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Abstract

The electromagnetic response of two dimensional carbon based systems is studied using

basic classical tools. The most interesting and important carbon based system known till to-

day is the by now well-known two-dimensional material “Graphene”. This material is special

in several ways, indeed, its very existence is an enigma. Graphene and a few of graphene

based systems are studied using theoretical techniques. The key point of this work is the

theoretical formulation of monolayer free-standing graphene. This formulation acts as the

reference for the subsequent studies done in various graphene based systems. In this formu-

lation monolayer free standing graphene is modelled as a conducting medium of one atom

thickness such that the media is non-refracting. The emergent electric field of the system

has been calculated by solving the fundamental equations ofelectromagnetism, “Maxwell’s

Equations” which consists of reflected and transmitted fields. Three physically important and

experimentally measurable quantities are derived analytically, viz. coefficient of reflection,

coefficient of transmission and polarization of reflection. The energy conservation theorem

has been derived for the system using which the loss also has been calculated to make sure of

the correctness of the formalism. The results obtained for some of these quantities with fixed

values of various parameters show an excellent agreement with the experimental observations

available in this field. For most of the device and technological applications, graphene has

to be deposited on a substrate. For this reason, we next studya related system - substrate

graphene. Theoretical modelling of this system has been done by regarding graphene as a

conducting medium deposited on top of a purely dielectric material characterized by a di-

electric constant. Maxwell’s equations for this combined system has been solved using the

boundary conditions and derived equations for the two partsof emergent field, reflection and

transmission which has been made use to study the optical properties of this system. The

linearly polarized limit of incident light in this system isimportant because of a well-known

phenomenon in optics, “Brewster’s phenomenon”. The most interesting feature of Brewster’s

phenomenon related to substrate graphene is the azimuthal angle dependence of the Brewsters

minimum. The next immediate system related to graphene is the combination of two single

graphene sheets separated by a distance of a few Angstroms. With the monolayer results as

reference, the optical constants of the bilayer system has been solved using series summation

methods used in many fundamental optics books (such as [142]). Presence of an extra layer

leads to multiple reflection phenomena. Amplitude changes occur upon each reflection which

xiii
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have to be taken into account. In addition, for shorter wavelengths (soft X-ray), there are also

phase changes brought about by fact that the path length traversed within the two layers is of

the same order as the wavelength. More importantly, the presence of more than one layer is

known to change the band structure of graphene completely. Thus a first principles calculation

of the optical constants of multi-layer graphene would involve details of this modified band

structure and other effects such as trigonal warping, next nearest inter-layer hopping, finite

energy effects due to nonlinearity in the energy spectrum and so on. It is not our intention

in this thesis to present such a calculation. Ours is a phenomenological approach wherein

we treat the multilayer system as being composed of effectively independent monolayers, but

each with an effective or renormalized conductivity. This effective conductivity depends on

the total number of layers present in the system. An interpolation formula is proposed for this

quantity that interpolates between bilayer on the one hand and infinitely many layers - bulk

graphite on the other. We determine the parameters in the interpolation by making contact

with these two extremes. We find that for few layers in the optical regime, the nearly inde-

pendent layer approximation is quite good. The bilayer calculations act as a fundamental step

towards deriving the general theoretical model for a multi-layer system. A general recurrence

relation for a multi-layer system is derived for reflection and transmission that are exactly

solved in the isotropic limit to obtain a general equation for reflection and transmission as a

function of number of layers. This result is one of the most important outcomes of the work.

The formalism developed for the multi-layer system enablesus to count the number of lay-

ers in a few-layer graphene system and compute its transmission coefficient up to five layers

(which is an experimental limit). This exercise shows perfect agreement with one of the ex-

perimental results available in the literature. The well-known Beer’s law is studied using the

result obtained for multi-layer graphene which shows a deviation for small number of layers.

In addition to these results, many other studies related to the different types of anisotropy

present in the system due to various external sources are done in several limiting cases. As a

whole this is a study of graphene focused on less well-studied aspects of graphene and its re-

lated systems such as a detailed theoretical modelling of its optical properties from a physical

optics point of view rather than on the more well studied Dirac fermion aspects.
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Chapter 1

Introduction

Carbon is the element that is intimately related to living things. It is one of the more abun-

dant elements found in the universe, in the sun, stars, comets, atmospheres of most planets,

earth’s crust and so on. Carbon deserves such a special role because of its ability to be found

in various allotropic forms and also because of a wide variety of its properties. For example,

graphite is one of the softest known materials while diamondis one of the hardest; diamond is

transparent to the visible spectrum, while graphite is opaque; diamond is an electrical insula-

tor while graphite is a conductor, and the fullerenes are different from both of them. Another

important property of this element is the ability to form bonds with itself as well as with other

elements which lead to the formation of one of the largest sub-branch of chemistry known as

organic chemistry. Even though the carbon atom is divalent in its original state, its allotropic

forms such as graphite, diamond, fullerenes etc. shows tetra-valency, that is, a single carbon

atom in these materials can form bond with four other elements. The significance of carbon

can be understood by reminding ourselves that many of the important discoveries in the field

of materials in the last few years are related to carbon: carbon fibers, low pressure diamond

synthesis, fullerene for example buckyballs (spherical hollow carbon molecules) [1], carbon

nanotubes (cylindrical carbon molecules) [2] and very recently graphene [3]. The well known

allotropes of carbon are diamond, graphite, Buckminster fullerenes, and carbon nanotubes.

If we observe the above mentioned forms, diamond is a three dimensional material made of

sp3 hybridized carbon atoms, whereas graphite is also a three dimensional solid but made of

sp2 hybridized carbon atoms. Whereas carbon nanotubes in whichthe carbon atoms aresp2

hybridized, is a material showing transport in one dimension and Buckminster’ fullerene is a

1
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2 Chapter 1. Introduction

zero dimensional material, being compact rather than extended. The dimensionality missing

from the above list is a material in two dimensions. If we go deeply behind the non-occurrence

of the 2D form, we can find a well known theorem which states that it is impossible to have

a long range crystalline order in 2D because of the large thermodynamic fluctuations, which

makes the strictly 2D crystal impossible to exist [4]. Even though it was a hypothetical object,

2D carbon was the theoretical basis to study the carbon allotropes in other dimensions. Ex-

perimental trials were going on using various methods to produce 2D carbon. This is not only

because of the importance of carbon but also the speciality of its two dimensional nature. Low

dimensional materials are special because when we restrictthe size to one or more dimensions

it brings about changes in the material’s properties. They are expected to show some exotic

behavior as compared to its bulk materials. This may be because of localization effects, ge-

ometry effects, high surface to bulk ratio, absence of inter-layer interactions etc [5]. Earlier

attempts to produce 2D carbon was through intercalation compounds - by inserting atoms in

between the layers of graphite. This was successful to some extent, but obtaining a two di-

mensional single layer seemed impossible through this procedure. There were various other

methods used with the same motivation but with different deposition techniques. Researchers

were successful in producing multi-layer graphite or few layer graphite leaving the production

of one atom thick one layer of carbon atoms unaccomplished. The dream of producing a 2D

material came true in 2004 made possible by two researchers of Manchester university - A.

K. Geim and K. S. Novoselov [3] for which they received the 2010 Nobel prize in physics.

The 2D carbon material produced in 2004 is called Graphene. The Royal Academy made a

statement about this invention, “Carbon - the basis of all known life on earth, has surprised us

once again”.

1.1 How Is Graphene Different ?

Mono-layer free standing graphene is a densely packed collection of carbon atoms arranged in

a honeycomb lattice. As we all know, graphite which is a 3D material has a layered structure

with its constituents as the two dimensional one atom thick material called graphene [3, 6].

The relatively recent appearance of this two dimensional material has been attributed by Geim

[7] to the infeasibility of traditional methods of crystal growth to produce a two dimensional

crystal due to thermal fluctuations. Hence it took a relatively unusual and simple technique
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such as scotch tape method to produce such a crystal. Novoselov, Geim and co-workers

placed a flake of graphite on some tape and then by folding the tape over it again and again,

gradually cleaved it thinner and thinner until it was only one atom thick. The large amount of

literature, recent developments in technological and industrial fields and most importantly, the

recent announcement of the Nobel Prize for such a young field reflects the expectations from

this material and its applications. The peculiarity of graphene starts with its two dimensional

nature followed by its high crystal quality, mechanical stiffness and stability, high electrical

conductivity and optical transparency [8, 9]. All these properties observed together in one ma-

terial is really a matter of surprise which really makes it a wonder material [10]. Also graphene

may be considered as the basic building block for all of thesp2 hybridized well known carbon

allotropes like carbon nanotubes, buckyballs, graphite etc. In addition to these, the material

shows ballistic transport which makes its carriers travel adistance of the order of micrometer

without a collision. Due to the hexagonal structure, the band structure of this material shows a

peculiarity, that is, it shows a linear dispersion at low energies near the high symmetric points

of the first Brillouin zone (K points) where the valence and conduction bands touches each

other and these points are termed as Dirac points [11]. This observation and the knowledge

that electrons in graphene do not act in a classical way, but behaves more like a massless wave

which obeys rules similar to relativistic Dirac mechanics rather than the Schrodinger wave

mechanics is an exciting proposition. This observation enables a description of graphene us-

ing a 2+ 1 dimensional theory of massless Dirac fermions. Thereforethis material has been

considered as a bridge between condensed matter physics andquantum electrodynamics [12].

Many of the exotic properties shown by this material can be explained in terms of the rela-

tivistic effects like zitterbewegung [13, 14], Klein paradox etc. [15, 16]. Another major point

related to this material is the electric field effects shown by it which helps to tune the type and

concentration of charge carriers present in the material [3, 17]. Also graphene shows many

exotic properties such as half integer hall effect [18, 19, 20, 21, 22, 23], Aharonov Bohm

effect [24, 25], universal conductivity [26, 27], minimum conductivity [28, 29] etc. Although

it is a simple technique of scotch tape which produced graphene for the first time, there are

several other methods developed for synthesizing high quality as well as large area samples.

They are discussed in detail in a later section. There are several experimental techniques to

visualize and hence to characterize graphene, for example visual contrast, white light optical

microscopy, atomic force microscopy (AFM), scanning tunneling microscopy (STM), near-

field scanning microwave microscopy [30], scanning electron microscopy (SEM), Transmis-

sion electron microscopy (TEM), electrostatic force microscopy, scanning probe microscopy
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(SPM), Raman spectroscopy etc. For graphene to be used in technological applications or

device engineering, it is important for it to be supported, hence the most usual technique is to

deposit the material on a dielectric substrate. As grapheneis a one atom thick 2D material,

most of the atoms are in surface and they may interact with thesubstrate material leading to

disorder effects [31, 32, 33, 34, 35]. Sometimes, properties of graphene depends upon the

way in which it is prepared [33, 36]. Graphene as such being a semi metal shows edge effects

which means that depending upon the shape of edges, the band structure and electronic prop-

erties of graphene changes [37, 38, 39, 40]. There are a number of reviews available in the

literature dealing with different areas of graphene study such as optical [9, 41, 42, 43], trans-

port [44], electronic [11, 45, 46, 47] studies and in general [7, 8, 10, 48, 49, 50, 51, 52, 53, 54]

also which helps one to update the recent trends in this field.

1.2 Crystal Structure

Graphene as mentioned earlier, is a material made entirely of carbon atoms arranged in a

hexagonal lattice structure. This hexagonal structure canbe considered as a combination of

two planar triangular sub-lattices normally labeled asA andB formed by thesp2 hybridized

carbon atoms in graphene. Each of the carbon atoms have four electrons in its valence shell

three of which is used to formσ bonds with the neighboring carbon atoms and the left over

electron in each carbon atom remaining in thepz orbital is aligned perpendicular to the plane

containing graphene sheet forming theπ bonded electron cloud which is responsible for the

high conductivity of graphene. Therefore each of the carbonatoms in graphene sheet has

three nearest neighbors from the other sub-lattice which has two atoms per unit cell [11].

Fig. 1.1 shows graphene crystal structure with its nearest neighbor vectors and lattice

vectors. The nearest neighbor vectors denoted byδi can be written asδ1 = −accêx, δ2 =

acc

2 êx+
√

3
2 accêy andδ3 =

acc

2 êx−
√

3
2 accêy. Now the lattice vectors in graphene can be expressed

as given below:

a1 =
3
2

accêx +

√
3

2
accêy ; a2 =

3
2

accêx −
√

3
2

accêy (1.1)

whereacc is carbon-carbon distance which is 1.42Å.
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1.2. Crystal Structure 5

F 1.1: Crystal structure of graphene. Carbon atoms in two sub-lattices are denoted by
red and blue dots. Nearest neighbor distances are denoted byδ1, δ2 andδ3. Lattice vectors
are denoted bya1 anda2. The carbon-carbon distance denoted byacc whose value is 1.42Å

is also shown in the figure. Two atoms per unit cell is also shown.

Corresponding reciprocal lattice can be constructed as shown in Fig. 1.2 making a 900

tilted hexagon as the graphene reciprocal lattice. Constructing the Wigner Seitz cell of the

reciprocal lattice cells gives the Brillouin zone as shown in Fig. 1.2.

F 1.2: Reciprocal lattice of graphene. This figure shows the construction of reciprocal
lattice and the first Brillouin zone from graphene direct lattice. The left most part with blue
and red dots shows the direct lattice of graphene crystal structure, the middle portion shows
the reciprocal lattice cell of direct lattice and the right most part shows the reciprocal lattice of
graphene with the first Brillouin zone highlighted by orangecolor. The green arrows shown

in the middle and right part is the reciprocal lattice vectors.
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6 Chapter 1. Introduction

Three points in the first Brillouin zone are of special interest denoted byΓ (centre of

Brillouin zone),K andK
′
(corners of the Brillouin zone).K andK

′
are those highly symmetric

points in the reciprocal lattice where the valence and conduction bands of graphene touches

and are called the Dirac points which is explained in detail in next section. The reciprocal

lattice vectors denoted bybi is given below:

b1 =
2π
acc

(

1
3

êx +
1
√

3
êy

)

; b2 =
2π
acc

(

1
3

êx −
1
√

3
êy

)

(1.2)

The first Brillouin zone can be constructed from the reciprocal lattice, taken as bounded by

the planes bisecting the vectors to the nearest reciprocal lattice points. This is shown in figure.

We can see that the first Brillouin zone has the same shape as the reciprocal lattice cell (that

is 900 rotated by the direct lattice cell). The six corners of the first Brillouin zone can be

considered as points in two groups of three that are equivalent [55]. This makes us consider

only two equivalent points denoted byK andK
′
with positions,

K =
2π
acc

(

1
3

êx +
1

3
√

3
êy

)

K
′
=

2π
acc

(

1
3

êx −
1

3
√

3
êy

)

(1.3)

1.3 Band Structure

Electronic band structure of graphene can be calculated andexplained using several methods,

for example, Tight Binding Method, 2+ 1 dimensional effective theory of Dirac fermions etc.

Below each of these methods are discussed one by one.

1.3.1 Tight Binding Calculation

The tight binding approach is a traditional method to calculate electronic band structure of a

condensed matter system. This is explained in any of the condensed matter physics texts [56,

57]. It starts with a basis set of localized orbitals on each site of an atomic structure and the

wave function of the system is assumed to be a linear combination of these localized atomic

orbitals. Solving the energy eigenvalue equation we obtainthe energy dispersion relation

which describes the band structure for the system.
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The first tight binding description of graphene was given by Wallace in 1947 [58] which

takes into account nearest and next nearest neighbor interaction for the unbondedpz orbitals

directed normal to the graphene plane and neglected the overlap between the wave functions

centered at different atoms. There is another effort done by Saito et. al. [59] which included

only the nearest neighbor interaction within the graphene sheet along with the non-zero over-

lap between the basis functions. There are a number of references in the literature which is

fully dedicated to the tight binding study of graphene [60, 61, 62].

Consider the graphene system which has a planar structure due to thesp2 hybridized

atomic orbitals. As mentioned in the earlier section, the left over p orbital remains unbonded,

so only this orbital in each site is included in the calculation for band structure which can

accommodate two electrons [55]. This is a valid assumption since the bonded orbitals have

very low energy. For simplicity, we can consider the Hamiltonian with nearest neighbor

hopping as given below:

H = −t
∑

<i, j>,σ

(

a†iσb jσ + h.c.
)

(1.4)

wherei, j are the indices denoting atoms with spinσ, a†iσ is the creation operator for an

atom in theA sub-lattice. Similarly the case with atoms onB sub-lattice. The< i, j > in

the summation simply means the inclusion of only nearest neighbor cases andt is the nearest

neighbor hopping amplitude which has the magnitude of the order of 2.8eV. Consider the

eigenfunctions in a spinor form denoted by

















αk

βk

















. Components of the spinor represents the

amplitudes on theA andB atoms respectively within the unit cell labeled by a reference point

R0
i . Assume that for a particular pair ofA andB, the latter is at distanceδ1 from the former

with the reference point chosen as anA sub-lattice point. At this stage the spinor has the form

















αk

βk

















=
∑

i

eik·R0
i

















a†i e
−ik·δ1/2

b†i e
ik·δ1/2

















(1.5)

Therefore thek space Hamiltonian is as given below:

Hk =

















0 ∆k

∆k 0

















(1.6)
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8 Chapter 1. Introduction

where∆k = −t
∑3

l=1 eik·δl . Substituting for the nearest neighbor vectors we obtain

∆k = −te−ikxacc













1+ 2ei 3
2kxacc cos[

√
3

2
kyacc]













(1.7)

We can obtain the eigenvalues of the Hamiltonian as

Ek = ±|∆k | = ±t

√

3+ 2 cos[
√

3kyacc] + 4 cos[

√
3

2
kyacc] cos[

3
2

kxacc] (1.8)

There are two zeroes of the energy eigenvalue which an be found out from equation (1.7)

which are listed below:

3
2

kxacc =2nπ & cos[

√
3

2
kyacc] = −

1
2

3
2

kxacc =(2n+ 1)π & cos[

√
3

2
kyacc] =

1
2

Here n is an integer. For the first case mentioned above, they - component of the wave

vectork goes outside the first Brillouin zone and the second point lies in the corners of the

first Brillouin zone as shown in equation (1.3). These points denoted byK andK
′
are called

“Dirac Points”. The graphical representation of equation (1.8) is given in Fig. 1.3. We can see

F 1.3: Band structure of graphene. Three dimensional plot of the tight binding formula
given by equation (1.8). The top band is for positive energy and the bottom band is for the
negative energy. The two bands touch at several points whichare labeled asK andK

′
, they

are the corners of first Brillouin zone of graphene reciprocal lattice which are called Dirac
points. The dispersion relation is enlarged near one of the Dirac points shown as inset where

the blue lines are forE+ and red curves are forE−.
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1.3. Band Structure 9

that the energy dispersion is linear near the corners of the first Brillouin zone. We can see that

the energy band is exactly symmetric about Dirac points and the density of state at the Fermi

level is exactly zero for half filling of the band. When the graphene is not doped, it has one

electron per spin per atom, therefore the bond can be considered as half filled and therefore

the undoped graphene is considered as a perfect semi-metal [55]. An elaborate description

of the tight binding calculations for graphene can be obtained from the lecture notes by A. J.

Leggett [55].

1.3.2 QED2+1 Theory

One of the important aspects of graphene is that it can be studied using the 2+ 1 dimen-

sional quantum theory of electrodynamics (QED2+1) namely Dirac fermions, with one impor-

tant change namely that the electromagnetic field lives in three dimensions but the graphene

sheet is two dimensional. It is surprising to note that the field theoretical view of graphene

started almost 20 years before its discovery [63]. This means that the low energy excitations

of graphene can be considered as massless Dirac fermions. Existence of Dirac fermions in

graphene is proved experimentally by the observation of unconventional Quantum Hall Ef-

fect [18, 20, 21, 22, 23]. This fact made us study the properties ofQED2+1 in a condensed

matter system for example, Klein paradox, Zitterbewegung etc. The theoretical link between

the condensed matter lattice description of graphene and the continuumQED2+1 formulation

acts as a bridge between Condensed Matter and Quantum Electro Dynamics [12]. The non

interacting Dirac Hamiltonian which explains graphene in aQED2+1 is given below [41]:

H0 = ~vF

∑

σ

∫

DC

d2k
(2π)2

Ψ†σ(k)H0(k)Ψσ(k) (1.9)

whereH0(k) = α1k1 + α
2k2 andΨσ(k) is the 4 - component spinor defined in terms of the

creation and annihilation operators of graphene. Here the 4×4 matricesα1,2 are theαmatrices

defined in terms of the pauli spin matrices asσ3

⊗

(σ1, σ2) andk1 andk2 are (kx + iky) and

(kx − iky) respectively.
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1.3.3 Dirac Hamiltonian from Tight Binding Hamiltonian

Consider the region close to the Dirac points i.e. atk = K . Consider the difference in wave

vector defined asq = k − K [55]. Now expanding equation (1.7) aroundq = 0, we obtain,

∆(q) = 2e−iKxaccq · ∇k













e3ikxacc/2 cos[

√
3

2
kyacc]













k=K

= − 3t
2acc

e−iKxacc(iqx − qy) (1.10)

Apart from the overall constant factor,

∆(q) = ~vF(qx + iqy) +O(q/K)2 (1.11)

wherevF =
3t

2acc
� 106m/sec. If we expand aroundK

′
, ∆K ′ (q) = ~vF(qx − iqy) = ∆∗K (q).

Therefore the Hamiltonian can be written as

H ≡ ~vF

















0 qx + iqy

qx − iqy 0

















≡ ~vF σ̂ · q (1.12)

Therefore the energy eigenvalue isE(q) = ±~vF |q| whereσ̂ are the Pauli spin matrices. We

can see that the eigenvalues are functions only of the magnitude ofq and not on the direction.

Comparison with equation (1.9) shows that equation (1.12) is the Hamiltonian for mass-less

relativistic particle of spin 1/2 with velocity of lightc replaced by the Fermi velocityvF which

is 300 times smaller than velocity of light [55].

1.4 Methods of Synthesis

As mentioned in an earlier section, graphene was not supposed to exist basically due to two

reasons. First one is that the usual crystal growth mechanisms fails to grow low dimensional

systems because of the large thermodynamic fluctuations at high temperature during growth

processes may damage the system and even if they exist they cannot be stable transforming

themselves to 3D structures, second reason is the difficulty to isolate the single layer of a 2D

material. Even though the conventional methods of crystal growth are not successful in the

production of 2D materials, a possibility still remains that they may be produced artificially.

That is, we can grow the monolayer on top of a 3D bulk material and then remove it by some

means or other in a sufficiently low temperature such that the thermodynamic fluctuations
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does not damage the 2D system. Hence, broadly we can say that there are generally two ways

of producing graphene, one is from top down (e.g. exfoliation or intercalation) and the other

is bottom up (e.g. epitaxial methods). There are many reviews on the method of preparation

of graphene [7, 48, 64].

1.4.1 Intercalation compounds

This is a technique used earlier to produce few layer graphene. The method to produce

graphene starts with the 3D bulk graphite crystal which has alayered structure with a very

weak inter-layer coupling. The inter-layer forces can be made much weaker by inserting some

foreign atoms between the layers leading into a separation of layers [65]. But it is almost im-

possible to produce monolayer graphene using this, at the most this may result in systems

with 10− 15 layers.

1.4.2 Mechanical Exfoliation

Mechanical exfoliation is the way in which Graphene was isolated for the first time. This is

also known as the scotch tape technique and is the fastest method to obtain graphene. This

method consists of splitting the weakly bonded layers of 3D bulk highly oriented pyrolitic

graphite (HOPG) manually to individual layers accompaniedby several thicker crystals. That

is, rubbing HOPG against another surface. By transferring the one atom thick, hence highly

transparent material to a silicon dioxide substrate makes it slightly visible due to the change in

interference color compared to bare substrate. This methodprovides high crystal quality sam-

ples of the order of millimeter size which are continuous on macroscopic scale and can be used

for fundamental study [9]. This method has the drawback that it cannot be used for the large

scale production of graphene. Ultrasonic cleavage is a typeof mechanical exfoliation method

which produces stable suspensions of graphene crystals of size in the micrometer range. The

sonification can be made easy by starting with the graphite intercalation compounds which

can help an industrial production of graphene [5].

TH-997_05612102



12 Chapter 1. Introduction

1.4.3 Epitaxial Growth

Here the graphene layers are grown on 3D substrate materialswhere the monolayers remain

bound to the underlying substrate material which suppresses the fluctuations. After cool-

ing the grown structure, by the method of chemical etching the substrate material can be

removed. Silicon carbide is the substrate material mostly chosen for the epitaxial growth be-

cause this material automatically offers an insulating environment [66]. When SiC is used for

this purpose two different types of products may evolve. That is, graphene may grow on a

Si terminated face or on a carbon terminated face. These two have entirely different proper-

ties, advantages and disadvantages. Graphene growth on metals such as Iridium, Rubedium

and Platinum can also be obtained by the hydrocarbon decomposition at high temperature by

chemical vapour deposition (CVD) [67]. These two methods, epitaxy and CVD are limited

to certain substrates and are very costly due to the requirement of high temperature and ultra

high vacuum.

1.4.4 Other routes

Use of organic precursors, solution based techniques, colloidal suspensions of graphene by

sonification of graphite in organic solvents, sonification of graphite oxide in aqueous media

followed by deoxygenation [5].

In spite of development of all these techniques, the large scale industrial production of

graphene for the technological applications is still a hurdle.

1.5 Optical Studies

Along with the electronic and transport properties of graphene, its optical studies has also

attracted much attention due to its several important discoveries. This includes both experi-

mental and theoretical works.
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1.5.1 Experimental studies

Experimental techniques includes reflection spectroscopyof graphene which helps to identify

graphene for the first time on a silicon dioxide substrate material by interference effects [3,

68]. Infrared reflection spectroscopy can be used to study absorption spectrum of graphene.

Another important experimental tool to study the optical effects is Raman spectroscopy which

helps to differentiate between the mono-layer and bi-layer samples [69, 70, 71, 72, 73, 74],

influence of defects [75] and whose temperature variation finds applications in nanometrol-

ogy [76, 77]. Reviews on the Raman spectroscopic studies and imaging isavailable in the

literature [42, 78]. Studies reveal the breaking of adiabatic Born-Oppenheimer approximation

which can affect the vibrational properties and result in variation of the Raman active peaks

in graphene which allow the determination of the effective doping by Raman spectroscopy

[79]. As mentioned earlier, an applied gate voltage can shift the Fermi energy due to which

there are gate induced optical effects such as modification of optical transitions and gate mod-

ulation in mono-layer graphene [80], gate tunable band gap in bi-layer graphene [81] etc.

Sources of absorption in different energy regions ranging from terahertz to visible region can

be obtained from the study of optical absorption spectra which leads to a better understand-

ing of optical conductivity, carrier densities, scattering time etc [82]. Optical contrast studies

especially its angle dependence, of graphene on a dielectric substrate helps a better and fast

detection of mono-layer samples [83, 84, 85]. Optical conductivity studies in the high energy

region has been studied by reflection contrast spectroscopy[86]. Confocal Rayleigh scat-

tering microscopy can be used to identify graphene layers and when combined with Raman

scattering provides structural identification [87]. Identification of the thickness of graphene

layers can also be done with the contrast spectroscopy [88]. Many body effects are studied by

examining the Dirac charge dynamics by infrared spectroscopy [89]. Infrared spectroscopy

of Landau levels in graphene deduces the band velocity alongwith the many body effects to

the infrared transition energies [90]. A review on the optical spectroscopic studies gives an

overview of the linear transmission and reflection optical studies of graphene based structures

[43]. Other studies includes the experimental determination of universal optical conductance

[26], optical reflectivity and transmission measurements and the non-universal conductivity

behavior at low photon energies [91], measurement of fine structure constant from mono-layer

transparency [92], far infrared transmission experiments on few layer graphene [93], contrast

analysis by optical microscopy to monitor graphene cleanness [84] etc.
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1.5.2 Theoretical studies

Theoretical studies on graphene started with the study of the 3D bulk material, graphite. This

is because graphite has a layered structure and to theoretically model graphite it is necessary

to consider the simplest situation of a single layer which isreally graphene. It started with the

band structure calculation of graphite by Wallace [58] and a few others [94, 95] followed by

several optical studies in graphite [96, 97, 98, 99]. Even though theoretical background for

graphene was available from almost 50 years ago, only after its experimental realization in

2004 an active study of various theoretical aspects of graphene has started. One of the most

important theoretical study of the optical properties of graphene is the calculation of optical

conductivity. A detailed calculation of the general expression for the optical conductivity el-

ements are there in the literature which can be applied for any frequency range and also at

any temperature [100]. Starting from a 2+ 1 dimensional Dirac Lagrangian conductivity ten-

sor elements are derived using Kubo formula. There is a review also available in the literature

which connects the tight binding model and quantum electrodynamics of Dirac fermions [41].

Electro and Magneto optical response of graphene and the anomalous absorption in graphene

are well studied [101, 102, 103, 104]along with the theoretical calculation of universal ac

optical conductivity [27] and the sum rules for optical and Hall conductivities [105]. Based

on the general formula for optical graphene conductivity microwave response is separately

studied which shows some unusual behavior of the Dirac quasiparticles in graphene [106].

Optical conductivity calculations of graphene and relatedsystems like bi-layer graphene are

also done in specific regions of the electromagnetic spectrum such as visible region, far in-

frared region etc. some of them are applicable even beyond the Dirac cone approximation

[107, 108, 109, 110, 111, 112, 113, 114, 115, 116, 117, 118]. There are a number of stud-

ies which deals the substrate effects on graphene, its visible criteria, contrast analysis etc

[119, 120]. Optical constants such as reflection and transmission coefficients have also been

analyzed theoretically in different regions of the EM spectrum which studies the effect of

doping, biasing etc [121, 122, 123, 124, 125, 126]. Influence of spin orbit coupling, exci-

tons, many body effects are also recent considerations in this field of theoretical optical study

[127, 128, 129, 130].
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1.6 Applications

Graphene has many potential applications in various fields ranging from nanotechnology to

medicine. It has many technological as well as device applications ranging from hydrogen

storage devices [131] to batteries. It is believed that graphene has an importantrole in fu-

ture electronics which can enable the faster and smaller transistors that consumes less energy

[132]. Other applications are in sensors [133], conducting transparent films in solar cells and

liquid crystal devices [134], ultra capacitors [135], bacterium bio-devices and label-free DNA

sensors [136].
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Chapter 2

Free Standing Graphene

This chapter discusses the freestanding form of graphene. The main tool used to study the

system is Maxwell’s equations. The first section describes the problem under consideration

followed by a description of the tools used for study. A general description of the quantities

under study are included as the next section and finally the results are discussed in detail with

the help of few plots. The highlight of this chapter is the angular dependence of the optical

reflection and transmission coefficients.

2.1 Problem Description

Mono-layer graphene sheet in the free standing state is considered for study in chapter2.

Freely suspended graphene is important because we don’t have to worry about the disorder

effects. Most of the disorder in graphene comes from the interaction of graphene with its

substrate upon which it is deposited. Consider the graphenesheet to be kept inxy plane. An

electromagnetic wave with a wave vectorq0 is incident on the sheet at an arbitrary angleθ0.

The incident wave vector is considered to have all the three components along the three Carte-

sian directions. The schematic of the situation is shown in Fig. 2.1. Throughout this work the

electric field is expressed in general as a linear combination of its polarization components in

different directions. In this way the incident electric field denoted byEext(r , t) in real space

17
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18 Chapter 2. Free Standing Graphene

F 2.1: Schematic of the situation under study. A graphene sheet is placed in the x-y
plane. Parameters involved in the study are explained in thefigure. Red arrow shows the
incident wave with wave vectorq0 and blue arrow shows the reflected wave with wave vector
qre f . Arrow perpendicular to the incident wave is the incident electric field. Two polarization

directions with the definition of tilt angle is shown on the upper part of the figure.

can be written as

Eext(r , t) = eiq0,|| ·r || + iq0,zz − ic|q0|t
∑

ν=1,2

ûext
ν Eext

ν (2.1)

Here ûext
ν are the unit vectors in the two directions of polarization which are defined in a

general way as given below:

ûα1 =
êz× q̂α
|êz× q̂α|

; ûα2 =
ûα1 × q̂α
|ûα1 × q̂α|

(2.2)

Also Eext
ν is the components of incident electric field along the unit vectors defined in equation

(2.2). General form of this quantity can be written as

Eα
1 = |E

α| cosθαtilt eiδα1 ; Eα
2 = |E

α| sinθαtilt eiδα2 (2.3)

where|Eext| is the amplitude of incident electric field which is independent of position and

time,α is a parameter which takes care of the different situations namely (inc,ref,tran),θαtilt is

the tilt angle of the polarization ellipse in the corresponding situation andδα1 is the magnitude

of polarization in thêuα1 direction andδα2 is magnitude of polarization in thêuα2 direction. In

the reciprocal domain the incident electric field is given bythe Fourier transform of the real

space electric field vector.

Eext(q||, qz, ω) = δ3(q0 − q) δ(c|q0| − ω)
∑

ν=1,2

ûνEext
ν (2.4)
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2.2. Maxwell’s Equations 19

To derive the electric field emerging from the graphene surface due to incident wave Maxwell’s

equations are used and is discussed in the next section.

2.2 Maxwell’s Equations

Maxwell’s equations representing the present system understudy is given in CGS units below,

−→
∇ · −→E = 4πρ ;

−→
∇ × −→E = −

1
c
∂B
∂t

−→
∇ · −→B = 0 ;

−→
∇ × −→B =

4π
c

J +
1
c
∂E
∂t

(2.5)

Here graphene is modelled as a highly conducting material without any dielectric properties.

This is because refraction does not take place in a one atom thick material - the transmitted

beam moves in the same direction as the incident beam. with current density denoted byJ

whose components are

Ja(r , ω) =
∫

∑

b

σa,b(r
′
, ω) Eext,b(r − r

′
, ω) d3r

′
(2.6)

whereσa,b in the above definition is the elements of optical conductivity tensor of graphene.

Graphene as we all know being a 2D material, hence the conductivity can be represented by

a 2× 2 matrix. As it is mentioned at the start, in this study the graphene sheet is placed in the

xy plane, which makes thez component of the induced current density vanish, i.e.Jind
z = 0.

