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Abstract

The electromagnetic response of two dimensional carboedogigstems is studied using
basic classical tools. The most interesting and importartiian based system known till to-
day is the by now well-known two-dimensional material “Gnape”. This material is special
in several ways, indeed, its very existence is an enigmapli&m e and a few of graphene
based systems are studied using theoretical techniques.k&hpoint of this work is the
theoretical formulation of monolayer free-standing grapé. This formulation acts as the
reference for the subsequent studies done in various gnepbesed systems. In this formu-
lation monolayer free standing graphene is modelled as duwmtimg medium of one atom
thickness such that the media is non-refracting. The emermgjectric field of the system
has been calculated by solving the fundamental equatioefeofromagnetism, “Maxwell’'s
Equations” which consists of reflected and transmitted dielthree physically important and
experimentally measurable quantities are derived amalyi viz. coedficient of reflection,
codficient of transmission and polarization of reflection. Thergy conservation theorem
has been derived for the system using which the loss alsodeasdalculated to make sure of
the correctness of the formalism. The results obtaineddoresof these quantities with fixed
values of various parameters show an excellent agreemémntivel experimental observations
available in this field. For most of the device and technalabapplications, graphene has
to be deposited on a substrate. For this reason, we next stuelated system - substrate
graphene. Theoretical modelling of this system has beee tgrregarding graphene as a
conducting medium deposited on top of a purely dielectri¢emal characterized by a di-
electric constant. Maxwell’s equations for this combingdtem has been solved using the
boundary conditions and derived equations for the two pErésnergent field, reflection and
transmission which has been made use to study the opticaépres of this system. The
linearly polarized limit of incident light in this system isiportant because of a well-known
phenomenon in optics, “Brewster's phenomenon”. The mdstaésting feature of Brewster’s
phenomenon related to substrate graphene is the azimuilial@&pendence of the Brewsters
minimum. The next immediate system related to graphenesigdimbination of two single
graphene sheets separated by a distance of a few Angstroitisth& monolayer results as
reference, the optical constants of the bilayer system bas bolved using series summation
methods used in many fundamental optics books (sucth4)] Presence of an extra layer
leads to multiple reflection phenomena. Amplitude changesioupon each reflection which
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have to be taken into account. In addition, for shorter wevgths (soft X-ray), there are also
phase changes brought about by fact that the path leng#rsed within the two layers is of
the same order as the wavelength. More importantly, theepeesof more than one layer is
known to change the band structure of graphene completblys @ first principles calculation
of the optical constants of multi-layer graphene would Imealetails of this modified band
structure and otherfiects such as trigonal warping, next nearest inter-layepimayp finite
energy &ects due to nonlinearity in the energy spectrum and so ors ribt our intention
in this thesis to present such a calculation. Ours is a phenotagical approach wherein
we treat the multilayer system as being composedtetévely independent monolayers, but
each with an ffective or renormalized conductivity. Thisfective conductivity depends on
the total number of layers present in the system. An intejparh formula is proposed for this
guantity that interpolates between bilayer on the one haadirfinitely many layers - bulk
graphite on the other. We determine the parameters in tleepiofation by making contact
with these two extremes. We find that for few layers in the ggitregime, the nearly inde-
pendent layer approximation is quite good. The bilayerwatons act as a fundamental step
towards deriving the general theoretical model for a mialgier system. A general recurrence
relation for a multi-layer system is derived for reflectiondatransmission that are exactly
solved in the isotropic limit to obtain a general equationr&flection and transmission as a
function of number of layers. This result is one of the mogpamant outcomes of the work.
The formalism developed for the multi-layer system enabke$o count the number of lay-
ers in a few-layer graphene system and compute its trangmisedficient up to five layers
(which is an experimental limit). This exercise shows pergreement with one of the ex-
perimental results available in the literature. The welbln Beer’s law is studied using the
result obtained for multi-layer graphene which shows a at#m for small number of layers.
In addition to these results, many other studies relatedhé¢oditerent types of anisotropy
present in the system due to various external sources arid@everal limiting cases. As a
whole this is a study of graphene focused on less well-stuaspects of graphene and its re-
lated systems such as a detailed theoretical modelling opitical properties from a physical
optics point of view rather than on the more well studied Difermion aspects.
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Chapter 1
Introduction

Carbon is the element that is intimately related to livinongfs. It is one of the more abun-
dant elements found in the universe, in the sun, stars, sraghospheres of most planets,
earth’s crust and so on. Carbon deserves such a specialatdeie of its ability to be found
in various allotropic forms and also because of a wide waéits properties. For example,
graphite is one of the softest known materials while diamerwhe of the hardest; diamond is
transparent to the visible spectrum, while graphite is ogagiamond is an electrical insula-
tor while graphite is a conductor, and the fullerenes afiedént from both of them. Another
important property of this element is the ability to form loisrwith itself as well as with other
elements which lead to the formation of one of the largesttsainch of chemistry known as
organic chemistry. Even though the carbon atom is divaleitsioriginal state, its allotropic
forms such as graphite, diamond, fullerenes etc. showa-tetiency, that is, a single carbon
atom in these materials can form bond with four other elesienhe significance of carbon
can be understood by reminding ourselves that many of thertapt discoveries in the field
of materials in the last few years are related to carbon: araftbers, low pressure diamond
synthesis, fullerene for example buckyballs (sphericdlbimocarbon molecules)]]], carbon
nanotubes (cylindrical carbon molecule®) §nd very recently graphen8][ The well known
allotropes of carbon are diamond, graphite, Buckminstberenes, and carbon nanotubes.
If we observe the above mentioned forms, diamond is a thmeemsional material made of
sp’ hybridized carbon atoms, whereas graphite is also a thraerional solid but made of
sp’ hybridized carbon atoms. Whereas carbon nanotubes in wihécbarbon atoms are?
hybridized, is a material showing transport in one dimensiod Buckminster’ fullerene is a

1
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2 Chapter 1. Introduction

zero dimensional material, being compact rather than el@nThe dimensionality missing
from the above listis a material in two dimensions. If we geplg behind the non-occurrence
of the 2D form, we can find a well known theorem which states itha impossible to have
a long range crystalline order in 2D because of the largeribdynamic fluctuations, which
makes the strictly 2D crystal impossible to exijt [Even though it was a hypothetical object,
2D carbon was the theoretical basis to study the carborr@ties in other dimensions. Ex-
perimental trials were going on using various methods talpee 2D carbon. This is not only
because of the importance of carbon but also the specidlity ttvo dimensional nature. Low
dimensional materials are special because when we rdsigisize to one or more dimensions
it brings about changes in the material’'s properties. Theyeapected to show some exotic
behavior as compared to its bulk materials. This may be tscafilocalization ffects, ge-
ometry dfects, high surface to bulk ratio, absence of inter-layesranttions etcq]. Earlier
attempts to produce 2D carbon was through intercalationpoamds - by inserting atoms in
between the layers of graphite. This was successful to someate but obtaining a two di-
mensional single layer seemed impossible through thisgoha@. There were various other
methods used with the same maotivation but witfietent deposition techniques. Researchers
were successful in producing multi-layer graphite or feyelagraphite leaving the production
of one atom thick one layer of carbon atoms unaccomplishéé.dream of producing a 2D
material came true in 2004 made possible by two researclidvimochester university - A.
K. Geim and K. S. Novoselo\8] for which they received the 2010 Nobel prize in physics.
The 2D carbon material produced in 2004 is called Graphehe. Royal Academy made a
statement about this invention, “Carbon - the basis of atMkmlife on earth, has surprised us
once again”.

1.1 How Is Graphene Different ?

Mono-layer free standing graphene is a densely packedotiolfeof carbon atoms arranged in
a honeycomb lattice. As we all know, graphite which is a 3Demnat has a layered structure
with its constituents as the two dimensional one atom thiekemial called graphene] 6].

The relatively recent appearance of this two dimensionaérad has been attributed by Geim
[7] to the infeasibility of traditional methods of crystal gvth to produce a two dimensional
crystal due to thermal fluctuations. Hence it took a reldgivmusual and simple technique

TH-997_05612102



1.1. How Is Graphene [Ferent ? 3

such as scotch tape method to produce such a crystal. Novpsgéim and co-workers
placed a flake of graphite on some tape and then by foldinggie dver it again and again,
gradually cleaved it thinner and thinner until it was onlyeatom thick. The large amount of
literature, recent developments in technological andstrial fields and most importantly, the
recent announcement of the Nobel Prize for such a young #dlielcts the expectations from
this material and its applications. The peculiarity of drape starts with its two dimensional
nature followed by its high crystal quality, mechanicaiffsiss and stability, high electrical
conductivity and optical transparend; P]. All these properties observed together in one ma-
terial is really a matter of surprise which really makes it@nager material10]. Also graphene
may be considered as the basic building block for all ofsjehybridized well known carbon
allotropes like carbon nanotubes, buckyballs, graphite &t addition to these, the material
shows ballistic transport which makes its carriers travetistance of the order of micrometer
without a collision. Due to the hexagonal structure, thedostructure of this material shows a
peculiarity, that is, it shows a linear dispersion at lowrgnes near the high symmetric points
of the first Brillouin zone K points) where the valence and conduction bands touches each
other and these points are termed as Dirac poihik [This observation and the knowledge
that electrons in graphene do not act in a classical way,dhaves more like a massless wave
which obeys rules similar to relativistic Dirac mechaniesher than the Schrodinger wave
mechanics is an exciting proposition. This observatiorbga description of graphene us-
ing a 2+ 1 dimensional theory of massless Dirac fermions. Therefuisematerial has been
considered as a bridge between condensed matter physigsiantm electrodynamic4?2).
Many of the exotic properties shown by this material can haared in terms of the rela-
tivistic effects like zitterbewegund.B, 14], Klein paradox etc. 15, 16]. Another major point
related to this material is the electric fielffects shown by it which helps to tune the type and
concentration of charge carriers present in the mateBial7]. Also graphene shows many
exotic properties such as half integer halleet [18, 19, 20, 21, 22, 23], Aharonov Bohm
effect [24, 25], universal conductivity26, 27], minimum conductivity 28, 29] etc. Although

it is a simple technique of scotch tape which produced graplier the first time, there are
several other methods developed for synthesizing highitgued well as large area samples.
They are discussed in detail in a later section. There areraegxperimental techniques to
visualize and hence to characterize graphene, for exanguahcontrast, white light optical
microscopy, atomic force microscopy (AFM), scanning tumgemicroscopy (STM), near-
field scanning microwave microscop§(], scanning electron microscopy (SEM), Transmis-
sion electron microscopy (TEM), electrostatic force mg@opy, scanning probe microscopy
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4 Chapter 1. Introduction

(SPM), Raman spectroscopy etc. For graphene to be usedhndiegical applications or
device engineering, it is important for it to be supportegh¢te the most usual technique is to
deposit the material on a dielectric substrate. As grapleaeone atom thick 2D material,
most of the atoms are in surface and they may interact witlstistrate material leading to
disorder &ects B1, 32 33, 34, 35]. Sometimes, properties of graphene depends upon the
way in which it is prepared33, 36]. Graphene as such being a semi metal shows efligete
which means that depending upon the shape of edges, the toactdiie and electronic prop-
erties of graphene change®/[ 38, 39, 40]. There are a number of reviews available in the
literature dealing with dferent areas of graphene study such as opt&;a], 42, 43], trans-
port [44], electronic L1, 45, 46, 47] studies and in generafl[8, 10, 48, 49, 50, 51, 52, 53, 54]
also which helps one to update the recent trends in this field.

1.2 Crystal Structure

Graphene as mentioned earlier, is a material made entifetaton atoms arranged in a
hexagonal lattice structure. This hexagonal structurebsanonsidered as a combination of
two planar triangular sub-lattices normally labeledfaand B formed by thesp’ hybridized
carbon atoms in graphene. Each of the carbon atoms havelémirans in its valence shell
three of which is used to formr bonds with the neighboring carbon atoms and the left over
electron in each carbon atom remaining in therbital is aligned perpendicular to the plane
containing graphene sheet forming thé@onded electron cloud which is responsible for the
high conductivity of graphene. Therefore each of the caratmms in graphene sheet has
three nearest neighbors from the other sub-lattice whisht\va atoms per unit celflf1].

Fig. 1.1 shows graphene crystal structure with its nearegjhtor vectors and lattice
vectors. The nearest neighbor vectors denotedilan be written ag; = —a.&, 6> =
%éx + ggaccéy andds = %éx — ggaccéy. Now the lattice vectors in graphene can be expressed
as given below:

3. V3 3 . V3.
8 = S8k + — 8y | B = S8~ —-Acy (1.1)

whereag. is carbon-carbon distance which ig12A.
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& o0 ® 8
Ace . »
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Ficure 1.1: Crystal structure of graphene. Carbon atoms in twolatilzes are denoted by

red and blue dots. Nearest neighbor distances are denotéd byanddss. Lattice vectors

are denoted by, anda,. The carbon-carbon distance denotedagywhose value is #2A
is also shown in the figure. Two atoms per unit cell is also show

leg

o |

Corresponding reciprocal lattice can be constructed awshio Fig. 1.2 making a 90
tited hexagon as the graphene reciprocal lattice. Coatstig the Wigner Seitz cell of the
reciprocal lattice cells gives the Brillouin zone as showifrig. 1.2.

Ficure 1.2: Reciprocal lattice of graphene. This figure shows thestraction of reciprocal

lattice and the first Brillouin zone from graphene directita. The left most part with blue

and red dots shows the direct lattice of graphene crystattstre, the middle portion shows

the reciprocal lattice cell of direct lattice and the righbshpart shows the reciprocal lattice of

graphene with the first Brillouin zone highlighted by orarggor. The green arrows shown
in the middle and right part is the reciprocal lattice vestor
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6 Chapter 1. Introduction

Three points in the first Brillouin zone are of special intgrdenoted by" (centre of
Brillouin zone),K andK’ (corners of the Brillouin zone)X andK’ are those highly symmetric
points in the reciprocal lattice where the valence and cotido bands of graphene touches
and are called the Dirac points which is explained in detaihéxt section. The reciprocal
lattice vectors denoted Hy is given below:

by = 2 (ée + %éy) b= (ée - %ey) (1.2)
The first Brillouin zone can be constructed from the recipitdattice, taken as bounded by
the planes bisecting the vectors to the nearest recipratteld points. This is shown in figure.
We can see that the first Brillouin zone has the same shape asdiprocal lattice cell (that
is 9P rotated by the direct lattice cell). The six corners of thetfrillouin zone can be
considered as points in two groups of three that are equivf®]. This makes us consider
only two equivalent points denoted lyandK" with positions,

or (1 1 ;2r 1 1
K=z +—a| K =L (2 - —_¢ 1.3
acc(3 \ 3x/§ey) acc(3 i 3x/§ey) 13)

1.3 Band Structure

Electronic band structure of graphene can be calculate@apldined using several methods,
for example, Tight Binding Method, 21 dimensional #ective theory of Dirac fermions etc.
Below each of these methods are discussed one by one.

1.3.1 Tight Binding Calculation

The tight binding approach is a traditional method to calteikelectronic band structure of a
condensed matter system. This is explained in any of theastsetl matter physics tex&sg
57]. It starts with a basis set of localized orbitals on each sftan atomic structure and the
wave function of the system is assumed to be a linear combmaf these localized atomic
orbitals. Solving the energy eigenvalue equation we obtfagnenergy dispersion relation
which describes the band structure for the system.

TH-997_05612102



1.3. Band Structure 7

The first tight binding description of graphene was given bglléd¢e in 1947 $8] which
takes into account nearest and next nearest neighborétiterdor the unbondeg, orbitals
directed normal to the graphene plane and neglected théapvaetween the wave functions
centered at dierent atoms. There is anothefat done by Saito et. al.5p] which included
only the nearest neighbor interaction within the graphdrmesalong with the non-zero over-
lap between the basis functions. There are a number of refesein the literature which is
fully dedicated to the tight binding study of grapheB6,[61, 62].

Consider the graphene system which has a planar struct@rg¢odthesp® hybridized
atomic orbitals. As mentioned in the earlier section, tliedeer p orbital remains unbonded,
so only this orbital in each site is included in the calcwatfor band structure which can
accommodate two electronSg]. This is a valid assumption since the bonded orbitals have
very low energy. For simplicity, we can consider the Hammlem with nearest neighbor
hopping as given below:

H = —t Z (a{rbja + h.C.) (1.4)

<i,j>,0

wherei, j are the indices denoting atoms with spina’ is the creation operator for an
atom in theA sub-lattice. Similarly the case with atoms Bnsub-lattice. The< i, > in
the summation simply means the inclusion of only nearegthiir cases antds the nearest
neighbor hopping amplitude which has the magnitude of thieroof 28eV. Consider the
eigenfunctions in a spinor form denoted Eoflyk ) Components of the spinor represents the

Bx
amplitudes on thé& andB atoms respectively within the unit cell labeled by a refeeepoint

R?. Assume that for a particular pair #fandB, the latter is at distanc& from the former
with the reference point chosen asAsub-lattice point. At this stage the spinor has the form

T aik-01/2
k| _ KrRO| &€
( B ] =2, ( by k012 ] (15)
| |
Therefore thék space Hamiltonian is as given below:
0 A
Hy :( N ok ] (1.6)
k
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8 Chapter 1. Introduction

whereA, = —t Zf;l ekd, Substituting for the nearest neighbor vectors we obtain
Ay = —te Koo (1 + 26 e cos[gkyacc]) (1.7)

We can obtain the eigenvalues of the Hamiltonian as

Ey = +|Ay| = +t \/ 3+ 2cos[V3ksa] + 4 coséskyacc] cos["—; Kyacd] (1.8)

There are two zeroes of the energy eigenvalue which an bedfouhfrom equation.7)
which are listed below:

3 V3 1
Ekxacc =2nm & COS[Tkyacc] = " >
3 V3 1
> Kxdce =(2n+ )n & cos[7kyacc] =3

Heren is an integer. For the first case mentioned above,ytheeomponent of the wave
vectork goes outside the first Brillouin zone and the second poistiliethe corners of the
first Brillouin zone as shown in equatioh.B). These points denoted by andK' are called

“Dirac Points”. The graphical representation of equatib8)is given in Fig. 1.3. We can see

Ficure 1.3: Band structure of graphene. Three dimensional pldb@tight binding formula

given by equation1.8). The top band is for positive energy and the bottom bandrishie

negative energy. The two bands touch at several points varehabeled a& andK’, they

are the corners of first Brillouin zone of graphene recipldatiice which are called Dirac

points. The dispersion relation is enlarged near one of tih@cpoints shown as inset where
the blue lines are foE, and red curves are fdt_.
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1.3. Band Structure 9

that the energy dispersion is linear near the corners of tseHrillouin zone. We can see that
the energy band is exactly symmetric about Dirac points hadlensity of state at the Fermi
level is exactly zero for half filling of the band. When the gin@ne is not doped, it has one
electron per spin per atom, therefore the bond can be caesides half filled and therefore
the undoped graphene is considered as a perfect semi-raBfalAn elaborate description

of the tight binding calculations for graphene can be ola@ifitom the lecture notes by A. J.

Leggett b5)].

1.3.2 QED,,; Theory

One of the important aspects of graphene is that it can beestugsing the 2+ 1 dimen-
sional quantum theory of electrodynami€3K D, 1) namely Dirac fermions, with one impor-
tant change namely that the electromagnetic field livesneethlimensions but the graphene
sheet is two dimensional. It is surprising to note that thig fieeoretical view of graphene
started almost 20 years before its discovéd§]] This means that the low energy excitations
of graphene can be considered as massless Dirac fermionsteiice of Dirac fermions in
graphene is proved experimentally by the observation obowentional Quantum Hall Ef-
fect [18, 20, 21, 22, 23]. This fact made us study the properties@ED,,; in a condensed
matter system for example, Klein paradox, ZitterbewegungEhe theoretical link between
the condensed matter lattice description of graphene andahtinuumQED,,; formulation
acts as a bridge between Condensed Matter and Quantumda®atamics 12]. The non
interacting Dirac Hamiltonian which explains graphene QEBD,,, is given below #1]:

d’k
e i
Ho=ve 3 [ s (0Ha0¥. 0 (1.9)
whereHg(k) = a'ky + ok, and¥,(k) is the 4 - component spinor defined in terms of the
creation and annihilation operators of graphene. Here thematricesy™? are thew matrices
defined in terms of the pauli spin matrices@sd) (o1, 02) andk; andk, are & + iky) and

(kx — iky) respectively.

TH-997_05612102



10 Chapter 1. Introduction

1.3.3 Dirac Hamiltonian from Tight Binding Hamiltonian

Consider the region close to the Dirac points i.ek at K. Consider the dference in wave
vector defined aq = k — K [55]. Now expanding equatiorl(7) aroundq = 0, we obtain,

@ = 267 [ oos P had| et g) (10
k=K aCC

Apart from the overall constant factor,

A(Q) = Aive(ax + igy) + O(a/K)? (1.11)

wherevg = 2%@ =~ 10Pm/sec If we expand aroundK’, Ac (Q) = AVe(dx — igy) = Ax(Q).
Therefore the Hamiltonian can be written as

0 Ox + iy

H = ave .
Ox — 1Qy 0

] =hiVe 0 - Q (1.12)
Therefore the energy eigenvalueli¢éq) = +7vg|gl whereo are the Pauli spin matrices. We
can see that the eigenvalues are functions only of the magafg and not on the direction.
Comparison with equatiori(9) shows that equatiorl(12) is the Hamiltonian for mass-less
relativistic particle of spin A2 with velocity of lightc replaced by the Fermi velocity: which

is 300 times smaller than velocity of light$).

1.4 Methods of Synthesis

As mentioned in an earlier section, graphene was not sugposexist basically due to two
reasons. First one is that the usual crystal growth mechmeriails to grow low dimensional
systems because of the large thermodynamic fluctuationglatémperature during growth
processes may damage the system and even if they exist thegtdae stable transforming
themselves to 3D structures, second reason is ffiewlty to isolate the single layer of a 2D
material. Even though the conventional methods of crystaith are not successful in the
production of 2D materials, a possibility still remainstiizey may be produced artificially.
That is, we can grow the monolayer on top of a 3D bulk matendlthen remove it by some
means or other in a fiiciently low temperature such that the thermodynamic fluchna
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1.4. Methods of Synthesis 11

does not damage the 2D system. Hence, broadly we can safi¢hattre generally two ways
of producing graphene, one is from top down (e.g. exfolrabointercalation) and the other
is bottom up (e.g. epitaxial methods). There are many reviewthe method of preparation
of grapheneT, 48, 64).

1.4.1 Intercalation compounds

This is a technique used earlier to produce few layer graphehhe method to produce
graphene starts with the 3D bulk graphite crystal which héesyared structure with a very
weak inter-layer coupling. The inter-layer forces can b&enauch weaker by inserting some
foreign atoms between the layers leading into a separafitayers [65]. But it is almost im-
possible to produce monolayer graphene using this, at thet this may result in systems
with 10— 15 layers.

1.4.2 Mechanical Exfoliation

Mechanical exfoliation is the way in which Graphene wasasad for the first time. This is
also known as the scotch tape technique and is the fasteBbdt obtain graphene. This
method consists of splitting the weakly bonded layers of Bilk tighly oriented pyrolitic
graphite (HOPG) manually to individual layers accompaigdeveral thicker crystals. That
is, rubbing HOPG against another surface. By transferitirggone atom thick, hence highly
transparent material to a silicon dioxide substrate maisdightly visible due to the change in
interference color compared to bare substrate. This mgihmddes high crystal quality sam-
ples of the order of millimeter size which are continuous @ctmscopic scale and can be used
for fundamental studyd]. This method has the drawback that it cannot be used forattye |
scale production of graphene. Ultrasonic cleavage is adfpsechanical exfoliation method
which produces stable suspensions of graphene crystaiseoinsthe micrometer range. The
sonification can be made easy by starting with the graphteraalation compounds which
can help an industrial production of graphebg [
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1.4.3 Epitaxial Growth

Here the graphene layers are grown on 3D substrate matesiese the monolayers remain
bound to the underlying substrate material which suppsetise fluctuations. After cool-
ing the grown structure, by the method of chemical etchirg ghbstrate material can be
removed. Silicon carbide is the substrate material mosttysen for the epitaxial growth be-
cause this material automaticallffers an insulating environmer@i]. When SiC is used for
this purpose two dierent types of products may evolve. That is, graphene may groa
Si terminated face or on a carbon terminated face. These &we éntirely diferent proper-
ties, advantages and disadvantages. Graphene growth afsreeth as Iridium, Rubedium
and Platinum can also be obtained by the hydrocarbon decgitigroat high temperature by
chemical vapour deposition (CVDPT]. These two methods, epitaxy and CVD are limited
to certain substrates and are very costly due to the regeimenf high temperature and ultra
high vacuum.

1.4.4 Other routes

Use of organic precursors, solution based techniquesyidall suspensions of graphene by
sonification of graphite in organic solvents, sonificatidrgmaphite oxide in aqueous media
followed by deoxygenatiorb].

In spite of development of all these techniques, the largéesadustrial production of
graphene for the technological applications is still a heird

1.5 Optical Studies

Along with the electronic and transport properties of greqpdy, its optical studies has also
attracted much attention due to its several important disges. This includes both experi-
mental and theoretical works.
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1.5.1 Experimental studies

Experimental techniques includes reflection spectrosocbgyaphene which helps to identify
graphene for the first time on a silicon dioxide substrateemiatby interference féects B,
68]. Infrared reflection spectroscopy can be used to studyrabsa spectrum of graphene.
Another important experimental tool to study the optidétets is Raman spectroscopy which
helps to diferentiate between the mono-layer and bi-layer sam@®s70, 71, 72, 73, 74],
influence of defects7b] and whose temperature variation finds applications in neetoml-
ogy [76, 77]. Reviews on the Raman spectroscopic studies and imagiagaifable in the
literature @2, 78]. Studies reveal the breaking of adiabatic Born-Oppenbkeapproximation
which can &ect the vibrational properties and result in variation af ®&aman active peaks
in graphene which allow the determination of th&eetive doping by Raman spectroscopy
[79]. As mentioned earlier, an applied gate voltage can shétfarmi energy due to which
there are gate induced opticdferts such as modification of optical transitions and gate-mod
ulation in mono-layer graphen@&(], gate tunable band gap in bi-layer grapheB4] [etc.
Sources of absorption infilérent energy regions ranging from terahertz to visibleaegian

be obtained from the study of optical absorption spectrectvieéads to a better understand-
ing of optical conductivity, carrier densities, scattgriime etc B2]. Optical contrast studies
especially its angle dependence, of graphene on a dieletthbistrate helps a better and fast
detection of mono-layer sample&3 84, 85]. Optical conductivity studies in the high energy
region has been studied by reflection contrast spectrosf@g)y Confocal Rayleigh scat-
tering microscopy can be used to identify graphene layetsvamren combined with Raman
scattering provides structural identificatioBi7]. Identification of the thickness of graphene
layers can also be done with the contrast spectros@gy lany body dfects are studied by
examining the Dirac charge dynamics by infrared spectnog¢89]. Infrared spectroscopy
of Landau levels in graphene deduces the band velocity aletingthe many body #ects to
the infrared transition energie8(]. A review on the optical spectroscopic studies gives an
overview of the linear transmission and reflection optitatises of graphene based structures
[43]. Other studies includes the experimental determinatfaimerersal optical conductance
[26], optical reflectivity and transmission measurements dwednon-universal conductivity
behavior at low photon energie®l], measurement of fine structure constant from mono-layer
transparencyd2], far infrared transmission experiments on few layer geqphP3], contrast
analysis by optical microscopy to monitor graphene cleasifg] etc.
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1.5.2 Theoretical studies

Theoretical studies on graphene started with the studyeo8bulk material, graphite. This
is because graphite has a layered structure and to theadhgticodel graphite it is necessary
to consider the simplest situation of a single layer whiatealy graphene. It started with the
band structure calculation of graphite by Wallaé8][and a few othersd4, 95] followed by
several optical studies in graphiteg 97, 98, 99. Even though theoretical background for
graphene was available from almost 50 years ago, only dftexxperimental realization in
2004 an active study of various theoretical aspects of gmapthas started. One of the most
important theoretical study of the optical properties crene is the calculation of optical
conductivity. A detailed calculation of the general exgien for the optical conductivity el-
ements are there in the literature which can be applied fgrfeaguency range and also at
any temperaturelf0Q. Starting from a 2+ 1 dimensional Dirac Lagrangian conductivity ten-
sor elements are derived using Kubo formula. There is awealso available in the literature
which connects the tight binding model and quantum elegtrathics of Dirac fermions41].
Electro and Magneto optical response of graphene and thaaoas absorption in graphene
are well studied 101, 102 103 104along with the theoretical calculation of universal ac
optical conductivity 7] and the sum rules for optical and Hall conductivitid®¥. Based
on the general formula for optical graphene conductivitgnmivave response is separately
studied which shows some unusual behavior of the Dirac cpasicles in graphen€lpg.
Optical conductivity calculations of graphene and relaggstems like bi-layer graphene are
also done in specific regions of the electromagnetic spectuch as visible region, far in-
frared region etc. some of them are applicable even beyomdtrac cone approximation
[107, 108 109 110 111 112 113 114 115 116 117, 118. There are a number of stud-
ies which deals the substratéexts on graphene, its visible criteria, contrast analysis e
[119 12(Q. Optical constants such as reflection and transmissiofiicisats have also been
analyzed theoretically in fferent regions of the EM spectrum which studies tiea of
doping, biasing etcl21, 122 123 124, 125 126. Influence of spin orbit coupling, exci-
tons, many bodyféects are also recent considerations in this field of themaktiptical study
[127,128 129 130.
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1.6 Applications

Graphene has many potential applications in various fieldging from nanotechnology to
medicine. It has many technological as well as device agidios ranging from hydrogen
storage devicesl3]] to batteries. It is believed that graphene has an imporaletin fu-
ture electronics which can enable the faster and smallesistors that consumes less energy
[132. Other applications are in sensofis3f, conducting transparent films in solar cells and
liquid crystal devicesI34], ultra capacitors135, bacterium bio-devices and label-free DNA
sensors136.

TH-997_05612102



TH-997_05612102



Chapter 2
Free Standing Graphene

This chapter discusses the freestanding form of graphehe.nain tool used to study the
system is Maxwell’'s equations. The first section describesproblem under consideration
followed by a description of the tools used for study. A gahelescription of the quantities
under study are included as the next section and finally thdtseare discussed in detail with
the help of few plots. The highlight of this chapter is the alag dependence of the optical
reflection and transmission déieients.

2.1 Problem Description

Mono-layer graphene sheet in the free standing state isidemesl for study in chapte?.
Freely suspended graphene is important because we do®@tthavorry about the disorder
effects. Most of the disorder in graphene comes from the intieraof graphene with its
substrate upon which it is deposited. Consider the graphkeet to be kept iry plane. An
electromagnetic wave with a wave vectgyis incident on the sheet at an arbitrary angje
The incident wave vector is considered to have all the thoegponents along the three Carte-
sian directions. The schematic of the situation is showrign Z1. Throughout this work the
electric field is expressed in general as a linear combinatiats polarization components in
different directions. In this way the incident electric field diul byEc.(r,t) in real space

17
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18 Chapter 2. Free Standing Graphene

Incident polarization
ellipse

Graphene sheet

Ficure 2.1: Schematic of the situation under study. A graphenetsbg®aced in the x-y
plane. Parameters involved in the study are explained irfiguee. Red arrow shows the
incident wave with wave vectayp and blue arrow shows the reflected wave with wave vector
Jref- Arrow perpendicular to the incident wave is the incidemiogdic field. Two polarization
directions with the definition of tilt angle is shown on thepep part of the figure.

can be written as

Eext(r, t) _ éQO,H-fu + igozz — iclgolt Z GsxtEsxt (2.1)
y=12

Here 08 are the unit vectors in the two directions of polarizationicthare defined in a
general way as given below:

éZ X Q(l
& x Q.

