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Abstract

The study of the properties of graph via matrices is widely studied subject that ties together
two seemingly unrelated branches of mathematics; graph theory and linear algebra. Graham
and Pollak in [GP71| proved a remarkable result which tells that the determinant of the
distance matrix of a tree only depends on the number of vertices in the tree. They showed
that for a tree 7' on n vertices, the determinant of the distance matrix of T is given by
det D(T) = (=1)""'12"72(n — 1). This impressive result created a lot of interest among the
researchers. In the same paper, Graham and Pollak established a relationship between loop
addressing problem in data communication systems and the number of negative eigenvalues
of the distance matrix. Since then many generalizations have been proposed in order to
understand the distance matrix better. Yet, the understanding seems to be far from complete.
We present one such point of view here showing how many more combinatorial objects are
linked together

All graphs considered here are simple and finite. For a bipartite graph, we do not require
the complete adjacency matrix to display the adjacency information in the graph. Godsil
in [God85], used a smaller size matrix to display this information. Later on this matrix was
named the bipartite adjacency matrix. The bipartite adjacency matrix [BMO0S8, pp. 7| has
appeared in many places in the literature and it is used widely in the study the inverse of
the bipartite graph with unique perfect matching. In this thesis, similar to the bipartite
adjacency matrix, we define the bipartite distance matrix of a bipartite graph with unique
perfect matching. That is, the bipartite distance matriz 8(G) of a bipartite graph G with a
unique perfect matching on 2p vertices is a p X p matrix whose (i, j)-th entry is the distance
between vertices l; and r;, where L := {l;,...,l,}, R := {r1,...,rp} is a vertex bipartition
of G. Although the size of the bipartite distance matrix is half of the size of the graph,
but we observe that it still provides much information about the underlying graph. We
observe that det B(G) is always a multiple of 2°~!. This is similar to the well known result
of Graham and Pollak which tells that the determinant of the usual distance matrix of a
tree on n vertices is a multiple of 2°72. We define the bipartite distance index of G as
bd(G) := det B(G)/(—2)P~L.

It is known that if a tree has a perfect matching, then the perfect matching is unique.
We use the word ‘nonsingular tree’ to mean a tree with a (unique) perfect matching. As
a tree is a bipartite graph, the study of the properties of the bipartite distance matrix of

a nonsingular tree is naturally starting point. We show that the bipartite distance index

xiii
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of a nonsingular tree 7T satisfies an interesting inclusion-exclusion type of principle at any
matching edge of the tree which is explained below (the shaded line is the matching edge

under consideration). This gives us a recursive formula to compute bd(7T").

bd(7T) =) '. bd(T}) —+ . bd(T5) - 'l;d(TlﬂTg)

Even more interestingly, we show that the bipartite distance index of a nonsingular tree
T can be completely characterized by the structure of 7' via what we call the f-alternating

sums. By the f-alternating sum fs(T') of a nonsingular tree T', we define the following sum

fo(r)= Y2 fdtw) —2Jfd(w) ~25(12D),
P=[u, ]

where S : N — R is a sequence, A7r is the set of all alternating paths (a path which has
the starting edge, each alternate edge thereafter and the last edge from the matching) in 7.
We show that the bipartite distance index of a nonsingular tree is actually the f-alternating
sum corresponding to the sequence S = (1,1,3,3,5,5,...). We also show that, in general,
for any sequence S, the f-alternating sum of a nonsingular tree satisfies the above described

inclusion-exclusion type of principle.

A well known result by Graham, Hoffman and Hosoya [GHH77] is that the determinant of
the distance matrix of a graph only depends on its blocks and is independent of how they are
assembled. In a similar way, we identify some basic elements and a merging operation and
show that each of the trees that can be constructed from a given set of elements, sequentially
using this operation, have the same bipartite distance index, independent of the order in
which the sequence is followed. For the class of trees that can be obtained in this way, we

give a surprisingly simple way to evaluate the determinant of the bipartite distance matrix.

We observe that the bipartite distance matrix of a nonsingular tree is always invertible and
its determinant can be described using the structure of the tree. What about the inverse?
Can the entries of the inverse be described combinatorially? We supply answer to these
questions in the thesis. However, the answer to these questions leads us to an unexpected
generalization of the usual Laplacian matrix of a graph. We call it the bipartite Laplacian

matrix. This generalized Laplacian matrix is usually not symmetric, but it still has many
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properties like the usual Laplacian matrix. It turns out that the usual Laplacian matrix
of any tree is a very special case of the bipartite Laplacian matrix. We study some of the
fundamental properties of the bipartite Laplacian matrix and compare them with those of
the usual Laplacian matrix. We discuss how a multiplicity of an eigenvalue of the bipartite
Laplacian matrix of a nonsingular tree is related to the tree structure. Further, we provide
a formula for the inverse of the bipartite distance matrix of a nonsingular tree with the help

of its bipartite Laplacian matrix.

A combinatorial description of all the minors of the usual Laplacian matrix of a graph
was supplied by Chaiken in [Cha82| Quite similar to that, we also provide a combinatorial
description of all the minors of the bipartite Laplacian matrix of a nonsingular tree. In
particular we observe that a minor of the bipartite Laplacian matrix of a nonsingular tree
T obtained by deleting k£ many rows in X C R and k& many columns in Y C L (with
|X| = |Y| = k) enumerates the number of spanning forests in 7' that have (a) k trees,
(b) each tree contains exactly one vertex in X and exactly one vertex in Y. As size of
the bipartite Laplacian matrix is half of the size of that tree, it provides a faster way to
enumerate the number of the above described spanning forests compare to Chaiken’s all

minor matrix tree result on the usual Laplacian matrix.

There are many studies of distance-like matrices available in the literature. We consider
two of them. The first one is the g-distance matrix which is a generalization of the usual
distance matrix. We show that the determinant of the g-bipartite distance matrix of a tree
with a unique perfect matching can still be expressed as a combinatorial sum over the set
of alternating paths with respect to a suitable sequence. The second distance-like matrix
we study is the exponential distance matrix, which has a very simple expression for the
determinant. We show that an extremely similar result hold here too. This is unexpected,
as our matrix is of half the order. Recall that, the determinant of the usual distance matrix
of a tree is just dependent on the number of vertices and is independent of the tree structure
and the determinant of the bipartite distance matrix of a tree with a unique perfect matching
was dependent on the tree structure and on some smaller classes it was independent of the
tree structure. We give a similar results for the g-bipartite distance matrix. However, as
another surprise, we show that the determinant of the exponential bipartite distance matrix

of a tree with a unique perfect matching is independent of the tree structure.

TH-2878_156123009
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Introduction

The study of the properties of a graph via matrices associated with it is known as algebraic
graph theory. The linear algebraic graph theory is a fascinating subject that ties together two
seemingly unrelated branches of mathematics; graph theory and linear algebra. It is a rich
area of research and finds its application in several subjects like chemistry [GR79, Mer89|,
computer Science [CS11], electrical networks [Kird7|, social networks [CS97|, statistical
design [Con87|, etc. There is a large literature on algebraic graph theory, well documented
in several books, see for example [Bapl4, Big74, BH11, BP94, BR91, CCDS80, GRO1].

Throughout this thesis, all graphs are assumed to be simple, connected, undirected, un-
weighted and finite. Let G be a graph with vertex set V' = {1,2,...,n} and the edge set
E. An edge between vertices u and v is denoted by [u,v]. We shall use the notation u ~ v
(resp. w ~ v) to mean ‘u is adjacent to v’ (resp. w is not adjacent to v). The degree of a
vertex v is denoted by dg(v) or simply by d(v). The distance between two vertices u and v

is denoted by distq(u,v) or simply by dist(u,v).

We shall now recall a few terminologies and some related facts. We refer the reader to the
classical texts [BM08, CCDS80] for other notations and for further clarifications.

e A graph G is called a bipartite graph if the vertex set V' can be partitioned into two
subsets L and R, such that no two vertices from the same set are adjacent. We shall
call such a partition (L, R) a vertez bipartition, or simply bipartition of the graph G.
The vertex bipartition (L, R) of G is unique if and only if G is connected. If G is
a bipartite graph, then we shall always denote its vertex bipartition by (L, R). It is
well-known that a graph G is a bipartite graph if and only if G has no cycle of odd
length.

e A matching in graph G is a set of edges such that no two edges have a common end
vertex. A perfect matching of a graph G is a matching that covers every vertex of
graph GG. Thus, no graph on an odd number of vertices can have a perfect matching.
For a graph GG with a unique perfect matching, we shall use M to denote the unique

perfect matching of G.

e An alternating path in a graph G with a perfect matching M is a path with the

starting edge, each alternate edge thereafter and the last edge from the matching (so,

TH-2878_156123009



Introduction

the remaining edges are nonmatching edges). Note that our notion of an alternating

path is a special case of an M-alternating path as defined in [BMO8, pp. 415].

» Example 1.0.1. Consider the following nonsingular tree 7. Here the dashed edges
are the matching edges.

el 5e——-10 *9

| |

| |

——o — — ———¢

6 2 7 3 8 4

Note that, by our definition of an alternating path, [1,6] and [1, 6,2, 7] are alternating
paths but [6,2,7] and [10,5, 7, 3] are not an alternating paths. <

e A tree is a special type of connected graph that contains no cycles. In a tree, between
any two vertices, there always exists a unique path. Let 7" be a tree and u,v be two
vertices in T'. By [u, - ,v] we mean the unique u-v path in the tree T'. Tt is well known
that a tree is always a bipartite graph. Also, when a tree T has a perfect matching,

the perfect matching is unique.

e Let GG be a graph. A vertex v € G is called a pendant vertex of G if the degree of the

vertex v is one in G. In the case of tree, we call such vertex a leaf of the tree.

A vertex v € (G is called a quasi-pendant vertex of G if it is adjacent to a pendant
vertex of G.

e Let e be an edge of G = (V, E). We define the graph G — e = (V', E’), where V' =V
and E' = E'\ {e}). It is called the graph obtained deleting the edge e from G.

e Let v be a vertex of G. We define the graph G — v = (V' E’), where V' = V' \ {v}
and £’ = {e € F | e is not incident on v}. It is called the graph obtained deleting the
vertex v from G. In pictures, deletion of a vertex v means removing the vertex v from

G together with all edges incident with v.

e Let v be a vertex of G. A branch at v of G is a connected component of G —v. If B is
a branch at v of G, then by G — B, we denote the graph obtained by deleting all the
vertices of B from G. (Pictorially all the edges incident with those vertices are also

removed).

» Example 1.0.2. Consider the tree T" as described in Example 1.0.1. Take G = T and
v = 2. The graph G — v is shown below.

el e —--10 *9
| |
| |
¢ ———4
6 7 3 8 4
Notice that there are two connected components in the graph G — v. Therefore, paths
[1,6] and [10,5,7,3,8,4,9] are the two branches of G at 2. <

'FH-2878_156123009



Nonsingular Trees

1.1 Nonsingular Trees

Among the various matrices associated with a graph, the adjacency matrix of a graph is

probably the most popular and extensively investigated one.
Let G be a graph on n vertices. The adjacency matriz A(G) of G is the symmetric square
matrix of size n whose (i, j)th entry a;; is given by
1 ife e~y

aij = ,
0 otherwise.

F. Harary [Har62| in 1962 and independently H. Sachs [Sac64] in 1964 gave a beautiful

combinatorial formula for the determinant of the adjacency matrix of a graph.

» Theorem 1.1.1. Let G be a graph on n vertices. Let H be the set of all spanning subgraphs

H of G whose connected components are some paths on two vertices and some cycles. Then

det A(G) = Z (—1)”_CP(H)(_2)C(H)’

HeH

where ¢,(H) denotes the number of components in H which are paths and c¢(H) denotes the

number of components in H which are cycles. <

The adjacency matrix of a graph may or may not be singular. For example, for a tree
with an odd number of vertices, the set H in Theorem 1.1.1 turns out to be an empty set.
Hence det A(T") = 0 for each tree 7" with an odd number of vertices.

For a bipartite graph with a unique perfect matching
M, the set H in Theorem 1.1.1 turns out to be M. This

leads us following well-known observation.

» Corollary 1.1.2. Let G be a bipartite graph with a

unique perfect matching. Then det A(G) = +1. <
Figure 1.1: The bipartite graph G

with three perfect matchings and

Here we remark that the converse of Corollary 1.1.2
det A(G) = —1.

is not valid in general. For example, see Figure 1.1.

However, the converse is true for trees.

» Corollary 1.1.3. Let T' be a tree. Then det A(T) € {0,1,—1}. Also det A(T') # 0 if and
only if T has a perfect matching. <

As we shall be discussing these type of trees, let us use the word ‘nonsingular tree’ to

mean a tree with a (unique) perfect matching.

TH-2878_156123009



Introduction

1.2 Bipartite distance matrix

For a bipartite graph, we do not require the complete adjacency matrix to display the
adjacency information in the graph. Godsil [God85] in 1985, used a smaller size matrix to
display this information. Later on this matrix was named the bipartite adjacency matriz, see
[BMOS8, YY17].

» Definition 1.2.1 (Bipartite adjacency matrix). Let G be a bipartite graph with a vertex
bipartition (L, R), where L := {ly,...,l.} and R := {ry,...,rs}. The bipartite adjacency
matriz A(G) of G is a r X s matrix whose (¢, j)th entry A;; is given by

A 1 if [; is adjacent to rj,
ij =
0 otherwise.

Note that rows of A(G) are indexed by li,...,l, and columns of A(G) are indexed by

T1ye..,Tg. <
For a bipartite graph G, the adjacency matrix A(G) is permutationally similar to

0 AG)
AGY 0 |

Therefore, in order to study the properties of the adjacency matrix of a bipartite graph G,
it is enough to study that the same for the bipartite adjacency matrix of G.

Godsil [God85] in 1985 showed that for a bipartite graph with a unique perfect matching,
the bipartite adjacency matrix is similar to a lower triangular matrix with all diagonal entries

equal to one.

» Theorem 1.2.2. [God85, Lemma 2.1| Let G be a bipartite with a vertex bipartition (L, R).
Then G has a unique perfect matching if and only if the vertices in L and R can be ordered
such a way that A(G) is a lower triangular matriz, with all its diagonal entries equal to

one. |

Let G be a bipartite graph with a unique perfect matching. In view of Corollary 1.1.2,
we can see that A(G) is always invertible and the inverse of A(G) is an integral matrix. If
A(G)™! is nonnegative (that is, all entries are nonnegative), then A(G) can be viewed as a
bipartite adjacency matrix of another bipartite multigraph. Recently, Yang and Ye [YY17|
provided a complete solution to a long standing problem posed by Godsil in [God85| on
characterizing the bipartite graphs with a unique perfect matching G' such that A(G)™!,

the inverse of the bipartite adjacency matrix, is diagonally similar to a nonnegative matrix.
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Significant work on the inverse of bipartite graphs with a unique perfect matching can be
found in [HM76, God85, TK09, MM13, PP15b, PP15a, YY17, BPP17, PP17, YY17| and

references therein.

In this thesis, similar to the bipartite adjacency matrix, we define the bipartite distance
matrix of a bipartite graph with unique perfect matching. That is, the bipartite distance
matriz of a bipartite graph with a unique perfect matching on 2p vertices is a p X p matrix
whose (7, j)-th entry is the distance between vertices l; and r;, where (L, R) is a vertex
bipartition of G. We will define this matrix in a more rigorous way in Chapter 2. Although
the size of the bipartite distance matrix is half of the size of the graph, but we observe that

it still provides much information about the underlying graph.

» Definition 1.2.3 (Distance matrix). Let G be a graph on n vertices. The distance matriz
D(G) of G is the symmetric square matrix of size n whose (7, j)th entry d;; is the distance

between ¢ and j. <

Let us recall one of the striking results about the determinant of the distance matrix of a

tree given by Graham and Pollack in 1971.

» Theorem 1.2.4. [GP71| Let T be a tree on n vertices. Then the determinant of the

distance matriz is (—1)"712"2(n — 1). <

This result tells us that the determinant of the distance matrix of a tree only depends on
the number of vertices and does not depend on the tree’s structure. It also tells us that the

determinant is a multiple of 272

Also, note that, by using the results by Stevanovi¢ and Indulal [SI09], one can easily find

the determinant of the distance matrix of a complete bipartite graph.

» Theorem 1.2.5. [SI09, Corollary 3| Let K,; be a complete bipartite graph on n vertices,

where n = a +b. Then the determinant of the distance matriz of K, is given by
det D(K,;) = (—2)" ?[4(a — 1)(b — 1) — ab]. <

Here also, we see that the determinant of the distance matrix is a multiple of 272

It is natural to ask the following question. Let G be a bipartite graph with a unique
perfect matching on 2p vertices. Since the size of the bipartite distance matrix is half of that
of the usual distance matrix, whether the determinant of the bipartite distance matrix is a

multiple of 2P~1? It is surprising and easy to see that the answer is in the affirmative.

We found that the determinant of the bipartite distance matrix of a bipartite graph with

a unique perfect matching on 2p vertices is always divisible by 2°P~1.
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It is now natural to consider the number obtained by dividing the determinant of the
bipartite distance matrix by (—2)?~'. How does it relate to the structure? We call this
number the bipartite distance index of the graph. By bd(G), we denote the bipartite distance
index of G.

As a tree is a bipartite graph, the study of the properties of a bipartite distance matrix
of a nonsingular tree is naturally a starting point. We show that the bipartite distance
index of a nonsingular tree satisfies an interesting inclusion-exclusion type of principle at
any matching edge of the underlying tree, which is explained in Figure 1.2. This gives us a

recursive formula to compute the bipartite distance index of the underlying tree.

Even more interestingly, we show that the determinant of the bipartite distance matrix of
a nonsingular tree can be described by the combinatorial objects that we call f-alternating
sums. Let S : N — R be a sequence. By the f-alternating sum of a nonsingular tree 7', we

mean the following sum

() = 2a(w) - 25( '3,

P=[u, ]

where the summation is taken over all alternating paths P of T'. We show that the bipartite
distance index of a nonsingular tree is actually the f-alternating sum corresponding to the
sequence S = (1,1,3,3,5,5...).

Let us recall another fascinating result on the usual distance matrix by Graham, Hoffman
and Hosoya, which states that the determinant of the distance matrix of a graph only depends
on the blocks and it is independent of how they are assembled; thus, it is explaining Theorem
1.2.4 why the determinant of the distance matrix of a tree only depends on the number of

vertices.

» Theorem 1.2.6. [GHHT77| If G is a strongly connected graph with blocks  G1,Gs, ..., G,,

1 A block is a maximal connected subgraph which has no cut vertex.

bd(T) = '. bd(T7) + '. bd(T3) - '1.>d(T1ﬁT2)

Figure 1.2: Illustration of Theorem 2.3.1, the inclusion-Exclusion principle at a matching edge
(the shaded line is the matching edge under consideration).
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then
cot D(G) = [ [ cof D(G)); det D(G) =Y _ det D(G;) [ ] cof D(Gy),
i=1 i=1 i
where cof D(G) means the sum of all the cofactors of the matriz D(G). <

The above two results, Theorem 1.1.1 and Theorem 1.2.6, are very attractive due to their
simplicity and many generalizations have been proposed in order to understand them better
and better; for example, see [BKNO05, BLP06, ZD16, BS16, Bap19].

It is natural to ask, are there some nonsingular trees on 2p vertices with the same bipartite

distance index (hence the same determinant of their bipartite distance matrices)?

One can easily find examples where these numbers are different. However, to our surprise,
we found some classes of trees which were structurally related to each other having the
same bipartite distance index. It turns out that they are all created from the same set of
basic elements using a merging operation, sequentially. Therefore on this class, the bipartite
distance index remains the same, independent of the structures of the trees. For this class
of trees, one can give a straightforward way to evaluate the determinant of their bipartite

distance matrix.

Let T be a nonsingular tree. For an even natural number &, an alternating path [uq, . . ., uy]
is called a pendant path, if d(uy) = 1, d(u;) = 2,9 = 2,...,k — 1 and d(ug) > 2. Let
P =[v1,vq,...,v;] and P’ = [v], v}, ..., v}] be two pendant paths in two nonsingular trees T

and T", respectively. Then by merging T and T' along the pendant paths, we mean the new
tree obtained by identifying the vertices v; with v for each ¢ € {1,..., k}, while keeping the
rest of the vertices distinct.

U1 U2 U3 Vg T
1 i

T

/ / / /
v (% Vs (%
1 2 3 4 {12

Figure 1.3: Merging of two trees along pendant paths of four vertices.

Note that if we want to merge T and 7" along some pendant paths of k vertices, then
there may be more than one way to do it, and the resulting trees could be nonisomorphic.
For example, if we take T and T from Figure 1.3 and try to merge them along pendant
paths of 4 vertices, then there are two ways to do it, and the results are nonisomorphic (see
Figure 1.4).

Let T+ T" — Py, denote the set of all trees that can be obtained by merging trees T" and 7"
along a pendant path of & vertices. This set will be treated as empty if one of T or T” does
not have a pendant path of k vertices. Let F = {Py,,..., P, } and G ={P,,...,P. _,} be
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Figure 1.4: Two nonisomorphic tree obtained by merging of T' and 75 from Figure 1.3 along
pendant paths of 4 vertices.

two multisets consisting paths of even order, n > 2. Then by
Pk1+“‘+Pkn_Pr1 _..._PTW1

we denote the class of trees that can be obtained by repeated application of the following

rules in all possible ways, while making G = ().

a) Select a path P, from G. Select two trees T and 7" from F that have pendant paths of

r; vertices.
b) Merge T' and 7" along some pendant paths of r; vertices. Let the resulting tree be 7.
c) Delete T" and 7" from F and put 7, in F. Delete P,, from G.

Note that when G = (), the set F will contain exactly one tree. If step a) fails at some stage,
then we immediately set 7 = () and break the loop. This means, we just collect the trees
for those cases, for which we could reach G = (). For brevity, let us also use the notation
F — G to denote the above class. We observe that the bipartite distance index remains the
same for each tree in the class F — G, independent of how it has been created, and provide a

simpler formula to calculate that common value. These results are presented in Chapter 2.

1.3 Bipartite Laplacian matrix and the inverse of the

bipartite distance matrix

In Chapter 2, we observe that the bipartite distance matrix of a nonsingular tree is always
invertible, and its determinant can be described using the structure of 7. What about the
inverse? Can the entries of the inverse be described combinatorially? For the usual distance

matrix, such a description can be found in [GLT78].

» Definition 1.3.1 (Laplacian matrix). Let G be a graph on n vertices. Let Deg(G) be the

diagonal matrix of order n with the ith diagonal entry equal to the degree of the vertex ¢ in
G. The Laplacian matriz L(G) of G is defined as L(G) = Deg(G) — A(G). <

Let us recall that the inverse of the usual distance matrix of a tree has a definite relationship

with the usual Laplacian matrix.
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» Theorem 1.3.2. [BKNO5| Let T be a tree on n wvertices. For each i = 1,...,n, let
§; =2 —d(i), and put 6* = [b1,...,0,). Then
1

D(T)il = —%L(T) + méét <

Can we have a similar statement for the bipartite distance matrix too? In that case, what
is an appropriate replacement for the Laplacian matrix? We call it the bipartite Laplacian
matriz. Let T be a nonsingular tree with the vertex bipartition (L = {ly,...,[,},R =
{r1,...,7,}). Then the bipartite Laplacian matrix of 7" is defined as D — A?, where A is the
bipartite adjacency matrix of 7" and D is a square matrix whose (¢, 7)th is either £d(r;)d(l;)
or 0 depending on the nature of r;-I; path, see Definition 3.1.1 for more details. We first
observe that the bipartite Laplacian matrix is usually not a symmetric whereas the Laplacian
matrix is always a symmetric matrix. Interestingly, it turns out that the usual Laplacian
matrix of any tree (need not be nonsingular) is a very special case of the bipartite Laplacian
matrix. Although the bipartite Laplacian is usually not a symmetric matrix but this matrix
has many properties similar to that of a Laplacian matrix, see Theorem 3.2.3. Another
motivation to study the bipartite Laplacian matrix is that even though its size is half of the
number of vertices (of the nonsingular tree), it still gives us some information about the tree.
It may save us some time. With the help of the bipartite Laplacian matrix, we present a
formula for the inverse of the bipartite distance matrix of a nonsingular tree which is quite

similar to Theorem 1.3.2. These are the content of Chapter 3.

For a graph GG, Chaiken in 1982 [Cha82| gave a combinatorial interpretation of all minor of
usual Laplacian matrix of G as a sum of nonsingular substructures. A similar combinatorial
interpretation of all minor of Laplacian matrix has been discussed for a mixed graph by Bapat,
Grossman, and Kulkarni in [BGK99|. Merris [Mer89| in 1989 considered the edge version of
the Laplacian matrix and established a bridge between its cofactors with the Wiener index,
which has several application in chemistry. Bapat, Grossman, and Kulkarni [BGKO00] in 2000
gave a combinatorial interpretation of the minors of the edge version of the Laplacian matrix
when the underlying graph is a tree. The study of finding all minor of the usual Laplacian
matrix finds their use in many different areas, see for example [Kird7, CS97, Con87, Mer89|,
etc. and have been subject to many independent studies. Let G be a graph and X, Y C V(G)
such that |X| = |Y|] = k. Recall that Chaiken’s [Cha82| all minor matrix tree results on
the usual Laplacian matrix tells that the absolute value of a minor of the usual Laplacian
matrix obtained by removing its £ many rows in X and k£ many columns in Y is the number
of spanning forest in G that have (a) k trees, (b) each tree contains exactly one vertex in X
and exactly one vertex in Y. Therefore, in order to find the number of spanning forest of G

of the above type, we have to find the determinant of a matrix of size n — k, where n is the
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size of the graph. In Chapter 4 we observe that a minor of the bipartite Laplacian matrix
of a nonsingular tree T" also enumerates the number of spanning forests of 1" of the above
type. In particular, we show that a minor of the bipartite Laplacian matrix of a nonsingular
tree T' obtained by deleting £ many rows in X and £ many columns in Y enumerates the
number of spanning forests in 7' that have (a) k trees, (b) each tree contains exactly one
vertex in X and exactly one vertex in Y. As the size of the bipartite Laplacian matrix is
half of the order of that tree, it may provide a faster way to enumerate the number of the
above described spanning forest of a nonsingular tree compare to Chaiken’s all minor matrix

tree result on the usual Laplacian matrix, see for Example 4.5.2.

1.4 g-analogue versions of the bipartite distance matrix

Bapat, Lal, and Pati [BLP06] in 2006 introduced two types of g-analogue version of distance
matrix, namely, ¢-distance matrix and exponential distance matrix. Indeed, in the same
paper [BLPO06|, Bapat et al. generalized many concepts of the distance matrix of a tree
to that of g-distance matrix of a tree. Since then, the g-analogue version of the distance
matrix generated a considerable interest and has been studied by many researchers (see, for
example, [BLP06, Siv10, BS11, LSZ14]). In Chapter 5, we consider g-analogue version of
the bipartite distance matrix. In particular, we consider two types of g-analogue versions of
the bipartite distance matrix, namely the g-bipartite distance matrix and the exponential
bipartite distance matrix. We then completely characterized the determinant of those two
types of g-analogue versions of the bipartite distance matrix of nonsingular tree. Although
the determinant of g-bipartite distance matrix depends on the tree structure (as expected)
but surprisingly, the determinant of the exponential bipartite distance matrix of a nonsingu-
lar tree does not depend on the tree structure. Similar to the bipartite distance index, we
also define g-bipartite distance index of a nonsingular tree and observe that it also satisfies
an inclusion-exclusion type principle at any matching edge of the underlying tree. Finally,
with the help of that inclusion-exclusion principle we show that the g-bipartite distance in-
dex of a nonsingular tree is nothing but a f-alternating sum corresponding to the sequence
(1,1,g+ 2,4+ 2,29+ 3,29+ 3,...).

1.5 Organization of the thesis

The thesis is organized as follows. There are six chapters in the thesis. Chapter 1 contains

a brief introduction of the thesis and a few lines for motivation.

In Chapter 2, we study the bipartite distance matrix of a bipartite graph with unique

perfect matching. We show that the determinant of the bipartite distance matrix of a
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bipartite graph with a unique perfect matching on 2p vertices is always divisible by 2P~

Based on this observation, we define the bipartite distance index as a quotient obtained
by diving the determinant of the bipartite distance matrix by (—2)?~!. We show that for a
nonsingular tree on 2p vertices, 2P~! is the highest power of 2 that can divide the determinant
of its bipartite distance matrix. Henceforth, we provide a recursive formula to calculate the
bipartite distance index of a nonsingular tree and using that we provide a combinatorial
description of the determinant of the bipartite distance matrix of a nonsingular tree relating
the tree structure. We identify some basic elements and a merging operation and show that
each of the trees that can be constructed from a given set of elements, sequentially using
this operation, have the same bipartite distance index, independent of the order in which
the sequence is followed. For the class of trees that can be obtained in this way, we give a

surprisingly simple way to evaluate the determinant of their bipartite distance matrix.

In Chapter 3, we supply a combinatorial description of the inverse of the bipartite distance
matrix of a nonsingular tree and establish identities that are similar to some well known
identities. The study leads us to an unexpected generalization of the usual Laplacian matrix

of a graph. We call this bipartite Laplacian matrix. This generalized Laplacian matrix

is usually not symmetric, but it still has many properties like the usual Laplacian matrix.

Further we discuss how a multiplicity of an eigenvalue of the bipartite Laplacian matrix of
a nonsingular tree is related to the tree structure. We also obtain a lower bound on the
geometric multiplicity of the eigenvalue —2 of the bipartite distance matrix of a nonsingular

tree.

Chapter 4, deals with an arbitrary minor of the bipartite Laplacian matrix of a nonsingular
tree. We discuss under what condition a square submatrix of the bipartite Laplacian matrix
of a nonsingular tree becomes singular. Further, we provide a complete combinatorial formula
of any arbitrary minor of the bipartite Laplacian matrix of a nonsingular tree. It turns out
that each minor of the bipartite Laplacian matrix of nonsingular tree counts a particular
type of spanning forest in the underlying tree, depending on the choice of rows and columns

are used to obtain that minor.

In Chapter 5, we study two types of g-analogues versions of the bipartite distance matrix of
a bipartite graph with unique perfect matching, namely exponential bipartite distance matrix

and g¢-bipartite distance matrix. We extends our results of the bipartite distance matrix that

we obtained in Chapter 2 to that of a g-analogue version of the bipartite distance matrix.