Equations (2.5) can be solved using Fourier transform technique with the help of few other

basic equations (equation of continuity, electric and magnetic field in terms of vector potential

etc.) to obtain the emergent electric field. The Fourier transform of a general fieldF(r , t) is

defined as below:

F(r , t) =
∫ ∞

−∞
d2q||

∫ ∞

−∞
dqz

∫ ∞

−∞
dω F(q||, qz, ω) eiq|| ·r || eiqzz e−iωt (2.7)

The gauge is chosen such that the scalar potential is zero.
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20 Chapter 2. Free Standing Graphene

2.3 Emergent Electric Field : Reflection and Transmission

Using the information given in the above section, Maxwell’sequations are solved to obtain the

emergent electric field as given below (The details of the calculation are given in Appendix

A):

Eemerg(r , t) = eiq0,|| ·r || e−ic|q0|t
(

Eemerg,1(z) Θ(−z) + Eemerg,2(z) Θ(z)
)

(2.8)

where

Eemerg,1(z) =
∑

ν=1,2

ûext
ν Eext

ν eiq0,zz− 2π

[(

êz −
q0,||

q0,z

)

1
c|q0|

q0,|| · K ext+
|q0|
q0,zc

K ext

]

e−iq0,zz (2.9)

Eemerg,2(z) =

















∑

ν=1,2

ûext
ν Eext

ν + 2π

[(

êz +
q0,||

q0,z

)

1
c|q0|

q0,|| · K ext−
|q0|
q0,zc

K ext

]

















eiq0,zz (2.10)

HereK ext = σ(q0,||, ω) ·
∑

ν=1,2

ûext
ν Eext

ν If the entire space is divided into two partsz < 0 and

z > 0, there are two parts in the former which are the incident part and the reflected part and

only transmitted part exists in the latter region.

Ere f (r , t) = − 2π

[(

êz −
q0,||

q0,z

)

1
c|q0|

q0,|| · K ext+
|q0|
q0,zc

K ext

]

ei(q0,|| ·r || − c|q0|t − q0,zz) (2.11)

Etran(r , t) =

















∑

ν=1,2

ûext
ν Eext

ν + 2π

[(

êz +
q0,||

q0,z

)

1
c|q0|

q0,|| · K ext− |q0|
q0,zc

K ext

]

















ei(q0,|| ·r || − c|q0|t + q0,zz)

(2.12)

Just as in the case of incident electric field (equation (2.1)), the real space vectors of reflected

and transmitted electric fields can be expressed in terms of its polarization components.

Ere f (r , t) = eiqre f,|| ·r || + iqre f,zz − ic|qre f |t
∑

ν=1,2

ûre f
ν Ere f

ν (2.13)

Etran(r , t) = eiqtran,|| ·r || + iqtran,zz − ic|qtran|t
∑

ν=1,2

ûtran
ν Etran

ν (2.14)
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2.3. Emergent Electric Field : Reflection and Transmission 21

whereqre f =
(

q0,x, q0,y,−q0,z

)

andqtran =
(

q0,x, q0,y, q0,z

)

with |qre f | = |qtran| = |q0|. Unit vectors

along the polarization directions of the reflected and transmitted field is defined in equation

(2.2) with α asre f or tran. Similarly the general equations for the components of reflected

and transmitted electric field along the polarization directions are also given in equation (2.3).

The polarization components of the reflected and transmitted electric field can be obtained

from equations (2.11, 2.12, 2.13, 2.14) in the following way,

Ere f
ν = e−iq0,|| ·r || + iq0,zz + ic|q0|t Ere f (r , t) · ûre f

ν (2.15)

Etran
ν = e−iq0,|| ·r || − iq0,zz + ic|q0|t Etran(r , t) · ûtran

ν (2.16)

To proceed further, that is to calculate any physically interesting quantity we need to know

about the conductivity tensor of graphene.

2.3.1 Optical Conductivity

If a system is placed in an external electric field, a redistribution of charges occurs in it due

to which currents are induced. For small fields, the induced currents are proportional to the

inducing field. In that way optical conductivity denoted byσ is a linear response function

relating the currentJ to an applied transverse electric fieldE, which is the vector form of

Ohm’s lawJ = σE. If the electric field is steady, then the above given response function is

called “electrical conductivity” and if the applied electric field is alternating, then the same

is called “optical conductivity”. In the Ohm’s law equation, the conductivity is written as a

proportionality constant which is a scalar. But this is onlya special case. In the most general

case this response function is a tensor. It is seen that the current density and the electric

field are both vectors and conductivity in general has to havea tensor form (in general, it is

a 2nd rank tensor) to make the relation mathematically true. Physical insight to the tensor

form of conductivity can be obtained by thinking that the external applied electric field and

the induced current density are not in same direction. i.e.J = σ · E. Thereforeσ being a

2nd rank tensor can be represented in the form of matrices. Henceσab is the linear response

function relating the currentJ in the a direction to an applied transverse electric fieldE in

the b direction. In the general form, if the conductivity tensor elements are all different, it

is called anisotropic which contains information about theanisotropic nature of the medium
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22 Chapter 2. Free Standing Graphene

also. Within this anisotropic limit itself, there can be many possibilities: (a) diagonal elements

equal and off diagonal elements equal (b) diagonal elements are unequal.Then even if the off-

diagonal elements vanishes the medium and the tensor can be anisotropic. If the conductivity

tensor has all its diagonal elements equal with vanishing off-diagonal elements, then it is said

to be isotropic which gives us the information that the medium is also isotropic.

As mentioned in one of the earlier sections, conductivity tensor for graphene being a 2D

material is a 2× 2 matrix, that is it can be represented as

















σxx σxy

σyx σyy

















. Under different

physical conditions there will be restrictions to the tensor components which are discussed

below. There is a large amount of literature which study optical conductivity in graphene.

One of the best references in this area is by Gusynin et. al. [100] which calculates the optical

conductivity of graphene for a general case with arbitrary frequency and temperature, starting

from the conventionalQED2+1 Lagrangian Density. The situation is such that an external

magnetic fieldB =
−→
∇ × −→Aext is applied perpendicular to the plane, i.e. along the positive z

axis and corresponding vector potential in the symmetric gaugeAext = (−By/2, Bx/2). Here

throughout the study the energy unit is considered as Kelvin.

σi j (Ω) =
e2v2

F |eB| Nf

2π2cΩ

∞
∑

n=0

∫ ∞

−∞
dω (δi j

[

nF(ω) − nF(ω
′
)
]

× Re
[

Π1
n,n+1(ω,ω

′
) + Π1

n+1,n(ω,ω
′
) − Π2

n,n+1(ω,ω
′
) − Π2

n+1,n(ω,ω
′
)
]

− ǫi j sgn(eB)
[

nF(ω) − nF(ω
′
)
]

Im
[

Π1
n,n+1(ω,ω

′
) − Π1

n+1,n(ω,ω
′
)
]

+ ǫi j sgn(eB)
[

nF(ω) + nF(ω
′
)
]

Im
[

Π2
n,n+1(ω,ω

′
) − Π2

n+1,n(ω,ω
′
)
]

) (2.17)

HerevF is the Fermi velocity of the carriers in graphene which is of the order of 10−6 m/s, B

is the applied magnetic field,Nf is the number of spin components andNf = 2 corresponds to

the physical case,Ω is the incident wave frequency,nF(ω) = 1

e
ω−µ

T +1
is the Fermi distribution

function,δi j is the Kronecker delta function which will vanish fori , j, ǫi j is an antisymmetric

function withǫ12 = 1. Also
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2.3. Emergent Electric Field : Reflection and Transmission 23

Π1
n,m(ω,ω

′
) =

(

ω
′
+ iΓ

′)

(ω − iΓ) − ∆2

[

ω − ω′ − i (Γ + Γ′)
] [

ω + ω
′ − i (Γ − Γ′)

]

+ 2B(n−m)

×












1

(ω′ + iΓ′)2 − M2
n

− 1

(ω − iΓ)2 − M2
m













Π2
n,m(ω,ω

′
) =

(

ω
′
+ iΓ

′)

(ω + iΓ) − ∆2

[

ω − ω′ + i (Γ − Γ′)
] [

ω + ω
′
+ i (Γ + Γ′)

]

+ 2B(n−m)

×












1

(ω′ + iΓ′)2 − M2
n

− 1

(ω + iΓ)2 − M2
m













HereB =
v2

F |eB|
c , Mn =

√

∆2 +
2nv2

F |eB|
c , Γ(ω) is the frequency dependent impurity scattering

rate and∆ is the gap in the quasi particle spectrum. Equation (2.17) gives some general prop-

erties of the graphene conductivity tensor. It is clear fromequation (2.17) that the diagonal

components of the conductivity tensor are equal and the off-diagonal components are of equal

magnitude but opposite sign. i.e.σxx = σyy andσxy = −σyx. This is because in the equation

for the diagonal part, the Kronecker delta is present and in the off-diagonal part an antisym-

metric function appears. The source of this antisymmetric function is the presence of Pauli

spin matrices in the Hamiltonian. Therefore one can see thatin a perpendicular magnetic field

the system has a conductivity tensor with its diagonal elements equal whereas the off-diagonal

elements equal and opposite in sign. But this general equation of conductivity elements is ex-

tremely complicated and it is very difficult to get an analytical result in a general situation.

Therefore some special cases of equation (2.17) is appreciable. The microwave response in

the high magnetic field limit simplifies the general conductivity equation to a large extent

[106] and is given below:

σxx(Ω,T) =
e2NfΓ

2πhΩ
Im

[

ψ

(

Γ + i(µ + Ω + ∆)
2πT

+
1
2

)

− ψ
(

Γ + i(µ −Ω + ∆)
2πT

+
1
2

)

+ (∆→ −∆)

]

(2.18)
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24 Chapter 2. Free Standing Graphene

σxy(Ω,T) = −
e2Nf sgn(eB)

πh
(Im

[

ψ

(

Γ + i(µ + ∆)
2πT

+
1
2

)

+ (∆→ −∆)

]

−
Γ

2Ω
Re

[

ψ

(

Γ + i(µ + Ω + ∆)
2πT

+
1
2

)

− ψ
(

Γ + i(µ + Ω + ∆)
2πT

+
1
2

)

+ (∆→ −∆)

]

)

(2.19)

Hereψ(x) is the digamma function,µ is the chemical potential,T is the temperature and the

impurity scattering rateΓ is taken as frequency independent. Two pieces of information can be

obtained about the off-diagonal conductivity element from equation (2.19), (i) in the presence

of an external magnetic field, it depends significantly onsgn(eB) (ii) it is an anti-symmetric

function of the chemical potential. To consider conductivity as a dimensionless quantity, the

definition of fine structure constant is used with the choice of c = 1. By choosing some

specific values for the parameters like∆, Γ,T etc. the numerical value of the conductivity can

be obtained in the high magnetic field limit of microwave region.

The microwave region is important because of the interesting features shown by the ma-

terial in its microwave response, for example, the peculiarity of Landau levels in graphene.

Landau level quantization is the quantization of the cyclotron orbits of charged particles in

magnetic fields. As a result, the charged particles can only occupy orbits with discrete energy

values, called Landau levels. The Landau levels are in general degenerate, with the number

of electrons per level directly proportional to the strength of the applied magnetic field. But

contrary to this, in graphene, the energy of the lowest Landau level is independent of the ap-

plied magnetic field. Therefore even in the presence of high magnetic field the lowest Landau

level remains unshifted while all other levels shift to higher energies. The conductivity tensor

is affected on the low frequency side which is helpful for the studyof the development of the

gap induced by the magnetic field. It has also been observed inmany planar systems with a

Dirac-like spectrum of quasi-particle excitations that a high magnetic field limit is very useful

for the study of Quantum effects [102].

At this stage it is desirable to think about another situation when the conductivity tensor

isotropic, i.e. when the off-diagonal elements vanishes and the diagonal elements are equal.

From equation (2.19) it is clear that it happens (i) in the absence of externally applied magnetic

field or (ii) when the chemical potential is zero. In the latter case, the diagonal conductivity

is obtained by taking theµ → 0 limit of equation (2.18). In the former case the diagonal
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2.4. Optical Coefficients 25

conductivity in the zero scattering limit at T= 0 is given below:

σxx(Ω) =
πe2Nf

h
δ(Ω)

(µ2 − ∆2) θ(µ2 − ∆2)
|µ|

+
πe2Nf

4h
Ω2 + 4∆2

Ω2
θ

(

|Ω|
2
−max{|µ|, ∆}

)

(2.20)

Here it is seen that in the isotropic limit, the conductivitytensor become diagonal. But the

diagonal tensor does not mean that the medium is isotropic because it can be possible that

the tensor is diagonal and still the medium anisotropic which happens when the diagonal

elements are unequal. And a fully anisotropic system is characterized with all the elements

of the conductivity elements different. As we can see there are various parameters in the

above given conductivity equations. By choosing appropriate values for them we can obtain

numerical values to the conductivity tensor elements with the help of which various studies

can be done using the emergent electric field discussed above.

2.4 Optical Coefficients

Optical quantities discussed in this section are coefficient of reflection, coefficient of trans-

mission and polarization of the reflected wave.

2.4.1 Reflection coefficient

Reflection coefficient is the ratio of reflected wave to incident wave at the point of reflection

and it can be either amplitude ratio or intensity ratio depending upon which it is called ampli-

tude reflection coefficient or intensity reflection coefficient. In a general way it is expressed

in terms of the ratio of the Poynting’s vectors (denoted byS) of the incident wave and the

reflected wave perpendicular to the plane. i.e.R =
Sre f,z

Sinc,z
whereS = E∗ × B. HereB is the

magnetic field. This will finally reduce toR = |Ere f |2

|Eext|2
which becomesR =

|Ere f
1 |

2 + |Ere f
2 |

2

|Eext|2 . Sub-

stituting forEre f
1 andEre f

2 obtained from equation (2.15), the final equation for the reflection

coefficient is obtained as

Rf r = r f r
1 cos2 θext

tilt + r f r
2 sin2 θext

tilt + r f r
3 sin 2θext

tilt (2.21)
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26 Chapter 2. Free Standing Graphene

where

r f r
1 =

π2

2
(3σ2

xy − 2σxyσyx + 3σ2
yx + (σxx − σyy)

2 + sec2 θ0 [3σ2
xx + (σxy + σyx)

2 + 2σxxσyy

+ 3σ2
yy + 2 (−2σ2

xx + σ
2
xy − σ2

yx + 2σ2
yy + (σ2

xy − σ2
yx) cos 2θ0) cos 2φ0

− 2 (3σxxσxy + σxxσyx + σxyσyy + 3σyxσyy + (σxy − σyx) (σxx − σyy) cos 2θ0) sin 2φ0]

+ [(σxx − σxy − σyx − σyy) (σxx + σxy + σyx − σyy)cos4φ0

+ 2 (σxy + σyx) (σxx − σyy) sin 4φ0] tan2 θ0)

r f r
2 =

π2

4
[5σ2

xx + 7σxy − 2σxyσyx + 7σ2
yx − 2σxxσyy + 5σ2

yy+ 4 (σ2
xx − 2σ2

xy + 2σ2
yx

− 4σ2
yy) cos 2φ0 − (σxx − σxy − σyx − σyy)(σxx + σxy + σyx − σyy) cos 4φ0

+ 4 (3σxxσxy − σxxσyx − σxyσyy + 3σyxσyy) sin 2φ0 + 2 cos 2θ0(σxx + σyy

+ (σxx − σyy) cos 2φ0 + (σxy + σyx) sin 2φ0)
2 − 2(σxy + σyx)(σxx − σyy) sin 4φ0]

r f r
3 =

π2

2
[−2(σxxσxy + σyxσyy)(3+ cos 2θ0) cos 2φ0 secθ0 + (σ2

xx − σ2
xy + σ

2
yx − σ2

yy)

(3+ cos 2θ0) secθ0 sin 2θ0 + sinθ0 (2 (σxy − σyx) (σxx + σyy)

+ 2 (σxy + σyx) (σxx − σyy) cos 4φ0 + (σxx + σxy + σyx − σyy)

(−σxx + σxy + σyx + σyy) sin 4φ0) tanθ0]

whereσxx, σxy, σyx andσyy are the components of the conductivity tensor,θ0 is the incident

angle,φ0 is the azimuthal angle (angle between the component of incident wave vector in the

xy plane and thex axis) andθext
tilt is the tilt angle of the incident polarization ellipse. From

the above equations it is clear that reflection coefficient is a function of various parameters

related to both the incident wave (θ0, φ0, θ
ext
tilt ) and the material medium which is graphene

(σxx, σxy, σyx, σyy). In different situations in which conductivity tensor has various forms (dis-

cussed in an earlier subsection) we can see the difference in the dependence of reflection

coefficient.

(i) Whenσxx = σyy andσxy = σyx

(ii) Whenσxx = σyy andσxy = −σyx

(iii) Whenσxx = σyy andσxy = σyx = 0

(iv) Whenσxx , σyy andσxy = σyx = 0
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2.4. Optical Coefficients 27

Here case (ii) and case (iii) are discussed in detail in an earlier subsection and the equations

for conductivity tensor in these limit are given by eqns (2.18, 2.19, 2.20). Other two cases

may be important when the sources of anisotropy is somethingelse other than the magnetic

field. Case (iv) is important when the system is placed in an in-plane electric field. Then the

diagonal elements become unequal with the vanishing off-diagonal elements. This situation

is explained in Strikha et. al. [104]. Case(ii), (iii) and (iv) are discussed in detail below (in

the result section).

2.4.2 Transmission Coefficient

Transmission coefficient describes either the amplitude or the intensity of a transmitted wave

relative to an incident wave. The coefficient can be defined in terms of the Poynting’s vector,

that isT = Stran,z

Sinc,z
whereS is the Poynting’s vector. This reduces to the equationT = |Ere f |2

|Eext|2

which becomesT =
|Etran

1 |2 + |Etran
2 |2

|Eext|2 . Substituting forEtran
1 andEtran

2 from equations (2.16), the

final equation for the transmission coefficient is obtained as

T f r = t f r
1 cos2 θext

tilt + t f r
2 sin2 θext

tilt + t f r
3 sin 2θext

tilt (2.22)

where

t f r
1 =

1
2

(2+ π2 [3σ2
xy − 2σxyσyx + 3σ2

yx + (σxx − σyy)
2] + π (4 secθ0 [−σxx − σyy

+ (σxx − σyy) cos 2φ0 + (σxy + σyx) sin 2φ0] + π sec2 θ0 [3σ2
xx + (σxy + σyx)

2 + 3σ2
yy

+ 2 (−2σ2
xx + 2σ2

xy − σ2
yx + 2σ2

yy+ (σ2
xy − σ2

yx) cos 2θ0) cos 2φ0 − 2 (3σxxσxy

+ σxxσyx + σxyσyy + 3σyxσyy + (σxy − σyx)(σxx − σyy) cos 2θ0) sin 2φ0] + π [(σxx − σxy

− σyx − σyy)(σxx + σxy + σyx − σyy) cos 4φ0 + 2(σxy + σyx)(σxx − σyy) sin 4φ0]tan2θ0))
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t f r
2 =

1
4

(4+ π2 [5σ2
xx + 7σ2

xy − 2σxyσyx + 7σ2
yx − 2σxxσyy + 5σ2

yy] − 8π cosθ0 [σxx + σyy

+ (σxx − σyy) cos 2φ0 + (σxy + σyx) sin 2φ0] + π
2 [(3σ2

xx + (σxy + σyx)
2 + 2σxxσyy

+ 3σ2
yy) cos 2θ0 + 4 (σ2

xx − 2σ2
xy + 2σ2

yx − σ2
yy + (σ2

xx − σ2
yy) cos 2θ0) cos 2φ0

− 2 (σxx − σxy − σyx − σyy) (σxx + σxy + σyx − σyy) cos 4φ0 sin2 θ0

+ 4 (3σxxσxy − σxxσyx − σxyσyy + 3σyxσyy + (σxy + σyx)

(σxx + σyy) cos 2θ0) sin 2φ0 − 4 (σxy + σyx)(σxx − σyy) sin2 θ0 sin 4φ0])

t f r
3 =

π

2
(2 cos 2φ0 [2 (σxy + σyx) − π (σxxσxy + σyxσyy) (3+ cos 2θ0) secθ0] + [4 (−σxx

+ σyy) cosθ0 + π (σ2
xx − σ2

xy + σ
2
yx − σ2

yy) (3+ cos 2θ0)] secθ0 sin 2φ0 + 2π (σxy − σyx)

(σxx + σyy) sinθ0 tanθ0 + 2π (σxy + σyx) (σxx − σyy) cos 4φ0 sinθ0 tanθ0 − π (σxx − σxy

− σyx − σyy) (σxx + σxy + σyx − σyy) sinθ0 sin 4φ0 tanθ0)

The explanations of various parameters are mentioned in theprevious subsection. Similar to

reflection coefficient, transmission coefficient also is a function of both incident wave param-

eters (θ0, φ0, θ
ext
tilt ) and the material parameters (σxx, σxy, σyx, σyy). Here also various situations

under which form of the conductivity tensor changes has beenconsidered to see the difference.

2.4.3 Reflected Polarization

This quantity measures the polarization of the reflected wave in terms of the polarization of the

incident wave. This can be obtained from the formulae−iδre f
=

(

Ere f
1

)∗ (

Ere f
2

)

|Ere f
1 | |E

re f
2 |

. After substituting

for the two polarization components of the reflected electric field from equation (2.15) we

obtain the equation for reflected polarization as given below,

e−iδre f
f r =

nf r
1 + in f r

2
√

d f r
1 d f r

2

(2.23)
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whereδre f
f r = δ

re f
1, f r − δ

re f
2, f r is the polarization of the reflected light.

nf r
1 = − π

2 secθ0 [−σxx − σyy + (σxx − σyy) cos 2φ0 + (σxy + σyx) sin 2φ0] [σxy − σyx

+ (σxy + σyx) cos 2φ0 + (−σxx + σyy) sin 2φ0] cos2 θext
tilt + π

2 cosθ0 [σxx + σyy

+ (σxx − σyy) cos 2φ0 + (σxy + σyx) sin 2φ0] [−σxy + σyx + (σxy + σyx) cos 2φ0

+ (−σxx + σyy) sin 2φ0] sin2 θext
tilt + π

2 [−(σxx + σxy − σyx + σyy) (σxx − σxy + σyx + σyy)

+ (σxx − σxy − σyx − σyy) (σxx + σxy + σyx − σyy) cos 4φ0

+ 2 (σxy + σyx) (σxx − σyy) sin 4φ0] sinθext
tilt cosθext

tilt cosδext

nf r
2 = 4π2 (−σxyσyx + σxxσyx) sinθext

tilt cosθext
tilt sinδext

d f r
1 = [π2 sec2 θ0 (σxx + σyy − (−σxx + σyy) cos 2φ0 − (σxy + σyx) sin 2φ0)

2] cos2 θext
tilt

+ [π2 (−σxy + σyx − (σxy + σyx) cos 2φ0 + (−σxx + σyy) sin 2φ0)
2] sin2 θext

tilt

− 4π2 secθ0 [σyy cos2 φ0 − (σxy + σyx) cosφ0 sinφ0 + σxx sin2 φ0] [σyx cos2 φ0

+ (−σxx + σyy) cosφ0 sinφ0 − σxy sin2 φ0] sin 2θext
tilt cosδext

d f r
2 = [π2 (σxy − σyx + (σxy + σyx) cos 2φ0 + (−σxx + σyy) sin 2φ0)

2] cos2 θext
tilt

+ [π2 cos2 θ0 (σxx + σyy + (σxx − σyy) cos 2φ0 + (σxy + σyx) sin 2φ0)
2] sin2 θext

tilt

− 4π2 cosθ0[σxy cos2 φ0 + (−σxx + σyy) cosφ0 sinφ0 − σyx sin2 φ0] [σxx cos2 φ0

+ (σxy + σyx) cosφ0 sinφ0 + σyy sin2 φ0] sin 2θext
tilt cosδext

By simultaneously solving the real and imaginary parts of equation (2.23) we can study the

behavior of reflected polarization in terms of other parameters. Different restrictions on the

conductivity tensor elements (as discussed in an earlier sub section) reduces the complications

of the above given equation which are discussed in the next section.

2.5 Results and Discussion

Each of the afore mentioned optical quantities are discussed in this section taking into account

different limiting cases separately. In each of the cases, viz. isotropic, anisotropic, incident
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linear polarization, the coefficients are studied with the help of a number of plots.

2.5.1 Isotropic Case

Isotropic limit of the conductivity tensor is one of the important and interesting limiting case.

This happens when the off-diagonal elements of the conductivity tensor vanishes andwhen

the diagonal elements are equal. i.e.σxx = σyy andσxy = σyx = 0. From equation (2.17), it is

clear that vanishing of the off-diagonal conductivity elements happens in two different ways.

(i) when the external applied static magnetic field is zero (ii) when the chemical potential

is zero. This implies that the anisotropic nature of the optical conductivity tensor can be

invoked by the magnetic field applied or by electrostatic doping of the material. As discussed

in chapter1, graphene band structure contains two inequivalent pairs of Dirac cones. Zero

chemical potential implies that, out of these two cones one cone in each pair is full and the

other is empty. Positive chemical potential makes the carriers electrons and the negative

chemical potential signifies the carriers as holes.

As we can see below in the isotropic limit, the coefficients are functions of only the di-

agonal conductivity and the angle parametersθext
tilt andθ0. Out of these the conductivity can

be obtained for the first case (forB = 0) from equation (2.20) and for the second case (for

µ = 0) from equation (2.19) by fixing values for the parameters like gap, impurity scattering

rate etc. For example, for zero applied magnetic field with the choice ofµ = 4K andΩ = 9.6K

in equation (2.20) the diagonal elementσxx = 1.82× 10−3 (when∆ = 0K) and 2.54× 10−3

(when∆ = 3K). For zero electrostatic doping case,σxx = 2.404× 10−5 (with ∆ = 0K) and

2.402×10−5 (with ∆ = 3K). As such there is nothing special about the value of 3K chosen for

the gap in the calculation for conductivity. As discussed above, the numerical values of the

graphene conductivity tensor for this study is taken from the reference Gusynin et. al. [106]

and we have chosen the value 3K for ∆ since this reference also does the same.

Note that the conductivity tensor elements are in units ofc wherec is taken as unity

throughout this calculation and all the energy equivalent quantities are expressed in units of

“Kelvin”. At this stage, the general equation for the reflection coefficient (2.21), transmission

coefficient (2.22) and reflected polarization (2.23) reduces to a much simpler form as given

below and is discussed below in detail. All studies in this chapter are done in the microwave
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region of the electromagnetic spectrum and more specifically for an incident energyΩ =

200GHz.

2.5.1.1 Reflection coefficient

In the isotropic limit, the reflection coefficient reduces to a simpler form

Rf r
iso = 4π2σ2

xx

(

cos2 θext
tilt sec2 θ0 + cos2 θ0 sin2 θext

tilt

)

(2.24)

With a fixed conductivity,Rf r
iso is a function of two angle parameters which are the incident

angle and the tilt angle of the incident polarization ellipse and clearly the reflection coefficient

is independent of the azimuthal angle of the incident wave. The nature of the coefficient with

respect to one of the angle parameters with a fixed value of theother one is considered in the

B = 0 situation (mentioned above) of isotropic nature (Fig. 2.2).

F 2.2: Reflection coefficient versus incident angle when the graphene conductivitytensor
is isotropic (Incident photon energy is fixed to a valueΩ = 200GHz). Here the solid curve
shows the situation with zero gap in the graphene quasi-particle spectrum and dashed curves

represents that with a finite gap.

Fig. 2.2 shows the variation ofRf r
iso with respect toθ0 with tilt angle fixed. This contains

two curves that corresponds to the zero gap and a finite gap situation. The gap factor denoted

by ∆ is coming through the dependence of reflection coefficient on conductivity tensor. The

second possibility of the isotropy, which isµ = 0, the reflection coefficient becomes extremely

small (∼ 10−8) compared to the first case and the effect of gap is also not significant, therefore

it is not included in the plot. The influence of gap on the reflected intensity as can be seen from

Fig. 2.2 is to increase it but the effect decreases as the angle of incidence increases. Another
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interesting case is the situation when the wave is incident normal to the plane of the material.

Then the isotropic reflection coefficient solely depends on the diagonal conductivity only, i.e.

Rf r,⊥
iso = 4π2σ2

xx. All together we can see that the magnitude of the reflection coefficient is very

small which is expected and proved by experiments. Experiments show that the reflectance in

graphene is less than 0.1% at optical frequencies [92].

Consider the special situation, when the incident wave is linearly polarized. That is when

there is no phase difference between the two polarization amplitudes the obviousway of which

is whenδext = 0. With reference to the plane of incidence, a simple classification of linearly

polarized light becomes possible. Two kinds of linearly polarized light are defined in the

literature. One is known as p-polarized where the electric field vector is parallel to the plane

of incidence and s-polarized light where the electric field vector is perpendicular to the plane

of incidence. In other words, the two types namely,s− polarization andp− polarization refer

to a situation where the tilt angle of the incident polarization ellipse are 0 andπ/2 respectively.

For both the extreme cases, the angle dependence ofRf r
iso is through the incident angle only.

For s− polarization it is sec2 θ0 andp− polarization it is cos2 θ0. For this reason, in thes(p)−
polarization case, the reflected intensity is minimum (maximum) at normal incidence and

in the other way round for gracing incidence. It is already seen that reflection coefficient is

small, but it further decreases in the case ofp− polarization compared with thes− polarization

(because of the dependence on the incident angle).

2.5.1.2 Transmission Coefficient

In the isotropic limit, the transmission coefficient reduces to a much simpler form as given

below:

T f r
iso = cos2 θext

tilt (1− 2πσxx secθ0)
2 + (1− 2πσxx cosθ0)

2 sin2 θext
tilt (2.25)

With fixed diagonal conductivity, as in the case of reflectioncoefficient,T f r
iso is a function of

only two angle parameters (the incident angle and the tilt angle) as in the case of isotropic

reflection coefficient, that is its independent of the other parameters like azimuthal angle and

incident polarization. Only the case withB = 0 is discussed here because the other case does

not show much variation and is always close to unity through out the whole range of variation

of the parameter.

TH-997_05612102



2.5. Results and Discussion 33

F 2.3: Transmission coefficient versus incident angle when the graphene conductivity
tensor is isotropic (Incident photon energy is fixed to a valueΩ = 200GHz). The solid curve
demonstrates the zero gap situation in the graphene quasi-particle spectrum and dashed curves

represents that with a finite gap.

Fig. 2.3 shows the variation with respect to incident angle with tilt angle fixed which

contains two curves, the solid one showing the zero gap situation and the dashed curve shows

the finite gap situation. The influence of gap as can be seen, decreases the transmission co-

efficient (contrary to reflection coefficient) which is more visible in the small incident angles.

Transmitted intensity is maximum at small angle of incidence and it slowly decreases as it ap-

proaches the grazing incidence. At normal incidence, we cansee that the transmission coeffi-

cient depends only on the diagonal conductivity element andis given byT f r,⊥
iso = (1− 2πσxx)

2.

It is seen that the transmission coefficient is very large which is one of the special character-

istics of graphene (high optical transparency). It is knownthat in the higher energy regions

of the electromagnetic spectrum such as visible region, theoptical conductivity tensor is a

universal constant whose value ise2

4~ . By takingσxx as the universal constant in our study, the

transmission coefficient for mono-layer graphene shows exact matching with oneof the ex-

perimental finding for the same [92]. From the present study it is also clear that in monolayer

graphene the absorption is very small and is easily found outin the case of normal incidence

using the conservation theorem, i.e. 1− R− T which gives a value 0.023 whenσxx =
e2

4~ .

The conservation theorem for a general case in monolayer graphene is derived in Appendix

A. The transmitted intensity and absorption for monolayer graphene matches perfectly with

one of the experimental observations by Nair et. al. [92].

In the extreme limits of linear incident polarization, the only parameter upon which the

transmitted intensity depends is on the incident angle. Fors− polarization the dependence is
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(1− 2σxx secθ0)
2 and for p− polarization it is(1− 2σxx cosθ0)

2. The behavior of the trans-

mission coefficient with thes− andp− polarized incident wave with respect to incident angle

is exactly opposite that of the reflection coefficient. When the incident angle is small, both the

reflection and transmission forsandp polarized incident wave coincides. Asθ0 increases, the

T with s− polarized wave increases and that withp− polarized incidence decreases which is

in the other way for reflection coefficient. Therefore in the case of transmission, in contrary

to reflection coefficient, thep− polarized incident wave increases the transmitted intensity.

2.5.1.3 Reflected Polarization

In the isotropic limit, the reflected polarization reduces to

e−iδre f |iso, f r = −
cosθext

tilt sinθext
tilt e−iδext

√

cosθext
tilt sinθext

tilt

= −e−iδext
sgn(sin 2θext

tilt ) (2.26)

In contrast to the other two quantities namely the reflectioncoefficient and transmission coef-

ficient, it is seen that the polarization of the reflected waveis dependent only on the incident

polarization in the isotropic limit. The qualitative behavior of reflected polarization depends

on the sign of sin 2θext
tilt also. Since the reflected polarization is independent of theconductivity,

the two cases of isotropic limits makes no difference and also the gap does not enter into the

picture. Therefore we can think that the isotropic limit makes polarization of the reflected

wave from graphene sheet deprived of the any material specific parameters. From equation

(2.26) it is understood that the real and imaginary part of reflected polarization shows an oscil-

latory behavior with respect to incident polarization. By simultaneously solving the equations

of cosδre f and sinδre f reflected polarization can be obtained. From the equation for reflected

polarization given by (2.26) we can infer that the polarization of reflected wave is either equal

to the incident polarization or there is a 1800 difference between the two polarizations. Hence

the key point in this study is that the phase shift (either 1800 or 00) between the incident and

reflected polarization can be found out fromθext
tilt and the magnitude of reflected polarization

from the incident polarization.

The two extreme cases of incident polarization, i.e.s− and p− polarization are taken in

to consideration in this limit and is explained in Fig. 2.4. It shows the behavior of real and

imaginary parts of the reflected polarization with respect to incident polarization There are

different curves which shows the real and imaginary parts withs andp polarized incidence.
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F 2.4: Polarization of the reflected wave from mono-layer freestanding graphene versus
incident polarization when the incident wave is linearly polarized in an extreme way and the
conductivity tensor is isotropic (Incident photon energy is fixed to a valueΩ = 200GHz).
Here the solid curves are fors polarized incident waves and dot-dashed curves are forp
polarized incident waves. The blue curves shows the behavior of real part of the reflected

polarization and the red curves shows the imaginary part of reflected polarization.