U = (2.2)
Also E®*is the components of incident electric field along the unitees defined in equation
(2.2). General form of this quantity can be written as

Ey = [E"lcostfy, €% 5 Ej = [E|singy, € (2.3)

where|E®X is the amplitude of incident electric field which is indepentiof position and
time, a is a parameter which takes care of théefient situations namely (inc,ref,tramdy, is
the tilt angle of the polarization ellipse in the correspimigcsituation an@{ is the magnitude
of polarization in thel{ direction ands; is magnitude of polarization in th& direction. In
the reciprocal domain the incident electric field is giventbg Fourier transform of the real
space electric field vector.

Eext(0 G ) = 8%(0o — ) (Cidol — @) > G,ES (2.4)

y=1,2
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To derive the electric field emerging from the graphene sertiue to incident wave Maxwell’s
equations are used and is discussed in the next section.

2.2 Maxwell's Equations

Maxwell's equations representing the present system wstddy is given in CGS units below,

2% N 10B
V- -E=4 . VXE=—-——
P c ot
4 10E
?-_B):O ; ?xﬁ):—ﬂ\]+—— (2.5)
c c ot

Here graphene is modelled as a highly conducting materihlout any dielectric properties.
This is because refraction does not take place in a one atichrtiaterial - the transmitted
beam moves in the same direction as the incident beam. witerdudensity denoted by
whose components are

Ja(r,w) = f D Tan(t’, ) Eexn(r -1, w) dr’ (2.6)
b

whereo,p in the above definition is the elements of optical conduttitensor of graphene.
Graphene as we all know being a 2D material, hence the carndydan be represented by
a 2x 2 matrix. As it is mentioned at the start, in this study thepipene sheet is placed in the
xy plane, which makes thecomponent of the induced current density vanish, Ji& = 0.
Equations 2.5) can be solved using Fourier transform technique with tHp b&few other
basic equations (equation of continuity, electric and nedigriield in terms of vector potential
etc.) to obtain the emergent electric field. The Fouriersfanm of a general fieldr(r, t) is
defined as below:

F(r.t) = f d“q f dqu dw F(q, 0, w) €971 €% 71! (2.7)

The gauge is chosen such that the scalar potential is zero.

TH-997_05612102



20 Chapter 2. Free Standing Graphene

2.3 Emergent Electric Field : Reflection and Transmission

Using the information given in the above section, Maxwadtgiations are solved to obtain the
emergent electric field as given below (The details of thewdation are given in Appendix

A):
Eemerg(r, t) = éqO,H'rII e—iclqolt (Eemergl(Z) @(_Z) + Eemergz(Z) @(Z)) (28)
where
~ ; " 1 )
Eemergl(z) = usxtEsxt glozz _ on [(ez =) M) ——— Qo - Kext E Kext] @iz (2.9)
v=12 Co.z C|Qo| Jo.C

EemergZ(Z) = ( Os)(tEth + 2
v=

~ o, 1 ext |q0| ext] i00.2Z
e+ —|— K= — K gldoz 2.10
( ; qO,z) C|Cpol o Qo€ (2.10)

Here K& = & (qoy, w) - Z GS'ES* If the entire space is divided into two pars< 0 and
v=12
z > 0, there are two parts in the former which are the incident @ad the reflected part and

only transmitted part exists in the latter region.

Eref(rat) = -2

PN qQII) I ext |Gl ext] i(Qo T — cloolt — Goz2)
e ——|— K+ — K gouT — Gldolt — Goz 2.11
( * oz Clool dou Qo.C (2.11)

Etran(r,t) = ( GthESXt b 27[

y=1,2

(éz T M) i oy - Kext _ M KeXt] (o Ty = cldolt + doz2)
Joz/ ClQol Jo.zC

(2.12)

Just as in the case of incident electric field (equati)], the real space vectors of reflected
and transmitted electric fields can be expressed in ternts pbiarization components.

Eres(r,t) = @%efiTi + itera - icltrerlt Z (el gref (2.13)
v=12
Eqan(r,t) = @raniTi + ranzZ — icldranit Z (rangtran (2.14)
v=12
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whereger = (Gox. Goy- —0o.z) @NAGiwan = (Glox. Goy- Fo.z) With [Gre | = [Giran] = I0ol. Unit vectors
along the polarization directions of the reflected and tmaitied field is defined in equation
(2.2) with « asref or tran. Similarly the general equations for the components of cedl
and transmitted electric field along the polarization dimts are also given in equatio?.d).
The polarization components of the reflected and transthétectric field can be obtained
from equationsZ.11, 2.12 2.13 2.14) in the following way,

ELEf r e—iqo,”-r” + 1002z + iclqolt Eref(r, t) . GLEf (2_15)

t i P q t ~t
Evran = @ 1qo,1 IqozZ + iclgo| E[ran(r, t) . uvran (2.16)

To proceed further, that is to calculate any physicallyneséing quantity we need to know
about the conductivity tensor of graphene.

2.3.1 Optical Conductivity

If a system is placed in an external electric field, a redistion of charges occurs in it due
to which currents are induced. For small fields, the induaggents are proportional to the
inducing field. In that way optical conductivity denoted &yis a linear response function
relating the currenfl to an applied transverse electric fidlg which is the vector form of
Ohm's lawJ = oE. If the electric field is steady, then the above given respduosction is
called “electrical conductivity” and if the applied eldctfield is alternating, then the same
is called “optical conductivity”. In the Ohm’s law equatiatihe conductivity is written as a
proportionality constant which is a scalar. But this is oalgpecial case. In the most general
case this response function is a tensor. It is seen that tlientwdensity and the electric
field are both vectors and conductivity in general has to letensor form (in general, it is
a 2 rank tensor) to make the relation mathematically true. Rfaysnsight to the tensor
form of conductivity can be obtained by thinking that theezrtal applied electric field and
the induced current density are not in same direction. J.e: & - E. Therefores being a
2" rank tensor can be represented in the form of matrices. Hegrgts the linear response
function relating the curreni in the a direction to an applied transverse electric fi@dn
the b direction. In the general form, if the conductivity tenséeraents are all dierent, it
is called anisotropic which contains information about énésotropic nature of the medium
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also. Within this anisotropic limit itself, there can be nggnossibilities: (a) diagonal elements
equal and & diagonal elements equal (b) diagonal elements are unebjuah even if the fi-
diagonal elements vanishes the medium and the tensor camdwgrapic. If the conductivity
tensor has all its diagonal elements equal with vanishifigiagonal elements, then it is said
to be isotropic which gives us the information that the medis also isotropic.

As mentioned in one of the earlier sections, conductivibste for graphene being @2
material is a 2x 2 matrix, that is it can be represented (as oy ) Under diferent
physical conditions there will be restrictions to the tansomponents which are discussed

below. There is a large amount of literature which study @gtconductivity in graphene.
One of the best references in this area is by Gusynin etl@Q vhich calculates the optical
conductivity of graphene for a general case with arbitraegéiency and temperature, starting
from the conventionaQED,,; Lagrangian Density. The situation is such that an external
magnetic fieldB = V x Aext is applied perpendicular to the plane, i.e. along the pestHi
axis and corresponding vector potential in the symmetrigg#&** = (-By/2, Bx/2). Here
throughout the study the energy unit is considered as Kelvin

V2 [eB Nt o

i (@) = 2n2c Q

>, [ g o) -ne(o)

X RG[H% n+1

— & Sgr(eB) [ne(w) - ne (@) IM[IT} 4 (0. ") =TT}, (. )]
+ & sgreB) [ne(w) + ()| IM |12\ (w, ) -T2, (. 0)])  (2.17)

(w W)+ 15 (W, 0) -T2 (0, 0) - TTE,; (o, a)’)]

Hereve is the Fermi velocity of the carriers in graphene which ishaf brder of 16° m/s, B
is the applied magnetic fieldN; is the number of spin components aNg= 2 corresponds to
the physical case) is the incident wave frequency(w) = o= ——=— Is the Fermi distribution
function,¢;; is the Kronecker delta function which will vanish f|019E j, &j Is an antisymmetric
function withe;, = 1. Also
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(w/+il“/) (w—-iT) — A?
w-—w -+ [w+w -i(T-T")] + 2B(h—m)

H%,m(w’ (,l)/) = [

X

1 B 1 ]
(W +iI')?=M2  (w-iT)* - M2

(w/+il“/) (w+iT) — A?
w-—w +i[-T)] [w+o +iT+I")] + 2B(h—m)

Hﬁ,m(w’ (,l)/) = [

X

1 b, 1 ]
(W +iT)?=M2  (w+iT)* - M2

HereB = V’%—C'eB', M, = /A2 + @, I'(w) is the frequency dependent impurity scattering
rate andA is the gap in the quasi particle spectrum. Equatia?) gives some general prop-
erties of the graphene conductivity tensor. It is clear frequation 2.17) that the diagonal
components of the conductivity tensor are equal and fladiagonal components are of equal
magnitude but opposite sign. i.exx = oyy andoy, = —oyx This is because in the equation
for the diagonal part, the Kronecker delta is present antiendf-diagonal part an antisym-
metric function appears. The source of this antisymmetmefion is the presence of Pauli
spin matrices in the Hamiltonian. Therefore one can seartaperpendicular magnetic field
the system has a conductivity tensor with its diagonal efgmequal whereas théfadiagonal
elements equal and opposite in sign. But this general emuaficonductivity elements is ex-
tremely complicated and it is veryfticult to get an analytical result in a general situation.
Therefore some special cases of equatA?) is appreciable. The microwave response in
the high magnetic field limit simplifies the general conduityi equation to a large extent
[10€6] and is given below:

oxx(Q,T) =

e’N;I" F+iu+Q+A) 1 C+i(u—Q+A)
&hg'm["’( 2T +§)_‘”( T

1
E) + (A - —A)]
(2.18)
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&N B i
(@ T) = —%ﬂe)(lm w(wﬁé%@_ﬁ@]
r F+iu+Q+A) 1 F+iu+Q+A) 1
B L e B M
(2.19)

Herey(X) is the digamma functiorny is the chemical potential] is the temperature and the
impurity scattering rat€ is taken as frequency independent. Two pieces of informaiam be
obtained about thefbdiagonal conductivity element from equatichl9), (i) in the presence
of an external magnetic field, it depends significantlysgm(eB) (ii) it is an anti-symmetric
function of the chemical potential. To consider condutjids a dimensionless quantity, the
definition of fine structure constant is used with the choite€ &= 1. By choosing some
specific values for the parameters likel', T etc. the numerical value of the conductivity can
be obtained in the high magnetic field limit of microwave m@yi

The microwave region is important because of the intergdeatures shown by the ma-
terial in its microwave response, for example, the pecitjiaf Landau levels in graphene.
Landau level quantization is the quantization of the cyolotorbits of charged particles in
magnetic fields. As a result, the charged particles can crdyjpy orbits with discrete energy
values, called Landau levels. The Landau levels are in gédegenerate, with the number
of electrons per level directly proportional to the stréangt the applied magnetic field. But
contrary to this, in graphene, the energy of the lowest Landeel is independent of the ap-
plied magnetic field. Therefore even in the presence of higgmatic field the lowest Landau
level remains unshifted while all other levels shift to heglenergies. The conductivity tensor
is dfected on the low frequency side which is helpful for the statithe development of the
gap induced by the magnetic field. It has also been observetiy planar systems with a
Dirac-like spectrum of quasi-particle excitations thaighhmagnetic field limit is very useful
for the study of Quantumfiects [LOZ].

At this stage it is desirable to think about another situatidien the conductivity tensor
isotropic, i.e. when thefé-diagonal elements vanishes and the diagonal elementgjaad e
From equationZ.19) itis clear that it happens (i) in the absence of externagllyli@d magnetic
field or (i) when the chemical potential is zero. In the lattase, the diagonal conductivity
is obtained by taking the — O limit of equation 2.18. In the former case the diagonal
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conductivity in the zero scattering limit at 0 is given below:

€ N; (12— A2 6(u? — A?)  me?N¢ Q% +4A? (IQ)
h 6(Q2) w * 02 o0 > max{lul, A}
(2.20)

Here it is seen that in the isotropic limit, the conductivignsor become diagonal. But the

oxx(Q) =

diagonal tensor does not mean that the medium is isotromiause it can be possible that
the tensor is diagonal and still the medium anisotropic Whiappens when the diagonal
elements are unequal. And a fully anisotropic system isatttarized with all the elements

of the conductivity elements fierent. As we can see there are various parameters in the
above given conductivity equations. By choosing appre@nalues for them we can obtain
numerical values to the conductivity tensor elements withtielp of which various studies
can be done using the emergent electric field discussed above

2.4 Optical Codficients

Optical quantities discussed in this section arefitcient of reflection, coécient of trans-
mission and polarization of the reflected wave.

2.4.1 Reflection cofficient

Reflection co#ficient is the ratio of reflected wave to incident wave at thepof reflection
and it can be either amplitude ratio or intensity ratio defdeg upon which it is called ampli-
tude reflection cofcient or intensity reflection céicient. In a general way it is expressed
in terms of the ratio of the Poynting’s vectors (denoted)yof the incident wave and the
reflected wave perpendicular to the plane. Re= >tz \whereS = E* x B. HereB is the

Sinc.z
ref 2 ref 2
B+ 1B

which become®R = B = Sub-

|Eref |2
|Eexd?

stituting forEy"" andE}" obtained from equatior2(15), the final equation for the reflection

magnetic field. This will finally reduce tB =

codficient is obtained as

R =" cog 65+ )" sirf 68t +r]" sin 26 (2.21)
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where

2
T 2 2 2 2 2
+ 302 + 2 (202, + 02, — 02 + 202, + (02, — 0°2,) COS Bp) COS 2
yy XX Xy yX vy Xy yX 0 0

+ [(O'xx_o'xy_o'yx_o'yy) (0'xx+0'xy+0'yx_0'yy)0034¢0

+ 2 (0xy + yx) (0xx — Tyy) SIN4pg] tar? 6p)

2

r; = % [50‘§X + 10 yy — 20 xy0yx + 705)( — 2040y + 50')2,y +4 (0')20( - 20'§y + 20§x
- 403%,) COS 2hp — (Txx — Txy — Oyx — Tyy)(Txx + Txy + Tyx — Oyy) COS 4hg
+ 4 (300 xy — TxxTyx — TxyTyy + 30yxTyy) SiN 2po + 2 COS Bo(0xx + Tyy
+ (0xx — Oryy) COS g + (T xy + Tryx) SIN 2¢0)2 = 2(0xy + Ty ) (T xx — Tyy) SiN4po]
fr n 2 2 2 2
r, = 0 [—2(0xxT xy + TyxTyy)(3 + COS D) COS 2po SEHp + (T — Ty + Ty — Ty)

(3 + cOS Fp) Setp Sin B + SiNo (2 (Txy — Tyx) (Txx + Tyy)
+ 2 (ny'i‘o-yx) (O_XX_ O'yy)COS%O + (0-)()(+ 0-)(y+ O-yx_ O-yy)

(—oxx + Oxy + Tyx + Oyy) SiN 4pp) tanbo]

whereoy, oy, oyx andoyy are the components of the conductivity tenggris the incident
angle,¢q is the azimuthal angle (angle between the component ofentiave vector in the
xy plane and thec axis) andg;! is the tilt angle of the incident polarization ellipse. From
the above equations it is clear that reflectionfiont is a function of various parameters
related to both the incident wavéo(¢o, 65) and the material medium which is graphene
(oxx O xy» Oyx Oyy). I different situations in which conductivity tensor has variaursts (dis-
cussed in an earlier subsection) we can see tfferdnce in the dependence of reflection

codficient.

(i) Whenoyy = oy andoyy = oy«

(i) When oy = oyy andoryy = —oryx
(iii) When oy = oyy andoyy = oy = 0
(iv) Whenoy # oy andoyy = oy =0
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Here case (i) and case (iii) are discussed in detall in aleeaubsection and the equations
for conductivity tensor in these limit are given by eq2sl@ 2.19 2.20. Other two cases
may be important when the sources of anisotropy is sometiisgother than the magnetic
field. Case (iv) is important when the system is placed in gplame electric field. Then the
diagonal elements become unequal with the vanishifigiagonal elements. This situation
is explained in Strikha et. al.1p4. Case(ii), (iii) and (iv) are discussed in detail below (in
the result section).

2.4.2 Transmission Cofficient

Transmission cd@cient describes either the amplitude or the intensity ohagmitted wave
relative to an incident wave. The dieient can be defined in terms of the Poynting’s vector,

thatisT = ET whereS is the Poynting’s vector. This reduces to the equafios 'Eefﬂ'j
g tran|2 tran|2 &
which becomed = % Substituting forE®" andES?" from equationsZ.16), the
final equation for the transmission dteient is obtained as
T =t cof 65+ 1) sinf 5+t sin 5 (2.22)
where
fr 1 2 2 2 2

+ 2 (<205, + 205, = 00y + 205, + (T, — 075,) COS D) €COS Do — 2 (3740 xy
+0-XXo-yx+ny0-yy+ 30-yxo-yy+ (axy_o-yx)(o-xx_O-yy)cosmo)slnﬁo] +7T [(O-XX_ ny
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1
t;r = Z(4 + [50')20( + 7o'§y — 20y Oryx + 70')2,)( — 204 Oyy + 50§y — 8r costy [oxx + Ty

+ (0xx — Oyy) COS 2bg + (0 xy + Oyx) SIN 2pg] + n? [(30‘§X + (oxy + O'yx)z + 2030y
+3073,) COS Do + 4 (075 — 205, + 205, — 075, + (0% — 0°5,) COS Do) COS 2o

— 2 (0xx = Oxy = Oyx = Oyy) (Oxx + Oxy + Tyx — 0yy) COS 4hg Sirf 6

+ 4 (00 xy — TxxTyx — TxyOyy + 30yx0yy + (Txy + Tyx)

(0xx + Tyy) COS D) SiN 2p — 4 (0 xy + Tyx) (0 xx — Tyy) SINF B SiN 4po))

T
t;,r ) (208 2o [2 (0xy + 0yx) — T (TxuTxy + TyxTyy) (3 + COS D) S€W] + [4 (—07xx

+ 0yy) COSHy + 7T (0% — Ty + 05 — Ty) (3 + €OS D) S€CH SIN 2po + 27 (0 — Tyx)

The explanations of various parameters are mentioned iprihgous subsection. Similar to
reflection coéficient, transmission cdiécient also is a function of both incident wave param-
eters {o, g0, 65) and the material parameters,, oy, oyx, o). Here also various situations
under which form of the conductivity tensor changes has lbeesidered to see theftirence.

2.4.3 Reflected Polarization

This quantity measures the polarization of the reflectedaraterms of the polarization of the

ref ref

incident wave. This can be obtained from the formefd® = M. After substituting

EIE
for the two polarization components of the reflected eledigld from equationZ.15 we

obtain the equation for reflected polarization as givenwglo

sref n:{r + in;r

(2.23)
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ref

wheres';' = 67( — &5y, is the polarization of the reflected light.
f .

+(O-XX_ny_O-yx_O-yy) (Gxx+o-xy+0-yx_0-yy)cos%0

= An® (—OxyTyx + TxxTyx) SINGEE COSHER' SING™X

N
|

o
[y
=
Il

+[7% (~0yy + Tyx = (Oxy + Tyx) COS 20 + (—0xx + Tyy) SIN 2pg)°] Sin® G5

— 4n® sedtp [0y, COS g — (0xy + Tyx) COSo SiNg + Txx ST do] [oryx COF o

+ (=0rxx + Oyy) COSPo SiNy — Ty SINT o] SiN 2657 cOS5*!

f .
dzr [ (0xy — Tyx + (Txy + Tyx) COS Zho + (—0xx + Tyy) SIN 2p0)°] cos 6

— 47? COSH[0xy COS o + (=T xx + Tyy) COSPo SiNghg — Tyx SIMF Po] [0xx COS o

+ (0xy + Tyx) COSPo SiNghg + Ty SIMT o] SiN 205" oS5

By simultaneously solving the real and imaginary parts afampn .23 we can study the
behavior of reflected polarization in terms of other pararset Diferent restrictions on the
conductivity tensor elements (as discussed in an earliessction) reduces the complications
of the above given equation which are discussed in the nekibge

2.5 Results and Discussion

Each of the afore mentioned optical quantities are disclissthis section taking into account
different limiting cases separately. In each of the cases, s@rapic, anisotropic, incident
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linear polarization, the cdicients are studied with the help of a number of plots.

2.5.1 Isotropic Case

Isotropic limit of the conductivity tensor is one of the inrpant and interesting limiting case.
This happens when theffediagonal elements of the conductivity tensor vanishesveimen
the diagonal elements are equal. gy = oy ando,y = oy, = 0. From equationZ.17), it is
clear that vanishing of thefiddiagonal conductivity elements happens in twiietent ways.
(i) when the external applied static magnetic field is zerpwhen the chemical potential
is zero. This implies that the anisotropic nature of the agtconductivity tensor can be
invoked by the magnetic field applied or by electrostaticidgf the material. As discussed
in chapterl, graphene band structure contains two inequivalent pdiBirac cones. Zero
chemical potential implies that, out of these two cones mm&dn each pair is full and the
other is empty. Positive chemical potential makes the earelectrons and the negative
chemical potential signifies the carriers as holes.

As we can see below in the isotropic limit, the @o®ents are functions of only the di-
agonal conductivity and the angle paramet&f$andé,. Out of these the conductivity can
be obtained for the first case (f& = 0) from equation 2.20 and for the second case (for
u = 0) from equation2.19 by fixing values for the parameters like gap, impurity seaitty
rate etc. For example, for zero applied magnetic field withdhoice of: = 4K andQ = 9.6K
in equation 2.20 the diagonal element,, = 1.82x 102 (whenA = OK) and 254 x 1072
(whenA = 3K). For zero electrostatic doping cass,, = 2.404x 107> (with A = OK) and
2.402x 107° (with A = 3K). As such there is nothing special about the valuekotBosen for
the gap in the calculation for conductivity. As discussedva) the numerical values of the
graphene conductivity tensor for this study is taken fromrisference Gusynin et. all(Qg
and we have chosen the valuié 8r A since this reference also does the same.

Note that the conductivity tensor elements are in unitg @fherec is taken as unity
throughout this calculation and all the energy equivalergrgities are expressed in units of
“Kelvin”. At this stage, the general equation for the refientcodticient 2.21), transmission
codficient 2.22 and reflected polarizatior2(23 reduces to a much simpler form as given
below and is discussed below in detail. All studies in thigptier are done in the microwave
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region of the electromagnetic spectrum and more specifi¢éall an incident energ{2 =
200GHz

2.5.1.1 Reflection caicient

In the isotropic limit, the reflection céiécient reduces to a simpler form
RY, = 402, (oS 65! sed p + COS 6o Sirt 65y (2.24)

With a fixed conductivityR" is a function of two angle parameters which are the incident
angle and the tilt angle of the incident polarization ekipsd clearly the reflection cirient

is independent of the azimuthal angle of the incident wave fature of the cdicient with
respect to one of the angle parameters with a fixed value afttier one is considered in the
B = 0 situation (mentioned above) of isotropic nature (Fig).2.2

6IIR{:1I (10_4) '

()

20° 40° 60° 80°

Ficure 2.2: Reflection coicient versus incident angle when the graphene conducteityor

is isotropic (Incident photon energy is fixed to a vafde= 200GH2). Here the solid curve

shows the situation with zero gap in the graphene quasiefmepectrum and dashed curves
represents that with a finite gap.

Fig. 2.2 shows the variation &% with respect td, with tilt angle fixed. This contains
two curves that corresponds to the zero gap and a finite gagtisih. The gap factor denoted
by A is coming through the dependence of reflectionfitcoient on conductivity tensor. The
second possibility of the isotropy, whichus= 0, the reflection ca@icient becomes extremely
small (~ 10°8) compared to the first case and thEeet of gap is also not significant, therefore
itis notincluded in the plot. The influence of gap on the refldéntensity as can be seen from
Fig. 2.2 is to increase it but thdéfect decreases as the angle of incidence increases. Another
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interesting case is the situation when the wave is incidemnal to the plane of the material.
Then the isotropic reflection céicient solely depends on the diagonal conductivity only, i.e
R = 47202,. All together we can see that the magnitude of the reflectimficient is very
small which is expected and proved by experiments. Experisghow that the reflectance in
graphene is less thanl®6 at optical frequencie9g].

Consider the special situation, when the incident wavenesdily polarized. That is when
there is no phase fierence between the two polarization amplitudes the obwiaysof which
is whens®! = 0. With reference to the plane of incidence, a simple clasgifin of linearly
polarized light becomes possible. Two kinds of linearlygoaed light are defined in the
literature. One is known as p-polarized where the electeicl fvector is parallel to the plane
of incidence and s-polarized light where the electric fieddtor is perpendicular to the plane
of incidence. In other words, the two types namslypolarization andp— polarization refer
to a situation where the tilt angle of the incident polatizatllipse are 0 and/2 respectively.
For both the extreme cases, the angle dependenﬁérodﬁ through the incident angle only.
For s— polarization it is setd, and p— polarization it is co%6,. For this reason, in the(p)—
polarization case, the reflected intensity is minimum (maxin) at normal incidence and
in the other way round for gracing incidence. It is alreadgrséhat reflection cdicient is
small, but it further decreases in the cas@efpolarization compared with thee- polarization
(because of the dependence on the incident angle).

2.5.1.2 Transmission Cofficient

In the isotropic limit, the transmission cdieient reduces to a much simpler form as given
below:

T = coZ 654 (1 — 2707xx S€0H0)? + (1 — 2107x COSB,)? Sir? O30 (2.25)
With fixed diagonal conductivity, as in the case of reflectiefficient, T." is a function of
only two angle parameters (the incident angle and the tdledras in the case of isotropic
reflection coéficient, that is its independent of the other parameters llkemathal angle and
incident polarization. Only the case wiBh= 0 is discussed here because the other case does
not show much variation and is always close to unity througgttloe whole range of variation

of the parameter.
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Ficure 2.3; Transmission cdicient versus incident angle when the graphene conductivity

tensor is isotropic (Incident photon energy is fixed to a &&= 200GH2). The solid curve

demonstrates the zero gap situation in the graphene qagsite spectrum and dashed curves
represents that with a finite gap.

Fig. 2.3 shows the variation with respect to incident angith wit angle fixed which
contains two curves, the solid one showing the zero gaptstuand the dashed curve shows
the finite gap situation. The influence of gap as can be seemgakes the transmission co-
efficient (contrary to reflection cdigcient) which is more visible in the small incident angles.
Transmitted intensity is maximum at small angle of incideand it slowly decreases as it ap-
proaches the grazing incidence. At normal incidence, wesearthat the transmission d¢he
cient depends only on the diagonal conductivity elementiggd/en byTifSE;l = (1 - 2oy
It is seen that the transmission ¢d@ent is very large which is one of the special character-
istics of graphene (high optical transparency). It is kndiat in the higher energy regions
of the electromagnetic spectrum such as visible regionpiteeal conductivity tensor is a
universal constant whose valuegflq:s By takingo as the universal constant in our study, the
transmission cdé&cient for mono-layer graphene shows exact matching withajrtbe ex-
perimental finding for the sam®2]. From the present study it is also clear that in monolayer
graphene the absorption is very small and is easily foundotlte case of normal incidence
using the conservation theorem, i.e—R — T which gives a value 0.023 when,, = %.
The conservation theorem for a general case in monolayghgree is derived in Appendix
A. The transmitted intensity and absorption for monolay@phene matches perfectly with

one of the experimental observations by Nair et. 82].[

In the extreme limits of linear incident polarization, thely parameter upon which the
transmitted intensity depends is on the incident angle.skFqgyolarization the dependence is
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(1 — 20, SE)? and for p— polarization it is(1 — 20, C0S8)>. The behavior of the trans-
mission coéicient with thes— and p— polarized incident wave with respect to incident angle
is exactly opposite that of the reflection ¢h@ent. When the incident angle is small, both the
reflection and transmission ferandp polarized incident wave coincides. Bgincreases, the

T with s— polarized wave increases and that with polarized incidence decreases which is
in the other way for reflection céiécient. Therefore in the case of transmission, in contrary
to reflection coéicient, thep— polarized incident wave increases the transmitted intgnsi

2.5.1.3 Reflected Polarization

In the isotropic limit, the reflected polarization reduces t

. cos#tsinge e .
—io™ef tilt tilt _jgext .
€' lisafr = — : : = —e" sgr(sin X% (2.26)

eXx 1 e X
COSty; SING;,

In contrast to the other two quantities namely the reflectiogficient and transmission coef-
ficient, it is seen that the polarization of the reflected wiavdependent only on the incident
polarization in the isotropic limit. The qualitative behawof reflected polarization depends
on the sign of sin& also. Since the reflected polarization is independent ofdineluctivity,

the two cases of isotropic limits makes ndfdrence and also the gap does not enter into the
picture. Therefore we can think that the isotropic limit raakpolarization of the reflected
wave from graphene sheet deprived of the any material spgrfiameters. From equation
(2.26 itis understood that the real and imaginary part of reflégt@arization shows an oscil-
latory behavior with respect to incident polarization. Bysltaneously solving the equations
of coss™" and sins' reflected polarization can be obtained. From the equatioreftected
polarization given byZ.26 we can infer that the polarization of reflected wave is eidial

to the incident polarization or there is a P&0fference between the two polarizations. Hence
the key point in this study is that the phase shift (either’i80F) between the incident and
reflected polarization can be found out fraiff' and the magnitude of reflected polarization
from the incident polarization.

The two extreme cases of incident polarization, se.and p— polarization are taken in
to consideration in this limit and is explained in Fig. 2.4 slhows the behavior of real and
imaginary parts of the reflected polarization with respecincident polarization There are
different curves which shows the real and imaginary parts wihd p polarized incidence.
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ref (s,p)
(CO § 61‘ I.is0
3

. gref (s,p)
’SInéfr,isu )

real (s-pol) =——— | |real(p-pol) —=. -

Imag(p-pol) - . .

Imag(s-pol)

Ficure 2.4: Polarization of the reflected wave from mono-layer B&mding graphene versus
incident polarization when the incident wave is linearlygrzed in an extreme way and the
conductivity tensor is isotropic (Incident photon energyfiked to a valu&) = 200GH2).
Here the solid curves are fa polarized incident waves and dot-dashed curves arepfor
polarized incident waves. The blue curves shows the behaViceal part of the reflected
polarization and the red curves shows the imaginary paiftécted polarization.

The variation is oscillatory as given by equatidhd6) with respect to incident polarization.
That is for ans— polarized incident wave, the real part of reflected polaitravaries as
- coso® and imaginary part varies as sifit. Similarly, for p— polarized incident wave, the
real part varies as c@$ and imaginary part as sino®* . Following table gives an idea about
5"’ for different ranges of values 6.

S— polarization p— polarization
5ext 6ref 5ext 6ref
0.3) ©.3) ©0.3) | (3 -
20 | G | Go | 0
©-3 | ©-9) | ©-5 | G
(37| (3-1) | 3-1) | O3

Table.1: Reflected polarization forfterent ranges of incident polarization feand p polar-
ized incident wave
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When the incident wave is linearly polarized wigh* = 0, the imaginary part of the
reflected polarization is always zero which implies tiét is either 0 or+r and the real part
depends orsgr(sin 25¢) and is either+1 or —1. Therefore when the incident polarization
vanishes, reflected polarization is determined by tilt an@Vhether it is O o). More

specifically, sign of- sin 25" determines the value of reflected polarizatios€if = 0.

