alternating path 1

even 21

odd 21

attaching a new P2 16

B

bipartite adjacency matrix 4

bipartite distance index 6, 16

bipartite distance matrix 5, 14

bipartite graph 1

complete 5

bipartite Laplacian matrix 9, 43

branch 2

C

component 2

corona tree 17

D

diameter 17

distance matrix 5

E

exponential bipartite distance matrix 96

exponential distance matrix 95

F

f -alternating sum 6, 34

I

inclusion-exclusion principle 6, 31

inversion 86

L

Laplacian matrix 8

M

matching 1

perfect 1

matrix

adjacency 3

bipartite adjacency 4

bipartite distance 5, 14

bipartite Laplacian 9, 43

distance 5

exponential bipartite distance 96

exponential distance 95

Laplacian 8

q-bipartite distance 96

q-distance 95

merging of two trees 7, 36

P

path decomposition 40

path system 69

pendant path 7, 36

pendant-two-path 50

root 50

Q

q-bipartite distance index 98

q-bipartite distance matrix 96

q-distance matrix 95

S

selected vertex 69
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signed degree vector 45

standard vertex bipartition 13

star degree 50

T

tree 2

corona 17

nonsingular 3

vertex weighted 69

V

vertex bipartition 1

standard 13

vertex disjoint paths 68

vertex weighted tree 69
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