We observe that although the determinant of g-bipartite distance matrix depends on the
tree structure, surprisingly, the determinant of the exponential bipartite distance matrix of

a nonsingular tree does not depend on the tree structure.

In Chapter 6, we outline some future directions of this thesis.
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Since this thesis focuses on the bipartite distance matrices, we dedicate this chapter to the
foundations of the bipartite distance matrices. We begin by defining the bipartite distance
matrix for any bipartite graph with a unique perfect matching and then we observe that
the determinant of the bipartite distance matrix of a bipartite graph with a unique perfect
matching on 2p vertices is always a multiple of 2°~!. Based on this observation, we define the
bipartite distance index of a bipartite graph with a unique perfect matching as a quotient
obtained by dividing the determinant of the bipartite distance matrix by (—2)P~!. Tt turns
out that for a nonsingular tree on 2p vertices, 2P~ ! is the highest power of 2 that can divide
the determinant of its bipartite distance matrix. We provide a combinatorial description
of the bipartite distance index of nonsingular tree via a combinatorial object, known as f-
alternating sum. Finally, we identify some basic elements and a merging operation and show
that each of the trees that can be constructed from a given set of elements, sequentially using
this operation, have the same bipartite distance index, independent of the order in which

the sequence is followed.

2.1 Preliminaries

By the definition of a bipartite graph, we can partition the vertex of a bipartite graph
into two vertex sets L and R so that no vertices belonging to the same set are adjacent to
each other. By following the proof of [God85, Lemma 2.1], we can see that Godsil labels the
vertices of L and R in a particular way in order to get a lower triangular form in the bipartite
adjacency matrix. We define a ‘canonical’ way to order the sets L and R of a bipartite graph

with unique perfect matching and we such a bipartition, a standard vertex bipartition.

» Definition 2.1.1 (Standard vertex bipartition). Let G be a labeled, connected, bipart-
ite graph on 2p vertices with a unique perfect matching M. A vertex bipartition (L =
{li,.. .. L}, R={r1,...,1,}) of the vertex set of G is called a standard vertex bipartition of

Gif M :={[l1,r1],...,[lp, 7]} <

» Example 2.1.2. Consider the following bipartite graph G with a unique perfect matching.
Here the dashed edges are the matching edges.
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el 5[——}10 *9
| I
| I
—— o —— ———4
6 2 7 3 8 4

Note that (L = {ly = 1,...,l5s =5}, R ={r = 6,...,r5 = 10}) is a standard vertex
bipartition of G. <

Let us define the bipartite distance matrix of a bipartite graph with a unique perfect

matching.

» Definition 2.1.3 (The bipartite distance matrix). Let G be a labeled, connected, bipartite
graph on 2p vertices with a unique perfect matching. Let (L = {l,...,[,}, R={r1,...,7,})
be a standard vertex bipartition of G. The bipartite distance matriz of G, denoted by B(G)
or simply by ‘B, is a square matrix of order p whose rows are indexed by ly,...,l, and
columns are indexed by ry,...,r, such that the (4, j)th entry of B(G) is the distance from
li tor;in G. |

Note that B(G) = D(L, R) where D is the usual distance matrix of G and D(L, R) is
the submatrix of D induced by the rows corresponding to L and the columns correspond-
ing to R. If the rows and columns of the usual distance matrix D of G are indexed by

li,...,l,,m,...,7p, then the bipartite distance matrix of G is nothing but the upper right
block of D.

» Example 2.1.4. For the graph G in Example 2.1.2, the bipartite distance matrix B(G) is

given below along with the usual distance matrix D(G).

0246 4|13 5 735
2024211335 3

4202 2[{3 1131 - -

1 35 75
6 4 20453113

4 22 40131351 o,

D(G) = . B@={31131
1135 3/024¢6 4

53 11 3
31131120 2 4 2

31 3 51

5311314202 2 - -
75315164204
|53 13 1(4 2 2 4 0|

Here we note that B(G) is the upper right block of D(G). <

If G is a bipartite graph with a unique perfect matching, then we can have many standard
vertex bipartitions depending on the labeling of its vertices. However, we can see that the

bipartite distance matrices corresponding to them are similar to each other.
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» Remark 2.1.5. Let GG be a labeled, connected, bipartite graph on 2p vertices with a unique
perfect matching. Let (L, R) be a standard vertex bipartition of G.

(a) Let G be the graph obtained by interchanging the labels of [; with r; for alli =1,... p
in G. Then B(G) = B(G,)". Therefore, B(G) and B(G,) are similar.

(b) Let G2 be obtained by relabeling the vertices within the part L, keeping it a standard
bipartition (that is, we also relabel the respective vertices in R accordingly). Then B(Gs)
is similar to B(G).

Hence, in either case, det B(G) = det B(G,) = det B(G2). So det B(G) remains unchanged

under isomorphism. <

Let us look at an example of the bipartite distance matrix when the underlying graph is

a nonsingular tree.
» Example 2.1.6. Consider the following nonsingular tree 7. Here the dashed edges are the
el 5e—--10 *9
| |
| |
——o — — ———4&
6 2 7 3 8 4

Note that L = {l; = 1,...,l5 = 5}, R = {r; = 6,...,75 = 10} is the standard vertex
bipartition of T

matching edges.

The bipartite distance matrix B(7") is shown below.

1 35 75
1135 3
BT)=|3113 3
5 3 1 15
3135 1]
Here we note that det B(T) = 2 x 5. <

Recall Theorem 1.2.4, the determinant formula of Graham and Pollak for a tree T on n
vertices, showed that det D(T') is always a multiple of 272, Let T' be a nonsingular tree
on 2p vertices. Since the size of B(T) is half of that of the usual distance matrix D(T")
and det D(T) is a multiple of 22~V the first (not so logical) question we ask is whether
det B(T) is always a multiple of 2717 Tt is surprising and easy to see that the answer is in

the affirmative.

» Theorem 2.1.7. Let G be a connected, bipartite graph on 2p vertices with a unique perfect
matching. Then, for any standard vertex bipartition, det B(G) is a multiple of 27!, |
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Proof. The proof follows by observing that, each entry of 8 is odd; replacing the ith column
B.;, with B.; —B,,B.,, for ¢ = 2,3,...,p; and noting that the lower-right submatrix of

order p — 1 has all entries even. |

By Theorem 2.1.7, we can see that det B(G)/2P~! is an interesting object to study. This

leads us to give following definition.

» Definition 2.1.8. Let G be a connected, bipartite graph on 2p vertices with a unique
perfect matching. The bipartite distance index of G is denoted by bd((G) and it is defined as
bd(T) := det B(T)/(—2)P~ . |

» Example 2.1.9. Let G be the bipartite graph as defined in Example 2.1.2. We can see
that det B(G) = 257! x 5. Therefore, the bipartite distance index of G is 5.

In a similar way, we can see that bd(7") = 5, for the tree T" as defined in Example 2.1.6. <

2.1.1 The bipartite distance index

It is natural to wonder whether the bipartite index of a bipartite graph G with a unique
perfect matching is related to the structure of the given graph G. In this context, following

operation plays a crucial role in determining the bipartite distance index of G.

» Definition 2.1.10 (Attaching a new P at u). (a) Let G be a connected graph and v be
a vertex. Let G be the graph obtained from G by introducing two new vertices u, w and
adding the edges [v,u], [u, w]. We refer to this operation as attaching a new P, at the vertex

.

(b) Let G be a connected bipartite graph on 2p vertices with a unique perfect matching.
Let (L, R) be a standard vertex bipartition of G. Suppose G is the graph obtained by
attaching a new P, at some vertex v € G. To compute the bipartite distance matrix of G

we need to label the new vertices. We adopt the following procedure for that:
i) if v € L, then we put u = 1,41, w = l,41, and
ii) if v € R, then we put u = l, 1, W= rp;;. <
The following result shows that bipartite distance index of a bipartite graph G with a

unique perfect matching remain same after adding a new P, at any quasi-pendant vertex of

G.

» Lemma 2.1.11. Let G be a connected, bipartite graph on 2p vertices with a unique perfect
matching. Let v be a quasi-pendant verter of G. Let G be the bipartite graph on 2p + 2

vertices obtained by attaching a new Py at v. Then

~

det B(G) = —2det B(G), and  bd(G) = bd(G). <
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Proof. Let L = {ly,...,l,}, R = {ry,...,r,} be a standard vertex bipartition of G and
assume without loss of generality that v = [,. Let the graph G be constructed from G by

taking two new vertices u, w and adding the edges [v, u], [u, w].

u w
EE i -°

Remaining part of G . I
.............. -o
v = lp Tp

Clearly, G is a bipartite graph with a unique perfect matching. In view of item (b) of

Definition 2.1.10, we take u = 41 and w = [,,11. It follows that

B(G) =

B(G) B(G)e,
eBG)+21t 1 |

~

In %B(G), subtracting the column p from the column p + 1, we get the following matrix

B(G) 0

e!B(G) + 21" -2

P

By expanding the determinant of C' along the last column we see that det %((A}’) =detC =

~

—2 det B(G) and so bd(G) = bd(G).

A nonsingular tree has a beautiful structure. It can be generated from a P, by repeatedly

attaching a new P, at some vertex.

» Remark 2.1.12. The largest of the distances between pairs of vertices in 7' is called the
diameter of T'. We know that P, is the only nonsingular tree of diameter one and there are no
nonsingular trees of diameter two. Thus any other nonsingular tree will have a diameter at
least three. Let T'# P, be a nonsingular tree and P = [vy, ..., v;] be a path corresponding
to the diameter of T'. Thus k > 4. It follows that v; must be a leaf and the degree d(v,) = 2.
Thus, T can be seen to be generated from another tree by attaching a new P, at the vertex

V3. <

The trees that can be generated from a P, by repeatedly attaching a new P, at quasi-
pendant vertices are called corona trees. Corona trees can also be obtained by taking a tree

T and attaching a new leaf at each vertex of T', see Figure 2.1.

As bd(P,) =1, in view of Lemma 2.1.11, we see that the bipartite distance index of every

corona tree is 1.
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* * * -—
I I I \
I I I \
—-—-e

Corona tree

Figure 2.1: Construction of corona tree from a tree.

» Corollary 2.1.13. Let T be a corona tree on 2p vertices. Then det B(T) = (—1)P~ 277!
and bd(T') = 1. <

The converse of this result is not true. The tree T3 in Figure 2.2 is an example.

Since a nonsingular tree is a bipartite graph with a unique perfect matching, the study of
the properties of a bipartite distance matrix of a nonsingular tree is naturally a starting point.
From now onward we focus on characterizing the bipartite distance index of a nonsingular

tree.

2.2 The bipartite distance index of a tree

In this section our main aim is to provide a recursive formula to calculate the bipartite
distance index of a nonsingular tree. Note that if we could supply a result similar to Lemma
2.1.11 where we allow attaching a new P, at any vertex (not just a quasi-pendant one), then
we would obtain a recursive formula to compute bd(7’). In this section we shall do that. But

for that we need to know the bipartite distance indices of the paths P,.

» Proposition 2.2.1. Let p € N. Then

bd(Py) — P if p 1s odd .
g p—1 ifpis even.

Proof. Let T = [ly,71,l2,72,...,1l,, 7, be a path on 2p vertices.

ll 1 lg T2 lp Tp
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First notice that the bipartite distance matrix of 7' can be expressed as

1 3 5 o 2p—3 2p—1]
1 3 e 2p—5 2p—3
3 1 1 e 2p—T 2p—5
BT =| | e
2p—5 2p—T7 2p—9 --- 1 3
2p—3 2p—5 2p—T7 --- 1

For i > 2, let E; denote the matrix I — e;e!_;, where I is the identity matrix and e; is
the standard basis vector (whose all entries are zero except the i-th entry which is one) of

dimension p. First notice that for ¢ > 1

diSt(li,h’f’j)—FQ fOI'j <1—1,
diSt(li,T’j) =<0 forj:i—l,-

dist(li_q,7;) —2 forj>i—1

Let P = EyE;5- -+ E,. Then it follows that

1 3 5 p—3 2p— 1]
0o —2 -2 —2 )
2 0 -2 — —2
PB(T)=E)Es---E, {B(T) = )
—2 —2
0 —2
Thus it can be verified that
1] 2 2 2 % ]
0]—2 0 0
21 -2 =2 0 0
P%(T)Pt =
210 -2 -2 0
| 2| 0 0 -2 -2

1 21°
2(]1 — 61> C
whose i-th entry is —1/2 if 7 is odd and 0 otherwise. Let y be a vector whose i-th entry is

Write PB(T)PT = [ . Note that det C = (=2)P~7L. Let = be a vector
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—1/2 if i is odd and 1/2 otherwise. As Cx =1 and Cy = e;, we see that

—(p—1) if pis odd;

AA'CHL —e) =41'CH(Cx — Cy) =41*(x —y) = o
—(p—2) if pis even.

By applying the Schur complement formula [HJ12, p. 24] for the determinant, we get
det B(T) = det(PB(T)P") = (—2)P ' (1 —21'C7'2(1 — e1)).
Using bd(T') = det B(T')/(—2)P~!, the conclusion follows. [

Note that the previous result along with Lemma 2.1.11 can help us evaluate the bipartite
distance index of many nonsingular trees. Consider P, a path on 6 vertices. By Proposition
2.2.1, bd(Fs) = 3. Now consider the tree T obtained from Py as show Figure 2.2. By Lemma
2.1.11, bd(T;) = 3. Similarly, again by Lemma 2.1.11, bd(73) = 3. Thus, multiplying (—2)?~*
we get the value of det B(T') for these trees, for example, det B(T3) = (—2)* x 3.

However, there are trees whose bipartite distance index cannot be computed from these two
results alone. For example, the tree T3 in Figure 2.2 is such a tree. In the next subsection we
shall develop a technique that will help us to compute the bipartite index of any nonsingular

tree.

2.2.1 Recursive formula to calculate the bipartite distance index of

a tree

We need to consider a few combinatorial objects that will helps us to determine the rela-
tionship between the bipartite distance indices of a nonsingular tree 7' with the tree T is

obtained by attaching a new P, at any vertex of T

———9o—o——0o—0——-o

P

— J —
T I

Figure 2.2: The bipartite distance indices of T7 and 715 can be be computed only by Lemma 2.1.11
and Proposition 2.2.1, but that of 73 cannot be computed. Dashed lines are matching edges.
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The following initial observation will play a crucial role to prove many results.

» Remark 2.2.2. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition
(L, R). Let [u,v] be an edge in T'. Let B; be the branch at v that contains the vertex u and

B> be the branch at u that contains the vertex wv.

(a) If u € L and [u,v] is a matching edge then there does not exist any alternating path

from a vertex in 7, € By N R to a vertex in [; € By N L.

(b) If w € R and [u,v] is not a matching edge then there does not exist any alternating
path from a vertex in r; € By N R to a vertex in [; € By N L. |

Let us classify alternating paths depending on number of its matching edges.

» Definition 2.2.3. Let G be a connected, graph with a unique perfect matching. An al-
ternating path in a graph G is called an odd (even) alternating path if it has an odd (even)

number of matching edges. <

Let T' be a nonsingular tree and v be a vertex in 7. Let us denote the set of all even
alternating paths in 7' that start at v by AJTrvv or simply by A}, and the set of all odd
alternating paths in 7" which start at v by A7, or simply by A7

» Definition 2.2.4. Let T be a nonsingular tree and v be a vertex in 7. Let us define the
quantity diffr(v) by
diffr(v) == A7, | — [Az,l,

that is, diff,(v) is obtained by subtracting the number of odd alternating paths at v from

the number of even alternating paths at v in 7. <

» Example 2.2.5. Let us consider the tree 7" in Example 2.1.6. Note that the set of all odd
alternating paths of T' that starts at the vertex 1 is given by

. =1[1,6],[1,6,2,7,5,10],[1,6,2,7, 3, 8]}
Similarly, the set of all even alternating paths of T' that starts at the vertex 1 is given by
Af ={[1,6,2,7],[1,6,2,7,3,8,9,4]}.

It follows that
diffr(l) =|Af|—|A7|=2-3=—1.

Let diffy be the vector of size 10 such that the i-th entry of diff; corresponds to diffy(i).

Then we have .
diffp =] -1 0 0 —1 -1 —10—10—1]. <
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__________
- =~

_____

Figure 2.3: Figure for the proof of Lemma 2.2.6.

We can observe that if v is a quasi-pendant vertex of 7' then diffr(v) = —1 as there
is a single odd alternating path starting at v. The quantity diffr(v) plays a crucial role
on understanding the bipartite distance index of a nonsingular tree. The following result

supplies a recursive process to compute diff7(v) at any vertex v € 7.

» Lemma 2.2.6. Let T be a nonsingular tree and v be a vertexr of T. Suppose v' is the

matching partner of v and N(v") is the set of neighbors of v'. Then

diffr(v) = =1 — 3 Ny wpo EET(T). <

Proof. Let us assume that d(v') = k+ 1, k > 0. Suppose N(v') = {v,v1,...,vx}. For an
illustration see Figure 2.3. Note that all alternating path starting at the vertex v must pass
through the vertex v" and so such paths contains a unique vertex from the set N(v') \ {v}
except the alternating path [v,¢’]. Therefore, an alternating path starting at the vertex
v other than the path [v,v'] corresponds to an alternating path starting at some vertex v;,
t =1,..., k. Further note that an alternating path starting at v; for some ¢ =1, ..., k cannot
pass through the vertex ' and so each alternating path starting at v; also corresponds to

an alternating path starting at v. Therefore there is a bijection map from Az, \ {[v,?']} to
k

U AT,W'

i=1

By P, we mean a path starting at the vertex v; and by [v,v', P;] we mean the path
constructed from P; by extending it to v through the vertex v’. It is easy to note that
P; € Ar,, for some i if and only if [v,v', P] € Af . Similarly, P; € A7 for some i if and
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X1 Y1

Tp—1 Yp—1

Figure 2.4: Tree constructed by attaching p — 1 many P,s at an end vertex of Ps.

only if [v,v', P] € Ap, \ {[v,v']}. Since Ar,, N Ar,,; = 0 for each i # j, it follows that

+1

k k
(AL =D A7, | and [A7[=D |AL,
i=1 i=1

This completes the proof. ]

By using Lemma 2.2.6 we can easily compute the quantity diffr(v) starting from the
quasi-pendant, vertices because each vertex v is connected to some leaf of the tree by an

alternating path starting at v. In the following example we illustrate Lemma 2.2.6.

» Example 2.2.7. Let p > 1. Consider the path P, = [u,v]. Now construct a tree 7' on 2p

vertices by attaching p — 1 new P, at the vertex v, as shown Figure 2.4.

Since z; is a quasi-pendant vertex in 7', it follows that diffy(x;) = —1, for each i =

1,...,p— 1. In a similar way we can conclude that diffy(v) = —1. It is only remain to

calculate diffy(u). Clearly, v is the matching partner of v and N(v) = {u,z1,..., 2,1}

By Lemma 2.2.6, it follows that
diffp(u) = —1 = S0 diffp(z) = -1+ (p—1)=p—2.
In a similar way, by applying Lemma 2.2.6, we see that

diffr(y;) = —1 — N(Z; ) diffr(z) = —1 —diffr(v) =0,
zEN(x;),27Y;

foreacht=1,...,p— 1. <

Let us consider the tree T as shown in Figure 2.4. We can note that diffp(u) = p — 2.

Therefore, by taking a suitable value of p we can construct a tree 7" with |diffr(u)| > 1. It
follows that, for a nonsingular tree 7" and v € T, the quantity | diffr(v)| can be more than

one.
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» Definition 2.2.8. Let T be a nonsingular tree on 2p vertices with a standard vertex bipar-

tition (L, R). The vector 77, or simply 7, of size 2p is defined by
7r(v) :=1—d(v)[1 4+ diffr(v)], for each v in T'. (2.1)

The entries of 7, are ordered according to ly,...,l,,71,...,r,. The restriction of 7 on L is
denoted by 7. or simply by 7! and the restriction of 7, on R is denoted by T or simply by
T

T .

Note that 7 and 7. are vectors of size p whose i-th component is 7,(r;) and 7,(l;),

respectively. <

» Example 2.2.9. Let us consider the tree T in Example 2.1.6. Note that d(7), the degree
of the vertex 7, is 3. By Example 2.2.5, we know that diff,(7) = 0. It follows that

70(7) =1 —d(7)[1 + diff(7)] =1—-3(1 +0) = -2

By Example 2.1.6, we know that L={l; =1,...,l5=5}, R={r; =6,...,15 =10} is a

standard vertex bipartition of T'. Therefore, the restriction of 7 on L is given by

t

t
7l = [ (1) T0(2) T0(3) T(4) To(5) ] _ [ 1 -1 -1 1 1 } :
In a similar way, we can calculate the the restriction of 70 on R as
t ¢
7= | m(6) () m®) 79 m(10) | =[1 -2 10 1] <
The understanding of 7" is crucial in our discussion.

» Remark 2.2.10. (a) Consider the tree 7" in Figure 2.5. It has a matching edge [lx,, 7%,]. Ig-
nore the arrow on it, for now. The other vertices that are adjacent to 7y, are lg, 11, lgyt1, - -+ Loy +1-
When we delete the edges between 1, and these vertices, we obtain the following nonsingular
trees: T) with vertexset {ly,...,lk,71,. .., Tk }, To with vertex set {lg, 11, -+ s lgs Thyt1y - - Tho |
and so on up to T, with vertex set {lx, 41, ey Tho 415+, Tk} Fori =2,... s, let F;

be the subtree of T obtained by taking T} and 7; and by inserting the edge [ry,, lk,_,+1]-

These are nonsingular trees too.

To understand 7", let us put an arrow on the edge [ly,,7x,| from 75, to l,. This arrow
indicates that, from a vertex r; in Ty, we may have an alternating path to a vertex in 77 or
T, but we do not have an alternating path to a vertex in 7%, ..., T,. Similarly, from a vertex
r; in T3, we may have an alternating path to a vertex in 77 or T3 but we do not have an

alternating path to a vertex in 15, Ty, T5, ..., T,. Similar statements are true for vertices r;
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Figure 2.5: Understanding 7 at any matching edge.

in Ty,...,T,. Also, from a vertex r; in T}, we only have alternating paths to vertices in T}

but not to a vertex in 75, ..., 7.

In this set up, for any r; € Fy, r; # ry,, we see that dr(r;) = dp,(r;) and diffr(r;) =
diffp,(r;). Hence,
Tr(rs) = Tr;(14) if r; € Fj, 13 # 1k,

(b) Recall that A;. means the ith row of A. Let B(F3)y, . denote the row induced by
B(Fo),,. on ry,...,r,,. That is, B(Fy)y,,. is obtained by inserting 0 entries into B(F)y, .
at the places corresponding to r; ¢ F,. Notice that B(Fy)k, (1) = B(Fo)g,,.(r;) if 7, € Fy

and B(Fy)g, .(r;) = 0 if r; ¢ F>. Then it is immediate from the structure that

%(T)kht = %(FQ)kL: +oot %(Fs)k'h: - (‘9 - 2)%(T1)k1,!' <

Let us illustrate Remark 2.2.10 with an example.

» Example 2.2.11. Consider the tree T', as shown in Figure 2.6. Edges in the perfect match-
ing are shown as dashed lines.

Note that [l3,73] is a matching edge and the other vertices that are adjacent to rj is Iy,
l7;. For the given tree T', we take k1 = 3 and ks = 6 in Remark 2.2.10. Note that Ty, T,
and T3 are nonsingular tree with the vertex set {ly,ls, (3,71, 72,73}, {la, 15,06, 74, 75,76}, and
{l7,1s, 77,78}, respectively. Further, F; is a subtree tree of T induced by {ly, ..., lg,71,...,76}

and F3 is a subtree of T" induced by {ly,ls,13,17,ls, 71,72, 73,77, 78}
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— e e e o — — — — — — — — — — —— — — — — — — — ————
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/7 .-
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/ & — -
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—_—— e — —— =

Figure 2.6: Understanding Remark 2.2.10.

a) By direct computation we get

[TT('Fl) )] = (11 -5 4 21 213 —1]
[TFQ(rl) (e = [11 -3 4 -1 —1}
[TFa(Tl) TR (12) TR(13) TR(17) TF3(T8): = :1 1 -3 3 —1]
It follows that
Tr(ri) = Tr, (73) if r; € F;, r; %7,

b) First note that B(F}) is a bipartite distance matrix of F; and the size of B([}) is 6 x 6.

We create a row vector B([F)s. of size 1 x 8 whose entries are indexed by r1,...,rs with

B(Fp)s.(r;) = B(F2)s.(r;) if r; € Fy and B(F2)3.(r;) = 0if r; ¢ F>. In the similar way we
calculate B(Fs)s. and B(711)s.. It follows that

Since s = deg(r3) = 3, from above it follows that

B(T)s. = B(Fy)s. + B(F3)s. — (s —2)B(11)3,.. <

The following result helps us to describe the changes in 2B(7") and 7 under the operation

of attaching a new P, at some vertex of a nonsingular tree 7.
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» Lemma 2.2.12. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition
(L,R). Fiz a vertex ry. Let T be obtained by adding two new vertices l,y1 and rpy1 and the
edges [v =1k, lps1], [lp+1,Tps1] to T

a) Then we have

0
1+ diffr(v) |position k
0

0 —1— diffp(v) |

b) Consider the component of T containing ly, after deleting the edge [ly,ry|. Assume that

the vertex set of this component is {ly,r1,...,lk—1,7%—1,l}. Then
B = | B(T)s, o]
+[2 200 - 0[1],
where the entries 2 in the last vector are for the vertices rq,..., T, 1. |

Proof. For a concrete illustration of Lemma 2.2.12; consider the tree T" in Figure 2.5 and
V=T =Ty

a) We already know that 75(r;) = 7r(r;) if r; # v, 7,41. We also have diff+(v) = diffy(v)
and dz(v) = dr(v) + 1. Hence,

T7(v) = Tp(v) — [1 + diffp(v)].
Furthermore, we have, diff4(rpq1) = —diffp(v) — 1 and da(rp41) = 1. Hence,
Ta(rpy1) = 0 — [=1 — diffq(v)].

b) This follows, as dist(l,+1,7;) = dist(lg,r;) +2 for i = 1,...,k — 1, dist(lp41,7) =
dist(ly,r;) fori =k, k+1,...,p and dist(lp;1,7rp+1) = L. |

» Lemma 2.2.13. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition
(L,R). Then 1'7; = 1. <

Proof. We proceed by induction. The base case follows from the fact that 77 (r;) = 1 for
T = P,. Let the result be true for all nonsingular trees with less than 2p vertices. Let T be a

nonsingular trees on 2p vertices. Then we can view the tree T obtained from T by attaching
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a new P, at some vertex v € T. By Lemma 2.2.12, we know that the sum of the entries of
T is preserved when going from 7" to T. Therefore, the result follows by applying Lemma
2.2.12. [ |

The following result will be used as the induction step for our main result of the section.

» Lemma 2.2.14. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition
(L,R). Fiz the vertex v = ry. Let T be obtained by adding two new vertices l,11 and rpqq
and the edges [rg,ly1], [lps1,7ps1] to T. Assume that bd(T) # 0 and B(T)7; = bd(T)1.
Then we have

B(T)ri=bd(T)1  and bA(T) = bd(T) + 2[1 + diffs(v)]. <

Proof. Taking y(i) = dist(ly;1, ;) and (i) = dist(l;,rp4+1) for each i = 1,2,...,p, we have

0

and ‘B(f)(epﬂ —eg) = [ 23 ] : (2.2)

-~

Let us consider the matrix By := I — ezey, ;. Note that det(E;) = 1 and B(T)E, =

B(T) 21

( . ) . By hypothesis, we have bd(T') # 0 and B(T)7; = bd(T)1. Further, consider

Y
the matrix Ey := 1 — ﬁ %] ey,1- Then we have det(FE,) =1 and

~ B(T) 21 2 |I'B(T)1} B(T 0
%(T)E1E2 . (t ) - (t ):-T ;+1 — (t ) ; -
Y 0 bd(T) YTy Y _bd(T)y Tr

Hence det(B(T)) = —bd%T) ytrr det B(T) = (=2)Pyter, by definition. It follows that bd(T) =

YT
Consider the component H of T containing [, after deleting all the edges incident at ry

except the edge [lg, 7). (Thus, if 7, has degree one, then H would be T'.) Assume that

the vertex set of this component is {l;,r1,...,ls_1,7s_1,k, " }. Then, by Lemma 2.2.12, we
obtain
= | BT, }
(2.3)
+[2 200 .- o],
where the entries 2 in the last vector are for the vertices r1,...,7r4_1.

By Remark 2.2.10, we note that 74(r;) = 7r(r;) for each ¢ = 1,... s — 1. Further note
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that dg(rx) = 1 and diffy(ry) = diffr(r). By Equation (2.1), we get
Ta(ry) =1 —dp(r)[1 + diffy(ry)] = — diffr(rg).
Hence, by Lemma 2.2.13 and Equation (2.3), we have

bd(T) = y'rl = bd(T) + 21'7) — 274 (ry)
= bd(T)+ 2 —2(—diffy(ry))
= bd(T) + 2[1 + diffy(ry)].

As diffy(ry) = diffr(ry), this establishes the second identity.
To show the first identity note that

B(T)rl — B(T) = T | | [L+diffr(re)]es
g oy 0 —1— diffo(ry)
[ bd(T) |
= — [1 + diffp(r
| bd(T) |
[ bd(T) ]
3 bd(T). —[1+ diffT(Tk)]%(T\)(ek —€pi1)
| d(7) |
- . r 9 7]
bd(T) .
= | + [ +diftr(r)]| 2 | by Equation (2.2)
bd(T) ’
bd (T il
| bd(T) | )
= bd(T)1,
by the second identity. This completes the proof. |

This brings us to the main result of this section.

» Theorem 2.2.15. Let T' be a nonsingular tree on 2p vertices with a standard vertex bipar-
tition (L, R).

a) Then bd(T) is an odd number and B(T)7.(T) = bd(T)1.