In this section, mainly the isotropic nature oftérent optical quantities are studied with
respect to dierent angle parameters. The situation in which the incidelarization is linear
(three diferent cases) is also studied. From the equations derivelisrséction we can
obtain information about the conductivity tensor of moagdr graphene by knowing the
reflection and transmission dbieients. That is, we derive equations for the conductivity
tensor elements in terms of the reflection and transmissefiicients. This is explained in
Appendix A.

2.5.2 Anisotropic Case

The conductivity tensor of graphene may also be anisotrimpdifferent ways as discussed
earlier.

() When the diagonal elements are equal and tiiieli@gonal elements are equal and op-
posite in sign §xx = oyy = o1 aNdoyy = —0yx = 072)

(i) When the diagonal elements ardidrent and the f-diagonal elements are zel@§ #

oyy andoyy = oy = 0)

(i) When the diagonal elements are equal and tffe diagonal elements are equal and
same in signNdyx = oyy = o1 andoyy = oyyx = 072)

(iv) When the diagonal elements anff diagonal elements are allftérent ¢y« # oy and

nyio-yx)

Only the first two situations enumerated above are condider¢his section. The first sit-
uation given above happens when graphene is in an extergatlyed static magnetic field
denoted byB. This is discussed in Gusynin et. alLOQ where it is explained mathematically
that in the presence of an externally applied perpendiauiagnetic field the conductivity
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tensor can have such a form. In the second case listed alt@/ephductivity tensor is di-
agonal but the diagonal elements are not equal which meahgheh properties are not same
along the two directions. This can be possible by the apjpdicaf an in-plane external static
electric field. This situation is explained in detail by &ha et. al. 104]. The third case listed
above may be possible if there is an in-plane electric fieltlthe electric field is applied in
a direction away from the principal axes of the material.hi applied electric field is such
that the diference between the diagonal elements are so small, theffitiegonal elements
will have a non-zero magnitude of the order offdience between the diagonal elements. The
last situation can be possible when the material is highlgaropic due to various exter-
nal agents or a combination of them. In this section most efattention goes to the first
condition which can be named ffediagonal anisotropy” and is possible in the presence of a
static perpendicular magnetic field (according to Gusyhirak). The numerical value of the
conductivity tensor elements for this situation is obtdifi®m equations in the microwave
region .18 and @.19 by fixing the parameters as in the case of isotropic limitr &o
ample, withl' = 4K, u = -6K, T = 0.5K, Q = 9.6K one getsryy = oy = 6.28x 10™*
andoy, = —oyx = 1.78x 1073 for A = OK (zero gap in the quasi-particle spectrum) and
oxx = Oyy = 5.83%x 10* andoyy = oy = 1.63 x 1073 with a finite gap (for exampleK).
Note that all the parameters given above are expressed inegyeequivalent unit Kelvin
and the conductivity when expressed in terms of the fine gtreconstant has the unit af *
and in this calculationc’ is taken as unity. In the second case, which can be namedddal
anisotropy”, as discussed in Strikha et. d04], the diagonal conductivity elements can be
taken asryy = o + %‘T andoyy = o — AT‘T, whereo is taken as the universal optical conduc-
tivity % andAo is chosen randomly to be a small quantity compared,tsay of the order of
10~* which is consistent with Strikha et. al. As in the isotropase, here also the reflection
codficient, transmission cdigcient and reflected polarization are considered for studi wi
incident photon energy in the microwave region i.e. vk 200GHz

2.5.2.1 Reflection Cofficient

R = 272 [2cog 6503 + 02 5e@ 05 + (02 + 2072 + 073 cos D) sirf o

+ 20105 €0s6**' sinfy tané, sin 257 (2.27)
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Whenoy # oyyandoyy = oyx = 0

Rgirag = ([50'% — 20104 + 50321 +2C0S Py (01 + 04+ (001 — 04) COS 2;50)2
+ (01 — 04) (4 (01 + 074) COS g + (—071 + 074) COS Bg)] Sin? 68
+2 (01 — 04) 0SS SIN X5 [(01 + 074) (3 + €OS D) SEW SiN 2pg
+ (—0y + 04) SiNG Sin 4pg tanby] + 2 cog 65X [(302 + 207104 + 3075

+ 4 (—02 + 073) cos o) SeC O + (071 — 074)*(1 + cos 4po tart 6)]) (2.28)

whereoyy = o1 andoy, = o4. We can see that the first case is clearlffeent from the
other case because in it the reflectionfGoeent is a function of all the parameters except the
azimuthal angle where as in the other case, the azimuth a@egendence is coming in to
picture. Reflection cd&cients of both the above given cases are plotted with respezich

of the parameters with the others fixed as explained earlier.

R (107 Rl (1079
1.4% 35t
3+
1.3% 251
24 e e e e — — - 21
N, /\\_/(%
90>180°  270™—460°
(a) (b)
R:llili.'ili (loud)
pad | Off-diag ani
== ~ - -diag aniso A=0K
/ - -
- - 14 S - _ Off-diaganiso — — - A=3K
Diaganiso
i ) 5{*“
—180°  —90° 90° 180 (€©)

Ficure 2.5: Reflection cocient versus various angle parameters. This figure has paee

(a) behavior with respect to azimuthal angle (b) variatiathwespect to incident angle (c)

variation with respect to incident polarization. In thisutg the solid magenta curve shows

the situation with & diagonal anisotropy with zero gap and dashed magenta chovesshat

with finite gap and solid brown curve shows the behavior wigdtgdnal anisotropic situation.
Here incident photon energy is fixed to a value with freque2@GHz
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Fig. 2.5 has three parts which shows the anisotropic reflecidticient versus azimuthal
angle, incident angle and the incident polarization resypely for the two types of anisotropic
situations mentioned above. Each of these panels has threes¢c where the magenta curve
is for off-diagonal anisotropic situation (solid one for zero gapecasd dashed one for finite
gap case). The brown curves are for diagonal anisotropiatsitn. From each of the panels
we can see that thedfect of gap is to decrease the magnitude of the reflectiofiiciaant.

From Fig. 2.5a, it is clear that when the anisotropy is suelttie df-diagonal element is
equal in magnitude and opposite sign, the azimuthal anglerdience is washed out. But for
a diagonal type of anisotropy, azimuthal angle variatiomes in to picture. Fig. 2.5b shows
variation with respect to incident angle. For small anglénafdence the variation is almost
constant and the reflected intensity increases with intidiegle. The fect of gap in the case
of off-diagonal anisotropy is more visible with small angle ofidece. The last part of the
figure shows the variation of reflection deient with respect to the incident polarization.
We can see that the behavior is similar in both the kinds ad@ropy. The extremely small
magnitude of reflected intensity can be observed in the &njsic limiting case also.

RI-|~.5 (V2 (10—4) 5 -
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RI'r.s » a 0_4)

aniso

1.5

e
"y

% 1§ e
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(a) s-pol p-pol (b)
Off-diag aniso .

Diag aniso — _

Ficure 2.6: Reflection coicient versus various angle parameters when the condyctiant

sor is anisotropic and the incident wave is linearly pokdiz This figure has two parts (a)

behavior with respect to azimuthal angle (b) variation wispect to incident angle. The

solid curves for incidens polarized wave and dot-dashed curves for incidergolarized

wave. The magenta curve shows the situation wifld@gonal anisotropy and brown curve

shows the behavior with diagonal anisotropic situationreHecident photon energy is fixed
to a valueQ = 200GHz

Consider the special case where the incident wave is lyngatarized. First let us con-
sider the extreme cases as discussed in the isotropicVitnits— and p— polarization. In this
limit, the reflection co#ficients for both the above mentioned cases of anisotropyhakersin
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Fig. 2.6. HereR,niso IS @ function of incident angle for both the type of anisoyremd for di-
agonal anisotropy it is a function of azimuthal angle alsdydth the cases, we can see that the
p— polarization decreases the reflection ffimgent. Fig. 2.6a, shows the variation of reflec-
tion codficient with respect to azimuthal angle whefédiagonal anisotropic situation shows
a constant behavior whereas the diagonal anisotropicgitushows an oscillatory behavior.
The diagonal anisotropic behavior of reflected intensithgiand p polarized incident wave
shows ar/2 phase shift. Fig. 2.6b shows the variation with respecht¢adent angle where
the qualitative behavior of both the type of anisotropy amd@lar. The reflected intensity with
spolarized incident wave increases where as thatpdlarized incident wave decreases with
incident angle and approaches a minimum at gracing incelefbe third route to linear in-
cident polarization is whef* = 0 where the reflection céiécient is a function of azimuthal
angle, incident angle and tilt angle of the incident pokaian ellipse. The behavior with
respect to azimuthal angle and the incident angle are sitoilkat ofs— polarization case

All together in this subsection the reflection diogent is studied when the graphene con-
ductivity is anisotropic. Two dierent kinds of anisotropy are considered here and in each
case variation with respect to various parameters areedualy fixing the conductivity ten-
sor elements. It is important to highlight one of the mainestiations obtained from this
study which is the significance of azimuthal angle depenelevitich indicates the type of
anisotropy present in the material. It is believed that astirength of azimuthal angle depen-
dence increases with the strength of diagonal anisotropy.

2.5.2.2 Transmission Cofficient

T = cof 6581 + 4nP02 + 4nory Sety (—1 + oy Sedp)] + sirf 658 + 2r [(~201 cosy

+ 7 (02 + 203 + 072 cOS D)) sirf 603 + 270107, c0S6°X sinb, sin B2 tandy] (2.29)
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Whenoy # oyy andoyy = oy =0

T(Lrga = % (4 + n? (50'% — 20104 + 50"2;) — 8rcosty (01 + 04 + (071 — 074) COS 2hg)
+ 1% (305 + 201074 + 302) COS By + 2(071 — 774) (4 (071 + 074) COS H COS 2y
+ (~01 + 074) COS 4pg Sir? 6p))] Sin 65X + 27 (071 — 074) COS6** sin W5 [(—4 costy
+ 7t (071 + 04) (3 + €0OS D)) SIN 2pg + 7 (—0 1 + 074) SiNGy SIN 4o tandy)
+2C0S 05 [2 + n(0y — 04)? + 7 (=4 (01 — 074) COS g SE€Wo(~1 + 7 (071
+ 074) SEWp) + S€Wg (—4 (071 + 74) + 7 (3075 + 2071074 + 3075) SEH))

+ 71 (01 — 04)? cOS dpg tart 6,)]) (2.30)

whereoy, = o1 andoyy = o4. The first case is dlierent from the second because of the
azimuthal angle dependence of the diagonal anisotropiat&in. Transmission cdécients

of both the above given cases are shown in the plots giverwbeith respect to incident
angle.
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0.99 ¢

0.98 ¢

0.97 1
' ' ' A L
200 40°  60° 80P |

Off-diag aniso

A=0K
Ooff-diaganiso — — — A=3K

Diag aniso

Ficure 2.7: Transmission cdicient versus incident angle when the optical conductivaty-t
sor is anisotropic. Both types of anisotropic situations sihown in the figure, magenta
solid curve shows the situation with zero gafd diagonal anisotropic conductivity tensor
and dashed magenta curve that with finite gap. The brown salide shows the diagonal
anisotropic situation. Here incident photon energy is fiteced valueQQ = 200GHz
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42 Chapter 2. Free Standing Graphene

Fig. 2.7 shows the behavior of transmitted intensity witkpect to incident angle. The
high optical transparency is evident in the anisotropidatliatso. The intensity is maximum
at normal incidence and remains constant and as the incatgyié approaches the gracing
incidence, the transmitted intensity goes to minimum. Hbeeemagenta curve shows the
off diagonal anisotropic situation with zero gap shown by th@dme whereas the finite
gap situation is shown by the dashed line. The brown curverishie behavior of diagonal
anisotropic situation. Here unlike in the case of reflectiosficient, the &ect of gap on
transmission cd@cient is to increase the transmitted intensity but the iaseeis very small
compared to the magnitude of transmissionfiioent.

fr,s ,3(p)
Tariscfw S ‘Taiui;n‘fJ --‘_-_-_-_.___________:.:_-‘-.-w
0.99 ]

0.99
09851 o J— 0.974
0084 o -
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Off-diag aniso
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Ficure 2.8: Transmission cdicient versus various angle parameters when the conduyctivit

tensor is anisotropic and the incident wave is linearly peoéal. This figure has two parts

(a) behavior with respect to azimuthal angle (b) variatiothwespect to incident angle. The

solid curves for incident polarized wave and dot-dashed curves for incideriolarized

wave. The magenta curve shows the situation wittd@mgonal anisotropy and brown curve

shows the behavior with diagonal anisotropic situationreHecident photon energy is fixed
to a valueQ = 200GHz

Now moving towards the extreme cases of linear polarizaifancident waves, the trans-
mission coéicient is function of azimuthal and incident angles. Theat&wn with respect
to those two parameters are shown in Fig. 2.8. Fig. 2.8a shimsvgariation with respect to
azimuthal angle and Fig. 2.8b shows that with respect taentiangle. Unlike in the reflec-
tion codficient case, we can see that e polarized incident wave increases the transmitted
intensity. There is a phase shift #f2 in the behavior of transmitted intensity with respect
to azimuthal angle fos and p polarized incident wave with diagonal anisotropy. For dmal
angle of incidence, the transmitted intensity wsthpolarized incident intensity ang polar-
ized intensity coincides and is more or less constant. Bth@angle of incidence increases
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the transmitted intensity witk polarized wave slowly decreases and a sharp decrease is ob-
served for the gracing incidence. In the polarized incident wave situation, the transmitted
intensity increases with the incident angle. In transroissihe behavior o§— and p— polar-
ization cases is opposite to that observed in reflectiomsn. Thes— polarization incidence

of transmission behaves @s polarization case of reflection and vice verse. The next case
is when the incident polarization is zero. Then the transmarscodficient is a function of
azimuthal angle, incident angle and the tilt angle. The enaf transmission caécient

with respect tapg andd, is similar to the behavior explained in Fig. 2.8 with thepolarized
incidence.

In this subsection the study of transmissionficeent with respect to various parameters
are discussed when the conductivity tensor elements ohgrapis anisotropic in two dif-
ferent ways. The observation made for reflectionfioent regarding the the dependence of
azimuthal angle is true for transmission case also. If ibise checked experimentally it will
be convenient to do with transmission since the magnitudeftgcted intensity is too small
to measure.

2.5.2.3 Reflected Polarization

fr - fr
n + in
_jgref fr " Loff 2,0ff
= (2.31)
dfr dfr
loff “20ff
where
fr t . 2 2 t (P t
Noit = 0102 (cog o5 sedy — cosby sir? 05X) + (0% + 05) c0s6** cosgg singEy
fr 2 2 ext oim neXt ain cext
Moot = (01 + 03) COSGg Sinbg; sind
df = (02 cog 68 + o1 cOSO SINGET (—2075 cOS6 COSAEN + 01 COSHy SINEELY)
lLoff — 2 tilt 1 0 tilt 2 tilt 1 0 tilt

a .
dyt ;= olcoseitseC o + 72 (02 (1 - cos ) + 207, seddy sin 25 coss®X)
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Whenoy # oyyandoyy = oyx = 0

fr + infr

n, .. .
_jsref fr 1,diag 2,diag
= (2.32)
dfr ) dfr )
1,diag ~2,diag
where
fr i ext 2 2 ; ext
Migiag = % (c0s6°" (—(01 + 04)* + (01 — 04)" COS 4pg) SIN Wi + 2 (071 — 04)
(coS 65 (~01 — 04 + (071 — 074) COS 2pg) SEW — COSHp (071 + 04
+ (01 — 0°4) €OS o) i’ O Sin 24o)
Nygiag = 2T°01074SING™ sin 25
O} iag = 7°(COS bo(0rs + 0 + (071 = 074) COS o) SirP G + 4(0y — 074) COSI™ cOSto
COSpo Sin 65 Sino(0r1 COS o + 074 SIIF o) + (071 — 074)? COS O SIN? 2h5)
03 yag = T(COS 055 (01 + 0 + (~07y + 074) COS 2pp) S€C g + (071 — 074)(4 COSS™ COSo

sedy Sin X2 singo(o74 COS ¢ + 071 SIN? o) + (071 — 074) Sinf 65 sir? 2¢h))

The main diference between the two kinds of anisotropy is explicitlynsieem the equations
(2.31, 2.32 where azimuthal angle dependence is absent in the firstacabsé is present in
the other case. It is seen that both the real and imaginaty pathe polarization of reflected
wave is functions of incident angle, tilt angle and the imcitipolarization. The variation
with respect to incident angle is given in Fig. 2.9 which has parts: Fig. 2.9a shows
the behavior of cos' and Fig. 2.9b shows siff’’ with respect incident angle. Each panel
has two curves in it, the magenta curves showing ftiiieli@gonal anisotropic situation and
the brown curves shows that of diagonal anisotropy. All thespin this section is for zero
gap. The finite gap situation is also studied, but tifea of gap cannot be seen in any of
the case, therefore it is not included. We can see that tHepegtiis almost constant up
to relatively larger angle of incidence for diagonal aniepy and decreases as the incident
angle approaches gracing incidence. Ffirdiagonal anisotropy the real part of reflected
polarization slowly increases with the incident angle. B chosen set of parameters the
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Ficure 2.9: Reflected polarization versus incident angle. Thisrédwas two parts (a) be-

havior of real part of reflected polarization (b) behaviorimiaginary part of the reflected

polarization. In both of them, the magenta curves shows fixdiagonal anisotropic situ-

ation and diagonal anisotropic situation is shown by browrves. Here incident photon
energy is fixed to a valu@ = 200GHz

real part of reflected polarization varies between neganepositive values forfbdiagonal
anisotropy whereas it remains in the negative axis for diaganisotropy. Fig. 2.9b which
shows the variation of siﬁﬁf for both types of anisotropy and can see that they have ~egati
magnitude for the whole range of incident angle. In tlfiediagonal anisotropic situation,
imaginary part of reflected polarization first decreasefovatd by a minimum and finally
increases as, increases. But in the diagonal anisotropic situation, tekabior remains
constant and finally increases rapidly whigrapproaches gracing incidence. Fig. 2.10 shows

14 CDS(S;::-:‘E,‘MS“ Si“‘si::,t;miso
05¢ 51
cht
—180° -90° 90° 0°
—-05¢
—_ l o
Off-diag aniso
(a) 9 (b)

Diag aniso

Ficure 2.10: Reflected polarization versus incident polarizatibhis figure has two parts (a)

behavior of real part of reflected polarization (b) behawbimaginary part of the reflected

polarization. In both of them, the magenta curves showsfihdiagonal anisotropic situation

and diagonal anisotropic situation is shown by brown curi#ere incident photon energy is
fixed to a value = 200GHz

the behavior of cos" and sin’s" with respect to incident polarization. Fig. 2.10a shows
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the behavior of real part and Fig. 2.10 shows that of imagipart. Each of the panels has
two curves in it of which the magenta curves show tlfftediagonal anisotropic case and the
brown one shows the diagonal anisotropic situation. We eartisat in both the sections of
Fig. 2.10, the diagonal anisotropic situation behaves inrgple way. That means the real
part of reflected polarization behaves-asoss®* and imaginary part of reflected polarization
varies as- sing®*. But in the df-diagonal anisotropic situation, the behavior of both eead
imaginary parts oaﬁ?if is rather complex and can be seen in Fig. 2.10. At incideraration
close to 8, the real part shows a maximum and decreases to the negikivefdhe axis as
the incident polarization varies. The imaginary part oftibiected polarization shows a large
discontinuity as the incident polarization approaches zer

Consider the case of linearly polarized incident wave indheotropic limit. For @-
diagonal anisotropy, the reflected polarization vanistoesah s— polarized incident wave
and +x for p— polarized incident wave. For diagonal anisotropy, reflégbelarization is
either 0 or+xr depending upon the sign of the produdi, — o4 Sin 2po) for both s— and
p— polarization. When the incident wave is linearly polarizeguch a way that the incident
polarization itself is zero for an arbitrary value @, the reflected polarization is again 0
or = depending upon the value of tilt angle for botfi-diagonal anisotropy and diagonal
anisotropy.

In this subsection we have given a detailed study of the teffiggolarization with respect
to various parameters undefff@girent conditions, i.e. for a general polarization, linealap-
ization, the conductivity being anisotropic infidirent ways etc. A comparative study is done
here taking into consideration thefidirent situations. Here the reflected polarization is not
given as such, but the behavior of real and imaginary parisisfstudied and a simultane-
ous solution of these two quantities leads to informatioouglthe reflected polarization (as
discussed in section Isotropic Limit).

2.5.3 Conclusions

This chapter discusses the system of one graphene shegffieatstanding form. In freely

suspended graphene as its name suggests, it is expectdiaetteaire no disorder due to the
substrate. Response of the material in the form of emergaditi§i calculated in this chapter
when a plane electromagnetic wave is allowed to fall on tlstesy at an arbitrary angle. The
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emergent electric fields are obtained by solving Maxweltisaions for the system. Using
the emergent electric fields, various physically imporgunntities have been calculated and
studied with respect to various angle parameters relatatigoncident wave. Parameters
related to the material, i.e. elements of the conductighsbr, are fixed throughout the study.
To start with, the conductivity tensor is assumed to havegieeral form with all of its
elements dterent. Then due to the presence and absencefiafreit external sources the
components has to obey certain symmetry conditions whitisléo constraints to the tensor
components which makes the conductivity tensor to appediffierent forms. Broadly, one
can say that the conductivity tensor can be isotropic orcargpic. The anisotropy can be
of different types. Here in this chapter, the isotropy in the cotdtictensor is achieved in
two different ways, when the externally applied magnetic field i€absr when there is no
electrostatic doping in the material (i.e. wher= 0 oru = 0). Now among the dierent kinds
of anisotropy, only two cases are considered for a detailedi/s One is when a static external
magnetic field is applied perpendicular to the plane of gemeh(df-diagonal anisotropy, i.e.
oxx = Oy = o1 andoy = —oy = o) and the other is when there is only an in plane
electric field applied externally (diagonal anisotropg,. ioyy # oyy andoy,y = oyx = 0).
Both these limits are studied very carefully and compareti @ach other. This study in the
off-diagonal anisotropic limit is restricted to the microwaegion in the high magnetic field
limit in which the conductivity tensor elements can be afgi from Gusynin et. al. To study
the diagonal anisotropy diagonal elements are taken thobehich is a very small quantity
added (subtracted) to universal optical conductivity quan

The optical quantities considered for study in this chapterthe reflection cdgcient,
transmission cdé&cient and the reflected polarization. Now for a detailed gtddferent lim-
iting cases of the incident wave parameters are also caesideamely the linear polarization
limit, normal incidence etc. Therefore altogether a corapae study is done between the
forms of the conductivity tensor and thef@irent limits of the incident wave parameters. The
main result of this study is that, one can obtain informatdsout the optical conductivity
of graphene by studying theftirent optical quantities (included in Appendix A). Any two
out of the three quantities together can obtain the condtictensor for graphene. One can
see that the magnitude of the reflection ffi@eent is extremely small (less than0Q%) as
expected from experiments which may make ftidult to measure and see the variation. For
this reason the transmission ¢eent along with the reflected polarization can be studied
to get the information about the tensor elements. The seoopdrtant suggestion is that,
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48 Chapter 2. Free Standing Graphene

the azimuthal angle dependence can provide informationtabe form of the conductivity
tensor. From the study it is clear that the azimuthal angpeeddence of the optical quantities
are absent if the tensor is either isotropic @diagonally anisotropic. There are many such
issues discussed in various sections of the chapter whelgrortant in one sense or the
other.
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Chapter 3
Substrate - Graphene

In this chapter, the system under study is a graphene shpesitied on a hon-magnetic di-
electric substrate. The main tool used here for analyziegsttbstrate graphene is Maxwell’s
equations. The first section of this chapter describes thiel@m under study followed by the
description of the tools used for study. The same opticahtities are studied for this case
as in the case of freely suspended graphene. Therefore dmigfadescription is included in
this chapter. Finally the results are discussed in detdil Wie help of various plots. In each
stage the study is compared with that of the suspended grepbsults.

3.1 Problem Description

In this chapter, a mono-layer graphene sheet deposited ohstrate material is considered
for study. Free standing case considered in chabterimportant and it has its own advan-
tages that it is devoid of the disorddfects that may arise due to the interaction between the
substrate and graphene. The studies done in the freestpoakse (explained in chaptay,

is taken as a reference for the present study which helpsvasiigate the influence of the
presence of substrate material on the optical propertigsagfhene. Therefore here a similar
route is followed as in the case of free standing graphene.

A monolayer graphene sheet deposited on top of a substraéziat@s arranged in they
plane atz = 0. An electromagnetic wave with a wave vectgris incident on the sheet at an

49
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arbitrary angled, with respect to the normal to the plareaxis). The incident wave vector
is considered to have all three components and it is expteegerms of the incident angle
and the azimuthal angle (angle between the projection ointtident wave vector in thay
plane andk axis). Here there are a number of electric fields that has telaé with, each of
which is expressed in terms of elliptically polarized satee. as a linear combination of its
polarization components infiierent directions. For example, the real space representati
an electric field in general is given as

E,(r,t) = @l T+ 1Ga2Z = iCl0ut Z = (3.1)
v=12

wherea can be the incident, reflection or transmission case. Hgrare the unit vectors
defining the polarization directions of the respective giedields which are defined in equa-
tion (2.2). Also E? are the electric field components along the polarizatioaations which
can be expressed in terms of the tilt angle of the polarinaglbpse and the corresponding po-
larization components is given in equatiéh3). Here|E?| is electric field amplitude which is
independent of position and timg,, is the tilt angle of the polarization ellipse anlandog
are the polarization components in the direction of uniteecdefined by the equatioB.Q).
From equation3.1) with a asinc, the incident electric field in real space can be written as
Eexi(r,t) = €doimi +idozz = iclbolt 37 , gESX, Corresponding vector in the reciprocal domain
is obtained by the Fourier transform (definition given in agon @.7)) of the incident electric
field. Using this technique the incident electric field in frequency domain can be written
asEex(d), Gz, w) = 63(do — 0) 5(Clgol — w) 3,12 GSES*. The notations used in this chapter
matches with that in chapt@rwhich enables an easy comparison. The next step is to derive
the equations for the emergent electric field from graphemiase deposited on a substrate
material, using Maxwell’s equations. The substrate malésiconsidered as a nonmagnetic
dielectric material represented by a dielectric constant

3.2 Maxwell's Equations

Maxwell’s equations representing substrate-grapheneéngn CGS units below,

- - - - 10B
vV-D=4 ; VXE=--—
"Per % c ot

TH-997_05612102



3.3. Emergent Electric Field : Reflection and Transmission 51

4r 14D
Tt
whereD = £(2) E. Here thezdependent quantity(2) is the dielectric constant of the substrate
material and is defined afz) = ®(-2) + € ©(2). The system under study, i.e. substrate-
graphene, consists of two parts, one is substrate and tlee tlgraphene. Out of these
the substrate material, as mentioned earlier being a paifelectric, makes no contribution

- =

- =
V-B=0 ; VxB= (3.2)

towards the induced current or charge density of the contbgystem. This is the reason
why the subscript “gr” is given to the charge and current dgns the Maxwell’s equations,
which means that the current in the system is solely due t@taghene conductivityJy,
andpg, are the induced charge and current densities on the wholersydue to the external
incident field. The induced current density in the system tumcident field is taken as
Jo(@ = -1 - 0 Aex(z = 0)5(2). Here is the graphene conductivity tensor which is a
represented by ax22 matrix. Since the system which is a two dimensional mdterjglaced

in the xy plane, thez component of the induced current density vanishes, thdj is 0.
Maxwell's equations given above can be solved with the hélpoundary conditions and
some other basic equations to get the emergent electricvieich are discussed in the next
section. The gauge is chosen such that the scalar potentiaio.

3.3 Emergent Electric Field : Reflection and Transmission

With the help of boundary conditions, Maxwell’s equatioas ®e solved to obtain the emer-
gent electric field. The emergent field consists of two pahitvexists in two dierent spaces
with respect to the = 0 plane. Foz < 0 there exists the reflected part of the emergent field
and inz > 0 the transmitted part of the field. The equations for eacheiftare given below:
(The details of the calculation are given in Appendix B)

Krl Eextx(o) + Krz Eexty(o)
C (qO,Z + q,o’z) (q%’x + qg’y + qO,Z q;)’z)

Ersgf(r’ t) = oI ~ 1dozZ = icldolt (3.3)

e
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where

K(rl,x)(2,y) :C(qo,z - q;)z) (¢qg,x + qu + oz q/()z) — 4r|Qol (q(%,y(x) Oxxyy) T Coz q/Oz T xxyy)

— Cox Goy Tyx(xy)
K(r2,x)(1,y) =-2 (C CQo.x Joy (QO,Z - QZ)Z) + 27|Qol (qg,y(x) Oxyiyx 1 0oz q/c)z Oxyiyy — Gox oy O'yy(xx)))

Kl = = (€ Gox (doz — o) (G + G, — Goz o) + 4710tz Gz (Tox Ty + Goy Ty )

Kg_ Eext’x(o) + Ktz Eexty(o)
C<q0,2 + q;)’z) (qg’x + q%’y + qO,Z q;),Z)

ESSa(r, 1) = g0 + Gozz = icast (3.4)

where

2 2\ 2 '
KEl,x)(z,y) =2 [C c%,y(x) Qoz + C(qo,x + qO,z) Qo — 27|l (qo,y Oxxyy) T Uo.z00z Txxyy) ~ Goxoy O-YX(XV))]
KEZ,X)(l,y) ==2 [C Qo.x Qoy (CIo,z - %,z) + 271/Qo| (qg,y(x) Oxyyn T oz Q6,z Txyyy — dox Qoy O yy(XX))]

KEl,z)(Z,z) =-2 [C Co.x(y) |Clol — 2|Col Qo2 (QO,X Oxxxy) + Qoy O'yx(yy))]

Hereq;)’Z is thez component of the transmitted wave vector whic q(z),” + € |qol? (see Ap-
pendixB). For deriving the above equations the conductivity terfieographene is taken to
.Oxx Oxy
i.e.

. The correctness
Oyx Oyy

be in its most general form with its components unequal.(

of the above equations are checked by two limiting cases¢ t@nds to unity (ii)o tends
to zero limit. The former is the situation when the systemréefstanding. i.e. suspended
graphene discussed in chapgrlt is seen that in this limit, equation8.@, 3.4) reduce to
the corresponding equations in chap2erThe second limit signifies the situation in which
there is no graphene but only the dielectric substrate niatérhe amplitude reflection and
transmission cdcients using equation83, 3.4), in thea tends to zero limit matches with
the well known results of a dielectric material given in tbxtoks (see refl37). From the
general equation for an electric field given by equati8ri)( the reflected and transmitted
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electric fields in real space can be written in terms of itsapabtion components as given

below:
Sg _ A oy o+ zZ - ic t nreferef,s
Eref(r’t) = @Uref’ + Wrefz [Orefl Z ar Ev g (35)
y=1,2
Sg A T+ Z — ic t ntran=tran,s
Etran(r, t) = @Owan| Ty + 1Gtranz [Ckran Z a; Ev 9 (36)
v=12

Here et = {Gox: Goy-Ooz} @Nd Gran = {Gox: Goy- Olg,} With [0hel = [Gol @nd  [Granl =

1ol m Polarization directions are defined by the unit vectoregilsy equation
(2.2). The description of the other terms in the above equatiomalao given in the beginning

of this chapter. For example, the reflected and transmitbegoonents of the electric field in
the two polarization directions are given by equati@r8(. Solving the general equations for
reflected and transmitted electric field given by equati@s @3.6) and the emergent electric
field given by equations3(3, 3.4) simultaneously, we can get the polarization components of
the reflected and transmitted electric field, that is

ref,sg _ 4-idoyr + idozZ + iclgolt =59
Ev =€ Eref

(r,t)-aref (3.7)

tran,sg _  ~—iqoyry — | " 7+ic t —sg ~tran
Ev 9 — @9y~ 1o, [Gtranl Etran(r’t) -t (3.8)

To calculate the physically interesting quantities suclt@sficient of reflection which are
explained in chapte, it is important to know about the conductivity tensor of ginane.