The variation is oscillatory as given by equation (2.26) with respect to incident polarization.

That is for ans− polarized incident wave, the real part of reflected polarization varies as

− cosδext and imaginary part varies as sinδext. Similarly, for p− polarized incident wave, the

real part varies as cosδext and imaginary part as− sinδext.Following table gives an idea about

δre f for different ranges of values ofδext.

s− polarization p− polarization

δext δre f δext δre f

(0, π2) (0, π2) (0, π2) (−π2,−π)

(π2, π) (π2, π) (π2, π) (0,−π2)

(0,−π2) (0,−π2) (0,−π2) (π2, π)

(−π2,−π) (−π2 ,−π) (−π2,−π) (0, π2)

Table.1: Reflected polarization for different ranges of incident polarization fors andp polar-

ized incident wave
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When the incident wave is linearly polarized withδext = 0, the imaginary part of the

reflected polarization is always zero which implies thatδre f is either 0 or±π and the real part

depends onsgn(sin 2θext
tilt ) and is either+1 or −1. Therefore when the incident polarization

vanishes, reflected polarization is determined by tilt angle (whether it is 0 or±π). More

specifically, sign of− sin 2θext
tilt determines the value of reflected polarization ifδext = 0.

In this section, mainly the isotropic nature of different optical quantities are studied with

respect to different angle parameters. The situation in which the incidentpolarization is linear

(three different cases) is also studied. From the equations derived in this section we can

obtain information about the conductivity tensor of mono-layer graphene by knowing the

reflection and transmission coefficients. That is, we derive equations for the conductivity

tensor elements in terms of the reflection and transmission coefficients. This is explained in

Appendix A.

2.5.2 Anisotropic Case

The conductivity tensor of graphene may also be anisotropicin different ways as discussed

earlier.

(i) When the diagonal elements are equal and the off-diagonal elements are equal and op-

posite in sign (σxx = σyy = σ1 andσxy = −σyx = σ2)

(ii) When the diagonal elements are different and the off-diagonal elements are zero (σxx ,

σyy andσxy = σyx = 0)

(iii) When the diagonal elements are equal and the off- diagonal elements are equal and

same in sign (σxx = σyy = σ1 andσxy = σyx = σ2)

(iv) When the diagonal elements and off diagonal elements are all different (σxx , σyy and

σxy , σyx)

Only the first two situations enumerated above are considered in this section. The first sit-

uation given above happens when graphene is in an externallyapplied static magnetic field

denoted byB. This is discussed in Gusynin et. al. [100] where it is explained mathematically

that in the presence of an externally applied perpendicularmagnetic field the conductivity
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tensor can have such a form. In the second case listed above, the conductivity tensor is di-

agonal but the diagonal elements are not equal which means that the properties are not same

along the two directions. This can be possible by the application of an in-plane external static

electric field. This situation is explained in detail by Strikha et. al. [104]. The third case listed

above may be possible if there is an in-plane electric field and the electric field is applied in

a direction away from the principal axes of the material. If the applied electric field is such

that the difference between the diagonal elements are so small, then the off-diagonal elements

will have a non-zero magnitude of the order of difference between the diagonal elements. The

last situation can be possible when the material is highly anisotropic due to various exter-

nal agents or a combination of them. In this section most of the attention goes to the first

condition which can be named “off-diagonal anisotropy” and is possible in the presence of a

static perpendicular magnetic field (according to Gusynin et. al.). The numerical value of the

conductivity tensor elements for this situation is obtained from equations in the microwave

region (2.18) and (2.19) by fixing the parameters as in the case of isotropic limit. For ex-

ample, withΓ = 4K, µ = −6K, T = 0.5K, Ω = 9.6K one getsσxx = σyy = 6.28× 10−4

andσxy = −σyx = 1.78× 10−3 for ∆ = 0K (zero gap in the quasi-particle spectrum) and

σxx = σyy = 5.83× 10−4 andσxy = σyx = 1.63× 10−3 with a finite gap (for example 3K).

Note that all the parameters given above are expressed in an energy equivalent unit Kelvin

and the conductivity when expressed in terms of the fine structure constant has the unit of ‘c’

and in this calculation ‘c’ is taken as unity. In the second case, which can be named “diagonal

anisotropy”, as discussed in Strikha et. al. [104], the diagonal conductivity elements can be

taken asσxx = σ +
∆σ
2 andσyy = σ − ∆σ2 , whereσ is taken as the universal optical conduc-

tivity e2

4~ and∆σ is chosen randomly to be a small quantity compared toσ, say of the order of

10−4 which is consistent with Strikha et. al. As in the isotropic case, here also the reflection

coefficient, transmission coefficient and reflected polarization are considered for study with

incident photon energy in the microwave region i.e. withΩ = 200GHz.

2.5.2.1 Reflection Coefficient

Whenσxx = σyy = σ1 andσxy = −σyx = σ2.

Rf r
o f f = 2π2 [2 cos2 θext

tilt (σ2
2 + σ

2
1 sec2 θext

tilt ) + (σ2
1 + 2σ2

2 + σ
2
1 cos 2θ0) sin2 θext

tilt

+ 2σ1σ2 cosδext sinθ0 tanθ0 sin 2θext
tilt ] (2.27)
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Whenσxx , σyy andσxy = σyx = 0

Rf r
diag = ([5σ2

1 − 2σ1σ4 + 5σ2
4 + 2 cos 2θ0 (σ1 + σ4 + (σ1 − σ4) cos 2φ0)

2

+ (σ1 − σ4) (4 (σ1 + σ4) cos 2φ0 + (−σ1 + σ4) cos 4φ0)] sin2 θext
tilt

+ 2 (σ1 − σ4) cosδext sin 2θext
tilt [(σ1 + σ4) (3+ cos 2θ0) secθ0 sin 2φ0

+ (−σ1 + σ4) sinθ0 sin 4φ0 tanθ0] + 2 cos2 θext
tilt [(3σ2

1 + 2σ1σ4 + 3σ2
4

+ 4 (−σ2
1 + σ

2
4) cos 2φ0) sec2 θ0 + (σ1 − σ4)

2(1+ cos 4φ0 tan2 θ0)]) (2.28)

whereσxx = σ1 andσyy = σ4. We can see that the first case is clearly different from the

other case because in it the reflection coefficient is a function of all the parameters except the

azimuthal angle where as in the other case, the azimuthal angle dependence is coming in to

picture. Reflection coefficients of both the above given cases are plotted with respectto each

of the parameters with the others fixed as explained earlier.

F 2.5: Reflection coefficient versus various angle parameters. This figure has threeparts
(a) behavior with respect to azimuthal angle (b) variation with respect to incident angle (c)
variation with respect to incident polarization. In this figure the solid magenta curve shows
the situation with off diagonal anisotropy with zero gap and dashed magenta curve shows that
with finite gap and solid brown curve shows the behavior with diagonal anisotropic situation.

Here incident photon energy is fixed to a value with frequency200GHz
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Fig. 2.5 has three parts which shows the anisotropic reflection coefficient versus azimuthal

angle, incident angle and the incident polarization respectively for the two types of anisotropic

situations mentioned above. Each of these panels has three curves, where the magenta curve

is for off-diagonal anisotropic situation (solid one for zero gap case and dashed one for finite

gap case). The brown curves are for diagonal anisotropic situation. From each of the panels

we can see that the effect of gap is to decrease the magnitude of the reflection coefficient.

From Fig. 2.5a, it is clear that when the anisotropy is such that the off-diagonal element is

equal in magnitude and opposite sign, the azimuthal angle dependence is washed out. But for

a diagonal type of anisotropy, azimuthal angle variation comes in to picture. Fig. 2.5b shows

variation with respect to incident angle. For small angle ofincidence the variation is almost

constant and the reflected intensity increases with incident angle. The effect of gap in the case

of off-diagonal anisotropy is more visible with small angle of incidence. The last part of the

figure shows the variation of reflection coefficient with respect to the incident polarization.

We can see that the behavior is similar in both the kinds of anisotropy. The extremely small

magnitude of reflected intensity can be observed in the anisotropic limiting case also.

F 2.6: Reflection coefficient versus various angle parameters when the conductivity ten-
sor is anisotropic and the incident wave is linearly polarized. This figure has two parts (a)
behavior with respect to azimuthal angle (b) variation withrespect to incident angle. The
solid curves for incidents polarized wave and dot-dashed curves for incidentp polarized
wave. The magenta curve shows the situation with off diagonal anisotropy and brown curve
shows the behavior with diagonal anisotropic situation. Here incident photon energy is fixed

to a valueΩ = 200GHz

Consider the special case where the incident wave is linearly polarized. First let us con-

sider the extreme cases as discussed in the isotropic limit,viz. s− andp− polarization. In this

limit, the reflection coefficients for both the above mentioned cases of anisotropy are shown in
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Fig. 2.6. HereRaniso is a function of incident angle for both the type of anisotropy and for di-

agonal anisotropy it is a function of azimuthal angle also. In both the cases, we can see that the

p− polarization decreases the reflection coefficient. Fig. 2.6a, shows the variation of reflec-

tion coefficient with respect to azimuthal angle where off-diagonal anisotropic situation shows

a constant behavior whereas the diagonal anisotropic situation shows an oscillatory behavior.

The diagonal anisotropic behavior of reflected intensity with s andp polarized incident wave

shows aπ/2 phase shift. Fig. 2.6b shows the variation with respect to incident angle where

the qualitative behavior of both the type of anisotropy are similar. The reflected intensity with

spolarized incident wave increases where as that ofp polarized incident wave decreases with

incident angle and approaches a minimum at gracing incidence. The third route to linear in-

cident polarization is whenδext = 0 where the reflection coefficient is a function of azimuthal

angle, incident angle and tilt angle of the incident polarization ellipse. The behavior with

respect to azimuthal angle and the incident angle are similar to that ofs− polarization case

All together in this subsection the reflection coefficient is studied when the graphene con-

ductivity is anisotropic. Two different kinds of anisotropy are considered here and in each

case variation with respect to various parameters are studied by fixing the conductivity ten-

sor elements. It is important to highlight one of the main observations obtained from this

study which is the significance of azimuthal angle dependence which indicates the type of

anisotropy present in the material. It is believed that as the strength of azimuthal angle depen-

dence increases with the strength of diagonal anisotropy.

2.5.2.2 Transmission Coefficient

Whenσxx = σyy = σ1 andσxy = −σyx = σ2

T f r
o f f = cos2 θext

tilt [1 + 4π2σ2
2 + 4πσ1 secθ0 (−1+ πσ1 secθ0)] + sin2 θext

tilt + 2π [(−2σ1 cosθ0

+ π (σ2
1 + 2σ2

2 + σ
2
1 cos 2θ0)) sin2 θext

tilt + 2πσ1σ2 cosδext sinθ0 sin 2θext
tilt tanθ0] (2.29)
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Whenσxx , σyy andσxy = σyx = 0

T f r
diga =

1
4

([4 + π2 (5σ2
1 − 2σ1σ4 + 5σ2

4) − 8π cosθ0 (σ1 + σ4 + (σ1 − σ4) cos 2φ0)

+ π2 ((3σ2
1 + 2σ1σ4 + 3σ2

4) cos 2θ0 + 2(σ1 − σ4) (4 (σ1 + σ4) cos2 θ0 cos 2φ0

+ (−σ1 + σ4) cos 4φ0 sin2 θ0))] sin2 θext
tilt + 2π (σ1 − σ4) cosδext sin 2θext

tilt [(−4 cosθ0

+ π (σ1 + σ4) (3+ cos 2θ0)) sin 2φ0 + π (−σ1 + σ4) sinθ0 sin 4φ0 tanθ0]

+ 2 cos2 θext
tilt [2 + π2(σ1 − σ4)

2 + π (−4 (σ1 − σ4) cos 2φ0 secθ0(−1+ π (σ1

+ σ4) secθ0) + secθ0 (−4 (σ1 + σ4) + π (3σ2
1 + 2σ1σ4 + 3σ2

4) secθ0)

+ π (σ1 − σ4)
2 cos 4φ0 tan2 θ0)]) (2.30)

whereσxx = σ1 andσyy = σ4. The first case is different from the second because of the

azimuthal angle dependence of the diagonal anisotropic situation. Transmission coefficients

of both the above given cases are shown in the plots given below with respect to incident

angle.

F 2.7: Transmission coefficient versus incident angle when the optical conductivity ten-
sor is anisotropic. Both types of anisotropic situations are shown in the figure, magenta
solid curve shows the situation with zero gap off diagonal anisotropic conductivity tensor
and dashed magenta curve that with finite gap. The brown solidcurve shows the diagonal

anisotropic situation. Here incident photon energy is fixedto a valueΩ = 200GHz
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Fig. 2.7 shows the behavior of transmitted intensity with respect to incident angle. The

high optical transparency is evident in the anisotropic limit also. The intensity is maximum

at normal incidence and remains constant and as the incidentangle approaches the gracing

incidence, the transmitted intensity goes to minimum. Herethe magenta curve shows the

off diagonal anisotropic situation with zero gap shown by the solid line whereas the finite

gap situation is shown by the dashed line. The brown curve is for the behavior of diagonal

anisotropic situation. Here unlike in the case of reflectioncoefficient, the effect of gap on

transmission coefficient is to increase the transmitted intensity but the increase is very small

compared to the magnitude of transmission coefficient.

F 2.8: Transmission coefficient versus various angle parameters when the conductivity
tensor is anisotropic and the incident wave is linearly polarized. This figure has two parts
(a) behavior with respect to azimuthal angle (b) variation with respect to incident angle. The
solid curves for incidents polarized wave and dot-dashed curves for incidentp polarized
wave. The magenta curve shows the situation with off diagonal anisotropy and brown curve
shows the behavior with diagonal anisotropic situation. Here incident photon energy is fixed

to a valueΩ = 200GHz

Now moving towards the extreme cases of linear polarizationof incident waves, the trans-

mission coefficient is function of azimuthal and incident angles. The variation with respect

to those two parameters are shown in Fig. 2.8. Fig. 2.8a showsthe variation with respect to

azimuthal angle and Fig. 2.8b shows that with respect to incident angle. Unlike in the reflec-

tion coefficient case, we can see that thep− polarized incident wave increases the transmitted

intensity. There is a phase shift ofπ/2 in the behavior of transmitted intensity with respect

to azimuthal angle fors and p polarized incident wave with diagonal anisotropy. For small

angle of incidence, the transmitted intensity withs− polarized incident intensity andp polar-

ized intensity coincides and is more or less constant. But asthe angle of incidence increases
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the transmitted intensity withs polarized wave slowly decreases and a sharp decrease is ob-

served for the gracing incidence. In thep− polarized incident wave situation, the transmitted

intensity increases with the incident angle. In transmission, the behavior ofs− andp− polar-

ization cases is opposite to that observed in reflection situation. Thes− polarization incidence

of transmission behaves asp− polarization case of reflection and vice verse. The next case

is when the incident polarization is zero. Then the transmission coefficient is a function of

azimuthal angle, incident angle and the tilt angle. The behavior of transmission coefficient

with respect toφ0 andθ0 is similar to the behavior explained in Fig. 2.8 with thes− polarized

incidence.

In this subsection the study of transmission coefficient with respect to various parameters

are discussed when the conductivity tensor elements of graphene is anisotropic in two dif-

ferent ways. The observation made for reflection coefficient regarding the the dependence of

azimuthal angle is true for transmission case also. If it is to be checked experimentally it will

be convenient to do with transmission since the magnitude ofreflected intensity is too small

to measure.

2.5.2.3 Reflected Polarization

Whenσxx = σyy = σ1 andσxy = −σyx = σ2

e−iδre f | f r
o f f =

nf r
1,o f f + in f r

2,o f f
√

d f r
1,o f f d f r

2,o f f

(2.31)

where

nf r
1,o f f = σ1σ2 (cos2 θext

tilt secθ0 − cosθ0 sin2 θext
tilt ) + (−σ2

1 + σ
2
2) cosδext cosθext

tilt sinθext
tilt

nf r
2,o f f = (σ2

1 + σ
2
2) cosθext

tilt sinθext
tilt sinδext

d f r
1,o f f = (σ2

2 cos2 θext
tilt + σ1 cosθ0 sinθext

tilt (−2σ2 cosδext cosθext
tilt + σ1 cosθ0 sinθext

tilt ))

d f r
2,o f f = σ2

1 cos2 θext
tilt sec2 θ0 +

σ2

2
(σ2 (1− cos 2θext

tilt ) + 2σ1 secθ0 sin 2θext
tilt cosδext)
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Whenσxx , σyy andσxy = σyx = 0

e−iδre f | f r
diag =

nf r
1,diag + in f r

2,diag
√

d f r
1,diag d f r

2,diag

(2.32)

where

nf r
1,diag =

π2

2
(cosδext (−(σ1 + σ4)

2 + (σ1 − σ4)
2 cos 4φ0) sin 2θext

tilt + 2 (σ1 − σ4)

(cos2 θext
tilt (−σ1 − σ4 + (σ1 − σ4) cos 2φ0) secθ0 − cosθ0 (σ1 + σ4

+ (σ1 − σ4) cos 2φ0) sin2 θext
tilt ) sin 2φ0)

nf r
2,diag = 2π2σ1σ4 sinδext sin 2θext

tilt

d f r
1,diag = π2(cos2 θ0(σ1 + σ4 + (σ1 − σ4) cos 2φ0)

2 sin2 θext
tilt + 4(σ1 − σ4) cosδext cosθ0

cosφ0 sin 2θext
tilt sinφ0(σ1 cos2 φ0 + σ4 sin2 φ0) + (σ1 − σ4)

2 cos2 θext
tilt sin2 2φ0)

d f r
2,diag = π2(cos2 θext

tilt (σ1 + σ4 + (−σ1 + σ4) cos 2φ0)
2 sec2 θ0 + (σ1 − σ4)(4 cosδext cosφ0

secθ0 sin 2θext
tilt sinφ0(σ4 cos2 φ0 + σ1 sin2 φ0) + (σ1 − σ4) sin2 θext

tilt sin2 2φ0))

The main difference between the two kinds of anisotropy is explicitly seen from the equations

(2.31, 2.32) where azimuthal angle dependence is absent in the first caseand it is present in

the other case. It is seen that both the real and imaginary parts of the polarization of reflected

wave is functions of incident angle, tilt angle and the incident polarization. The variation

with respect to incident angle is given in Fig. 2.9 which has two parts: Fig. 2.9a shows

the behavior of cosδre f
f r and Fig. 2.9b shows sinδre f

f r with respect incident angle. Each panel

has two curves in it, the magenta curves showing the off-diagonal anisotropic situation and

the brown curves shows that of diagonal anisotropy. All the plots in this section is for zero

gap. The finite gap situation is also studied, but the effect of gap cannot be seen in any of

the case, therefore it is not included. We can see that the real part is almost constant up

to relatively larger angle of incidence for diagonal anisotropy and decreases as the incident

angle approaches gracing incidence. For off-diagonal anisotropy the real part of reflected

polarization slowly increases with the incident angle. Forthe chosen set of parameters the
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F 2.9: Reflected polarization versus incident angle. This figure has two parts (a) be-
havior of real part of reflected polarization (b) behavior ofimaginary part of the reflected
polarization. In both of them, the magenta curves shows the off-diagonal anisotropic situ-
ation and diagonal anisotropic situation is shown by brown curves. Here incident photon

energy is fixed to a valueΩ = 200GHz

real part of reflected polarization varies between negativeand positive values for off diagonal

anisotropy whereas it remains in the negative axis for diagonal anisotropy. Fig. 2.9b which

shows the variation of sinδre f
f r for both types of anisotropy and can see that they have negative

magnitude for the whole range of incident angle. In the off-diagonal anisotropic situation,

imaginary part of reflected polarization first decreases followed by a minimum and finally

increases asθ0 increases. But in the diagonal anisotropic situation, the behavior remains

constant and finally increases rapidly whenθ0 approaches gracing incidence. Fig. 2.10 shows

F 2.10: Reflected polarization versus incident polarization. This figure has two parts (a)
behavior of real part of reflected polarization (b) behaviorof imaginary part of the reflected
polarization. In both of them, the magenta curves shows the off-diagonal anisotropic situation
and diagonal anisotropic situation is shown by brown curves. Here incident photon energy is

fixed to a valueΩ = 200GHz

the behavior of cosδre f
f r and sinδre f

f r with respect to incident polarization. Fig. 2.10a shows
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the behavior of real part and Fig. 2.10 shows that of imaginary part. Each of the panels has

two curves in it of which the magenta curves show the off-diagonal anisotropic case and the

brown one shows the diagonal anisotropic situation. We can see that in both the sections of

Fig. 2.10, the diagonal anisotropic situation behaves in a simple way. That means the real

part of reflected polarization behaves as− cosδext and imaginary part of reflected polarization

varies as− sinδext. But in the off-diagonal anisotropic situation, the behavior of both realand

imaginary parts ofδre f
f r is rather complex and can be seen in Fig. 2.10. At incident polarization

close to 00, the real part shows a maximum and decreases to the negative side of the axis as

the incident polarization varies. The imaginary part of thereflected polarization shows a large

discontinuity as the incident polarization approaches zero.

Consider the case of linearly polarized incident wave in theanisotropic limit. For off-

diagonal anisotropy, the reflected polarization vanishes for an s− polarized incident wave

and±π for p− polarized incident wave. For diagonal anisotropy, reflected polarization is

either 0 or±π depending upon the sign of the product−(σ1 − σ4 sin 2φ0) for both s− and

p− polarization. When the incident wave is linearly polarizedin such a way that the incident

polarization itself is zero for an arbitrary value ofθext
tilt , the reflected polarization is again 0

or ±π depending upon the value of tilt angle for both off-diagonal anisotropy and diagonal

anisotropy.

In this subsection we have given a detailed study of the reflected polarization with respect

to various parameters under different conditions, i.e. for a general polarization, linear polar-

ization, the conductivity being anisotropic in different ways etc. A comparative study is done

here taking into consideration the different situations. Here the reflected polarization is not

given as such, but the behavior of real and imaginary parts ofit is studied and a simultane-

ous solution of these two quantities leads to information about the reflected polarization (as

discussed in section Isotropic Limit).

2.5.3 Conclusions

This chapter discusses the system of one graphene sheet in its free standing form. In freely

suspended graphene as its name suggests, it is expected thatthere are no disorder due to the

substrate. Response of the material in the form of emergent field is calculated in this chapter

when a plane electromagnetic wave is allowed to fall on the system at an arbitrary angle. The
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emergent electric fields are obtained by solving Maxwell’s equations for the system. Using

the emergent electric fields, various physically importantquantities have been calculated and

studied with respect to various angle parameters related tothe incident wave. Parameters

related to the material, i.e. elements of the conductivity tensor, are fixed throughout the study.

To start with, the conductivity tensor is assumed to have thegeneral form with all of its

elements different. Then due to the presence and absence of different external sources the

components has to obey certain symmetry conditions which leads to constraints to the tensor

components which makes the conductivity tensor to appear indifferent forms. Broadly, one

can say that the conductivity tensor can be isotropic or anisotropic. The anisotropy can be

of different types. Here in this chapter, the isotropy in the conductivity tensor is achieved in

two different ways, when the externally applied magnetic field is absent or when there is no

electrostatic doping in the material (i.e. whenB = 0 orµ = 0). Now among the different kinds

of anisotropy, only two cases are considered for a detailed study. One is when a static external

magnetic field is applied perpendicular to the plane of graphene (off-diagonal anisotropy, i.e.

σxx = σyy = σ1 andσxy = −σyx = σ2) and the other is when there is only an in plane

electric field applied externally (diagonal anisotropy, i.e. σxy , σyy andσxy = σyx = 0).

Both these limits are studied very carefully and compared with each other. This study in the

off-diagonal anisotropic limit is restricted to the microwaveregion in the high magnetic field

limit in which the conductivity tensor elements can be obtained from Gusynin et. al. To study

the diagonal anisotropy diagonal elements are taken to be∆σ which is a very small quantity

added (subtracted) to universal optical conductivity quantum.

The optical quantities considered for study in this chapterare the reflection coefficient,

transmission coefficient and the reflected polarization. Now for a detailed study, different lim-

iting cases of the incident wave parameters are also considered, namely the linear polarization

limit, normal incidence etc. Therefore altogether a comparative study is done between the

forms of the conductivity tensor and the different limits of the incident wave parameters. The

main result of this study is that, one can obtain informationabout the optical conductivity

of graphene by studying the different optical quantities (included in Appendix A). Any two

out of the three quantities together can obtain the conductivity tensor for graphene. One can

see that the magnitude of the reflection coefficient is extremely small (less than 0.01%) as

expected from experiments which may make it difficult to measure and see the variation. For

this reason the transmission coefficient along with the reflected polarization can be studied

to get the information about the tensor elements. The secondimportant suggestion is that,
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the azimuthal angle dependence can provide information about the form of the conductivity

tensor. From the study it is clear that the azimuthal angle dependence of the optical quantities

are absent if the tensor is either isotropic or off-diagonally anisotropic. There are many such

issues discussed in various sections of the chapter which are important in one sense or the

other.
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Chapter 3

Substrate - Graphene

In this chapter, the system under study is a graphene sheet deposited on a non-magnetic di-

electric substrate. The main tool used here for analyzing the substrate graphene is Maxwell’s

equations. The first section of this chapter describes the problem under study followed by the

description of the tools used for study. The same optical quantities are studied for this case

as in the case of freely suspended graphene. Therefore only abrief description is included in

this chapter. Finally the results are discussed in detail with the help of various plots. In each

stage the study is compared with that of the suspended graphene results.

3.1 Problem Description

In this chapter, a mono-layer graphene sheet deposited on a substrate material is considered

for study. Free standing case considered in chapter2 is important and it has its own advan-

tages that it is devoid of the disorder effects that may arise due to the interaction between the

substrate and graphene. The studies done in the freestanding case (explained in chapter2),

is taken as a reference for the present study which helps to investigate the influence of the

presence of substrate material on the optical properties ofgraphene. Therefore here a similar

route is followed as in the case of free standing graphene.

A monolayer graphene sheet deposited on top of a substrate material is arranged in thexy

plane atz = 0. An electromagnetic wave with a wave vectorq0 is incident on the sheet at an

49
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arbitrary angleθ0 with respect to the normal to the plane (z axis). The incident wave vector

is considered to have all three components and it is expressed in terms of the incident angle

and the azimuthal angle (angle between the projection of theincident wave vector in thexy

plane andx axis). Here there are a number of electric fields that has to bedealt with, each of

which is expressed in terms of elliptically polarized states, i.e. as a linear combination of its

polarization components in different directions. For example, the real space representation of

an electric field in general is given as

Eα(r , t) = eiqα,|| ·r || + iqα,zz − ic|qα |t
∑

ν=1,2

ûανEα
ν (3.1)

whereα can be the incident, reflection or transmission case. Hereûαν are the unit vectors

defining the polarization directions of the respective electric fields which are defined in equa-

tion (2.2). Also Eα
ν are the electric field components along the polarization directions which

can be expressed in terms of the tilt angle of the polarization ellipse and the corresponding po-

larization components is given in equation (2.3). Here|Eα| is electric field amplitude which is

independent of position and time,θαtilt is the tilt angle of the polarization ellipse andδα1 andδα2
are the polarization components in the direction of unit vectors defined by the equation (2.2).

From equation (3.1) with α as inc, the incident electric field in real space can be written as

Eext(r , t) = eiq0,|| ·r || + iq0,zz − ic|q0|t ∑
ν=1,2 ûext

ν Eext
ν . Corresponding vector in the reciprocal domain

is obtained by the Fourier transform (definition given in equation (2.7)) of the incident electric

field. Using this technique the incident electric field in thefrequency domain can be written

asEext(q||, qz, ω) = δ3(q0 − q) δ(c|q0| − ω)
∑

ν=1,2 ûext
ν Eext

ν . The notations used in this chapter

matches with that in chapter2 which enables an easy comparison. The next step is to derive

the equations for the emergent electric field from graphene surface deposited on a substrate

material, using Maxwell’s equations. The substrate material is considered as a nonmagnetic

dielectric material represented by a dielectric constantǫ.

3.2 Maxwell’s Equations

Maxwell’s equations representing substrate-graphene is given in CGS units below,

−→
∇ · −→D = 4πρgr ;

−→
∇ × −→E = −

1
c
∂B
∂t
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−→
∇ · −→B = 0 ;

−→
∇ × −→B = 4π

c
Jgr +

1
c
∂D
∂t

(3.2)

whereD = ε(z) E. Here thezdependent quantityε(z) is the dielectric constant of the substrate

material and is defined asε(z) = Θ(−z) + ǫ Θ(z). The system under study, i.e. substrate-

graphene, consists of two parts, one is substrate and the other is graphene. Out of these

the substrate material, as mentioned earlier being a perfect dielectric, makes no contribution

towards the induced current or charge density of the combined system. This is the reason

why the subscript “gr” is given to the charge and current density in the Maxwell’s equations,

which means that the current in the system is solely due to thegraphene conductivity.Jgr

andρgr are the induced charge and current densities on the whole system due to the external

incident field. The induced current density in the system dueto incident field is taken as

Jgr(z) = −1
c σ · ∂tAext(z = 0) δ(z). Hereσ is the graphene conductivity tensor which is a

represented by a 2× 2 matrix. Since the system which is a two dimensional material is placed

in the xy plane, thez component of the induced current density vanishes, that isJz = 0.

Maxwell’s equations given above can be solved with the help of boundary conditions and

some other basic equations to get the emergent electric fieldwhich are discussed in the next

section. The gauge is chosen such that the scalar potential is zero.

3.3 Emergent Electric Field : Reflection and Transmission

With the help of boundary conditions, Maxwell’s equations can be solved to obtain the emer-

gent electric field. The emergent field consists of two parts which exists in two different spaces

with respect to thez = 0 plane. Forz < 0 there exists the reflected part of the emergent field

and inz> 0 the transmitted part of the field. The equations for each of them are given below:

(The details of the calculation are given in Appendix B)

Esg
re f(r , t) = eiq0,|| ·r || − iq0,zz − ic|q0|t K r

1 Eext,x(0)+ K r
2 Eext,y(0)

c
(

q0,z+ q′0,z
) (

q2
0,x + q2

0,y + q0,z q′0,z
) (3.3)
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where

Kr
(1,x)(2,y) =c

(

q0,z− q
′

0,z

) (

∓q2
0,x ± q2

0,y + q0,z q
′

0,z

)

− 4π|q0| (q2
0,y(x) σxx(yy) + q0,z q

′

0,z σxx(yy)

− q0,x q0,y σyx(xy))

Kr
(2,x)(1,y) = − 2

(

c q0,x q0,y

(

q0,z− q
′

0,z

)

+ 2π|q0|
(

q2
0,y(x) σxy(yx) + q0,z q

′

0,z σxy(yx) − q0,x q0,y σyy(xx)

))

Kr
(1,z)(2,z) = −

(

c q0,x(y)

(

q0,z− q
′

0,z

) (

q2
0,x + q2

0,y − q0,z q
′

0,z

)

+ 4π|q0|q0,z q
′

0,z

(

q0,x σxx(xy) + q0,y σyx(yy)

))

Esg
tran(r , t) = eiq0,|| ·r || + iq0,zz − ic|q0|t K t

1 Eext,x(0)+ K t
2 Eext,y(0)

c
(

q0,z+ q′0,z
) (

q2
0,x + q2

0,y + q0,z q′0,z
) (3.4)

where

Kt
(1,x)(2,y) =2

[

c q2
0,y(x) q0,z+ c

(

q2
0,x + q2

0,z

)

q
′

0,z− 2π|q0|
(

q2
0,y σxx(yy) + q0,zq

′

0,z σxx(yy) − q0,xq0,y σyx(xy)

)]

Kt
(2,x)(1,y) = − 2

[

c q0,x q0,y

(

q0,z− q
′

0,z

)

+ 2π|q0|
(

q2
0,y(x) σxy(yx) + q0,z q

′

0,z σxy(yx) − q0,x q0,y σyy(xx)

)]

Kt
(1,z)(2,z) = − 2

[

c q0,x(y) |q0| − 2|q0| q0,z

(

q0,x σxx(xy) + q0,y σyx(yy)

)]

Hereq
′

0,z is thez component of the transmitted wave vector which is
√

q2
0,|| + ǫ |q0|2 (see Ap-

pendixB). For deriving the above equations the conductivity tensorfor graphene is taken to

be in its most general form with its components unequal. i.e.

















σxx σxy

σyx σyy

















. The correctness

of the above equations are checked by two limiting cases: (i)ǫ tends to unity (ii)σ tends

to zero limit. The former is the situation when the system is free standing. i.e. suspended

graphene discussed in chapter2. It is seen that in this limit, equations (3.3, 3.4) reduce to

the corresponding equations in chapter2. The second limit signifies the situation in which

there is no graphene but only the dielectric substrate material. The amplitude reflection and

transmission coefficients using equations (3.3, 3.4), in theσ tends to zero limit matches with

the well known results of a dielectric material given in textbooks (see ref [137]). From the

general equation for an electric field given by equation (3.1), the reflected and transmitted
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electric fields in real space can be written in terms of its polarization components as given

below:

Esg
re f(r , t) = eiqre f,|| ·r || + iqre f,zz − ic|qre f |t

∑

ν=1,2

ûre f
ν Ere f,sg

ν (3.5)

Esg
tran(r , t) = eiqtran,|| ·r || + iqtran,zz − ic|qtran|t

∑

ν=1,2

ûtran
ν Etran,sg

ν (3.6)

Here qre f = {q0,x, q0,y, q0,z} and qtran = {q0,x, q0,y, q
′

0,z} with |qre f | = |q0| and |qtran| =
|q0|

√

− sin2 θ0 + ǫ. Polarization directions are defined by the unit vectors given by equation

(2.2). The description of the other terms in the above equations are also given in the beginning

of this chapter. For example, the reflected and transmitted components of the electric field in

the two polarization directions are given by equation (2.3). Solving the general equations for

reflected and transmitted electric field given by equations (3.5, 3.6) and the emergent electric

field given by equations (3.3, 3.4) simultaneously, we can get the polarization components of

the reflected and transmitted electric field, that is

Ere f,sg
ν = e−iq0,|| ·r || + iq0,zz + ic|q0|t Esg

re f(r , t) · û
re f
ν (3.7)

Etran,sg
ν = e−iq0,|| ·r || − iq

′
0,zz + ic|qtran|t Esg

tran(r , t) · ûtran
ν (3.8)

To calculate the physically interesting quantities such ascoefficient of reflection which are

explained in chapter2, it is important to know about the conductivity tensor of graphene.