29
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b) Fix a vertex v and let T be obtained by attaching a new Py at v. Then bd(T) =
bd(T) + 2[1 + diffy(v)]. <

Proof. We proceed by induction. Let p = 1 and T = P,. Let v be any arbitrary vertex.
Then diff, = —1. It follows that = = [1]. Since bd(7T") = 1, we see that B(T)7} = bd(7T")1.
So a) holds. In view of Remark 2.1.5, without loss assume that v = r, and T be obtained
by adding two new vertices l,41 and r,; and the edges [rp, lp+1], [lp+1,7p+1] to T. So, by

Lemma 2.2.14, b) holds. (Alternately, one can directly verify this from a P;.)
Now suppose that the statements hold for p. Consider a nonsingular tree 7" on 2p + 2

vertices. Then it is obtained from some tree T" on 2p vertices by attaching a new P at
some vertex v, see Remark 2.1.12. Let (L, R) be a standard vertex bipartition of 7" such that
v = r,. Thus, 7" is obtained by adding two new vertices l,,11 and 7, and the edges [rp, [,11],
[lp+1,7p+1] to T. By induction hypothesis, we have B(7")7; = bd(7")1. Hence by Lemma
2.2.14, we see that both a) and b) hold for 7”. The proof is complete by induction. [ |

By item (a) of Theorem 2.2.15, we know that the bipartite distance index of a nonsingular
tree is always an odd number. In particular, the bipartite distance matrix of a nonsingular

tree is always invertible.

» Corollary 2.2.16. Let T' be a nonsingular tree on 2p vertices. Then the bipartite distance

index of T' 1s an odd number and so the bipartite distance matriz of T is invertible. <

» Corollary 2.2.17. Let T' be a nonsingular tree on 2p vertices with a standard vertex bipar-
tition (L, R). Let T be the restriction of 7p on L. Then (75)'B(T) = bd(T)1°". <

Proof. Let F' be the tree obtained by interchanging [; with r; for each i. Then B(F) =
B(T)! and 75 = 75 Hence B(F)7h = bd(F)1 = bd(T)1 and taking transpose, we get
(TH)B(T) = bd(T)1". [ |

The following is an immediate corollary to Theorem 2.2.15. It explains why the corona
trees have bd(7T") = 1.

» Corollary 2.2.18. Let T' be a nonsingular tree on 2p vertices and v be a vertexr in T such
that diffr(v) = —1. If F is obtained by attaching a new Py at v in T', then bd(F') = bd(T).

In particular, since the corona trees are obtained from P, by attaching new Py’s at quasi-
pendant vertices, repeatedly, and bd(Py) = 1, we see that the bipartite distance index of each

corona tree 1s 1. |

» Remark 2.2.19. From Corollary 2.2.18, we know that the bipartite distance index of each

corona tree is one. But the converse of Corollary 2.2.18 is not true in general. For example,
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consider the tree T3 as shown in Figure 2.2. Clearly, T3 is not a corona tree but bd(73) = 1,

see Example 2.3.2. <
This is a comparison of the vector 7" with an already known vector p in the literature.

» Remark 2.2.20. Consider a tree 1" on vertices 1,...,n and the classical distance matrix
D(T). Let p denote the vector whose i-th entry is u(i) = 2 — d(i), where d(i¢) means the
degree of 7. A well known identity for distance matrix which is similar to Theorem 2.2.15
has been observed by Bapat, Kirkland and Neumann [BKNO05|). It says D(T)u = (n — 1)1.
So D(T)(—u) = (1 — n)1. Notice that, 1 — n = det D(T)/(—2)""2. This similar to defining
bd(T) = det B(T)/(—2)P~L. <

» Remark 2.2.21. Theorem 2.2.15 explains why the bipartite distance index of P were

like 1,1,3,3,5,5,.... Assume k is odd and imagine a new P, at an end vertex v of Py.

Notice that diff(v) = —1. Hence, by bd(Psgi2) = bd(Pa). If k is even, then we would get
diff(v) = 0 which is even. Hence, bd(Py;2) = bd(Py) + 2 happens in this case. <

2.3 The inclusion-exclusion principle

In this section we first show the bipartite distance index bd(7") of a nonsingular tree T
satisfies an inclusion-exclusion type of principle at each matching edge. This in turn gives us
a much simpler recursive formula to calculate the bipartite distance index of a nonsingular
tree T' from its subtrees. Before that let us recall that a branch at a vertex v of a graph G
is a connected component of G — v. We do not include v in a branch at v. A branch at v
is called a trivial branch if it has exactly one vertex. If B is a branch at v in G, then by
G — B, we denote the graph obtained by deleting all the vertices of B from G (and so the

edges incident with those vertices are also removed).

The following result shows that det 8B(T") satisfies an inclusion-exclusion type of principle
at any matching edge of the tree 7. Figure 1.2 illustrates why we refer Theorem 2.3.1 as an

inclusion-exclusion principle.

» Theorem 2.3.1 (Inclusion-Exclusion). Let T' be a nonsingular tree on 2p vertices with a

matching edge [u,v] such that s = d(v) > 3. Let wy,...,ws_1 be the other vertices adjacent
tov. Let By, be the branches at v containing the vertex w;, 1 =1,...,s — 1. Then we have
bd(7T) =bd(T — By,) +bd(T'— By, — -+ — By, ,) —=bd(T' — By, — By, — -+ — By._,). 4

Proof. In view of Remark 2.1.5, let us assume that our tree is as shown in Figure 2.5 and

that u = ly,, v = 1p,, Wy = lp, 41, for i = 1,...,5s — 1. By Theorem 2.2.15, we know that
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B(T)r; =bd(T)1. Thus
B(T)k, .7 =bd(T).

By Remark 2.2.10 b), we have

%(T)/ﬂ,! = %(FQ)kh: ot %(Fs)k'h: - (5 - 2)%(T1)k171'

By Remark 2.2.10 a), we have 77(r;) = 74, (r;) if r; € Fj,r; # ry,. Thus we have the

complete information about 7/ except at the vertex v = 7y, .

Now consider ry,. We have dp(ry,) = s, dry(rg,) =1 and for j =2,3,...,s,
dp, (rh,) = 2, diffr(ry,) = diffp (ry,) = diffn (rh,).

It follows that

Tr(ry,) = —(s — 14 s diffp (rkl))
Tr (Th) = —(1+2 difle(rkl)) j=2,...,8
T (re) = —(diffp (ry,)).

Hence, for j = 2,...,s, we have

TT(T/ﬂ) — TF; (rk1) = _(5 - 2)(1 +diffy, (rk1)) = (‘9 - Q)M’
where M = —(1 +diffrp (rg,)). We also have

TT(T/ﬂ) F TT1(rk1) == (S - l)M'

Therefore, the bipartite distance index of 7" is given by

bd(T) = B(T)k,: 77 = B(F2)ky: 7+ B(F )k, 77 — (5 = 2)B(T)y: 77
= B(F)p, TA+(s—2)M + -+ B(Fy)i,. TH + (s —2)M
“(s—2) (%(Tl)kl,: TR 4 (s— 1)M>
= Dbd(F,) + -+ Dbd(Fs) — (s — 2) bd(T7).
In a similar argument, we have bd(T — By, ) = bd(F3)+---+bd(Fs) — (s —3) bd(77). Noting
that T'— B, — -+ — By, , = Fy and T'— B,,, — By, — -+ — By, , = T, the conclusion
follows. [

Let us illustrate Theorem 2.3.1 with an example.

#H-2878_156123009



The inclusion-exclusion principle

» Example 2.3.2. Consider the nonsingular tree 7', as shown in Figure 2.7. Edges in the

perfect matching are shown as dashed lines.

Consider the vertex v in T'. Note that d(v) = 3. By applying Theorem 2.3.1 we have

ba(7) =bd(.__ /--<ZZI) +bd("'\--H--.) ~v(es)

= (bd(Pﬁ) +bd(Pg) — bd(P4)> +bd(Pg) — bd(FP2)

=3bd(Fs) —bd(Py) —bd(P) =T.
Note also that using Theorem 2.3.1, we can see that the bipartite index of the tree 73 in
Figure 2.2 is 1 and the bipartite index of the tree T" in Figure 2.6 is 3. <

Theorem 2.3.1 implies that the bipartite distance index of a nonsingular tree can be
expressed as an integer combination of the bipartite distance indices of some paths of the

form Py in a realizable way.

» Corollary 2.3.3. Let T be a nonsingular tree on 2p vertices. Then there exist a; € Z, for
1=1,...,p such that

bd(T) = a1 bd(P2) + agbd(Py) + - - - + a, bd(Py,). <

In the below result we express the bipartite distance index of a corona tree as an integer

combination of the bipartite distance indices of paths Py and P.

» Lemma 2.3.4. Let T be a corona tree on 2p vertices (p > 1). Then

bd(T) = (p — 1)bd(Py) — (p — 2) bd(Py). <

Proof. We prove the statement by induction on p. Clearly the statement holds for p < 2.

Assume the statement to be true for p > 2 and consider a corona tree T on 2p vertices.

Let P = [v1,v9,...,Um_1,Uy] be a path corresponding to the diameter of T'. It follows by
Lemma 2.1.11 that
bd(T) = bd(T — V1 — U2)

.<:"'
- T
-—o—eo—-9

Figure 2.7: Understanding Theorem 2.3.1
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We now apply induction hypothesis on the tree T'— vy — v5 to obtain the required result. W

2.4 The f-alternating sums

In this section we study a new type of combinatorial object, known as f-alternating sum.

Recall that Ag denotes the class of all alternating paths in G.

» Definition 2.4.1 (f-alternating sum). Let S : N — R be a sequence. Let G be bipartite
graph with a unique perfect matching. The f-alternating sum fs(G) of G' (with respect to

the sequence S) is defined as

P=[u,--,v]

Note that from the definition it follows that the f-alternating sum of a path P is fs(P) =
S(|P|/2) if P is an alternating path and otherwise it is 0. We first show that the function
fs(T) satisfies the same recurrence relation as that of bd(7") in Theorem 2.3.1.

» Theorem 2.4.2. Let S : N — R be a sequence and T be a nonsingular tree on 2p vertices

with a matching edge [u,v] such that s = d(v) > 3. Let wy,...,ws_1 be the other vertices
adjacent to v. Let B, be the branches at v containing the vertex w;, i =1,...,5s — 1. Then
we have

fS(T) = fS(T - Bw1) + fS(T — By, = — Bwsfl) - fS(T — By, — By, — - — Bwsﬂ)' <

Figure 2.8: For the proof of Theorem 2.4.2.
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Proof. Let T\ =T — By, +---— B, ,. For j =2,3,...,s, by Fj denote the tree obtained
from Ty and B,,_, by adding the edge [v, w;_1]. For a reference, see Figure 2.8.

Notice that, if j # [, then F; and F; have 77 in common. It follows that Ay = CJQ Ap;.
]:

By P, let us denote the unique path between vertices ¢ and j in 7. Hence we have

fs(T) = > [d(0) = 2][d(j) — 21 fs(Psy)

Pi[eii‘fj]
= ) [d6) = 2[dG) = 2Afs(Pig) + -4+ Y [d(i) —2[d() — 2 fs(Piy)
P:[i,f‘?j] PP:E[ﬁisj]
—(s—2) > [d(i) - 2][d(j) — 2fs(Pi;)
P—fiy ]

= fs(F2) + -+ fs(Fs) — (s = 2) fs(Th).

In a similar way, fs(T'— Buw,) = fs(F3) +- -+ fs(Fs) — (s = 3) fs(T1). The proof now follows
by noting that 7' — B,,, — -+ — By,,_, = F5. |

In the following remark we see that how the f-alternating sum of a bipartite graph G with

a unique perfect matching gives structural information of the graph G.

» Remark 2.4.3. a) Take S = (1,1, 1,...). Then, by definition, fs(F»,) = 1 and by applying
Theorem 2.4.2, we see that fg(7') =1 for each T

b) Take S = (2,4,6,...). Then fs(Ps,) = 2p and by applying Theorem 2.4.2, we see that
fs(T) = |T| is the order of T

c) Let G be a graph with a unique perfect matching. Although we can define the f-

alternating sum of G but the identities obtained in a) and b) need not remain valid. For

example consider the graph G below.

) 4

Ce-——eo—9

I

I
loe——o—4 G

2 3

The only paths that contribute to the alternating sums are [1,2],[5,6],[1,2,3,4,5,6].
Hence, for S = (1,1,1,...) we have f¢(G) = —1 and for S = (1,2,3,...) we have fs(G) = 1.

d) It would be interesting to know the class of graphs G with unique perfect matching
that have fg(G) =1in a) and fs(G) = |G| in b).

e) It would be interesting to know the properties of the f-alternating sums of nonsingular

trees, for some more sequences S. <
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2.4.1 Combinatorial formula for the bipartite distance index

In this subsection we prove that bd(7") is nothing but the f-alternating sum for the sequence

S =(1,1,3,3,5,5,...).

» Theorem 2.4.4. Let T' be a nonsingular tree on 2p vertices and S = (1,1,3,3,5,5,...) be
a sequence. Then

bd(T') = fs(T). <

Proof. We prove the result by induction on the number of vertices in 7. For p =1 or p = 2,
the only possible nonsingular tree is a path on 2p vertices. This case follows from Proposition

2.2.1, as the nonzero contributions to fs(7") will come only from the end vertices.

Now suppose that the result is true for every nonsingular tree with number of vertices
less than 2p. Let T be a nonsingular tree on 2p vertices. Note that if T" is a path then the
result follows by Proposition 2.2.1. Suppose that 7" is not a path. Then there exists a vertex
v in T such that d(v) > 3. Let [u,v] be the matching edge involving v. Let wy,...,ws_;
be the other vertices adjacent to v. Let B,,, be the branches at v containing the vertex w;,
t=1,...,5s—1. Then by Theorems 2.3.1 and 2.4.2 we have

bd(T) = bd(T — By,) +0d(T'— By, — -+ — By, ,) —bd(T'— By, — By, — - — Bu._,)
= fS(T B Bw1) + fS(T — By, =+ — Bwsfl) - fS(T — By, = By, — - — Bwsﬂ)
= fs(T).
The result now follows by induction. |

2.5 Structure independence of the bipartite distance

index

A well known result by Graham, Hoffman and Hosoya [GHH77] is that the determinant of
the distance matrix of a graph only depends on the blocks and is independent of how they
are assembled. In a similar way, we want to construct classes of nonsingular trees such that

bd(7") remains the same for each class.

» Definition 2.5.1 (Pendant Path). Let £ be an even natural number. An alternating path
[u1,...,ug] in a nonsingular tree T is called a pendant path, if d(u;) = 1, d(u;) = 2, i =
2,...,k—1and d(ug) => 2. <

» Definition 2.5.2 (Merging of two trees). Let 7" and 7" be two nonsingular tree with the
pendant paths P = [vy,vs,...,v;] and P' = [v],v), ..., v;], respectively. By the merging T
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and 7" along these pendant paths, we mean the new tree obtained by identifying the the

vertices v; with v} for each i = 1,..., k, while keeping the rest of the vertices distinct. |

An example of merging is provided in Figure 2.2. If we want to merge two trees T and T’
along pendant paths of k£ vertices, we may be able to do so in more than one way and the

resulting trees could be nonisomorphic.

» Example 2.5.3. Consider the trees T and T from Figure 2.2 below. Let us label the
pendant paths on four vertices in both the trees. Clearly [vq, v9,v3,v4] is a pendant path in
T, on 4 vertices. Also note that [v], vh, vs, v}] and [v], v, vY, v]] are pendant paths in T on

4 vertices.

/ " " " Z
v] vy vy vy vy U5 vy U]

(%1 Vo U3 (%
T, T

If we want to merge T and T5 along pendant paths of 4 vertices, then we have two possible

choices and we obtain two trees T3 and T}, shown below.

» Definition 2.5.4. Let 7" and 7’ be two nonsingular trees on the same number of vertices.
Let k be an even natural number. By T+ T" — Py, we denotes the set of all trees that can
be obtained by merging trees T" and T along pendant paths of k vertices. This set will be

treated empty if one of T" or T” does not have a pendant path of & vertices. |
In Example 2.5.3, we see that T'+ T, — P, contains two nonsingular trees T3 and Ty}.

» Definition 2.5.5. Let F = {Py,,..., Py, } and G = {P.,,..., P,,_,} be two multisets con-
sisting path of even order, n > 2. Then by

Pk1‘|‘"'+Pkn_Pr1_"‘_P

Tn—1
we denote all the trees that can be obtained by repeated application of the following rules
in all possible ways and reaching G = 0.

a) Select a path P, from G. Select two trees 7" and 7" from F that have pendant paths of

r; vertices.
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b) Merge T' and 7" along some pendant paths of r; vertices. Let the resulting tree be 7.
c) Delete T"and 7" from F and put 7, in F. Delete P,, from G.

Note that when G = (), the set F will contain exactly one tree which is an element of the
class F — G.

If step a) fails at some stage, then we immediately set F = () and break the loop. This
means, we just collect the trees for those cases, for which we could reach G = 0.

For brevity, let us also use the notation 7 — G to denote the class Py, +---+ P, — P, —
— P, _,. Also, we allow F = {Py,},G = 0, in which case F — G = {Fy, }. <

Let us look at an example below.

» Example 2.5.6. Let us take F = { Py, Ps, Fs} and G = {P,, P»}. The expression F — G =
Py + Py + Py — P, — P, means the class of the following trees:

Rt S E

<

Note that the class F — G can be empty. By construction, each tree in / — G has the same
order and has a perfect matching. The following result supplies a condition for F — G to be

nonempty.

» Proposition 2.5.7. Let F = {Py,,..., Py, } and G = {P,,,..., P, _,} be two sets of even
ordered paths, n > 2. Assume that k1 < ko < -+ <k, andry <ry <---<r,_1. Then the
class F — G is nonempty if and only if k; > r; fori=1,... n—1. <

Proof. Suppose that k; > r; fori =1,...,n—1. Let T,, y € P, + P,_, — P. _,. Notice
that 7,_; has a pendant path of r,_; vertices. Let T,, 5 € T,y + Py, , — P,,_,. Notice
that T,,_» has a pendant path of r,,_5 vertices. Repeating the process a few times, we obtain
The F—G, whereT)y € Th + P, — P,,.

Conversely, suppose that F — G # (). Let T' € F — G. Suppose that G contains ¢ paths
g1, - - -, g; of number of vertices at least s and suppose that these paths are used in that order

while generating T'. At the stage of g;, we must have used two trees in F which had pendant
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path copies of g; in them. So at this stage, we have at least two trees in F that have pendant
paths of order at least s. Similarly, at the stage of g, 1, we must have used two trees in F
which had pendant path copies of g;_; in them. So at this stage, we have at least three trees
in F that have pendant paths of order at least s. Continuing, at the stage of g;, we must
have at least t 4+ 1 trees in F that have pendant paths of order at least s. This is possible
if from the beginning we have at least ¢ + 1 paths in F that have order at least s + 1. The

conclusion follows by putting s = r,_1,7,_92,...,77. |

» Remark 2.5.8. Let 7} be a nonsingular tree with a pendant path P = [ug,..., ugl,
dr, (uy) = 1, and T, be a nonsingular tree with a pendant path P' = [u], ..., ub,], dp,(u}) = 1.
Let T be formed by merging T and 15 along P and P’. The following statements are imme-

diate from the definition.

a) The number of leaves (pendant vertices) in T equals to those in 77 plus those in 75 minus

one.

b) The degree of any vertex v in T3, v # ug, remains unchanged in the process and the
the degree of any vertex v in T, v # uj,, remains unchanged in the process. Also
dr(usg) = dr, (usg) + dp, (uby,) — 1.

c¢) Consider the class X of all alternating paths in 7" that have pendant endvertices. Let F:
be the multiset of paths obtained by removing the labels from the paths in X. Then

Fp = F3UFS,,

where U means the multiset union, that is, if H € Fj, three times and H € Fj, two

times then H € [ five times.

d) Consider the class Y of all alternating paths in 7" that have one endvertex pendant and
the other of degree more than 2. Let G%. be the multiset of paths obtained by replacing
each path P in Y that has an endvertex of degree d > 2 with d — 2 copies of unlabeled
P. Then

G = Gp UG, U{ Pai}. <

» Lemma 2.5.9. Letn € N and F = {Py,,..., P, } and G = {P,,,...,P. |} be two sets
consisting paths of even order and T € F —G. Then F} = F and G% = G. <

Proof. The statement is true for n = 1. Assume that it is true for each n < m. Let
F=APy,..., P, }and G={P,,..., P. _ } betwo sets consisting paths of even order and
TeF-g.

Suppose that T was created by merging 77 and 75 along pendant copies of Py. Since T}

was already created, it must have been created using some sub-multisets F; and G;. That
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is, T} € F; — G;. Similarly, let Ty € F5 — Gy. Since, by the time of the creation of T, F is

singleton and G is empty, we see that
F=FUF and §G=GUGU{Py}.
By induction hypothesis, F;;, = F1 and F}, = F,. By Remark 2.5.8 d), we have
Fj = F,UF}, = F,UF, = F.

Similarly, G% = G. The proof is complete by induction. [ |

2.5.1 Path decomposition

Let us first ask the following question: Given a nonsingular tree T', can we find multisets F
and G of even order paths such that T is in the class F — G ¢ The answer is in the negative.
The following nonsingular tree is an example. Notice that, in the below tree, there are two
degree three vertices and there is no pendant path having an end vertex is one of those
degree three vertex. Therefore, we can not find any F and G of even order paths such that
the below tree is in the class F — G.

Y 4

Now focus on the question: Given a nonsingular tree T, suppose that we can we find
multisets F and G of even order paths such that'T € F —G. Are F and G unique? The
answer is in the affirmative. We shall call (F,G) (when it exists), the path decomposition of

T.

» Proposition 2.5.10 (Path decomposition). Let F,G be multisets consisting paths of even
order and T € F — G. Then, the decomposition (F,G) is unique. <

Proof. Suppose that T'€ F—G and T € F'—G’. Then by Lemma 2.5.9, we have F = Fz = F'
and § = G =G, [

In the following result we observe that the f-alternating sum of all trees belongs to the
class F — G are same. That is, if the class F — G is nonempty, then each tree in the class has
the same f-value and this value can also be given by another expression using the f-values
of the paths in F and G.
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» Proposition 2.5.11. Let F = {Py,,..., Py, } andG ={P,,,..., P. _,} be two sets consisting
paths of even order, n > 2. Let f : N — R. Then f(T') remains the same for each T € F —G.

In fact, this common value can be given by a simpler expression

F(T) =" fs(P) = ) fs(P)). <

PeF Pj €g

Proof. Let T € F — G. Suppose that T" was created by merging 77 and 75, along pendant

copies of Py;. Then in view of Theorem 2.4.2, we have

fs(T) = fs(T1) + fs(T2) — fs(Par)-

Since T7 was already created, it must have been created using some submultisets JF; and G;.
That is, 177 € F; — Gy. Similarly, let T, € F5 — G,. Since, by the time of the creation of T,

F is singleton and G is empty, we see that
FE ]:10]:2 and Q = 91Ug2U{ng}

Applying induction hypothesis on the size of F, we see that

fs(T) = > fs(P)— > f(P), fs(T) = > fs(P) = > f(P).

PeF PjeG: PeFs PjcGo
Hence
Fs(T) = fs(Ty) + fs(To) — fs(Par) = Y F(P) = ) fs(P)).
P,eF P;eg
The proof is complete. |

In view of Proposition 2.5.11, we shall write fs(71 + 1o — Py) = fs(T1) + fs(12) — fs(Pr),
with the understanding that the identity is true for each tree in the class 77 + T, — P.

As an immediate corollary, we obtain a simpler formula for the determinant det B(7") for

the trees that are in some F — G.

» Corollary 2.5.12. Let F ={Py,,..., Py, } and G ={P,,,..., P, _,} be two sets consisting
paths of even order, n > 2. Then bd(T") and det B(T") remain the same for each T € F —G.

These common values are given by

bd(T) = Y fo(P) = > f(P),  detB(T) = (—2)" " bd(T),

PeF Pj €g

where2p =ky + -+ ky, —r1 — - —1p_1. <
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We conclude the section with an illustration.

» Example 2.5.13. Consider the the tress 75 and 7); in Example 2.5.3. Note that both the
trees T3 and T, belong to the class F — G, where F = { Py, Ps, Ps} and G = { P, P;}. Hence
by Corollary 2.5.12,

ba(Ty) = bA(Ty) = f(4) + F(3) + (3) = F(2) — f(2) =3+3+3—1—1=T7,
as S =(1,1,3,3,5,5,...). Since the order 2p = 12, we have p — 1 = 5. Hence

det B(T3) = det B(T,) = (—2)° x 7= —224.

We can compute det 8(73) by first taking a standard vertex bipartition. We have taken

one as shown in the picture.

For this standard bipartition the matrix B(73) is

1351755
11353 3
311333
531155
313513
1313531,

It can be checked that the determinant is indeed —224. Of course, one could verify the same
for Ty, too. <
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In Chapter 2, we proved that the bipartite distance matrix of a nonsingular tree is always
invertible and its determinant can be described using the structure of 7. What about the
inverse of the bipartite distance matrix of a nonsingular tree? Can the entries of the inverse
be described combinatorially?. In this chapter we supply a combinatorial description of the
inverse of the bipartite distance matrix and establish identities that are similar to some well
known identities. The study leads us to an unexpected generalization of the usual Laplacian
matrix of a graph. This generalized Laplacian matrix is usually not a symmetric matrix but

it still has many properties like the usual Laplacian matrix.

We introduce the bipartite Laplacian matrix of a nonsingular tree in Section 3.1. In
Section 3.2 we study elementary properties of the bipartite Laplacian matrix and compare
them with those of the usual Laplacian matrix. We then continue our study in Section 3.3 by
finding upper bounds and lower bounds on the multiplicities of eigenvalues of the bipartite
Laplacian matrix. The inverse of the bipartite distance matrix has been discussed in Section
3.4.

3.1 Preliminaries
We start the discussion by defining the bipartite Laplacian matrix of a nonsingular tree.

» Definition 3.1.1 (The bipartite Laplacian matrix). Let 7" be a nonsingular tree on 2p
vertices and (L, R) be a standard vertex bipartition of T'. The bipartite Laplacian matriz of
T, denoted by £(7") or simply by £ is the p x p matrix whose rows are indexed by rq,...,7,
and the columns are indexed by ly,...,l,. The (7, j)th entry of £(T) is defined as

d(r;)d(l;) — if i = j;
d(r;)d(l;) if i # j and the r;-[; path is an odd alternating path;
L(i, ) = —d(r;)d(l

1
)
;) if i # j and the r;-; path is an even alternating path;
1 ifi# jand r; ~ Ij;

0

otherwise.
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Sometimes we use £(r;,1;) to denote the (7, j)th entry of £. <

Here we want to recall that the rows of the bipartite distance matrix B(7) of T are
indexed by [y, ..., and the columns of B(7T) are indexed by 71, ..

., 7p and the columns of £(7T")

., 7, whereas the rows of
the bipartite Laplacian matrix £(7") of T" are indexed by 7y, ..
are indexed by Iy, ...,1,. ?

» Remark 3.1.2. Let 7" be a nonsingular tree with a standard vertex bipartition (L, R). The
bipartite Laplacian matrix of T can also be defined as D — A!, where A is the bipartite

adjacency matrix of 7' and D be the square matrix of order p whose (4, j)th entry is defined

as
d(r;)d(l;) if the r;-l; path is an odd alternating path;
D(i,7) = § —d(r;)d(l;) if the r;-l; path is an even alternating path;
0 otherwise.
Note that here we consider A’ because by Definition 1.2.1, we indexed rows of A by Iy, ..., 1,

and indexed columns of A by r,...,1,. <
Let us first look at an example below.
» Example 3.1.3. Consider the nonsingular tree 7" as shown below.

0l [s9——-oT5 o7y
s | |
—— o — — -————¢

(& l2 T2 lg 3 l4

Here the dashed edges are the matching edges. Clearly, L = {l,...,ls}, R={r,...,r5}is

the standard vertex bipartition. The bipartite distance matrix 8 and the bipartite Laplacian

matrix £ are given by

YL Te Tg Ta Ty 1 ly I3 ly l5
L [1 35 7 5] mo [ 1 -1 0 0 0]
o b 11353 P 3 5 -1 0 -1
I3 31133 - 2 -4 3 -1 0
Ly 53115 s 1 2 =2 1 0
5 |3 1351 rs 1 -2 0 0 1

Note that here £ is not a symmetric matrix.

<

2 We adopt this type of indexing for the bipartite Laplacian matrix so that we do not have to use transpose
while giving an expression to the inverse of the bipartite distance matrix.
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For a nonsingular tree T, we can have many standard vertex bipartitions depending on
the labeling of its vertices. However, we can see that the bipartite Laplacian matrices

corresponding to them are similar to each other.

» Remark 3.1.4. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition
(L, R).

(a) Let F' be the tree obtained by interchanging the labels of [; with r; for alli =1,... p
in 7. Then £(T) = £(F)*. Therefore, £(T) and £(F) are similar matrices.

(b) Let F' be the tree obtained by relabeling the vertices within the part L, keeping it a

standard vertex bipartition (that is, we also relabel the respective vertices in R accordingly).

Then £(T") is permutation similar to £(F). <

We now introduce the concept of a signed degree vector at a vertex which is required to

relate the structure of the bipartite Laplacian of the new tree with that of the old one.

» Definition 3.1.5. Let 7" be a nonsingular tree on 2p vertices with the standard vertex
bipartition (L, R) and v be a vertex. Then the signed degree vector e, at v is defined in the
following way.
1. If v € L, then for i =1,...,p, we define
i) p,, (i) = dr(r;) if the v-r; path is an odd alternating path,
ii) p,, (i) = —dp(r;) if the v-r; path is an even alternating path, and
iii) p,,(7) = 0 if the v-r; path is not an alternating path.
2. In a similar way, if v € R, then for ¢ = 1,...,p, we define
i) p, (i) = dr(l;) if the v-l; path is an odd alternating path,
i) p, (i) = —dr(l;) if the v-l; path is an even alternating path, and
iii) p,,(7) = 0 if the v-l; path is not an alternating path. <

» Example 3.1.6. Consider the tree 7" in Example 3.1.3. Then the signed degree vector of
T at I, and at r3 is given by

t t
u52=[03—21—1] and  p, =[1 -2 20 0], <
The signed degree vector at a vertex v has the property that the sum of its entries is

always one.

» Lemma 3.1.7. Let T be a nonsingular tree on 2p vertices with a standard bipartition (L, R).