3.3.1 Optical Conductivity

The general idea about the quantity - optical conductivtisytensor form and anisotropy are
discussed in chapter in detail. As explained in the previous section, conduttitensor

of graphene, a two dimensional material, can be represéted2x 2 matrix. Graphene
conductivity is also discussed in chapgrln this chapter, the main source of conductivity
data is from referencelpPQ which gives the general equation of the anisotropic cotiduc
ity in the presence of a perpendicular external magnetid fied an arbitrary frequency and
temperature. This is given as equati@al(/) in chapter2. With the external agent as the per-
pendicular magnetic field, the components of the condugtelements are subjected to the
constraingryy = oy, = 01 andoyy = —oyx = 0. 1.€. the diagonal elements are equal and the
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off-diagonal elements are equal but of opposite in sign. Thissible from equationZ.17)

of chapter2. Avoiding the complicated general form of the conductitgpsor, here also we
have chosen the microwave response in high magnetic fieltd disnn the case of previous
chapter and is given in equatioris 18 2.19 in chapter2. A large amount of literature avail-
able in the field of conductivity studies in graphene shovet #t higher energy regions of
the electromagnetic spectrum, the graphene conductmmitydr becomes independent of the
incident wavelength and may be taken as approaching thensaivdynamical conductivity
given by% [106 118. In other words, the tensor becomes just a simple numbdra8in the
earlier chapter here too we are interested in studying teflgtransmission cdécients with
the anisotropic graphene conductivity tensor in its vasimits. This is possible more easily
in the microwave region. Also graphene conductivity is vedlidied in the microwave region
by Gusynin et. al. 106 who give a well defined equation for its conductivity tensdhey
also show that microwaves are an exceptional tool of graghamusual dynamics. Their
study reveals that microwave response of Dirac quasipestitas several anomalous proper-
ties both in the presence and absence of a strong magnedic@akynin et. al. 106 shows
that the microwave response of graphene reflects the Dirarenaf quasi-particles in this
material, which include the intra-band and inter-band gbations to the conductivity with
zero magnetic field and also at large fields.

Two pieces of information can be obtained from equati®ri9 about the &-diagonal
conductivity element: (i) in the presence of an external neig field it depends significantly
on sgr(eB) (ii) it is an anti-symmetric function of the chemical poteth To consider con-
ductivity as a dimensionless quantity, the definition of Btreicture constant is used with the
choice ofc = 1. By choosing some specific values for the parametersAike T etc. the
numerical value of the conductivity can be obtained in trghhhagnetic field limit of mi-
crowave region. The importance of microwave region and igh magnetic field limits are
explained in chapte2. The isotropic limit of the conductivity tensor is clear finoequation
(2.19, i.e. the situation under which théaliagonal elements of the conductivity tensor van-
ishes. It happens in two flilerent ways as mentioned earlier, (i) when there is no elstzttic
doping « = 0) or (ii) when there is no external applied magnetic field.t Outhese the
zero chemical potential limit can be obtained from equa{@id8 and the conductivity for
the zero magnetic field is given by equatidhq0 in chapter2 Different cases of the form
of conductivity tensor are discussed below, that is (i) wtrenconductivity is isotropic and
diagonal (ii) when the conductivity is anisotropic and diagl (iii) when it is non-diagonal
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anisotropic etc. One can obtain the numerical value of timelgotivity elements in dierent
limits by choosing appropriate values for the parametepgapng in the equations and study
different optical quantities using the emergent electric fiddubssed above.

3.4 Optical Codficients

Three quantities are studied in this section, theffcdent of reflection, coicient of trans-
mission and the reflected polarization. This is describedkitail in chaptel, therefore only
a brief discussion is given here.

3.4.1 Reflection Cofficient

Reflection cofficient is the fraction of reflected intensity relative to theident intensity. In
EM theory, it is defined in terms of the Poynting’s vector focident and reflected wave. i.e.
*]

S . . . - ES[? .
RS9 = SL“ whereS = E* x B. This will reduce to a simplified fornis9 = —lE'efdz, which
] e IEref.sglz .. |Eref,sg|2 *
ultimately become®® = =—2—

Its a complicated system to solve, the general equatiorefteation coéficient is there-
fore equally complicated. Substituting for the reflecti@mponents of the electric field along
the polarization directions obtained from equati8rv) we can obtain the reflection ciheient
as give below:

Ro9 = r39 cos 655 + 30 sinf 5 + r5% sin 65 (3.9)
where
Sg 1 2
1

— (0rxy + 0y SIN 2p0) + x 47%((—1 — 2 costy + COS Dp)?

(-1 - 2ncoshy + cos )2
(O'xx+0'yy+ (—Gxx+0yy)005200— (O'xy+0'yx)5in2¢0)2) + 4772((7'xy_(7'yx
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cot’ Ao _ _ |
sg _ )
= 16 o+ cosiof < [16 Sirf 6o S ¢o ((—4moryy — 17 + COSBo) COS¢g + 4Ty SiNGho)

+ 1608 ¢y Sir? O (4raryy COSPo + (—4morxy — 17 + COSHp) SiNghp)?

+ 16 sirf 6, ((4royy + n — COSHp) COSPg — 4oy SiNo) (Amoryx COSPg + (—4moyx — 17
1
(n cosby + Sir? 6p)?

+ 871 ((0xx — Tyy) COS Vg + (Txy + Tyx) SN 2p0)) — (41 + COS Fo) tanbp)?]

+ COSHp) SiNgo) SiN 2pg +

x (Sindg (1 + 4n(2m(oxx + Tyy) +17)

—2r cotp '
ry = x [87 sindy (n° +
* (7 + €02 6p)2 (—1 — 21 cOSHy + COS D)2 [87sindo (7 (0xx + Ty

+ (=0xx + Tyy) SIN 2pg) — (17 COSHg + SIMP Bp)? (—0xx — Tyy + (Txx — Tyy) COS g

+ (—n + cosbp) (—2n (=1 + 257 C0Shy + €OS By) (Txy — Tyx + (0xy + Tyx) COS g
+ (=0yx + 0yy) SN 2p0) — COSBy (=1 — 217 COSBy + COS B)? (—yy + Tyx

Heren = +/-sirf 6y + € is thez component of transmitted wave vectal is the incident
angle,¢q is the azimuthal angle which is the angle between the comysmé incident wave
vector in thexy plane and thex axis andgg is the tilt angle of the incident polarization
ellipse. The above equation shows that the reflectioiffictent in general is a function of the
parameters related to incident wave, the material mediwtraéso the substrate material. It is

seen that in the limi¢ — 1, equation 8.9) reduces to that of freely suspended graphene.

At this stage it is desirable to think of thefidirent possibilities of the ways in which the
conductivity tensor components are related. As mentionetiapte, there are four dferent
ways. (i) The situation when the diagonal elements are esjuélthe &-diagonal elements
are also equal (ii) The diagonal elements equal but thdiagonal elements are equal and of
opposite sign (in the presence of an external magnetic fielehdoy Gusynin et. al. 106])

(iif) The diagonal elements are equal and tHediagonal elements vanish (in the absence
of external magnetic field or electrostatic doping given hys@in et. al. 10€) (iv) With
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unequal diagonal elements and the vanishifiglagonal elements (in the presence of an in-
planar electric field given by Strikha et. alLq4]). The situations related to Gusynin’s results
(cases (i) and (iii)) are discussed in an earlier subsedtidhis chapter and also in chapger
The conductivity tensor elements in these two limits aregiby equations,18 2.19, 2.20.
The other two cases mentioned above becomes important Wwaenis an anisotropy not due
the magnetic field.

3.4.2 Transmission Cofficient

Transmission cd@cient is the ratio of transmitted and incident intensityisTinay be defined
)
in general in terms of Poynting’s vector for transmitted amcildent wave. i.e.T%9 = Stanz

Snc,z
whereSis the Poynting’s vector. This can be written in a simplifiechfi asT 9 = % which

JEtlran,sglz A |Et2ran,sg|2

becomes o . Substituting for the polarization components, the gdregaation

for transmission ca@cient is obtained as given below:

T39 =19 coS 65 + 65° sinf 65" + t5° sin 65 (3.10)

4
= x [cOS g (=1 — 21 cOSHy + COS Dp)?
! (7 + coSHp)? (=1 — 217 cOSly + COS Byp)? [ o ( 4 P 2

+ 2 €0S8p(—1 — 217 COSHy + COS Bp)* (—Txx — Tyy + (Txx — Tyy) COS g

+ (0yy + Tyx) SN 2p0) + 1672 (217 COSHy SirT B (0yy COS o — (Txy + Tyx) COSPo SiNg
. 1. .

+ €0S 6 (0%, €OS! ¢o SINT g + 207y (—0xx + 0yy) COS’ o SIN B SiNgho
+ (02, + O')Z,X) 1? Sir? ¢o + O')Z,XSinz 0o Sin* ¢g + COS g ((0')2<y + 0'§y) n” + (—20yyoryx
+ (oxx — O'yy)z) sir? o sir? $o) — ((0'xx0'xy + O'yxo'yy) 772 + Oyx (—oxx + O'yy)

sir? 0y Sirf ¢g) sin 2p0))]
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8 cog 6
th: % [1 22_Cosm 271 COSH _1_22
2 (n+cosbp)? (-1 — 2ncosty + COS Fp)? [L+2n o+ o ( n

SiN? o(0ryx COF g + (—0rxx + Tyy) COShg SNy — Ty SIN ) + :ZL, sin® Go(—oyy + oyx
+ (0yy + Tyx) COS W + (—0xx + Tyy) SN 2p0)? + COS (072, COS' o SiNt 6o

+ 20 4(0yy + 0yx) COS po SI? do + (075 + 075) 17 SINP o + 075 Sir? b sint o

+ €O po((02, + 0'§X) n + ((oxy + O'yx)2 + 203 Tyy) sir? 0o Sir? ¢)

+ ((oxxOxy + TyxOyy) n” + (Oxy + Ty oyy sir? 0y Sir? ¢o) Sin 260))]

s _ 7 COShy
3 " (n+ cosp)? (-1 — 21 cosby + COS Bp)?

(1+27%)) + 2 (3 (Oxy + Tyx) = 8T (TxxTxy + TyxTyy) 1 + 14 (0xy + Tyx) 7°) COSHy

x[(4 ((0'xy + O'yx)77 —4n (0'xx0'xy + O'yxo'yy)

— 167 (03O xy + OyxTyy) (-1 + 2n) cos Yy + (-7 (Oxy + oyx) + 167 (0xx0xy

+ OyxOyy) N+ 4 (Oxy + Tyx) n?) cos F, — 4 (oxy + Tyx) 11 COS &y

+ (oxy + Oyx) COS ) COS 2po + 4 (0 xy — Oyx) (41 + (3 + 4n (21 (o xx + Oyy)

+17)) COSH — 4 (7 (0xx + Oyy) + 17) COS D + COS ) SirF g — 167 (0yy + Oyx)

(0xx — Tyy) (=217 COSGo + COS D) COS 4bo S g + (4 (—axx + Tyy) 17 + 87 (072,

- oﬁy + O')Z,X - )2/y) (L+ 25%) + (60 gy + 6oy + 8r (o 0')2<y + 0'§X - 0';4,y) n

+ 28 (~oxx + Tyy) 7°) COSEo + 8 (05 — O'§y + O')Z,X - O')Z,y) (-1 + 25%) cos Py

+ (Toux — Toyy + 87 (=02 + Uiy - Uf,x + O'Sy) 1N+ 4 (~0xx + 0yy) 7°) COS Fo

+ 4 (0xx — Oyy) 1COS W + (—0xx + Tyy) COS B) SIN 2pg + 87 (0 yx — Ty — Tyx — Tyy)

(Txx + Txy + Tyx — 0yy) (=27 COSHp + €OS D) Sirt b Sin 4po)

The parameters appearing in these equations are the sainesasin the case of reflection
codficient. The transmission cfigient as can be seen is a function of (i) angle parameters
which is specific about the incident wave (ii) material (drape) parameters, the components
of the conductivity tensor (iii) the dielectric constant It is seen that in the limig — 1,
equation 8.10 reduces to that of freely suspended graphene. The behaivimnsmission
codlicient under various situations are studied in the nextsecti
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3.4.3 Reflected Polarization

Reflected polarization is the polarization of reflected mdirthe emergent field defined by

ref,sg\* ref,sg
%. Substituting for the
[Shah I AR

polarization components of the electric field the reflecteldpzation can be written as

the equation (as mentioned in chap2ealso),e™ *'|¢; =

Sg + ~SO
_nP+ing

|sg - —dSQ ng
‘\/ 1 72

(3.11)

where
Sg — 1
L (7 + cosy)? (17cosd + Sin? 6o)

X [=2mn [(=27 (oxx + 0yy) — 77 + COSHy

+ (=0 xx + Tyy) SN 2p0)] COS* 65X + 71 COSOy [(—Txy + Tyx + (Txy + Tyx) COS g
+ (=0 xx + oyy) Sin 2p0) (—4n — COS Fy + C0SYy (1 + 4n (21 (o xx + Tyy) +17)

+ 811 ((0xx — Tyy) COS 2o + (0xy + Tyx) SIN 20)))] Sin® 653 + (—4n?n cosbo
[(axy = Tyx + (Txy + Tyx) COS 2o + (—0xx + Tyy) SIN 2p0) (=0xy + Tyx

+ (0xy + Tyx) COS B + (—07xx + Tyy) SIN 2ho)] + [(=27 (4 + O7yy) — 1 + COSHy
+ 21t (0xx — Oyy) COS b + 21t (T xy + Tyx) SIN 2pg) (—4n — COS Fp + COSHH(1
+4n (21 (oxx + oyy) + 1) + 81n ((0xx — Tyy) COS 2o + (0xy + Tyx) SIN 2p0)))])
singgy cosggy coss®

1
ny’ = X [(—47%n cOSHy [(0xy — Oyx + (0xy + Tyx) COS
2 (n + cOS6o)? (1 COSOy + Sir1290) [( n o [( Xy yx ( Xy yx) 2o
+ (—0xx + Oyy) SIN 2p0) (=0 xy + Tyx + (Txy + Tyx) COS Zo + (—0xx + Tyy) SIN 2p0)]

(=4n — cos Jy + costp(1 + 4n (2 (oxx + oyy) + 1) + 81y ((07xx — Oryy) COS g

+ (0xy + Tyx) SIN 2p0)))]) sin 651 cosoi sing®
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1
(n + cosbp)?

+ 27 (0xy + Oyy) SIN 20)? cOS OS5 + 1677 COS Gy (—0ryx COS o

49 = X [(=27 (0xx + Tyy) — 1 + COSHg + 27 (Txx — Tyy) COS g

+ (0xx — Tyy) COSg SiNo + 02 SIIF )2 SINF 05 + 21t COSHy [(—27(0xx + Tyy)
— 11+ COSHy + 211 (0xx — Tyy) COS 2bg + 21 (07xy + Tyx) SN 2p)

1
—2(n + c0SHp)? (Sir? 6y + 17 COSH)2

4 = X [167°n% (0xy — Tyx + (0xy + Ty) COS 2o

. 1
+ (-0 + 0yy) SIN 2p0)? cOS B + Z(4U +C0S 3o — €Sty (1 + 41 (27 (0 xx + Tyy)
+1) + 811 ((0xx — 07yy) €OS o + (Txy + Tyx) SIN 2p0)))? SiNF 5" — 2717 [(0y — Ty
+ (0xy + Tyx) COS 2o + (—0xx + Tyy) SiN 2p0) (—4n — COS I
+C0SHy (1 + 4n (21 (oxx + ayy) + 1) + 8an ((0xx — O7yy) COS g

+ (0 xy + Tyx) SIN 2p0)))] sin 2605 cos6*

From equation3.11), the reflected polarization can be obtained by solving theagons for
real and imaginary parts simultaneously. The behavior of guantity with respect to its
various parameters inflierent limits are explained in the coming section. It is sé&w in the
limit e — 1, equation8.11) reduces to that of freely suspended graphene.

From the equations for all the three ¢bheents it is clear that with the conductivity in its
general form the equations are very complicated comparddetdree standing results and
therefore various limiting cases are considered in the section.

3.5 Results and Discussion

This section discusses various limiting cases of the regiMen in the last section. For ex-
ample, the isotropic limit of the conductivity tensor of gheene, diterent types of anisotropy,
the situation with the incident wave being linearly poladztc.
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3.5.1 Isotropic Case

As mentioned in chapte2, isotropic limit is one of the important limits, in which thogf-
diagonal elements of the conductivity tensor vanishes aeddiagonal elements become
equal. This limit can be obtained in twoftlirent ways which are explained in Gusynin et.
al. [10€ as well in chapte® in detail. One is when there is no external magnetic field and
the other when the electrostatic doping is absent. Abseheteotrostatic doping actually
indicates that the chemical potential is zero. The sigmfieaof zero, positive and negative
chemical potentials are explained in chager

From equations3.9,3.103.1]) it is clear that in the isotropic limit, the céients are
functions of diagonal conductivity, dielectric constaimgident angle and tilt angle of the
incident polarization ellipse. Now to proceed further iimgoortant to have information about
the diagonal conductivity of graphene. This for the casé8of 0 can be obtained from
equation 2.20 by choosing appropriate values for the parameters. Toerdbru = 4K
andQ = 9.6K, oy, = 1.82x 102 whenA the gap in the quasi-particle spectrum is zero and
2.54x1073 for A = 3K. Forthe case qf = 0, equation2.18) giveso, = 2.404x107° for zero
gap and 202x 10° for a finite gap for the same set of parameters. Each of théicieats
given by the equations$3(9, 3.10 3.11) are discussed below in the limit of,, = oyx = 0 and
oxx = oyy = 0. For all the cases discussed in this section the incidenévgataken to be in
the microwave region and more specifically at ZBAz

3.5.1.1 Reflection caicient

In the isotropic limit, equation3.9) reduces to the following form,

tilt tilt

(4nory + 17— costp)® cof 68 (4n — (1 + 4n (4no1 + 1)) COSHo + COS Ip)? Sir? 65X
+
(cosby + n)? 16 (e cosby + 1)?

Sg _
s =

(3.12)
wheren = +/—sirf6y +e. Here it is seen that the reflection ¢heient of the substrate-
graphene is a function of two angle parameters, the diagmraductivity and the dielectric
constant of the substrate material. In this limit it is cldwat the reflection cdicient is inde-
pendent of azimuthal angle which was the case for suspendgtiegne also. In comparison
with the suspended graphene, there is an additional depeadms dielectric constant due to
the presence of substrate.
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Similar to that in the case of freely suspended graphene pwioedifferent routes to
isotropic limit are considered in this chapter. Unlike irethase of suspended graphene,
in this situation the magnitude of reflection ¢dgient whenu = 0 is comparable to that at
B = 0. Two different quantities are considered for study in the case otiibsgyraphene, (i)
reflection coéicient of substrate-graphene denotedR5y(ii) difference in reflection cdi-
cient of the substrate- graphene and that of the dieleaibstsate denoted dy*9— R°. By the
study of latter, the fect of substrate material become more evident. In the fatigylots,
the variation ofR*9 andR®% — R® with respect to each of the angle parameters are given with

the others fixed.

sg
0.2 ..Riso (a) — A= 0K

---A=3K

by

20° 40° 60° 80°
(RE—R) (107%)
-

150

0 20° 40°  60° 80° 20° 40° 60° 80°

Ficure 3.1: Reflection coicient versus incident angle when the graphene conducteityor

is isotropic and the incident energy is at 2081z This figure has three parts: (a) substrate-

graphene (b) dierence reflection between substrate-graphene and pureagabraterial (c)

free- standing graphene. Solid curve shows the zero gaatisituand the dashed curves are
for finite gap situation in each of the cases.

Fig. 3.1 shows the variation of reflection ¢heient with respect to incident angle. This
figure has three parts which shows the behavior of subsyraighene, substrate-graphene
with the contribution of the pure substrate subtracted adtaso the free standing graphene
which enables an easy comparison betweéedint situations. Here each of the plots has two
curves in it, solid curve showing the zero gap situation whserthe dashed curves showing the
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finite gap case in the quasi particle spectrum. In this pldg &= O situation is shown. The
plot is self explanatory. Fig. 3.1b and 3.1c makes the corspabetween the substrate and
free standing situations easy and it is made for the samef getrameters. The increase in
the magnitude of reflection compared to the free standing isaavident from the figure. The
effect of gap is not so prominent, but it is clear that the pres@figap increases the reflected
intensity. In comparison with the suspended graphene, dhation with respect to incident
angle shows a well defined minimum unlike in the case of sudg@graphene in which it is
broad. The reflected intensity first decreases, goes thraugmimum as the incident angle
increases and then again increases as the incident angieaapps the gracing incidence.
Also Fig. 3.1b signifies the fact that the reflection intepsit substrate graphene is always
greater than that due to substrate situation only. TiFeceof gap can be more observable
when the substrate contribution is subtracted out whichviergin Fig. 3.1b. It can be seen
that the influence of gap is not uniform, it is more visible atadl incident angles and the
effect is very less visible at angles close to gracing incideBehavior of reflected intensity
of the substrate- graphene can be studied with respect & ptrameter like tilt angle that
shows an oscillatory behavior which is not included here.

Consider the situation in which the incident wave is nornoalihte plane containing the
system under study, then the reflection ficéent takes the fornR’>" = %. Note
that the reflection cdicient depends only on the substrate material and the didagona
ductivity of graphene, the limit oé tends to unity is easily checked here. The value of the
diagonal conductivity is sensitive to gap and the way in \Wwihite isotropic nature is obtained

which makes it easy to distinguish between théedent situations at normal incidence.

The situation in which the incident wave is linearly poladzis interesting where the
reflection coéficient becomes only a function of incident angle for fixed agstvity and
fixed substrate material. The two extreme situations of thise are whedf;' = 0 at which

9o = Gl andgext = n/2 at whichRYS, ) = -esledenl) yanishing incident
polarization is not important in the isotropic limit becaus this limit the reflected intensity
is not a function of it. The behavior of reflected intensitytwiespect to incident angle with
andp - polarized incidence resembles the behavior of a dietestrbstrate which is discussed

in detail in a separate section.
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3.5.1.2 Transmission Cofficient

In the isotropic limit, equation3.10 becomes,

sg _ 4 (—2r01 + COSHp)? COF O 4 € cOF g (1 — 27 4 COSHp)? SiN? 62 3.1
1ISO ('7 + 00590)2 (]7 + 00390)2 (I] COSHO + s|n2 00)2 .

As in the case of reflection cfieeient, transmission céiécient is also a function of only the
angle parameters, incident angle and the tilt angle if thedaotivity is fixed with a given
substrate material. The isotropic limit is devoid of anynazihal angle dependence.fi2irent
cases of isotropic limit are considered, for exampleBhe 0 limit andu = O limit. Two quan-
tities are considered for the study, one is the transmissoafiicient for substrate-graphene
and the diference in transmission cfieient of substrate graphene and the pure dielectric
material denoted by 9 — T3,

s

iso

—A=0K

L Tigm (10—2)

(T;gD—T;?) (107%) _(b) 6,

400

20°

=107 ’ 95.5+

. . Mo,
-4+ - 0 200 40° 60° 80°

Ficure 3.2: Transmission cdicient versus incident angle when the graphene conductiv-

ity tensor is isotropic. Here the incident energy is in thenmmivave region, specifically

200GHz This figure has three parts: (a) substrate-graphene fil@reince transmission be-

tween substrate-graphene and pure substrate materieg¢ée)standing graphene. Solid curve

shows the zero gap situation and the dashed curves are fier iy situation in each of the
cases.
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Fig. 3.2 shows the behavior of substrate-graphene withertdp incident angle. Fig.
3.2a shows the substrate graphene while Fig. 3.2b showmgrdéinsmitted intensity after
subtracting out the substrate contribution. The last payt B.2c shows this property for
free standing graphene which enables us to to make a corapdrétween substrate and free
standing graphene. These three plots are drawn for the seinod parameters. As in the
reflection study, there are two curves in each plot, the salite showing the vanishing gap
situation whereas the finite gap situation is shown by théedsurves. From the figures
in this section it is evident that unlike in the case of reftaticodficient the gap decreases
the transmitted intensity. A clearftirence between the two systems can be seen in this fig-
ure. The free standing transmission ffagent is almost constant in the beginning and then
increases slowly and at gracing incidence it decreaseplgh&ut in the substrate-graphene
case, the transmission dfieient shows a very slow decrease with respect to incident an-
gle. Note that the magnitude of transmitted intensity isréased. If we compare with the
reflection and transmission, the reflected intensity viemmatvith the substrate contribution
subtracted out is always positive throughout the full ranfjgs parameters values whereas
that in transmission the variation is always negative ferftill range of its parameter values.
This gives the dierence in influence of substrate on the twoffioeents. The reflected inten-
sity fraction is increased by the presence of substratemahtehile the transmitted fraction
is decreased by its presence. Tlieet of gap in the band structure is not very evident in the
variation of transmission cdigcient. To see the influence, the contribution of substrateema
rial should be subtracted out. One can see that the influeng&pas not uniform, it is high
at the small angle incidence and decreases towards theagriacidence. The variation with
respect to tilt angle of the incident polarization ellips®ws a qualitatively similar behavior
to that of the free standing situation.

If the incidence is normal to the plane containing substrgtaphene, the transmission

codficient reduces td; 2" = 4<(11—+—2$aff21)2

tric constant (depends on the substrate material chosenthanconductivity element which

. The transmission cdliécient depends on the dielec-

represents the graphene sheet. Note that in the émit 1, it reduces to the free standing
result at normal incidence. All these limits check the comess of the present result. The
parameter representing gap is entering into the calculgtimugh the conductivity tensor ele-
ment. The diference between the two cases zero magnetic field and zeroazh @atential is
also coming into picture through the conductivity tensar these reasons thefl#irent situ-
ations are easily distinguished in the normal incidencd Jibecause transmission dteient
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dependence only on the conductivity element for a giventsatesmaterial.

It is seen here that thefect of the presence of substrate material on the reflectieffi€o
cient is to increase it appreciably and in the transmissamfficient is to decrease it consid-
erably. It is clear from the magnitude of both the fimgents that the absorption in substrate-
graphene is very large and significant unlike in the caseeadlyrsuspended graphene. It is
easy to find out a rough idea about the absorption in the noimsadence limit using the
conservation theorem,AR — T which has the magnitude of approximatelg®08 when the
diagonal conductivity is B2 x 102 which is approximately one order of magnitude larger
compared to the suspended result. The equation for theridbssicase can be calculated us-
ing the calculations given in Appendiusing the corresponding electric fields for substrate-
graphene.

Turning towards the linearly polarized incidence, the zZewdent polarization is irrel-
evant in the isotropic limit. The two extreme casessefpolarization andp— polarization
are studied for zero gap and zero magnetic field limit. Thegmaission cofficient with s—

. . ~=Sg _ 4 (-2n01+C0Sbp)?
polarized incident wave i$;,, , = — 57

TS9 _— 4e co g (1—2r01 COSHp)?
iso,p (e cosbp+n)? :

and that withp— polarized incident wave is

3.5.1.3 Reflected Polarization

In the isotropic limit, the reflected polarization reducesyazen below:

g i o lisasg = SO (4moy + n — cosby) (4 — (1 + 4n (4ro1 + 1)) COSHy

ext i 68Xt

+ COS o) Singg costi' ] € (3.14)

It can be seen that the quantitative behavior of reflectedraition depends only on the in-
cident polarization. The behavior is qualitatively depemidon the sign of the above given
product in the right hand side of equatid®i14). Since there is no dependence on the con-
ductivity (only on its sign), the two dlierent situation® = 0 andu = 0 is not distinguishable

in this study. The case is similar with the influence of gapaitinot be observed in this study.
By solving the real and imaginary parts of the above equati@behavior of reflected polar-
ization can be studied and can be calculated exactly. Reflgxilarization for free standing
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situation is not dependent on incident angle. But the catalé behavior of reflected polariza-

tion for substrate-graphene is depended on the incideré atgp. This is shown in Fig. 3.3,

the first part of which shows the case of substrate-graphdmezeas the second part shows
the situation of suspended graphene. These plots are fanfadee of graphene conductivity

and tilt angle of incident polarizationffect with a given substrate material. The blue curve

in these plots shows the real part of reflection polarizatunereas the red curves shows the
imaginary part. Note the fference between the two systems, substrate graphene shows a
step like behavior and the suspended graphene remainsiigefeathe full range of incident

angle.
: . crefl o cref
cosdlg o (sindlgy o) €080y 1o (SING g 10)
-0.667T
0.4%
. . . O _o7d
20° 40° 60 80°
-04% -0.74 ¢
n n n n 00
20°  40° 60°  80°
(a) real (b)
—— imaginary

Ficure 3.3: Reflected polarization versus incident angle when taplgene conductivity ten-

sor is isotropic. This figure has two parts: (a) substrasghene (b) free-standing graphene.

Blue curve is for real part of the reflection polarization @he red curve is for imaginary part.
Here the incident photon energy is in the microwave regi@n,dat 200GHz

The dfect of the incident angle and tilt angle for a fixed diagonaldiactivity and given
substrate material is to make the real and imaginary parthefreflected polarization to
change its sign. The variation of it with respect to the iecidpolarization is similar to that
of free standing case. Fig. 3.4 shows the 3D variation ofaadlimaginary parts of reflected
polarization with respect to incident angle and incideriagnation.

Fig. 3.4a shows the behavior of the real part of the reflectdgrzation and 4b shows that
of the imaginary part. The behavior of the real and imaginpants of reflected polarization is
oscillatory with respect to the incident polarization ahiia step like behavior with respect
to incident angle which are evident from Fig. 3.4. With regge tilt angle they change sign
at regular intervals and with respect to incident angle ttegnge sign only once whose value
depends upon the value of the tilt angle. By simultaneousilyirsg the equations for ca®e’
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ref
€0 S(Ssg,iso

+ oref
snl(ssg,isa

(@ (b)

Ficure 3.4: Reflected polarization versus incident angle and ewdigbolarization. First part
shows the real part and the second part shows the imagineryTie incident wave is in the
microwave region of the electromagnetic spectrum withdesty 200GHz

and sinv™', gives the reflected polarization. It is explained with thedphof a example in
chapter2, the method can be applied in this situation also. From eéguéd.14), itis clear that
the reflected polarization is either equal to the incider@pmpation or it is 180 out of phase
to it. The phase shift between the incident and reflectedrizakion is determined together
by the incident angle and tilt angle whereas the magnitudinefreflected polarization is
determined by the incident polarization.