3.3.1 Optical Conductivity

The general idea about the quantity - optical conductivity,its tensor form and anisotropy are

discussed in chapter2 in detail. As explained in the previous section, conductivity tensor

of graphene, a two dimensional material, can be representedby a 2× 2 matrix. Graphene

conductivity is also discussed in chapter2. In this chapter, the main source of conductivity

data is from reference [100] which gives the general equation of the anisotropic conductiv-

ity in the presence of a perpendicular external magnetic field for an arbitrary frequency and

temperature. This is given as equation (2.17) in chapter2. With the external agent as the per-

pendicular magnetic field, the components of the conductivity elements are subjected to the

constrainsσxx = σyy = σ1 andσxy = −σyx = σ2. i.e. the diagonal elements are equal and the
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off-diagonal elements are equal but of opposite in sign. This isvisible from equation (2.17)

of chapter2. Avoiding the complicated general form of the conductivitytensor, here also we

have chosen the microwave response in high magnetic field limit as in the case of previous

chapter and is given in equations (2.18, 2.19) in chapter2. A large amount of literature avail-

able in the field of conductivity studies in graphene shows that at higher energy regions of

the electromagnetic spectrum, the graphene conductivity tensor becomes independent of the

incident wavelength and may be taken as approaching the universal dynamical conductivity

given by e2

4~ [106, 118]. In other words, the tensor becomes just a simple number. But as in the

earlier chapter here too we are interested in studying reflection/transmission coefficients with

the anisotropic graphene conductivity tensor in its various limits. This is possible more easily

in the microwave region. Also graphene conductivity is wellstudied in the microwave region

by Gusynin et. al. [106] who give a well defined equation for its conductivity tensor. They

also show that microwaves are an exceptional tool of graphene’s unusual dynamics. Their

study reveals that microwave response of Dirac quasiparticles has several anomalous proper-

ties both in the presence and absence of a strong magnetic field. Gusynin et. al. [106] shows

that the microwave response of graphene reflects the Dirac nature of quasi-particles in this

material, which include the intra-band and inter-band contributions to the conductivity with

zero magnetic field and also at large fields.

Two pieces of information can be obtained from equation (2.19) about the off-diagonal

conductivity element: (i) in the presence of an external magnetic field it depends significantly

on sgn(eB) (ii) it is an anti-symmetric function of the chemical potential. To consider con-

ductivity as a dimensionless quantity, the definition of finestructure constant is used with the

choice ofc = 1. By choosing some specific values for the parameters like∆, Γ,T etc. the

numerical value of the conductivity can be obtained in the high magnetic field limit of mi-

crowave region. The importance of microwave region and the high magnetic field limits are

explained in chapter2. The isotropic limit of the conductivity tensor is clear from equation

(2.19), i.e. the situation under which the off-diagonal elements of the conductivity tensor van-

ishes. It happens in two different ways as mentioned earlier, (i) when there is no electrostatic

doping (µ = 0) or (ii) when there is no external applied magnetic field. Out of these the

zero chemical potential limit can be obtained from equation(2.18) and the conductivity for

the zero magnetic field is given by equation (2.20) in chapter2 Different cases of the form

of conductivity tensor are discussed below, that is (i) whenthe conductivity is isotropic and

diagonal (ii) when the conductivity is anisotropic and diagonal (iii) when it is non-diagonal
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anisotropic etc. One can obtain the numerical value of the conductivity elements in different

limits by choosing appropriate values for the parameters appearing in the equations and study

different optical quantities using the emergent electric field discussed above.

3.4 Optical Coefficients

Three quantities are studied in this section, the coefficient of reflection, coefficient of trans-

mission and the reflected polarization. This is described indetail in chapter2, therefore only

a brief discussion is given here.

3.4.1 Reflection Coefficient

Reflection coefficient is the fraction of reflected intensity relative to the incident intensity. In

EM theory, it is defined in terms of the Poynting’s vector for incident and reflected wave. i.e.

Rsg =
Ssg

re f,z

Sinc,z
whereS = E∗ × B. This will reduce to a simplified formRsg =

|Esg
re f |

2

|Eext|2
, which

ultimately becomesRsg =
|Ere f,sg

1 |2 + |Ere f,sg
2 |2

|Eext|2 .

Its a complicated system to solve, the general equation for reflection coefficient is there-

fore equally complicated. Substituting for the reflection components of the electric field along

the polarization directions obtained from equation (3.7) we can obtain the reflection coefficient

as give below:

Rsg = r sg
1 cos2 θext

tilt + r sg
2 sin2 θext

tilt + r sg
3 sin 2θext

tilt (3.9)

where

r sg
1 =

1
(η + cosθ0)2

× [(η − cosθ0)
2 − 4π(−η + cosθ0) (σxx + σ4 + (−σxx + σyy) cos 2φ0

− (σxy + σyx) sin 2φ0) +
1

(−1− 2η cosθ0 + cos 2θ0)2
× 4π2((−1− 2η cosθ0 + cos 2θ0)

2

(σxx + σyy + (−σxx + σyy) cos 2φ0 − (σxy + σyx) sin 2φ0)
2) + 4η2(σxy − σyx

+ (σxy + σyx) cos 2φ0 + (−σxx + σyy) sin 2φ0)
2]
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r sg
2 =

cot2 θ0

16 (η + cosθ0)2
× [16 sin2 θ0 sin2 φ0 ((−4πσyy − η + cosθ0) cosφ0 + 4πσxy sinφ0)

2

+ 16 cos2 φ0 sin2 θ0 (4πσyx cosφ0 + (−4πσxx − η + cosθ0) sinφ0)
2

+ 16 sin2 θ0 ((4πσyy + η − cosθ0) cosφ0 − 4πσxy sinφ0) (4πσyx cosφ0 + (−4πσxx − η

+ cosθ0) sinφ0) sin 2φ0 +
1

(η cosθ0 + sin2 θ0)2
× (sinθ0 (1+ 4η(2π(σxx + σyy) + η)

+ 8πη ((σxx − σyy) cos 2φ0 + (σxy + σyx) sin 2φ0)) − (4η + cos 3θ0) tanθ0)
2]

r sg
3 =

−2π cotθ0

(η + cos2 θ0)2 (−1− 2η cosθ0 + cos 2θ0)2
× [8π sinθ0 (η2 (σxx + σyy

+ (σxx − σyy) cos 2φ0 + (σxy + σyx) sin 2φ0) (σxy − σyx + (σxy + σyx) cos 2φ0

+ (−σxx + σyy) sin 2φ0) − (η cosθ0 + sin2 θ0)
2 (−σxx − σyy + (σxx − σyy) cos 2φ0

+ (σxy + σyx) sin 2φ0) (−σxy + σyx + (σxy + σyx) cos 2φ0 + (−σxx + σyy) sin 2φ0))

+ (−η + cosθ0) (−2η (−1+ 2η cosθ0 + cos 2θ0) (σxy − σyx + (σxy + σyx) cos 2φ0

+ (−σxx + σyy) sin 2φ0) − cosθ0 (−1− 2η cosθ0 + cos 2θ0)
2 (−σxy + σyx

+ (σxy + σyx) cos 2φ0 + (−σxx + σyy) sin 2φ0)) tanθ0]

Hereη =
√

− sin2 θ0 + ǫ is thez component of transmitted wave vector.θ0 is the incident

angle,φ0 is the azimuthal angle which is the angle between the components of incident wave

vector in thexy plane and thex axis andθext
tilt is the tilt angle of the incident polarization

ellipse. The above equation shows that the reflection coefficient in general is a function of the

parameters related to incident wave, the material medium and also the substrate material. It is

seen that in the limitǫ → 1, equation (3.9) reduces to that of freely suspended graphene.

At this stage it is desirable to think of the different possibilities of the ways in which the

conductivity tensor components are related. As mentioned in chapter2, there are four different

ways. (i) The situation when the diagonal elements are equaland the off-diagonal elements

are also equal (ii) The diagonal elements equal but the off diagonal elements are equal and of

opposite sign (in the presence of an external magnetic field given by Gusynin et. al. [106])

(iii) The diagonal elements are equal and the off-diagonal elements vanish (in the absence

of external magnetic field or electrostatic doping given by Gusynin et. al. [106]) (iv) With
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unequal diagonal elements and the vanishing off-diagonal elements (in the presence of an in-

planar electric field given by Strikha et. al. [104]). The situations related to Gusynin’s results

(cases (ii) and (iii)) are discussed in an earlier subsection in this chapter and also in chapter2.

The conductivity tensor elements in these two limits are given by equations (2.18, 2.19, 2.20).

The other two cases mentioned above becomes important when there is an anisotropy not due

the magnetic field.

3.4.2 Transmission Coefficient

Transmission coefficient is the ratio of transmitted and incident intensity. This may be defined

in general in terms of Poynting’s vector for transmitted andincident wave. i.e.Tsg =
Ssg

tran,z

Sinc,z

whereS is the Poynting’s vector. This can be written in a simplified form asTsg =
|Esg

tran|2
|Eext|2

which

becomes
|Etran,sg

1 |2 + |Etran,sg
2 |2

|Eext|2 . Substituting for the polarization components, the general equation

for transmission coefficient is obtained as given below:

Tsg = tsg
1 cos2 θext

tilt + tsg
2 sin2 θext

tilt + tsg
3 sin 2θext

tilt (3.10)

where

tsg
1 =

4
(η + cosθ0)2 (−1− 2η cosθ0 + cos 2θ0)2

× [cos2 θ0 (−1− 2η cosθ0 + cos 2θ0)
2

+ 2π cosθ0(−1− 2η cosθ0 + cos 2θ0)
2 (−σxx − σyy + (σxx − σyy) cos 2φ0

+ (σxy + σyx) sin 2φ0) + 16π2 (2η cosθ0 sin2 θ0 (σyy cos2 φ0 − (σxy + σyx) cosφ0 sinφ0

+ σxx sin2 φ0)
2 +

1
4

sin4 θ0 (σxx + σyy(−σxx + σyy) cos 2φ0 − (σxy + σyx) sin 2φ0)
2

+ cos2 θ0 (σ2
xy cos4 φ0 sin2 θ0 + 2σxy (−σxx + σyy) cos3 φ0 sin2 θ0 sinφ0

+ (σ2
xx + σ

2
yx) η

2 sin2 φ0 + σ
2
yx sin2 θ0 sin4 φ0 + cos2 φ0 ((σ2

xy + σ
2
yy) η

2 + (−2σxyσyx

+ (σxx − σyy)
2) sin2 θ0 sin2 φ0) − ((σxxσxy + σyxσyy) η

2 + σyx (−σxx + σyy)

sin2 θ0 sin2 φ0) sin 2φ0))]
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tsg
2 =

8 cos2 θ0

(η + cosθ0)2 (−1− 2η cosθ0 + cos 2θ0)2
× [1 + 2η2 − cos 2θ0 + 2π cosθ0 (−1− 2η2

+ cos 2θ0) (σxx + σyy + (σxx − σyy) cos 2φ0 + (σxy + σyx) sin 2φ0) + 8π2(2η cosθ0

sin2 θ0(σyx cos2 φ0 + (−σxx + σyy) cosφ0 sinφ0 − σxy sin2 φ0)
2 +

1
4

sin4 θ0(−σxy + σyx

+ (σxy + σyx) cos 2φ0 + (−σxx + σyy) sin 2φ0)
2 + cos2 θ0(σ

2
xx cos4 φ0 sin2 θ0

+ 2σxx(σxy + σyx) cos3 φ0 sin2 φ0 + (σ2
2 + σ

2
yy) η

2 sin2 φ0 + σ
2
yy sin2 θ0 sin4 φ0

+ cos2 φ0((σ
2
xx + σ

2
yx) η

2 + ((σxy + σyx)
2 + 2σxxσyy) sin2 θ0 sin2φ0)

+ ((σxxσxy + σyxσyy) η
2 + (σxy + σyx) σyy sin2 θ0 sin2 φ0) sin 2φ0))]

tsg
3 =

π cosθ0

(η + cosθ0)2 (−1− 2η cosθ0 + cos 2θ0)2
× [(4 ((σxy + σyx)η − 4π (σxxσxy + σyxσyy)

(1+ 2η2)) + 2 (3 (σxy + σyx) − 8π (σxxσxy + σyxσyy) η + 14 (σxy + σyx) η
2) cosθ0

− 16π (σxxσxy + σyxσyy) (−1+ 2η2) cos 2θ0 + (−7 (σxy + σyx) + 16π (σxxσxy

+ σyxσyy) η + 4 (σxy + σyx) η
2) cos 3θ0 − 4 (σxy + σyx) η cos 4θ0

+ (σxy + σyx) cos 5θ0) cos 2φ0 + 4 (σxy − σyx) (−4η + (3+ 4η (2π (σxx + σyy)

+ η)) cosθ0 − 4 (π (σxx + σyy) + η) cos 2θ0 + cos 3θ0) sin2 θ0 − 16π (σxy + σyx)

(σxx − σyy) (−2η cosθ0 + cos 2θ0) cos 4φ0 sin2 θ0 + (4 (−σxx + σyy) η + 8π (σ2
xx

− σ2
xy + σ

2
yx − σ2

yy) (1+ 2η2) + (−6σxx + 6σyy + 8π (σ2
xx − σ2

xy + σ
2
yx − σ4

yy) η

+ 28 (−σxx + σyy) η
2) cosθ0 + 8π (σ2

xx − σ2
xy + σ

2
yx − σ2

yy) (−1+ 2η2) cos 2θ0

+ (7σxx − 7σyy+ 8π (−σ2
xx + σ

2
xy − σ2

yx + σ
2
yy) η + 4 (−σxx + σyy) η

2) cos 3θ0

+ 4 (σxx − σyy) η cos 4θ0 + (−σxx + σyy) cos 5θ0) sin 2φ0 + 8π (σxx − σxy − σyx − σyy)

(σxx + σxy + σyx − σyy) (−2η cosθ0 + cos 2θ0) sin2 θ0 sin 4φ0]

The parameters appearing in these equations are the same as those in the case of reflection

coefficient. The transmission coefficient as can be seen is a function of (i) angle parameters

which is specific about the incident wave (ii) material (graphene) parameters, the components

of the conductivity tensor (iii) the dielectric constantǫ. It is seen that in the limitǫ → 1,

equation (3.10) reduces to that of freely suspended graphene. The behaviorof transmission

coefficient under various situations are studied in the next section.
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3.4.3 Reflected Polarization

Reflected polarization is the polarization of reflected partof the emergent field defined by

the equation (as mentioned in chapter2 also),e−i δre f |sg =

(

Ere f,sg
1

)∗ (

Ere f,sg
2

)

|Ere f,sg
1 | |Ere f,sg

2 |
. Substituting for the

polarization components of the electric field the reflected polarization can be written as

e−i δre f |sg =
nsg

1 + i nsg
2

√

dsg
1 dsg

2

(3.11)

where

nsg
1 =

1

(η + cosθ0)2 (η cosθ0 + sin2 θ0)
× [−2πη [(−2π (σxx + σyy) − η + cosθ0

+ 2π (σxx − σyy) cos 2φ0 + 2π (σxy + σyx) sin 2φ0) (σxy − σyx + (σxy + σyx) cos 2φ0

+ (−σxx + σyy) sin 2φ0)] cos2 θext
tilt + π cosθ0 [(−σxy + σyx + (σxy + σyx) cos 2φ0

+ (−σxx + σyy) sin 2φ0) (−4η − cos 3θ0 + cosθ0 (1+ 4η (2π (σxx + σyy) + η)

+ 8πη ((σxx − σyy) cos 2φ0 + (σxy + σyx) sin 2φ0)))] sin2 θext
tilt + (−4π2η cosθ0

[(σxy − σyx + (σxy + σyx) cos 2φ0 + (−σxx + σyy) sin 2φ0) (−σxy + σyx

+ (σxy + σyx) cos 2φ0 + (−σxx + σyy) sin 2φ0)] + [(−2π (σxx + σyy) − η + cosθ0

+ 2π (σxx − σyy) cos 2φ0 + 2π (σxy + σyx) sin 2φ0) (−4η − cos 3θ0 + cosθ0(1

+ 4η (2π (σxx + σyy) + η) + 8πη ((σxx − σyy) cos 2φ0 + (σxy + σyx) sin 2φ0)))])

sinθext
tilt cosθext

tilt cosδext]

nsg
2 =

1

(η + cosθ0)2 (η cosθ0 + sin2 θ0)
× [(−4π2η cosθ0 [(σxy − σyx + (σxy + σyx) cos 2φ0

+ (−σxx + σyy) sin 2φ0) (−σxy + σyx + (σxy + σyx) cos 2φ0 + (−σxx + σyy) sin 2φ0)]

− [(−2π (σxx + σyy) − η + cosθ0 + 2π (σxx − σyy) cos 2φ0 + 2π (σxy + σyx) sin 2φ0)

(−4η − cos 3θ0 + cosθ0(1+ 4η (2π (σxx + σyy) + η) + 8πη ((σxx − σyy) cos 2φ0

+ (σxy + σyx) sin 2φ0)))]) sinθext
tilt cosθext

tilt sinδext]
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dsg
1 =

1
(η + cosθ0)2

× [(−2π (σxx + σyy) − η + cosθ0 + 2π (σxx − σyy) cos 2φ0

+ 2π (σxy + σyx) sin 2φ0)
2 cos2 θext

tilt + 16π2 cos2 θ0 (−σyx cos2 φ0

+ (σxx − σyy) cosφ0 sinφ0 + σ2 sin2 φ0)
2 sin2 θext

tilt + 2π cosθ0 [(−2π(σxx + σyy)

− η + cosθ0 + 2π (σxx − σyy) cos 2φ0 + 2π (σxy + σyx) sin 2φ0)

(−σxy + σyx + (σxy + σyx) cos 2φ0 + (−σxx + σyy) sin 2φ0)] sin 2θext
tilt cosδext]

dsg
2 =

1

−2(η + cosθ0)2 (sin2 θ0 + η cosθ0)2
× [16π2η2 (σxy − σyx + (σxy + σyx) cos 2φ0

+ (−σxx + σyy) sin 2φ0)
2 cos2 θext

tilt +
1
4

(4η + cos 3θ0 − cosθ0 (1+ 4η (2π (σxx + σyy)

+ η) + 8πη ((σxx − σyy) cos 2φ0 + (σxy + σyx) sin 2φ0)))
2 sin2 θext

tilt − 2πη [(σxy − σyx

+ (σxy + σyx) cos 2φ0 + (−σxx + σyy) sin 2φ0) (−4η − cos 3θ0

+ cosθ0 (1+ 4η (2π (σxx + σyy) + η) + 8πη ((σxx − σyy) cos 2φ0

+ (σxy + σyx) sin 2φ0)))] sin 2θext
tilt cosδext]

From equation (3.11), the reflected polarization can be obtained by solving the equations for

real and imaginary parts simultaneously. The behavior of this quantity with respect to its

various parameters in different limits are explained in the coming section. It is seen that in the

limit ǫ → 1, equation (3.11) reduces to that of freely suspended graphene.

From the equations for all the three coefficients it is clear that with the conductivity in its

general form the equations are very complicated compared tothe free standing results and

therefore various limiting cases are considered in the nextsection.

3.5 Results and Discussion

This section discusses various limiting cases of the results given in the last section. For ex-

ample, the isotropic limit of the conductivity tensor of graphene, different types of anisotropy,

the situation with the incident wave being linearly polarized etc.
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3.5.1 Isotropic Case

As mentioned in chapter2, isotropic limit is one of the important limits, in which theoff-

diagonal elements of the conductivity tensor vanishes and the diagonal elements become

equal. This limit can be obtained in two different ways which are explained in Gusynin et.

al. [106] as well in chapter2 in detail. One is when there is no external magnetic field and

the other when the electrostatic doping is absent. Absence of electrostatic doping actually

indicates that the chemical potential is zero. The significance of zero, positive and negative

chemical potentials are explained in chapter2.

From equations (3.9,3.10,3.11) it is clear that in the isotropic limit, the coefficients are

functions of diagonal conductivity, dielectric constant,incident angle and tilt angle of the

incident polarization ellipse. Now to proceed further it isimportant to have information about

the diagonal conductivity of graphene. This for the case ofB = 0 can be obtained from

equation (2.20) by choosing appropriate values for the parameters. Therefore for µ = 4K

andΩ = 9.6K, σxx = 1.82× 10−3 when∆ the gap in the quasi-particle spectrum is zero and

2.54×10−3 for ∆ = 3K. For the case ofµ = 0, equation (2.18) givesσxx = 2.404×10−5 for zero

gap and 2.402× 10−5 for a finite gap for the same set of parameters. Each of the coefficients

given by the equations (3.9, 3.10, 3.11) are discussed below in the limit ofσxy = σyx = 0 and

σxx = σyy = σ1. For all the cases discussed in this section the incident wave is taken to be in

the microwave region and more specifically at 200GHz.

3.5.1.1 Reflection coefficient

In the isotropic limit, equation (3.9) reduces to the following form,

Rsg
iso =

(4πσ1 + η − cosθ0)
2 cos2 θext

tilt

(cosθ0 + η)
2

+
(4η − (1+ 4η (4πσ1 + η)) cosθ0 + cos 3θ0)

2 sin2 θext
tilt

16 (ǫ cosθ0 + η)
2

(3.12)

whereη =
√

− sin2 θ0 + ǫ. Here it is seen that the reflection coefficient of the substrate-

graphene is a function of two angle parameters, the diagonalconductivity and the dielectric

constant of the substrate material. In this limit it is clearthat the reflection coefficient is inde-

pendent of azimuthal angle which was the case for suspended graphene also. In comparison

with the suspended graphene, there is an additional dependence on dielectric constant due to

the presence of substrate.
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Similar to that in the case of freely suspended graphene, thetwo different routes to

isotropic limit are considered in this chapter. Unlike in the case of suspended graphene,

in this situation the magnitude of reflection coefficient whenµ = 0 is comparable to that at

B = 0. Two different quantities are considered for study in the case of substrate-graphene, (i)

reflection coefficient of substrate-graphene denoted byRsg (ii) difference in reflection coeffi-

cient of the substrate- graphene and that of the dielectric substrate denoted byRsg−Rs. By the

study of latter, the effect of substrate material become more evident. In the following plots,

the variation ofRsg andRsg− Rs with respect to each of the angle parameters are given with

the others fixed.

F 3.1: Reflection coefficient versus incident angle when the graphene conductivitytensor
is isotropic and the incident energy is at 200GHz. This figure has three parts: (a) substrate-
graphene (b) difference reflection between substrate-graphene and pure substrate material (c)
free- standing graphene. Solid curve shows the zero gap situation and the dashed curves are

for finite gap situation in each of the cases.

Fig. 3.1 shows the variation of reflection coefficient with respect to incident angle. This

figure has three parts which shows the behavior of substrate-graphene, substrate-graphene

with the contribution of the pure substrate subtracted out and also the free standing graphene

which enables an easy comparison between different situations. Here each of the plots has two

curves in it, solid curve showing the zero gap situation whereas the dashed curves showing the
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finite gap case in the quasi particle spectrum. In this plot only B = 0 situation is shown. The

plot is self explanatory. Fig. 3.1b and 3.1c makes the comparison between the substrate and

free standing situations easy and it is made for the same set of parameters. The increase in

the magnitude of reflection compared to the free standing case is evident from the figure. The

effect of gap is not so prominent, but it is clear that the presence of gap increases the reflected

intensity. In comparison with the suspended graphene, the variation with respect to incident

angle shows a well defined minimum unlike in the case of suspended graphene in which it is

broad. The reflected intensity first decreases, goes througha minimum as the incident angle

increases and then again increases as the incident angle approaches the gracing incidence.

Also Fig. 3.1b signifies the fact that the reflection intensity of substrate graphene is always

greater than that due to substrate situation only. The effect of gap can be more observable

when the substrate contribution is subtracted out which is given in Fig. 3.1b. It can be seen

that the influence of gap is not uniform, it is more visible at small incident angles and the

effect is very less visible at angles close to gracing incidence. Behavior of reflected intensity

of the substrate- graphene can be studied with respect to other parameter like tilt angle that

shows an oscillatory behavior which is not included here.

Consider the situation in which the incident wave is normal to the plane containing the

system under study, then the reflection coefficient takes the formRsg,⊥
iso =

(−1+
√
ǫ+4π σ1)2

(1+
√
ǫ)2 . Note

that the reflection coefficient depends only on the substrate material and the diagonal con-

ductivity of graphene, the limit ofǫ tends to unity is easily checked here. The value of the

diagonal conductivity is sensitive to gap and the way in which the isotropic nature is obtained

which makes it easy to distinguish between the different situations at normal incidence.

The situation in which the incident wave is linearly polarized is interesting where the

reflection coefficient becomes only a function of incident angle for fixed conductivity and

fixed substrate material. The two extreme situations of thiscase are whenθext
tilt = 0 at which

Rsg
iso,s =

(4πσ1−cosθ0+η)2

(cosθ0+η)2 andθext
tilt = π/2 at whichRsg

iso,p =
(η−cosθ0(ǫ+4πσ1η))2

(ǫ cosθ0+η)2 . Vanishing incident

polarization is not important in the isotropic limit because in this limit the reflected intensity

is not a function of it. The behavior of reflected intensity with respect to incident angle withs

andp - polarized incidence resembles the behavior of a dielectric substrate which is discussed

in detail in a separate section.
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3.5.1.2 Transmission Coefficient

In the isotropic limit, equation (3.10) becomes,

Tsg
iso =

4 (−2πσ1 + cosθ0)2 cos2 θext
tilt

(η + cosθ0)2
+

4 ǫ cos2 θ0 (1− 2π σ1 cosθ0)2 sin2 θext
tilt

(η + cosθ0)2 (η cosθ0 + sin2 θ0)2
(3.13)

As in the case of reflection coefficient, transmission coefficient is also a function of only the

angle parameters, incident angle and the tilt angle if the conductivity is fixed with a given

substrate material. The isotropic limit is devoid of any azimuthal angle dependence. Different

cases of isotropic limit are considered, for example theB = 0 limit andµ = 0 limit. Two quan-

tities are considered for the study, one is the transmissioncoefficient for substrate-graphene

and the difference in transmission coefficient of substrate graphene and the pure dielectric

material denoted byTsg− Ts.

F 3.2: Transmission coefficient versus incident angle when the graphene conductiv-
ity tensor is isotropic. Here the incident energy is in the microwave region, specifically
200GHz. This figure has three parts: (a) substrate-graphene (b) difference transmission be-
tween substrate-graphene and pure substrate material (c) free- standing graphene. Solid curve
shows the zero gap situation and the dashed curves are for finite gap situation in each of the

cases.
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Fig. 3.2 shows the behavior of substrate-graphene with respect to incident angle. Fig.

3.2a shows the substrate graphene while Fig. 3.2b showing the transmitted intensity after

subtracting out the substrate contribution. The last part Fig. 3.2c shows this property for

free standing graphene which enables us to to make a comparison between substrate and free

standing graphene. These three plots are drawn for the same set of parameters. As in the

reflection study, there are two curves in each plot, the solidcurve showing the vanishing gap

situation whereas the finite gap situation is shown by the dashed curves. From the figures

in this section it is evident that unlike in the case of reflection coefficient the gap decreases

the transmitted intensity. A clear difference between the two systems can be seen in this fig-

ure. The free standing transmission coefficient is almost constant in the beginning and then

increases slowly and at gracing incidence it decreases sharply. But in the substrate-graphene

case, the transmission coefficient shows a very slow decrease with respect to incident an-

gle. Note that the magnitude of transmitted intensity is decreased. If we compare with the

reflection and transmission, the reflected intensity variation with the substrate contribution

subtracted out is always positive throughout the full rangeof its parameters values whereas

that in transmission the variation is always negative for the full range of its parameter values.

This gives the difference in influence of substrate on the two coefficients. The reflected inten-

sity fraction is increased by the presence of substrate material while the transmitted fraction

is decreased by its presence. The effect of gap in the band structure is not very evident in the

variation of transmission coefficient. To see the influence, the contribution of substrate mate-

rial should be subtracted out. One can see that the influence of gap is not uniform, it is high

at the small angle incidence and decreases towards the gracing incidence. The variation with

respect to tilt angle of the incident polarization ellipse shows a qualitatively similar behavior

to that of the free standing situation.

If the incidence is normal to the plane containing substrate- graphene, the transmission

coefficient reduces toTsg,⊥
iso =

4 (1−2π σ1)2

(1+
√
ǫ)2 . The transmission coefficient depends on the dielec-

tric constant (depends on the substrate material chosen) and the conductivity element which

represents the graphene sheet. Note that in the limitǫ → 1, it reduces to the free standing

result at normal incidence. All these limits check the correctness of the present result. The

parameter representing gap is entering into the calculation through the conductivity tensor ele-

ment. The difference between the two cases zero magnetic field and zero chemical potential is

also coming into picture through the conductivity tensor. For these reasons the different situ-

ations are easily distinguished in the normal incidence limit, because transmission coefficient
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dependence only on the conductivity element for a given substrate material.

It is seen here that the effect of the presence of substrate material on the reflection coeffi-

cient is to increase it appreciably and in the transmission coefficient is to decrease it consid-

erably. It is clear from the magnitude of both the coefficients that the absorption in substrate-

graphene is very large and significant unlike in the case of freely suspended graphene. It is

easy to find out a rough idea about the absorption in the normalincidence limit using the

conservation theorem, 1−R− T which has the magnitude of approximately 0.6708 when the

diagonal conductivity is 1.82× 10−3 which is approximately one order of magnitude larger

compared to the suspended result. The equation for the loss in this case can be calculated us-

ing the calculations given in AppendixA using the corresponding electric fields for substrate-

graphene.

Turning towards the linearly polarized incidence, the zeroincident polarization is irrel-

evant in the isotropic limit. The two extreme cases ofs− polarization andp− polarization

are studied for zero gap and zero magnetic field limit. The transmission coefficient with s−
polarized incident wave isTsg

iso,s =
4 (−2πσ1+cosθ0)2

(cosθ0+η)2 and that withp− polarized incident wave is

Tsg
iso,p =

4ǫ cos2 θ0 (1−2πσ1 cosθ0)2

(ǫ cosθ0+η)2 .

3.5.1.3 Reflected Polarization

In the isotropic limit, the reflected polarization reduces as given below:

e−i δre f |iso,sg = sgn[ (4πσ1 + η − cosθ0) (4η − (1+ 4η (4πσ1 + η)) cosθ0

+ cos 3θ0) sinθext
tilt cosθext

tilt ] e−i δext
(3.14)

It can be seen that the quantitative behavior of reflected polarization depends only on the in-

cident polarization. The behavior is qualitatively dependent on the sign of the above given

product in the right hand side of equation (3.14). Since there is no dependence on the con-

ductivity (only on its sign), the two different situationsB = 0 andµ = 0 is not distinguishable

in this study. The case is similar with the influence of gap, itcannot be observed in this study.

By solving the real and imaginary parts of the above equation, the behavior of reflected polar-

ization can be studied and can be calculated exactly. Reflected polarization for free standing
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situation is not dependent on incident angle. But the qualitative behavior of reflected polariza-

tion for substrate-graphene is depended on the incident angle also. This is shown in Fig. 3.3,

the first part of which shows the case of substrate-graphene whereas the second part shows

the situation of suspended graphene. These plots are for fixed value of graphene conductivity

and tilt angle of incident polarization effect with a given substrate material. The blue curve

in these plots shows the real part of reflection polarizationwhereas the red curves shows the

imaginary part. Note the difference between the two systems, substrate graphene shows a

step like behavior and the suspended graphene remains the same for the full range of incident

angle.

F 3.3: Reflected polarization versus incident angle when the graphene conductivity ten-
sor is isotropic. This figure has two parts: (a) substrate-graphene (b) free-standing graphene.
Blue curve is for real part of the reflection polarization andthe red curve is for imaginary part.

Here the incident photon energy is in the microwave region, i.e. at 200GHz

The effect of the incident angle and tilt angle for a fixed diagonal conductivity and given

substrate material is to make the real and imaginary parts ofthe reflected polarization to

change its sign. The variation of it with respect to the incident polarization is similar to that

of free standing case. Fig. 3.4 shows the 3D variation of realand imaginary parts of reflected

polarization with respect to incident angle and incident polarization.

Fig. 3.4a shows the behavior of the real part of the reflected polarization and 4b shows that

of the imaginary part. The behavior of the real and imaginaryparts of reflected polarization is

oscillatory with respect to the incident polarization and it is a step like behavior with respect

to incident angle which are evident from Fig. 3.4. With respect to tilt angle they change sign

at regular intervals and with respect to incident angle theychange sign only once whose value

depends upon the value of the tilt angle. By simultaneously solving the equations for cosδre f
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(a) (b)

F 3.4: Reflected polarization versus incident angle and incident polarization. First part
shows the real part and the second part shows the imaginary part. The incident wave is in the

microwave region of the electromagnetic spectrum with frequency 200GHz

and sinδre f , gives the reflected polarization. It is explained with the help of a example in

chapter2, the method can be applied in this situation also. From equation (3.14), it is clear that

the reflected polarization is either equal to the incident polarization or it is 1800 out of phase

to it. The phase shift between the incident and reflected polarization is determined together

by the incident angle and tilt angle whereas the magnitude ofthe reflected polarization is

determined by the incident polarization.

Moving towards the extreme cases of linear incident polarization, the reflected polariza-

tion in the isotropic limit withs− and p− polarized incidence will becomee−i δre f |siso,sg =

sgn[ (4πσ1 + η − cosθ0) (4η − (1 + 4η (4πσ1 + η)) cosθ0 + cos 3θ0) ]e−i δext
ande−i δre f |sg

iso,p =

−sgn[ (4πσ1+η−cosθ0) (4η− (1+4η (4πσ1+η)) cosθ0+cos 3θ0) ]e−i δext
respectively. From

the equations it is clear that for a fixed conductivity element and a given substrate material,

elements which determine the reflected polarization are notonly the incident polarization but

also the incident angle. In the free standing case the reflected polarization withs− and p−
incident polarization depends only on the incident polarization. From Fig. 3.4 it is clear that at

angle of incidence less than around 650, the behavior of the reflected polarization with respect

to incident polarization is same as the free standing case, but as the incident angle increases,

it becomes exactly opposite to that of free standing case.