Let u be any vertex in T' and p,, be the signed degree vector at u. Then ]ltuu =1. <
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Proof. We proceed by induction on p > 1. For p = 1 the result is trivial. Assume the result
to be true for nonsingular trees with less than 2p vertices. Let T" be a a nonsingular tree on
2p vertices with a standard bipartition (L, R). Let u € R. (The case of u € L can be dealt
similarly.) Let p be the signed degree vector of w in T

Suppose [vg, vy, ..., vx] is a longest path in 7. As p > 1, we have & > 3 and so we may
assume that vg, v; # u. As T is nonsingular and this is a longest path, we have d(vg) = 1 and
d(v1) = 2. Without loss of any generality, let us assume vy, v1 € {l,,7,}. Let T = T—A{vg,v1}
be the tree obtained from 7' by removing the vertices vy and v;. Clearly, u € T. Let 1 be the
signed degree vector of u in T. Note that 1 is vector of size p—1. Clearly, dr(v) = d#(v) for
cach v € T — vy and dr(ve) = da(ve) + 1. It follows that p(i) = p(7) for each [; € L\ {v2}.

If either v, € R or the u-vy path is not an alternating path then p' = [ﬁt O] and the
result follows by induction. Now we assume that vy € L and the u-v, path is an alternating
path. Then vy ~ 7, and dp(l,) = 1. Let vy = [} for some 1 < k < p. Note that the u-l, path

is also an alternating path and so we have (k) = (—1)'dz(vs) for some ¢ and p(p) = (—1)1.
Since p(k) = (=1)'dr(ve) = p(k) + (—1)%, it follows that

w' =@ (- + (a)fel o]

Hence the result follows by induction. |

3.2 Basic properties

In the following result we relate the structure of the bipartite Laplacian £ of the new tree
with that of the old one.

» Lemma 3.2.1. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition
(L,R). Let T be the tree obtained from T by attaching a new Py at v. Let p,, be the signed

degree vector at v of T.

~

d| ARt
(a) If v =l for some k, then £(T') = SUT) +pyer —my _

N £(T t_
(b) If v=ry for some k, then £(T) = ) +tekﬂv fk] ' <
—p,

Proof. We only provide the proof of item (a) as the proof of item (b) can be dealt in a similar
way. Without loss of any generality, let us assume that T obtained from T by adding a new
path [ly, 7pt1, lp41] for some 1 < k < p. Clearly L=LU {lp+1} and R=RU {rp+1} is a
standard vertex bipartition of T. Let € and € be the bipartite Laplacian matrix of 7" and f,

respectively. Since [r,41, [,11] is the only alternating path that starts at 7,11 and ds(rp41) = 2
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with [rp41, ;] is not a matching edge, it follows that the all entries of the (p + 1)th row of
€ is zero except E(p +1,p+1) = da(rps1)ds(lp41) — 1 =1 and S(p + 1, k) =
Sp+1,:) = [—ek 1]

Let us take 1 =1, ...
path if and only if the [,;;-r; path is an even alternating path. Similarly, the [;-r; path is

—1. Hence

,p. Then r; »« l,4,. Note that the [;-r; path is an odd alternating

an even alternating path if and only if the [,;,-7; path is an odd alternating path. Since
d=(lpp1) = 1, it follows that £({1,...

vector of T at .

Since dr(u) = ds(u) for each u € T other than I, it follows that E(i,j) = £(1,

php+1) = M, where B, is the signed degree

j) for each

1=1,...,pand j=1,....k—1,k+1,p.
Finally, notice that dz(ly) = dp(lx) + 1. Therefore, for i = 1,...,p, we have
([ dr(r)(dr(ly) +1) — 1 if i = k;
dr(r;)(dr(ly) +1) if i # k and the r;-l; path is an odd alternating path;
L£(i, k) = —dp(r;)(dr(lx) + 1) if i # k and the r;-l; path is an even alternating path;

—1 ifi#kand r; ~ I;

0 otherwise.

Therefore, £({1, . ..

0} k)= L({1,...

We now recall a well known result. It can be found in [Bapl4, Lemma 4.2], for example.

0} k) + B, - This completes the proof. ]

» Lemma 3.2.2. Let M be a square matriz of order n with zero row and column sums. Then

the cofactors of any two elements of M are equal. <

Proof. We shall first show that (—=1)"*M(i|j) = (—1)"**M(i|k) for all 7,5, and k. Without

loss of generality, let us assume j > k. Since each row sum of M is zero, it follows that
n

M (z, k) :ZM(:c,t) foreachx =1,...

t=1

,n. Let M(i]j) be the matrix obtained from M (i|j)

t#£k
by adding all columns of M (i|j) to the column k of M(i|j). Notice that if k = j — 1 then

det (M

can see that

(1]7)) = — det M(7|k), otherwise by shifting column k to the right of column i — 1 we

det M(ilj) = 1)y det M (i|k).

(=1)7 717 (=1) det M(ilk) = (-

(=)™ *M(k|j)
for all 4, j, and k. This completes the proof. |

Now by applying a similar argument to M* we can show that (—1)"7 M(i|j) =

Below we list some elementary properties of the bipartite Laplacian matrix and compare

them with those of the usual Laplacian matrix, whenever possible.
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Let T' be a nonsingular tree on 2p vertices with a standard vertex bipartition (L, R). Sup-

pose £ 1s the bipartite Laplacian matrixz of T'. Then the following assertions hold.

(a) The row and the column sums of £ are zero. (A similar property also holds for the usual

Laplacian matriz of any graph.)

(b) The cofactors of any two elements of £ are equal to one. (For the usual Laplacian matrix

of a graph, the cofactors of any two elements are equal to the number of spanning trees.)

(c) The rank of £ isn — 1. (A similar result is also true for the usual Laplacian matriz of

a connected graph.)

(d) The algebraic multiplicity of 0 as an eigenvalue of £ is one. (A similar result is also true

for the usual Laplacian matriz of a connected graph.)

(e) If w is an eigenvector of £ corresponding to an eigenvalue \ # 0 then 1'u = 0. (A

similar property also holds for the usual Laplacian matriz of any graph.)

(f) If T = F o Ky for some tree F' on p vertices. Then L(F) = £(T) where L is the usual
Laplacian matriz of F. (That is, the usual Laplacian matriz of a tree F' can be seen as

a bipartite Laplacian matriz of another tree T'.)

(9) The matriz £ is a symmetric matriz if and only if T' is a corona tree, that is, if T =
F o K, for some tree F. (Whereas, the usual Laplacian matriz is always a symmetric

matrizx.) <

Proof of Item (a). The result follows from Lemma 3.2.1 and Lemma 3.1.7.

Proof of Item (b). By Lemma 3.2.2, all cofactors of £ are equal. We only need to show that
they are equals to one. We proceed by induction on p > 2. The statement is valid for p = 2.
Assume it holds for all nonsingular trees with vertices less than 2p. Let T be a nonsingular
tree with 2p vertices. Without loss of any generality, we assume that [, is a pendant vertex
in T and d(r,) = 2. Let 7, be adjacent to [, for some 1 < k < p. Let T” be the tree obtained
from T by deleting vertices [, and r, from 7. Let £ be the bipartite Laplacian matrix of 7.
Consider a vertex r; such that 1 <i < p. By Lemma 3.2.1, it follows that

det £(i | p) = (—=1)P™ det £(i | k) = (—1)"".

The last identity follows by induction hypothesis. Hence the result follows.

Proof of Item (c¢). By item (a), 0 is an eigenvalue of £. The remaining part of the proof

follows from item (b).

Proof of Item (d). By item (a), the characteristic polynomial x(z) := det(z{—£(T)) = = f(x),

where f(z) is some polynomial with integer coefficients. By item (b) it follows that
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f(0) = coefficient of z in x(x)
= (=1)?"!'x (sum of the principal minors of £ of size p — 1)
= (=) 'p.
This shows that the algebraic multiplicity of 0 is 1.
Proof of Item (e). Tt directly follows from the fact that 1°£ = 0.

Proof of Item (f). Let us assume that "= F o K for some tree F' on p vertices. Note that
for each v € F' we have dr(v) > 1 and there exist a leaf u ¢ I adjacent to v in T'. Therefore
for each ¢+ = 1,...,p, exactly one of [; and r; is in F. We label the vertex v € F by v;
if v is adjacent to a pendant vertex l; or r; in 7. Now note that the (i,7)th entry of £ is
dr(l)dr(r;) — 1 =dr(v;) — 1 = dp(v;).

Now consider ¢ # j. Since each edge in F' is a nonmatching edge in 7', all v;-v; paths in T
are not an alternating path in 7". Therefore, if v; ¢ v; then both the r;-l; path and the r;-I;
path are not an alternating path and so £(4,5) = £(j,4) = 0. Suppose v; ~ v;. Without
loss of any generality, let us assume v; = [; then v; = r;. It follows that the r;-[; path is an
alternating path of length three and r; ~ [;. Therefore, £(4,j) = —dyp(r;)dr(l;) = —1 and
£(j,7) = —1. This shows that £ = L.

Proof of Item (g). Let T be not a corona tree. Then there exist an alternating path P =
[vo, v1, U2, v3] such that d(vg) = 1, d(v3) > 1. By taking vy = l; and vy = [y we see that
the (1,2)th entry of £ is —1 but (2,1)th entry of £ is —d(vs) # —1. This completes the
proof. |

3.3 Spectra of the bipartite Laplacian matrix

By item (f) of Theorem 3.2.3, all eigenvalues of the bipartite Laplacian matrix of a corona
tree are nonnegative real numbers. An interesting question now arises: Is it true that all
eigenvalues of the bipartite Laplacian of each nonsingular tree are nonnegative real numbers?
Let us investigate it for the tree 7" as in Example 3.1.3. Let £ be the bipartite Laplacian
matrix of the tree T as in Example 3.1.3. Let f(z) = det(xl — £) be the characteristic

polynomial of £. By a direct computation, we see that f(x) = x(z* — 1123 + 3122 — 242 +5).

Clearly 0 is an eigenvalue of £. We can further observe that f(1/4) > 0, f(1/2) < 0,
f(1) > 0, f(3) < 0, and f(10) > 0. Therefore, all eigenvalues of £ are nonnegative real
numbers whereas £ is not a symmetric matrix. This is quite interesting. It seems that it is

true for the bipartite Laplacian matrix of each nonsingular tree.

» Conjecture 3.3.1. Let T be a nonsingular tree on 2p wvertices with a standard vertex bi-
partition (L, R). Then all eigenvalues of the bipartite Laplacian matriz are nonnegative real

numbers. <
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In Appendix, we show that the above conjecture is true for all tree on at most 10 vertices.

Let G be a graph and L£(G) be its usual Laplacian matrix. By p(G) and ¢(G), denote
the number of pendant vertices and the number of quasipendant vertices of GG, respectively.
Faria |[Far85] in 1985 observed that the multiplicity of 1 as an eigenvalue of L(G) at least
p(G) — q(G). (This number was called the star degree of a graph G in [Far85|.)

» Theorem 3.3.2. [Far85| Let G' be a connected graph and L(G) be the Laplacian matriz of
G. Then the multiplicity of 1 as an eigenvalue of L(G) is at least p(G) — q(G). <

In 1990, Grone, Merris and Sunder gave an upper bound on the multiplicity of any eigen-

value of the usual Laplacian matrix of a tree.

» Theorem 3.3.3. [GMS90, Theorem 2.3| Let T' be an any tree on n > 2 vertices and L(T)
be the usual Laplacian matriz of T. Then the multiplicity of any eigenvalue of L(T) is at
most p(T) — 1. <

Interestingly, such bounds can also be provided for the bipartite Laplacian matrix of a

nonsingular tree. In order to describe that, we need some more terminologies.

» Definition 3.3.4. Let T be a nonsingular tree. By a pendant-two-path at w, we mean a
path [u,v,w] in T such that dp(u) = 1 and dr(v) = 2. (As T is nonsingular, it follows that
dr(w) > 1.) If [u,v,w] is a pendant-two-path at w then the vertex w is referred as the root

of that pendant-two-path.
By P(T) let us denote the total number of pendant-two-paths (at all vertices) in 7. By

Q(T) let us denote the total number of vertices at which at least one pendant-two-paths are

available (that is, number of roots of pendant-two-paths). <

Let us illustrate Definition 3.3.4 by considering the tree 1" as shown below.

1 2 13 14
- — — ——-
3 4 7 10 11] 12

|
|
- —— ¢ ——

|
|
é
5 6 8 9 15 16
Notice that [1,2,4] and [5, 6, 4] are two pendant-two-paths at 4. Similarly, [14,13,11] and
[16, 15, 11] are two pendant-two-paths at 11. These are the only four pendant-two-paths in 7.
It follows that P(T') = 4. As 4 and 11 are only two vertices at which some pendant-two-path
exist in 7', it follows that Q(T") = 2.

Below we supply a result similar to the previously mentioned Faria’s result for the bipartite

Laplacian matrix of a nonsingular tree. Note that we do not yet know whether the bipartite
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Laplacian matrix is diagonalizable or not. In Appendix, we show that the bipartite Laplacian

matrix of nonsingular tree on at most 10 vertices is diagonalizable.

» Theorem 3.3.5. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition
(L, R) and £ be the bipartite Laplacian matriz of T. Then the geometric multiplicity of 1 as
an eigenvalue of £ is at least P(T) — Q(T), where P(T') and Q(T') are defined above. <

Proof. Note that if P(T") = 0, then the result holds trivially. So, we assume that P(7T") > 1.

Let w be a vertex in T" at which the available pendant-two-paths are [u;, v, w], i =1,... k.

If £ =1 then the contribution of w to P(T') — Q(T') is zero. So assume that k > 1.

Let T be the tree obtained from T by removing the vertices wy, vy, ..., ug, vs. For i =
1,...,k, let T; be the tree obtained from 7" by removing just the two vertices u; and v;
from T'. Let p; be the signed degree vector at v of 7; and let p be the signed degree
vector at v of T. Without loss of any generality, let us assume that the vertex set of T is
{li,.. ., lp,71,...,mn}. Note that p; = [ut o --- OT for each i = 1,...,k, as the edges

joining w and any of uq,vy,. .., ug, vp are nonmatching.

Note that for 1 < i < k, w;, 2z € {r,,l;,} for some j; > n. By Lemma 3.2.1, we have

| —p1t x| —e, 1!
H *‘fq] if w € R, where [ is an identity matrix
*

*
and 1 < ¢ < n. It follows that £(e;, —e;,) = ej, —e;, for 1 <i <t < k. This completes the
proof. ]

L= fweland £ =

Next, we supply an upper bound on the geometric multiplicity of an eigenvalue of the
bipartite Laplacian matrix of a nonsingular tree. The proof is similar to the proof of Theorem

3.3.3 given in [GMS90].

» Theorem 3.3.6. Let T be a nonsingular tree on 2p vertices, p > 1, with a standard vertex
bipartition (L, R). Let £ be the bipartite Laplacian matriz of T and let A be an eigenvalue
of £. Then the geometric multiplicity of \ is at most P(T) — 1. <

Proof. We first prove the result for P(T') = 2. Let us assume P(7T) = 2. Then T is a path.

Let T = [r1,ly,...,7p,lp] be the path on 2p vertices. Let £(T) be the bipartite Laplacian
matrix of T. Let L(T) be the bipartite Laplacian matrix of T = [ry,ly,...,7p_1,l,_1]. We

claim that if @ is an eigenvector of £(7) corresponding to an eigenvalue A # 0 then x(p) # 0.

In order to prove the claim, suppose A\ # 0 is an eigenvalue of the bipartite Laplacian matrix

of T' with a corresponding eigenvector x. Let Z be obtained from @ by deleting the pth entry.

From £(T)x = Az, by Lemma 3.2.1, note that

L)z + p(x(p —1) —x(p)) = Az, and —z(p—1) +=(p) = rz(p),
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where p is a signed degree vector at I, ; of T. If possible let, z(p) = 0. Then x(p — 1) =0
and £(T)Z = M\@. Therefore, 7 is an eigenvector of T corresponding to the eigenvalue A with
z(p — 1) = 0. With a repeated argument we see that & = 0, which is a contradiction as x

is an eigenvector. Therefore x(p) # 0.

Suppose that the geometric multiplicity of A is at least 2. Let 7 and x5 be a two linearly
independent eigenvectors of £(T") corresponding A. Then by a linear combination of x; and
2 we may find @ such that x(p) = 0, which is a contradiction. This shows that if P(T) = 2

then the geometric of A is one.

Now suppose P(T) = k > 2 and l,_g41,"p—k+1, - - - lp, T are the vertices corresponding to
these k pendant-two-paths (excluding their roots). Since T is not a path, in view of Remark

3.1.4, by relabeling the vertices if necessary, we may assume that d(l,) = d(l,—1) = 1.
Let « be an eigenvector for \. We shall show that among x(p — k + 1),...,x(p), at least

two coordinates must be nonzero. If both x(p) and x(p—1) are nonzero then there is nothing
to prove. If possible let, x(p) = 0. Let T be obtained from 7' by removing the vertices Tp
and [,. Let & be obtained from x by deleting the pth entry.

Note that d(l,) = 1. Let l;, ¢ < p — k, be the root of the pendant-two-path [l,,7,,,].
Then, by item (a) of Lemma 3.2.1, looking at the last row of £, we see that x(q) = 0. It
follows that £(T') has A as an eigenvalue with & as an eigenvector. Therefore, by induction,
there exist at least two coordinates among &(p—k+1),...,2(p — 1) must be nonzero. This
establishes that if & is an eigenvector of £, then among x(p —k+1),...,x(p), at least two

coordinates must be nonzero.

If possible, let «q,...,x; be linearly independent eigenvectors of L corresponding to A.
Since for each ¢ = 1,...,k, among the last k£ coordinates of x; at least two coordinates
must be nonzero, it follows that by taking an appropriate linear combinations of the vectors
xy,...,x; it would possible to create an eigenvector z such that at most one coordinates
among last k coordinates of z is nonzero. Thus we arrived at a contradiction. Hence the

geometric multiplicity of A is at most P(T") — 1. [ |

We remark here that the above two results applied to corona trees give us the respective

known results for the usual Laplacian matrix, as special cases.

In the following result we discuss how the bipartite Laplacian matrix of a nonsingular tree

can be obtained from some of its nonsingular subtrees.

» Remark 3.3.7. Consider the tree 7' with a matching edge [ly,, 7k, |, see Figure 3.1. Let the
degree of Iy, be s, s > 1. Let 7,41, Tkyt1s - - - ko, +1 b€ some distinct vertices other than ry,
that are adjacent to lj,. Note that when we delete the edges [lx,, 7k,41], - - -5 [lkys Thoy 1], WE
obtain s many smaller nonsingular trees, say T7,...,T,. Assume that the vertex set of T}

is {l1,.. ., g, 71, .-, Tk, }, the vertex set of To is {lk; 41, -+ lkys Thy+1s - - - s Thy }» and SO ON Up
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Figure 3.1: Understanding £(7T).

to the vertex set of Ty is {lp, 141, lkos The_yt1s - - -» Tk - Lt us put an arrow on the edge
Uk, Ty ] from rg, to l,. This arrow indicates that, from a vertex r; in Ty, we do not have
an alternating path to a vertex in 73. Similarly, from a vertex r; in T3, we do not have an
alternating path to a vertex in 11,715, Ty, Ts, ..., Ts. Similar statements are true for vertices
r; in Ty, ..., T,. Also, from a vertex [; in T}, we only have alternating paths to vertices in
T but not to a vertex in T5,...,Ts. Let us take £} be the tree 7. For i =2 ... s, let F;

be the subtree of T' obtained by taking F; ; and 7; and by inserting the edge [lx,, 7%, ,+1]-

Clearly Fj is the original tree T

a) Let B, be the signed degree vector at I, of T} and let p be the signed degree vector
' t
at g, of T. Then p = [ujk 0] :
1

b) Let £(F;) be the bipartite Laplacian matrix of F; for i = 1,...,s and £(T;) be the
bipartite Laplacian matrix of T; for i = 1,...,s. Clearly, £(77) = £(F}). Let Py, be the
signed degree vector at ry, 1 of Tj41,fori =1,...,5s—1. By E% we denote the matrix of an

appropriate size with 1 at position (7, j) and zero elsewhere. Then, for i = 2,..., s, we have

- t _ t e - t
£<T1) + (Z 1)ulk1 €k ulkl uTlirl “lkl “TkiflJrl

~E'™ L(Ty) + et 0
LF) = D) +en

_ Rk 0 | (T + elu;k'_ﬁl
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In particular,

L£(T1) + (s 1)lelek1 Pl Py, o i o
—E™ (T ! 0
L&(T) = (T2) + -
0 0
_ lk t
I FE 0 2(,I‘s) + ell'l'rks_lJrl ]

We illustrate the above remark by the following example.

» Example 3.3.8. Consider the tree T', as shown in Figure 3.2. Edges in the perfect matching

are shown as dashed lines.

Note that [l3, r3] is a matching edge and the other vertices that are adjacent to I3 are 7y, r7.
Consider k; = 3, ko = 6 and k3 = 8 in Remark 3.3.7. Note that T3, T,, and T3 are nonsingular
trees with the vertex set {l,ls,l3,71,79,73}, {l4,l5,06,74, 75,76}, and {l7,ls, 77,78}, respect-
ively. Further, F, is a subtree tree of T induced by {l, ..
of T induced by {ly, o, 13, l7,l3, 71,79, 73, 77,78 }. We set F} = Tj.

...,7¢} and F3 is a subtree

el . — — . . TR

/ o — -
/a
’. a
e
/ T _
\ 1
\
\
\ .-——l
\ F
\ o .
\ fr e et
\ P

—_— e

Figure 3.2: Illustration of Remark 3.3.7

Let By, be the signed degree vector at I3 of 17, let Ky, be the signed degree vector at ry

of T3, and let [ be the signed degree vector at r; of T3. Notice that

3

t
)

t t
w :[_1 1 3], ,J,T4:[2 1 o} and “’7“7:[2 —1}

Let p be the signed degree vector at l3 of T. Then

t t
p=|-1-13 0000 0 =|u, 0
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Let £(T;) be the bipartite Laplacian matrix of 7; for i = 1,2, 3. Then we see that

1 0 -1 3 -2 -1 .
Sr)=| 0 1 1| ad LB)=| -1 1 0| and £TY=| | 1]
1 -1 2 2 1 1
Notice that
[ 1 0 —2 -1 1
0 1 -2 i r
1 -1 5/=6 3 0 E(T) + py, 3 “k{'—Q 1 0}
L£(Fy) = =
0 0 -1| 5 =3 -1 E13 &(Ty) + eyt
0 0 0|l-1 1 o0 i 2l
0 0 0|-2 1 1|
S(T) +myes |~y my,

—E13 Q(Tg) -+ 61[1,;,4

In a similar way, we can see that

1 0 =3 2 -1 0| 2 —1]
0 1 -3 2 -1 0| 2 -1
1 -1 8|-6 3 0|-6
o) 0 1| 5 -3 —1
9 0 0 0|-1 1 0/ 0 o0
0 0l—2 1 1] 0 o
0 —1 0 0| 3 —2
0 0 0 0|—1 1]
L) +2pes | —ppm —Hy by
- o (1) + 61#?4 0 : <
I —EB 0 L(Ty) + el,u;7 |

Grone, Merris, and Sunder [GMS90, Theorem 2.1] have talked about the integer eigenval-
ues A > 1 of the usual Laplacian matrix of tree T'. The following is an extension of it to the

bipartite Laplacian matrix of a nonsingular tree.

» Theorem 3.3.9. Let T be a nonsingular tree on 2p wvertices. Suppose X is an integer
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eigenvalue of the £(T) with a corresponding eigenvector w. Then the following assertions

hold.
(a) If X # 0, %1 then X\ divides p.
(b) If X # £1 then no coordinate of u is zero.
(c) If X # £1 then the geometric multiplicity of \ is one. <

Proof of Item (a). By part (a) of Theorem 3.2.3, the characteristic polynomial y(z) :=
det(zl — £(T)) = xf(x), where f(z) is some polynomial with integer coefficients. By item
(b) of Theorem 3.2.3,
f(0) = coefficient of = in x(z)
= (—=1)P"!'x (sum of the principal minors of £(T) of size p — 1)
= (=L"'p.
Suppose A # 0, £1. It follows that, x(A) = 0 and hence f(\) = 0. As each term of f()) is
a multiple of A except f(0), we see that A divides f(0). The result now follows.

Proof of Item (b). Suppose A # £1. Notice that if ' = P, then u = [1] and the result holds
for p = 1. Let us assume T be a tree on 2p vertices, p > 1. By way of contradiction, assume
that some u(k) = 0. In that case, either i) d(lx) > 2 or ii) d(lx) = 1 and d(ry) > 2.

Let us first assume that case i) holds. In this case, we locate the matching edge [lx, rx] in
T. Imagine deleting all nonmatching edges at the vertex [;. That will create at least two

components, one of which contains the matching edge [ly, 7x].

Recall that, if we do a relabeling of vertices inside L, and call the resulting tree 7", then
£(T") is permutation similar to L(T") and hence A will remain an eigenvalue of £(7") with a

corresponding eigenvector v’ having a zero entry.

In view of this, we assume that 7' is already labeled as shown in Remark 3.3.7 and that
u(ky) = 0. That is, when we delete the nonmatching edges at [, we have s many components
T1,Ts, ..., Ty where the component T; has the vertex set {l1,71,..., Ik, 7k }, the component

T5 has the vertex set {lg, 41, Tk 15 - -+ lkys Thy b, @nd SO oD
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Now, we partition the eigenvector conformally w = [ u; --- wu, |*. Observe that u;(k;) =
u(ky) =0 and
—_ t —_— t DY —_ t -~ - - -
(1) + (s l)ulkl i By, Pry i Hlg Pory,
u; u;
1k ¢
—E" Q(TQ) + elurkl—&-l ce 0 . _
0 0
uS uS
_E o t -7 -7
i E 0 £(Ts) + ety i |

Ifall w; =0 for i =2,...,s then u; # 0. It follows that £(7})u; = Au;. We may use the
induction hypothesis to conclude that no coordinate of u, is zero. This is a contradiction
as uq(k1) = 0. Therefore, at least one of us, ..., u, is nonzero, say us # 0. Then we have
Zuy = Mg, where Z = £(T) + el,u;kl 1 Let C' be the matrix obtained from £(73) by
replacing the first row by H;”kl L1 Note that det Z = det £(T3) + det C. By expanding the

determinant of C' along the first row we see that
det C = Z(—l)l-i-iurkl o 1 (@) det £(T3)(1]3).

By part (b) of Theorem 3.2.3, (—1)'T"det £(73)(1]i) = 1. Therefore, by Lemma 3.1.7,
det C' = ]lturkl 11 = L. Since det £(T3) = 0, it follows that detZ = 1. Let f(z) =
det(xI — Z) be the characteristic polynomial of Z. Then f(x) is a monic polynomial (with
integer coefficients) such that f(0) = £1. Therefore, the only possible rational eigenvalues

of Z are 1 and —1. Thus we arrived at a contradiction as A # +£1.

Now we consider the case ii). Assume that d(rx) = m + 1 > 2 and d(l;) = 1. Let
vy, ...,Un, be the vertices other than [, that are adjacent to ry. Let T1,...,7T,, be nonsin-
gular subtrees of T obtained by deleting the edges [ry,v1],...,[rk, v and that does not
contain the edge [ly, rx]. Let us assume that the vertex of Ty is {ly, ..., 1,71, Tk_1},

the vertex set of T5 18 {lgs1, -+ lkaty, Thtly - - - Thtty b5 and so on up to the vertex set of T},

18 {lk+tm—2+17 ceey lk+tm_1 y Thttm_otls -+ s Tk+tm_1}-

Let us partition w = [ w; w(k) wy -+ wu, |'. Since w is an eigenvector and u(k) = 0,
it follows among w4, ..., u,, at least one them is a nonzero vector, say u; # 0. Without loss
of any generality, let us assume that v; = [;. Notice that from a vertex r; in T}, we do not
have an alternating path to a vertex in Ty, ...,T,,. Further note that dr(v) = dp,(v) for
each v € T} — [;. It follows that
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ST et | =iy [0 g, us
—e! m | | k)| = Muk)|
u u
* x x| LT e
where @ = [uy --- u,, |'. Notice that Xwu; = Auy, where X = £(T}) + ulleﬁ. Let

Y be the matrix obtained from £(7}) by replacing the first column by /,l,’jl. Note that
det X = det £(71) + det Y. By expanding the determinant of Y along the first column we
see that

detY = Z Yy (i) det £(T1)(i[1).

By part (b) of Theorem 3.2.3, (—1)'""det £(7})(i|]1) = 1. Therefore, by Lemma 3.1.7,
det X = ]l’t/,l,l1 = 1. Since det £(77) = 0, it follows that det X = 1. Let g(z) = det(x] — X)
be the characteristic polynomial of X. Then g(z) is a monic polynomial (with integer
coefficients) such that g(0) = £1. Therefore, the only possible rational eigenvalues of X are

1 and —1. Thus we arrived at a contradiction as A # £+1. This completes the proof.

Proof of Item (c). Tt directly follows from item (b). [

We close this section by supplying two observations about the eigenvalues of the bipartite

Laplacian matrix of a path.

» Lemma 3.3.10. Let T be a path on 2p vertices with a standard vertezx bipartition (L, R).
Let X be an eigenvalue of the bipartite Laplacian matriz of T'. Then the following assertions

hold.
(a) The geometric multiplicity of X\ is one.
(b) X\ =2 if and only if p = 2k, for some k. <

Proof of Item (a). It follows from Theorem 3.3.6.
Proof of Item (b). Suppose p = 2k. Consider the vector u as follows.

u:[l -1 -3 3 3 -32 ... (_1)167131671 (_1)k3k71 ]t_

Then £(T)u = 2u. The converse of the result follows from Theorem 3.3.9. |
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3.4 The inverse of the bipartite distance matrix

In this section, our aim is to find a formula for the inverse of the bipartite distance matrix

of a nonsingular tree.

Let us start the discussion by relating the structures the 7/ vectors of the new tree with

that of the old one under attaching a new P, at a vertex

» Lemma 3.4.1. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition
(L,R). Let T be the tree obtained from T by attaching a new Py at v.