Moving towards the extreme cases of linear incident poddian, the reflected polariza-
tion in the isotropic limit withs— and p— polarized incidence will become™ 5"”|iSSQSg =
sgr (4rory + i — costlo) (4n — (1 + 4n (4nory + 1)) COSB, + COS Fp) e *™ ande™ ™% ' =
—sgr| (4no1 +n—cosby) (4n— (1+ 4n (4noy +1)) cosh + cos Fp) Je 5 respectively. From
the equations it is clear that for a fixed conductivity eletreamd a given substrate material,
elements which determine the reflected polarization ar@nlytthe incident polarization but
also the incident angle. In the free standing case the reflgmblarization withs— and p—
incident polarization depends only on the incident poltian. From Fig. 3.4 itis clear that at
angle of incidence less than around @&e behavior of the reflected polarization with respect
to incident polarization is same as the free standing cageggdthe incident angle increases,

it becomes exactly opposite to that of free standing case.

Fig. 3.5 shows the plot of the above given expressions wihiigtiates the behavior of
real and imaginary parts of reflected polarization with exggo incident polarization when
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ref (s,p)( in(sref (s,p))

ref (s,p) . . cref (s,p)
sg,iso sgiso (sind )

coso g.iso

cosd

g.iso

real (s-pol) real (p-pol) — . —. (b)

Imag(p-pol) —-. -

(@)

Imag(s-pol)

Ficure 3.5: Real and imaginary parts of reflected polarization wersicident polarization

when the incident wave is and p - polarized. Left part shows the behavior of substrate-

graphene where the right part shows that of the free- stgrgliaphene. Here the blue curves

are for real part of reflected polarization and red curvesfaremaginary part. The solid

curve signifies the situation with - polarized incident wave whereas the dot-dashed curves
are forp - polarized incident wave. The incident wave is with frequeB00GHz

the incident wave is polarized in an extreme manrgear{d p polarized) with angle of in-
cidence is large (greater than®5s This figure has two parts, first showing the behavior of
substrate graphene while the other part shows the variafifnree standing graphene which
is given for a comparative study. Solid curves aredepolarized incident intensity where as
dashed dotted curves are fpr- polarized incident intensity. Blue curve is for real panda
red curves signifies the imaginary part. At large incidemeiected polarization witls— po-
larized intensity in substrate graphene behaves as thetexflpolarization wittp— polarized
intensity in suspended graphene, that is there is & pBase shift between the suspended
graphene and substrate graphene with extreme limits oflemtipolarization and large in-
cident angle. When the incident polarization itself vaeshthen the imaginary part of the
reflected polarization also vanishes and this makes thetedigolarization either zero atr.
Now out of these the decision about reflected polarizatiatoise from the value of incident
angle and tilt angle.

In this section, the nature of reflection ¢beient, transmission cdicient and reflected
polarization of light emerging from a substrate graphemestndied in the isotropic limit of
the conductivity tensor. In each and every situation we @@a comparison between the
present system under study and the system discussed irecBapk similar study is done
as in the case of free standing graphene. The general beluioese quantities remains
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the same when one compare between the free standing andasedggphene. But a close
observation of the optical quantities in various limitsis@sB = 0,4 = 0,6, = 0,65 — 0

andé:X' — /2 shows a clear dlierence between the behaviors of the two systems. The three

guantities studied gives information about the conduistisensor of the material.

3.5.2 Anisotropic Case

This section deals with the situation when the conductitgtysor of graphene is anisotropic,
it can happen in general two ways, one is when ftfieiagonal elements are non-zero or with
the vanishing fi-diagonal elements and unequal diagonal elements. In ttecfise, there
are diterent possibilities: (i) all the elements can b&etent (ii) diagonal elements equal and
off-diagonal elements also equal (iii) diagonal elements ldouiathe df-diagonal elements
equal and opposite. Out of all these possibilities, only areconsidered for study, just as in
the case of free standing graphene. The cases under catgideare when iyry, = oyy = 01
andoyy = —oyx = o, and ii) oy # oy andoy, = oy = 0. The first case can be named
an df-diagonal anisotropy and the second case can be calledridibgnisotropy. Here the
first case, i.e. thefbdiagonal anisotropy is well explained in Gusynin et. al0 and
the source of this anisotropy is either the external magrfegid or the non zero chemical
potential. Therefore this situation is well understood #r@lconductivity tensor in this stage
is also known and given by the equatio@sl@ 2.19 in the microwave region and in the high
magnetic field limit. Numerical value is obtained from thespiations by the choice of its
parameters, that is If = 4K, u = —6K, T = 0.5K andQ = 9.6K the diagonal conductivity
become @8 x 10 and the @&-diagonal conductivity 78 x 10~2 for a zero gap situation
and (583x 1074, 1.63x 1073) for a finite gap of the order of8. Here conductivity elements
appears to be dimensionless becatis® chosen as unity. The diagonal anisotropy case is
studied in Strikha et. al.1f04 which says that such kind of anisotropy can be expected in
an in-planar electric field. We can guess that it may also éapghen there is a structural
anisotropy in the material due to disorder or an externahaljee strain. Since the behavior

of the conductivity tensor under this situation is not cldhrs part of the study is done by
Ac
2
is taken as the universal optical conductiv%yand Ao is chosen randomly to be a small

choosing the diagonal conductivity elementsogs = o + A—z” andoyy, = o — 5 whereo

quantity which is consistent with Strikha et. al. of the ard&10-4.
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As in the isotropic limit, here also the three optical quaes are considered for study, viz.
codficient of reflection, coicient of transmission and the reflected polarization. Hése a
the incident energy is in the microwave region of the elauotgnetic spectrum, specifically
at 200GHz

3.5.2.1 Reflection Cofficient

In the case of fi-diagonal anisotropy, i.e. wheny = oy = 01 andoyy = —oyx = 02

RY, = rffsg cos 65 + rg;fq sirf 62X + rg;; sin 22 coss®™ (3.15)
of f 1 . )
ey = oo X [(=c0sbo + 1) (80ry — cOSty + 1) (Sir? 6 + COSHo)

(e costy + n)?
+47% (2 (-1 + 2€)05 + 2 (-1 + €) 05 + 03) COS D + 02 (1 + 2€ + COS )

+ 80721 cOSAy Sirt )]

1
poff X[(-1+e(2+¢€
259 2 (=sirf 6y + €2c02 6o + € (1 + 2 coson)) : ( \

+ 871% CoF by ((~2 + 4€)a3 + (L + 2€)05 + 2 (02 + (—1 + €)05) COS Dy + 775 COS )

+ 4r (2e01 — o5 (COS Fp + COS Fp)) 1 + €0S Do (1 + €2 + 8meo1n)
+4cosfy (21 (1 - 2€) o1 — 2101 COS By + (—€ + 2n°03) )]

1
" = X 4oy Sin? (-2 + 5e + cos 4,
3,59 2 (— Sln2 6o + €2 cog O + € (1 =) CO$077)) 2 0[( O)

+ 8o 1n — 2¢c0S Fon + cosy (—8n (w1 +€) 0y — 8nro1COS By — 2 (2+ €) n)

+ €0S Yo(1 + 3¢ + 8no1n)]
In the case of diagonal anisotropy, i.e. whep # oy andoy, = oy =0

sg _ diag ext diag : ext diag ; ext ext
Ring = e cog 65 + Mo sir? 65X + 50 Sin V5 cOS6 (3.16)
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diag _ 1

= % [(~costy + n) (Sir? 6, + coston)? (4 +
1,59 (e cOSHg + 17)2 [( o+1) ( 0 on)* (4r (01 + 04
+ (=01 + 074) COS ) + (— €COSlg + 1)) + 7% (4 (071 + T4 + (071 + 04) COS g)?

(S|n2 6o + 005907])2 +4 (0'1 - 0'4)2 (E - Slr'l2 90) Sln2 2¢0)]

diag 12 2 2 r.|2 nZ 2 n2
r = ————— x cott Oy [4n” (071 — 04)° SINT By (SIN Gy + COSH n)” Sl 2¢
2,59 ( 90 )2 X 0 [ ( 1 4) 0 ( 0 0 ) 0

+ (SinGg (€ + 27 (01 + 07a) 1+ 27 (01 — 074) COS o) — 17 tanbo)?]

diag — 1
350 8 (ecoshp + n)?

(O'1+0'4+(O'1—0'4)C052250)+4(O'1+O'4+(—0'1+0'4)C052250)

r

X 1t COtOy [167 (—0 1 + 074) COSPo SNy (2 (—1 + 2€ + COS D)

(Sirf 6y + c0Ston)?) singg — 2 (01 — 04) (— €0SPg + 1) (2 (1 + 7€) cosby
+ (1 + 2€) cos Iy + cos By + 8 cos B Sirt Hgry) Sin 2po tandy)

whereo, = 01 andoyy, = 0. The basic dierence between these two cases is clear from the
first glance that is there is no azimuthal angle dependenteeimeflection coficient as in

the isotropic limit where as there is azimuthal angle plgyarrole in the diagonal anisotropic
situation. Both these cases the fiméent is a function of incident angle, tilt angle, incident
polarization, conductivity tensor elements and the digleconstant of the substrate mate-
rial. In this limiting case also, two quantities are consgtkone is the reflection céiecient of
substrate-graphene denotedFEgz and the other is reflection cfigient with the substrate
contribution subtracted out denoted RY

niso

iso
— R of which the latter helps to understand the
actual influence of substrate material on graphene reflectiofluence of gap in the quasi-
particle spectrum on the reflected intensity which is conthmgugh the conductivity tensor
elements decreases the reflectionfiioent unlike that of the isotropic situation. Also the
overall increase in the magnitude of reflected intensity tuthe presence of substrate ma-
terial can be understood from the study of reflected intgngith the substrate contribution
subtracted out with the reflected intensity from substgagghene always greater than that
due to the corresponding dielectric material. Dependentterespect to dterent parameters
are studied, the behaviors showing almost similar chanatits of free standing situation.
The situation with linearly polarized incidence is incladzs a separate section which carries
various interesting information.
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3.5.2.2 Transmission Cofficient

In the case of fi-diagonal anisotropy, i.e. when, = oyy = o1 andoyy = —oyx = 0.

TS = tifsg cog 5 + tgfsg sir? 63X + tgfsgJ sin X5 coss®™ (3.17)
1
o' = X [~32r€ 01 €S O + 4 cOZ b (€ (1 + 82 (02 + 073))

1sg 2(e costy + n)?
+C0S Y (—1 + € + €OS D)) — 327%072 COS Dy Sirt b + 2 COHy (16m0; COS Y Sirt by
+ (1 + 87%02) 1) — 7 (1 + 167%0°2) cos Fp + COS B + 161071 SirF 26p)]

of f 1 2, 2 2 2
tZ,Sg = m x 4 co 6, e (1 + 2n° (0] + 03)) + 21 (—no5n COS Iy

+ 71COS Dy (€ (075 + 05) — 2075 SirF Bp) + COSly (=201 + 1 773))]

1 .
O = X 810 COSHy SiNf B [~2701 COS By + COSH (€ + COS B
S0 (ecoshp + 1)?

+ 4nn 0, — 2n C0SHy)]

In the case of diagonal anisotropy, i.e. whep # oy, andoy, = oyx = 0.

- t;’jgg cog 0t + tg'gg sir? 62 + tgjgg sin 25 coss®™ (3.18)
where
diag 1 . 2
t9'%9 = x [4 cog 6, (Sirf 6y + 17 COSHy)? — 81 COSHy (01 + 074 + (—01

L8~ (ecostp + )2
+ 04) COS 2b) (Si? 0 + 1 €OSbo)? + 4n? (01 + 04 + (071 + 074) COS Bg)? sin’ Gy
+ 2 COY, (0'1 + 04+ (—0'1 +O'4)COSZZ§0)27] Sin290 + 4CO§90 (0'% 7]23inz¢0

+€0% ¢ (075 17° + (71 — 074)? SIN? By SINF o))
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tdiag — 1
250 (—sirffg + €2coL by + € (1 + 2 cOHgn))
+ (01 — 074) COS o) + 4n° COS b (€ 075 SINf o + COS g (€ o2

X 4cog g [€ — 2rne cOSby (071 + T4

— (01— 0'4)2 sir? 6o sir? ®o)) + n? (01— 0'4)2 sir? 6o (S|n2 0o + 21 COSHp) sir? 2¢0)

tdiag _ 1
350 (—sirffy + €2coL b + € (1 + 2 coFgn))
+ (=01 + 04) COS ) sint* By Sin 2p + COSHy (—1 — 6 — 2 (-1 + €) cos Vo — COS ¥y

X 7w (01 — 04) COSOg [An(o1 + 04

+ 21 (COS g + 4 (01 + 04 + (—0r1 + 04) COS Do) SirT b)) Sin 2o
+ COS 0y (—4n COSpo SiNdy — 16 COSPg SIIT b SiNgg (074 COS o + 071 SINt d)

+ 8me (01 + 074) SIN 2pg)]

whereoy, = oy andoy, = o4. It is seen that the main fierence between the two cases
of anisotropy, namely the diagonal anfi-diagonal anisotropy, is that there is no azimuthal
angle dependence in the transmissionficoient for df-diagonal anisotropy whereas the di-
agonal anisotropic situation shows an azimuthal angle rig®ce. Except for this, both
are functions of incident angle, tilt angle and the incidpolarization, conductivity tensor
elements for graphene and dielectric constant of the satlestnaterial. The study of trans-
mission coéficient goes in parallel with the reflection deient,that is two quantities are
of importance here the transmission ffagent of substrate graphene denotedTgy., and
the transmission cdkcient without the purely substrate contribution denoted ., — T*.
These quantities are studied with respect to various armanpeters for both the types of
anisotropy. A decrease in magnitude of transmissioffifcaent is clear from the study due to
presence of substrate. Influence of gap in the quasi-padctrum in transmitted intensity
is to increase it in the case offediagonal anisotropy unlike the situation in isotropic iim
Also the diferential transmission céiécient is always negative for the full range of parameter
values which shows that the transmitted intensity of salstgraphene is always less than
that of its corresponding dielectric material alone.

In this section, the situation when the incident wave isdnhe polarized it studied in
detail. First two extreme cases are considered, by now ie&rthat one is— polarization
and the other ip— polarization. Fig. 3.6 shows the variation of transmittatensity of
substrate graphene with respect to incident angle whemthdant wave is linearly polarized
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in an extreme way.
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Ficure 3.6: Transmission cdicient versus incident angle with anisotropic graphene con-
ductivity tensor when the incident wave is linearly poladz This figure has three parts (a)
substrate-graphene (b)fiirence in transmission intensity between substrate-grapland
dielectric substrate (c) free-standing situation. Heeestblid curves are fos - polarized inci-
dence case and dot-dashed curves ar@fgpolarized incidence. The magenta curve is with
the df-diagonal anisotropy and brown curves are for diagonalaargpic situation. Here the
incident photon is considered with frequency in the micresveegion i.e. say at 20B6Hz

The figure has three parts, Fig. 3.6a shows the variation bétsate-graphene, Fig.
3.6b shows the behavior offterential transmission céiécient and the third part Fig. 3.6¢
shows the suspended results for a comparative study. Eable otirves many curves in it of
which the brown curves are for diagonal anisotropic sitmaind magenta curves are fdf-o
diagonal anisotropic case. The solid curves are with thelémt waves - polarized and the
dash-dotted curves are with incident light bemgpolarized. We can see thefi@irence in be-
havior of transmitted intensity in the two systems, sulistggaphene and suspended graphene
for different kinds of anisotropy. To make sure the influence of satesbn graphene trans-
mission and to dferentiate between the anisotropy, thfeatiential transmission céiicient is
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also given whose magnitude is always negative which impliesdecrease in magnitude of
the substrate-graphene compared to the simple dielectiernal as seen earlier.

Fig. 3.6b shows a clear distinction between thedent anisotropic situations. When
compared with the free standing situation we can see thét thet cases, the— polarized
incidence ando— polarized incidence is behaving in an entirelyfelient way in substrate-
graphene. Instead of a sharp decrease in magnitude for ahgleidence close to gracing
incidence which was the case in free standing cases-tip@larized incidence shows a smooth
decrease in transmitted intensity. The polarized incidence shows an entirelyffdrent
behavior compared to the free standing case, i.e. a smootbat® in magnitude as the angle
of incidence increases but through dfelient path compared to trse polarized incidence.
In the free standing case it is a smooth increase as can bdrseeifrig. 3.6¢. The trivial
case of linearly polarized incidence, which is when thedeat polarization is vanishing, the
behavior is similar to that of the general case of anisotropy

3.5.2.3 Comparison of Reflection and Transmission

A comparison between the reflection and transmissioffictent is done with respect to the
dielectric constant. This is to observe theeet of diferent substrate materials on the optical
properties of graphene. This study is explained with the leélFig. 3.7. Note that the
reflection coéficient increases with dielectric constant whereas the tn&son coéficient
decreases. In Fig. 3.7, all the cases of anisotropy togettikerthe isotropic condition for
zero gap situation is plotted. The solid curves are for réflacand dotted curves are for
transmission. Isotropic behavior is highlighted with grearves, the fi-diagonal anisotropic
situations with magenta curves whereas the diagonal aa@otcases with brown curves. We
can see from the figure that all the situations merge intogleicurve for both reflection and
transmission. To observe theffidirence between the various situations, the purely substrat
contribution can be subtracted out which is shows as Fidg. 3Mfe can see that the isotropic
case and the diagonal anisotropy are very close in magnifttdebehavior is same for all the
cases.
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Ficure 3.7: Reflection and transmission ¢eent of substrate graphene as a function of the
dielectric constant of the substrate where the incidenievimaing at 20@GGHz This figure has
two parts, the left part shows the reflection and transmissitensity of substrate-graphene
where as the right part shows thefdrence intensity of reflected and transmitted wave be-
tween the substrate-graphene and dielectric substratee tHe solid curve is for reflection
and dashed curve is for transmission. Isotropic situatsorepresented by the green curves,

off-diagonal anisotropic limit is shown by the magenta curves diagonal anisotropic case

is given by the brown colored curves.

3.5.2.4 Reflected Polarization

Wheno = oy = o1 andoyy = —0yx = 072
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whereoy, = o1 andoryy = 0. Itis clear from the equation$(19 3.20 that the df-diagonal
anisotropy is dierent from diagonal anisotropy by its azimuthal angle ireefence. Note
that both the real and imaginary parts of the polarizatiomefiected wave is a function of
incident, angle, tilt angle of the incident polarizatiohipde and the incident polarization.

Fig. 3.8 shows the variation of the real and imaginary pafrteftected polarization with
respect to the incident angle. This figure has two parts F&a 8howing the behavior of real
part of reflected polarization and Fig. 3.8b shows that ofgmary part. Each of the figures
consists of several curves, of which the dark curves areudbstsate-graphene whereas the
lighter curves are for free standing graphene. Brown custesvs the behavior with diagonal
anisotropy and the magenta curves shows that wiifdiagonal anisotropy. We can com-
pare the two systems and see theadence in behavior. Both the diagonal arfttdiagonal
anisotropic situation shows a constant behavior for thepas of reflected polarization fol-
lowed by a sharp increase or decrease at a particular incahgte which is determined by the
tilt angle of the incident polarization ellipse. In the freanding situation the variation of the
real part in both the anisotropic cases is slow and it showexéneme value only at gracing
incidence. Similarly, the imaginary part given in Fig. 3.8ows a step like behavior and
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Ficure 3.8: Reflected polarization versus incident angle whentaptgene has terent types

of anisotropy with incident photon in the microwave regidrttee electromagnetic spectrum

with frequency 206GHz The left part of the figure shows the behavior of real part and

the right part shows that of imaginary part. In each of therggihe behavior of substrate-

graphene (dark) and free-standing (light) are shown. Mtgearves are for f6-diagonal
anisotropy and brown curves are for diagonal anisotropy.

shows a sharp shift from its value efl to +1 at a particular angle of incidence in substrate-
graphene for both the anisotropic situations which is ehtidifferent from its corresponding
free standing situation which are shown in the same figure.

The behavior of reflected polarization can be studied usmggons 8.19 3.20 with
respect to other parameters also in general case and algediaklimits like linearly polarized
incidence.

In short, in this subsection, the situation with the conthitgttensor of graphene being
anisotropic is discussed. Mainly, three f@oments are studied, reflection, transmission and
the reflected polarization. Two ftierent kinds of anisotropy is considered for study, tiffe o
diagonal and diagonal. Variation of the ¢eents with respect to each of the parameters
is studied and some of them is discussed in detail with thp bElarious plots. In each
stage the results are compared with that of the free staratiag for a clear understanding
of the two situations. For getting a clear picture about tifeience of substrate material on
graphene, the dierential coéficients are also considered for study in the case of reflection
and transmission.
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3.5.3 Brewster’'s Law

This section discusses a well known phenomena in optics Rra®Brewster’s law, related to
substrate-graphene. For an easy comparison with the sthatlaly in a dielectric material,
the amplitude reflection cdigcient is preferred instead of intensity reflection fime@ent. This
study is done in both the limits: with the conductivity tenbeing isotropic and anisotropic.
Fig. 3.9a shows the variation of amplitude reflectionfiogent of substrate graphene versus
the incident angle. Even though only two curves are prontlyefisible in the figure, there
are many curves which signifiesiirent situations. The solid curves are for the situatioh wit
incident wave as- polarized and the dashed-dotted curves are for the cabénwitient wave

p - polarized. Green curves are with isotropic conductivéggor, magenta curves are with
conductivity tensor beingfidiagonal and brown curves are for conductivity tensor gein
diagonal. Even though theftirent situations cannot be distinguished from each other we
can see signatures of Brewster's phenomenon.

In general, Brewster’s law explains the phenomenon: prd#ion by reflection. Accord-
ing to this law, for a certain angle of incidence a monochroeght is entirely polarized
upon reflection. The refracted beam is partially polarizedt, the reflected beam is com-
pletely polarized parallel to the reflecting surface (olarization). This means that at this
particular angle known as Brewster’s angle, fire polarized intensity vanishes with a non-
zeros— polarized intensity. From Fig. 3.9a, we can see that at aevalincident angle close
to 63, the p— polarized intensity vanishes with a non zero value ofshepolarized inten-
sity. Fig. 3.9a depicts that this is a signature of Brewstphienomena in graphene deposited
on a substrate material. The portion of Fig. 3.9a aroundrb&ént angle 63is enlarged
and shown as an inset which shows the reflected amplitudepwitiolarized incident wave.
From the inset the exact position and magnitude of the minmroan be made clear. The inset
shows that the isotropic case and the diagonal anisotr@sie really goes to zero reflection
when the incident wave ip— polarized. The angle at which the reflected amplitude with
p - polarized incident wave approaches zero is the Brewsasrigge and this angle lies very
close to each other in the case of isotropic and diagonabtinsc case the exact value of
which is 634°. Note that the Brewster's minimum withffediagonal conductivity tensor is
much higher than the other two cases and the angle also bliiissmall amount to the left.
We can see that if the strength of the diagonal anisotropgases the Brewster’s angle shift
towards right. For a comparative study with the free stagdiituation, the corresponding
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Ficure 3.9: Brewster’s Law: Amplitude reflection cfieient versus incident angle when the
incident wave iss and p - polarized with frequency 20GHz This figure has two parts (a)
substrate-graphene (b) free-standing graphene. Thedh&stshows the reflected amplitude
when the incident wave ip - polarized and incident angle is close to Brewster's angtés
shows that the Brewster's minimum forfidirent forms of the conductivity tensor idi@rent.
Here the solid curve is for the case wih polarized incident wave and dot-dashed curves
are for the case witlp - polarized incident wave. Blue curve is for the isotropituation,
magenta curve is forfbdiagonal anisotropic conductivity tensor and brown careee for
diagonal anisotropic conductivity tensor.

behavior is shown as Fig. 3.9b which shows the same amplieftietion coéficient versus
incident angle. We can see that no such phenomena can be@isethis case, since the-
polarized situation goes to minimum only at gracing anghethle free standing situation, the
different types of anisotropy can be distinguished which mayusetd the small magnitude
of reflection coéficient compared to the substrate graphene.

To know how graphene isfi@cted by the presence of substrate material in detail, the
substrate contribution is subtracted out from the ampétreflection cofficient (rz(gp) — rg(p))
and is plotted versus incident angle in Fig. 3.10. It is seemfthe plot that there is very sharp
change in magnitude of theftikrence reflection cdicient with an incidentp— polarized
wave at an angle close to $3The figure clearly demonstrates a change in sign and it gives
an impression that that there is a finite discontinuity of&lb®1 in magnitude. But if the
portion close to 63is enlarged it is seen that, in reality it is a continuous béra The
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Ficure 3.10: Brewster's Law: DOterence in reflected amplitude between the substrate-
graphene and a purely dielectric substrate material varmident angle when the incident
wave iss and p - polarized and with a frequency 2@Hz Inset shows the reflected am-
plitude diference when the incident wave [is- polarized and the incident angle close to
Brewster’s angle. This highlights the discontinuous liketmf the original figure and shows
that it is not a discontinuity at all and the continuous bédradepends largely on the form

of conductivity tensor. Here the solid curve is for the cas# s - polarized incident wave
and dot-dashed curves are for the case withpolarized incident wave. Blue curve is for
the isotropic situation, magenta curve is féf-diagonal anisotropic conductivity tensor and

brown curves are for diagonal anisotropic conductivitystam

enlarged portion is shown as an inset to Fig. 3.10. We canhsgeltelow a particular angle
close to 68, the reflection coicient due to substrate-graphene leads in magnitude that of
the situation with a pure dielectric substrate; but abov® @ingle it is just the reverse. The
inset showing the apparent discontinuity (it has a reakyepgtbut finite slope) in amplitude
reflection coéficient without substrate contribution withp- polarized incident wave shows
how the diterent cases of anisotropy varies from each other. Therdnce between the
diagonal and fi diagonal anisotropy is clearly understandable where theodhitinuity reduces
to a kink. The magnitude of the discontinuity is large whesm¢bnductivity tensor is isotropic
and it reduces an appreciable amount witfrddagonal anisotropy. Hence in all the cases,
the isotropic as well as the anisotropic cases, close to tee®er's angle, the variation in
difference reflection cdicient with respect to incident angle is so sharp that it apgpee a
discontinuity when observed in a large scale.

The observation of Brewster’'s phenomenon itself isfiedence between the free standing
situation and the substrate graphene.
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Ficure 3.11; Fig. (@) shows the amplitude reflection @méent of substrate-graphene at

Brewster’s angle versus azimuthal angle of ghepolarized incident wave when the graphene

conductivity has a diagonal anisotropy. Fig. (b) showsDs/ariation with respect to incident

angle and azimuthal angle. Fig. (c) shows the azimuthaleadgpbendence of Brewster’s
angle. In all the cases the incident photon frequency is@B@

It is clear from equations3(153.16) that the df-diagonal anisotropic situation is inde-
pendent of azimuthal angle as in the isotropic limit wherteese is an azimuthal angle
dependence in the diagonal anisotropic case. Therefore th@ dependence of reflection
codficient on the azimuthal angle even if the incident wave isdihyepolarized. This is im-
portant in the sense that it is possible to observe Brevesggrenomena for more than one
angle of incidence or in other words there are two angle patars §, and ¢,) associated
with the Brewster's phenomena observed in substrate grepbelike in the case of an or-
dinary material. Fig. 3.11a shows the amplitude reflectiogficient of substrate-graphene
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at Brewster’s angle against the azimuthal angle when thdent wave isp - polarized, that
is the figure shows the variation of Brewster's minimum wigispect to azimuthal angle and
can be seen that the actual minimum occurgeat O, or 2r. There are two local minima
occurring at; and%. To make the situation more clear a 3D variation with respeiicident
angle and azimuthal angle is shown in the second part of theefig-ig. 3.11b. This will
help to find out the actual incident angle at which the Brervisighenomena is observed at
a high degree of accuracy. This study reveals that the retlemtnplitude withp— polarized
incident intensity is not going to zero at Brewster’s andléaé graphene conductivity tensor
is anisotropic but goes to a minimum whose value oscillatiis thie azimuthal angle with
a period ofr. Therefore in contrast to the situation with a dielectricteni@l the Brewster's
angle is determined not only by the incident angle but alsthbyazimuthal angle. This study
is important because it gives a way to get the Brewster'seamga high degree of accuracy.
The variation of Brewster’s angle with respect to azimutiragle is shown in the last part of
the figure, Fig. 3.11c. We can see that the Brewster’s angies/aetween 63° and 634° at
regular intervals of the azimuthal angle. Even though th&tian in Brewster’s angle is very
small of the order of A°, it is important to understand the dependence on the azahatigle.

It is expected that the Brewster’s angle varies consideralblen the anisotropy involved in
the system is very strong.

One may get a feeling at this stage that the Brewster's phenomexplained here may
only be due to substrate because of its extreme resemblaititehe Brewster's law of a
general dielectric material But as can be noted from thesglett described (Fig. 3.10), the
anisotropic behavior of the graphene conductivity tensakes the Brewster’'s phenomena in
graphene on a substrateffdrent from that in a purely dielectric material, which is migithe
azimuthal angle dependence of the Brewster's minimum aedtewster’s angle. One can
understand that the presence of substrate acts as a pldtiothe observation of Brewster’'s
law in graphene.

3.6 Conclusions

In this chapter the system considered for study is the satiestgraphene. i.e. a 2D graphene
sheet deposited on a dielectric material with dielectriostante. The substrate material is
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considered to be a non-magnetic perfect dielectric matdrige chapter previous to this con-
sidered the free standing graphene for study using variptisad quantities. In this chapter
also a similar route is followed for an easy comparison ofgihesent system with the free
standing situation. Study done in the free standing sysseronsidered as a reference to the
present study and a comparison is made in each stage to dieeckirectness as well as to
understand the influence of the presence of substrate laiarihe optical properties of pure
graphene. This is the main aim of this study. Plane electgoeiic wave is incident on the
system at an arbitrary angle and the emergent field from th&esyis calculated by solving
Maxwell's equations for the system using the boundary doms. Presence of substrate ma-
terial is evident from the dielectric constant appeariniylaxwell’s equations. The emergent
field has two parts - reflection and transmission with help bicl various physically impor-
tant quantities have been calculated. It is found that theyunctions of various parameters
related to the incident wave (which are the angle paramet@s also the parameters specific
about the material (conductivity tensor elements) and thstsate material (dielectric con-
stant). With respect to each of these parameters behavibedaystem has been studied by
fixing the conductivity tensor elements. The correctnesthefequations are checked with
the help of two diferent limits, one when the conductivity tends to zero anddiedectric
constant tends to unity. The former gives rise to the freaditay situation and the latter
the perfect dielectric results, which is well studied in mafsthe optics text books. Initially
the conductivity tensor is considered to have its most gdrierm, i.e. with all its elements
different from each other just as in the case of freely suspendghgne. Then depending
upon the diferent external fields acting on the system the conductieitgdr takes various
forms. The first division can be made, as the isotropic anslar@pic limits which can be of
different types. Isotropy can be due to the absence of magnéddiofidue to the absence of
doping. Anisotropy can be of fierent types, but only two of them are considered here as in
the free standing situation. One is wheg = oy, = o1 andoyy = —oyx = 0 and the other is
whenoy # oy, andoy, = oyx = 0 which are named adte diagonal anisotropy and diagonal
anisotropy respectively. Thesefldirent limits are studied separately with respect to various
parameters and compared with each other. The numerica wdline conductivity elements
for the isotropic situation andfibdiagonal anisotropy are taken from Gusynin et. 206 by
the proper choice of the parameters. Information about ihgathal anisotropic conductivity
tensor is obtained from Strikha et. alL(4].