Fig. 3.5 shows the plot of the above given expressions which illustrates the behavior of

real and imaginary parts of reflected polarization with respect to incident polarization when
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F 3.5: Real and imaginary parts of reflected polarization versus incident polarization
when the incident wave iss and p - polarized. Left part shows the behavior of substrate-
graphene where the right part shows that of the free- standing graphene. Here the blue curves
are for real part of reflected polarization and red curves arefor imaginary part. The solid
curve signifies the situation withs - polarized incident wave whereas the dot-dashed curves

are forp - polarized incident wave. The incident wave is with frequency 200GHz

the incident wave is polarized in an extreme manner (s and p polarized) with angle of in-

cidence is large (greater than 650). This figure has two parts, first showing the behavior of

substrate graphene while the other part shows the variationof free standing graphene which

is given for a comparative study. Solid curves are fors - polarized incident intensity where as

dashed dotted curves are forp - polarized incident intensity. Blue curve is for real part and

red curves signifies the imaginary part. At large incidence,reflected polarization withs− po-

larized intensity in substrate graphene behaves as the reflected polarization withp− polarized

intensity in suspended graphene, that is there is a 1800 phase shift between the suspended

graphene and substrate graphene with extreme limits of incident polarization and large in-

cident angle. When the incident polarization itself vanishes, then the imaginary part of the

reflected polarization also vanishes and this makes the reflected polarization either zero or±π.

Now out of these the decision about reflected polarization isdone from the value of incident

angle and tilt angle.

In this section, the nature of reflection coefficient, transmission coefficient and reflected

polarization of light emerging from a substrate graphene are studied in the isotropic limit of

the conductivity tensor. In each and every situation we can see a comparison between the

present system under study and the system discussed in chapter 2. A similar study is done

as in the case of free standing graphene. The general behavior of these quantities remains
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the same when one compare between the free standing and substrate-graphene. But a close

observation of the optical quantities in various limits such asB = 0, µ = 0, θ0 = 0, θext
tilt → 0

andθext
tilt → π/2 shows a clear difference between the behaviors of the two systems. The three

quantities studied gives information about the conductivity tensor of the material.

3.5.2 Anisotropic Case

This section deals with the situation when the conductivitytensor of graphene is anisotropic,

it can happen in general two ways, one is when the off diagonal elements are non-zero or with

the vanishing off-diagonal elements and unequal diagonal elements. In the first case, there

are different possibilities: (i) all the elements can be different (ii) diagonal elements equal and

off-diagonal elements also equal (iii) diagonal elements equal but the off-diagonal elements

equal and opposite. Out of all these possibilities, only twoare considered for study, just as in

the case of free standing graphene. The cases under consideration are when i)σxx = σyy = σ1

andσxy = −σyx = σ2 and ii) σxx , σyy andσxy = σyx = 0. The first case can be named

an off-diagonal anisotropy and the second case can be called diagonal anisotropy. Here the

first case, i.e. the off-diagonal anisotropy is well explained in Gusynin et. al. [106] and

the source of this anisotropy is either the external magnetic field or the non zero chemical

potential. Therefore this situation is well understood andthe conductivity tensor in this stage

is also known and given by the equations (2.18, 2.19) in the microwave region and in the high

magnetic field limit. Numerical value is obtained from theseequations by the choice of its

parameters, that is ifΓ = 4K, µ = −6K, T = 0.5K andΩ = 9.6K the diagonal conductivity

become 6.28× 10−4 and the off-diagonal conductivity 1.78× 10−3 for a zero gap situation

and (5.83× 10−4, 1.63× 10−3) for a finite gap of the order of 3K. Here conductivity elements

appears to be dimensionless becausec is chosen as unity. The diagonal anisotropy case is

studied in Strikha et. al. [104] which says that such kind of anisotropy can be expected in

an in-planar electric field. We can guess that it may also happen when there is a structural

anisotropy in the material due to disorder or an external agent like strain. Since the behavior

of the conductivity tensor under this situation is not clear, this part of the study is done by

choosing the diagonal conductivity elements asσxx = σ + ∆σ2 andσyy = σ − ∆σ2 whereσ

is taken as the universal optical conductivitye2

4~ and∆σ is chosen randomly to be a small

quantity which is consistent with Strikha et. al. of the order of 10−4.
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As in the isotropic limit, here also the three optical quantities are considered for study, viz.

coefficient of reflection, coefficient of transmission and the reflected polarization. Here also

the incident energy is in the microwave region of the electromagnetic spectrum, specifically

at 200GHz.

3.5.2.1 Reflection Coefficient

In the case of off-diagonal anisotropy, i.e. whenσxx = σyy = σ1 andσxy = −σyx = σ2

Rsg
o f f = ro f f

1,sg cos2 θext
tilt + ro f f

2,sg sin2 θext
tilt + ro f f

3,sg sin 2θext
tilt cosδext (3.15)

ro f f
1,sg =

1
(ǫ cosθ0 + η)2

× [(− cosθ0 + η) (8πσ1 − cosθ0 + η) (sin2 θ0 + cosθ0η)
2

+ 4π2 (2 (−1+ 2ǫ)σ2
2 + 2 ((−1+ ǫ) σ2

1 + σ
2
2) cos 2θ0 + σ

2
1 (1+ 2ǫ + cos 4θ0)

+ 8σ2
1η cosθ0 sin2 θ0)]

ro f f
2,sg =

1

2 (− sin2 θ0 + ǫ2 cos2 θ0 + ǫ (1+ 2 cosθ0η))
× [(−1+ ǫ (2+ ǫ))

+ 8π2 cos2 θ0 ((−2+ 4ǫ)σ2
1 + (1+ 2ǫ)σ2

2 + 2 (σ2
1 + (−1+ ǫ)σ2

2) cos 2θ0 + σ
2
2 cos 4θ0)

+ 4π (2ǫσ1 − πσ2
2 (cos 3θ0 + cos 5θ0)) η + cos 2θ0 (1+ ǫ2 + 8πǫσ1η)

+ 4 cosθ0 (2π (1− 2ǫ) σ1 − 2πσ1 cos 2θ0 + (−ǫ + 2π2σ2
2) η)]

ro f f
3,sg =

1

2 (− sin2 θ0 + ǫ2 cos2 θ0 + ǫ (1+ 2 cosθ0η))
× 4πσ2 sin2 θ0[(−2+ 5ǫ + cos 4θ0)

+ 8πσ1η − 2 cos 3θ0η + cosθ0 (−8π (−1+ ǫ) σ1 − 8πσ1 cos 2θ0 − 2 (2+ ǫ) η)

+ cos 2θ0(1+ 3ǫ + 8πσ1η)]

In the case of diagonal anisotropy, i.e. whenσxx , σyy andσxy = σyx = 0

Rsg
diag = rdiag

1,sg cos2 θext
tilt + rdiag

2,sg sin2 θext
tilt + rdiag

3,sg sin 2θext
tilt cosδext (3.16)
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rdiag
1,sg =

1
(ǫ cosθ0 + η)2

× [(− cosθ0 + η) (sin2 θ0 + cosθ0η)
2 (4π (σ1 + σ4

+ (−σ1 + σ4) cos 2φ0) + (− cosθ0 + η)) + π
2 (4 (σ1 + σ4 + (−σ1 + σ4) cos 2φ0)

2

(sin2 θ0 + cosθ0η)
2 + 4 (σ1 − σ4)

2 (ǫ − sin2 θ0) sin2 2φ0)]

rdiag
2,sg =

1
(ǫ cosθ0 + η)2

× cot2 θ0 [4π2 (σ1 − σ4)
2 sin2 θ0 (sin2 θ0 + cosθ0η)

2 sin2 2φ0

+ (sinθ0 (ǫ + 2π (σ1 + σ4) η + 2πη (σ1 − σ4) cos 2φ0) − η tanθ0)
2]

rdiag
3,sg =

1
8 (ǫ cosθ0 + η)2

× π cotθ0 [16π (−σ1 + σ4) cosφ0 sinθ0 (2 (−1+ 2ǫ + cos 2θ0)

(σ1 + σ4 + (σ1 − σ4) cos 2φ0) + 4 (σ1 + σ4 + (−σ1 + σ4) cos 2φ0)

(sin2 θ0 + cosθ0η)
2) sinφ0 − 2 (σ1 − σ4) (− cosθ0 + η) (2 (−1+ 7ǫ) cosθ0

+ (1+ 2ǫ) cos 3θ0 + cos 5θ0 + 8 cos 2θ0 sin2 θ0η) sin 2φ0 tanθ0]

whereσxx = σ1 andσyy = σ2. The basic difference between these two cases is clear from the

first glance that is there is no azimuthal angle dependence inthe reflection coefficient as in

the isotropic limit where as there is azimuthal angle playing a role in the diagonal anisotropic

situation. Both these cases the coefficient is a function of incident angle, tilt angle, incident

polarization, conductivity tensor elements and the dielectric constant of the substrate mate-

rial. In this limiting case also, two quantities are considered one is the reflection coefficient of

substrate-graphene denoted byRsg
aniso and the other is reflection coefficient with the substrate

contribution subtracted out denoted byRsg
aniso− Rs of which the latter helps to understand the

actual influence of substrate material on graphene reflection. Influence of gap in the quasi-

particle spectrum on the reflected intensity which is comingthrough the conductivity tensor

elements decreases the reflection coefficient unlike that of the isotropic situation. Also the

overall increase in the magnitude of reflected intensity dueto the presence of substrate ma-

terial can be understood from the study of reflected intensity with the substrate contribution

subtracted out with the reflected intensity from substrate-graphene always greater than that

due to the corresponding dielectric material. Dependence with respect to different parameters

are studied, the behaviors showing almost similar characteristics of free standing situation.

The situation with linearly polarized incidence is included as a separate section which carries

various interesting information.
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3.5.2.2 Transmission Coefficient

In the case of off-diagonal anisotropy, i.e. whenσxx = σyy = σ1 andσxy = −σyx = σ2.

Tsg
o f f = to f f

1,sg cos2 θext
tilt + to f f

2,sg sin2 θext
tilt + to f f

3,sg sin 2θext
tilt cosδext (3.17)

to f f
1,sg =

1
2(ǫ cosθ0 + η)2

× [−32πǫ σ1 cos3 θ0 + 4 cos2 θ0 (ǫ (1+ 8π2 (σ2
1 + σ

2
2))

+ cos 2θ0 (−1+ ǫ + cos 2θ0)) − 32π2σ2
1 cos 2θ0 sin2 θ0 + 2 cosθ0 (16πσ1 cos 2θ0 sin2 θ0

+ (1+ 8π2σ2
1) η) − η ((1+ 16π2σ2

1) cos 3θ0 + cos 5θ0 + 16πσ1 sin2 2θ0)]

to f f
2,sg =

1
(ǫ cosθ0 + η)2

× 4 cos2 θ0 [ǫ (1+ 2π2 (σ2
1 + σ

2
2)) + 2π (−πσ2

2η cos 3θ0

+ π cos 2θ0 (ǫ (σ2
1 + σ

2
2) − 2σ2

2 sin2 θ0) + cosθ0 (−2ǫσ1 + πη σ
2
2))]

to f f
3,sg =

1
(ǫ cosθ0 + η)2

× 8πσ2 cosθ0 sin2 θ0 [−2πσ1 cos 2θ0 + cosθ0 (ǫ + cos 2θ0

+ 4πη σ1 − 2η cosθ0)]

In the case of diagonal anisotropy, i.e. whenσxx , σyy andσxy = σyx = 0.

Tsg
diag = tdiag

1,sg cos2 θext
tilt + tdiag

2,sg sin2 θext
tilt + tdiag

3,sg sin 2θext
tilt cosδext (3.18)

where

tdiag
1,sg =

1
(ǫ cosθ0 + η)2

× [4 cos2 θ0 (sin2 θ0 + η cosθ0)
2 − 8π cosθ0 (σ1 + σ4 + (−σ1

+ σ4) cos 2φ0) (sin2 θ0 + η cosθ0)
2 + 4π2 ((σ1 + σ4 + (−σ1 + σ4) cos 2φ0)

2 sin4 θ0

+ 2 cosθ0 (σ1 + σ4 + (−σ1 + σ4) cos 2φ0)
2η sin2 θ0 + 4 cos2 θ0 (σ2

1 η
2 sin2 φ0

+ cos2 φ0 (σ2
4 η

2 + (σ1 − σ4)
2 sin2 θ0 sin2 φ0)))]
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tdiag
2,sg =

1

(− sin2 θ0 + ǫ2 cos2 θ0 + ǫ (1+ 2 cosθ0η))
× 4 cos2 θ0 [ǫ − 2πǫ cosθ0 (σ1 + σ4

+ (σ1 − σ4) cos 2φ0) + 4π2 cos2 θ0 (ǫ σ2
4 sin2 φ0 + cos2 φ0 (ǫ σ2

1

− (σ1 − σ4)
2 sin2 θ0 sin2 φ0)) + π

2 (σ1 − σ4)
2 sin2 θ0 (sin2 θ0 + 2η cosθ0) sin2 2φ0]

tdiag
3,sg =

1

(− sin2 θ0 + ǫ2 cos2 θ0 + ǫ (1+ 2 cosθ0η))
× π (σ1 − σ4) cosθ0 [4π(σ1 + σ4

+ (−σ1 + σ4) cos 2φ0) sin4 θ0 sin 2φ0 + cosθ0 (−1− 6ǫ − 2 (−1+ ǫ) cos 2θ0 − cos 4θ0

+ 2η (cos 3θ0 + 4π (σ1 + σ4 + (−σ1 + σ4) cos 2φ0) sin2 θ0)) sin 2φ0

+ cos2 θ0 (−4η cosφ0 sinφ0 − 16π cosφ0 sin2 θ0 sinφ0 (σ4 cos2 φ0 + σ1 sin2 φ0)

+ 8πǫ (σ1 + σ4) sin 2φ0)]

whereσxx = σ1 andσyy = σ4. It is seen that the main difference between the two cases

of anisotropy, namely the diagonal and off-diagonal anisotropy, is that there is no azimuthal

angle dependence in the transmission coefficient for off-diagonal anisotropy whereas the di-

agonal anisotropic situation shows an azimuthal angle dependence. Except for this, both

are functions of incident angle, tilt angle and the incidentpolarization, conductivity tensor

elements for graphene and dielectric constant of the substrate material. The study of trans-

mission coefficient goes in parallel with the reflection coefficient,that is two quantities are

of importance here the transmission coefficient of substrate graphene denoted byTsg
aniso and

the transmission coefficient without the purely substrate contribution denoted byTsg
aniso− Ts.

These quantities are studied with respect to various angle parameters for both the types of

anisotropy. A decrease in magnitude of transmission coefficient is clear from the study due to

presence of substrate. Influence of gap in the quasi-particle spectrum in transmitted intensity

is to increase it in the case of off-diagonal anisotropy unlike the situation in isotropic limit.

Also the differential transmission coefficient is always negative for the full range of parameter

values which shows that the transmitted intensity of substrate-graphene is always less than

that of its corresponding dielectric material alone.

In this section, the situation when the incident wave is linearly polarized it studied in

detail. First two extreme cases are considered, by now it is clear that one iss− polarization

and the other isp− polarization. Fig. 3.6 shows the variation of transmitted intensity of

substrate graphene with respect to incident angle when the incident wave is linearly polarized

TH-997_05612102



3.5. Results and Discussion 75

in an extreme way.

F 3.6: Transmission coefficient versus incident angle with anisotropic graphene con-
ductivity tensor when the incident wave is linearly polarized. This figure has three parts (a)
substrate-graphene (b) difference in transmission intensity between substrate-graphene and
dielectric substrate (c) free-standing situation. Here the solid curves are fors - polarized inci-
dence case and dot-dashed curves are forp - polarized incidence. The magenta curve is with
the off-diagonal anisotropy and brown curves are for diagonal anisotropic situation. Here the

incident photon is considered with frequency in the microwave region i.e. say at 200GHz

The figure has three parts, Fig. 3.6a shows the variation of substrate-graphene, Fig.

3.6b shows the behavior of differential transmission coefficient and the third part Fig. 3.6c

shows the suspended results for a comparative study. Each ofthe curves many curves in it of

which the brown curves are for diagonal anisotropic situation and magenta curves are for off-

diagonal anisotropic case. The solid curves are with the incident waves - polarized and the

dash-dotted curves are with incident light beingp - polarized. We can see the difference in be-

havior of transmitted intensity in the two systems, substrate graphene and suspended graphene

for different kinds of anisotropy. To make sure the influence of substrate on graphene trans-

mission and to differentiate between the anisotropy, the differential transmission coefficient is

TH-997_05612102



76 Chapter 3. Substrate - Graphene

also given whose magnitude is always negative which impliesthe decrease in magnitude of

the substrate-graphene compared to the simple dielectric material as seen earlier.

Fig. 3.6b shows a clear distinction between the different anisotropic situations. When

compared with the free standing situation we can see that both the cases, thes− polarized

incidence andp− polarized incidence is behaving in an entirely different way in substrate-

graphene. Instead of a sharp decrease in magnitude for angleof incidence close to gracing

incidence which was the case in free standing case, thes− polarized incidence shows a smooth

decrease in transmitted intensity. Thep− polarized incidence shows an entirely different

behavior compared to the free standing case, i.e. a smooth decrease in magnitude as the angle

of incidence increases but through a different path compared to thes− polarized incidence.

In the free standing case it is a smooth increase as can be seenfrom Fig. 3.6c. The trivial

case of linearly polarized incidence, which is when the incident polarization is vanishing, the

behavior is similar to that of the general case of anisotropy.

3.5.2.3 Comparison of Reflection and Transmission

A comparison between the reflection and transmission coefficient is done with respect to the

dielectric constant. This is to observe the effect of different substrate materials on the optical

properties of graphene. This study is explained with the help of Fig. 3.7. Note that the

reflection coefficient increases with dielectric constant whereas the transmission coefficient

decreases. In Fig. 3.7, all the cases of anisotropy togetherwith the isotropic condition for

zero gap situation is plotted. The solid curves are for reflection and dotted curves are for

transmission. Isotropic behavior is highlighted with green curves, the off-diagonal anisotropic

situations with magenta curves whereas the diagonal anisotropic cases with brown curves. We

can see from the figure that all the situations merge into a single curve for both reflection and

transmission. To observe the difference between the various situations, the purely substrate

contribution can be subtracted out which is shows as Fig. 3.7b. We can see that the isotropic

case and the diagonal anisotropy are very close in magnitude. The behavior is same for all the

cases.
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F 3.7: Reflection and transmission coefficient of substrate graphene as a function of the
dielectric constant of the substrate where the incident wave being at 200GHz. This figure has
two parts, the left part shows the reflection and transmission intensity of substrate-graphene
where as the right part shows the difference intensity of reflected and transmitted wave be-
tween the substrate-graphene and dielectric substrate. Here the solid curve is for reflection
and dashed curve is for transmission. Isotropic situation is represented by the green curves,
off-diagonal anisotropic limit is shown by the magenta curves and diagonal anisotropic case

is given by the brown colored curves.

3.5.2.4 Reflected Polarization

Whenσxx = σyy = σ1 andσxy = −σyx = σ2

ei δre f |sg
o f f =

nsg
1,o f f + i nsg

2,o f f
√

dsg
1,o f f dsg

2,o f f

(3.19)

nsg
1,o f f =

1
(cosθ0 + η) (ǫ cosθ0 + η)

× [4πσ2 (ǫ + 4πη σ1 − (sin2 θ0 + η cosθ0)) cos2 θext
tilt

− 4πσ2 cosθ0 (−η + cosθ0 (ǫ + 4πη σ1)) sin2 θext
tilt + (16π2η σ2

2 cosθ0

+
1
2

(8πη σ1 cos2 θ0 + ((−1+ 3ǫ + (1+ ǫ) cos 2θ0) + 8πη σ1) − 2 cosθ0 (8πǫ σ1

− 4πσ1 sin2 θ0 + ((1+ ǫ) + 16π2σ2
1) η)))sinθext

tilt cosθext
tilt cosδext]
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nsg
2,o f f =

1
(cosθ0 + η) (ǫ cosθ0 + η)

× [(16π2η σ2
2 cosθ0 −

1
2

(8πη σ1 cos2 θ0 + ((−1+ 3ǫ

+ (1+ ǫ) cos 2θ0) + 8πη σ1) − 2 cosθ0 (8πǫ σ1 − 4πσ1 sin2 θ0 + ((1+ ǫ)

+ 16π2σ2
1) η)))sinθext

tilt cosθext
tilt sinδext]

dsg
1,o f f =

1
(cosθ0 + η)2

× [(4πσ1 − cosθ0 + η)
2 cos2 θext

tilt + 16π2σ2
2 cos2 θ0 sin2 θext

tilt

+ 4πσ2 cosθ0 (4πσ1 − cosθ0 + η) sin 2θext
tilt cosδext]

dsg
2,o f f =

1
(ǫ cosθ0 + η)2

× [16π2η2σ2
2 cos2 θext

tilt + (η − cosθ0 (ǫ + 4πη σ1))
2 sin2 θext

tilt

− 4πσ2 (η2 + cosθ0 (ǫ η + 4πη2σ1)) sin 2θext
tilt cosδext]

Whenσxx , σyy andσxy = σyx = 0

ei δre f |sg
diag =

nsg
1,diag + i nsg

2,diag
√

dsg
1,diag dsg

2,diag

(3.20)

nsg
1,diag =

1
(cosθ0 + η) (ǫ cosθ0 + η)

× [−2πη (σ1 − σ4) (2π (σ1 + σ4) − cosθ0

+ 2π (−σ1 + σ4) cos 2φ0 + η) sin 2φ0 cos2 θext
tilt − 2π (σ1 − σ4) cosθ0((−1+

2πη (σ1 − σ4) cosθ0 cos 2φ0) + cosθ0 (ǫ + 2π(σ1 + σ4) η)) sin 2φ0 sin2 θext
tilt

+ (−16π2η (σ1 − σ4)
2 cosθ0 cos2 φ0 sin2 φ0 − (2π (σ1 + σ4) − cosθ0

+ 2π (−σ1 + σ4) cos 2φ0 + η) ((−1+ 2π (σ1 − σ4) cosθ0 cos 2φ0) η

+ cosθ0(ǫ + 2π (σ1 + σ4) η))) sinθext
tilt cosθext

tilt cosδext]
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nsg
2,diag =

1
(cosθ0 + η) (ǫ cosθ0 + η)

× [(−16π2η (σ1 − σ4)
2 cosθ0 cos2 φ0 sin2 φ0

+ (2π (σ1 + σ4) − cosθ0 + 2π (−σ1 + σ4) cos 2φ0 + η) ((−1+ 2π (σ1

− σ4) cosθ0 cos 2φ0) η + cosθ0 (ǫ + 2π (σ1 + σ4) η))) sinθext
tilt cosθext

tilt sinδext]

dsg
1,diag =

1
(cosθ0 + η)2

× [(2π (σ1 + σ4) − cosθ0 + η + 2π (−σ1 + σ4) cos 2φ0)
2 cos2 θext

tilt

+ 16π2 (σ1 − σ4)
2 cos2 θ0 cos2 φ0 sin2 φ0 sin2 θext

tilt + 2π (σ1 − σ4) cosθ0 (2π(σ1 + σ4)

− cosθ0 + η + 2π (−σ1 + σ4) cos 2φ0) sin 2φ0 sin 2θext
tilt cosδext)]

dsg
2,diag =

1
(ǫ cosθ0 + η)2

× [4π2η2 (σ1 − σ4)
2η2 sin2 2φ0 cos2 θext

tilt + ((−1+ 2π (σ1

− σ4) cosθ0 cos 2φ0) η + cosθ0 (ǫ + 2π (σ1 + σ4) η))
2 sin2 θext

tilt + 2π (σ1 − σ4)

(−ǫ + sin2 θ0 + cosθ0(π (−1+ 2ǫ + cos 2θ0) (σ1 + σ4 + (σ1 − σ4) cos 2φ0)

+ ǫ η)) sin 2φ0 sin 2θext
tilt cosδext]

whereσxx = σ1 andσyy = σ2. It is clear from the equations (3.19, 3.20) that the off-diagonal

anisotropy is different from diagonal anisotropy by its azimuthal angle independence. Note

that both the real and imaginary parts of the polarization ofreflected wave is a function of

incident, angle, tilt angle of the incident polarization ellipse and the incident polarization.

Fig. 3.8 shows the variation of the real and imaginary parts of reflected polarization with

respect to the incident angle. This figure has two parts Fig. 3.8a showing the behavior of real

part of reflected polarization and Fig. 3.8b shows that of imaginary part. Each of the figures

consists of several curves, of which the dark curves are for substrate-graphene whereas the

lighter curves are for free standing graphene. Brown curvesshows the behavior with diagonal

anisotropy and the magenta curves shows that with off-diagonal anisotropy. We can com-

pare the two systems and see the difference in behavior. Both the diagonal and off-diagonal

anisotropic situation shows a constant behavior for the real part of reflected polarization fol-

lowed by a sharp increase or decrease at a particular incident angle which is determined by the

tilt angle of the incident polarization ellipse. In the freestanding situation the variation of the

real part in both the anisotropic cases is slow and it shows anextreme value only at gracing

incidence. Similarly, the imaginary part given in Fig. 3.8bshows a step like behavior and
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F 3.8: Reflected polarization versus incident angle when the graphene has different types
of anisotropy with incident photon in the microwave region of the electromagnetic spectrum
with frequency 200GHz. The left part of the figure shows the behavior of real part and
the right part shows that of imaginary part. In each of the figure the behavior of substrate-
graphene (dark) and free-standing (light) are shown. Magenta curves are for off-diagonal

anisotropy and brown curves are for diagonal anisotropy.

shows a sharp shift from its value of−1 to+1 at a particular angle of incidence in substrate-

graphene for both the anisotropic situations which is entirely different from its corresponding

free standing situation which are shown in the same figure.

The behavior of reflected polarization can be studied using equations (3.19, 3.20) with

respect to other parameters also in general case and also in special limits like linearly polarized

incidence.

In short, in this subsection, the situation with the conductivity tensor of graphene being

anisotropic is discussed. Mainly, three coefficients are studied, reflection, transmission and

the reflected polarization. Two different kinds of anisotropy is considered for study, the off-

diagonal and diagonal. Variation of the coefficients with respect to each of the parameters

is studied and some of them is discussed in detail with the help of various plots. In each

stage the results are compared with that of the free standingcase for a clear understanding

of the two situations. For getting a clear picture about the influence of substrate material on

graphene, the differential coefficients are also considered for study in the case of reflection

and transmission.
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3.5.3 Brewster’s Law

This section discusses a well known phenomena in optics known as Brewster’s law, related to

substrate-graphene. For an easy comparison with the standard study in a dielectric material,

the amplitude reflection coefficient is preferred instead of intensity reflection coefficient. This

study is done in both the limits: with the conductivity tensor being isotropic and anisotropic.

Fig. 3.9a shows the variation of amplitude reflection coefficient of substrate graphene versus

the incident angle. Even though only two curves are prominently visible in the figure, there

are many curves which signifies different situations. The solid curves are for the situation with

incident wave ass- polarized and the dashed-dotted curves are for the case with incident wave

p - polarized. Green curves are with isotropic conductivity tensor, magenta curves are with

conductivity tensor being off-diagonal and brown curves are for conductivity tensor being

diagonal. Even though the different situations cannot be distinguished from each other we

can see signatures of Brewster’s phenomenon.

In general, Brewster’s law explains the phenomenon: polarization by reflection. Accord-

ing to this law, for a certain angle of incidence a monochromatic light is entirely polarized

upon reflection. The refracted beam is partially polarized,but the reflected beam is com-

pletely polarized parallel to the reflecting surface (s - polarization). This means that at this

particular angle known as Brewster’s angle, thep− polarized intensity vanishes with a non-

zeros− polarized intensity. From Fig. 3.9a, we can see that at a value of incident angle close

to 630, the p− polarized intensity vanishes with a non zero value of thes− polarized inten-

sity. Fig. 3.9a depicts that this is a signature of Brewster’s phenomena in graphene deposited

on a substrate material. The portion of Fig. 3.9a around the incident angle 630 is enlarged

and shown as an inset which shows the reflected amplitude withp - polarized incident wave.

From the inset the exact position and magnitude of the minimum can be made clear. The inset

shows that the isotropic case and the diagonal anisotropic case really goes to zero reflection

when the incident wave isp− polarized. The angle at which the reflected amplitude with

p - polarized incident wave approaches zero is the Brewster’sangle and this angle lies very

close to each other in the case of isotropic and diagonal anisotropic case the exact value of

which is 63.40. Note that the Brewster’s minimum with off-diagonal conductivity tensor is

much higher than the other two cases and the angle also shiftsby a small amount to the left.

We can see that if the strength of the diagonal anisotropy increases the Brewster’s angle shift

towards right. For a comparative study with the free standing situation, the corresponding
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F 3.9: Brewster’s Law: Amplitude reflection coefficient versus incident angle when the
incident wave iss and p - polarized with frequency 200GHz. This figure has two parts (a)
substrate-graphene (b) free-standing graphene. The insetof (a) shows the reflected amplitude
when the incident wave isp - polarized and incident angle is close to Brewster’s angle.This
shows that the Brewster’s minimum for different forms of the conductivity tensor is different.
Here the solid curve is for the case withs - polarized incident wave and dot-dashed curves
are for the case withp - polarized incident wave. Blue curve is for the isotropic situation,
magenta curve is for off-diagonal anisotropic conductivity tensor and brown curves are for

diagonal anisotropic conductivity tensor.

behavior is shown as Fig. 3.9b which shows the same amplitudereflection coefficient versus

incident angle. We can see that no such phenomena can be observed in this case, since thep -

polarized situation goes to minimum only at gracing angle. In the free standing situation, the

different types of anisotropy can be distinguished which may be due to the small magnitude

of reflection coefficient compared to the substrate graphene.

To know how graphene is affected by the presence of substrate material in detail, the

substrate contribution is subtracted out from the amplitude reflection coefficient (r sg
s(p) − r s

s(p))

and is plotted versus incident angle in Fig. 3.10. It is seen from the plot that there is very sharp

change in magnitude of the difference reflection coefficient with an incidentp− polarized

wave at an angle close to 630. The figure clearly demonstrates a change in sign and it gives

an impression that that there is a finite discontinuity of about 0.1 in magnitude. But if the

portion close to 630 is enlarged it is seen that, in reality it is a continuous behavior. The
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F 3.10: Brewster’s Law: Difference in reflected amplitude between the substrate-
graphene and a purely dielectric substrate material versusincident angle when the incident
wave iss and p - polarized and with a frequency 200GHz. Inset shows the reflected am-
plitude difference when the incident wave isp - polarized and the incident angle close to
Brewster’s angle. This highlights the discontinuous like part of the original figure and shows
that it is not a discontinuity at all and the continuous behavior depends largely on the form
of conductivity tensor. Here the solid curve is for the case with s - polarized incident wave
and dot-dashed curves are for the case withp - polarized incident wave. Blue curve is for
the isotropic situation, magenta curve is for off-diagonal anisotropic conductivity tensor and

brown curves are for diagonal anisotropic conductivity tensor.

enlarged portion is shown as an inset to Fig. 3.10. We can see that, below a particular angle

close to 630, the reflection coefficient due to substrate-graphene leads in magnitude that of

the situation with a pure dielectric substrate; but above this angle it is just the reverse. The

inset showing the apparent discontinuity (it has a really steep but finite slope) in amplitude

reflection coefficient without substrate contribution with ap− polarized incident wave shows

how the different cases of anisotropy varies from each other. The difference between the

diagonal and off diagonal anisotropy is clearly understandable where the discontinuity reduces

to a kink. The magnitude of the discontinuity is large when the conductivity tensor is isotropic

and it reduces an appreciable amount with off-diagonal anisotropy. Hence in all the cases,

the isotropic as well as the anisotropic cases, close to the Brewster’s angle, the variation in

difference reflection coefficient with respect to incident angle is so sharp that it appears like a

discontinuity when observed in a large scale.

The observation of Brewster’s phenomenon itself is a difference between the free standing

situation and the substrate graphene.
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(a)

(b) (c)

F 3.11: Fig. (a) shows the amplitude reflection coefficient of substrate-graphene at
Brewster’s angle versus azimuthal angle of thep - polarized incident wave when the graphene
conductivity has a diagonal anisotropy. Fig. (b) shows its 3D variation with respect to incident
angle and azimuthal angle. Fig. (c) shows the azimuthal angle dependence of Brewster’s

angle. In all the cases the incident photon frequency is 200GHz

It is clear from equations (3.15,3.16) that the off-diagonal anisotropic situation is inde-

pendent of azimuthal angle as in the isotropic limit whereasthere is an azimuthal angle

dependence in the diagonal anisotropic case. Therefore there is a dependence of reflection

coefficient on the azimuthal angle even if the incident wave is linearly polarized. This is im-

portant in the sense that it is possible to observe Brewster’s phenomena for more than one

angle of incidence or in other words there are two angle parameters (θ0 andφ0) associated

with the Brewster’s phenomena observed in substrate graphene unlike in the case of an or-

dinary material. Fig. 3.11a shows the amplitude reflection coefficient of substrate-graphene
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at Brewster’s angle against the azimuthal angle when the incident wave isp - polarized, that

is the figure shows the variation of Brewster’s minimum with respect to azimuthal angle and

can be seen that the actual minimum occurs atφ0 = 0, π or 2π. There are two local minima

occurring atπ2 and3π
2 . To make the situation more clear a 3D variation with respectto incident

angle and azimuthal angle is shown in the second part of the figure, Fig. 3.11b. This will

help to find out the actual incident angle at which the Brewster’s phenomena is observed at

a high degree of accuracy. This study reveals that the reflected amplitude withp− polarized

incident intensity is not going to zero at Brewster’s angle if the graphene conductivity tensor

is anisotropic but goes to a minimum whose value oscillates with the azimuthal angle with

a period ofπ. Therefore in contrast to the situation with a dielectric material the Brewster’s

angle is determined not only by the incident angle but also bythe azimuthal angle. This study

is important because it gives a way to get the Brewster’s angle in a high degree of accuracy.

The variation of Brewster’s angle with respect to azimuthalangle is shown in the last part of

the figure, Fig. 3.11c. We can see that the Brewster’s angle varies between 63.30 and 63.40 at

regular intervals of the azimuthal angle. Even though the variation in Brewster’s angle is very

small of the order of 0.10, it is important to understand the dependence on the azimuthal angle.

It is expected that the Brewster’s angle varies considerable when the anisotropy involved in

the system is very strong.