T

ToT] — (1+dittr(v)|

(a) If v =1y, for some k, then 7% = e

7 py(T)
—1 0
vector at v of T. <

(b) If v =l for some k, then T = [ , where g, (T) is the signed degree

Proof of Item (a). It directly follows from item (a) of Lemma 2.2.12 .
Proof of Item (b). Let T be the tree obtained from T by introducing two new vertices

lpt1,7p+1 ¢ T and adding the edges [lg, 7p+1),[7p415 lp+1]-

Since [rp11, [p41] is the only alternating path that starts at ryq, it follows that diffs(rpq1) =
—landso Ti(p+1) =1

Let us take i = 1,...,p. Clearly, dr(r;) = dz(r;). Note that if the r;- I}, path is not an

alternating path then A 7 = A, r. It follows that 77(z) = 77().

Now assume that the r;- [ path is an odd alternating path. Then the 7;- [, path is an
even alternating path. It follows that A~ ~ = A 7 and

K3

A+f = A+,,T U {[Tiu .- '7lk7Tp+17 lp+1]}'

Tis Ti

Therefore, diffs(r;) = diffy(r;) + 1 and so we have

77() = 1= dp(ri) [L + ditfp(ri)] = 77(0) - dr(ro).

In a similar way, we can argue that if the r;- [, path is an even alternating path then we
have

Hence the result follows by applying the definition of the signed degree vector at [ of T. W

In the below result we discuss the relationship between the bipartite distance matrix and

the bipartite Laplacian matrix of a nonsingular tree.
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» Lemma 3.4.2. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition
(L,R). Let B(T) and £(T') be the bipartite distance matriz and the bipartite Laplacian matriz

of T, respectively. Let ). be the restriction of 70 on R. Then
—&(T)YB(T) + 2771" = 21I. <

Proof. We proceed by induction on p. Let p = 1. Then T' = P, £(T) = [0] and 7 = [1].
It follows that —&(T)B(T) + 271" = 2. Let p = 2. Then T = Py. Let Py = [l3, 71,12, 2]

1 -1 ¢
Then £(T) = . and 7] = [1 O] . It follows that

=21.

br |1 =1 (18] (2 2
—&(T)B(T) +27/1" = [_1 1”1 1] + [0 )

Assume the result is true for p. Let T be the nonsingular tree on 2p + 2 vertices. Then T is
obtained from some nonsingular tree 7' on 2p vertices by attaching a new P, at some vertex
v. Let p be the signed degree vector at v of T. Notice that either v € L or v € R.

Let us first consider that v = [}, for some 1 < k < p. By item (a) of Lemma 3.2.1, we have

LT) + pe;, —p
—el 1|

F(D)

Let « be a vector of size p such that x(i) = dist(l;,r,+1) for each i = 1,--- ,p. Then the

bipartite distance matrix of T can be written as

~

B(T) =

B(T) x
elB(T) +21t 1|

Now note that

(S(T) + pe, —p
—el 1

B(T) x
el B(T) + 21t 1

L(T)B(T) + petB(T) — pelB(T) —2ult L(T)x + pelx — p

—elB(T) + el B(T) + 21° —elx+1
[2(M)B(T) - 2p1t &(T)w 51)
B 21 0 | '

The last equality follows from the fact that elx = x(k) = dist(ly,rp,11) = 1. By item (b)
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of Lemma 3.4.1, we have

r Tr —H
T = + .
T 0
By the induction hypothesis we get
L(T)B(T) = 21,1" — 21. (3.2)
It follows from (3.1) that
~ 2701t — 21 — 2plt (T 2() — p)1t
~(T)B(T) +2rill = | * g |2 )
21¢ 0 21¢

|12l —E(T)z +2(17 — )
= 5 :

Therefore in order to complete the proof for the v = [ case, we only need to show that
o(T)w = 2] — ).
Let the degree of [ in T be s, (s > 1). Let T} be the tree obtained from 7" by removing

all vertices adjacent to [, except the vertex rp. If s =1 then T} is the same as T. Without

loss of any generality, let us assume that 77 has the vertex set {l1, 71, ..., lk_1, 761, I, Tx }-

t

Let o be the signed degree vector at v of T}. By Remark 3.3.7, u = [ﬁ, 0} . Further note
that )

z=B(T)ey+ |2 - 200 - 0], (3.3)

where the entries 2 in the last vector are for the vertices Iy,...,l;,_;. Let z be a vector of
size (p — k) defined as follows. Fori =1,...,(p — k), z(i) = —1 if ryy; adjacent to I and

z(i) = 0 otherwise. Hence, by Remark 3.3.7, we have

¢ L(T} —1)pel 2(1 —
E(T)[Q e 200 --- 0] L (1)+(5t Jhe;, * [( ex)
ze;, * 0
femn s - @] [e@es + (s - i
z z
— _9 _E(Tl)ek
0
- _9 _ﬁ — €
0
= —2u + 2e; [By Remark 3.3.7] (3.4)
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From (3.2), (3.3) and (3.4), it follows that £(7)x = 2(7 — p). This completes the proof of

the case v = [},.

Now we consider the case v = r for some 1 < k < p. By item (b) of Lemma 3.2.1, we

have

&T) =

L(T) + et —ey,
_ut 1
Let y be a vector of size p such that y(i) = dist(r,l,41) for each i = 1,--- ,p. Then the

bipartite distance matrix of T can be written as

B(T) B(T)ey + 21

B(T) = y |

By using the facts £(7)1 = 0 and p'l = 1 we get

-~ e t T) B(T)e; + 21
- 1 ] 1
[8)B(T) + ex(w'B(T) —y') L(T)B(T)ex + e B(T)ex + ex (35)
—(1'B(T) — y") —p'B(T)e, — 1
We claim that the following identity is true
y'— pB(T) = 2[1 + diffy(v)]1h (3.6)

In order to verify our claim, suppose the degree of 7 in T"is m, (m > 1). Let Ty be the
tree obtained from 7' by removing all vertices adjacent to [ except the vertex rp. If m =1

then Ty is same as T.

Without loss of any generality assume that 7p has the vertex set {1, 71, ..., lg—1, 761, I, 7% }-
Now notice that .
yt:e;%(T)+[2 200 - 0], (3.7)
where the entries 2 in the last vector are for the vertices ry, ..., rp_1.

Let ly,,...,l;, , be the vertices other than [; that are adjacent to r;. Let T; be the

component of T' — 7, that contain the vertex [, but does not contain the vertex [, for

1=1,....m—1. Fori=1,...,m — 1, we have
t
eLB(T) — el B(t) = [ 2 . 2200 - 0] +a2,
where the entries —2 in the first vector are for the vertices r1,...,7x_1, and z; is a vector of
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size p such that z;(j) = 2 if r; € T; and 2z;(j) = 0 otherwise. Therefore, it follows that

m—1 :
(m =Dl BT) = Y b BE) = | —2m—1) -~ ~2m—1) 0 2 - 2]
i=1
Now notice that
e L(T)=mp' —e, —e, —---—e .
Therefore we get
m—1
e, S(T)B(T) + meB(T) = mp'B(T) + (m — 1)e;B(T) — > e, B(t)
i=1
¢
—mp!B(T) + | =2(m—1) - —2m—1) 0 2 - 2|
t
—mpB(T) +21' —2ef —m[2 - 200 - 0], (38)
where the entries 2 in the last vector are for the vertices r1,...,7,_1. By (3.7) and (3.8), we

see that
et &(T)B(T) = mu'B(T) + 21" — 2el, — my".

Let b =1+ diffy(rg). Then 77 (k) = 1 — mb. By applying induction hypothesis we get
et S(T)B(T) = 277 (k)1 — 2e. = 21 — 2el. — 2mbi".

It follows that mu'B(T) = my" — 2mbl*, and our claim is established.

Now we will use the identity (3.6) to complete the remaining part of the proof. First note
that pu'B(T)er = y(k) — 2b = 1 — 2b. By using the identities (3.6) and (3.2) in (3.5) we get

~ ~ T T) — 2be, 1! T T 1-2b
—2b1* —2+42b
271t — 2 — 2bey 1t 277lte;, — 2bey,
= (3.9)
201" —2+42b
From item (a) of Lemma 3.4.1,
9Tt — 271" — 2bel 1 .
T 2b1°
Hence the result follows by using the above identity in (3.9). [
The following result is an immediate consequence of Lemma 3.4.2.
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» Lemma 3.4.3. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition
(L,R). Let B(T) and £(T') be the bipartite distance matriz and the bipartite Laplacian matriz

of T, respectively. Let T.. be the restriction of T; on L. Then
—B(T)L(T) + 21 (L)' = 2I. <

We are now in a position to supply a formula for the inverse of the bipartite distance

matrix of a nonsingular tree T'.

» Theorem 3.4.4. LetT' be a nonsingular tree on 2p vertices with a standard vertex bipartition
(L,R). Let B(T) and £(T) be the bipartite distance matriz and the bipartite Laplacian matriz

of T, respectively. Let T and T be the restriction of Tr on R and L, respectively. Then

B(T)! = —L8(T) 4 ———r7 (L) <

2

bd(7T)

Proof. By using Lemma 3.4.1 and Lemma 3.4.2 we have

(_1 S(T) + bdzT) T;(T;)t>%(T) - %(—S(T)%(T) +2r71Y) = 1.

This completes the proof. |

Recall that, for the usual distance matrix D of a tree T, Russell Merris in [Mer90, Corollary
2| showed that the multiplicity of the eigenvalue —2 of D is at least p(7') — ¢(T") — 1. In the
following result we observe that a similar fact is also true for the bipartite distance matrix

of a nonsingular tree.

» Corollary 3.4.5. Let T be a nonsingular tree on 2p (p > 1) vertices with a standard vertex
bipartition (L, R). Let B be the bipartite distance matriz of T'. If —2 is an eigenvalue of B
then the geometric multiplicity of —2 is at least P(T) — Q(T). <

Proof. Let £ be the bipartite Laplacian matrix of 7. If P(T')—Q(T") = 0 then there is nothing
to prove. Let us assume P(T)—Q(T) > 1. Let w be a root of at least two pendant-two-paths.
Without loss of any generality, let us assume that w € L. Let [lx,, 7%, w], .. ., [k, Tk, W] be
pendant-two-paths at w. By Theorem 3.3.5, we noticed that e;, —e;,, 1 <1i < j < m, are
eigenvectors of £ corresponding to the eigenvalue 1. Now notice that, for 7,57 =1,...,m, we

have
(ki) = T1.(k;) and 77 (ki) = 77 (k;).

The remaining part of the proof follows from Theorem 3.4.4. |
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The classical matrix-tree theorem was first proved by G. Kirchhoff [Kir47] in 1847 that
relates the principal minor of the Laplacian matrix of G with the number of spanning trees
of G. In the case of a complete graph on n vertices; the classical matrix tree theorem tells

n—2

that number of labelled trees on n vertices is ", which is a well known Cayley’s formula

[Cay89]. Tutte [Tut48] in 1948 extended the matrix tree theorem to a loopless directed graph.

Chaiken [Cha82] in 1982 gave a combinatorial interpretation of all minor of Laplacian matrix
as a sum of nonsingular substructures. A similar combinatorial interpretation of all minor of
Laplacian matrix has been discussed for a mixed graph by Bapat, Grossman, and Kulkarni
in [BGK99|. Merris [Mer89| in 1989 considered the edge version of the Laplacian matrix
and established a bridge between its cofactors with the Wiener index, which has several

applications in chemistry. A combinatorial interpretation of the minors of the edge version

of the Laplacian matrix of a tree was given by Bapat, Grossman, and Kulkarni in [BGKO00].

The all minor matrix tree theorem find their use in many different areas like electrical
networks [Kir47], social networks [CS97], statistical design [Con87|, chemistry [Mer89|. and

have been the subject of many independent studies.

Recall that a combinatorial description of all minor of the usual Laplacian matrix of a graph
was supplied by Chaiken in [Cha82|. Quite similar to that, we also provide a combinatorial
description of all minor of the bipartite Laplacian matrix of a nonsingular tree. In particular,
we observe that a minor of the bipartite Laplacian matrix of a nonsingular tree T obtained
by deleting £ many rows in X and k many columns in ¥ enumerates the number of spanning
forests in T" that have (a) k trees, (b) each tree contains exactly one vertex in X and exactly
one vertex in Y. Our all minor result on the bipartite Laplacian matrix (that is, Theorem
4.5.1) provides an alternative way to compute the number of the above mentioned spanning

forest in a nonsingular tree 7.

4.1 Preliminaries

The following is a well-known result, and proof of that can be found in existing literature

(see, for example [Bapl4, Lemma 2.8]).
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» Lemma 4.1.1. Let M be a square matrix of order n such that M has a zero submatrix of
order r x s wherer +s>n+1. Then det M = 0. |

Let M beamxnand X C{1,...,m}, Y C{l,...,n}. Recall that the submatrix of M
obtained by deleting the rows in X and the columns in Y is denoted by M (X | Y). The
submatrix of M determined by the rows corresponding to X and columns corresponding to
Y is denoted by M(X,Y).

Let us recall the following result due to Chaiken [Cha82| which provides a combinatorial

description of a minor of the usual Laplacian matrix of an undirected graph G.

» Theorem 4.1.2 ([Cha82|). Let G be a graph and L be its usual Laplacian matriz. Suppose
X, Y are two subsets of V(G) such that |X| = |Y|. Then the absolute value of the the
determinant of the submatriz L(X | Y) of L is the number of the spanning forest F in G
such that

(a) F has exactly | X| = |Y| trees,

(b) each tree in F contains exactly one verter in X and one vertexr in Y. <

In Section 4.5, we provide a faster way to enumerate the number of spanning forests as

described in Theorem 4.1.2 when the underlying graph is a nonsingular tree.

Let T be a nonsingular tree with a standard vertex bipartition (L, R). Let £ be the
bipartite Laplacian matrix of 7. Suppose X C R, Y C L. By the notation £(X | Y),, ., we
mean the row in £(X | Y) corresponding to the vertex r; ¢ X. In a similar way, by the
notation £(X |Y).;,, we mean the column in £(X | Y') corresponding to the vertex /; ¢ Y.
The symbols £(X,Y),, . and £(X,Y).;, have a similar meaning, where r; € X and [, € Y.

» Lemma 4.1.3. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition
(L, R) and £ be its bipartite Laplacian matriz. Suppose X C R, Y C L with |X| = |Y|. Let
v €T and T be the tree obtained from T by attaching a new P, at v in T. Suppose € is the
bipartite Laplacian matriz of the tree T. Then we have

det £(X | V) = det £(X | V). <

Proof. With out loss of any generality, assume that v = [, for some s = 1,...,p. Let T be
the tree obtained from 7" by adding the path [l,41,7p+1,1s] in T where l,11, 741 ¢ T. (See
Figure 4.1.) Clearly d(lp+1) + d(rps1) = 3 with rppq ¢ X and l,4q € Y. Let g, 1, ..., 7%,
be the vertices other than r, that are adjacent to [;. We consider following two cases.

Case 1. Suppose [, € Y. By £(X | Y)rins
to the vertex 7,41. By Lemma 3.2.1, it follows that (X | Y )i = [O - 0 1]. By

we mean the row in E(X | Y) that corresponds
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expanding the determinant of E(X | Y) along the last row yields us
det £(X | Y) = det £(X U {rpp1}Y U {l,1}).
Clearly dp(v) = d#(v) for each v € T'—I,. Since [, € Y, it follows that
S(X U {rpe Y U {lpar}) = £(X | V).

Therefore, we get

det £(X | Y) = det £(X | V).

Tptl -

~

T lpt1 &--

Figure 4.1: Minor of the bipartite Laplacian matrix does not change on adding a new Ps.

Case 2. Suppose l; € Y. Let By,...,B,, be the branches of T at I, that do not contain
rs and r,11. Let T; be the tree obtained from i by deleting the vertices [, 11, 7,41 and the
branches By, ..., By,. Clearly ds(ls) = dr(ls) + 1 and dz(v) = dp(v) for each v € T' —I,. By
Remark 3.3.7, it follows that E(TP+1UP+17 ls) = £(: |ls).

Let i € {1,...,p}. Clearly the l;-r; path is an alternating path if and only the [, ,-r; path

is an alternating path. First notice that,
£(ra L) + £(ra bpr) = [dp(ro)dz(l) — 1]+ [=dp(r,)] = dr(r)dr(l) — 1 = £(r, ).
If i # s and the r;-l; path is an alternating path and i # s then we have

£(ri 1) + L(ri, lpar) = (=1)'[dp(ri)dz (1)) + (= 1) dg(ry)]
(—l)th(Tz‘)dT(ls) = 2(7“1‘, ls),

where ¢ = (dist(r;,l,) — 1)/2. Further note that if r; ~ I, i # s, then £(r;, lp+1) = 0 and so
E(Ti, ls) + E(Ti, lpt1) = £(r4,15). It follows that

E(Ti, ls) + E(m, lp+1) = L(ri,ls)  for each i # p+ 1.

By Lemma 3.2.1, E(rpﬂ,:) = el — e.. Therefore, by adding the column of LA}(X |

S
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Y’) corresponds to l,i1 to the column of E(X | Y) corresponds to [; and expanding the

determinant along the last row yields us
det £(X | V) = det £(X | V).

This completes the proof. [ |

» Definition 4.1.4 (Vertex disjoint paths). Let G be a connected graph. Two paths P; and
P, are said to be vertexr disjoint paths in G if they do not have any vertex in common,

including the end vertices. <

Following result can be found in the literature but for the sake of completeness, we give

the proof here.

» Lemma 4.1.5. Let T be a tree (not necessarily to be a nonsingular) with the verter set
V. Let X and Y be the disjoint subset of V with |X| = |Y|. Then there exist at most one
bijection o : X — Y such that all x-o(x) path in T are vertex disjoint paths, for v € X. <

Proof. Let 0 : X — Y be the bijection such that all z-o(z) path in T are vertex disjoint
paths, for z € X. If possible let, there exist another bijection v : X — Y such that all z-y(z)
path in T are vertex disjoint paths, for x € X. Let us order the sets X = {z1,...,2;} and
Y ={vy1,...,yx} such that o(z;) =y; for i =1,... k. Note that z; # y; for each 1, j.

Construct a graph G with the vertex set V(G) = {z1,..., 2, y1,.. .,y } and x; ~ y; in
G if and only if either o(x;) = y; or v(z;) = y;. Clearly, G is a bipartite graph with the
maximum possible degree of the vertex v € G is two. Notice that each edge in G represents

a unique path in the tree T

We claim that dg(x;) = 2 if and only if dg(y;) = 2. In order to verify our claim, let us
assume dg(z;) = 2. It follows that, y(x;) # y;. Since 7 is a bijection, there exist j # k such
that v(x;) = y;. It follows that dg(y;) = 2. In a similar way, we can argue that if de(y;) = 2
then dg(x;) = 2.

Let J ={i € [k] : dg(x;) = dg(y;) = 2}. Since o # ~, J is nonempty. With out loss of
any generality, let us assume that J = {1,2,...,t}, t < k. Let G[J] be the induced subgraph
of G induced by the vertex set {x1,..., 2, y1,...,y:}. Since degree of each vertex in G[J] is

two, all connected component of G[J] is a cycle.

Now note that each edge in G[J]| corresponds to a path in the tree T. Tt follows that the
cycle in G[J] corresponds a cycle in the tree T', which is a contradiction. This completes the

proof. |
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4.2 Vertex-weighted tree

Let T be a nonsingular tree with a standard vertex bipartition (L, R). Let X C R and
Y C L. We have seen in Lemma 4.1.5 that if there exist a bijection ¢ : X — Y such that
all z-o(z) paths are vertex disjoint, for z € X, then ¢ is unique. Our next aim is to find a

necessary and sufficient condition that guarantees an existence of such bijection.

» Definition 4.2.1. Let 7" be a nonsingular tree with a standard vertex bipartition (L, R).

Let X CRand Y C L. A vertex v € T is called a selected vertexif v € X UY.

By the X-Y path system in T' we mean the bijection o : X — Y such that all z-o(x) paths
in T are vertex disjoint paths, for z € X. <

We can construct a vertex weighted tree from 7' depending on the choice of X C R and
Y C L which is defined below.

» Definition 4.2.2. Let 7' be a nonsingular tree with a standard vertex bipartition (L, R).

Let X C Rand Y C L. We assign a weight w(v) to each vertex v € T', where w(v) is defined

as
+1 ifvelX,

wv)=< -1 ifvey, (4.1)

0 otherwise.

In through out of this chapter, by a weight of a vertex in 7', we mean the weight of the
vertex v as defined in (4.1). <

The weight of a branch of T" can be defined in the following way.

» Definition 4.2.3. Let 7' be a nonsingular tree with a standard vertex bipartition (L, R).

Let X C Rand Y C L. Let B be a branch of T' (at some vertex v). By w(B) we mean the

sum of the weight of all vertices in B, that is,

veEB

Let [u,v] be an edge in T. By w,([u,v]) we mean the weight of the branch at v that
contains the vertex u. The notation w,([u,v]) has a similar meaning. The weight w([u, v])

of an edge [u,v] in T is defined as the product of w,([u,v]) and w,([u,v]), that is
w(lu, v]) := wu([u, v])w,([u, v]). <

In order to illustrate the above mentioned definitions we consider the following example.
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» Example 4.2.4. Let T be the tree as shown below. Here the dashed edges are the matching
edges. Here we consider X = {ry,m} and Y = {I3, 14, [5}.

L ls 75 T4
Oe —le—-—-9( o0
| |
| _ |
T 19 1 L S

The numerical value near each vertex represents the weight of that vertex in the tree T'.
Consider the edge [ls, r2]. Note that the branch at [ that contains the vertex r, is the subtree

of T induced by the vertex set {rq,r3,14,75,13, 14, l5}. We can see that

wry ([l 72]) = w(r2) + > (w(rs) + w(li)) = wlra) + w(ls) +w(la) + w(ls) = 2.

i=3
In a similar way, we can see that wy,([la,7s]) = w(ly) + w(r1) + w(ly) = 1. Therefore, the
weight of the edge [lo, r5] is given by

w([ly, o)) = wi, ([l2, m2))wr, ([la, 72]) = —2. <

» Example 4.2.5. Let T be the tree as shown below. Here the dashed edges are the matching
edges. Here we consider X = {ry,r9} and Y = {l3,[5}.

ll l5 s T4
Oe —le¢---+0 *0
| I
' 0 1 = 0 !
T ] é—e-- -- 0

T Iy o I3 T3 l4

The numerical value near each vertex represents the weight of that vertex in the tree 7T'.
Consider the edge [lo, r2]. Note that the branch at [ that contains the vertex r, is the subtree

of T induced by the vertex set {ry, 73, 74,75, 3, ls,l5}. We can see that

wry ([la, 7)) = w(ra) + Y _(w(ry) + w(ly)) = w(ra) + w(ls) +w(ls) = —1.

=3

In a similar, way we can see that
wi, ([l2,7m2]) = w(ly) +w(ry) +w(ly) = 1.

Therefore, w([ls, r2]), the weight of the edge [lg, o] is —1. <
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In Example 4.2.5, we observe that |X| = |Y]| and wy,([l2,72]) = —w,([l2,72]). This

observation leads us following remark.

» Remark 4.2.6. Let 7" be a nonsingular tree with a standard vertex bipartition (L, R). Let
XCRandY C L.

(a) If | X| = |Y| then w(T) = 0 and so w,([u,v]) = —w,([u,v]), that is, w([u,v]) < 0 for
each edge [u,v] in T.
(b) If X = L and Y = R then the weight of all matching edges in T" are —1 and the weight

of all non-matching edges are zero. <

Out of the curiosity, one would ask that whether the existence of a X-Y path system implies
w([u,v]) € {0,—1} for each edge [u,v] in T. The following result supplies an affirmative
answer to that question.

» Lemma 4.2.7. Let T be a nonsingular tree with a standard vertex bipartition (L, R). Let
X C R and Y C L. Suppose that there exist a X-Y path system in T then the following

assertions hold.
(a) w([u,v]) € {0, -1} for each [u,v] in T.
(b) w(B) € {0,1,—1} for each branch B (at some vertex v) in T. <

Proof of item (a). Let [u,v] be an edge in T and ¢ be a X-Y path system in T. Since o is
a bijection from X to Y, it follows that | X| = |Y]|. It follows that w,([u,v]) = —w,([u, v])
and so w([u,v]) < 0 for each [u,v] € T. If possible, let us assume that there exist an edge
[u,v] € T such that w([u,v]) = —t where ¢ > 2. With out loss of any generality, we assume
that w,([u,v]) = t; and so w,([u,v]) = —t; where t; is a positive integer such that t = #3.
Clearly t; > 1. Let T, and T, be the components of T"— [u,v] that contains the vertex u
and v, respectively. Since w,([u,v]) = t; > 1, there exist z; € X in the tree T, such that
o(x;) € T, for each i =1iq,...,4,. It follows that all x;-0(x;) paths in 7' must contains the
edge [u,v] for each i = iy,...,4;,. Since t; > 1, it contradicts that o is a X-Y path system

in T'. This completes the proof.

Proof of item (b). Let B be a branch at some vertex v € T" and o be a X-Y path system in
T. If possible, let us assume that |w(B)| > 2. We take w(B) > 2. The case w(B) < —2 can
be dealt in a similar way. Since w(B) > 2, there exist z1,29 € BN X such that o(z;) ¢ B
for i = 1,2. It follows that both the x1-0(x1) path and the z9-0(2z3) path passes through the
vertex v. This contradicts that o is a X-Y path system in T'. This completes the proof. W

Note that the converse of Lemma 4.2.7 is not true in general, see Figure 4.2 for a counter-

example.
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-1 —1

I ly
Figure 4.2: Here X = {r;}, Y = {l1,l2}. The weight of each branch is either 0, 1 or —1 but there
does not exist any bijection between X and Y as | X| # |Y|.

o—

=
—
X Y

Figure 4.3 tells that in order to get the converse of Lemma 4.2.7 to be true, only including
the condition |X| = |Y] is not sufficient. We need something more to supply a sufficient

condition that guarantees the existence of the X-Y path system in 7.

1 1 0 !
l.1 1 l; T

Qo—eo—1

Figure 4.3: Here X = {ry,m}, Y = {l1,I3}. The weight of each branch is either 0, 1 or —1 but
there does not exist any X-Y path system as all [1-r, paths and all [3-r, paths passes through the
vertex rq for each r, € X.

In the following result we supplies a necessary and sufficient condition that guaranties an

existence of the X-Y path system in 7'

» Theorem 4.2.8. Let T' be a nonsingular tree with a standard vertex bipartition (L, R). Let
X CRandY C L. Then there exist a X-Y path system in T if and only if the following

conditions hold:

(1) [X] =Y.
(i) If v ¢ X UY then either the weights of all branches at v are zero or there exist exactly
two branches By and By at v with w(By) = —w(Bs) = 1 and the weights of all other

branches at v are zero.
(iii) If v € X then there exist an unique branch B at v with w(B) = —1 and the weights of

all other branches at v are zero.

(iv) If v € Y then there exist an unique branch B at v with w(B) = 1 and the weights of

all other branches at v are zero. |

Proof. Let us first assume that o be a X-Y path system in 7. Clearly, | X| = |Y]. Let v be
a vertex in T with d(v) =m > 1. Suppose v is adjacent to vy, ..., v,. Let B; be the branch

at v that contains the vertex v;, for each i =1,... m.

First assume that v ¢ X UY. If all w(B;) =0 for i = 1,...,m then there is nothing to
prove. Let w(B;) # 0. Then w(B;) = £1, by Lemma 4.2.7. We consider w(B;) = 1. The

case w(B;) = —1 can be dealt in a similar way. Since w(v) = 0 and w(T") = 0, it follows that
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Yo w(B;) = —1 and so there exist ¢ = 2,...,m such that w(B;) = —1, say w(By) = —1.

Therefore, there exist r, € By N X and [, € B, NY such that the r,-l, path contains the
vertex v and so o(r,) = l,. Since all z-0(z), x € X, paths are vertex disjoint, it follows that
o(x) € B;if x € B;N X for each ¢ = 3, ..., m. Therefore, w(B;) = 0 for each i = 3,...,m.

Let v € X. Since w(T) = 0, it follows that Y ", w(B;) = —1. Therefore, there exist
i=1,...,m such that w(B;) = —1, say w(B;) = —1. It follows that o(v) € B;. Therefore,
x-0(z) path does not contains the vertex v, for x € X — v. It follows that w(B;) = 0 for

each : = 2,...,m. In a similar way we can argue that if v € Y then there exist i =1,...,m
with w(B;) =1 and w(B;) = 0 for j # i.

Conversely, assume that the conditions (i)-(iv) are hold in T". Since w(B) € {0,1, —1} for
each branch B in T, it follows that w(e) € {0, —1} for each edge e € T.

Our first aim is to define a suitable bijection from X to Y. Let v be an arbitrary vertex in
X. By (iii), there exist an unique vertex u adjacent to v such that w([u,v]) = —1. Let P, be
a longest path that originated from v with weights of all of its edge is —1, that is, w(e) = —1
for each edge e € P,. Let y be an end vertex of P, other than v. We define o(v) = y.

In order to verify o is well defined we need to show that y = o(v) € Y. Notice that if
v® € P, is an internal vertex of P,, that is v°® # v,y then there exist two edges incidence
to v° with the weight —1 and so by (ii) we have v° ¢ X UY. Furthermore, by (iii), the
weights of all branches at v° that does not contain any vertex of P, are zero. It follows that
if [/,v"] € P, with dist(v,v") < dist(v,v”) then w, ([v',v"]) = 1. Since P, is a longest path

that originated from v with weights of all of its edge is —1, there is exactly one branch B at

y with w(B) # 0 and the weights of all branch at y other than B are zero. Let [u,y] € P,.
Then w,([u,y]) = 1. It follows that u € B and w(B) = 1. Therefore, by (iv), we have y € Y.

Since | X| = |Y], in order to conclude o is a bijection it is enough to argue that o is an
one-one map. Let o(z1) = o(xg) for some x1,29 € X. Let P, be the z;-0(x;) path for
1 = 1,2. Clearly, the weight of all edges of P,, are —1 for ¢« = 1,2. Let u be the closest
vertex from x; such that u is in the both P,, and P,,. Notice that u # o(z1), otherwise it
contradict that P,, is the longest path that originated from x; with weights of all of its edge
is —1. Also note that if u is an internal vertex in P,, then there exist at least three branches
at u with the weight of each of those branches are nonzero. This is a contradiction to our

assumption. So the only possibility is u = x;. Therefore u € X and so by (iii), there exist

an unique edge with nonzero weight that incidence to the vertex x, it follows that u = x».