Optical codficients considered for study in this chapter are theffament of reflection,
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codficient of transmission and the polarization of the reflectedt@v To understand the ef-
fect of substrate on these dheients, coéficients with the substrate contribution subtracted
out are also considered for study, which enables one an emsgarison with the reference
system, the suspended graphene. A detailed study has beerbyaonsidering dierent lim-
iting cases of various parameters. For example the lindarigation limit, normal incidence,
diagonal anisotropy, fé-diagonal anisotropy, isotropic situation etc. The maimparative
study in this chapter is done between the two systems, th&trsid>-graphene and the free
standing situation. Then within that a comparison betwéenidotropic and anisotropic sit-
uations and also betweenfidirent anisotropic situations are also taken into accouptic@l
guantities mentioned above are studied with respect to efttite angle parameters, dielec-
tric constant. The whole study is done within the microwaagion of the electromagnetic
spectrum.

The main output obtained from this study is th&elience between the substrate-graphene
and the freestanding graphene. How the presence of subdfi@tts the optical properties
of free standing situation. It is found that the presenceubisgrate increases the reflection
codficient and decreases the transmissionffacient. The &ect of gap on some cases are
decreased due to the substrate and in some cases it isngdistiable. The change in magni-
tude of the cofficients are the first things to be noticed with substrate graphVariation of
transmission and reflection with respect tfelient substrate materials also has been studied.
The second point to be noted in this case is the linear intig@arization. The well known
phenomena in optics callé¢dBrewster’s law” is observed in this system which was not found
in the suspended graphene. For a particular set of parasradtesen, it is found here that with
a substrate material with dielectric constar& Gilicon dioxide), the Brewster’s angle is close
to 63. In the suspended graphene the reflection \pithpolarized incidence goes to a mini-
mum only at gracing incidence which is the reason why thisyphgnon is not observed in
that system. The main peculiarity of Brewster's phenomemnographene is the additional
dependence of Brewster’'s angle on the azimuthal angle. Tihenum observed in reflec-
tion with p— polarized incidence may not be the actual minimum and theaachinimum
of reflected intensity, i.e. perfect polarization by refient is obtained by tuning not only
the incident angle but also the azimuthal angle which cap feglan accurate measurement
of the Brewster’s angle. This may be technologically impottfor applications in which a
perfectly polarized light is needed. There are othdfedences discussed in the text of this
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chapter which dterentiates between the substrate-graphene and the camoksp free stand-
ing situation by which one can actually study the change aperties due to the presence of
the substrate material. As a whole it is seen that the preseihsubstrateféects the optical
properties of graphene, both in its magnitude and behavior.
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Chapter 4
Bi-layer Graphene

In the previous two chapter2,(3) two different systems were considered, namely mono-
layer graphene in its free-standing form and mono-layeplgeae deposited on a substrate.
There are various other systems related to mono-layer gragphin this chapter a system of
two mono-layer graphene (bi-layer graphene) is consideféds study is done based on the
results of suspended mono-layer graphene. A series suommagthod is used to derive the
emergent electric field for this two layer system.

We consider the two monolayers as being independent. How@geassumption is known
to fail quite strongly when the incident light is in the miarave region and is still question-
able in the optical region. Pioneering workis3g, [122] have considered interlayer coupling
effects by incorporating the band structure of a bilayer systénch is very diterent from that
of a monolayer. These works have evaluated the optical ativity of a bilayer from first
principles, by taking into account the modified band streeet@ur aim in this work is more
modest. We wish to retain our simple minded picture of indeleat layers and incorporate
these &ects of modified band structure indirectly by asserting thatindependent monolay-
ers have anféective or renormalized conductivity that depends on the lmemof layers in
the system. This renormalized conductivity has to be fittethfeither experimental data or
by a comparison with detailed theoretical works suchl@8]| [122. However this approach
clearly compromises the predictive power of our model. Tlonghe bilayer system, our in-
dependent layer assumption is likely to be of limited a@iitity, except when we consider
the incident wavelength to be in the soft X-ray region. Irsttése, inter-layerfiectst, may
be ignored (the paramete,%vli2 is small). The plots in the soft X-ray region demonstrate a
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sensitive dependence of reflection fiament on the incident angle primarily due to the path
length which produces a large phase shift caused by the X-aaglling between the two lay-
ers. The independent layer model is still included since & precursor for the treatment of
the multilayer system in the subsequent chapters when \aettre issue of renormalization
of the monolayer conductivity in a more careful, albeit ppw@nological manner.

As in previous chapters, initially the situation under ddesation is described in detail
followed by the explanation of the method of calculationtef Emergent field. Various optical
guantities are studied in this chapter such adfament of reflection. Finally the results are
discussed in detail with the help of a few plots.

4.1 Problem Description

A free standing bi-layer graphene sheet is considered tatysin this chapter. By bi-layer
graphene we mean a collection of two free standing (renoze@ mono-layer graphene
layers lying one on top of the other and separated by a distafhd which is of the order of
3.35 A. As we have remarked earlier, in our approach, the mgmeolgraphene sheets have a
renormalized conductivity due to the venyfi@irent nature of the band structure of the bilayer.
Instead of working from first principles, we use a phenomegimal interpolation scheme
to estimate this renormalized value by comparing with refitteeoretical approaches and
experiments that do take into accoulffieets of band structure. This procedure is described
in detail in the next chapter. Here we merely quote the vafulba® renormalized féective
monolayer reflection matrix (G-matrix) for a bilayer as ha&gb deduced in the next chapter.
The value for the renormalized G-matrix we have deduced aptdr §) in the context of a
bilayer isGess = —0.01162.

The bi-layer system is important because it is the simplesidimensional structure after
graphene and also because of potential technologicalcapiplns due to the fact that it can
develop a tunable band gap by the application of an electid fL39 140 141]. Bi-layer
graphene considered for study consists of two equivalemiorayer graphene sheets placed
one on top of other which are assumed to have the same pegeztpecially optical con-
ductivity. However as mentioned earlier, due to strong tiogpbetween layers, especially
at longer-wavelengths, such as infra-red and microwavehawe to assume arffective or
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renormalized conductivity. The system is kept in theplane, one layer at = 0 and the
other atz = d. As mentioned in the previous chapters, an electromagnetve with a wave
vectorqy is incident on the system at an arbitrary angje The incident wave vector has all
the three Cartesian components. From the general form offrieldield in terms of its com-
ponents along the polarization directions (discussed aptgr3) the incident electric field
can be written asFex(r, t) = € dorfi + idozz -ickalt 3 GeXEEX Here(1®X! are the unit vectors
in the two directions of polarization as defined in chageAnd E&* are the components of
the incident electric field along the above mentioned unitames the general representation
of which is also given in earlier chapters. To calculate threergent electric field from the
bi-layer graphene surface we have made use of the mono+lesis and is discussed in the
next section.

4.2 Emergent Electric Field: Method of Series Summation

Consider the emergent electric field for suspended monexlgsaphene given in chaptér
(see equation2(11, 2.12) which can be expressed in a compact form as given below: The
reflected field in mono-layer graphene:

EMOn9(r, t) = @i - doaz — icicolt Gy, - Einc(0) (4.1)

ref

whereEi,¢(0) = -1, 0SES' andG;y,, is a 3x 3 matrix and is given below:

21 (_|q0|2(7xx+qo,x (qo,x("xx"'qo,y("yx)) 21 (_|q0|2(7'xy+q0,x (qO,xU'xy‘*'qO,yU'yy)) 0

Cldoldo,z Cldoldo.z
Gl — 2n (qo,xqo,yo'xx+(_|q0|2+qgwy)‘7yx) 21 (qo,xqo,yffxy‘*'(_|q0|2+qgwy)‘ryy) O (4 2)
! cldoldoz cldoldo '
M 2 (qO,x(T xx+0o,y 0 yx) _F 2 (qO,XO—Xy"'qO,yO—W) 0
cldol cldol
The transmitted field in mono-layer graphene:
Efen(r, 1) = st + e = G, . y(0) (4.3)
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whereGg,; is a 3x 3 matrix and is given below:

Cldoloz+2r (—|q0|20'><><+q0,>< (q0,><0'><><+qo,y0'yx)) 2n (—|QQ|20'xy+qO’x (qO,xO'xy+qO’y0'yy)) 0
€lgol9o.z Cl0oldoz

Gy = 2 (QO,xQO,ytT xx+(_|q0|2+quy)0' yx) clgolgoz+2r (QO,xQO,yU xy+(—|QO|2+q(2),y)(T yy) 0 (4.4)
’ cldoldo.z clgoldo.z
2n (CIo,xff xx+0o,yo yx) 2n (ox0 xy+0oy o yy) 1
cldol cldol

It is seen that the two matrices for reflection and transmissio not commute in the most
general situation. In the limiting case of normal incidendereg, x = doy = 0 andgo, = |qol,
the matrices commute.

; 'Gl,r Gy 1% layer
‘ G‘Ll' ‘ T

V' N/ N\

2 Jayer

N
e

Ficure 4.1: Schematic of bi - layer graphene which shows multipliecton when an electro-

magnetic wave is incident on it (red arrowds , andGs ; are the reflection and transmission

matrices of mono - layer system aﬁq’r andG'l’t are the reflection and transmission matrices

of mono - layer system wita component of the wave vector in the opposite directis
the distance between the layers.

As mentioned in the earlier paragraph, with bi-layer gragghthere are two separate mono-
layers which makes the wave transmitted from first layerdanoi on the second layer by
travelling a distancel and there is room for multiple reflection which makes thie&ive
reflection and transmission from the system, a series ofgeifherefore we must take care
of this dfect also when the system consists of more than one layer.igbiplained in Fig.
4.1. Here we can see that each time the wave encounters aebayagt for the first time, it
has to travel a distana&which adds a path ffierence appreciable only in the X-ray region
between the waves ultimately emerging from the systenttastese reflection and transmis-
sion. Hence in the emergent field of bi-layer system, botlec&tin and transmission matrices
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4.2. Emergent Electric Field: Method of Series Summation 93

of mono-layer graphene denoted By, andG;; are made use of. Reflected and transmitted
field from the bi-layer graphene can also be written in a mdtim as

Eref,bi(ra t) eiqo,||~rH ™ 1oz = fcldolt c':‘2,r : Einc(o) (4-5)

Etran,bi(r, t) eiqo’"” + o2z — fcicolt Gz,t : Einc(o) (4-6)

whereG,, andG,; are the reflection and transmission matrices of bi-layetesgs|t is written
in terms of corresponding matrices of mono-layer graphengiaen below:

1
|3 = G;I.r . Gl,r e2 qod

Gor = Gir + Gy Gyy - -Gy, € G0t (4.7)

1

_ .Gy, @ Gozd 4.8
l3— G, -Gy, €A td (4.8)

Gz,t = Gl,t'

Herel 3 is the 3x 3 identity matrix and the matrices with primes are the cqrogsling matri-
ces for reflection and transmission for mono-layer systeth wegativez component of the
incident wave vector, that i§, , is the matrix for reflection if it is travelling towards > 0
region andB'l,t is the matrix for transmission if it is travelling towards< 0 region. This kind
of treatment is needed for the transversality conditiongcsatisfied. (By transversality we
mean thag - E = 0 whereq is the wave vector for the particular situation aads the cor-
responding electric field). The exponential factors in diques @.7, 4.8) are due to the path
difference between the waves each time when it interact with attyedayers. Out of the
four matrices for mono-layer graphene, the matrices whachmmute arés, andG'l’t andGy
with G| | in a general situation of oblique incidence. But when it certeenormal incidence,
all the matrices commute with each other. Turning to the iwesrfor bi-layer graphene given
by equations4.7, 4.8), they don’t commute with each other except when the wavads i
dent normal to the surface. The details of above equatiangaluded as Appendi€. This
method of finding out the emergent fields of a layered systemeisknown and explained in
various text books on Optic4d42. Unfortunately, in this situation there is no limiting @
which the bi-layer system reduces to that of a mono-layat,ifithere is no limit in whicl@,,
tends toG,, andG,; tends toG; ;. But the correctness of the result is ensured by comparison
with the results of standard text books.
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Here each mono-layer is assumed to possess a conductifimgddy the ® conductivity
tensor denoted by with all its elements dierent from each other. The components of the
reflection and transmission matrix in terms of the condutgtitensor elements are given in
AppendixC. Equations 4.5, 4.6) along with equations4(7, 4.8) can be used to obtain the
optical codficients.

As in the case of incident electric field given by equati@ri), the general representation
of reflected and transmitted field for bi-layer can be writhsn

EPéf(r, t) = @detiTi + refz = iCldrert Z ﬂiefELEf (4.9)
v=12
E?rian(r, t) = eiQtran,II"'H + iq"an’zz = Icltranlt Z Gf’ran Eiran (410)
v=12

whereq;e has componen(sqo,x, oy —qo,z) andQyan has componen(sqo,x, Goys qo,z) such that
|0ref] = |Gwranl = |dol- The unit vectors defining the polarization directions adottic field for
reflection and transmission along with the polarization ponents of the electric field vectors
along these directions can be obtained from the generatiegsdor them 2.2, 2.3) given in
chapter2. Combining all these, the polarization components for #ilected and transmitted
wave is obtained by taking the dot product of equatib,(4.6) with the corresponding unit
vectors.

The & appearing in the equations for emergent electric field dfpeér graphene is the
mono-layer optical conductivity tensor and it is discussedetail in previous chaptersr
being a 29 rank tensor is represented by a2matrix and has all of its elementdi@irent from
each other in general. The fully anisotropic case with al¢bnductivity elements fierent
being complicated, as can be seen from Appei@lixarious limiting cases are considered,
the most important of which are the isotropic limit,§ = oy andoy, = oy = 0), which
is realized in diferent physical conditions as explained in earlier chaptérke study of
optical codficients derived above in the isotropic limit of the conduityitensor is discussed
in this chapter. The numerical value for the conductivityser elements in this limit pointed
out above is taken from the referenc@$,[92] which suggests constant value of universal
dynamical conductivity for the same.
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4.3. Optical Cogicients 95

4.3 Optical Codficients

Three optical quantities namely reflection ffagent, transmission cdigcient and polariza-
tion of the reflected wave are considered for study in thigtdra All these quantities are ex-
plained in detail in the previous chapters. @meent of reflection is the ratio of the reflected

|Eref|2
[Eexd? *

ratio of the transmitted wave to incident wave at the poirtarfismission, i.eT = H Po-

larization of the reflected wave in terms of incident polatian is obtained from the formula
ol EFy (EXT

BT ES
ficients become complicated because of multiple reflecttéects, but it has the following

Transmission cd&cient is the

wave to incident wave at the point of reflection, ie=

. After substituting for the above quantities, the equatitor the coef-

form.

R = [(ry + r,cos 3€0sfp + 3 COS 4C0sHy) COS 65X + (14 + I's COS ZC0SHy
+ I'5 COS 45C0SHp) S 65" + (r7 c0S6®™! + rg COS(ZC0SHy + 6°) + rg COS(ZCOSHy — 5°*)
+ '10COS(45C0SHg + 6°™) + 113 cOS(45C0SEp — 6°°)) sin 265X /(d; + d» cos Zcoshy

+ ds cos 45c0sbp) (4.11)

TP = [(t; + t, cOS ZC0SHy + t3 COS 45C0SHp) COS A" + (ty + ts COS Z5COSHy
+ tg COS 45.C0SHp) SI? 05X + (t; c0SI®X" + tg COS(ZC0SHy + °X) + tg COS(ZCOSHy — 5°X)
+ t10COS(45C0OSHy + 0°*) + t11 cOS(45COSHy — 6°X)) sin 2657 /(dy + d cos Zcosby
+ d3 COS 45C0SHp) (4.12)

& "'l = ([(p1 + (P2 + P3) COS ZCOSH + (P4 + Ps) COS 4COSHp) COS

+ (Pps + (P7 + Ps) COS BCOSHy + (Pg + P1g) COS 45€0SHy) Sirt By

+ (P11 + P16) COSG™ + (P12 + P1g) COS(BCOSHp — 6°)

+ (P13 + P17) €OS(ZC0SHy + 6°) + (P14 + Pao) COS(4COSH, — 6°*)
+ (P15 + P1o) COS(45COSH, + 6°°)) sinds cosHS

+1 [((P12 — Pag) SiN(25€OSH — 6°) + (P13 — Pu7) SIN(25COSHp + 6°)

+ (P14 — Pz0) SiN(4scosdy — %) + (P15 — P1o) SIN(4sCcOSby

+ 6°%) sineS cosH) / y/d1p dap (4.13)
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where

dip = (N1 + Nz COS BC0SHy + N3 COS 45C0SHy) cos 65" + (N4 + N5 COS Z5C0SHy
+ Ng COS 45C0Skp) St 0" + (ny c0s6%X! + Ng cOS(ZC0SHy + 5°°)
+ Ng coS(Bc0osby — 6% + Ny cos(4scoshy + 69
+ N1 COS(4sCOSHy — %)) sin B
dyp = (M + My cos ZB¢0sly + Mg COS 45COSHy) cos 65 + (my + Mg Cos ZBCosHy
+ Mg COS 45C0OSlp) Sirt 05" + (M cos6®X! + mg cos(Scoshy + 5°X)
+ My cOS(ZBc0shy — 6°X%) + My cos(4scoshy + %)

+ My c0S(4sCcoshp — 6°*)) sin 53"

Herer,t,d, p, n,mare complicated functions of elements of the conductigtysor {yx, oy,

oy Oyy) and the angle parametes, ¢o. 655 is the tilt angle of the incident polarization
ellipse, 6 is the incident polarization and is the product of the magnitude of incident
wave vector |(o]) and the distance between the layers, ig| d (small for optical fields).
Note that the form of the cdicients is entirely dtferent from the mono-layer system. The
dependence is unique to the bi-layer system as compared tdho-layer system and this is
because of the multiple reflectioffects. By simultaneously solving the real and imaginary
parts of the reflected polarization equation, we can stueyp#havior of reflected polarization
in terms of its parameters. Optical dbeients explained in the above mentioned equations
are studied in one of the important limits of the conducyitgnsor explained in an earlier
section, viz. isotropic limit which is considered for stushythe next section and compared
with the mono-layer situation.

4.4 Results and Discussion

A comparative study of the two systems, the bi-layer graphemd the free standing mono-
layer graphene, has been done in this section. Isotropit difrthe conductivity tensor is
studied here.
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4.4.1 Isotropic Case

As mentioned in the earlier chapters, this is one of the ingmiiand interesting limiting cases.
This happens when thefediagonal elements of the conductivity tensor vanishesveimen
the diagonal elements become equal. d:g. = oy = 01 andoyy = oyx = 0. In this limit the
codficients are functions only of the diagonal conductivity,ident angle and the tilt angle
of the incident polarization. The bilayer is investigateadhe same manner as the monolayer
where the three quantities, reflection, transmission ararigation codicients, are taken for
study. But they do not show muchfiirence from that of the mono-layer system in this limit.

We can see that the bi-layer system and hence its equatiecsaplicated especially due
to multiple reflection. While the path length traversed ire aflection is small compared to
the wavelength in the optical region or microwave regioeréhare changes in the amplitude
of the reflected wave which contribute cumulatively in ki reflections. In addition, in
the soft X-ray region, there are phase changes caused bg¢hthat path length even in one
reflection is comparable to the wavelength. This manifdstdfiin a characteristic periodic
behavior of the reflection céiécient on the incident angle (see Fig. 4.2a), something absen
for longer wavelengths. In earlier chapters, the microwsegion of the electromagnetic
spectrum was studied where the conductivity tensor is knbwithe study of Gusynin et.
al. [104. It is known that R6, 92] the high frequency dynamic conductivity in graphene
should be a universal constant equal%o Therefore the isotropic limit with the diagonal
conductivity element given by the universal constant iSulder the study of high energy
limit of the codficients, such as soft X-ray region.

The reflection cogicient versus incident angle for both the systems, that &sdtanding
mono-layer and the bi-layer system in the soft X-ray reg®shown in Fig. 4.2a. In this
figure the solid curve shows the behavior of reflected intgrefi the mono-layer graphene
and the dashed curve shows that of bi-layer system. One eatfhaethe amplitude of oscil-
lation increases with the incident angle. For this studyhaee used the universal dynamic
conductivity for the calculation.

Fig. 4.2b shows the transmission @@@ent of mono-layer and bi-layer system in the high
energy range (visible). Here the solid curve is for the méayeer system, dashed curve is for
the bi-layer system and the dotdashed curve is for the hilsystem taking into considera-
tion the dfects due to triagonal warping, finite energleets etc. Here we can see that there
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Ficure 4.2: Reflection and Transmission ¢eient of mono - layer (solid) and bi - layer
(dashed) graphene as a function incident angle. Reflectefficient (a) is plotted in the
soft X-ray region where the reflection déieient of bi-layer is influenced considerably by
multiple reflection &ects which results in the periodic behavior of the reflectaerisity.
The transmission cdicient (b) is plotted in the visible region where the monoelagind bi-
layer transmitted intensity is compared with the resultroéaperimental observation by Nair
et. al. P2] shown as the inset. Here the solid curve shows the behaimonolayer system,
dashed curve for bilayer system and the dotdashed curvenikieery close to the dashed
curve is for bilayer graphene witHfective conductivity due to severdfects such as trigonal
warping, finite energy féects due to nonlinearity etc.

is no significant diference in magnitude as well as behavior between the systedhwigh
universal dynamic conductivity and that witlfective dynamical conductivity. We can see a
decrease in magnitude of the transmitted intensity wheonies to a bi-layer system. Fig.
4.2b inset shows the experimental result given by Nair et.[22] by which it is clear that
the result given by the current study matches with that of Bial. for both mono-layer and
bi-layer situation. The féective conductivity does not change the transmitted iritgnsuch
even at normal incidence as can be seen from the figure. THg dane in Nair et. al. is
for normal incidence and in the visible region. With inciderave in the visible region of the
electromagnetic spectrum, the current study also showsaime magnitude of reflection for
normal incidence [see whelg = 0 region in Fig. 4.2b] i.e. close to 98% for monolayer and
close to 95% for bi-layer graphene which proves the coresgrof the treatment followed
in this study. To check the correctness of the general eops@.11, 4.12 4.13 of codfti-
cients derived in the earlier section, conservation of thegficients is checked by deriving the
equation for the loss cdiécient by substituting the series summation solution intoxMell’s
equations.
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4.5 Conclusions

In this chapter, the system under study is bi-layer graphehéh is a combination of two
mono-layer layers separated by a distan@& 3. Due to presence of this extra layer there are
multiple reflection &ects that become relevant. Furthdfeets due to inter-layer interaction,
trigonal warping and so on are taken into account phenorogiaally by postulating that
each independent layer possesses a renormalized contyuativch depends on the number
of layers, which is determined by an interpolation schem#henext chapter. The electro-
magnetic response of the system is studied through thregtitjga such as the cfiecient of
reflection, coéicient of transmission and the polarization of reflected w#lectromagnetic
wave is incident on the system at an arbitrary angle and thergent field is studied based
on the results of mono-layer system explained in chaptdihe mono-layer results are used
to derive the emergent electric fields for the bi-layer syst®y the use of series summation
method. Using this field, i.e. the electric field of the reféettvave and that of the transmitted
wave, the above mentioned physically important quanthege been calculated. The form
of the equations for these déieients are dierent compared to the mono-layer system. This
is the diference in bi-layer system as compared to the mono-layatgtuwhere the energy
of the incident wave enters only through the conductivitystar elements. The bi-layer opti-
cal codficients are functions of other parameters also as in the dasemo-layer graphene.
i.e. the angle parameters which represents the incideatrefeagnetic plane wave and the
conductivity tensor elements which represents the matemider study. Optical studies done
here uses isotropic conductivity tensor.

Graphene, in its mono-layer form is a very rich area of redearBut as is known, it
is extremely dificult to prepare it in the mono-layer form. Therefore it is als important
to confirm after the sample preparation that it is a monoflaystem. There are references
available in the literature which describe various expental methods to distinguish the
mono-layer system from the bi-layer and multi-layer syst&wor example AFM techniques,
Raman studies etc. explained in chapterThe position and intensity of the peaks in the
Raman spectra varies in mono-layer, bi-layer and multetagystems§9, 70, 71, 72, 73,
74]. The main aim of this study is to distinguish between the systems using theoretical
techniques. Results of the mono-layer system which is@jreansidered in chapt@rserves
as the reference for the present study. In this chapter, paoson between the two systems
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is done to find out ways to distinguish between the systemghdnsotropic limit, for bi-
layer system, the study is extended to the higher energypme@oft X-rays) which shows
a noticeable dference between the behavior of mono-layer and bi-layerctefiieintensity
with respect to incident angle. (oscillation of the bi-layeflected intensity with respect to
the incident angle due to multiple reflectioffexts). The result obtained for the bi-layer
system and the mono-layer system in the visible region okteetromagnetic spectrum at
normal incidence shows perfect matching with one of theresfees in the literaturedp],
thereby strengthening our surmise that inter-lay®eas are suppressed in the visible region
at least for the few layer system. Even though the resultsioéd in this chapter may not look
very exciting, the mathematical framewaork for the bi-laggstem is important and necessary
to proceed to the next stage of few layer graphene (includdae next chapter).
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Chapter 5
Multi-layer Graphene

As we have seen in the last few chapters, we have studied fagrographene, substrate
graphene and bi-layer graphene. Besides these, multi-gaigphene is also of interest to the
scientific community. In this chapter we study multi-layeaghene. In few-layer graphene,
each of the layers are separated by a distance of the ordergstrams, more specifically
3.35 A [143 144. This study is important because it is venffiiult to extract a single layer
of graphene in experimentg][ Although it is true that a simple act like writing with a pgh
may lead to the production of grapherid], the experimental needs demand careful prepa-
ration of a sample for a fundamental study. A single layepbeme was not supposed to
exist due to its two dimensional natud,[but was proved to exist by Geim and Novoselov in
2005 B] for which they were awarded the Nobel Prize in 2010. Stgrtiith the attempt by
scientists in University of Manchester (UK) and the Inggétéor Microelectronics Technol-
ogy (Russia) 3, 9] where the team employed a technique known as mechanicaladn of
the graphite crystals, there are by now a variety of meth@dgldped for the production of
graphene which is discussed in chafteFor instance epitaxial growth, silicon carbide reduc-
tion, hydrazine reduction, sodium reduction of ethanotiotzgs chemical deposition methods
and so on11]. Even then, it is extremely fficult to produce a pure mono-layer graphene
layer. Most methods of production yield a statistical disttion of samples with dierent
number of layers. From these samples one is now faced wittattikeof identifying samples
with the fewest number of layers. Therefore it is always imgat to distinguish between
different samples for example, mono-layer, bi-layer, few4layad multi-layer graphene. In
other words it is necessary to find a method to ascertain thkrtbss of the sample one has
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prepared. There are a few experimental techniques for diiisgsuch as, Raman spectro-
scopic studies?0], Auger electron spectroscopg49, reflection and contrast spectroscopy
[88] and so on. Even though there are many experimental techsigeed to distinguish
between the the multi-layer and mono-layer systems, détetion of the actual number of
layers in the sample is still a hurdle. This is important sintany properties of graphene may
depend sensitively on the number of layers. A combinaticopdical microscopy and Raman
spectroscopy has been used as a method for determining thigenwf layers (layer number
determined by their optical contrast) and for the study ef éfhectronic transport properties
[88]. Here we present arnflective method to actually count the number of layers thraingh
transmission cd#écient in the optical frequency range. The method involves/oegy a for-
mula for the transmission céiicient versus the number of layers using theoretical methods
In the process one finds that there is a significant deviatimm the prediction of Beer’s law
in the case of few-layer graphene.

In this work, the multi-layer system is studied iteratiyedy making use of the results for
mono-layer free standing system which has been studie@easing Maxwell’s equations as
a starting point. We derive the properties of thelayer system taking into account, multiple
reflection défects. We begin with a description of the problem under studipwed by the
method used to study the few-layer system and discuss treegaances of multiple reflec-
tions and the #ect it has on the reflection and transmissionfioents. This section also
has the recursion relation that relates reflection and tné&ssgon amplitudes between systems
that have one more or one less number of layers. These medai®@ solved subsequently by
analytical methods. This is followed by a discussion of issobtained through this work,
such as plots that highlight deviation from Beer's law ineads the few-layer system and
also a plot of the transmission d@eient versus number of layers obtained using this work at
optical wavelengths upto five layers and a superimposedagpltite same from experiments
namely Nair et. al. 92] showing nearly exact agreement with our theory. Our ih#@f@proach
was to ignore interlayer couplingfects that possibly alter thdfective conductivity of each
monolayer and alsofects such as trigonal warping that alter the conductivitpnoholayers
as well. Even this rather oversimplified model shows remialkagreement with experiment
[92] as we have already mentioned. Later it was pointed out biewers that our model
may fail to reproduce results of graphite when extrapolabesl large number of layers. This
is to be expected since our simplistic model fails to take Extcount the band structure of
graphite. Indeed our approach is purely phenomenologi@hha band structure calculations
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are involved. Rather our intention is to use the band streaesults of others to come up with
a interpolation scheme that enables a method for countemguimber of layers of multilayer
graphene by examining the transmission of (visible) liginotigh the sample. Hence we have
considered a refinement of our approach that involves trgatiultilayer graphene as a col-
lection of independent monolayers but with dfeetive conductivity to be determined so as
to smoothly interpolate between few-layers all the way @phite. This necessarily involves
diluting the predictive power of our model since more partarsehave to be introduced that
have to be fitted from experiment. However the observatianttie original simplistic model
agrees with experiments up to five layers means that we mggestthat the #ects of inter-
layer coupling and trigonal warping on tlegective conductivity of each monolay@dves not
make its presence felt until the number of layers is largenfgared to five). We discuss these
issues at length in this chapter and investigate to whanexie predicted deviation from
Beer’s Law is insensitive to such detailed considerations.

5.1 Problem Description

This chapter tries to understand the multi-layer systemctviis assumed to be placed in
the xy plane. Basic constituent of a layered structure like feyetagraphene is the mono-
layer graphene explained in chapfr Hence this study is based on the work described in
chapter2 which describes the optical constants of a free standingortayer graphenell4q

by deriving an expression for the reflected and transmitiectiec field from the system when

a plane electromagnetic wave is incident at an arbitraryeanigere the multi-layer system
is considered to be kept in they plane and an electromagnetic wave with a wave vector
Jo is incident on the sheet at arbitrary angle The incident wave vector has in general
all the three components along the Cartesian directionsst Mbthe notations used in this
chapter are similar to those used in the earlier three chapi2ue to the presence of many
layers, there is multiple reflection from each of the layehsolt makes theféective reflection
and transmission from the multi-layer systems sum of safdserms, as in the case of bi-
layer. Bi-layer which has only two layers is the simplestigiton in which to study multiple
reflection éfects. The same phenomenon namely, multiple reflection nthkesalculation

of the emergent electric field extremelyfiitult to handle. The reflection and transmission
from ann layer system depends on both the reflection and transmigsion each of the
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layers which makes the equations complicated. During tlusgss one has to take care of the
transversality conditions of electric field (By transveéityave mean that) - E = 0 whereq is
the wave vector for the chosen situation &g the corresponding electric field) which means
the fields with wave-vectors whose projection on the unitmedrto the layers is positive has
to be treated dierently from the fields whose projection is negative.