One may get a feeling at this stage that the Brewster’s phenomenon explained here may

only be due to substrate because of its extreme resemblance with the Brewster’s law of a

general dielectric material But as can be noted from the plots just described (Fig. 3.10), the

anisotropic behavior of the graphene conductivity tensor makes the Brewster’s phenomena in

graphene on a substrate, different from that in a purely dielectric material, which is mainly the

azimuthal angle dependence of the Brewster’s minimum and the Brewster’s angle. One can

understand that the presence of substrate acts as a platformfor the observation of Brewster’s

law in graphene.

3.6 Conclusions

In this chapter the system considered for study is the substrate- graphene. i.e. a 2D graphene

sheet deposited on a dielectric material with dielectric constantǫ. The substrate material is
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considered to be a non-magnetic perfect dielectric material. The chapter previous to this con-

sidered the free standing graphene for study using various optical quantities. In this chapter

also a similar route is followed for an easy comparison of thepresent system with the free

standing situation. Study done in the free standing system is considered as a reference to the

present study and a comparison is made in each stage to check the correctness as well as to

understand the influence of the presence of substrate material on the optical properties of pure

graphene. This is the main aim of this study. Plane electromagnetic wave is incident on the

system at an arbitrary angle and the emergent field from the system is calculated by solving

Maxwell’s equations for the system using the boundary conditions. Presence of substrate ma-

terial is evident from the dielectric constant appearing inMaxwell’s equations. The emergent

field has two parts - reflection and transmission with help of which various physically impor-

tant quantities have been calculated. It is found that they are functions of various parameters

related to the incident wave (which are the angle parameters) and also the parameters specific

about the material (conductivity tensor elements) and the substrate material (dielectric con-

stant). With respect to each of these parameters behavior ofthe system has been studied by

fixing the conductivity tensor elements. The correctness ofthe equations are checked with

the help of two different limits, one when the conductivity tends to zero and thedielectric

constant tends to unity. The former gives rise to the free standing situation and the latter

the perfect dielectric results, which is well studied in most of the optics text books. Initially

the conductivity tensor is considered to have its most general form, i.e. with all its elements

different from each other just as in the case of freely suspended graphene. Then depending

upon the different external fields acting on the system the conductivity tensor takes various

forms. The first division can be made, as the isotropic and anisotropic limits which can be of

different types. Isotropy can be due to the absence of magnetic field or due to the absence of

doping. Anisotropy can be of different types, but only two of them are considered here as in

the free standing situation. One is whenσxx = σyy = σ1 andσxy = −σyx = σ2 and the other is

whenσxx , σyy andσxy = σyx = 0 which are named as off- diagonal anisotropy and diagonal

anisotropy respectively. These different limits are studied separately with respect to various

parameters and compared with each other. The numerical value of the conductivity elements

for the isotropic situation and off-diagonal anisotropy are taken from Gusynin et. al. [106] by

the proper choice of the parameters. Information about the diagonal anisotropic conductivity

tensor is obtained from Strikha et. al. [104].

Optical coefficients considered for study in this chapter are the coefficient of reflection,
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coefficient of transmission and the polarization of the reflected wave. To understand the ef-

fect of substrate on these coefficients, coefficients with the substrate contribution subtracted

out are also considered for study, which enables one an easy comparison with the reference

system, the suspended graphene. A detailed study has been done, by considering different lim-

iting cases of various parameters. For example the linear polarization limit, normal incidence,

diagonal anisotropy, off-diagonal anisotropy, isotropic situation etc. The main comparative

study in this chapter is done between the two systems, the substrate-graphene and the free

standing situation. Then within that a comparison between the isotropic and anisotropic sit-

uations and also between different anisotropic situations are also taken into account. Optical

quantities mentioned above are studied with respect to eachof the angle parameters, dielec-

tric constant. The whole study is done within the microwave region of the electromagnetic

spectrum.

The main output obtained from this study is the difference between the substrate-graphene

and the freestanding graphene. How the presence of substrate affects the optical properties

of free standing situation. It is found that the presence of substrate increases the reflection

coefficient and decreases the transmission coefficient. The effect of gap on some cases are

decreased due to the substrate and in some cases it is indistinguishable. The change in magni-

tude of the coefficients are the first things to be noticed with substrate graphene. Variation of

transmission and reflection with respect to different substrate materials also has been studied.

The second point to be noted in this case is the linear incident polarization. The well known

phenomena in optics called′′ Brewster’s law′′ is observed in this system which was not found

in the suspended graphene. For a particular set of parameters chosen, it is found here that with

a substrate material with dielectric constant 3.9 (silicon dioxide), the Brewster’s angle is close

to 630. In the suspended graphene the reflection withp− polarized incidence goes to a mini-

mum only at gracing incidence which is the reason why this phenomenon is not observed in

that system. The main peculiarity of Brewster’s phenomenonin graphene is the additional

dependence of Brewster’s angle on the azimuthal angle. The minimum observed in reflec-

tion with p− polarized incidence may not be the actual minimum and the actual minimum

of reflected intensity, i.e. perfect polarization by reflection, is obtained by tuning not only

the incident angle but also the azimuthal angle which can help for an accurate measurement

of the Brewster’s angle. This may be technologically important for applications in which a

perfectly polarized light is needed. There are other differences discussed in the text of this
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chapter which differentiates between the substrate-graphene and the corresponding free stand-

ing situation by which one can actually study the change in properties due to the presence of

the substrate material. As a whole it is seen that the presence of substrate affects the optical

properties of graphene, both in its magnitude and behavior.
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Chapter 4

Bi-layer Graphene

In the previous two chapters (2, 3) two different systems were considered, namely mono-

layer graphene in its free-standing form and mono-layer graphene deposited on a substrate.

There are various other systems related to mono-layer graphene. In this chapter a system of

two mono-layer graphene (bi-layer graphene) is considered. This study is done based on the

results of suspended mono-layer graphene. A series summation method is used to derive the

emergent electric field for this two layer system.

We consider the two monolayers as being independent. However this assumption is known

to fail quite strongly when the incident light is in the microwave region and is still question-

able in the optical region. Pioneering works [138], [122] have considered interlayer coupling

effects by incorporating the band structure of a bilayer systemwhich is very different from that

of a monolayer. These works have evaluated the optical conductivity of a bilayer from first

principles, by taking into account the modified band structure. Our aim in this work is more

modest. We wish to retain our simple minded picture of independent layers and incorporate

these effects of modified band structure indirectly by asserting thatthe independent monolay-

ers have an effective or renormalized conductivity that depends on the number of layers in

the system. This renormalized conductivity has to be fitted from either experimental data or

by a comparison with detailed theoretical works such as [138], [122]. However this approach

clearly compromises the predictive power of our model. Thusfor the bilayer system, our in-

dependent layer assumption is likely to be of limited applicability, except when we consider

the incident wavelength to be in the soft X-ray region. In this case, inter-layer effectst⊥ may

be ignored (the parameter (t⊥
hν)

2 is small). The plots in the soft X-ray region demonstrate a

89
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sensitive dependence of reflection coefficient on the incident angle primarily due to the path

length which produces a large phase shift caused by the X-raytravelling between the two lay-

ers. The independent layer model is still included since it is a precursor for the treatment of

the multilayer system in the subsequent chapters when we treat the issue of renormalization

of the monolayer conductivity in a more careful, albeit phenomenological manner.

As in previous chapters, initially the situation under consideration is described in detail

followed by the explanation of the method of calculation of the emergent field. Various optical

quantities are studied in this chapter such as coefficient of reflection. Finally the results are

discussed in detail with the help of a few plots.

4.1 Problem Description

A free standing bi-layer graphene sheet is considered for study in this chapter. By bi-layer

graphene we mean a collection of two free standing (renormalized) mono-layer graphene

layers lying one on top of the other and separated by a distance of d which is of the order of

3.35 Å. As we have remarked earlier, in our approach, the monolayer graphene sheets have a

renormalized conductivity due to the very different nature of the band structure of the bilayer.

Instead of working from first principles, we use a phenomenological interpolation scheme

to estimate this renormalized value by comparing with refined theoretical approaches and

experiments that do take into account effects of band structure. This procedure is described

in detail in the next chapter. Here we merely quote the value of the renormalized effective

monolayer reflection matrix (G-matrix) for a bilayer as has been deduced in the next chapter.

The value for the renormalized G-matrix we have deduced in chapter (5) in the context of a

bilayer isGe f f = −0.01162.

The bi-layer system is important because it is the simplest two dimensional structure after

graphene and also because of potential technological applications due to the fact that it can

develop a tunable band gap by the application of an electric field [139, 140, 141]. Bi-layer

graphene considered for study consists of two equivalent mono-layer graphene sheets placed

one on top of other which are assumed to have the same properties, especially optical con-

ductivity. However as mentioned earlier, due to strong coupling between layers, especially

at longer-wavelengths, such as infra-red and microwave, wehave to assume an effective or
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renormalized conductivity. The system is kept in thexy plane, one layer atz = 0 and the

other atz = d. As mentioned in the previous chapters, an electromagneticwave with a wave

vectorq0 is incident on the system at an arbitrary angleθ0. The incident wave vector has all

the three Cartesian components. From the general form of electric field in terms of its com-

ponents along the polarization directions (discussed in chapter3) the incident electric field

can be written as,Eext(r , t) = ei q0,||·r || + iq0,zz −ic|q0|t ∑
ν=1,2 ûext

ν Eext
ν . Hereûext

ν are the unit vectors

in the two directions of polarization as defined in chapter2. And Eext
ν are the components of

the incident electric field along the above mentioned unit vectors the general representation

of which is also given in earlier chapters. To calculate the emergent electric field from the

bi-layer graphene surface we have made use of the mono-layerresults and is discussed in the

next section.

4.2 Emergent Electric Field: Method of Series Summation

Consider the emergent electric field for suspended mono-layer graphene given in chapter2

(see equations (2.11, 2.12)) which can be expressed in a compact form as given below: The

reflected field in mono-layer graphene:

Emono
re f (r , t) = eiq0,|| ·r || − iq0,zz − ic|q0|t G1,r · Einc(0) (4.1)

whereEinc(0) =
∑

ν=1,2 ûext
ν Eext

ν andG1,r is a 3× 3 matrix and is given below:

G1,r =

































2π (−|q0|2σxx+q0,x (q0,xσxx+q0,yσyx))
c|q0|q0,z

2π (−|q0|2σxy+q0,x (q0,xσxy+q0,yσyy))
c|q0|q0,z

0
2π

(

q0,xq0,yσxx+
(

−|q0|2+q2
0,y

)

σyx

)

c|q0|q0,z

2π
(

q0,xq0,yσxy+
(

−|q0|2+q2
0,y

)

σyy

)

c|q0|q0,z
0

−2π (q0,xσxx+q0,yσyx)
c|q0| −2π (q0,xσxy+q0,yσyy)

c|q0| 0

































(4.2)

The transmitted field in mono-layer graphene:

Emono
tran (r , t) = eiq0,|| ·r || + iq0,zz − ic|q0|t G1,t · Einc(0) (4.3)
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whereG1,t is a 3× 3 matrix and is given below:

G1,t =

































c|q0|q0,z+2π (−|q0|2σxx+q0,x (q0,xσxx+q0,yσyx))
c|q0|q0,z

2π (−|q0|2σxy+q0,x (q0,xσxy+q0,yσyy))
c|q0|q0,z

0
2π

(

q0,xq0,yσxx+
(

−|q0|2+q2
0,y

)

σyx

)

c|q0|q0,z

c|q0|q0,z+2π
(

q0,xq0,yσxy+
(

−|q0|2+q2
0,y

)

σyy

)

c|q0|q0,z
0

2π (q0,xσxx+q0,yσyx)
c|q0|

2π (q0,xσxy+q0,yσyy)
c|q0| 1

































(4.4)

It is seen that the two matrices for reflection and transmission do not commute in the most

general situation. In the limiting case of normal incidencewhereq0,x = q0,y = 0 andq0,z = |q0|,
the matrices commute.

F 4.1: Schematic of bi - layer graphene which shows multiple reflection when an electro-
magnetic wave is incident on it (red arrow).G1,r andG1,t are the reflection and transmission
matrices of mono - layer system andG

′

1,r andG
′

1,t are the reflection and transmission matrices
of mono - layer system withz component of the wave vector in the opposite direction,d is

the distance between the layers.

As mentioned in the earlier paragraph, with bi-layer graphene there are two separate mono-

layers which makes the wave transmitted from first layer incident on the second layer by

travelling a distanced and there is room for multiple reflection which makes the effective

reflection and transmission from the system, a series of terms. Therefore we must take care

of this effect also when the system consists of more than one layer. Thisis explained in Fig.

4.1. Here we can see that each time the wave encounters a layerexcept for the first time, it

has to travel a distanced which adds a path difference appreciable only in the X-ray region

between the waves ultimately emerging from the system as effective reflection and transmis-

sion. Hence in the emergent field of bi-layer system, both reflection and transmission matrices

TH-997_05612102



4.2. Emergent Electric Field: Method of Series Summation 93

of mono-layer graphene denoted byG1,r andG1,t are made use of. Reflected and transmitted

field from the bi-layer graphene can also be written in a matrix form as

Ere f,bi(r , t) = eiq0,|| ·r || − iq0,zz − ic|q0|t G2,r · Einc(0) (4.5)

Etran,bi(r , t) = eiq0,|| ·r || + iq0,zz − ic|q0|t G2,t · Einc(0) (4.6)

whereG2,r andG2,t are the reflection and transmission matrices of bi-layer system. It is written

in terms of corresponding matrices of mono-layer graphene as given below:

G2,r = G1,r +G
′

1,t ·G1,r ·
1

I 3 −G′

1,r ·G1,r e2i q0,zd
·G1,t e2i q0,zd (4.7)

G2,t = G1,t ·
1

I 3 −G′

1,r ·G1,r e2i q0,zd
·G1,t ei q0,zd (4.8)

HereI 3 is the 3× 3 identity matrix and the matrices with primes are the corresponding matri-

ces for reflection and transmission for mono-layer system with negativez component of the

incident wave vector, that isG
′

1,r is the matrix for reflection if it is travelling towardsz > 0

region andG
′

1,t is the matrix for transmission if it is travelling towardsz< 0 region. This kind

of treatment is needed for the transversality condition to be satisfied. (By transversality we

mean thatq · E = 0 whereq is the wave vector for the particular situation andE is the cor-

responding electric field). The exponential factors in equations (4.7, 4.8) are due to the path

difference between the waves each time when it interact with any of the layers. Out of the

four matrices for mono-layer graphene, the matrices which commute areG1,r andG
′

1,t andG1,t

with G
′

1,r in a general situation of oblique incidence. But when it comes to normal incidence,

all the matrices commute with each other. Turning to the matrices for bi-layer graphene given

by equations (4.7, 4.8), they don’t commute with each other except when the wave is inci-

dent normal to the surface. The details of above equations are included as AppendixC. This

method of finding out the emergent fields of a layered system iswell known and explained in

various text books on Optics [142]. Unfortunately, in this situation there is no limiting case in

which the bi-layer system reduces to that of a mono-layer, that is there is no limit in whichG2,r

tends toG1,r andG2,t tends toG1,t. But the correctness of the result is ensured by comparison

with the results of standard text books.
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Here each mono-layer is assumed to possess a conductivity defined by the 2D conductivity

tensor denoted byσ with all its elements different from each other. The components of the

reflection and transmission matrix in terms of the conductivity tensor elements are given in

AppendixC. Equations (4.5, 4.6) along with equations (4.7, 4.8) can be used to obtain the

optical coefficients.

As in the case of incident electric field given by equation (2.1), the general representation

of reflected and transmitted field for bi-layer can be writtenas,

Ebi
re f (r , t) = eiqre f,|| ·r || + iqre f,zz − ic|qre f |t

∑

ν=1,2

ûre f
ν Ere f

ν (4.9)

Ebi
tran(r , t) = eiqtran,|| ·r || + iqtran,zz − ic|qtran|t

∑

ν=1,2

ûtran
ν Etran

ν (4.10)

whereqre f has components
(

q0,x, q0,y,−q0,z

)

andqtran has components
(

q0,x, q0,y, q0,z

)

such that

|qre f | = |qtran| = |q0|. The unit vectors defining the polarization directions of electric field for

reflection and transmission along with the polarization components of the electric field vectors

along these directions can be obtained from the general equations for them (2.2, 2.3) given in

chapter2. Combining all these, the polarization components for the reflected and transmitted

wave is obtained by taking the dot product of equation (4.5, 4.6) with the corresponding unit

vectors.

Theσ appearing in the equations for emergent electric field of bi-layer graphene is the

mono-layer optical conductivity tensor and it is discussedin detail in previous chapters.σ

being a 2nd rank tensor is represented by a 2×2 matrix and has all of its elements different from

each other in general. The fully anisotropic case with all the conductivity elements different

being complicated, as can be seen from AppendixC, various limiting cases are considered,

the most important of which are the isotropic limit (σxx = σyy andσxy = σyx = 0), which

is realized in different physical conditions as explained in earlier chapters. The study of

optical coefficients derived above in the isotropic limit of the conductivity tensor is discussed

in this chapter. The numerical value for the conductivity tensor elements in this limit pointed

out above is taken from the references [26, 92] which suggests constant value of universal

dynamical conductivity for the same.
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4.3 Optical Coefficients

Three optical quantities namely reflection coefficient, transmission coefficient and polariza-

tion of the reflected wave are considered for study in this chapter. All these quantities are ex-

plained in detail in the previous chapters. Coefficient of reflection is the ratio of the reflected

wave to incident wave at the point of reflection, i.e.R=
|Ere f |2

|Eext|2 . Transmission coefficient is the

ratio of the transmitted wave to incident wave at the point oftransmission, i.e.T = |Etran|2
|Eext|2 . Po-

larization of the reflected wave in terms of incident polarization is obtained from the formula

e−i δre f
=

(Ere f
1 )∗ (Ere f

2 )

|Ere f
1 | |E

re f
2 |

. After substituting for the above quantities, the equations for the coef-

ficients become complicated because of multiple reflection effects, but it has the following

form.

Rbi = [(r1 + r2 cos 2scosθ0 + r3 cos 4scosθ0) cos2 θext
tilt + (r4 + r5 cos 2scosθ0

+ r6 cos 4scosθ0) sin2 θext
tilt + (r7 cosδext+ r8 cos(2scosθ0 + δ

ext) + r9 cos(2scosθ0 − δext)

+ r10 cos(4scosθ0 + δ
ext) + r11 cos(4scosθ0 − δext)) sin 2θext

tilt ]/(d1 + d2 cos 2scosθ0

+ d3 cos 4scosθ0) (4.11)

Tbi = [(t1 + t2 cos 2scosθ0 + t3 cos 4scosθ0) cos2 θext
tilt + (t4 + t5 cos 2scosθ0

+ t6 cos 4scosθ0) sin2 θext
tilt + (t7 cosδext+ t8 cos(2scosθ0 + δ

ext) + t9 cos(2scosθ0 − δext)

+ t10 cos(4scosθ0 + δ
ext) + t11 cos(4scosθ0 − δext)) sin 2θext

tilt ]/(d1 + d2 cos 2scosθ0

+ d3 cos 4scosθ0) (4.12)

ei δre f |bi = ([(p1 + (p2 + p3) cos 2scosθ0 + (p4 + p5) cos 4scosθ0) cos2 θ0

+ (p6 + (p7 + p8) cos 2scosθ0 + (p9 + p10) cos 4scosθ0) sin2 θ0

+ ((p11 + p16) cosδext+ (p12 + p18) cos(2scosθ0 − δext)

+ (p13 + p17) cos(2scosθ0 + δ
ext) + (p14 + p20) cos(4scosθ0 − δext)

+ (p15 + p19) cos(4scosθ0 + δ
ext)) sinθext

tilt cosθext
tilt ]

+ i [((p12 − p18) sin(2scosθ0 − δext) + (p13 − p17) sin(2scosθ0 + δ
ext)

+ (p14 − p20) sin(4scosθ0 − δext) + (p15 − p19) sin(4scosθ0

+ δext)) sinθext
tilt cosθext

tilt ])/
√

d1p d2p (4.13)
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where

d1p = (n1 + n2 cos 2scosθ0 + n3 cos 4scosθ0) cos2 θext
tilt + (n4 + n5 cos 2scosθ0

+ n6 cos 4scosθ0) sin2 θext
tilt + (n7 cosδext+ n8 cos(2scosθ0 + δ

ext)

+ n9 cos(2scosθ0 − δext) + n10 cos(4scosθ0 + δ
ext)

+ n11 cos(4scosθ0 − δext)) sin 2θext
tilt

d2p = (m1 +m2 cos 2scosθ0 +m3 cos 4scosθ0) cos2 θext
tilt + (m4 +m5 cos 2scosθ0

+m6 cos 4scosθ0) sin2 θext
tilt + (m7 cosδext+m8 cos(2scosθ0 + δ

ext)

+m9 cos(2scosθ0 − δext) +m10 cos(4scosθ0 + δ
ext)

+m11 cos(4scosθ0 − δext)) sin 2θext
tilt

Herer, t, d, p, n,mare complicated functions of elements of the conductivity tensor (σxx, σxy,

σyx, σyy) and the angle parameters,θ0, φ0. θext
tilt is the tilt angle of the incident polarization

ellipse, δext is the incident polarization ands is the product of the magnitude of incident

wave vector (|q0|) and the distance between the layers, i.e.|q0| d (small for optical fields).

Note that the form of the coefficients is entirely different from the mono-layer system. Thes

dependence is unique to the bi-layer system as compared to the mono-layer system and this is

because of the multiple reflection effects. By simultaneously solving the real and imaginary

parts of the reflected polarization equation, we can study the behavior of reflected polarization

in terms of its parameters. Optical coefficients explained in the above mentioned equations

are studied in one of the important limits of the conductivity tensor explained in an earlier

section, viz. isotropic limit which is considered for studyin the next section and compared

with the mono-layer situation.

4.4 Results and Discussion

A comparative study of the two systems, the bi-layer graphene and the free standing mono-

layer graphene, has been done in this section. Isotropic limit of the conductivity tensor is

studied here.
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4.4.1 Isotropic Case

As mentioned in the earlier chapters, this is one of the important and interesting limiting cases.

This happens when the off-diagonal elements of the conductivity tensor vanishes andwhen

the diagonal elements become equal. i.e.σxx = σyy = σ1 andσxy = σyx = 0. In this limit the

coefficients are functions only of the diagonal conductivity, incident angle and the tilt angle

of the incident polarization. The bilayer is investigated in the same manner as the monolayer

where the three quantities, reflection, transmission and polarization coefficients, are taken for

study. But they do not show much difference from that of the mono-layer system in this limit.

We can see that the bi-layer system and hence its equations are complicated especially due

to multiple reflection. While the path length traversed in one reflection is small compared to

the wavelength in the optical region or microwave region, there are changes in the amplitude

of the reflected wave which contribute cumulatively in multiple reflections. In addition, in

the soft X-ray region, there are phase changes caused by the fact that path length even in one

reflection is comparable to the wavelength. This manifests itself in a characteristic periodic

behavior of the reflection coefficient on the incident angle (see Fig. 4.2a), something absent

for longer wavelengths. In earlier chapters, the microwaveregion of the electromagnetic

spectrum was studied where the conductivity tensor is knownby the study of Gusynin et.

al. [106]. It is known that [26, 92] the high frequency dynamic conductivity in graphene

should be a universal constant equal toe2

4~ . Therefore the isotropic limit with the diagonal

conductivity element given by the universal constant is useful for the study of high energy

limit of the coefficients, such as soft X-ray region.

The reflection coefficient versus incident angle for both the systems, that is free standing

mono-layer and the bi-layer system in the soft X-ray region is shown in Fig. 4.2a. In this

figure the solid curve shows the behavior of reflected intensity of the mono-layer graphene

and the dashed curve shows that of bi-layer system. One can see that the amplitude of oscil-

lation increases with the incident angle. For this study, wehave used the universal dynamic

conductivity for the calculation.

Fig. 4.2b shows the transmission coefficient of mono-layer and bi-layer system in the high

energy range (visible). Here the solid curve is for the mono-layer system, dashed curve is for

the bi-layer system and the dotdashed curve is for the bilayer system taking into considera-

tion the effects due to triagonal warping, finite energy effects etc. Here we can see that there
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(a) (b)

F 4.2: Reflection and Transmission coefficient of mono - layer (solid) and bi - layer
(dashed) graphene as a function incident angle. Reflection coefficient (a) is plotted in the
soft X-ray region where the reflection coefficient of bi-layer is influenced considerably by
multiple reflection effects which results in the periodic behavior of the reflected intensity.
The transmission coefficient (b) is plotted in the visible region where the mono-layer and bi-
layer transmitted intensity is compared with the result of an experimental observation by Nair
et. al. [92] shown as the inset. Here the solid curve shows the behavior of monolayer system,
dashed curve for bilayer system and the dotdashed curve which lie very close to the dashed
curve is for bilayer graphene with effective conductivity due to several effects such as trigonal

warping, finite energy effects due to nonlinearity etc.

is no significant difference in magnitude as well as behavior between the system used with

universal dynamic conductivity and that with effective dynamical conductivity. We can see a

decrease in magnitude of the transmitted intensity when it comes to a bi-layer system. Fig.

4.2b inset shows the experimental result given by Nair et. al. [92] by which it is clear that

the result given by the current study matches with that of Nair et. al. for both mono-layer and

bi-layer situation. The effective conductivity does not change the transmitted intensity much

even at normal incidence as can be seen from the figure. The study done in Nair et. al. is

for normal incidence and in the visible region. With incident wave in the visible region of the

electromagnetic spectrum, the current study also shows thesame magnitude of reflection for

normal incidence [see whenθ0 = 0 region in Fig. 4.2b] i.e. close to 98% for monolayer and

close to 95% for bi-layer graphene which proves the correctness of the treatment followed

in this study. To check the correctness of the general equations (4.11, 4.12, 4.13) of coeffi-

cients derived in the earlier section, conservation of the coefficients is checked by deriving the

equation for the loss coefficient by substituting the series summation solution into Maxwell’s

equations.
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4.5 Conclusions

In this chapter, the system under study is bi-layer graphene, which is a combination of two

mono-layer layers separated by a distance 3.35 Å. Due to presence of this extra layer there are

multiple reflection effects that become relevant. Further, effects due to inter-layer interaction,

trigonal warping and so on are taken into account phenomenologically by postulating that

each independent layer possesses a renormalized conductivity which depends on the number

of layers, which is determined by an interpolation scheme inthe next chapter. The electro-

magnetic response of the system is studied through three quantities such as the coefficient of

reflection, coefficient of transmission and the polarization of reflected wave. Electromagnetic

wave is incident on the system at an arbitrary angle and the emergent field is studied based

on the results of mono-layer system explained in chapter2. The mono-layer results are used

to derive the emergent electric fields for the bi-layer system by the use of series summation

method. Using this field, i.e. the electric field of the reflected wave and that of the transmitted

wave, the above mentioned physically important quantitieshave been calculated. The form

of the equations for these coefficients are different compared to the mono-layer system. This

is the difference in bi-layer system as compared to the mono-layer situation where the energy

of the incident wave enters only through the conductivity tensor elements. The bi-layer opti-

cal coefficients are functions of other parameters also as in the case of mono-layer graphene.

i.e. the angle parameters which represents the incident electromagnetic plane wave and the

conductivity tensor elements which represents the material under study. Optical studies done

here uses isotropic conductivity tensor.

Graphene, in its mono-layer form is a very rich area of research. But as is known, it

is extremely difficult to prepare it in the mono-layer form. Therefore it is always important

to confirm after the sample preparation that it is a mono-layer system. There are references

available in the literature which describe various experimental methods to distinguish the

mono-layer system from the bi-layer and multi-layer system. For example AFM techniques,

Raman studies etc. explained in chapter1. The position and intensity of the peaks in the

Raman spectra varies in mono-layer, bi-layer and multi-layer systems [69, 70, 71, 72, 73,

74]. The main aim of this study is to distinguish between the twosystems using theoretical

techniques. Results of the mono-layer system which is already considered in chapter2 serves

as the reference for the present study. In this chapter, a comparison between the two systems
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is done to find out ways to distinguish between the systems. Inthe isotropic limit, for bi-

layer system, the study is extended to the higher energy region (soft X-rays) which shows

a noticeable difference between the behavior of mono-layer and bi-layer reflected intensity

with respect to incident angle. (oscillation of the bi-layer reflected intensity with respect to

the incident angle due to multiple reflection effects). The result obtained for the bi-layer

system and the mono-layer system in the visible region of theelectromagnetic spectrum at

normal incidence shows perfect matching with one of the references in the literature [92],

thereby strengthening our surmise that inter-layer effects are suppressed in the visible region

at least for the few layer system. Even though the results obtained in this chapter may not look

very exciting, the mathematical framework for the bi-layersystem is important and necessary

to proceed to the next stage of few layer graphene (included in the next chapter).
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Multi-layer Graphene

As we have seen in the last few chapters, we have studied mono-layer graphene, substrate

graphene and bi-layer graphene. Besides these, multi-layer graphene is also of interest to the

scientific community. In this chapter we study multi-layer graphene. In few-layer graphene,

each of the layers are separated by a distance of the order of angstroms, more specifically

3.35 Å [143, 144]. This study is important because it is very difficult to extract a single layer

of graphene in experiments [7]. Although it is true that a simple act like writing with a pencil

may lead to the production of graphene [11], the experimental needs demand careful prepa-

ration of a sample for a fundamental study. A single layer graphene was not supposed to

exist due to its two dimensional nature [4], but was proved to exist by Geim and Novoselov in

2005 [3] for which they were awarded the Nobel Prize in 2010. Starting with the attempt by

scientists in University of Manchester (UK) and the Institute for Microelectronics Technol-

ogy (Russia) [3, 9] where the team employed a technique known as mechanical exfoliation of

the graphite crystals, there are by now a variety of methods developed for the production of

graphene which is discussed in chapter1. For instance epitaxial growth, silicon carbide reduc-

tion, hydrazine reduction, sodium reduction of ethanol, various chemical deposition methods

and so on [11]. Even then, it is extremely difficult to produce a pure mono-layer graphene

layer. Most methods of production yield a statistical distribution of samples with different

number of layers. From these samples one is now faced with thetask of identifying samples

with the fewest number of layers. Therefore it is always important to distinguish between

different samples for example, mono-layer, bi-layer, few-layers and multi-layer graphene. In

other words it is necessary to find a method to ascertain the thickness of the sample one has

101
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prepared. There are a few experimental techniques for doingthis such as, Raman spectro-

scopic studies [70], Auger electron spectroscopy [145], reflection and contrast spectroscopy

[88] and so on. Even though there are many experimental techniques used to distinguish

between the the multi-layer and mono-layer systems, determination of the actual number of

layers in the sample is still a hurdle. This is important since many properties of graphene may

depend sensitively on the number of layers. A combination ofoptical microscopy and Raman

spectroscopy has been used as a method for determining the number of layers (layer number

determined by their optical contrast) and for the study of the electronic transport properties

[88]. Here we present an effective method to actually count the number of layers throughthe

transmission coefficient in the optical frequency range. The method involves deriving a for-

mula for the transmission coefficient versus the number of layers using theoretical methods.

In the process one finds that there is a significant deviation from the prediction of Beer’s law

in the case of few-layer graphene.

In this work, the multi-layer system is studied iteratively, by making use of the results for

mono-layer free standing system which has been studied earlier using Maxwell’s equations as

a starting point. We derive the properties of then - layer system taking into account, multiple

reflection effects. We begin with a description of the problem under study followed by the

method used to study the few-layer system and discuss the consequences of multiple reflec-

tions and the effect it has on the reflection and transmission coefficients. This section also

has the recursion relation that relates reflection and transmission amplitudes between systems

that have one more or one less number of layers. These relations are solved subsequently by

analytical methods. This is followed by a discussion of results obtained through this work,

such as plots that highlight deviation from Beer’s law in case of the few-layer system and

also a plot of the transmission coefficient versus number of layers obtained using this work at

optical wavelengths upto five layers and a superimposed plotof the same from experiments

namely Nair et. al. [92] showing nearly exact agreement with our theory. Our initial approach

was to ignore interlayer coupling effects that possibly alter the effective conductivity of each

monolayer and also effects such as trigonal warping that alter the conductivity ofmonolayers

as well. Even this rather oversimplified model shows remarkable agreement with experiment

[92] as we have already mentioned. Later it was pointed out by reviewers that our model

may fail to reproduce results of graphite when extrapolatedto a large number of layers. This

is to be expected since our simplistic model fails to take into account the band structure of

graphite. Indeed our approach is purely phenomenological and no band structure calculations
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are involved. Rather our intention is to use the band structure results of others to come up with

a interpolation scheme that enables a method for counting the number of layers of multilayer

graphene by examining the transmission of (visible) light through the sample. Hence we have

considered a refinement of our approach that involves treating multilayer graphene as a col-

lection of independent monolayers but with an effective conductivity to be determined so as

to smoothly interpolate between few-layers all the way to graphite. This necessarily involves

diluting the predictive power of our model since more parameters have to be introduced that

have to be fitted from experiment. However the observation that the original simplistic model

agrees with experiments up to five layers means that we may suspect that the effects of inter-

layer coupling and trigonal warping on theeffective conductivity of each monolayerdoes not

make its presence felt until the number of layers is large (compared to five). We discuss these

issues at length in this chapter and investigate to what extent the predicted deviation from

Beer’s Law is insensitive to such detailed considerations.

5.1 Problem Description

This chapter tries to understand the multi-layer system which is assumed to be placed in

the xy plane. Basic constituent of a layered structure like few-layer graphene is the mono-

layer graphene explained in chapter2. Hence this study is based on the work described in

chapter2 which describes the optical constants of a free standing mono-layer graphene [146]

by deriving an expression for the reflected and transmitted electric field from the system when

a plane electromagnetic wave is incident at an arbitrary angle. Here the multi-layer system

is considered to be kept in thexy plane and an electromagnetic wave with a wave vector

q0 is incident on the sheet at arbitrary angleθ0. The incident wave vector has in general

all the three components along the Cartesian directions. Most of the notations used in this

chapter are similar to those used in the earlier three chapters. Due to the presence of many

layers, there is multiple reflection from each of the layers which makes the effective reflection

and transmission from the multi-layer systems sum of seriesof terms, as in the case of bi-

layer. Bi-layer which has only two layers is the simplest situation in which to study multiple

reflection effects. The same phenomenon namely, multiple reflection makesthe calculation

of the emergent electric field extremely difficult to handle. The reflection and transmission

from an n layer system depends on both the reflection and transmissionfrom each of the
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layers which makes the equations complicated. During this process one has to take care of the

transversality conditions of electric field (By transversality we mean thatq · E = 0 whereq is

the wave vector for the chosen situation andE is the corresponding electric field) which means

the fields with wave-vectors whose projection on the unit normal to the layers is positive has

to be treated differently from the fields whose projection is negative.