This shows that ¢ is a one-one map. In a similar way, we can conclude that all the z-o(x),

x € X, paths in T" are vertex disjoint. This completes the proof. |
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4.3 Singular submatrices of the bipartite Laplacian

matrix

In this section we shall discuss how the existence of a X-Y path system plays a crucial role
on determining the value of det £(X,Y). In particular, we show that if there does not exist
any X-Y path system in 7" then the matrix £(X,Y’) is singular.

By Theorem 4.2.8, we know that if any one of the condition among (i)-(iv) does not hold in
Theorem 4.2.8 then we can not have any X-Y path system. In order to talk the determinant
of £(X,Y) we must need |X| = |Y]. So, we only focus on the cases on which one of the

condition among (ii)-(iv) does not hold in 7.

The following remark is directly follows from Theorem 4.2.8.

» Remark 4.3.1. Let T be a nonsingular tree with a standard vertex bipartition (L, R). Let
X C Rand Y C L such that | X| = |Y|. Then there does not exist any X-Y path system in
T if one of the following condition holds.

(i) There exist a branch B of T' (at some vertex v) such that |w(B)| > 2.
(ii) If v ¢ X UY and there exist two branches B, and B, at the vertex v such that
|w(By) +w(By)| > 2.
(iii) If v € XUY and there exist a branch B at the vertex v such that |w(v)+w(B)| > 2. <

Now our main objective is to argue that for each of the item of Remark 4.3.1 the determ-

inant of the corresponding submatrix of the bipartite Laplacian matrix is zero.

» Theorem 4.3.2. Let T be a nonsingular tree with a standard vertex bipartition (L, R) and £
be its bipartite Laplacian matriz. Let X C R and Y C L with | X| = |Y|. Suppose that there
exist a branch B at some vertex uw € T such that |w(B)| > 2. Then det £(X | Y) = 0. <

Proof. Let T be a nonsingular tree on 2p vertices. Let B be a branch at some vertex u € T'
such that |w(B)| > 2. Consider w(B) =t > 2. The case w(B) < —2 can be dealt in similar
way. Let v € B be adjacent to u. Let F' be the branch at v that contains the vertex wu.
(See Figure 4.4.) Suppose |[FFNX| =m and |[BN X| = n. Then |[FNY| = m+t and
|IBNY|=n—t. We denote the set BN L by BL and BN R by BE. The notations F'* and
FE have similar meaning. Let r = |[F'® — X| and s = |BY — Y|. Note that the size of the
square matrix £(X | Y) is p—m —n.
We divide the proof into the following two cases.

Case 1. Suppose u € R. (Clearly, v € L.) First assume that [u, v] is not a matching edge.

Then there does not exist any alternating path starting from a vertex in F¥ to a vertex in
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IFNX|=m IBNX|=n
IFNY|=m+t IBNY|=n—t

Figure 4.4: For the edge [u,v], B be the branch at u that contains v and F' be the branch at v
that contains u.

BY. This shows that £(r;, ;) = 0 for each r; € F® — X — v and [; € B — Y. Therefore,
£(X | Y) has a zero submatrix of order (r — 1) X s.

Since [u,v] is not a matching edge, both B and F are nonsingular trees. Let |BY| = k.
Then |F®| = p — k. Now notice that

r+s—1=|FE-X|+|B*-Y|-1
=[p=k)=ml+[k—(n-1)] -1
:p—m—n+(t—1).

Since t — 1 > 1, by Lemma 4.1.1, it follows that det £(X | Y) = 0.

Now we assume that [u, v] is a matching edge. Let M, be the signed degree vector of T" at
v. Suppose y be the restriction of p,, on the set FF X —u. Note that, for r; € F®— X —u,

we have
d(r;) if the v-r; path is an odd alternating path,

y(r;) =< —d(r;) if the v-r; path is an even alternating path,

0 otherwise.

For a vertex z € B, we define €(z) = (—1)35t(»#)/2 if the u-z path is an alternating path

and 0 otherwise.

Now notice that for each z € BY we have
£(ri, 2) = €(2)d(2)y(r;) for each r; € FF — X —w.

It follows that
L(FR — X —wu,2) =¢(2)d(z)y for each z € B".

Let Z be the matrix obtained from £(X | Y') by applying a sequence of column operation
(of type adding a multiple of a column to another) that transform each columns of the

submatrix £(F® — X —u, BX —Y) to a zero column except possibly one column. Note that

det Z = det £(X | Y). Clearly, the matrix Z has a zero submatrix of order (r — 1) x (s — 1).

Let us assume |Bf| = k. Since [u,v] is a matching edge and u € R, it follows that
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BY| =k +1 and |F®| = p — k. Therefore, we get
| p g

r+s—2=|FF - X|+|B"-Y| -2
=[p=k)—m]+[(k+1) = (n—1)] -2
=p—m-—n+(t—1).

Since t — 1 > 1, by Lemma 4.1.1, it follows that det £(X | Y) = 0.

Case 2. Suppose u € L. (Clearly, v € R.) First assume that [u,v] is a matching edge.
Then there does not exist any alternating path starting from a vertex in F'® to a vertex in
B%. This shows that £(r;,[;) = 0 for each r; € F¥— X and [; € B =Y. Therefore, £(X | Y)
has a zero submatrix of order 7 x s. Let |Bf| = k. Since [u,v] is a matching edge and v € R,
it follows that |B*| = k — 1 and |F'®| = p — k. Therefore, we get

r+s=[p—Fk) -m]+[(k=1)—(n—t)]=p—m—n+(t—1).

Since t — 1 > 1, by Lemma 4.1.1, it follows that det £(X | Y) = 0.

Finally, we assume that [u, v] is not a matching edge. Let I, be the signed degree vector
of T" at u. Suppose y be the restriction of p,, on the set FE_X. Note that, forr; € F® - X,

we have
d(r;) if the u-r; path is an odd alternating path,

y(r;) =< —d(r;) if the u-r; path is an even alternating path,

0 otherwise.

For a vertex z € BY, we define ¢(z) = (—1)35t(2)/2 if the u-2 path is an alternating path

and 0 otherwise.

Now notice that for each z € BY we have
£(ry, 2) = e(2)d(2)y(r;) for each r; € F — X,

It follows that
L(F® - X, 2) = €e(2)d(z)y for each » € B”.

Let Z be the matrix obtained from £(X | Y) by applying a sequence of column operation
(of type adding a multiple of a column to another) that transform each columns of the
submatrix £(F® — X, B —Y) to a zero column except possibly one column. Note that
det Z = det £(X | Y). Clearly, the matrix Z has a zero submatrix of order r x (s — 1).

Let us assume |B®| = k. Since [u,v] is not a matching edge, both the trees F' and B are
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nonsingular. It follows that |BL| = k and |F%| = p — k. Therefore, we get

r+s—1=|FF - X|+|B"-Y| -1
=[lp—k)—m]+[k=(n—1)] -1
:p—m—n+(t—1).

Since t — 1 > 1, by Lemma 4.1.1, it follows that det £(X | Y) = 0. This completes the
proof. [ |

The idea of the proof of the below result is similar to that we used in the proof of Theorem
4.3.2.

» Theorem 4.3.3. Let T be a nonsingular tree with a standard vertex bipartition (L, R) and
£ be its bipartite Laplacian matriz. Let X C R and Y C L with | X| = |Y|. If there exists a
vertex u ¢ X UY such that |w(B") +w(B")| > 2 for some branches B', B" of T at the vertex
u, then det £(X | Y) = 0. <

Proof. Let T' be a nonsingular tree on 2p vertices. If either |w(B')| > 2 or |w(B")| > 2
then the result follows by Theorem 4.3.2. With out loss of any generality, we assume that
w(B') = £1 and w(B") = £1. Since |w(B’) + w(B")| > 2, it follows that either w(B’) =
w(B") =1 or w(B') =w(B") = —1. We consider w(B’') = w(B") = 1. The other case can
be dealt in a similar way.

Let v € B’ and v" € B” such that u ~ v’ and u ~ v”. Let F} be the component of
T — {v',v"} that contains the vertex u. Take Fy = B’ U B”. (See Figure 4.5.)

|F1ﬁX|:’I’L
|F1ﬂY|:n+2

\F20X|:m
\FgﬂY|:m—2

Figure 4.5: For the edge [u,v], B be the branch at u that contains v and F' be the branch at v
that contains wu.

Let |[BBPNX|=my, |[BNY| =m —1, |B"NX| =my, |[B"NY| = my— 1. Take
m = my + my. Then we have |Fo N X| =m and |[FoNY | =m — 2. Let |F; N X| = n then
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|[FiNY|=mn+2. Suppose r = |Ff! — X| and s = |F} — Y. Clearly, the size of the matrix
(X |Y)is p—m —mn. The set F; N L is denoted by Fl' and the set F; N R is denoted by
F[. The notations Fy and Fi' have similar meaning. Now note that either u € L or u € R.

We divide the proof into the following two cases.

Case 1: Let us first consider v € R. First assume that [u, ] and [u,v”] both are not
matching edges. Then there does not exist any alternating path starting from a vertex in
F to a vertex in Fff. This shows that £(r;, ;) = 0 for each r; € (Ff! —u) — X and
l; € Ff =Y. Therefore, £(X | Y) has a zero submatrix of order (r —1) X s. Since both [u, v']
and [u,v”] are not matching edges, Fj is a nonsingular tree and F; is a forest consisting of
two nonsingular trees. Let |F¥| = k. Then |Ff| = p — k. It follows that

r+s—1=|FFfF - X|+|F—-Y|-1
=(k—n)+[p—Fk)—(m—-2)] -1
=p—m—n-+1.

By Lemma 4.1.1, it follows that det £(X | Y') = 0.

Now consider [u,v'] is a matching edge. (The case [u,v”] is a matching edge can be dealt
in a similar way.) Let ., be the signed degree vector of T" at v'. Suppose y be the restriction
of p,, on the set Ff* — X —u . Note that, for ; € F{* — X — u, we have

d(r;) if the v'-r; path is an odd alternating path,
y(r;) = —d(r;)  if the v'-r; path is an even alternating path,

0 otherwise.

For a vertex z € ), we define e(z) = (—1)%s4(""2)/2 if the u-2 path is an alternating path
and 0 otherwise. It is easy to note that €(z) = 0 for each z € B” N L. Now notice that, for

each z € F}, we have
£(ri, 2) = €(2)d(2)y(r;) foreach r; € Ff — X —w.
Therefore, we get
L(FFE — X —wu,2) =€(2)d(2)y for each z € F}.

Let Z be the matrix obtained from £(X | Y) by applying a sequence of column operation
(of type adding a multiple of a column to another) that transforms each columns of the
submatrix £(Ff — X —u, FF —Y) to a zero column except possibly one column. Note that
det Z = det £(X | Y). Clearly, the matrix Z has a zero submatrix of order (r — 1) x (s — 1).
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Let us assume |F[f| = k. Since [u,v'] is a matching edge and v € R, it follows that
|Fll=k—1andso |Ff|=p— (k-1).

r+s—2=k-n+[p—(k-1)—(m-—2)] -2
=p—m-—n+1.

Hence, by Lemma 4.1.1, det £(X | Y) = 0.

Case 2: Now we consider u € L. First we assume that [u,v'] and [u,v”] both are not
matching edges. Let y be the restriction of p,, on the set F; R_ X . Then for each r; € FF—X

we have
d(r;) if the u-r; path is an odd alternating path,

y(r;) = ¢ —d(r;) if the u-r; path is an even alternating path,

0 otherwise.

For a vertex z € B' N L, we define e(z) = (—1)@st"2)+1)/2 if the /-7 path is an alternating
path and 0 otherwise. Similarly, for a vertex z € B” N L, we define ¢(z) = (—1)@st".2)+1)/2

if the v”-z path is an alternating path and 0 otherwise. Therefore € is defined on Fi.

Therefore, for each z € FY — Y, we have
£(ri, 2) = €(2)d(2)y(r;) for each r; € Ff — X.

It follows that
L(FE — X, 2) = ¢(2)d(2)y for each z € Ff —Y.

Let Z be the matrix obtained from £(X | Y) by applying a sequence of column operation
(of type adding a multiple of a column to another) that transform each columns of the
submatrix £(F® — X, F} —Y) to a zero column except possibly one column. Note that
det Z = det £(X | Y). Clearly, the matrix Z has a zero submatrix of order r x (s — 1).

Let |F{| = k. Since [u,v'] and [u,v"] are not matching edges, |F}| = p— k. It follows that
r+s—1=(k—-n)+[p—-k—(m-2)]—-1=p—m-—n+1.

Hence, by Lemma 4.1.1, det £(X | Y) = 0.

Finally, we assume that [u,v'] is a matching edge. (The case [u,v"] is a matching edge can
be dealt in a similar way.) Notice that for each r; € F{¥, the u-r; path is not a alternating
path. Furthermore, there is no alternating path from a vertex in r; € F}' to a vertex in
l; € Ff. This follows that £(r;,l;) = 0 for each r; € F® and [; € F}. Therefore, £(X | Y)

has a zero submatrix of order 7 x s. Let |F{¥| = k. Since [u,v'] is a matching edge and u € R,
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it follows that |FF| =k + 1 and so |FL| = p — k — 1. Therefore, we get

r+s=(k-n)+[p—k—1)— (m—2)]
=p—-m—-n+1

By Lemma 4.1.1, it follows that det £(X | Y) = 0. This completes the proof. |

» Theorem 4.3.4. Let T be a nonsingular tree with a standard vertex bipartition (L, R) and
£ be its bipartite Laplacian matriz. Let X C R and Y C L with |X| = |Y|. Suppose that
there exists a vertex w € X UY such that |w(u) +w(B)| > 2 for some branch B of T at the
vertex u. Then det £(X |Y) =0. <

Proof. Let d(u) = m > 1. Let By,..., B, be the branches at u. With out loss of any
generality, let us assume that |w(u) + w(By)| > 2. Note that if |w(B;)| > 2 for some
t =1,...,m then the result directly follows by Theorem 4.3.2. Therefore, we assume that
|w(B;)| < 2 foreachi=1,...,m.

Now note that the inequality |w(u) + w(By)| > 2 yields us either w(u) = w(B;) = 1

or w(u) = w(B;) = —1. Since w(T) = 0, it follows that either > ", w(B;) = —2 or
Yo, w(B;) = 2. In either of these cases there exist B; and B; with 2 < i < j < m such
that |w(B;) +w(B;)| = 2. Hence the result follows by Theorem 4.3.3. |

In view of Remark 4.3.1, we can unify Theorems 4.3.2, 4.3.3, and 4.3.4 into the following

result.

» Theorem 4.3.5. Let T' be a nonsingular tree with a standard vertex bipartition (L, R) and
£ be its bipartite Laplacian matriz. Take subsets X C R andY C L with | X| = |Y|. Suppose
that there is no X-Y path system in T. Then det £(X | Y) = 0. <

By Theorem 4.3.5, note that, in order to get a nonzero minor of £(7"), we must choose
X C Rand Y C L such that T has a X-Y path system. In view of this, a general study
of such path systems and their structural properties is required. We do that in the next

section.

4.4 The class ]::,{(’Y

In this section, we introduce a class of spanning forests of a nonsingular tree 7" with a standard
vertex bipartition (L, R), depending on the choice of X C R and Y C L. The study of this
class is crucial to obtain a formula for any minor of the bipartite Laplacian matrix. We shall
see how the number of elements in this class changes under various operations done on the

underlying tree. We start the discussion by defining this class .7:7{( o
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Let T be a nonsingular tree with a standard vertex bipartition (L, R). Suppose that
X C Rand Y C L are nonempty sets with | X| = |Y| = k (say). Consider a spanning forest
F of T with k components in which each component contains one vertex from X and one

from Y. The collection of all such spanning forests F' of T' is denoted by .7:7{( a8 <
The following is an immediate observation.

» Lemma 4.4.2. Let T' be a nonsingular tree with a standard vertex bipartition (L, R). Sup-
pose X C R and Y C L are nonempty sets with | X| = |Y'|. The class ]-"?’Y is nonempty if
and only if T has an X-Y path system. <

Proof. Let X = {xy,...,2x} and Y = {y1,...,yx}. First assume that F' € F;(’Y. Let

Fy, ..., F} be the components of F'. Without loss, assume that F; contains the points x; € X

and y; € Y. Thus the z;-y;-path is contained in F;. So T" has a X-Y path system.
Conversely, assume that T has a X-Y path system. Without loss, assume that the path

system contains the vertex disjoint paths P;, « = 1, ... k, where P; is the x;-y;-path.

Let Vi be the set of all those vertices of T' from which there is a path to a vertex of P;
which does not pass through any vertex of Py, Ps, ..., P;. Denote the induced graph (V;) by
T;.

In general, for ¢ > 1, let V; be the set of all those vertices of T'—V; — - - - — V;_1 from which

there is a path to a vertex of P; which does not pass through any vertex of P,q,..., P.

Denote the induced graph (V;) by T;.
Then the forest F' that contains 71, ..., T} is in .7-"7)5 2 |

» Remark 4.4.3. Let T be a nonsingular tree with a standard vertex bipartition (L, R).

Suppose X C Rand Y C L with | X| = [Y]. Let F;* # 0. Then, from the proof of Lemma
4.4.2, we can see that each spanning forest I’ € .7-"7)5 Y corresponds to a X-Y path system. By
Lemma 4.1.5, we know that there can have at most one X-Y path system in 7. It follows

that all elements of ]:;( Y corresponds to a unique X-Y path system. <

o . XY
Now our aim is to see how the number of element in the class F;* changes under some

operation in the underlying tree T'.

» Lemma 4.4.4. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition
(L,R). Suppose X C R, Y C L with |X|=1Y]|. Letv € T and T be the tree obtained from
T by attaching a new Py at v in T. Then we have ]-"?’Y = f;’y. <

Proof. Let u,z ¢ T and let T be the tree obtained from T by attaching a Ps, [v,u, 2], at v
inT.
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Let F € F;°. Then there exist a component T, of F' that contain the vertex v. Let us
construct a spanning forest FofT by attaching a new path P, [v,u, z] at v in T,,. Clearly,
S XY
Fers .

Conversely, note that for each forest F; € F;’Y, the vertices v, u, z always lies in a same
component of Fj. Therefore, from a spanning forest F} € F;’Y of ﬁ we can construct a

forest F} € ]:j)f Y by deleting the vertices u and z. This completes the proof. |

» Lemma 4.4.5. Let T' be a nonsingular tree with a standard vertex bipartition (L, R). Let
X CRandY C L such that | X| = |Y|. Suppose Fp¥ #0 and w € X UY be a vertez in T.
Let T be the tree obtained from T by introducing two new vertices u,v ¢ T and adding the
path [w,v,u] in T. Let (E, ﬁ) be the standard vertex bipartition off obtained by extending
the standard vertez bipartition (L, R) of T' to T. Then we have

XY| | XY
[Fe [ =175,
where X = (X U{u,0}) N R and Y = (Y U{u,v}) N L. <

Proof. With out loss of any generality, let us assume w € X. Then I =LU {v} and
R = RU{u}. It follows that X = X U{u} and ¥ =Y U {v}.

Let o be the X-Y path system in T. Let us define & : X — Y such that 5(z) = o(z) for
z € X and (u) = v. It follows that & is the X-Y path system in 7.

Now we establish one-one corresponding between the elements of the sets 7, and .7:; ol

as follows.

o Let F' e .7-"7)«( Y be a spanning forest of T'. Construct a spanning forest FofT by adding

a new component in F which is a path [u,v]. Clearly, Fe f?’y.

o Let H € F?’Y be a spanning forest of 7. Since 5(u) = v and w is selected vertex, it
follows that H has a component 7 which is a path [u,v]. By removing 7 from H we

see that the remaining part is an element of .7-";( al

This completes the proof. |

» Lemma 4.4.6. Let T' be a nonsingular tree with a standard vertex bipartition (L, R). Let
X CRandY C L such that | X| = |Y|. Suppose o is the X-Y path system in T. Let [u,v]
be an edge in a x-o(x) path, for some x € X, such that either x is adjacent to u or o(z) is

adjacent to v. Then
’;;(,Y’ _ }FY{(U{U},YU{U} . <

Proof. We only consider the case x is adjacent to u. The other case can be dealt in a similar

way.
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Clearly, u € L and v € R. Let X = X U {v} and Y =YU {u}. We define the bijection
5:X =Y by o(x) =u,o(v) =0(z)and 0(z) = o(2) if z € X \ {z}. Note that 7 is a XY
path system in 7'

Let us define amap I' : Fpr ¥ — ]:7)? ¥ as follows. For each F' € FX¥ | there is a component,
say Tr, that contains the z-o(z) path. Let us construct a new spanning forest F of T from
F by deleting the edge [u,v] from F. Clearly F has \)/(\' | = |X|+ 1 components. We define
[(F) = F. It is easy to note that I' is a bijection. This completes the proof. |

» Lemma 4.4.7. Let T be a nonsingular tree on 2p with a standard vertex bipartition (L, R).
Let X C R and Y C L such that | X| = Y| and F" # 0. Supposeu € X UY, v ¢ XUY
such that v is a leaf and u is adjacent to v. Let T be the tree obtained from T by attaching k-
many paths [z;, u;, v] at the leaf v where u;, z; ¢ T fori=1,... k, see Figure /.6. Let (E, ﬁ)
be the standard vertex bipartition of T obtained by extending the standard vertex bipartition
(L,R) of T to T. Then -

| F2Y ] = (k+ )| 7Y

)

where)?:(XU{ul,...,uk,zl,...,zk})ﬂﬁ,?:(YU{ul,...,uk,zl,...,zk})ﬂE. <

Figure 4.6: Attaching k-many P» at a pendant vertex.

Proof. With out loss of any generality, assume that v € R. Then we have
E:Lu{ul,...,uk}, and ﬁzRU{vl,...,vk}.

Clearly, X=XU {z1,..., 2} and Y=YU {u1,...,ur}. Let o be the X-Y path system
in T. We define the map & : X — Y by 6(z) = o(z) for each z € X and &(z) = u; for
i=1,...,k Clearly, ¢ is a XY path system in T.

Let F in ]-";(y. Since u,uq,...,u; € 3/}, the degree of the vertex v in F' is always one.

Therefore, in each F € f;’y, either the vertex v is adjacent to u or the vertex v is adjacent

to u; for some 1.
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Let us define a relation ® on the set ]_—%?,57 as follows. Two forests F, 5 € ]_—%?,57 are related
to each other if and only if the vertex v has same neighbor in both F and F,. Clearly, ®
defines an equivalence relation on the set F;’Y. Notice that ® partitioned the set .7:; o
into (k + 1) equivalence class and each class has equal number of elements which is |]:7¥ ’Y|.

Therefore, }]—?’?’ =(k+ 1)}.7:7{(’Y}. [

» Lemma 4.4.8. Let T be a nonsingular tree on 2p with a standard vertex bipartition (L, R).
Let X C R and Y C L such that | X| = |Y| and F" # 0. Suppose u,v ¢ X UY such that
v is a leaf and u is adjacent to v. Let T be the tree obtained from T by attaching k-many
paths [z;, u;, v] at the leaf v where u;, z; ¢ T fori=1,... k, see Figure 4.6. Let (E, ﬁ) be the
standard vertex bipartition off obtained by extending the standard vertex bipartition (L, R)
of T to T. Then .

[P = (k + 0| FEY | + k|7

)

where X = (XU{ul,...,uk,zl,...,zk})ﬂﬁ, Y = (YU{ul,...,uk,zl,...,zk})ﬂf and
X' =XU{uv})NR, Y =Y U{u,v})NL. <

Proof. With out loss of any generality, assume that v € R. Then we have
Z:Lu{ul,...,uk}, and R = RU{vy,..., v}

Clearly, X' = X U{v}, Y =Y U{u}and X = X U{z,..., 5}, Y =Y U{uy, ..., w}.
Let o be the X-Y path system in T. Let us define ¢/ : X’ — Y’ and o : XY by
o(x) =o'(z) = o(x) for each x € X and ¢'(v) = u, 0(2;) = u; fori = 1,... k. Clearly, o’
and o are X'-Y’ path system and XY path system, respectively.

Let F' be an element of fg’?. Since uy,...,ur € 3/}, the degree of the vertex v in F' is

either one or two. Further note that if dp(v) = 2 then w is adjacent to v in F.

Let us define a relation ® on the set ]—? ¥ as follows. Two forests F, 5 € ]:g ¥ are related
to each other if and only if dp, (v) = dg,(v) and Npg, (v) = Np,(v), where Ng(v) denotes the
set of all vertices of G that are adjacent to v. Clearly ® defines a equivalence relation on
Fir

Let F € .7:;?’?. Then note that if dp(v) = 1 then there are k + 1 choices available for
Np(v), which are {u},{u1},...,{ug}. Also, if dp(v) = 2 then there are k choices available

for Np(v), which are {u,u1}, ..., {u,ug}. Therefore, the equivalence relation ® partitioned
the set ]:; Y into 2k+ 1 equivalence classes. Let By, ..., E}.11 be the equivalence classes that
are corresponds to dp(v) = 1 and FEY, ..., Ej be the equivalence classes that are corresponds
to dp(v) = 2.

Fori =1,...,k + 1, let us define a map I'; : E; — }—?’Y by I';(F) = ﬁ, where F is a
spanning forest of 7' obtained from F' by adding the edge [u,v] (if they are not adjacent)
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and removing the vertices uy ..., ug,21,...,2;. Clearly I'; defines a bijection. Therefore,
|E;| = |FY| foreach i =1,...,k+ 1.
Similarly, for i« = 1,...,k, let us define a map I; : E; — ]:;(I’Y/ by I'i(F) = F, where

F is a spanning forest of 7' obtained from F by removing the vertices uy ..., ug, 21, . .., 2.

Clearly T'; defines a bijection. Therefore, |E;| = \FT{(,’Y,\ foreach i =1,... k.
Hence, it follows that ’]:;’Y’ = (k+ 1)’f7)~(’Y’ + k:}]::,)«(/’y/’. This completes the proof. W

The proof of the next result is easy and is omitted.

» Lemma 4.4.9. Let T be a nonsingular tree on 2p with a standard vertex bipartition (L, R).
Let X C R andY C L such that | X| = |Y|. Suppose there exist a X-Y path system inT. Let
veg XUY bealeafinT andu € X UY be adjacent to v. Let T be a tree obtained from T by
attachiﬁg a new Py at the vertex v, say [v,uy,z1], where uy,z; ¢ T. Then }f;’y} = ’f?’y ,
where X = (X U{u,v}) N R, Y = (Y U{us,v})NL. <

The proof of the next result is easy and is omitted.

» Lemma 4.4.10. Let T be a nonsingular tree on 2p with a standard vertex bipartition (L, R).
Let X C R and Y C L such that | X| = |Y|. Suppose there exist a X-Y path system in T
Let w € X UY be aleaf in T and v be adjacent to u. Let T be a tree obtained from T by
cftachz’ng a Py at the vertex v, say [v, z1,v1], where v1,z; ¢ T. Then ‘f;’y‘ = }FI{(’Y , where

X=(X\w)U{z})NR, Y = (Y \u)U{x})N L. <

The proof of the next result is very similar to the proof of Lemma 4.4.8 and so it is omitted.

» Lemma 4.4.11. Let T be a nonsingular tree on 2p with a standard vertex bipartition (L, R).
Let X C R and Y C L such that | X| = |Y|. Suppose there exist a X-Y path system in
T. Let w ¢ XUY bealeaf inT and v ¢ X UY be adjacent to u. Let T be a tree
obtained from T by attaching a Py at the vertez v, say [v, z1,v1], where vi,zy ¢ T. Then
}f;’y} = }]:%(’Y’ + }}_7):(,17 , where X = (X UA{v,z1}) N R, Y = Y U{v,z1}) N L and
X =XU{u,v})NR, Y =Y U{u,v})NL <
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4.5 Formula to calculate any minor of the bipartite

Laplacian matrix

Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition (L, R). Note
that L = {l1,...,l,} and R = {ry,...,r,} are linearly ordered sets with the partial order
“<” defined as [; < [; and r; < r; if and only if ¢ < j.

Let X C Rand Y C L with |X| = |Y]. Let 7 : X — Y be a bijection. The pair
{ri,r;} € X is called an inversion in 7 if r; < r; and 7 (r;) > w(r;). Let n(m) denotes the
number of inversions in 7. The sign e(m) of 7 is defined by e() := (—1)"™). The sign ¢(X)
of X and the sign e(Y) of Y are defined by

o o
€(X) := (—1)meX and e(Y) :=(=1)4c .

We define the notation €(X,Y") by

1 if there does not exist any X-Y path system,
e(X,)Y) = -
e(o) if o is the X-Y path system.

Let U be a set and A be a subset of U. Suppose aq,--- ,ax and by, - - - , b, are some distinct
elements in U. By the notation A —a; — - -+ —ag + by + - - - + by, we shall mean the following

set operation,
A—ay—-—apg+b+---+b:=(A\{a1,...,ax}) U{by,... be}

» Theorem 4.5.1 (All Minor Matrix Tree Theorem). Let T' be a nonsingular tree on 2p
vertices with a standard vertez bipartition (L, R). Let X C R andY C L such that | X| = |Y|
Then

det £(X | Y) = e(X)e(Y)e(X, V)| F2Y]. <

Proof. We prove the result by induction on p. Note that the base case follows by item (b)
of Theorem 3.2.3. Let the result be true for all nonsingular trees with less than 2p vertices.
Suppose T' is a nonsingular tree on 2p vertices. Note that if there does not exist any X-Y
path system, by Theorem 4.3.5, det £(X | Y') = 0 and so the result follows by Lemma 4.4.2.

Let o be the X-Y path system. In view of Lemmas 4.1.3 and 4.4.4, we may assume
that there does not exist {ly,r} € V(T)\ (X UY) such that d(ly) + d(rx) = 3. Let
P = [vg,v1, 09, ...,v;] be a path corresponding to the diameter of T. With out loss of any
generality, we assume that vy = 7, and vy = 7,_1. Since d(vy)+d(vy) = 3, both vy and v; can
not be an element of V(T') \ (X UY'). Therefore, either vg € X or v; € Y or vy,v; € X UY.
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Let T be the tree obtained from T by removing the vertices vy and v;. Let € be the

bipartite Laplacian matrix of T. We divide the proof into two main cases.

Case I: Suppose there exist a leaf, say u, is adjacent to the vertex vy. (See Figure 4.7.)