5.2 Emergent Electric Fields : Reflection and Transmission

In this section, a general situation of arbitrary incidersceonsidered for study. The situation
explained above is understood as follows. Consider thelémtielectric field denoted by
Eexi(r,t). When this field is incident on a mono-layer free standingpbene, the emergent
electric fields that is, the reflected and the transmittedidielre derived in chapt& and
they are denoted bEn:"qr, t) andEfeyqr,t). As can be seen from chapt2r these fields
are functions of the elements of the conductivity tensorrapbene, the components of the
incident wave vector, the tilt angle of the incident polatian ellipse and also of the incident
polarization. But in chaptet which dealt with bi-layer graphene these fields are written i
a more compact way, using a matrix for reflection and transimmsdenoted bys; , andGy .
That iSEP;?nO(I’, t) = @oyTy — idozZ - iclgolt Gy, - Einc(0) andE{ngO(r, t) = @doyTy + igozZ - icigolt Gyt -
Einc(0). HereEi,c(0) = X,-1, 08 ES*' is the amplitude of the wave incident on the system
where(® are the unit vectors which defines the polarization diretiof the incident wave
andE® are the components of the incident electric field along tipedarization directions.
Also G;, andG;y; are reflection and transmission matrices for mono-layeplygae in the
free standing form which are 8 3 non-commuting matrices for an arbitrary incidence as
given by equations4(2, 4.4) in chapter4. As can be seen, these matrices depend on the
components of the wave vector incident as well as the coitydensor elements of grapene.
In a similar way the system with 2 layers can be defined by tketet field denoted by
ER (r,t) andED,(r.t) and can be written a&P (r,t) = @i = o=z = iclholt G, . E;(0) and
EDL,(r,t) = gl + itz - idalt G, . E;\(0). These matrice§,, andG,, can be expressed
in terms ofG;, andG;,; as explained in chaptd: Reflection and transmission matrices for
bi-layer is the sum of an infinite series because of multipfeections. The bi-layer case may
be understood as follows. The transmitted electric fielanflayer 1 is incident on layer 2

after travelling a distance (inter-layer separation). A part of it is reflected from lageand a
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5.2. Emergent Electric Fields : Reflection and Transmission 105

part of it transmitted from layer 2. This transmitted parhtttbutes to the second term in the
series for &ective transmission of bi-layer graphene. Now the reflepted from the second
layer again travels a distande one part of which is transmitted from the first layer towards
z < 0 and contributes as the second term in the series forfthetwe reflection matrix. This
continues and the reflection and transmission matricesnmstef matrices for the mono-layer
graphene is given as in equatiodsq 4.8) in chapter.

Then - layer system can also be represented in a similar form ubi@g - layer reflec-
tion and transmission matrices denoted®y; andGy; respectively. That g€ et(r,t) =
gdoifi ~ 1dozZ — icldolt G . E;(0) andEpgran(r,t) = €dormi %2z -l G\ . E;.(0). To solve
then - layer system, we think of it as a combination of< 1) - layer system and a mono-
layer, with a distance.35 A between consecutive layers. Fig. 5.1 shows the schewfdtie
situation under study where the red arrow represents thialimcident wave. Fig. 5.1 illus-

Il

\E/: i) »

n-1 layers

b
NG /N ]
e N/ L

nt layer

{ J
E

tran.n

Ficure 5.1: Schematic of - layer graphene which shows multiple reflection when antedec
magnetic wave is incident on it (red arrov@,_1, andGp_1; are the reflection and transmis-

sion matrices oh — 1 - layer system anCl‘a'n_1r andG'n_1t are the reflection and transmission

matrices ofn — 1 - layer system wittz component of the wave vector in the opposite di-
rection,d is the distance between consecutive layers@pdandG,; are the reflection and
transmission matrices of mono-layer system.

trates multiple reflection phenomena due to more than orer lahich makes theffective
reflection and transmission from time- layer system a sum of contributions from an infinite
number of terms incorporating destructive and constredhiterferenceféects. Our main aim
is to write down a recursion relation f@,’s in terms ofG,_;'s andG;’s and finally to solve
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those relations and find out a way to representrthdayer matrices purely in terms of the
mono-layer matrices. The recursion relation derived usieghods similar to those outlined
in the text-book by Jenkins and Whiigf2, is obtained by summing the appropriate series
that takes into account thesgezts leading to the following results:

Grear = Gnr+ Goy - Cur - g Oue €™ S
1 00,20
Gn+1,t = Gl,t' G‘n,tel N (5-2)

|3 - G,n,r . Gl,r e Jozd

wheren is the number of layers, with = 1 corresponding to bi-layer graphene. Hegg is
the z component of the incident wave vector athés the inter-layer separation in few-layer
graphene which is equal to35 A. HereG,,, andG,; are the reflection and transmission ma-
trices for then layer system respectively ai@,, andG,,; are the reflection and transmission
matrices with the - component of the incident wave vector in the opposite timec Similar
set of equations for the primed matrices can be written bgimg the above equations on
both sides with the conditio®” = G.

’ ’ ’ 1 ’ H
c':'n+1,r = c':'n,r + Gn,t : G1,r ’ ls— Gy -G, €2 dod ’ Gn,t g doat (5.3)
n,r 1r ’
’ ’ 1 ’ H
C:"n+1,t 5 Gl,t ) C:"n,t SR (5-4)

|3 - Gn’r * Gllr e2| qO,Zd

All the matrices given in the above equations are in genenalgtex 3x 3 matrices except the
mono-layer matrices which are real matrices. Atsel layer matrices depends on thé&ayer
matrices and the mono-layer matrix. Correctness of equaifml, 5.2) has been checked by
deriving the equations for the simplest case of bi-layephesme and then comparing it with
equations4.7, 4.8). The matrice$,; (G,,) andGy; (G,,;) do not commute with each other
whereasG,, (Gn;) commutes withG, ; (G,,,) in the general situation of arbitrary incidence.
The exponential factor appearing in equatiohd,(5.2) are due to phase changesfeted by
light that undergoes multiple reflection [see for examfi¥d]] . As may be seen, the general
situation is complicated and simplifying assumptions azeessary in order to solve these
equations analytically.
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5.3 Isotropic Limit at Normal Incidence

In these limits, the equationS.(, 5.2) simplify to a large extent. Here two limits are consid-
ered. The isotropic limit means the generak 2 conductivity tensor of graphene becomes
a diagonal matrix with equal diagonal elements, hence caiobsidered as numbers. In the
normal incidence limit, th& matrices commute with each other. In this situatiGnma-
trices of the mono-layer can be related to each other in thewilmg way: G'l,r = -Gy,
Gt = 1+ Gy, andG'l,t = 1 - Gy,. This makes the - layer reflection matrices in the two
different directions related to each otherGj§ = —G,r. Substituting these relations into the
general equations for the+ 1 layer matrices they become as follows:

_ ! 1 i |gold
Gn+1,r N Gn,r * Gn,t ' Gl,r . o+ Gn,r . Gl,r e 1qold ) G”’t e2 : (55)
Gniit = (I2+Gy)- ! - Gp €%l (5.6)
n+1t 2 1r |2 N Gn,r . Gl,r e2i Iqold nt .
' 1 ' 2 Il
Gn+l,r = - Gn,r - Gn,t -Gy - Gn,t & (5-7)

|2 it C':‘n,r : Gl,r €' [0ld

1

.G . glGld
27 Gy Gy @ O & (5.8)

G;1+1,t = (l2- Gl,r) : I

Taking the ratio of then - layer transmission matrices in opposite directions oris,ge

Gnir  1+Gyr Gy 3 (1 + Gl,r)nJrl (5.9)

G,., 1-Gi G, \1-Gy

’
nt
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Substituting this in equatiorb(5, 5.6), then + 1 layer reflection and transmission matrices

become,
1-Gy, n Gﬁt . Gl,r eZi old
G _G : , _ 5.10
n+Lr nr * (1 + Gl,r) 1 + Gn,r ° Gl,r ezl |q0|d ( )
1+G .G, dltold
Gn+1,t = ( + 1,r) nt (511)

1 + Gn’r " G]_’r e2| |q0|d

For convenience, we work in the limdo|d much less than unity (with wavelength larger than
those of soft X-rays), in this limit the equations simplify follows :

1-Gy, ! Gﬁt'Gl’r
) , , 12
Gn+1,l’ Gn rt (1 + Gl,r) 1+ Gn,r . C;1,|’ (5 )
(1 + Gy r) - Gny
_ (14Gy) - Gne i1
Gn+1,t 1+ Gn,r . Gl,r (5 3)

In the limit]qold < 1, all the matrices become real. From the form of mono-lagéection
and transmission matrices given in equatioh24.4), one may identifyG,, and G;; with
(-22) and(1 - Z2) respectively wherer is the optical conductivity of graphene. There-
fore for positive values ofr;, one can see th&,, is always negative. We considered the
region,-1 < Gy, < 0 and solved folG,, andG,; numerically and found that the relation
Gnt = 1+ Gy, is always valid. Using this in an analytical solution leadsitself-consistent
proof of this assumption. This way, one may obtain a gen@latien for ann layer system.
Putting all the information together we observe,&j); tends to—1 asn tends toco (ii) G
tends to 0 as tends too (i) G, = 1 + Gy, for all n. Hence the general equations for the

- layer system may be solved as follows:

(5.14)

whereq = i — gif which is always greater than unity. The correctness of thilgt®on can be

checked by substituting in equatioris12and5.13.
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5.4 Beer-Lambert’'s Law

Beer-Lambert’s law has been used traditionally, as a siimgl@ns of characterizing the nature
of light matter interactions. According to this law, theHigtransmitted through a certain
thickness of solid or liquid enclosed in a transparent cedXponentially smaller than that of
the incident light due to its extinction along the path. This finds its application in a variety
of fields from physics to biotechnology. In physics it is dap@lin optics, laser technology,
material science and so on. Medicine and biology is one ofrthst important non-physics
field in which the law has a significant role. For example, Belaw is used as a model in
the study of plant structures to spot the relationship betwleght penetration and leaf area
[147), cell counting techniques in micro-culture to study grbvidctors [L48. The relevance
of Beer’s law can also be found, for instance in the field oheai refractive surgerylj9.

A review article is available in the literature which desa&s the application of this law in
near infrared spectroscopy in the medical fiel8(]. Highly scattering media such as human
tissue are also studied based on microscopic Beer-Lamaldaw for the understanding of
concentration of absorbing substancEs]]. Some modifications to this law have been noted
in the field of near infrared spectroscopy which measureraguaportant quantities such as
change in cerebral hemoglobin oxygenation, redox rate armh$152. In physical sciences,
study of electro-chromism in amorphous and poly-crystallihin films [L53, the study of
optically anisotropic systemd.$4 employ Beer’'s law. An analytical solution of two level
energy rate equations is given in Abitan et. 5% which incorporates a correction to Beer’s
Law utilizing the Lambert-W function that can be used to discabsorption in optical media
with a complicated structure of energy levels. Beer-Lartibéaw has been employed for the
study of electromagnetic wave propagation under low Visybtonditions where corrections
to this law have been found to be needed for a satisfactorysiadl156. The application
of the law and deviations from its predictions can been saehe optical bleachingfiect
shown by various solutions illuminated by laser sourdés/]. Effects such as scattering and
absorption of light that does not obey Beer-Lambert’s law ba observed in human cells
[158. In short, Beer-Lambert’s law, which is a mathematical vedexpressing how light is
absorbed by matter, with its generalizations and modifcatis one of the most important
tools for the study of light propagation in matter.

According to Beer-Lambert's law, there is a logarithmic degence between the trans-
mission of the light through a substance and the productefttenuation constant and the
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path length (that is, the distance the light travels throtighmaterial). Mathematically, it is
described by an exponentially decaying dependence bettheamnansmission cdicient of
light through a substance and the path length. This may kitewrasl, = l,e " wherel, is
the transmitted intensityy the incident intensityy the attenuation constant for the material
andL is the path length.

In the present study, we have found that the transmittedsityefor n-layer graphene is

I'—; = m. We have already seen in the previous section/thati — 21: and it is greater than
unity in the selected region &, ,. Settingd = es > 1 makesG,; = —%5 = —2- where

L = n d. We define reflection and transmission fiméents asR, = |Gi+re|22andﬁezz IGntl.

In the limit of oL > 1, T,, = |Gnt/? = 4e™°t. SinceA is greater than unity, for large values
of n, A" > 1. TakeA" =~ 100 which impliesn log;o(1) = 2. Therefore one can see that for
Beer’s law to be obeyed, the number of layers should be rqugptdater thar}m. When
the number of layers becomes small compared to this numtdyiation from Beer’s law
can be observed. However, it is also possible to do the reverde may choose a proper
attenuation constant so that Beer’s Law and our result dgreee small number of layers but
necessarily dfer for large number of layers. This may be achieved for exarbglchoosing
Theeer = 47". Both these approaches are tried subsequently and a cepcegtiction is made

that can be tested experimentally.

5.5 Results and Discussion

In the earlier section, we have studied the reflection antstrassion coicient of anmn - layer
system. As can be seen from equations eflayer reflection and transmission dheients,
they depend on parametémwhich in turn depends 06, that ultimately equals?@ in the
isotropic limit at normal incidence. It is clear therefohat, to study reflection and transmis-
sion one should have an idea about the graphene condudigityenio;. For this the optical
region of the electromagnetic spectrum is considered. iBhimecause in higher energy re-
gions of the electromagnetic spectrum such as the visilgi@me the optical conductivity is
a universal constantip6 118 whose value isf—h which is diferent from both the universal
d.c. conductivity from theoryfg) and experimentsﬁﬁ) [9]. In order for us to be able to
neglect accumulated phase changes in multiple reflectvomsye forced to work in the limit

n|gold < 1. In the optical region it is around 50 layers.
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Fig. 5.2a and 5.2b shows the behaviormof layer reflection cofficient and transmission

codficient as the number of layers increases. In these figureaptinder of layers goes from

1 to 50. Here the incident photon energy is considered to beeinvisible region as described
above. It is clear from the figures that reflection fm#ent increases slowly initially as the
number of layers increases and rapidly for higher numbeaydis. Corresponding behavior
for transmission cd@cient shows a decrease. This is as expected.

0.25 R, T,

0.9

0.20 0.8

0.15 0.7

0.10 0.6

0.5

0.05 04
0.00 103 n
10 20 30 40 50 10 20 30 40 =0
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Ficure 5.2: Reflection and Transmission ¢beient ofn - layer system as a function number
of layers with the incident photon energy in the visible cegi

Fig. 5.3 studies the Beer-Lambert’s law whetla[T] varies withn. In the visible region of
the electromagnetic spectrum which is given here, we caa gegiation from linear behavior
for number of layers all the way upto 50 layers.

1.4/=In[T,]
1.2
1.0
0.8
0.6
0.4
0.2

0.0 n

10 20 30 40 50

Ficure 5.3: Beer-Lambert's law:=-log(T,) with respect to the number of layers with incident
wave in the visible region

beer
o ) is plotted

Gnit
versus the number of layers when the incident energy is inithikle range with conductivity

To confirm the deviation from linearity oflog(T,) versusn, a plot ofln(

as a constant value equivalent to the universal dynamicadwctivity is shown in Fig. 5.4.
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According to Beer’s law, this plot should have been a horiabine with ordinate equal to
zero. But it is seen that the plot shows a significant deunaftiom this behavior for all the
values ofn from 1 to 50.

beer
Gn Sf

In( )
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beer
Ficure 5.4: Deviation from Beer’s law: Plot oﬂog(%”:t ) versusn. This is to confirm the

deviation from Beer's law. The plot is drawn in the visiblgi@n with conductivity taken as
the universal dynamic conductivity. If Beer’'s law were obdyor all the values af, the plot
should have been a straight line parallektaxis with ordinate zero.

Now we would like to compare the results obtained from thespné study with the results
obtained from one of the experiments by Nair et. &2][ This is given in Fig. 5.5 where
the blue dots with an error bar shows the results obtaineddyéd. al. for number of layers
from 1 to 5. Itis given in the reference that the experimeatadr bar is 01%. The plot with
red dots is the present theoretical study with the condiigtohosen to be the universal a.c.
conductivity €) [106 118§

We have already shown that = ﬁ. In this equationg is a quantity which purely de-
pends on the mono-layer conductivity. Therefore if our tiyé®right, the slope olog (% - 1)
versusn should be straight line passing through the origin with slimg(1). Thus this slope
indirectly gives us the conductivity of a mono-layer. Wetplee same function using a Beer’s
Law ansatz designed to coincide with our results for smathber of layers. This ansatz is
Tneeer = 47". Finally we superimpose on these two plots, the experineesalts of Nair
et. al. This is shown in Fig. 5.6a. We can see that all the thases are nearly identical.
However, in order to tell the two theories apart we have shimwfig. 5.6b, the two theoret-
ical plots - our results and Beer’s Law, for number of laygosou50. This clearly shows that

Beer’s law deviates from linearity whereas our results adgqetly linear (by construction).
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Ficure 5.5: Comparison with experiment: Plot showing percentagesimission cdécient

versus number of layers up to five layers. This plot is in thable region and uses the

universal dynamical conductivity. Here blue dots showsrdwilt obtained by Nair et. al.

from experimental observations whereas the red dots shmwesults obtained by the present

study using the universal ac conductivity. We can see theatehults from our study nearly
matches with the

experimental observation.

Our theory may be confirmed or refuted simply by extendingetkgeriments of Nair et. al.
for number of layers close to 50.

One point is worth stressing. In Beer’s law, the attenuabidight in the bulk is caused by
mechanisms such as ohmic losses, imaginary part of thectlieleonstant and so on. In the
few layer graphene system, not only are sufibats present within the layer, but equally im-
portantly, destructive interference of light that undesgonultiple reflection between adjacent
layers also contributes to attenuation. Thus two physichifitinct mechanisms are operative
in leading to the Beer’s law limit of our results. Ohmic lossnothing but theRdE* - J)
term that exists within each layer. Destructive interfeewnf light between adjacent layers
occurs even when light travels in empty space between laypoth these put together lead
to attenuation of light as it passes through multi-layepgene. However, in the mono-layer
case, when there are no interferenéees, ohmic loss may be calculated using a (energy)
conservation law derived from Maxwell’'s equations, invotyreflection and transmission co-
efficients. The calculated ohmic loss comes out to . B&% and the opacity defined by-1T
becomes 28% which nearly matches with the results obtained by Nairagt where it is
2.3+ 0.1% [92] (more details may be found in Appendd).
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Ficure 5.6: Comparison between present study and Beer's ansallzsmiwinglog(\/%_ - 1)

versusn in the visible region. Red line shows the result from pressnty whereas the

green line is for results obtained by using Beer Law ansate Glue dots are results from

experiments for upto five layers by Nair et. al. (a) It is seleat the three results are nearly

identical upto five layers. (b) Deviation from Beer’s law da@ observed as the number of
layers increases.

To conclude, this section studies the optical fiogents of multi-layer system in the
isotropic limit at normal incidence. Beer’s law is studiddray with a deviation from the
Beer’s law shown by the system when the number of layers idlsiae study also en-
ables one to obtain the conductivity element of a monolayapliene system by studying
the multilayer graphene system. This study shows a closeniglance with the experimental
observations for the transmitted intensity upto five layesperimental limit) as well as the
monolayer opacity in the visible region.

5.6 Hffects of Trigonal warping, Nonlinearity and Inter-
layer interaction

Till now we have modelled the multi-layer system as a coitecof independent monolayers
with conductivity of each monolayer given by the universallne. However, this is clearly an
oversimplification. In hindsight, it is somewhat of a couhence that the independent layer
model with the universal conductivity is in nearly exactegmnent with the experiments upto
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five layers. One obvious test is to extrapolate to an infinil@ber of layers and see if our for-
mulas reproduce the optical absorption fméent of graphite. Predictably it does not. Indeed
the absorption cdi&cient of bulk graphite is four times less than the correspaypdjuan-
tity from our independent layer model for infinite number ajérs. We may then attribute
this rather significant dierence to inter-layerfiects and also perhaps to cumulative changes
in effective monolayer conductivity due to intra-laydfexts such as trigonal warping, next-
nearest neighbor interactions, finite energiets due to nonlinearity in the energy spectrum
etc. In this section we attempt to take into account thé&eis in a phenomenological man-
ner by continuing to assert that the multilayer system &iagf n-independent monolayers
but the conductivity of each monolayer is replaced by fiaative conductivity that depends
on the total number of layers of the system. Clearly this aaph immediately takes away all
predictive power of our model unless we can convince ouesellat the #ective conductiv-
ity may be interpolated using a simple function with few paeders and also that th&ective
conductivity of each monolayer is nearly independent ofrthmber of layers for a few tens
of layers at least. In what follows we describe one such pai@tion scheme that could do
this.

As discussed already, the calculations done in the eadigians enable us to study the
transmission cdécient of a few layer graphene system. The few-layer systemadelled
using an independent layer approximation with the intetalistance of the order of 35A.
Even though we are successful in writing down the recursgation which is a general
expression, for practical computations, we restrict oweseto the isotropic limit of the con-
ductivity tensor with a beam incident perpendicular to thetem. This solves the recurrence
relation provided the number of layers is such thigkd| < 1 (around 50 layers for opti-
cal wavelengths). We have chosen the visible region of thetr@imagnetic spectrum for the
present study where thetects of interlayer interaction can be considered sni],[and
the multilayer system can be considered as a collection aflywédependent layers. It is
known that interlayer couplingfiects are important when the quanti@;{)2 ~ 1[92]. From
tight binding calcualtions, we know that the interplanappimg energy denoted ky has the
magnitude of~ 0.3eV and hencefct)2 < 1 in the visible region92]. The large amount
of literature in this area instructs us to think about vasidactors which mayféect the band
structure of a monolayer graphene leading to correctiortisda@onductivity even in the visi-
ble energy range. fEects such as trigonal warping, next nearest neighbor ictieraetc. have
been discussed in the literature. Stauber et.1dl7[proved next-nearest neighbor interaction
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to be very small in magnitude in the infrared region. Stilstmay make its presence feltin a
cumulative &ect on the &ective conductivity of each monolayer for large number gels.

It can be seen from Nair et. al. that the above mentiorfeeLes may actually change the
graphene conductivity in the visible region from the unsadivalue of the dynamical conduc-
tivity. It can be noted down from the reference that partciyl in the green light region, the
variation from the universal value is approximately 2% anid an increase. In the extreme
limits of visible range it goes beyond 4% [See Fig. S4 of sapmntary material of92]].
We focus on green light as the data for this wavelength apmeae robust. In addition, we
may suspect that inter-layer interactions also cause aitmealchanges to thefective con-
ductivity of each monolayer in a multi-layer sample. To anoaodate all thesefkects, we
can define anféective monolayer reflection matrix denoted (Bifrf(n) which depends on the
number of layers in the system and is given by the following interpolatiomfada:

AGY) (n-1)

ff ff
G = Gy + (5.15)

=
1+ (n- Z)Eﬁf
This expression has two contributions. The first term is tiiecéive reflection matrix for
monolayer taking into consideration thfexts due to nonlinearity in the energy spectrum as
well the triangular warping. The second term is due to thewative dtect of a large number

of layers on the fective conductivity of each monolayer. The first contribatcan be written

as

GS1'(1) = G2, (1) + AGY), (5.16)

whereAGY) is +4% of 102G), (1) with G2 (1) = —27co wherecr is the universal dynamic
conductivity, as described earlier around green light i visible spectrum [Fig. S2 of the
supplementary material 09P]]. An estimate of the parametezﬂGi"’;t can be made from the
experimental value of the extinction d&ieient of 3D graphite available in the literatu5g

in the green light region. Nomefr) can be thought of as thefect due to inter-layer inter-
action and otherféects which influences the band structure of a few layer sysidra term
involving this quantity cumulatively changes théeetiveG for each monolayer as the num-
ber of layers increases. Thus our prediction of a systenaaticwell-defined deviation from
Beer’s law for small number of layers is valid onIyAGgfr) is suficiently small and positive.
It cannot be zero either since for large number of layers waee i@ reproduce the graphite
result. The magnitude of this quantity is estimated by examgi the diterence between the
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effective monolaye6 when there two layers in the system and when there is onlyayes.|
As this is dfficult to ascertain the value of this quantity from existingpestimental data, we
have chosen a suitable small value broadly consistent Wwéket data. As we have seen in
an earlier section, our results without considering alsthdtects, i.e. with the conductivity
as the universal constant value is able to reproduce thaiexgetal results given by Nair et.
al. for few layer system up to five layers. This in turn mearet the parametesGY' that
determines cumulativefiects on &ective monolayer conductivity is small. The smallness of
this quantity is critical to ensuring that our predictionabbystematic deviation from Beer’s
law for small number of layers continues to be valid. Using éimalytical expression for the
transmission caécient derived from the present theory and the experimeetallts by Nair
et. al. [ Fig. S3 from supplementary results 8P]] we choose a suitable small value of
AGY) = 7.4 x 10°° that falls in a range that can be surmised from this data.
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Ficure 5.7: Plot showing ffective percentage transmission versus number of layeesnsTr

mission of a multilayer system taking into consideratioa ififluences of trigonal warping,

finite energy #ects, interlayer interactions etc. (a) Prediction of traission coéicient upto

50 layers with incident wave in the visible region. (b) Comgan between fective tranmis-

sion data and the experimental observations upto 5 layeescali see that the average value
of effective transmission matches with the experimental valtleast upto five layers.

Fig. 5.7a shows the percentage transmissiorfiimbent versus the number of layers with
incident photon energy in the green light region of the J&sigpectrum. This figure shows
the dfective transmission céiécient of a multi-layer graphene system taking into account a
few additional factors which influences the transmissicgffotient as mentioned in the above
paragraphs. This is the transmission f@&éent calculated using thefective monolayer re-
flection matrices given by equatioh.(5. The vertical lines in the plot show the error bars in
the calculation whereas the dots shows the averfigetve transmission. Fig. 5.7b compares
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118 Chapter 5. Multi-layer Graphene

the results obtained byffective transmission for five layers with the experimentaluits.
Here the cyan dots show the results obtained by the preseht siith the dfective reflection
matrix and the blue dots show the experimental observatiahg).1% error bars. We can see
that the averagefkective transmission lies nearly close to the experimeratd goints which
confirms the facts that at least for up to five layers the fevelaystem in the optical region
can indeed be considered as a collection of independensléyéh possibly a renormalized
conductivity) which agrees with the conclusion made by Nairal.(Supplementary material

of [92])

To conclude, this section proposes a refinement to the mdasrber chapters wherein
effects of trigonal warping, nonlinearity in energy spectrund anterlayer coupling are in-
cluded in a phenomenological manner by postulating thahtteer system is a collection
of independent monolayers but each layer possessingfectiee conductivity that depends
on the total number of layers. A simple interpolation forenédr this @fective conductivity
is proposed that enables the absorptionfitent of graphite to be reproduced as well as
ensure that for small number of layers our original simpledel®f truly independent layers
continues to be valid. This in turn means that the prediatibiine systematic deviation from
Beer’s law is testable experimentally.

5.7 Conclusions

We have studied the transmission and reflection of lightiect on a few layer graphene sys-
tem by modelling it as a collection of conducting planes safea by a distance of 35A.
The importance of the multi-layer system is that the procégseparation of a mono-layer
usually leads to the production of multi-layers. The maiou® of this study is to propose a
reliable way of counting the number of layers in a few-layeqnene system. Reflection and
transmission cdécients of am - layer system is derived in this work which enables one to
study the limits of applicability of Beer-Lambert’s law ihis system. The study is done in
the visible region of the electromagnetic spectrum The ddpece of the transmission coef-
ficient on conductivity allows one to extract the mono-lagenductivity by an experimental
determination of the transmission d¢beient of the few-layer system. A comparison of our
findings in the optical region with the experimental work cdiNet.al. shows an exact match
for systems up to five layers (experimental limit). Howewgzer's Law with a proper choice
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5.7. Conclusions 119

of the attenuation constant is also shown to reproduce #rgserimental findings. We there-
fore propose that an extension of the experimental resattéafger number of layers will
validate or refute our theory and set it apart from Beer's LaMhile these results are most
appealing when the n-layer system can be considered as dasieiggruly independent layers,
we have also conducted a detailed phenomenological stutheqgdotential consequences of
including inter-layer coupling féects as well as nonlinearities and othéeets that modify
the conductivity of a single layer. We find that under optitgiscenarios our simple-minded
predictions of deviations from Beer's Law appears to be sblupto a few tens of layers.
In addition, using Maxwell’'s equations, we have obtainedaaaming result for mono-layer
opacity (1- T) with one of the experimental observations in the visibleglangth region.
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Chapter 6
Summary and outlook

As the title of this thesis suggests, this work is on carbaeldaystems which are two dimen-
sional. Till 2004 it was believed that a 2D material cannotrisde because it is not possible
to have a long range crystalline order in two dimension beeanf the large thermodynamic
fluctuations which makes them highly unstable. In 2004 2b@amamed graphene came
into existence for which the pioneers Dr. A. K. Geim and Dr.&XNovoselov from Manch-
ester University received the 2010 Nobel prize. Grapherimekt as a densely packed ma-
terial made purely out of carbon atoms arranged in hexadattale shows many attractive,
interesting and exotic properties such as the linear dsspemear low energies, fractional
Quantum Hall Hect, electric field fects etc. There are many experimental and theoretical
works ongoing on the élierent aspects of this material which made this a rich areasgfarch.
Even if this is the case, the optical properties of graphea®ae of the most unexplored as-
pects of this new material. There are a few experimental hadretical works available in
this subarea, but still it is less visited compared to thetebmic and transport properties.
Also due to the high degree of expectation and enthusiashisrfield, a number of related
materials have also attracted attention which are sulestraphene, bi-layer graphene, few
layer graphene, graphene nanoribbons, graphane etc.

The main focus of this thesis is the study of optical progsrtof graphene and some of
its related systems. A theoretical formulation is devetbfm mono-layer graphene using
some well-known but elementary physics equations. A puckgsical study is done here.
Maxwell's equations are used to determine the electric Baberging from dterent systems
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122 Chapter 6. Summary and outlook

under study. Wherever it is useful and convenient, othehou like series summation meth-
ods are also used to solve the equations related to the syStensystems under study in this
work are mono-layer free standing graphene, substratghgrae, bi-layer graphene and few
layer graphene of which the formulation made for free stagdanono-layer graphene plays
an important role in the subsequent study in other relatstesys. The optical céiécients
under study in these systems are thefitoent of reflection, coécient of transmission and
polarization of reflected wave. The situation under studyaibthe systems considered in
this work is explained in the next few lines. The system urgledy is exposed to a plane
electromagnetic wave and the wave is incident on the systemn arbitrary angle. For this
system we have calculated the field reflected and transniitiedthe systems by solving ei-
ther Maxwell’s equations or by using series summation m#thdhen using these emergent
fields the optical caicients are derived and studied with respect to various petens

In chaptel2, the system under study is freely suspended graphene vghich supposed to
have any disorderfects due to the presence of substrate material. This systeradeled as
a conducting medium of one atom thickness, i.e. perfecttydimnensional. Maxwell’s equa-
tions are solved to derive equations for reflected and tratesinelectric fields and general
analytical expressions for reflection ¢beient, transmission cdiécient and reflected polar-
ization are derived. These general equations are funcbbrnarious parameters related to
the system as well as the incident wave. The system depepdearneters are the optical
conductivity elements. In various limits of these paramgtsuch as conductivity and several
angle parameters, the above mentioned optical quantigbave in diferent ways. A few
examples are the isotropic limit, linearly polarized irente limit, diagonal anisotropic limit,
off-diagonal anisotropic limit etc. These results obtainadhiono-layer reflection, shows a
small value for this quantity which is as expected by experita and the transmission results
also matches with the experimental observations availalitds area. Loss cdicient asso-
ciated with mono-layer graphene derived from energy cadiem arguments show excellent
agreement with the experimental findings. Azimuthal angjeeshdence of optical quantities
gives hints about the form of optical conductivity tensogodphene. In addition, this study
provides a way to express the polarization of the reflectecewaterms of the polarization of
incident wave.