5.2 Emergent Electric Fields : Reflection and Transmission

In this section, a general situation of arbitrary incidenceis considered for study. The situation

explained above is understood as follows. Consider the incident electric field denoted by

Eext(r , t). When this field is incident on a mono-layer free standing graphene, the emergent

electric fields that is, the reflected and the transmitted fields are derived in chapter2 and

they are denoted byEmono
re f (r , t) andEmono

tran (r , t). As can be seen from chapter2, these fields

are functions of the elements of the conductivity tensor of graphene, the components of the

incident wave vector, the tilt angle of the incident polarization ellipse and also of the incident

polarization. But in chapter4 which dealt with bi-layer graphene these fields are written in

a more compact way, using a matrix for reflection and transmission denoted byG1,r andG1,t.

That isEmono
re f (r , t) = eiq0,|| ·r || − iq0,zz − ic|q0|t G1,r · Einc(0) andEmono

tran (r , t) = eiq0,|| ·r || + iq0,zz − ic|q0|t G1,t ·
Einc(0). HereEinc(0) =

∑

ν=1,2 ûext
ν Eext

ν is the amplitude of the wave incident on the system

whereûext
ν are the unit vectors which defines the polarization directions of the incident wave

andEext
ν are the components of the incident electric field along thesepolarization directions.

Also G1,r andG1,t are reflection and transmission matrices for mono-layer graphene in the

free standing form which are 3× 3 non-commuting matrices for an arbitrary incidence as

given by equations (4.2, 4.4) in chapter4. As can be seen, these matrices depend on the

components of the wave vector incident as well as the conductivity tensor elements of grapene.

In a similar way the system with 2 layers can be defined by the electric field denoted by

Ebi
re f (r , t) andEbi

tran(r , t) and can be written asEbi
re f (r , t) = eiq0,|| ·r || − iq0,zz − ic|q0|t G2,r · Einc(0) and

Ebi
tran(r , t) = eiq0,|| ·r || + iq0,zz − ic|q0|t G2,t · Einc(0). These matricesG2,r andG2,t can be expressed

in terms ofG1,r andG1,t as explained in chapter4. Reflection and transmission matrices for

bi-layer is the sum of an infinite series because of multiple reflections. The bi-layer case may

be understood as follows. The transmitted electric field from layer 1 is incident on layer 2

after travelling a distanced (inter-layer separation). A part of it is reflected from layer 2 and a
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part of it transmitted from layer 2. This transmitted part contributes to the second term in the

series for effective transmission of bi-layer graphene. Now the reflectedpart from the second

layer again travels a distanced, one part of which is transmitted from the first layer towards

z < 0 and contributes as the second term in the series for the effective reflection matrix. This

continues and the reflection and transmission matrices in terms of matrices for the mono-layer

graphene is given as in equations (4.7, 4.8) in chapter4.

Then - layer system can also be represented in a similar form usingthen - layer reflec-

tion and transmission matrices denoted byGn,r andGn,t respectively. That isEn,re f(r , t) =

eiq0,|| ·r || − iq0,zz − ic|q0|t Gn,r · Einc(0) andEn,tran(r , t) = eiq0,|| ·r || + iq0,zz − ic|q0|t Gn,t · Einc(0). To solve

the n - layer system, we think of it as a combination of (n − 1) - layer system and a mono-

layer, with a distance 3.35 Å between consecutive layers. Fig. 5.1 shows the schematic of the

situation under study where the red arrow represents the initial incident wave. Fig. 5.1 illus-

F 5.1: Schematic ofn - layer graphene which shows multiple reflection when an electro-
magnetic wave is incident on it (red arrow).Gn−1,r andGn−1,t are the reflection and transmis-
sion matrices ofn− 1 - layer system andG

′

n−1,r andG
′

n−1,t are the reflection and transmission
matrices ofn − 1 - layer system withz component of the wave vector in the opposite di-
rection,d is the distance between consecutive layers andG1,r andG1,t are the reflection and

transmission matrices of mono-layer system.

trates multiple reflection phenomena due to more than one layer which makes the effective

reflection and transmission from then - layer system a sum of contributions from an infinite

number of terms incorporating destructive and constructive interference effects. Our main aim

is to write down a recursion relation forGn’s in terms ofGn−1’s andG1’s and finally to solve
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those relations and find out a way to represent then - layer matrices purely in terms of the

mono-layer matrices. The recursion relation derived usingmethods similar to those outlined

in the text-book by Jenkins and White[142], is obtained by summing the appropriate series

that takes into account these effects leading to the following results:

Gn+1,r = Gn,r +G
′

n,t ·G1,r ·
1

I 3 −G′
n,r ·G1,r e2i q0,zd

·Gn,t e2i q0,zd (5.1)

Gn+1,t = G1,t ·
1

I 3 −G′
n,r ·G1,r e2i q0,zd

·Gn,t eiq0,zd (5.2)

wheren is the number of layers, withn = 1 corresponding to bi-layer graphene. Hereq0,z is

thez component of the incident wave vector andd is the inter-layer separation in few-layer

graphene which is equal to 3.35 Å. HereGn,r andGn,t are the reflection and transmission ma-

trices for then layer system respectively andG
′

n,r andG
′

n,t are the reflection and transmission

matrices with thez - component of the incident wave vector in the opposite direction. Similar

set of equations for the primed matrices can be written by priming the above equations on

both sides with the conditionG
′′
= G.

G
′

n+1,r = G
′

n,r +Gn,t ·G
′

1,r ·
1

I 3 −Gn,r ·G
′

1,r e2i q0,zd
·G′

n,t e2i q0,zd (5.3)

G
′

n+1,t = G
′

1,t ·
1

I 3 −Gn,r ·G
′

1,r e2i q0,zd
·G′

n,t eiq0,zd (5.4)

All the matrices given in the above equations are in general complex 3×3 matrices except the

mono-layer matrices which are real matrices. Alson+1 layer matrices depends on then layer

matrices and the mono-layer matrix. Correctness of equations (5.1, 5.2) has been checked by

deriving the equations for the simplest case of bi-layer graphene and then comparing it with

equations (4.7, 4.8). The matricesGn,r (G
′

n,r) andGn,t (G
′

n,t) do not commute with each other

whereasGn,r (Gn,t) commutes withG
′

n,t (G
′

n,r) in the general situation of arbitrary incidence.

The exponential factor appearing in equations (5.1, 5.2) are due to phase changes suffered by

light that undergoes multiple reflection [see for example [142]] . As may be seen, the general

situation is complicated and simplifying assumptions are necessary in order to solve these

equations analytically.
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5.3 Isotropic Limit at Normal Incidence

In these limits, the equations (5.1, 5.2) simplify to a large extent. Here two limits are consid-

ered. The isotropic limit means the general 2× 2 conductivity tensor of graphene becomes

a diagonal matrix with equal diagonal elements, hence can beconsidered as numbers. In the

normal incidence limit, theG matrices commute with each other. In this situation,G ma-

trices of the mono-layer can be related to each other in the following way: G
′

1,r = −G1,r ,

G1,t = 1 + G1,r andG
′

1,t = 1 − G1,r . This makes then - layer reflection matrices in the two

different directions related to each other asG
′

n,r = −Gn,r . Substituting these relations into the

general equations for then+ 1 layer matrices they become as follows:

Gn+1,r = Gn,r +G
′

n,t ·G1,r ·
1

I 2 +Gn,r ·G1,r e2i |q0|d
·Gn,t e2i |q0|d (5.5)

Gn+1,t = (I 2 +G1,r) ·
1

I 2 +Gn,r ·G1,r e2i |q0|d
·Gn,t ei|q0|d (5.6)

G
′

n+1,r = −Gn,r −Gn,t ·G1,r ·
1

I 2 +Gn,r ·G1,r e2i |q0|d
·G′

n,t e2i |q0|d (5.7)

G
′

n+1,t = (I 2 −G1,r) ·
1

I 2 +Gn,r ·G1,r e2i |q0|d
·G′

n,t ei|q0|d (5.8)

Taking the ratio of then - layer transmission matrices in opposite directions one gets,

Gn+1,t

G′

n+1,t

=
1+G1,r

1−G1,r

Gn,t

G′
n,t

=

(

1+G1,r

1−G1,r

)n+1

(5.9)
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Substituting this in equation (5.5, 5.6), then + 1 layer reflection and transmission matrices

become,

Gn+1,r = Gn,r +

(

1−G1,r

1+G1,r

)n G2
n,t ·G1,r e2i |q0|d

1+Gn,r ·G1,r e2i |q0|d
(5.10)

Gn+1,t =
(1+G1,r) ·Gn,t ei|q0|d

1+Gn,r ·G1,r e2i |q0|d
(5.11)

For convenience, we work in the limit|q0|d much less than unity (with wavelength larger than

those of soft X-rays), in this limit the equations simplify as follows :

Gn+1,r = Gn,r +

(

1−G1,r

1+G1,r

)n G2
n,t ·G1,r

1+Gn,r ·G1,r
(5.12)

Gn+1,t =
(1+G1,r) ·Gn,t

1+Gn,r ·G1,r
(5.13)

In the limit |q0|d ≪ 1, all the matrices become real. From the form of mono-layer reflection

and transmission matrices given in equations (4.2,4.4), one may identifyG1,r andG1,t with
(

−2πσ1
c

)

and
(

1− 2πσ1
c

)

respectively whereσ1 is the optical conductivity of graphene. There-

fore for positive values ofσ1, one can see thatG1,r is always negative. We considered the

region,−1 < G1,r < 0 and solved forGn,r andGn,t numerically and found that the relation

Gn,t = 1 +Gn,r is always valid. Using this in an analytical solution leads to a self-consistent

proof of this assumption. This way, one may obtain a general solution for ann layer system.

Putting all the information together we observe, (i)Gn,r tends to−1 asn tends to∞ (ii) Gn,t

tends to 0 asn tends to∞ (iii) Gn,t = 1+Gn,r for all n. Hence the general equations for then

- layer system may be solved as follows:

Gn,r =
1− λn

1+ λn
& Gn,t =

2
1+ λn

(5.14)

whereλ = 1 − G1,r

1 + G1,r
which is always greater than unity. The correctness of this solution can be

checked by substituting in equations (5.12and5.13).
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5.4 Beer-Lambert’s Law

Beer-Lambert’s law has been used traditionally, as a simplemeans of characterizing the nature

of light matter interactions. According to this law, the light transmitted through a certain

thickness of solid or liquid enclosed in a transparent cell is exponentially smaller than that of

the incident light due to its extinction along the path. Thislaw finds its application in a variety

of fields from physics to biotechnology. In physics it is applied in optics, laser technology,

material science and so on. Medicine and biology is one of themost important non-physics

field in which the law has a significant role. For example, Beer’s law is used as a model in

the study of plant structures to spot the relationship between light penetration and leaf area

[147], cell counting techniques in micro-culture to study growth factors [148]. The relevance

of Beer’s law can also be found, for instance in the field of corneal refractive surgery [149].

A review article is available in the literature which describes the application of this law in

near infrared spectroscopy in the medical field [150]. Highly scattering media such as human

tissue are also studied based on microscopic Beer-Lambert’s law for the understanding of

concentration of absorbing substances [151]. Some modifications to this law have been noted

in the field of near infrared spectroscopy which measure several important quantities such as

change in cerebral hemoglobin oxygenation, redox rate and so on [152]. In physical sciences,

study of electro-chromism in amorphous and poly-crystalline thin films [153], the study of

optically anisotropic systems [154] employ Beer’s law. An analytical solution of two level

energy rate equations is given in Abitan et. al. [155] which incorporates a correction to Beer’s

Law utilizing the Lambert-W function that can be used to describe absorption in optical media

with a complicated structure of energy levels. Beer-Lambert’s law has been employed for the

study of electromagnetic wave propagation under low visibility conditions where corrections

to this law have been found to be needed for a satisfactory analysis [156]. The application

of the law and deviations from its predictions can been seen in the optical bleaching effect

shown by various solutions illuminated by laser sources [157]. Effects such as scattering and

absorption of light that does not obey Beer-Lambert’s law can be observed in human cells

[158]. In short, Beer-Lambert’s law, which is a mathematical wayof expressing how light is

absorbed by matter, with its generalizations and modifications is one of the most important

tools for the study of light propagation in matter.

According to Beer-Lambert’s law, there is a logarithmic dependence between the trans-

mission of the light through a substance and the product of the attenuation constant and the
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path length (that is, the distance the light travels throughthe material). Mathematically, it is

described by an exponentially decaying dependence betweenthe transmission coefficient of

light through a substance and the path length. This may be written asIt = I0e−αL whereIt is

the transmitted intensity,I0 the incident intensity,α the attenuation constant for the material

andL is the path length.

In the present study, we have found that the transmitted intensity for n-layer graphene is
It

I0
= 4

(1+λn)2 . We have already seen in the previous section thatλ =
1 − G1,r

1 + G1,r
and it is greater than

unity in the selected region ofG1,r . Settingλ = e
αd
2 > 1 makesGn,t =

2

1+e
nαd

2
= 2

1+e
αL
2

where

L = n d. We define reflection and transmission coefficients asRn = |Gn,r |2 andTn = |Gn,t|2.
In the limit of αL ≫ 1, Tn = |Gn,t|2 = 4e−αL. Sinceλ is greater than unity, for large values

of n, λn ≫ 1. Takeλn ≃ 100 which impliesn log10(λ) = 2. Therefore one can see that for

Beer’s law to be obeyed, the number of layers should be roughly greater than 2
log10(λ) . When

the number of layers becomes small compared to this number, adeviation from Beer’s law

can be observed. However, it is also possible to do the reverse. We may choose a proper

attenuation constant so that Beer’s Law and our result agreefor a small number of layers but

necessarily differ for large number of layers. This may be achieved for example by choosing

Tn,Beer = λ
−n. Both these approaches are tried subsequently and a concrete prediction is made

that can be tested experimentally.

5.5 Results and Discussion

In the earlier section, we have studied the reflection and transmission coefficient of ann - layer

system. As can be seen from equations ofn - layer reflection and transmission coefficients,

they depend on parameterλ which in turn depends onG1,r that ultimately equals−2πσ1
c in the

isotropic limit at normal incidence. It is clear therefore that, to study reflection and transmis-

sion one should have an idea about the graphene conductivityelementσ1. For this the optical

region of the electromagnetic spectrum is considered. Thisis because in higher energy re-

gions of the electromagnetic spectrum such as the visible region, the optical conductivity is

a universal constant [106, 118] whose value ise2

4~ which is different from both the universal

d.c. conductivity from theory (4e2

πh ) and experiments (4e2

h ) [9]. In order for us to be able to

neglect accumulated phase changes in multiple reflections,we are forced to work in the limit

n|q0|d≪ 1. In the optical region it is around 50 layers.

TH-997_05612102



5.5. Results and Discussion 111

Fig. 5.2a and 5.2b shows the behavior ofn - layer reflection coefficient and transmission

coefficient as the number of layers increases. In these figures, thenumber of layers goes from

1 to 50. Here the incident photon energy is considered to be inthe visible region as described

above. It is clear from the figures that reflection coefficient increases slowly initially as the

number of layers increases and rapidly for higher number of layers. Corresponding behavior

for transmission coefficient shows a decrease. This is as expected.

(a) (b)

F 5.2: Reflection and Transmission coefficient ofn - layer system as a function number
of layers with the incident photon energy in the visible region.

Fig. 5.3 studies the Beer-Lambert’s law where−ln[T] varies withn. In the visible region of

the electromagnetic spectrum which is given here, we can seea deviation from linear behavior

for number of layers all the way upto 50 layers.

F 5.3: Beer-Lambert’s law:−log(Tn) with respect to the number of layers with incident
wave in the visible region

To confirm the deviation from linearity of−log(Tn) versusn, a plot of ln
(

Gbeer
n,t

Gn,t

)

is plotted

versus the number of layers when the incident energy is in thevisible range with conductivity

as a constant value equivalent to the universal dynamical conductivity is shown in Fig. 5.4.

TH-997_05612102



112 Chapter 5. Multi-layer Graphene

According to Beer’s law, this plot should have been a horizontal line with ordinate equal to

zero. But it is seen that the plot shows a significant deviation from this behavior for all the

values ofn from 1 to 50.

F 5.4: Deviation from Beer’s law: Plot of−log
(

Gbeer
n,t

Gn,t

)

versusn. This is to confirm the

deviation from Beer’s law. The plot is drawn in the visible region with conductivity taken as
the universal dynamic conductivity. If Beer’s law were obeyed for all the values ofn, the plot

should have been a straight line parallel tox axis with ordinate zero.

Now we would like to compare the results obtained from the present study with the results

obtained from one of the experiments by Nair et. al. [92]. This is given in Fig. 5.5 where

the blue dots with an error bar shows the results obtained by Nair et. al. for number of layers

from 1 to 5. It is given in the reference that the experimentalerror bar is 0.1%. The plot with

red dots is the present theoretical study with the conductivity chosen to be the universal a.c.

conductivity (e
2

4~) [106, 118].

We have already shown thatTn =
4

(1+λn)2 . In this equation,λ is a quantity which purely de-

pends on the mono-layer conductivity. Therefore if our theory is right, the slope oflog
(

2√
Tn
− 1

)

versusn should be straight line passing through the origin with slope log(λ). Thus this slope

indirectly gives us the conductivity of a mono-layer. We plot the same function using a Beer’s

Law ansatz designed to coincide with our results for small number of layers. This ansatz is

Tn,Beer = λ−n. Finally we superimpose on these two plots, the experimental results of Nair

et. al. This is shown in Fig. 5.6a. We can see that all the threecases are nearly identical.

However, in order to tell the two theories apart we have shownin Fig. 5.6b, the two theoret-

ical plots - our results and Beer’s Law, for number of layers upto 50. This clearly shows that

Beer’s law deviates from linearity whereas our results are perfectly linear (by construction).
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F 5.5: Comparison with experiment: Plot showing percentage transmission coefficient
versus number of layers up to five layers. This plot is in the visible region and uses the
universal dynamical conductivity. Here blue dots shows theresult obtained by Nair et. al.
from experimental observations whereas the red dots shows the results obtained by the present
study using the universal ac conductivity. We can see that the results from our study nearly

matches with the
experimental observation.

Our theory may be confirmed or refuted simply by extending theexperiments of Nair et. al.

for number of layers close to 50.

One point is worth stressing. In Beer’s law, the attenuationof light in the bulk is caused by

mechanisms such as ohmic losses, imaginary part of the dielectric constant and so on. In the

few layer graphene system, not only are such effects present within the layer, but equally im-

portantly, destructive interference of light that undergoes multiple reflection between adjacent

layers also contributes to attenuation. Thus two physically distinct mechanisms are operative

in leading to the Beer’s law limit of our results. Ohmic loss is nothing but theRe(E∗ · J)

term that exists within each layer. Destructive interference of light between adjacent layers

occurs even when light travels in empty space between layers. Both these put together lead

to attenuation of light as it passes through multi-layer graphene. However, in the mono-layer

case, when there are no interference effects, ohmic loss may be calculated using a (energy)

conservation law derived from Maxwell’s equations, involving reflection and transmission co-

efficients. The calculated ohmic loss comes out to be 2.27% and the opacity defined by 1− T

becomes 2.28% which nearly matches with the results obtained by Nair et. al. where it is

2.3± 0.1% [92] (more details may be found in AppendixA).
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(a) (b)

F 5.6: Comparison between present study and Beer’s ansatz: Plot showinglog
(

2√
Tn
− 1

)

versusn in the visible region. Red line shows the result from presentstudy whereas the
green line is for results obtained by using Beer Law ansatz. The blue dots are results from
experiments for upto five layers by Nair et. al. (a) It is seen that the three results are nearly
identical upto five layers. (b) Deviation from Beer’s law canbe observed as the number of

layers increases.

To conclude, this section studies the optical coefficients of multi-layer system in the

isotropic limit at normal incidence. Beer’s law is studied along with a deviation from the

Beer’s law shown by the system when the number of layers is small. The study also en-

ables one to obtain the conductivity element of a monolayer graphene system by studying

the multilayer graphene system. This study shows a close resemblance with the experimental

observations for the transmitted intensity upto five layers(experimental limit) as well as the

monolayer opacity in the visible region.

5.6 Effects of Trigonal warping, Nonlinearity and Inter-

layer interaction

Till now we have modelled the multi-layer system as a collection of independent monolayers

with conductivity of each monolayer given by the universal value. However, this is clearly an

oversimplification. In hindsight, it is somewhat of a coincidence that the independent layer

model with the universal conductivity is in nearly exact agreement with the experiments upto
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five layers. One obvious test is to extrapolate to an infinite number of layers and see if our for-

mulas reproduce the optical absorption coefficient of graphite. Predictably it does not. Indeed

the absorption coefficient of bulk graphite is four times less than the corresponding quan-

tity from our independent layer model for infinite number of layers. We may then attribute

this rather significant difference to inter-layer effects and also perhaps to cumulative changes

in effective monolayer conductivity due to intra-layer effects such as trigonal warping, next-

nearest neighbor interactions, finite energy effects due to nonlinearity in the energy spectrum

etc. In this section we attempt to take into account these effects in a phenomenological man-

ner by continuing to assert that the multilayer system consists of n-independent monolayers

but the conductivity of each monolayer is replaced by an effective conductivity that depends

on the total number of layers of the system. Clearly this approach immediately takes away all

predictive power of our model unless we can convince ourselves that the effective conductiv-

ity may be interpolated using a simple function with few parameters and also that the effective

conductivity of each monolayer is nearly independent of thenumber of layers for a few tens

of layers at least. In what follows we describe one such interpolation scheme that could do

this.

As discussed already, the calculations done in the earlier sections enable us to study the

transmission coefficient of a few layer graphene system. The few-layer system ismodelled

using an independent layer approximation with the interlayer distance of the order of 3.35Å.

Even though we are successful in writing down the recursion relation which is a general

expression, for practical computations, we restrict ourselves to the isotropic limit of the con-

ductivity tensor with a beam incident perpendicular to the system. This solves the recurrence

relation provided the number of layers is such thatn|q0d| ≪ 1 (around 50 layers for opti-

cal wavelengths). We have chosen the visible region of the electromagnetic spectrum for the

present study where the effects of interlayer interaction can be considered small [92], and

the multilayer system can be considered as a collection of nearly independent layers. It is

known that interlayer coupling effects are important when the quantity (t⊥
Ωinc

)2 ∼ 1 [92]. From

tight binding calcualtions, we know that the interplanar hopping energy denoted byt⊥ has the

magnitude of≈ 0.3eV and hence (t⊥
Ωinc

)2 ≪ 1 in the visible region [92]. The large amount

of literature in this area instructs us to think about various factors which may affect the band

structure of a monolayer graphene leading to corrections tothe conductivity even in the visi-

ble energy range. Effects such as trigonal warping, next nearest neighbor interaction etc. have

been discussed in the literature. Stauber et. al. [112] proved next-nearest neighbor interaction
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to be very small in magnitude in the infrared region. Still this may make its presence felt in a

cumulative effect on the effective conductivity of each monolayer for large number of layers.

It can be seen from Nair et. al. that the above mentioned effects may actually change the

graphene conductivity in the visible region from the universal value of the dynamical conduc-

tivity. It can be noted down from the reference that particularly in the green light region, the

variation from the universal value is approximately 2% and it is an increase. In the extreme

limits of visible range it goes beyond 4% [See Fig. S4 of supplementary material of [92]].

We focus on green light as the data for this wavelength appearmore robust. In addition, we

may suspect that inter-layer interactions also cause cumulative changes to the effective con-

ductivity of each monolayer in a multi-layer sample. To accommodate all these effects, we

can define an effective monolayer reflection matrix denoted byGe f f
1,r (n) which depends on the

number of layersn in the system and is given by the following interpolation formula:

Ge f f
1,r (n) = Ge f f

1,r (1)+
∆G(ii )

1,r (n− 1)

1+ (n− 2)
∆G(ii )

1,r

∆Gsat
1,r

(5.15)

This expression has two contributions. The first term is the effective reflection matrix for

monolayer taking into consideration the effects due to nonlinearity in the energy spectrum as

well the triangular warping. The second term is due to the cumulative effect of a large number

of layers on the effective conductivity of each monolayer. The first contribution can be written

as

Ge f f
1,r (1) = G0

1,r(1)+ ∆G(i)
1,r (5.16)

where∆G(i)
1,r is ±4% of 1.02G0

1,r(1) with G0
1,r(1) = −2πσ0 whereσ0 is the universal dynamic

conductivity, as described earlier around green light in the visible spectrum [Fig. S2 of the

supplementary material of [92]]. An estimate of the parameter∆Gsat
1,r can be made from the

experimental value of the extinction coefficient of 3D graphite available in the literature [159]

in the green light region. Now∆G(ii )
1,r can be thought of as the effect due to inter-layer inter-

action and other effects which influences the band structure of a few layer system. The term

involving this quantity cumulatively changes the effectiveG for each monolayer as the num-

ber of layers increases. Thus our prediction of a systematicand well-defined deviation from

Beer’s law for small number of layers is valid only if∆G(ii )
1,r is sufficiently small and positive.

It cannot be zero either since for large number of layers we have to reproduce the graphite

result. The magnitude of this quantity is estimated by examining the difference between the
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effective monolayerG when there two layers in the system and when there is only one layer.

As this is difficult to ascertain the value of this quantity from existing experimental data, we

have chosen a suitable small value broadly consistent with these data. As we have seen in

an earlier section, our results without considering all these effects, i.e. with the conductivity

as the universal constant value is able to reproduce the experimental results given by Nair et.

al. for few layer system up to five layers. This in turn means that the parameter∆G(ii )
1,r that

determines cumulative effects on effective monolayer conductivity is small. The smallness of

this quantity is critical to ensuring that our prediction ofa systematic deviation from Beer’s

law for small number of layers continues to be valid. Using the analytical expression for the

transmission coefficient derived from the present theory and the experimental results by Nair

et. al. [ Fig. S3 from supplementary results of [92]] we choose a suitable small value of

∆G(ii )
1,r = 7.4× 10−5 that falls in a range that can be surmised from this data.

(a) (b)

F 5.7: Plot showing effective percentage transmission versus number of layers. Trans-
mission of a multilayer system taking into consideration the influences of trigonal warping,
finite energy effects, interlayer interactions etc. (a) Prediction of transmission coefficient upto
50 layers with incident wave in the visible region. (b) Comparison between effective tranmis-
sion data and the experimental observations upto 5 layers. We can see that the average value

of effective transmission matches with the experimental values atleast upto five layers.

Fig. 5.7a shows the percentage transmission coefficient versus the number of layers with

incident photon energy in the green light region of the visible spectrum. This figure shows

the effective transmission coefficient of a multi-layer graphene system taking into account a

few additional factors which influences the transmission coefficient as mentioned in the above

paragraphs. This is the transmission coefficient calculated using the effective monolayer re-

flection matrices given by equation (5.15). The vertical lines in the plot show the error bars in

the calculation whereas the dots shows the average effective transmission. Fig. 5.7b compares
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the results obtained by effective transmission for five layers with the experimental results.

Here the cyan dots show the results obtained by the present study with the effective reflection

matrix and the blue dots show the experimental observationswith 0.1% error bars. We can see

that the average effective transmission lies nearly close to the experimental data points which

confirms the facts that at least for up to five layers the few layer system in the optical region

can indeed be considered as a collection of independent layers (with possibly a renormalized

conductivity) which agrees with the conclusion made by Nairet. al.(Supplementary material

of [92])

To conclude, this section proposes a refinement to the model of earlier chapters wherein

effects of trigonal warping, nonlinearity in energy spectrum and interlayer coupling are in-

cluded in a phenomenological manner by postulating that then-layer system is a collection

of independent monolayers but each layer possessing an effective conductivity that depends

on the total number of layers. A simple interpolation formula for this effective conductivity

is proposed that enables the absorption coefficient of graphite to be reproduced as well as

ensure that for small number of layers our original simple model of truly independent layers

continues to be valid. This in turn means that the predictionof the systematic deviation from

Beer’s law is testable experimentally.

5.7 Conclusions

We have studied the transmission and reflection of light incident on a few layer graphene sys-

tem by modelling it as a collection of conducting planes separated by a distance of 3.35Å.

The importance of the multi-layer system is that the processof preparation of a mono-layer

usually leads to the production of multi-layers. The main focus of this study is to propose a

reliable way of counting the number of layers in a few-layer graphene system. Reflection and

transmission coefficients of ann - layer system is derived in this work which enables one to

study the limits of applicability of Beer-Lambert’s law in this system. The study is done in

the visible region of the electromagnetic spectrum The dependence of the transmission coef-

ficient on conductivity allows one to extract the mono-layerconductivity by an experimental

determination of the transmission coefficient of the few-layer system. A comparison of our

findings in the optical region with the experimental work of Nair et.al. shows an exact match

for systems up to five layers (experimental limit). However,Beer’s Law with a proper choice
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of the attenuation constant is also shown to reproduce theseexperimental findings. We there-

fore propose that an extension of the experimental results for larger number of layers will

validate or refute our theory and set it apart from Beer’s Law. While these results are most

appealing when the n-layer system can be considered as beinga set truly independent layers,

we have also conducted a detailed phenomenological study ofthe potential consequences of

including inter-layer coupling effects as well as nonlinearities and other effects that modify

the conductivity of a single layer. We find that under optimistic scenarios our simple-minded

predictions of deviations from Beer’s Law appears to be robust upto a few tens of layers.

In addition, using Maxwell’s equations, we have obtained a matching result for mono-layer

opacity (1− T) with one of the experimental observations in the visible wavelength region.
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Chapter 6

Summary and outlook

As the title of this thesis suggests, this work is on carbon based systems which are two dimen-

sional. Till 2004 it was believed that a 2D material cannot bemade because it is not possible

to have a long range crystalline order in two dimension because of the large thermodynamic

fluctuations which makes them highly unstable. In 2004 2D carbon named graphene came

into existence for which the pioneers Dr. A. K. Geim and Dr. K.S. Novoselov from Manch-

ester University received the 2010 Nobel prize. Graphene defined as a densely packed ma-

terial made purely out of carbon atoms arranged in hexagonallattice shows many attractive,

interesting and exotic properties such as the linear dispersion near low energies, fractional

Quantum Hall Effect, electric field effects etc. There are many experimental and theoretical

works ongoing on the different aspects of this material which made this a rich area of research.

Even if this is the case, the optical properties of graphene are one of the most unexplored as-

pects of this new material. There are a few experimental and theoretical works available in

this subarea, but still it is less visited compared to the electronic and transport properties.

Also due to the high degree of expectation and enthusiasm in this field, a number of related

materials have also attracted attention which are substrate-graphene, bi-layer graphene, few

layer graphene, graphene nanoribbons, graphane etc.

The main focus of this thesis is the study of optical properties of graphene and some of

its related systems. A theoretical formulation is developed for mono-layer graphene using

some well-known but elementary physics equations. A purelyclassical study is done here.

Maxwell’s equations are used to determine the electric fieldemerging from different systems

121
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under study. Wherever it is useful and convenient, other methods like series summation meth-

ods are also used to solve the equations related to the system. The systems under study in this

work are mono-layer free standing graphene, substrate-graphene, bi-layer graphene and few

layer graphene of which the formulation made for free standing mono-layer graphene plays

an important role in the subsequent study in other related systems. The optical coefficients

under study in these systems are the coefficient of reflection, coefficient of transmission and

polarization of reflected wave. The situation under study for all the systems considered in

this work is explained in the next few lines. The system understudy is exposed to a plane

electromagnetic wave and the wave is incident on the system at an arbitrary angle. For this

system we have calculated the field reflected and transmittedfrom the systems by solving ei-

ther Maxwell’s equations or by using series summation methods. Then using these emergent

fields the optical coefficients are derived and studied with respect to various parameters.

In chapter2, the system under study is freely suspended graphene which is not supposed to

have any disorder effects due to the presence of substrate material. This system is modeled as

a conducting medium of one atom thickness, i.e. perfectly two dimensional. Maxwell’s equa-

tions are solved to derive equations for reflected and transmitted electric fields and general

analytical expressions for reflection coefficient, transmission coefficient and reflected polar-

ization are derived. These general equations are functionsof various parameters related to

the system as well as the incident wave. The system dependentparameters are the optical

conductivity elements. In various limits of these parameters, such as conductivity and several

angle parameters, the above mentioned optical quantities behave in different ways. A few

examples are the isotropic limit, linearly polarized incidence limit, diagonal anisotropic limit,

off-diagonal anisotropic limit etc. These results obtained for mono-layer reflection, shows a

small value for this quantity which is as expected by experiments and the transmission results

also matches with the experimental observations availablein this area. Loss coefficient asso-

ciated with mono-layer graphene derived from energy conservation arguments show excellent

agreement with the experimental findings. Azimuthal angle dependence of optical quantities

gives hints about the form of optical conductivity tensor ofgraphene. In addition, this study

provides a way to express the polarization of the reflected wave in terms of the polarization of

incident wave.

Even if graphene is extremely interesting and important, inorder for it to be practically

useful, it has to be deposited on a substrate material. This situation is explained in chapter3

where the influence of a substrate material on optical properties of graphene is considered for
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study. A similar route given in chapter2 has been followed in this system also. The system

under study in this chapter can be considered as a combination of a conducting graphene

sheet and a dielectric substrate material. We have assumed here that the presence of substrate

does not alter the chemical structure of graphene. Maxwell’s equations for this system is

solved separately with the use of boundary conditions and derived general equations for the

emergent electric field, which include reflection and transmission. The correctness of these

equations has been checked at different stages of the calculations in various limits at which it

should reduce to some of the well known results. Using the reflected and transmitted electric

fields, the optical quantities mentioned above has been calculated and as discussed in the case

of earlier chapter, they are functions of a few parameters which under several limits produces

some interesting limits. At each stage of study, a comparison with the corresponding situations

in free standing situation is made which helps to relate and differentiate the two systems. One

of the important limiting cases is the situation when the incident light is linearly polarized.