Clearly [u, vs] is a matching edge and so u = [,_;. It is easy to note that

0 --- 0
Sy L)=€+ | . (4.2)

e Let us first assume vy € X. It follows that v; € Y, because if v; ¢ Y then vy € X, this
contradict that ¢ is a X-Y path system.

Clearly, if v9 € X, then £(X | Y) = SA}(X — v | Y — ) and so by the induction
hypothesis and Lemma 4.4.5, the result follows. Now consider vy ¢ X. It follows that
u ¢ Y. Therefore, all entries of the last row of £(X | Y) are zero except the last entry
which is —1. Therefore, by expanding the determinant of £(X | Y') along its last row, we get

det £(X | Y) = —det £(X | Y —1,+1,-1). It is easy to note that e(X,Y) = (X, Y —1,+1,-1).

By applying induction hypothesis and Lemma 4.4.10, we see that

X,Y —lp+lp_1

det £(X |Y) = —e(X,Y)e(X)e(Y — I, + 1p—1)

— (X, Y)e(X)e(Y)’F;(’Y’.

Hence the result follows.

e Now we assume vy ¢ X. We divide the proof of this part into two sub cases. Let us first

consider u € Y.

Clearly, if v; € Y then v, € X (otherwise it will contradict that F"* # () and so
£X |Y) = E(X — vy | Y —v1). Therefore, if v; € Y, then the result follows by the
induction hypothesis. Let us take v; ¢ Y. Then vy € X and so o(vg) = u. Notice that all

entries of the last column of £(X | Y') are zero except the last entry which is —1. It follows

ﬂ),-"'

Figure 4.7: Case I: there exist a leaf u adjacent to the vertex vy. (Here dashed edges are matching
edges.)
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that det £(X | Y) = —det E(X —rp+7p_1|Y). By Lemma 4.4.5 and 4.4.6, we get

XY _ = X+rp_1, Y+l
Y= F;

X—rp+rp—1,Y
T .

It is easy to note that e(X,Y) = (X —r,+1,_1,Y). Therefore, by the induction hypothesis,

the result follows.

Now we consider u ¢ Y, that means, u,vy, ¢ X UY. First notice that if vg,v; € X UY,
then by Equation (4.2), it follows that

det £7(X | Y) = det £(X —rp |V — 1) 4+ det £4(X — 1y + 1y | Y — 1, + L,_1).

It is easy to note that ¢(X,Y) = e(X —1r,,Y —1,) = e(X —rp, +71p-1,Y — I, + ,1). By
Lemma 4.4.11, it follows that

XY | X—rp Y=l
Y| = |ER

’X—T‘p+Tp_1,Yflp+lp_1
+ |7 :

Hence, by the induction hypothesis, the result follows.

Now we assume either vy € X, v, ¢ Y or vg ¢ X,v; € Y. Notice that in these cases we
have either the all entries of the last column or the all entries of the last row of £(X | Y)

are zero except the last entry which is —1. It follows that

—det &(X | Y —l+1,1) ifv ¢ X,0 €Y,
det £(X |Y) = ¢ A( | ptip-1) v & X v
—det&(X —r,+r,_1|Y) ifueX v ¢Y.

Note that, if vy ¢ X and v; € Y, then by Lemma 4.4.10, we get FJ{(’Y = ;’Y_l”l”’l. For
vo € X and vy ¢ Y, we apply Lemma 4.4.6 and 4.4.5 to get

X,Y __ X+Tp_1,Y+lp_1 . X—T‘p-‘rT‘p_l,Y
FEY = A .

Therefore, by applying induction hypothesis, the result follows.

Case II: Suppose there does not exist any leaf in 7" that is adjacent to vy. Then [v, v3]
is a matching edge. Therefore, v3 = l,_1. Let d(v2) = m + 2 where m > 0 and By, ..., By,
be the branches at v, that does not contain vertices v; and v3. Since no leaf is adjacent to
v, the branches B; have exactly two vertices, say u;, 2; € B; with u; ~ vg, for e =1,...,m.
(See Figure 4.8)

We divide the proof of this case into three main parts depending upon whether vy € X or
V1 € Y.

Sub-case 1: Let us first consider vg € X and v; € Y. For x € X, we shall use P, to denote
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Figure 4.8: Case II: there does not exist any leaf in 7" that adjacent to ve. (Here dashed edges are
matching edges.

the z-o(x) path, x € X. Clearly, if vy € X, then the result directly follows by applying
induction hypothesis and Lemma 4.4.5. Therefore, we take vy ¢ X.

e Suppose vy € P, for some x € X. Then, there exist two branches at v, say B and B’,
such that w(B),w(B’) # 0. Without loss of any generality, let us assume B’ = B;. Note
that either v3 € B or v3 ¢ B.

Let us first assume that v3 € B. By part (ii) of Theorem 4.2.8, ug,...,u,, € Y and
2900y 2Zm € X.

Note that if w(B;) =1, then z; € X and u; ¢ Y. Without loss of any generality, let us
assume that u; = [,_o. Note that all entries of £(X | Y) in the column corresponds to u;
are zero except the last entry which is —1. Therefore det £(X | Y) = —det E(X —7rp+1Tp-1 |
Y — L+ 1) ifvs € Y and det £(X | V) = det &(X —1p 4+ 151 | Y = L, + [, if
vg ¢ Y. It is easy to note that n(X,Y) = n(X —r, +rp_1,Y — 1, + 1, 2) if v3 € Y and
n(X,Y)=n(X—-rp+rp_1,Y —1l,+1, o) —1if vs ¢ Y. Further, by Lemma 4.4.5 and 4.4.6, we
have f%x_r”+rp’l’y_l"+l”’2 = %X_r"’y_l" = F¥. Therefore, by the induction hypothesis, it
follows that det £(X | V) = e(X)e(Y)e(X,Y)|Fr"].

Further note that if w(B;) = —1, then, u; € Y and z; ¢ X. Since vy ¢ X, it follows
that v ¢ Y. Clearly, £(rp_1,l;) + dr(rp—1)L(rp—2,l;) = 0 for each I; ¢ Y U{l,_1} and
L(rp—1,lp—1) +dr(rp_1)L(rp—2,l,—1) = —1. Therefore, det £(X,Y) = — det E(X —71p+Tp_1 |
Y —1,+1,_1). Clearly, n(X,Y) =n(X —r,+7,-1,Y — 1, +1,_1) — 1. By Lemma 4.4.6 and
Lemma 4.4.5, we have Fg_rﬁr”*l’y_l”l”*l = ;{4’)’}/7!’7 = f?’y. Hence, by the induction
hypothesis, it follows that det £(X | V) = e(X)e(Y)e(X, Y)|Fp .

Now we shall assume v3 ¢ B. Then w(B;) # 0 for some ¢ > 2. Without loss of any
generality, let us assume w(Bs) # 0. By part (iv) of Theorem 4.2.8, w(B;) = —w(B;) = +1

and w(B;) = 0 for each i > 3. Without loss of any generality, we assume w(B;) = —1
and zo = 7,3. Therefore, uy € Y and 2z, € X. It follows that £(r,-1,l,—3) = —1 and
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L(ri,l,—3) = 0 for each i = 1,...,p —4,p — 2. Therefore, det £(X | V) = —det E(X -
rp+ 1y | Y — 1+ 1,3) if v € Y and det £(X | V) = detE(X —rp+ Ty | Y — 1, +
l,—3) if v53 ¢ Y. Notice that n(X,Y) = n(X —r, +7p-0,Y =, +,3) — 1 if v3 € Y
and n(X,Y) = n(X —r, +1rp_1,Y — 1, +1,-3) if v3 ¢ Y. Further note that e(X) =
(=1)P*P=De(X — vy + vy) and €(Y) = (—=1)P*P3e(Y — v; + uy). By Lemma 4.4.6 and

X—rp+rp—1,Y —lp+i,— X—rp,Y—1 XY
Lemma 4.4.5, we have PO B e e

hypothesis, det £(X | Y) = e(X)e(Y)e(X,Y)|FrY].

. Therefore, by induction

e Suppose vy ¢ P, for each x € X. Clearly u;, z; € X UY for each i = 1,...,m. Consider
the tree T obtained from 7' by removing vg, v1 and By, ..., B,,. Suppose £ is the bipartite
Laplacian matrix of T. Notice that dp(vs) = 1 and £(r,_1,5;) = dr(rp_1)L(rp_1,1;) for each

li ¢ YU V3.

If v3 € Y then we see that det £(X | Y) = (m +2)det £(X —vg— 21—+ — 2|V — vy —
Uy — - - — Uy, and the result follows by applying induction hypothesis together with Lemma
4.4.7.

Now we take v3 ¢ Y. Take X' = X+uvy—vg—21— - —zpand Y/ = Y+ug—vi—uy— - —Up,.

It follows that

(X' | V") SR — X', v3)

g
S = o) L V) dr(on)dr(es) — 1

where (L, R) is the standard vertex bipartition of T'. Therefore we get
det £(X | Y) = dp(vy) det £(X' — vy | Y — ;) + (dp(vz) — 1) det £(X' | V)
By Lemma 4.4.8, it follows that

5] =+ DIFF o ok )R

Hence the result follows by induction hypothesis.

Sub-case 2: Now consider the case vy € X but v; ¢ Y. Clearly vy ¢ X. Notice that all
entries of the last column of £(X | Y') are zero except the last entry which is —1. It follows
that

det £(X |Y) = —det £(X — 1, +1rp1|Y).

By Lemma 4.4.6 and Lemma 4.4.5, we have

XY X+rp-1,Y+l X—rp+rp_1,Y
| Fr | = Fr v p|:‘Ff~ e

Hence the result follows by induction hypothesis.

Sub-case 3: Now consider the case vy ¢ X but v; € Y. First note that if there exist any
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B; such that w(B;) = 0 then u;,z; € X UY and so the result follows from sub-case 1. If
there exist z; € B;, for some 4, such that z; € X and o(z;) = vy, then the result follows

from sub-case 2. Thus we only need to argue the case for which dr(vy) = 2. Let us assume
dr(ve) = 2. Notice that

~

L(rp, ;) = L(rp—1,1;) foreachi=1,...,p—2

~ (4.3)
Lrp, lp—1) = —dp(lp—1) = =L(rp-1,lp-1) — 1

e Let us first assume v € Y. It follows that vy € X. Clearly o(v;) = vy. Since vz € Y and
vy € X, it follows that £(X | Y) = Z, where Z is the matrix obtained from L(X —vs | Y —v;)
by multiplying its last row (that is, the row corresponds to vy) by —1. Therefore,

det (X | V) = —det L(X — vy | Y — vy).

Hence the result follows by applying induction hypothesis and Lemma 4.4.9.

e Now we consider v3 ¢ Y. We divide this part into two cases. First we assume vy ¢ X.
Notice that

L(rp-1,l;) = —28(rp, 1;) foreachi=1,...,p—2
S(T‘p_l, lp—l) = QdT(lp_l) —1= —22(7“1), lp—l) —1

By using elementary row operation on £(X | Y) we see that
det £(X | V) =det £(X 4+ v3 | Y + v3) = det £(X | Y — vy + v3).

By Lemma 4.4.6, [ Fp | = [ F Y| Again, by Lemma 4.4.9, [F; 27| = | FAY 7o),

Hence the result follows by applying induction hypothesis.

Finally we assume vy € X (and v3 ¢ Y). Clearly o(vy) = v;. Let K be the matrix
obtained from E(X —v9 | Y — v1) by multiplying its last row (that is, the row corresponds
to vy) by —1. By (4.3), we observe that

0
0 -1 |

det £(X | Y) :—detE(X—vg | Y—vl)—detE(X Y — vy +v3)

X |Y)=FK +

It follows that

Let X1 =X —wp, Y1 =Y —0v; and Xy = X, Yy =Y — v; + v3. Notice that €(X;)e(Y7) =
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—e(X)e(Y) = €(X2)e(Ys). Further, it is easy to note that ¢(X,Y) = ¢(X1,Y]) = €(Xa, Ys)

Now it’s only remains to show that |Fr" | = |]:7§1’Y1| + |.7:7§2’Y2|.

Notice that there are two types of forests are there in the class .7-"7)5 Y. one type which
contain the edge [v9,v3] and an another type which does not contain the edge [ve, v3]. Let
F e F;(’Y. Then there exist a tree T* € F' that contains the vertex vy. Since o(vy) = vy, it

follows that vy, v; € T™.

i) If [vg,v3] ¢ F then T* = [vg, v1, v5], & path on three vertices. Let us construct a new
forest F; from F as follows. First remove vertices v, v; from F and then add the edge [vq, vs3].
Note that I} € ]—?“Yl.

ii) If [vg, v3] € F then we construct a new forest Fy from F' by removing the vertices vy, vy.

It is easy to note that F; € F;Q’Y?

Therefore, it follows that

FY) < FR 4 R

Conversely, let F € ‘7_—%(1,1/1 and F, € ]:;Q’YQ. Clearly [ve,v3] € Fi, Fy. Let T} € Fy and
Ty € F, such that [ve,v3] € T1,T. Now we construct two new spanning forests Fy and Fy

of T as follows.

i) First delete the edge [vy,v3] from T} to construct two new trees, say T} and T{. Let
vy € T}. Now construct a new tree T_l1 from T} by introducing two new vertices vy, v; and
then adding the path [vg, vy, vs]. Let Ff = {F, — Ty, T}, T2}. Clearly [vs,vs] ¢ F and
Fre R

ii) Construct a new tree T, from 75 by introducing two new vertices v, v; and then adding
the path [vy, vy, v5). Let Ff = {Fy — Ty, T5}. Clearly [vy, vs] € 5 and Fj € F;* . Therefore,
we get

[P > |20 + | P

This completes the proof. [ |

Let us discuss one application of Theorem 4.5.1 in the following example.

» Example 4.5.2. Let us consider the tree T" as shown below. Clearly (L = {1,3,...,15}, R =
{2,4,...,16}) is a standard vertex bipartition of 7. Let £ and £ be the bipartite Laplacian
matrix and the usual Laplacian matrix of T, respectively. We consider X = {4,12,14}
and Y = {1,9,15}. Recall that by using Chaiken’s result, that is, Theorem 4.1.2 we get
|F2Y| = |L(X | Y)|. Also, by using Theorem 4.5.1, we know that |F" | = |2(X | V).

That means, if we apply Chaiken’s result to calculate \.7-"7)5 ’Y| then we have to find the
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1 2 --e
®-- <
5 --9
.} @@
3 4 13 14 15 16
T

Figure 4.9: An application of Theorem 4.5.1. Here circled vertices are selected vertices.

determinant of the following 13 x 13 submatrix of the usual Laplacian matrix of T

-1 2 0-1 0 0 0 00 O O 00
0o 0 1 0 0 0 0 00 0 0 00
0O 0-1-1 0 0 0 00 0 O 00
0-1 0 3 -1 0 0 00 0 0O 00
0O 0 0-1 3-1 0 00 0-1 00
0O 0 0 0-1 2-1 00 0 0 00
LX|Y)=| 0 0 0 0 0 -1 3 -10-1 0 00
o 0 0 0 0 0 0 -11 0 0 00
O 0 0 0 0 0-1 00 2 0 00
0o 0 0 0 0 0 0 0O0-1 0 00
0O 0 0 0-1 0 0 00 0 2 00
o 0 0 0 0 0 0O 00 0 —-1—-10
0 0 0 0 0 0 0 00 0 0 —1 1

Whereas if we apply Theorem 4.5.1 to calculate |]:7)~( ’Y| then we need to find the determ-

inant of the following 5 x 5 submatrix of £

0 -1 0 0 0
3 8 -1 0 -1
SX|Y)=] 3 -9 5 -1 0
~1 3 -2 0 0
-1 3 0 0 -2

In both the above mentioned cases we see that [Fp” | = [£(X | V)] = &(X | V) = 8.
Therefore, Theorem 4.5.1 provide an alternate way to calculate .7:7{( Y on which we have to

calculate a determinant of a 5 X 5 matrix instead of 13 x 13. <

93
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Bapat, Lal, and Pati [BLP06] in 2006 introduced two types of g-analogue version of distance
matrix, namely, ¢-distance matrix and exponential distance matrix. Indeed, in the same
paper [BLP06|, they generalized many concept of the distance matrix of a tree to that of
g-distance matrix of a tree. The g-analogue version of the distance matrix generated a
considerable interest and has been studied by many researcher (see, for example, [BLP06,
Siv10, BS11, LSZ14]). In this chapter we extended almost all result of the bipartite distance

matrix of nonsingular tree to that of a g-analogue version of the bipartite distance matrix.

5.1 Preliminaries

Let ¢ be an indeterminate. For a positive integer k, we define {k} :== 1 +q+¢*+---+ ¢ L.
We set {0} = 0. Let us recall the definitions of g-distance matrix and exponential distance

matrix of a graph G.

» Definition 5.1.1. Let G be a connected graph on n vertices. The g-distance matriz Dy(G)
of G is the square matrix of order n whose (7, j)th entry is {distqs(i,7)}-

The exponential distance matriz D.(G) of G is the square matrix of order n whose (i, j)th

entry is ¢tste(), <

If ¢ =1, then D;(G) = D(G) and so the distance matrix D(G) is a particular case of the
g-distance matrix D, (G).

The formulas for the determinants of the ¢-distance matrix and exponential distance mat-
rix of a tree can be found in [BLP06, YYO07].

» Theorem 5.1.2. Let T’ be a tree on n vertices. Let D, and D, be the q-distance matriz and
the exponential distance matriz of T, respectively. Then det(D,) = (=1)""1(n—1)(1+q)" 2
and det(D,) = (1 — ¢*)" L. <

In the following definition we define two types of g-analogues of the bipartite distance

matrix of bipartite graph with a unique perfect matching.
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» Remark 5.1.5. S .
g-analogues of the bipartite distance matrix

» Definition 5.1.3. Let G be connected, bipartite graph with a unique perfect matching on
2p vertices with a standard vertex bipartition (L, R). The g-bipartite distance matriz of G,
denoted by B,(G), is the square matrix of order p such that the (7, j)th entry of B,(G) is
given by {distqs(l;,7;)}. Note that each entry of ®B,(G) is a polynomial in g.

The exponential bipartite distance matriz of G, denoted by B.(G), is the square matrix of
order p such that the (i, 7)th entry of B.(G) is given by gdstc(tiri),

Note that the rows of B,(G) and B.(G) are indexed by [y, . .., [, and the columns of B,(G)
and B.(G) are indexed by 7, ..., 7).

If ¢ = 1 then B,(G) = B(G) and B(G) = 11*. Therefore, the g-bipartite distance matrix
of G is a generalization of the bipartite distance matrix of G. <

Let us first look at the following example.

» Example 5.1.4. Consider the nonsingular tree 7" as shown below. Here the dashed edges

are the matching edges.
5
*l --- *74
. : :
—o — — ———4¢
T1 lo T2 I3 T3y

Clearly, L = {ly,...,ls}, R = {ry,..
g-bipartite distance matrix 2B, of the tree 7" is given by

.,r6} is a standard vertex bipartition of 7. The

1 C+a+l ¢+ +P+a+l PP+ P g+rl P g+
1 1 C+q+1 *+é+@E+q+1 cHq+1
%q: P +qg+1 1 1 @?+q+1 1
PP+ g+l P+l 1 1 ¢Hatl
|+ e+l g+l ¢ +q+1 ¢+ +d+a+1 1

The exponential bipartite distance matrix B, of the tree T is shown below along with the

bipartite distance matrix 8 of T

g ¢ ¢ ¢ ¢ 1 3 5 75

B.= | g ¢ ¢ q], B=1(3 1 1 3 1{. <
¢ ¢ q q ¢ 5311 3
¢ ¢ ¢ P q] 5 3 3 5 1]

For a bipartite graph G with a unique perfect matching, we can have many standard
vertex bipartitions depending on the labeling of its vertices. However, we can see that the ¢

analogues of the bipartite distance matrices corresponding to them are similar to each other.

9'fiH-2878_156123009



Preliminaries

Let G be a connected, bipartite graph with a unique perfect matching. Let (L, R) be a

standard vertex bipartition of G.

a) Let G be the graph obtained by interchanging the labels of [; with r; foralli =1,... p
in G. Then B,(G) = B,(G)" and both the matrices are similar. Also B.(G) = B.(G)! and
both the matrices are similar.

b) Let G be the graph obtained by relabeling the vertices within the part L, keeping it a

standard vertex bipartition (that is, we also relabel the respective vertices in R accordingly).

~ ~

Then B,(G) is permutation similar to 8,(G). Also B.(G) is permutation similar to B.(G).
D |

The ¢-bipartite distance matrix and the exponential bipartite distance matrix of a nonsin-

gular tree T" are closely related to each other by the following identity.

» Lemma 5.1.6. Let G be a connected, bipartite graph with a unique perfect matching. Then

for each standard vertex bipartition we have
(1—q)B,(G) = 11" — B (G). <
Proof. The proof follows from the identity
1-—¢){k}=1—¢*, forkeN. |
The following result tells that if £ is even then —1 is always a zero of {k}.

» Lemma 5.1.7. Let k be an even integer. Then there exist a polynomial g in q of integer
coefficient such that

{k} = (g +1)g(q). <

Proof. Let h(q) = 1+q+---+¢"1. Since k—1 is an odd integer, h(—1) = 0. This completes
the proof. ]

Let T be a tree on 2p vertices. By Theorem 5.1.2, we see that det D (T") is always a
multiple of (1 + ¢)2P~Y. Since the size of B,(T) is half of that of the D,(T'), one would ask
whether det B,(T) is a multiple of (1+ ¢)?~!. In the following result we see the answer is in

the affirmative.

» Theorem 5.1.8. Let G be a connected, bipartite graph on 2p vertices with a unique perfect
matching. Let (L, R) be the standard vertex bipartition of G. Then detB,(G) is divisible by
¢ 1+ q)P <
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Proof. Clearly the distance between [; € L and r; € R in G is a odd number. Therefore,
each entry of B,(G) is of the form {k}, for some odd number k.

Let E; denote the matrix I — ejel, for i =2,...,p. Let P = EyFE5--- E,. Then we have

1 !
x QI

for some vector . Since dist(l;,r;) is odd for each 1, j, all entries of () are of the following

B,(G)P =

form

q + th 4+ -+ qs_l, for some even numbers ¢ and s.

Let k; = dist(l;,71) and k; = dist(l;,7;) where ¢ = 1,....,pand j = 2,...,p. Let t;; =
min{k;, k;} > 1. Notice that

{k;} — {k:} = £q" {|ki — K;}.

By Lemma 5.1.7, it follows that det B,(G) has a factor ¢*~*(1 4 ¢)?~*. This completes the
proof. [ |

From the above result, it is easy to note that det B,(G) = 0 for ¢ = 0, —1. As our main
aim is to find the determinant of g-distance matrix of a nonsingular tree, so ¢ = 0, —1 are

not in our interest. For ¢ = 1, the above result gives us Theorem 2.1.7.

In view of Theorem 5.1.8, we see that in order to find the determinant of the g-bipartite
distance matrix it is enough to calculate the quantity det B,(T)/¢?~(1+¢)?~'. This motivate

us to define g-bipartite distance index of 7.

» Definition 5.1.9. Let G be a connected, bipartite graph on 2p vertices with a unique perfect
matching. The ¢-bipartite distance index of G is denoted by bdq(G) and is defined by
det B,(G)

by(C) = o s 470 <

» Example 5.1.10. Consider the following bipartite graph GG with a unique perfect matching.
Here the dashed edges are the matching edges.

*l l;9-——-975 o7y
| I
| I
o —— ———

1 lg T2 l3 T3 l4

Let B,(G) be the g-bipartite distance matrix of G. Then we can see that detB,(G) =
¢*(1+q)*(2¢ + 3). Tt follows that bdq(G) = 2¢ + 3.
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In a similar way, we can check that the g¢-bipartite distance index of T as defined in
Example 5.1.4, is also 2¢q + 3. <

5.2 The g-bipartite distance index

The following result tells us that the bdy(G) remains same if we attach a new P, at any

quasi-pendant vertex of G. Note that for ¢ = 1, the result below gives us Lemma 2.1.11.

» Theorem 5.2.1. Let G be a connected, bipartite graph on 2p vertices with a unique perfect
matching. Let v be a quasi-pendant vertex of G. Let G be the bipartite graph on 2p + 2

vertices obtained by attaching a new Py at v. Then
det B, (G) = —q(1 4 q) det B(G),  and  bdy(G) = bdy(G). <

Proof. Let L = {ly,...,l,}, R = {r1,...,r,} be a standard vertex bipartition of G and
assume without loss of generality that v = [,. Let the graph G be constructed from G by

taking two new vertices l,.1, 7,41 and adding the edges [l,, rp+1], [Tp+1s bpt1)-

..... L g Tp+1

The g¢-bipartite distance matrix of G can be written as

B,(G) B,(T)e,

B, (G) =
«(G) (14 ¢)1" + ¢*e,B,(G) 1

By subtracting the column p from the column p + 1 in %q(@) we get

0= B,(G) 0
(1+ @)1 + ¢°e,B,(G) —(q+¢*)
Hence det B,(G) = det Q = —q(1 + q) det B(G) and bdy(G) = bdy(G). |

Since a corona tree can be obtained from P, by repeatedly attaching a new P, at quasi-
pendant vertices and bdy(FP») = 1, the following corollary is immediate from Theorem 5.2.1

which tells that the ¢-bipartite distance index of a corona tree is always one.
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» Corollary 5.2.2. Let T be a corona tree on 2p vertices. Then, bdy(T) = 1. In particular,
det B,(T) = (=1)P 1¢" (1 +q)P . <

We want to remark that the converse of Corollary 5.2.2 is not true. Let T be the tree as
shown in Figure 5.1. By computation, we see that bdy(7") = 1 whereas 7" is not a corona

tree.

*——o *—=0

Figure 5.1: A non-corona tree T with bdq(7") = 1.

Note that Theorem 5.2.1 helps us to calculate the g-bipartite distance index of certain
type of tree. In the next section we shall supply a recursive formula to compute bd,(7") of
any nonsingular tree 7" similar to Theorem 5.2.1 where we allow attaching a new P at any

vertex.

5.3 The g-bipartite distance index of a tree

Since a nonsingular tree is a bipartite graph with a unique perfect matching, the study of
the properties of a bipartite distance matrix of a nonsingular tree is naturally a starting
point. From now onward we mainly focus on characterize the bipartite distance index of a

nonsingular tree.

In the below result we calculate the g-bipartite distance indices of the paths Psy,.

» Theorem 5.3.1. Let Py, be a path on 2p vertices. Then det B (Py,) = ¢P(1 — ¢*)P~! and
fOT q # 07 _]-7
p—2 p
bdy(Pyy) = {qu + 2]

where [x] is the ceiling function that maps x to the least integer greater than or equal to
. <4
Proof. Let T = [ly, 1,12, 72, .., 1y, 7] be a path on 2p vertices.

ll 1 lg T2 lp Tp

Our first aim is to prove det B.(T) = ¢?(1 — ¢*)* .
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Let T" = [ly, 71, ..., lp—1,7p—1]. That is, 7" is a path on 2p — 2 vertices. Notice that the

matrix B.(T") can be written as

2p—3

where = [ ¢ ¢*=° .. ¢ Take E =1 — ¢°e, 1€}, It is easy to note that

B(T)E =

B.(T") 0
g ¢
Therefore, by applying induction, we see that det B (T) = ¢*(1 — ¢*)P~L.

Notice that for ¢ = 1 the result follows directly follows from Proposition 2.2.1. Thus our
aim is to prove the remaining part of the result for ¢ # 0, £1. By Lemma 5.1.6 know that

(1= q)B,(T) = 11" — B(T).
Since g # 0, £1, B.(7) is invertible. It follows that

(1= q)P det By (T) = (1) det(B(T)) (1 — 1"B(T)~'1). (5.1)

Let us consider the vector @ of size p defined as follows.

1/q ifdis odd,
(i) = —q if i is even but i )

0 if 1 = p and 7 is even.

It is easy to verify that B.(T)z = 1 and so B.(T)'1 = x. Further note that
pil _|p—2
o= |2 - |25
“TI2lg [ 2 Wq
Let k = [252]. Then k+ 1= [Z]. By (5.1), we get

(1—¢q)detB,(T) = (=1)P¢*(1 + q)*! [1 —(k+ 1)% + kq]

(=1 (14 q)" [(g— 1) + k(1 + q)(q — 1)]
= (=)' (1 + )P kg + (k+ 1))
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———9o— o ——0o—0——-0

P

,HJ —
Tl I

Figure 5.2: The g-bipartite distance indices of T} and 75 can be be computed only by Theorem
5.2.1 and Proposition 5.3.1, but that of 73 cannot be computed. Dashed lines are matching edges.

This completes the proof. [ |

Note that the previous result along with Theorem 5.2.1 can help us evaluate the bipartite
distance index of many nonsingular trees. Consider P, a path on 6 vertices. By Proposition
5.3.1, bdgq(Fs) = g + 2. Now consider the tree 77 obtained from P as show Figure 2.2. By
Theorem 5.2.1, bdq(77) = ¢ + 2. Similarly, again by Theorem 5.2.1, bdy(7%) = ¢ + 2. Thus,
multiplying (—¢)?~'(1 + ¢)?~! we get the value of detB,(T) for these trees, for example,
det B4(T3) = (-1)P (@) (1 + @) (g + 2).

However, there are trees whose bipartite distance index cannot be computed from these
two results alone. For example, the tree 75 in Figure 5.2 is such a tree. In the next section we
shall develop a technique that will help us to compute the bipartite index of any nonsingular

tree.

5.4 Recursive formula to calculate the g-bipartite

distance index of a tree

In this section we prove that the determinant of the exponential bipartite distance matrix
of a nonsingular tree depends only on the number of vertices but not on the structure of
the tree and provide a recursive formula to calculate the g-bipartite distance index of any
nonsingular tree. Before that let us define the following vector which is a g-analogue version

of the 7 vector, as defined in Definition 2.2.8.

» Definition 5.4.1. Let T be a nonsingular tree on 2p vertices with a standard vertex bipar-

tition (L, R). The vector %77, or simply %, of size 2p is defined by

Ir(v) := = [(dr(v) — 1)g* + (1 + (dr(v) — 1)¢*) diffr(v)], for each v in T. (5.2)
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The entries of 97 are ordered according to ly,...,1,,71,...,7p.