Even if graphene is extremely interesting and importangrater for it to be practically
useful, it has to be deposited on a substrate material. Tthist®n is explained in chapt&
where the influence of a substrate material on optical pta@seof graphene is considered for
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study. A similar route given in chapt@rhas been followed in this system also. The system
under study in this chapter can be considered as a comhmnatia conducting graphene
sheet and a dielectric substrate material. We have assuenedhat the presence of substrate
does not alter the chemical structure of graphene. Maxsvelijuations for this system is
solved separately with the use of boundary conditions amigeategeneral equations for the
emergent electric field, which include reflection and traissmn. The correctness of these
equations has been checked dfatent stages of the calculations in various limits at which i
should reduce to some of the well known results. Using thectftl and transmitted electric
fields, the optical quantities mentioned above has beenlesédd and as discussed in the case
of earlier chapter, they are functions of a few parameterghvbnder several limits produces
some interesting limits. At each stage of study, a compangth the corresponding situations
in free standing situation is made which helps to relate afidréntiate the two systems. One
of the important limiting cases is the situation when thadeaot light is linearly polarized.

If the behavior of reflected amplitude is seen with respeéhéadent angle, a phenomenon
which describes the polarization by reflection can be oleskervihe only diference in this
case is that the minimum observed in the reflected amplitutle pyolarized incident wave

is not only decided by the conventional parameter as in tee odordinary materials which

is the Brewster (incident) angle but also an additional pext@r namely the azimuthal angle.
It is also important to note that the position of the minimuamies with the type of anisotropy
present in the system.

The next system which is immediately related to graphené-liayler graphene which is
a combination of two monolayers separated by a distance3&f8. Even though it is not a
perfectly two dimensional material, it is considered to battway because of the angstrom
order distance separating them. We continue to model thgdyilmultilayer) system as being
composed of two (many) independent monolayers but with gdmelgctivity of each mono-
layer suitably renormalized to account for theets of trigonal warping, non-linearity in the
energy spectrum and inter layer hopping. This is done at aghenological level and not
at the band structure level. We propose an interpolatiomfiba for the éective conductivity
of each graphene monolayer and determine the parametdngsimterpolation but making
contact with the experimental findings for bulk graphite ahgb with the theoreticaxperi-
mental studies for a bilayer. Due to the presence of one &tea there areféects of multiple
reflection which is responsible for the phase factors appgdhe equations derived for ef-
fective reflection and transmission for bi-layer graphembe system is solved using series
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summation method which idfective in taking care of the multiple reflection due to which
the reflection and transmission becomes a sum of an infimiesse hus the main éierence
between the general equations for bi-layer and mono-lagggtems are the multiple reflection
effects between layers that can lead to construvtive or desteuaterference. The reflected
intensity shows an oscillation with respect to incidentlanfithe incident wave is in the high
energy region (soft X-ray) in the case of bi-layer graphefieother important result in this
section is the perfect matching of the bi-layer transmissibnormal incidence and with visi-
ble frequency with one of the experimental results avadaiblthe literature. The importance
of this study is that it acts as the basis for deriving a gdmesalt for multi-layer graphene
which is explained in the next chapter.

Among the experimental techniques for synthesizing graphthe most convenient, fast
and successful method is mechanical exfoliation. But méshe time, graphene is sur-
rounded by a number of multi-layered flakes. Hence it is afvayportant to distinguish
between the dierent samples produced while synthesis. It is also impbttacount the
number of layers. This is the objective of chageinn chapters, multi-layer system is con-
sidered for study. This is a combinationmhumber of graphene layers each having similar
properties especially the optical conductivity and eagiasgted by a distance of35 A. Due
to the presence of a large number of mono-layers, multigleaton dfects in this system is
extremely large and it is taken care of by the use of seriesvsation method to derive the
reflection and transmission. A general recurrence reldimmbeen derived for the reflection
and transmission which is extremely complicated due to tmeegommutative property of dif-
ferent matrices present in the general equations. The éifmbrmal incidence and isotropic
conductivity tensor simplifies the general situation to i@éaextent and in these limits the
equations can be exactly solved which results in a genetatiso for the reflection and
transmission for am layer system. Using this result the reflection and transionisisas been
studied with respect to number of layers and found out th&b fipe layers (experimental
limit) the results obtained from present study matches witk of the experimental obser-
vations available in the literature. The results obtaineabdées us to study the well known
rule in optics known as Beer-Lambert’s law for a multi-laggaphene system. In the small
n (number of layers) limit, it appears that transmission d&g from Beer’'s law. Hence a
comparison is made between the present results and thesresthined from a Beer’s law
ansatz in the smaf limit. The experimental results shows perfect matchindbivth of the
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results upto five layers. The availability of experimen&sults for larger number of layers
will validate the correctness of this formulation develdfer multi-layer graphene.

A few concluding remarks mark the end of our journey into thsecinating world of
graphene. This thesis made dtoé to understand the mono-layer graphene and some of its
related systems with the help of a few well-known opticalrmfitees such as cdicient of re-
flection, codficient of transmission and reflected polarization from a tegcal point of view.
This work proposes a method for detecting the optical arepgtof graphene and parameters
associated with it (with anisotropy being defined as the @nsfiy for the current density to
point in a direction dierent from the applied field). It also recommends a methodéber-
mining the number of layers in multi-layer graphene by stogytransmission as a function
of number of layers which shows a marked departure from Bdaw for a small number
of layers. This work also sheds light on the behavior of thifization of electromagnetic
waves reflected from graphene and its related systems.dtrefsesents a less well-studied
aspect of graphene viz. the optical properties from a playsigtics point of view in contrast
with the more well-studied Dirac fermion aspects. This m@e and understandable in the
sense that it uses only well established fundamental lagdsgnoations. This study and the
theoretical formulation developed for graphene gives saithorough understanding of the
optical properties of graphene which can prompt furthedigtsialong these lines keeping this
study as the starting point.
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Appendix A

Free standing mono-layer graphene:
Detailed calculations

A.1 Emergent electric field

The incident electric field has the form as given by equatibf) (n real space and equation
(2.4) in reciprocal space. In generdt, = —%%—’j whereA is the vector potential which in
Fourier space becomes .
iw
E(Qw) = ~A(G ) (A.1)

Since the graphene sheet is assumed to be kept in the xy @anerdgioned in chapt&, the
current density] appearing in equation (free-max-eqn) does not have any eoemt in thez
direction. That isl,(r,t) = 0. From equations(6, 2.7) we can get the current density:

J(a) 2 ) = T, W) - Eex(@y, 2 = 0, w) 6(2) (A.2)

From the continuity equation

dp
V-J+ =0 (A.3)

we can get the charge density denotegbhiy equation 2.5) as

qy - g(qll’ w) - Eext(qll’ z=0,w) (2

w

P,z w) = (A.4)
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From one of the first Maxwell's equation given in equati@¥ which connects the charge
density and the electric fiel® - E = 4np, we can get the following equation:

47TC q; - J(qy, Z w)
w

ig) - A(dy, 2 w) + 9:A(0), Z w) = (A.5)

From the fourth Maxwell’'s equation given by equatidhg) connecting the magnetic field

and the rate of change of electric fieM:x B = %J + 225, we will get

(iqp + &) [(iq) - AlQ), 2 w) + A, Zw)] — (af + 92)A(Q), Z w)
JT (1)2
:%J(q“,Z,w) + CA@z0) (AB)

Substituting equation#\(2, A.5) in equation A.6) we can get

47TC qll O-(qll’w) Eext(qllvz 0, a)) 5(2)

w

(,1)2
( —q +62)A(q” zZw)= (iq) + &97)|—

_ ﬁ 0'(C]||, (,l)) Eext(QH, Z= 0 (1)) 6(2) (A7)

After a few substitutions and algebra we can get the elefitiiid as given below:

2i R = N
B,z w) = TN (doy + &) Ao - T(qoyi> Cidol) - 8(w — cldhl) 6*(doy — ) | O,ES
0,z z v=12
[ 4r —
N N 7 (Go;1> Slgol) - (w — cldl) 6*(@ly = Goy) ) Oy EeXt (A.8)
(qOZ ) C v=1,2

By repeated inverse Fourier transform of equatiar8j we will get the emergent electric field
as shown in equatior2(8)

A.2 Conductivity from optical coefficients

We have discussed in detail the reflection and transmissieficents of free standing mono-
layer graphene in chaptet)(and they are given by equatioris 21, 2.22). We also know that

the linearly polarized incidence can be taken care of inethvays, (i) whergg! tends to zero
which is calleds - polarization (i) wherg5" tends to which is calledp - polarization (jii)
when s = 0, this is when the diierence between the polarization components vanishes.
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To make the situation simple, we can consider the normatlérae limit of equations2(21,
2.22). Let us denote the reflection and transmissiorffodents in the above mentions limits
asRs (reflection coéicient with s polarized incidence)R, (reflection coéficient with p po-
larized incidence)T s (transmission ca&cient with s polarized incidence)l, (transmission
codficient with p polarized incidence). The equations for the above mentiguantities are

given below:
RS = 4n’(0%, +05) (A.9)
Ry = 4n°(0% + 0y (A.10)
Te = 4n°c%, + (1- 2n0y)° (A.11)
T, = 4n°05 + (1 - 2n0y)? (A.12)
Solving the system of equations @y, oy, oyx andoy, We get,
1+R,—-T
Opy = —— P (A.13)
47
1 + RS - Ts
= il 5 A.14
Oyy Ar ( )
—1+2Rs— R2+ 2Ts+ 2RTs— T2
Oy = % v s R+ 2Te+ Rl T (A.15)
47
\/—1 + 2R, — R2 + 2T, + 2R, T, — T2
oy = (A.16)

A

A.3 Conservation theorem in monolayer graphene

Poynting’s vector by definition is given by,
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S= ZRe(E xB) (A.17)
A

whereE andB are the electric and magnetic field. Using Maxwell’s equadithe conserva-
tion law can be derived as follows:

10 190
——B* ——FE"-E=-RqE*-J A.18
v S+87T<9tB B+ 8r ot « ) ( )

whereJ is the current density vector and for a 2D matediat 7 - Eex(z = 0) 6(2).

V-S+ ‘Z—t = —6(2) Re(E*(2=0)- 7 - Eex(z = 0)) (A.19)

whereu = 8—1H(B* -B + E* - E). Integrating both sides of the above equatfom‘?r” f_i dz

f d?r) (Sz=0%) - S,(z=07)) = - f d’ry Re(E"(z=0)- 7 Eex(z=0))  (A.20)

As given in chaptet, the electric field emerging from graphene when a planermlsagnetic
wave E.y With wave vector is incident on it at an arbitrary anglg is given by equation
(2.8) from which corresponding magnetic field can be written as,

B* = |c:|L| gCloolt o=idoy Ty ( @ 19022 (o8, + Qoy) X By + gdozZ (=008, + Qo) X Eref) 0(-2)
0

|q | éCIQOlt idozZ @il T (g ,8, + doy) X E;2n©®(2 (A.21)
(0]

Using the equation2(8, A.21) for electric field and magnetic field we get,

o % :
2Rg(E x B*)-&] = % (|Eext- Ea— Eret  Ejer|0(=2) + Evan - E;on®(@)  (A.22)
E(z=0)= -'°'Q°'t €917 (Eqy + Eer + Evran) (A.23)
Cc Cc
S,(z=0") = 4—|(1;JZ| (Etran - Etran) 3 SAz=07) = 4_|Cl;)z| (Eext Eext — Erer - Eref) (A.24)

Substituting equation#\(22, A.23, A.24) in equation A.20) we can get,

Cq02
7 Gl

(Etran Etran Eext' Eext + Eref : Eref) = _ZRe[(Eext + E;fef + E:ran) g Eext(z = 0)]
(A.25)

TH-997_05612102



A.3. Conservation theorem in monolayer graphene 131

We know already that the incident, reflected and transmittehsity has the definition given
below:

qO,zC

C C
Iinc = T (Eext' Eéxt) ; Iref = oz oz
|Clol

|q_0| (Emf ’ E:ef) » ltran = m (Etran - Efran (A.26)

Substituting the above definitions in equati&rg8) we get,
(line = lret = liran) = 27R€((Eyq + Eyes + Eqran) - & - Eext(Z = 0)) = lonmic (A.27)
Henceline = liet + liran + lohmic: That is,
1=R+T+L (A.28)

where

R et :@ (A.29)
Iinc (Eext : Eext)

T ltran :(Etran ) EE:ran (A.30)
linc (Eext : Eext)

27'(Re[(Eth + E:ef + Erran) : g : Eext(z = O)]

A l ohmic _ (A_31)

C
Iinc % (Eext' Eth)

We have already derived the equationsRandT in chapterl. Substituting forE,e; and

Ewan derived in chaptet we may obtain the cdicientL as functions of various angle param-
eters as well as the conductivity tensor elements. Thezafothe isotropic limit at normal
incidence these equations reduceRtie # ATh = (1 — %)2 andL = W where
o1 Is the optical conductivity of graphene. In this situationthe high energy region such
as visible energy range, with graphene conductivity as theeusal constang, we can get
mono-layer ohmic loss as27% and opacity defined by €IT') as 228% which matches quite

closely with the experimental observation by Nair e@d][
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Appendix B

Substrate-graphene: Detailed calculations

B.1 Emergent electric field

As discussed in chapt&r the incident electric field has the form as given by equai@i in
real space and(4) in reciprocal space. We know in general tlkat —%f’a—f andB = V x A.
where A is the vector potential. Substrate-graphene is a combigsté®m of a substrate
material and a one atom thick 2D graphene sheet. The substeterial is a dielectric with
a dielectric constant whereas the graphene sheet is a conducting media with ctvitug-.
For this reason the current density induced in the systentadiie incident field is purely due
to graphene and is denoted &y which can be written as

1=
Jgr = e T - 0Aex(z = 0) 6(2) (B.1)

From the fourth Maxwell’s equation given by equati@d) we get

4 — £(2) %A

2N _ —
V(V : A) - VA = —F ag - GtAext(Z = O) 5(2) - ? W (BZ)

The vector potential in general can be written as

AT = [0(-2) 9171 (97A0,(0) + €707 1(0)) + O2) €% * A (0)] €70
(B.3)
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where
equ,||'ru+iQO,zZ Aext(o) e—iCIQoIt — Aext(r’ t) (B4)
eijH-r”—iqo,zz Aref(o) e—iCIQoIt — Aref(rat) (B.5)
eiqé,y”-rwiq&zz Atan(0) gl = Atran(r, 1) (B.6)

whereq'o,|| and qg’z are the parallel and components of the transmitted part of field respec-
tively. In regionsz > 0 andz < O (that is away from the region = 0), we can say that
V - D = 0 which when substituted in equatioB.2) we will get

€ 9%A

VA= —-—
(6205 4

(B.7)

From these equations itis also clear tha\cx(r,t) = 0, V-Aes(r,t) = 0 andV-Ayan(r,t) = 0
which implies that

(iQO,ll +8,0oz) - Aex(0) =0 (B.8)
(iQO,II - éz qO,z) : Aref(o) =0 (B.9)
(iq;)’” +& %,Z) “Aran(0) =0 (B.10)

From equationB.7) in z> 0 region, we an ge}q/o| = Ve |qol.

At this stage we can make a few assumptions, suchAjpat continuous at = 0 andA,

is not. Applying the continuity oA atz = O to the general equation of vector potential given
by equationB.3), the following condition arises

oy (Aextll(o) + Aref,ll(o)) = eiq;""r”Atran,ll(O) (B.11)
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which implies that

Qoy = OI6,|| (B.12)

Aextll (O) + Aref,ll(o) Atran,ll(o) (B.13)

Now consider the region in the vicinity af= 0 in which equationB.2) can be written as

(idoy + &97) (idoy - Ay + 9:A) — (-5 + 95) (A + &A)

4

7 T 0Aexy(z=0)6(2) +

£(Qw?
c2

(A” + éZAZ) (814)

Separating out the parallel arccomponents of equatioi3(14), from thez component we

will get _
04190y - Ay)

- 8(2) |q0|2 - q(2)’||

Now to solve for the parallel component of vector poteniid@egrate the parallel component

(B.15)

of equation B.14) with respect taz within a small interval close to zero which will give the
following result:

. 47T =
1o, (AZ+ = AZ—) — 62A||’+ 4F GZA”,_ = —? - atAext”(Z = O) (816)
Each of the terms in equatioB (16) is given below:
aZA||,+ :éq&u-fu i iqé)yzz (Iq;)z) Atran,ll(o) e_iwt (B-17)
8ZA||,_ :i(:]o’zeiqo’”.rH (eiqo‘zz Aexl;||(0) — e_qu’ZzAref’”(O)) e‘i“’t (818)

—gdou i * o2 Go.2 (G, - Avany (0) €7

/2
qO,z

A, = (B.19)

—€%I"1 o, Qo - (eiqo,zz Aexy(0) - e_iqo’ZZAref,n(O)) et
A = . (B.20)
0,z
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Substituting equation®(17, B.18 B.19, B.20) in equation B.16) we get,

qo’” [_q;)’z q0,|| /-2Atran,||(0) B _qO,Z q0,|| . (Aex? (O) - Aref,||(0)) (821)
qO,Z qO,Z
’ 4 j—
— oz Atran|(0) + Goz (Aext|(0) — Arer;(0)) = 1%l T - Aexy(z=0)

Solving equationsRg.13) and B8.21) simultaneously we will get the parallel components of
the vector potential:

11 , 200
Qo (— + —) (0loys - Arang(0)) + (To, + Goz) Atrany =200z Aex(0) + =2 (doy - Aex(0))
Ao, Jo,z Jo,z

4 -
_ ”('f"" % - Ao (0) (B.22)

Equation B.22) is a vector equation. Separating it into its componentsaveget thex andy
components of the transmitted part of vector potential. s8tuiing these in equatiorB(13)
we can get the corresponding components of reflected paheof/¢ctor potential. The
component of the total vector potential is already knowmfrequation B.15). Combining
all these components together and making use of equadidr), (we can get the emergent
electric field as given by equation3.8, 3.4).

TH-997_05612102



Appendix C

Bi-layer-graphene: Detailed calculations

C.1 Bi-layer reflection and transmission matrices

We have seen in chaptéithat the mono-layer reflection and transmission can be septed

in a compact form using the corresponding matrices denotéshbandG; ;. These matrices
are given in equations}(2 4.4). In a similar way the bi-layer reflection and transmission
electric fields can be represented in terms the matricessrsyistem denoted 3, , andG,;.
From the schematic given in Fig. 1 in chapdert is clear that there will be contributions due
to multiple reflections. The series for bi-layer graphengresenting the féective reflection
and transmission which finally converges to equati@n®g) @nd @.8) is given below:

bi o, — idl02Z — iclclt ' i dozd | ' 4i do.d
Eref(r’t) = @Yot — oz |qol (Gl,r +Gl,tG1,rG1,t92 oz +G1,tGl,rGl,rG1,rGl,t g oz
’ ’ ’ 6I d ’ ’ ’ ’ 8| d
+G1{G1:Gy,G1iGy, Gur € P+ G G1,Gy G1,Gy G1 Gy, Gy € F

+ ... ) . Emc(o)

: : : , 1 i
_ %y — i902Z — iclqolt . . - I dozdy . E.
= efrh = " G + Gy Gur I3~ G|, Gy € G0t Gy & %) - Einc(0)
= gt ~ itz ~ il G, . E, (0) (C.1)
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138 Appendix C. Bi-layer-graphene: Detailed calculations

whereGs,; is given by equatior4.7). Similarly the transmitted field from bi-layer system can
be written as given below:

bi i90,-T1+ i902Z — iclqolt idod ’ 3i qo.d

Etran(r’t) = g% T+ 1oz 9ol (Gl,t Gl’téqo,z +G1,tG1,rGl,rG1,te doz
’ ’ 5i o0 ’ ’ ’ 7i o0
+G11G1,G1rGy,G1, Gy € oz +G11G;G1rGy,G1,G ;GG € oz

+G1G},G1,G,,G1,G;,G1,G GGy € ® + .....) - Einc(0)
1
I3 — G'l’rGl,r €2 dod

— gY%j Ty + igozZ - icldolt G2 - Einc(0) (c.2)

ido,-r + i0ozZ — iclgolt iqo.-d
= @YuT + 9oz |Gl Gl,t‘ 'Gl,t gz 'Einc(o)

whereG,; is given in equation4.8). The relation between the primed and unprimed matrices
appearing in the above equations can be Writte@'gﬁ Girlops=—co, ANAG]; = Gatlgy,=cp,-

At normal incidenceG;, and Gy; given by equations4(2 4.4) reduces toG;, = —% T
andGy = 1, - % T =1+ G1r wherel; is the two dimensional identity matrix. Hence at
normal incidence®;, G;;] = 0. In the bi-layer case at normal inciden&,, = L and

I2+Gir
2 - - - -
Gy = (('f;‘élg’) in the limit of |go|d < 1 which makes them commute.
1r
C.2 Components oiG,, and G
We can write the matrix form of bi-layer reflection matrix asen below:
aa+e? 029 6% B0l g +e? W02 pret B0, 0
frre? 9029g, e dozdh, fi+e? 9029g, e do20h,
G, = aate® 9029 ¥ W02l 5 g are? 02 446" Y02, (C 3)
2r — fl+e2‘i qoyzdgl+e4i lqoyzdhl fl+e2‘i qoyzdgl+e4i lqoyzd hy .
aste? 020 sre¥ B02ig s g pre? 020 g re 0200 6
fl+82i qovzdgl+e‘" qovzdhl f1+e2i qovzdgl+e‘" qo'zdhl

where the components are

a1 2037T|Qo|qg,z (_|q0|20'xx + qO,x(qO,xo'xx + qO,yO'yx))

o
o
Il

27ClQolQo [Czqcz),z(_|QO|20'xx + Oox(QoxOxx + QO,yO'yx)) + 4772q(%,z(0'xy0'yx - 0'xx0'yy)

X (|QO|20' v — Qoy(QoxOxy + Qoyoryy))]
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C.2. Components of £z and Gy; 139

Cr1 = 87°Cl00l0] Ty Tyx — Ty (ol Ty — oy (Goxay + Goyery))

a2 = 26°7I00l0R , (—100Pory + Gox(CloxTsy + Goyoyy))

bro = — 27Ch, (|00 — Gox(GoxTxy + Goyyy)) (GG, + 477G (Try0yx = TuTyy)
C2 = — 87%l0ol03 (T wyTyx — TxxTyy) (100l*Txy — Uox(GoxTxy + GoyTyy))

as = 267100193, (Goxloyxx + (100l + G5, )y))

bs = 271'(300,2((10,XQO,yO'xx + (_|QO|2 + qu),y)O'yx)(Czqaz + 4772Q(%,z(0'xy0'yx e 0'xx0'yy))

C3 = 87T3C|Q0|qaz (|QO|20'yx - Clo,y(qo,xo'xx + c10,y(7'yx)) (_0'xy0'yx - 0'xx0'yy)

a4 = 2nC*I00l0, (doxoyy + (—100f + BBy) oyy)

bra = 27C|0oldo2(C*05(Clo.xTloyoxy + (~I0ol” + 0§, )eryy) — 4705 (1000
- QO,x(CIo,x(T xx T QO,yny)(—ff xyOyx T O xxO yy))

Ca = — 87T3C|Q0|qaz (IQO|20'xx - QO,X(QO,XO'XX + QO,yO'yx)) (_nyo'yx + 0'xx0'yy)

&5 = — 27TC3|qO|qg,z(qO,x0'xx + OoyOyx)

b- = 21 2 (2 43 B 2

r5 C|QO|Q0,Z( qO,z(QO,xo' xx T Qoyo yx) + 4an (0'xy0' yx — O xxO yy)(qo,qu,yO' Xy

+ (19l” = G5, Aoy Tyx — oGy (Txx — Tyy) + 100l 0ryy)))

Cs = — 87T3C|QO|Q(2),2(_0'xy0'yx + 0'xx0'yy)(_q(2),xq0,y0'xy + QO,y(_|QO|2 + Qg,y)o'yx

+ QO,x(qg,y(O'xx —Oyy) + |QO|20'yy))
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140 Appendix C. Bi-layer-graphene: Detailed calculations

s = — 277C3|Q0|q61,z (qO,xO'xy + qO,yO'yy)
br,6 = - 277C|Q0|q(2),z(czqg,z(QO,xO'xy + QO,yO'yy) + 47"'2(_(7'xy0'yx + 0'xx0'yy)(|q0|2(q0,y0'xx - QO,xo'yx)
+ C]O,X(qg),xo'xy - qayo'yx + C10,qu,y(_0'xx + O'yy))))
Ce = — 87T30|q0|q(2),z(|q0|2(_CIO,yO'xx + Qo xOxy) + qO,x(_qg,xo'xy + Q(Z),yo'yx + QoxCoy(Txx — Tyy)))
X (nyo'yx_o'xxo'yy)
fi = c*laol’cs,
2
01 = 47T2C2qaz[(qC2),x0'xx + qO,qu,y(O'xy + U'yx) + qtz),yo'yy) + |qO|4 (Gix + 2O'xyo'yx + U)z,y)
- 2|q0|2(q(2),x(0-§x + 0yxy0yx) + QoxCoy(0xy + Ty (0xx + Tyy) + q(z),y(o'xyo'yx + O')Z/y))]
hy = 167T4|Q0|2qg,z(0'xy0'yx - 0'xx0'yy)2

The matrix form of bilayer transmission matrix is as givemdve

ayy+e” Y02y, ao+e” G020, 0
fl+e2i qQngl+e4i qoyzdh:L f1+e2i qoyzdgl+e4i do,zd hy
Gy = dodt | awe 0 oty " .4
2t - f1+€2i q0~2dgl+e4i QO,zdhl fl+e2i qQngl.'_e‘“ qO,zdh1 .
as+e” W02 sel 0205 ag+e? 02 et B2l 1
fl+e2i qQngl+e4i qoyzdh:L fl+e2i qowzdgl+e4i do,zd hy

where the components are

a1 = C°05,(CIqol°0f, + 47CIGoldo (100l 0xx + Gox(Gox + GoyTryx)) + 47°(10hol (0
+ 0'xy0'yx) + qO,x(qO,xo'xx + QO,yny)(qg,xex + CIo,xqo,y(ny + U'yx) + qg,yo'yy)

- |QO|2(Q(2),yO'xyO'yx + Q(Z),x(zo'ix + 0'xy0'yx) + QO,XQO,y(O'xxO'yx + 2O'xxo'yx + O'yxo'yy))))
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C.2. Components of £z and Gy; 141

bt,l 4772(47T2|QO|2qz)1,z(0'xy0'yx - O'xxo'yy)z + 47Tc|q0|q8,z(0'xy0'yx - 0'xx0'yy)(|q0|20'yy
— Qoy(QoxTxy + Qoyoyy)) + Czqg,z(qo,y(qO,xo' xy + Ooy(0xy + 0y)) + q(%,yo-yy)
+ |q0|4(0-xy0'yx + Of;y) - |QO|2(q0,XQO,y0'xx0'xy + (Q(z)x + qg,y)o'xyo'yx

+ QoxQoy(20xy + Tyx)oryy + zqg,yo-)zfy)))

— 4c’n q(2),2(|q0|20' xy — Qox(Coxo xy T Qoy0o" yy))(c|q0|q0,z + 71(Qox(To.x0 xx

+ Qoy(0xy + Ty) + BTy = (Gl (0 xx + Tyy)))

R
Il

b2

- 4C7T2q0,z(|q0|20' xy — qO,x(qO,XO' xy T Qoyo yy))(47T |q0|q(2),z(0'xy0' yx — O xxO yy)

+ COp 2 (—Cox(ToxOxx + qO,y(O'xy + O'yx)) = Q(Z),yo'yy + |QO|2(0'xx < O'yy)))

&
w
I

4?0l (Go.xVloyxx + (=100l* + 66,) o) (Cl0hol oz + 71(Clox(CoxT o + Coy(Txy + Ty0)

+ qayo'yy - |QO|2(0'xx + O'yy)))

b3

47T2000,z(q0,xq0,y0'xx + (—|CI0|2 + qcz),y)o'yx)(47r|QO|qc2),z(O'xyO_yx L O'XXO'yy)

+ COpz(—Tox(ToxTxx + oy(Oxy + Tyx)) — Q(Z),yo'yy + |0ol*(oxx + o w)

2
S
I

25 (C*100l° 05 , + Ancidholtlo.A(CloxToyoxy + (—I0hl” + G5 ,)cryy) + 4m*(Cloy(CoxTyx
+ QoyTyy) (o x(QoxTxx + Aoy(Oxy + Tyx)) + q(ZJ,yO'yy) + |QO|4(‘T xyOyx T O )Z/y)

- |QO|2(qO,XQO,y0' xxO xy T (Q(Z),x o qg,y)o'xyo' yx T qO,xQO,y(ZO'xy + O'yx)o' yy T zqg,yo-)zly)))

bua = 4r7dol®(4r®100l’00 ATy yx — TxxTyy)? — AmCidol 3 (|00 xx
— Oox(Qoxoxx + qO,yO'yx))(_O'xyO'yx 1 0'xx0'yy) + Czq(zJ,z(|q0|4(0'§x + 0'xy0'yx)
+ Cox(Qoxoxx + Goyo yx)(q(%,xo'xx + CIo,xCIo,y(O' xy T O yx) + qg,yo- yy)

- |QO|2(qg,y0'xy0' yx T qu),x(20'>2<x + O yyTyx) + OoxQoy(0xx0 xy + 2050 yx + TyxTyy))))

4c*n qg,z(C|QO|QO,z(q0,x0' xx T Qoyo yx) + ((Qoxoxx + Goyo yx)(q(ZJ,xo' XX

+ QoxToy(0xy + Tyx) + qs,yo_yy) - |CIO|2(CIO,X(0'>2<X + OxyOyx) + QoyTyx(Txx + Tyy))))

2
[
I
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142 Appendix C. Bi-layer-graphene: Detailed calculations

b5

- 47T2q0,z(47T2|QO|ZQO,xq%,z(O'xyO'yx - 0'xx0'yy)2 - 47TC|Q0|q0,z(O'xyO'yx - O'xxo'yy)
X (0 oy xy + (1Tol” = 65,)ToyTyx — Qox(0 (s — Tyy) + [0l cryy)
+ Czqg,z((qo,xo' xx T Qoyo yx)(qg,xo' xx t qO,XQO,y(O' xy T O yx) + Q(z),yo'yy)

- |QO|2(q0,x(0'>2<x + 0'xy0'yx) + QO,yO'yx(O'xx + O'yx))))

Cis = 167T4|Q0|2CIO,xqg,z(0'xy0'yx - 0'x><0'yy)2

g = Ac’n qg,z(C|QO|CIO,z(qO,x0' xy + Qoyyy) + ((QoxTxy + Qoyo- yy)(qcz),xo' xx + QoxCoy(0xy + Oyy)
+ qg,yo'yy) - |QO|2(q0,x0'xy(0-xx + ayy) + Qoy(Oxyoyx + 0_32/y))))
bt,6 = - 4772(10,2(4772|q0|2q0,yqaz(0'xy0'yx - 0'xx0'yy)2 - 47TC|QO|QO,Z(_0'xy0'yx + 0'xx0'yy)

X (|q0|2(q0,y0'xx - qO,xo'xy) + qO,x(q(%,xo'xy - qcz),yo'yx + qO,qu,y(_O'xx + O'yy)))
+ CZQg,z((QO,XO' xy T Qoy0" yy)(qaxo' xx T QO,XQO,y(O'xy +0 yx) + qayo'yy)

- |QO|2(QO,XO' xy(o-xx + O'yy) + qo,y(o'xyo'yx + O')Z/y))))

Cie = 167T4|Q0|2CI0,ng,z(0'xy0'yx - 0'xx0'yy)2
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