If the behavior of reflected amplitude is seen with respect toincident angle, a phenomenon

which describes the polarization by reflection can be observed. The only difference in this

case is that the minimum observed in the reflected amplitude with p polarized incident wave

is not only decided by the conventional parameter as in the case of ordinary materials which

is the Brewster (incident) angle but also an additional parameter namely the azimuthal angle.

It is also important to note that the position of the minimum varies with the type of anisotropy

present in the system.

The next system which is immediately related to graphene is bi-layer graphene which is

a combination of two monolayers separated by a distance of 3.35 Å. Even though it is not a

perfectly two dimensional material, it is considered to be that way because of the angstrom

order distance separating them. We continue to model the bilayer (multilayer) system as being

composed of two (many) independent monolayers but with the conductivity of each mono-

layer suitably renormalized to account for the effects of trigonal warping, non-linearity in the

energy spectrum and inter layer hopping. This is done at a phenomenological level and not

at the band structure level. We propose an interpolation formula for the effective conductivity

of each graphene monolayer and determine the parameters in this interpolation but making

contact with the experimental findings for bulk graphite andalso with the theoretical/experi-

mental studies for a bilayer. Due to the presence of one extralayer there are effects of multiple

reflection which is responsible for the phase factors appearing the equations derived for ef-

fective reflection and transmission for bi-layer graphene.The system is solved using series
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summation method which is effective in taking care of the multiple reflection due to which

the reflection and transmission becomes a sum of an infinite series. Thus the main difference

between the general equations for bi-layer and mono-layer systems are the multiple reflection

effects between layers that can lead to construvtive or destructive interference. The reflected

intensity shows an oscillation with respect to incident angle if the incident wave is in the high

energy region (soft X-ray) in the case of bi-layer graphene.Another important result in this

section is the perfect matching of the bi-layer transmission at normal incidence and with visi-

ble frequency with one of the experimental results available in the literature. The importance

of this study is that it acts as the basis for deriving a general result for multi-layer graphene

which is explained in the next chapter.

Among the experimental techniques for synthesizing graphene, the most convenient, fast

and successful method is mechanical exfoliation. But most of the time, graphene is sur-

rounded by a number of multi-layered flakes. Hence it is always important to distinguish

between the different samples produced while synthesis. It is also important to count the

number of layers. This is the objective of chapter5. In chapter5, multi-layer system is con-

sidered for study. This is a combination ofn number of graphene layers each having similar

properties especially the optical conductivity and each separated by a distance of 3.35 Å. Due

to the presence of a large number of mono-layers, multiple reflection effects in this system is

extremely large and it is taken care of by the use of series summation method to derive the

reflection and transmission. A general recurrence relationhas been derived for the reflection

and transmission which is extremely complicated due to the non-commutative property of dif-

ferent matrices present in the general equations. The limitof normal incidence and isotropic

conductivity tensor simplifies the general situation to a large extent and in these limits the

equations can be exactly solved which results in a general solution for the reflection and

transmission for ann layer system. Using this result the reflection and transmission has been

studied with respect to number of layers and found out that upto five layers (experimental

limit) the results obtained from present study matches withone of the experimental obser-

vations available in the literature. The results obtained enables us to study the well known

rule in optics known as Beer-Lambert’s law for a multi-layergraphene system. In the small

n (number of layers) limit, it appears that transmission deviates from Beer’s law. Hence a

comparison is made between the present results and the results obtained from a Beer’s law

ansatz in the smalln limit. The experimental results shows perfect matching with both of the
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results upto five layers. The availability of experimental results for larger number of layers

will validate the correctness of this formulation developed for multi-layer graphene.

A few concluding remarks mark the end of our journey into the fascinating world of

graphene. This thesis made an effort to understand the mono-layer graphene and some of its

related systems with the help of a few well-known optical quantities such as coefficient of re-

flection, coefficient of transmission and reflected polarization from a theoretical point of view.

This work proposes a method for detecting the optical anisotropy of graphene and parameters

associated with it (with anisotropy being defined as the propensity for the current density to

point in a direction different from the applied field). It also recommends a method fordeter-

mining the number of layers in multi-layer graphene by studying transmission as a function

of number of layers which shows a marked departure from Beer’s law for a small number

of layers. This work also sheds light on the behavior of the polarization of electromagnetic

waves reflected from graphene and its related systems. It also represents a less well-studied

aspect of graphene viz. the optical properties from a physical optics point of view in contrast

with the more well-studied Dirac fermion aspects. This is simple and understandable in the

sense that it uses only well established fundamental laws and equations. This study and the

theoretical formulation developed for graphene gives sucha thorough understanding of the

optical properties of graphene which can prompt further studies along these lines keeping this

study as the starting point.
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Appendix A

Free standing mono-layer graphene:

Detailed calculations

A.1 Emergent electric field

The incident electric field has the form as given by equation (2.1) in real space and equation

(2.4) in reciprocal space. In general,E = −1
c
∂A
∂t whereA is the vector potential which in

Fourier space becomes

E(qω) =
iω
c

A(q, ω) (A.1)

Since the graphene sheet is assumed to be kept in the xy plane as mentioned in chapter2, the

current densityJ appearing in equation (free-max-eqn) does not have any component in thez

direction. That isJz(r , t) = 0. From equations (2.6, 2.7) we can get the current density:

J(q||, z, ω) = σ(q||, ω) · Eext(q||, z= 0, ω) δ(z) (A.2)

From the continuity equation

∇ · J + ∂ρ
∂t
= 0 (A.3)

we can get the charge density denoted byρ in equation (2.5) as

ρ(q||, z, ω) =
q|| · σ(q||, ω) · Eext(q||, z= 0, ω) δ(z)

ω
(A.4)
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From one of the first Maxwell’s equation given in equation (2.5) which connects the charge

density and the electric field:∇ · E = 4πρ, we can get the following equation:

iq|| · A(q||, z, ω) + ∂zAz(q||, z, ω) =
4πc
iω

q|| · J(q||, z, ω)

ω
(A.5)

From the fourth Maxwell’s equation given by equation (2.5) connecting the magnetic field

and the rate of change of electric field:∇ × B = 4π
c J + 1

c
∂E
∂t , we will get

(iq|| + êz ∂z)
[

(iq||) · A(q||, z, ω) + ∂zAz(q||, z, ω)
]

− (q2
|| + ∂2

z)A(q||, z, ω)

=
4π
c

J(q||, z, ω) +
ω2

c2
A(q||, z, ω) (A.6)

Substituting equations (A.2, A.5) in equation (A.6) we can get

(

ω2

c2
− q2

|| + ∂
2
z

)

A(q||, z, ω) = (iq|| + êz∂z)















4πc
iω

q|| · σ(q||, ω) · Eext(q||, z= 0, ω) δ(z)

ω















− 4π
c
σ(q||, ω) · Eext(q||, z= 0, ω) δ(z) (A.7)

After a few substitutions and algebra we can get the electricfield as given below:

E(q||, z, ω) =
2i

c|q0|(q2
0,z− q2

z)
(q0,|| + êzqz) q0 · σ(q0,||, c|q0|) · δ(ω − c|q0|) δ2(q0,|| − q||)

∑

ν=1,2

ûνEext
ν

− i|q0|
(q2

0,z− q2
z)

4π
c
σ(q0,||, c|q0|) · δ(ω − c|q0|) δ2(q|| − q0,||)

∑

ν=1,2

ûνEext
ν

1
2π

(A.8)

By repeated inverse Fourier transform of equation (A.8) we will get the emergent electric field

as shown in equation (2.8)

A.2 Conductivity from optical coefficients

We have discussed in detail the reflection and transmission coefficients of free standing mono-

layer graphene in chapter (1) and they are given by equations (2.21, 2.22). We also know that

the linearly polarized incidence can be taken care of in three ways, (i) whenθext
tilt tends to zero

which is calleds - polarization (ii) whenθext
tilt tends toπ2 which is calledp - polarization (iii)

whenδext = 0, this is when the difference between the polarization components vanishes.
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To make the situation simple, we can consider the normal incidence limit of equations (2.21,

2.22). Let us denote the reflection and transmission coefficients in the above mentions limits

asRs (reflection coefficient with s polarized incidence),Rp (reflection coefficient with p po-

larized incidence),Ts (transmission coefficient with s polarized incidence),Tp (transmission

coefficient with p polarized incidence). The equations for the above mentioned quantities are

given below:

R⊥s = 4π2(σ2
xy + σ

2
yy) (A.9)

R⊥p = 4π2(σ2
xx + σ

2
yx) (A.10)

T⊥s = 4π2σ2
xy + (1− 2πσyy)

2 (A.11)

T⊥p = 4π2σ2
yx + (1− 2πσxx)

2 (A.12)

Solving the system of equations forσxx, σxy, σyx andσyy we get,

σxx =
1+ Rp − Tp

4π
(A.13)

σyy =
1+ Rs− Ts

4π
(A.14)

σxy = ±
√

−1+ 2Rs− R2
s + 2Ts + 2RsTs − T2

s

4π
(A.15)

σyx = ±

√

−1+ 2Rp − R2
p + 2Tp + 2RpTp − T2

p

4π
(A.16)

A.3 Conservation theorem in monolayer graphene

Poynting’s vector by definition is given by,
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S=
c

4π
Re(E × B∗) (A.17)

whereE andB are the electric and magnetic field. Using Maxwell’s equations the conserva-

tion law can be derived as follows:

∇ · S+ 1
8π

∂

∂t
B∗ · B + 1

8π
∂

∂t
E∗ · E = −Re(E∗ · J) (A.18)

whereJ is the current density vector and for a 2D materialJ = σ · Eext(z= 0) δ(z).

∇ · S+
∂u
∂t
= −δ(z) Re

(

E∗(z= 0) · σ · Eext(z= 0)
)

(A.19)

whereu = 1
8π (B∗ · B + E∗ · E). Integrating both sides of the above equation

∫

d2r ||
∫ ǫ

−ǫ dz

∫

d2r ||
(

Sz(z= 0+) − Sz(z= 0−)
)

= −
∫

d2r || Re
(

E∗(z= 0) · σ · Eext(z= 0)
)

(A.20)

As given in chapter1, the electric field emerging from graphene when a plane electromagnetic

waveEext with wave vectorq0 is incident on it at an arbitrary angleθ0 is given by equation

(2.8) from which corresponding magnetic field can be written as,

B∗ =
1
|q0|

eic|q0|t e−iq0,|| ·r ||
(

e−iq0,zz (q0,zêz+ q0,||) × E∗ext+ eiq0,zz (−q0,zêz+ q0,||) × E∗re f

)

Θ(−z)

+
1
|q0|

eic|q0|t e−iq0,zz e−iq0,|| ·r || (q0,zêz + q0,||) × E∗tranΘ(z) (A.21)

Using the equations (2.8, A.21) for electric field and magnetic field we get,

2Re[(E × B∗) · êz] =
2q0,z

|q0|
([

Eext · E∗ext− Ere f · E∗re f

]

Θ(−z) + Etran · E∗tranΘ(z)
)

(A.22)

E(z= 0) =
1
2

e−ic|q0|t eiq0,|| ·r ||
(

Eext+ Ere f + Etran

)

(A.23)

Sz(z= 0+) =
c

4π
q0,z

|q0|
(Etran · Etran) ; Sz(z= 0−) =

c
4π

q0,z

|q0|
(

Eext · Eext− Ere f · Ere f

)

(A.24)

Substituting equations (A.22, A.23, A.24) in equation (A.20) we can get,

c
π

q0,z

|q0|
(

Etran · Etran − Eext · Eext+ Ere f · Ere f

)

= −2Re
[

(E∗ext+ E∗re f + E∗tran) · σ · Eext(z= 0)
]

(A.25)
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We know already that the incident, reflected and transmittedintensity has the definition given

below:

I inc =
q0,zc

|q0|
(

Eext · E∗ext

)

; Ire f =
q0,zc

|q0|
(

Ere f · E∗re f

)

; Itran =
q0,zc

|q0|
(

Etran · E∗tran

)

(A.26)

Substituting the above definitions in equation(A.28) we get,

(

I inc − Ire f − Itran

)

= 2πRe
(

(E∗ext+ E∗re f + E∗tran) · σ · Eext(z= 0)
)

= Iohmic (A.27)

HenceI inc = Ire f + Itran + Iohmic. That is,

1 = R+ T + L (A.28)

where

R=
Ire f

I inc
=

(

Ere f · E∗re f

)

(

Eext · E∗ext

) (A.29)

T =
Itran

I inc
=

(

Etran · E∗tran

)

(

Eext · E∗ext

) (A.30)

L =
Iohmic

I inc
=

2πRe
[(

E∗ext+ E∗re f + E∗tran

)

· σ · Eext(z= 0)
]

q0,zc
|q0|

(

Eext · E∗ext

)
(A.31)

We have already derived the equations forR andT in chapter1. Substituting forEre f and

Etran derived in chapter1 we may obtain the coefficientL as functions of various angle param-

eters as well as the conductivity tensor elements. Therefore in the isotropic limit at normal

incidence these equations reduce toR =
4π2σ2

1
c2 , T =

(

1− 2πσ1
c

)2
andL = 4πσ1(c−2πσ1)

c2 where

σ1 is the optical conductivity of graphene. In this situation,in the high energy region such

as visible energy range, with graphene conductivity as the universal constante
2

4~ , we can get

mono-layer ohmic loss as 2.27% and opacity defined by (1−T) as 2.28% which matches quite

closely with the experimental observation by Nair et.al[92].
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Appendix B

Substrate-graphene: Detailed calculations

B.1 Emergent electric field

As discussed in chapter2, the incident electric field has the form as given by equation(2.1) in

real space and (2.4) in reciprocal space. We know in general thatE = −1
c
∂A
∂t andB = ∇ × A.

whereA is the vector potential. Substrate-graphene is a combined system of a substrate

material and a one atom thick 2D graphene sheet. The substrate material is a dielectric with

a dielectric constantǫ whereas the graphene sheet is a conducting media with conductivity σ.

For this reason the current density induced in the system dueto the incident field is purely due

to graphene and is denoted byJgr which can be written as

Jgr = −
1
c
σ · ∂tAext(z= 0) δ(z) (B.1)

From the fourth Maxwell’s equation given by equation (3.2) we get

∇(∇ · A) − ∇2A = −
4π
c2

σ · ∂tAext(z= 0) δ(z) −
ε(z)
c2

∂2A
∂t2

(B.2)

The vector potential in general can be written as

A(r , t) =
[

Θ(−z) eiq0,|| ·r ||
(

eiq0,zzAext(0)+ e−iq0,zzAre f(0)
)

+ Θ(z) eiq
′
0,|| ·r || + iq

′
0,zzA tran(0)

]

e−ic|q0|t

(B.3)
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where

eiq0,|| ·r ||+iq0,zz Aext(0) e−ic|q0|t = Aext(r , t) (B.4)

eiq0,|| ·r ||−iq0,zz Are f(0) e−ic|q0|t = Are f(r , t) (B.5)

eiq
′
0,|| ·r ||+iq

′
0,zz A tran(0) e−ic|q0|t = A tran(r , t) (B.6)

whereq
′

0,|| andq
′

0,z are the parallel andz components of the transmitted part of field respec-

tively. In regionsz > 0 andz < 0 (that is away from the regionz = 0), we can say that

∇ · D = 0 which when substituted in equation (B.2) we will get

∇2A =
ǫ

c2

∂2A
∂t2

(B.7)

From these equations it is also clear that∇·Aext(r , t) = 0 ,∇·Are f (r , t) = 0 and∇·A tran(r , t) = 0

which implies that

(iq0,|| + êz q0,z) · Aext(0) = 0 (B.8)

(iq0,|| − êz q0,z) · Are f(0) = 0 (B.9)

(iq
′

0,|| + êz q
′

0,z) · A tran(0) = 0 (B.10)

From equation (B.7) in z> 0 region, we an get|q′0| =
√
ǫ |q0|.

At this stage we can make a few assumptions, such thatA || is continuous atz = 0 andAz

is not. Applying the continuity ofA || atz= 0 to the general equation of vector potential given

by equation (B.3), the following condition arises

eiq0,|| ·r ||
(

Aext,||(0)+ Are f,||(0)
)

= eiq
′
0,|| ·r ||A tran,||(0) (B.11)
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which implies that

q0,|| = q
′

0,|| (B.12)

Aext,||(0)+ Are f,||(0) = A tran,||(0) (B.13)

Now consider the region in the vicinity ofz= 0 in which equation (B.2) can be written as

(iq0,|| + êz∂z) (iq0,|| · A || + ∂zAz) − (−q2
0,|| + ∂2

z) (A || + êzAz)

= −
4π
c2

σ · ∂tAext,||(z= 0) δ(z) +
ε(z)ω2

c2
(A || + êzAz) (B.14)

Separating out the parallel andz components of equation (B.14), from thez component we

will get

Az =
∂z(iq0,|| · A ||)
ε(z) |q0|2 − q2

0,||
(B.15)

Now to solve for the parallel component of vector potential,integrate the parallel component

of equation (B.14) with respect toz within a small interval close to zero which will give the

following result:

iq0,||
(

Az,+ − Az,−
)

− ∂zA ||,+ + ∂zA ||,− = −
4π
c2

σ · ∂tAext,||(z= 0) (B.16)

Each of the terms in equation (B.16) is given below:

∂zA ||,+ =eiq0,|| ·r || + iq
′
0,zz (iq

′

0,z) A tran,||(0) e−iωt (B.17)

∂zA ||,− =iq0,ze
iq0,|| ·r ||

(

eiq0,zz Aext,||(0) − e−iq0,zzAre f,||(0)
)

e−iωt (B.18)

Az,+ =
−eiq0,|| ·r || + iq

′
0,zz q

′

0,z

(

q0,|| · A tran,||(0)
)

e−iωt

q′20,z
(B.19)

Az,− =
−eiq0,|| ·r || q0,z q0,|| ·

(

eiq0,zz Aext,||(0) − e−iq0,zzAre f,||(0)
)

e−iωt

q2
0,z

(B.20)
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Substituting equations (B.17, B.18, B.19, B.20) in equation (B.16) we get,

q0,||















−q
′

0,z q0,|| · A tran,||(0)

q′20,z
−
−q0,z q0,|| · (Aext,||(0)− Are f,||(0))

q2
0,z















(B.21)

− q
′

0,z A tran,||(0)+ q0,z (Aext,||(0) − Are f,||(0)) =
4π|q0|

c
σ · Aext,||(z= 0)

Solving equations (B.13) and (B.21) simultaneously we will get the parallel components of

the vector potential:

q0,||













1

q
′

0,z

+
1

q0,z













(

q0,|| · A tran,||(0)
)

+
(

q
′

0,z+ q0,z

)

A tran,|| =2q0,z Aext,||(0) +
2q0,||

q0,z

(

q0,|| · Aext,||(0)
)

− 4π|q0|
c

σ · Aext,||(0) (B.22)

Equation (B.22) is a vector equation. Separating it into its components we can get thex andy

components of the transmitted part of vector potential. Substituting these in equation (B.13)

we can get the corresponding components of reflected part of the vector potential. Thez

component of the total vector potential is already known from equation (B.15). Combining

all these components together and making use of equation (A.1), we can get the emergent

electric field as given by equations (3.3, 3.4).
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Appendix C

Bi-layer-graphene: Detailed calculations

C.1 Bi-layer reflection and transmission matrices

We have seen in chapter4 that the mono-layer reflection and transmission can be represented

in a compact form using the corresponding matrices denoted by G1,r andG1,t. These matrices

are given in equations (4.2, 4.4). In a similar way the bi-layer reflection and transmission

electric fields can be represented in terms the matrices in this system denoted byG2,r andG2,t.

From the schematic given in Fig. 1 in chapter4, it is clear that there will be contributions due

to multiple reflections. The series for bi-layer graphene representing the effective reflection

and transmission which finally converges to equations (4.7) and (4.8) is given below:

Ebi
re f(r , t) = eiq0,|| ·r || − iq0,zz − ic|q0|t (G1,r +G

′

1,tG1,rG1,t e2i q0,zd +G
′

1,tG1,rG
′

1,rG1,rG1,t e4i q0,zd

+G
′

1,tG1,rG
′

1,rG1,rG
′

1,rG1,r e6i q0,zd +G
′

1,tG1,rG
′

1,rG1,rG
′

1,rG1,rG
′

1,rG1,r e8i q0,zd

+ ......) · Einc(0)

= eiq0,|| ·r || − iq0,zz − ic|q0|t (G1,r +G
′

1,t ·G1,r ·
1

I3 −G′

1,rG1,r e2i q0,zd
·G1,t e2i q0,zd) · Einc(0)

= eiq0,|| ·r || − iq0,zz − ic|q0|t G2,r · Einc(0) (C.1)
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138 Appendix C. Bi-layer-graphene: Detailed calculations

whereG2,r is given by equation (4.7). Similarly the transmitted field from bi-layer system can

be written as given below:

Ebi
tran(r , t) = eiq0,|| ·r ||+ iq0,zz − ic|q0|t (G1,t G1,te

iq0,zd +G1,tG
′

1,rG1,rG1,t e3i q0,zd

+G1,tG
′

1,rG1,rG
′

1,rG1,rG1,t e5i q0,zd +G1,tG
′

1,rG1,rG
′

1,rG1,rG
′

1,rG1,rG1,t e7i q0,zd

+G1,tG
′

1,rG1,rG
′

1,rG1,rG
′

1,rG1,rG
′

1,rG1,rG1,t e9i q0,zd + .....) · Einc(0)

= eiq0,|| ·r || + iq0,zz − ic|q0|t G1,t ·
1

I3 −G′

1,rG1,r e2i q0,zd
·G1,t eiq0,zd · Einc(0)

= eiq0,|| ·r || + iq0,zz − ic|q0|t G2,t · Einc(0) (C.2)

whereG2,t is given in equation (4.8). The relation between the primed and unprimed matrices

appearing in the above equations can be written asG
′

1,r = G1,r |q0,z=−q0,z andG
′

1,t = G1,t|q0,z=−q0,z.

At normal incidenceG1,r and G1,t given by equations (4.2, 4.4) reduces toG1,r = −2π
c σ

andG1,t = I2 − 2π
c σ = I2 + G1,r whereI2 is the two dimensional identity matrix. Hence at

normal incidence [G1,r ,G1,t] = 0. In the bi-layer case at normal incidence,G2,r =
2G1,r

I2+G2
1,r

and

G2,t =
(I2+G1,r )2

(I2+G2
1,r )

in the limit of |q0|d≪ 1 which makes them commute.

C.2 Components ofG2,r and G2,t

We can write the matrix form of bi-layer reflection matrix as given below:

G2,r =



































ar,1+e2i q0,zdbr,1+e4i q0,zdcr,1

f1+e2i q0,zdg1+e4i q0,zdh1

ar,2+e2i q0,zdbr,2+e4i q0,zdcr,2

f1+e2i q0,zdg1+e4i q0,zdh1
0

ar,3+e2i q0,zdbr,3+e4i q0,zdcr,3

f1+e2i q0,zdg1+e4i q0,zdh1

ar,4+e2i q0,zdbr,4+e4i q0,zdcr,4

f1+e2i q0,zdg1+e4i q0,zdh1
0

ar,5+e2i q0,zdbr,5+e4i q0,zdcr,5

f1+e2i q0,zdg1+e4i q0,zdh1

ar,6+e2i q0,zdbr,6+e4i q0,zdcr,6

f1+e2i q0,zdg1+e4i q0,zdh1
0



































(C.3)

where the components are

ar,1 = 2c3π|q0|q3
0,z

(

−|q0|2σxx + q0,x(q0,xσxx + q0,yσyx)
)

br,1 = 2πc|q0|q0,z [c2q2
0,z(−|q0|2σxx + q0,x(q0,xσxx + q0,yσyx)) + 4π2q2

0,z(σxyσyx − σxxσyy)

× (|q0|2σyy − q0,y(q0,xσxy + q0,yσyy))]
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C.2. Components of G2,r and G2,t 139

cr,1 = 8π3c|q0|q3
0,z(σxyσyx − σxxσyy)(|q0|2σyy − q0,y

(

q0,xσxy + q0,yσyy)
)

ar,2 = 2c3π|q0|q3
0,z

(

−|q0|2σxy + q0,x(q0,xσxy + q0,yσyy)
)

br,2 = − 2πcq0,z

(

|q0|2σxy − q0,x(q0,xσxy + q0,yσyy)
)

(c2q2
0,z+ 4π2q2

0,z(σxyσyx − σxxσyy))

cr,2 = − 8π3c|q0|q3
0,z(σxyσyx − σxxσyy)(|q0|2σxy − q0,x(q0,xσxy + q0,yσyy))

ar,3 = 2c3π|q0|q3
0,z

(

q0,xq0,yσxx + (−|q0|2 + q2
0,y)σyx)

)

br,3 = 2πcq0,z(q0,xq0,yσxx + (−|q0|2 + q2
0,y)σyx)(c

2q2
0,z+ 4π2q2

0,z(σxyσyx − σxxσyy))

cr,3 = 8π3c|q0|q3
0,z

(

|q0|2σyx − q0,y(q0,xσxx + q0,yσyx)
)

(−σxyσyx − σxxσyy)

ar,4 = 2πc3|q0|q3
0,z

(

q0,xq0,yσxy +
(

−|q0|2 + q2
0,y

)

σyy

)

br,4 = 2πc|q0|q0,z(c
2q2

0,z(q0,xq0,yσxy + (−|q0|2 + q2
0,y)σyy) − 4π2q2

0,z(|q0|2σxx

− q0,x(q0,xσxx + q0,yσyx)(−σxyσyx + σxxσyy))

cr,4 = − 8π3c|q0|q3
0,z

(

|q0|2σxx − q0,x(q0,xσxx + q0,yσyx)
)

(−σxyσyx + σxxσyy)

ar,5 = − 2πc3|q0|q4
0,z(q0,xσxx + q0,yσyx)

br,5 = − 2πc|q0|q2
0,z(c

2q2
0,z(q0,xσxx + q0,yσyx) + 4π3(σxyσyx − σxxσyy)(q

2
0,xq0,yσxy

+ (|q0|2 − q2
0,y)q0,yσyx − q0,x(q

2
0,y(σxx − σyy) + |q0|2σyy)))

cr,5 = − 8π3c|q0|q2
0,z(−σxyσyx + σxxσyy)(−q2

0,xq0,yσxy + q0,y(−|q0|2 + q2
0,y)σyx

+ q0,x(q
2
0,y(σxx − σyy) + |q0|2σyy))
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ar,6 = − 2πc3|q0|q4
0,z

(

q0,xσxy + q0,yσyy

)

br,6 = − 2πc|q0|q2
0,z(c

2q2
0,z(q0,xσxy + q0,yσyy) + 4π2(−σxyσyx + σxxσyy)(|q0|2(q0,yσxx − q0,xσyx)

+ q0,x(q
2
0,xσxy − q2

0,yσyx + q0,xq0,y(−σxx + σyy))))

cr,6 = − 8π3c|q0|q2
0,z(|q0|2(−q0,yσxx + q0,xσxy) + q0,x(−q2

0,xσxy + q2
0,yσyx + q0,xq0,y(σxx − σyy)))

× (σxyσyx − σxxσyy)

f1 = c4|q0|2q4
0,z

g1 = 4π2c2q2
0,z[

(

q2
0,xσxx + q0,xq0,y(σxy + σyx) + q2

0,yσyy

)2
+ |q0|4

(

σ2
xx + 2σxyσyx + σ

2
yy

)

− 2|q0|2(q2
0,x(σ

2
xx + σxyσyx) + q0,xq0,y(σxy + σyx)(σxx + σyy) + q2

0,y(σxyσyx + σ
2
yy))]

h1 = 16π4|q0|2q4
0,z(σxyσyx − σxxσyy)

2

The matrix form of bilayer transmission matrix is as given below:

G2,t = ei q0,zd



































at,1+e2i q0,zdbt,1

f1+e2i q0,zdg1+e4i q0,zdh1

at,2+e2i q0,zdbt,2

f1+e2i q0,zdg1+e4i q0,zdh1
0

at,3+e2i q0,zdbt,3

f1+e2i q0,zdg1+e4i q0,zdh1

at,4+e2i q0,zdbt,4

f1+e2i q0,zdg1+e4i q0,zdh1
0

at,5+e2i q0,zdbt,5+e4i q0,zdct,5

f1+e2i q0,zdg1+e4i q0,zdh1

at,6+e2i q0,zdbt,6+e4i q0,zdct,6

f1+e2i q0,zdg1+e4i q0,zdh1
1



































(C.4)

where the components are

at,1 = c2q2
0,z(c

2|q0|2q2
0,z+ 4πc|q0|q0,z(−|q0|2σxx + q0,x(q0,xσxx + q0,yσyx)) + 4π2(|q0|4(σ2

xx

+ σxyσyx) + q0,x(q0,xσxx + q0,yσyx)(q
2
0,xσxx + q0,xq0,y(σxy + σyx) + q2

0,yσyy)

− |q0|2(q2
0,yσxyσyx + q2

0,x(2σ
2
xx + σxyσyx) + q0,xq0,y(σxxσyx + 2σxxσyx + σyxσyy))))
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bt,1 = 4π2(4π2|q0|2q4
0,z(σxyσyx − σxxσyy)

2 + 4πc|q0|q3
0,z(σxyσyx − σxxσyy)(|q0|2σyy

− q0,y(q0,xσxy + q0,yσyy)) + c2q2
0,z(q0,y(q0,xσxy + q0,y(σxy + σyx)) + q2

0,yσyy)

+ |q0|4(σxyσyx + σ
2
yy) − |q0|2(q0,xq0,yσxxσxy + (q2

0,x + q2
0,y)σxyσyx

+ q0,xq0,y(2σxy + σyx)σyy + 2q2
0,yσ

2
yy)))

at,2 = − 4c2πq2
0,z(|q0|2σxy − q0,x(q0,xσxy + q0,yσyy))(c|q0|q0,z+ π(q0,x(q0,xσxx

+ q0,y(σxy + σyx)) + q2
0,yσyy − |q0|2(σxx + σyy)))

bt,2 = − 4cπ2q0,z(|q0|2σxy − q0,x(q0,xσxy + q0,yσyy))(4π|q0|q2
0,z(σxyσyx − σxxσyy)

+ cq0,z(−q0,x(q0,xσxx + q0,y(σxy + σyx)) − q2
0,yσyy + |q0|2(σxx + σyy)))

at,3 = 4c2πq2
0,z(q0,xq0,yσxx + (−|q0|2 + q2

0,y)σyx)(c|q0|q0,z+ π(q0,x(q0,xσxx + q0,y(σxy + σyx))

+ q2
0,yσyy− |q0|2(σxx + σyy)))

bt,3 = 4π2cq0,z(q0,xq0,yσxx + (−|q0|2 + q2
0,y)σyx)(4π|q0|q2

0,z(σxyσyx − σxxσyy)

+ cq0,z(−q0,x(q0,xσxx + q0,y(σxy + σyx)) − q2
0,yσyy + |q0|2(σxx + σyy)))

at,4 = c2q2
0,z(c

2|q0|2q2
0,z+ 4πc|q0|q0,z(q0,xq0,yσxy + (−|q0|2 + q2

0,y)σyy) + 4π2(q0,y(q0,xσyx

+ q0,yσyy)(q0,x(q0,xσxx + q0,y(σxy + σyx)) + q2
0,yσyy) + |q0|4(σxyσyx + σ

2
yy)

− |q0|2(q0,xq0,yσxxσxy + (q2
0,x + q2

0,y)σxyσyx + q0,xq0,y(2σxy + σyx)σyy + 2q2
0,yσ

2
yy)))

bt,4 = 4π2|q0|2(4π2|q0|2q4
0,z(σxyσyx − σxxσyy)

2 − 4πc|q0|q3
0,z(|q0|2σxx

− q0,x(q0,xσxx + q0,yσyx))(−σxyσyx + σxxσyy) + c2q2
0,z(|q0|4(σ2

xx + σxyσyx)

+ q0,x(q0,xσxx + q0,yσyx)(q
2
0,xσxx + q0,xq0,y(σxy + σyx) + q2

0,yσyy)

− |q0|2(q2
0,yσxyσyx + q2

0,x(2σ
2
xx + σxyσyx) + q0,xq0,y(σxxσxy + 2σxxσyx + σyxσyy))))

at,5 = 4c2πq3
0,z(c|q0|q0,z(q0,xσxx + q0,yσyx) + π((q0,xσxx + q0,yσyx)(q

2
0,xσxx

+ q0,xq0,y(σxy + σyx) + q2
0,yσyy) − |q0|2(q0,x(σ

2
xx + σxyσyx) + q0,yσyx(σxx + σyy))))
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bt,5 = − 4π2q0,z(4π
2|q0|2q0,xq

2
0,z(σxyσyx − σxxσyy)

2 − 4πc|q0|q0,z(σxyσyx − σxxσyy)

× (q2
0,xq0,yσxy + (|q0|2 − q2

0,y)q0,yσyx − q0,x(q
2
0,y(σxx − σyy) + |q0|2σyy))

+ c2q2
0,z((q0,xσxx + q0,yσyx)(q

2
0,xσxx + q0,xq0,y(σxy + σyx) + q2

0,yσyy)

− |q0|2(q0,x(σ
2
xx + σxyσyx) + q0,yσyx(σxx + σyx))))

ct,5 = 16π4|q0|2q0,xq
3
0,z(σxyσyx − σxxσyy)

2

at,6 = 4c2πq3
0,z(c|q0|q0,z(q0,xσxy + q0,yσyy) + π((q0,xσxy + q0,yσyy)(q

2
0,xσxx + q0,xq0,y(σxy + σyx)

+ q2
0,yσyy) − |q0|2(q0,xσxy(σxx + σyy) + q0,y(σxyσyx + σ

2
yy))))

bt,6 = − 4π2q0,z(4π
2|q0|2q0,yq

2
0,z(σxyσyx − σxxσyy)

2 − 4πc|q0|q0,z(−σxyσyx + σxxσyy)

× (|q0|2(q0,yσxx − q0,xσxy) + q0,x(q
2
0,xσxy − q2

0,yσyx + q0,xq0,y(−σxx + σyy)))

+ c2q2
0,z((q0,xσxy + q0,yσyy)(q

2
0,xσxx + q0,xq0,y(σxy + σyx) + q2

0,yσyy)

− |q0|2(q0,xσxy(σxx + σyy) + q0,y(σxyσyx + σ
2
yy))))

ct,6 = 16π4|q0|2q0,yq
3
0,z(σxyσyx − σxxσyy)

2
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