The restriction of %7 on L is denoted by % or simply by 97! and the restriction of %7, on
R is denoted by 7] or simply by %7".

Note that 977 and 7 are vectors of size p whose i-th component is % (r;) and %(1;),

respectively. <

Note that if ¢ = 1 then %7 (v) = 1 — dr(v)[1 + diffy(v)] for each v in T. Therefore, the

vector 97 is a generalization of the vector 7, as defined in Definition 2.2.8.

» Example 5.4.2. Consider the tree T" as shown below. Here the dashed edges are matching

edges. The numerical value near at the vertex v represent the value diffy(v).

-1 0

1
s ¢-——-o [ o7y
|
il r r !
G ._Il CR I N B

0 -1 -1 1 0 -2 -1
Note that d(ly), the degree of the vertex I, is 3 and diffy(ly) = —1. It follows that
() =—(B-1)¢" — (1+ (3—1)¢°) x (-1) = 1.
In a similar way, we can see that
Irp(re) = —(2-1)¢" — (1+ (2-1)¢*) x 1 = =1 — 2¢°.
Therefore, %7} and %% of T is given by

t t
)

awl=lo 1 —¢ 1 0] and qr§3:[1 12 2442 -1 1]. <

The following theorem gives us insight to how the values of %" and %! changes under the

operation attaching a new P, at a vertex.

» Lemma 5.4.3. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition
(L,R). Let T be the tree obtained from T by attaching a new Py at v.
g

ET] — (1 + diffr(ry)) [qu’“] .

(a) If v =1y for some k, then T =

2

gl
(b) If v =1, for some k, then qT:lF = [ ;T] — (14 diffr(ly)) [q ‘ik] ' <

Proof. We prove only item (a) as the proof of item (b) can dealt in a similar way. Without

loss of any generality, let us assume that T be the tree obtained from T by taking two new
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vertices ly.1, rpr1 and adding the edges [rg, ly11], [lp+1,7p+1]. Note that if r; € T then the
alternating path starting from r; lies inside the tree 7. This shows that diffp(r;) = diffs(r;)
for each ¢ = 1,...,p. Now, each odd alternating path starting from r, corresponds to an
even alternating path starting from 7,.; and each even alternating path starting from ry
corresponds to an odd alternating path starting from ry,;. This shows that diffs(r,41) =
—1 — diffp(ry).

Since dz(v) = dr(v) for each v € T'— {r.}, it follows that 9Tx(r;) = %rr(r;) for each i # k
and i =1,...,p. Note that ds(ry) — 1 = dy(rg). Therefore, we get

q’Tf(Tk) = — [dT(rk)qQ + (1 + dT('r’k)qz) diffT<Tk)} = q’TT<Tk) — q2<1 + diffT(’f’k)).

Since d#(rp4+1) = 1, it follows that %75 (rp11) = 14+diffy(rg). This completes the proof. W

5.4.1 The exponential bipartite distance matrix

The following result will be used as inductive step to calculate the determinant of the expo-

nential bipartite distance matrix.

» Lemma 5.4.4. LetT" be a nonsingular tree on 2p vertices with a standard vertex bipartition
(L,R). Let T be the tree obtained by attaching a new Py at v.

-~

(a) If v =1 for some k and B(T)%r; = ql, then %e(T)qT% =ql.
(b) If v = Iy, for some k and (“TL)!B.(T) = q1, then (qT%)t‘BE(T\) = ¢1°.
Furthermore, det SBG(T\) = q(1 — ¢*) det B(T). <

Proof. We only provide the proof of item (a) as the proof of item (b) can be dealt in a similar
way. Clearly, the standard vertex bipartition of T is (L = {ly,...,l,}, R={r1,...,rp}). Let

T be the tree obtained from T by introducing two new vertices l,y1, 7,41 and adding the
edges [, 1], [lpr1, Tp1]-

Note that the matrix B.(7') can be written as

where y(i) = ¢@stUe+1m) for 4 = 1,...,p. By item (a) of Lemma 5.4.3, we know that

2

_ [qﬂ — (14 diffp(ry)) [‘-’ ﬂ

=

*]Q
N
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First note that

BD)|

_q2€k 2 = = 2
= —q sBE(T)‘E3/~c+s36(T)ep-i-l =—q

Therefore, by applying B.(T)%r). = ¢q1, we have

G gl
BT [y“}ﬁ’i —(¢* =) (1 + diffT(m))] ' 3

Let F be the component of T" obtained by removing all edges incident at r, except the
edge [lg, r], that contain the vertex lx. It is easy to note that if dr(ry) = 1 then F'is T itself.
Further note that, an alternating path starts at r; € F' lies inside the tree F'. It follows that

diffs(r;) = diffp(r;) = diffp(r;) for each r; € F.
Clearly, dr(v) = dp(v) for each v € F' — ry. Therefore,
Y (r;) = Yi(ry), for each r; € F — 1.

Notice that y(i) = ¢¥str) if r; € (T — F) U {ry} and y(i) = ¢?¢?=* &) if r; € F — 1y

Therefore we get

p
ytq,r}“ - quiSt(lk’Ti)qT;(’r’i) + (qQ . 1) Z qdist(lk,m)qT;(,r,i)

=1 ri€F
i£k
= et B (T)4) + (¢ — 1) [Z qdiSt(lk’ri)qT}(ri)] —q(q® — D)5 (1)
r, €l

= ¢+ (¢* — D)epB(F)'rp + q(¢* — 1) diffp(ry)
= q+q(® = 1)1+ diffr(ry)). (5.4)

By (5.3) and (5.4), it follows that B (T) = ql.

If ¢ = 0 then det B (T) = det B.(T) = 0 and so det %E(f) = q(1 — ¢*) det B.(T) holds
trivially. Let us assume ¢ # 0. Take £ = [ — QQeke; +1- Note that all entries in the last
column of B (T)E are zero except the p + 1-th entry is ¢ — ¢3. Hence, it follows that

det B(T) = ¢(1 — ¢%) det B(T). This completes the proof. |

~

» Theorem 5.4.5. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition
(L,R). Then B.(T)irr = ql and det B (T) = ¢P(1 — ¢*)P~L. <

Proof. We prove the statement by induction on p. Clearly the statement holds for p = 1, as
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in this case B.(T) = [¢] and 977 = [1]. Assume the statement to be true for p. Let T be a
nonsingular tree on 2p+2 vertices. Then T is obtained from some nonsingular tree T on 2p by
attaching a new P, at some vertex v. Let (L, R) be the standard vertex bipartition of 7" such
that v = r,. By the induction hypothesis, B.(T)%} = ¢l and det B (T) = ¢*(1 — ¢*)P.
Therefore, by Lemma 5.4.4, %E(f)qT% = ¢1 and det B(T) = q(1 — ¢*)det B(T). This
completes the proof. |

Here we remark that if ¢ = 1 then the above result gives us Lemma 2.2.13. Hence, Theorem

5.4.5 is a generalization of Lemma 2.2.13.

The following corollary is immediate from Theorem 5.4.5.

» Corollary 5.4.6. Let T' be a nonsingular tree on 2p vertices with a standard vertex bipar-
tition (L, R). Then (“75)!B(T) = q1' and det B(T) = ¢P(1 — ¢*)P~L. <

5.4.2 The g-bipartite distance matrix

The following result will be used as inductive step in the proof of Theorem 5.4.8.

» Lemma 5.4.7. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition
(L,R). Let T be the tree obtained by attaching a new Py at v. Suppose q # 0, —1.

(a) If v =1y, for some k and B,(T)%r; = bdy(T)1 then

-~

B, (T)'r5 = (bdg(T) + (1 + q)[1 + diff7(v)])1.
(b) If v = Iy, for some k and (971)B,(T) = bdy(T)1, then
(97L)1B (T) = (bdg(T) + (1 + ¢)[1 + diffr(v)])1".
Furthermore, bdg(T) = bdg(T) + (14 ¢)[1 + diff7(v)]. <

Proof. We only provide the proof of item (a) as the proof of item (b) can be dealt in a similar
way. Clearly, the standard vertex bipartition of T'is (L = {l4,...,l,}, R ={r1,...,rp}). Let

T be the tree obtained from T by introducing two new vertices [,11, 7p+1 and adding the
edges [rk, lps1], [lp1, Tps1]-
Note that the matrix B.(T') can be written as
By(T) (1+ @)1+ BT

%Q(f) - yt 1 ’
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Recursive formula to calculate the g-bipartite distance index of a tree

where y(i) = {dist(l,+1,7;)} for i =1,...,p. By item (a) of Lemma 5.4.3, we know that

L = [qf] — (1 +diffr(ry)) [qu’“] .

First note that

2
~ | —q°e ~ ~ 1+q 1
®,(7)| " ] = B, (Tes +B,(Teyr = | ql | (5.5)
Therefore, by applying B.(7)%;} = bdy(T)1, we have
~ bd, (T 1 1+ diff 1
Y+ (1 =) (1 + diffo(ry))

Let F' be the component of T" obtained by removing all edges incident at r, except the

edge [lg, k], that contain the vertex [.

It is easy to note that if dp(ry) = 1 then F' is T itself. Further note that, an alternating
path starts at r; € F' lies inside the tree F'. It follows that

diffa(r;) = diffp(r;) = diffp(r;) for each r; € F.

Clearly dr(v) = dp(v) for each v € F' — 1. Therefore,

T(T)(r;) = “rp(ry), for each r; € F' — 1y,

Notice that y(i) = {dist(ly,r;)} if r; € (T — F) U {ry} and y(z) = {dist(lg,r;) + 2} if
r; € ' — 1. Therefore we get

p
y'irr = y(i)r(r)
=1

= Z{dist(lk,ri)}q‘r}"(m) + Z({dist(lk,n) + 2} — {dist(l, ) }) ) (r:)

r,€F

i#k
= el By (1)) + > (1+ q)g =iz (ry)
riEF
i%k

=bdy(T) + (1 +¢q)

Z qdist(lk,ri)q.,-};(ri)] — (1 +q)q*Tp(rs)

r,€F
=Dbdy(T) + (1 + @)exB(F)rp — (1 + q)¢*mr (1)
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By Lemma 5.4.4, we know that B.(F)%r}. = ¢1. Since 47}.(r) = —diffp(ry) = —diffp(ry),
it follows that
Y77 =bdy(T) + q(1 + q)(1 + diffp(ry)) (5.7)

From the identity (5.7) we note that
y' iy + (1= ") (1 + diffr(ri)) =bdg(T) + (1 + ¢)(1 + diffr(ry)) (5.8)

By substituting (5.8) in (5.6) we see that

-~

B(T)7 = [bdg(T) + (1 + ¢)(1 + diffr(ry))]L.
Therefore, in order to establish the result it only remains to show that
bdy(T) = bdg(T) 4 (14 q)(1 4 diffr(ry)). (5.9)

Let us first assume that bdg(7") # 0. Clearly, ¢ # 0,—1. Consider the matrix £y =
QT

-
I — ¢*epel,, and By = I — % OT e, Notice that

-~ B,(T) (1+49)1 B,(T) 0
%Q(T)ElEQ = g t 1 ) E2 = ! t 1 2 1+q , tq-r
Yy — 4 ) ( q )_bdq(T)y Tr
It follows that )
bdy(T) = 5[;4/“17; + (1 — q) bdg(T)] (5.10)
Using the identity (5.7) in (5.10) we get
bdy(T) = bdg(T) + (14 ¢q)(1 + diffr(ry)) (5.11)

-~

By substituting (5.8), (5.9) in (5.6), it establishes that if bdq(7") # 0 then B,(T)%T; =
bdy(T)1 and bdy(T) = bdg(T) + (1 + ¢)(1 + diffr(ry)).

Now we assume the case bdy(7") = 0 for some ¢* € C. Let B* is a matrix obtained from
B,(T") by substituting ¢ = ¢*. Since det B,(T’) is a polynomial in g, it has finitely many zeros.
Therefore, there exist an sequence {g, } converges to ¢* such that det B,, # 0 for each n where
B,, is the matrix obtained from B,(T") by substituting ¢ = ¢,. Since each entry of B,(7T) is a
polynomial in g, it follows that B, converges to B*. Let f(q,) = det(B,)/(—q)?~}(1 +q)P~L.
Since determinant is a continuous function, it follows that f(g,) tends to 0. Therefore,
flgn) + (1 + gn)(1 + diffp(ry)) converges to (1 + ¢*)(1 + diffr(ry)). This establishes that

~

bdg(T) = (1 + ¢)(1 + diffp(ry)) for ¢ = ¢*. Hence the proof is complete. |
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bdy(T") — “ bd,(71) —+ '. bdg(T3) -

Figure 5.3: The inclusion-exclusion principle.

Now we are ready to supply our main result of this section which gives us a recursive way

to calculate g-bipartite distance index of any nonsingular tree 7.

» Theorem 5.4.8. Let T be a nonsingular tree on 2p vertices with a standard vertex bipartition
(L, R). Suppose q # 0,—1. Then following assertions hold.

(a) By(T)r7 = bdg(T)1.
(b) Let v be a vertex and let T be the tree obtained from T by attaching a new Py at v.
Then
bdy(T) = bdg(T) + (1 + ¢)(1 + diffp(v)). <

Proof. We prove both the statements by induction on p. Clearly the item (a) holds for
p = 1, as in this case B,(T) = [1] and % = [1]. By Proposition 5.3.1, the item (b) holds
for p = 1. (One can also verify the item (b) for p = 1 by taking P, and P,.) Assume
the statement to be true for p. Let T be a nonsingular tree on 2p + 2 vertices. Then T
is obtained from some nonsingular tree 7" on 2p by attaching a new P, at some vertex v.
Let (L, R) be the standard vertex bipartition of 7" such that v = r,. By the induction
hypothesis, B,(T)%7} = bdq(f)]l. Therefore, by Lemma 5.4.4, we have %q(f)qr% = bdq(f)]l
and bdg(7) = bdg(T) + (1 4+ ¢)(1 + diffp(ry)). This completes the proof. |

For ¢ = 1, Theorem 5.4.8 gives us Theorem 2.2.15.

5.5 The inclusion-exclusion principle

In this section our first aim is to establish that the g-bipartite distance index of a nonsingular
tree satisfies an inclusion-exclusion type of principle at each matching edge and then using
that result we show that the g-bipartite distance index of a nonsingular tree is nothing but

a f-alternating sum with respect to the sequence S = (1,1,¢+ 2,9+ 2,29+ 3,29+ 3,...).
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» Theorem 5.5.1. Let T be a nonsingular tree on 2p vertices with a matching edge [u, v]
such that s = d(v) > 3. Let wy, ..., ws_1 be the other vertices adjacent to v. Let B,, be the
branches at v containing the vertex w;, i =1,...,s — 1. Suppose q # 0,—1. Then we have

bdq(T) :bdq(T—Bwl)—i—bdq(T—BwQ—-~-—Bws_l)—bdq(T—Bw1 —By,— =By, ,). <

Figure 5.3 illustrates why we refer the above result as an inclusion-exclusion principle.

Proof of Theorem 5.5.1. Let (L, R) be the standard vertex bipartition of 7" such that v = Ij.
Let the degree of 1, be s, s > 1. We set ky = k. Let I, 11, lky41, - - -, lg,_,+1 be some distinct
vertices other than [, that are adjacent to r,, see Figure 5.4. Let B; be the branches at
v containing the vertex Iy, 11,2 =1,...,5s —1. Let By =T — By — By —--- — B,_;. Note
that each B; is a nonsingular tree for ¢ = 0,...,s — 1. Assume that the vertex set of By
is {l1,..., g, 71, -, Tk, }, the vertex set of By is {lg, 41, - kg, Thyt1y - - -, Thy }, and S0 on up
to the vertex set of Bs 1 is {lk,_ ;41,3 kes Tke 141, - -7k, }- Let us put an arrow on the
edge [lg,, k,] from 7y, to l,. This arrow indicates that, from a vertex r; in By, we do not

have an alternating path to a vertex in By. Similarly, from a vertex r; in By, we do not

have an alternating path to a vertex in By, By, B3, By, ..., Bs_1. Similar statements are true
for vertices r; in Bs, ..., Bs_1. Also, from a vertex [; in By, we only have alternating paths
to vertices in By but not to a vertex in By,..., Bs_;. Let us take T} be the tree By. For

1 =2,...,s, let T; be the subtree of T' obtained by taking 77 and B; and by inserting the

edge [lk‘l ) Tki~1+1] :

Figure 5.4: Branching of a nonsingular tree into its nonsingular subtrees.

Let B,(1%)k, . denote the row induced by B,(T3)s, . on ry,..., 1. That is, B,(1h)g,,. is
obtained by inserting 0 entries into B,(73)y, . at the places corresponding to r; ¢ F,. Notice
that B,(Ts)k, . (1:) = By(T2)k, . (r:) if r; € Ty and B (T2, .(r;) = 0 if r; ¢ Ty. Then it is
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immediate from the structure that

By(T)kr: = By(To)y + -+ 4 Bg(TsJry = (5 = 2)Bg(T1)y - (5.12)

Note that for any r; € T}, r; # 73,, we see that dr; (r;) = dr(r;) and diffr,(r;) = diffr(r;)

for j=1,...,s. Hence,
Iy (i) = “77.(ri) if ry €Ty, ri # 1.
Clearly, dp(rg,) = s, dry(1%,) = 1 and for j = 2,3,...,s, we have
dr,(ry,) =2, and  diffp(ry,) = diffr (rg,) = diffr (ry,).

It follows that

qT}n<Tk1) = _(<8 - 1)(]2 ot (1 + (8 — 1)(]2) difle (Tkl))
7. (rey) = — (¢ + (1 +¢°) diffqy(rs,)) B 20438
ih (rey) = —(diffp(ry,)).

Therefore, for j =2,...,s, we get
T (k) = U7, () = — (5 = 2)¢*(1 + diffq (1) = (s = 2)C,
where C' = —q?(1 + diffq, (ry,)). Further note that,

rr(rw) = 77, (k) = (5 = 1)C.

By Theorem 5.4.8, we know that ®B,(T")% = bdy(7")1. In particular, we have B,(T), .41 =
bdy(7). It follows that

bdq(T> = %Q(T)klﬁ qTTT = %Q(T2>k1,: qTTr + o+ %q<Ts)k‘1,: qut - (3 - 2)%q<T1)k1,: qTTr
= BT, T, + (s =2)C + - - +B(To)x,, 11, + (s — 2)C
(5= 2)(By(T)ns, 74, + (s = 1)C)
= bdy(7%) + -+ - +bdg(Ts) — (5 — 2) bdg(T7).

In a similar argument, we have bdq(7T" — B1) = bdq(73) + - - - +bdq(T5) — (s — 3) bd(T7). The
conclusion follows by noting that T — By —---— B, 1 =Ty and T— By — By —---— B,_1 =
7. |
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Now we illustrate Theorem 5.5.1 with the following example to see how we can calculate

g-bipartite distance index of T" from its (nonsingular) subtrees.

» Example 5.5.2. Consider the nonsingular tree T', as shown Figure 5.5. Edges in the perfect
matching are shown as dashed lines.

Figure 5.5: Illustration of Theorem 5.5.1

Consider the vertex v in T'. Note that d(v) = 3. By applying Theorem 5.5.1 at v, we have

bdq(T)Ibdq(*__ N w{*_ﬁ:>+bdq<“4_*1~—*~—*) (5.13)

— bdg(s--e—e--=)

Further, by applying Theorem 5.5.1 at w, in the first tree of the right hand side of the above
equation yields us

()T
+ bdg(+-- -- -2 =0, (5.14)

— bdy(s--+—e--~)

= 2bdy(Ps) — bdg(Py)

Therefore, by (5.13) and (5.14), it follows that

bdy(T") = (2dq(Fs) — bdg(Fs)) + bdg(Pro) — bdg(Fy)
— 2bd,(Py) + bdg(Pio) — 2bdy(Py)
=2(¢+2)+(2¢+3)—2=4q+5.

Hence, det B,(T) = (=1)P"1¢?~1(1 + q)P~}(4q + 5). |

By applying Theorem 5.5.1, we can check that bdq(7") = 1 for the tree T as defined in
Figure 5.1, bdq(T") = 2q + 3 for the tree T as defined in Example 5.1.4, and bdq(7) = g + 2
for the tree T as defined in Example 5.4.2.
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5.6 f-alternating sum

Let T" be a nonsingular tree. In Chapter 2, we define f-alternating sum of 7" with respect
to a sequence S and observe that the f-alternating sum of 7' satisfies the same recurrence
relation as that of bdq(7") in Theorem 5.5.1, see Theorem 2.4.2.

In the following result we argue that bdq(7") is nothing but the f-alternating sum with
respect to the sequence S = (1,1,¢+2,¢+2,2¢+ 3,2¢+ 3,...).

» Theorem 5.6.1. Let T' be a nonsingular tree on 2p vertices and S = (1,1,q+ 2,q+2,2q +
3,2¢+3,...) be a sequence. Then bdyq(T) = fs(T'). In particular,

det By(T) = (—1)" g (1 + ¢~ > [d(u) = 2)[d(v) - 2]5<|2£|>- <
s

Proof. We prove the statement by induction on p. Note that for p = 1 and p = 2, the only
possible nonsingular tree is a path on 2p vertices and for a path the nonzero contributions
to f(T') will come only from the end vertices. Therefore, by Proposition 5.3.1, the base step
holds.

For the inductive hypothesis, let us assume that the statement hold for each nonsingular
tree on less than 2p vertices. Let T" be a nonsingular tree on 2p vertices. If T' is a path then by
Proposition 5.3.1, the result holds. Suppose that 7" is not a path. Then there exists a vertex
v in T such that d(v) > 3. Let [u,v] be the matching edge involving v. Let wy,..., ws 1
be the other vertices adjacent to v. Let B,, be the branches at v containing the vertex wj,
1=1,...,8 —1. Then by Theorems 2.3.1 and Theorem 2.4.2 we have

bdg(T) = bdg(T — By,) +bdg(T = By, — -+ — By,_,) —0dq(T' — By, — By, — -+ — By,_,)
= fS(T ~ Bwl) + fS(T — By, =+ — Bws—1) o fS(T — By, = By, =+ — Bws—l)
= fs(T).
This completes the proof. ]
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Conclusion and Future Work

This dissertation investigated the bipartite distance matrix and the bipartite Laplacian mat-
rix. We also studied minor of the bipartite Laplacian matrix and explore g-analogue versions
of the bipartite distance matrix. The work performed in this dissertation provides basis for

future research in several areas. These areas include:

e The bipartite distance index of a bipartite graph with a unique perfect matching.

(Classifying f-alternating sum for some other sequence S.

Path decomposition of a nonsingular tree.

Spectra of the bipartite Laplacian matrix.

Further study on the g-bipartite distance matrix.

The bipartite distance index

In Chapter 2 we define bipartite distance matrix of a bipartite graph with a unique perfect
matching. Although we completely characterized the determinant of a nonsingular matrix
but we did not talked much about the determinant of an arbitrary bipartite graph with a
unique perfect matching. We shall try to characterize the bipartite distance index of an

arbitrary bipartite graph with a unique perfect matching.

f-alternating sum

In Chapter 2 and Chapter 5 we observed that the bipartite distance index and the ¢-bipartite
distance index of a nonsingular tree are a particular type of a f-alternating sum. Further we
noticed in Theorem 2.4.2 that the f-alternating sum satisfies an inclusion-exclusion type of
principle at any of its matching edge. We also discussed few properties of f-alternating sums
of a tree corresponding to some sequence S. It would be interesting to know properties of the
f-alternating sums of nonsingular trees, for some more sequences S. We believe that there
are many interesting facts lying there to be observed. In particular, it would be interesting

to know the class of graphs G with a unique perfect matching that have fs(G) = 1 or
fs(G) = |Gl.
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Path Decomposition

By Theorem 2.3.1, one could argue that the bipartite distance index of a nonsingular tree
can be expressed as an integer combination of bipartite distance indices of some paths Pyy.
One could ask the following question: from a given set of paths Py is it possible to construct
a nonsingular tree T (by using some kind of merging operation) such that the bipartite
distance index of T' can be obtained as a integer combination of bipartite distance indices of

given paths? We partially answered this question in Section 2.5.

Spectra of the bipartite Laplacian matrix

In Chapter 3, we have introduced bipartite Laplacian matrix which is a generalization of the
usual Laplacian matrix of a tree. It was shown that it enjoys many proprieties that are true
for usual Laplacian matrix. There are two properties that we believed are true but we do

not have complete proofs. We mention them below.

Conjecture 1. Let £ be a bipartite Laplacian matrix of a nonsingular tree 7. Then each

eigenvalues of £ is a nonnegative real number.

Conjecture 2. Let £ be a bipartite Laplacian matrix of a nonsingular tree 7. Then £ is

diagonalizable.

Further study on the g-bipartite distance matrix

In Chapter 5, we studied two types of g-analogue versions of the bipartite distance matrix
of nonsingular tree, namely, the ¢-bipartite distance matrix and the exponential bipartite
distance matrix. We observe that although the determinant of the ¢-bipartite distance matrix
depends on the tree structure but the determinant of the exponential bipartite distance
matrix is independent of the tree structure. We need a further study in order to understand

why only the determinant of the g-bipartite distance matrix depends on the tree structure.
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Appendix

In the below table we give a list of all nonsingular trees on at most 10 vertices with their

bipartite distance index, eigenvalues of their bipartite Laplacian matrix and whether their

bipartite Laplacian matrix is diagonalizable.

Is £(T) diag-

p | Tree T' on 2p vertices bd(7") | Eigenvalues of £(7) onalizable?
1 | e & 1 0 Yes
2 | g = A 1 0,2 Yes
3 | e—o 3 0,0.7,4.30 Yes
3 ._: 1 0,1,3 Yes
4 e 0 o o o o 3 |0,03525.65 Yes
4 | o 3 |0,0.44,2,4.56 Yes
4 | o=y 5 0,0.63,1,6.37 Yes
4 ._,_I_I_,_, 1 ]0,058,2 341 Yes
4 | ] 1 ]0,1,1,4 Yes
5 5 10,22 11,328 6.40 Yes
B ole e o o oA 3 ]0,2.4,1.33,2.68,5.74 Yes
O | e—e | 3 0,0.29,1,2.32,7.38 Yes
O | e—e 5 0,0.34,0.73,2.84,7.09 Yes
s 5 10,026,1,3.73,5 Yes
O | e—e 3 0,0.28,1.52,2.44,4.76 Yes
O | e 5 0,0.36,1,2.13,6.50 Yes

TH-2878_156123009

123



_ _ Is £(T) diag-
p | Tree T on 2p vertices bd(7") | Eigenvalues of £(7T) ‘
onalizable?

51 e . - e e 3 10,0.31,1.22,2.87, 4.60 Yes
5 1. . 5 |0,0.43,0.76,2.35,6.46 Yes
5 0. . . 9 10,0531,1,947 Yes
5 1. I T - . 1 10,0.38,1.38,2.62, 3.62 Yes
) 3 0,0.38,1,2.62,5 Yes
3 7 0,0.99,1,1,8.40 Yes
50 1 1 1 |0,052,1,2.31,4.17 Yes
5 | ——K 1 10,1,1,1,5 Yes

1214H-2878_156123009



Index

A inversion 86
adjacency matrix 3
algebraic graph theory 1 L
alternating path 1 Laplacian matrix 8
even 21
M
odd 21 ) .
tohi
attaching a new P, 16 Hatcing
perfect 1
B matrix
bipartite adjacency matrix 4 Efi‘]ace'ncy " i
bipartite distance index 6, 16 blpartlte Z JACeHCH _—

. . g . ipartite dist
bipartite distance matrix 5, 14 blpar e LIS zlmce 9’ 13

. . ipartit i
bipartite graph 1 tpartite Laplacian ’

distance )
complete 5 b g o6
ti ipartite dist
bipartite Laplacian matrix 9, 43 B NG N e
exponential distance 95
branch )
Laplacian 8
C g-bipartite distance 96
-dist 95
component 2 q - zfmce
corona tree 17 merging of two trees 7, 36
P
D .

' path decomposition 40
d?ameter . i path system 69
distance matrix 5 bandohthphth 7,36

E pendant-two-path 50

root 50

exponential bipartite distance matrix 96

exponential distance matrix 95 Q

g-bipartite distance index 98

F g-bipartite distance matrix 96

f-alternating sum 6, 34 g-distance matrix 95
I S

inclusion-exclusion principle 6, 31 selected vertex 69

125
TH-2878_156123009



signed degree vector
standard vertex bipartition

star degree

T

tree
corona

nonsingular

1
2'fiH-2878_156123009

45
13
20

17

vertex weighted

vertex bipartition
standard
vertex disjoint paths

vertex weighted tree

\%

69

13
68
69



	Abstract
	Contents
	List of Figures
	List of Symbols
	1 Introduction
	1.1 Nonsingular Trees
	1.2 Bipartite distance matrix
	1.3 Bipartite Laplacian matrix and the inverse of the bipartite distance matrix
	1.4 q-analogue versions of the bipartite distance matrix
	1.5 Organization of the thesis

	2 The bipartite distance matrix
	2.1 Preliminaries
	2.1.1 The bipartite distance index

	2.2 The bipartite distance index of a tree
	2.2.1 Recursive formula to calculate the bipartite distance index of a tree

	2.3 The inclusion-exclusion principle
	2.4 The f-alternating sums
	2.4.1 Combinatorial formula for the bipartite distance index

	2.5 Structure independence of the bipartite distance index
	2.5.1 Path decomposition


	3 The bipartite Laplacian matrix
	3.1 Preliminaries
	3.2 Basic properties
	3.3 Spectra of the bipartite Laplacian matrix
	3.4 The inverse of the bipartite distance matrix

	4 All minor of the bipartite Laplacian matrix
	4.1 Preliminaries
	4.2 Vertex-weighted tree
	4.3 Singular submatrices of the bipartite Laplacian matrix
	4.4 The class FTX,Y
	4.5 Formula to calculate any minor of the bipartite Laplacian matrix

	5 q-analogues of the bipartite distance matrix
	5.1 Preliminaries
	5.2 The q-bipartite distance index
	5.3 The q-bipartite distance index of a tree
	5.4 Recursive formula to calculate the q-bipartite distance index of a tree
	5.4.1 The exponential bipartite distance matrix
	5.4.2 The q-bipartite distance matrix

	5.5 The inclusion-exclusion principle
	5.6 f-alternating sum

	6 Conclusion and Future Work
	Bibliography
	Publication
	Index

